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N O TAT I O N

∃ Existential quantifier
∀ Universal quantifier
N Natural numbers, N = {0, 1, 2, . . . }
Z Integers, Z = {. . . ,−2,−1, 0, 1, 2, . . . }
R Real numbers
C Complex numbers
i Imaginary number
e Euler’s number

Re(·) Real part
Im(·) Imaginary part
| · | Absolute value
·̄ Complex conjugate

round(·) Nearest integer
floor(·) Nearest smaller or equal integer
ceil(·) Nearest larger or equal integer
sign(·) Signum, sign(·) = limδ↘0(·+ δ)/| ·+δ|
Cq×p Complex q× p matrices

Cq Complex q× 1 vectors
Iq Identity matrix of size q× q
I Identity matrix of suitable dimensions
0q Zero matrix of size q× q
0q×p Zero matrix of size q× p
0 Zero matrix of suitable dimensions
·T Transpose of a matrix
·∗ Conjugate transpose of a matrix, adjoint operator

trace[·] Trace of a matrix
σmax[·] Largest singular value
σmin[·] Smallest singular value
‖ · ‖F Frobenius norm, ‖ · ‖2F = trace[(·)(·)∗]
‖ · ‖S Spectral norm, ‖ · ‖S = σmax[·]
·† Moore-Penrose Pseudoinverse

X � Y The matrix X− Y is positive semi-definite
X � Y The matrix X− Y is negative semi-definite
O(·) Landau symbol; if f,g : R ⊇ Ω→ R then f ∈ O(g)

⇔ ∃M > 0, x0 ∈ Ω∀x ∈ Ω, x > x0 : |f(x)| 6M|g(x)|

Consult the index on other symbols.
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1
I N T R O D U C T I O N

Consider the problem depicted in Figure 1.0.1. Two linear time-
invariant (LTI) systems M and N are driven by the same input. We
want to design a third LTI system Q that estimates the output of the
first system M from the output of the second system N. This is the
filtering problem. Many well-known problems can be recast in this
framework. For example,

• the Wiener filter corresponds to the situation

M =

[
I

0

]
, N =

[
H

σI

]
,

where H is the medium and σ2 is the variance of an additive
white noise source. See Hassibi et al. [1, Ch. 10.3.4].

• the decision feedback equalizer corresponds to

M =

[
I

0

]
, N =

[
H

µ z−1 I

]
.

where z−1 denotes the unit delay and µ > 0 specifies the relia-
bility of the feedback path. See Erdogan et al. [2].

Without further constraints, the solution of the filtering problem is
straight-forward. Analogously to the case where M, N and Q are
constant matrices, the optimal solution to the filtering problem with
respect to several popular optimality criteria is given by the concate-
nation of an appropriately defined Moore-Penrose pseudoinverse of
N, and M. Consequently, the computation of pseudoinverses for
finite-dimensional LTI systems has been investigated a lot. See, e.g.,
Jones [3], Varga [4], Stanimirovic [5], Chai et al. [6, 7], Gan and Ling
[8] and the references therein.

The drawback of the pseudoinverse-based solution is that the re-
sulting Q is non-causal, in general. That is, finding the current out-
put ofQmay require the knowledge of some or even all future inputs.
Such an behavior is acceptable as long as the input is processed of-
fline. A typical example of this situation is image processing. See,
e.g., Motwani and Guillemot [9]. However, non-causal systems can-
not be used for the real-time processing of data. In such situations

N

+M

Q

s

s

eu
-

Figure 1.0.1: Filtering Problem. The error signal e = s − s̃ is to be
minimized by suitable choice of Q.
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an additional causality constraint has to be employed. The filtering
problem with causality constraint is more complicated but also well-
investigated. See, e.g., the recent book of Saberi et al. [10]. More
references follow in Section 2.10.

Many applications result in non-standard variants of the filtering
problem. For example, the optimality criterion may have to be modi-
fied or the set of admissible solutions has to be changed. There also
often is a special structure that can be exploited for more effective
algorithms. The goal of this thesis is to discuss how such issues can
be addressed subject to causality constraints. We investigate three
exemplary non-standard filtering problems,

• system (left-)inversion,

• Tomlinson-Harashima precoding and

• feedback filter design for noise-shaping subband coders.

Previous approaches to the considered problems often assume finite
impulse responses in order to simplify the problem. However, this
often leads to suboptimal and/or overly complex solutions. See, e.g.,
Crespo and Honig [11], Bai and Fu [12] or Zhang and Bitmead [13, 14].
We derive the optimal solutions without finite impulse response as-
sumptions but subject to overall causality constraints. We also make
several theoretical contributions. The existence and uniqueness of so-
lutions to the considered problems is investigated thoroughly. Where
necessary, standard models are modified in order to ensure well-
posed problems. We also develop some other, previously unknown,
properties of the standard models. Finally, several new algorithms are
derived. The majority of them is fast in the sense that the underlying
problem structure is exploited efficiently.

1.1 outline of the thesis

This thesis consists of seven chapters, of which this introduction is
the first one. Let us outline the remaining parts of the thesis.

chapter 2 We review several known results from linear system
theory and related areas that are required in later parts of the section.
We also derive some new results.

chapter 3 The system (left-)inversion problem is to find a causal
LTI system that reconstructs the input of another causal LTI sys-
tem from its output, probably subject to a finite decision delay. We
treat optimal inversion with respect to a weighted least squares cri-
terion. Parametrizations for the complete set of inverses are estab-
lished. These can be used to transform the system inversion problem
into a standard filtering problem. A fast algorithm that solves the
resulting filtering problem with only linear complexity in the delay
is derived. The assumptions on weight are very weak. As a result,
optimal inverses may be non-unique. We parametrize the complete
set of optimal inverses.
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chapter 4 We again discuss optimal causal system inversion, but
this time with respect to a min-max criterion. Fast algorithms can eas-
ily be obtained when specialized filtering algorithms are applied to
the parametrization of the set of inverses given in Chapter 3. See Sec-
tion 4.4. Hence, we concentrate on an aspect of the numerical solution
that does not occur in the least squares case, namely, the initialization
of the so-called γ-iteration. The γ-iteration iteratively refines an esti-
mate of the optimal performance achievable in this problem. Lower
and upper bounds are required in order to start the γ-iteration. We
consider a previously established sequence of lower bounds. It is
known that this sequence converges monotonically towards the true
value, but the speed of convergence has remained unknown. We
show that the convergence is root-exponential if a weak condition is
fulfilled. Connections to other problems in linear systems theory with
min-max criteria are established.

chapter 5 We consider a problem from communications, i.e.,
Tomlinson-Harashima precoding. Several data streams are to be pre-
processed before parallel transmission over a multiple-input multiple-
output channel such that the receiver can retrieve the original data
streams in a simple way. Various filters have to be designed. We
derive the optimal filters subject to causality constraints. The order-
ing of the data streams may influence the performance of the system.
A fast algorithm that successively optimizes the order of the data
streams and simultaneously finds the optimal filters is derived. We
also provide a new operational interpretation a certain parameter in
the system model.

chapter 6 We discuss the design of feedback filters for noise-
shaping subband quantizers. Two stochastic models for the recon-
struction error are considered. The first model, which is commonly
used in the literature, is shown to lead to ill-posed optimization prob-
lems where optimal solutions cannot be unique. In particular, an
optimal feedback filter may or may not stabilize an associated feed-
back loop. We show how the former can be converted into the latter
if a weak assumption is satisfied. For the second noise model, we
establish the existence and uniqueness of the optimal feedback filter
for the case where stability of the feedback loop is ignored. We also
show that the feedback loop becomes stable if the noise model is flat-
fading.

chapter 7 The thesis is concluded.

1.2 notes and references

• The filtering problem with causality constraint is also known as
the (unilateral, inexact) model-matching problem. See, e.g., Francis
[15], Kimura [16] or Hung [17].
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2
P R E L I M I N A R I E S

In this chapter, we outline some aspects of linear system theory and
related topics that will be of interest in this thesis. While mostly only
known facts from the literature are repeated and put into context, we
also derive some technical results that will be useful in later parts of
the thesis.

2.1 some basic structures

Let V denote a vector space over the field F. If there is an additional
multiplication on V such that

• (x+ y)z = xz+ yz for all x,y, z ∈ V

• x(y+ z) = xy+ xz for all x,y, z ∈ V

• (xa)(yb) = (xy)(ab) for all x,y ∈ V , a,b ∈ F

then V equipped with this multiplication forms an algebra over the
field F. Any e ∈ V such that xe = ex = x for all x ∈ V is a unit. The
algebra is associative if (xy)z = x(yz) for all x,y, z ∈ V . An equivalence
relation E ⊆ V × V , where V can be any set, satisfies

• (a,a) ∈ E for all a ∈ V ,

• if (a,b) ∈ E then (b,a) ∈ E for all a,b ∈ V ,

• if (a,b) ∈ E and (b, c) ∈ E then (a, c) ∈ E for all a,b, c ∈ V .

We usually write a ∼= b instead of (a,b) ∈ E. The equivalence class of
any a ∈ V with respect to ∼= is the set 〈a〉 := {b ∈ V : a ∼= b}. The
quotient set of V is the set of equivalence classes,

V/∼= := {〈a〉 : a ∈ V} .

If V is an associative algebra, then also V/∼= equipped with the canon-
ical operations

〈a〉+ 〈b〉 := 〈a+ b〉,
〈a〉〈b〉 := 〈ab〉,
〈a〉λ := 〈aλ〉,

becomes an associative algebra. We call this algebra the quotient al-
gebra of V with respect to ∼=. For any algebra V over the field F we
define the set of q× p matrices in the usual way,

Vq×p :=


 a1,1 . . . a1,p

...
...

aq,1 . . . aq,p

 : ai,j ∈ V

for all i ∈ {1, . . . ,q}, j ∈ {1, . . . ,p}

 .
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We often write A = [ai,j] ∈ Vq×p in order to specify the single ele-
ments. The sum of two matrices A = [ai,j] ∈ Vq×p and B = [bi,j] ∈
Vq×p is the matrix C = [ci,j] ∈ Vq×p given by ci,j := ai,j + bi,j. The
product of two matrices A = [ai,j] ∈ Vq×m and B = [bi,j] ∈ Vm×p is
the matrix C = [ci,j] ∈ Vq×p given by ci,j :=

∑m
k=1 ai,kbk,j. Finally,

the product of A = [ai,j] ∈ Vq×p and a scalar λ ∈ F is the matrix
C = [ci,j] ∈ Vq×p with ci,j := λci,j.

A norm is any mapping ‖ · ‖ : V → [0,∞) such that V is a vector
space over the field F ∈ {R, C} and

1. ‖λv‖ = |λ|‖v‖,

2. ‖v+w‖ 6 ‖v‖+ ‖w‖ and

3. ‖v‖ = 0 only if v = 0

for all λ ∈ F and v,w ∈ V . A vector space V equipped with a norm
‖ · ‖ forms the normed space (V , ‖ · ‖). A subset S ⊆ V is closed if every
convergent sequence in S has its limit in S,

(sk)k∈N ⊆ S, v ∈ V , lim
k→∞ ‖sk − v‖ = 0 =⇒ v ∈ S.

The closure of a subset S ⊆ V is the set

clos(S) :=
{
v ∈ V : ∃(sk)k∈N ⊆ S s.t. lim

k→∞ ‖sk − v‖ = 0
}

.

The closure is closed by definition. A subset S ⊆ V is dense if
V = clos(S). The normed space (V , ‖ · ‖) is complete if every Cauchy
sequence has a limit in V . Complete normed spaces are also known
as Banach spaces. A Banach space (V , ‖ · ‖) equipped with a multi-
plication on V forms a Banach algebra if V equipped with this mul-
tiplication forms an associative algebra with unit e, ‖e‖ = 1 and
‖xy‖ 6 ‖x‖‖y‖ for all x,y ∈ V . An inner product is any mapping
〈·, ·〉 : V ×V → F such that V is a vector space over the field F ∈ {R, C}

and

1. 〈v+w, z〉 = 〈v, z〉+ 〈w, z〉,

2. 〈λv,w〉 = λ〈v,w〉,

3. 〈v,w〉 = 〈w, v〉,

4. 〈v, v〉 > 0 and

5. 〈v, v〉 = 0 if only if v = 0

for all λ ∈ F and v,w, z ∈ V . The mapping v 7→
√
〈v, v〉 , v ∈ V , is a

norm [18, Lem. V.1.3], the so-called induced norm. A complete vector
space H equipped with an inner product 〈·, ·〉 forms a Hilbert space
(H, 〈·, ·〉). The orthogonal complement of any subset S ⊆ H is given by
S⊥ := {h ∈ H : 〈s,h〉 = 0 for all s ∈ S}.

2.2 rational matrices

We define the vector space of polynomials by

P :=

{
(p : C→ C) : ∃K ∈N,a0, . . . ,aK ∈ C

14



s.t. p(z) =
K∑
k=0

akz
k for all z ∈ C

}

together with standard point-wise addition and scalar multiplication.
Together with point-wise multiplication, P becomes an associative
algebra over the complex numbers. The degree deg(p) of a polynomial
p(z) =

∑K
k=0 akz

k is the largest k such that pk 6= 0. We say that the
polynomial p2 ∈ P divides the polynomial p1 ∈ P if there exists a
third polynomial p3 ∈ P such that p1 = p2p3. Furthermore, we say
that p1 and p2 are coprime if every polynomial p3 which divides both
p1 and p2 is a constant.

We also define the vector space of rational functions,

R :=
{(a
b
: Ĉ→ Ĉ

)
: a,b ∈ P,b 6≡ 0

}
,

where Ĉ := C ∪ {∞} denotes the Riemann Sphere. This has to be un-
derstood as follows. Let r1 = a1/b1 ∈ R and r2 = a2/b2 ∈ R

denote two arbitrary rational functions with a1,a2,b1,b2 ∈ P and
b1,b2 6≡ 0. The value of r1 at z ∈ C is a1(z)/b1(z) if b1(z) 6= 0 and∞
otherwise. The value of r1 at ∞ is limz→∞ r1(z) if deg(a) 6 deg(b)
and∞ otherwise. The sum of r1 and r2 is given by r1+ r2 = (a1b2+

a2b1)/(b1b2), the scalar multiplication is given by λr1 = (λa1)/b1,
λ ∈ C. Together with the product r1r2 = (a1a2)/(b1b2), R becomes
an associative algebra over the field of complex numbers. The func-
tions r1 and r2 will be considered equivalent, r1 ∼= r2, if a1b2 = a2b1.
Standard results on polynomial interpolation imply that r1 ∼= r2 as
soon as a1(z)b2(z) = a2(z)b1(z) for all z in an arbitrary non-finite
subset of C [19, Th. 3.2]. We introduce the quotient algebra

R := R/∼=.

Note that every equivalence class 〈r〉 ∈ R contains exactly one ele-
ment r0 = a/b ∈ 〈r〉 with a,b ∈ P, b(0) = 1 such that a and b are
coprime [20, Sec. 2.4.4]. This element is called the representative of 〈r〉.
Whenever we try to evaluate 〈r〉 point-wise then the returned value
shall be that of the representative, i.e., 〈r〉(z) := r0(z) for all z ∈ Ĉ.
From now on, we drop the brackets 〈〉 when we denote elements of
R. In particular, z denotes the element given by z(z) := z, z ∈ Ĉ. We
also introduce the subsets

FIRK :=

{
r ∈ R : ∃a0, . . . ,aK ∈ C s.t. r =

K∑
k=0

ak z−k
}

and

P :=

{
r ∈ R : ∃K ∈N,a0, . . . ,aK ∈ C s.t. r =

K∑
k=0

ak zk
}

of R. We note that the elements of FIRK are polynomials of maximal
degree Kwith respect to z−1, while the elements of P are polynomials
of arbitrary degree with respect to z. The set P forms a sub-algebra
of R. We say that r ∈ R is proper if r(∞) 6= ∞ and strictly proper if
r(∞) = 0. Any r ∈ R has a unique decomposition r = rp + p where
rp ∈ R is proper and p ∈ P satisfies p(0) = 0. This rp is the proper
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part of r, which we denote by {r}+. Similarly, there also is a unique
decomposition r = rsp + p where rsp ∈ Rq×p is strictly proper and
p ∈ Pq×p. This rsp is the strictly proper part of r. We denote it by
{r}
sp
+ .
A square polynomial matrix P ∈ Pq×q is called unimodular if

there exists some Q ∈ Pq×q such that PQ = Iq. A rational matrix
R = [ri,j] ∈ Rq×p is called (strictly) proper if all ri,j are (strictly)
proper. The (strictly) proper part of a rational matrix is defined
element-wise. The normal rank of R specifies the number of linearly
independent columns (or, equivalently, rows) of R. Any R ∈ Rq×p

can be transformed into the so-called McMillan form. That is, there
exist unimodular matrices U ∈ Pq×q and V ∈ Pp×p and a diagonal
matrix

Λ =


α1
β1

. . .
αr
βr

0

 ∈ Rq×p

such that α1, . . . ,αr,β1, . . . ,βr ∈ P, αk+1 divides αk and βk+1 di-
vides βk for all k ∈ {1, . . . , r− 1}, r = normrank(R) and

R = UΛV .

See [20, Ch. 6.5.2]. The number
∑r
k=1 deg(βk) is called McMillan

degree of R. The finite zeros of R are the z0 ∈ C where αk(z0) = 0 for
some k ∈ {1, . . . , r}. The finite poles are the z0 ∈ C where βk(z0) = 0

for some k ∈ {1, . . . , r}. We say that R has a zero or pole at infinity if
αk(z)→ 0 or βk(z)→ 0 for some k ∈ {1, . . . , r} as z→∞, respectively.
It is important to note that these definitions are independent of the
actual choice of the transformation matrices U and V [20, Exec. 6.5-7].
The definition implies that R = [ri,j] ∈ Rq×p has a pole at z0 ∈ Ĉ if
and only if

lim
z→z0

‖R(z)‖S =∞ ⇐⇒ ∃i, j : lim
z→z0

‖ri,j(z)‖S =∞
⇐⇒ ∃i, j : z0 is a pole of ri,j. (2.2.1)

If z0 ∈ Ĉ is not a pole of R, then z0 is a zero of R if and only if

rank[R(z0)] < normrank(R). (2.2.2)

See [21, Lem. 3.28]. The normal rank of R also satisfies

normrank(R) = max
z∈Ĉ

z is not a pole of R

rank[R(z)].

We finally introduce the sub-algebra

RH∞ :=
{
r ∈ R : every pole z0 ∈ Ĉ satisfies |z0| < 1

}
= {r ∈ R : r proper,

every finite pole z0 ∈ C satisfies |z0| < 1} .

An important consequence of (2.2.1) is

RHq×p∞ =
{
R ∈ Rq×p : every pole z0 ∈ Ĉ satisfies |z0| < 1

}
.

16



Now, let ‖ · ‖S and ‖ · ‖F denote the usual spectral and the Frobenius
norms, respectively. That is, ‖A‖S denotes the largest singular value
and ‖A‖F := trace[AA∗] for any A ∈ Cq×p. Then, for any R ∈ RHq×p∞ ,
the H∞ norm

‖R‖∞ := sup
θ∈[0,2π)

‖R(eiθ)‖S (2.2.3)

and the H2 norm

‖R‖2 :=

(
1

2π

ˆ 2π
0

‖R(eiθ)‖2Fdθ

) 1
2

(2.2.4)

are both well-defined. Furthermore, also the inner product

〈R1,R2〉2 :=
1

2π

ˆ 2π
0

trace
[
R1(e

iθ))R2(e
iθ))∗

]
dθ

is well-defined for all R1,R2 ∈ RHq×p. It induces the H2 norm.
A useful property of the H2 norm is as follows.

Lemma 2.2.1. Let R ∈ RHq×p∞ and X ∈ Cp×p, and assume that ‖X‖S 6 1.
Then, ‖RX‖2 6 ‖R‖2.

Proof. By definition of ‖ · ‖2 it suffices to show that ‖RX‖2F 6 ‖R‖2F for
any R = Cq×p. The matrix XX∗ is unitarily diagonalizable because
(XX∗)∗ = XX∗ [22, Ch. 5.2]. That is, there exists an unitary matrix
T ∈ Cp×p such that

T∗XX∗T =

 λ1 . . .

λp

 =: Λ ∈ Cp×p

where the λ1, . . . , λp denote the eigenvalues of XX∗. Our assumption
‖X‖S 6 1 ensures |λk| 6 1 for all k ∈ {1, . . . ,p} because the eigenvalues
of XX∗ are the singular values of X. Thus,

‖RX‖2F = trace[RXX∗R∗]

= trace[RTΛT∗R∗]

= trace[T∗R∗RTΛ]

6 trace[T∗R∗RT ]

= trace[RTT∗R∗]

= ‖R‖2F.

Here, we have used that the trace is invariant under permutations
in the sense that trace{AB} = trace{BA} for arbitrary m,n ∈ N and
A ∈ Cm×n and B ∈ Cn×m.

Another important observation is that the invertible elements in
RHq×q∞ form an open set.

Lemma 2.2.2. For any invertible R ∈ RHq×q∞ with R−1 ∈ RHq×q∞ there
exists a δ > 0 such that R+ X is invertible with (R+ X)−1 ∈ RHq×q∞ for
any X ∈ RHq×q∞ with ‖X‖∞ < δ.

17



Proof. Let Dc := {z ∈ C : |z| > 1}∪ {∞} denote the exterior of the unit
circle. We say that a function f : Dc → C is analytic if there exists
a sequence (fk)k∈N ⊂ C of complex numbers such that the infinite
sum

∑∞
k=0 fkz

−k converges for all z ∈ Dc and f(z) =
∑∞
k=0 fkz

−k

for all z ∈ Dc.1 Let us denote the set of analytic functions by A :=

{(f : Dc → C) : f analytic}. We introduce ‖ · ‖A := supz∈Dc ‖ · (z)‖S,
and denote the set of analytic matrices that render ‖ · ‖A finite by
H
q×q∞ := {F ∈ Aq×q : ‖F‖A <∞}. Note that ‖ · ‖A is a norm on H

q×q∞ .
Equipped with point-wise addition and multiplication as well as the
norm ‖ · ‖A, Hq×q∞ becomes a Banach algebra [23, Exa. 3.2]. Next,
let us introduce a mapping φ : RHq×q∞ → H

q×q∞ , which maps any
R ∈ RHq×q∞ to the function F ∈ H

q×q∞ given by F(z) := R(z), z ∈ Ĉ.
As we will show later in Lemma 2.5.1, any such F is analytic. In other
words, φ is well-defined. Furthermore, the mapping φ satisfies

• ‖φ(R1)‖A = ‖R1‖∞ (φ is isometric),

• φ(αR1 +βR2) = αφ(R1) +βφ(R2) (φ is linear), and

• φ(R1R2) = φ(R1)φ(R2) (φ is multiplicative)

for all R1,R2 ∈ RHq×p∞ and α,β ∈ C. (The isometry property is
proven, e.g., in [23, Pro. 2.34]. The other two properties are direct
consequences of the definition of φ.) Let us now assume that R ∈
RHq×q∞ is invertible with R−1 ∈ RHq×q∞ . Then, also φ(R) is invertible
with inverse φ(R)−1 = φ(R−1) ∈ H

q×q∞ because

0 = ‖RR−1 − Iq‖∞
= ‖φ(RR−1 − Iq)‖A
= ‖φ(R)φ(R−1) − Iq‖A

⇐⇒ Iq = φ(R)φ(R−1).

Since the invertible elements in a Banach algebra form an open set,
there is an δ > 0 such that φ(R) + Y is invertible for all Y ∈ H

q×q∞
with ‖Y‖A < δ. See, e.g., [23, Sec. 3.1]. Now, assume that some
X ∈ RHq×q∞ satisfies ‖X‖∞ < δ. Then, also ‖φ(X)‖A < δ and φ(R) +
φ(X) is invertible with [φ(R) +φ(X)]−1 ∈ Hq×q. The Matrix Corona
Theorem [24, Th. 3.1] shows that this is equivalent to the existence of
some δ1 > 0 such that

[φ(R) +φ(X)](z)∗[φ(R) +φ(X)](z) = φ[R+X](z)∗φ[R+X](z)

= [R(z) +X(z)]∗[R(z) +X(z)]

< δ21Iq

for all z ∈ Dc. Thus, by (2.2.2), the proper rational matrix R+ X ∈
Rq×p has no finite or infinite zeros z0 ∈ Ĉ with z0 ∈ Dc. But then,
as we will show later in Corollary 3.1.4, R+X must be invertible with
(R+X)−1 ∈ RHq×q∞ .

2.3 stochastic processes

A probability space is a triple (Ω,Σ,P) where Ω is an arbitrary set, Σ is
a σ-algebra with respect to Ω and P is a probability measure on Σ. A

1 We set the sum to f0 at z =∞.
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random variable is a measurable function X : Ω → Ω ′ where (Ω,Σ,P)
is a probability space and (Ω ′,Σ ′) is a measurable space. If Ω ′ = R

and Σ ′ denotes the Borel σ-algebra, i.e., the smallest σ-algebra Σ ′ that
satisfies (a,b] ∈ Σ ′ for all a,b ∈ R with a 6 b, the the random
variable X will be called a real random variable. The expectation of a
real random variable X is given by the Lebesgue integral

E[X] :=

ˆ
Ω

XdP.

The expectation need not exist, in general. A complex random variable
is a tuple (X, Y) of two real variables X, Y : Ω → Ω ′. We write Z =

X+ i Y and define sums, products and conjugation analogously to the
operations on the usual complex numbers,

• (X1 + i Y1) + (X2 + i Y2) = (X1 +X2) + i(Y1 + Y2),

• (X1 + i Y1)(X2 + i Y2) = (X1X2 − Y1Y2) + i(X1Y2 + Y1X2),

• (x+ iy)(X2 + i Y2) = (xX2 − yY2) + i(xY2 + yX2),

• X1 + i Y1 = X1 + i(−Y1)

for all real random variables X1,X2, Y1, Y2 and scalars x,y ∈ R.
Equipped with these operations, the complex random variables over
a common probability space form an associative algebra. Hence, we
can consider matrices and vectors as described in Section 2.1. The
expectation of a q× 1 vector Z1

...

Zq

 =

 X1
...

Xq

+ i

 Y1
...

Yq


of complex random variables Zk = Xk + i Yk, k ∈ {1, . . . ,q}, defined
on a common probability space (Ω,Σ,P) is given by

E


 Z1

...

Zq


 :=

 E[X1]
...

E[Xq]

+ i

 E[Y1]
...

E[Yq]

 .

A stochastic process is a sequence (Xk)k∈N of q× 1 vectors of complex
random variables defined on a common probability space (Ω,Σ,P).
The stochastic process (Xk)k∈N is wide-sense stationary if E[Xm] and
E[XmX

∗
n] are well-defined and finite with

E[XmX
∗
n] =

{
E[XkX

∗
n−m+k] ,m 6 n

E[Xm−n+kX
∗
k] ,m > n

for all m,n,k ∈ N. The stochastic process (Xk)k∈N is white with
variance σ2X > 0 if it is wide-sense stationary and E[Xm] = 0q×1,
E[XmX

∗
n] = σ2XIq if m = n and E[XmX

∗
n] = 0q otherwise. A

stochastic process (Xk)k∈N is asymptotically wide-sense stationary if
limk→∞E[Xk] and limk→∞E[Xm+kX

∗
n+k] are well-defined and finite

with

lim
k→∞E[Xm+kX

∗
n+k] =

{
limk→∞E[XkX

∗
n−m+k] ,m 6 n

limk→∞E[Xm−n+kX
∗
k] ,m > n
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for all m,n ∈N. Every wide-sense stationary random process is also
asymptotically wide-sense stationary. The root-mean-square half-norm
of any asymptotically wide-sense stationary random process (Xk)k∈N

is given by
‖(Xk)k∈N‖RMS := lim

k→∞E [‖Xk‖F] .

2.4 signals and systems

Let seq denote the set of sequences over the natural numbers,

seq := {x = (xk)k∈N : xk ∈ C for all k ∈N} .

Together with element-wise addition and multiplication with a scalar,
seq becomes a vector space over the complex numbers. We define the
product y = (yk)k∈N := uv ∈ seq of two sequences u = (uk)k∈N ∈
seq and v = (vk)k∈N ∈ seq by the convolution formula,

yk =

k∑
j=0

ujvk−j (k ∈N).

Therewith, seq becomes an associative algebra. Vectors of sequences
are called signals. A system is a mapping Ξ : seqp → seqq which
maps signals to signals. The unit delay is the special system ΞD that
maps any input (uk)k∈N to the output (yk)k∈N given by y0 := 0 and
yk := uk−1 for k ∈ N with k > 1. The system Ξ is time-invariant
if ΞD[Ξ(u)] = Ξ[ΞD(u)] for all u ∈ seqp. It is causal if for all k0 ∈
N and any two inputs (uk)k∈N ∈ seqp and (vk)k∈N ∈ seqp with
uk = vk for all k ∈ {0, . . . ,k0} the according outputs (yk)k∈N :=

Ξ[(uk)k∈N] and (wk)k∈N := Ξ[(vk)k∈N] satisfy yk = wk for all k ∈
{0, . . . ,k0}. Finally, the system Ξ is linear if we have Ξ(au + bv) =

aΞ(u) + bΞ(v) for all a,b ∈ C and u, v ∈ seqp. For any linear time-
invariant causal system Ξ : seqp → seqq there exists a unique matrix
ΞIR ∈ seqq×p, the impulse response of Ξ, such that for any input u ∈
seqp the according output y := Ξ(u) is given by y = ΞIRu. (We
further discuss this representation in Section 2.10.) On the other hand,
any system of this form is linear, time-invariant and causal. Let us
define two norms for signals x = (xk)k∈N ∈ seqq. The first norm is
the `2 norm ‖x‖`2 := (

∑∞
k=0 ‖xk‖2F)1/2. The `2 norm is induced by

the inner product 〈x,y〉`2 :=
∑∞
k=0 x

∗y, where x,y ∈ `q2 . Equipped
with this inner product, `q2 forms the Hilbert space (`q2 , 〈·, ·〉`2). The
second norm is the `∞ norm ‖x‖`∞ := supk∈N ‖xk‖S. The system Ξ is
bounded-input bounded-output (BIBO) stable if any input u ∈ seqp with
‖u‖`∞ <∞ results in ‖Ξ(u)‖`∞ <∞. Similarly, the system is uniformly
bounded-input bounded-output stable if there exists a M > 0 such that
any input u ∈ seqp with ‖u‖`∞ 6∞ satisfies ‖Ξ(u)‖`∞ 6M‖u‖`∞ .

2.5 state-space systems

Let A ∈ Cn×n, B ∈ Cn×p, C ∈ Cq×n, D ∈ Cq×p and x0 ∈ Cn. Then,
the state-space system associated with these quantities is the system
Ξ : seqp → seqq where the output (yk)k∈N = Ξ[(uk)k∈N] is given by[

xk+1
yk

]
=

[
A B

C D

] [
xk
uk

]
(k ∈N) (2.5.1)
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for any input (uk)k∈N ∈ seqpN. A state-space system is said to be
asymptotically stable if Akx → 0 as k → ∞ for any x ∈ Cn. This is
equivalent to the matrix A being Hurwitz [25, Ch. 6.10, Th. 10.9],
i.e., the spectral radius of A is strictly less than one. The state-space
system (2.5.1) is always causal. It is linear and time-invariant if x0 =

0n×q. In that case, the impulse response (Ξk)k∈N ∈ seqq×p of the
system is given by Ξ0 = D and Ξk = CAk−1B for all k ∈ N with
k > 1 [25, Ch. 2.7].

With state-space systems, one is often also interested in the internal
states xk of the system. The pair (A,B) is called controllable if for any
initial state x0 and final state x there exists an input signal (uk)k∈N

such that xk0 = x for some k0 ∈ N. This is equivalent to that the
controllability matrix

[
An−1B . . . AB B

]
has full row rank [25,

Ch. 3.2.C, Cor. 2.19+Cor. 2.21]. Another equivalent condition is
that we can choose the eigenvalues of the matrix A+ BK arbitrarily
by proper choice of K ∈ Cp×n [21, Th. 3.1]. We say that (A,B)
is stabilizable if we can make A+ BK Hurwitz by proper choice of K.
The pair (A,C) is called observable if we have uk = 0p×1 and CAkxk =

0q×1 for all k ∈ N only if x0 = 0n×1. This is equivalent to (A∗,C∗)
being controllable [25, Ch. 3.3.C, Cors. 3.12]. We say that (A,C) is
detectable if (A∗,C∗) is stabilizable. The state-space system (2.5.1) is
called minimal if (A,B) is controllable and (A,C) is observable.

The transfer function of the state-space system (2.5.1) is the proper
rational matrix T Ξ := D + C(z In − A)−1B ∈ Rq×p. On the other
hand, any proper rational matrix R ∈ Rq×p is the transfer function of
a minimal state-space system. See [25, Ch. 5, Th. 3.7]. We sometimes
use the short hand [

A B

C D

]
to denote either the transfer function T Ξ of the system or, depending
on the context, also the system itself (with initial state x0 = 0n×1, un-
less noted differently). The system pencil of the system is the rational
matrix

S Ξ :=

[
A− z I B

C D

]
∈ R(n+q)×(n+p).

The z0 ∈ C where the system pencil looses its normal rank,
rank[S Ξ(z0)] < normrank[S Ξ], are called invariant zeros. Each fi-
nite zero z0 ∈ C of T Ξ is a invariant zero of the state-space system
and each finite pole of T Ξ is a eigenvalue of A [21, Cor. 3.35]. On the
other hand, we additionally have that each invariant zero is a finite
zero and that each eigenvalue of A is a pole if the state-space sys-
tem is minimal [25, Ch. 3.5]. The normal rank of the system pencil
satisfies normrank[S Ξ] = n+ normrank[T Ξ]. Compare the proof of
[21, Lem. 3.33]. If κ denotes the McMillan degree of T Ξ then the
state-space system (2.5.1) is minimal if and only if the dimension of
the matrix A is n = κ [25, Ch. 5.3.B, Th.3.9+Ch. 5.3.C, Th.3.11].

We will require the following power series expansion for the trans-
fer functions of certain state-space systems.

Lemma 2.5.1. The transfer function T Ξ of the state-space system (2.5.1)
satisfies T Ξ(z) = D+

∑∞
k=1CA

k−1Bz−k for all z ∈ Ĉ with |z| > ‖A‖S.
If T Ξ ∈ RHq×p∞ , this remains true for all z with |z| > 1.
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Proof. For any z ∈ C with |z| > ‖A‖S, we have ‖z−1A‖S < 1. Hence,
the sequence

∑∞
k=0 z

−kAk converges with limit (I− z−1A)−1 for all
z ∈ C with |z| > ‖A‖S [18, Th. II.1.11]. We obtain

T Ξ(z) = D+C(zI−A)−1B

= D+ z−1C(I− z−1A)−1B

= D+ z−1C

( ∞∑
k=0

z−kAk

)
B,

and, in particular,

T Ξ(z) = D+

∞∑
k=1

CAk−1Bz−k

for all z ∈ C with |z| > ‖A‖S. On the other hand, assume T Ξ ∈
RHq×p∞ and consider a minimal realization[

A ′ B ′

C ′ D

]
of the state-space system. Then, the spectral radius of A ′ is less than
one and we can find a matrix norm ‖ · ‖ ′ such that ‖A ′‖ ′ < 1 [26, Lem.
5.6.10]. The same argument as above shows that

T Ξ(z) = D+

∞∑
k=1

C ′(A ′)k−1B ′z−k (2.5.2)

for z ∈ C with |z| > ‖A ′‖ ′. In particular, this remains true for all z
with |z| > 1 because ‖A ′‖ ′ < 1. The uniqueness of a power series
expansion finally implies CAk−1B = C ′(A ′)k−1B ′ for all k ∈ N [27,
64.5]. In light of (2.5.2), this concludes the proof.

One application is the following formula for a certain proper part
that will be of interest in a later part of the thesis.

Lemma 2.5.2. We consider the transfer function T Ξ = D + C(z I −
A)−1B of the state-space system (2.5.1) and, for arbitrary P0, . . . ,PK ∈
Cp×q, P = P0 + P1 z−1+ · · ·+ PK z−K ∈ FIRp×qK . We define

X :=

K∑
k=1

Ak−1BPK−k ∈ Cn×q.

Then, the proper part of zKT Ξ P is given by

{zKT Ξ P}+ =

[
A AX+BPK
C CX+DPK

]
.

Proof. Let us first find the proper part of {zkT Ξ}+, k ∈ N. If k = 0,
we have {zkT Ξ}+ = T Ξ because the transfer function of a state-space
system is always proper. If k > 1, we define

R1 := D zk+
k−1∑
j=1

CAj−1B z−j+k ∈ Pq×p,

R2 := CAk−1B+C(z I−A)−1AkB ∈ Rq×p.
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Note that R2 is proper and that there exists R > 0 such that
zkT Ξ(z) = R1(z) +R2(z) for all z ∈ Ĉ with |z| > R because of Lemma
2.5.1. This implies {zkT Ξ}+ = R1 + R2 and, by definition of the
proper part,

{zkT Ξ}+ = R2 = CA
k−1B+C(z I−A)−1AkB.

Now, we find

{zKT Ξ P}+ = {zKT Ξ P0 + · · ·+ z1T Ξ PK−1 + z0T Ξ PK}+

=

K∑
k=1

{zkT Ξ}+PK−k +T Ξ PK

=

K∑
k=1

C[I+ (z I−A)−1A]Ak−1BPK−k +T Ξ PK

= C[I+ (z I−A)−1A]
K∑
k=1

Ak−1BPK−k +T Ξ PK

= CX+C(z I−A)−1AX+DPK

+C(zI−A)−1BPK

= CX+DPK +C(z I−A)−1(AX+BPK).

In the remaining part of this section, we use the state-space formal-
ism in order to analyze the stability behavior of linear time-invariant
causal systems. We derive the well-known criterion that such a
system is BIBO stable if and only if its transfer function satisfies
T Ξ ∈ RHq×p∞ . Standard text books only analyze the simpler case
of uniform BIBO stability, which is in fact equivalent to BIBO stabil-
ity in this setting, and leave the connection to BIBO stability open.
However, we will run into a situation where these notions no longer
coincide. There, we will require exact bounds on the stability behav-
ior of linear time-invariant causal systems. The next few lemmata
provide such bounds. The first lemma establishes the existence of a
bounded input such that the output of a system whose transfer func-
tion has poles outside the unit circle grows exponentially.

Lemma 2.5.3. We consider the state-space system (2.5.1). Assume that
(A,B) is controllable, (A,C) is observable and that the spectral radius ρ of
A is greater than one. Then, there exist k1 ∈N, M > 0 and a input signal
u = (uk)k∈N ∈ seqp with ‖u‖`∞ < ∞ such that the resulting output
signal (yk)k∈N ∈ seqq satisfies

‖yk‖S =Mρk

for all k ∈N with k > k1.

Proof. Choose any eigenvalue λmax of Awith corresponding eigenvec-
tor vmax such that |λmax| = ρ. Then, there must be some k0 ∈ N such
that CAk0vmax = λk0Cvmax 6= 0 because (A,C) is observable. This
shows Cvmax 6= 0 and, in particular,

‖CAkvmax‖S = |λmax|
k‖Cvmax‖S
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for all k ∈ N. Also, there exist k1 ∈ N and u
′
0,u

′
1, . . . ,u

′
k1−1

∈ Cp

such that xk1 = vmax if uk = u
′
k for all k ∈ {0, 1, . . . ,k1 − 1} because

(A,B) is controllable. We choose uk := u
′
k if k < k1 and uk := 0 if

k > k1. Then, for all k ∈ N with k > k1, we have xk = Ak−k1vmax

and, in particular,

‖yk‖S = ‖Cxk +Duk‖S
= ‖CAk−k1vmax + 0‖S
= |λmax|

k−k1‖Cvmax‖S

=
‖Cvmax‖S
|λmax|k1︸ ︷︷ ︸

=:M

|λmax|
k︸ ︷︷ ︸

=ρk

.

The second lemma shows that the output growth rate which is
created by the input given in Lemma 2.5.3 is maximal in the sense that
no output of a state-space system can grow faster than exponential if
the input is bounded.

Lemma 2.5.4. We consider the state-space system (2.5.1). Assume that the
spectral radius ρ of A is greater than one and that B 6= 0n×p, C 6= 0q×n
and x0 = 0n×1. Then, there exist k1 ∈ N, M > 0 such that the output
signal (yk)k∈N ∈ seqq satisfies

‖yk‖S 6 ‖u‖`∞Mρk
for all k ∈N with k > k1 and any input signal u = (uk)k∈N ∈ seqp with
‖u‖`∞ <∞.

Proof. Gelfand’s formula says that limk→∞ ‖Ak‖1/kS = ρ [18, Def.
VI.I.5+Th. VI.I.6]. Thus, there is some j1 ∈ N such that ‖Aj‖ 6 2ρj
for all j ∈ N with j > j1. Furthermore, since ρ > 1 and B 6= 0 and
C 6= 0, there exists k2 ∈N such that

‖D‖S + ‖C‖S‖B‖S
j1∑
j=1

‖Aj−1‖S +
2‖C‖S‖B‖S

|1− ρ|
6
2‖C‖S‖B‖S

|1− ρ|
ρk+1

(2.5.3)
for all k ∈N with k > k2. (The left side of this inequality is indepen-
dent of k.) Therefore, we have

‖D‖S +
k∑
j=1

‖CAj−1B‖S

6 ‖D‖S + ‖C‖S‖B‖S
k∑
j=1

‖Aj−1‖S

= ‖D‖S + ‖C‖S‖B‖S

 j1∑
j=1

‖Aj−1‖S +
k∑

j=j1+1

‖Aj−1‖S


6 ‖D‖S + ‖C‖S‖B‖S

 j1∑
j=1

‖Aj−1‖S + 2
k∑

j=j1+1

ρj−1


=

‖D‖S + ‖C‖S‖B‖S j1∑
j=1

‖Aj−1‖S
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+2‖C‖S‖B‖S
k∑

j=j1+1

ρj−1

6

‖D‖S + ‖C‖S‖B‖S j1∑
j=1

‖Aj−1‖S


+2‖C‖S‖B‖S

k∑
j=0

ρj

=

‖D‖S + ‖C‖S‖B‖S j1∑
j=1

‖Aj−1‖S


+2‖C‖S‖B‖S

|1− ρk+1|

|1− ρ|

6

‖D‖S + ‖C‖S‖B‖S j1∑
j=1

‖Aj−1‖S +
2‖C‖S‖B‖S

|1− ρ|


+
2‖C‖S‖B‖S

|1− ρ|
ρk+1

(2.5.3)
6

4ρ‖C‖S‖B‖S
|1− ρ|

ρk

for all k ∈N with k > k1 := max{j1 + 1,k2}. But then,

‖yk‖S = ‖Duk +
k∑
j=1

CAj−1Buk−j‖S

6 (‖D‖S +
k∑
j=1

‖CAj−1B‖S)‖u‖`∞
6 Mρk‖u‖`∞

for all k ∈N with k > k1 and M := 4ρ‖C‖S‖B‖S/|1− ρ|.

The third lemma considers the case where the transfer function has
no poles outside but only on the unit circle. It is shown that there is
a bounded input such that the resulting output grows linearly.

Lemma 2.5.5. We consider the state-space system (2.5.1). Assume that
(A,B) is controllable, (A,C) is observable, the spectral radius ρ of A is
equal to one and x0 = 0n×1. Then, there exist M > 0 and a input signal
u = (uk)k∈N ∈ seqp with ‖u‖`∞ < ∞ such that the resulting output
signal (yk)k∈N ∈ seqq satisfies

‖y(k+1)(n+1)−1‖S = (k+ 1)M

for all k ∈N.

Proof. Choose any eigenvalue λmax of Awith corresponding eigenvec-
tor vmax such that |λmax| = ρ. Then, there must be some k0 ∈ N such
that CAk0vmax = λk0Cvmax 6= 0 because (A,C) is observable. This
shows Cvmax 6= 0.

We construct the desired input (uk)k∈N as follows, uk(n+1)
...

uk(n+1)+n

 := λ
(k+1)(n+1)−1
max
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×

[ [
An−1B . . . AB B

]†
vmax

0p×1

]

for all k ∈N. We first show via induction that then

x(k+1)(n+1)−1 = (k+ 1)λ
(k+1)(n+1)−1
max vmax, (2.5.4)

x(k+1)(n+1) = (k+ 1)λ
(k+1)(n+1)
max vmax (2.5.5)

for all k ∈N. Let us start with the case k = 0. We have

xk+1 = Axk +Buk

xk+2 = A2xk +ABuk +Buk+1
...
...
...

xk+n = Anxk +
[
An−1B . . . AB B

]


uk
...

uk+n−2
uk+n−1

(2.5.6)

for any k ∈N. But then, we obtain

xn
(2.5.6)
= Anx0 +

[
An−1 B . . . AB B

]


u0
...

un−2
un−1


= 0+

[
An−1B . . . AB B

]
×
[
An−1B . . . AB B

]†
λnmaxvmax

= λnmaxvmax

=⇒ xn+1 = Axn +Bun

= λnmaxAvmax +B0

= λn+1max vmax.

Here, we have used that the matrix
[
An−1B . . . AB B

]
has full

row rank because (A,B) is controllable. The induction step k→ k+ 1

is as follows,

x(k+2)(n+1)−1

= x(k+1)(n+1)+n
(2.5.6)
= Anx(k+1)(n+1) +

[
An−1B . . . AB B

]

×


u(k+1)(n+1)
u(k+1)(n+1)+1

...

u(k+1)(n+1)+n−1


(2.5.5)
= (k+ 1)λ

(k+1)(n+1)
max Anvmax + λ

(k+2)(n+1)−1
max vmax

= (k+ 1)λ
(k+1)(n+1)+n
max vmax + λ

(k+2)(n+1)−1
max vmax

= (k+ 2)λ
(k+2)(n+1)−1
max vmax

=⇒ x(k+2)(n+1)

= Ax(k+2)(n+1)−1 +Bu(k+2)(n+1)−1
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= (k+ 2)λ
(k+2)(n+1)−1
max Avmax +B0

= (k+ 2)λ
(k+2)(n+1)
max Avmax.

With these preparations, we see that

‖y(k+1)(n+1)−1‖S = ‖Cx(k+1)(n+1)−1 +Du(k+1)(n+1)−1‖S
(2.5.4)
= ‖(k+ 1)λ(k+1)(n+1)−1max Cvmax +D0p‖S
= (k+ 1)|λmax|

(k+1)(n+1)−1‖Cvmax‖S
= (k+ 1)M

for all k ∈N and M := ‖Cvmax‖S > 0.

The fourth lemma proves that the growth rate in Lemma 2.5.5 is
also maximal.

Lemma 2.5.6. We consider the state-space system (2.5.1). Assume that the
spectral radius ρ of A is equal to one and that B 6= 0n×p, C 6= 0q×n,
x0 = 0n×1. Then, there exist k1 ∈ N, M > 0 such that the output signal
(yk)k∈N ∈ seqq satisfies

‖yk‖S 6 ‖u‖`∞Mk
for all k ∈N with k > k1 and any input signal u = (uk)k∈N ∈ seqp with
‖u‖`∞ <∞.

Proof. Gelfand’s formula says that limk→∞ ‖Ak‖1/kS = ρ [18, Def.
VI.I.5+Th. VI.I.6]. Thus, there is some j1 ∈ N such that ‖Aj‖ 6 2

for all j ∈ N with j > j1. Furthermore, since B 6= 0 and C 6= 0, there
exists k2 ∈N such that

‖D‖S + ‖C‖S‖B‖S
j1∑
j=1

‖Aj−1‖S 6 2‖C‖S‖B‖Sk

for all k ∈N with k > k2. (The left side of this inequality is indepen-
dent of k.) Therefore, we have

‖D‖S +
k∑
j=1

‖CAj−1B‖S

6 ‖D‖S + ‖C‖S‖B‖S
k∑
j=1

‖Aj−1‖S

= ‖D‖S + ‖C‖S‖B‖S

 j1∑
j=1

‖Aj−1‖S +
k∑

j=j1+1

‖Aj−1‖S


6 ‖D‖S + ‖C‖S‖B‖S

 j1∑
j=1

‖Aj−1‖S + 2
k∑

j=j1+1

ρj−1


6 ‖D‖S + ‖C‖S‖B‖S

 j1∑
j=1

‖Aj−1‖S + 2k


=

‖D‖S + ‖C‖S‖B‖S j1∑
j=1

‖Aj−1‖S

+ 2‖C‖S‖B‖Sk
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6 4‖C‖S‖B‖Sk

for all k ∈N with k > k1 := max{j1 + 1,k2}. But then,

‖yk‖S = ‖Duk +
k∑
j=1

CAj−1Buk−j‖S

6 (‖D‖S +
k∑
j=1

‖CAj−1B‖S)‖u‖`∞
6 Mk‖u‖`∞

for all k ∈N with k > k1 and M := 4‖C‖S‖B‖S.

We obtain the standard conditions for (uniform) BIBO stability.

Corollary 2.5.7. Consider the state-space system (2.5.1) and assume that
(A,B) is controllable, (A,C) is observable and x0 6= 0n×1. Then, the system
is BIBO stable if and only if all finite poles of the transfer function are strictly
inside the complex unit circle, T Ξ ∈ RHq×p∞ .

Proof. Sufficiency is shown, e.g., in [25, Thms. 10.9+10.16]. On the
other hand, if T Ξ /∈ RHq×p∞ , then A has spectral radius ρ > 1, B 6= 0,
C 6= 0, and either Lemma 2.5.3 or Lemma 2.5.5 shows that the system
is not BIBO stable.

Corollary 2.5.8. Consider the state-space system (2.5.1) and assume that
(A,B) is controllable, (A,C) is observable and x0 6= 0n×1. Then, the system
is uniformly BIBO stable if and only if it is BIBO stable.

Proof. Corollary 2.5.7 shows that the condition T Ξ ∈ RHq×p∞ is nec-
essary and sufficient for BIBO stability. But by [25, Thms. 10.9+10.16],
the same is true for uniform BIBO stability.

2.6 the z-transform

We introduce the signal subspace

seqZ :=
{
(xk)k∈C ∈ seq : ∃n ∈N, c ∈ C1×n,b ∈ Cn,

A ∈ Cn×n s.t. xk+1 = cAkb for all k ∈N
}

.

Note that seqZ in particular contains all sequences where all but
finitely many elements are zero. Any such sequence

u0, . . . ,uK, 0, 0, 0, . . .

can be realized with

x0 := u0,

b :=
[
1 0 . . . 0

]T
,

A :=


0

1 0
. . .

. . .

1 0

 ,

c :=
[
u1 u2 . . . uK

]
.
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Together with element-wise addition and multiplication with a scalar,
seqZ becomes a vector space. To see this, note that the sum of two
sequences (uk)k∈N and (vk)k∈N with uk+1 = c1A

k
1b1 and vk+1 =

c2A
k
2b2 can be realized as

x0 := u0 + v0,

b :=

[
b1
b2

]
,

A :=

[
A1

A2

]
,

c :=
[
c1 c2

]
.

The z-transform is the linear operator Z : seqZ → {r ∈ R : r proper},
which maps any (xk)k∈N ∈ seqZ to the unique proper rational func-
tion r ∈ R for which there is a ρ > 0 such that r(z) =

∑∞
k=0 xkz

−k

for all z ∈ C with |z| > ρ. Such a ρ > 0 does always exist because for
every ρ > ‖A‖S and K ∈N,∣∣∣∣∣

K∑
k=0

xkz
−k

∣∣∣∣∣ 6 |x0|+

K∑
k=1

|cAk−1bz−k|

6 |x0|+
‖c‖S‖b‖S

|z|

K∑
k=1

(
‖A‖S
|z|

)k−1
6 |x0|+

‖c‖S‖b‖S
ρ

1

1− ρ−1‖A‖S
.

Furthermore, the power series r(z) =
∑∞
k=0 xkz

−k takes the values of
a proper rational function because the signal (xk)k∈N ∈ seqZ is the
impulse response of the state-space system (2.5.1) if B = b, C = c and
D = 0. Compare Lemma 2.5.1. The inverse z-transform is the linear
operator Z−1 : {r ∈ R : r proper} → seqZ which maps any proper
r ∈ R to the sequence (r̂k)k∈N ∈ seqZ,

r̂k = lim
ρ→∞ 1

2π

ˆ 2π
0

r(ρ eiθ)ρk e− iθk dθ (k ∈N).

We sometimes use the alternative notation (̂r)k, when appropriate.
The well-definedness of this operation follows analogously to the
standard inverse z-transform.2 The result is an element of seqZ be-
cause any rational function is the transfer function of a state-space
system. The operator Z−1 is the inverse of Z, i.e., Z[Z−1(r)] = r for
all proper r ∈ R and Z−1(Z[x]) = x for all x ∈ seqZ. The z-transform
and the inverse z-transform of matrices over R and seqZ, respectively,
are defined element-wise. The inverse z-transform can be used to
evaluate the H2 norm. For any R = [ri,j] ∈ RHq×p∞ ,

‖R‖22 =
∞∑
k=0

‖R̂k‖2F =
∞∑
k=0

q∑
i=1

p∑
j=1

|(̂ri,j)k|
2 =

q∑
i=1

p∑
j=1

‖ri,j‖22. (2.6.1)

This is Parseval’s Relation [18, Th. V.4.9]. Next, let us investigate how
the z-transform can be used to evaluate the input-output relation of

2 That is, the residues theorem is used to evaluate the integral [28, Ch. 1.3]. Note
that the value of integral becomes constant after ρ has reached a large enough value
because rational functions have only finitely many poles. Hence, the limit is always
well-defined.
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the state-space system (2.5.1). The following lemma gives a sufficient
condition for the state and output sequences to have a z-transform.

Lemma 2.6.1. We consider the state-space system (2.5.1) with input signal
u = (uk)k∈N ∈ seqp, state signal x = (xk)k∈N ∈ seqn and output signal
y = (yk)k∈N ∈ seqq. Then, u ∈ seqpZ implies x ∈ seqnZ and y ∈ seqqZ.

Proof. The vector space of vectors over seqZ satisfies

seqmZ =
{
(xk)∈C ∈ seqm : ∃l ∈N,E ∈ Cm×l,V ∈ Cl×l, v0 ∈ Cl

s.t. xk+1 = EVkv0 for all k ∈N
}

.

Thus, we can assume that there exist l ∈ N, E ∈ Cp×l, V ∈ Cl×l and
v0 ∈ Cl such that uk+1 = EVkv0 for all k ∈N. Then,[

xk+1
vk+1

]
=

[
A BE

0 V

] [
xk
vk

]
(k ∈N)

and, in particular,

xk+1 =
[
In 0

] [ A BE

0 V

]k [
x0
v0

]
(k ∈N).

This shows x ∈ seqnZ. Furthermore, we have y = Ax + Bu ∈ seqqZ
because seqZ is a vector space.

Now, assume that the input signal of the state-space system (2.5.1)
belongs to seqpZ. Lemma 2.6.1 shows that then also the state signal
and the output signal can be z-transformed. Therefore, we can take
the z-transforms of (2.5.1). This gives

zZ[x] = Z[Ax+Bu] = AZ[x] +BZ[u],

Z[y] = Z[Cx+Du] = CZ[x] +DZ[u].

The first line can be rearranged to Z[x] = (z I−A)−1BZ[u]. We plug
this equation into the second equation and obtain

Z[y] = [C(z I−A)−1B+D]Z[u] = T Ξ Z[u].

Here, T Ξ is the transfer function of the state-space system (2.5.1).
Thus, we can recover the output signal y of the state-space system as
soon as we know the input signal u and the transfer function T Ξ, and
u ∈ seqpZ. However, it is also possible the obtain the corresponding
outputs of arbitrary inputs. To see this, let us introduce the truncation
operator truncm : seqp → seqp, m ∈ N, which maps any input
(uk)k∈N to the output (yk)k∈N = truncm[(uk)k∈N] given by yk := uk
for all k ∈ N with k 6 m and yk := 0p×1 otherwise. Let u =

(uk)k∈N ∈ seqp denote an arbitrary input to the state-space system Ξ

given in (2.5.1) and denote the according output by y = (yk)k∈N :=

Ξ(u). Suppose that we want to determine yk0 for some k0 ∈ N from
the transfer function T Ξ and the input u. It is not hard to check that
we have ũ := trunck0(u) ∈ seqpZ, and, as discussed above, the output
ỹ = (ỹk)k∈N := Ξ(ũ), which is generated by the state-space system
when then the input ũ is applied, is given by

ỹ = Z−1(T Ξ Z[ũ]) ∈ seqq .
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Now, remember that any state-space system is causal. Therefore, we
have yk = ỹk for all k ∈ {0, . . . ,k0} because uk = ũk for all k ∈
{0, . . . ,k0}. In particular, the desired yk0 equals ỹk0 . We see that
y = Ξ(u) is uniquely determined by T Ξ and u because k0 ∈ N can
be chosen arbitrarily. Since any proper rational matrix R ∈ Rq×p

can be realized as the transfer function of a state-space system ΞR :

seqp → seqq with initial state zero we use the suggestive notation

y = Ru ∈ seqq

for any u ∈ seqp to denote the output y = ΞR(u) of the state-space
system when the input u is applied. Our previous considerations
show that this notation is non-ambiguous because the input-output
behavior of a state-space system with initial state zero is completely
determined by its transfer function.

A similar notation will also be used for stochastic processes. If
(Xk)k∈N is a p × 1 asymptotically wide-sense stationary stochastic
process and R ∈ Rq×p is proper, then (Yk)k∈N given by Yk :=∑k
j=0 R̂jXk−j also is a q × 1 asymptotically wide-sense stationary

stochastic process. We write (Yk)k∈N = R(Xk)k∈N. If (Xk)k∈N is
white with variance σ2X, then

‖R(Xk)k∈N‖RMS = σ2X‖R‖2.

See, e.g., Saberi et al. [10, Rem. 2.9].

2.7 inner-outer factorizations

Let us consider P ∈ RHq×p∞ with normal rank κ > 0. An inner-outer
factorization of P is any factorization

P = Pi

[
Po
0

]
(2.7.1)

where the inner factor Pi ∈ RHq×q∞ satisfies P∼i Pi = Iq and the outer
factor Po ∈ RHκ×p∞ is stably right-invertible, i.e., PoP+o = Iκ for some
P+o ∈ RHp×κ∞ . Since parts of the inner factor are canceled in (2.7.1), we
also define a reduced inner-outer factorization which is any factorization
P = PiPo where the reduced inner factor Pi ∈ RHq×κ∞ satisfies P∼i Pi =
Iκ and the outer factor is as before. Let us discuss existence and
uniqueness of the factorizations.

Lemma 2.7.1. Let P ∈ RHq×p have normal rank κ > 0 and assume that
no z ∈ C with |z| = 1 is a zero of P. Then, a non-reduced inner-outer
factorization (2.7.1) as well as a reduced inner-outer factorization P = PoPi
of P exists. Furthermore, if κ = p and

P = P ′i

[
P ′o
0

]
or P = P ′iP

′
o denotes another non-reduced or reduced inner-outer factoriza-

tion of P, respectively, then there exists a unitary matrix U ∈ Cp×p such
that P ′o = UPo.
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Proof. The existence of a reduced factorization is proven construc-
tively e.g. in [29, Th. 2]. The existence of a non-reduced factoriza-
tion then follows from Lemma 21.17 in [21]. Next, let us discuss the
uniqueness up to a unitary factor. We have that Po is a outer factor
of P if and only if it is a spectral factor of P∼P, i.e., P∼P = P∼oPo and
Po,P−1o ∈ RHp×p∞ . (This can be seen as follows. “=⇒”: We have
P∼P = P∼oP

∼
i PiPo = P∼oPo for any outer factor Po because Pi is inner.

“⇐=”: Define Pi1 := PP−1o ∈ RHq×p∞ . Then, P∼i1Pi1 = (P−1o )∼P∼PPo =

(P−1o )∼(P∼oPo)Po = Ip and Pi1Po = PP−1o Po = P. Lemma 21.17 in
[21] lets us find Pi2 ∈ RHq×(q−p)∞ such that Pi :=

[
Pi1 Pi2

]
is in-

ner.) Theorem 2 in [30] shows that spectral factors are unique up to
multiplication with a unitary scalar matrix from the left.

The following observation will be crucial in a later part of the the-
sis.

Lemma 2.7.2. Let P ∈ RHq×p∞ have normal rank κ > 0 and assume that
no z ∈ C with |z| = 1 is a zero of P. Let Po denote the outer factor of
an arbitrary reduced or non-reduced inner-outer factorization of P. Then,
‖P(∞)Po(∞)†‖S 6 1.

Proof. Let

P =

[
A B

C D

]
denote a minimal state-space realization with A ∈ Cn×n. The proof
of Theorem 2 in [29] shows how to find two matrices F ∈ Cp×n and
H ∈ Cκ×p such that A+BF is Hurwitz, HH† = Iκ and

P ′i =

[
A+BF BH†

C+DF DH†

]
,

P ′o =

[
A B

−HF H

]
constitutes a reduced inner-outer factorization P = P ′iP

′
o. In particu-

lar, the H given in [29, Th. 2] satisfies

H∗H = D∗D+B∗XB (2.7.2)

by construction, where the matrix X ∈ Cn×n is positive semi-definite,
X � 0, by [31, Prop. 7.8.1]. We have

P(∞)Po(∞)† = P(∞)P ′o(∞)†U = DH†U (2.7.3)

for some unitary matrix U ∈ Cp×p by Lemma 2.7.1. Thus,

[P(∞)Po(∞)†]∗P(∞)Po(∞)†
(2.7.3)
= U∗(H†)∗D∗DH†U

(2.7.2)
= U∗(H†)∗[H∗H−B∗XB]H†U

= Ip −U
∗(H†)∗B∗XBH†U

� Ip

=⇒ ‖P(∞)Po(∞)†‖S 6 1.
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The inner-outer factorization only applies to stable rational matri-
ces. However, sometimes we may want to factorize unstable rational
matrices. Then, we can use the so-called generalized inner-outer fac-
torization. Let P ∈ Rq×p be proper. Then, a generalized inner-outer
factorization of P is any factorization of the form (2.7.1) such that
Pi ∈ RHq×q∞ is inner and Po ∈ Rκ×p is proper with PoP+o = Iκ for
some P+o ∈ RHp×κ∞ . The reduced generalized inner-outer factorization
is defined analogously. The next lemma establishes the existence of
such factorizations. The lemma also shows that we can choose the
factorization such that each unstable pole of Po is a pole of P.

Lemma 2.7.3. Let P ∈ Rq×p be proper with normal rank κ > 0 and assume
that no z ∈ C with |z| = 1 is a zero of P. Then, a (reduced) generalized inner-
outer factorization (2.7.1) of P exists such that for all z0 ∈ C with |z0| > 1
and u ∈ RHp×1∞ we have

lim
z→z0

‖P(z)u(z)‖S <∞ =⇒ lim
z→z0

‖Po(z)u(z)‖S <∞. (2.7.4)

Proof. The existence of a reduced generalized inner-outer factoriza-
tion of P is proven constructively e.g. in [29, Th. 2]. Again, [21, Lem.
21.17] can be used in order to extend the reduced inner factor to a
square inner matrix. It remains to show that the outer factor satisfies
the condition (2.7.4). Let

P =

[
A B

C D

]
denote a minimal state-space realization where A ∈ Cκ×κ and as-
sume that limz→z0 ‖P(z)u(z)‖S < ∞ for some z0 ∈ C with |z0| >
1. Furthermore, define (uk)k∈N := Z−1(u) and y := Pu. Then,
Z−1(y) = (yk)k∈N where the yk are given by{

xk+1 = Axk +Buk
yk = Cxk +Duk

(x0 = 0n×1,k ∈N).

Compare Section 2.6. Since the realization of P is minimal it is in
particular observable and we can find a matrixM such that the matrix
A+MC is Hurwitz. Then, we have

xk+1 = Axk +Buk +M(

=0︷ ︸︸ ︷
Cxk +Duk − yk)

= (A+MC)xk + (B+MD)uk −Myk (2.7.5)

for all k ∈ N. Lemma 2.6.1 shows that the z-transform of the se-
quence (xk)k∈N is well-defined, (xk)k∈N ∈ seqnZ, because (uk)k∈N ∈
seqpZ by construction. We define x := Z[(xk)k∈N], apply the z-
transform to both sides of Equation (2.7.5), and obtain

z x = (A+MC)x+ (B+MD)u−My

⇐⇒ x = (z I−A−MC)−1[(B+MD)u−My].

This shows that
lim
z→z0

‖x(z)‖S <∞ (2.7.6)
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because A+MC is Hurwitz, u ∈ RHp×1∞ and y = Pu. The proof of
[29, Th. 2] establishes the existence of two matrices F ∈ Cp×κ and
H ∈ Cκ×p such that A+BF is Hurwitz and

Pi =

[
A+BF BH†

C+DF DH†

]
,

Po =

[
A B

−HF H

]
constitutes a generalized inner-outer factorization of P. Thus, yo :=

Pou ∈ Rq×1 satisfies Z−1(yo) = (yok)k∈N where the yok are given by{
xok+1 = Axok +Buk
yok = −HFxok +Huk

(xo0 = 0n×1,k ∈N). (2.7.7)

Now, note that xk = xok for all k ∈N and thus xo := (zI−A)−1Bu = x.
In the z-domain, the second line of (2.7.7) becomes

yo = −HFxo +Hu

= −HFx+Hu.

Thus, in light of (2.7.6) and u ∈ RHp×1∞ , it must hold

lim
z→z0

‖Po(z)u(z)‖S = lim
z→z0

‖yo(z)‖S

= lim
z→z0

‖−HFx(z) +Hu(z)‖S
< ∞.

We will usually need the dual of the various inner-outer factoriza-
tions discussed so far. We say that

P =
[
Po 0

]
Pi

is a (generalized) outer-co-inner factorization of P with outer factor Po
and co-inner factor Pi if and only if

PT = PTi

[
PTo
0

]
is a (generalized) inner-outer factorization of PT with inner factor PTi
and outer factor PTo . Similarly, we say that P = PoPi is a reduced
(generalized) outer-co-inner factorization of PT with outer factor Po and
co-inner factor Pi if and only if PT = PTi P

T
o is a reduced (general-

ized) inner-outer factorization of PT with inner factor PTi and outer
factor PTo . Dual results of the Lemmata 2.7.1, 2.7.2 and 2.7.3 hold for
outer-co-inner factorizations. In particular, the dual version of the
minimality assumption (2.7.4) is that for all z0 ∈ C with |z0| > 1 and
u ∈ RH1×q∞ we have

lim
z→z0

‖u(z)P(z)‖S <∞ =⇒ lim
z→z0

‖u(z)Po(z)‖S <∞. (2.7.8)

The inner-outer factorization can be used to solve a generalized
version of filtering problem (2.8.9) given in the introduction. The
proof is a slight variation of a standard argument which can be found,
e.g., in Ahlén and Sternad [32]. We only give it for completeness.
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Lemma 2.7.4. Let A ∈ Rq×p, B ∈ Rq×pB and C ∈ RqC×p denote three
proper rational matrices. Assume that B has normal rank κB > 0, C has
normal rank κC > 0 and that no zero z0 ∈ C of neither B nor C satisfies
|z0| = 1. Then, there is a proper Kopt ∈ RpB×qC such that

‖A+BKoptC‖22 = inf
K∈RpB×qC proper

‖A+BKC‖22. (2.7.9)

This Kopt is unique if pB = κB and κC = qC. Furthermore, if A ∈
RHq×p∞ , B ∈ RHq×pB∞ , C ∈ RHqC×p∞ , pB = κB and κC = qC, then also
Kopt ∈ RHpB×qC∞ .

Proof. We can find a generalized inner-outer factorization

Bi

[
Bo
0

]
:= B (Bo ∈ RκB×pB)

as well as a generalized outer-co-inner factorization[
Co 0

]
Ci := C (Co ∈ RqC×κC)

by Lemma 2.7.3. With it, we see that

‖A+BKC‖22 =

∥∥∥∥A+Bi

[
BoKCo 0

0 0

]
Ci

∥∥∥∥2
2

=

∥∥∥∥B∼
iAC

∼
i +

[
BoKCo 0

0 0

]∥∥∥∥2
2

(2.6.1)
=

∥∥∥∥∥
{
B∼
iAC

∼
i +

[
BoKCo 0

0 0

]}
+

∥∥∥∥∥
2

2

+

∥∥∥∥∥
{
B∼
iAC

∼
i +

[
BoKCo 0

0 0

]}
−

∥∥∥∥∥
2

2

=

∥∥∥∥∥
{
B∼
iAC

∼
i +

[
BoKCo 0

0 0

]}
+

∥∥∥∥∥
2

2

+
∥∥{B∼

iAC
∼
i }−
∥∥2
2

(2.6.1)
=

∥∥∥∥[ IκB 0
]
{B∼
iAC

∼
i }+

[
IκC
0

]
+BoKCo

∥∥∥∥2
2

+

∥∥∥∥[ IκB 0
]
{B∼
iAC

∼
i }+

[
0

Ip−κC

]∥∥∥∥2
2

+

∥∥∥∥[ 0 Iq−κB
]
{B∼
iAC

∼
i }+

[
IκC
0

]∥∥∥∥2
2

+

∥∥∥∥[ 0 Iq−κB
]
{B∼
iAC

∼
i }+

[
0

Ip−κC

]∥∥∥∥2
2

+
∥∥{B∼

iAC
∼
i }−
∥∥2
2

for any proper K ∈ RpB×qC . Thus, a proper Kopt ∈ RpB×qC satisfies
(2.7.9) if and only if it minimizes∥∥∥∥[ IκB 0

]
{B∼
iAC

∼
i }+

[
IκC
0

]
+BoKCo

∥∥∥∥2
2

.
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y u

Figure 2.8.1: Closed-loop System in Optimal Control.

Since Bo is right-invertible and Co is left-invertible, the minimizers of
this term are given by

Kopt := −B+
o

[
IκB 0

]
{B∼
iAC

∼
i }+

[
IκC
0

]
C+
o

where B+
o ∈ RpB×κB is any proper right inverse of Bo and C+

o ∈
RκC×qC is any proper left inverse of Co. Such inverses exist by def-
inition of a generalized inner-outer factorization. If pB = κB and
κC = qC, both inverses and thus the minimizer are unique. In the
special case where A ∈ RHq×p∞ , B ∈ RHq×pB∞ and C ∈ RHqC×p∞ ,
we can replace the generalized inner-outer factorizations with inner-
outer factorizations. See Lemma 2.7.1. Then, if pB = κB and κC = qC,
also Kopt ∈ RHpB×qC∞ because B−1

o ∈ RHpB×pB∞ , C−1
o ∈ RHqC×qC∞

and
{
B∼
iAC

∼
i

}
+
∈ RHq×p∞ .

2.8 optimal control

The optimal control problem is as follows. We consider a state-space
system (the plant)

P :

 xk+1zk
yk

 =

 A B1 B2
C1 D11 D12
C2 D21 0

 xk
wk
uk

 (k ∈N) (2.8.1)

where x0 ∈ Cn is known a priori, the inputs and outputs satisfy

(xk)k∈N ⊂ Cn (states),

(zk)k∈N ⊂ Cq1 (outputs),

(yk)k∈N ⊂ Cq2 (measurements),

(wk)k∈N ⊂ Cp1 (external inputs),

(uk)k∈N ⊂ Cp2 (control inputs),
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and the A, B1, B2, C1, C2, D11, D12, D21 are complex matrices of
suitable dimensions. A controller is any state space system of the
form

K :

[
xKk+1
uk

]
=

[
AK BK
CK DK

] [
xKk
yk

]
(k ∈N), (2.8.2)

where xKk ∈ CnK for all k ∈ N and some nK ∈ N, and the AK, BK,
CK, DK are complex matrices of suitable dimensions. The initial state
xK0 can be chosen by the designer. The closed-loop system of P and K
can be found by simple substitution,

Fl(P,K) :

 xk+1xKk+1
zk

 =

 A+B2DKC2 B2CK B1 +B2DKD21
BKC2 AK BKD21

C1 +D12DKC2 D12CK D11 +D12DKD21

 xk
xKk
wk

 ,

where again k ∈N. Compare Figure 2.8.1. The controller K is said to
be internally stabilizing if xk → 0n×1 and xKk → 0nK×1 for all x0 ∈ Cn

and xK0 ∈ CnK if k → ∞ and wk = 0p1×1 for all k ∈ N. This is
equivalent to the matrix[

A+B2DKC2 B2CK
BKC2 AK

]
(2.8.3)

being Hurwitz. Note that with D22 := 0q2×p2 and Pij := Dij +

Ci(z In −A)−1Bj, the transfer function of the closed-loop system is
given by

T Fl(P,K) = P11 + P12T K(Iq2 − P22T K)
−1P21. (2.8.4)

See [33, Lem. 4.1.2]. The optimal control problem consists in finding
an internally stabilizing controller K such that the transfer function
T Fl(P,K) of the closed-loop system, which maps the external inputs
to the outputs, is minimal in some sense.

Problem 2.8.1 (Optimal Control). Consider the plant (2.8.1), and let
‖ · ‖ denote a norm on RHq1×p1∞ . Then, the optimal control problem
is to find an internally stabilizing controller Kopt as in (2.8.2) such
that

‖T Fl(P,Kopt) ‖ = inf
K as in (2.8.2) internally stabilizing

‖T Fl(P,K) ‖.

2.8.1 Full Information Control

An important special case of the optimal control problem is the the
full information control problem, which corresponds to the case

C2 =

[
In
0

]
and D21 =

[
0

Ip1

]
, (2.8.5)

or, equivalently,

yk =

[
xk
wk

]
.
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An interesting aspect of the full information control problem is that
it is sufficient to consider controllers with AK = 0nK , BK = 0nK×q2 ,
CK = 0p2×nK , DK =

[
K1 K2

]
, i.e.,

K : uk = K1xk +K2wk, (2.8.6)

where again K1 and K2 denote complex matrices of suitable dimen-
sions, in order to achieve optimal performance if ‖ · ‖ = ‖ · ‖∞. If
(2.8.5) is satisfied, we have

inf
K as in (2.8.2) internally stabilizing

‖T Fl(P,K) ‖∞
= inf

K as in (2.8.6) internally stabilizing
‖T Fl(P,K) ‖∞.

See, e.g., [33, Th. B.2.2]. For controllers of the form (2.8.6), we can
find a simpler realization for the closed-loop system,[

xk+1
zk

]
=

[
A+B2K1 B1 +B2K2
C1 +D12K1 D11 +D12K2

] [
xk
wk

]
(k ∈N).

(2.8.7)
The notion of internal stability reduces to xk → 0 for all x0 if k→∞
and wk = 0 for all k ∈ N because we have automatically xKk = 0 for
all k > 1 by construction. Equivalently, we can also require that the
matrix A+B2K1 is Hurwitz.

2.8.2 Filtering

Another important special case of the optimal control problem is the
filtering problem. It corresponds to the case

B2 = 0n×p2 and D12 = Ip2 .

Note that this implies p2 = q1. By (2.8.4), the corresponding closed-
loop transfer function satisfies

T Fl(P,K) = P11 +T K P21. (2.8.8)

A comparison with (2.8.3) shows that the controller is internally sta-
bilizing if and only if the matrices A and AK are Hurwitz. Hence,
by (2.8.1) and (2.8.2), internal stability implies P11 ∈ RHq1×p1∞ ,
P21 ∈ RHq2×p1∞ , T K ∈ RHq1×q2∞ and, in particular, T Fl(P,K) ∈
RHq1×p1∞ . On the other hand, if transfer functions P11 ∈ RHq1×p1∞ ,
P21 ∈ RHq2×p1∞ and T K ∈ RHq1×q2∞ are given, we can find state-
space realizations (2.8.1) and (2.8.2) such that A and AK are Hurwitz.
Hence, the state-space filtering problem discussed in this section can
be considered equivalent to the following transfer function formula-
tion of the filtering problem. GivenM ∈ RHq1×p1∞ andN ∈ RHq2×p1∞ ,
find

argmin
Q∈RH

q1×q2∞
‖M+QN‖. (2.8.9)

Note that the filtering problem (2.8.9) can also be considered a special
case of the full information control problem [34, Th. 5].
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2.9 linear operators

Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y) denote normed spaces over the field of
complex numbers and let D ⊆ X denote a sub-vector space. A linear
operator is a linear mapping T : D→ Y, i.e.,

T(αx1 +βx2) = α1T(x1) +βT(x2)

for all α,β ∈ C and x1, x2 ∈ D. The subspace D is the domain of
T , which we denote by dom(T). We write T : X ⊇ dom(T) → Y

in order to specify the normed space from which the elements of
dom(T) are drawn. In the special case dom(T) = X, we may also
simply write T : X → Y. In analogy to matrix-vector multiplication,
we usually write Tx instead of T(x), x ∈ dom(T). The range and kernel
of T : X ⊇ dom(T)→ Y are given by

range(T) := {y ∈ Y : y = Tx for some x ∈ dom(T)} ⊆ Y,

ker(T) := {x ∈ dom(T) : Tx = 0} ⊆ X.

Furthermore, if ∼= denotes the equivalence relation y1 ∼= y2 ⇔
y1 − y2 ∈ range(T) on Y, then the co-kernel of T is the quotient space
coker := Y/∼=. The linear operator is invertible if there exists an in-
verse T−1 : Y → dom(T) such that T−1Tx = x and y = TT−1y for
all x ∈ dom(T) and y ∈ Y. If Y ⊆ dom(T), this is equivalent to
Tx = 0 =⇒ x = 0. The linear operator is left-invertible if there exists a
left-inverse T+ : Y → dom(T) such that T+Tx = x for all x ∈ dom(T).
This is always equivalent to Tx = 0 =⇒ x = 0. The linear operator
is said to be Fredholm if both the kernel and the co-kernel of T are
finite-dimensional. The range of any Fredholm operator is closed [35,
Ch. 15, Th. 2.1]. The linear operator T is bounded if its operator norm

‖T‖op := sup
x∈dom(T)
‖x‖X=1

‖Tx‖Y

is finite. It is is closed if for all (xk)k∈N ⊆ dom(T) and x ∈ X, y ∈ Y

such that limk→∞ ‖xk − x‖X = 0 and limk→∞ ‖Txk − y‖Y = 0, we
have x ∈ dom(T) and Tx = y. Furthermore, T is dense if dom(T)

is dense in X. If (H, 〈·, ·〉H) and (G, 〈·, ·〉G) are Hilbert spaces and
T : H → G is a bounded linear operator, then the adjoint operator is
the unique bounded linear operator T∗ : G → H such that 〈Tx,y〉G =

〈x, T∗y〉H for all x ∈ H and y ∈ G [18, Def. V.5.1]. We have T∗∗ = T ,
‖T∗‖op = ‖T‖op as well as ‖T∗T‖op = ‖TT∗‖op = ‖T‖2op in that case
[18, Th. V.5.2]. If T is left-invertible then T∗T : H → H is invertible
because, for any x ∈ H,

T∗Tx = 0 =⇒ ‖Tx‖2Y = 〈Tx, Tx〉Y = 〈x, T∗Tx〉X = 0 =⇒ x = 0.

If (I, 〈·, ·〉I) is another Hilbert space and S : I→ H is another bounded
linear operator, then (ST)∗ = T∗S∗ [18, Th. V.5.2].

2.9.1 Moore-Penrose Pseudoinverses

Let (H, 〈·, ·〉H) and (G, 〈·, ·〉G) denote Hilbert spaces with induced
norms ‖ · ‖H and ‖ · ‖G, respectively, and let T : H ⊇ dom(T) → G
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denote a bounded linear operator with closed range. Then, there is a
unique bounded linear operator T† : G → H that satisfies TT†T = T ,
T†TT† = T†, (TT†)∗ = TT† and (T†T)∗ = T†T [36, Ch. 9.3, Th. 3].
This operator is the Moore-Penrose pseudoinverse of T . The following
properties are well-known.

1. T† = (T∗T)†T∗ [36, Ch. 9.3, Ex. 14].

2. ‖T†‖−1op = inf x∈dom(T)∩ker(T)⊥
‖x‖H=1

‖Tx‖G [36, Ch. 9.3, Ex. 16].

3. If the kernel of T is closed, then for each y ∈ G there exists a
unique xmin ∈ H such that

‖Txmin − y‖G = inf
x∈dom(T)

‖Tx− y‖G

and, for all x ′min ∈ dom(T) with ‖Tx ′min − y‖G = ‖Txmin − y‖G
and x ′min 6= xmin, ‖xmin‖H < ‖x ′min‖H. We have xmin = T†y [36,
Ch. 9.6, Th. 5+6].

4. If T is closed and dense, then (T†)† = T , (T∗)† = (T†)∗, (T∗T)† =
T†(T∗)† and (TT∗)† = (T∗)†T† [36, Ch. 9.3, Th. 2].

5. If H and G are both finite-dimensional and δ > 0, then for each
y ∈ G there exists a unique xmin ∈ H such that

‖Txmin − y‖G + δ2‖x‖H = inf
x∈dom(T)

(‖Txmin − y‖G + δ2‖x‖H).

Here, xmin = (T∗T + δ2IH)−1T∗y [36, Ch. 3.3, Th. 3], where IH
is the identify on H, IHx = x for all x ∈ H.

6. If H and G are both finite-dimensional and IH is the identify
on H, IHx = x for all x ∈ H, then limδ↘0 ‖(T∗T + δIH)−1T∗ −

T†‖op = 0 [36, Ch. 3.3, Ex. 25].

7. If T is closed and dense, then T∗ = T∗TT†. (We have T = TT†T =

T(T∗T)†T∗T = [(T∗T)†T∗]∗T∗T = (T†)∗T∗T by definition of T†, 1.,
Section 2.9 and 4. Thus, T∗ = T∗TT† by Section 2.9.)

2.9.2 Toeplitz Operators

Let T := {z ∈ C : |z| = 1} denote the unit circle and a : T → Cq×p a
continuous function. Then, the Fourier coefficients

ăk :=
1

2π

ˆ 2π
0

a(eiθ) e− iθk dθ (k ∈ Z) (2.9.1)

of a are well-defined. This definition is consistent with the inverse
z-transform in the sense that, for any R ∈ RHq×p∞ and a(z) := R(z),
ăk = R̂k if k > 0 and ăk = 0q×p if k < 0. Similarly, if a(z) := R∼(z),
then ăk = 0p×q if k > 0 and ăk = R̂∗−k if k 6 0. If a : T→ Cq×p and
b : T → Cp×m are continuous, then also c := ab is continuous with
Fourier coefficients c̆k =

∑∞
j=−∞ ăjbk−j. The Toeplitz operator with

40



symbol a is the linear operator Ta : `p2 → `
q
2 that maps any input

(xk)k∈N to the output (yk)k∈N given by the infinite matrix equation


y0
y1
y2
...

 =


ă0 ă−1 ă−2 . . .

ă1 ă0 ă−1
. . .

ă2 ă1 ă0
. . .

...
. . .

. . .
. . .



x0
x1
x2
...

 .

The following properties are well-known.

1. If also b : T → Cp×m is continuous and ăk = 0q×p for all
k < 0 or b̆k = 0p×m for all k < 0 (or both), then Tab = TaTb.
(Analogously to [37, Prop. 1.3].)

2. T∗a = Ta∼ , where a∼(z) := a(1/z̄)∗, z ∈ T. (Direct consequence
of (2.9.1).)

3. ‖Ta‖op = ‖a‖∞. (Use that

‖Ta‖2op = ‖TaT∗a‖op = ‖TaTa∼‖op = ‖Taa∼‖op

by Section 2.9, 2. and ‖Taa∼‖op = ‖aa∼‖∞ [38, Sec. 2.9].)

4. Ta is bounded . (Check that ‖a‖∞ is finite because a is continu-
ous and use 3.)

5. Ta is Fredholm if q = p and det[a(z)] 6= 0 for all z ∈ T [38,
Th. 2.93]. In particular, the range of Ta is closed in that case.
(Compare Section 2.9.)

The Toeplitz Corona Theorem, as given e.g. by Nikolski [39, Th. 9.2.1],
states that for any H ∈ RHq×p∞ such that GH = Ip for some G ∈
RHp×q∞ , we have3

γ := inf
x∈`q

2
‖x‖`2

=1

‖TH∼x‖`2 > 0 and inf
G∈RH

p×q∞
GH=Ip

‖G‖∞ =
1

γ
. (2.9.2)

Bridging the gap to Section 2.9.1, we now express γ using a Moore-
Penrose pseudoinverse.

Lemma 2.9.1. Let H ∈ RHq×p∞ such that GH = Ip for some G ∈ RHp×q∞ .
Then, γ given in (2.9.2) satisfies γ2 = ‖T†H∼H‖

−1
op .

Proof. As discussed in 4. and 5. above, TH∼H is bounded and has a
closed range. Furthermore, we have dom(TH∼H) = `

p
2 , ker(TH∼H) =

{0} because of (2.9.2), and thus ker(T)⊥ = `p2 . Following Section 2.9.1,
we see that the Moore-Penrose pseudoinverse T†H∼H is well-defined
and satisfies

‖T†H∼H‖
−1
op

(Sec. 2.9.1/2.)
= inf

x∈dom(T)∩ker(T)⊥
‖x‖`2

=1

‖TH∼Hx‖`2

= inf
x∈`p

2
‖x‖`2

=1

‖TH∼Hx‖`2

3 Actually, [39, Th. 9.2.1] treats a more general class of transfer matrices. Theorem 5.2
in Gu and Li [40] ensures that we can restrict ourselves to rational inverses without
changing the corresponding infimum.
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(1. above)
= inf

x∈`p
2

‖x‖`2
=1

‖TH∼THx‖`2

(2. above)
= inf

x∈`q
2

‖x‖`2
=1

‖TH∼T∗H∼x‖`2

(Sec. 2.9)
= inf

x∈`q
2

‖x‖`2
=1

‖TH∼x‖2`2

(2.9.2)
= γ2.

The N-th finite section (N ∈ N, N > 1) of the Toeplitz operator Ta
is the finite block Toeplitz matrix

ΓN(a) :=


ă0 ă−1 . . . ă−N+1

ă1 ă0
. . .

...
...

. . .
. . . ă−1

ăN−1 . . . ă1 ă0

 ∈ CNq×Np. (2.9.3)

The following recent result of Rogozhin [41, Th. 7.3+p. 274] gives
lower bounds on the speed of convergence with which a certain sin-
gular value of the finite section ΓN(a) converges if a is square and N
grows to infinity.

Theorem 2.9.2. Let a : T → Cq×q be continuous with det[a(eiθ)] 6= 0

for all θ ∈ [0, 2π), set k0 := dim ker(T†a) + dim ker(T†a∼) and denote the
(k0 + 1)-st smallest singular value of ΓN(a) by µ[ΓN(a)]. Then, there is a
δ > 0 such that d := min{‖T†a‖−1op , ‖T†a∼‖−1op } satisfies

|d− µ[ΓN(a)]| ∈

{
O(e−δ

√
N) , if d < ‖Ta−1‖−1op

O( lnN
N ) , otherwise

. (2.9.4)

2.10 notes and references

• Contrary to popular belief not every linear discrete-time system
can be represented by convolution with its impulse response.
See, e.g., Sandberg [42] and Boche [43]. The standard proof for
the convolutional representation may fail due to the unjustified
exchange of infinite sums and linear operators [43]. However,
in this thesis, we only consider causal systems and signals over
the one-sided time-axis N. This renders all involved sums finite
and the standard proof for the impulse response representation,
which is incorrect in general, becomes valid.

• The literature on the discrete-time optimal control problem is
vast. Very general approaches to the H2 case have been given
in Trentelmann and Stoorvogel [44], Stoorvogel [45] as well as
Polyakov [46]. A less general treatment is given in Zhou et
al. [21] and Ionescu et al. [31]. The H∞ case is treated in
Francis [15], Stoorvogel [47], Green and Limebeer [33], Zhou et
al. [21] and Ionescu et al. [31]. These approaches utilize Riccati
equations (or systems). Linear matrix inequality approaches to
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the H∞ case are discussed in Gahinet and Apkarian [48] and
Gahinet [49].

• There is also a lot of literature on the filtering problem. The
book of Anderson and Moore [50] on the H2 case is a clas-
sic. Francis [15] as well as Green et al. [51] solve the H∞
case in the frequency domain. A general approach based on
geometric control techniques is given in Saberi et al. [34, 10].
The H2, the H∞ and mixed cases are considered. Takaba and
Katayama [52] give Riccati based solutions for the H∞ case with
D11 = 0q1×p1 . Another Riccati based approach to the H∞ case
with D21D∗21 � 0q2 and some other constraints is described in
Colaneri and Ferrante [53]. Linear matrix inequality based tech-
niques that solve the H2 and H∞ case under the assumption
D11 = 0q1×p1 have been established in Geromel et al. [54]. Cuz-
zola and Ferrante [55] established a linear matrix inequalities
based technique that solves the H2 case if D21D∗21 � 0q2 .

• Often, only the special case D11 = 0q1×p1 of the filtering
problem is considered in the literature. This means no loss
of generality, what can be seen best in the transfer function
formulation (2.8.9) of the filtering problem. The assumption
D11 = 0q1×p1 is equivalent to the modelM being strictly proper,
M(∞) = M̂0 = 0q1×p1 . Since multiplication with z−1 leaves
both the H2 and the H∞ norm invariant, we can rewrite (2.8.9)
as another filtering problem with strictly proper model and
identical set of solutions,

argmin
Q∈RH

q1×q2∞
‖M+QN‖ = argmin

Q∈RH
q1×q2∞

‖ z−1(M+QN)‖.

• Sometimes, the filtering problem is formulated such that only
the input-output stability of the controller and the closed-loop
system is required. That is, T K ∈ RHq1×q2∞ and T Fl(P,K) ∈
RHq1×p1∞ . Unobservable states are ignored because they cannot
influence the input-output behavior. With transfer functions,
this problem can be written as

argmin
T K∈RH

q1×q2∞
P11+T K P21∈RH

q1×p1∞
‖P11 +T K P21‖, (2.10.1)

where P11 ∈ Rq1×p1 and P21 ∈ Rq2×p1 are now arbitrary
proper and probably unstable rational matrices. We note that
this means no gain in generality because the problem can be
reduced to a filtering problem as discussed in Section 2.8.2. See,
e.g., Takaba [56, Lem. 2.5], Saberi et al. [34, Sec. 2] or Zattoni
[57, Sec. 2.1]. In the reformulated form (2.10.1), the filtering
problem becomes the dual of the full information control prob-
lem [10, Th. 7.71].

• The special case of the filtering problem (2.8.9) where M =

z−L M̃ for some M̃ ∈ RHq1×p1∞ and L ∈N is known as the fixed-
lag smoothing problem. Efficient algorithms that solve it with
only linear complexity in L are well-known. See, e.g., Moore
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[50, Ch. 7.3], Zattoni [57] and Hazell and Limebeer [58] on the
H2 case as well as Takaba [56, Ch. 6.4], Tadmor and Mirkin [59]
and Hazell and Limebeer [60] on the H∞ case.

• It is currently unknown whether the estimates in Theorem 2.9.2
are tight. Compare Böttcher and Grudsky [37, p. 151]. How-
ever, there are cases where the convergence in (2.9.4) is only
quadratic. See [37, Ex. 6.16].
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3
S Y S T E M I N V E R S I O N W I T H W E I G H T E D H2
C R I T E R I O N

System inversion is a classic problem in linear systems theory with
such diverse applications like fault detection [61], removal of reflec-
tions in sound fields [62], steering of hard disk drives [63], wireless
channel equalization [64] and scanning tunneling microscopy [65].
Given a linear time-invariant system, the system inversion problem
consists in finding another linear time-invariant system such that the
concatenation of both systems is a pure delay. Here, we speak of left-
inversion if the inverse system reconstructs the inputs of the given
system from its outputs. On the other hand, if the inverse system
constructs inputs for the given system such that a desired output is
obtained, we speak of right-inversion.1 First investigations on system
inversion problems have been already carried out in the late sixties.
Major results on causal but probably unstable inverses were obtained
by Massey and Sain [66], Silverman [67] and Sain [68]. Causal system
inversion with stability constraint was addressed later by Moylan [69]
and Moore and Silverman [70]. Also see Antsaklis [71] and Silverman
[72]. Newer works investigate how left-inverses that minimize some
norm criterion can be found. For example, computation of the sta-
ble but in general non-causal para-pseudoinverse system has been
discussed by Jones [3], Varga [4], Stanimirovic [5], Chai et al. [6, 7],
Gan and Ling [8]. Causal and stable inversion with norm criteria
was treated by Saberi et al. [73], Gu and Li [40], Gu and Badran [74]
and Trent [75]. The finite impulse response case has been studied by
Krishna and Hari [76] and Boche and Vucic [64].

In this chapter, we are concerned with causal and stable left-
inverses that minimize a weighted H2 norm criterion. In more tech-
nical terms, we assume that a transfer function H ∈ RHq×p∞ is given
and that the transfer function G ∈ RHp×q∞ of a left-inverse with mini-
mal weighted H2 norm is to be found. The practical relevance of this
problem lies in the following property. The left-inversion property
reads GH = z−L Ip for some delay L ∈ N. We use the inverse in or-
der to reconstruct the input u ∈ seqp from a disturbed measurement
of the output Hu ∈ seqq,

ũ = G(Hu+ η) = z−L u+Gη,

where η ∈ seqq is the disturbance. Then, the reconstruction er-
ror reads z−L u − ũ = −Gη. If the disturbance can be modeled as
a asymptotically wide sense stationary random process η = Ww,
where W ∈ RHq×pW and w denotes a white pW × 1 stochastic pro-
cess with variance 1, then the average power of the filtered distur-
bance is given by the weighted H2 norm of the inverse, ‖Gη‖RMS =

‖GW‖2. Typical examples are thermal noises [74, 64] or quantization
errors [77].

Our exact problem formulation is as follows.

1 Left and right inversion are dual problems with respect to transposition.
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Problem 3.0.1 (System Inversion with Weighted H2 Norm Criterium).
Let H ∈ RHq×p∞ , W ∈ RHq×pW∞ and L ∈N satisfy

• rank[H(z)] = p < q for all z ∈ Ĉ with 1 6 |z| 6∞,

• rank[(I−H(z)H(z)†)W(z)] is constant for all z with |z| = 1,

• W 6= 0q×pW and L > 1.2

Then, we want to find Gopt ∈ RHp×q∞ such that

GoptH = z−L Ip and ‖GoptW‖2 = inf
G̃∈RH

p×q∞
G̃H=z−L Ip

‖G̃W‖2. (3.0.1)

We note that Problem 3.0.1 can be approached using the results
of Saberi et al. [73]. Completely general necessary and sufficient
geometric conditions for the existence of solutions to (3.0.1) are given
in [73], but their evaluation relies on the computation of the so-called
special coordinate basis which is problematic from a numerical point of
view. See Chu et al. [78] and Chu [79]. The proof of sufficiency in [73]
also includes a constructive procedure for finding an optimal inverse,
but the special problem structure that originates from the delay L
is not exploited. Also, the issue of multiple optimal inverses is not
addressed. The special case L = 0 and W ∈ Cq×pW , rank[W] = q, has
also been solved by Gu and Badran [74].

In this chapter, we derive a new algorithm that solves Problem
3.0.1. The complexity of the algorithm is only linear in the delay L
because the problem structure is exploited. Furthermore, the com-
plete set of optimal inverses is parametrized. We proceed as follows.
First, we parametrize the complete set of inverses. Then, using these
parametrizations, we derive our algorithm.

3.1 parametrization of inverses

In this section, we derive two parametrizations for the stable and
causal L-delay left-inverses of a causal and stable rational matrix. Al-
though already our first parametrization will be sufficient for the
derivation of our algorithm, we also derive a completely general
parametrization as this seems to be an open problem.

3.1.1 Extension Matrices

Extension matrices are a well-known tool for the parametrization of
left-inverses of matrices with elements in Banach algebras. See, e.g.,
Boche and Pohl [80, 81] and the references therein. Although RH∞
does not form a Banach algebra because the limit of rational functions
need not be rational, we can use the same concept. Our definition of
an extension matrix is as follows.

Definition 3.1.1. Let H ∈ RHq×p∞ , p < q. Any matrix H⊥ ∈
RHq×(q−p)∞ such that

[
H H⊥

]
is invertible and[

H H⊥
]−1 ∈ RHq×q∞

is called an extension matrix for H.

2 The case L = 0 requires some simple modifications which we will omit.
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Let us establish a necessary and sufficient condition for the exis-
tence of extension matrices. The proof is constructive.

Proposition 3.1.2. Let H ∈ RHq×p∞ . Then, an extension matrix for H
exists if and only if H satisfies

rank[H(z)] = p for all z ∈ Ĉ with 1 6 |z| 6∞. (3.1.1)

The proof of Proposition 3.1.2 requires the following Lemma,
which can be found in a paper of Gu and Li [40, Lem. 4.3]. We
give a proof for the sake of completeness.

Lemma 3.1.3. ([40, Lem. 4.3]) Let A ∈ Cn×n, B ∈ Cn×p, C ∈ Cq×n,
D ∈ Cq×p and suppose that rank[D] = p < q. Then, we have

rank
[
A− zI B

C D

]
= n+ p for all z ∈ C with 1 6 |z| <∞ (3.1.2)

if and only if there exist matrices B⊥ ∈ Cn×(q−p) and D⊥ ∈ Cq×(q−p)

such that
[
D D⊥

]
is invertible and the spectral radius of

A−
[
B B⊥

] [
D D⊥

]−1
C (3.1.3)

is less than one.

Proof. We start with the “if” part. Assume that we have B⊥ and D⊥
such

[
D D⊥

]
is invertible and the spectral radius of (3.1.3) is less

than one. We partition[
D+

D+
⊥

]
:=
[
D D⊥

]−1
, D+ ∈ Cp×q. (3.1.4)

Then,

rank
[
A− zIn B

C D

]
= rank

([
In −

[
B B⊥

] [
D D⊥

]−1
0

[
D D⊥

]−1
]

×
[
A− zIn B

C D

])

= rank





A− zIn −BD+C−B⊥D
+
⊥C

D+C

D+
⊥C

B−BD+D︸ ︷︷ ︸
=Ip

−B⊥D
+
⊥D︸ ︷︷ ︸
=0

D+D︸ ︷︷ ︸
=Ip

D+
⊥D︸ ︷︷ ︸
=0




= rank

 A−BD+C−B⊥D
+
⊥C− zIn 0

D+C Ip
D+
⊥C 0
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= rank
([

A−BD+C−B⊥D
+
⊥C− zIn

D+
⊥C

])
+ p

= n+ p

for all z ∈ C with 1 6 |z| < ∞. The last equality follows because the
spectral radius of (3.1.3) is less than one by assumption.

Next, we show the “only if” part. Since D = H(∞) ∈ Cq×p has
full rank and p < q by assumption, we can choose D⊥ such that[
D D⊥

]
is invertible. We partition the inverse like before in (3.1.4).

Similarly to the “if” part, we see that

n+ p
(3.1.2)
= rank

[
A− zIn B

C D

]
= rank

([
In −

[
B 0

] [
D D⊥

]−1
0q×n −

[
D D⊥

]−1
]

×
[
A− zIn B

C D

])
= rank

([
A−BD+C− zIn

−D+
⊥C

])
+ p

for all z ∈ C with 1 6 |z| <∞. In particular, we have

rank
([

A−BD+C− zIn
−D+
⊥C

])
= n

for all z ∈ C with 1 6 |z| < ∞. This is a standard condition for
the detectability of the matrix tuple (A − BD+C,−D+

⊥C). See, e.g.,
Theorem 3.4 in [21]. Hence, by Section 2.5, there exists a B⊥ such that
the spectral radius of (3.1.3) is less than one.

We are now ready to prove Proposition 3.1.2.

Proof. (of Proposition 3.1.2) We start with the “if” part. Let

H =

[
A B

C D

]
, A ∈ Cn×n,

denote a minimal state-space realization. The minimality of the state-
space realization implies that its invariant zeros, i.e., the z0 ∈ C where

rank
([

A− z0I B

C D

])
< normrank

([
A− zI B

C D

])
= n+ p,

are exactly the finite zeros of the rational matrix H. See Section 2.5.
Our assumption (3.1.1) guarantees that any invariant zero is located
inside the complex unit circle. Thus, (3.1.2) must be satisfied. Further-
more, we also have rank[D] = rank[H(∞)] = p by (3.1.1). We choose
B⊥ and D⊥ as in Lemma 3.1.3 and set

H⊥ :=

[
A B⊥
C D⊥

]
.

Let us prove that H⊥ indeed is an extension matrix. Obviously, we
have H⊥ ∈ RHq×(q−p)∞ because A is Hurwitz. The state-space inver-
sion Lemma (cf. [21, Lemma 3.15]) applied to

[
H H⊥

]
=

[
A B B⊥
C D D⊥

]
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provides us with the following state-space realization for[
H H⊥

]−1
,[

A−
[
B B⊥

] [
D D⊥

]−1
C −

[
B B⊥

] [
D D⊥

]−1[
D D⊥

]−1
C

[
D D⊥

]−1
]

.

As the spectral radius of (3.1.3) is less than one, this finally shows[
H H⊥

]−1 ∈ RHq×q∞ .

Next, we show the “only if” part of the proposition by contradic-
tion. Assume (3.1.1) is not satisfied, i.e.,

rank[H(z)] < p for some z0 ∈ Ĉ with 1 6 |z0| 6∞.

Then,
[
H H⊥

]
cannot have a inverse in RHq×q∞ because

rank
([
H(z0) H⊥(z0)

])
6 rank[H(z0)] + rank[H⊥(z0)]

< p+ (q− p)

= q

=⇒
[
H(z0) H⊥(z0)

]
6= Iq.

Of course, a parametrization of the left-inverses via extension matri-
ces can only be useful if every left invertible rational matrix possesses
an extension matrix. The next corollary shows that this is indeed the
case. Along the way, we also obtain the standard condition for invert-
ibility, which is the absence of unstable zeros.

Corollary 3.1.4. A rational matrix H ∈ RHq×p∞ , p < q, has a delay-free
left inverse G ∈ RHp×q∞ , i.e., GH = Ip, if and only if it possesses an
extension matrix, or, equivalently, (3.1.1) is satisfied.

Proof. Let us start with the “if” part. Assume that H⊥ ∈ RHq×(q−p)∞
is a extension matrix for H and define[

G

G⊥

]
:=
[
H H⊥

]−1 ∈ RHq×q∞ , G ∈ RHp×q∞ .

Then, [
G

G⊥

] [
H H⊥

]
=

[
Ip 0

0 Iq−p

]
and in particular GH = Ip.

Now, let us show the “only if” part of the corollary. We con-
struct a contradiction. Assume that GH = Ip for some G ∈ RHp×q∞
but that no extension matrix H⊥ for H exists. Then, there exists
z0 ∈ Ĉ with 1 6 |z0| 6 ∞ such that rank[H(z0)] < p by Propo-
sition 3.1.2. The matrix X := G(z0)H(z0) is well-defined because
H ∈ RHq×p∞ and G ∈ RHp×q∞ . However, we have rank[X] 6
min{rank[G(z0)], rank[H(z0)]} < p, which implies that X 6= Ip. This
contradicts our assumption that GH = Ip.

The equivalence of the existence of extension matrices and condi-
tion 3.1.1 has already been established in Proposition 3.1.2.
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3.1.2 Simple Parametrization

We can now give a first parametrization for the set of stable and causal
rational L-delay left-inverses of a stable and causal rational matrix.
This first parametrization is limited to rational matrices that satisfy
(3.1.1), which, in light of Corollary 3.1.4, is equivalent to the existence
of a delay-free inverse. This assumption is stronger than necessary
and a completely general, but also more complicated, parametriza-
tion follows in the next section.

Proposition 3.1.5. Let L ∈ N and suppose that H ∈ RHq×p∞ is left-
invertible without delay elements, i.e., that (3.1.1) is satisfied. LetH⊥ denote
an extension matrix of H, and set[

G

G⊥

]
:=
[
H H⊥

]−1
.

Then, G̃ ∈ RHp×q∞ is a L-delay inverse of H, i.e., G̃H = z−L Ip, if and
only if G̃ = z−LG+ KG⊥ for some K ∈ RHp×(q−p)∞ . Here, each inverse
corresponds to exactly one K and vice versa.

Proof. We start with the “if” part of the proposition. Note that[
G

G⊥

] [
H H⊥

]
=

[
Ip 0

0 Iq−p

]
by construction. Thus,

G̃H = z−L GH︸︷︷︸
=Ip

+KG⊥H︸ ︷︷ ︸
=0

= z−L Ip.

Next, we consider the “only if” part. Set K := G̃H⊥ and note that
K ∈ RHp×(q−p)∞ because G̃ ∈ RHp×q∞ and H⊥ ∈ RHq×(q−p)∞ . Then,

G̃ = G̃
[
H H⊥

] [ G

G⊥

]
︸ ︷︷ ︸

=Iq

=
[

z−L Ip K
] [ G

G⊥

]
= z−LG+KG⊥.

Finally, we show that each inverse corresponds to exactly one K
and vice versa. Let G̃1 and G̃2 be two left inverses of H and let K1
and K2 be such that G1 = z−LG + K1G⊥ and G2 = z−LG + K2G⊥.
Then, we have G̃1 = G̃2 if and only if K1 = K2 because

‖G̃1 − G̃2‖2 = ‖(z−LG−K1G⊥) − (z−LG−K2G⊥)‖2
= ‖(K1 −K2)G⊥‖2,

and

‖(K1 −K2)G⊥‖2 = 0⇐⇒ ‖K1 −K2‖2 = ‖(K1 −K2)G⊥H⊥‖2 = 0.

We note that Proposition 3.1.5 is a straight-forward extension of
the parametrization in Moore and Silverman [70, (3.3)] for the set of
delay-free inverses. The same result has also been given by Gu and
Li [40, Prop. 4.5].
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Algorithm 3.1 Unitary Structure Algorithm

Input: H ∈ RHq×p∞ , p < q, with L0(H) <∞.

Output: S ∈ RHq×p∞ with rank[S(z)] = p for all z ∈ Ĉ with 1 6
|z| 6 ∞ and A ∈ FIRp×p

L0(H) para-unitary, A−1 = A∼, such
that H = SA.

1. Initialize S← H and A← Iq.

2. While κ = rank[S(∞)] < p do

a) Compute a singular value decomposition

UΛV∗ = S(∞).

b) Update

S ← SV

[
Iκ 0

0 z Ip−κ

]
,

A ←
[
Iκ 0

0 z−1 Ip−κ

]
V∗A.

3.1.3 General Parametrization

We will now remove the limitation of the parametrization given in
Proposition 3.1.5, where only rational matrices that satisfy (3.1.1) can
be considered. Rational matrices that violate (3.1.1) can only be in-
verted with delay elements (if they are invertible at all). The smallest
delay for which inversion is possible is called the inherent delay.

Definition 3.1.6. Let H ∈ RHq×p∞ . Then, the quantity

L0(H) := min
(
{L ∈N : ∃G ∈ RHp×q∞ s. t. GH = z−L Ip}∪ {∞}

)
is the inherent delay of H.

Our main tool in the derivation of the general parametrization will
be a special unitary version of Silverman’s classical structure algo-
rithm, Algorithm 3.1. See Silverman [67].

The basic principle can be illustrated as follows. We initialize S ←
H. During the one iteration of Step 2), para-unitary transformations
are used to transform the impulse response of S as follows,

...

Ŝ2
Ŝ1
Ŝ0

 (SVD)
=


...

Ŝ2
Ŝ1

UΛV∗

 


...

Ŝ2V

Ŝ1V

UΛ

→


...
...

S2,1 S1,2

S1,1 S1,2

S0,1 0



 


...

...

S2,1 S2,2

S1,1 S2,2

S0,1 S1,2

→


...

Ŝ2
Ŝ2
S0


(

new impulse
response of S

)
.

(SVD is short for singular value decomposition,  denotes a para-
unitary transformation and → means assignment.) In other words,
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we try to shift parts of the strictly proper part of S into S(∞) until the
rank-deficiency is fixed. Meanwhile, the corresponding para-unitary
transformations are accumulated in A.

Let us establish the correctness of the algorithm.

Lemma 3.1.7. If the inputs are as specified, Algorithm 3.1 always termi-
nates after L0(H) iterations with outputs as specified.

Proof. Let us first assume that the algorithm has converged after K
iterations. Then, we can write

A = JKV
∗
K · ... · J1V∗1

where the V1, . . . ,VK are unitary matrices and

Jk :=

[
Iκk 0

0 z−1 Ip−κk

]
(k = 1, . . . ,K).

for some naturals κ1, . . . , κK. Since all Vk and Jk are unitary and
para-unitary, respectively, A is also para-unitary. Furthermore, we
have A ∈ FIRp×pK because JkVk ∈ FIRp×p1 for all k = 1, . . . ,K.

Next, let us consider S. By construction, we have S ∈ RHq×p∞
in each iteration of the algorithm. This shows that also the final S,
which is returned by the algorithm, is an element of RHq×p∞ . The
assumption L0(H) <∞ shows that H satisfies

rank[H(z)] = p for all z ∈ C with 1 6 |z| <∞
(otherwise, we could construct a contradiction as in the proof of
Corollary 3.1.4). Under additional consideration of the fact that A∼(z)

is square and has full rank for all z ∈ C with 1 6 |z| <∞, we find

rank[S(z)] = rank[H(z)A∼(z)] = p for all z ∈ C with 1 6 |z| <∞.

Furthermore, note that the assumption that the algorithm has con-
verged also ensures rank[S(∞)] = p.

Finally, we consider the question whether the algorithm really con-
verges after L0(H) iterations. Silverman [67, Th. 1+2] showed that
Algorithm 3.1 terminates after exactly

L̂0(H) := min
({
L ∈N : ∃G ∈ Rp×q proper s.t. GH = z−L Ip

}
∪{∞})

6 L0(H)

iterations, i.e., as soon as a probably unstable inverse exists. (See
Sain and Massey [68, Th. 1] on how the continuous-time results of
Silverman [67] translate into the discrete-time setting.) Let us show
that also L0(H) 6 L̂0(H). Therefore, assume that the algorithm has
terminated after L̂0(H) iterations. Our previous considerations have
already shown that we can write H = SA where rank[S(z)] = p for all
z ∈ Ĉ with 1 6 |z| 6 ∞ and A ∈ FIRp×p

L̂0(H)
is para-unitary. Corollary

3.1.4 shows that S has a delay-free left-inverse S+ ∈ RHp×q∞ , i.e.,
S+S = Ip. Let us define

G := z−L̂0(H)A∼S+.
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By construction, we have G ∈ RHp×q∞ and

GH = z−L̂0(H)A∼S+SA = z−L̂0(H) Ip.

Thus, we also have L0(H) 6 L̂0(H), which shows that the algorithm
indeed terminates after L0(H) = L̂0(H) iterations.

A consequence of Lemma 3.1.7 is that Algorithm 3.1 terminates af-
ter a finite number of steps as soon as the rational matrix is invertible
for a finite delay. However, the question arises how non-invertibility
of the rational matrix can be detected. We note that the rational ma-
trix H cannot be invertible for any finite delay if the algorithm has
not terminated after κ steps, where κ is the McMillan degree of H,
because L0(H) < ∞ implies L0(H) 6 κ [67, Th. 1]. An alternative
necessary and sufficient condition for L0(H) < ∞ has been given by
Moylan [69, Th. 3],

rank[H(z)] = p for all z ∈ C with 1 6 |z| <∞. (3.1.5)

The only difference to the corresponding condition in the delay-free
case, (3.1.1), is that zeros at infinity are allowed.

Next, we extend Proposition 3.1.5 to the general case.

Proposition 3.1.8. Suppose thatH ∈ RHq×p∞ , p < q, satisfies L0(H) <∞
and choose L ∈N such that L > L0(H). Furthermore, let S ∈ RHq×p∞ and
A ∈ FIRp×p

L0(H) denote the output of Algorithm 3.1, let S⊥ ∈ RHq×(q−p)∞
denote an extension matrix for S, and define[

S+

S+⊥

]
:=
[
S S⊥

]−1 ∈ RHq×q∞ , S+ ∈ RHp×q∞ .

Then, G̃ ∈ RHp×q∞ is a L-delay left inverse of H, G̃H = z−L Ip, if and only
if

G̃ = z−LA∼S+ +KS+⊥

for some K ∈ RHp×(q−p)∞ .

Proof. Let us start with the “if” part of the proposition. For any K ∈
RHp×(q−p)∞ , we have

G̃H =
[

z−LA∼ K
] [ S+

S+⊥

]
SA

=
[

z−LA∼ K
] [ A

0

]
= z−LA∼A

= z−L Ip.

Let us now consider the “only if” part. We choose K := G̃S⊥. Then,
K ∈ RHp×(q−p)∞ because G̃ ∈ RHp×q∞ and S⊥ ∈ RHq×(q−p)∞ . Further-
more, we have

G̃ = G̃
[
S S⊥

] [ A 0

0 Iq−p

] [
A∼ 0

0 Iq−p

] [
S+

S+⊥

]
= G̃

[
H S⊥

] [ A∼ 0

0 Iq−p

] [
S+

S+⊥

]
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=
[

z−L Ip K
] [ A∼S+

S+⊥

]
= z−LA∼S+ +KS+⊥.

3.2 optimal inverses

The goal of this section is to derive an explicit algorithm that solves
Problem 3.0.1 with complexity O(L) in the decision delay L. Addition-
ally, the algorithm will compute a parametrization for the complete
set of optimal inverses. Our main tool will be the results of Polyakov
[46] on the singular H2 optimal control problem. The main difficulty
will be to achieve linear complexity in the decision delay.

3.2.1 Optimal Control Reformulation

We start with a control reformulation of the parametrization for the
set of inverses given in Proposition 3.1.5. (The optimal control prob-
lem has been introduced in Section 2.8.)

Proposition 3.2.1. We consider Problem 3.0.1. Let

H =

[
A B

C D

]
(3.2.1)

denote a state-space realization such that A ∈ Cn×n and all invariant zeros
of the realization are contained in the open unit disc, i.e., (3.1.2) is satisfied.3

Choose B⊥ and D⊥ as in Lemma 3.1.3 and D+ and D+
⊥ as in (3.1.4). Then,

define

A0 := A−BD+C−B⊥D⊥C,

B0 := −BD+ −B⊥D
+
⊥,

as well as

Â :=


A0 0n×p
D+C 0p

Ip 0p
. . .

. . .

Ip 0p

 ,

B̂ :=


B0
D+

0p×q
...

0p×q

 ,

Ĉ :=
[
D⊥D

+
⊥C 0q×p . . . 0q×p D

]
,

D̂ := D⊥D
+
⊥,

3 Note that any minimal realization of H will satisfy (3.1.2) by assumption because the
zeros of H and the invariant zeros of any minimal state-space realizations coincide.
Compare Section 2.5.
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where Â is (n+ Lp)× (n+ Lp), B̂ is (n+ Lp)×q and Ĉ is q× (n+ Lp).
Furthermore, introduce the state-space system

ΣS :

 x̂k+1zk
yk

 =

 Â B̂ 0

D+Ĉ 0 Ip
D+
⊥Ĉ D+

⊥ 0

 x̂k
wk
uk

 .

Then, G̃ ∈ RHp×q∞ satisfies G̃H = z−L Ip if and only if it is the closed-loop
transfer function of ΣS for an internally stabilizing controller

ΣK :

[
xKk+1
uk

]
=

[
AK BK
CK DK

] [
xKk
yk

]
. (3.2.2)

Proof. We start with the “if” part. Let us introduce[
G

G+
⊥

]
:=

[
D+

D+
⊥

] [
A0 B0
C Iq

]
.

We know from the proof of Proposition 3.1.2 that this a realization of[
H H⊥

]−1
, where H⊥ is an extension matrix for H. Furthermore,

we also know from Proposition 3.1.5 that G̃ ∈ RHp×q∞ satisfies G̃H =

z−LIp if and only if G̃ := z−LG+KG⊥ for some K ∈ RHp×(q−p)∞ . We
will show that the transfer function of the closed-loop system can be
written in this form. Let us introduce the short-hands u := (uk)k∈N,
w := (wk)k∈N, y := (yk)k∈N and z := (zk)k∈N. Then,

y =

[
Â B̂

D+
⊥Ĉ D+

⊥

]
w

=



A0 0n×p
D+C 0p

Ip 0p
. . .

. . .

Ip 0p
D+
⊥D⊥︸ ︷︷ ︸
=Iq

D+
⊥C 0q×p . . . 0q×p D+

⊥D︸ ︷︷ ︸
=0(q−p)×p

B0
D+

0p×q
...

0p×q
D+
⊥D⊥︸ ︷︷ ︸
=Iq

D+
⊥


w

=

[
A0 B0
D+
⊥C D+

⊥

]
w

= G⊥w

and, with

K =

[
AK BK
CK DK

]
,

also
u = Ky = KG⊥w.
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Finally, we have

z =

[
Â B̂

D+Ĉ D+

]
w+ u

=



A0 0n×p
D+C 0p

Ip 0p
. . .

. . .

Ip 0p
D+D⊥︸ ︷︷ ︸

=0p×(q−p)

D+
⊥C 0q×p . . . 0q×p D+D︸ ︷︷ ︸

=Ip

B0
D+

0p×q
...

0p×q
D+D⊥︸ ︷︷ ︸

=0p×(q−p)

D+
⊥


w+ u

=



A0 0n×p B0
D+C 0p D+

Ip 0p 0p×q
. . .

. . .
...

Ip 0p 0p×q
0q×n 0q×p . . . 0q×p Ip 0p×q


w+ u

= z−L
[
A0 B0
D+C D+

]
w+ u

= (z−LG+KG⊥)w.

Thus, the transfer function of the closed-loop system is z−LG+KG⊥.
It only remains to show that K ∈ RHp×(q−p)∞ . But this follows directly
from the fact that the controller ΣK is internally stabilizing, i.e., that
the matrix [

Â 0

BKD
+
⊥Ĉ AK

]
(3.2.3)

is Hurwitz. See Section 2.8. The block triangular structure implies
that also AK is Hurwitz [82, Lem. 7.1.1].

The “only if” part of the proposition can be shown with similar
arguments. Suppose we are given G̃ ∈ RHp×q∞ with G̃H = z−L Ip.
Proposition 3.1.5 shows that there exists K ∈ RHp×(q−p)∞ such that
G̃ = z−LG+KG⊥ with G and G⊥ as above. We introduce a minimal
state-space realization

K =

[
AK BK
CK DK

]
of this K. The minimality implies that AK is Hurwitz and as in the “if”
part of the proof we see that the associated controller ΣK is internally
stabilizing because (3.2.3) is Hurwitz. Also as in the “if” part, one
finally shows that the transfer function of the closed-loop system is
z−LG+KG⊥.

56



We also require a parametrization for the weighted inverses.

Proposition 3.2.2. We consider the same setting as in Proposition 3.2.1.
Let

W =

[
AW BW
CW DW

]
(3.2.4)

denote a stabilizable and detectable state-space realization, where AW is
nW ×nW . Define

Â :=

[
AW 0

B̂CW Â

]
B̂ :=

[
BW
B̂DW

]
Ĉ :=

[
D̂CW Ĉ

]
D̂ := D̂DW .

Then, G̃W = G̃W is a weighted inverse, i.e., G̃ ∈ RHp×q∞ and G̃H =

z−L Ip, if and only if it is the closed-loop transfer function of

ΣS :

 x̂k+1zk
yk

 =

 Â B̂ 0

D+Ĉ 0 Ip
D+
⊥Ĉ D+

⊥DW 0

 x̂k
wk
uk


for some internally stabilizing controller (3.2.2). Furthermore, the internally
stabilizing controller for ΣS that results in the closed-loop transfer function
G̃W = G̃W also internally stabilizes ΣS in Proposition 3.2.1. When applied
to ΣS, the transfer function of the closed-loop system equals G̃.

Proof. Analogous to the proof of Proposition 3.2.1.

3.2.2 Existence, Uniqueness, and Parametrization

In this subsection, we examine the existence and uniqueness of the
solutions to Problem 3.0.1, and parametrize the set of solutions in the
non-unique case.

Existence

Existence of solutions will be shown explicitly using Algorithm 3.2.
We begin with the observation that Algorithm 3.2 returns a solution
to Problem 3.0.1 if a certain condition is fulfilled.

Proposition 3.2.3. We consider Algorithm 3.2. Let us assume that the
discrete-time algebraic Riccati system (3.2.5) has a stabilizing solution.
Then, if the inputs are as specified, the algorithm always terminates with
outputs as specified.

Proof. We will prove the well-definedness of the algorithm by explicit
construction of an optimal inverse. The general approach will be as
follows. Remember that by Proposition 3.1.5 we can parametrize the
inverses of H in RHp×q∞ as z−LG+KG⊥, where G and G⊥ are certain
proper rational matrices and K ∈ RHp×(q−p)∞ is a free parameter.
We will first compute a state-space realization of a K ∈ RHp×(q−p)∞
that minimizes the weighted H2 norm ‖(z−LG + KG⊥)W‖22. Then,
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Algorithm 3.2 Naive inversion algorithm
Input: H and W as in Problem 3.0.1, a state-space realization

(3.2.1) such that (3.1.2) is satisfied, a state-space realiza-
tion (3.2.4) such that AW is Hurwitz, and L ∈N. D+, D⊥,
D+
⊥ and Â, B̂, Ĉ as in Proposition 3.2.2.

Output: Solution Gopt to Problem 3.0.1.

Step 1: Compute a stabilizing solution4 (Y2, L) ∈
C(nW+n+Lp)×(nW+n+Lp) × C(q−p)×(nW+n+Lp) of the
discrete-time algebraic Riccati system{

ÂY2Â∗ − Y2 − L∗PL + B̂B̂∗ = 0

D+
⊥DWB̂∗ +D+

⊥ĈY2Â∗ + PL = 0
. (3.2.5)

Here, P = D+
⊥(DWD

∗
W + ĈY2Ĉ∗)D⊥.

Step 2: Set L0 := −P+D+
⊥ĈY2Ĉ∗(D+)∗, and return Â 0 B̂

L∗D+
⊥Ĉ Â + L∗D+

⊥Ĉ L∗D+
⊥

(D+ + L∗0D
+
⊥)Ĉ (D+ + L∗0D

+
⊥)Ĉ L∗0D

+
⊥

 .

we will return a state-space realization for the corresponding inverse
z−LG+KG⊥.

We start with finding an appropriate K. The main problem here is
that there may be multiple solutions. In order to cope with the non-
uniqueness, we use the reformulation as an optimal control problem
given in Proposition 3.2.2 and apply the results of Polyakov [46] on
the singular H2 optimal control problem.

According to [46], two full information control problems (cf. Sec-
tion 2.8) have to be solved in order to find an optimal K. The first full
information problem is the one associated with the plant[

xk+1
zk

]
=

[
Â B̂ 0

D+Ĉ 0 Ip

] xk
wk
uk

 .

An optimal controller uk = Fxk + F0wk can be obtained from any so-
lution (X, F, F0) ∈ C(nW+n+Lp)×(nW+n+Lp)×Cp×(nW+n+Lp)×Cp×q

of the following system of equations,
Â∗XÂ −X+ (D+Ĉ)∗F+ (D+Ĉ)∗D+Ĉ = 0

D+Ĉ + F = 0

F0 = 0

,

that satisfies X = X∗. (This is a simplified version of Equation (15) in
[46] where we have used that some matrices in our plant description
are zero.) It is simple to check that the triple (X, F, F0) = (0,−D+Ĉ, 0)
solves the equation system and X = X∗. Following [46], we use this
solution to construct a second full information control problem,[

xk+1
zk

]
=

[
Â∗ (D+Ĉ)∗ (D+

⊥Ĉ)∗

B̂∗ 0 (D+
⊥DW)∗

] xk
wk
uk

 .
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We are now interested in an optimal controller uk = L∗xk +L∗0wk for
this second plant. Unfortunately, there seems to be no obvious closed-
form solution for the corresponding equation system. Polyakov [46]
points out that an optimal controller can be found numerically from
the so-called maximal stabilizing deflating subspaces for the matrix
pencil

λ

 InW+n+Lp 0 0

0 −Â 0

0 −D+
⊥Ĉ 0(q−p)×(q−p)


−

 Â∗ 0 Ĉ∗D⊥
B̂B̂∗ −InW+n+Lp B̂D∗WD⊥

D+
⊥DWB̂∗ 0 D+

⊥ĈĈ∗D⊥

 (λ ∈ C).

However, we will apply Theorem 6.4.4 in Ionescu et al. [31], which
shows that equivalently the discrete-time algebraic Riccati system
(3.2.5) can be considered for solution of the second full information
control problem. Note that solution of the discrete-time algebraic Ric-
cati system (3.2.5) is the first step of Algorithm 3.2. With the second
full information control problem solved, we can apply [46, Th. 3] in
order to find an optimal controller for the optimal control problem,

K =

[
Â + L∗D∗⊥Ĉ L∗

(D+ + L∗0D
+
⊥) L∗0

]
.

(This is a simplified version of Equation (19) in [46] where again the
special problem structure has been exploited.) Finally, we compute
the closed-loop system that results if this controller is applied to ΣS
given in Proposition 3.2.1.

Next, we show that the necessary condition for the existence of so-
lutions to Problem 3.0.1 in Proposition 3.2.3 is automatically implied
by our assumptions.

Proposition 3.2.4. The assumptions in Problem 3.0.1 ensure that a stabi-
lizing solution to the discrete-time algebraic Riccati system (3.2.5) exists.

Proof. We have that rank[(I−H(z)H(z)†)W(z)] is constant for all z ∈ C

with |z| = 1 by the assumptions in Problem 3.0.1. Let us, with D+,
D+
⊥, A0 and B0 as in Proposition 3.2.1, introduce[

G

G+
⊥

]
:=

[
D+

D+
⊥

] [
A0 B0
C I

]
.

We know from the proof of Proposition 3.1.2 that this is a realization
of
[
H H⊥

]−1
, where H⊥ is an extension matrix.

Let us now prove that the kernels of G⊥(z)W(z) and [I −

H(z)H(z)†]W(z) coincide for all z ∈ C with |z| = 1, i.e.,

G⊥(z0)W(z0)x = 0

⇐⇒ [I−H(z0)H(z0)
†]W(z0)x = 0

for all x ∈ CpW and z0 ∈ C with |z0| = 1. We start with the “=⇒” part.
Suppose u2 := G⊥(z0)W(z0)x = 0 for some z0 ∈ C with |z0| = 1 and
x ∈ CpW . Then, with u1 := G(z0)W(z0)x,[

u1
u2

]
=

[
G(z0)

G⊥(z0)

]
W(z0)x.

4 i.e., Y2 = Y∗2 and Â∗ + Ĉ∗D⊥L stable
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Since
[
G

G⊥

]
is the inverse of

[
H H⊥

]
, it follows that

W(z0)x =
[
H(z0) H⊥(z0)

] [ u1
u2

]
(u2=0)

= H(z0)u1.

This implies

[I−H(z0)H(z0)
†]W(z0)x = [I−H(z0)H(z0)

†]H(z0)u1

= H(z0)u1 −H(z0)u1

= 0.

We now show “⇐=” part. Suppose that [I−H(z0)H(z0)†]W(z0)x = 0

for some z0 ∈ C with |z0| = 1 and x ∈ CpW . Then, again with[
u1
u2

]
:=

[
G(z0)

G⊥(z0)

]
W(z0)x,

we have

0 = [I−H(z0)H(z0)
†]W(z0)x

= [I−H(z0)H(z0)
†][H(z0)u1 +H⊥(z0)u2]

= H⊥(z0)u2 −H(z0)H(z0)
†H⊥(z0)u2.

Multiplication with G⊥(z0) from the left further shows that

G⊥(z0)H⊥(z0)︸ ︷︷ ︸
=I(q−p)

u2 = G⊥(z0)H(z0)︸ ︷︷ ︸
=0

H(z0)
†H⊥(z0)u2,

i.e, G⊥(z0)W(z0)x = u2 = 0.
We see that rank([I−H(z)H(z)†]W(z)) = rank[G⊥(z)W(z)] for all

z0 ∈ C with |z| = 1 because rank[Φ] = m − dim(ker[Φ]) for any
Φ ∈ Cm×m [22, Ch. 2.4]. Since

G⊥W =

[
Â B̂
D+
⊥Ĉ D+

⊥DW

]
,

Theorem 3.2 in Trentelman and Stoorvogel [44] now implies that the
equation

ÂY2Â∗ − Y2 − (B̂D∗WD⊥ + ÂY2Ĉ∗D⊥)∗P†

×(D+
⊥DWB̂∗ +D+

⊥ĈY2Â∗) + B̂B̂∗ = 0,

where P is given in Algorithm 3.2, has a solution Y2 = Y∗2 such that
ker[P] ⊂ ker[B̂D∗WD⊥ + ÂY2Ĉ∗D⊥] [44, p. 840]. Thus, by [31, p. 201],
there exists a stabilizing solution to the discrete-time algebraic Riccati
system (3.2.5).

Now, existence of solutions to Problem 3.0.1 follows immediately
from the Propositions 3.2.4 and 3.2.3.

Theorem 3.2.5. Problem 3.0.1 is always solvable.
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Uniqueness

If the optimal inverse is unique, the solution to the discrete-time al-
gebraic Riccati system is also unique. It can then be found with the
approach in Ionescu et al. [31, Th. 5.5.1]. We have the following
necessary and sufficient condition for uniqueness.

Theorem 3.2.6. The solution to Problem 3.0.1 is unique if and only if

rank[(I−H(z0)H(z0)†)W(z0)] = q− p (3.2.6)

for some z0 ∈ C with |z0| = 1.

Proof. As before, we introduce[
G

G+
⊥

]
:=

[
D+

D+
⊥

] [
A0 B0
C I

]
.

We know from the proof of Proposition 3.1.2 that this is a realization
of
[
H H⊥

]−1
, where H⊥ is an extension matrix for H. We also

introduce M := z−LGW ∈ RHp×pW∞ and N := G⊥W ∈ RH(q−p)×pW∞ .
In light of Proposition 3.1.5, it suffices to show that there is exactly
one K ∈ RHp×(q−p)∞ that minimizes ‖M+ KN‖2 if and only if (3.2.6)
is satisfied. During the proof of Proposition 3.2.4, we have established
the fact that

rank[N(z)] = rank[G⊥(z)W(z)]

= rank[(I−H(z)H(z)†)W(z)]

for all z ∈ C with |z| = 1. As N has no unit circle zeros by the
assumptions in Problem 3.0.1, the normal rank of N is given by

normrank[N] = rank[(I−H(z0)H(z0)†)W(z0)].

The “if” of the theorem now follows from Lemma 2.7.4. The “only
if” part can be shown if the proof of Lemma 2.7.4 is enhanced using
Proposition 3.1.5. Alternatively, one may also use Saberi et al. [10,
Cor. 10.54].

Parametrization

In the non-unique case, the approach in Ionescu et al. [31, Th. 6.4.4]
can be utilized for the solution of the discrete-time algebraic Riccati
system. Once the discrete-time algebraic Riccati system is solved,
Theorem 4 in Polyakov [46] implies the following parametrization for
the optimal solutions.

Theorem 3.2.7. We use the same definitions as in the Propositions 3.2.1
and 3.2.2, and consider the discrete-time algebraic Riccati system (3.2.5).
Let
√

P0 ∈ Cκ×(q−p) denote a basis for the co-image of a square root
√

P of
P. That is,

√
P
2
= P, rank[

√
P0] = κ and

√
P0
√

P = 0κ×(q−p), where κ
is as large as possible. We set

[
C11
C21

]
:=

 Â + L∗D+
⊥Ĉ L∗

D+Ĉ 0

D+
⊥Ĉ Iq−p

 ,
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[
G

G+
⊥

]
:=

[
D+

D+
⊥

] [
A0 B0
C Iq

]
.

Then, Gopt ∈ RHp×q∞ solves Problem (3.0.1) if and only if

Gopt = z−LG+ (C11 + (Q
√

P0 + L∗0)C21)G⊥ (3.2.7)

for some Q ∈ RHp×κ∞ .

Proof. During the proof of Proposition 3.2.3, we have discussed how
Theorem 3 in [46] on the singular H2 optimal control problem can be
applied in order to find a solution to the weighted system inversion
problem 3.0.1. In the following, we will apply Theorem 4 in [46] in
order to parametrize the complete set of solutions. While Theorem
3 in [46] has provided us with a specific K ∈ RHp×(q−p)∞ such that
G̃ = z−LG+KG⊥ solves Problem 3.0.1, Theorem 4 in [46] states that
G̃ = z−LG+ KG⊥ solves Problem 3.0.1 if and only if K is the closed-
loop transfer function which results from applying some controller
K1 = KS +N, where KS ∈ RHp×κ∞ solves RPKSRQ = 0 for certain
matrices RP and RQ and N ∈ Cp×κ satisfies

RPNRQ = R†PP(−D+Ĉ)Y2(D
+
⊥Ĉ)∗R†Q,

to the plant

C :

[
C11 C12
C21 C22

]
=

 Â + L∗D+
⊥Ĉ L∗ 0

D+Ĉ 0 Ip
D+
⊥Ĉ Iq−p 0

 =

[
C11 Ip
C21 0

]
.

The transfer function of the closed-loop system is given by

Fl(C,K1) = C11 +K1C21. (3.2.8)

Compare (2.8.4). In our case, where RP = Ip and

RQ =
√
D+
⊥DWD

∗
WD⊥ +D+

⊥ĈY2Ĉ∗D⊥ =
√

P,

the conditions for KS and N reduce to KS
√

P = 0 and

N
√

P = P(−D+Ĉ)Y2(D
+
⊥Ĉ)∗

√
P
†
.

Note that these two equations are solved by KS = 0 and N = L∗0
[46, Proof Th. 4], and that KS

√
P = 0 is equivalent to (̂KS)k

√
P = 0

for all k ∈ N by Parseval’s Relation (2.6.1). Thus, the complete set of
solutions can be parametrized as KS = KS1

√
P0 andN = L∗0 +N1

√
P0,

where KS1 ∈ RHp×κ∞ andN1 ∈ Cp×κ are free parameters [22, Ch. 2.2].
Combining, we obtain

K1 = KS1
√

P0 + L∗0 +N1
√

P0 = Q
√

P0 + L∗0 ,

where Q ∈ RHp×κ∞ is a free parameter. Thus, in light of (3.2.8), the
set of optimal inverses is indeed parametrized by (3.2.7).
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3.2.3 Efficient Computation

A serious disadvantage of the naive algorithm is that its costs grow
rapidly with the delay L because the dimensions of the coefficient
matrices in the discrete-time algebraic Riccati system (3.2.5) grow
linearly with L. Thus, computational complexity as well as storage
requirements for solving this discrete-time algebraic Riccati system
grow cubically [83, Ch. VIII].

In this section, we derive a more sophisticated algorithm, where
complexity (and storage requirements) grow only linearly with L. The
key observation will be that only the first n + nW rows of Y2 are
actually used in the naive algorithm, and that this part of Y2 can
be obtained without solving the large discrete-time algebraic Riccati
system (3.2.5). Instead, only a small discrete-time algebraic Riccati
system has to be solved.

Proposition 3.2.8. We consider Algorithm 3.2 and introduce

A0 :=

[
AW 0

B0CW A0

]
,

B0 =

[
BW
B0DW

]
,

C0 :=
[
CW C

]
.

Furthermore, let (Y2, L̃) denote any stabilizing solution to to the discrete-
time algebraic Riccati system (3.2.5). We partition Y2 as follows,

Y2 =:

[
Y11 Y12

Y∗12 Y22

]
l nW +n

l Lp .
↔

nW+n
↔
Lp

(3.2.9)

Then, a stabilizing solution5

(X, F) ∈ C(nW+n)×(nW+n) ×C(q−p)×(nW+n)

to the discrete-time algebraic Riccati system{
A0XA∗0 −X− F∗PF+ B0B∗0 = 0

D+
⊥DWB∗0 +D

+
⊥C0XA∗0 + PF = 0

, (3.2.10)

exists under the assumptions in Problem 3.0.1. Here,

P = D+
⊥(DWD

∗
W + C0XC∗0)D⊥.

Furthermore, any stabilizing solution to (3.2.10) satisfies X = Y11, and

Y12 =
[

y(1)
12 . . . y(L)

12

]
is given by the following recursion,

y(1)
12 =

(
A0XC∗0 + B0D

∗
W + F∗D+

⊥(DWD
∗
W + C0XC∗0)

)
(D+)∗,

y(k)
12 = (A0 + F

∗D+
⊥C0)y

(k−1)
12 (k = 2, . . . ,L).

The proof of Proposition 3.2.8 requires the following lemma.

5 i.e., X = X∗ and A∗0 + C∗0D⊥F stable
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Lemma 3.2.9. With definitions as in Proposition 3.2.8, we have

D+
⊥ĈY2Ĉ∗D⊥ = D+

⊥C0Y11C∗0D⊥,

D+
⊥ĈY2Ĉ∗(D+)∗ = D+

⊥C0Y12

[
0

Ip

]
,

D+
⊥ĈY2Â∗ = D+

⊥C0

 A0Y11

D+C0Y11[
I(L−1)p 0

]
Y∗12

∗ .

Proof. We have[
D+

D+
⊥

] [
D D⊥

]
=

[
D+D D+D⊥
D+
⊥D D+

⊥D⊥

]
=

[
Ip 0

0 Iq−p

]
by construction. Thus,

D+
⊥Ĉ = D+

⊥
[
D̂CW Ĉ

]
= D+

⊥
[
D⊥D

+
⊥CW D⊥D

+
⊥C 0q×p . . . 0q×p D

]
= D+

⊥
[
CW C 0q×p . . . 0q×p 0q×p

]
=

[
D+
⊥C0 0(q−p)×p . . . 0(q−p)×p 0(q−p)×p

]
(3.2.11)

and

D+Ĉ = D+
[
D̂CW Ĉ

]
= D+

[
D⊥D

+
⊥CW D⊥D

+
⊥C 0q×p . . . 0q×p D

]
=

[
0p×nW 0p×n 0p×p . . . 0p×p Ip

]
. (3.2.12)

The remaining computations are straight-forward.

We are now ready to prove Proposition 3.2.8.

Proof. (of Proposition 3.2.8) Let (Y2, L̃) denote a stabilizing solution
to the discrete-time algebraic Riccati system (3.2.5). We partition L̃ as
follows,

L̃ =:
[

L̃1 L̃2
]
=:
[

L̃1 l̃(1) . . . l̃(L)
]

, (3.2.13)

where L̃1 ∈ C(q−p)×(nW+n) and l̃(1), . . . , l̃(L) ∈ C(q−p)×p. We show
existence of a stabilizing solution to (3.2.10) by proving that (X, F) =
(Y11, L̃1) is such a solution. First, note that

P = D+
⊥(DWD

∗
W + ĈY2Ĉ∗)D⊥

(Lem. 3.2.9)
= D+

⊥(DWD
∗
W + C0Y11C∗0)D⊥

(X=Y11)
= P (3.2.14)

Furthermore, we have

ÂY2Â∗ =
[

A0 0

? ?

] [
Y11 Y12

Y21 Y22

] [
A∗0 ?

0 ?

]
=

[
A0Y11A∗0 ?

? ?

]
,

L∗PL =

[
L̃∗1
L̃∗2

]
P
[

L̃1 L̃2
] (3.2.14)

=

[
L̃∗1PL̃1 ?

? ?

]
,

and

B̂B̂∗ =
[

B0B∗0 ?

? ?

]
.
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(Here, the “?” means that we do not care what the values of the
corresponding elements are.) Therewith, and with Lemma 3.2.9, the
large discrete-time algebraic Riccati system (3.2.5) becomes

[
A0Y11A∗0 ?

? ?

]
−

[
Y11 ?

? ?

]

−

[
L̃∗1PL̃1 ?

? ?

]
+

[
B0B∗0 ?

? ?

]
= 0

D+
⊥DW

[
B∗0 ?

]
+D+

⊥C0

[
Y11A∗0 ?

]
+P
[

L̃1 ?
]

= 0

.

Since P = P by Equation (3.2.14), we see that (X, F) = (Y11, L̃1)

solves the small discrete-time algebraic Riccati system (3.2.10) be-
cause (Y2, L̃) solves (3.2.5).

Next, let us check that the solution (X, F) = (Y11, L̃1) is stabilizing,
i.e., that A∗0 + C∗0D⊥L̃1 is Hurwitz. Therefore, note that our assump-
tion that (Y2, L̃) is a stabilizing solution to the large discrete-time al-
gebraic Riccati system (3.2.5), i.e., that

Â∗ + Ĉ∗D⊥L̃
(3.2.11)
=

[
A∗0 ?

0 ?

]
+

[
C∗0D⊥
0

] [
L̃1 L̃2

]
(3.2.15)

is Hurwitz, implies that also A∗0 +C∗0D⊥L̃1 is Hurwitz [82, Lem. 7.1.1].
The fact that Y11 = Y∗11 follows trivially from Y2 = Y∗2 . Thus, (X, F) =
(Y11, L̃1) is indeed a stabilizing solution to the small discrete-time
algebraic Riccati system (3.2.10).

Now, let (X, F) denote an arbitrary stabilizing solution to the small
discrete-time algebraic Riccati system (3.2.10). The partial uniqueness
result [31, Pro. 3.6.3] immediately shows that X = Y11. It remains to
show the recursion formula for Y12. Therefore, note that because
of Lemma 3.2.9 and because both (Y11, L̃1) and (X, F) are stabilizing
solutions to the small discrete-time algebraic Riccati system (3.2.10),
we have

PL̃1
((3.2.10), 2nd line)

= D+
⊥DWB∗0 +D

+
⊥C0Y11A∗0

(Y11=X)
= D+

⊥DWB∗0 +D
+
⊥C0XA∗0

((3.2.10), 2nd line)
= PF (3.2.16)

and

L̃∗1PL̃1
((3.2.10), 1st line)

= A0Y11A∗0 − Y11 + B0B∗0
(Y11=X)

= A0XA∗0 −X+ B0B∗0
((3.2.10), 1st line)

= F∗PF (3.2.17)

Thus, we see that

L̃∗PL̃
(P=P∗)
=

[
L̃∗1PL̃1 (PL̃1)

∗L̃2

L̃∗2PL̃1 L̃∗2PL̃2

]
(3.2.17),(3.2.16)

=

[
F∗PF (PF)∗L̃2

L̃∗2PF L̃∗2PL̃2

]
(P=P)
=

[
F L̃2

]∗
P
[
F L̃2

]
. (3.2.18)
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Let us partition

Â =

[
A11 0

0 A22

]
,

B̂ =

[
B1

0

]
,

where

A11 :=

[
A0

D+C0

]
,

B1 :=

[
B0

D+DW

]
,

A22 :=
[
I(L−1)p 0(L−1)p×p

]
.

Then, the first line of (3.2.5) applied to (Y2, L) = (Y2, L̃) gives

Y2
(3.2.9)
=

[
Y11 Y12

Y21 Y22

]
((3.2.5), 1st line)

= ÂY2Â∗ − L̃∗PL̃ + B̂B̂∗

(3.2.18)
=

[
A11Y11A∗11 A11Y12A∗22

? ?

]
−

[
F∗PF F∗PL̃2

? ?

]
+

[
B1B∗1 0

0 0

]

=:

[
Ỹ11 Ỹ12

Ỹ∗12 Ỹ22

]
l n+nW + p

l (L− 1)p
↔

n+nW+p
↔

(L−1)p

. (3.2.19)

We partition
Ỹ12 =

[
ỹ(1)

12 . . . ỹ(L−1)
12

]
,

where ỹ(1)
12 , . . . , ỹ(L−1)

12 ∈ C(n+nW+p)×p. Now, note that Y12 and Ỹ11

overlap because A11 is non-square, Y11 Y12

Y∗12 Y22

 =

 Ỹ11 Ỹ12

Ỹ∗12 Ỹ22

 .

(This is not a state-space system but simply a partitioned matrix. Y11

is (n+ nW)× (n+ nW) while Ỹ11 is (n+ nW + p)× (n+ nW + p).)
Thus, y(1)

12 is the upper right block of Ỹ11. Application of (3.2.19) gives
us a first initial condition for the recursion, i.e.,

y(1)
12 =

[
In+nW 0

]
Ỹ11

[
0

Ip

]
= A0Y11C∗0(D

+)∗ − F∗Pl̃(1) + B0D
∗
W(D+)∗. (3.2.20)

Again using (3.2.19), we obtain the remaining y(k)
12 via

y(k+1)
12 =

[
In+nW 0

]
Ỹ12

 0(k−1)p×p
Ip

0(L−k−1)p×p


= A0y(k)

12 − F∗Pl̃(k) (k = 2, . . . ,L). (3.2.21)
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Let us finally consider the second line of the large discrete-time alge-
braic Riccati system (3.2.5) when the solution (Y2, L̃) is applied. Using
Lemma 3.2.9, we see that equivalently

−PL̃ = D+
⊥DW

[
B∗0 D∗W(D+)∗ 0

]
+D+

⊥C0

×
[

Y11A∗0 Y11C∗0(D+)∗ Y12

[
I(L−1)p
0

] ]
.

With (3.2.13), this gives us expressions for the Pl̃(k). Plugging them
into (3.2.20) and (3.2.21) results in the recursion from the proposition.

Proposition 3.2.8 provides us with a cheap way to find the first
n+nW rows

[
Y11 Y12

]
of the matrix Y2 which arises in the Naive

System Inversion Algorithm, i.e., Algorithm 3.2. In the algorithm, Y2

is only a byproduct in the computation of the two matrices L and
L0. Next, we show that knowing Y11 and Y12 is already sufficient to
compute suitable matrices L and L0. In other words, we show that
it is not necessary to solve the large discrete-time algebraic Riccati
system given in Algorithm 3.2. Instead, it suffices to solve the small
discrete-time algebraic Riccati system in Proposition 3.2.8.

Proposition 3.2.10. We consider the setting of Proposition 3.2.8. Let
(Y11, L1) be a stabilizing solution to the small discrete-time algebraic Ric-
cati system (3.2.10). Also, set L :=

[
L1 L2

]
, where

L2 : = −P†D+
⊥

[
(C0Y11C∗0 +DWD∗W)(D+)∗ C0y(1)

12

. . . C0y(L−1)
12

]
.

Then, (Y2, L) is a stabilizing solution to the large discrete-time algebraic
Riccati system (3.2.5). The according L0 in Algorithm 3.2 satisfies L0 =

−P†D+
⊥C0y(L)

12 .

Proof. Let (Y2, L̃) denote any solution to the large discrete-time al-
gebraic Riccati system (3.2.5). We first show that (Y2, L) also solves
(3.2.5). By Lemma 3.2.9 and definition of B̂ we have

L2 = −P†D+
⊥(DWB̂∗ + ĈY2Â∗).

Since (Y2, L̃) solves the second line of (3.2.5) , Γ = L̃2 solves the equa-
tion −PΓ = D+

⊥(DWB̂∗ + ĈY2Â∗). Then, the least squares property
of the Moore-Penrose pseudoinverse in Section 2.9.1/3 implies that
also Γ = L2 solves it. This shows PL2 = PL̃2. Since by the proof
of Proposition 3.2.8 we already know that PL1 = PL̃1, this implies
PL = PL̃. Therefore, the second line of (3.2.5) holds for (Y2, L) be-
cause it holds for (Y2, L̃). Using that P = PP†P by the properties of
the Moore-Penrose pseudoinverse, P = P∗, and PL = PL̃, we obtain

L̃∗iPL̃j = L̃∗iP
∗P†PL̃j = L∗iP

∗P†PLj = L∗iPLj

for all i, j ∈ {1, 2}, which implies L∗PL = L̃∗PL̃. Thus, also the first
line of (3.2.5) holds for (Y2, L). To see that (Y2, L) is stabilizing, note
that (Y11, L1) is a stabilizing solution to (3.2.10), and apply (3.2.15).

Finally, the formula for L0 follows directly from the fact that P = P

(cf. the proof of Proposition 3.2.8) and Lemma 3.2.9.
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The previous results of this subsection showed us how the com-
putations in Algorithm 3.2 can be carried out more efficiently. The
following and final result provides us with a smaller state-space real-
ization of the optimal inverse.

Proposition 3.2.11. The transfer function of the state-space realization in
Step 2 of Algorithm 3.2 coincides with Â +

[
L∗D+

⊥C0 0
] [

0

B̂

]
+ L∗D+

⊥[
L∗D+

⊥C0 0 Ip
]

L∗D+
⊥C0

 . (3.2.22)

Proof. The original state-space realization of the optimal inverse in
Step 2 of Algorithm 3.2 is

Gopt =

 Â 0 B̂

L∗D+
⊥Ĉ Â + L∗D+

⊥Ĉ L∗D+
⊥

(D+ + L∗0D
+
⊥)Ĉ (D+ + L∗0D

+
⊥)Ĉ L∗0D

+
⊥

 .

We can extend the state-space by a non-controllable state without
changing the transfer function [21, Ch. 3.3], i.e.,

Gopt =

 Â 0

[
0

B̂

]
L∗D+

⊥Ĉ Â + L∗D+
⊥Ĉ L∗D+

⊥
(D+ + L∗0D

+
⊥)Ĉ (D+ + L∗0D

+
⊥)Ĉ L∗0D

+
⊥


=:

[
A1 B1
C1 D1

]
.

Since similarity transformations of the state-space leave the transfer
function invariant, we introduce the transformation matrix

T :=

[
InW+n+Lp 0

InW+n+Lp InW+n+Lp

]
,

and see that the transfer function of the optimal inverse satisfies

Gopt =

[
TA1T

−1 TB1
C1T

−1 D1

]

=


T

[
Â 0

−Â Â + L∗D+
⊥Ĉ

] 
[
0

B̂

]
[
0

B̂

]
+ L∗D+

⊥


[
0 (D+ + L∗0D

+
⊥)Ĉ

]
D1



=


[

Â 0

0 Â + L∗D+
⊥Ĉ

] 
[
0

B̂

]
[
0

B̂

]
+ L∗D+

⊥


[
0 (D+ + L∗0D

+
⊥)Ĉ

]
D1


=

 Â + L∗D+
⊥Ĉ

[
0

B̂

]
+ L∗D+

⊥

(D+ + L∗0D
+
⊥)Ĉ L∗0D

+
⊥

 ,

where we have dropped non-observable states in the last equation.
The proposition now follows from the equations (3.2.11) and (3.2.12).
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When we incorporate the results of this section into Algorithm 3.2,
the more efficient Algorithm 3.3 is obtained.

Algorithm 3.3 Efficient inversion algorithm
Input: H and W as in Problem 3.0.1, a state-space realization

(3.2.1) such that (3.1.2) is satisfied, a state-space realiza-
tion (3.2.4) such that AW is Hurwitz, and L ∈N. D+, D⊥,
D+
⊥ and Â, B̂, Ĉ as in Proposition 3.2.2.

Output: Solution Gopt to Problem 3.0.1.

Step 1: Compute Y11 and Y12 via Proposition 3.2.8.
Step 2: Compute L and L0 using Proposition 3.2.10.
Step 3: Return (3.2.22)

We note that the state transition matrix in the realization (3.2.22) is
sparse because Â is sparse by construction and the size of L∗D+

⊥C0 is
(nW +n+ Lp)× (nW +n).

3.3 notes and references

• The optimal performance in Problem 3.0.1,

inf
G∈RH

p×q∞
GH=z−L Ip

‖GW‖2, (3.3.1)

is monotonically non-increasing in the delay L because if G ∈
RHp×q∞ is a L-delay left-inverse then z−1G ∈ RHp×q∞ is a
(L + 1)-delay left-inverse that achieves the same performance,
‖GW‖2 = ‖(z−1G)W‖2. The parametrization in Proposition
3.1.5 allows us to reformulate (3.3.1) as the optimal performance
in a H2 fixed-lag smoothing problem,

inf
K∈RH

p×(q−p)∞
‖ z−L G̃W +KG̃⊥W‖2. (3.3.2)

Assume that the solution to Problem 3.0.1 is unique. (A condi-
tion for uniqueness has been provided in Theorem 3.2.6.) Then,
(3.3.2) is known to saturate exponentially fast as L→∞ [50, Ch.
7.3], [58, Sec. 6]. Hence, also (3.3.1) saturates exponentially fast
as L→∞.

• The general parametrization in Proposition 3.1.8 was inspired
by how Gu and Li try to handle inversion of rational matrices
with a zero at infinity [40]. They proposed an algorithm similar
to Algorithm 3.1. The algorithm also finds a para-unitary V ∈
FIRp×pK such that HV∼ is stable and causal and has no zero at
infinity. Then, a delay-free inverse GV for HV∼ is computed and
G := z−KV∼GV is used as K-delay inverse for H. Indeed,

GH = z−KV∼GVHV
∼V = z−KV∼V = z−KIp.

However, Gu and Li only show that their algorithm termi-
nates after finitely many steps, i.e., K < ∞. Thus, it was not
clear whether the introduced delay was minimal. Furthermore,
Proposition 3.1.8 shows that not every K-delay inverse of H is
of this form.
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• There is an interesting connection between Algorithm 3.1 and
the singular filtering problem. Bittani et al. use Algorithm 3.1
to reduce singular Riccati equations to non-singular ones [84].
In this context, the rational matrix S in the output of Algorithm
3.1 is also called the spectral interactor matrix. A important re-
sult in [84] is that the spectral interactor matrix is unique up to
multiplication with a constant unitary matrix.

• A state-space approach to the parametrization of left-inverses
is developed in Gillijns [61]. A comparison of [61, Sec. 3.5.3]
with Proposition 3.1.8 shows that the parametrization in [61,
Sec. 3.5.3] cannot be complete because the McMillan degree of
the inverses in [61, Sec. 3.5.3] is bounded while Proposition 3.1.8
gives rise to inverses with arbitrarily high McMillan degrees.

• The remaining major restriction of our algorithmic solution to
the weighted system inversion problem stated in Problem 3.0.1
is the requirement rank[H(∞)] = p. In case that this require-
ment is violated, there are two options. One option is to con-
sider an augmented inversion problem with

H̃ :=

[
H

Ip

]
and W̃ :=

[
W 0

0 ε−1Ip

]
,

where ε > 0 is small. Since[
G G2

]
H̃ = z−LIp

if and only if G2 = z−L Ip −GH and

‖
[
G G2

]
W̃‖22 = ‖GW‖22 + ε−2‖ z−L Ip −GH‖22

this approach allows us to find an approximate inverse with
minimal weighted H2 norm. The second option is to use the
general parametrization of the inverses given in Subsection
3.1.3, and to apply a H2 smoothing algorithm. Compare Sec-
tion 2.10. However, the assumptions on the weight may have
to be strenghtened in that case and only one specific optimal
inverse will be obtained.

• A Scilab implementation of Algorithm 3.3 is available online at
http://lsitbx.origo.ethz.ch.
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4
S Y S T E M I N V E R S I O N W I T H H∞ C R I T E R I O N

In the previous chapter, we have considered optimal system inversion
with respect to the weighted H2 norm criterion. The H2 criterion is
useful in situations where we want to minimize the average recon-
struction error with respect to a certain class of input disturbances
that are specified by the weight. See Chapter 3. However, there are
situations where not the average error but the worst-case error is of
interest, e.g., because a suitable characterization of the inputs is not
known. In such cases, a H∞ norm criterion is more appropriate be-
cause the H∞ norm satisfies

‖G‖∞ = sup
u∈`q

2
u6=0

‖Gu‖`2
‖u‖`2

for any rational matrix G ∈ RHp×q∞ [23, Prop. 2.34]. System inver-
sion with H∞ criterion has been been discussed by Saberi et al. [73],
Gu and Li [40] and Li and Gu [85]. However, these papers do not
approach the optimal system inversion problem

argmin
G∈RH

p×q∞
GH=Ip

‖G‖∞ (H ∈ RHq×p∞ )

directly.1 Instead, the following problem formulation is used.

Problem 4.0.1 (System Inversion with H∞ Criterion). LetH ∈ RHq×p∞
be such that rank[H(z)] = p < q for all z ∈ Ĉ with 1 6 |z| 6 ∞, and
let γ > 0. Then, if possible, find G ∈ RHp×q∞ such that GH = Ip and
‖G‖∞ < γ.

The advantage of this formulation, where only suboptimal inverses
are sought, is that it can be tackled numerically. In fact, it was shown
by Li and Gu [85] that Problem 4.0.1 can be reformulated as a stan-
dard full information control problem. Compare Section 2.8. Direct
computation of optimal inverses seems to be a numerically difficult
problem. The disadvantage of the problem formulation is that γ has
to be specified a priori. Proper selection of γ is important because
too large values may result in inverses which are far from optimal,
while too small values have the consequence that no inverse can be
found at all. Hence, the following problem has to be attacked (at least
approximately) before Problem 4.0.1 can be solved.

Problem 4.0.2 (Infimum in H∞ System Inversion). Let H ∈ RHq×p∞ .
Then, determine

γSIopt(H) := inf
(
{‖G‖∞ : G ∈ RHp×q∞ and GH = Ip}∪ {∞}

)
.

1 For now, we only consider system inversion without decision delay because a direct
extension of our results to the case with delay seems intricate. However, in the end
we will find out how a delay can be included if one is prepared to take a little detour.
See Section 4.4.
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The standard approach to Problem 4.0.2 is to design a test whether
γ < γSIopt(H). Then, bisection is used in order to approximate
γSIopt(H). See, e.g., Stoorvogel [47], Green and Limebeer [33] or
Gahinet [49]. Of course, lower and upper bounds on γSIopt(H) are
required for the initialization of the bisection procedure. Usually, the
lower bound is chosen as zero, while the upper bound is the H∞
norm of some other inverse, e.g., the inverse with minimal H2 norm.
A more sophisticated method for obtaining lower bounds on γSIopt(H)
has recently been established by Wahls et al. [86]. There, a sequence
of matrices of increasing dimensions has been given from whose sin-
gular values lower bounds on the infimum γSIopt can be obtained. It
was shown in [86] that the bounds converge monotonically towards
the exact value γSIopt.

The goal of this chapter is to further analyze this method and to
extend its scope. We proceed as follows. First, we review the results
of [86]. The usefulness of the method in [86] depends on how fast
the bounds converge because the computation of better bounds be-
comes more expensive. We establish a mild condition under which
the speed of convergence is root-exponential. In other words, we
show that the method in [86] is usually good-natured. Afterwards,
we illustrate how the infima in two other H∞ optimization problems,
filtering and full information control, can be reduced to infima in H∞
system inversion.

4.1 finite section method for the approximation of the

infimum in system inversion

The following theorem of Wahls et al. [86, Th. 7] shows how the
finite sections of a Toeplitz operator as discussed in Section 2.9.2 can
be used to obtain arbitrarily good lower bounds on the infimum γSIopt
in Problem 4.0.2.

Theorem 4.1.1. Let H ∈ RHq×p∞ , p 6 q. Then, with σmin[·] denoting the
smallest singular value and ΓN(·) as in (2.9.3), the sequence(

1

σmin[ΓN(H)]

)
N∈N,N>1

⊂ [0,∞]

is monotonically non-decreasing and converges with limit2

lim
N→∞ 1

σmin[ΓN(H)]
= γSIopt(H).

Proof. Theorem 7 in [86] shows the claim in a setting where also irra-
tional causal and stable inverses are considered. We can replace the
corresponding space of transfer functions by RHq×p∞ because Theo-
rem 5.2 in [40] shows that a restriction to rational inverses does not
decrease performance if H itself is rational.

4.2 speed of convergence of the finite section method

Theorem 4.1.1 provides us with a simple method for obtaining lower
bounds on the infimum γSIopt(H): Choose any of the finite sections ΓN,

2 We set 1/0 :=∞.
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compute the smallest singular value, and use its reciprocal as lower
bound. Of course, one would like to know how large the finite sec-
tion should be. Theorem 4.1.1 establishes the fact that larger finite
sections give better (or at least never worse) lower bounds, but on
the other hand does computation of these bounds become more ex-
pensive. The usefulness of Theorem 4.1.1 obviously depends on how
fast the sequence (σ−1min[ΓN(H)])N∈N,N>1 converges. The next theo-
rem shows that the convergence is at least root-exponential in most
cases.

Theorem 4.2.1. Let H ∈ RHq×p∞ have McMillan degree κ, assume
γSIopt(H) <∞, and introduce the output-controllability matrix

MH :=
[
Ĥ0 Ĥ1 . . . Ĥκ

]
∈ C

q×(κ+1)p
.

Then, rank(MH) > p and there exists a δ > 0 such that∣∣∣∣ 1

σmin[ΓN(H)]
− γSIopt(H)

∣∣∣∣ ∈
{

O(e−δ
√
N) , if rank(MH) > p

O(
ln(N)
N ) , if rank(MH) = p

.

Furthermore, if rank(MH) = p, then

γSIopt(H) = sup
z∈C
|z|=1

1

σmin[H(z)]
.

The proof of Theorem 4.2.1 requires some preparation. The fol-
lowing lemma establishes a simple condition for when the so-called
para-pseudoinverse is stable and causal.

Lemma 4.2.2. Let H ∈ RHq×p∞ satisfy rank[H(z)] = p for all z ∈ C with
|z| = 1, and define the para-pseudoinverse H‡ := (H∼H)−1H∼. Then,
H‡ ∈ RHp×q∞ if and only if γSIopt(H) <∞ and rank(MH) 6 p.

Proof. We start with the “only if” part of the lemma. By Lemma
2.7.1, there exists a reduced inner-outer factorization H = HiHo, i.e.,
Hi ∈ RHq×p∞ , Ho,H−1

o ∈ RHp×p∞ and H∼
iHi = Ip. Then,

H‡ = (H∼
oH

∼
iHi︸ ︷︷ ︸
=Ip

Ho)
−1H∼

oH
∼
i

= H−1
o (H∼

o)
−1H∼

oH
∼
i

= H−1
o H∼

i ,

which implies that H∼
i = HoH

‡ ∈ RHp×q∞ . Since also Hi ∈ RHq×p∞ ,
this shows that the inner factor is constant, Hi ∈ Cq×p. We set U1 :=
Hi and choose a second matrix U2 ∈ Cq×(q−p) such that the matrix
U :=

[
U1 U2

]
is unitary. Then,

‖H−HiHo‖22 =

∥∥∥∥H−
[
U1 U2

] [ Ho
0

]∥∥∥∥2
2

(2.6.1)
=

∞∑
k=0

∥∥∥∥∥Ĥk − [ U1 U2
] [ (̂Ho)k

0

]∥∥∥∥∥
2

F

(U unitary)
=

∞∑
k=0

∥∥∥∥∥
[
U∗1Ĥk
U∗2Ĥk

]
−

[
(̂Ho)k
0

]∥∥∥∥∥
2

F
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= 0.

In particular, we have U∗2Ĥk = 0 for all k ∈N. Thus,

rank (MH) = rank
([
Ĥ0 Ĥ1 . . . Ĥκ

])
(U unitary)

= rank
(
U∗
[
Ĥ0 Ĥ1 . . . Ĥκ

])
(U∗2Ĥk=0)= rank

([
U∗1Ĥ0 U∗1Ĥ1 . . .

0(q−p)×p 0(q−p)×p . . .

U∗1Ĥκ
0(q−p)×p

])
6 p.

The fact that γSIopt(H) < ∞ follows trivially from the definition of
γSIopt because H‡ ∈ RHp×q∞ satisfies H‡H = Ip by construction.

We now show the “if” part of the lemma. We bring in a minimal
state-space realization

H =

[
A B

C D

]
.

The Cayley-Hamilton Theorem allows us to write

Aκ = α0Iκ +α1A+ · · ·+ακ−1Aκ−1

for some scalars α0, . . . ,ακ−1 ∈ C [25, Ch. 2.2.J]. Thus,

Ĥκ+1
(Lem. 2.5.1)

= CAκB

= α0CB+α1CAB+ · · ·+ακ−1CAκ−1B
= α0Ĥ1 +α1Ĥ2 + · · ·+ακ−1Ĥκ

is a linear combination of the Ĥ1, . . . , Ĥκ and

rank (MH) = rank
([
Ĥ0 Ĥ1 . . . Ĥκ

])
= rank

([
Ĥ0 Ĥ1 . . . Ĥκ Ĥκ+1

])
.

Since we can iterate this argument infinitely often, we see that

rank
([
Ĥ0 Ĥ1 Ĥ2 . . .

])
= rank (MH) 6 p,

and we can find a unitary matrix U =
[
U1 U2

]
∈ Cq×q such that

U1 ∈ Cq×p and

U∗
[
Ĥ0 Ĥ1 Ĥ2 . . .

]
=

[
U∗1Ĥ0 U∗Ĥ1

0(q−p)×p 0(q−p)×p

U∗1Ĥ2 . . .

0(q−p)×p . . .

]
.

Thus, U∗2H = 0. We now choose Hi := U1 ∈ RHq×p∞ and Ho :=

U∗1H ∈ RHp×p∞ . The assumption γSIopt(H) < ∞ ensures that we can
furthermore choose G ∈ RHp×q∞ such that

Ip = GH

(U unitary)
= GUU∗H

(U∗2H=0)
= G

[
U1 U2

] [ Ho
0

]
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= GU1Ho.

But then, H−1
o = GU1 ∈ RHp×p∞ . Since Hi also satisfies H∼

iHi =

U∗1U1 = Ip by construction, we have found an inner-outer factoriza-
tion H = HiHo with constant inner factor. As in the “only if” part of
the proof, it now follows that H‡ = H−1

o H∼
i ∈ RHp×q∞ .

We are now ready to prove Theorem 4.2.1.

Proof. (of Theorem 4.2.1) We start with some preparations. First, we
prepare the use of Theorem 2.9.2. Let us define

a(eiθ) := H∼(eiθ)H(eiθ) = H(eiθ)∗H(eiθ) (0 6 θ < 2π).

The assumption γSIopt(H) < ∞ ensures that H(eiθ) is left-invertible
for all θ ∈ [0, 2π). Thus, by Section 2.9, a(eiθ) is invertible and
det[a(eiθ)] 6= 0 for all θ ∈ [0, 2π). Similarly, we have dim ker(T†a) = 0
because Ta = TH∼H = T∗HTH by Section 2.9.2/1,2 and the left-
invertibility of TH implies that T∗HTH is invertible. (Note that the
left-invertibility also is a consequence of Section 2.9.2/1. We have
TGTH = TGH = Ip for any G ∈ RHp×q∞ with GH = Ip, and such G
exists by assumption.) We see that

k0 = dim ker(T†a) + dim ker(T†a∼)

(a=a∼)
= 2dim ker(T†a)

= 0.

Thus, a satisfies the assumptions in Theorem 2.9.2, and the singular
value in (2.9.4) becomes µ[ΓN(a)] = σmin[ΓN(a)]. Next, we consider
the finite sections ΓN(a) given in (2.9.3). The Fourier coefficients of a
satisfy

ăj =

∞∑
k=−∞

˘(H∼)kH̆j−k

=

∞∑
k=−∞ H̆

∗
−kH̆j−k

(H∈RHq×p∞ )
=

0∑
k=−∞ H̆

∗
−kH̆j−k

=

∞∑
k=0

H̆∗kH̆k+j

=

∞∑
k=0

Ĥ∗kĤk+j

for all j > 0 and ăj := ă∗−j for all j < 0. Compare Section 2.9.2. On
the other hand, the entries of the block matrix

[ΓN(H)]
∗ΓN(H) =:


b0,0 b0,1 . . . b0,N−1

b1,0 b1,1 . . . b1,N−1

...
...

...

bN−1,0 bN−1,1 . . . bN−1,N−1
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are given by

bi,j =

N−1∑
k=0

Ĥ∗k−iĤk−j

=

N−1−i∑
k=−i

Ĥ∗kĤk+i−j

(H∈RHq×p∞ )
=

N−1−i∑
k=0

Ĥ∗kĤk+i−j.

When we compare them to the entries of ΓN(a), we find that

ΓN(a) − [ΓN(H)]
∗ΓN(H) = [ai−j − bi−1,j−1] = [ΦN(H)]

∗ΦN(H) � 0,
(4.2.1)

where

ΦN(H) :=



Ĥ1 Ĥ2 . . . ĤN

Ĥ2 . .
.
ĤN+1

... . .
.
. .
. ...

ĤN . .
.

ĤN+1

...


is a∞×Np block Hankel matrix. Finally, we also have

d = min(‖T†a‖−1op , ‖T†a∼‖−1op)
(a=a∼)

= ‖T†a‖−1op
(Lem. 2.9.1)

= [γSIopt(H)]
−2, (4.2.2)

and

‖Ta−1‖−1
(Sec. 2.9.2/3)

= ‖a−1‖−1∞
= ‖(H∼H)†‖−1∞
=

1

sup z∈C
|z|=1
‖[H(z)∗H(z)]†‖S

(Sec. 2.9.1/4)
=

1

sup z∈C
|z|=1
‖H(z)†[H(z)†]∗‖S

(Sec. 2.9)
=

1

sup z∈C
|z|=1
‖H(z)†‖2S

= ‖H‡‖−2∞ . (4.2.3)

We are now finished with the preparations. In the following, let us
distinguish two cases.

The first case is rank(MF) > p. We then have

d
(4.2.2)
= [γSIopt(H)]

−2 < ‖H‡‖−2∞ (4.2.3)
= ‖Ta−1‖−1op

because Lemma 4.2.2 implies γSIopt(H) > ‖H‡‖∞. Application of
Theorem 2.9.2 shows that there exists some δ > 0 such that |d −

σmin[ΓN(a)]| ∈ O(e−δ
√
N). Since

d
(4.2.2)
= [γSIopt(H)]

−2
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(Th. 4.1.1)
6 σ2min[ΓN(H)]

= σmin([ΓN(H)]
∗ΓN(H))

(4.2.1)
6 σ2min[ΓN(a)],

we obtain |d− σ2min[ΓN(H)]| ∈ O(e−δ
√
N). It remains to show

|d−1/2 − σ−1min[ΓN(H)]| =

∣∣∣∣ 1

σmin[ΓN(H)]
− γSIopt(H)

∣∣∣∣ ∈ O(e−δ
√
N).

We define a sequence (CN)N∈N ⊆ [0,∞) via

CN := (σmin[ΓN(H)] + d
1
2 )σmin[ΓN(H)]d

1
2 .

Then, limN→∞CN = 2d
3
2 > 0 because

lim
N→∞σmin[ΓN(H)]

(4.2.2)
= d

1
2 = [γSIopt(H)]

−1 > 0

by Theorem 4.1.1, and there exists N0 ∈N such that d
3
2 < CN for all

N > N0. Hence, by Theorem 4.1.1 and (4.2.2),

d
3
2 |γSIopt(H) − σ

−1
min[ΓN(H)]| = d

3
2 |d−

1
2 − σ−1min[ΓN(H)]|

6 CN|d
− 1
2 − σ−1min[ΓN(H)]︸ ︷︷ ︸

>0

|

= CN(d
− 1
2 − σ−1min[ΓN(H)])

= (σmin[ΓN(H)] + d
1
2 )σmin[ΓN(H)]

×d
1
2 (d−

1
2 − σ−1min[ΓN(H)])

= σ2min[ΓN(H)] − d︸ ︷︷ ︸
>0

= |σ2min[ΓN(H)] − d| ∈ O(e−δ
√
N)

for all N > N0. This finishes the proof of the first case.
In the second case, rank(MF) 6 q, Theorem 2.9.2 only gives O( lnN

N )

but Lemma 4.2.2 implies

γSIopt(H) = ‖H‡‖∞ = sup
|z|=1

σ−1min[H(z)].

Note that γSIopt(H) <∞ implies rank(Ĥ0) = rank[H(∞)] = p by Corol-
lary 3.1.4. Thus, rank(MF) > p, and it must hold rank(MF) = p. In
particular, the case rank(MF) < p cannot occur.

4.3 connection to the infima in other H∞ problems

Next, we extend the finite section method from Theorem 4.1.1 for find-
ing lower bounds on the infimum in H∞ system inversion to other
problems with H∞ criterion.

4.3.1 Filtering with Probably Unstable Plant

We have already observed that numerical solution of the system in-
version problem requires computation of the infimal norm among
all left-inverses. Something similar can be observed in the filtering
problem. Let us give an exact problem statement.
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Problem 4.3.1 (Filtering with H∞ Criterion). Let M ∈ Rq1×p and
N ∈ Rq2×p denote two proper rational matrices, and let γ > 0.3

Then, we want to find Q ∈ RHq1×q2∞ such that M+QN ∈ RHq1×p∞
and

‖M+QN‖∞ < γ.

Numerical solution of the filtering problem with probably unstable
plant has been established, e.g., by Hung [17] and Takaba [52]. As in
system inversion, the following infimal norm has to be approximated
before Problem 4.3.1 can be solved.

Problem 4.3.2 (Infimum in H∞ Filtering). With definitions as in Prob-
lem 4.3.1, what is the value of

γFLopt(M,N) := inf({‖M+QN‖∞ : Q ∈ RHq1×q2∞ ,

M+QN ∈ RHq1×p∞ }∪ {∞})?

The goal of this section is to show how the computation of the
filtering infimum γFLopt can be reduced to computation of a system
inversion infimum γSIopt as in Problem 4.0.2. This will enable us to
use the approximation method in Theorem 4.1.1 in order to obtain
arbitrarily good lower bounds on γFLopt.

The main result of this section is as follows.

Theorem 4.3.3. Let M ∈ Rq1×p and N ∈ Rq2×p denote proper rational
matrices and assume that N has normal rank q2 and no z ∈ C with |z| = 1

is a zero of N. Then, we can find a generalized outer-co-inner factorization
(cf. Section 2.7)

P :=

[
M I

N 0

]
=
[
Po 0

]
Pi, (4.3.1)

that satisfies the minimality assumption (2.7.8). Furthermore, the solution
of Problem 4.3.2 is given by

γFLopt(M,N) =

√[
γSIopt

([
Iq1 0

]
P−1o

)]2
− 1. (4.3.2)

We have to derive an auxiliary result before we can prove Theorem
4.3.3. The following lemma characterizes the stabilizing parameters
in Problem 4.3.2 in terms of the outer factor Po.

Lemma 4.3.4 (Stabilizing Parameters). We consider Problem 4.3.2. As-
sume that a generalized outer-co-inner factorization (4.3.1) that satisfies
(2.7.8) is given. We partition

Po =:

[
Po1
Po2

]
(Po1 ∈ Rq1×(q1+q2)).

Then,

{Q ∈ RHq1×q2∞ :M+QN ∈ RHq1×p∞ }

= {Q ∈ RHq1×q2∞ : Po1 +QPo2 ∈ RHq1×(q1+q2)∞ }.(4.3.3)

3 We use the general formulation (2.10.1) of the filtering problem, where the plant is
not required to be stable. Compare Section 2.10. The reason is that a stable plant
will not simplify matters in this chapter.
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Proof. We introduce the sets

A :=
{
Q ∈ RHq1×q2∞ :

[
I Q

]
P ∈ RHq1×(p+q1)∞

}
,

B :=
{
Q ∈ RHq1×q2∞ :

[
I Q

]
Po ∈ RHq1×(q1+q2)∞

}
.

Then, the claim (4.3.3) is equivalent to A = B.
“A⊆B”: Assume that[

I Q
]
P ∈ RHq1×(p+q1)∞

for some Q ∈ RHp2×p1∞ , and partition u1
...

uq1

 :=
[
I Q

]

where u1, . . . ,uq1 ∈ RH1×(q1+q2)∞ . Then, ukP ∈ RH1×(p+q1)∞ and, by
(2.2.1),

lim
z→z0

‖uk(z)P(z)‖S <∞
for all k = 1, . . . ,q1 and |z0| > 1. The minimality assumption (2.7.8)
implies that also

lim
z→z0

‖uk(z)Po(z)‖S <∞
for all k = 1, . . . ,q1 and |z0| > 1, which in turn shows that

lim
z→z0

∥∥[ I Q(z)
]
Po(z)

∥∥
S

= lim
z→z0

∥∥∥∥∥∥∥
 u1(z)

...

uq1(z)

Po(z)
∥∥∥∥∥∥∥
S

< ∞
for all |z0| > 1. Thus, again by (2.2.1),[

I Q
]
Po ∈ RHq1×(q1+q2)∞ .

“A ⊇ B”: Assume that Po1 + QPo2 ∈ RHq1×p∞ for some Q ∈
RHq1×q2∞ . Then,

[
I Q

] [ M I

N 0

]
=
[
I Q

] [
Po 0

]
Pi ∈ RHq1×(p+q2)∞

because Pi ∈ RH(q1+q2)×(p+q1)∞ and
[
I Q

]
Po ∈ RHq1×(q1+q2)∞ .

We are now ready to prove Theorem 4.3.3.

Proof. (of Theorem 4.3.3) The existence of the factorization follows
from Lemma 2.7.3 and its definition. We partition Po as in Lemma
4.3.4. Then, we have

‖M+QN‖2∞ =

∥∥∥∥[ I Q
] [ M I

N 0

]∥∥∥∥2∞ − 1

=
∥∥[ I Q

] [
Po 0

]
Pi
∥∥2∞ − 1

=
∥∥[ I Q

] [
Po 0

]∥∥2∞ − 1
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= ‖Po1 +QPo2‖2∞ − 1

for all Q ∈ RHq1×q2∞ because Pi is co-inner. By Lemma 4.3.4,

[γFLopt(M,N)]2 = inf
Q∈RH

q1×q2∞
M+QN∈RH

q1×p∞
‖M+QN‖2∞

(4.3.3)
= inf

Q∈RH
q1×q2∞

Po1+QPo2∈RH
q1×(q1+q2)∞

‖Po1 +QPo2‖2∞ − 1.

Now, let us partition[
P+o1 P+o2

]
:= P−1o (P+o1 ∈ RH(q1+q2)×q1∞ ),

and note that we have

{Po1 +QPo2 : Q ∈ RHq1×q2∞ ,Po1 +QPo2 ∈ RHq1×(q1+q2)∞ }

= {X ∈ RHq1×(q1+q2)∞ : XP+o1 = I}

because for any Q ∈ RHq1×q2∞ we have

[
Po1
Po2

] [
P+o1 P+o2

]
=

[
Iq1 0

0 Iq2

]
=⇒ (Po1 +QPo2)P

+
o1 = I+ 0,

and, for any X ∈ RHq1×(q1+q2)∞ with XP+o1 = I, the parameter Q :=

XP+o2 ∈ RHq1×q2∞ satisfies[
I Q

]
= X

[
P+o1 P+o2

]
=⇒

[
I Q

] [ Po1
Po2

]
= X.

In summary, we have

[γFLopt(M,N)]2 + 1 = inf
Q∈RH

q1×q2∞
Po1+QPo2∈RH

q1×(q1+q2)∞
‖Po1 + Po2Q‖2∞

= inf
X∈RH

q1×(q1+q2)∞
XP+
o1

=I

‖X‖2∞
= [γSIopt(P

+
o1)]

2.

4.3.2 Full Information Control

We have already introduced the full information control problem in
Section 2.8. The H∞ full information control is the following.

Problem 4.3.5 (Suboptimal Full Information Control with H∞ Crite-
rion). Consider a plant P as in (2.8.1) in full information configuration
(2.8.5), and let γ > 0. Then, we want to find an internally stabilizing
controller K as in (2.8.6) such that the transfer function of the closed-
loop system Fl(P,K) given in (2.8.7) satisfies

‖T Fl(P,K) ‖∞ < γ.
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Figure 4.4.1: Feedback System. P and K are proper rational matrices.

Again, we have to find a suitable γ.

Problem 4.3.6 (Infimum in H∞ Full Information Control). With defi-
nitions as in Problem 4.3.5, what is the value of

γFIopt(P) := inf({‖T Fl(P,K) ‖∞ : K as in (2.8.6)

internally stabilizing}∪ {∞})?

The next theorem shows how the computation of γFIopt can be reduced
to the computation of a system inversion infimum γSIopt as in Problem
4.0.2. This will enable us to use the approximation method in Theo-
rem 4.1.1 in order to obtain arbitrarily good lower bounds on γFIopt.

Theorem 4.3.7. We consider a plant P of the form (2.8.1) in full informa-
tion control configuration (2.8.5) and with (A,B2) stabilizable. We also
introduce two proper rational matrices, M := D11 +C(z In −A)−1B1 and
N := D12 + C(z In −A)−1B2. Assume that N has normal rank p2 and
no z ∈ C with |z| = 1 is a zero of N. Then, we can find a generalized
outer-co-inner factorization

P :=

[
MT I

NT 0

]
=
[
Po 0

]
Pi,

such that that the minimality assumption (2.7.8) is satisfied. Furthermore,
the solution to Problem 4.3.6 is given by

γFIopt(P) =

√
γSIopt

([
Iq1 0

]
P−1o

)2
− 1. (4.3.4)

Proof. In light of [10, Th. 7.71], we have γFIopt(P) = γFLopt(M
T ,NT ).

The claim now follows directly from Theorem 4.3.3.

4.4 notes and references

• The matrix MH in Theorem 4.2.1 has been named “output con-
trollability” matrix because it appears in a criterion for the so-
called complete output controllability of a linear time-invariant
discrete-time system. Compare Sarachik and Kreindler [87, Th.
2], Sain and Massey [68, Ch. VII] or Antsaklis and Michel [25,
Ex. 3.5+3.8+3.9].
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• The infimum γSIopt has an interesting application in the stabi-
lization of feedback systems. Consider the feedback system de-
picted in Figure 4.4.1. The feedback system is considered stable
if the mappings ui 7→ ej, i, j ∈ {1, 2}, are stable. The gap metric,
which was introduced by El-Sakkary [88], measures how close
the feedback system is to loosing stability subject to a certain
type of perturbations of the plant P. Georgiou and Smith [89,
Rem. 1] have pointed out that computing the gap metric is iden-
tical to finding the infimum γSIopt in a system inversion problem.
Iterative algorithms (γ-iterations) that compute the gap metric
have been given in Georgiou [90] and Hirata et al. [91].

• There are some closed-form formulas for the infimum γFIopt in
full information control. Let us consider a plant (2.8.1) in full
information control configuration (2.8.5). We define

[
M N

]
:=

[
A B1 B2
C D11 D12

]
.

Chen et. al. [92] and Chu [79] gave non-iterative algorithms
that find the infimum4 subject to the assumptions

1. (A,B2) is stabilizable,

2. D12 = 0q1×p2 ,

3. N has no invariant zeros on the unit circle, and

4. normrank(N) = normrank(
[
M N

]
).5

Our assumptions in Theorem 4.3.7 are different. We do not im-
pose the second assumption and, instead of the third assump-
tion, we assume thatN has no finite zeros on the unit circle. The
major difference however lies in the fourth assumption. Instead
of it, we demand that N has full column normal rank. In our
setting, the fourth assumption of [92, 79] is satisfied automati-
cally if N is square. Otherwise, the algorithms in [92, 79] may
or may not be applicable.

• The asymptotic numerical accuracy of the approximation
method in Theorem 4.1.1 can be analyzed as follows. Suppose
that some singular value decomposition algorithm has found
approximations σ̂min[ΓN(H)] of the σmin[ΓN(H)] such that, with
εfp denoting the corresponding machine precision, the approx-
imation errors are upper bounded by

|σ̂min[ΓN(H)] − σmin[ΓN(H)]| 6 εfpσmax[ΓN(H)]

for all N ∈ N [94, Lec. 13]. This is the usual behavior [95, Sec.
1]. Also assume that the condition number

cond(H) :=

{
γSIopt(H)‖H‖∞ ,γSIopt(H) <∞∞ , otherwise

(4.4.1)

4 Chu [79] treats the continuous-time full information control problem. The bilinear
transform approach may be used to convert discrete-time problems in continuous-
time problems [93, Ch. 7.1.2], [21, Ch. 19.2].

5 This condition is often given in terms of geometric subspaces [92, Ch. 3]. Compare
[79, Cor. 5] and Section 2.5 on this reformulation.
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is finite with cond(H) < ε−1fp . Note that (4.4.1) generalizes the
condition number of a constant matrix [94, Lec. 12]. Similarly
to the constant case, we have cond(H) > 1 for all H ∈ RHq×p∞ .
We define two positive constants C+ and C−,

C± :=
γSIopt(H)

1± εfp cond(H)
.

Our assumptions ensure their well-definedness. The distances
of C± to γSIopt(H) can be upper bounded as follows,

|C± − γSIopt(H)| =

∣∣∣∣∣ γSIopt(H)

1± εfp cond(H)
− γSIopt(H)

∣∣∣∣∣
=

∣∣∣∣∣∓γSIopt(H)εfp cond(H)
1± εfp cond(H)

∣∣∣∣∣
6 εfpγ

SI
opt(H)

cond(H)
1− εfp cond(H)

. (4.4.2)

Since always σmax[ΓN(H)]) 6 ‖H‖∞ [86, Ch. 3], we see that

σ̂min[ΓN(H)] ∈
[
σmin[ΓN(H)] − εfpσmax[ΓN(H)],

σmin[ΓN(H)] + εfpσmax[ΓN(H)]
]

⊆
[
σmin[ΓN(H)] − εfp‖H‖∞,

σmin[ΓN(H)] + εfp‖H‖∞]
for all N ∈ N. Let us define the distance between z ∈ R and
the interval [x,y] ⊆ R, x 6 y, as dist([x,y], z) := infẑ∈[x,y] |z− ẑ|.
Then, as σmin[ΓN(H)] → [γSIopt(H)]

−1 as N → ∞ by Theorem
4.1.1, we must have

lim
N→∞dist

([
γSIopt(H)]

−1 − εfp‖H‖∞,

[γSIopt(H)]
−1 + εfp‖H‖∞] , σ̂min[ΓN(H)]

)
= 0

as well as

lim
N→∞dist

([
1

[γSIopt(H)]
−1 + εfp‖H‖∞ ,

1

[γSIopt(H)]
−1 − εfp‖H‖∞

]
, σ̂−1min[ΓN(H)]

)
= lim

N→∞dist
(
[C+,C−] , σ̂−1min[ΓN(H)]

)
= 0.

In light of (4.4.2), this proves that the asymptotic approximation
error is upper bounded as follows,

lim sup
N→∞ |σ̂−1min[ΓN(H)] − γ

SI
opt(H)|

6 εfpγ
SI
opt(H)

cond(H)
1− εfp cond(H)

.

By definition of the machine precision, we cannot expect this
error to be lower than εfpγSIopt(H) [94, (13.4)]. Hence, the ap-
proximations σ̂−1min[ΓN(H)] of γSIopt(H) are of high numerical pre-
cision as long as the system inversion problem itself is not ill-
conditioned and N is large enough.
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• In this chapter, we have considered system inversion only with-
out decision delay because a direct extension of our results to
the general case with delay seems hard. Although a suitable
generalization of the Toeplitz Corona theorem (2.9.2) can be
found in Nikolski [39, Ch. 9], the analysis of the finite sec-
tion method becomes involved. Nevertheless, we can treat the
case with delay as follows. Fast algorithms that the solve the
analogue of Problem 4.0.1 with delay, i.e., given γ > 0 find
Gopt such that GoptH = z−L Ip and ‖Gopt‖∞ < γ, are readily
obtained if standard fixed-lag smoothing algorithms like in Tak-
aba [56, Th. 6.5] or Tadmor and Mirkin [59] are applied to the
parametrization in Proposition 3.1.8. The analogue of Problem
4.0.2 is to find

γ
SI,delay
opt (H,L) := inf({‖G‖∞ : G ∈ RHp×q∞

and GH = z−L Ip}∪ {∞}).

Proposition 3.1.8 allows us to rewrite

γ
SI,delay
opt (H,L) = inf

K∈RH
p×(q−p)∞

‖ z−LA∼S+ +KS+⊥‖∞.

But this is the infimum of a filtering problem as treated in Sec-
tion 4.3.1. Hence, we can use Theorem 4.3.3 in order to find
good lower bounds on γSI,delayopt (H,L). Unfortunately, this ap-
proach has the disadvantage that the computational costs of the
generalized inner-outer factorization in Theorem 4.3.3 grow cu-
bically with the decision delay.
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5
R E A L I Z A B L E T O M L I N S O N - H A R A S H I M A
P R E C O D E R S

In the previous two chapters, we have discussed the optimal inver-
sion of linear systems. As was shown in Corollary 3.1.4, a stable and
causal inverse exists if and only if the zeros of the system are con-
tained strictly inside the unit circle and the system has full normal
rank. A finite delay improves the situation only marginally, as only
additional zeros at infinity can be tolerated. Compare (3.1.5). In sit-
uations where finite zeros on or outside the unit circle occur, causal
inverses always become unstable. If an unstable inverse is used to pre-
equalize a data signal prior to transmission over a communications
channel then eventually infinite transmit power is required because
the to be transmitted pre-equalized signal usually grows to infinity
as time passes by. Tomlinson [96] had the idea to stabilize the unsta-
ble inverse by assuming a bounded data signal and using a recursive
implementation in order to realize the inverse. If the usual adders in
the recursive implementation of the inverse are replaced with mod-
ulo adders and an additional modulo operator at the receiver is em-
ployed, pre-equalization with finite transmit power is possible de-
spite the unstable zeros. The same idea was proposed independently
by Harashima by Miyakawa [97], and nowadays schemes that realize
this basic idea are called Tomlinson-Harashima precoding.

In this chapter, we derive the optimal filters for a particular
Tomlinson-Harashima precoding scheme. Since there are many vari-
ants of Tomlinson-Harashima precoding, we first review the litera-
ture. Then, we introduce the system model considered in this thesis
and derive the optimal filters for this configuration. Next, we discuss
the role of a certain parameter in the system model that has been
ignored in the literature so far. We provide a novel operational inter-
pretation. Finally, a fast algorithm for the computation of the optimal
filters is derived and some numerical experiments are presented.

5.1 review of tomlinson-harashima precoding

The classical variant of Tomlinson-Harashima Precoding corresponds
to Figure 5.1.1a if we choose a causal feedback filter T subject to the
zero-forcing constraint T = I − HG, where H denotes the channel
and G the feedforward filter. The feedforward filter G usually is re-
quired to make T causal and strictly lower triangular at infinity. This
ensures realizability of the feedback loop. The optimal zero-forcing
feedforward filter G for single-input single-output (SISO) channels H
is already derived in the original work of Harashima and Miyakawa
[97]. Here, optimal means that the average mean square error is min-
imized. We note that G may be non-causal. Cioffi and Dudevoir [98]
proposed to drop the zero-forcing constraint and derived the jointly
optimal feedforward filter G and feedback filter T for SISO channels.
Extensions of these results to multiple-input multiple-output (MIMO)
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Figure 5.1.1: Tomlinson-Harashima Precoding / Π: permutation ma-
trix; Mod: modulo operator; T : feedback filter; H: chan-
nel; Ψ: noise model; G,P: feedforward filter; Qnt: quan-
tizer; Scl: scaling device
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case have been derived by Ginis and Cioffi [99] for flat-fading chan-
nels and Fischer et al. [100] for general channels. Next to the tempo-
ral feedback already present in SISO channels, now also spatial feed-
back is included. The order of the data streams may influence the
overall performance of the system. Efficient algorithms that succes-
sively optimize the precoding order have been described by Fischer
[101]. Finally, we remark that often the optimal feedforward and feed-
back filters of decision feedback equalizers are placed in Tomlinson-
Harashima precoders. However, this approach is only optimal if the
zero-forcing constraint is enforced. See, e.g., Wesel and Cioffi [102] or
Fischer [103, §3.7].

Another variant of Tomlinson-Harashima Precoding moves the
feedforward filter to the transmitter. See Figure 5.1.1b. The moti-
vation for this step usually is that the resulting receivers are of low
complexity. In particular, the single data streams can be processed
independently at the receiver. This allows the receiver to be decen-
tralized. A disadvantage of the model in Figure 5.1.1b is that the
feedforward filter P has to be designed subject to a transmit power
constraint. This may cause a scaling mismatch at the receiver which
has to be corrected in order to avoid the serious performance degrada-
tions observed by Gibbard and Sesay [104]. See Figure 5.1.2. Hence,
we have to include an additional scaling device at the receiver that
corrects scaling mismatches. The usual way to enforce the transmit
power constraint is to rescale a feedforward filter P that has been de-
signed in ignorance of the transmit power constraint. The scaling de-
vice at the receiver then has to revert this step. See, e.g., Fischer [101],
Liu and Duel-Hallen [105] or Liu and Krzymien [106]. The a posteri-
ori rescaling of the feedforward filter is optimal as long as the zero-
forcing constraint has to be enforced. However, this is no longer the
case if the zero-forcing constraint is dropped and approaches like in
Fischer [101, Sec. II.C] become suboptimal. A different approach was
taken by Joham et al. [107] where a simple additional scalar receive
filter that is to be jointly optimized with the feedforward filter P and
feedback filter T has been added to the system model. Unfortunately,
Joham et al. [107] do not discuss the role of the additional scalar re-
ceive filter. In particular, it remains unclear whether the inclusion of
the additional scalar receive filter will also compensate scaling mis-
matches or whether an additional scaling device has to be employed.
The latter would be especially unpleasant as it invalidates the model
of the mean square error used by Joham et al. [107]. The actual
implementation of the scaling device is a gray area in the literature.
Some authors refer to the scaling device as an automatic gain control
without further discussion of its inner workings (e.g., Fischer [101]
or Castro et al. [108]). However, this appellation is somewhat mis-
leading because the scaling device is not an automatic gain control in
the usual sense. An automatic gain control scales the input signal at
the receiver prior to analog-to-digital conversion such that the scaled
signal is compatible with the dynamic range of the analog-to-digital
converter. Usually, this is achieved by normalizing the average power
of the input signal (or some other criterion like peak amplitude) to
a fixed value. In particular, an automatic gain control is “automatic”
in the sense that it acts autonomously on the input signal, i.e., no
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Figure 5.1.2: Correction of a scaling mismatch.

additional inputs are required. See, e.g., Whitlow [109] on implemen-
tation details. However, due to the periodic extension of the modu-
lation alphabet inherent to Tomlinson-Harashima Precoding the av-
erage power that the input signal at the receiver should be scaled
to is variable and depends on the actual filters used, a fact which
has been recognized by Badra and Daneshrad [110]. Consequently,
the scaling device cannot act autonomously. Badra and Daneshrad
[110] tried to circumvent this problem by designing special training
preambles from which the correct scaling factor can be derived with
an automatic gain control, but unfortunately their preamble design is
erroneous as we will show in this chapter. Nevertheless, we will also
show that it is possible to modify the preamble design algorithm of
Badra and Daneshrad [110] such that the receiver can find the correct
scaling factor under the hypothetical assumption that the receiver
knows the average power of the preamble send by the transmitter.
While this hypothetical scaling device is not suited for real-world im-
plementation because the average power of the preamble depends on
the filters used, it will be useful from a theoretical point of view. In
fact, we are able to show that the additional scalar receive filter em-
ployed in Joham et al. [107] can be interpreted as a linearization of
this hypothetical scaling device. Hence, we provide an operational
interpretation of the additional scalar receive filter.
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The inclusion of an additional scalar receive filter in Joham et al.
[107] has the advantage that the effect of the scaling device is incor-
porated into the optimization. This observation is, as just discussed,
one of the results of this chapter. However, Joham et al. [107] have
only considered the case of finite impulse response channels and fil-
ters. In general, this can lead to suboptimal or overly complex pre-
coders because there are situations where it is more efficient to use
low complexity infinite impulse response channel models. See, e.g.,
Bai and Fu [12] or Zhang and Bitmead [13, 14]. This is often the case
in channels with long impulse responses that are well-approximated
by low order infinite impulse response models. Examples are digi-
tal subscriber lines [11, 111, 112, 113], ethernet cables [114, 115], or
silicon carrier channels [116]. Hence, we are interested in dropping
the finite impulse response constraints made by Joham et al. [107].
However, the optimal solutions to unconstrained filtering problems
often involve filters with bi-infinite impulse responses that cannot be
implemented in real-time. In order to solve this dilemma, sometimes
the anti-causal part of the according filters is constrained to have a
finite impulse response of an fixed order. The causal part may still
have an infinite impulse response. Such filters are called realizable
and can be evaluated in real-time subject to a finite latency time. The
optimal realizable linear equalizer and decision feedback equalizer
are well-known in the literature. For example, the optimal realizable
linear equalizer can be obtained using the polynomial approach of
Ahlèn and Sternad [117]. Other possibilities are to use the classical
Wiener approach or the Kalman filter as discussed e.g. by López-
Valcarce [118]. The optimal realizable decision feedback equalizer
can be obtained using similar techniques. See Tidestav et al. [119]
or again López-Valcarce [118]. The complexity of finding optimal re-
alizable filters usually depends two factors: the McMillan degrees of
channel and noise model, and the latency time. While naively im-
plemented algorithms usually have cubic complexity in the latency
time, it is often possible to reduce the complexity. Fast algorithms for
the computation of the optimal realizable linear equalizer with lin-
ear complexity in the latency time have been around for a long time.
See the references on H2 fixed-lag smoothing given in Section 2.10.
Fast algorithms for the optimal realizable decision feedback equalizer
with quadratic complexity in the latency time have been established
by Wahls and Boche [120]. Note that these results consider only the
case where the feedback filter is zero at infinity. Results on realizable
decision feedback equalizers that employ feedback filters which are
strictly lower triangular at infinity seem to be lacking in the literature.
The situation is even worse with Tomlinson-Harashima precoding.
The optimal realizable Tomlinson-Harashima precoder with respect
to the model where the feedforward filter is located at the transmit-
ter and an additional scalar receive filter is employed seems to be an
open problem that is still open, no matter what kind of feedback filter
is considered.
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5.2 system model and problem statement

We consider the setup in Figure 5.1.1b. The data signal s = (sk)k∈N

is a white q× 1 stochastic process with variance 1. We assume that
the components of the data vectors sk belong to a finite modulation
alphabet M ⊂ C, i.e., sk ∈ Mq for all k ∈ N. We only consider
modulation alphabets which are subsets of an infinite square lattice in
the complex plane in order to ensure compatibility with the following
modulo operation. The noise signal η = (ηk)k∈N is a white q× 1
stochastic process with variance 1. We assume that η is independent
of s, E[ηis

∗
j ] = 0q. The channel H ∈ RHq×p∞ and the noise model

0 6= Ψ ∈ RHq×o∞ are both assumed fixed and known. The matrix
Π ∈ {0, 1}q×q denotes a permutation matrix. That is, there is exactly
one “1” in each column and row. The feedforward filter is assumed
stable and causal, P ∈ RHp×q∞ . The feedback filter is the stable and
causal filter T ∈ RHq×q∞ . We assume that the the feedback filter
T is strictly lower triangular at infinity in order to ensure physical
realizability of the feedback loop. With SLq×q denoting the set of
strictly lower triangular complex q× q matrices, that is T̂0 ∈ SLq×q.
The Mod blocks denote the modulo operator Mod : Cq → Cq,

Mod(v) := v− τfloor
(

Re(v)
τ

+
1

2

)
− i τfloor

(
Im(v)

τ
+
1

2

)
,

where the vector operations floor(v), Re(v) and Im(v) have to be
understood element-wise, and τ > 0 denotes the modulo constant.
The modulo constant depends on the modulation alphabet M and
should be chosen compatible to the modulation alphabet, i.e., such
that Mod(m + iτ + i jτ) = m for all m ∈ M and i, j ∈ Z. The Scl
block in front of the Mod block at the receiver denotes a scaling de-
vice which rescales the input signal such that the granularity of the
lattice formed by the received signal is compatible with the following
modulo operation. This correction is necessary because the power
constraint at the transmitter may cause a mis-scaling of the input sig-
nal at the receiver as illustrated in Figure 5.1.2. Gibbard and Sesay
[104] have shown that the overall system performance is sensitive to
such mis-scalings. Implementation aspects of the Scl block will be
discussed in Section 5.4. Finally, the Qnt block denotes the quantizer
(demodulator), which maps each component of the estimate s̃k+L of
sk to the nearest symbol in the modulation alphabet M that has been
used in the signal generation.

Our goal is to design the precoding filter P and the feedback filter
T . However, direct minimization of the mean square error between
s̃ and z−L s is intricate. Therefore, following Joham et al. [107], we
try a simpler model. We replace the scaling device with a scalar gain
α > 0. For reasons that we will discuss later in Section 5.4, the scalar
gain α is also considered part of the optimization. We also replace the
modulo operators in Figure 5.1.1b with two auxiliary signals a and
−ã (which depend on s and s̃). The replacements result in the setup
depicted in Figure 5.2.1.1 Note that we have introduced two new sig-

1 Note that v and s̃ in Figure 5.2.1 are given by v = (I+ T)Π(s+ a) and s̃ = d̃− ã,
respectively. Thus, if we denote the modulator outputs in Figure 5.1.1b by v ′ and s̃ ′,
then both models become equivalent in the sense that v = v ′ and s̃ = s̃ ′ if we choose
a = Π∗(I+ T)−1v ′ − s, ã = s̃− s̃ ′ and α such that αy = Scl(y).
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Figure 5.2.1: Tomlinson-Harashima precoding (auxiliary model) / Π:
permutation matrix; T : feedback filter; H: channel; Ψ:
noise model; P: feedforward filter; α: scalar gain; Qnt:
quantizer

nals in Figure 5.2.1: d = (dk)k∈N and d̃ = (d̃k)k∈N. In the following,
we will minimize the mean square error between d̃ and z−L d instead
of the mean square error between s̃ and z−L s. Therefore, note that
d̃ = αHPv+ αΨη and v = Πd+ Tv ⇐⇒ d = Π∗(I− T)v. Under the
assumption that the output v = (vk)k∈N of the demodulator can be
modeled as a white q× 1 stochastic process with variance σ2v > 0 that
is independent of s and η, E[vis

∗
j ] = E[viη

∗
j ] = 0q,2 we obtain an

explicit formula for the mean square error between d̃ and z−L d,

MSE(H,Ψ,Π,L,P, T ,α) := ‖ z−L d̃− d‖2RMS
= σ2v‖ z−LΠ∗(I− T) −αHP‖22

+α2‖Ψ‖22. (5.2.1)

We want to minimize the mean square error subject to a transmit
power constraint,

‖Pv‖2RMS = σ2v‖P‖22 6 Etr.

The optimal achievable performance in this problem is the minimum
mean square error given by

MMSE(H,Ψ,Π,L) := inf
α>0,T∈RH

q×q∞ ,T̂0∈SLq×q

P∈RH
p×q∞ ,σ2v‖P‖226Etr

MSE(H,Ψ,Π,L,P, T ,α).

(5.2.2)
Let us summarize our problem statement.

Problem 5.2.1 (Optimal realizable Tomlinson-Harashima precoder).
Assume that H, Ψ, Π, σ2v, Etr and L are as discussed in this section.
Then, find αopt > 0, Popt ∈ RHp×q∞ and Topt ∈ RHq×q∞ such that
σ2v‖Popt‖22 6 Etr, (̂Topt)0 ∈ SLq×q and

MSE(H,Ψ,Π,L,Popt, Topt,αopt) = MMSE(H,Ψ,Π,L).

2 The value σ2v = τ2/6 is a good approximation if the data symbols are approximately
uniformly distributed in {z = x+ iy : x,y ∈ [−τ/2, τ/2]} [103, §3.2.2].
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5.3 optimal filter design

We now present our main result on the optimal realizable Tomlinson-
Harashima precoder.

Theorem 5.3.1 (Optimal realizable Tomlinson-Harashima precoder).
We consider Problem 5.2.1.

1. Assume that Ĥk0 6= 0 for some k0 ∈ {0, . . . ,L}. We introduce the
(L+ 1)q× (L+ 1)p block Toeplitz matrix

M :=


ΠĤ0
ΠĤ1 ΠĤ0
ΠĤ2 ΠĤ1 ΠĤ0
...

...
. . .

. . .

ΠĤL ΠĤL−1 . . . ΠĤ1 ΠĤ0

 (5.3.1)

and define

uk :=

(
M∗

[
ILq+k

0q−k

]
M+

‖Ψ‖22
Etr

I

)−1

M∗eLq+k,

(5.3.2)
where k ∈ {1, . . . ,q} and ej denotes the j-th column of the identity
matrix I(L+1)q. We also set

P̃ :=
[

z−0 Ip z−1 Ip . . . z−L Ip
] [
u1 . . . uq

]
. (5.3.3)

Then, with �SL[·] denoting the strictly lower triangular part of a
matrix, Problem 5.2.1 is uniquely solved by

αopt :=
σv‖P̃‖2√
Etr

, (5.3.4)

Popt :=
1

αopt
P̃, (5.3.5)

Topt := −�SL[Π(̂HP̃)L] −Π

∞∑
k=1

(̂HP̃)k+L z−k . (5.3.6)

2. Assume that Ĥk = 0 for all k ∈ {0, . . . ,L}. Then, Problem 5.2.1
has infinitely many solutions. One particular solution is αopt = 0,
Popt = 0p×q, Topt = 0q.

Proof. “1.”: Let us first check that the given solution is well-defined
and satisfies the requirements in Problem 5.2.1. For the well-
definedness, we only have to ensure αopt > 0. Our assumption
Ĥk0 6= 0 ensures that M∗eLq+k1 6= 0 for some k1 ∈ {1, . . . ,q}. Then,
also uk1 6= 0 and hence P̃ 6= 0 and αopt = E

−1/2
tr σv‖P̃‖2 > 0. We

furthermore have Popt ∈ RHp×q∞ and σ2v‖Popt‖22 6 Etr because
Popt has a finite impulse response and by definition of αopt. Fi-
nally, we have Topt ∈ RHq×q∞ because H ∈ RHq×p∞ and P̃ has
a finite impulse response, as this implies HP̃ ∈ RHq×q∞ and thus∑∞
k=1 (̂HP̃)k+L z−k = zL(HP̃−

∑L
k=1 (̂HP̃)k+L z−k) ∈ RHq×q∞ .

Next, let us check that Popt, Topt and αopt solve Problem 5.2.1. We
introduce some auxiliary matrices,

Rk :=
[
ILq+k 0(Lq+k)×(q−k)

]
,
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MRq :=

 R1M ...

RqM

 (k ∈ {1, . . . ,q}).

For arbitrary α > 0, P ∈ RHp×q∞ with σ2v‖P‖22 6 Etr and T ∈ RHq×q∞ ,
we denote the columns of the matrix

[
p̃1 . . . p̃q

]
:=

 P̂0
...

P̂L


by p̃k and set ũk := αp̃k for all k ∈ {1, . . . ,q}. Then, with �U[·]
denoting the upper triangular part of a matrix, the corresponding mean
square error can be lower bounded as follows,

MSE(H,Ψ,Π,L,P, T ,α)

(2.6.1)
= σ2v

L−1∑
k=0

‖α(̂HP)k‖
2
F + σ

2
v‖T̂0 −α�SL[Π(̂HP)L]‖

2
F

+σ2v‖I−α�U[Π(̂HP)L]‖
2
F

+σ2v

∞∑
k=L+1

‖T̂k−L −αΠ(̂HP)k‖
2
F

+α2‖Ψ‖22 (5.3.7)

> σ2v

L−1∑
k=0

‖α(̂HP)k‖
2
F + σ

2
v‖I−α�U[Π(̂HP)L]‖

2
F

+α2‖Ψ‖22

> σ2v

L−1∑
k=0

‖α(̂HP)k‖
2
F + σ

2
v‖I−α�U[Π(̂HP)L]‖

2
F

+α2 E−1tr σ
2
v‖P‖22︸ ︷︷ ︸

61

‖Ψ‖22

> σ2v

L−1∑
k=0

‖α(̂HP)k‖
2
F + σ

2
v‖I−α�U[Π(̂HP)L]‖

2
F

+E−1tr σ
2
v‖Ψ‖22

L∑
k=0

‖αP̂k‖2F︸ ︷︷ ︸
6α2‖P‖22

(2.6.1)
= σ2v

∥∥∥∥∥∥∥∥∥∥


0q
...

0q
Iq

−α


(̂HP)0
...

(̂HP)L−1
�U[Π(̂HP)L


∥∥∥∥∥∥∥∥∥∥

2

F

+E−1tr σ
2
v‖Ψ‖22

∥∥∥∥∥∥∥∥∥


αP̂0
...

αP̂L−1
αP̂L


∥∥∥∥∥∥∥∥∥

2

F

(2.6.1)
= σ2v

∥∥∥∥∥∥∥
 R1eLq+1

...

RqeLq+q

−αMRq

 p̃1
...

p̃q


∥∥∥∥∥∥∥
2

F
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+σ2vE
−1
tr ‖Ψ‖22

∥∥∥∥∥∥∥α
 p̃1

...

p̃q


∥∥∥∥∥∥∥
2

F

= σ2v

∥∥∥∥∥∥∥
 R1eLq+1

...

RqeLq+q

−MRq

 ũ1
...

ũq


∥∥∥∥∥∥∥
2

F

+σ2vE
−1
tr ‖Ψ‖22

∥∥∥∥∥∥∥
 ũ1

...

ũq


∥∥∥∥∥∥∥
2

F

. (5.3.8)

By construction, all greater or equal signs in the derivation of this
lower bound can be replaced with equality signs if we choose α =

αopt, P = Popt and T = Topt. Hence, using that u1
...

uq

 =

(
σ2vM

∗
RqMRq +

σ2v‖Ψ‖22
Etr

I

)−1

σ2vM
∗
Rq

 R1eLq+1
...

RqeLq+q


(5.3.9)

is the unique solution to a minimization problem discussed in Section
2.9.1/5, we find that αopt, Popt and Topt indeed solve Problem 5.2.1
because

MSE(H,Ψ,Π,L,Popt, Topt,αopt)

= σ2v

∥∥∥∥∥∥∥
 R1eLq+1

...

RqeLq+q

−MRq

 u1
...

uq


∥∥∥∥∥∥∥
2

F

+σ2vE
−1
tr ‖Ψ‖22

∥∥∥∥∥∥∥
 u1

...

uq


∥∥∥∥∥∥∥
2

F

(5.3.9)
= inf

ũ1,...,ũq∈C(L+1)p×q

σ2v
∥∥∥∥∥∥∥
 R1eLq+1

...

RqeLq+q

−MRq

 ũ1
...

ũq


∥∥∥∥∥∥∥
2

F

+σ2vE
−1
tr ‖Ψ‖22

∥∥∥∥∥∥∥
 ũ1

...

ũq


∥∥∥∥∥∥∥
2

F


(5.3.8)
6 MMSE(H,Ψ,Π,L). (5.3.10)

Finally, let us establish the uniqueness of our solution to Problem
5.2.1. Assume that α ′opt > 0, P ′opt ∈ RHp×q∞ and T ′opt ∈ RHq×q∞
form an arbitrary solution to Problem 5.2.1. As before, we denote the
columns of the matrix

[
p̃ ′1 . . . p̃ ′q

]
:=


(̂P ′opt)0

...

(̂P ′opt)L


by p̃ ′k and set ũ ′k := α ′optp̃

′
k for all k ∈ {1, . . . ,q}. Then,

MSE(H,Ψ,Π,L,P ′opt, T
′
opt,α

′
opt)
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(5.3.8)
> σ2v

∥∥∥∥∥∥∥
 R1eLq+1

...

RqeLq+q

−MRq

 ũ ′1
...

ũ ′q


∥∥∥∥∥∥∥
2

F

+σ2vE
−1
tr ‖Ψ‖22

∥∥∥∥∥∥∥
 ũ ′1

...

ũ ′q


∥∥∥∥∥∥∥
2

F

> inf
ũ1,...,ũq∈C(L+1)p×q

σ2v
∥∥∥∥∥∥∥
 R1eLq+1

...

RqeLq+q

−MRq

 ũ1
...

ũq


∥∥∥∥∥∥∥
2

F

+σ2vE
−1
tr ‖Ψ‖22

∥∥∥∥∥∥∥
 ũ1

...

ũq


∥∥∥∥∥∥∥
2

F


(5.3.10)
= MMSE(H,Ψ,Π,L)

= MSE(H,Ψ,Π,L,P ′opt, T
′
opt,α

′
opt).

Since the ũ1, . . . , ũq that achieve the infimum are unique and equal
to u1, . . . ,uq, we find that ũ ′1 = u1, . . . , ũ ′q = uq. Compare Sec-

tion 2.9.1/5. Hence, we have α
′
opt(̂P

′
opt)k = αopt(̂Popt)k for all

k ∈ {0, . . . ,L}, or, equivalently,

α ′optP
′
opt = αoptPopt + z−L−1 X

for some X ∈ RHp×q∞ . We also have α ′opt > 0 because α ′optp̃k1 =

uk1 6= 0(L+1)p×1. See the first part of the proof on the existence of a
suitable k1. Now, the power constraint can be rewritten as

σ2v‖P ′opt‖22
(2.6.1)
= σ2v

αopt

α ′opt
‖Popt‖22 +

σ2v
α ′opt

‖X‖22

=
αopt

α ′opt
Etr +

σ2v
α ′opt

‖X‖22

6 Etr,

which shows that α ′opt > αopt if X 6= 0p×q and α ′opt > αopt if X =

0p×q. If α
′
opt > αopt, we obtain a contradiction to the assumption

that α ′opt > 0, P ′opt ∈ RHp×q∞ and T ′opt ∈ RHq×q∞ solve Problem
5.2.1,

MSE(H,Ψ,Π,L,P ′opt, T
′
opt,α

′
opt)

= ‖z−LΠ∗(I− T ′opt) −α ′optHP ′opt‖22 +α ′2opt‖Ψ‖22
= ‖z−LΠ∗(I− T ′opt − z−1HX) −αoptHPopt‖22 +α ′2opt‖Ψ‖22
> ‖z−LΠ∗(I− T ′opt − z−1HX) −αoptHPopt‖22 +α2opt‖Ψ‖22
= MSE(H,Ψ,Π,L,Popt, T ′opt + z−1HX,αopt),

Hence, we must have X = 0 and α
′
opt = αopt. In particular,

P ′opt =
αopt

α ′opt
Popt +

1

α ′opt
z−L−1 X = Popt.

Now, in light of the definition (5.3.6) of Topt, the sum formula (5.3.7)
for the mean square error immediately implies that then also T ′opt =
Topt.
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“2.”: Let Ĥk = 0 for all k ∈ {0, . . . ,L}. Then, the sum formula (5.3.7)
for the mean square error simplifies to

MSE(H,Ψ,Π,L,P, T ,α) = σ2v‖I− T̂0‖2F +α2‖Ψ‖22

+σ2v

∞∑
k=L+1

‖T̂k−L −αΠ(̂HP)k‖
2
F.

This term is minimal subject to T̂0 ∈ SLq×q if and only if α = 0 and
T = 0.

The next lemma illustrates the asymptotic behavior of the solution
to Problem 5.2.1 as the noise power vanishes. The lemma is quite
technical, but we give it at this point because various references to
the proof of Theorem 5.3.1 have to be made.

Lemma 5.3.2 (Asymptotic Behaviour in the Low Noise Regime). We
consider Problem 5.2.1 and fix H, Π, σ2v, Etr and L. Let, for any ε > 0,
P
(ε)
opt, α

(ε)
opt and T (ε)opt denote the solution to Problem 5.2.1 that corresponds

to ‖Ψ‖2 = ε. Assume that Ĥk0 6= 0 for some k0 ∈ {0, . . . ,L}. Then, there
exists P(0)opt ∈ RHp×q∞ , 0 < α(0)

opt <∞ and T (0)opt ∈ RHq×q∞ such that

lim
ε↘0
‖P(ε)opt − P

(0)
opt‖2 = 0,

lim
ε↘0

|α
(ε)
opt −α

(0)
opt| = 0,

lim
ε↘0
‖T (ε)opt − T

(0)
opt‖2 = 0.

Furthermore, ‖HP(0)opt‖2 > 0.

Proof. Let, for k ∈ {1, . . . ,q}, ẽLq+k denote the last column of ILq+k.
We introduce

u
(0)
k :=

([
ILq+k 0(Lq+k)×(q−k)

]
M
)†
ẽLq+k

and set

P̃(0) :=
[

z−0 Ip z−1 Ip . . . z−L Ip
] [

u
(0)
1 . . . u

(0)
q

]
.

(Remember that (·)† denotes the Moore-Penrose pseudoinverse.) For
any ε > 0, we denote the corresponding uk and P̃ in Theorem 5.3.1
by u(ε)k and P̃(ε), respectively. By definition of P̃(ε) and that fact that
limδ↘0 ‖(A∗A+ δI)∗−A†‖F = 0 for any constant matrix A, we obtain
limε↘0 ‖u

(ε)
k − u

(0)
k ‖F = 0 for all k ∈ {1, . . . ,q}. See Section 2.9.1/6.

Thus,

lim
ε↘0
‖P̃(ε) − P̃(0)‖2 = lim

ε↘0

∥∥∥[ u(ε)1 . . . u
(ε)
q

]
−
[
u
(0)
1 . . . u

(0)
q

]∥∥∥
F

= 0. (5.3.11)

With α(0)
opt := E

−1/2
tr σv‖P̃(0)‖2, we therefore have

lim
ε↘0

|α
(ε)
opt −α

(0)
opt| =

σv√
Etr

lim
ε↘0

|‖P̃(ε)‖2 − ‖P̃(0)‖2|

6
σv√
Etr

lim
ε↘0
‖P̃(ε) − P̃(0)‖2
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= 0 (5.3.12)

by the reverse triangle inequality. Note that P̃(0) 6= 0 because

0
(Ĥk0 6=0)
6= M∗

[
ILq+k1 0

]∗
ẽLq+k1

(Sec. 2.9.1/7)
= M∗

[
ILq+k1 0

]∗ [
ILq+k1 0

]
M

×
([
ILq+k1 0

]
M
)†
ẽLq+k1

= M∗
[
ILq+k1 0

]∗ [
ILq+k1 0

]
Mu

(0)
k1

=⇒Mu
(0)
k1

6= 0 (5.3.13)

=⇒ u
(0)
k1

6= 0

for some k1 ∈ {1, . . . ,q}. Thus, α(0)
opt > 0 and the filters

P
(0)
opt :=

1

α
(0)
opt

P̃(0),

T
(0)
opt := −�SL[Π

̂(HP̃(0))L] −Π
∞∑
k=1

̂(HP̃(0))k+L z−k

are well-defined. We combine (5.3.11) and (5.3.12) and find that

lim
ε↘0
‖P(ε)opt − P

(0)
opt‖2 = lim

ε↘0
‖(α(ε)

opt)
−1P̃(ε) − (α

(0)
opt)

−1P̃(0)‖2 = 0.

In light of (5.3.6), this also implies limε↘0 ‖T
(ε)
opt − T

(0)
opt‖2.

Finally, we note that P(0)opt ∈ RHp×q∞ and T
(0)
opt ∈ RHq×q∞ can be

shown exactly like in the proof of Theorem 5.3.1, and that

‖HP(0)opt‖
2
2

(2.6.1)
=

1

α
(0)
opt

∞∑
k=0

‖ ̂(HP̃(0))k‖
2
F

>
1

α
(0)
opt

L∑
k=0

‖ ̂(HP̃(0))k‖
2
F

(2.6.1)
=

1

α
(0)
opt

q∑
k=1

‖Mu(0)k ‖
2
F

>
1

α
(0)
opt

‖Mu(0)k1 ‖
2
F

(5.3.13)
> 0.

5.4 role of the scalar gain

The overall goal of the scaling device, i.e., the Scl block in Figure
5.1.1b, is to rescale the input at the receiver such that the granularity
of the lattice of received constellation points is compatible with the
modulo constant of the modulo operator at the receiver. See Figure
5.1.2. Unfortunately, a simple normalization of the received signals
power at the receiver is not suitable because the modulo operator at
the transmitter introduces new constellation points. Therefore, Badra
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and Daneshrad [110, Sec. V] have proposed to start the transmission
with special preambles s0, s1, . . . , sK of fixed average power such that
the modulo operator at the transmitter is inactive. Then, the receiver
can find the appropriate scaling factor simply by normalizing the
power of the received signals yL,yL+1, . . . ,yL+K to that of the pream-
ble. Unfortunately, the approach of Badra and Daneshrad [110, Sec.
V] suffers from two shortcomings.

1. The preamble design algorithm in [110, Sec. V] does not always
work as expected. In fact, there are cases where the generated
preamble does not leave the modulo operator inactive. An ex-
ample for this behavior is given in Section 5.7. It is possible
to modify the approach of [110, Sec. V] such that the modulo
operator is always inactive. However, this creates the problem
that the average power of the created preambles no longer is
fixed and the receiver does not know to which average power it
should normalize its input signal to. Details follow in Section
5.7.

2. Even in scenarios where the preamble from [110, Sec. V] leaves
the modulo operator inactive, there still is the problem that the
preamble has to be quite long. This has also been observed in
[121, Sec. II].

Nevertheless, the approach of [110, Sec. V] is still useful although it
is not well-suited for real-world implementations. We can use it as
a hypothetical benchmark if we utilize the modified preambles given
in Section 5.7 and assume that the receiver knows their average pow-
ers. In fact, we shall find that the optimal scalar gain specified in
Problem 5.2.1 can usually be interpreted as the action of this hypo-
thetical scaling device. This observation suggests that in a real-world
system, the transmitter should first establish a reliable side-channel
in order to inform the receiver about αopt. Then, it can switch to
Tomlinson-Harashima precoding as considered in this thesis.

In the system model of Section 5.2, the nonlinear blocks Mod and
Scl in Figure 5.1.1b have been removed by making several simplifying
assumptions. Therefore, the model in Figure 5.2.1 can be considered
a linearization of Figure 5.1.1b. While the Mod block has been re-
moved by a modification of the performance criterion, the adaptive
Scl block has instead been replaced with the constant scalar gain α.
It suggests itself to consider the scalar gain α, which is now consid-
ered part of the optimization, as a linearized model of the Scl block.
Let us substantiate this interpretation. We assume that the Scl block
implements the scaling device discussed in the previous paragraph.
We also assume an infinite preamble length and that the preamble
fits our random signal model from Section 5.2. Then, we can derive a
closed form expression for the scaling factor which the scaling device
would use. The hypothetical scaling device tries to find α such that
the power of the input αy to the modulo operator at receiver matches
the power of the data signal s. We have s = d by construction of s.
Thus, since d = Π∗(I− T)v, α has to solve

‖αy‖RMS = α2(σ2v‖HP‖22 + ‖Ψ‖22)
!
= σ2v‖I− T‖22
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= ‖d‖RMS

and the according scaling factor computes to

αScl =

√
‖I− T‖22

‖HP‖22 + σ
−2
v ‖Ψ‖22

. (5.4.1)

The next theorem shows that αScl is asymptotically equal to αopt
given in (5.3.4) if the noise power becomes small and a weak regu-
larity condition on the channel is fulfilled. Hence, we can indeed
consider the scaling by αopt, which is performed in the simplified
model, as a linearization of the scaling device if the noise power is
not “too large”.

Theorem 5.4.1 (The Scalar Gain Linearizes the Scaling Device in the
Low Noise Regime). We consider Problem 5.2.1 and fix H, Π, σ2v, Etr and
L. Let, for any ε > 0, P(ε)opt, α

(ε)
opt and T (ε)opt denote the solution to Problem

5.2.1 that corresponds to ‖Ψ‖2 = ε, and set

α
(ε)
Scl :=

√√√√ ‖I− T (ε)opt‖22
‖HP(ε)opt‖22 + σ

−2
v ε2

.

Assume that Ĥk0 6= 0 for some k0 ∈ {0, . . . ,L}. Then, if

lim
ε↘0

MMSE(H, εIq,Π,L) = 0, (5.4.2)

α
(ε)
opt and α(ε)

Scl are asymptotically equal in the low noise regime,

lim
ε↘0

α
(ε)
Scl = lim

ε↘0
α
(ε)
opt = α

(0)
opt.

(Note that α(0)
opt is well-defined and finite by Lemma 5.3.2.)

Proof. We start with some preparations. For any ε > 0, we set

X(ε) := z−LΠ∗(I− T (ε)opt) −α
(ε)
optHP

(ε)
opt,

r(ε) := ‖X(ε)‖2,

s(ε) := r(ε)
‖I− T (ε)opt‖2 + 1

2r
(ε)

‖HP(ε)opt‖22 + σ
−2
v ε2

.

The assumption (5.4.2) together with the definition of the minimum
mean square error (5.2.2) and the mean square error (5.2.1) implies
limε↘0 r(ε) = 0. Lemma 5.3.2 shows that P(ε)opt and T

(ε)
opt converge

towards some P(0)opt ∈ RHp×q∞ that satisfies ‖HP(0)opt‖22 > 0 and T (0)opt ∈
RHq×q∞ as ε↘ 0. But then, we also have

lim
ε↘0

s(ε) =
‖I− T (0)opt‖2
‖HP(0)opt‖22

lim
ε↘0

r(ε) = 0. (5.4.3)

Also, there exists an ε0 > 0 such that r(ε) < ‖I− T (ε)opt‖2 for all ε ∈

(0, ε0) because (̂T
(0)
opt)0 ∈ SLq×q and thus limε↘0 ‖I− T

(ε)
opt‖2 = ‖I−

T
(0)
opt‖2 > 0.
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Let us proceed to the main argument. We can find a formula for
α
(ε)
opt if we use ‖ · ‖22 = 〈·, ·〉2 in order to reformulate the mean square

error (5.2.1) and apply a standard calculus argument,

α
(ε)
opt =

Re
(〈

z−LΠ∗(I− T (ε)opt),HP
(ε)
opt

〉
2

)
‖HP(ε)opt‖22 + σ

−2
v ε2

. (5.4.4)

The Cauchy-Schwarz inequality applied to (5.4.4) shows

α
(ε)
opt 6

‖ z−LΠ∗(I− T (ε)opt)‖2‖HP
(ε)
opt‖2

‖HP(ε)opt‖22 + σ
−2
v ε2

.

=
1

α
(ε)
opt

(
‖ z−LΠ∗(I− T (ε)opt)‖2
‖HP(ε)opt‖22 + σ

−2
v ε2

×
‖ z−LΠ∗(I− T (ε)opt) −X

(ε)‖2
1

)

6
1

α
(ε)
opt

(
‖ z−LΠ∗(I− T (ε)opt)‖2
‖HP(ε)opt‖22 + σ

−2
v ε2

×
‖ z−LΠ∗(I− T (ε)opt)‖2 + r(ε)

1

)

=
1

α
(ε)
opt

‖I− T (ε)opt‖22 + r(ε)‖I− T
(ε)
opt‖2

‖HP(ε)opt‖22 + σ
−2
v ε2

=⇒ α
(ε)
opt 6

√√√√‖I− T (ε)opt‖22 + r(ε)‖I− T
(ε)
opt‖2

‖HP(ε)opt‖22 + σ
−2
v ε2

=

√√√√ ‖I− T (ε)opt‖22
‖HP(ε)opt‖22 + σ

−2
v ε2

+ r(ε)
‖I− T (ε)opt‖2

‖HP(ε)opt‖22 + σ
−2
v ε2

6
√

(α
(ε)
Scl )

2 + s(ε) (5.4.5)

for all ε > 0. Compare, e.g., [18, Thm. V.1.2]. We multiply (5.4.4) with
α
(ε)
opt and obtain

(α
(ε)
opt)

2 =
Re
(〈

z−LΠ∗(I− T (ε)opt),α
(ε)
optHP

(ε)
opt

〉
2

)
‖HP(ε)opt‖22 + σ

−2
v ε2

The reverse Cauchy-Schwarz inequality in [122, Th. 2.1] applied to
this equation gives

(α
(ε)
opt)

2 >
‖z−LΠ∗(I− T (ε)opt)‖2‖α

(ε)
optHP

(ε)
opt‖2 − 1

2(r
(ε))2

‖HP(ε)opt‖22 + σ
−2
v ε2

=
‖I− T (ε)opt‖2‖z−LΠ∗(I− T

(ε)
opt) −X

(ε)‖2
‖HP(ε)opt‖22 + σ

−2
v ε2

−
1
2(r

(ε))2

‖HP(ε)opt‖22 + σ
−2
v ε2

>
‖I− T (ε)opt‖2|‖I− T

(ε)
opt‖2 − r(ε)|

‖HP(ε)opt‖22 + σ
−2
v ε2
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−
1
2(r

(ε))2

‖HP(ε)opt‖22 + σ
−2
v ε2

=
‖I− T (ε)opt‖2(‖I− T

(ε)
opt‖2 − r(ε))

‖HP(ε)opt‖22 + σ
−2
v ε2

−
1
2(r

(ε))2

‖HP(ε)opt‖22 + σ
−2
v ε2

=⇒ α
(ε)
opt >

(
‖I− T (ε)opt‖22

‖HP(ε)opt‖22 + σ
−2
v ε2

− r(ε)
‖I− T (ε)opt‖2 + 1

2r
(ε)

‖HP(ε)opt‖22 + σ
−2
v ε2

) 1
2

=

√
(α

(ε)
Scl )

2 − s(ε) (5.4.6)

for all 0 < ε < ε0. The combination of (5.4.5) and (5.4.6) reads√
(α

(ε)
Scl )

2 − s(ε) 6 α(ε)
opt 6

√
(α

(ε)
Scl )

2 + s(ε),

for all 0 < ε < ε0. This proves the lemma because limε↘0 s(ε) = 0 by
(5.4.3) and limε↘0 α

(ε)
opt = α

(0)
opt is well-defined and finite by Lemma

5.3.2.

5.5 efficient computation

Computation of the optimal realizable Tomlinson-Harashima pre-
coder in Theorem 5.3.1 can become quite complex when implemented
naively. The main computational complexity lies in the computa-
tion of the uk given in (5.3.2). A standard approach to realize
the q inversions in (5.3.2) like using Cholesky decomposition and
forward-backward substitution results in an overall complexity of
O(qp3(L+ 1)3). Compare [82, Ch. 3.1+4.2]. The complexity increases
even more if the permutation matrix Π, which was assumed fixed
in the previous sections, is included in the optimization. The corre-
sponding optimization problem is to find Popt, αopt and Topt as in
Problem 5.2.1 as well as a permutation matrix Πopt ∈ {0, 1}q×q such
that

MSE(H,Ψ,Πopt,L,Popt, Topt,αopt)

= min
Π∈{0,1}q×q

permutation matrix

MMSE(H,Ψ,Π,L). (5.5.1)

However, there are q! permutation matrices, and the complexity of
solving (5.5.1) explodes as q grows large. A popular approach to
avoid this high complexity is successive optimization of the permu-
tation matrix. Here, the permutation matrix is found column-wise.
It has been found many times in other communications-related prob-
lems that the performance such techniques often improves consider-
able over fixed permutation matrices. In fact, the resulting perfor-
mance is usually almost as good as optimal. See, e.g., Wolniansky et
al. [123], Wübben et al. [124], Fischer [101] or Kusume et al. [125].
However, the complexity still increases to O(q3p3(L+ 1)3) if a succes-
sive optimization of the permutation matrix is incorporated naively
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because we have to test q possibilities for the first chosen column,
q− 1 for the second chosen column, etc.. The goal of this section is
find an algorithm which exploits the problem structure and thus is
more efficient than the naive approach. We give an algorithm that
successively optimizes the permutation matrix and simultaneously
finds the corresponding uk in O(p3(L+ 1)2).

We proceed as follows. First, we discuss how the complexity of
finding the uk in Theorem 5.3.1 for a fixed perturbation matrix can be
reduced from O(qp3(L+ 1)3) to O(p3(L+ 1)2). Next, we investigate
successive optimization of the permutation matrix. These insights are
then combined into an efficient algorithm.

5.5.1 Recursive Computation of the uk

In this section, we exploit the fact that the to be inverted matrices
in Equation (5.3.2) can be considered low rank perturbations of a
structured matrix whose Cholesky decomposition can be found using
fast specialized algorithms. As a result, we obtain a fast method for
finding the uk. Our approach utilizes the Sherman-Morrison formula
[82, Sec. 2.1.3]. The formula states that if A ∈ Cn×n, v ∈ Cn×1 and
both A and A+ vv∗ are invertible, then

(A+ vv∗)−1 = A−1 −
A−1vv∗A−1

1+ v∗A−1v
.

If furthermore A = A∗ and w := A−1v, the formula reduces to

(A+ vv∗)−1 = A−1 −
ww∗

1− v∗w
.

Let us apply this formula to Equation (5.3.2). With M, Ψ, Etr and
eLq+k as in Theorem 5.3.1, we can define

Φk : = M∗
[
ILq+k

0q−k

]
M+

‖Ψ‖22
Etr

I, (5.5.2)

vk := M∗eLq+k, (5.5.3)

wk := Φ−1
k−1vk

for all k ∈ {0, 1, . . . ,q}. Then, Equation (5.3.2) can be rewritten as

uk = Φ−1
k vk

= (Φk−1 + vkv
∗
k)

−1 vk

= Φ−1
k−1vk −

wkw
∗
k

1+ v∗kwk
vk

(... )
=

Φ−1
0 −

k∑
j=1

wjw
∗
j

1+ v∗jwj

 vk. (5.5.4)

(We postpone the question whether all inverses are well-defined until
the next lemma.) On the other hand, we can also use the Sherman-
Morrison formula in order to rewrite the definition of the wk,

wk
(... )
=

Φ−1
0 −

k−1∑
j=1

wjw
∗
j

1+ v∗jwj

 vk. (5.5.5)

Comparison of these two formulas gives a recursive method for solu-
tion of Equation (5.3.2).
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Lemma 5.5.1. The uk in Theorem 5.3.1 can be obtained from the following
recursion,

wk = Φ−1
0 vk −

∑k−1
j=1

w∗jvk
1+v∗jwj

wj

uk = (1−
w∗kvk
1+v∗kwk

)wk,

 (k = 1, . . . ,q),

where Φ0 and the vk have been defined in (5.5.2) and (5.5.3). The recursion
is well-defined.

Proof. It only remains to show that all inverses in (5.5.4) and (5.5.5)
are well-defined. But this follows immediately from the fact that all
Φk are hermitian positive semi-definite by construction and Φk �
· · · � Φ0 � E−1tr ‖Ψ‖22I. In particular, 1+ v∗jwj = 1+ v

∗
jΦ

−1
j−1vj > 1 for

all j ∈ {1, . . . ,k}. We see that the recursion is indeed well-defined, and
that use of the Sherman-Morrison formula in (5.5.4) and (5.5.5) was
justified.

The advantage of the recursion in Lemma 5.5.1 is that all involved
linear systems are of the formΦ0x = vk. The matrixΦ0 is the product
of a block Toeplitz matrix with its conjugate transpose. It possesses
a special structure that can be exploited. The generalized Schur al-
gorithm can be used to find the Cholesky decomposition of Φ0 with
complexity O(p3(L+ 1)2). See, e.g., Gallivan et al. [126], Kailath and
Sayed [127] or Kressner and Van Dooren [128]. If we use forward-
backward substitution to find the uk from the Cholesky factors, the
overall complexity for finding them becomes O(max{p,q}p2(L+ 1)2).

5.5.2 Successive Optimization of Π

For the successive optimization of the permutation matrix Π, it will be
advantageous to have an expression for the minimum mean square
error (5.2.2) which consists of terms that depend only on parts of
the permutation matrix. During the proof of Theorem 5.3.1, it was
shown that the lower bound (5.3.8) on the minimum mean square
error becomes tight if the ũk in the lower bound equal the uk given
in Theorem 5.3.1. Hence, with

ξk(H,Ψ,Π,L)

:= σ2v
∥∥[ ILq+k 0

]
(eLq+k −Muk)

∥∥2
F
+
σ2v‖Ψ‖22
Etr

‖uk‖2F

(‖x‖2F=x∗x)= σ2v − 2σ
2
v Re

(
e∗Lq+k

[
ILq+k

0q−k

]
Muk

)
+σ2vu

∗
k

(
M∗

[
ILq+k

0q−k

]
M+

‖Ψ‖22
Etr

I

)
uk

(5.3.2)
= σ2v − 2σ

2
v Re

(
e∗Lq+kMuk

)
+ σ2ve

∗
Lq+kMuk

(ξk∈R)
= σ2v

(
1− e∗Lq+kMuk

)
, (5.5.6)

where k ∈ {1, . . . ,q} and M and the uk and ej are as in Theorem 5.3.1,
we can rewrite the minimum mean square error (5.2.2) as

MMSE(H,Ψ,Π,L) =
q∑
k=1

ξk(H,Ψ,Π,L). (5.5.7)
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Algorithm 5.1 Successive optimization of the permutation matrix.
The according uk in (5.3.2) are a byproduct.

Input: Ĥ0, . . . , ĤL,σ2v, Etr, L as in Problem 5.2.1, ‖Ψ‖22

Output: Πsucc; u1, . . . ,uq as in (5.3.2) for Π = Πsucc

Step 1: Use the generalized Schur algorithm to solve RR∗ = Φ0
for R ∈ L(L+1)p×(L+1)p.

Step 2: For k = 1, . . . ,q do

a) vk ←M∗IeLq+k, whereMI isM given in (5.3.1)
evaluated for Π = Iq and ej is the j-th column
of I(L+1)q

b) Solve RR∗xk = vk for xk via forward-backward
substitution

c) γk ← 0(L+1)p×1

Step 3: [π(1), . . . ,π(q)]← [1, . . . ,q]

Step 4: For k = 1, . . . ,q do

a) ξmax ← −1

b) For l = k, . . . ,q do

i) w← xπ(l) − γπ(l)

ii) u← (1−
w∗vπ(l)
1+v∗

π(l)
w)w

iii) ξ← σ2v(1− v
∗
π(l)u)

iv) If ξ > ξmax, then ξmax ← ξ,
lmax ← l, wk ← w,uk ← u

c) [π(1), . . . ,π(q)]←[π(1), . . . ,π(q)] with k-th and
lmax-th element exchanged

d) For l = k+ 1, . . . ,q do

i) γπ(l) ← γπ(l) +
w∗kvπ(l)
1+v∗

π(k)
wk
wk

Step 5: Πsucc ←
∑q
k=1 eke

∗
π(k), where now ek is the k-th column

of Iq
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Here, ξk can be interpreted as the mean square error of the k-th data
stream. For each of the uk given in Theorem 5.3.1, most of the occur-
rences of the permutation matrix Π cancel because Π is unitary. In
fact, only the first k columns of Π actually influence each uk. Further-
more, the same holds for the ξk given in (5.5.6). Hence, the expres-
sion (5.5.7) gives us the possibility to successively select the rows of
a permutation matrix, starting with k = 1. We propose to adapt a
worst-first strategy similar to Kusume et al. [125, §IV.C] in order to
construct the successively optimized permutation matrix Πsucc. The
first row of Πsucc is chosen such that the MSE ξ1 of the first data
stream (after permutation) is maximized. Then, the second row of
Πsucc is chosen such that ξ2 is maximized if the first row of Πsucc
is as computed in the previous step. We repeat until all rows of the
permutation matrix have been computed. The intuition beyond this
approach is that the feedback filter protects the later streams from any
interference caused by the current stream. However, earlier streams
may be disturbed. Hence, we encode the bad streams as early as
possible in order to minimize the number of other streams that they
are disturbing [125, §IV.A]. We note that the adaption of a more con-
ventional best-last strategy like in Joham et al. [129, Tab. III], [107,
Tab. II] or Kusume et al. [125, §IV.A+B] would eventually lead to
a more expensive algorithm because we could no longer exploit the
expression (5.5.7) in that case. Also, we cannot simply mimic the al-
ternative implementation of the best-last strategy from [107], which is
based on sorted Cholesky factorizations, because fast algorithms that
find this type of factorization for the corresponding matrix (i.e., [107,
(33)]) seem to be not available.

5.5.3 Algorithm

Until now, we have discussed how the uk given in Theorem 5.3.1
can be found recursively and how the permutation matrix can be
optimized successively. A straight-forward implementation that in-
tegrates our approach for successive optimization of the permuta-
tion matrix based on (5.5.7) with the recursive formula for the uk
in Lemma 5.5.1 is as follows.

1. Use the generalized Schur algorithm to solve

RR∗ = Φ0

for R ∈ L(L+1)p×(L+1)p

2. Initialize the permutation order[
π(1) . . . π(q)

]
←
[
1 . . . q

]
3. For each data stream k = 1, . . . ,q do

a) Reset the maximum mean square error ξmax ← −1

b) For each still unassigned data stream l = k, . . . ,q do

i. Solve
RR∗x = vπ(l)

for x via forward-backward substitution
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ii. Compute

w← x−

k−1∑
j=1

w∗π(j)vπ(l)

1− v∗
π(j)wπ(j)

wπ(j)

iii. Compute

u←

(
1−

w∗vπ(l)

1+ v∗
π(l)w

)
w

iv. Compute
ξ← σ2v

(
1− e∗Lq+kMu

)
where M is as in (5.3.1) and ej is the j-th column of
I(L+1)q

v. If ξmax > ξ, set

ξmax ← ξ, lmax ← l,wk ← w,uk ← u

c) Exchange the k-th and lmax-th element in[
π(1) . . . π(q)

]
4. Return

Πsucc ←
q∑
k=1

eke
∗
π(k),

where ek is the k-th column of Iq

We note that this algorithm computes the uk in Theorem 5.3.1 that
correspond to the choice Π = Πsucc along the way. Unfortunately,
the complexity of this implementation is too high because the com-
plexities of the Steps 3b-i, 3b-ii and 3b-iv in the inner-most loop are all
O(p2(L+ 1)2). However, the complexity of Step 3b-i can be reduced
by pre-buffering of the solutions x1, . . . , xq to RR∗xk = vk. The com-
plexity of Step 3b-ii can also be reduced, as follows. We initialize a
number of auxiliary variables γl ← 0(L+1)p×1 for l ∈ {1, . . . ,q}. Then,
at the end of Step 3 after π(k) has been determined, we update these
values cheaply with the following update formula,

γπ(l) ← γπ(l) +
w∗π(k)vπ(l)

1− v∗
π(k)wπ(k)

wπ(k)

for all l ∈ {k+ 1, . . . ,q}. Before the update, we have

γπ(l) =

k−1∑
j=1

w∗π(j)vπ(l)

1− v∗
π(j)wπ(j)

wπ(j)

for all l ∈ {k, . . . ,q}. But this is exactly the value that is needed in
Step 3b-ii. Finally, there is Step 3b-iv. If we pre-buffer the values
vk = M∗IeLq+k, where MI is M in (5.3.1) for Π = Iq, then Step 3b-iv
reduces to ξ = σ2v(1− e

∗
Lq+π(l)M

∗
Iu) = σ2v(1− v

∗
π(l)u). A complete

implementation of these ideas is given in Algorithm 5.1.
Assuming q 6 p, the complexity of Algorithm 5.1 is as follows. As

already mentioned, Step 1 can be implemented in O(p3(L+ 1)2). The
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complexity of Step 2 is dominated by Step 2b, which is O(p2(L+ 1)2).
Thus, Step 2 is O(qp2(L+ 1)2). Step 3 is O(q). The Steps 4b-i to 4b-d
are dominated by various vector additions and scalings, and scalar
products. These are all O(p(L+ 1)). Hence, Step 4b is O(qp(L+ 1)2).
The same goes for Step 4d. Since the Steps 4a and 4c are both O(1), we
see that Step 4 is O(q2p(L+ 1)2). Step 5 is again O(q). In summary,
the most complex step is Step 1 with O(p3(L+ 1)). Hence, also the
overall complexity of Algorithm 5.1 is O(p3(L+ 1)).

5.6 numerical experiments

In this section, we present numerical experiments in order to substan-
tiate some of the heuristics used in this chapter.

5.6.1 Linearization of the Scaling Device

In a first numerical experiment, we want to verify the interpretation
of the scalar gain in Figure 5.2.1 that was given in Section 5.4. There,
we have shown that the scaling by αopt can be interpreted as a lin-
earization of the Scl block in Figure 5.1.1b if the Scl block is imple-
mented as described in Section 5.4 and the noise power is low. We
compare the scaling by αopt to two other variants. The first variant
rescales the input by the factor αScl given in (5.4.1), which is the out-
come of our theoretical analysis of the scaling device from Section
5.4. The second variant scales by the factor αScl,meas, which is based
on an actual implementation of the scaling device from Section 5.4.
We consider real 1× 1 infinite impulse response channels with state-
space realizations

H =

[
A B

C D

]
,

where A is 5 × 5. The entries of all involved matrices are random
normally distributed real variables with zero mean and variance one.
The matrix A in the state-space realization of H has additionally been
scaled such that its spectral radius is a uniformly distributed random
number between zero and one in order to ensure stability of H. The
other parameters in our simulation were L = 15, Etr = 1, τ = 8/

√
10,

σ2v = τ2/6 and Ψ = σ2I. The feedback and feedforward filters used
were Popt and Topt from Theorem 5.3.1, respectively. The pream-
ble length used during the determination of αScl,meas was 10.000.
Figure 5.6.1a illustrates the relative differences α−1

opt|αopt − αScl| and
α−1

Scl |αScl −αScl,meas| between αopt and αScl and αScl and αScl,meas, re-
spectively. The means of both differences have been found by averag-
ing over 100.000 channel realizations for various signal to noise ratios
Etr/‖Ψ‖22. They are below 10% for all signal-to-noise rations greater
or equal to −10dB. This shows that on average, αopt is a good approx-
imation of αScl and αScl is a good approximation of αScl,meas over a
wide range of signal-to-noise ratios. Furthermore, even if only the
worst 1.000 among all 100.000 random channels per SNR are consid-
ered, the relative differences are lower than 10% for all signal-to-noise
ratios greater than 0dB. Figure 5.6.1b depicts the bit error rates which
resulted when the optimal feedback filter Topt and feedforward filter
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Figure 5.6.1: Numerical experiments on the linearization of the scal-
ing device
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Figure 5.6.2: Numerical experiment on the performance of the succes-
sively computed permutation order

Popt from Theorem 5.3.1 were operated together with the different
scaling factors αopt, αScl and αScl,meas. The modulation alphabet
was 16QAM, i.e., M = {a + ib : a,b = ±0.5/

√
2.5,±1.5/

√
2.5}. We

have averaged the bit error rates which resulted from the transmis-
sion of 1.000 data vectors over 100.000 random channels. This has
been carried out for various signal to noise ratios Etr/‖Ψ‖22. There
are no significant differences in the bit error rates for all three scaling
factors.

5.6.2 Performance of the Successively Optimized Permutation Order

In the second numerical experiment, we want to investigate how
good our method for successive optimization of the permutation ma-
trix from Section 5.5.2 performs when compared to the optimal per-
mutation matrix, whose computation requires an exhaustive search
over all possible permutation matrices, as well as to performing no
permutation at all. We consider two types of channels, short 3× 4
FIR channels of the form H1 = H1,0 + e−

1
2 H1,1 z−1, and 3 × 4 IIR

channels with state-space realizations

H2 =

[
A B

C D

]
,

where A is 5× 5. The real and imaginary parts of the entries of all
involved matrices are random normally distributed variables with
mean zero and variance one. The matrix A in the state-space realiza-
tion of H2 has additionally been scaled such that its spectral radius
is a uniformly distributed random number between zero and one in
order to ensure stability of H2. The other parameters in our simula-
tion were L = 5, Etr = 1.2, τ = 2

√
2, σ2v = τ2/6 and Ψ = σ2I. The
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Figure 5.7.1: Dual decision feedback equalizer / Π: permutation ma-
trix; T : feedback filter; H: channel; Ψ: noise model; P:
feedforward filter; α: scalar gain; Qnt: quantizer

modulation alphabet was QPSK, i.e., M = {a+ ib : a,b = ±1/
√
2}.

We have averaged the bit error rates which result from the transmis-
sion of 1.000 data vectors over 100.000 random channels as described
above. This has been carried out for various signal to noise ratios
Etr/‖Ψ‖22. The simulation results are shown in Figure 5.6.2. For both
channel types, it can be seen that our successively optimized permu-
tation matrix from Section 5.5.2 performs as good as the true optimal
permutation order. We also see that the overall gain which results
from optimization of the permutation matrix is relatively small when
compared with performing no permutation at all. This is consistent
with the simulations in [130, 101, 107], where it was observed that the
performance gain which can be achieved with optimization of the
permutation order is very dependent on the channel characteristics.

5.7 notes and references

• The minimum mean square error (5.2.2) is monotonically non-
increasing in the latency time L. Using that multiplication with
z−1 leaves the H2 norm invariant, we find

MMSE(H,Ψ,Π,L)

= MSE(H,Ψ,Π,L,Popt, Topt,αopt)

= σ2v‖ z−1[z−LΠ∗(Iq − Topt) −αoptHPopt]‖22
+α2opt‖Ψ‖22

= σ2v‖ z−L−1Π∗(Iq − Topt) −αoptH(z−1Popt)‖22
+α2opt‖Ψ‖22

(5.2.1)
= MSE(H,Ψ,Π,L+ 1, z−1 Popt, Topt,αopt)

> MMSE(H,Ψ,Π,L+ 1).

• The impulse response of the feedforward filter in Theorem 5.3.1
is, by construction, always finite of length L+ 1, Popt ∈ FIRp×qL .
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k wk = −0.9xk−1 sk xk = sk +wk vk = Mod(xk)

0 0 +1 +1 +1

1 -0.9 -1 -1.9 -1.9
2 1.71 -1 0.71 0.71

3 -0.639 +1 0.361 0.361

4 -0.3249 -1 -1.3249 -1.3249

5 1.19241 -1 0.19241 0.19241

...
...

...
...

...

(a) Feedback filter T = −0.9 z−1, modulo constant τ = 2

k wk = −3.9xk−1 sk xk = sk +wk vk = Mod(xk)

0 0 +1 +1 +1

1 -3.9 +1 -2.9 -0.9
2 1.71 -1 0.71 0.71

3 -2.769 +1 -1.769 -1.769

4 6.8991 -1 5.8991 -0.1109

5 0.43251 +1 1.43251 1.43251

...
...

...
...

...

(b) Feedback filter T = −3.9 z−1, modulo constant τ = 2

Table 5.7.1: Two example sequences generated by (5.7.1).

Now suppose that the impulse response of the channel is also
finite, H ∈ FIRp×qK . Equation (5.3.6) shows that then also the im-
pulse response of the feedback filter is finite with length at most
K+ 1, Topt ∈ FIRq×qK . Hence, the optimal realizable Tomlinson-
Harashima precoder involves only finite impulse response fil-
ters as soon as the impulse response of the channel is finite.

• The impulse response of feedforward filter is still finite, Popt ∈
FIRp×qL , if the channel has an infinite impulse response, but
the impulse response of the feedback filter will be infinite, in
general. The question arises how “complex” the feedback filter
will be. Let

H =

[
A B

C D

]
denote the transfer function of a minimal state-space realiza-
tion of the channel. Then, A ∈ Cκ×κ, where κ is the McMil-
lan degree of the channel, and B,C,D are complex matri-
ces of suitable dimensions. We introduce the matrix X :=∑L
k=1A

k−1B(̂Popt)L−k. Then, by Lemma 2.5.2,

∞∑
k=0

̂(HPopt)k+L z−k = {zLHPopt}+

=

[
A AX+B(̂Popt)L
C CX+D(̂Popt)L

]
.

The definition (5.3.6) of Topt immediately implies

Topt = −αopt

[
A AX+B(̂Popt)L
ΠC �SL[ΠCX+ΠD(̂Popt)L]

]
.
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Note that this is the transfer function of a state-space system
where the dimension of the state space equals the McMillan
degree κ of the channel. Hence, the McMillan degree of the
feedback filter can be at most κ.

• The proof of Theorem 5.3.1 can still be carried out if the re-
quirement in Problem 5.2.1 that the feedforward and feedback
filters are stable proper rational matrices is dropped and gen-
eral proper rational matrices are allowed. The stability of the
optimal feedforward filter and feedback filter is a natural conse-
quence of the stability of the channel.

• The key ingredient in the scaling device device proposed by
Badra and Daneshrad [110, Sec. V] is the construction of a
special data signal s (the preamble) such that the modulo op-
erator of the transmitter in Figure 5.1.1b is inactive. Then, the
scaling mismatch is corrected if the average power of the scaled
input signal at the receiver equals that of the preamble. The con-
struction algorithm proposed in [110, Sec. V] is as follows. We
consider the system of Figure 5.1.1b for the single-input single-
output case, q = p = 1. We also assume for simplicity that
the feedback filter is real, T(z) ∈ Rq×q for all z ∈ C. With
w = (wk)k∈N ∈ seqq denoting the output of the feedback filter,
w = Tv, and x = (xk)k∈N ∈ seqq denoting the input to the
modulo operator, x = s+w, the preamble s is constructed as
follows,

sk =


−τ2 sign(τ) , if |wk| > τ

2

±τ2 , if |wk| 6 τ
2 (the sign is

chosen randomly)

, (5.7.1)

where k ∈ N. Two concrete examples are given in Table 5.7.1.
The first example, Table 5.7.1a, is taken directly from [110, Tab.
I]. We see that the generated input signal s indeed results in a
modulo input x that leaves the modulo operator inactive, vk =

Mod(xk) = xk for all k ∈ {0, . . . , 5}. Furthermore, the signal
s has a fixed average power because we have |sk| =

τ
2 for all

k ∈ {0, . . . , 5}. It is not hard to check that for the configuration
in Table 5.7.1a, the input signal generated by (5.7.1) will always
have these two properties for all k ∈ N. Badra and Daneshrad
give the impression that these two properties are also present if
arbitrary feedback filters and modulo constants are considered
[110, p. 1719]. Table 5.7.1b shows that this is not correct. For
example, we have v1 = Mod(x1) 6= x1 in that example. The
reason for this behavior is that the feedback signal w becomes
so strong that the input signal s generated by (5.7.1), which by
construction is constrained to |sk| 6

τ
2 , simply is too small in

order to enforce |xk| = |sk +wk| 6
τ
2 . Hence, we propose a

slightly modified approach,

sk =


−τ2 round

(
2
τwk

)
, if |wk| > τ

2

±τ2 , if |wk| 6 τ
2 (the sign is

chosen randomly)

, (5.7.2)
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where k ∈ N and round(·) rounds to the nearest integer. The
sequences generated by (5.7.2) guarantee |xk| 6

τ
2 and

|sk| = |xk −wk|

6
τ

2
+ |wk|

=
τ

2
+

∣∣∣∣∣∣
k∑
j=0

T̂jvk−j

∣∣∣∣∣∣
6

τ

2
+

k∑
j=0

|T̂j||xk−j|

6

1+ ∞∑
j=0

|T̂j|

 τ

2
.

for all k ∈N, i.e., they leave the modulo operator invariant and
are of finite average power. We note that

∑∞
k=0 |T̂k| <∞ because

T ∈ RH1×1∞ . The disadvantage of (5.7.2) is that in contrast to
(5.7.1), where |sk| =

τ
2 for k ∈ N, the average power of the

generated input signal s is not fixed.

• Let us illustrate that the dual of the Tomlinson-Harashima Pre-
coder in Figure 5.1.1b (with respect to the MMSE criterion) is
the decision-feedback equalizer in Figure 5.7.1. Channel, filters,
signals, etc. in Figure 5.7.1 are defined exactly as in Section
5.2. We also introduce the set of strictly upper triangular ma-
trices SUq×q. The only differences are that we now require
T̂0 ∈ SUq×q and that we restrict our attention to white noise
models σdfeIp, where σdfe > 0. Our goal is to minimize the
expected average mean square error between z−LΠs and s̃. Un-
der the correct past decisions assumption ṡ = z−L s, we find
that s̃ = (z−L TTΠ+ PTHT )s+ σdfeP

Tη. The expected average
MSE becomes

MSEdfe(HT ,σdfe,ΠT ,L,PT , TT )

:= ‖ z−L(I− TT )Π− PTHT‖22 + σ2dfe‖PT‖22.

The minimum mean square error of the Tomlinson-Harashima
precoder can be lower bounded as follows,

σ−2v MMSE(H,Ψ,Π,σv,L)

= inf
α>0,T∈RH

q×q∞ ,T̂0∈SLq×q

P∈RH
p×q∞ ,σ2v‖P‖226Etr

(‖ z−LΠ∗(I− T) −αHP‖22

+α2
‖Ψ‖22
σ2v

)

> inf
α>0,T∈RH

q×q∞ ,T̂0∈SLq×q

P∈RH
p×q∞ ,σ2v‖P‖226Etr

(‖ z−LΠ∗(I− T) −αHP‖22

+α2
σ2v‖P‖22
Etr

‖Ψ‖22
σ2v

)

(P←αP)
= inf

T∈RH
q×q∞ ,T̂0∈SLq×q

P∈RH
p×q∞

(‖ z−LΠ∗(I− T) −HP‖22
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+
‖Ψ‖22
Etr︸ ︷︷ ︸

=:σ2dfe

‖P‖22)

= inf
T∈RH

q×q∞ ,T̂0∈SUq×q

P∈RH
p×q∞

(‖ z−L(I− TT )Π− PTHT‖22

+σ2dfe‖PT‖22)
= inf

T∈RH
q×q∞ ,T̂0∈SUq×q

P∈RH
p×q∞

MSEdfe(HT ,σdfe,ΠT ,L,PT , TT )

=: MMSEdfe(HT ,σdfe,ΠT ,L). (5.7.3)

The newly defined term MMSEdfe is the minimum mean
square error of the decision feedback equalizer depicted in Fig-
ure 5.7.1. Now, assume that P̃T ∈ RHq×p∞ and TTopt ∈ RHq×q∞
are the optimal filters for the decision feedback equalizer in Fig-
ure 5.7.1,

MSEdfe(HT ,σdfe,ΠT ,L, P̃T , TTopt)

= MMSEdfe(HT ,σdfe,ΠT ,L).

Assume a non-trivial solution, P̃T 6= 0. Then, αopt :=

σvE
−1/2
tr ‖P̃‖2, Popt := α−1

optP̃ and Topt solve Problem 5.2.1,

MSE(H,Ψ,Π,σv,L,Popt, Topt,αopt)

= σ2v‖ z−LΠ∗(I− Topt) −αoptHPopt‖22 +α2opt‖Ψ‖22
= σ2v‖ z−LΠ∗(I− Topt) −αoptHPopt‖22

+
σ2v‖P̃‖22
Etr

‖Ψ‖22

= σ2v‖ z−L(I− TTopt)Π− P̃THT‖22 + σ2v
‖Ψ‖22
Etr
‖P̃T‖22

= σ2vMSEdfe(HT ,σdfe,ΠT ,L, P̃T , TTopt)

= σ2vMMSEdfe(HT ,σdfe,ΠT ,L)
(5.7.3)
= MMSE(H,Ψ,Π,σ2v,L).

• We observed in a previous note that all filters in the optimal
realizable Tomlinson-Harashima precoder have a finite impulse
response if the channel has a finite impulse response. Thus, we
could in principle use the results on the optimal finite impulse
response Tomlinson-Harashima precoder in [107] as an alterna-
tive to Algorithm 5.1 in that case. Unfortunately, Joham et al. do
not give a detailed complexity analysis of their approach. Nev-
ertheless, a lower bound is readily obtained. In [107, Tab. II],
the inversion of a q(L+ 1)× q(L+ 1) matrix is necessary. (Note
that we assume a feedforward filter with length L+ 1.) Inver-
sion of this matrix has a complexity of O(q3(L+ 1)3) because
the structure of the matrix is not exploited in [107]. Although
this is only a lower bound on the overall complexity of [107, Tab.
II], we already see that the complexity order O(p3(L+ 1)2) of
Algorithm 5.1 scales better in the latency time L. However, [107,
Tab. II] might have an advantage if the number p of channel
inputs is much larger than the number q of channel outputs.
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• Al-Dahir and Sayed [131] have utilized the Generalized Schur
Algorithm in order to compute the optimal finite impulse re-
sponse spatio-temporal decision feedback equalizer. However,
they not optimize the permutation matrix. In light of the previ-
ous notes on the finite impulse response case and the duality to
the decision feedback equalizer, we could use the algorithm in
[131] instead of Algorithm 5.1 in order to find the optimal real-
izable Tomlinson-Harashima precoder if the channel has a finite
impulse response and the fixed permutation matrix is absorbed
into the channel. One can show that the computational com-
plexity then scales at least quadratically with the latency time L.
More precisely, the estimate becomes O(q3(N+ L+ 2)2), where
N+ 1 > L+ 1 is the length of the channel and we assume an
feedforward filter of length L+ 1.3 If additionally successive op-
timization of the permutation matrix is desired, the algorithm
of [131] has to be run q + (q − 1) + · · · + 1 = O(q2) times be-
cause no fast implementation of successive permutation order
optimization has been given in [131]. Then, the complexity or-
der becomes O(q5(N+ 1)2). Whether our algorithms are faster
than those of Al-Dahir and Sayed [131] therefore depends on
how much larger N and q are compared to L and p, respec-
tively. Other fast algorithms for finding optimal decision feed-
back equalizers have been given by Merched and Yousef [132]
and Wahls and Boche [120]. These results cannot be applied
in our setting because they treat decision feedback equalizers
where the feedback filter has to be zero at infinity.

3 Al-Dahir and Sayed actually give the incorrect estimate O(q2(N+L+ 2)2). Compare
[131, p. 2927]. This estimate is already implausible because it implies that we can
find the Cholesky decomposition of an unstructured matrix with quadratic complex-
ity in the matrix size (choose N = L = 0). They neglect the influence of the so-called
displacement rank on the complexity.
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6
N O I S E - S H A P I N G S U B B A N D C O D E R S

The basic idea of Tomlinson-Harashima precoding as discussed in
Chapter 5 was to modify a recursive implementation of the (proba-
bly unstable) inverse of a system such that it can be used for pre-
equalization under finite power constraints. The special structure of
the realized feedback loop in Figure 5.1.1b ensures that all internal
signals are bounded if the input is bounded. This is a very important
property because otherwise even the slightest error can be amplified
ad infinitum. Also, hardware that operates in finite precision (even
floating point) cannot process the signals. Unfortunately, not all feed-
back loops share this property, which we shall call internal stability,
automatically.

In this chapter, we consider a filter design problem that arises in
data compression and where the internal stability of a feedback loop
explicitly has to be taken into account. We proceed as follows. First,
noise-shaping quantizers are introduced. We give the system model,
analyze the requirements for internal stability of the quantizer and
state two different stochastic models for the quantization noise. Next,
the system model of a noise-shaping subband coder is given. Again,
two different stochastic models for the reconstruction error are given.
We finally discuss optimal feedback filter design with respect to both
models. Since a noise-shaping subband coder incorporates a noise-
shaping quantizer, the internal stability of the quantizer is taken into
account during the filter design process.

6.1 noise-shaping quantizers

A noise-shaping quantizer consists of an arbitrary quantizer Q and
a feedback loop that adds a filtered version of the quantization er-
ror to the input of the quantizer Q. See Figure 6.1.1. Although the
average power of the quantization error cannot be reduced with this
method, the spectral characteristics of the quantization error can be
manipulated. This basic idea can be traced back at least to a patent of
Cutler [133]. Early works on optimal filter design (which includes the
feedback but also pre- and post-distortion filters) are those of Spang
and Schultheiss [134] and Kimme and Kuo [135]. A notable recent
contribution to this line of work is that of Derpich et al. [136], where,
in contrast to earlier works, the effect of the feedback filter on the
quantization noise is considered during the optimization. Feedback
filter design without optimization of pre- and post-distortion filters
has been treated by Tewksbury and Hallock [137].

6.1.1 System Model

In this section, we give an exact definition of what we understand
by a noise-shaping quantizer. Let Q ⊂ C denote a non-empty finite
set, the so-called quantization alphabet. Then, any causal system Q :
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Figure 6.1.1: Noise-shaping quantizer / Q: quantizer; F: feedback fil-
ter

seqq → seqq such that the output signal (yk)k∈N := Q(u) satisfies
yk ∈ Qq for all k ∈ N and u ∈ seqq is called a quantizer with respect
to Q. Let F ∈ Rq×q be proper and let η denote the solution to

η = Q(v) − v = Q(u− z−1 Fη) − (u− z−1 Fη).

Note that η is uniquely specified by this equation because the sys-
tem z−1 F is strictly causal and Q is causal. Then, the noise-shaping
quantizer with respect to Q and F is the quantizer

QF : seqq → seqq, u 7→ y = Q(u− z−1 Fη).

Figure 6.1.1 depicts the corresponding block diagram.

6.1.2 Stability Theory

Next, we develop a stability theory for noise-shaping quantizers. Our
notion of stability is that any bounded input leaves all other signals
bounded. We are able to show that a commonly used condition for
stability, which is usually only considered sufficient, is in fact also
necessary. The derivations are exact and do not use any approxima-
tions. Hence, we clarify on the role of this condition. Our notion of
stability has three major issues.

1. The proof of necessity utilizes a bounded input signal where the
bound can be arbitrarily large. Therefore, if a a-priori bound on
the inputs is known, our notion of stability may be too conser-
vative.

2. Idle tones, which are periodic spikes in the quantization error
that prevail even if the input vanishes, are not addressed.
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3. Overload errors, which occur if the input v of the quantizer Q
exceeds the dynamic range of Q, are not addressed.

However, the first issue actually poses no disadvantage if a priori
bounds on the input are not available. Furthermore, the second issue
can be addressed by the addition of a not too large random signal to
the quantizer input, a so-called dither signal. See Norsworthy [138].
Finally, the third issue can at least be partially addressed by imposing
a norm bound on the feedback filter. We will further discuss this
matter in Section 6.4 after the feedback filter design algorithms have
been established.

Now, let us give a precise definition of stability. We name two of
the noise-shaping quantizers internal signals,

w := z−1 Fη,

v := u−w.

The noise-shaping quantizer QF is said to be internally stable if a
bounded input implies that the internal signals are bounded,

‖u‖`∞ <∞ =⇒ ‖v‖`∞ <∞, ‖w‖`∞ <∞, ‖η‖`∞ <∞.

We remark that the output y is bounded by construction.

Theorem 6.1.1. The noise-shaping quantizer QF is internally stable if and
only if (I− z−1 F)−1 ∈ RHq×q∞ .

The sufficiency is well-known in the literature. See, e.g., Schreier
and Yang [139]. However, it seems that the necessity is new.

Proof. “Sufficiency”: First, note that ‖y‖`∞ < ∞ for any input u be-
cause Q is a quantizer. The internal signals v and w can be given in
terms of u and y. For any proper F ∈ Rq×p, we have

z−1[I− z−1F(z)]−1F(z) = z−1

( ∞∑
k=0

z−kF(z)k

)
F(z)

=

∞∑
k=1

z−kF(z)k

= −

(
I−

∞∑
k=0

z−kF(z)k

)

=

∞∑
k=1

z−kF(z)k

= z−1F(z)[I− z−1F(z)]−1

for all z ∈ C with |z| > ρ and some ρ > 0 [18, Th. II.1.11]. Thus,

z−1(I− z−1 F)−1F = −I+ (I− z−1 F)−1 = z−1 F(I− z−1 F)−1 (6.1.1)

for any proper F ∈ Rq×p. In particular, we see that

v = u− z−1 Fη

= u− z−1 F(y− v)

⇐⇒ v = (I− z−1 F)−1(u− z−1 Fy)

119



=
[
(I− z−1 F)−1 − z−1(I− z−1 F)−1F

] [ u
y

]
(6.1.1)
=

[
(I− z−1 F)−1 I− (I− z−1 F)−1

]︸ ︷︷ ︸
=:Tv

[
u

y

]

and

η = y− v

=
[
0 I

] [ u
y

]
− Tv

[
u

y

]
=

[
−(I− z−1 F)−1 (I− z−1 F)−1

]︸ ︷︷ ︸
=:Tη

[
u

y

]
(6.1.2)

and

w = z−1 Fη

= z−1 FTη

[
u

y

]
(6.1.1)
=

[
I− (I− z−1 F)−1 −I+ (I− z−1 F)−1

]︸ ︷︷ ︸
Tw

[
u

y

]
.

The claim follows from Corollary 2.5.7 because our assumption (I−

z−1 F)−1 ∈ RHq×q∞ implies Tv, Tη, Tw ∈ RHq×2q∞ .
“Necessity”: The basic idea is to exploit (6.1.2). Since the output

y is bounded independently of the input u, we only have to find
an input u such that the signal (I− z−1 F)−1u grows faster than the
signal (I− z−1 F)−1y possibly can.

Assume (I− z−1 F)−1 /∈ RHq×p∞ . Then, F 6= 0 and we can find a
minimal state-space realization

(I− z−1 F)−1 =
[
A B

C I

]
such that the spectral radius ρ of A satisfies ρ > 1 and B 6= 0, C 6= 0.
Let us first consider the case ρ > 1. Lemma 2.5.3 shows that we
can find k1 ∈ N, M1 > 0 and an input u0 = (u0k)k∈N ∈ seqq with
‖u0‖`∞ <∞ such that

ru0 = (ru0k )k∈N := (I− z−1 F)−1u0 ∈ seqq

satisfies ‖ru0k ‖S = M1ρ
k for all k ∈ N with k > k1. Let y0 =

(y0k)k∈N := QF(u0) denote the corresponding output signal. Since

‖y0‖`∞ 6 max ({‖a‖S : a ∈ Qq}∪ {1}) =:MQ

by definition of a quantizer, Lemma 2.5.4 shows that there are k2 ∈N,
M2 > 0 such that ‖y0k‖S 6M2MQρ

k for all k ∈N with k > k2. Now,
let us apply the input

u = (uk)k∈N =
2M2MQ

M1
u0 ∈ seqq .

Then,
ru = (ruk )k∈N := −(I− z−1 F)−1u ∈ seqq
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and
ry = (ryk)k∈N := (I− z−1 F)−1y ∈ seqq

satisfy ‖ruk‖S = 2M2MQρ
k and ‖ryk‖S 6M2MQρ

k for all k ∈N with
k > k0 := max{k1,k2}. Thus, the quantization error η = (ηk)k∈N :=

y− v ∈ seqq satisfies

‖ηk‖S
(6.1.2)
= ‖− ruk + ryk‖S
> |‖ruk‖S − ‖r

y
k‖S|

> 2M2MQρ
k −M2MQρ

k

= M2MQ︸ ︷︷ ︸
>0

ρk

for all k ∈N with k > k0. In other words, the signal η is unbounded
although u is bounded. The case ρ = 1 can be shown with a similar
argument if we use Lemma 2.5.5 instead of Lemma 2.5.3 and Lemma
2.5.6 instead of Lemma 2.5.4.

An interesting aspect of Theorem 6.1.1 is that the internal stability
of the noise-shaping quantizer QF does not require the stability of the
feedback filter F, F ∈ RHq×p∞ . One may suspect that this is due to the
implicit assumption of infinite precision arithmetic which is violated
in real-world systems and that internal stability as defined above is
not a good measure for the stability of the noise-shaping quantizer
when operated as a real system. However, this is not true.

We can model imperfections like finite precision effects if we add
external noise signals δv, δw, δη ∈ seqq to the internal signals v,w,η
of the noise-shaping quantizer. That is,

v = u−w+ δv,

η = y− v+ δη,

w = z−1 Fη+ δw.

We say the quantizer is strongly internally stable if bounded inputs and
noises imply bounded internal signals,

‖u‖`∞ <∞, ‖δv‖`∞ <∞, ‖δw‖`∞ <∞, ‖δη‖`∞ <∞
=⇒ ‖v‖`∞ <∞, ‖η‖`∞ <∞, ‖w‖`∞ <∞.

The following theorem makes the interesting observation that inter-
nal stability and strong internal stability coincide. In other words,
internal stability is also relevant for real world systems.

Theorem 6.1.2. The noise-shaping quantizer QF is strongly internally sta-
ble if and only if it is internally stable, i.e., (I− z−1 F) ∈ RHq×q∞ .

Proof. “Sufficiency”: Like in the “sufficiency” part of the proof of
Theorem 6.1.1, we have

v = u−w+ δv

= u− z−1 Fη− δw + δv

= u− z−1 F(y− v+ δη) − δw + δv

⇐⇒ v = (I− z−1 F)−1(u− z−1 Fy− z−1 Fδη − δw + δv)
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= (I− z−1 F)−1
[
I − z−1 F

] [ u
y

]

+(I− z−1 F)−1
[
I −I − z−1 F

]  δv
δw
δη


(6.1.1)
=

([
0 I

]
+ (I− z−1 F)−1

[
I −I

])︸ ︷︷ ︸
=:Tv1

[
u

y

]

+
([
0 0 I

]
− (I− z−1 F)−1

[
−I I I

])︸ ︷︷ ︸
=:Tv2

 δv
δw
δη


and

η = y− v+ δη

= y− Tv1

[
u

y

]
− Tv2

 δv
δw
δη

+ δη

= (I− z−1 F)−1
[
−I I

]︸ ︷︷ ︸
Tη1

[
u

y

]

+(I− z−1 F)−1
[
−I I I

]︸ ︷︷ ︸
=:Tη2

 δv
δw
δη


and

w = z−1 Fη+ δw

= z−1 FTη1

[
u

y

]
+ δw + z−1 FTη2

 δv
δw
δη


(6.1.1)
=

([
I −I

]
+ (I− z−1 F)−1

[
−I I

]) [ u
y

]
+ δw

+
([
I −I −I

]
+ (I− z−1 F)−1

[
−I I I

])  δv
δw
δη


=

([
I −I

]
+ (I− z−1 F)−1

[
−I I

])︸ ︷︷ ︸
=:Tw1

[
u

y

]

+
([
I 0 −I

]
+ (I− z−1 F)−1

[
−I I I

])︸ ︷︷ ︸
=:Tw2

 δv
δw
δη

 .

The claim follows from Corollary 2.5.7 because the assumption
(I − z−1 F)−1 ∈ RHq×q∞ implies Tv1, Tη1, Tw1 ∈ RHq×2q∞ and
Tv2, Tη2, Tw2 ∈ RHq×3q∞ .

“Necessity”: Exactly like in the “necessity” part of the proof of
Theorem 6.1.1 (choose δv = δw = δη = 0).

Finally, we note that is not hard to parametrize the set of feedback
filters which are internally stabilizing. The following lemma, which
uses standard arguments similar to Doyle et al. [140, Ch. 5.1], gives
a parametrization.
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Figure 6.1.2: Additive noise model for the noise-shaping quantizer /
F: feedback filter; ε: white noise

Lemma 6.1.3. We have (I − z−1 F)−1 ∈ RHq×q∞ for some proper F ∈
Rq×q if and only if F = −(I− z−1Q)−1Q for some Q ∈ RHq×q∞ .

Proof. “=⇒”: Assume that (I− z−1 F)−1 ∈ RHq×q∞ . We choose

z−1Q := − z−1 F(I− z−1 F)−1

(6.1.1)
= I− (I− z−1 F)−1 ∈ RHq×q∞ .

Then,

(I− z−1 F)−1 = I− z−1Q

⇐⇒ I = (I− z−1Q)(I− z−1 F)

= I− z−1 F− z−1Q+ z−2QF

⇐⇒ z−1Q = − z−1(I− z−1Q)F

⇐⇒ − z−1(I− z−1Q)−1Q = z−1 F.

“⇐=”: Let F = −(I− z−1Q)−1Q for some Q ∈ RHq×q∞ . Then,

z−1 F = − z−1(I− z−1Q)−1Q
(6.1.1)
= I− (I− z−1Q)−1

⇐⇒ (I− z−1 F)−1 = I− z−1Q ∈ RHq×q∞ .

6.1.3 Stochastic Quantization Error

It is common to model the quantization error of the internal quantizer
as an additive asymptotically wide-sense stationary q× 1 stochastic
process η = (ηk)k∈N driven by a white q× 1 stochastic process ε =

(εk)k∈N with variance σ2ε > 0 and independent of the input signal,
i.e., η =Wε for some W ∈ RHq×q∞ and E[ηiu

∗
j ] = 0. See Figure 6.1.2.

Then, the overall quantization error eq := y− u of the noise-shaping
quantizer satisfies

‖eq‖2RMS = ‖y− u‖2RMS
= ‖y− (v+ z−1 Fη)‖2RMS

123



e
1

↓p

e
2

↓p

…

↓p

… …

N
o
is

e
-
Sh

a
p
in

g
Q
ua

n
t
i
ze

r

…

↑p

↑p

↑p

r
1

r
2

…

+

+

…

w
1

w
2

w
q

e
q

r
q

v
q,1

v
q,2

v
q,q

1 1

1

1 1

1

1 1

1

1 1

1

1

11

1

1

Figure 6.2.1: Noise-shaping subband coder / e1, . . . , eq: synthesis fil-
ters; ↓p: down-sampling; ↑p: up-sampling; r1, . . . , rq:
analysis filters

= ‖η− z−1 Fη‖2RMS
= ‖(I− z−1 F)Wε‖2RMS
= σ2ε‖(I− z−1 F)W‖22.

Let us assume that we want to minimize a filtered version of the
noise-shaping quantizers quantization error eq, i.e.,

‖Req‖2RMS = σ2ε‖R(I− z−1 F)W‖22

for some R ∈ RHq×p∞ . An important detail herein is how we model
the covariance σ2ε of the noise. A simple choice is to assume that σ2ε
is a constant independent of F. Another model for σ2ε has been used
in Derpich et al. [136]. Here, we assume that the signal-to-noise ratio

γ :=
σ2v
σ2η

=
σ2v

σ2ε‖W‖22

of the internal quantizer is a given constant. Note that this requires
W 6= 0. The ideal choice of γ depends on a lot of factors. Analytic
approximations be can found, e.g., in Vetterli and Kovačević [141, Ch.
7.1.2], where uniform quantizers are analyzed. Also see [136, Sec.
II.B+VIII]. We have

v = u− z−1 Fη = u− z−1 FWε =⇒ σ2v = σ
2
u + ‖FW‖22σ2ε

Thus, we can rewrite the signal-to-noise ratio as

γ =
σ2v
σ2η

=
σ2u + ‖FW‖22σ2ε
σ2ε‖W‖22

=
‖FW‖22
‖W‖22

+
σ2u

σ2ε‖W‖22
. (6.1.3)

Note that a necessary condition for (6.1.3) to hold is

‖FW‖22 < γ‖W‖22. (6.1.4)

Otherwise, we obtain the contradiction σ2u/σ2ε 6 0. Assuming (6.1.4),
we can rearrange (6.1.3) to an explicit expression for σ2ε,

σ2ε =
σ2u

‖W‖22
(
γ−

‖FW‖22
‖W‖22

) =
σ2u

γ‖W‖22 − ‖FW‖22
.

6.2 system model

Subband coding is a lossy data compression technique. The basic
idea is to quantize q differently filtered versions of the input signal
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separately, where the filters should extract the important parts of the
signal. As this creates redundancy, the filtered signals can be down-
sampled. The resulting signals are then quantized. This gives the
compressed digital version of the signal, which can now be stored
or transmitted. For reconstruction of the input signal, the quantized
signals are again up-sampled and then each of them is again filtered.
Finally, the resulting signals are simply added up. An overview of
subband coding and its applications is given in Vaidyanathan [142,
Ch. III.B]. We speak of a noise-shaping subband coder if the quan-
tization is realized with a noise-shaping quantizer, as depicted in
Figure 6.2.1. See, e.g., Charbonnier and Petit [143] or Bölcskei and
Hlawatsch [77].

Next, let us give precise definitions. We introduce two new systems.
The up-sampling system with sampling factor m ∈ N is the system ↑m:

seq → seq which maps any input (uk)k∈N to the output (yk)k∈N

given by

yk :=

{
uj , if k = mj for some j ∈N

0 , otherwise
.

Note that the interconnection of ↑m with a delay satisfies

↑m z−k = z−km ↑m, m,n ∈N. (6.2.1)

See Vaidyanathan [144, Ch. 4.2]. The down-sampling system with sam-
pling factor m ∈ N is the system ↓m: seq → seq which maps any
input (uk)k∈N to the output (yk)k∈N given by yk := ukm, k ∈ N.
Let e1, . . . , eq ∈ RH∞ denote the analysis filters and p ∈ N. Then,
the analysis filter bank associated with these quantities is the system
ΞE : seq→ seqq given by

u 7→


↓p [e1u]

↓p [e2u]
...

↓p [equ]

 .

Similarly, let r1, . . . , rq ∈ RH∞ be a set of synthesis filters. Then, the
associated synthesis filter bank is the system ΞR : seqq → seq,

v1
v2
...

vq

 7→
q∑
k=1

rk[↑p (vk)].

The analysis or synthesis filter bank is called oversampled if q > p. The
cascade of the analysis filter bank ΞE and the synthesis filter bank ΞR
is said to achieve perfect reconstruction if there exist L ∈ N and c ∈ C,
c 6= 0, such that the output (yk)k∈N := ΞR(ΞE[(uk)k∈N]) of the cas-
cade satisfies yk+L = cuk for all k ∈N and any (uk)k∈N ∈ seq. Note
that this requires q > p. Now, let us assume that ΞE and ΞR are over-
sampled and the analysis-synthesis cascade of ΞE and ΞR achieves
perfect reconstruction. Furthermore, let QF : seqq → seqq denote a
noise-shaping quantizer. Then, the noise-shaping subband coder associ-
ated with these quantities is the system given by u 7→ ΞR(QF(ΞE(u))),
u ∈ seq. See Figure 6.2.1. The noise-shaping subband coder is called
oversampled if q > p and critically sampled if q = p.
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Figure 6.2.2: Noise-shaping subband coder (polyphase representa-
tion) / ↓p: down-sampling; E: polyphase matrix of the
synthesis filter bank; R: polyphase matrix of the analysis
filter bank; ↑p: up-sampling;

6.2.1 Polyphase Representation

Let us consider an S ∈ RH∞ given by

S(z) =

∞∑
k=0

skz
−k, (sk)k∈N ∈ seq,

for all z ∈ Ĉ with |z| > 1. Then, the l-th polyphase component, l ∈
{0, . . . ,p− 1}, with respect to the sampling factor p ∈ N of S is the
Sl ∈ RH∞ given by

Sl(z) =

∞∑
k=0

skp+lz
−k

for all |z| > 1. See [6, Sec. V] on why we have Sl ∈ RH∞. Let us
denote the j-th polyphase component of the analysis filter ei and the
synthesis filter ri by ei,j and ri,j, respectively. Then, polyphase matrices
of the analysis and synthesis filter banks ΞE and ΞR with respect to p
are the rational matrices

E =

 e1,0 . . . e1,p−1
...

...

eq,0 . . . eq,p−1

 ∈ RHq×p∞

and

R =

 r1,0 . . . rq,0
...

...

r1,p−1 . . . rq,p−1

 ∈ RHp×q∞ .

The analysis and synthesis filter banks can be expressed in terms of
their polyphase matrices as follows,

ΞE(u) = E


↓p z−0

↓p z−1
...

↓p z−p+1

u
and

ΞR(v) =
[

z−p+1 ↑p . . . z−1 ↑p z−0 ↑p
]
Rv

for all u ∈ seq and v ∈ seqq [144, Ch. 5.5]. See Figure 6.2.2.
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The cascade of the analysis filter bank ΞE and the synthesis filter
bank ΞR achieves perfect reconstruction if and only if

RE = c z−L
[

0 Ip−r
z−1 Ir 0

]
(6.2.2)

for some L ∈ N, c ∈ C with c 6= 0 and r ∈ {0, . . . p − 1}. See
Vaidyanathan [144, Ch. 5.7.2]. In the following, we will only con-
sider the case c = 1 and r = 0, i.e.,

RE = z−L Ip. (6.2.3)

Note that every noise-shaping subband coder satisfying (6.2.2) can be
modified such that it satisfies (6.2.3) [for a different L] if delays are
added to some of the synthesis filters and all of them are scaled by
c−1 [144, Ch. 5.7.2].

6.2.2 Stochastic Reconstruction Error

Next, assume that we are given a noise-shaping subband coder such
that its polyphase matrices R and E satisfy the perfect reconstruction
condition (6.2.3). Let us, for an arbitrary input u ∈ seq,

x :=

 ↓p z−0
...

↓p z−p+1

u
denote the input to the polyphase matrix E and xq := RQF(Ex) the
output of the polyphase matrix R in Figure 6.2.2. Also, let eq :=

QF(Ex)−Ex denote the corresponding quantization error of the noise-
shaping quantizer. Then, the reconstruction error

e := y− z−Lp z−p+1 u

of the noise-shaping subband coder satisfies

e =
[

z−p+1 ↑p . . . z−0 ↑p
]
xq

− z−Lp
[

z−p+1 ↑p . . . z−0 ↑p
]
x

(6.2.1)
=

[
z−p+1 ↑p . . . z−0 ↑p

]
(xq − z−L x)

=
[

z−p+1 ↑p . . . z−0 ↑p
]
(RQF[Ex] − z−L x)

=
[

z−p+1 ↑p . . . z−0 ↑p
]
(R[Ex+ eq] − z−L x)

(6.2.3)
=

[
z−p+1 ↑p . . . z−0 ↑p

]
Req. (6.2.4)

This shows that the average power σ2e of e equals that of Req. With a
stochastic model for eq as in Section 6.1.3, we find that

σ2e = ‖Req‖2RMS = σ2ε‖R(I− z−1 F)W‖22. (6.2.5)

Recall that σ2ε is either considered a constant independent of F, or we
restrict ourselves to feedback filters with ‖FW‖22 < γ‖W‖22 for some
γ > 0 and choose the σ2ε resulting from γσ2η = σ2v.
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6.3 optimal feedback filter design

In this section, we derive optimal filters that minimize (6.2.5) with re-
spect to the different models for σ2ε discussed in Section 6.2.2. We con-
sider the corresponding filter design problems both with and without
internal stability constraint. Our results on the case σ2ε ≡ const can be
considered a generalization of the results of Bölcskei and Hlawatsch
[77], where the feedback filter was constrained to have a finite im-
pulse response and the internal stability of the noise-shaping quan-
tizer was ignored. As we will find that the resulting optimization
problems are ill-posed as soon as the noise-shaping subband coder
is oversampled, we then follow Derpich et al. [136] and consider the
case σ2v = γσ2η instead. In contrast to Derpich et al. [136], where only
the case q = p = 1 is treated, we do not include the synthesis and
analysis filter banks E and R in the optimization. We do so because
the relationship between E and R becomes much more complicated
if the noise-shaping subband coder is oversampled as R no longer
specifies E in a straight-forward way.

6.3.1 Constant Quantization Noise Power

Let us consider the design of an optimal feedback filter under the
stochastic noise assumption with σ2ε being a constant independent of
the feedback filter F. Then, finding an optimal feedback filter that
internally stabilizes the feedback loop amounts to solving the opti-
mization problem

Fopt ∈ argmin
F∈Rq×q proper

(I−z−1 F)−1∈RH∞q×q
‖R(I− z−1 F)W‖22. (6.3.1)

Compare Theorem 6.1.1 and (6.2.5). It is not obvious how this prob-
lem can be solved because we require the feedback filter to be in-
ternally stabilizing, i.e., (I− z−1 F)−1 ∈ RHq×q∞ . Although we may
use Lemma 6.1.3 in order to convert (6.3.1) into an unconstrained
optimization problem there is the problem that the resulting uncon-
strained problem has a complicated objective function.1 Nevertheless,
there is an easy way to solve (6.3.1) because we can basically ignore
the restrictions. In fact, it suffices to slightly modify a solution the
following filtering problem.

Problem 6.3.1. Let R ∈ RHp×q∞ have normal rank κ > 0 and assume
that no zero z0 ∈ C of R satisfies |z0| = 1. Furthermore, let W ∈
RHq×q∞ be invertible with W−1 ∈ RHq×q∞ .2 Then, find

F? ∈ argmin
F∈Rq×q proper

‖R(I− z−1 F)W‖22.

Lemma 2.7.4 establishes the solvability of this problem and its
proof illustrates how a solution can be found. Thus, we can solve

1 In fact, the objective function takes the form (2.8.4) of a closed-loop transfer func-
tion in optimal control. Although using tools from control turns out to be more
complicated than necessary in this section, such an approach can be useful in the
optimization problem that results from the assumption σ2v = γσ2η. A discussion of
this issue follows in Section 6.4.

2 The assumption W,W−1 ∈ RHq×q∞ can be relaxed. See Section 6.4.
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Problem 6.3.1. The following theorem specifies how a solution to
Problem 6.3.1 can be modified such that it solves (6.3.1).

Theorem 6.3.2. Let F? solve Problem 6.3.1. We distinguish two cases.

1. Assume that I− z−1 F? has no unit circle zeros. Then, we can intro-
duce the reduced outer-co-inner factorization

F?oF?i := (I− z−1 F?)W

and the rational matrix

Fopt := z[I− F?oF?o(∞)−1W(∞)W−1]

is proper with Fopt ∈ RHq×q∞ . Furthermore, Fopt solves (6.3.1).

2. Assume that I− z−1F? has unit circle zeros. Then, we can introduce
the family

F
(ε)
?o F

(ε)
?i :=

[
(I− z−1 F?)W εI

]
(ε > 0)

of reduced outer-co-inner factorizations. The rational matrices

F
(ε)
opt := z[I− F(ε)?o F

(ε)
?o (∞)−1W(∞)W−1] (ε > 0)

are asymptotically optimal feedback filters in the sense that each of
them satisfies F(ε)opt ∈ RHq×q∞ as well as (I−z−1 F(ε)opt)

−1 ∈ RHq×q∞
and

lim
ε↘0
‖R(I− z−1 F(ε)opt)W‖

2
2

= inf
F∈Rq×q proper

(I−z−1 F)−1∈RH∞q×q
‖R(I− z−1 F)W‖22.

Proof. “1.”: The reduced outer-co-inner factorization exists because
the assumptions in Problem 6.3.1 ensure that (I − z−1 F?)W has no
unit circle zeros and full normal rank. See Lemma 2.7.1. The rational
matrix

z−1 Fopt = I− F?oF?o(∞)−1W(∞)W−1

satisfies z−1 Fopt ∈ RHq×q∞ and is strictly proper because we have
F?o, F−1?o ,W,W−1 ∈ RHq×q∞ as well as

I− F?o(∞)F?o(∞)−1W(∞)W−1(∞) = 0q.

Thus, also Fopt ∈ RHq×q∞ . The optimality of Fopt follows because on
the one hand, we have

‖R(I− z−1 Fopt)W‖22
= ‖R(I− [I− F?oF?o(∞)−1W(∞)W−1])W‖22
= ‖RF?oF?o(∞)−1W(∞)‖22

(Lem. 2.7.2+2.2.1)
6 ‖RF?o‖22
= ‖RF?oF?i‖22
= ‖R(I− z−1 F?)W‖22
= inf

F∈Rq×q proper
‖R(I− z−1 F)W‖22
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6 inf
F∈Rq×q proper

(I−z−1 F)−1∈RH
q×q∞
‖R(I− z−1 F)W‖22,

but on the other hand, we have

‖R(I− z−1 Fopt)W‖22 > inf
F∈Rq×q proper

(I−z−1 F)−1∈RH
q×q∞
‖R(I− z−1 F)W‖22

because Fopt is proper and

(I− z−1 Fopt)−1 = (I− [I− F?oF?o(∞)−1W(∞)−1W])−1

= W−1W(∞)F?o(∞)F−1?o ∈ RHq×q∞ .

“2.”: The factorizations exist because[
(I− z−1 F?)W εI

]
has full row normal rank and no zeros for all ε > 0. See Lemma
2.7.1. Exactly as in part “1.”, one proves F(ε)opt ∈ RHq×q∞ and (I −

z−1 F(ε)opt)
−1 ∈ RHq×q∞ for any ε > 0. But then,

‖R(I− z−1 F(ε)opt)W‖
2
2 > inf

F∈Rq×q proper
(I−z−1 F)−1∈RH∞q×q

‖R(I− z−1 F)W‖22

for any ε > 0 and in particular

lim
ε↘0
‖R(I− z−1 F(ε)opt)W‖

2
2 > inf

F∈Rq×q proper
(I−z−1 F)−1∈RH∞q×q

‖R(I− z−1 F)W‖22

> inf
F∈Rq×q proper

‖R(I− z−1 F)W‖22.

On the other hand, we have

lim
ε↘0
‖R(I− z−1 F(ε)opt)W‖

2
2

= lim
ε↘0
‖RF(ε)?o F

(ε)
?o (∞)−1W(∞)‖22

(2.6.1)
6 lim

ε↘0

∥∥∥RF(ε)?o F
(ε)
?o (∞)−1

[
W(∞) εI

]∥∥∥2
2

(Lem. 2.7.2+2.2.1)
6 lim

ε↘0
‖RF(ε)?o ‖22

= lim
ε↘0
‖RF(ε)?o F

(ε)
?i ‖

2
2

= lim
ε↘0

∥∥R [ (I− z−1 F?)W εI
]∥∥2
2

(2.6.1)
= lim

ε↘0
(‖R(I− z−1 F?)W‖22 + ε2‖R‖22)

= ‖R(I− z−1 F?)W‖22
= inf

F∈Rq×q proper
‖R(I− z−1 F)W‖22. (6.3.2)

Together with our previous insights, this implies that

lim
ε↘0
‖R(I− z−1 F(ε)opt)W‖

2
2 = inf

F∈Rq×q proper
(I−z−1 F)−1∈RH∞q×q

‖R(I− z−1 F)W‖22.

130



An interesting byproduct of this proof is the insight that the addi-
tional requirement (I− z−1 F)−1 ∈ RHq×q∞ made in (6.3.1) does not
impair the performance of the optimal feedback filter.

Corollary 6.3.3. The infimal performances in Problem 6.3.1 and (6.3.1)
coincide, i.e.,

inf
F∈Rq×q proper

‖R(I− z−1 F)W‖22 = inf
F∈Rq×q proper

(I−z−1 F)−1∈RH
q×q∞
‖R(I− z−1 F)W‖22.

Proof. We have “6” by definition and “>” by (6.3.2).

Finally, we consider the uniqueness of solutions to Problem 6.3.1
and (6.3.1) if we are in the setting of noise-shaping subband quantiz-
ers. The next theorem shows that if the perfect reconstruction filter
bank is critically sampled, unique solutions usually exist. On the
other hand, if the filter bank is oversampled, both problems consti-
tute ill-posed problems in the sense of Hadamard because there never
can be a unique solution to either of them. See, e.g., Tikhonov and
Arsenin [145, Ch. 1, §2].

Theorem 6.3.4. We consider Problem 6.3.1. Assume that R ∈ RHp×q∞
denotes the polyphase matrix of an arbitrary perfect reconstruction filter
bank cascade satisfying (6.2.3). We distinguish two cases.

1. Assume that q = p. Then, Problem 6.3.1 has exactly one solution.
Furthermore, (6.3.1) has either no or exactly one solution.

2. Assume that q > p. Then, Problem 6.3.1 has infinitely many solu-
tions. Furthermore, (6.3.1) has either no or infinitely many solutions.

Proof. “1./Problem 6.3.1”: The rational matrices R and z−1W both
have normal rank q = p and are free of free of unit circle zeros by
(3.1.5) and assumption, respectively. Thus, there is a unique solution
to Problem 6.3.1 by Lemma 2.7.4.

“1./(6.3.1)”: Assume that Fopt solves (6.3.1). Then, Fopt also solves
Problem 6.3.1 by Corollary 6.3.3. However, we have already seen that
Problem 6.3.1 has a unique solution, say, F?. Thus, Fopt = F?.

“2./Problem 6.3.1”: The rational matrices R and z−1W both have
normal rank p and are free of unit circle zeros by (3.1.5) and assump-
tion, respectively. Thus, we can apply Lemma 2.7.4 and see that there
exists a solution F? to Problem 6.3.1, i.e.,

‖R(I− z−1 F?)W‖22 = inf
F∈Rq×q proper

‖R(I− z−1 F)W‖22

for some proper F? ∈ Rq×q. Furthermore, Proposition 3.1.8 shows
that there exists S+⊥ ∈ RHq×(q−p)∞ such that RS+⊥ = 0 and S⊥S+⊥ = I

for some S⊥ ∈ RH(q−p)×q∞ . The performance of the optimal feedback
filter F? is invariant under the mapping

Q 7→ F? + S
+
⊥Q (Q ∈ R(q−p)×q proper) (6.3.3)

i.e.,

‖R[I− z−1(F? + S+⊥Q)]W‖22
(RS+⊥=0)= ‖R[I− z−1 F?]W‖22
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for all proper Q ∈ R(q−p)×q. Thus, any filter of the form F? + S
+
⊥Q

solves Problem 6.3.1. The mapping (6.3.3) is injective because

F? + S
+
⊥Q1 = F? + S

+
⊥Q2

(S⊥S
+
⊥=I)⇔ Q1 = Q2 (6.3.4)

for all proper Q1,Q2 ∈ R(q−p)×q. Hence, there are infinitely many
solutions to Problem 6.3.1.

“2./(6.3.1)”: Assume that there exists a solution Fopt to (6.3.1),

‖R(I− z−1 Fopt)W‖22 = inf
F∈Rq×q proper

(I−z−1 F)−1∈RH
q×q∞
‖R(I− z−1 F)W‖22

for some proper Fopt ∈ Rq×q with (I− z−1 Fopt)−1 ∈ RHq×q∞ . Then,
by Lemma 2.2.2, there exists a δ > 0 such that I − z−1 Fopt + X is
invertible with (I − z−1 Fopt + X)−1 ∈ RHq×q∞ for all X ∈ RHq×q∞
with ‖X‖∞ < δ. With S⊥ and S+⊥ as before, we have

‖R[I− z−1(Fopt + S+⊥Q)]W‖22
(RS+⊥=0)= ‖R[I− z−1 Fopt]W‖22

and
[I− z−1(Fopt + S+⊥Q)]−1 ∈ RHq×q∞

for all Q ∈ RH(q−p)×q∞ with ‖Q‖∞ 6 δ/‖S+⊥‖∞. Hence, again by
(6.3.4), there are infinitely many solutions to Problem 6.3.1.

6.3.2 Proportional Quantization Noise Power

Next, let us consider the design of an optimal feedback filter with
respect to the stochastic noise model assumption where the variance
of the quantization error σ2η is proportional to the variance of the
quantizer input, γσ2η = σ2v. Then, finding an optimal feedback filter
amounts to solving the optimization problem

argmin
F∈Rq×q proper,‖FW‖2

2
<γ‖W‖2

2
(I−z−1 F)−1∈RH∞q×q

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

. (6.3.5)

Like in the case σ2η = const, we will try to modify the solution of the
following simpler problem in order to solve (6.3.5).

Problem 6.3.5. Let R ∈ RHp×q∞ have normal rank κ > 0 and assume
that no zero z0 ∈ C of R satisfies |z0| = 1. Furthermore, let W ∈
RHq×q∞ be invertible with W−1 ∈ RHq×q∞ and γ > 0. Then, find

F? ∈ argmin
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.

Unfortunately, our results will be weaker than for the case σ2ε =

const. This is because if we modify a solution F? to Problem 6.3.5
such that the resulting filter Fopt satisfies (I− z−1 Fopt)−1 ∈ RHq×q∞
this may conflict with the requirement ‖FoptW‖22 < γ‖W‖22. Never-
theless, we will be able to completely solve the special case of (6.3.5)
where the weightW is a constant matrix, i.e., if the quantization noise
is temporally uncorrelated.
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Our first step is to derive a solution theory for Problem 6.3.5, which,
in contrast to Problem 6.3.1, is not a standard problem. The solu-
tion of Problem 6.3.5 requires some auxiliary results. The follow-
ing lemma shows how we can circumvent the restriction ‖FW‖22 <
γ‖W‖22.

Lemma 6.3.6. We consider Problem 6.3.5. Let C > 0. Then, an arbitrary
proper F ∈ Rq×q satisfies

‖FW‖22 < γ‖W‖22 and
‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

= C (6.3.6)

if and only if
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

= γ. (6.3.7)

The lemma remains valid if we replace the “=” with “6”.

Proof. “=⇒”: Since ‖FW‖22 < γ‖W‖22, we have

C =
‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

⇐⇒ Cγ‖W‖22 = ‖R(I− z−1 F)W‖22 +C‖FW‖22

⇐⇒ γ =
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

.

This remains valid if we replace the “=” with “6”.
“⇐=”: Since the rational matrix R is proper with non-zero nor-

mal rank there is an k0 ∈ N such that Rk0 := zk0 R is proper and
Rk0(∞) = R̂k0 6= 0. Then, also Rk0(∞)W(∞) 6= 0 because the as-
sumption that W,W−1 ∈ RHq×q∞ implies that W(∞) must be invert-
ible. Now, let {Rk0W}

sp
+ denote the strictly proper part of Rk0W, i.e.,

Rk0W = Rk0(∞)W(∞) + {Rk0W}
sp
+ . Then,

‖R(I− z−1 F)W‖22
= ‖z−k0Rk0(I− z−1 F)W‖22
= ‖Rk0W − z−1 Rk0FW‖

2
2

= ‖Rk0(∞)W(∞)︸ ︷︷ ︸
constant

+ {Rk0W}
sp
+ − z−1 Rk0FW︸ ︷︷ ︸

strictly proper

‖22

(2.6.1)
= ‖Rk0(∞)W(∞)‖2F︸ ︷︷ ︸

=:CR,W

+‖{Rk0W}
sp
+ − z−1 Rk0FW‖

2
2

> CR,W

> 0. (6.3.8)

But then, also

γ−
‖FW‖22
‖W‖22

(6.3.7)
=
‖R(I− z−1 F)W‖22

C‖W‖22
> 0 =⇒ ‖FW‖22 < γ‖W‖22.

The equivalence of the two equations (or inequalities if we replace the
“=” with “6”) in the statement of the lemma now follows exactly as
in the “=⇒” part of the proof.
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The next lemma establishes some properties of a function that will
be important when we derive an algorithm to approximate the infi-
mal performance in Problem 6.3.5, i.e., the infimum over all C > 0

such that (6.3.6) is satisfied for some proper F ∈ Rq×q. Later, the
lemma will also be necessary in order to establish existence and
uniqueness of solutions to Problem 6.3.5.

Lemma 6.3.7. We consider Problem 6.3.5. Let γ > 0. Then, the function
Ψγ : (0,∞)→ (0,∞) given by

Ψγ(C) := inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

(
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

)

is well-defined, strictly monotonously decreasing, continuous and has the
limits limC↘0 Ψγ(C) =∞ and limC↗∞ Ψγ(C) = 0.
Proof. “Well-definedness”: We have to show that the infimum is finite
and positive for any C > 0. But this follows immediately because the
choice F = 0 always results in

‖R(I− z−1 F)W‖22
C‖W‖22

+
‖FW‖22
‖W‖22

=
‖RW‖22
C‖W‖22

<∞
and Ψγ(C) > CR,W/(C‖W‖22) by (6.3.8).

“Monotonicity”: We define the auxiliary function

ψ : (0,∞)× {R ∈ Rq×q : R proper}→ (0,∞]

by

ψ(C, F) :=
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

.

For any proper F ∈ Rq×q such that ‖R(I− z−1 F)W‖22 and ‖FW‖22 are
finite and arbitrary C1,C2 ∈ (0,∞) with C1 < C2, we have

ψ(C1, F) −ψ(C2, F) =
‖R(I− z−1 F)W‖22

C1‖W‖22
−
‖R(I− z−1 F)W‖22

C2‖W‖22

=

(
1

C1
−
1

C2

)
︸ ︷︷ ︸

>0

‖R(I− z−1 F)W‖22
‖W‖22︸ ︷︷ ︸

>CR,W/‖W‖22>0 by (6.3.8)

=⇒ ψ(C1, F) > ψ(C2, F) +
(
1

C1
−
1

C2

)
CR,W

‖W‖22︸ ︷︷ ︸
>0

.

Note that the constants CR,W ,C1,C2 are independent of F. Thus,

Ψγ(C1) = inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

(
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

)
= inf

F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

ψ(C1, F)

> inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

ψ(C2, F)

= Ψγ(C2).
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for all constants C1,C2 ∈ (0,∞) with C1 < C2.
“Continuity”: For any proper F ∈ Rq×q with ‖FW‖22 < γ‖W‖22 such

that ‖R(I− z−1 F)W‖22 and ‖FW‖22 are finite and arbitrary constants
C1,C2 ∈ (0,∞) with C1 6= C2, we have

|ψ(C1, F) −ψ(C2, F)| =

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣ ‖R(I− z−1 F)W‖22
‖W‖22

6
‖RW‖22 + ‖FW‖22

‖W‖22

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣
6
‖RW‖22 + γ‖W‖22

‖W‖22︸ ︷︷ ︸
=:CR,W,γ>γ>0

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣ . (6.3.9)

Note that the constant CR,W,γ is independent of F. Thus,

Ψγ(C1) = inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

ψ(C1, F)

(6.3.9)
6

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣CR,W,γ

+ inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

ψ(C2, F)

=

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣CR,W,γ +Ψγ(C2)

=⇒ Ψγ(C1) −Ψγ(C2) 6

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣CR,W,γ

and, analogously,

Ψγ(C2) 6

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣CR,W,γ +Ψγ(C1)

=⇒ Ψγ(C2) −Ψγ(C1) 6

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣CR,W,γ.

Combining, we find that

|Ψγ(C1) −Ψγ(C2)| = CR,W,γ

∣∣∣∣ 1C1 −
1

C2

∣∣∣∣ ,
i.e., C1 → C2 implies Ψγ(C1)→ Ψγ(C2) for all C1,C2 ∈ (0,∞).

“Limits”: For any proper rational matrix F with ‖FW‖22 < γ‖W‖22
such that ‖R(I − z−1 F)W‖22 and ‖FW‖22 are finite and any constant
C ∈ (0,∞), we have

ψ(C, F) =
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

(6.3.8)
>

CR,W

C‖W‖22
> 0.

Thus,

lim
C↘0

Ψγ(C) = lim
C↘0

inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

ψ(C, F)

>
CR,W

‖W‖22
lim
C↘0

1

C
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= ∞.

On the other hand, we have

lim
C↗∞Ψγ(C) = lim

C↗∞ inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

(
‖R(I− z−1 F)W‖22

C‖W‖22

+
‖FW‖22
‖W‖22

)
(F=0)

6 lim
C↗∞

(
‖RW‖22
C‖W‖22

+ 0

)
=

‖RW‖22
‖W‖22

lim
C↗∞ 1C

= 0.

The next lemma uses the previous one in order to find a com-
putable description of the infimal performance that be achieved in
Problem 6.3.5. Here, computable means that we can give an explicit
algorithm which approximates the infimal performance arbitrarily
close. Details on this algorithm follow after the proof.

Lemma 6.3.8. We consider Problem 6.3.5 and define a function Ψ :

(0,∞)→ (0,∞) by

Ψ(C) := inf
F∈Rq×q proper

∥∥∥∥∥
[

RW√
C‖W‖2
0

]
−

[
z−1 R√
C‖W‖2
I

‖W‖2

]
F

∥∥∥∥∥
2

2

. (6.3.10)

Then, for any γ > 0, there exists exactly one C? ∈ (0,∞) such that

Ψ(C?) = γ.

This C? satisfies

C? = inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.

Proof. We have

Ψ(C) = inf
F∈Rq×q proper

∥∥∥∥∥
[

RW√
C‖W‖2
0

]
−

[
z−1 R√
C‖W‖2
I

‖W‖2

]
FW

∥∥∥∥∥
2

2

(6.3.11)

because W ∈ RHq×q∞ is invertible with W−1 ∈ RHq×q∞ . Let us use
this observation to show

Ψ(C) = γ⇐⇒ Ψγ(C) = γ (C ∈ (0,∞)). (6.3.12)

“=⇒”. Let Ψ(C) = γ for some C ∈ (0,∞). Our assumptions on R
andW in Problem 6.3.5 ensure that the infimum in (6.3.11) is attained,
i.e., there exists a proper F0 ∈ Rq×q such that

γ = Ψ(C)

(6.3.11)
=

∥∥∥∥∥
[

RW√
C‖W‖2
0

]
−

[
z−1 R√
C‖W‖2
I

‖W‖2

]
F0W

∥∥∥∥∥
2

2
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(2.6.1)
=

‖R(I− z−1 F0)W‖22
C‖W‖22

+
‖F0W‖22
‖W‖22

.

Compare Lemma 2.7.4. Thus, by Lemma 6.3.6, ‖F0W‖22 < γ‖W‖22
and, in particular,

Ψ(C) =
‖R(I− z−1 F0)W‖22

C‖W‖22
+
‖F0W‖22
‖W‖22

> inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

(
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

)
= Ψγ(C). (6.3.13)

Since also

Ψ(C)
(6.3.11)
= inf

F∈Rq×q proper

∥∥∥∥∥
[

RW√
C‖W‖2
0

]
−

[
z−1 R√
C‖W‖2
I

‖W‖2

]
FW

∥∥∥∥∥
2

2

= inf
F∈Rq×q proper

(
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

)
6 inf

F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

(
‖R(I− z−1 F)W‖22

C‖W‖22
+
‖FW‖22
‖W‖22

)
= Ψγ(C), (6.3.14)

we see that Ψγ(C) = Ψ(C).
“⇐=”: Let Ψγ(C) = γ for some C ∈ (0,∞). As before, we see that

the infimum in (6.3.11) is attained, i.e.,

Ψ(C) =

∥∥∥∥∥
[

RW√
C‖W‖2
0

]
−

[
z−1 R√
C‖W‖2
I

‖W‖2

]
F0W

∥∥∥∥∥
2

2

=
‖R(I− z−1 F0)W‖22

C‖W‖22
+
‖F0W‖22
‖W‖22

for some proper F0 ∈ Rq×q. Since Ψ(C) 6 Ψγ(C) by (6.3.14), this
shows

‖R(I− z−1 F0)W‖22
C‖W‖22

+
‖F0W‖22
‖W‖22

= Ψ(C) 6 Ψγ(C) = γ.

But then ‖F0W‖22 < γ‖W‖22 by Lemma 6.3.6. Hence, we can apply
(6.3.13) by which Ψ(C) > Ψγ(C). We see that again Ψγ(C) = Ψ(C).

Let us now finish the proof. Lemma 6.3.7 shows that the equation
Ψγ(C) = γ has exactly one solution. But then, by (6.3.11), also Ψ(C) =
γ has exactly one solution. Let C? be this solution. Then,

C? = [unique solution to Ψ(C?) = γ]

(6.3.12)
= [unique solution to Ψγ(C?) = γ]

(Lem. 6.3.7)
= inf {C ∈ (0,∞) : Ψγ(C) 6 γ}

(Def. Ψγ)
= inf

{
C ∈ (0,∞) : there is a F ∈ Rq×q proper

s.t. ‖FW‖22 6 γ‖W‖22 and
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‖R(I− z−1 F)W‖22
C‖W‖22

+
‖FW‖22
‖W‖22

6 γ

}
(Lem. 6.3.6)

= inf
{
C ∈ (0,∞) : there is a F ∈ Rq×q proper

s.t. ‖FW‖22 6 γ‖W‖22 and

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

6 C

}
= inf

F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.

We point out that this proof also illustrates how we can find C?

algorithmically. During the proof, we have shown that Ψγ(C) = γ

if and only if Ψ(C) = γ. A trivial modification shows that also
Ψγ(C) 6 γ if and only if Ψ(C) 6 γ. Since Ψγ is strictly monotonously
decreasing by Lemma 6.3.7, we therefore have C 6 C? if and only
if Ψ(C) > γ. In contrast to evaluation of Ψγ, evaluation of Ψ only
requires the solution of a standard filtering problem, i.e., we can eval-
uate Ψ numerically. Compare the proof of Lemma 2.7.4 or Section
2.10. Thus, the following bisection algorithm approximates C? arbi-
trarily close.

Algorithm 6.1 Approximation of C? in Lemma 6.3.8.
Input: R,W,γ like in Problem 6.3.5, error bound ε > 0

Output: Constant Cub > C? such that |Cub −C?| < ε

1. Set Clb ← 0 and Cub ← 2‖RW‖22/(γ‖W‖22)

2. Set K← ceil[− log2(ε/Cub)]

3. Repeat for K times:

3a. If Ψ in (6.3.11) satisfies Ψ(C̃?) 6 γ, set Cub ←
C̃?

3b. Otherwise, set Clb ← C̃?

3c. Set C̃? ← 1
2(Clb +Cub)

We refer, e.g., to Burden and Faires [19, Ch. 2.1] for details on the bi-
section method. Note that the result of the algorithm is always equal
or larger than C?. This ensures solvability if the approximation Cub
is used instead of C? in the to be derived optimization problem for
finding F?. Also, note that the initial guess Cub = 2‖RW‖22/(γ‖W‖22)
is indeed a valid upper bound on C? because

Ψγ(Cub) 6 Ψ(Cub)

= inf
F∈Rq×q proper

∥∥∥∥∥
[

RW√
Cub‖W‖2
0

]

−

[
z−1 R√
Cub‖W‖2
I

‖W‖2

]
FW

∥∥∥∥∥
2

2
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(F=0)

6
‖RW‖22
Cub‖W‖22

=
γ

2
< γ

(Lem. 6.3.7)⇐⇒ Cub > C?.

With C? known, we can transform Problem 6.3.5 into a standard fil-
tering problem as treated in Lemma 2.7.4.

Theorem 6.3.9. Problem 6.3.5 has a unique solution. With C? as in Lemma
6.3.8, this is the unique proper F? ∈ Rq×q that satisfies

F? ∈ argmin
F∈Rq×q proper

∥∥∥∥∥
[

RW√
C?‖W‖2
0

]
−

[
z−1 R√
C?‖W‖2
I

‖W‖2

]
FW

∥∥∥∥∥
2

2

. (6.3.15)

Furthermore, F? also satisfies F? ∈ RHq×q∞ .

Proof. A proper F? ∈ Rq×q solves Problem 6.3.5 if and only if

‖R(I− z−1 F?)W‖22
γ‖W‖22 − ‖F?W‖22

= inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

(Lem. 6.3.8)
= C?

and ‖FW‖22 < γ‖W‖22. By Lemma 6.3.6, this is equivalent to∥∥∥∥∥
[

RW√
C?‖W‖2
0

]
−

[
z−1 R√
C?‖W‖2
I

‖W‖2

]
F?W

∥∥∥∥∥
2

2

= γ,

which on the other hand is equivalent to (6.3.15) because

γ = Ψ(C?) = inf
F∈Rq×q proper

∥∥∥∥∥
[

RW√
C?‖W‖2
0

]
−

[
z−1 R√
C?‖W‖2
I

‖W‖2

]
FW

∥∥∥∥∥
2

2

by assumption. Lemma 2.7.4 shows that (6.3.15) has a unique solution
F? and that this solution satisfies F? ∈ RHq×q∞ .

Finally, if the weight is constant, we can use Theorem 6.3.9 in order
to find a solution to our initial problem (6.3.5).

Theorem 6.3.10. Let F? denote a solution to Problem 6.3.5 and assume that
W is constant, W =W(∞). We distinguish two cases.

1. Assume that I− z−1 F? has no unit circle zeros. Then, Fopt := F? is
the unique solution to (6.3.5). Furthermore, Fopt ∈ RHq×q∞ .

2. Assume that I− z−1 F? has unit circle zeros. Then, there is no solu-
tion to (6.3.5). Nevertheless, we can introduce the family

F
(ε)
?o F

(ε)
?i :=

[
(I− z−1 F?)W εI

]
(ε > 0)

of reduced outer-co-inner factorizations. The rational matrices

F
(ε)
opt := z[I− F(ε)?o F

(ε)
?o (∞)−1W(∞)W−1] (ε > 0)
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are asymptotically optimal feedback filters in the sense that each of
them satisfies F(ε)opt, (I− z−1 F(ε)opt)

−1 ∈ RHq×q∞ ,

‖F(ε)optW‖
2
2 < γ‖W‖22

for every ε > 0 with ε < q−
1
2

√
γ‖W‖22 − ‖F?W‖22, and

lim
ε↘0

‖R(I− z−1 F(ε)opt)W‖22
γ‖W‖22 − ‖FW‖22

= inf
F∈Rq×q proper,‖FW‖2

2
<γ‖W‖2

2

(I−z−1 F)−1∈RH
q×q∞

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.

Proof. “1.”: Like in the proof of Theorem 6.3.2, we can introduce
the reduced outer-co-inner factorization F?oF?i := (I − z−1 F?)W
and show that Fopt := z[I− F?oF?o(∞)−1W(∞)W−1] is proper with
Fopt ∈ RHq×q∞ and

‖R(I− z−1 Fopt)W‖22 6 ‖R(I− z−1 F?)W‖22.

Furthermore, we have

‖FoptW‖22 = ‖[I− F?oF?o(∞)−1W(∞)W−1]W‖22
(W=W(∞))

= ‖W(∞) − F?oF?o(∞)−1W(∞)‖22
(2.6.1)
= ‖F?oF?o(∞)−1W(∞)‖22 − ‖W(∞)‖2F

(Lem. 2.7.2)
6 ‖F?o‖22 − ‖W(∞)‖2F
= ‖F?oF?i‖22 − ‖W(∞)‖2F
= ‖(I− z−1 F?)W‖22 − ‖W(∞)‖2F

(W=W(∞))
= ‖W(∞) − z−1 F?W(∞)‖22 − ‖W(∞)‖2F

(2.6.1)
= ‖ z−1 F?W(∞)‖22 + ‖W(∞)‖2F

−‖W(∞)‖2F
(W=W(∞))

= ‖F?W‖22

and, in particular,

‖FoptW‖22 6 ‖F?W‖22 < γ‖W‖22.

Thus,

‖R(I− z−1 Fopt)W‖22
γ‖W‖22 − ‖FoptW‖22

6
‖R(I− z−1 F?)W‖22
γ‖W‖22 − ‖F?W‖22

= inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

6 inf
F∈Rq×q proper,‖FW‖2

2
<γ‖W‖2

2

(I−z−1 F)−1∈RH
q×q∞

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.
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However, we also have

‖R(I− z−1 Fopt)W‖22
γ‖W‖22 − ‖FoptW‖22

> inf
F∈Rq×q proper,‖FW‖2

2
<γ‖W‖2

2

(I−z−1 F)−1∈RH
q×q∞

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

because (I− z−1 Fopt)−1 ∈ RHq×q∞ . (This can be shown exactly like
in the proof of Theorem 6.3.2.) Thus, Fopt solves (6.3.5). Furthermore,
we have constructed Fopt such that it also solves Problem 6.3.5, as
does F?. Since the solution of Problem 6.3.5 is unique by Theorem
6.3.9, we see that Fopt = F?.

“2.”: Again, one shows like in the proof of Theorem 6.3.2 that the
factorizations and filters are well-defined and satisfy

‖R(I− z−1 F(ε)opt)W‖
2
2 6 ‖R(I− z−1 F?)W‖22 + ε2‖R‖22

for all ε > 0. Furthermore, we have

‖F(ε)optW‖
2
2 = ‖[I− F(ε)?o F

(ε)
?o (∞)−1W(∞)W−1]W‖22

(W=W(∞))
= ‖W(∞) − F

(ε)
?o F

(ε)
?o (∞)−1W(∞)‖22

(2.6.1)
= ‖F(ε)?o F

(ε)
?o (∞)−1W(∞)‖22 − ‖W(∞)‖2F

(2.6.1)
6 ‖F(ε)?o F

(ε)
?o (∞)−1

[
W(∞) εI

]
‖22

−‖W(∞)‖2F
(Lem. 2.7.2)
6 ‖F(ε)?o ‖22 − ‖W(∞)‖2F
= ‖F(ε)?o F

(ε)
?i ‖

2
2 − ‖W(∞)‖2F

=
∥∥[ (I− z−1 F?)W εI

]∥∥2
2

−‖W(∞)‖2F
(2.6.1)
= ‖W(∞) − z−1 F?W(∞)‖22 + ε2‖Iq‖22

−‖W(∞)‖2F
(2.6.1)
= ‖ z−1 F?W(∞)‖22 + ε2‖Iq‖22

+‖W(∞)‖2F − ‖W(∞)‖2F
(W=W(∞))

= ‖F?W‖22 + ε2‖Iq‖22

for all ε > 0 and, in particular,

‖F(ε)optW‖
2
2 6 ‖F?W‖22 + ε2‖Iq‖22 < γ‖W‖22

for all ε > 0 with ε < q−
1
2

√
γ‖W‖22 − ‖F?W‖22. Thus,

lim
ε↘0

‖R(I− z−1 F(ε)opt)W‖22
γ‖W‖22 − ‖F

(ε)
optW‖22

6 lim
ε↘0

‖R(I− z−1 F?)W‖22 + ε2‖R‖22
γ‖W‖22 − ‖F?W‖22 − ε2‖Iq‖22

=
‖R(I− z−1 F?)W‖22
γ‖W‖22 − ‖F?W‖22
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= inf
F∈Rq×q proper
‖FW‖2

2
<γ‖W‖2

2

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

6 inf
F∈Rq×q proper,‖FW‖2

2
<γ‖W‖2

2

(I−z−1 F)−1∈RH
q×q∞

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.

However, we also have

‖R(I− z−1 F(ε)opt)W‖22
γ‖W‖22 − ‖F

(ε)
optW‖22

> inf
F∈Rq×q proper,‖FW‖2

2
<γ‖W‖2

2

(I−z−1 F)−1∈RH
q×q∞

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

for all ε > 0 with ε < q−
1
2

√
γ‖W‖22 − ‖F?W‖22.

6.4 notes and references

• The noise-shaping quantizer architecture in Figure 6.1.1, where
the quantization error is fed back, is mainly suited for imple-
mentation in the digital domain. There, it offers various ad-
vantages in terms of implementation. Since the architecture
is sensitive to errors in the quantization error, it is less useful
in analog-to-digital conversion where the quantization error is
found in the analog domain. See Norsworthy et al. [146, Ch.
3.2,5.6.5,10.2.2]. Alternative realizations are described in Tewks-
bury and Hallock [137].

• The term “internally stable” has been used in two different
contexts in this thesis, control and noise-shaping quantization.
Compare the Sections 2.8 and 6.1.2. The reason is that our defi-
nition of an (strongly) internally stable noise-shaping quantizer
is inspired by the definition of internal stability in the transfer
function formulation of the optimal control problem. Compare,
e.g., Francis [15, Ch. 3]. Similar to our findings in Section 6.1.2,
stability of the controller is not required for internal stability in
control.

• The use of dither not only avoids idle tones, but also makes the
stochastic noise assumption exact. Compare Wannamaker [147]
et al. and Wannamaker [148, Ch. 5.2].

• An interesting consequence of Theorem 6.1.2 is that the addition
of a bounded dither signal does not affect the internal stability of
the quantizer.

• The assumption W−1 ∈ RHq×q∞ in the Problems 6.3.1 and
6.3.5 can be relaxed to W having normal rank q and no unit
circle zeros as follows. Compute a outer-co-inner factoriza-
tion W = WoWi. The definitions of the H2 norm and of a
co-inner factor imply ‖R(I − z−1 F)W‖22 = ‖R(I − z−1 F)Wo‖22,
‖FW‖2 = ‖FWo‖2 and ‖W‖2 = ‖Wo‖2 for all R and F as
specified in the problems. Hence, we can replace W with
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Wo without changing the objective functions, but Wo satisfies
W−1
o ∈ RHq×q∞ . See Lemma 2.7.1.

• Theorem 6.3.4 shows that the feedback filter design problem
is ill-posed if the noise-shaping subband coder is oversampled
and we assume σ2ε ≡ const because unique solutions do not
exist. This already hints at insufficient modeling. A further ar-
gument that supports this hunch is as follows. Consider (6.3.1)
where L = 0, W = I2 and Rλ =

[
z−1 λ

]
for any λ > 0. Then,

the feedback filter

Fλ =

[
0 0

λ−1 0

]
is internally stabilizing,

(I2 − z−1 Fλ)−1 =

[
1 0

− z−1 λ−1 1

]−1
=

[
1 0

z−1 λ−1 1

]
∈ RH2×2∞ ,

and results in an excepted reconstruction error of

‖Rλ(I− z−1 Fλ)W‖22

=

∥∥∥∥[ z−1 λ
]
− z−1

[
z−1 λ

] [ 0 0

λ−1 0

]∥∥∥∥2
2

=
∥∥[ z−1 λ

]
−
[

z−1 0
]∥∥2
2

= |λ|2.

Obviously, we can drive the expectation of the mean square
error that results from the stochastic noise model where σε ≡
const arbitrarily close to zero by letting λ ↘ 0. However, the
real error cannot become zero because of the quantization. In
fact, as the norm ‖Fλ‖2 of the feedback filter diverges to infinity
as λ ↘ 0, the feedback signal will become large and leave the
dynamic range of the quantizer Q. This results in so-called
overload errors which are not included in the stochastic noise
model where σε ≡ const.

• The previous note also illustrates another advantage of the
stochastic noise model with γσ2µ = σ2v. The norm bound on
the feedback filter, ‖FW‖22 < γ‖W‖22, avoids that the feedback
signal is amplified too much. Thus, we can avoid overload er-
rors by choosing γ small enough. However, it should be noted
that the weighted H2 norm is not the ideal criterion for control-
ling the bound on the output of the feedback filter. In fact, the
Wiener norm ‖F‖W :=

∑∞
k=0 ‖F̂k‖F would be appropriate [25,

Ch. 6.10.G].

• Quevedo et al. [149] have proposed an alternative implementa-
tion of the quantization process. They replace the noise-shaping
quantizer in Figure 6.2.1 with a novel quantizer based on model-
predictive control with finite set constraints. Their novel quan-
tizer contains the noise-shaping quantizer as a special case, but
it has the advantage that it can be further tuned such that idle
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tones do not occur. However, further stability aspects are ig-
nored and implementation of the scheme can be become quite
complex.

• Let us clarify upon some open questions regarding a finite im-
pulse response variant of Problem 6.3.1,

argmin
F∈FIRq×qK

‖R(I− z−1 F)‖22. (6.4.1)

Bölcskei and Hlawatsch [77, Sec. III.B] have solved this problem
by application of a standard calculus argument to the objective
function. A disadvantage of this straight-forward approach is
that the existence and uniqueness of solutions remains unclear,
in general. In particular, Bölcskei and Hlawatsch arrive at the
linear system [77, Eq. (21)] and observe that the coefficient ma-
trix may be rank deficient, in which case the state of affairs was
unclear. An additional issue was that the internal stability of
the feedback loop could not be analyzed. Leppert et al. [150]
observed in a simulative study that the reconstruction error pre-
dicted by the stochastic noise model with σ2ε ≡ const matches
their simulations very well unless the condition number of the
coefficient matrix in [77, Eq. (21)] is large. (With respect to our
previous critical remarks on the validity of this model, we note
that a quantizer with infinitely many quantization levels was
considered in [150]. Thus, overload errors could not occur.) Let
us show that the problem in [150] is resolved simply if we use
the minimum-norm least squares solution to [77, Eq. (21)] in-
stead of trying to invert an numerically rank-deficient matrix.
Furthermore, we show that this leads to the unique minimum-
norm solution to (6.4.1), and a modification of the argument in
Theorem 6.3.2 shows that this filter usually results in an inter-
nally stable feedback loop. We solve (6.4.1) as follows. Let us
introduce the∞× (K+ 1)q matrix

R :=



0p×q

R̂0
. . .

R̂1 R̂0
. . .

...
. . . 0p×q

R̂K . . . R̂1 R̂0
R̂K+1 . . . R2 R̂1
...

...
...


.

Parseval’s Relation (2.6.1) lets us reformulate (6.4.1),

argmin
F∈FIRq×qK

∥∥∥∥∥∥∥∥∥


R̂0
R̂1
R̂2
...

−R

 F̂0
...

F̂K


∥∥∥∥∥∥∥∥∥

2

F

. (6.4.2)
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We interpret R as a linear operator R : C(K+1)q×q → `
p×q
2 ,

X 7→ (Yk)k∈N where


Y0
Y1
Y2
...

 = RX.

Here, C(K+1)q×q and `p×q2 are considered Hilbert spaces with
respect to the usual scalar products. The operator R is bounded
because R ∈ RHp×q∞ . Its range and kernel are finite-dimensional
because its domain is finite-dimensional. Hence, the Moore-
Penrose pseudoinverse R† of R exists and the unique minimum-
norm solution F? to (6.4.2) is


(̂F?)0
...

(̂F?)K

 = R†


R̂0
R̂1
R̂2
...

 = (R∗R)†R∗


R̂0
R̂1
R̂2
...

 . (6.4.3)

Compare Section 2.9.1. Note that R∗R is a finite matrix. In fact,
it is exactly the coefficient matrix in [77, Eq. (21)]. If R∗R is
invertible, we can rearrange this solution into

R∗R


(̂F?)0
...

(̂F?)K

 = R∗


R̂0
R̂1
R̂2
...

 ,

which is exactly [77, Eq. (21)]. Now, assume that I− z−1 F? has
no unit circle zeros. Then, we can apply Theorem 6.3.2. Note
that any outer factor as in Theorem 6.3.2 has a finite impulse re-
sponse, F?o ∈ FIRq×qK . (Use the standard state-space realization
for finite impulse filters of length K+ 1,

F? =


0q Iq
Iq 0q 0q

. . .
. . .

...

Iq 0q 0q

(̂F?)1 (̂F?)2 . . . (̂F?)K (̂F?)0

 ,

apply [29, Th. 2] to this realization in order to find an outer
factor and observe that the result also is a standard state-space
realization of a finite impulse response filter with length K +

1. Hence, by Lemma 2.7.1, any outer factor of I − z−1 F? has
a finite impulse response.) This results in a Fopt ∈ FIRq×qK

that solves (6.4.1) and satisfies (I− z−1 Fopt)−1 ∈ RHq×q∞ . The
same argument as in the proof of Theorem 6.3.10 shows that
also ‖Fopt‖2 6 ‖F?‖2. However, since F? already is the unique
minimum-norm solution to (6.4.1), we must have F? = Fopt.
This shows that the feedback filter F? ∈ FIRq×qK given by (6.4.3)
satisfies (I− z−1 F?)−1 ∈ RHq×q∞ as soon as I− z−1 F? has no
unit circle zeros.
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• A slightly modified variant of the feedback filter design prob-
lem for the case σ2ε ≡ const (including internal stability) can be
restated as a non-standard optimal control problem. Consider
the following variant of (6.3.1),

argmin
F∈RH

q×q∞
(I−z−1 F)−1∈RH

q×q∞
‖R(I− z−1 F)W‖22, (6.4.4)

where the feedback filter is additionally required to be stable.
Theorem 6.3.2 shows that the additional constraint means no
loss of performance,

inf
F∈Rq×q proper

(I−z−1 F)−1∈RH
q×q∞
‖R(I− z−1 F)W‖22

= inf
F∈RH

q×q∞
(I−z−1 F)−1∈RH

q×q∞
‖R(I− z−1 F)W‖22.

Lemma 6.1.3 let us reformulate (6.4.4),

argmin
QT∈RH

q×q∞
QT (I+z−1 QT )−1∈RH

q×q∞
‖WTRT

− z−1WTQT (I+ z−1QT )−1RT‖22

The rational matrix in the objective function takes the form
of a closed-loop transfer function in the optimal control prob-
lem, where QT is the transfer function of the controller. Com-
pare (2.8.4). In the transfer function formulation of the optimal
control problem, the condition QT (I+ z−1QT )−1 ∈ RHq×q∞ is
equivalent to QT being an internally stabilizing controller be-
cause R and W are stable. See, e.g., [21, Th. 12.7]. Hence, we
can further rewrite

argmin
QT∈RH

q×q∞
internally stabilizing in the trans. fct. sense

‖WTRT

− z−1WTQT (I+ z−1QT )−1RT‖22.

This is exactly the transfer function formulation of the optimal
control problem, except for the additional requirement that the
controller itself has to be stable. In literature, this modification
of the optimal control problem is known as the H2 strong sta-
bilization problem. The research on this problem can be traced
back at least to a work of Youla et al. [151]. Unfortunately, the
problem is much more involved than the usual optimal control
problem. Smith and Sondergeld have shown that the McMillan
degree of the controller is not bounded by the degree of the
plant [152]. See also Toker [153]. Therefore, the McMillan de-
gree of the controller has to be fixed during the optimization,
which makes the resulting optimization problem hard. Algo-
rithms are either suboptimal by design or rely on non-convex
optimization techniques where optimality of the solution is not
ensured. See, e.g., Campos-Delgado and Zhou [154], Arzelier
et al. [155] and the references therein.
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• The general case of the filter design problem for the case
σ2ηγ = σ2v (including internal stability) remains open. Only the
special case of constant weights has been solved in Theorem
6.3.10. Similarly to the previous note, it should be possible to
incorporate the constraint (I− z−1 F)−1 ∈ RHq×q∞ into the fil-
tering problems that occur during the solution of (6.3.5) given
in Section 6.3.2 if we additionally require the feedback filter to
be stable. Then, we should be able to use algorithms for the
H2 strong stabilization problem such as described in Arzelier
et al. [155] in order the solve the following modified version of
(6.3.5),

argmin
F∈RH

q×q∞ ,‖FW‖2
2
<γ‖W‖2

2

(I−z−1 F)−1∈RH
q×q∞

‖R(I− z−1 F)W‖22
γ‖W‖22 − ‖FW‖22

.

Unfortunately, it is unclear whether the modification results in
a loss of performance. Also, as mentioned above, algorithms
for the H2 strong stabilization problem find only suboptimal
solutions, in general.
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7
C O N C L U S I O N

In this thesis, several exemplary discrete-time filter design problems
with causality constraints have been discussed, namely,

1. system inversion,

2. filter design for Tomlinson-Harashima precoders, and

3. filter design for noise-shaping subband coders.

The following contributions have been made.

system inversion Two parametrizations for the set of causal
and stable L-delay inverses have been derived. The first parametriza-
tion is simpler and requires that the to be inverted system has no
zero at infinity. The second parametrization applies to the general
case but is more complicated. Previously, only a special case of the
simple parametrization was known in the literature. Based on the
simple parametrization, a fast system inversion algorithm with only
linear complexity in the decision delay has been derived. The algo-
rithm finds optimal inverses with respect to a frequency weighted
H2 norm criterion. It is quite general because the assumptions on the
weight are weak. A complete parametrization of the optimal inverses
have been given. Alternatively, standard filtering or smoothing algo-
rithms may be applied to the parametrizations of the inverses in order
to obtain algorithms for optimal inverses. The resulting algorithms
are also fast but usually the assumptions on the weights are more re-
strictive. Nevertheless, this approach may be attractive because there
are many smoothing algorithms that consider other performance cri-
teria like the H∞ norm.

We have also discussed aspects of H∞ optimal system inversion.
The convergence behavior of a sequence of lower bounds on the in-
fimal H∞ norm among optimal inverses has been analyzed. While
it was already known that the sequence converges monotonically to-
wards the exact value, we have established a simple sufficient condi-
tion for the speed of convergence to be root-exponential. The condi-
tion is that the rank of the output controllability matrix is not mini-
mal, which is the case in many applications. The practical relevance
of lower bounds on the exact infimum lies in the initialization of the
so-called γ-iteration, which is a part of numerical algorithms for H∞
optimal system inversion. Good bounds either increase precision or
decrease computational complexity. Our estimate on the speed of
convergence establishes the good-naturedness of the aforementioned
method for obtaining lower bounds on the infimum. The scope of
this method has been extended to the filtering problem with unstable
plant and the full information control problem.

tomlinson-harashima precoding The optimal realizable
spatio-temporal Tomlinson-Harashima precoder with respect to a sys-
tem model that moves the feedforward filter to the transmitter and
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employs an additional scalar receive filter has been derived. The feed-
forward filter was constrained to be stable and causal and a finite
fixed overall latency time had to be enforced. The feedback filter
had to be stable, causal and strictly lower triangular at infinity. The
role of the scalar receive filter has been discussed and an operational
interpretation as linearization of a scaling mis-match correction has
been established. Previously, such an interpretation has not been
available in the literature. We found the theoretical solution to the
filter design problem and derived a fast algorithm that successively
optimizes the ordering of the data streams and simultaneously finds
the corresponding optimal filters. The algorithm has only qubic com-
plexity in the number of channel inputs and quadratic complexity in
the latency time. Comparable algorithms on the finite impulse re-
sponse case and/or decision feedback equalizers either achieve qubic
complexity in the number of channel outputs or quadratic complex-
ity in the latency time, but not both at the same time. Hence, the
new algorithm improves dramatically in situations where the num-
ber of channel inputs is similar to the number of channel outputs,
e.g., in square channels. Several theoretical properties of the optimal
realizable spatio-temporal Tomlinson-Harashima precoder have also
been established. We found that the optimal solution contains only
finite impulse response filters as soon as the channel itself has a fi-
nite impulse response. Thus, the new algorithm can also be used as
an alternative to existing algorithms for the finite impulse response
case. We also found that the mean square error is monotonically
non-increasing in the latency time and established a uplink-downlink
duality to a non-standard decision feedback equalizer.

noise-shaping subband coders The stability theory of noise-
shaping quantizers has been enriched by showing that the usual suf-
ficient condition for internal stability of the feedback loop is also
necessary. The problem of optimal feedback filter design for noise-
shaping subband coders subject to a stochastic quantization noise
model has been approached. In order to ensure realizability of the
according feedback loop, the feedback filter has to be causal. The
usual approach to optimal feedback filter design, where the power of
the quantization noise is assumed to be independent of the feedback
filter, was shown to lead to an ill-posed optimization problem where
optimal filters are never unique and may or may not achieve internal
stability of the feedback loop. We have also shown that the unique
optimal feedback filter with minimal norm achieves a stable feedback
loop as long as a pathological rare case does not occur. This settles a
long standing open question in the literature. The lack of unique so-
lutions was interpreted as a result of insufficient problem modeling.
Hence, an alternative model where the power of the quantization is
noise is assumed proportional to the power of the quantizer input has
been considered. The uniqueness and existence of an optimal feed-
back filter with respect to the proportional quantization noise model
has been established in case that closed-loop stability is ignored. An
algorithm that finds the optimal feedback filter has been derived. We
were also able to show that the optimal feedback filter achieves inter-
nal stability as soon as the spectral density of the quantization noise

150



is flat-fading. The solution of the general case with internal stability
remains open. A connection between a slightly modified problem
and H2 stable stabilization could be established.
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P R I O R P U B L I C AT I O N S A N D C O P Y R I G H T
I N F O R M AT I O N

Various results in this thesis have already been published or are cur-
rently submitted for publication.

journal publications

• S. Wahls and H. Boche: “Realizable Spatio-Temporal Tomlinson-
Harashima Precoders: Theory and Fast Computation”, IEEE
Trans. Signal Process., submitted. Parts of Chapter 5 are
reprinted from this paper with permission of the IEEE. Copy-
right may be transferred to the IEEE without notice in case of
acceptance.

• S. Wahls and H. Boche: “Lower Bounds on the Infima in Some
H∞ Optimization Problems”, IEEE Trans. Automat. Control,
accepted for publication. Parts of Chapter 4 are reprinted from
this paper with permission of the IEEE. They are © 2011 IEEE.

• S. Wahls and H. Boche: “Novel System Inversion Algorithm
with Application to Oversampled Perfect Reconstruction Filter
Banks”, IEEE Trans. Signal Process., vol. 58, pp. 3008-3016,
June 2010. Parts of Chapter 3 are reprinted from this paper
with permission of the IEEE. They are © 2010 IEEE.

conference proceedings

• S. Wahls and H. Boche: “On Spatio-Temporal Tomlinson Ha-
rashima Precoding in IIR Channels: MMSE Solution, Proper-
ties, and Fast Computation”, Proc. IEEE Int. Conf. Acoustics,
Speech, Signal Process. (ICASSP), Prague, Czech Republic, May
2011

• S. Wahls and H. Boche: “Linear IIR-MMSE Precoding for Fre-
quency Selective MIMO Channels”, Proc. IEEE Int. Conf.
Acoustics, Speech, Signal Process. (ICASSP), Prague, Czech Re-
public, May 2011

• S. Wahls and H. Boche: “Design of Optimal Feedback Filters
with Guaranteed Closed-Loop Stability for Oversampled Noise-
Shaping Subband Quantizers”, Proc. IEEE Conf. Decis. Control
(CDC), Atlanta, GA, Dec. 2010

• S. Wahls and H. Boche: “Efficient Computation of the Realizable
MIMO DFE“, Proc. IEEE Int. Conf. Acoustics, Speech, Signal
Process. (ICASSP), Dallas, TX, Mar. 2010

• S. Wahls and H. Boche: “Novel Characterization of the Infimum
in H∞ Full Information Control of Discrete-Time Plants”, Proc.
Combined IEEE Conf. Decis. Control (CDC) / Chinese Control
Conf. (CCC), Shanghai, China, Dec. 2009
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• S. Wahls and H. Boche: “Realizable Equalizers for Frequency
Selective MIMO Channels with Cochannel Interference”, Proc.
IEEE Int. Conf. Acoustics, Speech, Signal Process. (ICASSP),
Taipei, Taiwan, Apr. 2009
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117, 119

invariant zeros, 21
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inverse operator, 39

inverse z-transform, 29

invertible operator, 39

kernel of an operator, 39

L0(·), 51

〈·, ◦〉2, 17

〈·, ◦〉`2 , 20

left-inverse operator, 39

left-invertible operator, 39

linear, 20

linear operator, 39

Dc, 18

E[·], 19

SLq×q, 90

SUq×q, 113

A, 18

H2 norm, 17

H2 strong stabilization prob-
lem, 146

H∞ norm, 17

M·, 73

P, 15

RH∞, 16

R, 15

Z, 29

P, 14

R, 15

T·, 41

McMillan degree, 16

McMillan form, 16

mean square error (in
Tomlinson-Harashima
Precoding), 91

MIMO, 85

minimal, 21

minimum mean square er-
ror (in Tomlinson-
Harashima Precod-
ing), 91

MMSE, 91

Mod, 90

model-matching problem, 11

modulation alphabet, 89

modulo constant, 90

modulo operator, 90

Moore-Penrose pseudoinverse,
40

MSE, 91

µ[·], 42

noise-shaping quantizer, 118

noise-shaping subband coder,
125

norm, 14

normal rank, 16

normed space, 14

observable, 21

operator norm, 39

optimal control, 37

orthogonal complement, 14

outer factor, 31

outer-co-inner factorization, 34

output-controllability matrix,
73

oversampled, 125

para-pseudoinverse, 45, 73

Parseval’s Relation, 29

perfect reconstruction, 125

permutation matrix, 90

pole, 16

polynomial, 14

polyphase component, 126

polyphase matrix, 126

probability space, 18

proper, 15, 16

proper part, 16

Qnt, 90

quantization alphabet, 117

quantizer, 118

quantizer (in Tomlinson-
Harashima Precod-
ing), 90

quotient algebra, 13

quotient set, 13

random variable, 19

range of an operator, 39

rational functions, 15

real random variable, 19

reduced generalized inner-
outer factorization,
33

reduced inner factor, 31

reduced inner-outer factoriza-
tion, 31

representative, 15

Riemann Sphere, 15

root-mean-square half-norm,
20

scalar gain, 90

scaling device, 90
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Scl, 90

seqZ, 28

signal, 20

SISO, 85

�SL[·], 92

S ·, 21

special coordinate basis, 46

spectral interactor matrix, 70

spectral norm, 17

stabilizable, 21

stabilizing solution (of a
discrete-time algebraic
Riccati system), 58

?, 65

state-space system, 20

stochastic process, 19

strictly lower triangular part,
92

strictly proper, 15, 16

strictly proper part, 16

strongly internal stability, 121

synthesis filter, 125

synthesis filter bank, 125

system, 20

system pencil, 21

T ·, 21

time-invariant, 20

Toeplitz Corona Theorem, 41

Toeplitz operator, 40

transfer function, 21

uniformly bounded-input
bounded-output sta-
ble, 20

unimodular, 16

unit, 13

unit delay, 20

up-sampling system, 125

↑m, 125

upper triangular part, 93

�U[·], 93

‖ · ‖2, 17

‖ · ‖`2 , 20

‖ · ‖`∞ , 20

‖ · ‖F, 17

‖ · ‖∞, 17

‖ · ‖RMS, 20

‖ · ‖S, 17

white stochastic process, 19

wide-sense stationary, 19

z, 15

z-transform, 29

zero, 16
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