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Abstract

In this thesis, parametric amplification and wavelength conversion
based on four-wave mixing in materials with third-order nonlinear-
ity are theoretically investigated. These processes may find a variety
of applications in future high-capacity fiber-optic transmission sys-
tems including low-noise amplification with variable gain spectrum
and arbitrary center wavelength, nonlinearity compensation during
transmission through phase conjugation and contention resolution in
network nodes through wavelength conversion. Beside their flexibil-
ity, one of the expected key advantages for such devices is the possi-
bility for modulation format and bit rate independent operation en-
abling transparent networking. However, while phase-modulation for-
mats are widespread used in the current transmission systems, most
of the previous publications on parametric processes considered only
amplitude-modulation formats like on-off keying.
Since a detailed investigation is still pending, the focus of the work is
put on aspects regarding the processing of phase-shift keying (PSK)
formats. Different direct (differential 2- and 4-PSK) and coherent de-
tection formats (2-PSK, 4-PSK, 8-PSK) as well as 16-quadrature am-
plitude modulation (16-QAM) as a format carrying both amplitude and
phase modulation are considered.
While various nonlinear materials are available, the thesis is restricted
to two of the most promising devices, namely the highly nonlinear fiber
(HNLF) and the semiconductor optical amplifier (SOA). They are ex-
amined using analytical and numerical calculations with models that
are presented in detail within the thesis. The analysis shows that both
parametric devices introduce different types of phase distortions that
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impair phase-shift keying formats and de facto undermine the modu-
lation format transparency. A main part of the thesis is dedicated to
the evaluation of their impact on the considered modulation formats
in terms of the bit-error rate. As a general trend, the sensitivity of the
phase-shift keying formats to the phase distortions increases with the
number of constellation points.
Based on the preceding analysis, possibilities are evaluated for the
mitigation or the prevention of the phase distortions depending on
their deterministic or stochastic nature. Generally, the pump laser
quality is one major issue. If high-power lasers with very low ampli-
tude and phase noise can be used, low phase distortions and nearly
ideal format transparency can be recovered for HNLF-based devices.
By contrast, the optimization of SOA-based devices is more difficult
due to limits set by saturation effects and the inherent noise genera-
tion.
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Zusammenfassung

In dieser Arbeit werden Konzepte zur parametrischen Verstärkung
und zur Wellenlängenumsetzung theoretisch untersucht, die auf Vier-
wellenmischung in Materialien mit einer Nichtlinearität dritter Ord-
nung beruhen. Diese beiden Prozesse könnten eine Reihe von Anwen-
dungen in zukünftigen hoch-kapazitiven faseroptischen Übertragungs-
systemen finden. Dazu gehört rauscharme Verstärkung mit variablem
Gewinnspektrum und beliebigen Mittenwellenlängen, die Kompensa-
tion von Nichtlinearitäten in der Faserübertragung durch Phasenkon-
jugation und die Blockierungsauflösung in Netzknoten durch Wellen-
längenumsetzung. Neben der Flexibilität ist vor allem die erwartete
Unabhängigkeit vom Modulationsformat und Datenrate ein entschei-
dender Vorteil für diese Komponenten. Allerdings wurde in bisheri-
gen Arbeiten vor allem die Verarbeitung von amplitudenmodulierten
Signalen untersucht, während Phasenmodulationsformate im Bereich
der Übertragung schon weiträumig eingesetzt werden.
Da eine detaillierte Untersuchung noch aussteht, wird der Fokus der
Arbeit auf Aspekte bezüglich der Verarbeitung von digital phasen-
modulierten (PSK-) Formaten gelegt. Verschiedene Formate für die
direkte (differentielle 2- und 4-PSK) und für die kohärente Detekti-
on (2-PSK, 4-PSK, 8-PSK) werden berücksichtigt, ebenso wie die 16-
Quadraturamplitudenmodulation (16-QAM), die sowohl eine Amplitu-
den- als auch eine Phasenmodulation enthält.
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Während eine große Anzahl von geeigneten nichtlinearen Materiali-
en zur Verfügung steht, werden in der Arbeit nur zwei der vielver-
sprechensten Komponenten, nämlich die hoch-nichtlineare Faser (HN-
LF) und der Halbleiterlaserverstärker (SOA), mit Hilfe von analyti-
schen und numerischen Rechnungen untersucht. Die zugrundeliegen-
den Modelle werden detailliert präsentiert. Die Analyse zeigt, dass die
parametrischen Komponenten verschiedene Arten von Phasenstörun-
gen hervorrufen, die die PSK-Formate stören und de facto die Format-
transparenz einschränken. Ein großer Teil der Arbeit ist der Auswer-
tung des Einflusses auf die verschiedenen Modulationsformate bezüg-
lich der Bitfehlerrate gewidmet. Im Allgemeinen steigt die Empfind-
lichkeit der PSK-Formate gegenüber den Phasenstörungen mit der
Anzahl der Konstellationspunkte an.
Auf Grundlage der vorangegangenen Analysen werden im weiteren
Verlauf der Arbeit Möglichkeiten diskutiert, wie man die Phasenstö-
rungen kompensieren bzw. vermeiden kann. Generell steht hier die
Qualität des Pumplasers im Vordergrund. Falls Hochleistungslaser
mit sehr kleinem Amplituden- und Phasenrauschen zur Verfügung
stehen, können vernachlässigbare Phasenstörungen und eine damit
verbundene fast ideale Formattransparenz in den HNLF-Komponen-
ten erzielt werden. Demgegenüber ist die Optimierung der SOA-Kom-
ponenten schwieriger wegen der Sättigungseffekte und der inhärenten
Erzeugung von Rauschen.
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Chapter 1

Introduction

After the introduction of optical communication links in the late 1970s,
their capacity has grown exponentially enabling today unprecedented
possibilities for global communication via the Internet. To meet the
continuing demand for growing capacity, optical networking will have
to master two major challenges in the near future. Firstly, there is
now a growing realization that the capacity will shortly reach the
maximum limit which has been predicted theoretically for the cur-
rent transmission link architecture shown in Fig 1.1 [1]. Secondly,
the total power consumption of the Internet reaches today already one
percent of the global power supply [2, 3]. The power consumption is
dominated by switching and routing and will increase with increasing
traffic. So, the possibility emerges that the Internet growth may ulti-
mately be constrained by energy consumption rather than by capacity
[4]. Mastering these two challenges requires the development of new
technologies that help to push the maximum capacity limits while in-
creasing the energy efficiency of the optical networks. In this chapter,
it is discussed how parametric amplification and wavelength conver-
sion can contribute to overcome the mentioned issues and which of the
current technologies are the most promising to meet the requirements
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Figure 1.1: Simple transmission link architecture

imposed by the system architecture. Finally, the goals of this thesis
are summarized.

1.1 Future Challenges for Optical Networks

There are several strategies to increase the capacity of the optical core
network as the major building block of the Internet backbone. The
most obvious method is to use more fibers. However, this option nei-
ther leads to increased cost- nor to increased energy efficiency, addi-
tionally complicates the network management and comprises high in-
vestment costs. Thus, a better strategy is to increase the capacity of
the fiber itself. This can be done by either increasing the spectral effi-
ciency of the used bandwidth, the increase of the used bandwidth or a
better network efficiency. These options are discussed in the following
and possible contributions of parametric amplifiers and wavelength
converters are identified.

Increase of spectral efficiency
The fundamental limit for optical fiber transmission over links such
as shown in Fig. 1.1 is given by the accumulation of amplified sponta-
neous emission (ASE) noise in the optical amplifiers. The signal qual-
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ity after transmission is traditionally described by the optical signal-
to-noise ratio (OSNR) [5, p. 65]

OSNR= Pav

2PASE
(1.1)

where Pav and PASE denote the average signal power and the ASE
noise power in one polarization measured in the optical reference band-
width (typically chosen as 12.5 GHz or equivalently 0.1 nm), respec-
tively. The tolerance of the transmitted signal against ASE noise can
be described by the required OSNR (labeled by OSNRr) which denotes
the minimum OSNR present after transmission in order to achieve a
specified maximum bit error ratio (BER). The required OSNR depends
on the used modulation format and the used symbol rate Rs. Knowing
the required OSNR, the system design needs to ensure that the avail-
able OSNR at the receiver (labeled by OSNRa) is sufficiently high. For
a regular link design shown in Fig. 1.1, the available OSNR can be
expressed in dB as [5, p. 67]

OSNRa = 58+Pin−NFeff −Ls −10log10(Ns) (1.2)

58 dB is the OSNR for a quantum-noise limited signal with a power of
0 dBm. Pin, NFeff, Ls and Ns denote the signal launch power (in dBm),
the effective noise figure of the span (determined by the amplification
scheme, in dB), the span loss (in dB) and the number of transmission
spans, respectively.
Furthermore, the transmitted signal can be also degraded by other
mechanisms like filtering, nonlinear effects etc. during transmission.
In this case, the actual OSNR that is required at the receiver to achieve
the specified BER can exceed OSNRr which only reflects the ASE noise
tolerance. The difference in dB is called the OSNR penalty (labeled by
OSNRpen) and depends on the type of degradation.
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Thus, the requirement for a successful transmission at a specified BER
is

OSNRa >OSNRr +OSNRpen. (1.3)

Increasing the spectral efficiency given in [bit/s/Hz] is achieved by
using multi-level modulation formats like m-(differential) phase-shift
keying (m-(D)PSK) or quadrature amplitude modulation (QAM) that
encode several bits in one symbol. However, this lowers the ASE noise
tolerance and thus increases the required OSNR [6]. To keep the same
transmission distance, either the fiber loss or the effective noise fig-
ure of the span must be decreased or the launched power must be
increased as shown in Eq. 1.2. Since the latter is accompanied by
an increase of the OSNR penalty due to the onset of nonlinear effects,
this is equivalent to the requirement to reduce either the fiber nonlin-
ear coefficient or to compensate for nonlinear distortions.
The fiber loss of a standard single-mode fiber is mainly determined by
material properties. Commercial systems operate in the C-band which
is located around the minimum loss wavelength 1550 nm. To reduce
the fiber loss significantly, a migration to hollow-core photonic crystal
fibers was proposed which additionally provide extremely low nonlin-
ear coefficients [1]. Investigations on the ultimate loss limit of these
fibers have shown that their minimum loss may be located at longer
wavelengths around 2000 nm [7]. Because the commercial and mature
transmitter and receiver technology is available only around 1550 nm,
transparent parametric wavelength converters are an excellent option
to close this gap because they are able to convert whole wavelength
bands in a single device [8]. Furthermore, parametric amplifiers are
also an interesting option to provide amplification in this wavelength
range due to the absence of erbium-doped fiber amplifiers (EDFAs) or
distributed Raman amplification [9].
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The effective noise figure NF of the span is determined by the optical
amplification scheme. Phase-insensitive parametric amplifiers may
be a viable alternative in reducing NF in comparison to erbium-doped
fiber amplifiers because they provide a low noise figure close to the
3 dB quantum limit [10, 11]. Even more interesting (but also more
challenging) are phase-sensitive parametric amplifiers that uniquely
provide noise figures close to 0 dB [12, 13, 14].
Since parametric wavelength converters also provide optical phase con-
jugation (OPC), they can be used for compensation of the nonlinear ef-
fects using mid-span spectral inversion. Again, the possibility to con-
vert wavebands makes this option attractive since only a single device
per point-to-point transmission is necessary and intra- as well as inter-
channel nonlinearities can be compensated [15, 16]. Furthermore, the
advent of distributed Raman amplification offers now flat loss profiles
along the fiber that are advantageous for the performance of the com-
pensation of the nonlinearities [17].
Finally, ASE noise and nonlinear distortions can be also compensated
for by all-optical regeneration. Parametric amplifiers can be used as
amplitude using limiting amplifications as well as phase regenerators
when operated as phase-sensitive amplifiers [18, 19, 20, 21, 22].

Increase of used bandwidth
The standard single-mode fiber provides a low loss transmission win-
dow of several hundred nm around the minimum loss wavelength of
1550 nm. Because the availability of optical amplification by erbium-
doped fiber amplifiers (EDFA) is limited to the 35 nm wide C-band
centered at 1550 nm, commercial systems deploying many wavelength
division multiplexed (WDM) channels are still restricted to this wave-
length range. To increase the usable bandwidth and thus the informa-
tion capacity, optical amplification outside the C-band is necessary. Be-
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side fiber amplifiers using other dopants than erbium and distributed
Raman amplification, here fiber optic parametric amplifiers (FOPA)
are an interesting option. They provide high gain optical amplification
[23, 24] in bands with more than 50 nm bandwidth [25, 26, 27, 28] and,
most importantly, arbitrary center wavelengths.

Increase of network efficiency
Packet switching, i.e. the method to group all transmitted data into
suitably-sized blocks called packets which are then independently trans-
mitted and switched, is a key component of the today’s network struc-
ture. It provides an end-to-end connectivity and traffic grooming at the
subwavelength level which presents a significant factor in ensuring a
maximum utilization of network resources [29]. Up to now, electronic
routers provide this functionality. However, with increasing channel
data rates due to increasing symbol rates as well as the advent of
multi-level modulation formats, transparent all-optical solutions like
optical packet switching or optical burst switching (which uses much
larger packets called bursts) are getting more attractive because of the
limited speed of electronics [30]. In these scenarios, parametric wave-
length converters provide key functions.
One important issue of all-optically packet switched networks is the
lack of adequate optical buffering technology. Thus, optical burst switch-
ing was proposed. In this switching scheme, possible burst contentions
are solved by wavelength conversion or by tunable delays. Both func-
tions can be provided by transparent parametric wavelength convert-
ers [31].
One of the most promising options to realize a transparent optical
switch fabric is based on arrayed waveguides (AWG). Because the AWG
routes the signals in dependence on their wavelength, tunable wave-
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length converters are needed in front of the AWG. Due to their trans-
parency and the possibility for waveband conversion, parametric wave-
length converters (with option for integration) are also here the first
choice. This switch fabric not only finds applications in all-optical net-
works, but also in hybrid opto-electronic packet routers that have been
proposed to reduce the power consumption at the network nodes of the
today’s network architecture [2].
Performance monitoring is another issue in every transparent net-
work, i.e. not only in all-optical networks but also in conventional
networks providing optical bypasses at the core routers to reduce their
power consumption [3]. Because parametric amplifiers inherently pro-
vide a wavelength converted copy of the amplified signal, they are ideal
monitoring devices [32].
Finally, also ultra-fast all-optical digital logic is provided by paramet-
ric amplifiers and wavelength converters [33] which is a prerequisite
for the realization of all-optical packet switched networks.

1.2 Technologies for Parametric Amplification and
Wavelength Conversion

As shown in the previous section, parametric amplification and wave-
length conversion can find a broad field of applications in future opti-
cal networks. A natural question is which requirements these devices
have to fulfill to be actually useful and which technologies provide the
necessary features. Table 1.1 shows a list of rather general require-
ments and useful features for amplifying and wavelength converting
devices as well as more concrete target specifications as they can be
estimated from today’s perspective. Of course, it is impossible to fulfill
all specifications with a single device, so that, depending on the appli-
cation, just a subgroup of the listed points will be important.
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Table 1.1: Requirements for and features of amplifying and wavelength con-

verting signal-processing devices

Requirement/Feature Target specification

Transparency to variable bit rates 1 Tbit/s

Transparency to amplitude

and phase modulation formats
16 - QAM

Ability for waveband conversion -

Ability for phase conjugation -

Wide wavelength tunability > C-band

Polarization independency -

High gain/conversion efficiency 30 dB

Wideband flat gain /conversion spectrum > C-band

Low noise figure 3 dB1/ < 3 dB2

No amplitude or phase distortions -

Low power consumption -

Low coupling loss to transmission fiber -

Suitable for photonic integration -

1 Phase-insensitive devices
2 Phase-sensitive devices
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Table 1.2: Classification of wavelength converter concepts after [34]

Concept Nonlinear Effects
Bit rate

transparency

Modulation

format

transparency

Opto-

electronic
- No No1

Optical

gating

XGM, XPM,

saturable absorption,

nonlinear loop mirror

Yes No2

Wave

mixing

DFG Yes Yes

FWM Yes Yes

SPM Yes No3

electro-optical effect No4 Yes

acousto-optical effect No5 Yes

1 A coherent transceiver consisting of a coherent receiver and an IQ-

modulator can be used in principle as a modulation-format transparent

opto-electronic wavelength converter, provided that appropriate and fle-

xible electronic circuitry (e.g. software-defined) is used.
2 Recently, a modulation-format transparent wavelength converter based on

XGM or XPM was proposed [35, 36].
3 Not suitable for phase modulated signals due to generation of large excess

phase noise [37]
4 Because of small conversion bandwidth
5 Because of very small conversion bandwidth
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Table 1.3: Comparison of different wave mixing media

Process Medium
Parametric

amplification

of CW signals shown

Suitable for

photonic

integration

FWM

Silica /

Highly nonlinear

fiber (HNLF)

Yes No

Soft glasses No No

Indium phosphide

(InP) /

Semiconductor

Optical Amplifier

(SOA)

No
Yes

(together with

pump laser)

Silicon waveguides No Yes

DFG
Periodically poled

lithium niobate

(PPLN)

No1 Yes

1 Very recently demonstrated [38, 39]
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Because optical signal processing is a very active field of research, it
would be a desperate task to discuss the optimal technologies and
devices for each application in detail. Thus, only some guidelines
can be given. Among the requirements, the transparency regarding
bit rate and modulation frequency are certainly at a very high pri-
ority in order to guarantee flexible use of the signal-processing de-
vice. Table 1.2 shows the classification of wavelength converting tech-
nologies after [34]. Among the different types, only wave-mixing (i.e.
parametric) wavelength converters based on four-wave mixing (FWM)
and difference-frequency generation (DFG) provide modulation format
as well as bit rate transparency explaining the particular interest in
these concepts.
As DFG and FWM are nonlinear effects that originate from the χ(2)

and χ(3) nonlinearity, respectively, they both occur in various media
of which Table 1.3 shows a non-exhaustive list. The materials differ
significantly in terms of e.g. linear and nonlinear loss and amount of
nonlinearity leading to different device performance. Due to this, in
particular the efficiency of the nonlinear effects differs significantly so
that silica-based highly nonlinear fibers are the only 1 devices that of-
fer continuous-wave parametric amplification [40, 41]. Together with
ultra-low splicing losses to a standard single-mode fiber, this fact also
leads to a unique noise performance, as will be seen later on. With
look on applications with many signal-processing devices, the suitabil-
ity for integration is another natural distinctive criterion that plays a
crucial role for the practicability and the commercialization perspec-
tive.
As was made plausible by the short overview, FWM in HNLFs and in
SOAs were identified at the beginning of this thesis as two of the most

1Very recently, continuous-wave parametric amplification was also demonstrated in PPLN
[38, 39].
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promising devices for parametric amplification and wavelength con-
version. The HNLF offers the best performance in terms of efficiency
and noise performance while the SOA offers photonic integration, in
particular with the pump lasers, which presents an advantage over
the silicon waveguide and the PPLN. However, as the work presented
within this thesis mainly comprises analytical findings, it can be of
course generalized to other media. This will be used in the last chap-
ter to come back to the list given in table 1.2 and draw some general
conclusions.

1.3 Goals of the thesis

Despite that modulation format transparency is a key feature for para-
metric wavelength converters in order to find applications in future
optical networks, only a few investigations deal with phase-modulated
signals or the question whether the conversion of amplitude and phase
modulated signals is actually possible with the same device. The in-
vestigations of these issues was the main goal of this thesis. Particular
attention has been paid to the identification of phase distortions and
to the estimate of their impact in terms of BER on different higher-
order phase modulation signals and QAM signals. Two of the most
promising conversion media have been chosen. The HNLF provides
the highest conversion efficiencies/ gain among all passive waveguides
and easy coupling to the SSMF. On the other hand, the SOA as an
active waveguide provides low size, low power consumption and the
possibility for integration together with the pump laser.
Original contributions within this thesis include:

• The analytical derivation of the idler phase distortions due to
the pump-phase modulation in single-stage and cascaded single-
pump FOPAs and the semi-analytical calculation of the resulting
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OSNR penalties for direct detection formats [42].

• The analytical estimation of the tolerances for co- and counter-
phased pump-phase modulation used in dual-pump FOPAs to sup-
press the idler phase distortions and the semi-analytical calcula-
tion of the connected OSNR penalties for direct detection formats
[43].

• The analytical derivation of the impact of the pump-phase mod-
ulation induced idler phase distortions on the coherent reception
of m-PSK signals and the semi-analytical calculation of the con-
nected OSNR penalties [44].

• The proposal and implementation of an algorithm to compensate
for pump-phase modulation induced idler phase distortions in
a coherent receiver and the characterization of its performance
[45].

• The analytical derivation of the nonlinear phase noise variance
due to XPM from a noisy pump in FOPAs and the semi-analytical
calculation of the related OSNR penalty for direct and coherent
detection formats [46].

• The analytical derivation of the variance and statistics of nonlin-
ear amplitude noise generated by gain fluctuations due to noisy
pumps in FOPAs and the semi-analytical calculation of the re-
lated OSNR penalty for 16-QAM signals [47].

• The numerical estimation of the nonlinear phase noise variance
due to a noisy pump in SOA-based wavelength converters and the
semi-analytical calculation of the related OSNR penalty for direct
and coherent detection formats [48].
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• The numerical characterization of the nonlinear noise transfer
from the pump to the signal and the idler as well as from the
signal to the idler in a SOA-based wavelength converter.

Although this thesis includes only theoretical results, it is important to
mention that virtually all results have been also experimentally con-
firmed by project partners. Citations on their work will be given in the
individual sections.
The thesis is structured as follows: Chapter 2 covers the modeling of
χ(3)-media. The general pulse propagation equation is derived and the
nonlinear effects are discussed. Then, the particular pulse propaga-
tion equations for the HNLF and the SOA are derived and its numer-
ical evaluation is explained. Chapter 3 discusses the constellations,
the reception and the BER estimation for higher-order phase modu-
lation and QAM formats. In Chapter 4, parametric amplifiers and
wavelength converters based on HNLF are treated. The general char-
acteristics are discussed and the different phase distortions identified.
Then the impact of the phase distortions on the BER is estimated for
different modulation formats. Similarly, Chapter 5 treats parametric
wavelength converter based on SOAs. Finally, Chapter 6 provides a
summary and the conclusions.
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Chapter 2

Modeling of Devices with
Third-Order Nonlinearity

Nonlinear optics is the study of phenomena that occur as a conse-
quence of the modification of the optical properties of a material sys-
tem by the presence of light [49, p. 1]. Thus, for a correct descrip-
tion of nonlinear devices, not only the light propagation governed by
the Maxwell equations, but also the light-matter interaction has to
be accounted for, typically using phenomenological models to keep the
model complexity low. In this chapter, the nonlinear wave equation
is introduced and the different nonlinear effects related to the third-
order nonlinearity are discussed. Furthermore, the highly nonlinear
fiber (HNLF) and the semiconductor optical amplifier (SOA) are dis-
cussed as nonlinear devices and their phenomenological models are
presented in detail which will be used in the later chapters for the
simulation of the HNLF- and SOA-based parametric amplifiers and
wavelength converters.
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2.1 Third-Order Nonlinear Materials

2.1.1 The Third-Order Nonlinear Polarization

The propagation of light in a nonlinear medium is governed by the
nonlinear wave equation [see Appendix B for the full derivation],(

∆− 1
c2

0

∂2

∂t2

)
~E = 1

ε0c2
0

∂2~P
∂t2 (2.1)

Here, ~E denotes the vectorial electric field, c0 is the velocity of light
in vacuum, ε0 is the vacuum permittivity and ~P is the polarization of
the medium. To complete the description, a relation between ~P and ~E
is needed. In general, this requires a quantum-mechanical approach
to account for the atomistic structure of the medium [50, p. 26]. In
practice, one often uses phenomenological models due to their reduced
complexity. For SOAs and silica fibers, these models differ substan-
tially because the light interacts resonantly and non-resonantly with
the media in the wavelength range of interest, respectively. The conse-
quences for the polarization will be briefly discussed in the following.

Non-resonant Nonlinearities

In silica fibers, the light mainly interacts with bound electrons in the
wavelength range of interest, i.e. the interaction is non-resonant [50,
p. 26]. In this case, the nonlinearity is weak and the polarization can
be expanded into a quickly converging power series that can be written
symbolically as

~P = ε0

(
χ(1) ...~E+χ(2) ...~E2 +χ(3) ...~E3 + ...

)
(2.2)

where the operators χ(n) are called nth-order susceptibilities. This re-
lation can be simplified using some material properties of silica: First,
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silica is an isotropic material that possesses inversion symmetry. Sec-
ond, the linear medium response is local and frequency-dependent and
the nonlinear medium response is local and frequency-independent,
i.e. instantaneous. This assumption is justified since the nonlinear
response time from the bound electrons is in the order of 10−15 s. Ad-
ditionally, the electric field shall be linearly polarized in x-direction.
Then, the vectorial relation Eq. (2.2) reduces to the scalar relation
[49, p. 38, p. 44, p. 53, p. 56]

P(~r, t)= ε0

∫ ∞

−∞
χ(1)

xx (t− t′)E(~r, t′)dt′︸ ︷︷ ︸
P(1)

+ε0χ
(3)
xxxxE(~r, t)3︸ ︷︷ ︸

P(3)

+... (2.3)

with the linear polarization P (1) and the lowest-order (third-order) non-
linear polarization P (3). If one considers a monochromatic field,

E(~r, t)= 1
2

Ê(~r)e−iω0t +c.c., (2.4)

the nonlinear polarization takes the form

P (3) = 1
8
ε0χ

(3)
xxxxÊ(~r)3e−3iω0t + 3

8
ε0χ

(3)
xxxx

∣∣Ê(~r)
∣∣2 Ê(~r)e−iω0t + c.c.. (2.5)

Thus, the monochromatic field creates a nonlinear polarization oscil-
lating at the two distinct frequency components 3ω0 and ω0. The first
term leads to the process of third-harmonic generation and can be gen-
erally neglected in silica fibers [50, p. 33]. Then, the total polarization
of the medium can be written as

P(~r, t)= ε0

∫ ∞

−∞
χ(1)

xx (t− t′)E(~r, t′)dt′+ 3
4
ε0χ

(3)
xxxx

∣∣Ê(~r)
∣∣2 E(~r, t). (2.6)

A medium which exhibits a nonlinear polarization of the form shown
in Eq. (2.6) will be referred in the following as third-order nonlinear
medium. If the nonlinear susceptibility is real-valued as it is the case
for the HNLF, the medium is called a Kerr medium.
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Resonant Nonlinearities

In SOAs, the light-medium interaction is dominated by photon-induced
transitions of electrons between different energy bands, i.e. the inter-
action is resonant. In this case, the nonlinear polarization is strong
and the power series expansion in Eq. (2.2) does not always con-
verge [49, p. 277]. Furthermore, the response is relatively slow in
the order of 10−10 s and therefore strongly frequency-dependent. If the
monochromatic field from Eq. (2.4) is applied, the steady state reso-
nant polarization is given by [49, p. 277]

Pr(~r, t)= ε0χr(ω0)

1+ ∣∣Ê(~r)
∣∣2 / |Es|2

E(~r, t), (2.7)

where |Es|2 is the saturation intensity. χr(ω0) is the complex linear
susceptibility in the case of a weak field. Eq. (2.7) can be expanded
into

Pr(~r, t)= ε0χr(ω0)

1−
∣∣Ê(~r)

∣∣2
|Es|2

+
(∣∣Ê(~r)

∣∣2
|Es|2

)2

+ ...

E(~r, t), (2.8)

however, this series only converges if
∣∣Ê(~r)

∣∣2 < |Es|2. In this limit, it is
valid to truncate the power series after the second summand making
Eq. (2.8) formally equivalent to Eq. (2.6). Then, the SOA behaves like
a third-order nonlinear medium.

2.1.2 Pulse Propagation in Nonlinear Media

In the following, the propagation of linearly polarized pulses in a non-
linear waveguide medium will be treated. For that purpose, the scalar
version of Eq. (2.1) is transformed into Fourier space,(

∆+ ω2

c2
0

)
Ẽ(~r,ω)= ω2

ε0c2
0

P̃(~r,ω). (2.9)
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The electric field shall be given by

E(~r, t)= 1
2

c0ε0 C A(z, t) F(x, y) ei(β0z−ω0t) + c.c. (2.10)

with the slowly varying envelope A(z, t) and the transverse profile F(x, y).
The normalization constant ensures that the optical power is given by
|A(z, t)|2, i.e.

C2 =
1

2

∞∫
−∞

∞∫
−∞

|F(x, y)|2 dxdy

−1

. (2.11)

The Fourier transforms of E(~r, t) and A(z, t) are connected by

Ẽ(~r,ω) = 1
2

C Ã(z,ω−ω0) F(x, y) eiβ0z + 1
2

C Ã∗(z,ω+ω0) F∗(x, y) e−iβ0z

∼= 1
2

C Ã(z,ω−ω0) F(x, y) eiβ0z (2.12)

The approximation can be made since a quantity that varies slowly in
time cannot posses high frequency components. The Fourier transform
of the polarization P̃ shall be given by

P̃(~r,ω)= ε0χ̃(x, y,ω)Ẽ(~r,ω) (2.13)

where the frequency domain susceptibility χ̃(x, y,ω) is dependent on
x and y because of the spatially varying waveguide cross section. It
shall include the linear as well as the nonlinear material response.
Strictly speaking, the latter is generally not possible due to the form
of Eq. (2.6) or Eq. (2.7). However, the approach is justified since the
nonlinearities will be treated as a small perturbation as it is explained
later [50, p. 33]. Insertion of Eqs. (2.12) and (2.13) in Eq. (2.9) yields(

∂2

∂x2 + ∂2

∂y2 +2iβ0
∂

∂z
+ ω2

c2
0
ε(x, y,ω)−β2

0

)
Ã(z,ω−ω0) F(x, y)= 0 (2.14)

where ∂2

∂z2 ¿β2
0 was used. Additionally, the complex dielectric constant

ε(x, y,ω) = 1+ χ̃(x, y,ω) was defined. Using the method of separation of
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the variables, Eq. (2.14) can be decomposed into two separate equa-
tions for A and F [50, p. 34],(

∂2

∂x2 + ∂2

∂y2 + ω2

c2
0
ε(x, y,ω)− β̃2

)
F(x, y)= 0 (2.15)(

2iβ0
∂

∂z
+ β̃2 −β2

0

)
Ã(z,ω−ω0)= 0. (2.16)

The eigenvalue equation (2.15) is solved by first-order perturbation
theory [50, p. 34], [51, p. 40]. The complex ε is split into ε(x, y,ω) =
εb(x, y,ω)+∆ε(x, y,ω), where εb(x, y,ω) is the (real-valued) background
dielectric constant due to the linear material response (that contains
the spatially varying dielectric profile of the waveguide) and ∆ε(x, y,ω)

is a (complex-valued) perturbation that shall include all imaginary
and nonlinear parts. The idea is that the transverse profile F(x, y)

is determined by εb(x, y,ω) while ∆ε(x, y,ω) acts as a small perturba-
tion changing only the propagation constant which splits into β̃(ω) =
β(ω)+∆β(ω). F(x, y) and β(ω) are obtained by solving Eq. (2.15) with
ε(x, y,ω)= εb(x, y,ω). ∆β(ω) is given by (see Appendix C)

∆β(ω)= ω2

2β(ω)c2
0

∞∫
−∞

∞∫
−∞
∆ε(x, y,ω) |F(x, y)|2 dxdy

∞∫
−∞

∞∫
−∞

|F(x, y)|2 dxdy
. (2.17)

Now, the propagation constant can be inserted into Eq. (2.16) yielding(
i
∂

∂z
+β(ω)+∆β(ω)−β0

)
Ã(z,ω−ω0)= 0. (2.18)

where β̃2 −β2
0 was approximated by 2β0(β̃−β0). In order to transform

Eq. (2.18) back into the time domain, β(ω) is expanded into a Taylor
series around ω0,

β(ω)=
4∑

n=0

βn

n!
(ω−ω0)n (2.19)
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with the coefficients
βn = dnβ

dωn

∣∣∣∣
ω=ω0

. (2.20)

The terms with order higher than 4 are neglected. The relationship of
these dispersion coefficients with the experimentally measurable dis-
persion D is given in Appendix E. Similarly,

∆β(ω)≈∆β(ω0) (2.21)

is expanded keeping only the zeroth order term. Then, the Fourier
transform of Eq. (2.18) gives(

i
∂

∂z
+

4∑
n=2

βn

n!
(i)n ∂n

∂Tn +∆β(ω0)

)
A(z,T)= 0. (2.22)

In the last step, the transformation [50, p. 40]

T = t− z/vG = t−β1z (2.23)

was applied that defines a retarded time T within a reference frame
moving with the group velocity vG. Eq. 2.22 is the final result of
this section and describes the propagation of pulses in a dispersive
and nonlinear medium. the coefficients βn describe the dispersion and
∆β(ω0) includes the absorption and the nonlinearities. In the following
sections, these parameters will be specified first for a general third-
order nonlinear medium and later for the HNLF and the SOA.

2.1.3 Third-Order Nonlinear Effects

In this section, Eq. (2.22) is used to further analyze the pulse propaga-
tion in a rather general third-order nonlinear material. The polariza-
tion is given by Eq. (2.6) and the complex dielectric constant is given
by

ε(x, y,ω)= 1+ℜ
{
χ̃(1)

xx

}
︸ ︷︷ ︸

εb(x,y,ω)

+ iℑ
{
χ(1)

xx

}
+ 3

4
χ(3)

xxxx
∣∣Ê(x, y)

∣∣2︸ ︷︷ ︸
∆ε(x,y)

. (2.24)
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Insertion into Eq. 2.17 gives

∆β(ω0)= ω2
0

2β0c2
0

∞∫
−∞

∞∫
−∞
∆ε(x, y) |F(x, y)|2 dxdy

∞∫
−∞

∞∫
−∞

|F(x, y)|2 dxdy
. (2.25)

On the other hand, it is convenient to express ∆ε(x, y) as a function
of the intensity dependent refractive index and absorption coefficient
that can be defined as

n(x, y,ω)= n0(ω)+n2
∣∣Ê(x, y)

∣∣2 (2.26)

α=α0 +α2
∣∣Ê(x, y)

∣∣2 (2.27)

Thereby, n2 and α2 are the third-order nonlinear refractive index and
the third-order nonlinear absorption, respectively. n0(ω) is defined by
the propagation constant, β(ω)= n0(ω)ω/c0, which was obtained by solv-
ing Eq. (2.15). The square of the complex refractive index at ω0 is given
by (

n(x, y,ω0)+ i
αc0

2ω0

)2 ∼= (2.28)

n0(ω0)2 +2n0(ω0)n2
∣∣Ê(x, y)

∣∣2 + i
n0(ω0)c0

ω0
(α0 +α2

∣∣Ê(x, y)
∣∣2)︸ ︷︷ ︸

∆ε(x,y)

.

where n0 À n2
∣∣Ê∣∣2 and n0 Àαc0/(2ω0) was used. A comparison between

Eqs. 2.24 and 2.28 yields

n2 = 3
8n0(ω0)

ℜ
{
χ(3)

xxxx

}
(2.29)

α0 = ω0

c0n0(ω0)
ℑ

{
χ(1)

xx

}
(2.30)

α2 = 3ω0

4c0n0(ω0)
ℑ

{
χ(3)

xxxx

}
. (2.31)
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Insertion into Eq. (2.25) gives

∆β(ω0)= i
α0

2
+

(
ω0n2/c0 + i

α2

2

) |A(z,T)|2
Ae f f

. (2.32)

where the effective mode area is defined by [50, p. 35]

Ae f f =

( ∞∫
−∞

∞∫
−∞

|F(x, y)|2 dxdy
)2

∞∫
−∞

∞∫
−∞

|F(x, y)|4 dxdy
. (2.33)

Thus, Eq. (2.22) takes the form

(
i
∂

∂z
+

4∑
n=2

βn

n!
(i)n ∂n

∂Tn + i
α0

2
+ γ̃ |A(z,T)|2

)
A(z,T)= 0. (2.34)

with the complex nonlinear coefficient γ̃= (
ω0n2/c0 + iα2

2

)
/Ae f f . Eq. 2.34

comprises two different types of nonlinearity. The index nonlinearity
is related to the real part of γ̃ and impacts only the phase of the prop-
agating wave. In contrast, the imaginary part of γ̃ is related to the
gain nonlinearity that impacts the absorption or the amplification of
the propagating wave. To illustrate all nonlinear effects that may oc-
cur the slowly varying envelope A(z,T) shall consist of three distinct
waves with different center frequencies,

A(z,T)=
3∑

l=1
Al(z,T) ei(Bl z−Ωl t). (2.35)

Thereby, Ωl = ωl −ω0 ¿ ω0 are difference frequencies relative to the
reference frequency and Bl = β(ωl)−β0 are difference wavenumbers.
Insertion in the nonlinear part of Eq. (2.34) leads to the following
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expression:

|A|2 A =
3∑

l=1
|Al |2 Al ei(Bl z−Ωl t) (SPM/SGM)

+2
3∑

l,m=1
l 6=m

|Am|2 Al ei(Bl z−Ωl t) (XPM/XGM)

+
3∑

l,m=1
l 6=m

A2
m A∗

l ei[(2Bm−Bl )z−(2Ωm−Ωl )t] (DFWM)

+
3∑

l,m,n=1
l 6=m 6=n

Am An A∗
l ei[(Bm+Bn−Bl )z−(Ωm+Ωn−Ωl )t] (NDFWM)

The nonlinear interaction of the three waves generates 18 different
terms. The first nine can be arranged into groups of 3 having the same
frequencies as the incident waves. These terms cause self-phase/self-
gain modulation (SPM/SGM) and cross-phase/cross-gain modulation
(XPM/XGM) leading to nonlinear phase shifting and nonlinear absorp-
tion/gain. In the second nine terms, new frequency components are
created. These terms cause degenerate four-wave mixing (DFWM) and
nondegenerate four-wave mixing (NDFWM) and act as source terms in
Eq. (2.34).

Self-Gain Modulation (SGM)

SGM is caused by the gain nonlinearity and is a direct consequence
of the intensity-dependent absorption/gain given in Eq. (2.27). It is
also referred to as absorption/gain saturation. Fig. (2.1 (a)) shows how
SGM flattens pulses due the lower gain at the pulse peaks.
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Figure 2.1: Effects of SGM and SPM on a 10 GHz RZ-33 pulse train A1 with

an average power of 16 dBm: (a) Power of the input and output field A1, (b)

Phase of the input and output field A1. Effects of SGM and SPM on a noisy

CW signal A1 with an average power of 17 dBm and an OSNR of 30 dB: (c)

Power histogram of the input and output field, (d) Phase histogram of the

input and output field A1. The calculations have been performed using Eq.

2.34 with the following parameters: L = 1 m, α0 = -2/m, β2 = β3 = β4 = 0, γ̃ =

(-20 - i 10)/(m W)
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Self-Phase Modulation (SPM)

SPM is caused by the index nonlinearity and is a direct consequence of
the intensity-dependent refractive index given in Eq. (2.26). Fig. (2.1
(b)) shows how SPM modulates the phase of pulses. In the presence of
amplitude noise, SPM leads to the generation of nonlinear phase noise
as shown in Fig. (2.1 (d)).

Cross-Gain Modulation (XGM)

XGM has the same origin as SGM. If one distinguishes different in-
cident waves, then XGM describes the gain or absorption change for
every wave that occurs due to the presence of the other waves. Fig.
(2.2 (a)) shows how the amplitude of a signal A1 is modulated by a
pulse train A2. If A2 is degraded by amplitude noise, XGM generates
nonlinear amplitude noise at A1 as shown in Fig. (2.2 (c)).

Cross-Phase Modulation (XPM)

XPM has the same origin as SPM. If one distinguishes different inci-
dent waves, then XPM describes the phase shift on every wave that
occurs due to the presence of the other waves. Fig. (2.2 (b)) shows how
the phase of a signal A1 is modulated by a pulse train A2. Similarly to
SPM, also XPM leads to the generation of nonlinear phase noise in A1

if A2 is degraded by amplitude noise as shown in Fig. (2.2 (d)).

Four-Wave Mixing (FWM)

FWM is caused by the gain as well as by the index nonlinearity. It
generates new frequency components with frequencies

Ωd =Ωa +Ωb −Ωc. (2.36)
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Figure 2.2: Effects of XGM and XPM on a noiseless CW signal A1 with an

average power of -10 dBm in presence of a 10 GHz RZ-33 pulse train A2

with an average power of 16 dBm, the signals were separated by 500 GHz:

(a) Power of the input field A2 and output field A1, (b) Phase of the input

field A2 and output field A1. Effects of XGM and XPM on a noiseless CW

signal A1 with an average power of -10 dBm in presence of a noisy CW signal

A2 with an average power of 17 dBm and an OSNR of 30 dBm, the signals

were separated by 500 GHz: (c) Power histogram of the input field A2 and

output field A1, (d) Phase histogram of the input field A1 and output field

A2. The calculations have been performed using Eq. 2.34 with the following

parameters: L = 1 m, α0 = -2/m, β2 =β3 =β4 = 0, γ̃ = (-20 - i 10)/(m W)
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Figure 2.3: Generation of new frequency components due to FWM of three

input CW waves with frequencies Ω1, Ω2 and Ω3. The average power per
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Ω2 - Ω1 = 220 GHz. The calculations have been performed using Eq. 2.34
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where the indices a, b, c are arbitrarily chosen from the input wave
indices {1,2,3} such that never a = b = c. These are shown in Fig. (2.3).
If a 6= b 6= c, the process in called non-degenerate FWM (NDFWM) while
for a = b 6= c it is called degenerate FWM (DFWM). The new frequency
component is created by an energy transfer from the waves a and b to
the waves c and d. This energy transfer is only efficient if

∆B = Bc +Bd −Ba −Bb
∼= 0 (2.37)

which is referred to as the phase-matching condition. ∆B is called
the linear phase mismatch. The fulfillment of Eq. 2.37 typically re-
quires low chromatic dispersion. If the efficiency is so high that wave
c exhibits significant amplification the process is also called paramet-
ric amplification. In the photon picture, FWM can be understood as
a nonlinear process in which two photons with energies ħΩa and ħΩb

are annihilated and two other photons with energies ħΩc and ħΩd are
created. Then, Eqs. (2.36) and (2.37) just represent the energy and
impulse conservation.

2.2 Highly Nonlinear Fibers

2.2.1 Structure

The optical fiber is a circular waveguide made of fused silica (SiO2)
that guides light due to total internal reflexion. Its structure is shown
schematically in Fig. (2.4a). The simplest form of the refractive index
profile is shown in Fig. (2.4b). It is called the step index profile and
consists of a core with a refractive index nco and a cladding with ncl

where total internal reflexion requires

nco > ncl . (2.38)
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Figure 2.4: Structure of an optical fiber

The step index profile has two degrees of freedom, i.e. the core radius
d/2 and the relative index step, ∆n = (nco−ncl) /nco ¿ 1. It is up to some
percent in the HNLF and is realized by doping the core with germa-
nium dioxide (GeO2) to increase the refractive index. State-of-the-art
highly nonlinear fibers typically possess a more complicated index pro-
file, the so-called W-shaped profile shown in Fig. (2.4c) [52, 40]. The
inner cladding ring with the depressed refractive index due to dop-
ing with fluorine (F) gives two more degrees of freedom in fiber design
which can be used to optimize dispersive and nonlinear properties of
the fiber at the same time.
The fabrication of such fibers is done in two steps. First, a cylindrical
preform with the desired index profile and the relative core-cladding
dimensions is prepared using a chemical vapor-deposition method. Af-
terwards, the preform is drawn into a fiber by feeding it into a furnace
with proper speed. During this process, the index profile and the rela-
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tive core-cladding dimensions are maintained [50, p. 4].

2.2.2 Pulse Propagation Equation

As discussed in section 2.1.1, the HNLF is a Kerr medium, i.e. it is a
third-order nonlinear medium with a real-valued nonlinear suscepti-
bility. Thus, the pulse propagation is described by Eq. 2.34,(

i
∂

∂z
+

4∑
n=2

βn

n!
(i)n ∂n

∂Tn + i
α0

2
+γ |A(z,T)|2

)
A(z,T)= 0, (2.39)

with the real-valued nonlinear coefficient

γ=ω0n2/(c0Ae f f ). (2.40)

In the literature, this equation is also called (generalized) Nonlinear
Schrödinger (NLS) equation [50, p. 40].

Chromatic Dispersion In order to calculate the chromatic dispersion
and the nonlinear coefficient of the fiber, the propagation constant β(ω)

and the transversal field profile F(x, y) have to be determined. For this
aim, Eq. 2.15 has to be solved using the appropriate circular refractive
index profile. To generalize the solution, Eq. 2.15 is typically normal-
ized to obtain the relation B(V ) instead of β(ω) with the normalized
frequency [53, p. 128], [54, p. 38]

V = k0
d
2

√
n2

co −n2
cl
∼= k0

d
2

nco
p

2∆n (2.41)

and the normalized propagation constant

B =
β2

k2
0
−n2

cl

n2
co −n2

cl

≈
β

k0
−ncl

nco −ncl
. (2.42)

k0 = ω/c0 is the vacuum propagation constant. Although Eq. 2.15 is
usually solved numerically for a general refractive index profile, there
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is a simple analytical solution for the step index profile with ∆n ¿ 1

shown in Fig. (2.4 b) [54, p. 34]. The solution are linearly polarized
transversal field distributions (the LPl p modes) with different propa-
gation constants. They can be distinguished by their azimuthal order
l and their radial order p. As long as V < 2.405, the fiber is single-mode
supporting only the fundamental mode LP01. Its normalized propaga-
tion constant B(V ) is implicitely given by the characteristic equation
[55, p. 261], [53, p. 131], [54, p. 39]

V
√

1−BJ1(V
√

1−B)

J0(V
√

1−B)
− V

√
BK1(V

√
B)

K0(V
√

B)
= 0. (2.43)

with Jn and Kn the Bessel and the modified Hankel function of order n,
respectively. With the knowledge of B(V ) and Eq. 2.42, the propagation
constant β is given by

β= k0(B(V )(nco −ncl)+ncl). (2.44)

Eq. 2.44 allows now to determine the dispersion coefficients βn defined
in Eq. 2.20. In particular, β2 as a measure of the chromatic dispersion
is given by

β2 = nco∆n
ω0c0

V d2(V ·B)

dV 2

∣∣∣∣∣
ω0︸ ︷︷ ︸

Waveguide Dispersion

+ 1
c0

[
ω0

d2ncl

dω2

∣∣∣∣
ω0

+2
dncl

dω

∣∣∣∣
ω0

]
︸ ︷︷ ︸

Material Dispersion

. (2.45)

It comprises a term related to the material dispersion of silica and
another term related to the waveguide dispersion. Since they have op-
posite signs, the waveguide dispersion can be used to cancel out the
material dispersion [52]. Fig. (2.5 a) shows β2 at the wavelength of
1550 nm as a function of the relative index step for different cut-off
wavelengths λc which are defined as the wavelengths at which V =
2.405. The material dispersion was calculated using ncl(ω) approxi-
mated by the Sellmeier equation [50, p. 6]. The graph shows that it is
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Figure 2.5: a) Fiber dispersion coefficient β2 and b) effective mode area Ae f f

and nonlinear coefficient γ as a function of the relative index step ∆n for

different cut-off wavelengths λc (λ = 1550 nm, step-index profile)

possible the reduce the chromatic dispersion to zero if ∆n is increased
to several percent.

Nonlinear coefficient As given in Eq. 2.40, the nonlinear coefficient
depends on the nonlinear refractive index n2 defined by Eq. 2.29 and
the effective mode area Ae f f defined by Eq. 2.33. The nonlinear re-
fractive index of silica is a material constant slightly increasing with
∆n due to the core doping with Germanium [50, p. 432]. Its main part
stems from the electronic response of the material. The effective mode
area is determined from the LP01 mode profile which can be approxi-
mated by a Gaussian distribution [55, p. 338]

F(x, y)= A0 e−
x2+y2

w2 (2.46)

where the mode radius may be defined by [55, p. 341]

w = d
2
√

lnV
. (2.47)
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Inserting the Gaussian mode profile in Eq. 2.33, the effective mode
area is given by

Aeff =πw2. (2.48)

It is shown together with the resulting nonlinear coefficient in Fig. (2.5
b) as a function of the relative index step. If ∆n is increased to several
percent, it is possible to increase the nonlinear coefficient to γ = 10/(W
km). Since this high ∆n also supports low dispersion around 1550 nm
as discussed above, it is the key for strong nonlinear interaction inside
the HNLF. The first limitation of this approach is given by the single-
mode cut-off frequency coming closer to 1550 nm when increasing γ

while keeping the dispersion low at 1550 nm, as shown in Fig. (2.5).
The second limitation are the losses that increase with ∆n as shortly
discussed in the following [52].

Absorption The loss of a silica fiber as a function of the wavelength
shows a flat characteristic around 1550 nm justifying the assumption
of a frequency-independent loss coefficient α0. One can distinguish
between different loss mechanisms [52],

α0 =αabsorption+αscattering+αbending. (2.49)

The absorption loss is due to electronic, molecular and color center
material absorption. The scattering loss incorporates the attenuation
due Rayleigh scattering and scattering due to waveguide imperfections
such as defects or stress. The last term is the attenuation due to fiber
bending. In a HNLF, αscattering is typically increased in comparison to
a SSMF since this type of loss increase nearly linearly with ∆n due to
the Germanium doping inside the core [52, 56].
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2.2.3 Numerical Method

The NLS equation Eq. (2.39) is a nonlinear partial differential equa-
tion. Despite some special cases, analytical solutions can only be ob-
tained using approximations. Therefore, one often relies on numerical
solutions using the split-step Fourier method which is faster by up to
two orders of magnitude compared with most finite-difference schemes
[50, p. 41]. For this method, the NLS equation is formally rewritten in
the form

∂

∂z
A(z, t)= (

D̂+ N̂
)

A(z, t) (2.50)

with the operators

D̂ = i
4∑

n=2

βn

n!
(i)n ∂n

∂Tn − α0

2

N̂ = iγ |A(z, t)|2 . (2.51)

Although in general, dispersion and nonlinearity act together, the split-
step algorithm generates an approximate solution in assuming that
dispersion and nonlinearity act independently when propagating the
optical field over a small distance hs. In this thesis, the software
packet ssprop [57] was used to solve the NLS equation. It applies the
symmetrized split-step scheme [50, p. 42], [58] where the solution to
Eq. (2.50) is approximated by

A(z+hs,T)≈ exp(
hs

2
D̂)exp(

∫ z+hs

z
N̂(z′)dz′)exp(

hs

2
D̂)A(z,T). (2.52)

I.e., the propagation from z to z+hs is carried out in three parts. The
first part is a step from z to z+hs/2 where the dispersion acts alone and
N̂ = 0. The second part only includes the nonlinearity, D̂ = 0, in a step
from z to z+hs. The third part is the step from z+hs/2 to z+hs where
the dispersion again acts alone and N̂ = 0. The exponential operator
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exp(hsD̂/2) is evaluated in Fourier space using the Fast-Fourier trans-
form algorithm. The local error of the symmetrized split-step scheme
is of the third order in the step size hs [50, p. 42]. To further im-
prove the accuracy, the integral in Eq. 2.52 is evaluated by using the
trapezoidal rule,

∫ z+hs

z
N̂(z′)dz′ ≈ hs

2
[
N̂(z)+ N̂(z+hs)

]
. (2.53)

Because N̂(z+hs) is not yet known when solving the integral, it is nec-
essary to follow an iterative procedure. Although this may be time-
consuming, the overall computing time is reduced because the step
size h can be increased due to the improved accuracy [50, p. 43].

2.2.4 Scattering processes

Additionally to Rayleigh scattering, also Raman and Brillouin scatter-
ing occur in the fiber which are not included in Eq. 2.39. These are
inelastic scattering processes that lead to an energy transfer from a
pump wave to a frequency-downshifted probe wave that is also called
Stokes wave where the frequency shift is material dependent. The
energy difference is absorbed by the material in form of molecular vi-
brations for Raman scattering and in form of acoustic waves for Bril-
louin scattering. For intense pump waves, the nonlinear phenomena
of stimulated Raman scattering (SRS) and stimulated Brillouin scat-
tering (SBS) occur which lead to a rapidly growing Stokes wave such
that most of the pump wave energy is transferred to it. In particular,
SBS can severely limit the available optical power needed for nonlin-
ear interactions in the HNLF as discussed below.
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Stimulated Brillouin scattering (SBS)

SBS generates a counterpropagating Stokes wave that is downshifted
by the frequency shift ΩB/(2π) ≈ 10 GHz in silica [50, p. 330]. For the
case that the pump wave is a linearly polarized CW or quasi-CW signal
and maintains its state of polarization along the fiber, the evolution
of the powers of the pump and stokes wave can be described by two
coupled differential equations [59],

dPp

dz
=−

∞∫
−∞

gB(ω)
Ae f f

pst(ω)dωPp −α0Pp (2.54)

dpst(ω)
dz

=− gB(ω)
Ae f f

(pst(ω)+ pse(ω))Pp +α0 pst(ω). (2.55)

Here, Pp is the pump power and pst is the Stokes power spectral den-
sity with the Stokes power Pst given by

Pst =
∞∫

−∞
pst(ω)dω. (2.56)

pse(ω) is the power spectral density of the spontaneous Brillouin scat-
tering given by

pse(ω)= 2πkBT0

hΩB

hω
2π

. (2.57)

where kB, T0, and h are the Boltzmann constant, the temperature and
the Planck constant, respectively. The Brillouin gain spectrum gB(ω)

has a Lorentzian line shape [50, p. 331],

gB(ω)= gB(ΩB)
(π∆νB)2

(ω−ΩB)2 + (π∆νB)2 (2.58)

with the Brillouin peak gain gB(ΩB) ≈ 3−5×10−11 m/W and the Bril-
louin gain bandwidth ∆νB ≈ 40 MHz. Eqs. (2.54) can be solved ap-
plying the boundary conditions Pp(z = 0) = PIN

p and Pst(z = L) = 0. The
latter condition reflects the fact that no Stokes wave is inserted in
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the fiber but is initially generated by spontaneous Brillouin scatter-
ing. Fig. 2.6a shows the evolution of the pump and Stokes power along
a fiber with the length of 1 km. The Stokes power increases exponen-
tially along the fiber resulting in a depletion of the pump wave by 5
dB close to the fiber input. As depicted in 2.6b, an increase of the in-
put pump power does not result in a higher output pump power but
in a higher Stokes output power. The pump input power level, above
which the pump output power saturates, is called the Brillouin thresh-
old power. After a common definition, the threshold power is defined
as the pump input power at which the Stokes output power equals the
pump output power. Then, it is approximately given by [60]

Pth,SBS ≈ 21Ae f f

gB(ΩB)L
. (2.59)

Thus, the small Ae f f in the HNLF decreases the threshold power in the
same way as it increases the nonlinear coefficient. This puts a major
limitation on the available pump power for nonlinear interactions.

Stimulated Raman scattering (SRS)

For SRS, the Stokes wave can occur co- as well as counterpropagating
with respect to the pump wave. This is called forward and backward
SRS, respectively. The Raman gain spectrum for fused silica is with ≈
30 THz wider by 3 orders of magnitude than the Brillouin gain spec-
trum with a peak at a Raman frequency ΩR of about 13 THz [50, p.
276]. The peak gain gR(ΩR) is in the range of 1 ·10−13 m/W and there-
fore 3 orders of magnitude lower than the Brillouin peak gain. The
SRS threshold power, defined in a similar way as the SBS threshold
power, is approximately given by [60]

Pth,SRS ≈ 16Ae f f

gR(ΩR)L
. (2.60)
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For backward SRS, the numerical factor is 20 instead of 16. Due to the
much lower peak gain, the SRS threshold power is larger by 3 orders
of magnitude than the SBS threshold power for quasi-CW signals.

2.2.5 Nonideal Fiber Structure

The discussion of the fiber modes and the chromatic dispersion in sec-
tion 2.2.1 assumes implicitely that the structure of the fiber is ideal,
i.e. that the cross-section is perfectly circular and does not change over
the fiber length. However, during fabrication and packaging, the cir-
cular symmetry and the uniformity over the length may be distorted.
This causes random variations in dispersion and birefringence charac-
teristics of the fiber which can be an issue for nonlinear processes like
FWM as will be discussed later.

Variation of the Zero-Dispersion Wavelength

The small effective area of the HNLF is realized by a high relative in-
dex step ∆n and a small core radius d/2. Therefore, already small, ran-
dom variations in core radius during the fiber drawing translate into
non-uniform characteristics of the HNLF. In particular, its dispersion
characteristics depend strongly on the core radius (and therefore on
variations of the normalized cut-off frequency V c) as can be estimated
from Fig. 2.5. Thus, the zero-dispersion wavelength λzd, defined by
β2(λzd) = 0, can vary randomly over several nm over the length of a
HNLF [61],[62].

Residual Fiber Birefringence

Another issue are small departures from the ideal circular symmetry
of the fiber cross section that change randomly due to fluctuations in
the core shape or due to stress. In this case, the mode degeneracy
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breaks and the propagation constant β as well as the group velocity
vg = 1/β1 becomes slightly different for the modes polarized in the x
and y directions. Such birefringence fluctuations induce polarization-
mode dispersion (PMD) and randomize the state of polarization of any
optical field propagating through the fiber [50, p. 408]. The PMD can
be quantified by the PMD parameter Dp [50, p. 12].

2.3 Semiconductor Optical Amplifiers (SOA)

2.3.1 Structure

SOAs for the amplification of light with wavelengths between 900 and
1650 nm are based on the quaternary compound crystal Indium-Gal-
lium-Arsenide-Phosphide (In1−xGaxAsyP1−y). The mole fractions x and
y denote to which amount Indium and Phosphide are replaced by Gal-
lium and Arsenide, respectively. As long as x = 0.4y+0.067y2, the dif-
ferent compounds are lattice matched to InP allowing to fabricate com-
plex SOA structures using epitaxial growth on InP substrates. Most
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importantly, In1−xGaxAsyP1−y is a direct semiconductor for all y if lat-
tice matched. Fig. 2.7a depicts the simplified band diagram of such
a crystal that shows the energy of the free carriers (electrons in the
conduction band (CB), holes in the valence band (VB)) as a function
of their wave vector magnitude ke. Since it is a direct semiconductor,
the energy minimum of the CB and the energy maximum of the VB
are positioned at the same ke. The minimum energy difference be-
tween CB and VB is called band gap energy and is dependent on the
mole fractions x and y. By injecting current into the SOA, free car-
riers are generated in the CB and the VB. In the quasi-equilibrium,
their distribution can be described by Fermi functions with separate
Fermi energies E f c and E f v for the CB and the VB, respectively. If
light with a frequency f (photon energy hf ) is injected into the SOA,
it is amplified by stimulated emission if

Egap < hf < Efc−Efv. (2.61)

For hf < Egap, the material is essentially transparent, while for hf >
Efc−Efv, the absorption of the light dominates.
A typical SOA structure is shown in Fig. 2.7b. The main part is the
In1−xGaxAsyP1−y waveguide core (also called the active zone). It has
a lower bandgap energy and a higher refractive index than the sur-
rounding InP forming a double-hetero structure. This allows to con-
fine the injected carriers (by energy barriers) and the optical wave (by
total refraction) at the same time. The carriers are supplied from the
top and bottom electrodes (which will be referred to as pumping in the
following), while the light is radiated from the side facets which carry
an antireflection coating to suppress Fabry-Perot resonances.
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2.3.2 Pulse Propagation Equation

As discussed above, due to the resonant nature of the nonlinearity of
the SOA, Eq. 2.34 cannot be used. Instead, Eq. 2.22 together with Eq.
2.17 has to be used. For this purpose, the susceptibility can be divided
into two parts [51, p. 26],

χ(x, y,ω)= χ0(x, y,ω)+χp(x, y,ω). (2.62)

χ0 is the susceptibility in absence of pumping including the refractive
index profile of the waveguide and the material absorption while χp

takes into account the effect of the injected carriers. Then, the complex
dielectric constant ε(x, y,ω) is given by

ε(x, y,ω)= 1+ℜ{
χ0(x, y,ω)

}
︸ ︷︷ ︸

εb(x,y,ω)

+iℑ{
χ0(x, y,ω)

}+χp(x, y,ω)︸ ︷︷ ︸
∆ε(x,y,ω)

. (2.63)

∆ε(x, y,ω) is now inserted in Eq. 2.17 giving the perturbation of the
propagation constant. Assuming that ℑ{

χ0
}

and χp are constant in the
active zone and zero outside, this yields

∆β(ω)=−i
Γ

2
g(ω)(1+ iαH)+ i

aint

2
. (2.64)

Γ is the confinement factor defined as

Γ=

dw/2∫
−dw/2

ww/2∫
−ww/2

|F(x, y)|2 dxdy

∞∫
−∞

∞∫
−∞

|F(x, y)|2 dxdy
(2.65)

denoting the fraction of signal power within the core. Furthermore,
the gain coefficient g was introduced as

g(ω)=−k0

n0
ℑ{

χ0 +χp
}

(2.66)
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as well as the differentially formulated alpha factor [63]

αH = ∂ℜ{
χp

}
/∂N

∂ℑ{
χp

}
/∂N

(2.67)

that describes the phase-amplitude coupling in the semiconductor ma-
terial. N denotes the total carrier density in the SOA. The differential
formulation of αH allows to neglect any other non-carrier dependent
real part in Eq. 2.64 which would lead to an additional constant phase
shift. The (frequency independent) internal loss coefficient aint was
introduced phenomenologically and is related to loss due to scattering
processes. Inserting ∆β(ω) in Eq. 2.22 gives the pulse propagation
equation for the SOA in the frequency domain,(

i
∂

∂z
+β1(ω−ω0)− i

Γ

2
g(ω)(1+ iαH)+ i

aint

2

)
A(z,ω−ω0)= 0. (2.68)

where the unperturbed propagation constant β(ω)∼=β0+β1(ω−ω0) since
the chromatic dispersion is usually negligible in SOAs due to the short
length [64, 65, 66]. The nonlinearity in Eq. (2.68) is introduced by
the material gain g(ω) which actually depends on A(z,ω−ω0) as de-
scribed in the next section. Furthermore, in Eq. (2.68), a noise term
is missing accounting for the spontaneous emission in the SOA. It is
phenomenologically included by adding the noise field ASE(z,ω) which
will be also defined in the next section. The noise propagates in +z as
well as in -z direction and significantly contributes to the gain satura-
tion. Therefore, it is important to introduce A+ and A− representing
the field envelopes propagating in +z and -z directions. With these
modifications, Eq. (2.68) takes the form(

±i
∂

∂z
+β1(ω−ω0)− i

Γ

2
g(ω)(1+ iαH)+ i

aint

2

)
A±(z,ω−ω0)=±iASE(z,ω).

(2.69)
Finally, one has to keep in mind that there will be also noise in the
orthogonal polarisation contributing to the gain saturation. Its prop-
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agation is also governed by Eq. 2.69 (with adjusted parameters if any
polarisation dependency shall be taken into account). For notational
simplicity, the following discussion will be carried out under the tacit
assumption that both polarisations are considered and the SOA does
not show any polarisation dependency.

Mode Profile The propagation constant β and the mode profile F(x,y)
can be obtained by a similar procedure as described in Sec. 2.2.1 for
the HNLF, i.e. Eq. (2.15) has to be solved using the proper refractive
index profile εb(x, y,ω). The rectangular waveguide shown in Fig. 2.7b
can be approximated by a slab waveguide because its width ww is much
bigger than its height dw. Then, a waveguide parameter similar to that
in the silica fiber can be introduced,

V w = dw

2
k0

√
n2

co −n2
cl (2.70)

and Eq. (2.15) can be solved analytically to obtain the propagation
constants and the field distributions of the different modes [55, p. 240].
The single-mode condition is given by V w < π/2. If it is fulfilled only
the fundamental modes TE0 and TM0 can propagate. The confinement
factor of the TE0 mode can be approximated by [51, p. 45]

Γ= V 2
w

0.5+V 2
w

. (2.71)

The slightly lower confinement factor of the TM0 mode in the slab
waveguide would result in polarisation dependent gain. There are
several ways to compensate for that using more elaborate waveguide
structures [67, 68] so that the assumption of a polarization-indepen-
dent SOA is justified.
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2.3.3 Gain Modeling

The material gain g takes into account the resonant interaction of
the photons with the carriers in the CB and the VB, i.e. the stimu-
lated emission and absorption of photons in the SOA. The modeling
of the material gain is generally challenging since it depends on the
actual carrier distribution in the VB and the CB. One usually differ-
entiates between inter- and intraband effects [69, 70, 71]. The former
essentially describe the gain change due to a change of the total num-
ber of the carriers in the CB and the VB while they remain in the
thermal (quasi-)equilibrium with the surrounding crystal lattice, i.e.
they remain Fermi-distributed with lattice temperature. This is rep-
resented by the gain coefficient gCDP (N) (CDP - Carrier Density Pulsa-
tions). The latter incorporate all effects that change the material gain
due to deviations from this thermal (quasi-)equilibrium distribution
while the total number of carriers remains constant. These include
carrier heating (CH), spectral hole burning (SHB), free carrier absorp-
tion (FCA) and two-photon absorption (TPA) that are all represented
by their own gain coefficient. Furthermore, each inter- and intraband
effect is related to an individual change in the refractive index which
is taken into account by different alpha factors. Therefore, it should
be kept in mind that

g(1+ iαH)≡∑
X

gX (1+ iαH,X ). (2.72)

where X = {CDP, CH, SHB, FCA, TPA}.

Carrier distribution in the thermal (quasi-)equilibrium The carrier
distribution in the CB in the thermal (quasi-)equilibrium and a pa-
rabolic band structure is schematically shown in Fig. 2.8a. It is the
product of the density of states, ρc, and the Fermi distribution fc de-
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Figure 2.8: a) Schematic carrier distribution in the CB and b) material gain

gCDP as a function of the wavelength λ for different values of the total carrier

density

fined by

fc(E)= 1

1+exp
(

E−E fc
kBTL

) (2.73)

For the parabolic band structure shown in Fig. 2.7a, ρc ∝
√

E−Ec for
E > Ec and otherwise zero. The total carrier density N is given by

N = 1
V

∞∫
Ec

ρc fcdE. (2.74)

where V is the active zone volume.

Carrier dynamics Fig. 2.9 shows the dynamics of the carrier distri-
bution for the case that a single short light pulse with a given wave-
length is injected into the SOA. In the first step, its amplification de-
pletes carriers at the energy level that participates in the transition
and distorts the Fermi distribution. This depletion is called SHB and
is quasi instantaneous. In the second step, the carriers return to a
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Fermi distribution by carrier-carrier scattering within ∼100 fs. How-
ever, the carrier temperature is now increased which is called CH.
In a similar way, FCA and TPA lead to deviations from the thermal
(quasi-) equilibrium distribution by generating carriers at high energy
levels and thereby increasing the carrier temperature. Thus, in the
third step, the carrier temperature relaxes to the lattice temperature
by carrier-phonon scattering within ∼1 ps. In the last step, the origi-
nal total carrier density is restored by carrier injection within ∼1 ns.
The resulting gain change is covered by gCDP .

Material gain Since the material gain g is dependent on the carrier
distribution in the CB and the VB, it is a function of the carrier den-
sity N and the wavelength λ. The peak gain is a sum over all gain
contributions,

gp = gCDP + gCH + gSHB + gFCA + gTP A. (2.75)

The contribution from CDP is given by

gCDP = aN(N −Ntr); (2.76)
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while the others will be defined in the next section. Here, aN is the
differential gain and Ntr is the transparency carrier density. For the
frequency dependence of gCDP , one often uses phenomenological mod-
els in which experimental results are parametrized using polynomial
functions. Here, the model from [72] is adopted which presents a slight
variation of [73]. The gain is given by

g(N,ω)=
 3gp,2

(
ω−ωz
ωz−ωp,2

)2 +2gp,3

(
ω−ωz
ωz−ωp,3

)3
ω>ωz

0 ω<ωz
(2.77)

with

gp,2 = gp + āaN Ntr exp(−N/Ntr)

gp,3 = gp +aN Ntr exp(−N/Ntr)

ωp,2 =ωg +b0(N −Ntr)+ b̄ωc exp(−N/Ntr)

ωp,3 =ωg +b0(N −Ntr)+ωc exp(−N/Ntr)

ωz =ωz0 + z0(N −Ntr).

All parameters are defined in Appendix G. Essentially, Eq. 2.77 is a
combination of a quadratic and a cubic polynomial in ω. The exponen-
tial terms are used to smooth the gain function for low carrier densities
and can be neglected for N well above Ntr. Then, the gain peak value
given by gp and its angular frequency ωp,2

∼= ωp,3 are linear functions
of N. Fig. 2.8b shows g as a function of the wavelength for different
total carrier densities for the case that the gain contributions from the
intraband effects are set to zero.

Noise The amplification of light using stimulated emission is inevita-
bly connected to the generation of noise due to spontaneous emission.
The ratio between the spontaneous and stimulated emission rate is
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given by the inversion factor nsp [51, p. 226],

nsp(ω)= 1

1−exp
(ħω−(E f c−E f v)

kBT0

) . (2.78)

Although the spontaneous emission spectrum is not constant, it is very
broad in comparison to the gain spectrum. Therefore, it can be mod-
eled as white noise with a constant noise spectral power density given
by

ρSE = nsp(ω0)ΓgCDPħω0 (2.79)

and ASE is defined in the time domain as a white Gaussian distributed
noise process with the autocorrelation function

< ASE(z, t)A∗
SE(z− z′, t− t′)>= ρSEδ(z− z′)δ(t− t′). (2.80)

If a symmetric gain spectrum centered at ωp with a bandwidth of (E f c−
E f v)/ħ−ωgnsp(ω0) is assumed, and furthermore ω0

∼=ωp,2
∼=ωp,3, nsp(ω0)

can be approximated using Eq. 2.77 by noting that ħω0 − (E f c −E f v) ≈
ħ(ωg −ωp,2)=−ħb0(N −Ntr) for high carrier densities. Thus,

nsp(ω0)≈
(
1−exp

(−ħb0(N −Ntr)
kBT0

))−1
. (2.81)

The noise power added by the SOA per length ∆z in the optical noise
bandwidth BN is given by

PSE = ρSEBN∆z. (2.82)

2.3.4 Time-Domain Modeling

The set of two nonlinear differential equations for the forward- and
backward propagating waves given by Eq. 2.69 is usually solved using
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Figure 2.10: Principle of the finite-difference solver for the SOA pulse propa-

gation equation

numerical methods. Here, this is done using the method of finite dif-
ferences [74]. Fig. 2.10 depicts the principle. The SOA is divided into
longitudinal sections with a length corresponding to

∆z = vG∆t (2.83)

with ∆t the sampling interval of the input signal. In each section de-
noted by the integer l, the total carrier density, the material gain and
the spontaneous emission power are assumed to be constant. In each
propagation step, two computational steps are performed: First, the
local carrier density Nl, the local gain gl (with its linear and nonlinear
components) as well as the local nonlinear phase change and the local
spontaneous emission field A±

SE,l are calculated. Second, the propa-
gation equations Eq. (2.69) for the forward- and backward-traveling
fields A±

l given at the interfaces of the sections are solved. The solu-
tion for the propagation through the segment l, i.e. over the distance
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Figure 2.11: Schematic of the FIR filter used for the time-domain modeling

∆z, is given by

A±
l±1(ω−ω0)=

G l (Nl ,ω)︷ ︸︸ ︷
exp{±(

Γ

2
gl(Nl ,ω)(1+ iαH)− aint

2
)∆z}

×exp{±i(ω−ω0)∆t}A±
l (ω−ω0)+ ASE,l(ω). (2.84)

where it was assumed that all spontaneous emission power generated
within the segment is added at its end.
It is generally preferable to solve Eq. (2.84) in the time domain since

then all nonlinear interactions are taken into account automatically.
To do this, G l(ω) is approximated by the first-order finite impulse re-
sponse (FIR) filter shown in Fig. 2.11 which has the transfer function
[74, 72]

G l ≈GFIR,l(ω)=
(
c1,l + c2,l ei(ω−ω0)∆t

)
eiΦl (2.85)

In each section, the coefficients c1,l and c2,l are adaptively fitted to the
gain function Eq. 2.77 [72]. Their calculation is given in Appendix F.
Φl includes the nonlinear phase change and is given by

Φl =φCDP,l +
∑
X
φX ,l

φCDP,l =
1
2
ΓαH,CDP (gCDP,l(Nl)− gCDP (Nun)∆z

φX ,l =
1
2
ΓαH,X gX ,l∆z

where X = {CH, SHB, FCA, TPA}. To keep Φl off from unnecessarily
high values, the constant phase shift −ΓαH,CDP gCDP (Nun∆z was added
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here. As shown in Fig. 2.12a, the power transfer function |GFIR,l |2 of
the first-order FIR filter has a sinusoidal spectral shape and does not
match the power gain function |G l |2 for all wavelengths. However, Fig.
2.12b shows that the match is very well in the wavelength range of
interest around 1550 nm. Now, the inverse Fourier transform can be
applied to Eq. 2.84 giving the pulse propagation equation in the time
domain,

A±
l±1(t+∆t)= (

c1,l(t)A±
l (z, t)+ c2,l(t)A±

l (t−∆t)
)
e jΦl (t) + ASE,l(t). (2.86)

Using Eq. 2.82, the noise field ASE,l(t) is modeled by [75]

ASE,l(t)=
√
ρSE,l∆z
∆t

x1 + ix2p
2

(2.87)

where x1 and x2 are independent Gaussian distributed random num-
bers with zero mean and unit variance. Bs = 1/∆t is the simulation
bandwidth.
Finally, the carrier dynamics have to be included which is conveniently
done in time domain by using rate equations. The dynamics of N (and
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therefore of gCDP) are modeled by [74]

dNl

dt
= IB

qwwdw∆z
−R(Nl)−vG(g ·S)l +

ΓTPA
Γ

vGβTPAS2
l . (2.88)

The first term at the right-hand side describes the increase of N due
to the pumping. Thereby, IB is the pump current and q is the electron
charge. The second terms takes into account the decrease due to spon-
taneous recombination. The third term represents the change of N by
stimulated emission or absorption. The fourth term is related to the
increase in total carrier density by TPA. Here, βTPA is the two-photon
absorption coefficient and ΓTPA > Γ is the TPA confinement factor tak-
ing into account the tighter confinement of the square of the intensity
profile [76]. The product (g ·S)l is defined by

(g ·S)l = g+
l S+

l + g−
l S−

l . (2.89)

The photon density S±
l is given by

S±
l = 1

2kp
(|A±

l,x|2 +|A±
l±1,x|2)+ 1

2k
(|A±

l,y|2 +|A±
l±1,y|2) (2.90)

with

kp = hνdwwwvG /Γ. (2.91)

The indices x and y show explicitely that also the contribution of the
orthogonal polarisation has to be taken into account. The effective
gain coefficients g±

l (t) are defined by

exp
(
(Γg±

l (t+∆t)−aint)∆z
)= S±

l±1(t+∆t)

S±
l (t)

. (2.92)

The spontaneous recombination term has the form

R(Nl)= AnrNl +BspN2
l +CAugerN3

l (2.93)
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where the first term describes recombination at defect states, the sec-
ond term spontaneous radiative recombination and the third term Au-
ger recombination.
Similarly, the dynamics of the intraband processes are modeled by rate
equations for their corresponding gain coefficient [71, 72],

∂gCH,l

∂t
=− gCH,l

τCH
− εCH
τCH

(g ·S)l (2.94)

∂gFCA,l

∂t
=− gFCA,l

τCH
− εFCA
τCH

aN NlSl (2.95)

∂gTPA,l

∂t
=− gTPA,l

τCH
− εTPA
τCH

ΓTPA
Γ

vGβTPAS, l2 (2.96)

∂gSHB,l

∂t
=− gSHB,l

τSHB
− εSHB
τSHB

(g ·S)l −
(
∂gCH,l

∂t
+ ∂gFCA,l

∂t
+ ∂gTPA,l

∂t
+ ∂gCDP,l

∂t

)
.

(2.97)

Thereby, the phenomenological gain compression factors εX take into
account the strength of the particular intraband effect and the phe-
nomenological time constants τCH and τSHB govern over the relaxation
dynamics.
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Chapter 3

Phase-Modulation Formats

While in chapter 2 the models of the HNLF and the SOA have been
introduced, this chapter is devoted to the transmission and reception
of the phase modulated signals that will be passed through the non-
linear devices in chapter 4 and 5. The chapter starts with the descrip-
tion of signal constellations and the corresponding transmitters. Sec-
ond, the different receiver architectures, in particular the direct and
the coherent receiver, are introduced. Their discussion is the basis for
the analysis of the signal degradations in the next chapters. Finally,
semi-analytical formulas for the BER estimation in presence of differ-
ent degradations are given that will be used later for the quantitative
characterization of phase distortions in terms of signal-to-noise ratio
penalties.

3.1 Constellations

3.1.1 Ideal constellations

Fig. 3.1 shows constellations of different advanced modulation formats
together with the number of bits per symbol [77, 78]. (D)BPSK with
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Figure 3.1: Constellations of several advanced modulation formats

two constellation points in the inphase components of the electrical
field enables the encoding of 1 bit/symbol. When using both the in-
phase and the quadrature component of the electrical field, the format
is called (D)QPSK and enables the encoding of 2 bits/symbol, thus dou-
bling the spectral efficiency. A further increase of the number of phase
states leads to 8-PSK with 3 bits/symbol. To reach 4 bits/symbol, it is
more convenient to use different phase states and at the same time dif-
ferent amplitude states. This leads to the 16-QAM format which pro-
vides a better noise tolerance than 16-PSK. Fig. 3.1 shows the square
16-QAM format which in turn performs slightly better than star 16-
QAM [6, p. 185]. The individual symbols of the modulated signal are
defined by their electrical field,

Ak =
√

Pkeiφk a(t− tk). (3.1)

where the allowed combinations for the symbol power Pk and the sym-
bol phase φk depend on the modulation format and are shown in the
constellations in Fig. 3.1. a(t) is the pulse shape. The modulated signal
is then given by

As(t)=
∑
k

Ak =
∑
k

√
Pkeiφk a(t− tk). (3.2)
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Generally, all these modulation formats can be generated by modu-
lating a CW laser signal using a single IQ modulator [79]. However,
to avoid the use of multilevel electrical driving signals, more complex
transmitter setups are proposed [6, Ch. 2].

3.1.2 Constellations in presence of noise

In practice, the generated and received signal constellations are never
ideal due to the presence of noise. The two most important noise con-
tributions always present in transmission systems are additive white
Gaussian noise and laser phase noise. Thus, the modulated signal in
the presence of noise is given by

Ãs(t)= As(t)eiφl (t) +nc(t). (3.3)

The laser phase noise φl(t) is generated in any laser diode (i.e. already
in the transmitter laser diode) by spontaneous emission photons with
random phase. The temporal evolution of the phase φl is a random
walk where the random phase change within a time interval τ is given
by [6, p. 16]

∆φl(τ)=φl(t)−φl(t−τ). (3.4)

The phase difference ∆φl(t) is Gaussian distributed with a variance of

<∆φ2
l (τ)>= 2π∆νl |τ|. (3.5)

Thus, the laser phase noise is fully characterized by the laser linewidth
∆νl,

φl(t)≡φl(∆νl). (3.6)

The most important source of the complex additive white Gaussian
(AWG) noise given by nc(t) are optical amplifiers present in the trans-
mission channel that add amplified spontaneous emission noise. Other
sources are quantum noise and the transmitter laser relative intensity
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noise. AWG noise can be characterized using the optical signal-to-
noise ratio of a signal similarly defined as in Eq. 1.1,

OSNR= Pav

2< n2
c > |12.5GHz

= Pav

2ρAWGBref
.

Here, Pav is the average signal power. < n2
c > is the noise variance,

i.e. the power contained in nc(t). The factor two refers to the fact
that the noise is present in both polarizations. Since it is white noise,
its noise power spectral density ρAWG is constant and a measurement
bandwidth has to be chosen. For the OSNR, this measurement band-
width Bref is usually 12.5 GHz (or equivalently, 0.1 nm). Alternatively,
one can choose the signal bandwidth, which corresponds ideally to the
symbol rate Rs. Then, the signal-to-noise ratio

SNR= Pav

< n2
c > |Rs

= Pav

ρAWGRs
= 2OSNRs

Bre f

Rs
(3.7)

may be defined [5, p. 67] which has the advantage that the related
BER is independent of Rs. Note that for the SNR, only one noise po-
larization (that one parallel to the signal) is taken into account.

3.2 Reception

3.2.1 Direct Reception

In the direct receiver relying on a simple photodiode, only the inten-
sity of the optical field can be detected. To evaluate phase modulation
formats, differential detection of DPSK formats has to be used. This
means that the information is encoded in optical phase differences of
subsequent pulses allowing the use of an optical delay interferometer
to convert the phase information into intensity information. In order
to recover the original bit sequence after this operation, the transmit-
ted bit sequence has to be precoded [6, p. 28]. Fig. 3.2a shows a direct,
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balanced receiver for DBPSK comprising a delay interferometer and
a pair of photodiodes. Assuming that the received signal is corrupted
by noise but the pulse shapes a(t− tk) are not distorted 1, the received
current is given by [6, p. 71]

Irec(t)∝ℜ{Arec(t)A∗
rec(t+Ts)}

∝∑
k

√
P̃kP̃k+1ã2(t− tk)cos

(
∆φ̃k

)
(3.8)

where Arec(t) is the received electrical field that may include AWG
noise, laser phase noise and other distortions. Further, a(t− tk +Ts) =
a(t− tk−1) was used. The phase difference ∆φ̃k includes the symbol
phase difference ∆φk = φk −φk+1 but also any deterministic or statis-
tical phase distortion, e.g. due to AWG noise or laser phase noise.
Similarly, the received pulse powers P̃k include amplitude distortions.
A decision error occurs if ∆φ̃k deviates more than ±90◦ from its ideal
values 0◦ and 180◦. As discussed in the next section, this may be due
to linear or nonlinear noise contributions and/or deterministic distor-
tions.
Fig. 3.2b shows a configuration to receive DQPSK signals. Here, two
DIs are used with ideal phases of 45◦ and −45◦. The received currents
are given by

Irec,I(t)∝
∑
k

√
P̃kP̃k+1ã2(t− tk)cos

(
∆φ̃k +π/4

)
Irec,Q(t)∝∑

k

√
P̃kP̃k+1ã2(t− tk)cos

(
∆φ̃k −π/4

)
(3.9)

A correct symbol decision requires a correct decision on both Irec,I and
Irec,Q. A decision error occurs if ∆φ̃k deviates more than ±45◦ from
its ideal values {0◦,90◦,180◦,270◦}. An equivalent option is to use a

1This condition is not fulfilled if any chromatic dispersion present during transmission is
not compensated for leading to pulse shape broadening [50, pp. 53ff]
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Figure 3.3: State-of-the-art coherent (intradyne) receiver for a single signal

polarization

configuration with a 2×4 90◦ hybrid [6, p. 71].
In a similar way, also DPSK signals with order higher than 4 can be
decoded. However, since the decoding effort increases strongly [6, pp.
68], these formats are not considered here.

3.2.2 Coherent reception

Coherent detection relies on mixing of the signal wave with a local os-
cillator (LO) wave on a photodiode. The resulting photocurrent carries
the full field information of the optical wave which allows the detec-
tion of both amplitude as well as phase modulation formats. For the
latter, synchronous detection is possible which means that the abso-
lute signal phase information is evaluated leading to a better noise
performance compared to differential detection. However, this needs
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a phase synchronization of the input signal and the local oscillator.
In traditional homodyne or heterodyne coherent receivers, the phase
synchronization was achieved by locking the LO phase to the input
signal phase by means of e.g. an optical phase-locked loop. Due to the
recent progress in high-speed electronic signal processing, the phase
synchronization is done today after detection by digital carrier syn-
chronization techniques [78] allowing for a free-running, i.e. not phase
locked LO wave. Such a receiver is called intradyne receiver.

Fig. 3.3a shows a typical state-of-the-art coherent receiver for sin-
gle signal polarization [6, p. 100]. The extension to a polarization
diversity receiver is straight forward. The receiver comprises of a local
oscillator laser that is coupled together with the input signal light to
a 2x4 90° hybrid. The four output signals are fed into two balanced
receivers with two output currents given by [6, p. 93]

Irec,I(t)∝
√

PLO

(∑
k

√
P̃kã(t− tk)cos

(
∆ωLO tk +φLO(tk)+ φ̃k

)+nI(tk)

)
(3.10)

Irec,Q(t)∝
√

PLO

(∑
k

√
P̃kã(t− tk)sin

(
∆ωLO tk +φLO(tk)+ φ̃k

)+nQ(tk)

)
.

(3.11)

Thus, Irec,I and Irec,Q are proportional the two field quadratures of the
received signal. ∆ωLO is the frequency offset between the received
signal and the local oscillator and φLO represents the local oscillator
phase noise. φ̃k shall include the symbol phase φk but also additional
phase distortions like the transmitter laser phase noise. However, it
shall explicitly not contain the additive white Gaussian noise which
is represented by nI and nQ in the in-phase and quadrature branch,
respectively. For the pulse shape, ã is written denoting that the pulse
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shape may be distorted during transmission2. After low-pass filtering,
the electrical current is digitized in an A/D converter. After timing
recovery and electrical digital equalization to compensate for trans-
mission distortions, the complex phasor after sampling is given by [6,
p. 101]

X̃k = I I,k + iIQ,k ∝
√

PLO

(√
P̃kakei(φ̃k+∆ωLO tk+φLO,k)+nc(tk)

)
(3.12)

The complex noise term is given by nc(tk) = nI(tk)+ inQ(tk). The lo-
cal oscillator laser frequency offset and the local oscillator laser phase
noise result in two additional phase distortion terms. The task of the
phase estimation algorithm that follows the digital equalizer in Fig.
3.3a is to estimate and to remove the transmitter and local oscillator
laser phase noise contained in φ̃k and φLO,k, respectively, as well as the
local oscillator laser frequency offset ∆ωLO. The goal is to recover the
modulation information contained in φk. Due to its relatively simple
implementation, one of the mostly used digital carrier phase estima-
tion techniques is the feed forward m-th power scheme depicted in Fig.
3.3b [6, p. 102]. It can be applied to m-PSK, star QAM and square
QAM formats (for the latter, an additional amplitude decision has to
be made) [6, p. 105].
In this scheme, the complex phasor X̃k is first raised to the m-th power
where m represents the number of phase states when applied to m-
PSK formats. This removes the data phase modulation. In the second
step, the phasor is averaged over Nav symbols to suppress the additive
(zero-mean) Gaussian white noise contained in nc(k). In the last step,
the phase is taken by an unwrapping arg-operation and the result is

2For coherent reception, the pulse shape may be distorted e.g. by chromatic dispersion.
This is electronically compensated for by digital equalization
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divided by m. Thus, the recovered carrier phase is given by

Ψk =
1
m

arg
(

k+(Nav−1)/2∑
l=k−(Nav−1)/2

(X̃ l)m

)
. (3.13)

In the last step, the recovered carrier phase (containing the trans-
mitter and local oscillator phase noise as well as the local oscillator
frequency offset) is removed from the signal. Due to the m-th power
operation, an m-fold phase ambiguity is induced. One way to solve
this issue is differential encoding of the quadrants on the logical plane
after phase estimation and data recovery [6, pp. 111].

3.3 Bit-Error Rate Estimation

3.3.1 Additive white Gaussian Noise

In the absence of other degradations, the fundamental limitation to
the BER performance is additive white Gaussian (AWG) noise. A
signal Ã(t) may be distorted by the complex AWG noise contribution
nc(t) = nI(t)+ inQ(t). Then, each complex symbol Ãk of Ã(t) has a PDF
given by [80, p. 138]

PDFÃk
(x+ i y)= 1

2πσ2
n

exp
(
− (x−<ℜ{Ãk}>)2 + (y−<ℑ{Ãk}>)2

2σ2
n

)
. (3.14)

Here, <ℜ{Ãk}> and <ℑ{Ãk}> denote the mean real and imaginary sig-
nal part. Using Eq. 3.7, the noise variance in each signal quadrature
is given by

σ2
n =< n2

I(t)>=< n2
Q(t)>= Pav

(2SNRs)
(3.15)

with the average signal power

Pav =< |Ã(t)|2 > (3.16)
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and the signal-to-noise ratio SNRs. Under the assumption of an ideal
receiver, the probability for a wrong decision on the symbol Ãk is given
by

SERÃk
= 1−

Ï
Fk

PDFÃk
(x+ i y)dxdy (3.17)

where the integration area Fk is defined by the decision thresholds
that depend on the modulation format. The overall BER of the signal
is then given by

BER≈ 1
log2(m)

<SERÃk
>

∣∣∣∀k
(3.18)

where the average is performed over all symbols. The formula takes
into account Gray coded bit mapping which ensures that the closest
neighbor constellation points differs only in a single bit independent
on the number of bits per symbol. Then, by neglecting less likely tran-
sitions to non-closest neighbors, a symbol error results in only a single
bit error. Gray codes can be used for both PSK and QAM formats [6, p.
23, p. 38].
For m-PSK formats, the decision variable is the phase. Because all
symbols carry the same power and the PDF in Eq. 3.14 is symmetric,
all symbol error rates are equal. Then, the BER for m-PSK signals is
given by

BER= 1
log2(m)

(
1−

∫ π/m

−π/m
PDFφ̃k

(φ)dφ
)

(3.19)

with the PDF of the signal phase written as a Fourier series [80, 139],

PDFφ̃k
(φ)= 1

2π
+ 1
π

∞∑
l=1

cl cos
(
lφ

)
. (3.20)

The coefficients are given by [80, 139]

cl =
√
πSNRs

2
eSNRs/2

[
I l−1

2

(
SNRs

2

)
+ I l+1

2

(
SNRs

2

)]
. (3.21)

Ik(x) is the k-th order modified Bessel function of the first kind. Eq.
3.20 can be evaluated analytically. The BER for m-PSK signals is
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given by

BER(SNRs)= 1
log2(m)

(
1− 1

m
− 2
π

∞∑
l=1

cl

l
sin

(
l
π

m

))
. (3.22)

In difference to m-PSK formats, for m-DPSK formats, the decision
variable is the phase difference ∆φ̃k = φ̃k(t)− φ̃k(t−Ts). φ̃k(t) and φ̃k(t−
Ts) are two identical independently distributed random variables with
a PDF given by Eq. 3.20. The differential phase ∆φ̃k has then a PDF
of [80, p. 141]

PDF∆φ̃k
(φ)= 1

2π
+ 1
π

∞∑
l=1

c2
l cos

(
lφ

)
(3.23)

and the BER is given by

BER(SNRs)= 1
log2(m)

(
1−

∫ π/m

−π/m
PDF∆φ̃k

(φ)dφ
)

(3.24)

= 1
log2(m)

(
1− 1

m
− 2
π

∞∑
l=1

c2
l

l
sin

(
l
π

m

))
. (3.25)

Fig. 3.4 shows the (back-to-back) BER performance of different phase-
shift keying formats calculated with Eqs. 3.22 and 3.25. Note that the
BER is generally shown in this thesis as a function of the signal SNR3.

3.3.2 Deterministic Phase Distortions

The correct reception of m-DPSK signals depends on the correct DI
phase ∆φDI. A deviation θe from the optimum leads to a rotation of
the signal constellation. In the presence of AWG noise, the PDF of the
signal phase is then given by

PDF∆φ̃k
(φ,θe)= 1

2π
+ 1
π

∞∑
l=1

c2
l cos

(
l(φ−θe)

)
. (3.26)

3In the literature, the BER is often shown as a function of the signal SNR per bit, i.e.
SNRs/ log2(m).
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Figure 3.4: Back-to-back BER performance as a function of the signal SNR of

different phase-shift keying formats.

The BER is then given by [81], [80, p. 114]

BER(SNRs,θe)= 1
log2(m)

(
1− 1

m
− 2
π

∞∑
l=1

c2
l

l
sin

(
l
π

m

)
cos(lθe)

)
. (3.27)

Of course, θe can also represent deterministic phase distortions of the
signal accumulated during transmission. Similarly, also the constella-
tion of coherently detected signals is rotated by phase distortions that
are for some reason not removed by the CPE leading to a PDF in the
presence of AWG noise of

PDFφ̃k
(φ,θe)= 1

2π
+ 1
π

∞∑
l=1

cl cos
(
l(φ−θe)

)
(3.28)

and a BER of

BER(SNRs,θe)= 1
log2(m)

(
1− 1

m
− 2
π

∞∑
l=1

cl

l
sin

(
l
π

m

)
cos(lθe)

)
. (3.29)

3.3.3 Nonlinear Phase Noise

A particular phase distortion is nonlinear phase noise. Its physical
origin is discussed in the sections 2.1.3 and 2.1.3 while its impact will
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be discussed in sections 4.4, 5.3 and 5.4. Its phase PDF is to a good
approximation a Gaussian distribution with variance σ2

nl, [80, p. 178]

PDF∆Φnl (φ)= 1√
2πσ2

nl

exp

(
− φ2

2σ2
nl

)
. (3.30)

where it was assumed that <∆Φnl >= 0. The overall PDF of the symbol
phase degraded by AWG noise and nonlinear noise is the convolution
of the two individual PDFs given by Eqs. 3.20 and 3.30,

PDFφ̃k
(φ,σ2

nl)=
1

2π
+ 1
π

∞∑
l=1

cl cos
(
lφ

)
e−

l2
2 σ

2
nl . (3.31)

Insertion in Eq. 3.24 leads to the BER for m-PSK signals,

BER(SNRs,σ2
nl)=

1
log2(m)

(
1− 1

m
− 2
π

∞∑
l=1

cl

l
sin

(
l
π

m

)
e−

l2
2 σ

2
nl

)
. (3.32)

For m-DPSK, the decision variable is the phase difference. Then, the
PDF and the BER are given by [82]

PDF∆φ̃k
(φ,σ2

nl)=
1

2π
+ 1
π

∞∑
l=1

c2
l cos

(
lφ

)
e−l2σ2

nl . (3.33)

and

BER(SNRs,σ2
nl)=

1
log2(m)

(
1− 1

m
− 2
π

∞∑
l=1

c2
l

l
sin

(
l
π

m

)
e−l2σ2

nl

)
, (3.34)

respectively.
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Chapter 4

Parametric Amplifiers and
Wavelength Converters based
on Four-Wave Mixing in
HNLF

After having introduced the model of the HNLF in chapter 2 and the
transmission and reception of phase-modulated signals in chapter 3,
this chapter is devoted to the analysis of phase distortions introduced
by HNLF-based FOPAs. For this purpose, the characteristics of FOPAs
are discussed in terms of the gain spectrum and the noise figure. Then,
possible sources for phase distortions are identified using an analytical
approximate solution of the FOPA equations derived from the model
presented in chapter 2. In the following main part of this chapter,
all identified phase distortions are discussed in detail and their indi-
vidual impact on the BER of various directly and coherently detected
phase-modulation formats is quantified using the BER formulas given
in chapter 3.
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4.1 General Characteristics

In the following section, only the ideal gain/conversion efficiency and
noise figure of HNLF-based parametric wavelength converters can be
discussed for brevity. One should notice that experimental results
come very close to these theoretical curves as shown e.g. in [83, 84].
For a complete overview, possible deviations from the ideal values will
be briefly mentioned. Another aspect that cannot be treated is polar-
ization dependency. Generally, FWM is strongly polarization depen-
dent so that polarization diversity schemes have to be applied. Be-
cause parametric amplification and wavelength conversion is a linear
operation on the signal (as long as pump depletion is avoided), the be-
havior is similar as for the polarization dependent AOWCs presented
here to a first approximation.

4.1.1 Setup

As discussed in section 2.1.3, one can distinguish between degenerate
and non-degenerate FWM depending on how many light waves are
coupled by the process. From an application point of view, degenerate
and non-degenerate FWM translate into three different configurations
for possible AOWCs [85] which will be discussed in the following.

Single-Pump Configuration
The single-pump (SP) configuration relies on degenerate FWM 1. The
setup is depicted in Fig. 4.1a. The (weak) input signal is combined
with a single (strong) pump wave and fed into the HNLF. As will be
discussed in detail in section 4.1.4, the pump wave is phase modulated

1This process is also called modulational interaction when occuring together with other
FWM processes in the case of non-degenerate FWM [85].
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Figure 4.1: a) Single-pump configuration of the HNLF-based FOPA, b)

schematic HNLF output spectrum

to suppress SBS in the HNLF. To reach high pump powers, subsequent
amplification by an EDFA is often used followed by a narrow band
filter to suppress the ASE noise. Because the amplification could be
avoided if a high power CW laser as the pump source is available, the
EDFA and the filter are shown using a dashed line. The schematic
HNLF output spectrum is given in 4.1b. A single converted signal
(called idler in the following) is generated by the degenerate FWM
which is filtered out by a bandpass filter. The nonlinear process is
characterized by an energy transfer from the pump to the signal and
the idler. Thus, parametric amplification of the signal is possible in
this scheme. With Eq. 2.36, the idler frequency is given by

ωi = 2ωp −ωs. (4.1)

This process is a phase conjugating process, i.e. the idler is a phase
conjugated copy of the signal, as indicated by the negative sign be-
fore ωs in Eq. 4.1. Similarly, the phase matching condition Eq. 2.37
requires

∆Bsp = Bs +Bi −2Bp ≈ 0. (4.2)

Using the Taylor expansion given in Eq. 2.19 and choosing ω0 = ωzd,
i.e. expanding around the zero-dispersion frequency, the linear phase
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mismatch can be expressed as

∆Bsp =β3(ωzd)(ωp −ωzd)(ωs −ωp)2 (4.3)

+β4(ωzd)/12(ωs −ωp)2 [
(ωs −ωp)2 +6(ωp −ωzd)2] .

Note that β2(ωzd) = 0 and ωs −ωp =−(ωi −ωp). Any impact of the third-
order dispersion can be eliminated by choosing ωp ∼=ωzd. In this case,
the phase matching condition is fulfilled over a wide bandwidth and
broadband single-pump FWM is possible because the fourth-order dis-
persion is usually small in optical fibers. However, with Eq. 4.1, this
choice means that the idler frequency depends on the signal frequency,
ωi ∼= 2ωzd −ωs, so that an arbitrary mapping of any input frequency to
any output frequency is not possible. This problem can be circum-
vented by using dispersion flattened HNLFs with a very small β3

2

so that the pump frequency may deviate from the zero-dispersion fre-
quency without increasing the phase mismatch significantly. It was
shown that this allows for arbitrary mapping of the input and output
frequencies over the C-band with low variances in the conversion effi-
ciency [86].

Dual-Pump Configuration
This configuration relies on non-degenerate FWM. The setup is de-
picted in Fig. 4.2. In contrast to the single-pump configuration, the in-
put signal is combined with two (strong) pump waves. The schematic
HNLF output spectrum shows that now the output signal can be cho-
sen of three different idler waves generated by three different FWM
processes. The first process is called phase conjugation (PC) and is
characterized by an energy transfer from the two pumps to the signal

2This corresponds to a very small dispersion slope. The connection between β3 and the
dispersion slope is given in App. D.
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and the idler. As for the single-pump configuration, parametric ampli-
fication of the signal is possible. With Eq. 2.36, the idler frequency is
given by

ωi1 =ωp1 +ωp2 −ωs. (4.4)

As the name indicates, it is also a phase conjugating process. The
phase matching condition Eq. 2.37 requires

∆Bpc = Bs +Bi1 −Bp1 −Bp2 ≈ 0. (4.5)

Using again the Taylor expansion given in Eq. 2.19 and choosing ω0 =
ωzd, the linear phase mismatch can be expressed as

∆Bpc =β3(ωzd)(ωpc
a −ωzd)

[
(ωs −ωpc

a )2 − (ωp1 −ωpc
a )2] (4.6)

+β4(ωzd)/12
[
(ωs −ωpc

a )2 − (ωp1 −ωpc
a )2]

× [
(ωs −ωpc

a )2 + (ωp1 −ωpc
a )2 +6(ωpc

a −ωzd)2] . (4.7)

where
ω

pc
a = (ωp1 +ωp2)/2 (4.8)

is the symmetry frequency of the PC process. Furthermore, ωs −ωpc
a =

−(ωi1 −ωpc
a ) and ωp1 −ωpc

a = −(ωp2 −ωpc
a ) were used. To eliminate the

impact of the third-order dispersion, the symmetry frequency must
be chosen to ω

pc
a

∼= ωzd, i.e. the pumps have to be placed symmetri-
cally around the zero-dispersion frequency. This enables broadband
FWM but prevents arbitrary input to output frequency mapping be-
cause with Eq. 4.4 follows ωi1 ≈ 2ωzd −ωs. As for the single-pump
process, the use of dispersion-flattened HNLFs can alleviate this prob-
lem.
A second idler is generated by the process called frequency conversion
(FC) 3 which is characterized by an energy transfer from pump 2 and

3This process is also called Bragg Scattering in the literature [85].
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the signal to pump 1 and the idler. Thus, unlike for the SP and the
PC process, the signal is attenuated on the cost of the idler so that
parametric amplification is not possible. The idler frequency is given
by

ωi2 =ωp2 +ωs −ωp1. (4.9)

Furthermore, FC is the only FWM process that is not phase conjugat-
ing. The phase matching condition Eq. 2.37 requires

∆B f c = Bi2 +Bp1 −Bs −Bp2 ≈ 0. (4.10)

Using the Taylor expansion given in Eq. 2.19 and choosing ω0 = ωzd,
the linear phase mismatch can be expressed as

∆B f c =β3(ωzd)(ω f c
a −ωzd)

[
(ωs −ω f c

a )2 − (ωp1 −ω f c
a )2

]
(4.11)

+β4(ωzd)/12
[
(ωs −ω f c

a )2 − (ωp1 −ω f c
a )2

]
×

[
(ωs −ω f c

a )2 + (ωp1 −ω f c
a )2 +6(ω f c

a −ωzd)2
]

. (4.12)

where
ω

f c
a = (ωs +ωp2)/2 (4.13)

is the symmetry frequency of the FC process. Furthermore, ωs −ω f c
a =

−(ωp2 −ω f c
a ) and ωi2 −ω f c

a = −(ωp1 −ω f c
a ) were used. Also for the FC

process, the symmetry frequency has to be chosen ω
f c
a

∼= ωzd to elimi-
nate the impact of the third-order dispersion. However, an arbitrary
mapping of the input to the output frequency is nevertheless possible
because ωi2 = 2ωzd −ωp1 follows with Eq. 4.9, i.e. the idler frequency
is not dependent on the signal frequency. This is as another unique
feature of the FC process.
The third idler is generated by the same process as for the SP config-
uration. Here, it is characterized by an energy transfer of pump 1 to
the signal and the idler.
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4.1.2 Conversion Efficiency and Conversion Spectrum

The conversion efficiency G i of any FOPA is the ratio of the output
power of the converted signal and the input signal power, i.e. for the
FWM-based FOPA it is given by

G i = Pi(z = L)/Ps(z = 0). (4.14)

Also the input signal exhibits amplification (or attenuation) due to the
FWM process. The signal gain is defined as the output signal power to
the input signal power,

Gs = Ps(z = L)/Ps(z = 0). (4.15)

The conversion efficiency and the gain can be determined by a numer-
ical simulation using Eq. 2.39 or by use of the approximate analytic
solutions given in Appendix H. These solutions are obtained under
quasi-CW conditions (i.e. by neglecting time derivatives) and do not
take into account the depletion of the pumps by high signal and idler
powers (i.e. the saturation effects) and the fiber loss. Nevertheless,
they turn out to be very accurate over a wide wavelength range as
discussed in the following. For simplicity, the same typical values for
the HNLF parameters are used in all simulations and calculations un-
less otherwise stated. These parameters are summarized in Appendix
E and, in addition, the corresponding dispersion as a function of the
wavelength is shown in Fig. E.1.

Single Pump (SP)
Using the approximate solution of Appendix H, the conversion effi-
ciency of the SP process is given by Eq. H.19 [85]

Gsp
i =

γ2P2
p

g2
sp

sinh2 (
gspL

)=Gsp
s −1 (4.16)
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with the gain coefficient gSP given by Eq. H.16,

g2
sp = (γPp)2 −κ2

sp/4 (4.17)

κsp =∆Bsp +2γPp. (4.18)

The phase mismatch parameter κSP consists of the linear phase mis-
match ∆Bsp due to the chromatic dispersion and the nonlinear phase
mismatch 2γPp due to XPM from the pump. The maximum conversion
efficiency obtained for κSP = 0 is given by

max{Gsp
i }= sinh2(γPpL)=max{Gsp

s }−1. (4.19)

κSP = 0 means that the linear and the nonlinear part cancel out each
other, ∆Bsp = −2γPp. This is also called perfect phase matching and
requires a negative linear phase mismatch. When neglecting β4 in
Eq. 4.3, perfect phase matching can be achieved if the pump is placed
slightly below the zero-dispersion frequency. Fig. 4.4a shows the SP
conversion efficiency for a CW input signal as a function of the wave-
length detuning between the input signal wave and the pump wave.
The detuning of the pump wavelength from the zero dispersion wave-
length was varied from curve to curve which changes the linear phase
mismatch. Only half of the spectrum is shown due to its symmetric
nature. The symbols indicate results of the numerical simulation us-
ing Eq. 2.39 and the simulation setup given in Fig. 4.3 while the
solid lines are given by the approximate solution using Eq. 4.16. The
match is very good showing that the approximate solution is very ac-
curate. The maximum gain obtained for perfect phase matching is
indicated by the dashed line. The used parameters were L = 1 km,
Pp = 26 dBm, Ps = -20 dBm, α = 0, γ = 10(W km)−1, zero-dispersion
wavelength λzd = 1553nm, β3 = 0.033ps3/km and β4 = 2.5×10−4ps4/km.
For λp ≤ λzd, the conversion efficiency is a decreasing function of the
pump-signal detuning since κSP is positive and increasing. In this
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case, the maximum is close to the pump where ∆Bsp = 0 and the gain
is quadratically dependent on the pump power. For λp > λzd, κSP is
negative and increasing such that, at a given detuning, it cancels out
the (always positive) nonlinear phase mismatch. Then, perfect phase
matching is obtained leading to the maximum conversion efficiency.
After that point, the linear phase mismatch increases further leading
to a decreasing G i. For a very large absolute value of the linear phase
mismatch, g2

sp < 0 and therefore gsp is purely imaginary. Then, the
hyperbolic sine function in Eq. 4.16 gets an ordinary sine function and
the conversion efficiency is a periodic function of the pump-signal de-
tuning.
Fig. 4.4b shows the maximum signal gain and the maximum conver-
sion efficiency calculated with Eq. 4.19. The used parameters were L
= 1 km and γ = 10(W km)−1. One can see that the single-pump FOPA
can provide parametric amplification for both the input signal and the
idler if the pump power is high enough. However, the conversion spec-
trum (as well as the gain spectrum) is highly nonuniform since, as
discussed above, G i (and Gs) depend quadratically on the pump power
close to the pump wavelength while they depend exponentially on the
pump power at its maximum. A uniform gain and conversion spectrum
can only be obtained by sacrifying gain and avoiding perfect phase
matching by placing the pump exactly at the zero-dispersion wave-
length.

Phase Conjugation (PC)
Using the approximate solution of Appendix H, the conversion effi-
ciency of the PC process is given by Eq. H.44 [85],

Gpc
i = 4γ2Pp1Pp2

g2
pc

sinh2 (
gpcL

)=Gpc
s −1 (4.20)
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Figure 4.5: Dual-pump simulation setup to characterize the conversion effi-

ciency

with the gain coefficient gpc given by Eq. H.41,

g2
pc = 4γ2Pp1Pp2 −κ2

pc/4 (4.21)

κpc =∆Bpc +γ(Pp1 +Pp2). (4.22)

As for SP, the conversion efficiency is maximal if κpc = 0, i.e. for perfect
phase matching. For PC, it is given by

max{Gpc
i }= sinh2(2γ

√
Pp1Pp2L)=max{Gpc

s }−1. (4.23)

Similarly to the SP process, perfect phase matching can only be achie-
ved for a negative linear phase mismatch. When neglecting β4 in Eq.
4.6, one can see that Bpc < 0 can be realized by placing the symme-
try wavelength ω

pc
a slightly above the zero-dispersion frequency. Fig.

4.6a shows the PC conversion efficiency for a CW input signal as a
function of the wavelength detuning between the input signal wave
and the symmetry wavelength λ

pc
a = 2πc/ωpc

a . Here, the detuning of
the symmetry wavelength from the zero dispersion wavelength was
varied from curve to curve to change the linear phase mismatch and
only half of the spectrum is shown due to its symmetric nature. The
pump wavelength is indicated at the x-axis. The pump separation was
about 50 nm. The symbols indicate results of the numerical simula-
tion using Eq. 2.39 and the simulation setup depicted in Fig. 4.5 while
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the solid lines are given by the approximate solution using Eq. 4.20.
The maximum gain obtained for perfect phase matching is indicated
by the dotted line. The used parameters were L = 1 km, Pp1 = Pp2 =
23 dBm, Ps = -20 dBm, α = 0, γ = 10(W km)−1, zero-dispersion wave-
length λzd = 1553nm, β3 = 0.033ps3/km and β4 = 2.5×10−4ps4/km. The
match between the simulation and the approximate solution is again
very good except for signal wavelengths close to the pump wavelength.
In this wavelength range, also the SP processes between the input sig-
nal and pump1 and between the PC generated idler and pump 2 are
nearly phase matched which is not taken into account by the approxi-
mate solution. These interactions can be included by a four-side band
analysis [85].
For the PC process, one can find an optimum detuning of the pump
from the zero-dispersion wavelength that leads to a very flat conver-
sion spectrum with maximum gain between the two pumps. At this
detuning, the linear and nonlinear phase mismatch compensate each
other over a wide wavelength range due to the presence of third and
fourth order dispersion.
The maximum conversion efficiency (and the maximum gain) is shown
in Fig. 4.6b as a function of the pump power calculated by Eq. 4.23.
The used parameters were L = 1 km and γ= 10(W km)−1. To reach the
same maximum gain as for SP, only half of the pump power (per pump)
is needed. For PC, the signal gain is also given by Gs = 1+G i. In con-
trast to the SP process, a dual-pump FOPA using the PC process can
provide the maximum conversion efficiency (and gain) together with
a highly uniform conversion spectrum, i.e. together with the largest
spectral width.

Frequency Conversion (FC)
Using the approximate solution of Appendix H, the conversion effi-
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ciency of the FC process is given by Eq. H.62 [85],

G f c
i = 4γ2Pp1Pp2

g2
f c

sin2 (
g f cL

)= 1−G f c
s (4.24)

with the gain coefficient g f c given by Eq. H.59,

g2
f c = 4γ2Pp1Pp2 +κ2

f c/4 (4.25)

κ f c =∆β+γ(Pp2 −Pp1). (4.26)

As mentioned above, the FC process does not lead to conversion ef-
ficiencies above unity. The maximum conversion efficiency occurs if
κ f c = 0 which means ∆B f c = 0 for equal pump powers. It is given by

max{G f c
i }= sin2(2γ

√
Pp1Pp2L)= 1−max{G f c

s }. (4.27)

Eq. 4.11 shows that ∆B f c = 0 can be achieved by placing the symmetry
wavelength ω

f c
a slightly below the zero-dispersion frequency. In this

case, ω f c
a −ωzd

∼= 0 and

∆B f c ≈β3(ωzd)(ω f c
a −ωzd)

[
(ωs −ω f c

a )2 − (ωp1 −ω f c
a )2

]
(4.28)

+β4(ωzd)/12
[
(ωs −ω f c

a )4 − (ωp1 −ω f c
a )4

]
,

i.e. the terms proportional to β3 and β4 have opposite signs and cancel
out each other if β3 and β4 have the same sign.
Fig. 4.7a shows the FC conversion efficiency for a CW input signal as
a function of the wavelength detuning between the input signal wave
and the symmetry wavelength λa (defined by Eq. 4.13). Also here,
the detuning of the symmetry wavelength from the zero dispersion
wavelength was varied from curve to curve to change the linear phase
mismatch and only half of the spectrum is shown due to its symmet-
ric nature. The pump wavelength is indicated at the x-axis, the pump
separation was about 50 nm. The symbols indicate results of the nu-
merical simulation using Eq. 2.39 and the simulation setup shown in
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Fig. 4.5 while the solid lines are given by the approximate solution
using Eq. 4.27. The maximum gain is indicated by the dashed line.
The used parameters were L = 1 km, Pp1 = Pp2 = 19 dBm, Ps = -20
dBm, α= 0, γ= 10(W km)−1, zero-dispersion wavelength λzd = 1553nm,
β3 = 0.033ps3/km and β4 = 2.5× 10−4ps4/km. The match between the
simulation and the approximate solution is again very good except for
signal wavelengths close to the pump wavelengths for the same rea-
sons as for the PC process.
As for the PC process, one can find an optimum detuning of the pump
from the zero-dispersion wavelength that leads to a very flat conver-
sion spectrum with maximum gain. At this detuning, the linear phase
mismatch is close to zero over a wide wavelength range since third
and fourth order dispersion compensate each other. This shows that
the dual-pump FOPA using the FC process can provide conversion ef-
ficiencies up to unity with a highly uniform conversion spectrum.
The maximum conversion efficiency is shown in Fig. 4.7b together
with the signal gain as a function of the pump power calculated by Eq.
4.27. The used parameters were L = 1 km and γ= 10(W km)−1. Due to
the sine function, GFC

i,max is periodic and never grows above unity. For
FC, the signal gain is given by Gs = 1−G i since every photon which is
added to the idler is subtracted from the signal wave.

Degrading effects
In the simulations and analytical calculations in this section, only
chromatic dispersion and the Kerr nonlinearity were taken into ac-
count and the HNLF was assumed to have an ideal uniform structure.
However, as discussed in sections 2.2.4 and 2.2.5, in a real HNLF SBS
and SRS can occur and the structure can be nonuniform. These effects
degrade the magnitude and the uniformity of the conversion efficiency
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in particular of the dual-pump configuration which will be discussed
shortly in the following.
SBS limits the maximum input power into the fiber. In order to achieve
high conversion efficiencies, the pumps have to be phase modulated to
suppress SBS. This will be discussed in detail in section 4.1.4.
SRS affects mainly the conversion efficiency of the dual-pump con-
figuration by Raman-induced power transfer among the participating
waves from shorter to longer wavelengths. Since the two pumps can-
not maintain equal power levels along the fiber, the conversion effi-
ciency is reduced even though the total power remains constant. In
practice, the power of the high-frequency pump is chosen to be larger
than that of the low-frequency pump at the HNLF input. The shape
of the gain spectrum is not affected since the phase matching depends
on the total power of the two pumps which is conserved in the unde-
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pleted case [50, pp. 398]. Spontaneous Raman scattering also affects
the noise figure of single- and dual-pump AOWCs as discussed in the
next section.
Zero-dispersion wavelength fluctuations limit the usable bandwidth of
the FOPA, in particular of the dual-pump configuration. As shown in
Fig. 4.6a, the shape of the conversion spectrum is strongly dependent
on the position of λzd so that any fluctuation of λzd will reduce the uni-
formity [50, pp. 398]. This can be counteracted by reducing the pump
spacing or by equalizing the fluctuations by intentionally applied lon-
gitudinal strain [87]. The latter has the advantage that also the SBS
threshold can be increased.
Random birefringence randomizes the SOP of any optical field propa-
gating through the HNLF and induces PMD effects. The former only
reduces the average conversion efficiency by randomly changing the
SOPs of the participating waves but keeping the relative SOPs con-
stant. The latter also changes the relative orientation and distorts the
uniformity of the spectrum. This can be avoided by using short lengths
of low-PMD fibers and reduced wavelength spacings [50, pp. 410].
Although all these effects degrade the conversion spectrum of the FOPA,
they do not introduce time-dependent distortions on short time scales,
i.e. in the order of the bit period. Therefore, they will be neglected in
the following sections.

4.1.3 Noise Figure

Single- and dual-pump AOWCs reduce the OSNR of the converted and
the original signal. This can be described by the noise figure that is
defined as [88]

NF j =
OSNRs,in

OSNR j,out
= SNRs,in

SNR j,out
(4.29)
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where j = s,i (for signal and idler, respectively). Thereby, the input sig-
nal shall be limited by complex, Gaussian distributed quantum noise
with a noise power spectral density of

ρQN = ħω
2

. (4.30)

For the single-pump and the phase-conjugation process, this quantum
noise spectral density will be amplified by an average gain equal to
the signal gain Gsp/pc

s . Furthermore, FWM will also copy the noise at
the idler frequency, adding additional noise to the signal. The copied
noise will experience the conversion efficiency Gsp/pc

i =Gsp/pc
s −1 (given

in Eq. 4.16 for the single-pump process and in Eq. 4.20 for the phase-
conjugation process). Adding the two contributions, the amplified quan-
tum-noise power spectral density is given by

ρ
sp/pc
AQN = ħω

2
(2Gsp/pc

s −1). (4.31)

Then, the ideal noise figure for the amplified signal in the single-pump
and in the phase-conjugation process can be written as [84, 89, 90]

NFsp/pc
s = Pav/(Rsħω/2)

Gsp/pc
s Pav/((2Gsp/pc

s −1)Rsħω/2)
= 2− 1

Gsp/pc
s

. (4.32)

This is same noise figure as for an ideal EDFA. Similarly, the ideal
noise figure for the idler in the single-pump and in the phase-conjugation
process can be written as [84, 89, 90]

NFsp/pc
i = Pav/(Rsħω/2)

Gsp/pc
i Pav/((2Gsp/pc

s −1)Rsħω/2)
= 2+ 1

Gsp/pc
i

. (4.33)

For the frequency-conversion process, the conversion efficiency is given
by Eq. 4.24, G f c

i = 1−G f c
s , so that the output noise spectral density

equals the input noise spectral density. The ideal noise figures for the
frequency-conversion process are then given by [90]

NF f c
j = 1/G f c

j ; (4.34)
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with j = s,i. This is the noise figure of a passive device with loss 1/G f c
j .

The ideal noise figures are shown in Fig. 4.8 as a function of the max-
imum conversion efficiency max{G i} ∼= max{Gs}. For low conversion ef-
ficiencies, the idler noise figure of single-pump and phase-conjugation
based FOPAs equals the reciprocal of the conversion efficiency while
the signal noise figure is close to zero (with a gain close to 1). For
high conversion efficiencies (and gains), they act like amplifiers with
a noise figure approaching 3 dB. As mentioned above, the frequency-
conversion based FOPA behaves always like a passive device. The sig-
nal noise figure approaches infinity for a unity conversion efficiency
since the signal gain is zero at this point, i.e. the signal is completely
suppressed. Meanwhile, the idler noise figure approaches 1, i.e., the
SNR is not degraded. Fig. 4.8 shows the importance of a high conver-
sion efficiency to build FOPAs with low noise figures.
The ideal noise figure of FWM-based FOPAs is degraded in practice
by several effects. First, excess noise due to loss or gain caused by the
Raman effect has to be included [91]. This explains why the lowest NF
measured so far is in the order of 3.7 dB [10]. Furthermore, the noise
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figure is degraded by interaction with secondary idlers [92]. Third,
also residual ASE noise at the signal and idler frequency stemming
from the amplification of the pump(s) with the EDFA can increase
the noise figure. Its suppression requires tight optical filtering of the
pumps after the EDFA. Finally, the overall noise figure of a practical
FOPA also includes the input and output HNLF coupling efficiency,
the loss of the pump coupler and the loss of the bandpass filter. For
high conversion efficiencies, only the input coupling loss and the pump
coupler loss has an impact. The former is typically very low since the
HNLF can be spliced to a SSMF with low losses and the latter can be
minimized by using WDM couplers with low insertion loss.
In the literature, also excess noise due to time-dependent variations
of the conversion efficiency induced by pump power fluctuations has
been included in the FOPA noise figure [84, 89]. However, since the
probability distribution function of the noise contribution is not Gaus-
sian [93] it is not included here in the noise figure but it will be treated
separately as nonlinear noise in sections 4.4.3 and 4.4.4

4.1.4 Suppression of SBS by Pump Phase Modulation

The maximum conversion efficiency of the SP process, i.e. of the single-
pump configuration, is growing with the pump power as given by Eq.
4.19 and shown in Fig. 4.4. However, as discussed in section 2.2.4,
the maximal power of a CW signal propagating through the HNLF is
given by the SBS threshold power Pth given in Eq. 2.59 (here defined
as the CW input power at which the transmitted power is equal to the
reflected power). Inserting Pth in Eq. 4.19 gives an upper bound for
the estimate of the the maximum conversion efficiency available for a
pure CW pump,

max
{
Gsp

i

}∣∣
CW pump = sinh2(21γAe f f /gB(0)) (4.35)
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which is independent of the fiber length. With gB(0)/Ae f f = 1.5(Wm)−1

and γ= 10(Wm)−1,

max
{
Gsp

i

}∣∣
CW pump

∼=−17dB. (4.36)

Similarly,

max
{
Gpc

i

}∣∣
CW pump

∼= max
{
G f c

i

}∣∣∣
CW pump

∼=−13dB. (4.37)

These rather low conversion efficiencies lead to high noise figures as
shown in Fig. 4.8 so that an increase of the maximum input pump
power is required.
To increase the SBS threshold, the growth of the backwards propa-
gating Stokes wave discussed in section 2.2.4 must be prevented. An
obvious way is to directly decouple single pieces of the HNLF by op-
tical isolators [94]. This approach is limited by the unavoidable in-
sertion loss of the isolators that makes the scheme ineffective when
using many pieces for a large increase of the threshold. Since the SBS
gain spectrum is very narrow, another option is to spectrally distribute
the Stokes power such that only a small part falls within the SBS gain
spectrum. This can be done by either changing the Brillouin frequency
shift ΩB along the fiber or by spectrally broadening the pump wave.
The Brillouin frequency shift ΩB can be changed by varying the core
diameter [95] or the doping concentration [96, 97], by applying strain
[98, 99, 87] or by applying a temperature distribution [100, 101]. The
threshold increase provided by all these techniques is moderate (in the
order of 5 dB) and typically also variations in the zero-dispersion wave-
length are introduced degrading the FOPA performance. An exception
is ref. [87] where the strain was used to equalize existing fluctuations
of the zero-dispersion wavelength and increase the SBS threshold at
the same time. The requirement for this was a careful measurement
of the spatial λzd-distribution in the fiber.
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(m1 = m2 = m3 = 1.44, f1 = 69 MHz, f2 = 253 MHz, f3 = 805 MHz)

A larger increase of the SBS threshold can be achieved by spec-
tral distribution of the pump wave. To keep the pump power time-
independent, this is done by phase- or frequency modulation [102].
The method described in the following uses a phase modulation with
several sinusoidal signals and properly chosen frequencies in order to
keep the spectral distance of the sidebands above the SBS bandwidth
[103]. A threshold increase of more than 20 dB was achieved using 5
modulation tones with frequencies up to 10 GHz [24].
When applying several sinusoidal modulation signals to a phase mod-
ulator in the pump path as shown for the single-pump FOPA in Fig.
4.1, the modulated phase of the pump wave is given by

φsin(m,f,θ)=
M∑

n=1
mn cos(2π fnt+θn). (4.38)

where M is the number of applied modulation tones, m= (m1, ...,mM) is
the set of phase modulation indices of the M tones, f= ( f1, ..., fM) is the
set of frequencies of the M tones and θ = (θ1, ...,θM) is the set of phases
of the M tones. The normalized power spectrum of the pump signal
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with the carrier frequency ωp that is phase modulated with a single
sinusoidal tone with frequency f1 and modulation index m1 is given by

∣∣∣F [
(eim1 cos(2π f1t))

]∣∣∣2 = ∞∑
l=−∞

|Jl(m1)|2δ(ω− (ωp + l2π f1)) (4.39)

Here, F [ ] denotes the Fourier transform, δ denotes a Dirac delta func-
tion and Jl is the l-th order Bessel function that determines the lth side
band power. Fig. 4.9a shows the 0th to the 3rd order Bessel functions as
a function of m1. For m1 = 1.44 the signal power is equally distributed
on the carrier and the two first sidebands. At this modulation index,
the SBS threshold increases by a factor 3, i.e. by nearly 5 dB if the
modulation frequency is chosen more than twice the SBS bandwidth,
f1 > 2∆νB. Adding a second sinusoidal with a frequency f2

∼= 3 f1 and
m2 = 1.44 will lead to 3×3 = 9 equal sidebands. Generally, the applica-
tion of M sinusoidal tones with well separated frequencies, f l+1 > 3 f l

and f1
∼= 2∆νB, will lead to 3M spectral components with equal pow-

ers and spectral distance larger than twice the Brillouin bandwidth.
Using Eq. 4.38, the spectra

Pc(ω)=
∣∣∣F [

(eiφsin(t))
]∣∣∣2 (4.40)

are shown in Fig. 4.9b for a different number of modulation tones M.
The increase of the Brillouin threshold as a function of the number of
modulation tones is shown in Fig. 4.10a. It is obtained by

∆Pth = Pp −max
{∣∣∣F [√

Pp eiφsin(t)
]∣∣∣2 ∗ gB(ω)/gB(0)

}
(4.41)

where ∗ denotes a convolution. Thus, to calculate ∆Pth, first the con-
volution of the power spectrum of the sinusoidally phase modulated
pump signal with the normalized Lorentzian SBS gain spectrum given
in Eq. 2.58 is calculated. Then, the difference between the total pump
power and peak power of the convoluted spectrum is taken which equals
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the increase in Brillouin threshold. For the simulation, ∆νB = 40 MHz
was used. The simulated values are close to the theoretical value of
10log10(3M). In Fig. 4.10b, the corresponding maximum conversion ef-
ficiency is shown for the three FWM processes. The threshold power
(here, in contrast to Eqs. 4.36 and 4.37, defined as the input CW power
of which the reflected power reaches 1 percent in order to get more re-
alistic values) was calculated to Pth = 8.8 dBm using Eq. 2.54 and
the parameters L = 1km, ∆νB = 40MHz, gB(0)/Ae f f = 1.5(Wm)−1 and
γ = 10(Wkm)−1. Pth,SBS +∆Pth was then inserted into the Eqs. 4.19,
4.23 and 4.27. The graph shows that the use of two modulation tone
leads to conversion efficiencies of about 0 dB. Higher conversion effi-
ciencies need more tones.
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Table 4.1: Additional phase distortions introduced by FOPAs
Phase distortion Affects ... Type Reason

Transfer of the
pump-phase
modulation

Idler wave Deterministic
Pump-phase

modulation for
SBS suppression

Transfer of the
pump laser
phase noise

Idler wave Stochastic
Phase noise

from the pump
laser diode

Pump-induced
nonlinear

phase noise

Amplified signal
and idler wave

Stochastic
XPM due to

amplitude noise
on the pump wave

Signal-induced
nonlinear

phase noise

Amplified signal
and idler wave

Stochastic

SPM and XPM
due to

amplitude noise
on the input
signal wave

4.1.5 Additional phase distortions introduced by the FOPA

In a previous section, the degradation of the output signal quality by
complex Gaussian noise was discussed using the noise figure. How-
ever, FOPAs introduce additional deterministic and (non-Gaussian dis-
tributed) stochastic phase distortions that are not included in the noise
figure. They are listed in table 4.1. One source of these distortions are
imperfections of the pump signal(s). First, the pump signal has to be
phase modulated in order to suppress SBS. However, this pump-phase
modulation is transferred to the converted signal due to the FWM pro-
cess distorting any data phase modulation. Second, the pump signal
has a non-zero line width, i.e. the pump signal exhibits laser phase
noise from the pump laser source as discussed in section 3.1.2. Similar
to the transfer of the pump-phase modulation, this laser phase noise
is also transferred to the converted signal due to the FWM distort-
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ing any data phase modulation. Third, the pump signal also exhibits
some amplitude noise, either the relative-intensity noise (RIN) of the
pump laser source or amplified spontaneous emission (ASE) noise from
the amplification by EDFAs which is also shortly discussed in section
3.1.2. This amplitude noise translates into phase noise on the ampli-
fied and the converted signal due to XPM which will be referred to as
pump-induced nonlinear phase noise. A fourth source of phase distor-
tions are amplitude distortions on the input signal itself. They trans-
late into phase distortions of the amplified and the converted signal
and will be referred to as signal-induced phase noise in the following.
In this subsection, these four types of phase distortions will be quan-
tified for the three different FWM processes. A detailed discussion on
their impact on the signal quality of phase modulated signals in terms
of BER then follows in the subsequent sections.
It should be noted that FOPAs also introduce deterministic and (non-
Gaussian) stochastic amplitude distortions. Because their impact on
phase-modulated signals is limited, they will be only shortly discussed
in the subsequent sections in comparison to the phase distortions.

Single-pump process

For the single-pump process, the output phase of the converted sig-
nal can be derived from the approximate analytic solution given in
Appendix H. For perfect phase matching, the phase shift due to the
conversion process is given by Eq. H.24,

ϑ
sp
i = π

2
+2φp −

∆Bsp

2
L+γPpL. (4.42)

Here, φp is the input phase of the pump, ∆Bsp
2 L is the phase shift due

to the chromatic dispersion and γPpL is the phase shift due to XPM by
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the pump wave. The input phase of the pump,

φp =φsin(mp,fp,θp)+φl(∆νp), (4.43)

comprises a sinusoidal pump-phase modulation φsin as defined in Eq.
4.38 used for SBS suppression and a laser phase noise contribution, φl,
describing the pump laser phase noise due to the non-zero pump laser
line width ∆νp as discussed in section 3.1.2. Thus, the phase shift due
to the conversion process can be written as

ϑ
sp
i = π

2
− ∆Bsp

2
L+2φsin(mp,fp,θp)︸ ︷︷ ︸

φ
sp
ppm

+2φl(∆νp)︸ ︷︷ ︸
φ

sp
l pn

+γPpL︸ ︷︷ ︸
φ

sp
xpm

+φsp
spm. (4.44)

Here, φsp
ppm represents the phase distortion due to the transfer of the

pump-phase modulation to the idler, φsp
l pn accounts for the laser phase

noise transferred from the pump and φ
sp
xpm denotes the phase shift due

to XPM by the pump wave. The last term φ
sp
spm takes into account the

phase distortion due to SPM/XPM of the input signal and the gener-
ated idler itself. It was introduced phenomenologically because signal
and idler SPM/XPM was neglected in the approximate solution in Ap-
pendix H. In a similar way, the phase shift of the amplified output
signal is given by Eq. H.23,

ϑ
sp
s =−∆Bsp

2
L+γPpL︸ ︷︷ ︸

φ
sp
xpm

+φsp
spm. (4.45)

As the pump phase is not transferred to the amplified signal, no phase
distortions due to the pump-phase modulation or the pump laser phase
noise occur.
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Phase conjugation process

For perfect phase matching, the phase shift of the converted signal due
to the conversion process is given by Eq. H.49,

ϑ
pc
i = π

2
+φp1 +φp2 −

∆Bpc

2
L+ 3

2
γ(Pp1 +Pp2)L (4.46)

Here, φp1 and φp2 are the input phases of the two pumps, ∆BpcL/2 is
the phase shift due to the chromatic dispersion and 3

2γ(Pp1 +Pp2)L is
the phase shift due to XPM by the pump waves. As for the single-pump
process, the input phases of the pumps,

φp1 =φsin(mp1,fp1,θp1)+φl(∆νp1) (4.47)

φp2 =φsin(mp2,fp2,θp2)+φl(∆νp2), (4.48)

comprise the sinusoidal pump-phase modulations φsin(mp1,fp1,θp1) and
φsin(mp2,fp2,θp2), both given by Eq. 4.38. The second contributions,
φl(∆νp1) and φl(∆νp2), describe the pump laser phase noise due to the
non-zero pump laser line widths ∆νp1 and ∆νp2 and are given by Eq.
3.6. Thus, the phase shift of the idler can be written as

ϑ
pc
i = π

2
− ∆Bpc

2
L+φsin(mp1,fp1,θp1)+φsin(mp2,fp2,θp2)︸ ︷︷ ︸

φ
pc
ppm

+φl(∆νp1)+φl(∆νp2)︸ ︷︷ ︸
φ

pc
l pn

+ 3
2
γ(Pp1 +Pp2)L︸ ︷︷ ︸

φ
pc
xpm

+φpc
spm. (4.49)

The meaning of the individual terms is the same as in the single-pump
case. The phase shift of the amplified output signal is given by Eq.
H.48,

ϑ
pc
s =−∆Bpc

2
L+ 3

2
γ(Pp1 +Pp2)L︸ ︷︷ ︸

φ
pc
xpm

+φpc
spm. (4.50)

Similarly, no phase distortions due to the pump-phase modulation or
the pump laser phase noise occur.
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Frequency conversion process

For perfect phase matching, the phase shift of the converted signal due
to the conversion process can be written with Eq. H.67 as

ϑ
f c
i =φp1 −φp2 −

∆B f c

2
L+ 5

2
γPp1L+ 3

2
γPp2)L. (4.51)

As for the phase-conjugation process, φp1 and φp2 are the input phases
of the two pumps given by Eqs. 4.47, ∆B f c

2 L is the phase shift due to the
chromatic dispersion and 5

2γPp1+ 3
2γPp2) is the phase shift due to XPM

by the pump waves. Thus, the phase shift of the idler can be written
as

ϑ
f c
i =−∆B f c

2
L+φsin(mp1,fp1,θp1)−φsin(mp2,fp2,θp2)︸ ︷︷ ︸

φ
f c
ppm

+φl(∆νp1)−φl(∆νp2)︸ ︷︷ ︸
φ

f c
l pn

+ 5
2
γPp1L+ 3

2
γPp2L︸ ︷︷ ︸

φ
f c
xpm

+φ f c
spm. (4.52)

The meaning of the individual terms is the same as in the previous
cases. The phase shift of the attenuated output signal can be derived
from Eq. 4.53,

ϑ
f c
s = ∆B f c

2
L+ 5

2
γPp1 + 3

2
γPp2L︸ ︷︷ ︸

φ
f c
xpm

+φ f c
spm. (4.53)

Similarly, no phase distortions due to the pump-phase modulation or
the pump laser phase noise occur.

Cascaded amplification and wavelength conversion

If an input signal is amplified (or attenuated) Nc times by similar
FOPAs (i.e., which use the same FWM process but are not necessar-
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ily identical in terms of field gain and phase shift 4), the ratio of the
output signal of the last stage, As,Nc (L), to the input signal of the first
stage, As,1(0), is given by

As,Nc (L)
As,1(0)

=
Nc∏
l=1

Gs,l exp
(
iϑs,l

)
(4.54)

under the assumption of perfect phase matching where Gs,l is the field
gain of the l-th amplifier and ϑs,l is the phase shift due to the l-th
amplifier. The formula is valid for all three FWM processes. The accu-
mulated phase shift of the output signal is therefore given by

Θs,Nc =
Nc∑
l=1

ϑs,l , (4.55)

i.e., the individual phase contributions simply add up. For cascaded
wavelength conversions, the ratio of the output signal of the last stage
to the input signal of the first stage is given by

A i,Nc (L)
As,1(0)

=
Nc∏
l=1

Gi,l exp
(
i(±1)Nc−lϑs,l

)
(4.56)

under the assumption of perfect phase matching where Gi,l is the field
conversion efficiency of the l-th wavelength converter and ϑs,l is the
phase shift due to the l-th wavelength converter. If the minus sign is
chosen in the factor (±1)Nc−l, the formula is valid to describe cascaded
wavelength conversion by the single-pump and the phase-conjugation
process. Its appearence is a consequence of the fact that both pro-
cesses produce phase conjugated idlers 5. The plus sign is valid for

4Of course, also cascaded amplification (or attenuation) using different FWM processes is
possible, which will not be treated here for simplicity.

5Note that the output signal of Nc cascaded wavelength conversions using the single-pump
or the phase-conjugation process is not phase conjugated if Nc is an even number, while it is
phase conjugated if Nc is an odd number.
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the (not phase conjugating) frequency-conversion process. The accu-
mulated phase shift of the output signal is given by

Θi,Nc =
Nc∑
l=1

(±1)Nc−l ϑi,l . (4.57)

which is again a sum of the individual contributions.

4.2 Laser Phase Noise

In this section, the phase distortion of the wavelength converted sig-
nal due to the laser phase noise discussed in section 3.1.2 of the pump
wave(s) is examined. It does not affect the amplified signal and is char-
acterized by the terms φsp

l pn, φpc
l pn and φ

f c
l pn for the three different FWM

processes in Eqs. 4.44, 4.49 and 4.52, respectively.

In direct detection systems, the laser phase noise is given by the
transmitter laser and leads to a phase error in the interferometric
comparison of two subsequent symbols with a noise variance given
in Eq. 3.5 and τ = Ts = 1/Rs. In coherent detection systems, the laser
phase noise of the received signal is the sum of the phase noise contri-
butions of the transmitter and the receiver laser, i.e. the linewidth is
doubled if the same laser type is used, and causes a random walk of
the phase reference that has to be compensated for using the carrier
phase estimation algorithm described in section 3.2.2. Although both
mechanisms are quite different, they can be both simply character-
ized by defining a required laser linewidth that gives a signal (O)SNR
penalty 6 of 1 dB at a BER = 10−4 in comparison to the case without
laser phase noise. This linewidth (per laser for the coherently detected

6Since the SNR penalty describes the relative increase of the required SNR to reach a
certain BER, it is equal to the OSNR penalty as defined in section 1.1.
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Modulation format ∆νl / (Bit rate)

DBPSK 10−2

DQPSK 10−3

4-PSK 10−4

8-PSK 10−5

Square 16-QAM 10−6

Table 4.2: (Average) laser linewidth normalized to the bit rate required for

an (O)SNR penalty < 1dB at a BER of 10−4 for different modulation formats

[6, p. 165, p. 193]. The results were obtained by Monte-Carlo simulations.

For the directly detected formats (DBPSK, DQPSK), the required transmitter

laser linewidth is given. For the coherently detected formats (4-PSK, 8-PSK,

square 16-QAM), the average laser linewidth (averaged over transmitter and

receiver laser) is given and the feed forward m-th power algorithm with opti-

mized average block length described in Sec. 3.2.2 was applied as the phase

estimation algorithm in the simulations.

formats) normalized to the bit rate is given in table 4.2 for the different
modulation formats [6, p. 165, p. 193]. The results have been obtained
by Monte-Carlo simulations. For the coherently detected formats, the
feed forward m-th power scheme described in Sec. 3.2.2 was applied as
the phase estimation algorithm using optimized average block lengths.
Two general tendencies can be identified: First, the directly detected
formats are more tolerant to laser phase noise than the coherently
detected formats. Second, the higher-order formats are less tolerant
due to their smaller Eucledian symbol distance and due to their lower
symbol rate at the same bit rate because, after Eq. 3.5, a higher τ= Ts

increases the variance of the phase difference between two consecutive
symbols.
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4.2.1 Single-Pump Configuration

In the single-pump configuration, the laser phase noise of the pump is
given by φp =φl(∆νp) as defined in Eq. 3.6. The resulting phase distor-
tion of the wavelength converted signal is given by Eq. 4.44, φsp

l pn = 2φp.
Adding also the laser phase noise of transmitter laser, φtφl(∆νt), which
is independent of the pump laser phase noise, and using Eq. 3.5, the
linewidth of the idler after a single conversion is given by

∆νi =∆νt +2∆νp, (4.58)

i.e. the pump laser linewidth is added twice to the transmitter laser
linewidth. Assuming generally equal linewidths ∆νl for transmitter,
receiver and pump laser, the joined linewidth for directly detected for-
mats is

∆νl,DD = (2Nc +1)∆νl (4.59)

and for coherently detected formats

∆νl,CD = (2Nc +2)∆νl (4.60)

where Nc is the number of conversions. Fig. 4.11a shows the required
laser linewidth for different bit rates for a single conversion and for the
back-to-back case. While the requirements for DBPSK and DQPSK
are quite relaxed also at low bit rates, they are very high at low bit
rates for 8-PSK and 16-QAM relaxing only slightly for higher bit rates.
While the requirements are already high for the back-to-back case, the
wavelength conversion enlarges this present problem. This is even
more pronounced for cascaded wavelength conversions as shown in
Fig. 4.11b for a bit rate of 100 Gb/s.

4.2.2 Dual-Pump Configuration

For the dual-pump configuration, the linewidths of pump 1 and pump
2 are given ∆νp1 and ∆νp2. The phase distortion of the wavelength con-
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Figure 4.11: a) Required laser linewidth (averaged over the transmitter, re-

ceiver and the pump laser(s)) for 1 dB signal (O)SNR penalty @ BER = 10−4

compared to the case without laser phase noise for different bit rates and

modulation formats (dashed line - back-to-back, solid line - single conver-

sion), b) same as a) but for a bit rate of 100 Gb/s and different numbers of

conversions. The calculations used Eqs. 4.59 and 4.60 and the values given

in Table 4.2.

verted signal is given by Eqs. 4.49 and 4.52, φl pn =φl(∆νp1)±φl(∆νp2),
where the plus sign refers to the phase-conjugation process and the
minus sign to the frequency-conversion process. Adding also the laser
phase noise of the transmitter laser and assuming independent laser
phase contributions, the idler linewidth using Eq. 3.5 is given by

∆νi =∆νt +∆νp1 +∆νp2, (4.61)

Thus, the laser linewidth requirements for the dual-pump configura-
tion are identical to those for the single-pump configuration given in
Fig. 4.11. However, by using two pumps with correlated phase noise,
the frequency-conversion process gives the interesting opportunity to
create an idler without increased laser phase noise because the phase
noise contributions of the two pumps are subtracted in the idler phase.
This can be realized by using a single laser source and creating two
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Figure 4.12: Single-pump FOPA setup to determine the impact of the pump-

phase modulation

pumps by amplitude modulation [104] or by extracting the pumps from
a mode-locked laser [105].

4.3 Impact of the pump-phase modulation

In this section, the impact of the deterministic phase distortion due
to the pump-phase modulation on various phase-modulation formats
will be studied. Similarly to the laser phase noise of the pump(s), it
does not affect the amplified signal but only the wavelength converted
signal and is characterized by the terms φsp

ppm, φpc
ppm and φ

f c
ppm for the

three different FWM processes in Eqs. 4.44, 4.49 and 4.52, respec-
tively.

4.3.1 Single-Pump Configuration with Direct Detection

Single Conversion
The setup for the characterization of the single-pump FOPA is shown
in Fig. 4.12. For the single-pump process, the phase distortion of
the wavelength converted signal due to the pump-phase modulation
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is given by Eq. 4.44,

φ
sp
ppm = 2φsin(mp,fp,0)= 2

M∑
n=1

mn cos(2π fnt) (4.62)

where θp ≡ 0 was assumed without loss of generality. D(Q)PSK signals
are detected by comparing the phases of two subsequent symbols in a
delay interferometer with a delay of one symbol period Ts = 1/Rs. The
differential phase distortion, i.e. the phase difference between two
consecutive symbols, is given by [42]

∆φ
sp
ppm =φsp

ppm(t+Ts)−φsp
ppm(t) (4.63)

≈ dφsp
ppm

dt
Ts (4.64)

=−4π
M∑

n=1
mn fnTs sin(2π fnt) (4.65)

where the approximation holds as long as fn ¿ Rs. Its maximum is
then given by

max
{
∆φ

sp
ppm

}= 4π
M∑

n=1
mn fn/Rs ≈ 4πmM fM /Rs. (4.66)

The maximum differential phase distortion is proportional to the mod-
ulation frequencies and the modulation index and inversely propor-
tional to the symbol rate. It is dominated by the highest modulation
frequency fM for which max

{
∆φ

sp
ppm

}
is shown as a function of in Fig.

4.13a. The corresponding (O)SNR penalty due to the pump-phase mod-
ulation at a BER of 10−4 is shown in Fig. 4.13b. Since the maximum
differential phase distortion is dominated by the highest modulation
frequency, it was analogously assumed for the BER calculation that

∆φ
sp
ppm ≈−4πmM fMTs sin(2π fM t). (4.67)

The BER was calculated by interpreting ∆φsp
ppm as a time-dependent

interferometer phase error. Then, Eq. 3.27 can be used by averaging
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Figure 4.13: a) Maximum differential phase distortion, b) corresponding

(O)SNR penalty for D(Q)PSK with different symbol rates, mM = 1.44

over one pump-phase modulation period TM = 1/ fM, [42]

BER= 1
TM

TM∫
0

BER(SNRs,∆φ
sp
ppm)dt. (4.68)

The (O)SNR penalties are quickly growing in all cases with the mod-
ulation frequency. For DPSK, they are still moderate but for DQPSK,
they are larger due to the higher sensitivity to phase distortions. This
behavior was validated by experimental results [106, 42]. The penalty
is decreasing for higher symbol rates due to the decreasing differen-
tial phase distortion. As an example, one can assume that the (O)SNR
penalty shall be kept below 1 dB. Then, the maximal modulation fre-
quency should be chosen below 250 MHz and 500 MHz for 25 GBd and
50 GBd DQPSK, respectively, as can be seen in Fig. 4.13b. This re-
striction limits the maximum available conversion efficiency. Fig. 4.10
shows that a conversion efficiency of about 0 dB can be obtained using
a maximal modulation frequency of about 250 MHz, while a higher
conversion efficiency needs 800 MHz. Thus, in the example, the con-
version efficiency is limited to 0 dB if the (O)SNR penalty shall be kept
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below 1 dB.

Multiple Conversions
In the following, the accumulation of phase distortions during Nc cas-
caded wavelength conversions shall be discussed. For simplicity, it is
again assumed that the phase distortion is dominated by the highest
modulation frequency. Furthermore, the contributions of the different
wavelength converters shall be identical except of a random, in the in-
terval [0,2π] uniformly distributed relative phase θl. Then, the phase
distortion due to the l-th single-pump wavelength converter, φsp

ppm,l, is
given by

φ
sp
ppm,l = 2mM cos(2π fM t+θl) . (4.69)

now taking into account explicitly that the sinusoidal tones of the dif-
ferent stages are not added in phase, but with random phases θl. The
accumulated contribution Θsp

ppm,Nc
can be calculated using Eq. 4.57,

Θ
sp
ppm,Nc

=
Nc∑
l=1

(±1)Nc−l φ
sp
ppm,l . (4.70)
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Because the random phases θl are uniformly distributed in the inter-
val [0,2π], the factor (−1)Nc−l can be omitted and the accumulated con-
tribution can then be written as [107, 37]

Θ
sp
ppm,Nc

= 2mM

Nc∑
l=1

cos(2π fM t+θl)

= 2mMℜ
{

Nc∑
l=1

exp(2πi fM t+ iθl)

}

= 2mM cos(2π fM t+ξ)
∣∣∣∣∣ Nc∑
l=1

exp(iθl)

∣∣∣∣∣︸ ︷︷ ︸
m′

. (4.71)

The last factor acts as a multiplier for the modulation index mM and
will be called m′, and ξ represents the sum’s complex phase. Since,
according to Eq. 4.63, the phase distortion due to the pump-phase
modulation is proportional to the modulation index, m′ > 1 will lead to
a further signal degradation. The PDF of m’ is shown in Fig. 4.14 in
both linear and logarithmic style for different numbers of wavelength
conversions Nc. The best case is given by m′ = 0 and the worst case is
given by m′ = Nc. While for Nc = 2 the worst case is very likely to occur,
its probability quickly decreases for higher values of Nc and the mean
value of m’ grows much slower than Nc. However, the worst case prob-
ability does not drop to zero as seen from Fig. 4.14b. The correspond-
ing (O)SNR penalties are shown in Fig. 4.15a and b for DPSK and
DQPSK, respectively. They were calculated using Eqs. 4.68 and 4.67
with mM ≡ m′mM. The maximum modulation frequency and the sym-
bol rate have been varied. The penalties grow very fast with m′ (which
corresponds to the number of conversions Nc in the worst case), in par-
ticular for fM = 253 MHz (corresponding to a conversion efficiency of
about 0 dB). For this maximum modulation frequency, Nc ∼= 5 for DPSK
and Nc ∼= 3 for DQPSK seem possible. Assuming that m’ changes slowly
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The calculations used Eqs. 4.68 and 4.67 with mM ≡ m′mM .

with time one can also define maximum outage probabilities to relax
the SNR requirements [37].

4.3.2 Optical compensation using the dual-pump configura-
tion

In dual-pump AOWCs, the phase distortion due to the pump-phase
modulation is given by Eqs. 4.49 and 4.52, φpc/ f c

ppm = φsin(mp1,fp1,θp1)±
φsin(mp2,fp2,θp2) (with plus and minus referring to the phase-conjugation
and the frequency-conversion process, respectively) and can be in prin-
ciple avoided since the phases of the two pumps can be adjusted indi-
vidually [108, 94, 43, 109]. The requirement for this is counterphasing
of the pumps for the phase-conjugation process,

φsin(mp1,fp1,θp1)=−φsin(mp2,fp2,θp2), (4.72)

and cophasing for the frequency-conversion process,

φsin(mp1,fp1,θp1)=φsin(mp2,fp2,θp2). (4.73)
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Two possible configurations are shown in Fig. 4.16. In Fig. 4.16a, two
separate phase modulators are used for the two pumps allowing for in-
dependent modulation. A second configuration is shown in Fig. 4.16b
[110, 43]. Here, both pumps are modulated in the same modulator re-
sulting in cophasing. To realize counterphasing, the two pumps have
to be temporally delayed by half the period of the phase modulation.
In the modulation scheme discussed in section 4.1.4, this corresponds
to a delay of 1/(2 × 23 MHz).

Ideal co- or counterphasing is difficult to realize in practice. A mis-
match of the modulation indices of the two pumps can occur due to
differences in two phase modulators in Fig. 4.16a or due to the spec-
tral dependency of the modulation response of the phase modulator
in Fig. 4.16b. A mismatch in the temporal alignment of the phase
modulations can occur due to a mismatch in the two pump paths in
Fig. 4.16a or in the delay used in Fig. 4.16b. Therefore, the toler-
ances will be discussed in the following. Only the highest modulation
frequency will be taken into account, since it dominates the phase dis-
tortion as discussed for the single-pump configuration. Then, for the
phase-conjugation process, the non-ideal pump phases are given by
Eq. 4.38

φsin(mp1,fp1,θp1) ∼= −mM cos(2π fM t) (4.74)

φsin(mp2,fp2,θp2) ∼= mM (1+∆m)cos(2π fM t+∆ϑ) (4.75)

The modulation-index mismatch ∆m represents possibly different mod-
ulation indices and the pump-phase mismatch ∆ϑ accounts for a non-
ideal phase shift between the pumps. The pump-phase contribution to
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the idler phase distortion is given by

φ
pc
ppm = φsin(mp1,fp1,θp1)+φsin(mp2,fp2,θp2)

= −2mM sin(∆ϑ/2)sin(2π fM t+∆ϑ/2)

+ mM∆mcos(2π fM t+∆ϑ) (4.76)

≈ mM [−∆ϑsin(2π fM t)+∆mcos(2π fM t)] , (4.77)

where the approximation holds for ∆ϑ¿ 1. It is easy to see that φpc
ppm

only vanishes for ideal counterphasing, ∆m ≡∆ϑ≡ 0. In all other cases,
the idler is still modulated with fM and an effective modulation index
that increases linearly with the modulation-index and the pump-phase
mismatch. Similar to Eq. 4.66, the resulting maximal phase distortion
for a converted signal is given by

max{φpc
ppm} ≈ 2πmM,eff

fM

Rs
(4.78)

with the effective modulation index mM,eff = mM∆m in the case of pure
modulation-index mismatch and mM,eff = mM∆ϑ in the case of pure
pump-phase mismatch. It is important to note that (4.76) - (4.78),
although derived for the phase-conjugation process and counterphas-
ing, also apply for a conversion using the frequency-conversion process
where cophasing is used.
Similarly to section 4.3.1, the (O)SNR penalty can be calculated by us-

ing Eqs. 4.68 and 4.76. In Fig. 4.17a, the results for pure pump-phase
mismatch (corresponding to lower x-axis) and for pure modulation-
index mismatch (corresponding to upper x-axis) are plotted for a single
conversion of 25 GBd DPSK and DQPSK signals and for two different
modulation frequencies. For DQPSK, the use of a high maximum mod-
ulation frequency results in strict tolerances for the pump-phase and
the modulation-index mismatch. This behavior was validated in ex-
periments [111]. For a lower fM, as well as for DPSK, the tolerances
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25 GBd DPSK and DQPSK, b) same as a) but for 3 conversions (mM → mM m′,

m′ = 3). For both graphs, mM = 1.44 was used.

are more relaxed. For multiple conversions, as shown in Fig. 4.17b for
m’ = 3, the tolerances decrease quickly.
If the phase mismatch occurred due to a delay ∆τ before the HNLF,

e.g. due to length differences in the two pump paths shown in Fig.
4.16a or due to an error in the delay shown in Fig. 4.16b, it is given by

∆ϑ= 2π fM∆τ (4.79)

and the maximal phase distortion,

max{φppm} ≈ 4π2mM∆τ
f 2

M

Rs
, (4.80)

increases quadratically with the maximum modulation frequency fM.
Fig. 4.18a shows the (O)SNR penalty against the delay error for 25
GBd DQPSK signals and for two different maximum modulation fre-
quencies. For fM = 2461 MHz, a 1-dB penalty occurs for a 10-ps delay
error. For cascaded wavelength conversions, the tolerances decrease.
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Pump-phase mismatch due to a delay error can also occur due to walk-
off for the pumps in dispersive elements. E.g., for 60 nm pump spac-
ing, a group delay difference of 1 ps occurs in a patch cord comprising
a standard single-mode fiber with length of 1 m.
Also the walk-off between the pumps in the HNLF itself due to the
group-velocity dispersion should be considered. Using Eq. 2.19, the
walk-off is given by [43]

∆τ0(z)=
(dβ(ωp1)

dω
− dβ(ωp2)

dω

)
z (4.81)

= β3

2
z
[(
ωp1 −ωzd

)2 − (
ωp2 −ωzd

)2
]

(4.82)

where the Taylor expansion of the propagation constant β(ω) was per-
formed around the zero-dispersion wavelength, ω0 = ωzd and β4 was
neglected. Eq. 4.81 shows that the walk-off between the pumps is
negligible for the phase-conjugation process because the pumps are
placed nearly symmetrically around the zero-dispersion wavelength,
ωp1−ωzd

∼=ωzd −ωp2. However, the walk-off is unavoidable for full tun-
able operation in the Frequency Conversion process. In this case,

∆τ0(z)=β3 z ∆ω (∆ω/2−∆ωs) (4.83)

with ∆ω=ωs−ωi the conversion bandwidth and ∆ωs =ωs−ωzd. Thereby,
the frequency relation Eq. 4.9 for the Frequency Conversion process
was used. Inserting the walk-off in Eq. 4.79, the phase mismatch ∆ϑ
varies along the fiber,

∆ϑ(z)= 2π fM∆τ0(z), (4.84)

as well as the pump-phase contribution to the idler phase which is
given analogously to Eq. (4.76) by

φ
f c
ppm(z)=−mM∆ϑ(z)sin(2π fM t) . (4.85)
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Here, ∆m = 0 was assumed. To calculate the pump-phase contribution
to the idler phase at the fiber output, Eq. H.51 is used. The growth of
the Frequency Conversion idler A i is proportional to [43]

dA i ∼ exp
[
i(φp2 −φp1)

]
dz (4.86)

∼ exp
[
−iφ f c

ppm(z)
]

dz. (4.87)

when considering only the pump-phase modulation. Then, integration
yields

A i(L)∼
∫ L

0
exp

[
−iφ f c

ppm(z)
]

dz

∼L exp

[
−i
φ

f c
ppm(L)

2

] sin
[
φ

f c
ppm (L)/2

]
[
φ

f c
ppm (L)/2

] (4.88)

≈ exp

[
−i
φ

f c
ppm(L)

2

]
(4.89)

= exp
[

i
mM∆ϑ(L)

2
sin(2π fM t)

]
(4.90)

if ∆ϑ(z)(L)¿ 1. In comparison to Eq. 4.76, the idler phase distortion is
only half. Thus, a delay due to walk-off inside the HNLF results in only
half of the idler phase distortion compared to the same delay before
the HNLF. Fig. 4.18 shows the (O)SNR penalty as a function of the
conversion bandwidth for 25 GBd DQPSK and for different third-order
dispersion coefficients β3, respectively. The walk-off was maximum by
setting ∆ωs = 0. It can be seen that the walk-off induced idler phase
modulation is not critical for standard HNLFs with β3 = 0.033ps3/km.

118



CW PM
HNLF

ωp

ωi

ωs

f ,...,f1 M

PM

Pump

Single-pump AOWC

PM

f ,...,f1 M

PMTx Rx

CW PM
HNLF

ωp

ωi

ωs

f ,...,f1 M

PM

Pump

Single-pump AOWC

f ,...,f1 M

PMTx Rx

CW PM
HNLF

ωp

ωi

ωs

f ,...,f1 M

PM

Pump

Single-pump AOWC

f ,...,f1 M

PMTx Rx

f ,...,f1 M

PM

a)

b)

c)
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distortions due to the pump-phase modulation
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4.3.3 Optical compensation using the single-pump configura-
tion

Another option to avoid the contribution of the pump-phase modula-
tion to the idler phase distortion is to use the single-pump setup with
one or two additional phase modulator(s) placed in the signal path.
Three possible configurations are shown in Fig. 4.19. To achieve a zero
idler phase distortion, the contribution of the pump-phase modulation
given by Eq. 4.42,

φ
sp
ppm = 2φsin(mp,fp,θp), (4.91)

has to be compensated by the additional phase modulators. In the pre-
compensation scheme shown in Fig. 4.19a, the signal has to be mod-
ulated by φ

sp
ppm [112, 113]. In the postcompensation scheme shown in

Fig. 4.19b, the idler has to be modulated by −φsp
ppm. Finally, in the pre-

/postcompensation scheme [114], the signal is modulated by φ
sp
ppm/2

while the idler is modulated by −φsp
ppm/2.

In practice, there are some differences between these schemes. Be-
cause phase modulators are lossy devices, the postcompensation scheme
is advantageous in terms of the noise figure at high conversion efficien-
cies. Regarding the maximum tolerable electrical power at the phase
modulator, the pre-/postcompensation scheme has an advantage be-
cause it reduces the electrical power needed to drive to the phase mod-
ulators by a factor 4.
Ideal compensation is difficult as discussed above for the dual-pump
scheme. When assuming similar non-ideal modulation indices and
temporal alignment characterized by ∆m and ∆θ, respectively, the resid-
ual idler phase modulation can be calculated,

φ
sp,PM
ppm ≈ 2mM [−∆ϑsin(2π fM t)+∆mcos(2π fM t)] (4.92)
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which applies to all three discussed schemes. The residual phase dis-
tortion of the idler is now greater by a factor 2 compared to residual
idler phase modulation for the dual-pump FOPA given in Eq. (4.76).
Fig. 4.20 compares the corresponding (O)SNR penalties for differ-
ent fM for the single-pump FOPA with additional phase modulator(s)
and for the dual-pump FOPA. For the same fM, the tolerances for the
single-pump FOPA are more strict. Furthermore, for a similar con-
version efficiency as the dual-pump FOPA, the single-pump FOPA has
to use a higher fM as shown in Fig. 4.10b. Then, the advantage in
tolerance of the dual-pump FOPA is even more evident.

4.3.4 Single-pump and dual-pump configurations with coher-
ent detection

In the coherent receiver, the idler is detected by mixing with a local
oscillator (LO) laser and sampled at the sampling instants tn = n/Rs

where n is an integer and Rs is the symbol rate. The decision for a
symbol is based on the comparison of the symbol phase with the ref-
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erence carrier phase. Since in an intradyne receiver as described in
section 3.2.2 the LO laser is not phase-locked to the idler, the carrier
phase is digitally recovered by a feed-forward carrier phase estimation
(CPE) algorithm as described in section 3.2.2. As shown in Fig. 3.3b
, for m-ary PSK formats, the CPE is done by first raising the detected
samples to the m-th power in order to remove the data phase infor-
mation. Then, a running average over Nav symbols is performed to
minimize (zero mean) additive white Gaussian (AWG) noise. Finally,
the phase is taken with an unwrapping arg-operation and divided by
m. Using Eq. 3.12 and only taking into account a phase distortion due
to the pump-phase modulation similar to Eq. 4.62 (i.e. ignoring the
Gaussian noise and any other phase distortion including the LO laser
phase noise and the carrier frequency offset), the normalized complex
phasor of the wavelength converted signal after coherent reception and
sampling at sampling instants tk = kTs = k/Rs is given by 7

s(k)= X̃k

|X̃k|
= eiφppm(k) = exp

(
mM,i cos(2πkfM /Rs)

)
(4.93)

where only the modulation tone with the highest frequency fM was
taken into account. mM,i is the modulation index of the converted sig-
nal. It is e.g. given by mM,i = 2mM for the single-pump FOPA as given
in Eq. 4.62, by mM,i = mM∆θ for the dual-pump FOPA with pure phase
mismatch and by mM,i = mM∆m for the dual-pump FOPA with pure
modulation-index mismatch, both given by Eq. 4.78. The PSK phase
information was already omitted because it disappears anyway after
raising s(k) to the m-th power,

s(k)m = exp
(
mmM,i cos(2πkfM /Rs)

)
. (4.94)

7For simplicity, the sampling rate was set equal to the symbol rate. Furthermore, it is
assumed that the separation of the polarization modes (if needed), the equalization of trans-
mission impairments and the timing recovery was ideally performed.

122



Most importantly, the contribution of the pump-phase modulation is
enlarged by the factor m. It is instructive to discuss three different
regimes:

• mmM,i À 1 In this regime, the signal raised to the m-th power
is strongly phase modulated and its bandwidth is given by the
Carson rule,

B = 2 fM(mmM,i +2) (4.95)

If B > Rs the Nyquist criterion is violated because the signal band-
width is higher than the sample rate. In time domain, this means
that the maximum phase shift between two samples exceeds the
range [-π,+π] so that phase ambiguities occur. Then a proper car-
rier phase estimation is not possible.

• mmM,i ≈ 1 Here, the signal phase is widespread on the unity circle
and averaging over a significant part of the modulation frequency
period, Nav ≈ Rs/ fM will result in a strong decrease in the phasor
magnitude. This will cause the CPE to fail. Thus, Nav ¿ Rs/ fM

must hold. However, this degrades the AWGN suppression lead-
ing to a high probability of cycle slips. Thus, the CPE is working
unstable.

• mmM,i ¿ 1 In this regime, the CPE is possible also for high Nav

leading to a good AWG noise suppression and stable operation.

From this classification, it is clear that the proper coherent detection
of any PSK signal converted by the single-pump FOPA without optical
compensation by additional phase modulators is hardly possible. From
the typical value of mM = 1.44 rad follows mM,i = 2.88 rad so that the
first or the second regime apply here. Another option to solve this is-
sue is additional electronic signal processing, as described in the next
section.
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Figure 4.21: a) Maximum phase error as a function of the number of averaged

samples in the CPE algorithm for different maximum modulation frequencies
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dual-pump converter as a function of the pump-phase and modulation index

mismatch for coherently detected 25 GBd 2-PSK, 4-PSK and 8-PSK (Nav →
∞≡ψ(k)→ 0, mM = 1.44)

Thus, the following discussion in this section applies only to wave-
length converters with a reduced contribution of the pump-phase mod-
ulation to the idler phase, i.e. the dual-pump FOPA with co- or counter-
phasing of the pumps or the single-pump FOPA with additional phase
modulator(s), as described in the previous sections.
For these AOWCs, the third regime applies, for which the phase dis-

tortion after the CPE and its impact on the BER can be calculated
analytically. As shown in Appendix J, the carrier phase ψk recovered
by the m-th power algorithm is given by Eq. J.9,

ψ(k)=
sin

(
πNav fM

Rs

)
Nav sin

(
π fM
Rs

)φppm(k). (4.96)

Ideally, the recovered carrier phase should incorporate the whole phase
distortion due to the pump-phase modulation, i.e. it would be identi-
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cal to the phase distortion φppm, in order to leave an undistorted signal
phase after the phase recovery. Thus, the remaining phase distortion
after the phase recovery is given by

φppm,cd(k)=φppm(k)−ψ(k)=
1−

sin
(
πNav fM

Rs

)
Nav sin

(
π fM
Rs

)
mM,i cos(2πkfM /Rs).

(4.97)
The maximum phase distortion max

{
φppm,cd

}
for 25 GBd 4-PSK is

shown in Fig. 4.21a as a function of the number of averaged sym-
bols Nav (mM,i = 0.25 rad). For Nav = 1, no remaining phase distortion
is left because no averaging takes place. However, as discussed above,
Nav must be chosen large in order to cancel out (zero-mean) AWG noise
(which was not included in the calculation within this section). As Nav

is increased, also the (zero-mean) phase modulation averages out lead-
ing to an increase in the remaining phase distortion eventually satu-
rating at the original phase distortion before phase recovery, φppm,
after some oscillations. Although one can imagine a compromise since
a high Nav is needed for good AWG noise suppression and a low Nav

leads to lower phase distortions, one would usually choose a high Nav

for stable operation which results in phase distortion approximately
equal to the original phase distortion of the idler (Nav →∞≡ψ(k)→ 0).
The resulting BER can be calculated by inserting φPPM,cd(k)=φppm(k)

into Eq. 3.29 and averaging of the modulation period TM = 1/ fM,

BER= 1
TM

TM∫
0

BER(SNRs,φPPM,cd)dt. (4.98)

The (O)SNR penalty for a signal converted by a co- or counterphased
dual-pump FOPA (φppm is given by Eq. 4.77 in this case) is shown in
Fig. 4.21b as a function of pump-phase mismatch ∆θ (lower x-axis) and
the modulation index mismatch ∆m (upper x-axis). The penalties due
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to pump-phase and modulation-index mismatch are independent of
the maximum modulation frequency and larger than those for the di-
rectly detected formats (compare to DQPSK in Fig. 4.17a). Thus, sim-
ilar to the tolerance against laser phase noise, the tolerance against
the phase distortion due to the pump-phase modulation is larger for
directly detected formats than for coherently detected formats. Still,
coherent detection gives the unique opportunity for electronic compen-
sation of the phase distortions, as shown in the next section.

4.3.5 Compensation using electronic signal processing

In the previous section, three different regimes were defined charac-
terized by the magnitude of the product mmM,i. Only if mmM,i ¿ 1, the
CPE algorithm is working stable. For mmM,i ≈ 1, the CPE algorithm
is unstable since it is impossible to optimize the suppression of AWG
noise and the phase distortions simultaneously by varying the aver-
aging window. However, coherent detection gives the unique opportu-
nity to circumvent the problem by using electronic signal processing to
compensate the phase distortion before the CPE algorithm [115, 45].
The flow chart of a compensation algorithm is shown in Fig. 4.22. The
samples s(k) after coherent detection, sampling and electronic equal-
ization 8 represent the complex idler symbols at a sample rate of 1
sample per symbol. For a higher A/D-sample rate, the idler field must
be down-sampled. After a carrier frequency offset correction, the algo-
rithm extracts the phase of the complex idler symbols raised to the m-
th power and uses it to estimate the parameters of the phase distortion
consisting of M sinusoidals (frequency fn, phase θn and modulation in-
dex mn,i) [116] on a block of Ni incoming data samples by Fast Fourier

8Including separation of the polarization modes (if needed), equalization of transmission
impairments and timing recovery
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Transform (FFT). An example is shown in Fig. 4.23. Here, the phase
distortion consists of two sinusoidals with frequencies of 69 MHz and
253 MHz. As can be seen, the procedure has to be iterated two times
since, after the first iteration, the higher frequency component of the
phase distortion is not completely suppressed. The reason for this be-
havior are cycle slips occuring during the phase extraction due to the
presence of Gaussian noise. The cycle slips become manifest in Fig.
4.23a in the discontinuities of the phase before the compensation and
lead to a too low estimate of mn,i. The algorithm converges since the
probability for cycle slips decreases while the residual phase modula-
tion decreases. The iteration is stopped if the estimate of all residual
modulation indices is less than 0.1 rad 9. This condition ensures stable
behavior also for very small values of mn,i for which the estimates are
more vulnerable to the Gaussian noise. To increase the accuracy of the
parameter extraction beyond the frequency grid of the FFT, quadratic
interpolation is used for the estimation of the modulation indices mn,i

and the frequencies fn as well as linear interpolation for the estima-
tion of the phase θn is used. As an example, for a sampling rate of 25
GHz 10, Ni = 217 and padding with 3 Ni zeros, the FFT has a resolution
of about ∆ fFFT = 50 kHz. Using quadratic interpolation, the frequency
accuracy can be increased to below 2 kHz. To estimate the frequency
fn, the maximum of the FFT power spectrum |(FFT(y))|2 (y defined as
in Fig. 4.22) is detected within the search window [0.9 f̃n, 1.1 f̃n] where
f̃n represents a rough estimate of fn. The maximum may be given by
the value pair ( fb,b). The adjacent values are given by ( fb −∆ fFFT,a)
and ( fb +∆ fFFT,c). Using the derivation given in Appendix K follow-

9Or if the estimates of mn,i start to increase (i.e. if the algorithm does not converge mono-
tonically) which is not shown in Fig. 4.22

10That corresponds to a symbol rate of 25 GBd because 1 sample per symbol is required as
mentioned above.
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ing the quadratically interpolated FFT method (QIFFT) [116] 11, the
frequency estimate is given by

est{ fn}= fb +
∆ fFFT

2
a− c

a−2b+ c
. (4.99)

Again with Appendix K, the estimate of the modulation index is given
by 12

est{mn,i}= b+ est{ fn}− fb

4πm∆ fFFT
(a− c). (4.100)

The phase θn is estimated by linear interpolation. If θb, θa and θc cor-
respond to the values of the FFT phase spectrum arg(FFT(y)) (y defined
as in Fig. 4.22) at fb, fb −∆ fFFT and fb +∆ fFFT, respectively, the inter-
polated phase is given by

est{θn}= θb + (θc −θa)
est{ fn}− fb

2∆ fFFT
. (4.101)

Because any carrier frequency offset given by ∆ωLO in Eq. 3.10 dis-
torts the estimation procedure it has to be compensated first. The flow

11This method is used to estimate parameters of sinusoidals in the audio technology.
12Note that this is dependent on the definition of the discrete Fourier transform
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Figure 4.24: Flow chart of the frequency offset compensation algorithm

chart of this algorithm as well as an example is shown in Fig. 4.24.
The frequency offset correction uses the fact that a sinusoidal phase
modulation produces a symmetric power spectrum. The power spec-
trum of the idler symbols raised to the m-th power,

Y1( f )= |FFT(sm)|2, (4.102)

is mirrored with respect to the zero frequency, Y2( f ) = Y1(− f ), and a
cross-correlation is performed between Y1 and Y2,

Yc(∆ fCCF)=
∫ ∞

−∞
Y1( f +∆ fCCF)Y2( f )d f (4.103)

The frequency value of the cross-correlation peak max(Yc) corresponds
to twice the frequency offset estimate ∆ωLO.
Numerical simulations have been performed to test the tolerance of

the algorithm against laser phase noise and Gaussian noise. In Fig.
4.25, the mismatch of the parameter estimation for 25 GBd 8-PSK and
a phase distortion consisting of two modulation tones ( f1 = 69 MHz, f2

= 253 MHz, m1,i = m2,i = 2.8 rad) is shown for 50 numerical simula-
tions with 218 test samples. The carrier frequency offset was chosen
randomly (< 500 MHz) as well as the phases θ1 and θ2 of the two si-
nusoidal tones. In each trial, the test signal was distorted by different
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Figure 4.25: Parameter estimate mismatch while using the compensation al-

gorithm shown in Fig 4.22 for 25Gbd 8-PSK distorted by two sinusoidal mod-

ulation tones (black - 69 MHz, red - 253 MHz) and 50 numerical simulations.

The used parameters are given in the text.
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togram of the maximum residual phase modulation index for two modulation

tones (69 MHz and 253 MHz), Ni = 218 and 50 numerical simulations

random Gaussian noise realizations at an SNR of 16 dB. The joined
laser linewidth (test signal plus local oscillator) was set to 500 kHz.
The estimate mismatch is always small indicating the stable opera-
tion of the algorithm. The necessary number of iterations used by the
algorithm was 4 for all trials.
The upper limit on the amount of phase modulation that can be com-
pensated is given by the Nyquist condition Eq. 4.95 as discussed in the
previous section. This sets a fundamental limitation on the product of
PSK order, maximum modulation frequency and its modulation index.
As an example, for 25 GBd 8-PSK and a modulation index of mM,i = 2.8

rad, the maximum modulation frequency which can be compensated is
given by about fM = 500 MHz while for 25 GBd QPSK and mM,i = 2.8

rad, it is given by fM = 950 MHz. A close look on the resulting residual
phase distortion ϕrpm of the idler symbols after the compensation al-
gorithm (and before the CPE algorithm) is shown in Fig. 4.26a. There
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is still a small sinusoidal modulation with a modulation index vary-
ing over the block length. This is due to the small estimate mismatch
in modulation frequency which results in a beat pattern. The total
residual phase modulation is dominated by the lower frequency com-
ponent because the estimation of its parameters is more difficult due
to the lower number of sine periods within the data block (compare to
Fig. 4.25). Histograms of the maximum residual phase modulation
index max{ϕrpm} for two different cases and 50 numerical simulations
are shown in Fig. 4.26b. The black columns correspond to the same
modulation indices m1,i = m2,i = 2.8 in each simulation. As can be esti-
mated from Fig. 4.25, max{ϕrpm} varies from simulation to simulation
due to the random Gaussian and laser phase noise realizations. How-
ever, the variation range is small with a mean of about 0.1 rad. The
higher values stem from a estimate mismatch of the 69 MHz modula-
tion tone. A further narrowing of the distribution may be achieved by
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reusing the information about the estimated parameter from former
data blocks because the pump-phase modulation will change slowly in
comparison to the bit time scale. The red columns correspond to a case
where the modulation indices of the two modulation tones were ran-
domly and independently chosen from the interval [0 2.8] assuming a
uniform distribution. As discussed in section 4.3.1, such random mod-
ulation indices can occur after cascading several (dual-pump) AOWCs.
The resulting distribution of the maximum residual phase modulation
index is comparable to the first case with constant modulation indices
(black columns) indicating that the estimation process works for any
modulation index. Thus, the compensation algorithm can also be used
to equalize modulation index variations of the phase modulation in the
cascaded operation of AOWCs.
Fig. 4.27 shows BER curves calculated with the Monte Carlo method
using Ni = 219 samples. Fig. 4.27a shows the BER for 25Gbd 4-PSK
with 3 modulation tones and 10 numerical simulations. The variations
are due to the random Gaussian and laser phase noise realizations and
nearly equal with and without the phase modulation. This shows that
the variation of the residual phase distortion has minor impact on the
BER because the dominating variations of the 69 MHz components
are effectively reduced by the CPE algorithm itself as seen from Fig.
4.21a. The penalty at BER = 10−4 is about 0.3 dB. Fig. 4.27b shows
the BER for 25 GBd 8-PSK with 2 modulation tones and 10 numerical
simulations. Here, the penalty at BER = 10−4 is slightly higher with
0.6 dB. These results show that the compensation algorithm enables
highly efficient wavelength conversion of higher-order phase modula-
tion signals as validated by experiments [115, 45].
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4.3.6 Comparison to impact on amplitude modulated signals

The pump-phase modulation also impacts amplitude modulated sig-
nals via the gain Gs and the conversion efficiency G i, respectively.
This was investigated for OOK signals in a series of papers [117, 118,
119, 120, 121, 122, 123]. One can differentiate two different effects.
First, the gain is dependent on the phase matching parameter κ and
therefore on the pump frequency. Since the phase modulation is equiv-
alent to a frequency modulation, this leads to a gain modulation at
the pump-phase modulation frequencies [117, 119]. Second, any dis-
persive element as the HNLF itself or the pump filters does convert
phase variations into amplitude variations. These pump amplitude
variations cause gain variations due to the pump power dependence of
the gain [124, 120]. Both effects are significant only at high gain lev-
els and depend on the bandwidth of the pump-phase modulation. That
means that only high-frequency components introduce significant dis-
tortions, e.g. when using PRBS-modulated BPSK sequences for the
pump-phase modulation. In this way, the use of several sinusoidals for
the pump-phase modulation is optimal to reduce the amplitude fluc-
tuations. This is confirmed by measurements showing a minor impact
on the BER of OOK signals [118, 122]. Moreover, the use of exactly
counterphased pumps for the phase-conjugation based FOPA further
reduces the amplitude fluctuations [119, 124]. This is the same op-
timum operation condition as for the reduction of the phase distor-
tions. From these results, it is expected that for mixed amplitude and
phase modulation formats like 16QAM, the phase distortion due to the
pump-phase modulation will dominate over the amplitude distortion
although no investigations have been performed yet.
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4.4 Pump-induced noise

In this section, the phase distortions due to XPM by the pump wave(s)
will be discussed. This is accounted for by the phase shift φxpm in the
Eqs. 4.44, 4.45, 4.49, 4.50, 4.52 and 4.53. The XPM effect was ex-
plained in section 2.1.3. It leads to nonlinear phase noise on the wave-
length converted idler wave as well as on the amplified signal wave if
the pump wave exhibits amplitude noise [125, 126, 46, 127, 128]. The
noise may be due to relative intensity noise from the laser diode or
due to ASE noise from amplification. Furthermore, also nonlinear am-
plitude noise will be discussed in this section. Its origin is also pump
amplitude noise that is transferred via the power-dependence of the
gain / conversion efficiency.

4.4.1 Pump-induced phase noise in the single-pump configu-
ration

For the single-pump configuration, the phase shift due to pump XPM
for the amplified signal and the idler is given in Eqs. 4.44 and 4.45 as

φ
sp
xpm = γPpL. (4.104)
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In the following, it is assumed that the pump wave is distorted by
noise. Then, the envelope can be rewritten as

Ap =< Ap >+∆Ap (4.105)

where, without loss of generality, a real-valued mean amplitude < Ap >
and a complex valued, zero-mean fluctuation term ∆Ap were assumed.
Since the fluctuations shall be small,

∣∣∆Ap
∣∣¿< Ap >, the pump power

is approximately given by

Pp = ∣∣Ap
∣∣2 =< Ap >2︸ ︷︷ ︸

<Pp>
+2< Ap >ℜ{

∆Ap
}︸ ︷︷ ︸

∆Pp

(4.106)

where ℜ {} denotes the real part. The average pump power is given
by < Pp >=< Ap >2 while the pump power fluctuations are given by
∆Pp = 2 < Ap > ℜ{

∆Ap
}
. Consistent with Eqs. 1.1 and 3.7, the pump

signal-to-noise ratio (pump SNR) can be defined using Eq. (4.105) as

SNRp = < Pp >
2〈ℜ{

∆Ap
}2〉

= 2< Pp >2

< (∆Pp)2 > . (4.107)

If the pump wave is directly generated by a high power CW laser, the
pump power fluctuations are dominated by the relative intensity noise
(RIN) of the laser that is due to spontaneous emission of radiation
into the laser mode. The pump SNR can be related to the electrically
measured RIN by∫ ∞

0
RIN( f )d f = 〈(∆Pp)2〉

< Pp >2 = 2

SNRRIN
p

(4.108)

where 〈(∆Pp)2〉 = 4 < Pp > 〈ℜ{
∆Ap

}2〉 is the pump power mean square
calculated by using Eq. (4.106). Assuming a constant RIN spectrum
within an electrical bandwidth BN /2 and a fast decrease beyond gives
a rough estimate for the pump SNR,

SNRRIN
p ≈ 2

RIN×min (BN /2,Rs/2)
. (4.109)
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The term min (BN /2,Rs/2) was introduced to emphasize that nonlinear
phase noise outside the signal bandwidth is rejected by the receiver fil-
ter. In this way, the effective pump noise bandwidth corresponds to the
electrical receiver filter bandwidth in maximum (which is ideally half
of the symbol rate, Rs/2)13. If, as usual in laboratory experiments, the
pump waves are amplified by erbium-doped fiber amplifiers (EDFAs)
before entering the HNLF, there will be also an amplified spontaneous
emission (ASE) noise contribution from the EDFA. If the ASE contri-
bution is dominating, the pump SNR is given by

SNRASE
p = < Pp >

ρASE min(BN ,Rs)
. (4.110)

with the ASE power spectral density ρASE. BN is the optical bandwidth
of the bandpass filter after the EDFA. There is a third noise contribu-
tion due to the quantum noise that is, however, negligible assuming
high pump powers > 100 mW. Then, the overall pump SNR is given by

1
SNRp

= 1

SNRRIN
p

+ 1

SNRASE
p

(4.111)

Both RIN and ASE noise contributions imply that the fluctuation term
ℜ{
∆Ap

}
is normally distributed. Furthermore, within the following

sections, it will be always assumed that Rs > BN leading to symbol rate
independent signal (O)SNR penalties. Using Eqs. 4.104 and 4.106, the
variance of the XPM phase shift can be derived,

σ2
xpm,sp =< (φsp

xpm)2 >−<φsp
xpm >2

= γ2L2 (< P2
p >−< Pp >2)

= γ2L2 <∆P2
p >

= 4γ2L2 < Pp > 〈ℜ{
∆Ap

}2〉. (4.112)

13This is true if Nyquist signaling [129, p. 545] is assumed.

138



5 10 15 20 25 30 35
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

max{G },s,sp max{G } [dB]i,sp

σ
x
p

m
,s

p
[r

a
d

]

SNR = 40 dBp

50 dB

60 dB

Figure 4.29: Standard deviation of the pump-induced XPM phase shift in the
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Using Eq. 4.107, this can be rewritten to

σ2
xpm,sp = 2γ2L2< Pp >2

SNRp
(4.113)

= 2
<φsp

xpm >2

SNRp
(4.114)

The nonlinear phase noise variance σ2
xpm,sp is proportional to the square

of the mean XPM phase distortion <φsp
xpm > and inversely proportional

to the pump signal-to-noise ratio. According to Eq. 4.19, also the FOPA
gain increases with the product γPpL. Thus, increasing the FOPA gain
means to increase the nonlinear phase noise variance for the same
pump SNR. In order to obtain a lower bound on the noise variance
that can be expected for a FOPA with a certain gain, a high gain / con-
version efficiency and perfect phase matching is assumed. In this case,
the maximum gain for the single-pump configuration given in Eq. 4.19
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can be approximated by

max{Gsp
i }∼=max{Gsp

s }∼= 1
4

exp(2γ< Pp > L). (4.115)

Insertion into Eq. 4.113 gives

σ2
xpm,sp

∼= ln2(4 max{Gsp
s })

2 SNRp
(4.116)

Remarkably, the variance is fully parametrized by the maximal para-
metric gain and the pump SNR. Fig. 4.29 shows the standard devi-
ation σxpm,sp as a function of the average pump power and for differ-
ent values of the pump SNR. The solid lines are calculated with Eq.
4.116 while the symbols correspond to results from numerical simula-
tions using the NLS equation (2.39) with a CW input signal and a CW
pump signal. The used parameters were L = 1 km, Ps = -30 dBm, α= 0,
γ = 10 (W km)−1, λzd = 1553 nm, λp −λzd = 1.1 nm , β3 = 0.033 ps3/km
and β4 = 2.5×10−4 ps4/km. λs was adjusted to the gain peak for dif-
ferent pump powers. The output signal was optically filtered by a 2nd
order Gaussian bandpass filter with 25 GHz bandwidth before evalu-
ating the noise variances. The analytical results show a good agree-
ment with the simulation. Fig. 4.30 shows the (O)SNR penalty for dif-
ferent phase modulation formats as a function of the maximum gain
/conversion efficiency. The BER was calculated by inserting the non-
linear phase noise variance given in Eq. 4.116 into Eqs. 3.32 and 3.34.
Generally speaking, the impact of the nonlinear phase noise increases
with the number of constellation points. Also, for the same number of
constellation points, the differentially modulated DPSK formats per-
form worse than the corresponding PSK format. This is because for
DPSK formats two noisy bits are compared. While the penalties are
very small for a pump SNR of 50 dB, the higher-order formats show
measurable penalties for SNRp = 40 dB and high gain values. For cas-
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caded operation, the phase shift due to pump XPM adds up as given
in Eqs. 4.55 and 4.57. Since the pump noise in the different single-
pump FOPAs is uncorrelated, the nonlinear phase noise variances of
Nc stages add up,

σ2
xpm,sp

∣∣
ΣNc

=
Nc∑
l=1

σ2
xpm,sp

∣∣
l (4.117)

For equal single stage variances, the resulting variance is just Nc ×
σ2

xpm,sp. Fig. 4.31 shows the BER for DQPSK and 8-PSK after 10 cas-
caded FOPA stages with max{Gsp

s,i} = 40 dB, i.e. with gain comparable
to an EDFA. To avoid high penalties, a pump SNR of 60 dB is neces-
sary. Using Eq. 4.109, this can be translated into a RIN < -160 dB/Hz
assuming a 10 GHz electrical RIN bandwidth. This high requirement
on the pump wave noise level relaxes significantly at lower values for
the gain /conversion efficiency.

4.4.2 Pump-induced phase noise in the dual-pump configura-
tion

In the previous section, it was shown that pump-induced nonlinear
phase noise is foremost a problem for FOPAs with high gains/ conver-
sion efficiencies using high pump powers. As seen from Fig. 4.7, only
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moderate pump powers are needed for the frequency-conversion pro-
cess because the maximal gain/ conversion efficiency for the frequency-
conversion process is limited to unity. Thus, the impact of the pump-
induced nonlinear phase noise is expected to be low for this process.
Thus, only the phase-conjugation process will be discussed in the fol-
lowing.

For this process, the signal and idler phase shift due to pump XPM
is given by Eqs. 4.49 and 4.50,

φ
pc
xpm = 3

2
γ(Pp1 +Pp2)L. (4.118)

Similarly to Eq. 4.105, the pump envelopes can be defined as

Ap1 =< Ap1 >+∆Ap1 (4.119)

Ap2 =< Ap2 >+∆Ap2. (4.120)

with the real-valued mean amplitudes < Ap1 > and < Ap2 > and the
independent complex, zero-mean fluctuation terms ∆Ap1 and ∆Ap2.
When assuming |∆Ap1|¿< Ap1 > and |∆Ap2|¿< Ap2 >, the noisy pump
powers are given by

Pp1 = |Ap1|2 =
<Pp1>︷ ︸︸ ︷

< Ap1 >2+
∆Pp1︷ ︸︸ ︷

2< Ap1 >ℜ{∆Ap1} (4.121)

Pp2 = |Ap2|2 =< Ap2 >2︸ ︷︷ ︸
<Pp2>

+2< Ap2 >ℜ{∆Ap2}︸ ︷︷ ︸
∆Pp2

(4.122)

In the same manner as Eq. 4.107, the pump signal-to-noise ratios are
found to be given by

SNRp1 =
< Pp1 >

2〈ℜ{
∆Ap1

}2〉
(4.123)

SNRp2 =
< Pp2 >

2〈ℜ{
∆Ap2

}2〉
. (4.124)
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Following the calculation for the single-pump case, the nonlinear phase
noise variance is given by

σ2
xpm,pc =< (φpc

xpm)2 >−<φpc
xpm >2

= 9
4
γ2L2 (< (Pp1 +Pp2)2 >−(< Pp1 >+< Pp2 >)2)

= 9
4
γ2L2 (< (∆Pp1)2 >+< (∆Pp2)2 >+2<∆Pp1∆Pp2 >

)
= 9γ2L2

(
< Pp1 > 〈ℜ{

∆Ap1
}2〉+< Pp2 > 〈ℜ{

∆Ap2
}2〉

)
. (4.125)

where it was used that the noise contributions of the two pumps are
independent of each other, meaning that <∆Ap1∆Ap2 >= 0. If the two
pumps have the same average power, < Pp1 >=< Pp2 > as well as equal
pump SNR values, SNRp1 =SNRp2, Eq. 4.125 can be rewritten to

σ2
xpm,pc = 9γ2L2< Pp1 >2

SNRp1

= 4
<φpc

X PM >2

SNRp1
. (4.126)

Assuming perfect phase matching and a high gain/conversion efficiency
and using < Pp1 >=< Pp2 >, the maximum gain/conversion efficiency for
the phase-conjugation process given in Eq. 4.23 can be approximated
by

max{Gpc
i }∼=max{Gpc

s }∼= 1
4

exp(4γ< Pp1 > L). (4.127)

Then, the lower bound on the nonlinear phase noise variance for a
FOPA with a certain gain/conversion efficiency is given by

σ2
xpm,pc

∼= 9
16

ln2(4max{Gpc
s })

SNRp1
= 9

8
σ2

xpm,sp (4.128)

Comparison to Eq. 4.116 shows that the phase noise variance is slightly
higher for the phase-conjugation process than for the single-pump pro-
cess leaving all conclusions from the previous section stay also quan-
titatively valid. This is validated by Fig. 4.33 which shows σ2

xpm,pc as
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function of the maximum average gain and for different pump SNR.
The solid lines are calculated with Eq. 4.128 while the symbols cor-
respond to results from numerical simulations using the NLS equa-
tion (2.39) with a CW input signal and two CW pump signals. The
used parameters were L = 1 km, Pp1 = Pp2, Ps = -30 dBm, α = 0,
γ = 10(W km)−1, λzd = 1553nm, λpc

a −λzd = −0.05nm, λp1 −λpc
a = 25 nm,

β3 = 0.033 ps3/km and β4 = 2.5×10−4ps4/km, λs −λpc
a = 15nm. The out-

put signal was optically filtered by a 2nd order Gaussian bandpass fil-
ter with 25 GHz bandwidth before evaluating the noise variances. As
for the single-pump configuration, the analytical results show a good
agreement with the simulation. For completeness, Fig. 4.34 shows
the (O)SNR penalty for different phase modulation formats as a func-
tion of maximum gain /conversion efficiency. The BER was calculated
by inserting the nonlinear phase noise variance given in Eq. 4.128
into Eqs. 3.32 and 3.34. Fig. 4.35 shows the BER for DQPSK and
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Figure 4.34: Signal (O)SNR penalty @ BER = 10−4 for different phase mod-

ulation formats as a function of max{Gpc
s }, max{Gpc

i } (Pp1 = Pp2) and a)

SNRp1 =SNRp2 = 40 dB and b) SNRp1 =SNRp2 = 50 dB

8-PSK after 10 cascaded FOPA stages with max{Gpc
s } = 40dB, i.e. with

gain comparable to an EDFA. Similar requirements on the pump sig-
nal quality as for the single-pump configuration can be derived, i.e. a
pump SNR of 50 dB is necessary for a negligible penalty after single-
stage amplification while the necessary pump SNR increases to 60 dB
for 10 cascaded FOPA stages.

4.4.3 Pump-induced amplitude noise in the single-pump con-
figuration

Similarly to the pump-induced nonlinear phase noise, noisy pumps
will also generate nonlinear amplitude noise because the gain and the
conversion efficiency depends on the pump power [118, 120, 47]. As for
the pump-induced phase noise, the generation of the nonlinear ampli-
tude noise is pronounced only for high gain /conversion efficiency of the
FOPA. The field gain /conversion efficiency of the single-pump FOPA
is given by Eqs. H.21 and H.22 for perfect phase-matching and unde-
pleted pump waves. In the high gain regime, both are approximately
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the same and can be written as

G
sp
s

∼= 1
2

exp
(
γ

∣∣Ap
∣∣2 L

)∼=G
sp
i (4.129)

Note that walk-off effects [130] are neglected in Eq. 4.129. If the pump
wave is distorted by noise, Eq. 4.106 can be used and Eq. 4.129 can be
rewritten as

G
sp
s = 1

2
exp

(
γL < Ap >2) exp

[
2γL < Ap >ℜ{

∆Ap
}]

.

The mean field gain is defined by

<G
sp
s >= 1

2
exp

(
γL < Ap >2) (4.130)

and is related to the mean power gain by < Gsp
s >=< G

sp
s >2. The field

gain fluctuation

G̃
sp
s = exp

[
2γL < Ap >ℜ{

∆Ap
}]

. (4.131)

is a multiplicative noise source representing gain fluctuations due to
amplitude fluctuations of the pump waves. Since ℜ{

∆Ap
}

is Gaussian
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distributed, G̃
sp
s exhibits log-normal statistics. Its probability distribu-

tion function is given by

PDFG̃
sp
s

(x)=
 1p

2πσ2x
exp

[
− (ln x)2

2σ2

]
x > 0

0 x ≤ 0
(4.132)

The parameter σ2 is the variance of the argument of the exponential
function in Eq. (4.131) and is given by

σ2 = 4γ2L2 < Ap >2<ℜ{
∆Ap

}2 > (4.133)

= 2γ2L2 P2
p

SNRp
(4.134)

= ln2(4max(Gsp
s ))

(2SNRp)
.

where Eqs. 4.107 and 4.115 were used. Thus, the PDF of the gain
fluctuations is completely determined by the FOPA maximal power
gain and the pump SNR. The mean value of G̃

sp
s is given by

〈G̃ sp
s 〉 = exp

(
1
2
σ2

)
≈ 1 (4.135)

since σ2 is small. The variance of G̃
sp
s , i.e. the variance of the nonlinear

amplitude noise, is given by

σ2
nan,sp = exp

(
σ2)(exp

(
σ2)−1

)
≈ (

1+σ2)σ2

≈σ2 =σ2
xpm,sp. (4.136)

where σ2 ¿ 1 and exp(x) ≈ 1+ x for x ¿ 1 were used. Thus, for the
single-pump FOPA, the nonlinear amplitude noise variance has the
same magnitude as the pump-induced nonlinear phase noise given in
Eq. 4.116. Still it is to note that both noise contributions exhibit dif-
ferent probability distribution functions. In Fig. 4.36, the nonlinear
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Figure 4.36: Standard deviation of the nonlinear amplitude noise for the am-

plified signal and the idler of a single-pump FOPA as a function of the maxi-

mum power gain and different pump SNR (solid line: theory after Eq. 4.136

(for both signal and, open symbols: simulation results for the signal, filled

symbols: simulation results for the idler. The used parameters are given in

the text.

amplitude noise standard deviation after Eq. 4.136 is shown in com-
parison to results of numerical simulations using Eq. 2.39 with a CW
input signal and a CW pump signal. The used parameters were L = 1
km, Ps = -30 dBm, α= 0, γ= 10(W km)−1, λzd = 1553nm, λp−λzd = 1.1nm
, β3 = 0.033 ps3/km and β4 = 2.5×10−4ps4/km. λs was adjusted to the
gain peak for different pump powers. The output signal was optically
filtered by a 2nd order Gaussian bandpass filter with 25 GHz band-
width before evaluating the noise variances. The analytical results
show a good agreement with the simulation.

As purely phase modulated signals are insensitive against ampli-
tude noise, the impact of the nonlinear amplitude noise is shown by
calculating (O)SNR penalties for the 16-QAM format that contains
both amplitude and phase modulation. The BER calculation for QAM
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signals has to take into account both nonlinear amplitude and phase
noise and is described in more detail in App. I. The resulting signal
(O)SNR penalty for square 16-QAM is shown in Fig. 4.37 for two dif-
ferent pump SNR values. The comparison to PSK formats shows that
square 16-QAM performs slightly worse than 8-PSK. Additionally, the
(O)SNR penalties for the 16-QAM format resulting taking into account
only pump-induced nonlinear phase noise, but not pump-induced non-
linear amplitude noise are shown in Fig. 4.37a with a dashed line.
This curve indicates that nonlinear phase noise is the dominating dis-
tortion which was confirmed by recent experiments [131]. Fig. 4.38
depicts the BER for square 16-QAM after 10 conversions as a function
of the signal SNR. Using Eqs. 4.54 and 4.56, the field gain fluctuation
after Nc cascaded amplifications / wavelength conversions is given by

G̃
sp
s

∣∣∑
Nc

=
Nc∏
l=1

G̃
sp
s,l =

Nc∏
l=1

exp
[
2γL < Ap >ℜ{

∆Ap,l
}]

. (4.137)

Using Eqs. 4.136 and 4.133,

σ2
nan,sp

∣∣
ΣNc

=
Nc∑
l=1

σ2
nan,sp

∣∣
l . (4.138)

This is the same result as for the pump-induced nonlinear phase noise
given in Eq. 4.117, i.e., for equal single stages, the accumulated non-
linear amplitude noise variance equals Nc ×σ2

nan,sp. Fig. 4.38 shows
that penalty free amplification and wavelength conversion of 16-QAM
puts similar requirements on the pump noise as 8-PSK.

4.4.4 Pump-induced amplitude noise in the dual-pump config-
uration

For the dual-pump setup, the BER calculation in the presence of pump-
induced amplitude noise is similar to the single-pump setup. Fur-
thermore, also here, only the phase-conjugation process is taken into
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account because the effect is negligible for the frequency-conversion
process. The field gain/conversion efficiency of the dual-pump phase-
conjugation based FOPA is given in the case of perfect phase-matching
and undepleted pump waves by Eqs. H.46 and H.47 and can be approx-
imated in the high gain regime as

G
pc
s

∼= 1
2

exp
(
2γ|Ap1||Ap2|L

)∼=G
pc
i . (4.139)

Using Eqs. 4.121,

∣∣Ap1
∣∣ ∣∣Ap2

∣∣=√∣∣Ap1
∣∣2 ∣∣Ap2

∣∣2
∼=< Ap1 >< Ap2 >

√
1+2

< Ap2 >
ℜ{∆Ap1}

+2
< Ap1 >

ℜ {∆Ap2}

∼=< Ap1 >< Ap2 >+< Ap1 >ℜ{
∆Ap2

}+< Ap2 >ℜ{
∆Ap1

}
.

(4.140)

By inserting Eq. 4.140 into Eq. 4.139, the mean field gain can defined
as

<G
pc
s >∼= 1

2
exp

(
2γL < Ap1 >< Ap2 >

)
(4.141)

and is related to the mean power gain <Gpc
s >=<G

pc
s >2. The field gain

fluctuation

G̃
pc
s = exp

[
2γL(< Ap1 >ℜ{

∆Ap2
}+< Ap2 >ℜ{

∆Ap1
}
)
]
. (4.142)
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also has a log-normal distribution as given by Eq. 4.132, but with a
parameter

σ2 = 4γ2L2
(
< Ap1 >2<ℜ{

∆Ap2
}2 >+< Ap2 >2<ℜ{

∆Ap1
}2 >

)
= 2γ2L2

(
P2

p1

SNRp1
+

P2
p2

SNRp2

)

= 4γ2L2
P2

p1

SNRp1

= ln2(4max{GPC
s })

(4SNRp)
, (4.143)

where Eqs. 4.107 and 4.127 were used. Additionally, equal pump pow-
ers, < Pp1 >=< Pp2 >, and equal pump SNRs, SNRp1 = SNRp2, were as-
sumed. As for the single-pump FOPA, the parameter σ2 is approxi-
mately equal to the variance σ2

nan,pc of the gain fluctuation G̃
pc
s , i.e.

the variance of the nonlinear amplitude noise. It is again completely
determined by the FOPA mean power gain and the pump SNR. In Fig.
4.39, the standard deviation of the nonlinear amplitude noise is shown
in comparison to results of the numerical simulations using Eq. 2.39
with a CW input signal and two CW pump signals. The used param-
eters were L = 1 km, Pp1 = Pp2, Ps = -30 dBm, α = 0, γ = 10(W km)−1,
λzd = 1553nm, λpc

a −λzd =−0.05nm, λp1 −λpc
a = 25 nm, β3 = 0.033 ps3/km

and β4 = 2.5×10−4ps4/km, λs −λpc
a = 15 nm. The output signal was op-

tically filtered by a 2nd order Gaussian bandpass filter with 25 GHz
bandwidth before evaluating the noise variances. The BER calcula-
tions after appendix I given in Figs. 4.40 and 4.41 are very similar
to the single-pump case such that the conclusions are the same. In
particular, pump-induced nonlinear phase noise can be again identi-
fied as the dominating distortion in comparison to the pump-induced
nonlinear amplitude noise.
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4.5 Signal-induced phase noise

In the following section, nonlinear phase noise induced by the ampli-
tude noise of the signal itself is treated which affects both the non-
converted output signal and the idler. It is taken into account by φspm

in the Eqs. 4.44, 4.45, 4.49, 4.50, 4.52 and 4.53. The physical origin
of the phase noise generation is SPM and XPM as discussed in sec-
tion 2.1.3 and 2.1.3. This effect cannot be treated analytically with the
approximate equations given in Appendix H because the underlying
differential equations cannot be linearized in this case 14 . So, only
results of numerical simulations will be presented. In these simula-
tions, the pump-phase modulation as well as pump noise is neglected
and only the signal noise is taken into account. Similarly to the pre-
vious section, direct and coherent detection formats will be treated in
parallel.

14Very recently, an analytical approach for the approximate treatment of saturated FOPAs
was presented [132].
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4.5.1 Single-Pump Configuration

The simulation setup and the results for the single-pump configuration
are shown in Fig. 4.42. To study the generation of signal-induced non-
linear phase noise independently from other effects discussed in the
sections above, the CW input signal is distorted with amplitude noise
and is inserted in the HNLF together with a noise-free and unmodu-
lated pump signal 15. At the output, the output signal and idler mag-
nitude and noise is evaluated. The used parameters were L = 1 km,
α= 0, γ= 10(W km)−1, λzd = 1553nm, λp−λzd = 1.1 nm, β3 = 0.033 ps3/km
and β4 = 2.5×10−4ps4/km. λs was adjusted to the gain peak for differ-
ent pump powers. The output signal was optically filtered by a 2nd
order Gaussian bandpass filter with 25 GHz bandwidth before evalu-
ating the noise variances. Fig. 4.42b shows the signal gain and the
conversion efficiency as a function of the pump power. As a second
parameter, the signal input power was varied from -30 dBm to 0dBm.
For low input powers, the gain always takes its maximum value, i.e.,
there is no gain saturation. For high signal input powers the gain
decreases due to pump depletion. Fig. 4.42c and d show the output
signal and idler amplitude standard deviation normalized to the mean
for the same parameter set as in Fig. 4.42b. For low signal input pow-
ers, the output amplitude fluctuations equal the input fluctuations,
i.e., the FOPA acts as a linear amplifier. For high signal input powers,
the output amplitude fluctuations decrease. In this regime, the gain is
saturated and the FOPA acts like a limiting amplifier suppressing am-
plitude fluctuations. However, the FOPA is not anymore transparent
for amplitude modulation formats like OOK and QAM in this regime.
Fig. 4.42e and f show the output signal and idler phase standard de-
viations for the same parameter set as in Fig. 4.42b. For low signal

15Stimulated Brillouin scattering is neglected.
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input powers, the generated phase noise is very small. Only for input
signal powers leading to gain saturation, i.e. to nonlinear amplifica-
tion, the phase noise is higher although still small even for an input
signal SNR of 20 dB. Comparison to the previous section shows that
the standard deviations of the generated noise will lead to negligible
(O)SNR penalties. Thus, by choosing sufficiently small signal input
powers both full transparency of the FOPA for amplitude modulation
formats like OOK and QAM and, at the same time, negligible phase
distortions due to signal SPM and XPM can be achieved. As a rule
of thumb, the signal output power should be 10 dB below the pump
power.

4.5.2 Dual-Pump Configuration

For the dual-pump configuration based on the PC process, the simula-
tion setup and the results are shown in Fig. 4.43. Here, the amplitude-
noise distorted CW input signal is combined with two clean and un-
modulated pump signals. The used parameters were L = 1 km, Pp1 =
Pp2, α= 0, γ= 10(W km)−1, λzd = 1553nm, λp−λzd =−0.05nm, λp1−λpc

a =
25 nm, β3 = 0.033 ps3/km and β4 = 2.5×10−4ps4/km, λs−λpc

a = 15nm. The
output signal was optically filtered by a 2nd order Gaussian bandpass
filter with 25 GHz bandwidth before evaluating the noise variances. A
comparison to Fig. 4.42 yields that the dual-pump configuration shows
a similar behavior as the single-pump configuration. Thus, also in this
case, a signal output power which is 10 dB below the pump powers
will ensure full transparency and negligible signal-induced phase dis-
tortions at the same time. A similar conclusion is valid for the FOPA
based on the frequency-conversion process.
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Figure 4.42: a) Simulation setup for the characterization of the SPM phase

distortions in the SP-based FOPA, b) signal gain and conversion efficiency, c)

output signal and idler amplitude standard deviation (normalized to mean)

for signal SNR of 20dB, d) same as c) but for signal SNR of 30dB, e) output

signal and idler phase standard deviation for signal SNR of 20 dB, f) same as

e) but for signal SNR of 30 dB (red - idler, black - signal)
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Figure 4.43: a) Simulation setup for the characterization of the SPM phase

distortions in the PC-based FOPA, b) signal gain and conversion efficiency, c)

output signal and idler amplitude standard deviation (normalized to mean)

for signal SNR of 20dB, d) same as c) but for signal SNR of 30dB, e) output

signal and idler phase standard deviation for signal SNR of 20 dB, f) same as

e) but for signal SNR of 30 dB (red - idler, black - signal)
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Chapter 5

Wavelength Converters based
on Four-Wave Mixing in SOA

In this chapter, wavelength converters based on FWM in SOA are dis-
cussed in a very similar way as the FOPAs in chapter 4. In difference
to the previous chapter, all quantitative results are obtained by the
numerical SOA model presented in chapter 2 because the analytical
description of the SOA is much more difficult than that for the HNLF.
As before, the individual phase distortions are discussed in detail and
their impact on the BER of various phase-modulation formats is quan-
titatively given.

5.1 General Characteristics

5.1.1 Setup

In principle, the same FWM processes occur in the SOA as those dis-
cussed for the HNLF in section 4.1.1, i.e., one generally can distin-
guish between degenerate and non-degenerate FWM, both described
in section 2.1.3. The setup of the single-pump configuration relying
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on degenerate FWM is shown in Fig. 5.1 [133, 134, 135, 136]. The
(weak) input signal is combined with a single (strong) pump wave and
fed into the SOA. A single converted signal (called idler in the follow-
ing) is generated by the degenerate FWM which is filtered out by a
bandpass filter. The nonlinear process is characterized by an energy
transfer from the pump to the signal and the idler. Thus, parametric
amplification of the signal is possible in this scheme (although typi-
cally not reached in SOA-based AOWC for reasons explained later in
more detail). With Eq. 2.36, the idler frequency is given by

ωi = 2ωp −ωs. (5.1)

Since the dispersion in the SOA is generally negligible until very long
SOAs and very large signal-pump wavelength detunings are used [66]
the phase matching condition given in Eq. 2.37,

∆Bsp = 2Bp −Bs −Bi ≈ 0, (5.2)

is almost always fulfilled. This makes the SOA-based wavelength con-
verters fully tunable within the gain bandwidth of the SOA 1, in con-
trast to the HNLF-based converters. As a second difference to the
HNLF-based wavelength converters, no phase modulation of the pump
is needed since Brillouin scattering can be neglected due to the short
length of the SOA making the setup of the SOA-based wavelength con-
verter less complex. However, since the SOA is an active device, it gen-
erates an amplified spontaneous emission noise floor that leads to an
increased noise figure in comparison to the HNLF-based converters as
will be shown in the next sections.
Dual-pump configurations can be also used in the SOA in order to pro-

vide a wavelength-independent [137] or polarization-independent con-
version efficiency [138, 139]. However, in this thesis, only the single-

1Outside the gain bandwidth, absorption of the interacting wave hinders efficient FWM.
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Figure 5.1: a) Single-pump configuration of the SOA-based AOWC, b)

schematic SOA output spectrum

pump configuration will be treated because the focus lies on the anal-
ysis of phase distortions. The dual-pump configuration for HNLF-
based wavelength converters enables the suppression of the pump-
phase modulation (see section 4.3.2) which presents a key advantage
against the single-pump configuration and justifies the extensive in-
vestigations. Since a pump-phase modulation is generally not needed
for SOA-based wavelength converters, no qualitative differences are
expected from the dual-pump configuration in this case (as may also
be estimated from the rather similar results on pump- and signal-
induced noise for the single- and dual-pump configuration based on
HNLF treated in the sections 4.4 and 4.5).

In the following, all simulations will be performed with the SOA
model presented in section 2.3. The changing simulation parameters
are given in the text while a summary over all SOA parameters is
given in section G together with corresponding simulated gain and
ASE curves. Fig. 5.2 shows a simulated output spectrum (before the
output bandpass filter) of the SOA-based single-pump wavelength con-
verter. The comparison with corresponding experimental results [140]
validates that the SOA model reproduces all features of the experi-
ment with high accuracy such as the ASE noise floor, the second-order
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of the SOA-based single-pump wavelength converter (40 Gb/s DQPSK input
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Figure 5.3: Simulation setup to characterize the conversion efficiency, the

output OSNR and the noise figure of the SOA-based SP AOWC

mixing products and the additional signal-induced XPM of the pump
wave.

5.1.2 Conversion Efficiency

In Fig. 5.4a, the conversion efficiency G i of the single-pump configura-
tion as defined by Eq. 4.14 is shown as a function of the signal-pump
detuning given by

∆λ=λp −λs = 2πc0

(
1
ωp

− 1
ωs

)
∼= 2πc0

ω2
p

(
ωs −ωp

)
(5.3)
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with ∆λ¿ λp. As follows from Fig. 5.3, |2∆λ| equals the conversion
range |λi −λs|. The used parameters were L = 1 mm, IB = 190 mA,
Pp = 12.8 dBm and Ps = 2.8 dBm. λp was set at the ASE spectral peak.
For signal-pump detunings smaller than 0.3 nm, conversion efficien-
cies larger than 1 can be achieved. However, for larger |∆λ|, the con-
version efficiency decreases very quickly. In comparison to the conver-
sion spectrum for the single-pump process in the HNLF shown in Fig.
4.4, the conversion spectrum for the SOA-based converter is extremely
narrow. The reason for this are the rather slow resonant nonlineari-
ties in the SOA (in comparison the fs nonlinear response of the HNLF).
As shown schematically in Fig. 5.4b, all nonlinear effects described in
section 2.3.3 contribute to the conversion spectrum. The shape of the
constituents are low pass filter-like with different strengths and band-
widths determined by the time constants of the nonlinear effects [141].
Therefore, CDP with a time constant of several 10 ps is dominating up
to a signal-pump detuning of 0.5 nm, while CH, FCA and TPA with
time constants of about 1 ps dominate from 1 nm to 10 nm. For |∆λ|
> 10 nm, the main contribution comes from SHB with a time constant
of about 100 fs. Furthermore, the conversion spectrum is not sym-
metric. This is due to the simultaneous presence of gain and index
gratings related to each nonlinear effect [64]. The phase offset be-
tween them is dependent on the alpha factor and leads to constructive
or destructive interference depending whether the signal is situated
on the short- or long-wavelength side of the pump. The dependence
of the conversion efficiency on the pump power is shown in Fig. 5.5
a) and b) for different fixed input signal powers and signal-to-pump
power ratios, respectively. The used simulation parameters were L =
1 mm, IB = 190 mA and ∆λ = −2.5 nm. λp was set to the ASE spec-
tral peak. To understand the graphs it is important to note that G i

depends on the FWM conversion efficiency as well as on the SOA gain.
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Figure 5.4: a) Simulated conversion spectrum of the single-pump SOA-based

AOWC, b) conversion spectrum with schematic depiction of the individual

contributions of the underlying nonlinear effects. The used parameters are

given in the text.

Because the former grows with the pump power while the latter de-
creases with the pump power due to the gain saturation, there exists a
maximum G i for a fixed input power. This is another major difference
to the HNLF-based wavelength converters for which the conversion
efficiency (for a small and fixed signal power) is always growing with
the pump power as confirmed by Figs. 4.4, 4.6 and 4.7. For a fixed
signal-to-pump power ratio (SPR), the relative contributions of FWM
and SOA gain remain constant and G i is monotonically decreasing due
to the increasing gain saturation of the SOA. The dependence of the
conversion efficiency on the length of the SOA is shown in Fig. 5.6 for
both a fixed signal power and a fixed SPR. The used simulation pa-
rameters were IB = 190 mA/mm and ∆λ = −2.5 nm. λp was set to the
ASE spectral peak which changes for the different lengths as given by
Tab. G.2. G i grows with the length since the interaction length of the
participating waves increases. Fig. 5.7a shows that the conversion ef-
ficiency is only weakly dependent on the pump wavelength. Here, the
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used simulation parameters were L = 1 mm, IB = 190 mA, Pp = 12.8

dBm, Ps = 2.8 dBm and ∆λ = −2.5 nm. In Fig. 5.7b, it is shown that
the conversion efficiency grows with the pump current. However, for
high IB, the SOA suffers from thermal problems effectively limiting
the enhancement of the conversion efficiency due to this approach in
practice. The used simulation parameters were L = 1mm, Ps = 2.8 dBm
and ∆λ=−2.5 nm.

5.1.3 Noise Figure

The noise figure of the SOA-based AOWC can be defined in the same
way given in Eq. 4.29 for the HNLF-based AOWC. The input SNR
is limited by quantum noise given by Eq. 4.30. However, the output
SNR is typically dominated by the ASE noise spectral density in one
polarization at the idler wavelength, ρASE(ωi). Thus, it is given by
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[142]
SNRout =

G iPs

ρASE(ωi)Rs
. (5.4)

Then, the noise figure is given by

NFi = 2ρASE(ωi)
(ħωi)G i

. (5.5)

Note that Eq. 5.5 does not take into account input and output coupling
losses which lead to a further increase of the noise figure. Fig. 5.8a
shows the noise figure as a function of ∆λ. The used parameters were
L = 1 mm, IB = 190 mA, Pp = 12.8 dBm and Ps = 2.8 dBm. λp was set to
the ASE spectral peak. In particular for signal-pump detunings above
1 nm, high noise figures above 20 dB occur. This is in parts due to the
low conversion efficiencies shown in Fig. 5.4. Also for the HNLF-based
wavelength converters, the noise figure increases if the conversion ef-
ficiency decreases (see Fig. 4.8). However, for the same conversion
efficiency, the noise figure in the SOA-based converter is still much
higher because of the additional ASE noise floor. Fig. 5.8b shows the
noise figure as a function of the pump power and for different signal
powers. The noise figure is increasing with the pump power because
the conversion efficiency is decreasing. Furthermore, the noise figure
is dependent on the signal unless the signal-to-pump power ratio gets
to low values where the signal does not contribute to the SOA satura-
tion. Because the noise figure should not depend on the signal power,
its definition is, strictly speaking, meaningful only in this regime. The
used simulation parameters were L = 1mm, IB = 190 mA and ∆λ=−2.5

nm. λp was set to the ASE spectral peak. Fig. 5.9a shows the noise
figure of the single-pump SOA-based AOWC as a function of the pump
power and for different values of the SPR. The used simulation param-
eters were L = 1 mm, IB = 190 mA and ∆λ=−2.5 nm. λp was set to the
ASE spectral peak. The noise figure increases with the pump power
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powers. The used parameters are given in the text.

and shows only a weak dependence on the signal-to-pump power ra-
tio as expected because all chosen values for the SPR are small and
the signal contributes only weakly to the SOA saturation. Fig. 5.9b
shows the corresponding idler output OSNR (Bre f = 12.5 GHz). It is
increasing with the pump power since the SOA is stronger saturated
and the gain as well as the ASE power is decreasing. However, looking
back at Fig. 5.5b confirms that the noise figure nevertheless increases
because the conversion efficiency also decreases with the gain. As for
the conversion efficiency, increasing the SOA length is beneficial also
for the noise performance of the SP SOA AOWC as shown in Fig. 5.10.
The used simulation parameters were IB = 190 mA/mm and ∆λ=−2.5

nm. λp was set to the ASE spectral peak which changes for the dif-
ferent lengths as given by Tab. G.2. An increase of the SOA pump
current has a similar effect. Finally, Fig. 5.11 shows the NF and the
output OSNR (Bre f = 12.5 GHz) for different wavelength positions of
the pump wave relative to the ASE peak wavelength. As shown before,
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the highest output OSNR is obtained on the longer wavelengths side of
the ASE peak while the noise figure decreases to longer wavelengths.
Here, the used simulation parameters were L = 1 mm, IB = 190 mA,
Pp = 12.8 dBm, Ps = 2.8 dBm and ∆λ=−2.5 nm.

5.1.4 Phase Distortions

Due to the equivalence of the nonlinear processes in the SOA and the
HNLF, one can assume that the same additional phase distortions oc-
cur. They have been derived for the HNLF-based wavelength convert-
ers in Eqs. 4.44, 4.49 and 4.52. In full agreement, the different contri-
butions to the idler phase distortion in the SOA-based converter can
be written as

∆φi =φl pn +φxpm +φspm. (5.6)

Here, φl pn is the contribution of the pump laser phase noise, φxpm is
the contribution of the pump-amplitude noise which is transferred to
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idler phase noise by XPM, and φspm is the contribution of the signal
amplitude noise which is transferred to idler phase noise by SPM and
XPM. SPM and XPM are described in more detail in section 2.1.3 and
2.1.3. In contrast to the HNLF, no pump-phase modulation is used so
that this contribution does not occur for the SOA-based AOWC.

5.2 Laser Phase Noise

Since the single-pump SOA-based wavelength converter relies on de-
generate FWM, all conclusions drawn in section 4.2.1 for the single-
pump HNLF-based converter are valid also in this case. In particular,
the requirements on the pump laser linewidth are given in Fig. 4.11.

5.3 Impact of Pump-Induced Noise

Similarly to pump-induced noise in the HNLF-based AOWC, a noisy
pump in the SOA-based AOWC will also generate nonlinear phase
noise by XPM due to the presence of the alpha factor defined in Eqs.
2.67 and 2.72 [48]. This is accounted for by φxpm in Eq. 5.6. Although
the mechanism for the generation of pump-induced nonlinear phase
noise is the same in the SOA and the HNLF, a full analytical descrip-
tion as in the HNLF is not possible in the SOA due to its complicated
saturation behavior. However, one can make an analytical estimate
that qualitatively explains the results as will be seen in the next sec-
tion.

5.3.1 Pump-Induced Phase Noise: Analytical Estimation

As shown in Fig. 5.1, the input signal wave shall be injected into the
SOA together with a pump wave,

A(z,T)= Apei(Bp z−ΩpT) + Asei(Bsz−ΩsT). (5.7)
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Thereby, the pump power shall much higher than the power of the
input signal power,

|A(z,T)|2 ∼= |Ap|2 = Pp. (5.8)

To derive the nonlinear phase shift that depends on the gain via the
alpha factor, first the nonlinear gain has to be calculated. Starting
point is Eq. 2.88 describing the carrier dynamics in the SOA. The
analytical estimate needs several simplifying assumptions that will
be discussed in the following. First, the pump and the input signal
are assumed to be of CW or quasi-CW type. This allows to set the
time derivatives to zero. Second, the gain shall be independent of the
wavelength. With Eq. 2.77, g ∼= gp. Third, the fast intraband effects
are neglected, only CDP is considered which leads to gp = gCDP with
Eq. 2.75. Fourth, only one polarisation and only the wave traveling in
+z-direction is taken into account. With Eq. 2.89 follows that (g ·S) =
gCDPS+. Fifth, the SOA is assumed to be a lumped element, i.e. only
one segment (∆z ≡ L) is taken into account and the carrier density as
well as the optical power are constant over the SOA length. Together
with all simplifications, Eq. 2.88 can be written as

0= IB

qwwdwL
−R(N)−vG gCDPS+. (5.9)

Additionally, the recombination term shall take the form R(n) = N/τs

with τs the carrier lifetime. Using Eqs. 2.91 and 5.8, S+ ∼= Pp/kp. Then,
5.9 can be further simplified to

IBτs

qwwdwL︸ ︷︷ ︸
Nun

= N +vG gCDPτs
Pp

kp
. (5.10)

Here, the unsaturated carrier density Nun was defined. Using Eq.
2.76, one can write

aN [(Nun −Ntr)− (N −Ntr)]︸ ︷︷ ︸
gCDP(Nun)−gCDP

= aNvGτs︸ ︷︷ ︸
kp/Psat

gCDP
Pp

kp
. (5.11)
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gCDP(Nun) is the unsaturated SOA gain and Psat is the saturation input
power. Rearranging gives finally

gCDP(Pp)= gCDP(Nun)
1+Pp/Psat

, (5.12)

i.e the SOA gain effectively depends on the pump power . Now, the re-
lated phase change can be calculated by inspecting Eq. 2.84. Applying
all approximations in this section and additionally neglecting spon-
taneous emission noise gives the propagation equation for the input
signal wave,

As(L)= As(0)exp
{(
Γ

2
gCDP(Pp)(1+ iαH,CDP)− aint

2

)
L

}
(5.13)

Thus, the phase shift of the output signal wave is given by

ϑs =ℑ
{

ln
(

As(z)
As(0)

)}
= Γ

2
αH,CDP gCDP(Pp)L

= Γ
2
αH,CDP gCDP(Nun)L︸ ︷︷ ︸

ϑun

1
1+Pp/Psat

. (5.14)

Here, the phase shift for the unsaturated gain, ϑun, was defined. The
pump wave shall exhibit an amplitude distortion, Pp =< Pp >+∆Pp, as
given by Eq. 4.106. Inserting in Eq. 5.14 yields

ϑs =ϑun

(
1+ < Pp >

Psat
+ < Pp >

Psat

∆Pp

< Pp >
)−1

=ϑun

(
1+ < Pp >

Psat

)−1 (
1+ ∆Pp

Psat+< Pp >
)−1

∼=ϑun

(
1+ < Pp >

Psat

)−1 (
1− ∆Pp

Psat+< Pp >
)

=ϑun

(
1

1+< Pp > /Psat
− ∆Pp/< Pp >

Psat/< Pp >+2+< Pp > /Psat

)
(5.15)

where (1+x)−1 ∼= 1−x for x ¿ 1 was used and ∆Pp ¿< Pp > was assumed.
With the pump SNR given in Eq. 4.107, the variance of the output

175



phase can be written as

< (ϑs−<ϑs >)2 >=ϑ2
un

< (∆Pp)2 > /< Pp >2(
Psat/< Pp >+2+< Pp > /Psat

)2

=ϑ2
un

2/SNRp(
Psat/< Pp >+2+< Pp > /Psat

)2 ≡<φ2
xpm >=σ2

xpm.

(5.16)

Thus, the variance of the output phase, that can be interpreted as
the pump-induced nonlinear phase noise variance, is inversely pro-
portional to the pump SNR. Although Eq. 5.16 was derived for the
(amplified) input signal wave, it is also valid for the generated idler
as shown for the pump-induced nonlinear phase noise in the HNLF-
based wavelength converters, e.g. in Fig. 4.29. The standard deviation
σxpm calculated with Eq. 5.16 is shown in Fig. 5.12. For a small pump
power, < Pp >¿ Psat, the nonlinear phase noise variance is proportional
to the square of the pump power similar to the result for the HNLF-
based wavelength converter given in Eq. 4.113. However, for a high
pump power < Pp >À Psat, nonlinear phase noise variance is inversely
proportional to < Pp >2. I.e. while the pump-induced nonlinear phase
is constantly growing with the pump power in the HNLF-based wave-
length converters, a maximum occurs at Pp = Psat in the SOA-based
wavelength converters. The reason for this difference is the gain satu-
ration in the SOA.

5.3.2 Pump-Induced Phase Noise: Numerical Results

Due to the complex nonlinear behavior of the SOA, the analytical esti-
mate from the previous section cannot be used for a quantitative deter-
mination of the degradation due to nonlinear phase noise in the SOA.
For this aim, numerical simulations using the model presented in Sec.
2.3 have to be conducted. The simulation setup is shown in Fig. 5.13a.
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The pump wave is distorted with AWG noise and injected into the SOA
together with the noise-free input signal wave. Still, the exact deter-
mination of the nonlinear phase noise variance at the SOA output is
difficult because the SOA also produces amplified spontaneous emis-
sion noise which is difficult to discriminate from the nonlinear noise.
Thus, a third way for the determination of the nonlinear phase noise
variance is chosen. The simulation setup is shown in Fig. 5.13b. In-
stead of distorting the pump amplitude with AWG noise including all
frequency components at the same time, the pump wave is sinusoidally
amplitude modulated, i.e. with a single frequency component,

Ap = (
1+mp cos(2π fsint)

)< Ap >, (5.17)

with the pump amplitude modulation index2 mp ¿ 1. The pump power
is approximately given by

Pp = |Ap|2 ∼=< Pp >+2mp < Pp > cos(2π fsint)︸ ︷︷ ︸
∆Pp,sin

(5.18)

Due to the (sinusoidal) pump power fluctuation ∆Pp,sin, the idler will
be phase modulated by XPM which is discussed in more detail in sec-
tion 2.1.3. Since Eq. 5.15 shows that the idler phase is proportional to
any pump power fluctuation, the idler phase modulation will be sinu-
soidally with fsin. Then, at the SOA output, the idler complex envelope
will be proportional to

A i ∝ exp
(
iβi cos(2π fsint+ξβ)

)
. (5.19)

Here, βi is the idler phase modulation index and ξβ represents any un-
known phase shift. Because βi can be easily determined at the SOA

2Please do not mix this sinusoidal amplitude modulation of the pump in this section with
the sinusoidal phase modulation of the pump used to suppress stimulated Brillouin scatter-
ing in HNLF-based wavelength converters as discussed in section 4.1.4. While the latter is
physical reality, the former is just a simulation technique to determine a transfer function for
the pump amplitude noise.
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output a noise transfer function can be constructed by changing the
frequency fsin over different simulations that allows to calculate semi-
analytically the transfer of arbitrary noise spectra. In a last step, this
procedure is verified by comparing with simulations using the setup
shown in Fig. 5.13a.
Fig. 5.14 shows the idler phase modulation index βi that occurs due to

pump XPM using a sinusoidal amplitude modulation with a frequency
of 1.25 GHz. It is normalized to the pump amplitude modulation in-
dex and is given as a function of the pump power. The used parameters
were L = 1 mm, IB = 190 mA and ∆λ=−2.5 nm. λp was set to the ASE
spectral peak. In Fig. 5.14a, the signal power was kept constant. Due
to the large alpha factor αH,CDP = 5 (as listed in section G), the idler
phase modulation index is larger by factor 3 at maximum than the
pump amplitude modulation index. Thus, a small pump amplitude
distortion results in a strong idler phase modulaton. As predicted by
the simple analytical model discussed in the previous section, the idler
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modulation index first increases at low pump powers, then reaches a
distinct maximum and falls off after. At low pump powers, the SOA
is not saturated and the idler phase distortion increases because the
XPM efficiency is proportional to the pump power. At high powers,
the idler phase distortion decreases because the SOA is strongly satu-
rated so that the gain and therefore the XPM efficiency is decreasing.
For higher signal powers, the phase distortion decreases because the
signal also contributes to the SOA saturation. Fig. 5.14b shows the
same data but keeping the signal-to-pump power ratio (SPR) constant
instead of the signal power. In this case, the idler phase distortion
decreases monotonically with increasing pump power due to the SOA
saturation. The relative contribution of the signal to the SOA satura-
tion is constant due to the constant SPR. For lower SPR values, the sig-
nal contributes stronger to the SOA saturation leading to a decreased
XPM efficiency. The transfer function of the process is shown in Fig.
5.15. The used parameters were L = 1 mm, IB = 190 mA, Pp = 12.8
dBm, Ps = 2.8 dBm and ∆λ=−2.5 nm. λp was set to the ASE spectral
peak. Due to the limited time constant of the CDP gain contribution,
the XPM efficiency falls off quickly beyond 10 GHz. This bandwidth
is similar to that of the CDP contribution to the FWM conversion ef-
ficiency schematically depicted in Fig. 5.4b (as well as similar to the
XGM bandwidth of the SOA). The simulated values were fitted by the
third-order low-pass filter function given by

Hnpn,p = βi( fsin)
mp

∼= βi( f = 0)/mp

1+ ( f / fg)3 (5.20)

with βi( f = 0)/mp = 3.2 and a critical frequency fg = 20 GHz.
As was seen in the previous sections, increasing the length of the

SOA is advantageous in terms of conversion efficiency and output idler
OSNR. Fig. 5.16 shows the idler phase modulation due to XPM in pres-
ence of the sinusoidally amplitude modulated pump for different SOA
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lengths. The used simulation parameters were IB = 190 mA/mm and
∆λ=−2.5 nm. λp was set at the ASE spectral peak which changes for
the different lengths as given by Tab. G.2. The qualitative behaviour
is the same as discussed for Fig. 5.14. However, the idler phase distor-
tion is increasing with the SOA length potentially counteracting the
advantages of the long SOA.

5.4 Impact of Signal-Induced Phase Noise

Not only the pump wave, but also the input signal wave can be dis-
torted by noise. In particular, if the AOWC is used within a transmis-
sion system, it cannot be avoided that the input signal may be at a low
SNR level. In this case, the input signal amplitude noise will lead to
nonlinear phase noise due to self-phase modulation (SPM). The phys-
ical origin of this process is discussed in section 2.1.3. The analysis
for the HNLF-based wavelength converters in section 4.5 showed that
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the amount of generated nonlinear phase noise decreases with a lower
signal-to-pump power ratio (SPR), i.e. the input signal power should
be chosen much lower than the pump power. However, Fig. 5.9b shows
that, for the SOA-based single-pump wavelength converter, the SPR
cannot be chosen arbitrarily low in order to keep the output OSNR at
a high value. Counteracting the output OSNR decrease by increasing
the pump power is also limited by the waveguide input power limits.
Thus, only a compromise between linear and nonlinear noise perfor-
mance is possible.

For the simulation of signal-induced nonlinear phase noise, a sim-
ilar approach was chosen as for the pump-induced nonlinear phase
noise in the previous section. Instead of distorting the input signal by
AWG noise as shown in Fig. 5.17a, the signal-induced noise is modeled
using a sinusoidal amplitude modulation of the input signal amplitude
as shown in Fig. 5.17b. By varying the modulation frequency fsin, a
noise transfer function is constructed. The input signal shall be given
by

As ∝ (1+ms cos(2π fsint)) , (5.21)

with the input signal amplitude modulation index ms. Similar to what
was discussed in the previous section, the generated idler will show
a sinusoidal phase modulation due to SPM with the same modulation
frequency fsin,

A i ∝ exp
(
iβi cos(2π fsint+ξβ)

)
(5.22)

where βi is the phase modulation index that has to be determinded by
the simulations and ξβ is an unknown phase shift. Fig. 5.18 shows the
resulting phase modulation index of the idler βi (normalized to the in-
put signal amplitude modulation index ms) as a function of the pump
power. The pump wave was noise-free in this case. For comparison,
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the phase modulation index of the idler βi resulting from a pump am-
plitude modulation with mp = ms is shown. In this case, the signal
was kept noise-free. The used parameters were L = 1 mm, IB = 190
mA and ∆λ = −2.5 nm. λp was set to the ASE spectral peak. In Fig.
5.18a, the signal input power is kept constant. For low pump powers,
the idler phase modulation due to the input signal wave and the pump
wave have similar magnitudes. This is because the signal input power
and the pump power are similar. With increasing pump power (and
therefore larger SPR), the idler phase modulation due to the pump in-
creases while the phase modulation due to the signal decreases. Fig.
5.18b, shows the same data but for a constant SPR. Here, it can be
clearly seen that the signal-induced idler phase modulation is inde-
pendent on the pump power. It decreases with decreasing SPR. Thus,
a high pump power together with a low SPR is the preferred operation
point for the single-pump SOA-based AOWC in order to keep the non-
linear noise as low as possible. This is the same conclusion as for the
HNLF-based wavelength converters drawn in section 4.5. Due to the
similar physical origin of XPM and SPM, the noise transfer function
Hnpn,s,

Hnpn,s = βi( fsin)
ms

∼= βi( f = 0)/ms

1+ ( f / fg)3 , (5.23)

is similar to Hnpn,p given in Eq. 5.20, in particular with the same criti-
cal frequency fg. Fig. 5.19 shows the dependence of the signal-induced
idler phase modulation on the length of the SOA. The used simulation
parameters were IB = 190 mA/mm and ∆λ=−2.5 nm. λp was set at the
ASE spectral peak which changes for the different lengths as given by
Tab. G.2. In difference to the pump-induced idler phase modulation,
the dependence is weak in particular for high pump powers. Thus, an
increased SOA length does not yield an increased signal-induced idler
phase modulation.
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5.5 (O)SNR Penalty due to Pump- and Signal-Indu-
ced Phase Noise

In order to calculate the (O)SNR penalty due to the pump- and signal-
induced phase noise using Eqs. 3.32 and 3.34, the noise variance of
the nonlinear phase noise has to be known. As explained in section
5.3.2, the noise transfer functions Hnpn,p( f ) = βi( f )/mp and Hnpn,s( f ) =
βi( f )/ms given in Eqs. 5.20 and 5.23 can be used for this aim. Then,
the nonlinear phase noise variance is given by

σ2
npn =

∫ BN /2

0
(Hnpn,p)2ρAWG,p

< Pp > d f +
∫ BN /2

0
(Hnpn,s)2ρAWG,s

< Ps >
d f (5.24)

with the pump noise bandwidth BN < Rs after Eq. 4.110. The nor-
malized amplitude noise power spectral densities ρAWG,p/ < Pp > and
ρAWG,s/< Ps > are constant because the pump and the input signal wave
shall be distorted by AWG noise. Thus, Eq. 5.24 can be written as

σ2
npn = ρAWG,p

< Pp >
∫ BN /2

0
(Hnpn,p)2d f + ρAWG,s

< Ps >
∫ BN /2

0
(Hnpn,s)2d f . (5.25)
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On the other hand, using Eq. 4.107,

< (ℜ{∆Ap})2 >=
∫ BN /2

0
ρAWG,pd f = ρAWG,pBN /2= < Pp >

2SNRp

< (ℜ{∆As})2 >=
∫ BN /2

0
ρAWG,sd f = ρAWG,sBN /2= < Ps >

2SNRs
. (5.26)

With this, Eq. 5.25 takes its final form,

σ2
npn = 1

BNSNRp

∫ BN /2

0

(
βi

mp

)2
d f + 1

BNSNRs

∫ BN /2

0

(
βi

ms

)2
d f . (5.27)

Fig. 5.21 shows the signal and idler phase standard deviations calcu-
lated using Eq. 5.27. The normalized idler phase modulation index
βi/mp results from a simulation determining the idler phase modula-
tion index resulting from a pump amplitude modulation for different
modulation frequencies and pump power. These idler phase standard
deviations are compared to results of full numerical simulations with
218 samples using the setup shown in Fig. 5.14, i.e. with a pump wave
distorted by AWG noise. The used parameters were L = 1 mm, IB =
190 mA and ∆λ = −2.5nm, Ps = 2.8 dBm, SNRp = 30 dB, BN = 40 GHz.
λp was set to the ASE spectral peak. Additionally to the idler phase
standard deviation, also the phase standard deviation of the ampli-
fied output signal is shown. Both values should be identical (compare
to the HNLF-based wavelength converters, Fig. 4.29). The difference
shown in Fig. 5.14 results from a larger ASE noise contribution added
by the SOA to the idler than to the amplified signal. The low con-
version efficiency (compare to Fig. 5.5) results in a lower idler output
power, i.e. in a lower output OSNR, which in turn increases the phase
noise standard deviation. Thus, a comparison of semianalytical results
obtained by Eq. 5.27 to the phase standard deviation of amplified out-
put signal is more reliable because this standard deviation is indeed
dominated by the nonlinear phase noise. The comparison yields a good
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match validating the approach using the sine modulation of the pump
used in the previous sections.

Now, the (O)SNR penalties can be calculated using the simulated
idler phase modulation index βi from the previous sections, Eq. 5.27
and Eqs. 3.32 and 3.34. Fig. 5.21a shows the (O)SNR penalty at a
BER of 10−4 resulting from pump-induced nonlinear phase noise as a
function of the pump power. Two different pump SNR values and two
different modulation formats, directly detected DQPSK and coherently
detected 8-PSK, are considered. The parameters for the determination
of βi were L = 1 mm, IB = 190 mA, ∆λ=−2.5nm and SPR = -14 dB, the
used βi is shown in Fig. 5.14. For simplicity, Hnpn,p( f ) ∼= Hnpn,p(0) was
set which is approximately valid for noise bandwidths BN ≤ 25 GHz
when using fg = 20 GHz as characterized for the 1-mm long SOA in
section 5.3.2. Signal-induced phase noise was not taken into account.
The graph shows that a pump SNR value of > 40 dB is needed to avoid
significant (O)SNR penalties for a single conversion. In Fig. 5.21b, the
(O)SNR penalty at a BER of 10−4 resulting from signal-induced nonlin-
ear phase noise is shown as a function of the input signal SNR. Here,
the same parameter settings as in Fig. 5.21a were assumed except
of the different SPR values while the pump-induced nonlinear phase
noise was not taken into account. The used βi is shown in Fig. 5.18
and is independent on the pump power. To avoid significant penalties,
the input signal SNR must be > 25 dB or the SPR must be chosen to
< - 14 dB. For orientation, the required SNR values to reach the BER
of 10−4 (as shown in Fig. 3.4) are also marked. Fig. 5.22 shows the
dependency of the (O)SNR penalties on the SOA length. The used val-
ues for βi are shown in Fig. 5.19b. Other used parameters were IB =
190 mA/mm and ∆λ=−2.5 nm. Similarly to the conclusions drawn in
the previous sections, the graph shows that an increasing SOA length
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increases the requirements on the pump SNR while the tolerance to
signal noise decreases from 1 mm to 2 mm length but does not de-
crease further.
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The other parameters are given in the text.
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Chapter 6

Conclusions

In this thesis, transparent parametric amplifier and wavelength con-
verters have been theoretically investigated regarding their capability
to deal with higher-order phase-modulated signals. This format trans-
parency is one of the key features for a practical component finding
applications in future optical networks. The analytical and numerical
investigations concentrated on the identification of phase distortions,
the evaluation of their impact in terms of BER and their mitigation
or compensation. Two different components were considered, highly
nonlinear fibers (HNLF) and semiconductor optical amplifiers (SOA).

Parametric amplification and wavelength conversion in HNLF
For the FWM-based FOPAs, there are three different options given by
the three different FWM processes in the HNLF. This is single-pump
FWM, phase-conjugating dual-pump FWM and non-phase conjugat-
ing (only frequency-converting) dual-pump FWM. All three processes
provide full bitrate and modulation format transparency if pumped
with continuous wave (CW) signals. Furthermore, they are strongly
polarization-dependent, but, due to the linearity of the wavelength
conversion, diversity schemes can be applied. The single-pump and
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phase-conjugation process both provide parametric amplification and
phase-conjugating wavelength conversion with limited tunability, i.e.
for a given input signal wavelength, the output signal wavelength is
fixed. For high conversion efficiencies > 0 dB, the pumps have to be
phase-modulated to suppress stimulating Brillouin scattering. In this
operation regime, the noise figure closely approaches the quantum of 3
dB and flat gain / conversion spectra with bandwidths > 50 nm can be
obtained. Both processes can be used for fiber optic parametric ampli-
fiers and for Kerr compensation using midspan spectral inversion. By
contrast, the frequency-conversion process does not provide paramet-
ric amplification but non-phase conjugating and fully tunable wave-
length conversion. The maximum conversion efficiency is 0 dB as well
as the ideal noise figure. This process is ideal for contention resolution
and all-optical routing in combination with an arrayed waveguide.

When used as a wavelength converter, the major phase distortion
results from the transfer of the pump-phase modulation to the con-
verted signal. This leads to high (O)SNR penalties that grow with
the degree of the phase modulation format effectively degrading the
format transparency as experimentally demonstrated in [42]. Two dif-
ferent compensation schemes have been investigated. The first is co-
and counterphasing of the pumps which can be applied to the phase-
conjugation and the frequency-conversion process, respectively. Al-
though the tolerances are critical, this scheme provides nearly ideal
compensation of phase distortion which could be verified also in sys-
tem experiments converting 80 Gb/s DQPSK signals with a conversion
gain of 15 dB [109]. The second scheme is applicable to all three con-
version processes but is restricted to coherently detected formats be-
cause it relies on electronic signal processing. It was verified in exper-
iments using 20 Gb/s QPSK with a conversion gain of -3 dB [37] that
also this scheme leads to a full compensation of the phase distortions.
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However, the highest modulation frequency that can be compensated
depends on the symbol rate.

Another issue for all three processes is the increase of the carrier
linewidth due to the wavelength conversion process because the laser
phase noise of the pump wave adds to that of the input signal. Since di-
rectly detected formats are relatively robust against laser phase noise,
this is in particular an issue for coherently detected formats. Here,
the required average linewidth per laser (including the LO laser at the
receiver) halves for a single conversion and decreases further for cas-
caded wavelength conversions. To avoid this, pump waves with laser
linewidths much smaller than 100 kHz have to be used for symbol
rates around 50 GBd. For the FC FWM process the linewidth increase
can be canceled out by phase locking of the two pumps as was experi-
mentally shown for 10 Gb/s QPSK in [105].

When operating SP FWM and PC FWM devices as parametric am-
plifiers, neither pump-phase modulation nor the pump laser linewidth
is an issue. However, pump-induced nonlinear phase noise is a prob-
lem in particular in the high gain regime and for cascaded operation.
A solution is the use of pump waves with relative intensity noise levels
below -160 dB/Hz. A comparison to the impact of nonlinear amplitude
noise on 16-QAM signals shows that nonlinear phase noise dominates
the degradation. This was experimentally demonstrated for paramet-
ric amplification of 28-Gbd NRZ-16QAM signals [131]. Finally, to avoid
nonlinear phase noise generated by self-phase modulation in the para-
metric devices, the signal output power should be more than 10 dB be-
low the pump power, or, equivalently, pump depletion must be avoided.
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Parametric wavelength conversion in SOA
For parametric wavelength conversion in SOA, also single pump and
dual pump options exists. However, only the single-pump scheme was
investigated since no principal advantage was expected from the dual-
pump schemes. In terms of conversion efficiency, conversion band-
width and noise figure, the SOA-based converter performs significantly
worse than the HNLF-based converters. For a 1 mm long SOA biased
at 190 mA, the 3-dB conversion bandwidth is only about 0.1 nm. For
a wavelength detuning of about 1 nm between pump and input sig-
nal wave, the conversion efficiency has dropped to values below -10 dB
while the noise figure easily exceeds 15 dB (excluding coupling losses)
due to the inherent generation of ASE. Increasing the SOA length to
about 4 mm is advantageous both increasing the conversion efficiency
and decreasing the noise figure by about 10 dB.

In terms of phase distortions, the SOA-based converter also suffers
from the linewidth increase due to the wavelength conversion while a
pump-phase modulation is not necessary and the related degradation
do not occur. Similar to the HNLF-based amplifiers and converters,
pump XPM and signal SPM generate nonlinear phase noise. Since
the signal input power cannot be chosen arbitrarily low because of the
ASE noise floor, a compromise between linear noise performance and
the generation of nonlinear noise has to be taken. This explains ex-
perimental results where a relatively strong degradation for DQPSK
signals was observed [140, 143]. The best performance is expected for
very high pump powers exceeding 15 dBm and relatively low signal
powers up to 15 dB below the pump power which is confirmed by ex-
perimental characterizations. In this regime, signal SPM is critical
only for input signal SNR value below 20 dB. However, pump XPM
generated nonlinear noise is at a high level requiring low RIN pump
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waves < -140 dB/Hz. The RIN tolerance decreases further for long
SOAs. Generally, SOAs with a low alpha factor are advantageous to
avoid this issue.

Summary and outlook
In summary, the investigations show that single-pump and phase-
conjugation based parametric amplifiers and wavelength converters
with nearly ideal format transparency and high gain can be realized
in HNLF if additional complexity (co- or counterphased pump-phase
modulation, low pump laser linewidth, low pump-laser RIN) is ac-
cepted. Together with the option of low loss splicing to the SSMF, this
makes these devices ideal candidates for broadband multi-wavelength
devices in the transmission link providing parametric amplification,
Kerr compensation by optical phase conjugation, waveband monitor-
ing or waveband conversion to longer wavelengths in order to take
profit from new transmission fibers. Furthermore, also the use for
regeneration and further optical signal processing can be predicted al-
though the question arises if HNLF-based converters are too bulky
for single wavelength devices of which many are needed at a network
node or in a transmission link. The same issue comes into mind when
proposing frequency-conversion FWM based parametric wavelength
converters for contention resolution or for routing in burst and packet
switching nodes despite the excellent performance in terms of phase
distortions, noise figure and wavelength tunability.

For the latter mentioned network functions, integrable solutions
like SOA-based wavelength converters seem to be the natural solu-
tion despite the significantly worse performance in comparison to the
HNLF-based converters. However, integrable passive devices like sil-
icon nanowires [144] are a strong competitor due to the better noise
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performance, but CW-pumped parametric amplification is still to be
shown. But also SOA technology moves forward so that a new class
of high power, low noise SOAs with 0.8 W output power and 5.5 dB
fiber coupled noise figure was recently demonstrated [145, 146]. A key
advantage for the SOA-based converter arrays could be the fact that
they can be integrated together with the pump laser array.

A review of recent experiments with PPLN based χ(2) parametric
wavelength converters [147, 148] confirms that those device do not
suffer from additional phase distortions except of the increase of the
laser phase noise. The absence of SPM and XPM makes χ(2) devices in
principle superior wavelength converters for phase modulated signals.
However, in concurrence to the HNLF-based converters, the worse
noise figure due to high coupling losses to SSMF and low conversion ef-
ficiencies < 0 dB is a strong disadvantage (although CW-pumped para-
metric amplification was very recently demonstrated [38, 39]), also
viewing the fact that the phase distortions in the HNLF can be avoided
by some additional effort as shown above. Because a PPLN device is
much more bulky in comparison to a SOA or to a silicon waveguide
and needs hybrid integration on common InP or Si platforms, also the
use in wavelength converter arrays seems to be questionable despite
its superior performance.

In the present thesis, only single channel effects in the wavelength
converters have been investigated. Furthermore, also no polariza-
tion effects have been considered. Thus, further investigations on
polarization-insensitive parametric amplification and wavelength con-
version [149] of signals consisting of many WDM signals in realistic
transmission systems should be conducted [150]. Here, interchannel
FWM and XPM and cross-gain modulation due to pump depletion are
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additional effects to be considered. The realization of practical phase-
sensitive parametric amplifiers and wavelength converters is another
interesting research topic [20, 22]. In particular, the question arises
in which way these amplifiers can be used for broadband amplification
[13].

The advent of coherent detection in optical transmission systems
enables the use of electronic signal processing for impairment mitiga-
tion. This was used within this thesis to compensate for phase distor-
tions due to the pump-phase modulation in HNLF-based parametric
wavelength converters. Recently, algorithms to compensate for am-
plitude and phase distortions in SOAs used as amplifiers have been
proposed relying on nonlinear back propagation [151, 152, 153]. These
two examples illustrate the great possibilities that are provided by the
combination of optical and electronic signal processing.

Finally, as mentioned above, the performance of parametric ampli-
fiers and wavelength converters depends crucially on the quality of
the pump laser. Thus, the lack in availability of high-power spectrally
narrow single-mode laser diodes at Watt-level were one of the major
obstacles preventing the deployment these devices. While appropri-
ate lasers with half a Watt output power were recently reported [154],
further developments in this field are a remaining task.
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Appendix A

Definition of the Fourier
Transforms

Throughout this thesis, the continuous Fourier transform shall be de-
fined by

F [A(t)]= Ã(ω)=
∫ ∞

−∞
A(t)eiωtdt. (A.1)

Likely, the inverse continuous Fourier transform is defined by

F−1[Ã(ω)]= A(t)= 1
2π

∫ ∞

−∞
Ã(ω)e−iωtdω. (A.2)

The time-discrete Fourier transform is defined by

F [An]= Ã(Ω)=
∞∑

k=−∞
AkeikΩ. (A.3)

Thereby, Ω= 2πω/ωT . ωT is the sampling frequency. The inverse time-
discrete Fourier transform is given by

F−1[Ã(Ω)]= An = 1
2π

∫ π

−π
Ã(Ω)e−inΩ. (A.4)
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Appendix B

Derivation of the Nonlinear
Wave Equation

This derivation follows [50, p. 25]. In their differential form, Maxwell’s
equations are given by

∇× ~H = ∂~D
∂t

+~J (B.1)

∇×~E = −∂
~B
∂t

(B.2)

∇·~D = ρ (B.3)

∇·~B = 0 (B.4)

(B.5)

with the electric field vector ~E, the magnetic field vector ~H, the electric
flux density vector ~D, the magnetic flux density vector ~B, the current
density vector ~J and the free charge density ρ. Within the field of
nonlinear optics, it can be typically assumed that the material does
contain no free charges and no free currents, so that

ρ = 0 (B.6)
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and

~J =σ~E = 0. (B.7)

Furthermore, the material is assumed to be nonmagnetic, so that

~B =µ0~H. (B.8)

with the vacuum permeability µ0. However, the material is allowed to
be nonlinear in the sense that

~D = ε0~E+~P (B.9)

where ε0 denotes the vacuum permittivity and, in general, the mate-
rial polarization vector ~P depends nonlinearly on the local value of the
electric field vector ~E.
Now, the nonlinear wave equation is derived. Taking the curl of Eq.
(B.2), replacing ~B by ~H through Eq. (B.8) and interchanging the space
and time derivatives on the right-hand side gives

∇×∇×~E = −µ0
∂

∂t
∇× ~H. (B.10)

Inserting Eqs (B.1) together with Eq. (B.7) leads to

∇×∇×~E = −µ0
∂2~D
∂t2 . (B.11)

With the electric material equation (B.9), it follows that

∇×∇×~E+ 1
c2

0

∂2~E
∂t2 = − 1

ε0c2
0

∂2~P
∂t2 . (B.12)

with the velocity of light in vacuum given by c0 = (ε0µ0)−
1
2 . Usually, Eq.

B.12 is simplified using the identity

∇×∇×~E =∇
(
∇·~E

)
−∆~E. (B.13)
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and neglecting the first term on the right-hand side. This term van-
ishes for linear source-free isotropic media since then Eq. (B.3) implies
∇·~E = 0. In nonlinear optics, it is generally nonvanishing but it can be
dropped for most cases of interest [49, p. 71]. Then, the nonlinear
wave equation is finally given by

∆~E− 1
c2

0

∂2~E
∂t2 = 1

ε0c2
0

∂2~P
∂t2 . (B.14)
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Appendix C

Perturbation Theory

In this appendix, it is shown how to solve Eq. 2.15 using perturbation
theory as it was done in [51, p. 40] and [50, p. 34]. Eq. 2.15 is written
in the form (

∆T + ω2

c2
0
ε(x, y,ω)−ζ

)
F(x, y)= 0 (C.1)

where ∆T = ∂2

∂x2 + ∂2

∂y2 is the transversal Laplacian operator and ζ = β̃2.
Furthermore,

ε(x, y,ω)= εb(x, y,ω)+δp∆ε(x, y,ω) (C.2)

β̃(ω)=β(ω)+δp∆β(ω) (C.3)

ζ= ζ0 +δp∆ζ∼=β(ω)2 +δp2β(ω)∆β(ω) (C.4)

F(x, y)= F0(x, y)+δp∆F(x, y) (C.5)

where δp is the perturbation parameter which is arbitrarily small. In-
sertion into Eq. C.1 and ordering after powers of δp yields

δ0
p :

(
∆T + ω2

c2
0
εb(ω)−ζ0

)
F0 = 0 (C.6)

δ1
p :∆T∆F +

(
ω2

c2
0
εb(ω)−ζ0

)
∆F +

(
ω2

c2
0
∆ε−∆ζ

)
F0 = 0. (C.7)
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Now, Eq. C.7 is multiplied with F∗
0 and integrated over the whole x-y

plane,

∞Ï
−∞

F∗
0∆T∆Fdxd y+

∞Ï
−∞

(
ω2

c2
0
εb(ω)−ζ0

)
F∗

0∆Fdxd y+
∞Ï

−∞

ω2

c2
0
∆ε(ω)|F0|2dxdy

=∆ζ
∞Ï

−∞
|F0|2dxdy.

(C.8)

Using the second identity of Green gives

∞Ï
−∞

F∗
0∆T∆Fdxd y=

∞Ï
−∞

∆F∆TF∗
0 dxdy+

∫
∂A

F∗
0
∂∆F
∂n

−∆F
∂F∗

0

∂n
dS

︸ ︷︷ ︸
=0

(C.9)

where ∂/∂n the normal derivative with respect to the integration sur-
face. The last term disappears because F0 and ∆F as well as their
normal derivatives disappear for x, y →∞. Insertion of Eq. C.9 in Eq.
C.8 yields

∞Ï
−∞

∆F

(
∆T + ω2

c2
0
εb(ω)−ζ

)
F∗

0︸ ︷︷ ︸
=0

dxdy+
∞Ï

−∞

ω2

c2
0
∆ε(ω)|F0|2dxdy=∆ζ

∞Ï
−∞

|F0|2dxdy

where Eq. C.6 was used. Solving for ∆ζ∼= 2β∆β and F0 → F yields Eq.
2.17.
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Appendix D

Dispersion Characteristics

In this appendix, the relationship between the dispersion coefficients
2.20 and the experimentally measurable dispersion D is shown. From
a theoretical point of view, the dispersion characteristics of the HNLF
is given by the propagation constant β. For convenience, it is usually
expanded into the Taylor series given by Eq. 2.19,

β(ω)=
4∑

n=0

βn

n!
(ω−ω0)n, (D.1)

with the coefficients given in Eq. 2.20

βn = dnβ

dωn

∣∣∣∣
ω=ω0

. (D.2)

Thereby, β0 and β1 represent the inverses of the phase and the group
velocity at ω0, respectively. β2, β3 and β4 are called the second, third
and fourth order dispersion coefficients.

Experimentally, the dispersion characteristics are often derived from
the group delay τ= 1/vgr which can be measured directly (in contrast to
the propagation constant). It is connected to the propagation constant
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by

τ= 1
vgr

= dβ
dω

. (D.3)

A Taylor expansion of τ in the wavelength domain around λ0 = 2πc/ω0

yields

τ= τ0 +D(λ−λ0)+ 1
2

S(λ−λ0)2 + 1
6

dS
dλ

(λ−λ0)3. (D.4)

Here, D and S are commonly called dispersion and dispersion slope,
respectively. Using the relation

d
dλ

=− ω2

2πc
d

dω
(D.5)

the coefficients β2, β3, β4 on the one hand and D, S and dS/dλ on the
other hand can be connected by

D = dτ
dλ

∣∣∣∣
λ=λ0

=− ω2
0

2πc
β2 (D.6)

S = d2τ

dλ2

∣∣∣∣
λ=λ0

= 2ω3
0

(2πc)2β2 +
ω4

0

(2πc)2β3 (D.7)

dS
dλ

= d3τ

dλ3

∣∣∣∣
λ=λ0

=− 6ω4
0

(2πc)3β2 −
6ω5

0

(2πc)3β3 −
ω6

0

(2πc)3β4. (D.8)
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Appendix E

Typical HNLF parameters
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Figure E.1: Dispersion D = dτ/dλ as a function of the relative wavelength

λ−λzd and second-order dispersion coefficient β2 = d2β/dω2 as a function of

the relative frequency f − fzd. Both function were calculated using Eqs. 2.19

and D.4. The parameters are given in Table E.1.
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Table E.1: Physical Parameters of SSMF and HNLF

Description Symbol SSMF HNLF
Refractive index of pure silica n1 1.45

Core radius d/2 4 µm 1.5 µm

Relative index step ∆n 0.003 0.03
Nonlinear refractive index n2 2.35×10−20m2/W 3.7×10−20m2/W

Absorption coefficient α0 0.2 dB/km 0.5 dB/km
2nd order dispersion coefficient

1550 nm
β2 -27 ps2/km 0

3rd order dispersion coefficient
1550 nm

β3 0.132 ps3/km 0.033 ps3/km

4th order dispersion coefficient
1550 nm

β4 - 2.5 ×10−4 ps4/km

Nonlinear coefficient γ 1 (Wkm)−1 10 (Wkm)−1

Effective area Ae f f 80 µm2 12 µm2

Zero-dispersion wavelength λzd 1312 nm 1550 nm
Brillouin frequency shift ΩB 10 GHz

Brillouin peak gain gB(0) 3−5×10−11m/W

Brillouin bandwidth ∆νB 20-50 MHz
Raman frequency shift ΩR 13 THz

Raman peak gain gR (0) 1×10−13m/W

Raman gain bandwidth ∆νB 30 THz
PMD parameter Dp 0.1-1 ps/

p
km 0.2 ps/

p
km
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Appendix F

Calculation of the FIR filter
coefficients

In this appendix, the calculation the coefficients of the FIR filter given
in 2.85 used in the time-domain model of the SOA is shown as done in
[72]. Using Eq. 2.84, the power gain per section is given by

|G l(ω)|2 = exp((Γg(ω)−aint)∆z) (F.1)
∼= 1+ (Γg(ω)−aint)∆z (F.2)

= 1−aint∆z+3Γgp,2∆z
(
∆ω−∆ωz

∆ωz −∆ωp,2

)2
+2Γgp,3∆z

(
∆ω−∆ωz

∆ωz −∆ωp,3

)3

(F.3)
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where ∆ωx = ωx −ω0. The power gain per section provided by the FIR
filter is given by Eq. 2.85,

|GFIR(ω)|2 = c2
1,l +|c2,l |2 +2c1,lℜ{c2,l}cos(∆ω∆t)−2c1,lℑ{c2,l}sin(∆ω∆t)

(F.4)

= c2
1,l +|c2,l |2 +2c1,lℜ{c2,l}

(
1− ∆ω

2∆t2

2

)
−2c1,lℑ{c2,l}∆ω∆t (F.5)

= c2
1,l +|c2,l |2 +2c1,lℜ{c2,l}︸ ︷︷ ︸

=â

−2 c1,lℑ{c2,l}︸ ︷︷ ︸
=−b̂

∆t∆ω− c1,lℜ{c2,l}︸ ︷︷ ︸
=−d̂

∆t2∆ω2

(F.6)

Comparing Eqs. F.3 and F.6 yields the coefficients â, b̂ and d̂,

â = 1−aint∆z+ 3Γgp,2∆z∆ω2
z(

∆ωz −∆ωp,2
)2 − 2Γgp,3∆z∆ω3

z(
∆ωz −∆ωp,3

)3 (F.7)

b̂ =− 1
∆t

(
3Γgp,2∆z∆ωz(
∆ωz −∆ωp,2

)2 − 3Γgp,3∆z∆ω2
z(

∆ωz −∆ωp,3
)3

)
(F.8)

d̂ = 1
∆t2

(
3Γgp,2∆z(

∆ωz −∆ωp,2
)2 − 6Γgp,3∆z∆ωz(

∆ωz −∆ωp,3
)3

)
. (F.9)

Using b̂2 + d̂2 = c2
1,l |c2,l |2, c2,l can be eliminated from â yielding a bi-

quadratic equation for c1,l,

0= c4
1,l − (â+2d̂)c2

1,l + b̂2 + d̂2. (F.10)

The solution is

c1,l =

√√√√ â+2d̂
2

+
√

â2

4
− b̂2 + âd̂. (F.11)

c2,l follows from c1,l as

c2,l =− d̂
c1

− i
b̂
c1

. (F.12)
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Appendix G

Simulation Parameters for
SOA
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Table G.1: Simulation Parameters for the SOA
Symbol Value Description
∆t 25 E-15 s Sampling Interval
aN 3 E-20 m2 Differential gain
Ntr 0.9 E24 m−3 Material Transparency Carrier Density
ā 0.5 Linear Gain Fitting Coefficient
ωg 1.205E15 Hz Bandgap Frequency (≡λg = 1565nm)
ω0 1.207E15 Hz Reference Frequency (≡λ0 = 1560nm)
b0 2.5 E-11 m3/s Peak Frequency Shift Coefficient
ωz0 1.168E15 Hz Begin of Zero Gain Region (≡λz0 = 1615nm)
z0 -1.935E-12 Hz Zero Gain Frequency Shift Coefficient
ωc 1.548E15 Hz Correction of Gain Peak
b̄ 0.65 Gain Peak Shift Fitting Coefficient

nG 3.56 Group Index
aint 2250/m Internal loss
ww 1.2E-6 m Active Region Width
dw 0.2E-6 m Active Region Height
Γ 0.38 Mode Confinement Factor
Γ2 1.2 TPA Confinement Factor

Anr 1.25E8 1/s Unimolecular Non-Radiative Recombination Coefficient
Bsp 2.5E-16 m3/s Bimolecular Spontaneous Radiative Recombination Coeffcient

CAuger 0.9E-40 m6/s Auger recombination Coefficient
τCH 850 E-15 s Carrier Heating Time Constant
τSHB 125 E-15 s Spectral Hole Burning Time Constant
εCH 0.6 E-23 m3 Gain Suppression Coefficient (CH)
εSHB 0.5 E-23 m3 Gain Suppression Coefficient (SHB)
εFCA 0.1 E-24 m3 Gain Suppression Coefficient (FCA)
εTP A 1.25 E-23 m3 Gain Suppression Coefficient (TPA)
βTP A 4 E-21 m2 TPA Coefficient
αH,CH 3.5 Linewidth enhancement factor (CH)
αH,SHB 0.1 Linewidth enhancement factor (SHB)
αH,FCA 0.1 Linewidth enhancement factor (FCA)
αH,TP A -2.25 Linewidth enhancement factor (TPA)
αH,CDP 5 Linewidth enhancement factor (CDP)

CL 0 Coupling loss
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Figure G.1: Simulated ASE spectren for SOAs with different lengths (IB =

190 mA/mm). The parameters are given in Table G.1

Table G.2: Simulation Parameters for the SOA
SOA Length ASE peak wavelength relative to reference wavelength

L λASE,peak −λ0

1 mm -35.5 nm

2 mm -17.8 nm

3 mm -10.5 nm

4 mm -7.3 nm
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Appendix H

Analytical Solutions for FWM
in HNLF

In this appendix, the approximate analytical solutions for the para-
metrically amplified and wavelength converted waves in the HNLF
are calculated in a similar way as in [85] and [50, p. 372].

H.1 Single Pump FWM

Starting point is the NLS equation 2.39. Dispersive effects and the
fiber attenuation shall be neglected, such that it takes the form

∂

∂z
A(z)= iγ |A(z)|2 A(z). (H.1)

Then, the ansatz 2.35 for three input waves is chosen. Thereby, Ω1 =Ωs

shall be the input signal frequency, Ω2 =Ωi shall be the idler frequency
and Ω3 =Ωp shall be the pump frequency. Furthermore, the frequency
relation Ωi +Ωs = 2Ωp shall be fulfilled. Inserting the ansatz into the
right hand side of Eq. H.1 leads to Eq. SPM/SGM. Sorting for the
terms with frequencies Ωs, Ωi and Ωp gives the following three coupled
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equations for the single-pump process,

dAs

dz
= iγ

(|As|2 +2|A i|2 +2|Ap|2
)

As + iγA2
p A∗

i ei(2Bp−Bi−Bs)z (H.2)

dA i

dz
= iγ

(|A i|2 +2|As|2 +2|Ap|2
)

A i + iγA2
p A∗

s ei(2Bp−Bs−Bi)z (H.3)

dAp

dz
= iγ

(|Ap|2 +2|As|2 +2|A i|2
)

Ap +2iγAs A i A∗
pei(Bs+Bi−2Bp)z (H.4)

In the following, the pump wave shall be much more intense than the
input signal and the idler and remains undepleted during the FWM
process. With Ap(0)=√

Ppeiφp , Eq. H.4 yields the simple solution

Ap(z)=
√

Ppeiφp eiγPp z (H.5)

Inserting the solution for the pump wave Eq. H.5 into Eqs. H.2 and
H.3 for the input signal and the idler yields

dAs

dz
= 2iγPp As + iγPp A∗

i e2iφp ei(2Bp−Bi−Bs+2γPp)z (H.6)

dA i

dz
= 2iγPp A i + iγPp A∗

s e2iφp ei(2Bp−Bs−Bi+2γPp)z (H.7)

Applying the transformations

As = Ǎse2iγPp z (H.8)

A i = Ǎ i e2iγPp ze2iφp (H.9)

gives

dǍs

dz
= iγPp Ǎ∗

i e−iκsp z (H.10)

dǍ i

dz
= iγPp Ǎ∗

s e−iκsp z (H.11)

with the phase mismatch parameter

κsp =∆Bsp +2γPp (H.12)
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and the linear phase mismatch

∆Bsp = Bs +Bi −2Bp. (H.13)

This solution of this set of linear differential equations is given by

Ǎs(z)= Ǎs(0)
[
cosh(gspz)+ i

κsp

2gsp
sinh(gspz)

]
e−iκsp z/2 (H.14)

Ǎ i(z)= Ǎs(0)∗
iγPp

gsp
sinh(gspz) e−iκsp z/2. (H.15)

gsp is defined by

g2
sp = γ2P2

p −
κ2

sp

4
(H.16)

Re-applying the transformations given by Eqs. H.8 gives the final so-
lutions

As(z)= As(0)
[
cosh(gspz)+ i

κsp

2gsp
sinh(gspz)

]
e−i∆Bsp z/2eiγPp z (H.17)

A i(z)= As(0)∗
iγPp

gsp
sinh(gspz) e−i∆Bsp z/2 eiγPp z e2iφp . (H.18)

The power gain Gs and the conversion efficiency G i are given by

Gsp
s = |As(z)|2

|As(0)|2 = 1+
γ2P2

p

g2
sp

sinh2(gspz) (H.19)

Gsp
i = |A i(z)|2

|As(0)|2 =Gs −1 (H.20)

The solutions for perfect phase matching, κsp = 0, are of great practical
interest because the gain is maximal in this case. The field gain and
the field conversion efficiency are then given by

G
sp
s =

∣∣∣∣ As(z)
As(0)

∣∣∣∣
κsp=0

= cosh(γPpz) (H.21)

G
sp
i =

∣∣∣∣ A i(z)
As(0)

∣∣∣∣
κsp=0

= sinh(γPpz). (H.22)
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The phase shift due to the FOPA for the signal and the idler is given
by

ϑ
sp
s =ℑ

{
ln

(
As(z)
As(0)

)}
κsp=0

=−∆Bspz/2+γPpz (H.23)

ϑ
sp
i =ℑ

{
ln

(
A i(z)

As(0)∗

)}
κsp=0

=π/2−∆Bspz/2+γPpz+2φp (H.24)

H.2 Dual Pump FWM

The starting point is also Eq. H.1. However, an ansatz with four waves
must be chosen,

A(z,T)=
4∑

l=1
Al(z,T) ei(Bl z−Ωl t). (H.25)

Insertion into Eq. H.1 and sorting the terms after frequency gives four
coupled differential equations,

dA1

dz
= iγ

(|A1|2 +2|A2|2 +2|A3|2 +2|A4|2
)

As +2iγA3A4A∗
2 ei(B3+B4−B1−B2)z

(H.26)
dA2

dz
= iγ

(|A2|2 +2|A1|2 +2|A3|2 +2|A4|2
)

As +2iγA3A4A∗
1 ei(B3+B4−B1−B2)z

(H.27)
dA3

dz
= iγ

(|A3|2 +2|A1|2 +2|A2|2 +2|A4|2
)

As +2iγA1A2A∗
4 ei(B1+B2−B3−B4)z

(H.28)
dA4

dz
= iγ

(|A4|2 +2|A1|2 +2|A2|2 +2|A3|2
)

As +2iγA1A2A∗
3 ei(B1+B2−B3−B4)z.

(H.29)

H.2.1 Phase Conjugation

Here, Ω1 = Ωp1, Ω2 = Ωp2, Ω3 = Ωs and Ω4 = Ωi as well as Ωp1 +Ωp2 =
Ωs +Ωi hold. The pump waves shall be much more intense than the
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input signal and the idler wave and shall not be depleted during the
FWM process. Then, Eqs. H.26 and H.27 yield the solutions for the
pump waves,

Ap1(z)=
√

Pp1eiφp1 eiγ(Pp1+2Pp2)z (H.30)

Ap2(z)=
√

Pp2eiφp2 eiγ(2Pp1+Pp2)z. (H.31)

Insertion of the solutions for the pumps into the equations for the sig-
nal and the idler, Eqs. H.28 and H.29, yields

dAs

dz
= 2iγ(Pp1 +Pp2)As +2iγ

√
Pp1Pp2A∗

i ei(φp1+φp2)ei(−∆Bpc+3γ(Pp1+Pp2))z

(H.32)
dA i

dz
= 2iγ(Pp1 +Pp2)A i +2iγ

√
Pp1Pp2A∗

s ei(φp1+φp2)ei(−∆Bpc+3γ(Pp1+Pp2))z

(H.33)

with the linear phase mismatch ∆Bpc = Bs+Bi−Bp1−Bp2. Applying the
transformation

As = Ǎse2iγ(Pp1+Pp2)z (H.34)

A i = Ǎ i e2iγ(Pp1+Pp2)zei(φp1+φp2) (H.35)

yields

dǍs

dz
= 2iγ

√
Pp1Pp2 Ǎ∗

i e−iκpc z (H.36)

dǍ i

dz
= 2iγ

√
Pp1Pp2 Ǎ∗

s e−iκpc z (H.37)

with the phase mismatch parameter

κpc =∆Bpc +γ(Pp1 +Pp2). (H.38)
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The solutions of the two coupled linear differential equations are given
by

Ǎs(z)= Ǎs(0)
[
cosh(gpcz)+ i

κpc

2gpc
sinh(gpcz)

]
e−iκpc z/2 (H.39)

Ǎ i(z)= Ǎs(0)∗
2iγ

√
Pp1Pp2

gpc
sinh(gpcz) e−iκpc z/2. (H.40)

gpc is defined by

g2
pc = 4γ2Pp1Pp2 −

κ2
pc

4
(H.41)

Re-applying the transformations given by Eqs. H.34 gives the final
solutions

As(z)= As(0)
[
cosh(gpcz)+ i

κpc

2gpc
sinh(gpcz)

]
e−i∆Bpc z/2ei3/2γ(Pp1+Pp2)z

(H.42)

A i(z)= As(0)∗
2iγ

√
Pp1Pp2

gpc
sinh(gpcz) e−i∆Bpc z/2 ei3/2γ(Pp1+Pp2)z ei(φp1+φp2).

(H.43)

The power gain Gs and the conversion efficiency G i are given by

Gpc
s = |As(z)|2

|As(0)|2 = 1+ 4γ2Pp1Pp2

g2
pc

sinh2(gpcz) (H.44)

Gpc
i = |A i(z)|2

|As(0)|2 =Gs −1 (H.45)

For the case of perfect phase matching, κpc = 0, the field gain and the
field conversion efficiency are given by

G
pc
s =

∣∣∣∣ As(z)
As(0)

∣∣∣∣
κpc=0

= cosh(2γ
√

Pp1Pp2z) (H.46)

G
pc
i =

∣∣∣∣ A i(z)
As(0)

∣∣∣∣
κpc=0

= sinh(2γ
√

Pp1Pp2z). (H.47)
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The phase shift due to the FOPA for the signal and the idler is then
given by

ϑ
pc
s =ℑ

{
ln

(
As(z)
As(0)

)}
κpc=0

=−∆Bpcz/2+ 3
2
γ(Pp1 +Pp2)z (H.48)

ϑ
pc
i =ℑ

{
ln

(
A i(z)

As(0)∗

)}
κpc=0

=π/2−∆Bpcz/2+ 3
2
γ(Pp1 +Pp2)z+φp1 +φp2

(H.49)

H.2.2 Frequency conversion

Here, Ω1 = Ωp1, Ω2 = Ωs, Ω3 = Ωp2 and Ω4 = Ωi as well as Ωp2 +Ωs =
Ωp1 +Ωi hold. The pump waves shall be much more intense than the
input signal and the idler wave and shall not be depleted during the
FWM process. Then, the solutions for the pump waves are given by
Eqs. H.30. Insertion in the equations for the signal and the idler, Eqs.
H.27 and H.29 yields

dAs

dz
= 2iγ(Pp1 +Pp2)As +2iγ

√
Pp1Pp2A i ei(φp1−φp2)ei(∆B f c+γ(Pp2−Pp1))z

(H.50)
dA i

dz
= 2iγ(Pp1 +Pp2)A i +2iγ

√
Pp1Pp2Asei(φp2−φp1)ei(−∆B f c+γ(Pp1−Pp2))z

(H.51)

with the linear phase mismatch ∆B f c = Bp1+Bi−Bp2−Bs. Applying the
transformation

As = Ǎse2iγ(Pp1+Pp2)z (H.52)

A i = Ǎ i e2iγ(Pp1+Pp2)zei(φp2−φp1) (H.53)

yields

dǍs

dz
= 2iγ

√
Pp1Pp2 Ǎ i eiκ f c z (H.54)

dǍ i

dz
= 2iγ

√
Pp1Pp2 Ǎse−iκ f c z (H.55)
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with the phase mismatch parameter

κ f c =∆B f c +γ(Pp2 −Pp1). (H.56)

The solutions of the two coupled linear differential equations are given
by

Ǎs(z)= Ǎs(0)
[
cos(g f cz)− i

κ f c

2g f c
sin(g f cz)

]
eiκ f c z/2 (H.57)

Ǎ i(z)= Ǎs(0)
2γ

√
Pp1Pp2

g f c
sin(g f cz) e−iκ f c z/2. (H.58)

g f c is defined by

g2
f c = 4γ2Pp1Pp2 +

κ2
f c

4
. (H.59)

Re-applying the transformations given by Eqs. H.52 gives the final
solutions

As(z)= As(0)
[
cos(g f cz)− i

κ f c

2g f c
sin(g f cz)

]
ei∆B f c z/2eiγ(3/2Pp1+5/2Pp2)z (H.60)

A i(z)= As(0)
2γ

√
Pp1Pp2

g f c
sin(g f cz) e−i∆B f c z/2 eiγ(5/2Pp1+3/2Pp2)z ei(φp1−φp2).

(H.61)

The power gain Gs and the conversion efficiency G i are given by

G f c
s = |As(z)|2

|As(0)|2 = 1− 4γ2Pp1Pp2

g2
f c

sin2(g f cz) (H.62)

G f c
i = |A i(z)|2

|As(0)|2 = 1−Gs (H.63)

For the case of perfect phase matching, κ f c = 0, the field gain and the
field conversion efficiency are given by

G
f c
s =

∣∣∣∣ As(z)
As(0)

∣∣∣∣
κ f c=0

= cos(2γ
√

Pp1Pp2z) (H.64)

G
f c
i =

∣∣∣∣ A i(z)
As(0)

∣∣∣∣
κ f c=0

= sin(2γ
√

Pp1Pp2z). (H.65)
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The phase shift due to the FOPA for the signal and the idler is then
given by

ϑ
f c
s =ℑ

{
ln

(
As(z)
As(0)

)}
κ f c=0

=∆B f cz/2+γ(3/2Pp1 +5/2Pp2)z (H.66)

ϑ
f c
i =ℑ

{
ln

(
A i(z)
As(0)

)}
κ f c=0

=−∆B f cz/2+γ(5/2Pp1 +3/2Pp2)z+φp1 −φp2.

(H.67)
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Appendix I

BER Calculation for 16-QAM

In this appendix, it is shown how the BER was calculated for 16-QAM
signals in the sections 4.4.3 and 4.4.3 of this thesis. The amplitude of
the FOPA output signal is given by

|As(L, t)| = 〈G sp
s 〉G̃ sp

s (t)|As(0, t)+nc(0, t)|. (I.1)

where As(0, t) is the complex-valued, noiseless input signal carrying
the 16-QAM modulation and nc(0, t) is a complex-valued noise contri-
bution representing the AWG noise at the FOPA input. Using |As(0, t)|À
|nc(0, t)|, one can write

|As(0, t)+nc(0, t)| =
√

(As(0, t)+nc(0, t)) (A∗
s (0, t)+n∗

c (0, t))

≈ |As(0, t)|
√

1+2
ℜ{A∗

s (0, t)nc(0, t)}
|As(0, t)|2

≈ |As(0, t)|+ ℜ{A∗
s (0, t)nc(0, t)}
|As(0, t)|︸ ︷︷ ︸

n||(0,t)

(I.2)

where n||(0, t) is the real-valued AWG noise contribution parallel (in-
phase) to the input signal. Insertion in Eq. I.1 leads to

|As(L, t)| = 〈G sp
s 〉G̃ sp

s (t)
(|As(0, t)|+n||(L, t)

)
. (I.3)
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Because 〈G̃ sp
s (t)〉 ∼= 1 after Eq. 4.135, one can write

G̃
sp
s (t)= 1+ (G̃ sp

s (t)−1)︸ ︷︷ ︸
¿1

. (I.4)

Using this gives,

|As(L, t)| ∼= 〈G sp
s 〉|As(0, t)|︸ ︷︷ ︸
<|As(L,t)|>

+〈G sp
s 〉n||(0, t)︸ ︷︷ ︸

n||(L,t)

+〈G sp
s 〉(G̃ sp

s (t)−1)|As(0, t)|︸ ︷︷ ︸
nnan(t)

. (I.5)

Thus, the output amplitude |As(L, t)| consists the noiseless amplitude <
|As(L, t)| > and two additive noise terms. The first, n||(L, t) is Gaussian-
distributed and shall also include AWG noise added by the FOPA due
to its non-zero noise figure. The second, nnan(t), carries the nonlinear
amplitude noise. A fourth contribution, proportional to the product
(G̃ sp

s (t)− 1)n||(0, t) was neglected because it is a product of two small
terms. The SNR of the output signal (taking into account only Gaus-
sian distributed noise) is given by

SNRs(L)= < Ps >
2< n2

||(L, t)> (I.6)

where the average power of the 16-QAM signal is given by a summa-
tion over each of the 16 symbols,

< Ps >=< |As(L, t)|2 >= 1
16

16∑
k=1

< ∣∣A16QAM,k(L)
∣∣2 >, (I.7)

where it was assumed that each of the 16 possible symbols A16QAM,k

has the same probability to appear within a any time period. The con-
stellation of the 16-QAM format is shown in Fig. I.1. The mean ampli-
tudes and the powers of the symbols in the first quadrant are given in
Table I.1. The symbols of the other quadrants are easily derived due
to the rotational symmetry of the 16-QAM constellation. Using Table
I.1, < Ps >= 10A2. To evaluate the BER, the probability distribution
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decision area

A
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A

Figure I.1: Constellation of the 16-QAM format with decision boundaries

used for the BER calculation.

functions of each symbol have to be known. Using Eq. 3.14, the PDF
of the Gaussian distributed part of the signal is given by

PDF<|A16QAM,k(L)|>+n||(L,t)(x)=
√

1
2π< n2

||(L, t)> exp

(
− (x−< ∣∣A16QAM,k(L)

∣∣>)2

2< n2
||(L, t)>

)
.

(I.8)
The PDF of the nonlinear amplitude noise can be calculated as follows.
If a random variable X is transformed according to Y = aX+b, then the
PDF of X is transformed according to

PDFY (y)= 1
a

PDFX

(
y−b

a

)
. (I.9)

Thus, we can use Eqs. (4.132) and (I.9) to derive the PDF of the log-
normally distributed term nnan(t) in Eq. (I.5) which is given by

PDFnnan,l (x)= 1
< ∣∣A16QAM,k(L)

∣∣>PDFG̃
sp
s

(
x

< ∣∣A16QAM,k(L)
∣∣> +1

)
.

The overall PDF of the l-th symbol amplitude, < ∣∣A16QAM,k(L)
∣∣>+n||(L, t)+

nnan(t), is given by the convolution of the PDFs of the Gaussian dis-
tributed part of the signal and the PDF of the nonlinear amplitude
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noise,

PDF<|A16QAM,k(L)|>+n||(L,t)+nnan,l (t) =PDF<|A16QAM,k(L)|>+n||(L,t) ∗PDFnnan,l (t).

(I.10)
The PDF of the output signal phase degraded by AWG noise and non-
linear phase noise, PDFϑs,l , is given by Eq. 3.31 where the coefficients
given in Eq. 3.21 are adapted to

ck =
√
πSNRs,l

2
eSNRs,l /2

[
I k−1

2

(SNRs,l

2

)
+ I k+1

2

(SNRs,l

2

)]
. (I.11)

using the symbol SNR

SNRs,l =SNRs
< ∣∣A16QAM,k(L)

∣∣2 >
< Ps >

(I.12)

which depends on the symbol. Assuming that amplitude and phase
of a signal are independent variables, the joint PDF of amplitude and
the phase is given by multiplication of the individual PDFs. Then, the
BER can be calculated by using Eq. 3.18,

BER= 1
log2(16)×16

×
16∑
l=1

Ï
Fdec,l

(
1−PDF<|A16QAM,k(L)|>+n||(L,t)+nnan,l (t)PDFϑs,l

)
d|As|dϑs

(I.13)

where Fdec,l is the area that is enclosed by the decision boundaries of
the l-th symbol. Due to the rotational symmetry of the 16-QAM con-
stellation, it is sufficient to perform the integration in the first quad-
rant. The used decision areas of the symbols in the first quadrant are
given in Table I.1 for the (ℜ{As},ℑ{As})-plane and shown exemplary in
Fig. I.1. The term ±δ refers to the fact that decision boundaries have
been optimized for minimal BER because of the asymmetry of the non-
linear amplitude noise PDF, PDFnnan,l (t). For pure Gaussian noise, δ= 0
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Table I.1: Symbols of the 16-QAM constellation in the first quadrant after

Fig. I.1: Mean amplitudes, symbol powers and quadratic decision areas (left

lower corner → right upper corner)

Symbol
Mean amplitude

A16QAM,k

Symbol power∣∣A16QAM,k
∣∣2 Decision area Fdec,l

Type 1 1
2 A+ i 1

2 A 1
2 A2 (0,0) → (A±δ,A±δ)

Type 2 3
2 A+ i 1

2 A 5
2 A2 (A,0) → (∞,A±δ)

1
2 A+ i 3

2 A 5
2 A2 (0,A) → (A±δ,∞)

Type 1 3
2 A+ i 3

2 A 9
2 A2 (A±δ,A±δ) → (∞,∞)

is optimal. To evaluate the integral in Eq. I.13, the decision areas
have to be mapped to the (|As|,ϑs)-plane using the relations

ℜ{As}= |As|cos(ϑs)

ℑ{As}= |As|sin(ϑs).
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Appendix J

Phase Distortion after
Carrier Phase Estimation

In this appendix, 4.96 is derived. Starting point is Eq. 4.94 which
gives the complex phasor of the wavelength converted signal after the
m-th power operation. Thereby, it is assumed that m mM,eff ¿ 1. In the
next step, a running average over N samples is performed to cancel
out Gaussian noise (that is not included in this calculation),

< s(k)m >∣∣
Nav

= 1
Nav

k+(Nav−1)/2∑
l=k−(Nav−1)/2

s(l)m

= 1
Nav

k+(Nav−1)/2∑
l=k−(Nav−1)/2

exp
(
im mM,i cos(2πl fM /Rs)

)
≈ 1

Nav

k+(Nav−1)/2∑
l=k−(Nav−1)/2

[
1+ im mM,i cos(2πl fM /Rs)

]
= 1+ 1

Nav

k+(Nav−1)/2∑
l=k−(Nav−1)/2

im mM,i cos(2πl fM /Rs)

≈ exp

(
1

Nav

k+(Nav−1)/2∑
l=k−(Nav−1)/2

im mM,i cos(2πl fM /Rs)

)
. (J.1)
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The calculation shows that, for m mM,i ¿ 1, the averaging over the
complex phasor can be replaced by an average over the phase of the
phasor which can be extracted by an unwrapping arg-operation and
a division by m,

ψ(k)= 1/m arg
[
< s(k)m >∣∣

Nav

]
= <φppm(k)>∣∣

Nav

= 1
Nav

k+(Nav−1)/2∑
l=k−(Nav−1)/2

mM,i cos(2πl fM /Rs) (J.2)

Using the window function ΠNav(k) defined as

ΠNav(k)=
{

1 |k| ≤ (Nav −1)/2

0 otherwise
(J.3)

the running average can be interpreted as a discrete convolution,

ψ(k)= 1
Nav

+∞∑
l=−∞

φppm(l) ΠNav(k− l), (J.4)

which can be evaluated by a discrete Fourier transform:

F
{
ψ(k)

}= 1
Nav

F
{
φppm(k)

} ·F {
ΠNav(k)

}
(J.5)

The discrete Fourier transform of φppm(k) is given by two delta func-
tion combs,

F
{
φppm(k)

}= mM,i π
+∞∑

l=−∞
δ (Ω−ΩM −2πl)+δ (Ω+ΩM −2πl) (J.6)

with Ω = 2π f /Rs and ΩM = 2π fM /Rs while the discrete Fourier trans-
form of the window function is given by

F
{
ΠNav(k)

}= sin(Nav Ω/2)
sin(Ω/2)

(J.7)
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The product gives

F
{
ψ(k)

}= mM,i π

Nav

+∞∑
l=−∞

sin(Nav (ΩM +2πl)/2)
sin((ΩM +2πl)/2)

δ (Ω−ΩM −2πl)

+ sin(Nav (−ΩM +2πl)/2)
sin((−ΩM +2πl)/2)

δ (Ω+ΩM −2πl) (J.8)

With sin(x+ y)= sin(x)cos(y)+cos(x)sin(y) follows

F
{
ψ(k)

}=
mM,i π

Nav

+∞∑
l=−∞

sin(Nav ΩM /2)cos(πlNav)+cos(Nav ΩM /2)sin(πlNav)
sin(ΩM /2)cos(πl)+cos(ΩM /2)sin(πl)

×δ (Ω−ΩM −2πl)

+ sin(−Nav ΩM /2)cos(πlNav)+cos(Nav ΩM /2)sin(πlNav)
sin(−ΩM /2)cos(πl)+cos(ΩM /2)sin(πl)

×δ (Ω+ΩM −2πl)

We know that l is an integer and Nav is an odd integer:

sin(πlNav)= 0

sin(πl)= 0

cos(πlNav)=
{

+1 l even

−1 l odd

cos(πl)=
{

+1 l even

−1 l odd

Simplifying gives

F
{
ψ(k)

}= mM,i
sin(Nav ΩM /2)
Nav sin(ΩM /2)

π
+∞∑

l=−∞
δ (Ω−ΩM −2πl)+δ (Ω+ΩM −2πl)
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Now, we apply the inverse Fourier transform and end up with

ψ(k)= mM,i
sin(Nav ΩM /2)
Nav sin(ΩM /2)

cos(kΩM)

= mM,i

sin
(
πNav fM

Rs

)
Nav sin

(
π fM
Rs

) cos
(
k

2π fM

Rs

)

=
sin

(
πNav fM

Rs

)
Nav sin

(
π fM
Rs

)φppm(k). (J.9)
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Appendix K

Quadratic interpolation

In this appendix, Eqs. 4.99 and 4.100 are derived. The derivation
follows the quadratically interpolated FFT method (QIFFT) [116] that
is used to estimate parameters of sinusoidals in audio technology. The
general form of the quadratic equation is given by

f (x)=−a0(x− x0)2 + y0 (K.1)

The value pair of the maximum, (x0, y0), is unknown and shall be de-
termined. The three interpolation value pairs are given by (-∆x,a),
(0,b) and (∆x,c). Insertion into the general form gives three equations,

a =−a0∆x2 −2a0∆xx0 −a0x2
0 + y0

b =−a0x2
0 + y0

c =−a0∆x2 +2a0∆xx0 −a0x2
0 + y0.

(K.2)

Then, the maximum is given by

x0 = ∆x
2

a− c
a−2b+ c

(K.3)

y0 = b+ x0

4∆x
(a− c). (K.4)
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Appendix L

List of Acronyms

Mathematical symbols

∇ Nabla operator
∂
∂n Normal derivative
A Slowly varying complex envelope of the

scalar electrical field
Ã Fourier transform of the slowly varying

complex electrical field envelope
A Parameter for 16-QAM BER calculation
A± Slowly varying complex field envelope

traveling in ±z direction
Ae f f Effective mode area
A i Converted signal (idler) complex ampli-

tude
Anr Non-radiative recombination coefficient
Ap Pump complex amplitude
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Arec Signal complex amplitude
As Signal complex amplitude
ASE Slowly varying complex spontaneous

emission field
A0 Initial signal complex amplitude
a Pulse shape
ā Linear gain fitting coefficient
â Parameter of the FIR filter fitting proce-

dure
ã Distorted pulse shape
a Parameter of the quadratic interpolation
a0 Parameter of the quadratic interpolation
aN SOA differential gain
B Difference wavenumber
B Normalized wavenumber
~B Vectorial magnetic flux density
BN Optical noise bandwidth
Bref Reference noise bandwidth
Bsp Spontaneous radiative recombination co-

efficient
BER Bit error ratio
b̄ Gain peak shift fitting coefficient
b̂ Parameter of the FIR filter fitting proce-

dure
b Parameter of the quadratic interpolation
b0 Peak frequency shift coefficient
C Normalization constant for the electrical

field
CAuger Auger recombination coefficient
c Parameter of the quadratic interpolation
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cl l-th coefficient of the BER function of m-
(D)PSK signals

c0 Vacuum speed of light
c1,l, c2,l FIR filter coefficients for the l-th segment
D HNLF cladding diameter
D̂ Linear NLSE operator
D HNLF dispersion
~D Vectorial electric flux density
Dp PMD coefficient
d Core diameter
d̂ Parameter of the FIR filter fitting proce-

dure
dw waveguide thickness
E Scalar electrical field
Ê Complex envelope of the scalar electrical

field
Ẽ Fourier transform of the scalar electrical

field
E Carrier energy
~E Vectorial electrical field
Ec Band edge energy of the conduction band
E f c Quasi fermi energy of the conduction

band
E f v Quasi fermi energy of the valence band
Egap Bandgap energy
|Es|2 Saturation field intensity
Ev Band edge energy of the valence band
F Transverse electrical field profile
Fk Integration area for BER calculations
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F0 Transverse electrical field profile (0th or-
der)

f Frequency
fb Parameter of the quadratic interpolation
fc Fermi distribution in the conduction

band
fg SOA band gap frequency
fsin Modulation frequency for pump ampli-

tude modulation
fp Pump wave frequency
fzd Zero-dispersion frequency
f1, ..., fM Pump phase modulation frequencies
f̃1, ..., f̃M Rough estimates of the pump phase mod-

ulation frequencies
GFIR Complex transfer function of the FIR fil-

ter
G i Power conversion efficiency
Gi Field conversion efficiency
G̃i Field conversion efficiency fluctuation
G l SOA complex gain in the l-th segment
Gs Signal power gain
Gs Field gain
g SOA gain coefficient
g± Effective SOA gain coefficient in ±z direc-

tion
gB Brillouin gain coefficient
gCDP SOA gain coefficient due to carrier den-

sity pulsations
gCH SOA gain coefficient due to carrier heat-

ing
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g f c Gain coefficient of the frequency conver-
sion AOWC process

gFCA SOA gain coefficient due to free carrier
absorption

gp SOA peak gain coefficient
gp,2 SOA peak gain quadratic coefficient
gp,3 SOA peak gain cubic coefficient
gpc Gain coefficient of the phase conjugation

AOWC process
gR Raman peak gain coefficient
gsp Gain coefficient of the single pump

AOWC process
gSHB SOA gain coefficient due to spectral hole

burning
gTP A SOA gain coefficient due to two photon

absorption
~H Vectorial magnetic field
Hnpn SOA nonlinear phase noise transfer func-

tion
h Planck constant
ħ Planck constant times 2π

hs Step size
IB SOA bias current
Irec Received current
I I,k Signal in-phase component current of the

k-th symbol
Irec,I Signal in-phase component current
Irec,Q Signal quadrature component current
IQ,k Signal quadrature component current of

the k-th symbol
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~J Vectorial current density
Jn Bessel function of order n
Kn Modified Hankel function of order n
kB Boltzmann constant
ke Electron wavenumber
kp Proportionality factor between power and

photon density
k0 Vacuum propagation constant
L Fiber/SOA length
Ls Transmission span loss
l Azimuthal order of fiber mode
M Number of sinusoidal phase modulation

tones
m PSK order
mp Pump amplitude modulation index
ms Signal amplitude modulation index
m1, ..., mM Pump phase modulation index
m1,e f f Effective phase modulation index
m1,i, ..., mM,i Idler phase modulation index
m′ Modulation index multiplier for cascaded

wavelength conversions
m′

BC Best case modulation index multiplier for
cascaded wavelength conversions

m′
WC Worst case modulation index multiplier

for cascaded wavelength conversions
NF Noise figure
N Total carrier density
Nav Number of averaged symbols
N̂ Nonlinear NLSE operator
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Nc Number of cascaded wavelength conver-
sions

Ns Number of transmission spans
Ntr Transparency carrier density
Nun Unsaturated carrier density
n Intensity dependent refractive index
nc Complex additive white Gaussian noise
ncl Cladding refractive index
nco Core refractive index
nI AWG noise in the in-phase component
nnan Nonlinear amplitude noise
nQ AWG noise in the quadrature component
nsp Inversion factor
n0 Linear refractive index
n2 Third order nonlinear refractive index
OSNR Optical signal-to-noise ratio
OSNRa Available optical signal-to-noise ratio
OSNRpen Optical signal-to-noise ratio penalty
OSNRr Required optical signal-to-noise ratio
P̃ Fourier transform of the scalar electrical

polarization
~P Vectorial electrical polarization
P (1) First order (linear) electrical polarization
P (3) Third order (nonlinear) electrical polar-

ization
PASE ASE power in optical reference band-

width
Pav Average signal power
Pc Pump power spectrum
Pin Launch power (at the transmitter)
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Pk Power of the k-th symbol
P̃k Distorted power of the k-th symbol
PLO Local oscillator power
Pp Pump power
Pr Steady state resonant electrical polariza-

tion
Psat SOA saturation power
Pst Stokes power
Pth,SBS Threshold power for stimulated Brillouin

scattering
Pth,SRS Threshold power for stimulated Raman

scattering
PDFAk PDF of the k-th electrical field symbol
PDF∆φ̃k

PDF of the k-th distorted differential
symbol phase

PDF∆φnl PDF of the differential nonlinear phase
noise

PDFφ̃k
PDF of the k-th distorted symbol phase

p Radial order of fiber mode
pse Power spectral density of spontaneous

Brillouin scattering
pst Stokes power spectral density
q Electron charge
R SOA recombination term
Rs Symbol rate
RIN Relative intensity noise
r radius
~r Spatial coordinate vector
S± Effective photon density traveling in ± di-

rection
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SD Dispersion slope
SERAk Symbol error rate of the k-th symbol
SNRp Pump SNR
SNRs Signal SNR
SPR SOA signal-to-pump ratio
s̃k Distorted symbol normalized to its ampli-

tude after digital equalization
T Retarded time
T0 Temperature
Tc Carrier temperature
TL Lattice temperature
TM Period of maximum pump phase modula-

tion frequency
Ts Symbol period
t, t‘ Time
tk Sampling instant of the k-th symbol
V SOA active zone volume
V Normalized frequency
V w Waveguide parameter
vG Group velocity
w Effective mode radius
ww Active region width
Xk Complex symbol phasor after digital

equalizing
Xk Undistorted symbol phasor after digital

equalizing

X1, X2 In-phase and quadrature component of a
complex phasor

x Mole fraction for Gallium
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x1, x2 Gaussian distributed variables with unit
variance

Yc Cross-correlation between Y1 and Y2

Y1 Power spectrum of the idler symbols
raised to the m-th power

Y2 Y1 mirrored at the y-axis
y Mole fraction for Arsenide
z, z‘

z0 Zero gain frequency shift coefficient
α Intensity dependent absorption coeffi-

cient
αabsorption Fiber attenuation coefficient due to ab-

sorption
αbending Fiber attenuation coefficient due to bend-

ing
αH Henry factor of the SOA
αH,CDP Henry factor for carrier density pulsa-

tions
αH,CH Henry factor for carrier heating
αH,FCA Henry factor for free carrier absorption
αH,SHB Henry factor for spectral hole burning
αH,TP A Henry factor for two photon absorption
αint SOA internal losses
αscattering Fiber attenuation coefficient due to scat-

tering
α0 Linear absorption coefficient
α2 Third-order nonlinear absorption coeffi-

cient
β Propagation constant
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β̃ Separation constant
βi Converted signal (idler) phase modula-

tion index
βn Taylor expansion coefficients to the prop-

agation constant
βs Signal phase modulation index
βTP A Two photon absorption coefficient
β0 Propagation constant at the optical refer-

ence frequency
Γ Confinement factor
ΓTP A Confinement factor for two photon ab-

sorption
γ Real-valued nonlinear coefficient
γ̃ Complex nonlinear coefficient
∆ Laplace operator
∆Ap Noise distortion of the electrical field of

the pump
∆B Linear phase mismatch
∆F Perturbation of the fiber transversal

mode profile
∆ f Frequency separation between signal

and converted signal (idler)
∆ fs Frequency separation between signal

and zero-dispersion frequency
∆ fCCF Cross-correlation frequency offset
∆ fFFT FFT frequency resolution
∆n Relative index step
∆Pp Pump power fluctuation
∆Pth Increase in SBS threshold power
∆T Transverse Laplace operator
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∆t Time step / Sampling interval
∆z SOA segment length
∆β Perturbation of the propagation constant
∆ε Complex perturbation of the relative per-

mittivity
∆ζ Perturbation of the separation constant
∆λ Wavelength separation between signal

and pump
∆νB Brillouin gain bandwidth
∆νL Laser linewidth
∆νL,DD Converted signal linewidth at the direct

detection receiver
∆νL,CD Converted signal linewidth after coher-

ent detection
∆Φnl Differential nonlinear phase distortion
∆φk Differential symbol phase
∆φ̃k Distorted differential symbol phase
∆φppm Differential phase distortion due to pump

phase modulation
∆τ Delay difference for the two pump waves
∆τ0 Group delay difference for the two pump

waves
∆ωLO Frequency separation between received

signal and local oscillator
δ Dirac impulse function
δp Perturbation parameter
ε̃ Complex relative permittivity
εb (Real valued) background relative per-

mittivity
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εCH Gain compression factor for carrier heat-
ing

εFCA Gain compression factor for free carrier
absorption

εSHB Gain compression factor for spectral hole
burning

εTP A Gain compression factor for two photon
absorption

ε0 Vacuum permittivity
ζ Separation constant
ζβ Unknown phase shift
ζ0 Unknown phase shift
θa, θb, θc Parameters for the quadratic interpola-

tion
θe Deterministic phase error
θn Phase of the n-th pump phase modu-

lation contribution for cascaded wave-
length conversions

ϑ Phase
ϑi Idler phase shift after the FOPA / SOA
ϑs Signal phase shift after the FOPA / SOA
ϑun SOA phase shift for the unsaturated car-

rier density
Θi Idler phase shift after cascaded FOPAs
Θs Signal phase shift after cascaded FOPAs
κ f c Phase mismatch parameter of the fre-

quency conversion process
κpc Phase mismatch parameter of the phase

conjugation process
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κsp Phase mismatch parameter of the single-
pump process

λ Wavelength
λASE,peak ASE peak wavelength
λc Cut-off wavelength
λi Converted signal (idler) wavelength
λp Pump wavelength
λs Input signal wavelength
λzd Zero-dispersion wavelength
µ0 Vacuum permeability
ξ Sum phase
ρ Charge density
ρc Density of states in the conduction band
ρAQN Power spectral density of additive white

Gaussian noise
ρASE Power spectral density of the SOA ampli-

fied spontaneous emission noise
ρAWG Power spectral density of additive white

Gaussian noise
ρQN Power spectral density of additive white

Gaussian noise
ρSE Power spectral density of the SOA spon-

taneous emission noise
σ Conductivity
σ2 Parameter of the log-normal distribution
σ2

n AWG noise variance
σ2

amp,p, σ2
amp,s Pump and signal input amplitude vari-

ance
σ2

nan Nonlinear amplitude noise variance
σ2

nl Nonlinear noise variance

254



σ2
npn Nonlinear phase noise variance

σ2
ph,p, σ2

ph,s Pump and signal phase variance
σ2

xpm Nonlinear noise variance due to XPM
σi,amp, σs,amp Signal/idler amplitude standard devia-

tion due to signal-induced noise
σi,ph, σs,ph Signal/idler phase standard deviation

due to signal-induced noise
τ Arbitrary time interval
τCH Time constant for carrier heating, free-

carrier absorption and two-photon ab-
sorption

τSHB Time constant for spectral hole burning
τs Carrier lifetime
Φl Total phase change in the l-th segment
φCDP Phase change due to carrier density pul-

sations
φCH Phase change due to carrier heating
φFCA Phase change due to free carrier absorp-

tion
φk Phase of the k-th symbol
φ̃k Distorted phase of the k-th symbol
φLO Local oscillator phase
φl Laser phase noise
φl pn Phase distortion due to laser phase noise
φp Pump phase
φppm Phase distortion due to pump phase mod-

ulation
φppm,cd Phase distortion due to pump phase mod-

ulation after carrier phase estimation
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φppm,n Contribution to the phase distortion due
to the pump phase modulation after the
n-th cascaded wavelength conversion

φrpm Residual phase modulation
φSHB Phase change due to spectral hole burn-

ing
φsin Sinusoidal pump phase modulation
φspm Phase distortion due to self-phase modu-

lation
φTP A Phase change due to two photon absorp-

tion
φxpm Phase distortion due to cross-phase mod-

ulation
χ Susceptibility
χ̃ Frequency domain susceptibility
χ(1)

xx Tensor element of the first order suscep-
tibility

χ(3)
xxxx Tensor element of the third order suscep-

tibility
χ(n) n-th order susceptibility
χ(r) Weak field complex susceptibility
χp Susceptibility due to pumping
χ0 Susceptibility in absence of pumping
ψk Recovered phase of the k-th symbol
ΩB Brillouin frequency shift
Ωl Difference optical angular frequency
ΩR Raman frequency shift
ω Angular frequency
ωa Symmetry angular frequency
ωc Gain peak correction
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ωg SOA band gap angular frequency
ωi Converted signal (idler) angular fre-

quency
ωp Pump signal angular frequency
ωp,2 Gain peak frequency of quadratic estima-

tion
ωp,3 Gain peak frequency of quadratic estima-

tion
ωs Input signal angular frequency
ωz Begin of zero-gain region
ωzd Zero-dispersion angular frequency
ωz,0 Constant part of zero-gain region
ω0 Optical reference angular frequency
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Abbreviations

A/D Analog-to-digital
AOWC All-optical wavelength converter
ASE Amplified spontaneous emission
AWG Arrayed waveguide grating
AWG noise Additive white Gaussian noise
BER Bit error ratio
CB Conduction band
CDP Carrier density pulsation
CH Carrier heating
CPE Carrier phase estimation
CW Continuous wave
DBPSK Differential binary phase shift keying
DFG Difference frequency generation
DFWM Degenerate four-wave mixing
DPSK Differential phase shift keying
DQPSK Differential quadrature phase shift key-

ing
EDE Electronic distortion equalization
EDFA Erbium doped fiber amplifier
FC Frequency conversion
FCA Free-carrier absorption
FOPA Fiber optical parametric amplifier
FWM Four-wave mixing
HNLF Highly nonlinear fiber
InP Indium phosphide
LO Local oscillator
LP Linearly polarized mode
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LPF Low-pass filter
NDFWM Non-degenerate four-wave mixing
NF Noise figure
OPC Optical phase conjugation
OSNR Optical signal-to-noise ratio
PC Phase conjugation
PDF Probability distribution function
PM Phase modulator
PMD Polarization-mode dispersion
PPLN Periodically-poled lithium niobate
PSK Phase shift keying
SBS Stimulated Brillouin scattering
SEM Symbol error rate
SGM Self-gain modulation
SHB Spectral-hole burning
SNR Signal-to-noise ratio
SOA Semiconductor optical amplifier
SOP State of polarization
SP Single pump
SPM Self-phase modulation
SPR Signal-to-pump ratio
SRS Stimulated Raman scattering
SSMF Standard single mode fiber
TE Transverse electric
TM Transverse magnetic
TPA Two-photon absorption
QAM Quadrature amplitude modulation
VB Valence band
WDM Wavelength division multiplex
XGM Cross-gain modulation
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XPM Cross-phase modulation
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