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Zusammenfassung

In dieser Arbeit verwenden wir Monte Carlo Simulationen, um die molekulare Struk-
tur eines Flüssigkristalls in einer Nanopore zu untersuchen. Wir führen die Simula-
tionen in einem erweiterten isobaren Ensemble aus, in dem der thermodynamische
Gleichgewichtszustand durch die natürlichen Variablen Temperatur T , Teilchenzahl
N , Substratabstand sz und Lateraldruck τ‖ bestimmt ist. Wir variieren unter iso-
thermen Bedingungen τ‖ und untersuchen den Einfluss von diversen Ankerszenarien
auf den isotrop-nematischen (IN) Phasenübergang. Die Wechselwirkung zwischen zwei
flüssigkristallinen Teilchen wird durch das Hess-Su Potential beschrieben, welches ei-
nem Lennard-Jones (12-6) Potential mit orientierungsabhängigem attraktiven Anteil
entspricht. In den Simulationen werden die Festkörpergrenzflächen als planparallele,
unstrukturierte Substrate implementiert. Dadurch ist die Fluid-Substrat Wechselwir-
kung bei fester molekularer Orientierung nur eine Funktion des Abstands zwischen dem
Massenschwerpunkt der Teilchen und dem Substrat.

Zur Auflösung der molekularen Struktur verwenden wir Histogramme der lokalen
Dichte und des lokalen nematischen Ordnungsparameters. Durch die räumliche Sym-
metriebrechung bilden sich zu den Wandebenen parallele Schichten. Unter homogenen

Ankerbedingungen, d.h. an gegenüberliegende Substraten wird die gleiche Ankerfunk-
tion verwendet, kann der IN Phasenübergang erheblich verschoben oder unterdrückt
werden. Die Vorzugsrichtung der nematischen Phase entspricht der durch die Substrate
bevorzugten Orientierung der Kontaktschicht. Bei planarer Verankerung kann eine der
Nematisierung vorausgehende strukturelle Transformation beobachtet werden, die zu
der Bildung einer zusätzlichen Schicht führt.

In heterogenen (hybriden) Poren sind an den gegenüberliegenden Substraten un-
terschiedliche Orientierungen bevorzugt. Der IN Phasenübergang ist unter diesen Be-
dingungen unabhängig von dem konkreten Ankerszenario, da die nematische Vorzugs-
orientierung als eine Superposition der an den Substraten bevorzugten Orientierungen
aufgefasst werden kann. Dem IN Phasenübergang geht eine Sekundärumwandlung vor-
aus, bei der sich die Teilchen nahe der Porenmitte entlang einer Vorzugsorientierung
ausrichten, deren Richtung von dem konkreten Ankerszenario abhängig ist.

Durch eine Finite-Size Analyse und Anwendung der Kumulantenschnittpunktme-
thode können wir zeigen, dass der IN Phasenübergang schwach erster Ordnung ist.
Zusätzlich untersuchen wir unsere Daten mit Landau’s Theorie der Phasentransforma-
tion.





Abstract

In this work we employ Monte Carlo simulations to investigate the molecular struc-
ture of a model liquid crystal confined to a nanoscopic slit-pore. The simulations
are carried out in a specialised isostress ensemble in which the thermodynamic equi-
librium is determined by the set of natural variables, i.e. temperature T , number of
particles N , wall separation sz and the lateral stress τ‖. Under isothermal conditions
we investigate the impact of various anchoring scenarios on the isotropic-nematic (IN)
transition driven by τ‖. The fluid-fluid interaction is described by the Hess-Su potential,
a Lennard-Jones(12-6) potential with an orientation-dependent attractive term. The
confining surfaces are implemented as plane, parallel and structureless solid substrates
such that at fixed molecular orientation the fluid-substrate contribution depends only
on the distance between the centre-of-mass of each mesogen and the substrate.

The molecular structure of the confined mesogen is analysed in terms of histograms
representing the local density and the local nematic order parameter. Because of
the symmetry breaking presence of the substrates the centre-of-mass positions of the
mesogen may be organised in layers parallel to the wall plane. Under homogeneous

anchoring conditions, in which opposing walls favour the same anchoring direction,
the IN transition may be shifted considerably or suppressed. The director in the
nematic phase coincides with the anchoring direction of the contact layer enforced by
the substrates. For planar anchoring a structural transformation prior to the onset of
nematisation is observed which results in the formation of an additional layer.

In heterogeneous (hybrid) anchoring scenarios, where we impose different anchoring
functions at opposing walls, the IN transition is nearly independent of the specific
anchoring scenario. This is because the nematic director assumes a direction that is
a compromise between the directions enforced by the competing anchoring functions.
A secondary transformation occurs at lower compressional stresses preceding that of
the IN transition. The particles close to the slit-pore’s mid-plane prealign in specific
directions that depend on the details of the anchoring scenario.

We perform a finite-size scaling analysis to investigate the nature of the bulk IN
transition. We employ the cumulant intersection method to show that it is a weak
first-order transition. In addition, we analyse our data in terms of Landau’s theory of
phase transitions.
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C H A P T E R 1

Introduction

1.1 Mesophases

Matter commonly exists in three states: solid, liquid and gas, but in anisotropic ma-
terials intermittent phases can be found. Take a perfectly ordered crystal where the
constituent molecules are anisotropic. In this crystal long-range correlations of the
centre-of-mass positions and the orientations exist. If the crystal is heated, positional
and orientational order can disappear simultaneously to result in an isotropic liquid.
If the molecules are mildy anisotropic the orientational order can be lost first the posi-
tional order is left intact. This new state is called a plastic crystal [1–3]. If, on the other
hand, the positional order is lost in at least one spatial direction but the orientational
order is maintained the new state is called a liquid crystal.

Liquid crystals were discovered by the Viennese chemist Reinitzer [4], who observed
an unusual sequence of phase transitions in some organic compounds. The solid ma-
terial first melted to a turbid liquid before the liquid became clear [3]. Reinitzer also
observed unexpected colouring of the intermediate phases. His colleague Lehmann [5]
then used a setup of crossed polariser and analyser to observe birefringency of these
states. The intermediate phases combine the anisotropic properties of a crystalline
structure with liquid behaviour, i.e. they flow. For this reason Lehmann suggested
calling these phases liquid crystals. On account of their mesomorphic (intermediate)
form theses phases are also called mesomorphic phases or mesophases. If the transition
to a mesophase is driven by the concentration of a substance in a solvent these liq-
uid crystals are called lyotropic. In this work, I focus on thermotropic liquid crystals,
where the transition to a mesomorphic state is due to a thermal process over a certain
temperature range. For detailed information on mesomorphic structures see [2, 6–9].
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Depending on the organic substance, there may be a whole series of transitions to
mesomorphic states. After Friedel [10], the liquid-crystalline states of a thermotropic
liquid crystal can be classified in three main types: nematic, smectic and cholesteric.
Substances forming mesophases are called mesogen. If the mesophase is smectic, the
substance is denoted as smectogen and if it is nematic as nematogen.

Nearly all thermotropic liquid crystals have in common that their building blocks
are highly anisotropic organic molecules [6]. Thus, the nematic state is distinguished
from the isotropic state in Fig. 1.1(a) by a spontaneous orientation of the molecules’
long axes in a parallel fashion, as can be seen in Fig. 1.1(b). As a consequence, long-
range orientational order exists in the nematic state. This spontaneous transformation
from an isotropic to a nematic phase is called the isotropic-nematic (IN) transition.
The spatial positions of the molecules in the nematic phase are only correlated over
a short-range which gives this phase its liquid character. The particles’ long axes are
parallel to a common axis which is called the director n̂ of the phase. The director
is the axis of rotational symmetry and this is why the nematic phase is optically
uniaxial and shows birefringent properties. In the smectic phase (Fig. 1.1(c)) the
particles are not only preferentially oriented but also organised in individual layers.
The positions are correlated along a one-dimensional density wave whereas due to weak
interactions between the individual layers the smectic phase is liquid in two spatial
directions (i.e. within each molecular layer). The in-plane arrangements are variable
and lead to a variety of smectic phases [6, 11, 12]. The cholesteric phase consists
of chiral molecules that form nematic layers whose in-plane directors are periodically
twisted, i.e. a helical axis is superimposed normal to the nematic director, as can be
seen in Fig. 1.1(d).

1.1.1 Theory of the Nematic State

Approximate theoretical descriptions of the nematic state can be developed and we
outline two commonly employed approaches below.

Onsager Theory

In Onsager’s approach, the constituent hard particles are assumed to have the shape of
long rods and interact only via repulsive forces [13]. Spherocylinders, i.e. cylinders of
length L that are capped by two hemispheres of diameter D, are one possible example
for the shape of rods. Due to the exclusively repulsive interactions of the rods, the
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(a) (b)(b) (c)

(d)

Helical

axis

Figure 1.1: In part (a) the isotropic state is shown with randomly distributed

orientations. After the transition to the nematic phase (b) the molecules’ long

axes are aligned along a nematic director. In the smectic phase (c) the molecules

have additionally formed layers. In the cholesteric phase (d) in-plane directors

are periodically twisted.

Onsager approach incorporates neither energetic effects nor temperature. The nematic
state forms on account of steric effects while the density of the system increases. There-
fore, this theory models a lyotropic liquid crystal. The transition from the isotropic to
the nematic state in a lyotropic mesogen is driven by changes in the total entropy, to
which translational and orientational entropy contribute. Compared with the isotropic
state the orientational entropy of the nematic state is lower because the long axes are
preferentially aligned with n̂. However, the translational entropy increases simultane-
ously because of the larger free volume accessible for translational motion. The gain in
translational entropy exceeds the loss in orientational entropy such that the nematic
state is stable if the density exceeds a certain threshold. Onsager then used a second
order virial-expansion of the free energy to show that a first-order IN transition exists
if the aspect ratio L/D of the rods exceeds unity considerably. More specifically, an
exact solution for this model is solely possible in the limit L/D → ∞ but approximate
results can be deduced for aspect ratios L/D > 40. The Onsager theory predicts a
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density that is too low and a density jump that is too high at the transition and be-
cause of its “athermal” character it cannot describe the IN transition of thermotropic
mesogens [6].

Maier-Saupe Theory

In contrast to Onsager, Maier and Saupe assume that the anisotropic shape manifests
itself in the attractive interactions. They therefore suggested [14, 15] that competition
between the anisotropic attraction of the molecules and the change in orientational
entropy affects the thermotropic IN transition. To model the attractive energy contri-
bution they assumed that permanent dipole-dipole interactions can be neglected and
only induced dipole-dipole interactions need to be considered [9]. In their model the en-
ergy contribution of a pair of rotationally symmetric molecules depends on the relative
orientation of particles i and j represented by the unit vectors ûi and ûj, respectively.
Maier and Saupe approximated the electrostatic interaction by the quadrupole moment
of the multipole expansion via

uij = −JijP2(ûi · ûj) (1.1)

where Jij is the coupling constant and P2 is the second Legendre polynomial. From
Eq. (1.1), a parallel alignment ûi ‖ ûj of the molecules in the nematic phase results in
an energy gain, i.e. the total energy is lowered. This gain in energy exceeds the loss in
orientational entropy such that the nematic state becomes stable when the temperature
is lowered below the IN transition temperature. Despite the fact that steric effects
are not included in the Maier-Saupe theory and the assumptions made are at least
questionable, e.g. spherically symmetric distribution of centre-of-mass positions in the
nematic state, its predictions of the properties of the nematic state are quite successful
for a mean-field approach. Although in most cases approximation methods have to be
used to calculate thermodynamic properties in the framework of Maier-Saupe theory
the predictions for the thermotropic IN transition in liquid crystals are consistent with
experiments, which explains the frequent use of this approach.

1.1.2 Influence of Substrates

If a liquid crystal is confined between solid substrates, the nematogen forms layers due
to symmetry breaking induced by the substrates. This stratification does not occur in
bulk nematics from which one can anticipate, that confined liquid-crystalline phases
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may exhibit molecular structures which have no counterpart in the bulk phase under
identical thermodynamic conditions. The bulk is defined as the region of a sample in
which the molecular structure depends only on the thermodynamic conditions and is
not influenced by any boundaries. So how do substrates control the molecular structure
of a confined nematic?

In 1913 Mauguin observed that substrates may dictate the alignment of liquid-
crystalline molecules. He discovered that nematogens adjacent to cleaved mica sub-
strates orient themselves parallel to the substrate surface but with a small tilt angle
between the molecules’ long axes and the optical axis of the substrate [16, 17]. The
phenomenon that particles assume a substrate induced specific orientation to minimise
the interfacial energy is called anchoring and the preferred orientation is termed an-

choring direction. Different anchoring scenarios can be distinguished. In degenerate

planar anchoring the molecules’ long axes preferentially align parallel to the wall surface
but can have any azimuthal orientation, as can be seen in Fig. 1.2(a). If the particles
align parallel to the wall surface but in a specific in-plane direction we speak of uni-

form planar anchoring (see Fig. 1.2(b)). The anchoring is homeotropic if the molecules’
long axes are preferentially orthogonal to the wall surface, as depicted schematically in
Fig. 1.2(c).

Untreated glass substrates are a plain method to confine a liquid crystal. The long
axes of the liquid-crystalline molecules are preferentially parallel to the wall surface but
their in-plane orientation is largely arbitrary, i.e. glass substrates are an experimental
realisation of degenerate planar anchoring. However, topological defects at the glass
surface can introduce orientational disorder in the uniform nematic phase such that
the in-plane orientation parallel to the substrate varies slowly [18]. As a consequence
the homogeneous director n̂ has to be replaced by a spatially dependent director field
n̂(r). When such a nematic phase is analysed between crossed polariser and analyser,
so-called schlieren textures can be observed, as can be seen in Fig. 1.3. For further
information on textures of liquid crystals see Dierking [18].

Three experimental methods are commonly used to introduce uniform anchoring
at a substrate along a specific anchoring direction: treatment by mechanical work, the
deposition of a thin layer of surfactant on the substrate, or the application of an ex-
ternal electric or magnetic field. A detailed review of these techniques is discussed in
review articles by Cognard [19] and Jérôme [17] and books by Sonin [20] and Dierking
[18]. If, for example, a glass substrate coated with a thin polymer layer is rubbed
with a piece of cotton, the rubbing produces grooves which align the molecules with
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(a) (b) (c)

Figure 1.2: Schematic drawings of anchoring scenarios introduced by various

surface treatments. Particles adjacent to a substrate with degenerate planar

anchoring (a) are allowed to rotate freely in-plane whereas they are fixed to a

specific direction for uniform planar anchoring (b). In homeotropic anchoring (c)

the particles are preferentially oriented orthogonal to the substrate surface.

their long axes parallel to the direction of rubbing [21, 22]. The Chatelain rubbing
method is a simple example of a method that produces uniformly planar anchoring
substrates. Homeotropic anchoring is achieved in most cases by deposition of a surfac-
tant, e.g. amphiphilic molecules such as, lecithin, stearic acid, or tensides, which align
the liquid-crystalline particles by means of chemical bonds or steric effects [18, 20].

The orienting influence of the substrate is determined by the thickness ξ such that
anchoring only acts on particles in distance d / ξ with respect to the substrate plane.
In the absence of external orienting fields and under thermodynamic conditions of
an isotropic bulk state, ξ is of the order of the molecular length such that only the
contact layer is aligned by anchoring. However, this situation changes when the system
is approaching the bulk IN transition. The elastic forces, which tend to orient all
particles parallel to each other, impose the anchoring direction of the contact layer
onto the bulk liquid crystal once the nematic state has formed. In this case ξ increases
and can assume macroscopic values [17]. That means that in liquid crystals confined
by a slit-pore the bulk nematic director is no longer arbitrary but is in fact mainly
determined by the surface monolayer alignment [23]. If both substrates favour the
same anchoring direction, the alignment in the confining cell and consequently the
nematic director is homogeneous. This scenario is the homogeneously aligned case.

The homogeneous and uniform alignment may be “perturbed” either by the ap-
plication of an external, orienting field or by hybrid anchoring scenarios, i.e. oppo-
site substrates of the slit-pore favour different anchoring to which we will refer to
as hybrid aligned nematic (HAN). The former was first observed by Fréedericksz and
Zolina [24] who studied the influence of electric or magnetic fields superimposed onto
a homeotropic aligned homogeneous nematic cell such that the direction of the field
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Figure 1.3: Schlieren texture of the nematic state between crossed polariser

and analyser. The black brushes meet in a singular point which is the topo-

logical point defect. In the black areas the local director coincides either with

the polariser or the analyser.

competes with the director induced by substrate anchoring. If the field exceeds a criti-
cal value, there is a realignment in the bulk area of the slit-pore. Fig. 1.4(a) shows the
director field in a Fréedericksz cell after the transition. The magnetic field is applied
parallel to the wall surfaces and aligns the particles in the bulk region in a planar
fashion whereas if the wall separation is sufficient the orientation of the contact layer
changes only slightly or is maintained.

The director field in a HAN slit-pore is shown in Fig. 1.4(b). In the nematic
state the planar and the homeotropic anchoring substrates each impose their anchoring
direction through elastic forces such that the resulting net alignment in the bulk may
be perceived as a superposition of both anchoring scenarios. For sufficiently large wall
separations, the liquid crystal is in a state in which the director field varies smoothly
from homeotropic at the lower substrate to planar at the upper substrate, thereby
minimising the interfacial energy at the expense of the elastic energy [25]. On account
of the bend and splay deformations of the liquid crystal this state is named the bent
state of the HAN slit-pore. However, the orientational order in a HAN slit-pore is highly
dependent on the wall separation. Barbero and Barberi [20, 26] showed that if the
distance separating the two substrates is smaller than a critical value the elastic energy
becomes dominant such that the equilibrium orientation is uniform. The boundary
condition of the weaker anchoring is no longer satisfied and the director of the pore is
dictated by the stronger anchoring scenario [25].

Close to the IN transition, Chiccoli et al. [27] observed a transition from the bent
state to a biaxial state which had also been predicted theoretically [28, 29]. In the
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(b)

Figure 1.4: Local orientation in a slit-pore. (a) the director field in a Fréed-

ericksz cell with homeotropic anchoring. The magnetic field H parallel to the

substrate plane (blue arrow) exceeds the critical value Hc giving parallel bulk

alignment. (b) the director field for a hybrid anchoring slit-pore in which the di-

rector field n̂ varies smoothly from homeotropic at the lower substrate to planar

at the upper substrate.

biaxial state two uniformly oriented layers are separated by a sharp interface. The
local orientation of each of the layers is dictated by the respective wall, i.e. the average
orientations of the individual layers are perpendicular to one another. However, this
state has not been verified experimentally because its existence is limited to a narrow
temperature interval [27].

Cleaver and Teixeira [30] and Teixeira [31] investigated the local molecular structure
of the hard Gaussian overlap model under hybrid anchoring conditions. The fluid
substrate is modelled by the hard-needle wall potential [32]. In this model the anchoring
direction and the anchoring strength are determined by the ratio κs/κ of the needle
length to the length of the particles’ long axes. However, these authors studied a
model lyotropic liquid crystal and focused, in particular, on the influence of anchoring
strength on the equilibrium state. Thus, a systematic study of the phase behaviour of
a thermotropic liquid crystal under several hybrid anchoring conditions is still lacking.

1.1.3 Applications of Confined Liquid Crystals

The unique properties of confined liquid-crystalline materials have prompted a number
of technical applications. In tribology, liquid crystals can be employed as lubricants
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to reduce friction coefficients, wear rates, and contact temperature of sliding surfaces
[33]. Thus they can be used to increase energy efficiency and extend the lifetime
of machine parts. The liquid-crystalline molecules are adsorbed at the substrate as
a close-packed ordered molecular layer which prevents direct contact of the machine
parts and therefore produces lower friction than conventional lubricants particularly
under high loads. It has even been reported that liquid crystals can act as “smart
lubricants” under certain anchoring conditions. If surfaces start to come into contact
due to increasing loads, a homeotropically anchored liquid crystal increases its viscosity
without any applied external field [34]. In a way the liquid crystal responds to the
changing conditions to avoid an increase in friction coefficient thereby minimising the
wear rate.

The most prominent example of applications of liquid crystals is display technology
[35, 36]. In liquid crystal displays (LCD) the molecules are reoriented by the application
of an external field but when the field is switched off, thin polymer layers revert to the
original surface induced alignment. Depending on whether these fields are switched off
or on the liquid crystal may be transparent to visible light or not.

Despite the variety of technical applications of the optical activity of liquid-crystal
materials, the focus here is on the growing field of clinical diagnosis tools, the “lab-on-a-
chip”. In particular, we want to present some examples of biosensors which are devices
sensitive for a biological process or structure [37]. Distortions of the uniform director or
reorientations can be analysed by crossed polariser and analyser which eliminates the
need for markers or tags to report orientational changes. Additionally, their relatively
low price is another advantage of using liquid-crystal devices as diagnostic tools.

One possible realisation of a biosensor that can detect specific microbes in real-time
consists of a solution of a non-toxic lyotropic liquid crystal (LLC) [38] with dissolved
antigens (ligands). The LLC’s are uniformly aligned between polymer coated glass
substrates such that the solution is opaque to polarised light. If microbes are added
to the solution they bind to the antigens to form immune complexes that can distort
the uniform nematic director by means of mechanical interaction [39]. The mechanical
stress exerted by the immune complex on its surroundings is of the same magnitude
as the elastic coefficients (≈ 1pN) of the liquid crystal. If the diameter of the immune
complex exceeds a critical value its existence is reported by a significant increase in
transmitted light.

A similar biosensor setup with the living cells in their natural physiological environ-
ment, i.e. dissolved in water in a liquid-crystal matrix, is not applicable for thermotropic
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liquid crystals (TLC). TLCs are insoluble in water [40] and most of them are toxic for
biological cells [38, 41]. However, the alignment of TLCs at interfaces can be utilised
to probe biological systems. For instance, a TLC can be coated by a thin film of extra-
cellular matrix to which, say, human embryonic stem cells can bind [42]. If stem cells
are bound the reorganisation of the matrix is coupled to a reorientation of the TLC
which can be monitored by polarisation microscopy. The extracellular matrix prevents
contact of the TLC with the stem cells such that a culture survives several weeks at
the interface. For more examples of biosensors produced with liquid crystals and the
variety of their applications see Woltman [37].



C H A P T E R 2

Theoretical Background

This chapter introduces the general aspects of the system introducing phenomeno-
logical thermodynamics, followed by the statistical picture. We will derive statistical
expressions for the thermodynamic potential and for response functions. To classify
the IN transition we will recall the basic properties of phase transitions and introduce
the concept to identify the order of a phase transition. The chapter will be closed by
Landau’s theory and its application to the IN transition.

2.1 Thermodynamic Potential

Consider a system that can interact through a boundary with its surroundings. Fur-
thermore consider that this boundary can conduct heat, and that it is flexible but im-
permeable to particles. Under these conditions the set of natural variables {N, T, P}
minimises an energy function, namely the Gibbs energy G, in thermodynamic equilib-
rium. To every set of natural variables there is a unique energy function. By analogy to
mechanical potentials, which assume a minimum in equilibrium, these energy functions
are called thermodynamic potentials.

To identify the thermodynamic potential for a certain set of natural variables we
recall Gibbs’ fundamental equation

dU = TdS + dW (2.1)

with dW the total, infinitesimal work exchanged between the system and its surround-
ings, S is the entropy and U the internal energy. Considering only chemical and
mechanical work

dW = dWchem + dWmech (2.2)
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Figure 2.1: Side view of a parallelepiped and acting stress tensor components

ταβ drawn in red. The symbol γ can be either the y or z coordinate axis.

where
dWchem = µdN (2.3)

with µ the chemical potential. Before we are able to write down an expression for the
mechanical work contribution we recall that nanoconfined liquid crystals are anisotropic
in at least one spatial direction and therefore the pressure along these directions is ex-
pected to differ from the bulk value. To take this anisotropy into account the mechan-
ical work contribution may be expressed in terms of the pressure tensor P . However,
it is more convenient to base this derivation on the stress τ and the conjugate strain
tensor σ. Stress and pressure tensors are related via τ = −P [43].

The stress {ταβ} and the strain tensor {σαβ} can be represented mathematically by
symmetric 3 × 3 matrices [43, 44]. Next, turning to the physical interpretation of the
components of τ one can imagine a fluid lamella with the shape of a parallelepiped
(Fig. 2.1). It becomes obvious that the components ταβ and σαβ can be interpreted
as the α-directed force acting on a β-directed face where α and β are the axes of a
Cartesian coordinate system. Moreover, it is apparent that all off-diagonal components
with α 6= β lead to shear deformations of the lamella, whereas diagonal elements result
in dilation or compression. By convention σαα < 0 for compression of the fluid lamella
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and ταα < 0 if the force acting on the area points outwards. Due to the fact that this
study addresses bulk and confined systems with unstructured surfaces, only diagonal
elements of the tensors τ and σ will be non-zero. Hence, τ and σ are diagonal matrices
of the form

τ =




τxx 0 0

0 τyy 0

0 0 τzz


 (2.4a)

σ =




σxx 0 0

0 σyy 0

0 0 σzz


 (2.4b)

This very brief introduction of stresses and strains permits us to express the mechanical
work in terms of τ and σ as

dWmech = V0Tr(τdσ) (2.5)

with V0 = sx0sy0sz0 ≡ A0sz0 the volume and {sα0} the side lengths of the fluid lamella
in an unstrained reference state. Here the symbol "Tr" denotes the trace of the tensor.
Eqs. (2.3) and (2.5) can be used to obtain a new expression for Gibbs’ fundamental
equation

dU = TdS + µdN + V0Tr(τdσ) (2.6)

By implementing two parallel, unstructured and atomistically flat surfaces sep-
arated by the distance sz0 the system becomes anisotropic in one spatial dimension,
i.e. the symmetry of the phase is lowered. Assuming the substrate normal to be parallel
to the z axis, the fluid will form layers in this direction whereas it is still homogeneous
parallel to the wall surface. To take notice of this symmetry the diagonal components
of the stress tensor given in Eq. (2.4a) can be rewritten as

τ‖ ≡ τxx = τyy (2.7a)

τ⊥ ≡ τzz (2.7b)

Employing Eq. (2.7) it can be shown [43] that the mechanical work expression (Eq. (2.5))
can be recast in terms of τ‖ and τ⊥ as

dWmech = τ‖sz0dA + τ⊥A0dsz (2.8)
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with A the area of the z-directed face and sz the wall separation in some strained state.
Inserting Eq. (2.8) into Eq. (2.6) leads to

dU = TdS + µdN + τ‖sz0dA + τ⊥A0dsz (2.9)

which is a specialised form of Gibbs’ fundamental equation. Note that in the limit
sz → ∞ the components of the stress tensor τ‖ = τ⊥ = −Pbulk reduce to the scalar
bulk pressure and Eq. (2.9) converts to the standard textbook form valid for a bulk
system.

At the beginning of this section we introduced a system in which the natural vari-
ables {N, T, P} determine the equilibrium state. Based on the realisation that in our
system of ultimate interest the fluid is confined to a slit-pore with fixed side length sz0

we are interested in a specialised thermodynamic potential in which the side length is
included in the set of natural variables. Moreover, to account for the anisotropy, the
parallel component τ‖ should be the driving force of the phase transition rather than
the pressure P . Taking notice that we have already derived a specialised form of the
exact differential of the internal energy dU , we apply a double Legendre transform to
Eq. (2.9)

dG(T, N, τ‖, sz0) = d(U − TS − τ‖Asz0)

= −SdT + µdN − Asz0dτ‖ + τ⊥A0dsz (2.10)

to end up with the exact differential of a specialised form of the Gibbs free energy.
Eq. (2.10) indicates that

{
N, T, τ‖, sz

}
is the set of natural variables for the specialised

form of G.

2.2 The Molecular Description

Employing the concepts of statistical mechanics we are able to build the bridge to the
molecular level. The concept of thermodynamic potentials presented in the preced-
ing section has been introduced in the macroscopic framework. In order to derive a
molecular expression analogous to Eq. (2.10) we have to introduce the so-called parti-

tion function. The partition function is a unique function within a statistical ensemble
which incorporate the microscopic properties of the molecules as well as the set of natu-
ral variables. However, it is easy to verify that partition functions of different ensembles
are linked and moreover are equivalent in infinite systems [43], i.e. the results of the
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statistical formalism are independent of the choice of the ensemble. This equivalence
is utilised in cases which are treated most conveniently in certain ensembles. Take as
an example the ideal quantum gases. The canonical partition function

Q(N, V, T ) =
∑

j

e−βEj =
∑∗

{nk}

e−β
P

i ǫini (2.11)

can be calculated as the sum over all quantum states. The far right side of Eq. (2.11)
follows, because

Ej =
∑

k

ǫknk (2.12)

where nk is the number of molecules in the molecular quantum state ǫk while the
system is in the quantum state with energy Ej . The asterisk in Eq. (2.11) indicates
that the summation is restricted by

∑
k nk = N . The constraint of a constant number

of particles N , makes the evaluation of Q rather cumbersome. However, in the grand
canonical ensemble N is variable which leads to a double sum

Ξ(µ, V, T ) =
∞∑

N=0

∑∗

{nk}

∏

k

(
λe−βǫk

)nk (2.13)

with λ = eβµ the absolute activity. To evaluate the grand canonical partition function
Ξ we still have to sum over nk, constrained by a fixed value of N . But since we
additionally sum over all possible values of N , Eq. (2.13) is equivalent to

Ξ(µ, V, T ) =
∏

k

nmax
k∑

nk=0

(
λe−βǫk

)nk (2.14)

with nmax
k the maximum occupation number of the molecular quantum state k. That

means the double sum in Eq. (2.13) can be reduced to a summation over all possible
values of nk independently of one another. This example shows that some problems
are solved in certain ensembles with less effort [45].

2.2.1 The Partition Function

The connection between the thermodynamic treatment of the Gibbsian Potential in-
troduced in Sec. 2.1 and the molecular level is then made through the expression [45]

G = −kBT ln χ (2.15)
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Here is χ = χ(T, N, τ‖, sz0) the isostress-isostrain partition function and kB is Boltz-
mann’s constant. A detailed derivation in Ref. 43 shows that

χ =
∑

A

exp
(
βτ‖Asz0

)
QN (2.16)

where β = 1/kBT and QN is the canonical partition function in the classical limit. For
a molecular fluid consisting of uniaxial particles, QN can be cast as

QN =
1

N !h5N

∫
exp [−βH(R,Ω, PR, PΩ)] dR dΩ dPR dPΩ (2.17)

Uniaxial particles possess a main axis of rotational symmetry and can be either prolate
or oblate. Common examples for prolate particles are ellipsoids of revolution [46–48]
or spherocylinders [49–51] and discs or platelets are oblate particles [52]. In Eq. (2.17)
it is assumed that the centre-of-mass positions and their conjugated momenta can
be represented by the sets R ≡ {r1, r2, . . . , rN} and PR ≡ {p1, p2, . . . , pN}, respec-
tively. For particles with uniaxial symmetry, the orientation of individual molecules
can be described by two Euler angles ωi = (θi, φi) such that the set of Euler an-
gles Ω ≡ {ω1, ω2, . . . , ωN} represents the orientational degrees of freedom. The mo-
menta conjugate to the orientations are given by the set PΩ ≡ {pω1

, pω2
, . . . , pωN

}.
In Eq. (2.17) Planck’s constant h accounts for Heisenberg’s uncertainty principle. In
quantum mechanics the positions and momenta cannot be specified simultaneously
with arbitrary precision. That means that in the classical limit the n-dimensional
phase space is coarse-grained to volumes ∝ hn [53]. Additionally, h ensures QN to be
dimensionless. Due to the five degrees of freedom for axially symmetric particles (three
translational and two rotational) the power of h is 5N .

In the Hamiltonian [54]

H = Kt + Kr + U(R,Ω) (2.18)

the configurational part is determined by the intermolecular potential energy U(R,Ω),
whereas the translational and rotational kinetic energy contributions are given through

Kt =

N∑

i=1

p2
i

2m
(2.19a)

Kr =
N∑

i=1

∑

α=x,y

J2
i,α

2I
(2.19b)
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In Eq. (2.19) Ji,α is the angular momentum component referred to the body-fixed
principal axis α of particle i, I is the moment of inertia, and m the molecular mass.
Eq. (2.17) together with Eqs. (2.18) and (2.19) suggests that the partition function QN

can be factorised into translational Qt, rotational Qr, and configurational ZN parts

QN = QtQrZN (2.20)

However, it turns out that this is not possible immediately. The centre-of-mass posi-
tions R and their conjugate momenta PR are independent and their contributions to
Eq. (2.17) can be factorised. The integrals over translational momenta PR are Gaussian
functions of the form

Qt =

∫
exp

(
−β

N∑

i=1

p2
i

2m

)
dPR (2.21)

This simple factorisation into kinetic and configurational parts cannot be applied to
the rotational degrees of freedom. In Eq. (2.19b) Kr is expressed in terms of the
angular momenta. However, as shown by Gray and Gubbins [54], the angular momenta
JN = JN(Ω, PΩ) are related to the Euler angles and their conjugate momenta. That
means that Kr is not only a function of the angular momenta but it also depends on
PΩ through JN and Ω such that an integration over PΩ similar to Eq. (2.21) cannot
be carried out immediately.

One possible route to factorise the canonical partition function is to introduce
the transformation PΩ → JN and integrate over JN instead [54, 55]. The Jacobian
J(N) for this transformation factorises into a product of single molecule terms [54]
J(N) = J1J2J3 . . . JN , because

|Ji| :=

∣∣∣∣
∂(pφi

, pθi
)

∂(Jxi
, Jyi

)

∣∣∣∣ = sin θi (2.22)

is independent of the pωj
for j 6= i. This permits us to rewrite Eq. (2.17) as

QN =
1

N !h5N2N

∫
exp

(
−βH(R, Û , PR, JN)

)
dR dÛ dPR dJN (2.23)

where the set Û ≡ {û1, û2, . . . , ûN} represents the orientations of the mesogens. The
microscopic director ûi is a unit vector parallel to the long axis of particle i and is
connected to the Euler angles ωi via

ûi =




cos φi sin θi

sin φi sin θi

cos θi


 (2.24)
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Additionally, in Eq. (2.23)

dûi = sin θi dθi dφi (i = 1, . . . , N) (2.25)

The prefactor 2−N is included to account for the head-to-tail symmetry of the mesogen
and to avoid double-counting of equivalent configurations characterised by ûi and −ûi.

Taking the transformation PΩ → JN into account the canonical partition function
QN can be factorised as indicated in Eq. (2.20) where the rotational contribution are
Gaussians of the form

Qr =

∫
exp

(
−β

N∑

i=1

∑

α=x,y

J2
i,α

2I

)
dJN (2.26)

The specific forms of Qt and Qr result from an analytic integration over translational
and angular momentum subspaces

Qt =

(
2πmkBT

h2

)3N/2

≡ 1

Λ3N
(2.27a)

Qr =
1

Λ2N

(
I

m

)N

(2.27b)

with Λ the thermal De Broglie wavelength.
The configurational integral ZN in Eq. (2.20) is given by

ZN =
1

2NN !

∫ ∫
dR dÛ exp

[
−βU(R, Û )

]
(2.28)

Combining Eqs. (2.20), (2.27) and (2.28), the partition function of the isostress-isostrain
ensemble in Eq. (2.16) can be expressed as

χ =
1

Λ5N

(
I

m

)N ∑

A

exp
(
βτ‖Asz0

)
ZN (2.29)

2.2.2 Response Functions

Many measurable thermodynamic observables, such as susceptibility and heat capac-
ity, measure the response of a system to an external stimulus and are defined as ratios
of variations of extensive or intensive variables [56]. Therefore, to compare theory and
experiment it is worthwhile to have statistical analogues of these response coefficients.
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Mathematically, response functions are defined as mixed second derivatives of the cor-
responding thermodynamic potential. From the symmetry of the second derivatives
non-trivial Maxwell relations between response coefficients can be deduced [56]. These
can be used to determine response coefficients which may not be measured directly in
experiments. A prominent example is the identity

cP − cV =
TV α2

κT
(2.30)

between the specific heats at constant pressure cP and constant volume cV , the expan-
sion coefficient α and the isothermal compressibility κT .

For our system the isostress-isostrain partition function (2.29) is a crucial quantity.
It is linked to a molecular expression of the Gibbs potential (2.15) and therefore provides
access to response functions based on molecular properties. In the context of this study
two response coefficients are of particular interest, the isothermal compressibility κT

and the isostress heat capacity c′τ (using the prime for later convenience). They are
defined as

(
∂2G
∂T 2

)

{·}\T

= −
(

∂S
∂T

)

{·}\T

≡ −c′τ
T

(2.31a)

(
∂2G
∂τ 2

‖

)

{·}\τ‖

= −sz0

(
∂A

∂τ‖

)

{·}\τ‖

≡ −Asz0κT (2.31b)

In Eq. (2.31) we use the shorthand notation "{·} \x" to indicate that upon differ-
entiation the set of natural variables of G is to be held constant except for variable
"x".

Within the framework of fluctuation theory the fluctuations of an ensemble average
can be associated with the corresponding susceptibility [45]. This makes it possible
to evaluate molecular expressions for the response functions as thermal fluctuations of
mean values. In other words, response coefficients can be calculated in terms of the
variance of certain ensemble averages.

A detailed derivation of the susceptibilities used in this work will be given in chapter
4 so that at this point it seems sufficient to present the final equations

c′τ
N

= cτ =
5

2
kB +

〈H2〉 − 〈H〉2
NkBT 2

(2.32a)

κT =
sz0

kBT

〈A2〉 − 〈A〉2
〈A〉 (2.32b)
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where we have introduced

H(R, Û) ≡ U(R, Û) − τ‖Asz0 (2.33)

as a specialised molecular enthalpy for later convenience. In Eq. (2.32) the symbol
〈. . .〉 denotes an average of an observable O in the isostress-isostrain ensemble, that is
given by

〈O〉 =
∑

A

∫∫
dR dÛO(R, Û) p(R, Û ; A) (2.34)

with
p(R, Û ; A) =

1

2NN !Λ5Nχ
exp

(
−βH(R, Û)

)
(2.35)

the probability density which depends on A implicitly. It is defined such that

p(R, Û ; A)dR dÛ

is the probability of finding the positions and orientations in the element dR dÛ about
the configuration (R, Û) of the mesogens. Note that

∫
p(R, Û ; A)dR dÛ = 1

2.3 Phase Transitions

The purpose of this section is to review the basics of phase transition theory. Although
the IN transition in liquid crystals is at the focus of this work, Sec. 2.3.1 provides
the universal rules to classify the order of a phase transition in general. Later we
will present the phenomenological Landau theory of phase transitions which can be
extended to the IN transition by minor changes. However, we first have to define a
macroscopic nematic order parameter before we present the Landau-De Gennes theory
of the IN transition.

2.3.1 Classification of Phase Transitions

In general, a phase transition is defined as a change in a macroscopic property of a sub-
stance dictated by a shift in the thermodynamic field Υ (e.g. temperature T , pressure
P or chemical potential µ). According to the classification of Ehrenfest, a phase tran-
sition of the n-th order exhibits a discontinuity in the n-th derivative of an appropriate
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thermodynamic potential with respect to Υ, whereas all n−1 preceding derivatives are
continuous. Nowadays it is convenient to follow the more general classification intro-
duced by Fisher [57]: if the first derivative is discontinuous the transition is defined as a
first-order phase transition. If, on the other hand, the first derivative is continuous but
the second or higher derivatives are either discontinuous or infinite it is a continuous

transition [58].
Some of these phase transitions involve symmetry-breaking. The symmetry of a

system is defined by a set of geometrical transformations under which the equilibrium
configurations of the constituting particles in the considered phase are invariant. Then
a high symmetry is given by a set containing a large number of geometrical transforma-
tions under which the system is preserved. Take as an example a gas. It is immediately
apparent that this state is isotropic and homogeneous and serves therefore as an ex-
ample for a high symmetry state. Isotropic systems are invariant under all rotations
and reflexions of the system, whereas homogeneous systems are invariant under trans-
lations. In this state it is obvious that also after a large number of translations and
rotations the equilibrium positions of the particles will be preserved.

In a crystal the particles are restricted to specific lattice sites and therefore the
assumptions of isotropy and homogeneity are no longer valid. Hence, only a finite
number of transformations will preserve the symmetry of the unit cell and therefore
the equilibrium positions of the particles. Thus the crystal is an example of a state
with low symmetry.

Within this picture it is apparent that in the low symmetry state there are long-
range correlations of the centres-of-mass between the particles because the particles
are fixed to certain positions. In contrast, in the high symmetry state the particles are
free to move and therefore entirely local correlations exist. Due to these long-range
correlations we will denote the low symmetry case as the high-order state and a system
with high symmetry as the low-order state.

2.3.2 Order Parameters and Phase Transitions

The symmetry of the system can be measured by choosing a proper order parameter
Φ which quantifies the difference between the configuration in the low-order and in the
high-order state when the transition point Υc is crossed. On account of this symmetry-
breaking a general definition of the order parameter should fulfil two requirements
[59]:
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(i) Φ = 0 in the low-order (high symmetry) state

(ii) Φ 6= 0 in the high-order (low symmetry) state

Notice that these requirements do not define the order parameter in a unique way
and that the order parameter has to be chosen depending on the nature of the phase
transition. Take as a simple example the gas-liquid transition, where both states can
be clearly distinguished by their density. For this transition a proper order parameter
should be defined in terms of the density of the system. The IN transition, on the
other hand, involves symmetry-breaking from a state with orientational short-range
correlations (isotropic) to a state with orientational long-range correlations (nematic).
To account for these orientational long-range correlations we will present in Sec. 2.4.2
the definition of a so-called nematic order parameter.

Assuming that the symmetry changes when Υc is passed, the concept of order
parameters can be used to describe phase transitions. As Landau showed in his seminal
paper [60] close to the order-disorder transition the thermodynamic potential in the
high-order state can be expressed as an expansion in terms of the order parameter
Φ. Providing that the extensive parameter Φ can be treated as a natural variable
of the thermodynamic potential, a thermodynamic conjugate intensive “field” hΦ can
be associated, which couples directly to Φ [61]. Therefore, the term −hΦΦ has to be
included in the thermodynamic potential. As a consequence, the first derivative of the
thermodynamic potential with respect to the “field”

Φ = −
(

∂G
∂hΦ

)
(2.36)

is defined as the order parameter, assuming that the Gibbs potential G can serve as
the thermodynamic potential.

Applying to Eq. (2.36) the classification of phase transitions given by Fisher, a first-

order phase transition is then indicated through a discontinuity in the order parameter,
whereas a continuous transition can be identified by a continuous change of Φ. This
is illustrated schematically in Fig. 2.2. In case of a first-order transition the slope of
the relevant thermodynamic potential changes discontinuously whereas the potential
itself remains a continuous function of the field driving the transition. If, on the
other hand, the profile of G is smooth everywhere then Φ shows no jump and the
system undergoes a continuous transition. In Fig. 2.2 the behaviour of a finite system
is shown. The cartoons have to be modified slightly if the thermodynamic limit is
approached. In the case of an infinite system there are no metastable branches for
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first-order continuous

Figure 2.2: Gibbs free energy G and the order parameter Φ as a function of

the applied driving field Υ displayed on an arbitrary ordinate scale. The vertical

dotted lines are drawn at the transition point Υc. The left and right panel show a

transition of the first-order and continuous class, respectively. Dashed lines show

the tangents at the discontinuity in slope and the metastable branches (dotted)

occurring at a first-order transition due to hysteresis.

a first-order transition and the slope of Φ at the transition point is infinity for a
continuous transition. Moreover, the order parameter is exactly zero for an infinite
system in the low-order state.

The distribution function P(Φ) of the order parameter is another useful tool to
determine the nature of phase transitions. The quantity P(Φ)dΦ is then defined as the
probability of finding Φ in the interval [Φ, Φ + ∆Φ]. In computer simulations, P(Φ)

can be obtained as a histogram with bin width ∆Φ. As shown by Eppenga and Frenkel
[52], the order parameter distribution P(Φ) is connected to a Gibbs energy functional

G′ (Φ) = −kBT lnP (Φ) (2.37)
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(i) first-order (a) (b) (c)

(ii) continuous (a) (b) (c)

Figure 2.3: The order parameter distribution P(Φ) (solid) and the correspond-

ing Gibbs energy functional G′(Φ) (dashed) for a finite system undergoing a

first-order transition (upper panel) or continuous transition (lower panel). From

left to right: the distributions for values of the thermodynamic field Υ (a) imme-

diately before (low-order state), (b) at, and (c) immediately after (high-order

state) the transition are shown. The ordinate and abscissa scales are arbi-

trary. (cf. Mouritsen [61])

That means that calculating a histogram of the order parameter distribution P(Φ) also
provides a possible route to “measure” the Gibbs energy functional G′(Φ) (see Fig. 2.3).

Let us consider the case of a first-order transition and assume that the system
is in the low-order state. While approaching Υc, a second maximum at a non-zero
value of Φ appears in the distribution function in the vicinity of the phase transition
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(Fig. 2.3(ia)). In this bimodal structure the side maximum at Φ 6= 0 in G′ is clearly
smaller than the peak at Φ = 0, i.e. the side maximum corresponds to a metastable
high-order state. In Fig. 2.3(ib) Υ ≈ Υc, i.e. at the phase transition, the bimodal
distribution becomes symmetrical and the two states are equally probable. To be more
precise, this is the only point where the two states are stable and coexist. While further
shifting Υ, immediately after the transition the peak at finite Φ increases whereas the
peak at Φ ≈ 0 decreases (see Fig. 2.3(ic)). The dominant peak at Φ 6= 0 reflects
that the stable state is now the high-order state. Nevertheless, a finite system may
be trapped in the low-order state when the transition point Υc is crossed. This effect
gives rise to the metastable branches in Fig. 2.2.

In Fig. 2.3(ii) the distribution P(Φ) of a continuous transition is single-peaked.
The corresponding Gibbs potential G′ in Fig. 2.3(iia) immediately before the transition
is therefore characterised by a single minimum, and no metastable higher order state
exists. At the transition point Υc the distribution P(Φ) is widened and the maximum
is shifted smoothly to the high-order state (Fig. 2.3(iib)). After the transition point is
passed the distribution in Fig. 2.3(iic) about a finite value Φ becomes sharper again. As
a consequence of this continuous shift of the maximum value of P(Φ) the profile of the
order parameter plotted against the thermodynamic field is continuous (cf. Fig. 2.2).

“Ideal” first-order in computer simulations?

The “ideal” behaviour of a first-order phase transition, i.e. the discontinuity at Υc,
is only observed in the thermodynamic limit. It is defined by taking the limit of an
infinitely large system (V → ∞) containing an infinite number of particles (N → ∞)
such that the number density ρ = N/V remains constant. Of course, the thermo-
dynamic limit cannot be realised in a computer simulation, although at the time of
writing simulations with up to a million particles are feasible. Thus, in a computer
simulation one is confronted with effects caused by the finite size of the system under
study. For example, the locations of the two peaks in the bimodal distribution are
system-size dependent, i.e. the peaks will merge if the system is not sufficiently large.
Nevertheless, in a computer simulation of sufficient size the individual peaks and the
corresponding minimum in G′ can be resolved at the transition point. The shape of the
distribution P(Φ) in a finite system is not Gaussian but shows an asymmetrical tail as
Mouritsen [61] points out. This asymmetry becomes more pronounced the closer the
driving field Υ gets to Υc and leads to less accurate mean values of the order parameter.

The stable and metastable states are separated by a free energy barrier which
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is of finite height in a finite-size system. Therefore, transitions between both states
are possible with finite probability. This has the consequence that the profile of the
order parameter Φ for a first-order transition in Fig. 2.2 appears to be “smeared” out
in a computer simulation and the expected discontinuity in Φ at Υc may appear as
a continuous change in order. This “smearing” of the order parameter profiles for
finite systems conceals the nature of the phase transition in computer simulations
and additional methods to determine the order of the phase transition have to be
considered. Although, the bimodal structure of P(Φ) close to the transition point is a
strong indication of a first-order transition it should not be seen as a unique fingerprint
of that kind of a transition class. This is due to the fact that in a series of simulations,
while varying Υ, one may miss the transition point, because Υc is a priori unknown and
the interval of bimodal structure might be quite narrow. A powerful tool to determine
the nature of phase transitions in computer simulations is provided by the cumulant
method introduced by Binder [62]. The cumulant method and its application to the
IN transition will be presented in Sec. 3.3.

2.4 Landau Theory

The purpose of this section is to provide the reader with the basics of Landau’s theory.
Landau originally applied the theory to continuous phase transitions, such as unit cell
transformations of a crystalline structure [60]. Employing these basic concepts we will
show that this theory can be extended to describe the IN phase transition. De Gennes
[63] was the first one to show that this is possible.

2.4.1 Basic Concepts

Landau’s theory has the charm of being rather simple and easy to apply to phase
transitions which involve symmetry breaking. In this phenomenological theory the
symmetry of the system is quantified by a spatially invariant, scalar order parameter
Φ. The order parameter is constructed in such a way that Φ = 0 in the low-order
state and Φ 6= 0 in the high-order state. To understand the generality of Landau’s
theory, it is useful to compare it with the molecular Maier-Saupe theory. Maier-Saupe
theory deals directly with the molecular details of the interaction. However, as was
shown in the introduction, Maier and Saupe consider a simplifying approximation of the
intermolecular potential. Landau’s theory, being built on general symmetry arguments,
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does not run the risk of oversimplifying molecular interactions, because it focuses on
the macroscopic order parameters [6].

Let us consider the equilibrium state of a macroscopic system at constant pres-
sure P and temperature T such that thermodynamic equilibrium states correspond
to minima of the Gibbsian potential. In the direct vicinity of a continuous phase
transition the order parameter is expected to assume relatively small values. Based
upon these assumptions Landau postulated that close to the phase transition thermo-
dynamic quantities can be obtained by expanding the thermodynamic potential as a
power series in terms of Φ. The Landau potential can be expressed by

G(P, T, Φ) = G0(P, T ) + hΦ + AΦ2 + BΦ3 + CΦ4 + . . . (2.38)

Here the coefficients h, A, B, C, . . . are functions of P and T , and G0 is the Landau
potential for Φ = 0. Although Eq. (2.38) suggests G(P, T, Φ) is a function of Φ as well,
it has to be noted that Φ is not on equal footing with P and T [64]. The value of Φ is
defined through the equilibrium state of the thermodynamic potential for given values
of pressure and temperature, whereas P and T can be chosen arbitrarily.

If the system is in equilibrium, the Landau potential G(P, T, Φ) assumes a minimum.
Following the argumentation of Vertogen [9], this means that G(P, T, Φ) has to preserve
the stability conditions

∂G
∂Φ

= 0 ;
∂2G
∂Φ2

> 0 (2.39)

for arbitrary values of P and T . At the transition point the two states with different
symmetry Φ = 0 and Φ 6= 0 coexist and the stability conditions modify to

∂G
∂Φ

= 0 = h (2.40a)

∂2G
∂Φ2

= 0 = A (2.40b)

In Eq. (2.40a), h = 0 because of G(P, T, Φ) being minimal for Φ = 0. Assuming
isothermal conditions A = a(Pc − P ) with a = (∂A/∂P )Pc

> 0 which follows directly
from (2.40b), if P is driving the transition and Pc is the transition pressure. It is
evident that A > 0 is necessary if P < Pc such that the equilibrium state corresponds
to a minimum in G(P, T, 0). On the other hand, if the transition point Pc is passed,
the minimum in G(P, T, Φ) is shifted to non-zero values of Φ whereas at Φ = 0 a local
maximum exists. This is realised by negative values of A. In other words, to account
for the stability condition (2.40b) A has to change sign at the transition point. Fig. 2.4
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Figure 2.4: Plots of the Landau potential G given in Eq. (2.38) as a function of

Φ for the two cases A < 0 and A > 0. Terms up to the fourth power are included

where the coefficient C has been assumed to be positive and small.

shows the Landau potential G(P, T, Φ) as a function of Φ in arbitrary units and its
dependence on the sign of the second coefficient A. More specifically, the Eqs. (2.40a)
and (2.40b) indicate that the thermodynamic function G(P, T, Φ) at the transition
pressure Pc is characterised by a saddle point.

Let us now turn to the coefficients linked to the cubic and higher order terms in
Eq. (2.38). They are determined by the thermodynamic behaviour of the system which
follows directly from writing down the stability condition (2.39) explicitly

∂G
∂Φ

= 0 = a(Pc − P )Φ + BΦ2 + CΦ3 + . . . (2.41)

It is a simple matter to prove that Eq. (2.41) has the following solutions [9]

Φ = 0 (2.42a)

Φ =
B ±

√
B2 − 4aC(Pc − P )

2C
(2.42b)

The solution in Eq. (2.42a) corresponds to the low-order state. If the order parameter
is symmetric, the solution in Eq. (2.42b) now requires that the coefficient B = 0

vanishes for a continuous transition as we will explain soon. This permits us to rewrite
Eq. (2.42b) for the high-order state as

Φ = ±
(

a(P − Pc)

C

)1/2

(2.43)
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The existence of an equilibrium state is ensured if the coefficient C > 0 is positive.
In general, to account for the existence of an equilibrium state, the last term in the
expansion of G(P, T, Φ) should be of even order and the related coefficient be positive.

Concerning the symmetry, let us now consider the coefficients linked to terms of
odd order in Φ for continuous transitions. If no external field is applied to the system
the invariance of the Landau potential G(P, T, Φ) has to be preserved while replacing
the scalar order parameter Φ by −Φ. Take, for example, a binary alloy AB with a
simple cubic unit cell [9]. In the high-order state, atom A is at the vertices and atom
B at the centre of the unit cell. In this system the order parameter determines if the
lattice site is occupied by atom A or B, where the first case corresponds to Φ and the
latter to −Φ. For this simple example it becomes immediately clear that the Landau
potential G(P, T, Φ) = G(P, T,−Φ) has to be equal for both values of Φ. From similar
symmetry considerations one can draw the conclusion that in the expansion (2.38) all
odd-terms have to vanish for continuous phase transitions. In a system with an applied
external field, however, there is no reason why the Landau potential G(P, T, Φ) should
be invariant under exchange of Φ and −Φ. Thus, for systems with an applied external
field the linear term is included in the expansion.

Landau already addressed [60] the nature of the transition point and the related
value of the coefficient B of the cubic term. More specifically, he analysed the vicinity
of continuous phase transition points for the two cases B = 0 and B 6= 0. If B = 0

the only condition for a continuous phase transition is the vanishing second coefficient
A = 0 discussed above. Such a transition point is called a Curie point and is part of a
certain line in the (PT )-plane which is determined by A = 0. This line of continuous

phase transitions is named the Curie line. On the other hand, for a non-zero third-order
coefficient B 6= 0, a continuous transition occurs only at certain points, i.e. there is no
Curie line. This means that at a continuous transition point the conditions A = B = 0

have to be fulfilled. These points are isolated in the (PT )-diagram and may appear
at the intersections of lines of first-order transitions [60, 65]. In particular, these
considerations imply that non-zero cubic terms B 6= 0 are one possible realisation
of first-order transitions in the Landau theory [66]. If the symmetry of the scalar
order parameter does not allow cubic terms, a second route to first-order transitions
is provided by a vanishing cubic term and an extension to terms up to the sixth power
in Φ.

To illustrate the influence of the coefficient B on the Landau potential, plots of
G(P, T, Φ) for vanishing and non-vanishing B are shown in Fig. 2.5. In Fig. 2.5(a) the
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Figure 2.5: Plots of the Landau potential G (Eq. 2.38) in arbitrary units just

before ( ), at ( ) and soon after ( ) the transition, for (a) B = 0

and (b) B 6= 0. Arbitrarily G0 = 0 and Φ ∈ [−1, 1].

Landau potential with a vanishing coefficient B = 0 is plotted in arbitrary units as a
function of the scalar order parameter Φ. The Landau potential exhibits a widened
but single minimum at the transition point which is characteristic of a continuous

transition (cf. Fig. 2.3). If, on the other hand, a non-zero B is included in the ex-
pansion, G(P, T, Φ) exhibits two minima at the transition point which are separated
by an intermittent maximum. We have seen that this is the double-minimum struc-
ture characteristic of a first-order transition. This bimodal structure is illustrated in
Fig. 2.5(b).

2.4.2 Macroscopic Nematic Order Parameter

In Landau’s phenomenological theory the thermodynamic potential is expressed as
an expansion in terms of a macroscopic order parameter Φ. A macroscopic order
parameter is a global physical quantity which depends on neither the actual shape nor
on the interaction of the constituting molecules. In order to introduce the macroscopic
order parameter we will adopt the argumentation of Gramsbergen et al. [59].

Order parameters measure the symmetry of a system and can in general be repre-
sented by tensors of rank zero, one or two. The physics of the system dictate which
tensor can be used. Let us recall the simple example of the liquid-gas transition given
in Sec. 2.3.2. Here, the density distinguishes the two states and can be used as an
order parameter. Clearly, in this case the order parameter is a scalar. In a simple
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ferromagnet the order and disorder states differ in their magnetisation. In this system
the order parameter is a vector and is given as the thermal average of the molecular
magnetic moment. With regard to liquid crystals, which rank can be used to construct
the nematic order parameter?

In the nematic state the molecules’ long axes are aligned, which results in a lower
cylindrical symmetry. To account for this orientational long-range order we assume the
orientation of the long axes of the molecules is given through the three-dimensional unit
vector û defined in Sec. 2.2.1. We now have to check how the various tensor types can be
expressed in terms of the molecular orientation û. If the nematic order parameter were
a scalar, the averaging would contain scalar products of the form 〈û·û〉 which are unity
by definition. It is apparent that the nematic order parameter cannot be represented
by a scalar. For the next higher rank one we find that thermal averages 〈û〉 which are
different from zero would violate the requirement that there is no macroscopic polarity
in nematics, i.e. the nematic directors n̂ and −n̂ are equivalent. That means that to
describe orientational order in nematics the next higher, namely second rank tensors
have to be considered.

In general, the response Y of a system is connected to a field stimulus X by

Yα = TαβXβ (2.44)

with Tαβ = Tβα being a symmetric tensor [9]. Here Yα and Xβ are the components of
X and Y parallel with the basis vectors êα of a Cartesian coordinate system (α, β =

x, y, z). In this three-dimensional Euclidean space Tαβ is a Cartesian tensor. For
the sake of concreteness we assume that the field X is given by a magnetic field H .
Due to molecular diamagnetism of the liquid-crystal molecules, the response Y can be
associated with the magnetisation M . We can rewrite Eq. (2.44) as

Mα = χαβHβ (2.45)

where the components of the susceptibility tensor are given by χαβ . For a static field
H the tensor χ is symmetrical. If the system is isotropic

χαβ = χδαβ (2.46)

where δαβ is the delta tensor. The components of the delta tensor are defined in all
coordinate systems via

δαβ =





0, if α 6= β

1, if α = β
(2.47)
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For all symmetric tensors, there is a frame of reference in which the tensor is diagonal.
In the diagonal form the non-zero elements are the eigenvalues of the tensor [59]. Thus,
a reference frame exists in which the susceptibility tensor is diagonal

χ =




χ⊥ 0 0

0 χ⊥ 0

0 0 χ‖


 (2.48)

for a uniaxial nematic fluid. Here χ⊥ < χ‖ refer to the perpendicular and parallel
component of the magnetic susceptibility, respectively, where arbitrarily the nematic
director n̂ is parallel with êz. The nematic director is the axis of rotational symmetry
of the phase and is defined mathematically as the eigenvector of χ corresponding
to the dominant eigenvalue χ‖ (i.e. the eigenvalue with the greatest absolute value).
The anisotropy of the system is then given by the difference ∆χ = χ‖ − χ⊥ of the
susceptibility tensor components. By comparing Eqs. (2.46) and (2.48) one readily
concludes that a possible definition of an order parameter is provided by the anisotropic
part of the magnetic susceptibility

∆χαβ = χαβ − 1

3
δαβ

∑

γ

χγγ (2.49)

with
∑

γ χγγ = χ‖ + 2χ⊥ in a uniaxial nematic. Now Eq. (2.49) defines an order
parameter tensor which accounts for the isotropic to nematic symmetry change, but
order parameters that vanish in the isotropic state and are unity in case of a perfectly
aligned system are of particular interest. This prompts us to normalise Eq. (2.49) by
the maximum anisotropy ∆χmax which yields the real, symmetric and traceless order
tensor

Qαβ = ∆χαβ/∆χmax (2.50)

The choice of the magnetic susceptibility as an example of an order parameter for
liquid-crystalline systems was rather arbitrary. The only constraint on the macroscopic
observable to serve as a nematic order parameter is that it must reflect the change in
symmetry when the transition point is passed. Another suitable description of nematic
order is provided by the electric susceptibility tensor εαβ. The tensor εαβ relates the
electric field E to the dielectric polarisation density P in a fashion similar to Eq. (2.44).
When the electric susceptibility is used as the nematic order parameter it turns out
that the bridge from the macroscopic quantity εαβ to the molecular properties is based
on some arbitrary assumptions about the correlation function g for the dipoles of two
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molecules [6]. The correlation function depends on the relative distance as well as
on the molecular orientation of the two molecules and has to be taken into account
because of the long-range character of the dipolar interaction. On the contrary, the
connection of the magnetic susceptibility with molecular properties is well understood
[67, 68] since magnetic interactions between individual molecules are negligible [59].
This prompted us to use the magnetic instead of the dielectric susceptibility as a
nematic order parameter in the macroscopic picture.

The above defined order tensor Q assumes a uniaxial nematic with cylindrical
symmetry. A more general form of Eq. (2.50) is given by

Q =



−1

2
(Q1 + Q2) 0 0

0 −1
2
(Q1 − Q2) 0

0 0 Q1


 (2.51)

where all eigenvalues Qxx 6= Qyy 6= Qzz are non-degenerate. In this phase the rotational
symmetry about the uniaxial director n̂ is broken and consequently it is less symmetric.
To account for this broken symmetry there is need for a second director m̂ orthogonal
to the uniaxial director n̂. For this biaxial state a second order parameter Q2 has to
be considered which measures the amount of order in direction of m̂. Note that the
general parametrisation in Eq. (2.51) preserves Tr(Q) = 0 and reduces to the ideal
uniaxial tensor in case of a degenerate eigenvalue Qxx = Qyy, from which Q2 = 0

follows directly. The isotropic state is realised by Q1 = Q2 = 0. The reader should
be reminded that under certain thermodynamic conditions the biaxial order parameter
can be non-zero but small in a uniaxial phase as well. In particular, in the immediate
vicinity of a phase transition, where thermal fluctuations become dominant, the ideal
uniaxial state is “contaminated” by a small degree of biaxiality as will be shown in
Chapter 4.

For the sake of simplicity we have assumed so far that the director n̂ of the uniaxial
nematic is parallel to the unit vector êz of a Cartesian coordinate system, i.e. n̂ = êz.
But this assumption is somewhat artificial because the orientation in space of the
director n̂ is arbitrary in bulk systems with no external fields. This problem can be
overcome by expressing the order tensor in a set of basis vectors that coincide with the
orthogonal eigenvectors n̂, m̂ and ô = n̂ × m̂. These eigenvectors correspond to the
eigenvalues Q1, −1/2(Q1 + Q2) and −1/2(Q1 −Q2), respectively. This transformation
requires, of course, that these eigenvectors are known. After this threefold rotation
of the coordinate axes a more general representation of the components of Q is given
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through [59]

Qαβ =
3

2
Q1

(
nα ⊗ nβ − 1

3
δαβ

)
− 1

2
Q2 (mα ⊗ mβ − oα ⊗ oβ) (2.52)

Here, the symbol "⊗" denotes the dyadic product. Note that the component nα is
the projection of n̂ onto the basis vector êα of a Cartesian coordinate system. The
components mα and oα are defined by analogy. For later convenience and comparison
with the microscopic approach we introduce S = 3

2
Q1 as the scalar nematic order

parameter such that in case of a uniaxial nematic Eq. (2.52) reduces to

Qαβ = S

(
nα ⊗ nβ − 1

3
δαβ

)
(2.53)

At this point it seems worth noticing that from Eq. (2.53) it is only a small step to
a definition of a nematic order parameter at the molecular level. The global uniaxial
nematic director n̂ can be interpreted as an average value of the molecular orientations
û and suggests that a microscopic analogue of Q may be obtained as an ensemble
average in terms of û. We have postponed this discussion to Section 3.2 because Lan-
dau’s theory includes only the macroscopic version of an order parameter completely
disregarding molecular properties. Therefore it seems worthwhile to first continue with
the extension of Landau’s theory to the IN transition.

2.4.3 Landau-De Gennes Theory

The IN transition is of first order, although weak in nature. In a weak first-order tran-
sition the change in number density ∆ρ/ρ as well as the proportional change in entropy
∆S/S is expected to be small, whereas in a regular first-order transition these values
exhibit rather pronounced jumps. When the IN transition is passed the molecules ar-
range their long axes in parallel, i.e. the increase in order is only orientational and not
spatial. While the entropy of a system cannot be measured directly, the latent heat
linked to ∆S is accessible through the temperature dependence of the heat capacity
cP ∝ ∂S

∂T
. It can be shown experimentally that the latent heat is small at the IN

transition [69].
In the preceding section we showed that nematic order is best described in terms

of a second rank tensor Q. However, the associated thermodynamic potential G in
Eq. (2.38) is a scalar and supposed to be invariant under rotations of the system. Then
we have to find combinations of the elements Qαβ that are invariant under rotation.
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These invariants are called “absolute rotational invariants” (ARI) and do not change
under rotation of the reference frame of the order tensor [59]. This invariance under
rotation indicates that the thermodynamic potential is independent of the reference
frame of the order tensor. The ARI can be obtained by multiplication, addition and
contraction of all indices of a set of tensors. For a symmetric tensor of second rank
it can be shown [59] that these basic invariants can be obtained by contraction. In
the unique case of second rank tensors the contraction coincides with the trace Tr(Qn)

of the tensor. In addition, Tr(Qn) is given by polynomials of Tr(Q), Tr(Q2) and
Tr(Q3). Having identified the ARI, De Gennes suggested an equivalent expression for
the Landau potential in the nematic state

G = G0 +
1

2
AQ : Q +

1

3
BQ : (Q ·Q) +

1

4
C (Q : Q)2 + . . . (2.54)

where we have used the notation of Gray and Gubbins [54]

Q : Q = QαβQβα = Tr(Q2) (2.55a)

Q : (Q · Q) = QαβQβγQγα = Tr(Q3) (2.55b)

for single and double contraction of second-rank tensors. In Eq. (2.54) G0 is the Landau
potential of the isotropic state and we have already excluded the linear term because
of Tr (Q) = 0. This permits a stable isotropic state in the absence of any external
orienting field. The coefficients A(P, T ), B(P, T ) and C(P, T ) in Eq. (2.54) are again
functions of P and T . We have introduced the prefactors for later convenience.

For the explicit form of the general nematic order tensor given in Eq. (2.51) it
is a simple matter to verify that the second- and third-order invariants given in the
Eqs. (2.55) reduce to

Q : Q =
3S2 + Q2

2

2
(2.56a)

Q : (Q · Q) =
3S (S2 − Q2

2)

4
(2.56b)

Employing Eqs. (2.56) in case of a uniaxial phase (Q2 = 0) permits one to rewrite the
Landau potential as

G = G0 +
3

4
AS2 +

1

4
BS3 +

9

16
CS4 + . . . (2.57)

which is now an expansion in the scalar nematic order parameter S defined on the
interval [0, 1].
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In thermodynamic equilibrium, the IN transition is close to A = 0. Again assuming
isothermal conditions and that the pressure P is the field driving the transition, the
first coefficient is defined by A = a(PIN − P ) with a = (∂A/∂P )PIN

> 0 and PIN the
IN transition pressure. From the constraint that G exhibits a minimum around a finite
S again C > 0 follows. The coefficient B is expected to be small and negative.

Experimentally the coefficients A(P ), B(P ) and C(P ) can be determined by mea-
suring the nematic order parameter, the temperature and the latent heat at the IN
transition point. For detailed line of arguments see Vertogen [9]. Here we restrict
ourselves to the determination of the coefficients in computer simulations. In principle,
A(P ), B(P ), and C(P ) may be obtained from the order parameter distribution P (S)

because Eq. (2.37) can be rewritten as [52]

P (S) = P0 exp [−βG′ (S)] (2.58)

where the normalisation constant P0 is determined such that

1∫

0

dS P (S) = 1 (2.59)

according to the discussion in Chapter 1, Section 5.6.3 in Ref. 70. Having calculated
P(S) as a histogram, we obtain the coefficients by fitting a polynomial in S to lnP(S).
However, in computer simulations we deal with systems of finite size in which the ne-
matic order parameter is non-vanishing in the isotropic state, i.e. S exhibits a residual
value Sres. On that account, to achieve a reasonable fit we have to replace S → S−Sres

in Eq. (2.57) and treat the residual nematic order parameter Sres as an additional fit
parameter. In practise it turns out that histogram data can be fitted very well by
the expansion of G even to the symmetric bimodal structure at the transition point.
Although the fit works quite well, the accuracy of numerical values of the coefficients
depends strongly on the statistical accuracy with which the histogram P(s) has been
obtained. The statistics on A(P ) are quite good and it is supposed to change sign at
PIN . However, as was noted by Eppenga and Frenkel [52], B(P ) and C(P ) are deter-
mined mostly by the “wings” of the distribution P(S) which can only be determined
with limited accuracy. That means that the interpretation of the numerical values of
B(P ) and C(P ) is not easy.
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Validity of Landau-De Gennes Theory

Let us close this section with some remarks on the validity of the Landau-De Gennes
theory which is doubtlessly a mean-field approach. In the Landau-De Gennes theory
the order of the state is described by a macroscopic order parameter which assumes
the system to be homogeneous. However, due to thermal fluctuations spatial variations
of the order parameter occur and the local value oscillates about its mean value. The
characteristic length of these correlations is the correlation length ℓ which is a measure
of the range of the correlation function. Far from the transition point, ℓ is of the order
of the molecular length.

As suggested by Ginzburg [71], the validity of the mean-field approach is then
estimated by determining the fluctuations around the extreme values SIN = 0 and
SIN 6= 0 of Eq. (2.57). The Ginzburg criterion for the IN transition is given by [72]

bℓ3 ≫ kBT (2.60)

Here b is the height of the barrier separating the low-order state and high-order state
at the transition point (see Fig. 2.5). As long as Eq. (2.60) is fulfilled, thermally
activated fluctuations between the low-order and high-order state are very unlikely
and Landau’s theory is expected to be valid. If, on the other hand, bℓ3 ≈ kBT the
thermal fluctuations can no longer be neglected and the assumption of homogeneity
is no longer true. As a consequence, fluctuations of the order parameter have to be
taken into account. This is done by including an additional term in Eq. (2.57) that
incorporates the spatial correlations of the order parameter. However, this approach
is not used in this work. For further discussion, see the review of Gramsbergen et al.

[59] and references therein.
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C H A P T E R 3

Model and Methods

3.1 Monte Carlo Simulations

Fast computers have become increasingly important in the field of statistical physics
because of their ever-expanding computational power (e.g. see Wood in [73]). Over the
years, methods have been developed to solve problems in statistical physics numerically
which are applicable over a wide range of time and length scales. However, to describe
systems on a nano- or even mesoscale simplified models have to be considered because
of the restrictions on computer time. In atomistic simulations, particles are assumed to
consist of molecules and obey the laws of classical statistical mechanics, disregarding
any quantum corrections. For a summary of computer simulation methods and their
range of application see the perspective paper of Gubbins and Moore [74] and references
therein.

3.1.1 Metropolis Algorithm

The two most commonly atomistic simulation methods used to solve numerically high-
dimensional integrals of the form given in Eq. (2.17) are molecular dynamics and Monte
Carlo simulations. In a molecular dynamics simulation the system evolves in a Newto-
nian phase space for a given force field. Because this approach introduces a physically
meaningful time scale it is possible to study dynamic phenomena such as diffusion. In
contrast, in the Monte Carlo method particles are moved by means of random numbers
stochastically to perform a random walk in configuration space. We will follow Schoen
and Klapp [43] to explain the Monte Carlo method in more detail.

The ensemble average of an observable 〈O〉 is defined in any ensemble by integrals
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of the form
〈O〉 =

∫
O(X) p(X; Y )dX (3.1)

where the probability density is a function of the configuration X and of the implicitly
fixed variables Y of the ensemble (compare the expressions given in Eqs. (2.34) and
(2.35) for the isostress-isostrain ensemble). In the Monte Carlo method we assume that
configuration space can be discretised and M is the finite number of state points. This
permits to rewrite the ensemble average in Eq. (3.1) as

〈O〉 =
M∑

i=1

Oi(X) pi(X; Y ) (3.2)

where Oi(X) denotes the instantaneous value of the observable and pi(X; Y ) the
probability density of state i. However, if the states are generated by a random walk
one is confronted with two problems. This approach would require M → ∞, but in
view of finite simulation time the number of sampled states has to be limited to a
maximum value M = Mmax. The second problem is that according to Eq. (3.2) Oi(X)

has to be multiplied by the statistical weight pi(X; Y ) which is a priori unknown
(because of the unknown partition function, see Eq. (2.35)).

One can modify the random walk so that the states are generated according to their
statistical weight, i.e. their importance pi(X; Y ). Then the ensemble average is given
as the arithmetic mean

〈O〉 =
1

Mmax

Mmax∑

i=1

O′
i(X) (3.3)

where the prime is added to indicate that the configuration is created according to its
importance. The advantage of this method is that a series of “weighted” configurations
can be interpreted as a numerical realisation of a Markov chain [75–77]. The Markov
process is completely determined by the relative transition probability πmn(m → n)

which is the probability of going from state m to n. This also implies that the Markov
process is independent of the m−1 preceding steps. If the system is ergodic a sufficient
condition for statistical convergence is that the system does obey detailed balance [75,
76, 78]

πmn(m → n)

πnm(n → m)
=

pn

pm

(3.4)

i.e. microscopic reversibility is satisfied. The appearance of contributions in the Markov
chain depends only on the relative probability that the neighbouring states m and n oc-
cur in the sequence. An inspection of the Eqs. (3.4) and (2.35) additionally reveals that
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obeying detailed balance the selection of a neighbouring contribution is independent of
the partition function.

In computer simulations the algorithm most commonly used to generate numeri-
cally a Markov chain is the Metropolis algorithm [79, 80]. Metropolis originally used
the Monte Carlo method in the canonical ensemble, but the algorithm can easily be
extended to other ensembles. For this reason an adapted version of the Metropolis
algorithm is presented where we additionally assume that the considered particles are
elongated to serve as a model of liquid crystals.

3.1.2 Isostress-Isostrain Monte Carlo

In the Metropolis algorithm for elongated particles the configuration (Rm, Ûm) of the
m-th contribution to a Markov chain is generated in the isostress-isostrain ensemble
according to the probability density defined in Eq. (2.35). One of these particles is
chosen at random and its position or orientation is changed by a random amount to
give a new configuration (Rn, Ûn). According to Eq. (3.4) the new configuration is
accepted with the relative probability

pn

pm
= exp (−β∆U) (3.5)

with ∆U = Un − Um the difference in total configurational energy of the two configu-
rations n and m. In the isostress-isostrain ensemble the volume V of the system may
fluctuate to respond to a thermodynamic stimulus such that additional attempts to
change the volume have to be incorporated properly [81, 82]. As a result we refer in
this ensemble to a Monte Carlo cycle as a sequence of N attempted displacements and
rotations of randomly selected fluid particles plus one attempted change of volume.
We carry out the displacement/rotation and the volume change with a frequency N : 1

because of the need to recalculate all N pair contributions to the total energy in order
to test if a volume change is accepted.

The particle displacements are implemented in such a way that the centre-of-mass
position ri,m of a random particle i is displaced in direction of the vector δr to the
new position ri,n = ri,m + δr. The only constraint on this displacement vector is that
its endpoint lies in a cube of side length 2δrmax centred at ri,m, i.e. the components
of the displacement vector are uniformly distributed on δrα ∈ [−δrmax, δrmax] with
α = x, y, z the Cartesian coordinate axes of the laboratory fixed coordinate system.
The rotation of the particles can be implemented on the basis of various algorithms.
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We have decided to use an algorithm proposed by Barker and Watts [75, 83] which
chooses one of the laboratory fixed Cartesian coordinate axes êα at random and rotates
the particle by an angle δφ ∈ [−δφmax, δφmax] about êα on the surface of a cone. The
symmetry axis of the cone coincides with êα and the apex is at ri,m. Here, δφmax is
the maximum rotation angle. The vector of the new orientation is generated by the
equation

ûi,n = Aαûi,m (3.6)

where explicit expressions for the rotation matrices Aα can be found, for example, in
Allen [75].

The volume of the displacement cube, i.e. the maximum side length δrmax, and the
maximum rotation angle δφmax control the convergence of the Markov chain towards
the equilibrium distribution in configuration space. If these parameters are too small
the energy difference between the new and old configuration is minimal and therefore
nearly all moves are accepted. Moreover, configuration space is sampled slowly and
insufficiently. If, on the other hand, δrmax and δφmax are too large nearly all new
configurations are rejected, which again results in slow and insufficient sampling of
configuration space. On the basis of these considerations the maximum values δrmax

and δφmax during the Monte Carlo run were adjusted such that 40 − 60% of all trial
displacements and rotations are accepted.

After a particle has been moved or rotated, the new configuration n is accepted in
the Metropolis scheme when ∆U < 0 from which it follows pn/pm > 1. That means, if
the total potential energy of the new state n is lower the simulation continues in any
case from state n. If ∆U > 0, i.e. pn/pm < 1, the configuration n is accepted with the
probability pn/pm = exp (−β∆U). In practise, to decide if a new configuration with
higher energy is accepted the Boltzmann factor is compared with a random number ξ

uniformly distributed on [0, 1]. If ξ < exp (−β∆U) the configuration is accepted and
otherwise rejected. This means that a new configuration is accepted according to the
probability

pacc = min [1, exp (−β∆U)] (3.7)

where we have defined pacc = πmn(m → n). If the new configuration n is rejected,
the simulation continues with the old configuration m such that detailed balance is
satisfied.

In order to change the volume of the simulation cell, one would intentionally add the
same small amount δs ∈ [−δs,max, δs,max] to all side lengths simultaneously. However,
we are interested in liquid crystals confined by plane, parallel walls with constant wall
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separation. Therefore we chose to perform the Monte Carlo simulation in an isostress-
isostrain ensemble where we fix the wall separation sz0 and change the substrate-fluid
interfacial area A = sxsy parallel to the walls. We implement this by adding the same
δs to both side lengths

sx,n = sx,m + δs

sy,n = sy,m + δs

such that the new centre-of-mass positions are rescaled according to [43]

r̃n =




x̃n

ỹn

z̃n


 =




x̃m

ỹm

z̃m


 ·




sx,n/sx,m

sy,n/sy,m

1


 (3.9)

where we have introduced unit cube coordinates

r̃n =




x̃n

ỹn

z̃n


 =




xn/sx0

yn/sy0

zn/sz0


 (3.10)

Vorontsov-Vel’yaminov et al. [82] have shown that this coordinate transformation
introduces an explicit dependence on the interfacial area A in the isostress-isostrain
ensemble average defined in Eq. (2.34)

〈O〉 =
∑

A

∫∫
dR dÛO(R, Û ) p(R, Û ; A)

= sN
z0

∑

A

AN

∫∫
dR̃ dÛO(R̃, Û) p(R̃, Û ; A)

= sN
z0

∑

A

∫∫
dR̃ dÛO(R̃, Û) p′(R̃, Û ; A) (3.11)

In unit cube coordinates new configurations are generated according to the scaled
statistical weight p′(R̃, Û ; A) = ANp(R̃, Û ; A) rather than p(R, Û ; A) in unscaled
coordinates.

By analogy to Eq. (3.7), the area change is then accepted with the probability

pacc,V = min

[
1, exp

{
−β(∆U − τ‖∆Asz0) + N ln

(
An

Am

)}]
(3.12)

where τ‖ is the parallel component of the stress tensor. The explicit dependence of
Eq. (3.11) on A leads to an additional logarithmic term in the acceptance probability
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in Eq. (3.12) [82]. The difference in energy and interfacial area is ∆U = U(R̃n; An) −
U(R̃m; Am) and ∆A = An−Am, respectively. The area changes are accepted according
to a criterion similar to the one already introduced for particle displacements. For
reasons given above we adjust δs such that 40 − 60% of all attempted volume changes
are accepted. A detailed description of this algorithm is given in the paper of Schoen
[84] to which we refer the interested reader for further discussion.

3.2 Microscopic Order Parameter

We have shown in Sec. 3.1.1 that the ensemble averages of an observable O can be
approximated during a Monte Carlo run via Eq. (3.3). An observable of interest in
liquid-crystalline systems is the nematic order parameter which is introduced here.

The preferred parallel alignment in the nematic phase gives rise to orientational
long-range correlations which can be measured in experiments as a macroscopic order
parameter. This global quantity does not include any information about the consti-
tuting particles. On the contrary, in atomistic simulations all information such as
positions and orientations of the individual particles are known. This allows us to de-
fine a microscopic analogue of the nematic order parameter on the basis of molecular
orientations which is expected to be a quantitative measure of the degree of parallel
alignment of the molecules. A simple model exhibiting a nematic phase consists of
rigid rods. An example of such a rod is a spherocylinder, which is a cylinder capped
by two hemispheres of the same diameter.

Let us assume that the long axis of the rod is parallel to the unit vector û. This
vector is given in terms of the Euler angles ω = (φ, θ) in a laboratory fixed frame
by Eq. (2.24). Then the probability of finding rods in an element of solid angle
dω = sin θdθdφ is given by f(φ, θ)dω [6, 9]. For non-polar, uniaxial particles the
orientational distribution function f(φ, θ) can be further specialised. Because of the
uniaxial symmetry it is independent of the angle φ, i.e. f = f(θ). Nematic phases are
non-polar in general such that the nematic directors n̂ = −n̂ are equal. This non-polar
symmetry is also reflected in the distribution function where f(θ) = f(π − θ).

The task of finding the full function f(θ) can be simplified by calculating instead
the individual moments of its multipole expansion [6, 9, 52]. The individual moments
are represented by the coefficients of a series expansion in Legendre polynomials

f(θ) =
∞∑

n=0

2n + 1

2
an Pn (cos θ) (3.13)
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Using the orthogonality relations of the Legendre polynomials, the coefficients are given
by

an ≡ 〈Pn(cos θ)〉 (3.14)

Because of its trivial form, the moment P0 is not considered to serve as an order
parameter. The dipole moment

a1 ≡ 〈P1 (cos θ)〉 =

∫
f(θ) cos θdθ = 〈û · n̂〉 (3.15)

is the lowest non-trivial moment in this expansion but it has to vanish due to the
non-polarity of the nematic phase. The next higher moment, the quadrupole,

a2 ≡ 〈P2 (cos θ)〉 =

∫
f(θ)

1

2
(3 cos2 θ − 1)dθ =

1

2

〈
3(û · n̂)2 − 1

〉
(3.16)

is the first to give non-trivial results. The nematic order parameter is then defined as
S̃ = 〈P2 (cos θ)〉 and can, in principle, be calculated in a computer simulation via

S̃ =
1

N

〈
N∑

i=1

(
3

2
(ûi · n̂)2 − 1

2

)〉
(3.17)

Here ûi is the orientation of particle i, N the total number of particles in the system,
and angular brackets denote ensemble averages. In a perfectly ordered system (ûi ‖
n̂) the nematic order parameter S̃ is unity by definition whereas S̃ vanishes in the
isotropic phase. If all molecular orientations are orthogonal to the director (ûi ⊥ n̂)

the nematic order parameter exhibits the value S̃ = −1
2
. If no external field is applied

the nematic director n̂ is a priori unknown such that S̃ cannot be calculated via
Eq. (3.17) immediately. However, Eppenga and Frenkel suggest [8, 52] that Eq. (3.17)
can be rewritten

S̃ =
1

N

〈
N∑

i=1

(
3

2
(ûi · n̂)2 − 1

2

)〉

=
1

N

N∑

i=1

〈
n̂ ·
(

3

2
ûi ⊗ ûi −

1

2
1

)
· n̂
〉

(3.18)

=
1

N

N∑

i=1

〈n̂ · Qi · n̂〉

with respect to an arbitrary nematic director. The symbol "⊗" denotes the dyadic
product and 1 the unit tensor. Eq. (3.18) defines the traceless, symmetric second rank
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tensor

Q =
1

N

N∑

i=1

Qi =
1

N

N∑

i=1

(
3

2
ûi ⊗ ûi −

1

2
1

)
(3.19)

which can be diagonalised numerically. If Q is in its diagonal form, the only non-zero
entries are the three eigenvalues λ+ > λ0 > λ−. The nematic order parameter may
then be obtained as an ensemble average of the largest eigenvalue S = 〈λ+〉 and the
corresponding eigenvector is the nematic director n̂. By definition, S is always positive.

Because in computer simulations one is confronted with a finite number of particles
N it seems worthwhile studying the scaling behaviour of the individual eigenvalues.
This is because the middle eigenvalue S = 〈−2λ0〉 could be used as an alternative
definition of the order parameter. This follows because Q is a traceless tensor such
that for N → ∞ the largest and middle eigenvalue of an uniaxial system are connected
via λ+ = −2λ0. Eppenga and Frenkel show [52] that in the isotropic state the residual
values of these eigenvalues are of the order λ+ = O(1/N1/2) and λ0 = O (1/N), i.e. λ0

approaches zero much faster for increasing particle numbers. However, because we
are interested in a quantitative measure of the alignment in the nematic phase the
scaling behaviour in this state is of primary importance. In the nematic phase, the two
eigenvalues scale as

λ+ = S + O
(

1

N

)
(3.20)

λ0 = −S

2
+ O

(
1√
N

)
(3.21)

from which it is obvious that λ+ is the better estimate for S.

3.3 Finite-Size Scaling

In systems of finite size the profiles of the order parameter and of response functions,
such as susceptibilities, when plotted as a function of the driving field may be smeared
or rounded. This smearing may hamper the determination of the location and nature
of the transition. In other words, the transition will be distorted by finite size effects
which makes a classification difficult. The influence of the smearing scales with the
system size and shrinks smoothly as the size of the system increases. However, in
atomistic computer simulations, it is not possible to realise the thermodynamic limit
in which the transitions appear in their “natural” form. To circumvent the restrictions



3.3 Finite-Size Scaling 47

imposed by finite system size, methods like finite-size scaling [85–88] can be used to
approximate the phase transition in the thermodynamic limit.

3.3.1 Critical Exponents and Scaling Functions

Critical Exponents

For a continuous transition the correlation length ℓ is expected to diverge at the tran-
sition point. Close to the transition [58, 89]

ℓ ∝ |ǫ|−ν (3.22)

with ν the critical exponent governing the divergence of the correlation length ℓ at the
critical point. Here ǫ quantifies the “distance” from the transition point. Assuming
that the thermodynamic field Υ is driving the transition, ǫ = (Υ−Υc)/Υc with Υc the
critical value. Due to its divergence, the correlation length ℓ is the characteristic length
close to the critical point [88]. A second characteristic length is the linear dimension
L which defines the boundaries of a finite system. It therefore seems reasonable that
the ratio L/ℓ controls finite size effects which appear when ℓ ≈ L. We will assume in
the following that hyperscaling [87] is valid.

Scaling Functions

Based on these assumptions, so-called scaling functions (which are in fact functions
of the ratio L/ℓ) are defined to account for the finiteness of the system. Close to the
critical point the free energy of an infinite system can be separated into a “regular”
and a “singular” contribution [90]. In finite-size scaling theory, the “singular” part of
the free energy for a finite system scales with the linear dimension L as [88, 91, 92]

F (Υ, L) = L−(2−α)/νF(Υ, L/ℓ) (3.23)

with F(Υ, L/ℓ) the scaling function of the free energy. Here, the critical exponents α

and ν assume their values at the thermodynamic limit.
According to Eq. (3.22) close to the transition point an observable of an infinite

system scales as
O ∝ |ǫ|y (3.24)

with y the critical exponent of the observable. Since we are interested in the scaling
of an order parameter, in Eq. (3.24) y = β with β the critical exponent of the order
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parameter. In systems of finite size, however, the order parameter can be described by
finite-size scaling through

O (Υ, L) = Lβ/νX (Υ, L/ℓ) (3.25)

The scaling function X associated to the order parameter O is a unique function and
by analogy with Eq. (3.23) depends on the thermodynamic field Υ driving the phase
transition and on the ratio L/ℓ. In fact, the finite-size scaling of the free energy suggests
that appropriate differentiation of Eq. (3.23) yields scaled expressions of the form of
Eq. (3.25) for bulk properties of additional response functions. For large systems L/ℓ →
∞ and |ǫ| ≪ 1 the scaling function X (Υ, L/ℓ → ∞) → (L/ℓ)−β/ν . Consequently the
dependence on L cancels out such that it is straightforward to show [92] that Eq. (3.25)
asymptotically reproduces the critical behaviour of the infinite system

O (Υ, L) ∝ ℓβ/ν (3.26)

It is then plausible that in computer simulation L ≫ ℓ. In contrast, directly at the
critical point, the correlation length diverges L/ℓ = 0 such that the scaling function
X (Υ, L/ℓ) reduces to a proportionality constant [77, 88] and the bulk properties exhibit
power law behaviour in L

O (Υ, L) ∝ Lβ/ν (3.27)

Assuming that the location of the transition is known, Eq. (3.27) can be used to
estimate the ratio of the critical exponents β/ν from which the universality class of
the transition can be concluded. Eq. (3.27) reduces to a constant for vanishing critical
exponent, i.e. O is in this case independent of the system size L. That means that for
different L the profiles of O intersect at Υc in a single point which is by definition the
transition point in the thermodynamic limit. Due to their definition as appropriate
ratios of moments of order parameter or energy the cumulants gn introduced by Binder
[62] are examples of observables with vanishing critical coefficients. Hence, computing
gn directly at the critical point causes curves for different L to intersect in a single,
non-universal (i.e. model-dependent) point [77, 93].

3.3.2 Cumulants

Focusing on cumulants of the order-parameter, the n-th order cumulant is defined as
the ratio of the moments of a general order parameter O (e.g. O = S for the isotropic-
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nematic transition)

gn ≡ 〈On〉
〈O〉n (3.28)

where the moments are defined by

〈On〉 =

1∫

0

dOOn P(O) (3.29)

and P(O) is the order-parameter distribution. In many applications, g4 has been
considered (e.g. see Refs. 77, 94). However, from the definition of gn in Eq. (3.28)
and the expression in Eq. (3.29) it is apparent that the “wings” of P(O) have stronger
weight as n becomes larger. Unfortunately, the numerical accuracy of the histogram of
P(O) decreases rapidly as one moves into these wings where P(O) → 0. To circumvent
this problem, Deutsch [95] proposed employing lower-order cumulants such as g2 which
have better statistics than g4. Due to the increased statistics the quantitative values of
g2 seem to be more accurate compared to g4. For order parameters which are symmetric
around O = 0 the average of the absolute value 〈|O|〉 has to be used in the denominator,
because of 〈O〉 = 0. A comparison of g4 and g2 is given by Weber et al. [89], who show
that both cumulants lead to consistent results as far as the isotropic-nematic phase
transition in lyotropic liquid crystals is concerned.

Order of Transition through Cumulant Analysis

The order of a transition can be identified by the different properties of the cumulants
for first-order and continuous transitions. A first conclusion on the nature of the tran-
sition can be drawn from the intersection of the cumulants for different L. Assuming
that the system size can be varied over a sufficiently large range, the curves gn(L) have
to intersect at a single point in the case of a continuous transition irrespective of L. If,
on the other hand, the transition is of first-order but rounded on account of the finite
size, gn(L) for different L do not have to intersect at a unique point. Moreover, the
intersection point Υcr of curves for neighbouring L converges to the critical value as
[93, 96]

||Υcr − Υc|| ∝ L−2d (3.30)

where d is the dimensionality of the system. More specifically, a pair of curves for
different L may intersect such that the relative magnitude of gn for any two system
sizes reverses at the location of the phase transition. The intersection value gn(Υcr)
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may then scale as L−d as shown by Vollmayr et al. for the q-state Potts model [93].
Additionally, the cumulants gn for a first-order transition are monotonically increasing
functions for small L [93, 96] but for large values of L the profiles may exhibit an
extremum in the disordered phase. The height of this extremum scales as the volume
Ld and the distance to the critical value as the inverse volume L−d [89].

Response functions scale in a different way for a first-order and a continuous tran-
sition. Take, for example, the heat capacity. The δ-function singularity of an infinite
system is rounded in a finite system and scales with the dimensionality d at a first-order

phase transition point, i.e. width decreases as L−d and the maximum value scales as
Ld [97]. This can clearly be distinguished from the scaling behaviour for a continuous

transition. For this transition the power law singularity in the heat capacity is rounded
and shifted proportional to ∝ L1/ν . The different scaling of the response functions can
be understood within the framework of renormalisation group theory. However, since
this is beyond the scope of this work see Binder [66] for further discussion of this topic.
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By means of Monte Carlo simulations in the isothermal-isobaric ensemble, we perform a finite-size scaling

analysis of the isotropic-nematic (IN) phase transition. Our model consists of egg-shaped anisometric Lennard-

Jones molecules. We employ the cumulant intersection method to locate the pressure P ∗ at which the IN phase

transition occurs at a given temperature T . In particular, we focus on second-order cumulants of the largest

and middle eigenvalues of the alignment tensor. At fixed T , cumulants for various system sizes intersect at a

unique pressure P ∗. Various known scaling relations for these cumulants are verified numerically. At P ∗, the

isobaric heat capacity passes through a maximum value cm
P , which depends on the number of molecules N . This

dependency can accurately be described by a power law such that limN→∞ cm
P (N ) → ∞. For sufficiently large N ,

the pressure at which cm
P is located shifts only very slightly in agreement with the apparent insensitivity of the

cumulant intersection to N . In addition, we analyze our data in terms of Landau’s theory of phase transitions.

Our results are consistent with a weakly discontinuous entropy-driven phase transition.

DOI: 10.1103/PhysRevE.83.011704 PACS number(s): 64.70.M−, 05.10.Ln, 05.20.Jj, 64.60.an

I. INTRODUCTION

In the theory of thermal many-particle systems, today it

is almost commonplace that any transition between different

phases in these systems is affected by the actual size of

the system under study. In fact, quite some time ago, it

has been realized that thermodynamics, as the fundamental

theory to treat thermal systems quantitatively, is significantly

altered if it deals with small systems of finite size [1]. In

statistical physics, on the other hand, conclusions are usually

drawn on the basis of the explicit or implicit assumption that

the so-called thermodynamic limit N/V = const, N,V → ∞

(N number of molecules, V volume) exists and that it can

be reached. In particular, our treatment of transformations

between different phases of thermal systems often invokes

the assumption of the thermodynamic limit. This poses

a serious problem to the study of such phase transitions

in computer simulations where one is inevitably restricted

to finite systems, which typically contain less than ∼106

particles in most practical state-of-the-art applications. In the

context of discontinuous phase transitions, perhaps the most

prominent signature of finite system size is the rounding

of such transitions [2]. Rounding refers to the phenomenon

that, in any finite system, the variation of the equilibrium-

order parameter with the thermodynamic field across a phase

transition can be described by a continuous curve, whereas, in

an infinite system, the order parameter would change discon-

tinuously at the onset of the phase transition (see Fig. 4.6 of

Ref. [3]).

The importance of system size or, more generally, the

presence of specific length scales in studies of phase transitions

inspired the development of finite-size scaling concepts quite

some time ago [4,5]. Generally speaking, finite-size scaling

*martin.schoen@tu-berlin.de

aims at a fundamental and quantitative understanding of

how certain quantities computed for a finite system will

change as one approaches the thermodynamic limit. Finite-size

scaling, first applied to continuous phase transitions and

critical phenomena, was inspired largely by renormalization

group theory [6,7], a theoretical concept that first came into

being in quantum electrodynamics [8]. In the meantime,

overwhelming literature on the topic exists that can hardly

be reviewed and summarized comprehensively in a research

paper, such as the present one. Instead, for more information,

the interested reader is referred to a—likely incomplete and

certainly personal—selection of textbooks and review papers

that have been published over the years [3,9–17].

However, to illustrate the power of finite-size scaling as a

theoretical concept, it seems worthwhile to give examples of

physical systems to which it has been applied successfully.

Among these systems lattice models such as the Ising [4,5,18]

or Potts model [19–21] rank prominently. As far as continuous

model systems are concerned, finite-size scaling has been

employed to investigate the gas-liquid phase transition in two-

[22,23] and three-dimensional Lennard-Jones fluids [24,25].

In addition, Potoff and Panagiotopoulos also considered binary

Lennard-Jones mixtures [25]. Even quantum fluids, such

as the three-dimensional weakly interacting Bose gas, have

been discussed within the framework of finite-size scaling

[26].

In the context of this paper, finite-size scaling will

be applied to the isotropic-nematic (IN) phase transition

in liquid-crystalline materials. Here, finite-size scaling has

been employed to obtain the critical temperature as well

as various critical exponents of the planar Lebwohl-Lasher

model [27]. Jayasri et al. used concepts of finite-size scaling

within Wang-Landau Monte Carlo simulations of the three-

dimensional Lebwohl-Lasher model [28]. Focusing on the

IN phase transition, these authors considered the system-size

dependence of the nematic order parameter S. With increasing

011704-11539-3755/2011/83(1)/011704(12) ©2011 American Physical Society
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lattice size, S turns out to have lower values in the isotropic

phase and a steeper increase with temperature T in the

immediate vicinity of the transition point. The transition itself

is located via Binder’s fourth-order cumulant from which it

is inferred that the IN phase transition is a discontinuous

one. Finite-size effects at the IN phase transition have also

been investigated by Fish and Vink [29] again within the

Lebwohl-Lasher model. They employ Wang-Landau Monte

Carlo simulations and demonstrate that, at discontinuous IN

phase transitions, the scaling is approximately that expected for

a q-state Potts model. In a later publication, the same authors

investigated the crossover from discontinuous to continuous

IN phase transitions in confinement [30]. A careful and very

detailed finite-size scaling study of the IN phase transition in

nanoconfinement has been published very recently by Almarza

et al. who based their work on the Maier-Saupe hard-sphere

fluid [31]. López et al. used Monte Carlo simulations to study

a two-dimensional lattice model of monomers that polymerize

reversibly into chains [32]. Employing Binder’s fourth-order

cumulant, it is observed that the IN phase transition for

monodisperse rods without self-assembly is of the same

universality class as that of the two-dimensional Ising model;

on the contrary, the model pertains to the universality class of

the q = 1 Potts model if self-assembly is taken into account.

Vink and Schilling consider the interface between isotropic and

nematic phases in a system of soft spherocylinders [33]. They

apply finite-size scaling concepts to obtain accurate values

for the interfacial tension. However, of particular relevance to

the present paper is a paper by Weber et al. who studied the

IN phase transition in a three-dimensional bond-fluctuation

lattice model of semiflexible polymers [34]. This work is of

central importance for our own study because Weber et al.

discussed, very carefully, how the IN phase transition can be

located through Binder’s cumulant intersection technique and,

more importantly, which cumulant was most suitable for this

purpose. Moreover, as we will emphasize later, their lattice

model behaves qualitatively very similarly to the continuous

model on which our paper is based.

In our paper, we focus on a simple model of a liquid crystal

suggested originally by Hess and Su [35]. It consists of a

Lennard-Jones potential in which the attractive contribution

has been modified to represent the orientation-dependent

interaction between slightly elongated molecules. The charm

of the Hess-Su model is its simplicity. Thus, in a computer

simulation, it is relatively easy to implement this model in a

numerically efficient way. Despite this simplicity, the model

exhibits isotropic, nematic, and smectic phases characteristic

of a typical liquid crystal [36,37]. Also, the model has recently

been used successfully to investigate the impact of certain

anchoring scenarios at solid surfaces on the IN phase transition

in nanoconfined liquid crystals [38,39]. Unfortunately, the

nature of this transition is still unknown for the Hess-Su

model even in the bulk. For example, the variation of the

nematic-order parameter around the IN phase transition turned

out to be smooth and free of hysteresis for relatively large

systems of 1000–2000 molecules [36–38]. This prompted us

to speculate [38] that, for this particular model, the IN phase

transition may perhaps be continuous. In fact, continuous IN

phase transitions are observed in two dimensions [40–42].

However, as we also emphasize in Ref. [38], a finite-size

scaling analysis would be required to prove or disprove

this speculation. Therefore, and in view of the usefulness

of the Hess-Su model in computer simulations of both bulk

and confined liquid crystals [36–39], a careful study of the

mechanism of the IN phase transition seems both worthwhile

and a bit overdue. Thus, the present paper is devoted to a

finite-size scaling analysis of the IN phase transition in the

Hess-Su model.

We have organized the remainder of this paper as follows. In

Sec. II, we introduce our model system. Some basic concepts

of its statistical mechanical treatment and a summary of key

quantities, on which our work is based, are introduced in

Sec. III. Our results are presented in Sec. IV and will be

discussed further in the concluding Sec. V.

II. THE MODEL SYSTEM

We consider a bulk liquid crystal composed of N molecules

interacting with each other in a pairwise additive fashion such

that the configurational potential energy is given by

U (R,Û) =
1

2

N∑

i=1

N∑

j !=i

u(r ij ,̂ui ,̂uj ), (2.1)

where r ij ≡ r i − rj is the distance vector between the centers

of mass of particles i and j . In Eq. (2.1), R ≡ {r1,r2, . . . ,rN }

and Û ≡ {̂u1 ,̂u2, . . . ,̂uN } are shorthand notations for the sets

of center-of-mass coordinates and unit vectors specifying the

orientations of the liquid-crystalline molecules, respectively.

Following earlier work [35–38], we adopt the intermolecular

interaction potential,

u(r ij ,̂ui ,̂uj )

= 4ε

[(
σ

rij

)12

−

(
σ

rij

)6

{1 + # (̂r ij ,̂ui ,̂uj )}

]
, (2.2)

where r = |r| and r̂ = r/r . Hence, u is a Lennard-Jones po-

tential where the attractive contribution is modified to account

for different relative orientations of a pair of molecules. In

Eq. (2.2), σ denotes the diameter of a spherical reference

molecule, and ε is the depth of the attractive well in that

reference model. The anisotropy of the fluid-fluid interaction

is accounted for by the function,

# (̂r ij ,̂ui ,̂uj )

= 5ε1P2 (̂ui · ûj ) + 5ε2[P2 (̂ui · r̂ ij ) + P2 (̂uj · r̂ ij )], (2.3)

which one obtains from a summation of certain Wigner

matrices selected to preserve the head-tail symmetry of the

molecules [35]. In other words, # remains unaltered if ûi

and/or ûj are replaced by −ûi and/or −ûj . As in our previous

paper, we take ε1 = 0.04 and ε2 = −0.08 for the anisotropy

parameters such that the aspect ratio of each molecule is ∼1.26

(see Fig. 1) [38]. In Eq. (2.3),

P2(x) = 1
2
(3x2 − 1) (2.4)

is the second Legendre polynomial.
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FIG. 1. (Color online) Plots of u(r12 ,̂u1 ,̂u2) for a pair of

molecules located in the x-y plane such that r12 = (x12,y12,0) and

û1 · û2 = 1. The white area at the center of the plot is defined by the

condition uff(r12 ,̂u1 ,̂u2) ! 0 such that it approximately represents

the shape of the molecule at the center of the coordinate system true

to scale. In colored parts of the figure, uff(r12 ,̂u1 ,̂u2) < 0 where the

color (see attached color bar) indicates the local value uff of in units

of ε.

III. THEORETICAL BACKGROUND

A. Statistical thermodynamics

For reasons to be explained later (see Sec. IV A), we choose

to describe the thermodynamic state of the liquid crystal in

terms of N , temperature T , and pressure P as natural variables.

This immediately suggests the Gibbs potential G as the

relevant thermodynamic potential, which assumes a minimum

at equilibrium. One of the quantities we are interested in is the

isobaric heat capacity, which can be derived from the exact

differential of G via

c′
P

T
≡

(
∂S

∂T

)

{·}\T

= −
(

∂2G

∂T 2

)

{·}\T

, (3.1)

where S denotes entropy and {·}\x is a shorthand notation to

indicate that, upon differentiation, the set of natural variables

of G is to be held constant except for variable x. In this paper,

we consider the specific heat capacity cP = c′
P/N .

The connection to a molecular level of description is pro-

vided through another textbook expression (see, for example,

Chap. 3.29 of Ref. [43]), namely,

G = −kBT ln χ (N,P,T ) , (3.2)

where kB is the Boltzmann constant,

χ =
∑

V

exp (−βPV )Q (N,V,T ) (3.3)

is the partition function in the isothermal-isobaric ensemble,

V denotes volume, and β ≡ 1/kBT . In Eq. (3.3), Q is the

canonical ensemble partition function in the classical limit.

As explained for arbitrary molecular symmetry in the book by

Gray and Gubbins [44] and later for the special case of linear

molecules by Gruhn and Schoen [45], one may express Q as

Q =
1

%5N

(
I

m

)N

Z, (3.4)

where

Z =
1

2NN !

∫
d RdÛ exp(−βU ) (3.5)

is the configuration integral. In Eq. (3.4), % ≡ h/
√

2πmkBT

is the thermal de Broglie wavelength (h is the Planck constant),

and m and I denote molecular mass and moment of inertia,

respectively. The factor 1/2N in Eq. (3.5) corrects for double

counting equivalent configurations characterized by ûi and

−ûi (head-tail symmetry).

B. Properties

From quantities introduced in Sec. III A, we can derive

molecular expressions for cP. Details of this derivation can be

found elsewhere [38]. After considerable but straightforward

algebra, one eventually obtains

cP =
5

2
kB +

〈H2〉 − 〈H〉2

NkBT 2
, (3.6)

where 〈· · ·〉 denotes an ensemble average in the isothermal-

isobaric ensemble. In Eq. (3.6), the energy function H ≡
U (R,Û) + PV such that 5

2
kBT + 〈H〉 can be interpreted as

the enthalpy of the liquid crystal. At a phase transition, cP

undergoes a characteristic change [46] and, therefore, is a

useful quantity in the context of this paper.

Moreover, the IN phase transition is characterized by a

change in orientational order. To determine the degree of

orientational order, we follow Maier and Saupe and introduce

the nematic-order parameter S [47,48] (see also Refs. [49,50]).

This order parameter is defined such that S = 0 in an infinitely

large isotropic phase, whereas S ≃ 1 if the symmetry axes of

all molecules point in the direction of the unit vector n̂ usually

referred to as the director. Because n̂ is a priori unknown, a

derivation of a molecular expression for S conveniently departs

from the so-called alignment tensor [51],

Q ≡
1

2N

N∑

i=1

(3ûi ⊗ ûi − 1) , (3.7)

where ⊗ denotes the direct (i.e., dyadic) product and 1 is

the unit tensor. The alignment tensor can be represented by

a real symmetric traceless 3 × 3 matrix that can be diago-

nalized numerically using Jacobi’s method (see, for example,

Chap. 11.1 of Ref. [52]). This procedure allows one to compute

the three eigenvalues λ− < λ0 < λ+ of Q and the associated

eigenvectors. Following previous workers [34,38,53,54], we

define the nematic-order parameter through the expressionS ≡
〈λ+〉 and take, as n̂, the eigenvector associated with the largest

instantaneous eigenvalue λ+. Hence, n̂ may vary during the

course of the simulation. Moreover, a basic theorem of linear

algebra establishes the trace of a tensor as one of its scalar

invariants (see, for example, Chap. 4.2 of Ref. [55]). Therefore,

Tr Q = Tr (diag Q) = 0 where the operator Tr represents the

trace and

diag Q ≡




−λ+/2 − ζ 0 0

0 −λ+/2 + ζ 0

0 0 λ+


 , (3.8)
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in the basis of eigenvectors of Q. In Eq. (3.8), ζ may be

taken as a measure of apparent biaxiality. This expression

was derived by Low who uses an expansion in terms of

Wigner matrices [56]. As already pointed out by Eppenga and

Frenkel [54], ζ is nonzero in any finite system even in the

isotropic phase (see also Sec. IV B). Because such finite-size

effects are the focus of the present paper, it is useful to

introduce the ostensible biaxiality-order parameter ξ ≡ 〈ζ 〉

in accord with the definition of S introduced before.

In the study of finite-size effects at phase transitions,

order-parameter distributions and their moments have been

established as powerful tools [3]. In particular, suitably defined

ratios of these moments known as cumulants are particularly

useful [4,5]. For a nonvanishing order parameter 〈O〉, the

nth-order cumulant may be defined as

gn ≡
〈On〉

〈O〉n
, (3.9)

where

〈On〉 =

∫ 1

0

dÕÕn
P(Õ), (3.10)

and P(O) is the order-parameter distribution, which can be

computed as a histogram of O in a computer simulation. In

many applications, g4 has been considered (see, for example,

Refs. [3,12]). However, from the definition of gn in Eq. (3.9)

and the expression in Eq. (3.10), it is apparent that the wings

of P(O) are probed more the larger n becomes. Unfortunately,

the accuracy of numerically determined histograms P(O)

decreases rapidly as one moves into these wings where

P(Õ) → 0. To circumvent this problem, Weber et al. proposed

to employ lower-order cumulants, such as g2 [34]. We follow

this proposition in Sec. IV C and, in particular, investigate g2

for O = −λ0 = −λ+/2 + ζ and O = λ+ as the relevant order

parameters.

It has also been argued by Weber et al. [34] that, at a

continuous phase transition,

〈On(·,L)〉 = Lnβ/ν
X (·,L/ℓ), (3.11)

where L is the linear dimension of the system, β is the

order-parameter critical exponent, ν is the critical exponent

governing the divergence of the correlation length ℓ at the

critical point, and X is a scaling function depending on the

thermodynamic field driving the phase transition (represented

by ·) and on the ratio L/ℓ. Directly at the critical point, ℓ → ∞.

Hence, in computing gn directly at the critical point causes

curves for different L to intersect in a single nonuniversal (i.e.,

model-dependent) point [3,20]. If, on the other hand, the phase

transition is discontinuous but rounded on account of the finite

size of the system under study, gn for different L do not have

to intersect in a single point. Specifically, a pair of curves for

different L may intersect such that the relative magnitude of gn

for any two system sizes reverses at the location of the phase

transition. The intersection may still be system-size dependent

and may then scale as L−d (N−d/3) where d is the dimension

of the system as shown by Vollmayr et al. for the q-state Potts

model [20]. This prediction was confirmed later by Weber et al.

for their lattice model of flexible polymers [34]. However, it

seems worthwhile to note at this point that the shift of the

cumulant intersection may already be very weak over a range

of (sufficiently large) system sizes and, therefore, hard, if not

impossible, to detect, although the phase transition is truly

discontinuous.

For a discussion of the nature of the IN transition (i.e.,

whether it constitutes a continuous or a discontinuous phase

transition for the present model), it will turn out to be prudent to

determine the correlation length ℓ of orientational correlations.

To that end, it is useful to introduce the orientation correlation

function,

G2(r) = 〈P2[cos α(r)]〉, (3.12)

where cos α(r) = û1(r1) · û2(r2) is the cosine of the angle

α(r) formed between the molecular directors û1 and û2 of

a pair of molecules separated by a distance r = |r1 − r2|

(see, for example, Ref. [57]). The subsequent discussion will

particularly benefit from introducing the so-called connected

correlation function,

Gc
2(r) ≡ G2(r) − S2

r→∞

−−−→ 0. (3.13)

Assuming an exponential decay of G2(r) in a sufficiently large

system [27,58], one may obtain a quantitative estimate of ℓ by

fitting f (r) = a exp(−r/ℓ) to Gc
2(r) in the limit of sufficiently

large r taking a and ℓ as fit parameters.

IV. RESULTS

A. Numerical aspects

To compute the quantities introduced in Sec. III B, we

employ Monte Carlo simulations in the isothermal-isobaric

ensemble in which a fluid composed of a fixed number of

molecules N is exposed to a pressure P that remains constant

during the course of an individual simulation. Consequently,

the volume V of the simulation cell may fluctuate. We employ

periodic boundary conditions in all three spatial directions. To

generate a Markov chain of configurations in this ensemble,

we utilize the algorithm described in Sec. 4.1 of Ref. [59].

As part of this algorithm attempts to change the volume of

the simulation, cells have to be incorporated properly. In

the simulation of ordered (nematic or smectic) phases of

anisometric molecules, one would normally want to change

the lengths of the simulation cell independently in each spatial

direction such that these ordered phases can be accommodated

properly. This is particularly important in the formation of

smectic phases of molecules with a large aspect ratio. If, for

example, the length of the simulation cell in the direction of the

smectic layers would not be close to an integer multiple of the

thickness of a smectic layer, the entire fluid would be under an

artificial and unphysical stress because the smectic phase could

not fit properly into the simulation cell. For the present model

in which the molecules have a rather small aspect ratio of

∼1.26 and because we are not interested in smectic phases, this

problem does not arise. We have verified this by monitoring

diagonal components of the pressure tensor P = P 1 separately

during the course of the simulation [38]. Thus, we assume our

simulation cell to be roughly cubic throughout this paper and

change the volume of the simulation cell isotropically, that

is, simultaneously and by the same small amount δs in each

spatial direction. We adjust δs, which is typically of the order

of only a few percent of σ [see Eq. (2.2)], during the course
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of a simulation to achieve an acceptance ratio of 40%–60%

of all attempted changes of simulation-cell volume.

We refer to a Monte Carlo cycle as a sequence of N

attempted displacements or rotations of sequentially selected

fluid particles plus one attempted change of V . Rotations and

displacements are attempted with equal probability. Most runs

comprise initial 5 × 104 Monte Carlo cycles for equilibration

followed by 2 × 105 Monte Carlo cycles; for the largest

systems with N = 5000 and 10 000, and, in the immediate

vicinity of such a transformation, the length of a typical run

was enlarged up to 4 × 105 Monte Carlo cycles to guarantee

sufficient statistical accuracy.

We express all quantities of interest in terms of the custom-

ary dimensionless (i.e., reduced) units. For example, length is

given in units of σ , energy in units of ε, and temperature in units

of ε/kB . Other derived quantities are expressed in terms of

suitable combinations of these basic quantities. For example,

pressure is given in units of ε/σ 3. Throughout this paper,

we fix the temperature T = 1.0, which should be sufficiently

low to allow for a formation of both isotropic and nematic

phases where we take the mean-field bulk phase diagram of

Hess and Su as a rough guidance [35]. To save computer

time, we cut off fluid-fluid interactions beyond a separation

of rc = 3.0 between the centers of mass of a pair of fluid

molecules with no shift [31] or long-range correction applied.

In addition, we employ a combination of a linked-cell and a

conventional (Verlet) neighbor list as described in the book by

Allen and Tildesley to further speed up the simulations (see

Chap. 5.3 of Ref. [60]). This latter list includes all particles as

neighbors whose centers of mass are located within a distance

of rn = 3.5 from a reference molecule at the origin of the

neighbor sphere. Under these conditions, the smallest system

we can study comprises N = 250 molecules. If N < 250, the

actual side lengths of the simulation cell could become shorter

than 2rc such that the minimum image convention [60] would

be violated. We could accommodate these smaller systems

if we reduce rc. However, this would inevitably change the

physical nature of our model fluid. A comparison with our

earlier papers [38,39] would then be disabled. Consequently,

the simulations presented in this paper have been carried

out for systems containing 250 ! N ! 5000 molecules. A

few simulations for N = 10 000 have also been included to

check certain scaling laws. However, these simulations take

approximately up to 4 days of CPU time per state point on our

computer cluster and, therefore, are too time consuming to be

carried out routinely.

Finally, a comment seems appropriate concerning the

choice of the isothermal-isobaric ensemble for this paper.

Ideally, one would prefer to study phase transitions in the grand

canonical ensemble [61]. Unfortunately, the IN phase transi-

tion normally arises in a density regime where the Metropolis

algorithm adapted to simulations in the grand canonical

ensemble is rather inefficient or breaks down completely [60].

The reason is that, during the particle creation or deletion

substep of the adapted Metropolis algorithm, it becomes

increasingly difficult to either remove existing particles mostly

located at energetically favorable positions or to create new

ones at energetically favorable holes as the fluid’s average

density increases. Because N is fixed in isothermal-isobaric

Monte Carlo simulations, this problem does not arise so that

this latter ensemble seems a better choice for the present paper.

However, it is noteworthy that finite-size scaling procedures

developed originally for the grand canonical ensemble may

be transferred to the isothermal-isobaric ensemble without

modification as shown by Wilding and Binder a while ago [61].

B. Finite-size effects

In the context of the IN phase transition, finite-size

effects manifest themselves most notably in the nematic-order

parameter S introduced in Sec. III B. As one can see from

plots in Fig. 2(a), S does not vanish at low pressures in

the isotropic phase but remains nonzero. Generally speaking,

S increases with P as one goes from the isotropic (P = 1.0)

to the nematic phase (P = 2.0). Our data show that S, in the

isotropic phase, is larger the smaller N is. In going from the

isotropic to the nematic phase, the overall increase of S with

P is smaller the smaller N is. Around the IN phase transition,

S increases more steeply as the number of molecules in the

system becomes larger. On the contrary, the dependence of S

on N in the nematic phase is much smaller. These features,

which are relatively easy to understand, already have been

reported and have been discussed many times in the literature.

They are observed in quite different model systems, such as

hard platelets [54], lattice polymers of variable stiffness [34],

polydisperse mixtures of soft spherocylinders [53], and even

under nanoconfinement conditions [31].

In a typical liquid-crystalline material, the interaction

between a pair of mesogens is such that a parallel orientation

of both members of the pair is usually favored regardless

of whether these interactions are purely entropic or of a

van der Waals type. In general, these interactions have a

small but nonvanishing range so that the preferred relative

orientation of a pair of nearest neighbors is transferred,

to some extent, to more distant molecules. Hence, at the

molecular level, nanoscopic clusters form in which molecules

exhibit nematic order, although the thermodynamic state of

the entire liquid crystal pertains to the isotropic phase. On

account of thermal fluctuations, sufficiently remote clusters

may have local directors pointing in different and uncorrelated

directions. In an infinite system, where one would average

over a vast (i.e., essentially infinite) number of such clusters,

the order parameter would vanish identically according to its

definition. In a finite system, however, and no matter how big

the system is, some residual order inevitably remains, and this

is the reason for the nonvanishing values of S in the isotropic

phase that become smaller as N increases as one can see from

Fig. 2(a).

The finite-size effect also manifests itself as an ostensible

biaxiality as can be seen from plots in Fig. 2(b). In an infinite

system and according to its definition, ξ should vanish in the

isotropic phase where no preferred orientation of the molecules

exists. It should also vanish in a perfect nematic phase of

uniaxial symmetry. On the contrary, plots of ξ versus P in

Fig. 2(b) reveal that, even in the isotropic phase, a substantial

biaxiality exists that becomes smaller with increasing N . As

one moves into the nematic regime, ξ becomes smaller because

of the increasing uniaxiality of these phases where n̂ represents

the dominant symmetry axis. Our results show that this drop

of ξ may be relatively sharp in large systems (e.g., N = 5000),
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FIG. 2. (a) Nematic-order parameter S as function of applied

pressure P ; l, N = 300; ©, N = 500; n, N = 1000; ¤, N = 2000;

and ∗, N = 5000. (b) as (a) but for the biaxial order parameter ξ . (c) ξ

as a function of N for ◦, P = 1.0 in the isotropic and l, P = 2.0 in

the nematic phases; solid lines are fits of aN−1/2 to the discrete

data points where ©, a = 1.042 and l, a = 0.449, respectively

(see Sec. IV C).

whereas, in smaller systems (e.g., N = 300), the variation of

ξ with P is much weaker around the IN phase transition.

Nevertheless, a small residual ostensible biaxiality remains

even for the largest system and deep in the nematic phase as

the plot of ξ for N = 5000 molecules and P = 2.0 in Fig. 2(b)

shows. Moreover, the plot in Fig. 2(c) shows that our data can

be very well represented by a power law providing further

support for the presence of a perhaps vanishingly small but

always nonzero residual ostensible biaxiality in the nematic

phase of any finite system. The power law decay of ξ will be

rationalized later in Sec. IV C.

C. Cumulant analysis

Because of the finite-size effects demonstrated in

Sec. IV B, it is not immediately obvious at which pressure

P the IN phase transition occurs in the thermodynamic limit

nor what the nature (i.e., continuous versus discontinuous) of

this phase transition is for the present model. For example,

as Fig. 2(a) already indicated, the variation of S around the

(assumed) phase transition becomes steeper with increasing

N but still looks rather continuous, which would point toward

a continuous phase transition. However, one knows that, in

any finite system, phase transitions appear to be more or less

rounded depending on the specific phase transition and the

actual system size [3]. Hence, for the present model, even

the system comprising N = 5000 molecules may still be too

small to reveal the true discontinuous steplike change of S at a

discontinuous IN transition on account of the relative weakness

of the transition. The notion that the IN phase transition in the

Hess-Su model may be unusually weak is further corroborated

by the surprisingly small increase of S across that transition.

For example, it is evident from plots in Fig. 2(a) that S

does not exceed 0.6 even deep in the nematic regime. This

value is less than 2
3

of the ideal value S = 1 in a nematic

phase in which nearly all molecules are perfectly aligned with

n̂ [62]. Further evidence for the formation of only weakly

ordered nematic phases in the Hess-Su model is provided

by the observation that, in our Monte Carlo simulations, the

angle increment for the random orientation of molecules is

adjusted to a remarkably large value of 1α ≃ π
2

to preserve

an acceptance ratio of roughly 0.5 even deep in the nematic

phase at P ≃ 2.0. This shows that, after the nematic phase

has formed, molecules are still relatively free to rotate, thus,

explaining the small values of S and, perhaps, the weakness of

the IN phase transition in the Hess-Su model. Consequently,

the apparent smoothness of the curves in Fig. 2(a) may

erroneously be misinterpreted as a signature of a continuous

IN phase transition.

To locate the transition point and to shed more light on the

nature of the IN phase transition, it has been demonstrated,

quite some time ago, in the pioneering work by Binder [3–5]

that cumulants of suitably chosen order parameters are very

useful not only in locating the transition point, but also in

determining the nature of a specific phase transition. In this

paper, we focus on the second-order cumulants g0
2 and g+

2

following the suggestion of Weber et al. [34], where the

superscript refers to the associated eigenvalues λ0 and λ+ of

Q, respectively. Before turning to a detailed analysis of both

cumulants and in view of a similar analysis performed earlier

by Weber et al. for a lattice model of flexible polymers [34], it

seems worthwhile to investigate the scaling behavior of those

moments of λ0 and λ+ on which both cumulants are based [see

Eq. (3.9)]. In the isotropic phase, one anticipates

〈λ0〉 ∝ N−1, (4.1a)〈
λn

0

〉
∝ N−n/2, n > 2, (4.1b)

〈λn
+〉 ∝ N−n/2. (4.1c)

011704-6



58 RESULTS

FINITE-SIZE SCALING ANALYSIS OF ISOTROPIC- . . . PHYSICAL REVIEW E 83, 011704 (2011)

10
-4

10
-3

10
-2

10
-1

  200   500  1000  2000  5000 10 000

λ
n i

N

FIG. 3. Moments of the order-parameter distribution P(λi) (i =

0,+) [see Eq. (3.10)] as functions of N for P = 1.0 in the isotropic

phase. Results are shown for ©, i = +, n = 1; l, i = +, n = 2; ¤,

i = 0, n = 1; and n, i = 0, n = 2. Solid and dashed lines represent

the various scaling laws given in Eqs. (4.1) (see text).

The scaling laws given in Eqs. (4.1a) and (4.1c) for n = 1

have been obtained analytically by Eppenga and Frenkel [54],

whereas the ones given in Eqs. (4.1b) and (4.1c) have been

conjectured and numerically confirmed by Weber et al. [34].

Plots in Fig. 3 confirm the scaling laws introduced in

Eq. (4.1) quite nicely for a range of particle numbers varying

by a factor of 40 between the smallest and the largest one

considered. In terms of an associated variation of the side

length of the (cubic) simulation cell, this translates to a,

perhaps, somewhat less impressive factor of only 3.4 if this

number is compared with a factor of 32 by which Weber

et al. have varied the number of lattice sites in one spatial

dimension [34]. However, one has to keep in mind that these

latter authors employed a (three-dimensional) lattice model,

which—like most, if not all lattice models—is computationally

much less demanding than a continuous model, such as the

one studied here. Nevertheless, it is gratifying that even over

a smaller range of system sizes, our data already obey the

asymptotic behavior predicted by Eqs. (4.1). We have made

this test as rigorous as possible by fitting power laws aN−b

to the discrete Monte Carlo data where we only took a but

not b as a fit parameter; values for b are taken directly from

Eqs. (4.1). This procedure also enables us to detect a small

deviation from the scaling laws as far as 〈λ0〉 and 〈λ2
0〉 for

N < 500 are concerned. This deviation from the scaling laws

indicates that these systems may be a little bit too small for the

asymptotic expressions in Eqs. (4.1) to be fully valid. In fact,

for insufficiently large N , there should be correction terms

to the asymptotic expressions given in Eqs. (4.1) (see, for

example, Eqs. (A12) of Ref. [54]).

Also, we are now in a position to rationalize the scaling

behavior of the ostensible biaxiality already displayed in

Fig. 2(c). From Eq. (3.8), it follows that

ξ ≡ 〈ζ 〉 = 〈λ+〉

(
1

2
+

〈λ0〉

〈λ+〉

)
N→∞
∝ N−1/2, (4.2)

where we employed the scaling laws stated in Eqs. (4.1). In

the nematic phase, however, Eppenga and Frenkel’s analysis

indicates a different scaling behavior of the eigenvalues of Q,

namely,

〈λ0〉 ∝ N−1/2, (4.3a)

〈λ+〉 ∝ N−1, (4.3b)

such that

ξ = 〈λ0〉

(
1

2

〈λ+〉

〈λ0〉
+ 1

)
N→∞
∝ N−1/2 (4.4)

leads to the same scaling behavior of the ostensible biaxiality

in both isotropic and nematic phases. Our data plotted in

Fig. 2(c) are consistent with both Eqs. (4.2) and (4.4) as

far as sufficiently large systems (N & 500) are concerned.

Deviations from the scaling laws in Eqs. (4.2) and (4.4)

at smaller particle numbers are anticipated on account of

additional N -dependent corrections that were neglected in our

analysis [54]. However, our data do not permit us to verify

Eqs. (4.3) directly because, in the nematic phase, the variation

of both eigenvalues over the range of system sizes considered

is vanishingly small as one can see, for instance, from the plots

in Fig. 2(a).

After analyzing these various scaling laws, it follows from

Eqs. (4.1) and the plots in Fig. 3 that, in the isotropic phase,

g+
2 ≈ c and g0

2 ∝ N where c is a nonuniversal model-specific

constant. This scaling behavior of the cumulants makes it

somewhat more cumbersome to analyze g+
2 because curves

for different N bundle up in the isotropic phase as we will

demonstrate shortly. A similar bundling up is not expected for

g0
2 , and this is the reason why analyzing this latter cumulant

was suggested earlier by Weber et al. [34]. However, we will

show later that both cumulants provide data sets that are

consistent with each other. However, before turning to that

discussion, it seems worthwhile to point out that numerical

accuracy of g0
2 in the isotropic phase decreases with increasing

N despite the more favorable scaling behavior. This is because

an increasing value of g0
2 with increasing N is obtained by

taking the ratio of two numbers, both of which tend to zero

as N → ∞ [see Eqs. (3.9), (4.1a), and (4.1b)]. Therefore,

the accuracy of g0
2 is expected to go down with system

size. Focusing on small systems to circumvent this problem

is not advisable either because the linear dimension(s) of

the simulation cell may eventually become comparable in

magnitude with ℓ. In this latter case, one has to be prepared

for additional features that render the interpretation of the

cumulant difficult [34].

Plots in Fig. 4(a) illustrate the behavior of g+
2 with P

and for different system sizes. In the isotropic regime, one

clearly sees the bundling up of curves for different N as

anticipated. As P increases, g+
2 decreases monotonically as

far as smaller systems (N 6 500) are concerned. In larger

systems, g+
2 exhibits a nonmonotonic dependence on P and

passes through a maximum located at a system-size-dependent

pressure in the isotropic phase [cf., Fig. 2(a)]. The height

of this maximum, which is most clearly visible in the plot

for N = 5000, increases with N similar to what has been

observed earlier by Weber et al. [34]. Most importantly,

however, curves for different N have a common intersection at

the transition pressure P ∗ ≃ 1.74 and reverse their magnitude

for P > P ∗. Comparing Figs. 4(a) and 4(b), one notices a
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FIG. 4. (a) Second-order cumulant g+

2 − 1 as a function of

applied pressure P ; !, N = 300; ©, N = 500; ", N = 1000; !,

N = 2000; and ∗, N = 5000. (b) as (a) but for g0
2 . The insets show

enlargement of plots around the IN phase transition (see text).

couple of differences. First, as predicted on the basis of

Eqs. (4.1a), (4.1b), and Fig. 3, plots of g0
2 in Fig. 4(b) do

not bundle up in the isotropic phase. In fact, g0
2 at P = 1.0

changes by little more than an order of magnitude over the

range 300 " N " 5000 as expected. The pressure dependence

of all curves is monotonic. All curves intersect at P ∗ ≃ 1.74

(as do the curves g+

2 ), where they change their curvature and

reverse their order for P > P ∗. Hence, from plots in both parts

of Fig. 4, we conclude that the IN phase transition at T = 1.0

occurs at PIN = P ∗ ≃ 1.74.

D. Nature of the isotropic-nematic phase transition

Although this result and the observation of a common

cumulant intersection for both g+

2 and g0
2 are gratifying,

they still leave the question concerning the nature of the

IN phase transition unanswered. For example, the fact that

a common intersection of the second-order cumulants exists

is not necessarily indicative of a continuous phase transition

as emphasized earlier by Vollmayr et al. [20]. On the contrary,

a unique cumulant intersection could also mean that the

system-size-dependent shift of the intersection characteristic

of a discontinuous phase transition is too weak to be detected

over the range of system sizes accessible and the statistical

accuracy with which g+

2 and g0
2 can be computed.

 20

 40
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100

1.00 1.20 1.40 1.60 1.80 2.00

c P

P

FIG. 5. Isobaric heat capacity cP as a function of applied pressure

P ; !, N = 300; ©, N = 2000; and ", N = 5000.

To gain more insight into the nature of the IN phase

transition, we considered additional quantities in this paper.

Plots in Fig. 5 show the variation of the isobaric heat capacity

[see Eq. (3.6)] as a function of pressure for three selected

system sizes. One notices that sufficiently far away from the

maximum, the heat capacity apparently is independent of N .

This holds for low pressures in the isotropic as well as for

sufficiently high pressures in the nematic phases. In the vicinity

of the phase transition, the shape of cP exhibits a marked

system-size dependence. Generally speaking, the larger N ,

the sharper and taller the maximum cm
P of the curve cP. For the

largest system of N = 5000 molecules considered in Fig. 5,

the location of cm
P agrees very well with P ∗ ≃ 1.74 obtained

via the cumulant intersection approach and, therefore, is taken

as a fingerprint of the IN phase transition as in our previous

work [38,39]. One also sees from Fig. 5 that the location of cm
P

is remarkably insensitive to the system size, whereas, both the

width of the curves plotted in Fig. 5 as well as the height of

their maximum depend strongly on N .

According to Vollmayr et al., one expects cm
P in a

three-dimensional system to scale with N2/3ν−1 if the IN

phase transition is continuous [20]. In this scaling relation,

ν = 0.6289 is the relevant critical exponent [63] such that the

divergence of cm
P with increasing system size at a continuous

phase transition would be rather weak. If, on the other hand,

the IN phase transition was discontinuous, cm
P should increase

linearly with N [20]. However, in analyzing the scaling

behavior of cm
P , some care has to be taken. This is because it

was pointed out by Bruce and Wilding [64] and reemphasized

more recently by Fernandez et al. [65] that the scaling law

for cm
P contains an analytical background that does not scale

with system size (see, for example, Eq. (48) of Ref. [65]). As

we show in Fig. 6, cm
P may be represented by an expression

of the form aNy
+ b. Fitting this expression to our data, the

analytic background b ≃ 8.2 turns out to be rather substantial

and amounts to roughly 1
4

of cm
P for N = 300. In addition,

our fit gives y ≃ 0.58, which is much larger than the value

2/3ν − 1 ≃ 0.06 expected for a continuous phase transition.

Nevertheless, our value of y is still smaller than 1, which would

be anticipated for a strongly discontinuous IN transition. A

scaling behavior intermediate between those characteristics

of a continuous and that of a discontinuous phase transition
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FIG. 6. Maximum of the isobaric heat capacity cm
P as a function

of the number of molecules Ny where y ≃ 0.58 is obtained by fitting

the expression aN y
+ b to the simulation data.

has been reported earlier by Vollmayr et al. for the q-state

Potts model [20]. However, Vollmayr et al. did not include

the analytical background in their scaling analysis of cm
P .

Nevertheless, we follow these authors and conclude that, for

the Hess-Su model, the IN phase transition is most likely to be

weakly discontinuous because our value of y turns out to be

midway between that characteristic of a continuous and that

of a strongly discontinuous phase transition.

Further evidence for this conclusion is provided by an

inspection of the orientational correlation function G2(r) [see

Eq. (3.12)] plotted in Fig. 7 for two state points in the

immediate vicinity of the IN phase transition at P ≃ 1.735

and 1.745. These values are very close to P ∗ ≃ 1.74 at

which all cumulants g0
2 and g+

2 intersect (see Fig. 4). For a

large system containing N = 10 000 molecules, both curves

converge nicely to their asymptotic values S2 within the range

of accessible intermolecular distances. For the state at lower

pressure P = 1.735, the system is still in its isotropic phase

(S ≃ 0.072); whereas, at the higher pressure P = 1.745, one

has already entered the nematic regime (S ≃ 0.343). For

N = 10 000, the IN phase transition is already relatively sharp

as these numbers indicate. Whereas this already suggests

that, in the limit N → ∞, one is probably dealing with a

discontinuous rather than a continuous phase transition, plots

in Fig. 7(b) provide further evidence for this interpretation.

These plots reveal that, over a relatively large range of

intermolecular separations r , Gc
2(r) can be described by an

exponential function as discussed at the end of Sec. III B. A

fit of an exponential function gives ℓ ≃ 2.13 at P = 1.735,

whereas an only slightly larger value of ℓ ≃ 2.33 is observed

at P = 1.745 immediately above the IN phase transition. In

other words, across the IN phase transition, ℓ does not exceed

two times the length of the long molecular axis. Moreover,

directly at the IN phase transition, ℓ remains smaller by a factor

of 3 than the length of the computational cell for the smallest

system studied (N = 300, L ≃ 7). From our data, it seems

unlikely to expect that ℓ → ∞ as one would if the IN phase

transition were continuous. Similar observations have been

made by Weber who found that ℓ passes through a maximum

at the IN phase transition but remains small and finite [66].
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FIG. 7. (a) Orientational correlation function G2(r) for N =

10 000 and !, P ≃ 1.735 and +, P ≃ 1.745. The inset shows

long-range behavior of G2(r) → S2 [——, S ≃ 0.072 and - - - - , S ≃

0.343, see Eq. (3.13)]. (b) as (a) but for Gc
2(r) on a semilogarithmic

scale; lines are fits of an exponential function to the curves for ——,

P ≃ 1.735 and - - - - , P ≃ 1.745.

E. Predictions of Landau theory

Finally, it seems worthwhile to analyze the IN phase

transition in terms of Landau’s theory of phase transitions

[50]. To that end, one expresses the relevant thermodynamic

potential as a Taylor series in terms of the order parameter.

In the present case, where the relevant thermodynamic field

driving the phase transition is the pressure, we may expand G

in terms of Q as [50]

βG = βG0 +
1
2
A(P )〈Q〉 : 〈Q〉 +

1
3
B(P )〈Q〉 : (〈Q〉 ·〈 Q〉)

+
1
4
C(P )(〈Q〉 : 〈Q〉)2

+ · · · , (4.5)

where A(P ), B(P ), and C(P ) are dimensionless coefficients

depending only on P under the present isothermal conditions.

In Eq. (4.5), we employ the notation of Gray and Gubbins

for single and double contractions of the second-rank tensor

Q [44]. In the uniaxial case (ξ = 0) and after diagonalizing

Q in the basis of its eigenvectors, it follows from Eq. (3.8)

that second- and third-order scalar invariants of Q are

given by

〈Q〉 : 〈Q〉 =
3
2
S2, (4.6a)

〈Q〉 : (〈Q〉 ·〈 Q〉) =
3
4
S3, (4.6b)

011704-9



4.1 Finite-Size Scaling 61

MANUEL GRESCHEK AND MARTIN SCHOEN PHYSICAL REVIEW E 83, 011704 (2011)

and, therefore, [50],

βG = βG0 +
3
4
A(P )S2

+
1
4
B(P )S3

+
9

16
C(P )S4

+ · · · .

(4.7)

Notice that the expansion of βG starts with the second-order

scalar invariant of Q as the first nontrivial term because the

first-order scalar invariant Tr Q = 0 on account of Eq. (3.7). In

principle, A(P ), B(P ), and C(P ) may be obtained from P(S)

because [54]

P (S) = P0 exp [−βG (S)] , (4.8)

where the normalization constant P0 is determined such that∫ 1

0

dSP (S) = 1 (4.9)

according to the discussion in Sec. 5.6.3 of Chap. 1 in

Ref. [11].

In the simulations, we obtain P(S) as a histogram using a

width δS = 0.005 for the histogram bins. Plots in Fig. 8 reveal

that, in the isotropic phase and sufficiently far away from the

IN phase transition, P(S) exhibits a single maximum. This

maximum is larger the smaller P is. Likewise, the width of

P(S) increases as P increases toward P ∗. In the immediate

vicinity of the IN phase transition, P(S) becomes bimodal

where the two peaks of the distribution are not completely

separated because our system is still finite. However, we notice

that the shape of this bimodal distribution can still be fitted very

well with the Landau expansion of βG. In a sequence of very

careful simulations, we have also been able to determine P(S)

directly at the pressure P ∗ ≃ 1.74 at which the cumulants

g0
2 and g+

2 apparently intersect (see Fig. 4). It is particularly

gratifying that, at this pressure,P(S) is bimodal with two peaks

of equal height as the inset in Fig. 8 clearly shows. Hence,

in the sense of Eq. (4.8), P(S) at P ∗ may be interpreted as

an order-parameter distribution for coexisting isotropic and

nematic phases in a system of finite size.
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FIG. 8. Order-parameter distribution P(S) as a function of the

nematic-order parameter S for N = 5000; !, P = 1.00; !, P =

1.60; ©, P = 1.70; and ", P = 1.75. Full line is a fit based upon G

from Eq. (4.7) treating A(P ), B(P ), and C(P ) as fit parameters and

replacing S → S − Sres where the residual nematic-order parameter

Sres is treated as an additional fit parameter accounting for the

nonvanishing nematic order in any finite system [see Fig. 2(a)]. The

inset shows P(S) directly at ", P ∗ ≃ 1.74 (see also Fig. 4).
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FIG. 9. Plot of A(P ) in the Landau expansion of βG [see

Eq. (4.7)] as a function of pressure !, P . The solid line is a

fit of Eq. (4.10) to the discrete data points taking A0 as a fit

parameter and P ∗
= 1.74 from the cumulant analysis presented

in Sec. IV C.

It is also apparent from the plots in Fig. 8 that P(S)

is not Gaussian in agreement with the Landau expansion

of G in Eq. (4.7) if one assumes both B(P ) and C(P ) to

be appreciable in magnitude. We obtain information about

A(P ), B(P ), and C(P ) by fitting Eqs. (4.7) and (4.8) to the

histograms representing P(S). As noted earlier by Eppenga

and Frenkel [54], B(P ) and C(P ) are determined mostly by

the wings of P(S), which can only be determined with limited

accuracy so that we refrain from plotting any data. However,

our results seem to suggest that B(P ) decreases toward P ∗ but

remains small, whereas, C(P ) > 0 everywhere. These general

features are consistent with requirements of Landau’s theory

as far as discontinuous phase transitions are concerned (see

Sec. 143 of Ref. [46]). At such a transition, A(P ) has to change

sign at P ∗. Here, the usual assumption [46] is that, sufficiently

close to P ∗,

A(P ) = A0(P − P ∗), (4.10)

such that A(P ) changes sign at P = P ∗. Results of our fit

plotted in Fig. 9 are consistent with this general prediction

of Landau’s theory, thereby supporting our earlier conclusion

that the IN phase transition in the Hess-Su model is likely to

be weakly discontinuous.

V. DISCUSSION AND CONCLUSIONS

In this paper, we employed Monte Carlo simulations in

the isothermal-isobaric ensemble to investigate finite-size

effects at the IN phase transition in the Hess-Su model of

a liquid crystal [35] and to gain a more detailed picture of

the nature of this phase transition. In particular, we wished

to determine whether this phase transition was continuous or

discontinuous. Finite-size effects manifest themselves most

directly as nonvanishing values of the nematic-order parameter

S in the isotropic phase. From an operational point of view, S is

usually computed as an ensemble average of a suitably chosen

eigenvalue of the alignment tensor Q. From the pioneering

work by Eppenga and Frenkel, one knows how these ensemble

averages should scale with the number of molecules N both

in the isotropic and in the nematic phases and, of course,
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irrespective of the specific model system [54]. Later, Weber

et al. proposed similar scaling laws for higher-order moments

of the eigenvalue distributions [34]. All these scaling laws are

confirmed numerically in this paper and for the range of system

sizes chosen.

Another fingerprint of finite-size effects is an ostensible

biaxiality ξ that is small but does not vanish completely,

although the molecules of our model are uniaxial and there are

no external fields that would cause nematic phases to have true

biaxial symmetry [39]. From the scaling relations for ensemble

averages of eigenvalues of Q, the system-size dependence of

ξ is given by N−1/2 both in the isotropic and in the nematic

phases. Here, this prediction is tested and is confirmed, at least,

for sufficiently large system sizes. The detailed investigation

of various scaling predictions is important because it allows us

to verify that the range of system sizes chosen for this paper

is large enough for our model. Moreover, the confirmation of

analytically predicted scaling laws indicates that the statistical

accuracy of our Monte Carlo results is sufficient to determine

both location P ∗ and nature of the IN phase transition in the

Hess-Su model.

In this regard, the cumulant intersection method originally

proposed by Binder [4,5] is particularly useful. Based upon

the second-order cumulant of λ+ and λ0 of Q, we obtain

P ∗
= 1.74 at the given temperature T = 1.00. In this regard,

it is somewhat striking that our cumulants seem to intersect

at a universal pressure P ∗ irrespective of system size and

seemingly contrary to what one would have anticipated for a

discontinuous phase transition. However, following arguments

put forth by Vollmayr et al. [20], this observation alone is

insufficient to conclude that the IN phase transition is, in fact,

continuous. In principle, it is conceivable that, at a very weak

discontinuous phase transition, one may fail to observe the

anticipated shift of the intersection between pairs of cumulants

proportional to N−1. This could happen if, for instance, the

constant of proportionality is too small to be detected given

the statistical accuracy of the data. In fact, looking at Fig. 8 of

Ref. [34], one sees that their system-size-dependent temper-

ature Tcr(L) changes rather weakly with L for lattices with

more than only L = 10 sites.

Therefore, to decide whether the IN phase transition in

the present model is continuous or discontinuous, additional

information is required. To that end, we compute the ori-

entation correlation function G2(r) for a large system with

N = 10 000 molecules. Around the phase transition, Gc
2(r)

exhibits an exponential decay governed by a correlation

length ℓ, which does not exceed twice the long axis of our

molecules and, thus, remains finite and small in the immediate

vicinity of the IN phase transition. Similar observations have

been made earlier by Weber for his lattice model of flexible

polymer chains. For example, in his thesis, Weber shows

that ℓ remains finite but passes through a weak maximum

during the IN phase transition [66]. The finiteness of ℓ clearly

points to a discontinuous phase transition. However, if that

were the case, one anticipates the maximum of the associated

isobaric heat capacity to scale proportional to N . In the

actual simulations, we find an increase of cm
P ∝ Ny where

y ≃ 0.58 is significantly smaller than 1. On the other hand, y is

significantly larger than 2
3ν

− 1 ≃ 0.06 expected for a con-

tinuous phase transition [20]. The scaling of cm
P , with an

effective exponent intermediate to that characteristic of a

continuous and that of a discontinuous phase transition,

parallels results obtained by Vollmayr et al. for a thermally

driven discontinuous phase transition in a three-dimensional

q-state Potts model (q ! 3). Moreover, we notice that, for

particle numbers 500 " N " 5000, the shift of cm
P with

N is surprisingly minute. This seems consistent with the

observation that we have been unable to detect any dependence

of the intersection between pairs of neighboring cumulants g0
2

and g+

2 with N .

The apparent insensitivity of the location of cm
P to changes

in N is particularly gratifying in view of our earlier studies of

the IN phase transition in various confined geometries [38,39].

In these works, we located the IN phase transition solely via

the position of the maximum of the isobaric heat capacity

and only for 1500 " N " 2000 molecules. From our present

more extensive investigation, we conclude that, in this range

of particle numbers, cm
P is a sufficiently accurate indicator to

locate the IN phase transition. Nevertheless, it needs to be

stressed that the value of P ∗
≃ 1.70 first reported by Steuer

et al. [37] and confirmed later by us [38], which was based

upon system sizes of N = 1000 [37] and N = 1500 [38], is

presumably a bit too low because of a small residual system-

size effect.

Moreover, it is interesting to note that Landau’s the-

ory of phase transitions [46] seems qualitatively applicable

here similar to what has been concluded by Eppenga and

Frenkel [54] for their model liquid crystal of hard platelets.

Within this theory, the continuous or discontinuous character

of a phase transition depends on whether or not the coeffi-

cient B in front of the third-order term of the expansion of

the thermodynamic potential vanishes [46,50]. Although our

data do not permit us to distinguish, with absolute certainty,

between the two, they seem to suggest that B is small but

nonzero at P ∗. In addition, at the IN phase transition, the

symmetric bimodal shape of P(S) reveals that the free-energy

barrier β&G separating coexisting isotropic and nematic states

(see, for example, the inset in Fig. 8) is only on the order

of kBT . Therefore, the IN phase transition is most likely

to be weakly discontinuous. This notion is corroborated

further by the observation that the variation of S with P

still looks rather smooth even for N = 5000. Moreover, the

pronounced peak in plots of cP versus P indicates a loss

of orientational entropy caused by the preferential alignment

of molecules with the director n̂ as one goes from the

isotropic to the nematic phase [38]. Thus, we conclude

that all observations made in this paper are consistent with

a weakly discontinuous entropy-driven IN phase transition.

Similar conclusions have been reached for the lattice polymer

model investigated by Weber et al. [34] despite the fact

that, in their study, the IN phase transition was thermally

driven.

ACKNOWLEDGMENTS

We are grateful to Professor Kurt Binder (Johannes-

Gutenberg Universität Mainz) and Dr. Pawel Bryk (Uniw-

ersytet Marii-Curie Skłodowskiej) for reading our manuscript

and commenting, in detail, on our results. In addition, we

are most grateful to an anonymous referee for bringing

011704-11



4.1 Finite-Size Scaling 63

MANUEL GRESCHEK AND MARTIN SCHOEN PHYSICAL REVIEW E 83, 011704 (2011)

Refs. [64,65] to our attention and for very insightful and

helpful comments that doubtlessly led to a substantial improve-

ment of our presentation. We are also grateful for financial

support from the International Graduate Research Training

Group 1524 “Self-assembled soft-matter nanostructures at

interfaces.”

[1] T. L. Hill, Thermodynamics of Small Systems (Dover, Mineola,

NY, 2002).

[2] Y. Imry, Phys. Rev. B 21, 2042 (1980).

[3] D. P. Landau and K. Binder, A Guide to Monte Carlo Simulations

in Statistical Physics, 2nd ed. (Cambridge University Press,

Cambridge, UK, 2005).

[4] K. Binder, Z. Phys. B: Condens. Matter 43, 119 (1981).

[5] K. Binder, Phys. Rev. Lett. 47, 693 (1981).

[6] K. Wilson, Phys. Rev. B 4, 3174 (1971).

[7] K. Wilson, Phys. Rev. B 4, 3184 (1971).

[8] M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954).

[9] K. Binder, Ann. Rev. Phys. Chem. 43, 33 (1992).

[10] K. Binder, Computational Methods in Field Theory (Springer-

Verlag, Berlin, 1992), p. 57.

[11] V. Privman, Finite Size Scaling and Numerical Simulation of

Statistical Systems (World Scientific, Singapore, 1990).

[12] K. Binder and D. W. Heermann, Monte Carlo Simulation in

Statistical Physics (Springer-Verlag, Berlin, 1988).

[13] J. L. Cardy, Finite Size Scaling (North-Holland, Amsterdam,

1988).

[14] K. Binder, Ferroelectrics 73, 43 (1987).

[15] M. N. Barber, Phase Transitions and Critical Phenomena

(Academic, New York, 1983), p. 145.

[16] H. E. Stanley, Phase Transitions and Critical Phenomena

(Oxford University Press, Oxford, 1971).

[17] M. E. Fisher, in Critical Phenomena, Proceedings of the

1970 Enrico Fermi International School of Physics (Academic,

New York, 1971), p. 1.

[18] K. Binder and D. P. Landau, Phys. Rev. B 30, 1477 (1984).

[19] M. S. S. Challa, D. P. Landau, and K. Binder, Phys. Rev. B 34,

1841 (1986).

[20] K. Vollmayr, J. D. Reger, M. Scheucher, and K. Binder, Z. Phys.

B: Condens. Matter 91, 113 (1993).

[21] R. L. C. Vink, Phys. Rev. Lett. 98, 217801 (2007).

[22] M. Rovere, D. W. Heermann, and K. Binder, J. Phys. Condens.

Matter 2, 7009 (1990).

[23] A. D. Bruce and N. B. Wilding, Phys. Rev. Lett. 68, 193 (1992).

[24] N. B. Wilding, Phys. Rev. E 52, 602 (1995).

[25] J. J. Potoff and A. Z. Panagiotopoulos, J. Chem. Phys. 109,

10914 (1998).

[26] J.-H. Wang and Y.-L. Ma, J. Phys. B 43, 175301 (2010).

[27] E. Mondal and S. K. Roy, Phys. Lett. A 312, 397 (2003).

[28] D. Jayasri, V. S. S. Sastry, and K. P. N. Murthy, Phys. Rev. E 72,

036702 (2005).

[29] J. M. Fish and R. L. C. Vink, Phys. Rev. B 80, 014107 (2009).

[30] J. M. Fish and R. L. C. Vink, Phys. Rev. E 81, 021705 (2010).

[31] N. G. Almarza, C. Martı́n, and E. Lomba, Phys. Rev. E 80,

031501 (2009).
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The anchoring of rodlike liquid-crystalline molecules at solid surfaces plays an important role in the

design of novel nanotechnological devices such as, for example, biosensors. In this work we investigate

the impact of various anchoring scenarios on the isotropic–nematic phase transition of weakly

anisometric, prolate mesogens confined to a mesoscopic slit-pore. We employ isostress ensembleMonte

Carlo simulations in which the isotropic–nematic transition is driven by applying an external stress in

the direction parallel to the substrate plane. The fluid–fluid interaction is described by a Lennard-Jones

potential with an orientation-dependent attractive term. Our simulations show that different anchoring

scenarios may shift the isotropic–nematic phase transition considerably. We locate this transition

through response functions such as an isostress heat capacity, isothermal compressibility, and the

Maier–Saupe order parameter. Our results suggest that for the present model system the isotropic–

nematic transition is likely to be continuous. For the planar anchoring scenario we observe the

formation of a new layer of fluid molecules during a structural transformation preceding the isotropic–

nematic transition.

I. Introduction

Since their discovery in the late 19th century by the Viennese

chemist Reinitzer1 and his colleague Lehmann2 the liquid-crys-

talline state, often referred to as the ‘‘fourth state of matter’’, has

received a lot of attention because of its fascinating physical

properties.3 The unique properties of liquid-crystalline materials

prompted numerous important technological developments.

Perhaps the most traditional ones are in the area of display

technology where one utilizes the fact that liquid crystals can

form ordered structures if exposed to suitable external fields.4,5

Depending on whether these fields are switched off or on the

liquid-crystalline material may be transparent to visible light or

not. More recently the range of potential applications of liquid

crystals has considerably broadened. It is nowadays possible to

use liquid crystals as sensors in the recognition and detection of

biomaterials.7, 8 In tribology liquid crystals have been employed

as lubricants to reduce friction coefficients, wear rates, and

contact temperature of sliding surfaces.9 Other applications

include photonic10,11 and organic electronic devices.12,13 Even in

food industry liquid crystals are used to stabilize dispersions and

emulsions.14

With the advent of nanotechnology liquid-crystalline materials

are nowadays studied with regard to their interaction with

specific surface structures15,16 or in nanoconfinement.6 The

additional length scale added through specific substrate patterns

enriches the structural complexity of liquid-crystalline phases.

This was shown recently by Hough et al. who studied helical

nanofilament phases.17 The complexity of the structure of these

novel, surface-induced phases could only be unravelled using

a combination of different experimental techniques such as

atomic force microscopy, X-ray and electron microscopy, and

depolarized transmission light microscopy.

In the context of this article mesoporous materials are of

particular interest. These materials can nowadays be synthesized

with controllable and tailored pore-surface chemistry18 such that

specific anchoring scenarios formesogenic liquid crystalmolecules

can be realized. The interplay between the range of the fluid–fluid

interaction and the characteristic dimensions of the mesopores

may cause the formation of new structures of the liquid-crystal

phase in confinement that have no counterpart in a corresponding

bulk system under identical thermodynamic conditions.19

If the inner surface of the mesopore is functionalized chemi-

cally the resulting anchoring scenario ‘‘experienced’’ by a liquid-

crystal molecule in its immediate vicinity may give rise to even

more complex structures that may have correlation lengths

exceeding by far the range of the fluid–substrate interactions.

This was recently demonstrated by Guzm!an et al. who

considered a model for a bionanosensor based upon a confined

liquid-crystalline phase.6 The sensor consists of thin films of

liquid-crystalline materials confined between substrate surfaces

with specific anchoring characteristics. If particles such as

proteins or viruses bind to these solid surfaces they give rise to

long-range orientational order in a nematic phase that reports

the binding of these particles at specific receptors on the solid

surfaces.20–22 The binding process perturbs the local structure of

the liquid-crystal phase over sufficiently long distances so that

optical methods can be used to detect the perturbation.

This interesting phenomenon prompts us to study in greater

detail various anchoring scenarios at the solid surfaces of a slit

nanopore and their impact on the formation of nematic phases in
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confinement. In Monte Carlo simulations employing a so-called

isostress ensemble23 we investigate the isotropic–nematic phase

transition in a confined liquid crystal employing a model

potential suggested earlier by Hess and Su.24 This potential is

basically a Lennard-Jones (12 ! 6) potential in which the

attractive interaction is modified to take into account the anis-

ometry of prolate (or oblate) mesogens. The potential of Hess

and Su has the charm of being rather simple and easy to imple-

ment. At the same time it is sufficiently realistic and has already

been shown to be capable of describing the interaction between

mesogens in the isotropic, nematic, and smectic phases.25,26 Using

this potential Steuer et al.25 considered confined liquid crystal

phases employing two anchoring scenarios: one in which no

particular orientation of the mesogens is energetically preferred

by the substrates (isotropic or nonspecific anchoring) and one

representing a mesoscopic twisted nematic cell. However, the

main focus of these earlier works25,26 was on the formation of

smectic phases in confinement. As we shall demonstrate below

the exposure of the mesogens to surface fields favoring a specific

anchoring may result in subtle structural changes very similar to

those recently reported by Jordanovic and Klapp for dipolar

fluids exposed to external magnetic fields.27,28

We have organized this manuscript such that we give a brief

introduction to the relevant theoretical background in the

subsequent Sec. II followed by a description of our model system

in Sec. III. Our results for various anchoring scenarios are pre-

sented in Sec. IV. In Sec. V we summarize our findings and put

them into perspective. We enclose an appendix in which we

derive a molecular expression for the pressure tensor for the

present model.

II. Theoretical background

A. Phenomenological thermodynamics

Consider N molecules in a volume of fixed but arbitrary shape

and magnitude that we maintain at constant temperature

T. Under these conditions thermodynamic equilibrium states

correspond to minima of the free energy F whose exact differ-

ential may be expressed as29

dF ¼ !SdT þ mdN þ V0TrðsdsÞ (2.1)

where S denotes entropy, m is the chemical potential of the fluid

and V0 ¼ sx0sy0sz0 h A0sz0 is its volume in some undeformed

reference state. Quantities {sa0} refer to the sidelengths of a rectan-

gular fluid lamella in that reference state. In eqn (2.1) themechanical

work exchanged between the confined fluid and its surroundings is

cast in terms of stress and strain tensorss ands, respectively, to take

notice of the anisotropy of the confined phase.29

A more explicit form of eqn (2.1) can be derived based upon

the realization that in our system of ultimate interest the fluid is

confined to a slit-pore where sz0 is the distance between the

substrate surfaces. Moreover, these surfaces are assumed smooth

on an atomic length scale such that for a fixed orientation of

a fluid molecule the fluid–substrate potential depends only on the

distance between the substrate plane and the center of mass of the

molecule along the z-axis. As a consequence fluid properties are

translationally invariant across the x–y plane. To take notice of

this symmetry we introduce

sx

sx0
¼

sy

sy0
¼

sk

2
þ 1 (2.2)

where the set {sa} characterizes the fluid’s shape in a (rectan-

gular) deformed state (i.e., in the absence of shear strains).

Hence, we have

V0dsxx ¼ dðV0sxxÞ ¼
sz0

2
d
!

skA0 þ 2A0

"

¼
sz0

2
dA ¼ V0dsyy

(2.3a)

V0dszz ¼ d(V0szz) ¼ A0dsz (2.3b)

where A h A0s|| (A0 ¼ const). Inserting these expressions into

eqn (2.1) it is easy to verify that the mechanical-work contribu-

tions can be cast more explicitly as29

dF ¼ !SdT þ mdN þ sksz0dAþ szz A0dsz (2.4)

where

skh½(sxx + syy) (2.5)

is introduced for notational convenience in view of eqn (2.2).

Eqn (2.4) indicates that F depends on T, N, A, and sz as

natural variables. However, here we wish to focus on phase

transformations driven by s||. Under conditions of fixed s|| equi-

librium states correspond to minima of the Gibbsian potential

dGhd
!

F ! skAsz0
"

¼ !SdT þ mdN ! Asz0dsk þ szzA0 dsz

(2.6)

introduced as a Legendre transform of F . In the context of this

study two thermodynamic quantities, that can be derived directly

fromeqn (2.6), areofparticular interest. These are the isostress heat

capacity c
0

s
and the isothermal compressibilitykTusually referred to

as ‘‘response functions’’. They can be derived from eqn (2.6) via

#

v
2G

vT2

$

f,g yT

¼ !

#

vS

vT

$

f,g yT

h!
c
0

s

T
(2.7a)

 

v2 G

vs2k

!

f,g y

sk

¼ !sz0

#

vA

vsk

$

f,g y

sk

h! Asz0kT (2.7b)

In eqn (2.7) we use the shorthand notation ‘‘{$}\x’’ to indicate

that upon differentiation the set of natural variables of G is to be

held constant except for variable ‘‘x’’.

B. Molecular expressions for response functions

The connection between the thermodynamic treatment devel-

oped in Sec. IIA and the molecular level is then made through the

expression23

G ¼ !kBT lnc (2.8)

where c ¼ c(T, N, s||, sz) is the partition function of the so-called

isostress ensemble. The detailed derivation presented in ref. 29

showed that

c ¼
X

A

exp
!

bskAsz0
"

Q (2.9)
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where bh 1/kBT, kB denotes Boltzmann’s constant, andQ is the

canonical ensemble partition function in the classical limit.

Following the arguments presented in detail by Gruhn and

Schoen19 (see also ref. 30) one may factorize Q according to

Q ¼ QtQrZ (2.10)

where

Qt ¼

!

2pmkBT

h2

"3N=2

h
1

L
3N

(2.11a)

Qr ¼
1

L
2N

!

I

m

"N

(2.11b)

denote translational and rotational contributions to the partition

function Q, respectively. In eqn (2.11b), I is the moment of

inertia and m is the mass of a mesogen. The specific forms of Qt

andQr result from an analytic integration over translational and

angular momentum subspaces, respectively. The third factor on

the right side of eqn (2.10)

Z ¼
1

2NN!

ð ð

dRd bU exp
$

" bU
%

R; bU
&'

(2.12)

is the configuration integral where we have introduced the set
bU ¼ fû1; û2; :::; ûNg. Here ûi is a unit vector that specifies the

orientation of mesogen i. The prefactor 1/2N in eqn (2.12)

corrects for double-counting equivalent configurations charac-

terized by ûi and " ûi (head–tail symmetry). Combining eqn

(2.10)–(2.12) finally permits us to recast eqn (2.9) as

c ¼
1

L
5N

!

I

m

"N X

A

exp
%

bskAsz0
&

Z (2.13)

Eqn (2.13) enables us to derive molecular expressions for the

response functions introduced in Eqn (2.7). From Eqn (2.7),

(2.8), and (2.13) it is a simple matter to verify

c
0

s
¼ 2kBT

!

v ln c

vT

"

f,g yT

þ kBT
2

!

v2 ln c

vT2

"

f,g yT

(2.14a)

kT ¼
kBT

Asz0

 
v
2 ln c

vs2k

!

f,g y

sk

(2.14b)

Starting with the somewhat simpler expression in eqn (2.14b)

one first obtains

v lnc

vsk
¼

sz0

kBT

1

c

1

L
5N

!

I

m

"NX

A

A exp
%

bskAsz0
&

Z ¼
sz0

kBT

(

A
)

(2.15)

where h.i denotes an average in the isostress ensemble. It is

then easy to show that

v2ln c

vs2k
¼

!

sz0

kBT

"2
*

hA2i" hAi
2
+

(2.16)

Inserting eqn (2.16) into eqn (2.14b) we obtain

kT ¼
sz 0

kBT

hA2i" hAi
2

hAi
(2.17)

as the desired molecular expression for the isothermal

compressibility.

To derive a similar expression for c
0

s
it is useful to begin by

rewriting eqn (2.13) as

c ¼
1

2NN!L
5N

!

I

m

"NX

A

ð ð

dR d bU exp
$

" bH
%

R; bU
&'

(2.18)

where we introduced the definition

H
%

R;Û
&

hU
%

R; bU
&

" skAsz0 (2.19)

for later convenience. Differentiating eqn (2.18) with respect to T

one obtains

v ln c

vT
¼

1

c

1

2NN!

!

I

m

"N
"
5

2

N

T

1

L
5N

X

A

ð ð

dR d bU expð" bHÞ

þ
1

L
5N

1

kBT2

X

A

ð ð

dR d bU H expð" bHÞ

#

¼
5

2

N

T
þ

hHi

kBT2

(2.20)

Differentiating this expression one more time with respect to T

we find

v
2lnc

vT2
¼ "

5

2

N

T 2
"

2hHi

kBT3

þ
1

kBT2

v

vT

X

A

ð ð

dR d bU Hexpð" bHÞ

X

A

ð ð

dR d bU expð" bHÞ

¼ "
5

2

N

T2
"

2hHi

kBT 3
þ

1

kBT2

*

(

H2
)

" hHi
2
+

(2.21)

From eqn (2.14a), (2.20), and (2.21) one finally realizes that the

specific isostress heat capacity is given by

cs h
c
0

s

N
¼

5

2
kB þ

(

H2
)

" hHi
2

NkBT2
(2.22)

III. The model

The mesogenic fluid considered in this work is confined to

a mesoscopic slit-pore such that we may decompose the total

configurational energy into a fluid–fluid (ff) and into a fluid–

substrate (fs) contribution according to

U(R,Û) ¼ Uff(R,Û) + Ufs(R,Û) (3.1)

More specifically,

Uff

%

R; bU
&

¼
1

2

XN

i¼1

XN

jsi

uff
%

rij ; ûi; ûj
&

(3.2)

where rijhri " rj is the distance vector between the centers of

mass of particles i and j assuming pairwise additivity of their

interactions. Following a suggestion by Hess and Su24 we take uff
as
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uff
!

rij ; ûi; ûj
"

¼ 43

"
#

s

rij

$12

"

#

s

rij

$6h
1þJ

!

r̂ij ; ûi; ûj
"

i#

(3.3)

where r ¼ |r|, and r̂ ¼ r/r. Hence, uff is a Lennard-Jones potential

where the attractive contribution is modified to account for the

orientation dependence of the interaction between a pair of

mesogens. In eqn (3.3), s denotes the ‘‘diameter’’ of a spherical

reference molecule and 3 is the well depth in that reference model.

An explicit form ofJ is obtained by considering a suitable set of

rotational invariants constructed from irreducible tensors of

rank l. The first five rotational invariants are taken into account

to preserve the head–tail symmetry ûi ¼ "ûi of the mesogens. As

a result J is given by24

J(rij,ûi,ûj) ¼ 531P2(ûi$ûj) + 532[P2(ûi$r̂ij) + P2(ûj$r̂ij)] (3.4)

where

P2(x) ¼ ½(3x2 " 1) (3.5)

is the second Legendre polynomial. Depending on sign and

magnitude of the anisotropy parameters 31 and 32 prolate or

oblate mesogens of variable aspect ratios can be realized. Specific

values of 31 and 32 employed here will be given below in Sec. IV

A. The main advantage of eqn (3.3) is its simple mathematical

structure. This permits rather long simulations (see Sec. IV A) at

relatively moderate computational expense.

To model the fluid–substrate contribution to U we follow

Steuer et al.25 and introduce

Ufs

!

R; bU
"

¼
X2

k¼1

XN

i¼1

u
½k%
fs

!

ri; ûi
"

(3.6)

where

u
½k%
fs

!

ri; ûi
"

¼ u
½k%
fs

!

zi; ûi
"

¼ 2p3rss
2

%

2

5

#

s

ri,êz & sz0=2

$10

"

#

s

ri,êz & sz0=2

$4

g
!

ûi

"

&

(3.7)

In eqn (3.7), êz is a unit vector pointing along the z-axis of

a space-fixed Cartesian coordinate system. In this coordinate

systemwe assume the lower substrate (k¼ 1) to be located at zw¼

"sz0/2 whereas the upper one is located at zw ¼ +sz0/2 (k ¼ 2).

In other words, eqn (3.7) assumes the substrates to be struc-

tureless such that at fixed molecular orientation ufs depends only

on the distance between the center of mass of each mesogen and

either substrate along the z-axis. In the prefactor the areal density

of the solid substrates rs ¼ 2/l2 where l=s ¼
ffiffiffi

4
3
p

is the lattice

constant of a single (100) plane of a face-centred cubic lattice.

In eqn (3.7), g(ûi) is the so-called anchoring function. By

choosing different functional forms the anchoring function

permits us to realize different, energetically favorable orienta-

tions of the mesogens with respect to the substrate plane.

However, irrespective of the specific anchoring scenario 0 # g(û)

# 1. Therefore, g(û) does not only affect the value of ufs
[k] at

a given center-of-mass position and orientation of a mesogen but

also shifts the location of the potential minimum with respect to

sz0. Hence, one may argue that our mesogenic fluid is confined by

(thin) soft solid substrates. The various anchoring scenarios are

introduced in Sec. IV A together with other detailed information

about the simulations carried out in this work.

IV. Results

A. Numerical details

In this work we employ Monte Carlo simulations to study the

nematization of prolate mesogens. Ideally, one would like to

carry out these simulations in the grand canonical ensemble in

which the thermodynamic state of the fluid is specified by the

chemical potential m (in addition to other state variables). This

would enable a direct determination of substrate-induced

features of confined fluids in (virtual) thermodynamic equilib-

rium with the bulk. Unfortunately, nematic phases, that are at

the focus of our work, are characterized by densities that are too

large so that the conventional Monte Carlo algorithm for the

grand canonical ensemble becomes prohibitively inefficient.31 To

circumvent this problem we employ an isostress ensemble in

which the size of the simulation cell may vary at a constant

number of fluid molecules.

In order to generate a Markov chain of configurations distrib-

uted in state space proportional to expð"bHÞ [see eqn (2.18) and

(2.19)]we employ the algorithmdescribed inSec. 4.1ofRef. 23.We

refer to a Monte Carlo cycle as a sequence of N attempted

displacements and rotations of sequentially selected fluid particles

plus one attempted change of the area A. Typical runs comprise

6 ) 104 Monte Carlo cycles in regions where the fluid does not

undergo any structural or phase changes. In the immediate vicinity

of an isotropic–nematic (IN) phase transition one anticipates large

fluctuations of H. Consequently, the length of a typical run was

enlarged to 3 ) 105 Monte Carlo cycles to guarantee sufficient

statistical accuracy of the results (see Sec. IV B).

We express all quantities of interest in terms of the customary

dimensionless (i.e., ‘‘reduced’’) units. For example, length is given

in units of s, energy in units of 3, and temperature in units of 3/kB.

Other derived quantities are expressed in terms of suitable

combinations of these basic quantities. For example, stress is

given in units of 3/s3. Throughout this work we fix the temper-

ature T ¼ 1.0 and the substrate separation sz0 ¼ 10. Our systems

comprise N ¼ 1500 mesogens in the bulk and N ¼ 2000 under

confinement conditions. Because the anisometry of the molecules

is small equilibration of our systems is relatively easy and takes

typically about 5 ) 103 Monte Carlo cycles.

We follow Steuer at al.25,26 and focus on prolate mesogens

characterized by 31 ¼ 0.04 and 32 ¼ "0.08. Hence, our particles

are ellipsoids of revolution with an aspect ratio of 1.26. As

a definition of the aspect ratio we use the ratio of zeros of uff for

the end–end and side–side configuration of two mesogens. The

shape of a molecule is illustrated by the contour plot of uff in

Fig. 1. As one would have anticipated regions in which uff is

smallest are associated with the side-side arrangements, that is

configurations in which a pair of particles is arranged such that

û1$û2 ¼ 1 and û1,2$r̂12 ¼ 0. End–end configurations characterized

by û1$û2¼ 1 but û1,2$r̂12¼ 1 are energetically less favorable as the

plot in Fig. 1 indicates. Even though the aspect ratio of the

mesogens is rather small in comparison with typical experimental
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systems we have chosen these numbers for reasons of comparison

with earlier work.25,26

Moreover, Hess and Su determined the bulk phase diagram for

the present system at mean-field level which serves as a good

orientation for selecting thermodynamic states in this work.24 In

particular, their results show that at the present temperature

thermodynamically stable gas phases are characterized by nearly

vanishing density. Preliminary (grand canonical ensemble)

Monte Carlo simulations by us indeed showed that at T¼ 1.0 gas

phases in the bulk can be described by the ideal-gas equation of

state to a good approximation. Under these conditions one

would not expect any wetting transitions which we have indeed

failed to observe.

The main focus of this paper is on various anchoring scenarios

at the confining solid substrates, that is energetically favored

orientations of a single mesogen with respect to the substrate

plane. Specifically we consider the following four anchoring

functions:

g(û) ¼ (û$êx)
2 + (û$êy)

2 (4.1a)

g(û) ¼ (û$êx)
2 (4.1b)

g(û) ¼ û$û ¼ 1 (4.1c)

g(û) ¼ (û$êz)
2 (4.1d)

The anchoring scenarios described by eqn (4.1) form three

qualitatively different groups. If eqn (4.1c) is used the walls

themselves do not favor any particular orientation of a molecule

(nonspecific anchoring). However, nonetheless one anticipates

weakly homeotropic alignment because

1. more molecules can be anchored per unit substrate area if

their longer axis is perpendicular to the substrate plane and

2. because Fig. 1 indicates that the side-side arrangement of

any pair of molecules is energetically most favorable.

Hence, the homeotropic alignment at the substrate arises only

indirectly as a consequence of their symmetry-breaking presence

such that the anchoring is weak. Using the anchoring function

given in eqn (41.d) the substrates themselves favor homeotropic

alignment directly. In this case the symmetry-breaking presence

of the substrate and the intermolecular interaction potential have

a cooperative impact. Consequently, anchoring is very strong in

this case. The third group of anchoring scenarios is represented

by the anchoring functions given in eqn (4.1a) and (4.1b). In both

cases planar alignment is favored energetically. Anchoring is

again considered strong because it is capable of overcoming the

homeotropic alignment arising in the mere presence of nonspe-

cifically anchoring substrates. The difference is that eqn (4.1a)

gives a molecule the freedom to assume any orientation in the

substrate plane whereas the anchoring function introduced in

eqn (4.1b) ‘‘pins’’ the longer molecular axis to the x-axis. Hence,

in this latter case anchoring at the substrates is stronger than in

the case described by eqn (4.1a).

B. Accuracy and reliability

At this point it seems worthwhile to demonstrate the reliability

and accuracy of our simulation technique fully described in

ref. 23. As already explained in Sec. II, s|| is a fixed input

parameter in each individual Monte Carlo run. However, using

eqn (A1) and (A2) we are able to also compute s||, ff as an

ensemble average. Because the fluid–substrate interaction

depends only on the z-coordinate of the center of mass of each

particle s|| ¼ s||, ff should hold. Entries in Table 1 illustrate the

accuracy with which the numerical data satisfy this equality.

Note that we have deliberately selected state points in the

vicinity of the IN transition for the various anchoring

scenarios (see Fig. 3).

We base our analysis of the IN phase transition largely on the

response functions kT and c
s
computed from eqn (2.17) and

(2.22), respectively. In Fig. 2 we show the evolution of the

response functions with the number of Monte Carlo cycles. We

have deliberately chosen a thermodynamic state in the immediate

vicinity of an IN transition. In the vicinity of such a transition

both response functions become relatively large indicating that

fluctuations in both H and A are substantial. Therefore, care

needs to be taken to compute both quantities with sufficient

accuracy. The plots in Fig. 2 clearly show that runs of about

2.0 " 105 Monte Carlo cycles can be expected to give reliable

results; much shorter runs of about 6.0 " 104 Monte Carlo cycles

are sufficient if the thermodynamic state considered is sufficiently

far away from any phase transition as we have checked through

plots similar to the ones presented in Fig. 2.

Fig. 1 Plots of uff(r12,û1,û2) for a pair of molecules located in the x–y

plane such that r12¼ (x12,y12,0). The white area at the center of the plot is

defined by the condition uff(r12,û1,û2)$0 such that it approximately

represents the shape of the molecule at the center of the coordinate system

true to scale. In colored parts of the figure uff(r12,û1,û2)<0 where the color

indicates the local value of the fluid–fluid potential.

Table 1 Comparison between input values s|| for the isostress ensemble
Monte Carlo simulations and s||, ff computed as an ensemble average
from eqn (2.5) and (A5) in those simulations

Anchoring g(û) –s|| –s||, ff

Bulk system – #1.65 #1.6505
#1.70 #1.7038

Planar eqn (4.1a) #1.50 #1.5000
#1.55 #1.5499

Directional eqn (4.1b) #1.00 #1.0009
#1.10 #1.0997

Nonspecific eqn (4.1c) #1.30 #1.3011
#1.40 #1.3999

Homeotropic eqn (4.1d) #1.00 #1.0004
#1.10 #1.0977
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C. Formation of nematic phases in confinement

For the following quantitative discussion of various anchoring

scenarios it is useful to introduce the Maier–Saupe nematic order

parameter S32–34 through the so-called alignment tensor35

Qh

1

2N

XN

i¼1

!

3ûiûi " 1
"

(4.2)

where ûû is the direct (i.e., dyadic) product of the vector û with

itself and 1 is the unit tensor. Hence, Q is a symmetric, traceless,

second-rank tensor which can be represented by a (symmetric)

3# 3 matrix. We follow Eppenga and Frenkel36 and compute the

largest eigenvalue lm of this matrix using Jacobi’s method.37 The

Maier–Saupe order parameter may then be obtained as an

ensemble average Sh hlmi. On account of its definition S¼ 0 for

an isotropic phase whereas S ¼ 1 if a nematic phase of perfectly

oriented mesogens forms. A value of ST0.4 is already indicative

of a nematic phase according to the mean-field theory of Maier

and Saupe.32,33

In Fig. 3 we present plots of S as a function of the applied

external compressional stress s||. We begin our discussion by

presenting data for the bulk as a reference in Fig. 3(a). Bulk

phases were also investigated earlier by Steuer et al.25 The plot of

S in Fig. 3(a) shows that for low compressional stresses |s|||,

S(0.1 indicating that the liquid crystal is in its isotropic phase as

one would have anticipated. At s|| z "1.70, S rises sharply but

seemingly continuously and reaches a final value of Sx0.6. The

apparent continuous variation of S with s|| (given our resolution

of data points) indicates that the IN phase transition is likely to

be continuous, too. This notion is supported by the mean-field

phase diagram of Hess which exhibits a line of continuous IN

phase transitions in the temperature range relevant to this

study.24 We locate the transition point via the inflection of S

d2
S

ds2k
j
sk¼s

IN
k
¼
!
0 (4.3)

The solution of this equation gives s
IN
k x "1.70 for the IN

phase transition in perfect agreement with the findings of

Steuer et al.25

That this definition of the IN phase transition is operationally

meaningful is supported by the plot of the isostress heat capacity

Fig. 2 Isothermal compressibility kT (-) (left ordinate) and isostress

heat capacity (B) (right ordinate) as a function of the length of a typical

Monte Carlo (MC) run in the vicinity of the IN phase transition at

s|| ¼ "1.500 and planar anchoring [see eqn (4.1a), Fig. 6(b)].

Fig. 3 Plots of isostress heat capacity c
s
(C) (left ordinate) and nematic

order parameter S (B) (right ordinate) as functions of the applied

transverse stress s|| for the bulk (a) and confined fluids (b) with planar

[see eqn (4.1a)] , (c) directional [see eqn (4.1b)], and (d) isotropic

anchoring [see eqn (4.1c)].
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c
s
also presented in Fig. 3(a). It exhibits a pronounced peak at the

same s
IN
k x !1.70 where S has its inflection. In addition, the

variation of c
s
around s

IN
|| supports the notion of a continuous

transition where one would expect large values of c
s
. Moreover

the shape of this curve is reminiscent of the l-transition at which

ordinary liquid 4He becomes superfluidic through a phase tran-

sition that is also continuous38 but driven by temperature as the

relevant thermodynamic field.

Additional support for the IN phase transition as a continuous

one is provided by plots of the mean density r h N/hAisz0 in

Fig. 4 which varies continuously with the compressional stress.

Data for the bulk liquid in that figure show, in fact, only a slight

change in slope around s
IN
|| in agreement with earlier findings of

Steuer et al. (see data for the compressional scan in the upper-

most part of Fig. 3 of ref. 25). Last but not least all the data sets

presented in this work turn out to be fully reversible with no

hysteresis as one would expect for continuous phase transitions.

Turning next to results for the confined fluid with planar

anchoring [see eqn (4.1a)] plots in Fig. 3(b) reveal a number of

differences. First, the increase of S with s|| in the isotropic phase

is more pronounced than in the bulk [cf., Fig. 3(a)]. This reflects

the prealignment of the mesogens in the isotropic phase on

account of anchoring at the substrates. As |s||| becomes larger

increasingly more mesogens arrange their longer axes in direc-

tions parallel with the substrate plane. Hence, prealignment

extends into regions of the confined fluid that are farther

removed from the walls as |s||| increases. Because of prealignment

in the isotropic phase the variation of S at the IN transition turns

out to be weaker compared with the bulk. Second, on account of

a substantial degree of planar prealignment in the isotropic phase

the confined fluid loses less rotational entropy compared with the

previously discussed bulk system. Consequently, the peak visible

in the plot of c
s
at the IN transition in Fig. 3(b) is smaller

compared with its bulk counterpart [see Fig. 3(a)]. Third, the

location of the IN transition appears to be shifted to a lower

compressional stress s
IN
k x !1.55 because the substrates play

a cooperative role in the formation of nematic phases. However,

for the sake of brevity we defer a more comprehensive discussion

of the relation between the loss of rotational entropy and the

location of the IN transition to Sec. V.

At this point it seems more interesting to compare the previous

anchoring scenario with one in which the anchoring function still

favors a planar orientation but in addition ‘‘pins’’ the mesogens

along the x-axis. This is effected by g(û) given in eqn (4.1b). As

one notices by comparing plots for S in Fig. 3(b) and 3(c) the

variation of S in the isotropic phase is even stronger for the

directional anchoring. This is because prealignment is stronger

on account of the directional pinning. The cooperative effect of

the substrates in the formation of nematic phases is even stronger

and causes a substantial shift of the IN transition to a lower value

of s
IN
|| z !1.00. Because of the stronger prealignment of the

mesogens in the isotropic phase the loss of rotational entropy at

the IN transition is smaller than in the previously discussed case

in which the mesogens in the isotropic phase had more freedom

to rotate in the x–y plane. Consequently, the maximum visible in

the plot of c
s
at the IN transition is lower in Fig. 3(c) compared

with Fig. 3(b) and compared especially with the bulk in Fig. 3(a).

For the sake of completeness we also include the nonspecific

anchoring represented by eqn (4.1c). As pointed out in Sec. IV A

the substrates still have a cooperative effect on the formation of

nematic phases but favor homeotropic rather than planar

alignment of the mesogens. The prealignment in the isotropic

phase is comparable to planar anchoring with directional pinning

as reflected by similar values of the nematic order parameter in

Fig. 3(c) and 3(d). However, because the substrates do not support

the formation of nematic phases energetically (see Sec. V) the IN

transition occurs at |sIN|| |z 1.40 which is substantially larger than

|sIN|| | z 1.00 observed for planar anchoring with directional

pinning [see Fig. 3(c)]. We also note that our value for sIN|| for the

nonspecific anchoring is slightly smaller than the value |sINk |x1.50

reported by Steuer et al.25 who did, however, consider a larger

slit-pore of sz0 ¼ 15. Because of a similar degree of prealignment

in the isotropic phases for nonspecific anchoring and planar

anchoring with directional pinning one anticipates the fluid to

lose a comparable amount of rotational entropy at the IN

transition. This argument suggests that the peak in c
s
at the IN

transition should be comparable in height for the two anchoring

scenarios. A comparison of plots in Fig. 3(c) and 3(d) supports

that notion. However, regardless of the specific anchoring

scenario the IN transition turns out likely to be continuous for

the present model. This is supported also by corresponding plots

of the mean density presented in Fig. 4.

Fig. 5 Plot of the nematic order parameter S as a function of s|| for the

homeotropic anchoring scenario [see eqn (4.1d)].

Fig. 4 Mean density r as a function of external transverse stress. (#)

bulk; the other three data sets are obtained for confined fluids using

a specific anchoring scenario represented by g(û) from eqn (4.1a) (B),

eqn (4.1b) (C), and eqn (4.1c) (,).
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Finally, in the case of homeotropic anchoring [see eqn (4.1d)]

we do not observe any IN phase transition. The reason is that

even at the lowest compressional stress the value of the nematic

order parameter exceeds the threshold S z 0.4 predicted for the

IN transition by the Maier–Saupe theory as one can see from

Fig. 5. The plot shows that S is no longer sigmoidal but varies

almost linearly.

D. Structure and local order

Plots in Fig. 3(b) and 3(c) reveal another interesting feature

which accompanies the IN phase transition. For both planar

anchoring scenarios the isostress heat capacity exhibits a small

maximum at lower compressional stress. This peak is located at

|s||| < |sIN|| |, that is prior to the one associated with the IN phase

transition. To analyze the significance of this ‘‘side’’ peak it is

useful to compare plots of c
s
with those of kT.

Plots in Fig. 6(b) and 6(c) show that the small side maxima in

c
s
at s|| z !1.20 [see Fig. 6(b)] and at s|| z !0.75 [see Fig. 6(c)]

are preceded by a shoulder or a small maximum in kT at

s|| z!1.10 and!0.70, respectively. Because these subtle features

occur at stresses prior to the onset of nematization they must

reflect some other, apparently rather weak, structural feature

that arises before the confined fluid attains a significant degree of

nematic order. To gain some deeper inside we analyze the local

structure of the confined fluid in terms of the local density that we

may define through

rðzÞ ¼
1

dz

!

NðzÞ

A

"

(4.4)

where N(z) is the number of mesogens in a given configuration

that have the z-coordinate of their center-of-mass position within

a small interval dz centered on z. Here we take dz ¼ 0.1. In

a similar fashion we analyze the local orientation of the confined

fluid. To that end we introduce the local alignment tensor Q(z)

paralleling precisely the definition of the global one given in eqn

(4.2). Using the same procedure already explained in Sec. 4.3 we

obtain a local nematic order parameter S(z) h hlm(z)i where

lm(z) is the largest local eigenvalue ofQ(z). However, it has been

noted by Eppenga and Frenkel36 and later by Richter and

Gruhn39 that S(z) depends on N(z) for small values of this latter

Fig. 6 AsFig. 3 but for heat capacity c
s
(C) (left ordinate) and isothermal

compressibility kT (B) (right ordinate). Parts (a)–(c) of the figure parallel

those of Fig. 3. No data are shown parallel to the plots in Fig. 3(d).

Fig. 7 (a) Local density r(z) as a function of position between lower and

upper substrate planes located at zw ¼ % 0.5 for s|| ¼ !1.00 (B) and

s|| ¼ !1.10 (—) [cf., Fig. 6(b)] for the planar anchoring scenario [see eqn

(4.1a)]. The inset is an enlargement where (C) refers to the case

s|| ¼ !1.10. (b) As (a) but for the local nematic order parameter S(z)

where s|| ¼ !1.00 (+), s|| ¼ !1.10 (- - -). Also shown are data for Pz(z)

[see eqn (4.5)]; s|| ¼ !1.00 (&), s|| ¼ !1.10 (—).
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quantity. The reason is that for small particle numbers there is

always a certain net alignment that gives rise to spurious

nematic-like order even though the entire system is still in an

isotropic phase. As a result S(z) is nonzero even in the isotropic

phase. To correct for this spurious order we follow the procedure

advocated by Richter and Gruhn [see eqn (B6) and (B7) of

ref. 39] and apply their finite-size correction to our results for

S(z). Using dz ¼ 0.1 and given the typical system sizes employed

in this study N(z) is typically of the order of 25 such that the

finite-size correction proposed by Richter and Gruhn should give

reliable results for S(z) in the isotropic phase.

Plots of r(z) and S(z) are presented in Fig. 7 for s|| ¼"1.00 and

"1.10 and planar anchoring of the mesogenic molecules at the

substrate. The states selected pertain to the range where c
s
and kT

in Fig. 6(b) exhibit a small maximum and a shoulder, respec-

tively. As the plot in Fig. 7(a) indicates the fluid undergoes

a structural change during which a new layer of fluid molecules is

forming at the center of the slit-pore. The formation of this new

layer can be seen more clearly from the inset of that figure. As the

plots in Fig. 7(b) indicate there is a very weak increase of the local

nematic order with increasing compression. Nevertheless, in both

cases the fluid at the center of the pore is still in an isotropic state

because S(z) < 0.4 according to the criterion suggested by Maier

and Saupe’s theory.32,33

The occurrence of a new layer at the pore center can be

attributed to the anisometry of the mesogens in conjunction with

the planar anchoring scenario. To appreciate this we need to

demonstrate first that the orientation of the mesogens is prefer-

entially parallel with the substrate plane. To that end it is useful

to introduce

PzðzÞh
1

2

*

1

NðzÞ

X

NðzÞ

i¼1

h

3
!

ûi,êz

"2
"1

i

+

(4.5)

Hence, Pz(z) ¼ 1 if all molecules are homeotropically aligned

(|ûi$êz| ¼ 1). If, on the other hand, molecules would be aligned in

a parallel fashion Pz(z) ¼ "0.5 (|ûi$êz| ¼ 0).

An inspection of Fig. 7(b) shows that as one approaches either

substrate the nematic order increases because S(z) increases as

|z|/ sz0/2. Moreover, particles in the immediate vicinity of the

substrate are oriented such that their long axes are parallel with

the substrate plane. This follows becausePz/"0.5 as |z|/ sz0/2

indicating an almost complete absence of homeotropically

oriented molecules. Because Pz(z) < 0 everywhere we conclude

that S(z) > 0 for |z|/ 0 indicates a weak but preferentially planar

orientation of molecules as one approaches the pore center.

However, this weak planar orientation still present at z ¼ 0

causes a more efficient packing of the mesogens because they

align with their neighbors such that their longer axes are pref-

erentially perpendicular to the z-direction. Hence, the weak

planar prealignment visible in the plots of S(z) in Fig. 7(b) is

ultimately responsible for the formation of a new fluid layer.

At the compressional stress at which the IN transition occurs

packing of the mesogens is only slightly affected by increasing |s|||

as plots in Fig. 8(a) reveal. However, as one would have expected

from plots of S versus s|| in Fig. 3(b) and 6(b) the local planar

order increases substantially in the vicinity of the transition. This

can be seen from Fig. 8(b) where S(z) increases significantly with

increasing compression whereas Pz(z) decreases simultaneously.

The same structural features arise in the case where the

mesogens are anchored in a planar manner but are directionally

pinned [see eqn (4.1b), Fig. 6(c)] as we have verified by analyzing

r(z), S(z), and Pz(z) for this case. Again the peak in kT and c
s
at

lower compressional stress |s||| in Fig. 6(c) can be attributed to the

formation of an additional layer through the mechanism

explained above.

In the case of homeotropic anchoring the structure of the

confined fluid is distinctly different as a comparison between

plots in Fig. 7 and 8 on one hand and Fig. 9 on the other hand

indicate. In the homeotropic case packing of the mesogens within

a single layer turns out to be more efficient because peaks of r(z)

are generally higher compared with the planar anchoring

scenario over a comparable pressure range [see Fig. 8(a)]. In

general, increasing |s||| causes long-range translational order to

develop in the direction perpendicular to the substrate plane as

the plots in Fig. 9(a) illustrate. The bulk-like region at the pore

center visible in the plot of r(z) for s|| ¼ "0.10 gives way to an

oscillatory structure at s|| ¼ "1.40. On account of the larger

compressional stress in this latter case r(z) oscillates around

a somewhat higher mean density. The decay of the amplitude of

the oscillations indicates that the system is still not in a smectic

phase at s|| ¼ "1.40. The plot in Fig. 9(b) shows that irrespective

of s|| the homeotropic alignment of molecules directly at the

surface is almost perfect because both Pz(z) and S(z) tend to 1 as

|z|/ sz0/2. At s|| ¼"0.10 the local order depends rather strongly

on the distance from the substrate. Note a small deviation

between S(z) and Pz(z) around the pore mid plane. This reflects

the small remaining finite-size effect in S(z) due to the small

Fig. 8 As Fig. 7, but for (a) s|| ¼ "1.30 (B), s|| ¼ "1.55 (–); (b) S(z):

s|| ¼ "1.30 (+), s|| ¼ "1.55 (- - -); Pz(z): s|| ¼ "1.30 (%), s|| ¼ "1.55 (–)

[cf., Fig. 3(b) and 6(b)].
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number of particles in each histogram bin. The empirical finite-

size correction of Richter and Gruhn39 is not capable of

eliminating this effect completely. At s|| ¼ "1.40 the position

dependence of the local order is much weaker and more

pronounced in the additional layers forming at the pore center.

V. Summary and conclusions

We are using Monte Carlo simulations in an isostress ensemble

to investigate the structure of prolate mesogens confined to

a mesoscopic slit-pore. Our focus is on the impact of four

different anchoring scenarios on the IN transition. We present

results for a single characteristic temperature T ¼ 1.0 at which

isotropic and nematic phases of the present model fluid may

form.24 We consider one pore width sz0 ¼ 10 such that the

confined fluid is still weakly stratified at the pore center and for

compressional stresses at which the IN transition occurs. The

selection of the present pore width turns out to be advantageous

because the orientation dependent fluid–substrate interaction at

the pore center turns out to be strong enough to support the

formation of additional fluid layers in the case of planar

anchoring scenarios. The formation of these layers occurs prior

to the IN transition. This formation of additional layers can be

ascribed to a more efficient packing of the mesogens that

becomes possible if in the isotropic phase the mesogens prealign

their longer axes with the substrate plane as the compressional

stress increases towards s
IN
|| . On account of this planar pre-

alignment the shorter axes of these mesogens point in the

z-direction in which stratification of the confined fluid is

supported by the symmetry-breaking presence of the substrates.

Because the structural reorganization of the mesogens is associ-

ated with a change in their packing characteristics it is preceded

by a characteristic change in the fluid’s isothermal compress-

ibility [see Fig. 6(b) and 6(c)].

Perceiving the confining solid substrates as an external field

a similar field-induced formation of additional layers has been

reported recently by Jordanovic and Klapp who investigated

confined dipolar fluids in external magnetic fields pointing in

different directions relative to the substrate plane.27,28 In the

present study the specific anchoring scenario may be interpreted

as the analogue of the direction of the magnetic field in the study

of Jordanovich and Klapp. Hence, the appearance of additional

layers in a confined fluid of anisometric molecules caused by

some direction-dependent external field seems to be a generic

feature which is qualitatively independent of details of the

intermolecular interaction potential or the precise nature of the

external field.

From a more general perspective the IN transition turns out to

be driven by energetic and entropic effects. For example, in the

nematic phase the configurational potential energy of the meso-

gens is generally lower than in the isotropic phase because the

number of side–side configurations of pairs ofmesogens increases.

In the nematic phase only configurations inwhich the orientations

of individual mesogens are preferentially aligned with the global

director n̂ contribute to the configuration integral. Hence, the IN

transition is accompanied by a loss in rotational entropy. The

entropic effects are most clearly visible in the variation of the

isostress heat capacity c
s
during the IN transition.

In confinement the location of the IN transition is determined

by the specific anchoring scenario which may [see eqn (4.1a),

(4.1b), and (4.1d)] or may not discriminate energetically between

various orientations of the mesogens [see eqn (4.1c)] even in the

isotropic phase. However, even with a comparable degree of

energetic discrimination in the isotropic phase the loss of rota-

tional entropy during the IN transition may be quite different.

Take as an example the planar and directional anchoring

scenarios. At the same compressional stress s|| ¼ "0.5 in the

isotropic phase the total mean configurational energy hUi turns

out to be nearly the same irrespective of the specific anchoring

scenario ("5.531, planar anchoring; "5.522, directional

anchoring). However, prealignment is much larger for the

directional (Sx0.23) than for the planar anchoring scenario

(Sx0.08). This is because in the planar anchoring scenario

mesogens have greater freedom to orient themselves in the x–y

plane under isoenergetic conditions. Hence, in this latter case the

loss of rotational entropy during the IN transition is bigger. This

notion is supported by the fact that at the IN transition the peak

in the plot of c
s
is taller for the planar anchoring scenario. Given

the location of the IN transition for both anchoring scenarios

[see Fig. 3(b) and 3(c)] we conclude that a smaller loss in rota-

tional entropy supports the transition.

Comparing next the directional with the nonspecific anchoring

scenario one notices that prealignment in the isotropic phases is

nearly the same because the plots of S versus s|| in Fig. 3(c) and

3(d) can be mapped onto one another if properly shifted with

respect to s
IN
|| . Hence, the loss of rotational entropy at the IN

transition should be comparable. However, in case of nonspecific

anchoring the substrates do not support the IN transition

Fig. 9 As Fig. 6 but for (a) s|| ¼ "0.10 (B), s|| ¼ "1.40 (–); (b) S(z):

s|| ¼ "0.10 (+), s||¼ "1.40 (#); Pz(z): s|| ¼ "0.10 (—), s|| ¼ "1.55 (- - -).
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energetically. This is illustrated by the fact that hUfsix!0.653

(s|| ¼ !1.000) and hUfsix ! 0.659 (s|| ¼ !2.500). In the case of

the directional anchoring scenario we obtain hUfsix ! 0.282

(s|| ¼ !0.500) but hUfsix ! 0.413 (s|| ¼ !2.000) over a compa-

rable range of stresses around the IN transition. Because |sIN|| | is

smaller for the directional than for the nonspecific anchoring

scenario we conclude that energetic discrimination of mesogen

configurations by the solid substrates is also cooperative in the

IN transition.

These conclusions make sense in view of our results for the

homeotropic anchoring scenario where we have been unable to

observe an IN transition even at the lowest compressional stress

s|| ¼ !0.100. In this case the alignment is strongest indicated by

plots of S(z) which show that the first two layers at each wall are

already nematic for this low compressional stress. Unlike for the

nonspecific anchoring scenario, eqn (4.1d) supports a homeo-

tropic alignment of individual mesogens energetically. Hence,

a strong energetic discrimination in combination with

a minimum loss of rotational entropy shifts the IN phase tran-

sition presumably to vanishingly low compressional stresses if

this transition is not completely suppressed in our current

system.

Moreover, all our results at the IN transition seem free of any

hysteresis as we vary s||. This suggests that for the present model

the IN phase transition may be continuous or weakly discon-

tinuous. However, to discriminate between continuous and

discontinuous phase transitions beyond doubt one would have

to resort to a careful finite-size analysis. While this is compu-

tationally quite demanding for the present system we emphasize

that in this work we are concerned with the impact of various

anchoring scenarios on thermodynamic and structural features

at the IN transition rather than the nature of the phase tran-

sition itself. We also note that the observation of reversibility is

not in contradiction with the results of Steuer et al. who

reported a pronounced hysteresis associated with the isotropic-

nematic transition.25 These earlier authors increased the

compressional stress until eventually a smectic phase formed in

their system. Starting from the smectic regime and reducing the

compressional stress eventually returned the system to the

isotropic without intermittent nematic phases. This is because

the smectic phases are exceedingly more stable than the nematic

ones.

Continuous isotropic–nematic transitions have also been

reported experimentally by Selinger et al. who studied the

nematic order parameter for elastomers40 and by Finkelmann

and co-workers41 as well as by Thomsen et al.42 both for the same

system class. On the theoretical side it was shown that an

entropically driven IN phase transition exists in lattice-polymer

models.43 However, by applying a careful finite-size scaling

analysis these latter authors could establish this transition as

a discontinuous one.

Appendix A: Molecular expression for the stress

tensor

Here we derive an expression for the pressure tensor P in an

anisotropic fluid without taking recourse to any thermodynamic

potential. Employing the so-called hypervirial theorem discussed

in Appendix E.2 of ref. 30 one eventually obtains

P ¼ !s ¼ rkBT1þ
1

V

*

X

N

i¼1

riF i

+

(A1)

for the pressure tensor in an inhomogeneous fluid where the first

term on the far right side follows by assuming a Maxwell–

Boltzmann distribution of the linear momenta of the fluid

molecules. To derive a molecular expression for s|| [see eqn (2.5)]

from eqn (A1), we will focus only on fluid–fluid contributions to

the forces because for our model Ufs depends only on {zi} such

that the fluid–substrate potential does not contribute to s||.

In eqn (A1)
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where Phv/vrij. Using eqn (3.3) it is straightforward to verify

that
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However, to derive eqn (A3) some care has to be taken upon

differentiating J with respect to rij [see eqn (3.3) and (3.4)]. One

can easily verify that

v

vrij

!

ûi;j,r̂ij

"

¼
v

vrij

ûi;j,rij

rij
¼

ûi;j ! ðûi;j,r̂ijÞr̂ij
rij

(A4)

resulting from VP2. Straightforward algebra then leads to the

expressions on the second line of eqn (A3). From eqn (A1), (A2),

and (A3) together with ûai ¼ ûi$êa and r̂ij
a ¼ r̂ij$êa
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Eqn (A5) is identical with eqn (9) and (10) of ref. 26 where

unfortunately individual terms have been grouped together in

a somewhat awkward and less transparent way.
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We present Monte Carlo simulations of liquid-crystalline material confined to a nanoscopic slit-pore.

The simulations are carried out under isothermal conditions in a specialized isostress ensemble in which

N fluid molecules are exposed to a compressional stress sk acting on the fluid in directions parallel with

the substrate planes. Fluid-fluid and fluid-substrate interactions are modelled as in our previous work

(M. Greschek et al., Soft Matter, 2010, 6, 1898). We study several anchoring mechanisms at the solid

substrate by introducing an anchoring function 0# g(û)# 1 that depends on the orientation û of a fluid

molecule relative to the substrate plane; g(û) ‘‘switches’’ the fluid-substrate attraction on or off. Here we

focus on various heterogeneous (i.e., hybrid) anchoring scenarios imposing different anchoring

functions at the opposite substrates. As in our previous study we compute the isostress heat capacity

which allows us to identify states at which the confined fluid undergoes a structural transformation.

The isotropic-nematic transformation turns out to be nearly independent of the specific anchoring

scenario. This is because the director in the nematic phase assumes a direction that is a compromise

between the directions enforced by the competing anchoring scenarios at either substrate. On the

contrary, at lower compressional stresses molecules prealign near the slit-pore’s midplane in specific

directions that depend on details of the anchoring scenario.

I. Introduction

If a liquid crystal is in its nematic phase specific orientations of

the director [i.e., the (unit) vector n̂ with which molecules align

preferentially] can be realized through specific anchoring

scenarios at a solid substrate. The substrate-induced alignment

can be perturbed if an external field is superimposed such that it

is competing with the director. An example is the so-called

Fr!eedericksz cell in which a nematic liquid crystal is exposed to

a magnetic field pointing in a direction other than that in which

molecules are anchored at the walls of the cells.1,2 If the external

field is sufficiently strong and if the substrate separation is large

enough there will be a region in the liquid crystal where the local

director points in another direction than that enforced by

substrate anchoring. In other words, the orientational order in

the nematic phase is perturbed by the presence of the external

field. Because the correlation lengths of these perturbations may

be substantial they can be used in sensor applications. This was

recently demonstrated by Guzm!an et al. who considered

a model for a bionanosensor based upon a confined liquid-

crystalline phase.3 The sensor consists of thin films of liquid-

crystalline materials squeezed between substrate surfaces with

specific anchoring characteristics. If particles such as proteins or

viruses bind to these solid surfaces they give rise to long-range

perturbations of the orientational order in a nematic phase that

reports the binding of these particles at specific receptors on the

solid surfaces.4–6 The binding process perturbs the local

structure of the liquid-crystal phase over sufficiently long

distances so that optical methods can be used to detect the

perturbation.

The apparent importance of substrate anchoring for the

nematic phase of such nanoconfined liquid crystals prompted us

to investigate the impact of various anchoring scenarios on the

isotropic-nematic (IN) transformation in a model liquid crystal

of prolate ellipsoids of revolution confined to a nanoscopic slit-

pore.7 Our results indicate that the nature of the anchoring at the

substrate has a pronounced effect on the location of the IN

transition and on structural details associated with it. In view of

our earlier results it thus seems interesting to replace in this work

the original homogeneous by heterogeneous (or ‘‘hybrid’’)

anchoring scenarios where the anchoring is different at the

opposite substrates forming the slit-pore. This will cause the

director field to be inhomogeneous such that interesting new

physical phenomena are anticipated.

That heterogeneous or competing fluid-wall interactions can

lead to exciting effects and interesting new physics has already

been demonstrated in the past in several contexts. Perhaps the

best-known example is the localization-delocalization transition

that occurs for the gas-liquid interface in fluids confined between

two planar walls where one wall favors the liquid- and the other

one favors the gas-like phase.8–10 If the substrate is nonplanar

such as in the bi-pyramid considered by Milchev et al.11

competing surface fields can cause the spontaneous magnetiza-

tion in an Ising magnet to vanish at a filling temperature Tf below

the bulk critical temperature Tcb; the spontaneous magnetization

remains zero for all T $ Tf.

In the context of liquid crystals some attention has already

been paid to hybrid anchoring scenarios which are particularly

important for optical applications.12,13 For example, Schmid and

Cheung employ Landau-de Gennes theory to study the interplay

between wetting and anchoring of nematic liquid crystals.14
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Using lattice Boltzmann simulations Marenduzzo et al. consider

the impact of hybrid anchoring on the rheology of nematic liquid

crystals in nonequilibrium situations.15 In another study,

Ziherl et al. consider a situation in which the molecules of a liquid

crystal are aligned homeotropically at one wall and planar at the

opposite such that in the nematic phase molecules appear to be

frustrated with respect to the direction of n̂.2 The authors focus

on the impact of this frustration on fluctuation-induced forces

that can be interpreted as an analogue of the well-known Casimir

forces in quantum systems.16 For the same hybrid anchoring

scenario Rodr!ıguez-Ponce et al. employ mean-field density

functional theory and observe a linear variation of the tilt angle

between the local director field and the substrate normal (see also

Ref. 17) as far as strong anchoring at the substrate is concerned.18

Such a linear variation of the tilt-angle profile has also been

reported by Steuer et al.19 for hybrid anchoring corresponding to

a nanoscopic twisted nematic cell and for the same model system

used in this work. However, to date a systematic molecular study

of the impact of hybrid anchoring on the IN transition is still

lacking. Nevertheless, Harnau et al. investigate the phase

behavior of a nematic liquid crystal in contact with chemically

patterned nonplanar substrates where the pattern consists of

alternating stripes that anchor molecules in a parallel and

homeotropic fashion.20,21 Based upon the (continuum) Frank-

Oseen model they observe a rich phase behavior depending on

details of the substrate structure. A related model has been

investigated by Harnau and Dietrich which is based upon the

well-known Frank elastic free energy amended by terms repre-

senting dielectric electrostatic and flexoelectric free energy

contributions.22 Applying a voltage allows these authors to

switch between a homeotropically and a hybrid-anchored state in

the nematic phase.

Experimentally, hybrid anchoring scenarios can be realized in

a number of ways. For example, Chung et al. use photoalign-

ment to fabricate planar substrates where the anchoring at each

substrate differs by an angle of p/4.23 They show that the

resulting molecular orientation in a confined liquid crystal can

be controlled by the photoirradiation time. The same authors

show that very similar results can be obtained if the surfaces are

rubbed in specific directions and under controlled conditions.

Zappone et al. perform experiments using the surface forces

apparatus (SFA) to measure the solvation force in nematic

liquid crystals under hybrid anchoring conditions.24 They set up

a hybrid (homeotropic-planar) anchoring scenario by dipping

muscovite mica surfaces, with which the crossed cylinders in the

SFA setup are coated, in various cationic surfactant solutions

where the surfactants differ only in the length of the aliphatic

chains.

In this work we study the impact of various hybrid anchoring

scenarios on properties of nanoconfined model liquid crystals by

means of Monte Carlo simulations in a specialized isostress

ensemble used in our previous study.7 Our emphasis is on

structural changes arising in the confined phase as the transverse

compressional stress sk increases. Increasing sk eventually drives

the system from an isotropic to a nematic phase. We have

organized the remainder of our manuscript such that we briefly

describe the model system in Sec. II. Our results are presented in

Sec. III and summarized and discussed in the concluding

Sec. IV.

II. The model system

A. Interaction potentials

The model liquid crystal considered in this work is confined to

a mesoscopic slit-pore such that we may decompose the total

configurational energy into a fluid-fluid (ff) and into a fluid-

substrate (fs) contribution according to

U(R,Û) ¼ Uff(R,Û) + Ufs(R,Û) (2.1)

where R ^ {r1,r2,.,rN} and Û ^ {û1,û2,.,ûN} are shorthand

notations for the sets of center-of-mass coordinates and unit

vectors specifying the orientations of the N liquid-crystalline

molecules, respectively. More specifically,
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where rij ^ ri " rj is the distance vector between the centers of

mass of particles i and j assuming pairwise additivity of their

interactions. We take uff as
7 (see also Ref. 25)
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"

¼ 43

#

s

rij

$12

"

#

s

rij

$6
n

1þJ
!

r̂ij; ûi; ûj
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where r ¼ |r|, and r̂ ¼ r/r. Hence, uff is a Lennard-Jones potential

where the attractive contribution is modified to account for

different orientations of a pair of molecules. In eqn (2.3), s

denotes the ‘‘diameter’’ of a spherical reference molecule and 3 is

the depth of the attractive well in that reference model. The

anisotropy of the fluid-fluid interaction is accounted for by the

function

J(r̂ij,ûi,ûj) ¼ 531P2(ûi$ûj) + 532[P2(ûi$r̂ij) + P2(ûj$r̂ij)] (2.4)

where we take 31 ¼ 0.04 and 32 ¼ "0.08.7 As we have demon-

strated earlier (see Fig. 1 of Ref. 7) our molecules turn out to be

prolate ellipsoids of revolution with an aspect ratio corre-

sponding to 1.26. The function J preserves the head-tail

symmetry of our molecules, that is orientations ûi and "ûi are

equivalent. In eqn (2.4)

P2(x) ¼ ½(3x2 " 1) (2.5)

is the second Legendre polynomial. To model the fluid-substrate

contribution to U we follow earlier work7,19 and introduce

Ufs

!

R;Û
"

¼
X

2

k¼1

X

N

i¼1

u
½k%
fs

!

ri; ûi
"

(2.6)

where

u
½k%
fs

!

zi; ûi
"

¼ 2p3rss
2 2

5

#

s

zi & sz0=2

$10

"

#

s

zi & sz0=2

$4

g½k%
!

ûi

"

" #

(2.7)

In eqn (2.7), zi is the z-coordinate of the center-of-mass posi-

tion of molecule i in a space-fixed Cartesian coordinate system.

In this coordinate system we assume the lower substrate (k ¼ 1)

to be located at zw ¼ "sz0/2 whereas the upper one is located at

zw ¼ +sz0/2 (k ¼ 2). In other words, eqn (2.7) assumes the
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substrates to be structureless such that at fixed molecular

orientation ufs depends only on the distance of molecule i from

either substrate along the z-axis. In the prefactor the areal density

of the solid substrates rs ¼ 2/l2 where l=s ¼

ffiffiffi

4
3
p

is the lattice

constant of a single (100) plane of a face-centred cubic lattice.

B. Anchoring scenarios

In eqn (2.7), 0 # g[k](ûi) # 1 is the so-called anchoring function.

Choosing different functional forms the anchoring function

permits to realize different, energetically favorable orientations

of molecule i with respect to the substrate plane. Specifically, we

take g[k](ûi) to be given by one of the following expressions:

g0(û) ¼ 1 (2.8a)

gt(û) ¼ (û$êz)
2 (2.8b)

gk(û) ¼ (û$êx)
2 + (û$êy)

2 (2.8c)

gx(û) ¼ (û$êx)
2 (2.8d)

Where êa is a unit vector pointing along the a-axis of the

Cartesian coordinate system.

The anchoring functions given in eqn (2.8) have the following

physical significance. As we rationalize elsewhere,7 if g[k](û) is

given by g0(û) molecules orient themselves in a homeotropic

fashion at the substrates even though the substrates themselves

do not discriminate any molecular orientation energetically.

Employing the expression given in eqn (2.8b) also results in

homeotropic alignment which is, however, stronger than the one

induced by g0(û) because the substrates explicitly favor homeo-

tropic alignment. To overcome the homeotropic alignment

already supported by the mere presence of the substrate we also

consider the anchoring functions specified in eqn (2.8c) and

(2.8d). In both cases a planar orientation parallel with the

substrate plane is energetically favored. The difference is that by

employing eqn (2.8c) any orientation of a molecule parallel with

the substrate plane is energetically favorable whereas eqn (2.8d)

selects those orientations where û is aligned with the x-axis. We

shall distinguish homogeneous anchoring scenarios where

g[1](ûi) ¼ g[2](ûi) from heterogeneous (i.e., ‘‘hybrid’’) ones charac-

terized by g[1](ûi) s g[2](ûi) (see Table I).

III. Results

A. Numerical details

As in our previous study7 we employ Monte Carlo simulations in

a specialized isostress ensemble in which the fluid is exposed to

a constant compressional stress in directions parallel with the

substrate planes. We employ periodic boundary conditions in the

x- and y-directions. To generate a Markov chain of configura-

tions in this ensemble we utilize the algorithm described in Sec.

4.1 of Ref. 26. We refer to a Monte Carlo cycle as a sequence of

N attempted displacements and rotations of sequentially selected

fluid particles plus one attempted change of the z-directed area A

of the computational cell. Typical runs comprise 105 Monte

Carlo cycles in regions where the fluid does not undergo an IN

transformation; in the immediate vicinity of such a trans-

formation the length of a typical run was enlarged to 3 " 106

Monte Carlo cycles to guarantee sufficient statistical accuracy.

We express all quantities of interest in terms of the customary

dimensionless (i.e., ‘‘reduced’’) units. For example, length is given

in units of s, energy in units of 3, and temperature in units of 3/kB.

Other derived quantities are expressed in terms of suitable

combinations of these basic quantities. For example, stress is

given in units of 3/s3. Throughout this work we fix the temper-

ature T ¼ 1.0 which should be sufficiently subcritical taking the

mean-field bulk phase diagram of Hess and Su as a rough

guidance.25 Our systems comprise N ¼ 3000 fluid molecules

which we equilibrate during an intial 104 Monte Carlo cycles. To

save computer time we cut off fluid-fluid interactions beyond

a separation of rc ¼ 3.0 between the centers-of-mass of a pair of

fluid molecules. In addition, we employ a linked-cell in combi-

nation with a conventional (Verlet) neighbor list as described in

the book by Allen and Tildesley to further speed up the simu-

lations (see Chap. 5.3 of Ref. 27). This list includes all particles as

neighbors whose centers-of-mass are located within a distance of

rn ¼ 3.5 from a reference molecule at the origin of the neighbor

sphere.

The simulations of this work are carried out for a substrate

separation sz0 ¼ 20. This value has been chosen because then our

confined fluid contains a sufficiently large region centered around

the middle of the slit-pore in which fluid molecules do not

interact with either of the two substrates. This is illustrated by

plots in Fig. 1 indicating that u[1]fs (z,û) + u[2]fs (z,û) ( 3 " 10#3 for

distances Dz z 4 from either substrate surfaces.

Table 1 Hybrid anchoring scenarios employed in this work

g[k](û)

k ¼ 1 k ¼ 2 anchoring scenario acronym

gtû gkû homeotropic-planar hp
g0û gkû nonspecific-planar np
g0û gxû nonspecific-directional nd

Fig. 1 Plot of ufs(z,û) ¼ u[1]fs (z,û) + u[2]fs (z,û) as a function of position z/sz0
in the lower half of the system (z/sz0 # #0.5) for sz0 ¼ 20. The plots are

symmetric with respect to the line z ¼ 0 and were obtained assuming

g[1](û) ¼ g[2](û) ¼ 1 The inset shows an enlargement of the plot.
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B. Properties

To investigate the impact of the various hybrid anchoring

scenarios introduced in Sec. II B we introduce in the following

some key properties on which we shall base our subsequent

discussion. The most important one is the so-called alignment

tensor28

Qh

1

2N

X

N

i¼1

!

3ûi5ûi " 1
"

(3.1)

where ‘‘ 5 ’’ denotes the direct (i.e., dyadic) product and 1 is the

unit tensor. The alignment tensor can be represented by a real,

symmetric, traceless, 3 # 3 matrix that can be diagonalized

numerically using Jacobi’s method.29 For a system with biaxial

symmetry it can be shown that the diagonalized alignment tensor

can be written as

diag Qh

"lm=2" z 0 0

0 "lm=2þ z 0

0 0 lm

0

B

B

@

1

C

C

A

(3.2)

This expression was derived by Low who uses an expansion in

terms of Wigner matrices.30 Following previous workers7,31,32 we

adopt S^ hlmi as a definition of the Maier-Saupe nematic order

parameter33,34 where the angular brackets denote an ensemble

average in the specialized isostress ensemble. Once the largest

eigenvalue ofQ is known one may compute z from eqn (3.2) and

with it the biaxial order parameter x ^ hzi.

Other structural quantities that we shall be considering below

take notice of the anisotropy and inhomogeneity of liquid crys-

tals in confinement. The simplest one of these is the local density

of the confined fluid defined as

rðzÞ ¼

*

X

N

i¼1

dðz" ziÞ

+

¼
1

dz

#

NðzÞ

A

$

(3.3)

where d(z " zi) is the Dirac d-function and N(z) is the number of

molecules within a small interval dz centered on z. In addition, we

consider the local nematic order parameter S(z) which we

compute from an expression for Q(z) analogous to eqn (3.1)

replacing, however, ûi and N by their local counterparts ûi(z) and

N(z), respectively. However, to gain even deeper insight into the

nature of nematic phases it turns out to be useful to consider

another measure of local nematic order provided by the (local

value of the) second Legendre polynomial

P2ðzÞh
1

2

*

1

NðzÞ

X

NðzÞ

i¼1

h

3
!

ûiðzÞ,êz
"2
"1

i

+

(3.4)

where N(z) has the same meaning as in eqn (3.3). Hence,

P2(z)¼ 1 if all molecules within the interval [z" dz/2, z + dz/2] are

homeotropically aligned (|ûi$êz| ¼ 1). If, on the other hand, these

molecules are aligned in a perfectly parallel fashion P2(z) ¼ "0.5

(|ûi$êz|¼ 0). Notice, that in writing eqn (3.4) we assume n̂ to point

along the z-axis êz of a space-fixed Cartesian coordinate system

whereas the true direction of the local director n̂(z) computed as

an eigenvector of Q(z) is unrestricted. Local quantities such as

r(z), P2(z), and Q(z) are computed as histograms where a bin

width of dz ¼ 0.1 is employed throughout.

In addition to these structural quantities we compute

a specialized isostress heat capacity

c
s
¼

5

2
kB þ

%

H
2
&

" hHi
2

NkBT2
(3.5)

and the isothermal compressibility

kT ¼
sz0

kBT

%

A2
&

" hAi
2

hAi
(3.6)

that we already introduced in our previous study.7 As we

demonstrated there, c
s
and kT are particularly useful to identify

characteristic stresses at which the confined liquid crystal may

undergo subtle structural transformations. In eqn (3.5)

H(R,Û) ^ U(R,Û) " skAsz0 (3.7)

such that hHi is a specialized enthalpy.

C. Heat capacity and global order parameters

We begin our discussion with plots of c
s
as a function of applied

compressional stress and various homogeneous and hybrid

anchoring scenarios in Fig. 2. The isotress heat capacity exhibits

pronounced peaks at sufficiently large compressional stress. As

we have already demonstrated in our previous work, maxima of

c
s
are fingerprints of an IN transformation in the confined phase.

Therefore, the stresses at which these maxima are located depend

on the specific homogeneous anchoring scenario. For example,

the plot in Fig. 2(a) shows that the IN transformation occurs at

lower compressional stress |sk| x 1.50 for the homogeneous

homeotropic compared with |sk| x 1.60 for the homogeneous

planar anchoring scenario. Moreover, these IN transformations

occur at somewhat lower stresses than |sk| x 1.70 observed in

the bulk under identical thermodynamic conditions (see, for

example, Fig. 4.3(a) of Ref. 7). This reflects the supportive

character of the solid substrate in the formation of nematic

phases as far as homogeneous anchoring is concerned. Note that

in our previous study7 we have been unable to observe an IN

transition for the (homogeneous) homeotropic anchoring

scenario because at the smaller pore width sz0 ¼ 10 considered

there the impact of the walls is so strong that even at vanishingly

small compression almost the entire confined fluid is already in

a nematic state. As we also explained earlier the height of peaks

in the plots of c
s
reflect a loss of rotational entropy at the IN

transition which is different for different anchoring scenarios

(see Sec. V of Ref. 7).

Comparing results for the two homogeneous anchoring

scenarios in Fig. 2(a) with the corresponding hybrid (hp) one two

main differences can be recognized. First, the dominant peak in

c
s
is shifted to a compressional stress |sk| x 1.75 exceeding that

characteristic of the two homogeneous anchoring scenarios.

Obviously, the heterogeneity of the anchoring at the two

substrates inhibits the formation of nematic phases. This seems

quite striking at first in view of the fact that the direct impact of

the solid substrates is restricted to a distance of about Dz z 4

from either substrate surface as plots in Fig. 1 suggest. However,

one has to keep in mind that nematic phases are characterized by

long-range orientational order. Molecules of the confined soft-

matter phase are therefore cooperative in transmitting the
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specific orientation imprinted by a solid substrate over distances

substantially exceeding the range of the fluid-substrate interac-

tion itself. The inhibition of the IN transition in the hybrid

anchoring scenario may therefore be interpreted as frustration of

the molecules in the confined phase which are trying to adjust

their orientation with respect to the two conflicting anchoring

conditions simultaneously. The structural frustration is illus-

trated in Fig. 3 where we show a ‘‘snapshot’’ of a representative

molecular configuration taken from the Monte Carlo simula-

tions. Similar structural frustration has been reported by Steuer

et al. for the twisted nematic cell (see Fig. 11 of Ref. 19) and by

Harnau and coworkers20,22 despite the use of a continuum

approach and differences in both the physical nature of their

systems and the hybrid anchoring scenarios considered by these

latter authors.

A second interesting feature visible in the plot of c
s
in Fig. 2(a)

for the hybrid anchoring is a smaller but significant secondary

peak that occurs at lower compressional stress |sk| x 1.50

compared with the main peak at |sk|x 1.75. The existence of this

secondary peak has been verified in Monte Carlo runs in which

we enlarged the number of cycles up to 3 ! 106 while carefully

monitoring the evolution of c
s
as a function of the number of

cycles similar to plots presented in Fig. 4.2 of Ref. 7. Comparing

the plots for hybrid and homogeneous homeotropic alignment in

Fig. 2(a) reveals that the secondary peak in the plots of c
s
for the

hybrid anchoring coincides with that in the corresponding curve

for the homogeneous homeotropic alignment. The origin of the

secondary peak will become clear in Sec. III D where we discuss

local structural features of the confined liquid crystals.

Fig. 2 Isostress heat capacity c
s
as a function of compressional stress sk

for various homogeneous (,, B) and corresponding hybrid (C)

anchoring scenarios. (a) Homeotropic (,), planar (B). (b) Nonspecific

(,), planar (B). (c) Nonspecific (,), directional (B). Insets are

enlargements of plots for hybrid anchoring scenarios. Solid lines are fits

intended to guide the eye.

Fig. 3 ‘‘Snapshot’’ of a representative configuration in the nematic

phase. Gray boxes indicate the position of the substrates in the x–z plane

where the specific anchoring scenario is indicated within each box. The

purple lines indicate the (virtual) boundaries of the simulation cell at

which periodic boundary conditions are applied. The sequence blue/

green/ red refers to a change in molecularorientation from parallel to

perpendicular with n̂ deliberately taken to coincide with êz.

Fig. 4 Plot of r(z) for the hp anchoring scenario at |sk| ¼ 2.00 where

homeotropically and planar anchoring substrate are located at zw/sz ¼

#0.5 and +0.5, respectively. The horizontal thick solid line corresponds

to !r in the bulk-like region of the confined phase. Inset shows a plot of Dr

where straight lines are fits of the far right side of eqn (3.8) to r(zm) (see

text) near the homeotropically (C) and planar (B) anchoring substrate.
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For the hp anchoring scenario we also investigated the local

density r(z) [see eqn (3.3)] for a state point in the nematic phase.

The plot in Fig. 4 shows that in the confined liquid crystal

molecules arrange themselves in individual layers in the vicinity

of either substrate indicated by the oscillatory character of r(z) in

the vicinity of the substrates. As one moves towards the midplane

of the slit-pore the fluid becomes almost homogeneous (i.e.,

bulk-like) such that lim
z/0

rðzÞz !rx 0:88 where !r is the mean

density of the bulk-like region. However, as we shall demonstrate

below in Fig. 5 closer scrutiny reveals weak oscillations of r(z)

around !r that persist as |z| / 0. As long as the confined liquid

crystal is fluidic one expects

Drh rðzmÞ#!r ¼ a expðzm=x0Þcosðx1zm # qÞ /

q/p=2
x1/0

a expðzm=x0Þ

(3.8)

where zm is the position of peaks in the plot of r(z). The corre-

lation lengths x0 and x1 are determined by bulk properties

whereas a and q depend on the specific nature of the fluid-

substrate interactions.35 Note, however, that eqn (3.8) holds

strictly only for spherically symmetric molecules but is assumed

here to be approximately valid because our system is composed

of weakly anisometric molecules. A fit of eqn (3.8) to r(zm) gives

x1 x 0 and q x p/2 such that the far right side of the equation

provides an excellent representation of our data (see inset in

Fig. 4). Moreover, the fit yields xt0 x 1.5859 near the homeo-

tropically anchoring substrate and xk0 x 1.2544 near the planar

anchoring one. The ratio xt0 /x
k
0 x 1.26 is nearly identical with the

aspect ratio of the ellipsoidal fluid molecules as one would have

anticipated.

As we already explained above the homogeneous nonspecific

anchoring scenario favors a homeotropic alignment of the

molecules in the nematic phase as well. However, as one can see

from the corresponding plots in Fig. 2(b) the maximum in the

plot of c
s
for this anchoring scenario is shifted to higher

compressional stress |sk| x 1.60 compared with its counterpart

for homogeneous homeotropic anchoring in Fig. 2(a). This

indicates that the substrates for the nonspecific homogeneous

anchoring scenario are somewhat less supportive in the forma-

tion of nematic phases. In fact, in the present case maxima of c
s

for the two homogeneous (nonspecific and planar) anchoring

scenarios are located at about the same compressional stress as

the plots in Fig. 2(b) indicate.

The plot of c
s
for the np anchoring scenario exhibits qualita-

tively the same features already observed in Fig. 2(a) for the hp

anchoring scenario. That is c
s
exhibits a main maximum at

a larger compressional stress |sk| x 1.70 and a smaller secondary

maximum at about |sk| x 1.63. The shift of the secondary peak

from |sk| x 1.50 [hp anchoring, see Fig. 2(a)] to |sk| x 1.63

[np anchoring, see Fig. 2(b)] is more pronounced than the shift of

the associated main peaks in the heat-capacity curves. Notice

also that the location of the secondary maximum in the plot of c
s

for the two hybrid anchoring scenarios in Fig. 2(a) and 2(b)

correlates nicely with the values |sk|x 1.50 and |sk|x 1.60 for the

homogeneous homeotropic and nonspecific anchoring scenarios,

respectively. This suggests that the secondary peak visible in the

plots of c
s
for the two hybrid anchoring scenarios in Fig. 2(a) and

2(b) reflects an increase in homeotropic orientation of the

molecules prior to the IN transformation. This notion is sup-

ported by a more detailed analysis of local structural features

presented below in Sec. III.D.

However, before turning to that discussion it is instructive to

consider nd as yet another hybrid anchoring scenario. As plots in

Fig. 2(c) show the maximum in c
s
for the homogeneous direc-

tional anchoring occurs at a compressional stress of about

|sk| x 1.45 which is the smallest value of the three homogeneous

anchoring scenarios considered in this study. This indicates that

directional (planar) anchoring is the most supportive scenario in

the formation of nematic phases in confined liquid crystals.

Combining directional with nonspecific anchoring causes the

small but pronounced secondary peak in the plots of c
s
in

Fig. 2(a) and 2(b) to give way to a broad shoulder at about

|sk| x 1.55 which is located approximately halfway in between

the peaks of c
s
at |sk| x 1.45 and 1.60 for the homogeneous

directional and for the homogeneous nonspecific anchoring

Fig. 5 As Fig. 4, but for sk ¼ #1.45 (—) and sk ¼ #1.55 (B)

[cf., Fig. 2(a)]. Inset is an enhancement of the plot focusing on the portion

of the confined fluid at the center of the slit-pore. The weak oscillatory

behavior of r(z) around z¼ 0 persists for all larger compressional stresses

(cf., Fig. 4).

Fig. 6 The Maier-Saupe nematic order parameter S as a function of

applied compressional stress. Homogeneous anchoring scenarios: (%)

planar, (+) nonspecific, (4 ¼ p
2
# q) directional; hybrid anchoring

scenarios: (,) np, (B) nd. Also shown are plots of the biaxial order

parameter x for np (-) and nd anchoring scenarios (C). Solid and dashed

lines represent fits to guide the eye. The vertical dashed line indicates

typical values of x obtained for homogeneous anchoring scenarios.
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scenarios, respectively. One may therefore speculate that the

broad shoulder in the plot of c
s
in Fig. 2(c) reflects some other

structural transformation than the secondary peaks in the plots

of c
s
in Fig. 2(a) and 2(b) (see Sec. III D).

The IN transformation may also be located through plots of

the (global) Maier-Saupe nematic order parameter S plotted as

a function of applied compressional stress in Fig. 6. In all cases

considered S(sk) is sigmoidal in shape. Taking the inflection of

the sigmoidal curves as an operational definition of the location

of the IN transformation7 very good agreement with the position

of maxima in the plots of c
s
presented in Fig. 2 is obtained. For

the two hybrid anchoring scenarios the curves S(sk) are indis-

tinguishable which is consistent with the observation that the

main peak of c
s
in the parallel plots in Fig. 2(b) and 2(c) appears

to be unaffected by the specific combination of anchoring

conditions. Moreover, even the plot of c
s
for the hp anchoring

scenario [see Fig. 2(a) is located at about the same |sk| x 1.75.

Hence, irrespective of the nature of the hybrid anchoring

scenario the formation of a nematic structure of the confined

fluid occurs at about the same compressional stress. Interest-

ingly, this stress coincides approximately with the one demar-

cating the onset of nematization in the bulk (|sk| x 1.70,

see Ref. 7). In general, it turns out that in the nematic phase S is

much smaller for hybrid than for homogeneous anchoring

scenarios. However, the specific hybrid anchoring scenario

manifests itself in plots of the biaxial order parameter x which

turns out to be larger for the nd than for the np anchoring

scenario. Also shown in Fig. 6 are typical values of x for

homogeneous anchoring where one expects x ¼ 0. However, in

actual simulations one typically obtains x ( 0.02 on account of

a small system-size effect discussed in the Appendix of the paper

by Eppenga and Frenkel.31

D. Local orientation

To gain deeper insight into structural transformations occuring

in the confined liquid crystal with increasing compressional stress

we consider the local Maier-Saupe nematic order parameter S(z)

and P2(z) [see eqn (3.4)]. According to their definition

P2(z) ¼ S(z) if molecules are aligned homeotropically with the

solid substrate. If this alignment is perfect, P2(z) ¼ 1. If, on the

other hand, P2(z) < S(z) and S(z) > 0 a certain degree of nematic

order exists but |cos q|^|n̂$êz| < 1, that is n̂ does not coincide with

the substrate normal.

An inspection of Fig. 7 shows that a nearly perfect homeo-

tropic alignment arises in the immediate vicinity of the lower

substrate where g(û) is given by eqn (2.8b). If, on the other hand,

the preferential orientation of molecules is in a direction parallel

with the solid substrates, P2(z) ¼ "0.5 but S(z) > 0 which is the

case in the immediate vicinity of the upper substrate character-

ized by the anchoring function specified in eqn (2.8c). For the

plots presented in Fig. 7 we selected state points around the two

maxima visible in the plots of c
s
in Fig. 2(a) for hybrid anchoring.

Both parts of Fig. 7 show that the system undergoes a structural

transition during which the local order increases. These trans-

formations are restricted mostly to ‘‘inner’’ parts of the confined

fluid (i.e., regions located at |z|/sz0 # 0.25) for which the direct

interaction with either solid substrate is negligible according the

plot in Fig. 1. Notice also that in the ‘‘nematic’’ phase

[see Fig. 7(b)] the local order parameter S(z) is still smaller than

the threshold value of 0.4 suggested by the Maier-Saupe (mean-

field) theory for an IN phase transition for |z/sz0|# 0.1. This is the

reason why the global nematic order parameter S for the two

hybrid anchoring scenarios plotted in Fig. 6 barely reaches the

value S ¼ 0.4 even at the highest compressional stresses

considered.

To visualize subtle details of these structural transformations

more clearly it turns out to be helpful to consider

DS(z) ^ S(z;sk
(2)) " S(z;sk

(1)) and, with an analogous definition,

DP2(z) where |sk
(1)| < |sk

(2)|. Plots of both quantities in Fig. 8(a)

show that around the secondary maximum of the heat capacity

curve presented in Fig. 2(a) for the hybrid anchoring scenario

DS(z) ¼ DP2(z) with a maximum shifted a bit towards the

homeotropically anchoring substrate. For thermodynamic states

around the main maximum of c
s
in Fig. 2(a), on the other hand,

plots in Fig. 8(b) indicate that the maximum in the curves DS(z)

and DP2(z) is slightly shifted towards the parallel anchoring

substrate whereas DS(z) ¼ DP2(z) still holds. However, in both

cases structural transformations are most pronounced near the

center of the slit-pore in agreement with the plots shown in Fig. 7.

To interpret the data presented in Fig. 8 it is useful to consider

the schematic representation presented in Fig. 9. In the nematic

phase the director n̂ describing the preferential orientation of the

molecules will generally form a certain angle with the substrate

normal (i.e., the z-direction) and may lie anywhere on the blue

Fig. 7 Plots of S(z) (lines) and P2(z) (symbols) as functions of position

between lower and upper substrates located at zw/sz0 ¼ H0.5 (sz0 ¼ 20)

for the hp anchoring scenario. (a) (—), (O): sk ¼ "1.45; (- - -), (B):

sk ¼ "1.55. (b) (—), (O): sk ¼ "1.70; (- - -), (B): sk ¼ "1.80 [see also

Fig. 2(a)]. The full horizontal line demarcates S(z) ¼ 0.4 taken as the

nematic threshold.36

This journal is ª The Royal Society of Chemistry 2010 Soft Matter, 2010, 6, 4931–4941 | 4937



4.3 Hybrid Slit-Pore 85

cone drawn in Fig. 9. The projection n̂z of n̂ onto the z-axis is

related to the value of P2 according to the definition given in eqn

(3.4). Because |n̂| ¼ 1 by definition, the radius R of the circular

base area of the blue cone becomes smaller and vanishes

eventually if q / 0. If, on the other hand, n̂ becomes more

aligned with the x–y plane, R increases and n̂z vanishes as 4/ 0.

Therefore, R may be viewed as a geometrical representation of

the degree of homeotropic alignment. Likewise, the radius r of

the circular base area of the yellow cone is a geometrical repre-

sentation of the Maier-Saupe nematic order parameter S: The

larger r the lower is S. A nonvanishing value of r reflects a certain

width of the distribution of molecular orientations around n̂ on

account of thermal fluctuations.

Applying these geometrical concepts to the plots in Fig. 8(a)

it is clear that R and r of the two cones plotted in Fig. 9 shrink

simultaneously as the transverse compressional stress increases.

This implies that the nematic order parameter S(z) increases

and that the director becomes more aligned with the z-axis.

In other words, the secondary maximum in the plot of c
s
in

Fig. 2(a) at |sk| x 1.50 reflects an increasing homeotropic

(pre)alignment of molecules near the center of the confined

fluid [cf., Fig. 7(a), 8(a)]. Similarly, the maximum at c
s
at |sk| x

1.75 may be interpreted as an increase in nematic order which

is mostly caused by an increasing alignment of molecules with

the z-axis.

The homeotropic prealignment at |sk| x 1.50 takes place in

a part of the fluid slightly closer to but still sufficiently far from

the homeotropically anchoring substrate such that this pre-

alignment is not a consequence of a direct fluid-substrate inter-

action. However, prealignment turns out to be coupled to

another structural reorganisation of the confined fluid. This is

illustrated by plots of r(z) in Fig. 5 for thermodynamic states

embracing the small secondary peak in the plot of c
s
at |sk|x 1.50

presented in Fig. 2(a). As one can see from Fig. 5 there is

a sequence of small but significant oscillations developing as the

compressional stress increases from |sk| ¼ 1.45 to 1.55. These

oscillations are fingerprints of weak stratification of the fluid at

the center of the slit-pore. Because of this weak change in

molecular packing one anticipates an accompanying change in

the fluid’s isothermal compressibility. Indeed this notion is sup-

ported by plots in Fig. 10 showing that kT passes through

a maximum at |sk|x 1.50. Notice that both peaks in the plot of

kT parallel those observed in the corresponding plot of c
s
.

A similar formation of additional layers with increasing

compression and away from the substrates has already been

reported in Ref. 7 for homogeneous anchoring scenarios. The

formation of these additional layers can be attributed to orien-

tation-induced changes in local packing characteristics akin to

those illustrated by Fig. 5. Moreover, perceiving the confining

solid substrates as an external field a similar field-induced

formation of additional layers has been reported recently by

Jordanovic and Klapp who investigated confined dipolar fluids

in external magnetic fields pointing in different directions relative

to the substrate plane.37,38 Hence, the appearance of additional

layers in a confined fluid of anisometric molecules caused by

some direction-dependent external field seems to be a generic

feature which is qualitatively independent of details of the

intermolecular interaction potential or the precise nature of the

external field.

Corresponding plots in Fig. 11 for the np anchoring scenario

show that around the secondary peak of c
s
at sk x "1.63

[see Fig. 2(b)] the structural transformation is very similar to the

one illustrated by the plots in Fig. 8: first, molecules prealign

Fig. 8 Plots of DS(z) (C) and DP2(z) (B) for the hybrid homeotropic-

planar anchoring scenario as functions of position between lower and

upper substrates. (a) sk
(1)

¼ "1.45, sk
(2)

¼ "1.55, (b) sk
(1)

¼ "1.70,

sk
(2)

¼ "1.80. Notice, that error bars may increase substantially as

|z|/sz0/ 0.5 because of the excluded volume in the immediate vicinity of

the solid substrates (see Fig. 6).

Fig. 9 In the nematic phase the director n̂, which ends at the center of the

base area of the yellow cone, forms an angle cos q ¼ n̂$êz ¼ n̂z with the

z-axis, an angle with the x–y plane, and may lie anywhere on the surface

of the blue cone. Radius R of the base area of the blue cone is a measure

of the degree of homeotropic alignment proportional toP2 [see eqn (3.4)];

radius r of the base area of the yellow cone is a measure of S.

4938 | Soft Matter, 2010, 6, 4931–4941 This journal is ª The Royal Society of Chemistry 2010
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preferentially with the z-axis in a region of the confined fluid

somewhat closer to the nonspecifically anchoring substrate

[see Fig. 11(a)]. In the geometrical interpretation of Fig. 9 this

may again be desribed in terms of a simultaneous shrinkage of

both R and r. However, the plots in Fig. 11(b) illustrate

a somewhat different structural transformation. Here, DS(z) >

DP2(z) indicating that the alignment of molecules with the z-axis

is smaller than the increase in nematic order. This effect is more

pronounced closer to the upper (planar anchoring) substrate as

one would expect. In the geometrical terms of Fig. 9 this may be

described as a decrease of R and a simultaneous larger decrease

of r. In other words, the alignment of molecules with the local

director increases reflecting an enhanced degree of nematic

order. However, the local director still forms a nonvanishing

angle q with êz.

A totally different structural transformation is observed for

the nd anchoring scenario for which we present plots of DS(z)

and DP2(z) in Fig. 12. For two thermodynamic states in the

vicinity of the weak shoulder in the plot of c
s
at |sk| x 1.55

[see Fig. 2(c)] the plots in Fig. 12(a) indicate that in the imme-

diate vicinity of the homeotropically anchoring substrate

DS(z) ¼ DP2(z) referring to an enhanced local alignment of the

molecules with êz. On the contrary, in the upper halfspace of the

slit-pore, DP2(z) < 0 whereas DS(z) > 0. In the geometric terms

introduced in Fig. 9 this can be ascribed to an increase of R

(i.e., a decrease of n̂z) and a simultaneous decrease of r. In other

words, the increase in nematic order is a consequence of

a preferential alignment of the molecules with the x-axis. At

higher compressional stresses in the vicinity of the main peak of

c
s
at |sk|x 1.70 [see Fig. 2(c)] this trend is somewhat reversed as

the corresponding plots in Fig. 12(b) show. The plot of DS(z) is

symmetric about the midplane of the slit-pore and because

DS(z) > 0 the nematic order in the system increases mainly at

the center of the confined fluid. There is also some enhanced

homeotropic alignment which turns out to be somewhat more

pronounced in the vicinity of the homeotropically anchoring

wall in accord with one’s physical intuition. In other words,

plots in Fig. 12(b) reflect a substantial frustration of molecules

with respect to the alignment favored by the two competing

substrates. This frustration of molecular orientation is also

illustrated by the snapshot presented in Fig. 3.

IV. Summary and conclusions

In this work we consider a simple model of a liquid crystal

confined to a slit-pore with hybrid anchoring at the solid

substrates, that is each substrate discriminates molecules on

account of their orientation with respect to the substrate plane

where we take this energetic discrimination to be different at the

two substrates. Employing Monte Carlo simulations in

a specialized isostress ensemble we can locate specific compres-

sional stresses, at which the fluid undergoes a significant struc-

tural reorganization, through characteristic maxima of the

isostress heat capacity.

As in our previous study7 the location of these maxima coin-

cides with inflection points in plots of the Maier-Saupe nematic

S order parameter as a function of compressional stress.

Considering various hybrid anchoring scenarios it turns out that

the location of the IN transition is largely independent of the

combination of anchoring conditions at the two substrates. This

is because in the nematic phase the director is trying to point in

a direction compromising between the competing orientations

enforced by the two substrates simultaneously. Consequently,

plots of S versus sk are nearly indistinguishable as far as the np

and nd anchoring scenarios are concerned. Our parallel analysis

of local order parameter profiles shows that the IN trans-

formation occurs near the center of the confined liquid crystal

that is approximately halfway in between the solid substrates.

However, the specific hybrid anchoring scenario does have an

impact on a secondary structural reorganization that occurs at

lower compressional stresses preceding that of the IN transition.

This secondary transformation may cause prealignment with the

z-axis (i.e., in a direction perpendicular to the substrate plane) or

Fig. 10 Plots of c
s
(C) (left ordinate) and kT (B) (right ordinate) as

functions of sk for the hp hybrid anchoring scenario [cf., Fig. 2(a)]; lines

represent fits to the data points intended to guide the eye.

Fig. 11 As Fig. 8, but for the np anchoring scenario. (a) sk
(1)

¼ "1.58,

sk
(2)

¼ "1.65; (b) sk
(1)

¼ "1.67, sk
(2)

¼ "1.80.
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it may force molecules to prealign to a certain extent with the x–y

plane. Which one of these two cases is realized depends on the

stronger anchoring scenario of the hybrid pair. Thus, our results

show that homeotropic is stronger than planar anchoring during

this prealignment process. The same is true for the nonspecific

anchoring which favors a homeotropic alignment of the fluid

molecules on account of the symmetry breaking presence of the

solid substrates. In the combination with nonspecific anchoring

the directionally anchoring substrate ‘‘wins’’ and is thus consid-

ered stronger in the above sense. In any event, molecular pre-

alignment occurs preferentially near the midplane (z ¼ 0) of the

confined fluid.

In slit-pores with hybrid anchoring at the substrates one

generally anticipates a certain degree of biaxiality. Our simula-

tions do, however, show that the degree of biaxiality is actually

quite small. Only the nd anchoring scenario exhibits a significant

degree of biaxiality of about 25% of S in the nematic phase. The

apparent lack of a more substantial biaxiality can be understood

by realizing that the director field n̂(z) varies as a function of

position w.r.t. the location of the substrate plane. This is inferred

from a characteristic ‘‘snapshot’’ of a configuration of molecules

in the nematic phase of the nd anchoring scenario. In other

words, the preferential orientation of molecules in the nematic

phase varies with position such that more than just two preferred

orientations in the confined liquid crystal are present. The small

nonvanishing biaxiality for the nd anchoring scenario is caused

by those few layers of molecules in the vicinity of each substrate

that exhibit either a homeotropic or a planar orientation of the

molecules.

Finally, it would be interesting to study in detail themechanism

of formation of nematic phases in the present model system. For

example, at present it is not really clear whether the formation of

nematic phases constitutes a continuous or weakly discontinuous

phase transition. However, as we already pointed out in our

previous study7 there is some evidence suggesting that the IN

phase transition is a continuous process both in the bulk and

under confinement. This is inferred from the apparent absence of

hysteresis in the vicinity of the transition points. However, to be

sure about this conclusion a careful finite-size scaling analysis

would be required which is computationally quite demanding for

the present model system. For the current system size finite-size

effects are, however, expected to be already small.
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Conclusions & Outlook

Monte Carlo simulations are used in the isostress-isostrain ensemble to investigate the
IN transition for a prolate thermotropic liquid crystal in bulk and in confinement. We
fixed the temperature T = 1.0 in all simulations and varied the compressional stress τ

to study the system along an isotherm. The pairwise molecular interaction has been
approximated by the Hess-Su potential. In this model potential the anisotropic shape
is modelled by an orientation dependent attraction such that steric effects can largely
be neglected.

The IN transition is then signaled by a substantial increase of the nematic order
parameter S. In an atomistic simulation of finite size the profiles of order parameter
and response functions are rounded such that one may employ the cumulant intersec-
tion method proposed by Binder to determine whether this transition is first-order or
continuous. Here we use the second-order cumulant depending on the eigenvalues λ0

and λ+ of the order tensor Q. Although the cumulants intersect in a universal point
τ ∗ = −1.74 we could show that the correlation length ℓ of orientational correlations
does not exceed twice the molecular length and therefore remains finite and small in
the immediate vicinity of the transition. The finiteness of ℓ points to a first-order tran-
sition and suggests that the maximum of the isobaric heat capacity scales as cm

τ ∝ Ny.
We were able to show that y ≈ 0.58 is considerable smaller than 1, as anticipated for
a first-order transition, but is significantly larger than 2

3ν
− 1 ≈ 0.06 expected for a

continuous transition. However, the variation of the nematic order parameter around
the transition turned out to be smooth and it was not possible to detect any hysteresis
in the vicinity of the transition point.

The Landau potential G of the Landau-De Gennes’ theory fitted to all order param-
eter distributions in the direct vicinity of the IN transition. The symmetric bimodal
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shape of the order parameter distribution at the transition point reveals that the free-
energy barrier β∆G separating the coexisting isotropic and nematic state is larger
than kBT . In this case, the Ginzburg criterion, which determines the applicability of
Landau-De Gennes theory, may be accepted.

Summarising these properties led us to conclude, that the IN transition for this
model is weakly first-order. Since the heat capacity is related to the entropy change
the pronounced peak in plots of cτ indicates a loss in orientational entropy due to
preferential alignment parallel with n̂. However, the gain in energy due to alignment
exceeds the entropy loss and therefore stabilises the nematic state at higher com-
pressional stresses. Experimentally, the IN transition has been shown to be a weak
first-order transition [69, 98]. Similar conclusions have been reached for atomistic
computer simulations of a lyotropic lattice model liquid crystal by Weber et al. [89],
the 3-dimensional Lebwohl-Lasher model [99], and for the Gay-Berne model by Berardi
et al. [100].

The influence of a confining slit-pore on the IN transition was also studied with two
plane, parallel, and unstructured walls separated by a distance of several molecular di-
ameters to mimic nanoconfinement. The molecular orientation of the particles adjacent
to the walls is determined by so-called anchoring functions. They prealign particles
close to the walls which is expected to influence the IN transition by facilitating the
orientational symmetry breaking. This led us to study the impact of four anchoring
scenarios on the IN transition where we have applied the same anchoring functions at
both walls. We referred to this slit-pore as homogeneously aligned.

For planar anchoring functions we observe the formation of an additional fluid
layer preceding the IN transition. This additional layer can form because of the non-
vanishing orientation dependent fluid-substrate interaction at the pore centre. When
the compressional stress is increased towards τ IN

‖ this orienting influence introduces
planar prealignment in the isotropic phase such that the particles can be packed more
efficiently. This structural reorganisation is monitored by characteristic changes in the
isothermal compressibility κT .

At the same compressional stress, the total configurational energy in the isotropic
bulk phase is nearly the same for directional and planar anchoring. However, the
particles are much more prealigned for directional anchoring compared with planar
anchoring. This is because of the energetic “pinning” to the x axis for directional
anchoring whereas for planar anchoring the particles are free to orient themselves in
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the x− y plane. Hence, the loss of rotational entropy during the IN transition is much
larger for planar anchoring. This is supported by a substantially larger maximum in
cτ for the planar anchoring scenario. However, the maximum for directional anchoring
is shifted to lower values of τ IN

‖ such that we conclude that orientational prealignment
and consequently smaller loss in rotational entropy supports the IN transition.

We show that the order parameter profiles of nonspecific and directional anchoring
have the same rounded shape, such that they could be mapped onto each other when
properly shifted with respect to τ‖. From this we expect that the loss of rotational
entropy is nearly the same for both anchoring scenarios. However, because the max-
imum in cτ is shifted to smaller values of τ‖ for directional anchoring, we conclude
that energetic discrimination supports the IN transition. This is supported by results
for the homeotropic anchoring scenario for which we have been unable to observe an
IN transition. The energetically supported homeotropic alignment together with the
favourable side-side configuration result in synergetic effects such that the first layers at
each wall are already highly aligned even for the lowest compressional stress τ‖ = −0.1

studied. This strong prealignment due to energetic discrimination suggests a minimum
loss of rotational entropy which shifts the transition to low compressional stresses if
the transition is not completely suppressed.

In hybrid aligned slit-pores a different anchoring function is applied at either wall.
For the hybrid alignment we chose the wall separation to be twice the value employed for
homogeneous alignment, in order to minimise the wall-induced orientational influence
near the mid-plane (z = 0). The hybrid anchoring does not affect τ IN

‖ of the IN
transition because the transition happens near the mid-plane. More important is the
observed secondary structural reorganisation preceding the IN transition to the bent
state, i.e. continuous variation of the director from one wall to the other. Particles
close to z = 0 prealign either with the z-axis or to a certain extent with the x − y

plane. This is clearly demonstrated by plots of ∆S(z) and ∆P2(z) where we utilise
their complementary character. The prealignment is dictated by the stronger anchoring
scenario of the hybrid pair. In the hp hybrid slit pore homeotropic anchoring (h) is
stronger than planar anchoring (p) which results in prealignment parallel to the wall
normal. In the nd hybrid scenario directional anchoring (d) dominates nonspecific
anchoring (n). Nonspecific anchoring is weak, because particles align solely on account
of the symmetry breaking presence of the substrates.

We show that the biaxiality, which one might have anticipated for the bent state in
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the hybrid slit-pores, is small. The amount of biaxiality is mainly determined by the
layers in the vicinity of the substrate whereas the local nematic director n̂(z) points in
direction compromising between competing orientations and therefore varies smoothly
as a function of the position with respect to the location of the substrate. Only for the
nd anchoring scenario could we observe significant degree of biaxility of about 25% of
S in the nematic phase.

Outlook

It is shown here that liquid crystals confined by hybrid anchoring slit-pores show in-
teresting structural reorganisations which depend on the strength of the anchoring
functions. In future work it would be of interest to study the influence of chemically
nano-structured substrates. Chemically structured substrates contain patterns of dif-
ferent anchoring functions and, since the anchoring functions are different as far as
their strength is concerned, one anticipates an interplay of surface enforced alignment
and liquid crystal elasticity. This could introduce interesting structural features in
regions where the orientational distribution is induced solely by elastic forces. It is
also of interest over which length scale the preferred molecular orientations could be
imprinted onto the bulk fluid. Experimenters have addressed this topic [101, 102], but
theoretical work is still lacking in this area.
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