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Abstract

In this work a continuum model for protoplasmic droplets of the true

slime mold Physarum polycephalum is developed in order to under-

stand the experimentally observed spatiotemporal contraction patterns.

A realistic Ca
2+oscillator described by a reaction-diffusion-advection

system is coupled to a mechanical model for a two-phase poroelastic

model of the cytoplasm. Transport of Calcium by cytosolic flow pro-

vides a mechanical feedback mechanism. The resulting system of PDEs

is investigated via linear stability analysis and a subsequent presen-

tation of spatiotemporal patterns obtained by numerical simulations.

Comparison to experimental data shows that typical patterns like ro-

tating, traveling and spiral waves are reproduced. In addition, a more

general model is introduced that provides a new perspective on cyto-

plasm by treating the cytoskeleton as an active porous solid material

permeated by the passive cytosol. Using a single conserved chemi-

cal species that regulates contractile stresses the formation of complex

mechano-chemical waves is observed. This pattern formation mecha-

nism is of particular interest, since no reaction kinetics is needed.
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0.1 Symbols and conventions

The following conventions about mathematical expressions are made:

• In the coordinate-free description vectors and tensors are written in
bold style: x,F , ..., scalars are written in normal style: x, nc, ...

• When Greek indices are used and appear twice then the Einstein sum-
mation conventions is used: Aαβxβ ≡

∑

β Aαβxβ. Roman indices
always appear with the corresponding symbol when they are summed
up.

• The simple scalar product is written by a dot a · b = aαbα and the
two-index contraction by two dots: A : B = AαβBβα.

• A dot over a variable (e.g. u̇) indicates an ordinary time derivative
in an ODE. For convenience this is sometimes carried over to PDEs
(write ∇u̇ instead of ∇∂tu) but is clear from the context, since by
convention no substantial time derivative is used here.

• The divergence of a vector field is written in terms of a scalar product
div(v) = ∇ · v, whereas ∇v represents a tensor product (Jacobian in
this case).

Table of symbols, variables and parameters:

∇ Nabla operator ∇ = ∂αeα when {eα} represents an orthonormal basis
∆ Laplacian ∆ = ∂αα
BT Transpose of matrix B

B Symmetric traceless of tensor B
B Domain of the model (here a disc)
dA Infinitesimal surface element
n Normal vector at the boundary ∂B
1 Unit tensor
H Unit-step function: H(x) = 0 for x < 0 and H(x) = 1 for x ≥ 0
δ Delta function
d Dimension of space or diameter of protoplasmic droplet
x Position in space: the model is formulated in the reference coordinate system

of undeformed droplet
t Time
χt Deformation map at time t
q Wave vector
t Tangent vector
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u Shift field u(x, t) = X(x, t)− x of the gel when X(x, t) are the
deformed coordinates.

v Flow velocity field of the sol phase
p Internal pressure
qp Total mass flux divergence
w Relative flow velocity w = v − u̇

F Deformation gradient F = ∂X/∂x = 1+∇u

h Height field of the protoplasmic droplet

h̃ Relative height field h̃ = (h− h0)/h0 ∼∇ · u
ρsol/gel Sol/gel fraction obeying ρsol + ρgel = 1

ϕ Sol ratio: ϕ = ρsol/ρgel
f sol/gel Sol/gel drag force density

σsol/gel Linear stress tensor of sol/gel phase; additional superscripts account for different parts

σKV,M Stress in Kelvin-Voigt and Maxwell model, respectively
ε Linear strain tensor of the gel phase: εαβ = (∂αuβ + ∂βuα)/2
η Dynamic sol viscosity
ηsol/gel Effective shear sol/gel-viscosity

η̃sol/gel Bulk sol/gel-viscosity

G Elastic shear modulus or dynamic modulus G = G′ + iG′′

K Elastic compression modulus
E Elastic modulus (used in 1D)
ν Poisson ratio
µ First Lamé parameter (also shear modulus µ = G)
λ Second Lamé parameter or wavelength
FT Coupling constant for the active tension
β Drag coefficient and Hill exponent but also used for indices
k, k0 Permeability
κ Global-coupling strength
G,H Green’s functions in Chapter 4
ω Vorticity of the shift field ω = ∇× u

W Potential field of ∇× ω in Chapter 4
Wel Elastic potential energy
T Temperature
S Entropy or trace part of the linear stress in Chapter 4
Q Heat
ω Linear growth velocity, when imaginary: frequency
ω̃ Normalized linear growth velocity, when imaginary: frequency

ℓ Characteristic length (ℓ =
√

ηeff/β)
ℓpore average pore size of a porous medium
τ Characteristic time (τ = ℓ2/Dc)
Pe Péclet number
M “Elastic” Péclet number
ζ Tension generation coupling strength in the model from

[Bois et al., 2011]
D Diffusion coefficient in model of [Bois et al., 2011]
ξ Tension generation coupling strength in the generic model

in Chapter 6
τve viscoelastic relaxation time
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Ta Active Tension generated by the actomyosin system
nc Free cytosolic Ca2+concentration
nb Myosin-light-chain-bound Ca2+concentration
c Total Ca2+concentration in Chapter 2 (c = nc + nb) and concentration

of a regulator species in Chapter 6
φ Fraction of phosphorylated MLC kinases
θ Fraction of active myosin motors or gel-indicator function (Chapter 3)
Dc Diffusion coefficient for species nc and c
Nc Equilibrium total Ca2+concentration
NM Myosin motor concentration
kL Leaking rate of the Ca2+vacuoles
kV Pumping rate of the Ca2+vacuoles
kE Phosphorylation rate of the MLC-kinase
k0Q Saturated dephosphorylation rate of the MLC-kinase

kP Phosphorylation rate of the myosin LC1

kD Dephosphorylation rate of the myosin LC1

K⋆ Hill coefficient of the AC-cAMP-PKA signal cascade
k±a/b Ca2+-binding/release rate of the LC2 receptor with

phosphorylated/dephosphorylated MLC-kinase
Ka/b Ca2+affinity of the LC2 receptor with

phosphorylated/dephosphorylated MLC-kinase: Ka/b = k+a/b/k
−
a/b

τT Relaxation time for active tension generation
n⋆
c nc component of fixpoint

φ⋆ φ component of fixpoint
T ⋆
a Ta component of fixpoint

All figures showing plots of fields in color are coded in a standard way (see
Fig. 1 a). For each simulation the color function is normalized with respect
to the global minimum and maximum for all times and positions in space.
When not specified explicitly space-time plots are always arranged as shown
in Fig. 1 b). The spatial coordinate is parametrized as an angle when the
plot is on a circle (to compare different radii). If the space-time plot is on a
line then space is parametrized by the arc length of the curve.
Plots of the pattern at certain time are, if not specified else, depicted in
two ways: A scalar quantity in color together with the mesh (see Fig. 2
a) or a vector quantity (see Fig. 2 b). The mesh is shown including the
deformation: If p0 is the reference coordinate of a mesh node it is shown
with coordinate p(x, t) = p0 + u(x, t) in the plot. Here, u is the shift field.
Because the average size of the triangle elements is constant, the deformation
becomes visible. When arrows are shown together with a scalar field, e.g.
the cytosolic flow velocity v, the length of the arrows is proportional to
|v|. When the length is smaller than a threshold value no arrow is shown.
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Even when the FEM mesh is not shown the fields are corrected by the
displacement field via a coordinate transformation.

Figure 1: Conventions for field plots: a) The color scale is normalized with
respect to the global minimum and maximum. b) All space-time plots are,
if not specified else, depicted with time being the vertical axes and space
the horizontal.

Figure 2: Conventions for field plots: a) If the mesh is shown, then the
node positions are corrected by the shift field u, such that the deformations
becomes visible for the reader. b) Arrows represent a vector field and the
length of the arrows is proportional to the norm of the vector at a position.



Chapter 1

Introduction

1.1 Motivation

Biophysics as well as mathematical biology have given a valuable contribu-
tion to a variety of problems in modern biology. Although many simplifica-
tions and restrictions have to be imposed to arrive at a tractable mathemat-
ical model the results of such efforts have proven to give useful predictions
in a number of cases [Murray, 2002]. For this it is crucial to clarify what the
important mechanisms of the biological processes are. In many situations it
turns out, that it is only a small set of rules being necessary to reproduce
the observed phenomena. Synergetic effects that arise from collective non-
linear behavior may explain the high complexity of organization and chaotic
dynamics (see e.g. [Haken, 1983]).
A prominent example from developmental biology is the formation of ani-
mal coat patterns. Molecular biologists may be able to describe the entire
signal chain that leads to the expression of a gene resulting in a certain
color of the coat. Furthermore, correlations between genotype and pheno-
type, in this case the coat pattern type, can be revealed. But this approach
fails in explaining why a certain pattern (e.g. stripes, hexagons, spots) is
expressed and how this pattern can arise from homogeneous initial condi-
tions. In his pioneering work Alan Turing gave an explanation for those
pattern forming processes by introducing a reaction diffusion (RD) model of
two morphogenetic chemical agents [Turing, 1952]. There, it was revealed
that a spatial instability of the homogeneous steady state with respect to a
band of wavenumbers leads to a breaking of symmetry. In his article Turing
already emphasized that mechanical stresses may play an important role
in physiological processes. Some decades later this aspect was followed up
by taking mechanical fields into account, like stress, tissue deformation and
flow velocity [Murray et al., 1988; Howard et al., 2011].
In physiology, there is a set of model organisms, which are investigated in
great detail to understand certain processes. These serve as representative

11
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examples, because of their simple structure or the convenience to perform
measurements (e.g the fruit fly Drosophila melanogaster for gene expres-
sion). For the understanding of amoeboid movement and contractile activ-
ity in muscle cells, the slime mold Physarum polycephalum is such a model
organism. In contrast to the highly organized architecture of vertebrate
muscle cells, this giant amoeba has a random isotropic oriented network of
actin filaments [Oster & Odell, 1984a; Brix et al., 1987]. Being a unicellular
system its behavior is truly a result of self-organization on a low level, since
there is no regulation by any nervous system. Despite this physiological sim-
plicity Physarum “finds” optimal solutions for certain problems [Nakagaki
et al., 2000a, 2007].
Recent experiments revealed that protoplasmic droplets of Physarum poly-
cephalum (for details see next section) shows thickness oscillation patterns
of types that are quite common in nonlinear dynamics (e.g. spiral waves, see
Fig. 1.4) [Takagi & Ueda, 2008]. These patterns are induced by contractile
activity, transport of cytoplasm and the interaction with chemical species
that regulate stress generation [Wohlfarth-Bottermann, 1979]. This work
aims to develop a mechano-chemical model for protoplasmic droplets that is
able to reproduce the observed spatiotemporal patterns. Investigating the
dependence of pattern selection on the mechanical parameters may help to
understand the observed transitions of patterns seen in experiments.
In order to understand cell motion and the involved transport of cytoplasm
it is required to develop a mechanical model that reflects the material prop-
erties of a polymer network and the permeating cytosol in constitutive re-
lations [Oster & Odell, 1984b]. A two-phase model where the cytoplasm
is divided in an active and highly viscous gel phase (representing the cy-
toskeleton) and a lower viscous sol phase (the cytosol) is described in [Alt
& Dembo, 1999] to model cell migration on a substrate. Other recent in-
vestigated models treat the cytoskeleton as viscoelastic phase that actively
generates tension and even included a polar order parameter arising from the
filamentous network structure [Kruse et al., 2005; Joanny et al., 2007]. With
the help of this model the formation of the contractile rings during cytokine-
ses can be understood [Salbreux et al., 2009] in the framework of cytoskeletal
self-organization. In [Mitchison et al., 2008; Banerjee & Marchetti, 2011] it
was emphasized that it is necessary to account for the porous structure of
the cytoskeleton to understand the cytosol flow.
In this work a continuous mechanical model for Physarum cytoplasm in the
stage of a protoplasmic droplet is derived. A two-phase model is introduced,
in which the cytoskeleton is described as a viscoelastic solid of porous struc-
ture (also referred to as poroelastic gel) that actively generates tension. The
fluid viscous phase (the cytosol) is passive, forced by pressure gradients to
flow and permeate the porous network structure. The tension generated
in the gel phase is regulated by an autonomous chemical oscillator that is
influenced by mechanical feedback. This is a crucial difference to the model
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introduced in [Romanovsky & Teplov, 1995] for protoplasmic droplets of
Physarum where mechanical deformations are necessary to obtain oscilla-
tions.
In Chapter 2 a chemical oscillator for Physarum is introduced. We extend
the model to explicitly obtain a variable for the mechanical tension and
analyze it concerning the bifurcations of the resulting system of ordinary
differential equations (ODE). Then, in Chapter 3 a mechanical two-phase
model for the cytoplasm is derived. By spatially extending the chemical
ODE model to a reaction diffusion advection system (RDA) we couple it
to the mechanical part. For certain conditions it is possible to approxi-
mate the mechanical feedback by a global coupling. This is explained in
Chapter 4 with a subsequent stability analysis of the homogeneous steady
state and numerical simulations in one and two dimensions. Numerical sim-
ulations (hybrid Finite Element and Volume Method, abbreviated FEM and
FVM) for different parameter sets and stability analysis for the full mechano-
chemical model are presented in Chapter 5. The results are compared with
experiments and results from the approximative global-coupling model. In
Chapter 6 a minimal model is presented, where the reaction kinetics is omit-
ted and replaced by a simple relation between the active tension and the
concentration field. It is shown that, even without reaction kinetics, this
model exhibits formation of complex waves. The phase diagram from lin-
ear stability analysis is compared to a numerically obtained phase diagram
for one spatial dimension. Additionally, two-dimensional wave patterns are
presented.
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Figure 1.1: Top: Physarum plasmodium in starved state on a substrate. The
moving edge has a thick dense network of veins while it coarsens in the rear
part (from http://www.es.hokudai.ac.jp/labo/cell). Bottom: Plasmodium
exposed to several food sources (oat flakes) in two configurations. The large
veins are formed in an optimal way with respect to robustness and cost
efficiency (suppl. material of [Jones, 2010]).

1.2 The true slime mold Physarum polycephalum

1.2.1 General remarks

The true slime mold Physarum polycephalum is neither a plant nor a fungus.
It belongs to the more fundamental group of Amoebozoa. A characteristic
feature of members of that group is the type of movement generated by
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cytoplasmic flow (amoeboid movement, see. e.g. [Taylor et al., 1973]).
Slime molds in general are divided in three subgroups. Two of them are
very common as study subjects: The subgroup Dictyostelids (cellular slime
molds) which have exactly one nucleus. A famous member Dictyostelium
discoideum is widely known for formation of spiral and target patterns un-
der certain conditions [Pálsson & Cox, 1996]. In contrast, Physarum poly-
cephalum belongs to the second subgroup of Myxomycetes (plasmodial slime
molds) that, due to its large size (up to a square meter in a lab), can have
millions of nuclei. It is widely spread but prefers a moist and moderate cli-
mate. A location beneath the layer of decaying leaves in a forest is a suitable
habitat for this light-sensitive organisms. They contribute to the decompo-
sition of organic material by digesting, for instance, dead plant material and
fungi (more information on biological aspects about Physarum can be found
in [Aldrich, 1982]).
Myxomycetes have the remarkable feature to react on environmental changes
in flexible way: By amoeboid movement they are able the access new food
sources and avoid hazardous stimuli. When the environmental conditions
get unfavorable, like for instance a lack of food or moisture, they are able
to transform into a physiological state that ensures survival. Fig. 1.2 shows
the life cycle with its different developmental stages [Aldrich, 1982]:

Figure 1.2: The life cycle of Physarum polycephalum. (modified from
http://www.educationalassistance.org/Physarum)

1. The plasmodial stage is (also in the framework of this thesis) the
most thoroughly investigated stage, where the cellular body extends
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to several centimeters in size. It is mainly characterized by the ability
to perform amoeboid movement (for searching food or favourable en-
vironment). During motion there is a significant transport of cytosol
that is present inside a network of tubes (or veins, see Fig. 1.1). This
process called shuttle streaming is driven by pressure gradients in the
cell caused by contraction of these veins (see [Kamiya, 1981]). In the
plasmodial stage the nuclei usually contain a diploid set of chromo-
somes.

2. Under dessication plasmodia can transform to a dormant stage, where
it is called sclerotium. This form can outlast for years and reenters
the previous stage when exposed to moist and food.

3. Another reaction when the plasmodium is exposed to environmen-
tal strreihenfolgeess is the formation of fruiting bodies and following
sporulation (in lab sporulation is induced by exposition of light and
starvation). By a process of cell differentiation the fruiting bodies are
formed that contain spores with haploid set of chromosomes. When
matured these spores are released into the surrounding.

4. When spores get in contact with a moist surrounding they open and
release an (a gemate with haploid set) amoeba with a single nucleus.
The gemates react very flexible under change of conditions: Under
dessication cysts are formed. When put in water they transform to
self-propelled myxoflagellates. Both processes are reversible.

5. Two gemates can mate and form a diploid plasmodium with one nu-
cleus. Under favorable conditions the organism grows and multiplies
(via mitosis) the number of nuclei forming large plasmodium again
(back to point 1). For the sake of completeness it should be mentioned
that under starvation in water plasmodia can transform to spherules.

The vein structure of Physarum is under permanent reorganization. When
searching for food it develops a leading edge with a thick and dense network
of tubes. During the process of movement the vein network coarsens in the
rear part, keeping only a few necessary connections (see Fig. 1.1 top and
[Baumgarten et al., 2010]). When a single plasmodium finds several food
sources it forms the connections in an optimal way with respect to cost ef-
ficiency and robustness (Fig. 1.1 bottom and [Nakagaki et al., 2007]), as it
has been found by graph-theoretical analysis. Placing food sources in a maze
it will find the optimal path. This has motivated several scientists to call
Physarum an “intelligent slime mold” [Ueda, 2005; Nakagaki & Guy, 2008].
To understand the dynamics of network reorganization the Tero-Kobayashi-
model was developed [Tero et al., 2010], assuming an adaptive network of
flow tubes.
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The fast reorganization is possible since the Physarum protoplasm can trans-
form rapidly from its solid form building the tube walls to its fluid form inside
the tubes [Isenberg & Wohlfarth-Bottermann, 1976]. The phase change is
regulated by the concentration of cross-linker proteins connecting the actin
filaments. In [Oster & Odell, 1984b] it is argued that the cross-linking is
regulated by Ca2+, which undergoes oscillations [Kamiya, 1970].
Shuttle streaming in the Physarum plasmodium plays a key role in distribut-
ing nutrients throughout the organism [Nakagaki et al., 2000a]. Passive
mechanisms for distribution are not sufficient: Diffusion on length scales
of centimeters is not efficient, when the diffusion constant is of order 10−2

mm2/min. Given the characteristic length is l = 100 mm the diffusive char-
acteristic time is then τ = l2/D = 106 min, which is far beyond of being
functional. Shuttle streaming is caused by a contraction of veins, that can
easily be observed in large plasmodia. It was found that in the contraction
patterns the peripheral region oscillates in an antiphase relation to the cen-
ter part [Nakagaki et al., 2000b]. It is widely accepted that the asynchrony
of periphery and center is caused by an inhomogeneity of the mechanical
parameters like elastic modulus and viscosity (see e.g. [Tero et al., 2005]).
The synchrony of oscillations can be disturbed by applying localized stimuli
to the plasmodium. For instance, chemical and mechanical stimuli or the
exposure to light of certain wavelength can induce phase waves [Ueda, 2005;
Takagi & Ueda, 2010].

Figure 1.3: Creation of a protoplasmic droplet a): penetration of a plas-
modial vein with a micro-pipette and extraction to a substrate. Grey-scale
image of a typical protoplasmic droplet with a bright-field microscope by
[Strachauer & Hauser, 2010-2012] b).
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1.2.2 Microplasmodia

The vein network structure of Physarum plasmodia makes it very difficult
to formulate a continuum model. It is more convenient to deal with simpler,
more homogeneous systems. For this purpose, experiments with microplas-
modia (see e.g. [Brix et al., 1987]) were performed: These are plasmodia of
diameter ranging from 100 µm up to some millimeters. They are prepared
by extracting a small amount of cytosol from a vein and putting it on a
substrate (e.g. agar gel, see Fig. 1.3). Fluid-solid (also termed sol-gel) tran-
sitions immediately form a new membrane and bundles of actin filaments in
the bulk [Nagai & Kato, 1975]. This process called fibrillogenesis in [Kamiya,
1981] takes about 10 min until the intracellular network is completely re-
constructed. After several hours the microplasmodium starts to migrate
and searches for food. Before migration occurs a variety of contraction pat-
terns are observed. With the use of bright-field-illumination microscopy the
spatiotemporal dynamics can be recorded, where the brightness is related
to the thickness at a certain position (Beer-Lambert law). In most situa-
tions where cells are probed with this technique staining is necessary, since
the contrast is very low. The Physarum plasmodium is an exception. It
naturally contains yellow colour pigments. In [Takagi & Ueda, 2008] the
following patterns were observed: (see Fig. 1.4)

• single/double spiral

• irregular spiral patterns

• standing waves

• (synchronous) antiphase patterns.

The authors claimed that there is a reproduceable sequence of patterns (I-IV
in Fig. 1.4), which is doubted in the community. Other experiments that
investigated the contraction patterns [Strachauer & Hauser, 2010-2012] re-
vealed that also traveling waves are very common. Still, it is not quite clear
which mechanism causes the transitions but it is known that in addition
to the contraction cycles of about two minutes there are cycles on larger
time scales (see e.g. [Ueda, 2005]) that may effect the mechanical proper-
ties of the protoplasm. It should be mentioned that there are attempts to
constitute continuum models that explain channel formation (in contrast to
phenomenological network models) in plasmodia by assuming that the de-
polarization rate of actin filaments depend on the flow velocity [Guy et al.,
2011].

1.3 Outline of the model

This section intends to give a brief overview of the model for a Physarum
protoplasmic droplet. The first basic assumption is to consider the proto-



1.3. OUTLINE OF THE MODEL 19

Figure 1.4: Phase fields of spatiotemporal height data of protoplasmic
droplets by [Takagi & Ueda, 2008]: snapshots and corresponding space-time
plots. (I) standing wave, (II) irregular spiral pattern, (III) single spiral, (IV)
synchronous antiphase pattern

plasm as two-phase medium [Alt & Dembo, 1999]. For comparison with
the experimental observed contraction patterns it is not necessary to deal
with cell migration and thus, this work is limited to a fixed boundary value
problem on a confined geometry. One phase behaves as a solid on the consid-
ered time scale, called the gel phase. The other phase is the fluid sol phase
(originating from the term solution) that carries all the mobile components.
The gel phase mainly consists of the immobile parts like the organelles,
large molecules and the filamentous cytoskeleton. The latter forms a porous
network and mainly determines the viscoelastic properties of the medium
(called poroelastic material in [Mitchison et al., 2008]). This network has
a typical pore size ℓpore and is permeated by the viscous fluid sol phase.
A typical architecture of the filament network in a protoplasmic droplet is
shown in Fig. 1.5. Much of the filamentous actin is located near the mem-
brane and forms the cortex (labeled by CMS in the figure). The cortical
actin has a random orientation, while in the bulk of the cytoplasm there are
also fibrillar structures. However, it was stated in [Brix et al., 1987] that
these structures do not contribute significantly to the contractile activity.
The membrane system forms a sponge-like structure with many invagina-
tions filled with extracellular matrix.
In our model we do not account for these structures and consider only
homogenized quantities. In our model we subsume all the different actin
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Figure 1.5: Electron microscopy image of cytoplasm in a Physarum micro-
droplet published in [Brix et al., 1987]. a) Region close to the membrane
with cortical microfilament system (CMS), fibrillar microfilament system
(FMS) and mitochondria (M). The bottom pictures show a magnification of
b) the FMS and c) the CMS.

structures in the gel phase. This actively generates stress and contracts.
The contraction of the filament network is regulated mainly by Ca2+and
ATP [Yoshimoto & Kamiya, 1984], while we consider that second to be ap-
proximately constant during the relevant time scales. The passive fluid sol
phase flows through the network driven by pressure gradients. This causes
a transport of fluid and therefore a local change of thickness of the droplet.
The fluid exerts drag forces on the network. The relation of pressure differ-
ence and resulting flow velocity is given by Darcy’s law for porous media.
So far, it was explained in which way stresses regulated by reacting chemical
agents (here: Ca2+) lead to deformation and mass transport. One must also
consider how these processes in turn act on the chemical agents. There exist
two alternatives in the Physarum research about how the mechano-chemical
feedback acts, both represented by a number of articles. The first is found
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in [Oster & Odell, 1984a; Teplov et al., 1991; Romanovsky & Teplov, 1995]
and therein it is assumed that Ca2+homeostasis by stretch activation of
ion channels influences the concentrations in the cytosol. This yields the
consequence that oscillations in Ca2+can only be sustained if the material
also contracts oscillatory. Furthermore, no homogeneous oscillates can be
observed. The other alternative assumes that at each point in the proto-
plasma there is a local chemical oscillator [Smith & Saldana, 1992; Yamada
et al., 1999; Tero et al., 2005]. The interaction of these oscillators is mediated
by Ca2+diffusion and transport by cytosolic flow that has a synchronizing
effect [Yoshimoto & Kamiya, 1978].
Here, we focus on the second mechanism, i.e. we assume that there is an
autonomous chemical oscillator in the protoplasma. In the corresponding
model Ca2+acts inhibitory on the tension generation. This ensures the ob-
served phase shift between Ca2+and tension measured in the experiments
by [Yoshimoto et al., 1981]. Contrary, in [Teplov et al., 1991] it is assumed
that Ca2+activates tension. In [Yoshimoto & Kamiya, 1984] however, it was
measured that tension first increases to a maximum value and then decreases
with increased Ca2+concentration. In the following Chapters we show that
the mechano-chemical model introduced in this work covers both cases: Os-
cillations can be obtained also in the absence of an autonomous chemical
oscillator. An overview of the model constituents and feedback mechanisms
is given in Figs. 1.6 and 1.7.

Autonomous 
chemical 
oscillator

Two-phase 
mechanical

system

drives contractions

advective feedback

pressure 
gradients

flow

isotropic
tension
generation

Figure 1.6: Overview of the mechano-chemical model: An autonomous
Ca2+-oscillator regulates stress generation leading to deformation of the
gel and flow of cytosol by pressure gradients. A feedback to the oscillator is
given by advection of a chemical agent (giving a reaction-diffusion-advection
or RDA equation).

In Chapter 2 a physiologically realistic Ca2+oscillator is presented that
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drives tension generation in the gel phase. Then, in Chapter 3 the me-
chanical fields of deformation, sol flow and pressure are introduced in the
framework of a two-phase continuum theory. Finally, advection is included
in the chemical kinetics to close the feedback loop. In Chapter 4 the mechan-
ical degrees of freedom are eliminated and a global coupling approximations
replaces the elastic coupling. In Chapter 5 the full mechanical model is
modified by the use inhomogeneous stiffness in radial direction. In Chapter
6 the reaction kinetics is omitted to obtain a pure advection-diffusion equa-
tion for the concentration of the regulator. This gives generic description
of cytoplasm in a limit where elastic tension relaxes on a much slower time
scale than the intrinsic dynamics. Two viscoelastic models, the Kelvin-Voigt
and the Maxwell model, are compared.
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Figure 1.7: Simplified two-phase model showing sol phase (blue) and fila-
mentous gel phase (black). Top: Protoplasmic droplet of Physarum in side
view, showing the filamentous phase located mainly in the cortex and the
invagination system filled with extracellular matrix (light blue). Bottom:
Schematic representation from above showing the deformation by distortion
of a Cartesian grid. Flow of cytosol is shown by arrows and Ca2+transported
by the cytosol in yellow.
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Chapter 2

Model equations: chemical

part

Cytoplasm is a very complex material and this Chapter intends to give a
short overview of properties that are relevant for this work. Focusing only
on the chemical aspects this Chapter presents a mathematical model that
describes rhythmic tension generation in Physarum protoplasm that was
developed in [Smith & Saldana, 1992]. The bifurcations of this model are
analyzed following [Radszuweit et al., 2010].

2.1 Physarum protoplasm

The protoplasm of a cell can be considered as a complex highly saturated
polymer solution. Beside all the freely diffusing ions and proteins there is
a filamentous structure called the cytoskeleton. In Physarum this network
is formed by a type of actin filaments that is very similar to what is found
in muscle cells [Kamiya, 1981]. Its mechanical properties are described by a
gel model that incorporates viscoelastic in polar/nematic properties [Kruse
et al., 2005]. Beside other components of the cytoskeleton, such as mi-
crotubules, actin is the most important for our considerations. The actin
network is cross-linked by gelation factors and in a nonequilibrium steady
state of permanent polymerization and depolymerization. The filamentous
form of actin, called F-actin, is the polymerized form of G-actin (the corre-
sponding monomer). A very important factor that influences the mechani-
cal properties by severing the polymers is fragmin a solation factor that is
Ca2+-up-regulated [Gettemans et al., 1995]. During the observed oscillation
cycle of intracellular Ca2+concentration in Physarum there is an estimated
solation-gelation rate of about 30% in each cycle [Oster & Odell, 1984a]. For
more information about the dynamic changes of F-actin in the Physarum
plasmodium the reader is referred to [Ishigami, 1986]
Together with the motor protein myosin the F-actin forms a complex called

25
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the actomyosin system. By conformational change of the myosin molecule
it can exert forces to the actin filaments when it is bound. This process re-
quires energy supplied by hydrolysis of ATP to ADP and phosphate. From
the macroscopic point of view there is a generation of contractile tension in
the gel, that is isotropic, due to the random fiber orientation in Physarum
[Oster & Odell, 1984a]. The tension and the ATP concentration oscillate
in phase, whereas the free Ca2+oscillates antiphase [Kamiya, 1970, 1981] to
the first-mentioned. In experiments with pieces of plasmodial strands these
oscillations where also observed when the position was clamped [Kamiya,
1970]. Contraction is suppressed and shuttle streaming does not play a role
in this experimental setting. This gives a hint that the oscillations are of
pure chemical origin and drive the mechanical contractions.

2.2 A model for a Ca2+oscillator in Physarum

In the following the model developed in [Smith & Saldana, 1992] is presented
and modified such that it is applicable for the mechano-chemical model. For
the chemical model two binding sites of the myosin light chain (MLC) are
relevant:

1. There is a kinase (myosin light chain kinase: MLCK) attached to the
myosin light chain that has two states: phosphorylated and dephos-
phorylated. The phosphorylation is regulated indirectly via Ca2+by
the AC-cAMP-PKA pathway (see [Smith & Saldana, 1992] for details).

2. There is a binding site that can be phosphorylated at MLC called LC1

below. In the phosphorylated state the molecule is active and force is
generated.

3. There is a binding site for Ca2+at the MLC for two ions per molecule
called LC2. The occupation state regulates the phosphorylation of the
LC1.

This leads to 16 equations for the propabilities of the chemical system to be
in a certain configuration but fortunately most of them can be eliminated
adiabatically. Both, the binding rate of Ca2+and the phosphorylation rate
of the LC1 unit are assumed to be on much faster time scales then one
oscillation cycle.
Considering the concentration of intracellular Ca2+the vacuoles come into
play: In [Smith & Saldana, 1992] the relation

ċ = kL(Nc − c)− kV nc (2.1)

is proposed, where c is the total Ca2+and nc the free Ca2+concentration
(not bound to myosin). The leaking of Ca2+from the vacuoles is described
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by the rate kL. If the pumping rate back to the vacuoles kV would be
zero, then there would be an equilibrium concentration Nc. The fraction
of phosphorylated MLC kinases is given by the variable φ, which obeys the
equation

φ̇ = kQ(nc)(1− φ) + kEφ =: fφ(nc, φ). (2.2)

All remaining reactions take place on a much faster time scale. This leads
to a Ca2+-dependent dephosphorylation rate

kQ(nc) = k0Q

(
K⋆nc

1 +K⋆nc

)β

(2.3)

that represents the AC-cAMP-PKA signal cascade: Ca2+triggers AC (adeny-
late cyclase) to convert ATP to cAMP (cyclic adenosine monophosphate).
Finally a PKA (cAMP-dependent protein kinase A) phosphorylates the
MLC being activated by forming a complex with four cAMP molecules.
This leads to an independent binding type Hill kinetics with β = 4 (see Eq.
(2.3) and [Weiss, 1997]).

Let qka/b be the fraction of myosin molecules with k bound Ca2+ions on
its LC2 in state a and b, respectively. In state a the MLC is not phosphory-
lated and b is the opposite case. Then, the concentration of myosin-bound
Ca2+is

nb = c− nc = NM

2∑

k=0

k(qka(nc)(1 − φ) + qkb(nc)φ) (2.4)

with number NM of myosin molecules. The fractions that obey
q0a/b+ q1a/b+ q2a/b = 1 can be determined by the following reaction scheme:

Ca+ LC00
2 ⇋ LC01

2 Ca+ LC00
2 ⇌ LC10

2

Ca+ LC01
2 ⇋ LC11

2 Ca+ LC10
2 ⇌ LC11

2
(2.5)

Here all Ca2+binding steps proceed with rate k+ and release with rate k−.
In equilibrium this yields the system of equations:

k−[LC01
2 ] + k−[LC10

2 ]− 2k+nc[LC
00
2 ] = 0

k+nc[LC
01
2 ] + k+nc[LC

10
2 ]− 2k−nc[LC

11
2 ] = 0

k−[LC11
2 ] + k+nc[LC

00
2 ]− k−[LC01

2 ]− k+nc[LC
01
2 ] = 0

k−[LC11
2 ] + k+nc[LC

00
2 ]− k−[LC10

2 ]− k+nc[LC
10
2 ] = 0.

(2.6)

The system has a unique solution when
[LC00

2 ] + [LC01
2 ] + [LC10

2 ] + [LC11
2 ] = NM :

q0a/b = [LC00
2 ]/NM = 1/(1 +Ka/bnc)

2

q1a/b = ([LC01
2 ] + [LC10

2 ])/NM = 2Ka/bnc/(1 +Ka/bnc)
2

q2a/b = [LC11
2 ]/NM = (Ka/bnc)

2/(1 +Ka/bnc)
2,

(2.7)
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Figure 2.1: Schematic illustration of biochemical interactions from [Smith
& Saldana, 1992]: Subunits LC1 that can be phosphorylated (orange) and
LC2 (blue) that has to Ca2+receptors. The MLCK is attached to myosin
(green) and can also be phosphorylated. P represents Phosphate ions (pink).
Ca2+can leak out (rate kL) and be pumped in (rate kV ) from vacuoles
(yellow). Phosphorylation of the LC1 enables myosin to generate forces
(rates kP and kD). Free Ca2+up-regulates the MLCK-phosphorylation by
the AC-cAMP-PKA signal chain.

where the Ca2+affinity of the LC2 is Ka/b = k+a/b/k
−
a/b and depends sensi-

tively on the phosphorylation state of the MLC (a or b). With that one ca
rewrite Eq. (2.4):

nb = 2NM

(
Kanc

1 +Kanc
(1− φ) +

Kbnc

1 +Kbnc
φ)

)

. (2.8)

This gives an implicit relation for eliminating nc in Eqs. (2.1) and (2.2)
leading to a twodimensional phase space spanned by c and φ. For suitable
and realistic chemical reaction parameters (discussed in [Smith & Saldana,
1992]) the system shows oscillatory dynamics. The mechanism is explained
in Fig. 2.2: The reaction rate of c is slower than that of φ. Thus, we consider
a separation of time scales: φ reaches its fixpoint while c stays approximately
constant. Starting with a low total concentration of Ca2+(c = 8.8 µM in
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Figure 2.2: Switching behavior: Phosphorylation rate of Eq. (2.2) for three
different total Ca2+concentrations c in µM (left) and periodic orbit (green)
with unstable fixpoint (right, red point). The corresponding values for c are
marked in the phase plane. The parameter values are given in table 2.1.

the Fig.) 1 the system equilibrates at small phosphorylation fraction φ.
The total Ca2+rises slowly until the left fixpoint vanishes and jumps to the
fixpoint at high phosphorylation rate (see c = 9.9 µM). This jump is a
Ca2+-induced Ca2+release: By an increase of free Ca2+the threshold for
the LC2 to reduce its Ca2+affinity is reached, which triggers the release
even more Ca2+. The difference of the affinity in both states is of one or-
der in magnitude. In [Smith & Saldana, 1992] the values Ka = 3.0 µM−1

and Kb = 0.15 µM−1 are proposed. After the fast Ca2+release its concen-
tration slowly decreases again, due to the vacuole pumps. When the right
fixpoint vanishes there is a switching back to a low phosphorylation fraction
of MLCK finishing the cycle.
To get the amount of generated force it is crucial to know the fraction of
myosin with phosphorylated light chain (LC1). The rate of phosphorylation
and dephosphorylation of LC1 is kP and kD respectively. In [Smith & Sal-
dana, 1992] it is hypothesized that there is an inhibition of force generation
by inhibition of the phosphorylation of the LC1: The corresponding rate is
zero if both receptors of Ca2+are occupied.

LC1.LC
00
2 ⇋ PLC1.LC

00
2

LC1.LC
01
2 ⇋ PLC1.LC

01
2

LC1.LC
10
2 ⇋ PLC1.LC

10
2

LC1.LC
11
2 ← PLC1.LC

11
2

(2.9)

1Here, the unit of concentration is 1 M = 1 mol/ℓ
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The mechanism in Physarum is opposite to what is observed in usual muscle
cells, where intracellular Ca2+and tension act in-phase. Tension measure-
ments (see [Kamiya, 1970]) revealed that in Physarum they oscillate anti-
phase (see fig. oscillations).
Let θa/b = [PLC1]a/b/NM be the fraction of myosin with phosphorylated
LC1. From reaction scheme (2.9) one obtains in rapid equilibrium:

θ̇a/b = kP (q0a/b + q1a/b)(1− θa/b)− kD(q0a/b + q1a/b + q2a/b)θa/b
= kP (1− q2a/b)(1 − θa/b)− kDθa/b
= 0

(2.10)

Now, solving for θa/b yields

θa/b =
kP (1− q2a/b)

kD + kP (1− q2a/b)
. (2.11)

The total fraction of activated LC1 is the sum of both state a and b of the
MLCK:

θ(nc, φ) = (1− φ)θa(nc) + φθb(nc)

= kP (1−q2a(nc))
kD+kP (1−q2a(nc))

(1− φ) + kP (1−q2b(nc))
kD+kP (1−q2b(nc))

φ
(2.12)

An overview of the signaling which is described by this mathematical model
is given in Fig. 2.1.

For comparison with experiments it is convenient not to use the total
Ca2+concentration c but the free Ca2+concentration nc, since the latter
can be measured quantitatively with a fluorescent dye. The dynamics of an
oscillatory parameter set (see table 2.1 at the end of the chapter) is shown
exemplarily in Fig. 2.3 in phase space and over time (inset). To obtain a
more harmonic shape of the oscillation it is possible to adjust the parameters
Ka or K⋆ to be closer to the Hopf bifurcation.

Here, we introduce a third variable representing the actual generated
tension. A phenomenological relaxation equation relates the active tension
Ta (or force) to the fraction of phosphorylated LC1:

Ṫa = (FT θ(nc, φ)− Ta)/τT . (2.13)

This is analogue to what is used in cardiac mechanics to relate the tension
to the transmembrane potential [Panfilov et al., 2007]. The two phenomeno-
logical constants are the mechanical coupling strength FT in units of me-
chanical tension and a relaxation time τT . The coupling strength will be an
important parameter in the following chapters. It controls the strength of
the mechano-chemical feedback. For the relaxation time a value of τT = 0.2
min is chosen, such that the phase shift between free Ca2+and tension is
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Figure 2.3: Limit cylcle oscillations. The orbit in the phase space spanned
by nc and φ is shown in light blue together with the nullclines of Eqs. (2.1)
and (2.2) (dark blue, violet). The fixpoint (φ⋆, n⋆

c)
T from which the limit

cycle is born is depicted by a black dot. In the inset the temporal dynamics
is shown with normalized free Ca2+concentration nc in green and fraction φ
of myosin with phosphorylated LC1 in red. The parameters are taken from
table 2.1.

about π as observed in the experiments with plasmodial strands. This rela-
tion is visible in Fig. 2.5 where the temporal dynamics of the free Ca2+and
the active tension is compared. For the parameter set used in this figure the
oscillation period is about 2 minutes, which complies with the experiments
in [Yoshimoto et al., 1981] (see Fig. 2.4). In this experiment a plasmodial
strand of 40 mm length and about 0.8 mm in diameter was isolated, fixed
between glass rods and kept in moist air for a measurement duration of about
one hour. The tension was recorded by a tensiometer (the data is given in
units of weight, corresponding to a force) and the Ca2+concentration by a
luminescent marker (aequorin, the intensity is related to the voltage of a
photomultiplier).

2.3 Bifurcation analysis

To investigate the reaction kinetics more thoroughly a bifurcation analysis
is performed. Instead of considering a three variable system of Eqs. (2.1),
(2.2) and (2.4), which includes an algebraic condition it is more convenient
to eliminate one of the variable and arrive at a pure ODE system. It is
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Figure 2.4: Experiments for a plasmodial strand by [Yoshimoto et al., 1981]:
Ca2+and tension were measured over time under isometric conditions.

reasonable to eliminate the total Ca2+concentration c, since for transport
only the free Ca2+concentration nc is relevant. With ṅb =

∂nb

∂φ φ̇+ ∂nb

∂nc
ṅc the

Eq. (2.1) can be transformed to

ṅc =
(

kL(Nc − nb − nc)− kV nc − ∂nb

∂φ φ̇
)

/
(

1 + ∂nb

∂nc

)

=
(

kL(Nc − nb − nc)− kV nc − ∂nb

∂φ (kQ(1− φ) + kEφ)
)

/
(

1 + ∂nb

∂nc

)

=: fc(nc, φ),
(2.14)

so that the right hand side of the equation is only a function of nc and φ.
The relevant two-variable system is now Eq. (2.14) and (2.2). For realistic
parameter values (see table 2.1) there is only one fixpoint of the system
that ensures nc > 0 and 0 < φ < 1. The linear stability of this fixpoint is
investigated under variation of two parameters: the Ca2+affinity Ka of the
LC2 in state of unphosphorylated MLCK and the reaction coefficient K⋆ of
the AC-cAMP-PKA signal chain (suggested in [Smith & Saldana, 1992]). In
Fig. 2.6 the Hopf-bifurcation line becomes apparent that separates the stable
from unstable foci. Fig. 2.7 reveals that the Hopf bifurcation is supercritical
in the range of considered parameters, since a stable limit cycle is born at
the bifurcation point. As expected, oscillatory dynamics near the Hopf point
is almost sinusoidal, while it becomes anharmonic for away from this point
(see insets of Fig. 2.7).

2.4 Spatial extension

To expand the theory to spatially extended systems one has to replace the
usual time derivatives by partial derivatives and consider continuity equa-
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Figure 2.5: Active tension in comparison with the free Ca2+over time: Os-
cillations of scaled free Ca2+concentration: (nc(t)−n⋆

c)/Nc (green) and the
fraction of activated myosin θ(t)−θ⋆ (red) and the actual generated tension
(Ta(t)− T ⋆

a )/FT (blue). The relaxation constant for the tension is τT = 0.2
min and all remaining parameters like in Fig. 2.3.

tions. The actomyosin system is assumed to be fixed. Thus, there are no
transport terms for φ and Ta but only for the free Calcium nc. The simplest
and most common form is a reaction-diffusion system:

∂tnc = Dc∆nc + fc(nc, φ)
∂tφ = fφ(nc, φ)
∂tTa = (FT θ(nc, φ)− Ta)/τT .

(2.15)

Since there is no feedback from the active tension to the other two variables
so far, the third equation can be omitted. For a type-Io (see [Cross &
Hohenberg, 1993]) instability to occur the conditions

∂fc
∂nc

(n⋆
c , φ

⋆) >
∂fφ
∂φ (n⋆

c , φ
⋆)

→ Dc < Dφ

(2.16)

must hold but Dφ = 0 and Dc must be positive, such that this cannot be
fulfilled [Turing, 1952]. Instead a type-IIIo instability is present, where
the dominant eigenvalue always belongs to the k = 0-mode favoring homo-
geneous oscillations. When the parameters are chosen near to the Hopf-
bifurcation point this system can be mapped to the complex Ginzburg-
Landau equation (see e.g. [Kuramoto, 1984] or the review article [Aronson
& Kramer, 2002]).
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Figure 2.6: Linear stability diagram: Variation of the Ca2+-affinity Ka and
the reaction coefficient K⋆ of the AC-cAMP-PKA chain. In this range of
parameters the fixpoint can be a stable/unstable node (green/red square),
or a stable/unstable focus (blue/orange disc). The remaining parameters
are given in table 2.1.
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Figure 2.7: Bifurcation diagram. The position of the stable fixpoint with
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there is a limit cycle this corresponds to a fixpoint in the Poincaré map.
In this case the minimal and maximal points of the cycle with respect to
nc are drawn in the diagram). The insets show the temporal (oscillatory)
dynamics for two values of parameter Ka, one close to the Hopf bifurcation
and one far from the Hopf point. The free Ca2+concentration nc is drawn in
blue, while the phosphorylated MCLK fraction φ is violet. K⋆ = 1.5 µM−1

and the other parameters are given in table 2.1.
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2.5 Summary

In this Chapter a Ca2+oscillator for Physarum introduced by [Smith &
Saldana, 1992] was described that is based on several feedback loops of
the myosin light chain (MLC), Ca2+and regulating kinases. This model
was extended by a relaxation equation that describes the dynamics for the
tension generated by the actomyosin system. The Ca2+dynamics and the
phase relation to the tension, as well as the period of oscillations are in
good agreement with experiments [Smith & Saldana, 1992]. A bifurcation
analysis reveals a supercritical Hopf bifurcation leading to stable limit cycle
oscillations in a certain range of realistic parameters. These oscillations
occur independently of mechanical feedback, which provides an alternative
explanation to the mechanism in Ref. [Teplov et al., 1991]. Expanding the
system to a reaction diffusion system leads to a type-IIIo instability. This
work continues by coupling additional mechanical equations to that system
and it becomes clear that this extension is necessary to get an oscillatory
Turing instability (type Io).

Parameter Value Unit Description

kL 0.24 min−1 leaking rate of vacuoles

kV 4.8 min−1 pumping rate of vacuoles

k0Q 60 min−1 max. phosphorylation rate of MLCK

kE 6.0 min−1 dephosphorylation rate of MLCK

kP 30 min−1 phosphorylation rate of LC1

kD 12 min−1 dephosphorylation rate of LC1

K⋆ 1.5 µM−1 reaction coefficient of AC-cAMP-PKA chain

Ka 2.3 µM−1 Ca2+affinity with dephosphorylated MLCK

Kb 0.15 µM−1 Ca2+affinity with phosphorylated MLCK

Nc 25 µM equilibrium total Ca2+concentration

NM 10 µM total myosin concentration

τT 0.2 min relaxation time for tension generation

FT varying 2− 360 kPa mech. coupling strength

Table 2.1: Standard parameters for the Ca2+oscillator taken from [Smith &
Saldana, 1992]
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Chapter 3

Model equations: mechanical

part

3.1 Basic assumptions

In this work we consider protoplasmic droplets in a stage of development,
where the whole cell does not move and no formation of flow channels (or
veins) takes place. These represent considerable inhomogeneities in the
solid/fluid fractions on the relevant spatial scale of our model. Therefore,
the assumption that vein structures are not present is crucial for our model.
Physarum protoplasmic droplets have porous structures on different spatial
scales: In the cytoplasm there is the filamentous cytoskeleton that is per-
meated by the fluid cytosol. It is considered as a porous medium. On a
larger level the droplet is a sponge-like medium with cytoplasm enclosed by
a membrane and numerous invaginations filled with secreted extracellular
matrix (ECM) [Brix et al., 1987]. We make the simplifying assumption to
subsume all the immobile cellular components in a solid phase that we call
gel phase. These are mainly the filaments of the cytoskeleton (e.g. the cor-
tex), the organelles and molecules that are too large to pass through the
porous structure. Second, all the fluid components, i.e. the cytosol and the
ECM, constitute the fluid phase, called sol phase (originating from the term
solution). Different model have been proposed to describe the mechanical
properties of cytoskeleton in the framework of a theory for viscoelastic fluids
(see e.g. [Kruse et al., 2005]). The Physarum plasmodium, in contrast, is
a particular cellular system, where time scales of stress relaxation caused
by deformations are longer than the period of the Calcium oscillations [Na-
gai et al., 1978]. This was accounted for in [Teplov et al., 1991] by using
the standard linear solid model (see [Banks et al., 2011]). In this model
evaluating the stress requires to know the history of time evolution. For
simplification we use the the Kelvin-Voigt model, which directly relates the
stress to the strain and strain rate at a given point in time.
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We adopt the term gel for the solid phase from the literature about Physarum.
However, the reader should keep in mind that a gel in general is actually
built of two phases. This means that the presented two-phase model can be
considered as a model for a gel.
The solid part provides a body reference frame with coordinates x ∈ B,
where B is the set of points representing the undeformed droplet (no inter-
nal and external forces present). Let θ be a unit-step function defined on
B:

θ(x, t) =

{

1 gel is present

0 sol is present
(3.1)

Given that the average per size ℓpore of the porous structure is much smaller
than the wavelength λpatt. of the observed contraction patterns. Only ho-
mogenized quantities are used in the theory. The homogenized sol and gel
fractions are defined by:

ρgel(x, t) =
∫

{x′||x′−x|<R}∩B θ(x′, t)dx′ (3.2)

ρsol(x, t) =
∫

{x′||x′−x|<R}∩B(1− θ(x′, t))dx′, (3.3)

where λpor. ≪ R ≪ λpatt.. For a quantity A in the gel the homogenization
is

Ah
gel(x, t) =

1

ρgel(x, t)

∫

{x′||x′−x|<R}∩B
θ(x′, t)A(x′, t)dx′, (3.4)

which is analogous for sol quantities and will not be carried out explicitly
in the following.
The displacement field u(x, t) maps the body reference system to the phys-
ical coordinate system or lab frame χt : x 7→ X(x, t) = x + u(x, t). The
picture of this map gives the physical configuration of the body Bt = χt(B).
In the constitutive equations for the gel the deformation velocity u̇ = ∂tX =
∂tu plays a role as well. The deformation gradient F := ∇X = 1 + ∇u

will also be used in the following.
In the linear theory of elasticity two types of boundary conditions (BC) for
the displacement field are common:

1. Dirichlet BC i.e. the boundaries do not move in the lab system:
u(x, t) = 0 for all times and x ∈ ∂B

2. Neumann BC i.e. the boundaries are free to move in the lab system
with internal and external pressure p and pext. respectively: (σtot(u(x, t))+
(pext. − p)1) · n(x, t) = 0 for all times and x ∈ ∂B. Here, σtot is the
total linear stress tensor.

The protoplasmic flow field v(x, t) represents the velocity of the sol compo-
nents in the physical coordinate frame. To investigate the mass flow inside
the droplet it is useful to introduce the relative flow velocity w = v − u̇.
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Since in the framework of this model no mass leaves the droplet, the relative
velocity vanishes at the boundary: w(x, t) = 0 at x ∈ ∂B.
Cells are mostly build of polymeric material. Most of these materials are in-
compressible. Hence, this additional condition beside the continuity-equations
for mass and momentum has to be imposed. The resulting Lagrangian mul-
tiplier is the internal pressure p(x, t). Here, other forms of pressure like for
example osmotic pressure are neglected. In summary the presented mechan-
ical model accounts for the following homogenized fields:

1. Sol and gel density in the body reference frame ρsol and ρgel and the
corresponding fraction ϕ = ρsol/ρgel = ρsol/(1 − ρsol). The relative
sol and gel densities not independent: ρsol + ρgel = 1. This relation
represents only the lowest order in terms of deformations (going to
finite deformation theory this relation reads ρsol + ρgel = detF ).

2. Displacement field u

3. Protoplasmic flow field v

4. Internal pressure p

Furthermore the following simplifying assumptions are made:

• The time scale of the dynamics is large enough that inertia can be
neglected [Oster & Odell, 1984a; Alt & Dembo, 1999].

• The viscosity of the fluid phase is large and velocities are sufficiently
small so that Reynolds number is small, too [Oster & Odell, 1984a;
Alt & Dembo, 1999].

• Deformation gradients are small enough that nonlinearities in deriva-
tive operators can be neglected (|∇u| ≪ 1). The linearized stress and
strain tensors are used.

• The sol and gel fractions are treated as constants. This is a conse-
quence of considering only the linear order in the flow and deforma-
tion fields and is explicitly shown for the gel force balance equation in
Appendix A.

• Stress relaxation in the cytoskeleton is not considered. Instead, it
is assumed to be viscoelastic according to the Kelvin-Voigt model
[Banks et al., 2011] that has no memory concerning the stress. Typical
timescales, on which cytoplasm can be considered as a fluid are given
in [Wottawah et al., 2005] with a range of 1−10 s. For Physarum this
timescale is much larger, being about three times larger than the oscil-
lation period of 2 min [Nagai et al., 1978]. For a model that describes
permeating cytogels in the framework of a the Maxwell viscoelastic
theory the author recommends [Callan-Jones & Jülicher, 2011] and
for the standard linear solid model see [Romanovsky & Teplov, 1995].
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• Sol-gel transitions are neglected. One can write down a continuity
equation for the sol phase that is given in Appendix A. But this does
not affect the other fields in the linear order and thus, is not taken
into account.

• No osmotic pressure is considered.

3.2 Derivation of the two-phase mechanical equa-

tions

As starting point the force-balance equations for gel and sol without inertia
terms are formulated in the small deformation approximation:

∇ · (ρgelσgel) + f gel = 0

∇ · (ρsolσsol) + f sol = 0
(3.5)

In this equation σgel and σsol are the total stresses in gel and sol, respec-
tively. f sol/gel are the corresponding force densities. The basic assumptions
that determine the structure of the stress tensors are the following:

• The gel acts like a viscoelastic solid that actively generates tension

• The sol is a passive viscous fluid

• Both phases interact via drag forces

This ansatz combines the description of the cytoplasm as a poroelastic
medium by [Charras et al., 2008; Mitchison et al., 2008] with the two-phase
picture of [Dembo & Harlow, 1986; Alt & Dembo, 1999]. The resulting
equations are similar to what was found in [Banerjee & Marchetti, 2011]
but differs in some details. The gel part is now divided into a potential, an
active and a dissipative: σgel = σ

pot
gel +σact

gel +σdiss
gel . The tensor σ

pot
gel = ∂Wel

∂ε
is the reversible part that is a strain derivative of an elastic potential energy.
The active part of the gel stress is isotropic (see also [Banerjee & Marchetti,
2011]) and couples to the variable Ta of Eq. (2.13):

σact
gel = Ta1 (3.6)

The remaining part contains dissipative stresses that now have to be deter-
mined. Therefore, the total dissipation rate in terms of an entropy functional
is considered. For isothermal processes where an open system is in contact
with a heat bath the entropy change is connected to the Helmholtz free
energy via δF = −TδS. The entropy production rate is:

T Ṡ[u̇,v] =

∫

B

(

ρsolσ
diss
sol : ∇v + ρgelσ

diss
gel : ∇u̇+ f sol · v + f gel · u

)

dx.

(3.7)
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An important procedure in irreversible thermodynamics is to use the On-
sager reciprocal relations [Onsager, 1931]. If the system is not too far from
equilibrium, the thermodynamic fluxes can be related to the corresponding
thermodynamic forces in a linear way. In this theory the thermodynamic
forces are gradients of intensive quantities and the related thermodynamic
fluxes are fluxes of the conjugated variable. For instance, the gradient ∇v

of the velocity (which is an intensive variable) causes a flux of momentum,
expressed by the dissipative shear stress tensor σdiss

sol . The resulting en-
tropy production rate has to be positive and as a consequence the quadratic
functional has to be symmetric and positive definite. The invariance under
spatial transformations, such as rotations, requires that the fluxes must have
the same tensor rank as the corresponding forces. A steady state has min-
imal entropy production rate [Onsager, 1931]. This allows to compute the
thermodynamic fields that determine this state by minimizing the entropy
production rate functional like (3.7).
From Newton’s third law it follows that fgel = −fsol. To fulfill the Onsager
relations one finds f gel ∝ v − u̇. This force density terms correspond to
drag forces due to permeation of th cytosol through the pores. The related
dissipative energy rate should vanish if either sol or gel fraction is zero.
Introducing the drag coefficient β we set

f gel = ρsolρgelβ(v − u̇) = −f sol. (3.8)

The entropy production rate is

T Ṡ[u̇,v] =

∫

B

(

ρsolσ
diss
sol : ∇v + ρgelσ

diss
gel : ∇u̇+ ρsolρgelβ(v − u̇)2

)

dx.

(3.9)
The stress tensors in Eq. (3.9) must be symmetric to ensure angular mo-
mentum conservation. Now, the most general form of a linear isotropic
constitutive relation for a symmetric second rank tensor is

σdiss
gel = 2ηgel ∇u̇ + η̃geltr(∇u̇)1

σdiss
sol = 2ηsol ∇v + η̃soltr(∇v)1.

(3.10)

Here, ηsol/gel are the shear viscosity and η̃sol/gel the bulk viscosity for sol
and gel respectively. The shear viscosity stresses depend on the symmetric

traceless strain rate ( ∇v )αβ = (∂βvα + ∂αvβ − 2
d∂γvγδαβ)/2 of the fluid,

whereas the bulk part depends on the trace. The number d represents the
number of spatial dimensions in the model.
The cytosol (sol) in general is an aqueous solution in which the high concen-
tration of polymers determines its mechanical properties (see Chapter 1).
The cytoskeleton (gel) is formed by filaments, long polymers that are cross-
linked. Polymers as well as aqueous polymeric solution are incompressible
[Elson, 1988]. Consequently the total flux of sol and gel jtot = ρgelu̇+ ρsolv
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has to be of zero divergence. Assuming the sol/gel fraction to be constant
this gives:

qp := ρgel∇ · u̇+ ρsol∇ · v = 0 (3.11)

This constraint has to be included in the functional (3.9) together with the
corresponding Lagrange multiplier, which is the pressure field p(x, t):

T Ṡinc[u̇,v] =
∫

B

(

ρsolσ
diss
sol : ∇v + ρgelσ

diss
gel : ∇u̇

+ρsolρgelβ(v − u̇)2 + p(ρgel∇ · u̇+ ρsol∇ · v)
)
dx.

(3.12)

By minimizing the functional of entropy rate (see e.g. [Prigogine, 1978])
one obtains the force-balance equations that contain only the dissipative
stresses. The incompressibility constraint leads to the conjugated stresses

∂qp
∂(∂β u̇α)

= ρgelpδαβ and
∂qp

∂(∂βvα)
= ρsolpδαβ (3.13)

in the force balance equation.
Now the non-dissipative part will be defined that are the elastic stresses and
the active gel tension. Since the small strain approximation is applied again
a linear isotropic constitutive law is used:

σpot = 2µε+ λtr(ε)1. (3.14)

The quantities µ and λ are called the Lamé parameters. This form derives
from the potential Wel = µtr(ε2) + λ

2 tr(ε)
2. The linearized strain tensor is

connected to the displacement field u by εαβ = (∂βuα+ ∂αuβ)/2. Using the
bulk modulus K = λ + 2

dµ and shear modulus G = µ Eq. (3.14) can be
written analogue to Eq. (3.10):

σpot = 2G ∇u +Ktr(∇u)1. (3.15)

Inserting the constitutive relations given by Eqs. (3.10), (3.14) and the
force equation (3.8) into Eq. (3.5) yields a system of three equations: a gel
equation, that contains the stresses in the solid

ηgel∆u̇+ (η̃gel +
d−2
d ηgel)∇(∇ · u̇) + µ∆u+ (µ+ λ)∇(∇ · u)

−∇p+∇Ta = ρsolβ(u̇− v),
(3.16)

a sol equation, that contains the stresses in the fluid

ηsol∆v + (η̃sol +
d− 2

d
ηsol)∇(∇ · v)−∇p = ρgelβ(v − u̇) (3.17)

and a constraint
ρgel∇ · u̇+ ρsol∇ · v = 0 (3.18)

determining the fields u,v and p.
Finally, it should be noted that in this model the divergence of the fluxes of
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both sol and gel are not zero, though both phases are incompressible. This
is due to transport and expressed in Eq. (3.18): if there is an influx of sol
the corresponding volume of gel has to flow outward. On a spatial scale be-
low homogenization incompressibility of both phases has to be maintained
separately. But as consequence the bulk viscosities of both phases are set
to zero: η̃gel = η̃sol = 0.
The drag coefficient β can be directly related to the permeability and vis-
cosity of a porous medium. Eq. (3.17) is actually a modified form of the
Brinkman equation [Brinkman, 1949]. If it is assumed that there is no dis-
placement u ≡ 0 but a constant flow field v = const. with respect to space
than Eq. (3.17) reduces to −∇p = ρgelβv. Darcy’s law for porous media
has been used in several publications to describe permeating cytogels (see
e.g. [Dembo & Harlow, 1986; Callan-Jones & Jülicher, 2011]). It relates the
flow of a viscous fluid through a porous medium to the pressure gradient by
the permeability k of the medium:

v = −k

η
∇p. (3.19)

Comparing this with the previous equation gives β = ηsol
kρgel

. The permeability

is depending on the gel fraction. When the simple relation k = k0/ρgel is
assumed then one obtains

β =
ηsol
k0

. (3.20)

This dependence of the permeability k = k0/ρgel is not valid when ρgel → 1,
since then it should be zero. Therefore this case should not be considered in
the framework of this model. Subtracting Eq. (3.16) from Eq. (3.17) gives
the relation

v = −k0
η
∇Ta. (3.21)

The three mechanical quantities u,v and p determined by Eqs. (3.16)-
(3.18) are not accessible in the experiments in [Takagi & Ueda, 2008] dealing
with protoplasmic droplets. Instead the height field was recorded over space
and time. Let h0 be the height of the droplet in the undeformed reference
configuration (that is assumed const. with respect to horizontal coordinates
x,y). Then

h(x, y) ≈ h0 + uz(h0, x, y) = h0 +
∫ h0

0 ∂zuz(x, y, z
′)dz′

= h0 + ∂zuz(x, y, z
⋆)h0

(3.22)

holds for small deformations and small h0. Since it is only necessary to
qualitatively compare the patterns, the strongly simplifying approximation
∂zuz ∝ ∇ · u is allowed. This results in a relation for the height field
deviation or relative height:

h̃ = (h(x, y)− h0)/h0 ∝∇ · u(x, y), (3.23)



44 CHAPTER 3. MODEL EQUATIONS: MECHANICAL PART

where the divergence is computed in a two-dimensional simulation. In Chap-
ters 4, 5 and 6 we will consider only one- and two-dimensional representa-
tions of Eqs. (3.16),(3.17) and (3.18) (d = 1, 2) and relate the local deforma-
tion to the height field via Eq. (3.23). In [Brix et al., 1987] it was observed
that deformations in microdroplets of Physarum are approximately isotropic
and thus, the constant of proportionality in Eq. (3.23) will be around 1/3.
All the considerations about the formulation of the mechanical equations
make use of neglecting orders in u and ∇u that are higher than one. In
Appendix A the reader will find some notes of how to get from the finite
deformation theory to the linearized equations.

3.3 Mechanical feedback

In Eqs. (2.13) and (3.16) the influence of the chemical oscillator on the
mechanics is determined. Now, a mechanism is presented that describes the
feedback of the mechanics to the chemical part of the system by considering
the particle fluxes. There is no transport for the bound Ca2+since myosin
molecules are much larger and thus considered as immobile. But it is as-
sumed that the free Ca2+is advected by the intracellular flow in addition
to diffusive transport [Nakagaki et al., 1999]. If there would be no such ad-
vection, the reaction diffusion system of nc,φ and Ta would simply drive the
mechanics but there would be no feedback loop. To focus on this advective
term diffusion is left out at first. The integral continuity equation in the sol
for the free Ca2+is then:

d

dt

∫

B

nlab
c dX = −

∮

∂B
nlab
c v · dA. (3.24)

B is a static volume in the lab frame (with coordinates X) and A the
corresponding area. The sol fraction is canceled out, since it appears on
both sides. The Gaussian theorem then implies that ∂tn

lab
c +∇ · (nlab

c v) = 0
but it makes more sense to formulate the equations in the body reference
system: The generated tension depends on the free Ca2+concentration nc,
given here in the body reference system of the solid. If the gel part strongly
contracts then there are just a few Ca2+ions left per myosin molecule even
if the lab Ca2+concentration nlab

c stays constant. Thus one has to transform
this to the reference system B̃t = χ−1

t (B).

d

dt

∫

B̃t

nlab
c detF dx = −

∮

∂B̃t

nlab
c detFv · F−T · dÃ (3.25)

With the reference system concentration nc = nlab
c detF the derivative for

the non-constant boundary integral is

d

dt

∫

B̃t

ncdx =

∫

B̃t

∂tncdx+

∮

∂B̃t

ncẋ · dÃ. (3.26)
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Since X = const. for the boundary it follows ẋ + u̇(x, t) = 0. Taking the
time derivative yields (1+∇u) · ẋ = −∂tu and so ẋ = −∂tu · F−T . Using
the Gaussian theorem finally gives

∂tnc +∇ · ((v − ∂tu) · F−Tnc) = 0 (3.27)

in the reference coordinate system.
To include diffusion one has to add a flux jdiff = −Dc∇Xnlab

c = −Dc∇nlab
c F−1

on the right hand side of Eq. (3.24). With the reaction term fc from Eq.
(2.14) which is a function of the reference system concentration one gets a
reaction diffusion advection equation for the free Ca2+:

∂tnc+∇ · ((v− ∂tu) ·F−Tnc) = Dc∇ · (detF∇(nc/detF ) ·C−1)+ fc(nc, φ)
(3.28)

Here, C = FF T denotes the deformation metric. For small displacement
field one gets in the linear approximation:

∂tnc +∇ · ((v − u̇)nc) = Dc∆nc + fc(nc, φ). (3.29)

It should be noted that in this case there is no difference between substan-
tial and partial time derivative ∂tu = u̇. There is no flux through the
cell membrane. Consequently, zero-Neumann boundary condition are used:
∇nc · n(x) = 0 (n is the normal vector at the boundary) for all times and
x ∈ ∂B.

3.4 Summary

In this Chapter a two-phase model [Alt & Dembo, 1999] assuming an ac-
tive viscoelastic solid gel phase with a passive permeating fluid [Mitchison
et al., 2008] is derived. The model is apparently similar the one presented
in [Banerjee & Marchetti, 2011] but differs according to the incorporation
of the pressure and the imcompressibility constraint.
In the above presented model active stresses in the gel phase are regulated by
the Ca2+oscillator. Gradients in the pressure lead to the flow of cytosol. The
active stress is generated isotropically due to the random isotropic myosin
network configuration. A linear (small deformation theory) set of equations
was derived that describes deformation of the gel u, flow velocity v of the
sol and pressure p. The linear force-flux relations of irreversible thermody-
namics near equilibrium were used to determine the constitutive relations for
the stress tensors. The cytosol flow permeating the actin network transports
free Ca2+and thus gives a feedback to the chemical oscillator. In summary,
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the set of equations reads as follows:

∂tnc +∇ · ((v − u̇)nc)−Dc∆nc = fc(nc, φ)

∂tφ = fφ(nc, φ)

∂tTa = (FT θ(nc, φ)− Ta)/τT

ηgel∆u̇+ d−2
d ηgel∇(∇ · u̇) + µ∆u+ (µ+ λ)∇(∇ · u)−∇p+∇Ta = ρsolβ(u̇− v)

ηsol∆v + d−2
d ηsol∇(∇ · v)−∇p = ρgelβ(v − u̇)

ρgel∇ · u̇+ ρsol∇ · v = 0

(3.30)
The variables u,v, p, nc, φ and Ta sum up to 8 components when the spatial
dimension is two. The equations involve parabolic (diffusion), hyperbolic
(advection) and elliptic (elastic stresses) terms that make the numerical
solution challenging. We keep the pressure as a variable in the system of
equations, since eliminating it would not lead to a more clear structure.



Chapter 4

A reduced model with global

coupling

It is known from studies of mechano-electric feedback in cardiac dynamics
that under certain conditions the linear elastic interaction can be expressed
as a nonlocal or even global coupling [Alvarez-Lacalle et al., 2008; Alvarez-
Lacalle & Echebarria, 2009]. Patterns arising from RD systems with addi-
tional global coupling can be of large variety. These models were introduced
to describe for instance reactions on catalytic surfaces [Lane & Luss, 1993]
or gas-discharge systems [Niedernostheide et al., 1993]. More theoretical ar-
ticles introduce a global coupling in addition to the CGLE [Mertens et al.,
1994; Falcke et al., 1995] and FitzHugh-Nagumo-type kinetics [Middya et al.,
1994; Middya & Luss, 1994]. Some of the observed patterns on a disc such
as spirals and standing waves resemble what is observed in protoplasmic
droplets.
In the following section a representation of the mechanical model that in-
cludes a nonlocal coupling term is derived.

4.1 Model equations

Keeping the set of equations of the chemical oscillator unchanged the fol-
lowing simplifying assumptions are made:

• neglect viscous stresses: σvis
gel = O(ε2) and σvis

sol = O(ε2) when σel
gel =

O(ε).

• neglect drag forces β = O(ε): f sol = −fgel = O(ε2)

• Choose zero Dirichlet boundary conditions for the displacement field
u = 0 on ∂B.

With this and Eq. (3.17) one gets p = O(ε2). Hence, the leading order of
u in Eq. (3.16) decouples from the velocity field and one is left with the

47
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simple elastic equation:

µ∆u+ (µ+ λ)∇(∇ · u) +∇T +O(ε2) = 0 (4.1)

To eliminate the velocity field in Eq. (3.29) condition (3.18) is used to
rewrite the advection term:

∇ · (nc(v − u̇)) = ∇nc · (v − u̇)
︸ ︷︷ ︸

=O(ε2)

+nc∇(v − u̇)

= − nc

ρsol
∇ · u̇+O(ε2)

(4.2)

Given a function T (x, t) for a certain time Eq. (4.1) can be used to obtain
u. Let G(x) be the Green’s function that belongs to the imposed boundary
conditions: (µ∆+ (µ + λ)∇∇)G(x− x′) = −δ(x− x′). Then:

u(x, t) =

∫

B

G(x− x′)∇T (x′, t)dx′ (4.3)

With H(x) := ∇ ·G(x) one gets

∇ · (nc(v − u̇))(x, t) ≈ − nc

ρsol

∫

B

H(x− x′) ·∇Ṫ (x′, t)dx′ (4.4)

While the Green’s function for the infinite domain has a simple form, this
is not the case for a twodimensional disc. To avoid complicated expressions
for the Green’s function Eq. (4.1) is investigated to look for approximations.
Define the vorticity ω := ∇ × u and apply the curl operator to Eq. (4.1).
This yields the Laplace equation

∆ω = 0. (4.5)

Furthermore by defining S := (2µ+ λ)∇ ·u+ T Eq. (4.1) can be rewritten
as

∇S = ∇× ω. (4.6)

Taking the curl again:
∆S = 0 (4.7)

Since ∇×ω is a potential field (see Eq. (4.5)), define the potential W with
∇W = ∇× ω. It follows ∇(S −W ) = 0 ⇒ S −W = c and thus

∇ · u =
1

2µ+ λ
(c+W − T ) (4.8)

with some constant c. For zero Dirichlet boundary conditions the whole
volume V = vol(B) is constant and in the small strain limit:

V =

∫

B

detF dx ≈
∫

B

(1 +∇ · u)dx = V +

∫

B

∇ · udx. (4.9)
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Figure 4.1: Tension field in two di-
mension (color coded) and deforma-
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Figure 4.2: Comparison of global cou-
pling with exact solution: Red dots
represent the divergence computed by
solving the elastic equation (4.1). The
green points show the divergence ap-
proximated by Eq. (4.11) along a line
in the left picture.

Let ā represent the average of some variable a over the domain B. From
the previous Eq. one can now determine the constant c = T̄ − W̄ .

∇ · u =
1

2µ + λ
(T̄ − T − W̄ +W ) (4.10)

In the special case of one dimension ∇S = 0 ⇒ W = 0 and one is left with
a simple equation that connects the local volume change to a global average
of the active tension.

1D : ∇ · u =
1

2µ+ λ
(T̄ − T ) (4.11)

The curl of the deformation field satisfies the Laplace equation (4.5). The
fact that there are no sources of vorticity is a consequence of the isotropic
active tension and the absence of external forces. This is still valid if one
would add an external potential force like, for instance, gravity. In [Alvarez-
Lacalle et al., 2008] it was shown that Eq. (4.11) is also valid for spherical
symmetric fields in two dimensions. However Eq. (4.11) is still a reasonable
approximation also when the curl field w does not vanish. This is shown in
Fig. 4.2 by using the example of a double spiral on a square domain. The
relative error is acceptable small and is, apart from the boundaries not more
then 10%.

If one replaces the time derivative in Eq. (4.2) with help of Eq. (2.13)
this leads to

∇ · (nc(v − u̇)) ≈ − nc

τTρsol(2µ+ λ)

(

FT (θ(nc, φ)− θ(nc, φ) + T − T
)

.

(4.12)
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As a result a three variable reaction diffusion system with a global cou-
pling was obtained approximating the system (3.30) for small strains, small
viscous stresses and drag forces:

∂tnc = ∆nc + fc(nc, φ) +
nc

τT ρsol(2µ+λ)

(

FT (θ(nc, φ)− θ(nc, φ) + T − T
)

∂tφ = fφ(nc, φ)
∂tTa = (FT θ((nc, φ)− Ta)/τT .

(4.13)

4.2 Linear stability analysis of the homogeneous

steady state and numerical simulations

The following results are published in [Radszuweit et al., 2010]. There is a
slight difference in the chemical part of the model compared to Chapter 2: A
different form of Hill-kinetics was used for the AC-cAMP-PKA signal chain
and the LC2 Ca2+-binding site. This results in a different parameter Ka

where the supercritical Hopf-bifurcation occurs. However, there is no quali-
tative difference in the numerical results (both models are used near super-
critical Hopf-bifurcation). Thus, the results of [Radszuweit et al., 2010] are
presented here without any modification. To gain information about the ini-
tial growth behavior a linear stability analysis is performed in the vicinity of
a fixpoint (n⋆

c , φ
⋆, T ⋆). On a one-dimensional domain of length L the eigen-

functions of the linearized system are of the form h(x, t) ∝ cos(πmL x)eλmt,
since there are no-flux boundary conditions for the free Ca2+concentration
nc. Fig. 4.3 shows the largest real part of the eigenvalues that corresponds
to a parameter set where the homogeneous modem = 0 is stable ( Ka = 1.65
µM−1).

For m = 0 the global coupling term vanishes (T = const. ⇒ T̄ ≡ T ),
which reflects the fact that a constant tension field does not lead to any
deformations if the boundaries are fixed. In contrast, the global average
over all modes with m > 0 vanishes so that the whole spectrum (except
zero mode) is shifted by a constant amount. In this model the spectrum
is shifted upwards and this leads to destabilization if the global coupling
strength κ = (ρsol(2µ + λ))−1 is large enough. If Ka < Kc

a one gets a wave
instability (or type Io, [Cross & Hohenberg, 1993]). On the other hand
when Ka > Kc

a the homogeneous oscillations will be destabilized and this
also gives rise to wave patterns.
In the numerical simulations both in 1D and 2D an initial random pertur-
bation is applied. For the concentration nc no-flux boundary conditions are
imposed. Fig. 4.4 (top) shows the spatiotemporal dynamics for two cases:
In the top picture the homogeneous mode (m = 0) is stable and there are
no patterns for κ = 0. With increasing κ when the first mode with m = 1
gets unstable there is a standing wave. By further increase the mode with
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Figure 4.3: Dispersion relation in one dimension, showing the maximum
eigenvalue max(Re(λm)) depending on the discrete wavenumber qm =
mπ/L for three different coupling strengths κ and Ka = 1.65 µM−1. The
global coupling strength κ is given in units of min2mm/kg. The domain
length is L = 2 mm and diffusion constant Dc = 0.007 mm2/min. The
remaining parameters are given in Table 2.1.

m = 2 dominates, due to nonlinearity. Finally a more complex traveling-
wave/pacemaker patterns develops. Fig. 4.4 (bottom) corresponds to the
case when there is already an instability for m = 0. This is the situation
regarded as realistic in protoplasmic droplets of Physarum. Here, for κ = 0
there is an irregular wave pattern. By enlarging the global coupling strength
κ regular traveling waves appear.
Now, the spatiotemporal dynamics on a disc is considered. As before a
parameter set with stable and unstable zero-mode is simulated. The finite
element method used for integration is explained in appendix C. The color
encodes the free Ca2+concentration. In Fig. 4.5 a there are two snapshots
with contour lines. In the left picture the coupling κ is chosen to be closely
after the onset of instability. There is only the mode with m = 1 with pos-
itive real part. Increasing κ leads to irregular patterns (Fig. 4.5 a right),
where also rotating modes are present. The temporal plots 4.5 (b),(c) show
that there is a transition to irregular behavior. Considering the case with
unstable zero mode and increasing the global coupling constant κ leads to
a sequence of snapshots depicted in Figs. 4.6 a-d. While first the pattern
is irregular an increase of κ leads to regular spiral patterns again that are
single, double and four-spiral patterns.
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4.3 Summary

It was shown that the whole mechanical part of system (3.30) can be ap-
proximated by a global coupling under certain simplifying assumptions. By
linear stability analysis it was shown that this mechanism gives rise to a
long-wave instability, even when the reaction kinetics has no limit cycle but
only one fixpoint. In this case, standing waves are obtained in the numer-
ical simulations in one dimension, if the global coupling strength is chosen
closely above the threshold of instability. When the chemical kinetics is os-
cillatory there is a competition between the Hopf instability for q0 = 0 and
the mechanical-induced instability for q1 = π/L for sufficiently large global
coupling strength.
Further increase of the global coupling strength κ gives rise to irregular
dynamics, whereas even larger values of κ induce regular patterns again.
These are traveling waves in 1D and spiral waves on a disc. The standing
wave (see Fig. 4.5 a) and single spiral (see Fig. 4.6 b) resemble the observa-
tions in protoplasmic droplets of Physarum [Takagi & Ueda, 2008]. There
is a discrepancy with respect to the patterns found in [Middya et al., 1994;
Middya & Luss, 1994] that can be explained by the different form of global
coupling that was used: In this work, the global coupling has always the
form fglob = κ(x − x̄) projecting out only the mode with q = 0, whereas in
[Middya et al., 1994; Middya & Luss, 1994] there is a control parameter x0
and fglob = κ(x0 − x̄).
It is a crucial assumption in this approximation that the drag forces are
very small, i.e. that the gel is highly permeable (β very small). This means
that local stresses are transmitted globally in contrast to the case of finite
permeability that supports pressure gradients. To account for the situation
in a more realistic way this work proceeds with the full mechanical model.
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Figure 4.4: Space-time plots of the free Ca2+-concentration nc for different
global coupling strengths κ with stable (top) and unstable (bottom) zero
mode. The parameters are Ka = 1.65 µM−1 and Ka = 1.75 µM−1 respec-
tively. The other parameters are depicted in Table 2.1. A small random
perturbation around the homogeneous steady state (HSS) was used as ini-
tial condition. The value of nc is depicted in color within a range normalized
by the extremal values of each time series.
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Figure 4.5: Stable chemical kinetics: FEM simulations a) for a disc of diam-
eter d = 2 mm with no-flux boundary conditions and random perturbation
around the HSS as initial condition. The concentration nc is depicted in
color withisoconcentration lines. The stable homogeneous mode (Ka = 1.65
µM−1) gets destabilized with increasing coupling. The first mode’s eigen-
value has crossed the real-zero axes (left κ = 6.2 · 10−5 min2mm/kg). By
further increasing κ, higher modes appear and irregular wave patterns de-
velop (right κ = 7.0 · 10−5 min2mm/kg). b) Corresponding temporal dy-
namics for a point on the disc for the first case (a) left) and second c) (a)
right).
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Figure 4.6: Oscillatory chemical kinetics: FEM simulation for a disc of diam-
eter d = 2mm with no-flux boundary conditions and random perturbation
around the HSS as initial condition. The variable nc is depicted in color with
isoconcentration lines. The color code is normalized by the extremal values
(typical between 0 and 8 µM for nc) for each time series. The coupling
strength κ is increased from left to right while Ka = 1.76 µM−1 stays con-
stant: a) κ = 1.0 · 10−5, b) κ = 2.0 · 10−5, c) κ = 1.0 · 10−4, d) κ = 1.1 · 10−4

in min2mm/kg.
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Chapter 5

The complete two-phase

model for protoplasmic

droplets

In this Chapter the complete model (3.30) for protoplasmic droplets of
Physarum including the Ca2+-oscillator and the two-phase mechanical model
is investigated. First, an estimation for parameter values of the mechanical
parameters is given. Then, assuming a homogeneous and isotropic medium a
dispersion relation is computed. Numerical hybrid-FEM/FVM simulations
for varying parameters are shown and compared with the experimentally
observed contraction patterns. To account for the fact that the cells outer
periphery has lower stiffness a radial inhomogeneity [Tero et al., 2005] is
introduced, though isotropy is kept.

5.1 Estimation of the parameters

The complete set of rheological parameters for Physarum protoplasm has
not been measured yet. An additional difficulty is that these parameters
may vary according to in which stage of development the protoplasm is.
The viscosity and stiffness depends on the cross-linking of actin filaments
which is highly dynamic. These quantities depend, for instance, on the
Ca2+concentration, orientational order parameters of the filaments and tem-
perature [Oster & Odell, 1984b]. For simplicity all these effects are neglected
and only the order of magnitudes is of interest.

Elastic parameters

As stated before the cytoskeleton is not a static filament network. When
stretched by a constant amount the resulting elastic stresses relax after some

57
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time. Hence, it has to be justified why the Kelvin-Voigt model is used as
an approximation instead of the Maxwell model that actually accounts for
stress relaxation (see e.g. [Banks et al., 2011] about different viscoelastic
models). It has the crucial property that there is no memory of the material
concerning stress relaxation. The timescale of the dynamic processes in
Physarum is of the order of the period of the Ca2+oscillations, which is
about 2 min. In [Nagai et al., 1978] it was found that for small strains the
tension relaxation time is about three periods and hence, much larger than
the value of 1 − 10 s given in [Wottawah et al., 2005] and expected to be
typical for most cell types. Here, we assume that if the stress relaxation
time is large enough it is possible to use the Voigt model.
For a linear elastic and isotropic solid two parameters are required if the
dimension is at least two: The Young modulus E and the Poisson ratio ν
which are uniquely related to the Lamé constants in Eq. (3.14):

µ =
E

2(1 + ν)
and λ =

Eν

(1 + ν)(1− 2ν)
. (5.1)

The Young modulus was obtained in [Norris, 1940] by stretching a plas-
modial strand and measuring the force. A value of E ≈ 9 · 103 Pa ≈ 3 · 104

kg
min2mm was obtained. There are no measurements of the Poisson ratio. If
the pure solid gel phase would be considered then due to incompressibility
νsolid = 1/2. The effective quantities of the porous gel medium are differ-
ent since there is no incompressibility constraint. For sponge-like materials
the Poisson’s ratio can be very small, like for instance tissues of corneal
fibroblasts [Borene et al., 2004]. The same is assumed for the gel in this
work, setting ν = 0. The reader should note that this does not contradict
the observed fact that polymer solutions are almost incompressible having
a Poisson ratio of 1/2 (in 3D) or even have larger ratios, due to strain align-
ment (see [Kabla & Mahadevan, 2007]). Assuming a finite permeability and
a very fast local increase of tension would not lead to an instantaneous (even
if ηgel = 0) compression because of the constraint (3.18), the sol part needs
a certain time to flow out). The shear part of the stress in contrast is not
effected by this constraint and would immediately lead to a shear deforma-
tion. Consequently, for very fast processes the two-phase material is indeed
incompressible with νfast = 1/2.

Active tension

In [Wohlfarth-Bottermann, 1977] the longitudinal and radial tensions where
measured by clamping a living plasmodial strand and measuring the forces
(per area) over time with a sensitive tensiometer under isometric conditions.
The result of tension in a strand was Tstrand ≈ 2 · 104 Pa ≈ 7 · 104 kg

min2mm
.

This value is used to estimate FT from Eq. (2.13). Neglecting the time
derivative leads to T ≈ FT θ(nc, φ) where |θ| < 0.05 (see red curve in Fig.
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2.5: (θmax − θ⋆) ∼ 10−2) for typical parameters. Thus, the mechanical
coupling strength is of order FT ≈ 105 Pa.

Sol/Gel Viscosity

In [Sato et al., 1983] the dynamic shear viscosity of the endoplasm in a
plasmodial vein was measured by magnetic-sphere viscoelastometry. There,
values ranging from 0.1 Pas to 0.5 Pas were obtained. In [Bykov et al., 2009]
the flow field and geometry in a plasmodial strand was measured by Doppler
optical coherence tomography. The resulting velocity profiles comply very
good with Poiseuille flow in a tube. Knowing the length scales and pressure
differences one can calculate the viscosity, too:

η =
R2

4

1

vmax

∆p

∆x
. (5.2)

The inner radius of the strand was R = 0.3 mm. Typical distances in
Physarum plasmodia that oscillate in an antiphase relationship are ∆x = 50
mm. Here the maximal velocity in the middle of the profile was vmax = 0.5
mm/s. Taking the pressure difference from the last paragraph gives η ≈ 10
Pas ≈ 0.5 kg

minmm . The effective shear viscosity ηsol that is a homogenized
quantity (over the porous structure) can be smaller than the shear viscosity
in the pure endoplasm. There is a difference in two orders of magnitude
between the measurements in [Sato et al., 1983] and the above estimation.
We choose a value that is of an order of magnitude in between:
ηsol ≈ 1 Pas ≈ 0.05 kg

minmm .
The effective gel modulus is estimated as follows: Assuming the Kelvin-
Voigt viscoelastic model the dynamic modulus G(ω) = G′(ω) + iG′′(ω) is
G(ω) = E + iηgelω. Unfortunately, no direct measurements for a Physarum
actin networks without cytosol are made, so the estimation is limited to a
similar system. In [Pelletier et al., 2009] the dynamic modulus for actin-
microtubuli composite networks were measured in dependence of frequency.
At frequencies of ω = 2π/(2min) the typical order of magnitude was G′′ =
10−1Pa. With the rough approximation ηgel ≈ G′′(ω)/ω one gets

ηgel ≈ 1 Pas ≈ 0.05 kg
minmm , which is of the same order of magnitude as it

is assumed here for the sol viscosity.

Drag coefficient - permeability

For computing the drag coefficient the permeability k0 is needed. It has the
dimension of a squared length and indeed it is related to the pore size ℓpore
by the relation

k0 ∝ ℓ2pore. (5.3)

Its proportionality coefficient depends on the pore geometry. In protoplas-
mic droplets, porous structures exist on several length scales [Brix et al.,
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1987]. In the cortex along the membrane system the typical pore size re-
lated to the meshwork of actin filaments is ℓpore = 0.2 µm. On the other
hand, there are pores formed by the invagination system that contain ex-
tracellular matrix (ECM) (see Fig. 1.5). These invaginations yield typical
pore sizes of about ℓpore = 10 µm. From [Nagai & Kato, 1975; Isenberg
& Wohlfarth-Bottermann, 1976] it is known that the reconstruction of the
cortex takes about 10 min after dissection. However, the morphology of the
membrane system can change with time and environmental conditions. Its
proportionality coefficient depends on the pore geometry. It is difficult to
estimate the average value of the permeability throughout the droplet but
it is reasonable to assume that the larger pore size mainly determines its
value. To take into account the uncertainty we vary the permeability over
several orders of magnitude, ranging from 10−7 mm2 to 10−4 mm2. The
drag coefficient is evaluated by taking β = ηsol/k0 with the value of ηsol
from the previous paragraph (about sol/gel viscosity).

Sol/gel fraction

A typical value of the fraction of pure water in cells was estimated to
be about 30% [Charras et al., 2008]. In the Physarum protoplasma from
15− 25% of the proteins are actin [Kessler et al., 1976]. Hence, we conclude
that about 10% is actin, some of it in form of F-actin, the remaining part
as G-actin. The total volume fraction of the cytoplasm should be larger,
since there are also other constituents of the cytoskeleton, such as e.g. mi-
crotubules. We estimate a value of ρgel = 0.25 or in terms of the sol fraction:
ρsol = 0.75. It should be noted that this represents an average over a period
of oscillation.

Calcium diffusion

For the free calcium diffusion constant in cytoplasm a value from [Donahue

& Abercrombie, 1987] is used: Dc = 0.03 mm2

min . An overview of all these
parameters can be found in table 5.1.

5.2 Linear stability analysis of the homogeneous

steady state

With the help of the dispersion relation of a small perturbation information
about stability, initial growth and wavenumber selection can be obtained.
The spectrum of the corresponding linear eigenvalue problem is computed
for a homogeneous steady state solution. For this, the homogeneous steady
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Parameter Value Unit Description

FT varying 2− 360 kPa mechanical coupling strength

K 8.9 kPa gel compression modulus

G 8.9 kPa gel shear modulus

ηsol 1.0 Pas effective sol viscosity

ηgel 1.0 Pas effective gel viscosity

k0 varying 10−4 − 10−7 mm2 permeability

Dc 3.0 · 10−2 mm2

min free Ca2+diffusion coefficient
in the sol

ρsol 0.75 1 sol volume fraction

Table 5.1: Standard set of mechanical parameters with brief description

state (HSS) of the system (3.30) needed. If (n⋆
c , φ

⋆, T ⋆) denotes a fixpoint
of the Ca2+oscillator (see Eqs. (2.2), (2.13) and (2.14)), it is easy to see
that with Dirichlet conditions u(x, t) = 0, v(x, t) = 0 for x ∈ ∂B that the
steady state solution is

u(x, t) = 0
v(x, t) = 0
p(x, t) = const.

(5.4)

The advective feedback in the chemical system (2.15) enters by the term
nc∇ · (v− u̇)+∇nc · (v− u̇), which vanishes for the homogeneous solutions.
The stability properties of this mode is not influenced by the mechanics.
In the considered region of parameters of the Ca2+oscillator, there is only
one fixpoint that gets unstable via a supercritical Hopf-bifurcation. Like in
Chapter 4 its stability is controlled by the parameter Ka.
For linear stability analysis the Jacobian of (3.30) is computed at the values
of the homogeneous steady state solution and solutions of the form

ζ(x, t)− ζ⋆ = ∆ζ0e
iq·x+λt with ζ = (nc, φ, T,u

T ,vT , p)T (5.5)

are assumed. The isotropy of the problem yields the special form of the
dispersion relation: λ = f(|q|). For every wavenumber q the element with
maximal real part of the spectrum of eigenvalues σ(|q|) is of interest for the
growth behavior. Here, we focus on the variation of only two parameters,
namely the mechanical coupling strength FT and the permeability k0.
From heuristic argument it becomes obvious that the sign of FT must be
positive to get an instability. FT being positive means that the actomyosine
system contracts the gel part if there is few Ca2+. If there is a small local
area with contraction then sol is pushed outwards carrying free Ca2+. The
Ca2+concentration decreases further, which leads to stronger contraction.
This positive feedback mechanism can destabilize a steady state solution
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Figure 5.1: Real part of the dispersion relation Re(λ(|q|)) for steady state
solution ζ⋆, a permeability of k0 = 10−6 mm2 and different coupling strength
FT . Figure a) shows the relation for a stable steady state with Ka = 2.0
µM−1 and in b) Ka = 2.3 µM−1 is beyond the Hopf bifurcation of the
oscillator. The remaining parameters are given in table 5.1.

corresponding to a stable fixpoint of the chemical oscillator if the coupling
FT is large enough. In Fig. 5.1 two different cases are shown with different
chemical parameter Ka: For Fig. a) Ka < Kc

a the homogeneous steady
state is stable but for some threshold value F thr

T the real part Re(λ(q))
of a wavenumber q 6= 0 gets positive while the imaginary part is nonzero:
Im(λ(q)) 6= 0 indicating a wave instability (type Io instability [Cross &
Hohenberg, 1993]). In the case when Ka > Kc

a (shown in Fig. b) the
homogeneous steady state is already unstable and exhibits synchronous os-
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cillations. There is a competition between the Hopf instability at q = 0
and the instability induced by the mechanical feedback. To gain informa-
tion about the stability of the synchronous oscillations a Floquet analysis is
required. However, already the linear stability analysis gives a hint about
when inhomogeneous patterns appear. If the Re(λ(q)) > Re(λ(0)), q > π/L
a mode with finite wavenumber grows faster than the zero mode and this
may destabilize it.
The branches of the maximal eigenvalues in Fig. 5.1 are all imaginary and
wave patterns are expected to occur. For very large mechanical coupling
strength FT a band of wavenumbers gets purely real as shown in Fig. 5.2.
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Figure 5.2: Dispersion relation like in Fig. 5.1 for larger mechanical coupling
strength FT . The real part of λ is shown as solid line and the imaginary
part with a dashed line. The permeability is k0 = 10−6 mm2.

The dispersion relation for the full mechanical model is now compared
with the results of 4 that are obtained with approximation by a global cou-
pling. Fig. 5.3 shows a direct comparison for different coupling strengths. It
should be noted that there is a discontinuity in the curves for global coupling
at q = 0 (dotted lines). When Ka < Kc

a then both instabilities are of type I
but with a major difference: The dominant wavenumber that is relevant for
pattern selection is determined by the system size in case of global coupling:
qdom = π/L. In contrast, for the full model this wavenumber depends on
the mechanical parameters. Fig. 5.3 shows that the global coupling approx-
imation breaks down for large FT . It is also not appropriate any more if the
permeability k0 is large (see Fig. 5.4). In contrast, when it is small then
the dominant wavenumber lies close to zero. Then, for finite system size
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Figure 5.3: Comparison of real parts of dispersion relations of the full me-
chanical model (solid) and the global coupling approximation (dotted). The
color indicates different coupling strengths FT .

(and thus, discrete dispersion relation) the difference to the global coupling
model is negligible.

The case when Ka > Kc
a is considered to be present in Physarum. In

Fig. 5.5 a) the dominant wavenumber (with largest real part of growth
rate) is shown versus the mechanical coupling strength FT . Increasing FT

the dominant wavenumber stays at zero but then jumps to a finite value at
F thr
T . For patterns to occur this wavenumber must be larger then q1 = π/L

in a finite system indicated by the blue line. Figure b) gives an explanation
for the discontinuity by showing the dispersion relation very close to F thr

T .
By choosing three different permeabilities k0 it becomes obvious like in Fig.
5.4 that the threshold value F thr

T gets large as k0 decreases.

5.3 Numerical simulations

In this section the results twodimensional numerical simulations of Eq.
(3.30) are presented. To approximate the geometry of protoplasmic droplets
a disc geometry is used. These droplets are immobile for the first hours af-
ter dissection and in this stage the contraction patterns are observed (see
[Takagi & Ueda, 2008]). Therefore, fixed boundaries for the displacement
field are assumed: u(x, t) = 0 on ∂B. No cytosol and Ca2+is allowed to
leave through the membrane implying v(x, t) = 0 and ∇nc · n(x, t) = 0 on
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Figure 5.4: Real part of dispersion relation for different permeabilities k
ranging from 10−7 mm2 to 10−4 mm2 and a coupling strength of FT = 22
kPa.

∂B. The initial conditions are

u(x, 0) = 0
v(x, 0) = 0
nc(x, 0) = n⋆

c + ζ(x)
φ(x, 0) = φ⋆

Ta(x, 0) = T ⋆
a

(5.6)

with a small spatial random noise ζ of zero mean: ζ̄ = 0. There is no ini-
tial condition needed for the pressure field. The standard parameters for
the chemical oscillator are given in (2) and are chosen to be not too far
from the supercritical Hopf point in order to keep a harmonical shape of
the Ca2+oscillations. The mechanical parameters are taken from table 5.1
apart from two quantities that are varied: the mechanical coupling strength
FT and the permeability k0. These parameters are dynamic quantities on
timescales larger then an oscillation cycle [Strachauer & Hauser, 2010-2012]
and are believed to cause transitions of the contraction patterns.
For numerical computations the operator-splitting method was used: The
system equations were split up in the elastic, diffusion, advection, and re-
action part. The diffusive and elastic equations are of elliptic type. Here,
a linear Finite Element Method (FEM) is applied in space and the implicit
Euler-method in time. All the mechanical fields (u,v and p) were computed
with a direct linear solver. The reaction part is treated by a fourth or-
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Figure 5.5: a) Dominant wavenumber q versus mechanical coupling strength
FT for three different permeabilities k0 = 10−7, 10−6, 10−5 mm2 (blue, violet
and olive respectively). The continuous blue line marks the first possible
wavenumber in a system with size L = 2mm. Figure b) shows the dispersion
relation (real part) around the threshold value for FT when q has a jump
and k0 = 10−7mm2.

der Runge-Kutta method. For the advection step a Finite Volume Method
(FVM) is used. The volume elements are obtained by taking the dual of
the FEM mesh (that corresponds to the Voronoi decomposition). The time
step in all the following simulations is ∆t = 0.01 min. The disc has a radius
of r = 1 mm with n = 5167 nodes resulting from triangulation. For more
details see Appendix C.

5.3.1 Spatiotemporal patterns

First, an overview about the various types of patterns is presented before
the transitions are discussed. Among these types of observed patterns the
most important ones are traveling waves, standing waves and spirals. The
simulations are compared with results from [Takagi & Ueda, 2008] and [Stra-
chauer & Hauser, 2010-2012]. In Figs. 5.6 a)-c) the spatiotemporal behavior
of a traveling wave solution is shown. After a transient initial growth phase
a wave traveling from right to left develops which is stable. This pattern is
found in experiments shown in Figs. 5.6 d)-e). From the space-time plot it
can be seen that (in contrast to the simulations) the traveling wave changes
the direction of propagation after some periods.

The spiral wave is the most common pattern in this system that occurs
over a wide range of parameters. Figs. 5.7 a)-c) shows an example of a
simulation, where the spiral exhibits meandering. This pattern was very
common in experiments, too (see Figs. 5.7 d)and e)). Spirals can be iden-
tified in circular space-time plots, where they appear as periodic traveling
waves.
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Both patterns traveling waves and spiral appear closely after the onset of
the spatial instability for the same set of parameters. In which of both at-
tractor the system will run depends on the initial conditions. When an odd
number of phase singularities survives a stable spiral will appear. For on
even number there are transient double spirals that turn into a traveling
wave. Spiral solutions in contrast to traveling waves in this model can exist
even if linear stability favors the homogeneous mode. This is a consequence
of conservation of the topological charge: Given a spiral as initial condition
it will stay until it disappears at the boundary. Thus, it depends on the
trajectory of the core if the spiral will stay for arbitrary times.

In the next Fig. 5.8 a wave is presented that is almost a standing wave
corresponding to the first mode q1 ≈ π/L (L = 2mm). This means that
for the wave h(x, q) = h+e

iq·x+h∗−e
−iq·x the amplitudes are approximately

equal: h− ≈ h+. For experimental data it is hard to distinguish pure
standing wave from those in Fig. 5.8, since inhomogeneities in the medium
and noise outweigh this small difference.

The standing wave pattern is observed as a transient in Fig. 5.8 d) but
in the simulation presented by Figs. 5.8 a)-c) it is stable. Like spirals it
is observed near the onset of the spatial instability but appears for lower
permeabilities then the traveling waves. The corresponding experimental
result is shown in Figs. 5.8 d) and e). It becomes obvious with help of
the space-time plot that. Longer lasting standing waves where recorded in
[Takagi & Ueda, 2008] (see Fig. 1.4 in Chapter 1). The parameter set is
the same as for Fig. 5.7 but the random initial conditions yield a different
attractor.

The solutions shown in Fig. 5.8 have the property that the mirror sym-
metry of the nodal line is broken when one looks at other variables than
the relative height field h̃. Fig. 5.9 compares space-time plots of the con-
centration field nc and h̃ of the solution presented in Fig. 5.8. For the
concentration nc a traveling wave pattern is obtained instead of a standing
wave, so the relation nc− ≈ nc+ is not valid.

The investigation is continued by presenting profiles of the aforemen-
tioned patterns. Like in the space-time plots the field values are plotted
versus the angle (on a circle) or the or the distance (on a line). This is done
at a time when the system state has reached its final attractor. In Fig 5.10
the profile of a spiral wave on a ring is shown for the variables of concen-
tration nc, relative height h̃ and projections of gel and sol velocity (on the
tangent space of the ring).

In Fig. 5.11 the profiles of a traveling wave solutions are depicted. In
a) one can see the wavefront on the line through the center in direction of
propagation. Flow velocities are of about on order of magnitude smaller
than near the boundaries. In b) the solution is shown on a line perpen-
dicular to the direction of propagation. The profiles are all (approximately)
mirror symmetric. While the gel velocity is largest in the center the opposite
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is the case for the sol flow. For moderate coupling strength it is a feature
of all the described patterns that the sol is largest in the periphery of the
droplet. Because of the condition v = 0 the velocity has to decrease rapidly
at the boundary (see b) bottom right). The range at which the bound-
ary influences the velocity can be estimated by the characteristic length
ℓ =

√

ηsol/β =
√

ηsolk0/η. For the parameters in Figs. 5.10 and 5.11 this
length scale is of order ℓ ≈ 10−3 mm and thus cannot be resolved properly
by the mesh used for discretization.
Increasing the coupling strength FT and going further away from the onset
of spatial instability there is an interval where the single-spiral pattern is
stable but finally more complex patterns occur. Additionally, for smaller
permeability k0 the dominant wavenumber of linear stability analysis gets
larger as Fig. 5.4 suggests. This may support pattern complexity. It should
be noted that in this simulations, since linear elasticity is used, the coupling
constant FT cannot by chosen arbitrary large, since this would lead to large
deformation gradients or even |∂u∂x | > 1 (violates injectivity of the deforma-
tion map χt). In the following patterns are shown that are still not observed
in the experiments. However they have interesting features.
The pattern in Fig. 5.12 is a regular and reminds of a double spiral but wave
segments have a more complex collision dynamics leading to alternation of
rotation direction.

For high permeabilities and large coupling strength there are solutions
with radial symmetry. In Fig. 5.13 the solution of a traveling radial wave is
shown. In contrast to target patterns usually observed in oscillatory media
with diffusive coupling this wave is reflected at the boundary.

Also more complex but regular solutions are obtained by numerical sim-
ulations. In Fig. 5.14 a solution that develops a pattern with two waves
running along the boundaries but periodically run to the center and collide.
The space-time plot on a ring c) shows the rotational behavior and space-
time plot c) on a line through the center reveals the point symmetry (mirror
symmetric space-time plot independent of the angle). Fig. 5.15 shows also
a point symmetric but more complex pattern (about the center of the disc).
The orientation changes by π/4 for each oscillation.

For small permeabilities and large coupling strength FT the dominant
wavenumber from linear stability analysis gets large. This is due to the
fact that pressure gradients cannot equilibrate rapidly by flow of sol that
experiences a high resistance. Fig. 5.16 shows such a solution with several
irregular traveling waves. In contrast to most wave phenomena in simple
RD-systems these waves do not annihilate after collision but merge and
separate again. As a result of the interaction of the wave segments there
is some collective order develops after some time. This is depicted in the
space-time plot Fig. 5.16 d) on a circle on the disc. The wave trains make
obvious that there is a synchronization in the direction of motion, which is
chaotic in the beginning of the simulation.



5.3. NUMERICAL SIMULATIONS 69

Figure 5.6: Traveling wave solution: a) relative height field h̃ with sol flow
field v represented by arrows (length prop. to ‖v‖), b) concentration field
nc, c) space-time plot of the height field h̃ on a line in direction of wave
propagation (dashed line) on the disc, d) space-time plot of height field
obtained by experiments [Strachauer & Hauser, 2010-2012] and e) selected
snapshots of the height field. The simulation is in a range from 0 to 100 min.
The coupling strength is FT = 18 kPa and permeability k0 = 10−5 mm2

(for the remaining parameters see table 5.1). The experimental space-time
plot is recorded on a vertical line through the center of the droplet marked
in red.
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Figure 5.7: Rotating spiral: a) relative height field h̃ with sol flow field v

depicted by arrows, b) concentration field nc with mesh, c) space-time plot
of relative height field h̃ on a circle with radius r = 0.84 mm (dashed line),
d) space-time plot of height field obtained by experiments [Strachauer &
Hauser, 2010-2012] showing a spiral pattern and e) selected snapshots of the
height field. The total time of the simulation is 100 min. The parameters
are FT = 22 kPa and k0 = 10−6 mm2 (for the remaining parameters see
table 5.1). The experimental space-time plot is recorded on a ring around
the center of the droplet marked in red
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Figure 5.8: Standing wave solution: a) snapshot of the relative height field
h̃ with sol flow v depicted by arrows, b) concentration field nc with mesh,
c) space-time plot of the relative height field h̃ on a line in direction of the
wave vector (dashed line), d) space-time plot of height field obtained by
experiments [Strachauer & Hauser, 2010-2012] showing a transient standing
wave pattern and e) two selected snapshots of the height field separated half
an oscillation period in time. The simulation is in a range from 0 to 100 min.
The parameters are FT = 22 kPa and k0 = 10−6 mm2 (for the remaining
parameters see table 5.1).The experimental space-time plot is recorded on
the line marked in red in Fig. e) left.
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Figure 5.9: Comparison of different variables nc a) and h̃ b): For nc a
traveling wave is obtained, whereas for h a standing wave is present. The
data is the same as in Fig. 5.8

Figure 5.10: Profile of a spiral solution: The free Ca2+concentration nc (top
left), the relative height h̃ (top right), the gel velocity u̇ ·t (bottom left) and
the sol velocity v · t (bottom right) are plotted on a ring about the center
with radius r = 0.84 mm. t is the tangent vector along the ring (|t| = 1).
The parameters are FT = 28 kPa and k0 = 10−5 mm2.
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a)

b)

Figure 5.11: Profile of a traveling wave solution on a line in direction of
propagation a) and orthogonal b): The free Ca2+concentration nc (top left),
the relative height h̃ (top right), the gel velocity u̇ · t (bottom left) and the
sol velocity v ·t (bottom right) are shown versus the position on the line. t is
the tangent vector in a) and the orthogonal in b) (|t| = 1). The parameters
are FT = 22 kPa and k0 = 10−6 mm2.
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Figure 5.12: Mirror-symmetric periodic wave pattern: a) and b) snapshots of
relative height h̃ and flow field v for two different times during one period.
The parameters are FT = 167 kPa and k0 = 10−4 mm2. Duration of
simulation: 100 min.
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Figure 5.13: Radial wave: a) and b) snapshots of the relative height h̃ for
two consecutive times. c) space-time plot of the relative height obtained on
a line through the center of the droplet (dashed line). The parameters are
FT = 194 kPa and k0 = 10−5 mm2. Duration of simulation: 100 min.
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Figure 5.14: Point-symmetric periodic pattern (two waves): a) and b) two
consecutive snapshots of the relative height h̃ and flow field v, c) space-time
plots of h̃ for lines going through the center (dashed line) and d) space-time
plot on a ring about the center. The parameters are FT = 111 kPa and
k0 = 10−6 mm2. Duration of simulation: 100 min.
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Figure 5.15: Point-symmetric periodic pattern (more complex): a)-e) snap-
shots of the relative height field h̃ and flow field v ordered in time and f) two
space-time plots of h̃ for lines going through the center (dashed line) with
different angles. By point symmetry they are symmetric independent of the
angle. The parameters are FT = 178 kPa and k0 = 10−6 mm2. Duration of
simulation: 100 min.
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Figure 5.16: Complex wave pattern: Snapshots of relative height h̃ a) and
flow field v b). Two space-time plots one on a line through the center c)
and the other on a ring about the center d) are compared (dashed lines):
There is a chaotic movement of the wave segments in the beginning but an
order of rotation develops, visible in d). The parameters are FT = 356 kPa
and k0 = 10−7 mm2. Duration of simulation: 100 min.
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The dependence of pattern selection on the two parameters FT and k0 is
summarized in Fig. 5.17. Since a wide range of permeabilities are covered
by simulations, the scale is logarithmic on the abscissa. The onset of the
mechanical instability decreases with increasing permeability (see transition
from blue discs to purple squares in the diagram). This is reasonable, as a
larger permeability permits stronger flow. At low permeabilities (k0 = 10−7

mm2) there is a region where the solution resembles a standing wave for the
height field (olive diamond, see Fig. 5.8). After the onset of mechanical in-
stability there is a coexistence regime, where both traveling waves and spiral
(Figs. 5.6 and 5.7), depending on initial conditions, exist. To explore this,
simulations were started with three different initial conditions for each set of
parameters: random perturbation with zero mean, a spiral and a traveling
wave. This regime is not present for the lowest permeability of k0 = 10−7

mm2. It follows a region where only single-spiral solution are stable (green
triangles). Finally for very large coupling strengths the radial pattern (see
Fig. 5.13) is present. Here, a radial waves bounces back and forth from the
boundary to the center. In the transition region there a more complex but
regular solutions solution (Figs. 5.12,5.14 and 5.15). This is not the case
for low permeability: Here only irregular wave patterns are found (see Fig.
5.16).
The transition from synchronous oscillations patterns to waves (breaking of
translational symmetry) is compared with the predictions from the linear
dispersion relation (see Fig. 5.17). This black line depicts the threshold
value for FT when the dominant wavenumber gets larger than q1 = π/L
(see also Fig. 5.5). For high permeabilities there is a good compliance with
the theory, though for lower values there is a deviation. Two reasons may
be responsible for this: A linear stability analysis was performed but a Flo-
quet analysis is more suitable in this situation because the homogeneous
mode is already unstable. Second, for smaller permeabilities the dominant
wavenumber gets larger, which may cause an increasing numerical error in
the simulations.
The experimentally observed contraction patterns in protoplasmic droplets
are all transient. In [Takagi & Ueda, 2008] it was claimed that there is a
reproducible sequence of patterns. However, this observation was not con-
firmed by other experiments [Strachauer & Hauser, 2010-2012]. The main
mechanism of the transitions is still unknown. In principle there are two pos-
sibilities: The parameters change on a time scale, larger than the intrinsic
dynamics or parameters are constant but the intrinsic dynamics yields a sec-
ond time scale on which the pattern change. The first possibility is supported
by the argument that the cytoskeleton is in a process of reorganization until
the microplasmodium reaches the state in which it starts to migrate. The
existence of oscillations in the mechanical parameters such as elastic mod-
ulus and permeability is expected [Strachauer & Hauser, 2010-2012]. From
the phase diagram in Fig. 5.17 it becomes obvious that by changing the
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mechanical coupling strength FT about a factor of 4 it is possible to observe
most of the patterns observed in the experiments by [Strachauer & Hauser,
2010-2012] like standing, traveling and spiral waves as well as synchronous
oscillations.

e periodic

Figure 5.17: Numerically obtained phase diagram in the plane spanned by
the mechanical coupling strength FT and the permeability k0. The black
line denotes the threshold coupling strength F thr

T , where the most unstable
mode according to linear stability analysis of the HSS is nonzero (see also
Fig. 5.5).
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Figure 5.18: Phase shift at the periphery: Experimental observations by
[Strachauer & Hauser, 2010-2012]. a) and b) snapshots of image contrast
half a period apart. A part of the periphery (marked green) oscillates out
of phase. This is clarified by a space-time plot on the line marked in red.
The dynamics in the interior is of traveling wave type.

5.3.2 Spatiotemporal patterns with radially inhomogeneous

parameters

The distribution of actin filaments in protoplasmic droplets is not homoge-
neous as stated in [Tero et al., 2005]. The periphery is softer (lower elastic
modulus), which may fulfill an important function in the process of migra-
tion. As a consequence, independently of the pattern in the interior the
periphery oscillates nearly antiphase as Fig. 5.18 shows. To the author it is
not clear from the experiments if the free Ca2+concentration oscillates also
antiphase since there are no measurements, yet. Here instead, it is hypoth-
esized that the phase shift is mainly a consequence of mass conservation:
Given a homogeneous oscillation of the free Ca2+concentration the rim has
to expand when the interior contracts. It is assumed that not only the stiff-
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ness is different but also the active tension. The first reason is that larger
stiffness indicates more active filaments and increased ability to generate
tension. The second reason is formal. To explain this the simple onedimen-
sional elastic equation with active tension is considered:

(E(x)u′)′ + T (x)′ = 0
E(x) = E1 for x < l, E(x) = E2 for x ≥ l
T (x) = T1 for x < l, T (x) = T2 for x ≥ l
u(0) = 0, u(L) = 0

(5.7)

The solution is a continuous piecewise-linear function with u′(x) = u′1 for
x < l and u′(x) = u′2 for x ≥ l. The jump condition is E2u

′
2−E1u

′
1+T2−T1 =

0. With 0 = u(L)− u(0) =
∫ L
0 u′(x)dx = u′1l + u′2(L− l) one gets

u′1 = (T2 − T1)/(E1 + E2
l

L−l )

u′2 = (T1 − T2)/(E2 + E1
L−l
l ).

(5.8)

Thus, when T1 = T2 the solution of the boundary problem is just u ≡ 0,
even if E1 6= E2.
In the following the effect of this inhomogeneity on pattern formation in
this model is investigated. Taking into account the previous considerations
it is assumed that in addition to the elastic modulus also the amplitude of
generated tension depends on the spatial coordinates:

Ta(nc, φ,x) = FT ((α(θ(nc, φ)− θ⋆) + θ⋆)H(|x| − r) + θ(nc, φ)H(r − |x|))
µ(x) = µ0(γH(|x| − r) +H(r − |x|))
λ(x) = λ0(γH(|x| − r) +H(r − |x|)),

(5.9)
where θ⋆ is the fixpoint from which oscillations arise and r is the radius
that separates regions with different parameters (the position with r = 0 is
located at the center of the disc). The factors α and γ are not independent.
If the reduced stiffness results from a smaller density of actin filaments na

one can estimate the the ratio of these factors. For small deformations
in polymers stresses result from entropic forces. Unfolding the polymer
chains reduces the entropy and with the relation F = −T (∂S∂ε )T to the free
energy one obtains for the tension caused by strain ε: σ ∼ na [Göpel &
Wiemhöfer, 2000]. In [Oster & Odell, 1984a] it is suggested that the active
tension obeys a nonlinear law with minimum power Ta ∼ n2

a, since at least
two actin filaments are needed to generate and transmit forces. Therefore,
decreasing the stiffness of the periphery about the factor γ = 1/2 a value
of α = 1/4 for the active tension is chosen. In the following simulations the
radius separating the periphery from the interior is r = 0.7 mm.
The coupling strength is varied in the numerical simulations, while other
parameters are left constant. Initial conditions are chosen like in the previous
section. For small coupling strength FT corresponding to the homogeneous
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case of the previous section there are antiphase oscillations (phase shift π) in
the height field h̃ but homogeneous oscillations in the free Ca2+concentration
nc (see Fig. 5.19).

The coexistence region in the phase diagram 5.17 exists also in this
case. The the pattern selection for the free Ca2+concentration nc is little
influenced for low coupling strengths. However, the height field h̃ experiences
a phase shift. Figs. 5.20 and 5.21 show a traveling wave and spiral wave
obtained with the same parameter set but different initial conditions. The
phase shift is space-dependent and, in contrast to the antiphase pattern in
Fig. 5.19, less then π. Comparing the phase shift with experimental findings
5.21 e) reveals that there is a discrepancy with respect to the simulations
5.21 d). Due to the spatial resolution of the experimental data and the
narrowness of the periphery it is left out to compute the same spatiotemporal
plots on outer and inner ring as in Fig. 5.21 c) and d).

While for low coupling strengths FT there is not much influence of the
parameter inhomogeneity on pattern selection of the free Ca2+concentration
the situation is different for large values. Fig. 5.22 shows that the spatiotem-
poral dynamics is modified showing a rotating wave pattern (see a and b)
instead of point-symmetric wave pattern (c,d) without softer rim.
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Figure 5.19: Antiphase oscillations due to parameters modified by Eq. (5.9):
a) and b) show two consecutive snapshots of the relative height field h̃ in
color and arrows representing the flow field v. c) space-time plot of the free
Ca2+concentration nc along a line through the center of the disc (dashed
line) and the same for the height field d). The coupling strength is FT = 11
kPa and the permeability k0 = 10−6 mm2. e) space-time plot of the an-
tiphase pattern (a line through the center) obtained by experiments [Takagi
& Ueda, 2008]. Duration of simulation: 100 min.
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Figure 5.20: Traveling wave solution with modified parameters (see Eq. 5.9):
a) and b) two consecutive snapshots of the relative height field h̃ encoded
in color and arrows representing the flow field v. c) and d) space-time plots
on a line through the center in direction of wave propagation (dashed line):
free Ca2+concentration field nc (c) and height field h (d). The coupling
strength is FT = 22 kPa and the permeability k0 = 10−6 mm2. e) space-
time plot of traveling wave observed by [Strachauer & Hauser, 2010-2012]
that corresponds to Fig. 5.18. Duration of simulation: 100 min.
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a)

b)

Figure 5.21: Spiral wave solution with modified parameters (see Eq. 5.9):
a) and b) two consecutive snapshots of the relative height field h̃ encoded in
color and arrows representing the flow field v. c) and d) space-time plots of
the height field h̃ on a circle about the center with |x| = 0.63mm (c, solid
line) and |x| = 0.74mm (d, dashed line). The radius separating the two
parameter regions is r = 0.7 mm. The coupling strength is FT = 22 kPa
and the permeability k0 = 10−6 mm2. Duration of simulation: 100 min.
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Figure 5.22: Wave solutions with modified parameters (see Eq. 5.9) a) and
b) and homogeneous parameters c) and d). The free Ca2+concentration nc

is shown on the left (a,c) and the relative height h̃ together with flow field
v on the right (b,d). In both simulations the parameters are FT = 139 kPa
and k0 = 10−6 mm2. Duration of simulation: 100 min.
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5.4 Summary

In this Chapter the full mechano-chemical model for Physarum protoplas-
mic droplets derived in Chapter 3 was analyzed with linear stability analysis
and simulations. It is found that for a critical mechanical coupling strength
F thr.
T > 0 there is an instability that destabilizes homogeneous oscillations.

For low coupling strengths FT and small permeabilities k0 the dispersion
relation matches well the dispersion relation from the approximative global
coupling model (see Chapter 4). In this case the dominant wavelength (in
the linear growth regime) approaches zero. In the limit case of very large
permeability the dominant wavelength always corresponds to th first mode,
independent of the mechanical coupling strength.
In order to perform numerical simulations realistic parameter values were
estimated directly or indirectly from different publications. The most un-
certain parameter was the gel permeability and therefore was chosen to be
varied over three orders of magnitude. A phase diagram was computed
showing the spatiotemporal behavior depending on the mechanical coupling
strength FT and the gel permeability k0. For coupling strengths straight
beyond the onset of instability most of the patterns found in experiments
by [Takagi & Ueda, 2008] and [Strachauer & Hauser, 2010-2012] were found.
These were synchronous traveling waves, spiral waves and standing waves.
The simulations reveal that patterns are different depending on which vari-
able of the system is considered: Standing wave patterns are observed in
component h̃ but looking at variable nc one observes traveling waves. In-
termediate values for FT favor spiral (with strong meandering) waves but
destabilizes traveling waves. For large coupling strengths a variety of regular
but more complex patterns is observed that are not found in experiments.
For high permeabilities (and large coupling strengths) radial waves are ob-
served, while for the lowest simulated value (k0 = 10−7 mm2) irregular wave
patterns are present (see Fig. 5.17).
To account for the difference in stiffness at the periphery and the interior
by an inhomogeneity in the Lamé parameters and the active tension was
incorporated. Numerical simulations show that this leads to oscillations in
the relative height field h̃, where the two regions oscillate antiphase, while
the free Ca2+concentration nc oscillates completely homogeneous. It is hy-
pothesized that the antiphase oscillations observed by [Takagi & Ueda, 2008]
are due to this inhomogeneity. For weak mechanical coupling the influence
on the free Ca2+concentration field is small and do not lead to qualitative
changes in the simulations. There is only an influence for high coupling
strength in regime where patterns do not resemble the experimental results.



Chapter 6

A generic active poroelastic

model of cytoplasm

To understand the mechanisms underlying the pattern forming processes
minimal models can give a better insight than complicated models that ac-
count for all the physical details. Common simplification techniques that
can maintain the main properties one is interested in are dimension reduc-
tion, perturbation theory, elimination of degrees of freedom (e.g. adiabatic
elimination) and normal forms near critical points. Certain parts of the fol-
lowing chapter are published in [Radszuweit et al., 2013].
Recently, much interest has been paid to develop continuum models for the
actin cortex or cytoplasm in general by assuming an active viscoelastic fluid
(see e.g. [Kruse et al., 2005; Joanny et al., 2007]). In [Mitchison et al.,
2008] it was emphasized that cytoplasm has also properties of a poroelas-
tic medium. In this chapter we use the mechanical model developed for
Physarum protoplasma in the previous chapters to obtain a minimal model
for cytoplasm. We will also discuss, in which situations this simplification
is appropriate.

6.1 Comparing viscoelastic models with two-phase

description

In the recent work [Bois et al., 2011] a one-dimensional minimal model for
an active fluid interacting with a concentration field via advection was in-
vestigated. This model was developed to understand polarizing cortical flow
connected to cell division [Mayer et al., 2010]. The theoretical basis was de-
veloped in the framework of active elastic gels [Joanny et al., 2007; Callan-
Jones & Jülicher, 2011]. Viscoelasticity is an important feature of this class
of models. A common model used to incorporate linear viscoelasticity is the

89
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Maxwell model

ε̇ =
σM
η

+
σ̇M
E

, (6.1)

where η is the dynamic viscosity and E the elastic modulus (for simplicity
in one dimension). If an initial strain is applied then the stress relaxes with
characteristic time τve = η/E. In a cell this is mainly a consequence of the
reorganization of the actin filament network [Kasza et al., 2007]. The two
limit cases are simple: when τve → 0 then the system acts a viscous fluid
and σM0 = ηε̇. In the case τve → ∞ the medium acts like an elastic solid:
σM∞ = Eε. The model presented in [Bois et al., 2011] is in the fluid limit
and includes a flow field v and a regulator concentration c:

η∂xxv + ∂xT = γv
∂tc+ ∂x(vc) = D∂xxc
T = ζc/(1 + c) = f(c)

(6.2)

Here, energy is injected by the concentration-dependent active tension T and
dissipated by drag forces with coefficient γ and fluid viscosity η. In [Bois
et al., 2011] it was shown that this system exhibits a Cross-Hohenberg-type-
II instability [Cross & Hohenberg, 1993] out of the steady state c(x, t) ≡ c0
for certain c0 and f ′(c0) > 0 (see Fig. (6.1)). Solutions of this system show
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Figure 6.1: Dispersion relation of the system of equations (6.2) for different
coupling strength: The wavenumber is scaled by the characteristic length
l =

√

η/γ and the eigenvalue by the time τ = l2/D. With increasing active
tension ζ (in units of γD) a Turing instability arises, since Im(λ(k)) = 0 for
all k.

coarsening to stationary patterns similar to solutions of the Cahn-Hilliard
equation [Elliott & French, 1987]. This type of instability cannot be seen in
simulations of Eqs. (3.30), since the chemical oscillator makes the system
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non-conservative. However, in the following, we show that by omitting the
reaction kinetics of the Physarum model one arrives at a model with similar
properties than the above model described by (6.2).
We start with Eqs. (3.16)-(3.18) and reduce the spatial dimension to one.
Given appropriate boundary conditions the incompressibility constraint can
be integrated explicitly:

integration: ρsolv + ρgelu̇ = C
boundary conditions: u̇(0) = v(0) and u̇(L) = v(L)
ρsol + ρgel = 1⇒ u̇(0) = u̇(L) = C

Consequently, the integration constant C is a purely translational offset and
is set to zero. With the reference velocity w = v − u̇ it is

u̇ = −ρsol
ρgel

v = −ϕv = −ρsolw. (6.3)

The two-phase balance equations now becomes

−ρsolηgel∂xxw + ∂xσel[u]− ∂xp+ ∂xT = −ρsolβw
ρgelηsol∂xxw − ∂xp = ρgelβw,

(6.4)

where the stress tensor σel[u] still depends on the displacement field. The
pressure field is now eliminated, resulting in a single equation:

(ρgelηsol + ρsolηgel)∂xxw − ∂xσel[u]− ∂xT = βw (6.5)

Now, the effective viscosity is introduced:

ηeff = ρgelηsol + ρsolηgel = (1− ρsol)ηsol + ρsolηgel. (6.6)

This expression seems counterintuitive on first glance: Letting ρsol → 0 leads
to ηsol as effective viscosity and vice versa for ρgel → 0 one gets ηgel. First,
let the sol fraction be a small number ρsol = O(ǫ). Then Eq. (6.3) reads
u̇ = O(ǫ), which means that the gel phase is static in the leading order. The
gel equation gives then p = T +O(ǫ) yielding

ηsol∂xxv − ∂xT = βv +O(ǫ). (6.7)

Eq. (6.5) in this case only describes the dynamics of the sol, whereas the
solid gel is static. If in contrast ρgel = O(ǫ) then v = O(ǫ) and p = O(ǫ).

ηgel∂xxu̇+ ∂xσel[u] + ∂xT = βu̇+O(ǫ). (6.8)

In this situation the gel filament network moves in a static fluid to order
O(ǫ).
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6.2 Comparison between the models

The main difference of the here presented model and the model of [Bois
et al., 2011] is the following: Here, we assume a two-phase model with an
active solid phase and a passive fluid phase. The model in [Bois et al., 2011]
describes an active viscous fluid (single-phase) and describes the dynamics
of a cell cortex that has a boundary to the interior of the cell. Material
can be transported through this boundary. In contrast to our model, the
zero-divergence of the total mass flow is not fulfilled. However, if the elastic
stresses σel[u] are negligible and the effective viscosity is introduced, the
system (6.2) is rediscovered except for two slight differences:

1. The sign of the active tension is opposite: The model presented in
Chapter 3 is based on the assumption that the gel is an active solid that
is permeated by a passive fluid (see [Mitchison et al., 2008]). In [Bois
et al., 2011] the tension is produced by the fluid itself and thus, to have
the same effect as in this model, has an opposite sign. Mathematically
the model can simply be mapped on each other flipping the sign of the
coupling strength ζ.

2. Eqs. (6.2) provide no reaction term. In our model the chemical reac-
tion kinetics may provide an additional instability.

3. In [Bois et al., 2011] the advected species is the myosin motor concen-
tration. In the here presented model the concentration that regulates
the active tension is transported.

The incompressibility condition (3.18) makes numerical simulation of the
two-phase system intricate. With the previous considerations it is possible to
overcome this difficulty by integration of Eq. (3.18) if the spatial dimension
is one. This leads to Eq. (6.5), where the elastic stress tensor has still to
be specified. In one dimension the linear stress-strain relationship is of the
simple form σel = E∂xu with elastic modulus E. It should be noted that
here, in contrast to Eq. (6.1), the gel stress is the sum of elastic and viscous
stresses:

σKV = Eε+ ηε̇. (6.9)

This is referred to as the Kelvin-Voigt model, which is the simplest linear
model for a viscoelastic solid. It has the property that the strain relaxes
instead of stress relaxation as in the Maxwell model, which describes a fluid
on large time scales (see Fig. 6.2 and [Banks et al., 2011]). This also means
that given a certain strain and strain rate the stress is uniquely determined,
while in the Maxwell case one needs to know the whole history of strain
(model with memory).
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Figure 6.2: The different models can be illustrated by combinations of a
viscous damping element and a spring. Maxwell model a) with serial con-
figuration: ε̇ = σ̇M/E + σM/η and Kelvin-Voigt model b) with parallel
configuration: σKV = Eε+ ηε̇.

With ε = ∂xu and Eq. (6.3) the system (6.5) together with the continuity
equation for a chemical species becomes

ηeff∂xxw − E∂xxu− ∂xT (c) = βw
∂tu = −ρsolw
∂tc+ ∂x(cw) = Dc∂xxc+R(c),

(6.10)

where the concentration was renamed nc → c and the active tension is
directly a function of c instead of obeying a relaxation equation. The ex-
pression f(c) = c/(1 + c) from [Bois et al., 2011] is used here, since it is
approximately linear around zero and saturates with value one when c is
large. To account for the down-regulation of active tension by the concen-
tration c the sign is flipped and constant is added to ensure a positive sign
(the material can contract only).

T (c) = ξ − ξ
c

1 + c
= ξ

1

1 + c
(6.11)

In the following it is focused on a situation without reaction kinetics, i.e.
R(c) ≡ 0. By that the particle number N c =

∫ L
0 c(x, t)dx is a conserved

quantity.

6.3 Dispersion relation

To investigate how the elastic stresses influence the dispersion relation in
Fig. 6.1 an exponential ansatz like in section 5.2 is made. The perturbation
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is calculated about the homogeneous steady state u ≡ 0, v ≡ 0 and c = c0
on an infinity domain (L → ∞). The spectrum of exponents always has a
zero value ω0 = 0 due to conservation of the regulator c. With the definition
of a characteristic length scale ℓ =

√

ηeff/β and time scale τ = ℓ2/Dc =
ηeff
βDc

the dispersion relation is (for the derivation see Appendix B)

ω̃1,2 = −
1

2
q2

(

A(q)±
√

A(q)2 − 4M

1 + q2

)

. (6.12)
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Figure 6.3: Dispersion relation expressed by Eq. (6.12): The real part is
depicted in blue and the imaginary part in dashed red. Three different cases
are shown with different elastic parameter M . M = 0 (left): All unstable
modes are real, M = 2 (center): mixed real and imaginary modes, M = 4
(right): all unstable modes are imaginary. The eigenvalues are scaled with
characteristic time τ and wavenumbers with characteristic length ℓ.

All the quantities in this equation are non-dimensionalized: the eigen-
value ω̃ = ωτ and the wavenumber q = kℓ. Dealing with diffusion advection
systems the Péclet number, which is the ratio between diffusive and advec-
tive timescales, is often used. It is Pe = τ/τw = wtypℓ/Dc. The typical

velocities (due to stress gradients of T ) of the problem are wtyp = ξ
ℓβ and

thus Pe = ξ
βDc

. With that the parameters are

M =
ρsolE

βDc
(6.13)

and

A = 1 +
f ′(c0)c0Pe+M

1 + q2
. (6.14)

The quantity M has an analogue meaning like the Péclet number but is the
ratio between diffusive and elastic stress driven advective time scale. For a
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sufficiently large Péclet number there is an instability. The critical Péclet
number is

PeI↔II = −(1 +M)/(f ′(c0)c0). (6.15)

In Fig. 6.3 the dispersion relation is shown for three different unstable cases:

• M = 0 (region O in Fig. 6.4): all modes are real (the case in [Bois
et al., 2011]) and initial growth shows stationary patterns (type IIs)

• M = 2 (region III): there are unstable real and imaginary modes

• M = 4 (region II) : all unstable modes are imaginary and initial
growth is dominated by traveling or standing waves (type IIo)

To get the Péclet number that marks the transition from imaginary modes to
mixed unstable modes one has to find the wavenumber of the real-imaginary
transition

qtr1,2 =

√

(
√
M ±

√

−f ′(c0)c0Pe). (6.16)

When both positive numbers qtr1,2 are real then there exists a region of
wavenumbers with complex unstable eigenvalues. If the lower qtr1 gets com-
plex there is no region with unstable real modes any more, since always
Re(ω̃(qtr2 )) < 0. For the transition one gets

PeII↔III = −(1 +
√
M)2/(f ′(c0)c0). (6.17)

With this a phase diagram classifying the initial instability is drawn in Fig.
(6.4). From Eq. 6.15 it becomes obvious that the instability is only present
if f ′(c0) < 0. This means that the regulator must be an inhibitor of tension
generation. This is true for Physarum myosin, where the free intracellular
Ca2+is an inhibitor. However, in most of the other cell types Ca2+is an
activator of contraction.

6.4 Numerical simulations

The investigation is continued with numerical simulations. The dominant
wavenumber arising from linear stability analysis is not always observed
in the finite nonlinear regime. A good example for this is the coarsening
process for M = 0. Structures from the initial instability grow, such that
smaller wavenumbers dominate in the end when a stationary stable solu-
tion is reached. In Fig. 6.5 b)-e) four exemplary numerical simulation in
one dimension obtained with the finite difference method are shown. The
color encodes the concentration field c. A random perturbation around the
steady state with c0 = 1 was used as initial condition. The sol fraction was
chosen to be ρsol = 0.01 leading to small deformations only, which ensures
numerical stability in both one and two dimensions. As boundary conditions
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Figure 6.4: Phase diagram in the M -Pe-plane: There are four regions cor-
responding to the different kind of dispersion relation in Fig. 6.3. Region
O is line defined by M = 0 when all unstable modes have real eigenvalues
(black line). In region I (violet) all modes are stable, in region II (blue)
all modes are imaginary and in region III (white) the unstable modes are
mixed real and imaginary. The black dots give the positions of the curves
in Fig. 6.3. Here, f ′(c0) = −1/4 and c0 = 1.

no-flux Neumann for the concentration c and zero Dirichlet for displacement
u and flow field w were imposed. In Fig. 6.5 a) the spatiotemporal dynamics
is classified in the phase plane of Pe and M . For M = 0 coarsening to a
stationary domain takes place (see b).
For any small nonzero M the coarsening changes over to a stable traveling
domain that is reflected from the boundaries (c). These behavior is a con-
sequence of the conservation of the regulating species with concentration c.
An inhomogeneous velocity profile leads to the accumulation of sol in some
region an thus an expansion of the gel. If M is very small it takes a long time
until the deformation is large enough to cause significant elastic stresses. As
consequence the domains start to move. Also the reflections can be under-
stood in a very simple way: When a domain encounters a boundary, due
to conservation, it can either travel backwards or stay there. But having a
static velocity profile at the boundary would mean the deformations would
grow infinitely. The only possibility that is left is that the wave is reflected.
At onset of pure complex modes (beginning of region II) turbulent waves
are observed (d). Further increase of M finally leads the regular standing
waves (e). For periodic boundary conditions there would be traveling waves
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Figure 6.5: Numerical simulations for ρsol = 0.01 and c0 = 1.0 in 1D with
Dirichlet boundary conditions for u and w: a) phase diagram with separa-
tion lines (black) obtained from linear stability analysis and color coding
that represents the spatiotemporal dynamics. Bottom: space-time plots for
selected parameters. b) coarsening to stationary pattern, c) traveling do-
mains, d) turbulence and e) standing waves (published in [Radszuweit et al.,
2013]

instead. The onset of turbulence coincides very well with the separatrix 1

between regions II and III characterizing the linear growth behavior.
In two dimensions the dispersion relation has exactly the same form as in
one dimension except for that the ”elastic Péclet number” has the form

M = ρsol(2µ + λ)/(Dβ) with 2µ + λ = K + 2
d− 1

d
G (6.18)

For the simulations in 2D the same boundary conditions are assumed as
in one dimension. The same set of equations on a disc was solved as in
Chapter 5 but with only one concentration without any reaction term and

1In this context the separatrix marks the boundary between regions in the phase dia-
gram, where the dynamics of the system has qualitatively different properties.
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with relation (6.11) for the active tension. A different mechanical parameter
set as for Physarum is used that has the same orders of magnitude like in
[Bois et al., 2011]. A small random perturbation from c0 = 0.78 is applied
for all the following simulations. Zero-Dirichlet conditions for u and w are
imposed, while no-flux for the concentration field c is used. As in one di-
mension the sol fraction is ρsol = 0.01.
The diversity of pattern in two dimensions is richer, due to the additional
spatial dimension. Though, the main characteristic equals the onedimen-
sional case. For small elastic number M but a Péclet number above the
instability a formation of domains is observed that move after some time.
This timescale can be estimated from Eqs. (6.10):

τmove = ηeff/(ρsol(2µ + λ)). (6.19)

This situation is shown in Fig. 6.6 as space-time plot of a cut through the
disc and snapshots of the concentration field. A Larger Péclet number leads
to higher wavenumbers and thus smaller droplets. These domains travel and
coarsen via collisions (see Fig. 6.7). When the coarsening process is finished
the single domain is traveling and is reflected at the boundaries. This com-
plies very well with the onedimensional case as Fig. (6.8) shows. In region
II near the separatrix to region III in the Pe−M plane a turbulent behavior
in agreement with one dimensional simulations appears (see Fig. 6.9). Here,
the domains form and break up again in an irregular way. Increasing further
the elastic number M leads again to regular patterns. Fig. 6.10 shows a
stable spherical standing wave (or breathing pattern). The parameters are
closely above the threshold of instability, where only the first nonzero mode
is unstable. For higher Péclet number (see Fig. 6.11) the next modes eigen-
values cross the zero axes leading to a rotational symmetry breaking and
a more complex standing wave. This solution is unstable and turns into a
stable rotating pattern. The shape of the rotating wave could misleadingly
lead to the impression that this is a spiral wave. But in this case there are
no phase waves (no chemical oscillator) and hence, no phase singularity.
These five cases are summarized in Fig. 6.12 in the M −Pe phase diagram.
Finally, to present the flow field of a moving domain it is depicted in Fig.
6.13 by arrows on top of the concentration field.
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Figure 6.6: Domain formation: A space-time plot of the concentration field
c on a line through the center is shown on the left side for time duration
50τ . To the right two snapshots are presented with mesh on top of the color
coding. The Péclet number is Pe = 10 and M = 0.08.
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Figure 6.7: Coarsening: A space-time plot of the concentration field c on a
line through the center is shown on the left side for time duration 50τ . To
the right two snapshots are presented with mesh on top of the color coding.
The Péclet number is Pe = 20 and M = 0.08.
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Figure 6.8: Coarsening: A space-time plot of the concentration field c on a
line through the center is shown on the left side for time duration 500τ . To
the right two snapshots are presented with mesh on top of the color coding.
The Péclet number is Pe = 15 and M = 0.375.
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Figure 6.9: Turbulence: A space-time plot of the concentration field c on a
line through the center is shown on the left side for time duration 500τ . To
the right two snapshots are presented with mesh on top of the color coding.
The Péclet number is Pe = 20 and M = 2.5.
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Figure 6.10: Spherical standing wave: A space-time plot of the concentration
field c on a line through the center is shown on the left side for time duration
500τ . To the right two snapshots are presented with mesh on top of the color
coding. The Péclet number is Pe = 25 and M = 5.
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Figure 6.11: Standing wave and rotating pattern: A space-time plot of the
concentration field c on the left is given on a circle depicted by the dashed
line. The time duration is 500τ . To the right two snapshots are presented
with mesh on top of the color coding. The Péclet number is Pe = 27.5 and
M = 5.
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Figure 6.12: Summary of the five presented patterns on the disc: Coars-
ening and traveling domains (blue dots), turbulence (purple square) and
standing/rotating waves (olive diamonds).

Figure 6.13: Flow field w of a moving domain represented by arrows: the
length of the arrows correspond to the absolute of w. It is shown on top of
the concentration field c. The data is the same as in Fig. 6.8 with Pe = 15
and M = 0.375.



106 CHAPTER 6. GENERIC MODEL OF CYTOPLASM

6.5 Comparison to the Maxwell model

As stated in the previous sections it is more realistic to assume the Maxwell
model of viscoelasticity for the cytoskeleton if the stress relaxation time is
shorter than the internal time scales of the system [Joanny et al., 2007;
Callan-Jones & Jülicher, 2011]. This applies to the majority of cells that
have typical relaxation time of about 1 − 10s. For larger timescales the
cytoskeleton can be considered as an active fluid. However, for Physarum
protoplasm the relaxation time about two to three times larger than the
period of the chemical oscillator (see [Nagai et al., 1978], provided the stretch
is not too large). Here, we give a short comparison of the Maxwell and
Kelvin-Voigt model in the framework of the above presented theory of a
two-phase poroelastic media.
The multidimensional version of Eq. (6.1) for the Maxwell model is

2ηgel ∇u̇ + η̃geltr(∇u̇)1 = (1 + τve∂t)σve =: Dτσve (6.20)

Applying the operator Dτ to the force-balance equation

ρgel∇ · (σve − (p− T (c))1) + fgel = 0 (6.21)

this yields

ηgel∆u̇+ η̃gel∇(∇ · u̇) +Dτ (−∇p+∇T (c)) = ρsolβDτ (u̇− v). (6.22)

In one spatial dimension it is possible to follow the same strategy of elimi-
nating the pressure as for Eq. (6.10) and one finally arrives at

(ρgelηsolDτ + ρsolηgel)∂xxw −Dτ∂xT (c) = βDτw. (6.23)

In the limit case of τve → 0, i.e. stresses relax immediately it follows that
Dτ → 1. In this case the cytoskeleton behaves like an active fluid with
effective viscosity ητve→0

eff = ρgelηsol + ρsolηgel:

τve → 0 : (ρgelηsol + ρsolηgel)∂xxw − ∂xT (c) = βw. (6.24)

When τve →∞ stresses do not relax but the elastic modulus is zero in this
limit, since E = ηgel/τve. With Dτ → τve∂t and integration over time it
follows (setting the integration constant to zero)

τve →∞ : ρgelηsol∂xxw − ∂xT (c) = βw (6.25)

and ητve→∞
eff = ρgelηsol. Both limits lead to the same form of an equation

for an active fluid but with different effective viscosities. This is a crucial
difference in the two models of Kelvin-Voigt and Maxwell viscoelasticity.
Furthermore the displacement field u does not appear any more. In Fig.
6.14 the phase diagrams for the Kelvin and Maxwell models are compared.
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In the case of the Maxwell model the static patterns occur in a wide range
of parameters and not only for M = 0 as in the case of the Kelvin-Voigt
model. Let Pec denote the critical Péclet number at the point when the
HSS gets unstable. From Fig. 6.14 it becomes obvious that Pec does not
depend on the elastic Péclet number M in the Maxwell model in contrast to
the other viscoelastic model. This is a main difference between viscoelastic
fluid and solid models: For fluid models, if deformation rates get arbitrary
small, the stresses get small in the same way.

stable HSS
waves (II )o

static (II )s

Figure 6.14: Comparison of the phase diagrams in the plane of Pe and M .
Parameters with homogeneous steady state (HHS) pattern are labeled in
black, waves in red and static patterns in green (by Sergio Alonso, PTB
Berlin).

6.6 Summary

In this Chapter it was intended to give a more general insight into the mech-
anism of the mechanical instability of the poroelastic two-phase model. It
allows complex pattern formation without chemical reactions. Reducing the
model to one spatial dimension and replacing the chemical oscillator by a
simple relation that connects the active tension to the concentration the
similarity to the active fluid model of [Bois et al., 2011] is discovered. Here,
it was shown that the mechanical instability is only present if the concentra-
tion inhibits tension generation. The limit case of vanishing elastic modulus
yields formally the model of [Bois et al., 2011], though one has to keep in
mind that this model describes an active fluid, while here, we describe a
two-phase medium with an active solid and a passive fluid.
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The effect of elastic tension leads to complex eigenvalues in the dispersion
relation. The formation of traveling waves in contrast to stationary patterns
(in the case E = 0) is the consequence. The model conserves the total par-
ticle number and exhibits a coarsening of domains like in the Cahn-Hilliard
equation. The nonlinear behavior is consistent with the linear dispersion
relation: When all unstable eigenvalues are complex traveling waves occur
that are turbulent near the separatrix and are regular near the onset of insta-
bility. The Dirichlet boundary conditions for the displacement field imposes
standing waves, while for periodic boundary conditions periodic wave trains
are present. The underlying conservation laws of the equations lead to re-
flections at the boundaries and coarsening of waves, which emphasizes the
difference to pure reaction diffusion systems.
By introducing the two dimensionless numbers Pe and M the influence of
variation of mechanical parameters on the dynamics becomes more trans-
parent. The two viscoelastic constitutive laws of Maxwell and Voigt are
compared by linear stability analysis. The phase diagrams reveal that static
patterns are present also for M 6= 0 in the Maxwell model and the critical
Péclet number Pec for destabilization of the homogeneous steady state does
not depend on M .
For a direct comparison to experiments it is necessary to consider realistic
sol fraction ranging from 0.3 to 0.8 which makes it necessary to include non-
linear elasticity, since deformations will become large. Because of the great
numerical effort in two dimensions this is left open for further investigation.
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Discussion

7.1 Conclusion

To explain the mechanism of formation of spatiotemporal contraction pat-
terns observed in protoplasmic droplets by [Takagi & Ueda, 2008, 2010]
and [Strachauer & Hauser, 2010-2012] we develop a mathematical model
to account for Ca2+oscillations as well as for mechanical feedback due to
cytoplasmic streaming. In Chapter 2 we analyze a chemical model for
Ca2+oscillations (see [Smith & Saldana, 1992]). For realistic parameters
a supercritical Hopf bifurcation occurs leading to a limit cycle of the free
Ca2+concentration. This model shows oscillations independent of mechan-
ical feedback. This is not the only alternative of modeling rhythmic con-
tractions in Physarum protoplasmic droplets. In the model presented in
[Romanovsky & Teplov, 1995], oscillations only occur when they are related
to a spatial mechano-chemical instability. It has still not been found out
which of the models apply here but we chose the mechanism proposed in
[Smith & Saldana, 1992], since it yields the correct phase relation between
free Ca2+and tension. However, the here presented model shows an oscilla-
tory instability at a finite wavelength also if the reaction kinetics by itself
does not possess a limit cycle. Therefore, our model is applicable even if
homogeneous oscillations are not allowed.
Another important feature of this model complies also with experiments:
There is a phase shift about π between the free Ca2+concentration and the
measured active tension in the strand. We add a third variable to this sys-
tem representing the contractile stress generated by the actomyosin system
in the gel phase. The exact physiological processes that lead to tension
generation of the actomysosin system in Physarum are still not clear. We
relate the tension to the fraction of binding-activated myosin molecules by a
simple relaxation equation, which is similar to the models of cardiac muscle
tissue in [Panfilov et al., 2007]. The relaxation time τT in this equation was
chosen to fit the experimental observations of the phase shift between the

109
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free Ca2+and tension.
We extend the reaction model by allowing the free Ca2+to diffuse and to
be advected by the cytosolic flow. In order to obtain equations for the pro-
toplasmic flow field a mechanical model was developed in Chapter 3 that
additionally includes the deformation field and the local pressure. Several
different perspectives are combined in our model: We consider a two-phase
model with a fluid sol phase and an isotropic filamentous gel phase [Dembo &
Harlow, 1986; Alt & Dembo, 1999]. Second, we consider a porous medium
by assuming the sol phase can permeate the gel phase [Mitchison et al.,
2008]. Third, the porous gel phase is modeled by an active viscoelastic solid
[Banerjee & Marchetti, 2011], while the sol phase is passive. We apply the
Kelvin-Voigt constitutive law for viscoelasticity, rather than the Maxwell
model, where the cytoskeleton is able to flow on longer time scales. We
consider this approximation as justifiable, since the oscillation period of the
Ca2+is about three times smaller than tension relaxation time under small
deformation [Nagai et al., 1978]. However, we do not take into account
that ca. 30% of gel is transformed during an oscillation cycle [Oster &
Odell, 1984a] to limit the complexity of the model. Both, sol and gel phases
are treated as incompressible. The drag forces acting on the fluid are in-
corporated in a way that Darcy’s law for porous media is obtained when
there is no deformation and no shear flow. Active contractile stresses of
the actomysosin system act isotropically, since the filaments are completely
random-oriented.
The aforementioned properties provides the model with a feedback mecha-
nism: The Ca2+oscillator regulates stress generation and the induced flow
acts on the chemical system by advection. The mechanical part of the the-
ory stays in the linear order of the deformation gradient (|∇u| ≪ 1). The
nonlinearities arise from the structure of the chemical oscillator and the ad-
vection term in the equation for the free Ca2+concentration.
Furthermore, it is necessary to introduce the relative height field h̃ as an ad-
ditional variable in the model to qualitatively compare the three-dimensional
experimental observations with our two-dimensional simulation results.
In a first approach [Radszuweit et al., 2010] the complexity of the mechanical
model was reduced by replacing the mechanical fields by a global coupling in
Chapter 4. This approximation is valid if the mechanical coupling strength
FT and the drag coefficient β = η/k0 are small. Linear stability analysis
revealed that due to the global coupling (the homogeneous mode is pro-
jected out), the fastest growing mode is always of wavenumber q1 = π/L.
This indicates that the characteristic size of pattern does not depend on the
chemical or mechanical parameters but on the system size in the limit of
this approximation. Numerical simulations were performed for two cases:
with stable and unstable HSS. Standing waves in one and two dimensions
are obtained in the first case for low coupling strength κ. Increasing this
parameter leads at first to more complex wave patterns, but for large FT
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regular traveling waves in one and spiral waves in two dimensions result. In
the latter case, which is considered the realistic one, there are no standing
waves but traveling waves and spirals. The global coupling strength κ has
also an effect on the presence of one-, two- or four-spiral patterns. The
obtained patterns differ frome those, found in [Middya & Luss, 1994] on a
disc-shaped domain, since the form of the global coupling is different.
In Chapter 5 the pattern formation mechanism for whole chemo-mechanical
model is investigated with linear stability analysis about the HSS and nu-
merical simulations in two dimensions using a hybrid FEM/FVM solver are
presented. The knowledge about the mechanical parameter set for Physarum
protoplasma used in this model is incomplete. Therefore, a reasonable order
of magnitude for each parameter is estimated. For our investigations two
parameters are chosen to be varied: the mechanical coupling strength FT

and the permeability of the cytoskeleton k0. The latter is picked for two
reasons: There is a large uncertainty in the estimation of its value. And
second, one can tune the drag coefficient to determine if the system is near
the global coupling approximation.
There is a competition between two instability mechanisms in the model:
The first is the Hopf-instability of the chemical part and the second is the
mechanical feedback that may destabilize the homogeneous oscillations at
a finite wavelength for some positive coupling strength FT > 0. The fact
that the eigenvalues are complex indicate the existence of waves. Dispersion
relations for the case when the reaction kinetics alone does not lead to oscil-
latory behavior are also presented. This is similar to the situation proposed
by [Teplov et al., 1991; Romanovsky & Teplov, 1995] where additional me-
chanical degrees of freedom are needed to induce oscillations.
We also show that the dispersion relations of the complete mechano-chemical
model coincide with the one of the global coupling approximation in the limit
of large permeability k0 and small mechanical coupling strength FT .
To gain insight in the possible solutions of the model a phase diagram
spanned by parameters FT and k0 was computed. We observe single-spiral,
traveling and standing waves that qualitatively coincide with the experi-
mental spatiotemporal data. It should be noted that pattern characteristics
are not always equal with respect to the chemical or mechanical component
one is looking at: There are solutions with an (almost) standing wave in
the relative height field but a traveling wave in the free Ca2+concentration.
Beyond this region in the phase diagram there are synchronous oscillating
patterns for small values of mechanical coupling strength and various dif-
ferent patterns for very large ones that are not observed in the experiments
by [Takagi & Ueda, 2008] and [Strachauer & Hauser, 2010-2012]. Among
these are radial waves for high and irregular wave patterns for low perme-
abilities. In between there are various periodic wave patterns possessing
different symmetries.
Flow profiles of solution that resemble the experiments show that the sol
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flow velocity is largest at the boundary independent of the pattern. This is
opposite to the situation in moving microplasmodia (see [Matsumoto et al.,
2008]). Also the magnitude of flow velocities is about one order smaller (at
reasonable coupling strength FT ). Both can be explained by the absence of
a central flow channel, which forms at a later stage of development from a
static droplet to a moving plasmodium.
The four patterns that are most often encountered in protoplasmic droplets,
namely traveling, standing and spiral waves together with synchronous os-
cillations where reproduced in the simulations in a range of parameters of
FT ≈ 12 − 24 kPa and k0 ≈ 10−6 − 10−5 mm2. Hence, changes in these
parameters due to processes on longer timescales may explain the transi-
tions of patterns. Here, we varied the mechanical coupling strength and the
permeability but changes in the viscosity or the elastic modulus might also
explain transitions between the different types of patterns. In fact, all these
parameters do not change independently in Physarum. But to explore the
change of all these quantities on a chemical basis is beyond the focus of this
work.
Following the hypothesis that the stiffness of the periphery is lower than
in the interior [Tero et al., 2005] we have extended the model to inhomo-
geneous elastic moduli. In addition it is also assumed that the generated
active tension differs in these regions. With this modification of the model
the numerical simulations reproduce patterns, where interior and rim oscil-
late antiphase, as observed in the experiments [Takagi & Ueda, 2008]. In this
case the simulations show antiphase oscillations with respect to height devi-
ation and homogeneous oscillations in the Ca2+concentration. This makes
the hypothesis of different stiffness easy to test for experimentalists. For
coupling strength FT , where the experimentally observed patterns occur,
the effect of the rim has qualitatively no effect on pattern selection of free
Ca2+concentration.
In Chapter 6 we present an active poroelastic model for cytoplasm. This
is a more general approach than the model developed for Physarum. It is
based on the mechanical two-phase equations from Chapter 3 but omits the
oscillatory reaction kinetics and replaces it by a single tension-regulating
species. The regulator species is conserved in contrast to the Ca2+oscillator
in Physarum and it obeys an advection diffusion equation. This model rep-
resents the opposite limit of what is described in [Bois et al., 2011], namely
that the stress relaxation time is longer than the characteristic time scale of
the intrinsic dynamics.
Linear stability analysis about the homogeneous steady shows an instability
with complex eigenvalues leading two wave formation. This is confirmed
by numerical simulations in one and two dimensions. Depending on the
values of two dimensionless Péclet numbers (one relates to the active stress
the other to the elastic modulus) traveling domains, irregular and standing
waves are obtained. In two dimension, due to the additional degrees of free-
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dom rotating modes are observed. The effects of coarsening and reflections
at the boundaries are a consequence of mass conservation in the model. A
similar type of instability in a cytoplasm model was found in [Peter et al.,
2008] that makes use of a nonlocal interaction of the filaments. The model
presented in this work shows complex wave formation without taking into
account reaction kinetics or nonlocal filament interactions. Therefore, it
may serve as a generic model for mechano-chemical waves induced by a
stress-driven advective instability in cytoplasmic material.

7.2 Outlook

The mechanical model presented in this work contains several approxima-
tions, some of which are quite robust, others that limit the applicability in a
considerable way. The most obvious simplification was to use linear elastic
theory. This limits the theory to be valid for parameter sets that lead to
small deformation gradients. For coupling strengths about FT > 120kPa
the results of the linear theory may differ quantitatively from those with a fi-
nite elastic model. For even larger values the unphysical situation detF ≤ 0
may occur. Therefore, the phase diagram 5.17 is limited in the extend of
values for FT . Another reason to leave linear elastic theory becomes obvious
in Chapter 6. Even moderate sol fractions lead to very steep gradients in
the concentration c and consequently in the deformation gradient. This is a
crucial difference to the model coupled to a chemical oscillator: There, the
free Ca2+concentration is not a conserved quantity and large values of nc are
“pushed” back to the limit cycle. For this reason in Chapter 6 a quite small
fraction ρsol = 0.01 was used (while in the Physarum model ρsol = 0.75 was
used). It is known that in typical cells the solid or gel phase has a fraction
lying in the opposite limit ρsol > 0.7.
These difficulties are avoided by using finite strain theory. In return, the
numerical problem gets very complicated in more than one dimension. For
instance, the covariant formulation Eq. (3.16) reads

∇ · (ρ0gelF (Sve
gel + (−p+ Ta)C

−1)) = ρ0solρgelβ(u̇− v), (7.1)

where Sve
gel is the 2. Piola-Kirchhoff tensor of the viscoelastic stresses (see

Eq. (A.5) in the Appendix). In finite strain theory the Cauchy-Green de-
formation tensor C = F TF is introduced that plays the role of the linear
strain tensor ((C − 1)/2 ≈ ε if |∇u| ≪ 1). Not only coordinate transfor-
mations lead to nonlinearities: also the constitutive law is not linear any
more. A simple choice for an isotropic polymer would be the Mooney-Rivlin
hyperelastic solid.
With that one can arrive at an explicit expression for the stress by computing
Sel =

∂
∂CWel(C). The resulting equations are complicated and highly non-

linear in terms of the displacement field. Instead of solving a PDE system



114 CHAPTER 7. DISCUSSION

via FEM it might by more convenient to use a discrete network of nonlin-
ear springs. This was done for instance to describe polymer gels [Yashin &
Balazs, 2006].
Moreover it should be clarified if the two-dimensional results can really be
mapped to a three-dimensional system. Using Dirichlet-boundary condition
for the displacement is not exact. The boundary actually moves in real ex-
periments. Only the bottom part of the protoplasmic droplet is fixed to the
substrate, the remaining parts of the membrane or extracellular matrix are
free to move.
Another important issue mentioned in Chapter 6 is the type of viscoelastic
constitutive law. In many of the recent models the cytoskeleton is assumed
to behave according to the Maxwell model, i.e. it behaves like a fluid on
long time scales (see e.g. [Joanny et al., 2007]). The consequences to use
this instead of the Kelvin-Voigt model are discussed in Chapter 6 with re-
spect to the dispersion relation but numerical simulations have not been
performed in this work. Another model that accounts for stress relaxation
but describes a solid on long time scales is the standard linear solid model
and was used in [Romanovsky & Teplov, 1995].
Using the Maxwell model, i.e. treating the cytoskeleton as a fluid, it is
possible to consider amoeboid movement in the framework of the theory de-
veloped in this thesis. In such a model the sol fraction is not considered as
a constant but as a field that obeys a local kinetics ρ̇gel = g(ρgel, nc, ...). It
should be noted, that ρsol is the density in the reference coordinate system
(ρsol = ρ̃soldet(F ), ρ̃sol denotes the sol density in lab frame). The func-
tion g describes sol-gel transformations and depends on the sol fraction, the
Ca2+concentration but can also depend on the flow velocity [Guy et al.,
2011] or an oriental order parameter. For the description of the filamentous
as a viscoelastic material it may be important to account for the polar order.
A theory of active polar gels was developed and it was found that the polar
orientation field leads to topological defects like asters and vortices [Kruse
et al., 2005]. It is not clear if these effects are relevant for Physarum. The
cytoskeleton is assumed to be isotropic in this work but further experiments,
e.g using birefringence to visualize the filament orientation, may show if this
simplification is realistic.
The above discussed extension of the model leads to a free boundary prob-
lem. These are inconvenient numerical problems, which one can overcome
by using a phase field model as an approximation. Such a model was re-
cently applied to successfully model the migration of keratocyte fragments
[Ziebert et al., 2012]. This also involves treadmilling of filaments that leads
to the additional generation of tension at the moving front.
Some of the mechanisms discussed in this work remain qualitative, since
experimental data is missing to provide feedback to the model. It would
be of great benefit if the flow field and the tension in protoplasmic droplet
would be recorded together. These measurement were performed indepen-
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dently for different cellular systems (see e.g. [Matsumoto et al., 2008; Betz
et al., 2011]). To acquire information about the spatiotemporal distribution
of the free intracellular Ca2+, e.g. via fluorescence imaging is another pos-
sibility to test if the height field and the Ca2+concentration obey a relation
as predicted by the presented model.
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Appendix A

Finite deformation equations

and the linear limit

A.0.1 Covariant formulation

In the finite theory of elasticity one has to distinguish carefully between
the different version of the stress tensor living on different tangent spaces.
Let TX(B) the tangent space at point X in the lab frame and Tx(B̃) the
corresponding tangent space in the body frame. In the formulation of the
force balance using the body reference coordinate system the first Piola-
Kirchhoff tensor P : Tx(B̃)× TX(B)→ R is used:

∇ · P + f = 0,f ∈ TX(B) (A.1)

Since the constitutive relations should be either given in the physical or body
reference frame (P maps from mixed spaces and is not necessary symmetric)
one introduces the second Piola-Kirchhoff tensor
S : Tx(B̃)× Tx(B̃)→ R,S = F−1P . Then:

∇ · (FS) + f = 0. (A.2)

Actually, in this continuum formulation some quantities like e.g. the stresses
are tensor densities. And thus, to get the stress tensor T : TX(B)×TX(B)→
R in the physical lab frame we have T = FSF T /detF .
The sol and gel fractions are tensor densities of rank zero:

ρgel = detF ̺gel
ρsol = detF ̺sol,

(A.3)

where ̺sol,gel are the sol/gel fractions in the physical lab frame. They are
related by

̺sol + ̺gel = 1
ρsol + ρgel = detF .

(A.4)
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It is not taken into account that there are sol-gel transformations, hence it
is assumed that ρgel =: ρ0gel = const. Furthermore we define the constant

ρ0sol := 1 − ρ0gel. that corresponds to the sol fractions of the undeformed
configuration.
We are looking for a covariant formulation of the force balance equations.
Let Sve

gel the viscoelastic gel stress and Svis
sol the viscous sol stress. Then the

force balance equations read

∇ ·
(

ρ0gelF (Sve
gel + (Ta − p)C−1)

)

+ ρ0sol̺gelβ(v − u̇) = 0

∇ ·
(
ρ0solF (Svis

sol − pC−1)
)
− ̺solρ

0
gelβ(v − u̇) = 0

(A.5)

The form of the total stresses is justified by the fact that it should trans-
form like a tensor density of rank two: T tot = FStotF

T /detF . (Here, the
subscript indicates the total stress including active and passive part.) The
special form of the drag-force density ensures that it is a tensor density of
rank one: f = F f̃/detF .
In addition to the force balance equation we write the incompressibility con-
dition valid for finite deformations. It is derived by the following arguments:
The outflux of fluid has to be replaced by the same volume of solid material:
(B is the volume element in the lab frame and B̃t = χ−1

t (B))
∮

∂B
̺solvdA =

∫

B

˙̺geldX (A.6)

Transformation to body reference frame:
∮

∂B̃t

̺solvdetFF−Tda =

∫

B̃t

˙̺geldetF dv

ρgel = const.⇒ 0 = d
dt(̺geldetF ) = ˙̺geldetF + ̺gel

d
dtdetF

⇒ ˙̺geldetF = −tr(F−1
∇u̇)detF ̺gel ⇒

and Gauss’s theorem then finally gives the incompressibility condition

∇ ·
(
ρsolvF

−T
)
+ tr(F−1

∇u̇)ρgel = 0. (A.7)

Now, it is shown that to first order the sol fraction obeys a continuity equa-
tion similar to the free Ca2+concentration when diffusion and reaction are
omitted. Using ρsol = detF − ρ0gel and computing the time derivative gives

∂tρsol = ∂t(detF ) = tr(F−1
∇u̇)detF

= (̺sol + ̺gel)detF tr(F−1
∇u̇)

= (ρsol + ρgel)tr(F
−1

∇u̇)

With the incompressibility constraint (A.7) this yields

∂tρsol = −∇ ·
(
ρsolvF

−T
)
+ ρsoltr(∇u̇F−T )

= −∇ ·
(
ρsol(v − u̇)F−T

)
+ tr

(
∇(ρsolF

−1)u̇
)
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The second term is of higher order and gives an equation analogue to (3.28)
for the free Ca2+:

∂tρsol +∇ ·
(
ρsol(v − u̇)F−T

)
+O(∇uu̇) = 0. (A.8)

A.0.2 Linearization procedure

The system given by Eqs. (A.5),(A.7) and (A.8) constitutes the full nonlin-
ear problem. Let H = F − 1 = ∇u. The linearization procedure starts by
assuming

small strains: |H | ≪ 1
small displacements: |u| ≪ ℓ
small velocities: |u̇| ≪ ℓ/τ
and |v| ≪ ℓ/τ,

(A.9)

when ℓ are typical length scales and τ typical time scales of the pattern.
From Eq. (A.3) and (A.4) one gets

̺gel = detF ρgel = (1− trH)ρ0gel +O(H2)

̺sol = 1− ̺gel = 1− (1− trH)ρ0gel +O(H2)

= ρ0sol − trH +O(H2).

(A.10)

The finite strain tensor E = (C−1)/2 is replaced by the linear strain tensor
ε:

E = (H +HT )/2 +O(H2) = ε+O(H2)

. The viscoelastic gel stress must vanish if strain and strain rate are zero:
Sve

gel = O(H) +O(Ḣ). The same is valid for the viscous shear stress in the

sol: Svis
sol = O(∇v). The linear order of these tensors are the linear stress

tensors σgel and σsol introduced in chap. 3 (except from the active tension
part). We insert this in Eq. (A.5) to get

∇ ·
(

(1+H)σve
gel + (1−HT )(Ta − p)

)

+ ρ0sol(1− trH)β(v − u̇)

+O(∇mH∇
nH) +O(Hu̇) +O(Hv) = 0

and

∇ ·
(
(1+H)σvis

sol − (1−HT )p
)
− (ρ0gel +

ρ0
gel

ρ0
sol

trH)β(v − u̇)

+O(∇mH∇
nv) +O(Hu̇) +O(Hv) = 0.

Using Dirichlet boundary conditions for u and v the pressure is determined
up to a constant shift and we can normalize it such that p ≡ 0 in the
homogeneous steady state u̇ = v ≡ 0. Therefore, it is p = O(u̇) + O(v) +
O(higher der.) und we can neglect trHp. We assume that the source term
(1−trH)Ta(nc) gives rise to a solution with |H | ≪ 1. Then the term trHTa
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gives a small correction of order O(H2). So, this term is dropped as well.
To first order in the mechanical fields, we end up with the equations:

∇ ·
(

σve
gel + (Ta − p)1

)

+ ρ0solβ(v − u̇)

+O(∇mH∇
nv) +O(Hu̇) +O(Hv) = 0

∇ ·
(
σvis
sol − p1

)
− ρ0gelβ(v − u̇)

+O(∇mH∇
nv) +O(Hu̇) +O(Hv) = 0.

(A.11)

Inserting the linear constitutive stress-strain relations and omitting the su-
perscript zero of the fractions, this is equivalent to Eqs. (3.16) and (3.17).
For the incompressibility constraint Eq. (A.7) we write

∇ ·
(
(ρ0sol + trH)v(1−HT )

)
+ tr((1−H) · Ḣ)ρ0gel

+O(∇mH∇
nv) +O(HḢ) = 0

ρ0sol∇ · v + ρ0geltrḢ +O(∇mH∇
nv) +O(HḢ) = 0

(A.12)

Replacing the trace of the Jacobian trH by the divergence of the displace-
ment ∇ · u reveals the equivalence to Eq. (3.18).



Appendix B

Derivation of the dispersion

relation

Write down the system of Eqs. (6.10) and (6.11) in index notation without
reaction (R(c) ≡ 0) terms for dimension d = 2 and use w = v − u̇:

ηgel∂γ∂γ u̇α + µ∂γ∂γuα + (µ + λ)∂α∂γuγ − ∂αp+ ∂αTa = −ρsolβwα

ηsol∂γ∂γvα − ∂αp = ρgelβwα

∂tc+ ∂γ(cwγ) = D∂γ∂γc
ρsol∂γvγ + ρgel∂γu̇γ = 0
T = ξf(c)

(B.1)
With the plane-wave ansatz

uα = ûαe
ωt+ikγxγ

vα = v̂αe
ωt+ikγxγ

wα = ŵαe
ωt+ikγxγ

p = p̂eωt+ikγxγ

c = ĉeωt+ikγxγ + c0

(B.2)

the linear order is

−ηgelωkγkγ ûα − µkγkγ ûα − (µ + λ)kαkγûγ − ikαp̂+ iξf ′(c0)kαĉ = −ρsolβŵα

−ηsolkγkγ v̂α − ikαp̂ = ρgelβwα

ωĉ+ ic0ŵγkγ = −Dkγkγ ĉ
ρsolkγ v̂γ + ρgelωkγûkγ = 0.

(B.3)
Scalar multiplication of the vector equations with kα gives

−ηgelωkγkγkαûα − (2µ + λ)kαkαkγ ûγ − ikαkαp̂
+iξf ′(c0)kαkαĉ = −ρsolβkαŵα

−ηsolkγkγkαv̂α − ikαkαp̂ = ρgelβkαwα.
(B.4)
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Eliminate variable u and v with the incompressibility constraint (Eq. (B.3)
last) ωkαûα = −ρsolkαŵα or kαv̂α = ρgelkαŵα:

ρsolηgelkγkγkαŵα + ρsol
2µ+λ
ω kαkαkγŵγ − ikαkαp̂

+iξf ′(c0)kαkαĉ = −ρsolβkαŵα

−ρgelηsolkγkγkαŵα − ikαkαp̂ = ρgelβkαwα.

(B.5)

Now use Eq. (B.3) (third) to solve for ĉ:

ĉ = −iξf
′(c0)c0kαwα

ω +Dkγkγ
(B.6)

and insert in Eq. (B.5):

ρsolηgelkγkγkαŵα + ρsol
2µ+λ
ω kαkαkγŵγ − ikαkαp̂

+
ξf ′(c0)c0kγkγkαwα

ω+Dkγkγ
= −ρsolβkαŵα

(B.7)

After elimination of the pressure by subtraction of Eqs. (B.5) it becomes
obvious that all terms kαŵα can be canceled out: (write kαkα = k2)

(ρsolηgel + ρgelηsol)k
2ω + ρsol(2µ+ λ)k2 +

ξf ′(c0)c0ωk
2

ω +Dk2
= −βω (B.8)

With this the effective viscosity ηeff := ρsolηgel + ρgelηsol is defined. It is
convenient to introduces dimensionless numbers und rescale by characteristic
length and time:

ℓ :=
√

ηeff/β char. length
τ := ℓ2/D char. time
q := kℓ scaled wavenumber
ω̃ := ωτ scaled growth rate

P := ξf ′(c0)c0
Dβ = f ′(c0)c0Pe Péclet number

M := (2µ+λ)ρsol
Dβ “elastic” Péclet number

(B.9)

With this one finds a quadratic equation for ω̃/q:

(
ω̃

q

)2

+

(
ω̃

q

)(

1 +
P +M

1 + q2

)

+
M

1 + q2
= 0. (B.10)

Define A(q) = 1 + P+M
1+q2

and solve:

ω̃1,2 = −
1

2
q2

(

A(q)±
√

A(q)2 − 4M

1 + q2

)

, (B.11)

which gives Eq. (6.12) with E → 2µ+ λ valid also in two dimensions.



Appendix C

Numerical methods

C.1 Discretization

A widely known technique for spatial discretization is the finite element
method (FEM) [Courant, 1943]. Especially in continuum mechanics it is
used for complicated boundary geometries. These can be included in a very
simple and elegant way. However, there is a trade-off, since one always has
to solve a linear system of equations of number N proportional to the num-
ber of elements. There are various types of elements and element functions
[Băbuska et al., 2004]. Here, the simplest possibility is used: The twodi-
mensional domain B is tessellated in triangles and the element functions
are simple linear interpolations (linear FEM).

C.1.1 Mesh generation

For the linear FEM in 2D one needs a triangulation of the domain B. For
this the boundary ∂B is discretized to a polygon and the data is written to a
file of *.poly-format (PSLG: planar straight line graph, standard for several
mesh generation software packages). The software Triangle 1 was applied to
create triangulations of good quality (see Fig. C.1 and [Shewchuk, 1996]).
This means that the resulting angles are as close to 60◦ as possible and
the volume distribution is narrow. For some geometries it is convenient
to have small triangles at acute angles and larger in the bulk but this is
not necessary for a smooth disk. Triangle is able to use several meshing
algorithms. Here, Fortune’s sweepline algorithm was used [Fortune, 1987].
The software is also able to generate Voronoi diagrams from triangulation,
since it assures that the triangulation is Delaunay (dual to Voronoi). When
there are subdomains of B with different properties assigned, the separating
polygons can written in the *.poly file. These corresponding nodes will be
fixed during mesh generation.

1see the web page http://www.cs.cmu.edu/ quake/triangle.html with download and
informations
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Figure C.1: Domain used for the twodimensional numerical simulations.
Top: Nodes of the triangulation with number N = 5218. The outer poly-
gon represents the boundary ∂B, the inner separates two subdomains with
possibly different system parameters (stiffness, etc ...). Bottom: Triangula-
tion obtained by using the software Triangle. The diameter of the disc was
chosen to be 2mm.
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C.1.2 Linear FEM

Let TN (B) be a tessellation of the domain B of the boundary value problem
with N nodes with coordinates {pi}. The elements Ea in this case are
triangles and can be represented by three vertices: Ea = (ia, ja, ka). Two
nodes of index i and j (i 6= j) are called neighbors if they belong to the
same triangle. Now, an element function ϕi is assigned to each node. The
compact support of these function with index i is defined as the union of
elements that contain vertex i:

Si =
⋃

ia=i∨ja=i∨ka=i

Ea. (C.1)

Ea

ia j
a

k aSia

ji(x)

Figure C.2: Triangulation (left): The elements (triangles) that form the
support of an element function ϕi are shown in green. Three vertices with
indices ia, ja and ka belong to the element Ea. Element function ϕi (right)
that belongs to vertex i with position pi. It has the property that ϕi(pi) = 1
and zero at all other vertices. The function is linear on the support Si.

ϕi : B→ [0, 1],x 7→ ϕi(x) =

{
Lin100

ijaka
(x) for x ∈ Ea ⊆ Si

0 else,
(C.2)

where Lin
vivjvk
iajaka

(x) is a linear function on Ea with Lin
vivjvk
iajaka

(pia) = vi,

Lin
vivjvk
iajaka

(pja) = vj and Lin
vivjvk
iajaka

(pka) = vk (see Fig. C.2). It is obvi-
ous that the element functions are linear independent. This procedure can
be carried out in any dimension.
Assume that the tessellation is very fine, i.e. there exists a small distance
h and ∀neighbours i, j : |pi − pj | < h. Let Ω be the space of continuous
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functions f : B→ R. Any f ∈ Ω can then be approximated in terms of ϕi

with an error of order O(h2):

f(x) ≈ fh(x) =

n∑

i=1

fiϕi(x) with (C.3)

(∫

B

(fh(x)− f(x))2dx

) 1
2

= O(h2) (C.4)

The coefficients of this approximation can be obtained quite easily, since the
element functions ϕi have value 1 at vertex i and zero at all other nodes.
Thus,

fi = f(xi). (C.5)

The key idea is that the set of element functions {ϕi} forms a basis of the
continuous functions with domain B in approximation with error O(h2).
One is able to represent solutions of PDEs, which are defined on infinite-
dimensional function space in this finite (N -dimensional) basis with the
trade-off of an approximative error.
To obtain a representation a scalar product has to be defined:
(·, ·) : Ω × Ω → R. Consider a linear differential operator L : Ω → Ω and
the equation

Lu = f, (C.6)

with some given function f and the requested solution u. Now, multiply
with ϕi

(ϕi,Lu) = (ϕi, f)

(ϕi,L
∑N

j=1 ujϕj) +O(h2) = (ϕi,
∑N

j=1 fj)
∑N

j=1(ϕi,Lϕj)uj +O(h2) =
∑N

j=1(ϕi, ϕj)fj

(C.7)

and use Eq. (C.3). In this representation one has to solve an N -dimensional
system of linear equations

∑N
i=1Kijuj = bi with matrix Kij = (ϕi,Lϕj) and

right side bi =
∑N

j=1(ϕi, ϕj)fj . In engineering science M is referred to as
stiffness matrix. With Aij := (ϕi, ϕj) the completeness relation is

N∑

i,j=1

|ϕi)A
−1
ij (ϕj | = 1+O(h2). (C.8)

The reader should note the relation involves the inverse of matrix A, since
the basis {ϕi} is not orthonormal. However, the basis is “almost” orthogo-
nal, since Aij 6= 0 only if i and j are neighbors.
The representation of K contains the information about the boundary con-
ditions and the form of the operator L. Choosing a widely used form of the
scalar product (u, v) =

∫

B
u(x)v(x)dx the stiffness matrix is

Kij =

∫

B

ϕi(x)Lϕj(x)dx. (C.9)
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For linear finite element functions the differential operator can have deriva-
tives of to second order. The matrix representation of a first derivative
is

∂
∂xα
→ Bα

ij :=
∫

B
ϕi(x)∂αϕj(x)dx

=
∮

∂B ϕi(x)ϕj(x)nαds−
∫

B
∂αϕi(x)ϕj(x)dx

(C.10)

and of second:

∂2

∂xα∂xβ
→ Cαβ

ij :=
∫

B
ϕi(x)∂α∂βϕj(x)dx

=
∮

∂B ϕi(x)∂βϕj(x)nαds−
∫

B
∂αϕi(x)∂βϕj(x)dx.

(C.11)
Taking the first derivative of a non-differentiable function is only valid in the
weak formulation i.e. under the integrals. The integration by parts avoids
taking the second derivatives and incorporates the boundary conditions by
the boundary integrals. Consider, for instance the Laplacian operator of a
function u. It has the representation

∆u→
∑N

j=1C
αα
ij uj =

∮

∂B ϕi(x)∂αuj(x)nαds

−
∑N

j=1

(∫

B
∂αϕi(x)∂αϕj(x)dx

)
uj

Neumann: =
∮

∂B ϕi(x)g(x)ds− ...
Robin: =

∮

∂B ϕi(x)(g(x)− λu(x))ds − ...

(C.12)

for Neumann BC ∂αu(x)nα(x) = g(x) and Robin BC ∂αu(x)nα(x)+λu(x) =
g(x) for x ∈ ∂B respectively. Dirichlet boundary conditions are even easier
to implement: Given a Dirichlet condition ui = q(pi) at boundary node i one
has to replace the ith row of the stiffness matrix by a one on the diagonal.

N∑

i=1

Kijuj = bi → ui = q(pi) for row i (C.13)

C.1.3 FVM discretization

The abbreviation FVM means finite volume method [Eymard et al., 2000].
This technique is used for PDEs that are of conservative nature, like for
instance the Navier-Stokes equation. Instead of tessellating the domain and
computing approximations at the vertices in FVM the domain is partitioned
in small disjoint subsets (volumes) Bi. Let new N denote the number of
these volumes: B =

⋃N
i=1 Bi and vol(B) =

∑N
i=1 vol(Bi).

Dealing with a Neumann-boundary value problem with equation

∂tu+∇ · j = 0, ∇u(x) · n(x) = g(x), x ∈ ∂B (C.14)

and a flux j depending in a functional form on u (derivatives, etc ...). The
FVM uses the Gaussian theorem:

∫

Bi

∂tu(x)dx =
d

dt

∫

Bi

u(x)dx = −
∮

∂Bi

j[u] · n(x)ds. (C.15)
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If small polygons (polyhedra in 3D) with Mi edges are used as volumes, then
the surface-integral can be approximated as

∮

∂Bi

j[u] · n(x)ds =

N∑

k=1

jik[u] · nik∆sik +

Nb
i∑

k=1

jbik[u] · nb
ik∆sbik +O(hd+1),

(C.16)
where jik[u] is the net flux through the edge (surface in 3D) from volume i
to k, nik the normal vector and ∆sik the length (area in 3D) (see Fig. C.3).
Like in FEM discretization jik and ∆sik are only nonzero if i and k are
indices of neighbor volumes. jbik[u] are the fluxes through the boundaries of
the domain, so N b

i is only nonzero for volumes i at the boundary.

ksik
ikj

Figure C.3: Left: Triangulation of the plane in red and the corresponding
Voronoi diagram (black). The meshes are dual to each other. Right: Voronoi
cell representing a volume element Bi (light blue), the edge length ∆sik
(red), the normal vector nik (green) and some flux jik (dark blue).

Now, define ui =
∫

Bi

u(x)dx/vol(Bi) and ∆s̃ik = ∆sik/vol(Bi) to get
an N -dimensional ODE system:

dui
dt

= −
N∑

k=1

jik[u] · nik∆s̃ik −
Nb

i∑

k=1

jbik[u] · nb
ik∆s̃bik +O(h). (C.17)

The actual form of the flux defines the structure of the ODE system. How-
ever, conservation of the quantity u imposes a symmetry condition. Every
edge (surface) appears twice with opposite sign except for boundary edges.
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The total net change depends only on the flux through the boundaries.

dutot.
dt

=
N∑

i=1

dui
dt

= −
N∑

k<i

(jik[u]−jki[u])·nik∆s̃ik−
N∑

i=1

Nb
i∑

k=1

jbik[u]·nb
ik∆s̃bik+O(h)

(C.18)
Since the total rate should only depend on the influx at the boundaries,
the bulk term should vanish, which is ensured taking jik[u] = jki[u]. The
form of interpolating the field u to get the flux at the boundaries has to be
determined.
Here, on is confronted with an advective term

j = vu, (C.19)

where v(x, t) is a given velocity field. The simplest possibility for an implicit
time integration (tn = n∆t, un = u(tn)) is

jik = (vn
i u

n+1
i + vn

ku
n+1
k )/2 (C.20)

but it turned out in the simulation that this interpolation is unstable leading
to negative values of u when large gradients occurred. Therefore a different
form was used:

jik =
1

2
(vn

i + vn
k)

uni u
n+1
k + unku

n+1
i

uni + unk
. (C.21)

The reader should note that under general conditions the interpolation
(v̄ik = (vi + vj)/2) is not always true and has to replaced by usual lin-
ear interpolation. In this case the Voronoi decomposition is used to get the
volume elements. This ensures that the edge (surface) always intersects the
point (qi+qk)/2. Analogous to FEM one has to solve a linear N -dimensional
ODE system when Eq. (C.19) is used for the flux

dui
dt
≈ −

N∑

k=1

Vikuk −
N∑

i=1

uivi ·
Nb

i∑

k=1

nb
ik∆s̃bik. (C.22)

C.1.4 Operator splitting

The investigated system has different characteristics. The sol and gel equa-
tions (3.16) and (3.17) are of elliptic type, whereas the RDA-equation 3.30
(first Eq.) is mixed parabolic (diffusion) and hyperbolic (advection). Nu-
merical techniques are mostly suited for one of these types and it is useful
to treat each term with a different technique. For more information see e.g.
[Geiser, 2011]. Consider an arbitrary PDE system

∂ty = Ay, y(x, 0) = y0(x) (C.23)
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with an (maybe nonlinear) operator A, and appropriate boundary conditions
for the function y : B× [0, T ]→ R

n. When the operator is nice Cn then the
time evolution operator O(∆t) has a Taylor expansion (with respect to ∆t
and A) and from O(0) = 1 it follows

y(t+∆t) = O(∆t)y(t) = ((1+CA∆t) +O(‖A∆t‖2))y(t), (C.24)

where the linear operator C is no further specified. Assume now the to the
operator A can be represented as the sum of m operators: A =

∑m
i=1Ai.

The time evolution operator for an equation ∂ty = Aiy is consequently
Oi(∆t) = (1+CAi∆t) + .... W.l.o.g construct

Π(∆t) =
∏m

i=1 Oi(∆t)
= (1 +CAm∆t) · ... · (1+CA1∆t) +O(‖Ai∆t‖2)
= 1+C

∑m
i=1Ai∆tO(‖Ai∆t‖2)

= O(∆t) +O(‖Ai∆t‖2),
(C.25)

which is identical to total time evolution operator up to order one. This
means that one can compute the approximative evolution of the whole sys-
tem by following the steps

∂ty = A1y, y(t) = y0 → y1 = y(t+∆t)
∂ty = A2y, y(t) = y1 → y2 = y(t+∆t)
...
∂ty = Amy, y(t) = ym−1 → ym = y(t+∆t)
→ ym solution of ∂ty = Ay.

(C.26)

C.1.5 Time discretization

In contrast to space, time derivatives are discretized by finite differences
(FDM). The time interval [0, T ] is divided in Nt intervals: ∆t = T/Nt,
tn = n∆t and yn = y(tn). Since for the use of the FEM a linear equation
solver has to be implemented, there is no additional work to solve linear
PDEs with the implicit Euler method:

∂ty = Ly → (yn+1 − yn)/∆t+O(∆t) = Lyn+1 (C.27)

Obtaining a representation of the linear operator L one has to solve the
linear equation

(1−∆tL)yn+1 ≈ yn. (C.28)

Using the implicit Euler method enhances numerical stability. For instance
for the diffusion equation ∂tu = D∂xxu there is no restriction for ∆t depend-
ing ∆x any more (e.g. D∆t/∆x2 ≤ 1/2 for explicit Euler) to prevent the
numerical approximation from diverging. However, for large ∆t the solution
may not be a good approximation even if it does not diverge.
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There Euler method gives an error of order O(∆t) for the first derivative.
There are other approximations that give higher orders in the error. This is
especially useful if the differential equations are highly nonlinear. There are
adaptive time step, predictor corrector and iterative methods developed for
solving ODEs (3 cites ). These methods are easy to adapt to solve PDEs,
since they can mostly be numerically approximated as systems of ODEs.
For treating the chemical oscillator in this work the fourth order Runge-
Kutta algorithm (or “classical” Runge Kutta) is used, which belongs to the
explicit methods. For an ODE initial value problem ẏ = f(y, t), y(0) = y0
the procedure is the following:

yn+1 = yn + ∆t
6 (k1 + 2k2 + 2k3 + k4)

k1 = f(yn, tn)
k2 = f(yn + k1/2, tn +∆t/2)
k3 = f(yn + k2/2, tn +∆t/2)
k4 = f(yn + k3, tn +∆t)

(C.29)

The resulting error for approximating the first derivative is O(∆t4). For
various types of time methods see [Press et al., 2007].

C.1.6 Combination of methods

For a more clear representation of system (3.30) define the deformation rate
U := u̇ an write

∂tnc +∇ · ((v −U)nc)−Dc∆nc = fc(nc, φ)
∂tφ = fφ(nc, φ)
∂tTa = (FT θ(nc, φ)− Ta)/τT
∂tu = U

ηgel∆U + d−2
d ηgel∇(∇ ·U) + µ∆u+ (µ + λ)∇(∇ · u)−∇p+∇Ta

= ρsolβ(U − v)

ηsol∆v + d−2
d ηsol∇(∇ · v)−∇p = ρgelβ(v −U)

ρgel∇ ·U + ρsol∇ · v = 0
(C.30)

Now use the operator splitting:

1. Reaction step: Starting with
yn = y(tn) = (nc(tn), φ(tn), Ta(tn),u(tn),U (tn),v(tn), p(tn))

T as ini-
tial condition solve

∂tnc = fc(nc, φ)
∂tφ = fφ(nc, φ)
∂tTa = (FT θ(nc, φ)− Ta)/τT

(C.31)

to get yn1 = (nc(t + ∆t), ...)T using the fourth order Runge-Kutta
method at each vertex (see Eq. (C.29)).
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2. Advection step: With yn1 as initial condition and keeping the velocity
field fixed solve

∂tnc +∇ · ((v −U)nc) = 0 (C.32)

with the FVM to update nc and get yn2 . In the presented model no-
flux boundary conditions are imposed. The cell membrane is assumed
to be impermeable for the cytosol and Ca2+. Then jbik = 0 for all
boundary nodes. Using implicit Euler for the time discretization of
Eq. (C.22) and (C.21) one obtains

N∑

k=1

Vikn
n+1
ck = nn

ci (C.33)

with matrix coefficients

Vik =



1 +
∆t

2

N∑

j=1

anij
nn
cj

nn
ci + nn

cj



 δik +
∆t

2
anik

nn
ck

nn
ci + nn

ck

(C.34)

with

anij = (vn
i −Un

i +vn
j −Un

j )·nij∆s̃ijHij , Hij =

{
1 i, j neighbours
0 else

.

(C.35)
The FVM matrix V is positive definite and symmetric. Therefore,
to solve Eq. (C.33) the CG method (see C.2.2) was used with ILU
preconditioning (see C.2.5).

3. Diffusion step: With yn2 update again nc by diffusion

∂tnc −Dc∆nc = 0 (C.36)

using linear FEM to get yn3 . Zero-Neumann boundary conditions are
imposed ∇nc · n = 0 that make the boundary integral in Eq. (C.12)
vanish. Again, with implicit Euler for the time derivative the stiffness
matrix is:

Kij = Aij −Dc∆tCαα
ij , bi =

N∑

j=1

Aijn
n
cj (C.37)

with Cαα
ij = −

∫

B
∂αϕi(x)∂αϕj(x)dx. It is useful to perform the ad-

vection step before diffusion, because diffusion smooths out steep gra-
dients that appear because of advection (Euler type of equation tend
to form discontinuities, so called shocks after some time). Like in the
previous step the system matrix is symmetric and positive definite, so
that again the ILU-preconditioned CG was used (see C.2.2 and C.2.5).
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4. Mechanics step: Finally, starting with yn3 use

∂tu = U

ηgel∆U + d−2
d ηgel∇(∇ ·U) + µ∆u+ (µ + λ)∇(∇ · u)−∇p+∇Ta

= ρsolβ(U − v)

ηsol∆v + d−2
d ηsol∇(∇ · v)−∇p = ρgelβ(v −U)

ρgel∇ ·U + ρsol∇ · v = 0
(C.38)

to update U ,u,v and p. This is also done with FEM technique. The
final state vector is the requested state of yn+1 = y(tn+1). This set of
equation has a much more complicated stiffness matrix (d = 2):

∑N
j=1(Aiju

n+1
jα −∆tAijU

n+1
jα )−∑N

j=1AijU
n
jα = 0

∑N
j=1(ηgelC

ββ
ij Un+1

jα + µCββ
ij un+1

jα + (µ + λ)Cαβ
ij un+1

jβ −Bα
ijp

n+1
j

+ρsolβ(Aijv
n+1
jα −AijU

n+1
jα )) +

∑N
j=1B

α
ijT

n+1
aj = 0

∑N
j=1(ηsolC

ββ
ij vn+1

jα −Bα
ijp

n+1
j + ρgelβ(AijU

n+1
jα −Aijv

n+1
jα )) = 0

∑N
j=1(B

β
ijU

n+1
jβ +Bβ

ijv
n+1
jβ ) = 0

(C.39)
The left sides of the system determine the stiffness matrix and the
right side the vector b (T n+1

aj is given by step 1). Dirichlet condition
u = 0 and v = 0 where imposed at the boundaries. The equations
corresponding to these nodes were replaced by the trivial equations
uiα = 0 and viα = 0 (i boundary node). It is obvious that the pressure
field is not uniquely determined by the equations: A constant field can
be added without any change. Therefore it needs to fixed by imposing
a Dirichlet condition for the pressure at any node i. Here, the node in
the center of mass of the domain is chosen. The pressure value at his
node does not matter, since one is only interested in pressure differ-
ences. To solve the system (C.39) is the numerically most expensive
step. The total system matrix is neither symmetric nor definite (a con-
sequence of the incompressibility constraint). In a first attempt the
GMRES (see C.2.2) algorithm was applied. However, the convergence
speed was not satisfactory as well as the quality of the solutions. Fi-
nally the tridiagonal-block decomposition algorithm explained in C.2.4
was used that is relatively time consuming in the beginning of the sim-
ulation. But the decomposition in L and U is stored and in every time
step only two inversions of triangular matrices have to be carried out.
Simulations in two dimension were performed on a disc with and di-
ameter of 2mm and about 5000 nodes. With 10 degrees of freedoms
this leads to system sizes of n ≈ 5 · 104. The time step size is chosen
to be ∆t = 0.01min. A typical time duration of a simulation is about
100min.
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C.2 Solving linear equations

Most of the implicit techniques involve solving a large system of linear or
nonlinear equations. Nonlinear problems can be traced back to solve a linear
equation in each step by Newton methods. In the end one always has to
solve a large linear system, say with n equations:

n∑

j=1

Aijxj = bi, i = 1, ..., n (C.40)

It is time and memory consuming to find the inverse of Matrix K. In most
cases it is sufficient to directly compute the solution vector u. If one does
not specify the type of the matrix K the very general Gaussian elimination,
which involves O(n3) algebraic operations. For large systems with n >
103 this unfeasible. Fortunately most PDEs contain spatial couplings by
derivatives. These couples only neighbor indices with each other resulting
inKij being zero for most j. These matrices are called sparse. Matrix-vector
products are are now of order O(n) instead of order O(n2), making it very
fast to compute.

C.2.1 Stationary iterative methods

These methods are based on an iterative linear map xk+1 = Mxk + c, with
a constant Matrix M and vector c. The most widely known methods are:

• Jacobi method xk+1
i = (bi −

∑

j 6=iMijx
k
j )/Mii: This method solves

for xi in each row i of the linear system by taking all off-diagonal
elements from the last iteration. This method is easy to implement
but convergence is very slow.

• Gauss-Seidel method xk+1
i = (bi−

∑

j<iMijx
k+1
j +

∑

j>iMijx
k
j )/Mii:

This method is similar to the Jacobi method but updates all xk+1
i that

are already computed in the iterative map. The Convergence is better
but still poor for most problems. However this method is used as a
preconditioner for other iterative methods (CG,GMRES,etc ...).

• Successive overrelaxarion method (SOR): the map is xk+1
i =

ωx̃k+1
i +(1−ω)xki , where x̃

k+1 is the result of a Gauss-Seidel iteration
of the last step. The extrapolation factor ω determines the weight
and can, tuned properly, accelerate convergence (also used as precon-
ditioner)

C.2.2 Nonstastionary iterative or Krylov-subspace methods

A class of solvers for sparse systems are the Krylov-subspace methods, which
are iterative: After a (hopefully) small number of iterations, determined
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by the convergence speed, the result approximates the requested solution
very well. Starting at some initial guess x0 an affine subspace Km(M, r) =
span{r,Mr,M2r, ...,Mm−1r}, r = b − Mx0 is iteratively constructed (a
Krylov subspace) The algorithms minimize the residual r = b − Mx in
the subspace. Each new search direction is orthogonal or M− orthogonal
to the subspace. These methods yield the exact solution after maximum n
iterations (n dimension of the system). But the important point is that it
may approximate the actual solution after only some few iterations. Some
famous methods are:

• Conjugate Gradient method (CG): The name comes from the fact
that the search directions are connected to the gradient of the function
φ(x) = (x,Mx) − (x, b) [Hestenes & Stiefel, 1952]. Minimizing φ is
equivalent to solve ∇φ = Mx− b = 0, given that M is symmetric and
positive definite. The CG method is a powerful and memory-efficient
method for sparse system, but only if the system matrix is positive
definite and symmetric. Fortunately, matrices arising from FEM and
FVM do mostly fulfill this limitation, as one can see from appendices
C.1.2 and C.1.3. The algorithm involves only matrix-vector and scalar
products and there is no necessity to store results from former iteration
steps. 2

start with guess x0

r0 = b−Mx0, d0 = r0

αk = (rk, rk)/(dk,Mdk)
xk+1 = xk + αkd

k

ri+1 = ri − αkMdk

βk = (rk+1, rk+1)/(rk, rk)
dk+1 = rk+1 + βkd

k

stop when ‖rk+1‖/‖r0‖ < ǫ

(C.41)

The convergence speed of the CG method can be estimated to be

‖ek‖M/‖e0‖M ≤ 2

(√
κ− 1√
κ+ 1

)k

, (C.42)

where ek = xk − x is the error from the true solution and ‖ · ‖M =
√

(·,M ·) the M -norm (M positive definite !). κ = λmax/λmin is the
condition number of the matrix, which is the ratio of smallest and
largest eigenvalue when M is positive definite and symmetric. As a
consequence, the convergence is fast for a peaked spectrum of M and
gets slower if the spectrum broadens.

2The interested reader is recommended to read J. R. Shewchuk’s introductory online
script “An Introduction to the Conjugate Gradient Method Without the Agonizing Pain”
available at www.cs.cmu.edu/ quake-papers/painless-conjugate-gradient.pdf.
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• Biconjugate Gradient Stabilized (Bi-CGSTAB): This method
is related to the CG method but computes two Krylov-subspaces, for
M and MT . The sequences of search vectors are biorthogonal. This
method converges for definite but non-symmetric matrices. For more
information see [Sleijpenand & Fokkema, 1993].

• Generalized Minimal Residual (GMRES): This method applies
also to non-symmetric and indefinite sparse matrices. As a trade-off for
its generality all the vector spanning the Krylov subspaces have to be
stored making it very memory consuming (see [Saad & Schultz, 1986]).
It is often used to solve nonlinear systems via a Newton method, since
in this cases the matrix (the Jacobian) is not constant and may not
obey any condition.

Given that the method yields a satisfactory approximation after k steps the
computation time is of order O(kn) for sparse matrices. If the iteration
number is quite small this is a tremendous improvement compared to O(n3)
for Gauss elimination. However, the iteration number is not independent
of the system size n. The condition number gets larger for increasing n.
While the CG-method works well for meshes up to 105 nodes its efficiency
breaks finally down. For very large meshes (n ≈ 106 nodes) there is a need
for methods where the number of required iterations is independent of the
system size. The algebraic multigrid methods (AMG) fulfill these properties
and has the advantage that anisotropies does not effect the convergence
speed. Solving the Poisson equation for instance with anisotropic diffusion
leads to a broadening of the system matrix eigenvalue spectrum. Since these
methods are not used in this work, the reader is recommended to read (cite
...) for more information.

C.2.3 Noniterative methods

These methods are based on a decomposition of the system matrix. The
best known is the general LUP-decomposition. An invertible Matrix M can
be decomposed in the following form:

LU = PM, (C.43)

where L is a lower triangular matrix, U an upper triangular matrix and
P is a matrix that permutes rows (or columns). This matrix is important
when there are zero diagonal elements, though M is invertible. Then P is
necessary to perform a pivotization an the matrix. Otherwise P is just the
unity matrix. Having the decomposition in triangular matrices the solution
of Mx = b is easy to obtain: (assume M is already pivoted)

LUx = b, y := Ux
=⇒ Ly = b
y = L−1b, x = U−1y

(C.44)
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with
yi = (bi −

∑

j<i Lijyj)/Lii, i = 1, 2, ..., n

xi = (yi −
∑

j>iUijyj)/Uii, i = n, n− 1, ..., 1.
(C.45)

This needs O(n2) operations for fully populated and O(n) for sparse ma-
trices. The LUP decomposition needs O(n3) operations and can computed
iteratively the following way: Let M be an n× n-Matrix and Mk an k× k-
submatrix defined by taking only components i, j ≤ k. For simplicity let
P = 1 and assume that Mk is already LU-decomposed Mk = LkUk. Now,
look for the decomposition of Mk+1:

Lk+1Uk+1 =

(
Lk 0
RL DL

)(
Uk CU

0 DU

)

=

(
LkUk LkCU

RLU
k DLDU +RL · CU

)

=

(
Mk CM

RM DM

)

= Mk+1

(C.46)
Here, RL ∈ R

k is the lowermost row vector of Lk+1, CU ∈ R
k the rightmost

column vector of Uk without diagonal element. This is represented by DL

and DU , respectively. The vectors RM ,DM ∈ R
k und diagonal element

DM = Mk+1k+1 are given by Matrix M . Equating this gives

CU = (Lk)−1CM

RL = RM (Uk)−1

DL = 1
DU = DM −RL · CU

(C.47)

The diagonal elements are note uniquely determined but the choice DL = 1
is convenient. Starting with the trivial decomposition L0 = 1 and U0 = M00,
the algorithm works iteratively up to the requested decomposition LnUn =
M . This method works still very slow even for sparse matrices but has the
advantage that if the decomposition is computed once (at the beginning of
the simulation) only two inversions of triangular matrices are necessary in
each time step. If the matrix M is symmetric and positive definite then
L = UT and computation time is divided by two. Following scheme C.47
with CU = RT

L and the modification DL = DU =
√
DM −RL · CU this

algorithm is called Cholesky decomposition. For more information see [Press
et al., 2007].

C.2.4 A block-decomposition algorithm

The key idea is to change indices of the components in a way that the trans-
formed matrix is block-tridiagonal with a minimal size of the blocks. Then
for each block an LU decomposition can be performed. This algorithm be-
longs to the divide & conquer methods. After Pivotization an index map is
constructed using an algorithm related to that of Cuthill & McKee [Cuthill
& McKee, 1969] that sorts the indices according to their connections of
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the mesh. Here it is combined with Red-Black-Tree structures from Emin
Martinian’s C library red black tree.c 3 to fasten list-search operations. For
typical system matrices occurring from Eqs. (C.39) the implemented al-
gorithm reduces the maximal bandwidth to 5% of the original. If B is
block-tridiagonal

B =










B1 B+
1 ...

B−
2 B2 B+

2 0 ...
0 B−

3 B3 B+
3 0 ...

...
... 0 B−

k Bk










,

Bi ∈M(mi ×mi,R)
B−

i ∈M(mi ×mi−1,R)
B+

i ∈M(mi ×mi+1,R)
∑k

i=1mi = n

(C.48)
make the ansatz:

B = LU =










L1 0 ...
L−
2 L2 0 ...
0 L−

3 L3 0 ...
...

... 0 L−
k Lk










·










U1 U+
1 0 ...

0 U2 U+
2 0 ...

0 0 U3 U+
3 ...

...
... 0 Uk










=










L1U1 L1U
+
1 0 ...

L−
2 U1 L2U2 + L−

2 U
+
1 L2U

+
2 0 ...

0 L−
3 U2 L3U3 + L−

3 U
+
2 L3U

+
3 ...

...
... 0 LkU

+
k−1 LkUk + LkU

+
k−1










.

(C.49)
Start with the usual LU decomposition explained above: compute L1U1 =
B1 and proceed iteratively:

U+
i = (Li)

−1B+
i

L−
i+1 = B−

i+1(Ui)
−1

Li+1Ui+1 = Bi − L−
i+1U

+
i

(C.50)

If the largest blocks are of size nmax then the number of required operations
is ∝ n

nmax
· n3

max = nn2
max. Thus, the computational expense is mainly de-

termined by the largest block size nmax.
The reader is suggested to read about the class of direct Frontal or Multi-
frontal solvers which have certain similarities to the above presented algo-
rithm but have the advantage that they can be parallelized [Amestoy et al.,
2001]. These methods use sophisticated elimination trees that perform a
Gaussian elimination on sparse system (actually using LU decomposition
like above). The eliminations are only performed on subsets of nodes that
advance like fronts over the mesh.

3from web page http://www.mit.edu/ emin/source code/red black tree/index.html
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C.2.5 Preconditioning

Eq. C.42 shows that for CG (and all other iterative) methods the conver-
gence speed is strongly related to the spectrum of the system matrix. The
narrower the spectrum, the faster the convergence. The idea of precondi-
tioning is to multiply the whole system with a matrix that does not change
the solution (does not change rank of matrix) but modifies the spectrum
towards narrower bandwidth: (left preconditioned system)

Mx = b | · Pr

→ M̃x = b̃

M̃ = PrM b̃ = Prb

(C.51)

The residuum r̃ = Pr(b −Mx) = Prr̃ changes for the left preconditioned
system. Instead of performing matrix products of Pr and M solver usually
compute r and then solve Pr−1r̃ = r. For right-preconditioned systems the
residuum does not change:

Mx = MPrPr−1x = b

y := Pr−1x→ M̃y = b

M̃ = MPr

r̃ = b− M̃y = b−Mx = r.

(C.52)

The best choice would be to choose Pr = M−1, since for M̃ = 1 the CG
method would converge in just one step. But since getting M−1 involves
even more computational work then solving Mx = b this is not an option.
Instead, one tries to find some matrix that is not the inverse but “something
similar” that narrows the spectrum. In the following a list of well-known
preconditioning techniques is given:

• The simplest one is Jacobi preconditioning: Pr−1
ij = Miiδij →

Prij = δij/Mii. This method works well for strongly diagonal domi-
nant matrices but its speed-up is poor elsewhere.

• Incomplete LU decomposition (ILU): This preconditioner uses an
approximation of the LU decomposition by using only the components
of the sparsity patterns belonging to the sparse matrix M for inversion
of upper and lower triangular matrices [Benzi, 2002]. Writing Eqs.
(C.47) out gives:

for k = 1 to n :
Uik = Mik −

∑

j<iLijUjk i < k

Lki = (Mki −
∑

j<iUjiLkj)/Uii i < k

Ukk = Mkk −
∑

j<k LkjUjk

Lkk = 1.

(C.53)
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The sparse pattern F (M) is the set of index pairs for which M is
nonzero: F (M) = {(i, j)|Aij 6= 0}. The trick is now to restrict the
computation of elements of L and U only on this set of indices:

for k = 1 to n :

Ũik = Mik −
∑

j∈F (M)<i L̃ijŨjk i ∈ F (M) < k

L̃ki = (Mki −
∑

j∈F (M)<i ŨjiL̃kj)/Ũii i ∈ F (M) < k

Ũkk = Mkk −
∑

j∈F (M)<k L̃kjŨjk

L̃kk = 1.

(C.54)

The ILU-preconditioner is very efficient for sparse symmetric and pos-
itive definite matrices. There are also modified versions (MILUs) like
for instance with a row-sum criterion

∑n
j Mij =

∑n
j=1(L̃Ũ)ij , i =

1, .., n. For symmetric matrices instead of LU one would use incom-
plete Cholesky decomposition.

• Sparse Approximate Inverse (SPAI): In this method one tries
to find an approximate of the inverse by minimizing the problem
‖PrM − 1‖, where ‖A‖ =

√

tr(ATA) is the Frobenius norm. This
involves solving a least-squares problem by using QR-decomposition.
For detailed informations see [Alléon et al., 1997].

• Stationary iterative preconditioner: In principle all the itera-
tive methods can be used as e preconditioner by just performing one
iteration. One iteration of Gauss-Seidel or SOR is very cheap to
compute and often used for preconditioning for AMG methods. For
symmetric problems the convergence can be improved by using the
symmetric SOR (SSOR), where the Gauss-Seidel step is symmetrized:
(ML + MD) → (ML + MD)M

−1
D (ML + MD)

T when ML is the lower
triangular part of M and MD = diag(M) the diagonal part.


