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A B S T R A C T

A consensus system is a set of communicating agents that agree on
a variable of interest using only local communication. Some possible
uses for consensus systems include smart grids, wireless sensor net-
works, social networks and various applications of unmanned aerial
vehicles such as surveillance, mapping and environmental monitor-
ing. If the agents have double integrator dynamics, then the consen-
sus system is called a double integrator consensus system.

In this thesis a double integrator consensus system in continu-
ous time is studied. The agents are assumed to be communicating
their position and velocity information along some possibly differ-
ent, weighted directed communication networks that are modeled by
weighted directed graphs. The mathematical model of the system has
the form

ẍ(t) = −Lxx(t) −βLẋẋ(t), (S1)

where x : R+ → Rn and ẋ : R+ → Rn are the collected positions and
velocities of the agents, Lx and Lẋ are the Laplacians of the communi-
cation graphs and β ∈ R+ \ {0} is a gain. A stability concept for such
systems is derived in the thesis. The system (S1) is said to be consen-
sus stable if all of its velocity differences approach zero in time, and
asymptotically consensus stable, if all of its position differences tend
to zero.

The standard assumption made in the literature, that the communi-
cation networks are the same, i.e. homogeneous, for both information,
is too strong in many cases. Thus, the algorithm is investigated under
the assumption that the communication graphs may be different and
possibly even disconnected. Necessary and sufficient conditions for
consensus stability and asymptotic consensus stability are presented
in the special case that the communication graphs are weighted and
undirected. These conditions are subsequently relaxed to some cases
of weighted directed graphs. Moreover, we consider the convergence
rate of the system and the final convergence value.

Following the stability analysis, it is shown how the autonomous
consensus system (S1) can be transformed into a control system by
introducing an external control input to a subset of the agents. The
resulting system is given by

ẍ(t) = −Afxx(t) −A
f
ẋẋ(t) +Bu(t), (S2)

where x : R+ → Rnf and ẋ : R+ → Rnf are the states of the
controlled, “follower” agents, u : R+ → Rnl is the control input
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provided by the “leader” agents, nf + nl = n, and the matrices
Afx,Afẋ ∈ Rnf×nf , B ∈ Rnf×nl are obtained from the Laplacian ma-
trices Lx, Lẋ. This network is called a leader-follower network and its
controllability is investigated. Necessary conditions for controllability
of the system (S2) are given on both algebraic and graph-theoretic lev-
els. It is made apparent that the graph-theoretic conditions are highly
dependent on the underlying graph symmetries.
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Z U S A M M E N FA S S U N G

Ein Konsensussystem besteht aus einer Menge von kommunizieren-
den Agenten, die sich mittels ausschließlich lokaler Kommunikation
auf eine Variable einigen. Einige denkbare Anwendungen für Konsen-
sussysteme sind beispielsweise elektrische Netzwerke (so genannte
“smart grids”), drahtlose Sensornetzwerke, soziale Netzwerke, und
viele Anwendungen aus dem Bereich unbemannte Flugmaschinen,
wie etwa Überwachung, Kartographie und Beobachtung von Ökosys-
temen. Wenn die Agenten, aus denen das Netzwerk besteht, eine
Doppelintegratordynamik besitzen, so spricht man vom Doppelinte-
gratorkonsensussystem.

Diese Arbeit beschäftigt sich mit einem Doppelintegratorkonsen-
sussystem in kontinuierlicher Zeit. Es wird angenommen, dass die
Agenten ihre Position und Geschwindigkeit entlang von gewichteten
Kommunikationsnetzwerken übermitteln können, die verschieden
sein dürfen und mittels gewichteter gerichteter Graphen modelliert
werden. Das mathematische Modell des Systems hat die Form

ẍ(t) = −Lxx(t) −βLẋẋ(t), (S1)

wobei x : R+ → Rn und ẋ : R+ → Rn die gesammelten Positionen
und Geschwindigkeiten der Agenten repräsentieren, Lx und Lẋ die
Laplacematrizen der Kommunikationsgraphen sind und β ∈ R+ \ {0}

ein Verstärkungsfaktor ist. Für solche Systeme wird in dieser Arbeit
ein Stabilitätskonzept hergeleitet. Das system (S1) wird konsensussta-
bil genannt, wenn alle Geschwindigkeitsunterschiede im System mit
laufender Zeit null werden. Es wird asymptotisch konsensusstabil
genannt, wenn alle Positionsunterschiede mit laufender Zeit null wer-
den.

Die üblicherweise in der Literatur getätigte Annahme, dass die
Kommunikationsnetzwerke gleich, also homogen für beide Informa-
tionsflüsse sind, ist in vielen Fällen zu stark. Daher wird in dieser Ar-
beit die Annahme getroffen, dass die Kommunikationsnetzwerke un-
terschiedlich und unter Umständen sogar nicht verbunden sein kön-
nen. Notwendige und hinreichende Bedingungen für Konsensussta-
bilität und asymptotische Konsensusstabilität werden für den Spezial-
fall hergeleitet, dass die Kommunikationsgraphen gewichtet und un-
gerichtet sind. Diese Bedingungen werden anschließend auf einige
Fälle erweitert, in denen die Graphen gewichtet und gerichtet sind.
Zudem betrachten wir die Konvergenzgeschwindigkeit und -wert des
Systems.
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Im Anschluß an die Stabilitätsanalyse wird aufgezeigt, wie das au-
tonome Konsensusystem (S1) in ein Regelsystem überführt werden
kann, indem ein Teil der Agenten mit einem externen Regler verse-
hen wird. Es ergibt sich das System

ẍ(t) = −Afxx(t) −A
f
ẋẋ(t) +Bu(t), (S2)

wobei x : R+ → Rnf und ẋ : R+ → Rnf die Zustände der zu regel-
nden, “folgenden” Agenten sind, u : R+ → Rnl die Stellgröße ist, die
von den “führenden” Agenten übermittelt wird, nf + nl = n, und
die Matrizen Afx,Afẋ ∈ Rnf×nf , B ∈ Rnf×nl aus den Laplacematrizen
Lx, Lẋ hergeleitet werden. Dieses Netzwerk wird als ein so genanntes
“leader-follower” Netzwerk bezeichnet. Es wird auf Steuerbarkeit hin
untersucht. Notwendige Bedingungen für die Steuerbarkeit von (S2)
werden sowohl auf graphenteoretischer als auch auf algebraischer
Ebene hergeleitet. Es wird aufgezeigt, dass die graphtheoretischen Be-
dingungen stark von den in den Graphen vorhandenen Symmetrien
abhängen.
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When you can’t run anymore, you crawl.
And when you can’t crawl,

when you can’t do that...
You find someone to carry you.

— Firefly
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1
I N T R O D U C T I O N

The musicians of the Perviy Simfonicheskiy Ansambl’ (First Symphony
Ensemble, Persimfans), which existed in Moscow between 1922 and
1932, performed extremely complex musical compositions without a
conductor. The string section formed a full circle (partly with their
backs to the audience), while the wind section was situated inside of
that circle. Every musician not only heard, but was also able to see the
others. This way the magic chemistry among the performers, harmony
and dynamic coordination between all the participants brought such
a synchronisation, that it became the substitute of the role of the con-
ductor. Amazingly, one of the Persimfans’ distinguishing features was
their ability, according to the testimony of the extremely demanding
and tough critics, to maintain a particularly subtle and profoundly
individual approach to the interpretation of musical pieces, normally
unthinkable without the help of the conductor.

— P. Chebotarev and R. Agaev [24]

The word “consensus” stems from Latin and its literal translation
means “feel together”, though it is usually used in the sense “agree-
ment”. Consensus problems are problems that require different en-
tities to agree on a variable of interest. Just as the musicians of the
Persimfans use visual communication to agree on their performance,
a flock of birds agree on a maneuver in the air, or a group of robots
agree on a trajectory chosen to fulfill a task.

Consensus problems are usually formulated for a communicating
network of agents, like sensors, robots or power generators. The sys-
tems are said to have achieved consensus when some of their state
variables have synchronised, i.e. become the same. It is desirable that
the networks do so in a decentralised manner, only using informa-
tion provided by their neighbours. Some examples of multi-agent
systems with a goal of synchrony include smart grids, wireless sen-
sor networks, and of course various applications of unmanned aerial
vehicles, such as surveillance, mapping and environmental monitor-
ing. Another example of a system that can be modelled by consensus
algorithms is a social network. In fact, Aschinger, [6] studied consen-
sus algorithms in connection with social interaction as early as 1974,
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4 introduction

decades before modern technological advances made wireless com-
munication possible.

All of these systems share a common property, namely that they
consist of individual dynamic units that are equipped with the means
to transmit and receive information. Moreover, these units are inter-
connected in a network along which this information is transmitted.
This network can be straightforwardly modelled as a graph. Thus a
large number of different applications can be uniformly studied with
a set of system-theoretic tools. Adapting a top-bottom approach to
networked systems, one is able to make statements about the net-
work, often without even knowing the precise dynamic equations of
the individual agents. Reaching consensus is usually only a small
part of a decentralised control problem. However, in most cases it is
an important element of the control strategy and often it determines
the stability and controllability of the system.

The study of networked systems has thus established itself as a
highly active interdisciplinary field in control theory research. Some
fundamental works on this subject are those by Ren and Beard, [84],
Bullo et al., [18], Ren and Cao, [85] and Mesbahi and Egerstedt, [64].
In particular, the work of Ren and Beard on consensus algorithms
with agents that have double integrator dynamics was the inspiration
for this thesis. In studying networked systems, a wide range of tools
from different areas of mathematics prove useful. In this thesis for
example, graph theory, Godsil and Royle, [37] and matrix polynomial
theory, Gohberg et al., [38] will be used heavily.

double integrator consensus algorithm

This work is devoted to studying a consensus algorithm, namely
the double integrator consensus algorithm in continuous time. It is
formally introduced in Chapter 4, along with the concepts of con-
sensus stability and asymptotic consensus stability that are used to
describe its behaviour.

The double integrator consensus algorithm shares many properties
with the single integrator consensus algorithm, defined for agents
with single integrator dynamics. Therefore, in Chapter 4 we first in-
troduce the single integrator consensus algorithm and accumulate a
number of existing results on its asymptotic consensus stability.

Hereafter, the main object of this thesis, the double integrator con-
sensus algorithm, is introduced. In this algorithm, the agents are as-
sumed to be communicating some of their states (often referred to as
position and velocity) among each other. The standard assumption
made in the literature, e.g. Ren and Atkins [83], Yu et al., [110], Yu
et al., [109], Zhu et al., [114], Wen et al., [99], Zhu, [113], Li et al., [58],
Gao et al., [35], is that the communication networks are the same, i.e.
homogeneous, for both position and velocity.



introduction 5

In many cases this assumption turns out to be too strong, for exam-
ple when communication links are weighted differently, the agents
are equipped with different sensors and do not have the ability to
measure or estimate both position and velocity, or in the event of
partial network failure. Thus, we investigate the algorithm under the
assumption that the communication networks may be different and
possibly even disconnected. This we define as heterogeneous commu-
nication topologies.

The study of the double integrator consensus algorithm with het-
erogeneous communication topologies is an original problem setting
that has not been studied prior to the present work. In fact, the term
“heterogeneous communication topologies” has not appeared in liter-
ature prior to Goldin et al., [44].

consensus stability of the double integrator consen-
sus algorithim in heterogeneous networks

After formally introducing the double integrator consensus algo-
rithm in Chapter 4, we study its consensus stability in Chapter 5-7.
The results presented here have been partially published in Goldin
et al., [44], Goldin and Raisch, [42], and Schiffer et al., [90]. As hetero-
geneous networks had not previously been considered in the litera-
ture, new theory and models have to be developed. A related problem
setting was considered by Ren, [82] utilising a Lyapunov approach.
However, the results indicated shed no light on the relationship be-
tween behaviour of the considered system and the underlying graph
structures.

The contribution of this work is an improved understanding of
some intricate mechanisms behind the algorithm, the graph topolo-
gies and the system dynamics. It will turn out that some concepts
from single integrator consensus translate intuitively into double inte-
grator consensus algorithms. Most surprisingly however, the intuition
fails for a large number of properties, particularly when the commu-
nication networks stop being bidirectional. Necessary and sufficient
conditions for consensus stability and asymptotic consensus stabil-
ity of the algorithm are obtained in the case that the communication
networks are heterogeneous, weighted and undirected. For directed
communication topologies, sufficient conditions for consensus stabil-
ity and asymptotic consensus stability are obtained for a subset of
admissible systems and an explanation is offered as to why some
systems will never be stable.

Chapter 5 establishes necessary and sufficient conditions for dou-
ble integrator consensus algorithms to achieve consensus. This is done
by evaluating the eigenstructure of the quadratic matrix polynomial
which corresponds to the system model. It is shown that the kernel
of the polynomial is closely related to the connectivity of the corre-
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sponding communication graphs. A necessary and sufficient graph-
theoretic condition for the kernel of the matrix polynomial to have the
desired form is derived. Building on these results, necessary and suf-
ficient conditions for consensus stability and asymptotic consensus
stability of the double integrator consensus algorithm are presented.

The results presented so far make no assumptions on the informa-
tion structure of the communication graphs. This is different in Chap-
ter 6, where only undirected graphs are considered. The specific prop-
erty that the Laplacian of the undirected graph is symmetric allows a
straightforward eigenvalue analysis of the system matrix of the dou-
ble integrator consensus algorithm with undirected communication
topologies. Complex and purely imaginary eigenvalues of the matrix
polynomial are considered and related to the graph structure of the
communication graphs and controllability of an induced subsystem.
With these results, the necessary and sufficient conditions obtained
in Chapter 5 are simplified for the special case that the communica-
tion graphs are undirected. Thereafter, the final convergence value of
the algorithm and the corresponding convergence rate are explicitly
derived.

Chapter 7 considers the more general case where the communi-
cation topologies are directed. In this chapter, the matrices compris-
ing the algorithm are no longer symmetric and the analysis grows
more complicated. We give a number of results that can be derived
for general weighted directed graphs and indicate how the structure
of the communication topologies is related to the spectrum of the
corresponding system matrix. In particular, we outline a connection
between cycles in graphs and properties of the double integrator con-
sensus system. We then focus on the special case of acyclic graphs in
order to make more specific statements.

controllability of the double integrator leader-fol-
lower consensus algorithm

The ability of a system to synchronise is only one of the many
properties of networked systems that are interesting from a control-
theoretic standpoint. In the case of consensus systems, synchronisa-
tion can be used as a base layer to provide system cohesion, while a
suitably chosen control input drives the system to a desired common
state.

For example, the purpose of a swarm system will often be to achieve
and maintain a specific formation that is described by the relative po-
sitions between the agents. In this case, we would like to have a large
number of the agents implement the relatively simple consensus pro-
tocol and to have a leader provide an external control input to the
system. This was defined by Tanner, [93] as the leader-follower con-
sensus algorithm. The question considered here is how the leader
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may be chosen if the networked system is to become controllable. For
agents with single integrator dynamics, the single integrator leader-
follower consensus algorithm was studied by Lou and Hong, [59],
Egerstedt et al., [31], and references therein. For double integrator dy-
namics, the corresponding leader-follower consensus algorithm was
first defined Jiang et al., [53] and further studied in Partovi et al., [76].

The contribution of the present work is the extension of the results
formulated for a single integrator leader-follower consensus system
in Egerstedt et al., [31] and Lou and Hong, [59] to the double inte-
grator system. It turns out that for both single and double integrator
consensus algorithms, controllability is largely dependent on symme-
tries in the communication topologies. The results given in this part
have been partially published in Goldin and Raisch, [41], Goldin and
Raisch, [43] and Goldin, [39].

Controllability of multi-agent networks is defined in Chapter 8.
Here we show how the agent network that follows a consensus algo-
rithm can be transformed into a leader-follower network, where the
leader agents serve as the control input to the followers. As before,
this is done for the single integrator consensus algorithm first and
the results obtained by other authors are listed as a reference. The
double integrator leader-follower consensus system is then derived
and available single integrator results are extended to hold for it. We
further consider the special case that the communication topologies
are homogeneous or that only one of the states is available for control.

additional contents

An overview of the notation used globally in the present work is
given in Chapter 2.

The study of networked systems and consensus algorithms is deeply
intertwined with algebraic graph theory. Graphs are used to model
the communication networks and to design the control algorithms.
Therefore, in order to make this work self-contained, it is convenient
to present a brief introduction to graph theory in Chapter 3 before
formulating the consensus algorithm to be studied. In particular the
Laplacian matrix is introduced here which plays a major role in the
modelling of consensus algorithms. Some special graph structures,
namely the path and circle graph, are further discussed. For better
understanding we collect various connectivity notions for digraphs
and relate the kernels of Laplacian matrices to the connectivity of
the corresponding graphs. The original contribution here is the ac-
cumulation and classification of the different existing definitions of
connectivity of directed graphs. Graph iso- and automorphisms and
some partitions of graphs are also presented.
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All the other external results that are used in this thesis are col-
lected in Appendix A. Linear-algebraic and calculus basics are listed
in Section A.1 and control theory basics in Section A.2.

Chapter 9 is the last chapter of this thesis and contains a conclusion,
as well as suggestions for further work.

For better readability, each chapter opens with a detailed overview
of its contents.



2
N O TAT I O N

A clear and consequent notation is indispensable for any kind of
scientific work. In this thesis we use the established notation from
the fields of consensus theory, graph theory and control theory as
much as possible. In this chapter we define basic notation that will be
consistently used throughout the thesis. Additional notation will be
introduced throughout the chapters whenever it is required for the
analysis they contain.

The symbols N, R, iR and C denote the natural, real, purely imag-
inary and complex numbers. The notation Rk×m, Ck×m, {0, 1}k×m is
used to denote the field of matrices with k rows,m columns and with
entries that are real, complex, or from the set {0, 1}. R+ denotes the
set of nonnegative real numbers. For two numbers a,b ∈ R, unless
mentioned otherwise, (a,b) and [a,b] denote the open respectivey
closed interval with the endpoints a,b and {a,b} the set containing a,
b.

As is the habit in control theory, we use a capital latin letter to de-
note a matrix and lowercase latin letters to denote vectors and scalars.
Greek letters are also sometimes used to denote scalars. Additionally,
Ik denotes the k×k identity matrix, and 1k×m and 0k×m the one and
zero matrix of size k×m, respectively. We do not generally underline
vectors, however two exceptions are made: 1n is the n× 1 vectors of
ones, while 0n is the n× 1 vector of zeroes. We generally assume all
vectors to be column vectors. Consequently, if x ∈ Cn is an n × 1
vector, then xT is its 1× n transpose, while x∗ denotes its conjugate
transpose.

We indicate dimensions of matrices and vectors as often as neces-
sary, but drop them when they are clear from the context. The (i, j)-th
element of a matrix A is denoted (A)i,j, the i-th row is (A)i,: and
the i-th column (A):,i. The i-th element of a vector v is denoted (v)i.
The notation AT and A−1 denotes the transpose and, if it exists, the
inverse of A, A−T denotes the transpose of the inverse of A. Matrix
powers are not employed in this thesis. Therefore with the previously
mentioned exceptions, the notation AK, Ak, etc. always denotes the
matrix A with the corresponding superscript K, k. Given an n×m

9
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matrix A and an n × k matrix B, the notation (A | B) denotes the
n× (m+ k) composite matrix.

For the numbers k1, . . . ,kn ∈ C, with n ∈ N, the no-
tation diag(k1, . . . ,kn) denotes a n × n matrix with k1, . . . ,kn
on the diagonal and zero entries otherwise. For the matrices
K1 ∈ Cp1×q1 , . . . ,Kn ∈ Cpn×qn , with qi,pi ∈ N, the notation
blockdiag(K1, . . . ,Kn) denotes the block diagonal matrix with the
blocks K1, . . . ,Kn on the diagonal and zeros otherwise.

Throughout this thesis we generally encounter matrices with en-
tries in R. However sometimes we will consider them over the field
of complex numbers C. Since the conjugate transpose of a real matrix
over C is equivalent to its transpose, we denote both the transpose
and the conjugate transpose of a real matrix A as AT . When deal-
ing with complex numbers, i denotes the imaginary unit, while Re(a)
and Im(a) denote the real and imaginary parts of a complex number
a, respectively. The absolute value of a number a is denoted |a|, the
euclidian vector norm of a vector v is denoted ‖v‖. The linear span of
a set of vectors {v1, . . . , vk}, k ∈N, is denoted span(v1, . . . , vk).

Given a set N, its cardinality is denoted by |N|. The union of two
sets N1, N2 is denoted N1 ∪N2 and their intersection N1 ∩N2. The
notation N1 ⊆ N2 denotes that N1 is a subset of or equivalent to N2,
while the notation N1 ⊂ N2 means that N1 is a proper subset of N2.

Given a complex matrix A with the eigenspace of size n, its
spectrum is the ordered list of its eigenvalues, given by spec(A)=
{λ1, . . . , λn}. The ordering is chosen according to |Re(λ1)| 6 |Re(λ2)| 6
. . . 6 |Re(λn)|. The algebraic multiplicity, denoted alg(λ) is the mul-
tiplicity of λ as the root of the characteristic polynomial of A. The
geometric multiplicity, denoted geo(λ) is the dimension of the corre-
sponding eigenspace. The eigenvalue is called simple eigenvalue if
alg(λ) = geo(λ) = 1, it is called semi-simple eigenvalue if alg(λ) =

geo(λ) > 1. An eigenvalue that is neither simple nor semi-simple
is called deficient eigenvalue. The kernel of a matrix is denoted by
ker(A). For further details on linear algebra please see the Section A.1.

A matrix or a vector is called positive (non-negative, non-positive,
negative) if all of its entries are positive (non-negative, non-positive,
negative). A vector v ∈ Cn is called a unit vector, if it satisfies v∗v = 1.

The variable t is reserved to denote time in dynamical systems.
Unless stated otherwise, t > 0 is assumed.

For two functions f, g, the notation f(t) → g(t) denotes that f be-
haves like g for large values of t.



3
A L G E B R A I C G R A P H T H E O RY

Graphs and algebraic graph theory have proven to be powerful tools
when working with agent networks. We will show in later chapters
how the network of agents can be straightforwardly modelled as a
graph. Graphs and graph properties are indispensable for this thesis,
as the consensus system (S2) on page 35, introduced in Section 4.2,
and its consensus stability will turn out to be directly connected to the
corresponding graph structure. For this reason, we give an in depth
introduction to the standard graph theoretic notions in this chapter,
instead of including it in the appendix. The materials in this chapter
will be the foundation for most of the subsequent chapters and the
notation introduced here is established globally for this thesis.

In the following we briefly recap the standard graph theoretic no-
tions, focusing on algebraic properties of directed and undirected
weighted graphs in Section 3.1 and on matrix representations of
graphs, especially the Laplacian matrix, in Section 3.2. In Section 3.3
we consider some particular graphs, namely path, circle and fully con-
nected graphs. Then in Section 3.4 the connectivity concepts adopted
in this work are listed. Based on these properties the kernels of Lapla-
cian matrices are derived in Section 3.5. In Section 3.5.1 the kernel
of the weighted undirected graph Laplacian is given, while in Sec-
tion 3.5.2 the left and right kernels of the weighted digraph Laplacian
are presented. Section 3.6 introduces graph iso- and automorphisms.
Subsequently, graph partitions, in particular equitable partitions are
defined in Section 3.7.

Some standard works on graph theory are, e.g., Godsil and Royle,
[37], or Diestel, [29]. Unless noted otherwise, the presented results
and the terminology are taken from the cited monographs.

3.1 basic definitions

A weighted directed graph (digraph) of order n is a triple G =

(V ,E,w), where

· V = {v1, v2, . . . , vn} is the set of nodes,

· E ⊆ V × V is the set of edges, i.e. ordered pairs of nodes and

11
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· w is an associated weight function, to be defined later.

For vi, vj ∈ V and i 6= j, the symbol vi → vj denotes an edge
from vi to vj. The node vi is then referred to as the initial node and
is said to have an outgoing edge, while vj is the final node and has
an incoming edge. The weight function w : V × V → R+ has the
following property. For all vi, vj ∈ V it holds that w(vj, vi) = 0 if and
only if vi → vj /∈ E and wji > 0 otherwise. For better readability we
write wji instead of w(vj, vi) from here on.

A weighted undirected graph is given by G = (V ,E,w) with the
node set V and the edge set E. For vi, vj ∈ V , i 6= j, vi ↔ vj denotes an
undirected edge. The nodes vi and vj are then said to be neighbours.
For an undirected edge vi ↔ vj the weight function has the additional
property that wij = wji holds.

A directed version of the undirected graph is a graph G ′ =

(V ,E ′,w) with the property that if vi ↔ vj ∈ E then vi → vj ∈ E ′
and vj → vi ∈ E ′. Every undirected graph can be represented by a di-
graph, therefore, undirected graphs can be considered a special case
of digraphs.

As we will show in the next sections, matrices associated with
undirected graphs often have nice properties that in many cases al-
low an easier treatment. Therefore we will sometimes state results
for only undirected graphs, or prove results for digraphs and undi-
rected graphs separately. Chapter 6 even exclusively treats systems
modelled by undirected graphs. In order to avoid confusion, we will
hereafter tag all the presented results and definitions with either w←→
or w−→, that indicate whether the result is applicable to only weighted
undirected graphs or weighted undirected and directed graphs.

Unless stated otherwise, we consider simple graphs, i.e. graphs that
do not contain an edge v → v, for v ∈ V (a so-called self-loop) and
that do not contain multiple edges between the same pair of nodes.

The neighbourhood of a node vi ∈ V is given by the set N(vi) and
contains all the nodes that are its neighbours. The degree of a node vi
in an undirected graph is given by d(vi):=

∑n
j=1wij. In a digraph, we

differentiate between the in-neighbourhood of vi, given by Nin(vi):=

{k : k ∈ {1, . . . ,n} \ {i}, vk → vi ∈ E} and the out-neighbourhood,
given by Nout(vi):= {k : k ∈ {1, . . . ,n} \ {i}, vi → vk ∈ E}. The in-
degree of vi is then din(vi):=

∑n
j=1wij and the out-degree dout(vi):=∑n

j=1wji. A node with no incoming edges is called a root node, while
a node with no outgoing edges is called a leaf node.

A digraph G ′ = (V ′,E ′,w ′) is a subgraph of G = (V ,E,w), if V ′ ⊆
V , E ′ ⊂ E and for any edge vi → vj ∈ E ′, w ′(vj, vi) = w(vj, vi).
It is called a spanning subgraph if it is a subgraph and V ′ = V . A
subgraph of G induced by V ′ ⊂ V is the digraph (V ′,E ′,w ′), where
E ′ contains all the edges in E between two nodes in V ′.
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The union of k graphs Gi = (V ,Ei,wi), where i = 1, . . . ,k, is de-
fined as G := (V ,∪iEi,w∪). Here w∪ : V × V → R+ takes the values
w∪(vj, vh) =

∑k
i=1wi(vj, vh).

A weighted balanced graph, sometimes simply called weight-
balanced, is a digraph with the additional property that each node
has the same in- and out-degree (though the degrees may vary be-
tween the nodes).

If the weight function of some weighted digraph G = (V ,E,w) is
given by w : V × V → {0, c} for some c ∈ R+ \ {0}, the graph is
called uniformly weighted. A special case of the uniformly weighted
digraph is the unweighted digraph. This graph has the property that
w : V × V → {0, 1}, i.e. that all edges of the graph have weight one.
In some cases, uniformly weighted graphs have properties and sym-
metries that do not translate to the set of all weighted graphs with
the same edge set. Therefore, we will sometimes state results only for
unweighted graphs, for example in Section 6.1. In order to avoid clut-
tered notation, in writing unweighted graphs the explicit mention of
the one weight function is omitted, i.e. we write G = (V ,E) instead of
writing G = (V ,E,w), w : V × V → {0, 1}. In order to avoid confusion,
results and definitions given for unweighted digraphs and graphs are
tagged with −→ respectively ←→. However, unless explicitly stated
otherwise, all results preseted in this thesis are given for weighted
digraphs.

3.2 matrix representations of a graph

Associated with weighted digraphs are several matrix representa-
tions, of which we at this point introduce the adjacency matrixAG(G),
the degree matrixDG(G) and the Laplacian matrix L(G). All these ma-
trices depend on the corresponding graph, however, for better read-
ability we from here on drop the reference to the graph whenever it
does not create confusion and simply write AG, DG and L.

An algebraic representation of a weighted digraph G = (V ,E,w) is
given by the n×n adjacency matrix AG, with the entries

(AG)ij = w(vi, vj), i, j = 1, . . . ,n. (3.1)

As we have defined all non-zero weights in the graph to be positive,
the adjacency matrix is a non-negative matrix. It is symmetric if the
graph is undirected.

The degree matrix of G, DG is a diagonal matrix given by

(DG)ii =

n∑
j=1

(AG)ij, i = 1, . . . ,n. (3.2)
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For digraphs, the degree matrix contains the in-degrees of the nodes.
The graph Laplacian matrix L is given by

(L)ij =

−(AG)ij i 6= j,∑n
j=1(AG)ij i = j, i, j = 1, . . . ,n.

(3.3)

For undirected graphs the Laplacian will be a symmetric positive
semi-definite matrix.

3.3 special graphs

We now list some particular graph terms and structures that will be
considered in the following chapters. As these structures depend only
on the graph edges but not on weights, they are without loss of gen-
erality listed for unweighted graphs.

A path in a graph on n nodes is an ordered sequence of nodes such
that any pair of consecutive nodes in the sequence are connected by
an edge. A path in a digraph is an ordered sequence of nodes such
that, apart from the first and the last node, every node is the initial
node of an edge and the next node in the sequence is the final node
of the edge. The first and last node are only initial respectively only
final nodes of an edge.

The length of a path is the number of edges it contains. A shortest
path from vi to vj, i, j = 1, . . . ,n, if it exists, is the path that contains
the minimal number of edges. A path graph is a graph that is itself a
path. With appropriate node indexing the Laplacian of an unweighted
undirected path graph on n nodes is given by the n×n matrix

L =



1 −1 0 0 . . . 0

−1 2 −1 0 . . . 0

0 −1 2 −1
...

. . . . . . . . . . . .

0 . . . 0 −1 2 −1

0 . . . . . . 0 −1 1


, (3.4)

while the Laplacian of an unweighted path digraph on n nodes is
given by the n×n matrix

L =



0 0 0 . . . 0

−1 1 0
...

0 −1 1
...

. . . . . . . . . . . .

0 . . . 0 −1 1


. (3.5)
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A circle in a graph is a path with an additional edge that connects
the last to the first node. A circle graph is a graph that is itself a circle.
The Laplacian of an unweighted circle graph on n nodes is given by
the n×n matrix

L =



2 −1 0 . . . 0 −1

−1 2 −1 0 . . . 0

0 −1 2 −1
...

. . . . . . . . . . . .

0 . . . 0 −1 2 −1

−1 0 . . . 0 −1 2


, (3.6)

while the Laplacian of an unweighted circle digraph on n nodes is
given by the n×n matrix

L =



1 0 . . . 0 −1

−1 1 0 . . . 0

0 −1 1
. . .

...
. . . . . . . . . 0

0 . . . 0 −1 1


. (3.7)

A graph is acyclic if it contains no circles. A tree in a graph is an
acyclic subgraph with the property that there is a path between every
two nodes and that adding any edge to it would create a cycle. In a
digraph a tree is an acyclic subgraph with the property of there being
one node that has no incoming edges, called the root node, every
other node has exactly one incoming edge, and there is a path from
the root to any other node in the graph. A tree is called spanning if
it touches every node. A tree graph is a (di-)graph that is itself a tree.
With appropriate node indexing the Laplacian of a tree digraph is a
lower or upper triangular matrix.

A fully connected graph on n nodes is a graph with an edge from
every node to every node. The Laplacian of an unweighted fully con-
nected graph is given by the n×n matrix

L =


n− 1 −1 . . . −1

−1
. . .

...
...

. . . −1

−1 . . . −1 n− 1

 . (3.8)

3.4 graph connectivity

Graph connectivity is a term that describes the information flow in
the graph. Graph connectivity can often be related to whether or not
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the networked system modelled by the graph can achieve consen-
sus. Different connectivity notions exist for directed and undirected
graphs. These properties can be directly related to the eigenstructure
of the Laplacian matrices. All definitions in this section are given
for weighted graphs. However, they do not depend on the particular
choice of the weight function. That is, if a graph G = (V ,E,w) has
certain connectivity properties, then so do all graphs with the same
node set V and edge set E.

A weighted undirected graph G = (V ,E,w) can be connected or
disconnected. It is connected if there exists a path between any two
nodes and is otherwise disconnected. If the graph is disconnected,
then it has several connected components. The extreme case is the
graph with no edges, E = ∅, that has n connected components. The
converse case, E = {V × V \ ∪ni=1(vi ↔ vi)}, is the fully connected
graph introduced in Section 3.3.

The connectivity concept is more sophisticated when it comes to di-
graphs. Several, sometimes conflicting, definitions exist. In this thesis,
we will use the concept of a reach, taken from the work of Caugh-
man and Veerman, [22]. Some other common and similar (though
in general not equivalent) concepts are: Strong component, in- and
out-forest [2], tree, rooted out-branching [64], etc. Connectivity of di-
graphs can be defined using any of these terms. Here, we choose to
define reaches, because this construction is very intuitive and corre-
sponds well with the concept of a connected component in an undi-
rected graph. Alongside it we will also introduce the notion of an in-
dependent strongly connected component defined in Wieland, [100].

For any node vi ∈ V , i = 1, . . . ,n, we define R(vi) to be the set
containing vi and all nodes vj, j ∈ {1, . . . ,n}, such that there is a
directed path from vi to vj. We call R(vi) the reachable set of vi, i.e.
the set of all nodes that can be reached from vi by a directed path. By
convention, vi ∈ R(vi).

A set of nodes R⊆ V in a digraph is called a reach if it is a maximal
reachable set. That is, R is a reach if R = R(vi) for some i ∈ {1, . . . ,n}
and there is no j ∈ {1, . . . ,n} such that R(vi) ⊂ R(vj). We only con-
sider graphs on a finite number of nodes, therefore maximal reach-
able sets exist and are uniquely determined by the graph. Suppose
that a digraph consists of k 6 n reaches. For each reach Ri, i = 1 . . . k,
its exclusive part is given by Rhi:= Ri \ ∪kj=1,j6=iRj. Its common part
is given by the set Rci:= Ri \ Rhi. The common part of the digraph
is then defined as Rc:= ∪ki=1Rci.

A digraph is weakly connected if it is connected ignoring the ori-
entation of the edges. Thus, a directed graph is weakly connected if
and only if, for any two reaches Ri, Rj, where i, j = 1, . . . ,k, there is
a node v such that v ∈ Ri and v ∈ Rj. A digraph that is not weakly
connected is disconnected. Thus a disconnected digraph consists of
several components that are at least weakly connected.
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A digraph is called strongly connected if R(vi) = R(vj), for all
vi, vj ∈ V , i.e. if the reachable set of each node contains all the other
nodes. A strongly connected component of a digraph is a subgraph
(V ′,G ′,w ′) that is a strongly connected graph.

An independent strongly connected component (iSCC), introduced
by Wieland, [100], is a subgraph G ′ = (V ′,E ′,w ′) of G = (V ,E,w)

with the property that G ′ is strongly connected and there are no in-
coming edges from the nodes in V \ V ′ to the nodes in V ′.

Clearly, given a node v ∈ V such that v ∈ V ′, it follows that the
nodes in V ′ belong to the reachable set of v. Furthermore, the reach
that contains v by definition also contains V ′. We denote the reach
that contains v by Rv. As there are no incoming edges to V ′ from
outside V ′, it holds that V ′ belongs to the exclusive part of Rv. As
the exclusive parts of reaches are mutually node disjoint, it follows
that for any graph, its number of reaches and its number of iSCC
coincide. Therefore, when speaking of digraph connectivity, we may
equivalently say that the graph consists of k reaches or k iSCC. It will
turn out that reaches determine the right nullspace of the Laplacian
matrix, while iSCC determine its left nullspace. A schematic overview
of the realationship between reaches and independent strongly con-
nected components is given in Figure 3.1 for a graph consisting of two
reaches. Furthermore, the following example illustrates the concepts.

4 3

2 1
Example 3.1 The digraph illustrated on the left has
two reaches {v3, v4} and {v1, v2, v4}, with the com-
mon part {v4} and the exclusive parts {v3} and
{v1, v2}. It is weakly connected but does not have
a spanning tree. There are two iSCC, ({v1}, ∅) and
({v3}, ∅).

Remark 3.2 In consensus-related work, the connectivity of a digraph is of-
ten described by whether or not the graph contains a spanning tree. This
is equivalent to saying that the digraph consists of one reach, for there is a
spanning tree rooted at vi ∈ V if and only if R(vi) = V .

3.5 properties of the laplacian matrix

As we will show in Chapter 5, the Laplacian matrix can be directly
linked to the properties of consensus algorithms. Therefore it plays
a pivotal role in this thesis. Early studies of properties of Laplacian
matrices are due to Kelmans, e.g. [55]. In the 1990s the results were re-
viewed by Merris, [63] and published in the books Godsil and Royle,
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Figure 3.1: Sketch of the relationship between reaches and independent
strongly connected components.

[37] and Chung, [25]. However, most of these publications, as well
as recent works, focus on unweighted undirected graphs and the
Laplacian matrix was initially defined only for undirected graphs.
Only a small number of results are available for both unweighted
and weighted digraphs. This, as we will see, is mostly due to the
fact that the Laplacian of a digraph in general has a complex spec-
trum, while the Laplacian of an undirected graph has a real spectrum.
Thus determining properties of digraph Laplacians is much more dif-
ficult than the corresponding problem for an undirected graph. For
digraphs the definition of the Laplacian is not unique, cf. Chung, [25],
or Chebotarev and Agaev, [23] for a discussion. Our formulation is
often referred to as a row Laplacian, which stems from the fact that
the row-sums of L are zero. We use this formulation because, as we
will see in Chapter 4, it is best suited to describe some consensus
algorithms.

Unless stated otherwise, all results in this section hold for weighted
graphs.

3.5.1 Undirected Graphs

The Laplacian matrix L of a weighted undirected graph G = (V ,E,w),
or weighted undirected graph Laplacian for short, is a symmetric1

quadratic matrix. Thus L has a set of n linearly independent eigen-
vectors (due to its symmetry, the left and the right eigenvectors coin-
cide) and all its eigenvalues are semi-simple. By construction, L has
non-negative diagonal and non-positive offdiagonal entries. As all the
rows of L sum up to zero, L has at least one zero eigenvalue. By the
Gershgorin disk theorem,2 L is positive semi-definite and all of its

1 Properties of symmetric matrices are listed in Section A.1.3 on page 131 of the ap-
pendix.

2 Cf. Section A.1.4 on page 132 of the appendix.
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non-zero eigenvalues are positive and real. The numerical range3 of
L is limited by

0 6
v∗Lv

v∗v
6 λn, (3.9)

where v ∈ Cn \ {0n} and λn is the largest eigenvalue of L. As L is
symmetric, its numerical range is precisely the section of the real axis
given by [0, λn].

The smallest non-zero eigenvalue of the unweighted undirected
graph Laplacian is called algebraic connectivity and is a measure of
how well a graph is connected. It was introduced by Fiedler, [34] and
further studied by Mohar, [66]. Several bounds exist for the eigen-
values of the Laplacian matrix. For unweighted undirected graphs,
an overview is given in [66]. We will need the following result for
unweighted graphs:

Lemma 3.3 (Mohar, [66]) ←→Let an unweighted undirected graph G have k
connected components of size k1, . . . ,kk. Let Gki be the graph correspond-
ing to the connected component of size ki. Then, the largest eigenvalue λn
of the corresponding Laplacian is bounded by

min
i∈{1,...,k}
ki 6=1

ki
ki − 1

max
j∈{1...,n}

d(vj ∈ Gki) 6 λn 6 max
i∈{1,...,k}

ki. (3.10)

Here d denotes the degree of a node. Clearly the degree of a node in an
unweighted graph is bounded by the size of the connected component, i.e.

max
j∈{1,...,n}

d(vj ∈ Gki) 6 ki − 1. (3.11)

The famous Matrix-Tree-Theorem by Kelmans, [55] relates the num-
ber of connected components in a graph to the spectrum of its Lapla-
cian:

Theorem 3.4 (Matrix-Tree-Theorem, Kelmans, [55]) w←→Let G be a
weighted undirected graph on n nodes. G has k 6 n connected components
if and only if L(G) has rank n− k.

Note that if G is connected, i.e. k = 1, then L(G) has rank n− 1.
Therefore, as already mentioned above, L always has at least one zero
eigenvalue. By construction L has zero column- and row-sums, i.e.
L1n = 0n and the vector 1n always lies in the kernel of L.

We give a sketch of the proof of the Matrix-Tree-Theorem, which
will lead us to a formulation of the right nullspace of L. If some
graph G̃ consists of k connected components of size k1, . . . ,kk, then
there is an isomorphic graph G and a permutation matrix P such

3 Cf. Section A.1.3 on page 131 of the appendix.
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that L(G) = PL(G̃)PT is block diagonal. Each block of the permuted
matrix has dimension ki × ki, i = 1, . . . ,k and is, per definition, a
full Laplacian matrix. Denote the block matrices as L1, . . . ,Lk. Then
spec(L) = ∪ki=1spec(Li). Furthermore, each Li has a simple eigen-
value zero and an eigenvector 1ki affording it. Thus, L has k linearly
independent eigenvectors given by the set

(
1k1

0n−k1

)
,

 0k1

1k2

0n−k1−k2

 , . . . ,

(
0n−kk

1kk

) . (3.12)

We will need a basis of the right nullspace of L quite frequently, either
in the above version or in the following formulation:1n,

(
1k1

0n−k1

)
,

 0k1

1k2

0n−k1−k2

 , . . . ,

0n−kk−kk−11kk−1

0kk


 (3.13)

which replaces the last eigenvector with 1n, the common eigenvector
of all Laplacian matrices.

As L is symmetric, its left and right nullspaces coincide. Note that
the nullspace of the undirected graph Laplacian does not depend on
the particular choice of weight function. The fact that the left and
right nullspaces of the Laplacian matrix of a weighted undirected
graph can be given in such a simple analytical manner will allow us
to clearly formulate some convergence results.

3.5.2 Directed Graphs

Unlike the undirected graph Laplacian, the Laplacian matrix of a
weighted directed graph (from here on: the weighted digraph Lapla-
cian) is not symmetric and in general does not have a real spectrum
or zero column sums. It still has the property that its diagonal entries
are non-negative and its off-diagonal entries are non-positive and the
corresponding row sums are zero. Thus, the Gershgorin disk theorem
implies that all of its eigenvalues have non-negative real parts. In gen-
eral the left and right eigenvectors of a directed graph Laplacian do
not coincide.

The numerical range of a digraph Laplacian is a convex section of
the complex plane given by, cf. (A.9) on page 131 of the appendix,

λmin
(
0.5(L+ LT )

)
6 re

(
v∗Lv
v∗v

)
6 λmax

(
0.5(L+ LT )

)
,

λmin
(
−i0.5(L− LT )

)
6 im

(
v∗Lv
v∗v

)
6 λmax

(
−i0.5(L− LT )

)
,

(3.14)

where λmax, λmin denote the largest and smallest real eigenvalue of a
matrix and v ∈ Cn \ {0n}.
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The following result corresponds to the Matrix-Tree-Theorem for
digraphs and provides a basis for the eigenspace of the Laplacian. It
was formulated by Caughman and Veerman, [22], though some older
related results are available from Chebotarev and Agaev, particularly
in [2], [23]:

Lemma 3.5 (Right nullspace of digraph Laplacians, Caughman and
Veerman, [22], Theorem 3.3) w−→Let G denote a weakly connected weighted
directed graph and let L denote its Laplacian matrix. Suppose G has n
nodes and k reaches. Then the algebraic and geometric multiplicity of the
eigenvalue zero equals k. Furthermore, the associated eigenspace has a basis
{v1, v2, . . . , vk} in Rn. For every i = 1, . . . ,k, the basis elements satisfy:4

(i) (vi)v = 0 for v ∈ V \ Ri,

(ii) (vi)v = 1 for v ∈ Rhi,

(iii) (vi)v ∈ (0, 1) for v ∈ Rci,

(iv)
∑k
i=1 vi = 1n.

The above is the directed version of the basis (3.12). It can be eas-
ily obtained by noting that the following decomposition holds. Let L
be the Laplacian of a weakly connected digraph on n nodes with k
reaches of exclusive size k1, . . . ,kk and common size c = n−

∑k
i=1 ki.

Then, with an appropriate node numbering, L has the form

L =


L1 0 . . . 0

0
. . . . . .

...

0
. . . Lk 0

Lk+1,1 . . . Lk+1,k Lk+1,k+1

 . (3.15)

Here, Li ∈ Rki×ki , Lk+1,i ∈ Rc×ki and Lk+1,k+1 ∈ Rc×c, i = 1, . . . ,k.
Each of the matrices Li, i = 1, . . . ,k is itself a digraph Laplacian of
the subgraph induced by the nodes that belong to the exclusive part
of the i-th reach.

Remember that the common part of the graph is given by ∪ki=1Rci,
where Rci is the common part of the i-th reach. Assuming ap-
propriate node numbering, we denote the part of every vector vi,
i = 1, . . . ,k, that corresponds to the nodes in Rci by ri. It suits our
work better to choose the following set as a basis of the nullspace of
L (note that L is weakly connected):

1n,

 1k1

0n−k1−c

r1

 ,


0k1

1k2

0n−k1−k2−c

r2

 , . . . ,


0
n−
∑k−2
i=1 ki−c

1kk−1

0kk

rk−1




, (3.16)

4 Remember that the entries of the eigenvectors of L are indexed with the nodes of G.
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where it is assumed that L has a common part of size c and k reaches
with exclusive parts of size k1, . . . ,kk. The vectors ri contain entries
from the interval (0, 1). Note that unlike in Lemma 3.5, the vectors no
longer sum up to 1n. This corresponds with the basis (3.13).

As Laplacians of digraphs are not symmetric, their left and right
nullspaces are generally different. Ren and Beard, [84] show that the
Laplacian of a digraph that consists of one reach has a left eigenvector
w affording the zero eigenvalue with the properties:

∑n
i=1(w)i = 1,

(w)i > 0, for all i = 1, . . . ,n. Wieland, [100] extended their result to
graphs that consist of more than one reach.

Lemma 3.6 (Left nullspace of a digraph Laplacian, Wieland, [100],
Theorem 2.13)w−→ Let G denote a weakly connected weighted digraph and let
L denote its Laplacian matrix. Suppose G has n nodes and k reaches with
the associated iSCC, denoted by iSCC1, . . . , iSCCk. Then the algebraic and
geometric multiplicity of the eigenvalue zero equals k and the associated left
eigenvectors can be given by w1, w2, ..., wk ∈ Rn, whose elements satisfy:

(i) (wi)v = 0 for v ∈ V \ iSCCi,

(ii) (wi)v > 0, for v ∈ iSCCi,

(iii)
∑k
j=1(wi)j = 1.

Note that Wieland formulated the above result for unweighted di-
graphs. However, its extension to weighted digraphs is trivial. In ei-
ther case, the result follows from the following fact. Let L be the Lapla-
cian of the digraph G on n nodes and suppose that G consists of one
reach. Let the corresponding iSCC consist of n1 < n nodes. Then, L
is reducible. With appropriate node numbering, it has the form

L =

(
L11 0

L21 L22

)
, (3.17)

where L11 ∈ Rn1×n1 is itself the Laplacian of the subgraph induced
by the nodes belonging to the iSCC. The matrix L21 ∈ R(n−n1)×n1

describes the edges from the nodes in the iSCC to the other nodes in
the reach, and the matrix L22 ∈ R(n−n1)×(n−n1) describes the edges
between the nodes that are not part of the iSCC. Clearly, if a vector
w1 ∈ Cn1 satisfies wT1L11 = 0n1 , then the vector w = (wT1 , 0Tn−n1)

T

satisfies wTL = 0n.

Consider again the decomposition (3.15). It describes the Laplacian
of a digraph on n nodes with k reaches, that have exclusive parts of
size k1, . . . ,kk and a common part of size c =

∑k
i=1 ki. It follows from

the above discussion, that every block Li, i = 1, . . . ,k in (3.15) can
be decomposed according to (3.17). Suppose that the corresponding
iSCC are of size m1, . . . ,mk, where mi 6 ki holds for all i = 1, . . . ,k.
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The resulting matrix, assuming appropriate node numbering, can be
written as

L =



L111 0 . . . 0 . . . 0

L121 L122
. . . . . .

...

0 0
. . . . . . . . .

...
...

... Lk11 0 0

0 0 Lk21 Lk22 0

Lk+1,11 Lk+1,12 . . . Lk+1,k1 Lk+1,k2 Lk+1,k+1


. (3.18)

Here, for i = 1, . . . ,k, the blocks Li,11 ∈ Rmi×mi describe the
edges between the nodes in the iSCC of the i-th reach, the blocks
(Li21 | Li22) ∈ R(ki−mi)×ki describe the edges incoming to the
nodes that belong to the exclusive part of the i-th reach, but not
to the iSCC and the blocks (Lk+1,i1 | Lk+1,i2) ∈ Rc×ki describe
the edges incoming from the exclusive part of the i-th reach to the
common part of the i-th reach. Finally, Lk+1,k+1 ∈ Rc×c describes
the edges within the common part of the reaches. By construction,
the blocks Li22 , i = 1, . . . ,k and Lk+1,k+1 have non-negative diago-
nal and non-positive off-diagonal elements. Furthermore, the corre-
sponding row sums are either zero or positive, with at least one row
sum being strictly positive by construction. Therefore, the blocks Li22 ,
i = 1, . . . ,k and Lk+1,k+1 are irreducibly diagonally dominant and,
thus, of full rank.

Let qi ∈ Cmi be a vector satisfying qTi Li11 = 0Tmi
in (3.18). Then,

clearly, it follows that a basis of the left nullspace of a digraph Lapla-
cian is given by

(
q1

0n−m1

)
,

 0k1

q2

0n−k1−m2

 , . . . ,

 0n−kk

qk

0kk−mk


 . (3.19)

If G has several weakly connected components, then each of them
has the left nullspace given by Lemma 3.6. The complete nullspace is
achieved by stacking the the vectors accordingly.

For two weighted digraphs G1 = (V ,E,w1), G2 = (V ,E,w2) the
left and right nullspaces of the corresponding Laplacians L1, L2 in
general do not coincide. However, it follows from Lemmas 3.6 and
3.5 as well as the decompositions (3.18) and (3.15), respectively, that
the eigenvectors in the left and right nullspace of L1 and L2 will have
the same zero/non-zero pattern. The vectors in the right nullspace
will further have one entries in the same locations and differ only in
the entries corresponding to the common parts of the graphs.

The extension of the bases (3.16) and (3.19) to disconnected di-
graphs is straightforward. If the graph G consists of p weakly con-
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nected components of size p1, . . . ,pp, then, with appropriate node
numbering, its Laplacian is given by

L =


L1 0 . . . 0

0 L2 . . . 0
...

...
. . . 0

0 0 0 Lp

 (3.20)

where Li ∈ Rpi×pi , i = 1, . . . ,p. Then the left and right nullspaces of
each Li are given by the basis (3.16) respectively (3.19) and the com-
plete nullspaces are obtained by stacking the vectors appropriately.

The following result is obvious.

Lemma 3.7 The Laplacian matrix of a digraph is irreducible if and only if
the digraph is strongly connected.

Proof: Remember that a digraph being strongly connected is equiv-
alent to it consisting of one iSCC. Thus, the lemma follows directly
from the decomposition (3.18). 2

We will further require the following technical result in order to
prove Theorem 5.4 on page 53.

Lemma 3.8 (Goldin et al., [44])w−→ Let L be the Laplacian of a weighted
digraph. There is no vector v ∈ Cn satisfying

Lv = 1n. (3.21)

Proof: First remember that 1n is an eigenvector of L affording zero.
Then, if v exists, it is a generalised eigenvector of L affording zero. By
Lemma 3.5 L has a full set of eigenvectors affording zero. Therefore,
the zero eigenvalue of L is semi-simple. Thus, the above equation has
no solution. 2

Example 3.9 The Laplacian of the graph studied in Example 3.1 is
0 0 0 0

−1 1 0 0

0 0 0 0

−1 −1 −1 3

 , (3.22)

its left and right kernels can be given by

v1 =


1

1

0

2/3

 , v2 =


0

0

1

1/3

 ; w1 =


1

0

0

0

 , w2 =


0

0

1

0

 . (3.23)
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3.6 isomorphisms and automorphisms

Given two graphs G1 = (V1,E1,w1), G2 = (V2,E2,w2), a graph
isomorphism is a bijective mapping τI : V1 → V2 such that for all
vi, vj ∈ V1, for i, j = 1 . . . ,n, it holds that vi → vj ∈ E1 if and only if
τI(vi)→ τI(vj) ∈ E2 and w2(τI(vi), τI(vj)) = w1(vi, vj).

Algebraically τI represents a simultaneous permutation of the rows
and columns of L(G1). Let P = P(τI) be a permutation matrix, i.e. for
all i, j = 1, . . . ,n, it holds that (P)ij = 1 if τI(vi) = vj and (P)ij = 0 oth-
erwise. Two graphs G1, G2 are isomorphic if and only if there exists
a n× n permutation matrix P = P(τI) such that L(G2) = PL(G1)P

T .
Thus, isomorphic graphs have similar Laplacian matrices. Therefore,
they have the same Laplacian spectrum and if v is an eigenvector of
L1, then Pv is an eigenvector of L2. The converse, however, is not true.
It is possible to find graphs that have the same Laplacian spectrum
that are not isomorphic, cf. Biyikoglu et al., [13].

A bijection τA : V → V is called an automorphism of G = (V ,E,w),
if it preserves the edge set and weights of G. That is, if τA is an
automorphism, then for two nodes vi, vj ∈ V , for i = 1, . . . ,n, it holds
that vi → vi ∈ E(G) if and only if τA(vi) → τA(vj) ∈ E(τA(V)) and
w(vi, vj) = w(τA(vi), τA(vj)). In other words, the automorphism is
an isomorphism from G to itself. The orbit of a node v ∈ V(G) under
the automorphism is said to have size φ if Pφ(v) = v. The node v is
called a fixed point of the automorphism if φ = 1.

Graph automorphisms will be used in Section 6.1 and Chapter 8.
Cvetcović et al., [26] show that a permutation matrix P = P(τA) is an
automorphism if and only if PAG(G) = AGP(G) holds. We extend
this result to the Laplacian matrix.

Lemma 3.10 w−→Let P be a permutation matrix and G a graph on n nodes
with the Laplacian L = DG −AG. P is an automorphism of G if and only if
PL = LP

Proof: The permutation matrix P is an automorphism if and only
if PA = AP holds. The matrix DG is diagonal, furthermore, if two
nodes vi, vj, i ∈ {1, . . . ,n} belong to the same orbit, they have the
same degree and (DG)ii = (DG)jj holds. Therefore, PDG = DGP.
Thus we obtain

LP = (DG−AG)P = DGP−AGP = PDG−PAG = P(DG−AG) = PL.

(3.24)

2

Biyikoglu et al., [13] study the behaviour of the eigenvectors of the
undirected graph Laplacian L under automorphisms. We will use the
following result.
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(a) G1.
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4
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(b) G2.

Figure 3.2: Graphs containing non-trivial equitable and almost equitable
partitions and automorphisms.

Lemma 3.11 (Biyikoglu et al., [13], Lemma 2.17)w←→ If v ∈ Cn is an eigen-
vector of L affording the eigenvalue λ ∈ R and P is an automorphism, then
Pv is also an eigenvector of L.

Example 3.12 The graph G1 in Figure 3.2a has seven non-trivial automor-
phisms of orbit size two. The corresponding permutation matrices are given
by

P1 =

(
0 1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

)
, P2 =

(
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 1 0

)
, P3 =

(
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0

)
(3.25)

and their products. The node v3 is a fixed point of all of them. The graph G2
in Figure 3.2b has three non-trivial automorphisms of orbit size two given
by P1, P2 and their products.

Weighting all edges of the above graphs with different weights would re-
sult in two graphs that have no non-trivial automorphisms.

3.7 almost equitable partitions of graphs

Almost equitable partitions of graphs are considered in Section 6.1
and Chapter 8. Let G = (V ,E,w). For k ∈ {1, . . . ,n}, the k-partition πk
of a graph G is a partition of its node set V . That is, πk := (V1, . . . ,Vk),
such that ∪ki=1Vi = V and Vi ∩ Vj = ∅ for i 6= j. The sets Vi are called
cells of the partition. The characteristic vector corresponding with a
cell Vi, for i = 1, . . . ,k, is a vector pi ∈ {0, 1}n, indexed with the node
set V , satisfying

(pi)j =

1 if vj ∈ Vi
0 otherwise.

(3.26)

The characteristic matrix of the partition is then the matrix Pchar:=

(p1 | p2 | . . . | pk) ∈ {0, 1}n×k. It holds that

PTcharPchar = diag (|Vi|) , (3.27)
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PcharP
T
char = diag

(
1|Vi|×|Vi|

)
. (3.28)

Remember that we denote the neighbourhood of a node vi ∈ V in
an undirected graph by N(vi). Let us denote the the restriction of this
neighbourhood to the cell Vj by Nj(vi) := N(vi)∩ Vj.

A k-partition of a weighted undirected graph G = (V ,E,w) is called
almost equitable if and only if for any pair i, j ∈ {1, . . . ,k}, where i 6= j
and for all v ∈ Vi the numbers

qij = qij(v) :=
∑

vl∈Nj(v)

w(vl, v), (3.29)

depend only on i and j.5

Almost equitable partitions were introduced by Cardoso et al., [21]
for unweighted and by Gerbaud, [36] for weighted graphs. The al-
most equitable partition of a digraph can be defined analogously by
using the in- and out-neighbourhoods of the nodes. However, we do
not formally do this here, as in this thesis we only consider almost
equitable partitions of weighted undirected graphs.

Each graph has at least two almost equitable partitions: the 1-
partition, where the whole graph is taken as one cell, and the n-
partition, where each node forms its own cell. The orbits of any group
of automorphisms of a graph always form an almost equitable parti-
tion. However, it is possible to construct graphs that have equitable
partitions but no non-trivial automorphisms.

The following lemmas relate graphs that have an almost equitable
partition to their Laplacian eigenvectors.

Lemma 3.13 (Gerbaud, [36], Proposition 4) w←→Let G be a weighted graph
and L(G) its Laplacian. For k ∈ {1, . . . ,n}, let πk = (V1, . . . ,Vk) be a
k-partition of V(G) with the characteristic matrix Pchar. The partition is
almost equitable, if and only if there is a k×kmatrix Lπk such that LPchar =

PcharLπk holds.

This is equivalent to saying that if vi, vj ∈ Vh, for a h ∈ {1, . . . ,k},
then (LPchar)i,: = (LPchar)j,:. The matrix Lπk is given by

Lπk = diag
(
1

|Vi|

)
PTcharLPchar. (3.30)

Lemma 3.14 (Gerbaud, [36], Corollary 5) w←→Let πk = (V1, . . . ,Vk) be an
almost equitable partition of G, let b ∈ Ck and λ 6= 0. Then

(Lπk − λI)b = 0k (3.31)

5 The name “almost equitable” stems from the fact that this is a relaxation of the more
widely known equitable partition, as defined for example in Godsil and Royle, [37].
A partition of the graph is equitable if it is almost equitable, and, additionally, (3.29)
also holds for i = j. Equitable partitions will not be used in this thesis.
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if and only if

(L− λI)Pcharb = 0n, (3.32)

where Lπk is the matrix defined in Lemma 3.13.

This implies that if G has an almost equitable k-partition and
v = Pcharb is an eigenvector of L corresponding with a non-zero eigen-
value, then v has at most k different entries. If two nodes i and j be-
long to the same node set, then the corresponding eigenvector entries
are equivalent.

Example 3.15 The graphs G1 and G2 in Figure 3.2a on page 26 both have
almost equitable 3-partitions given by V1 = {v1, v2}, V2 = {v3}, V3 =

{v4, v5}. Therefore, for both graphs,

Pchar =



1 0 0

1 0 0

0 1 0

0 0 1

0 0 1


and Lπ3 =

 1 −1 0

−2 4 −2

0 −1 1

 . (3.33)



4
C O N S E N S U S A L G O R I T H M

A general local synchronising algorithm1 is defined for a set of agents.
The agents broadcast some of their states along some communication
network. That is, at each time, an agent receives information from
its neighbours in the communication topology. This information is
then used by each agent to generate a local control input according
to some algorithm that utilises this information.

The control is distributed in the sense that no agent is assumed to
obtain the information from every other agent in the system. The ad-
vantages of local synchronising algorithms are obvious: The resources
are utilised efficiently, as each agent has to store less information in
its memory. They are furthermore robust, as only very weak condi-
tions must be imposed on the communication graph, which means
that the agents may synchronise even despite link failure in the com-
munication network. Algorithms that achieve synchronisation among
the agents are usually called consensus algorithms.

In this chapter we lay the theoretical foundation for the thesis. First,
the single integrator consensus algorithm is presented in Section 4.1,
followed by the double integrator consensus algorithm in Section 4.2.
We define consensus stability and asymptotic consensus stability of
double integrator consensus systems in Section 4.2.1. Thereafter, we
give formal definition of homogeneous and heterogeneous communi-
cation topologies in Section 4.2.2. We then briefly review the possible
setups of the double integrator consensus algorithm and the available
results. We consider the double integrator consensus in homogeneous
networks and in the absence of certain measurements. Finally we ar-
rive at the double integrator consensus algorithm in heterogeneous
networks, which is the main object of the thesis.

After the theoretical overview, Section 4.3 provides some examples
of double integrator consensus systems. The formation flight of quad-
copters, a power system and a multi-agent supporting system for
buildings are considered. With these examples, it becomes apparent

1 Note that we avoid using the popular term “averaging algorithm“ here, because this
would imply that the only equilibrium of the system obeying the algorithm is the
average of its initial states. This can in fact be achieved for some communication
networks, however it will not be the general case.

29
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that the assumptions made in the Section 4.2 hold for a wide range
of real-life applications.

Graphs were introduced in Chapter 3. The communication topol-
ogy between the n agents can be described by a graph G = (V ,E) or
a weighted graph G = (V ,E,w) on n nodes. Each agent i is identi-
fied with a node vi. If agent i obtains information from some agent
j, there is an edge vj → vi in the corresponding graph, see Chapter 3

for details on graph theory. We use communication topology, network
and graph interchangingly hereafter, and, for better readability, some-
times use graph-theoretic terms when discussing the agent network.
For example we will speak of the neighbourhood of the agent, and
not of the node that represents the agent. The terms consensus sys-
tem, protocol and algorithm are also used interchangingly.

4.1 single integrator consensus algorithm

The considered networked multi-agent system is comprised of n indi-
vidual linear systems with single integrator dynamics that evolve in
a one-dimensional space and are coupled via a communication net-
work. The agents transmit their states to their neighbours in the net-
work and use their neighbours’ states to generate their own control
input. It is a standard assumption in the literature, cf. Ren and Beard,
[84], Bullo et al., [18], Ren and Cao, [85] and Mesbahi and Egerstedt,
[64], that the individual agent’s dynamics can be linearised, resulting
in n one-dimensional system equations, given by

ẋi(t) = ui(t),

xi(0) = xi,0,
(4.1)

where
· i = 1, . . . ,n denotes the agent,
· xi,0 ∈ R are the initial conditions,
· xi : R+ → R is the i-th agent’s state, and
· ui : R+ → R is the corresponding control input.

Agents that can be modeled in this fashion are, for example, wire-
less sensors and oscillators, cf. Olfati-Saber et al., [74] and references
therein. The individual agents are coupled via the control input, i.e.

ui(t) = f(x1(t), . . . , xn(t)) (4.2)

for some function f : Rn → R.
Following Ren and Beard, [84], the control input in equation (4.2)

can be chosen as the single integrator consensus algorithm

ui(x1(t), . . . , xn(t)) = −
∑
j∈Ni

aij(xi(t) − xj(t)), (4.3)

where
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· Ni denotes the in-neighbourhood of the agent i, i.e. the agents
that agent i can receive state information from and

· aij ∈ R+ \ {0} are weights assigned to different communication
channels.

Starting in the 1960s, consensus-type algorithms have been studied
systematically in different areas of science. In the context of man-
agement science and statistics, Eisenberg and Gale, [32], Norvig, [70],
Winkler, [103] and DeGroot, [28] are notable publications. In social sci-
ences, Aschinger, [6], [7] used the algorithm (4.3) in order to model
opinion dynamics in social networks. A further related area is the
study of the behaviour of Markov chains (Hartfiel, [46]). Consensus
was also studied in the setting of clock synchronisation (Schenato and
Gamba, [89]) and sensor data fusion (Luo and Kay, [60], Olfati-Saber
and Shamma, [73]). In the context of distributed computing and sim-
ulation of flocking behaviour consensus algorithms were considered
for example by Reynolds, [87], Bertsekas and Tsitsiklis, [9] and Vicsek
et al., [98].

The term ”consensus“, however, was not widely established until
the last decade, when the initial work by Borkar and Varaiya, [16],
Papadimitriou and Tsitsiklis, [75], Reynolds, [87] and Vicsek et al.,
[98] was picked up by Jadbabaie et al., [50]. The book by Ren and
Beard, [84] provides a good manual on consensus algorithms and can
be considered a standard reference along with the papers by Olfati-
Saber et al., [74] and Ren et al., [86]. More recent manuals are the
books by Ren and Cao, [85] and Mesbahi and Egerstedt, [64].

The communication network along which information is transmit-
ted among the agents, is described by the graph G = (V ,E,w) in-
troduced in Chapter 3. The node set V is identified with the agents,
i.e. vi ∈ V means that agent i is part of the communication network.
The edge set describes the information flow between the agents, i.e.
vi → vj ∈ E means that agent i can send information to agent j. The
weight function w assigns a positive weight to each communication
channel.

Writing x = (x1, . . . , xn)T and using the algorithm (4.3), we can
restate the system (4.2) in matrix form as

ẋ(t) = −L(G)x(t),

x(0) = x0,
(S1)

where L is the n× n Laplacian matrix associated with the communi-
cation topology G between the agents. The weight function w of G is
given by

w(vi, vj) =

aij if vj ∈ Ni

0 otherwise.
(4.4)
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Thus, in general, L is the Laplacian of a weighted graph.

In order to discuss properties of (S1) we first need to introduce an
appropriate stability definition in the next section.

4.1.1 Stability Definitions

We say that the single integrator consensus system (S1) achieves con-
sensus if, as t → ∞, the states of the agents equalise. Formally, we
introduce the following definition.

Definition 4.1 (asymptotic consensus stability of single integrator
consensus algorithms; consensus equilibrium) System (S1) is asymp-
totically consensus stable, if for all x0 ∈ Rn,

lim
t→∞ ‖xi(t) − xj(t)‖ = 0 holds for all i, j = 1, . . . ,n. (4.5)

If system (S1) is asymptotically consensus stable, then its consensus equilib-
rium is given by xc = limt→∞ x1(t) = . . . = limt→∞ xn(t).

As we will see in the following, the obtained consensus equilib-
rium depends both on the initial conditions of the system (S1) and
the interconnection structure between the agents. The equilibrium is
called average consensus if it is the average over the initial states of
all agents. We use the following definition.

Definition 4.2 (average consensus) System (S1) is said to achieve aver-
age consensus, if it holds that

lim
t→∞ x1(t) = . . . = lim

t→∞ xn(t) = 1

n

n∑
i=1

xi(0). (4.6)

That is, an asymptotically consensus stable single integrator con-
sensus system (S1) may, but does not have to, achieve average con-
sensus. This wil also become apparent in the results presented in the
next section.

4.1.2 Results on Stability of Single Integrator Consensus Systems

The following key results on single integrator consensus in continu-
ous time have been collected by Ren and Beard, [84] and Mesbahi
and Egerstedt, [64], which we restate here using our terminology. We
list them here in order to be able to compare the behaviour of single
and double integrator consensus algorithms in Section 4.2. Remember
that w−→ and w←→ in the margins indicate whether the result holds for
directed or undirected weighted graphs. Not all of the following re-
sults are stated for weighted graphs in the cited references. However,
the corresponding extension is trivial.
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Lemma 4.3 (Ren and Beard, [84] Corollary 2.9) w←→Let G be a weighted
undirected graph. System (S1) is asymptotically consensus stable if and only
if G is connected.

Lemma 4.4 (Ren and Beard, [84] Theorem 2.8) w−→Let G be a weighted
directed graph. System (S1) is asymptotically consensus stable if and only if
G consists of one reach. The trajectory generated by system (S1), initialised
from x0, satisfies

lim
t→∞ x(t) = (v0w

T
0 )x0, (4.7)

where v0 and w0 are, respectively, the right and left eigenvectors associated
with the zero eigenvalue of L(G), normalised such that vT0w0 = 1.

Lemma 4.5 (Ren and Beard, [84] Corollary 2.9) w−→Let G be a weighted
digraph. System (S1) reaches average consensus for every initial condition if
and only if G is strongly connected and weight-balanced.

Lemma 4.6 (Mesbahi and Egerstedt, [64] Theorem 3.4) w←→Let G be a
weighted connected undirected graph. Then system (S1) is asymptotically
consensus stable with a convergence rate that is equivalent to the smallest
non-zero eigenvalue of L.

These results show that consensus stability of agents with single in-
tegrator dynamics, as well as the achieved consensus value, depend
only on the connectivity of the underlying communication network
and the initial conditions of the system. In fact, one of the most im-
portant contributions of Jadbabaie et al., [50], was to connect alge-
braic graph theory with the study of interconnected networks, while
the contribution of Olfati-Saber et al., [74] was to present a system-
atic framework to analyse the first-order consensus algorithm. The
study of consensus algorithms has since been an active research area
within the control community. So far, it has been extended to digraphs
(Beard and Stepanyan, [8], Olfati-Saber and Murray, [72], Moreau,
[67], Fang et al., [33], Ren et al., [86], Arcak, [4]), dynamic commu-
nication topologies (Tanner et al., [94], Olfati-Saber and Murray, [72],
Olfati-Saber, [71], Tanner et al., [95]), asynchronous protocols (Hatano
and Mesbahi, [47], Blondel et al., [15], Cao et al., [20], Hespanha et al.,
[48]), and quantisation effects and delays (Nedic et al., [69], Nedic
and Ozdaglar, [68], You and Xie, [107]) among other topics.

4.2 double integrator consensus algorithm

Taking into account that many applications cannot be modeled by
first-order ordinary differential equations (ODE), it is natural to ex-
tend the consensus algorithm (S1) to systems with higher order dy-
namics. One particular class of systems are those that can be de-
scribed by second order ODEs, some examples of which will be given



34 consensus algorithm

in Section 4.3. Thus, in this thesis we consider a networked multi-
agent system that is comprised of n individual linear systems that
evolve in a two-dimensional space. Their dynamics satisfy (cf. Ren
and Beard, [84], Ren and Cao, [85], and references therein)

ẍi(t) = ui(t),

xi(0) = xi,0, ẋi(0) = ẋi,0,
(4.8)

where

· i = 1, . . . ,n denotes the agent,

· xi,0 ∈ R and ẋi,0 ∈ R are the initial conditions,

· xi : R+ → R is the i-th agent’s position,

· ẋi : R+ → R is the i-th agent’s velocity,

· ui : R+ → R is the corresponding control input.

Note that, in general, ẋ and x do not necessarily represent velocity
and position. Their physical meaning depends on the considered sys-
tem. As ẋ is the derivative of x, they can be called the value and the
rate of change of the system. It is, however, customary to name them
position and velocity, a nomenclature which we here adopt. The sys-
tems that can be modeled in this fashion are, of course, in no way lim-
ited to systems describing spatial motion, for example, in Section 4.3,
we consider power systems. Therein, x denotes the phase angle of
an inverter and ẋ its frequency. Note that the models of a large class
of systems can be feedback linearised as (4.8), such as mobile robots,
quadcopters, power grids, cf. Section 4.3, as well as Bullo et al., [18]
and references therein.

The individual agents (4.8) are coupled via a communication net-
work. The agents transmit their positions and velocities to their neigh-
bours in the network and use their neighbours’ information to gener-
ate their own control input, given by

ui(t) = f(x1(t), . . . , xn(t), ẋ1(t), . . . , ẋn(t)) (4.9)

for some function f : R2n → R.

Under the assumption that some absolute position, velocity, or po-
sition and velocity measurements are available to the agents, a con-
sensus algorithm for agents with double integrator dynamics was
suggested by Ren and Atkins, [83] as

ui(x1(t), . . . , xn(t), ẋ1(t), . . . , ẋn(t)) =

−
∑
j∈Nxi

aij(xi(t) − xj(t)) −β
∑
j∈Nẋi

bij(ẋi(t) − ẋj(t)),

(4.10)

where
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· Nxi denotes the set of agents that agent i can obtain position
information from,

· Nẋi is the set of agents that agent i can obtain velocity information
from,

· aij and bij are positive weights that the position respectively
velocity communication channels are weighted with, and

· β is a positive constant.

Let Gx= (V ,Ex,wx) denote the position graph, i.e. the graph that
models the communication network along which the agents exchange
their position information. Analogously, let Gẋ= (V ,Eẋ,wẋ) be the
velocity graph. The weight functions wx : V × V → R+ and wẋ :

V × V → R+ are given by

wx(vi, vj) =

aij, if vj ∈ Nxi ,

0, otherwise,
(4.11a)

wẋ(vi, vj) =

bij, if vj ∈ Nẋi ,

0, otherwise.
(4.11b)

Let Lx be the Laplacian matrix of the position graph and Lẋ the Lapla-
cian matrix of the velocity graph. Then, writing x := (x1, . . . , xn)T , we
can restate equations (4.8) and (4.10) in matrix form as

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0.
(S2)

System (S2) is a natural extension of the single integrator consensus
system (S1) on page 31 for agents with double integrator dynamics.
It is therefore an intuitive assumption that the properties of system
(S1) are inherited by system (S2). While this is partially true, the be-
haviour of system (S2) is much less straightforward to determine than
that of system (S1). One of the main goals of the present work is to
uncover some of the intricate dependencies between the communica-
tion topologies and the convergence properties of the consensus algo-
rithm. In order to compare the two systems, we first need to define
stability of double integrator consensus systems.

4.2.1 Stability Definitions

We define stability of system (S2) in the following manner.

Definition 4.7 (consensus stability of double integrator consensus
systems) System (S2) is consensus stable, if for all x0, ẋ0 ∈ Rn

lim
t→∞ ‖ẋi(t) − ẋj(t)‖ = 0 holds for all i, j = 1, . . . ,n. (4.12)
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We sometimes say that the system achieves velocity consensus. If
ẋi(t) is bounded for all i = 1, . . . ,n, then we speak of bounded veloc-
ity consensus. Note that system (S2) being consensus stable implies
that for all i, j = 1, . . . ,n and all initial conditions ẋ0, x0, it holds that
limt→∞ ‖xi(t) − xj(t)‖ = cij for some constants cij ∈ R.

Definition 4.8 (asymptotic consensus stability of double integrator
consensus systems) System (S2) is asymptotically consensus stable, if for
all x0, ẋ0 ∈ Rn

lim
t→∞ ‖xi(t) − xj(t)‖ = 0 holds for all i, j = 1, . . . ,n. (4.13)

If a system is asymptotically consensus stable, we sometimes say
that it achieves position consensus. Note that if the double integrator
consensus system is asymptotically consensus stable, then, due to the
fact that it is linear, it is also consensus stable.2 The converse does not
necessarily hold.

Due to the interdisciplinary nature and the relative youth of the
networked systems field, no widely-acknowledged, uniform defini-
tion of stability of networked systems has emerged so far. Ren and
Beard, [84] say that a system achieves consensus if it satisfies Defini-
tion 4.8. Mesbahi and Egerstedt, [64] as well as Bullo et al., [18] define
an agreement subspace, which is identical to the condition in Defini-
tion 4.8 and say that an algorithm may or may not drive the system
to the agreement subspace. The terms consensusability, see, e.g. You
and Xie, [107] and consensusalisability, see, e.g. Xi et al., [104] have
further appeared in recent publications, and are usually equivalent or
comparable to Definition 4.8. All these definitions have in common
that they require the final positions of the agents to be synchronised.
In Cai et al., [19], a stability concept similar to consensus stability is
developed for agents with non-negligible single integrator dynamics
and non-decouplable states.

Consensus of the velocities is not generally considered in litera-
ture. Therefore, many authors use a definition analogous to asymp-
totic consensus stability and refer to the described behaviour simply
as “achieving second-order consensus”, see, for example, Ren and
Atkins, [83], Yu et al., [109]. Definition 4.7 is not usually encoun-
tered in the literature. It is introduced in this thesis in order to better
describe the behaviour of agents with double integrator dynamics,
where, as we will show in Section 5.3, the agents might never fully
synchronise but still evolve on a common manifold.

One particular property of a consensus equilibrium is its depen-
dence on the initial states of the system. It is useful to define average
consensus in analogy with the single integrator average consensus.

2 Note that for non-linear systems it is possible to find examples where the position
differences converge to zero but the velocity differences do not.



4.2 double integrator consensus algorithm 37

Definition 4.9 (average consensus) System (S2) is said to achieve aver-
age position consensus, if it holds that

lim
t→∞ x1(t) = . . . = lim

t→∞ xn(t) = 1

n

n∑
i=1

xi(0). (4.14)

Additionally we say that the system achieves average velocity consensus if

lim
t→∞ ẋ1(t) = . . . = lim

t→∞ ẋn(t) = 1

n

n∑
i=1

ẋi(0). (4.15)

4.2.2 Homo- and Heterogeneous Communication Networks

System (S2) has received less attention in the literature than the single
integrator consensus algorithm. The existing research on double inte-
grator consensus algorithms can be subdivided in two thematic areas.
One operates on the assumption that Gx = Gẋ ([113], [58], [114], [99],
[105], [108], [35]), while the other one assumes that there is no com-
munication of velocity information, i.e. β = 0 ([82], [91], [27], [111]).
As the relationship between the position and the velocity graph will
play an important role throughout this thesis, we introduce the fol-
lowing definition.

Definition 4.10 (Homo- and heterogeneous communication topolo-
gies) The communication topology between the agents is called homoge-
neous if Lx = Lẋ holds in system (S2). It is called heterogeneous otherwise.

If a network is homogeneous, it means that if an agent trans-
mits its position information it also transmits its velocity information
and vice-versa. Furthermore, both information are weighted with the
same weight, with the exception of the scaling factor β that acts on
all velocity information simultaneously. This is the assumption usu-
ally adopted in the literature, and it models the reality sufficiently
well for a large number of systems. It fails however in cases when the
networked system consists of agents equipped with different sensors
and not all agents can measure both their velocity and position, or
in cases where some of the sensors break down. Furthermore, even
if all agents can measure both their position and velocity, it is not
guaranteed that both pieces of information arrive at their neighbours
due to unreliability of communication. Additionally, homogeneity im-
plies that both position and velocity information are weighted with
the same weights, i.e. aij = bij must hold for all i, j = 1, . . . ,n in
(4.10), which unnecessarily limits the system.

4.2.2.1 Second Order Consensus in Homogeneous Networks

The behaviour of agents comprising system (S2) on page 35 in
homogeneous networks was first studied by Ren and Atkins [83].
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The assumption that the communication networks are homogeneous
severely simplifies the analysis. In particular, they obtain the follow-
ing result, restated here in our notation and terminology.

Lemma 4.11 (Ren and Atkins, [83], Theorem IV.1)−→ Let Gx = Gẋ, β =

1 in system (S2). The system is asymptotically consensus stable only if the
communication graph consists of one reach.

Remember, that communication graph consisting of one reach is
a necessary and sufficient condition for the unweighted single in-
tegrator consensus system to be stable. Here we can already see
that the extension from single to double integrator dynamics is non-
trivial, and the problem is more complicated and challenging than
the first-order case. Yu et al., [110] mention that in fact a consensus
stable system with homogeneous communication topologies might
no longer achieve consensus if one further edge is added between the
agents. This is inconsistent with the intuition that more communica-
tion should lead to faster agreement, as is indeed the case with single
integrator agents.

Yu et al., [109] give a necessary and sufficient condition for sys-
tem (S2) to be asymptotically consensus stable if the communication
topology is homogeneous and weighted.

Lemma 4.12 (Yu et al., [109], Theorem 1)w−→ Let Gx = Gẋ be a weighted
digraph and let L be the Laplacian matrix describing the homogeneous com-
munication network. System (S2) on page 35 is asymptotically consensus
stable if and only if the communication graph consists of one reach and

β2 > max
i=2,...,n

(im(λi))
2

re(λi)|λi|2
, (4.16)

where λi, for all i = 2, . . . ,n are the non-zero eigenvalues of L.

Zhu et al., [114] introduce an additional feedback and gains to the
algorithm (4.10), obtaining the protocol

ui(t) = −γxi(t)−δẋi(t)−α
∑
j∈Ni

(xi(t)−xj(t))−β
∑
j∈Ni

(ẋi(t)− ẋj(t)),

(4.17)

for i = 1, . . . ,n, where Ni denotes the set of agents that agent i can ob-
tain information from. The additional gains α, γ, δ ∈ R+ \ {0} can be
adjusted, such that the system becomes consensus stable. Zhu, [113]
studies the consensus rate of the same generalised consensus algo-
rithm, and shows that it is commonly determined by the largest and
the smallest non-zero eigenvalues of the Laplacan matrix. Li et al.,
[58] further investigate the protocol of Zhu et al., and study its con-
vergence properties and the final states of the agents.
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Wen et al., [99] study the algorithm under communication con-
straints. Here, the network is assumed to be homogeneous and non-
switching. However, it is available only at disconnected time intervals.
The authors give a sufficient condition for consensus using a Lya-
punov approach. An extension of the available results to networks
operating in discrete time can be found in Xie and Wang, [105]. The
influence of communication delays on the convergence of the algo-
rithm is considered in Yu et al., [108] and the maximal delay that
does not destabilise a stable network is given by the authors. Switch-
ing systems are considered in Gao et al., [35].

4.2.2.2 Second Order Consensus Without Velocity Measurements

Apart from homogeneous communicatoin topologies, another popu-
lar assumption is to assume that there is no communication of ve-
locities between the agents. Depending on the approach, the agents
may or may not have access to their own velocity measurements. If
the graph Gẋ has no edges, then system (S2) on page 35 is not con-
sensus stable, as we will formally follow from Chapter 7. Therefore
other methods are needed to ensure consensus stability. In fact, the
resulting problem is no longer to prove convergence of the existing al-
gorithm, but to design an algorithm that overcomes the shortcomings
of the present one. Some solutions so far have involved data sampling
or introducing delays in information exchange, cf. Ren, [82], Seuret
et al., [91], de Campos and Seuret, [27], Yu et al., [111].

4.2.2.3 Second Order Consensus In Heterogeneous Networks

While the assumption that velocity information is not available to any
agent may be applicable to a number of physical systems, it is not
generally true. On the other hand, the condition that the communica-
tion topology is the same for both velocity and position information,
i.e. that Gx = Gẋ is restrictive in that it only considers agents that
have both measurements available to them. In fact, agents that mea-
sure and communicate only velocity or only position are likely to be
cheaper both in terms of hardware and communication costs. Further-
more, even if the initial communication networks were identical for
both velocity and position, information loss and sensor breakdown
may create a heterogeneity. Will the networked system (S2) on page
35 be (asymptotically) consensus stable if the communication net-
works are heterogeneous, and possibly partially disconnected? The
assumption that the communication topologies are heterogeneous
and weighted is a straightforward extension of the unweighted ho-
mogeneous case. Therefore, the results for homogeneous networks
will appear as special cases in our results in the following chapters.

To the best of our knowledge heterogeneous networks have only
been mentioned once in the literature prior to our work, namely in
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Ren, [82], where the case Lx 6= Lẋ is studied for the case that Lx and
Lẋ are connected, unweighted and undirected and the control input
is bounded and given by

u(t) = −

n∑
j=1

{
(Lx)ij tanh(Kx(xi(t) − xj(t)))

+(Lẋ)ij tanh(Kẋ(ẋi(t) − ẋj(t)))
}

.

(4.18)

Here, Kx, Kẋ are positive weights and tanh denotes the tangens hyp-
berbolicus. Using a Lyapunov function, the author obtains that if the
graphs are connected, the system is asymptotically consensus stable.
However, owing to the form of the Lyapunov function this result
bears little insight into the structure of the consensus algorithm. In
contrast, Chapter 5-7 relate consensus stability of the algorithm di-
rectly to the underlying graph structure.

The considered problem has, to the best of our knowledge, not
been formulated and studied prior to Goldin et al., [44] and Goldin
and Raisch, [42]. It has, however, since received further attention, cf.
Mallada and Tang, [62], Zhang et al., [112], Xue and Yao, [106].

4.3 examples

The following three examples illustrate the versatility of the double
integrator consensus algorithm in real-life applications and thus fur-
ther motivate their study in the present work.

4.3.1 Flocking and Formation Flight of Quadcopters

Quadcopters are multicopters that are lifted and propelled by four
rotors. They are popular unmanned aerial vehicles owing to their nu-
merous advantages over comparably scaled helicopters. In this exam-
ple we show how, under certain standard assumptions, a quadcopter
can be modeled as the double integrator system (4.8).

The position of the quadcopter is determined by the translational
position of its centre of mass in the inertial frame, described by p :=

(px,py,pz)T , and its rotations around the axes of the body frame,
described by the Euler angles ω(t) := (φ(t), θ(t),ψ(t))T which are
the rotations around the copter’s x (roll), y (pitch) and z (yaw) axis,
respectively. The rotations are performed according to the aerospace
conventions (yaw-pitch-roll, DIN9300).
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The rotation matrix R : R3 → R3×3 from body frame to inertial
frame is therefore given by

R(φ(t), θ(t),ψ(t)) :=

CψCθ CψSθSφ − SψCφ CψSθCφ + SψSφ

SψCθ SψSθSφ +CψCφ SψSθCφ −CψSφ

−Sθ CθSφ CθCφ


(4.19)

where Ca = cos(a),Sa = sin(a) for a ∈ R.

The total force F : R+ → R3 on the quadcopter is given by

F(t) := −Dbev(t) +−mgez +

4∑
j=1

(−Tj(t)R(t)eT ), (4.20)

where

· ev(t) is the body velocity direction in the inertial frame,

· ez is the vertical axis in the inertial frame,

· eT (t) is the thrust direction in the body frame (usually (0, 0, 1)T

as we ignore any deflection of the blade plane for simplicity, see
Huang et al., [49]),

· Db is the body drag coefficient, which is usually neglected,

· m is the vehicle mass,

· g is the gravitational constant, and

· Tj : R+ → R the thrust generated by rotor j, for j = 1, . . . , 4.

The total moment, again ignoring blade deflection, and, thus, also
the flapping momentum as well as the momentum from aerodynamic
drag, is given by

M(t) =

4∑
j=1

(Mj(t) + rj × (−Tj(t)R(t)eT )). (4.21)

Here,

· Mj : R+ → R, for j = 1, . . . , 4 is the reaction torque from rotor j
and

· rj denotes the vector from the center of mass to rotor j.

Furthermore × denotes the vector (or cross) product.

The translational and rotational dynamics of a rigid body can gener-
ally be described by the well-known Newton-Euler equations. More-
over, the acceleration and angular velocity of the body can be de-
scribed dependent on the force F and the momentum M that we have
just calculated in (4.20) and (4.21):

F(t) = mẍ(t)

M(t) = IBω̇(t) +ω(t)× (IBω(t)).
(4.22)
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Here, IB denotes the inertia matrix and x : R+ → R3 is the position of
the quadcopter in the inertial frame. In other words, combining (4.20)
and (4.21) with (4.22), the system is now modeled as

ẍ(t) = − 1
mDbev(t) +−gez +

1
m

∑4
j=1

(
− Tj(t)R(t)eT

)
,

IBω̇(t) +ω(t)× (IBω(t)) =
∑4
j=1

(
Mj(t) + rj × (−Tj(t)R(t)eT )

)
.

(4.23)

As in classical helicopter designs, the forces that control the trans-
lational movement of the vehicle are generated by the rotation of its
main thrust, cf. Leishman, [57]. Therefore, many control concepts
make use of a cascaded structure. In this setup, the translational
movement is modeled as a double integrator. The forces necessary for
the desired control of this translational movement are the desired ref-
erence for the inner control loop, controlling the rotation and thrust
of the vehicle. This is possible because the rotational dynamics are
very fast compared to the translational dynamics (e.g. Sa and Corke,
[88] give a rise time for the rotation of 0.4 seconds). If designing a
supervising control scheme for multiple vehicles, concentrating on
the position of each vehicle, it is therefore feasible to neglect the in-
ner loop and model the individual vehicles as possessing decoupled
double integrator dynamics given by

ẍi(t) = ui(t), i = 1, 2, 3, (4.24)

xi : R+ → R, ui : R+ → R. Then, if several quadcopters are intercon-
nected as a networked system, algorithm (4.10) can be used in order
for the copters to achieve consensus. The resulting networked system
is then given by (S2) on page 35.

4.3.2 Frequency Control of Power Systems

Electric power systems are a highly interesting class of large-scale
systems. They consist of a number of power generators, inverters,
power lines and loads that together form a complex dynamic system
that usually spans a large geographic area. Electrical energy is gen-
erated by power plants and transmitted over long distances to load
centres, that fulfill the demand of individual consumers. Traditionally,
the power is generated by a relatively small number of large nuclear,
thermal or hydro plants.

One of the main control objectives in power systems is frequency
stability, i.e. the maintaining of a synchronised frequency within the
network independently of events like a sudden loss in generation
or a sudden change in load. This problem can be treated as a net-
worked control problem. The electrical network is then understood
as a networked system modeled by a graph, where each node rep-
resents a generator or an inverter and the edges model the power
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lines. As long as there are no power line failures in the system it is a
reasonable assumption that for small deviations around the nominal
operation point the network graph is static, weighted, directed and
strongly connected.

Following Schiffer et al., [90], we consider a microgrid formed by
n inverters that are assumed to obey the linearised swing equation

miẍi(t) + diẋi(t) = −
∑
j∈Ni

kij(xi(t) − xj(t)) + pi, (4.25)

for i = 1, . . . n, where

· xi : R+ → R is the phase angle of inverter i,

· mi is the virtual inertia coefficient of inverter i,

· di is the virtual damping coefficient of inverter i, and

· pi is the power setpoint at inverter i.

Furthermore, the coefficients kij are given by

kij = |Vi||Vj|bij, i, j = 1, . . . ,n, (4.26)

where

· Vi is the voltage of inverter i, and

· bij is the susceptance of the line between j and i.

By defining

x := (x1, . . . , xn)T ,

Pg := (p1, . . . ,pn)T ,

Mg := diag (m1, . . . ,mn) ,

Dg := diag(d1, . . . ,dn),

(4.27)

we can restate equation (4.25) in state-space form as(
ẋ(t)

ẍ(t)

)
=

(
0n×n In

−M−1
g Lx −M−1

g Dg

)(
x(t)

ẋ(t)

)
+

(
0n

M−1
g Pg

)
. (4.28)

Here Lx is the Laplacian of the electric grid with entries (Lx)ij = −kij
for i 6= j.

With this model, the inverters will synchronise in frequency if sys-
tem (4.28) achieves velocity consensus. This system is different from
system (S2) on page 35 in that the Laplacian L is weighted by the in-
verse of the inertia matrix Mg, and M−1

g Dg is not a Laplacian matrix.
However, it still fits the more general assumption that the matrices
corresponding with the entries Lx and Lẋ in (S2) are different and
can be treated by the same methods.
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a building horizontal during
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(b) Schematic structure of a multi-
agent support system.

Figure 4.1: Multi-agent support systems, redrawn from [61].

4.3.3 Stabilisation of Buildings Via Multi-Agent Systems

Networked agents that can support large weights can be used in sta-
bilisation of buildings in earthquake areas. The agents are designed to
support the building and balance out terrain movements. Each agent
only obtains information from local measurements. The agents then
have to agree on a common equilibrium height that the building is
kept at.

Ma et al., [61] proposed a multi-agent supporting system (MASS)
that is essentially modeled by n agents, each of which is a one-
dimensional mechanical mass-spring-damper-system together with
an actuator that is assumed to have enough power and enough speed
to respond to the earthquake disturbance. The model of agent i, for
i = 1, . . . ,n, is given by

mMASSẍi(t) +DMASSẋi(t) + kMASSxi(t) = ui(t) + dMASS,i(t),

xi(0) = xi,0, ẋi(0) = ẋi,0,
(4.29)

where
· mMASS,DMASS, kMASS are the mass, damping and stiffness at each

agent, assumed to be the same for all agents,

· xi : R+ → R the agent’s absolute position,

· ui : R+ → R the output force of the actuator mounted at each
agent, and

· dMASS,i : R+ → R the unknown disturbance at each agent.

Here, xi and ẋi cannot be measured directly, but the difference of
position and/or velocity between neighbouring agents is measurable.
Ma et al. give a centralised solution for this problem. With the meth-
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ods of this thesis a decentralised solution can be offered. Introducing
distributed feedback leads to system

ẍ(t) = −MMASSẋ(t)−KMASSx(t)−Lẋẋ(t)−Lxx(t)+ D̃MASS(t), (4.30)

where
· MMASS := diag(DMASS/mMASS), KMASS := diag(kMASS/mMASS)

are n×n constant matrices,

· Lx, Lẋ are (possiby directed) Laplacian matrices, and

· D̃MASS := 1
mMASS

(dMASS,1, . . . ,dMASS,n)
T : R+ → Rn is the distur-

bance.

Ma et al. suggest a disturbance estimator for D̃MASS of system (4.30),
and claim that the actuator at each agent acts fast enough to respond
to the external disturbance and that the internal dynamics of the sys-
tem are stable. Therefore, when studying consensus stability of the
system, we can neglect the individual agent’s fast dynamics and con-
sider the double integrator consensus system

ẍ(t) = −Lẋẋ(t) − Lxx(t), x(0) = x0, ẋ(0) = ẋ0. (4.31)

This is precisely the double integrator consensus system (S2) studied
in this thesis.





5
C O N V E R G E N C E O F T H E D O U B L E I N T E G R AT O R
C O N S E N S U S A L G O R I T H M

In this chapter, we establish the necessary and sufficient conditions
for consensus stability and asymptotic consensus stability of system
(S2) on page 35, given by

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0,
(S2)

where Lx and Lẋ denote the Laplacian matrices of the position graph
Gx and the velocity graph Gẋ, respectively, and β > 0. System (S2)
can be written as a first-order system in a straightforward fashion:(

ẋ(t)

ẍ(t)

)
=

(
0n×n In

−Lx −βLẋ

)
︸ ︷︷ ︸

:=L

(
x(t)

ẋ(t)

)
,

(
x(0)

ẋ(0)

)
=

(
x0

ẋ0

)
.

(S3)

This system has no external inputs. Its behaviour is determined only
by the initial condition and the properties of the matrix L, which in
turn depend on the properties of the Laplacian matrices Lx and Lẋ
and on the value of the parameter β.

As system (S3) is linear, we know from Lemma A.4 on page 135 of
the appendix that it is asymptotically stable if and only if all eigen-
values of L have negative real parts. An analogous condition can be
derived for consensus stability. After obtaining some supporting re-
sults, it will be presented at the end of this chapter. First we observe
in Section 5.1 that the matrix L is the companion matrix of a quadratic
matrix polynomial. Using this connection, we derive the kernel of L
for both directed and undirected graphs in Section 5.2. We obtain
one of the main results of this thesis in Theorem 5.4, namely that the
nullspace of the matrix L is completely determined by the connectiv-
ity of the graphs Gx and Gẋ. With this result, necessary and sufficient
conditions for consensus stability and asymptotic consensus stability
of the system (S2) are given in Theorem 5.6 in Section 5.3.

47



48 convergence of the double integrator consensus algorithm

The graph theoretic definitions and results used throughout this
chapter are found in Chapter 3, the notation in Chapter 2 and linear
algebraic terms and lemmas in Appendix A.1. Classic control theory
notions and results are listed in Appendix A.2. Remember that to im-
prove readability, the signs w−→ and −→ as well as w←→ and←→ in the
margins indicate whether a result holds for (weighted or unweighted)
digraphs or only (weighted or unweighted) undirected graphs. Fur-
thermore, remember that when writing unweighted graphs, the ex-
plicit mention of the weight function is omitted, and G = (V ,E) is
written instead of G = (V ,E,w).

5.1 eigenvectors and eigenvalues of L

In this section, we use methods from the previous chapters, as well
as from matrix polynomial theory in order to establish some general
properties of the system matrix L. These results will then be used
to establish one of the main results of this thesis in Theorem 5.6 in
Section 5.3. In this section, we would like to obtain results that hold
for the most general case, i.e. the case of arbitrary digraphs. Thus,
the matrices Lx and Lẋ are the Laplacians of the corresponding com-
munication graphs Gx and Gẋ , that can be directed or undirected,
weighted or unweighted, and may consist of several connected com-
ponents or reaches.

First, we derive an analytic formulation of the eigenvalues and
eigenvectors of L. The matrix L is the companion matrix of the
quadratic matrix polynomial (QMP)

P(λ) = λ2I + λβLẋ + Lx , λ ∈ C , (5.1)

cf. Section A.1.6 on page 133 of the appendix. Thus, we can apply
methods for matrix polynomial theory. A good overview of the the-
ory is given in Tisseur and Meerbergen, [96], while a more in-depth
introduction is available in the book by Gohberg et al., [38].

In the special case that the graphs are undirected, the correspond-
ing Laplacian matrices are symmetric positive semi-definite, and
P(λ), given in (5.1), is a self-adjoint quadratic matrix polynomial. Self-
adjoint QMP with positive definite matrices as coefficients have been
thoroughly studied in literature due to their regular occurrence in
structural mechanics. Fewer results are available on QMP with more
general coefficients.

Bilir and Chicone, [12] extend the existing results to QMP with sym-
metric but semi-definite M-matrix1 coefficients. However, their result

1 A matrix A ∈ Rn×n is an M-matrix, if it is weakly diagonally dominant and all of
its off-diagonal elements are non-positive. An undirected graph Laplacian is an M-
matrix. An overview of properties of M-matrices as well as possible other definitions
can be found in Poole, [77].



5.1 eigenvectors and eigenvalues of L 49

does not cover the problem under consideration. Guo, [45] studies
the solution of the matrix equation

X2 − EX− F = 0n×n, (5.2)

where X is an n× n unknown matrix, E is diagonal n× n and F is
an n × n M-matrix. However, the system (S2) does not satisfy the
formulated conditions on the matrices E, F.

To the best of our knowledge, there are no other related results
that focus on matrix polynomials with M-matrix or symmetric semi-
definite coefficients. In fact, no research is available on quadratic ma-
trix polynomials with (possibly not symmetric) Laplacian matrices
as coefficients. Thus, the results in this section not only serve the
purpose of laying the foundation for Theorem 5.6, but are also an
extension of the existing theory to graph Laplacians. Apart from the
symmetric matrices arising from undirected graphs, we also study
the properties of a matrix polynomial with directed graph Laplacians
as coefficients. We show that in both cases, the kernel of L depends
only on the connectivity of the corresponding graphs.

As explained in Section A.1.6 on page 133 of the appendix, λ0 is an
eigenvalue of2 P(λ) if and only if det(P(λ0)) = 0. The corresponding
right eigenvectors v are vectors in Cn satisfying the equation

P(λ0)v = 0n. (5.3)

Analogously, the left eigenvectors w ∈ Cn satisfy the equation

wTP(λ0) = 0n. (5.4)

Since its companion matrix L is real, the eigenvalues of P(λ) are
either real or arise in complex conjugate pairs. Moreover, the corre-
sponding eigenvectors are real or complex conjugate pairs as well.
Let v ∈ Cn be a right eigenvector of P(λ). Multiplying equation (5.3)
by v∗ from the left we obtain

λ20v
∗v+ λ0βv

∗Lẋv+ v
∗Lxv = 0. (5.5)

This equation is quadratic and has two solutions, given by

λ1/2 =
−βv∗Lẋv±

√
β2(v∗Lẋv)2 − 4(v∗v)(v∗Lxv)

2v∗v
(5.6)

for any right eigenvector v. Clearly, the same applies if v∗P(λ) = 0n,
i.e., (5.6) can be obtained using the left eigenvectors of P(λ) as well.
Note that the convese does not hold. A pair (λ0, v0) that solves (5.6)
is not necessarily an eigenpair of P(λ).

The eigenvectors of the matrix L are related to those of the QMP
P(λ) in the following way.

2 Although technically we are dealing with a function λ→ P(λ), we use P(λ) to denote
the QMP. This is the common notation, see, for example, Gohberg et al., [38].
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Lemma 5.1 (Gohberg et al., [38])w−→ Let P(λ) be a quadratic matrix polyno-
mial and L =

(
0 I

−Lx −βLẋ

)
be the corresponding companion matrix with an

eigenvalue λ0 ∈ C. The following two statements are equivalent:

• P(λ0) has a right eigenvector v and left eigenvector w affording λ0.

• L has a right eigenvector (vT , λ0vT )T and left eigenvector (wT (λ0I+
βLẋ),wT )T affording λ0.

Proof: Suppose that (vT1 , vT2 )
T ∈ C2n is a right eigenvector of L. Then,

(
0 I

−Lx −βLẋ

)(
v1

v2

)
=

(
λ0v1

λ0v2

)
(5.7)

leads to the following set of equations

v2 = λ0v1, (5.8a)

−Lxv1 −βLẋv2 = λ0v2. (5.8b)

Therefore, it holds that

(λ20I+ λ0βLẋ + Lx)v1 = 0n. (5.9)

Thus, (vT1 , λ0vT1 )
T is a right eigenvector of L. Analogously, taking

(wT1 ,wT2 )
T ∈ Cn as a left eigenvector we obtain

(
wT1 wT2

)( 0 I

−Lx −βLẋ

)
=
(
λ0w

T
1 λ0w

T
2

)
. (5.10)

Analogously,

−wT2Lx = λ0w
T
1 , (5.11a)

wT1 −βw
T
2Lẋ = λ0w

T
2 , (5.11b)

and, therefore,

wT2 (λ
2
0I+ λ0βLẋ + Lx) = 0

T
n. (5.12)

This implies that w2 = w and wT1 = wT2 (λ0I+ βLẋ). This concludes
the proof. 2

In other words, if a vector (vT1 , vT2 )
T is a right eigenvector of L, the

vectors v1, v2 differ in length but not in direction.

5.2 zero eigenvalues and kernel of L

An analytic formulation of the kernel of L will be necessary to state
the convergence result in Theorem 5.6. First, we state the following
result, which is a special case of Lemma 5.1.
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Lemma 5.2 (Kernel of L) w−→Let L =
(

0 I
−Lx −βLẋ

)
be given by (S3) on page

47, where Lx is the Laplacian of the weighted digraphGx, Lẋ is the Laplacian
of the weighted digraph Gẋ and β > 0. Then, λ0 = 0 is an eigenvalue of L.
Furthermore, its geometric multiplicity is equal to the geometric multiplicity
of zero as an eigenvalue of Lx. All the corresponding right eigenvectors are
then given by (vT , 0Tn)T , and all the corresponding left eigenvectors are given
by (βwTLẋ,wT )T , where v is a right andw a left eigenvector of Lx affording
the eigenvalue zero.

Proof: Inserting λ0 = 0 in equation (5.7) leads to the eigenproblem(
0 I

−Lx −βLẋ

)(
v1

v2

)
=

(
0n

0n

)
. (5.13)

It follows directly that v2 = 0n and

Lxv1 = 0n (5.14)

must hold. If Lx has a zero eigenvalue with the algebraic multiplicity
k, then by Lemma 3.5 there are k linearly independent eigenvectors
vi, i = 1, . . . ,k, of Lx satisfying equation (5.14). Thus, there are k
linearly independent eigenvectors (vTi , 0Tn)T in the kernel of L and
the geometric multiplicities of zero as the eigenvalue of Lx and L

coincide.

The corresponding properties for the left eigenvectors can be de-
rived directly from Lemma 5.1 by inserting λ0 = 0 in equation (5.11).
2

Some of the eigenvectors obtained in Lemma 5.2 depend on the
shape of the corresponding graph Gx. There is, however, one right
eigenvector in the kernel of L that does not depend the form of the
communication graphs. The following result holds for all double in-
tegrator consensus systems of the form (S3).

Lemma 5.3 w−→Let L =
(

0 I
−Lx −βLẋ

)
be given by equation (S3) on page 47,

where Lx is the Laplacian of the weighted digraph Gx, Lẋ is the Laplacian
of the weighted digraph Gẋ and β > 0. Then λ0 = 0 is an eigenvalue of
L. Moreover, there exists a corresponding right Jordan chain of length two
given by(

1n

0n

)
,

(
0n

1n

)
(5.15)

and a corresponding left Jordan chain given by(
βLTẋp

p

)
,

(
βLTẋq+ p

q

)
. (5.16)

Here, p ∈ Rn satisfies pTLx = 0Tn and q ∈ Rn satisfies −qTLx = βpTLẋ.
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Proof: Every Laplacian matrix has a right eigenvector 1n affording
the zero eigenvalue. Thus, the first part of this lemma is a direct con-
sequence of Lemma 5.2.

Remember that a vector v1 ∈ Cn is a generalised eigenvector of a
matrix A ∈ Rn×n corresponding with the eigenvector v0 ∈ Cn and
the eigenvalue λ0 if and only if it satisfies

(A− λ0I)v1 = v0. (5.17)

The Jordan chain has length two if additionally there is no nonzero
vector v2 ∈ Cn that satisfies

(A− λ0I)v2 = v1. (5.18)

Analogously, w1 ∈ Cn is a left generalised eigenvector corresponding
with the left eigenvector w0 ∈ Cn, if it satisfies

wT1 (A− λ0I) = w
T
0 . (5.19)

The vector 1n is a right eigenvector of Lx, therefore, by Lemma
5.2, the vector (1Tn, 0Tn)T is a right eigenvector of L. As Lẋ is a Lapla-
cian matrix, Lẋ1n = 0n holds. Thus, we see directly that the vector
(0Tn, 1Tn)T satisfies(

0 I

−Lx −βLẋ

)(
0n

1n

)
=

(
1n

0n

)
. (5.20)

It follows that (0Tn, 1Tn)T is a generalised right eigenvector of L. Fur-
thermore, if this Jordan chain has a length greater than two, then(

0 I

− Lx −βLẋ

)(
w

u

)
=

(
0n

1n

)
(5.21)

must have a solution (w̃T , ũT )T ∈ C2n. Then, it must hold that ũ = 0n
and Lxw̃ = 1n. We have shown in Lemma 3.8 on page 24 that such
a w̃ does not exist. Therefore, the computed Jordan chain has exactly
length two.

For every right Jordan chain a corresponding left Jordan chain of
the same length must exist. Therefore, there is also a generalised left
eigenvector of L corresponding with one of its left eigenvectors3 that
is not orthogonal on (1Tn, 0Tn). From Lemma 5.2 we know that every
left eigenvector of L has the form (βpTLẋ,pT )T . Here, p ∈ Rn sat-
isfies pTLx = 0Tn. It follows by direct computation that the vector
(βqTLẋ + p

T ,qT ) satisfies(
qTβLẋ + p

T qT
)( 0 I

−Lx −βLẋ

)
=
(
βpTLẋ pT

)
, (5.22)

3 Following Lemma 5.2, the left eigenvector in the kernel of L is unique if Lx consists
of one reach. Otherwise, Lx has a left eigenvector corresponding to the right eigen-
vector 1Tn. The left eigenvector of L that corresponds to this left eigenvector of Lx is
chosen.
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where q satisfies

−qTLx = βpTLẋ. (5.23)

This concludes the proof. 2

We can now state the main result of this section.

Theorem 5.4 w−→Let L =
(

0 I
−Lx −βLẋ

)
be given by equation (S3) on page 47,

where Lx is the Laplacian of the weighted digraph Gx, Lẋ is the Laplacian of
the weighted digraph Gẋ and β > 0.

Zero is an eigenvalue of L with geometric multiplicity k, where k is the
number of reaches of Gx.

It has algebraic multiplicity (k+m),m > 1, if and only if G := Gx ∪Gẋ
has m reaches.

The corresponding Jordan chains have lengths two and one.

Proof: The proof of Theorem 5.4 has the following structure.

1. First, we show that zero is an eigenvalue of L with geometric
multiplicity k if and only if Gx has k reaches.

2. Then, we show that if Gx ∪Gẋ has m reaches, then the algebraic
multiplicity of zero is exactly k+m. We perform the following
steps.

a) First, we show that if Gx ∪Gẋ has m reaches, then the al-
gebraic multiplicity of zero is at least k +m. We do this
by directly computing the corresponding left generalised
eigenvectors.

b) Then, we show that the computed Jordan chains have ex-
actly length two.

c) Then, we show that if Gx has an additional reach, that is
not a reach of Gx ∪Gẋ, then there are no generalised eigen-
vectors corresponding to the eigenvectors. Together with
step 2b we can conclude that the algebraic multiplicity of
zero is exactly k+m.

3. Finally, we show that if the algebraic multiplicity of zero is k+
m only if Gx ∪Gẋ has m reaches.

Step 1. The Laplacian matrix Lx has a zero eigenvalue with k cor-
responding Jordan blocks if and only if the corresponding graph has
k reaches. Thus, the first part of this lemma is a direct consequence
of Lemma 5.2.

Step 2a. Suppose now that G = Gx ∪Gẋ has m > 1 reaches. Then,
clearly, Gx and Gẋ have at least m > 1 reaches. Without loss of gen-
erality, let m = 2 and let the reaches of G have exclusive parts of
size m1 and m2 and a common part of size c := n−m1 −m2. Then,
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assuming appropriate node numbering, the matrices Lx and Lẋ have
the form

Lx =

Lx11 0 0

0 Lx22 0

Lx31 Lx32 Lx33

 , Lẋ =

Lẋ11 0 0

0 Lẋ22 0

Lẋ31 Lẋ32 Lẋ33

 , (5.24)

where Lx11 ,Lẋ11 ∈ Rm1×m1 , Lx22 ,Lẋ22 ∈ Rm2×m2 , Lx33 ,Lẋ33 ∈ Rc×c

and the remaining blocks are dimensioned accordingly. Furthermore,
the matrix L has the form

L =



0 0 0 I 0 0

0 0 0 0 I 0

0 0 0 0 0 I

−Lx11 0 0 −βLẋ11 0 0

0 −Lx22 0 0 −βLẋ22 0

−Lx31 −Lx32 −Lx33 −βLẋ31 −βLẋ32 −βLẋ33


(5.25)

The matrices Lx11 and Lx22 are Laplacian matrices of the subgraphs
induced by the exclusive parts of the reaches of Gx ∪Gẋ. Therefore,
by Lemma 3.6, they each have a zero eigenvalue of geometric multi-
plicity at least one, with the corresponding non-negative left eigenvec-
tors p1 ∈ Rm1 and p2 ∈ Rm2 . For i = 1, 2, consider the subsystems
given by Li :=

(
0 I

−Lxii −βLẋii

)
. By Lemma 5.2, matrices Li have the

corresponding left eigenvectors (βpTi Lẋii ,p
T
i )
T affording the eigen-

value zero. By Lemma 5.2, the corresponding generalised eigenvec-
tors are given by (qTi βLẋii +p

T
i ,qTi )

T , where qi satisfies (5.23), namely
−qTi Lxii = βp

T
i Lẋii .

The matrices Li are submatrices of L. It can be checked by compu-
tation that the vectors(

pT1βLẋ11 , 0Tm2+c
, pT1 , 0Tm2+c

)T
and(

0Tm1
, pT2βLẋ22 , 0Tc , 0Tm1

, pT2 , 0Tc

)T (5.26)

lie in the left nullspace of L. They are, furthermore, linearly inde-
pendent by construction. The corresponding generalised eigenvectors
have to satisfy equation (5.19). They can also be constructed from the
generalised eigenvectors of the matrices L1 and L2. The generalised
left eigenvectors of L are given by(

qT1βLẋ11 + p
T
1 , 0Tm2+c

, qT1 , 0Tm2+c

)T
,(

0m1
, qT2βLẋ22 + p

T
2 , 0Tc , 0m1

, qT2 , 0Tc

)T
.

(5.27)

These two generalised eigenvectors are linearly independent. Thus,
two linearly independent generalised eigenvectors exist, i.e. the alge-
braic multiplicity of zero as an eigenvalue of L is at least k+ 2, where
2 is the number of reaches of Gx ∪Gẋ.
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Clearly, the above argumentation can be straightforwardly ex-
tended for m > 2.

Step 2b. We now show that the Jordan chains computed in the
previous step have exactly length two. In this step of the proof we
use the right eigenvectors and generalised eigenvectors of L, that we
now compute. Without loss of generality, we again assume that Gx ∪
Gẋ consists of two reaches. Following Lemma 5.3, a choice of right
eigenvectors of L corresponding to the zero eigenvalue is given by
(vT , 0Tn)T where v is an eigenvector of Lx affording the eigenvalue
zero. Therefore, v is a linear combination of the eigenvectors in the
kernel of Lx, that are given by (3.16). As Gx has at least two reaches,
v can be chosen as

v :=

 a11m1

a21m2

a1r1 + a2r2

 , (5.28)

where

· r1, r2 ∈ [0, 1]c (Note that as Gx may have further reaches, some
entries of r1 or r2 can be zero or one. This, however, has no
further impact on this part of the proof as r1 and r2 are never
used explicitly.),

· c is the size of the common part of the graph G = Gx ∪Gẋ,

· m1, m2 are the sizes of the excusive parts, and

· a1,a2 are constants in R.

The corresponding additional generalised right eigenvector of L

must satisfy equation (5.17). It can be verified by direct computation
that

0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I

−Lx11 0 0 −βLẋ11 0 0

0 −Lx22 0 0 −βLẋ22 0

−Lx31 −Lx32 −Lx33 −βLẋ31 −βLẋ32 −βLẋ33




a31m1
a41m2
ẑ3

a11m1
a21m2

a1r1+a2r2

=


a11m1
a21m2

a1r1+a2r2
0m1
0m2
0c


(5.29)

holds. Here, a3,a4 are constants in R and ẑ3 ∈ Rc is some vector that
we do not need to compute explicitly.

We will use this generalised eigenvector in order to show by contra-
diction that the Jordan chains of L have exactly length two. Without
loss of generality, let m = 2 again. Suppose the corresponding Jordan
chains are of at least length three. Then the equation


0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I

−Lx11 0 0 −βLẋ11 0 0

0 −Lx22 0 0 −βLẋ22 0

−Lx31 −Lx32 −Lx33 −βLẋ31 −βLẋ32 −βLẋ33


w1
w2
w3
u1
u2
u3

 =


a31m1
a41m2
ẑ3

a11m1
a21m2

a1r1+a2r2

 .
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(5.30)

must have a solution (ŵT1 , ŵT2 , ŵT3 , ûT1 , ûT2 , ûT3 )
T ∈ R2n. Here,

w1,u1, ŵ1, û1 ∈ Rm1 , w2,u2, ŵ2, û2 ∈ Rm2 and w3,u3, ŵ3, û3 ∈ Rc.
We obtain a set of six equations. From the first block row of (5.30) we
see that

û1 = a31m1
(5.31a)

holds. Inserting û1, the fourth block row then reads

− Lx11w1 −βa3Lẋ111m1
= a11m1

. (5.31b)

As Lẋ11 is a directed graph Laplacian, Lẋ111m1
= 0m1

holds, and
(5.31b) reduces to

− Lx11w1 = a11m1
, (5.31c)

which by Lemma 3.8 on page 24 has no solution. As before, this argu-
mentation can be straightforwardly extended to m > 2.

We have now shown that if G = Gx ∪ Gẋ consists of m reaches,
there are m Jordan chains of length exactly two corresponding to the
zero eigenvalue of L.

Step 2c. If Gx has a reach that is not a reach of Gx ∪ Gẋ, then
k > m holds. We now show that if k > m, the remaining (k −m)

Jordan chains have length one. Let Gx have a reach that is not a reach
in Gx ∪ Gẋ. Without loss of generality, suppose again that Gx has
two reaches, but Gx ∪Gẋ has one reach. Assuming appropriate node
numbering, Lx has the form

Lx =

Lx11 0 0

0 Lx22 0

Lx31 Lx32 Lx33

 , (5.32)

where Lx11 ∈ Rm1×m1 , Lx22 ∈ Rm2×m2 , Lx33 ∈ Rc×c, and the other
blocks are dimensioned accordingly. Let V be the node set of G and
denote the sets of nodes corresponding to the exclusive parts of the
two reaches and their common part as V1,V2,V3, respectively. As
there is no corresponding reach in G = Gx ∪Gẋ, there must be an
edge in Gẋ that goes either from a node from V \ V2 to V2 or from
V \V1 to V1. Therefore, the corresponding partitioning of Lẋ is given
by

Lẋ =

Lẋ11 Lẋ12 Lẋ13

Lẋ21 Lẋ22 Lẋ23

Lẋ31 Lẋ32 Lẋ33

 , (5.33)
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V3

V2

V ′
1

V1

Gx ∪Gẋ

V3

V ′
1

V1

Gx

Gẋ

V3

V2

V ′
1

V1

V2

(a) There is an edge in Gẋ from V3
to V ′1. The matrix Lẋ13

has a non-
zero entry.

Gẋ

V3

V2

V ′
1

V1

V2

Gx ∪Gẋ

V3

V2

V ′
1

V1

V3

V ′
1

V1

Gx

(b) There is an edge in Gẋ from V2
to V ′1. The matrix Lẋ12

has a non-
zero entry.

Figure 5.1: Illustration of Step 2c in the proof of Theorem 5.4. In both cases
Gx consists of two reaches but Gx ∪Gẋ is connected. V ′1 indicates
the iSCC of V1.

where at least one of the blocks Lẋ12 ,Lẋ13 ,Lẋ21 ,Lẋ23 is not identical to
zero. Therefore, the corresponding block Lẋ11 or Lẋ22 is not identical
to zero either. Remember that each reach of Gx has a corresponding
independent strongly connected component. If Gx ∪ Gẋ consists of
one reach, then there is an incoming edge in Gẋ either to a node in
the iSCC of the first reach or of the second reach of Lx. Let V ′1 denote
the iSCC of the first reach of Lx. Suppose that it has size m ′1.

Without loss of generality, we assume4 that there is an edge in Gẋ
from a node not in V1 to a node in V ′1. This assumption implies that
Lẋ12 or Lẋ13 has a non-zero entry in the corresponding row. It further-
more implies that Lẋ11 also has a non-zero entry in the corresponding
row and that the corresponding entry of the vector Lẋ111m1

is positive.
We denote this assumption by (∗). This is illustrated in Figure 5.1.

As before, we know that Lx has a right eigenvector vT :=

(a11
T
m1

,a21Tm2
,a1rT1 + a2r

T
2 ) affording the eigenvalue zero, where

· r1, r2 ∈ (0, 1)c are positive vectors that satisfy r1 + r2 = 1c,

· a1 6= a2 are real constants.

From Lemma 5.2 we know that the corresponding eigenvector of L

affording the zero eigenvalue is given by (vT , 0Tn)T . There are no Jor-

4 If this assumption is not true, then the same assumption must hold true for the iSCC
of the second reach. Then, the nodes in the graph can be renamed accordingly and
Assumption 1 holds anew.
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dan chains of length two corresponding with this eigenvector of L if
and only if the equation (5.17), that is(

0 I

−Lx −βLẋ

)(
w

u

)
=

(
v

0n

)
, (5.34)

has no solution ŵ, û. Here, u,w, û, ŵ ∈ Rn. It follows that û = v

must hold. The above equation simplifies to

Lx

w1w2
w3

 = −βLẋ

 a11m1

a21m2

a1r1 + a2r2

 , (5.35a)

where (wT1 ,wT2 ,wT3 )
T =: w is partitioned the same way as v. The

vector (wT1 ,wT2 ,wT3 )
T satisfies equation (5.35a) only if it satisfies its

first block row. After inserting the partitions (5.32) and (5.33), it is
given by

Lx11w1 = −β(a1Lẋ111m1
+ a2Lẋ121m2

+ Lẋ13(a1r1 + a2r2))

(5.35b)

We now use (∗) to show that if Gx ∪Gẋ consists of one reach, then
(5.35b) has no solution, which implies that (5.34) has no solution. This,
in turn, implies there is no generalised eigenvector of L correspond-
ing with the vector (vT , 0Tn)T if Gx ∪Gẋ consists of one reach.

First, we partition the matrix Lx11 according to its iSCC. Remember
that we denote the exclusive part of the corresponding reach by V1
and its iSCC by V ′1 and say that the reach consists of m1 nodes and
the iSCC of m ′1 nodes. Assuming appropriate node numbering, the
corresponding partitioning is given by

Lx11 =:

Lx111
Lx211

 , Lx111
=
(
Lx∗11 0m ′1×(m1−m

′
1)

)
, (5.36)

where
· Lx111 ∈ Rm

′
1×m ′ corresponds to V ′1,

· Lx∗11 ∈ Rm
′
1×m ′1 is the Laplacian of V ′1,

· Lx211 ∈ R(m1−m
′
1)×m1 describes the edges from V ′1 to the other

nodes in V1 and the remaining edges in V1 \ V ′1.
The corresponding partitioning of Lẋ11 and Lẋ13 is given by

Lẋ11 =:

Lẋ111
Lẋ211

 , Lẋ12 =:

Lẋ112
Lẋ212

 , Lẋ13 =:

Lẋ113
Lẋ213

 . (5.37)

We partition the unknown vector w1 accordingly, that is wT1 :=

(wT11 ,w
T
12
). Then, equation (5.35b) has a solution only if its first block

row, given by

Lx∗11w11 = −β
(
a1Lẋ111

1m1
+ a2Lẋ112

1m2
+ Lẋ113

(a1r1 + a2r2)
)

(5.38)
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has a solution.

As Lẋ is a Laplacian matrix, it has zero row-sums. Thus, it holds
that

Lẋ111
1m1

= −Lẋ112
1m2

− Lẋ113
1c. (5.39)

Using (5.39) we can replace Lẋ1111m1
in (5.38) to obtain

Lx∗11w11 = −β
(
(a2 − a1)Lẋ112

1m2
− a1Lẋ113

(1c − r1) + a2Lẋ113
r2

)
.

(5.40a)

Inserting r1 + r2 = 1c, (5.40a) becomes

Lx∗11w11 = −β
(
(a2 − a1)Lẋ112

1m2
+ (a2 − a1)Lẋ113

r2

)
. (5.40b)

Finally, we can simplify the above to

Lx∗11w11 = −β(a2 − a1)
(
Lẋ112

1m2
+ Lẋ113

r2

)
. (5.40c)

By (∗), at least one row of either Lẋ112 or Lẋ113 or both is not identically
zero. Furthermore, all entries in the two blocks are non-positive. As
all entries of r2 are positive, it follows that the vector Lẋ1121m2

+Lẋ113
r2

has only negative or zero entries, and at least one entry is strictly neg-
ative.

The matrix Lx∗11 on the left-hand side of (5.40c) is the Laplacian of
an iSCC. By Lemma 3.6 it has a positive left eigenvector u ∈ Rm

′
1 af-

fording the eigenvalue zero. Pre-multiplying (5.40c) by uT , we obtain

0 = −βuT
(
Lẋ112

1m2
+ Lẋ113

r2

)
(a2 − a1). (5.40d)

As a1 6= a2 by assumption, the right-hand side of this equation is
zero if and only if

0 = uT
(
Lẋ112

1m2
+ Lẋ113

r2

)
(5.40e)

holds. We have already established that the vector Lẋ1121m2
+ Lẋ113

r2
has only negative or zero entries, and at least one entry is strictly
negative. Therefore, premultiplying it with a positive vector will not
lead to a zero solution. Thus, the right-hand side of equation (5.40d)
is non-zero. As the multiplication with a vector only enlarges the
solution space, it follows that equation (5.38) has no solution. This, in
turn, proves that if Gx consists of two reaches but Gẋ ∪Gx consists of
one reach, then the corresponding Jordan chain of L has length one.

As before, the above argument can be straightforwardly extended
to m > 2. Therefore, if G = Gx ∪Gẋ has m connected components,
there are exactly m Jordan chains of length two corresponding to the
eigenvalue zero of L and all the other Jordan chains have length one.
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4 3

2 1

(a) Gx.

12

4 3

(b) Gẋ.

Figure 5.2: Example system.

Step 3. If L hasm Jordan chains of length two corresponding to the
zero eigenvalue, there are m pairs of vectors (v1,w1), . . . , (vm,wm)

satisfying, for all i = 1, . . . ,m,

Lxwi = −βLẋvi, (5.41)

with vi given by the set (3.16) on page 21. We have just shown that if
Gx ∪Gẋ has less than m reaches, then we cannot find m linearly in-
dependent solutions of the above equation. Therefore, it is necessary
that Gx ∪Gẋ consists of m reaches. This concludes the proof. 2

Example 5.5 Consider the system given by the graphs in Figure 5.2. The
reaches and iSCC of Gx are discussed in Example 3.1 on page 17. As Gx con-
sists of two reaches, it has two right eigenvectors corresponding to the zero
eigenvalue, given e.g. by (1, 1, 1, 1)T and (1, 1, 0, 23)

T . The two correspond-
ing left eigenvectors are given by (1, 0, 0, 0)T and (0, 0, 1, 0)T . Thus, L has
two right eigenvectors corresponding to the zero eigenvalue, given by u1 =

(1, 1, 1, 1, 0, 0, 0, 0)T , u3 = (1, 1, 0, 23 , 0, 0, 0, 0)T . As Gx ∪Gẋ consists of
one reach, there is one generalised eigenvector, u2 = (0, 0, 0, 0, 1, 1, 1, 1)T .
The corresponding left eigenvectors and generalised left eigenvector of
L are w1 = (0, 0, 0, 0, 1, 0, 0, 0)T , w2 = (1, 0, 0, 0, 0, 0, 0, 0)T , w3 =

(−β, 0,β, 0, 0, 0, 1, 0)T .

5.3 necessary and sufficient conditions for consensus

stability

Building on the previous results, we can give the main result of this
chapter. It contains necessary and sufficient conditions for consensus
stability and asymptotic consensus stability of algorithm (S2) on page
47 in directed and undirected networks.

Theorem 5.6w−→ Consider the double integrator consensus problem (S2) on
page 47 for n mobile agents, where L =

(
0 I

−Lx −βLẋ

)
, the matrices Lx, Lẋ

are n × n Laplacians of the weighted digraphs Gx, Gẋ and β > 0. The
system is

• consensus stable, if and only if
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– Gx ∪Gẋ consists of one reach, and
– all non-zero eigenvalues of L have a negative real part.

• asymptotically consensus stable, if and only if it is consensus stable
and additionally Gx consists of one reach.

Proof: The proof of Theorem 5.6 has the following structure.

1. First, we give the general equation that describes the behaviour
of the system (S2) for t→∞.

2. Then, we show that if Gx ∪ Gẋ consists of one reach, but Gx
consists of k reaches, and all non-zero eigenvalues of L have a
negative real part, then (S2) is consensus stable.

3. Then, we show that if the system is consensus stable and ad-
ditionally Gx consists of one reach, then (S2) is asymptotically
consensus stable.

4. Then, we show that (S2) is asymptotically consensus stable only
if it is consensus stable and Gx consists of one reach.

5. Finally, we show that (S2) is consensus stable only if Gx ∪Gẋ
consists of one reach and all non-zero eigenvalues of L have a
negative real part. In order to do this, we show the following.

a) We first show that if Gx ∪Gẋ does not consist of one reach,
then the system (S2) is not consensus stable.

b) We then show that if L has eigenvalues with a positive
real part or a purely imaginary eigenvalues pair, then the
system (S2) is not consensus stable.

Step 1. Let J denote the Jordan canonical form of L, cf. Section A.1.1
on page 129 of the appendix. The matrix J is obtained from

J := V−1LV =


wT1

...

wT2n

L
(
u1 . . . u2n

)
, (5.42)

where for i = 1, . . . , 2n,

· the vectors ui can be chosen among the right eigenvectors and
generalised eigenvectors of L,

· wi are left eigenvectors and generalised eigenvectors of L scaled
and allocated such that wTi ui = 1 holds.

From classic control theory, cf. Section A.2.1 on page 134 of the
appendix, we know that the solution of (S2) is given by(

x(t)

ẋ(t)

)
= eLt

(
x0

ẋ0

)
, (5.43)

where eLt, cf. Section A.1.2 of the appendix, satisfies

eLt = eVJV−1t = VeJtV−1. (5.44)
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We will now prove the theorem step by step by explicitly comput-
ing (5.43).

Step 2. Suppose that all non-zero eigenvalues of L have a negative
real part. Suppose that Gx ∪Gẋ consists of one reach, but Gx consists
of k reaches with exclusive parts of size k1, . . . ,kk and common part
of size c = n −

∑k
i=1 ki. By Theorem 5.4 on page 53 this implies

that L has a zero eigenvalue with algebraic multiplicity k + 1 and
geometric multiplicity k. We denote a basis for the right eigenspace of
Lx corresponding to the zero eigenvalue by v1, . . . , vk, and let them be
given by the basis (3.16) on page 21. By Lemma 5.2, the corresponding
eigenvectors and generalised eigenvector of L can be chosen as

u1 :=

(
1n

0n

)
,u2 :=

(
0n

1n

)
,u3 :=

(
v2

0n

)
, . . . ,uk+1 :=

(
vk

0n

)
. (5.45)

If all the non-zero eigenvalues of L have negative real part, then
the Jordan matrix has the form

J =

J02 0 0

0 J0 0

0 0 J�

 , (5.46)

where

J02 :=

(
0 1

0 0

)
(5.47)

is the block corresponding to the Jordan chain of length two and
J0 := 0(k−1)×(k−1) are the collected Jordan blocks corresponding to
the Jordan chains of length one affording the zero eigenvalue. J� are
the remaining Jordan blocks, containing eigenvalues with negative
real parts. Thus,

eLt = V

e
J02t 0 0

0 eJ0t 0

0 0 eJ�
t

V−1. (5.48)

holds. We know that

eJ�
t = blockdiag

(
eλitEi

)
, (5.49a)

where Ei, for i = k + 2, . . . , 2n, are given by (A.6) on page 131 of
the appendix. For t → ∞, the value of eJ�

t tends to zero, as Ei only
contains polynomial expressions of t. On the other hand, it holds that

eJ02t =

(
1 t

0 1

)
(5.49b)
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and

eJ0t = I(k−1). (5.49c)

Therefore, combining (5.49a)-(5.49c) with (5.42), we obtain for t→∞,

eLt →
(
u1 u2

)(1 t

0 1

)(
wT1

wT2

)
+ (u3 . . . uk+1)


wT3

...

wTk+1

 . (5.50)

Here and later in the text, the notation f(t)→ g(t), for two functions
f, g, denotes that f behaves like g for large t. Inserting ui = (vTi , 0Tn)T

(cf. (5.45), remember that (wi)j denotes the j-th entry of the vector
wi) in (5.50), we obtain

eLt→
(
1n ((w1)1 + t(w2)1) . . . 1n ((w1)2n + t(w2)2n)

1n(w2)1 . . . 1n(w2)2n

)
+

(
Avw

0n×2n

)
,

(5.51)

where Avw is the n × 2n matrix given by (remember that
v3, . . . , vk+1 ∈ Cn are right eigenvectors of Lx affording the zero
eigenvalue)

Avw =
(
v3 . . . vk+1

)
wT3

...

wTk+1

 . (5.52)

Thus, inserting (5.51) in (5.43) we obtain

lim
t→∞ ẋ(t) = 1n

n∑
i=1

((w2)i(x0)i + (w2)n+i(ẋ0)i) . (5.53)

Therefore, limt→∞(ẋi(t) − ẋj(t)) = 0 holds for all i, j = 1, . . . ,n. This
implies that limt→∞(xi(t) − xj(t)) = const for all i, j = 1, . . . ,n. Thus,
the system is consensus stable.

Step 3. We now show that if the system is consensus stable and ad-
ditionally Gx consists of one reach, the system (S2) is asymptotically
consensus stable.

First, note that the condition that Gx consists of one reach implies
that Gx ∪Gẋ consists of one reach. This in turn implies by Theorem
5.4 on page 53 that L has a zero eigenvalue with algebraic multiplicity
two and geometric multiplicity one. By Lemma 5.3 on page 51 the
corresponding right Jordan chain is given by

u1 :=

(
1n

0n

)
, u2 :=

(
0n

1n

)
. (5.54)
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The Jordan matrix now has the form

J :=

(
J02 0

0 J�

)
, (5.55)

where

J02 :=

(
0 1

0 0

)
(5.56)

is the Jordan block corresponding to the zero eigenvalue. Addition-
ally, J� are the remaining Jordan blocks containig eigenvalues with
negative real part. Thus,

eLt →
(
u1 u2

)(1 t

0 1

)(
wT1

wT2

)
=

(
1n 0n

0n 1n

)(
1 t

0 1

)(
wT1

wT2

)

=

(
1n ((w1)1 + t(w2)1) . . . 1n ((w1)2n + t(w2)2n)

1n(w2)1 . . . 1n(w2)2n

)
.

(5.57)

Hence, the limit for ẋ is again given by (5.53). Furthermore, as t→∞,

x(t)→ 1n

n∑
i=1

(((w1)i + t(w2)i)(x0)i + ((w1)n+i + t(w2)n+i)(ẋ0)i) .

(5.58)

That is, limt→∞(xi(t) − xj(t)) = 0 for all i, j = 1, . . . ,n. Thus, the
system is asymptotically consensus stable.

Step 4. The fact that system (S2) is asymptotically consensus stable,
only if it is consensus stable and additionally Gx consists of one reach
is trivially proven by the fact that if Gx consists of more than one
reach, then Jordan matrix has the form (5.46) and as t→∞,

x(t)→1n
∑n
i=1

(
((w1)i + t(w2)i)(x0)i + ((w1)n+i + t(w2)n+i)(ẋ0)i

)
+Avwx0,

(5.59)

where in general Avwx0 6= a1n for some a ∈ R. That is, no position
consensus is achieved and the system is not asymptotically consensus
stable.

Step 5. It remains to show that the system (S2) is consensus stable
only if all non-zero eigenvalues of L have a negative real part and
Gx ∪Gẋ consists of one reach. We will show that the system is not
consensus stable if Gx ∪Gẋ consists of more than one reach, L has
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eigenvalues with positive real parts, or if L has purely imaginary
eigenvalues.

Step 5a Assume first that Gx ∪ Gẋ consists of more than one
reach but all the non-zero eigenvalues of L have a negative real
part. Without loss of generality, suppose that Gx ∪ Gẋ consists of
two reaches with exclusive parts of size k1, k2 and common part
of size c = n− k1 − k2. Then, there are two Jordan blocks of the form
J02 =

(
0 1
0 0

)
, with the corresponding right eigenvectors u1 and u3

and generalised eigenvectors u2 and u4, given by

u1 :=

(
1n

0n

)
,u2 :=

(
0n

1n

)
,u3 :=


1k1

0k2

r1

0n

 ,u4 :=



1k1

0k2

ẑ

1k1

0k2

r1


, (5.60)

where

· r1 corresponds to the common part of the reach of Gx ∪Gẋ as
given in (3.16) on page 21,

· ẑ ∈ Rc is a vector, cf. equation (5.29) in the proof of Theorem 5.4.

We denote the corresponding left eigenvectors and generalised eigen-
vectors by w1, . . . ,w4 and assume that they are ordered and scaled
accordingly. Without loss of generality, we assume that Gx consists of
two reaches as well, so there are no further eigenvectors correspond-
ing to the zero eigenvalue. Then the Jordan matrix of L is given by

J :=

J02 0 0

0 J02 0

0 0 J�

 , (5.61)

and, therefore, for t→∞,

eLt →



1k1 t1k1 1k1 (t+ 1)1k1
1k2 t1k2 0k2 0k2

1c t1c r1 tr1 + ẑ

0k1 1k1 0k1 1k1

0k2 1k2 0k2 0k2

0c 1c 0c r1




wT1

wT2

wT3

wT4

 . (5.62)

Here, the first three block rows correspond to x and the last three
block rows to ẋ. Clearly, the final velocity value depends on whether
the agent belongs to the exclusive part of the first or the second reach,
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or to their common part. That is, the algorithm is not consensus sta-
ble.

Step 5b. Assume now that Gx ∪Gẋ consists of only one reach but
L has a 6 2n− 2 purely imaginary eigenvalues and b 6 2n− 2− a

eigenvalues with a positive real part.5 For i = 1, . . . ,a, we denote
the purely imaginary eigenvalues by iαi, with αi ∈ R and the corre-
sponding left and right eigenvectors by gi and hi ∈ C2n, respectively,
where hTi gi = 1 holds. For i = 1, . . . ,b, we denote the eigenvalues
of L that have a positive real part by γi + iδi, with γi, δi ∈ R and
γi > 0. The corresponding left and right eigenvectors are denoted pi,
qi ∈ C2n, respectively, where qTi pi = 1 holds.

For simplicity, suppose that all the eigenvalues of L that are purely
imaginary or have a positive real part are at least semi-simple. If one
pair of these eigenvalues is deficient, the argument does not change,
but the notation becomes more involved.

Eigenvectors and generalised eigenvectors of a matrix that afford
different eigenvalues are mutually orthogonal. Therefore, an eigen-
vector not affording zero must be orthogonal on (1Tn, 0Tn)T and on
(0Tn, 1Tn)T . Thus, for all i = 1, . . . ,a and j = 1, . . . ,b at least two of the
first n and the last n entries of hi and qj must be different. Therefore,
at least two rows of the matrices given by higTi and gjpTj are different.

We thus obtain for t→∞
eLt →

(
1n 0n

0n 1n

)(
1 t

0 1

)(
wT1

wT2

)
+

a∑
i=1

eiαithig
T
i +

b∑
i=1

e(γi+iδi)tqip
T
i .

(5.63)

Following the discussion from step 2, the system is consensus
stable only if the last n rows of the matrix

∑a
i=1 e

iαithig
T
i +∑b

i=1 e
(γi+iδi)tqip

T
i are identical for t→∞.

The blocks e(γi+δii)t grow exponentially with different speeds for
i = 1, . . . ,b. For the purely imaginary eigenvalues the equivalence
eαiit = cos(αit)+ i sin(αit) holds for i = 1, . . . ,a. Thus, they continue
to oscillate in time with different phases and amplitudes. It follows
that for t → ∞ at least two of the last n rows of eLt are different.
Therefore, there are at least two agents whose velocity grows differ-
ently in time for most initial conditions. Thus, for most initial condi-
tions, the position differences between all agents do not approach a
constant value. Hence, the system is not consensus stable. 2

Remark 5.7 Looking at the shape of the matrix Avw in equation (5.51),
we further see that if (S2) is consensus stable, then the agents within the
exclusive parts of the position graphs achieve position consensus.

5 Remember that if Gx ∪Gẋ consists of one reach, then zero is an eigenvalue of L with
algebraic multiplicity two.
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Figure 5.3: Random network on 30 nodes, Gx connected, position and veloc-
ity consensus.

Example 5.8 Figure 5.3 shows simulation results for a network of 30 nodes,
half of which can communicate both their position and velocity and the other
half only their position. Graph Gx is a random connected weighted digraph
and Gẋ is a subgraph of Gx that is obtained by deleting all the edges between
nodes that cannot communicate velocities. The initial velocities are chosen
from the interval (−50, 50). The network achieves position and velocity con-
sensus.

Example 5.9 For the system introduced in Example 5.5 on page 60,

eLt →



1 0 0 0 t 0 0 0

1 0 0 0 t 0 0 0

1 0 0 0 t 0 0 0

1 0 0 0 t 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 1 0 0 0


+



0 0 1 −1 0 0 1 0

0 0 1 −1 0 0 1 0

0 0 0 0 0 0 0 0

0 0 2
3 −23 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


.

(5.64)

Thus, limt→∞ ẋi(t) = ẋ1(0), for all i = 1, . . . , 5, but the final position val-
ues are different for the agents {1, 2}, {3} and {4}. Looking back at Figure 5.2
on page 60 this result is plausible, as ẋ1 is the only velocity value available
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to all the agents in the system, while different position values are available
to the nodes in the two reaches of Gx.



6
C O N S E N S U S O F U N D I R E C T E D H E T E R O G E N E O U S
N E T W O R K S

In Chapter 5 we have presented the necessary and sufficient condi-
tions for the double integrator consensus system (S2) on page 35,
given by

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0,
(S2)

to be (asymptotically) consensus stable. Here, Lx and Lẋ are Laplacian
matrices of the position and velocity communication graphs Gx and
Gẋ, respectively, and β > 0. These conditions are given in Theorem
5.6 on page 60 and depend on the eigenvalues of the matrix L =(

0 I
−Lx −βLẋ

)
. Almost all results that have been presented so far have

been given for weighted digraphs. Given that weighted undirected
graphs are a special case of digraphs, all results that hold for digraphs
also hold for undirected graphs.

As shown in Section 3.5.1, however, undirected graph Laplacians
are symmetric and, therefore, have a number of useful properties
that do not translate to general digraphs. These properties allow a
straightforward mathematical treatment of system (S2) which leads to
a concise result formulation. For this reason, in this chapter we study
the system (S2) in the special case that the communication topologies
Gx and Gẋ are weighted and undirected.

In Section 6.1 we show that if the networks are undirected, the
system matrix L has no eigenvalues with a positive real part. Fur-
thermore, we connect the existence of purely imaginary eigenvalues
to the controllability of a related system. Based on this result, the
necessary and sufficient conditions from Theorem 5.6 are simplified
for undirected networks in Section 6.2. It turns out that if the graphs
are undirected, the eigenvalues of the matrix L, and therefore the
consensus stability of the system (S2) is completely determined by
the structure of the graphs Gx and Gẋ. In Section 6.3 we further show
that if the communication topologies are undirected, every consensus
stable system achieves average velocity consensus. In Section 6.4 the
convergence rate of the system is examined based on the properties
of the graphs and on the gain β.

69
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The graph theoretic definitions and results used throughout this
chapter are found in Chapter 3, the notation in Chapter 2 and linear
algebraic terms and lemmas in Appendix A.1. Classic control theory
notions and results are listed in Appendix A.2. Remember that to im-
prove readability, the signs w−→ and−→, as well as w←→ and←→ in the
margins indicate whether a result holds for (weighted or unweighted)
digraphs or only (weighted or unweighted) undirected graphs. Fur-
thermore, remember that when writing unweighted graphs, the ex-
plicit mention of the weight function is omitted, and G = (V ,E) is
written instead of G = (V ,E,w).

6.1 non-zero eigenvalues of L

As stated in Section 3.5.1 the Laplacian matrix of an undirected graph
is symmetric positive semi-definite matrix. This allows us to directly
formulate the following result in the case that Gx and Gẋ are undi-
rected.

Lemma 6.1 (Goldin and Raisch, [42])w←→ Let L =
(

0 I
−Lx −βLẋ

)
, β > 0,

and let Gx and Gẋ be undirected graphs. All eigenvalues of L have non-
positive real parts.

Proof: To prove this lemma we give an equation that all non-zero
eigenvalues of L satisfy and show that its solutions have either zero
or negative real parts. Remember that L is the companion matrix of
the QMP P(λ) = λ2I + λβLẋ + Lx . Let λ0 be an eigenvalue of P(λ)
and let v0 a the corresponding right eigenvector. Then, it satisfies
equation (5.6) on page 49, that is

λ0 =
−βv∗0Lẋv0 ±

√
β2(v∗0Lẋv0)

2 − 4(v∗0v0)(v
∗
0Lxv0)

2v∗0v0
. (6.1)

Laplacians of undirected graphs are positive semi-definite. Thus, their
numerical range satisfies

v∗Lxv

v∗v
> 0 ,

v∗Lẋv

v∗v
> 0 , for all v ∈ Cn \ {0n } . (6.2)

Thus, we immediately see that if solutions of (6.1) have non-zero real
parts, then they are negative. 2

Additionally, we can give the following result on the existence of
purely imaginary eigenvalues of L.

Lemma 6.2 (Goldin and Raisch, [42])w←→ Let L =
(

0 I
−Lx −βLẋ

)
, where

Lẋ and Lx are weighted undirected graph Laplacians and β > 0. No eigen-
values of L are purely imaginary if and only if for the system

˙̃x(t) = Lx x̃(t) + Lẋ ũ(t) , (6.3)

where x̃ , ũ : R+ → Rn , zero is the only uncontrollable eigenvalue of Lx .



6.1 non-zero eigenvalues of L 71

Proof: We prove the lemma by proving its negation. That is, we show
that L has a purely imaginary eigenvalue pair if and only if the sys-
tem (6.3) or, equivalently, the matrix pair (Lx , Lẋ) has an uncontrol-
lable non-zero eigenvalue. We first show that if L has a purely imag-
inary eigenvalue ±γi, with γ ∈ R, then the matrix pair (Lx , Lẋ) has
an uncontrollable non-zero eigenvalue of Lx .

The eigenvalues of L coincide with the eigenvalues of the QMP
P(λ) = λ2I+ λβLẋ + Lx. Therefore, we equivalently assume that P(λ)
has an imaginary eigenvalue γi with the corresponding left eigenvec-
tor v∗0 ∈ Cn. Then

v∗0P(γi) = v
∗
0(−γ

2I+ γiβLẋ + Lx) = 0
T
n (6.4)

holds. Additionally, λ1/2 = ±γi must be a solution of (6.1). As v∗0Lxv0
and v∗0Lẋv0 are non-negative and real, it follows that (6.1) has the
imaginary solution λ1/2 = ±γi, if and only if

v∗0Lẋv0 = 0 (6.5)

holds. As Lẋ is a symmetric positive semi-definite matrix, v∗0Lẋv0 = 0
holds if and only if v∗0Lẋ = 0Tn. Inserting this information in v∗0P(γi)
we obtain

v∗0P(γi) = v
∗
0(−γ

2I+ Lx) = 0
T
n. (6.6)

It follows that if P(λ) has the imaginary eigenvalue γi, then Lx has
the eigenvalue γ2 with the same left eigenvector. We can write this
condition together with (6.5) in matrix form as

rank
(
γ2I− Lx | Lẋ

)
< n. (6.7)

This is the well-known Popov-Belevitch-Hautus test for controllabil-
ity, cf. Lemma A.6 on page 136 of the appendix. It is equivalent to
γ2 > 0 being an eigenvalue of Lx, which is uncontrollable for the pair
(Lx,Lẋ).

Next, we show that if the matrix pair (Lx,Lẋ) has an uncontrollable
non-zero eigenvalue, then L has a purely imaginary eigenvalue pair.

First, note that as Lx is symmetric positive semi-definite, all its
eigenvalues are non-negative and real. If (Lx,Lẋ) has an uncontrol-
lable non-zero eigenvalue λ0 ∈ R, then there is a corresponding vec-
tor v0 ∈ Rn such that

vT0Lẋ = 0Tn, (6.8a)

vT0Lx = λ0v
T
0 (6.8b)

holds simultaneously for some λ0 ∈ R+ \ {0}. Premultiplying P(λ) by
vT0 we obtain

vT0P(λ) = v
T
0 (λ

2I+ λβLẋ + Lx)

= vT0 (λ
2I+ Lx).

(6.9)
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Hence,
√
−λ0 = ±i

√
λ0 is a purely imaginary eigenvalue of P(λ) with

the corresponding left eigenvector v0. This concludes the proof. 2

In particular, Lemma 6.2 implies that L has purely imaginary eigen-
values only if Gẋ is disconnected. Formally, we have the following
result.

Corollary 6.3 (Goldin and Raisch, [42])w←→ Let L =
(

0 I
−Lx −βLẋ

)
be given

by equation (S3) on page 47, where Lx is the Laplacian of the weighted undi-
rected graph Gx, Lẋ is the Laplacian of the weighted undirected graph Gẋ
and β > 0. If Gẋ is connected, then L has no purely imaginary eigenvalues.

Proof: If Gẋ is connected, then the only vector in the (right and left)
kernel of Lẋ is 1n, which is also in the (right and left) kernel of Lx.
Therefore,

vT (λI− Lx | Lẋ) = 0 (6.10)

is only satisfied for v = 1n and λ = 0. Hence, zero is the only uncon-
trollable eigenvalue of Lx. The result follows from Lemma 6.2. 2

If a vector v ∈ Rn lies in the kernel of Lẋ, then it can be constructed
from the basis (3.13) on page 20. Unless there are no edges in Gẋ, i.e.
all connected components of the graph have size one, v is bound to
have at least two equal non-zero entries. By Lemma 6.2 if the ma-
trix L has imaginary eigenvalues, then v is also an eigenvector of Lx
corresponding with a non-zero eigenvalue. Therefore, the necessary
conditions of Lemma 6.2 are only satisfiable if Lx has an eigenvector
with repeated non-zero entries. There are two particular classes of
graphs that are guaranteed to have eigenvectors with repeated non-
zero entries, namely graphs that contain automorphisms and graphs
that contain almost equitable partitions. This observation lets us ar-
rive at the following result.

Corollary 6.4 (Goldin and Raisch, [42])w←→ Let L =
(

0 I
−Lx −βLẋ

)
be given

by (S3) on page 47, where Lẋ and Lx are Laplacians of the weighted undi-
rected graphs Gẋ = (V ,Eẋ,wẋ) and Gx = (V ,Ex,wx), respectively, and
β > 0. Let Gẋ consist of k connected components given by the node sets
V1, . . . ,Vk, where k < n. The matrix L has purely imaginary eigenvalues
if Gx has a non-trivial1 almost equitable m-partition W1, . . . ,Wm, where
m 6 k, such that V1, . . . ,Vk is at least as fine as2 W1, . . . ,Wm.

For k = 2, L has purely imaginary eigenvalues if and only if (V1,V2) is
a non-trivial almost equitable 2-partition of Gx.

1 We call an m-partition non-trivial if m > 1 and there is at least one edge between at
least one pair of cells.

2 A partition V1, . . . ,Vk of a set V is called at least as fine as a partition W1, . . . ,Wm
of the same set, if m 6 k and for each Wi there is an index set Ii ⊆ {1, . . . ,k}, such
that Wi = ∪j∈IiVj. Because W1, . . . ,Wm is a partition, ∪mi=1Wi = V and for all i 6= j
it holds that Wi ∩Wj = ∅.
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Proof: We start by showing the first statement of the lemma. Let Gx
have an almost equitable partition W1, . . . ,Wm of size m1, . . . ,mm,
where

∑m
i=1mm = n. Assuming appropriate node numbering, by

Lemma 3.14 on page 27, Lx has an eigenvector

v = (α1 . . . α1︸ ︷︷ ︸
m1

,α2 . . . α2︸ ︷︷ ︸
m2

, . . . ,αm . . . αm︸ ︷︷ ︸
mm

)T , αi ∈ R. (6.11)

As the partition is non-trivial, v is not in the kernel of Lx. Therefore,
as Lx is an undirected graph Laplacian, it corresponds to a positive
eigenvalue.

Suppose now that the connected components of Gẋ are given by
V1, . . . ,Vk and have size k1, . . . ,kk with

∑k
i=1 ki = n. A basis of the

kernel of Lẋ is given by set (3.12) on page 20. Thus, an eigenvector in
the kernel of Lẋ can be chosen as

u = (δ1 . . . δ1︸ ︷︷ ︸
k1

, δ2 . . . δ2︸ ︷︷ ︸
k2

, . . . , δk . . . δk︸ ︷︷ ︸
kk

)T , δi ∈ R. (6.12)

As V1, . . . ,Vk is at least as fine as W1, . . . ,Wm, it follows that we can
choose the values δi for i = 1, . . . ,k such that u = v holds. Hence,
v is in the kernel of Lẋ. Thus, the corresponding eigenvalue of Lx is
uncontrollable for the pair (Lx,Lẋ). Therefore, it follows from Lemma
6.2 that L has purely imaginary eigenvalues.

Now consider the case that k = 2. It remains to show that L has
purely imaginary eigenvalues only if (V1,V2) is a non-trivial almost
equitable 2-partition of Gx. Using (3.12), any eigenvector in the kernel
of Lẋ for k = 2 is given by

u =

(
δ11k1

δ21k2

)
=

(
1k1 0k1

0k2 1k2

)
︸ ︷︷ ︸

:=Q

(
δ1

δ2

)
, (6.13)

where k1 and k2 are the sizes of the components V1 and V2, respec-
tively, and δ1, δ2 ∈ R. Note that Q is the characteristic matrix of the
partition (V1,V2).

By Lemma 6.2, L has imaginary eigenvalues only if the matrix pair
(Lx,Lẋ) has an uncontrollable non-zero eigenvalue. We know that
Lẋu = 0n holds. Thus, if k = 2, L has an imaginary eigenvalue pair
only if there is a value γ ∈ R \ {0} that satisfies

Lxu = LxQ

(
δ1

δ2

)
= γQ

(
δ1

δ2

)
. (6.14)

If the 2-partition is almost equitable, the sum of the weights of
incoming edges from the nodes in the set V2 (or V1) to each node in
V1 (or V2) is given by d12 (or d21), i.e.

LxQ =

(
d121k1 −d121k1
−d211k2 d211k2

)
. (6.15)
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It follows that d12 and d21 must not be simultaneously zero for γ 6= 0
to hold. This is the case only if the partition is non-trivial.

We now show by contradiction that if the partition is not almost
equitable, γ is not an uncontrollable eigenvalue of the pair (Lx,Lẋ).
Let the partition be not almost equitable. Without loss of generality,
let the sum of weights of the incoming edges from V2 to node vk1 ∈
V1 be e12 6= d12. Then,

LxQ

(
δ1

δ2

)
=

d121(k1−1) −d121(k1−1)

e12 −e12

−d211k2 d211k2


(
δ1

δ2

)
!
= γQ

(
δ1

δ2

)
. (6.16)

But then d12(δ1− δ2) = γδ1 and e12(δ1− δ2) = γδ1 must hold simul-
taneously. Thus, either γ = 0 (this solution exists as Lx always has a
zero eigenvalue with the corresponding eigenvector 1n), or γ 6= 0 but
d12 = e12 and the partition is almost equitable. This concludes the
proof. 2

Particularly, if Gẋ has one isolated node v and the remaining graph
is connected, then L has imaginary eigenvalues if and only if the iso-
lated node is connected to all nodes of Gx and all the corresponding
edges have the same weights.

Remark 6.5 If a graph has an automorphism, then it also has a correspond-
ing almost equitable partition, though not necessarily vice-versa. Thus, it
follows from Corollary 6.4 that if Gx contains a non-trivial automorphism,
there exists a graph Gẋ such that the matrix pair (Lx,Lẋ) has a non-zero
uncontrollable eigenvalue.

Any partition of the unweighted fully connected graph, shown in
Figure 6.1, is an almost equitable (in fact, an equitable) partition. For-
mally, we have the following result.

Corollary 6.6 (Goldin and Raisch, [42])w←→ Let L =
(

0 I
−Lx −βLẋ

)
be given

by equation (S3) on page 47, where Lx is the Laplacian of the weighted
undirected graph Gx, Lẋ is the Laplacian of the weighted undirected graph
Gẋ and β > 0. If Gẋ is disconnected and Gx is fully connected with uniform
weights, then the matrix L has purely imaginary eigenvalues.

Proof: The result follows from Corollary 6.4 by noting that every par-
tition of the uniformly weighted fully connected graph is an equitable
partition. 2

In summary, we have seen that L having imaginary eigenvalues
indicates a symmetry in the position graph. We will elaborate further
on the relationship between symmetries of graphs and controllability
of the corresponding system in Chapter 8 The following examples
illustrate the results of this section.
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Gẋ

Figure 6.1: Illustration of Example 6.7: System with imaginary eigenvalues.

Example 6.7 Figure 6.1 shows an example of Corollary 6.6. Here, Gẋ is dis-
connected while Gx is fully connected. The corresponding consensus system
(here with β = 1) has purely imaginary eigenvalues and, following Theorem
5.6 on page 60, it is not consensus stable.

Example 6.8 Consider the graphs in Figure 6.2. As discussed in Lemma
3.15 on page 28, Gx has an almost equitable partition given by {v1, v2}, {v3},
{v4, v5}. This partition is at least as coarse as the connected components of
Gẋ. Thus, the resulting system matrix L has purely imaginary eigenvalues.

If the pairs of edges of Gx given by v1 ↔ v3 and v2 ↔ v3 as well
as v4 ↔ v3 and v5 ↔ v3 are weighted with different weights, it would
“destroy” the almost equitable partition and the automorphisms of Gx. This,
in turn, would result in a different matrix L that no longer has imaginary
eigenvalues.
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5

(a) Gx.

1
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5

(b) Gẋ.

Figure 6.2: System considered in Example 6.8.
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6.2 necessary and sufficient conditions for consensus

stability in undirected networks

In the previous section we have determined that the matrix L has
no eigenvalues with a positive real part and that existence of purely
imaginary eigenvalues depends on the controllability of the matrix
pair (Lx,Lẋ). Using these results we can give a version of Theorem 5.6
on page 60 for undirected graphs that no longer explicitly demands
the computation of the eigenvalues of L.

Theorem 6.9 (Goldin and Raisch, [42])w←→ Consider the double integra-
tor consensus system (S2) on page 35 for n mobile agents, where L =(

0 I
−Lx −βLẋ

)
, β > 0, and Lx and Lẋ are n× n symmetric Laplacian matri-

ces of the weighted undirected graphs Gx and Gẋ, respectively. The system
is

• consensus stable, if and only if
– rank(λI− Lx | Lẋ) = n for all λ ∈ C \ {0} and
– Gx ∪Gẋ is connected.

• asymptotically consensus stable, if and only if it is consensus stable
and additionally Gx is connected.

Proof: From Theorem 5.6 on page 60 we know that the necessary
and sufficient condition for system (S2) to be consensus stable is that
all non-zero eigenvalues of the matrix L have a negative real part
and Gx ∪Gẋ is connected. By Lemma 6.2, L has no purely imaginary
eigenvalues if and only if the matrix pair (Lx,Lẋ) has no non-zero
uncontrollable eigenvalues. This is equivalent to saying that rank(λI−
Lx | Lẋ) = n for all λ ∈ C \ {0}. By Lemma 6.1 on page 70, all the other
non-zero eigenvalues of L have strictly negative real parts. The rest
of the theorem follows from Theorem 5.6. 2

Theorem 6.9 shows that the system (S2) is consensus stable for
any β > 0. If the graphs are undirected, then the systems’ ability
to achieve consensus depends entirely on the structures of the corre-
sponding graphs. Furthermore, Gẋ being connected is sufficient for
consensus stability of (S2), as we formally state in the following corol-
lary.

Corollary 6.10w←→ Consider the double integrator consensus system (S2) on
page 35 for n mobile agents, where L =

(
0 I

−Lx −βLẋ

)
, β > 0, and Lx and Lẋ

are n× n symmetric Laplacian matrices of the weighted undirected graphs
Gx and Gẋ, respectively. If Gẋ is connected, then the system is consensus
stable.

Proof: By Corollary 6.3 on page 72, if Gẋ is connected, then L has
no purely imaginary eigenvalues, i.e. rank(λI− Lx | Lẋ) = n for all
λ ∈ C \ {0}. The result follows directly from Theorem 6.9. 2
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Remember the single integrator consensus system (S1) on page
31, that was given by ẋ(t) = Lx(t), where L is the Laplacian of the
weighted undirected graph G. This system was introduced in Sec-
tion 4.1. According to Lemma 4.3, for this system, G being connected
is necessary and sufficient for the states of the system to become equal
for t → ∞. Comparing Corollary 6.10 and Theorem 6.9 with Lemma
4.3, we see that the corresponding conditions are more complex for
system (S2). In particular, Gẋ being connected is sufficient for consen-
sus stability of the system, while Gx being connected is necessary for
its asymptotic consensus stability. Therefore, Gx and Gẋ being con-
nected simultaneously is sufficient, but not necessary for (S2) to be
asymptotically consensus stable.

6.3 convergence value

Lemma 4.5 states that a single integrator consensus system achieves
average consensus if the communication network is undirected. For
double integrator consensus systems with undirected communication
networks a similar result can be derived.

Lemma 6.11 w←→Consider the double integrator consensus system (S2) on page
35 for n mobile agents, where L =

(
0 I

−Lx −βLẋ

)
, β > 0, and Lx and Lẋ

are n× n symmetric Laplacian matrices of the weighted undirected graphs
Gx and Gẋ, respectively. The system achieves average velocity consensus for
any initial condition if and only if it is consensus stable. The system achieves
average position and velocity consensus for any initial condition if and only
if it is asymptotically consensus stable.

Proof: Proving the “only if” parts of the statements is trivial. If the
system (S2) achieves average velocity consensus for any initial condi-
tion, then it is necessary that the system is consensus stable. Likewise,
if it achieves average position consensus for any initial condition, then
it is necessary that it is asymptotically consensus stable.

We now show that if the system (S2) is consensus stable, then it
achieves average velocity consensus. Remember from Section A.2.1
on page 134 of the appendix, that the solution of (S2) is given by(

x(t)

ẋ(t)

)
= eLt

(
x0

ẋ0

)
. (6.17)

If the algorithm (S2) achieves velocity consensus, then Theorem 5.6
implies that Gx ∪Gẋ is connected and all non-zero eigenvalues of L
have a negative real part. Equation (5.51) on page 63 in the proof of
Theorem 5.6 states that in this case, as t→∞,

eLt→
(
1n ((w1)1 + t(w2)1) . . . 1n ((w1)2n + t(w2)2n)

1n(w2)1 . . . 1n(w2)2n

)
+

(
Avw

0n×2n

)
,
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(6.18)

where w1, w2 are the left eigenvector and generalised eigenvector of
L affording the deficient eigenvalue 0 and Avw is a n× 2n matrix
determined by the other left and right vectors in the kernel of L, if
they exist. As the graphs are undirected, the vectors w1, w2 are then
given by, cf. (3.13),

w1 =
1

n

(
1n

0n

)
, w2 =

1

n

(
0n

1n

)
. (6.19)

Inserting these in equation (6.18), we obtain for t→∞,

eLt → 1

n

(
1n×n 1n×nt

0n×n 1n×n

)
+

(
Avw

0n×2n

)
. (6.20)

Thus, with (6.17), we obtain

lim
t→∞ ẋ(t) =

 1
n

n∑
j=1

(ẋ0)j

 1n (6.21)

which is bounded average velocity consensus.

Finally, we show that if (S2) is asymptotically consensus stable, then
it achieves average position consensus. If (S2) is asymptotically con-
sensus stable, then it follows from the proof of Theorem 5.6 that the
matrix Avw in equation (6.18) is zero. Then, as t→∞,

eLt → 1

n

(
1n×n 1n×nt

0n×n 1n×n

)
. (6.22)

Therefore,

lim
t→∞ ẋ(t) =

 1
n

n∑
j=1

(ẋ0)j

 1n (6.23)

which is bounded average velocity consensus. Furthermore, as t →∞,

x(t)→

 1
n

n∑
j=1

(x0)j

 1n +

 1
n

n∑
j=1

(ẋ0)j

 1nt, (6.24)

which is average position consensus. 2

This result is surprising, as we have assumed that the communi-
cation topologies are weighted. Thus, even though the information
obtained from certain neighbours may be given a higher priority
through a greater weight, it does not influence the final consensus
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value. Additionally, unlike in the general case considered in Chap-
ter 5, the velocity consensus value depends only on the initial veloci-
ties of the agents, but not on their positions. We will later show that
in general the same algorithm does not achieve average consensus if
the graphs are directed.

If the graphs are undirected, the eigenvectors in the kernel of L,
and, therefore, the convergence result, do not depend on the values
β, as long as β > 0. We can, however, expect that this factor, along
with the density of the communication graphs, has an impact on the
convergence rate of the consensus algorithm. We study this in the
following section.

6.4 convergence rate

It is a known result, see Lemma 4.6 on page 33, that the convergence
rate of the single integrator consensus is bounded by the algebraic
connectivity of the corresponding Laplacian matrix. We will now de-
rive a similar result for the double integrator consensus algorithm.

For i = 1, . . . , 2n, let λi be the eigenvalues of L. We define

λcrit := min
i=1,...,2n

(|Re(λi)| : λi 6= 0) . (6.25)

Lemma 6.12 (Goldin and Raisch, [42]) w←→If the double integrator consen-
sus system (S2) on page 35 is consensus stable, then it reaches velocity
consensus exponentially with a rate that is equal to or faster than λcrit.

Proof: Suppose that (S2) is consensus stable. Let dẋ ∈ Rn be a vec-
tor that contains the final velocities of the agents. As the system is
consensus stable, it follows that dẋ = k1n for some constant k ∈ R.
Furthermore, by Lemma 6.11, system (S2) achieves average consensus.
Therefore,

dẋ =
1

n

n∑
i=1

(ẋ0)i1n (6.26)

holds. Note that Ldẋ = 0n for any n× n Laplacian matrix L. Define
the group velocity error vector as

xe(t) := ẋ(t) − dẋ, xe(0) = ẋ0 − dẋ, (6.27)

xe : R+ → Rn. Then, the disagreement dynamics of the second order
consensus algorithm can be derived by differentiating twice:

ẋe(t) = ẍ(t) = −Lxx(t) −βLẋẋ(t)

= −Lxx(t) −βLẋ(xe(t) + dẋ)
(6.28a)
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and

ẍe(t) = −Lxẋ(t) −βLẋẋe(t)

= −Lx(xe(t) + dẋ) −βLẋẋe(t).
(6.28b)

The above equations combined with (6.26) result in

ẍe(t) = −Lxxe(t) −βLẋẋe(t). (6.28c)

We rewrite the above as a system of first order ODEs, obtaining(
ẋe(t)

ẍe(t)

)
=

(
0 I

−Lx −βLẋ

)(
xe(t)

ẋe(t)

)
, (6.28d)

which is equivalent to(
ẋe(t)

ẍe(t)

)
= L

(
xe(t)

ẋe(t)

)
. (6.28e)

Using (A.16) on page 134 of the appendix, the solution of system
(6.28e) is given by(

xe(t)

ẋe(t)

)
= eLt

(
xe(0)

ẋe(0)

)
, (6.29)

with initial conditions dictated by the initial conditions of the system
(S2). Hence, we see that the dynamics of the velocity error are the
dynamics of the system (S2). As the system is consensus stable, we
know that for t→∞ the group velocity error converges to zero.

We have shown in the proof of Theorem 5.6 on page 60 that for
t→∞,

eLt → 1

n

(
1n×n 1n×nt

0n×n 1n×n

)
+

(
Avw

0n×2n

)
. (6.30)

With λcrit = min {|Re(λi)| : λi 6= 0, i = 1, . . . , 2n}, it follows from
(5.49a) on page 62, that eLt approaches its solution exponentially
with a rate that is equal to or faster than λcrit. Therefore, (6.28e) ap-
proaches zero exponentially with a rate that is equal to or faster than
λcrit. Thus, the double integrator consensus system (S2) on page 35

reaches consensus exponentially with a rate that is equal to or faster
than λcrit. 2

In the remainder of this chapter we present an informal discussion
of how the value of β as well as the connectivity of the graphs in-
fluence convergence rate of the system. The discussed concepts are
then illustrated with some examples. In order to estimate the value
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of λcrit we use the fact that, for a symmetric n×n Laplacian matrix L,
cf Section 3.5 on page 17,

0 6
v∗Lv

v∗v
6 µn, (6.31)

holds, where µn is the largest eigenvalue of L and v ∈ Cn \ {0n}.

We rewrite equation (5.6) on page 49 as

λ = −0.5β
v∗Lẋv

v∗v
± 0.5

√
β2
(
v∗Lẋv

v∗v

)2
− 4

v∗Lxv

v∗v
(6.32)

and assume that the system is consensus stable. We see that if

β2
(
v∗Lẋv

v∗v

)2
> 4

v∗Lxv

v∗v
, (6.33)

for all v that are eigenvectors of P(λ) = λ2I + λβLẋ + Lx, then λ is
real. Otherwise it is complex with a real part given by −0.5βv

∗Lẋv
v∗v .

Consider the eigenvalues of L in dependence of β. If the non-zero
eigenvalue of L that is closest to the imaginary axis is complex, then
increasing β will lead to a greater λcrit. On the other hand, if the non-
zero eigenvalue closest to the imaginary axis is real, then decreasing
β might increase λcrit.

In the special case that β = 1, we can relate λcrit directly to the
properties of Lẋ, Lx. For unweighted graphs, a bound for µn can
be derived from Lemma 3.3 on page 19. Let Gẋ have kẋ connected
components of size kẋ1, . . . ,kẋ

kẋ
, with kẋmax = maxi kẋi . Let Gx have

kx connected components, with, analogously, kxmax = maxi kxi . Then,
by Lemma 3.3

0 6
vTLẋv

vTv
6 kẋmax, 0 6

vTLxv

vTv
6 kxmax. (6.34)

Setting β = 1, equation (6.32) then becomes

λ = −0.5
v∗Lẋv

vTv
± 0.5

√(
v∗Lẋv

v∗v

)2
− 4

v∗Lxv

v∗v
. (6.35)

We see that if L has eigenvalues close to the imaginary axis with a

large imaginary part, then
(
v∗Lẋv
v∗v

)2
� 4v

∗Lxv
v∗v must hold. Using the

bounds (6.34), we see that if kẋmax � kxmax, this situation is more
likely to occur. On the other hand, if kẋmax is large and kxmax is small,
it is probable that the eigenvalues of L will be real or have small
imaginary parts. This leads us to the observation, that if only a small
number of agents can exchange their velocity, i.e. kẋmax is small, the
number of agents exchanging their position should be as small as pos-
sible, too, in order to reduce the probability of large large oscillations.
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(a) Eigenvalues of L1.
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(b) Eigenvalues of L2.

Figure 6.3: Dependence of the eigenvalues of L1, L2 on the values of β,
0 6 β 6 15. Eigenvalues at β = 1 are marked with crosses,
eigenvalues at β = 0 with dots.

This, however, may lead to a small λcrit and, furthermore, increases
the probability that L will have purely imaginary eigenvalues.

We further see that for unweighted undirected graphs λcrit is
bounded by

0 < λcrit 6 n, (6.36)

where the upper bound is attainable (choose Gẋ fully connected and
Gx empty). Analogously, if β 6= 1,

0 < λcrit 6 βn. (6.37)

Example 6.13 Figure 6.3 illustrates these behaviours for two particular sys-
tem matrices L1, L2. For both systems n = 4, and the velocity and the
position graphs are connected, unweighted and undirected. For first system,
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Figure 6.4: Illustration of Example 6.14: Velocity consensus.
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Figure 6.5: Illustration of Example 6.14: Velocity consensus.

shown in Figure 6.3a, the non-zero eigenvalue of L1 closest to the imagi-
nary axis is real for β = 1. As we can see from the corresponding root locus,
increasing β will move it closer to the imaginary axis. On the other hand,
the non-zero eigenvalue closest to the imaginary axis is complex for system
given by L2 shown in Figure 6.3b. Increasing β moves it further away from
the imaginary axis, thereby improving λcrit.

Example 6.14 Figure 6.4 shows the simulation of a double integrator con-
sensus system for β = 1. Both the position and the velocity graphs are
disconnected, unweighted and undirected. However, Gx ∪Gẋ is connected
and the non-zero eigenvalues of the corresponding Laplacian matrix pair
(Lx,Lẋ) are controllable. Therefore, the system has no purely imaginary
eigenvalues. As the connected components of Gx consist of the nodes {v1},
{v2} and {v3, v4, v5}, we know from Theorem 6.9 and Remark 5.7 that
the agents achieve velocity consensus and the agents 3 − 5 achieve posi-
tion consensus. This is shown in the simulation. We see that the agents
continue to move at a fixed distance. The spectrum of L is spec(L) =

{0, 0, 0, 0,−2.96,−0.84 ± 1.26i,−0.30 ± 0.94i,−0.77}, which explains the
high amount of oscillation in the velocity plot. Here, kxmax = kẋmax = 3.

From the previous discussion, we can estimate that adding edges to the
velocity graphs would lead to an improvement in consensus rate. This is
validated in Figure 6.5. The simulation shows that velocity consensus is
achieved faster than in Figure 6.4 and with less oscillations. Here, kẋmax = 5

and the numerical range of Lẋ is now given by 0 6 v∗Lẋv
v∗v 6 3.6.

Example 6.15 Consider Figure 6.6. Here, β = 1, and Gx and Gẋ are both
connected, unweighted and undirected. Therefore, the system achieves posi-
tion and velocity consensus. Furthermore, the choice of Gẋ as the complete
graph leads to L having only real eigenvalues. Note that the oscillations seen
in the velocity plot stem from the initial conditions.
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Figure 6.6: Illustration of Example 6.15: Position and velocity consensus.



7
C O N S E N S U S O F D I R E C T E D H E T E R O G E N E O U S
N E T W O R K S

In Chapter 5 we derived necessary and sufficient conditions for the
double integrator consensus system in heterogeneous networks to be
consensus stable or asymptotically consensus stable. Remember that
the system (S2) on page 35 is given by

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0,
(S2)

where x : R+ → Rn, β > 0 and the matrices Lx and Lẋ are Laplacians
of the weighted communication digraphs Gx and Gẋ, respectively. We
showed in Theorem 5.6 that consensus stability of (S2) can be related
to properties of the matrix L =

(
0 I

−Lx −βLẋ

)
and to connectivity prop-

erties of the communication graphs. System (S2) is consensus stable if
and only if all non-zero eigenvalues of the matrix L have negative real
parts and Gx∪Gẋ consists of one reach. Moreover, it is asymptotically
consensus stable if and only if it is consensus stable and additionally
Gx consists of one reach.

In the previous chapter we considered the special case that the
communication networks are undirected. In this case, the correspond-
ing Laplacian matrices are symmetric and positive semi-definite. One
of the main results was that L has no eigenvalues with a positive
real part for any choice of undirected communication network. The
assumption that the networks are undirected holds in many cases,
however, as outlined in Chapter 4, sometimes the communication
structure between networked agents has to be directed. Therefore,
the convergence conditions in Chapter 5 were already aimed at the
general case and hold for digraph communication networks.

In this chapter, our main goal is to derive necessary and sufficient
conditions for L to have no eigenvalues with a positive real part or
purely imaginary eigenvalues if the communication networks are di-
rected. If the graphs Gx and Gẋ are directed, then the corresponding
Laplacian matrices are no longer symmetric. Thus, we show in the
following that the methods used in Chapter 6 are not directly appli-
cable.

85
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As we showed in Chapter 5, the spectrum of the matrix L coin-
cides with the spectrum of the quadratic matrix polynomial (QMP)
P(λ) = λ2I + λβLẋ + Lx, λ ∈ C. Thus, in the following, we are es-
sentially investigating the spectrum of a QMP with real unsymmetric
matrix coefficients. The typical application area for QMPs is in struc-
tural mechanics, where the coefficient matrices are usually symmetric
and/or antisymmetric. Thus, to our best knowledge, only few au-
thors consider spectra of QMPs with unsymmetric coefficients, such
as Shieh et al., [92], Wimmer, [102] and Diwekar, [30]. However, the
problem settings in all these papers are not applicable to Laplacian
matrices. Thus, the sufficient conditions for stability of the QMP de-
rived therein are not applicable to the consensus system studied in
this thesis. To the best of our knowledge, stability of QMPs with ex-
plicitly weighted digraph Laplacian matrix coefficients has not been
addressed in the literature to date, outside of, indirectly, the related
consensus works listed in Section 4.2.

In this chapter we first illustrate the complications that arise when
directed communication topologies are considered in Section 7.1.
Then we list properties of the system matrix L in the case that the ma-
trices Lx and Lẋ are directed graph Laplacians. The numerical range
of Lx and Lẋ is the topic of Section 7.2, while the fact that L has no
positive real eigenvalues is proven in Section 7.3. In Section 7.4 we
study the cases when L has purely imaginary eigenvalues. We obtain
that, unlike in the previous chapter, the existence of imaginary eigen-
values cannot be characterised only based on the controllability of the
system (Lx,Lẋ). In fact, it will turn out that some systems have purely
imaginary eigenvalues only for distinct values of β, while other sys-
tems have purely imaginary eigenvalues independently of β.

Thereafter, it remains to consider if and when L has complex eigen-
values with a positive real part. This is done in Section 7.5. Here, we
identify a class of systems for which L is bound to have eigenvalues
in the right half-plane for some values of β. Furthermore, we show
that the existence of such eigenvalues is connected to the existence of
circles in the graph Gx. Additionally, we obtain that both the struc-
ture of Gx and of the pair Gx, Gẋ play a role in the occurrence of
eigenvalues with positive real parts. Moreover, we derive that L has
no eigenvalues with a positive real part if Gx has no edges. It turns
out that if the communication topologies are directed, then L having
eigenvalues with a positive real part depends on β as well as on the
structure of the communication topologies and weights in the graphs.

In Section 7.6 we consider the special case that the union graph
Gx ∪Gẋ is acyclic. Unlike in the previous discussion, in this case we
are able to completely characterise consensus stability of the corre-
sponding system based on the structure of Gẋ and Gx. Finally, Sec-
tion 7.7 contains a summary of the findings in this chapter and a brief
discussion.
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Figure 7.1: Two circle graphs on four nodes.

The graph theoretic definitions and results used throughout this
chapter are found in Chapter 3, the notation in Chapter 2 and lin-
ear algebraic terms and lemmas in Appendix A.1. Remember that to
improve readability, the signs w−→, −→ and w←→, ←→ in the margins
indicate whether a result holds for weighted or unweighted digraphs
or only weighted or unweighted undirected graphs.

7.1 introductory example

Before we consider general second integrator consensus systems, we
present two examples in order to outline the differences between sys-
tems given by directed and undirected graphs and the difficulties that
arise in the treatment of the former.

Example 7.1 Consider the communication topologies given in Figure 7.1.
Here Gx,1 is an unweighted directed circle on four nodes and Gẋ,1 is the
same circle graph but with the orientation of the edges reversed. The corre-
sponding Laplacian matrices are given by

Lx,1 =


1 −1 0 0

0 1 −1 0

0 0 1 −1

−1 0 0 1

 , Lẋ,1 =


1 0 0 −1

−1 1 0 0

0 −1 1 0

0 0 −1 1

 . (7.1)

Note that Lx,1 = LTẋ,1. Both Gx,1 and Gẋ,1 consist of one reach and are,
in fact, balanced strongly connected digraphs. Intuitively we would as-
sume the corresponding double integrator consensus algorithm to achieve
position and velocity consensus. However, the eigenvalues of the matrix
L1 =

(
0 I

−Lx,1 −βLẋ,1

)
are, with β = 1:

{0, 0.1336± 0.6838i,−1± i,−1.1336± 1.6838i}, (7.2)

and by Theorem 5.6 on page 60 the system is not consensus stable. Further-
more, changing the value of β does not stabilise the system. In Figure 7.2 we
show the eigenvalues in dependence of β. Here, β is varied between zero and
15. We can clearly see that for each value of β, the system has a pair of eigen-
values with positive real parts. These eigenvalues approach the imaginary
axis from the right as β increases, but only reach it for β→∞.
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Figure 7.2: Dependence of the eigenvalues of L1 on the values of β, 0 6 β 6
15. Eigenvalues at β = 0 are marked with dots. Eigenvalues at
β = 1 are marked with crosses.

We know from the previous chapters that if Gx,1 and Gẋ,1 were
undirected circle graphs, the double integrator consensus system
would be asymptotically consensus stable. This example illustrates
that the necessary and sufficient conditions given in Theorem 6.9 on
page 76 do not directly translate to cases when the graphs are di-
rected. Furthermore, as we will now show, the system might have
eigenvalues with positive real parts even if Gx = Gẋ.

Example 7.2 Let Gx,2 = Gẋ,2 be given by the graph in Figure 7.3. This
is an unweighted directed circle graph, therefore, it is balanced and strongly
connected. Yet, if β = 1, system (S2) on page 35 is not consensus stable, as
the eigenvalues of L2 =

(
0 I

−Lx,2 −βLẋ,2

)
are given by

{0, 0.2571± 1.1014i,−0.2571± 1.5291i,−0.8043± 1.4052i,
−1± i,−0.9028± 0.6981i,−0.7429± 0.5291i,−0.5500± 0.3943i}.

(7.3)

Figure 7.4 shows the eigenvalue locations of L2 for different values of β.
Unlike in the previous example, we see that there is a threshold βcrit ≈ 1.72,
such that for β > βcrit all eigenvalues are in the open left half-plane. Thus,
according to Theorem 5.6 on page 60, the system becomes consensus stable.

Note that in both examples, if Gẋ was chosen in the same way, but
Gx was empty, then the systems would achieve velocity consensus,
as we formally show in Lemma 7.8. Intuitively, we would expect that
adding position communication would improve the convergence rate
of the algorithm and possibly ensure position consensus. Instead, the
system becomes unstable.

As we have just seen, the graph-theoretic conditions formulated
for undirected graphs in Theorem 6.9 on page 76 do not straight-
forwardly translate to digraphs. In the next sections, we give an in-
depth explanation of why this happens. We show why the methods
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Figure 7.3: Gx,2, Gẋ,2.
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Figure 7.4: Eigenvalues of L2 for 0 6 β 6 15,
eigenvalues for β = 0 are marked
with dots, for β = 1 with crosses.

used in order to derive eigenvalues of L with symmetric Lẋ, Lx, no
longer work when Lẋ, Lx are directed graph Laplacians. We further
derive some information on the eigenvalues of L. One particular re-
lated property is the numerical range of digraph Laplacians.

7.2 numerical range of digraph laplacians revisited

Let G = (V ,E,w) be a weighted digraph with the corresponding
Laplacian L. We denote the symmetric and antisymmetric parts of
L by

sym(L) :=
L+ LT

2
, asym(L) :=

L− LT

2
. (7.4)

Following Section A.1.3 on page 131 of the appendix the numerical
range of the digraph Laplacian L is given by the values of

v∗Lv

v∗v
=
v∗sym(L)v

v∗v
+
v∗asym(L)v

v∗v
, for all v ∈ Cn \ {0n}. (7.5)

Here, v
∗sym(L)v
v∗v is real and v∗asym(L)v

v∗v is purely imaginary. Further-
more, in Section 3.5.1 on page 18 we saw that

λmin (sym(L)) 6 re
(
v∗Lv

v∗v

)
6 λmax (sym(L)) , (7.6)

λmin (−i· asym(L)) 6 im
(
v∗Lv

v∗v

)
6 λmax (−i· asym(L)) , (7.7)

for all v ∈ Cn \ {0n}, where λmin, λmax denote the smallest and the
largest eigenvalue of a matrix. As L is not symmetric, its numerical
range is complex.

Furthermore, in general, sym(L) is not weakly diagonally domi-
nant. In most cases it is also not positive semi-definite (see, e.g.,
Brualdi, [17]). Therefore, in general, for some v ∈ Cn, re

(
v∗Lv
v∗v

)
may
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Figure 7.5: IIllustration of the numerical range of the matrix L1 in Example
7.3. The numerical range of its symmetric part is the indicated
part of the real axis. The numerical range of its antisymmetric
part is the indicated part of the imaginary axis. Locations of the
eigenvalues of L1 are indicated by crosses.

take on both positive and negative values. Thus, the eigenvalue equa-
tion (6.1), that was guaranteed to have only solutions with a non-
positive real part in Chapter 6, may have solutions with a positive
real part if the graphs are directed.

Example 7.3 Figure 7.5 shows the numerical range of the digraph Lapla-
cian matrix

L1 =



1 0 0 0 −1 0

0 0 0 0 0 0

−1 −1 2 0 0 0

0 −1 −1 2 0 0

−1 −1 0 0 3 −1

−1 −1 0 −1 0 3


. (7.8)

We see that although all eigenvalues of L1 lie in the closed right half-plane,
its numerical range crosses the imaginary axis. The eigenvalues of L1 are
given by1 {0, 0.4, 3.4 ± 0.6i, 1.9 ± 0.5i}. The eigenvalues of sym(L1) are
given by {−0.6, 0.5, 1.8, 2.3, 3.3, 3.6} and the eigenvalues of asym(L1) by
{±1.2i,±0.4i,±0.8i}.

7.3 real eigenvalues of L

By Theorem 5.6, system (S2) on page 35 is consensus stable only if L
has no eigenvalues with a positive real part. A proof that L does not
have positive real eigenvalues if the graphs Gx and Gẋ are directed
can be given using the Gershgorin disc theorem.

Lemma 7.4 (Goldin, [40])w−→ Consider the double integrator consensus sys-
tem (S2). Let L =

(
0 I

−Lx −βLẋ

)
, where β > 0 and Lx and Lẋ are n× n

1 rounded to the first decimal
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Laplacian matrices of the weighted digraphs Gx and Gẋ, respectively. If L
has real nonzero eigenvalues then they are negative.

Proof: Remember that if λ0 ∈ R is an eigenvalue of L, then it is
also an eigenvalue of the QMP P(λ) = λ2I + λβLẋ + Lx. Thus, λ0
satisfies det(P(λ0)) = 0. That is, λ0 is a real eigenvalue of P(λ) if and
only if P(λ0), which is a real n×n matrix, has a zero eigenvalue. We
proceed to show that if λ0 > 0 then P(λ0) has full rank, which in turn
implies that λ0 is not an eigenvalue of P(λ). We use the Gershgorin
disc theorem, stated in Lemma A.1 on page 132 of the appendix.

Consider the i-th row of P(λ0) = λ20I + λ0βLẋ + Lx. Its diagonal
entry, i.e. the center of the corresponding Gershgorin disc, is given by

(P(λ0))ii = λ
2
0 + λ0β(Lẋ)ii + (Lx)ii, i = 1, . . . ,n. (7.9)

For a Laplacian matrix L it holds that (L)ii =
∑n
j=1,j6=i |(L)ij| by con-

struction. Thus, we can write (7.9) as

(P(λ0))ii = λ
2
0 + λ0β

n∑
j=1
j6=i

|(Lẋ)ij|+

n∑
j=1
j6=i

|(Lx)ij| (7.10)

instead. The radius of the i-th Gershgorin disc is given by

ri =

n∑
j=1
j6=i

∣∣λ0β(Lẋ)ij∣∣+ n∑
j=1
j6=i

∣∣(Lx)ij∣∣ , i = 1, . . . ,n. (7.11)

Suppose that λ0 > 0. Then, clearly, (P(λ0))ii > 0. Consider the point
of the disc that is closest to the imaginary axis. As the center of the
disk is a real number, it is located on the real axis. It is given by

(P(λ0))ii − ri = λ20 +λ0β
∑n
j=1,j6=i

∣∣(Lẋ)ij∣∣+∑nj=1,j6=i
∣∣(Lx)ij∣∣

−
∑n
j=1,j6=i |λ0β(Lẋ)ij|−

∑n
j=1,j6=i |(Lx)ij|

= λ20

> 0.

(7.12)

This means that the i-th Gershgorin disc of P(λ0) does not touch the
imaginary axis if λ0 > 0. This holds for every row of P(λ0). Thus,
det(P(λ0)) 6= 0. It follows that λ0 > 0 is not an eigenvalue of P(λ). 2

It is straightforward to verify that the same approach cannot be
used to exclude that L has complex eigenvalues with a positive real
part or purely imaginary eigenvalues.

7.4 purely imaginary eigenvalues of L

In Section 6.1 we have obtained Lemma 6.2 for undirected graphs
Gx, Gẋ. It states that if the communication graphs are undirected, the
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corresponding system matrix L has purely imaginary eigenvalues if
and only if rank(λI− Lx | Lẋ) < n for some λ ∈ C \ {0}. If the graphs
are directed, this condition is only sufficient.

Lemma 7.5w−→ Let L =
(

0 I
−Lx −βLẋ

)
be given by (S3) on page 47, where Lẋ

and Lx are weighted digraph Laplacians and β > 0. If the system

˙̃x(t) = Lxx̃(t) + Lẋũ(t), (7.13)

where x̃, ũ : R+ → Rn, has a non-zero real2 uncontrollable eigenvalue, then
L has a purely imaginary eigenvalue pair for all values of β.

Proof: Suppose that the system (7.13), or, equivalently, the matrix
pair (Lx,Lẋ) has a real uncontrollable non-zero eigenvalue λ0 ∈ R+.
Then, by Lemma A.6 on page 136 of the appendix, it holds that
rank(λ0I − Lx | Lẋ) < n. Thus, there is a corresponding vector
v0 ∈ Rn such that

vT0Lẋ = 0Tn, (7.14a)

vT0 (Lx − λ0I) = 0
T
n (7.14b)

holds simultaneously. Remember that the eigenvalues of L coincide
with the eigenvalues of the QMP P(λ) = λ2I+ λβLẋ + Lx. Premulti-
plying P(λ) by vT0 we obtain

vT0P(λ) = v
T
0 (λ

2I+ λβLẋ + Lx), (7.15a)

which, inserting vT0Lẋ = 0Tn, is equivalent to

vT0P(λ) = v
T
0 (λ

2I+ Lx). (7.15b)

Comparing (7.15b) with (7.14b), it follows that vT0P(λ) = 0n if λ2 =

−λ0. Therefore,
√
−λ0 = ±i√λ0 is a purely imaginary eigenvalue of

P(λ) with the corresponding left eigenvector v0. This concludes the
proof. 2

If the communication networks are undirected, the condition that
the real non-zero eigenvalues of (Lx,Lẋ) be controllable is both neces-
sary and sufficient in order for L to have no purely imaginary eigen-
values for any β > 0. This is no longer the case if the communica-
tion networks are directed. The matrix L may have additional purely
imaginary eigenvalue pairs for some specific values of β. Figure 7.4
on page 89 shows the eigenvalues of an example system matrix for
varying values of β. We see that L has a complex eigenvalue pair
that has a positive real part for small values of β. However, as β in-
creases, it this eigenvalue pair crosses the imaginary axis. Therefore
there exists a value of β such that the corresponding matrix L has
a purely imaginary real part. Hence, some systems may have purely
imaginary eigenvalues for some, but not all, values of β. This was not
possible for undirected graphs.

2 Note that the eigenvalue being real is not explicitly demanded in Lemma 6.2 due to
the fact that all eigenvalues of Lx are real if the corresponding graph is undirected.
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7.5 complex eigenvalues of L

Thus far, we have studied the conditions for the matrix L to have
zero eigenvalues in Section 5.2, positive real eigenvalues in Section 7.3
and imaginary eigenvalues in Section 7.4. It remains to establish the
cases when L has complex eigenvalues with a positive real part. From
the examples in Section 7.1 we know that such cases exist, and that,
furthermore, they are not related to digraph connectedness and do
not reflect our intuition.

In Chapter 6, we derived Lemma 6.1 that states that L has no com-
plex eigenvalues with a positive real part if the corresponding graphs
Gx and Gẋ are weighted and undirected. In order to obtain this result,
we used the fact that if the graphs are undirected, then the numerical
ranges of the corresponding Laplacians Lx and Lẋ are sections of the
real line in the closed right half-plane. As we showed in Section 7.2,
this is no longer the case with digraph Laplacians. The numerical
range of a general weighted digraph Laplacian is a convex section of
the complex plane and may take both values with a positive and a
negative real part.

The first result of this section states that there are systems which
have a complex eigenvalue pair with a positive real part for some val-
ues of β. Here, we do not assume β to be fixed, but instead consider
L as a matrix-valued function L(β), L : R+ \ {0} → R2n×2n. The
corresponding QMP is given by P(λ,β) : C× (R+ \ {0})→ Rn×n.

Lemma 7.6 w−→Let L = L(β) =
(

0 I
−Lx −βLẋ

)
be given by (S3) on page 47,

where β > 0, and Lẋ are Lx weighted digraph Laplacians. If Lx has at least
one complex eigenvalue pair, then there is a value β = β1 such that L(β1)
has a pair of complex eigenvalues with positive real parts.

Proof: First, note that if L(β) is a parameter-dependent matrix, then
its eigenvalues λi(β), λi : R+ \ {0} → C, for i = 1, . . . ,n, are continu-
ous functions in β (see, e.g., Wilkinson, [101] for details).

Let β → 0. Remember that the eigenvalues of L(β) and P(λ,β) =

λ2I+ λβLẋ + Lx coincide. Thus, the eigenvalues of limβ→0L(β) are
the eigenvalues of limβ→0 P(λ,β) = λ2I+ Lx. Therefore, the eigenval-
ues of limβ→0L(β) are the square roots of the eigenvalues of −Lx.
Hence, if Lx and, therefore, −Lx has a pair of complex eigenvalues,
then limβ→0L(β) has a pair of complex eigenvalues with positive
real parts. Thus, for small enough β1 6= 0, L(β1) has a pair of complex
eigenvalues with positive real parts. This is illustrated in Figure 7.6.
This concludes the proof. 2

Lemma 7.6 identifies a class of systems for which the correspond-
ing system matrix L has a complex eigenvalue pair with a positive
real part for small values of β. This class of systems is determined
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Figure 7.6: Illustration of the proof of Lemma 7.6. If the matrix −Lx has
a complex eigenvalue pair, marked by crosses in the figure, its
square roots, marked by circles, are located in both the left and
the right-half plane.

by the shape of the graph Gx. It depends on the shape of the graph
Gẋ whether L has a complex eigenvalue pair with a positive real part
for large values of β as well. Figure 7.4 and Figure 7.8 both show
root loci of double integrator consensus systems with directed com-
munication topologies. The system whose eigenvalues are illustrated
in Figure 7.8 has a complex eigenvalue pair with a positive real part
for all β, that becomes purely imaginary for β → ∞. On the other
hand, the system whose eigenvalues are illustrated in Figure 7.4 has
a complex eigenvalue pair with a positive real part only for some β.

Remark 7.7 In Section 4.2.2.1, we mentioned Lemma 4.12 that was ob-
tained by Yu et al., [109] for systems with homogeneous directed communi-
cation topologies. It states that if the communication topologies are homoge-
neous and the system consists of one reach, then there exists a β such that the
system becomes asymptotically consensus stable. The system in Figure 7.8
shows that their result does not hold for general double integrator consensus
systems with heterogeneous communication topologies.

If the Laplacian matrix of a digraph has a complex spectrum, the
corresponding graph is called essentially cyclic. These graphs are
studied by Agaev and Chebotarev, [3]. The authors show that if a
graph is essentially cyclic, then it contains a directed cycle. The con-
verse does not hold, i.e. the existence of a directed cycle is necessary,
but not sufficient for the corresponding Laplacian to have complex
eigenvalues. Therefore, if Gx does not contain a directed circle, then
Lemma 7.6 is not applicable to the corresponding double integrator
consensus system. This, however, does not imply that the correspond-
ing matrix L has no eigenvalues with a positive real part for some
values of β.
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Figure 7.7: Example system.
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(a) Eigenvalue plot.
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Figure 7.8: Eigenvalues of the system matrix obtained from the graphs in
Figure 7.7 for 0 6 β 6 100, eigenvalues for β = 0 are marked
with dots, for β = 1 with crosses. Arrows indicate increasing
values of β.

In fact, it is straightforward to verify that the eigenvalues of the
Laplacian of the graph illustrated in Figure 7.9a are real. They are
given by3 {0, 1, 1, 2, 0.4384, 4.5616}. However, if the graphs Gx and Gẋ
are chosen according to Figure 7.9, the corresponding matrix L has
eigenvalues with positive real parts for some β. The corresponding
root loci for 0 6 β 6 20 are illustrated in Figure 7.10. Note that as β
grows larger, the positive eigenvalue pair crosses the imaginary axis
and the system becomes consensus stable.

On the other hand, if the communication graphs are directed, it
does not follow that the system matrix L has eigenvalues with a pos-
itive real part for some β > 0. This is obvious from the fact that undi-
rected graphs form a subset of digraphs, and all eigenvalues of L lie
in the closed left half-plane if the communication graphs are undi-
rected. But even excluding undirected communication topologies, we
can find many examples of systems where Gx is not essentially cyclic
and the eigenvalues of L are in the closed left half-plane for all β > 0.
One such example is given by the system illustrated in Figure 7.11.
The corresponding root locus is shown in Figure 7.12. It is straightfor-

3 rounded to the fourth decimal
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Figure 7.9: An example system that leads to the corresponding matrix L

having eigenvalues with positive real parts for some β.
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(a) Eigenvalue plot.

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1

0

0.5

1

1.5

2

2.5

real(λ)

im
ag

(λ
)

(b) Detail of Figure 7.10a

Figure 7.10: Eigenvalues of the system matrix obtained from the graphs in
Figure 7.9 for 0 6 β 6 20. Eigenvalues for β = 0 are marked
with dots, for β = 1 with crosses. Arrows indicate increasing
values of β.

ward to verify that both the graphs Gx and Gẋ consist of one reach.
Thus, with the use of Theorem 5.6, the corresponding double integra-
tor consensus system is asymptotically consensus stable for all β > 0.

Thus, whether or not L has complex eigenvalues with a positive
real part for certain values of β depends on the shape of the graph
Gx and on the combination of the graphs Gx and Gẋ. It is interesting
to note that if Gx contains no edges and Gẋ consists of one reach,
the corresponding double integrator consensus system is consensus
stable. Formally, we have the following result.

Lemma 7.8w−→ Let L = L(β) =
(

0 I
−Lx −βLẋ

)
be given by (S3) on page 47,

where β > 0, and Lẋ is a weighted digraph Laplacian. If Lx = 0n×n, then
the matrix L has no eigenvalues with a positive real part or purely imaginary
eigenvalues for all values of β.

Proof: Remember that the eigenvalues of L coincide with the eigen-
values of P(λ) = λ2I+ λβLẋ + Lx. If Lx = 0n×n, then P(λ) simplifies
to P(λ) = λ(λ+ βLẋ). The eigenvalues of P(λ) are all values λ0 ∈ C

that satisfy det(P(λ0)) = 0. It follows directly that the eigenvalues of



7.5 complex eigenvalues of L 97

1

2

3

5

4

6

(a) Gx

1

2

3

5

4

6

(b) Gẋ

Figure 7.11: An example system that leads to the corresponding matrix L

having no eigenvalues with positive real parts for any β. The
corresponding eigenvalue plot is given in Figure 7.12. Note that
Gx is not essentially cyclic, despite containing a directed circle
consisting of the nodes v4, v5, v6.
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Figure 7.12: Eigenvalues of the system matrix obtained from the graphs in
Figure 7.11 for 0 6 β 6 15.

P(λ) in this case are the eigenvalues of −βLẋ united with n times the
eigenvalue zero. As Lẋ is a digraph Laplacian, all its non-zero eigen-
values have a positive real part. Therefore, all non-zero eigenvalues
of −βLẋ have a negative real part. Thus, L does not have eigenval-
ues with a positive real part or purely imaginary eigenvalues. This
concludes the proof. 2

With the preceding discussion, the following result is intuitive.

Lemma 7.9 w−→Let L = L(β) =
(

0 I
−Lx −βLẋ

)
be given by (S3) on page 47,

where β > 0, and Lx is the Laplacian of the weighted digraph Gx. If Lẋ =

0n×n and Gx contains at least one edge, then the matrix L has either an
imaginary eigenvalue pair or a complex eigenvalue pair with positive real
parts for all values of β.

Proof: Remember that the eigenvalues of L coincide with the eigen-
values of P(λ) = λ2I+ λβLẋ + Lx. If Lẋ = 0n×n, then P(λ) simplifies
to P(λ) = λ2I + Lx. The eigenvalues of P(λ) are all values λ0 ∈ C
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GẋGx

Gx ∪Gẋ
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Figure 7.13: Both figures show the join of two acyclic graphs. However, of
the obtained graphs, only the one on the left is acyclic.

that satisfy det(P(λ0)) = 0. It follows directly that the eigenvalues
of P(λ) in this case are square roots of the eigenvalues of −Lx and
do not depend on β. As Lx is a digraph Laplacian, all its non-zero
eigenvalues have a positive real part. Therefore, if Lx has a positive
real eigenvalue, P(λ) has a pair of purely imaginary eigenvalues. If Lx
has a complex eigenvalue pair, then P(λ) has a complex eigenvalue
pair with positive real parts. The number of zero eigenvalues of Lx
coincides with the number of reaches in the graph Gx. Thus, unless
the graph consists of n reaches, i.e. Lx = 0n×n, the matrix Lx has at
least one non-zero eigenvalue. This concludes the proof. 2

7.6 acyclic communication topologies

So far in this chapter we have tried to achieve the most general results
possible. We have arrived at the observation that the spectrum of
L, and therefore the consensus stability of the corresponding double
integrator consensus system, is highly dependent on the structure of
the corresponding communication graphs. We have determined that
the existence of circles in the position graph can be connected to the
spectrum of L.

In this section we consider the special case that the union of the
graphs Gx ∪Gẋ is an acyclic graph. Acyclic graphs were introduced
in Section 3.3 on page 14. They model hierarchic formations and are,
therefore, often encountered in applications, see e.g. Bessler et al., [10]
or Mesbahi and Hadaegh, [65]. The defining property of an acyclic
graph is that it contains no circles. Therefore, an acylic graph is not es-
sentially cyclic. A necessary but not sufficient condition for the union
to be acyclic is that both Gx and Gẋ are acyclic. This is illustrated in
Figure 7.13. If a digraph is acyclic, then its Laplacian can be written
in upper triangular form, which greatly facilitates the analysis of the
system.
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Lemma 7.10 w−→Let L =
(

0 I
−Lx −βLẋ

)
be the system matrix of (S2) on page 35,

where Lx is the Laplacian of the weighted digraph Gx, Lẋ is the Laplacian
of the weighted digraph Gẋ and β > 0. Suppose that Gx ∪Gẋ is an acyclic
graph. System (S2) is

1. consensus stable for all values of β if Gẋ consists of one reach.
2. not consensus stable for any value of β if Gẋ consists of more than

one reach.
3. asymptotically consensus stable for all values of β if it is consensus

stable and additionally Gx consists of one reach.

Proof: By Theorem 5.6, system (S2) is consensus stable if and only if
Gx∪Gẋ consists of one reach and all non-zero eigenvalues of L have a
negative real part. It is asymptotically consensus stable if additionally
Gx consists of one reach.

(1) First we show that if Gx ∪Gẋ is acyclic and Gẋ consists of one
reach, then (S2) is consensus stable for all values of β. To prove this
statement we first need to show that the condition that Gẋ consists of
one reach and Gx ∪Gẋ is acyclic implies that Gx ∪Gẋ consists of one
reach and all non-zero eigenvalues of L have a negative real part for
all values of β.

The first part of this statement is trivially proved by the fact that
if Gẋ consists of one reach, then Gx ∪Gẋ also consists of one reach.
It remains to show that if Gẋ consists of one reach and Gx ∪Gẋ is
acyclic, then all non-zero eigenvalues of L have a negative real part.

Let L denote the Laplacian of the union graph Gx ∪Gẋ. If Gx ∪Gẋ
is acyclic, then, with an appropriate node numbering, L is upper tri-
angular. This implies that both Lx and Lẋ are simultaneously upper
triangular. The i-th diagonal entry of the Laplacian matrices contains
the in-degree of the i-th node. Then, the quadratic matrix polynomial
P(λ) = λ2I+ λβLẋ + Lx is also upper triangular. Therefore, its deter-
minant is given by

detP(λ) =
n∏
i=1

(λ2 + λβdẋi + dxi), (7.16)

where dxi > 0 and dẋi > 0 are the in-degrees of node vi, i = 1, . . . ,n,
in the graphs Gx and Gẋ, respectively. Thus, the 2n eigenvalues of
P(λ) are determined by n quadratic equations

λ2 + λβdẋi + dxi = 0, i = 1, . . . ,n, (7.17)

that correspond to the n nodes v1, . . . , vn. The following four kinds
of quadratic equation can occur depending on the incoming edges of
vi:

a. Node vi has no incoming edges: dẋi = dxi = 0. Then the cor-
responding i-th quadratic equation (7.17) simplifies to λ20 = 0,
which implies that there is a zero eigenvalue of P(λ).
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b. Node vi receives only position information: dẋi = 0, dxi 6= 0.
Then we obtain from (7.17) that λ2 + dxi = 0 must hold. Thus,
λ1/2 = ±i

√
dxi is a purely imaginary eigenvalue of P(λ).

c. Node vi receives only velocity information: dxi = 0, dẋi 6= 0.
Then, we obtain from (7.17) that λ2 + λβdẋi = 0 must hold.
Thus, there are two solutions λ1 = 0 and λ2 = −βdẋi that are
both eigenvalues of P(λ).

d. Node vi receives both position and velocity information: dxi 6=
0, dẋi 6= 0. Then, (7.17) has the solutions λ1/2 = −0.5βdẋi ±
0.5
√
β2d2ẋi − 4dxi . As both dxi , dẋi are positive and real, P(λ)

has two corresponding eigenvalues with a negative real part.

If Gx ∪Gẋ is acyclic and L can be written in upper triangular form,
then vn satisfies case (a), i.e. dx,n = dẋ,n = 0. If Gẋ consists of one
reach, then all the other nodes have at least one incoming edge, i.e.
case (b) never occurs. All eigenvalues obtained in case (c) and (d) are
either zero or have a negative real part. This implies that algorithm
(S2) is consensus stable.

(2) Next, we show that if Gẋ does not consist of one reach and
Gx ∪ Gẋ is acyclic, then the system is not consensus stable for any
value of β. If Gẋ consists of more than one reach but the union graph
is acyclic, then one of the following two cases occurs:

· Gẋ ∪Gx consists of more than one reach. In this case, the result
follows directly form Theorem 5.6.

· Gẋ ∪Gx consists of one reach. In this case, there is at least one
node that receives position, but not velocity information, i.e. case
b of the above discussion occurs. Then it follows that L has a
purely imaginary eigenvalue pair. By Theorem 5.6 if follows that
the system is not consensus stable.

(3) The last statement follows directly from Theorem 5.6.

This concludes the proof. 2

The defining property of acyclic graphs is that they contain no cir-
cles. Information that enters the system is reached down from the
root node through the system and updated with the current states of
the nodes on the way, until it reaches the leaf nodes.4 Thus, acyclic
graphs model a hierarchic system. It is interesting to see that in this
case, it is necessary for consensus stability of the system that each
agent, except for the one corresponding with the root node, obtains
some velocity information.

Consider now a general double integrator consensus system. Let us
denote the nodes of Gx ∪Gẋ that are not part of a cycle by Va. Then
Va induces an acyclic subgraph of Gx ∪Gẋ. We can make a statement
about stability of the overall system by looking at these agents.

4 I.e., nodes that have no outgoing edges.
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Figure 7.14: Graph containing an acyclic subgraph that is not part of a circle.
Its Laplacian can be written in form (7.18). The nodes belonging
to Va are circled.

Lemma 7.11 w−→Consider the double integrator consensus system (S2) on page
35 with the corresponding system matrix L =

(
0 I

−Lx −βLẋ

)
, where Lx, Lẋ

are Laplacians of the weighted directed graphs Gx and Gẋ, respectively, and
β > 0. Let Va be the set of nodes that are not part of a cycle in Gx ∪Gẋ.
The system is

1. consensus stable only if its subsystem induced by Va is consensus
stable.

2. asymptotically consensus stable only if its subsystem induced by Va
is asymptotically consensus stable.

3. not consensus stable for any value of β if its subsystem induced by Va
is not consensus stable.

Proof: Suppose that the subgraph induced by Va consists of one
reach. Then, there is a permutation matrix P such that

PLxP
T =

Lx11 0 0

Lx21 Lxa 0

Lx31 Lx32 Lx33

 , PLẋP
T =

Lẋ11 0 0

Lẋ21 Lẋa 0

Lẋ31 Lẋ32 Lẋ33

 .

(7.18)

where Lxa , Lẋa are lower triangular matrices of size |Va|× |Va|. The
structure of the corresponding graph is illustrated in Figure 7.14. It
follows that

spec(L) = spec(λ2I+ λβLẋ + Lx)

= spec(λ2I+ λβLẋ11 + Lx11)∪ spec(λ2I+ λβLẋ33 + Lx33)

∪ spec(λ2I+ λβLẋa + Lxa)
(7.19)

holds. Therefore, the acyclic subsystem and the remaining parts of
(S2) must satisfy the conditions of Theorem 5.6 individually. It fol-
lows directly that (asymptotic) consensus stability of the acyclic sub-
system if necessary for the (asymptotic) stability of the whole system.
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Thus, the statements (1) and (2) hold. Statement (3) then follows with
Lemma 7.10.

If the subgraph induced by Va consists of several reaches, then the
permutation in (7.18) will consist of more than three diagonal blocks.
The number of diagonal blocks will then correspond to the number of
reaches in the graph induced by Va. The same argumentation applies.
2

Thus, when considering consensus stability of the algorithm, all
nodes that have no outgoing edges and obtain velocity information
can be neglected and the system can be simplified accordingly. If
the remaining system achieves consensus, then so do its acyclic sub-
systems. Conversely, if a system is consensus stable, then adding con-
sensus stable acyclic groups of nodes to it will not destabilise it as
long as the joint connectivity of the position and velocity graphs does
not change and condition 1 of Lemma 7.10 remains satisfied.

7.7 discussion

Remember that the necessary and sufficient conditions for the double
integrator consensus system (S2) to be consensus stable are that the
graph Gx ∪Gẋ consists of one reach and the matrix L has no eigen-
values with a positive real part and no purely imaginary eigenvalues.
These conditions were stated in Theorem 5.6 on page 60. In Chap-
ter 6 we additionally obtained Theorem 6.9 on page 76 under the
condition that the communication networks are undirected. Theorem
6.9 expresses the conditions from Theorem 5.6 on the spectrum of L
in terms of the graphs Gx and Gẋ as well as their Laplacian matrices.
In particular, it shows that consensus stability of the system does not
depend on β if the communication networks are undirected.

In this chapter, we obtained a similar result for the special case
that the communication networks are directed but the graph Gx ∪
Gẋ is acyclic in Section 7.6. In this case, consensus stability of the
system depends only on whether or not the agents can obtain velocity
information.

No such statements can be made for the more general cases con-
sidered in this chapter. We are, however, able to identify a class of
systems that are not consensus stable for some values of β in Lemma
7.6. A necessary condition for the system to belong to this class is
that the graph Gx contains at least one circle. Together with the re-
sults in Section 7.6 this leads us to the observation that circles in the
graph Gx ∪Gẋ are the reason why some double integrator consensus
systems are not consensus stable for small values of β and some, like
the one illustrated in Example 7.1, are not consensus stable for any
value of β. Furthermore, if Gẋ consists of one reach and Gx is empty,
then by Lemma 7.8 the system (S2) is consensus stable. Thus, addi-
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tion of edges to Gx can be detrimental to the consensus stability of
the system.

A similar observation can be made about the purely imaginary
eigenvalues of L. We give a sufficient condition for L to have purely
imaginary eigenvalues independently of β in Lemma 7.5. In fact,
this condition is the same as was obtained for undirected graphs in
Lemma 6.2. However, as can be seen for example in Figure 7.10, some
systems may have additional purely imaginary eigenvalues for only
some values of β.

In summary, we have obtained that the double integrator consensus
system (S2) with heterogeneous directed communication topologies
is a very complex system. Apart from some special cases, its consen-
sus stability cannot be determined by looking only at the structure
of the corresponding communication graphs. This stands in sharp
contrast to the results obtained for (S2) under the assumption that
the communication networks are undirected, as well as to the results
for single integrator consensus systems with digraph communication
topologies in Section 4.1.





8
C O N T R O L L A B I L I T Y O F C O N S E N S U S S Y S T E M S

In the first part of this thesis we introduced the single integrator con-
sensus system (S1) on page 31, given by

ẋ(t) = −Lx(t),

x(0) = x0,
(S1)

and the double integrator consensus system (S2) on page 35, given by

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0,
(S2)

where L and Lx, Lẋ are n×n Laplacians of the communication graphs
G and Gx, Gẋ, respectively. We have defined a corresponding consen-
sus stability notion and presented necessary and sufficient conditions
for the systems to be consensus stable. Apart from the initial condi-
tions, these systems have no external inputs. As we have outlined
in the previous chapters, their behaviour is determined by the eigen-
values of the corresponding Laplacian matrix L in the case of (S1)
(see Lemma 4.4), and the eigenvalues of the quadratic matrix poly-
nomial P(λ) = λ2I+ λβLẋ + Lx in the case of (S2) (see Theorem 5.6).
We have claimed that consensus algorithms without external inputs
are appealing because they operate distributedly and autonomously
on large networks of agents. For example, when a consensus stable
double integrator consensus algorithm is implemented on a vehicle
platoon, its achievement will be that the vehicles arrive at a given
formation and continue to move as a group.

While their effectiveness is undeniable, the power of the algorithms
(S1) and (S2) is limited to providing cohesion to the agent network.
To stay with the vehicle platoon example, one might desire that the
vehicles arrive at a certain destination, move with a given speed, or
change their formation. In this case, we need to modify the algorithms
to make them accommodating to our goals. One particular solution
is to introduce an external control input to the networked system,
which will be done in this chapter.

This approach was first taken by Tanner, [93] for single integrator
consensus systems. Tanner assumes that some agents, called leaders,

105
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are controlled from the outside. The remaining agents are deemed
followers and execute the protocol (S1). As the agents do not evalu-
ate the information they receive, there is no way for an individual
agent to decide whether or not its direct neighbours are following
the same algorithm. This allows externally controlled agents to seam-
lessly attach themselves to the consensus network and to influence
the group’s behaviour. These additional agents can be seen as exter-
nal controllers that steer and correct the network. Then, if the system
is controllable via this external input, the leader agents can steer it to
the desired formation or consensus value.

In this chapter, we first introduce the single integrator leader-
follower consensus system and review its controllability in Section 8.1.
We then introduce the double integrator leader-follower consensus
system with heterogeneous communication topologies in Section 8.2.
Controllability of the double integrator leader-follower consensus sys-
tem in heterogeneous networks is the main topic of this chapter, and
it is studied in Section 8.3. Controllability conditions are given based
both on the properties of the underlying communication networks
and on linear-algebraic properties of a corresponding quadratic ma-
trix polynomial. Following these generally applicable results, the spe-
cial case that one of the communication graphs is empty is studied in
Section 8.3.1, while the special case that the communication topolo-
gies are homogeneous is the topic of Section 8.3.2.

The graph theoretic definitions and results used throughout this
chapter can be found in Chapter 3, the notation in Chapter 2 and
linear algebraic terms and lemmas in Appendix A.1. Classic control-
lability notions and results are listed in Appendix A.2. Remember
that to improve readability, the signs w−→ and −→, as well as w←→ and
←→ in the margins indicate whether a result holds for weighted or
unweighted digraphs or weighted or unweighted undirected graphs,
respectively.

8.1 single integrator leader-follower consensus sys-
tem

In this section we define the leader-follower consensus system and
introduce the consensus controllability problem for agents with sin-
gle integrator dynamics. Consider again the system (S1) on page 31,
given by

ẋ(t) = −Lx(t)

x(0) = x0,
(S1)

where L ∈ Rn×n is the Laplacian matrix of the communication graph
G = (V ,E,w) and x : R+ → Rn is the state vector of the agents. As
before, the agents are labeled by 1, . . . ,n.
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Without loss of generality, choose the last nl< n of the agents in
the above system to be leaders and let the leaders obtain an external
input. The remaining nf:= n − nl agents are called followers1 and
continue to generate their control input via the consensus algorithm.

The distinction in leader and follower agents induces a partitioning
of the Laplacian matrix L and the state vector x of the system (S1),
given by

L =

(
−Af −Bf

−Cf −Df

)
, x(t) =

(
xf(t)

xl(t)

)
, (8.1)

where

· Af ∈ Rnf×nf , Bf ∈ Rnf×nl , Cf ∈ Rnl×nf , Df ∈ Rnl×nl , and

· xf : R+ → Rnf , xl : R+ → Rnl .

If the leader agents receive the external control input u : R+ → Rnl ,
the corresponding control system is given by(

ẋf

ẋl

)
=

(
Af Bf

Cf Df

)(
xf

xl

)
+

(
0nf×nl

Inl

)
u(t). (C1)

The following result states that the leader dynamics, represented by
(Cf,Df), can be neglected when studying controllability of the above
system.

Lemma 8.1 w−→System (C1) is controllable if and only if the matrix pair
(Af,Bf) is controllable.

Proof: If (Af,Bf) is controllable, it follows directly from Lemma A.7
on page 136 of the appendix that (C1) is controllable.

If (Af,Bf) is not controllable, then by Lemma A.6 there is a vector
v ∈ Cn and a value λ0 ∈ C such that vT (Af − λ0I | Bf) = 0nf+nl
holds. Then(

vT 0Tnl

)(Af − λ0I Bf 0

Cf Df − λ0I Inl

)
= 0Tnf+nl+nl (8.2)

holds. Therefore, by Lemma A.6, (C1) is not controllable. 2

Thus, in order to establish controllability of the system (C1), it is
sufficient to consider controllability of the system

ẋf(t) = A
fxf(t) +B

fu(t),

xf(0) = xf0 ,
(C2)

1 In recent publications followers have also been called floating agents, cf. Mesbahi
and Egerstedt, [64] for a discussion. To date, “follower agents” remains the prevalent
term in consensus literature.
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where u : R+ → Rnl is the “internal” control input derived from the
states of the leader agents. The above system is from here on referred
to as the single integrator leader-follower (LF) consensus system.

Attached to the single integrator LF consensus system is the leader-
follower graph Glf:= (Vlf,Elf,wlf), that is obtained from the graph
G = (V ,E,w) by removing all edges between the leaders and from
followers to leaders. Therefore, Vlf = V and Elf ⊆ E. The Laplacian
of Glf is given by

Llf :=

(
Inf 0

0 0nl×nl

)
·
(
−Af −Bf

−Cf −Df

)
=

(
−Af −Bf

0nl×nf 0nl×nl

)
. (8.3)

We call the nodes of Glf corresponding to leader and follower agents
leader and follower nodes and use the sets Vf and Vl := Vlf \ Vf

to denote them. The follower graph Gf := (Vf,Ef,wf) is then the
subgraph of Glf induced by the follower nodes. The leader graph
Gl:= (Vl, ∅) is the subgraph induced by the leader nodes. The set of
edges from leader to follower nodes is denoted by El := Elf \ Ef. An
example of a leader-follower graph is given in Figure 8.1a on page 109.
By construction, a non-trivial LF graph is always directed. However,
the follower graph may be directed or undirected. If Gf is undirected,
then Af is symmetric. Along with the usual graph-theoretic connec-
tivity notions outlined in Section 3.4, we define leader-follower con-
nectivity of Glf.

Definition 8.2 (leader-connected, leader-follower connected) A fol-
lower node is called leader-connected if there is a directed path to it from some
leader and not leader-connected otherwise. The LF graph is called leader-
follower (LF) connected if every follower node is leader-connected.

Undirected follower graphs are LF connected if every connected
component of the follower graph has at least one node with an incom-
ing edge from a leader. Directed follower graphs are LF connected if
every iSCC2 of the follower graph has at least one node with an in-
coming edge from a leader. LF connectivity of the LF graph is directly
connected with the rank of Af, as shown in the following lemma.

Lemma 8.3w−→ Let nf be the number of follower agents in the system (C2),
Af the corresponding nf × nf system matrix and Glf, Gf the LF and the
follower graph, respectively. It holds that rank(Af) = nf − p if and only if
Gf has p iSCC that are not leader-connected. Particularly, rank(Af) = nf
if and only if Glf is LF connected.

2 Independent strongly connected component, i.e. a strongly connected subgraph of
Gf that obtains no information from outside itself, cf. Section 3.4 on page 15 for
details.
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(a) Example of a leader-follower
graph, node v6 is the leader.
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(b) Example of a leader-follower graph, the
nodes v8 and v9 are the the leaders. The
edges Elx and Efx are dashed, the edges Elẋ
and Efẋ are solid lines. A “spread out” ver-
sion of this graph is shown in Figure 8.2b.

Figure 8.1: Single and double integrator leader-follower graphs.

Proof: In order to prove Lemma 8.3 we first derive an explicit
formulation of rank(Af).

Let Lf denote the Laplacian matrix of the follower graph Gf. Sup-
pose that Gf consists of k iSCC of the corresponding sizesm1, . . . ,mk.
Let the corresponding reaches of Gf have exclusive parts of size
k1, . . . ,kk, ki > mi and the common part of size c := nf −

∑k
i=1 ki.

Then, assuming an appropriate node numbering, Lf can be decom-
posed as, cf. (3.18) on page 23:

Lf =



Lf111 0 0 . . . . . . 0

Lf121 Lf122
. . . . . .

...

0 0
. . . . . . . . .

...
...

... Lfk11 0 0

0 0 Lfk21 Lfk22 0

Lfk+1,11 Lfk+1,12 . . . Lfk+1,k1 Lfk+1,k2 Lfk+1,k+1


. (8.4)

Here, for i = 1, . . . ,k,

· the blocks Lfi11 ∈ Rmi×mi describe the edges between the nodes
in the iSCC of the i-th reach,

· the blocks (Lfi21 | Lfi22) ∈ R(ki−mi)×ki describe the edges incom-
ing to the nodes that belong to the exclusive part of the i-th reach,
but not to the iSCC,

· the blocks (Lfk+1,i1 | Lfk+1,i2) ∈ Rc×ki describe the edges incom-
ing from the exclusive part of the i-th reach to the common part
of the reaches, and

· the block Lfk+1,k+1 ∈ Rc×c describes the edges within the com-
mon part of the reaches.
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By construction, the blocks Lfi22 , i = 1, . . . ,k, and Lfk+1,k+1, if they
exist, are irreducibly diagonally dominant and, thus, of full rank. It
follows from Lemma 3.6 that Lf has k zero eigenvalues. The corre-
sponding set of left eigenvectors is given by, cf. (3.19) on page 23,


(

q1

0nf−m1

)
,

 0k1

q2

0nf−k1−m2

 , . . . ,

 0nf−kk

qk

0c+kk−mk


 , (8.5)

where qi ∈ Rmi are positive vectors.

Remember that the Laplacian matrix Llf of Glf is given by
Llf =

(
−Af −Bf

0nl×nf 0nl×nl

)
. It immediately follows that −Af = Lf +

diag(
∑nl
j=1(B

f)ij). Therefore, −Af can be decomposed as −Af =

Lf111
+d(bf11

) 0 0 ... ... 0

Lf121
Lf122

+d(bf12
)

. . . . . .
...

0 0
. . . . . . . . .

...
...

...
. . . Lfk11+d(b

f
k1

) 0 0

0 0 Lfk21
Lfk22

+d(bfk2
) 0

Lfk+1,11
Lfk+1,12

... Lfk+1,k1
Lfk+1,k2

Lfk+1,k+1+d(b
f
k+1)


,

(8.6)

where d(bfi1), d(b
f
i2
), i = 1, . . . ,k, and d(bfk2) denote the diagonal ma-

trices with the row sums of the corresponding rows of Bf on the di-
agonal. All the blocks Lfi22 , i = 1, . . . ,k and Lfk+1,k+1, are irreducibly
diagonally dominant with a positive diagonal. All entries of Bf are
non-negative. It thus follows that the sums Lfi22 + d(b

f
i2
), i = 1, . . . ,k

and Lfk+1,k+1+d(b
f
k+1) are also irreducibly diagonally dominant ma-

trices and thus have full rank. Therefore,

rank(Af) =
∑k
i=1(ki −mi) + c+

∑k
i=1 rank(Lfi11 + d(b

f
i1
)) =

= nf −
∑k
i=1mi +

∑k
i=1 rank(Lfi11 + d(b

f
i1
)).

(8.7)

It follows that rank(Af) = nf if and only if for i = 1, . . . ,k, rank(Lfi11 +
d(bfi1)) = mi.

Now, if the i-th iSCC of Gf has no incoming edges from a leader,
then the corresponding matrix d(bfi1) in (8.6) is zero. Therefore,
rank(Lfi11 + d(b

f
i1
)) = rank(Lfi11) = mi − 1. If Gf has p 6 k iSCC

that are not leader-connected, then rank(Af) = nf − p immediately
follows.

On the other hand, if, for some i ∈ {1, . . . ,k}, the i-th iSCC of Gf has
an incoming edge from a leader, then there is at least one non-zero
entry on the diagonal of d(bfi1). As the corresponding block of Lfi11 is
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the Laplacian of an iSCC, it is irreducible. Therefore, Lfi11 + d(b
f
i1
) is

irreducibly diagonally dominant and, thus, of full rank.

Particularly, if all iSCC of Gf are leader-connected, rank(Af) = nf
follows. 2

Example 8.4 Consider again the system given by the graph in Example 3.1
on page 17. A leader-follower system can be obtained from it by choosing
up to three nodes as leaders. Clearly the obtained LF graph will not be LF
connected unless {v1, v3} ⊆ Vl. The resulting system with Vl = {v1, v3}
then reads

ẋf(t) =

(
−1 0

1 −3

)
︸ ︷︷ ︸

Af

xf(t) +

(
1 0

1 1

)
︸ ︷︷ ︸
Bf

u(t), xf(0nf) = xf,0 (8.8)

and is controllable due to Bf having full rank.

For nl = 1 and an unweighted undirected follower graph, Lemma
8.3 is identical to Proposition 10.5 of Mesbahi and Egerstedt, [64]. We
will further need the following definition.

Definition 8.5 (leader-symmetric LF graph, Mesbahi and Egerstedt,
[64], Proposition 10.13) An LF graph is called leader-symmetric if and
only if there is a non-identity automorphism of Glf such that the nodes in
Vl remain invariant under its action.

Example 8.6 The graph in Figure 8.1a, where v6 is the leader node, is
leader-symmetric. There is an automorphism acting on the nodes v1, v2.

The system (C2) was first suggested by Tanner, [93], and then fur-
ther extended by Björkenstam et al., [14], Rahmani and Mesbahi, [79],
Rahmani and Mesbahi, [80], Ji and Egerstedt, [51], Ji et al., [52], Rah-
mani et al., [81], Egerstedt et al., [31], Lou and Hong, [59]. The goal
of research focused on LF consensus systems is to connect the matrix-
based controllability conditions in Lemma 8.8 with the properties of
the graph Glf. No graph-theoretic conditions that are both necessary
and sufficient for controllability have been obtained to date, however
a set of necessary conditions exists. The remainder of this section
gives an overview of existing results for (C2) that we will use as
a reference point for the double integrator LF consensus system in
Section 8.3. It follows the recently published book by Mesbahi and
Egerstedt, [64] and the paper by Lou and Hong, [59].

Lemma 8.7 (Mesbahi and Egerstedt, [64], Proposition 10.5) w−→If the LF
consensus system (C2) is controllable, then the LF graph Glf is leader-
follower connected.
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This result is proved for unweighted graphs in [64]. However, its
extension to weighted digraphs is straightforward using Lemma 8.3.
Furthermore, the following linear-algebraic necessary and sufficient
condition exists for undirected graphs.

Lemma 8.8 (Mesbahi and Egerstedt, [64], Proposition 10.2)w−→ The LF
system (C2) is controllable if and only if none of the left eigenvectors of Af

are simultaneously orthogonal to all columns of Bf.

This result is proved for unweighted undirected graphs in [64].
However, its extension to weighted directed graphs is trivial using
Lemma A.6. Additionally, the following result can be given for undi-
rected graphs.

Lemma 8.9 (Mesbahi and Egerstedt, [64], Lemma 10.4)w←→ Suppose that
G is an undirected graph. The LF system (C2) is controllable if and only if
L(G) and −Af do not share an eigenvalue.

If the graph G is directed, it follows from the proof in [64], that
the above lemma gives only a sufficient condition for controllability.
That is, if L(G) and −Af do not share an eigenvalue, then (C2) is
controllable. Finally, we have the following result.

Lemma 8.10w←→ The LF system (C2) is not controllable if either of the follow-
ing conditions holds.

1. Af has an eigenvalue with geometric multiplicity greater than the
number of linearly independent columns of Bf ([64], Proposition
10.3).3

2. The LF graph is leader-symmetric ([59], Corollary 3.10).

3. There exist non-trivial almost equitable partitions on Glf and Gf, say
π and πf, such that all non-trivial cells of π are contained in πf ([59],
Theorem 3.4).

8.2 double integrator lf consensus system

We can define the double integrator leader-follower consensus system
corresponding to (S2) on page 35 in the same manner as for the single
integrator system. We consider a network of n agents with double
integrator dynamics running the consensus algorithm (S2), given by

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0,
(S2)

3 This is proved for unweighted graphs in [64], however its extension to weighted
graphs is trivial.
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where β > 0, Lx is the Laplacian matrix of the position graph Gx and
Lẋ is the Laplacian matrix of the velocity graph Gẋ. As in the previous
section, we without loss of generality choose the last nl < n of the
agents in the above system to be leaders and call the remaining nf =
n−nl agents followers. The followers continue to obey the consensus
algorithm, while the leaders obtain an additional external input. As
the communication networks are heterogeneous, we assume that the
leaders may communicate either their position, their velocity or both.
The corresponding partitioning of the Laplacian matrices is then

Lx =

(
−Afx −Bfx

−Cfx −Dfx

)
, βLẋ =

(
−Afẋ −Bfẋ

−Cfẋ −Dfẋ

)
, x(t) =

(
xf(t)

xl(t)

)
.

(8.9)

Here, Afx, Afẋ ∈ Rnf×nf , Bfx, Bfẋ ∈ Rnf×nl , Cfx, Cfẋ ∈ Rnl×nf , and Dfx,
Dfẋ ∈ Rnl×nl . Using the partitioning (8.9), we can rewrite the system
(S2) as the following control system
ẋf(t)

ẍf(t)

ẋl(t)

ẍl(t)

 =


0 Inf 0 0

Afx Afẋ Bfx Bfẋ

0 0 0 Inl

Cfx Cfẋ Dfx Dfẋ



xf(t)

ẋf(t)

xl(t)

ẋl(t)

+

(
02nf×2nl

I2nl

)
u(t). (C3)

where xf : R+ → Rnf , xl : R+ → Rnl are the positions of the leader
and follower agents and u: R+ → R2nl is the external input avail-
able to the leader agents. The following lemma shows that the leader
dynamics can be neglected when considering controllability of (C3).

Lemma 8.11 (Goldin, [39]) w−→System (C3) is controllable if and only if the

matrix pair
((

0 Inf
Afx A

f
ẋ

)
,
(

0nf×nl 0nf×nl
Bfx Bfẋ

))
is controllable.

Proof: If
((

0 Inf
Afx A

f
ẋ

)
,
(

0nf×nl 0nf×nl
Bfx Bfẋ

))
is controllable, then it follows

from Lemma A.7 of the appendix that (C3) is controllable.

If the matrix pair is not controllable, then by Lemma A.6, there is a
vector v ∈ C2nf and a value λ0 ∈ C such that

vT

(
−λ0Inf Inf 0 0

Afx Afẋ − λ0Inf Bfx Bfẋ

)
= 0T2nf+2nl (8.10)

holds. But then it also holds that

(
vT 0T2nl

)−λ0Inf Inf 0 0 0 0

Afx Afẋ−λ0Inf Bfx Bfẋ 0 0

0 0 −λ0Inl Inl Inl 0

Cfx Cfẋ Dfx Dfẋ−λ0Inl 0 Inl

 = 0T2nf+4nl .

(8.11)

Therefore, by Lemma A.6, (C3) is not controllable. 2
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Remark 8.12 Lemma 8.11 is based on the implicit assumption that the po-
sition and velocity of the leader can be treated as two independent control
inputs. Depending on the system, this may not be the case and only position
or velocity of the leader may be available as an independent control input.
In this case, either the matrix Bfx or Bfẋ should be set to zero in the corre-
sponding model. Lemma 8.11, as well as all results obtained hereafter remain
applicable.

Let Bf2int:= (Bfx | Bfẋ). Following Lemma 8.11, we henceforth investi-
gate the controllability of the system(

ẋf(t)

ẍf(t)

)
=

(
0 I

Afx Afẋ

)(
xf(t)

ẋf(t)

)
+

(
0

Bf2int

)
u(t),(

xf(0)

ẋf(0)

)
=

(
xf0

ẋf0

)
,

(C4)

where u(t) = (xTl (t), ẋ
T
l (t))

T . This system can be rewritten as a double
integrator LF system in a straightforward way:

ẍf(t) = A
f
xxf(t) +A

f
ẋẋf(t) +B

f
2intu(t). (C5)

Attached to this system are the velocity LF graph Glfẋ = (Vf ∪
Vl,Elfẋ ,wlfẋ ) and the position LF graph Glfx = (Vf ∪ Vl,Elfx ,wlfx ), that
are obtained from Gẋ and Gx by removing all the edges between the
leader nodes and from follower to leader nodes. In complete analogy
with the single integrator LF graph defined in the previous section,
the corresponding Laplacians of Glfẋ and Glfx are given by

Llfẋ =

(
−Afẋ −Bfẋ

0nl×nf 0nl×nl

)
, Llfx =

(
−Afx −Bfx

0nl×nf 0nl×nl

)
. (8.12)

The double integrator LF graph Glf2int= (Vlf2int,E
lf
2int,w

lf
2int) = G

lf
ẋ ∪Glfx

then consists of

· the induced velocity follower graph Gfẋ= (Vf,Efẋ,wfẋ),

· the induced position follower graph Gfx= (Vf,Efx,wfx),

· the induced leader graph Gl = (Vl, ∅), and

· the directed edges from the leader nodes to the follower nodes,
Elx and Elẋ with the associated weight functions wlx and wlẋ.

Note that unlike the graphs considered so far, Glf2int is allowed to have
multiple edges whenever an edge between two nodes is contained
in both Glfx and Glfẋ . This will not be a problem, as we only use
Laplacian matrices corresponding with the position and velocity LF
graphs in the following and these graphs do not have multiple edges.
An example of a leader-follower graph and the contained subgraphs
is given in Figure 8.1b and Figure 8.2.
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Definition 8.13 (second order leader-follower connected) The LF
graph corresponding with the double integrator LF consensus problem (C5)
is called second order leader-follower connected (SOLF connected) if either
of the following holds:

• the position leader-follower graph Glfx is LF connected, or

• Glfx has a subgraph Gnc := (Vnc,Enc,wnc) that consists of k not
leader-connected reaches. However, the graph Glfx ∪ (Vf ∪Vl,Elẋ,wlẋ)
is LF connected, and there are at least k nodes in Vnc that are connected
to linearly independent sets of leaders.

Note that the second condition implies that nl > k. The condition
that the nodes in Vnc are connected to linearly independent sets of
leaders is equivalent to saying that the submatrix of Bfẋ obtained by
taking the rows corresponding to Vnc has at least rank k.
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Figure 8.2: Double integrator LF graphs. For better visibility, the follower
nodes have been spread out. The “left” part of the graphs shows
the position edges and the “right” part the velocity edges.

Example 8.14 Both Figure 8.2a and Figure 8.2b show examples of SOLF
connected LF graphs. The graph in Figure 8.2a is SOLF connected because
Glfx is LF connected, while Figure 8.2b illustrates a graph that is SOLF
connected even though Glfx is not LF connected.

If the LF graph is SOLF connected, then it is LF connected, but the
converse does not necessarily hold. Therefore, unlike LF connectivity
in Lemma 8.3 on page 108, SOLF connectivity does not imply that the
matrices Afx, Afẋ have full rank. Instead we have the following result.

Lemma 8.15 (Goldin, [39]) w−→Let Afx ∈ Rnf×nf , Bf2int ∈ Rnf×nl be given
by (C5) with the corresponding double integrator LF graphGlf2int. The matrix
(Afx | Bf2int) has rank nf if and only if Glf2int is SOLF connected.

Proof: As before, we let Glfx and Gfx denote the position leader-
follower and the position follower graph, respectively. First we show
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that if the graph Glf2int is SOLF connected, then the rank condition
follows.

Suppose that the double integrator LF graph is SOLF connected,
i.e. one of the conditions of Definition 8.13 is satisfied. If the first
condition holds, i.e. Glfx is LF connected, then by Lemma 8.3 on page
108, Afx has rank nf and the result follows.

Now consider the second possible condition of Definition 8.13. If
Glfx is not LF connected, then there are k iSCC of Glfx that are not LF
connected. Then, by Lemma 8.3, rank(Afx) = nf − k. Without loss of
generality, let the not leader connected reaches of Glfx consist of k1
nodes. Clearly, k1 > k must hold. There is a permutation matrix P
such that

PAfxP
T =

(
Afnc 0

Ãf Afc

)
, PBfx =

(
0

Bfx,c

)
, PBfẋ =

(
Bfẋ,nc

Bfẋ,c

)
. (8.13)

Here,

· the subscripts “nc ′′ and “c ′′ indicate not leader-connected and
leader-connected reaches,

· Afnc ∈ Rk1×k1 , Afc ∈ Rnf−k1×nf−k1 ,

· Ãf ∈ Rnf−k1×k1 ,

· Bfẋ,nc ∈ Rk1×nl , Bfẋ,c,Bfx,c ∈ Rnf−k1×nl .

As Afc are the leader-connected reaches of Gfx, it holds that
rank(Afc) = nf − k1 by construction. Therefore, rank(Afx | Bf2int) = nf
if and only if rank(Afnc | Bfẋ,nc) = k1. As Afnc is the matrix that corre-
sponds with the not leader-connected reaches of Glfx , its rank is k1−k.
The necessary and sufficient condition for rank(Afnc | Bfẋ,nc) = k1 to
hold is that there is no non-zero vector w ∈ Rk1 that satisfies

wT (Afnc | B
f
ẋ,nc) = 0

T
k1+nl

. (8.14)

A necessary condition for (8.14) to have no solution is rank(Bfẋ,nc) >
k. As we are assuming that Glfx is SOLF connected, there are at least
k leaders and, therefore, Bfẋ,nc has at least k columns. Furthermore, as
there are at least k nodes in the subgraph corresponding to Afnc that
are connected to linearly independent sets of leaders, rank(Bfẋ,nc) > k
holds. Thus, this condition is satisfied.

Assume, without loss of generality, that k = 1. By Lemma 3.6 on
page 22, Afnc has exactly one left eigenvector v with the property that
v is non-negative. Furthermore, (v)i > 0 only if the corresponding
node vi belongs to the iSCC of the reach. Therefore, wT = vT is the
only solution candidate of (8.14).

All entries of Bfẋ,nc are either zero or −1. As all entries of v are
either positive or zero, it follows that vTBfẋ,nc = 0nl is satisfied only if
all rows of Bfẋ corresponding to the iSCC of the reach are identically
zero. As the graph Glf2int is SOLF connected there is at least one edge
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from a leader node to a node in the iSCC of Afnc. Therefore there
is at least one entry in one row of Bfẋ,nc corresponding with to the
iSCC that is not zero. Thus, no non-zero solution of (8.14) exists and
condition b is also satisfied. Therefore, rank(Afnc | B

f
ẋ,nc) = k1 follows.

Now we show that (Afx | Bf2int) has rank nf only if Glf2int is SOLF
connected. If the graph is not SOLF connected, then it follows that
Glfx is not LF connected. Furthermore, either of the following holds:

· There are either less than k nodes in the not leader-connected
reaches of Glfx that are connected to linearly independent sets of
followers and rank(Bfẋ,nc) < k holds.

· The graph corresponding to (Afx | Bf2int) is not LF connected.

Both conditions immediately imply that rank(Afx | Bf2int) < nf. 2

The notion of leader symmetry translates naturally from the single
to the double integrator LF graph. Leader-symmetric single integrator
LF graphs were defined in Definition 8.5.

Definition 8.16 (leader-symmetric double integrator LF graph) A
double integrator LF graph is called leader-symmetric if and only if Glfx and
Glfẋ share a non-identity automorphism such that the nodes in Vl remain
invariant under its action.

In the following section we extend the necessary and sufficient con-
ditions for controllability of (C2) on page 107, given in Lemma 8.7-
8.10, to the system (C5) on page 114.

8.3 controllability conditions for double integrator

lf consensus systems

In a classic result, Arnold and Laub, [5], relate controllability of sys-
tems of the form (C5) on page 114 to properties of quadratic matrix
polynomials.

Lemma 8.17 (Arnold and Laub, [5], Theorem 2) Let Afx,Afẋ ∈
Rnf×nf , Bf2int ∈ Rnf×nl , xf : R+ → Rnf and u : R+ → Rnl . The
system ẍf(t) = Afxxf(t) +A

f
ẋẋf(t) + B

f
2intu(t) is controllable if and only

if

rank(λ2I− λAfẋ −A
f
x | Bf2int) = nf for all λ ∈ C. (8.15)

Remark 8.18 Since Arnold and Laub study mechanical systems, they make
the in that context natural assumption thatAfx is symmetric positive definite.
However, their proof does not use this assumption. Thus, it is apparent that
Lemma 8.17 holds for any matrices Afẋ, Afx.
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From this result we can infer matrix theoretic controllability condi-
tions for the double integrator LF consensus system (C4) on page 114

in the spirit of the previous section. From here on let

Pf(λ) := λ2I− λAfẋ −A
f
x, λ ∈ C (8.16a)

P(λ) := λ2I+ λβLẋ + Lx, λ ∈ C. (8.16b)

The following result is a natural extension of Lemma 8.7 to the
double integrator consensus system.

Lemma 8.19 (Goldin, [39])w−→ If the double integrator LF consensus system
(C5) is controllable, then the LF graph Glf2int is SOLF connected.

Proof: Set λ = 0 in equation (8.15), then the result follows from
Lemma 8.15 and Lemma 8.17. 2

The double integrator version of Lemma 8.8 reads:

Lemma 8.20 (Goldin, [39])w−→ Let Pf(λ), P(λ) be given by (8.16), and Bf2int
be the input matrix of the system (C5). The double integrator LF system
(C5) is controllable if and only if none of the left eigenvectors of Pf(λ) are
simultaneously orthogonal on all columns of Bf2int.

Proof: If system (C5) is not controllable, then by Lemma 8.17

rank(λ2I − λAfẋ −A
f
x | Bf2int) < nf for all λ ∈ C. Thus, there exists

a vector v ∈ Cnf and a value λ0 ∈ C such that

vT (λ20I− λ0A
f
ẋ −A

f
x | Bf2int) = 0

T
nf

(8.17)

holds. Thus, vT (λ20I− λ0A
f
ẋ −A

f
x) = 0

T
nf

, i.e. (λ0, v) is a left eigenpair
of Pf(λ). Moreover, vTBf2int = 0Tnf , i.e. that v is orthogonal on every
column of Bf2int.

If the system (C5) is controllable, then by Lemma 8.17 rank(λ2I−
λAfẋ −A

f
x | Bf2int) = nf holds for all λ ∈ C. Thus, there is no vector

v ∈ Cnf such that

vT (λ20I− λ0A
f
ẋ −A

f
x | Bf2int) = 0

T
nf

(8.18)

for some λ0 ∈ C. Any v that satisfies vT (λ20I − λ0A
f
ẋ − A

f
x) = 0Tnf

is a left eigenvector of Pf(λ). Therefore, no eigenvector of Pf(λ) is
simultaneously orthogonal on all columns of Bf2int. 2

The following result gives a formulation of Lemma 8.9 for double
integrator LF systems with directed communication topologies.

Lemma 8.21w−→ Let Pf(λ) be given by (8.16a), and Bf2int be the input matrix
of the system (C5). The double integrator LF system (C5) is controllable if
Pf(λ) and P(λ) do not share an eigenvalue.
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Proof: We will show that if (C5) is not controllable, then Pf(λ) and
P(λ) share an eigenvalue. Using the partitions (8.9) on page 113 we
can write P(λ) as

P(λ) =

(
λ2I− λAfẋ −A

f
x −λBfẋ −B

f
x

−λCfẋ −C
f
x λ2I− λDfẋ −D

f
x

)
. (8.19)

Suppose that (C5) is not controllable, that is rank(Pf(λ),Bf2int) < nf
for some λ ∈ C holds. Then by Lemma 8.20 there exists a vector
v ∈ Cnf and a λ0 ∈ C such that vTPf(λ0) = 0Tnf and vTBf2int =

vT (Bfẋ | Bfx) = 0T2nl . Then vT (λ0B
f
ẋ + B

f
x) = 0Tnl also holds, which

implies (vT , 0Tnl)P(λ0) = 0Tnf+nl , i.e. P(λ) and Pf(λ) share the same
eigenvalue. 2

Remark 8.22 Somewhat surprisingly, the condition in Lemma 8.21 is
not necessary. Suppose that Lx and Lẋ are weighted digraphs and let
rank((Pf(λ),Bf2int)) = nf. If there is no communication from the follower
to the leader nodes in the graphs Gx, Gẋ, then

P(λ) =

(
Pf(λ) λBfẋ +B

f
x

0nl×nf λ2 + λDẋ +Dx

)
(8.20)

holds. Clearly, P(λ) and Pf(λ) share the same eigenvalues due to the block
structure of P(λ). Thus, P(λ) and Pf(λ) sharing the same eigenvalue is not
sufficient for the system to be uncontrollalbe.

The following theorem contains an equivalent formulation of the
first two statements of Lemma 8.10 on page 112 for the system (C5)
on page 114.

Theorem 8.23 (Goldin, [39]) w−→Let Pf(λ) be given by (8.16a), and Bf2int be
the input matrix of the system (C5). Then, the double integrator LF system
(C5) is not controllable if either of the following holds.

1. Pf(λ) has an eigenvalue with geometric multiplicity greater than the
number of linearly independent columns of Bf2int.

2. The double integrator LF graph is leader-symmetric.

Proof: (1) Suppose that Pf(λ) has an eigenvalue λ0 ∈ C with the
geometric multiplicity m1 > rank(Bf2int). Then,

rank(Pf(λ0)) = rank(λ20I−λ0A
f
ẋ−A

f
x) = nf−m1 < nf− rank(Bf2int).

(8.21)

Thus, the rank of (λ20I− λ0A
f
ẋ −A

f
x | Bf2int) can be at most nf −m1 +

rank(Bf2int) < nf and the system is not controllable by Lemma 8.17.



120 controllability of consensus systems

(2) By Definition 8.16, if Glf2int is leader-symmetric, then there exists
a non-identity leader-invariant automorphism on Glfx and Glfẋ . By
Lemma 3.10 on page 25 there exist J =

(
J1 0
0 J2

)
, J1 ∈ Rnf×nf , J2 ∈

Rnl×nl , such that

J1A
f
x = AfxJ1, J1A

f
ẋ = AfẋJ1, J1B

f
x = BfxJ2, J1B

f
ẋ = BfẋJ2 (8.22)

holds. This implies that

J1P
f(λ) = Pf(λ)J1. (8.23)

If λ0 is an eigenvalue of P(λ)f with the left eigenvector v, then

vTPf(λ0)J1 = (vT J1)P
f(λ0) = 0

T
nf

(8.24)

holds, i.e. J1v is also a left eigenvector of Pf(λ) affording λ0. Then,
clearly, v− J1v is also a left eigenvector of Pf(λ) affording λ0. Further-
more, as the non-zero rows of Bfx and Bfẋ correspond to fixed points
of the automorphism, J2 = Inl must hold. Then,

(vT − vT J1)(λB
f
ẋ +B

f
x) = v

T (λBfẋ +B
f
x) − v

T J1(λB
f
ẋ +B

f
x) =

= vT (λBfẋ +B
f
x) − v

T (λBfẋ +B
f
x)J2 = 0

T
nl

.
(8.25)

That is, the vector v− J1v is orthogonal on all columns of Bf2int and by
Lemma 8.20 the system is not controllable. 2

Note that condition (3) of Lemma 8.10 on page 112 can also be
restated for system (C5) on page 114. However, the condition that is
obtained in the process implies that Gx = Gẋ must hold, which is a
special case considered in Section 8.3.2.

The following result implicitly shows that the intuitive extension
of condition (3) to the system (C5) is wrong. If the pairs Gx, Gfx and
Gẋ, Gfẋ both satisfy condition (3) and the composite graphs Gx ∪Gẋ,
Gfx ∪ Gfẋ satisfy condition (3), no statement can be made about the
controllability of the corresponding double integrator system. This is
formally stated in the following.

Lemma 8.24w−→ The matrix pairs (Afx,Bfx), (Afẋ,Bfẋ) being controllable is not
necessary for the system (C5) on page 114 to be controllable.

Proof: Consider the following counter-example. Let

A1=


−2 0 0 0 0 1 0 0
0 −2 1 0 1 0 0 0
0 1 −2 1 0 0 0 0
0 0 1 −3 0 0 1 1
0 1 0 0 −4 1 1 1
1 0 0 0 1 −4 1 1
0 0 0 1 1 1 −4 1
0 0 0 1 1 1 1 −4

, A2=


−6 1 1 1 1 0 1 1
1 −5 0 0 1 1 1 1
1 0 −5 1 0 1 1 1
1 0 1 −3 1 0 0 0
1 1 0 1 −4 1 0 0
0 1 1 0 1 −3 0 0
1 1 1 0 0 0 −3 0
1 1 1 0 0 0 0 −4

,

B1 = ( 1 0 0 0 0 0 0 0 )T , B2 = ( 0 0 0 0 0 0 0 1 )T .
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Figure 8.3: Graphs considered in Lemma 8.24.

(8.26)

The corresponding LF graphs are shown in Figure 8.3. Both graphs
contain the same almost equitable partition, given by {v1, v2, v3},
{v4, v5, v6}, {v7, v8}, {u}. The follower graphs contain almost equitable
partitions with the same non-trivial cells. Thus, by Lemma 8.10 nei-
ther the matrix pair (A1,B1) nor the matrix pair (A2,B2) are control-
lable. However, letting Afx = A2, Afẋ = A1, Bf2int = (B1 | B2) in (C5)
on page 114 results in a controllable double integrator LF system. 2

Interestingly, letting Afx = A1, Afẋ = A2 in Lemma 8.24 results in
a double integrator LF system that is not controllable. Note that both
the systems (A1,B2) and (A2,B1) are controllable individually.

The conditions stated so far hold for any matrices Afx, Afẋ, Bf2int. In
particular they hold for any choice of graphs. In the following we will
extend these conditions to some special cases.

8.3.1 One of the communication graphs is empty

First, let us assume that only position information is exchanged
among the agents.

Lemma 8.25 w−→Consider the double integrator LF consensus algorithm (C5)
on page 114. If no velocity information is available to the followers, i.e.
Afẋ = 0nf×nf holds, then the system is controllable if and only if (Afx,Bfx)
is controllable.

Proof: First note that if Afẋ = 0nf×nf this implies that Bfẋ = 0nf×nl
due to our modelling choice. Furthermore, if Afẋ = 0nf×nf and Bfẋ =

0nf×nl , then the condition

rank(λ2I− λAfẋ −A
f
x | Bf2int) = nf for all λ ∈ C (8.27)

of Lemma 8.17 is reduced to

rank(λ2I−Afx | Bfx) = nf for all λ ∈ C. (8.28)
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This is precisely the condition that (Afx,Bfx) has to be controllable. 2

From Lemma 7.9 on page 97 we know that that the system ẍ(t) =

−Lxx(t) is not consensus stable. Now we have shown that if a set
of leader agents is chosen that makes the resulting system (Afx,Bfx)
controllable, then the system can be driven to a desired position and
velocity, including position and velocity consensus, with only posi-
tion measurements provided.

Next, suppose that only velocity information is available to the fol-
lowers.

Lemma 8.26w−→ Consider the double integrator LF consensus system (C5). If
no position information is available to the followers, i.e. Afx = 0nf×nf holds,
then the system is controllable only if there are at least as many leaders in the
network as there are followers. Moreover, the system velocity is controllable
if and only if (Afẋ,Bfẋ) is controllable.

Proof: First, note that Afx = 0nf×nf implies that Bfx = 0nf×nl due
to our modelling choice. If Afx = 0nf×nf and Bfx = 0nf×nl , then the
condition

rank(λ2I− λAfẋ −A
f
x | Bf2int) = nf for all λ ∈ C (8.29)

of Lemma 8.17 is reduced to

rank(λ(λI−Afẋ)ẋ | Bfẋ) = nf for all λ ∈ C. (8.30)

It is obvious that for λ = 0, the condition (8.30) can be satisfied only
if rank(Bf2int) = rank(Bfẋ) > nf. This implies that Bfẋ has nf linearly
independent columns. Therefore, there are at least nf leaders.

Substituting y(t) := ẋf(t) in (C5) we obtain the system

ẏ(t) = Afẋy(t) +B
f
ẋu(t), y(0) = ẋf0 , (8.31)

which is clearly controllable if and only if (Afẋ,Bfẋ) is controllable. 2

The first statement of Lemma 8.26 is a corollary of Lemma 8.15, as
nl = nf is a necessary condition for the system to be SOLF connected
if rank(Afx | Bfx) = 0. Furthermore, it follows from Lemma 8.26 that
controllability of the velocity subsystem given by Glfẋ does not im-
ply that the double integrator system is controllable, the same way
that consensus stability of the velocity system in Section 5.3 does not
imply that the double integrator system is consensus stable.

8.3.2 Homogeneous Consensus Networks

Finally, we consider the case that the communication networks be-
tween the followers are homogeneous, i.e. Gfx = Gfẋ holds.
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1

4

2 3

Figure 8.4: A complete graph on four nodes. The formation is uncontrollable
with less than three leaders.

Lemma 8.27 (Goldin and Raisch, [41]) w−→Consider the double integrator
LF consensus system (C5). If Afx = Afẋ holds, then the system is controllable
if and only if (Afx,Bf2int) is controllable.

Proof: If Afx = Afẋ = Af, then the left and right eigenvectors of Pf(λ)
and Af coincide. It thus follows by Lemma 8.20 that no left eigenvec-
tors of Afx being orthogonal on all columns of Bf2int is a necessary and
sufficient condition for the controllbility of (C5) in this case. This, in
turn, is equivalent to the controllability of (Afx,Bf2int). 2

Note that Lemma 8.27 does not assume that Bfx = Bfẋ. The edges
from followers to leaders may be different for the position and veloc-
ity graph. However, as Afx = Afẋ holds, each of the follower nodes has
the same total weight of incoming edges from both leader velocity
and leader position nodes.

For Bfx = Bfẋ, the necessity of Lemma 8.27 has been stated indepen-
dently by Jiang et al., [53] without proof.

8.4 weight controllability of lf consensus systems

Both almost equitable partitions and automorphisms describe the
existence of symmetries in graphs. Automorphisms indicate that a
graph is unaffected by certain rotations or reflections due to symme-
tries in its edge distribution. Almost equitable partitions mark clus-
ters of nodes that are indistinguishable from outside the cluster. The
complete graph, as shown in Figure 8.4, is a highly symmetric graph.
As pointed out in Lemma 6.6 on page 74, it is not controllable if the
input matrix is a Laplacian matrix. A corresponding result for leader-
follower systems was formulated by Tanner, [93] and states that the
unweighted complete graph on n nodes is uncontrollable by less than
n− 1 leaders. It is, however, a highly unintuitive and unsatisfactory
result that a complete graph, essentially representing a centralised
network, cannot be controlled by one leader agent.

Graph symmetries are properties of the corresponding graphs and
only translate to properties of the corresponding control system via
the Laplacian matrices. Though they cannot be removed at base level,
they may be influenced at matrix level by weighting the edges of the
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graph differently, thus negating the undesired symmetries. This can
be implemented at each agent individually in the form of a simple
gain.

Motivated by this, weight controllability was introduced in Goldin
and Raisch, [43] and Goldin, [39]. An LF system is called weight con-
trollable if it is controllable for almost all choices of the corresponding
weight function. Thus, if a particular LF consensus system is not con-
trollable with fixed weights, but weight controllable, then the weights
in the algorithm can be adjusted in such a way that it becomes con-
trollable.

Goldin and Raisch, [43] show that a single integrator LF consensus
system is weight controllable if and only if it is leader-follower con-
nected. Goldin, [39] studies weight controllability of doube integra-
tor LF consensus systems. It turns out that a SOLF-connected graph
is weight controllable. These results show that for almost all LF sys-
tems connectivity implies controllability. Thus, although the fully con-
nected LF consensus system used in the introduction to this chapter
is not controllable with uniform weights, it is controllable for almost
all non-uniform choices of weights. Further work on weight control-
lability is certainly needed. For example, it would be interesting to
find a non-randomized weight assignment algorithm that guarantees
controllability of the system it is applied to.



9
C O N C L U S I O N S

This thesis focuses on consensus algorithms for a system of agents
with double integrator dynamics in continuous time. The main body
is devoted to studying the corresponding double integrator consen-
sus system with n agents, given by

ẍ(t) = −Lxx(t) −βLẋẋ(t),

x(0) = x0, ẋ(0) = ẋ0
(S2)

where x : R+ → Rn are the positions of the agents, ẋ : R+ → Rn

are their velocities, and Lx, Lẋ are the n×n Laplacian matrices of the
graphs Gx, Gẋ that describe the underlying communication topology
between the agents. If Gx 6= Gẋ, then the communication topology is
called heterogeneous, otherwise it is called homogeneous.

While some results are available for double integrator consensus
systems with homogeneous communication topologies, less attention
had been devoted to the system (S2) with heterogeneous communi-
cation topologies prior to this work, despite its occurrence in real-life
applications. For this reason, it is chosen as the main object of study,
which focuses on both its (consensus) stability in Chapter 5-7 and its
controllability in Chapter 8.

consensus stability of double integrator consensus

systems in heterogeneous networks

The main findings in Chapter 5 are that consensus stability of (S2),
formally defined in Chapter 4, is largely a property of graph connec-
tivity and symmetry, as shown in Theorem 5.6. In fact, if the graphs
Gx and Gẋ are undirected, by Theorem 6.9 graph connectivity and
absence of certain symmetries turn out to be necessary and sufficient
conditions for consensus stability. This is shown in Chapter 6. In the
general case, when Gx and Gẋ are allowed to be directed graphs,
complex phenomena arise, that are illustrated in Chapter 7. In this
case, general statements can be made only for a subset of graphs. In
particular, we completely characterise consensus stability of acyclic
systems in Lemma 7.10.

125



126 conclusions

further work on consensus stability may be devoted to
extending the obtained results to systems with switching commu-
nication topologies, i.e. systems where the graphs Gx = Gx(t),
Gẋ = Gẋ(t) are allowed to change over time, as well as systems with
communication delays. In the case of switching systems, a viable ap-
proach would be to find a common Lyapunov function.

Another possible extension is to consider agents with higher or-
der integrator dynamics. These were not studied in this thesis due
to the fact that agents that can be feedback linearised to have single
and double integrator dynamics are prevalent in engineering applica-
tions. Furthermore, not all methods used in this thesis can be directly
extended to higher order consensus systems, because the correspond-
ing matrix polynomial, and thus also the eigenproblem, will be of
higher order as well. It is known that equations of order five and
more cannot be straightforwardly solved analytically, and even for
cubic equations the solution process is much more involved than for
quadratic ones. Thus different methods are required in order to con-
sider consensus stability of higher order systems. A Lyapunov func-
tion approach might be successful here.

controllability of double integrator consensus sys-
tems in heterogeneous networks

In Chapter 8, the system (S2) is rewritten as the leader-follower
control system with nl leaders and nf followers, given by

ẍf(t) = −Afxxf(t) −A
f
ẋẋf(t) +B

f
2intu(t),

xf(0) = xf0 , ẋf(0) = ẋf0 ,
(C4)

where xf : R+ → Rnf is the vector of the follower agents’ positions,
ẋf : R+ → Rn the vector of their velocities, u : R+ → Rnl is the
control input provided by leader agents, Afx, Afẋ are nf ×nf real ma-
trices that describe the consensus algorithm between the followers
and Bf2int ∈ {0, 1}nf×nl describes the communication links from lead-
ers to followers. The controllability of (C4) is investigated. For this
the classic controllability notion, given in Section A.2, is adopted.

Like in the case of consensus stability, the controllability of the sys-
tem with heterogeneous communication topologies has not been pre-
viously studied. Linear algebraic necessary and sufficient conditions
for the controllability of the system (C4) are given in Lemma 8.20

and Lemma 8.21, while graph-theoretic sufficient conditions are pre-
sented in Theorem 8.23. Unlike consensus stability of system (S2), the
findings in Chapter 8 can be straightforwardly linked to those on
the corresponding widely studied single integrator leader-follower
system in Theorem 8.20. Both share the property that certain symme-
tries in the graphs, like the existence of automorphisms and almost
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equitable partitions, make the overall system uncontrollable. In many
cases this is not intuitive, as we would expect the system with the
given interconnection structure to be controllable generically.

further work on controllability may include further
study of particular systems and their controllability properties, with
special focus on interconnection of controllable and uncontrollable
position and velocity subgraphs. Unlike consensus stability of higher-
order consensus systems, their controllability properties can be ob-
tained straightforwardly with the same methods applied in this thesis.
Additionally, necessary and sufficient conditions for leader-follower
systems to be controllable generically are an interesting field for fu-
ture study. Some attempts in this direction have already been made
in Goldin and Raisch, [43], Goldin, [39]. However, a lot more open
questions remain. For example, it would be interesting to find a non-
randomized weight assignment algorithm that guarantees controlla-
bility of the system it is applied to.

in summary, the results obtained in this thesis extend available
results on the consensus stability and controllability of double integra-
tor consensus algorithms. The intricate connections between graph
properties and network dynamics are illustrated, and the problems
that arise from them are demonstrated.





A
A P P E N D I X

a.1 linear algebra and calculus

This section contains an overview of the linear algebraic terms and
results used in the present work. It mostly follows Wilkinson, [101].
Some of the notation used here has been previously listed in Chap-
ter 2.

a.1.1 Eigenvalues, Eigenvectors, Jordan Matrix

A matrix A ∈ Rn×n is invertible if it is quadratic and has full rank.
The kernel of a matrix A ∈ Rn×n, denoted ker(A), are all vectors
v ∈ Cn that satisfy Av = 0n. A matrix has full rank if and only if
ker(A) = {0n}.

Two matrices A,B ∈ Rn×n are similar ([101] p. 6) if there exists an
invertible matrix C ∈ Cn×n such that CAC−1 = B. Every real n× n
matrix A is similar to its Jordan form ([101] p. 10), which is a block
diagonal matrix

J = V−1AV =


J1

J2
. . .

Jp

 , (A.1)

where p is the number of linearly independent eigenvectors of A.
Each block Ji, i ∈ {1, . . . ,p}, corresponds either with the i-th real
eigenvalue or the i-th complex eigenvalue pair of A. For a real eigen-
value λi of A, i ∈ {1, . . . ,p}, the block Ji has the form

Ji =


λi 1

λi
. . .
. . . 1

λi

 , (A.2)

where Ji ∈ Cki×ki , 1 6 ki 6 n− p and
∑p
i=1 ki = n.
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The sizes ki of the Jordan blocks are the partial multiplicities of the
eigenvalues λi, i.e. all corresponding Jordan block have size 1 if λi is
semi-simple. Otherwise λi is called deficient. If λi is deficient, then
at least one corresponding Jordan block has size ki > 1 and there
exist ki − 1 generalised eigenvectors corresponding to λi. The gen-
eralised eigenvectors are given by the Jordan chain Avij = λivij−1 ,
j ∈ {1, . . . ,ki}, where vi0 denotes the eigenvector of A affording λi.
The number ki is called the length of the corresponding Jordan chain.

The geometric multiplicity of the eigenvalue λi, denoted geo(λi)
is the number of Jordan blocks corresponding to it, while the sum
of the sizes of all Jordan blocks corresponding to it is its algebraic
multiplicity, denoted alg(λi). An eigenvalue λi is called simple if
has exactly one Jordan block of size one corresponding to it, i.e.
alg(λi) = geo(λi) = 1. Real eigenvalues of A always have correspond-
ing real eigenvectors, while imaginary eigenvalues may have complex
eigenvectors ([101] p. 8-9).

The matrix V in equation (A.1) can be chosen as the matrix of eigen-
vectors and generalized eigenvectors of A ([101] p. 10). Denote the left
eigenvectors and generalized eigenvectors of A by w1, w2, . . . , wn
and the right eigenvectors and generalized eigenvectors v1, v2, . . . , vn,
that are normalized such that wTi vi = 1. It is a classic result ([101] p.
4 eq. (3.6)) that wTi vj = 0 if i 6= j. Thus if

V =
(
v1 v2 . . . vn

)
, then V−1 =


wT1

wT2
...

wTn

 . (A.3)

If all eigenvalues of A are semi-simple, then its Jordan form is a
diagonal matrix, and A is called diagonalisable.

a.1.2 Matrix Exponential

Let A ∈ Rn×n. The function

eAt :=

∞∑
n=0

Antn

n!
, t ∈ R+, (A.4)

is called the matrix exponential. If A has the Jordan decomposition
A = VJV−1, where J = diag(J1, . . . , Jk) is its Jordan form, then

eAt = VeJtV−1. (A.5)
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Given a Jordan block Ji ∈ Cni×ni , for i = 1, . . . ,k, that corresponds
with the eigenvalue λi ∈ C of A, it holds that

eJit = eλit



1 t t2

2! . . . tni−1

(ni−1)!

0 1 t
. . .

...
...

. . . . . . . . . t2

2!
...

. . . 1 t

0 . . . . . . 0 1


︸ ︷︷ ︸

:=Ei

. (A.6)

Furthermore, for a complex number γi, γ ∈ R, it holds that

eγit = cos(γt) + i sin(γt), (A.7a)

e−γit = cos(γt) − i sin(γt). (A.7b)

a.1.3 Symmetry, Definiteness and Numerical Range

A matrix A ∈ Rn×n is called symmetric if A = AT , it is called anti-
symmetric ([101] p. 24) if A = −AT holds. Any real square matrix A
can be decomposed into a symmetric and an antisymmetric part ([78],
P3), namely A =sym(A)+asym(A), where

sym(A) = 0.5(A+AT ), asym(A) = 0.5(A−AT ). (A.8)

A matrix A ∈ Cn×n is called hermitian ([101] p. 24) if (A)ij = (A)ji,
where (·) denotes the complex conjugate of a number.

Symmetric and hermitian matrices have a real spectrum and an
orthonormal eigenvector basis, and are therefore diagonalisable. All
eigenvalues of symmetric and hermitian matrices are real and the
corresponding left and right eigenvectors coincide, i.e. V−1 = VT in
(A.1) ([101] p. 24).

A symmetric or hermitian matrix is called postitive definite if and
only if all its eigenvalues are positive ([101] p. 27). Analogously, A is
positive semi-definite, if all its eigenvalues are non-negative. Negative
definiteness and semi-definiteness are defined in the same fashion. If
neither of the above applies, A is called indefinite.

The numerical range of an n×n matrix is given by

NR(A) =
{
v∗Av

v∗v
| v ∈ Cn, v 6= 0n

}
. (A.9)

NR(A) is a compact and convex set that is symmetric to the real axis.
It is a known result ([78], P8) that for a symmetric or hermitian matrix
A, NR(A) is the convex hull of the eigenvalues of A, i.e. a segment of
the real axis. Furthermore, for a general real matrix A,

re(NR(A)) = NR(sym(A)), iim(NR(A)) = NR(asym(A)). (A.10)



132 appendix

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

re

im
Figure A.1: Illustration of the numerical range of a matrix A. The numerical

range of its symmetric part is the indicated part of the real axis.
The numerical range of its antisymmetric part is the indicated
part of the imaginary axis. Locations of the eigenvalues of A are
indicated by crosses.

These ideas are illustrated in Figure A.1. It is important to bear in
mind that if a general matrix has eigenvalues only in the right half-
plane, it does not follow that its numerical range also lies only in the
right half-plane. Further information on the numerical range of matri-
ces can be found in the overview paper by Psarrakos and Tsatsomeros,
[78].

a.1.4 Gershgorin Disc Theorem and Irreducibility

The Gershgorin disc theorem is a way to estimate the locations of
the eigenvalues of a matrix. Let A be a complex n× n matrix. For
i = 1, . . . ,n, let ri =

∑
j6=i
∣∣(A)ij∣∣ be the sum of the absolute values

of the non-diagonal entries in the i-th row of A. Let D((A)ii, ri) be
the closed disc centered at (A)ii with radius ri. Such a disc is called
a (row) Gershgorin disc, cf. Varga, [97].

Lemma A.1 (Gershgorin disc theorem, [97]) Every eigenvalue of A lies
within at least one of the Gershgorin discs D((A)ii, ri).

A matrix A ∈ Rn×n is called weakly (row) diagonally dominant, if

|(A)ii| >
n∑

j=1,j6=i
|(A)ij|, for all i = 1, . . . ,n, (A.11)

it is called strongly (row) diagonally dominant if the above inequality
is strict. Column Gershgorin disks and dominance are defined in the
same way.

A permutation matrix P is a square binary matrix that has exactly
one entry 1 in every row and column and zero entries otherwise. It
holds that PT = P−1.
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A matrix A is called reducible if there is a permutation matrix P
such that

PAPT =

(
A1 0

A2 A3

)
, (A.12)

where A1 and A3 are square matrices. Otherwise A is called irre-
ducible.

If an irreducible matrix is weakly diagonally dominant, but in at
least one row (or column) is strictly diagonally dominant, then the
matrix is called irreducibly diagonally dominant. Every irreducibly
diagonally dominant matrix has the following property.

Lemma A.2 (Varga, [97] Theorem 1.11) For any A ∈ Cn×n which is
irreducibly diagonally dominant, A is non-singular.

a.1.5 Square Root of a Complex Number

The following representation of square roots of a complex number
will be useful. The square roots of a complex number z = a + bi,
a,b ∈ R, are given by ([1], p. 17)

√
z = ±

(
sign(b)

√
|z|+ a

2
+ i

√
|z|− a

2

)
. (A.13)

a.1.6 Matrix Polynomials

A recent book on matrix polynomial theory is [38] by Gohberg et al.
Here we summarise some of the definitions important for this paper.
The function P : C→ Cn×n, given by

P(λ) = Inλ
m +

m−1∑
i=0

Liλ
i, λ ∈ C, m ∈N (A.14)

is called a monic matrix polynomial of degree m, where Li are n×n
real1 matrices. The eigenvalues of (A.14) are defined as solutions λ0 ∈
C of detP(λ0) = 0 and the corresponding eigenvectors as solutions of
P(λ0)v = 0n.

All the eigenvalues of P(λ) are real or arise in complex-conjugated
pairs. If Li = LTi , i = 0, . . . ,m − 1, then we speak of a self-adjoint
matrix polynomial ([38], p. 253). If the matrix polynomial is self-adjoint,
then P(λ0)v = 0n and v∗P(λ0) = 0Tn for all its eigenvalues λ0 and
eigenvectors v, i.e. its left and the right eigenvectors coincide ([38],
Theorem 10.1).

1 In general, the matrices Li can be complex, however, QEP with complex matrix
coefficients are not considered in this thesis.
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Every matrix polynomial admits a number of matrix pencil lineari-
sations ([38] Theorem 1.1), where the n×n matrix polynomial (A.14)
is transformed to a nm× nm matrix pencil (P1 − λI), which is linear
in λ. The pencil P1 has the same spectral properties as P(λ). One of
the most common linearisations involves the matrix

P1 =


0 In 0 . . . 0

0 0 In . . . 0
...

...
...

. . .
...

−L0 −L1 . . . −Lm−1

 . (A.15)

A complex number λ0 is an eigenvalue of P(λ) if and only if it is an
eigenvalue of P1.

Eigenproblems of matrix polynomials of degree two, P(λ) = λ2I+

λL1 + L0, are usually referred to as quadratic eigenvalue problems
(QEP). QEPs arise in a number of engineering applications, includ-
ing dynamic analysis of structural, mechanical, and acoustic systems,
electrical circuit simulation, fluid mechanics, and microelectrome-
chanical systems. For an extensive review of applications and solu-
tions of the QEP see Tisseur and Meerbergen, [96].

a.2 control theory

The following introduction follows Khalil, [56] and Kailath, [54].

A linear time-invariant dynamical system in the state space form is
given by

ẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),

x(0) = x0,

(T1)

where x(t) : R+ → Rn is the state vector, u(t) : R+ → Rm is the input
vector, y(t) : R+ → Rp is the output vector, A ∈ Rn×n, B ∈ Rn×m,
C ∈ Rp×n and D ∈ Rp×m.

a.2.1 Solution of LTI Systems

We consider solutions of the system (T1) in Section 5.3. Using varia-
tion of parameters, the solution of (T1) is given by

x(t) = eAtx0 +

∫t
0

eA(t−τ)Bu(τ)dτ, (A.16)

where eAt is the matrix exponential defined in Section A.1.2.
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a.2.2 Stability of LTI systems

In the following we give a brief overview over some existing stabil-
ity definitions for LTI systems. It largely follows Chapters 3 and 4 of
Khalil, [56]. Consider a general autonomous LTI system which satis-
fies

ẋ(t) = Ax(t),

x(t0) = x0, t > t0
(T2)

where x : R+ → Rn is the state vector, t0 > 0 is the initial time, and
x0 ∈ Rn. A point xe ∈ Rn is an equilibrium point of system (T2) if it
satisfies

Axe = 0n. (A.17)

Definition A.3 (Khalil, [56], Definition 4.4, 4.5) The equilibrium point
xe of system (T2) is called
• stable, if for each ε > 0 there exists a positive constant δ = δ(ε) > 0,

such that

‖x(t0) − xe‖ < δ implies that ‖x(t) − xe‖ < ε, for all t > t0 > 0,

(A.18)

• unstable if not stable,
• asymptotically stable if it is stable and there exists a positive constant
c, such that

‖x(t0) − xe‖ < c implies that lim
t→∞ ‖x(t) − xe‖ = 0, (A.19)

• globally exponentially stable if there exist positive constants α and ε
such that

‖x(t) − xe‖ 6 ε‖x(t0) − xe‖e−α(t−t0) (A.20)

for all x(t0) ∈ Rn and for all t > t0. The largest constant α which
may be utilised in (A.20) is called convergence rate.

If a system is globally exponentially stable, then, in particular, it
is asymptotically stable. The following well-known theorem relates
stability of linear systems to the eigenvalues of the corresponding
system matrices.

Theorem A.4 (Khalil, [56], Theorem 4.5) The equilibrium point xe =

0n of system (T2) on page 135 is stable if and only if all eigenvalues λi of A
satisfy re(λi) 6 0 and for every eigenvalue with re(λi) = 0 and algebraic
multiplicity alg(λi) > 2, rank(A − λiI) = n − alg(λi), where n is the
dimension of x.

The equilibrium point xe = 0n is (globally) asymptotically stable if and
only if all eigenvalues of A satisfy re(λi) < 0.
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a.2.3 Controllability of LTI Systems

Definition A.5 (controllability, Kailath, [54], p. 84) The system (T1)
is said to be controllable, if there is a suitable input u(t) that will take the
system to any desired state from any initial state in finite time.

The following condition describes controllability of LTI systems.

Lemma A.6 (Kailath, [54], Theorem 2.4-9) The following conditions are
equivalent.

1. The system (T1) is controllable.

2. (PBH-Test) rank(A− λI | B) = n for any complex number λ.

Note that rank(A− λIn | B) = n is automatically satisfied for any λ
that is not an eigenvalue of A, because then rank(A− λI) = n holds
by definition of eigenvalues.

The following lemma simplifies the study of controllability for cer-
tain systems.

Lemma A.7 (Bhandarkar and Fahmy, [11]) Let the matrix pair (A,B)
have the form

A =

(
A11 A12

A21 A22

)
, B =

(
B1

0

)
, (A.21)

where B1 hasm1 rows and rank(B1) = m1, and the matrixA is partitioned
correspondingly. Then, the pair (A,B) is controllable if the pair (A22,A21)
is controllable.
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