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Abstract

Technological progress in the manufacturing of solid state based nanostructures, such as
photonic devices, quantum phononic structures and coupled electronic and nanomechan-
ical hybrid systems, enables the transfer of quantum optics and vibrational phenomena
to systems, that are scalable by design. In contrast to atom physics, these systems often
strongly interact with their solid state surroundings, which leads to modified dynamics
and optical features. To properly address these features in solid state quantum optics, the
applied theoretical methods extent from a quantum mechanical treatment of higher order
quantum correlations to effective and semiclassical frameworks, employing Heisenberg’s
formalism.
The first part of this work is focused on interesting effects and possible applications arising
from the interaction of a typical semiconductor quantum dot (QD) with acoustic and op-
tical phonons. In the comparably new field of nanophononics, a QD as the active medium,
coupled to a high-Q acoustic cavity phonon mode is proposed as a phonon laser. Within
a detuned optical excitation scheme, this type of phonon laser exploits an induced Raman
process for the generation of coherent and non equilibrium phonons. Besides solving the
full quantum correlated dynamics of the phonon laser system, simple semiclassical phonon
laser equations are derived, allowing for a straightforward analytical discussion of the op-
erational regimes of the QD-phonon laser. Further, as a possible mean of characterization
of a particular nanostructure, the light emission of a QD is investigated. As an addition to
the regime of weak excitation and the famous Mollow triplet, the emission spectrum of a
semiconductor QD can exhibit a third striking spectral scenario, emerging from the cou-
pling to longitudinal optical (LO) phonons. The spectrum is again dramatically changed,
where the electron-phonon coupling strength can be extracted via the spectral positions of
the emission peaks.
In the second part of this work intrinsic and coherent quantum control is explored. Specif-
ically, a feedback setup that stabilizes a cavity quantum electrodynamics (cQED) is in-
vestigated with respect to the quantum limit of single photon feedback. By a particular
design of its environment, a typical cQED system exhibits surprising Rabi-oscillations also
at weak coupling conditions. In order to implement delayed single photon feedback, the
cQED couples to a continuum of distinctively environmentally shaped photon modes.
Further, as an example of coherent quantum control in the solid state, the generation of
entanglement between radiatively coupled nitrogen-vacancy (NV) centers is proven to be
possible, even at strong cavity loss rates. The calculations are based on an effective ana-
lytical treatment and also full quantum mechanical description, that involves the cavity
mediated interaction between the NV-centers. In contrast to previous models, the calcula-
tions here predict a counterintuitive asymmetry towards the detuning of frequencies.
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Abstrakt

Der technologische Fortschritt in Bezug auf die Herstellung von Festkörper basierten Nano-
strukturen, wie photonische Bauteile, phononische Strukturen oder elektronische und nano-
mechanische Hybridsysteme, ermöglichen es, typische Phänomene der Quantenoptik und
Nanomechanik auf das Feld dieser baubedingt skalierbaren Systeme auszuweiten. Im Gegen-
satz zu atomaren Systemen kommt es in Festkörperstrukturen zu verstärkten Wechsel-
wirkungen mit dem umliegenden Material. Diese dadurch bedingten spezifischen Eigen-
schaften angemessen beschreiben zu können, erfordert oftmals eine voll quantenmechanis-
che Behandlung der Quantenkorrelationen höherer Ordnung, hier basierend auf der Heisen-
berg Bewegungsgleichungsmethode, die zusätzlich semiklassische Näherungen ermöglicht.
Der erste Teil meiner Arbeit befasst sich mit den interessanten Effekten und möglichen An-
wendungen, die aus der Wechselwirkung zwischen einem Halbleiterquantenpunkt (QP) mit
akustischen und optischen Phononen hervorgehen. Eingebettet in das vergleichsweise neue
Feld der Nanophononik wird ein QP Phononlaser vorgeschlagen, der durch die Kopplung an
eine akustische Phononmode mit hohem Q-Faktor realisiert werden kann. Dieser Phonon-
laser nutzt zur Erzeugung von kohärenten Phononen den induzierten Ramanprozess unter
frequenzverstimmter optischer Anregung. Neben einer voll quantenmechanischen Beschrei-
bung der quantenkorrelierten Dynamik und Statistik werden auch einfach semiklassiche
Phononlasergleichungen hergeleitet. So kann der stationäre Phononlaser analytisch in ein-
fachen Formeln beschrieben werden.
Zusätzlich wird die zur Charakterisierung verwendete Lichtemission eines QP untersucht.
Neben der schwachen und starken Anregung mit der berühmten Mollowtriplett-Emission
liegt der Fokus hier auf einem dritten Anregungszenario. Dieses stellt sich ein, wenn die
Rabi-Frequenz des Lasers mit der optischen Phononfrequenz übereinstimmt. Das Spek-
trum weist dann eine dramatische Veränderung auf. Mithilfe der ermittelten spektralen
Informationen kann die Elektron-Phonon-Kopplung bestimmt werden.
Der zweite Teil der Arbeit behandelt die Quantenkontrolle typischer Systeme der Quan-
tenelektrodynamik (QED). Mittels intrinsischer Kontrolle durch ein Quantenfeedback kann
ein gekoppeltes Resonator-Emitter-System im Limes der schwachen Kopplung Rabi-Oszilla-
tionen aufweisen. Die Beschreibung des Feedbacks fußt auf einer kontinuierlichen Be-
handlung eines strukturierten photonischen Reservoirs. Als weiteres Beispiel der Quan-
tenkontrolle befasst sich die Arbeit abschließend mit einem kohärenten Besetzungstrans-
fer zwischen zwei radiativ gekoppelten Stickstoffstörstellen in Diamant. Mithilfe eines
numerischen und effektiven analytischen Modells kann die Möglichkeit von Grundzus-
tandsverschränkung auch für starke Photonenverluste bestätigt werden. Im Gegensatz zu
bisherigen Ergebnissen wird hier eine kontraintuitive Abhängigkeit von den verschiedenen
Frequenzverstimmungen vorhergesagt.
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"Und jedem Anfang wohnt ein Zauber inne"
Hermann Hesse

1
Introduction

1.1. Motivation

Advances in nanoengineering yield the possibility of adapting typical quantum optical
effects, such as single photon emission, Rabi-oscillations or entanglement for quantum in-
formation, to the field of semiconductor and solid state physics. Technologically grown low
dimensional structures, such as quantum dots (QDs), carbon nanotubes (CNTs), Nitrogen
vacancy (NV) centers, etc. are already well established in nanoscience, as they inherit the
elemental benefit of tunable device properties. Within the manufacturing process, coupling
strengths, transition frequencies or sites can be determined by design, making future in-
vestigations and the search for novel nanostructures indispensable for nanotechnologies.
In contrast to atomic systems, these designed nanostructures often strongly interact with
phonons or impurities, present in the solid state surroundings. Characteristic to the fabri-
cated material system, such interactions lead for example to an altered and more complex
emission behavior, strong dephasing mechanisms or even constitute their applicability as
technological component. Although often understood as an obstacle, to be overcome by the
device modeling, these effects can as well be reversed into new technologically utilizable
effects, inherent only to the solid state.

Phonon lasers

A comparably new and currently intense research field is the nanophononics and optome-
chanics, with the aim of exploiting structures, that allow for the quantum manipulation
of single harmonic oscillator modes [AR13, SKH+12, RH13], phonon lasing [GLPV10,
VHK+09, KPSR12] and cooling [KBP+13, SRA+08] or just the investigation of a sound
based analoug (cavity quantum acousto dynamics (cQAD)) [SRT11, RWJ+09, TBF+02]
to the optical cavity quantum electrodynamics (cQED). In the field of optomechanics,
breakthrough techniques allow for the fabrication of very high mechanical quality factors,

1



1. Introduction

as in single-crystal diamond nanomechanical oscillators [TBMD12]. Such devices are the
foundation to the vibrant research field of cavity optomechanics, that allow the study
of the radiation pressure force in the quantum regime [SNCH+12], cooling and coherent
vibrational motion [KBP+13]. These devices are based on the cavity-enhanced phonon-
photon coupling [KV08, GHV+09] and have further been realized in in micro disk-systems
[JLR+09], optical microtoroid resonators [KV07] or in Fabry-Perot cavities [MK04].
To manipulate the respective harmonic oscillator mode of the mechanical device, the light
directly couples the mechanical motion via radiation pressure force [WRI02] or is mediated
via an emitter-oscillator coupling [AR13, KBP+13]. In both cases, external manipulation
of the oscillator motion can result in either optical cooling [CKJ+11] or vibrational ampli-
fication. The latter can be achieved in a stimulated phonon emission process, generating
phonon emission in the gigahertz [GLPV10] or terahertz regime [BAHK10] and is experi-
mentally demonstrated as a mechanical pendent to an optical laser [KPSR12].
However, the generation of coherent phonons and monochromatic acoustic waves has
also been observed and proposed for typical semiconductor nanostructures (semiconduc-
tor quantum wells, quantum dots or carbon nanotubes [LSW+03, FLKJP13, GMM+06,
KCBK12, SRT11]. In these cases, the light field mostly couples to the electronic transi-
tions of nanostuctures (e.g. in quantum dots) rather, than to the resonator mode itself.
Similar to the case of a trapped ion [VHK+09], the phonon system is controlled by optical
excitation, exploiting a band diagonal emitter-phonon coupling in an induced Raman pro-
cess [KCBK12, KWH+10]. The laser mechanism is realized via a Λ-type three-level laser
structure or effectively an inverse incoherently pumped two level laser.
As demonstrated for the case of various optomechanical systems, the here proposed phonon
laser is realized for a two-level quantum dot-acoustic cavity-system [KCBK12, SRT11,
RWJ+09, TBF+02]. The coupled system is triggered into coherent phonon generation by
excitation with a frequency detuned optical laser. Such a setup adds additional degrees
of freedom to the phonon laser architecture due to the advances in semiconductor nan-
otechnology and phononics and the possible scalability of semiconductor nanostructures
[BIZR00].

Phonon-assisted Mollow triplet

In order to characterize a semiconductor nanostructure, a useful tool is nonlinear optical
spectroscopy as it reveals the systems resonances and interactions within the emission and
scattering spectrum. Due to multi-particle interactions and the presence of phonons in the
solid state, such structures exhibit a variety of different spectral features. In particular,
phonons have been reported to strongly modify the emission properties of quantum light
emitters [TBF+02, FLKJP13, TBF+02], with respect to homogeneous broadening and de-
phasing times, the appearance of extra phonon-assisted peaks in the spectrum, but also a
modified cQED.
The great progress in the field of phonon engineering towards the generation of non-
equilibrium phonons [SDR+10, WRZI04], cavity phonons and coherent phonons [GLPV10,
FLKJP13] highly motivates the study of phonon coupling- and multi-phonon-features
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1.1. Motivation

[CFC+10, MKH08] in solid state based quantum light emitters [VAK02, MVTG06, BJS+07]
such as quantum dots (QDs), nanolayers, nanotubes, quantum wells, etc].

Figure 1.1.: Phonon-induced anticrossing in the
calculated emission spectrum of a
QD.

Stationary or time dependent laser
fields, applied to the quantum light and
phonon emitters, serve as external con-
trol of the phonon statistics [KCBK12]
and therefore the emission properties of
the device.
The emission spectrum of an atom is
known to be sensitive to the optical exci-
tation regime, exhibiting Rayleigh scat-
tering and fluorescence emission in the
weak excitation regime and the famous
Mollow triplet [Mol69, SZ97] for strong
optical excitation. A similar behavior is
predicted and reported for the artificial
atom (like QDs) [UAR+11, UWU+12,
VLT09, GTVC+10], as it inherits a quasi discrete level structure due to quantum con-
finement. The coupling to phonons, however, leads to additional phonon-assisted contri-
butions to the spectrum, such as Raman scattering, phonon satellites [KWH+10, MVA12]
and also phonon-assisted Mollow triplets in the high driving regime [RH11, KCRK11].
Next to the strong driving regime (Mollow-regime), an additional strong excitation sce-
nario can provoked for the QD, that occurs for coinciding Rabi- and (here LO-)phonon
frequencies ΩR = ωLO. In this third excitation regime, the spectrum is changed drastically,
resulting from the formation of quasi-particles between the electronic, the exciting light
field and the phonon system. These predicted spectral features are proposed to serve as an
emission intensity independent mean of measuring the electron-phonon coupling strength
[HR50, KCRK11].

Single photon feedback

In classical self-feedback setups, the stabilization of semiconductor lasers can be achieved
by placing an external mirror in front of a cavity-emitter system. This well-known scheme
is described with the Lang-Kobayashi model [LK80, HDY+11, MMT90], being a reliable
tool in the regime of classical light fields. With focus on quantum information processing
and the realization of quantum networks, the stabilization of particular quantum states
is highly desired. Usually, this control is realized in the form of a repeated action sensor-
controller-actuator loop [ZDP+12, VMS+12, WM10].
In particular few emitter systems, such as QD-microcavity systems exhibit a deviating
behavior with respect to the Lang-Kobayashi case. Involving an intrinsic quantum feed-
back by a particular design of the environment, a microcavity-few-quantum dot laser is
demonstrating quantum chaos [AHR+11]. This feature is further accompanied by a drastic
modification of the cavity photon statistics, leading to considerable intensity fluctuations
(bunching). In this transition area of classical- and quantum emission, models surpassing
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the classical Lang-Kobayashi-type systems have to be consulted.
Further considerations of quantum feedback are settled in the true quantum limit, i.e. the
single photon regime, where quantum fluctuations explicitly dominate the emission proper-
ties. Previous proposals for photon feedback involved a self-feedback of a laser driven atom,
placed in front of a half-cavity [DZ02]. Based on a similar approach, the cavity-quantum
electrodynamics involving self-photon feedback [CKS+13] is investigated here. Such a feed-
back scheme enables a recovery of Rabi-oscillations for emitter-cavity coupling constants
small compared with the outcoupling strength.

Radiatively coupled NV-centers

Among the variety of quantum confined solid state nanostructures, the negatively charged
nitrogen-vacancy (NV) center strikes with deliberately long coherence times [BNT+09,
BCR+12, HA08, WSSB13]. Further, its level structure, basically providing a Λ-type level
structure with two separately addressable optical transitions onto an excited state manifold,
makes it an ideal candidate for coherent control [STN+06, TCT+10, MGT+11]. Next to
the coupling to high-Q mechanical oscillator modes [TBMD12], as mentioned above, there
has been significant technological progress in the integration of single NV-centers within
photonic crystal cavities [FSH+12, ML08, WSK+10]. Next to probabilistic entanglement
schemes [BHP+13], involving entanglement between spatially distanced NV-centers, the
particular level structure offers the possibility of coherently control the entanglement via
the effective coupling by a photonic crystal cavity mode [YXFD10]. In a scheme, priorly
proposed for a QD-microcavity system [IAB+99], a coherent population switch via a ground
state entanglement between two distant (uncoupled) NV-centers can be effectuated. Via
strong laser detunings towards the optical transition, the population switch can be realized
even for large ratios of the photon loss rate and the cavity coupling.

1.2. Structure of the work

Chapter 2 briefly introduces the considered material systems and applied theoretical meth-
ods. In chapter 3, a proposal for a semiconductor QD phonon laser is discussed, involving
a full quantum mechanical treatment as well as a semiclassical level of description. The
third chapter deals with novel high driving field induced phonon features in the spectrum
of a QD, that give access to the electron-phonon coupling strength. Further phonon related
emission characteristics are investigated on the basis of the time-resolved spectrum. The
description is based on an equation of motion approach, that includes higher order non-
Markovian phonon-phonon correlations to describe the phonon features. Chapter 5 contains
the single-photon self-feedback in cavity QED, theoretically demonstrating the recovery of
Rabi-oscillations for typical weak coupling conditions. In chapter 6, the coherent control of
two radiatively coupled Λ-systems is studied under the influence of strong photon loss out
of the photonic crystal cavity. The theoretical description is considered with an effective
analytical model and a full systems treatment. Finally, a brief summary collects the results
and contains proposals for future research. Some complementary derivations and formulas
can be found in the appendix.
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2
Theoretical Framework

In this chapter, an introductory outline of the material systems of interest and the basics
of the applied theoretical methods will be presented in a compact manner. Further, this
introduction will cover (as a foundation to quantum electrodynamics) a brief discussion of
the Jaynes-Cummings model, which will frequently be referred to in this thesis.

2.1. Solid state Hamilton-operator

The basic starting point for the following theoretical considerations is a typical solid state
Hamilton operator, composed of the multi particle interactions present in the solid state
system:

H = He +Hi +He−i, (2.1)

with the electronic e and the ionic i part and interaction between them. The usual approach
is to treat the kinetic energy of the ions as a perturbation for the system. Within the so
called Born-Oppenheimer approximation, the electrons are assumed to move in the static
potential of the nuclei Ve−i({ ~R0}) that are located at fixed positions { ~R0} [Czy00, Hak93].
On the other hand, the nuclei’s motion is considered within an effective potential Vi−i({~R}),
given by the electronic eigen-energies, i.e the approximation leads to a decoupling of the
electron- and ion dynamics. A correction to this approximation involves for example the
electron-phonon interaction Ve−i({~r} − {~R}). Including the light matter interaction (in

5
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Coulomb gauge) given by the minimal coupling Hamiltonian [VW94], the different contri-
butions to the Hamiltonian now read [Czy00]:

He =
∑
l

{ 1

2me
[~pl + e ~A]2

}
+

∫
d3r
{
ε0 ~E

2
⊥ + µ−1

0
~B2
}

+ Ve−i({~r} − { ~R0}), (2.2)

Hi =
∑
l

Pl
2ml

+ Vi−i({~R}), (2.3)

He−i = Ve−i({~r} − {~R}), (2.4)

where the braces stand for the whole set of coordinates of the electron ~r and ion ~R coordi-
nates. Equation (2.2) describes the motion of the electrons within the lattice potential of
the nuclei Ve−i({ ~R0}), which later on will be treated within the effective mass approxima-
tion. Further, it contains the electron-light interaction as well as the free radiation part of
the Hamiltonian (second term in Eq. (2.2)). The ion part of the Hamilton operator Hi−i
will be reformulated into the free phonon Hamilton-operator, while He−i accordingly is the
electron-phonon interaction. Within the formulation of second quantization of particles
and fields, these interactions will be introduced in more explicit form in the following sec-
tion. The carrier part of the Hamiltonian Hc can further be simplified in the effective mass
approximation [Czy00]. Here, the motion of the electrons within the periodic ion potential
Ve−i({~r}−{ ~R0}) is mimicked by a modified effective carrier mass me → m∗e, such that Eq.
(2.2) reduces to:

He =
∑
l

{ 1

2m∗e
[~pl + e ~A]2

}
+

∫
d3r
{
ε0 ~E

2
⊥ + µ−1

0
~B2
}
. (2.5)

2.1.1. Quantum confinement

The solid state nanostructures considered here (quantum dots, NV-centers) spatially con-
fine the electrons in all three dimensions, leading to a discrete atom like level structure.
Theoretically, this confinement is introduced via postulating electronic wave functions com-
posed of the periodic Bloch factor usi and an envelope function ξi(~r) [HK94]:

ϕi(~r) = ξi(~r)us≈0i(~r), (2.6)

where i denotes the band index. These confinement function are determined through the
confinement potential Vconf, fulfilling{

− ~2

2m∗
∇2 + Vconf(~r)

}
ξi(~r) = ~ωiξi(~r). (2.7)

Due to the confinement induced spatial determination of the electron within the nanostruc-
ture, the momentum index s can be skipped in the following. In this work, the confinement
potential will be described via a harmonic potential, leading to Gaussian envelope functions
[FWDK03, KWH+10].
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2.2. Formulation of the solid state Hamiltonian in second quantization

2.2. Formulation of the solid state Hamiltonian in second
quantization

Throughout the thesis, the different fields (Schrödinger, Maxwell) are treated within the
formalism of second quantization. Within canonical quantization, the crucial step towards
quantization is the postulation of commutation relations for the canonic field variables
according to the respective wave equations (Hamilton function).
Schrödinger’s field:– In the case of the Schrödinger equation, this Hamilton function is
given by:

H =

∫
ψ†(~r)

{
− ~2

2m
∇2 + V (~r)

}
ψ(~r), (2.8)

with the fermionic commutation relations for the field variables

[π(~r), ψ(~r′)]+ =
~
i
δ(~r − ~r′), [ψ(~r), ψ∗(~r′)]+ = δ(~r − ~r′), [ψ(∗)(~r), ψ(∗)(~r′)]+ = 0, (2.9)

where the conjugate momentum π ≡ L
ψ̇

= −~
iψ
∗ is derived from the Lagrangian L, ful-

filling Schrödinger’s equation [Hak93]. Solving Schrödinger’s equations, the commutation
relations of Eq. (2.9) also effectuate commutation relations for the evolution coefficients to
its solution. With:

ψ =
∑
i

ϕ
(∗)
i (~r)a

(†)
i ⇒ [ai , a

†
j ]+ = δij , [a

(†)
i , a

(†)
j ]+ = 0. (2.10)

In this formalism, the operators a†i and ai describe the creation and annihilation of a
particle in the state |i〉. Using Dirac notation, the state of the system is given by the
product state, as follows:

|{n}〉 =
∏
α

a†nα |0〉, with nα ∈ {0, 1} (2.11)

With this, Eq. (2.8) can be cast into the simple form

H =
∑
i

~ωia†iai ≡
∑
i

~ωin̂i, (2.12)

where n̂i denotes the occupation number operator.
Maxwell’s field:– In a similar procedure, now starting from Maxwell’s equations [Hak93],
the electromagnetic field can be quantized according to:

~A(~r, t) =
∑
k

{
~λk(~r)ck(t)− ~λ

∗
k(~r)c

†
k(t)

}
, ~λk =

i~εk e
ik·~r

√
2ε0~ωkV

, (2.13)
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with the bosonic commutation relations for the photonic creation and annihilation opera-
tors

[ck, c
†
k′ ]− = δkk′ , [c

(†)
k , c

(†)
k′ ]− = 0. (2.14)

Here, the state of the photon system is created as:

|{n}〉 =
∏
α

1√
nα!

a†nα |0〉 (2.15)

2.2.1. Electric dipole representation

Before fully representing the Hamiltonian in second quantization, including the quanti-
zation of Schrödinger’s field, a long wavelength approximation is performed in Eq. (2.5).
Here, the vector potential is assumed to be spatially independent ~A(~r, t) ≈ ~A(~0, t), as the
optical wavelengths can expected to be large compared with the dimension of the here con-
sidered small nanostructures. First, applying now the electromagnetic field quantization to
Eq. (2.5), He is given by:

He =
∑
l

{ 1

2m∗e
[~pl + e ~A(0, t)]2

}
+
∑
k

~ωkc†kck. (2.16)

In order to explicitly express the Hamiltonian in the form of an electric dipole interaction,
the following (time-independent) unitary transformation T is applied to the full Hamilto-
nian [CT92]:

H ′ = THT †, with T = exp
[ i
~
~d · ~A(0, t)

]
≡ exp

[
~d ·
(
~λk(0)ck(t)− ~λ

∗
k(0)c†k(t)

)]
, (2.17)

with ~d =
∑

l ql ~rl being the electric dipole moment. As the Coulomb parts Eqs. (2.3) and
(2.4) of the Hamiltonian only depend on ~r, they remain unaffected by T .He however results
in:

H ′e =
∑
l

1

2m∗e
~pl +

∑
k

~ωkc†kck − ~d ·
∑
k

{
~Ekck − ~E∗kc†

}
, ~Ek = ωk~λk. (2.18)

2.2.2. Electron-photon interaction

Now applying also the quantization for Schrödinger’s field and considering the atom like
electronic level structure in accordance with Sec. 2.1.1 Eq. (2.5) is finally reduced to:

H ′e = H0
el +H0

pt +HI
el−pt

=
∑
i

~ωia†iai +
∑
k

~ωkc†kck +
∑
k,ij

{
M ij
k c +M ij∗

k c†
}
a†iaj , (2.19)

describing the quasi free motion of the quantum confined electrons H0
el within the bands

denoted by i, the free part of the quantized radiation field H0
pt and the interaction between
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2.2. Formulation of the solid state Hamiltonian in second quantization

the photonic- and the electronic system HI
el−pt. The electron-photon coupling strength

M ij
k = 〈i|~d · ~Ek|j〉 involves the wavefunctions of the respective nanostructure, for the quan-

tum dot given by Eq. (2.6).

2.2.3. Coupling to a classical laser field

For the coupling of the QD with a single mode laser field, the photon system is assumed to
be in the coherent state |α〉. Via applying a unitary transformation onto He, the electron-
light interaction is represented by a coupling of the electronic system with a classical laser
field [CT92]. Corresponding withHI

el−pt, in the classical limes, the electron-light interaction
is simplified to:

HI′
el−pt = HI

el−L = −~d · ~EL
∑
ij

a†iaj , with EL = ~ELαe−iωLt + ~E∗Lα∗eiωLt, (2.20)

where α is the complex amplitude of the coherent light field with 〈n〉 = α2 being the
intensity (average photon number) of the field. The interaction strength is often given in
units of the Rabi-frequency, given by ΩR = 2Ω ≡ − ~d· ~ELα

~ .

2.2.4. Electron phonon interaction

Considering Eqs. (2.3) and (2.4), the ion part of the particle density is treated classically
ρi(~r) = ψi(~r)ψi(~r) ≈

∑
n δ(~r − ~Rn). For quantizing the ionic system, the spatially depen-

dent part of the ion potential Vi−i({~R}) is expanded to second order from the equilibrium
positions ~R0n = ~un − ~Rn [Czy00]:

Vi−i{~R} ≈ Vi−i{~R0}+
1

2

∑
l,m,µ,ν

∂2Vi−i
∂Rlµ∂Rm,ν

∣∣∣
~R0

ulµum,ν (2.21)

where ~un are the ionic displacement coordinates. Introducing normal coordinates {ũ, p̃} for
the ionic displacement vectors and the ion momenta via a unitary coordinate transforma-
tion, Eq. (2.3) can be brought into the form of uncoupled harmonic oscillators:

Hi−i =
1

2

∑
l

{
p̃2
l + ω2

l ũ
2
l

}
. (2.22)

Following the usual quantization procedure for the harmonic oscillator, quantizing the
actual ionic coordinates, Eqs. (2.3) and (2.4) yield the free phonon Hamiltonian H0

pn and
the electron phonon interaction HI

el−pn:

Hi +He−i = H0
pn +HI

el−pn =
∑
q

~ωqb†qbq +
∑
q,i

{
gi∗q b

†
q + giqbq

}
a†iai , (2.23)

where the phonon creation- b†q and annihilation operators bq exhibit the same bosonic com-
mutation relations such as the photon operators in Eq. (2.14). In Eq. (2.23) it was already
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2. Theoretical Framework

assumed, that the interaction between the electrons and the phonons is band diagonal, i.e.
no transitions between the different electronic states are induced via the phonon system.
In the solid state, there are different possibilities for the coupled ionic motion, leading to
different types of phonon modes. In this thesis, two coupling mechanisms will be consid-
ered. The first is the coupling to longitudinal acoustic (LA) phonons, introduced via a
deformation potential coupling and the second is the coupling to longitudinal optical (LO)
phonons via the Fröhlich coupling [Mah81, Hau70]:

giq,LO =

√
e2~ωLO
2V ε0εr

〈i|eiqr|i〉, with εr =
( 1

εs
− 1

ε∞

)−1
, (2.24)

giq,LA =

√
hq

2ρmvLV
Di〈i|eiqr|i〉. (2.25)

In Eq. (2.24), the Einstein approximation, assuming a constant dispersion relation for the
LO-phonons was applied.

2.3. Quantum and phonon optics

Applying the broad spectrum of concepts, known from quantum optics to the field of quan-
tum phononics, is a convenient and often useful method in order to describe similar effects
and applications in phonon optics. Although this procedure is not generally legitimate, as
for example, the phonon potential cannot always be assumed to be harmonic, it is applica-
ble in a broad range of domains. As outlined above, usually the difference between photons
and phonons is the way of quantization, respectively. In the photon case, hermitian field
operators are associated with the classical field variables by postulating a quantization of
the radiation field. In contrast, the phononic commutation relations are directly gained
from first quantization of the atomic position and momentum operators.

2.4. Statistics – Photon and phonon number probabilities

Dealing with cavity quantum electrodynamics (CQED) in quantum optics and cavity quan-
tum acousto dynamics (CQAD) in nano-phononics, the evaluation of the cavity field statis-
tics provides basic insight and information about the emission properties of the considered
quantum system. In the following chapters 3 and 6, the phonon- and photon statistics of
the system will be calculated via the higher order (photon/phonon) coherences. Here in
this section, a short introduction of photon statistics is given and the used method, based
on an inductive equation of motion scheme, is presented [CRCK10, KCR+11].

2.4.1. Observables of the cavity statistics

There are several quantities, which are used for the characterization of the cavity field
statistics. The Discrimination of different types of light, with diverging coherence properties
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to be determined with a second order correlation setup (Hanbury-Brown-Twiss interferom-
eter) gives the crucial information about the operational regime of an optical device. Within
this measurement, the quantum field statistics are revealed via an intensity-intensity cor-
relation, in quantum optics given by:

g(2)(0) =
〈c†c†cc〉
〈c†c〉2

. (2.26)

In Eq. (2.26), the photon-photon correlation is given for a single mode quantum light field,
measured at equal time-and location, as will be considered in the following. Its value states
the conditioned measurement of two photons, i.e the regularity of the photons within a
light beam. This quantity is normalized to the case of a coherent light field. Other types
of statistics can then be referred to this benchmark value:

g(2)(0) = 1 +
(∆n)2 − 〈n〉
〈n〉2

→


= 1, random (coherent)
> 1, correlated (bunched)
< 1, anti-correlated (anti-bunched),

These values are calculated via the respective state of the system ρ. The extrema of light
statistics are (i) the coherent state ρ = |α〉〈α| with the Glauber state defined as |α〉 ≡
e−

1
2
|α|2 ∑

n
αn√
n!
, (ii) the photon number state (Fock) ρ = |n〉〈n| and (iii) the thermal state

ρ =
∑

n Pn|n〉〈n|.
Evaluating the photon statistics of a cavity, another important parameter is the photon
number probability distribution Pn(t) [Lou90, RCSK09] as occurring within the density
matrix of the photon system. Same as for the g(2)-function, it can be benchmarked with
the coherent case, in this particular case exhibiting a Poissonian shape:

Pn =


|〈n|α〉|2 = 〈n〉n e−〈n〉

n! , coherent
〈n〉n

(1+〈n〉)n+1 , thermal

δnm for m = 〈n〉, Fock.

(2.27)

Thus, a correlated cavity field will exhibit a broader distribution Pn (super-Poissonian),
than for the coherent case , while anti-correlated photons show a narrower probability
distribution (sub-Poissonian).

2.5. Calculating the statistics

In this thesis, the quantities of interest will be calculated on the basis of an equation of
motion approach, developed in Refs [CRCK10, KCR+11]. Within this approach, higher
order quantum correlations 〈c†ncm〉, that determine the statistics are directly accessible.
With those, quantities, such as the average photon number N = 〈n〉 = 〈c†c〉 or the second
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order correlation function g(2)(0) can be determined. These correlation quantities can be
given as an expansion of the photon number probability distribution:

〈c†mcm〉 =

∞∑
n=m

n!

(n−m)!
Pn(t). (2.28)

Here, m is the power of photonic creation c†ν and annihilation cν operators. In the usual
cases, i.e. a coherent, thermal or Fock statistics, the probabilities converge to zero for large
enough photon numbers Pn → 0, (n→ n∞). This justifies the truncation of the sum at a
critical value n∞. Additionally rearranging Eq. (2.28), the probabilities can be expressed
in terms of the photon-correlations 〈c†mcm〉:

〈c†mcm〉 =
∞∑
n=m

n!

(n−m)!
Pn = m!Pm +

∞∑
n=1

(m+ n)!

n!
Pm+n

⇒︸︷︷︸
Pn∞≈0

Pm =
1

m!

[
〈c†mcm〉 −

n∞∑
n=1

(m+ n)!

n!
Pm+n

]
, (2.29)

and the photon probabilities can be calculated in an iterative procedure, if the photon
correlations are known up to a critical order n∞ with the start-value Pn∞ = 1

n∞!〈c
†n∞cn∞〉.

As an example, in the case of n∞ = 3 (corresponding to a extremely small average photon
number or a Fock statistics with 〈n〉 = 3 at the max), the photon-probabilities are given
by:

P3 =
1

3!
〈c†c†c†ccc〉,

P2 =
1

2!
〈c†c†cc〉 − 3!P ν3

2!
,

P1 = 〈c†c〉 − 2!P ν2 −
3!P ν3

2!
.

The choice of the order n∞ is strongly dependent on the mean photon number, the photon
statistics or the integration time. In the case of a Fock-state with n̄ν = 1 and the electronic
system in the ground state |c〉, only the first order photon correlation 〈c†c〉 exists. There
is only the probability of finding 1 or 0 photons.
In general, however, especially in the case of a coherent or a thermal statistics, truncation
at n∞ = 3 cannot be justified, even at low average photon numbers. The inductive method,
used in this thesis generates the higher order correlations up to converging orders also at
high 〈n〉. However, in the high photon number regime the calculation may be numeri-
cally very demanding and other methods for calculating the statistics are more adequate
[SZ97, RCSK09]. Considering in particular Eq. (2.29) in the case of a thermal statistics,
where according to Wick’s theorem for boson operators 〈c†mcm〉 = m!〈c†c〉m [Lou90] the
limit of this method is revealed. In this case, the start value is Pn∞ > 1 for 〈c†c〉 > 0,
i.e. a truncation of the sum in Eq. (2.28) leads to a severe error. However, for the here
considered optical (and acoustic) frequencies in the range of meV-eV, the average thermal
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boson number calculated with the Bose-Einstein distribution N ≡ 〈c†c〉 = 1/[exp[ ~ω
kBT

]−1]
results in values well below 1.
Note, that Eqs. (2.28) and (2.29) reflect the fact, that the photon-probability of the quan-
tum state is evaluated, using the respective Fock-state as the absolute benchmark.

2.6. Jaynes Cummings model–Equation of motion method

In this section, the method for calculating the expectation values, including the bosonic
operator correlations introduced in the previous section, is shortly reviewed on the stan-
dard example of cavity-QED. But first, an analytical solution will be presented, as given
in Ref. [SZ97].
The Jaynes-Cummings model (JCM) corresponds to the electron-photon part of the Hamil-
tonian of Eq. (2.19) in a Rotating wave approximation (RWA), keeping only energy con-
serving terms. Further, it treats the limes of a two level system i, j ∈ {b, a} containing only
one electron and a single photon mode k = k0:

HJC = ~ωaa†aaa + ~ωba†bab + ~ω0c
†c+ ~g(a†baac

† + a†aabc). (2.30)

This Hamilton operator basically describes the interaction of a single two-level emitter with
a single cavity mode, as visualized in Fig. 2.1. Via the interaction of the electronic system
with the quantum light field (or cavity vacuum), transitions between the two levels can
be induced. Starting for example in the excited state with an initially empty cavity, the
two-level systems decays into the lower state, emitting a photon into the cavity in a cavity
induced spontaneous emission process. Since this model is by definition a closed system.
The emitted phonon is subsequently reabsorbed on the time scale given by g, leading to
the well-known effect of Rabi-oscillations.
It is useful reviewing this model, since it is contained within more complex systems with

Figure 2.1.: Scheme of a two-level system with the unperturbed ground- |b〉 and excited
state |a〉, interacting with a single cavity mode with frequency ω0. The levels
are separated with the energy ωa − ωb = ωab. The two level system contains a
single electron.

more than just one interaction as an effective subsystem. With respect selecting such an
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2. Theoretical Framework

effective JCM-like subsystem, it will be referred to, when dealing for example with the
phonon laser in Chaps. 3 and 6.

2.6.1. Solution of the Jaynes-Cummings model

Due to the simplicity of the electronic structure in the JCM, the Hamiltonian is usually
expanded in the electronic subspace |b〉〈b|+ |a〉〈a| = 1̂. Within the interaction picture, Eq.
(2.30) can be given in the compact form:

H ′JC = ~g|v〉〈c|c† e−i∆abt + h.c., (2.31)

where ∆ab = ωab − ω0. As this system is lossless, it is most convenient, solving it in
Schrödinger’s picture i~∂|ψ〉∂t = H ′JC |ψ〉, where the systems state is generally given as
|ψ(t)〉 =

∑
n

[
αb,n(t)|b, n〉+αa,n(t)|a, n〉

]
, where the first index denotes the electronic state

and the second index the photon number state. Applying Schrödinger’s equation and Eqs.
(2.30), within a rotating frame αi,n → αi,ne

i(ωi−ω0)t, this leads to the following equations
of motion for the coefficients:

α̇a,n = −ig
√
n+ 1 ei∆abtαb,n+1, (2.32)

α̇b,n+1 = −ig
√
n+ 1 ei∆abtαa,n. (2.33)

The solution can straightforward be calculated as:

αa,n(t) =
[
αa,n(0)

[
cos
(ΩG,nt

2

)
− i∆ab

ΩG,n
sin
(ΩG,nt

2

)]
−
iΩR,n

ΩG,n
αb,n+1(0) sin

(ΩG,nt

2

)]
e
i∆abt

2 , (2.34)

αb,n+1(t) =
[
αb,n+1(0)

[
cos
(ΩG,nt

2

)
+
i∆ab

ΩG,n
sin
(ΩG,nt

2

)]
−
iΩR,n

ΩG,n
αa,n(0) sin

(ΩG,nt

2

)]
e
−i∆abt

2 , (2.35)

with the photon-manifold dependent bare Rabi frequency ΩR,n = 2g
√
n+ 1 and gener-

alized Rabi-frequency ΩG,n =
√

ΩR,n + ∆2
ab determining the dynamics. For the case an

initial excitation of the two-level system, the initial values for the coefficients are simply
αa,n(0) = αn(0) and αb,n+1(0) = 0. For this special case, the inversion and the photon
probabilities can be calculated by:

R(t) =

∞∑
n=0

[
|ca,n|2 − |cb,n|2

]
=

∞∑
n=0

Pn(0)
[ ∆2

ab

ΩG,n
+

Ω2
R,n

Ω2
G,n

cos
(ΩG,nt

2

)]
, (2.36)

Pn(t) = |ca,n|2 + |cb,n|2 = Pn(0)
[
cos2

(ΩG,nt

2

)
+
( ∆ab

ΩG,n

)2
sin2

(ΩG,nt

2

)]
+Pn−1(0)

ΩR,n−1

ΩG,n−1
sin2

(ΩG,n−1t

2

)
. (2.37)
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2.6. Jaynes Cummings model–Equation of motion method

Apparently, with an initially empty cavity P0(0) = 1 and zero detuning of the cavity mode
from the electronic resonance ∆ab = 0, the probabilities and the inversion just perform
simple sinusoidal Rabi-oscillations, as shortly discussed before. However, at different ini-
tial statistics Pn(0), the oscillatory behavior can be drastically changed. In particular the
photon probabilities each rotate at different frequencies.

2.6.2. Treatment of the JCM within the equation of motion approach

While the JCM is limited to the most simple lossless case of CQED, additional interactions
and dissipative processes in a quantum system demand other methods of description. In
this thesis, the quantities of interest are calculated on the basis of an equations of mo-
tion approach. Within this approach, the inclusion of losses, several interactions between
different quantum systems as well as many particle interactions is straight forward using
Heisenberg’s equation of motion.

〈Ȯ〉 =
i

~
〈[H,O]〉+ Tr

{
OLρ

}
, (2.38)

where H includes the interactions and the Lindblad-operator L introduces the dissipative
processes on the basis of a second order Markovian treatment of the interactions with the
dissipative degrees of freedom [Car99, BP02]. Within this approach, a naturally emerging
problem is the so called hierarchy-problem. This means, that an operator quantity of the
order n in a quantum system (here photon system) couples to a quantity of the order n+1
and so on. A method to overcome this problem, frequently used for solid state systems
is the cluster expansion [Fri96, KK08]. However, this method is valid only in the limes
of many emitter/photon systems. Transitions from the quantum- to the classical regime
require non perturbative treatments.
The inductive equation of motion method [CRCK10, KCR+11], here demonstrated for the
photon coherences, generates a set of equations which is formally identical for each photon
manifold. In the case of the JCM [Eq. (2.30)] (at resonance ωab = 0) the equation for the
first- and second order photon correlations N = 〈c†c〉 and g(2)(0)〈c†c〉2 = 〈c†c†c c〉 read:

∂t(c
†c) = i[Ma†baac

† −M∗a†aabc], (2.39)

and

∂t(c
†c†cc) = 2i[Ma†baac

†c†c−M∗a†aabc
†cc]. (2.40)

From these two equations, the general equation of motion for them-th order can be guessed:

∂t(c
†mcm) = i m [Ma†baac

†mcm−1 −M∗a†aabc
†m−1cm]. (2.41)

15



2. Theoretical Framework

This assumption is to be proven by mathematical induction.

∂t(c
†m+1cm+1) = ∂t(c

†c†mcmc)

= (∂tc
†)c†mcmc+ c†∂t(c

†mcm)c

+ c†(c†mcm)∂tc. (2.42)

Now, using the result for ∂t(c†mc†m) of Eq. (2.41) and considering the equations of motion
for c† and for c:

∂tc
† = −iMν∗a†aab, ∂tc = +iMνa†baa, (2.43)

This gives the general form for the equations of motion for the photon correlations, now
resulting in:

∂t(c
†m+1cm+1) = i(m+ 1)[Ma†baac

†m+1cm −M∗a†aabc
†mcm+1], (2.44)

In order to reproduce the analytical solution to the JCM in Eqs. (2.36) and (2.37), a set
of equations for the photon-assisted electronic quantities, such as the population densities
and the polarizations are derived in the same manner. Starting with the (n+m)-th order
photon assisted electronic density, the respective set of equations results in:

∂t〈a†aaac†ncm〉 = iM [〈a†baac
†n+1cm〉 − 〈a†aabc

†ncm+1〉], (2.45)

∂t〈a†baac
†ncm〉 = niM〈a†baac

†n−1cm〉+ iM [2〈a†aaac†ncm+1〉 − 〈c†ncm+1〉], (2.46)

∂t〈c†mcm〉 = iM [m 〈a†baac
†mcm−1〉 − n〈a†aabc

†n−1cm〉]. (2.47)

These three general EOM, describing the dynamics of the JCM is solved numerically. To
compare this approach with the analytics, the dynamics of the inversion (here given as
R(t) = 2〈a†aaa〉 − 1 are calculated for different initial photon statistics. While in Eqs.
(2.36) and (2.37), the statistics enter via the photon probability distribution Pn, it is here
incorporated via the initial values for the expectation values of the operator correlations.
These are determined under the assumption of a factorizing state ρ(t = 0) = ρel

⊗
ρpt with

respect to the electronic and the photonic system at t = 0. With this, the initial conditions
are given as:

〈a†iajc
†ncn〉 = 〈a†iaj〉〈c

†ncn〉 = 〈a†iaj〉 ×


Nn, (coherent)
n!Nn, (thermal)
N !

(N−n)! , (Fock),
(2.48)

where N is the average photon number.
In Fig. 2.2, the dynamics of the inversion R(t), as calculated with the analytical formula of
Eq. (2.36) is depicted together the results from Eqs. (2.45)-(2.47) at three different initial
cavity statistics: (a) For an initially empty cavity with N(0) = 0 (Fock), (b) a coherent
state with N(0) = 5 and a thermal state with N(0) = 0.3. In all three cases, the emitter
is assumed to be excited at the beginning R(0) = 1. The fat grey curves correspond to
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Figure 2.2.: Dynamics of the inversion R according to the Jaynes-Cummings model at dif-
ferent initial conditions for the photon field: (a) Fock state with N(0) = 0, (b)
coherent state with N(0) = 6 and (c) thermal statistics with N(0) = 0.3. The
fat grey curves corresponds to the analytical Jaynes-Cummings solution and
the thin colored curves are calculated with the inductive equation of motion
method.

the analytics, while the thin colored curves are calculated numerically with Eqs. (2.45)-
(2.47). Obviously, both solutions are in perfect agreement, proving the equation of motion
approach to be a reliable tool for calculating the dynamics involving higher order photon
assisted processes at different types of statistics. This makes this method in particular use-
ful for the description of transition between different regimes, which states an advantage
in comparison with the cluster expansion method or a Born factorization.
For the Fock case in In Fig. 2.2(a), the inversionR is performing symmetric Rabi-oscillations
on timescale given by the electron-photon coupling element M . Due to this coupling in-
duced spontaneous emission, the inversion decays, emitting a photon into the cavity, which
is subsequently reabsorbed again. In the case of the coherent statistics Fig. 2.2(b), how-
ever, the dynamics exhibits the well-known collapse, beating and following revival of the
oscillations [RWK87]. In contrast to (a), where the oscillations are determined by a single
Rabi-frequency ΩR,0, there are also higher order Rabi-frequencies ΩR,n (n > 0) involved.
The different orders of the photon correlations lead to an interference, causing these fea-
tures. In order to reach convergence with the analytics, the photon correlations had to
be included up to n = 35th order. For the thermal statistics in Fig. 2.2(c), the inversion
is performing chaotic oscillations. As here, the photon probability distribution is peaked
about zero, the time scale of the oscillations is more comparable to the Fock case. Although
there are several orders of photon correlations (Rabi-frequencies) involved in the dynamics
as well, such as for the coherent case, there are no periodic collapses/revivals present in the
temporal evolution. In the Poissonian (coherent) case, the Rabi-frequencies are distributed
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2. Theoretical Framework

much narrower, than in the super Poissonian thermal case, giving rise to constructive and
destructive interference.
The systems, that will theoretically be examined in the following sections are treated, mak-
ing use of the above introduced method. Within this approach, it is possible to incorporate
several interactions and losses, while still retaining an arbitrary accuracy in the description
of higher order effects. Further theoretical framework will be introduced in the respective
sections, as needed.
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3
A Quantum dot phonon laser

The foundation of a broad spectrum of laser applications is the coherent beam ampli-
fication. While this optical feature is well understood, the feasibility of highly coherent
beams of sound by translating the laser mechanism to the generation of coherent phonons
is currently explored in experimental [VHK+09, GLPV10, BAHK10] and theoretical works
[CMPFT01, CK03, KCBK12, KPSR12]. To generalize the concept of stimulated emission
onto phononic systems establishes new possibilities to improve imaging resolutions in to-
mography or non-demolishing measurement techniques, but is also an interesting effect for
fundamental science itself.
The phonon laser, as an acoustic pendant to a usual optical laser, constitutes a new and
promising device, regarding its multiple possible applications and fundamental properties.
Usually operated in the sub-MHz domain, the acoustic laser gives access to a frequency
range, that is often hardly accessible in the optical regime. Besides the fact, that a phonon
laser states a new way of coupling quantum systems, the comparably large wavelengths
and the slower speeds makes coherent phonons and controlled phonon devices suitable for
several areas of application.

3.1. Nanophononics – acoustic cavities

The research area of nanophononics involves the investigation and the engineering of
phononic devices in order to control and manipulate the spectral and spatial proper-
ties of phonons in, for example, semiconductors, solids and optomechanics. Designed to
confine a single acoustic phonon mode, acoustic nanocavities constitute the basis for
applications such as phonon laser action [VHK+09, GLPV10, BAHK10, KCBK12] and
acousto-luminescence [AMK07], control of phonon statistics [SDR+10] or modification of
the electron-phonon interaction [TBF+02, CKM02]. Phonon cavities have been proposed
[LKFBJ07, SRT11] and realized in several cases. In analogy to two Bragg reflectors (BRs),
enclosing a stop band spacer of thickness dλ corresponding to a multiple of the favored
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3. A Quantum dot phonon laser

cavity frequency λ, an acoustic cavity can be build of a semiconductor multilayer nanostruc-
ture. In the acoustic case, two superlattices enclose a spacer of the thickness dλa = nλa/2
of a multiple of the acoustical phonon wavelength [TBF+02, LKFBJ07]. Thus, changing
the cavity design leads to a modification in the electron-phonon coupling and further can
lead to a modulation of the light-sound interaction [LFJTM04]. In the case of the above de-
scribed superlattice based nano-cavity structure, fundamental properties, such as the sound
velocity, the position and width of the cavity frequency as well as the phonon lifetime can
be controlled by the characteristics of the acoustic BRs [TBF+02].

3.2. Acoustic cavity coupled QD – a phonon laser scheme

In this chapter, a scheme for a possible realization of a phonon laser and non-equilibrium
phonon source is presented, including the coherent optical control of a single acoustic
phonon mode (acoustic cavity). In the suggested scheme [Fig. 3.1], a quantum dot, coupled
to an acoustic cavity mode serves as the acoustic medium. The internal cavity statistics
can be adjusted by the input power of an external laser drive and chosen to be either
bunched, coherent or even nonclassical. The following discussions and results will show,
that the emission properties and the threshold behavior of this system have similarities to
photonic lasing of single atoms [MS92, C. 93, MBB+03, DRB+10].
The problem will first be addressed via a full quantum mechanical description, with respect
to the cavity phonon system. Subsequently, a semiclassical treatment of the subject is
developed, based on an effective Hamiltonian-approach. This effective approach yields a set
of simple phonon laser equations, which are benchmarked with the full quantum mechanical
treatment. Third, the effective system is treated quantum mechanically, giving access to
analytical formulas for the higher order phonon-phonon quantum correlations and phonon
probability distributions. This approach serves as an additional verification of the validity
for the effective description. Parts of the here presented findings of this chapter have been
published in Refs. [KCBK12, KCK13].

3.2.1. Model system – quantum mechanical treatment

The basis of the phonon laser proposal is a two-level semiconductor QD (conduction |c〉
and valence band |v〉 states), which is coupled to a single acoustic cavity mode [KCBK12].
The system is excited by a coherent optical laser field, driving the QD at the anti-Stokes
resonance. This means, that the laser is blue detuned from the bare electronic transition
ωcv = ωc−ωv with one phonon frequency ωL = ωcv +ωph (straight yellow arrow), cp. Fig.
3.1. In a stimulated Raman process (curved black arrow), this excitation scheme leads to
a light induced emission of phonons into the cavity mode (curly green arrow).
The system is described by a laser driven two-level system (electron-light coupling Ω),
which is coupled to a single harmonic oscillator mode (electron-phonon coupling g):

H0 = −~ωcv
2

σz + ~ωphb†b, (3.1)

HI(t) = ~Ω(t)eiωLtσ + ~gσ†σb† + h.c, (3.2)
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}

}

}

Figure 3.1.: Semiconductor QD, coupled to a single acoustic cavity mode (green area),
indicated by the layered structure. An external laser field (yellow arrow) drives
the QD’s dipole transition, with Rabi-frequency Ω. The coupling to the single
acoustic cavity mode leads to a discrete phonon assisted level structure, as
illustrated on the right. The QD is assumed as a two level system with a
valence band state |v〉 and a conduction band state |c〉.

where σz ≡ |v〉〈v| − |c〉〈c|, σ ≡ |v〉〈c| are the Pauli-operators [SZ97] and and b(†) are the
phononic ladder operators [Mah00]. The laser field with Rabi-frequency ΩR ≡ 2Ω(t) is
treated classically [See Eq. (2.20)].

Losses .– The inclusion of losses and damping, such as a phonon lifetime κ−1, a radiative
damping Γr and pure dephasing γpd of the electronic transition |c〉 → |v〉 is crucial for the
consideration of the proposed system. Within the discussion to Sec. 3.4.1, it will become
apparent, that these conflicting types of damping have several and also counterintuitive
effects to phonon lasing. On the one hand they can state a limit to the efficiency of the
device as a phonon laser or coherent phonon source, but on the other hand they represent
a necessary condition. These losses are assumed to originate from couplings to Markovian
multi-mode photon and phonon bath modes and can therefore be incorporated in the
typical Lindblad form [Car02]:

ρ̇ = − i
~

[H(t), ρ] + 2κD[b]ρ+ 2ΓrD[σ]ρ+
γpd
2
P[σz]ρ, (3.3)

with

D[x]ρ ≡ xρx† − 1

2
{x†x, ρ} and P[x]ρ = xρx− ρ (3.4)

For the studies in this thesis the environment is assumed to be kept in the low temperature
regime. Within such an assumption, a back action of the external Markovian baths can
be neglected. Thus, the inverse phonon lifetime κ, the radiative decay Γr and the pure
dephasing γpd are held constant.
Damping of the expectation values:– For determining the effect of Eq. (3.3) on the
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damping of expectation values, first the expectation values are expressed by the density
matrix:

〈|α〉〈β|b†nbm〉 = Tr
[
ρ|α〉〈β|b†nbm

]
=
∑
µ,l

[
〈µ|〈l|ρ|α〉〈β|b†nbm|µ〉|l〉

]
=

∑
l

[
〈β|〈l|ρb†nbm|α〉|l〉

]
=
∑
l≥m

√
l!
√

(l − (m− n))!

(l −m)!
ρ
l,(l−(m−n))
β,α (3.5)

Here, Greek indices correspond to the electronic-, while the Latin indices correspond to
the phononic system. Differentiation of Eq. (3.5) and inserting the Lindblad terms from
Eq. (3.3) into the time derivative of ρ results in:

d

dt
〈|α〉〈β|b†nbm〉 =

∑
l≥m

√
l!
√

(l − (m− n))!

(l −m)!
ρ̇
l,(l−(m−n))
β,α (3.6)

with
ρ̇
l,(l−(m−n))
β,α =︸︷︷︸

(3.3)

〈β|〈l|2ΓrD[σ]ρ+
γpd
2
P[σz]ρ|α〉|(l − (m− n))〉

+〈β|〈l|2κD[b]ρ|α〉|(l − (m− n))〉
≡ ρ̇el + ρ̇ph. (3.7)

Here, ρ̇e and ρ̇ph denotes the damping of the electronic and the phononic degrees of freedom.
Evaluating the phonon related part of Eq. (3.6) gives:

d

dt
〈|α〉〈β|b†nbm〉ph ≡

∑
l≥m

√
l!
√

(l − (m− n))!

(l −m)!
ρ̇el

=︸︷︷︸
(3.7)

2κ
∑
l≥m

√
(l + 1)!

√
(l − (m− n) + 1)!

(l −m)!
ρ̇

(l+1),(l−(m−n)+1)
β,α

− κ
∑
l≥m

√
l!
√

(l − (m− n))!

(l −m)!
(l + l −m+ n)ρ̇

l,(l−(m−n))
β,α︸ ︷︷ ︸

(∗)

, (3.8)

where the last term of Eq. 3.8 can be rewritten, adding a zero:

(∗) = −κ(n+m)〈|α〉〈β|b†nbm〉 − 2κ
∑

l≥m+1

√
l!
√

(l − (m− n))!

(l −m− 1)!
ρ̇
l,(l−(m−n))
β,α (3.9)

= − κ(n+m)〈|α〉〈β|b†nbm〉 − 2κ
∑
l≥m

√
(l + 1)!

√
(l − (m− n) + 1)!

(l −m)!
ρ̇

(l+1),(l−(m−n)+1)
β,α .
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The second term of Eq. 3.10 cancels with the first term in Eq. 3.8, so that the phonon
related part of the damping to the quantity 〈|i〉〈j|b†nbm〉 is simply given by [See also Eq.
(2.38)]:

d

dt
〈|i〉〈j|b†nbm〉ph = −κ(n+m)〈|i〉〈j|b†nbm〉. (3.10)

Now, also evaluating the electronic part of Eq. (3.7) results in:

ρ̇el = δβ,vδα,vΓrρ
l,(l−(m−n))
c,c − δα,c

Γr
2
ρ
l,(l−(m−n))
c,j − δβ,c

Γr
2
ρl,(l−(m−n))
α,c

− δα,cδβ,v
γpd
2
ρl,(l−(m−n))
c,v − δα,vδβ,c

γpd
2
ρl,(l−(m−n))
v,c . (3.11)

For a more compact notation, the following abbreviations for the operator (here phonon)
assisted electronic densities, polarizations and the (phonon) correlations are introduced
and used throughout this chapter:

C(n|m) ≡ 〈|c〉〈c|b†nbm〉, (3.12)
V (n|m) ≡ 〈|v〉〈v|b†nbm〉, (3.13)
P (n|m) ≡ 〈|v〉〈c|b†nbm〉, (3.14)
N (n|m) ≡ C(n|m) + V (n|m) = 〈b†nbm〉. (3.15)

Inserting the respective operators for α and β in Eqs. (3.7), (3.10) and Eq. (3.11), the
damping terms for the equations of motion of the expectation values Tr

{
OLρ

}
are here

given by:

Ċ(n|m) = −[2Γr + (n+m)κ]C(n|m), (3.16)
V̇ (n|m) = 2ΓrC

(n|m) − (n+m)κV (n|m), (3.17)
Ṗ (n|m) = −[Γr + γpd + (n+m)κ]P (n|m), (3.18)

Ṅ (n|m) = −(n+m)κN (n|m). (3.19)

3.2.2. Equations of motion

This chapter is focused on the generation of coherent and non-equilibrium phonons. In order
to evaluate the phonon emission properties, the input-output behavior and the dynamics
of the system, the average phonon number N ≡ 〈b†b〉 is calculated. Further, the quantum
statistical properties of the internal phonon cavity field is reflected in the value of the
phonon-phonon correlation function, in the used notation represented as:

g(2)(0) =
N (2|2)

(N (1|1))2
. (3.20)

Alternatively as well as supportingly, the phonon number probabilities pn(t), as introduced
for the photon case in Eq. 2.29, Chap. 2 are calculated to evaluate the statistics. In order
to get the phonon probability distribution pn, it is sufficient to calculate the higher order
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phonon correlations N (n|n). The pn then follow from a reverse recursion, starting from the
smallest necessary higher order phonon number probability pn∞ . Within the Heisenberg
operator formulation, applying the inductive method from Chap. 2 as in the case of the
Jaynes-Cummings model, the equations for the phonon correlations are given by:

Ṅ (n|n)

n
= −κN (n|n) − igC(n−1|n) + igC(n|n−1). (3.21)

In order to solve for the phonon-phonon-correlations, a complete set of equations, including
the phonon assited electronic quantities C(n|m), P (n|m) as well as the phonon coherences
N (n|m) are necessary. For n,m ≥ 0, they fulfill the following EOMs:

Ṅ (n|m) = [i(n−m)ωph − (n+m)κ]N (n|m) − ig[nC(n−1|n) −mC(n|m−1)], (3.22)

Ċ(n|m) = [i(n−m)ωphC
(n|m) − (n+m)κ+ 2Γr]C

(n|m)

+ ig[n C(n−1|m) −mC(n|m−1)]− iΩ(t)[P (n|m) −
(
P (m|n)

)∗
], (3.23)

Ṗ (n|m) = −i[∆− (n−m)ωph]P (n|m) − [(n+m)κ+ Γr + γpd]P
(n|m)

− ig[P (n|m+1) + P (n+1|m)]− img P (n|m−1)

− iΩ(t)(2C(n|m) −N (n|m)). (3.24)

3.2.3. Dynamics

For the investigation of the QD quantum acousto dynamics (QAD), Eqs. (3.22)-(3.24) are
solved, where certain initial conditions have to be chosen. It is assumed, that the electronic
and the phononic system is uncoupled at the initial time

ρ(0) = ρQD(0)⊗ ρPH(0), (3.25)

so that expectation values of a combination of QD and phonon variables at t = 0 are
factorized. In the beginning, only the lower QD state is assumed to be populated, resulting
in the initial condition:

N (0|0) = V (0|0) = 1, (3.26)
⇒ V (n|m) =︸︷︷︸

3.25

V (0|0)N (n|m) = N (n|m). (3.27)

All other quantities are set to zero. Dependent on the assumed initial cavity phonon statis-
tics, N (n|m) can have the following values:

N (n|m)(0) =

(Fock) δnm
N !

(N−n)! , for n ≤ N
(thermal) δnmn!Nn, N =

[
1

exp(
~ωph
kBT

)−1

]
. (3.28)
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3.3. QD-Cavity acousto dynamics

In this chapter, the initial phonon numbers within the cavity are given rather low values
(thermal statistics), corresponding to the low temperature regime. Starting from these
values, the system dynamics can be calculated and for example timescales for the switch-
on behavior of the phonon laser or phase transitions from and into different statistics can
be analyzed within the temporal domain.

3.2.4. Stationary domain

Under the above described detuned optical excitation conditions (ωL = ωcv + ωph) and
with losses (κ,Γr, γpd) included, the system evolves into a steady state within a certain
parameter range. All dynamic quantities become then time independent Ȯ(n|m) = 0, so
that it is sufficient to solve Eqs. (3.22)-(3.23) in the stationary limit. Written in a rotating
frame with the exciting laser field the system of linear equations reads:

...V (n|m) C(n|m) P (n|m) P̄ (n|m) V (n|m+1) C(n|m+1) P (n|m+1) P̄ (n|m+1)

χ
(n|m)
N 0 0 0 0 0 0 0

2Γr χ
(n|m)
C −iΩ iΩ 0 0 0 0

iΩ −iΩ χ
(n|m)
P 0 0 0 −ig 0

−iΩ iΩ 0 χ
(n|m)

P̄
0 0 0 −ig

−i(m+ 1)g 0 0 0 χ
(n|m+1)
N 0 iΩ −iΩ

0 −i(m+ 1)g 0 0 0 χ
(n|m+1)
C −iΩ iΩ

0 0 −i(m+ 1)g 0 iΩ −iΩ χ
(n|m+1)
P 0

0 0 0 −i(m+ 1)g −iΩ iΩ 0 χ
(n|m+1)

P̄
...


=
→
0 ,

with P̄ (n|m) ≡ (P (m|n))∗ being the complex conjugate of the phonon-assisted polarization.
The diagonal free rotation and the damping terms of the linear system of equations are
abbreviated as:

χ
(n|m)
N ≡ [i(n−m)ωph − (n+m)κ], (3.29)

χ
(n|m)
C ≡ [χ

(n|m)
N − 2Γr], (3.30)

χ
(n|m)
P ≡ [χ

(n|m)
N − iωcv − Γr − γpd], (3.31)

χ
(n|m)

P̄
≡ [χ

(n|m)
N + iωcv − Γr − γpd], (3.32)

With focus on the input-output behavior in the stationary limit and parameter dependen-
cies, for example ωL, κ or Γr, which reveal the characteristics of the proposed device, the
results are gained more easily as when solving the full dynamics with Eqs. (3.22)-(3.23).

3.3. QD-Cavity acousto dynamics

In this section, the QD-CAD is investigated for different sets of parameters. At first, the
systems dynamics are calculated for vanishing loss and decay processes in subsection 3.3.1.
For the chosen excitation frequency, this situation strongly resembles the usual cavity quan-
tum electrodynamics for the Jaynes-Cummings Hamiltonian (2.30). This will in particular
become apparent in Sec. 3.5.1, discussing the effective phonon laser. In the second part of
this section 3.3.2, the dynamics are solved for finite inverse phonon lifetimes κ, radiative
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3. A Quantum dot phonon laser

decay of the electronic levels Γr and pure dephasing γpd, which results in phonon laser ac-
tion. Within each temporal evolution, the electron-phonon coupling g and the Rabi-energy
ΩR stay fixed.

3.3.1. Symmetric phonon assisted Rabi-oscillations by induced Raman in
the lossless case

Within the proposed excitation scheme, the basic process, which causes the emission of
phonons into the cavity, is an induced Raman process [Fig. 3.2]. Here, a laser, which
couples the transition |v〉 → |c〉 of the two level QD excites the system at the first order
anti-Stokes resonance. This means, that the laser is blue detuned with respect to the
electronic transition at ωL = ωcv + ωph.

Figure 3.2.: Ideal case of a two level QD, coupled to an acoustic cavity (g), which is driven
by a single mode laser field (Ω) at the first order anti-Stokes resonance at
ωL = ωcv +ωph. The blue arrows denote the induced phonon emission process,
while the red arrows denote the reverse process (reabsorption).

Ideal case .– If there are no losses included in the model (κ = Γr = γpd = 0), this
process just results in the induced emission and subsequent reabsorption of phonons. In
the unrealistic case, where the upper state density is supposed to have an infinite lifetime,
the system (schematically) undergoes symmetric phonon induced Rabi-oscillations, Fig.
3.2 with an effective Rabi-frequency geff ≈ gΩR

ωph
[See Sec. 3.5.1]. Starting in the lower state

|v〉, the QD is excited into the upper state |c〉, while emitting phonons (blue arrows). The
reabsorption of phonons is then involved in bringing the QD back into the lower state (red
arrows).
This ideal case is presented in Fig. 3.3, illustrating the dynamics of the cavity phonon
population N (1|1) and the lower state density V (0|0). Before the optical laser switch-on,
the system is initially assumed to be in the electronic ground state V (0,0)(0) = 1 with an
empty acoustic phonon cavity N (1|1)(0) = 0. Although this is a lossless system and similar
dynamics compared with the JCM, there is a crucial difference visible in the behavior of
the phonon number. One difference is obviously the number of interactions (electron-laser
and electron-phonon). The second, however, is the form of the electron-phonon coupling
Eq. 3.1, which is diagonal and non energy-conserving. Due to the diagonal electron-phonon
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3.3. QD-Cavity acousto dynamics
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Figure 3.3.: The electronic ground state density V (0|0) (black curve) and the average
phonon number N (1|1) (grey shaded area) performing phonon assisted Rabi-
oscillations within an induced Raman process. The phonon number N (1|1)

exhibits values slightly larger than one (hardly visible).

coupling, even, when starting without any phonons in the system, it is possible to create
more than one phonon while performing one cycle forth and back to the ground state.
Due to higher order (non energy-conserving) phonon assisted processes, the cycle can be
performed simultaneously within each of the phonon manifolds |v, n〉 → |c, n〉 → |v, n〉.
Although, not deliberately addressed with the laser, higher order phonon processes occur
within the cycle, so that visibly more than one phonon is created [See Fig. 3.3]. Further
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Figure 3.4.: Temporal evolution of the average phonon number N (1|1) (grey shaded area)
and the second order phonon correlation function g(2)(0) (blue solid curve).
With values larger than 1, the g(2)-function illustrates bunching, i.e. there is
an additional small fraction to the average phonon number, which is not in a
Fock state.

Fig. 3.4 reveals, that this additional phonon population obviously does not result from
the induced Raman process, as it is bunched (g(2) > 1). The phonon population, created
within the induced Raman process is strictly in the Fock state, and would result in g(2) = 0.
The deviation of the phonon-phonon correlation function from zero is due to the higher
order process related phonon density, which already occurs in this ideal, lossless case.
Although mostly in the Fock state (g(2) dropping almost to zero), part of the created
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3. A Quantum dot phonon laser

cavity phonon population is bunched. This excess population of the cavity results from
fluctuations accompanying the optical excitation of the system, i.e., ordinary spontaneous
emission of phonons within phonon assisted fluorescence emission ω = ωcv − ωph and
Raman scattering (not induced) ω = ωl − ωph. For this reason, even without any pump
processes included or initial thermal phonon populations assumed in the system, Eqs.
(3.22)-(3.24) cannot be closed after the first or second order, as would be the case in the
Jaynes-Cummings model. Strongly dependent on the external laser strength, many orders
(up to 60) in the electron-phonon coupling have to be considered for the calculations.
Since the phonon population, generated in that way, is a mixture of (mostly) Fock and
thermal contributions, such a lossless laser driven QD-phonon cavity system is limited with
respect to the regulation of the cavity statistics. However, in a more realistic treatment
of such a system, losses have to be included, which reveal to have a great impact on the
statistical properties of the phonon field [3.4.2].

3.3.2. Phonon lasing by a two level system

Of course, a finite phonon lifetime κ within the cavity will only cause a decay of the average
cavity phonon number on a timescale given by the magnitude of the damping, not affecting
the internal cavity statistics. The crucial parameter here is the radiative decay Γr of the
excited QD state, as it serves as the cycling parameter [DRB+10, KCBK12] of the phonon
laser. This parameter counteracts the excitation of the QD via the external laser field.
Γr continuously recreates a population in the electronic ground state, but taking phonons
from the cavity as in Figs. 3.2 and 3.3. Like this, a fresh cycle gets enabled [See also the
discussion in Secs. 3.4.1 and 3.5.1].

Figure 3.5.: Temporal evolution of the average phonon number N (1|1) (grey shaded area)
and second order phonon correlation function g(2)(0) (blue solid curve).
Phonon loss κ, radiative damping Γr and a pure dephasing γpd are included
according to Eq. (3.3). (left) Timescales of the order of the effective coupling
( gΩωph ), (right) timescale of the order of the photon lifetime κ−1

For the case, where a phonon lifetime κ−1, a pure dephasing γpd as well as a radiative damp-
ing Γr is introduced according to Eqs. (3.16)-(3.19), the temporal evolution of N ≡ N (1|1)

and g(2)(0) are depicted in Fig. 3.5. In order to compare these results with the ideal case
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3.3. QD-Cavity acousto dynamics

of Fig. 3.4, the temporal evolution is split into two parts with different timescales. In Fig.
3.5a), the average phonon number and the g(2)-function are depicted on a timescale in
the range of g−1

eff . Similar to Fig. 3.4, a large fraction of a Fock phonon (g(2)(0) < 1) is
emitted into the cavity within one Rabi-period pR = tgeff

π . However, due to phonon loss
and radiative decay, there are obviously no Rabi-oscillations occurring for the damped
system. Instead, while N is increasing, also g(2) increases, taking merely four periods pR
to approach the coherent value 1. However, it takes several nanoseconds (here pR � 1)
[Fig. 3.5b)] for the system to reach a steady state, which is determined by the strength of
the cavity loss κ. On long time scales, the phonon number grows with g(2) converging to 1
from above. This behavior reveals the truly Poissonian characteristics of the phonon field
within the cavity, as a Fock-state with a high number of phonons would always result in
a convergence from below 1, as in this case g(2)(0) = 1 − 1

N [cf. Eq. (2.27)]. Further, the
corresponding value of g(2) for the steady state value of N = 6 would be g(2)(0) = 0.83 for
a Fock-state.
That it is indeed a Poissonian statistics and not a mixture of a Fock and a thermal statis-
tics anymore is corroborated by Fig. 3.6. The temporal evolution of the phonon number
probability distribution P (n), as calculated with Eq. (2.29) confirms the indications for a
coherent phonon cavity field. Starting from a Bose-Einstein distribution P (n) = n!(N)p
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Figure 3.6.: (a) Temporal evolution of the phonon probability distribution Pn(t). (b) Snap-
shots of Pn(t) at threee different times: t = 0, t = 15 ps and t = 10 ns.

with N = [exp(
~ωph
kBT

)− 1]−1 at t = 0 in the low temperature regime T = 4K, the phonon
system at first (within the timescale of g−1

eff ) evolves into a mixture of a Fock and bunched
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3. A Quantum dot phonon laser

phonons (t = 15 ps) and in the long time limit converges into a clear Poissonian statistics
and steady state t ≥ 10 ns. This behavior can be explained as follows: Similar to the ideal
case in Figs. 3.2 and 3.4, at first the system swings out of the thermal equilibrium by the
laser excitation. In the presence of the laser, there is spontaneous emission of phonons,
resulting in a large bunching g(2)(0) � 1 at the beginning. Reaching these high values is
due to a super-Poissonian classical statistics of the cavity field at a vanishingly low phonon
number. As in Fig. 3.4, the bunching results from spontaneous emission of phonons, always
accompanying the laser excitation. In the equations, this behavior is reflected in the spon-
taneous emission terms to Eqs. (3.23) and (3.24), corresponding to anti-Stokes processes.
Further, as already stated in the previous section, the occurrence of higher order phonon

Figure 3.7.: Damped case of a two level QD. (g) couples the laser transition, while (Ω) acts
as the pump (induced Raman) at the first order anti-Stokes resonance. The
blue arrows denote the induced phonon emission process, while the red arrows
denote the reverse process. The dashed arrow represents the radiative decay
of the lower laser level |c, n〉 into the pump level |v, n〉.

processes originates from the non energy conserving character of the electron phonon cou-
pling. Then, on the timescale of the induced Raman process g−1

eff , a fraction of a Fock
phonon is released into the cavity Fig. 3.2 (blue arrow). In contrast to the spontaneous
emission of phonons, the Raman induced phonons are in a Fock-state. Yet, the statistics
evolve into Poissonian statistics with time:
The fact, that now the phonon is not reabsorbed within the reverse process Fig. 3.2 (red ar-
row), as in the ideal case, states the important difference between those two cases. Instead,
the cycling parameter Γr provides a recovery of the ground state density, but without
destroying the before emitted phonons and thus allowing the phonons to remain in the
cavity. The critical feature is, that the repetition of the induced Raman process is condi-
tioned by the radiative decay of the upper state Γr. Subsequently, also the Raman process
constitutes a random event in time and the resulting statistics is itself randomized. Thus, a
process, that is individually generating Fock phonons, can create a coherent phonon field,
if subordinate to a random event (here Γr).
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3.4. Classical to quantum regimes of a single quantum dot phonon laser

3.4. Classical to quantum regimes of a single quantum dot
phonon laser

As demonstrated by the results of Sec. 3.3, the proposed system exhibits phonon laser
action, i.e. the generation of a coherent cavity phonon field with g(2)(0) = 1. As the real-
ization of this effect requires a careful and optimal tuning of the relevant parameters, the
introduced system is now investigated with respect to its steady state properties. Thus, the
dependencies on the coherent pumping strength Ω, the incoherent cycling parameter Γr,
and the phonon loss κ−1 are examined in this section. It will become apparent, that the pro-
posed device has a strong resemblance with certain types of single atom lasers. For instance,
it exhibits typical effects in a one atom laser, such as threshold-less lasing, sub-Poissonian
statistics, lasing without inversion (LWI) or self-quenching [MS92, MBW97, DRB+10].
However, there are also crucial and even beneficial differences to the photon case, owed to
the diagonal electron-phonon coupling. For the phonon laser proposed in this work, there
is no need to externally close the pump cycle by a cycling laser or an incoherent pump, as
a closed cycle is already provided for by the radiative decay of the upper QD level.
Figure 3.7 shows a schematic representation of the pump cycle, realized by the coherent
laser Ω (yellow arrow), the electron phonon coupling g (green arrow) and Γr (dotted ar-
row). In contrast to Fig. 3.2, the reabsorption of cavity phonons is illustrated by more
weakly drawn red arrows, in order to indicate, that this process is now much less sufficient,
then in the undamped case. Here, Ω acts as the coherent pump between the pump level
|v, n〉 and the upper laser level |c, n+1〉, which results in the induced emission of a phonon
into the cavity |c, n + 1〉 → |c, n〉. Before the next emission of a phonon can occur, it is
necessary to repopulate the pump level again. This is realized by Γr = Γc→v, constituting
the decay of the lower laser level |c, n〉 back into the pump level |v, n〉.
Depending on the (internal and external) parameter strengths, the phonon system can
exhibit drastic changes in its statistical properties. Even if operating in the low phonon
number regime, it is possible to tune the cavity statistics from classical (thermal and coher-
ent) to quantum statistics. In the previous section, the dynamic transition from thermal via
sub Poissonian into coherent phonon statistics was already presented for a fixed parameter
set. In the following, the focus will be on the characterization of the system, i.e. the field
properties in the steady state, corresponding to t ≥ 10 ns in Fig. 3.5 when changing the
parameters. The calculations are carried out on the basis of Sec. (3.2.4).

3.4.1. Steady-state properties

Pump power dependence.– In order to examine the systems threshold and input-output
behavior, quantities, such as the average phonon number in the cavity and the phonon
probabilities are calculated for varying excitation strength. Since this single QD phonon
laser device is operated in the few phonon limit (N in the order of 10), spontaneous
emission relevantly contributes to the build up of the cavity phonon population. This leads
to a smooth transition from thermal emission to coherent laser action.
A quantity, that is frequently used for the identification of a laser transition in the quantum
regime, is the Mandel-Q parameter [Hak79]. Defined as Q = N(g(2)(0) − 1), the smallest
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Figure 3.8.: Evolution of the average phonon number N (black curve), the Mandel-Q pa-
rameter Q (yellow curve) and the phonon-phonon correlation function g(2)(0)
(inset: blue curve) against increasing laser pump power Ω. In area A, the
phonon laser is still operating below threshold. Within area B, there is coher-
ent laser action. In area C, the phonon emission is in the non-lasing regime
again.

deviation from a true coherent statistics is immediately reflected in the behavior of Q,
thus giving a sensitive measure of the fluctuation strength relative to the field strength
(N). Vanishing for a fully coherent statistics, it is positive in the classical (Q > 0) and
negative (−1 < Q < 0) in the quantum regime. Further, Q exhibits a qualitatively different
behavior below and above threshold. Below threshold, Q is strictly monotonically in- or
decreasing with a similar slope as N . In the limit of fully thermal statistics (only in the
case of τ = 0), it even applies Q = N [Hak79]. Thus, the combined behavior of the average
phonon number and the Q-parameter gives information about a possible threshold: A local
maximum to Q identifies a change of the statistics, where the slope of the phonon number
reveals the type of statistics the system has changed into.
Figure 3.8 shows the average phonon number N (black curve) as well as the Mandel-Q
parameterQ(0) (yellow curve) over varying laser pump strength Ω. The two local maxima of
Q allow for the identification of three regions (A,B,C) with qualitatively different emission
properties: For small pump strengths in region A, N and Q are simultaneously increasing,
meaning, that the system is operated below threshold and the emission is in the classical
non-phonon-lasing regime. At the beginning of region B Q exhibits its first local maximum,
while the phonon number is still increasing (characterizing the phonon laser threshold).
Afterwards Q starts decreasing down to a minimum. This threshold denotes the onset of
coherent phonon laser action. Within region B, at the minimum of Q, N starts decreasing,
but its slope is still opposing to Q. During this period, there is still a relevant fraction of
coherent phonons generated within the cavity, as visible from Fig. 3.9(b) (mostly Poissonian
phonon statistics). Finally, at the beginning of region C, Q exhibits a second threshold, from
which on N and Q are now simultaneously decreasing. At higher optical laser pump powers,
the system goes back the non-lasing regime and the emission is dominated by spontaneous
emission (heating). The statistics is now completely thermal with g(2)(0) = 2 [inset to Fig.
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3.4. Classical to quantum regimes of a single quantum dot phonon laser

3.8 blue curve], resulting in Q(0) = N(2− 1) = N (Wick’s theorem [Lou90]).
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Figure 3.9.: (upper graph) Evolution of phonon number probabilities Pn over varying laser
strength in the stationary regime. (lower graph) Pn at three different excitation
strengths, corresponding to regions A, B and C in Fig. 3.8. Only in are B, the
system exhibits a coherent statistics. Region C corresponds to a heating of the
phonon system at the thermal value for g(2)(0) = 2.

This behavior, typical also for a two level optical laser is called self-quenching. On the
one hand, this effect is a result of the dynamical Stark shift, destroying the anti-Stokes
resonance, i.e. the crucial induced Raman process is inhibited by the formation of new
light-dressed states. On the other hand, the timescale of the Raman-process is now too
slow, compared with the strength of the pump laser and the small phonon energy ~ωph. Of
course, a higher electron-phonon coupling strength g would suspend the formation of the
dynamic Stark shift in favor of the induced Raman process and make phonon laser action
realizable for higher pump strengths, too. For a better view on the statistics, the phonon
probability distribution for three different excitation strengths, corresponding to the three
operational regions (ΩA = 1.5 peV, ΩB = 1.45meV and ΩC = 8.0meV) are additionally
shown in Fig 3.9(lower graphs). A true Poissonian statistics is exhibited only within ares
B (snapshot at ΩB = 1.45meV). In area C, the statistics are back in the super-Poissonian
regime (Bose-Einstein statistics), but at a higher phonon number (heating).
The key result, gained from Figs. 3.8 and 3.9 is the limited window for the generation of a
coherent phonon field in this system. However, choosing Ω in the range of 0.7 − 3.4meV,
lasing can be achieved for the particular parameter set (here: κ = 0.4 1

ns , Γr = 10 1
ns ,
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3. A Quantum dot phonon laser

γpd = 50 1
ns). This region is of course conditioned by the specific system, which is used

as a phonon source. Changing for example the phonon cavity- or the optical pump laser
frequency, does considerably shift this window with the pump strength and also in its
width. In a disadvantageous setting, when the onset of self-quenching turns up below the
laser threshold, it can even vanish completely.

3.4.2. Damping and loss

Using now the knowledge from the previous paragraph about the ideal excitation regime
for the chosen parameter set, the system will now be investigated according to its response
towards modifying the radiative damping Γr and the phonon loss κ.
Cycling parameter Γr.– For a phonon energy ~ωph sufficiently large, compared to the
laser strength Ω and the coherent linewidth γpd and if not deploying any other coherent
or incoherent cycling mechanism, the parameter Γr closes the pump cycle for phonon
lasing. In Fig. 3.10(a), the parameters are set to κ−1 = 500 ps and γpd = 10 ps, while
the input-output curves are calculated for different values of the radiative damping Γr.
Qualitatively, the average phonon number shows the same behavior for each value of the
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Figure 3.10.: Evolution of (a) the average phonon number N and (b) the Mandel-Q param-
eter Q for different strengths of Γr versus increasing laser strength Ω. The
maximum of N grows with increasing radiative decay Γr. The laser threshold
(first maximum of Q) is more pronounced at stronger Γr.

radiative constants Γ−1
r = 40 ps−2 ns. Apart from different maximum values, it increases up

to Ω = 1.5meV and decreases afterwards. However, a change in the operation is revealed by
the behavior ofQ, Fig. 3.10(b). For stronger radiative damping (black, red and blue curves),
similar to Fig. 3.8(a), Q displays two well defined local thresholds, the first constituting
the onset of the laser action and the second being the transition back into the non-lasing
regime. For a damping, close to the phonon decay rate κ, the first threshold is close to
becoming a plateau (green curve), while for a Γr significantly smaller than κ, the first
maximum vanishes completely (yellow curve). In this case, Q becomes negative within
region B, which means, that the phonon field in the cavity is mostly non-classical g(2)(0) <
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3.4. Classical to quantum regimes of a single quantum dot phonon laser

1. This region constitutes a non-classical operational regime of the phonon laser, where
the phonon system is externally pumped into a non-classical state. As the emission is
stabilized, this regime is sometimes called lasing in the quantum domain [DRB+10]. As
there is apparently no clearly visible threshold involved, this kind of lasing is thresholdless,
which is a typical characteristic of a single atom (photon based) laser. In this region, the
Raman induced phonon emission, emitting Fock phonons into the cavity works best. But,
since the repopulation of the pump level |v〉 through the random process Γr takes longer
than the phonon loss, it plays only a minor role. The emitted phonons leave the cavity
without again interacting with the QD. With higher excitation strengths, for the same
reasons, as in Sec. 3.4.1, the quantum properties of the cavity phonon field are disabled,
and the Raman induced emission is outpowered in favor of spontaneous emission.
Phonon loss κ.– A similar but contrary behavior is featured, when changing the phonon
damping κ in Fig. 3.11. For a fixed radiative decay (Γ−1

r = 200 ps), the maximum phonon
number decreases for increasing phonon lifetime κ−1 (from yellow to black). A noticeable
difference is however, that the first threshold strongly shifts with increasing κ−1 towards
smaller threshold pump powers ΩT ≡ ΩQmax1

until it vanishes, Fig. 3.11(b) (yellow curve).
In the case of the yellow curve, again, the phonon decay rate surpasses the repopulation
rate of the lower QD state to such an extend, that higher phonon manifolds remain mostly
unpopulated and coherent phonon generation via the induced Raman process cannot take
place.
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Figure 3.11.: Evolution of (a) the average phonon number n̄ and (b) the Mandel-Q parame-
terQ for different strengths of the phonon lifetime κ−1. The maximum phonon
number N is increased with growing phonon lifetime κ−1. The threshold (first
maximum of Q) simultaneously shifts with κ−1 towards smaller pump pow-
ers Ω. For small lifetimes κ−1, the first threshold into lasing vanishes (orange
curve).

This non-classical regime (yellow curve) of the emission is best reflected in the evolution
of the inversion R ≡ C(0|0) − V (0|0). It turns out, that within the phonon lasing regime
(coherent) as well as the classical (thermal) regime, the inversion R has a value below zero
[See also Sec. 3.5]. However, for sufficiently small cavity phonon lifetimes κ−1, when entering
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3. A Quantum dot phonon laser

the non-classical regime, the inversion has values well above zero. Further, Fig. 3.12 shows,

Figure 3.12.: Evolution of (a) the average phonon number (solid black curve), (b) the
Q-parameter (blue dashed curve) and (c) inversion (magenta dotted curve)
versus varying phonon loss rate κ.

that R crosses the zero simultaneously with the Q-parameter, i.e. at the point, when the
phonon statistics performs the transition from the coherent into non-classical regime. The
positive inversion results from exciting the QD via the induced Raman process. Recycling
of phonons in the inverse process is not possible due to the high κ. Further, Γr is too slow
in comparison to κ, so that the pump level (electronic ground state) does not efficiently
gets populated and further interaction with the phonon field in the cavity is omitted. The
coherent regime, however, requires a negative inversion R ≤ 0, while a positive inversion
corresponds to the quantum regime of the phonon laser.

3.5. Effective phonon laser

As it is now evident from the results of the previous sections, that phonon lasing is in-
deed possible for the proposed system, it is useful, developing a more feasible theoretical
framework. Assuming the system to be operating above threshold, a factorizing approach
including an effective Hamilton-operator leads to a set of equations, much easier to han-
dle and thus fit for parameter studies and in general comparison with the full quantum
mechanical case. The semiclassical (SC) approach serves as a convenient framework for a
detailed analysis of the operational limits of phonon lasing. Giving access to simple analytic
expressions for quantities such as the average phonon number, the threshold behavior or
the maximum phonon number and their dependence on coupling constants and dissipative
processes can conveniently be studied.

3.5.1. Effective Hamiltonian approach

In this section, the system will be reduced only to the processes of interest, choosing a stan-
dard second order effective Hamiltonian approach. This way, certain physical processes can
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3.5. Effective phonon laser

be deliberately addressed, while others are neglected in a straightforward manner, already
on the basis of the so derived Hamiltonian. The idea is, that the combination of the two
interactions i.e, the non-diagonal electron-light plus the diagonal electron-phonon inter-
action, inherently involves several effective level structures, apart from just the electronic
two-level system. Which one of these various effective structures is addressed, can be se-
lected by choosing a certain excitation frequency of the external pump laser field. In order
to realize a phonon laser, the system is here excited at the anti-Stokes resonance ∆ ≈ −ωph,
exploiting the QD as three level Λ-type laser. For reducing the system to its function as
a phonon laser, the effective Hamiltonian will be adjusted to this specific blue detuned
excitation condition and be used for an analytic effective treatment. The effective subsys-
tem will first serve as the basis of a semiclassical treatment and later on for an effective
quantum mechanical (EQM) treatment as well.
The first step in deriving the new Hamiltonian is to write Eqs. (3.1) and (3.2) within a
rotating frame |ψ〉 → U |φ〉 with the external laser field:

HRF ≡ UHU+ − i~U∂tU+, (3.33)

U = e
1
~ Ξ̂t|φ〉, Ξ̂ = ~Ωv|v〉〈v|+ ~Ωc|c〉〈c|+ Ωphb

†b, (3.34)

where here, Ωv = −Ωc = −ωL
2 and Ωph = 0. Choosing this frame, the transformed Hamil-

tonian HRF is time independent apart from Ω(t), i.e. no rotation terms occur within the
interactions.

H0,RF = −~∆

2
σz + ~ωphb†b ≡

~∆

2

[
|c〉〈c| − |v〉〈v|

]
+ ~ωphb†b, (3.35)

HI,RF = ~Ω(t)σx + ~gσ†σ(b† + b) ≡ ~Ω(t)|v〉〈c|+ ~g|c〉〈c|b† +H.c., (3.36)

where ∆ = ωcv − ωL (here ≈ −ωph) is the laser detuning from the electronic dipole
transition. Now, choosing a unitary transformation eiSHe−iS of the Hamiltonian Eqs. (3.1)
and (3.2), a typical second order perturbative treatment [CT92], with

eiSHe−iS ≈ Heff = H0,RF +HI,RF + [iS,H0,RF +HI,RF] +
1

2
[iS, [iS,H0,RF]]. (3.37)

is performed onto the Hamilton-Operator of Eqs. (3.35) and (3.36). The truncation to the
second order of the series expansion (second order in the total combination of any coupling
parameters) is justified with the coupling elements (Ω/~ and g/~) being much smaller than
the driving laser frequency ωL plus cavity phonon frequency ωph. For eliminating any first
order interaction terms, the operator S = S+ is chosen as:

S = α|v〉〈c|+ α∗|c〉〈v|+ γ|c〉〈c|b† + γ∗|c〉〈c|b. (3.38)

With this, the first order term in the series expansion of Eq. (3.37) results in:

[iS,H0] = iα~∆|v〉〈c| − iα∗~∆|c〉〈v|
+ iγωph|c〉〈c|b† − iγ∗ωph|c〉〈c|b. (3.39)
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3. A Quantum dot phonon laser

If the prefactors in Eq. (3.38) are now chosen to be α = iΩ∗

(ωcv−ωL) and γ = ig
ωph

, the
commutator [iS,H0] can be achieved to exactly cancel with the interaction part of the
Hamiltonian:

[iS,H0] = −HI , (3.40)
and thus [iS, [iS,H0]] = −[iS,HI ]. (3.41)

The remaining terms of this second order expansion then only involve the free part H0 and
the commutator with the interaction part of the original Hamiltonian:

Heff = H0 +
1

2
[iS,HI ]

= ~
(∆

2
+
|Ω|2

∆
− g2

ωph

)
|c〉〈c|+ ~

(∆

2
− |Ω|

2

∆

)
|v〉〈v|

− ~
( 1

∆
− 1

ωph

)[Ω∗g

2
|v〉〈c|b+

Ωg

2
|c〉〈v|b†

]
− ~

( 1

∆
+

1

ωph

)[Ω∗g

2
|v〉〈c|b† +

Ωg

2
|c〉〈v|b

]
. (3.42)

Note, that at zero-detuning ∆ = 0 of the laser, there does not arise an actual singularity.
The terms leading to the denominators 1

∆ would already vanish within the original Hamil-
tonian in Eq. 3.35. In the next step the blue detuned excitation situation, as introduced
in Sec. 3.2 with respect to phonon lasing, is used for further simplification of the effective
Hamiltonian. Under the chosen excitation condition, where ∆ ≈ −ωph the prefactor of the
last term in (3.42) gets really small. Further, it states a fast rotating term with frequency
ωL−ωcv +ωph ≈ 2ωph and is therefore neglected. In contrast, the second row, correspond-
ing to an energy conserving process ωL−ωcv−ωph ≈ 0 and the first row, which is diagonal
with respect to the electronic system are kept, so that the new Heff reduces to:

H0,eff = ~ω̃|c〉〈c|+ ~ωphb†b ≡ ~ω̃σ†σ + ~ωphb†b, (3.43)

HI,eff = ~geff
(
|c〉〈v|b† + |v〉〈c|b

)
≡ ~geffσ†b† +H.c., (3.44)

with the coupling strength of the effective subsystem geff and the detuning frequency ω̃,
renormalized with light- and phonon-related frequency-shifts (Stark- and Polaron shift):

geff = −Ωg

2

( 1

∆
− 1

ωph

)
, (3.45)

ω̃ = ∆ +
2Ω2

∆
− g2

ωph
. (3.46)

The effective system now rotates with ω̃. Within the above approximations, disregarding
the second row of Eq. (3.42), the new effective Hamiltonian in (3.44) is now restricted to
the specific excitation condition. It is necessary to remember, that it can only adequately
describe the systems behavior and dynamics, if optically driving the system at the anti-
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3.5. Effective phonon laser

Stokes resonance. The effective coupling element geff selects now only the induced phonon
emission process. Processes, resonant with the band gap energy or Stokes processes are not
included. If exciting the system at another frequency position, these processes would gain
in relevance and either the full effective Hamiltonian Eq. (3.42) or an otherwise adjusted
Hamiltonian is to be derived. Here, however, induced phonon emission is supposed to be
dominant, so that Heff can be assumed to be valid within a certain range of parameters.

3.5.2. Effective spontaneous emission

At first sight, the right-hand side of Eq. (3.44) appears to describe a non-energy conserving
process, in particular if comparing it with the interaction part of the Jaynes Cummings
Hamiltonian, Eq. (2.30). However, in this effective subsystem (without dissipations in-
cluded), the upper state |c〉 plays the role of the ground state |v〉 and vice versa, as illustrate
by Fig. (3.13). Deriving the equations of motion for the case of an initially empty phonon
cavity, results in a set of equations, similar to the JCM [See App. A.2]. The inversion (here

Figure 3.13.: Effective subsystem as described by the Hamiltonian in Eq. (3.44). The sys-
tem emits a phonon via effective spontaneous emission, while passing into the
upper state |c〉, i.e. it effectuates an inverse Jaynes-Cummings model, where
|v〉 represents the excited state and |c〉 the ground state.

Reff = V (0|0)−N (1|1)) is then simply given by the JCM-solution Reff(t) = cos(2gefft) accord-
ing to App. A.2. However, here, the emission of a phonon takes place, while the electron is
being transfered from the lower QD level into the upper state. This behavior was already
presented in Sec. 3.3 in Fig. 3.3 on the basis of the full quantum (FQ) model, where the
ground state density V (0|0) and the phonon density N perform symmetric Rabi-oscillations.
Due to the effective coupling, the ground state spontaneously decays into the upper state
under the emission of a cavity phonon. However, here, the effective spontaneous emission
process requires a higher order interaction path (second order in the effective coupling)
involving the external laser field [See Fig. 3.13]. In total, this is a fourth order interaction
process, including a second order interaction with each the phonon system as well as the
external laser field.

3.5.3. Semiclassical limit of the effective phonon laser equations

In the following, the derived effective Hamiltonian Eq. (3.42), which is reduced to the
induced Raman process will be used to derive the semiclassical limit of the phonon laser
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3. A Quantum dot phonon laser

equations. The aim is to gain simple analytic expressions for the input-output curves or
estimates for the threshold behavior for this kind of phonon laser.
For the SC treatment, it is postulated, that phonon lasing is indeed possible and Poissonian
phonon statistics are established within the acoustic cavity. Therefore, it can be assumed,
that the expectation values of the phonon annihilation and creation operators N (0|1) =
〈b〉, N (1|0) = 〈b†〉 actually have nonzero values. These quantities will in the following be
interpreted as the (classical) phonon field amplitudes. Using the same notations as in the
previous sections and applying Heisenberg’s EOM with the effective Hamiltonian in Eqs.
(3.43),(3.44) and (3.3) results in

Ṅ (0|1) = −[iωph + κ]N (0|1) − igeffP (0|0)∗, (3.47)

Ṗ (0|0)∗ = [iω̃ − γ]P (0|0)∗ − ig∗eff[C(0|1) − V (0|1)], (3.48)

with γ := Γr+γpd. Due to the simple form ofHeff the phonon field amplitude is driven solely
by the polarization P (0|0)∗ = 〈|c〉〈v|〉. Just like Eqs. (3.22) - (3.24), the effective equations
do not automatically close due to the quantum character of the effective interaction. Either
a perturbative treatment, such as the inductive method, a recursive approach or further
approximations have to be applied. Here, this problem will be addressed by presupposing
a truly coherent phonon field and thus justifying the factorization of expectation values
with respect to electronic and phononic operators [Hak94, CT92]. This procedure leads to
a set of three phonon laser equations:

Ḃ = [−iωph − κ]B − igeffP, (3.49)
Ṗ = [iω̃ − γ]P − igeffRB, (3.50)
Ṙ = −2Γr(1 +R) + i2geff(P ∗B − PB∗). (3.51)

Since in this factorizing approach, higher order phonon correlations will not occur, the
following abbreviations for the phonon amplitude, the polarization and the inversion have
been introduced for convenience:

B ≡ N (0|1), P ≡ P (0|0)∗, R ≡ C(0|1) − V (0|1). (3.52)

In accordance with the functionality of the electronic polarization in this effective Jaynes-
Cummings system, the conjugate of the polarization P (0|0)∗ is chosen to be abbreviated as
P in Eq. (3.52).
With this, Eqs. (3.49)-(3.51) formally strongly resemble the typical laser equations for an
incoherently pumped two level laser [Hak94, MS92, ADG90, Gar11]. However, there are
also crucial differences. As discussed before, the pump frequency, matching the phonon-
frequency combined with the diagonal electron-phonon coupling is realizing a three-level
Λ-type laser [Hak94, MBW97, DRB+10]. Within this pump- and electronic level structure,
the lower state |v〉 constitutes the pump level. From this state, the electronic density is
coherently driven into the upper state |c〉, which here constitutes the lower laser level.
Due to the laser pump being tuned in resonance with the anti-Stokes frequency ωcv +ωph,
the virtual intermediate phonon assisted excited state actualizes the upper laser level, cp
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3.5. Effective phonon laser

Fig. 3.7. As discussed before, the pump cycle is closed by the radiative decay Γr, which
subsequently recreates the population in the pump level. Note, that compared to the single
atom optical laser equations, in (3.49)-(3.51) the two electronic states play reversed roles.
This means: Instead of being just a source of decoherence, that is destroying laser efficiency,
Γr feeds the phonon field. Further, phonon lasing does not take place between the optical
transition |v〉 → |c〉, so that Γr does not have the negative effect of decoherence. On the
contrary, it leads to the refilling of the pump state and thus creates the basis of coherent
phonon laser action.

3.5.4. Semiclassical Model in the Stationary Limit

In the following, the SC phonon laser equations will be treated and solved within the
stationary limit. The goal is, to analyze the phonon laser with respect to its input-output-,
the threshold behavior and the influence of losses and decoherence. Thus, the equations
will be solved for the cavity-phonon number, which can be defined as

N ≡ B∗B = 〈b†〉〈b〉. (3.53)

for the classical coherent case. Due to the balance of pumping the system and the ad-
verse effects of losses, the system is assumed to saturate within a steady state. The time
derivatives in Eqs. (3.49)-(3.50) are set to zero. On the basis of Eq. (3.49) the phonon
amplitude B → Be−iωt and the polarization P → Peiωt are assumed to rotate with the
same frequency ω, where this output laser frequency ω is still to be determined. With this,
Eqs. (3.49)-(3.51) reduce to:

B = − igeffP

[i(ωph − ω) + κ]
, (3.54)

P = − igeffRB

[−i(ω̃(Ω) + ω) + γ]
, (3.55)

2Γr(1 +R) = i2geff(P ∗B − PB∗). (3.56)

Due to their similarities, the same procedure of solution, known from the optical laser
equations [Hak93] can be adopted here. Inserting first Eq. (3.55) into Eq. (3.56) results in:

2Γr(1 +R) = −2 |B|2︸︷︷︸
≡N

R
2γg2

eff
[(ω̃(Ω) + ω)2 + γ2]︸ ︷︷ ︸

≡W

, (3.57)

⇒ R = − Γr
Γr + 2NW (Ω)

. (3.58)

From the expression in Eq. (3.58) it can be seen, that the inversion R is always negative
and converges to R→ 0 for the high phonon number limit N →∞. This prediction agrees
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with the findings in Sec. 3.4.1 and the considerations within the previous paragraph.
Inserting this expression for R back into Eq. (3.55) and subsequently into Eq. (3.54) gains

P =
igeffΓrB

[−i(ω̃ + ω) + γ](Γr + 2NW (Ω))
, (3.59)

⇒ B[i(ωph − ω) + κ] =
g2
effΓrB[i(ω̃ + ω) + γ]

[(ω̃ + ω)2 + γ2](Γr + 2NW (Ω))
. (3.60)

Equation (3.60) can be divided by B assuming that the system is operating above thresh-
old and therefore B has a non-zero value. This equation then gives on the one hand an
expression for the phonon number N , as well as the resulting parameter dependent phonon
laser frequency ω.

3.5.4.1. Phonon number

Forming the real part of Eq. (3.60) results in

κ =
Γr

(Γr + 2NW (Ω))

g2
effγ

[(ω̃ + ω)2 + γ2]
=

Γr
(Γr +NW (Ω))

W

2
. (3.61)

Rearranging this equation finally gives the explicit expression for the average phonon num-
ber:

N =
Γr

2κrW (Ω)
(W (Ω)− 2κ). (3.62)

This formula is valid as long as N > 0, meaning that the system is operating within the
phonon lasing regime. Obviously, N can formally get negative or zero. This is, when the
expression in the brackets (W (Ω) − 2κ) <= 0, i.e. the phonon decay rate is sufficiently
large, so that the function W <= 2κ. Combining Eqs. (3.58) and (3.62), the maximum
phonon number for a certain parameter set can be given by:

N = (R+ 1)
Γr
2κ
−→ Γr

2κ
≡ Nmax, (3.63)

as according to Eq. (3.51), the maximum value of R is zero for higher phonon numbers.

3.5.4.2. Laser frequency

Before analyzing the threshold behavior of the system, the laser frequency ω is determined
by forming also the imaginary part of Eq. (3.60) and using Eq. (3.62) [Hak94]:

(ωph − ω) =
Γr(ω̃ + ω)W (Ω)

2γ(Γr +NW (Ω))
(3.64)

=
(3.62)

κ

γ
(ω̃ + ω). (3.65)
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Rearranging this equation gives an explicit expression for the phonon laser frequency:

ω =
ωph − κ

γ ω̃

1 + κ
γ

≈ ωph, (κ� γ). (3.66)

Obviously, the phonon laser frequency ω does not necessarily match the frequency of the
acoustic cavity mode ωph. Through ω̃(Ω), it is even a function of the pump. Only in the case
of small ratios κ

γ , ω can be assumed to approximately be ωph. As will be discussed later, the
laser condition (W (Ω)−2κ) > 0 requires a sufficiently small ratio κ

γ , anyway. It is therefore
save to assume, that for a large range of pumping strengths, the acoustic cavity frequency
approximately matches the output laser frequency. For the following considerations towards
the threshold behavior of the phonon laser, setting ω = ωph is justified.

3.5.4.3. Threshold behavior

Starting from equation (3.62), the phonon lasing condition reads [Hak94]:

W (Ω)− 2κ
!
≥ 0. (3.67)

Thus, the laser threshold can be determined by calculating the roots of Eq. (3.67). Due to
the pump dependencies in Eqs. (3.45) and (3.46) in total, N has a quartic dependence on
Ω:

g2
eff(Ω) =

W

κ

γ
[(ω̄ +

2Ω2

∆
)2 + γ2] with ω̄ ≡ ∆− g2

ωph
+ ωph. (3.68)

Here, the frequency ω̄ was introduced, giving the deviation of the optical pump laser
frequency −ωL towards the polaron shifted resonance ωcv − g2

ωph
from the actual phonon

laser frequency ω = ωph. This detuning will turn out to have a great impact on the position
of the threshold. It will be assumed to have a small yet finite value and be adjusted towards
the best laser output.
Apart from ω̃, also the effective coupling strength geff is a function of the pump Ω and
Eq. (3.67) becomes negative also for higher pumping strengths. This root constitutes the
second threshold back to the non-lasing regime. In total, Eq. (3.67) has four roots, while
two of them are negative and therefore to be neglected for these considerations. The other
two roots represent the two thresholds of this phonon laser:

T∓ =
[
G ±

√
G2 −∆2(ω̄2 + γ2)

] 1
2
, (3.69)

with

G =
g2γ∆2

8κD2
− 2ω̄∆ and D =

( 1

ωph
− 1

∆

)−1
. (3.70)

Thus, the position of the two thresholds, which together enclose the phonon lasing pump
power interval [T−, T+], depends on the various system parameters. The phonon lasing
regime shifts, broadens or shrinks with the different damping κ and Γr, the decoherence
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γpd as well as the electron-phonon coupling strength g. Further, the thresholds strongly
depend on the detuning of the exciting laser field ∆ (contained in ω̄) and the phonon
frequency ωph. Of course, the detuning always has to be in the range of ∆ ≈ −ωph.
However, the origin of the existence of a second threshold, and thus for the termination
of phonon lasing, is the term 2Ω2

∆ in the effective Hamiltonian (3.43). As described before,
this term results in a quartic dependence on Ω in Eq. (3.67). Abandoning this term in Eqs.
(3.54)-(3.55) would eliminate the second threshold T+ and results in a phonon number,
given by the simple expression:

N =
Γr
2

(1

κ
− ω̄2 + γ2

γ g2
eff

)
−→ Γr

2κ
, (Ω→∞). (3.71)

For high pump strengths Ω, the phonon number N just saturates at the maximum phonon
number Γr

4κ . Note, that this scenario is only realistic, if the ratio κ
γ is sufficiently small due

to long phonon lifetimes. In this case, the first threshold T− occurs at lower pump strength
Ω� ∆, the quenching is postponed and the term 2Ω2

∆ can be dismissed in Eq. (3.62). The
laser threshold T− then simplifies into:

T− =

√
4κ

γ

ω2
ph

g2
(ω̄2 + γ2). (3.72)

Knowing, that the laser detuning is about ∆ ≈ −ωph, this formula can further be reduced
and evaluated to

T− = g

√
4κ

γ

(
1 +

ω2
phγ

2

g4

)
−→ g

√
4κ

γ
, (g � γωph). (3.73)

Especially in the case of strong electron-acoustic cavity couplings, the laser threshold goes
approximately linear with g. The system enters the phonon lasing regime the earlier, the
smaller the ratio of κ

γ . Note, that Eqs. (3.71)-(3.73) are only valid in the many phonon
regime, while Eqs. (3.62)-(3.69) also apply in the limit of few phonons. In order to prevent
from the self-quenching behavior of the phonon laser, predicted by Eq. (3.69), one could try
to eliminate the term 2Ω2

∆ by tuning parameters. Besides the optical laser pump strength
Ω, the only truly tunable parameter is the pump laser frequency ωL. For eliminating the
self-quenching term from Eq. (3.55), the pump laser frequency has to be tuned together
with the pump strength:

ωL ≈
2Ω2

ωph + 2Ω2

ωph+...

. (3.74)

Unfortunately, also geff is a function of ωL [see Eq. (3.45)], so that the laser turn-off cannot
be suspended totally. Although, the behavior of formula Eq. (3.71) can be mimicked for
a while, the beneficial effect is of minor impact, as the phonon number will still saturate
[See Eqs. (3.63) and (3.71)]. The main advantage is probably the possibility of shifting the
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first threshold (onset of phonon laser action) to lower pump powers by the simultaneous
tuning of Ω and ωL according to Eq. (3.74).

3.5.5. Comparison of the analytics with the full quantum model: –
Input-output behavior

In order to estimate the validity of the effective SC model, it will first be benchmarked at
the full quantum model (FQ) of the previous section. We focus on the stationary limit. For
one, as the SC model can only describe coherent phonon populations, the two models can
only be expected to agree within the phonon lasing regime. Nevertheless, the two models
can for example be compared towards the predicted threshold behavior and dependencies
on the different system parameters. They should exhibit a good coincidence within the
lasing regime of the FQ model.
At first, in Fig. 3.14(a) the evolution of the phonon number N is plotted versus varying ex-
citation strength (Rabi-Energy ΩR = 2~Ω). The solid curve results from Eqs. (3.62)-(3.51)
(SC model) and the dashed curve illustrates the results of Eqs. (3.22)-(3.24) (FQ model).
Further, Fig. 3.14(a) shows the evolution of the Mandel-Q parameter Q = N(g(2)(0)− 1),
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Figure 3.14.: Input-output behavior of the system: (a) The solid and the dashed curves
show the phonon number N for the SC (orange solid) and the FQ model
(black dashed curve), together with the Mandel-Q parameter (shaded area).
(b) Evolution of the inversion R. Here, Γ−1 = 200 ps, γpd = 0.0 1

ns and κ−1 =
1 ns. For both models, N exhibits self-quenching for larger Ω. In (b), the
inversion R illustrates an additional recovery only for the FQ model due to
quasi resonant excitation ΩG ≈ ωph.

which indicates the thresholds by its local maxima for the FQ model. As presumed for
the SC model, N (solid curve) stays zero until a critical pump value T− [See Eq. (3.69)].
Within the pump interval T− < ΩR < T+, the phonon number grows almost up to the
value of Nmax (here Nmax = 2.5). Afterwards it begins to decrease and drops to zero again
at ΩR = T+. Within this regime, there is a very good agreement between the SC and
the FQ model. However, in comparison to the SC model, the phonon number, calculated
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3. A Quantum dot phonon laser

with the FQ model (dashed curve) provides a more smooth transition from the non-lasing
into the lasing regime and vice versa. Especially for strong excitation strengths ΩR > T+,
the dashed curve approaches zero only gradually. In this regime, N corresponds to a hot
phonon population, indicated by the simultaneous slope of N and Q. A remarkably good
agreement can be observed for the positions of the two thresholds. Both the laser thresh-
old T−, indicated by the first local maximum of Q and the laser switch-off T+ (indicated
by the second local maximum of Q) occur almost perfectly at the same pump powers.
Also the maximum values of N , calculated by the different models are equally positioned.
Nmax coincides with the local minimum of Q, introducing the self-quenching regime of the
phonon laser. As discussed in the previous sections, this self-quenching behavior is due to
the optical Stark shift. It is inflicted to the system by the strong laser pump powers and
therefore inhibits the induced Raman process. For the SC model this means, that there is
a loss of coherence between the two levels |v, n〉 and |c, n+ 1〉.
According to formula Eq. (3.63), phonon lasing comes along with an inversion of R < 0.
This inversion has to be created via the induced Raman process (FQ model). Inversions
R < 0 however, generated via resonant excitation (at band gap frequency ωcv) do not
indicate phonon lasing. In Fig. 3.14(b), the evolution of the inversion R is depicted as
calculated with the two models. Same as the phonon number, R is quenched by the fre-
quency shift 2Ω2

∆ for higher pump powers. In the case of the SC model, where any existing
inversion R is due to the induced Raman process, (resonant processes were eliminated on
the basis of the effective Hamiltonian Eq. (3.42)), the inversion simultaneously increases,
then decreases and drops to zero with N [Fig. 3.14(a)]. The inversion, calculated with the
FQ model shows a different behavior for larger ΩR. Fig. 3.14(b) nicely portrays the two
different causes for a creation of an inversion R < 0. Within the phonon lasing regime,
R clearly has to be created within the Raman process, so that coherent phonons can be
generated. Beyond this regime, i.e. for higher excitation strengths (2Ω ≈ (ωph− g2

ωph
)), the

external laser is strong enough to bridge the cavity phonon frequency ω. Due to the finite
radiative decay Γr, the electronic dipole resonance is broadened and the optical drive ex-
cites the system on resonance ωcv. Therefore, the inversion R is not just decreasing again,
as in the SC case, but instead increases. Phonon lasing, however, still remains inhibited, as
R < 0 is not created by induced Raman (the effective coupling geff) and does not involve
coherent phonon generation according to Eq. (3.63).

3.5.6. Influence of pure dephasing

In the case of the optical two level laser, a pure dephasing of the optical laser resonance
causes decoherence and termination of the laser activity. In this section, it will be investi-
gated, what are the effects of a finite pure dephasing in the case of the phonon laser. It is
obvious, from Eq. (3.62) and (3.69), that the phonon number and the positions of the two
thresholds among others, also depends on the pure dephasing γpd.
Figure 3.15 shows the phonon number N (solid curves for the SC- and dashed curves
for the FQ model) together with the Q-parameter (grey shaded area) versus varying laser
strength for different values of the pure dephasing. According to the SC model, a finite pure
dephasing has a beneficial effect towards phonon lasing as it prolongs the lasing interval
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3.5. Effective phonon laser

T− < ΩR < T+. Up to an intermediate pure dephasing, as it is the case in typical semi-
conductor QDs (for example InGaAs) [BLS+01, KAK02], this feature of the phonon laser
is also confirmed for the FQ-model. In both models it applies: The window for coherent
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Figure 3.15.: Evolution of N and Q (grey shaded area) over varying laser pumping strength
and different values of the pure dephasing. γpd = (a) 0/ps (black curves), (b)
0.1/ps (blue curves) and (c) 0.5/ps (violet curves) as calculated by the FQ
(dashed curves) and the SC (solid curves). 1/Γr = 200 ps and 1/κ = 1 ns.
The lasing window is predicted to grow with the pure dephasing.

phonon generation (phonon lasing regime) is the smallest for a vanishing pure dephasing
γpd = 0 with the kink in the evolution of the Q-parameter being the most pronounced.
A finite pure dephasing enhances the phonon lasing regime, due to a broadening of the
resonance. This broadening effect of the pure dephasing competes with the frequency shift
2Ω2

∆ , which brings the system out of resonance with the anti-Stokes process, being the
foundation of this kind of phonon lasing. Due to γpd, the resonance with this process is
preserved for a larger interval of the pumping strengths Ω, thus extending the phonon
lasing regime.
According to the FQ description, however, the beneficial effect of the pure dephasing has
its limits, since it will eventually allow for the resonant excitation of the QDs bare elec-
tronic transition [Fig. 3.15(c), violet curve]. Although, the maximum phonon number is
conserved for the high pure dephasing, there is a loss in coherence of the statistics. This
is reflected in the behavior of the Q-parameter, now exhibiting only a small bump and
weaker slope, instead of a decrease at the predicted phonon laser threshold T−. Further,
Fig. 3.16, nicely shows, that a too strong pure dephasing will result in a broadening of the
phonon statistics. Obviously, the phonon probability distribution in Fig. 3.16(c) does not
correspond to a truly Poissonian statistics anymore. Although, it exhibits typical coherent
features, in parts it is broadened with respect to a Poissonian distribution (high phonon
number N at a maximum phonon number probability P (n) at N = 0 indicating a super-
Poissonian distribution).
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Figure 3.16.: Snapshots of the phonon probability distribution P (n) at different values
γpd = (a) 0.0/ps, and (b) 0.05/ps and (c) 0.2/ps. The radiative dephasing is
set to 1/Γr = 200 ps and the photon loss is 1/κ = 1 ns. A pure dephasing
leads to a broadening of the statistics (SuperPoissonian statistics).

The use of the effective model and Eqs. (3.50)-(3.62) is of course not always justified, but
is reasonable in the case of an either intermediate pure dephasing or in exchange at a
larger phonon frequency, i.e., if resonant excitation of the electronic transition can mainly
be excluded.

3.5.7. Influence of phonon- and radiative decay

Naturally, the phonon laser activity strongly depends on the phonon lifetime κ and the
cycling parameter Γr. The dependence of the phonon laser thresholds T∓ is given by the
prefactor W (Ω) − 2κ = 0. As mentioned before, this equation has a quartic dependence
on Ω, resulting in a nonlinear behavior of the threshold versus the phonon decay rate.
Furthermore, Eqs. (3.70) and (3.73) reveal, that the threshold into lasing occurs the earlier,
the smaller the ratio κ

Γr
. Besides the laser threshold, Eq. (3.70) can also map the width of

the lasing regime.
In Fig. 3.17 the evolution of N (inset) and the thresholds T∓ is depicted versus varying
(a) κ and (b) Γr. In the case of the phonon number, the excitation strength is kept fixed
at a value 2Ω = (T−+T+)

2 , corresponding approximately at the pump position, where Nmax
is realized. Obviously, the laser threshold T− (solid curve) shifts with κ towards higher
excitation strengths Fig. 3.17, while the laser switch-off T+ occurs at lower pump powers.
This means, that the area for phonon lasing, which is enclosed by the two thresholds T∓
decreases, and converges to zero with κ. Since κ is the inverse lifetime of the phonons inside
the cavity, increasing its value results in a less efficient generation of coherent phonons.
Phonons leave the cavity before having the possibility of again interacting with the system.
The overall cavity phonon statistics can then be expected to be non-classical [See discussion
to Fig. 3.12].
However, changing the value of the radiative decay Γr has a rather different effect, Fig.
3.17(b). In contrast to the dependence on κ, increasing Γr results also in an increase of the
phonon number and delay of the self-quenching. As, Γr effectuates the repopulation of the
electronic pump level |v〉, stronger values lead to a improved efficiency of the phonon laser.
For strong radiative decay rates Γr, Eqs. (3.69) and (3.71) predict a regime, where the
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Figure 3.17.: Evolution of N (inset) and the two thresholds T− and T+ over varying (a) κ
and (b) Γr, respectively for vanishing γpd = 0.0/ps. For growing photon loss
κ, the lasing regime collapses, while it is broadened with stronger radiative
decay (cycling parameter Γr). [See discussion to Fig. 3.15].

value of the phonon number N linearly follows Γr. The broadening of the phonon lasing
window has the same cause, as discussed already for the pure dephasing. A broadening of
the electronic resonance leads to a delayed self-quenching of the phonon number. The same
restrictions as formulated for the pure dephasing for the validity of equations (3.58) and
(3.62) apply here for the radiative decay. In the regime of either very high/small values of
κ/Γr, the full QM-model is necessary for calculating the evolution of the thresholds T− and
T+ as well as the phonon number. When the area (phonon lasing regime) between T− and
T+ (shaded area) begins to collapse, which is equivalent with the absence of any threshold
into the coherent regime, the FQ model predicts a transition into the non-classical regime
[See Sec. 3.4.1].

3.5.8. High phonon number regime

Although this semiclassical theory was developed for the truly coherent case of only Pois-
sonian statistics, the above discussions already show a remarkable agreement between the
effective SC theory (3.62)-(3.69) even in the few phonon case. Assuming now the many
phonon regime, caused by high a phonon lifetime (or stronger radiative decay), this theory
can be simplified even more, according to Eqs. (3.71)-(3.73). In Fig. 3.18(a) the phonon
number is depicted versus ΩR for a small phonon decay κ = 0.5µs, where the thin black
curve corresponds to the calculation with formula Eq. (3.62) and the bold grey curve to
the simplified formula Eq. (3.71). In this many phonon regime, as predicted by Eq. (3.71),
the self-quenching occurs with a strong delay, compared to the few phonon regime (even
with finite pure dephasing). This simplified formula is however only valid for sufficiently
small decay rates κ, as can be seen from Fig. 3.18(b). For larger values of κ, Eqs. (3.62)
and (3.69) apply and for even higher values, as discussed in Sec. 3.4.1 even the FQ model
has to be consulted. However, the results from Fig. 3.18 postulate a suspension of the
self-quenching behavior.
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Figure 3.18.: Evolution of the (a) phonon numberN versus varying ΩR (κ = 0.5µs) and (b)
the laser threshold T− versus varying κ (ΩR = (T+ +T−)/2) at γpd = 0.0/ps.
(a) For large photon lifetimes κ−1, the self-quenching is inhibited, as given
by the reduced formula in Eq. (3.71). (b) This formula becomes obsolete for
larger κ.

3.6. Quantum theory of the effective phonon laser

In the previous section, the focus was on deriving a really simple semiclassical theory for
the phonon laser, based on the effective Hamiltonian Eqs. (3.43) and (3.44). Within this
approach, only coherent phonon populations can be described. Although already giving
reliable results in the few phonon regime, it is best applied to the many-phonon regime. In
this section, the effective Hamiltonian will be used to derive analytical expressions for the
higher order phonon-phonon correlations. This effective quantum (EQ) theory bridges the
gap between FQ and SC model and gives access to the full spectrum of phonon statistics
as well as transitions between the different regimes (classical and quantum) in the few
phonon limit.
Using again Heisenberg’s EOM, and Eqs. (3.43) and (3.44), the equations for the n-th
order phonon-assisted electronic densities V (n|n) ≡ 〈|v〉〈v|b†nbn〉, C(n|n) ≡ 〈|c〉〈c|b†nbn〉
and polarizations P (n−1|n) ≡ 〈|v〉〈c|b†n−1bn〉 read:

V̇ (n|n) = −2nκV (n|n) + 2ΓrC
(n|n) − igeffP (n|n+1)∗ + igeffP

(n|n+1), (3.75)
Ċ(n|n) = −(2nκ+ 2Γr)C

(n|n) + igeffP
(n|n+1)∗ − igeffP (n|n+1) (3.76)

+ ingeffP
(n−1|n)∗ − ingeffP (n−1|n),

Ṗ (n−1|n) = −[(2n− 1)κ+ γ − i(ω̃ + ω)]P (n−1|n) (3.77)
+ igeffC

(n|n) − igeffV (n|n) − ingeffC(n|n).

For the dynamics, this set of equations can be treated the same way as Eqs (3.22)-(3.24),
related to a similar numerical effort. In this section, however, the focus is on an analytical
expression for the higher order phonon correlations in the stationary domain.
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3.6. Quantum theory of the effective phonon laser

3.6.1. Stationary limit of the effective quantum model

For the stationary regime, the derivatives in Eqs. (3.75)-(3.77) are again set to zero. Since
the densities only couple to the imaginary part of the phonon-assisted polarization (here
abbreviated as P̄ (n−1,n) ≡ =P (n−1,n)), the equations can further be simplified to the real
manifold:

0 = −2nκV (n|n) + 2ΓrC
(n|n) + geffP̄

(n|n+1), (3.78)
0 = −(2nκ+ 2Γr)C

(n|n) − geffP̄ (n|n+1) − ngeffP̄ (n−1|n), (3.79)

0 =
[((2n− 1)κ+ γ)2 + (ω̃ + ω)2]

[(2n− 1)κ+ γ]
P̄ (n−1|n) (3.80)

+geffC
(n|n) − geffV (n|n) − ngeffV (n−1|n−1).

Here, the imaginary part of the original equation for P (n−1|n) was formed. P (n−1|n) has
a real- as well as an imaginary part due to the free energy rotation with (ω̃ + ω) in Eq.
(3.80), resulting in the prefactor in front of P̄ . Due to the similarity of this set of equations
with a two level optical laser, the same treatment is applicable as for example in Refs.
[ADG90, Gar11].
Adding Eqs. (3.77) and (3.79) results in a simple relationship for the imaginary part of the
polarization and the higher order phonon-phonon correlation:

2nκ (V (n|n) + C(n|n))︸ ︷︷ ︸
N(n|n)

= 2nP̄ (n−1|n), (3.81)

⇒ P̄ (n−1|n) =
κ

geff
N (n|n). (3.82)

The condition Eq. (3.82) is used for eliminating the densities C and V from Eq. (3.80) in
favor of the polarization P̄ ,

0 = −2nκV (n|n) + 2ΓrC
(n|n) + geffP̄

(n|n+1) (3.83)
= −2ngeffP̄

(n−1|n) + 2(nκ+ Γr)C
(n|n) + 2geffP̄

(n|n+1), (3.84)

so that the electronic densites can be expressed as:

C(n|n) =
ngeff

(nκ+ Γr)
P̄ (n−1|n) +

geff
(nκ+ Γr)

P̄ (n|n+1), (3.85)

V (n|n) =
Γr
2κ

geff
(nκ+ Γr)

P̄ (n−1|n) − geff
(nκ+ Γr)

P̄ (n|n+1). (3.86)

Inserting these equations into (3.80) and using again Eq. (3.82), results in a three-term
recursion relation, [ADG90, Gar11] for the phonon-phonon correlations:

anN
(n+1|n+1) + bnN

(n|n) − cnN (n−1|n−1) = 0, (3.87)
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with the prefactors defined as

an =
2κ

(nκ+ Γr)
, (3.88)

bn =
(nκ− Γr)

(nκ+ Γr)
+

nκ

((n− 1)κ+ Γr)
+

κ

g2
eff

[((2n− 1)κ+ γ)2 + (ω̃ + ω)2]

((2n− 1)κ+ γ)
, (3.89)

cn =
nΓr

((n− 1)κ+ Γr)
. (3.90)

Further, multiplying Eq. (3.87) with N (n−1|n−1) and rearranging it for Bn ≡ N(n|n)

N(n−1|n−1)

gives a simple recursion formula for the (higher order) phonon correlation ratios:

Bn =
cn

[bn + anBn+1]
. (3.91)

In order to calculate the n-th order phonon correlation with this recursiv formula, a starting
n = 0 and a breaking point n = nkrit is necessary. Note, that in general the phonon
correlations and thus the ratios Bn do not necessarily converge to zero. This is only true
for a Fock statistics, where correlations of higer orders than the number of phonons in
the system are strictly zero. The expectation value operator correlations (or ratios) are
not to be confused with the correlated part of the expectation value δ〈b†nbn〉, occuring for
example in a typical correlation cluster expansion [KK08]. These would indeed converge to
zero for higher occupation numbers, while the here calculated correlation ratios increase
with the average phonon number N . For the ratios Bn this means, that in the case of a
thermal or a coherent statistics, it applies [Lou90, Gla63]:

Bn =
n!Nn

(n− 1)!Nn−1
= nN, thermal, (3.92)

Bn =
Nn

Nn−1
= N, Poissonian. (3.93)

However, using equation Eq. (3.91) and the fact, that Bn > 0, ∀n, an upper bound for the
correlation ratios can be deduced:

Bn ≤ cn
bn
−→ 2Γr

κ
, (3.94)

which corresponds to four times the maximum coherent phonon number (3.63) resulting
from the SC model. With that, the combination of anBn+1 actually converges to zero.
Dependent on how broad the statistics is, the phonon correlation ratios can strongly de-
viate from this value even for large n. Therefore, the starting point nkrit has to be chosen
according to the present statistics and average phonon number, i.e. dependent on the pa-
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rameter set. With the repeated use of Eq. (3.91) the phonon number and any higher order
correlation ratios are given by continuous fractions:

N (1|1) =
N (1|1)

N (0|0)
= B1 =

c1

b1 + a1
c2

b2 +a2

c3

b3 +...

, (3.95)

Bn =
cn

bn + an
cn+1

bn+1+an+1

cn+2

bn+2+...

. (3.96)

The start value is N (0|0) = V (0|0) + C(0|0) = 1 and the cut-off value is Bnkrit = cn
bn

. The

higher order phonon correlations, for calculating for example the g(2)(0)-function or the
phonon-probability distribution, can be calculated from the ratios:

N (n|n) = B1B2...Bn−1Bn. (3.97)

3.6.2. Verification of the effective phonon laser Hamiltonian

This EQ approach can now serve as an additional tool for verifying the adequacy of the
effective Hamiltonian Eqs. (3.43) and (3.44) with respect to the description of a phonon
laser. Figure 3.19(a) shows the input-output curves N(ΩR), calculated with the SC model
(shaded blue area), the FQ model (bold grey curve) and the EQ model (thin black curve).
For a vanishing pure dephasing, the results from the FQ and the EQ are an exact match.
This corroborates the validity of the effective Hamiltonian for this regime. There is no
visible deviation for the phonon number or the Q-parameter. The higher order correlations
calculated with FQ (blue filling) and EQ (black curve) coincide as well, which is demon-
strated by the phonon number probability distribution in Fig. 3.19(b). This means, that
the full phonon population within the cavity is generated by the effective subsystem only,
and there are truly no other processes involved. Thus, in the regime of a pure-dephasing,
small compared to the cavity phonon frequency, γpd � ωph, the anti-Stokes excitation con-
dition [3.7] automatically selects the phonon laser, described by the effective Hamiltonian
Eqs. (3.43) and (3.44).

3.6.3. Conclusion

In conclusion, a theory for a QD-phonon laser was presented, where an analytical semiclas-
sical approach was benchmarked with a full quantum theoretical treatment and verified
by an effective quantum model. Coupled to a single mode acoustic cavity, the QD can be
operated as a phonon laser. Making use of an induced Raman process, an effective sub-
system can be addressed by an external pump laser field. The different emission regimes
of the system were analyzed, predicting among others, beneficial effects of an intermediate
pure dephasing with respect to the QD dipole transition on the width of the coherent laser
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Figure 3.19.: Evolution of the (a) N and Q versus varying ΩR (κ = 0.5µs), calculated with
the three different models: FQ (bold grey curve), EQ (thin black curve) and
SC (blue area). (b) P(n) at Ωquench). γpd = 0.0/ps as calculated with the FQ
(blue filling) and the EQ (black curve). The coincidence between the FQ- and
the EQ models is perfect (at a vanishing pure dephasing).

regime. Further, low phonon life times or strong weak radiative decay rates can also result
in a stable non-classical emission statistics.
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4
Phonon-assisted Mollow triplet

In recent years, non-equilibrium phonons [SDR+10, WRZI04], cavity phonons and coherent
phonons have been predicted and reported to have great impact on the emission properties
of quantum light emitters [TBF+02, FLKJP13, TBF+02]. The variety of newly developed
phonon devices (phonon lasers, phonon cavities and combined optical devices [VHK+09,
GLPV10, FLKJP13] therefore strongly motivate the study of phonon coupling- and multi-
phonon-features [CFC+10, MKH08] in optical emitters [VAK02, MVTG06, BJS+07], i.e.
atoms, molecules or semiconductor nanostructures [e.g. quantum dots (QDs), nano layers,
nanotubes, etc]. In linear or non-linear optical spectroscopy experiments, these processes
can be revealed and allow further study of the coupled dynamics of phonons, electrons and
light. Stationary or time dependent laser fields, applied to the quantum light and phonon
emitters, serve as external control to the phonon statistics [KCBK12] and therefore the
emission properties of the device.
In this chapter, different excitation scenarios are distinguished, involving the weak and
the strong excitation regime as well as the continuous wave (CW) and the pulsed optical
excitation. In the limit of weak external laser fields, i.e. below the regime, where Rabi-
oscillations can occur, the electronic system is only weakly perturbed by the electron-light
interaction. In this limit, the spectrum can be divided into elastic and inelastic scattering
of the input laser field, as well as resonance and phonon-assisted fluorescence, originating
from direct excitation of electronic transitions [KWH+10, MVA12]. However, in the high
driving field limit, the spectrum is transformed into the Mollow-triplet: The emission will
consist of three emission lines [Mol69, VLT09, GTVC+10], centered at the incident driving
frequency ωl, with the so-called Mollow sidebands equally distanced from the triplet center
(ω = ωl ∓ ωG) by the generalized Rabi-frequency ωG.
In contrast to this previous work, this chapter is focused on higher order LO-phonon
signatures in the resonance fluorescence emission spectrum of the lowest bound transition
of a semiconductor QD, externally driven by a strong laser pulse. Next to the ordinary
emission-triplet about the exciting laser frequency, the coupling to LO-phonons results
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Figure 4.1.: Scheme of two-level system interacting with a (a) weak external laser field: the
electronic levels and the light field are separated. There is emission from the
(phonon-assisted) transitions (fluorescence) and (phonon-assisted) scattering
(Rayleigh and Raman). (b) strong external laser field: The electronic levels
are dressed with the laser field. The emission consists of triplets centered at
the initial laser frequency ωl (Mollow triplet) and at the Raman frequencies
ωl ∓ ωLO (phonon-assisted Mollow triplet: only Stokes depicted).

in additional phonon-assisted triplets centered at the (higher order) Raman-frequencies
(ω = ωl∓pωLO). The different expected contributions to the signal are visualized for weak
optical excitation in Fig. 4.1(a) and the Mollow regime in Fig. 4.1(b). The corresponding
frequencies additionally collected in Tab. 4.1.

Contribution Detected signal Excitation regime

0-th order Fluorescence ωs = ωcv Weak
n-th order Phonon-assisted fluorescence ωs = ωcv ± nωLO Weak
0-th order Rayleigh ωs = ωl Weak
n-th order Raman ωs = ωl ± nωLO Weak
Mollow triplet ωs = ωl ± ΩG Strong
n-th order phonon-assisted Mollow triplet ωs = ωl ± nωLO ± ΩG Strong

Table 4.1.: Spectral positions of the different emission structures at weak and strong optical
excitation ΩR � ωLO.

Beyond this, we find a third regime of strong optical excitation, where the spectrum is
again drastically altered, compared with both the weak and the typical Mollow regime.
That is, when the laser strength, i.e. the Rabi-frequency ΩR coincides with the LO-phonon
frequency ωLO (or nωLO, with n ∈ N). Within this scenario, new non-perturbative features
are predicted in the spectrum, that are directly related to the electron-phonon coupling
strength. In fact, these extra features will be seen to serve as a possible measure for the
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4.1. Input-laser field and emitted light field

Huang-Rhys factor [HR50, KCRK11]. A strong optical excitation tuned to this condition
results in the furthermore formation of quasi-particles, involving the QD-transition, the ex-
ternal laser field and the phonon system. Similar to the coherent phonon generation of the
last chapter, the strong optical drive induces a change of the LO-phonon system. Depen-
dent on the driving regime and the spectral position of the laser field, higher order phonon-
correlations are excited, demanding a full implementation of the quantum correlations. This
excludes a description, based of a second-order Born approximation, which is limited to a
thermal equilibrium und bath assumption for the phonons. Therefore, we again make use of
the inductive equation of motion (EOM) method of Chap. 2, [KCR+11, CRCK10, AHK99]
and derive a closed set of EOMs, which can be extended up to an arbitrary accuracy in a col-
lective electron-LO-phonon interaction. Choosing this approach, strong coupling phonon
features and multi-phonon processes involving non-equilibrium and higher temperature
effects, which will certainly occur during strong optical excitation, can adequately be de-
scribed and featured in the spectrum. The findings presented in the current chapter are in
parts published in Refs. [KCRK11, KCR+11, KR10].

For calculating the emission signals of the QD in the strong and the weak excitation
regime and later on, also in the time domain, different methods will be applied. In the
steady state, the spectrum is calculated applying the quantum regression theorem, while
for the temporal behavior of the emission, a multi-mode field description is used. As an
introduction of this method, however, this multi-mode method is first applied to the usual
Mollow-triplet in the stationary limit.

4.1. Input-laser field and emitted light field

Since in this chapter, there is no phonon cavity involved for the LO-phonons and the light
emission is supposed to be into free space, a multi-mode description will be used for the
LO-phonons, as well as the emitted photons. Such as in the previous chapter Chap. 3 the
QD is optically driven with an external laser field. However, the spectral position of the
laser is variable. This incoming laser field can be described classically [Muk95]. However, for
the temporal evolution of the emission, the emitted light field (generated via spontaneous
emission) is treated fully quantum mechanically, with modes kj :

E(r, t) = E∗l (t)e(iωlt−ik·r) + El(t)e
(−iωlt+ik·r)

+

f∑
j=1

Ejc
†
kj

(t)e−ikj ·r + Ejckj (t)e
ik·r. (4.1)

The temporal evolution of the input laser field is contained in the envelope function El(t),
while the temporal behavior of the output field modes is given by the evolution of the
photon operators c(†)

kj
(t). This treatment of the emission already reveals the non-linear

character of the light emission. Obviously, the emission modes are considered to be unpop-
ulated at the beginning. This means, that the emitter first has to interact with the classical
input field. This interaction with the incoming intensity therefore already corresponds to
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4. Phonon-assisted Mollow triplet

an intensity |E|2, i.e requires a second order interaction at least. The output intensity,
i.e. the emission into the quantized mode continuum also corresponds to a second order
process (emitted intensity), together resulting at least in a fourth order interaction for the
description of the light emission at optical excitation [Muk95].

4.1.1. Hamilton-operator and equations of motion

According to Chap. 2, Sec. 2.2, the free parts of the quantized fields are described by Eq.
(4.4), where a (a†), ckj (c

†
kj

) and bq(b
†
q) are the electron, photon and phonon annihilation

(creation) operators. The electron-phonon coupling is described by the Fröhlich Hamilto-
nian (coupling element gq = gqc − gqv ) [MZ07]. Further, the quantized multi-mode electro-
magnetic field Hamiltonian describes the quantum light emission of the QD into free space.
The total Hamiltonian of the coupled system reads in the RWA [KK08, Hau04, AHK99]:

He−lI = ~Ω(t)a†vac + ~
∑
k

Mka†vacc
†
k +H.c, (4.2)

He−phI = ~
∑
q

a†cac(g
∗
qb
†
q + gqbq), (4.3)

H0 =
∑
i=v,c

~ωia†iai +
∑
k

~ωkc†kck + ~ωLO
∑
q

b†qbq +H.c.. (4.4)

Here, ωk, ωl and ωLO denote the corresponding photon frequency of mode k, the laser
frequency and the LO-phonon frequency. For the numerical calculations, the parameters
are chosen of an InGaAs/GaAs-QD cf. [KWH+10] and App. A.1.

4.1.2. Treatment of the multi-mode phonon system

For the free phonon part in Eq. (4.4), the Einstein-approximation of a constant dispersion
relation for the LO-phonons is applied [Mad78]. This assumption significantly simplifies the
treatment of the phonon system, as it is possible to introduce collective phonon operators
and electron-phonon coupling elements:

B† ≡ 1

g

∑
q

g∗qb
†
q, B ≡ 1

g

∑
q

gqbq, (4.5)

with g ≡
√∑

q

|gq |2. (4.6)

The factor 1
g is introduced in order to normalize the commutator relation for the effective

phonon operators:

[B,B†] = 1, (4.7)
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4.1. Input-laser field and emitted light field

and thus realize a more symmetric appearance of the new collective electron-phonon cou-
pling strength g in the equations of motion. With this, the electron-phonon interaction can
directly be expressed by the new operators:

He−phI = ~ga†cac(B† +B), (4.8)

which is formally identical to the electron-acoustic cavity coupling in Eq. (3.2). Although,
the free phonon Hamiltonian Eq. (4.4) cannot be rewritten in terms of B(†), such as (4.3),
the following commutator however conveniently results in:

[~ωLO
∑
q

b†qbq, B
†nBm] = ~ωLO

1

g

(
n
∑
q

g∗qb
†
qB
†n−1Bm −B†nm

∑
q

g∗qbqB
m−1

)
(4.9)

= (n−m)~ωLOB†nBm,

due to the Einstein approximation. Therefore, with Eqs. (4.8) and (4.9) the multi-mode
phonon system can be treated the same way as a single phonon mode. Instead of solving
equations for each combination {qj} of relevant phonon modes, only one effective mode B
has to be considered.

4.1.3. Treatment of the multi-mode photon system

In the case of the electron-photon interaction in (second term in Eq. (4.2)) and the free
photon Hamiltonian (Eq. (3.1), second term) with a varying dispersion relation, this treat-
ment cannot be applied and equations for the full free photon mode continuum have to
be solved. For the further description, it is therefore useful introducing multi-indices for
the photon operators, as the photon operators can occur to any order within each of the
different modes k1 ... kf .

c†p := c†p1

k1
c†p2

k2
... c
†pf−1

kf−1
c
†pf
kf
, cs = cs1k1

cs2k2
... c

sf−1

kf−1
c
kf
kf

c†(p±1,j) ≡ c†p1

k1
... c
†pj±1
j ... c

†pf
f , c(s±1,j) ≡ cs1k1

... c
sj±1
j ... c

sf
f

p ≡ (p1 + p2 + ... + pf ), s ≡ (s1 + s2 + ... + sf ). (4.8)

Further, abbreviations are introduced for the photon- and phonon assisted electronic op-
erator correlations similar to Eqs. (3.12)-(3.15). However, here, additional indices for the
photon operators from Eq. (4.8) occur.

V
(p|s)

(n|m) ≡ 〈|v〉〈v|c†pcsB†nBm〉,

C
(p|s)
(n|m) ≡ 〈|c〉〈c|c†pcsB†nBm〉,

P
(p|s)
(n|m) ≡ 〈|v〉〈c|c†pcsB†nBm〉,

N
(p|s)
(n|m) ≡ 〈c†pcsB†nBm〉, (4.9)
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4. Phonon-assisted Mollow triplet

Choosing a rotating frame with the external laser frequency ωl (such as in Eq. (3.34))
and applying Heisenberg’s equation of motion to Eqs. (4.2)-(4.8), results in the following
general set of EOMs:

d

dt
V

(p|s)
(n|m) = [i

f∑
j=1

(pj − sj)(ωkj − ωl) + i(n−m)ωLO − (n−m)κ]V
(p|s)

(n|m)

− i

f∑
j=1

(pjM
kj P

(s|p−1,j)
(m|n) )∗ + i

f∑
i=1

sjM
kj P

(p|s−1,j)
(n|m)

+ i

f∑
j=1

Mkj P
(p+1,j|s)
(n|m) − i(

f∑
j=1

Mkj P
(s+1,j|p)
(m|n) )∗

+ iΩ(t)P
(p|s)
(n|m) − i

(
Ω(t)P

(s|p)
(m|n)

)∗
(4.10)

d

dt
C

(p|s)
(n|m) = [i

f∑
j=1

(pj − sj)ωkj + i(n−m)ωLO − (n−m)κ]C
(p|s)
(n|m)

− i

f∑
j=1

Mkj P
(p+1,j|s)
(n|m) + i(

f∑
j=1

Mkj P
(s+1,j|p)
(m|n) )∗

− iΩ(t)P
(p|s)
(n|m) + i

(
Ω(t)P

(s|p)
(m|n)

)∗
+ i ngC

(p|s)
(n−1|m) − imgC

(p|s)
(n|m−1), (4.11)

d

dt
P

(p|s)
(n|m) = [i

f∑
j=1

(pj − sj)(ωkj − ωl) + i(n−m)ωLO − i∆− (n−m)κ− γpd]P
(p|s)
(n|m)

− i

f∑
j=1

pj(M
kj C

(p−1,j|s)
(m|n) )∗ − i

f∑
j=1

Mkj∗ (C
(p|s+1,j)
(n|m) − V (p|s+1,j)

(n|m) )

− iΩ(t)
(
C

(p|s)
(n|m) − V

(p|s)
(n|m)

)
− igP

(p|s)
(n|m+1) − igP

(p|s)
(n+1|m) − imgP

(p|s)
(n|m−1), (4.12)

Here, subscript-indices correspond to the order of phonon creation- (n or left slot, respec-
tively), and annihilation (m or right slot, respectively) operators. The superscript indices
correspond to the photonic multi indices, denoting the total order of photon- creation (p)
and annihilation (s) operators. As introduced above in Eq. (4.8), a superscript x − 1, j
indicates a reduction in the order of photon operators by 1 in the mode kj . ∆ = ωcv − ωl
is the frequency detuning of the laser towards the optical transition frequency of the QD.
As both the electron light couplings are non-diagonal, crossings of the interaction paths
leads to free rotation parts with the laser frequency, also for the electronic densities in Eqs.
(4.11) and (4.12). All three equations exhibit potential nonlinear interaction with the light
fields, best reflected by the photon-assisted polarization P (p|s)

(n|m+1). For an odd number of

60



4.2. Stationary spectrum:–Mollow triplet

photon operators n+m, and n < m, this quantity rotates with a higher order combination
of photon and laser frequencies:

χ
(p|s)
P (0|0) = −

f∑
j=1

djωkj + (dj + 1)ωl − ωcv, n < m,

= −ωk + 2ωl − ωcv, (m = 1), (4.13)

χ
(p|s)
P (0|0) =

f∑
j=1

djωkj − (dj − 1)ωl − ωcv, n < m,

= ωk − ωcv (n = 1), (4.14)

where dj = |pj−sj |. While rotation terms, such as Eq. (4.14) can also occur for interacting
with only the scattering modes k1 ... kf , the rotation terms of Eq. (4.13) needs the combined
interaction with the scattering modes and the external laser field. In the case of m = 1,
two negative frequencies are canceled will a double of the laser frequency. Thus, a quantity,
which is non-energy conserving on the basis of the electron- and photon operators gets to be
energy-conserving again through a higher order laser assistance. As will become apparent
in the following paragraph, these quantities are the ones responsible for typical non-linear
emission features, such as the Mollow-triplet.

4.2. Stationary spectrum:–Mollow triplet

In order to calculate the emission spectrum, making use of Eqs. (4.11)-(4.12) the interaction
with the quantized field modes is only regarded up to the second order. Further, second
order photon-assisted driving terms are disregarded as well.

O
(p|s)
(n|m)

!
= 0, (p+ 1 ≥ 2). (4.15)

This perturbative approach is well justified, even in the strong excitation regime, since
the light emission is into free space. Therefore, once emitted, the photons will no further
interact or be reabsorbed by the system and any back-action terms (Eq. (4.15)) can be
omitted. In the steady state, the emission spectrum can be calculated by the steady state
photon emission rate [Muk95, KJHK99], represented by:

S(ωk) ≡
d

dt
〈c†kck〉 =

i

~
[H, c†kck]. (4.16)

Calculating the right hand side of Eq. (4.16) simply results in:

S(ωk) = 2 Im
(
MP

(1|0)
(0|0)

)
. (4.17)

This equations states the first order interaction, which is with the electron-photon coupling
M .
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4. Phonon-assisted Mollow triplet

4.2.1. Without phonon interaction

Second order:– Applying the above discussed perturbative treatment (Eq. (4.15)) for the
photon system and disregarding the interaction with the LO-phonons, a recursively closed
system of equations can be derived for the stationary limit. Omitting the subscript indices
for the phonon-operators, the steady state photon-assisted polarization reads:

P (1|0)χ
(1|0)
P = −iMk∗C(0|0) − iΩ

(
2C(1|0) −N (1|0)︸ ︷︷ ︸

≡R(1|0)

)
, (4.18)

where χ(1|0)
P is defines as in Eqs. (3.29)-(3.32) from Chap. 3 and contains the free rotation

and damping prefactors of Eq. (4.12).
Third order:– The conduction band density C(0|0) in Eq. (4.18) is already proportional to
the second order in the electron-photon coupling Mk and in the stationary limit simply
saturates at a steady state value dependent on pumping strength, losses and detuning
frequency.

C(0|0) =
2|Ω|2γ

2Γr(∆2 + γ2) + 4|Ω|2γ
−→ 1

2
,
(
4|Ω|2 � 2Γr(∆

2 + γ2)

γ

)
, (4.19)

Note, that for the analytic solution in the steady state, a radiative dephasing Γr and
γ = Γr+γpd had to be introduced according to Eq. 2.38 due to the second order perturbative
treatment of the emitted photon field. The photon-assisted inversion (expression within the
brackets of Eq. (4.18)) is just proportional to the first order in M , so that the equation
reads:

R(1|0)Γr = ΓrN
(1|0) − iMk

(
P (0|0)

)∗ − 2iΩP (1|0) + 2iΩ
(
P (0|1)

)∗ (4.20)

Fourth order:– Here, already a higher order interaction term, as mentioned in Eq. (4.13)
appears, with rotation terms χP (0|1) containing a double of the laser frequency ωl. The
other two terms are already closed in the hierarchy, as P (0|0), such as C(0|0) in Eq. (4.19),
is already second order in M and is just a number:

P (0|0) = − iΩ(2C(0|0) − 1)

χP (0|0)
→ 0,

(
4|Ω|2 � 2Γr(∆

2 + γ2)

γ

)
. (4.21)

The second term in Eq. (4.20) is the same as in Eq. (4.16) and recursively be inserted.
The only remaining equations are for the higher order polarization and the single photon-
operator:

P (0|1)χP
(0|1) = −iΩR(0|1), (4.22)

d

dt
N (1|0) = N (1|0)ε+ iMk

(
P (0|0)

)
. (4.23)

At this point the equations are closed, since the complex conjugate of Eq. (4.22) just
reproduced Eq. (4.20) and the polarization P (0|0) again ist just a number. The prefactor
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4.2. Stationary spectrum:–Mollow triplet

ε = i(ωl − ωk) + δ in (4.23) contains next to the rotating frame also the width δ of the
scattered laser field. For the strong excitation case (Mollow regime), Eqs. (4.18)-(4.23) can
be combined into an analytic expression for the photon assisted polarization using Eqs.
(4.19) and (4.18), it results into:

P (1|0) =
−iM 1

2

χP (1|0) + 2|Ω|2(
χR(1|0)+

2|Ω|2

χP
(0|1)∗

) , (4.24)

Note, that this formula Eq. (4.24) is only valid in the truly strong excitation regime, when

Mollow-triplet

Figure 4.2.: Scheme of two-level system interacting with a strong external laser field: The
electronic levels are dressed with the laser field and the spectrum consists of the
Mollow-triplet (blue emission structure). It exhibits a central emission peak at
the incident laser frequency ωl, a red detuned sideband at ωl −ΩR and a blue
detuned sideband at ωl + ΩR.

coherent contributions to the spectrum in Eq. (4.23) can be omitted. In the weak excitation
regime, coherent scattering will be present in the spectrum and the equation for N (1|0) has
to be integrated for consistence with the definition of the signal in Eq. (4.16).
Without the electron-phonon interaction, the spectrum exhibits the typical three peak
structure [as depicted in Figs. 4.2 (schematically) and 4.3(a)]. The Mollow triplet center is
spectrally positioned at an emission frequency ωk = ωl and the triplet sidebands at ωk =
ωl ∓ ΩR [CT92]. For resonant excitation, the ratio of both the triplet sidebands towards
the triplet center line is 1 : 3. In the detuned case, these ratios change drastically, with
different ratios for the lower energy and the higher energy sideband, because of resonance
effects between the sidebands and the bare electronic transition.
In the semiconductor case, a non vanishing electron-LO-phonon interaction is often of
importance and will deliberately change the emission spectrum, especially in the Mollow
triplet regime. As the diagonal electron-phonon interaction inhibits a recursion, such as for
Eqs. (4.19)-(4.22), the spectrum will be calculated using the quantum regression theorem
for two-time operator correlations.

63
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Figure 4.3.: Emission spectrum of a two level system (a) in the weak (blue curve in the
front) and in the strong (pink curve in the back) excitation regime. (b) Mollow
triplet for resonant (blue curve in the front) and slightly detuned excitation
(pink curve in the back).

4.2.2. The power spectrum and the quantum regression theorem

In the stationary regime, the spectrum can be calculated via the Fourier-transformation of
the first order correlation function [MW95, Lou90]:

S(ωs) = Re

∫ ∞
0

dτ〈E(−)(t)E(+)(t+ τ)〉eiωsτ (4.25)

In the far field, using the Weisskopf-Wigner approximation, the negative E(−) and the
positive E(+) frequency parts of the light field can be associated with the Pauli-operators
σ† = |c〉〈v| and σ = |v〉〈c| [SZ97], respectively and the two time correlation results in:

〈E(−)(t)E(+)(t+ τ)〉 = I〈σ†(t)σ(t+ τ)〉. (4.26)

This means, that in the stationary case, the interaction with the emission modes {k} in
the Hamiltonian Eq. (4.2)-(3.1) can be omitted and Eqs. (4.12)-(4.12) formally coincide
with the equations Eqs. (3.23)-(3.24) of the last chapter. The only difference is, that here,
g and B(†) correspond to the collective electron-phonon coupling and phonon operators of
Eq. (4.6).
Two-time correlations, such as in Eq. (4.26) can be calculated using the quantum regression
formula [BP02, Car99]. If for a system of operators {Oα} it applies:

d

dt
〈Oα(t)〉 =

∑
β

Gαβ〈Oβ(t)〉, (4.27)
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4.3. Phonon-assisted Mollow triplet

i.e. it is a system of linear differential equations, the same set of equations apply for the
two time correlators:

d

dτ
〈Oµ(t)Oα(t+ τ)〉 =

∑
β

Gαβ〈Oµ(t)Oβ(t+ τ)〉, (4.28)

With the same regression matrixGαβ as in Eq. (4.27) [See App. A.4]. Here, we are interested
in the two-time correlation 〈σ†(t)σ(t+ τ)〉 and therefore in a set of equations, such as:

d

dτ
〈σ†(t)Onmij (t+ τ)〉 =

∑
ls,rp

Gnm,rpij,ls 〈σ
†(t)Orpls (t+ τ)〉. (4.29)

The subscript indices correspond to the electronic levels |v〉 and |c〉, while the superscripts
indicate the order of phonon operators. In the previously introduced used notation, the
operators Onmij are given as:

Onmvv = |v〉〈v|B†nBm, (4.30)
Onmcc = |c〉〈c|B†nBm, (4.31)
Onmvc = |v〉〈c|B†nBm, (4.32)
Onmcv = |c〉〈v|B†nBm. (4.33)

Before solving the set of equations Eqs. (4.33) with Eq. (A.12), the initial values 〈σ†Onmij 〉(t)
have to be calculated, which are given by the single time correlations:

〈σ†(t)Onmvv (t)〉 = 〈Onmcv 〉(t) ≡ P̄
(0|0)
(n|m)(t), (4.34)

〈σ†(t)Onmcc (t)〉 = 0, (4.35)

〈σ†(t)Onmvc (t)〉 = 〈Onmcc 〉(t) ≡ C̄
(0|0)
(n|m)(t), (4.36)

〈σ†(t)Onmcv (t)〉 = 0. (4.37)

Since here, the spectrum is calculated in the stationary regime (t→∞), the initial values
are given by Eq. (4.27) and setting the derivatives to zero. The resulting set of linear
equations for the initial values Eqs. (4.37) is then simply given by the linear system of
equations of Sec. (3.2.4).

4.3. Phonon-assisted Mollow triplet

In the case of an electron-phonon interaction and typical semiconductor features, such as a
pure dephasing γpd, the emission spectrum in the weak excitation regime, as well as in the
Mollow-triplet regime [See Figs. 4.4 and 4.9] is changed considerably. All peak positions,
that can be expected in the weak excitation and the usual Mollow-regime are collected in
Tab. 4.1.
As calculated with Eq. (A.12), Figure. 4.5 shows the emission spectrum of a semiconductor
QD, interacting with LO-phonons over the Raman-shift, i.e. emission-energy minus the
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4. Phonon-assisted Mollow triplet

Mollow-tripletStokes Mollow-triplet anti-StokesMollow-triplet

}

Figure 4.4.: Scheme of a QD interacting with a strong laser field (resonant excitation).
The dottet lines indicate the (first order) interaction with the LO-phonons. In
the strong excitation regime, additional triplets appear at the positions of the
phonon satellites ωl ∓ ωLO(∓ΩR) (positions of the Raman scattering lines).

bare system energy εs − εcv = ~(ωs − ωcv). The spectrum is broadened due to a pure
dephasing of γpd = 0.05/ps and a radiative decay of Γr = 0.005/ps. The QD is assumed
to be excited at its bare electronic resonance, which leads to a slightly detuned excitation
frequency of the laser with respect to the new phonon induced polaron shifted QD resonance
ωpcv = ωcv − g2

ωLO
. In the weak excitation regime (blue plot), this results in a spectral

separation of the Rayleigh (Raman) and the fluorescence (phonon-assisted fluorescence)
lines and peaks. In the Mollow-triplet regime (pink curve), same as in Fig. 4.3, the frequency
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Figure 4.5.: Emission spectrum of a QD interacting with LO-phonons (a) in the range of
the bare QD resonance ~ωcv in the weak- (blue curve in the front) and in the
strong excitation regime (pink curve in the back). (b) Spectrum in the spectral
range of the first order Stokes Raman energy ~ωl−~ωLO. The phonon assisted
triplet is additionally broadened by the background and the short LO-phonon
lifetime κ−1.

detuning leads to an asymmetry of the Mollow triplet [Fig. 4.5(a)] and changed ratios
between the heights of the triplet center and the Mollow sidebands. Due to the interaction
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4.3. Phonon-assisted Mollow triplet

with the LO-phonons, at a multiple of a phonon frequency, phonon-assisted Mollow-triplet
satellites appear, centered around the Raman resonances, cp. Fig. 4.4. Figure. 4.5(b) shows
the spectral area around the first order Stokes Raman resonance εs = εl− εLO. In the weak
excitation regime (blue curve), it exhibits the first order phonon assisted fluorescence peak
and the Raman Stokes satellite (only indicated as a kink), while in the strong excitation
regime, there is a formation of a phonon assisted Mollow triplet, centered at the Stokes
Raman frequency ωl − ωLO. The phonon structures appear to be strongly broadened in
comparison to the peaks at the bare systems resonance. The reason is, that phonon-related
structures are relatively weak, so that they are additionally broadened by the background
(radiative and pure dephasing) of the much more intense features close the band gap energy.
Further, the LO-phonons are assumed to have a finite (and relatively short) lifetime, as
compared with the rest of the dissipative timescales. This is however in the regime, where
the Rabi-frequency of the exciting laser field is still much smaller than a phonon frequency
ΩR ≤ ωph. For sufficiently strong external laser strengths, the spectrum exhibits a variety
of spectral features, which are due to the formation of additional quasi-particles of electron,
light-field and phonons.

4.3.1. Anti-crossings of the Mollow-sidebands and the Mollow-triplet
centers

The Mollow triplet sidebands are usually spectrally positioned in the distance of the Rabi-
frequency ΩR (at resonant excitation) with respect to the laser frequency ωl. Therefore,
for a Rabi-frequency ΩR ≈ ωLO the sidebands of the bare Mollow triplet would cross the
central peaks of the phonon assisted triplets at ωl ∓ ωLO and vice versa.
Figure 4.6 shows the spectrum in the spectral area about the main triplet resonance 4.6(a)
at ωl and the area around the 1st order Stokes triplet 4.6(b) at ωl − ωLO for the case of
matching phonon- and Rabi-frequency ΩR = ωLO. Apparently, instead of melting triplet
sidebands and centers, additional spectral features appear. In the case of the Stokes triplet,
the central peak has obviously disappeared in favor of a variety of peaks in its proximity.
As it is hard to analyze those features in the spectrum for only one snapshot of the Rabi-
frequency ΩR, the spectrum is now plotted over the varying Rabi-frequency, normalized
with an LO-phonon frequency ΩR

ωLO
. The spectrum is calculated for resonant ωl = ωcv

[Fig. 4.7(a)] and detuned ωl = ωcv − ∆ [Fig. 4.7(a)] optical excitation. The x-axis is the
deviation of the emitted frequency minus the band-gap frequency ωs − ωcv, also divided
by ωLO. Thus, for resonant excitation, the main-triplet is centered at 0 and the phonon
satellite triplets are centered at ∓1.
In the case of resonance between the laser frequency with the bare electronic transition
frequency ωl = ωcv [Fig. 4.7(a)], the evolution of the Mollow sidebands goes linear with the
laser strength. However, when the Rabi-frequency enters the regime Ω ≈ ωLO (x = y = 1),
the 3D-plot nicely illustrates an anticrossing of the triplet sidebands with the triplet centers.
Instead of mixing with the (n + 1)th order phonon satellite triplet center, the nth order
phonon assisted lower energy triplet sideband blends into the higher energy sideband of
the (n + 2)th order (and vice versa). This higher order triplet center itself performs an
anticrossing with the (n + 1)th order triplet center etc. In Fig. 4.7(a) this behavior is
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Figure 4.6.: Emission spectrum of a QD interacting with LO-phonons in the strong exci-
tation regime with ~ΩR ≈ ~ωLO. (a) shows the spectral area about the QD
resonance ωcv [here ~(ωcv − ωl) = ~ g2

ωLO
corresponds to the polaronshift]. In

this spectral area, the spectrum does consist of a strongly modified, but still
triplet-like structure (not Mollow-triplet). (b) shows the area about the Stokes
position ~(ωl ∓ ωLO). The dashed line in (b) indicates the usual position of
the anti-Stokes Raman line, at which the spectrum now exhibits a minimum
(anticrossing) with several spectral features in its proximity.

most strikingly demonstrated at the frequency position of the 1st Stokes Raman frequency
at (x = −1, y = 1). At this frequency position several spectral structures coincide: The
three most pronounced features at this position are (i) the lower energy Mollow sideband
originating from the main triplet emerging from the right, (ii) the 1st order Stokes triplet
center that is positioned at ωl − ωLO and (iii) the higher energy sideband of the 2nd
order Stokes triplet emerging from the left. As is clearly visible, these three peaks do not
cross, but exhibit an anticrossing. This behavior can be observed at all triplet centers for
that particular excitation strength. The sidebands seem to get averted at some point, an
then blend in together with the lower/higher energy sideband of the higher/lower order
triplet. Further, especially the phonon assisted triplet centers additionally collapse during
the anticrossing (x = −1, y = 1), as already depicted in Fig. 4.6(b). While in the regime
ΩR ≤ ωLO a considerable proportion of the emission intensity was collected at the Raman-
frequencies ωs = ωl∓nωLO, there is almost no emission originating at these frequencies for
ΩR ≈ ωLO anymore (at the anticrossings). Obviously, the phonon satellites experience an
additional frequency splitting. A small decrease of the 0th order triplet center i.e. at the
bare laser frequency ωl = ωcv (here 0) is visible as well. In total, the emission strength of
the triplet centers is diminished in favor of an enhanced emission at the sidebands, which
constructively interfere with the central peaks. Not, that the splittings of the triplet centers
also occur at the anti-Stokes positions ωl + ωLO. In fact, the anti-Stokes features are only
revealed via the anti-crossings at ΩG = ωLO, as they are dependent on a here vanishing
LO-phonon number for the weak excitation regime.
A similar behavior is illustrated for a detuned optical excitation in Fig. 4.7. Since here,
the Rabi-frequency is modified with the frequency detuning ∆ of the laser with respect
to the QD transition frequency, the Mollow triplet sidebands evolve nonlinearly with the
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4.3. Phonon-assisted Mollow triplet

laser strength, i.e. with the generalized Rabi-frequency ΩG =
√

Ω2
R + ∆2 [AE75]. Note,

that due to the stronger generalized Rabi-frequency ΩG > ΩR, the anticrossings occur at
lower actual laser powers. In Fig. 4.7(b) the laser is spectrally positioned at one half of a
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Figure 4.7.: Emission spectrum of a QD over varying laser strength. (a) For resonant optical
excitation ωl = ωcv, the spectrum exhibits the Mollow triplet and additional
phonon-assisted Mollow triplets centered about ωs = ωl ∓ nωLO. At (x =
∓n, y = 1) further anticrossings between the sidebands and the centers (also
split) occur. (b) For spectrally detuned optical excitation ωl = ωcv+∆ (at ∆ =
ωLO

2 ) the anticrossings and splittings appear earlier due to ΩG =
√

ΩR + ∆2.
At low powers ΩR ≈ 0, the triplet sidebands emerge at a spectral distance of
ΩG ≈ ∆ =̂ 0.5 from the respective central peak.

phonon frequency (ωl = ωcv + ∆, and ∆ = ωLO
2 ) with respect to ωcv, so that the main

Mollow triplet center appears at x = 0.5. The spectral distance of the triplet sidebands
from the center frequencies are significantly larger, than in the resonant case and the
anticrossings and center-splittings appear below x = 1. Since at comparably small ΩR −→
ΩG =

√
Ω2
R + ∆2 ≈ ∆, the lower/higher energy triplet sidebands of the main Mollow

triplet start in Fig. 4.7(b) at x = 0/x = 1. The phonon-assisted features are, as before,
spectrally distanced with nωLO =̂ nj, (j ∈ Z). However, the behavior of the peaks (triplet
sidebands and -centers) remains qualitatively the same as in the resonant case [Fig. 4.7(a)].
This means, that it may be of advantage, changing to a spectrally detuned excitation, in
order to observe the anticrossings at reduced laser strengths, given, that the anticrossings
still appear for large laser frequency detunings ∆.
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4. Phonon-assisted Mollow triplet

4.3.2. Strength of the anticrossings of the sidebands and the splittings of
the phonon satellites

At resonant excitation, the anticrossings of the phonon satellites and the splittings of the
phonon assisted triplet centers occur at an excitation strength of ΩR ≈ ωLO. The strength
of these splittings, however, can be expected to depend on the collective electron-phonon
coupling strength g of Eq. (4.6) [See Tab. 4.2].
In order to determine the functional dependence of the anticrossing- and splitting frequen-
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Figure 4.8.: (a) Spectral positions of the phonon assisted triplet sidebands ωs = ωl +
ωLO − ΩR (pink dashed curve) and ωs = ωl − ωLO + ΩR (dotted blue curve)
that perform anticrossings (arrows) with the main Mollow triplet center at
ωs = ωl (solid black curve). The anticrossing strength grows with increasing
g. (b) Splitting of the Stokes-triplet central peak at ωs = ωl − ωLO into two
peaks. The excitation strength is held at ΩR = ωLO. The laser frequency is
adjusted to the polaron shifted QD resonance at ωl = ωcv − g2

ωLO
.

cies, the spectral positions ωs − ωcv of those features are plotted over varying collective
electron phonon coupling g. The optical excitation strength is kept at ΩR = ωLO, i.e. at
the laser strength, where the anticrossings and splittings occur. Figure 4.8(a) shows the
evolution of the peak positions of the features about the excitation frequency. These are the
main triplet center at ωs = ωl = ωcv (black curve) and the two phonon assisted triplet side-
bands: (pink dashed curve) the lower energy triplet sideband at about ωs = ωcv+ωLO−ΩR

originating from the anti-Stokes triplet and (blue dashed curve) the higher energy triplet
sideband at about ωs = ωcv + ωLO − ΩR originating from the Stokes triplet. At a Rabi-
frequency of ΩR = ωLO, the three lines would coincide in their spectral positions ωs:

ωs =


ωl, main triplet center
ωl + ωLO − ΩR, Anti-Stokes sideband (red)
ωl − ωLO + ΩR, Stokes sideband (blue),

(4.38)
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4.3. Phonon-assisted Mollow triplet

But instead they are spectrally separated due to the anticrossing/splitting. As can be seen
from Fig. 4.8(a), the anticrossing strengths ∆s (spectral separation of the sidebands with
respect to the main peak indicated by the arrows) increases with the g.
A similar behavior is visible for the frequency splitting of the phonon-assisted triplet cen-
ter into to separate peaks. Figure 4.8(b) shows the spectral area about the Stokes Mollow
triplet center ωs = ωl−ωLO. As already discussed at Fig. 4.7, the phonon assisted Mollow
centers split into two peaks for a laser strengths with ΩR = ωLO. Apparently, the strength
of these splitting is increasing with g as well. As indicated with the arrows, the sidebands-
anticrossings and the splitting of the phonon-assisted triplet center is apparently of the
same order of magnitude.
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Figure 4.9.: Spectral separation ∆s of the neighboring peaks of Fig. 4.8(a) and (b) over
varying g. Dashed turquoise curve: splitting strength of the Stokes-triplet cen-
ter into two peaks. Black/grey curves: anticrossing strength of the Stokes- and
the anti-Stokes sidebands with the main triplet central peak.(ΩR = ωLO).

Since all the spectral features (for excitation at the polaron shifted QD resonance ωcv =

ωpcv(g)) are additionally moving with g (polaronshift g2

ωLO
) it is hard to tell from Fig. 4.8,

if the anticrossing- and splitting strengths are indeed linear in g. However, plotting the
spectral separations ∆s between the vicinal peaks of Fig. 4.8 against varying g actually
confirms the linear dependence of the sideband anticrossings, as well as the center split-
tings with the collective electron-phonon-coupling g, Fig. 4.9: Hence, the anticrossings and
splittings are a direct result of the formation of new quasi particles, occurring at suffi-
ciently high laser strengths. The various peak positions, that the spectrum exhibits at
Rabi-frequency ΩR = ωLO are listed in Tab. 4.2. With that knowledge, the strong driv-
ing regime introduces a possibility of measuring the electron-phonon coupling strength via
the Huang-Rhys factor (F = g2

ω2
LO

) in an optical spectroscopy experiment. As here, g is
determined by the spectral position of particular features in the spectrum, the delicate
measurement [SDW+11, HMS+99, HBG+01] of the relative peak hight Esatellite = e−FF
(first order phonon satellite peak hight) of the phonon satellite with respect to the main
fluorescence peak can be avoided.
The anticrossings also occur for a detuned optical excitation [c.f. Fig. 4.7], and at much
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4. Phonon-assisted Mollow triplet

Contribution Detected signal Color shift

Main triplet center ωs = ωcv non
n-th order Anti-/Stokes triplet center ωs = ωcv ∓ ωLO − ΩR − g

2 red
n-th order Anti-/Stokes triplet center ωs = ωcv ∓ ωLO − ΩR + g

2 blue
Main anticrossing ωs = ωcv − g red
Main anticrossing ωs = ωcv + g blue
n-th order Anti-/Stokes anticrossing ωs = ωcv ± nωLO − ΩR + g red
n-th order Anti-/Stokes anticrossing ωs = ωcv ∓ nωLO + ΩR − g blue

Table 4.2.: Spectral positions of the sidebands anticrossings and center splittings at an
excitation frequency of ΩR = ωLO. (resonant excitation).

smaller Rabi-frequencies, namely ΩR =
√
ω2
LO −∆2. However, as visible from Fig. 4.10,

the quasi-particle features at ΩG = ωLO are getting less pronounced with increasing de-
tuning ∆.
The key finding of the previous discussion is, that the emission spectrum in the strong
excitation regime exhibits phonon-assisted Mollow triplets at ΩG ≤ ωLO and additional
polaron features such as anticrossings and frequency splittings for ΩG ≈ ωLO. Since these
features are directly proportional to the collective electron-phonon coupling strength, the
peak positions and energy splitting allow an alternative measure of g or the Huang-Rhys-
factor, if exciting the QD in this regime. These features occur for any given temperature
and independent of the intensity of phonon-assisted peaks.
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4.4. Time-resolved light emission from semiconductor quantum dots

Figure 4.10.: Spectrum of a QD for varying laser frequency detuning ∆ at a Rabi-frequency
shifted with the excitation strength position, where th anticrossings occur
ΩR(∆) =

√
ω2
LO −∆2.

4.4. Time-resolved light emission from semiconductor
quantum dots

While in the stationary regime, the different contributions to the spectrum can be dis-
criminated via their spectral position or linewidth, the time dependent spectrum also gives
information about their different temporal behavior. In the following, the dynamics of the
emission lines and peaks will be investigated for weak to strong pulsed optical excitation.
The time-resolved spectrum allows to analyze build-up and decay dynamics of the above
discussed strong electron-phonon coupling features in the spectrum. Since the assumption
of a steady state, i.e. the calculation of the emissions spectrum via the power spectrum for-
mula (4.25) is not valid for a pulsed optical excitation, the full multi-mode field expansion
of the emitted light field is now incorporated according to Eq. (4.12)-(4.12).

4.4.1. Time-resolved signal

The time resolved Spectrum is given by the intensity

S(rs, ωs, t) = 〈E−s (rs, t)E
+
s (rs, t)〉, (4.39)

measured at a time-resolving spectrometer and detector [EW77] [See Fig. 4.11]. Here E(−)
s

and E
(+)
s denote the positive and the negative rotating frequency part of the detected

electromagnetic light field. Corresponding to Fig. 4.11, the detected field is temporally,
and spectrally filtered before being detected. The filtering process is described via a con-
volution of the incoming field E(±)(r, t) with a filtering function (here chosen as Gaussian
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4. Phonon-assisted Mollow triplet

Laser

Figure 4.11.: Scheme of the experimental setup for measuring the time-resolved spectrum
S(rs, ωs, t). The sample is excited with a pulsed laser field El(t) and emits
photons into a continuum of optical modes. The emission is spectrally fil-
tered (filtering function Fs(t)) and measured as Es(t) with a time-resolving
detector.

Fs(t) = e
− t√

2∆t e−iωst), which simulates the time- and frequency resolution of the supposed
experimental setup [Sto94]:

E(±)
s (rs, t) =

∫ ∞
−∞

dt′F (∗)
s (t− t′)E(±)(rs, t

′). (4.40)

Inserting this definition of the detected light field into the expression for the intensity Eq.
(4.39) at the detector results in the "physical spectrum" as introduced in Ref. [EW77]

S(rs, ωs, t) =

∫ ∞
−∞

dt′1

∫ ∞
−∞

dt′2Fs(t− t′1)F ∗s (t− t′2)〈E(−)(rs, t
′
1)E(+)(rs, t

′
2)〉. (4.41)

Reviewing this formula reveals, that the formula for the Power spectrum corresponds to
a filter with an infinitely sharp spectral resolution, i.e. Fs(t) = e−iωst. According to Ref.
[KJHK99], the integrals are eliminated in favor of a multi-mode electromagnetic field ex-
pansion and applying a far field approximation for E(z, t). Following this procedure, the
time-resolved signal is evaluated, calculating the photon-coherences 〈c†k1

ck2
〉 for any pair

of k1 and k2, using [EW77, KJHK99, KWH+10]

S(zez, ωs, t) =
∑
k1,k2

~√ωk1ωk2

2ε0c2V
〈c†k1

ck2
〉 e−i(k1−k2)z

× e
−
{

[(k1−kD)c∆t]√
2

}2

e
−
{

[(k2−kD)c∆t]√
2

}2

(4.12)

for the propagation of the emission in z-direction. The two frequency mode photon coher-
ences 〈c†k1

ck2
〉, which determine the spectrum S(zez, ωs, t) couple to the photon-assisted

polarizations [KWH+10, KK06]

d

dt
〈c†k1

ck2
〉 = −i(ωk1 − ωk2)〈c†k1

ck2
〉

−i
{
Mk1P

(k2|0)
(0|0) − (Mk2P

(k1|0)
(0|0) )∗

}
. (4.13)

and therefore to the set of equations given by Eqs. (4.11)-(4.12). Neglecting again any
backaction terms of the emission modes, according to Eq. (4.15) the set can be simplified
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to a set of equations as given in Appendix (A.6)-eqA.8. As initial condition, the QD is
assumed to start in the ground state |v〉. Further, the emission modes {k} are assumed
to by unoccupied at the beginning, so that photon-assisted quantities are set to zero at
t = 0. The phonons are assumed to be in an initial thermal equilibrium at the beginning,
so that the phonon correlations can be calculated using Wick’s theorem [Lou73], modified
with the collective coupling strength:

N
(0|0)
(n|n) ≡ 〈B

†nBn〉(0) = n!Nn
ph g

n. (4.14)

Further, combined phononic and electronic operator correlation expectation values are
factorized before the arrival of the external light pulse:

〈V (0|0)
(n|n)〉(t = 0) = 〈a†va†vB†nBn〉(0) = 〈a†vav〉〈B†nBp〉(0)

= 〈V (0|0)〉 〈B†nBn〉(0). (4.15)

4.4.2. Temporal emission dynamics

In the weak excitation regime, the fluorescence- and scattering (Rayleigh and Raman)
contributions can be spectrally resolved [See Tab 4.1]. For pulsed excitation, the different
contributions can further be discriminated via their different temporal behavior. While the
elastic and inelastic scattering contributions are present in the spectrum only during the
excitation with the pulse, the lifetime of the fluorescence contributions usually surpass the
timescale of a short laser pulse. In the fluorescence processes, the emitter is excited into a
higher state, which subsequently decays back into the ground state via spontaneous emis-
sion of photons. Therefore, the lifetime of the fluorescence peaks is given by the lifetime
of the excited state density (for the two-level case), i.e, the radiative decay Γr. However,
the Rayleigh and Raman-scattering is characterized by the excitation into a virtual inter-
mediate state [See Fig. 4.1], given by the laser frequency. Effectively, the electron remains
in the groundstate, while the laser light is scattered with frequency ωs = ωl (elastic →
Rayleigh) or ωs = ωl ∓ nωLO (inelastic → Raman).

4.4.2.1. Time-resolved spectrum in the weak excitation regime

Figure 4.12 shows the temporal evolution of the full emission- and scattering spectrum of
the QD at excitation with a short Gaussian laser pulse (FWHM=4 ps), that is centered at
time τ0 = 12 ps. The laser has a frequency detuning of ∆ = ωLO

2 from the polaron shifted
electronic resonance ωcv and a maximum pulse strength of Ωmax = ΩR(τ0) = 0.1meV. Note,
that at this excitation strength, the spectrum is already exhibiting the Mollow triplet in
the power spectrum. The short temporal width of the excitation pulse with ∆τ = 4 ps
necessarily results in a large spectral width of the total spectrum, so that all emission lines
and peaks are spectrally broadened beyond the radiative or pure dephasing (Γr, γpd). The
effect of this time-dependent spectral broadening is, that dressed state signatures (such as
a Mollow triplet in the stationary regime) are suppressed in the spectrum up to excita-
tion strengths, comparable to the inverse pulse length ∆ω = 1

∆t . Although the maximum
pulse strength Ωmax well surpasses the radiative lifetime of the excited state, the spectrum
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Figure 4.12.: Time-resolved spectrum of the QD for weak pulsed optical excitation (Gaus-
sian pulse shape with FWHM=4 ps). The QD is excited between the main res-
onance and the anti-Stokes position at ωl = (ωcv+ωLO/2). The main spectral
contribution are (i) the Rayleigh scattering line at ωs = ωl (x = 0.5 =̂ ωLO

2 ),
(ii) the Stokes-Raman scattering at ωs = ωl − ωLO (x = −0.5 =̂ −ωLO

2 ), (iii)
the main fluorescence contribution at ωs = ωcv (x = 0) and (iv) the phonon-
assisted fluorescence (Stokes) at ωs = ωcv−ωLO (x = −1 =̂ ωLO). The initial
temperature is T = 4K.

exhibits no signs of a Mollow-triplet formation. Instead, the different contributions (fluo-
rescence and scattering) can clearly be distinguished by their spectral positions and their
evolution in the time domain. These are here the fluorescence peaks, originating from direct
emission at the electronic bandgap energy ωs − ωcv = 0 and the phonon assisted emission
in the spectral distance of an LO-phonon frequency ωs − ωcv = ∓ωLO and the scattering
contributions Rayleigh ωs − ωcv = ∆ and Raman ωs − ωcv = ∆ − ωLO. For the sake of
clarity all simulations are done at an initial temperature of 4K. Therefore, the higher fre-
quency phonon satellites (anti-Stokes) are hardly visible neither for the fluorescence nor
the scattering contributions due to the small average phonon number N̄LO. Since the pulse
is still relatively weak, compared with the excitation duration, the initial phonon number
obviously remains low after the pulse. Heating or induced phonon emission, that could be
caused by the optical excitation is here negligible. In contrast, the lower energy phonon
satellites are clearly visible, as it comes along with the spontaneous emission of phonons.
Dynamics of the Fluorescence emission:– However, all the fluorescence contribu-
tions, visible in Fig. 4.12 build up while the pulse is present and still gain in strength
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during the negative slope of the pulse. Further, they remain visible well after the pulse has
been switched off. In this simple two-level case, the lifetime of the excited state density co-
incides with the lifetime of the fluorescence contributions. There is no in- or out-scattering
via additional radiative- or non-radiative processes between further electronic levels. This
could drastically change the fluorescence emission dynamics [WRW+11, KR10] of a nano-
structure, as will be discussed in Sec. 4.5.
Dynamics of the scattering contributions:– In contrast to that, the temporal evolu-
tion of the scattering contributions at the spectral position of the laser ωs = ωl and in the
distance of an LO-phonon energy ωs = ωl ∓ ωLO just mimic the slope of the pulse. With
the same explanation as for the fluorescence peaks, only the Stokes-Raman scattering at
ωs = ωl − ωLO is strong enough in comparison to the main peaks, in order to be visible in
the spectrum.

4.4.2.2. Time-resolved spectrum in the strong excitation regime

Figure 4.13 shows the time-resolved spectrum under the same excitation conditions as in
Fig. 4.12, but for a strong laser pulse (compared with the spectral width of the pulse). Such
as in the stationary case, in the regime of strong pulsed optical excitation, the emission
spectrum of the QD exhibits a variety of additional features, while on the other hand it
is lacking the typical (perturbative) spectral separation of the scattering and fluorescence
contributions during the pulse. Due to the formation of dressed states (which evolve in time
due to the ΩG(t)), scattering and fluorescence cannot be discriminated anymore, neither in
the spectral nor the temporal domain. Further, there is a multiple of additional sidebands
emerging from the the central peaks. These emission structures can be attributed to the
fact, that for pulsed excitation the laser pulse has a spectral and temporal width, causing
interference of emission contributions at different times and frequencies [FRZ85, MKLM12].
Note, that in the positive slope of the pulse, these extra sideband peaks are occurring be-
low the snapshot Mollow-frequency (ωs < ΩG), while in the negative slope of the pulse
they have a blue color shift (ωs > ΩG). Without considering an explicit electron-phonon
interaction, the occurrence of the red shifted sideband peaks is discussed for example in
Ref. [MKLM12], linking the appearance of these multiple peaks to the pulse area.
This work however is focused on the extra phonon features in the spectrum and their tempo-
ral behavior. Most of the sideband emission is still collected about the usual Mollow-triplet
frequencies at ωl(∓~ωLO)∓ ~ΩG(t). As the Rabi-frequency ΩR(t) is now time-dependent,
the sidebands occurring at about ωl(∓~ωLO)∓ΩG(t) follow the temporal evolution of the
now time-dependent generalized Rabi-energy ~ΩG(t). Due to the detuned optical excita-
tion, the sidebands again show an asymmetry with respect to the emission strength and
therefore also with respect to the raising and the trailing edge of the pulse shape. In partic-
ular, this can be recognized in the lower energy Mollow sidebands, exhibiting much higher
intensities in the down-slope, compared to the up-slope of the excitation pulse. The Gaus-
sian laser pulse however is symmetric in time. This temporal asymmetry of the sidebands
intensity can be explained as follows: In contrast to the higher energy Mollow sidebands,
the lower energy Mollow sidebands (main and phonon assisted) start at the undressed
electronic- (ωD − ωcv = 0) and phonon assisted systems resonances (ωD − ωcv = ∓ωLO).
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4. Phonon-assisted Mollow triplet

Figure 4.13.: Time-resolved spectrum of the QD for strong pulsed optical excitation (Gaus-
sian FWHM=4 ps). The QD is excited between the main resonance and the
anti-Stokes positions ωl = (ωcv+ωLO/2). The main features are central peaks
at the former scattering frequencies (i) (Rayleigh position) ωs = ωl (x =
0.5 =̂ ωLO

2 ), (ii) (Stokes-Raman position) ωs = ωl − ωLO (x = −0.5 =̂ −ωLO
2 )

and Mollow-like sidebands evolving at about (iii) ωs = ωl ∓ ΩG(t) and (iv)
ωs = ωl − ωLO ∓ ΩG(t).

Such as in the stationary spectrum, this results in enhancement effects between the lower
energy Mollow sidebands and the undressed systems resonances, at which the sidebands
at first appear. In the down-slope of the pulse, the enhancements are stronger than during
the rise time of the pulse. This is due to the fact, that the incoherent fluorescence contri-
butions gets most intense, when the pulse and therefore the light dressed system states are
decaying into the undressed system.
After the pulse at about 20 ps, the spectrum consists only of the usual fluorescence peaks
at the systems transition frequencies ωcv(∓ωLO), showing slow emission dynamics com-
pared to the pulse following dynamics of the strong-coupling features. The central features
at ωl ∓ ωLO first increase rather smoothly together with the excitation pulse. However,
at Rabi-frequencies comparable to the LO-phonon frequency ΩG(t) ≈ ωLO, i.e. the an-
ticrossing positions [See 4.2], this smooth pulse following behavior is interrupted by the
additional strong-electron-light-phonon coupling features, discussed in the previous sec-
tion. The Mollow-centers collapse, while the emission intensity is distributed to the Mollow
(multiple) sidebands. Further, the phonon related splittings, which go proportional with
the coupling strength g [See Fig. 4.9] also occurs in the pulsed case. It is of course less
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4.4. Time-resolved light emission from semiconductor quantum dots

resolved due to the large spectral width of the laser pulse and the multiple peak charac-
ter of the Mollow sidebands. Due to the frequency detuning of the laser in Fig. 4.13, the
lower frequency Mollow sidebands (main and phonon assisted) blend into the resonances
at ωcv = 0 and ωcv ∓ ωLO [BCFM88], when the excitation pulse decays. The generalized
Rabi-frequency is ΩG =

√
Ω2
R + ∆2 ≈ ∆ in the case of comparably low pulse strengths.

4.4.2.3. Evolution of the different spectral contributions

In Fig. 4.14(a), the temporal evolution of the most prominent features in the dynamic
spectrum are compared for weak and strong pulsed excitation. In the weak excitation
regime Fig. 4.14(a), it can nicely be seen, that the Rayleigh contribution (black curve) at
ωs−ωcv = ωl is shaped just like the Gaussian pulse. A similar behavior is displayed for the
anti-Stokes Raman scattering (grey curve) at ωs−ωcv = ωl−ωLO, also following the exci-
tation pulse in it temporal dynamics. The fluorescence peak (red curve) at the electronic
bandgap (red curve) ωs − ωcv = 0, and the lower energy phonon sideband (blue curve) at
ωs − ωcv = −ωLO build up with a short temporal offset towards the Rayleigh and Raman
scattering lines. At first the preceding polarization has to decay into the upper QD state
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Figure 4.14.: Temporal evolution of the spectrum at different frequency positions for (a)
weak and (b) strong pulsed excitation: Position of the laser (black curve)
ωs − ωcv = ωl, the electronic bandgap (red curve) ωs − ωcv = 0, the anti-
Stokes Raman frequency (grey curve) ωs − ωcv = ωl − ωLO and the lower
energy phonon sideband (blue curve) ωs − ωcv = ωcv − ωLO.

density, before any fluorescence emission is possible.
In the strong excitation regime Fig. 4.14(b) the dynamics of the spectrum at the selected
frequency positions are strongly changed. On the one hand due to time dependent dressed
state formation and on the other hand because of light induced polaron features. During
the up-slope of the pulse, the spectral feature positioned at the Rayleigh frequency (black
curve), which now corresponds to the Mollow center exhibits a similar behavior, such as
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Figure 4.15.: Temporal evolution of the main central peak and the Rabi-sidebands: Position
of the laser (black curve) ωs−ωcv = ωl, the lower energy Rabi-sideband (red
curve) ωs − ωcv = ∆−ΩG and the higher energy Rabi-sideband (blue curve)
ωs − ωcv = ∆ + ΩG.

the Rayleigh scattering line in the left plot. At the beginning and the end of the pulse,
the generalized Rabi-frequency is still well below an LO-phonon frequency ΩG(t) < ωLO.
But instead of rising to the shape of the pulse, such as in Fig. 4.14(a) the central peak
collapses two times. At those time-points, where the black curve exhibits its local minima,
the Rabi-frequency just matches the phonon frequency ΩG ≈ ωLO, leading to the anti-
crossings and frequency splittings, discussed in Sec. 4.3. Therefore, there are two collapses
of the central peak, one in the positive slope- and one in the negative slope of the pulse
4.3.2. In direct comparison with the Raman line in the weak excitation regime, the central
peak of the phonon related triplet (grey curve) is strongly enhanced. This is due to the
proximity to the lower energy Rabi-sideband and a mutual amplification of neighboring
structures. Apparently the phonon assisted center peak exhibits two maxima, which just
occur at the two temporal minima of the main central peak. Obviously, in the strong ex-
citation regime (in the range of an LO-phonon frequency), the emission structures at the
Rayleigh and the Raman position do not have matching envelopes anymore. From Fig.
4.6, it was visible, that additionally to the anticrossing, there is a splitting of the phonon-
assisted Mollow center. The strong enhancement of the emission intensity at the Raman
position is due to a the broadened split-off peaks at ωs − ωcv = −ωLO ∓ g. Further, due
to the multiple peak structure of the time-resolved spectrum in the strong driving regime
[FRZ85, MKLM12], there are several peak positions for the Rabi-sidebands due to time-
frequency uncertainty of the actual instantaneous Rabi-frequency of the pulse at a certain
point in time. Therefore the anticrossing- and splitting positions, in the stationary case
sharply located at ωs − ωcv = ∓ωLO and ωs − ωcv = ∓ωLO ∓ g [See Tab. 4.2], now also
occur at a multiple of frequency-time-points. This results in the temporal oscillations of
the envelope of the Raman peak (grey curve), as at different time points (corresponding to
a multiple of Rabi-frequencies), the multiple peaks cross (or anticross) the Raman peak.
In Figure 4.15, the temporal evolution of the spectrum at the Mollow-triplet positions, i.e.,
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the Mollow-center frequency ωs − ωcv = ∆ and the lower and higher frequency Mollow-
sideband positions ωs − ωcv = ∓ΩG are depicted. Due to the detuned excitation and the
enhancement effects, discussed before, the lower energy sideband (red curve) is much more
intense, than the higher energy sideband (blue curve). Same, as the central peak (black
curve), the sidebands exhibit a rather bumpy temporal envelope, caused by anticrossings
and splittings. The lower energy Rabi-sideband further exhibits a strongly asymmetric en-
velope, with most of the emission occurring in the down-slope of the pulse, as blending
into the fluorescence peak that begins to build up while the pulse decays.
In conclusion to this section, the emission spectrum of a QD interacting with LO-phonons
exhibits distinctive temporal dynamics of the quasi-particle features discussed in the previ-
ous section. As directly conditioned to the presence of an optical laser field, these features
share their dynamics with the temporal evolution of the laser pulse. The temporal enve-
lope of the spectrum is however strongly modified in the regime of matching phonon- and
Rabi-frequency. In contrast to the weak excitation case, bare and phonon assisted features
do no exhibit the same shape. The time-resolved calculations further prove, that the strong
excitation polaron features do also occur at an extremely strong spectral broadening of all
peaks, here inflicted by the short temporal width of the laser.

4.5. Excitation frequency dependence of the emission
dynamics of semiconductor quantum dots

In the previous sections, the focus was explicitly on the non-equilibrium phonon features
in the emission spectrum. In contrast to that, the emission dynamics after weak optical
excitation of the different emission structures from a quantum dot (QD) will be investi-
gated, based on a modified model. In order to properly describe the emission dynamics of
a certain type of system, different levels have to be taken into account dependent on the
size and the shape of the QD [SWL+09, SWB07]. This is the case especially for higher
laser frequency detunings with respect to the first electronic transition frequency. In- and
out-scattering mechanisms between the several QD states leads to an altered emission dy-
namics compared to the simple two-level case. Therefore, the time evolution of the different
spectral contributions can strongly depend on the spectral position of the exciting laser
pulse. The presence of phonons leads to extra emission features in the spectrum, causing
resonance effects, also altered when changing the optical excitation frequency. As applying
weak optical excitation, the level of description with respect to the phonon system can be
reduced to a simple second order Born factorization method [Fri96, KWH+10]. At the end
of this section, the results will be compared with experimental observations.

4.5.1. Quantum dot modeled as a three level system

For a better modeling of the actual emission dynamics of the QD at different frequency
detuned excitation conditions, it is described by a multi-level structure [HSM+00, SGB99,
HGL+95]. Our model involves two valence band states states |v1〉 and |v2〉 and a conduction
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4. Phonon-assisted Mollow triplet

band state |c〉. Starting from a Hamilton operator similar to Eqs. (4.2)-(4.4) [KWH+10,
KCR+11], here written in the electron-hole picture:

H0 = −~
∑
i=1,2

ωvid
†
vidvi + ~ωca†cac + ~

∑
k

ωkc
†
kck + ~ωLO

∑
q

b†qbq, (4.16)

He−lI = ~
∑
i=1,2

Ωi(t)dviace
iωLt + ~

∑
i,k

Mvi
k dviacc

†
k +H.c, (4.17)

He−phI = −~
∑
i,q

d†vidvi(g
vi∗
q b†q + gviq bq) + ~

∑
q

a†cac(g
c∗
q b
†
q + gcqbq), (4.18)

with dvi ≡ a†vi and d
†
vi ≡ avi denoting the hole destruction and creation operators of the

valence bands i ∈ 1, 2. As usual, Eq. (4.16) describes the free motion of the particles and
quasi particles. The coupling to the light fields is modeled in the same way, as in Sec. 4.1.1,
with a coupling of the emitter to the external laser field (first term in Eq. (4.17)) and the
quantized emission field modes (second term in Eq. (4.17)). Here, however, there are two
valence band sates v1 and v2 supposed to be relevant for the dynamics. Accordingly, the
electron-phonon coupling He−phI , given by the Fröhlich interaction [Hak93, HR50] in Eq.
(4.18) is adjusted to the three-level case. Due to the weak excitation regime considered in
this section, multiple excitations within the QD are neglected, so that the fermionic system
can be modeled by the states [See Fig. 4.16(a)]:

|g〉 = |0v1 , 0v2 , 0c〉, |e1〉 ≡ |1v1 , 0v2 , 1c〉, |e2〉 ≡ |0v1 , 1v2 , 1c〉, (4.19)
with

Xi|g〉 ≡ a†cd†vi |0v1 , 0v2 , 0c〉 = |δi1v1
, δi2v2

, 1c〉 = |ei〉,

X†i |ei〉 = |g〉, Xi|ei〉 = X†|g〉 = 0. (4.20)

According to this, |g〉 denotes the fermionic ground state without any excitation. The
excited states |e1〉 as well as |e2〉 denote system states with a single excitation each, with
either a hole produced in the valence band states |v1〉 or |v2〉, respectively. Utilizing the
condition 1 = |g〉〈g| + |e1〉〈e1| + |e2〉〈e2|, the Hamilton-operator can be cast in the more
convenient form:

H0 = ~
∑
i

ωcvi |ei〉〈ei|+ ~
∑
k

ωkc
†
kck + ~ωLO

∑
q

b†qbq, (4.21)

He−lI = ~
∑
i=1,2

Ωi(t)|g〉〈ei|eiωLt + ~
∑
i,k

Mvi
k |g〉〈ei|c

†
k +H.c, (4.22)

He−phI = ~
∑
i,q

|ei〉〈ei|
{

(gc∗q − gvi∗q )︸ ︷︷ ︸
gi∗q

b†q + (gcq − gviq )︸ ︷︷ ︸
giq

bq

}
. (4.23)
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Especially, the representation of the exciton-phonon interaction in Eq. (4.23) is more ad-
equate, than Eq. (4.18) since it naturally eliminates the phonon-coupling to the ground
state. Similar to Sec. 4.1.2, collective couplings gi and operators Bi are introduced:

Bi ≡
∑
q

giq
gi
bq, with gi =

√∑
q′

|giq′ |2, (4.24)

[Bi , B
†
j ] =

∑
q g

i∗
q g

j
q

gigj
≡ Gij ⇒ Gii = 1. (4.25)

Note, that the commutation relations in Eq. (4.25) are only unity for operators, that
correspond to the same valence-band state i. With this, the exciton-phonon interaction
finally simplifies to:

He−phI = ~
∑
i=1,2

gi|ei〉〈ei|(B†i +Bi ), (4.26)

with an effective coupling element gi defined in Eq. (4.24).

Figure 4.16.: (a) shows the V -type level scheme of the QD: The blue arrows denote the
coupling to the quantized radiation modes and the red arrows illustrate the
coupling to the external laser field. The coupling to the LO-phonon system is
indicated by the dashed lines, with a constant LO-phonon dispersion, accord-
ing to the Einstein model ~ω = 36, 4meV. The Huang- Rhys factor, defining
the effective electron-phonon coupling strengths gi =

√∑
q |giq|2 is choosen as

F = 0.01. [HBG+01, KAK02] (b) Relaxation scheme: The radiative lifetimes
Γei→g and Γei→g are dependent on the exciton-photon coupling strengths
M i
k, indicated by the dashed arrows. The dipole moment is assumed to be

dei = 0.6 e0 nm. The in- and out scattering between the two excited states
|e1〉 and |e2〉, with an energy spacing of 83meV, are incorporated phenomeno-
logically Γe2→e1 = 0.0045meV and using the detailed balance condition.

Conclusively, the QD level scheme and the Hamilton-operator of Eqs. (4.21)-(4.26) is il-
lustratively summarized in Fig. 4.16(a). Due to the simple exciton picture, choosen for
the calculations [Eq. (4.19)], the QD exhibits a V -type level structure, i.e. there are two
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4. Phonon-assisted Mollow triplet

transitions |g〉 → |ei〉 to be coupled by the laser field (red arrows) and the emission field
modes (blue curved arrows). Note, that in Eq. (4.22) it was assumed, that the energy
spacing between the two excitonic states |e1〉 and |e2〉 is strongly non-resonant with the
driving laser field. Laser induced transitions between those states |ei〉 → |ej〉 are there-
fore neglected. The dotted curves denote the extra phonon assisted levels according to Eq.
(4.26). The red dashed line features the frequency position of the laser. In the following,
the laser frequency will be placed at different positions in the proximity of at least one of
the excitonic resonances.
Crucial for the emission dynamics, as depicted in Fig. 4.16(b), are decay processes be-
tween the different levels. Due to the fully quantized exciton-photon coupling with the
quasi-continuous multi-mode emission field in Eq. (4.22), radiative lifetimes between the
states |ei/j〉 and |g〉 (Γei/j→g and Γg→ei/j , indicated by dashed arrows) are automatically
incorporated on the base of the Hamilton-operator. The relaxation mechanisms, involving
a decay between the excited states |e1〉 and |e2〉 are phenomenologically introduced via
Lindblad formalism [Car02] (See also Eq. 3.3) and using the detailed balance condition
Γn′→n
Γn→n′

= exp
[
−~(ωn−ωn′ )

kBT

]
[Muk95] (indicated by green arrows). Such in- and out scat-

tering rates can be calculated on a microscopic footing, using an effective exciton-phonon
Hamilton operator approach. Describing second order LO-phonon processes, a higher order
Markovian perturbation theory delivers scattering rates Γei→ej between the two exciton
states [DMR+10].

4.5.2. Dynamics: Factorizing approach to the equations of motion

Throughout this section, the QD is assumed to be driven by the external laser in the weak
excitation regime. It is therefore an appropriate approximation, that the state of the LO-
phonon system will be unaffected by the optical excitation. The phonon system will be
assumed to remain in a thermal equilibrium at all times, i.e. in contrast to the previous
sections, there are no Fock- or coherent phonons present in the system. Thus, a typical
second order Born factorization with respect to the phonon system and using Eq. (4.24)
will result in [Fri96]:

〈|m〉〈n|B†iBj 〉 =

∑
q,q′ g

i∗
q g

j
q

gigj
〈|m〉〈n|b†qbq′〉 ≈

∑
q,q′ g

i∗
q g

j
q

gigj
〈|m〉〈n|〉〈b†qbq′〉δqq′

= GjinLO ≡ n
ji
LO, −→ niiLO = nLO, (4.27)

where nLO = 1/[exp ~ωLO
kBT

− 1] is the temperature dependent equilibrium phonon number
and njiLO the effective phonon number, that will occur in the equations of motion for the
dynamics. The multi-mode emission will be treated in the same manner, as in the previous
section Sec. 4.2.
Due to the third energy level, leading to a higher number of equations and the here used
truncation scheme, altered compared with Eqs. (3.12)-(3.15) is more suitable. The excitonic
quantities will be represented by:

σ00
ij ≡ 〈|i〉〈j|〉 with i, j ∈ {g, e1, e2}, (4.29)
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denoting the three excitonic densities, and the corresponding polarizations between the
three states. Using the second order Born-factorization of Eq. (4.27) and neglecting photon
backaction Eq. (4.15), operator correlations can only occur up to the first order in the
phonon and the photon system.
The assistance with a single phonon or photon operator will be denoted via Greek subscript
indices, corresponding to either a missing γ = 0, an annihilation γ = 1 or a creation
operator γ = †.

σ
kαlβ
ij ≡ 〈|i〉〈j|cαkB

β
l 〉 with α, β ∈ {0, 1, †}, l ∈ {1, 2}, (4.29)

and further ω0 ≡ 0, ω1 ≡ ω, ω† ≡ −ω. Here, the indix l indicates, that the particular
phonon operator belongs to the effective phonon mode B(†)

l defined in (4.24). The subscript
index k denotes the respective photon operator c(†)

k . With this, the equations of motion
can be given in the compact form:

σ̇
kαlβ
ij = i

(
δ̄igωcvi − δ̄jgωcvj + ωαk + ωβLO +

i

2
[δ̄igΓi→j + δ̄jgΓj→i]− δ̄ijγij

)
σ
kαlβ
ij

+ δ̄jg
1

2
Γj→iσ̇

kαlβ
ii + δ̄ig

1

2
Γi→j σ̇

kαlβ
jj

+ iδgi
∑

n=e1,e2

Ωnσ
kαlβ
nj e−iωLt − iδ̄jgΩjσ

kαlβ
ig e−iωLt

+ iδ̄igΩ
iσ
kαlβ
gj eiωLt − iδjg

∑
n=e1,e2

Ωn∗σ
kαlβ
in eiωLt

+ iδα1δgi
∑

n=e1,e2

Mn
k σ

0lβ
nj + iδα0δgi

∑
k′

∑
n=e1,e2

Mn
k′σ

k′†lβ
nj − iδα0δ̄jg

∑
k′

M j
k′σ

k′†lβ
ig

+ iδα0δ̄ig
∑
k′

M i
k′σ

k′1lβ
gj − iδα†δjg

∑
n=e1,e2

Mn
k σ

0lβ
in − iδα0δjg

∑
k′

∑
n=e1,e2

Mn
k′σ

k′1lβ
in

+ iδ̄ig

(
δβ0

∑
γ=1,2

giσ
kαiγ
ij + δβ1giσ

kα0
ij [nliLO +Gli] + δβ†giσ

kα0
ij nilLO

)
+ iδ̄jg

(
δβ0

∑
γ=1,2

gjσ
kαjγ
ij + δβ1gjσ

kα0
ij nljLO + δβ†gjσ

kα0
ij [njlLO +Gjl]

)
. (4.30)

To have a better understanding of these equations, it is useful keeping in mind, that a
Kronecker delta with Greek indices δγ1 or δγ2 indicates a spontaneous emission term,
present due to the quantization of the phonon- and the photon system. Accordingly, the
Kronecker symbols with δγ0 only occur for solely excitonic expectation values with respect
to the particular interaction. This is due to the second order truncation and factorization
scheme of Eqs. (4.15) and (4.27).
For calculating the time resolved spectrum S(ωs, t) according to formula Eq. (4.12), again
the photon coherences 〈c†kck′〉 have to be determined solving Eq. (4.30).

∂t〈c†kck′〉 = i(ωk − ωk′)〈c†kck′〉+ i
∑

n=e1,e2

{
Mn
k σ

k′†0
g,n −Mn

k′σ
k10
n,g

}
(4.31)
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The set of equations is solved numerically with the system initially prepared in its ground
state with σ00

gg ≡ 〈|g〉〈g|〉 = 1.

4.6. Excitation dependent emission dynamics

In this section the time-resolved light emission of a semiconductor QD calculated in
frequency- and time domain. Since the model includes the interaction of the excitonic sys-
tem with LO-phonons, this will lead to phonon assisted features in the spectrum. Besides
the phonon-assisted fluorescence, there will be inelastic scattering contributions, which are
red- and blue shifted with an LO-phonon frequency (ω ∓ ωLO) with respect to the bare
excitonic features. It turns out, that the presence of LO-phonons in the system has a cru-
cial influence on the emission dynamics, when exciting at certain frequency positions. As
this effect is introduced via the equilibrium phonon number, it is strongly temperature
dependent.

4.6.1. Time-resolved spectrum of a quantum dot
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Figure 4.17.: Dynamic emission and scattering spectrum of a QD at three different laser
detunings ∆L = ωcv1 − ωL with respect to the first optical transition i), ii)
and iii): The dottet lines mark the energies of the excitonic transitions ~ωcv1

and ~ωcv2 . The arrows point at the current frequency position of the external
laser pulse (FWHM= 2 ps), temporally centered at t = 8 ps. The time resolved
spectrum is depicted for a temperature of (a) 77K and (b) 300K. In both
cases, S(ωs, t) is taken at time t = 9 ps. At that time, also the incoherent
fluorescence contributions are already visible in the spectrum.

Figure. 4.17, shows the full time-resolved spectrum S(ωs, t = 9 ps) of the QD at three dif-
ferent excitation frequencies of the external laser: i) ∆L = 6.5meV, ii) ∆L = 52.6meV and
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iii) ∆L = 92.1meV. The laser pulse has a FWHM of 2 ps and is centered at 8 ps. The tem-
poral resolution of the set up is set to ∆t = 600 fs so that the fast coherent contributions
to the spectrum can be properly resolved [See Sec. 4.4.1]. For all three frequency positions
of the laser, the spectrum is calculated at (a) 77K as well as (b) 300K. In the upper i)
and lower graphs iii) of Fig. 4.17, respectively, the laser frequency position (pointed at
with the black arrows) is close to either the first- ωcv1 or the second ωcv2 QD transition
frequency (indicated by the dotted lines). Although the exciting laser pulse is rather short,
the transition, which is distant to the laser does barely contribute to the spectrum at that
short time scales. The temperature difference seems to have a negligible influence. For the
middle graph ii), with the laser frequency positioned well in between the two resonances,
however, both transitions are immediately visibly excited. Further, the spectrum strongly
changes with temperature due to the proximity of the Raman frequencies ωs = ωL ∓ ωLO
[See also Tab. 4.1] to the QD transitions frequencies. This is a result of the resonance Ra-
man effect, amplifying the respective Raman scattering contribution and the fluorescence
contributions, close to each other. Here, most prominently, the Raman anti-Stokes contri-
bution on the right of the second transition frequency, almost not visible at 77K, strongly
gets enhanced at 300K. Simultaneously, also the here located fluorescence emission peak
gets magnified. As will be illustrated in the following, this enhancement of the scattering
and emission peaks (resonance Raman effect) leads to a temperature dependence on the
emission dynamics of the QD.

4.6.2. Emission dynamics

In Fig. 4.18, the evolution of the different scattering and emission contributions are de-
picted over time (on time scales of the 2 ps-pulse) for the first laser detuning ∆L = 6.5meV.
Figure 4.18(a) shows the main contributions of the spectrum, Rayleigh scattering at the
position of the laser ωs = ωl (red curve), fluorescence from the first transition at ωs = ωcv1

(black curve) and fluorescence from the second transition at ωs = ωcv2 (purple curve).
If exciting close above the first QD band gap, obviously only the first transition plays a
role in the emission dynamics of the QD and the spectrum simulates the behavior of the
spectrum of a two-level system [Compare Fig. 4.14]. The Rayleigh contribution follows
the dynamics of the pulse, while the fluorescence contribution builds up subsequently and
later on decays on the time scale of the radiative lifetime of the first excited state density
σ00
e1e1 = 〈|e1〉〈e2|〉. The same behavior is shown by the phonon assisted contributions in Fig.

4.18(b), i.e. the Stokes Raman contribution at ωs = ωl − ωLO (blue curve), the phonon
assisted fluorescence related to the first excited state ωs = ωcv1 − ωLO and the phonon
assisted fluorescence related to the second transition at ωs = ωcv2 − ωLO.
However, positioning the laser differently, leads to altered emission dynamics for the fluo-
rescence contributions. This can be seen already on relatively small timescales, comparable
with the temporal pulse width= 2 ps in Fig. 4.19. Here, the QD is excited in between the
two transition frequencies according to Fig. 4.17 ii) resulting in fluorescence signatures at
both, the first- and the second excitonic transition. As Fig. 4.17 ii) exhibits a temperature
dependence for this excitation frequency, the temporal evolution of the structures is shown
at 77K as well as 300K. The temporal behavior of the Rayleigh- (red curves) and Raman
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4. Phonon-assisted Mollow triplet

(pink curves) contributions remain unaffected either by the laser detuning, as well as by
the change of temperature. They just exhibit an enhancement due to resonance effects
with phonon assisted processes, which are stronger due to the increased phonon number
nLO. The long-lived part to the Raman contributions is just due to the fluorescence un-
derground related to the second excited state close by. In contrast to Fig. 4.18, where the
fluorescence peaks (purple curves) were not visible at all, these contributions now consti-
tute the main incoherent features in the spectrum. However, after being build up during
the action of the laser pulse, they also decay on the time scale of the radiative lifetime
and due to out-scattering into |e1〉. Due to the resonance Raman effect between the anti-
Stokes Raman line and the fluorescence at ωs = ωcv2 , these peaks are strongly enhanced
in the case of T = 300K. The fluorescence at ωs = ωcv1 , however, shows a much smaller
deviation on pulse-width timescales, as Raman frequencies more distant. Nevertheless, due
to in-scattering from the excited state |e2〉, their temperature dependence is assigned to
the fluorescence contributions at ωcv1(∓ωLO), leading mainly to a change in their build up
time and their emission intensity. Therefore, due to the electron-phonon interaction, the
emission intensity non monotonously evolves with the laser detuning ∆L. This behavior
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t [ps]

(a) Bare contributions

2 4 6 8 10 12 14

t [ps]

(b) Phonon assisted contributions

Figure 4.18.: Temporal evolution of the different emission and scattering structures for
excitation near the first excitonic resonance ∆L = 6.5meV. (a) Bare contri-
butions: The Rayleigh scattering (red curve) evolves together with the excita-
tion pulse. The fluorescence emission from the first excitonic resonance (black
curve) and the second excitonic resonance (green curve, hardly visible) ex-
hibit slow dynamics, dependent on the creation of an excited state density and
its radiative lifetime. There is almost no emission from the second transition
frequency, as the higher state remains almost unpopulated at this optical
excitation frequency. (b) (Stokes) Raman scattering (blue curve), phonon-
assisted fluorescence emission from the first excitonic resonance (green curve)
second excitonic resonance (purple curve). The phonon-assisted exhibit the
same dynamic characteristics as the bare features. The phonon-assisted flu-
orescence from the second transitions (purple curve) is relatively strong due
to its proximity to other spectral features (resonance effect).
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4.6. Excitation dependent emission dynamics

is pronounced at higher temperatures, especially if involving resonance effects with anti-
Stokes contributions.
In Fig. 4.20, the temporal behavior of the fluorescence emission peaks are collected for
three different positions of the laser pulse at longer time scales. Obviously, the build up
time of the fluorescence is strongly dependent on the initial population of the second ex-
cited state. Since the rate Γe1→e2 is much smaller than the reverse process, the decay of
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(a) Bare contributions
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(b) Phonon assisted contributions
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(c) ωs = ωcv1

Figure 4.19.: Temporal evolution of the different emission and scattering structures for exci-
tation between the first and the second excitonic resonance ∆L = 52.6meV at
T = 77K and T = 300K. Short time scales: (a) Bare contributions: Rayleigh
scattering (red curve), fluorescence emission from the first excitonic resonance
(black curve) and the second excitonic resonance (green curve). (b) (Stokes)
Raman scattering (blue curve), phonon-assisted fluorescence emission from
the first excitonic resonance (green curve) second excitonic resonance (purple
curve). Long time scales: (c) Evolution of the fluorescence from the first res-
onance at T = 77K and T = 300K. The temperature induced enhancement
of the resonant Raman effect effectuates a change of the emission dynamics
and intensity.
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(a) Fluorescence from the first ex-
cited state ωs = ωcv1(∓ωLO)
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(b) Fluorescence from the first ex-
cited state ωs = ωcv2(∓ωLO)

Figure 4.20.: Temporal evolution of the fluorescence contributions related to (a) the first
excited state and (b) the second excited state at different excitation frequen-
cies.

the first (phonon assisted) fluorescence peak is less steep, see for example the red curve in
Fig. 4.20(a).
Finally, the QD model is compared to experimental results [WRW+11], where the QD is
excited in proximity to the second order phonon assisted fluorescence peak of the first
resonance at ∆ ≈ ωcv1 + 2ωLO. Therefore, the frequencies of the Stokes Raman coincides
with the frequency of the first order phonon assisted fluorescence peak. Thus, the temporal
evolution shows three different timescales. On the one hand, there is the fast Raman com-
ponent, which directly follows the excitation pulse. Further, such in Fig. 4.20, there is the
rise time of the peak, on a timescale of about 250 ps and the long timescale given by the
strength of the radiative decay, which here is theoretically incorporated via the multi-mode
quantized radiation field coupling.

4.7. Conclusion

A microscopic model for the steady state and time-resolved resonance fluorescence spec-
trum of a semiconductor QD transition in the strong excitation regime was presented in
this chapter. In the high driving regime, the spectrum exhibits a variety of different strong-
coupling features: In difference to atomic systems, additional phonon assisted LO-phonon
sidebands appear in the fluorescence and the scattering contribution of the spectrum in the
weak driving regime. For stationary pulses in the Mollow-regime, the spectrum exhibits
additional phonon-assisted (also higher order) Mollow triplets. For Rabi-frequencies in the
range of an LO-phonon frequency, there are anti-crossing between the Mollow-sidebands
and the Mollow centers, which go with the effective electron-phonon coupling strength. Fur-
ther, the phonon assisted Mollow-centers split into two lines, also with a splitting strength
proportional to the electron-phonon coupling. These polaron features and also the light
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Figure 4.21.: Comparison between measured emission intensity and calculated time re-
solved spectrum at ωs = ωcv1 +ωLO. The position of the laser is approximately
~∆L ≈ 72meV, so that at the detection frequency ωs = ωcv1 + ωLO the fre-
quency for the Stokes Raman process and the anti-Stokes phonon assisted
fluorescence coincide.

induced multi-phonon processes demand a theoretical treatment of the phonon system,
which is beyond the usual bath assumptions. The time resolved spectrum shows a similar
behavior, there are however additional interference effects due to the spectral and tempo-
ral width of the laser pulse, as well as temporal asymmetries of the emission intensities
of the Rabi-sidebands. Also for short excitation pulses, phonon-related anti-crossings and
splittings occur, strongly changing the time-resolved spectrum in the high driving regime,
towards the situation without electron-phonon interaction. Further, the strong optical ex-
citation induces the emission of phonons, resulting in time-dependent and non-equilibrium
phonon statistics.
Further, it was found, that the emission dynamics of a multi-level QD, here modeled as a
V-type semiconductor QD clearly depends on the spectral position of the exciting laser. We
considered LO-phonon interaction, which results in LO-phonon assisted emission and scat-
tering features. These structures show similar temporal evolutions as the main fluorescence
or scattering processes, respectively. The electron-LO-phonon interaction introduced a fur-
ther temperature dependence to the spectrum and the temporal behavior of the emission
components, mainly caused by the resonance Raman effect.
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5
Quantum control: Single photon delayed

feedback

Towards the aim of quantum information processing and quantum networks, the stabi-
lization of particular quantum states can be realized via extrinsic means of quantum
control, i.e. in form of the repeated action of a sensor-controller-actuator loop. Within
such a continuous measurement feedback setup the respective external control parame-
ter is adjusted accordingly, in order to force the system into the desired quantum state
[ZDP+12, VMS+12, WM10].
In contrast to that, there is also the possibility for an intrinsic quantum feedback, where
the feedback is generated via designing the environment. Among others, this can be the
placement of a mirror in front of a quantum emitter system [AHR+11].
In this chapter, a quantum feedback control scheme in cavity quantum electrodynamics
(cQED) is proposed, involving a Jaynes-Cummings model (JCM), subject to photon loss
placed in front of a half-cavity [CKS+13]. For the cQED operated in the weak coupling
regime, Rabi-oscillations at the time scale of the electron-photon coupling strength can
be recovered via the intrinsic feedback. Deliberately studying feedback in the quantum
limit, i.e. single photon delayed feedback, a fully quantized model of delayed feedback be-
yond the classical Lang - Kobayashi model [LK80, HDY+11, MMT90] is used here [DZ02].
For properly describing the quantum feedback, the model involves the coupling to a quasi
continuum of quantized (outside of the cavity) photon modes.

5.1. Model for the cQED with quantum feedback

The model system, considered in this chapter is a two-level emitter, coupled to a single
microcavity photon mode. This cavity-emitter system is subject to photon loss, introduced
through a coupling to an external continuum of photon modes, Fig. 5.1. The coupling to
this external photon reservoir is structured via the external mirror in front of the cav-
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5. Quantum control: Single photon delayed feedback

ity: The distance L, the external mirror is placed at is regarded sufficiently large, that
the assumption of a pure mode continuum is still valid and an altering in the local field
strength in the single-mode microcavity can be ruled out. However, the mirror installs
an additional boundary condition to the quasi continuous modes, creating a feedback of
photons, previously emitted by the cavity. The timescale of the feedback is determined
by the round trip time, i.e. the time the photons need to travel forth to the mirror and
back to the cavity. Therefore, the feedback is dependent on the mirror distance L and the
speed of light outside the cavity. As known from the classical theory [LK80, OLS10], the
feedback time (delay) is thus given by τ = 2L/c0. As the efficiency of the photon feedback
is determined by the amount of photons, to be reflected back to the cavity-emitter system,
it is at first necessary to ensure, that the total photon population actually meets the mirror
to be reflected. It is therefore assumed, that the out-coupled photon is focused onto the
external mirror by a lens, placed in between the cavity and the mirror [DZ02].

5.1.1. Quantum approach to the external optical feedback

For the description of the system, a fully quantized Hamiltonian states the basis for the
calculations. In an RWA [WM08], the Hamilton-operator reads:

H0 = ~
∑
i=v,c

ωia
†
iai + ~ω0c

†c+ ~
∫
dq ωqd

†
qdq (5.1)

HI = −~M
(
a†vacc

† + a†cavc
)
− ~

∫
dq
(
Gqc

†dq +G∗qd
†
qc
)
. (5.2)

Here, H0 in Eq. (5.1) constitutes the free motion of the electronic two-level system, de-
scribed by the fermionic annihilation (creation) operators a(†)

i of the ground i = v and
the excited state i = c, the free energy parts of the cavity photon mode and the outside
continuum photon modes with bosonic ladder operators c(†) and d(†)

q , respectively. In the
following, the frequency of the cavity photon mode ω0 is assumed to be in resonance with
the emitters gap frequency ωc−ωv ≡ ωcv = ω0. HI describes the interactions of the system.
Here, M is the coupling parameter for the interaction between the cavity photon mode
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Figure 5.1.: Interaction scheme of a strongly coupled electron-photon dynamics in a micro-
cavity with input-output coupling to a photon continuum in front of a mirror.
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5.1. Model for the cQED with quantum feedback

and the emitter, entering in the usual Jaynes-Cummings Hamiltonian. The second term
in Eq. (5.2) introduces the interaction between the single cavity mode, with the external
photon modes. The coupling element Gq of the tunnel Hamiltonian is derived via the extra
boundary condition introduced through the external mirror and has the following form
[YTC00, WM08]:

Gq = G sin (q L) , (5.3)

Hereby, the energy dispersion for the external continuum modes is taken as the free dis-
persion of light: ωq = c0q, according to the preliminary assumptions. By its sinusoidal
dependence of q, it describes an interaction of the cavity mode with standing wave modes
between cavity and emitter. L is the distance between the cavity and the external mirror.
For the calculations, the cavity coupling strength is assumed in the order of magnitude of
M = 50 µeV [LHVB+09]. For the cavity-reservoir coupling G a value is chosen according
to a typical cavity loss κ ∝ G.

5.1.2. Equations of motion

With regard to the possible implementation of dissipative processes, the dynamics of
the observables, such as the electronic-, and the photon densities, are calculated using
Heisenberg’s equation of motion [KK11, KCR+11]. Within the one-electron assumption
a†vav +a†cac = 1 and the single photon limit, a closed set of equations exactly describes the
dynamics of the system:

∂t〈E〉 = iM〈T †c 〉 − iM〈Tc†〉, (5.4)

∂t〈Tc†〉 = −iM〈E〉+ iM〈c†c〉 − i
∫
dq G∗q〈Td†q〉e−i(ω0−ωq)t, (5.5)

∂t〈Td†q〉 = iM〈d†qc〉 − iGq〈Tc†〉e−i(ω0−ωq)t, (5.6)

∂t〈c†dq〉 = iG∗q〈c†c〉 − iM〈T †dq〉 − i
∫
dq′G∗q′e−i(ω0−ωq)〈d†q′dq〉, (5.7)

∂t〈d†q′dq〉 = +iG∗q〈d
†
q′c〉e−i(ω0−ωq)t − iGq′〈c†dq〉ei(ω0−ωq)t, (5.8)

where T := a†vac states the operator observable for the electronic transition and E := a†cac
for the excited state density. For simplicity, the equations are written within a rotating
frame according to T → T e−ωcvt, c→ c e−iω0t and dq → dq e

−ωqt.
Starting from the usual cavity emitter dynamics, described by the typical Jaynes-Cummings
terms in Eq. (5.4), the excited state density couples to the photon assisted polarization
〈T †c〉. Then again, this quantity couples back to the densities 〈E〉 and 〈c†c〉 via the electron
photon coupling. Further, the tunnel coupling between the cavity mode and the outside
continuum modes leads to external photon assisted polarization 〈Td†q〉 in Eq. (5.5). These
correlations are the consequence of quantized treatment of the photons, describing the cor-
related motion of the systems emitter and outside photon reservoir. As both those systems
are coupled to the cavity photon mode, this results in a cavity mediated effective coupling
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5. Quantum control: Single photon delayed feedback

between the two systems, i.e. an interaction via a virtual cavity photon. Following all the
interaction paths, one gets from the dynamics of the emitter in Eq. (5.4) to the dynamics
of the photon reservoir in Eq. (5.8).
For the derivation of these equations, it was used, that the number of excitations in the sys-
tem N , described with the Hamiltonian in Eq. (5.1) and (5.2), is composed of the number
of excitations inside the cavity Nc = 〈E〉+〈c†c〉 and outside the cavity Nex =

∑
q〈d
†
qdq〉. As

the total number of excitations is assumed to be conserved in the system N = Nc+Nex, so
that the equation of motion for the cavity photons is given by: ∂t〈c†c〉 = −∂t

(
〈E〉+Nex

)
.

As in this work, the focus is on the revelation of single photon event in quantum feedback,
the total number of excitations is summed up to N = 1. In this true quantum limit, the
above equations Eqs. (5.4)-(5.8) fully characterize the system and a factorization of corre-
lation is neither applicable nor necessary. Higher order photon (cavity- as well as reservoir)
assisted excited state densities are zero at all times. In this single excitation (single photon),
limit, quantum processes can be observed, recently successfully performed in experiments
[HBW+07, PGR+07].
For the calculations, parameters typical for a self-organized InAs quantum dot microcavity
system are consulted [AHR+11, UAR+11, LHVB+09, WVT+09, NKI+10], the approach,
however, is not restricted to this kind of semiconductor system, but can be deployed to
atomic or molecular systems as well.

5.2. Single photon feedback

In this section, the quantum feedback for the emitter-cavity-reservoir system will be in-
vestigated according to Fig. 5.1 and Eqs. (5.4)-(5.8). In order to better discriminate the
influence and the interplay between the different subsystems, at first, three limiting cases
of the total system will be discussed before. These cases are defined on the one hand on
the presence or the from of the tunnel coupling element Gq in Eq. (5.3), where (A) a van-
ishing out-coupling Gq = 0 reproduces the Jaynes-Cummings model of Eqs. (2.30). (B) A
constant coupling to the reservoir Gq =const.6= 0 establishes the weak coupling situations,
without the boundary condition of the external mirror. On the other hand, (C) a vanishing
emitter cavity couplingM = 0 with Gq = G sin(qL) is assumed, with an emitter in front of
the mirror. Subsequently, the full system (D), with cavity coupling and mirror is discussed.
As the quantity of interest, the average photon number in the cavity or the excited state
density of the emitter are consulted for the comparison of the different limits (A)-(D). As
initial condition, the emitter starts in the excited state 〈E〉 = 1 with no photons in the
cavity nor the reservoir. In Fig. 5.2 these cases are presented from top to bottom. Fig.
5.2(A) shows the well known solution of the Jaynes-Cummings model. As a lossless system
shows Rabi-oscillations of the photon density, corresponding to a strong coupling limit. For
this one-photon case, the Rabi-oscillations between 0 and 1 occur at the time scale of the
bare Rabi-frequency 2M . The solution of the Jaynes-Cummings model is given by [WM08]:
〈c†c〉(t) = Nc

2 [1− cos(2Mt)]. The reason for this symmetric behavior is the conservation
of the number of excitations inside the cavity Nc(t) = 1.
One figure below in Fig. 5.2(B), the Jaynes Cummings model is extended to a tunnel cou-
pling with an external photon reservoir Gq =const. In the case shown here, the photon
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5.2. Single photon feedback

loss due to this out coupling well surpasses the cavity coupling strength. As a consequence,
the Rabi-oscillations cannot take place anymore. As the emitter decays, injecting a photon
into the cavity, this photon leaves the cavity before being reabsorbed by the emitter. In
this limit, the dynamics are given by an exponential rate for the cavity loss. The excitation
is lost to an unstructured photon continuum, i.e. the tunnel coupling element Gq is not or
only weakly dependent on the wave number q. In contrast to case (A), the cavity coupling
strength M is not accessible. In this limit of a weak coupling situation (G � M) and
emitter starting in its excited state, the solution for the photon population in the cavity
can be approximated to: 〈c†c〉(t) ≈ sin2(Mt) exp (−κt), cf. Fig. 5.2(B).
In Fig. 5.2(C) there are at first signatures of quantum feedback. The distance of the emit-
ter to the mirror is set in the range of cm. As the emitter decays into its ground state, it
directly emits a photon into the photon reservoir. For times smaller than the delay time
t < τ = 2L/c0 (here 75 ps) the dynamics resemble those of case (B). This means, that
before reaching the round trip time, the structured character of the photon reservoir is not
yet resolved in time. However, for time larger than the delay time t > τ , the structure of
the external continuum, modeled with Gq = G sin(qL), finally is resolved and a delayed
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Figure 5.2.: Dynamics in the single-excitation limit. Case (A): Without outcoupling, regu-
lar Rabi oscillations occur. In the weak coupling limit without external mirror
(B) or with feedback in a bigger cavity (C), no Rabi oscillations occur and
excited state density just decays or the dynamics just involve the round trip
time τ . (D): Although the ratio of tunnel coupling strength G0 to cavity cou-
pling strength M indicates the weak coupling limit, with an external mirror
and a microcavity, the delayed feedback effect leads to Rabi oscillations again.
Note, that in case (C) the occupation of the upper level 〈E〉 is depicted, while
in cases (A,B,D) the evolution of the cavity photon density 〈c†c〉 is shown.
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feedback to the density is induced at multiples of τ . Due to the presence of the mirror in
the distance L, the photon returns after one round trip (forth to the mirror and then back
to the emitter) τ . This process is repeated, leading to oscillations of the emitter density
〈E〉 at the time scale of τ This behavior of the excited state density can analytically be
modeled for an initial condition 〈E〉(0) = 1 for the time interval [mτ, (m+ 1)τ ] [DZ02]:

〈E〉(t) = (m!2m)−1[κ(t− τm)]2m exp[−κ(t−mτ)], (5.9)

where κ = πG2/c0. Performing a minimum-maximum analysis of Eq. (5.9) yields, that the
maximum value for the excited state density after one round trip is reached at tmax =
τ + 2/κ with a value of 〈E〉(tmax) = exp(−2), cf. Fig. 5.2(C), constituting an upper bound
for delayed feedback effects. It can be concluded, with the noticeable finding, that an
emitter in front of a mirror does not exhibit any Rabi oscillations, although there are no
additional losses included. Here, a continuous energy exchange between emitter and cavity
is taking place [DZ02, CM87].
This is changed, if considering now the full system [Eqs. (5.4)-(5.8)]. In difference to case
(C), now there are strong coupling features visible. On the one hand, situation (C) is repro-
duced within t < τ . As before, the emitted photon is totally lost into the mode continuum
as in the weak coupling limit, cf. Fig. 5.2(B), since (M � G) and Rabi-oscillations do
not occur. According to the chosen mirror distance, the delayed feedback reintroduces the
photon back into the cavity after 75 ps. From this time on, there is an onset of irregular
oscillations, which are not on the time scale of the delay time, as in case (C), but occur
with frequency of approximately 2M . With time duration, these feedback induced Rabi-
oscillations even become highly regular at 225 ps, i.e. they can now be clearly identified
with Rabi-oscillations with frequency 2M , as in the strong coupling regime. Surprisingly,
the time scale of the oscillations depend on the cavity coupling strength only, rather than
the tunnel coupling parameter. However, in comparison to the ideal Jaynes-Cummings case
(A), the oscillations amplitude is much smaller than 1. The amplitude is reduced according
to the upper bound, as discussed for case (C) and depends on the tunnel coupling strength
Gq. With the here chosen parameter set of (τ = 75 ps, M = 55 µeV, κ = 160 1

ns) maximum
amplitude after a first round trip in the range of about 5% of the initial excitation.
In the following subsection, the restoration of the strong coupling situation as depicted in
Fig. 5.2(D) through delayed feedback will be discussed in more detail.

5.2.1. Feedback induced restoration of strong coupling signatures

A key characteristic of the Jaynes-Cummings model, i.e. the strong coupling situation
(requiring M � G) is the conservation of the total excitation within the cavity, in the
single excitation case discussed here: Nc(t) = 〈c†c〉+ 〈E〉 = 1. Both oscillators, the emitter
and the cavity, periodically exchange this excitation.
To investigate the strong coupling signatures visible in the weak coupling (M � G) case
Fig. 5.2(D), the effect of the feedback on the total excitation number within the cavity Nc

is investigated. In Fig. 5.3 the temporal evolution of Nc (black, dashed curve) is plotted
together with dynamics of the cavity photon number. At first t < τ , while the excited
state density is decaying and the photon (orange curve) is leaving the cavity, the total
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number of excitations Nc is just dropping to zero. After one τ -interval, when photon
population is reentering the cavity, also Nc is build up again, until it decreases anew at
Mt = 2. However, at t > 3

M , the external feedback mechanism establishes a permanent
excitation within the cavity Nc(t) > 0, cf. Fig. 5.3(left). Over time, the delayed feedback
results in an almost stationary number of excitations Nc, caused by the ongoing back
coupling of lost cavity photon from the photon reservoir. Although Nc < 1, its constant
value allows for a periodic exchange of excitation between emitter and cavity mode, as
in the ideal Jaynes Cummings case. This excitation transfer occurs at a rate given by
the electron-photon coupling element M , as known from typical Rabi-oscillations. As at
longer times, Fig. 5.3(right) the fluctuations of Nc are small compared with its value, the
oscillations in fact occur with the bare Rabi-frequency of the emitter-cavity system. In
contrast to Fig. 5.2(C), the presence of the emitter, which is itself unaffected by the out
coupling mechanism, inside the cavity leads to a storage of excitation. The emitter is able
to keep a necessary amount of excitation on the timescale of the electron-photon coupling
element from decaying into the reservoir. After several round trip times, the feedback
signal is almost equally distributed over time, leading to a constant flow of excitation into
the cavity, cf. in Fig. 5.3(left). As a consequence of two mechanisms jointly obtaining a
constant amount of total excitation in the cavity, these feedback induced Rabi-oscillations
state a very robust feature. On larger timescales Fig. 5.3(right), the behavior of the photon
population is approximately given by formula 〈c†c〉(t) = Nc

2 [1− cos(2Mt)].
In the current example, the mirror distance and the electron-photon coupling element
where chosen to fulfill the condition τM = 1. In order to demonstrate the robustness of
the feedback induced Rabi-oscillations towards the delay time τ , the quantities of Fig. 5.3
are now calculated for a different set of parameters. In Fig. 5.4, again the evolution of
the photon number (solid curve) and the excitation number (dashed curve) is depicted,
but for a delay time of τ = 11

5 M
−1. Obviously, the increase of the round trip time with
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Figure 5.3.: Temporal evolution of the photon density in the cavity (orange area) and total
amount of excitation Nc (dashed line) inside the cavity. The parameters are
chosen as in Fig. 5.2(D). After several round trip times τ , there is a finite and
almost constant amount of excitation inside the cavity, that leads to regular
Rabi oscillations. The oscillation period reveals the electron-photon coupling
strength M .
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Figure 5.4.: Robustness discussion: Temporal evolution of the photon density (red area)
and the total amount of excitation energy Nc inside the cavity (dashed line)
for τ = 11

5 M
−1. The Rabi-oscillations still occur for a fluctuating excitation

number Nc, with an oscillation period proportional to M occur. The round
trip time τ inflicts an envelope onto the sinusoidal oscillation behavior (at this
timescale).

respect to the cavity coupling strength leads to additional and more pronounced drops
in Nc in comparison with Fig. 5.3. However, at longer times Mt > 20 (not shown), Nc

again saturates at a constant nonzero value. What is noticeable from Fig. 5.4(right), that
even within the regime of only temporary excitation within the cavity, the Rabi-oscillations
occurring during these periods are already fairly regular, thus revealing the electron-photon
coupling strength M .

5.2.2. Conclusion

In this chapter, a fully quantized approach was applied for the description of a time de-
layed feedback in the quantum limit. The inclusion of photon-photon delay effects into
the Jaynes-Cummings model restores Rabi oscillations in the weak coupling regime. Here,
the photonic tunnel exchange rate Gq together with the action of the emitter serving as
an excitation storage on M−1 generally realizes a constant number of cavity excitation,
even for an arbitrary parameter set. The consequence are regular Rabi oscillations with
frequency 2M in the long time limes.
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6
Coherent control and entanglement of

radiatively coupled Λ-systems

6.1. Introduction

Quantum electrodynamics (QED) addresses the quantized emission and dynamic proper-
ties of light emitters, such as atoms or nanostructures, often coupled to single mode cavities.
[Hoh10, MIM+00, TS10, RGGJ10, LVT08, PMOaU+]. On the basis of such cavity emitter
systems, coherence phenomena, superradiance, nonlinear optics, lasing or entanglement
can be achieved and studied. Compared to atoms or molecules, forming cQED systems,
solid state based systems [MKB+00, KGK+06, BSL+09]) are promising candidates for
technological use of these effects. On the one hand, these structures, such as for exam-
ple semiconductor quantum dots (QDs) or nitrogen vacancy centers (NV-centers) show
atom-like emission properties, based on spatial confinement. Typical cQED phenomena
like vacuum Rabi-splitting and oscillations [LVT08, GTVC+10, CKR09] have already been
realized for such systems. On the other hand, their emission properties and localization are
scalable by design. On the downside, many of these solid nanostructures are also subject to
several decoherence phenomena (excited state lifetimes, pure dephasing), due to the strong
coupling to the solid state environment, they are embedded in and consist of. With rather
long decoherence times, negatively charged NV-centers in diamond promise to be a good
option for studying coherence phenomena or entanglement [HA08, WSSB13, SRX+10].
This chapter is focused on the principle possibility of a long range interaction between two
cavity-coupled Λ-systems, subject to decoherence and photon loss. Based on a microscopic
theory, phenomena such as cavity assisted coherent population transfer between the two
radiatively coupled Λ-systems and deterministic entanglement are studied. The calcula-
tions will however focus on parameters, typical for NV-centers, which can be addressed as
Λ-type level systems [STN+06, TCT+10, MGT+11]. Such as in the previous chapters, the
calculations are based on an equation of motion approach [CRCK10, KCR+11], treating
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the electron-photon coupling up to an arbitrary accuracy. With this method, both, the
material quantities, such as the electronic densities, polarization or the combined lower
states four-level subsystem of the coupled emitters, as well as the field quantities, such
as the photon-number and probability distribution are accessible. Here, in order to focus
on the methodological description and principle investigation, only electron-photon and
electron-laser coupling is regarded. At first, the calculations are reduced to only one emit-
ter in the cavity, discussing the basic processes in such a system and then extended the
considerations to the description of two cavity coupled Λ-type emitters.

6.2. Cavity-QED of an optically driven Λ-system

In this section the system consists of a Λ-system [See Fig. 6.1] with an upper state |a〉
and two lower states |b〉 and |c〉. The transition |b〉 → |a〉 is driven by an external laser
field, while the other transition |c〉 → |a〉 is coupled to a single cavity mode. This interac-
tion scheme is similar to the usual scheme used for stimulated Raman adiabatic passage
(STIRAP) [BTS98]. Usually, this scheme includes two coherent laser fields, each driving
one transition in the Λ-system. In such a system, coherent population transfer between
the two lower states |b〉 and |c〉 can be induced by the two laser fields. Although there is
no direct interaction between the two lower states, a coherence between the lower states
Pcb ≡ 〈|c〉〈b|〉 is created due to the combined interactions [SZ97]. In consequence, the elec-
tron can be transfered between those states, but without passing the upper state. The
usual pulse sequence is as follows: The electron starts in the state |b〉, with the laser (con-
trol laser) coupling the transition |b〉 → |a〉 still switched off. The first laser pulse (Stokes
laser) to arrive is driving the empty transition |c〉 → |a〉, therefore not yet affecting the
systems dynamics. With an offset, a second pulse (control laser), that is temporally over-
lapping with the first pulse (Stokes laser) arrives. The resulting coherence transfers the
electron between the lower states. In order to prevent any excitation into the upper state
|a〉, it is best to choose a frequency detuning of the laser and the cavity with respect to
the transitions, which is in the range of the respective Rabi-frequency.
Here, a cavity coupling replaces the action of the Stokes laser [JH11, IAB+99] in the typical
STIRAP setting [as illustrated in Fig. 6.1]. To control the transfer, the second transition
is still driven by a coherent laser field. In difference to the usual setup, the cavity is always
on. The interaction with the classical laser field, however, also allows for a controlled time
dependent transfer envelope.
The free H0 and the interaction part HI for the cavity coupled and optically driven Λ-
system reads in RWA:

H0 =
∑

i∈{a,b,c}

~ωi|i〉〈i|+ ~ω0c
†c, (6.1)

HI = ~
[
Ω(t)|b〉〈a|eiωLt + gcav|c〉〈a|c†

]
+H.c., (6.2)

Here, ΩL(t) is the time dependent coupling to the external laser field, driving the transition
|b〉 → |a〉, and gcav denotes the cavity coupling for the transition |c〉 → |a〉. c†/c are the
usual photonic creation- and annihilation operators of the quantized electromagnetic field.
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Figure 6.1.: Scheme of a Λ-system, placed within a single mode cavity, with cavity mode
0. The lower levels |b〉 and |c〉 each are coupled to the excited state |a〉. The
transition |c〉 → |a〉 is coupled by the cavity gcav. The transition |b〉 → |a〉
is driven by the exciting laser Ω(t), with frequency ωL. For the stimulated
Raman process, the frequency detunings of the laser ∆L and the cavity ∆cav
from the respective transitions are usually a match.

As also depicted in Fig. 6.1, laser and cavity are often frequency detuned with respect to
the electronic transitions by ∆L = ωab−ωL and ∆cav = ωac−ω0. These detunings prevent
from exciting the Λ-system into the upper state |a〉.

6.2.1. Equations of motion for the single Λ-system

In the following, the same form of abbreviation for the three photon assisted electronic
densities and polarizations is used:

C(p|s) = 〈|c〉〈c|c†pcs〉, B(p|s) = 〈|b〉〈b|c†pcs〉, A(p|s) = 〈|a〉〈a|c†pcs〉, (6.3)

P (p|s)
ca = 〈|c〉〈a|c†pcs〉, P

(p|s)
ba = 〈|b〉〈a|c†pcs〉, P

(p|s)
bc = 〈|b〉〈c|c†pcs〉. (6.4)

Starting with the equation for the polarization P (p|s)
bc , as this is the coherence, relevant for

the STIRAP-process its EOM reads according to Sec. 2.6:

Ṗ
(p|s)
bc = i[(p− s)ω0 − ωcb]P

(p|s)
bc + iΩLP

(s|p)∗
ca e−iωLt

−igcav sP (p|s−1)
ba − igcavP (p+1|s)

ba . (6.5)

The photon assisted lower states polarization P (p|s)
bc is driven by the two other coherences

only, agreeing with the corresponding equation in the usual STIRAP setup [SZ97] [See
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Appendix A.5]. The only difference is, that the coherences here are p times photon creation-
and s times annihilation operator assisted.

Ṗ
(p|s)
ba = i[(p− s)ω0 − ωab]P

(p|s)
ba − iΩL(A(p|s) −B(p|s))e−iωLt − igcavP (p|s+1)

bc , (6.6)

Ṗ (p|s)
ca = i[(p− s)ω0 − ωac]P (p|s)

ca + igcav(A(p|s+1) − C(p|s+1)) + igcav pA
(p−1|s)

−ΩLP
(s|p)∗
bc e−iωLt. (6.7)

In the equations for the polarizations, corresponding to the two transitions of the Λ-system,
finally there appear the three photon-assisted densities:

Ȧ(p|s) = [(p− s)ω0]A(p|s) + iΩLP
(p|s)
ba eiΩLt − iΩLP

(s|p)∗
ba e−iωLt

+ igcavP
(p+1|s)
ca − igcavP (s+1|p)∗

ca , (6.8)

Ḃ(p|s) = [(p− s)ω0]B(p|s) − iΩLP
(p|s)
ba eiωLt + iΩLP

(s|p)∗
ba e−iωLt (6.9)

Ċ(p|s) = [(p− s)ω0]C(p|s) − igcavP (p+1|s)
ca + igcavP

(s+1|p)∗
ca

+igcav pP
(s|p−1)∗
ca − igcav sP (p|s−1)

ca . (6.10)

Note, that in the case of p 6= s, (p+ s > 0) for the photon-assisted densities in Eqs. (6.7)
and (6.6) it applies:

{|A(p|s)|, |C(p|s)|, |B(p|s)|} =

{
0, Fock, thermal statistics,
≥ 0 coherent statistics.

(6.11)

From this, the same condition follows for P (p|s)
ba , while the opposite is true for P (p|s)

ca and
P

(p|s)
bc . For an initial Fock or a thermal statistics in the cavity, the latter two quantities

can only exists for p 6= s. In particular, the lower states polarization P
(p|s)
bc is driven by

polarizations, that have either a photon operator more or less with respect to the densities.
This means, that a control laser and cavity induced transition |b〉 → |c〉 (|c〉 → |b〉) between
the lower states, can only occur under the emission (absorption) of a cavity photon. In the
following sections, the case which will be of particular interest for an initially empty cavity.
Therefore, the quantity P (0|0), relevant in the classical STIRAP-scheme, does not exist for
the here considered cavity-assisted STIRAP analog. However, writing the equation for
P

(0|1)
bc Eq. (6.5) in a rotating frame with the exciting laser field P (0|1)+

bc → P
(0|1)
bc eiωLt, the

similarity to the Raman process becomes apparent [See Tab. 4.1]:

Ṗ
(0|1)+
bc = −i[ω0 + ωcb − ωL]P

(0|1)+
bc + iΩLP

(1|0)∗
ca − igcav sP (0|0)+

ba , (6.12)

This quantity exhibits a free rotation part, that is creating a resonance, if the cavity
frequency matches the frequency of the drive plus the frequency gap between the lower
levels ω0 − ωL = (ωac + ∆cav) − (ωab + ∆L) = ωcb. Thus, the resonance condition is met
for equal detunings ∆cav ≈ ∆L from the respective transition frequencies. In favor of a
laser quanta with frequency ωL, a frequency detuned photon (detuned by ωcb from ωac) is
created or destroyed, similar to an inelastic scattering process. The difference is of course,
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6.2. Cavity-QED of an optically driven Λ-system

that there is a transition between two electronic states, but since they are not coupled
through any of the light fields or modes, this transition works as an inelastic process,
where the system gains or looses a certain amount of energy from or into the cavity field.

6.2.2. Effective two level system

A form of interaction, described by HI is known to result in a time-dependent eigenstate
of the form |φ〉(t) = α(t)|b, n〉 + β(t)|c, n′〉 [SZ97, FL02], not including the excited state
|a, n〉 in the superposition of the unperturbed system states. Choosing the right systems
parameter and initial conditions, it is possible to permanently keep the system within this
state. The dynamics is reduced to the two lower electronic states |b, n〉 and |c, n′〉 only.
Sometimes, it can be advantageous to use this knowledge for an effective Hamiltonian-

Figure 6.2.: Scheme of the interaction sequence of a Λ-system. Under the condition ∆ab =
ωab − ωL = ωac − ω0 = ∆ac this sequence can be reduced into an effectively
coupled two level subsystem (red boxes). The excited state |a, n〉 within the
dotted box is eliminated as does not take part in the dynamics.

approach, eliminating the excited state |c〉 [CT92, BPM07, IAB+99] from the interaction
[See Fig. 6.2]. For this purpose, the Hamiltonian is written in a rotating frame according
to |ψ〉 → |φ〉 = ei

Ξ̂
~ t|ψ〉:

Ξ̂ = ~Ωc|c〉〈c|+ ~Ωb|b〉〈b|+ ~Ωa|a〉〈a|+ ~Ω0c
†c. (6.13)

Subsequently, the Hamilton-operator of Eqs. (6.1) and (6.2) is transformed according to
Heff = eiSHe−iS , with

S = S+ = α|b〉〈a|+ α∗|a〉〈b|+ γ|c〉〈a|c† + γ∗|a〉〈c|c. (6.14)

The quantities α and γ are determined:

with α ≡ iΩ(t)ei(ωl−(Ωa−Ωb))t

[ωab − (Ωa − Ωb)]
, γ ≡ igcave

i(Ω0−(Ωa−Ωc))t

[ωac − (Ωa − Ωc)− (ω0 − Ω0)]
(6.15)
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Applying a second order perturbation calculation [See also Chap. 3, Sec. 3.5.1] with respect
to the series expansion of the unitary transformation, the effective Hamiltonian is given
by:

Heff = ~
(
ωc − Ωc −

g2
cav

~[ωac − (Ωa − Ωc)− (ω0 − Ω0))
c†c
]
|c〉〈c|

− ~
(
ωb − Ωb +

Ω2(t)

~[ωab − (Ωa − Ωb)]

)
|b〉〈b|+ ~(ω0 − Ω0)c†c

− ~|gcav||Ω|
2

[ 1

[ωab − (Ωa − Ωb)]
+

1

[ωac − (Ωa − Ωc)− (ω0 − Ω0)]

]
×
{

|b〉〈c|c ei(ωl−(Ωa−Ωb))te−i(Ω0−(Ωa−Ωc))t +H.c
}
. (6.16)

Choosing the rotating frame as Ωb = 0, Ωa = ωl, Ωc = ωcb and Ω0 = ωl − ωcb, according
to energy-conservation with respect to the stimulated Raman process, Eq. (6.16), finally
results in the following effective Hamiltonian (in a similar form previously derived in Ref.
[IAB+99]):

Heff = ~(ω0 − ωL + ωcb)c
†c+ ~

g2
cav

∆ac
|c〉〈c|c†c− ~

Ω(t)2

∆ab
|b〉〈b|

+ ~geff
(
|b〉〈c|c+ |c〉〈b|c†

)
. (6.17)

Here, the energy of the system was additionally shifted towards towards ωi−ωb. Expressed
within the n-th photon manifold n = {|c, n + 1〉, |b, n〉}, the effective Hamiltonian can be
given by

H(n)
eff =̂

~
(

(ω0 − ωL + ωcb)n− Ω(t)2

∆ab

)
geff
√
n+ 1

g∗eff
√
n+ 1 ~

(
ω0 − ωL + ωcb − g2

cav
∆ac

)
(n+ 1)

 ,(6.18)

with the effective coupling element given as

geff = −Ω(t)gcav
2

( 1

∆ab
+

1

∆ac

)
. (6.19)

This effective Hamiltonian obviously strongly resembles the Jaynes-Cummings Hamilto-
nian [SZ97] with a direct coupling between the states |b, n〉 and |c, n+ 1〉 under the emis-
sion/absorption of a photon and the condition of a non vanishing electron-photon- gcav and
electron-laser coupling Ω(t). In this effective Jaynes-Cummings model (JCM), |c〉 corre-
sponds to the ground- and |b〉 to the excited state of the effective two-level system. Assum-
ing a temporal evolution of the systems state as |ψ(t)〉 =

∑
n

[
αc,n(t)|c, n〉 + αb,n(t)|b, n〉

]
and a CW excitation Ω(t) = Ω, this model can straightforward be solved for the amplitudes
ci,n (i ∈ {c, b}) in Schrödinger’s picture [For the derivation see [SZ97] and Chap. 2 Sec.
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2.6.1]. Accordingly, the inversion of the effective two-level system R(t) =
∑

n

[
αc,n(t)|c, n〉−

αb,n(t)|b, n〉
]
is then given by:

R(t) =
∑
n

Pn(t = 0)
[( ∆n

ΩG,n

)2
+

4g2
eff(n+ 1)

Ω2
R,n

cos(ΩG,nt)
]
. (6.20)

The difference to the JCM is, that not only the generalized Rabi-frequency ΩG,n, but also
the frequency detuning ∆n inherits an additional dependence on the photon manifold n:

∆n = −
(
ωcb + (ω0 − ωL)− g2

cav
∆ac

(n+ 1) +
Ω2

∆ab

)
, (6.21)

ΩG,n =
√

∆2
n + 4g2

eff(n+ 1). (6.22)

The system is operated at resonance (fulfilling the Raman resonance condition in Eq.
(6.12)), if the cavity frequency ω0 minus the laser frequency ωL match the lower frequency
gap ωcb, i.e., laser and cavity are equally detuned from their respective transition.
Of course, this effective description is only valid for specific initial conditions, i.e., the
electron has to be in one of the lower states. Further, the interaction timescales with respect
to the two transitions |b〉 → |a〉 and |c〉 → |a〉 cannot deviate from each other in orders of
magnitude, in order to justify the application of Heff. Although the form of geff suggests
a coupling of the lower states regardless of the interaction strengths, detunings, pulse
width or transition frequencies. An asymmetric coupling of the two transitions, however,
or an insufficient detuning will result in the population of the excited state, meaning,
that Heff is restricted to a well to be choosen parameter set. Therefore, the following
calculations of the systems dynamics (compared with the effective predictions) will be
based on the full Hamilton-operator of the system, giving therefore reliable information
about the completeness and the timescale of the executed population transfer.
Later on, in Sec. 6.3, a population switch between two Λ-systems in rather bad optical
cavities (with strong decay constants of the cavity mode) will be investigated. The question
will be, if under such weak coupling conditions, the population switch is still manageable
up to a sufficient percentage and within reasonable transfer times. This section, however,
is supposed to give a basic understanding of the single cavity-coupled Λ-system and should
serve as a measure to discriminate it from the case of the two radiatively coupled Λ-systems.
As it turns out, there are crucial differences in their sensitivity towards several parameters,
which is among others a counterintuitive asymmetry in the dependence on the cavity- and
the laser detuning.

6.2.3. Coherent population transfer in a cavity-coupled Λ-system – Ideal
case

As a preliminary examination, the Λ-system be considered as lossless. In the following para-
graphs, limitations arising from the inclusion of dissipative processes will be benchmarked
on the now presented ideal case. Although, the case of a closed system is here referred to
as ideal, the population transfer will always deviate by a small percentage from a total
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transfer. Even under a frequency detuning of the laser and the cavity towards their respec-
tive transition, it is possible to excite the upper state |a〉, making the coherent population
transfer incomplete. Further, a finite width of the laser pulse can lead to a resonant exci-
tation, introducing an asymmetry to the coupling situation. This can lead to quite strong
deviations from the effective model, which breaks down in just these cases. In general, the
choice of parameters influences the achievable completeness of the transfer.
In Fig. 6.3 the inversion between the two lower states is depicted over time at CW exci-
tation by the laser (Ω(t) = Ω), driving the transition |b〉 → |a〉. Figure 6.3 compares the
solutions as calculated with the full model (FM) R(t) = B(0|0) − C(0|0), using Eqs. (6.5)-
(6.10) with the analytic results R(t) =

∑
n

[
|αc,n(t)|2 − |αb,n(t)|2

]
of the effective JCM of

Eqs. (6.18)-(6.20). The system starts in the lower electronic state |b〉 (B(0|0) = 1), which
(under CW excitation) corresponds to the excited state of the effective JCM. The cavity
is assumed to be initially unpopulated, with N ≡ N (1|1) = 0. For a coherent population
transfer, i.e. the realization of the effective subsystem of Eq. (6.18), the electronic popula-
tion is supposed to be transfered between the states |b〉 and |c〉, without passing the upper
state |a〉. The population of the upper density A(0|0) during the transfer process has to be
negligible. For better comparison with the effective model, the time is given in units of geff.
For a symmetric coupling of the two transitions, the coupling parameters gcav = Ω, as well
as the frequency detunings with respect to the two transitions ∆ab = ∆ac = ∆ are choosen
to be equal. In Fig. 6.3(a) the detuning strength is given a value, large enough compared
with the coupling elements ∆ = 150Ω, in order to prevent the excitation of the system.
Apparently, the effective JCM and the FM are in perfect agreement, for these excitation
conditions. The Λ-system relaxes from the effective excited state |b〉 into the ground state
|c〉, so that the inversion R (in both the effective JCM and the FM) is performing symmet-
ric Rabi-oscillations between 1 and −1 with a period of t = g−1

eff . However, in Fig. 6.3(b),
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Figure 6.3.: Temporal evolution of the inversion R, calculated with the effective JCM (black
curve) and the FM (blue curve) at a frequency detuning (a) ∆ab = ∆ac = 150Ω
and (b) ∆ab = ∆ac = 5Ω under CW optical excitation and matching coupling
parameters Ω = const = gcav.

the frequency detuning of only five times the coupling strengths ∆ = 5Ω is obviously not
sufficient anymore to effectuate a total transfer between the lower state in the case of the
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FM. This is due to a population of the upper state |a〉. The stimulated Raman transition is
superimposed by the a resonant excitation of the optical transitions. How much population
actually will be built up in the upper state, also strongly depends on the pulse width and
shape. In any case, the transfer will not reach 100%, if the frequency detunings, eliminating
the involvement of the upper state, are too small compared with the coupling parameters.
Further, the Rabi-frequency is no longer given by the effective coupling strength geff. In
contrast to the FM, according to the effective JCM [See Eq. (6.19)] the detuning strength
∆ only influences the timescale of the population transfer, not the efficiency.
Another reason for spoiling a total coherent population transfer can be either unequal cou-
pling strengths g 6= Ω or frequency detunings ∆ab 6= ∆ac of the two optical transitions. In
Figure 6.4(a), the temporal evolution of R is calculated for the detuning of Fig. 6.3(a) but
different coupling parameters Ω = const = 2gcav. As can be deduced from Eqs. (6.21) and
(6.21), a non symmetric coupling of the optical transitions leads to a detuning from the
effective two-level transition. This causes an incomplete oscillation amplitude of R, i.e. the
population is not totally transfered from the initial state B(0|0) into the target state C(0|0).
This behavior is demonstrated for both models, even at detuning strengths much larger
than the coupling constants ∆� Ω. The same behavior is illustrated for unequal detuning
strengths in 6.4(b). Note, that this stimulated Raman process is symmetric with respect to
the detunings, i.e. changing the laser detuning ∆ab has exactly the same effect as changing
the cavity detuning ∆ac. In order to achieve an as complete population transfer as possible
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Figure 6.4.: Temporal evolution of the inversion R, calculated with the effective JCM (black
curve) and the FM (colored curves). (a) at different values for the two coupling
parameters Ω = const = 2gcav. The frequency detuning is set to ∆ab = ∆ac =
150Ω. (b) at diverging values for the frequency detunings ∆ab 6= ∆ac. Here,
the coupling strengths are equal gcav = Ω.

for a single Λ-system, it is usually preferable, to adjust an as symmetric coupling situation
as possible.
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6.2.4. Influence of photon loss

Since within this coherent population transfer, a photon is emitted into the cavity, a photon
loss can inhibit the possibility of reestablishing the population of the initial state or even
inhibit the transfer in the first place. In Fig. 6.5, the evolution of the inversion R is depicted
in the case of a finite photon loss with 10κ = gcav = Ω. In the case of the JCM Hamiltonian,
such a coupling strength would still result in damped oscillations of the inversion. Here,
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Figure 6.5.: Temporal evolution of the inversion R, calculated according to the FM under
the influence of a photon loss 10κ = g = Ω. The systems does not exhibit
Rabi-oscillations anymore, but saturates at the value R = 0.5.

however, instead of demonstrating effective Rabi-oscillations, as in the lossless cases, the
inversion just decreases to zero, i.e. the population is never fully transfered to the target
state |b〉 → |c〉. As the transfer process demands a second order interaction with geff ∝
gcavΩ, there are no Rabi-oscillations occurring, although both the coupling parameters
are stronger than the loss alone. The consequence of this higher order effective coupling
is, that the transfer process requires a particularly strong emitter-cavity coupling, i.e. a
strong coupling with respect to the transition |c〉 → |a〉 with κ� g can still be insufficient.
Since the stimulated Raman process produces a photon, that eventually leaves the cavity,
this process will be eliminated for the population switch between two Λ-systems in Sec.
6.3.

6.2.5. Influence of the cavity statistics on the population transfer efficiency

So far, the cavity was assumed to be initially unpopulated N(0) ≡ 〈c†c〉(0) = 0, cor-
responding to a Fock state with P0(t = 0) = 1. However, if the statistics is initially in
thermal state, the Rabi-oscillations will be altered. Therefore, in Fig. 6.6 the population
transfer is depicted for a cavity, initially containing a thermal statistics with an average
photon number of N ≡ N (1|1) = 0.1 and Pn(t = 0) = 1

N+1

(
N
N+1

)n
. As also apparent

from Eq. (6.20), the Rabi-frequency of the inversion is hardly influenced by the state of
the system, since the 0th order photon probability P0(t = 0) is still the most prominent
at the beginning. However, there are higher order probabilities Pn(0) with n > 0 changing
the oscillation amplitude of R. However, compared to the Fock case in 6.3, in the case of
the initial thermal state, the oscillation amplitude is reduced. As visible form the perfect
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Figure 6.6.: Temporal evolution of the inversion R for an initial thermal state of the cavity
statistics Nth(t = 0) = 0.1. Coupling and detuning parameters as in Fig. 6.3.

agreement between the two models (JCM and FM), the cause of the amplitude loss is not
due to a leakage out of the effective subsystem Eq. 6.18. In difference to the situation in
Fig. 6.3(b) the decreased amplitude is here due to the thermal cavity statistics, causing a
detuning situation more comparable to the non symmetric coupling in Fig. 6.4. This can
be explained with the behavior of the photon probabilities Pn(t) = |αb,n(t)|2 + |αc,n(t)|2,
which can be derived for the effective JCM, using Eq. (6.18):

Pn(t) = Pn(t = 0)
{

cos2
(ΩG,nt

2

)
+
( ∆n

ΩG,n

)
sin2

(ΩG,nt

2

)}
+ Pn+1(t = 0)

( 4g2
effn

Ω2
G,n−1

)
sin2

(ΩG,n−1t

2

)
. (6.23)

Considering this formula, the photon probabilities can rotate with different generalized
Rabi-frequencies ΩG,n and amplitudes, dependent on the initial cavity statistics Pn(t = 0).
This is the reason, why the population is not fully transfered from |b〉 to |c〉. Figure 6.7
shows the temporal behavior of the photon probabilities (as calculated with the FM) for
an initially empty and an initially thermal populated cavity. In 6.7(a) the photon prob-
abilities just follow the dynamics of the inversion (or densities respectively). During the
transfer process from the state |b, 0〉 (P0 = 1) containing no photons, the systems evolves
into the state |c, 1〉 (P1 = 1) containing exactly one photon. Higher order photon probabil-
ities remain unpopulated, as the relaxing effective two level system can only result in the
emission of a Fock-photon. The condition for the transfer between the zero- and the one-
photon state is, that there is only one Rabi-frequency present at the beginning. Otherwise,
the resonance condition dependent on a symmetric coupling of the two transitions cannot
be met. This is not the case for the thermal statistics in Fig. 6.7(b). Initially, many of the
Pn have relevantly high values. But most importantly, the probability P1(t = 0) of finding
n = 1 photons in the cavity at the beginning is unequal one. Therefore, the oscillation
amplitude is reduced with respect to the Fock case. The Pn corresponding to the different
photon manifolds each rotate with their individual Rabi-frequencies.
However, as during the transfer process, a photon gets injected into the cavity, the former
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Figure 6.7.: Temporal evolution of the photon probability distribution P (n) for a cavity
statistics initially in (a) a Fock state (N (1|1) = 0) and (b) a thermal state
N (1|1) = 0.1. The photon, that is introduced into the cavity via the stimulated
Raman process is in the Fock state.

thermal statistics Nth = 0.1 is now heavily doped with a Fock-photon NFock = 1 [KCR+11].
Since this Fock-photon is now dominating the cavity statistics, the different initial condi-
tions are compensated. Therefore, after half a Rabi-period, the cavity field is similar in the
two cases, resulting in a similar dynamics of the transfer process. However, the amount
of thermal cavity photons still results in chaotic and incomplete oscillation amplitudes, as
known from the JCM in the limit of a thermal cavity statistics [SZ97].
Figure 6.7 shows the temporal evolution of the photon probability distribution Pn(t) for the
initially empty (a) and the thermally (b) prepared cavity, corresponding to Fig. 6.6. Since
in the case of N (0|0)(t = 0) = 0 (Fock), i.e. P0 = 1 the system oscillates between the states
|b, 0〉 → |c, 1〉, the photon probability distributions just reproduces these Rabi-oscillations.
With the same Rabi-frequency as the densities, the probabilities oscillate between the
probability of finding no photons and a single Fock photon in the cavity P0(t) → P1(t).
All other probabilities Pn with n >= 2 remain exactly zero. In the thermal case with
N (0|0)(0) = B(1|1) = 0.1, the photon probabilities at t = 0 display a Bose-Einstein dis-
tribution with probabilities Pn for n >= 2 clearly nonzero. When the excitation pulse
starts, a photon is injected into the cavity. Although, the Rabi-oscillations performed by
P0(t) and P1(t) (as well as R in Fig. 6.6) resemble the behavior in the Fock case, there is
again a difference in amplitude. Obviously, the probability P0 of finding zero photons in
the cavity is initially lower, than in the the Fock case, so that the amplitude of P0 cannot
be reduced by 1 in favor of P1. Instead, the higher order probabilities are participating
in the amplitude exchange [See also Fig. 6.8]. As given by formula Eq. (6.23), the higher
order probabilities n >= 2 oscillate with larger effective Rabi-frequencies of approximately
ΩG,n =

√
∆2
n + 4g2

eff(n+ 1), while P0 and P1 oscillate with the effective coupling element,
given by Eq. (6.19) (same as the population inversion). As the amplitudes of the densities,
depicted in Fig. 6.3(a) and 6.6 depend on the initial amplitudes of all the Pn(0) combined
with their respective Rabi-frequencies gneff, in the thermal case, the coherent population
transfer cannot be complete. This is, although the system is perfectly within the effective
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6.3. Cavity QED of two radiatively coupled Λ-systems

subsystem. Thus, in order to achieve a maximum transfer rate, the statistics in the cavity
should best not involve thermal contributions.

0

0.2

0.4

0.6

0.8

1

P
n
(t

)

P
0

P
1

0 1 2 3 4 5
2g

eff
 t

0

0.02

0.04

0.06

0.08

P
n
(t

)

P
2

P
3

P
4

Figure 6.8.: Temporal evolution of the photon probabilities Pn(t) for n ∈ {0, 1, 2, 3, 4} for
a cavity statistics initially in a thermal state N (1|1) = 0.1

6.3. Cavity QED of two radiatively coupled Λ-systems

Dealing with a single laser driven Λ-system coupled to an optical cavity as in the previous
sections, the population transfer between the lower state can only occur under the emission
or the absorption of a photon, i.e. within a stimulated Raman process. However, assuming
more than one of such emitters in the cavity, the population switch can also occur under
the exchange of a "virtual photon" [IAB+99, YXFD10].
This section will focus on the theoretical investigation of two radiatively coupled Λ-systems
as depicted in Fig. 6.9. The distance between the two systems is supposed to be large
enough, that any Coulomb interaction between system 1 (S1) and system 2 (S2) can be
disregarded. However, both Λ-systems being coupled to a single radiation mode, the two
emitters experience a Coulomb-like coupling nonetheless. Such a radiation induced coupling
can enforce transitions between the states |b1, c2, 0〉 → |c1, b2, 0〉, without involving the rest
of the system states. Similar to the previous section, an effective two-level system, serving
as a benchmark will be derived. As such a model is of limited applicability [See for Sec. 6.2]
within a certain parameter range, it can only be used for giving rough information about
timescales or efficiency at optimum for the processes of interest. More accurate theoretical
predictions, especially in the presence of dissipative processes, will be gained solving the
FM in Sec. 6.4. In fact, the findings of the following sections demonstrate, that the creation
of a deterministic entanglement between two radiatively coupled NV-centers (described as
Λ-systems) is achievable even in the case of a weak coupling situation.

6.3.1. Equations of motion for the coupled Λ-systems: Full model

The Hamiltonian of the system is basically the same as in Eqs. (6.1) and (6.2), with both
systems coupled to the same cavity mode but different lasers with frequencies ω1

L and ω2
L
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6. Coherent control and entanglement of radiatively coupled Λ-systems

Figure 6.9.: Scheme of two radiatively coupled (gcav) Λ-systems 1 and 2, each one driven by
an external laser field Ω1

L and Ω2
L, respectively. The laser frequencies and the

cavity frequency are detuned from the respective transitions by ∆j
ab = ωjab−ω

j
l

and ∆j
ac = ωjac − ω0.

[See Fig. 6.9]. In order to study the influence of photon loss and radiative decay, a coupling
to a Markovian bath is assumed. Thus, the damping of the cavity mode κ as well as the
excited state electronic densities γij , i, j ∈ {a, b, c} are given in the usual Lindblad form
[Car99, BP02]:

L(ρ) =
∑

x=[ab],[ac]

γ̂xργ̂
†
x −

1

2
{γ̂†xγ̂x, ρ}+ κ̂ρκ̂† − 1

2
{κ̂†κ̂, ρ} (6.24)

with γ̂x =
√
γx |x〉〈a| and κ̂ =

√
κ c. These dampings, as source of potential excitation loss

will lead to further deviations from the rough effective model. Using Eqs. (6.1), (6.2) and
(6.24), the equations for the densities and polarizations are given by:

σ̇
(p|s)
ij,α = i

[
ωij,α + γ̃ij,α(1− δij) + ω0(p− s)− (p+ s)κ

]
σ

(p|s)
ij,α + γ̃ij,αδijσ

(p|s)
aa,α

+ iΩ∗α(δiaσ
(p|s)
bj,α − δjbσ

(p|s)
ia,α ) + iΩα(δibσ

(p|s)
aj,α − δjaσ

(p|s)
ib,α )

+ ig∗cav,α(δiaσ
(p+1|s)
cj,α − δjc[σ(p+1|s)

ia,α + s σ
(p|s−1)
ia,α ])

+ igcav,α(δic[σ
(p|s+1)
aj,α + p σ

(p−1|s)
aj,α ]− δjaσ(p|s+1)

ic,α )

− is g∗cav,βσ
(p|s−1)
ij,α|ca,β + ip gcav,βσ

(p−1|s)
ij,α|ac,β, (6.25)

with

σ
(p|s)
ij,α ≡ 〈|iα〉〈jα|c†pcs〉, (6.26)

σ
(p|s)
ij,α|mn,β ≡ 〈|iα,mβ〉〈jα, nβ|c†pcs〉 (6.27)
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6.3. Cavity QED of two radiatively coupled Λ-systems

For more clarity, the laser rotation is here included within Ωα = Ω
−iωl,αt
L,α . Here, the Greek

indices denote, if the electronic quantities belong to system S1 or S2, with α 6= β ∈ {1, 2}.
The dampings γ̃ in the first row are given by Eq. (6.24):

γ̃aa = 2γ̃ab = 2γ̃ac = −(γab + γac), (6.28)
γ̃bb = γab, γ̃cc = γac, γ̃cb = 0. (6.29)

The first four rows of (6.25) just describe the interaction of the Λ-system Sα with the
cavity mode and the respective laser field. The last row, however, describes the indirect
interaction of Sα with Sβ , a coupling mediated by the cavity mode, that leads to the
appearance of the two-particle quantities in Eq. (6.27).

σ̇
(p|s)
ij,α|mn,β = i

[
ωij,α + ωmn,β + γ̃ij,α(1− δij) + γ̃mn,β(1− δmn)− (p+ s)κ

]
σ

(p|s)
ij,α|mn,β

+ γ̃ij,αδijσ
(p|s)
aa,α|mn,β + γ̃mn,βδmnσ

(p|s)
ij,α|aa,β + iω0(p− s)σ(p|s)

ij,α|mn,β

+ iΩ∗α(δiaσ
(p|s)
bj,α|mn,β − δjbσ

(p|s)
ia,α|mn,β) + iΩα(δibσ

(p|s)
aj,α|mn,β − δjaσ

(p|s)
ib,α|mn,β)

+ iΩ∗β(δmaσ
(p|s)
ij,α|bn,β − δnbσ

(p|s)
ij,α|ma,β) + iΩβ(δnbσ

(p|s)
ij,α|an,β − δmaσ

(p|s)
ij,α|nb,β)

+ ig∗cav,α(δiaσ
(p+1|s)
cj,α|mn,β − δjc[σ

(p+1|s)
ia,α|mn,β + s σ

(p|s−1)
ia,α|mn,β])

+ ig∗cav,β(δmaσ
(p+1|s)
ij,α|cn,β − δnc[σ

(p+1|s)
ij,α|ma,β + s σ

(p|s−1)
ij,α|ma,β])

+ igcav,α(δic[σ
(p|s+1)
aj,α|mn,β + p σ

(p−1|s)
aj,α|mn,β]− δjaσ(p|s+1)

ic,α|mn,β)

+ igcav,β(δnc[σ
(p|s+1)
ij,α|an,β + p σ

(p−1|s)
ij,α|an,β]− δnaσ(p|s+1)

ij,α|mc,β). (6.30)

These photon assisted two-particle quantities have their own dynamics, determined by the
initial conditions. They strongly influences the evolution of the one-particle quantities of
Eq. (6.25). The equation for the photon correlations of the cavity mode N (p|s) ≡ 〈c†pcs〉,
whose population for p+ s > 1 is aimed at circumventing in the following, is given by:

Ṅ (p|s) = i[(p− s)ω0 + i(p+ s)κ]N (p|s) + i
∑
α=1,2

(
p gcav,α σ

(p−1|s)
ac,α − s g∗cav,α σ(p|s−1)

ca,α

)
(6.31)

To solve this set of equations Eqs. (6.25) and (6.30), initial conditions with respect to
the photon mode are choosen according to Eq. (3.28). However, the following sections will
focus on the case of an initially empty cavity, starting in state |b1, c2, n = 0〉, therefore:

σ
(0|0)
bb,1 = σ

(0|0)
cc,2 = σ

(0|0)
bb,1|cc,1 = 1. (6.32)

In this case, all other quantities are zero at the beginning.

6.3.2. Effective two-level system

To have a more intuitive view on the system, a rough effective model for the favored
adiabatic population transfer process is derived in this subsection, as the FM involves a
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6. Coherent control and entanglement of radiatively coupled Λ-systems

quite large and therefore hard to analyze set of equations. For this purpose, the system will
be strongly reduced with respect to its degrees of freedom, eliminating most of the various
interaction paths of the FM. However, already on the basis of this so derived Hamiltonian,
the predicted timescales for a population switch between the Λ-systems state a complement
to previous predictions [IAB+99]. The calculations, employing the FM of Eqs. (6.25) and
(6.30) will further confirm these results in Sec. 6.4.
If starting in state |b1〉 in system S1 and |c2〉 in system S2 with an empty cavity N = 0,
the state of the system can be given as:

|ψ(t)〉 = αb1,c2,0|b1, c2, 0〉+ αc1,b2,0|c1, b2, 0〉

+ αa1,c2,0
|a1, c2, 0〉+ αc1,a2,0

|c1, a2, 0〉+ αc1,c2,1|c1, c2, 1〉, (6.33)

As depicted in Fig. 6.10, a transition from |b1, c2, 0〉 → |c1, b2, 0〉 (red boxes) would involve
the states within the grey boxes, i.e also the emission of a photon by S1 and subsequent
reabsorption of the photon by S2. In some cases, however, if aiming at the generation of
ground state entanglement or under intermediate or even weak coupling situations, it can
be of advantage to suppress the emission of a cavity photon. In order to realize such a
transition, the excited states |a1, c2, 0〉 and |c1, a2, 0〉 have again to be eliminated from the
interaction paths. In difference to the single emitter case of the previous section, the inter-
mediate state |c1, c2, 1〉, involving the cavity degree of freedom will be eliminated from the
system. In principle of operation and as usual, this is done by choosing particular excitation
conditions. Unlike from the previous considerations within Sec. 6.2, the excitation now has
to deviate from the stimulated Raman resonance, the process which was exploited before.
Thus, the cavity detunings and the laser detunings are requested to have unequal values
∆i
ab−∆i

ac 6= 0, i ∈ {1, 2} and the system can adiabatically pass between initial and target
state, within the subsystem depicted in Fig. 6.10. Therefore, also the state |c1, c2, 1〉 will
be negligibly populated and can be eliminated from the effective dynamics as well.
In order to adiabatically eliminate the three states in the second row of Eq. (6.33),
Schrödinger’s equation is applied to state Eq. 6.33 i~ ∂t 〈i1,m2, n|ψ(t)〉 = 〈i1,m2, n|H|ψ(t)〉:

i~ α̇b1,c2,0 = ~∆b1,c2,0
αb1,c2,0 + ~Ω+

1 αa1,c2,0
, (6.34)

i~ α̇c1,b2,0 = ~∆c1,b2,0
αc1,b2,0 + ~Ω+

2 αc1,a2,0
, (6.35)

i~ α̇c1,c2,1 = ~∆c1,c2,1
αc1,c2,1 + ~g+

cav,1αa1,c2,0
+ ~g+

cav,2αc1,a2,0
, (6.36)

i~ α̇a1,c2,0 = ~∆a1,c2,0
αa1,c2,0

+ ~Ω−1 αb1,c2,0 + ~g−cav,1αc1,c2,1, (6.37)

i~ α̇c1,a2,0 = ~∆c1,a2,0
αc1,a2,0

+ ~Ω−2 αc1,b2,0 + ~g−cav,2αc1,c2,1, (6.38)

where the free rotation parts and the ± superscripts at the coupling elements containing
the rotating frames from Eq. (6.13) are defined as:

∆i1,j2,n
≡

[
ωi1 − Ωi1 + ωj2 − Ωj2 + n(ω0 − Ω0)

]
, (6.39)

Ω±α ≡ Ω e±i(ωL,α−Ωa+Ωb)t, (6.40)
g±cav,α ≡ gcav,α e

±i(Ω0−Ωa+Ωc)t, (6.41)
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6.3. Cavity QED of two radiatively coupled Λ-systems

In order to restrict the dynamics to the states |b1, c2, 0〉 and |c1, b2, 0〉, the dispensable sub-
space is consequently assumed not to take part in the dynamics. Therefore, the derivatives
of the respective coefficients vanish α̇c1,c2,1 = α̇a1,c2,0 = α̇c1,a2,0 = 0 [BPM07].

Figure 6.10.: Scheme of the effectively coupled two level subsystem (red boxes). The elim-
inated subspace is indicated by the states within the grey dotted box. The
irrelevant subspace within the dotted box is not taking part in the dynamics, if
starting in the relevant subsystem (red boxes) and avoid not only resonance
with the transitions ∆l � Ω, but also inhibit the induced Raman process
∆ab 6= ∆ac.

αc1,c2,1 = −
g+
cav,1

∆c1,c2,1

αa1,c2,0
−

g+
cav,2

∆c1,c2,1

αc1,a2,0
, (6.42)

αa1,c2,0
= − Ω−1

∆a1,c2,0

αb1,c2,0 −
g−cav,1

∆a1,c2,0

αc1,c2,1, (6.43)

αc1,a2,0
= − Ω−2

∆c1,a2,0

αc1,b2,0 −
g−cav,2

∆c1,a2,0

αc1,c2,1, (6.44)

Inserting Eqs. (6.43), (6.44) and Eq. (6.42) into each other, and finally into Eqs. (6.34),
(6.35), this results in two coupled equations of motion for:

i~ α̇b1,c2,0 = ~[∆b1,c2,0
− ~|Ω1|2

∆a1,c2,0

(
1 +

|gcav,1|2

∆a1,c2,0
∆̄c1,c2,1

)
]αb1,c2,0

− ~g−1 g
+
2 Ω+

1 Ω−2

∆a1,c2,0
∆c1,a2,0

∆̄c1,c2,1

αc1,b2,0 (6.45)

i~ α̇c1,b2,0 = ~[∆c1,b2,0
− ~|Ω2|2

∆c1,a2,0

(
1 +

|gcav,2|2

∆c1,a2,0
∆̄c1,c2,1

)
]αc1,b2,0

− ~g−2 g
+
1 Ω+

2 Ω−1

∆a1,c2,0
∆c1,a2,0

∆̄c1,c2,1

αb1,c2,0, (6.46)
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With ∆̄c1,c2,1
≡ ∆c1,c2,1

− ~2|g1|2

∆a1,c2,0

− ~2|g2|2

∆c1,a2,0

. Choosing the rotating frame as in Sec. 6.2

and assuming, that the two Λ-systems are identical with g1 = g2, Ω1 = Ω2 and ωi,1 = ωi,1,
H1−2

eff finally reduces to:

H1−2
eff = −~g1−2

eff

[
|b1, c2, 0〉〈c1, b2, 0|+ |c1, b2, 0〉〈b1, c2, 0|

]
, (6.47)

with g1−2
eff =

|Ω|2|g|2

∆2
ab(∆ac −∆ab − 2|g|2

∆ab
)
. (6.48)

In contrast to the effective coupling element for the STIRAP process of Eq. (6.19), g1−2
eff
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Figure 6.11.: Timescale of the effective interaction between the two Λ-systems as given by
g1−2
eff (Eq. (6.48)) and geff as given in Ref. [IAB+99] versus the laser frequency
detuning ∆ = ∆ab (solid grey curve and dashed turquoise curve) and the
cavity detuning ∆ = ∆ac (black and blue curves). The transfer time exhibits
a linear dependence on ∆ac in both models, but a quadratic dependence on
∆ab in the here calculated Hamiltonian only.

holds an imbalance in the laser- and the cavity detuning. According to Eq. (6.48), the
absolute value of the cavity detuning ∆ac is unimportant to the process, while the laser
detuning ∆ab has to be nonzero. However, not surprisingly, the relative deviation from the
STIRAP resonance condition ∆ac −∆ab ≈ 0 enters the effective coupling parameter. For
keeping the system in the effective two-level subspace, this condition must not be met. The
population transfer would involve the emission of an actual, but a virtual photon, which
must be circumvented for the adiabatic population switch. In Fig. 6.11 the interaction
timescale, as given via the effective coupling is depicted over varying cavity detuning ∆ac

as well as laser detuning ∆ab. It exhibits a linear dependence on ∆ac, but a quadratic
dependence on ∆ab. The transfer time is further compared with the predictions given in
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Ref. [IAB+99], which finds an identical linear dependence for both detunings [See Appendix
A.6]. This deviation will further be discussed in Sec. 6.4.

α̃b1,c2,0 =
1

2

{
(α̃b1,c2,0(0) + α̃c1,b2,0(0))ei|g

1−2
eff |t + (α̃b1,c2,0(0)− α̃c1,b2,0(0))e−i|g

1−2
eff |t

}
,

α̃c1,b2,0 =
1

2

{
(α̃c1,b2,0(0) + α̃b1,c2,0(0))ei|g

1−2
eff |t + (α̃c1,b2,0(0)− α̃b1,c2,0(0))e−i|g

1−2
eff |t

}
,

Starting in level |b1, c2, 0〉, the probabilities are given by [YXFD10]:

|αb1,c2,0|
2 =

1

2
[1 + cos (2|g1−2

eff |t)], (6.49)

|αc1,b2,0|
2 =

1

2
[1− cos (2|g1−2

eff |t)]. (6.50)

According to Eqs. (6.49) and (6.50), the system exhibits Rabi-oscillations between the
state |b1, c2, 0〉 and |c1, b2, 0〉 under adiabatic excitation conditions. Without passing the
excited states and under the exchange of a virtual photon, Eqs. (6.49) and (6.50) describes
a periodic population switch between the two Λ-systems.
While operating within the reduced subspace {|b1, c2〉,|c1, b2〉} (the photon degree of free-
dom is skipped), the system obviously exhibits ground state entanglement between the
two Λ-systems, i.e. the system will be in the inseparable state |ψeff〉 = αb1,c2(t)|b1, c2〉 +

αc1,b2(t)|c1, b2〉, with αb1,c2(t) 6= 0 and αc1,b2(t) 6= 0 during the transfer. In order to theo-
retically demonstrate entanglement within the coherent transfer process of the subsystem,
the concurrence C will be calculated according to Ref. [Woo98].

6.4. Deterministic entanglement of distant NV-centers at
weak coupling conditions

Figure 6.12.: Illustration of two NV centers in nanodiamonds, which are indirectly coupled
through a photonic crystal cavity.

In the following the results calculated with Eqs. (6.25), (6.30) compared with (6.49) and
(6.50) are presented in this section. At first, the system will be studied for the ideal and

119



6. Coherent control and entanglement of radiatively coupled Λ-systems

lossless case. Afterwards, the influence of dissipative processes on the entanglement is inves-
tigated. As an application, the model is in detail discussed regarding NV-centers placed in
photonic crystal cavities Fig. 6.12. Using experimentally achievable parameters, it is shown,
that under weak coupling conditions usually found for these systems, a deterministic long
range entanglement between two NV-centers (described as Λ-systems) is possible.

6.4.1. NV centers

In this subsection, the material system is briefly introduced. Due to its comparably long
radiative lifetime and as a scalable solid state nanostructure, the negatively charged NV
center in diamond offers the possibility of generating single photons or entanglement
[BCR+12, HA08, WSSB13, SRX+10]. It exhibits an optical transition at 2.94 1

fs with
a triplet ground state |ms = 0〉 and |ms = ±1〉 [WSSB13]. Applying magnetic fields and
strain, the excited state |e〉 together with the ground states |ms = 0〉 and |ms = 1〉 con-
stitutes a Λ-system [STN+06, TCT+10, MGT+11], as introduced in the previous sections.
Placed into a photonic crystal cavity, and exchanging {|a〉, |b〉, |c〉} with {|e〉, |0〉, |1〉},
the NV center(s) can be described by the models illustrated in Figs. 6.1 and 6.9. For the
generation of entanglement between the two NV centers, i.e. the reduction to the effective
subsystem of Eq. (6.49) and Fig. 6.10, two NV centers are placed in two anti-nodes of the
cavity mode of a photonic crystal cavity. Since it is still technically demanding designing
a strong coupling situation for such systems, the generation of entanglement can be in-
termitted via the negative influence of a cavity loss. The following calculations will prove,
that these conditions can be counteracted, leading to entanglement compatible with the
results achieved in other typical systems [AGR+82, BR12].

6.4.2. Entanglement at strong coupling conditions:– Ideal case

In this subsection, the influence of coupling parameters and detunings on the population
exchange for an ideal lossless system will be discussed on the basis of the effective model
(EM) Eq. (6.49) and the full model (FM) Eqs.(6.25) and (6.30).
The system is assumed to be prepared in the systems state |b1, c2, 0〉, i.e., with initial
conditions according to Eq. 6.32. The two identical NV-centers are supposed to be excited
with CW lasers Ω1 = Ω2 of the same laser frequencies ωL,1 = ωL,2. In order to keep the
system within the reduced subspace of Fig. 6.10, the lasers and the cavity are supposed
to be detuned from the respective optical transitions as depicted by Fig. 6.9. With a laser
detuning of the opposite sign of the cavity detuning (here: ∆ ≡ ∆ab = −∆ac) it is ensured,
that the system is far enough detuned from the Raman resonance ωL − ω0 = ωcb.
As for the population switch, the system has to evolve from |01, 12, 0〉 into the state |c1, b2, 0〉
in the EM or in the case of the FM σbb,1 = σcc,2 = 1→ σcc,1 = σcc,2 = 1, in Fig. 6.13(a), the
temporal evolution of the probability amplitudes as calculated by Eqs. (6.49) (bold blue
curve) and 6.50 (bold grey curve) are depicted together with the initial densities of system
S1 (σbb,1 thin turquoise curve) and the target density of system S2 (σbb,2 thin black curve).
Despite of the rough assumption, carried out for the derivation of the EM, there is very
good agreement between the models. At CW laser excitation, the system is caught almost
perfectly within the lower states, performing a periodic total population switch between S1
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Figure 6.13.: Temporal evolution of the (a) probability amplitudes of the target state
|αc1,b2 |2 (bold grey curve) and the initial state |αb1,c2 |2 (bold blue curve)
and the corresponding population densities σbb,2 (thin black curve) and σbb,1
(thin turquoise curve). At a detuning strength ∆ = ∆ab = ∆ac, the results
from the EM and FM are already in very good agreement. (b) Evolution of
the the concurrence C (black curve). The time is given in units of the effective
coupling element g1−2

eff (FM).

and S2. As a measure of the entanglement, the concurrence C as calculated with the FM
is plotted in Fig. 6.13(b). Same as the population densities it performs Rabi-oscillations
between 0 and 1, with the maximum value reached at the time point of the maximum
entangled ground state 1√

2

(
|b1, c2, 0〉+ i|c1, b2, 0〉

)
. For the ideal case, this state is reached

at time t = π
g1−2
eff

.
However, choosing a detuning ∆ = 5Ω, that is of the order of the couping strengths
as depicted in Fig. 6.14, the system is not detuned enough neither from the respective
transition frequencies, nor the Raman resonance. Even at small timescales within a few
Rabi-periods, the deviation between the EM and the FM are clearly visible. The transfer
between the initial and target state is not complete anymore, with a significantly altered
Rabi-frequency. This behavior is comparable to the detuning sensitivity of the STIRAP
process in Fig. 6.3. There is, however, a qualitative difference between the two effective
models, when it comes to the particular influence of the two detunings ∆ab and ∆ac or the
relationship between the coupling strengths.
This deviation is demonstrated in Fig. 6.15. According to formula Eq. (6.48) the subsystem
breaks down for a too small or vanishing laser detuning ∆ab ≈ Ω. As shortly discussed
before [See Fig. 6.11], this does not apply for the cavity detuning ∆ac. In principle, the
effective two level system is supposed to hold even for a vanishing detuning ∆ac → 0.
Further, according to Eqs. (6.45), (6.46), (6.49) and (6.50), a deviation between cavity-
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curve) and population density σbb,2 (thin black curve) for a detuning of the
order of the coupling parameters ∆ = 5Ω = 5g. In the case of the FM,
the population transfer is not complete, with an altered Rabi-frequency with
respect to the EM.

gcav and laser coupling strength Ω is predicted to be insignificant to the completeness
of the transfer process. Note, that in the case of the STIRAP-subsystem of the previous
section, unequal strengths for the cavity- and the laser coupling led to an incomplete
population transfer [See Eq. (6.21) and Fig. 6.4]. In order to verify these features of the
EM in this section, the evolution of the densities and probability amplitudes are calculated
both for a vanishing cavity detuning ∆ac → 0 and ∆ab = 50Ω in Fig. 6.15(a) and (b)
and a vanishing laser detuning ∆ab → 0 and ∆ac = 50Ω, as well as deviating values for
the cavity- and the laser coupling strength, using the FM. For better comparison with the
EM, the time is again given in units of the effective coupling strength g1−2

eff . Obviously and
as predicted by the EM, in the cases of an asymmetric detuning situation with ∆ab � Ω
or in the case of a difference between electron-laser and electron-cavity coupling strengths
in 6.15(a), the dynamics of the system remain unchanged, compared with the EM. The
crucial deviation from the STIRAP resonance ∆ac−∆ab stays the same, while the duration
of the process scaling with Eq. (6.48) is strongly enhanced by the reciprocally quadratic
dependence of g1−2

eff ∝ 1
∆2
ab

and the quadratic dependence on the coupling strengths. The
reason for this asymmetry is, that the cavity degree of freedom is eliminated from the
dynamics. Via spontaneous emission, the Λ-systems experiences an effective coupling. As
this coupling is realized via the exchange of a virtual photon and therefore by definition
independent of resonance (or detuning), the effective system does not need a finite cavity
detuning. In contrast to this, the effective subsystem cannot be realized without a finite
laser detuning for both laser driven transitions. This is nicely demonstrated in Fig. 6.15(b),
where all three densities of the second subsystem are depicted. The system obviously does
not stay within {|b1, c2, 0〉, |c1, b2, 0〉} but looses excitation into the excited states, at time
scales strongly deviating from the inverse effective coupling strength 1/g1−2

eff .
This short comparison between the EM and the FM under ideal conditions should provide
a better judgment of the results, that will be presented in the following section. As the
achievement of a preferably strong entanglement between the NV centers demands a fine
tuning of counteracting parameters, it is sometimes necessary finding a compromise with
a good entanglement yet acceptable transfer time. For tuning parameters to the optimum,
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Figure 6.15.: (a) Temporal evolution of target state population densities σbb,2 for a equal
detunings, but different coupling strengths (fat blue curve) and different de-
tunings (∆ab = 50Ω, ∆ac = 0) but equal couplings gcav = Ω. As long as the
Raman process remains disabled, the transfer remains of total efficiency. (b)
Evolution of the three densities of system S2 at a vanishing laser detuning
∆ab = 0. At a vanishing laser detuning, the effective subsystem is destroyed.
The upper states σaa get involved in the dynamics. The frequency mismatch
with the Raman resonance is the same in all three cases ∆ab −∆ac = −50Ω.

it is required to know, if an entanglement loss is due to dissipation or just a violation of
the effective subsystems.

6.5. Influence of dissipation on the entanglement between
the NV centers

The two dominating dissipative processes, occurring for the here discussed NV center-
photonic crystal devices, is on the one hand a considerately strong photon decay, compared
with the cavity coupling strength as well as a radiative dephasing. Although the latter is
weak compared to κ, it begins to matter at some point at larger time scales. For the cavity
coupling, a value for an NV center, sitting at a field maximum of a photonic crystal cavity
[See Appendix A.6.1]. The used value of the cavity emitter coupling gcav = 19.1 ns−1 is
currently in the range of experimental accessibility [ML08, WSK+10, STN+06, FSH+12]
and will be used for most of the following calculations. The laser coupling strength will
be set to the same value as the cavity coupling Ω = gcav. In Fig. 6.16, the target state
density (a) σbb,2 as a measure of the transfer and (b) the concurrence C as a measure of
the entanglement during the transfer is depicted for three different sets of parameters, as
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Figure 6.16.: Temporal evolution of the (a) target density σbb,2 and the (b) concurrence C
without dissipative processes (bold grey curve), with a finite photon loss rate
κ = 30 ns−1 (black curve) and with photon loss as well as radiative decay
Γr = 0.05 ns−1 (thin blue curve). For all calculations, the laser detuning is
set to ∆ab = ∆ = 25gcav and the cavity detuning is additionally scaled with
the photon decay rate ∆ac = ∆ + 2κ.

calculated with the FM. For all cases, the laser detuning is choosen as ∆ab = ∆ = 25gcav
and a cavity detuning is accordingly set to ∆ac = ∆ + 2κ. The grey curves represents the
ideal case, without photon- and excited state decay κ = Γr = 0. The black curves are the
results for a finite photon lifetime in the cavity κ = 30 ns−1 but still without radiative
decay. Compared with the ideal case, the degree of transfer and entanglement is slightly
reduced for the choosen detunings, reducing at each oscillation period. The first transfer,
(the occurrence for the ideal case is marked by the red line), however, is almost complete,
with a concurrence close to C ≈ 1. A even larger detuning will even improve the transfer
efficiency, but on the other hand also strongly increase the transfer time. Besides the fact,
that small transfer times are feasible, a slow population switch promotes the impact of
other decay processes. This effect is visible for the blue curves, where a radiative decay
Γr of the upper state is added. Although the radiative decay is small compared with the
photon loss rate Γr � κ, it has a strong effect on the efficiency of the transfer and therefore
the degree of entanglement. Since the influence of the radiative decay will become stronger,
the longer the transfer is taking, it can be of advantage, choosing a smaller detuning for
aiming at a shorter transfer time.
Note, that in contrast to the population transfer process for the single Λ-system, there are
still Rabi-oscillations occurring for the case with strong radiative decay. This is astonishing,
as the population switch here even requires a fourth order interaction process, and the
photon loss is even stronger compared with gcav. The reason is, as predicted by [IAB+99],
that there is no actual photon produced within the cavity, that could be exposed to this
cavity loss κ.
Further, as visible from the red lines, marking the transfer time point of maximum transfer
tmax in Fig. 6.16(a) or maximum concurrence Cmax 6.16(b), the transfer time is affected by
the dissipative processes. Therefore, the following considerations will focus on a balanced
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relationship of maximum transfer efficiency (concurrence) and maximum transfer time
under the influence of photon- and radiative decay. The tool to regulate these two values
are the laser- ∆ab and the cavity detuning ∆ac strengths.

6.5.1. Influence of photon decay and coupling strength on the concurrence

In order to particularly investigate the influence of the photon life time κ−1 (quality factor
Q) and the cavity coupling strength gcav on the entanglement, the concurrence C and
the transfer time tmax are calculated for varying cavity loss in Fig. 6.17(a) and (b). In
order to restrict tmax, the laser detuning is choosen to be ∆ab = ∆ = 9gcav. In order to
counteract the growing cavity loss, the cavity detuning is additionally varied simultaneously
∆ac = −(∆ + 2κ). The cavity couplings are given values between gcav = 12.57 1

ns and
gcav = 1.257 1

ns , both experimentally achievable values. As to be expected, the transfer
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Figure 6.17.: (a) Concurrence Cmax and (b) transfer time tmax as a function of the inverse
cavity photon lifetime κ. The evolution is calculated for four different cavity
coupling strengths between gcav = 19.1 1

ns and gcav = 1.91 1
ns . For all calcula-

tions, the laser detuning is set to ∆ab = ∆ = 9gcav and the cavity detuning
to ∆ac = −(∆ + 2κ). The coupling strengths are set to be equal Ω = gcav.

efficiency and therefore the concurrence C obtained, decreases with decreasing photon
lifetime κ−1. Simultaneously, the transfer time tmax grows. Further, there is also a strong
dependence on the cavity coupling strength gcav. For smaller gcav, the transfer time is
increased, leading to a higher impact of both, the photon decay, as well as the radiative
lifetime Γ−1. Further, the simultaneous tuning of ∆cav leads to higher entanglement times.
Such a variation of the cavity detuning with κ can be of advantage if aiming at inhibiting
the STIRAP resonance [cf. Eq. (6.48)]. However, as illustrated in Fig. 6.18 this simultaneous
tuning of κ can also be a disadvantage for smaller coupling parameters. For the stronger
cavity coupling (solid curves), the tuning of ∆ac together with κ is clearly of advantage
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Figure 6.18.: (a) Concurrence Cmax and (b) transfer time tmax as a function of the inverse
cavity photon lifetime κ. The evolution is calculated for two different cavity
coupling strengths gcav = 19.1 1

ns (solid curves) and gcav = 1.91 1
ns (dotted

curves). The laser detuning is again set to ∆ab = ∆ = 9gcav with Ω = gcav.
For each of the cavity couplings, the entanglement generation is calculated
for cavity detunings, scaling with ∆ac = −(∆ + {0κ, 2κ, 10κ}).

within a limited area between large and short photon life times κ−1. However, in the regime
of small κ, the tuning has a negative influence. The reason for that is, that the process is
still fast compared to κ. An increase of ∆ac only results in a longer entanglement time,
supporting the impact of the radiative decay. In the limit of large κ, the transfer time is
prolonged to such an extend, that the radiative dephasing starts to be dominating in all
three cases. For the smaller cavity coupling (dotted), this is the case from the beginning,
so that there is no advantage in proportionally tuning ∆ac with κ, Fig. 6.18(b). Here, it
is of most importance, that the process occurs as fast as possible in order to prevent the
action of Γ. This is of course only the case, as the initial detuning ∆ = 9gcav is already
choosen to be in a regime, where the entanglement process is still fast compared with the
radiative decay, yet already of a high degree.

6.5.2. The dependence of the entanglement generation on the detuning
strengths: - - The interplay between detuning and dissipative
processes

As already visible from the analytical model Eq. (6.48) and depicted in Fig. 6.14, the
cavity- and the laser detuning affect the entanglement generation in different ways. In Fig.
6.19, the concurrence Cmax and the entanglement time tmax are depicted as a function of
the frequency detuning. The black curves correspond to the variation of the laser detuning
∆ = ∆ab and the grey curves correspond to the variation of the cavity detuning ∆ = ∆ac.
The detuning, that is not varied in the respective case, is set to ∆ab/ac = 9gcav. The cal-
culations are executed for two different photon decays 30 1

ns (solid curves) and κ = 300 1
ns .
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Both currently accessible values for the proposed NV center photonic crystal cavity system
[ML08, WSK+10]. In agreement with the EM, the generation of entanglement requires
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Figure 6.19.: (a) Concurrence Cmax and (b) entanglement time tmax as a function of the
laser detuning ∆ = ∆ac (solid curves) and the cavity detuning ∆ = ∆ac

(dashed curves), each for two different photon decay rates κ = 30 1
ns (grey

curves) and κ = 300 1
ns (blue curves). In all cases, the cavity coupling strength

is gcav = 19.1 1
ns . While one detuning is varied, the other one is held at

∆ac = 9gcav + 2κ or ∆ab = 9gcav, respectively. For large enough detuning
strengths, the evolution of C is similar for both detunings. The transfer time
tmax shows a linear dependence on ∆ = ∆ac and a quadratic dependence on
∆ = ∆ab [See also Fid. 6.11].

a sufficiently large laser detuning, while the adiabatic population switch still works for
a vanishing cavity detunings. Although in both cases, the entanglement time grows with
increasing detuning strength ∆, it shows different functional dependencies. As predicted
by Eq. (6.48), the tmax shows a more parabolic behavior for the variation of ∆ab (black
curves), while the evolution of tmax with ∆ac exhibits a linear-like slope (grey curves) [See
also Fig. 6.11]. In both detuning cases and for both κ-strengths, the concurrence shows a
maximum at a certain detuning strength, which is due to the radiative decay Γ, becoming
important at higher transfer times tmax. For the two different κ, this maximum occurs at
different detunings, comparable with the value of the respective κ. For higher radiative
decay, the beneficial effect of a detuning stays dominant compared to the diminishing ef-
fect of the radiative decay as the realization of the effective subsystem is only given for a
sufficiently small overlap with the STIRAP resonance. Fig. 6.19 proves, that it is possible
to achieve a considerate entanglement between the NV centers, even in the case of the low
Q cavity. According to the photon life time and the excited states lifetime, the detunings
can be adjusted to a significant value of Cmax and a reasonable entanglement time tmax.
In order to study the robustness of the used entanglement scheme towards transition fre-
quency fluctuations, the entanglement generation is now investigated for a constant value
of |∆ab −∆ac|, i.e. at a fixed overall detuning strength in Fig. 6.20. In order to simulate
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Figure 6.20.: (a) Scheme of a Λ-system at detuned excitation conditions. A detuning in-
terval (grey area) is moved around the transitions. The laser frequency (red
arrow) is adjusted at the upper bound of the interval and the cavity frequency
blue arrow) is adjusted at the lower bound of the detuning interval. (b) Con-
currence achieved for two different κ = 30 1

ns (blue curve) and κ = 300 1
ns (grey

curve) at transfer times depicted in (c) as a function of the moving delta inter-
val ∆ ∈ [0, 18gcav + 4κ]. For better comparison of the results for the different
cavity losses, ∆ is normalized with the corresponding ∆offset = 9gcav + 2κ.

such fluctuations, a detuning interval of ∆ = [0, 18gcav + 2κ] is varied around the transi-
tion frequencies according to ∆ab = 18gcav + 2κ−∆ and ∆ac = −∆ as illustrated in Fig.
6.20(a). As apparent from Fig. 6.20(b), the entanglement generation is almost invariant
against a movement of the total delta interval, as long as the total detuning |∆ab −∆ac|
is held constant, i.e., the scheme is robust against fluctuations in the detuning strengths.
As previously pointed out, the concurrence is only affected, if the laser detuning becomes
small compared with the coupling strength ∆ < 5gcav = Ω. However, for the sake of small
transfer times it is of advantage, choosing a quite small laser detuning at the kink of the
curves [Fig. 6.19].

6.5.3. Conclusion

In conclusion, photonic crystal cavities and NV centers can be considered to be promis-
ing candidates for a deterministic entanglement generation between spatially distant NV
centers. Even at intermediate and weak coupling conditions, it is possible to achieve a
considerate entanglement at reasonable transfer times, overcoming short photon life times.
Further, the simple effective model serves as a reliable estimate for the interaction time
scales, that can be expected. This timescale, however must not be large compared with
the radiative lifetime of the excited state manifold. In contrast to previous models, an
asymmetric dependence on the laser and the cavity detuning is found. This prediction is
further confirmed by the results, that were gained using the full model.
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Ich bin zu Ende...
Wilhelm Müller

7
Conclusion and outlook

This thesis focuses on the theoretical solid state quantum optics and quantum control in
photonic and phononic structured environments.

For a phonon laser with a semiconductor QD to serve as the active medium, which is
coupled to an acoustic phonon cavity and driven by an optical laser field, the phonon emis-
sion dynamics is investigated on the basis of the higher order phonon-phonon correlations.
Employing an equation of motion approach, transition of the phonon system state can
be accessed via the higher order phonon coherences. Within a detuned optical excitation
scheme, the internal cavity-phonon statistics are controlled from thermal and coherent
to non-classical statistics. For more convenient considerations, an effective Hamiltonian
approach of the stationary phonon laser yields simple analytical formulas for the input-
output relations and the threshold behavior. An analysis of the different emission regimes
predicts among others beneficial effects on phonon lasing for intermediate dephasing of
the QD dipole transition. As the induced Raman process addressed with the frequency
detuned external laser selects an effective inverse Jaynes-Cummings model, the radiative
decay serves therefore as a natural pump of the effective upper laser level and establishes
a beneficial process. Further, low phonon life times or weak radiative decay rates can also
result in a stable non-classical emission statistics. Future studies could involve the inclu-
sion of dissipative processes already on the basis of an effective Hamiltonian, as could be
performed within a projection operator approach in Liouville-space or using an equation of
motion approach to investigate other beneficial dissipative regimes for phonon lasing. In-
teresting could also be the consideration of feedback from the surroundings, implemented
either on the basis of additional Lindblad-terms containing the phonon number of the
external reservoir, or even a full multi-mode description with a time-delayed feedback of
phonon-population. Furthermore, a detailed derivation of possible experimental signatures
need to be employed to provide a proposal for experimental set-ups to investigate phonon
laser dynamics as e.g. in the spectrum or in a detection of the phonon phase space.
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Regarding the time-resolved emission spectrum in the high driving regime, a variety of
accompanying LO-phonon features is investigated. In difference to atomic systems, the
microscopic model reveals additional phonon assisted LO-phonon sidebands that appear
in the fluorescence and the scattering contribution of the spectrum. These polaron fea-
tures and the light induced multi-phonon processes demand a theoretical treatment of the
phonon system, which is beyond the usual bath assumptions. For stationary pulses in the
Mollow-regime, the spectrum exhibits additional phonon-assisted (also higher order) Mol-
low triplets. For Rabi-frequencies in the range of an LO-phonon frequency, anti-crossing
between the Mollow-sidebands and the Mollow centers appear, which go with the effective
electron-phonon coupling strength. Further, the phonon assisted Mollow-centers split into
two lines, also with a splitting strength proportional to the electron-phonon coupling. The
time resolved spectrum shows additional interference effects due to the spectral and tem-
poral width of the laser pulse, as well as temporal asymmetries of the emission intensities
of the Rabi-sidebands. Also for short excitation pulses, phonon-related anti-crossings and
splittings occur, strongly changing the time-resolved spectrum in the high driving regime,
towards the situation without electron-phonon interaction.
As an application of this time-resolved microscopic model and in collaboration with Stefan
Werner et al., it was theoretically and experimentally found, that the emission dynamics
of a multi-level QD, here modeled as a V-type semiconductor QD, clearly depends on the
spectral position of the exciting laser. A future project in this direction would involve also
the acoustical phonon contributions and the derivation of an effective theoretical model to
treat the many-mode phonon field in non-equilibrium conditions.

In the final part of the thesis, a fully quantized approach is applied to describe a time
delayed feedback mechanism in the quantum limit. The inclusion of photon-photon de-
lay effects into the Jaynes-Cummings model restores Rabi oscillations even in the weak
coupling regime. Here, the photonic tunnel exchange rate together with the action of the
emitter serves as an excitation storage and realizes a constant number of cavity excitation.
This allows feedback enhanced Rabi oscillations, that reveal in the very weak coupling
limit the microscopic coupling element in the long time limes.
Further, as an example of coherent quantum control in the solid state, the generation of
entanglement between radiatively coupled nitrogen-vacancy (NV) centers is proven to be
possible, even at strong cavity loss rates. The calculations are based on an effective an-
alytical treatment and are complemented with a full quantum mechanical description of
two coupled three-level systems, that involves the cavity mediated interaction between the
NV-centers. It is shown that photonic crystal cavities and NV centers can be considered
to be promising candidates for a deterministic entanglement generation between spatially
distant NV centers. This is true, even at intermediate and weak coupling conditions, since
it is possible to achieve a considerate entanglement at reasonable transfer times, overcom-
ing short photon life times. In contrast to previous models, a counterintuitive asymmetry
towards the detuning of frequencies is predicted. This prediction is further confirmed by
the results, that were gained using the full model.
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A.1. Parameters of an InGaAs/GaAs-QD

Aus [Web02] und [LWWK07]

Parameter Character Value Unit
Mass density ρ 5370 kg/m3

Sound velocity v 5110 m/s
Deformation potential (CB) Dc -14.6 eV
Deformation potential (VB) Dv -4.8 eV
Effektive Mass (CB) m∗c 0.067 m0

Effektive Mass (VB) m∗v 0.45 m0

LO-phonon energy ~ωLO 36.4 meV
Width of wavefunction (CB) ac 3.19 nm
Width of wavefunction (VB) av 5.8 nm

A.2. Jaynes-Cummings-model

The equations of motion for the JCM Eq. (2.30) according to Eq. (2.38) read for resonance
between cavity and emitter:

Ċ(0|0) = 2Im
(
gP (0|0)

)
= −Ṅ (1|1), (A.1)

Ṗ (0|0) = −igC(0|0) − ig
(
2C(1|1) −N (1|1)

)
, (A.2)

Assuming an initially empty cavity, the equations can be simplified to:

Ṙ(0|0) = −4Im
(
gP (0|0)

)
, (A.3)

Ṗ (0|0) = igR(0|0), (A.4)
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where R(0|0) ≡ N (0|0)−C(0|0) is the negative inversion. This results just in a simple second
order differential equation for R, that is (for R(t = 0) = −1) solved via:

R(t) = − cos(2gt). (A.5)

A.3. Equations for the emission spectrum of a quantum dot

d

dt
〈V (k|0)

(n|m)〉 = i[(n−m)ωLO + (1− δk|0)(ωk − ωl) + i(n+m)κ]〈V (k|0)
(n|m)〉

− (1− δk|0)i
(
M〈P (0|0)

m|n 〉)
)∗

+ δk|0‖i
∑
k̄

M〈P (k̄|0)
(n|m)〉 − δk|0i

∑
k̄

(
M〈P (k̄|0)

(m|n)〉
)∗

+ iΩ̃(t)〈P (k|0)
(n|m)〉 − i

(
Ω̃(t)〈P (0|k)

(m|n)〉
)∗
, (A.6)

d

dt
〈C(k|0)

(n|m)〉 = i[(n−m)ωLO + (1− δk|0)(ωk − ωl) + i(n+m)κ]〈C(k|0)
(n|m)〉

− δk|0‖i
∑
k̄

M〈P (k̄|0)
(n|m)〉+ δk|0i

∑
k̄

(
M〈P (k̄|0)

(m|n)〉
)∗

− iΩ̃(t)〈P (k|0)
(n|m)〉+ i

(
Ω̃(t)〈P (0|k)

(m|n)〉
)∗

+ (1− δn|0)n ig2〈C(k|0)
(n−1|m)〉

− (1− δm|0)m ig2〈C(k|0)
(n|m−1)〉, (A.7)

d

dt
〈P (k|0)

(n|m)〉 = −i[ωcv − (n−m)ωLO + i(n+m)κ]〈P (k|0)
(n|m)〉

+ i[(1− δk|0)(ωk + ωl)− iγ]〈P (k|0)
(n|m)〉

− (1− δk|0)iM∗〈C(0|0)
n|m 〉

− δk|0‖i
∑
k̄

M∗(〈C(0|k̄)
(n|m)〉 − 〈V

(0|k̄)
(n|m)〉)

− iΩ̃(t)(〈C(k|0)
(n|m)〉 − 〈V

(k|0)
(n|m)〉)−

− i〈P (k|0)
(n|m+1)〉+ − i〈P

(k|0)
(n+1|m)〉

− (1− δm|0)m ig2〈P (k|0)
(n|m−1)〉. (A.8)
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A.4. Quantum regression theorem

Two-time correlations, such as in Eq. (4.26) can be calculated using the quantum regression
formula [BP02, Car99]. If for a system of operators {Oα} it applies:

d

dt
〈Oα(t)〉 = Tr

[
Oα(Lρ(t))

]
≡ Tr

[
(L†Oα)ρ(t)

]
=
∑
β

Gαβ〈Oβ(t)〉, (A.9)

i.e. it is a system of linear differential equations, the same set of equations apply for the
two time correlators:

d

dτ
〈Oµ(t)Oα(t+ τ)〉 = Tr

[
(L†Oα)U(t+ τ, t)Oµρ(t)

]
=

∑
β

Gαβ〈Oµ(t)Oβ(t+ τ)〉, (A.10)

With σ ≡ |v〉〈c|, Eq. (4.29) becomes:

d

dτ
〈σ†(t)Onmij (t+ τ)〉 =

∑
rp

Gnm,rpijcc 〈σ
†(t)C(r|p)(t+ τ)〉

+
∑
rp

Gnm,rpijvv 〈σ
†(t)V (r|p)(t+ τ)〉

+
∑
rp

Gnm,rpijvc 〈σ
†(t)P (r|p)(t+ τ)〉

+
∑
rp

Gnm,rpijcv 〈σ
†(t)P̄ (r|p)(t+ τ)〉. (A.11)

The only non vanishing elements of the regression matrix are given by:

Gnm,nmvv,vv = χ
(n|m)
N , Gnm,nmcc,cc = χ

(n|m)
C , Gnm,nmvc,vc = χ

(n|m)
P ,

Gnm,nmcv,cv = χ
(m|n)∗
P , Gnm,nmvv,cc = 2Γr,

Gnm,nmvv,vc = iΩ, Gnm,nmvv,cv = −iΩ, Gnm,nmcc,vc = −iΩ, Gnm,nmvv,cv = iΩ,

Gnm,nmvc,vv = iΩ, Gnm,nmvc,cc = −iΩ, Gnm,nmcv,vv = −iΩ, Gnm,nmcv,cc = iΩ,

Gnm,n−1m
cc,cc = ing, Gnm,nm−1

cc,cc = −img, Gnm,nm−1
vc,vc = −img,

Gnm,n−1m
cv,cv = ing, Gnm,nm+1

vc,vc = −ig, Gnm,n+1m
vc,vc = −ig, (A.12)

with the prefactors χ defined as in (3.29)-(3.32).
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A.5. Coherent population transfer

For a Λ-system interacting with two classical external laser fields

H0 = ~ωa|a〉〈a|~ωb|b〉〈b|+ ~ωc|a〉〈c|, (A.13)
HI = ~

[
Ω1(t)|b〉〈a|eiω1t + Ω2(t)|c〉〈a|eiω2t] +H.c., (A.14)

a coherence between the lower levels |b〉 → |a〉 can be created for a coherent population
transfer [SZ97]:

ρ̇cb = −(iωcb + γcb)ρcb − Ω1e
−iω1tρca + Ω2e

iω2tρab, (A.15)
ρ̇ac = −(iωac + γac)ρac − Ω2e

iω2t[ρaa − ρcc] + Ω1e
−iω1tρbc, (A.16)

ρ̇ab = −(iωab + γab)ρab − Ω1e
−iω1t[ρaa − ρbb] + Ω2e

−ω2tρcb, (A.17)
ρ̇bb = −γbρbb − iΩ1ρabe

−iω1t + iΩ1ρ
iω1t
ba , (A.18)

ρ̇cc = −γcρcc − iΩ2ρ
−iω2t
ac + iΩ2ρ

iω2t
ca , (A.19)

ρ̇aa = −γaρcc − iΩ2ρ
−iω2t
ac + iΩ2ρ

iω2t
ca − iΩ1ρabe

−iω1t + iΩ1ρ
iω1t
ba (A.20)

In contrast to Eqs. (6.5)-(6.10), these equations are symmetric with respect to the two
interactions.

A.6. Effective coupling between two Λ-systems

In Fig. 6.11, the interaction time for a population switch between two Λ-systems is depicted
for the findings of Eq. (6.48), reviewing the analytical results of Ref. [IAB+99]:

g1−2
eff =

g1
effg

2
eff

∆1
ab −∆2

ac

, (A.21)

with gieff =
gicavΩi

2(∆i
ab + ∆i

ac)
. (A.22)

Similar to Eq. (6.48), the effective coupling is sensitive to the Raman resonance ∆1
ab−∆2

ac.
For the coherent population switch, this process has to be inhibited. However, it predicts
an equal sensitivity towards the laser- and the cavity detuning. This is not the case in Eq.
(6.48), where the cavity detuning alone is not important to the process.

A.6.1. Cavity-coupling

The cavity-emitter coupling for the NV center sitting at a field maximum of a photonic
crystal cavity is calculated as:

gcav =

√
dωF

4Qτ
= 19.1 ns−1, (A.23)
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where Q is the quality-, F the Purcell factor, τ the lifetime of excited state density and d
the Debye-Waller factor. ω is the frequency of the NV centers optical transition frequency.

v



A. Appendix

vi



Bibliography

[ADG90] Agarwal, G. S. ; Dutta Gupta, S.: Steady states in cavity QED due to
incoherent pumping. In: Phys. Rev. A 42 (1990), Aug, S. 1737–1741

[AE75] Allen, L. ; Eberly, J.H.: Optical resonance and two level atoms. Dover,
1975

[AGR+82] Aspect, Alain ; Grangier, Philippe ; Roger, Gerard u. a.: Experimental
realization of Einstein-Podolsky-Rosen-Bohm Gedankenexperiment: a new vi-
olation of Bell’s inequalities. In: Physical review letters 49 (1982), Nr. 2, S.
91–94

[AHK99] Axt, V. M. ; Herbst, M. ; Kuhn, T.: Coherent control of phonon quantum
beats. In: Superlattices and Microstructures 26 (1999), Nr. 2, S. 117 – 128

[AHR+11] Albert, Ferdinand ; Hopfmann, Caspar ; Reitzenstein, Stephan ;
Schneider, Christian ; Höfling, Sven ; Worschech, Lukas ; Kamp, Mar-
tin ; Kinzel, Wolfgang ; Forchel, Alfred ; Kanter, Ido: Observing chaos
for quantum-dot microlasers with external feedback. In: Nature Communica-
tions 2 (2011), S. 366

[AMK07] Ahn, K. J. ; Milde, F. ; Knorr, A.: Phonon-Wave-Induced Resonance
Fluorescence in Semiconductor Nanostructures: Acoustoluminescence in the
Terahertz Range. In: Phys. Rev. Lett. 98 (2007), Nr. 2, S. 027401

[AR13] Auffeves, Alexia ; Richard, Maxime: Single shot quantum non-demolition
readout with a hybrid opto-mechanical transducer. In: arXiv preprint
arXiv:1305.4252 (2013)

[BAHK10] Beardsley, R. P. ; Akimov, A. V. ; Henini, M. ; Kent, A. J.: Coherent
Terahertz Sound Amplification and Spectral Line Narrowing in a Stark Ladder
Superlattice. In: Phys. Rev. Lett. 104 (2010), Feb, S. 085501

[BCFM88] Buffa, R. ; Cavalieri, S. ; Fini, L ; Matera, M: Resonance Fluorescence
of a two-level atom driven by short laser pulse: extension to the off-resonance
excitation. In: J. Phys. B 21 (1988), Jul, S. 329

[BCR+12] Bernien, Hannes ; Childress, Lilian ; Robledo, Lucio ; Markham,
Matthew ; Twitchen, Daniel ; Hanson, Ronald: Two-Photon Quantum
Interference from Separate Nitrogen Vacancy Centers in Diamond. In: Phys.
Rev. Lett. 108 (2012), Jan, S. 043604

vii



Bibliography

[BHP+13] Bernien, H ; Hensen, B ; Pfaff, W ; Koolstra, G ; Blok, MS ; Rob-
ledo, L ; Taminiau, TH ; Markham, M ; Twitchen, DJ ; Childress, L
u. a.: Heralded entanglement between solid-state qubits separated by three
metres. In: Nature 497 (2013), Nr. 7447, S. 86–90

[BIZR00] Biolatti, E. ; Iotti, R. C. ; Zanardi, P. ; Rossi, F.: Quantum Information
Processing with Semiconductor Macroatoms. In: Phys. Rev. Lett 85 (2000),
Nr. 26, S. 5647

[BJS+07] Beaud, P. ; Johnson, S. L. ; Streun, A. ; Abela, R. ; Abramsohn, D. ;
Grolimund, D. ; Krasniqi, F. ; Schmidt, T. ; Schlott, V. ; Ingold, G.:
Spatiotemporal Stability of a Femtosecond Hard–X-Ray Undulator Source
Studied by Control of Coherent Optical Phonons. In: Phys. Rev. Lett. 99
(2007), Oct, Nr. 17, S. 174801

[BLS+01] Borri, Paola ; Langbein, Wolfgang ; Schneider, Stephan ; Woggon,
Ulrike ; Sellin, Roman L. ; Ouyang, Dongxun ; Bimberg, Dieter: Ultralong
Dephasing Time in InGaAs Quantum Dots. In: Phys. Rev. Lett. 87 (2001),
Sep, Nr. 15, S. 157401

[BNT+09] Balasubramanian, Gopalakrishnan ; Neumann, Philipp ; Twitchen,
Daniel ; Markham, Matthew ; Kolesov, Roman ; Mizuochi, Norikazu
; Isoya, Junichi ; Achard, Jocelyn ; Beck, Johannes ; Tissler, Julia u. a.:
Ultralong spin coherence time in isotopically engineered diamond. In: Nature
materials 8 (2009), Nr. 5, S. 383–387

[BP02] Breuer, H.-P. ; Petruccione, F.: The Theory of Open Quantum Systems.
Oxford : Oxford University Press, 2002

[BPM07] Brion, E ; Pedersen, L H. ; MÃÂ¸lmer, K: Adiabatic elimination in a
lambda system. In: Journal of Physics A: Mathematical and Theoretical 40
(2007), Nr. 5, S. 1033

[BR12] Blatt, Rainer ; Roos, CF: Quantum simulations with trapped ions. In:
Nature Physics 8 (2012), Nr. 4, S. 277–284

[BSL+09] Bimberg, D. ; Stock, E. ; Lochmann, A. ; Schliwa, A. ; Tofflinger,
J.A. ; Unrau, W. ;Munnix, M. ; Rodt, S. ; Haisler, V.A. ; Toropov, A.I.
; Bakarov, A. ; Kalagin, A.K.: Quantum Dots for Single- and Entangled-
Photon Emitters. In: IEEE Photonics J. 1 (2009), June, Nr. 1, S. 58–68

[BTS98] Bergmann, K. ; Theuer, H. ; Shore, B. W.: Coherent population transfer
among quantum states of atoms and molecules. In: Rev. Mod. Phys. 70 (1998),
Jul, Nr. 3, S. 1003–1025

[C. 93] C. Ginzel, H.J. Briegel, U. Martinin, B.-G. Englert, and A. Schen-
zle: In: Phys. Rev. A 48 (1993), 732 S.

viii



Bibliography

[Car99] Carmichael, H.J.: Statistical Methods in Quantum Optics 1 - Master Equa-
tion and Fokker-Planck Equations. Springer, Berlin Heidelberg New York,
1999

[Car02] Carmichael, H.J.: Statistical Methods in Quantum Optics 1 - Master Equa-
tion and Fokker-Planck Equations. Springer, Berlin Heidelberg New York,
2002

[CFC+10] Chernikov, Alexej ; Feldtmann, Thomas ; Chatterjee, Sangam ; Koch,
Martin ; Kira, Mackillo ; Koch, Stephan W.: Time-resolved phonon-
sideband spectroscopy. In: Solid State Communications 150 (2010), Nr. 37-38,
S. 1733 – 1736

[CK03] Chen, Jing ; Khurgin, J.B.: Feasibility analysis of phonon lasers. In: IEEE
39 (2003), Apr, Nr. 4, S. 600

[CKJ+11] Camerer, Stephan ; Korppi, Maria ; Jöckel, Andreas ; Hunger, David ;
Hänsch, Theodor W. ; Treutlein, Philipp: Realization of an optomechan-
ical interface between ultracold atoms and a membrane. In: Physical Review
Letters 107 (2011), Nr. 22, S. 223001

[CKM02] Chen, J. ;Khurgin, B. ;Merlin, R.: Stimulated-emission-induced enhance-
ment of the decay rate of longitudinal optical phonons in iii-v semiconductors.
In: Appl. Phys. Lett. 80 (2002), S. 233

[CKR09] Carmele, A. ; Knorr, A. ; Richter, M.: Photon statistics as a probe for
exciton correlations in coupled nanostructures. In: Phys. Rev. B 79 (2009),
Jan, Nr. 3, S. 035316

[CKS+13] Carmele, Alexander ; Kabuss, Julia ; Schulze, Franz ; Reitzenstein,
Stephan ; Knorr, Andreas: Single Photon Delayed Feedback: A Way to
Stabilize Intrinsic Quantum Cavity Electrodynamics. In: Phys. Rev. Lett. 110
(2013), Jan, S. 013601

[CM87] Cook, R. J. ; Milonni, P. W.: Quantum theory of an atom near partially
reflecting walls. In: Phys. Rev. A 35 (1987), Jun, S. 5081–5087

[CMPFT01] Camps, I. ; Makler, S. S. ; Pastawski, H. M. ; Foa Torres, L. E. F.:
GaAs−AlxGa1−xAs double-barrier heterostructure phonon laser: A full quan-
tum treatment. In: Phys. Rev. B 64 (2001), Sep, S. 125311

[CRCK10] Carmele, Alexander ; Richter, Marten ; Chow, Weng W. ; Knorr, An-
dreas: Antibunching of Thermal Radiation by a Room-Temperature Phonon
Bath: A Numerically Solvable Model for a Strongly Interacting Light-Matter-
Reservoir System. In: Phys. Rev. Lett. 104 (2010), Apr, Nr. 15, S. 156801

[CT92] Cohen-Tannoudji, C.: Atom-Photon-Interactions. John Wiley & Sons, Inc.,
1992

ix



Bibliography

[Czy00] Czycholl, Gerd: Theoretische Festkörperphysik. Vieweg, 2000

[DMR+10] Dachner, Matthias-René ; Malic, Ermin ; Richter, Marten ; Carmele,
Alexander ; Kabuss, Julia ; Wilms, Alexander ; Kim, Jeong-Eun ; Hart-
mann, Gregor ; Wolters, Janik ; Bandelow, Uwe ; Knorr, Andreas:
Theory of carrier and photon dynamics in quantum dot light emitters. In:
Phys. Status Solidi B 247 (2010), Nr. 4, S. 809–828

[DRB+10] Dubin, F. ; Russo, C. ; Barros, H. G. ; Stute, A. ; Becher, C. ; Schmidt,
P. O. ; Blatt, R.: Quantum to classical transition in a single-ion laser. In:
Nature Phys. 6 (2010), May, S. 350

[DZ02] Dorner, U ; Zoller, P: Laser-driven atoms in half-cavities. In: Physical
Review A 66 (2002), Nr. 2, S. 023816

[EW77] Eberly, J. H. ; Wodkievicz, K.: The time-dependent physical spectrum of
light. In: J. Opt. Soc. A. 67 (1977), S. 1252

[FL02] Fleischhauer, M. ; Lukin, M. D.: Quantum memory for photons: Dark-
state polaritons. In: Phys. Rev. A 65 (2002), Jan, S. 022314

[FLKJP13] Fainstein, A. ; Lanzillotti-Kimura, N. D. ; Jusserand, B. ; Perrin,
B.: Strong Optical-Mechanical Coupling in a Vertical GaAs/AlAs Microcavity
for Subterahertz Phonons and Near-Infrared Light. In: Phys. Rev. Lett. 110
(2013), Jan, S. 037403

[Fri96] Fricke, Jens: Transport Equations Including Many-Particle Correlations for
an Arbitrary Quantum System: A General Formalism. In: Ann. Phys. 252
(1996), S. 479–498

[FRZ85] Florjaczyk, Mirosl/aw ;Rzaewski, Kazimierz ; Zakrzewski, Jakub: Res-
onance scattering of a short laser pulse on a two-level system: Time-dependent
approach. In: Phys. Rev. A 31 (1985), Mar, S. 1558–1562

[FSH+12] Faraon, Andrei ; Santori, Charles ;Huang, Zhihong ;Acosta, Victor M. ;
Beausoleil, Raymond G.: Coupling of nitrogen-vacancy centers to photonic
crystal cavities in monocrystalline diamond. In: Physical Review Letters 109
(2012), Nr. 3, S. 033604

[FWDK03] Förstner, J. ;Weber, C. ;Danckwerts, J. ;Knorr, A.: Phonon-Assisted
Damping of Rabi Oscillations in Semiconductor Quantum Dots. In: Phys. Rev.
Lett. 91 (2003), Sep, Nr. 12, S. 127401

[Gar11] Gartner, Paul: Two-level laser: Analytical results and the laser transition.
In: Phys. Rev. A 84 (2011), Nov, S. 053804

[GHV+09] Gröblacher, Simon ; Hertzberg, Jared B. ; Vanner, Michael R. ; Cole,
Garrett D. ; Gigan, Sylvain ; Schwab, KC ; Aspelmeyer, Markus: Demon-
stration of an ultracold micro-optomechanical oscillator in a cryogenic cavity.
In: Nature Physics 5 (2009), Nr. 7, S. 485–488

x



Bibliography

[Gla63] Glauber, R.J.: The Quantum Theory of Optical Coherence. In: Phys.Rev.
130 (1963), Nr. 6, S. 2529–2539

[GLPV10] Grudinin, Ivan S. ; Lee, Hansuek ; Painter, O. ;Vahala, Kerry J.: Phonon
Laser Action in a Tunable Two-Level System. In: Phys. Rev. Lett. 104 (2010),
Feb, Nr. 8, S. 083901

[GMM+06] Gambetta, A ; Manzoni, C ; Menna, E ; Meneghetti, M ; Cerullo, G ;
Lanzani, G ; Tretiak, S ; Piryatinski, A ; Saxena, A ; Martin, RL u. a.:
Real-time observation of nonlinear coherent phonon dynamics in single-walled
carbon nanotubes. In: Nature Physics 2 (2006), Nr. 8, S. 515–520

[GTVC+10] Gonzalez-Tuleda, A. ; Valle, E. del ; Cancellieri, E. ; Tejedor, C.
; Sanvitto, D. ; Laussy, F. P.: Resonance fluorescence of semiconductor
quantum dots: Signatures of the electron-phonon interaction. In: Phys. Rev.
B 71 (2010), Nr. 15, S. 153309

[HA08] Hanson, Ronald ; Awschalom, David D.: Coherent manipulation of single
spins in semiconductors. In: Nature 453 (2008), Nr. 7198, S. 1043–1049

[Hak79] Haken, Hermann: Licht und Materie. Bd. 1. Mannheim : B.I. Wis-
senschaftsverlag, 1979

[Hak93] Haken, Hermann: Quantenfeldtheorie des Festkörpers. Teubner, 1993

[Hak94] Haken, Hermann: Licht und Materie. Bd. 2. 2. Auflage. Mannheim : B.I.
Wissenschaftsverlag, 1994

[Hau70] Haug, Albert: Theoretische Festkörperphysik II. Vienna : Franz Deuticke,
1970

[Hau04] Haug, Albert: Quantum Theory of the Optical and Electronic Properties of
Semiconductors. Bd. 4. World Scientific, Singapore, 2004

[HBG+01] Heitz, R. ; Born, H. ; Guffarth, F. ; Stier, O. ; Schliwa, A. ; Hoff-
mann, A. ; Bimberg, D.: Existence of a phonon bottleneck for excitons in
quantum dots. In: Phys. Rev. B 64 (2001), Nov, Nr. 24, S. 241305

[HBW+07] Hennessy, K. ; Badolato, A. ; Winger, M. ; Gerace, D. ; Atature, M.
; Gulde, S. ; Falt, S. ; Hu, E. L. ; Imamoglu, A.: Quantum nature of a
strongly coupled single quantum dot-cavity system. In: Nature 445 (2007),
feb, Nr. 7130, S. 896–899

[HDY+11] Heiligenthal, Sven ; Dahms, Thomas ; Yanchuk, Serhiy ; Jüngling,
Thomas ; Flunkert, Valentin ; Kanter, Ido ; Schöll, Eckehard ; Kinzel,
Wolfgang: Strong and Weak Chaos in Nonlinear Networks with Time-Delayed
Couplings. In: Phys. Rev. Lett. 107 (2011), Nov, S. 234102

xi



Bibliography

[HGL+95] Heitz, R. ; Grundmann, M. ; Ledentsov, N. N. ; Eckey, L. ; Veit, M. ;
Bimberg, D. ; Ustinov, V. M. ; Egorov, A. Y. ; Zhukov, A. E. ; Kopev,
P. S. ; ; Alferov, Zh. I.: Multiphonon-relaxation processes in self-organized
InAs/GaAs quantum dots. In: Appl. Phys. Lett 62 (1995), S. 116716

[HK94] Haug, Hartmut ; Koch, Stephan W.: Quantum Theory of the Optical and
Electronic Properties of Semiconductors. Singapore : World Scientific, 1994

[HMS+99] Heitz, R. ; Mukhametzhanov, I. ; Stier, O. ; Madhukar, A. ; Bimberg,
D.: Enhanced Polar Exciton-LO-Phonon Interaction in Quantum Dots. In:
Phys. Rev. Lett. 83 (1999), Nr. 22, S. 4654–4657

[Hoh10] Hohenester, Ulrich: Cavity quantum electrodynamics with semiconductor
quantum dots: Role of phonon-assisted cavity feeding. In: Phys. Rev. B 81
(2010), Apr, Nr. 15, S. 155303

[HR50] Huang, Kun ; Rhys, Avril: Theory of Light Absorption and Non-Radiative
Transitions in F- Centres. In: Proc R Soc A 204 (1950), Dec, S. 1078

[HSM+00] Heitz, R. ; Stier, O. ; Mukhametzhanov, I. ; Madhukar, A. ; Bimberg,
D.: Quantum size effect in self-organized InAs/GaAs quantum dots. In: Phys.
Rev. B 62 (2000), Nr. 16, S. 11017

[IAB+99] Imamoglu, A. ; Awschalom, D. D. ; Burkard, G. ; DiVincenzo, D. P.
; Loss, D. ; Sherwin, M. ; Small, A.: Quantum Information Processing
Using Quantum Dot Spins and Cavity QED. In: Phys. Rev. Lett. 83 (1999),
Nov, S. 4204–4207

[JH11] Jaritz, G. ; Hohenester, U.: Controlled cavity-assisted generation of single
and entangled photons in semiconductor quantum dots. In: The European
Physical Journal B 82 (2011), Nr. 1, S. 29–35

[JLR+09] Jiang, Xiaoshun ; Lin, Qiang ; Rosenberg, Jessie ; Vahala, Kerry ;
Painter, Oskar: High-Q double-disk microcavities for cavity optomechan-
ics. In: Optics Express 17 (2009), Nr. 23, S. 20911–20919

[KAK02] Krummheuer, B. ; Axt, V. M. ; Kuhn, T.: Theory of pure dephasing and
the resulting absorption line shape in semiconductor quantum dots. In: Phys.
Rev. B 65 (2002), Nr. 19, S. 195313

[KBP+13] Kepesidis, KV ; Bennett, SD ; Portolan, S ; Lukin, MD ; Rabl, P:
Phonon cooling and lasing with nitrogen-vacancy centers in diamond. In:
Physical Review B 88 (2013), Nr. 6, S. 064105

[KCBK12] Kabuss, Julia ; Carmele, Alexander ; Brandes, Tobias ; Knorr, Andreas:
Optically Driven Quantum Dots as Source of Coherent Cavity Phonons: A
Proposal for a Phonon Laser Scheme. In: Phys. Rev. Lett. 109 (2012), Jul, S.
054301

xii



Bibliography

[KCK13] Kabuss, Julia ; Carmele, Alexander ; Knorr, Andreas: Threshold behav-
ior and operating regimes of an optically driven phonon laser: Semiclassical
theory. In: Phys. Rev. B 88 (2013), Aug, S. 064305

[KCR+11] Kabuss, Julia ; Carmele, Alexander ; Richter, Marten ; Chow, Weng W.
; Knorr: Inductive equation of motion approach for a semiconductor QD-
QED: Coherence induced control of photon statistics. In: Phys. Status Solidi
b 248 (2011), Apr, Nr. 4, S. 872–878

[KCRK11] Kabuss, Julia ; Carmele, Alexander ; Richter, Marten ;Knorr, Andreas:
Microscopic equation-of-motion approach to the multiphonon assisted quan-
tum emission of a semiconductor quantum dot. In: Phys. Rev. B 84 (2011),
Sep, S. 125324

[KGK+06] Khitrova, G. ; Gibbs, H. M. ; Kira, M. ; Koch, S. W. ; Scherer, A.:
Vacuum Rabi splitting in semiconductors. In: Nat. Phys. 2 (2006), S. 81–90

[KJHK99] Kira, M. ; Jahnke, F. ; Hoyer, W. ; Koch, S. W.: Quantum theory of
spontaneous emission and coherent effects in semiconductor microstructures.
In: Prog. Quantum Electron. 23 (1999), S. 189–279

[KK06] Kira, M. ; Koch, S.W.: Many-body correlations and excitonic effects in
semiconductor spectroscopy. In: Prog. Quantum Electron. 30 (2006), Nr. 5, S.
155–296

[KK08] Kira, M. ; Koch, S.W.: Cluster-expansion representation in quantum optics.
In: Phys. Rev. A 78 (2008), S. 022102

[KK11] Kira, Mackillo ; Koch, Stephan W.: Semiconductor quantum optics. Cam-
bridge University Press, 2011

[KPSR12] Khurgin, J. B. ; Pruessner, M. W. ; Stievater, T. H. ; Rabinovich,
W. S.: Laser-Rate-Equation Description of Optomechanical Oscillators. In:
Phys. Rev. Lett. 108 (2012), May, S. 223904

[KR10] Kabuss, J. ; Richter, M.: Theory of light scattering from semiconductor
quantum dots: Excitation frequency dependent emission dynamics. In: Phys.
Rev. B 81 (2010), Feb, Nr. 7, S. 075314

[KV07] Kippenberg, Tobias J. ; Vahala, Kerry J.: Cavity opto-mechanics. In:
Optics Express 15 (2007), Nr. 25, S. 17172–17205

[KV08] Kippenberg, TJ ; Vahala, KJ: Cavity optomechanics: back-action at the
mesoscale. In: science 321 (2008), Nr. 5893, S. 1172–1176

[KWH+10] Kabuss, Julia ; Werner, Stefan ; Hoffmann, Axel ; Hildebrandt, Pe-
ter ; Knorr, Andreas ; Richter, Marten: Theory of time-resolved Raman
scattering and fluorescence emission from semiconductor quantum dots. In:
Phys. Rev. B 81 (2010), Feb, Nr. 7, S. 075314

xiii



Bibliography

[LFJTM04] Lacharmoise, P. ; Fainstein, A. ; Jusserand, B. ; Thierry-Mieg, V.:
Optical cavity enhancement of light-sound ineraction in acoustic phonon cav-
ities. In: Appl. Phys. Lett. 84 (2004), April, Nr. 17, S. 3274

[LHVB+09] Laucht, A. ; Hauke, N. ; Villas-Bôas, J. M. ; Hofbauer, F. ; Böhm, G.
; Kaniber, M. ; Finley, J. J.: Dephasing of Exciton Polaritons in Photoex-
cited InGaAs Quantum Dots in GaAs Nanocavities. In: Phys. Rev. Lett. 103
(2009), Aug, S. 087405

[LK80] Lang, Roy ; Kobayashi, Kohroh: External optical feedback effects on semi-
conductor injection laser properties. In: Quantum Electronics, IEEE Journal
of 16 (1980), Nr. 3, S. 347–355

[LKFBJ07] Lanzillotti-Kimura, N. D. ; Fainstein, A. ; Balseiro, C. A. ;
Jusserand, B.: Phonon engineering with acoustic nanocavities: Theoreti-
cal considerations on phonon molecules, band structures, and acoustic Bloch
oscillations. In: Phys. Rev. B 75 (2007), Jan, S. 024301

[Lou73] Louisell, W. H.: Quantum Statistical Properties of Radiation. Wiley, 1973

[Lou90] Louisell, W. H.: Quantum Statistical Properties of Radiation. Wiley, 1990

[LSW+03] Liu, HC ; Song, CY ; Wasilewski, ZR ; SpringThorpe, AJ ; Cao, JC ;
Dharma-Wardana, C ; Aers, GC ; Lockwood, DJ ;Gupta, JA: Coupled
electron-phonon modes in optically pumped resonant intersubband lasers. In:
Physical review letters 90 (2003), Nr. 7, S. 077402

[LVT08] Laussy, F.P. ; Valle, E. del ; Tejedor, C.: Strong Coupling of Quantum
Dots in Microcavities. In: Phys. Rev. Lett. 101 (2008), Nr. 8, S. 083601

[LWWK07] Lindwall, Greta ; Wacker, Andreas ; Weber, Carsten ; Knorr, Andreas:
Zero-Phonon Linewidth and Phonon Satellites in the Optical Absorption of
Nanowire-Based Quantum Dots. In: Phys. Rev. Lett. 99 (2007), Nr. 8, S.
087401

[Mad78] Madelung, O.: Introduction to Solid-State Theory. Berlin : Springer-Verlag,
1978

[Mah81] Mahan, G.D.: Many-Particle Physics. New York : Plenum, 1981

[Mah00] Mahan, G. D.: Many-Particle Physics. New York : Kluwer Academic/Plenum
Publishers, 2000

[MBB+03] McKeever, Jason ; Boca, Andreea ; Boozer, A D. ; Buck, Joseph R. ;
Kimble, H J.: Experimental realization of a one-atom laser in the regime of
strong coupling. In: Nature 425 (2003), Nr. 6955, S. 268–271

[MBW97] Meyer, C. M. ; Briegel, H.-J. ; Walther, H.: Ion-trap laser. In: Europhys.
Lett. 37 (1997), Feb, Nr. 5, S. 317–322

xiv



Bibliography

[MGT+11] Maze, JR ; Gali, Adam ; Togan, Emre ; Chu, Yiwen ; Trifonov, Alexei
; Kaxiras, Efthimios ; Lukin, MD: Properties of nitrogen-vacancy centers
in diamond: the group theoretic approach. In: New Journal of Physics 13
(2011), Nr. 2, S. 025025

[MIM+00] Michler, P. ; Imamoglu, A. ; Mason, M. D. ; Carson, P. J. ; Strouse,
G. F. ; Buratto, S. K.: quantum correlation among photons from a single
quantum dot at room temperature. In: Nature 406 (2000), S. 968–970

[MK04] Metzger, Constanze H. ; Karrai, Khaled: Cavity cooling of a microlever.
In: Nature 432 (2004), Nr. 7020, S. 1002–1005

[MKB+00] Michler, P. ; Kiraz, A. ; Becher, C. ; Schoenfeld, W. V. ; Petroff,
P. M. ; Zhang, Lidong ; Hu, E. ; Imamoglu, A.: A Quantum Dot Single-
Photon Turnstile Device. In: Science 290 (2000), Nr. 5500, S. 2282–2285

[MKH08] Milde, F. ; Knorr, A. ; Hughes, S.: Role of electron-phonon scattering
on the vacuum Rabi splitting of a single quantum dot and a photonic crystal
nanocavity. In: Phys. Rev. B 78 (2008), S. 035330

[MKLM12] Moelbjerg, Anders ; Kaer, Per ; Lorke, Michael ; Mørk, Jesper: Reso-
nance Fluorescence from Semiconductor Quantum Dots: Beyond the Mollow
Triplet. In: Phys. Rev. Lett. 108 (2012), Jan, S. 017401

[ML08] McCutcheon, Murray W. ; Loncar, Marko: Design of a silicon nitride
photonic crystal nanocavity with a Quality factor of one million for coupling
to a diamond nanocrystal. In: Optics Express 16 (2008), Nr. 23, S. 19136–
19145

[MMT90] Mørk, J ; Mark, J ; Tromborg, B: Route to chaos and competition be-
tween relaxation oscillations for a semiconductor laser with optical feedback.
In: Physical review letters 65 (1990), Nr. 16, S. 1999

[Mol69] Mollow, B. R.: Power Spectrum of Light Scattered by Two-Level Systems.
In: Phys. Rev. 188 (1969), Dec, Nr. 5, S. 1969–1975

[MS92] Mu, Yi ; Savage, C.M: One-atom lasers. In: Phys. Rev. A 46 (1992), Nov,
Nr. 9, S. 5944

[Muk95] Mukamel, Shaul: Principles of nonlinear optical spectroscopy. New York :
Oxford University Press, 1995

[MVA12] Matthiesen, Clemens ; Vamivakas, Anthony N. ; Atatüre, Mete: Sub-
natural Linewidth Single Photons from a Quantum Dot. In: Phys. Rev. Lett.
108 (2012), Feb, S. 093602

[MVTG06] Miranda, Rafael P. ; Vasilevskiy, Mikhail I. ; Trallero-Giner, Carlos:
Nonperturbative approach to the calculation of multiphonon Raman scat-
tering in semiconductor quantum dots: Polaron effect. In: Phys. Rev. B 74
(2006), Sep, Nr. 11, S. 115317

xv



Bibliography

[MW95] Mandel, L. ; Wolf, E.: Optical coherence and quantum optics. Cambridge
: Cambridge University Press, 1995

[MZ07] Muljarov, E. A. ; Zimmermann, R.: Exciton Dephasing in Quantum Dots
due to LO-Phonon Coupling: An Exactly Solvable Model. In: Phys. Rev. Lett.
98 (2007), May, Nr. 18, S. 187401

[NKI+10] Nomura, M ; Kumagai, N ; Iwamoto, S ; Ota, Y ; Arakawa, Y: Laser
oscillation in a strongly coupled single-quantum-dot–nanocavity system. In:
Nature Physics 6 (2010), Nr. 4, S. 279–283

[OLS10] Otto, Christian ; Lüdge, Kathy ; Schöll, Eckehard: Modeling quantum dot
lasers with optical feedback: sensitivity of bifurcation scenarios. In: physica
status solidi (b) 247 (2010), Nr. 4, S. 829–845

[PGR+07] Press, D. ;Goetzinger, S. ;Reitzenstein, S. ;Hofmann, C. ; Loeffler,
A. ; Kamp, M. ; Forchel, A. ; Yamamoto, Y.: Photon Antibunching from
a Single Quantum-Dot-Microcavity System in the Strong Coupling Regime.
In: Phys. Rev. Lett. 98 (2007), S. 117402

[PMOaU+] Piegdon, K. A. ; M. Offer and, A. L. ; Urbanski, M. ; Hoischen, A. ;
Kitzerow, H.-S. ; S.Declair ; Förstner, J. ; Meier, T. ; Reuter, D. ;
Wieck, A. D. ; Meier, C.: Self-assembled quantum dots in a liquid-crystal-
tunable microdisk resonator. In: Physica E

[RCSK09] Richter, Marten ; Carmele, Alexander ; Sitek, Anna ; Knorr, Andreas:
Few-Photon Model of the Optical Emission of Semiconductor Quantum Dots.
In: Phys. Rev. Lett. 103 (2009), Nr. 8, S. 087407

[RGGJ10] Ritter, S. ; Gartner, P. ; Gies, C. ; Jahnke, F.: Emission properties and
photon statistics of a single quantum dot laser. In: Opt. Express 18 (2010),
S. 9909–9921

[RH11] Roy, C. ; Hughes, S.: Phonon-Dressed Mollow Triplet in the Regime of
Cavity Quantum Electrodynamics: Excitation-Induced Dephasing and Non-
perturbative Cavity Feeding Effects. In: Phys. Rev. Lett. 106 (2011), Jun, S.
247403

[RH13] Rips, Simon ; Hartmann, Michael J.: Quantum Information Processing with
Nanomechanical Qubits. In: Phys. Rev. Lett. 110 (2013), Mar, S. 120503

[RWJ+09] Rozas, G. ; Winter, M. F. P. ; Jusserand, B. ; Fainstein, A. ; Perrin,
B. ; Semenova, E. ; Lemaître, A.: Lifetime of THz Acoustic Nanocavity
Modes. In: Phys. Rev. Lett. 102 (2009), Jan, Nr. 1, S. 015502

[RWK87] Rempe, G. ; Walther, H. ; Klein, N.: Observation of Quantum Collapse
and Revival in a One-Atom Maser. In: Phys. Rev. Lett. 58 (1987), Nr. 4, S.
353 – 356

xvi



Bibliography

[SDR+10] Sauer, S. ; Daniels, J. M. ; Reiter, D. E. ; Kuhn, T. ; Vagov, A. ; Axt,
V. M.: Lattice Fluctuations at a Double Phonon Frequency with and without
Squeezing: An Exactly Solvable Model of an Optically Excited Quantum Dot.
In: Phys. Rev. Lett. 105 (2010), Oct, Nr. 15, S. 157401

[SDW+11] Stock, Erik ; Dachner, Matthias-Rene ; Warming, Till ; Schliwa, An-
drei ; Lochmann, Anatol ; Hoffmann, Axel ; Toropov, Aleksandr I. ;
Bakarov, Askhat K. ; Derebezov, Ilya A. ; Richter, Marten ; Haisler,
Vladimir A. ; Knorr, Andreas ; Bimberg, Dieter: Acoustic and optical
phonon scattering in a single In(Ga)As quantum dot. In: Phys. Rev. B 83
(2011), Jan, Nr. 4, S. 041304

[SGB99] Stier, O. ; Grundmann, M. ; Bimberg, D.: Electronic and optical proper-
ties of strained quantum dots modeled by 8-band kp theory. In: Phys. Rev.
B 59 (1999), Feb, Nr. 8, S. 5688–5701

[SKH+12] Stannigel, K. ; Komar, P. ; Habraken, S. J. M. ; Bennett, S. D. ;
Lukin, M. D. ; Zoller, P. ;Rabl, P.: Optomechanical Quantum Information
Processing with Photons and Phonons. In: Phys. Rev. Lett. 109 (2012), Jul,
S. 013603

[SNCH+12] Safavi-Naeini, Amir H. ; Chan, Jasper ; Hill, Jeff T. ; Alegre, Thiago
P. M. ; Krause, Alex ; Painter, Oskar: Observation of Quantum Motion of
a Nanomechanical Resonator. In: Phys. Rev. Lett. 108 (2012), Jan, S. 033602

[SRA+08] Schliesser, Albert ; Rivière, Rémi ; Anetsberger, Georg ; Arcizet,
Olivier ; Kippenberg, Tobias J.: Resolved-sideband cooling of a microme-
chanical oscillator. In: Nature Physics 4 (2008), Nr. 5, S. 415–419

[SRT11] Soykal, Ö. O. ; Ruskov, Rusko ; Tahan, Charles: Sound-Based Analogue of
Cavity Quantum Electrodynamics in Silicon. In: Phys. Rev. Lett. 107 (2011),
Nov, S. 235502

[SRX+10] Shi, Fazhan ; Rong, Xing ; Xu, Nanyang ; Wang, Ya ; Wu, Jie ; Chong, Bo
; Peng, Xinhua ; Kniepert, Juliane ; Schoenfeld, Rolf-Simon ; Harneit,
Wolfgang ; Feng, Mang ;Du, Jiangfeng: Room-Temperature Implementation
of the Deutsch-Jozsa Algorithm with a Single Electronic Spin in Diamond.
In: Phys. Rev. Lett. 105 (2010), Jul, S. 040504

[STN+06] Santori, Charles ; Tamarat, Philippe ; Neumann, Philipp ; Wrachtrup,
Jörg ; Fattal, David ; Beausoleil, Raymond G. ; Rabeau, James ; Oliv-
ero, Paolo ; Greentree, Andrew D. ; Prawer, Steven ; Jelezko, Fedor ;
Hemmer, Philip: Coherent Population Trapping of Single Spins in Diamond
under Optical Excitation. In: Phys. Rev. Lett. 97 (2006), Dec, S. 247401

[Sto94] Stolz, Heinrich: Springer Tracts in Modern Physics. Bd. 130: Time-Resolved
Light Scattering from Excitons. Springer-Verlag, Berlin, 1994

xvii



Bibliography

[SWB07] Schliwa, Andrei ;Winkelnkemper, Momme ; Bimberg, Dieter: Impact of
size, shape, and composition on piezoelectric effects and electronic properties
of In(Ga)As/GaAs quantum dots. In: Phys. Rev. B 76 (2007), Nr. 20, S.
205324

[SWL+09] Schliwa, Andrei ; Winkelnkemper, Momme ; Lochmann, Anatol ;
Stock, Erik ; Bimberg, Dieter: In(Ga)As/GaAs quantum dots grown on
a (111) surface as ideal sources of entangled photon pairs. In: Phys. Rev. B
80 (2009), Oct, Nr. 16, S. 161307

[SZ97] Scully, M. O. ; Zubairy, M. S.: Quantum Optics. Cambridge : Cambridge
University Press, 1997

[TBF+02] Trigo, M. ; Bruchhausen, A. ; Fainstein, A. ; Jusserand, B. ; Thierry-
Mieg, V.: Confinement of Acoustical Vibrations in a Semiconductor Planar
Phonon Cavity. In: Phys. Rev. Lett. 89 (2002), Nov, S. 227402

[TBMD12] Tao, Y ; Boss, JM ; Moores, BA ; Degen, CL: Single-crystal diamond
nanomechanical resonators with quality factors exceeding one million. In:
arXiv preprint arXiv:1212.1347 (2012)

[TCT+10] Togan, E ; Chu, Y ; Trifonov, AS ; Jiang, L ; Maze, J ; Childress,
L ; Dutt, MVG ; Sørensen, AS ; Hemmer, AS: PR and Zibrov, and MD
Lukin. In: Nature 466 (2010), S. 730

[TS10] Tarel, G. ; Savona, V.: Linear spectrum of a quantum dot coupled to a
nanocavity. In: Phys. Rev. B 81 (2010), Feb, Nr. 7, S. 075305

[UAR+11] Ulrich, SM ; Ates, S ; Reitzenstein, S ; Löffler, A ; Forchel, A ;
Michler, P: Dephasing of triplet-sideband optical emission of a resonantly
driven InAs/GaAs quantum dot inside a microcavity. In: Physical Review
Letters 106 (2011), Nr. 24, S. 247402

[UWU+12] Ulhaq, A ; Weiler, S ; Ulrich, SM ; Roßbach, R ; Jetter, M ; Mich-
ler, P: Cascaded single-photon emission from the Mollow triplet sidebands
of a quantum dot. In: Nature Photonics 6 (2012), Nr. 4, S. 238–242

[VAK02] Vagov, A. ; Axt, V. M. ; Kuhn, T.: Electron-phonon dynamics in optically
excited quantum dots: Exact solution for multiple ultrashort laser pulses. In:
Phys. Rev. B 66 (2002), Oct, Nr. 16, S. 165312

[VHK+09] Vahala, K. ; Hermann, M. ; Knünz, S. ; Batteigner, V. ; Saathoff, G.
; Hänsch, T. W. ; Udem, Th.: A phonon laser. In: Nature Phys. 5 (2009),
Aug, S. 682–686

[VLT09] Valle, Elena del ; Laussy, Fabrice P. ; Tejedor, Carlos: Luminescence
spectra of quantum dots in microcavities. II. Fermions. In: Phys. Rev. B 79
(2009), Jun, Nr. 23, S. 235326

xviii



Bibliography

[VMS+12] Vijay, R ; Macklin, Chris ; Slichter, DH ; Weber, SJ ; Murch, KW ;
Naik, R ; Korotkov, Alexander N. ; Siddiqi, I: Stabilizing Rabi oscillations
in a superconducting qubit using quantum feedback. In: Nature 490 (2012),
Nr. 7418, S. 77–80

[VW94] Vogel, Werner ; Welsch, Dirk-Gunnar: Lectures on Quantum Optics.
Akademie Verlag, Berlin, 1994

[Web02] Weber, Carsten: On the Theory of Electron-Phonon Coupling and the Optical
Linewidth in Semiconductor Quantum Dots, Technische Universität Berlin,
Diplomarbeit, 2002

[WM08] Walls, Daniel F. ; Milburn, G Gerard J.: Quantum optics. Springer, 2008

[WM10] Wiseman, Howard M. ; Milburn, Gerard J.: Quantum measurement and
control. Cambridge University Press, 2010

[Woo98] Wootters, William K.: Entanglement of Formation of an Arbitrary State
of Two Qubits. In: Phys. Rev. Lett. 80 (1998), Mar, Nr. 10, S. 2245–2248

[WRI02] Wilson-Rae, I. ; Imamoglu, A.: Quantum dot cavity-QED in the presence
of strong electron-phonon interactions. In: Phys. Rev. B 65 (2002), May, Nr.
23, S. 235311

[WRW+11] Werner, S. ; Reparaz, J. S. ; Wagner, M. R. ; Zimmer, P. ; Ledentsov,
N. N. ; Kabuss, J. ; Dachner, M. R. ; Richter, M. ; Knorr, A. ; Thom-
sen, C. ;Hoffmann, A.: Decay dynamics of excitonic polarons in InAs/GaAs
quantum dots. In: J. Appl. Phys. 110 (2011), Aug, S. 074303

[WRZI04] Wilson-Rae, I. ; Zoller, P. ; Imamoglu, A.: Laser Cooling of a Nanome-
chanical Resonator Mode to its Quantum Ground State. In: Phys. Rev. Lett.
92 (2004), Feb, Nr. 7, S. 075507

[WSK+10] Wolters, Janik ; Schell, Andreas W. ; Kewes, Gunter ; Nusse, Nils ;
Schoengen, Max ; Doscher, Henning ; Hannappel, Thomas ; Lochel,
Bernd ; Barth, Michael ; Benson, Oliver: Enhancement of the zero phonon
line emission from a single nitrogen vacancy center in a nanodiamond via
coupling to a photonic crystal cavity. In: Applied Physics Letters 97 (2010),
Nr. 14, S. 141108–141108

[WSSB13] Wolters, Janik ; Strauß, Max ; Schoenfeld, Rolf S. ; Benson, Oliver:
Quantum Zeno phenomenon on a single solid-state spin. In: Phys. Rev. A 88
(2013), Aug, S. 020101

[WVT+09] Winger, Martin ; Volz, Thomas ; Tarel, Guillaume ; Portolan, Stefano
; Badolato, Antonio ; Hennessy, Kevin J. ; Hu, Evelyn L. ; Beveratos,
Alexios ; Finley, Jonathan ; Savona, Vincenzo ; Imamolu, Atac: Explana-
tion of Photon Correlations in the Far-Off-Resonance Optical Emission from

xix



Bibliography

a Quantum-Dot–Cavity System. In: Phys. Rev. Lett. 103 (2009), Nr. 20, S.
207403

[YTC00] Yamamoto, Yoshihisa ; Tassone, Francesco ; Cao, Hui: Semiconductor
cavity quantum electrodynamics. Springer, 2000 (169)

[YXFD10] Yang, Wanli ; Xu, Zhenyu ; Feng, Mang ; Du, Jiangfeng: Entanglement
of separate nitrogen-vacancy centers coupled to a whispering-gallery mode
cavity. In: New Journal of Physics 12 (2010), Nr. 11, S. 113039

[ZDP+12] Zhou, X. ; Dotsenko, I. ; Peaudecerf, B. ; Rybarczyk, T. ; Sayrin, C.
; Gleyzes, S. ; Raimond, J. M. ; Brune, M. ; Haroche, S.: Field Locked
to a Fock State by Quantum Feedback with Single Photon Corrections. In:
Phys. Rev. Lett. 108 (2012), Jun, S. 243602

xx



Bibliography

xxi



Bibliography

xxii



Danksagung

Ich danke Prof. Andreas Knorr für die wundervolle Betreuung meiner Doktorarbeit und
generell für seine freundliche und inspirierende Unterstützung meiner Forschung.
Mein Dank geht auch an Prof. Oliver Benson für die Übernahme des Zweitgutachters sowie
an Prof. Birgit Kanngießer, für die Übernahme des Prüfungsvorsitzes.

Ich danke den Mitgliedern der Arbeitsgruppe für die schöne Zeit, im speziellen meinen
Kollegen im 7. Stock, Marten Richter, Frank Milde, Ermin Malic, Matthias-Rene-Dachner,
Mario Schoth, Thi Uyen-Khanh Dang und Alexander Carmele. Ich danke Marten für die
Betreuung in den Anfängen meiner Doktorandenzeit und das Vertrauen, das er in mich
setzte. Matthias-Rene danke ich für seine enorme Bereitschaft zu wissenschaftlichem Aus-
tausch. Ich danke Marten Richter, Mario Schoth und Peter Orlowski für Ihre große Hilfs-
bereitschaft als Netzwerkadministratoren. Des Weiteren danke ich Frank Milde, Matthias-
Rene Dachner und Marten Richter für das Korrekturlesen meiner Arbeit und insbesondere
Alex dafür, dass er die komplette Arbeit gelesen hat. Ich danke darüber hinaus Kristina
Ludwig für die freundlich Unterstützung in allen administrativen Angelegenheiten und
Dokumentendschungel.

Des Weiteren danke ich Alex für zahlreiche und inspirierende Zusammenarbeiten in meiner
Zeit bei der AG Knorr.
Ich danke Prof. Weng W. Chow dafür, dass er zusammen mit Prof. Andreas Knorr es mir
ermöglicht hat einen einmonatigen Forschungsaufenthalt in Albuquerque zu verbringen,
und für die darauf folgenden Kollaborationen und fruchtbaren wissenschaftlichen Diskus-
sionen.
Für wissenschaftliche Kollaboration und Austausch danke ich Stefan Werner und Axel Hoff-
mann, sowie Tobias Brandes und Christina Pöltl. Diesbezüglich danke ich auch Christopher
Köhler, Felix Schlosser und Mario Schoth sowie Janik Wolters für das tolle Projekt über
Verschränkung in fehlerhaften Diamantstrukturen.

Ich möchte meinem Vater sehr herzlich dafür danken, dass er an mich geglaubt hat. Meiner
Mutter danke ich für Ihre Unterstützung in den letzten Jahren und die Sicherheit, die Sie
mir in einer für Sie selbst schweren Zeit dennoch gegeben hat. Ich danke meinem großen
Bruder Wolfgang dafür, dass er mich zum Physikstudium ermutigt hat und meiner kleinen
Schwester Caroline für ihre Freundschaft. Zuletzt und im Besonderen danke ich meinem
geliebten Alex, mit Ihm ist die Welt und die Wissenschaft ein Universum voller Totoros.

xxiii


