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Preface by the Editor

The design of foundations and geotechnical structures and the prediction of their de-
formation and mechanical response based on numerical simulations require detailed
knowledge of the local state of the soil as well as sufficiently realistic models for the
nonlinear soil behavior. This is particularly true for sand whose behavior depends
among others on the stress state, density state, and loading history. The local state
is a result of loading history, hence the construction processes of structural elements
must generally be taken into account. Common numerical models in geotechnical engi-
neering, however, consider the construction process as a simplified staged construction
by assuming an initial state of the soil and taking the structural elements as wished-
in-place. The research work reported here is a step towards more realistic modeling.

The present work submitted by Daniel Aubram is concerned with the penetration
into sand as a typical geotechnical process and its numerical simulation by using the
finite element method (FEM). Apart from the highly nonlinear mechanical behavior of
sand and the presence of non-stationary material interfaces this challenging problem is
characterized by large local material deformations for which the classical Lagrangian
and Eulerian approaches are inapplicable. In this work a new arbitrary Lagrangian-
Eulerian (ALE) method is developed and implemented in which the material and mesh
deformations are uncoupled. Its unique features are an advanced hypoplastic rate
constitutive equation for sand and an efficient and robust optimization-based algorithm
to ensure a quality FE mesh during the entire calculation. The method is validated by
results from the literature and specifically conducted experimental model tests.

This thesis addresses a wide range of topics of continuum mechanics, soil mechanics,
and computational mechanics. Daniel Aubram has acquired advanced knowledge of all
these fields during his comprehensive research work. Finally, he achieved both unusual
depth and coherence of his thesis by means of a modern mathematical language and
consistent notation. Most of the background needed is in the main text or can be found
in the noteworthy appendix. Beyond that, Daniel Aubram has set up the necessary
computer code and supervised the experimental program.

Parts of this research work have been carried out under the financial support from the
German Research Foundation (DFG) through grants SA 310/21-1 and SA 310/21-2
which is gratefully acknowledged.

Stavros A. Savidis
Berlin, December 2013
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Abstract

The penetration into sand is one of the most challenging problems in soil mechanics
and its numerical simulation, particularly by the widely-used finite element method
(FEM), still poses a great challenge. In order to overcome the problems associated with
the classical Lagrangian and Eulerian formulations of FEM, an arbitrary Lagrangian-
Eulerian (ALE) method particularly suitable for plane and axisymmetric penetration
into sand is developed in this thesis based upon the theoretical foundations.

The developed ALE method applies an operator-split which breaks up solution of the
governing equations over a time step into a Lagrangian step, a mesh regularization
step, and a transport step. The operator-split makes implementation into existing La-
grangian FE codes possible, which is shown using the example of ANSYS. A unique
feature of the ALE method is its combination with an advanced hypoplastic rate consti-
tutive equation for sand which enables realistic prediction of stress and density changes
within the soil even at large deformations. In addition, an optimization-based algo-
rithm for mesh regularization is developed in order to smooth out the non-convexly
distorted mesh regions that occur below a penetrator. The ALE method is verified and
validated by benchmarks, basic initial boundary value problems, and by specifically
conducted penetration tests in chambers filled with sand.

Keywords: arbitrary Lagrangian-Eulerian; large deformations; finite element method;
penetration; pile; sand; soil mechanics; continuum mechanics; computational mechan-
ics; geotechnical engineering
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Zusammenfassung

Die Penetration in Sand zählt zu den kompliziertesten Problemstellungen in der Bo-
denmechanik, und ihre numerische Simulation insbesondere mit der weit verbreiteten
Finite Elemente Methode (FEM) stellt bis heute eine große Herausforderung dar. Um
die Probleme im Zusammenhang mit den klassischen Lagrange und Euler Formulierun-
gen der FEM zu überwinden, wird in der vorliegenden Arbeit eine allgemeine Lagrange-
Euler (engl.: arbitrary Lagrangian-Eulerian, kurz: ALE) Methode aus den theoretischen
Grundlagen heraus speziell für die ebene und axialsymmetrische Penetration in Sand
entwickelt.

Die entwickelte ALE Methode basiert auf einer Operator-Spaltung, welche die Lö-
sung der maßgeblichen Gleichungen über ein Zeitinkrement aufteilt in einen Lagrange
Schritt, einen Schritt der Netzregularisierung und einen Transportschritt. Die Operator-
Spaltung gestattet die Implementierung in bestehende Lagrange FE Programmsysteme,
was am Beispiel von ANSYS erläutert wird. Ein Alleinstellungsmerkmal der ALE Me-
thode ist ihre Kombination mit einem hochentwickelten hypoplastischen Materialmo-
dell für Sand, das wirklichkeitsnahe Prognosen der Spannungs- und Dichteänderungen
im Boden auch bei großen Verformungen ermöglicht. Ein optimierungsbasierter Algo-
rithmus zur Netzregularisierung wird darüber hinaus entwickelt, um die unterhalb ei-
nes Eindringkörpers auftretenden nicht-konvex verzerrten Netzregionen zu glätten. Die
ALE Methode wird anhand von Benchmarks, grundlegenden Anfangsrandwertproble-
men und eigens durchgeführten Eindringversuchen in sandbefüllten Versuchskammern
verifiziert und validiert.

Schlagworte: Arbitrary Lagrangian-Eulerian; große Verformungen; Finite Elemente
Methode; Penetration; Pfahl; Sand; Bodenmechanik; Kontinuumsmechanik; Numeri-
sche Mechanik; Geotechnik
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êint referential specific internal energy
e spatial logarithmic strain tensor; Hencky strain
e conceptual spatial finite strain tensor
ea vectors of the spatial canonical basis
E Young’s modulus (material constant)
Eint material specific internal energy
Et tangent modulus
Ep plastic modulus (material constant)
E Green-Lagrange strain tensor field
EA vectors of the material canonical basis
fb hypoplastic barotropy function
fd hypoplastic pycnotropy function
fe hypoplastic pycnotropy function
f relative incremental deformation gradient



xxviii NOTATION

f(q) flux density of q governed by the spatial velocity
f ext,f ext

g global applied external nodal force vector
f int,f int

g global internal nodal force vector
f̂

ext effective load vector
f response function for corotated Cauchy stress increment
F penetration force
F hypoplastic response function
F q
j,k numerical averaged convective flux density of q (1d: F q

j±1/2, F
q
j,j±1)

F V
j,k averaged convective volume flux density (1d: F V

j±1/2, F V
j,j±1)

F deformation gradient
F θ tangent of parent element map
F Φ relative deformation gradient
F Ψ referential deformation gradient
F(Vj) set of facets of control volume Vj
F response function for F q

j,k

g Earth’s standard acceleration due to gravity
gij coefficients of the spatial metric
gij coefficients of the inverse spatial metric
gN gap function
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Chapter 1

Introduction

1.1 Motivation and Objectives

The last decades witnessed an increasing interest in the application of computational
scientific methods for engineering problems by both academic institutions and industry.
The reason is that numerical simulation, now established as a “third pillar” beside
theory and experiment, can considerably improve the understanding of the natural
processes that take place and may assist in the interpretation of measured data. By
numerical simulation using appropriate models, one is able to predict the response of
structures and workpieces, and may even replace testings of physical prototypes. The
main purpose of this endeavor is to ensure quality products at least costs and resources.

Although the user can choose between various methods for numerical simulation, the
finite element method (FEM) [e.g. Zienkiewicz and Taylor, 2000a,b,c; Belytschko et al.,
2000; Bathe, 1996; Wriggers, 2008] has become the dominating tool in computational
mechanics because of its broad applicability and technological sophistication. Sur-
prisingly, soil mechanics and geotechnical engineering were among the first areas of
application of the FEM [Zienkiewicz and Cheung, 1964, 1965]. In geotechnical engi-
neering, it is primarily employed to predict soil deformations under earth- and water
pressures and the applied loads. These deformations need to be known beforehand
since they may have an impact on the serviceability and stability of buildings and
infrastructure and may also put a risk on the geotechnical project itself.

Unfortunately, FE models in practice often underestimate deformations. During the
realization of large geotechnical projects in urban area, for example the Potsdamer Platz
and the Berlin Central Station (Fig. 1.1), it was found that the final deformations of
the walls of several deep excavation pits were generally larger than those predicted
by the FE simulations. Investigations highlighted that the construction processes,
particularly the installation of anchoring piles for the base slab, played an important
role [Triantafyllidis, 1998; Savidis and Mittag, 1999]. In these specific cases, however,
the FE models used for the numerical simulations did not include the pile installation
process. The construction process was modeled as a simplified staged construction by
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Figure 1.1: View of the construction site of Berlin Central Station on September 1,
1997. Deep excavation pit dewatered after underwater concreting revealing the pile
heads of the base slab (center), Lehrter Stadtbahnhof (above), diverted River Spree
(middle) – (Photo: Copyright c© 2001 Oltmann Reuter, Luftbild Berlin; from [Reuter, 2001, p. 61],
picture L 181 recorded on September 1, 1997).
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assuming an initial state of the soil and with the readily-installed piles wished-in-place.
This is a common approach in geotechnical engineering.

The present work is concerned with the numerical simulation of penetration into sand.
Penetration, e.g. of piles, is the archetype of geotechnical installation processes —the
first types of piles can be dated back to the late Neolithic Age [Kérisel, 1985; Ulitskii,
1995]. Being one of the oldest problems in soil mechanics, it turned out to be also one
of the most challenging. Rigorous modeling of penetration problems is very difficult
because of the large local deformations in the vicinity of the penetrator, the evolution
of material interfaces and free surfaces, the changing contact conditions, the large
stiffness variations, the interaction between the grain skeleton and pore fluids, and
the complex nonlinear mechanical behavior of the soil material. The co-occurrence of
these phenomena makes the classical Lagrangian and Eulerian descriptions of motion
in continuum mechanics and their FEM implementation inappropriate (Fig. 1.2).

The Lagrangian form of the governing equation, which is standard in solid mechanics, is
in many respects the most attractive formulation for problems where path-dependent
material response and evolving interfaces are present. By using the Lagrangian de-
scription the finite element mesh follows the material as it deforms, thus providing a
natural form of an adaptive solution. However, if material deformations are large then
severe element distortion may occur as illustrated in Fig. 1.2. Distorted finite elements
are problematic because they may slow down or even terminate the calculation. The
generation of a new mesh and the projection of the variables onto the new mesh at
some stage in the Lagrangian calculation (so-called rezoning) require user intervention,
are computationally expensive, and usually introduce excessive numerical diffusion.

In the Eulerian description, which is common in fluid dynamics, the discretized com-
putational domain is fixed in space (Fig. 1.2 below). Since no element distortion occurs
the Eulerian methods impose no restrictions on the magnitude of material deforma-
tions. Many problems that cannot be addressed by Lagrangian methods will compute
with little user intervention when using Eulerian methods. The weakness of a fixed
computational mesh, however, is found in following moving interfaces as well as in
the proper treatment of complex path-dependent materials. Additional sophisticated
techniques for material tracking are required in these cases.

In order to overcome the difficulties arising from the classical approaches, the re-
search objective of the present work is the development and application of an arbitrary
Lagrangian-Eulerian (ALE) method particularly suitable for the penetration into sand
at finite deformation. ALE methods have been originally developed in the 1960-70’s
at US laboratories [Frank and Lazarus, 1964; Trulio, 1966; Hirt et al., 1974]. Since
that time ALE methods have been developed to be a powerful analysis tool for free
surface flows, fluid-structure interaction, and large deformation problems in solid me-
chanics [e.g. Belytschko and Kennedy, 1978; Donea et al., 1981, 1982; Hughes et al.,
1981; Huétink, 1982; Liu et al., 1986, 1988; Ramaswamy and Kawahara, 1987; Benson,
1989; Rodríguez-Ferran et al., 1998, 2002]. Applications of ALE to soil mechanical and
geotechnical problems are still rare and mostly incorporate simple constitutive equa-
tions to model the nonlinear soil behavior [e.g. Susila and Hryciw, 2003; Nazem et al.,
2006, 2008; Di et al., 2007; Liyanapathirana, 2009; Sheng et al., 2009].
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Figure 1.2: Schematic diagram highlighting the differences and drawbacks of the clas-
sical Lagrangian (above) and Eulerian (below) methods when applied to the problem
of pile penetration into sand.
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In ALE methods, the computational mesh is regarded as a reference domain which
is not fixed but can move independent of the material at an arbitrary velocity. The
ALE description of motion generalizes the purely Lagrangian and purely Eulerian for-
mulations and includes them as special cases. Instead of applying remeshing or mesh
refinement algorithms, the ALE mesh is continuously smoothed at fixed connectivity
such that element distortion is reduced. Since mesh topology is kept unchanged, all
elements have the same neighbors during the whole calculation. This permits the
application of advection algorithms borrowed from the field of computational fluid dy-
namics (CFD) in order to remap the solution variables onto the improved mesh in a
conservative manner.

Most of the references about ALE published are technical papers including engineering
applications that prefer spaces as simple as possible. This is because the arbitrary
Lagrangian-Eulerian approach has been recognized as a purely numerical tool for a
long time. First attempts to a comprehensive treatment of continuum mechanics on
arbitrarily moving domains with both linear and nonlinear background spaces have
been made recently [Scovazzi and Hughes, 2007; Aubram, 2009]. The present work is
intended to continue this activity.

With the objective to provide a sufficiently general and unified presentation of the fun-
damentals of continuum mechanics in the Lagrangian, Eulerian, and ALE descriptions,
a modern differential geometrical approach like in [Marsden and Hughes, 1994; Romano
and Baretta, 2009; Aubram, 2009] has been found to be compelling. This goes along
with the notion of manifolds and the relinquishment of the common Euclidian space.
Differential geometry [Abraham et al., 1983; Bishop and Goldberg, 1968; Spivak, 1999;
Synge and Schild, 1978] is unquestionably the appropriate setting for continuum me-
chanics and tensor analysis. The mathematical rigor required for this endeavor will
also be pursued in other parts of the present work.

Besides the mathematical description and the solution techniques appropriate to han-
dle the geometrical nonlinear nature of the problem, a realistic numerical simulation
of penetration into sand also requires the nonlinear soil response to be taken into ac-
count. The mechanical behavior of sand, or cohesionless granular material in general,
is very complex and has many influencing factors. Dilatancy and the dependency on
the mean effective stress are two important characteristics that distinguish sand as a
granular solid from other materials. The latter results in a strength tending to zero near
the unloaded ground surface, a fact which causes problems in finite element analysis.
Sand response does also depend on material history, the degree of saturation, and on
drainage conditions. A saturated sand under cyclic loading and undrained conditions
may completely loose shear resistance, which is referred to as liquefaction, or may show
cyclic mobility with limited shear deformation. This behavior generally depends on the
confining pressure, the loading amplitude, and the initial density.

Just a few constitutive equations for soils need only a single set of material constants
and then are able to simulate the mechanical behavior of sand at finite deformation
and under complex loading paths over a wide range of densities and stress states.
Precisely these conditions, however, are present during penetration processes. The
ALE method developed in the present work is combined with an advanced hypoplastic
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after the Lagrangian step after the remap stepinitial configuration

Figure 1.3: Schematic diagram of the operator-split ALE method. The blue area
indicates a material zone which is assigned to an element patch highlighted in red.

rate constitutive equation for sand [Gudehus, 1996; von Wolffersdorff, 1996; Niemunis
and Herle, 1997] which incorporates the stress state, the void ratio, and a measure for
material history as internal state variables. Hypoplasticity has been proven to be a
powerful constitutive theory to model soil behavior and has since become widely-used,
especially in Germany.

The ALE formulation of governing equations introduces convective terms. This is
similar to the Eulerian formulation used in fluid dynamics and entails that material
is allowed to flow through the computational mesh. Since material motions are not
tracked the incorporation of path-dependent materials, especially those complex ma-
terials one has to deal with in soil mechanics, is complicated. Similar problems are
encountered for contact conditions. The numerical treatment of the convective terms
has a significant influence on the accuracy, stability, and robustness of the ALE method.
Instead of solving the monolithic problem including both the sources and the convective
terms, an operator-split technique [Benson, 1992] is applied in the present work which
allows simpler and more robust algorithms. Another advantage grows from the facility
to upgrade existing Lagrangian finite element codes; the general purpose commercial
code ANSYSr is employed here. Operator-splitting is the proven technology for solid
mechanical ALE methods. It divides the solution to the initial boundary value problem
into a Lagrangian step and a Eulerian or remap step (Fig. 1.3).

In the Lagrangian step, convective terms are not present because the mesh follows the
material motion. The spatially discretized system of governing equations can thus be
advanced in time by almost standard updated Lagrangian (UL) finite element proce-
dures for solid mechanical problems. The Lagrangian step contains the sources and
constitutive equations, and the evolution equations are integrated over the time step
by ensuring incremental objectivity [Hughes and Winget, 1980; Hughes, 1984; Simo and
Hughes, 1998] at large deformation. Density changes must explicitly be accounted for
in order to conserve mass with respect to a moving mesh. This means that in contrast
to purely Lagrangian FE methods that implicitly conserve mass, ALE methods must
update the mass density if the material is compressible or dilatant, like sand.

Physical time elapses only during the Lagrangian step but will be “frozen” in the
subsequent remap step. In other words, the remap step constitutes an instantaneous
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projection of the variables from the old mesh onto a smoother mesh. The remap step
accounts for the convective terms arising from the relative motion between the body
and the ALE reference domain, by leaving the material state unchanged. However, the
latter is hard to achieve from a numerical viewpoint. Remapping in the operator-split
ALE method is further subdivided into a mesh motion step and a transport step.

Mesh motion is defined by nodes relocation that smoothes out the element distortion
occurring during the Lagrangian step. The mesh connectivity is retained such that
each node in the mesh is shared by the same ball of elements throughout the entire
calculation. Since ALE methods frequently relocate the mesh nodes, efficient and stable
algorithms for automatic mesh smoothing are preferable. The strategy of material
boundary (or interface) consideration in the computational domain imposes further
restrictions on the mesh motion scheme and distinguishes two different ALE approaches
[cf. Benson, 1992; Mair, 1999; Freßmann and Wriggers, 2007].

Virtually all arbitrary Lagrangian-Eulerian codes for solid mechanical problems and
also the one developed in this work is based on the simplified ALE (SALE) approach.
In SALE methods, the material interfaces are aligned with element edges, thus remain
Lagrangian in normal direction (Fig. 1.3). This makes the design of a stable mesh
motion scheme a difficult task particularly for the non-convex regions that necessarily
occur along with penetration problems. In the multi-material ALE (MMALE) ap-
proach on the other hand, material interfaces may move through the mesh so that
elements may contain two or more materials. Therefore, multi-material elements gen-
erally require a discrete material interface model. MMALE methods are far more
complex than SALE methods and are beyond the scope of the present work.

The transport step, which is the last step in a calculational cycle of the operator-
split ALE method, has more in common with computational fluid dynamics than with
solid mechanics. In contrast to many other methods which employ non-conservative
interpolative remaps based on the element shape functions the ALE method developed
here will be equipped with an conservative advection scheme for variable transfer be-
tween the Lagrangian and the smoothed mesh. Advection schemes numerically solve
hyperbolic conservation laws and often use a finite volume discretization. They require
calculation of the material flux across element boundaries caused by the mesh motion.

By using the developed ALE method, computational models for penetration into sand
can be designed and these models should be validated by experimental tests. However,
reports of experimental tests in the literature can rarely be used for this purpose be-
cause they generally do not provide a sufficiently detailed description of the properties
of the test sand. Therefore, experimental model tests are carried out within the scope
of this research work in addition to the theoretical and numerical work. Besides the
intended validation of the ALE models, these qualitative tests should provide more
insight into the phenomenology of penetration into sand. The tests are conducted
in chambers with observing window and they involve the quasi-static penetration of
different model piles and foundations into dry sand at different initial densities. The
processes are digitally photographed through the window which enables the applica-
tion of an image correlation method to analyze the soil motion without on-sample
instrumentation. The present work employs a special method based on particle im-
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age velocimetry (PIV) [Adrian, 1984, 1991, 2005; Pickering and Halliwell, 1984; White,
2002; White et al., 2003; Nübel and Weitbrecht, 2002; Hauser and Walz, 2004].

In this thesis different attempts are made to set up fundamental concepts for the
“general case” without any unnecessary assumption or restriction. On the other hand,
issues concerning the actual numerical implementation are tried to be kept as simple as
possible in order to reach the objectives with reasonable effort. The basic assumption is
that of a continuum representation for the soil assembly of distinct particles in order to
benefit from the highly developed mathematics and concepts of continuum mechanics.
A drastic but reasonable simplification then arises from the consideration of sand as
a single-phase medium, that is to say, the mathematically modeled and numerically
treated sand is either dry or fully saturated with water, in which case it is also locally
drained. Moreover, only plane strain and axisymmetric problems are considered in the
numerical treatment. The ALE method is designed for quasi-static and not for fully
transient penetration. The penetrator is assumed to be either smooth (zero friction) or
perfectly rough (no sliding). 3-node triangles with 1-point integration (constant strain
triangles) are used for the spatial discretization.

In summary, the objectives of the present work are:

1. Mathematical formulation and continuum mechanical modeling of the initial
boundary value problem of penetration into sand at finite deformation by us-
ing the ALE description. Only those problems are considered in which the sand
is either dry or fully saturated with water and locally drained.

2. Development and implementation of algorithms for the Lagrangian step, the mesh
motion step, and the transport step in the context of an operator-split ALE
method for plane strain and axisymmetric quasi-static penetration into sand.

3. Carrying out experimental tests in chambers with observing window concerning
the penetration of model piles and foundations into dry sand at different initial
densities. The soil velocity and strain fields are indirectly measured using the
PIV method.

4. Application of the developed ALE method, verification of the algorithms, and
validation of the ALE method by using results of the experimental model tests.

In consideration of the preceding assumptions and restrictions, the method will permit
the realistic prediction of the stress and density changes during penetration into sand
and other granular material.

1.2 Structure of the Work

Literature related to soil penetration is reviewed in Chapter 2. Both cohesive and
cohesionless soils are considered, but the main focus is on penetration into sand. The
review is divided into three parts. In the first part, the experimental investigations un-
dertaken to analyze the mechanical soil behavior are examined. Experimental analysis
is mostly concerned with soil deformations, stress and density distributions, as well
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as with the evolution of the base resistance and shaft friction at the penetrator. The
second part of the review is devoted to the semi-empirical and analytical methods that
have been developed to deduce soil properties from a penetrating sounding tool or to
predict the ultimate bearing capacity of a pile. Most of these methods involve drastic
simplification in the mechanical soil behavior, contact or boundary conditions. Nu-
merical models which are reviewed in the last part of Chapter 2 generally do not have
these limitations and can handle large deformations, complex material behavior, and
changing contact conditions. The present models, however, can only address certain
aspects of soil penetration, which is highlighted in the review.

The introduction of the continuum mechanical basis related to the ALE method starts
in Chapter 3 with the fundamental equations of kinematics and balance principles.
Depending on the choice of the reference domain used for the derivation these can
be equivalently set up in either a Lagrangian, a Eulerian or an arbitrary Lagrangian-
Eulerian form. Chapter 3 pays attention to all three formulations in order to highlight
their differences and interrelations. Concerning the ALE formulation, it has been
tried to consolidate fundamental concepts and results which are scattered among the
literature on the subject. Differential geometry on manifolds provides the requisite tools
for a sufficiently general formulation of the continuum mechanical basis. Because this
subject does not belong to the standard repertoire of civil and mechanical engineers, it is
briefly introduced in Appendix A. This supplemented material also contains important
topics in classical linear geometry.

Chapter 4 deals with the constitutive theory and completes the continuum mechani-
cal part of this work. After providing the fundamentals and general principles those
classes of rate constitutive equations are introduced which respect finite deformation
theory and dominate in arbitrary Lagrangian-Eulerian computational methods. An-
other important topic the chapter deals with is the mechanical response of sand under
monotonic and cyclic loading and how to mathematically model this. The hypoplas-
tic rate constitutive equation applied in the present work is formulated subsequently.
This model —insiders just call it hypoplasticity with intergranular strain— has become
widely used by the soil mechanics and geotechnical engineering community because it
comprehensively describes the behavior of sand and other granular materials. Besides
the mathematical formulation of hypoplasticity with intergranular strain and its ALE
description in Chapter 4, the determination of material constants is commented and
the constants of different granular materials are listed.

The mechanical initial boundary value problem associated with penetration into sand
as well as general finite element discretization and solution methods are described
in Chapter 5. Ambient space is assumed to be linear from this point on but the
geometric point of view is kept up throughout the work as it delivers valuable insight.
The focus of the chapter is on the updated Lagrangian (UL) finite element technique
commonly applied to solid mechanical large deformation problems. This is due to
the fact that the operator-split ALE solution approach adopted in the present work
defines a Lagrangian step where the UL finite element technique plays a central role.
Chapter 5, moreover, introduces integration algorithms for rate constitutive equations
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respecting the constitutive axiom of material frame indifference (or objectivity) at large
material deformation on a discrete level.

Chapter 6 is central to the present thesis. It is concerned with the numerical procedures
related to the proposed arbitrary Lagrangian-Eulerian method and their numerical
implementation. The chapter is divided into six parts. In the first part, the origins of
ALE methods are reviewed and the basic monolithic and operator-split ALE approaches
are discussed. Part two of the chapter describes the incremental operator-split ALE
finite element solution procedure for quasi-static problems which is applied in the
present work. The procedure consists of a Lagrangian step, a mesh motion step, and
a transport step, each of which is studied in the subsequent third, fourth, and fifth
part of Chapter 6, respectively. It is pointed out here that a new optimization-based
mesh smoothing algorithm is proposed in part four, which requires computation of
the gradient and Hessian matrix of an objective function. This is based on the exact
formulas included in Appendix C. Finally, the sixth part of Chapter 6 is devoted to the
aspects of numerical implementation and how the coded ALE capabilities have been
added to the proprietary ANSYSr simulation software used for the studies.

The experimental model tests conducted during this research are reported in Chapter 7.
As introduced previously, these tests were primarily intended to deliver qualitative
information about the phenomenology of penetration into sand which is accessible for
back-calculation. After some general remarks concerning the conceptual design, the
chapter describes the design and construction of the test equipment and the employed
instrumentation, and then the experimental program is outlined. The part that follows
provides a brief introduction of particle image velocimetry (PIV) and the particular
method that has been applied for the indirect measurement of the incremental soil
displacement resp. of the soil velocity field. This PIV method has also been used to
deduce the volumetric strain rate and the maximum shear strain rate from the velocity
field. The test results are discussed in the final part of the chapter.

Chapter 8 presents example applications of the developed ALE method. Two groups
of example problems are considered. The first group includes test cases for particular
algorithms of the method. Running these test cases enables determination whether the
particular algorithm or federation of algorithms is working under specific conditions
correctly or not. The second group of numerical examples in Chapter 8 consists of
large deformation solid mechanical and soil mechanical problems for which analytical,
numerical, or experimental results are available that can be back-calculated. Among
these are some of the penetration tests carried out in Chapter 7 as well as example
problems from literature. Within the scope of validation of the developed ALE method,
then, the available results are compared with respective results obtained through back-
calculation by using ALE computational models.

The present work closes with concluding remarks and outlook in Chapter 9.



Chapter 2

Previous Research on Soil
Penetration

This chapter reviews the literature related to research on soil penetration, in which
the penetrator can be represented by a pile, a sounding tool, or a shallow foundation.
The analysis of soil penetration embodies an important topic of research. Nevertheless,
early research of soil penetration was content with the development of design methods
for already installed piles. A prediction model that yields detailed information about
the change in state during penetration particularly of granular soils is yet missing.
Because the penetration process is one of the main influencing factors of the axial
load capacity of driven and pressed-in (resp. jacked) piles as well as of in-situ cone
penetration test data, there is an extensive amount of literature in this field available.
This review concentrates on soil mechanical studies, although penetration also plays an
important role in other scientific disciplines. Even in respect thereof, the review cannot
be exhaustive as it expresses the author’s view on the subject. For further studies the
interested reader is referred to the bibliographies in the references cited.

The research on soil penetration consists of experimental analysis, semi-empirical and
analytical methods, and numerical models. Each of these approaches can provide in-
formation only of particular phenomena and not of the entire process. For example,
the pile penetration forces in granular materials can be measured with high accuracy
in experimental tests but the density distribution in the vicinity of the pile can hardly
be determined without disturbance. On the other hand, the use of sophisticated con-
stitutive equations for sand enable high resolution of stress and density fields in a finite
element model, but the resulting pile penetration force is strongly influenced by mesh
quality and element technology. A realistic and accurate numerical model can thus be
obtained only through validation based on experimental tests.

The following sections are self-explanatory. The only background knowledge needed is
that a representative volume element filled with soil, called the soil element, consists
of a partial solid volume and a partial pore volume. The ratio of the partial pore
and partial solid volumes is called the void ratio. For sand resp. cohesionless granular
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soil a relative density can be defined which allows to specify whether a soil element is
relatively loose or dense. The formal definitions are given in Section 4.2.1.

2.1 Experimental Analysis

2.1.1 Soil Deformations and Relative Density Distribution

In an early paper, Pogany [1953] reports on experimental small-scale model tests in
which model piles were pressed into wet sand-cement mixtures with pigmented sand
layers. By cutting open the cured mixture in the final stage of penetration, Pogany
could visualize the magnitudes of total deformation. However, neither the deformation
process (flow field) nor changes in relative density could be extracted. Moreover, the
soil response during the penetration process remained hidden.

Kérisel [1961, 1964] conducted large-scale model tests with local density measurement.
In a large testing container filled with sandy soil, piles with a diameter up to 320mm
were pressed into the soil about 7m starting at the ground surface. Ground heaving was
observed along with penetration which gradually decreased at continued penetration.
Sensors indicated the development of a zone of densified soil below the conical pile tip.
This zone loosened after the pile tip had passed, indicating that it was subjected to
a cyclic loading path. After digging out the pile it was found that the pile tip was
surrounded by a zone of densified soil, which was again surrounded by a loosened zone.
Tensile cracks appeared next to the lower part of the pile shaft.

Berezantsev et al. [1961] carried out tests with a model pile in layered sand. The ob-
served deformation pattern during quasi-static penetration revealed a series of distinct
slip surfaces beside the pile. From this, Berezantsev et al. deduce a limit equilibrium
solution for pile base capacity depending on the internal angle of friction of the sand.

Based on the tests documented by Berezantsev et al. [1961], Robinsky and Morrison
[1964] installed model piles of about 30mm diameter in dry medium dense to loose
quartz sand with interspersed layers of lead shots. Installation was done by jacking
and an X-ray method was applied to track the lead shot motion along with penetration.
Robinsky and Morrison [1964] use the resulting displacement vectors in order to deduce
contours of volumetric strain. They conclude that a conical zone would be formed below
the pile tip in which the sand would be compressed and displaced in primarily vertical
direction. Loosening and vertical motion dominate outside the compression zone. The
results, however, are questionable because horizontal deformations could not properly
measured.

An X-ray method was also used by Heinz [1970] at the chair of Soil Mechanics and
Geotechnical Engineering, Technische Universität Berlin (TU Berlin), to deduce rela-
tive density changes. In contrast to [Robinsky and Morrison, 1964], the thesis of Heinz
is concerned with density changes in granular soil below small-scale shallow foundation
models. The width of the foundation model is 40mm. Heinz reports four experimen-
tal tests that cover the range of initially loose to initially dense sand. The isopycnic
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Figure 2.1: Distribution of the relative density (isopycnic lines) under a model foun-
dation on initially medium dense sand (Dr0 = 0.56); reprint from Heinz [1970, p. 51].

Figure 2.2: X-ray photograph of initially medium dense sand below a penetrated model
foundation. State of base failure. Light zones indicate loosening resp. plastic yielding;
reprint from Heinz [1970, p. 72].

lines, that is, the distribution of the relative density on initially medium dense sand
(Dr0 = 0.56) close to the collapse load is shown in Fig. 2.1. The grey shadings indicate
reduction in relative density; the black color is for a relative density 0 ≤ Dr0 ≤ 0.1.
It can be seen from the figure that a wedge is formed under the foundation which is
surrounded by zones of severe loosening. Heinz [1970, sec. 8.2] points out that these
zones can be identified with zones of plastic yielding. No significant density changes
were measured within the wedge, thus Heinz [1970, p. 68] calls this the elastic core
(“elastischer Kern”).

Fig. 2.2 reprinted from [Heinz, 1970] shows an X-ray photograph of initially medium
dense sand below a penetrated foundation model at the state of base failure. Light zones
indicate reduction in relative density. These zones are adjacent to the distinct primary
and secondary slip surfaces (dashed lines) that occur. The wedge directly under the
foundation behaves monolithically without plastification. Heinz [1970, sec. 8.3] notes
that the apex angle of the wedge increases along with increasing initial relative density.
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The small-scale pile penetration experiments conducted by Mikasa and Takada [1973]
are geometrically similar to those of Berezantsev et al. [1961]. However, all the exper-
iments of Berezantsev et al. were carried out without surcharging the soil (1g tests),
whereas Mikasa and Takada use a centrifuge to obtain more realistic initial stress
states. Displacement or veloctiy pattern of the soil were not quantitatively but only
qualitatively measured by stereoscopic photography. Mikasa and Takada show that
a compressive zone around the pile tip is governed by the surcharge pressure. They
concluded that this behavior is due to stress-dependent dilatancy.

At TU Berlin, Linder [1977] conducted an extensive test program to study the pene-
tration- and load-bearing behavior of small-scale model piles in dry and initially dense
quartz sand. For this purpose a cylindrical soil container with pneumatic pressure pad
equipment had been constructed to allow surcharging of the ground surface resp. to
realize larger initial embedding depths of the model piles. Moreover, the soil container
was instrumented with a large number of vertically and radially aligned extensometers
for displacement measurements in a close-mesh grid. The distortion of these grid cells
enabled quantification of local volume resp. density changes. The instrumented flat-
ended model piles with diameters of 60mm, 80mm, and 100mm featured measurement
of base resistance and local shaft friction. The piles were pressed into the ground not
by starting from the ground surface but from different embedding depths with and
without surcharge pressure.

To check the measured deformation data and to deduce soil deformations at larger
penetration depths, Linder [1977] conducted additional experiments with frost bodies.
For this purpose the soil container had been flooded and the soil had been frozen at the
end of pile penetration tests into sand with layers of markers. The final deformation
state could then be visualized by cutting open a frost body.

Linder [1977] describes three phases during quasi-static pile penetration into dense dry
sand. The soil would collapse due to a general shear failure (“allgemeiner Scherbruch”)
in phase 1, forming blocks of failure and sliding surfaces reaching up to the ground level
(Fig. 2.3). This mechanism is similar to base failure under shallow foundations. Zones
of severe loosening surround the shear localization zones (sliding surfaces). Moreover,
a hemispherical dead zone or core arises which is similar to the one reported by Heinz
[1970] and which is shielded by a soil arch. The volume of the ground heaving is larger
than this of the penetrated pile.

In phase 2, zones of shearing and loosening would enclose a compression cone which
is formed under the pile [see also Robinsky and Morrison, 1964]. This is depicted
in Fig. 2.4. Within the compression cone the soil would densify and grain crushing
occurs, whereupon the general shear failure passes into a local shear failure (“lokaler
Scherbruch” [Linder, 1977]) and finally into a punching shear failure (“Verdichtungs-
und Verdrängungsbruch” [Linder, 1977]) —the modes of general shear failure, local
shear failure, and punching shear failure are described in [Terzaghi, 1943; Vesic, 1963,
1973; Craig, 2007]. The shear zone would transform the vertical motion of the soil
particles into a radial motion. From a global viewpoint phase 2 approximately describes
an isochoric motion, meaning that the volume of the ground heaving equals the volume
of the penetrated pile.
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Figure 2.3: Failure mechanism at small penetration depths in phase 1; reprint from
Linder [1977, p. 105].

Figure 2.4: Deformations and relative density changes in dense sand at medium pene-
tration depths in phase 2; schematic diagram according to Linder [1977, p. 174].
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Figure 2.5: Deformations and relative density changes in dense sand at large penetra-
tion depths in phase 3; schematic diagram according to Linder [1977, p. 182].

In phase 3 the soil under the pile base would be compressed normal to the core bound-
ary. Then, the shearing zone running ahead of the compression zone would displace the
soil in radial and upward direction (Fig. 2.5). Sand would loosen moderately within
this shearing zone [see also Kérisel, 1961, 1964] and would experience redensification
along with displacement. The shearing and loosening zone in phase 3 has a diameter
of about 3.5D and reaches into a depth up to 2.5D under the pile base, where D is the
diameter of the pile. The shearing zone is enclosed by a compression resp. displacement
zone like the lower part of the pile shaft. An important phenomenon in phase 3 is that
initially dense soil elements are subjected to significant structural changes governed by
grain crushing once they are grabbed by the compression zone right below the pile tip.

The results of the tests reported by Linder [1977] were influenced by the initial em-
bedding depth of the model piles. At the same amount of penetration the behavior in
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phases 1 and 2 would differ for small and large embedding depths. In phase 3 the soil
response behavior would be almost independent of the initial embedding depth.

At the University of Cambridge, White [2002] conducted pile penetration tests in a
chamber at plane strain conditions. A small-scale model pile (in fact, a wall segment)
was pressed along an observing window into different types of sand with different
initial densities. White developed a system for deformation measurement that combines
techniques of particle image velocimetry (PIV) and close range photogrammetry. A
vertical stress boundary condition to the soil mass could be applied by a pair of rubber
surcharge bags in order to achieve higher and more realistic stress levels.

White [2002] identifies three zones of soil motion during a penetration increment. A
core zone would be formed right below the flat pile base similar to the core noticed by
Heinz [1970] and Linder [1977], and in which the soil would be compressed. The second,
cone-shaped zone would be located ahead of the core and would expand downwards with
an inclination angle of about 55◦ relative to the horizontal. Within this second zone the
soil would be compressed in vertical direction. A third zone would be observed above
and lateral to the cone in which the soil would be compressed in horizontal direction
but is allowed to expand in vertical direction.

By using the PIV method, which is a special kind of particle imaging technique (see
Chapter 7), White [2002] was able to measure soil velocity and to deduce soil strains
with high resolution and accuracy. Motion tracking was implemented by integrating
the velocity field in time. Hauser and Walz [2004] and other research groups approve
the applicability of the PIV method to experimental soil mechanics. It is also applied
in the present work.

2.1.2 Soil Stress, Base Resistance, and Shaft Friction

A large number of experimental penetration tests is reported in which the penetrator
and/or the soil was instrumented. Most of the laboratory and on-site pile penetra-
tion experiments focus on the pile shaft friction, because the base resistance does not
significantly change at large penetration depths; see [Linder, 1977] and below.

De Nicola [1996] and Bruno [1999] conducted tests in a centrifuge at the University of
Western Australia in order to examine the distribution of the shaft friction. A miniature
pile driving actuator had been constructed to install instrumented open-ended model
piles in-flight by hammering. The scale of the model required satisfaction of laws of
similitude for dynamic installation. This was achieved by either particle size reduction
or by using a pore fluid with higher viscosity than water.

In their theses, de Nicola [1996] and Bruno [1999] report not only a drop of shaft
friction at increasing distance from the pile base but also a gradually loss of friction
along the pile shaft as driving proceeds. The latter phenomenon is referred to as friction
fatigue [Heerema, 1980]. Randolph et al. [1994] attribute the loss of shaft friction to
a decreasing earth-pressure coefficient owing to dynamic shear deformation. The rate
of fatigue is governed by the compressibility of the soil and its sensitivity to grain
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crushing, as well as by the pile roughness, the energy impact due to driving, and the
local soil motion next to the pile base [Randolph et al., 1994]. Soil compressibility is
related to the plastic volume change of a soil element.

Chow [1997] reports on an extensive program of large-scale on-site tests. He used a 7 m
long instrumented pile that allows for measurement of both friction and radial stress
at three locations along the shaft. The pile was driven by hammering. Friction fatigue
was quantified in addition to a significant increase in radial effective stress at a given
pile shaft level during installation. Chow attributes this increase to dilation at the
pile-soil interface, that is, to the increasing volume due to shear loading.

To examine the soil stress around the pile in the course of pile penetration, Leung
et al. [1996, 2001] performed experiments in a centrifuge. The soil was instrumented
by an array of buried vertical and horizontal total stress transducers, and pile models
were driven into the soil by pressing. The measured horizontal stress remained nearly
constant as the pile tip passed. In larger depths the vertical stress behaved similar.
However, near to the ground surface the vertical stress would drop below the geostatic
level. As the pile reached a desired penetration depth, Leung et al. [1996] applied a
constant load for a specific period of time to investigate time-dependent behavior. It
turned out that the base resistance gradually decreased whereas shaft friction increased.
Such time-dependent phenomena are also reported by Chow [1997] and Chow et al.
[1997], among many others. These, however, are not considered in the present work.

The evolution of the pile base resistance at initiating penetration, on the other hand,
is an important issue. Linder [1977] gives a detailed report of the base resistance
during the three phases of pile penetration described above. He deduced a schematic
enveloping load-displacement curve from his test results in which he identified phase
transitions with points of inflection (Fig. 2.6). In a relative penetration resp. embedding
depth of L/D ≥ 1.0 to 2.0, where L is the penetration depth and D is the pile diameter,
the general shear failure of phase 1 would pass into a local shear failure which initiates
phase 2 and the first inflection point on the load-displacement curve. Accordingly, the
stress at the flat pile base highly increases along with penetration. Compared to phase 1
the base resistance in phase 2 would be predominantly governed by the compressibility
of the soil, whereas its shear resistance would become less important.

Phase 3 would be marked by the second inflection point on the load-displacement curve
in relative penetration depths of L/D ≥ 8.0 to 12.0. The enveloping load-displacement
curve depicted in Fig. 2.6 approaches a straight line of quasi-constant base resistance.
This quasi-constancy is also reported by Kérisel [1964]. Practically, the base resistance
in phase 3 would be governed only by the compressibility and displacement ability of
the soil, and by the response of the powdered material running ahead of the core zone.

2.1.3 Influencing Factors

Many experimental laboratory and on-site tests have been conducted in the past in
order to investigate the influence of the relative density of sand on shaft resistance and
base resistance of piles and sounding tools. As one would expect, there is a trend of
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Figure 2.6: Phases during pile penetration in dense sand. Progress of base resistance;
schematic diagram according to Linder [1977, p. 171].

base resistance increasing with relative density. However, a mechanically well-founded
direct correlation has not been found yet. According to Klotz and Coop [2001], the
relative density would not be not sufficient to deduce the base resistance from. Based
on conducted small-scale pile penetration tests in a centrifuge, Klotz and Coop instead
suggest to use a so-called state parameter as the basic variable, which is a scalar-valued
quantity comprising both the stress and density state of sand. The state parameter
was introduced by Been and Jefferies [1985]; see also Section 4.2.

In early design methods to determine the bearing capacity of displacement piles, the
angle of internal friction is the only soil parameter. Vesic [1963] concluded that this
would be indeed a reasonable assumption for cohesionless soil provided that the angle
of internal friction would be considered as a function of the relative density. He reports
on a series of conducted large-scale shallow penetration and pile penetration on-site
tests to investigate the bearing capacity of deep foundations in sand. The tests reveal
that all three modes of shear failure (i.e. global shear failure, local shear failure, and
punching shear failure) may occur within cohesionless soil under a shallow foundation
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dependent on the initial relative density. At greater depths only punching shear failure
would take place irrespective of the relative density. Moreover, Vesic [1963] concluded
that shaft resistance and base resistance would reach constant values at relative depths
of L/D > 15 which are independent of the overburden pressure and appear to be a
function of the relative density of sand only. The bearing capacity would generally
increase with increasing relative density.

Yasufuku et al. [2001] carried out experiments with pile models in calcareous sands
and quartz sands, and recorded a considerable influence of soil compressibility. They
improve the cavity expansion method of Vesic [1972], see below, for back-calculation of
their experimental results. From these back-calculations, Yasufuku et al. [2001] deduce
a relationship between soil compressibility and base resistance at different overburden
stress. However, details about the dimensions of the plastic zones due to soil compress-
ibility are not given.

The penetration phenomenology, load-bearing behavior, and particularly the shaft fric-
tion and base resistance of displacement piles is affected by the installation method.
For example, Chow [1997], de Nicola and Randolph [1997], and White et al. [2000]
report that the friction fatigue phenomenon would be more significant in case of vibro-
driving than if the pile would be driven by pressing or hammering. However, as the
current research is concerned only with quasi-static penetration of piles, any influence
of the pile installation method is left unconsidered.

2.2 Semi-Empirical and Analytical Methods

Several attempts have been made to predict the ultimate bearing capacity of driven
and pressed-in piles and to deduce soil properties from penetrating sounding tools on a
semi-empirical basis. The in-situ static cone penetration test is a widely used procedure
to give rough estimates of engineering soil properties. By now semi-empirical relations
have been deduced between the measured static cone resistance and the internal friction
angle, the relative density, the undrained shear strength, and the stiffness of the soil
near the cone. For example, the static cone resistance qc can be related to the undrained
shear strength cu according to the well-known formula [van den Berg and Vermeer, 1988;
DIN 4094-1]

qc
def= Nc cu + σ0 , (2.2.1)

where σ0 is the total overburden stress and Nc is the so-called cone factor. Cone
resistance has also been related to the limiting values of base resistance and shaft
friction of driven and pressed-in piles in both cohesive and granular soils [Meyerhof,
1951, 1956; DIN 1054].

The semi-empirical method of Meyerhof [1976] combines bearing capacity theory with
experimental test data. The proposed bearing capacity factor and earth pressure coef-
ficient incorporate the influence of the pile installation method on base resistance and
shaft friction, respectively. However, due to its simplifying assumptions the method of
Meyerhof does not feature the prediction of soil property changes during installation
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or the computation of stress and density distributions. This is because semi-empirical
approaches in general are intended for engineering practice, having reduced complexity
compared to analytical or numerical methods.

Analytical approaches to soil penetration include [cf. Susila and Hryciw, 2003; van den
Berg, 1994]: bearing capacity theories by limit plasticity [Meyerhof, 1951, 1956] that
originate from the work of Prandtl [1920], cavity expansion theories [Hill, 1998; Vesic,
1972; Randolph and Wroth, 1979], and the strain path method [Baligh, 1985; Teh and
Houlsby, 1991]. However, none of these methods is able to realistically predict density
changes along with penetration.

Methods that are based on bearing capacity theories, like the one proposed by Mey-
erhof [1951], are among the earliest approaches to soil penetration and pile resistance.
These methods are restricted to ideal (or rigid) plastic constitutive behavior of the soil
without any plastic volume changes, i.e. they ignore the influence of soil compressibil-
ity. Therefore, ultimate bearing capacity of cohesive soils can generally be estimated
from bearing capacity theory and the shear strength of undisturbed samples. For cohe-
sionless soils, however, this approach would not be practical [cf. Meyerhof, 1956, 1976].
Moreover, the penetration process changes the initial properties of the soil near the
pile or sounding tool governing the bearing capacity, thus results are not reliable.

Cavity expansion theories are reasonably applicable to cohesive soils. The method of
Hill [1998, sec. XI.4] is valid only for ideal plastic soil with zero internal friction, which
is approximately the case for fully saturated undrained clay. Vesic [1972] extends ideal
plastic cavity expansion theory by soil compressibility. The main assumption is that
the plastic zone is governed by the Mohr-Coulomb limit condition. This in turn means
that plastic volumetric strain can only result from shear failure, which contradicts the
real behavior of sand (see Section 4.2). Irreversible volume changes in sand may also
be due to isotropic loading.

The cavity expansion theories of Randolph and Wroth [1979], Randolph et al. [1979]
and Carter et al. [1979] allow for the simplified analysis of the effects of pile pene-
tration with subsequent consolidation in saturated clays. This is achieved through
the implementation of more advanced elasto-plastic constitutive equations for the soil.
Moreover, Yu and Houlsby [1996] extends the range of applicability of cavity expan-
sion theories to finite deformations, and Maisch [2000] combines cavity expansion with
hypoplasticity. Hypoplasticity is a constitutive framework different to elasto-plasticity
that is also applied in this research work; see Sections 4.1.3 and 4.3.

The advantage of the strain path method of Baligh [1985] is that geometry and kinemat-
ics of penetration deep below ground surface can be accurately reproduced. In order
to determine the stress and pore pressure fields within the soil, initial values have to
be assumed and a constant penetration velocity has to be prescribed. Thereafter, a
flow resp. strain rate field around the rigid penetrator must be estimated, and then the
deformation and strain paths are deduced from the flow field by integration. Once the
strain history is known, the stress and pore pressure can be obtained from a constitu-
tive equation. The strain path method has been successfully applied to the penetration
of piles with different pile tip geometries [Baligh, 1985], and to analyze the cone pen-
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etration in-situ test [Teh and Houlsby, 1991]. However, the method is restricted to
undrained cohesive soils because of the basic hypothesis that soil deformations and
strains are independent of the shearing resistance of the soil [Baligh, 1985].

2.3 Numerical Models

As outlined in the introductory chapter and highlighted in the preceding sections,
the problem of soil penetration is highly nonlinear due to large soil deformations,
complex material behavior, and changing contact conditions. In the current age of
personal computers with multi-core processors and sophisticated application software
the solution of such a problem by numerical methods is advocated. There are two
main groups of methods to build a numerical model for soil penetration. The first
group regards both the soil and the penetrator formed by assemblies of distinct (or
discrete) contacting particles, whereas the methods of the second group are based
upon the continuum assumption. Combinations of both approaches are at an early
stage [e.g. Avci and Wriggers, 2012].

2.3.1 Discrete Element Models and Meshless Models

The discrete element method (DEM) developed by Cundall and Strack [1979] is based
on discrete mechanics. The basic ingredients of this method are the particle assembly
and a constitutive law for interparticle contact. The microscopic response can provide
response of the particle assembly under loading on the macro level. Therefore, the
macroscopic behavior is strongly affected by the particle shape, particle size and its
distribution, as well as by the contact model. Research on DEM in soil mechanics and
geotechnical engineering is at an early stage. The current limitations of the DEM in-
clude its inability to solve true-to-scale problems with millions of particles. Simulation
of consolidation and fluid flow in the interspace requires coupling with continuum-based
methods. Nevertheless, promising works on soil penetration do exist [e.g. Jiang et al.,
2006; Heesen, 2010].

The majority of numerical models and solution techniques in soil mechanics are based
on the assumption of a soil continuum. Soil penetration is then understood as an initial
boundary value problem that can be solved by either mesh-based methods or meshless
methods.

Meshless methods, which are also called point-based methods, were developed with
the objective to eliminate the problems associated with mesh-based methods at ex-
tremely large material deformation or propagating discontinuities; the reader is referred
to the review articles of Belytschko et al. [1996] and Monaghan [1985] for detailed
information. Meshless methods for solid mechanical problems originated from the
particle-based methods for hydrodynamics, including the particle-in-cell (PIC) method
[Harlow, 1957] and smoothed particle hydrodynamics (SPH) [Gingold and Monaghan,
1977; Lucy, 1977]. Sulsky and Schreyer [1996] extend the PIC method for the appli-
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cation to dynamic solid mechanical problems, referred to as the material point method
(MPM). An alternative approach is the element-free Galerkin (EFG) method developed
by Belytschko et al. [1994], which is based on a moving least squares [Lancaster and
Salkauskas, 1981] approximation. However, many of the meshless methods resort to a
background mesh at least in parts of the method, and there are only a few applications
in soil mechanics and geotechnical engineering [e.g. Więckowski et al., 1999; Vermeer
et al., 2008; Bui et al., 2008, 2011; Beuth, 2012].

2.3.2 Lagrangian Finite Element Models

The most widely-used mesh-based numerical tool in nonlinear solid mechanics is the
finite element method (FEM) [e.g. Wriggers, 2008; Belytschko et al., 2000; Zienkiewicz
and Taylor, 2000a,b; Bathe, 1996; Oden, 1972]. FEM calculations can be carried out on
both structured as well as unstructured meshes. The finite difference method, which
requires a logically regular mesh, is mostly applied to fluid dynamical and impact
problems [Benson, 1992]. A challenge that is to be met for FE modeling of general
penetration processes is constituted by the large local deformations in the vicinity
of the penetrator. Moreover, numerical models for penetration of soils, in particular
granular soils, require advanced constitutive equations to ensure that the stress and
density fields and soil deformations are feasible and realistic.

Typical finite element models in solid mechanics are based on a Lagrangian description,
in which a configuration of the material is chosen as the reference domain for the
solution of the considered initial boundary value problem (cf. Chapter 5). In this
case the motion of the element mesh is an approximation to the material deformation.
If material deformations are large, excessive element distortions and mesh tangling
may occur that slow down convergence of solution or even terminate the calculation.
One of the earliest Lagrangian FE models for soil penetration was set up by Griffiths
[1982]. Based on infinitesimal deformation theory and by using a simple elasto-plastic
material model with Tresca’s yield condition, he investigated load-bearing capacity of
deep foundations resp. smooth piles placed in a “pre-bored hole” in cohesive soil. This
basic idea of a soil penetration starting in pre-bored holes is also called the wished-
in-place approach. It is adopted by many researchers, e.g. by de Borst and Vermeer
[1984]; Teh and Houlsby [1991], and Kiousis et al. [1988], in order to prevent severe
element distortion and to bypass numerical problems related to small shear strength
at the unloaded ground surface.

The penetration model of de Borst and Vermeer [1984] is based on the assumption of
infinitesimal deformations. Teh and Houlsby [1991] combine the strain path method
with small-strain finite element analysis to study the cone penetration test in clay.
Kiousis et al. [1988] extended a large deformation FE framework proposed previously
[Kiousis et al., 1986], but the smooth penetrometer with conical tip also starts at a
certain depth to keep soil deformations moderate. The constitutive equations for the
soil employed in these early models are rather simple and do not include state variables
in addition to stress, like the void ratio. For example, de Borst and Vermeer [1984]
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apply the Mohr-Coulomb elasto-plastic model to their analysis, and Kiousis et al. [1988]
use the model of DiMaggio and Sandler [1971] for granular materials.

It should be obvious that the calculated load-bearing capacity of wished-in-place nu-
merical pile models generally differs from that of pile models where the installation
process has been simulated. This is because the stress and material state of the soil
changes during penetration. An alternative approach which also limits mesh deforma-
tions along with penetration in a Lagrangian FE model is to use a special modeling
technique for the penetrating object, which is referred to as the pilot-hole or zipper-type
technique. When using such an approach the pile is regarded as a rigid slideline or
rail in two dimensions and as a rigid tube in three dimensions (Fig. 2.7). The rail
resp. tube supports the modeled soil continuum in normal direction. Alternatively,
the pile with conical tip can be modeled by solid elements. In any of these cases the
“centerline” of the soil domain has to be given a hypothetical small thickness. By the
pile moving downward the vertical axis of penetration, the soil is displaced and contact
between pile and soil can be established. The contact constraints, which may include
separation, adhesion, or sliding friction, are treated in the common way.

One of the earliest finite element models for penetration using the zipper-type technique
is reported by Cividini and Gioda [1988]. In their two-dimensional model shown in
Fig. 2.7 above, the rail representing the pile consists of a series of straight segments
to which the soil is constrained by rollers. The rollers do not support tensile forces in
normal direction. In tangential direction, the interaction between pile and soil includes
frictional response together with adhesion.

Mabsout and Tassoulas [1994] incorporate a more advanced constitutive equation for
undrained cohesive soil based on the bounding surface plasticity framework in their nu-
merical model. The pile is installed dynamically by hammering. Transmitting bound-
aries of the viscous type have been used to prevent wave reflection at the boundaries of
the finitely extended mesh for the soil mass. Lateral and overburden soil pressure on
the radial and upper horizontal boundary, respectively, is applied using special pres-
sure elements. The method for contact constraint treatment permits large relative slip
between pile and soil, and allows separation along the interface. Sliding friction is
modeled using the Coulomb law.

In a series of research projects carried out at the Technical Universities of Karlsruhe and
Hamburg-Harburg, Germany, the zipper-type modeling technique in combination with
highly-developed hypoplastic rate constitutive equations for the soil (see Chapter 4)
was applied to analyze static, quasi-static cyclic, and dynamic penetration of sand and
its influence on adjacent structures [Cudmani, 2001; Mahutka and Grabe, 2005; Grabe
and König, 2006; Mahutka, 2007; König, 2008; Henke, 2008, 2010; Grabe et al., 2009;
Mahutka and Henke, 2009]. The axisymmetric finite element models used in these
works are similar to the one reported by Mabsout and Tassoulas [1994], including
discretizations of the pile with both a smooth and a non-smooth surface.

Henke [2010] refines the zipper-type technique to model not only piles with full circular
cross section but also pipe piles and fully three-dimensional steel piles with different
cross sections (Fig. 2.7 below). In the latter case, both the model generation and finite
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Figure 2.7: Special modeling techniques for soil penetration in Lagrangian FEM. Above:
two-dimensional model with rigid rail; reprint from Cividini and Gioda [1988, p. 1046].
Below: three-dimensional model with rigid tube; reprint from Henke [2010, p. 1192] –
(Copyright c© 2009 John Wiley & Sons, Ltd.).

element solution process could be quite time-consuming. The results of numerical
analysis show that the influence of pile installation on stress and density distribution
in sand and on adjacent structures depends on the initial density, the installation
method, the pile geometry, and the roughness of the pile shaft. The additional loading
on adjacent structures due to pile penetration generally increases with increasing initial
density of the soil. Earth-pressure built-up adjacent to pressed-in piles is larger than
for piles which are vibro-driven.

Sheng et al. [2005] simulate the installation of pressed-in axisymmetric piles in cohesive
soil in a Lagranigan finite element model by placing emphasis on the modeling of the
contact zone between pile and soil. The modified Cam-Clay constitutive equation
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[Roscoe and Burland, 1968] is used to model the mechanical behavior of the soil. The
pile with conical tip is meshed by solid elements of finite stiffness to allow for stress
evaluation within the pile. The FE model and contact methods applied in [Sheng et al.,
2005] is improved by Sheng et al. [2006]. They show that the load-displacement curve
related to the pile penetration process is strongly influenced by the discretization of
the pile-soil contact interface. If the solid mesh is coarse and the interface is discretized
by straight segments, then the load-displacement curve has a zig-zag form which is a
manifestation of spurious oscillation. This phenomenon has already been reported by
Simo and Meschke [1993] and is caused by the periodical release of the finite element
nodal forces whenever a node loses contact with the pile cone. Oscillation can be
reduced by smoothing the contact interface segments [Sheng et al., 2006].

The zipper-type approach, albeit widely-used, has some undesirable limitations. Since
the direction of penetration is predefined, drifting and/or twisting of the modeled
penetrator are precluded. Moreover, the penetrator is required to be sufficiently smooth
and to have a beneficial geometry to limit material deformations resp. deformations of
the Lagrangian mesh along with penetration. Conical or “dagger-like” pile tips that
cut open the soil, i.e. which predominantly displace the soil horizontally instead of
compressing it in vertical direction, are highly recommended.

2.3.3 Rezoned and Non-Lagrangian Finite Element Models

If element distortions in Lagrangian FE models for penetration processes become unac-
ceptably large, then a new FE model has to be generated and the solution variables have
to be remapped onto the new mesh. This complex process is generally called rezoning
or adaptive remeshing. Rezoning can be applied to any of the FE models mentioned
but is difficult to implement for large strain finite element formulations. By contrast,
the remeshing and interpolation technique with small strain (RITSS) proposed by Hu
and Randolph [1998] is much simpler because it is based on the assumption of infinites-
imal deformations. RITSS basically is a rezoning method for small-strain Lagrangian
finite element technology to simulate large deformation problems. However, results
are questionable since large deformation effects e.g. due to finite material rotations
are neglected. Nevertheless, RITSS has been applied to several problems, including
installation of spudcan foundations [Hu and Randolph, 1998] and penetration tests [Lu
et al., 2004; Zhou and Randolph, 2007].

Element distortion will not occur in the Eulerian finite element or finite difference
models in which the mesh is kept spatially fixed during the entire calculation. The
material flows through the fixed mesh, hence tracking of free surfaces and material
motion thus becomes non-trivial. However, if the stationary process of deep penetration
into homogeneous soil is intended to be simulated by neglecting the ground surface, the
penetrator can be regarded as spatially fixed so that Eulerian FE model generation and
solution is considerably simplified. This latter approach was investigated to simulate
cone penetration in both homogeneous [van den Berg and Vermeer, 1988] and layered
[van den Berg, 1994; van den Berg et al., 1996] cohesive soil. Liyanapathirana et al.
[2000] uses a Eulerian model to simulate driving of a pipe pile by hammering. Effort
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has been made to include free surfaces and material interface evolution in the so-called
multi-material Eulerian codes [e.g. McGlaun et al., 1990; Benson, 1995, 1997, 2000],
but these are much more complex and have not been applied yet to quasi-static soil
penetration involving complex constitutive response.

The coupled Eulerian-Lagrangian (CEL) method proposed by Noh [1964] in the context
of finite difference methods couples overlapping but distinct Eulerian and Lagrangian
meshes. In CEL methods, a Lagrangian mesh is generally used to discretize the pen-
etrator whereas an Eulerian mesh is used for the target, representing the soil in the
present case. The boundary of the Lagrangian mesh represents the actual interface
between the penetrator and the target, and interface models need to be employed to
couple the responses of the Lagrangian and Eulerian meshes. Typical interface models
use the velocity of the Lagrangian boundary as a kinematic constraint to the Eulerian
mesh, and the stress within the Eulerian elements is applied as a traction boundary
condition to the Lagrangian mesh [see Benson, 1992; Brown et al., 2002]. Usually the
deviatoric stress contribution generating interface friction is ignored, because most of
the CEL codes are intended to solve highly dynamic, pressure-dominated problems.

Noh [1964] applies his method to fluid-structure interaction problems, and Brown et al.
[2002] discusses CEL in the context of hypervelocity earth penetrating weapon appli-
cations. The commercial finite element code ABAQUSr provides a CEL feature that
incorporates a model to handle interface friction. Henke et al. [2010] combined this
feature with an advanced hypoplastic constitutive equation for the target material to
simulate pile penetration into sand.

As outlined in the introductory Chapter 1, the arbitrary Lagrangian-Eulerian (ALE)
description of finite element models, taken as the basis for the present work, was de-
veloped to overcome the difficulties encountered in the purely Lagrangian and Eulerian
descriptions, and to combine their advantages. The origins and state of the art of ALE
procedures and their detailed examination will be presented in Chapter 6 and not at
this point here. Implementation of ALE methods is complex, and the need for elab-
orated constitutive equations to realistically model the mechanical behavior of soils
further increases complexity. Therefore, there are currently only few ALE finite ele-
ment models for soil penetration reported in the literature. Moreover, in these models
the constitutive equations employed (Mohr-Coulomb, Drucker-Prager, modified Cam-
Clay, etc.) are not applicable to reproduce the stress- and density-dependent response
of sand and granular materials under monotonic and cyclic loading. This is because
relative density and material history do not constitute internal state variables to the
governing equations (sand behavior is investigated in Section 4.2).

Susila and Hryciw [2003] and Liyanapathirana [2009] employ the automatic adaptive
remeshing (rezoning) technique implemented in ABAQUSr to simulate the cone pen-
etration test in normally consolidated sand and soft clay, respectively. The adaptive
remeshing technique can be regarded as an operator-split ALE method because after a
purely Lagrangian solution step a new mesh is generated from the old mesh by node
relocation (r-adaption). Node relocation resp. mesh smoothing improves the quality
of the mesh without changing mesh topology. Therefore, mechanically consistent ad-
vection algorithms borrowed from computational fluid dynamics can be used to remap
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the solution variables onto the new mesh. An operator-split ALE method will be also
developed in the present work; see Chapter 6.

The algorithm for node relocation in ABAQUSr used in the finite element models of
Susila and Hryciw [2003] and Liyanapathirana [2009] is an averaging procedure that
moves the vertex node shared by a group of elements to the centroid of this group.
It is a simple algorithm that is not qualified to handle non-convex mesh patches and
to account for mesh grading. The advection algorithm is based on the work of van
Leer [1977] which has a maximum accuracy of second order. The cone-soil interface
accounts for shaft friction by using the Coulomb law. Susila and Hryciw [2003] and
Liyanapathirana [2009] investigate cone tip resistance and stress distribution within
the soil. The simple Drucker-Prager constitutive equation has been chosen by Susila
and Hryciw [2003] to model the mechanical behavior of sandy soil. Therefore, the FE
model cannot capture relative density development and response due to cyclic loading.

Nazem et al. [2006, 2008] develop an operator-split ALE method to solve large defor-
mation geomechanical initial boundary value problems under different drainage condi-
tions. This ALE method is applied to shallow foundations on fully drained and fully
undrained soil [Nazem et al., 2006] as well as to consolidation problems [Nazem et al.,
2008]. The latter requires a two-equation model for the soil together that accounts
for solid-fluid coupling. The constitutive equations used for the soil include those of
Mohr-Coulomb and Tresca, as well as the modified Cam-Clay model. A new algorithm
has been developed and implemented in order to smooth the finite element mesh based
on physical considerations.

The ALE method employed by Di et al. [2007] allows for a wide range of geomechan-
ical applications. It is also based on the operator-split solution procedure. The soil
is modeled as a saturated porous medium with solid-fluid coupling, and the mechan-
ical behavior of the solid phase is described by a hypoelasto-plastic rate constitutive
equation using non-linear kinematic hardening and non-associated flow rules. Strain
and pore water pressure accumulations during cyclic loading are taken into account in
addition to static consolidation effects. By these features, Di et al. [2007] can analyze
large deformation response of an embankment made up of saturated soil mass and
subjected to vertical and horizontal earthquake excitation. The finite element model
was laterally bounded by infinite elements to avoid wave reflection. Di et al. point out
that computational stability would be lost and the running of the program would be
stopped when using a purely Lagrangian mesh. In contrast, the ALE finite element
mesh would remain smooth so that the computation can be continued.

Sheng et al. [2009] combine the zipper-type FE model for quasi-static pile penetration
set up by Sheng et al. [2006], see above, with the ALE method of Nazem et al. [2006],
but included some improvements to the node relocation scheme. They conclude that
the ALE method together with contact interface smoothing would be able to consider-
ably advance the simulation of soil penetration problems involving friction and would
not cause much increase in computing time compared to a purely Lagrangian simula-
tion. This comparison, nota bene, can be done only at penetration stages at which the
Lagrangian simulation has not yet been terminated due to severe element distortion.



Chapter 3

Kinematics and Balance Principles

Roughly speaking, continuum mechanics consists of kinematics, balance principles,
and constitutive theory. The following chapter is concerned with the former two fields,
whereas constitutive theory with applications to sand response is investigated in the
next chapter. Kinematics is the description of material bodies and their motion in the
ambient space without considering the causes of motion. The balance principles are
the laws of dynamics that govern the motion of bodies including mechanical as well as
thermal effects. Depending on the choice of reference points and volume elements, kine-
matics and the balance principles can be set up in Lagrangian (or material), Eulerian
(or spatial), and arbitrary Lagrangian-Eulerian (ALE or referential) form.

The classical Lagrangian and Eulerian formulations are usually applied to continuum
mechanics, and a large body of literature is available that treats classical continuum
mechanics in Euclidian linear spaces [e.g. Truesdell and Toupin, 1960; Malvern, 1969;
Gurtin, 1981; Truesdell and Noll, 2004; Ciarlet, 1988; Holzapfel, 2000]. Continuum
mechanics on manifolds has been developed with increasing speed during the last few
decades [Carter and Quintana, 1972; Wang and Truesdell, 1973; Marsden and Hughes,
1994; Ebin and Marsden, 1970; Simo and Marsden, 1984; Simo et al., 1988; Epstein
and Segev, 1980; Segev, 1986, 2000, 2013; Stumpf and Hoppe, 1997; Romano and
Baretta, 2009; Aubram, 2009]. In the majority of cases, it is more practical to ap-
ply the Lagrangian description to general solid mechanical problems because these are
characterized by complex nonlinear inelastic materials with strength. The Eulerian
description is commonly used for pressure-dominated fluid dynamical problems that
involve very large deformation of materials without memory. The Lagrangian approach
has to satisfy less complex governing equations than the Eulerian approach, because
convective terms are absent. However, this advantage is gained through material track-
ing that requires knowledge of an initial (or reference) configuration of the body, which
is not necessary in non-Lagrangian descriptions.

Along with the advent of computational mechanics and the demand for advanced and
interdisciplinary finite element applications, the classical Lagrangian and Eulerian for-
mulations have revealed some inevitable disadvantages (see Chapters 1 and 2). An
almost arbitrary reference domain uncoupled from the material body and its spatial
configurations is introduced in the ALE formulation in order to unify both classical con-
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cepts, and to overcome their shortcomings. The earliest references concerned with the
arbitrary resp. mixed Lagrangian-Eulerian treatment of continuum mechanical equa-
tions include [Trulio and Trigger, 1961; Guo, 1963; Frank and Lazarus, 1964].

The following chapter derives the basic equations of kinematics and balance princi-
ples in the Lagrangian, Eulerian, and ALE descriptions. These descriptions will be
given proper definitions, which are missing in the available literature. The treatises
of Marsden and Hughes [1994], Scovazzi and Hughes [2007], and Aubram [2009] serve
as an orientation, and the geometric concepts summarized in Appendix A are adopted
consistently in order to obtain an ALE setting of continuum mechanics on manifolds.
Notwithstanding this aspect of generality, the present outline takes space and time as
different concepts, like in non-relativistic classical mechanics.

As a general convention, upper case Latin is used for coordinates, vectors, and tensors of
the reference configuration, and objects related to the Lagrangian formulation. Lower
case Latin relates to the current configuration, the ambient space, or to the Eulerian
formulation.

3.1 Kinematics

3.1.1 Motion of a Body in Space

The basic mathematical object in the proper formulation of continuum mechanics is
that of a differentiable manifold. In this spirit, let M be a sufficiently smooth material
manifold, and let its particles or material points carry the properties of the material
under consideration. A subset B ⊂ M is referred to as a material body resp. a body
manifold [Lodge, 1951; Noll, 1967, 1972; Krawietz, 1986]. B is usually noticed in a
Riemannian ambient space S, which is a differentiable manifold with metric g, sym-
metric connection ∇, and volume form dv. Let the placement κ : B → S be an
embedding such that B → κ(B) is a diffeomorphism, and call B def= κ(B) ⊂ S the
reference configuration of the body in S, or simply the body. The points X ∈ B are
the places of the particles of the body in the reference configuration, but they are just
called the particles for brevity. The situation is illustrated in Fig. 3.1.

Let [0, T ] ⊂ R be a time interval. An embedding

ϕt : B → S
X 7→ x = ϕt(X)

(3.1.1)

is called a configuration of B in S at time t ∈ [0, T ], and the set C def= {ϕt |ϕt :B → S} is
called the configuration space. The deformation of the body then is the diffeomorphism
B → ϕt(B). A motion of B in S is a family of configurations dependent on time
t ∈ [0, T ], i.e. a curve c : [0, T ]→ C, t 7→ c(t) = ϕt, and with ϕt(·) def= ϕ(·, t) at fixed t.
ϕt(B) is referred to as the current configuration of the body at time t, so x = ϕt(X) is
the current location of the particle X.
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Figure 3.1: Manifolds and mappings related to the Lagrangian, Eulerian, and arbitrary
Lagrangian-Eulerian descriptions; according to Aubram [2009, fig. 4.4].
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Remark 3.1.2. If ϕ0 = idB is the identity map on B, then B = ϕ0(B), i.e. the body
is in its reference configuration at t = 0. B is then called the initial configuration of
the body. However, the choice of a initial configuration is not necessary to describe the
motion of the body, but it has historical significance in continuum mechanics. 4

For simplicity, it is throughout assumed that the dimensions of the body and the
ambient space are the same, i.e. dim(B) = dim(S) def= m. Both B and S have differ-
entiable atlases by Definition A.4.4. The charts of the open neighborhoods U(X) ⊂
B will be denoted by (U , β), where β : U → Y ⊂ Rm is a homeomorphism and
{X1, . . . , Xm}X

def= {XI}X = β(X) ∈ Rm are local coordinate functions. Consequently,{
∂
∂X1 , . . . ,

∂
∂Xm

}
X

def=
{

∂
∂XI

}
X
∈ TXB establishes a holonomic basis of the tangent space

at X, and the coordinate differentials form its dual {dXI}X ∈ T ∗XB in the cotangent
space. Regularity of the local coordinate systems is demanded everywhere and at all
times, hence fracture and interpenetration are precluded. It was assumed above that
the ambient space S has a metric, so B also has. The metric coefficients at every X ∈ U
with respect to the {XI}X are GIJ(X) def=

〈
∂
∂XI ,

∂
∂XJ

〉
X
.

The differentiable atlas of the ambient space S consists of charts (V , σ), where V(x) ⊂
S is an open neighborhood of the spatial point x ∈ S, σ : U → X ⊂ Rm is a
homeomorphism, and {x1, . . . , xm}x

def= {xi}x = σ(x) ∈ Rm. As before, the local vector
basis at x is

{
∂
∂xi

}
x
∈ TxS, and {dxi}x ∈ T ∗xS is its dual. The metric coefficients at

every x ∈ V are be denoted by gij(x) def=
〈
∂
∂xi
, ∂
∂xj

〉
x
at every x ∈ V . The ambient

space should have a symmetric connection denoted by ∇, with coefficients γ j
i k . It is

assumed that B and S are orientable, with Riemannian volume forms denoted by dV
and dv, respectively. Finally, let I and i, with components δIJ and δij, be the identity
tensors on B and S, respectively.

Definition 3.1.3. Let ϕt : B → S be the motion of a material body, and (U , β), (V , σ)
be coordinate charts as defined previously. Let ϕ−1

t (V) ∩ U 6= ∅, then by (A.4.5), the
localization of the motion is the map

σ ◦ ϕt ◦ β−1
∣∣∣
β(ϕ−1

t (V)∩U) ,

and
ϕit(XI) def= (xi ◦ ϕt ◦ β−1)(XI) resp. ϕit

def= xi ◦ ϕt ◦ β−1

are the spatial coordinates associated with ϕt(B) at time t. The so-called convected
coordinates on ϕt(B) are given by the inverses of ϕit, i.e. XI ◦ϕ−1

t ◦σ−1. These are lines
scribed on B following its motion in S. ♦

Remark 3.1.4. The previous definitions include the standard Euclidian point space
and motions therein as a special case. Assume that S = Rm is an m-dimensional
Euclidian point space, and that B ⊂ Rm is the reference configuration of the body
having the same dimensions. Rm is affine, thus has the global chart (Rm, id). To
make a difference, write (Rm, Z = id) for the global chart on B, and (Rm, z = id)
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for the global chart on S. The tangent bundle of Rm is just TRm = Rm × Rm (see
Remark A.4.11).

Now, let O, o ∈ S be arbitrary points. In Rm, a material particle X ∈ B in the reference
configuration can be identified with the position vector

XO = (O,X) ∈ TORm = {O} × Rm ,

with X def= −−→OX, and spatial points x ∈ S can be identified with xo = (o,x) ∈ ToRm,
where x def= −→ox. Let the chart (Rm, Z = id) be centered at O ∈ Rm, so that (O,EA)
is a frame and the basis {E1, . . . ,Em}

def= {EA} ∈ Rm is ortho-normalized. Then,
material Cartesian coordinates ZA can be determined from −−→OX = ZA(X)EA ∈ Rm,
or, equivalently, −→Ox = ZA(x)EA ∈ Rm, since (Rm, id) is a global chart. Similarly,
spatial Cartesian coordinates za can be determined from −→ox = za(x) ea ∈ Rm, where
(o, ea), and {e1, . . . , em}

def= {ea} ∈ Rm is likewise ortho-normalized. Note that such
ortho-normalized bases are always available in Rm (see Section A.1).

Let x ∈ S be any point, then −→Ox = −→Oo+−→ox. The Cartesian, that is, affine coordinates
of x in the two frames (O,EA) and (o, ea) transform according to the well-known rules

ZA(x) = BA
az
a(x) + cA and za(x) = Ba

AZ
A(x) + ba , with ba = −cABa

A .

Here BA
a = (Ba

A)−1 are the components of the inverse matrix of the change of basis
EA = Ba

Aea, I(−→ox) = za(x)BA
aEA and −→Oo def= cAEA = −baea def= −−→oO [cf. Aubram,

2009, sec. 2.2].

If ϕ : B × [0, T ] → S, (X, t) 7→ x = ϕ(X, t) is a motion of the material body, then its
vector-valued counterpart is defined through

ϕ : Rm × [0, T ]→ Rm

(X, t) 7→
−−−−−−→
Oϕ(X, t) def= ϕ(X, t) .

If B is in its reference configuration at t = 0, one has X = ϕ(X, 0). A local represen-
tative is ϕ = ZA(ϕ(X, t))EA

def= ϕAZ(X, t)EA, as well as

ϕ = (BA
bz
b(ϕ(X, t)) + cA)EA = (Ba

AB
A
bz
b(ϕ(X, t))− ba) ea = (ϕaz(X, t)− ba) ea

by applying the transformation rules, and ϕaz(X, t)
def= za(ϕ(X, t)). The vector field

Ut : B → TB defined through

U(X, t) def= (X,ϕ(X, t)−X) =
(
X,
−−−−−−→
Xϕ(X, t)

)
is called the material displacement. This is only defined in Rm. Using the previous
results, the displacements components with respect to (O,EA) are

UA(X, t) = ϕAZ(X, t)− ZA(X) = BA
aϕ

a
z(X, t)− ZA(X) + cA .
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Let (U , β) and (V , σ) be general charts on B ⊂ Rm and S = Rm, respectively, where
U(X) ⊂ B, V(x) ⊂ S are open neighborhoods. If XI and xi are general curvilinear
coordinates related to these charts, then their local basis vectors are given by the
transformation rules

∂

∂XJ
= ∂ZA(X)

∂XJ
EA and ∂

∂xi
= ∂za(x)

∂xi
ea ,

respectively (evaluated at the appropriate points). Therefore, EA = ∂
∂ZA

and ea = ∂
∂za

are the holonomic basis vectors associated with the Cartesian coordinates. 4

Definition 3.1.5. Let ϕt be at least 1-fold continuous differentiable, i.e. a C1-motion
of B in S, then

V t(X) def= ∂ϕt
∂t

(X) def= ∂ϕit
∂t

∣∣∣∣∣
β(X)

∂

∂xi
def= V i

t (X) ∂
∂xi

(x)

is called the Lagrangian or material velocity field over ϕt at X, where x = ϕt(X) and
V t(X) def= V (X, t) if t is regarded fixed. In fact, V t : B → TS is an honest vector field
neither on B, nor on S: it is a section of TS induced by the map ϕt; see Section A.6
for a general definition of induced sections. Provided that ϕt is regular, one can make
V t a vector field on ϕt(B) ⊂ S by switching the point arguments,

vt
def= V t ◦ ϕ−1

t : ϕt(B)→ TS ,

which is then called the spatial or Eulerian velocity field of ϕt. The spatial velocity
is the “instantaneous” velocity at x ∈ ϕt(B) ⊂ S, and V (X, t) = v(ϕ(X, t), t). By
abuse of language, both V and v are occasionally called the material velocity in order
to distinguish it from other, non-material velocity fields. ♦

Proposition 3.1.6. For a regular C1-motion, the Lie derivative of an arbitrary, pos-
sibly time-dependent, spatial tensor field tt ∈ Tpq(S) along the spatial velocity v is

Lvtt = ϕt?
d
dt(ϕ

?
t tt) .

Proof. From the definition of the Lie derivative, Lv(tt) = ψ?t,s
d
dt(ψ

?
t,stt), where ψt,s,

with s, t ∈ [t0, T ] ⊂ R, is the time-dependent flow generated by the spatial velocity on
S; cf. (A.7.7). By Definition 3.1.5, the latter is obtained from

ψt,s = ϕt ◦ ϕ−1
s : S ⊃ ϕs(B)→ ϕt(B) ⊂ S .

The assertion follows by applying the chain rule for pushforwards and pullbacks, and
noting that (ϕ?s)

−1 = (ϕ−1
s )? = ϕs? [see also Marsden and Hughes, 1994, sec. 1.6]. �

Time-dependency is dropped for the moment, so ϕ : B → S is just a configuration,
not a motion. The tangent of ϕ at X ∈ B, F (X) def= Tϕ(X) : TXB → Tϕ(X)S, is a
two-point tensor called the deformation gradient. F has the local representative

F (X) = F i
I(X) ∂

∂xi
⊗ dXI , (3.1.7)
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in which F i
I = ∂ϕi

∂XI . Note that globally, F : B → ϕ?TS ⊗ T ∗B is a two-point tensor
field, where ϕ?TS denotes the induced bundle of TS over ϕ; so ∂

∂xi
attached to ϕ(X)

is being understood. From (A.5.16) and (A.5.17), the transposed deformation gradient
is

F T(x) = gij
(
F i
I ◦ ϕ−1

) (
GIJ ◦ ϕ−1

) ∂

∂XJ
⊗ dxj , (3.1.8)

which is simply F T =F i
I dXI⊗ ∂

∂xi
by index raising and index lowering, and by dropping

the compositions with the point map.

Definition A.6.8 can be applied to obtain the pushforward and pullback of arbitrary
tensor fields on B and S, respectively. In particular, the following calculation formulas
can be obtained.

Proposition 3.1.9. For t ∈ T0
2(S), s ∈ T2

0(S), T ∈ T0
2(B), and S ∈ T2

0(B), one has

ϕ?t = F T · t · F ∈ T0
2(B) ,

ϕ?s = F−1 · s · F−T ∈ T2
0(B) ,

ϕ?T = F−T · T · F−1 ∈ T0
2(S) , and

ϕ?S = F · S · F T ∈ T2
0(S) ,

respectively. Compositions with point mappings have been suppressed.

Remark 3.1.10. The pullback and pushforward operators involve the tangent map
Tϕ = F , and not ϕ itself. This circumstance would justify the replacement of ϕ? by the
symbol F ?, referred to as the F -pullback, and ϕ? by F?, called the F -pushforward. 4

The deformation gradient includes all deformations, that is, stretches as well as rota-
tions, thus it is not a suitable strain measure. Instead, the right Cauchy-Green tensor
or deformation tensor (field)

C
def= (F T ◦ ϕ) · F ∈ T1

1(B) (3.1.11)

is a proper strain measure on B, and the Green-Lagrange strain or material strain E def=
1
2(C − I) also is. E[ = 1

2(C[ −G) denotes the associated tensor of E with all indices
lowered, where G def= GIJ dXI⊗ dXJ is the metric on B. Spatial or Eulerian strain
measures can be defined as symmetric mappings TS → TS for every x ∈ ϕ(B). For
example, the left Cauchy-Green tensor is defined through b def= (F ◦ ϕ−1)·F T ∈ T1

1(S).

Proposition 3.1.12. Let g ∈ T0
2(S) be the spatial metric tensor field, and ϕ a regular

configuration, then C[ = ϕ?g.

Proof. A proof of can be done in local coordinates by using the formulas presented
in this section [see also Aubram, 2009]. �

If ϕ : B → S is a regular configuration, then the deformation gradient has a unique
right polar decomposition F = R ·U , and a unique left polar decomposition F = V ·R.
The two-point tensor R(X) : TXB → TxS, where x = ϕ(X), includes the rotatory part
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of the deformation and is proper orthogonal, that is, R−1 = RT and detR = +1. The
right stretch tensor U (X) : TXB → TXB and the left stretch tensor V (x) : TxS → TxS
are symmetric and positive definite for every X ∈ B and x ∈ S, respectively —it will
be clear from the context whether V denotes the left stretch tensor or the material
velocity.

The Lagrangian or material logarithmic strain is defined through the spectral decom-
position

ε
def= lnU =

3∑
α=1

(ln λα)Ψ (α)⊗ Ψ (α) ∈ T1
1(B) , (3.1.13)

where λα and Ψα, with α ∈ {1, 2, 3}, are the eigenvalues and eigenvectors of U , respec-
tively. The eigenvalues play the role of principal stretches. From this, the Eulerian or
spatial logarithmic strain is given by e def= lnV = R · ε ·RT = R?ε. It is often referred
to as the Hencky strain in the literature.

Let ϕ : B × [0, T ] → S be a motion being continuously differentiable with respect to
time. The Lagrangian or material rate of deformation tensor is then defined by

2D(X, t) def= ∂

∂t
C(X, t) = 2 ∂

∂t
E(X, t) . (3.1.14)

Definition 3.1.15. Let ϕt : B → S be a regular C1-motion and D the material rate
of deformation on B, then the Eulerian or spatial rate of deformation tensor field d
(also called the stretching) is defined by d[t

def= ϕt?(D[
t), where dt : ϕt(B)→ TS⊗T ∗S.♦

Proposition 3.1.16. Let v be the spatial velocity and g the spatial metric, then

d[ = 1
2 Lvg .

Proof. The assertion follows from (3.1.14) and the previous Definition, together with
Propositions 3.1.12 and 3.1.6. An alternative proof can be found in [Marsden and
Hughes, 1994, p. 98]. �

Using the definition of the spatial rate of deformation tensor and noting that∇igjk = 0,
i.e. ∇(u[) = (∇u)[ for any spatial vector field u ∈ Γ (TS), it can be shown that
dij = 1

2 (∇ivj +∇jvi). Accordingly, the spatial velocity gradient,

l
def= ∇v = d+ ω def=

(
∂F

∂t
· F−1

)
◦ ϕ−1 , (3.1.17)

can be decomposed into the symmetric part d and the skew-symmetric part ω def=
1
2(∇v−(∇v)T), called the spin or vorticity tensor.

The material Riemannian volume form dV ∈ Ωm(B) on orientable B is related to the
spatial Riemannian volume form dv ∈ Ωm(S) by

ϕ?tdv = dv ◦ ϕt = J dV , (3.1.18)

in accordance with (A.8.20). J(X, t) is the Jacobian of the motion ϕt, associated with
material particle X and time t.
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Proposition 3.1.19.
∂J

∂t
= J(trd) ◦ ϕt .

Proof. (ϕ?dv)(X, t) = J(X, t) dV(X) by (A.8.20), so J dV is a time-dependent
volume form on B. Hence, from Propositions A.8.22 and 3.1.6,

∂

∂t
(J dV ) = ϕ?t£vdv = ϕ?t ((div v) dv) = ((div v) ◦ ϕt) J dV ,

that is, ∂
∂t
J = J(div v) ◦ ϕt. Since skew-symmetric tensors have zero trace, div v =

tr l = trd. �

3.1.2 Arbitrarily Moving Reference Domains

The choice of a reference configuration is arbitrary [Noll, 1967, 1972; Truesdell and
Noll, 2004; Krawietz, 1986]. Therefore, one may describe the geometry and kinematics
of a material body independent of its initial configuration and current configuration,
that is, with respect to an arbitrarily moving domain which has some one-to-one cor-
respondence to these configurations of the body. This concept is rather general and
had been employed before arbitrary Lagrangian-Eulerian computational methods were
developed [e.g. Guo, 1963].

Let G be a manifold, which shall be called the grid manifold based upon its signifi-
cance in computational mechanics, and the elements G ∈ G are called the grid nodes.
Descriptively, the grid manifold is a continuum that has no further properties apart
from its topology. However, the topology of G should be restricted by the topology of
B in the following way:
Definition 3.1.20. A subsetR ⊂ G is referred to as the reference grid for the material
body provided that the map R→ B is a homeomorphism (Fig. 3.1). ♦

By definition, the reference grid R inherits the topology of the body. The homeomor-
phism ensures the one-to-one correspondence of grid nodes and particles of the body.
In general, the reference grid is neither a differentiable manifold, nor has an inner prod-
uct or affine connection, hence R is embedded topologically into the ambient space by
the map Θ : R → M ⊂ S. The differentiable manifold M = Θ(R), which shall be
called the model for B, is the reference configuration of R in S.
Definition 3.1.21. A grid motion in the ambient space is an embedding

µt : M→ S

M 7→ µt(M) def= χ ,

where µt(M) = µ(M, t) and t ∈ [0, T ] ⊂ R. The current configuration of M at time
t, R def= µt(M) ⊂ S, is a submanifold of S called the reference domain of the body (6=
reference configuration), and χ ∈ R denotes the reference points (Fig. 3.1). To rule
out relativistic effects, it is assumed that the parameter “time” is universal, i.e. all
processes on R, B and S are synchronous, thus involve the same t. ♦
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The arbitrarily moving reference domain R is differentiable through its embedding in
S, and dim(R) = dim(B) = dim(S) = m by definition. Let W(χ) ⊂ R be an open
neighborhood and (W , %) a chart with local coordinates {χ1, . . . , χm}χ

def= {χα}χ =
%(χ) ∈ Rn, then { ∂

∂χα
} ∈ TχR is a basis of the tangent space at χ ∈ R, and {dχα} ∈

T ∗χR is its dual. The metric coefficients on W are denoted by ĝαβ(χ) def= 〈 ∂
∂χα

, ∂
∂χβ
〉χ.

The symmetric connection associated with the metric coefficients is denoted by ∇̂.
Coordinate indices related to the reference domain will usually be denoted by lower
case Greek, and vectors, tensors etc. will be marked with a caret if necessary.

Definition 3.1.22. Let
Φt : R → S

χ 7→ x = Φt(χ)
be a time-dependent embedding of R in S, and

Ψt : R → B
χ 7→ X = Ψt(χ)

a time-dependent diffeomorphism, in which Φt(·) = Φ(·, t) and Ψt(·) = Ψ(·, t) at fixed
t. The embedding Φt is chosen such that Φt(R) = ϕt(B) at instant t. Clearly, the
physical motion ϕt : B → S of the body is defined through

ϕt
def= Φt ◦ Ψ−1

t ,

so that x = ϕ(X, t) = Φ(Ψ−1(X, t), t) ∈ S holding t fixed. The maps Φt and Ψt so
defined are then called the relative map (or relative motion) and the referential map
(or referential motion) of R, respectively. ♦

Recall that the chart of an open neighborhood U(X) ⊂ B is denoted by (U , β), with
local coordinate functions {XI}X = β(X) ∈ Rn. A spatial chart is the pair (V , σ),
where V(x) ⊂ S is open, and {xi}x = σ(x) ∈ Rn. In accordance with Definition
3.1.3, the localizations of the relative map Φt : R → S and the inverse referential map
Ψ−1
t : B → R are Φit

def= xi ◦ Φt ◦ %−1 for χ ∈ W ⊂ R, and (Ψ−1
t )α def= χα ◦ Ψ−1

t ◦ β−1 for
X ∈ U ⊂ B, respectively. Therefore, one has

ϕit = xi ◦ Φt ◦ Ψ−1
t ◦ β−1 resp. ϕi(XI , t) = Φi(Ψ−1(XI , t), t) (3.1.23)

by Definition 3.1.22 and holding t fixed.

Definition 3.1.24. Let Ψ−1
t and Φt defined through 3.1.22 be at least C1-continuous,

then the referential velocity field on R and the relative velocity field on S are defined
by their local representatives(

∂(Ψ−1
t )α
∂t

◦ Ψt
)
∂

∂χα
def= ϑαt (χ) ∂

∂χα
= ϑt(χ) ∈ TχR and(

∂Φit
∂t
◦ Φ−1

t

)
∂

∂xi
def= wit(x) ∂

∂xi
= wt(x) ∈ TxS ,
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respectively, so that ϑt ∈ Γ (TR) and wt ∈ Γ (TS). As usual, ϑt def= ϑ(·, t) and
wt

def= w(·, t) at fixed t. The referential velocity is the apparent particle velocity on
the moving reference domain. wt, which also called the mesh velocity in numerical
approaches, is the spatial velocity of Φt resp. of the reference points χ, generating the
generally time-dependent flow Φt ◦ Φ−1

s , for t, s ∈ I ⊂ R. ♦

Definition 3.1.25. The tangent maps TΨt : TR → TB and TΦt : TR → TS can be
identified with the two-point tensor fields F Ψt and F Φt on R, respectively. Locally,
one has

F Ψ (χ, t) def= TχΨ = ∂Ψ I

∂χα
∂

∂XI
⊗ dχα , and

F Φ(χ, t) def= TχΦ = ∂Φi

∂χα
∂

∂xi
⊗ dχα ,

with Ψ I def= XI ◦ Ψ ◦ %−1. F Ψ is called the referential deformation gradient, and F Φ is
called the relative deformation gradient. ♦

From the chain rule and Definition 3.1.22, Tϕt = T (Φt ◦ Ψ−1
t ) = TΦt ◦ T (Ψ−1

t ), hence
the total deformation gradient is given by the composition

F t =
(
F Φt · F−1

Ψt

)
◦ Ψ−1

t , (3.1.26)

where F−1
Ψt = T (Ψ−1

t ) ◦ Ψt.

Theorem 3.1.27 (Convective Velocity). Let v, w, and ϑ be the spatial, relative,
and referential velocity fields, respectively. Define the convective velocity field on S
through ct def= vt −wt ∈ Γ (TS), then

ct = Φt?ϑt .

Proof. For vector fields ξ on R, (A.6.5) gives

Φt?ξ = TΦt ◦ ξ ◦ Φ−1
t = (F Φt · ξ) ◦ Φ−1

t ∈ Γ (TS) ,

in components ( ∂Φ
i
t

∂χα
ξα) ◦ Φ−1

t . Now substituting (3.1.23) for the components of the
spatial velocity, and keeping track of the point arguments involved yields

vit = ∂ϕit
∂t
◦ ϕ−1

t = ∂(xi ◦ Φt ◦ (χ−1 ◦ χ) ◦ Ψ−1
t )

∂t
◦ ϕ−1

t

= ∂Φit
∂t
◦ Φ−1

t + ∂Φit
∂χα

(
∂(Ψ−1

t )α
∂t

◦ Ψt
)
◦ Φ−1

t

= wit +
(
∂Φit
∂χα

ϑαt

)
◦ Φ−1

t

at x ∈ S, hence vt = wt + Φt?ϑt, as desired. �

The convective velocity is a proper vector field on S, and forms a fundamental link
between the body, its configurations and the reference domain. It denotes the relative
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velocity between the particles X = ϕ−1
t (x) and the reference points χ = Φ−1

t (x) as
measured from the places x.

Let R = Ψ−1
t (B) be oriented and Φt : R → S orientation preserving, and let dv̂ be the

Riemannian volume form onR. According to (A.8.20), dv̂ is related to the Riemannian
volume forms dv on ϕt(B) = Φt(R) ⊂ S and dV on B through

Φ?tdv = JΦ dv̂ , (Ψ−1
t )?dv̂ = JΨ−1dV , with J = (JΦ ◦ Ψ−1

t ) JΨ−1 . (3.1.28)

JΦ(χ, t) def= det
(
∂Φi

∂χα

) (
√

det gij)◦Φt√
det ĝαβ

, by (A.8.21), is the Jacobian of Φt and defined as a

function of the reference points χ and time t. On the other hand, JΨ−1(X, t) = J−1
Ψ (X, t)

is the Jacobian of Ψ−1
t and taken with respect to a material particle X and time t. The

last identity in (3.1.28) is by the chain rule and Definition 3.1.22. As the metric on R
is not explicitly time-dependent, dv̂(χ) is also not.

Similar to Proposition 3.1.19, the relations in (3.1.28) yield

∂JΦ
∂t

= JΦ(divw) ◦ Φt and ∂JΨ−1

∂t
= JΨ−1(Divϑ) ◦ Ψ−1

t , (3.1.29)

because the relative velocity w generates the flow Φt ◦ Φ−1
s : Φs(R) → Φt(R), and

the referential velocity ϑt generates the flow Ψ−1
t ◦ Ψs : Ψ−1

s (B) → Ψ−1
t (B), for all

t, s ∈ I ⊂ R. Recall that ϑt ∈ Γ (TR) is a vector field on the reference domain, calling
for a proper divergence operator Div on R.

Finally, let dâ be the area form on ∂R, then from Nanson’s formula A.8.25, the outward
normals on da and dâ are related by

n∗ = Φt?(JΦn̂∗) = (JΦ ◦ Φ−1
t )F−T

Φt · n̂
∗ . (3.1.30)

and x def= ϕ(X, t) ∈ S for every X ∈ B and t ∈ I ⊂ R

3.1.3 Total Derivatives and the ALE Operator

In Section 3.1.1 a distinction has been drawn between the material and the spatial
fields, but a proper definition of that terminology is still pending.

Definition 3.1.31. Let ϕ : B × I → S be the motion of a material body and define
D def= ϕ(B, t) ⊂ S. Then, depending on whether x def= ϕ(X, t) ∈ S or X ∈ B serve as the
independent point variables describing a physical field, one refers to qt : D → T rs (S)
as the Eulerian or spatial representation and to Qt

def= (qt ◦ ϕt) : B → T rs (S) as the
Lagrangian or material representation of the field at time t, respectively. The convected
representation of the field is defined by pulling back the spatial field to the reference
configuration, leading to ϕ?t qt : B → T rs (B) [cf. Simo et al., 1988]. ♦

The definition generalizes the notion of the Lagrangian and Eulerian velocity fields
related by V t

def= vt ◦ ϕt. Note that the Eulerian field at fixed t, qt(x) def= q(x, t) =
q(ϕ(X, t), t), is an honest spatial tensor field, and Qt is a tensor field over ϕt.
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Definition 3.1.32. The material time derivative of a field q(x, t) on S is defined
through

q̇
def= ∂q

∂t
+ ∇vq resp. q̇(x, t) def= ∂q

∂t

∣∣∣∣∣
x

(x, t) + (∇vq) (x, t) ,

where x = ϕ(X, t). The term ∂
∂t
q resp. ∂

∂t

∣∣∣
x
q(x, t) is called the local or spatial time

derivative of q(x, t). ∇ denotes the connection on S, and the convective term ∇vq is
the covariant derivative of q along the spatial velocity v. ♦

It should be clear that ∇vq is due to x = ϕ(X, t), thus legitimating the term material.
By the chain rule, q̇(ϕ(X, t), t) = ∂Q

∂t
resp. q̇t =

(
∂
∂t

(qt ◦ ϕt)
)
◦ ϕ−1

t . Hence, total or
substantial derivatives of Q(X, t) and q(x, t), with x = ϕ(X, t), can be defined through

∂Q

∂t
(X, t) and q̇(x, t) , (3.1.33)

respectively.

Definition 3.1.34. Let ϕt = Φt ◦ Ψ−1
t : B → S be the motion of a material body,

qt : ϕt(B) → T rs (S) the spatial formulation of a field, and R = Ψ−1
t (B) the arbitrarily

moving reference domain, then q̂t
def= (qt ◦ Φt) : R → T rs (S) is called the arbitrary

Lagrangian-Eulerian (ALE) or referential representation of the field at fixed t. ♦

Definitions (3.1.31) and the latter yield

qt = q̂t ◦ Φ−1
t and Qt = q̂t ◦ Ψ−1

t . (3.1.35)

The general ALE operator stated next relates the Lagrangian, Eulerian, and ALE time
derivatives on manifolds. Its derivation makes use of a preliminary result that accounts
for the total time derivative on the reference domain.

Proposition 3.1.36. Let the mappings Φt and Ψ−1
t be at least C1, and let R def= Ψ−1

t (B)
be a reference domain of the body. Let q̂t = (qt ◦ Φt) : R → T rs (S) be the ALE
formulation of a field qt(x) = q(x, t), ϑ the referential velocity of Definition 3.1.24,
and let ∇? be the Φt-induced connection on R of the spatial connection ∇ according
to Theorem A.7.2. Then, the total time derivative of q̂, denoted as q̂′, is given by

q̂′(χ, t) = ∂q̂

∂t

∣∣∣∣∣
χ

(χ, t) + ∇?
ϑq̂(χ, t) ,

where χ = Ψ−1
t (X) ∈ R.

Proof. Recall that the Eulerian field qt ∈ Trs(S) is an honest tensor field on S, and
the ALE field q̂t = qt ◦ Φt is a tensor field over Φt, that is, a Φt-induced section of
the tensor bundle T rs (S); see Section A.6. Therefore, q̂′ and the terms on the right
hand side also are. Now assume without loss of generality that qt ∈ Γ (TS) is a vector
field having the local representative qt(x) = qit(x) ∂

∂xi
in a chart (V , σ) on S, so that
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q̂t(χ) = (qit◦Φt)(χ) ∂
∂xi

. The components (qit◦Φt) functionally depend on the coordinates
{χα} of a subset W ⊂ R.

The covariant derivative of vector-valued q̂, ∇?q̂t ∈ Γ (T ∗R⊗Φ?tTS), is a two-point ten-
sor field for fixed t, calling for the Φt-induced connection ∇? onR (see Theorem A.7.2).
Thus, for the proposed time derivative to make sense, ∇?q̂t must be contracted by an
honest vector field on R, say ϑ = ϑα ∂

∂χα
∈ Γ (TR). In local coordinates, and by

keeping track of the point arguments,

∇?
ϑq̂ (χ, t) =

(
∂(qi ◦ Φ)
∂χα

ϑα + ϑα(qj ◦ Φ)
(
γ i
j k ◦ Φ

)
(F Φ)kα

)
∂

∂xi
,

where γ i
j k(x) are the coefficients of ∇ on S, and (γ i

j k(F Φ)kα)(χ, t) are the coefficients
of ∇?.

To show that ϑ in the convective term ∇?
ϑq̂ must be the referential velocity, and to

proof the assertion, use the condition that for Φt = idS , the proposed material time
derivative for q̂ must reduce to the material time derivative of q defined by 3.1.32.
Indeed, in this case ∇? = ∇, Ψ−1

t = ϕt, and (idS)?ϑ = v by 3.1.27. �

Theorem 3.1.37 (General ALE Operator). Let Q, q and q̂, respectively, be the
Lagrangian, Eulerian and ALE formulation of the same time-dependent tensor-valued
physical field, then

∂Q

∂t
◦ Ψ = ∂q̂

∂t
+ ∇(c◦Φ)q ,

where c is the convective velocity of Theorem 3.1.27.

Proof. From Theorem 3.1.27, ct ◦ Φt = TΦt(ϑt), hence

(∇?
ϑq̂)(χ, t) = (∇(c◦Φ)q)(χ, t)

by Theorem A.7.2. As Qt = q̂t ◦ Ψ−1
t is the corresponding Lagrangian field, ∂Q

∂t
=

q̂′(Ψ−1(X, t), t) resp. q̂′t = ( ∂
∂t

(q̂t ◦ Ψ−1
t )) ◦ Ψt again by the chain rule. Replacing the

respective terms in Proposition 3.1.36 then finally gives the desired result. �

Remark 3.1.38. The Lagrangian and Eulerian formulations are special cases of the
ALE formulation. If Ψt = idR, then w = v and c = 0, and the Lagrangian formulation
is obtained: the observer moves with the particles. If Φt = idR on the other hand,
then w = 0 and c = v, which is the basic principle of the Eulerian formulation: the
observer permanently takes up the same spatial points. 4

Remark 3.1.39. In the literature, the point-dependency of the ALE operator is often
ignored in order to simplify notation. Without indicating the points, and by suppress-
ing the arguments, Theorem 3.1.37 reads

q̇ = ∂q̂

∂t
+ ∇cq .

It is crucial to keep in mind that the local time derivative ∂
∂t
q̂ is an abbreviation for

∂(q◦Φ)
∂t
◦ Φ−1. 4
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3.2 Balance Principles

The balance principles presented in this section include the basic dynamical equations
of continuum mechanics and inequalities from thermodynamics: conservation of mass,
balance of linear and angular momentum, balance of energy (first law of thermody-
namics), and the entropy production inequality (second law of thermodynamics). The
principles will largely be set up in both integral and local forms for all Lagrangian (ma-
terial), Eulerian (spatial), and ALE (referential) formulations. Both the convective and
conservative forms of local balance principles will be presented.

The notations and definitions of Section 3.1 are used throughout. The body B, the
space S, and the reference domain R are same dimensional Riemannian manifolds,
that is, differentiable, metrizable, and with symmetric connections. Charts include the
coordinate functions XI , xi, and χα, respectively, and chart transitions are assumed to
be regular. The physical motion ϕt def= (Φt ◦ Ψ−1

t ) : B → S is at least C1, and V (X, t)
is the material velocity, v(x, t) is the spatial velocity of ϕ, and c(x, t) is the convective
velocity. B, S, and R are orientable, with Riemannian volume forms denoted by dV ,
dv, and dv̂, respectively. J(X, t) is the Jacobian of ϕt, JΦ(χ, t) is the Jacobian of Φt,
and JΨ−1(X, t) is the Jacobian of Ψ−1

t . As B, S, and R are postulated to have their
own metrics and connections, they also provide divergence operators distinguished by
DIV, div, and Div, respectively.

Subsets U ⊂ B, ϕt(U) ⊂ ϕt(B), and W ⊂ R are called nice if they have at least
piecewise C1-continuous boundaries ∂U , ∂(ϕt(U)) = ϕt(∂U), and ∂W , respectively.
Note that at each of these boundaries the Riemannian volume form can be represented
by the exterior product of the outward normals and area form of the boundary. That
is, dV def= N ∗∧ dA, dv def= n∗∧ da, and dv̂ def= n̂∗∧ dâ, respectively. Additional
assumptions and restrictions will be specified as needed.

3.2.1 Transport Theorems and Master Balance Principles

Before deriving relations for the rate of change of integral quantities (extensive quanti-
ties), those conditions are formalized under which the Lagrangian, Eulerian, and ALE
integral quantities are equivalent.
Proposition 3.2.1. In addition to the above assumptions, let ϕt, Φt, and Ψt, with
ϕt = Φt ◦ Ψ−1

t , be orientation preserving, and let U and W instantaneously occupy the
same region of space at time t, i.e. ϕt(U) = Φt(W) ⊂ S.

(i) Let q : ϕt(U)→ R be a dv-integrable spatial scalar field, then∫
ϕt(U)

q dv =
∫
U
QJ dV =

∫
W
q̂JΦ dv̂ =

∫
Φt(W)

q dv .

(ii) Let h : ϕt(U)→ R be a da-integrable spatial scalar field, then∫
∂ϕt(U)

hda =
∫
∂U
HJ

√
N ∗ ·(C−1)] ·N ∗ dA =

∫
∂W

ĥJΦ
√
n̂∗ ·Φ?t (g])·n̂∗ dâ
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provided that N ∗, n∗, and n̂∗ have unit length.

Proof. According to 3.1.31 and 3.1.34, the Lagrangian and ALE descriptions of any
scalar-valued spatial function f are defined through F

def= f ◦ ϕ and f̂
def= f ◦ Φ,

respectively.

(i) From (A.8.20) and (3.1.28), ϕ?dv = J dV and Φ?dv = JΦ dv̂. Then apply the
change of variables formula A.8.15, and the chain rule for pullbacks (A.6.6)1.

(ii) The image H = h ◦ ϕ of h is well-defined on ∂U , and ĥ = h ◦ Φ is defined on ∂W ,
because both ϕt and Φt are assumed diffeomorphisms [Abraham et al., 1983, lemma
7.2.4]. Note ϕt(∂B) = ∂ϕt(B), then Theorem A.8.26 proofs the assertion. �

Theorem 3.2.2 (Transport Theorem). Let ϕt : B → S be the motion of a material
body, U ⊂ B a nice n-dimensional subset, and µt ∈ Ωn(S) a time-dependent n-form
(resp. volume form) on S, then

d
dt

∫
ϕt(U)

µ =
∫
ϕt(U)

Lvµ .

Proof. This should be proven for the well-known case µ(x, t) def= q(x, t) dv(x), where
q : S×R→ R is a time-dependent spatial scalar field. As Lv is a derivation, Lv(q dv) =
(Lvq) dv + q Lv(dv) by Leibniz’ rule. Then for the first term,

Lvq = ∂q

∂t
+ ivdq = ∂q

∂t
+ dq · v = q̇

by Cartan’s formula (A.8.9) together with (A.4.12), and

Lv(dv) = ∂(dv)
∂t

+ ivd(dv) + div(dv) = div(dv) = (div v) dv ,

in which the condition ddv = 0 and Proposition A.8.22 have been used. Then proving
the preliminary result

d
dt

∫
ϕt(U)

q dv =
∫
ϕt(U)

(q̇ + q div v) dv

is a standard exercise that can be found in the textbooks on continuum mechanics [e.g.
Gurtin, 1981; Marsden and Hughes, 1994]. �

The result 3.2.2 is sometimes called the generalized transport theorem, because it has
been set up for general n-forms and not only for scalar fields. However, note there is
an even more generalized version on arbitrarily moving reference domains:

Theorem 3.2.3 (Generalized Transport Theorem). Let ϕt = Φt◦Ψ−1
t be the mo-

tion of a material body, and R = Ψ−1
t (B) an arbitrarily moving reference domain. Let

U ⊂ B and W ⊂ R be nice n-dimensional subsets, and µt ∈ Ωn(S) a time-dependent
n-form on S, then

d
dt

∫
ϕt(U)

µ = d
dt

∫
Φt(W)

µ+
∫
ϕt(U)

£cµ .
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Proof. From the property Lv = Lw+c = £w + Lc = Lw + £c of the Lie derivative,
Theorem 3.2.2 becomes d

dt
∫
ϕt(U)µ =

∫
ϕt(U) Lwµ+

∫
ϕt(U) £cµ. For the first term on the

right hand side, note that∫
ϕt(U)

Lwµ =
∫
U=Ψt(W)

ϕ?t (Lwµ) =
∫
W

(Ψ ?t ◦ ϕ?t )(Lwµ) =
∫
W
Φ?t (Lwµ) =

∫
Φt(W)

Lwµ

by the change of variables formula A.8.15 and the chain rule for pullbacks. Since the
domain W over which should be integrated is kept fixed with respect to Φt, and w is
the spatial velocity of Φt,∫

W
Φ?t (Lwµ) =

∫
W

∂

∂t
(Φ?tµ) = d

dt

∫
W
Φ?tµ = d

dt

∫
Φt(W)

µ

by Proposition 3.1.6 and changing the variables again. Substitution into the transport
theorem 3.2.2 finally proofs the assertion. �

To the best knowledge of the author, 3.2.3 is the first statement of a generalized
transport theorem for arbitrarily moving manifolds. The version 3.2.2 is recovered by
choosing Φt = idR, for which w = 0, d

dt
∫
W=ϕt(U)µ =

∫
ϕt(U)

∂
∂t
µ, and c = v. On the

other hand, setting Ψt = idR yields w = v, c = 0, and the identity d
dt
∫
ϕt(U)µ =∫

U
∂
∂t

(ϕ?tµ) by changing variables.

With the transport theorems at hand one can pass over to balance principles. Most of
the basic dynamical equations or inequalities of continuum mechanics can be cast in
an abstract master balance principle as follows.
Definition 3.2.4. Let q(x, t), b(x, t), and u(x, t,n∗(x)) be spatial scalar fields defined
for every x ∈ ϕt(B), t ∈ I ⊂ R, and let n∗ ∈ Γ (T ∗(ϕt(U))) be the unit outward normals
on ∂(ϕt(U)). Let U ⊂ B be nice, then q, b, and u satisfy the Eulerian or spatial master
balance principle provided that

d
dt

∫
ϕt(U)

q(x, t) dv =
∫
ϕt(U)

b(x, t) dv +
∫
∂ϕt(U)

u(x, t,n∗(x)) da ,

and the time derivation of
∫
ϕt(U) q dv together with the integrals do exist. The functions

b and u can be regarded given sources per unit volume and unit area, respectively. ♦

Definition 3.2.5. The quantities q, b, and u defined before are said to satisfy the
Eulerian or spatial master inequality principle if

d
dt

∫
ϕt(U)

q(x, t) dv ≥
∫
ϕt(U)

b(x, t) dv +
∫
∂ϕt(U)

u(x, t,n∗(x)) da .

The quantity q is called balanced if “=”, and produced if “>”. ♦

Definition 3.2.6. In the two definitions above, the quantity q is said to be conserved
with respect to the moving domain ϕt(U) if it is balanced and the sources b and u are
both zero. ♦

The form of the integrand u(x, t,n∗(x)) in the spatial master balance principle is related
to a cornerstone of continuum mechanics; for a proof, see [Marsden and Hughes, 1994,
ch. 2]:
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Theorem 3.2.7 (Cauchy’s Theorem). Let q(x, t), b(x, t), and u(x, t,n∗(x)) be C0-
continuous time-dependent spatial scalar fields that satisfy the spatial master balance
principle 3.2.4 on V = ϕt(U) ⊂ S, then there exists a unique time-dependent spatial
vector field ut ∈ Γ (TV) such that

u(x, t,n∗(x)) = u(x, t) · n∗(x) ,

that is, u depends linearly on the surface normal n∗.

Definition 3.2.8. Let ϕt = (Φt ◦ Ψ−1
t ) : B → S be the motion of a material body,

U ⊂ B, W ⊂ R, and ϕt(U) = Φt(W) ⊂ S. Let q : ϕt(U) → T rs (S) be a spatial(
r
s

)
-tensor field.

(i) The flux density of the field q governed by the material velocity field v = ( ∂
∂t
ϕt)◦ϕ−1

t

is a generally nonlinear function f(q) def= h(q,v) having values in the tensor space
T r+1
s (S) = T rs (S)⊗ TS. The flux density is called linear if f(q) = q ⊗ v, respectively
f(q) = qv for qt : ϕt(U)→ R being scalar-valued.

(ii) The convective flux density of the field q governed by the convective velocity field
c = v −w is the function defined through [cf. Lesoinne and Farhat, 1996]

ψ(q) def= f(q)− q ⊗w ,

where w = ( ∂
∂t
Φt) ◦ Φ−1

t is the spatial velocity of the map Φt, and f(q) is the flux
density of (i). In the simplest linear case one has ψ(q) = q⊗ c, respectively ψ(q) = qc
if qt : ϕt(U)→ R is scalar-valued. ♦

Proposition 3.2.9. Let the quantities q(x, t), b(x, t), and u(x, t,n∗(x)) satisfy the spa-
tial master balance principle 3.2.4, and let the source per unit area moreover satisfy
Cauchy’s theorem 3.2.7. Then,

∂q

∂t
+ div f(q) = b+ divu ,

where f(q) = qv.

Proof. By the transport theorem 3.2.2 and the divergence theorem A.8.24 together
with the requirement that the resulting equation holds for any nice subset ϕt(U). �

A special case of this form is obtained when the sources b and u vanish. Taking
the integral over a spatially fixed control volume V and applying the applying the
divergence theorem results in the generic integral conservation law

∫
V

∂q

∂t
dv +

∫
∂V
f(q) · n∗ da = 0 . (3.2.10)

The integral conservation law is a basic element in computational fluid dynamics.
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Definition 3.2.11. Proposition 3.2.9 provides the so-called conservation form of the
localized spatial master balance principle. The equivalent convective form of the local-
ized spatial master balance principle reads

∂q

∂t
+ dq · v = b+ divu− q div v .

The Lagrangian or material form of the spatial balance principle employs the material
time derivative 3.1.32 to get

q̇ = b+ divu− q div v . ♦

Another material version of the master balance principle can be obtained from the
spatial version, 3.2.4, by changing the domain of the integral to U , applying the change
of variables theorem A.8.15, and stipulating

Q(X, t) def= q(ϕ(X, t), t) ,

B(X, t) def= b(ϕ(X, t), t) , and

U(X, t) def= J(X, t)(F−1)(X, t) · (u(ϕ(X, t), t)) ,

(3.2.12)

so that U is the Piola transform of u, and x = ϕ(X, t). Then Q, B, and U are said to
satisfy the Lagrangian or material master balance principle provided that

d
dt

∫
U
Q(X, t)J(X, t) dV =

∫
U
B(X, t)J(X, t) dV +

∫
∂U
U(X, t) ·N∗(X) dA , (3.2.13)

where N∗ ∈ Γ (T ∗U) are the unit outward normals on ∂U . The Lagrangian or material
master inequality principle is obtained by replacing “=” with “≥”.

Definition 3.2.14. The convective form of the localized ALE master balance principle,
∂q̂

∂t
◦ Φ−1

t + ∇cq = b+ divu− q div v ,

is obtained by substituting the ALE operator 3.1.37 for the material time derivative of
the field q(x, t) in the localized spatial master balance principle 3.2.9 resp. its material
form. ♦

The previous definition provides one means of an ALE master balance principle. From
a computational point of view, however, the integral form of the modified spatial master
balance principle stated next is more common [cf. Zhang et al., 1993; Scovazzi, 2007;
Scovazzi and Hughes, 2007].

Theorem 3.2.15 (Quasi-Spatial Master Balance Principle). Let q̂t = qt ◦ Φt :
R → R be the referential field corresponding to q(x, t), and Φt(W) = ϕt(U) ⊂ S, then
the spatial master balance principle can be written∫

Φt(W)
Φt?

(
J−1
Φ

∂q̂JΦ
∂t

)
dv =

∫
ϕt(U)

bdv +
∫
∂ϕt(U)

(u−ψ(q)) · n∗ da ,

where ψ(q) = qc is the flux density of q governed by the convective velocity.
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Proof. The generalized transport theorem provides d
dt
∫
ϕt(U) q dv = d

dt
∫
Φt(W) q dv

+
∫
ϕt(U) £c(q dv), in which the first term on the right hand side can be written as

d
dt

∫
Φt(W)

q dv = d
dt

∫
W
Φ?t (q dv) =

∫
W

∂q̂JΦ
∂t

dv̂

=
∫
W
J−1
Φ

∂q̂ JΦ
∂t

Φ?tdv =
∫
Φt(W)

Φt?

(
J−1
Φ

∂q̂JΦ
∂t

)
dv

by the change of variables theorem. For the second term on the right hand side,∫
ϕt(U)

£c(q dv) =
∫
ϕt(U)

(£cq) dv +
∫
ϕt(U)

(q div c) dv

=
∫
ϕt(U)

(dq ·c+ q div c) dv =
∫
ϕt(U)

div(qc) dv

=
∫
∂ϕt(U)

qc · n∗ da

by the chain rule and the divergence theorem A.8.24. Substitution into the master
balance principle 3.2.4 and rearranging yields the desired result. �

The next important result follows immediately.

Proposition 3.2.16. Suppose that the motion of a material body is the composition
ϕt = Φt ◦ Ψ−1

t , and that Q, B, U , and q, b, u are related by (3.2.12), and q̂ = q ◦ Φ.
Then Q, B, U satisfy the material master balance principle if and only if q, b, u satisfy
the spatial master balance principle, and if and only if q̂, b, u satisfy the quasi-spatial
master balance principle.

3.2.2 Balance Principles in the Spatial and Material Settings

Suitable substitutions for the quantities and sources in the master balance principle
(resp. master inequality principle) will lead to the particular balance principles typically
employed in continuum mechanics. This section provides the classical spatial (Eulerian)
and material (Lagrangian) settings of these principles. Full proofs are omitted as they
are almost straightforward when using the general relations derived in the previous
section. Moreover, derivations of the spatial and material formulations of the balance
principles are presented in most textbooks on continuum mechanics; see reference lists
at the beginning of this chapter. The reader is particularly referred to Marsden and
Hughes [1994], whose notation is close to the present one.

Conservation of Mass

Definition 3.2.17. Let the motion ϕt : B → S be a one-parameter group of orienta-
tion-preserving C1-diffeomorphisms for each time t ∈ [0, T ] such that ϕ0(B) = B is the
initial configuration, J(X, 0) = 1, and J(X, t) > 0 for every X ∈ B and time t. Let
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U ⊂ B be a nice subset, then the spatial mass density ρ(x, t) ≥ 0 obeys conservation
of mass if

d
dt

∫
ϕt(U)

ρ dv = 0 ,

so that the mass of U is constant in every configuration ϕt(U). ♦

Proposition 3.2.18. Conservation of mass is equivalent to

(i) the Lagrangian form

ρ(ϕ(X, t), t) J(X, t) = ρref(X) ,

where ρref(X) def= ρ(ϕ(X, 0), 0) is the mass density at time t = 0,

(ii) the Eulerian conservation form

∂

∂t
ρ(x, t) + div(ρv)(x, t) = 0 ,

which is referred to as the continuity equation.

Balance of Momentum

The concept of stress distinguishes continuum mechanics from particle mechanics. The
existence of a Cauchy traction vector field t(x, t,n∗(x)) is presumed, which represents
the force per unit area acting on an oriented surface element with unit outward normal
n∗, and evaluated at time t and a point x ∈ ∂(ϕt(B)) on the boundary of the body.

Definition 3.2.19. Let ρ(x, t) be the spatial mass density, bt : S → TS, with bt(x) =
b(x, t), the external force per unit mass vector field, and let U ⊂ B be nice, then spatial
balance of linear momentum is satisfied if

d
dt

∫
ϕt(U)

ρv dv =
∫
ϕt(U)

ρbdv +
∫
∂ϕt(U)

tda . ♦

It is important to realize that the equation has to be evaluated componentwise in
Cartesian coordinates because vector fields cannot be integrated. Therefore, it is not
a tensorial equation [see also Marsden and Hughes, 1994, p. 134].

Provided that the traction vector field t is a continuous function of its arguments, there
exists a unique time-dependent spatial

(
2
0

)
-tensor field σt ∈ T2

0(S) such that

t(x, t,n∗(x)) = σ(x, t) · n∗(x) , in spatial coordinates xi, ti = σijnj . (3.2.20)

This follows from Cauchy’s theorem 3.2.7. The tensor σ(x, t) = σij(x, t) ∂
∂xi
⊗ ∂

∂xj
, as

well as its associates with components σij, σ
j
i and σij, respectively, are referred to as

the Cauchy stress tensor field, or just as the Cauchy stress.
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Proposition 3.2.21. Let balance of linear momentum and conservation of mass be
satisfied, then the proper tensorial equation

ρv̇ = ρb+ divσ ,

manifests a localized spatial balance of linear momentum.

Let ϕ0(B) = B be the configuration of the body at t = 0, B(X, t) def= b(ϕ(X, t), t), and
V (X, t) be the material velocity, then balance of linear momentum has the Lagrangian
resp. material form

ρrefA = ρrefB + DIVP , (3.2.22)
where A(X, t) def= ∂

∂t
V (X, t) is the material acceleration.

Applying the Piola transformation, defined by A.8.27, to the second leg of the Cauchy
stress tensor gives the first Piola-Kirchhoff stress tensor field P t : B → TS⊗T ∗B, that
is,

P t(X) def= Jt(X)
(
(σt · F−T

t ) ◦ ϕt
)

(X) (3.2.23)
for every X ∈ B, and σ = σ] being understood. The placement of parentheses and
the composition with the point map are important: as σ(x, t) ·F−T(x, t) has its values
at (x, t), one has to switch the point arguments. In material coordinates {XI}, spatial
coordinates {xi}, and by omitting the point maps and arguments, the component
equation of the previous reads P iI = Jσij(F−1) I

j . Similar to the deformation gradient,
P (X) is a two-point tensor at every X ∈ B. While σ · n∗ = t is the force per
unit of deformed area in the current configuration of the body, P · N∗ = T , resp.
N IP iI = T i, is the same force per unit of undeformed area. That is to say, the traction
vectors t(x, t,n∗(x)) and T (X, t,N∗(X)) are parallel throughout the motion ϕ, and
(tda) ◦ ϕ = T dA by Proposition A.8.29.

Two additional stress measures should be defined. The second Piola-Kirchhoff stress
tensor St ∈ T2

0(B) plays a fundamental role in constitutive theory. It is obtained by
pulling the first leg of P back to B:

St
def= F−1

t · P t = JtF
−1
t ·

(
(σt · F−T

t ) ◦ ϕt
)
. (3.2.24)

In components, SIJ = J(F−1)Ii(F−1) J
j σ

ij, and St(X) = S(X, t). The corotated
Cauchy stress is a stress measure which is convenient for the development of objective
stress update algorithms in finite strain computational mechanics (see Section 5.5). It
is defined through the R-pullback of the Cauchy stress, clearly,

S]
t

def= R?
tσ

]
t = R−1

t ·
(
(σ]t ·R−T

t ) ◦ ϕt
)

=
(
(RT

t · σ
]
t) ◦ ϕt

)
·Rt (3.2.25)

by using Proposition 3.1.9, in which R denotes the rotation two-point tensor obtained
from the polar decomposition of the deformation gradient.
Definition 3.2.26. Let ρ, b, etc., be as before. Let the ambient space be S = Rn,
and x the position vector pointing from the origin to x, then spatial balance of angular
momentum is satisfied for every nice U ⊂ B provided that

d
dt

∫
ϕt(U)

ρ(x× v) dv =
∫
ϕt(U)

ρ(x× b) dv +
∫
∂ϕt(U)

x× (σ · n∗) da ,
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where × denotes the usual cross product. ♦

If balance of linear momentum and conservation of mass hold, the previous postulate
yields the symmetry of the Cauchy stress, that is,

σ = σT resp. σij = σji , (3.2.27)

and S = ST.

Balance of Energy

Definition 3.2.28. Let ϕt : B → S be a C1-motion with spatial velocity v(x, t), and
U ⊂ B a nice subset, mapped onto ϕt(U) ⊂ S with boundary ∂(ϕt(U)). Let ρ(x, t)
be the spatial mass density, b(x, t) the external force per unit mass, and t(x, t,n∗) the
Cauchy traction vector field. The motion ϕt satisfies balance of energy if

d
dt

∫
ϕt(U)

ρ
(
eint + 1

2 〈v,v〉
)

dv =
∫
ϕt(U)

ρ (〈b,v〉+ r) dv +
∫
∂ϕt(U)

(〈t,v〉+ h) da ,

where eint(x, t) is the internal energy per unit mass (specific internal energy), r(x, t)
is the heat supply per unit mass, and h(x, t,n∗(x)) is the heat flux across the area
with outward normals n∗. The total energy per unit mass is defined through etot

def=
eint + 1

2 〈v,v〉 ♦

Proposition 3.2.29. Let ϕt be regular and C1-continuous, and let both the traction t
and the heat flux h satisfy Cauchy’s theorem 3.2.7. Moreover, assume that conservation
of mass, balance of linear and angular momentum, and balance of energy hold. Then,
for every x ∈ ϕt(B), and t ∈ I ⊂ R, the localized balance of energy reads

ρėint = σ : d+ ρr − div q ,

where the field qt : ϕt(U) → TS defined through h(x, t,n∗(x)) = −n∗(x) · q(x, t) is
called the heat flux vector field or heat flux density.

To obtain a material version of localized balance of energy 3.2.29, let the configura-
tion at time t = 0 be the initial configuration of the body, i.e. ϕ0(B) def= B, and let
Eint(X, t) def= eint(ϕ(X, t), t), R(X, t) def= r(ϕ(X, t), t), and Q(X, t) def= J(X, t)(F−1)(X, t) ·
(q(ϕ(X, t), t)). Then from ρ(ϕ(X, t), t) J(X, t) = ρref(X) by Proposition 3.2.18(i), one
has

ρref
∂Eint

∂t
= S : D + ρrefR−DIVQ . (3.2.30)

Entropy Production Inequality

Definition 3.2.31. Let ϕt : B → S be a C1-motion, and U ⊂ B a nice subset.
In addition to ρ(x, t), r(x, t), and h(x, t,n∗) introduced in the previous sections, let
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η(x, t) and θ(x, t) > 0 be functions called the specific entropy per unit mass and
the absolute temperature, respectively. These functions are said to satisfy the spatial
entropy production inequality (also called the Clausius-Duhem inequality, or the second
law of thermodynamics) if

d
dt

∫
ϕt(U)

ρη dv ≥
∫
ϕt(U)

ρr

θ
dv +

∫
∂ϕt(U)

h

θ
da , ♦

Proposition 3.2.32. Assume h(x, t,n∗) = −q(x, t)·n∗, and that conservation of mass
holds, then the localized form of the spatial entropy production inequality is

ρη̇(x, t)− ρr

θ
(x, t) + 1

θ
div q (x, t)− 1

θ2 〈q,∇θ〉(x, t) ≥ 0 ,

for r being C0-, and q and θ being C1-continuous.

Let ψ(x, t) be a function, called the free energy, which is related to the internal energy
eint(x, t) through

ψ(x, t) = eint(x, t)− θ(x, t) η(x, t) (3.2.33)

It can be shown [see Marsden and Hughes, 1994, pp. 197–198], that (3.2.33) is a
Legendre transformation of e to ψ, and that entropy and temperature are conjugate
variables. Assuming Proposition 3.2.32 and balance of energy 3.2.29 to hold, then, by
noting that θη̇ = ėint − ηθ̇ − ψ̇,

ρ
(
ηθ̇ + ψ̇

)
− σ : d+ 1

θ
〈q,∇θ〉 ≤ 0 , (3.2.34)

which is referred to as the spatial reduced dissipation inequality.

Let ϕ0(B) def= B be the initial configuration of the body at time t = 0. Additional
to S, D, and Q already defined, let N(X, t) def= η(ϕ(X, t), t), Θ(X, t) def= θ(ϕ(X, t), t),
and Ψ(X, t) def= ψ(ϕ(X, t), t). By conservation of mass holds, then, the Lagrangian
resp. material reduced dissipation inequality reads

ρref

(
N
∂Θ

∂t
+ ∂Ψ

∂t

)
− P : ∂F

∂t
+ 1
Θ
〈Q, ∇̃Θ〉 ≤ 0 (3.2.35)

at every X ∈ B and time t. Here ∇̃ should denote the gradient operator for material
scalar-valued functions of X, i.e. ∇̃Θ = GIJ ∂Θ

∂XJ
∂
∂XI in local coordinates. Note that

for the second term, P : ∂F
∂t

= S :D.

3.2.3 Convective and Conservation Forms in ALE Setting

The convective and conservation forms of the balance principles is of fundamental
importance in the development of ALE methods. The following section provides some
more details frequently used in this context.
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In accordance with Definition 3.2.14, the convective form of the continuity equation,
balance of linear momentum, and balance of energy read

∂ρ̂

∂t
◦ Φ−1

t + dρ · c+ ρ div v = 0 ,

ρ
∂v̂

∂t
◦ Φ−1

t + ρ∇cv = ρb+ divσ ,

ρ
∂êint

∂t
◦ Φ−1

t + ρdeint · c = σ : d+ ρr − div q

(3.2.36)

on Φ(R, t) ⊂ S, where ρ̂ def= ρ ◦ Φ, v̂ def= v ◦ Φ, etc. Note that for scalar fields like the
mass density, ∇(c◦Φ)ρ = (dρ · c) ◦ Φ, evaluated at χ ∈ R and time t.

Recall from Theorem 3.2.15 that the quasi-spatial master balance principle takes the
form

d
dt

∫
Φ(W,t)

q dv =
∫
ϕ(U ,t)

bdv +
∫
∂ϕ(U ,t)

(u− qc) · n∗ da , (3.2.37)

where Φ(W , t) = Φt(W) = ϕt(U), ∂Φt(W) = ∂ϕt(U), q̂t = qt ◦ Φt : R → R is the
referential description of a sufficiently smooth time-dependent spatial scalar field q(x, t),
and b(x, t) and u(x, t) are external sources. If q(x, t) is tensor-valued, then the integral
form makes sense only if the ambient space is S = Rmdim and if the integrals are
evaluated with respect to Cartesian coordinates. Note that the spatial master balance
principle, defined through 3.2.4, is included in the above equation as the particular
case where Φt = idR, so that JΦ = 1 and c = v.

The generic ALE integral conservation law for the quantity q can be derived from
(3.2.37) by setting the sources to zero:

d
dt

∫
Φt(W)

q dv +
∫
∂Φt(W)

qc · n∗ da = 0 . (3.2.38)

Proposition 3.2.39 (Geometric Conservation Laws). Let the quantity q satisfy
the conservation law (3.2.38) on a domain D ⊂ S, and let the material flow be steady
and uniform, and oriented in the arbitrary direction y : D → TS. Then,

(i)

d
dt

∫
V

dv =
∫
∂V
w · n∗ da , where V = Φt(W) ⊂ D and wt = ∂Φt

∂t
◦ Φ−1

t .

(ii) ∫
∂V
y · n∗ da = 0 , with V ⊂ D fixed.

The geometric conservation laws (GCL) are purely geometric identities which must
hold independently of any material or physical situation. They establish two additional
balance principles whose discrete counterparts play an important role in Eulerian and
arbitrary Lagrangian-Eulerian numerical methods, respectively [Trulio and Trigger,
1961; Thomas and Lombard, 1979; Demirdžić and Perić, 1988, 1990; Vinokur, 1989;
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Zhang et al., 1993; Lesoinne and Farhat, 1996; Farhat et al., 2001; Donea et al., 2004].
The GCL 3.2.39(i) is also called the volume conservation law, space conservation law or
conservation of space. The GCL 3.2.39(ii), referred to as the surface conservation law,
is usually ignored, or assumed to be automatically satisfied. This is why the geometric
conservation law is frequently identified with volume conservation alone.

Definition 3.2.40. By suitable substitutions for q, b, and divu in the quasi-spatial
master balance principle (3.2.37), it can be easily shown that the balance principles for
space, mass, momentum, and energy, respectively, can be recast in the form [cf. Bird,
1957; Bird et al., 1960; Trulio and Trigger, 1961; Frank and Lazarus, 1964; Slattery,
1972; Thompson, 1972; Hirt et al., 1974; Addessio et al., 1990; Demirdžić and Perić,
1990; Donea and Huerta, 2003; Donea et al., 2004]

d
dt

∫
Φt(W)

dv −
∫
∂Φt(W)

w · n∗ da = 0 ,

d
dt

∫
Φt(W)

ρdv +
∫
∂Φt(W)

ρc · n∗ da = 0 ,

d
dt

∫
Φt(W)

ρv dv +
∫
∂Φt(W)

(ρv ⊗ c− σ) · n∗ da =
∫
Φt(W)

ρbdv ,

d
dt

∫
Φt(W)

ρeint dv +
∫
∂Φt(W)

(q + ρeintc) · n∗ da =
∫
Φt(W)

(σ :d+ ρr) dv .

This is called the integral conservation form of ALE balance principles. The third
equation should again be interpreted componentwise in Cartesian coordinates. ♦

Proposition 3.2.41. Let the function q be continuously differentiable on a nice sub-
set Φt(W) ⊂ S occupied by the body at time t, and let Ŝ def= (b + divu) ◦ Φ be the
combined source for each t. Then q satisfies the quasi-spatial master balance principle
3.2.15 resp. (3.2.37) if and only if it satisfies the localized quasi-spatial master balance
principle

∂q̂JΦ
∂t

+ JΦ (divψ(q)) ◦ Φ = ŜJΦ ,

where ψ(q) is the convective flux density of q.

Proof. Assume that q is scalar-valued, and recall that

d
dt

∫
Φt(W)

q dv =
∫
Φt(W)

Φt?

(
J−1
Φ

∂q̂JΦ
∂t

)
dv .

Rewriting the quasi-spatial master balance principle by the divergence theorem results
in ∫

Φt(W)
Φt?

(
J−1
Φ

∂q̂JΦ
∂t

)
dv =

∫
ϕt(U)

(b+ div(u− qc)) dv .
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Define Ω def= Ω̂ ◦Φ−1 = b+divu, then the change of variables formula and the pullback
rule for scalars yield

0 =
∫
Φt(W)

Φt?

(
J−1
Φ

∂q̂JΦ
∂t

)
dv +

∫
ϕt(U)

(div(qc)−Ω) dv

=
∫
W

(
J−1
Φ

∂q̂JΦ
∂t

+ Φ?t (div(qc))− Φ?tΩ
)
Φ?tdv

=
∫
W

(
J−1
Φ

∂q̂JΦ
∂t

+ div(qc) ◦ Φt −Ω ◦ Φt
)
JΦ dv̂ .

This holds for arbitrary W , hence

∂q̂JΦ
∂t

+ (div(qc) ◦ Φt) JΦ − Ω̂JΦ = 0 .

The generalization applying to tensor-valued q is in accordance with the product rule
for divergence, (A.7.5). The assertion then follows if the flux density is defined by
ψ(q) def= qc for qt : Φt(W) → R being scalar-valued, and by ψ(q) def= q ⊗ c for qt :
Φt(W)→ T rs (S) being

(
r
s

)
-tensor-valued. �

The next fundamental result is readily obtained [see also Lesoinne and Farhat, 1996].

Proposition 3.2.42. A continuously differentiable field q which is conserved with re-
spect to ϕt(U) = Φt(W) satisfies (3.2.38) if and only if it satisfies the generic ALE
conservation law

∂q̂JΦ
∂t

+ JΦ (divψ(q)) ◦ Φ = 0 .

Using Proposition 3.2.41, the ALE description of balance principles can be easily recast
in conservation form by appropriate substitutions for the quantity q̂ and the source Ω̂
[cf. Donea et al., 1981, 1982; Benson, 1989, 1992; Scovazzi and Hughes, 2007]. Ac-
cordingly, the conservation of mass, momentum, energy, and the conservation form of
localized entropy production inequality read

∂ρ̂JΦ
∂t

+ JΦ div(ρc) ◦ Φ = 0 ,
∂ρ̂v̂JΦ
∂t

+ JΦ div(ρv ⊗ c) ◦ Φ = JΦ (ρb+ divσ) ◦ Φ ,
∂ρ̂êintJΦ

∂t
+ JΦ div(ρeint c) ◦ Φ = JΦ (σ : d+ ρr − div q) ◦ Φ , and

∂ρ̂η̂JΦ
∂t

+ JΦ div(ρη c) ◦ Φ ≥ JΦ

(
ρr

θ
− 1
θ

div q + 1
θ2 〈q,∇θ〉

)
◦ Φ ,

(3.2.43)

respectively.

Some solution variables of continuum mechanical problems, like the stress and the
material state variables, may have evolution equations but do not obey a conservation
law or balance principle (see Chapter 4). For numerical solution using ALE methods,
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it is highly desirable to have some conservation form of these evolution equations
available. The ALE conservation form of spatial rate equations can be obtained as
follows.

Proposition 3.2.44. Let q̇ def= f(. . .) be an evolution equation for the time-dependent
spatial tensor field qt : V → T rs (S) resp. qt ∈ Trs(S), with V = Φt(W) ⊂ S, qt(x) =
q(x, t), and x ∈ V. Provided that the convective velocity c is continuously differentiable
in space, this spatial rate equation is equivalent to

∂q̂JΦ
∂t

+ JΦ div(q ⊗ c) ◦ Φ = JΦ (f(. . .) + q div v) ◦ Φ ,

where q̂ = q ◦ Φ.

Proof. Applying the ALE operator 3.1.37 yields

∂q̂

∂t
◦ Φ−1

t + ∇cq = f(. . .) .

By the product rule for divergence, (A.7.5), one has

∂q̂

∂t
+ div(q ⊗ c) ◦ Φt = (f(. . .) + q div c) ◦ Φ .

After multiplication with JΦ and expanding the left hand side with q̂ · 0 = q̂( ∂
∂t
JΦ −

JΦ (divw) ◦ Φ) using (3.1.29), it follows that

∂q̂

∂t
JΦ + q̂

(
∂JΦ
∂t
− JΦ (divw) ◦ Φ

)
+ JΦ div(q ⊗ c) ◦ Φ = JΦ (f(. . .) + q div c) ◦ Φ .

The assertion follows by slight rearrangement and noting that div v = div(w + c). �



Chapter 4

Constitutive Theory and Behavior
of Sand

The basic equations and balance principles derived in the previous chapter are not
enough to solve mechanical problems. Constitutive theory provides a functional form to
the unknown variables to make the set of equations formally well-posed. The following
chapter gives a rough introduction of the fundamentals of constitutive theory, and
then the mechanical behavior of sand will be investigated. The chapter closes with
a description of the hypoplastic model for sand which has been implemented into the
proposed ALE method. Deeper knowledge of constitutive theory can be gained from the
continuum mechanical textbooks listed in the previous chapter, particularly [Marsden
and Hughes, 1994, ch. 3]. The author also refers to [Eringen, 1980; Krawietz, 1986;
Ogden, 1997; Simo and Hughes, 1998; Chen and Han, 1988], and to the classical papers
and lecture notes [Noll, 1958, 1967, 1972, 1973; Coleman and Noll, 1963; Coleman and
Mizel, 1964; Coleman and Gurtin, 1967; Green and Naghdi, 1965]. Additional citations
are in the text.

4.1 Fundamentals and Constitutive Equations

The basic equations derived in the previous chapter, and set up in the material de-
scription, are as follows:

(i) conservation of mass: ρref = ρ J

(ii) balance of linear momentum: ρrefA = ρrefB + DIVP
(iii) balance of angular momentum: S = ST

(iv) balance of energy: ρref
∂Eint

∂t
= S : D + ρrefR−DIVQ

(v) reduced dissipation inequality: ρref

(
N
∂Θ

∂t
+ ∂Ψ

∂t

)
−P : ∂F

∂t
+ 1
Θ
〈Q, ∇̃Θ〉 ≤ 0

(vi) Legendre transformation: Ψ = Eint −ΘN
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Generally the motion ϕ : B × I → S, the temperature field Θ : B × I → R, and the
temperature gradient ∇̃Θ : B × I → TB, where I ⊂ R is a time interval, are treated
as the primary variables. The fields ρref , B, and R are usually given. If ϕ is a regular
Ck motion, k > 0, then F = Tϕ does exist, and the second Piola-Kirchhoff stress S
can be determined from P by (3.2.24), and vice versa. The material acceleration A
is known by the knowledge of ϕ. The Jacobian J is a function of X and t through
ϕ, and the current density ρ can thus be determined from (i). The internal energy
Eint is related to the free energy Ψ and the specific entropy N by (vi), so one has not
enough equations left to solve for P , Q, Ψ , and N . In mathematical language, the set
of equations (i.e. the model) is said not closed. Closure of the model can be achieved
by determining P , Q, Ψ , and N from suitable response functions resp. constitutive
equations. Only rate-independent material will be considered in what follows.

4.1.1 Axioms of Constitutive Theory

Based on rational thermomechanical principles, a set of axioms can be postulated to
constrain and simplify the constitutive equations. Some of the classical axioms are
addressed in the following section, by referring to [Eringen, 1980; Truesdell and Noll,
2004; Marsden and Hughes, 1994].

Axiom 4.1.1 (Determinism). The fields P , Q, Ψ , and N on a material body are
determined by the past history of ϕ, Θ, and ∇̃Θ of that body only.

To formalize the axiom, let the set of all past motions up to time T be defined through
[Marsden and Hughes, 1994, p. 181]

MT
def= {ϕ : B× ]−∞, T ]→ S

∣∣∣ ϕ is Ck and regular for all −∞ < t ≤ T } . (4.1.2)

One can similarly define the set of all past temperature fields TT , and past temperature
gradient fields GT up to time T such that the set of past histories phrased in axiom
4.1.1 can be written

H def=
⋃
T∈R

(MT × TT × GT × B × {T}) . (4.1.3)

Definition 4.1.4. The general constitutive equation for the first Piola-Kirchhoff stress
field P is a mapping

P̄ : H → Tϕ2 (B,S) ,

where Tϕ2 (B,S) def= Γ (ϕ?TS ⊗ T ∗B) denotes the set of all sections of the second-
order two-point tensor bundle ϕ?TS ⊗ T ∗B = ⋃

X∈B Tϕ(X)S ⊗ T ∗XB over ϕ. Let
H

def= (ϕ[t], Θ[t], ∇̃Θ[t], X, t) ∈ H be a past history element, in which ϕ[t], for exam-
ple, means ϕ restricted to ] −∞, t]. Then, a particular first Piola-Kirchhoff stress P
associated with P̄ and H is defined through

P (X, t) def= P̄ (H) def= P̄
t

τ=−∞(ϕ(Y, τ), Θ(Y, τ), ∇̃Θ(Y, τ), X, t) ,

where Y ∈ B denotes any particle. ♦
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Generally the functional P̄ explicitly depends on the choice of the particle X and time
t. If it is independent of both X and t, then the material body is called homogenous
and non-aging with respect to P̄ , respectively [Gummert, 1999]. In this case one is
allowed to write P (X, t) = P̄

t

τ=−∞(ϕ,Θ, ∇̃Θ)(X, t), where ϕ = ϕ(Y, τ), Θ = Θ(Y, τ)
etc., trying to say that the functional is just to be evaluated at the particle X and
time t.

Axiom 4.1.5 (Equipresence). A quantity present as an independent variable in one
constitutive equation should be so present in all, unless its presence contradicts some
general law of physics.

Axiom 4.1.6 (Locality). Let U(X) ⊂ B be an open neighborhood of X, then for any
two past history elements H1, H2 ∈ H that coincide on U for all τ ≤ t, it is assumed
that

P̄ (H1) = P̄ (H2)

on U . The same applies to the constitutive equations Q̄, Ψ̄ , and N̄ .

A set of possibly tensor-valued internal state variables or history variables Ai(X, t) def=
{A1(X, t), . . . , Am(X, t)} is postulated in order to deal with material history and to
include dissipative effects in addition to heat conduction. The internal state variables
are treated as additional unknowns which exclusively carry the information of the
material history [Coleman and Gurtin, 1967].

As a consequence of the axiom of equipresence and Definition 4.1.4, the general consti-
tutive equations for P , Q, Ψ , N , and the rate of change of the internal state variables
∂
∂t
Ai must have identical lists of arguments. If, moreover, the axiom of locality holds,

then it can be shown that the constitutive functionals depend only on X and t, and
the point values at (X, t) of the deformation gradient F , temperature Θ, temperature
gradient ∇̃Θ, and the internal state variables Ai [Noll, 1958; Truesdell and Noll, 2004;
Marsden and Hughes, 1994]. In what follows, let Ci denote an evolution equation for
the history variable Ai, that is, a rate constitutive equation.

Axiom 4.1.7 (Entropy Production). For any ϕt, Θt, ∇̃Θt, and Ait, the consti-
tutive equations P̄ , Q̄, Ψ̄ , N̄ , and Ci are assumed to satisfy the entropy production
inequality resp. the reduced dissipation inequality

ρref

(
N
∂Θ

∂t
+ ∂Ψ

∂t

)
− P : ∂F

∂t
+ 1
Θ
〈Q, ∇̃Θ〉 ≤ 0

for all particles X ∈ B and at each time t.

The following fundamental theorem formalizes the consequences of the axioms dis-
cussed and drastically simplifies the general constitutive equations. The theorem com-
prehends results that have originally been proposed by Coleman and Noll [1963]; Cole-
man and Mizel [1964]; Coleman and Gurtin [1967]. For thermoelastic materials with-
out any internal state variables, rate and memory effects, a proof can be also found in
[Marsden and Hughes, 1994, pp. 190–192].
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Theorem 4.1.8. Let the constitutive equations for P , Q, Ψ , N , and ∂Ai
∂t

satisfy the
axioms of determinism, equipresence, locality, and entropy production, and let the ma-
terial be non-aging. Then the following assertions hold:

(i) The functionals P̄ , Ψ̄ , and N̄ are independent of the temperature gradient ∇̃Θ.

(ii) N̄ = −∂Ψ̄/∂Θ.

(iii) P̄ = ρref g
] ∂Ψ̄/∂F .

(iv) Q̄, Ψ̄ , and Ci obey the dissipation inequality (∂Ψ̄/∂Ai) · Ci + 〈Q̄, ∇̃Θ〉 ≤ 0.

For the rest of this thesis, thermal effects are ignored, that is, the dependency on Θ
and ∇̃Θ will be dropped. By setting ∇̃Θ ≡ 0 one can also omit the heat flux Q. With
the assumptions and results of Theorem 4.1.8, the constitutive equations for P , Ψ , and
∂
∂t
Ai then reduce to

P (X, t) = ρref(X) g](ϕt(X)) ∂Ψ̄
∂F

(F t(X), Ait(X), X) ,

Ψ(X, t) = Ψ̄(F t(X), Ait(X), X) ,
∂Ai
∂t

(X, t) = Ci(F t(X), Ait(X), X) , with ∂Ψ̄

∂Ai
· Ci ≤ 0 .

(4.1.9)

The present section closes with some key facts about the constitutive axiom of material
frame indifference. For more details, the reader is referred to [Aubram, 2009] and to
the monographs cited at the beginning of this chapter. The axiom was introduced by
Noll [1958] with the intention to further reduce the general form of the constitutive
equations. It is based on the fundamental concept of objectivity phrased in Definition
A.6.9: let θ : S → S be a spatial diffeomorphism, then a tensor s is called objective
if s′ = θ?s, that is, if it transforms in the usual way. In classical treatises, however, θ
represents a superposed rigid body motion, which is characterized by a proper orthog-
onal tangent map Txθ : TxS → Tx′S for all x ∈ S, with x′ = θ(x). Superposed rigid
body motions are spatial isometries leaving the spatial metric g unchanged.

Consider a path-independent or elastic material whose constitutive behavior remains
unaffected by material history. By (4.1.9) and assuming material homogeneity, then,
the general constitutive equation for the first Piola-Kirchhoff stress takes the form
P (X, t) = P̄ (F )(X, t); see also Definition 4.1.4.

Axiom 4.1.10 (Material Frame Indifference). Let the constitutive functional P̄
representing elastic material satisfy the axioms of determinism, equipresence, and lo-
cality, and let the material be path-independent, homogenous and non-aging, so that
P = P̄ (F ). Then, P̄ is functionally invariant under a superposed rigid body motion
θ : S → S, that is,

P ′ = P̄ (F ′) ,

where F ′(X) : TXB → Tx′S, x′ = θ(x) = θ(ϕ(X)) ∈ S, and F ′ = θ?F and P ′ = θ?P
are the objective transformations of F and P , respectively.



4.1. FUNDAMENTALS AND CONSTITUTIVE EQUATIONS 61

If the constitutive functional of Axiom 4.1.10 satisfies material frame indifference, then
it depends only on the right Cauchy-Green tensor C = (F T◦ϕ)·F , that is, P = P̃ (C).
To obtain the corresponding constitutive equations for the second Piola-Kirchhoff stress
S and the Cauchy stress σ from P = P̃ (C), one has to apply the transformation rule
(3.2.24), yielding S = S̄(C) = (F−1 · P̃ )(C) and σ = σ̄(C) = (J−1P̃ · F−1)(C),
respectively. Since the right Cauchy-Green tensor is a function of F (X) and the spatial
metric g(x) through C = ϕ?g, one may set σ̃(F , g) def= σ̄(C(F , g)).

4.1.2 Objective and Corotational Rates

The index “t” indicating time-dependency of the involved mappings will be dropped
for notational brevity, and dependency on a point mapping will be usually clear from
the context.

Material frame indifference 4.1.10 includes the postulate that the tensor fields related
to a constitutive functional transform objectively under some spatial maps. There are
two levels of objectivity on general differentiable manifolds that should be distinguished
[Marsden and Hughes, 1994, p. 102].

Definition 4.1.11. A tensor field s on the ambient space S which transforms objec-
tively with s′ = θ?s under superposed rigid motions θ : S→ S is just called objective.
If s transforms objectively under arbitrary spatial diffeomorphisms θ, then it is called
spatially covariant. ♦

Spatial covariance is a stronger (or more general) version of objectivity: every spa-
tially covariant tensor is objective under isometries, but the converse is false. Note
that the claim for spatial covariance is automatically satisfied by honest tensor fields
T ∈ Tpq(B) on the material body. Spatial and two-point tensor fields, on the other
hand, might be objective or even spatially covariant, but their material time deriva-
tive (Definition 3.1.32) is generally not. This is particularly true for the Cauchy stress
σ(x, t) [Truesdell and Noll, 2004].

The preceding observation plays an important role in constitutive theory, and a large
amount of literature to recent days is concerned with the discussion and/or development
of objective rates. In fact, any possible objective rate of spatial second-order tensors
is a particular manifestation of the spatial Lie derivative [Marsden and Hughes, 1994;
Simo and Marsden, 1984; Simo and Hughes, 1998]. The Lie derivative introduced in
Section A.7 is a geometric object that has an important property: if a tensor is spatially
covariant, then its Lie Derivative also is. In this context, see [Marsden and Hughes,
1994, pp. 101–102] and [Aubram, 2009, prop. 4.6.18].

Objective and even spatially covariant stress rates do not commute with index raising
and index lowering if the respective rates of the metric tensor do not vanish. Con-
sequently, the stress invariants which are formed by the metric tensor would not be
stationary at zero stress rate. This fact, however, conflicts with Prager’s requirement
[Prager, 1961; Naghdi and Wainwright, 1961; Guo, 1963] and constitutes a drawback
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in plasticity theory [Xiao et al., 2000; Bruhns et al., 2004]. The so-called corotational
rates circumvent this drawback.

Definition 4.1.12. Let s be a time-differentiable second-order objective tensor field
on the ambient space, and let Λ = −ΛT be a spin tensor, then

◦
s

def= ṡ−Λ · s+ s ·Λ

is called the corotational rate of s defined by the spin Λ. This definition is the same
for all associated tensors s ∈ T1

1(S), s] ∈ T2
0(S), and s[ ∈ T0

2(S) irrespective of
index placement because all corotational rates commute with index raising and index
lowering. ♦

Let Λ(x, t) = −ΛT(x, t) be a given spin tensor for all x ∈ ϕ(B, t) and t ∈ [0, T ], with
ϕ(B, 0) = B. Consider the following evolution equation

∂R

∂t
= (Λ ◦ ϕ) ·R , with R|t=0 = I , (4.1.13)

where R(X, t) : TXB → Tϕ(X,t)S is a proper orthogonal two-point tensor for fixed
X ∈ B and each t ∈ [0, T ], such that RT ·R = IB, R ·RT = IS , and detR = +1.
Solutions to the problem (4.1.13) generate a one-parameter group of rotations to which
R belongs, thus Λ is called the generator of that group [Hughes, 1984; Simo and
Hughes, 1998].

From this, the term “corotational” can be justified as follows. In a rotating Euclidian
frame with spin Λ = Ṙ ·RT the tensor s is given by S = R?s = RT · s ·R. Then,
the corotational rate ◦s represents the rate of change of S observed in the fixed frame
where s is measured. Clearly,

◦
s = R · Ṡ ·RT . (4.1.14)

There are infinitely many objective rates and corotational rates. Not every corotational
rate is objective, and vice versa. Whether or not a corotational rate is objective depends
on its defining spin tensor. For example, the corotational Zaremba-Jaumann rate of
Cauchy stress σ [Zaremba, 1903; Jaumann, 1911] is obtained by setting Λ = ω, where
ω = 1

2(l−lT) ∈ T1
1(S) is the vorticity tensor according to (3.1.17):

◦
σZJ def= σ̇ − ω · σ + σ · ω . (4.1.15)

Another corotational rate arises from the right polar decomposition F = R ·U of the
deformation gradient. Similar to the velocity gradient given by the relation ∂

∂t
F =

(l ◦ ϕ) · F , the spatial rate of rotation Ω is defined through

∂R

∂t
def= (Ω ◦ ϕ) ·R . (4.1.16)

Ω ∈ T1
1(S) is a kind of angular velocity field describing the rate of rotation of the

material, whereas ω describes the rate of rotation of the principal axes of the rate of
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deformation tensor d = l − ω [Dienes, 1979]. Choosing the spin Λ = Ω then defines
the corotational Green-Naghdi stress rate [Green and Naghdi, 1965],

◦
σGN def= σ̇ −Ω · σ + σ ·Ω . (4.1.17)

Remark 4.1.18. Time differentiation of F = R·U yields a relation between vorticity
ω = 1

2(l− lT) associated with the Zaremba-Jaumann rate and spatial rate of rotation
Ω = Ṙ ·RT associated with the Green-Naghdi rate:

ω = Ω + 1
2R · (U̇ ·U

−1 −U−1 · U̇ ) ·RT .

In contrast to Ω, the vorticity tensor ω also contains terms due to stretching. There-
fore, the Green-Naghdi rate (4.1.17) is identical to the material time derivative of the
Cauchy stress in the absence of rigid body rotation, while the Zaremba-Jaumann rate
(4.1.15) is generally not. The Green-Naghdi rate requires knowledge of total material
deformation through R = Tϕ · U−1, while the Zaremba-Jaumann rate, by virtue of
vorticity, is derivable from the instantaneous motion at current time. This makes the
Zaremba-Jaumann rate more attractive to problems where a past material motion is
unavailable (see Chapter 6). By using the equation above, it can be shown that ω = Ω
resp. ◦σZJ = ◦

σGN if and only if the motion of the material body is a rigid rotation, a
pure stretch, or if the current configuration has been chosen as the reference configu-
ration such that F = R = Iϕ, U = I, and Ḟ = Ṙ + Iϕ · U̇ ; see also [Truesdell and
Noll, 2004, pp. 54–55] and [Dienes, 1979, 1986; Cheng and Tsui, 1992]. 4

It can be summarized that the Zaremba-Jaumann rate and the Green-Naghdi rate are
corotational, objective, and satisfy Prager’s requirement, but they are not spatially
covariant. The Oldroyd rate and the Truesdell rate meet the much stronger condition
of spatial covariance, but they include stretching parts, thus are not corotational, and
they do not commute with index raising and lowering applied to their argument.

4.1.3 Spatial Rate Constitutive Equations

There are basically two main groups of rate-independent constitutive equations (or
material models) that are used in computational solid mechanical applications at large
deformation. The elements of the first group are typically based on thermodynamical
principles postulated at the outset, and they are commonly addressed with the prefix
“hyper”: hyperelasticity , hyperelasto-plasticity, and hyperplasticity. The constitutive
equations belonging to the second group usually ignore balance of energy and the axiom
of entropy production 4.1.7. Many of them are are based on an ad hoc extension of
existing small-strain constitutive equations to the finite deformation range. Elements
of the second group are called Eulerian or spatial rate constitutive equations and are
commonly addressed with the prefix “hypo”: hypoelasticity, hypoelasto-plasticity, and
hypoplasticity.

The following section is concerned with the second group because spatial rate consti-
tutive equations have also been implemented into the ALE method developed during
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this research. It has been pointed out by several researchers on the subject [e.g. Simo
and Pister, 1984; Simo and Hughes, 1998] that, in spite of their shortcomings, these
material models remain widely used in computational mechanics. This is because the
same integration algorithms can be employed at both infinitesimal and finite deforma-
tions; cf. Section 5.5. Most of the commercial finite element codes, including ANSYSr,
LS-DYNAr, and ABAQUSr, apply rate constitutive equations for problems involving
small or large inelastic deformations. In what follows, only rate constitutive equations
accounting for finite deformation are addressed. Readers who are not familiar with
elasticity and classical elasto-plasticity at small strains should consult introductory
texts on plasticity theory [e.g. Chen and Han, 1988; Simo and Hughes, 1998].

It is assumed that the constitutive functionals satisfy the axioms of determinism, lo-
cality, and material frame indifference, and the underlying materials are assumed ho-
mogeneous and non-aging. Without indicating it further, stress measures are taken
with all indices raised, and strain measures with all indices lowered, e.g. σ def= σ] and
d

def= d[. This is consistent with the majority of bibliography on that topic.
Definition 4.1.19. In constitutive theory it proves convenient to define the following
measures of stress and rate of deformation.

(i) The negative mean Cauchy stress and the Cauchy stress deviator

p
def= −1

3 trσ and σdev
def= σ + p g] ,

respectively.

(ii) The von Mises stress or equivalent shear stress

q
def=
√

3J2 =
√

3
2 ‖σdev‖ ,

in which
J2

def= 1
2tr(σ2

dev) = 1
3 (I1(σ))2 − I2(σ) ≥ 0

is the negative second principal invariant of the Cauchy stress deviator according to
the general formulas (A.5.20), and I1(σ), I2(σ) are the first and second the principal
invariants of the Cauchy stress, respectively.

(iii) The equivalent shear strain rate and the volumetric strain rate

diso
def=
√

2
3tr(d2

dev) and dvol
def= trd = dkk ,

respectively, with ddev
def= d− 1

3(trd)g. ♦

Hypoelasticity

According to Section 4.1, the general constitutive equation of homogenous isotropic
elasticity in the material and spatial settings read

S = S̄(C,G) and σ = σ̄(F , g) , (4.1.20)
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respectively. However, there is only a limited number of materials, e.g. rubber, whose
stress state can be derived as a whole, either from a finite strain measure (say C),
or a free energy function. This observation led to the development of hypoelastic
rate constitutive equations [Truesdell, 1955b,a; Truesdell and Noll, 2004]. The general
hypoelastic rate constitutive equation can be written in the form

◦
σ?

def= h(σ, g,d) = a(σ, g) : d (linearity in d) , (4.1.21)

where ◦
σ? can be any spatially objective rate of the Cauchy stress, a(σ, g) is a spa-

tial fourth-order tensor-valued function, and the spatial metric g is necessary to form
invariants of the stress tensor, if desired. If only rate-independent response should
be modeled by (4.1.21), then h must be positively homogeneous of first degree in
d, i.e. h(σ, g, ad) = ah(σ, g,d) for all a > 0. Moreover, due to material frame-
indifference 4.1.10, the response function h for the stress rate must be isotropic in σ,
g, and d. Hence a is likewise isotropic.

A material is said to be hypoelastic of grade n, if a(σ, g) is a polynomial of degree
n in the components of σ [Truesdell, 1955b; Truesdell and Noll, 2004]. For n = 0,
representing hypoelasticity of grade zero, the tensor a(g) is independent of σ. The
simplest ad hoc choice compatible with this idea is the constant isotropic elasticity
tensor

a
ijkl = K gijgkl + 2G(gikgjl + gilgjk − 1

3 g
ijgkl) . (4.1.22)

Here gij are the components of the inverse metric, K = λ+ 2
3µ is the bulk modulus or

modulus of compression, G = µ is the shear modulus, and λ, µ are the Lamé constants.
Since the deviator of a symmetric

(
0
2

)
-tensor t def= t] is defined through tdev

def= t −
1
3(tr t)g], the considered grade-zero hypoelastic rate constitutive equation takes the
form

◦
σZJ def= K(trd) g] + 2Gd]dev resp. ( ◦σZJ)ij def= Kdkk g

ij + 2Gdijdev , (4.1.23)

by choosing ◦
σ? to be the Zaremba-Jaumann stress rate (4.1.15). Note that deviators

are traceless, and that the deviator of rate of deformation reflects purely isochoric
deformations.

Remark 4.1.24. Within the hypoelasticity framework the stress is not necessarily
path-independent such that hypoelastic constitutive equations generally produce non-
zero dissipation in a closed cycle. Additional conditions must be satisfied so that the
model represents a properly elastic or hyperelastic material [Simo and Pister, 1984;
Simo and Hughes, 1998]. 4

Hypoelasto-Plasticity

In classical plasticity theory, plastic flow is understood as an irreversible process char-
acterized in terms of the past material history. Let the past material history up to
current time t ∈ R, in accordance with the fundamentals of Section 4.1, be defined as

]−∞, t] 3 τ 7→ {σ(x, τ), q(x, τ)} . (4.1.25)



66 CHAPTER 4. CONSTITUTIVE THEORY AND BEHAVIOR OF SAND

q(x, τ) def= {q1(x, τ), . . . , qm(x, τ)} is a set of (possibly tensor-valued) internal state
variables, often referred to as the hardening parameters or plastic variables. Here q are
understood as stress-like variables, like the yield stress, which are conjugate to a set
α

def= {α1, . . . , αm} of strain-like internal variables.

Definition 4.1.26. Let T2
sym be the set of symmetric

(
2
0

)
-tensor fields, and let the

stress-like internal plastic variables q def= {q1, . . . , qm} belong to the set identified
through H def= {q | q ∈ H}. A state of an elasto-plastic material is the pair (σ, q) ∈
T2

sym ×H. The ad hoc extension of classical small-strain elasto-plasticity to the finite
deformation range then consists of the following elements [cf. Simo and Hughes, 1998]:

(i) Additive decomposition. The spatial rate of deformation tensor is additively decom-
posed into elastic and plastic parts:

d
def= de + dp , in components, dij

def= de
ij + dp

ij .

(ii) Stress response. A hypoelastic rate constitutive equation of the form
◦
σ? = a(σ, g) : (d− dp)

characterizes the “elastic” response, where ◦
σ? represents any objective stress rate.

(iii) Elastic domain and yield condition. A differentiable function f : T2
sym×T2

sym×H →
R is called the yield condition, and

Aσ
def= {(σ, q) ∈ T2

sym ×H | f(σ, g, q) ≤ 0}

is the set of admissible states in stress space; the explicit dependency on the metric g
is necessary in order to define invariants of σ and q. An admissible state (σ, q) ∈ Aσ
satisfying f(σ, g, q) < 0 is said to belong to the elastic domain or to be an elastic
state, and for f(σ, g, q) = 0 the state is an elasto-plastic state lying on the yield
surface. States with f > 0 are not admissible.

(iv) Flow rule and hardening law. The evolution equations for dp and q are called the
flow rule and hardening law, respectively:

dp def= λm(σ, g, q) and ◦
q?

def= −λh(σ, g, q) .

Here m and h are prescribed functions, and λ ≥ 0 is called the consistency parameter
or plastic multiplier. The flow rule is called associated ifm = Dσf , and non-associated
if m is obtained from a plastic potential g 6= f as m = Dσg. Within the isotropic
hardening laws q usually represents the current radius of the yield surface, whereas q
represents the center of the yield surface (back stress) in kinematic hardening laws.

(v) Loading/unloading and consistency conditions. It is assumed that λ ≥ 0 satisfies
the loading/unloading conditions

λ ≥ 0 , f(σ, g, q) ≤ 0 , and λ f(σ, g, q) = 0 ,
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as well as the consistency condition

λ ḟ(σ, g, q) = 0 . ♦

As an example, consider a well-known hypoelasto-plastic rate constitutive equation
which is commonly referred to as J2-plasticity with isotropic hardening or von Mises
plasticity in computational solid mechanics [e.g. Nagtegaal and Veldpaus, 1984; Hughes,
1984; Simo and Hughes, 1998]. This model is applicable to metals and other materials
because it includes the von Mises yield condition

f(σ, g, σy) def= q(σ, g)− σy , (4.1.27)

where q is the von Mises stress (Definition 4.1.19), and σy is the current yield stress
given by the linear relation

σy(εp) def= σy0 + Ep εp . (4.1.28)

The initial yield stress σy0 and the plastic modulus Ep are material constants in addition
to the elastic constants E and ν (or K and G), and the equivalent plastic strain εp is
understood as a function of the plastic rate of deformation tensor dp.

Including (4.1.28) produces bilinear elasto-plastic response with isotropic hardening
mechanism. Bilinear in this context means that a one-dimensional bar in simple tension
behaves elastic with Young’s modulus E until reaching the initial yield stress. Then
plastic flow occurs, the material hardens by satisfying (4.1.28), and the elasto-plastic
tangent modulus is given by the constant

Et def= E Ep

E + Ep . (4.1.29)

Now, let the hypoelastic response be characterized by
◦
σZJ = a(g) : (d− dp) , (4.1.30)

where a(g) is the constant isotropic elasticity tensor given by (4.1.22). Plastic flow is
assumed to be associated, that is,

dp def= dp
dev

def= λ
∂f

∂σ
= λ

3
2q σ

[
dev = λ

√
3
2 n

[ , (4.1.31)

where n def= σdev/‖σdev‖, with trn = 0. Therefore, plastic straining is purely devia-
toric, and the hardening law, representing the evolution of the radius of the von Mises
yield surface, is given by

σ̇y = Ep ε̇p = Ep

√
2
3tr((dp)2) = λEp resp. ε̇p = λ . (4.1.32)

After substitution into the consistency condition during plastic loading, the plastic
multiplier is obtained as

λ = 2G
3G+ Ep

√
3
2 n : ddev , (4.1.33)
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which completes the model. Some algebraic manipulation finally results in the hypo-
elasto-plastic spatial rate constitutive equation

◦
σZJ = a

ep(σ, g, εp) : d , (4.1.34)

in which the elasto-plastic material tangent tensor is given by

a
ep(σ, g, εp) def= a(g)− 6G2

3G+ Ep n⊗ n (4.1.35)

at plastic loading, and by a
ep(σ, g, εp) = a(g) at elastic loading and unloading, and

neutral loading, respectively. The distinction of these types of loading is done with the
aid of (4.1.27) in conjunction with (4.1.28), that is, the dependency of the function a

ep

on εp is implicit.

Hypoplasticity

The notion of hypoplasticity, which is entirely different from that of hypoelasto-plasti-
city, has been introduced by Kolymbas [1991a], but the ideas behind are much older.
The earliest hypoplastic constitutive equations have been developed to model the be-
havior of soils [Kolymbas, 1978; Gudehus and Kolymbas, 1979; Kolymbas, 1988]. Hy-
poplasticity can be understood as a generalization of hypoelasticity, and the general
hypoplastic rate constitutive equation for isotropic materials takes the form

◦
σ?

def= h(σ, g,α,d) , (4.1.36)

where ◦
σ? represents any objective stress rate, and α(x, t) def= {α1(x, t), . . . , αm(x, t)} is

a set of (possibly tensor-valued) internal state variables. In contrast to hypoelasticity,
the hypoplastic response function h is generally nonlinear in d in order to describe
dissipative behavior. Hypoplastic constitutive modeling basically means to fit the
almost arbitrary tensor-valued response function h to experimental data.

Consider the simple case where ◦
σ?

def= h(σ, g,d). If rate-independent material should
be described, then h is required to be positively homogeneous of first degree in d, so
that for every a > 0, h(σ, g, ad) = ah(σ, g,d). In this case, however,

h(σ, g,d) = ∂h(σ, g,d)
∂d

: d = m(σ, g,d) : d (4.1.37)

by Euler’s theorem on homogeneous functions, wherem is a spatial fourth-order-tensor-
valued function that does explicitly depend on d. The values of m are referred to as
material tangent tensors, as for other classes of rate constitutive equations.

A detailed description of the hypoplastic constitutive equation for sand that has been
implemented into the developed ALE method is provided in Section 4.3.
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Figure 4.1: Optical microscope photograph of dry silica sand (here: Berlin sand);
courtesy of Dr.-Ing. U. Schran [see also Schran, 2003].

4.2 Modeling the Behavior of Sand

The following section introduces the basic mechanical characteristics of sand under
monotonic and cyclic loading. Readers who are not familiar with basic topics of theo-
retical and experimental soil mechanics should consult one of the standard textbooks
[e.g. Terzaghi, 1943; Wood, 1990; Craig, 2007; Bardet, 1997; Das, 2008]. Advanced
papers on the cyclic behavior of soils can be found in [Pande and Zienkiewicz, 1982;
Triantafyllidis, 2004]. In order to properly model the behavior of fully and partially
saturated soil, it should be dealt with as a porous medium or immiscible mixture [e.g.
Lewis and Schrefler, 1998; de Boer, 2000; Dormieux et al., 2006; Pinder and Gray,
2008]. Additional literature will be cited in the text.

4.2.1 Assumptions, Terminology, and Basic Relations

Soil generally is a mixture consisting of a solid phase and one or more fluid phases
(e.g. water, air and water, water and oil). The solid phase is built up of contacting soil
grains forming a soil skeleton, and the fluid phases fill the pores (voids) in between.
Sand resp. cohesionless granular material is characterized by contact forces acting be-
tween the grains which are dominated by the mean stress and friction, whereas surface
forces due to cohesion are neglected.

Fig. 4.1 indicates that sand is a heterogeneous material at the microscale of grain size,
so that the actual physical fields are microscopically distributed over the constituents.
The balance principles derived in Chapter 3 can be assumed to apply in the interior of
each constituent on the microscale, whereas jump conditions express the balances at
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the interfaces. In order to distinguish between the solid phase and all other phases in a
specimen of sand on the microscopic scale, a phase function is defined through [Drew,
1983]

π(x, t) def=
{

1 if x is in the void or fluid region at time t
0 else. (4.2.1)

The matter of concern in most practical engineering problems is the somehow averaged
field and not its actual microscopic distribution. When employing spatial averaging,
an averaging volume or representative volume element (RVE), V ′ ⊂ S, has to be spec-
ified [Drew, 1983; Lewis and Schrefler, 1998; Pinder and Gray, 2008]. The RVE must
contain a sufficient number of microscopic heterogeneities and fluctuations to be sta-
tistically representative. On the other hand, it must not be too large in order to retain
macroscopic variations of the problem under consideration.

Definition 4.2.2. Let V ⊂ ϕt(B) be a fixed spatial domain occupied by the body at
time t ∈ [0, T ], and let V ′ def=

∫
V ′ dv be the spatial volume measure of the representative

volume element V ′. Then, the volume average of a microscopic scalar field q : V ×
[0, T ]→ R over the RVE is defined pointwise through

〈q〉(x, t) def= 1
|V ′|

∫
V ′
q(x+ ξ, t) dv ,

with ξ = x′ − x, x ∈ V , x′ ∈ V ′, and limV ′→0〈q〉(x, t) = q(x, t). ♦

Spatial averaging enables a proper definition of basic soil mechanical quantities and
notions.

Definition 4.2.3. Assume that all voids in the sand specimen under consideration are
interconnected, then

(i) the spatial porosity nt : ϕt(B) → R of the material body is defined as the volume
average of the phase function, that is,

n(x, t) def= 〈π〉(x, t) ,

where x = ϕt(X) and n(x, t) = nt(x).

(ii) The spatial void ratio e(x, t), with et : ϕt(B) → R by holding t fixed, is the ratio
of the partial volume of interconnected voids and the partial solid volume in the RVE.
It is related to the porosity by e = n/(1− n), so n = e/(1 + e). ♦

This thesis is concerned with quasi-static analysis of sand under isothermal conditions,
so that effects due to inertia and temperature can be ignored. It is assumed throughout
that the sand under consideration is either dry or fully saturated with water, so that the
RVE consists of a solid phase and a single fluid phase. Surface effects like capillarity,
cemented bridges, etc. are absent, and rate effects are negligible. The sand grains
and the water are assumed to be incompressible, and the sand grains are permanent,
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i.e. they are non-abrasive and cannot crush. Moreover, the bulk modulus and density
of air are negligibly small compared to the bulk modulus and density, respectively, of
the soil skeleton. If a sand specimen is fully saturated with water, then it is postulated
to be also fully drained in the vicinity of every material particle. This means that
the solid and fluid phases are uncoupled, and that consolidation effects will not occur.
The impact of pore water on the grain skeleton is only due to buoyant forces occurring
under static acceleration fields (i.e. gravitation). Due to all these assumptions, sand
can be modeled as a one-phase porous material.

The macroscopic or averaged spatial mass densities of the dry sand and of the fully
saturated sand can be written as

ρd(x, t) def= (1− n(x, t)) ρs(x) and ρr(x, t) def= ρd(x, t) + n(x, t) ρw(x) , (4.2.4)

respectively. ρd is also called the bulk mass density, ρs denotes the grain mass density,
that is, the density of the solid material, and ρw is the water mass density. Since
both the sand grains and the pore water were assumed to be incompressible, ρs and ρw
do not depend on time. Moreover, for the purpose of this work it is sufficient to use
spatially constant values ρs = 2.65 g cm−3 for quartz resp. silica sand [see Herle and
Gudehus, 1999; Rackwitz, 2003], and ρw = 1.0 g cm−3. The effective mass density of
the sand is then defined through

ρ′(x, t) def= ρr(x, t)− ρw = (1− n(x, t))(ρs − ρw) , (4.2.5)

which leads to the fundamental principle of effective stresses for fully saturated soils
[Terzaghi, 1943, art. 6]:

σ′(x, t) def= σ(x, t) + pw(x, t) g](x) . (4.2.6)

Here σ is the total stress which represents the common measurable macroscopic stress,
pw is the pore water pressure, and σ′ is the effective stress acting as a macroscopic
variable within the soil skeleton. In soil mechanics, constitutive equations are usually
postulated for σ′. If no water is present, then σ′ = σ.

Remark 4.2.7. A general convention in soil mechanics takes compression positive,
so that (4.2.6) would read σ′ = σ− pw g

] at compression. This thesis, however, is also
to be seen in the context of general mechanics. The common sign convention is applied
throughout, that is, compressive stress is taken with negative sign. Regardless of these
convention, pressure has positive sign whenever stress is compressive, otherwise it has
negative sign. 4

Proposition 4.2.8. Let the motion ϕt : B → S be a one-parameter group of C1-
diffeomorphisms such that ϕ0(B) = B is the initial configuration of a sand specimen,
and assume that conservation of mass holds. Then, incompressibility of the grains
implies that the evolution of spatial void ratio is given by

ė(x, t) = (1 + e(x, t)) trd(x, t) .
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Proof. From conservation of mass 3.2.18(i), and (4.2.4)1 it follows that for incom-
pressible grains

(1− n(ϕ(X, t), t)) J(X, t) = 1− n0(X)

holds, in which J(X, t) is the Jacobian of the motion ϕ, and n0(X) = n(ϕ(X, 0), 0) is
the initial porosity. Since the void ratio is related to the porosity through e = n/(1−n),
the equation above is equivalent to e = (1+e0)J−1. Taking the material time derivative
on both sides and applying Proposition 3.1.19 then proves the assertion. �

The current void ratio e of a specimen of sand is bounded between a minimum value
emin and a maximum value emax. In general these are not material constants but depend
on the confining pressure.

Definition 4.2.9. The relative density defined through

Dr
def= emax − e

emax − emin

allows to specify whether a specimen is relatively loose or dense:

Dr ≤ 0.15 very loose
0.15 < Dr ≤ 0.35 loose
0.35 < Dr ≤ 0.65 medium dense
0.65 < Dr ≤ 0.85 dense
0.85 < Dr very dense .

Dr is identical to ID used in the German literature. ♦

An important characteristic that distinguishes sand response from that of other solids
is the tendency of granular material to expand or contract in bulk volume due to shear
loading, which is referred to as dilatancy [Reynolds, 1885]; to ease formulation, the
term dilatancy is adopted here for both, positive (contractive) and negative (dilative)
volume changes. Li et al. [1999] and Li and Dafalias [2000] show that dilatancy of sand
is a function of both the stress state and the density state. These dependencies are
also referred to as the barotropy and the pycnotropy of sand, respectively [Kolymbas,
1991a].

It should be mentioned that the finite deformation theory of soil mechanics is still
little developed, although deformations often exceed infinitesimal values, e.g. during
pile penetration, slope failure, or in triaxial and oedometric experimental laboratory
tests. This is because until recent dates the basic tools of geotechnical engineering have
been small-strain elasticity and limit design [cf. Kiousis et al., 1986]. Another reason is
that the mathematical formulation of soil behavior results in rather complex relations
compared to constitutive equations for metals or fluids, and finite deformation theory
would further increase complexity. Therefore, the following two sections describe the
behavior of sand under the assumption of small strains.
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4.2.2 Monotonic Loading

Sand exposes several characteristics when subjected to different loading, boundary,
and drainage conditions. Monotonic loading can be viewed as a limit of cyclic loading,
and several experimental laboratory testing devices are available in order to investigate
the associated mechanical behavior of sand. The triaxial device allows the application
of shear deformation without rotating the principal stress axes. In an axisymmetric
triaxial setting loading can be applied in axial (index “1”) and radial (index “3”)
direction. Under these conditions and by recalling Definition 4.1.19, the negative mean
effective stress resp. the effective pressure becomes p′ = −1

3(σ′1 + 2σ′3) , and the von
Mises stress boils down to q′ = q = |σ1 − σ3|. In soil mechanics, however, the von
Mises is usually replaced with the deviator stress q def= σ1 − σ3. Moreover, the triaxial
versions of volumetric strain rate and equivalent shear strain rate are ε̇vol = ε̇1 + 2ε̇3
and ε̇iso = 2

3(ε̇1− ε̇3), respectively, where ε = 1
2(∇u+(∇u)T) is the infinitesimal strain

tensor and u : B → TS is the infinitesimal deformation imposed on the reference
configuration B. Under triaxial conditions the axial component ε̇1 is a measure of
shear strain rate [see also Wood, 1990, sec. 1.4].

The dilative behavior of Toyoura sand under triaxial compression (−σ1 > −σ3) with
different initial densities under the same initial stress state (p0 = 1000 kPa and q0 =
0 kPa) is shown in Fig. 4.2; note that all the plotted curves presented in this section
are results of numerical simulations. A specimen of sand with a sufficient low initial
density (Dr0 = 0.15) contracts monotonically and leads to a monotonically increasing
shear strength (Fig. 4.2b). If the initial density is sufficient high, say medium dense
(Dr0 = 0.64), then sand shows little contraction at small shear strains. Under continued
shear loading, the deviatoric stress increases until reaching a peak value, and the sand
dilates until a residual strength is reached. Obviously, medium dense and dense sands
pass a reversal point which marks the phase transformation state [Ishihara et al., 1975;
Verdugo and Ishihara, 1996; Li and Dafalias, 2000], at which the density remains
constant (Fig. 4.2a).

Analogous results to that of Fig. 4.2 can be obtained by a variation of the confining
pressure instead of the initial density, indicating that both barotropy and pycnotropy of
sand have an intrinsic relation. This is depicted in Fig. 4.3. The dilative responses of a
medium dense sand under high confining pressures and a loose sand under intermediate
confining pressures are comparable. One can also locate a peak value of deviator stress
in the ε1-q-plane for a sufficient dense sand or a sufficient low confining pressure,
respectively. Irrespective of the initial conditions, sand exhibits an isochoric response
at constant p′ and q if shearing exceeds a certain value (Fig. 4.2), which is referred to
as the critical state [Roscoe et al., 1958; Roscoe and Schofield, 1963]. The set of all
critical states forms a curve in the ε1-p′-q-plane [Wood, 1990], which means that the
state of sand under monotonic loading is governed by both the stress state and the
density state.

Li and Wang [1998] show that the amount of void ratios at critical state can be fitted
to a straight line ec = eΓ − λc(p′/pa)ξ in the e-(p′/pa)ξ-plane, where eΓ , λc, and ξ are
material constants, and the atmospheric pressure at sea level pa = 101 kPa is included
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Figure 4.2: Simulated dilative behavior of sand under drained triaxial compression:
dependency on the density state (pycnotropy). Toyoura sand, p0 = 1000 kPa.
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Figure 4.3: Simulated dilative behavior of sand under drained triaxial compression:
dependency on the stress state (barotropy). Toyoura sand, e0 = 0.735 (Dr0 = 0.64).
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Figure 4.4: Simulated critical state line (CSL) in the e-(p′/pa)ξ-plane obtained for
Toyoura sand, e0 = 0.832 (Dr0 = 0.38). The void ratios at critical state can be fitted
to a straight line ec

def= eΓ − λc(p′/pa)ξ, with material constants eΓ = 0.934, λc = 0.019,
and ξ = 0.7 for Toyoura sand [Li and Dafalias, 2000].

for normalization. This critical state line (CSL) is plotted in Fig. 4.4 for Toyoura sand
in triaxial compression at e0 = 0.832 (Dr0 = 0.38) and different confining pressures p0.
Now let a state parameter [Been and Jefferies, 1985] be defined through ψ = e − ec.
Then at the beginning of loading, the specimens with p0 = 100 kPa, 250 kPa, and
500 kPa are said to be in a relatively dense state (ψ < 0) and behave dilative, whereas
the specimens with p0 = 1250 kPa and 2000 kPa are in a relatively loose state (ψ > 0)
and behave contractive [Li and Dafalias, 2000].

The dilative behavior of sand can also be observed under undrained conditions where
ε̇vol = 0. Fig. 4.5 shows the results of undrained triaxial compression tests with Toyoura
sand at the same confining pressure, but with three different densities. If a shear loading
increment from a particular stress ratio −q/p′ is applied, the loose sand contracts and
the dense sand dilates, resulting in a reduction or production of effective mean normal
stress, respectively. These facts contradicts the stress-dilatancy approach introduced
by Rowe [1962], in which the dilatancy is uniquely related to the stress ratio. Rowe’s
relation is based on the assumption that the rate of internal work done is a minimum,
and thus density effects are eliminated [Li and Dafalias, 2000].

The drainage conditions have a dramatic impact on the shear strength of sand, even
under monotonic loading. The results of comparative calculations are shown in Fig. 4.6.
In each Fig. 4.6a and 4.6b, two specimen of sand under the same initial stress and
density states are considered, but with one subjected to drained and the other to
subjected undrained triaxial compression. If the initial density is sufficiently high
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(Fig. 4.6a) undrained sand hardens monotonically, resulting in a residual shear strength
higher than under drained conditions. By contrast, the rearrangement of grains due to
dilatancy leads to a build-up of excess pore water pressure under undrained conditions
if the initial density is sufficient low (Fig. 4.6b). This goes along with a loss of grain
contacts and a reduction of the mean effective stress, so that the shear strength drops
down to a very small value. In the limit, static liquefaction will occur.

In standard axisymmetric triaxial compression and extension tests the loading is always
proportional, meaning that σ̇ = aσ, with a > 0. However, in many practical applica-
tions loading is generally non-proportional, e.g. during wave loading acting on seabeds,
and multidirectional earthquakes at ground level [Li, 2006]. Non-proportional loading
paths in experimental laboratory testing of sand can be realized in the bi-directional
simple shear device [Ishihara and Yamazaki, 1980], in the torsional shear device [Ishi-
hara and Towhata, 1983; Towhata and Ishihara, 1985; Yoshimine et al., 1998], and in
the true triaxial device [Hambly, 1969; Goldscheider, 1975; Yamada and Ishihara, 1979,
1981, 1983]. All these results point out that the incorporation of a non-proportional
loading mechanism plays a crucial in realistic constitutive modeling of sand.

Goldscheider [1975], Ishihara and Yamazaki [1980], and Yamada and Ishihara [1981,
1983], among others, show that under non-proportional loading the generation of plastic
deformations is also affected by the shape of the loading path in the stress-deviator-
plane. This dependency on the direction of the stress rate renders the stress-strain
relations incrementally nonlinear or hypoplastic [Dafalias, 1986; Wang et al., 1990; Li
and Dafalias, 2004; Li, 2006]. Moreover, Vaid and Thomas [1995] carried out tests
showing that the shear strength of an undrained sand at the same density is different
in triaxial compression and triaxial extension, thus depends on the direction of the
principle stress axes. This fabric or inherent anisotropy of sand deposits, under either
proportional or non-proportional loading, has also been observed by other experimental
researchers [e.g. Yamada and Ishihara, 1979, 1981, 1983; Ishihara and Towhata, 1983;
Towhata and Ishihara, 1985; Yoshimine et al., 1998].

4.2.3 Cyclic Loading

A loading function is called cyclic if it includes at least two reversals in loading direction.
For example, during pile penetration the soil is subjected to cyclic loading because it
will be compressed, sheared, and then released if the pile tip passes (see Chapter 2).
The mechanical behavior of sand is different under monotonic and cyclic loading, i.e. it
depends on material history or how the current stress and density states have been
reached. Therefore, the stress and density are not enough to describe the state of sand,
and so additional state variables are needed.

As already pointed out in the previous section, the drainage conditions severely influ-
ence the strength of sand dependent on its relative density, and this would be crucial
under cyclic loading. Undrained sand under monotonic loading is usually not encoun-
tered in situ, but can only be realized in the laboratory. However, under cyclic loading
the loading direction changes faster than the sand consolidates due to the new loading
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Figure 4.7: Effects of soil liquefaction: Loss of support of buildings during the 1964
Niigata, Japan earthquake. Photograph taken from http://en.wikipedia.org/wiki/
Soil_liquefaction

conditions. This results in a gradual increase of the excess pore water pressure governed
by the relative density, the confining pressure, the loading amplitude and frequency.
Loose sand may be subjected to a complete loss of shear resistance and large deviatoric
strains, which is also referred to as liquefaction (Fig. 4.7). Because it is often a major
cause of damage during earthquakes, the experimental research on soil liquefaction has
grown up since the 1960’s [Seed and Lee, 1966; Peacock and Seed, 1968; Seed and
Peacock, 1971; Seed, 1979; Finn et al., 1970, 1971; Castro, 1975; Ishihara et al., 1975;
Ishihara and Yamazaki, 1980; Ishihara and Towhata, 1983; Savidis and Schuppe, 1982;
Martin et al., 1975; Towhata and Ishihara, 1985; Vaid and Thomas, 1995]. In contrast
to that, a sufficient dense sand regains its shear stiffness after a couple of loading cycles
and shows cyclic mobility by limiting shear deformation [Castro, 1975].

Figs. 4.8 and 4.9 show the results of undrained cyclic triaxial tests with Toyoura sand
under a confining pressure of p0 = 300 kPa (isotropic consolidation). The cyclic stress
ratio was chosen to qmax/p0 = 0.2. Due to excess pore water pressure build-up the
mean effective stress p′ decreases cycle by cycle for both a loose and a medium dense
specimen. However, in case of the loose specimen (Dr = 0.15, Figs. 4.8a and 4.9a) the
stress path already reaches a kind of failure surface indicated by the straight lines after
a few cycles, and then moves slowly along the surface until reaching the final state. This
behavior corresponds to the path in the γ-q-plane shown in Fig. 4.9a, where γ = ε1−ε3
is the shear strain. As long as the stress path stays inside the failure surface, the shear
deformation is relatively small or, conversely, the soil stiffness is relatively large. If
the stress path approaches a failure state on the surface, then the shear stiffness drops
quickly, leading to very large shear deformation.

http://en.wikipedia.org/wiki/Soil_liquefaction
http://en.wikipedia.org/wiki/Soil_liquefaction
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Figure 4.8: Simulated pycnotropy of Toyoura sand under undrained cyclic triaxial
loading. Stress path at (a) e = 0.920 (Dr = 0.15), (b) e = 0.735 (Dr = 0.64).
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Figure 4.9: Simulated pycnotropy of Toyoura sand under undrained cyclic triaxial
loading. Stress-strain response at (a) e = 0.920 (Dr = 0.15), (b) e = 0.735 (Dr = 0.64).
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The medium dense specimen (Dr = 0.64, Figs. 4.8b and 4.9b) also tends to contract
during the cyclic loading process under undrained conditions. Compared to the loose
specimen, however, the rate of mean effective stress reduction is smaller, so that the
medium dense specimen bears several more loading cycles before reaching the failure
surface. The different mechanical behavior becomes apparent at this point. Although
the value of p′ is considerably smaller than the minimum value for the loose specimen,
the shear deformation is limited because the response switches from contractive to
dilative in each cycle. This mobilizes the well-known “banana shapes” in the γ-q-plane
(Fig. 4.9b). Beyond phase transformation, which appears as an inflection point in
stress path, the sand regains it shear stiffness and shows cyclic mobility.

In the above examples, the number of loading cycles is relatively small (Ncycl < 102)
and the shear strain amplitudes are large (γamp > 10−3). This is typical for sand de-
posits subjected to earthquake loading or pile penetration. In geotechnical engineering,
however, the consideration of long-term and high-cyclic behavior with Ncycl � 102 and
small strain amplitudes (γamp < 10−3) becomes more and more important, e.g. in the
serviceability analysis of foundations for offshore wind turbines. Research activity on
this field has been accelerated in recent years but is left unconsidered in the present
work.

4.3 Hypoplastic Model for Isotropic Sand

From the discussion of sand behavior in the previous sections it can be concluded that
an appropriate constitutive equation must include the void ratio as a state variable, a
cyclic loading mechanism, and a kind of non-proportional loading mechanism prevent-
ing coaxiality of principal axes of plastic strain rate and stress. A constitutive equation
for sand should also reflect incremental nonlinearity and dependency of the inelastic
strain rate direction on the stress rate direction.

The constitutive equation for sand applied in this work is based on hypoplasticity (Sec-
tion 4.1.3). Early attempts to hypoplastic constitutive modeling of soils were already
made in the late 1970’s [Kolymbas, 1978; Gudehus and Kolymbas, 1979], and research
on this went on up to recent dates [Niemunis, 2003]. Hypoplasticity is an established
and well-known constitutive framework in the German and international soil mechanics
and geotechnical engineering community. Hypoplastic models have been successfully
applied to several problems, including pile penetration processes [e.g. Cudmani, 2001;
Grabe et al., 2009; Henke, 2010; Herle and Mayer, 1999; Mahutka and Grabe, 2005;
Mahutka and Henke, 2009; Rackwitz, 2003; von Wolffersdorff and Schwab, 2009].

The particular hypoplastic model for sand used here has been proposed by Gudehus
[1996] and Bauer [1996], and includes the limit state description of von Wolffersdorff
[1996], and the intergranular strain extension of Niemunis and Herle [1997] to account
for the mechanical behavior under cyclic loading. The model is comprehensive insofar
as it is applicable to any granular material, not only sand [Gudehus, 1996]. The
following section derives the basic formulas without making to much comments on the
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long process that released these formulas; this can be found elsewhere [e.g. Kolymbas,
1978, 1988, 1991b; Wu and Bauer, 1994; Gudehus, 1996; Bauer, 1996; Niemunis, 2003].

Only effective stress σ′ in terms of (4.2.6) is considered in what follows, but the super-
scribed dash is omitted for brevity. As within previous sections, the stress tensor has
all indices raised, while the rate of deformation has all indices lowered, that is, σ def= σ]

and d def= d[. The considered hypoplastic rate constitutive equation for sand then takes
the form

◦
σZJ def= h(σ, g, e, δ,d) = m(σ, g, e, δ,d) : d , (4.3.1)

in which, as usual, the dependency on a set of material constants has been suppressed,
and the material tangent tensorm is generally nonlinear in d; see also (4.1.37). ◦σZJ(x, t)
is the Zaremba-Jaumann rate of the effective Cauchy stress according to (4.1.15), e(x, t)
is the void ratio, and the spatial metric g(x) is included to form invariants of the
tensorial arguments. The intergranular strain δ(x, t) is an additional internal state
variable whose rate is postulated to have a functional dependency on the spatial rate
of deformation d(x, t) and some material constants. Therefore, the set of internal
state variables extra to the stress is α(x, t) = {e(x, t), δ(x, t)}. By the assumptions of
Section 4.2.1, Proposition 4.2.8 can be applied to obtain an evolution equation for the
void ratio:

ė = (1 + e) trd . (4.3.2)

From Section 4.1.3, the properties of h are isotropy and positively homogeneity of
first degree in d. In addition, the results of triaxial tests performed by Goldscheider
and Gudehus [1973], Goldscheider [1976], and others suggest that under sufficiently
long proportional deformation paths the stress response becomes also proportional
(i.e. σ̇ = aσ, with a > 0), and vice versa. An asymptotical state where both stress
and deformation are proportional is called a swept out of memory (SOM) state [von
Wolffersdorff, 1996; Niemunis, 2003]. As a consequence, the response function must be
positively homogeneous of degree n > 0 in σ [Kolymbas, 1988], that is,

h(aσ, g, e, δ,d) = anh(σ, g, e, δ,d) , ∀ a > 0 . (4.3.3)

This, however, implies that tangent stiffness ∂h/∂d vanishes at σ = 0, which is rea-
sonable for sand, but imposes a major difficulty on the numerical simulation of pile
penetration starting at the soil surface.

4.3.1 Reference Model for Monotonic Loading

For the case of monotonic loading with sufficiently large deformation, Gudehus [1996]
and Bauer [1996] arrive at the following subclass of hypoplastic constitutive equations
(4.3.1):

◦
σZJ def= fb fe l̄(σ̃, g,d) + fb fe fd n̄(σ̃, g)‖d‖ , (4.3.4)

where l̄(σ̃, g,d) is presumed linear in d (i.e. hypoelastic) as well as positive definite
with respect to d. Moreover, σ̃ def= σ/trσ is the dimensionless effective stress ratio, the
factor fb(σ, g) accounts for barotropy, and fe(σ, g, e) and fd(σ, g, e) are pycnotropy
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factors. Pycnotropy and barotropy will be described by fb, fe, and fd only. All three
factors are scalar functions that will be specified in what follows. Since l̄(σ̃, g,d) is
linear in d, (4.3.4) in a more compact form reads

◦
σZJ = L : d+N‖d‖ , (4.3.5)

where N def= fb fe fd n̄ has been set. It can be seen that stress response becomes
hypoelastic for fd = 0.

At SOM states, proportional stress states have been reached under proportional de-
formation (compression) paths, and vice versa. Clearly, such states are defined by

σ = σp , e = ep , d = dp ,
◦
σ̃ZJ

p = σ̃p , trdp < 0 , and fd = fe = const. (4.3.6)

Critical states due to shear deformation paths (see Section 4.2.2) are defined through

σ = σc , e = ec , d = dc ,
◦
σZJ = 0 , ė = 0 , and fd = fe = 1 . (4.3.7)

At critical states, (4.3.5) and ~d def= d/‖d‖ yield the hypoplastic flow rule

~dc = −L−1 : N . (4.3.8)

Flow becomes purely isochoric at critical states, i.e. tr ~dc = tr(L−1 : N ) = 0, because
ė = 0 is equivalent to trdc = 0 through (4.3.2). Moreover, the property ‖~dc‖ = 1 offers
a kind of hypoplastic yield condition of the form [von Wolffersdorff, 1996; Niemunis,
2003]

y(σc, g, ec) def= ‖L−1 : N‖ − 1 . (4.3.9)
The condition (4.3.3) implies that y(σc, g, ec) = 0 must represent a conical surface in
principal stress space with vertex at the origin [von Wolffersdorff, 1996].

Now by choosing suitable forms of the
(

2
0

)
-tensor valued functions l̄(σ̃, g,d) and n̄(σ̃, g)

in (4.3.4), several yield conditions of classical elasto-plasticity can be incorporated into
the hypoplastic yield condition (4.3.9). For example, von Wolffersdorff [1996] proposes
the representations

l̄(σ̃, g,d) def= 1
tr(σ̃2)

(
F 2 d] + a2 σ̃ tr(σ̃ · d)

)
and

n̄(σ̃, g) def= aF

tr(σ̃2)
(σ̃ + σ̃dev) ,

(4.3.10)

respectively, and then uses the yield condition for soils of Matsuoka and Nakai [1977].
By this and other assumptions not listed here, the scalar functions a and F in (4.3.10)
result in

a =
√

3(3− sinφc)
2
√

2 sinφc
and

F =

√√√√1
8 tan2 ψ + 2− tan2 ψ

2 +
√

2 tanψ cos 3θ
− 1

2
√

2
tanψ ,

(4.3.11)
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respectively, in which

tanψ def=
√

3 ‖σ̃dev‖ and cos 3θ def= −
√

6 tr(σ̃3
dev)(

tr(σ̃2
dev)

) 3
2
. (4.3.12)

θ is the so-called Lode angle located in the hyperplane spanned by the principal axes
of σ̃dev = σ̃ − (1/3) g] (also called the π-plane).

The particular functions for the factors fb, fe, and fd in (4.3.4) are carried over from
[Gudehus, 1996] and [Bauer, 1996]. Gudehus [1996] introduces the characteristic void
ratios ei(p), ec(p), and ed(p) as functions of the effective pressure p, with ei ≥ ec ≥ ed.
ei(p) represents the possible minimum density state under isotropic compression at
a given pressure. ec(p) is the void ratio at critical state discussed in Section 4.2.2,
and ed(p) represents the maximum density state which is usually reached after cyclic
shearing. According to Gudehus [1996] and Bauer [1996] the characteristic void ratios
are related through

ei

ei0

def= ec

ec0

def= ed

ed0

def= exp
(
−
(3p
hs

)n)
, (4.3.13)

where n, hs, ei0, ec0, and ed0, with ei0 ≥ ec0 ≥ ed0, are material constants. The
so-called granulate hardness or solid phase hardness hs is a reference pressure that
renders the hypoplastic constitutive equation dimensionful. The exponential function
in (4.3.13) causes the characteristic void ratio, say ei, to have the limits limp→0 ei = ei0
and limp→∞ ei = 0.

The pycnotropy functions are then prescribed by

fe(σ, g, e) def=
(
ec

e

)β
(4.3.14)

and
fd(σ, g, e) def=

(
e− ed

ec − ed

)α
, (4.3.15)

and the barotropy function is

fb(σ, g) def= hs

n

(1 + ei

ei

)(
ei0

ec0

)β(3p
hs

)1−n(
3 + a2 −

√
3a
(
ei0 − ed0

ec0 − ed0

)α)−1
, (4.3.16)

with ei, ec, and ed being obtained by applying (4.3.13), and α and β are additional
material constants. Detailed theoretical justification of the functions is presented in
[Gudehus, 1996; Bauer, 1996]. It can be summarized, however, that the pycnotropy
function fe relates the current void ratio to the void ratio at critical state. If the sand
under consideration densifies, then fe increases and the stiffness ∂h/∂d therefore also
does. With the pycnotropy function fd a critical state mechanism is included. The
condition e = ec at critical state results in fd = 1, and the stress response (4.3.5)
becomes hypoelastic for fd = 0 at e = ed (maximum density). Dilatancy and the
increase of the peak friction angle φp with density for ec ≥ e ≥ ed is accounted by
fd < 1. Finally, the barotropy function fb ensures consistency of the hypoplastic
model with the compression law (4.3.13).
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4.3.2 Intergranular Strain Extension

Niemunis and Herle [1997] introduce the intergranular strain concept to improve the
small strain response under changes of loading direction of the reference hypoplastic
constitutive equation. In a strain range not exceeding the magnitude of ∼10−5 sand be-
havior is elastic with relatively high stiffness dependent on the stress and density states.
Under the assumptions of Niemunis and Herle [1997], straining of a sand continuum
results from rearrangement of the grain skeleton plus deformation of a intergranular
interface layer, called intergranular strain.

Intergranular strain is assumed a time-dependent spatial
(

0
2

)
-tensor field δ(x, t), with

δt : S → T ∗S ⊗ T ∗S for fixed t. It is regarded as a macroscopic measure of micro-
deformations of the interface zone belonging to the solid phase of sand grains. The
intergranular strain can grow up to a maximum value of R def= max ‖δ‖, which is
a material constant. In a simple one-dimensional model the interface layer remains
deformed but the grains begin to slide if deformation is larger than R. At this stage
the hypoplastic constitutive equation with intergranular strain extension is required to
reduce to the reference model described in the previous section.

For the general three-dimensional case define the directions of δ 6= 0 and d 6= 0 through
~δ

def= δ/‖δ‖ and ~d
def= d/‖d‖, respectively, and set ~δ = 0 for δ = 0, and ~d = 0 for

d = 0. The normalized magnitude ρ of δ is defined through

ρ
def= ‖δ‖

R
, with 0 ≤ ρ ≤ 1 . (4.3.17)

Niemunis and Herle [1997] then propose the following discontinuous rate constitutive
equation for intergranular strain:

◦
δZJ def= j(δ, g,d) def=

d− ρβr ~δ ⊗ ~δ] : d for ~δ] : d > 0 ,
d for ~δ] : d ≤ 0 .

(4.3.18)

The exponent βr is an additional material constant. As the rate of intergranular strain is
likewise strain-like, it is also presumed to have both indices lowered, so that

◦
δZJ
t , δt,dt ∈

T0
2(S) at fixed t. The function j(δ, g,d) acts between the bounds ρ = 0 and ρ = 1.

Apart from its linearity in d, the function has the following properties.

Firstly, max ‖
◦
δZJ‖ = ‖d‖, meaning that intergranular strain is not evolving faster than

d does. For ρ = 0 there is always
◦
δZJ = d independent of the current direction of

d. If deformation proceeds monotonically with d = const. starting from δ = 0, then
ρ̇ > 0 and the directions of δ and d coincide. For any δ and d with ~δ] : d > 0 the
function (4.3.18) describes a rotation of δ towards d, and the rate of intergranular strain
becomes zero for ~δ = ~d at ρ = 1. Therefore, limt→∞ρ = 1 and limt→∞δ = R

‖d‖d = R~d.
Beyond ρ = 1, sudden changes in loading direction which keep ~δ] : d > 0 do not change
ρ, i.e. ρ̇ = 0, and the evolution of intergranular strain is

◦
δZJ = d−~δ⊗~δ] : d. However,

if for 0 ≤ ρ ≤ 1 the loading direction changes suddenly such that ~δ] : d ≤ 0, which
represents a loading reversal resp. unloading, then ρ̇ < 0 and δ rotates faster towards



88 CHAPTER 4. CONSTITUTIVE THEORY AND BEHAVIOR OF SAND

the new d than for ~δ] : d > 0 because now
◦
δZJ = d. Intergranular strain is reduced

until ~δ] : d > 0 again, but the state where ρ = 0 can only be reached if ~dunload = −~δ.

The general hypoplastic rate constitutive equation for the Cauchy stress σ(x, t) includ-
ing the intergranular strain concept is provided by (4.3.1). At maximum intergranular
strain with ρ = 1 and monotonic deformation paths with d = ~δ ‖d‖ the extended
hypoplastic model is required to reduce to the reference model (4.3.5). This can be
achieved by choosing

m
def= L +N ⊗ ~δ] . (4.3.19)

A hypoelastic micro-rebound of the form

m
def= mR L (4.3.20)

is postulated for reversed loading with ~d ≈ −~δ at ρ = 1, where mR > 1 is another
material constant. At neutral loading defined by ~δ] : d = 0 hypoelastic micro-rebound
should take place with smaller stiffness, that is,

m
def= mT L , (4.3.21)

where mR > mT > 1. Finally, in the case where ρ = 0, e.g. during virgin loading, the
stiffness is simply prescribed as m = mR L independently of the loading direction d.
From these conditions together with (4.3.18), Niemunis and Herle [1997] propose the
following interpolation for general 0 ≤ ρ ≤ 1 and d:

m
def= (ρχmT + (1− ρχ)mR)L +

ρχ(1−mT)L : ~δ ⊗ ~δ] + ρχN ⊗ ~δ] for ~δ] : d >0
ρχ(mR −mT)L : ~δ ⊗ ~δ] for ~δ] : d ≤0 ,

(4.3.22)
where χ is a material constant, and

L(σ̃, g) def= fb fe

tr(σ̃2)
(
F 2 1] + a2 σ̃ ⊗ σ̃

)
,

N (σ̃, g) def= fb fe fd
aF

tr(σ̃2)
(σ̃ + σ̃dev)

(4.3.23)

in accordance with the previous section. 1] is the fourth-order symmetric identity
tensor of (A.5.11) with all indices raised.

4.3.3 Determination of Material Constants

The comprehensive hypoplastic rate constitutive equation given by (4.3.1) together
with (4.3.22), (4.3.18) and (4.3.2) contains the set {φc, hs, n, ei0, ec0, ed0, α, β, R,mR,
mT, βr, χ} of 13 material constants, in which the first 8 are related to the reference
model and the last 5 are due to the intergranular strain extension. The determination
of these material constants from experimental laboratory test is roughly described in
the articles cited. More detailed information can be found in [Herle, 1997; Herle and
Gudehus, 1999; Rackwitz, 2003]. Tab. 4.1 lists the description of the constants and
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Table 4.1: Description and determination of hypoplastic material constants.

Constant Unit Description Laboratory test
φc

◦ friction angle at critical state angle of repose
hs MPa granulate hardness; ref. pressure oedometer at emax, or [1]
n − exponent; eq. (4.3.13) oedometer at emax, or [1]
ed0 − min. void ratio at zero pressure cyclic shearing; ed0 ≈ emin
ec0 − crit. void ratio at zero pressure pouring; ec0 ≈ emax
ei0 − max. void ratio at zero pressure 1.15 ec0 to 1.2 ec0
α − exponent; eq. (4.3.15) triaxial compression at emin
β − exponent; eq. (4.3.14) oedometer at emax and emin
R − max. intergranular strain dynamic; strain reversal
mR − stiffness factor; 180◦ reversal dynamic; strain reversal
mT − stiffness factor; 90◦ reversal dynamic; strain reversal
βr − exponent; eq. (4.3.18) dynamic; strain reversal
χ − exponent; eq. (4.3.22) dynamic; strain reversal

[1]=[Rackwitz, 2003]

the associated laboratory tests for their determination. Sets of the material constants
associated with different granular materials are listed in Tab. 4.2.

The granulate hardness hs and the exponent n are related to the compression curve
(4.3.13). Their determination from oedometer tests with initially very loose specimens,
as suggested by Herle [1997] and Herle and Gudehus [1999], is difficult because of their
interrelation. However, approximation formulas are proposed in these references. It is
important to notice that the hypoplastic model is valid only if the mean effective stress
lies in the range of 20 kPa < p′ < 2MPa, and for n = 0.30 the valid range of granulate
hardness hs is about [Herle, 1997; Herle and Gudehus, 1999]

10−5 (10−6) <
p′

hs
< 10−3 (10−2) . (4.3.24)

The values in parentheses were suggested earlier by Gudehus [1996]. Conversely, one
may argue that for a low mean effective stress, say 0 kPa < p′ < 20 kPa, as this is the
case near unloaded ground surface, the granulate hardness constant must be restricted
to 0MPa < hs < 2000MPa. So if (4.3.24) holds, then hs must reflect the mean
effective stress range. Certain values obtained at high pressures should be reduced for
low pressure applications. In Tab. 4.2 the estimates of hs for near-zero pressures are
set in parentheses.

Chapter 7 describes experimental model tests with sand that have been performed in
order to validate the ALE method incorporating the hypoplastic constitutive equation
(4.3.1). The quartz sand used for the tests is described in Section 7.3. For realistic
back-analysis of the model tests by applying the ALE framework, a complete set of
hypoplastic material constant for that sand had to be determined, and these are listed
in Tab. 4.2. The values of some constants were borrowed from those already determined
for Berlin sand M [Rackwitz, 2003] and Hochstetten sand [Niemunis and Herle, 1997].
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Chapter 5

Lagrangian Finite Element Methods

The main objective of the present work is the development of a finite element method
(FEM) for the numerical simulation of penetration into sand. As introduced in Chap-
ter 1, this initial boundary value problem is highly nonlinear. The following chapter
addresses to the basic approaches and equations of the Lagrangian FEM to which the
arbitrary Lagrangian-Eulerian capabilities will be added subsequently. After a defini-
tion of the mechanical initial boundary value problem, its variational or weak form will
be derived and spatially discretized by finite elements. Temporal discretization and
numerical solution of the resulting system of equations will be described, by placing
emphasis on solution advancing implicitly in time (implicit FEM). Integration of the
constitutive equations at large deformations will be outlined at the end of the chap-
ter. Notation is kept consistent with previous chapters as far as algorithmic treatment
permits.

Since the pioneering paper of Turner et al. [1956], the FEM has grown up to a pow-
erful numerical tool that allows for a broad range of applications. Its versatility has
made FEM a standard solution method, particularly in computational solid mechan-
ics. Therefore, a large number of technical papers and monographs has been published.
Some recommended textbooks dealing with nonlinear finite element analysis are those
of Wriggers [2008]; Belytschko et al. [2000]; Zienkiewicz and Taylor [2000a,b]; Bathe
[1996]; Oden [1972], and Simo and Hughes [1998]. Additional literature devoted to
selected topics will be cited in the text.

5.1 Initial Boundary Value Problem

The finite element method is based on a weak resp. variational formulation of initial
boundary value problems (IBVP). Stated loosely, an IBVP is a set of governing equa-
tions together with a set of certain initial conditions and boundary conditions that
describe the problem (or process) under consideration. In the general case the solution
must be established for every time station in a time interval. Due to the equivalence
proposed in 3.2.16, there is generally no difference whether the solution process is
carried out in the spatial (Eulerian), material (Lagrangian), or ALE descriptions.
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Current finite element approaches for solid mechanical problems employ either the
total Lagrangian (TL) description or the updated Lagrangian (UL) description. The
TL finite element formulation uses the initial configuration of the body as the reference
configuration, whereas the UL finite element formulation uses the current configuration
of the body as the reference configuration. Note that in both approaches the material
particles are the independent variables, that is, the finite element mesh is attached to
the material. The following chapter is devoted to the updated Lagrangian description,
which has been originally proposed by Yaghmai [1969] and Bathe et al. [1975].

As in previous chapters, the motion of a material body B in the ambient space S is the
map ϕ : B × [0, T ] → S , (X, t) 7→ x = ϕ(X, t), with ϕt(X) def= ϕ(X, t) by freezing t.
The boundary ∂B of the body consists of parts ∂dB with prescribed displacement, ∂τB
with prescribed traction, and ∂cB with contact constraints, with ∂dB ∩ ∂τB ∩ ∂cB

def= ∅
and cl(∂dB ∪ ∂τB ∪ ∂cB) def= cl(∂B). The boundary ϕt(∂B) = ∂(ϕt(B)) def= ∂ϕt(B),
with unit outward normals n∗, is treated similarly. In the UL formulation of IBVP the
current configuration of the body at time s ∈ [0, T ] serves as the reference configuration,
i.e. ϕs(B) def= B at t = s, and any previous configuration is generally not available as a
whole. The particles of the body in the reference configuration, X ∈ B, are identified
with their current locations at time t = s. Since ϕs = idB is the identity map on B,
the material and spatial descriptions of balance of momentum coincide at t = s.

Balance of momentum in the UL formulation uses spatial variables and derivatives
with respect to the spatial points x = ϕ(X, t) ∈ S resp. spatial coordinates xi =
ϕi(XI , t). However, for t > s the solution is carried out in a Lagrangian fashion,
meaning that all variables are taken with respect to the particles of the body in the
reference configuration, X ∈ B, which coincide with the locations of the particles at
time t = s. Clearly, the velocity, the spatial mass density, the Cauchy stress, and
the body force are given as functions of X and t, that is, v(ϕ(X, t), t), ρ(ϕ(X, t), t),
σ(ϕ(X, t), t), and b̄(ϕ(X, t), t), respectively. Conservation of mass can thus be solved
in algebraic form, and no solution of a separate differential equation is needed.

Definition 5.1.1. An IBVP for mechanics in the updated Lagrangian description is
the problem of finding the spatial velocity v, the spatial mass density ρ, the Cauchy
stress σ, and the internal material state on ϕt(B) for every t ∈ [0, T ] provided that for
a reference mass density ρref(X) = ρ(ϕ(X, 0), 0) J(X, 0), with J(X, 0) = 1, and a body
force b̄(ϕ(X, t), t) given,

(i) conservation of mass ρ̇ = −ρ div v ,

(ii) balance of linear momentum ρv̇ = ρb̄+ divσ , and

(iii) balance of angular momentum σ = σT hold,

(iv) the stress σ is obtained through integration of a spatial rate constitutive equation
◦
σ? = h(σ,d, . . .) , and the evolution equations for the internal state variables are also
known functions,

(v) for the boundary ∂ϕt(B) of the body in its current configuration with unit outward
normals n∗ there are prescribed
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(a) v = v̄ on ∂v(ϕt(B)) (velocity boundary conditions) ,
(b) σ · n∗ = t̄ on ∂τ(ϕt(B)) (traction boundary conditions) ,
(c) contact constraints on ∂c(ϕt(B)) (contact boundary conditions) , and

(vi) v, σ, and the internal state variables are given at t = 0 (initial conditions). ♦

5.2 Weak Form of the IBVP

5.2.1 Principle of Virtual Power without Contact

The weak form of the IBVP for mechanics consists of the principle of virtual work
resp. the principle of virtual power. In deriving the principle of virtual power in the
updated Lagrangian formulation, some additional terminology is needed.

Definition 5.2.1. [See also Simo and Hughes, 1998; Marsden and Hughes, 1994] Let

C def= {ϕt :B → S | t ∈ [0, T ] and ϕt = ϕ̄t on ∂dB and Jϕt > 0}

be the space of admissible configurations, where ∂dB is the part of the boundary of the
body with prescribed displacements. The tangent space to C is given by TϕtC

def= {V t :
B → TS | τS ◦ V t = ϕt}, where τS : TS → S is a tangent bundle projection, and V t

is the material velocity. For specific ϕt ∈ C, a vector field η0 : B → TS over ϕt is an
element of TϕtC. Let η0 = 0 on ∂dB, then η0 ∈ TϕtC is called a admissible material
variation of ϕt or a material virtual displacement.

In an updated Lagrangian formulation the space of admissible configurations is replaced
with the space of admissible velocities on ϕt(B),

W def= {vt : ϕt(B)→ TS |vt = v̄t on ∂vϕt(B)} ,

where ∂vϕt(B) is the part of the boundary of the current configuration with prescribed
velocities. Defining the admissible spatial variation of ϕt through ηt

def= η0 ◦ ϕ−1
t , then

Vt
def= {ηt : ϕt(B)→ TS |ηt = 0 on ∂vϕt(B)}

is called the space of admissible spatial variations. Note that ηt ∈ Vt is often understood
as a virtual velocity. It is emphasized that ηt is time-independent and a non-vanishing
vector field only at the points x ∈ cl(ϕt(B))\∂vϕt(B) at fixed time t. In other words,
the index in ηt serves as a label and not as a parameter. ♦

Assume that the strong form of balance of linear momentum 3.2.21, ρv̇−divσ−ρb = 0,
is satisfied at every x ∈ ϕt(B) and t ∈ [0, T ]. Then one may contract each term with a
variation ηt ∈ Vt and integrate over ϕt(B):∫

ϕt(B)

(
ρv̇ · ηt − (divσ) · ηt − ρb̄ · ηt

)
dv = 0 . (5.2.2)
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Let ηt be likewise continuously differentiable, and assume that balance of angular
momentum σ = σT holds, then by the product rule the second term becomes

(divσ) · ηt = div (σ · ηt)− σ : ∇sηt , (5.2.3)

where ∇sηt
def= 1

2

(
∇ηt+(∇ηt)T

)
is the symmetric part of ∇ηt, thus ∇sηt plays the

role of a virtual rate of deformation tensor. Substitution into (5.2.2) and application
of the divergence theorem A.8.24 then gives∫

ϕt(B)
ρ(v̇ − b̄) · ηt dv +

∫
ϕt(B)

σ :∇sηt dv −
∫
∂ϕt(B)

n∗ · σ · ηt da = 0 (5.2.4)

after some rearrangement. Note that ηt vanishes on ∂vϕt(B) = ∂ϕt(B)∩∂τϕt(B) by def-
inition (contact constraints are left unconsidered here), and ηt is arbitrary on ∂τϕt(B)
where σ · n∗ = t̄ is prescribed. Therefore, the weak form of balance of momentum
resp. the principle of virtual power can be stated as the functional

P (vt,σt,αt, ρt;ηt)
def=
∫
ϕt(B)

ρ(v̇ − b̄) · ηt dv +
∫
ϕt(B)

σ : ∇sηt dv

−
∫
∂τϕt(B)

t̄ · ηt da

= 0 ,

(5.2.5)

in which αt(x) def= α(x, t) def= {α1(x, t), . . . , αk(x, t)} denotes a set of (possibly tensor-
valued) internal material state variables, with x = ϕ(X, t). The material body B is
said to be in a state of equilibrium at time t ∈ [0, T ] provided that (5.2.5) holds.

Definition 5.2.6. [Marsden and Hughes, 1994; Simo and Hughes, 1998] The varia-
tional or weak form of the IBVP in UL description 5.1.1 without contact constraints
is the problem of finding the velocity field v, the stress field σ, the mass density field
ρ, and the internal state variables α such that conservation of mass holds, and

P (vt,σt,αt, ρt;ηt) = 0 , for all ηt ∈ Vt ,

subject to prescribed boundary and initial conditions. P (vt,σt,αt, ρt;ηt) is defined
through (5.2.5). ♦

Remark 5.2.7. In the above equations, the index raising and index lowering oper-
ations, which make the equations well-posed, are hidden. It is understood that the
involved quantities are compatible with respect to tensor contraction, that is, the spa-
tial metric g is included in the weak balance of momentum to perform index raising
and lowering. 4

5.2.2 Treatment of Contact Contraints

In Section 5.1 the general initial boundary value problem (IBVP) for pure mechanics in
the updated Lagrangian description has been defined. The general IBVP includes the
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Figure 5.1: Contact of two material bodies.

constraints due to contact of two or more interacting material bodies, which have been
left unconsidered in the previous section. Contact aspects of impenetrable bodies are
normal contact with or without adhesion, tangential contact (frictional contact) with
stick and/or slip, and deformation of the contact interface. The size and orientation
of the contact zone is a function of time. The objective of the following section is to
briefly introduce the governing equations to solve the contact problem on Lagrangian
meshes. Comprehensive treatises are, for example, those of Kikuchi and Oden [1988],
Wriggers [2006], and Belytschko et al. [2000, ch. 10].

General Definitions

Consider Nbodies = 2 material bodies B1,B2, and their motions ϕJ : BJ × [0, T ] → S,
with J ∈ {1, 2}, in the m-dimensional ambient space S. Recall that the parts of the
boundary ∂BJ with prescribed displacement, ∂vBJ , with prescribed traction, ∂τBJ , and
with contact constraints, ∂cBJ , are regarded open sets, with ∂vB ∩ ∂τB ∩ ∂cB = ∅ and
cl(∂vB∪∂τB∪∂cB) = cl(∂B). On the current configuration, the partial boundary with
prescribed contact constraints is denoted by

Γ J
c

def= ∂cϕ
J
t (BJ) = ϕJt (∂cBJ) . (5.2.8)

Definition 5.2.9. Let two bodies B1,B2 be in contact at time t ∈ [0, T ], soNbodies = 2,
then the pair (Γ 1

c , Γ
2
c ) is called the contact surface pair. Γ 1

c and Γ 2
c are not necessarily

of equal size, and generally only a portion of these surfaces, Γc
def= Γ 1∩Γ 2, is the actual

contact surface (Fig. 5.1). For convenience, one refers to Γ 1
c as the master or target

surface, and to Γ 2
c as the slave or contactor surface. In a numerical treatment the

actual contact surface Γc always refers to the master surface. ♦

Definition 5.2.10. The description of the contact surfaces and local contact kinemat-
ics includes the definition of a gap or penetration function gN and a tangential relative
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displacement function gT. From this, the conditions of impenetrability, slip, and stick
can be formalized as

gN ≥ 0 , LvgT 6= 0 , and gT = LvgT = 0 ,

respectively. Lv denotes the Lie derivative along the spatial velocity v. ♦

Weak IBVP and Finite Element Treatment

The weak form of the mechanical initial boundary value problem for a single body
without contact constraints is given by Definition 5.2.6. The weak IBVP for two
contacting bodies is defined in what follows.

Let t1 and t2 be the spatial contact traction vector fields acting on the contacting
portions of Γ 1

c and Γ 2
c , respectively. By definition, t1 and t2 vanish on non-contacting

portions of Γ 1
c and Γ 2

c , respectively, and t1 = −t2 through balance of momentum
(Fig. 5.1). The contact traction vector field t1 ∈ Γ (TS) is additively decomposed into
normal and tangential parts to Γc ⊂ Γ 1

c , leading to

t1
def= t1N + t1T = pN n̄

1 + (t1T)α γ̄1
α , (5.2.11)

in which α ∈ {1, 2}, pN(ξ̄α) def= p1
N(ξ̄α) = p2

N(ξ̄α) is the contact pressure, ξα = ξ̄α(t)
are the (time-dependent) coordinates on Γc at minimal distance of the bodies, {γ̄1

α} =
{γ̄1

1, γ̄
1
2} is the associated covariant vector basis, t1T(ξ̄α) = −t2T(ξ̄α), and n̄1 def= γ̄1

1 ×
γ̄1

2/‖γ̄1
1 × γ̄1

2‖ is the field of unit outward normals.

The contact conditions on Γc can now be stated as follows. One always has pN ≤ 0
provided that adhesive stresses are excluded. In case of contact one has the conditions
gN = 0 and pN < 0. If there is a gap between the two bodies, then the conditions
gN > 0 and pN = 0 hold. These conditions can be combined to the so-called Karush-
Kuhn-Tucker conditions for contact.

Definition 5.2.12. The weak form of the IBVP 5.1.1 with contact constraints is the
problem of finding the velocity field v, the stress field σ, the mass density field ρ,
and the internal state variables α for both bodies BJ , with J ∈ {1, 2}, such that
conservation of mass holds, and

2∑
J=1

P (vJt ,σJt ,αJt , ρJt ;ηJt ) +
∫
Γ 1

c

t1 · (η1
t − η2

t ) da = 0 , for all ηJt ∈ VJt ,

subject to prescribed boundary and initial conditions, and subject to the Karush-Kuhn-
Tucker conditions for frictionless contact without adhesion,

gN ≥ 0 , pN ≤ 0 , and gN pN = 0 on Γc . ♦

In the definition, P (vJt ,σJt ,αJt , ρJt ;ηJt ) is the weak balance of momentum (5.2.5) with
respect to the current configuration ϕJt (BJ) of the body BJ without contact constraints,
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and VJt is the space of admissible spatial variations (i.e. virtual velocities) taken with
respect to the configuration ϕJt (BJ).

If a low contact precision is sufficient, then the tangential contact traction t1T is specified
by a constitutive equation, called the frictional law, whereas the normal contact is
treated as a unilateral geometrical constraint problem [Wriggers, 2006, ch. 5]. This is
the common approach in most distributed finite element codes. The occurrence of stick
or slip in the contact interface depends on its frictional response. The most commonly
used constitutive equation to describe the frictional response is the Coulomb law,

t1T
def= −µ|pN|

LvgT
‖LvgT‖

if ‖t1T‖ > µ|pN| (slip condition) , (5.2.13)

where µ is called the sliding friction coefficient. µ generally is a function of LvgT, pN,
surface roughness, temperature, and other variables, but it is constant in the classical
Coulomb law.

Assume that the contact interface is known through a partial solution to the weak
IBVP 5.2.12, and that contact is active at Γc. In this case weak balance of momentum
with contact constraints can be written as

2∑
J=1

P (vJt ,σJt ,αJt , ρJt ;ηJt ) + Cc = 0 , for all ηJt ∈ VJt , (5.2.14)

where Cc shall denote the contact contributions. The specific form of Cc depends on
the contact algorithm resp. contact method used. In many practical cases, contact
methods that add constraints to the weak balance of momentum are favored over a
direct application of constitutive equations. The most widely used methods are the
Lagrange multiplier method, the penalty method, the augmented Lagrangian method,
and the method of direct constraint elimination.

The Lagrange multiplier (LM) method introduces Lagrange multipliers λN and λT
together with their variations δλN and δλT associated with the normal and tangential
direction, respectively, which gives

CLM
c

def=
{ ∫

Γc(λN δgN + λT · δgT + δλN gN + δλT · gT) da, if stick,∫
Γc(λN δgN + t1T · δgT + δλN gN) da, if slip. (5.2.15)

If slip occurs, the integral
∫
Γc δλT · gT da is eliminated, and the tangential traction

t1T is to be determined from the constitutive equation for frictional slip, e.g. from the
Coulomb law (5.2.13). The Lagrange multiplier method enforces zero penetration when
contact is closed and zero slip when sticking contact occurs. Contact traction is added
to the model, which introduces additional degrees of freedom. Therefore, the Lagrange
multiplier method often increases the computational cost compared to other methods.

The penalty method (PM) introduces penalty parameters εN > 0 and εT > 0, which
play the role of a normal and tangential “contact stiffness”, respectively, in order to
establish a relationship between the two contact surfaces. The contact contributions
Cc in (5.2.14) then become

CPM
c

def=
{ ∫

Γc(εN gN δgN + εT gT · δgT) da, if stick,∫
Γc(εN gN δgN + t1T · δgT) da, if slip, (5.2.16)
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where t1T is again to be determined from the constitutive equation for frictional slip.
Penetration and tangential relative displacement (in case of stick) are generally non-
zero if the penalty parameters take finite values.

The discretization and solution of the weak IBVP including contact constraints (Def-
inition 5.2.12) is closely connected to the contact method and has grown a science of
its own. The reader is referred to [Wriggers, 2006] for details.

5.3 Spatial Discretization

5.3.1 General Remarks

When employing the finite element method, the weak form of the governing equations
of an initial boundary value problem is approximated by discretizing the computational
domain by a set of finite elements. This procedure, which is outlined in the following
section, results in a semi-discrete weak form of the IBVP derived subsequently.

Definition 5.3.1. Within the Lagrangian finite element methods the reference config-
uration of the material body B in the ambient space S is approximated by the disjoint
(i.e. non-overlapping) union

B ≈ B̃ def=
nel⋃
e=1

Ωe ⊂ S

of nel finite elements Ωe ⊂ S. The superscribed e is dropped if a generic element Ω
is considered. Each element is bounded by nodes (vertices), edges, and faces (only in
3d) defining a so-called convex polytope, which is a polygon in two dimensions or a
polyhedron in three dimensions. The operator ⋃ should be understood as an assembly
which assigns a certain topology to B̃. The boundary ∂B of the material body is
approximated by

∂B ≈ ∂B̃ def=
bel⋃
e=1

∂̄Ωe ⊂
bel⋃
e=1

∂Ωe ,

where bel is the number of elements that have a part ∂̄Ωe ⊂ ∂Ωe of their boundary
(i.e. one or more nodes, edges or faces) “aligned” to the boundary of B.

Finite element methods usually consider motions ϕt : B → S of a material body
B ⊂ Rm in the standard m-dimensional Euclidian point space S = Rm; see also
Remark 3.1.4 and Section A.1. The current configuration ϕt(B) ⊂ S of the ma-
terial body is approximated by the disjoint union ϕt(B) ≈ ϕt(B̃) def= ⋃nel

e=1 ϕt(Ωe),
and ∂ϕt(B) ≈ ∂ϕt(B̃) def= ⋃bel

e=1 ∂̄ϕt(Ωe) is the approximation of its boundary, with
∂̄ϕt(Ωe) ⊂ ∂ϕt(Ωe) = ϕt(∂Ωe). ♦
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Parent Element and Transformation Rules

Let the current configuration ϕt(Ω) of the generic finite element be a certain configu-
ration of a parent element Ω� ⊂ Rm. This is formalized as an orientation-preserving
C1-embedding

θt : Ω� → S (5.3.2)

which satisfies θt(Ω�) = ϕt(Ω) ⊂ S for every t ∈ [0, T ] (Fig. 5.2). The property of
this parent element map guarantees that Ω� and ϕt(Ω) possess the same differential
topology, e.g. a mapped quadrilateral element remains a quadrilateral, probably with
curved edges. As usual, θt(·) def= θ(·, t) is being understood.

Associated with the parent element domain Ω� there is a coordinate chart (Ω�, ω)
such that ω(ξ) = {ξ1, . . . , ξm}ξ

def= {ξα}ξ ∈ Rm, ∃ω−1, for a point ξ ∈ Ω�. The
ξα, α ∈ {1, . . . ,m}, are called element coordinates or natural coordinates. A local
holonomic basis { ∂

∂ξα
}ξ is associated with the element coordinates at ξ ∈ Ω�, and

{dξα}ξ is the dual basis. Let V def= θ(Ω�, t) ⊂ S = Rm, and (V , σ) a local chart of the
ambient space. By applying the geometric language of Appendix A, the localization of
the map θ is given by σ ◦ θ ◦ ω−1, so that

θit(ξα) def= (xi ◦ θt ◦ ω−1)(ξα) (5.3.3)

defines generally curvilinear coordinates on V = θt(Ω�), with θit(ξα) = θi(ξα, t). The
global Cartesian coordinates zb of the ambient space can likewise be expressed as
functions of the element coordinates, viz. θbz

def= zb◦θ◦ω−1 on θt(Ω�). The corresponding
convected coordinates on θt(Ω�) are defined through (θ−1

t )α(xi) def= (ξα ◦ θ−1
t ◦ σ−1)(xi)

and (θ−1
t )αz (zb)def= (ξα ◦ θ−1

t ◦ z−1)(zb).

The tangent of the map θt : Ω� → S, denoted by Tθt def= F θt, is a two-point tensor
field over θt, with F θt(ξ) : TξΩ� → Tθt(ξ)S evaluated at ξ ∈ Ω� . Local representatives
of F θt(·) def= F θ(·, t) are

F θ(ξ, t) = ∂θi

∂ξα
∂

∂xi
⊗ dξα = ∂θi

∂ξα
∂zb

∂xi
eb ⊗ dξα = ∂θbz

∂ξα
eb ⊗ dξα , (5.3.4)

where the relation ∂
∂xi

= ∂za(x)
∂xi

ea has been used. {e1, . . . , em}
def= {ea} ∈ Rm is the

canonical basis of S = Rm.

The parent element Ω� is orientable with piecewise continuous orientable boundary
∂Ω� such that Riemannian volume and area forms, denoted by d� and d(∂�), respec-
tively, do exist. According to (A.8.20), d� and the spatial Riemannian volume form
dv are related by

θ?dv = Jθ d� , (5.3.5)

where Jθ > 0 is the Jacobian of the orientation-preserving map θ.
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B
ϕt(B)X x

S = Rm

ϕt

R
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reference current

reference domain

Θ
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Φt

parent element

(ALE)
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Ω̂

Ω θt(Ω�)

θt

ambient space

ξ

Ω�

Figure 5.2: Parent element Ω� and configurations Ω, θt(Ω�) = ϕt(Ω), and Ω̂ associated
with the reference and current configurations of the material body B, and with the
reference domain R, respectively.
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Furthermore, let n∗ be the unit outward normals on piecewise smooth ∂ϕt(Ω) such
that dv = n∗∧ da. Let, on the other hand, n∗ be the outward normals on ∂Ω� given
by the relation d� def= n

∗∧ d(∂�). Then,

θ?da = da ◦ θ = ‖JθF−T
θ · n∗‖d(∂�) = Jθ

√
n∗ · θ?(g]) · n∗ d(∂�) (5.3.6)

and n∗ = (JθF−T
θ · n∗)/‖JθF−T

θ · n∗‖ by Theorem A.8.26.

The specific form of the map (5.3.2) depends on the particular element in an assembly of
finite elements. Concerning the e-th element Ωe in the assembly, with e ∈ {1, . . . , nel},
the map θt takes the form θet , and the Jacobian of θet is denoted by Jeθ . On a finite ele-
ment assembly the integrals of functions over the approximated spatial computational
domain can then be transformed as follows.
Proposition 5.3.7. Let f be a spatial real function defined on ϕt(B), Jeθ be the Jaco-
bian of θe : Ω� × [0, T ] → S, θet (Ω�) = ϕt(Ωe) ⊂ S, and f eθ

def= f ◦ θe. Moreover, let t
be a spatial vector field defined on the boundary of ϕt(B), and let teθ

def= t ◦ θe. Then,

(i) the integral of f over ϕt(B) can be approximated through∫
ϕt(B)

f dv ≈
∫
ϕt(B̃)

f dv =
nel⋃
e=1

∫
ϕt(Ωe)

f dv =
nel⋃
e=1

∫
Ω�

f eθJ
e
θ d� .

(ii) if t is read componentwise in Cartesian coordinates, then its integral over the
boundary ∂ϕt(B) can be approximated through∫

∂ϕt(B)
tda ≈

nel⋃
e=1

∫
∂̄ϕt(Ωe)

tda =
bel⋃
e=1

∫
∂̄Ω�

teθ ‖Jeθ (F e
θ)−T · n∗‖d(∂�) ,

where ∂̄ denotes a part of the element boundary used for the spatial approximation of
the boundary ∂ϕt(B).
Proof. Both statements are consequences of Definition 5.3.1, (5.3.5), (5.3.6), and the
similar basic result 3.2.1. �

Based on Proposition 5.3.7, the integrals over the current configuration of the body
in space are approximated by the integrals over the parent elements. Integration on
the parent element is defined with respect to the natural coordinates ξα. In general,
the integration is carried out numerically. Gauss quadrature is usually applied to lines,
quadrilaterals and hexahedra. It approximates the integral of a real function f(ξ) over
the interval [−1, 1] through ∫ 1

−1
y(ξ) dξ ≈

nQ∑
q=1

wq y(ξq) , (5.3.8)

where nQ is the number of quadrature points or Gauss points used for the approxi-
mation, and ξq and wq are the natural coordinate and the weight associated with the
q-th Gauss point, respectively. (5.3.8) integrates exactly if y(ξ) is a polynomial of
degree m ≤ 2nQ − 1 [see Belytschko et al., 2000]. Tables that list the locations of the
Gauss points and the related weights for different kinds of elements can be found in
the standard FEM textbooks that have been already cited.
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Isoparametric Finite Element Concept

Finite element methods determine the primary solution variables only at the nodes of
the finite element mesh, that is, at discrete points. The solution between the nodes
is obtained via interpolation. The isoparametric Lagrangian FE concept is commonly
applied to engineering initial boundary value problems, in which the solution variables
and the geometry are interpolated by the same shape functions. This concept is well-
suited for geometrically nonlinear problems, because one can always fall back on the
coordinate chart (Ω�, ξ) of the parent element [Wriggers, 2008].

Definition 5.3.9. The isoparametric updated Lagrangian (UL) finite element concept
has two basic ingredients.

(i) The geometry of a single finite element in the current configuration is approximated
through

x
def= θ(ξ, t) ≈

nnd∑
I=1

N I(ξ)xI(t) def= N I(ξ)xI(t) resp. zb
def= θbz(ξα, t) ≈ N I(ξα) zbI(t) ,

where nnd is the number of nodes of the element, and N I is the interpolation func-
tion (also called shape function or ansatz function) for geometry and the node I ∈
{1, . . . , nnd}. zb are the Cartesian coordinates of Rm, and θ and θbz refer to the parent
element as defined previously. The functions zbI(t) are the spatial Cartesian coordinates
of node I, which are functions of time t through x def= θ(ξ, t). Time-dependency entirely
resides in the nodal values, while the shape functions have no explicit time-dependency.

(ii) The spatial velocity v(x, t) def= vbz(x, t) eb at every x ∈ ϕt(Ωe) ⊂ S and t ∈ [0, T ]
is the primary solution variable, where x = θ(ξ, t). It is approximated within a finite
element by using the same shape functions as for the geometry:

v(ξ, t) ≈ N I(ξ)vI(t) resp. vbz(ξ, t) ≈ N I(ξ) vbzI(t) .

Similar holds for ηt. ♦

Remark 5.3.10. It is emphasized that the finite element approximation 5.3.9 enforces
the Einstein summation convention (A.0.1) due to notational brevity, despite the fact
that I, J,K, . . . label the element nodes, and not coordinates. 4

Remark 5.3.11. Definition 5.3.9 clearly reflects the updated Lagrangian description
introduced in Section 5.1. Note that v(ξ, t), for example, is actually v(θ(ξ, t), t), where
v(x, t) is the spatial velocity field and x = θ(ξ, t), so v(ξ, t) is in fact the “material”
velocity field over θt, and v̇(ξ, t) is the “material” acceleration. 4

Using Definition 5.3.9, the components of F θt given by (5.3.4) are approximated
through

(F θ)bα(ξ, t) = ∂θbz
∂ξα

(ξ, t) ≈ ∂N I

∂ξα
(ξ) zbI(t) . (5.3.12)
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The matrix arrangement of these components is the so-called Jacobian matrix of the
map θt. By this the components of ∇ηt with respect to the spatial Cartesian coordi-
nates zb can be computed from the chain rule (arguments are suppressed):

(∇ηt)bd = ∂ηbtz
∂zd

= ∂ηbtz
∂ξα

∂(θ−1
t )αz
∂zd

= ∂ηbtz
∂ξα

(F−1
θ )αd = ηbzI

∂N I

∂zd
, (5.3.13)

where ∂NI

∂zd
= ∂NI

∂ξα
(F−1

θ )αd being understood.

Matrix Notation

Components of vectors and tensors with respect to the canonical basis {e1, . . . , em}
def=

{ea} ∈ Rm can be arranged in some suitable matrix format. As an example, consider
the spatial velocity field in two dimensions. The representative v = vbz eb can then
be identified with its column-matrix taken with respect to the basis {eb}, that is,
v

def= (v1
z , v

2
z)T ∈ R2. The approximation of the spatial velocity in Definition 5.3.9(ii)

can likewise be written as a matrix equation. Let the number of nodes in the element
be nnd = 2, then, for example, define the matrix arrangement of the finite element
approximation in 5.3.9 as

(
v1
z(ξ, t)
v2
z(ξ, t)

)
≈

(
N1(ξ) 0 N2(ξ) 0

0 N1(ξ) 0 N2(ξ)

) 
v1

1(t)
v2

1(t)
v1

2(t)
v2

2(t)


v(ξ, t) ≈ N (ξ) ve(t) ,

(5.3.14)

where N is called the matrix of interpolation functions and ve is called the element
nodal velocity vector. In case of nnd element nodes in m dimensions, the latter is
generalized as

ve
def=



v1
1
...
vm1
...

v1
nnd...
vmnnd


=


v1
...

vnnd

 def=
nnd⋃
I=1
vI . (5.3.15)

5.3.2 Semi-Discrete Weak Form of Balance of Momentum

The weak form of balance of momentum without contact constraints, (5.2.5), is solved
with respect to the assembly of finite elements such that
nel⋃
e=1

∫
ϕt(Ωe)

ρ(v̇ − b̄) · ηt dv +
nel⋃
e=1

∫
ϕt(Ωe)

σ :∇sηt dv −
tel⋃
e=1

∫
∂τϕt(Ωe)

t̄ · ηt da = 0 , (5.3.16)
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where tel ≤ bel is the number of elements with prescribed traction located at the
boundary of ϕt(B̃). (5.3.16) states that the integrals over the current configuration of
the body resp. its boundary are approximated by the assembly of integrals over the
current configuration of the finite elements. In adding all ingredients prepared in the
previous section, the integrals in (5.2.5) resp. (5.3.16) become∫

ϕt(B)
ρv̇ · ηt dv ≈

nel⋃
e=1
ηT
tIM

IJ v̇J
def=

nel⋃
e=1
ηT
teMev̇e = ηT

tgMgv̇g = ηT
tgf

kin
g , (5.3.17)

∫
ϕt(B)

ρb̄ · ηt dv ≈
nel⋃
e=1
ηT
tIp

I
b

def=
nel⋃
e=1
ηT
tef

b
e = ηT

tgf
b
g , (5.3.18)

∫
∂τϕt(B)

t̄ · ηt da ≈
tel⋃
e=1
ηT
tIp

I
t

def=
tel⋃
e=1
ηT
tef

t
e = ηT

tgf
t
g , and (5.3.19)

∫
ϕt(B)

σ :∇sηt dv ≈
nel⋃
e=1
ηT
tIp

I
σ

def=
nel⋃
e=1
ηT
tef

int
e = ηT

tgf
int
g , (5.3.20)

where

M IJ def=
( ∫

Ω�

ρN INJJeθ d�
)
I , pIb

def=
∫
Ω�

ρN I b̄Jeθ d� ,

pIσ
def=
∫
Ω�

(BI
s )TσJeθ d� , and pIt

def=
∫
∂̄Ω�

N I t̄ ‖Jeθ (F e
θ)−T ·n∗‖d(∂�) .

Concerning the indices I and J , note that the Einstein summation convention (A.0.1)
is forced. I ∈ Rmdim×Rmdim is the unit matrix inmdim spatial dimensions. Mg is called
the (consistent) global mass matrix, which is constant because of conservation of mass
in Lagrangian description. v̇g is the global nodal acceleration vector, andMgv̇g

def= fkin
g

is referred to as the global kinetic nodal force vector. The sum f ext
g

def= f bg + f tg is
called the global applied external nodal force vector, and f int

g is referred to as the global
internal nodal force vector.

For the stress term in the weak form of balance of momentum,
∫
ϕt(B)σ : ∇sηt dv, the

components of the Cauchy stress in Rm are arranged in a column-matrix, which is also
denoted by σ. This column-matrix usually follows Voigt’s notation [Belytschko et al.,
2000, app. 1]. For example, in R3 the stress column-matrix is defined through

σ
def=
(
σ11, σ22, σ33, σ12, σ23, σ13

)T
. (5.3.21)

Voigt’s notation uses the fact that the Cauchy stress is symmetric, hence only one of the
σij = σji is stored. The compatible column-matrix ∇sηt over the current configuration
ϕt(Ωe) of the element is then approximated by the matrix-vector product

∇sηt|ϕt(Ωe) ≈ B
I
sηtI

def= Bs
eηte , (5.3.22)

in which ηte = ⋃nnd
I=1 ηtI by (5.3.15), and BI

s is called the matrix of symmetrized deriva-
tives of interpolation function N I . The order of the rows ofBI

s must be compatible with
the order of the rows of the column-matrix σ, so that (σ :∇sηt)|ϕt(Ωe) = (BI

sηtI)Tσ.
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The assembly of the integrals in (5.3.16) over all elements, which is represented in
(5.3.17) to (5.3.20) by scattering the element matrices into global matrices, is achieved
by boolean assembly matrices defined for each element. These matrices extract the
vector of a certain element (index “e”) from the corresponding global vector (index
“g”). Details are available in the cited FEM textbooks [e.g. Belytschko et al., 2000,
sec. 2.5].

Substitution of (5.3.17) to (5.3.20) into (5.3.16), and dropping the index “g” for nota-
tional brevity, results in the isoparametric semi-discrete updated Lagrangian weak form
of balance of momentum

ηT
t

(
Mv̇ + f int − f ext

)
= 0 . (5.3.23)

Finally, as this equation must hold for arbitrary virtual velocities, one can make the
following concluding definition.

Definition 5.3.24. The isoparametric semi-discrete version of the weak form 5.2.6 of
the IBVP 5.1.1 without contact constraints is the problem of finding the velocity field
v, the stress field σ, the mass density ρ, and the internal state variables α such that
conservation of mass and balance of momentum

Mv̇ + f int − f ext = 0

hold in consideration of prescribed boundary and initial conditions. ♦

5.4 Temporal Discretization and Solution

The following section provides a rough introduction of the standard finite element
procedures to advance the semi-discrete weak form of the generic mechanical initial
boundary value problem without contact constraints (Definition 5.3.24) in time. These
numerical procedures achieve temporal discretization of the governing equations. The
focus is on implicit integration, as it generally is better suited for the quasi-static pro-
cesses considered here. A required step in the derivation of implicit methods is the
linearization of the equations, which is briefly addressed. More elaborated and com-
prehensive descriptions can be found in the textbooks about nonlinear finite element
methods [Bathe, 1996; Belytschko et al., 2000; Wriggers, 2008; Zienkiewicz and Taylor,
2000a,b].

The weak form of the IBVP stated in Definition 5.2.6 and its semi-discrete counterpart
5.3.24 are highly nonlinear in the presence of large material deformations and path-
dependent material behavior. Therefore, numerical analysis generally requires a step-
by-step solution of incrementally linear problems. Let [0, T ] be the continuous time
interval of interest, then a partition

[0, T ] def=
N−1⋃
n=0

[tn, tn+1] (5.4.1)
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motivates a sequence (t0 = 0, t1 = t0+∆t1, . . . , tn+1 = tn+∆tn+1, . . . , tN = T ). Therein,
the additive split

tn+1 = tn + ∆tn+1 (5.4.2)

is called an incremental decomposition of time, where ∆tn+1
def= tn+1 − tn is called the

time increment associated with the sequence. The time increment is often regarded
constant, so that ∆tn+1

def= ∆t, and tn+1 = (n+ 1)∆t for t0 = 0.

5.4.1 Linearized Form of Weak Balance of Momentum

The traditional but inconsistent approach to obtain the linearized form of weak balance
of momentum uses the associated rate form in conjunction with an artificial time
increment. This approach, which is also implemented here, remains widely used in finite
element codes (e.g. ANSYSr, ABAQUSr). A critical assessment is given by Nagtegaal
[1982], and Simo and Hughes [1998, section 7.2.3]. According to these references,
the use of the rate formulation will in fact lead to an inconsistently linearized weak
balance of momentum. From a numerical viewpoint, this puts unnecessary constraints
on the step size, and destroys the quadratic rate of asymptotic convergence of Newton’s
method in implicit integration methods.

In determining an expression for the rate form of the weak form of balance of momen-
tum resp. of the principle of virtual power (5.2.5), denoted by Ṗ (vt,σt,αt, ρt;ηt), it
is assumed that the loads are deformation-independent. That is to say, loads are dead
loads depending only on the material particle X ∈ B in the reference configuration.
Consequently, the Ṗ -terms involving these quantities vanish, so

Ṗ = d
dt

∫
ϕt(B)

σt :∇sηt dv . (5.4.3)

Equivalent formulations of the rate of weak balance of momentum have been derived
e.g. by Hill [1959] and McMeeking and Rice [1975]; see also [Simo and Hughes, 1998,
sec. 7.2.3]. The particular form of Ṗ proposed next is connected with Nagtegaal and
Veldpaus [1984], who also provide a full proof.
Proposition 5.4.4. Let the external loads be deformation-independent, then the rate
form of the weak balance of momentum (5.2.5) reads

Ṗ =
∫
ϕt(B)

(
( ◦σZJ

t − 2dt · σt + σt trdt) : ∇sηt + σt : lt · (∇ηt)T
)

dv .

The term that stems from the change of volume, (trdt)σt : ∇sηt, will lead to a non-
symmetric finite element stiffness matrix. It is usually neglected by assuming that the
volume changes will be negligible for large strain conditions [Nagtegaal and Veldpaus,
1984; Cheng and Tsui, 1992; ANSYS, 2007a]. If, in addition, the rate constitutive
equation can be written in the form ◦

σZJ = m : d, where m is a material tangent
tensor, then

Ṗ =
∫
ϕt(B)

(∇sηt : mt : dt + σt : (∇ηt · lt − 2 ∇sηt · dt)) dv . (5.4.5)
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This form is in agreement with Eq. (3-99) of the ANSYSr theory reference [ANSYS,
2007a], and it will be used later on.

Now, consider an incremental decomposition of time (5.4.2) with constant time incre-
ment, viz. tn+1 = tn +∆t. Concerning the weak form of the mechanical IBVP, 5.2.6, it
is assumed that the configuration ϕn(B) def= ϕ(B, tn) is given data, as well as the spatial
velocity vn, the Cauchy stress σn, the material state variables αn def= {α1, . . . , αk}n,
and the spatial mass density ρn associated with that configuration. Moreover, the ma-
terial body B is assumed to be in a state of equilibrium at time t = tn such that the
weak balance of momentum (5.2.5) holds for all admissible spatial variations of ϕn, i.e.

P (ϕn) = 0 , for all ηn ∈ Vn , (5.4.6)

Here P (ϕn) def= P (vn,σn,αn, ρn;ηn) has been introduced in order to shorten notation,
and Vn is the space of admissible spatial variations of ϕn according to 5.2.1. The
linearization of P (ϕn+1) = 0 about ϕn is then defined conceptually through

P (ϕn+1) = 0 ⇔ P (ϕn) + ∆P (ϕn) def= P (ϕn) + Ṗ (ϕn)∆t = 0 . (5.4.7)

By noting that the actual spatial velocity field at fixed time tn, vn : ϕn(B) → TS, is
an admissible spatial variation [Simo and Hughes, 1998, section 7.2.3], let

un = Un ◦ ϕ−1
n

def= vn∆t ∈ Vn (5.4.8)

be the incremental spatial displacement field imposed on ϕn(B). Define the displace-
ment gradient through ∇un

def= ∇vn∆t = ln∆t. Its symmetric part,

∇sun = 1
2(∇un + (∇un)T) def= dn∆t , (5.4.9)

is referred to as the strain increment. These quantities are substituted into ∆P (ϕn) =
Ṗ (ϕn)∆t, in which Ṗ is given by (5.4.5). In this way the (conceptual) linearization of
the weak form of balance of momentum (5.2.5) about the state at time tn is obtained:

P (ϕn) + ∆P (ϕn) = 0 , for all ηn ∈ Vn , (5.4.10)

where

∆P (ϕn) =
∫
ϕn(B)

(∇sηn :mn :∇sun + σn : (∇ηn ·∇un − 2 ∇sηn ·∇sun)) dv . (5.4.11)

The first term of the integrand contributes to the material stiffness, while the other
two terms are related to the geometric stiffness or stress stiffness. The product mn :
∇sun

def= ∆σZJ
n represents the Zaremba-Jaumann stress increment.

The semi-discrete weak form of P (ϕn) = 0 in the Euclidian point space S = Rm is
(5.3.23) taken with respect to time t = tn ∈ [0, T ]. By assumption, the external loads
f ext
n are deformation-independent, and the mass matrix M is constant. In order to

obtain the semi-discrete form of ∆P given by (5.4.11), one proceeds as in Section 5.3.
Within the isoparametric finite element concept, the displacement increment u and the
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virtual velocity ηt on an element are approximated by using the same interpolation
functions N I . Hence,

u(ξ, t) ≈ N I(ξ)uI(t) resp. ubz(ξ, t) ≈ N I(ξ)ubzI(t) . (5.4.12)

For the approximation of the material stiffness term in (5.4.11), ∇sηn :mn :∇sun, it is
assumed that the components of the Cauchy stress as well as of the stress increment are
arranged in a column-matrix by using Voigt’s notation (5.3.21). Voigt’s notation is also
applied to the strain increment ∇sun. The incremental form of the rate constitutive
equation ◦

σZJ = m : d is then represented by the matrix equation ∆σZJ
n = mn(∇sun),

where the same symbols have been used to denote the component matrices of the
tensors ∆σZJ

n , mn, and ∇sun. In three-dimensional space, ∆σZJ
n ,∇sun ∈ R6 are

column-matrices with six components, and mn ∈ R6×6 is a (6× 6)-matrix.

The approximations of ∇sηn and ∇sun within the material stiffness term in (5.4.11)
are given by the readily defined matrix-vector product (5.3.22), e.g. ∇sηt|ϕt(Ωe) ≈
BI

sηtI . The direct consequence of the isoparametric concept is that the approximation
of ∇su uses the same matrix BI

s of the derivatives of the N I as ∇sηt does. The
components of ∇sηt and ∇su with respect to the spatial Cartesian coordinates zb and
time t = tn can be determined from (5.3.13). The matrix format of the approximation
of the geometric stiffness terms in (5.4.11) is prepared most conveniently in the spatial
Cartesian coordinate system zb.

Without going into to much detail, it turns out that, by using the definitions and
relations of Sections 5.3.1, the spatial discretization of the increment (5.4.11) of the
weak balance of momentum can be written in the form

∆P ≈
nel⋃
e=1

∫
ϕn(Ωe)

(∇sηn :mn :∇sun + σn : (∇ηn ·∇un − 2 ∇sηn ·∇sun)) dv

≈
nel⋃
e=1

(ηI)T
n

(
KIJ

mat +KIJ
geo

)
n

(uJ)n def=
nel⋃
e=1

(ηe)T
n

(
Kmat
e +Kgeo

e

)
n

(ue)n

def=
nel⋃
e=1

(ηe)T
n (Ke)n(ue)n = ηT

nKnun ,

(5.4.13)

in which

(KIJ
mat)n

def=
∫
Ωe�

BI
s dbm

bc
n B

J
s caJθ d� =

∫
Ωe�

(BI
s )T

mnB
J
s Jθ d� , and

(KIJ
geo)n def=

∫
Ωe�

(
∂N I

∂za
σacn

∂NJ

∂zc
δbd − 2δpq

∂N I

∂zk
1 pk
ba σacn 1 qr

dc

∂NJ

∂zr

)
Jθ d� .

Herein, all components are taken with respect to the spatial Cartesian coordinates
zb. m

bc
n are the components of the material tangent matrix mn, σacn are the stress

components at time tn, and 1 cd
ab

def= 1
2

(
δ c
a δ d

b + δ d
a δ c

b

)
are the components of the

symmetrizer defined by (A.5.11). Moreover, Kmat
e and Kgeo

e are called the material
and geometric element stiffness matrix, and Kn is the global stiffness matrix at time
t = tn. The index g, which indicates global quantities in the matrix representation,
has been omitted.
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The semi-discrete version of (5.4.10), representing the linearized weak form of balance
of momentum (5.2.5) about the state at time tn in accordance with (5.4.7), can now
be cast in the form

ηT
n

(
Knun +Mv̇n + f int

n − f ext
n

)
= 0 . (5.4.14)

This must hold for arbitrary ηT
n , hence

Knun +Mv̇n + f int
n − f ext

n = 0 . (5.4.15)

Remark 5.4.16. The notion of consistent linearization, as opposed to the employed
traditional approach in terms of a rate form and an artificial time increment, has been
introduced by Hughes and Pister [1978]. It requires the linearization of a quantity to
be defined in terms of the directional derivative at a given point, which represents the
best linear approximation of the function near that point. In a flat background space,
the directional derivative is represented by the Gâteaux derivative (Definition A.2.4).
Applications within the context of continuum mechanics and computational mechanics
can be found in [Hughes and Pister, 1978; Simo and Taylor, 1985; Simo and Hughes,
1998; Wriggers, 2008]. However, in order to achieve an intrinsically geometric formalism
of linearization which is valid on Riemannian manifolds and referred to as covariant
linearization, the directional derivative must be represented by the covariant derivative
[Marsden and Hughes, 1994; Simo, 1992; Yavari and Ozakin, 2008]. 4

5.4.2 Implicit Time Integration of Finite Element Equations

Assuming that a state of equilibrium has been determined for time tn, the time inte-
gration procedure has to determine the state at time tn+1 = tn + ∆t by solving 5.3.24
as an initial value problem. In ANSYSr (Release 11.0 SP1) [cf. ANSYS, 2007a], the
background code employed in the present work, the Newmark-β method is used in
conjunction with Newton’s method to advance the solution implicitly in time. This
common method provides the following time integration rules of a quantity y and its
first derivative ẏ:

ẏn+1
def= ẏn + ∆t

(
(1− γ) ÿn + γ ÿn+1

)
, and

yn+1
def= yn + ∆t ẏn + 1

2∆t
2
(
(1− 2β) ÿn + 2β ÿn+1

)
.

(5.4.17)

γ, β are the Newmark parameters, which determine the behavior of the integration
method. The method is unconditionally stable for [Belytschko et al., 2000, p. 318]

β ≥ γ

2 ≥
1
4 . (5.4.18)

If these conditions hold, there is no restriction of the time integrator on the size of the
time step ∆t.
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To get 5.3.24 solved in time, it is assumed that the first unknown determined in every
time step is the nodal displacement vector un+1. Using (5.4.17) and defining

a0
def= 1

β∆t2
, a1

def= γ

β∆t
, a2

def= 1
β∆t

, a3
def= 1

2β − 1 ,

a4
def= γ

β
− 1 , and a5

def= ∆t

2

(
γ

β
− 2

)
,

(5.4.19)

then the nodal accelerations and velocities can be expressed by

v̇n+1 = v̇∗n+1 + a0un+1 and vn+1 = v∗n+1 + a1un+1 , (5.4.20)

respectively, where

v̇∗n+1
def= −a0un − a2vn − a3v̇n and v∗n+1

def= −a1un − a4vn − a5v̇n . (5.4.21)

Both v̇∗n+1 and v∗n+1 involve only known values. un+1 is the only unknown. Therefore,
the semi-discrete weak balance of momentum of the IBVP 5.3.24 at time tn+1 can be
stated as the homogeneous system of nonlinear algebraic equations

Ψn+1
def= Ψ (un+1) = Mv̇(un+1) +Cv(un+1) + f int(un+1)− f ext(un+1) = 0 , (5.4.22)

in which v̇(un+1) def= v̇n+1, v(un+1) def= vn+1, f int(un+1) def= f int
n+1, and f ext(un+1) def=

f ext
n+1. Substitution of (5.4.20) yields

Ψn+1 = 0
= a0Mun+1 + a1Cun+1 + f int(un+1)− f ext(un+1)
−M(a0un + a2vn + a3v̇n)−C(a1un + a4vn + a5v̇n) .

(5.4.23)

For reasons of generality, a constant global damping matrix C has been included in the
previous equations. If C = 0, then damping is assumed to reside entirely in dissipative
material behavior.

Newton’s method, (A.3.10), is applied to (5.4.23) for iteration of the solution un+1. Let
uin+1 be the known solution at the i-th iteration, with ui=0

n+1 = un, then linearization
about uin+1 results in

Ψ i+1
n+1

def= Ψ (ui+1
n+1) ≈ Ψ (uin+1) +DΨ (uin+1) · duin+1 = 0 , (5.4.24)

where

ui+1
n+1

def= uin+1 + duin+1 = un + ∆uin+1 , and ∆uin+1
def=

i∑
k=0

dukn+1 . (5.4.25)

In updated Lagrangian FE methods one usually has un = 0.

Remark 5.4.26. The accumulated displacement increment ∆uin+1 in (5.4.25) starts
form the converged solution at time tn and is used to form the strain increment for
stress integration in path-dependent materials; see Section 5.5. The solution increment
duin+1 must not be used for the stress update because it is taken with respect to a non-
converged solution [see also Zienkiewicz and Taylor, 2000b, p. 56]. 4
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Assuming that the loads included in f ext are deformation-independent, then (5.4.23)
gives

DΨ i
n+1 = ∂Ψ i

n+1
∂uin+1

= a0M + a1C +Ki
n+1

def= K̂
i

n+1 , (5.4.27)

in which K̂i

n+1 is called the effective stiffness matrix, and Ki
n+1

def= D(f int(uin+1)) =
∂(f int(uin+1))

∂uin+1
is the global stiffness matrix derived in (5.4.13), but which is now related to

the i-th iteration of the solution at time tn+1. By definition,Ki=0
n+1

def= Kn. Substitution
of (5.4.23) and (5.4.27) into (5.4.24) finally yields

K̂
i

n+1du
i
n+1 = rin+1 , (5.4.28)

where
rin+1

def= f̂
ext
n+1 − (a0Muin+1 + a1Cu

i
n+1 + f int(uin+1)) , (5.4.29)

is called the vector of residuals, and

f̂
ext
n+1

def= f ext
n+1 +M(a0un + a2vn + a3v̇n) +C(a1un + a4vn + a5v̇n) , (5.4.30)

is called the effective load vector.

Effects due to inertia and damping, except for static acceleration fields (e.g. gravita-
tional acceleration), are ignored in quasi-static analysis. In this case, K̂i

n+1 = Ki
n+1 in

(5.4.28), and the vector of residuals and the effective load vector become

rin+1 = f̂
ext
n+1 − f int(uin+1) and f̂

ext
n+1 = f ext

n+1 −Mā , (5.4.31)

respectively. ā is the global applied external nodal acceleration vector.

The cardinal dependent variables to solve (5.4.22) are the nodal displacements un+1
and the Cauchy stresses σn+1 at the integration points. The internal state variables
α are updated along with the stress update. By Definition 5.1.1 of the IBVP in the
updated Lagrangian formulation, initial conditions must be given to the velocities, the
Cauchy stress, and all internal state variables. When using the implicit time integration
method initial conditions must be also given to the displacements. Initial acceleration
can be specified by the user (e.g. to simulate gravity) or is computed in an extra load
step at the beginning of the transient analysis [ANSYS, 2007a, sec. 17.2] according to

v̇(t0) = M−1(f0 −Cv0) , where f0 = f ext(u0)− f int(u0) . (5.4.32)

In both transient and quasi-static analysis, (5.4.28) must be solved for the displacement
increments duin+1 in every iteration step to perform the displacement update (5.4.25).
The updated displacements are employed to compute the inertia and damping terms
in transient analysis, and to update velocities and accelerations according to (5.4.20).
Geometry is updated if iteration has converged, and convergence is checked by a con-
vergence criterion. Alg. 5.1 provides the pseudocode of the implicit time integration
scheme [cf. Belytschko et al., 2000, box 6.3].
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Algorithm 5.1: Implicit time integration of the finite element equations by
the Newmark-β method in conjunction with Newton’s method. Fully transient
analysis.

Input: initial geometry x(t0) = x0, initial conditions u(t0) = u0, v(t0) = v0,
σ(t0) = σ0, α(t0) = α0, ρ(t0) = ρref

Output: displacement u, Cauchy stress σ, and material state α
1 initialize n = 0, t = t0, M , C, and K;
2 compute initial load vector f0 = f ext(u0)− f int(u0) and Cv0;
3 initial accelerations: v̇(t0) = M−1(f0 −Cv0);
4 while time step n ≤ nmax resp. time tn ≤ T do
5 compute external load vector f ext

n+1 and effective load vector f̂ ext
n+1 (5.4.30);

6 estimate u0
n+1 = un, and set ∆u0

n = 0;
7 while Newton iteration step i ≤ imax do
8 compute vin+1 and v̇in+1 according to (5.4.20);
9 integrate constitutive equation (Section 5.5);

10 compute f int(uin+1) and form vector of residuals rin+1 (5.4.29);
11 compute effective stiffness matrix K̂i

n+1 (5.4.27);
12 modify K̂i

n+1 for essential boundary conditions;
13 solve linearized equations duin+1 = (K̂i

n+1)−1rin+1;
14 update ui+1

n+1 = un + ∆uin+1, with ∆uin+1 = ∆ui−1
n+1 + duin+1;

15 if convergence criterion met then
16 exit;
17 i← i+ 1;
18 geometry update by adding displacement increments: xn+1 = xn + ∆un+1;
19 check energy balance;
20 n← n+ 1 (time update tn ← tn + ∆t);

5.5 Integration of Rate Constitutive Equations

Solution of the finite element system of equations requires evaluation of the actual
internal nodal forces f int in every time step or iteration. By (5.3.20), the basic ingre-
dient of f int is the stress at the quadrature points of the finite elements. Hence, rate
constitutive equations require suitable stress integration methods (or stress point algo-
rithms) which are generally applicable to finite deformation problems. These will be
introduced next. Comprehensive treatises are Simo and Hughes [1998] and the related
chapters in textbooks about nonlinear finite element methods.

Rate constitutive equations, as outlined in Section 4.1.3, relate an objective rate of the
Cauchy stress to the rate of deformation and a set of material state variables. In small-
strain elasto-plasticity, the objective rate is the ordinary material time derivative, and
the rate of the infinitesimal strain tensor represents rate of deformation. The problem
of integration of the set of evolution equations for the stress and the material state
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variables constitutes an initial value problem that can be solved either by explicit
schemes or implicit schemes; see Section A.3 for the general statements.

Explicit stress integration methods are formulations using known quantities associ-
ated with the beginning of the time step, like the forward Euler scheme (A.3.3). The
procedure is straightforward and the resulting equations are almost identical to the
analytical set up. However, the simplicity of the implementation fronts the error accu-
mulation during calculation, since generally no yield condition is enforced. Accuracy
can be increased by partitioning the time increment into a number of substeps, and to
perform automatic error control [Sloan, 1987; Sloan et al., 2001]. This is why explicit
stress integration methods are often called substepping algorithms.

Implicit stress integration methods are also referred to as return mapping algorithms
[Simo and Taylor, 1985; Ortiz and Simo, 1986]. These are based on quantities taken
with respect to the end of the time step, like the backward Euler scheme (A.3.5).
Operator-split procedures are preferred to solve the coupled system of nonlinear equa-
tions. From a geometric standpoint, the implicit stress update with operator-split
projects an elastically estimated trial state onto the yield surface, in which the plas-
tic multiplier serves as the projection magnitude. The yield condition is naturally
enforced at the end of the time increment. Therefore, at the same increment size,
implicit algorithms can be more accurate than explicit algorithms.

The rotational terms of the stress rate at finite deformation render the integration
of rate constitutive equations expensive compared to the infinitesimal case. In this
context, the restrictions related to the axiom of material frame indifference, 4.1.10,
have led to the notion of incremental objectivity of the integration method over finite
time steps [Hughes and Winget, 1980].

Definition 5.5.1. Incremental objectivity requires that if the motion ϕ : B → S of
the material body over time increment ∆t = tn+1 − tn is rigid, that is, if its tangent
Tϕ

def= Q is proper orthogonal (detQ = +1), then the stress is exactly updated by

σn+1 = Q?σn = Q · σn ·QT

without generation of spurious stresses. The same is required for tensor-valued material
state variables, if any. ♦

Subsequent to the work of Hughes and Winget [1980], several authors have developed or
improved incrementally objective algorithms, e.g. Pinsky et al. [1983], Rubinstein and
Atluri [1983], Hughes [1984], Flanagan and Taylor [1987], Rashid [1993], and Simo and
Hughes [1998]. One basic methodology in formulating objective integration methods
is to adopt a corotated representation. Within this approach, the basic quantities
and evolution equations are locally transformed to a rotating coordinate system that
remains unaffected by superposed rigid body motions. Then, the rate constitutive
equations is integrated in the corotated representation and finally transformed (rotated)
back to the current spatial configuration. The main advantage of algorithms based on
a corotated description is that the integration of the rate constitutive equation can be
carried out by the same methods at both infinitesimal and finite deformations.
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The remainder of this section outlines the integration of rate constitutive equations
for finite deformation problems. The main concern is the numerical method designed
in such a way that the axiom of material frame indifference is identically satisfied on
a discrete level. It is assumed that the reader is somewhat familiar with explicit and
implicit stress integration methods at infinitesimal deformation. A detailed description
is omitted by referring to the cited literature, particularly [Simo and Hughes, 1998;
Belytschko et al., 2000]. The remainder of this chapter is largely based on [Simo and
Hughes, 1998, ch. 8] and [Hughes, 1984].

5.5.1 General Setup for Objective Integration

Let ϕ : B × [0, T ] → S = Rmdim be the sufficiently differentiable motion of the body,
and v(x, t) be the spatial velocity field of ϕ, defined for every x = ϕ(X, t) ∈ S and time
t ∈ [0, T ], with X ∈ B. The updated Lagrangian description defined in Section 5.1 is
employed throughout. According to this description, equations are formulated in terms
of spatial quantities, but these are taken with respect to the points of the reference
configuration of the material body. For example, the Cauchy stress tensor σ(x, t),
given at spatial points x = ϕ(X, t) ∈ S and time t ∈ [0, T ], is viewed as σ(ϕ(X, t), t).

Definition 5.5.2. The spatial rate of deformation tensor field d = 1
2(∇v + (∇v)T)

is introduced as an objective measure of strain rate, and the spatial finite strain tensor
field e at x = ϕ(X, t) and t ∈ [0, T ] is defined conceptually through

e(x, t) def= e(x, 0) +
∫ t

0
d(x, τ) dτ ,

where e(x, 0) is given. ♦

By discretization in time, the basic variables are incrementally decomposed. For ex-
ample, σn+1

def= σn +∆σ, in which σn+1
def= σ(tn+1), σn def= σ(tn), and tn+1 = tn +∆t ∈

[0, T ], with t0 = 0 and ∆t > 0. The stress increment ∆σ is assumed constant in the
interval [tn, tn+1]. Similar holds for the internal state variables. The configuration of
B at time tn ∈ [tn, tn+1], i.e. the set

ϕ(B, tn) = ϕn(B) def= {xn = ϕn(X) |X ∈ B} , (5.5.3)

as well as the internal state of the material (i.e. stress and history variables) with respect
to the converged solution at time tn, are regarded as given data. The configuration
ϕ(B, tn+1) is also assumed to be known.

Let the spatial velocity field be constant over the time increment ∆t such that

u
def= v∆t : ϕn(B)→ TS (5.5.4)

is an incremental spatial displacement field imposed on ϕn(B); so u is likewise constant
over [tn, tn+1]. The incremental displacement is assumed to be given by the global
time integration of the weak balance of momentum. In case of implicit global time
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integration by Alg. 5.1, the incremental displacement field equals the accumulated
displacement increment of the i-th iteration defined by (5.4.25), i.e. u def= ∆uin+1. Due
to this fact, the problem of integrating a rate constitutive equation is also called a
strain-driven problem.

The overall accuracy of the objective integration method will be affected by the ap-
proximate evaluation of the finite strain increment constant in the interval [tn, tn+1],

∆e(x) def=
∫ tn+1

tn
d(x, t) dt . (5.5.5)

To achieve the objectives, define a one-parameter family of configurations by

ϕn+θ
def= θϕn+1 + (1− θ)ϕn , with θ ∈ [0, 1] , (5.5.6)

which linearly interpolates ϕn and ϕn+1. Conceptually, the intermediate configuration
ϕn+θ is related to an intermediate time tn+θ = θtn+1 + (1− θ)tn = tn + θ∆t. According
to (5.5.6), the deformation gradient of ϕn+θ is given by the relationship

Fn+θ = Tϕn+θ = θFn+1 + (1− θ)Fn , with θ ∈ [0, 1] . (5.5.7)

Due to the updated Lagrangian description chosen for the stress update procedures, a
spatial metric related to the configuration ϕn+θ is defined through

gn+θ
def= g ◦ ϕn+θ resp. gn+θ(X) def= g(ϕ(X, tn+θ)) , (5.5.8)

where g ∈ T0
2(S) is the ordinary spatial metric. Hence, gn+θ implicitly depends on time

tn+θ ∈ [tn, t+1] through ϕn+θ. It proves convenient to add the following definitions.

Definition 5.5.9. The relative incremental deformation gradient of the configuration
ϕn+θ(B) with respect to the configuration ϕn(B) is defined through

fn+θ
def= Fn+θ · F−1

n , with θ ∈ [0, 1] ,

where Fn+θ is given by (5.5.7). The relative incremental displacement gradient is the
tensor field ∇n+θu ∈ T1

1(S) which has the local representative

(∇n+θu)(xn+θ) def=
(
∂ui(xn+θ)
∂xkn+θ

+ uj(xn+θ) γ i
j k(xn+θ)

)
dxkn+θ ⊗

∂

∂xin+θ
.

at xn+θ
def= ϕn+θ(X), where ui(xn+θ) def= U I(X)|X=ϕ−1

n+θ(xn+θ) are the components of the
incremental displacements referred to the configuration ϕn+θ(B). ♦

By these definitions and the basic relationships of Section 3.1.1, the next results are
obtained; see Simo and Hughes [1998, secs. 8.1 and 8.3] for full proofs with respect to
Cartesian frames.

Proposition 5.5.10. Let [tn, tn+1] be an incremental time interval, where tn+1 = tn +
∆t, and let θ ∈ [0, 1]. Then,
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(i) the relative incremental deformation and displacement gradients are equivalent to

fn+θ = I + θ∇nu and ∇n+θu = ∇nu · f−1
n+θ ,

respectively, where ∇nu(xn) = ∂u(xn)/∂xn in Cartesian coordinates,

(ii) an objective approximation to the spatial rate of deformation in [tn, tn+1] is

dn+θ = 1
2∆t

(
∇n+θu+ (∇n+θu)T + (1− 2θ)(∇n+θu)T ·∇n+θu

)
,

(iii) an algorithmic approximation to the vorticity in [tn, tn+1] is

ωn+θ = 1
2∆t

(
∇n+θu− (∇n+θu)T

)
.

Definition 5.5.11. The algorithmic finite strain increment or incremental finite strain
tensor is defined by the formula

∆ẽn+θ
def= dn+θ∆t ,

where dn+θ is given by Proposition 5.5.10(ii). Hence, ∆ẽn+θ is likewise incrementally
objective. ♦

Hughes [1984] shows that 5.5.11 is a first-order approximation to (5.5.5) for all θ. If
θ = 1

2 , then the approximation is second-order accurate. Moreover, for θ = 1
2 the

approximation is linear in u; cf. Proposition 5.5.10(ii). Therefore,

∆ẽn+1/2 = 1
2
(
∇n+1/2u+ (∇n+1/2u)T

)
(5.5.12)

is the most attractive expression for the finite strain increment (5.5.5) from the stand-
point of implementation. It is referred to as the midpoint strain increment.

5.5.2 Algorithms Based on a Corotated Description

The class of algorithms discussed in the following section are ideally suited for coro-
tational rate constitutive equations. Within this class the constitutive response func-
tion has the value of a corotational stress rate, which include the Zaremba-Jaumann
and Green-Naghdi stress rates as typical examples. Algorithms based on a corotated
description go at least back to Nagtegaal and Veldpaus [1984] and Hughes [1984],
and are used in several finite element codes, e.g. NIKE2D [Engelmann and Hallquist,
1991], and ANSYSr, from version 6.0 on [XANSYS Mailing List, 2004]. The algorithm
of Hughes and Winget [1980], which is widely used in the finite element community
(e.g. ABAQUS/Standardr and early versions of ANSYSr), does not fall into this cat-
egory.



5.5. INTEGRATION OF RATE CONSTITUTIVE EQUATIONS 117

In Section 4.1.2, it has been shown that any corotational rate of a spatial second-order
tensor field t defined by the spin Λ = Ṙ ·RT is related to the material time derivative
of the field by

◦
t = R?Ṙ

?t = R · Ṫ ·RT , (5.5.13)

where T
def= R?t = RT · t ·R. This fundamental property forms the theoretical basis

for algorithms based on a corotated description. Boldface Fraktur majuscules are used
for variables in the corotating R-system in what follows.

Definition 5.5.14. Let the rate constitutive equation take the form

◦
σ

def= m(σ, g,α) : d ,

where ◦
σ denotes any corotational rate of σ defined by the spin Λ = Ṙ ·RT, and the

fourth-order tensor m represents the material tangent. Then, by employing the gen-
eralized midpoint rule (A.3.6), the Cauchy stress is objectively updated by the general
integration algorithm

σn+1
def= Rn+1 · (Sn + ∆Sn+θ) ·RT

n+1 , with θ ∈ [0, 1] ,

and

Sn
def= RT

n · σn ·Rn , ∆Sn+θ
def= fn+θ(Sn+θ,Gn+θ,An+θ,∆En+θ) ,

∆En+ε
def= RT

n+ε · ∆ẽn+ε ·Rn+ε , with ε ∈ [0, 1] , Sn+θ
def= RT

n+θ · σn+θ ·Rn+θ ,

Gn+θ
def= RT

n+θ · gn+θ ·Rn+θ , and An+θ
def= R?

n+θαn+θ .

fn+θ is a response function for the stress increment whose particular form is governed
by the constitutive equation and the actual integration algorithm. ∆ẽn+ε, with ε ∈
[0, 1], is the algorithmic finite strain increment defined through 5.5.11 and regarded as
given. Finally, R?

n+θ denotes the pullback by Rn+θ, the rotation associated with the
configuration at time tn+θ. The algorithm is incrementally objective provided that Rn,
Rn+θ, and Rn+1 are properly determined:

Case (i): Λ = Ω, R = R. The rate constitutive equation is formulated in terms
of the Green-Naghdi stress rate, i.e. ◦σ = ◦

σGN. R is the rotation tensor in the polar
decomposition of the deformation gradient, and Ω = Ṙ ·RT.

Case (ii): Λ = ω, R 6= R. In this case the rate constitutive equation is formulated in
terms of the Zaremba-Jaumann stress rate, i.e. ◦σ = ◦

σZJ, and Ṙ = ω ·R, by (4.1.13),
has to be integrated. ♦

The stress update Sn + ∆Sn+θ = RT
n+1 · σn+1 · Rn+1 is carried out with respect

to material points in the unrotated configuration of the material body. The stress
increment ∆Sn+θ is calculated with respect to the unrotated ϕn+θ(B)-configuration
using the response function fn+θ. The response function depends on the choice of
θ ∈ [0, 1] and basically represent an explicit or implicit stress-point algorithm for case
of infinitesimal deformation.
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Remark 5.5.15. The most obvious procedure to determineRn+1 andRn+θ in case (i)
of 5.5.14 (Green-Naghdi rate) is the polar decomposition of the total deformation gra-
dients Fn+1 and Fn+θ, respectively. Alternative procedures that circumvent polar de-
composition have been proposed by Flanagan and Taylor [1987] and Simo and Hughes
[1998, sec. 8.3.2]. An algorithmic approximations to the vorticity tensor ω in case of
the Zaremba-Jaumann rate (case (ii) in 5.5.14) is provided by Proposition 5.5.10(iii).
The rotation group can be approximately integrated, for example, by using the gen-
eral algorithm of Simo and Hughes [1998, sec. 8.3.2], or by the particular procedure of
Hughes and Winget [1980]; see also algorithm of Hughes [1984] below. 4

The particular algorithm of Hughes [1984] can be obtained from the general objective
integration algorithm 5.5.14 by making a particular approximation to the orthogonal
group of rotations and by employing time-centering, i.e. ε = 1

2 , to the algorithmic finite
strain increment. The time-centered approximation is employed in accordance with the
incrementally objective algorithm developed by Hughes and Winget [1980].

A straightforward application of Proposition 5.5.10(i) using θ = 1
2 proves that

∇n+1/2u = 2(fn+1 − I)(fn+1 + I)−1 . (5.5.16)

Using Propositions 5.5.10(ii) and (iii), finite strain and rotation increments are then
computed from

∆ẽn+1/2
def= dn+1/2∆t = 1

2

(
∇n+1/2u+ (∇n+1/2u)T

)
and

∆r̃n+1/2
def= ωn+1/2∆t = 1

2

(
∇n+1/2u− (∇n+1/2u)T

)
,

(5.5.17)

respectively. ∆ẽn+1/2 is the second-order accurate midpoint strain increment (5.5.12).
The corotated algorithmic finite strain increment equals the corotated midpoint strain
increment,

∆En+1/2
def= RT

n+1/2 · ∆ẽn+1/2 ·Rn+1/2 , (5.5.18)

which is regarded as input variable to the local stress integration procedure. Summa-
tion of ∆En+1/2 over a time interval [t0, tn+1] gives an excellent approximation to the
Lagrangian logarithmic strain [Hughes, 1984; ANSYS, 2007a].

If integration is carried out explicitly (θ = 0), implicitly (θ = 1), or based on the
midpoint rule (θ = 1

2), then the rotations Rn+1 and Rn+1/2 need to be determined
in order to complete the algorithm 5.5.14. In case of ◦

σ = ◦
σGN, where R = R,

Hughes [1984] suggests polar decomposition of the total deformation gradients Fn+1
and Fn+1/2, respectively. In case of ◦σ = ◦

σZJ, where R 6= R, the rotation and half-step
rotation are defined through

Rn+1 = ∆R ·Rn and Rn+1/2 = ∆R1/2 ·Rn , (5.5.19)

where
∆R = (I + (I − 1

2∆r̃n+1/2)−1∆r̃n+1/2)
= (I − 1

2∆r̃n+1/2)−1(I + 1
2∆r̃n+1/2)

(5.5.20)
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is an approximation to the relative rotation of the configuration ϕn+1(B) with respect
to the configuration ϕn(B), i.e. to the incremental rotation over the time increment
[tn, tn+1]. It results from the generalized midpoint rule (A.3.6) applied to the generating
equation Ṙ = ω ·R and setting θ = 1

2 . This procedure has been originally proposed
by Hughes and Winget [1980]. For computation of the proper orthogonal square root
∆R1/2, see [Hughes, 1984].

The complete integration procedure is summarized in Alg. 5.2. An example application
of this algorithm will be presented in Section 6.3.2, which employs the hypoplastic
model for sand derived in Section 4.3.

Algorithm 5.2: Objective integration method for rate constitutive equations
based on a corotated description according to Hughes [1984].

Input: geometry xn, incremental displacements u of global time integration,
Cauchy stress σn, material state variables αn, and rotation Rn

Output: σn+1, αn+1, and material tangent tensor m
1 compute fn+1 = 1 + ∇nu, fn+1/2 = 1 + 1

2∇nu, and ∇n+1/2u = ∇nu · f−1
n+1/2;

2 obtain midpoint strain increment ∆ẽn+1/2 and rotation increment ∆r̃n+1/2
(5.5.17);

3 switch corotational rate ◦
σ do

4 case Green-Naghdi rate ◦
σGN (R = R)

5 compute Fn+1 = fn+1 · Fn and F n+1/2 = 1
2(Fn+1 + Fn);

6 perform polar decomposition to obtain Rn+1 and Rn+1/2;
7 case Zaremba-Jaumann rate ◦

σZJ (R 6= R)
8 compute ∆R = (I − 1

2∆r̃n+1/2)−1(I + 1
2∆r̃n+1/2) and ∆R1/2;

9 update Rn+1 = ∆R ·Rn and Rn+1/2 = ∆R1/2 ·Rn;

10 corotate midpoint strain increment: ∆En+1/2 = RT
n+1/2 · ∆ẽn+1/2 ·Rn+1/2;

11 corotate stress, state variables, and the spatial metric based on the actual
integration method:
Sn+θ = RT

n+θ · σn+θ ·Rn+θ, An+θ = R?
n+θαn+θ, and

Gn+θ = RT
n+θ · gn+θ ·Rn+θ, with θ ∈ {0, 1

2 , 1};
12 integrate constitutive equation using ∆En+1/2, Sn+θ, An+θ, and Gn+θ;
13 compute material tangent tensor m;
14 back-rotate updated corotated stress to the current configuration:
σn+1 = Rn+1 ·Sn+1 ·RT

n+1;
15 back-rotate updated corotated state variables, if needed, to the current

configuration;

Remark 5.5.21. According to the basic Definition 5.5.9, the deformation gradient of
the motion is updated by Fn+1 = fn+1 · Fn, where Fn = Rn · Un, and Rn is proper
orthogonal. Now, suppose that the current configuration at time tn is taken as the
reference configuration, i.e. B = ϕn(B) as in the updated Lagrangian description, and
no data is available of configurations prior to tn such that Fn = Rn = Rn = Iϕ and
Un = I. Then, by Remark 4.1.18, one has ω = Ω and the Zaremba-Jaumann and
Green-Naghdi stress rates are identical. 4
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Remark 5.5.22. Alg. 5.2 places a restriction to the magnitude of the rotation incre-
ment ‖∆r̃n+1/2‖ = ‖ωn+1/2‖∆t for Λ = ω. From the approximation 1

2‖∆r̃n+1/2‖ ≈
tan ‖1

2∆r̃n+1/2‖, [cf. Simo and Hughes, 1998, eq. 8.3.24], it follows that if ∆R would be
determined from (5.5.20), it will be defined only for ‖1

2∆r̃n+1/2‖ < 180◦. This is called
the “black hole” condition [Hughes, 1984]. 4



Chapter 6

Arbitrary Lagrangian-Eulerian
Procedures

In the chapter that follows, a detailed description of specific arbitrary Lagrangian-
Eulerian (ALE) procedures and their implementation into an existing large deforma-
tion Lagrangian finite element code will be given. These procedures incorporate the
theoretical background of the ALE framework (Chapter 3), constitutive theory (Chap-
ter 4), as well as Lagrangian finite element technology (Chapter 5). The basic solution
strategies to solve mechanical initial boundary value problems in ALE description are
reviewed in Section 6.1. The overall solution procedure of the particular ALE finite
element method developed by the author is presented in Section 6.2. It is based on an
operator-split and a single-material element formulation, which is also called an SALE
method [Benson, 1989]. Each solution step in time is subdivided into a Lagrangian
step, a mesh motion step, and a transport step. The procedures related to these steps
as well as their actual implementation will be presented in Sections 6.3 to 6.6.

6.1 Review of Basic Solution Strategies

From a continuum mechanical point of view, the ALE formulation of kinematics, bal-
ance principles, and initial boundary value problems includes the Lagrangian and Eule-
rian formulations as special cases (cf. Remark 3.1.38). Similarly, ALE methods can be
run in both purely Lagrangian and purely Eulerian fashion. In Lagrangian methods,
the convective velocity is set to zero so that no material flux occurs with respect to
the mesh. A Eulerian method is either obtained by keeping the mesh spatially fixed
or by remapping onto the original mesh at the end of a calculation step. The first La-
grangian and Eulerian codes were developed almost 60 years ago and initiated ramified
code family trees [Hertel, 1997]. Generally spoken, the contemporary Lagrangian codes
are based on a finite element method, whereas Eulerian codes use finite difference or
finite volume solution techniques. ALE codes try to combine the best features of both
approaches.
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The earliest ALE methods were based on finite difference approximations and belong to
the class of hydrocodes [Johnson and Anderson, 1987; Anderson, 1987; Benson, 1992;
Hertel, 1997; Mair, 1999; Wilkins, 1999; Rider, 2005]. They were developed in the
1960-70’s at US laboratories to compute transient fluid flow [Frank and Lazarus, 1964;
Trulio, 1966; Hirt et al., 1974; Pracht, 1975; Chan, 1975; Amsden et al., 1980]. ALE
finite element methods appear only a few years later and were primarily concerned with
fluid-structure interaction, free surface flow, and metal forming problems [Belytschko
and Kennedy, 1978; Donea et al., 1981; Hughes et al., 1981; Huétink, 1982].

6.1.1 ALE Setting of the Initial Boundary Value Problem

Recall the fundamental relations for continuum mechanics on arbitrarily moving ref-
erence domains presented in Chapter 3, as well as the initial boundary value prob-
lem in the updated Lagrangian description stated in Section 5.1. In particular, let
ϕ : B×[t0, T ]→ S be the regular motion of a material body, and let qt : ϕt(B)→ T rs (S)
be the spatial representation of the time-dependent physical field under consideration,
with t ∈ [t0, T ], qt(x) = q(x, t), x = ϕ(X, t) = ϕt(X) ∈ S, and X ∈ B. Moreover,
let the quantity q̂t def= qt ◦ Φt be the referential picture of the physical field. The map
Φt : R → S is the relative motion of the reference domain R ⊂ S with points χ ∈ R,
and Ψt : R → B is the referential motion such that

ϕt = Φt ◦ Ψ−1
t . (6.1.1)

The Jacobian of ϕ is denoted by J , and JΦ is the Jacobian of Φ. The spatial velocity
of ϕt and the the referential velocity have been defined through vt = (∂ϕt

∂t
◦ ϕ−1

t ) ∈
Γ (TS) and ϑt = (∂Ψ

−1
t

∂t
◦ Ψt) ∈ Γ (TR), respectively. The spatial velocity of Φt, wt =

(∂Φ
i
t

∂t
◦ Φ−1

t ) ∈ Γ (TS), is also referred to as the relative velocity or mesh velocity. The
convective velocity is the difference

c(x, t) = v(x, t)−w(x, t) , (6.1.2)

with ct = Φt?ϑt by Theorem 3.1.27.

In the arbitrary Lagrangian-Eulerian formulation of IBVP, one usually refers to the cur-
rent configuration of the reference domain R ⊂ S at time t = s ∈ [t0, T ], i.e. Φs(R) def=
R, because any previous configuration is generally not available. It is assumed that
the material body and the reference domain instantaneously occupy the same region
of space such that ϕs(B) = Φs(R) ⊂ S, where ϕs = (Φs ◦ Ψ−1

s ) : B → S denotes the
physical configuration of the body at time t = s.

The statement of the IBVP involves the ALE balance principles in conservation form
derived in Section 3.2.3, namely conservation of volume, mass, momentum, and energy.
Due to the broad range of applications, several constitutive approaches are available.
The split σ def= σdev − p g] is common in fluid dynamics and hypervelocity impact
calculations, with σdev usually calculated from a rate constitutive equation, and p
calculated from an equation of state. Solid mechanical low-velocity applications, on the
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other hand, favor rate constitutive equations mostly based on the objective Zaremba-
Jaumann or Green-Naghdi rates for unsplit σ. In this latter case, which applies to
the ALE framework proposed in the present thesis, balance of energy needs not to be
solved as a separate differential equation.

Definition 6.1.3. Let ρ̂ = ρ ◦ Φ, v̂ = v ◦ Φ, and σ̂ = σ ◦ Φ. An IBVP for mechanics
in the arbitrary Lagrangian-Eulerian description is the problem of finding the spatial
mass density ρ, the spatial velocity v, the Cauchy stress σ, and the internal material
state on the current spatial domain Φt(R) ⊂ S for every t ∈ [t0, T ] provided that for a
body force b̄ given,

(i) conservation of volume ∂JΦ/∂t− JΦ divw = 0,

(ii) conservation of mass ∂(ρ̂JΦ)/∂t+ JΦ div(ρc) = 0, and

(iii) conservation of momentum ∂(ρ̂v̂JΦ)/∂t+ JΦ div(ρv ⊗ c) = JΦ (ρb̄+ divσ) hold,

(iv) the stress σ = σT is obtained through integration of a rate constitutive equation
◦
σ? = h(σ,d, . . .) , and the evolution equations for the internal state variables are
similar functions,

(v) for the boundary ∂Φt(R) of the reference domain in its current spatial configuration
with unit outward normals n∗ there are prescribed boundary conditions,

(vi) ρ, v, σ, and the internal state variables are given at t = 0 (initial conditions), and

(vii) the relative velocity w of Φt is prescribed for every χ ∈ R and t ∈ [0, T ]. ♦

6.1.2 Monolithic or Unsplit ALE Methods

Stated formally, the main objective of the present research is the numerical solution
of the IBVP 6.1.3 subject to prescribed contact, boundary, and initial conditions as-
sociated with penetration into sand. The most natural choice would be to solve the
coupled set of equations as they are written and without any further assumptions. This
is called an unsplit or monolithic ALE solution procedure. It generally ensures consis-
tency between the deformation state and the material response, and avoids accuracy
losses and the generation of spurious forces due to a sequential solution. Monolithic
ALE methods were developed e.g. by Belytschko and Kennedy [1978]; Hughes et al.
[1981]; Huétink [1982]; Huétink et al. [1990]; Haber [1984]; Liu et al. [1986, 1988];
Ghosh and Kikuchi [1991]; Ghosh [1992]; Sarrate et al. [2001]; Bayoumi and Gadala
[2004]. The papers of Huétink [1982]; Huétink et al. [1990] and Liu et al. [1986, 1988]
include early applications to solid mechanical problems involving path-dependent ma-
terial. Ghosh [1992] introduces contact of multiple flexible bodies to a monolithic ALE
approach using implicit integration in time.

Convective terms appear in the governing equations of the IBVP 6.1.3 due to the rela-
tive motion between the material body and the reference domain, making the develop-
ment of numerical methods for the monolithic problem difficult. In the semi-discrete
equations the approximations of the convective terms include gradients of the shape
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functions. For convection dominated problems, that is, if the convective velocity c
is large, a standard Galerkin FE formulation can lead to numerical instabilities, and
spurious spatial oscillations are exhibited in the variable fields to be advected [Benson,
1992; Belytschko et al., 2000]. The stability condition is a function of the element
Péclet number defined as

Pe
def= h‖c‖

2k , (6.1.4)

where h is a characteristic element length and k is the diffusion coefficient.

The streamline-upwind Petrov-Galerkin (SUPG) finite element formulation is of par-
ticular interest to overcome the above mentioned problems associated with monolithic
ALE methods. As Benson [1992, p. 328] notices, SUPG methods “[...] are the only
higher order accurate finite element methods that have been applied to problems in
solid mechanics.” Example applications can be found in [Liu et al., 1986, 1988]. The
SUPG formulation incorporates the streamline upwind concept devised by Brooks and
Hughes [1982], which introduces an artificial diffusion acting only in the flow direction.
The solution accuracy is governed by the amount of diffusion assigned. In addition, the
Petrov-Galerkin discretization technique defines different sets of interpolation functions
for the approximation of the basic variables and the associated test functions. This
allows for more flexibility compared to a Galerkin discretization.

6.1.3 Operator-Split or Lagrange-plus-Remap ALE Methods

Complicated problems can be broken up into a series of less complicated problems
through operator-splitting [Strang, 1963, 1964, 1968; Chorin et al., 1978]. If an operator-
split is applied to the governing equations of the problem, the resulting equations
are simpler and can be solved sequentially. The algorithms needed for solution are
usually more robust and of lower implementation costs than for a monolithic approach.
The main disadvantage of operator-splitting is its limitation on accuracy as physical
phenomena are decoupled.

Operator-split ALE procedures, which are likewise called Lagrange-plus-remap or frac-
tional-step ALE procedures, divide solution to the IBVP 6.1.3 into a Lagrangian step
and a remap step. In the Lagrangian step the sources are taken into account but the
convective terms are neglected. The subsequent remap step accounts for the relative
motion between the body and the reference domain but leaves any source term uncon-
sidered. In actual finite element implementations, the remap step is subdivided into a
mesh motion step where nodes are relocated in order to smooth the mesh, and a trans-
port step in which the convective terms are taken into account. A Eulerian method is
obtained when the nodes are relocated to their original positions.

Finite element discretization and advancing the solution in time during the Lagrangian
step of operator-split ALE methods is almost identical to the updated Lagrangian
treatment outlined in Chapter 5. Therefore, the primary advantage of the operator-
split over the the monolithic ALE solution procedure is that existing Lagrangian FE
codes can be easily upgraded. The only difference is due to the non-Lagrangian view
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of material deformations, by which conservation of mass is not automatically satisfied
but must be treated as an additional equation.

ALE finite difference codes [Trulio, 1966; Hirt et al., 1974; Pracht, 1975; Chan, 1975;
Amsden et al., 1980] as well as most of the Eulerian hydrocodes traditionally employ
the operator-split strategy [cf. Benson, 1992]. Probably the earliest references in this
context are [Evans and Harlow, 1957; Noh, 1964] concerned with the so-called particle-
in-cell (PIC) and coupled Eulerian-Lagrangian (CEL) methods, respectively. These
codes did pioneer work to the ALE finite element methods for fluid-structure interaction
problems [Donea et al., 1981, 1982] and free surface flow [Ramaswamy and Kawahara,
1987; Ramaswamy, 1990]. With regard to solid mechanical problems, an operator-split
ALE finite element method was first proposed by Benson [1989]. Operator-splitting is
the proven technology in the development of ALE methods, particularly with regard
to path-dependent material response of metals [Benson, 1995; Huerta and Casadei,
1994; Rodríguez-Ferran et al., 1998, 2002; Aymone et al., 2001; Aymone, 2004] and
soils [Nazem, 2006; Nazem et al., 2006, 2008; Di et al., 2007; Sheng et al., 2009].

As time evolves during the Lagrangian step but is held fixed in the mesh motion and
transport steps, operator-split ALE methods can be regarded as special remap strate-
gies, called advective remaps [Benson, 1989]. The mesh topology does not change in
advective remaps, hence elements have the same neighbors during the entire solution
of the IBVP. This enables exact calculation of material in- and outflux between ad-
jacent elements and the application of conservative advection algorithms provided by
the computational fluid dynamics community. Therefore, operator-split ALE methods
permit mechanically consistent transport of variables.

6.2 Proposed Operator-Split Solution Procedure

6.2.1 Split Initial Boundary Value Problem

The ALE method developed in this thesis is based on the operator-split solution strat-
egy. According to the references [Benson, 1997, 2000; Benson and Okazawa, 2004;
Vitali and Benson, 2008, 2009], this strategy is most easily illustrated by considering
the conservation form of the generic ALE balance principle proposed in 3.2.41,

∂q̂JΦ
∂t

+ JΦ (divψ(q)) ◦ Φ = ŜJΦ . (6.2.1)

Recall that q̂ = q ◦Φ, ψ(q) is the convective flux density of the generic quantity q, JΦ is
the Jacobian of the relative motion Φt, and Ŝ def= S ◦Φ def= (b+divu)◦Φ accounts for the
sources b and u given per unit spatial volume and per unit spatial area, respectively.
The flux density is defined by ψ(q) def= qc for q being scalar-valued, and by ψ(q) def= q⊗c
for q being tensor-valued.



126 CHAPTER 6. ARBITRARY LAGRANGIAN-EULERIAN PROCEDURES

Definition 6.2.2. The operator-split applied to (6.2.1) results in the partial differen-
tial equations

∂q̂JΦ
∂t

= ŜJΦ and ∂q̂JΦ
∂t

+ JΦ (divψ(q)) ◦ Φ = 0 . ♦

The first equation in Definition 6.2.2, which is called the Lagrangian equation, is a
parabolic PDE that accounts for the source. Conceptually, it can be obtained from
(6.2.1) by setting c = 0 resp. w = v. This means that no convective terms are present.
Moreover, the motion of the reference domain coincides with the material motion such
that q̇ = ∂q̂t

∂t
◦ Φ−1

t and the description of motion is Lagrangian.

Proposition 6.2.3. The Lagrangian equation 6.2.21 is equivalent to the localized spa-
tial master balance principle in its material form (cf. Definition 3.2.11)

q̇ = S − q div v , with S = b+ divu .

Proof. The assertion follows by the product rule, (3.1.29)1, and switching the inde-
pendent variables from (χ, t) to (x, t). �

The second equation in Definition 6.2.2, called the transport equation, represents the
generic ALE conservation law 3.2.42. It formalizes the transport resp. advection of the
physical quantity on the reference domain moving with convective velocity c 6= 0. Any
external source and material evolution that has been accounted for in the Lagrangian
equation is not present in the transport step. Physical time elapses only during in the
Lagrangian step. By the evolution equation (3.1.29)1 for the Jacobian JΦ, 6.2.22 boils
down to the linear advection equation without a source [LeVeque, 1992, 2002]

∂q̂

∂t
◦ Φ−1 + ∇cq = 0 . (6.2.4)

Now, consider the mechanical initial boundary value problem (IBVP) in ALE descrip-
tion defined through 6.1.3. Solution of the IBVP requires the conservation of volume,
mass, and momentum in the ALE description (cf. Section 3.2.3) in time, as well as
integration of the rate constitutive equations. The set of equations is revised in order
to embody the particular conditions associated with the current work:

(i) Omission of geometric conservation laws. As a first particularization of the
proposed ALE method, the geometric conservation laws proposed in 3.2.39 remain
unconsidered for reasons of simplification. This is the common approach in solid me-
chanical ALE applications.

(ii) Specific form of conservation of mass. By Propositions 3.1.19 and 3.2.18,
and by assuming that the reference configuration occurs at time t = t0 such that
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ϕt0 = id and J(X, t0) = 1, conservation of mass in the Lagrangian form ρ̇ = −ρ div v
is equivalent to

ρref = ρJ in conjunction with ∂J

∂t
= J div v . (6.2.5)

Compositions with the map ϕ have been dropped. The motivation for using the form
(6.2.5) is that J rather than ρ is a fundamental solution variable in Lagrangian finite
element methods [Rodríguez-Ferran et al., 2002].

(iii) Quasi-static analysis. Only quasi-static problems are considered in this thesis
such that responses due to inertia and damping can be ignored, except for prescribed
static spatial acceleration fields ā : ϕt(B) → TS. This means that no time derivative
and hence no convective term is associated with balance of momentum. Therefore, the
transport step in the operator-split ALE procedure is considerably simplified.

(iv) Considered class of rate constitutive equations. The present thesis con-
siders material response described by a spatial rate constitutive equation of the form
◦
σZJ def= h(σ, g,α,d), where ◦

σZJ = σ̇ − ω · σ + σ · ω, by (4.1.15), is the Zaremba-
Jaumann rate of symmetric Cauchy stress, ω = 1

2(∇v − (∇v)T) is the vorticity of
motion, d = 1

2(∇v + (∇v)T) is the rate of deformation, α = {α1, . . . , αm}
def= {αk} is

a probably empty set of internal material state variables in addition to stress, and g is
the spatial metric. Note that the constitutive rate equation takes the equivalent form

σ̇ = ȟ(σ, g,α,∇v) def= h(σ, g,α,d) + ω · σ − σ · ω . (6.2.6)

In case where α = {αk} is a non-empty set of internal state variables, its elements
are assumed to have evolution equations comparable to (6.2.6). That is to say, for
a generally tensor-valued state variable αk one has ◦

αZJ
k

def= jk(σ, g,α,d) resp. α̇k =
̌k(σ, g,α,∇v).

(v) Simplified ALE approach. The fact that the present thesis is concerned with
a so-called single-material or simplified ALE approach [Benson, 1989, 1992; Mair, 1999]
can be formalized as the zero-flux constraint [cf. Frank and Lazarus, 1964]

(v −w) · n∗ = 0 on ∂ϕ(B, t) = ∂Φ(R, t) , (6.2.7)

where n∗ denotes the outward normal field. That is, material and mesh velocities
coincide in the direction normal to the their boundaries, but may vary in tangential
direction. The constraint thus phrases that no material may cross the boundary of the
reference domain, i.e. material interfaces are explicitly resolved by element edges in
the numerical solution. Multi-material ALE methods do not have this limitation [cf.
Benson, 1992; Mair, 1999; Freßmann and Wriggers, 2007].
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By the previous particularizations, the governing equations of the IBVP 6.1.3 read

∂ĴJΦ
∂t

+ JΦ div(Jc) ◦ Φ = 2ĴJΦ (div v) ◦ Φ ,

(ρā) ◦ Φ = (ρb̄+ divσ) ◦ Φ ,
∂σ̂JΦ
∂t

+ JΦ div(σ ⊗ c) ◦ Φ = JΦ (ȟ(σ, g,α,∇v) + σ div v) ◦ Φ , and
∂α̂kJΦ
∂t

+ JΦ div(αk ⊗ c) ◦ Φ = JΦ (̌k(σ, g,α,∇v) + αk div v) ◦ Φ ,

(6.2.8)

where Ĵ def= J ◦ Φ and σ̂ def= σ ◦ Φ. The first, third, and fourth equations are the
evolution equations (6.2.5)2, (6.2.6), and α̇k = ̌k(σ, g,α,∇v), respectively, in the
ALE conservation form according to Proposition 3.2.44. Note that the first equation
must be solved in conjunction with ρref = ρ J to represent conservation of mass. The
relative velocity w, the body force b̄, the static acceleration field ā, and the reference
mass density ρref are assumed given.

The operator-split 6.2.2 applied to (6.2.8) results in the two sets of equations

conservation of mass ∂ĴJΦ
∂t

= 2ĴJΦ (div v) ◦ Φ i.c.w. ρref = ρJ ,

balance of momentum (ρā) ◦ Φ = (ρb̄+ divσ) ◦ Φ ,

rate constitutive equation ∂σ̂JΦ
∂t

= JΦ (ȟ(σ, g,α,∇v) + σ div v) ◦ Φ ,

evolution equation ∂α̂kJΦ
∂t

= JΦ (̌k(σ, g,α,∇v) + αk div v) ◦ Φ ,

(6.2.9)

and

transport of Jacobian of ϕ ∂ĴJΦ
∂t

+ JΦ div(Jc) ◦ Φ = 0 ,

transport of stress ∂σ̂JΦ
∂t

+ JΦ div(σ ⊗ c) ◦ Φ = 0 ,

transport of state variables ∂α̂kJΦ
∂t

+ JΦ div(αk ⊗ c) ◦ Φ = 0 .

(6.2.10)

By Proposition 6.2.3, (6.2.5), and (6.2.6) the set (6.2.9) is equivalent to

ρ̇ = −ρ div v , ρā = ρb̄+ divσ , ◦
σZJ = h(σ, g,α,d) , ◦

αZJ
k = jk(σ, g,α,d) .

(6.2.11)
This set is form-identical to the governing equations of the initial boundary value prob-
lem in the updated Lagrangian description 5.1.1, so that operator-split ALE methods
can be easily added to existing Lagrangian finite element codes.

Remark 6.2.12. The Zaremba-Jaumann stress rate ◦
σZJ is the most attractive choice

for both monolithic and operator-split ALE solution procedures because it is cheap,
takes little storage, and does not add variables for transport. The Zaremba-Jaumann
rate requires knowledge only of the instantaneous motion of the material body and
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not of total deformation. If, on the other hand, the Green-Naghdi stress rate ◦
σGN

defined by (4.1.17) would be the underlying stress rate, then evolution equations for the
deformation gradient or the rotation group must be added to the systems of equations;
see also [Benson, 1992, sec. 2.6.2] and [Benson, 2000]. 4

6.2.2 Overall ALE Finite Element Procedure

The crucial observation to be made is that the operator-split 6.2.2 leads to a set of
Lagrangian equations (6.2.11) which is form-identical to the governing equations of the
IBVP in the updated Lagrangian description defined by 5.1.1. Therefore, finite element
discretization, advancing in time, and solution of (6.2.11) can be carried out identical
to the classical updated Lagrangian approach described in Chapter 5 —except for the
mass update; see below.

Assume that the ambient space is an mdim-dimensional Euclidian point space, i.e. S =
Rmdim . The reference configuration of the material body, B ⊂ Rmdim , as well as the
reference domain R ⊂ Rmdim are assumed to have the same dimensions. Arbitrary
Lagrangian-Eulerian finite element methods approximate the reference domain R by
an assembly of nelem finite elements Ω̂e ⊂ Rmdim appropriately connected by nodes,

R ≈ R̃ def=
nelem⋃
e=1

Ω̂e . (6.2.13)

Here Ω̂e is the reference configuration of a parent element Ω� (Fig. 5.2 and Sec. 5.3.1).
Besides spatial discretization by finite elements, the time interval of interest, [t0, T ] ⊂
R, is approximated by the sequence (t0, t1 = t0 + ∆t, . . . , tn+1 = tn + ∆t, . . . , T ) of
discrete time steps with probably variable time increment ∆t = tn+1 − tn > 0. In
the context of operator-split ALE methods it proves convenient to add the following
definition.

Definition 6.2.14. Let [tn, tn+1[⊂ R be a conceptual right-open incremental time
interval, then a small neighborhood of tn+1 is defined through

t±n+1
def= lim

ε→0
(tn + ∆t± ε) ∈ [tn, tn+1[ ,

where ± means either + or −, so that t−n+1 = limε→0(tn+1−ε) and t+n+1 = limε→0(tn+1+
ε), respectively. ♦

The configurations of the reference domain R = Ψ−1
t (B) and of the material body B

in the ambient space at time t = tn are assumed coincident. Moreover, incremental
ALE frameworks impose the requirement that R and B coincide with their current
configurations at t = tn, i.e. Φn = ϕn

def= id, because prior configurations are not
available. Therefore,

R = Φn(R) = ϕn(B) = B and Φn(χ) = ϕn(X) def= xn , (6.2.15)
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t = tn

(ii) Mesh motion step

ϕ−
n+1 ⇒ vn+1

ϕn(B) = B

t = t−n+1

ρn, σn, αn

ϕ−
n+1(B)

{ρ+n+1, σ
+
n+1, α

+
n+1}

cn+1=vn+1−wn+1←−−−−−−−−−−− {ρ−n+1, σ
−
n+1, α

−
n+1}

(i) Lagrangian step

(iii) Transport step

Φn(R) = R

xn

x−
n+1

Φ+
n+1 ⇒ wn+1

Φ+
n+1(R)

x+
n+1

ρ−n+1, σ
−
n+1, α

−
n+1

t = t+n+1

node relocation

ρ+n+1, σ
+
n+1, α

+
n+1

Figure 6.1: Schematic diagram of the proposed incremental operator-split ALE solution
procedure.

for all χ ∈ R and X ∈ B, where Φn(R) def= Φ(R, tn) and ϕn(B) def= ϕ(B, tn). The points
xn

def= Φn(χ) def= ϕn(X), with position vectors (o,xn) def= (o,−→oxn) ∈ TRmdim , or just

xn = −→oxn ∈ Rmdim , (6.2.16)

denotes both the locations of the reference points and the material particles in the am-
bient space at time tn with respect to the origin o ∈ S = Rmdim ; see also Remark 3.1.4.
The configurations Φn(R) = ϕn(B) are regarded as given data, meaning that the po-
sition vectors xn of all the mesh nodes are known. The situation is illustrated in
Fig. 6.1.

Once the reference domain of interest has been spatially discretized by finite elements,
the solution in time of the mechanical IBVP 6.1.3 using the particularizations of Sec-
tion 6.2.1 is carried out in calculational cycles consisting of three steps: 1. a Lagrangian
step, 2. a mesh motion step, and 3. a transport step. The time associated with the end
of the Lagrangian step is t−n+1, whereas the time associated with the end of both the
mesh motion step and the transport step is t+n+1. However, physical time elapses during
in the Lagrangian step, but is held fixed during the mesh motion and transport steps.
The time increment associated with the mesh motion and transport steps is a pseudo
time interval.
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Alg. 6.1 provides the pseudocode of the proposed incremental operator-split ALE finite
element solution procedure for quasi-static problems, which will be summarized in what
follows. The steps in Alg. 6.1 marked with “∗” have been coded by the author during
this research work, whereas the other are provided by the host application (currently
ANSYSr Release 11.0 SP1).

Step 1: Implicit Updated Lagrangian Calculation

In the first solution step, the Lagrangian step, the set of equations (6.2.11) is solved. In
particular, balance of momentum (6.2.11)2 is solved in the updated Lagrangian isopara-
metric semi-discrete weak form. The time associated with the end of the converged
Lagrangian step is t−n+1. The solution variables referring to that time are the approx-
imations to the spatial velocity field v−n+1

def= vn+1 resp. to the material displacement
field over the time increment u−n+1

def= un+1, as well as the Cauchy stress σ−n+1 and the
material state variables α−n+1 (Fig. 6.1).

Only quasi-static problems are considered, and global time integration of the finite
element equations is carried out implicitly. The Newmark-β method in conjunction
with Newton’s method is applied, which has been presented in Alg. 5.1 in Section 5.4.2.
The resulting system of linearized equations is

Ki
n+1du

i
n+1 = rin+1 , where rin+1 = f ext

n+1 −Mā− f int(uin+1) , (6.2.17)

M is the global mass matrix of the finite element assembly, f int and f ext are the global
internal and external nodal force vectors, respectively, and Ki

n+1 = D(f int(uin+1)) is
the global stiffness matrix given by (5.4.13) referring to the i-th iteration of the solution
at time t−n+1. The external nodal acceleration vector ā is required to simulate gravity
in quasi-static analysis.

Eq. (6.2.17) is solved for the solution increment of material displacements, duin+1. The
current accumulated incremental material displacements in the i-th iteration during
the Lagrangian step, ∑i

k=0 du
k
n+1, are passed to the local stress integration method

(Remark 5.4.26). The rate constitutive equation (6.2.11)3 and the evolution equations
(6.2.11)4 are then integrated in a well-established way in order to provided the Cauchy
stress σ−n+1 and the material state variables α−n+1 at the integration points of the
finite elements at time t−n+1. The general integration procedure has been outlined in
Section 5.5.

If solution has converged after the i-th global Newton iteration, the Lagrangian step
has completed and the incremental material displacements over the time increment
t−n+1 − tn are given by un+1 = ∑i

k=0 du
k
n+1. As time is a dummy parameter in quasi-

static analysis, the spatial velocity constant over the time increment can be defined
through

vn+1
def= x−n+1 − xn

t−n+1 − tn
= un+1

∆t
, (6.2.18)

which is a simple finite difference approximation. In fully transient analysis, vn+1
would be given by the global time integration scheme.
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Algorithm 6.1: Overall incremental operator-split ALE finite element solution
procedure with implicit global time integration for quasi-static problems.

Input: initial mesh, initial geometry x(t0) = x0, initial conditions u(t0) = 0,
ρ(t0) = ρ0, σ(t0) = σ0, α(t0) = α0

Output: incremental displacement u, mass density ρ, Cauchy stress σ,
material state α

1 ∗ initialize n = 0 and t = t0;
2 ∗ collect topological data required for mesh motion and transport;
3 while number of time steps n ≤ nmax resp. time tn ≤ T do
4 begin Lagrangian Step – Section 6.3, Chapter 5, and Alg. 5.1
5 re-initialize mass matrix M and stiffness matrix K;
6 compute effective loads f ext

n+1 −Mā;
7 set u0

n+1 = 0;
8 while number of Newton iteration steps i ≤ imax do
9 begin objective integration – Sections 6.3.2 and 5.5, and Alg. 5.2

10 compute corotated strain increment using uin+1;
11 corotate stress σin+1 and state variables αn;
12 ∗ integrate constitutive equation and compute material tangent;
13 ∗ obtain σi+1

n+1, αn+1 by back-rotation to current configuration;
14 compute f int(uin+1) and form vector of residuals rin+1 (6.2.17)2;
15 compute effective stiffness matrix Ki

n+1 = K̂
i

n+1 (5.4.27);
16 solve duin+1 = (Ki

n+1)−1rin+1 and update ui+1
n+1 = uin+1 + duin+1;

17 if convergence criterion met then
18 exit;
19 i← i+ 1;
20 ∗ update mass density at quadrature points (Section 6.3.1);
21 ∗ store ρ−n+1, σ

−
n+1, α

−
n+1;

22 ∗ update and store geometry x−n+1 = xn + un+1;
23 ∗ time update t−n+1 = tn + ∆t;

24 begin Mesh Motion Step – Section 6.4
25 ∗ fix corner nodes and relocate boundary nodes (Alg. 6.3);
26 ∗ loop mesh elements and evaluate element quality Q;
27 ∗ if Q < Qmin then flag nodes of the element;
28 ∗ relocate flagged internal nodes (Section 6.4.3 and Alg. 6.5);
29 ∗ obtain and store smoothed geometry x+

n+1;

30 begin Transport Step – Section 6.5
31 ∗ gather elements affected by mesh motion step;
32 ∗ advect ρ−n+1, σ

−
n+1, α

−
n+1 by finite volume scheme (Alg. 6.6);

33 ∗ obtain and store ρ+
n+1, σ

+
n+1, α

+
n+1 ;

34 ∗ n← n+ 1 (time update tn ← t+n+1);
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The mass density is an additional variable in ALE methods. The mass matrix M is
computed based on the mass density stored at the quadrature points and the geometry
of the finite element model at time tn associated with the beginning of the Lagrangian
step. As no mass flux occurs during the interval [tn, t−n+1], the mass density is constant
over that interval, that is, ρ−n+1 = ρn.

Step 2: Smoothing of the Distorted Mesh

In the second solution step, referred to as the mesh motion step, the selected nodes of
the finite element mesh are relocated with the intention to reduce the amount of element
distortion occurred in the Lagrangian step. Suitable mesh smoothing or optimization
techniques are applied that do not change the mesh topology. Basically, the mesh
motion step provides the mesh velocity resp. relative velocity w, which is the spatial
velocity of the relative map Φt : R → S. The mesh velocity thus generates the time-
dependent flow Φt ◦ Φ−1

s : Φs(R)→ Φt(R) ⊂ S, for all t, s ∈ [t0, T ]; see Section 3.1.

Definition 6.2.19. In ordinary Rmdim , themesh flow or incremental mesh motion over
the time step ∆t = t+n+1 − tn is defined through

Φ+
n+1 ◦ Φ−1

n : Φn(R)→ Φ+
n+1(R) ⊂ Rmdim

xn 7→ x+
n+1 = xn +

∫ t+n+1

tn
w dt ,

in which Φ+
n+1(R) def= Φ(R, t+n+1) is the mesh configuration at time t+n+1, and Φn(R) = R

is the configuration of the mesh at time tn, the beginning of the Lagrangian step
(Fig. 6.1). The incremental mesh flow is required to be a homeomorphism, that is, a
bijective and continuous map between Φn(R) and Φ+

n+1(R) which preserves topology
of the mesh. x+

n+1 is the position vector of the point x+
n+1

def= Φ+
n+1(Φ−1

n (xn)). In the
ALE finite element treatment, x+

n+1 denotes the location of a node at time t+n+1, and
the totality of all x+

n+1 represents the mesh configuration after the mesh motion step.♦

The calculation of the discrete mesh velocity w over ∆t from
∫ t+n+1
tn w dt = x+

n+1 − xn
is not obvious. The intuitive definition, which has been naturally used by several
investigators, employs a finite difference approximation:

wn+1
def= x+

n+1 − xn
∆t

. (6.2.20)

Step 3: Remap Onto the Updated Mesh

In the transport step, which is the last step of each calculational cycle of the operator-
split ALE solution procedure, the mass density, momentum, Cauchy stress, and the
material state variables obtained after the Lagrangian step are remapped onto the up-
dated mesh according to the equations (6.2.10). Momentum transport is not necessary
because only quasi-static problems are considered. Since no physical time is associ-
ated with the transport step, the transport constitutes an instantaneous projection
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(remap) of the solution variables from the old mesh Φ(R, t−n+1) onto the modified mesh
Φ(R, t+n+1):

{J−n+1, σ
−
n+1, α

−
n+1}

∣∣∣
Φ(R,t−n+1)

−→ {J+
n+1, σ

+
n+1, α

+
n+1}

∣∣∣
Φ(R,t+n+1)

, (6.2.21)

in which the Jacobian J is related to the mass density ρ by Proposition 3.2.18(i), that is,
ρ = ρrefJ

−1. The remap (6.2.21) is generally a function of the two mesh configurations
Φ−n+1(R) and Φ+

n+1(R) before and after the mesh motion step. However, time and
geometry are kept fixed during the transport step. Therefore, the transport step can
be regarded a pseudo-Eulerian calculation using the convective velocity c.
Proposition 6.2.22. In quasi-static analysis the convective velocity over the time step
∆t = tn+1 − tn is

cn+1 = x−n+1 − x+
n+1

∆t
.

Proof. By (6.2.18) and (6.2.20) in conjunction with (6.1.2). �

The construction of the projection (6.2.21) governed by the set of equations (6.2.10)
can be based on the fact that the mesh topology does not change, and that elements
have the same neighbors during the entire solution process. In this case, methods
proposed by the computational fluid dynamics community can be employed in order
to implement projections with highly desirable properties.
Remark 6.2.23. Equilibrium of the finite element system iterated during the La-
grangian step will be somewhat disrupted depending on the accuracy of the transport
step. However, investigations showed that the spurious residual forces related to the
transport step are small and practically do not affect solution quality [Rodríguez-Ferran
et al., 1998]. Moreover, any discrepancy present is naturally resolved during the next
Lagrangian step. 4

Remark 6.2.24. If the convective velocity is computed from 6.2.22, it can likewise
be interpreted as the negative mesh velocity over the pseudo time interval [t−n+1, t

+
n+1]

elapsing during the transport step. On occasion this viewpoint would be more conve-
nient. 4

6.3 Lagrangian Step

Without any additional storage, the material motion is known only for the short time
duration of the Lagrangian step in an operator-split ALE method. That is, even
though the operator-split defines a purely Lagrangian step, in which mass conservation
is automatically satisfied, this step relies on the current and not on a past configuration.
Therefore, once balance of momentum (6.2.11)2 resp. (6.2.17) has been solved for the
incremental displacements, incremental procedures must update the stress, the material
state, the mass density, and any other variable associated with material motion that
needs to be known. The specific definitions and results of Section 5.5 are employed.
The time associated with the end of the Lagrangian step is t−n+1 defined through 6.2.14.
However, in order to ease notation the superscripted “−” will be suppressed.
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6.3.1 Evolution of Mass Density

While changes in mass density along with deformation of metals and other materials are
often regarded negligible, they play a crucial role in soil mechanics and the mechanics of
granular material. The mass density of a sand specimen, for example, is closely related
to its void ratio (cf. Section 4.2). The void ratio, on the other hand, constitutes an
essential internal state variable when it comes to realistic modeling of the mechanical
behavior of sand. In cases where the mesh and material motions are uncoupled, as
in the Eulerian and ALE finite element methods, mass of the system in generally not
conserved. Hence, (6.2.9)1 or equivalently (6.2.5) must be integrated over the time
increment [tn, tn+1] in the Lagrangian step. Clearly, a solution is required to the initial
value problem

J̇(x, t) = J(x, t) trd(x, t) , subject to J(x, tn) = Jn(x) (6.3.1)

for all t ∈ [tn, tn+1]. Recall that trd = div v. In order to simplify the notation, J(x, t) is
written here in place of the correct (J ◦ϕ−1)(Φ(χ, t), t) = (J ◦Ψ)(χ, t), with x = Φ(χ, t),
and χ ∈ R denoting the reference points.

Different procedures have been implemented into the ALE method in order to integrate
the rate of the Jacobian over the time increment [tn, tn+1]. Consider an approximation
to the solution at time tn+1 by the generalized midpoint rule (A.3.6):

Jn+1
def= Jn + ∆Jn+θ , with θ ∈ [0, 1] . (6.3.2)

The increment ∆Jn+θ generally depends on variables taken with respect to a configu-
ration

ϕn+θ(B) = θϕn+1(B) + (1− θ)ϕn(B) , (6.3.3)
which linearly interpolates ϕn(B) and ϕn+1(B), see Section 5.5.1. By the evolution
equation (6.3.1)1 and Definition 5.5.11, the increment of the Jacobian over the time
step can be approximated through

∆Jn+θ = Jn+θ tr(dn+θ∆t) = Jn+θ tr∆ẽn+θ , (6.3.4)

where ∆ẽn+θ denotes the algorithmic finite strain increment, and

Jn+θ = θJn+1 + (1− θ)Jn , (6.3.5)

in accordance with (6.3.3). Substitution into (6.3.2) then gives

Jn+1 = Jn (1− θ tr∆ẽn+θ)−1(1 + (1− θ)tr∆ẽn+θ) . (6.3.6)

The purely explicit (θ = 0) and implicit (θ = 1) procedures are special cases of (6.3.6),
but they result in a first-order approximation to the Jacobian at time tn+1. Therefore,
if displacement increments grow larger, the quality of the approximation deteriorates.
A formally second-order approximation can be achieved by the midpoint rule, i.e. by
setting θ = 1

2 in (6.3.6), so that

Jn+1 = Jn (1− 1
2 tr∆ẽn+1/2)−1(1 + 1

2 tr∆ẽn+1/2) . (6.3.7)
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Here ∆ẽn+1/2 is the midpoint strain increment determined from (5.5.12), which is a
second-order approximation to the finite strain increment (5.5.5). A proof can be
found in [Hughes, 1984, p. 49].

Recall that for any proper orthogonal transformation R, the principle invariants of the
corotated rate of deformation tensor, R?d, are identical to those of d. In particular,
trd = tr(R?d) holds. Therefore, by noting that the Jacobian likewise is an honest
scalar not affected by rotations, the formulas above apply without changes if the rate
of the Jacobian is to be integrated in a corotated description (Alg. 5.2). In this case,
(6.3.7) is replaced with the equivalent formula

Jn+1 = Jn (1− 1
2 tr∆En+1/2)−1(1 + 1

2 tr∆En+1/2) , (6.3.8)

where ∆En+1/2 is the corotated midpoint strain increment.

6.3.2 Evolution of Stress and Material State

The evaluation of the new stress and material state within the Lagrangian step is carried
out by integrating (6.2.11)3 over the time step [tn, tn+1], where tn+1 = tn + ∆t. While
Section 5.5 describes the stress and material state update rather generally, the present
section provides more details on the integration of the hypoplastic model for sand
(Section 4.3). Concerning integration of the hypoelastic model of grade zero (4.1.23)
and the hypoelasto-J2-plastic model with linear isotropic hardening (Section 4.1.3),
which have also been implemented by the author into the ALE framework, the reader
is referred to [Hughes, 1984] for details.

As the ALE framework was intended to be added to the commercial FE code ANSYSr,
the stress and material state update must fit to the objective integration algorithm 5.2
[XANSYS Mailing List, 2004]. According to this algorithm, all variables are trans-
formed to the virtually corotated (or unrotated) configuration of the material body,
i.e. to the R-system associated with the corotational stress rate used. After rota-
tion, the rate constitutive equation is integrated in the corotating system by common
methods, and then rotated back to the current configuration of the body.

Hypoplastic Model for Isotropic Sand

The current ALE finite element framework can account for isotropic sand response at
large deformations under monotonic and cyclic loading by providing the hypoplastic
model with the intergranular strain concept introduced in Section 4.3. This spatial
rate constitutive equation specifies the Cauchy stress σ, the void ratio e, and the
a so-called intergranular strain δ as internal state variables, and prescribes response
functions for their objective rates. In the Lagrangian step of the operator-split ALE
solution procedure (cf. Section 6.1), these evolution equations are given by

◦
σZJ = m(σ, g, e, δ) : d , ė = (1 + e) trd , and

◦
δZJ = j(δ, g,d) , (6.3.9)
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respectively, where values of m(σ, g, e, δ) represent the material tangent tensor pre-
scribed by (4.3.22), and j(δ, g,d) takes the form of (4.3.18). Indeed, Cauchy stress
associated with sand is the effective stress in terms of (4.2.6), thus σ def= σ′ being
understood in this section. Moreover, σ def= σ], d def= d[, and δ def= δ[ as usual.

Eq. (6.3.9) subject to the initial condition {σ, e, δ}|t=tn = {σn, en, δn} phrases an
initial value problem. The evolution equations of the stress and the state variables
have to be integrated over the incremental time interval [tn, tn+1] both simultaneously
and objectively. Let time be discretized such that tn+1 = tn + ∆t. Application of
the general objective integration algorithm 5.2 in combination with the generalized
midpoint rule (A.3.6) then results in the following set of equations:

σn+1 = Rn+1 · (Sn + ∆Sn+θ) ·RT
n+1 ,

en+1 = en + ∆en+θ ,

δn+1 = Rn+1 · (Hn + ∆Hn+θ) ·RT
n+1 .

(6.3.10)

The input variables to the integration algorithm include the corotated stress Sn+θ =
RT

n+θ ·σn+θ ·Rn+θ, the corotated intergranular strain Hn
def= R?

nδn = RT
n ·δn ·Rn, and

the void ratio en, all at time t = tn, as well as the corotated midpoint strain increment
given by (5.5.18). Recall that, since the void ratio is an honest scalar, rotation does
not affect en+1. The procedures implemented in the ALE framework to evaluate Sn+1,
en+1, and Hn+1 are presented next.

The forward Euler method is currently used for the explicit stress update [cf. Nübel and
Niemunis, 1999], so θ = 0 in (6.3.10)1 being understood. In order to retain stability
of the algorithm, the time increment is divided into constant subincrements defined
through dt

def= ∆t/msub, msub ≥ 1. Estimates for msub resp. dt are presented below.
The corotated midpoint strain increment is constant in time over the increment and
assumed to be given. Therefore, it can be expressed as the sum

∆En+1/2 =
∑
msub

dEn+1/2 , where dEn+1/2
def= m−1

sub ∆En+1/2 . (6.3.11)

The stress at the (i+ 1)-th subincrement in [tn, tn+1] is given by

Si+1
n+1 = Si

n+1 + dSi
n+1 = Sn + ∆Si

n , in which ∆Si
n

def=
i∑

k=0
dSk

n+1 , (6.3.12)

and i ∈ {0, . . . ,msub−1} ⊂ N. The substepping procedure is initialized by Si=0
n+1 = Sn

and it closes by setting Sn+1 = Smsub
n+1 . Since stress update is explicit, the hypoplastic

stress subincrement can be determined from

dSi
n+1 = m(Si

n+1,G
i
n+1, e

i
n+1,H

i
n+1) : dEn+1/2 . (6.3.13)

By isotropy of the functionm, the particular expression (4.3.22) ofm(σ, g, e, δ) is func-
tionally identical to that of m(Si

n+1,G
i
n+1, e

i
n+1,H

i
n+1). A small amount of artificial

capillary pressure pc can be subtracted from the stress state Si
n+1 in order to improve
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the stability of stress integration at very low mean effective stress levels. In this case,
(6.3.13) becomes

dSi
n+1 = m(S̄i

n+1,G
i
n+1, e

i
n+1,H

i
n+1) : dEn+1/2 , (6.3.14)

where S̄
i

n+1
def= Si

n+1 − pcI.

It can be seen from (6.3.13) resp. (6.3.14) that evaluation of the hypoplastic stress
subincrement dSi

n+1 requires not only the current corotated stress state Si
n+1 but

also the corotated spatial metric, Gn+θ, the void ratio ein+1, as well as the corotated
intergranular strain Hi

n+1 of the i-th subincrement. The corotated spatial metric must
be passed to the integration algorithm in case where tensor invariants or vector norms
need to be computed with respect to curvilinear coordinate systems. However, evalua-
tion of the metric is trivial if global Cartesian coordinates would be used because then,
Gi

n+1 = I.

As discussed in Section 4.2, the void ratio constitutes an essential internal state variable
of sand and granular material when it comes to realistic modeling of its mechanical
behavior. Hence, the accuracy of the numerical procedure that integrates the initial
value problem

ė(x, t) = (1 + e(x, t)) trd(x, t) , subject to e(x, tn) = en(x) (6.3.15)

for all t ∈ [tn, tn+1], where x = Φ(χ, t) are the current locations of the reference points
χ ∈ R, plays an important role.

Consider a subincremental decomposition of the the void ratio which is again compat-
ible with stress substepping (6.3.12). Then, application of the generalized midpoint
rule yields

ei+1
n+1

def= ein+1 + dei+θn+1 = en + ∆ein+θ , where ∆ein+θ
def=

i∑
k=0

dek+θ
n+1 , (6.3.16)

i ∈ {0, . . . ,msub − 1}, and θ ∈ [0, 1]. In order to reduce the amount of symbols, the
superscript indicating the subincrement is suppressed in the following. The increment
∆en+θ generally depends on variables taken with respect to an intermediate configu-
ration of the body, as defined in Section 5.5.1. By the evolution equation of the void
ratio (6.3.15)1, the increment of the void ratio constant over the time step can be
approximated through

∆en+θ = (1 + en+θ) tr∆ẽn+1/2 = (1 + en+θ) tr∆En+1/2 , (6.3.17)

where en+θ = θen+1 + (1 − θ)en by the generalized midpoint rule. Choosing θ =
1
2 represents the midpoint rule which, after some algebraic manipulation, yields the
second-order formula

en+1 = (1− 1
2 tr∆En+1/2)−1((1 + 1

2 tr∆En+1/2) en + tr∆En+1/2) . (6.3.18)

The update of integranular strain is governed by (6.3.10)3. Explicit and implicit proce-
dures are available to integrate intergranular strain in the corotated description. The
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local integration procedures split the time increment ∆t = tn+1 − tn of global time
integration into msub equal subincrements dt = ∆t/msub. The time at the end of the
i-th subincrement, where i ∈ {0, . . . ,msub − 1} ⊂ N, is then defined through

tin+1
def= tn + i

msub
∆t = tn + i dt , (6.3.19)

with ti=0
n+1 = tn and tn+1 = tmsub

n+1 . Subincrements of corotated intergranular strain,
stress, and void ratio are required to be compatible. By the generalized midpoint rule,
then, the corotated intergranular strain at the (i+1)-th subincrement can be expressed
as

Hi+1
n+1

def= Hi
n+1 +dHi+θ

n+1 = Hn+∆Hi
n+θ , in which ∆Hi

n+θ
def=

i∑
k=0

dHk+θ
n+1 . (6.3.20)

The subincrement dHi+θ
n+1 generally depends on variables taken with respect to the

configuration of the body at a conceptual intermediate time

ti+θn+1
def= θti+1

n+1 + (1− θ)tin+1 = tn + (i+ θ)dt = tn + i+θ
msub

∆t , (6.3.21)

where θ ∈ [0, 1]. Recall that configurations of the body have been determined only at
times tn and tn+1 = tn + ∆t through time integration of the global initial boundary
value problem; cf. Section 5.4.2. Therefore, the intermediate configuration at time
ti+θn+1 ∈ [tn, tn+1] is defined by the linear interpolation

ϕi+θn+1(B) def= i+θ
msub

ϕn+1(B) +
(
1− i+θ

msub

)
ϕn(B) . (6.3.22)

For the choice θ = 0, integration over subincrements is carried out explicitly, whereas
θ = 1 gives an implicit integration algorithm. At i = 0 and i + 1 = msub one sets
Hi=0
n+1 = Hn and Hn+1 = Hmsub

n+1 , respectively.

The explicit integration algorithm for intergranular strain, which stipulates θ = 0 in
(6.3.20), is based on a forward Euler approximation of its rate according to (A.3.3).
This is similar to the explicit stress update algorithm, in which the hypoplastic stress
subincrement is determined from (6.3.13). Therefore, by considering the evolution
equation for intergranular strain, (6.3.9)2, and noting that the function j, by (4.3.18),
is isotropic in all arguments, one has

dHi
n+1 = j(Hi

n+1,G
i
n+1,Dn+1/2) dt def= ̃(Hi

n+1,G
i
n+1, dEn+1/2) , (6.3.23)

where dEn+1/2 = Dn+1/2 dt, and Dn+1/2 = RT
n+1/2 · dn+1/2 ·Rn+1/2 is the corotated

rate of deformation tensor associated with the midpoint configuration. An explicit
procedure is also employed for sudden changes in loading direction, at which δ̃] : d ≤ 0
holds and (4.3.18)2 applies:

Hi+1
n+1 = Hi

n+1 + dHi
n+1 , with dHi

n+1 = dEn+1/2 . (6.3.24)

Because of the strong nonlinearity of the response function of integranular strain rate,
(4.3.18), and due to the fact that the forward Euler method is only conditionally stable,
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an implicit integration procedure has been developed for the case where δ̃] : d > 0,
with δ̃ = δ/‖δ‖ [cf. Niemunis, 2003, p. 106]. The type of loading associated with this
condition is handled by Eq. (4.3.18)1, which can be written as

◦
δZJ = j(δ, g,d) =

(
1− ρβr δ̃ ⊗ δ̃

)
: d (6.3.25)

where 1 is the fourth-order symmetric identity tensor, ρ = ‖δ‖/R, and both βr and R
are material constants. The operators indicating tensor index raising and lowering have
been suppressed for brevity. In consideration of (6.3.20) and θ = 1, which corresponds
to the backward Euler scheme (A.3.5), the incrementally objective approximation to
(6.3.25) in the corotated description takes the form

dHi+1
n+1 =

(
1− ρβr

‖Hi+1
n+1‖2 H

i+1
n+1 ⊗Hi+1

n+1

)
: dEn+1/2 , (6.3.26)

where ρβr = f(Hi+1
n+1,G

i+1
n+1), and Hi+1

n+1 being the only unknown. Accordingly, (6.3.26)
can be written as

dHi+1
n+1 = f (Hi+1

n+1) : dEn+1/2 , (6.3.27)
in which

f (Hi+1
n+1) def= 1− ρβr

‖Hi+1
n+1‖2 H

i+1
n+1 ⊗Hi+1

n+1 . (6.3.28)

The function f is fourth-order tensor-valued, symmetric, isotropic and nonlinear in H.

Note that (6.3.27) cannot be solved in closed-form because f (Hi+1
n+1) implicitly depends

on dHi+1
n+1 through Hi+1

n+1 = Hi
n+1 + dHi+1

n+1. Let f be Fréchet-differentiable at Hi
n+1,

then the linearization of f (Hi+1
n+1) about Hi

n+1 results in

f (Hi+1
n+1) ≈ f (Hi

n+1) +Df in+1 : dHi+1
n+1 , where Df in+1 = ∂f (Hi

n+1)
∂Hi

n+1
. (6.3.29)

Substitution in (6.3.27) and rearrangement then yields the closed-form expression

dHi+1
n+1 =

(
1−Df in+1 : dEn+1/2

)−1
: f (Hi

n+1) : dEn+1/2 . (6.3.30)

It remains to estimate the number of subincrements, msub = ∆t/dt, used for substep-
ping integration of the hypoplastic model. Two cases are distinguished, depending
on whether the intergranular strain extension (see Section 4.3.2) is activated or not
[Nübel and Niemunis, 1999]. If intergranular strain is inactive, the hypoplastic rate
constitutive equation reduces to the reference model introduced in Section 4.3.1. In
this case, the number of subincrements is defined as a function of the norm of the strain
increment through

msub = sub1 , where sub1
def= max

(
nint

(
‖∆En+1/2‖

a

)
, 1
)
, (6.3.31)

and a > 0; a = 0.0001 as been chosen for the numerical examples in Chapter 8. The
function nint(·) returns the nearest integer to its argument, and max(·, ·) returns the
maximum of the two arguments.
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Special estimates of the number of subincrements are used in the second case where in-
tergranular strain, δ, is activated, i.e. when the fully-fledged hypoplastic rate constitu-
tive equation introduced in Section 4.3.2 is employed; cf. [Niemunis, 2003, pp. 105–106]
and [Nübel and Niemunis, 1999]. The estimates depend on the norm of intergranular
strain, on the relative loading direction δ : d = H : D, and on the material constants
R and βr. In particular, define

sub2
def=


max

(
sub1 , nint

(∣∣∣1−ρβr

0.1R

∣∣∣ ‖∆En+1/2‖
))

for H : D > 0 and ρ < 1 ,
sub1 for H : D > 0 and ρ ≥ 1 ,
submax

def= nint
(

1
µR
‖∆En+1/2‖

)
, 0 < µ < 1 for H : D ≤ 0 .

(6.3.32)
Note that the condition H : D > 0 (resp. H : D ≤ 0) is equivalent to the condition
employed in (4.3.18), δ̃ : d > 0 (resp. δ̃ : d ≤ 0), with δ̃ = δ/‖δ‖. The meaning of
these and the conditions ρ < 1 and ρ ≥ 1 is illustrated in Section 4.3.2. Recall from
Section 4.3.2 that the scalar ρ = ‖δ‖/R = ‖H‖/R denotes the normalized magnitude
of intergranular strain, R represents the norm of maximum intergranular strain, and
βr is an exponent that controls the rate of δ. The choice µ = 0.1 to the parameter in
(6.3.32)3 is used throughout, but µ = 0.2 also worked fine [Niemunis, 2003, p. 106].

The estimate sub2 is a function only of ρ, R and βr, but not of the relative loading
direction H : D. In order to modify the number of substeps with respect to the relative
loading direction, let

sub3
def= nint

(
∆t

dt′

)
, (6.3.33)

and define dt′, representing an estimate of substep size, through

dt′
def=


∆t
submax

+ submax−sub2
sub2 submax‖Hn‖ ‖∆En+1/2‖

Hn : ∆En+1/2 for H : D ≥ 0 and ρ > 0 ,
∆t

sub2
else.

(6.3.34)
Then finally, msub = sub3 is set for the case where intergranular strain is active.

Rotation Required for the Corotated Description

If integration of the stress and material state variables at finite deformations is carried
out in a corotated description according to Section 5.5, then at each time a rotation
tensor R must be determined. In the incremental ALE framework proposed in this
thesis, the vorticity of motion ω is taken as the spin tensor and the current configuration
at time tn serves as the reference configuration, i.e. B = ϕn(B). By this, (4.1.13) takes
the particular form

Ṙ = ω ·R , with R|t=tn = I . (6.3.35)

Due to the non-Lagrangian view of material deformation, any data of configurations
prior to tn is getting lost if not stored and transported properly. In particular, the
deformation gradient Fn = Rn · Un and the rotation Rn related to the configuration
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at time tn boil down to the identity map. Based on this observation, two methods
have been implemented to determine the rotation Rn+1 = ∆R associated with the
Zaremba-Jaumann rate. The first method computes the incremental rotation according
to Hughes and Winget [1980], whereas the second is the polar decomposition algorithm
of Simo and Hughes [1998, p. 244]. That is, the user can choose from either

Rn+1 = (I − 1
2∆r̃n+1/2)−1(I + 1

2∆r̃n+1/2) or Rn+1 = Rn+1 , (6.3.36)

where ∆r̃n+1/2 is the rotation increment according to (5.5.17)2, and Rn+1 is obtained
from the polar decomposition of the incremental deformation gradient, fn+1.

6.4 Mesh Motion Step

In the operator-split ALE finite element solution procedure, the deformed geometry
at the beginning of the mesh motion step is represented by the position vectors of the
nodes x−n+1

def= x− at the end of the Lagrangian step. Thereafter, a motion can be
prescribed to the element mesh in order to improve mesh quality. This mesh motion
step, which will be established in the following section, provides the geometry at time
t+n+1

def= t+ represented by the position vectors of the (probably relocated) nodes x+
n+1

def=
x+. The mesh motion step leaves mesh connectivity unchanged.

In the following section, some basic terminology and tools concerning mesh improve-
ment will be introduced, and the smoothing algorithms for triangle meshes currently
implemented in the ALE framework will be outlined. For the related topic of mesh
generation methods and mesh postprocessing the interested reader is referred to the
literature [e.g. Ho-Le, 1988; Thompson et al., 1999; Frey and George, 2000; George
et al., 2004]. The terminology of Section A.1 is employed and the two-dimensional
case will be considered in applications. The underlying finite element mesh is assumed
to be composed of 3-node triangles (simplicial mesh). Concerning the evaluation of
geometric primitives for triangles in R2, the reader is referred to Appendix B.

6.4.1 General Remarks and Mesh Improvement Procedure

The main objective of the mesh motion step is the improvement of the underlying finite
element mesh. Mesh improvement becomes necessary in all mesh-based methods, at
least in postprocessing the originally generated mesh. This is because the kernel of
mesh generators generally does not produce meshes that meet all users’ requirements.
The generic mesh improvement procedure is summarized in Alg. 6.2.

Mesh improvement is usually initiated if a quality measure drops below a certain value
which could have been specified by the user. Typical quality measures are defined
locally and are based on either geometric (resp. a priori) or physical (resp. a posteriori)
criteria. Physical quality measures are employed in the adaptive versions of FEM,
which will not be discussed here. Geometric quality measures, on the other hand,
can be evaluated independently of the finite element solution and usually at lower
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Algorithm 6.2: Generic mesh improvement procedure.
Input: nodal locations and connectivity of the mesh
Output: improved mesh

1 initialize i = 0, choose quality measure, specify Qmin;
2 while global iteration step i ≤ imax do
3 loop mesh entities and evaluate quality Q;
4 if Q < Qmin then flag mesh entity;
5 foreach flagged mesh entity do
6 apply local improvement tool;
7 i← i+ 1;

computational costs. Theoretical background related to these measures and examples
for different kinds of elements can be found in [e.g. Liu and Joe, 1994; Field, 2000; Frey
and George, 2000; Knupp, 2001, 2003; Erhart, 2004]. Stated loosely, a geometrically
high quality mesh is made up of more or less equal-sized elements with low distortion.

The mesh motion step of the current ALE method adopts the generic mesh improve-
ment procedure (Alg. 6.2). By assuming a 3-node triangle mesh (cf. Appendix B),
the elements in the mesh are looped and then a quality check is carried out for each
element. The nodes of poor elements that should be moved are flagged.

Definition 6.4.1. Let N (M) be the set of all nodes in a meshM and P ∈ N (M).
Moreover, let QΩ be the geometric quality of element Ω ∈ M and Qmin a minimal
acceptable quality which could have been specified by the user. Then, the set of
flagged nodes intended for relocation is defined through

N ′ def= {P ∈ N (M) |P ∈ N (Ω) and Ω ∈M and QΩ < Qmin} ⊂ N . ♦

The implemented element quality measure is the weighted average of two normalized
element quality measures:

Q̄
def= 1

2(Q1 +Q2) ∈ [0, 1] , (6.4.2)

where [cf. Field, 2000, eq. (3)]

Q1(x0,x1,x2) def= 2r
R

∈ [0, 1] (6.4.3)

and [cf. Erhart, 2004, eq. (4.9)]

Q2(x0,x1,x2) def= 1− max
k∈{0,1,2}


60◦−αk

60◦ for 0◦ ≤ αk ≤ 60◦
1
2
αk−60◦

60◦ for 60◦ < αk ≤ 180◦
∈ [0, 1] . (6.4.4)

Here r and R are the unique incircle and circumcircle of the associated simplex, re-
spectively, αk, with k ∈ {0, 1, 2}, are the internal angles, and x0,x1,x2 ∈ Rm being
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the positions of the element nodes. Both quality measures, Q1 and Q2, incorporate an
explicit comparison with the optimal equilateral triangle (i.e. Q̄ def= 1), for which

R = 2r and αk = 60◦, for all k ∈ {0, 1, 2} . (6.4.5)

Note thatQ1 is directly applicable to tetrahedra (3-simplices). The formulas to evaluate
R, r, and αk are listed in Appendix B.

The quality improvement of a mesh can be governed by quality evolution and is done
by repeated application of appropriate tools. The choice of a tool is crucial for the
success of the overall procedure. Most of the improvement tools process the mesh only
locally, by modifying either the connectivity (topology) or the node positions of a mesh
entity (edge, element, or ball). Attention must be also drawn to the strategy in order
to globally improve the mesh. Any improved mesh entity may deteriorate the quality
of neighboring entities. It might thus be more effective to process randomly picked
mesh entities instead of all starting from the first and going to the last.

Definition 6.4.6. Let N denote the set of nodes in a two-dimensional meshM. The
set of nodes included in the interior of the mesh, int(M), is denoted by Nint, and the
elements of Nint are referred to as the internal nodes of the mesh. The nodes contained
in the mesh boundary ∂M are called boundary nodes, and the set of all boundary nodes
inM is written N∂. Obviously, N = Nint∪N∂. Boundary nodes that essentially define
the shape of the meshed domain are called corner nodes, and are contained in the set
N∂∂ ⊂ N∂. Corner nodes divide the boundary into a number of distinct mesh edges
consisting of edge nodes lying in the interior of the mesh edges. The set of all edge
nodes inM, denoted by Nedg, is then defined through

N∂∂
def= N∂\Nedg .

If the boundary of a mesh M is given as the disjoint union ∂M = ⋃nbnd
j=1 ∂jM of

nbnd ∈ N sub-boundaries ∂jM, then the definitions of the boundary, corner, and edges
nodes carry over to every sub-boundary: N j

∂∂ = N j
∂\N

j
edg. ♦

Definition 6.4.7. The ball or cluster of elements associated with some node P0 ∈ N ,
with N = Nint ∪ N∂, is the disjoint union B0

def= ⋃
nel Ω of all elements Ω in a mesh

sharing P0 as a node, and then that node is referred to as the vertex of the ball. A ball
is called closed if P0 ∈ Nint, and open if P0 ∈ N∂. ♦

Smoothing is intended to improve overall mesh quality by node relocation. It represents
a class of homeomorphic (i.e. bijective and continuous) maps between meshes which
keep the local connectivity of elements and nodes, as well as the global topology of
the original mesh unchanged. Smoothing that achieves a quality mesh in terms of
geometric measures is also referred to as mesh regularization, whereas the incorporation
of physical solution error estimates leads to the notion of adaptive smoothing. Adaptive
smoothing is the central issue of r-adaptive finite element and finite difference methods,
but is left unconsidered in the current arbitrary Lagrangian-Eulerian method. The
success of this method is primarily determined by the smoothing procedure, hence it
can be regarded as the most important task in the development.
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Automatic mesh regularization methods which are not governed by quality evolution
are called direct or heuristic smoothing algorithms. Examples include Laplacian smooth-
ing [Buell and Bush, 1973; Field, 1988; Freitag, 1997; Knupp, 1999; Frey and George,
2000], smoothing by weighted averaging [Aymone et al., 2001; Aymone, 2004] and Giu-
liani’s method [Giuliani, 1982]. These methods provide closed-form expressions for
the new node location which is supposed to smooth the associated ball of elements.
Even though these methods are numerically attractive, they cannot ensure quality im-
provement for general cases. As will be shown in Chapter 8, the heuristic smoothing
algorithms proposed by Aymone et al. [2001] and Giuliani [1982], for example, fail on
a non-convexly distorted mesh.

Another class of smoothing algorithms is referred to as physically-based smoothing. In
these algorithms, physical properties are assigned to the mesh entities, and then a
specific initial boundary value problem is solved over a dummy time step in order to
determine the nodal displacements. Examples of physically-based smoothing methods
are proposed by Löhner et al. [1986], Belytschko et al. [2000, sec. 7.10.6], and Nazem
et al. [2006, 2008]. The success of such a procedure, however, is by pure chance. It
cannot be ensured that any mesh processed is not worse than before.

The drawbacks of heuristic and physically-based smoothing methods when dealing with
non-convex meshes can be avoided if the appropriate new node positions are determined
from optimization. In contrast to the other two approaches, optimization-based smooth-
ing algorithms are governed by geometric quality evolution [see, for example, Kennon
and Dulikravich, 1986; Dari and Buscaglia, 1993; Zavattieri et al., 1996; Joun and Lee,
1997; Braess, 2000; Braess and Wriggers, 2000; Knupp et al., 2002; Dyadechko et al.,
2005]. A single quality measure or combinations are the basic ingredients in the defi-
nition of an objective function whose minimum is associated with a properly smoothed
mesh, or a part of it.

The distinction between the internal nodes and the boundary nodes of a mesh is crucial
for the development of an overall smoothing procedure. It is generally recommended to
process the boundary nodes before the internal nodes, like in initial mesh generation.
Unfortunately, the algorithms intended to smooth the interior of a mesh are generally
not directly applicable to the boundary mesh, and vice versa. One reason for this is
the constraint (6.2.7), which requires boundary nodes to remain on the boundary of
the computational domain. The algorithms to smooth the boundaries should force this
constraint, at least approximately. Simple averaging or weighted averaging is sufficient
in most cases.

6.4.2 Smoothing of the Boundary Mesh

The profit of appropriate smoothing schemes for internal nodes is limited if the bound-
aries remain distorted. In many cases it would be even more effective to smooth the
boundaries prior to the interior of a mesh. The boundary smoother, however, must
leave the positions of corner nodes unchanged, because they define the shape of the com-
putational domain (cf. Definition 6.4.6). The boundaries of two-dimensional meshes
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can simply be smoothed by heuristic procedures in order to improve the quality of the
complete mesh considerably. Such a procedure can be found in [Aymone et al., 2001],
which is outlined next.

The open ball B0 of a boundary node P0 ∈ (N ′ ∩ Nedg) intended for relocation in a
two-dimensional mesh consists of a one-dimensional boundary curve formed by two
element edges and at least three nodes, depending on the order of interpolation. The
boundary node P0 intended for relocation has two neighbors, P1 and P2, which lie on
the boundary. The boundary curve through (P1, P0, P2) is piecewise linear. However,
to smooth the boundary curve, assume that the three points lie on a sufficiently smooth
curve

c : R ⊃ [−1, 1] → S = R2

ξ 7→ c(ξ) , ∃c−1 ,
(6.4.8)

in which the inverse c−1 gives the natural coordinate ξ of a point on the curve. Let
O ∈ S be an arbitrary point, and (S,R2) be the standard 2-dimensional Euclidian
point space associated with S. Then the curve (6.4.8) on S defines the one-parameter
family of position vectors

(
O,
−−−→
Oc(ξ)

)
def= (O,x(ξ)) def=

(
x(ξ)
y(ξ)

)
O

∈ TR2 , (6.4.9)

with ξ ∈ [−1, 1] and x(ξ) = (x(ξ), y(ξ))T ∈ R2.

A straightforward quality measure for the distortion of the boundary curve through
(P1, P0, P2) is

Qbnd
def= min(d1, d2)

max(d1, d2) ∈ [0, 1] , (6.4.10)

which involves the distances d1 and d2 defined through

d1
def= d(P0, P1) = ‖x1 − x0‖ =

√
(x1 − x0)2 + (y1 − y0)2 and

d2
def= d(P0, P2) = ‖x2 − x0‖ =

√
(x2 − x0)2 + (y2 − y0)2 ,

(6.4.11)

respectively. xI is the position vector of the node PI , I ∈ {0, 1, 2}, with respect to O.
On a good quality resp. smoothed boundary, the location of the node P0 equalizes the
distances, so that Qbnd = 1.

If the smooth curve (6.4.8) is a polynomial of degree two through (P1, P0, P2), with
c(−1) = P1, c(0) = P0, and c(1) = P2, then the one-parameter family (6.4.9) has the
exact representation (the base point O is suppressed)

x(ξ) =
2∑
I=0

N I(ξ)xI , (6.4.12)

where N I are quadratic interpolation functions for x and node PI , having the particular
form

N0(ξ) def= 1− ξ2 , N1(ξ) def= 1
2(ξ2 − ξ) , and N2(ξ) def= 1

2(ξ2 + ξ) . (6.4.13)
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Aymone et al. [2001] apply weighted averaging to determine a natural coordinate ξ′0 ∈
[−1, 1] of the node P0 that smoothes the boundary curve through (P1, P0, P2). By using
the distances d1, d2 in (6.4.11) as the weights associated with PI he arrives at

ξ′0 =
∑2
I=0 ‖xI − x0‖ ξ(PI)∑2

I=0 ‖xI − x0‖
= ‖x2 − x0‖ − ‖x1 − x0‖
‖x1 − x0‖+ ‖x2 − x0‖

. (6.4.14)

Here ξ(PI) ≡ c−1(PI) is the natural coordinate ξ ∈ [−1, 1] of the node PI . Finally, the
new position vector of P0 that smoothes the boundary curve in the open ball B0 can be
obtained from (6.4.12) by using the coordinate ξ = ξ′0, so x′0 = x(ξ′0). The procedure
is summarized in Alg. 6.3. Because the total number of boundary nodes is not very
large in two-dimensional meshes, it would be adequate to relocate all boundary nodes
except for the corner nodes without any prior quality check.

Algorithm 6.3: Smoothing of the boundaries of a two-dimensional mesh ac-
cording to the averaging procedure of Aymone et al. [2001].

Input: distorted mesh geometry x−, number of sub-boundaries nbnd, set of
edge nodes N j

edg, j ≤ nbnd, for each sub-boundary, neighboring nodes
P1, P2 of every P0 ∈ N j

edg
Output: smoothed geometry x+ of mesh boundary

1 initialize i = 0 and j = 0;
2 while global iteration step i ≤ imax do
3 while sub-boundary j ≤ nbnd do
4 foreach P0 ∈ N j

edg do
5 read locations of nodes x0, x1, and x2;
6 compute distances ‖x1 − x0‖ and ‖x2 − x0‖ (6.4.11);
7 natural coordinate to equalize distances ξ′0 = ‖x2−x0‖−‖x1−x0‖

‖x1−x0‖+‖x2−x0‖ ;
8 location of P0 smoothing the boundary curve is

x′0 = ∑2
I=0N

I(ξ′0)xI , with N I given by (6.4.13);
9 j ← j + 1;

10 i← i+ 1;
11 totality of (new) locations of all the nodes in the mesh is x+;

6.4.3 Smoothing of the Internal Mesh

Finding the best location of a node in the associated ball of elements in terms of geo-
metric quality constitutes an optimization problem. In contrast to optimization-based
methods the results produced by heuristic and physically-based methods are rarely op-
timal. Some basic definitions and results concerning optimization theory are addressed
next before presenting the particular optimization-based local mesh smoothing algo-
rithm that has been developed during the present research. Recommended textbooks
for further studies are [Sun and Yuan, 2006; Luenberger and Ye, 2008; Nocedal and
Wright, 2006; Press et al., 2007].
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Fundamentals of Optimization Theory

Definition 6.4.15. Let X ⊂ Rm be a feasible region, x ∈ X , and f : X → R a
function. The general optimization problem can be defined as follows:

minimize f(x) subject to x ∈ X .

The function f is then called the objective function, and x is called the decision variable.
The optimization problem is unconstrained if X = Rm. The constrained optimization
problem can be cast in the form

minimize f(x) subject to ci(x) = 0, i ∈ I, cj(x) ≥ 0, j ∈ J ,

where I ⊂ N is an index set of equality constraints, and J ⊂ N is an index set
of inequality constraints. ci(x) and cj(x) are referred to as the constraint functions.
When all the objective function and constraint functions are linear functions of x,
then the process of optimization is called linear programming, otherwise nonlinear
programming. ♦

Definition 6.4.16. Let f : Rm → R be the objective function in an unconstrained
optimization problem.

(i) A point resp. a component column x′ ∈ Rm is called a local minimizer of f if there
exists some ε > 0 such that f(x′) ≤ f(x) for all x ∈ Rm satisfying ‖x − x′‖ < ε. A
point x′ ∈ Rm is called a strict local minimizer of f if there exists ε > 0 such that
f(x′) < f(x) for all x ∈ Rm with x 6= x′ and ‖x− x′‖ < ε.

(ii) A point x′ ∈ Rm is referred to as a global minimizer of f if f(x′) ≤ f(x) holds for
all x ∈ Rm. A point x′ ∈ Rm is a strict global minimizer of f if f(x′) < f(x) for all
x ∈ X with x 6= x′. ♦

Definition 6.4.17. The set of minimizers of f : X → R on X ⊂ Rm is defined by

arg min
x∈X

f(x) def= {x ∈ X | f(x) minimal} .

A minimizer of f : X → R is a point x′ ∈ arg minx∈X f(x) on X . By abuse of notation,
a strict minimizer of f : X → R on X ⊂ Rm is usually written

x′ = arg min
x∈X

f(x) . ♦

Global minimizers necessarily are local minimizers, but not conversely. Determination
of the global minimizers is challenging and has grown a science of its own, referred to as
global optimization. In practice, however, it is often sufficient to find a local minimizer
and to iterate the global minimum.

Definition 6.4.18. Let {z1, . . . , zm} def= {zb} ∈ Rm be the standard Cartesian co-
ordinate system on the space S = Rm. Let f : Rm → R be a C2-function in the
Fréchet-sense and x ∈ Rm a column matrix.
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(i) The matrix arrangement of the components of the gradient ∇f at x with respect
to the coordinates zb is the column given by

∇f(x) def=


∂f(x)
∂z1
...

∂f(x)
∂zm

 ∈ Rm .

The gradient of f at point x is the steepest ascent direction at that point, with the
steepness given by ‖∇f(x)‖. By abuse of language, ∇f should represent both the
gradient of f , which is a vector, as well as the matrix arrangement of its components
in Rm.

(ii) The Hessian matrix, or just the Hessian of the function f at x with respect to the
coordinates zb is the matrix arrangement of second-order partial derivatives of f , viz.

Hf (x) def=


∂2f(x)
∂z1∂z1 · · · ∂2f(x)

∂z1∂zm... . . . ...
∂2f(x)
∂zm∂z1 · · · ∂2f(x)

∂zm∂zm

 ∈ Rm×m .

Since ∂2f(x)
∂zj∂zk

= ∂2f(x)
∂zk∂zj

, for j, k ∈ {1, . . . ,m}, the Hessian is symmetric. It represents the
transposed gradient of the gradient of f . ♦

Definition 6.4.19. Let the objective function f : Rm → R be differentiable at x ∈
Rm. A descent direction of f at x is a vector d ∈ Rm satisfying

〈∇f(x),d〉 < 0 ,

in which 〈·, ·〉 : Rm × Rm → R denotes the standard inner product in Rm. In matrix
notation, write (∇f)Td < 0, evaluation at x ∈ Rm being understood. ♦

It directly follows from the definition that d is a descent direction of f at x if and only
if the angle θ between −∇f(x) and d less than 90◦, that is, if

cos θ def= − 〈∇f(x),d〉
‖∇f(x)‖‖d‖ > 0 . (6.4.20)

The following first- and second-order conditions for local minimizers of a function
f : X → R on open X ⊂ Rm are of fundamental importance. Proofs can be found in
[Sun and Yuan, 2006, sec. 1.4].
Theorem 6.4.21. (i) If f : X → R is continuously differentiable on X ⊂ Rm and
x′ ∈ X is a local minimizer of f , then

∇f(x′) = 0 .

(ii) If x′ ∈ X is a local minimizer of f and f is twice continuously differentiable on X ,
i.e. f is of class C2, then ∇f(x′) = 0 and the Hessian Hf (x′) is positive semidefinite,
i.e. xTHf x ≥ 0 for every x ∈ Rm with x 6= 0.

(iii) Let f be C2 on X , x′ ∈ X , ∇f(x′) = 0, and let Hf (x′) be positive definite such
that xTHf x > 0 for every x ∈ Rm with x 6= 0, then x′ is a strict local minimizer.
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Finding a solution of the optimization problem 6.4.15 usually is an iterative procedure
[cf. Sun and Yuan, 2006, sec. 1.5]. Let J ∈ N be an index set and j, j + 1 ∈ J . For a
given xj, the iterative procedure takes the form

xj+1 = xj + λjdj . (6.4.22)

Once a starting point xj=0, a step size λj=0 > 0, and a tolerance ε > 0 have been
specified, a termination criterion of the form

‖∇f(xj)‖ < ε (6.4.23)

is checked. If this criterion is met, then xj ≈ x′ is an approximate minimizer of f . If
the criterion is not met, the descent direction dj supposed to point to the minimum
of the objective function is determined by some method. Thereafter, a so-called line
search is carried out in order to find the step size λj satisfying

f(xj + λjdj) < f(xj) . (6.4.24)

The iterative procedure continues with the repeated evaluation of the termination
criterion using xj+1 = xj + λjdj. Alg. 6.4 shows the basic scheme of optimization
procedures.

Algorithm 6.4: Generic optimization procedure; according to Sun and Yuan
[2006].

Input: objective function f , gradient ∇f , point x̄
Output: minimizer of f

1 initialize j = 0, point xj=0 = x̄, step size λj=0 > 0, and tolerance ε > 0;
2 while iteration step j ≤ jmax do
3 if ‖∇f(xj)‖ < ε then
4 exit;
5 else
6 find descent direction dj according to some method;
7 line search: determine step size λj such that f(xj + λjdj) < f(xj);
8 update xj+1 = xj + λjdj;
9 j ← j + 1;

The overall accuracy of the iterative procedure (6.4.22) is affected by the descent direc-
tion dj and the step size λj. Particular optimization procedures vary in the methods to
determine them. The following paragraphs describe the application of Newton’s method
and backtracking line search using Armijo’s rule for step size control. The handling of
non-positive definite Hessian will be also discussed.

Theorem 6.4.21(i) defines a homogeneous system of generally nonlinear algebraic equa-
tions, ∇f(x′) = 0, whose solution is x′ ∈ X , the local minimizer of f . The solution
can be approximated by Newton’s method introduced in Section A.3.2. In the present
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case, let xj be a close-enough guess of the local minimizer. For f : X → R being twice
Fréchet-differentiable at xj, the linearization of ∇f(x′) = Df(x′) = 0 about xj is

∇f(xj) +Hf (xj) · (x′ − xj) ≈ 0 . (6.4.25)

Provided that the gradient ∇f is a sufficiently smooth function, then any guess xj+1

for which ∇f(xj) +Hf (xj) · (xj+1−xj) = 0 is a better approximation than xj. If Hf

is regular on X , this latter condition results in

xj+1 = xj − (H−1
f ∇f)(xj) , and lim

j→∞
xj+1 = x′ . (6.4.26)

The term −(H−1
f ∇f)(xj) is a Newton’s direction. By Definition 6.4.19, Newton’s

direction is a descent direction provided that, in matrix notation,

(∇f)TH−1
f ∇f > 0 (6.4.27)

holds at xj ∈ X , that is, provided that Hf (xj) is regular and positive definite.
Quadratic rate of convergence of the iteration is only achieved if the Hessian is evalu-
ated in every iteration step (full Newton’s method).

Some difficulties are encountered with Newton’s method (6.4.26) and require careful
intervention at certain points in the implementation. First, the partial derivatives
of f have to be evaluated. The numerical differentiation by finite differences can be
employed whenever analytical (i.e. closed-form) expressions are not available or the
straightforward derivation of f is too expensive. Moreover, the iterative scheme for
the solution x′ converges only if the starting point xj=0 is a close-enough guess of the
solution. This is why Newton’s method is called a local method. When the starting
point is far away from the solution, it is not guaranteed that the HessianHf is invertible
and positive definite at each xj ∈ X , with j ∈ J , and that Newton’s direction is indeed
a descent direction. In these cases solution may diverge. Even if the starting point is
close to solution, there may still be non-positive definite Hessians so that the objective
function may not have local minimizers (cf. Theorem 6.4.21(iii)).

In order to ensure convergence at non-positive definite Hessians, a modified Newton’s
method should be employed. The method suggested by Goldstein and Price [1967], for
example, substitutes the steepest descent direction −∇f(xj) instead of −(H−1

f ∇f)(xj)
for dj in (6.4.22) in cases whereHf is not regular or positive definite at xj. The check
for positive definiteness can be done by the angle criterion (6.4.20) [see also Sun and
Yuan, 2006, pp. 135–136]. To this end, define, in matrix notation,

cos θj def= − (∇f(xj))Tdj

‖∇f(xj)‖‖dj‖
(6.4.28)

at the j-th iteration. If cos θj > 0 for dj = −(H−1
f ∇f)(xj), then Newton’s direction

is indeed a descent direction resp. Hf is positive definite, and the iterative scheme
converges; by a basic theorem of linear algebra, every positive definite matrix is also
regular, so H−1

f (xj) will indeed exist if cos θj > 0. If, on the other hand, cos θj ≤ 0 for
dj = −(H−1

f ∇f)(xj), then dj = −∇f(xj) is used as the descent direction, satisfying



152 CHAPTER 6. ARBITRARY LAGRANGIAN-EULERIAN PROCEDURES

cos θj > 0 when substituted into (6.4.28) as long as xj is not a minimizer of f . This
can be summarized as follows:

dj
def=
{
−∇f(xj), if Hf (xj) is singular, or if cos θj ≤ 0,
−(H−1

f ∇f)(xj), otherwise. (6.4.29)

Due to round-off errors in actual numerical implementations of the method, cos θj
should be compared with a reasonable tolerance η > 0, i.e. cos θj ≤ η is used as the
criterion in (6.4.29).

It remains to determine the size of the steps with which the minimum of the objective
function is approached in an optimization process. The step size must not be too
large so as not to overshoot the minimum. On the other hand, tiny step sizes would
decelerate the overall procedure. It is, therefore, a mandatory goal to let the programm
determine an appropriate size for every step at little user intervention, which is then
called a line search.

Definition 6.4.30. A line search automatically determines an acceptable step size λj
in optimization procedures from the condition f(xj + λjdj) < f(xj). If the step size
satisfies

f(xj + λjdj) = min
λ>0

f(xj + λdj) ,

then it is called the optimal step size and the line search is called exact. If an inexact
line search is applied, a step size rule ensures that the decrease of the objective function,
i.e. the value of the difference

f(xj)− f(xj + λjdj) > 0 ,

remains acceptable. ♦

Exact line search generally requires more computational effort than inexact line search
and, in practice, the convergence rate of many optimization procedures does not depend
on exact line search [Sun and Yuan, 2006, p. 102]. Inexact line search hence is preferable
provided that there is an effective step size rule which gives a sufficient decrease in the
objective function. One of such rules is the widely-used Armijo rule [Armijo, 1966]:

f(xj + λjdj)− f(xj) ≤ 1
2λ

j(∇f(xj))Tdj . (6.4.31)

An inexact line search using the Armijo rule is called a backtracking line search [cf.
Sun and Yuan, 2006, alg. 2.5.2]. In a backtracking line search, for given f , ∇f , dj,
xj, and λj=0 = 1.0, the condition (6.4.31) is checked. If it is satisfied, then λj+1 = λj

and xj+1 = xj + λjdj is set. If the condition is not satisfied, the current guess of the
minimizer is used in the next iteration and the step size is bisected, that is,

xj+1 = xj and λj+1 = λj

2 , (6.4.32)

respectively.
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It can be concluded that damped Newton’s method combined with backtracking line
search and the Goldstein-Price method constitutes a fast and robust optimization pro-
cedure which is applicable to mesh smoothing. Newton’s method alone is a local
method, meaning that it is convergent only for starting points close enough to the
solution. Combination with line search guarantees the global convergence Newton’s
method. The Goldstein-Price method handles Hessians that are not positive definite.

OSMOT – An Optimization-Based Mesh Smoothing Algorithm

Several algorithms are reported in the literature which achieve mesh quality improve-
ment based on node relocation and optimization theory. Early references are the pa-
pers of Barfield [1970] and Brackbill and Saltzman [1982], which are concerned with
the global optimization of two-dimensional structured grids. Kennon and Dulikravich
[1986] developed one of the first mesh smoothing algorithms that use principles of local
optimization resp. nonlinear programming. The local objective function involves geo-
metric quality measures for the ball of four quadrilateral elements surrounding a single
internal node.

Dari and Buscaglia [1993] and Zavattieri et al. [1996], among others, provide several
refinements of the local approach and generalize it to unstructured three-dimensional
meshes. Steps towards an efficient algorithmic treatment in two dimensions by using
generalized linear programming are presented in [Amenta et al., 1999]. Development of
optimization-based smoothing algorithms continued up to the present, with focuses on
unstructured quadrilateral meshes [Joun and Lee, 1997], unstructured triangle meshes
[Braess, 2000; Braess and Wriggers, 2000], structured quadrilateral meshes [Knupp
et al., 2002], and general unstructured polyhedral meshes [Dyadechko et al., 2005]. The
generic optimization scheme, Alg. 6.4, is incorporated into all these algorithms. They
differ in the methods to determine the descent direction and step size, and particularly
in the objective function.

The choice of an objective function is crucial to the success of optimization-based mesh
smoothing. The objective function has to be formulated in terms of some quality
measure, so that the optimization is governed by quality evolution. To meet the re-
quirement of a local algorithm, it is reasonable to start with an objective function for
a single mesh element. Presuming that the mesh is made up of 3-node triangles, the
class of local objective functions envisaged here takes the form [Braess, 2000; Braess
and Wriggers, 2000]

w̄(x0,x1,x2) def=
(
R(x0,x1,x2)

Rref

)β (
R(x0,x1,x2)
r(x0,x1,x2)

)γ
∈ [0,∞[ , (6.4.33)

in which x0,x1,x2 ∈ R2 are the position vectors of the three triangle nodes 0, 1, 2 with
respect to some origin in the ambient space S = R2, β and γ are constant positive
weighting exponents, and Rref > 0 is a constant reference radius.

The class of local objective functions defined through (6.4.33) takes into account the
element radius ratio of the incircle and circumcircle, as well as the radius ratio of a
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reference radius and the circumcircle. Both measures are well known geometric quality
measures for simplicial element types (triangle or tetrahedron). Every particular func-
tion included in (6.4.33) approaches its minimum value when the triangle is equilateral
(i.e. R = 2r) and when R� Rref .

Now, let N ′ be the set of flagged nodes intended for relocation in a meshM according
to Definition 6.4.1. Let mel be the number of those elements in M which contain at
least one P ∈ N ′. A possible class of objective functions for the whole mesh then reads

W̄
def=
∑
mel

w̄ =
∑
mel

(
R

Rref

)β (R
r

)γ
, (6.4.34)

in which the list of arguments (x0,x1,x2) has been suppressed. The weighting expo-
nents in (6.4.34) control the domination of the worst element. For example, if γ is large
and β is moderate, then the most distorted element contributes more to the sum than
a too large element or any of the remaining elements.

The reference radius is an attribute assigned to every element and defines its maximum
acceptable size in the mesh. Specifying appropriate Rref thus controls mesh grading
during the optimization process. If the value of the reference radius is not specified
by the user a priori, but a posteriori by element quality measures based on the finite
element solution, then an optimization algorithm based on (6.4.34) would lead to r-
adaptive mesh improvement. Whenever Rref is constant and takes the same value in
all elements, the mesh smoothing algorithm produces a uniform mesh.

It proves convenient to add the following general definitions.

Definition 6.4.35. Let P0 ∈ N ′ be a flagged node, and let nel be the number of
elements in the mesh sharing P0 as a node such that the ball associated with P0 is the
disjoint union B0

def= ⋃
nel Ω, where Ω ∈ M. B0 is closed if P0 ∈ (N ′ ∩ Nint), and open

if P0 ∈ (N ′∩Nedg) (corner nodes are not moved; cf. Definition 6.4.6). The nodes in B0
other than P0 will be denoted by Pk, with k ∈ {1, . . . , nnd}, and nnd being the number
of nodes in the ball except for P0. ♦

Definition 6.4.36. Let B0 be the ball associated with P0 ∈ N ′. The position vectors
of the nodes P0, P1, . . . , Pk, . . . , Pnnd ∈ S in the ball B0 with respect to an arbitrary
origin O ∈ S are defined through x0,x1, . . . ,xk, . . . ,xnnd ∈ R2, respectively. Locally,
the numbering of the nodes 0, 1, . . . , N − 1 ∈ Ω in each element of the ball is chosen
such that the orientation of the element with respect to the canonical basis in R2 is
positive (cf. Definition B.1), and such that the location of the node 0 ∈ Ω in S coincides
with that of P0 ∈ N ′. The position vectors of the element nodes with respect to O ∈ S
are denoted by xI def= (xI , yI)T, where I ∈ {0, 1, . . . , N − 1}, and, by the previous
convention, −→O0 def= −−→OP0

def= x0 concerning a single element. ♦

For the purposes of the present work, the class of objective functions defined through
(6.4.34) is further specialized. The values β = 1.0, γ = 3.0, and Rref = 1.0 are assigned
to all elements in the mesh [cf. Braess, 2000; Braess and Wriggers, 2000]. Moreover, in
order to render the resulting smoothing algorithm more effective, the sum in (6.4.34)
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is taken only over the nel triangles in the ball B0(P0) = ⋃
nel4(P0) associated with a

single internal node P0 ∈ N ′. The location of P0 that smoothes the ball is regarded as
the basic unknown, and the nodes 0, 1, 2 ∈ 4 in each triangle of the ball are re-ordered
in accordance with Definition 6.4.36.

Definition 6.4.37. Let X ⊂ R2 and x0 ∈ X . By the conventions above, the objective
function W : X → R employed in the present work reads

W (x0) def=
∑
nel

w(x0) , with w(x0) def= R(x0)
Rref

(
R(x0)
r(x0)

)3

,

and R and r being the circumcircle radius and incircle radius of the triangle, respec-
tively, which can be computed according to (B.7) resp. (B.8). ♦

Only the closed balls in the sense of Definition 6.4.35 will be handled by 6.4.37, that
is, x0 is the variable location of a flagged internal mesh node intended for relocation,
and X is the domain in S = R2 covered by the closed ball. Flagged boundary nodes,
on the other hand, will not be handled by 6.4.37 but will be efficiently smoothed by
the weighted averaging procedure summarized in Alg. 6.3.

Recall that if x′0 ∈ arg minx0∈X W (x0) is a local minimizer of W : X → R on X , then

∇W (x′0) = 0 (6.4.38)

by Theorem 6.4.21(i). By (iii) of the same theorem, x′0 is a strict local minimizer if the
Hessian HW (x′0) is positive definite. To locally minimize W resp. to locally smooth
the interior of the considered two-dimensional triangle mesh, the definitions in 6.4.37
are substituted into the iterative scheme (6.4.26) of Newton’s method:

xj+1
0 = xj0 − (H−1

W ∇W )(xj0) , and lim
j→∞

xj+1
0 = x′0 . (6.4.39)

By linearity, then,

∇W (xj0) =
∑
nel

∇w(xj0) and HW (xj0) =
∑
nel

Hw(xj0) . (6.4.40)

Closed-form expressions for the components of ∇w(xj0) and Hw(xj0), i.e. the first- and
second-order partial derivatives of w, are available through (B.5)-(B.8); see Appendix C
for a straightforward calculation.

Exact Newton’s method in the form (6.4.39) is combined with backtracking line search
using Armijo’s rule (6.4.31), and with the Goldstein-Price method (6.4.29) that handles
non-positive definite Hessians. The globally optimized mesh is approximated by looping
over the flagged internal nodes of the mesh repeatedly. Hence, smoothing of the whole
interior mesh is achieved in an iterative fashion. The entire procedure is provided by
Alg. 6.5, which shall be referred to as the OSMOT (Optimization-based SMOothing
of Triangle meshes) algorithm. The included tolerances have been chosen to ε =
10−8, δ = 10−6, and η = 0.05 for all the numerical examples of Chapter 8. The
resulting algorithm is both efficient and robust and works excellently on unstructured
and structured meshes, as well as on convex and non-convex meshes (cf. Chapter 8).
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Algorithm 6.5: OSMOT – Optimization-based mesh smoothing by damped
Newton’s method using the Armijo rule and the Goldstein-Price method.

Input: distorted mesh geometry x−, set N ′ ∩Nint of internal nodes intended
for relocation, closed ball B0 associated with every P0 ∈ (N ′ ∩Nint)

Output: smoothed interior mesh geometry x+

1 initialize i = 0, tolerances ε, δ, and η;
2 while global iteration step i ≤ imax do
3 foreach P0 ∈ (N ′ ∩Nint) do
4 initialize j = 0, xj=0

0 = x−(P0), and λj=0 = 1.0;
5 while damped Newton iteration step j ≤ jmax do
6 initialize W (xj0)=0, W (xj0 + λjdj)=0, ∇W (xj0)=0, HW (xj0)=0;
7 while element in the ball e ≤ nel do
8 read and store locations of nodes xj0, x1, and x2;
9 compute element objective function w(xj0) by 6.4.37;

10 compute gradient ∇w(xj0) and Hessian Hw(xj0) (Appendix C);
11 W (xj0)← W (xj0) + w(xj0);
12 ∇W (xj0)←∇W (xj0) + ∇w(xj0);
13 HW (xj0)←HW (xj0) +Hw(xj0);
14 if ‖∇W (xj0)‖ < ε then
15 exit (location of P0 is optimal);
16 else
17 Descent Direction (Goldstein-Price Method):
18 if detHW (xj0) < δ then
19 steepest descent dj = −∇W (xj0);
20 else
21 Newton’s direction dj = −(H−1

W ∇W )(xj0);
22 compute cos θj = −(∇W (xj0))Tdj/‖∇W (xj0)‖‖dj‖;
23 if cos θj < η then
24 steepest descent dj = −∇W (xj0);

25 Line Search (Armijo Rule):
26 while element in the ball e ≤ nel do
27 compute element objective function w(xj0 + λjdj) by 6.4.37;
28 W (xj0 + λjdj)← W (xj0 + λjdj) + w(xj0 + λjdj);
29 if W (xj0 + λjdj)−W (xj0) ≤ 1

2λ
j(∇W (xj0))Tdj then

30 update nodal location xj+1
0 = xj0 + λjdj, whereas λj+1 = λj;

31 else
32 update step size λj+1 = 1

2λ
j, whereas xj+1

0 = xj0;

33 j ← j + 1;
34 location of P0 smoothing the ball is x′0 = xj0;
35 i← i+ 1;
36 totality of (new) locations of all the nodes in the mesh is x+;
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6.5 Transport Step

The mesh motion assigned in the previous step biases the solution state obtained after
the Lagrangian step. This is because the variables had been stored at the nodes resp. at
the integration points of the finite elements, which have been relocated during the mesh
motion step. Therefore, a correcting remap of the solution variables onto the updated
mesh becomes necessary. Because the mesh motion step preserves all the topological
properties of the mesh by definition, this remap can be carried out in a conservative
manner, that is, as an advective remap.

6.5.1 Advection Problem Associated with the Transport Step

The governing equations of the transport step at the end of a time step in the overall
operator-split ALE solution procedure (Alg. 6.1) are the advection equations included
in the set (6.2.10). This set can be equivalently expressed in form of the generic ALE
conservation law 3.2.42, viz.

∂q̂JΦ
∂t

+ JΦ (divψ(q)) ◦ Φ = 0 . (6.5.1)

Here qt : Φt(W) → T sr (S), with qt(x) = q(x, t), is an honest spatial
(
r
s

)
-tensor field

on the current configuration Φt(W) ⊂ S of a nice (i.e. with piecewise C1-continuous
boundaries) subset W ⊂ R of the reference domain. The referential picture of the
field, q̂ def= q ◦ Φ, is a tensor field over Φ, and ψ(q) def= q ⊗ c is the linear flux density of
q along the convective velocity (Definition 3.2.8).

The general multi-dimensional advection problem including discontinuities and non-
linearities can only be solved approximatively because no exact solution is available.
Concerning numerical solution of the advection problem, the definitions made in Sec-
tion 6.2 are used throughout. The transport step takes place in the pseudo time interval
[t−n+1, t

+
n+1] def= [t−, t+] whose magnitude, by abuse of notation, is denoted by ∆t as in

other sections. Clearly,
∆t

def= t+ − t− . (6.5.2)

The generic quantity q in (6.5.1) probably has evolved during the Lagrangian step,
but it actually is time-independent during the transport step. The configuration of the
material body in space is frozen. Therefore, the transport step in operator-split ALE
method is characterized by

v(x, t) ≡ 0 and ∂q(x, t)
∂t

≡ 0 , for all t ∈ [t−, t+] , (6.5.3)

so that q̇(x, t) = 0 also holds, but ∇q(x, t) 6= 0 in general. Therefore, time-dependency
of the transported variable is solely implicit, i.e. q(x, t) ≡ q(x) = q(Φ(χ, t)) = q̂(χ, t)
during the transport step, with t ∈ [t−, t+].
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Data assumed to be given in the transport step includes both the distorted and
smoothed geometry Φ(R, t−) and Φ(R, t+), represented by the totality of nodal po-
sitions x− and x+, respectively, as well as the Jacobian J−, the Cauchy stress σ−,
and the set of material state variables α− = {α−k } given at the quadrature points at
time t = t−. The convective velocity c is given at the nodes. Recall that x±, where ±
means either + or −, is the position vector (with respect to some origin) of the spatial
point x± def= Φ(χ, t±) occupied by the reference point χ ∈ R at time t = t±. Since no
physical time is associated with the transport step, the transport boils down to the
instantaneous projection or remap (6.2.21). In shorthand notation, this remap reads
q− → q+, where q ∈ {J,σ,α} and

q±
def= {q(x, t±) ≡ q(x) |x ∈ Φ(R, t±)} . (6.5.4)

That is, q±(χ) def= q(Φ(χ, t±)) = q̂(χ, t±). Owing to (6.5.1), however, the remap in
the transport step takes the form of an advection problem, which is a particular initial
value problem subject to the initial condition

{J, σ, α}|t=t− = {J−, σ−, α−} resp. q|t=t− = q− . (6.5.5)

As the standard Euclidian point space has been chosen as the background space, the
variable q should represent a scalar (e.g. J) or a tensor component (e.g. σab) in the
global Cartesian coordinate system.

The next section is concerned with the numerical solution of the advection problem.
Any appropriate solution method should fulfil some basic requirements like conserva-
tivity, accuracy, and stability. These and other requirements have been the matter of
intense research and will be addressed in the text as needed. The reader is referred to
[Benson, 1989; Ortiz and Quigley, 1991; LeVeque, 1992, 2002; Ganzha and Vorozhtsov,
1996; Toro, 1999; Donea and Huerta, 2003; Freßmann, 2004; Freßmann and Wriggers,
2007; Barth and Ohlberger, 2004] for further reading.

6.5.2 Solution Approaches to the Advection Problem

The common approaches to treat the convective terms present in the ALE transport
step are based on either direct solution employing C0-continuous data or advection
algorithms.

Direct solution of (6.5.1) resp. of its convective form (6.2.4), which is nothing but the
linear advection equation without a source, is widely-used in the context of operator-
split ALE finite element methods for solid mechanical applications [e.g. Huétink, 1982;
Huétink et al., 1990; Aymone et al., 2001; Aymone, 2004; Nazem, 2006; Nazem et al.,
2006, 2008; Sheng et al., 2009; Freßmann, 2004; Freßmann and Wriggers, 2007]. Finite
element interpolation functions are used to approximate the field and to compute the
convective term on a spatially discrete level. The problem to be faced, then, is that the
Jacobian, the stress components, and the state variables are stored at the integration
points, thus are generally discontinuous across the element edges. Therefore, the crucial
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step in direct advection equation solution is the construction of at least C0-continuous
fields which are equivalent to the discontinuous distribution of the variables.

Some of the drawbacks associated with the direct finite element solution of the ad-
vection equation can be avoided by using finite difference methods (FDM) or finite
volume methods (FVM). These strategies have been traditionally pursued by the com-
putational fluid dynamics (CFD) community [cf. Vinokur, 1989; LeVeque, 1992, 2002;
Toro, 1999; Ferziger and Perić, 2002; Hirsch, 2007; Barth and Ohlberger, 2004], and
have earned broad recognition in the history of development of ALE and related meth-
ods [e.g. Amsden and Hirt, 1973; Hirt et al., 1974; Amsden et al., 1980; Benson, 1989,
1992, 1995, 2008; Huerta and Casadei, 1994; Rodríguez-Ferran et al., 1998, 2002; Askes
et al., 1998; van Haaren et al., 2000; Di et al., 2007; Freßmann, 2004; Freßmann and
Wriggers, 2007]. In operator-split ALE methods, and as done in the present work,
FV methods are used to conservatively remap all the variables of the problem from
the distorted Lagrangian mesh onto the smoothed mesh despite the fact that some
variables, like stress, do not obey a conservation law [cf. Benson, 1992, p. 330].

Finite volume methods originated from the finite difference methods in one dimension
[Courant et al., 1952; Godunov, 1959; Lax and Wendroff, 1960], but they are better
suited for multi-dimensional problems on irregular domains involving discontinuities
in the solution variables [cf. LeVeque, 2002; Barth and Ohlberger, 2004; Hirsch, 2007;
Toro, 1999; Ferziger and Perić, 2002; Vinokur, 1989]. They per se fulfill the requirement
of conservativity, because they solve the integral form of (6.5.1) and are applicable to
unstructured computational meshes in two and three dimensions. One of the first FV
methods proposed for a structured mesh is that of MacCormack and Paullay [1972],
which has been extended shortly after by Rizzi and Inouye [1973]. An early refer-
ence concerned with the development of FVM on unstructured meshes is [Barth and
Jespersen, 1989].

Inevitably connected with FV methods is the computation of the flux of a solution
variable across the boundary of the control volumes. Depending on the accuracy of the
computational algorithm, finite volume methods are divided into first-order, second-
order, and higher-order accurate methods. The property refers to the accuracy of the
spatial approximation used for the flux calculation. Despite this, most finite volume
and finite difference advection schemes in ALE methods apply explicit first- or second-
order accurate methods to advance solution in time.

The following sections introduce finite volume methods for generally time-dependent
control volumes by providing some basic definitions and results. Strategies to determine
the numerical flux will be presented, as well as the particular donor-cell (or Godunov-
type) advection scheme that has been implemented by the author into the current
operator-split ALE method.

Definitions and Conventions Related to Finite Volume Methods

Let [0, τ ] ⊂ R denote a continuous time interval, which can be, for example, the pseudo
time interval [t−, t+] associated with the transport step, and let D def= Φ(R, t) ⊂ S,
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with t ∈ [0, τ ], be the spatial domain of the physical problem considered. By the usual
conventions, ϕt def= (Φt ◦Ψ−1

t ) : B → S is the physical motion of the material body B in
the ambient space S = Rmdim , whose spatial velocity is vt def= ( ∂

∂t
ϕt) ◦ ϕ−1

t . Moreover,
Φt : R → S is the relative motion of the reference domain R, wt

def= ( ∂
∂t
Φt) ◦ Φ−1

t is its
velocity, referred to as the mesh velocity, and ct = Φt?

(
( ∂
∂t
Ψ−1
t ) ◦ Ψt

)
is the convective

velocity.

The following definitions concerning finite volume methods consolidate those given in
[Barth and Ohlberger, 2004; LeVeque, 2002; Freßmann, 2004; Freßmann and Wrig-
gers, 2007; Lesoinne and Farhat, 1996; Farhat et al., 2001; Barth and Jespersen, 1989;
Vinokur, 1989; Hirsch, 2007].
Definition 6.5.6. Finite volume methods can be characterized as follows:

(i) They operate on a control volume tessellation T , which is established by a finite
disjoint union DT = ⋃ncv

j=1 Vj of ncv ∈ N control volumes Vj that approximately covers
the computational domain D. Accordingly, Vj ⊂ DT if and only if Vj ∈ T . Each
control volume Vj is a probably non-convex polytope having a characteristic length
hj. The control volume is fixed in the Eulerian description, whereas it is a time-
dependent image Vj def= Φt(Wj) = Φ(Wj, t) in the ALE description, with Wj ⊂ R and
t ∈ [0, τ ] ⊂ R. The boundary ∂Vj of every control volume Vj is piecewise oriented
and C1-continuous by definition. It is throughout assumed that the orientation of the
boundary ∂Vj is compatible with the orientation of Vj such that the unit normals to
∂Vj, denoted by n∗ ∈ Γ (T ∗Vj), point outwards.

(ii) Since overlaps and gaps are precluded, the intersection Vj ∩ Vk of every pair of
control volumes (Vj,Vk), with Vj,Vk ∈ T , j, k ∈ {1, . . . , ncv} and k 6= j, equals either
∅, a vertex, an edge, or a face (only for mdim = 3). Accordingly, the control volume
boundary is represented by the disjoint union

∂Vj =
⋃
k 6=j
Vj ∩ Vk .

If a vertex, an edge, or a face of Vj is aligned with the boundary ∂DT , a fictive
control volume Vk is added to the tessellation T as a so-called ghost cell such that
the intersection Vj ∩Vk is non-zero. Those control volume intersections which form an
(mdim − 1)-face, that is, a facet of Vj are denoted by

Γj,k
def= Vj ∩ Vk 6= ∅ , with Vj,Vk ∈ T and k 6= j .

Note that Γj,k denotes a vertex in 1d, an edge in 2d, and a face in 3d, and that
an approximation to the control volume boundary is ∂Vj ≈

⋃nfac
k=1 Γj,k

def= ⋃
k 6=j Γj,k,

where nfac is the number of facets of Vj. Here and in what follows, the union ⋃k 6=j def=⋃
Vj∩Vk=Γj,k and the sum∑

k 6=j
def= ∑

Vj∩Vk=Γj,k take only into account the (mdim−1)-faces
Γj,k = Vj ∩Vk 6= ∅, with k 6= j. Intersections Vj ∩Vk that define a vertex in 2d and 3d,
or an edge in 3d will not be considered.

(iii) Let qt : D → R be a time-dependent scalar-valued spatial field, with qt(x) = q(x, t)
and x = Φ(χ, t) ∈ S. Supposing that the relative motion Φt and the convective velocity
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ct are given, the transport of the field q on a moving mesh based on a finite volume
method is concerned with the approximate solution to the integral form of the generic
ALE conservation law (6.5.1) with respect to each control volume and subject to the
initial condition q(x, t)|t=0 = q0(x):

d
dt

∫
Vj
q dv +

∫
∂Vj

qc · n∗ da = 0 , where Vj = Φ(Wj, t) .

This equation is a general conservation law (Section 3.2). Recall that (qc)(x, t) def=
ψ(q(x, t)) is the flux density of q per unit area per unit time along the convective
velocity, being linear in q in the present case.

(iv) In solving the problem defined through (iii), finite volume methods approximate
the evolution of the control volume average

q̄j(x, t) def= 1
Vj

∫
Vj
q(x, t) dv , with Vj

def=
∫
Vj

dv and lim
Vj→0

q̄j(x, t) = q(x, t) ,

for the considered variable q and each control volume Vj over the time interval [0, τ ],
with j ∈ {1, . . . , ncv}. Accordingly, the field q̄ on the tessellated domain DT ≈ D is
a piecewise constant representation of q. It is assumed that the control volumes are
regular and that the underlying vector basis in S = Rmdim used for the subsequent
computations is positively oriented with respect to the volume form dv, so that Vj > 0
always and for all Vj ∈ T (otherwise, |Vj| has to be used to define q̄j). The measure
Vj is a volume if mdim = 3, an area if mdim = 2, and a length if mdim = 1, but the term
volume is used in all cases for reasons of convenience.

(v) The averaged convective volume flux density across the moving and deforming con-
trol volume facet Γj,k = Vj ∩ Vk, with Vj = Φ(Wj, t), j, k ∈ {1, . . . , ncv}, and k 6= j, is
defined by

F V
j,k(x, t)

def= 1
Sj,k

∫
Γj,k

c(x, t) · n∗(x) da , where Sj,k
def=
∫
Γj,k

da .

The total convective volume flux across the control volume boundary ∂Vj ≈
⋃
k 6=j Γj,k

is then given by ∑k 6=j Sj,kF
V
j,k. Moreover, if y : S → TS is a constant vector field, the

averaged outward normal field nj,k(x) on Γj,k is defined through

y · nj,k
def= 1

Sj,k

∫
Γj,k

y · n∗ da .

Accordingly, there is a unique averaged convective velocity field cj,k on Γj,k defined by
F V
j,k(x, t)

def= cj,k(x, t) · nj,k(x). Note that volume flux is positive if material leaves the
moving control volume Vj = Φt(Wj) through the moving boundary. For convenience,
the measure Sj,k > 0 is called area for all mdim ∈ {1, 2, 3}, although it would be a
length in 2d, and a point in 1d.
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(vi) For every pair of control volumes (Vj,Vk), the true averaged convective flux density
of the field q across the facet Γj,k = Vj ∩ Vk 6= ∅ is replaced by a numerical averaged
convective flux density F q

j,k:

F q
j,k(x, t) ≈

1
Sj,k

∫
Γj,k

q(x, t) c(x, t) · n∗(x) da , for all Γj,k = Vj ∩ Vk 6= ∅, k 6= j .

The numerical averaged convective flux density is regarded as a Lipschitz-continuous
function F : R×R×R→ R of the averaged convective volume flux F V

j,k defined through
(v) as well as of the two states q̄j, q̄k of the averaged field q̄ : DT → R at Γj,k. That is,

F q
j,k

def= F(q̄j, q̄k, F V
j,k) .

Accordingly, ∑k 6=j Sj,kF
q
j,k is an approximation to the total convective flux of q across

the control volume boundary ∂Vj ≈
⋃
k 6=j Γj,k.

(vii) The numerical flux function F defined in (vi) should be consistent with the aver-
aged convective volume flux density defined in (v) in such a way that

F(1, 1, F V
j,k) = F V

j,k . ♦

Remark 6.5.7. The initial value problem associated with the transport step consti-
tutes an advective remap rather than an advection problem in its classical sense. This
is because of the property (6.5.3). The data q(x, t−) = q(x, t+) is regarded stationary
in space during the transport step, by which q(x, t) ≡ q(x) = q(Φ(χ, t)) can be set.
Therefore, time-dependency is only implicit by the relative map Φt. A method that
determines q(x, t) on a fixed mesh likewise determines q(Φ(χ, t)) on a non-stationary
mesh because the viewpoints are dual. In the definitions above, the arguments (x, t)
have been used for reasons of generality, and to be in accordance with the majority of
literature in this area. However, the average for a moving control volume defined in
(iv) remains a function of time, even if the field is stationary in space. 4

Spatial and Temporal Discretization, Integration in Time

Along with spatial discretization of the problem phrased in Definition 6.5.6(iii) using
a control volume tessellation T , the scalar field qt(x) = q(x, t) under consideration is
approximated by some field q�t : DT → R which is piecewise constant in space. Hence,
the control volume average defined through 6.5.6(iv) is generally approximated as

q̄j(x, t) ≈ qj(x, t) def= 1
Vj

∫
Vj
q�(x, t) dv . (6.5.8)

In the present work, the control volume tessellation has to be constructed based on the
background finite element meshM that is used in the overall ALE solution procedure.
The different ways to obtain the tessellation are illustrated in Fig. 6.2. For historical
reasons, the influence domain of a single storage point within a finite element is called
the cell associated with that point. The totality of discrete values of the variable at
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storage point

Ω 6= △

Ω=△

cell △

control volume V

mesh elementΩ

(a) (b)

(c)

△

V
V

V

Ω=△

Figure 6.2: Variants of control volume definition used in finite volume-based solution
methods. (a) cell-centered, (b) vertex-centered, (c) cell-centered in elements with mul-
tiple quadrature points. See also [Barth and Ohlberger, 2004; Rodríguez-Ferran et al.,
1998].

all storage points of the mesh represents the desired piecewise constant field q� with
respect to the cell complex. The influence domains of the element’s quadrature points
can be employed in order to set up cell-centered control volumes. In this case, the
control volume average of the variable approximately equals the discrete value at the
storage point:

q̄j(x, t) ≈ qj(x, t) = q�(x, t)|Vj = const. for every j ∈ {1, . . . , ncv} . (6.5.9)

In summarizing the preceding considerations, the semi-discrete (discrete in space, con-
tinuous in time) form of the problem phrased in Definition 6.5.6(iii) is concerned with
the solution of

d
dt (qjVj) = −

∑
k 6=j

Sj,kF
q
j,k , with F q

j,k = F(qj, qk, F V
j,k) , (6.5.10)
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for all Vj ∈ T and subject to prescribed initial conditions. qk is the approximation to
the averaged field in the control volume Vk contiguous to the control volume Vj sharing
the facet Γj,k = Vj ∩ Vk 6= ∅, where j, k ∈ {1, . . . , ncv} and k 6= j.

In addition to the spatial discretization of the computational domain by control vol-
umes, the continuous time interval [0, τ ] ⊂ R is approximated by a sequence (0, . . . , tn,
tn+1 = tn + ∆t, . . . , τ) of discrete time steps with step length ∆t = tn+1 − tn > 0. In
case of the ALE transport step taking place over the pseudo time interval [t−, t+], the
pseudo time increment associated with that step is defined through ∆t = t+ − t−; see
(6.5.2). Variables associated with the configurations at time t− and t+ (i.e. before and
after the remap) are superscripted with − and +, respectively. For example, the vol-
ume measures of Φ(Wj, t

−) and Φ(Wj, t
+) in S, with j ∈ {1, . . . , ncv}, are respectively

defined through

V −j
def=
∫
Φ(Wj ,t−)

dv and V +
j

def=
∫
Φ(Wj ,t+)

dv . (6.5.11)

Their difference, the total transported volume or fluxing volume, is defined through
∆Vj

def= V −j − V +
j , which is positive if the amount of gained material over the time step

∆t is outbalanced by the amount of material leaving the moving control volume. The
evaluation of ∆Vj will be discussed later.

First-order accurate explicit methods to integrate (6.5.10) in time are the common
choice in operator-split ALE methods for solid mechanical applications, and the issues
arising from the geometric conservation laws 3.2.39 (volume and surface conservation)
are usually ignored (see Section 6.2.1). In following this guideline, one arrives at

Proposition 6.5.12. Explicit integration of the semi-discrete initial value problem
(6.5.10) over the pseudo time interval [t−, t+] by the forward Euler method (A.3.3)
results in the finite volume transport algorithm

q+
j =

q−j V
−
j − ∆t

∑
k 6=j S

−
j,kF

q−
j,k

V +
j

, with V +
j = V −j − ∆Vj ,

and all flux densities F V
j,k and F q

j,k = F(qj, qk, F V
j,k) across the facet Γj,k = Vj ∩ Vk 6= ∅

with k 6= j being calculated with respect to the mesh configuration and associated data
at time t−.

Proof. The forward Euler method approximates the time derivative in (6.5.10) by

d
dt (qjVj) ≈

q+
j V

+
j − q−j V −j
∆t

,

yielding an update formula for the control volume average of the variable. The explicit
nature of the forward Euler method now requires the flux densities F V

j,k and F q
j,k to be

evaluated with data given at time t−, which finally proves the assertion. �

Proposition 6.5.13. For V +
j = V −j − ∆t

∑
k 6=j Sj,kF

V
j,k, algorithm 6.5.12 is equivalent

to
q+
j = q−j −

∆t

V +
j

∑
k 6=j

S−j,k(F
q−
j,k − q−j F V−

j,k ) .
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Explicit advection algorithms give rise to stability issues. Stability of a numerical
algorithm ensures that the local errors introduced by the approximate solution are not
amplified and that the global error produced by the algorithm after several time steps
is bounded. A necessary stability condition for any transport algorithm (explicit or
implicit) is the well-known Courant-Friedrichs-Lewy (CFL) condition [Courant et al.,
1928], which can be formalized as [cf. Freßmann and Wriggers, 2007]

0 ≤ Co
def= ‖c∆t‖

h
≤ 1 . (6.5.14)

Here c is the convective velocity, ∆t is the time increment, h > 0 is a characteristic ele-
ment length, and Co is called the Courant number or CFL number. The CFL condition
phrases that a material particle must not pass an element within one step. Concerning
the transport step of implicit operator-split ALE methods for quasi-static problems,
the condition (6.5.14) applied to the discrete convective velocity 6.2.22 constrains the
difference of nodal positions before and after the mesh motion step:

‖x− − x+‖ ≤ h . (6.5.15)

While integration of (6.5.10) over the time increment ∆t is commonly carried out
explicitly by the forward Euler method, the ALE advection algorithms essentially differ
in the numerical scheme to determine the flux term on the right hand sides of 6.5.12.
This will be investigated next, by starting with the one-dimensional case.

Determination of the Fluxes in One Dimension

The classical procedures to determine the numerical flux function in 6.5.12 in accor-
dance with Definition 6.5.6(vi) are based on one-dimensional finite difference schemes.
To this end, consider a one-dimensional finite volume setup defining the j-th time-
dependent control volume by Vj def= [xj−1/2, xj+1/2] ⊂ R, with j ∈ {1, . . . , ncv} and
xj−1/2 < xj+1/2, and the time-dependency of xj−1/2 = Φ(χj−1/2, t) def= xj−1/2(t) and
xj+1/2 = Φ(χj+1/2, t) def= xj+1/2(t) being understood. The volume measure of the j-th
control volume is the distance ∆xj

def= xj+1/2 − xj−1/2 = Vj. Finite difference notation
[Benson, 1992] has been employed such that the two-point set {xj−1/2, xj+1/2}, with
xj±1/2 = Γj,j±1 = Vj ∩ Vj±1 and j ∈ {1, . . . , ncv}, denotes the control volume bound-
ary. The unit outward normals at the two boundary vertices are n(xj−1/2) = −1 and
n(xj+1/2) = +1, respectively. The notations (·)j±1/2 and (·)j,j±1 for quantities specified
at the boundary vertices are interchangeable.

The generic ALE integral conservation law of 6.5.6(iii) over the one-dimensional control
volume reads

d
dt

∫ xj+1/2

xj−1/2

q(x, t) dx = −
(
(qc)(xj+1/2, t)− (qc)(xj−1/2, t)

)
, (6.5.16)

in which c(x, t) is the one-component convective velocity. Finite volume discretization
in space and first-order accurate integration in time results in

q+
j ∆x

+
j − q−j ∆x−j = −(F q

j+1/2 + F q
j−1/2)∆t , (6.5.17)
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in which F q
j±1/2

def= F(qj, qj±1, F
V
j±1/2) ≈ ±(qc)(xj±1/2, t) and F q

j±1/2
def= F q

j,j±1. The
negative sign at x = xj−1/2 is due to the unit outward normal n(xj−1/2) pointing in
the negative x-direction. If integration in time is carried out explicitly by the forward
Euler method, then (6.5.17) is the one-dimensional counterpart of algorithm 6.5.12.

Recall that since no physical time is associated with the transport step, the convective
velocity plays the role of a negative mesh velocity over the pseudo time increment
∆t = t+ − t− (cf. Remark 6.2.24). By this and the procedure outlined in [Lesoinne
and Farhat, 1996, sec. 2.3], it can be shown that the convective volume flux F V

j =
F V
j+1/2 + F V

j−1/2 satisfies the volume conservation law 3.2.39(i) in one dimension over
∆t provided that

F V
j±1/2 = ± cj±1/2 , with cj±1/2 = (x−j±1/2 − x

+
j±1/2)/∆t . (6.5.18)

The formula for the convective velocity at the nodes, cj±1/2, corresponds to that of
Proposition 6.2.22. Note that if c(x, t) > 0 for all x ∈ [xj−1/2, xj+1/2], then F V

j−1/2 =
−cj−1/2 < 0 is a flux into the control volume, whereas F V

j+1/2 = cj+1/2 > 0 is an outflux.
If on the other hand c < 0, then F V

j−1/2 > 0 is an outflux and F V
j+1/2 < 0 is an influx.

Clearly, the general characterization of the flux is

sgn(F V
j±1/2) =


+1 outflux
0 no flux
−1 influx .

(6.5.19)

sgn : R → {−1, 0,+1} is the sign function, with properties a = |a| sgn a and |a| =
a sgn a for all a ∈ R, and sgn a = a/|a| for a 6= 0. The property (6.5.19) of the volume
flux will be utilized to define reasonable numerical flux functions for the variable q.

In order to complete the transport algorithm 6.5.17, the numerical convective flux
F q
j±1/2 resp. F q

j,j±1 of the field q across the control volume boundary has to be de-
termined. The numerical flux should possess some important properties so that the
algorithm fulfills some basic requirements. Among these requirements, four should
be stated more clearly [cf. LeVeque, 2002; Barth and Ohlberger, 2004; Margolin and
Shashkov, 2006]:

Definition 6.5.20. A transport algorithm of the form (6.5.17) is called

(i) conservative if
F q
j,j±1 = −F q

j±1,j .

(ii) consistent if it is exact for all functions q satisfying (6.5.16) as ∆t→ 0, and if

F q
j,j±1 ≡ 0 unless c 6= 0 .

(iii) monotonicity-preserving if

q−j ≥ q−j+1, ∀j and Co ∈ [0, 1] implies that q+
j ≥ q+

j+1, ∀j .
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(iv) sign-preserving if

q−j ≥ 0, ∀j and Co ∈ [0, 1] implies that q+
j ≥ 0, ∀j . ♦

In a conservative transport algorithm, every contribution, say F q
j,j+1∆t, that is sub-

tracted from (added to) the control volume Vj is added to (subtracted from) the control
volume Vj+1 sharing the facet Γj,j+1 = Vj ∩ Vj+1. Monotonicity is a stronger property
than sign-preservation because the latter is independent of the convective velocity dis-
tribution in space [Margolin and Shashkov, 2006]. Consistency, as defined by 6.5.20(ii),
refers to the local error produced at any one time step. If the algorithm is also sta-
ble, then the global error after several time steps is bounded, and so the algorithm is
convergent as ∆t→ 0.

Since the flux density of q in the advection equation (6.5.1) is linear in c, the simplest
numerical flux for a consistent finite volume algorithm in the ALE transport step would
be of the form

F q
j±1/2 = q?j±1/2F

V
j±1/2 . (6.5.21)

Here q?j±1/2 represents the variable at the control volume boundaries defined by an
appropriate one-dimensional flux scheme. A numerical flux of the form (6.5.21) will
be developed in the following. It is important to note that, according to Godunov’s
theorem [LeVeque, 1992, ch. 16], linearity of the numerical flux will limit the maximum
accuracy of a monotonicity-preserving transport algorithm to first order.

Weighted Donor-Cell (Godunov-Type) Advection Scheme

Finite volume methods generally approximate the variable intended for advection by
the piecewise constant function qj defined through (6.5.8), thus flux calculation is not
straightforward. The piecewise constant initial data in conjunction with the governing
conservation law define a so-called Riemann problem [LeVeque, 1992, 2002; Toro, 1999].
The situation is illustrated in Fig. 6.3 for the j-th control volume in a one-dimensional
transport step with nodal convective velocity of cj±1/2 > 0.

As shown in Fig. 6.3 above, the integral average of the variable q over the j-th control
volume at the end of the Lagrangian step at time t− is given by q−j ∆x

−
j , which is

highlighted by the blue area. Thereafter, the mesh motion step relocates the boundary
nodes from x−j±1/2 to x+

j±1/2 at time t+, respectively. The convective velocity at these
nodes is then calculated from cj±1/2 = (x−j±1/2 − x

+
j±1/2)/∆t > 0, in accordance with

Proposition 6.2.22, and the new volume measure of the control volume is ∆x+
j . The

updated integral average of the variable q after the transport step is q+
j ∆x

+
j , which is

the hatched area in Fig. 6.3 below. Since the field q(x), with x = Φ(χ, t), does not
evolve during the transport step, the value of q+

j ∆x
+
j (hatched area in Fig. 6.3 below)

can be exactly computed based on the piecewise constant contribution of q at time t−
and the updated control volume (blue area in Fig. 6.3 below):

q+
j ∆x

+
j = q−j (∆x−j − |cj+1/2∆t|) + q−j−1|cj−1/2∆t|

= q−j ∆x
−
j + q−j−1cj−1/2∆t− q−j cj+1/2∆t .

(6.5.22)
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q

q−j−1

q−j

q−j+1

x

q

x+
j−1/2

q+j

x

x+
j+1/2∆x+

j

x−
j−1/2 x−

j+1/2∆x−
j

q−j−1

q−j

q−j+1

cj−1/2∆t cj+1/2∆t

at time t−

at time t+

Figure 6.3: One-dimensional transport of the piecewise constant field q by the finite
volume method in the operator-split ALE method (representing the first-order donor-
cell resp. Godunov-type advection scheme; see Definition 6.5.28). The situations after
the Lagrangian step (above) and at the end of the transport step (below) are shown for
the j-th control volume. The blue areas indicate the contributions of q to the control
volume, and the hatched area represents the updated integral average q+

j ∆x
+
j .

Comparison with (6.5.17) using (6.5.18) shows that the numerical convective flux func-
tion at the two boundary nodes takes the values

F q
j−1/2 = q−j−1F

V
j−1/2 and F q

j+1/2 = q−j F
V
j+1/2 . (6.5.23)

If the flow in the example depicted in Fig. 6.3 would be oriented in the opposite
direction, that is, cj±1/2 < 0, then the nodal flux values were

F q
j−1/2 = q−j F

V
j−1/2 and F q

j+1/2 = q−j+1F
V
j+1/2 . (6.5.24)

Combination of both results (6.5.23) and (6.5.24) yields

F q
j±1/2 = q?j±1/2F

V
j±1/2 , with q?j±1/2 =

q
−
j for F V

j±1/2 > 0 (outflux)
q−j±1 for F V

j±1/2 < 0 (influx)
, (6.5.25)



6.5. TRANSPORT STEP 169

and F V
j±1/2 being calculated according to (6.5.18). Branching can be avoided since

q?j±1/2 =
1 + sgn(F V

j±1/2)
2 q−j +

1− sgn(F V
j±1/2)

2 q−j±1 (6.5.26)

by the property (6.5.19) of the volume flux. Manipulation using identities of the sign
function finally results in

F q
j±1/2 = q?j±1/2F

V
j±1/2

= 1
2F

V
j±1/2(q−j + q−j±1) + 1

2 |F
V
j±1/2|(q−j − q−j±1) .

(6.5.27)

The values q?j−1/2 and q?j+1/2 are the exact solutions to the Riemann problems associated
with the discontinuities of q− at the boundaries x−j−1/2 and x−j+1/2, respectively. For that
reason the numerical convective flux function (6.5.27) is called aGodunov flux [LeVeque,
1992, 2002; Toro, 1999; Barth and Ohlberger, 2004]. Moreover, the numerical flux
function uses information of cells lying in the upstream direction of the flow with respect
to the particular cell considered. An advection algorithm employing flux functions of
this form is called an upwind scheme, and the adjacent cells on the upwind side are
called the donor cells with respect to the considered cell.

The update formula (6.5.17) using the particular Godunov flux (6.5.27) results in a
conservative first-order upwind transport algorithm which corresponds to the classical
first-order upwind scheme or donor-cell difference scheme [LeVeque, 1992; Toro, 1999].

Definition 6.5.28. The one-dimensional method given by

q+
j =

q−j ∆x
−
j − (F q

j+1/2 + F q
j−1/2)∆t

∆x+
j

,

where

F q
j±1/2

def= 1
2F

V
j±1/2(q−j + q−j±1) + 1

2 |F
V
j±1/2|(q−j − q−j±1) and F V

j±1/2 = ± cj±1/2 ,

is referred to as the donor-cell transport algorithm or Godunov-type advection scheme.
F q
j±1/2 so defined is called the donor-cell convective flux density. ♦

Proposition 6.5.29. An equivalent formulation of the donor-cell transport algorithm
6.5.28 is

q+
j = q−j −

∆t

2∆x+
j

F V
j+1/2(q−j+1 − q−j )(1− sgn(F V

j+1/2))

− ∆t

2∆x+
j

F V
j−1/2(q−j−1 − q−j )(1− sgn(F V

j−1/2)) .

Proof. By Proposition 6.5.13,

q+
j =

q−j ∆x
−
j − (F q

j+1/2 + F q
j−1/2)∆t

∆x+
j

= q−j −
∆t

∆x+
j

(F q
j+1/2 + F q

j−1/2 − q
−
j F

V
j+1/2 − q−j F V

j−1/2) .
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The assertion then follows by substitution of the donor-cell flux (6.5.27) and using the
identity |F V

j±1/2| = F V
j±1/2 sgn(F V

j±1/2). �

Remark 6.5.30. Donor-cell advection is used in many ALE codes because it is sim-
ple, stable, conservative, and monotonicity-preserving [Hirt et al., 1974; Peery and
Carroll, 2000; Rodríguez-Ferran et al., 1998, 2002; Askes et al., 1998; Di et al., 2007;
Freßmann, 2004; Freßmann and Wriggers, 2007]. The donor-cell convective flux de-
fined in 6.5.28 is in correspondence with [Benson, 1992, eq. (3.3.1.1)] and [Freßmann
and Wriggers, 2007, eq. (53)], whereas donor-cell advection in the form of Proposi-
tion 6.5.29 is connected with [Rodríguez-Ferran et al., 1998, eq. (26)], [Askes et al.,
1998, eq. (35)], and [Di et al., 2007, eq. (44)]. 4

A weighting factor α ∈ [0, 1] is introduced in order to generalize the numerical flux
function (6.5.27):

F q
j±1/2 = 1

2F
V
j±1/2(q−j + q−j±1) + 1

2α|F
V
j±1/2|(q−j − q−j±1) . (6.5.31)

The corresponding transport algorithm then reads

q+
j = q−j −

∆t

2∆x+
j

F V
j+1/2(q−j+1 − q−j )(1− α sgn(F V

j+1/2))

− ∆t

2∆x+
j

F V
j−1/2(q−j−1 − q−j )(1− α sgn(F V

j−1/2)) .
(6.5.32)

Setting α = 1 results in a full donor-cell upwind scheme, whereas α = 0 results in a
flux approximation centered in space [Hirt et al., 1974; Askes et al., 1998]. Recall that
for α = 0 the scheme is unconditionally unstable [Toro, 1999, p. 167]. The best choice
for α is discussed in [Hirt et al., 1974, pp. 247-248].

Extensions to Multiple Dimensions

In two and three space dimensions, material may arbitrarily flow through the mesh in
directions specified by the convective velocity field. The majority of flux schemes for
multidimensional advection algorithms have been derived from one-dimensional finite
difference schemes and many of them use a logically regular mesh. The difficulty in
extending one-dimensional methods to 2d or 3d and to unstructured meshes mainly
lies in the proper determination of the amount of information (“material”) entering
or leaving the control volume during a time step. A related problem is the proper
evaluation of flux across edges (in 3d) and vertices (in 2d and 3d) because finite volume
methods usually approximate the control volume boundary by the disjoint union of its
facets (cf. Definition 6.5.6).

Finite volume methods that account for all flux contributions in a single step are
called unsplit or fully multidimensional. Simpler strategies for achieving the multi-
dimensional extension apply one-dimensional advection schemes directly by either a
spatially isotropic approach or dimensional splitting. The interested reader should
consult [Zalesak, 1979; Colella, 1990; Benson, 1989, 1992, 2008; LeVeque, 1992, 2002;
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Toro, 1999; Ferziger and Perić, 2002; Freßmann, 2004; Freßmann and Wriggers, 2007]
for examples and further discussion. The spatially isotropic approach is applied in
the present work because of its simplicity and due to the fact that proper dimensional
splitting is limited to orthogonal meshes. All flow components with respect to the
coordinate axes are treated simultaneously. This means that in the generic explicit
algorithm 6.5.12, the full advection volumes Sj,kF q

j,k∆t across all facets Γj,k = Vj ∩ Vk
of the control volume Vj are evaluated in a single step.

Determination of the Transport Volumes and Volume Flux

Determination of the convective volume fluxes F V
j,k and of the total transport volume

∆Vj
def= V −j − V +

j for all control volumes Vj = Φ(Wj, t), with j, k ∈ {1, . . . , ncv}
and k 6= j, is an important part in advection algorithms for ALE methods. The total
transport volume can be exactly determined by clipping the old control volume against
the new tessellation. However, other choices are more common [cf. Benson, 2008], and
these define the total transport volume as the sum of signed volumes transported across
the control volume facets (edges in 2d, faces in 3d).

In the present work, the definition of the transport volume across the control volume
facet Γj,k is defined through ∆Vj,k

def= Sj,kF
V
j,k ∆t, where Sj,k is the facet area and F V

j,k

is the averaged convective volume flux density defined by 6.5.6(v). This results in
transport volumes given by the average normal face displacements multiplied by the
face areas. Once Sj,k and F V

j,k have been determined for all facets Γj,k of the control
volume Vj ∈ T , the total transport volume can be computed. In full agreement with
the advection algorithm 6.5.12 for the field q, first-order accurate explicit integration
in time by the forward Euler method is used to update the control volume measure Vj.
That is, the formula applied in the present work is

V +
j = V −j − ∆t

∑
k 6=j

S−j,kF
V−
j,k , (6.5.33)

with the fluxes and facet areas being calculated with respect to the deformed (i.e. un-
smoothed) configuration after the Lagrangian step resp. at the beginning of the trans-
port step at time t−. The evaluation of Sj,k and the determination of F V

j,k for plane
and axisymmetric problems is shown below.

Plane and Axisymmetric Problems

Plane and axisymmetric initial boundary value problems are three-dimensional in na-
ture, thus are located in the Euclidian space S = R3. However, in both plane and
axisymmetric problems, all the variables can be expressed as functions of only two
coordinates in a Euclidian subspace S ′ = R2. The following section addresses to the
unified description of these problems in the context of finite volume methods.

Definition 6.5.34. According to Addessio et al. [1990] and Maire [2009], the descrip-
tion of plane and axisymmetric problems can be combined as follows:



172 CHAPTER 6. ARBITRARY LAGRANGIAN-EULERIAN PROCEDURES

(i) A pseudo-Cartesian frame (o, e1, e2) that spans the subspace S ′ def= R2 is introduced
in conjunction with a pseudo-radius R defined for all x ∈ S ′ through

R(x) def= 1− β + βz1(x) = (z1(x))β , where β ∈ {0, 1} .

−→ox def= z1(x) e1 + z2(x) e2
def= zb(x) eb ∈ R2 is the position vector of x with respect to the

frame. The plane case, R = 1, is recovered if β = 0, for which the definitions z1 def= x

and z2 def= y would be convenient. On the other hand, by setting β = 1 one recovers
the axisymmetric case R = z1, with z1 now corresponding to the radial coordinate.
Therefore, z1 def= r and z2 def= z for β = 1, by referring to the standard cylindrical
coordinates.

(ii) Volume and area integrals in S = R3 related to plane and axisymmetric problems
are defined per unit thickness in the x-y-plane (β = 0) and per unit radian in the
r-z-plane (β = 1). By recalling that in three dimensions the Jacobian determinant of
the transformation (x, y, z) 7→ (r, z, φ) equals r, the Riemannian volume form and area
form on S ′ = R2 are respectively introduced as

dvS′(x) def= R(x) da(x) and daS′(x) def= R(x) dl(x) ,

where da(x) def= dz1∧ dz2 and x ∈ S ′. ♦

In the context of finite volume methods, the j-th control volume of the tessellation in
S = R3 is defined through Vj def= Aj×I, where Aj ⊂ S ′ is the cross-sectional area of the
control volume in the two-dimensional subspace, with I def= R in plane conditions and
I def= [0, 2π] in axisymmetric conditions. The cross section is a time-dependent image
Aj

def= Φ(Yj, t) in arbitrary Lagrangian-Eulerian methods, with Yj ⊂ S ′. Moreover, a
control volume face Γj,k in 3d is represented by the straight edge Lj,k ⊂ S ′ given by

Γj,k = Vj ∩ Vk = (Aj × I) ∩ (Ak × I) = (Aj ∩ Ak)× I def= Lj,k × I , (6.5.35)

with j, k ∈ {1, . . . , ncv} and k 6= j. The area of Aj and the length of Lj,k are computed
from

Aj
def=
∫
Aj

da and Lj,k
def=
∫
Lj,k

dl , (6.5.36)

respectively. It is assumed that the orientation of Aj and ∂Aj is positive with respect
to the canonical basis in R2 such that Aj > 0 and Lj,k > 0. On the other hand, the
volume of the j-th control volume and the area of its faces per unit thickness resp. per
unit radian are given by

Vj
def=
∫
Aj
Rda and Sj,k

def=
∫
Lj,k

R dl , (6.5.37)

respectively. R(x) is the pseudo radius by Definition 6.5.34(i). Again, it is assumed that
Vj > 0 and Sj,k > 0. By using (6.5.36) and (6.5.37), averaged pseudo radii associated
with Aj and Lj,k can be defined through

Rj
def= 1

Aj

∫
Aj
Rda = Vj

Aj
and Rj,k

def= 1
Lj,k

∫
Lj,k

R dl = Sj,k
Lj,k

, (6.5.38)
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so that Vj = RjAj and Sj,k = Rj,kLj,k. According to Pappus’s theorems [Thomas
and Finney, 1996], Rj and Rj,k are the centroids of Aj and Lj,k, respectively, in the
pseudo-Cartesian frame. In plane conditions, however, Rj = 1 and Rj,k = 1, leading
to the identities Vj = Aj and Sj,k = Lj,k.

Having prepared for the unified description of plane and axisymmetric problems, Def-
inition 6.5.6 concerning finite volume-based advection algorithms can now be revised.
According to Definition 6.5.34(ii), all volume and area integrals in three dimensions
are defined per unit thickness in plane conditions, and per unit radian in axisymmetric
conditions. For example, the integral form of the generic ALE conservation law (6.5.1)
written for the j-th control volume takes the form

d
dt

∫
Aj
qRda+

∫
∂Aj

qc · n∗R dl = 0 , where Aj = Φ(Yj, t) ⊂ S ′ = R2. (6.5.39)

The control volume average and the averaged convective volume flux density are re-
spectively defined through

q̄j
def= 1

RjAj

∫
Aj
qRda and F V

j,k
def= 1

Rj,kLj,k

∫
Lj,k

c · n∗R dl . (6.5.40)

Other definitions made for general mdim-dimensional advection problems can be easily
adjusted to the combined plane and axisymmetric formulation.

Let the control volumes have non-self-intersecting closed polygonal cross sections Aj
defined by N vertices in counter-clockwise order along the perimeter of Aj, and let the
vertices I and I+1 define the edge Lj,k, with I ∈ {0, . . . , N −1}. Moreover, the vertex
N , with position vector xN = (z1

N , z
2
N)T, is assumed to coincide with vertex 0. Note

that in this case, Proposition B.2 and Definition B.1(ii) do apply. Accordingly, Aj, Rj,
Lj,k, and Rj,k can be computed from

Aj = 1
2

N−1∑
I=0

(z1
Iz

2
I+1 − z1

I+1z
2
I ) , (6.5.41)

Rj = 1− β + β

6Aj

N−1∑
I=0

(z1
I + z1

I+1)(z1
Iz

2
I+1 − z1

I+1z
2
I ) , (6.5.42)

Lj,k =
√

(z1
I+1 − z1

I )2 + (z2
I+1 − z2

I )2 , and (6.5.43)

Rj,k = 1− β + β

2 (z1
I + z1

I+1) , (6.5.44)

respectively, where β ∈ {0, 1}. The (averaged) unit outward normals nj,k to the edges
Lj,k are obtained from Definition B.1(iii), that is,

nj,k
def= ñj,k
‖ñj,k‖

, with ñj,k
def=

(
n1
n2

)∣∣∣∣∣
Lj,k

=
(
z2
I+1 − z2

I

z1
I − z1

I+1

)∣∣∣∣∣
Lj,k

. (6.5.45)

Moreover, the averaged convective velocity field cj,k defined through 6.5.6(v) has the
local representative

cj,k = 1
2

(
c1
I + c1

I+1
c2
I + c2

I+1

)∣∣∣∣∣
Lj,k

. (6.5.46)
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The convective volume flux densities F V
j,k across Lj,k can then be obtained from

F V
j,k = cj,k · nj,k = cbInb + cbI+1nb

2 = const. , with b = 1, 2 . (6.5.47)

6.5.3 Transport Algorithm Based on Finite Volumes

The variety of definitions and concepts presented in the previous sections perhaps
obscure what exactly has been implemented into the developed operator-split ALE
method for plane strain and axisymmetric penetration into sand. Therefore, a brief
summary of the transport step is given here. Its pseudocode is provided by Alg. 6.6.
As before, the quantities calculated with respect to the mesh configurations before and
after the mesh motion step are superscripted with − and +, respectively.

The transport algorithm falls into the category of so-called advective remaps and
achieves consistency as well as conservativity because it is based on the finite vol-
ume method. In the full donor-cell limit (α = 1), the algorithm is extremely robust,
sign-preserving for arbitrary convective velocities c, and monotonicity-preserving for
c = const [Margolin and Shashkov, 2006]. The transport algorithm is conditionally sta-
ble for all α ∈ [0, 1[ , with stability condition (6.5.14). There is only one cell-centered
control volume tessellation associated with the transport step, and this coincides with
the finite element mesh because the developed ALE method is based on constant strain
triangles having a single storage point. Moreover, no ghost cells are added to the tes-
sellation at physical boundaries because the relocation of boundary nodes during the
mesh motion step approximately meets the zero-flux constraint (6.2.7).

The general form of the spatially isotropic algorithm has been proposed in 6.5.13.
It advances the j-th control volume average of the considered data q ∈ {J,σ,α}
in the pseudo time interval [t−, t+] by using the first-order accurate explicit forward
Euler method. The data includes the element Jacobian J , σ contains the (effective)
stress components, and α is a possibly empty array of generally tensor-valued material
state variables, depending on the constitutive equation employed. Transport must be
carried out for each tensor component separately, so that a total of 10 variables have
to be advected in plain strain resp. axisymmetric analysis when using the hypoplastic
model for sand (Section 4.3): 4 stress components, 1 void ratio, 4 intergranular strain
components, 1 element Jacobian.

As described in the previous section, the volume and the area appearing in Proposi-
tion 6.5.13 are defined per unit thickness (per unit radian) in plane (axisymmetric)
geometries, respectively: V +

j = R+
j A

+
j and S−j,k = R−j,kL

−
j,k. Note that L−j,k and R−j,k

require the geometry x−, and A+
j and R+

j the geometry x+. In the present work, the
numerical flux function substituted for the averaged convective flux density F q−

j,k is the
donor-cell flux density weighted by a factor α ∈ [0, 1]. The one-dimensional version of
this flux density is given by (6.5.31), and its isotropic multidimensional extension takes
the form

F q
j,k = 1

2F
V
j,k(q−j + q−k ) + 1

2α|F
V
j,k|(q−j − q−k ) , (6.5.48)
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Algorithm 6.6: Finite volume-based transport of the field q in two dimensions
by using the weighted donor-cell (Godunov-type) advection scheme.

Input: solution data q− at storage points, distorted mesh geometry x−,
smoothed mesh geometry x+, set C of all control volumes in the
tessellation, set C ′ of all control volumes affected by mesh motion,
facets F(Vj) and neighbors N (Vj) of every Vj ∈ C ′, problem type
β ∈ {0, 1} (plane: β = 0, axisymmetric: β = 1)

Output: transported solution data q+ at storage points
1 compute convective velocity c = (x− − x+)/∆t at all nodes;
2 specify donor-cell weighting factor α ∈ [0, 1] (full: α = 1, centered: α = 0);
3 forall the Vj ∈ C do determine q−j from q−;
4 begin Determination of Flux Contributions
5 foreach Vj = (Aj × I) ∈ C ′ do
6 compute cross sectional area A+

j (6.5.41);
7 compute averaged pseudo radius R+

j (6.5.42);
8 read data q−j and initialize ∆qj = 0;
9 foreach Γj,k = (Lj,k × I) ∈ F(Vj) do

10 determine Vk ∈ N (Vj) such that Γj,k = Vj ∩ Vk 6= ∅;
11 read data q−k ;
12 compute cross sectional length L−j,k (6.5.43);
13 compute averaged pseudo radius R−j,k (6.5.44);
14 compute averaged unit outward normals n−j,k (6.5.45);
15 obtain convective volume flux density F V−

j,k (6.5.47);
16 ∆qj ← ∆qj + ∆tR−j,kL

−
j,kF

V−
j,k (q−k − q−j )(1− α sgn(F V−

j,k ));
17 ∆qj ← ∆qj/(2R+

jA
+
j );

18 begin Update of Control Volume Data
19 foreach Vj ∈ C do
20 if Vj ∈ C ′ then
21 q+

j = q−j − ∆qj;
22 else
23 q+

j = q−j ;

24 forall the Vj ∈ C do determine transported data q+ def= qn+1 from q+
j ;
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which completes the algorithm. Substitution into 6.5.13 and rearrangement yields the
final form

q+
j = q−j − ∆qj

= q−j −
∆t

2R+
jA

+
j

∑
k 6=j

R−j,kL
−
j,kF

V−
j,k (q−k − q−j )(1− α sgn(F V−

j,k )) (6.5.49)

having been implemented. Note that (6.5.49) is the isotropic multidimensional ex-
tension of the transport algorithm (6.5.32) for both plane and axisymmetric initial
boundary value problems. A full donor-cell upwind scheme is obtained by setting
α = 1, whereas α = 0 results in a scheme second-order centered in space. For α 6= 1,
however, the scheme is not sign-preserving, and hence not monotonicity-preserving.

Input to the transport algorithm (Alg. 6.6) is the problem type β ∈ {0, 1} defined by
6.5.34(i), the solution data q− at the quadrature points, the distorted (i.e. upstream)
mesh geometry x− after the Lagrangian step, the smoothed mesh geometry x+ after
the mesh motion step, as well as the set C def= {V1, . . . ,Vncv} of all control volumes
in the tessellation and the set C ′ def= {V1, . . . ,Vj, . . . ,Vn′cv} comprising all the control
volumes which contain vertices affected by the mesh motion step. In addition, the
transport algorithm requires the facets F(Vj) def= ⋃

k 6=j Γj,k and the neighboring control
volumes N (Vj) def= ⋃

k 6=j Vk that share a common facet Γj,k, where Vj ∈ C ′, Vk ∈ C,
j ∈ {1, . . . , n′cv}, k ∈ {1, . . . , ncv}, n′cv ≤ ncv, and k 6= j.

6.6 Numerical Implementation

The following section briefly describes the numerical implementation of the Lagrangian
step (Section 6.3), the mesh motion step (Section 6.4), and the transport step (Sec-
tion 6.5) of the ALE method self-developed by the author. The method has not been
implemented as a stand-alone code but adds specific capabilities to the proprietary
finite element code system ANSYSr (Release 11.0 SP1) via programming interfaces.
This strategy has been chosen in order to profit from the powerful solvers, pre- and
postprocessors of the host application. Since only a few interfaces are required, the
present approach will certainly be compatible with other Lagrangian FE codes provid-
ing user-programmable features (e.g. ABAQUSr).

6.6.1 Authorship

The complete ANSYSr ALE capabilities presented here have been designed and coded
by the author. Although ANSYS AUTODYNr and ANSYS LS-DYNAr provide ALE
solvers for explicit dynamical analysis on a short time scale, no ALE capability has
been available so far in ANSYSr MechanicalTM (currently Release 14.5), which solves
structural mechanical problems by using implicit integration in time. An implicit ALE
solver is, however, necessary to analyze quasi-static penetration into sand.
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Concerning the Lagrangian step of the ALE method, the Fortran source code of the
hypoplastic model for sand (Sections 4.3 and 6.3.2) was made available by Nübel and
Niemunis [1999], which has been adapted to meet specific requirements. The source
code of the hypoelasto-J2-plastic model with linear isotropic hardening (isotropic von
Mises plasticity; Sections 4.1.3 and 6.3.2) is identical with that in the distributed
ANSYSr user material subroutine usermat [ANSYS, 1999], which uses the same con-
stitutive equation for demonstration.

The entire OSMOT algorithm (Section 6.4.3; Alg. 6.5) in the mesh motion step has
been designed and coded by the author. The objective function of this optimization-
based mesh smoothing algorithm has been proposed by Braess [2000] and Braess and
Wriggers [2000]. The smoothing procedures for internal nodes and boundary nodes
proposed by Aymone et al. [2001], see also Section 6.4.2 and Alg. 6.3, as well as the
method of Giuliani [1982] have also been programmed by the author during the present
research.

The finite volume-based advection algorithm (Section 6.5.3 and Alg. 6.6) used in the
transport step of the developed ALE method has been coded by the author. In this al-
gorithm, numerical advection is carried out by applying Godunov’s scheme [Godunov,
1959] to the linear conservation laws governing the transport step. The method cor-
responds to a conservative formulation of the first-order upwind advection scheme of
Courant et al. [1952]. The donor-cell weighting factor has been introduced according to
Hirt et al. [1974]. The final formula (6.5.49), which has been implemented, corresponds
to those found in [Rodríguez-Ferran et al., 1998; Askes et al., 1998; Di et al., 2007].

6.6.2 Interfacing with ANSYSr

General Remarks

Since ANSYSr is not open source the developed incremental operator-split ALE finite
element method, whose overall solution procedure is expressed in Alg. 6.1, had to
be fitted to the interfaces provided by the software. However, ANSYSr does not
provide any interface designated to add ALE capabilities or to modify a given mesh.
According to the programmer’s manual [ANSYS, 2007b] and the scripting language
guide [ANSYS, 2007c], interaction with the main program can be realized by using

1. Utilities and Fortran 90 routines to directly access the database and the binary
files written or used by ANSYSr.

2. User programmable features (UPF), which comprise Fortran 90 user subroutines
and functions that can be modified, as well as include decks, database access
routines, and subroutines for user’s convenience.

3. ANSYSr Parametric Design Language (APDL), which is a fast and highly pro-
ductive scripting language similar to Fortran 90.

A combination of UPF and APDL is used in the present work. APDL macros are
written for all the initial boundary value problems to be presented in Chapter 8. The
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parameters of the specific problem, the geometry and mesh definitions, solution op-
tions, and output of the results are set therein. The consecutive Lagrangian, mesh
motion, and transport steps of the ALE method are initiated and controlled via both
conventional and user-programmed commands.

The UPF functions and routines are written in Fortran 90 [ANSYS, 2007b]. In con-
trast to older versions, Fortran 90 allows e.g. for dynamic memory allocation, modular
programming, ability to operate on arrays or array sections as a whole, composite (de-
rived) data types, pointer assignment, and multi-way selection. By employing these
capabilities, a somewhat object-oriented programming can be achieved, which greatly
facilitated implementation of the mesh motion and transport steps of the ALE method.

Implementation of Necessary Steps

In order to extend the host application by the desired features, the “∗”-steps in Alg. 6.1
had to be implemented. The following UPF subroutines and functions have been
coded for this purpose: user01, user07, user09, usermat, and ustress. The first three are
functions for accessing data on the ANSYSr command line or in an APDL macro (user
command), usermat allows to implement user-defined material constitutive models,
and ustress gets the user-supplied stress state for initial stress analysis. A couple of
additional Fortran 90 subroutines and modules containing data structures have been
written by the author in order to accomplish the implementation.

usermat in conjunction with user01 contains the implementations of the rate constitutive
equations applied in the Lagrangian step, which are the grade-zero hypoelastic model
and the hypoelasto-J2-plastic model (Secs. 4.1.3 and 6.3.2), as well as the hypoplastic
model for sand (Secs. 4.3 and 6.3.2). usermat is called in every iteration step of the
implicit global time integration procedure, and it operates on the level of the element’s
quadrature points and in the corotated material frame [XANSYS Mailing List, 2004].
Clearly, usermat implements step 12 of Alg. 6.1 based on the strain increment, the
Cauchy stress, and the material state variables (all in the corotated frame).

user09 function has been coded to collect some primary information concerning the
connectivity of the finite element mesh required for mesh motion (Section 6.4). For
two-dimensional meshes, required information addressed by user09 includes the list of
all internal nodes, the list of all the nodes belonging to a certain boundary edge of
the computational domain (sub-boundary), and the list of those nodes belonging to a
certain boundary edge that might be moved.

Derived topological information, like the neighboring elements of an internal node, are
assembled in user07. This function also implements the mesh smoothing procedures
the user can choose from: smoothing by weighted averaging [Aymone et al., 2001]
resp. (Sec. 6.4.2; Alg. 6.3), Giuliani’s method [Giuliani, 1982], and optimization-based
smoothing using the OSMOT algorithm (Sec. 6.4.3; Alg. 6.5). The particular method
that should be employed must be specified by the user command related to user07.

Most of the ALE capabilities are accessed via user07. Besides mesh smoothing, this
function is responsible e.g. for initialization of ALE, time incrementing, allocation and
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deallocation of user defined arrays, as well as for the transport step (Section 6.5). The
latter involves the weighted donor-cell advection scheme (Alg. 6.6), which requires the
list of elements adjacent to each element sharing a common facet, and a list of all the
elements whose nodes were relocated during the mesh motion step. The former list
is generated in user07 only once during the initialization phase, whereas the elements
affected by mesh motion are gathered at the beginning of each transport step.

Restart Procedure in Each Calculational Cycle

Implementation was strongly influenced by the fact that one must temporarily exit the
solution processor and enter the preprocessor when nodes should be relocated. Reenter-
ing the solution processor, which becomes necessary before the next Lagrangian step,
generally resets the material and load histories unless analysis is properly restarted.
ANSYSr is capable of restarting an analysis by writing a load history file and addi-
tional result files [cf. ANSYS, 2007d, sec. 3.9]. Unfortunately, these files are neither
accessible nor can the restart process be modified by the user, hence advancing ALE
solution in time had to be squeezed into the interfaces provided. The author is thor-
oughly convinced that user programmable features for rezoning would have greatly
facilitated implementation of the ALE method.

ANSYSr in fact starts a new calculation when normally reentering the solution pro-
cessor. Therefore, if ALE solution should be continued, the variables of the problem
(mass density, stress, material state variables) have to be overwritten with the values
obtained at the end of the most recent transport step; this generally is a non-trivial
task in proprietary codes because of the limitation on access. Supplied stress must be
balanced by the nodal reaction forces from the most recent solution step to avoid un-
physical deformation. Spurious residual forces caused by the transport step are usually
small and will be balanced during the next solution (cf. Remark 6.2.23). Loads and
boundary conditions applied to the old model have to be reapplied or transferred to
the new model. After the application of additional loads and boundary conditions, the
load step counter is increased and the time level is updated. The finite element system
of equation is solved, and then the next mesh motion and transport steps are issued.

In summary, the restart procedure in each calculational cycle of the operator-split ALE
method consists of the steps listed in Alg. 6.7.

Algorithm 6.7: Restart procedure in each calculational cycle of the operator-
split ALE method.

1 Overwrite solution variables with previously saved values;
2 Apply nodal reaction forces of the previous solution step as loads;
3 Transfer or reapply loads and boundary conditions;
4 Apply additional loads and boundary conditions;
5 Increase cycle counter and update time;
6 Continue the solution and balance residual forces;
7 Permanently save the evolved solution variables;
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Remarks on the Element Type

The current ALE method has been customized for the 3-node triangle element with 1-
point integration (constant strain triangle) because it is both very simple and extremely
robust. The well-known locking phenomenon associated with this element type at the
incompressible limit can be handled by using problem-specific mesh patterns. Creation
of a new element type via UserElem subroutine could be avoided by using the outlined
approach in conjunction with the PLANE182 element type provided by distributed
ANSYSr. PLANE182 generally is a two-dimensional 4-node quadrilateral solid element
but has a triangular option in addition to the plane strain and axisymmetric options.

6.6.3 Summary of Code Features and Capabilities

Table 6.1: ALE code features and capabilities chart.

Capabilitya Coded UPF routineb

Analysis type quasi-static mechanical (none)c

Problem type plane strain user07d
axisymmetric

Mesh type unstructured (none)structured
Element type 3-node triangle (none – PLANE182)

Material type single-phase solid (none)granular solid; dry or drained

Material model
hypoelastic (Secs. 4.1.3, 6.3.2)

usermat; user01hypoelasto-plastic (Secs. 4.1.3, 6.3.2)
hypoplastic (Secs. 4.3, 6.3.2)

Contact behavior zero friction (none)no sliding

Mesh motion

weighted averaging [1]; (Sec. 6.4.2)

user07; user09Giuliani’s method [2]
optimization-based (Sec. 6.4.3)
Eulerian (initial mesh)

Transport weighted donor-cell FVM (Sec. 6.5.3) user07; usermat;
ustresse

[1]=[Aymone et al., 2001]; [2]=[Giuliani, 1982]
aOnly those capabilities are listed which have been implemented or tested in conjunction with the ALE
method. Additional distributed ANSYSr capabilities might be compatible with the ALE method.

bANSYSr Release 11.0 SP1.
cCapabilities that have not been coded are distributed ANSYSr capabilities.
dCoded in order to adapt the transport step in ALE calculations. Plane strain and axisymmetric
problems are supported by distributed ANSYSr.

eSubroutine ustress is no longer supported as of ANSYSr Release 12.0.



Chapter 7

Experimental Model Tests

The following chapter is concerned with the experimental model tests that have been
designed and carried out in order to observe the flow field during penetration into sand
and to investigate the load-displacement response of the penetrator. The main pur-
pose of these tests is the validation of the developed ALE method, whose main features
include an advanced rate constitutive equation to model the mechanical behavior of
sand. Determination of the full set of material constants associated with this consti-
tutive equation requires a sufficiently detailed description of the properties of the test
sand, which generally disqualifies experimental tests reported in the literature.

The tests addressed here involve the quasi-static penetration of a model foundation
and model piles with different pile tips in chambers filled with air-dried sand at dif-
ferent initial densities. The foundation and the piles are pressed into the sand along
an observing window so that the generated flow field in that plane can be digitally
photographed by means of a charge-coupled device (CCD) camera. A method based
on particle image velocimetry (PIV) is then applied to measure incremental deforma-
tion (instantaneous velocity) and incremental strains by cross-correlating the image
sequences recorded. On-sample instrumentation for deformation measurement does
not become necessary when using the PIV method.

Preliminary work for this chapter was done by Eichstädt [2006], Vierhaus [2007], and
Carow [2009] at Technische Universität Berlin (TU Berlin) within the scope of their
theses. White [2002] reports on pile penetration model tests which he carried out at the
University of Cambridge; see also Chapter 2. That thesis includes many helpful sug-
gestions and served as a general guideline for the experimental investigations reported
here. Prof. White, now based at the University of Western Australia, also co-developed
and kindly provided the GeoPIV particle image velocimetry software which has been
used for deformation measurement in the present work [White, 2009]. GeoPIV is a
MATLABr toolbox used at many research institutes worldwide.

Some remarks regarding the conceptual design of the tests will be made in the following
section. Thereafter, the test equipment will be described and the experimental program
will be outlined. The PIV measurement will be addressed subsequently, and test results
will be presented at the end.
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7.1 Conceptual Design

7.1.1 Requirements Specification

The main objective of the model tests is to provide experimental data at a reason-
able effort and sufficiently detailed for back-analysis by using the self-developed ALE
method. Accordingly, the tests are carried out in chambers whose dimensions must be
small compared to the dimensions of piles and foundations in the field, so that each
test can be set up by a single person in one or two working days. The testing devices
should be designed in such a way that they carry over the relevant capabilities of the
ALE method (cf. Tab. 6.1) to an experimental level, which is important for method val-
idation. In particular, the testing devices should allow for the displacement-controlled
plane strain or axisymmetric quasi-static penetration at least into dry sand. Since
contact behavior in the computational models can be either smooth (zero friction) or
perfectly rough (no sliding), the model penetrators should likewise exhibit low or high
surface roughness.

If penetration tests are carried out in a chamber, there must be a sufficiently large sep-
aration S of the walls and the model penetrator in order to avoid side boundary effects.
Equivalently, given a chamber with specific dimensions the diameter or breadth of the
penetrator should be small enough. The minimum separation has been investigated by
different authors and depends, amongst others, on the grain material and the relative
density of the sand. For example, Linder [1977] performed penetration tests in dense
sand at container to pile diameter ratios of 10, 12.5, and 16.67. In the centrifuge tests
conducted by de Nicola and Randolph [1997], the distance to the nearest boundary
was chosen to 4.8 respectively 6. Larger ratios showed insignificant variations in the
cone resistance profile. De Nicola and Randolph used silica flour to scale down the
particle size of a typical sand. Bolton et al. [1999] extensively studied the influence of
the container to pile diameter ratio as well as of the distance to the nearest boundary
during cone penetration in dense and medium dense uniform silica sand carried out in
a centrifuge. They concluded that in any container with hard boundaries the boundary
distance should be at least ten times the cone diameter to avoid significant interference.

Contrary to the aforementioned requirement, a large diameter D or breadth B of the
penetrator and a large mean grain size d50 of the sand are desirable to increase the
resolution of the PIV-based deformation measurement. Beyond that, the pile diameter
to grain size ratio should have a large value, at least twenty [Bolton et al., 1999],
to reduce grain size effects and to comply with the assumption of a soil continuum.
However, content of fines should be as small as possible to ensure a good image texture
for PIV evaluation and to prevent any ingress of sand between the penetrator and the
observing window. The latter will cause the penetrator to gradually deviate from the
desired direction, so that its motion can be no longer observed through the window.

The minimal boundary distance to foundation breadth ratio in the conducted shallow
penetration tests is S/B = 3.34, and the minimal boundary distance to pile diameter
ratio in the pile penetration tests is S/D = 5. The test sand used was washed to
eliminate the content of fines and has a mean grain size of d50 = 1.37mm, which
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results in a foundation breadth (resp. pile diameter) to grain size ratio of B/d50 = 109.5
(resp. D/d50 = 36.5). Investigation of the influence of these ratio on the results were
not undertaken during the present research.

7.1.2 Similitude and Scale Effects

No attempts have been made during the experimental investigations to reproduce pen-
etration processes associated with foundations, piles, or sounding tools in the field, or
to correlate the obtained results with these; examples of such attempts can be found
elsewhere [e.g. Linder, 1977; de Nicola and Randolph, 1997; Bolton et al., 1993, 1999;
Gui and Bolton, 1998; Klotz and Coop, 2001]. As a consequence, no scale models or
other similitude theoretical issues to achieve field-scale equivalence needed to be con-
sidered. This has greatly simplified the design of the experimental tests. For example,
tests could be conducted at 1g and without the use of a surcharge weight at the ground
surface. Moreover, the use of special test sand respecting the law of similitude could be
avoided. The absence of scale effects will also facilitate the validation process without
placing any further restrictions on the applicability of the ALE method. Along with
this validation carried out in a subsequent chapter, ALE computational models will be
built to back-calculate selected experimental tests “as is”, i.e. without any scaling and
with slight geometrical modifications only (see Chapter 8).

7.1.3 Measurement Concept

Attention is payed mainly to the qualitative rather than quantitative experimental
analysis of penetration into sand. The latter is extensively studied in [Linder, 1977;
White, 2002; White et al., 2003] and would require proper calibration of the preparation
and measurement technology. Concerning the PIV method used for displacement and
strain measurement, for example, the camera must be calibrated in order to properly
transform the pixel coordinates of the image space into the spatial coordinates of the
object space. The assumption that a single scale factor can be used to transform
pixel coordinates into object space coordinates is invalid in case of short focal length
digital photography. The calibration process must instead respect the sources of image
distortion, which are the non-parallelism of the camera’s CCD and the object plane, lens
distortion, CCD pixel non-squareness, and refraction through the observing window
[White, 2002; White et al., 2003]. Close range photogrammetry can then be used to
formalize the coordinate transformation.

Without thorough calibration the soil deformation measurement in this work using
PIV remained solely qualitative. It can be assumed that the soil deformation observed
at the window is not biased by interface friction because the friction angle between the
soil and the glass panel is significantly lower than the internal friction angle of the soil.
In contrast to the qualitative soil deformation measurement, the total penetration force
was measured by using a calibrated load cell, and the pile displacements were obtained
from the specifications of the jack-in device or measured by dial gauge displacement
sensors.
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Figure 7.1: Experimental set-up for the shallow penetration into sand (SP tests).

7.2 Test Equipment Overview

Two different experimental set-ups have been used: one for the shallow penetration of a
model foundation (abbreviated as “SP”) and another for the penetration of model piles
(“PP”) with flat, conical, and hemispherical pile tip. The equipment of both set-ups
will be described next. The camera equipment is the same for all SP and PP tests.

7.2.1 Set-up for Shallow Penetration (SP) Tests

The penetration of foundation test chamber shown in Fig. 7.1 had traditionally been
used to demonstrate base failure for educational purposes at the author’s affiliation.
In the present study, the chamber has been employed without any modification for
shallow penetration (SP) tests to supplement the conducted pile penetration (PP) tests.
The characteristic width of the model foundation is about three times larger than the
diameter of model piles used in the PP tests, hence allows for a higher displacement
measurement resolution at otherwise equal conditions.

The test chamber has internal dimensions of 1003mm× 502mm× 152mm and is a
welded assembly of steel plates with a thickness of 10mm. The front and rear panels
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have reinforcing straps at the brim of the chamber which also carry the counter bearing
for the jack-in device. In order to observe the flow field within the soil caused by
the penetration process, the front plate is equipped with a centered 700mm× 350mm
viewing window whose structural element is a 15mm thick tempered safety glass panel.
In the conducted tests, the sand filling had a height of about 400mm.

A wooden rectangular cuboid with dimensions 150mm× 100mm× 150mm (breadth
B = 150mm) serves as a model foundation and approximately ensures plane strain
conditions in the filling of the chamber. The maximum separation of 2mm in thickness
direction between the foundation and the chamber walls minimizes spurious penetration
forces provided there is no sand ingress and the foundation is vertically pressed into the
sand along the glass panel. The jack-in device for the foundation is an ENERPACr RC-
108 hydraulic cylinder in conjunction with a two-speed hand pump and a connecting
safety hose. The cylinder has a capacity of 1000 kg (101 kN) and a stroke of 203mm.

Mechanical dial gauge displacement sensors were mounted onto the chamber to mea-
sure the vertical displacement of two opposite corners on the top face of the model
foundation. Moreover, a force transducer measured the force between the hydraulic
cylinder and the foundation. In order to achieve a somewhat displacement controlled
test, pairs of force and displacement values were simply written down by hand every
2mm of average incremental displacement.

7.2.2 Set-up for Pile Penetration (PP) Tests

A completely new test equipment has been developed during the course of the present
research for the investigation of the penetration of model piles into sand. The main
components are a chamber with glass walls, a half-cylindrical pile prototype with dif-
ferent pile tips, and a jack-in piling device. The complete set-up is shown in Fig. 7.2.
The major parts of the chamber, the model piles, and the pile guide were manufactured
in-house by Mr. Rüdiger von König and Mr. Harald Lorenz at the laboratory of the
Chair of Soil Mechanics and Geotechnical Engineering, TU Berlin.

Chamber

A welded steel frame made from 50mm× 50mm× 3mm S235 square tubes forms
the chamber structure (Fig. 7.2). The front and rear walls are 1050mm× 891mm
panels of laminated sheet glass (LSG) with a thickness of 2 × 12mm = 24mm each.
Four 452mm× 823mm viewing windows, i.e. two for the glass panels on each side,
are left open by the steel frame. Under test conditions, each glass panel acts like
an all-round simply supported plate with an additional line support that bisects the
span in horizontal direction. The side walls and the bottom slab of the chamber are
27mm thick film coated plywood. The glass panels rest on hard rubber strips placed
on the slab, whereas hard PVC strips between the glass and the steel frame should
keep unwanted plate bending to a minimum. In total, the test chamber has internal
dimensions of 1000mm× 891mm× 388mm.
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Figure 7.2: Experimental set-up for the penetration of model piles into sand (PP tests).
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Model Piles

A half-cylindrical pile prototype with exchangeable tips was manufactured in order
to model axisymmetric pile penetration with one glass panel serving as a plane of
symmetry. The parts were molded by machining from solid round aluminium bars with
a diameter of D = 50mm (Fig. 7.3). Aluminium has been chosen because it constitutes
a compromise between machinability, large stiffness, and low surface roughness. Note
that a large stiffness is necessary to prevent deviation of the pile from the vertical, and a
smooth pile is the least problematic when it comes to back-analysis of the experimental
tests. The pile prototype is 500mm long and the pile tip segments have a length of
150mm. Both are connected by a countersunk butt strap joint made of steel, so that
a maximum relative penetration depth of the pile of zmax/D ≈ 9.0 can be achieved if
the chamber is completely filled with sand. Three different pile tip shapes are available
to investigate the influence of the tip geometry on the penetration process and the
load-displacement response: conical, flat, and hemispherical.

The conical shape is the one most intensively studied in literature because of its rele-
vance to the cone penetration test (CPT), which is widely-used for the characterization
of soils in-situ. Flat penetrators are the most challenging in numerical simulations as
they cause drastic changes of the computational domain’s initial shape. During pen-
etration into sand, several researchers observed a hemispherical core zone under a
flat-ended pile (cf. Chapter 2). This is also investigated in the present studies. The
hemispherical pile tip was manufactured for purely academic purposes. It anticipates
the core zone and reduces the difficulties associated with the flat tip in the computa-
tional models used for back-analysis.

Jack-in Device

The jack-in piling device is shown in detail in Fig. 7.3 below. It consists of a pile guide
with sliding carriage and press-in jig, a worm gear screw jack combined with a worm
drive, and a servo motor. The driving parts were purchased from T.E.A. Technische
Antriebselemente GmbH, Hamburg. The SEO25-L work gear spindle of the screw jack
is 700mm long and allows for a maximum force of 25 kN. It has a gear reduction of
24 : 1 and a stroke of 0.25mm per unit input cycle. The spindle runs through a MI-40
worm drive with gear reduction 80 : 1 which is connected to a 3-phase servo motor.
The chosen combination of the screw jack, the worm drive, and the motor results in
a penetration velocity of 4.6mmmin−1, which can be regarded constant during the
penetration tests because the driving parts are overdesigned.

Keeping the half-cylindrical pile penetrating into the sand strictly along the glass panel
is the main task of the pile guide. To achieve this, the guide was manufactured from
high-tensile aluminium profiles and accessories from a professional building kit system.
A press-in jig for the pile, which is set into the base plate of the guide, was cut in a
piece of hard PVC.
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Figure 7.3: Detailed view of the model piles, the pile guide, and the jack-in device.
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Instrumentation

The instrumentation used in the pile penetration set-up is quite simple. A reference
scale is attached to the pile guide for pile displacement measurement purposes, and a
load cell is placed between the pile head and the load pad of the screw jack (Fig. 7.2).
The load cell has a portable display which is attached to the chamber. By this, the
total penetration force can be read on every image captured of the process. However,
no attempts have been made to differentiate between base resistance and shaft friction
of a pile.

7.2.3 Camera Equipment

The experimental set-ups for the SP and PP tests are supplemented by camera equip-
ment. A Canonr PowerShot G5 digital still camera mounted on a tripod was used
throughout the present research. This camera is equipped with a CCD chip providing
a maximum resolution of 2592× 1944 pixels. In order to allow for remote shutter trig-
gering or automatic capturing after a specified period of time, the camera is connected
to a PC where Canonr RemoteCapture software has been installed. Images captured
with the camera via the software are automatically converted, JPEG-compressed, and
downloaded to the computer. Concerning the shallow penetration tests, images are
captured every 2mm of incremental displacement of the model foundation. In case
of the pile penetration tests, the shutter is triggered automatically every 30 s, so that,
owing to the specifications of the jack-in device, the pile has moved by a further 2.3mm
between two consecutive images. Higher frame rates at maximum image resolution are
not supported when the camera is run in remote capture mode.

The distance between the camera and the viewing window in the final arrangement
is approximately 1500mm. Two 500W halogen floodlights are used to illuminate the
soil through the window. They will strongly heat the neighborhood, thus should be
placed in a large enough distance to the camera and instrumentation. In order to avoid
reflections on the viewing window mainly caused by natural light, the complete test
set-up is encased in a party tent with additional webs.

7.3 Experimental Program

7.3.1 Model Test Sand and Preparation

The sand employed in the experimental model tests has been purchased from Heidel-
berger Sand und Kies GmbH as “gravel sand 1 to 3mm”. It is a quartz sand with
well-rounded to angular grains identified as fine-gravelly coarse Sand (fgrCSa) accord-
ing to DIN EN ISO 14688-1. Fig. 7.4 reproduces an optical microscope photograph
of a specimen. Quartz sands have a grain mass density of about ρs = 2.65 g/cm3 [cf.
Herle and Gudehus, 1999; Rackwitz, 2003]. Grain form, angularity and uniformity of
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Figure 7.4: Optical microscope photograph of a model test sand specimen.

the test sand are comparable with Berlin sand [cf. Rackwitz, 2003; Herle and Mayer,
1999; Mayer, 2000]; see also Section 4.3.3.

The limit void ratios of the test sand are emin = 0.482 and emax = 0.779 according
to the procedure specified in DIN 18126. Its grain size distribution curve has been
determined based on DIN 18123 and is drawn in Fig. 7.5. From this, one obtains
d10 = 0.61mm, d30 = 1.07mm, d50 = 1.37mm, and d60 = 1.58mm, where di is a
characteristic grain size defined by the size of the sieve opening passed by i% of the
total weight of grains. By DIN EN ISO 14688-2, then, the coefficient of non-uniformity
is Cu

def= d60/d10 = 2.59 and the coefficient of curvature is Cc
def= d2

30/(d10 d60) = 1.19.
The granulometric properties of the model test sand are listed in Tab. 7.1.

In the conducted tests, the chambers were filled with air-dried test sand by either
dry sieve pluviation or dry deposition using a shovel. Each sand model was prepared
in several layers of equal thickness in order to achieve a homogeneous distribution of
initial density. The steel container used for dry sieve pluviation by hand has an inner
diameter of 350mm and a height of 500mm, resulting in a usable volume of 0.0481m3.
Sieve opening is infinitely adjustable from 0mm to 8mm. The container had been
employed for other types of model tests using fine sand and has not been adapted to
the present situations.

Unfortunately, the intended range of initial densities could not be achieved by way
of the container because the minimum height of pluviation for the first layer of sand
is restricted by the inner height of the chamber. The initial mean relative densities
of the pluviated sand model were always larger than 75% in the shallow penetration
tests and above 80% in the pile penetration tests (cf. Tabs. 7.2 and 7.3). Therefore,
a dry deposition technique has been employed in order to prepare a sand model in a
loose state. The sand is placed in thin layers of less than 30mm in a low-energy state
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Figure 7.5: Grain size distribution curve of the model test sand.

Table 7.1: Granulometric properties of the model test sand.

Property Unit Value Determination method
resp. definition

angularity − rounded to subangular DIN EN ISO 14688-1
form − cubic to elongate DIN EN ISO 14688-1
grain mass density ρs g/cm3 2.65a (estimated)
min. void ratio emin − 0.482 DIN 18126
max. void ratio emax − 0.779 DIN 18126
char. grain size d10 mm 0.61 DIN 18123
char. grain size d30 mm 1.07 DIN 18123
mean grain size d50 mm 1.37 DIN 18123
char. grain size d60 mm 1.58 DIN 18123
non-uniformity Cu − 2.59 DIN EN ISO 14688-2
curvature Cc − 1.19 DIN EN ISO 14688-2

atypical value for quartz sand [cf. Herle and Gudehus, 1999; Rackwitz, 2003]
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without any drop height by using a shovel. By using this technique, the lowest initial
mean relative density achieved was Dr0 = 21% (e0 = 0.718).

Relative density is defined by DIN 18126 resp. Definition 4.2.9. In the present work,
the mean relative density of the sand model in the chambers is calculated from

Dr = emax − e
emax − emin

, with e = ρs

ρd
− 1 and ρd ≈

Fg
gV

, (7.3.1)

where Fg and V are the weight and volume of the sand filling, respectively, and g def=
9.81m/s2 is the Earth’s standard acceleration due to gravity. Any water content of the
air-dried sand is not taken into account.

7.3.2 Test Procedure

The procedure traced during each of the shallow penetration and pile penetration tests
consists of the following steps:

1. Preparation

(a) Adjust pile and jack-in device if necessary, then remove from chamber.

(b) Prepare air-dried sand filling by either pluviation or deposition.

(c) Mount jack-in device and penetrator.

(d) Install instrumentation and camera equipment.

(e) Launch camera software and check settings.

2. Test

(a) Mark filling level on the glass panel.

(b) Start penetration and recording, and monitor.

(c) When finished, retract hydraulic cylinder resp. screw jack.

3. Postprocessing

(a) Remove instrumentation, penetrator, and jack-in device.

(b) Vacuum chamber parts.

(c) Weigh filled chamber.

(d) Remove (vacuum) sand filling.

(e) Weigh empty chamber.

(f) Determine initial mean relative density of sand filling.

(g) Apply GeoPIV software to recorded images.
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7.3.3 Details of SP and PP Tests

Series of shallow penetration (Tab. 7.2) and pile penetration (Tab. 7.3) model tests have
been undertaken with a total of 3 and 28 tests, respectively. Parameters varied during
the test series were the initial sample density and the pile tip geometry (only PP tests).
The sand samples in tests SP-1 and PP-21 to PP-28 initially were in different loose or
medium dense states, whereas they were in different dense or very dense states in tests
SP-3 and PP-1 to PP-20. In the tables, z denotes the penetration depth respectively
the distance between the pile base and the initial ground surface, B = 150mm is the
breadth of the model foundation, and D = 50mm is the model pile diameter.

7.4 Particle Image Velocimetry

7.4.1 Overview

Particle image velocimetry (PIV) is a two-dimensional measuring technique for the
whole instantaneous spatial velocity field resp. incremental displacement field of a
moving and deforming material sample. It was originally developed in the area of
experimental fluid mechanics [Pickering and Halliwell, 1984; Adrian, 1984, 1991, 2005],
and has more recently been applied in experimental soil mechanics [White, 2002; White
et al., 2003; Nübel and Weitbrecht, 2002; Hauser and Walz, 2004]. PIV is based on
image analysis and can be used for measurement purposes ranging between simple vi-
sualization and accurate quantification of the flow field. The following section outlines
the basic concepts and briefly introduces capabilities provided by GeoPIV [White and
Take, 2002; White, 2009], the software that has been employed in this research for
qualitative measurement.

The term “particle image velocimetry” was coined independently by Adrian [1984] and
Pickering and Halliwell [1984]. In contrast to other imaging techniques to visualize or
measure flows, PIV works with particulate markers at moderate concentrations [Adrian,
1991]. Visible, i.e. illuminated markers act as sources of scattered light which generates
spatial variation of luminance (texture) on a photographic film or on the CCD chip of
a digital still camera. PIV operates by tracking the texture within areas of an image
through a sequence of images. While gas and fluid flows must be seeded with marker
particles to carry a sufficiently large number of light sources, the grains in a body of
sand usually entail adequate image texture and may exclusively serve as markers.

The particle concentration or source density measures the probability of encountering
image overlaps of markers contained in the visible volume (light sheet of finite thick-
ness), e.g. because one particle lies behind another. A large source density implies the
formation of speckle patterns in the image plane, making identification of individual
particles impossible. Laser speckle velocimetry (LSV) is preferable over PIV in this
case. The probability of detecting more than one individual marker in a small region
in the visible volume, on the other hand, is measured by the so-called image density.
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Table 7.2: Details of conducted shallow penetration (SP) tests in air-dried sand.

Test ID Date e0 Dr0 Preparation Comment[−] [%] method
SP-1a 05-02-2010 0.678 34 deposition zmax/B = 0.53
SP-2 10-02-2010 no data available
SP-3a 18-02-2010 0.546 78 pluviation zmax/B = 0.55

Table 7.3: Details of conducted pile penetration (PP) tests in air-dried sand.

Test ID Date Pile tip e0 Dr0 Preparation Comment[−] [%] method
PP-1-C

2007

C 0.522 87

pluviation

zmax/D = 8.0
PP-2-F F stopped at z/D = 4.0b

PP-3-F F 0.529 84 stopped at z/D = 2.7b

PP-4-H H zmax/D > 8.0
PP-5-Fa F 0.504 93 stopped at z/D = 3.8b

PP-6-C C zmax/D > 8.0
PP-7-Ha H 0.506 92 zmax/D > 9.0
PP-8-F F stopped at z/D = 3.1b

PP-9-F F 0.497 95 stopped at z/D = 4.0b

PP-10-Ca C zmax/D > 9.0
PP-11-C C 0.518 88 stopped at z/D = 4.2b

PP-12-H H zmax/D > 8.0
PP-13-C 28-05-08 C 0.490 97

pluviationc

zmax/D > 8.0
PP-14-F 05-06-08 F stopped at z/D = 0.4b

PP-15-C 18-06-08 C 0.473 103 stopped at z/D = 1.2b

PP-16-H 01-07-08 H stopped at z/D = 0.8b

PP-17-? loss of dataPP-18-?
PP-19-H 16-10-08 H loss of data pluviation zmax/D > 8.0
PP-20-F 22-10-08 F stopped at z/D = 0.8b

PP-21-F 13-05-09 F 0.678 34 deposition stopped at z/D = 3.0b

PP-22-H 15-05-09 H zmax/D > 8.0
PP-23-F 14-07-09 F without sand fillingd
PP-24-F 21-07-09 F
PP-25-F 23-07-09 F 0.678 34

deposition zmax/D > 8.0PP-26-Ha 30-07-09 H
PP-27-Fa 06-08-09 F 0.718 21PP-28-Ca 07-08-09 C
C – conical; F – flat; H – hemispherical

aanalyzed by using particle image velocimetry; see Appendix D
bdue to severe ingress of sand between the pile and the viewing window
cadditionally compacted by vibration
din order to estimate the restraining force inherent to the system
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Figure 7.6: Geometry of the optical system of the planar particle image velocimeter
applied in the present work (pinhole camera model).

Image density can be used to define different modes of the PIV method [Adrian, 1991].
In the low-image-density mode of particle image velocimetry, which is also referred to as
particle tracking velocimetry (PTV), images of individual particles in the interrogation
cells dominate, so that individual images can be easily identified. The high-image-
density mode of PIV is the technique applied in the present study [cf. White, 2002]. In
this mode, the instantaneous velocity field is obtained by measuring the incremental
displacement over a time step of groups of particles contained in small patches, called
interrogation cells or test patches, within the image.

7.4.2 Basic Definitions and Relations

The optical system of the planar particle image velocimeter applied in this work is
depicted in Fig. 7.6 and consists of an object plane represented by the field of view, the
camera aperture, and the camera’s CCD defining the image plane. The so-called pinhole
camera model is applied, by which the camera aperture is described as a point. This
idealized concept does neither account for aberrations related to finite-sized apertures
and distorted lenses nor respects the discrete image coordinates (pixels) provided by
the CCD. The basic definitions follow.

Definition 7.4.1. Let S be a set and Y ⊂ S. A projection is an idempotent map

π : S → Y
x 7→ y = π(x)
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such that π ◦ π = π and the restriction on the subset is the identity map, that is,
π(y) = y for all y ∈ Y . ♦

The class of three-dimensional projections considered here map visible object points
x ∈ S = R3 of the Euclidian object space or world onto image points y ∈ Y ⊂ S. The
image plane Y thus contains the object’s projected image. The spaces considered here
are Euclidian point spaces within the meaning of Section A.1.
Definition 7.4.2. Based on the pinhole camera model, which is the technical inter-
pretation of a central projection, the geometry of the PIV optical system is specified as
follows (cf. Fig. 7.6):

(i) The test object under consideration is located in the three-dimensional Euclidian
object space S = R3 equipped with a global Cartesian frame (o, e1, e2, e3) def= (o, eb)
called object frame of reference, where b ∈ {1, 2, 3}, o ∈ S is an arbitrary point and
{eb} ∈ R3 is an ortho-normalized basis. The position vector −→ox ∈ R3 of a generic object
point x ∈ R3 has a local representative −→ox def= zb(x) eb with respect to the frame, and
zb being Cartesian coordinates.

(ii) A second Cartesian frame (p, j1, j2, j3) def= (p, jα), α ∈ {1, 2, 3}, called camera
frame of reference, is associated with the three-dimensional camera space. The pro-
jective center p ∈ S represents the camera aperture (pinhole), and j3 ∈ R3, referred
to as the optical axis, is pointing in the viewing direction of the camera. The coor-
dinate tuple of some object point x ∈ S with respect to that frame is denoted by
(ξ1(x), ξ2(x), ξ3(x))T ∈ R3, so that −→px def= ξα(x) jα. By noting that

−→px = −→po +−→ox ∈ R3 ,

the change of framing (o, eb) 7→ (p, jα) defines a transformation of affine coordinates
for the point x, which involves the orientation of the camera relative to the object
(so-called exterior orientation).

(iii) The image plane is represented by the camera’s CCD chip and is regarded a two-
dimensional bounded subset Y ⊂ S = R3 spanned by the basis vectors {j1, j2} of the
camera frame at point q = (p − dim j3). Hence, j3 is the unit normal to the image
plane in R3. The point q ∈ S is called the principal point, and the focal length or image
distance dim

def= ‖−→pq‖ measures the shortest distance of the projective center p from the
image plane. As a consequence, ξ3(y) = −dim for all image points y ∈ Y such that

−→py = ξν(y) jν − dimj3
def=

 ξ1(y)
ξ2(y)
−dim

 ∈ R3 , with ν ∈ {1, 2} .

(iv) Let (q, i1, i2) denote the image frame of reference whose ortho-normalized basis
vectors are respectively aligned with j1, j2 ∈ R2×{0} ⊂ R3. This frame parameterizes
the two-dimensional image plane by the image coordinates ζ1, ζ2 defined through the
local representative

−→qy def= ζν(y) iν ∈ R2 ,
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where y ∈ Y and ν ∈ {1, 2}. Note that ζν(y) = ξν(y) for each ν ∈ {1, 2} and all y ∈ Y
by definition of the image frame. ♦

For the present studies, it is assumed that rays of visible object points are near the
optical axis (referring to paraxial photography) and that the relative distance along the
optical axis of any two visible points is small compared to their average distance to the
projective center dob, called object distance. As a consequence of these assumptions,
out-of-plane motion cannot be measured and all visible object points approximately lie
on a bounded visible object plane X ⊂ S, which is associated with the back side of the
glass panel of the test chamber. Moreover, the object and image planes are parallel,
resulting in

ξ3(x) = dob for all x ∈ X and M = −dim

dob
= const. (7.4.3)

M is called the magnification of the camera model. The image of a vector u ∈ R2 lying
in the object plane is then given by the simple transformation rule [cf. Adrian, 1991]

uim = Mu resp.
(
u1

im(y)
u2

im(y)

)
|iν

= M

(
u1(x)
u2(x)

)
|jα

∈ R2 , (7.4.4)

where y = π(x), uim
def= uνim(y) iν , and u def= uα(x) jα = ub(x) eb, with u3(x) = 0.

In order to determine the flow field of a material body contained in the object space,
object points are regarded as places of material points parameterized by time t ∈
[0, T ] ⊂ R. Recall that material points are represented by individual marker particles
or by the reference points of small groups of particles in PIV methods. However,
object points are fixed throughout the PIV evaluation. This means that PIV naturally
results in an Eulerian description of motion with independent coordinates ζ1(π(x)) and
ζ2(π(x)) on the image plane; see also Sections 3.1.3 and 5.1, and [Nübel and Weitbrecht,
2002].

Consider two images captured at times t = tn and t = tn+1 in the time interval of
interest. These images respectively show configurations ϕ(B, tn) def= ϕn(B) ⊂ S and
ϕ(B, tn+1) def= ϕn+1(B) ⊂ S of the material body B in the ambient space S; see also
Section 3.1. A single material point X ∈ B located at x = xn

def= ϕn(X) ∈ S in the
first configuration will move to

xn+1
def= ϕn+1(X) = ϕn(X) + u(ϕn(X)) ∈ ϕn+1(B) ⊂ S , (7.4.5)

in the second configuration. The vector field u : ϕn(B) → TS defined pointwise
through u(x) def= (x,−−−−→xnxn+1), with x = xn is called the incremental spatial displacement
field imposed on ϕn(B) ⊂ S (Fig. 7.6). It is determined based on (7.4.4) and the image
analysis procedure outlined in the following section. The flow field, that is, the spatial
velocity field of the material (Definition 3.1.5) is then approximated by

v(x)∆t ≈ u(x) = M−1uim(y) , (7.4.6)

where y = π(x) = π(ϕn(X)) ∈ Y is the image of x = ϕn(X) in the image plane. Both
u and v are constant in the incremental time interval [tn, tn+1].
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7.4.3 Image Analysis Procedure and Postprocessing

The incremental spatial displacement field u imposed on the configuration ϕn(B) at
time t = tn must be determined from image vectors

s(y) def= sν(y) iν ∈ R2 , (7.4.7)

with ν ∈ {1, 2}. The particular image vector which is the image of u(x) by (7.4.4)
resp. (7.4.6) is denoted by uim(y) def= uνim(y) iν ∈ R2.

The primary objective of the PIV method is the determination of uim, usually on a
part A ⊂ Y of the image plane called an area of interest (AOI). The field, however,
is determined at discrete image points y ∈ A owing to the working principle of the
method. In case of this research, a multi-frame high-image-density PIV software for
soil mechanics [White, 2002; White and Take, 2002; White et al., 2003; White, 2009],
called GeoPIV, has been applied. Its workflow is illustrated in Fig. 7.7 and Alg. 7.1,
and will be outlined next.

Let (I0, I1, . . . , In, . . . , IN), with In = Y for all n ∈ {0, 1, . . . , N}, be a series of
consecutive still images recorded at equally spaced time stations t0, t1, . . . , tn, . . . , tN ,
respectively, by using a steady light source. For the first image of an image pair
(In, In+1) in this series, with 0 ≤ n < N , a regular grid of small first interrogation
windows or test patches is generated (Figs. 7.7a) —it is assumed that the whole image
is an AOI for reasons of notational brevity. All test patches in the grid are squares
with equal edge length l, the patch size, such that each test patch P ⊂ Y is uniquely
defined by its centroid yc. Its (fixed) position in both images In and In+1 is specified
by the coordinates ζ1(yc), ζ2(yc), which are the components of −→qyc with respect to the
image frame (Definition 7.4.2(iv) and Fig. 7.7b). Shifted coordinates

ζν
′(y) def= ζν(y)− ζν(yc) , with ν ∈ {1, 2} and y ∈ P , (7.4.8)

are introduced for each test patch domain P to locate points relative to the patch
centroid. In the next step, a larger second interrogation window or search patch is
assigned to each test patch in the second image In+1. The search patch is a square
with edge length l + 2smax and centered at yc, the centroid of the test patch.

Typical values for l range between 5 and 50 pixels concerning soil mechanical appli-
cations. The resolution of the measured displacement field increases with decreasing
patch size, but the standard error also does. On the other hand, precision is improved
when using large patches, but this will reduce the density of data points in an image.
The search range smax

def= ‖uim‖max represents the length of the largest incremental
displacement vector image that can be detected by the method. A larger search range
generally requires more computing time. In order to produce reliable results, how-
ever, the test patch and the search patch must overlap in consecutive images, that is,
smax < l.

The image of the incremental spatial displacement vector, uim(yc), is determined for
each test patch by means of a cross-correlation of the image intensities in the test
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Figure 7.7: Workflow of multi-frame high-image-density PIV software for soil mechan-
ical applications. Two images from consecutive configurations of the granular body are
subdivided into patches (a), and then the pixel intensity (luminance) of each pair of
patches are cross-correlated (b). From the field of local incremental displacement vec-
tors obtained (c), the equivalent shear strain rate (d) can be derived; based on White
[2002, fig. 3.6].
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patch of image In and in the associated search patch of image In+1 (Fig. 7.7b). Image
intensity or luminance is a scalar field I : R2 ⊃ Y → R, and the particular intensity
fields associated with the test patch and the search patch are denoted by Itest and Isearch,
respectively; it should be noted that these are in fact intensity matrices by means of
discrete pixel coordinates. Cross-correlation is generally used in signal processing to
measure the similarity of two waveforms. If f(t), g(t) are two continuous waveforms,
their cross-correlation is defined through

(f ? g)(t) def=
∫ +∞

−∞
f(τ) g(τ + t) dτ , (7.4.9)

where τ ∈ R is the cross-correlation lag. Cross-correlation of f(t) and g(t) is equivalent
to the convolution of f(t) and g(−t), which is written f ∗ g.
Definition 7.4.10. The cross-correlation of Itest and Isearch is defined through

R(s) def= (Itest ? Isearch)(s) =
∫ + l

2

− l2

∫ + l
2

− l2
Itest(y) Isearch(y + s) dζ1′dζ2′ ,

where y ∈ P ⊂ Y and s def= (s1, s2)T ∈ R2 with respect to the ortho-normalized vector
basis {i1, i2} of the image plane. ♦

In GeoPIV software, R(s) is normalized according to [cf. White, 2002]

R̄(s) def= R(s)
N(s) ∈ [0, 1] , (7.4.11)

where

N(s) def=
∫ + l

2

− l2

∫ + l
2

− l2
H(y) (Isearch(y + s) Isearch(y + s)) dζ1′dζ2′ , (7.4.12)

and

H(y) def=
1 if y ∈ P

0 else
(7.4.13)

being a uniform non-zero masking intensity field on the test patch. In order to reduce
the computational costs, the correlation operations 7.4.10 and (7.4.12) are carried out
in the frequency domain by making use of the convolution theorem and taking the fast
Fourier transform (FFT) of each intensity field [White et al., 2003].

Now, the fundamental assumption underlying the PIV method is that the highest cor-
relation of the test patch and search patch intensities occurs when the image vector
s coincides with the image uim(yc) of the averaged incremental displacement of the
group of particles captured on the test patch (Fig. 7.7b). The next definition states
this more precisely.
Definition 7.4.14. Let s ∈ R2 be the argument of the cross-correlation R̄(s), and
let maxs∈R2 R̄(s) be the unique correlation peak. The image uim of the incremental
spatial displacement u is then defined through

uim(yc) def= speak =
(
s1

peak
s2

peak

)
, with speak

def= arg max
s∈R2

R̄(s) . ♦
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The measured displacement increment has single pixel resolution due to the integer
coordinates imposed by the camera’s CCD. Sub-pixel resolution of the components
s1

peak, s
2
peak is established in GeoPIV by a bicubic interpolation in the vicinity of the

integer peak [White, 2002].

The correlation procedure is repeated for all test patches in image In in order to
determine the discrete incremental displacement field of the material sample (Fig. 7.7c),
and then the subsequent images in the series are processed in the same manner; see
Alg. 7.1.

Algorithm 7.1: GeoPIV analysis procedure according to White and Take
[2002].

Input: image series (I0, I1, . . . , IN), magnification M
Output: incremental displacement field for each image In, with 0 ≤ n < N

1 specify patch size l and search range smax;
2 foreach image In with 0 ≤ n < N do
3 foreach test patch P ⊂ In do
4 determine test patch intensity field;
5 determine associated search patch intensity field in image In+1;
6 evaluate cross-correlation R(s) by 7.4.10;
7 evaluate N(s) by (7.4.12);
8 compute normalization R̄(s) = R(s)/N(s);
9 determine incremental displacement uim = arg maxs∈R2 R̄(s);

10 establish sub-pixel resolution of uim using bicubic interpolation;
11 totality of u = M−1uim for all patches is incremental displacement field;

Each incremental image displacement vector uim is attached to a single test patch
centroid yc ∈ P . Therefore, the set of all test patch centroids can be defined as
the nodes of a finite element mesh in order to postprocess the PIV results. The finite
element approach (Chapter 5) together with the relation (7.4.6) allows the computation
of object strains or deformation history from image displacements (Fig. 7.7d). In
GeoPIV, the test patch centroids form the nodes of a two-dimensional mesh made up
of 3-node triangles with 1-point integration, and the Lagrangian logarithmic strain ε
defined by (3.1.13) is employed as the finite deformation strain measure [White, 2002].
The eigenvalues of ε can be directly obtained from Mohr’s circle for plane strain:

ε1,2 = ε11 + ε22

2 ±
√(

ε11 − ε22

2

)2
+ ε2

12 . (7.4.15)

ε11, ε22, and ε12 = ε21 are the components of ε with respect to the camera frame or
image frame. The total volumetric strain and the total maximum shear strain are then
defined through

εvol
def= ε1 + ε2 = ε11 + ε22 and γmax

def= ε1 − ε2 = 2
√(

ε11 − ε22

2

)2
+ ε2

12 , (7.4.16)
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Note that in GeoPIV, volumetric strain is taken positive if it is compressive. The
incremental strains are readily available by analyzing only an image pair (In, In+1)
and not a series of images.

7.5 Discussion of Test Results

Before closing this chapter with a discussion of the test results, it should be noted that
PIV analysis may produce incorrect displacement and strain data in some situations
[cf. White and Take, 2002]. For example, if the camera frame rate is too low, particles
have moved a long distance between two images. A group of particles captured on one
image then might be hardly identified on the second image. Consequently, there might
be no single distinct peak in the correlation plane and the displacement detected by
the program might be the wrong one. Such vectors are called wild vectors and should
be removed along with postprocessing the results.

Another pitfall that may lead to incorrect measurement is the occurrence of stuck
patches. These are patches with stationary image content caused by visible objects
other than the non-stationary test object, e.g. scratches on the glass panel or structural
elements of the chamber. Stuck patches may locally corrupt the displacement and
strain fields, hence should be removed, too. Further difficulties during PIV analysis
may arise from material interfaces, which are present between the pile and the soil or at
the ground surface during soil penetration. In order to completely avoid these errors,
interfaces should be masked at the beginning of the analysis.

Concerning the results discussed next, focus is placed on those penetration tests which
have been analyzed by using particle image velocimetry; see Tabs. 7.2 and 7.3 above
for details. Wild vectors and many but not all stuck patches have been deleted. The
results are compiled with additional comments in Appendix D.

7.5.1 Shallow Penetration Tests

One shallow penetration test in relatively loose sand (SP-1, Dr0 = 34%) and one
in relatively dense sand (SP-3, Dr0 = 78%) have been analyzed. As can be seen
from the PIV results in Figs. D.1b and D.3b, respectively, shearing of the sand model
in both tests is initiated below the outer edges the model foundation immediately
after penetration has begun. It is related to a sudden change in moving direction
indicated by the incremental displacement vectors (Figs. D.1a and D.3a). At continued
penetration, shearing localizes and primarily propagates along distinct slip surfaces
which encapsulate a wedge-shaped zone immediately below the model foundation.

The situation at a relative penetration depth of about z/B = 0.3 is depicted in Fig. D.2
for the loose sand and in Fig. D.4 for the dense sand. Three characteristic zones
highlighted in Fig. 7.8 become apparent from the incremental strain fields, and they are
comparable with the zones that appear during general shear failure of the supporting
soil immediately below and adjacent to a loaded strip footing [Terzaghi, 1943; Craig,
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Figure 7.8: PIV results with overlaid failure mechanism for shallow penetration test
SP-1 after shear failure of the supporting soil.

2007]. In particular, zones I and III are comparable with the active and passive Rankine
zones, respectively. Their lower boundaries are formed by the primary slip surfaces
of the shear failure mechanism. The transition zone II, which is also called Prandtl
zone, is associated with radial shear and contains secondary slip surfaces (or slip fans).
However, the measured load-displacement curve plotted in Fig. D.5 indicates that the
dense sand model of test SP-3 is in a state of post-failure at z/B = 0.3, so the classical
theory is not directly applicable.

From Figs. D.2 and D.4, it can be concluded that the wedge-shaped zone I behaves
almost monolithically because no significant shear strain and volumetric strain have
been measured. This so-called dead zone or core, as reviewed in Chapter 2, was also
observed by other researchers [e.g. Heinz, 1970; Linder, 1977; White, 2002]. The angle
α at the apex of the core zone (cf. Fig. 7.8) increases along with increasing initial
relative density, which corresponds to previous test results [Heinz, 1970, sec. 8.3].

Shearing of sand is accompanied by grain rearrangement and changes in bulk volume
resp. in relative density. Recall from Section 4.2 that the density change due to shearing
is governed by the void ratio and the mean effective stress of the grain skeleton. At
very low mean effective stress levels, e.g. near the unloaded ground surface, even a
loose sand can be in a relatively dense state and then behaves dilative. This behavior
is also reflected in the spatial distribution of incremental volumetric strain shown in
Figs. D.1c to D.4c. Sand loosens at small penetration depths primarily next to the
outer edges of the shallow foundation at the ground surface and adjacent to the slip
surfaces within the soil. The core zone being about to be formed under the foundation
is surrounded by areas of severe loosening, as in comparable tests reported by Heinz
[1970]; see also Fig. 2.1 in Chapter 2. Local compression of the sand model is not
significant.

At continued penetration of the shallow foundation, incremental volumetric strain adja-
cent to the slip surfaces is not monotonic but varies between compressive and expansive
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(Figs. D.2c and D.4c). Compression of the soil dominates in the vicinity of the core
zone, but no attempts have been made to measure the density of the sand models
before and after the SP-1 and SP-3 tests. However, the results suggest that the rate of
bulk volume change during shallow penetration in both loose and dense sand is always
negative (i.e. expansive) and non-decreasing at increasing penetration depth.

The fluctuations in the measured incremental volumetric strain distribution is most
likely due to the heterogeneity of sand on the micro scale. The finite element mesh
employed for strain calculation, which is constructed from the grid of interrogation
patches used for PIV analysis, is not coarse enough to smooth out these fluctuations.
This fundamental observation renders soil strains obtained from PIV results generally
questionable.

7.5.2 Pile Penetration Tests

The PIV analysis results of a subset of conducted pile penetration tests in sand are are
shown in Figs. D.6 to D.21. Wild vectors have been completely removed, but potential
stuck patches located at the ground surface and at the interface between the pile and
the soil have been kept because they may carry physical information. The selection of
test results covers the full range of initial relative densities and pile tip geometries that
have been investigated. The sand model prepared for tests PP-5-F, PP-7-H, and PP-
10-C initially was very dense (Dr0 > 90%), whereas it was initially loose (Dr0 < 35%)
in case of PP-26-H, PP-27-F, and PP-28-C; see also Tab. 7.3.

The beginning of a pile penetration is a shallow penetration, hence it was expected
that incremental displacement and strains generated within the soil in both test series
are comparable in respective depths. Indeed, the PIV results of all three PP tests in
dense sand indicate a general shear failure turning into another mode of failure at rel-
ative penetration depths of about z/D ≈ 1.5 (Figs. D.6 to D.12). This is independent
of the geometry of the pile tip and becomes particularly apparent from the distribu-
tion of incremental maximum shear strain. Figs. D.6b, D.8a, and D.11a indicate slip
surfaces in the vicinity of the pile tip which do not reach the ground surface. The phe-
nomenon corresponds exactly to that referred to in the literature as local shear failure
[cf. Terzaghi, 1943; Vesic, 1963, 1973; Craig, 2007]. The slip surfaces were formed at
the beginning of a general shear failure and will fade in larger depths. Compared to
the results of SP tests presented in the previous section, compression of the soil under
the pile has become more significant at z/D ≈ 1.5 (Figs. D.6c, D.9a, D.12a).

From Figs. D.8b and D.11b, it can be concluded that local shear failure in dense sand is
about to pass into a punching shear failure at relative penetration depths of z/D ≈ 5.
Punching shear failure is characterized by a vanishing soil motion on the sides of a
foundation and vertical shearing around the perimeter of the foundation at continued
penetration [Vesic, 1963, 1973]. Moreover, compression of the soil is underneath a
foundation (Figs. D.9b and D.12b). The incremental motion and deformation of the
test sand is slightly modified once more until the final relative penetration depths of
z/D ≈ 8.5 has been reached (Figs. D.7c to D.12c). At that point, punching shear failure
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is clearly noticeable. During the whole penetration process, tests PP-7-H and PP-10-C
were accompanied by sand loosening at the shoulders of the pile base (Figs. D.9 and
D.12).

Concerning the conducted pile penetration tests in loose sand (Figs. D.13 to D.21),
the incremental displacement and incremental strains at relative penetration depths
of z/D ≈ 1.5 already correspond to those of dense sand at z/D ≈ 5. Neither global
nor local shear failure can be identified. Instead, the penetration process is controlled
by punching shear failure in all three depths that have been analyzed. Soil motion is
located almost exclusively underneath the pile, and is directed vertically or normal to
the boundary of the pile tip or of the core zone formed.

The variation of the geometry of the pile tip does not significantly change the qualitative
deformation behavior of sand, except for the core zone generated immediately under
a pile. This is true for both initially dense sand (tests PP-5-F, PP-7-H, and PP-
10-C) as well as initially loose sand (tests PP-26-H, PP-27-F, and PP-28-C). However,
quantitative differences have not been studied and would require further investigations.
As can be seen from the incremental maximum shear strain distributions, the typical
core zone is formed during shallow penetration and is present at all depths shown. In
case of the flat-ended pile, the core is obtuse in dense sand (Fig. D.6b) and acute in
loose sand (Fig. D.17), which agrees with results from shallow penetration tests. Using
the hemispherical tip (Figs. D.8 and D.14) results in a much smaller core zone, and it
is practically not present when using the conical tip (Figs. D.11 and D.20). One may
conclude that both shapes of the pile tip anticipate the core zone to a certain degree.

The measured load-displacement curves of the tests that have been analyzed by using
the PIV method are plotted in Fig. D.22; note that Fig. D.22b zooms in the force
range 0 ≤ F ≤ 0.5 of Fig. D.22a. The load-displacement curve of the PP-25-F test
has been added to the diagram for reasons of comparison. By assuming that the force
due to sliding friction between the glass panel and the cut face of the aluminium pile
is negligibly small compared to the force due to shaft friction and base resistance, the
force values of a full pile would be two times the force values of the half pile plotted in
Fig. D.22.

The tests indicate that the penetration resistance of a pile is related to the relative
density of sand. The vertical forces required for penetration in very dense sand were
between six and eight times larger than those for penetration in loose sand using the
same geometry of the pile tip. On the other hand, a relationship between penetration
resistance and the pile tip shape is not obvious. Penetration forces associated with
the conical and the hemispherically-shaped pile tip are comparable, though the conical
tip causes slightly smaller forces. At relative penetration depths of z/D < 6, the flat-
ended pile bears the largest force irrespective of the initial relative density of the sand
model. One possible explanation could be the core zone generated under a flat-ended
pile, which is usually smaller under tapered pile tips. Beyond this depth, however,
the values for the flat-ended pile in loose sand (PP-25-F and PP-27-F) drop below the
values of the piles having a hemispherical (PP-26-H) or conical (PP-28-C) tip.
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Roughly speaking, all four curves obtained for loose sand share a common inflection
point located at z/D ≈ 6. Another inflection point of each of these curves lies within
the range of 0 < z/D < 2.5. Despite the fact that the utilized instrumentation does not
differentiate between base resistance and shaft friction, the shape of the obtained load-
displacement curves for loose sand is comparable with the enveloping base resistance-
displacement curve for dense sand deduced by Linder [1977, p. 171] up to the vicinity
of the second inflection point. This latter curve has been reprinted with English trans-
lations in Fig. 2.6.

In summarizing the previous discussion, it can be concluded that the results of the
penetration tests carried out in dense sand are comparable to those obtained by Linder
[1977], which have been discussed in Chapter 2. The observed phenomena can be
associated with Linder’s phases I and II in a pile penetration process. The wedge-
shaped core zone is characteristic of flat-ended piles, and its breadth is approximately
equal to the breadth of the flat side. The apex angle of the core will increase with
increasing relative density of sand, in accordance with the observations of Heinz [1970,
sec. 8.3]. Moreover, in quoting Vesic [1963, p. 136] it can be concluded that there “[..]
is a critical relative depth below which only punching shear failure occurs.” Such a
critical relative depth has been observed irrespective of the relative density of sand
and irrespective of the geometry of the pile tip. The critical relative depth is generally
larger for higher initial relative densities.



Chapter 8

Numerical Examples and Validation

The numerical examples that will be presented in the following chapter have been
designed for verification and validation (V&V)1 purposes with the intention to control
and ensure quality of the ALE method developed in this work. Two different groups
of examples will be analyzed. The main objective when solving problems of the first
group is the verification of particular algorithms of the method, namely the mesh
smoothing algorithms (Section 6.4) and the transport scheme (Section 6.5). Test cases
include patch tests and basic initial boundary value problems. Elements of the second
group of numerical examples are large deformation solid mechanical and soil mechanical
initial boundary value problems. Among these are some of the experimental model
tests carried out in Chapter 7 as well as example problems from literature for which
analytical or numerical data is available. The back-analysis of these results by using
ALE computational models will enable validation of the ALE method.

8.1 Verification of Mesh Smoothing Algorithms

Maintaining the quality of the finite element mesh throughout the calculation is one
of the principal tasks of any ALE method. Recall from Section 6.4 that the current
ALE method addresses this in an iterative fashion by repeatedly looping over balls
of affected triangle elements and relocating the associated nodes. The node relocation
schemes that have been implemented by the author are based on geometric criteria only,
i.e. they are smoothing algorithms. Their applicability to different types of meshes and
mesh configurations will be investigated in what follows.

1According to the definitions in [DoDI 5000.61], which are adopted here, verification is the “[..] process
of determining that a model or simulation implementation and its associated data accurately represent
the developer’s conceptual description and specifications”, whereas validation is the “[..] process of
determining the degree to which a model or simulation and its associated data are an accurate
representation of the real world from the perspective of the intended uses of the model.”
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10 repetition loops

initial mesh 2 repetition loops

5 repetition loops

Figure 8.1: Investigation of the number of repetition loops required to globally improve
the mesh. The blue zone indicates the ball of elements sharing the lower left internal
node.

8.1.1 Patch Tests

The first example shown in Fig. 8.1 is a structured square patch consisting of 32 triangle
elements. The best quality of the given mesh is obtained if the elements were arranged
in a rising diagonals triangle pattern. In the initial configuration, however, elements
are severely distorted. Merely the placement of the boundary nodes is optimal. Due to
locality of the implemented smoothing algorithms, an acceptable mesh quality cannot
be achieved in one step but requires several repetition loops over the balls of elements
sharing a common internal node. However, five to ten loops are sufficient to produce
an almost optimal mesh. This is independent of the particular smoothing algorithm
having been used.

In the example, the quality improvement of the ball associated with the lower left
internal node (blue zone in Fig. 8.1) lags behind the other after two iterations. This is
a consequence of the current strategy that globally improves the mesh: all balls in the
mesh are processed in a fixed order in every repetition loop. It might be more effective
to process randomly picked groups of elements, but this has not been implemented yet.



8.1. VERIFICATION OF MESH SMOOTHING ALGORITHMS 209

(c) Giuliani’s smoothing
     method

(a) initial mesh (b) optimization-based
     smoothing (OSMOT)

(d) smoothing by averaging

Figure 8.2: Influence of the smoothing algorithm on mesh grading after 1000 repetition
loops.

The influence of the smoothing algorithm on mesh grading is investigated in the sec-
ond example. Graded or anisotropic meshes made up of elements of prescribed size
are often present in finite element analysis, e.g. in h-adaptive strategies or when the
computational model contains regions of secondary interest. In these cases it is im-
portant to preserve the prescribed element size. Fig. 8.2a shows a structured triangle
mesh zone with constant density interlaced with a coarser structured mesh. The small
interface zone is unstructured and distorted, whereas the structured parts of the mixed
mesh are of best quality. An appropriate smoothing algorithm hence would improve
the interface zone and would leave the structured zones unchanged.

It can be seen from Fig. 8.2 that after 1000 loops running over the internal nodes
the optimization-based algorithm derived in Section 6.4.3 results in the mesh with the
highest quality. Structure is disturbed only slightly, and the node density distribution
resp. the size of elements is largely preserved. In contrast to that, Giuliani’s method as
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well as smoothing by weighted averaging fail the test (Fig. 8.2c and d). Both heuristic
procedures blow up the finer mesh zone, leading to a mesh with equal-sized elements at
repeated application. The quality of elements at the interface deteriorated, Giuliani’s
method even caused degenerate elements. The tendency to equalize the size of elements
is an undesirable feature which arises from the use of averaged geometric measures in
the governing equations.

Note that the smoothing algorithm for the boundary nodes implemented in the ALE
method, Alg. 6.3, is a simple averaging of node distances, taking into account the two
neighbors of every boundary (in 2d). Graded boundaries, if present, would be smoothed
faster than the nodes enclosed by the boundaries, which may worsen the quality of the
mesh instead of improving it. In order to circumvent this problem, the boundary can
be partitioned in a set of ungraded edges and defining the connecting node to be a
corner of the boundary which is not to be moved.

8.1.2 Non-Convexly Distorted Meshes

During the numerical simulation of penetration starting by simplified ALE methods,
one is inevitably faced with non-convexly distorted meshes or mesh regions. A non-
convexly distorted mesh is a mesh that contains stretched and/or skewed elements in the
vicinity of the indented boundary, which probably has a high curvature. The automatic
regularization of such a mesh at fixed connectivity is very challenging. At the same
time, problems associated with non-convexly distorted meshes constitute important
benchmark problems for the implemented smoothing algorithms.

Backward extrusion is a common numerical example where non-convex regions are
created when large material deformation occurs. In this initial boundary value problem
a billet is loaded into a heavy walled container and then a die is moved towards the
billet, so that the material is pushed through the die. Provided that the die and
the container are rigid and their surfaces are rough respectively smooth, it suffices to
discretize only the billet by finite elements (Fig. 8.3). Nodes aligned with the lower
horizontal boundary are fixed in vertical direction, whereas nodes at the wall of the
container are fixed in horizontal direction. The nodes located directly below the die are
horizontally fixed and will be displaced in vertical direction to model the die moving
downward.

Fig. 8.3 top shows the edges of the undeformed billet together with the deformed mesh
at 30% height reduction. The left hand side illustrates the results of the calculation
using a heuristic scheme for mesh smoothing, whereas the mesh on the right hand side
results from the optimization-based smoothing algorithm. Giuliani’s heuristic method
has been employed in the example, but smoothing by weighted averaging would yield
similar results. The mesh quality of regions immediately under the die is comparable
at this stage. Near the lower boundary, the optimization-based algorithm produces a
slightly smoother mesh. At 50% reduction, the heavy squeezing of elements around
the corner of the die cannot be avoided when using the heuristic method. The area
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Figure 8.3: Comparison of an heuristic smoothing method and the developed optimiza-
tion-based algorithm OSMOT when applied to the numerical simulation of backward
extrusion.



212 CHAPTER 8. NUMERICAL EXAMPLES AND VALIDATION

of one element even vanishes, which inhibits convergence of the solution at continued
extrusion.

Compared to the heuristic method, optimization-based smoothing achieves an excellent
mesh regularization. At 50% height reduction, element squeezing is moderate, even
in the non-convexly distorted region at the corner of the die. However, at continued
extrusion the fixed mesh connectivity associated with smoothing algorithms limits gains
of mesh quality. Calculation terminates at height reductions of more than 71%. Only
a complete remeshing would eliminate degenerate elements so as to continue solution.

It should be noted that Fig. 8.3 shows results of ALE simulations. In these and the
ALE simulations that follow, the simple averaging procedure summarized in Alg. 6.3
has been chosen to smooth the boundary nodes.

8.2 Verification of the Transport Algorithm

An example problem towards verification of an advective transport algorithm in two
dimensions is the so-called Molenkamp test [Molenkamp, 1968], or variants of it. This
class of numerical tests uses fixed (Eulerian) meshes and prescribes a steady velocity
field of the material in conjunction with an initial distribution of a scalar field. The
latter is referred to as a color function or signal in this context. The signal usually has
the form of a pulse and has no specific physical meaning but represents the quantity
being advected through the mesh. The steady velocity field either describes a rigid
rotation or rigid translation of the material, so that an analytical solution is possible.
The original Molenkamp test rotates a conical pulse about an axis perpendicular to
the plane through a point lying outside the cone.

When variants of the Molenkamp test are applied to the advection algorithm in the
transport step of the developed operator-split ALE method, the latter is run in the
purely Eulerian mode such that the convective velocity equals the spatial velocity of
the material, i.e. c = v (see Section 6.2). The initial signal being advected can be
associated with the solution obtained at the end of the Lagrangian step, e.g. a stress
component or the void ratio concerning the problem of penetration into sand.

Fig. 8.4a shows the unstructured mesh used in the first example calculation. It is
almost uniform and consists of 5516 triangle elements. The initial signal (Fig. 8.4b) is
a cylindrical pulse implemented as follows. The color function is set to zero at the center
(i.e. the quadrature point) of all elements except for the circular zone highlighted in
Fig. 8.4a, where the color function is set to 100. For visualization the element-centered
values are copied to the nodes and then averaged. In the next step, a steady velocity
field is prescribed in such a way that the material performs a full 360◦ clockwise rigid
rotation about the center of the square domain in 720 advection steps. This means that
the analytical solution at the final state and the initial cylindrical pulse are identical.

The results of the implemented weighted donor-cell algorithm 6.6 after one half ro-
tation and after a full rotation, respectively, are plotted in Figs. 8.4c and 8.4d. The
dashed circle represents the analytical solution. It can be seen from the figures that the
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Figure 8.4: Rotational advection of a cylindrical pulse by the donor-cell transport
algorithm (Molenkamp test). The analytical solution is indicated by the dashed circle.
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implemented ALE method can indeed transport material through the mesh in a purely
Eulerian fashion, though the upgraded finite element code is purely Lagrangian. The
gradual increase of the area were the color function has values greater than zero indi-
cates numerical diffusion introduced by the finite volume approximation. Numerical
diffusion dominates in the direction of the flow because the isolines are elongated. This
means that crosswind diffusion perpendicular to the streamlines is not significant in
the present example, despite the absence of corner coupling in the transport algorithm.
The plateau erodes and the steep gradients present in the initial signal are getting
smeared during the course of rotation. Moreover, the peak moves radially inward, and
its maximum value after a full rotation is reduced to only 57% of its initial value.

Results are comparable to those of the spatially first-order accurate Upstream N scheme
reported by Molenkamp [1968, fig. 1] which, in one dimension, corresponds to the
donor-cell method currently implemented. In contrast to second- or higher-order meth-
ods, first-order advective transport algorithms are overly diffusive. It has to be noted,
however, that rotation of a cylindrical pulse constitutes an academic extreme exam-
ple. The solution variables in practical soil mechanical problems often have smaller
gradients, leading to less apparent numerical diffusion. Moreover, in the operator-split
ALE method, every transport step is followed by a Lagrangian step that should bring
back the solution variables to an admissible state. Hence, the detail resolution of these
variables is predominantly determined by the node density in the mesh, and not by
the transport algorithm.

The second test problem for the weighted donor-cell transport algorithm 6.6 is a variant
of the Molenkamp test. In this test a cylindrical pulse is advected along the diagonal of
a square domain by a steady uniform flow field. The Courant number defined through
6.5.14 as well as the coarseness of the mesh were varied. The initial scalar distribution
together with the meshes used are shown in Fig. 8.5. Results of three calculations are
plotted in Fig. 8.6, in which the left column assembles the initial states and the right
column the final states after transport. In Fig. 8.6 the values assigned to the element
centers have again been averaged to the nodes for reasons of visualization.

The results on the coarse mesh (Figs. 8.6a and 8.6b) indicate that the amount of
numerical diffusion generally decreases with increasing Courant numbers Co ∈ [0, 1].
The maximum value of the pulse is reduced to only 38% of its initial value for Co =
0.21, and to 56% for Co = 0.42; here Co is calculated from the travelled distance of a
material particle relative to the mesh in one advection sweep divided by the element size
specified during mesh generation. In contrast to that, numerical crosswind diffusion
is less pronounced if Courant numbers are small. Elongation of the isolines in the
direction transverse to the propagation of the pulse is more significant at Co = 0.42
than at Co = 0.21. Recall that the overall amount of crosswind diffusion can be
reduced if the implemented isotropic advection in two dimensions would be replaced
by the alternating direction approach; see Section 6.5.2.

At a Courant number of Co = 0.33 numerical diffusion is also present with the fine
mesh (Fig. 8.6c) but not as severe as with the coarse mesh. Still 89% of the maximum
value of the signal at the initial state remain at the final state. This is remarkable
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Figure 8.5: Initial scalar distribution and meshes for the diagonal advection of a cylin-
drical pulse.

because the number of advection sweeps taken for diagonal transport on the fine mesh
is about two resp. four times larger than on the coarse mesh.

In all the calculations presented in this section and the sections that follow, the donor-
cell weighting factor has been chosen to α = 1.0, which results in a full donor-cell
advection scheme (first-order upwind scheme); see Section 6.5 for details.

8.3 Coining Test

The remaining example problems that will be presented are useful applications of the
developed ALE method because (i) they demonstrate the capability and versatility of
the method and (ii) there is data available for comparison. The examples include large
material deformations and non-convexly distorted domains resulting from the indenta-
tion or penetration of blunt bodies. This renders purely Lagrangian methods and the
majority of ALE mesh smoothing algorithms inapplicable. Hence, the optimization-
based algorithm (Alg. 6.5) was applied to internal nodes in all the subsequent ALE
simulations, and boundary nodes were smoothed by applying the averaging procedure
(Alg. 6.3).

The quasi-static coining test is a sheet-metal forming manufacturing process. In this
initial boundary value problem, a punch is stamped on a metallic disk lying on a
die. The section that follows is concerned with the back-calculation of the particular
example presented in [Rodríguez-Ferran et al., 1998, sec. 4.2] and [Rodríguez-Ferran
et al., 2002, sec. 5.2]. The problem statement including the axisymmetric model and
one of the several 3-node triangle meshes that have been analyzed are depicted in
Fig. 8.7.
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Figure 8.6: Initial states (left) and final states (right) of a cylindrical pulse after diag-
onal advection by the donor-cell transport algorithm.
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Figure 8.7: Coining of a metallic disk. Problem statement and initial mesh (here:
coarse structured mesh).

The workpiece is a metallic disk with a radius of 30mm and a height of 10mm. The disk
is placed with its entire base area on a die and its height is deformed by a vertically
displaced plane punch 12mm in radius. The punch is monotonically stamped onto
the disk until a height reduction of 60% has been achieved. Constitutive behavior of
the disk is modeled by hypoelastic-J2-plasticity (Secs. 4.1.3, 6.3.2), with the material
constants chosen as follows: Young’s modulus E = 200GPa, Poisson’s ratio ν = 0.3,
initial yield stress σy0 = 250MPa, and plastic modulus Ep = 1GPa.

Only the workpiece needs to be discretized by finite elements because both the die and
the punch are assumed rigid, and the contact conditions in the punch-disk and disk-
die interfaces are assumed perfectly rough (stick). Under these assumptions loading
is reduced to a simple vertical displacement of the interface nodes located on the line
between A and B. The model outlined in Fig. 8.7 right takes advantage of axial
symmetry, that is, the nodes lying on the line between A and F are fixed in horizontal
direction. To simulate uplift due to coining, the surface of the workpiece is covered
with contact elements between points C, D, and E (Fig. 8.7), and the die is discretized
using complementary target elements.

Both purely Lagrangian and ALE simulations have been carried out. The computed
yield stress distribution at different height reductions are plotted in Fig. 8.8. In both
formulations, the plastic zone is initiated under the corner of the punch, particularly
where the disk is in contact with the die. The central part of the workpiece between
the punch and the die begins to yield and flows outward, which leads to an elongation
of initially horizontal material lines. Plastic hardening occurs in the zone of high yield
stress at the lower boundary and causes the flowed out material next to the punch to
lift up. From the yield stress distribution at 12%, 24%, and 36% reduction, it can be
seen that the Lagrangian formulation involves shear localization along specific mesh
lines. This is probably due to the low-order approximation in the formulation of the
constant strain triangle. However, no such shear localization is present at all when
using the ALE formulation.
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Figure 8.8: Coining of a metallic disk. Simulated yield stress distribution at different
height reductions by using the Lagrangian formulation (left) and the ALE formulation
(right).
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Element distortion in the Lagrangian analysis (Fig. 8.8 left) keeps within an acceptable
range up to 36% height reduction. At higher indentations, the quality of elements
immediately below the corner of the punch is almost maintained, but elements in the
vicinity of point E on the lower boundary of the workpiece are heavily squeezed and
stretched. Moreover, elements next to the punch at the free surface are stretched, which
reduces the resolution of the variables in that region. Analysis did not terminate solely
because element shape checking had been switched off and convergence tolerances were
given very large values. Mesh distortion present in the Lagrangian analysis is greatly
reduced by mesh regularization in the ALE analysis (Fig. 8.8 right). Smoothing of
the boundary nodes naturally prevents the associated elements from being excessively
stretched, hence maintains the initial density of nodes lateral to the punch. All internal
nodes and all boundary nodes except for the nodes associated with points A to F were
relocated with the respective algorithms of Section 6.4 during each mesh motion step.

Rodríguez-Ferran et al. [1998, sec. 4.2] and Rodríguez-Ferran et al. [2002, sec. 5.2]
analyze the same quasi-static coining process by using an ALE method which is, in
this regard, comparable to the current one. However, the finite element models reported
in these two references employ eight-noded quadrilateral elements with 2 × 2 Gauss
points. Moreover, the hypoelastic part of the J2-plasticity model used in [Rodríguez-
Ferran et al., 1998] is replaced with a hyperelastic formulation in [Rodríguez-Ferran
et al., 2002]. The direct comparison of the results in Fig. 8.9 shows excellent agreement
in all stages of the forming process. Note that the results of the hyperelastic and
hypoelastic approaches are very similar because elastic strains are small compared to
the plastic strains for this numerical example.

8.4 Piercing Test

Piercing is another test problem borrowed from the metal forming community which
can be employed to validate the ALE method in conjunction with the J2-plasticity
model. In this quasi-static process a billet is held in a heavy walled container and
hollowed out by a flat punch (Fig. 8.10). The example is a plane strain problem and
assumes the punch to be rigid and perfectly rough (no sliding). The vertical and
horizontal walls of the container are smooth to ensure sliding contact conditions in the
container-billet interface. Moreover, the initial boundary value problem is modeled as
one of plain strain. For the case of plastic-rigid material and a container to punch
breadth ratio of S/B = 0.5, then, Hill [1998, pp. 186–188] provides the following
analytical solution of the maximum punch pressure (or penetration pressure) in a steady
piercing process:

p = (2 + π) τy , where τy = σy/
√

3 . (8.4.1)

σy is the stress at the yielding point in uniaxial tension. Eq. (8.4.1) is the same relation
as for the ultimate bearing capacity of a strip footing on the plane surface of a weightless
and frictionless cohesive soil; cf. Prandtl [1920, eq. (14a)], Hill [1998, sec. IX 5(i)], and
[Craig, 2007, eq. (8.1)].
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Figure 8.9: Coining of a metallic disk. Comparison of the results obtained using the
current ALE method (left) with those of Rodríguez-Ferran et al. [2002, plate 3] (right).
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Figure 8.10: Simulation of a piercing process. Problem statement and coarse structured
mesh (left), deformed domain and velocity field at z/B = 0.25 (right).
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The two finite element models used for back-calculation of the analytical solution take
advantage of symmetry and differ only in the coarseness of the mesh. The model
and the coarse mesh are shown in Fig. 8.10 left. No contact elements were used. In
both models, the cross-diagonal mesh pattern [Nagtegaal et al., 1974] is applied to
prevent overconstrained (locked) constant strain triangles. This results in uniform
structured meshes composed of quadrilateral macroelements which are formed by four
triangles. The edge length of the macroelements is S/48 in the coarse mesh and S/100
in the fine mesh, where S is the breadth of the container. The plastic-rigid material
of the billet is modeled by the hypoelasto-J2-plastic rate constitutive equation already
employed for the coining test. The set of material constants chosen for the simulations
consists of Young’s modulus E = 2600 kPa, Poisson’s ratio ν = 0.3, initial yield stress
σy0 = 20 kPa, and plastic modulus Ep = 0 kPa (ideal plastic response).

Fig. 8.10 on the right plots the deformed computational domain at a relative penetra-
tion depth of z/B = 0.25 together with the velocity field on the billet obtained with the
coarse mesh. The sudden change in flow direction below the punch is related to a slip
line that intersects the axis of symmetry at 45◦. A second, less apparent slip line inter-
sects the wall of the container at 45◦. The velocity field is in a fairly good agreement
with that of a coupled Eulerian-Lagrangian (CEL) analysis reported by Henke et al.
[2010]. However, the results also indicate that numerical methods allowing material
boundaries to flow through the mesh (like Eulerian, CEL, or MMALE methods) are
better suited for such large deformation problems than SALE or other single-material
methods. The unrealistic deformation of the unconstrained material boundary lateral
to the punch (Fig. 8.10 right) is partly due to this simplified treatment in the developed
ALE method, but the problem could be resolved in this example by using a finer mesh.

The calculated load-displacement curves and the analytical solution are plotted in
Fig. 8.11. In contrast to the plastic-rigid material behavior assumed in [Hill, 1998,
pp. 186–188], the rate equation governing hypoelastic response in the ALE simulation
results in a gradual increase of the punch pressure along with increasing indentation.
The relative pressure p/σy = 2.97 of the analytical solution is, however, reached at
relative penetration depths of less than z/B = 0.05 in all calculations. Beyond that
point, the simulated pressure is always larger than the plastic-rigid solution, but the
difference decreases with decreasing element size. The maximum relative error after
intersecting the analytical solution is 23% for the coarse mesh and 10% for the fine
mesh.

8.5 Shallow Penetration into Sand

Complexity of the numerical examples is further increased by considering the pene-
tration of blunt bodies into sand. The first example in this context is concerned with
shallow penetration, and it constitutes one test case to examine the capability of the
fully-fledged ALE method developed and implemented during this research.

Fig. 8.12a shows the computational model that has been designed with the intention
to back-calculate the results of the experimental penetration test SP-3; cf. Chapter 7
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Figure 8.11: Simulation of a piercing process. Analytical solution p/σy = (2 + π)/
√

3
for plastic-rigid material [Hill, 1998, pp. 186-188] and results of an ALE simulation
using the hypoelasto-J2-plastic model (von Mises plasticity).

and Appendix D. The model assumes plain strain conditions and takes advantage of
symmetry. The flat-ended penetrator, representing a strip footing in the present case,
is rigid and perfectly rough (no sliding), except for its sides which are assumed perfectly
smooth (zero friction). The sides of the penetrator and the ground surface lateral to the
penetrator form a rigid-to-flexible contact pair and are discretized as such. All nodes
at the lower boundary of the computational domain are fixed in vertical direction, and
the nodes at the vertical boundaries are fixed in horizontal direction. The penetration
process starts at the unloaded ground surface and is displacement controlled, and the
initial relative density of the sand is Dr0 = 78% (initial void ratio e0 = 0.546), as in
the experimental test.

The assumed initial stress state within the sand is the so-calledK0-state. It is calculated
in an isotropically elastic dummy load step based on the bulk mass density and the
following estimate of Poisson’s ratio:

ν = K0

1 +K0
= 1− sinφ′

2− sinφ′ . (8.5.1)

HereK0 is the coefficient of earth pressure at-rest and φ′ is the angle of internal friction.
The first equality can be derived from elasticity theory and by assuming that σab = 0
for all a 6= b, σ11 = σ22 = K0σ33, and ε11 = ε22 = 0; note that the third coordinate axis
is aligned with the vertical. Under these assumptions,

0 = σ11 − ν (σ22 + σ33) = σ33 (K0 − ν (1 +K0)) . (8.5.2)
The right hand side of (8.5.1) employs Jaky’s formula [cf. Craig, 2007, eq. (6.15a)]
for the coefficient of earth pressure at-rest. It should be noted, however, that soil
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Figure 8.12: ALE simulation of shallow penetration into sand. (a) Problem statement
and mesh, (b) deformed and smoothed mesh at a relative penetration depth of z/B =
0.55, (c) incremental displacement, (d) incremental maximum shear strain.
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in-situ generally possesses values of K0 which may not comply with Jaky’s formula.
φ′ = 30◦ ≈ φc is assumed for the present example, resulting in K0 = 0.5 resp. ν = 1/3.

The hypoplastic rate constitutive equation using the intergranular strain extension
(Section 4.3) is employed to model the behavior of the test sand. Determination
resp. estimation of the material constants has been outlined in Section 4.3.3, and the
complete set of constants for the model test sand is in Tab. 4.2. Recall that there
is a subtlety in the proper determination of the constant hs, referred to as granulate
hardness, for very small values of mean effective stress. The conventional procedures to
determine the granulate hardness are valid only if the mean effective stress is larger than
20 kPa. For a mean effective stress that tends toward zero near the unloaded ground
surface, the conventionally determined hs is divided by a sufficiently large number such
that hs < 1000MPa. The best choice for that number will be discussed later.

For a relative penetration of z/B = 0.55, the deformed mesh after smoothing, the cal-
culated incremental displacement field, and the incremental maximum shear strain field
are depicted in Figs. 8.12b, c, and d, respectively. A direct comparison of Figs. 8.12a
and b reveals that the node density at the corner of the strip footing is considerably
increased by the applied mesh smoothing procedure but the mesh has a good quality in
terms of the shape of elements. It has already been mentioned that the optimization-
based algorithm 6.5 was used to optimized the locations of the internal nodes. It is also
remarked that neither the purely Lagrangian mode of the ALE method nor the two
heuristic smoothing algorithms led to a convergent solution for this example. None of
these approaches could prevent elements to invert along with penetration, particularly
at the indented mesh corner.

The advanced constitutive equation provides valuable insight into the mechanical be-
havior of sand. Consider, for example, the simulated void ratio distribution at z/B =
0.55, which is plotted in Fig. 8.13. The minimum void ratio, the maximum void ratio,
and the initial void ratio of the test sand are also listed. The results indicate that
sand locally undergoes severe density changes during the process of penetration. The
initially dense sand loosens due to shearing lateral to the strip footing and along the
slip surfaces; see also Fig. 8.12d. At the foundation corner, the reached void ratio of
e = 0.81 even lies above the maximum void ratio of emax = 0.779 determined through
a laboratory test. In the wedge-shaped zone immediately below the foundation, on
the other hand, the sand densifies along with penetration and reaches its minimum
void ratio of emin = 0.482. It can be concluded that the development of the void ra-
tio agrees with that of the relative density reported in the literature (cf. Chapter 2);
relative density is proportional to the negative of the void ratio by Definition 4.2.9.

The numerical simulations likewise are in good agreement with the results of the ex-
perimental model test SP-3, as can be seen from the comparative view in Fig. 8.14.
Results of the PIV analysis are depicted on the left (see also Fig. D.4) and the results
of the ALE back-calculation are on the right. The incremental displacement and the
zones of maximum shear strain measured within the sand can be fairly reproduced; in
fact, the incremental penetration leading to the incremental displacement and strain
fields was ∆zexp = 2mm in case of the SP tests but only ∆znum = 1.2mm in the numer-
ical simulation. The measured and the predicted ground heaving also match very well.
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Figure 8.13: ALE simulation of shallow penetration into sand. Predicted distribution
of the void ratio at a relative penetration depth of z/B = 0.55.
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Differences are found, however, in the shape of wedge underneath the pile base. The
angle at the apex of this zone is exactly 90◦ in the simulation, whereas the experimental
investigations indicate much larger angles.

It is emphasized that the accurate prediction of ground heaving in sand is related to the
capability of the constitutive equation to model dilatancy. Concerning the hypoplastic
rate constitutive equation used here, dilatancy is strongly influenced by the value of
the granulate hardness. In the present example, hs/1000 has been set to obtain the
results shown in Figs. 8.12, 8.13, and 8.14, where hs = 76 500MPa denotes the value of
granulate hardness for the test sand determined by using the conventional procedure
(cf. Section 4.3.3). Dilatancy resp. ground heaving was overestimated when assigning
the value hs/100 instead. However, in this case the predicted load-displacement curve
is very close to the experimental data (Fig. 8.15). The choice hs/1000 led to a curve
whose peak is located in a larger penetration depth and has a much higher value.

8.6 Pile Penetration into Sand

The last section of this chapter is concerned with the numerical simulation of deep
quasi-static penetration into sand that starts from the ground surface. In particular,
this section presents back-calculations of some of the conducted pile penetration tests
(Chapter 7 and Appendix D) and discusses the applicability of different finite element
models.

Difficulties encountered with the rigorous modeling of penetration into sand have been
introduced in Chapter 1 and include the strong nonlinearities due to complex mate-
rial behavior, large deformations, and contact constraints. A related challenge is the
large variation of the soil stiffness at the unloaded ground surface and underneath the
penetrator, which may lead to an ill-conditioned matrix. Owing to these difficulties,
stable and robust simulations are usually hard to achieve. Design of a set of appropri-
ate time steps and the adjustment of the contact parameters only at the beginning of
the simulation is a science of its own. The author emphasizes that the sensitivity to
the time step is connected with the Lagrangian phase of the solution, and is generally
independent of the specific capabilities of ALE methods. As a matter of fact, the ALE
approach can improve convergence of the solution and addresses problems where purely
Lagrangian methods will fail.

8.6.1 Back-Calculation of PP-27-F Test

Test PP-27-F involved the penetration of a flat-ended pile into initially loose sand
(initial relative density Dr0 = 21% resp. initial void ratio e0 = 0.718). The obvious
way to design a finite element model for back-calculation is to take a model for shallow
penetration and to scale up the soil domain and penetration depth. The axisymmetric
model depicted in Fig. 8.16a falls into this category.
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Figure 8.14: Comparison of the results of experimental test SP-3 and of the ALE back-
calculation at z/B = 0.55. (a) Incremental displacement, (b) incremental maximum
shear strain.
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Figure 8.15: Comparison of the measured and predicted load-displacement curves of
shallow penetration test SP-3.

As penetration starts from the soil surface, the initial configuration has a simple geom-
etry. The pile is assumed rigid and its surface is assumed perfectly smooth. The entire
pile skin and the ground surface are modeled as a contact pair using straight segments
for the slave surface and accounting for large deformation of the interface. A Lagrange
multiplier contact algorithm enforces zero penetration of the pile elements when con-
tact is closed. In order to smooth the interface geometry and to ease solution of the
contact problem, the corner of the pile tip was rounded. The prescribed boundary
conditions and initial conditions, including the initial stress state, are the same as for
the finite element model used for the simulation of shallow penetration (Section 8.5).

For a relative penetration depth of z/D = 5.0, the deformed mesh together with
the void ratio distribution are shown in Fig. 8.16b. The figure indicates that the
distance between the densified zone under the pile base and the lower boundary is too
small to avoid boundary effects. Sand located in that region is compressed in vertical
direction but then is forced to move radially, leading to an increase of pore volume
resp. void ratio relative to the initial state through shearing. The gaps between the
mesh and the pile are caused by the poor discretization of the interface in conjunction
with the small amount of artificial capillary pressure added to the soil material for
numerical reasons. It is remarkable that purely Lagrangian calculations as well as ALE
calculations terminated at an early stage. Only the ALE calculation which employed
optimization-based mesh smoothing after every Lagrangian step has led to a convergent
solution.

The results, though they are plausible, reveal the drawbacks of the “geometrically
exact” modeling of axisymmetric pile penetration starting from the ground surface. The



230 CHAPTER 8. NUMERICAL EXAMPLES AND VALIDATION

0.552

0.582

0.612

0.641

0.671

0.700

0.730

0.760

0.789

0.819

void ratio

(a)

(b)

Detail

Figure 8.16: ALE simulation of penetration of a flat-ended pile into sand. (a) Prob-
lem statement and mesh, (b) predicted distribution of the void ratio overlaid by the
deformed and smoothed mesh at a relative penetration depth of z/D = 5.0.
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initially square computational domain is severely deformed by indentation, resulting in
a drastic increase of the perimeter-to-area ratio. Elements at the elongated boundary
are stretched, i.e. the density of nodes is reduced. On the other hand, the local reduction
in height of the domain below the pile base comes along with squeezing of elements
which has negative effects on finite element solution. Smoothing has indeed improved
mesh quality in this example, but could not completely avoid element distortion because
the mesh topology is fixed. To say it in the words of Mair [1999, p. 89], the mesh that
defines the soil material underneath the pile “[...] cannot simply ‘get out of the way’
[...]”, even if the soil material itself could. Unless the computational domain would
be completely remeshed the numerical model must contain a larger “stockpile” of less
deformed mesh in order to achieve a higher mesh quality. This, however, renders the
present modeling technique inefficient.

8.6.2 Back-Calculation of PP-26-H Test

A class of finite element models for pile penetration problems which is entirely different
from the previous one is established by the pilot-hole or zipper-type modeling technique.
This technique was originally developed to limit mesh distortion in purely Lagrangian
calculations and became widely-used, as indicated by the literature review in Chapter 2.
In the axisymmetric models set up here (Fig. 8.17), the “pile” is designed as a segment
of a rigid and perfectly smooth slideline supporting the soil in the direction normal to
the slideline throughout the calculation. To put it more clearly, the slideline models
the pile as well as a pilot hole of small diameter (D/250; pile diameter D = 50mm)
guiding the pile as it moves downward the axis of penetration. A fillet line guarantees
a smooth transition between the two line segments defining the pile and the pilot hole,
respectively. The slideline and the pile of each finite element model are highlighted in
Fig. 8.17 by the red line and light blue area, respectively.

The three numerical models used for the ALE back-calculation of the test PP-26-H only
differ in the meshes defining the body of sand. The dimensions of the computational
domain in all three models are 250mm× 700mm = 5D × 14D, which complies with
the configuration of the experimental test. One unstructured and two structured finite
element meshes were generated (Fig. 8.17). The structured meshes are based on the
cross-diagonal triangle pattern [Nagtegaal et al., 1974] and define different sizes of
the elements. All three meshes are uniform, and the number of degrees of freedom
is approximately 26 000 for the unstructured mesh and 30 000 resp. 65 000 for the
structured meshes. The slideline is defined as the master of the surface-to-surface
contact problem modeled, and its counterpart is formed by the left vertical boundary
and the upper boundary (ground surface) of the mesh. For contact elements that are
nearly or actually in contact, a Lagrange multiplier contact algorithm enforces zero
penetration.

The prescribed boundary conditions are as follows. All nodes at the lower boundary of
the mesh are fixed in vertical direction, and the nodes at the right vertical boundary
are fixed in radial direction. A K0 initial stress state within the sand is assumed in
accordance with the shallow penetration test; see Section 8.5. The remaining initial
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Figure 8.17: ALE simulation of pile penetration test PP-26-H. Problem statement
and (a) initial unstructured coarse mesh, (b) initial structured coarse mesh, (c) initial
structured fine mesh.
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conditions are fitted to the experiment reported in Chapter 7. That is to say, the initial
relative density of the sand is Dr0 = 34% (initial void ratio e0 = 0.678), and the pen-
etration process starts at the unloaded ground surface and is displacement controlled.
Again, artificial capillary pressure of 0.1 kPa was subtracted from the normal effective
stress components during the integration of the hypoplastic rate constitutive equation
in order to improve its stability at very low mean effective stress levels. The granulate
hardness material constant for the test sand was chosen to 76.5MPa = hs/1000 in all
three numerical models, where hs is the value of granulate hardness determined for a
mean effective stress lying between 20 kPa and 2MPa (cf. Section 4.3.3)

Numerical results of the succeeded ALE simulation on the structured fine mesh are
plotted in Figs. 8.18 and 8.19. Results are plottet for the same three penetration depths
that have been analyzed in the experimental test using particle image velocimetry
(cf. Chapter 7 and Appendix D). As an example, consider the simulated distribution of
the void ratio at different stages of the process (Fig. 8.18b). Recall that void ratio is a
material state variable in the formulation of the hypoplastic model for sand, hence its
spatial distribution is generally affected by advection during the ALE transport step.
Also recall that the minimum and maximum void ratio of the test sand determined
through laboratory tests are emin = 0.482 and emax = 0.779, respectively.

Fig. 8.18b indicates a significant densification of the sand immediately underneath the
pile base at all stages of penetration. At a relative penetration depth of z/D = 8.5,
the maximum relative density reaches Dr = 68%. The hemispherical shape and the
smooth skin of the pile prevents soil from being trapped in a core zone ahead of the
pile base. The sand instead leaves the compression zone and continuously expands
through shearing once the pile base has passed. As a consequence of this, the pile
shaft is surrounded by a zone of severe loosening during the course of penetration.
The zone of maximum loosening possesses a void ratio of about e = 0.81 > emax and is
located between 0.5D and 1.0D below the ground surface irrespective of the penetration
depth. Mahutka and Henke [2009, p. 482] observed a fairly comparable evolution of
the void ratio in a purely Lagrangian simulation employing the same hypoplastic rate
constitutive equation for sand.

The spatial distributions of the radial normal component σ11 and of the vertical normal
component σ22 of the Cauchy stress are depicted in Figs. 8.19a and b, respectively. In
the initial K0-state, the stress components vary linearly from σ11 = σ22 = 0 kPa at
the ground surface, and σ11 = −5.41 kPa and σ22 = −10.82 kPa at the lower boundary
of the model, with K0 = σ11/σ22 = 0.5 = const. It can be seen from Fig. 8.19 that
the maximum compressive stress in the sand is concentrated in the immediate vicinity
of the pile base and continuously increases with increasing penetration depth. With
regard to the shown penetration depths, the increase in stress is approximately linear.

In Fig. 8.19, the radius of the bulb of isolines obtained for the vertical stress component
is smaller than for the radial stress component, but the vertical stress bulb is larger
in vertical direction. This corresponds to the simulation results of Sheng et al. [2005]
plotted for z/D = 8. As a consequence, the value of the stress ratio σ11/σ22 ahead of
the pile base is smaller than in radial direction. Moreover, at the pile base the stress
ratio is nearly stationary between z/D = 1.4 and 8.5, which also means that the shape
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Figure 8.18: ALE simulation of pile penetration test PP-26-H. Incremental maximum
shear strain and void ratio distributions at different penetration depths.
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Figure 8.19: ALE simulation of pile penetration test PP-26-H. Vertical and radial stress
distributions at different penetration depths.
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of the isolines does not change very much. The color resolution in the figures is not
sufficient to reveal the isolines for low stress levels. However, investigations carried
out by the author indicate that during the penetration process, the magnitude of the
vertical soil stress drops below its initial value in the observed cone of loosening around
the pile shaft.

Results of the ALE simulation are now compared with results of the experimental test
PP-26-H. Fig. 8.20 shows the measured and simulated incremental maximum shear
strain at different penetration depths. The field obtained by PIV analysis of the images
recorded during the experiment is on the left (cf. Figs. D.14), whereas the right hand
side provides detailed views of Fig. 8.18a. Comparison is only qualitative because the
plotted incremental strain fields resulted from different incremental displacement of
the penetrator, which was ∆zexp = 2.3mm in the test but only ∆znum = 0.5mm in the
numerical simulation.

At z/D = 1.4, the measured and the predicted ground heaving match very well. More-
over, in all three depth shown the ALE simulation reproduces the peak of incremental
maximum shear strain located where the sand is flowing around the hemispherical pile
tip. The small wedge-shaped dead zone formed underneath the pile base in the exper-
iment, however, is not present in the back-calculation. Such a zone is a manifestation
of arching effects and becomes even more apparent when the penetrator is flat and
rough, like in the example of shallow penetration presented in Section 8.5. Hence, the
comparison in Fig. 8.20 suggests that the assumption of a perfectly smooth surface of
the pile tip in the numerical model does not correspond to reality.

The measured and predicted load-displacement curves of pile penetration test PP-26-
H are in a reasonably good agreement (Fig. 8.21). However, the curves considerably
differ in relative penetration depths of z/D < 1 and z/D > 5. The difference at small
penetration depths is related to the undesired restraining forces in the experimental
set-up not accounted for in the numerical model as well as to the problem of modeling
the behavior of sand at very low effective stress levels. The latter has been discussed
within the context of shallow penetration into sand (Section 8.5). In larger depths, the
predicted load-displacement curves show a characteristic zig-zag form depending on the
spatial approximation of the pile-soil contact interface. This problem is well-known,
as reviewed in Chapter 2. For the unstructured coarse mesh, which corresponds to the
worst interface discretizazion (cf. Figs 8.17a), the frequency of spurious oscillation is
very low but its mean amplitude is the largest of all three meshes considered. The
structured fine mesh, on the other hand, yields oscillations with the highest frequency
and the smallest mean amplitude.

8.6.3 Back-Calculation of PP-28-C Test

The final application of the developed ALE method is a back-calculation of the pile
penetration test PP-28-C. The finite element model is the same as in the previous
section when using the structured coarse mesh (cf. Fig. 8.17b), except that the pile
tip now has a conical shape and the initial void ratio of the sand is e0 = 0.718 (initial
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Figure 8.20: Comparison of the measured (left) and simulated (right) incremental
maximum shear strain at different penetration depths during test PP-26-H.
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Figure 8.21: Comparison of the measured and predicted load-displacement curves of
pile penetration test PP-26-H.

relative density Dr0 = 21%; cf. Tab. 7.3). The beneficial “dagger-like” geometry of the
smooth pile in conjunction with the zipper-type modeling technique does not generate
indented mesh regions with high curvature and prevents the soil from being excessively
distorted along with penetration. This considerably improved stability and convergence
of the solution. It might also enable the application of heuristic algorithms in the ALE
mesh motion step. This, however, has not been investigated here.

The calculated incremental maximum shear strain and the void ratio distributions are
depicted in Fig. 8.22a and b, respectively, for different penetration depths. The results
indicate that the change from a hemispherical to a conical geometry of the tip leads to
a different behavior of the void ratio in the vicinity of the penetrating pile. In contrast
to the results for the PP-26-H test shown in Fig. 8.18b, the conical pile tip causes
densification not only underneath the pile base but also along the lower part of the pile
shaft (Fig. 8.22b). The radius of the densified zone in a relative penetration depth of
z/D = 8.5 is larger than 5D, the breadth of the computational model. Loosening of
the sand occurs in a small triangular zone lateral to the pile at the ground surface.

Fig. 8.23 plots the relative load-displacement curves measured during the experiment
and predicted by the ALE simulation, respectively. The agreement is fairly good,
even though the simulated curve possesses spurious oscillation in larger depths, like in
previous calculations (cf. Fig. 8.21). Due to this the zig-zag form only the first of the
two inflection points at z/D ≈ 2.5 and z/D ≈ 6 in the measured load-displacement
curve is reproduced by the back-calculation.
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Figure 8.22: ALE simulation of pile penetration test PP-28-C. Incremental maximum
shear strain and void ratio distributions at different penetration depths.
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Figure 8.23: Comparison of the measured and predicted load-displacement curves of
pile penetration test PP-28-C.



Chapter 9

Conclusions and Outlook

9.1 Conclusions

A comprehensive arbitrary Lagrangian-Eulerian framework for the numerical simu-
lation of large deformation problems with special consideration of plane strain and
axisymmetric quasi-static penetration into sand has been presented. The requisite
fundamentals of continuum mechanics were derived ab initio based on a modern dif-
ferential geometrical approach which has gained deeper insight into the Lagrangian,
Eulerian, and ALE descriptions. Concerning the geometrical treatment of the contin-
uum mechanical basis, the present work has partly ventured into uncharted scientific
terrain. The overall operator-split ALE solution procedure that divides each solution
increment into a Lagrangian step, a mesh motion step, and a transport step has enabled
the straightforward upgrade of a Lagrangian finite element program. By using ANSYSr
as an example, it has been shown that the limited number of user-programmable in-
terfaces of proprietary codes is sufficient for successful implementation.

The class of ALE numerical methods has been advanced during the present work in the
direction of soil mechanics and geotechnical engineering. More precisely, an implicit
ALE method has been combined for the first time with an advanced hypoplastic rate
constitutive equation which predicts the mechanical behavior of sand quite realistically.
It is an incrementally nonlinear model that incorporates the stress, the void ratio, and
a tensor-valued measure carrying information about the material history as internal
state variables. Such complex constitutive equations are unusual in the traditional
application areas of arbitrary Lagrangian-Eulerian codes (industrial forming processes,
fluid-structure interaction, etc.). Moreover, an efficient optimization technique has
been developed and implemented into the ALE method which smoothes out the non-
convexly distorted mesh regions that occur along with penetration.

In the Lagrangian step of the method, the solution of the updated Lagrangian form
of weak balance of momentum is advanced implicitly in time subject to prescribed
boundary conditions, initial conditions, and contact constraints. 3-node triangles with
1-point integration (constant strain triangles) are used for the spatial discretization.
The stress and the state variables of the hypoplastic rate constitutive equation for
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sand, and those of the other material models that have also been implemented, are
integrated over the time step by using a common incrementally objective algorithm.
The integration algorithm takes into account finite deformation effects. Due to the non-
Lagrangian view of material deformations the mass density constitutes an additional
variable. Conservation of mass is not implicitly satisfied as in the Lagrangian methods,
hence it must be solved as an additional governing equation. Unlike metals or many
other materials for which density changes are negligible, the dilatancy of sand may cause
significant density changes which have to be accounted for. The midpoint rule has been
implemented to integrate the rate of mass density resp. the rate of the element Jacobian
with a formal accuracy of second order on the element level during the Lagrangian step.

After the Lagrangian step, the finite element mesh is smoothed by node relocation at
fixed mesh connectivity. This can be interpreted as mesh motion over a pseudo-time
step. Mesh quality was intended to be improved solely based on geometric criteria. The
mesh smoothing procedure operates locally in terms of the ball of elements enclosing
a single node. It is initiated if the quality measure based on the triangle’s radius
ratio and skew drops below a certain value specified by the user. A globally smoothed
mesh is pursued by loops repeatedly running over the nodes of elements that fail the
quality check. To begin with, two heuristic smoothing algorithms reported in the
literature have been implemented and tested. Although they are simple and fast,
these methods are inapplicable if the meshed domain becomes non-convex with high
curvature, e.g during penetration of a blunt body. Therefore, a third optimization-
based algorithm has been developed during the course of the research presented. This
extremely robust method, referred to as the OSMOT algorithm, works iteratively on a
local level and delivers excellent results for both structured and unstructured triangle
meshes over arbitrarily shaped domains.

In the final solution step, the stress components, the material state variables, and the
mass density (resp. element Jacobian) are transported through the smoothed mesh
by solving the advection problem that resulted from the operator-split. The integral
conservation form of the advection equations is treated by the finite volume method, a
numerical tool widely used in the field of computational fluid dynamics. The weighted
donor-cell (Godunov-type) advection scheme which has been implemented into the
ALE method for this purpose solves the Riemann problem associated with the piece-
wise constant distribution of the variables in the finite volume mesh. Donor-cell ad-
vection has been chosen because it is the simplest transport algorithm which is both
conservative and monotonicity-preserving. It is explicit in time and has a maximum
accuracy of first order in space. The author is aware of the fact that first-order ad-
vection schemes tend to excessive numerical diffusion in comparison to second- and
higher-order methods. However, many other ALE methods proposed in the literature
even employ non-conservative interpolative techniques to remap the variables form the
old onto the modified mesh. Moreover, most of the algorithms that integrate the rate
constitutive equations in the Lagrangian step are also first-order accurate as it is the
case in virtually all purely Lagrangian finite element methods published.

Experimental model tests concerned with the quasi-static penetration of model foun-
dations and model piles into sand at different initial densities have been successfully
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conducted. Based on the image sequences recorded during these tests, application of
the particle image velocimetry method has enabled indirect measurement of the time
histories of the incremental soil displacement. The increments of volumetric strain and
shear strain have been subsequently derived from the discrete incremental displacement
field by using the PIV software. Although PIV methods can reach a high accuracy of
measurement if calibrated properly and performing an analysis of error, this option has
been abandoned and attention has been given to qualitative analysis of the penetration
processes. Despite the lack of a thorough quantification, the experimental model tests
have revealed interesting details of the phenomenology related to penetration into sand.
The test results have been successfully compared with results from the literature.

The numerical examples and back-calculations of selected experimental tests by using
the self-developed ALE method has proven to be computationally intensive, although
the numerical models had a moderate number of degrees of freedom (<70 000). Some
pile penetration simulations took about one week on a workstation (CPU: 2x Dual-Core
AMD Opteron 2222; RAM: 32GB). This primarily arose from the strong nonlinearities
inherent to the Lagrangian step and not from the mesh motion or transport steps of
the ALE method. In most cases, the computational effort needed for mesh smooth-
ing and advection was outbalanced by the implicit Lagrangian calculation because
of the path-dependent material response (physical nonlinearity), finite deformation ef-
fects (geometrical nonlinearity), and contact constraints (nonlinearity due to boundary
conditions) which required very small time steps with ten to hundreds of global equi-
librium iterations per step. Purely Lagrangian calculations that did not utilize ALE
capabilities slowed down or even terminated due to severe element distortion, as it was
expected.

Generally speaking, the experimental results and the results obtained through ALE
finite element simulations are in good agreement. Shear zones observed within the
sand can be fairly reproduced. The measured and predicted load-displacement curves,
however, differ considerably in depths of less than one and more than five times the
diameter of the penetrator. It has been found that the difference at small penetration
depths is closely related to the modeled material behavior resp. to the applied set
of material constants. From the viewpoint of constitutive modeling, simulation of
penetration into sand starting at the unloaded ground surface poses a great challenge.
This is because at the unloaded ground surface next to the penetrator, the mean
effective stress tends to zero so that the shear strength of a granular solid likewise
vanishes. Under such conditions the shear parameters of a sand specimen can be
hardly determined in geotechnical laboratory tests. As a result, it was possible to
adjust the set of material constants of the hypoplastic rate constitutive equation such
that either the load-displacement curve of the penetrator or the soil heaving matched
the experimental results at small penetration depth, but not both.

At penetration depths larger than five times the pile diameter, on the other hand,
the numerical model of the contact interface between the pile and the soil became
more and more important and it strongly influenced the predicted load-displacement
curves. In such large depths, the curves have a characteristic zig-zag form which is
also reported in literature. This manifestation of spurious oscillation is governed by
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the quality of geometry representation at the interfaces in the finite element model as
well as by mesh coarseness and the contact algorithm applied in the discrete interface
model. The more inaccurate the spatial approximation of the interface becomes the
lower the frequency of spurious oscillation and the larger its mean amplitude under
otherwise equal conditions will be.

During penetration into sand starting from the ground surface, the initially convex
computational domain necessarily becomes indented resp. non-convex with high curva-
ture because material boundaries are explicitly resolved by element edges. At drastic
changes of the domain’s shape due to large penetration distances mesh quality improve-
ment by smoothing can only be achieved if there is a sufficiently large “stockpile” of
less deformed mesh. This generally calls for numerical models in which the number of
finite elements becoming additionally necessary increases disproportionately with the
desired penetration distance. The pilot-hole resp. zipper-type modeling technique for
the pile can reduce the size of the finite element model but it succeeds only if the pile
tip geometry is sufficiently smooth and predominantly causes soil motion in normal
direction to the pile axis. In other words, the zipper-type technique fails if flat-ended
piles or blunt bodies penetrate a large distance.

Highlights

• Applied a modern differential geometrical approach to derive the fundamentals
of continuum mechanics in the Lagrangian, Eulerian, and ALE descriptions.

• Developed an ALE method particularly suitable for plane strain and axisymmet-
ric quasi-static penetration into sand.

• Developed an optimization-based mesh regularization algorithm which works ex-
cellent on unstructured and structured, convex and non-convex meshes.

• Implemented the ALE method into an existing Lagrangian finite element code
by programming only a few user interfaces.

• Conducted experimental penetration tests in sand using particle image velocime-
try to validate the ALE method.

• Unique features of the new ALE method are (i) the advanced hypoplastic rate
constitutive equation for sand and (ii) the efficient and robust optimization-based
mesh regularization algorithm.

9.2 Outlook

The assumptions and restrictions associated with the present work (cf. Chapter 1)
give motivation to further research. For example, the incorporation of inertia effects
in the developed ALE method is of great practical importance because displacement
piles are usually driven by hammering or vibration. The inertia term that would be
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present in the balance of momentum then will necessitate momentum transport across
element boundaries. In contrast to the mass density, stress components, and history
variables, which are stored at the integration points of the finite elements, the velocity
components are stored at the nodes. Momentum transport in the ALE method would
therefore require a different algorithm. Simulation of transient penetration in semi-
infinite media by using a finite model also brings about the problem of wave reflection
at the artificial boundaries, which needs to be resolved.

Further improvement of the presented ALE method would be the provision for surface
roughness in the contact model at the soil-penetrator interface. This would introduce
contact history variables that must be properly remapped onto the somehow smoothed
mesh during the transport step of the method. It should be noted that tangential
contact and roughness are of little importance in traditional ALE applications (e.g. hy-
pervelocity impact, free surface flow), but they are omnipresent in soil mechanics and
geotechnical engineering. Hence, further research into this topic would not be wasted
effort.

Another relevant aspect of research in the area of soil mechanical ALE methods is the
interaction of the solid phase with one or more pore fluids. Contrary to the assump-
tions inherent to the current method, sand in situ is rarely dry in its strict sense or
fully saturated and locally drained. Therefore, many important phenomena cannot be
reproduced. Taking into account the soil as a two-phase or even three-phase medium
would enable a large deformation analysis of problems involving liquefaction-prone
and/or partially saturated soils under cyclic loading, for example slopes and dams
under earthquake excitation and driving of piles into saturated sand by vibration.

Since the operator-split ALE method designed for plane strain and axisymmetric pen-
etration is based on a simplicial element type, it has a natural extension to three
dimensions if the 3-node triangles are replaced by 4-node tetrahedra. The Lagrangian
step of the overall ALE algorithm would basically remain unchanged by the 3d ex-
tension. The optimization algorithm running in the mesh motion step has a three
dimensional analog, though exact evaluation of the gradient and Hessian of the related
objective function would yield awfully lengthy expressions. The extension of the donor-
cell algorithm in the transport step is trivial, but it probably would be too diffusive
because the current multi-dimensional scheme only accounts for neighboring elements
that share a facet and ignores any flux across edges and vertices. While in 2d, one
half of the neighboring triangles are taken into account, there would be ten of fourteen
neighbors left unconsidered in 3d tetrahedral meshes. Sufficient improvement might be
achieved simply by replacing the spatially isotropic advection with one-dimensional,
alternating advection sweeps carried out dimension by dimension.

Extension to non-simplicial and higher-order elements would generally require com-
pletely different algorithms in the mesh motion and transport steps. Higher-order or
fully integrated elements are rarely used in ALE methods. Most methods advance
solution explicitly in time, for which reduced integration with hourglass control is the
proven technology on the element level. Concerning the mesh motion step, it would
be difficult to construct a local smoothing procedure for unstructured meshes, like the
present optimization-based scheme, which properly accounts for the nodes lying inside
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an edge or a facet. In the transport step, the finite volume scheme that has been
implemented assumes a piecewise constant distribution of the variables in each control
volume. For variables stored at the Gauss points (quadrature points) of the finite ele-
ment mesh, a control volume is represented by the influence domain of a single Gauss
point. Higher-order elements would then require element subdivision in order to take
multiple quadrature points into account. A cheaper but probably inadequate approach
would be to relocate only the corner nodes in the mesh motion step and to interpolate
the midside and interior nodes of each affected element. In the transport step, com-
putational cost can be reduced by abandoning element subdivision and computing an
element average of the Gauss point values.

None of the previous improvements and extensions of the current simplified arbitrary
Lagrangian-Eulerian (SALE) method compares to the complexity associated with the
change to a multi-material ALE (MMALE) approach. However, the present work
suggests that such an extension would be worthwhile. Although the numerical exam-
ples have proven the general applicability of the ALE method to problems of deep
penetration into sand starting at the ground surface, they have also pointed out the
shortcomings of the SALE approach. It turned out that the simplified approach cannot
completely avoid mesh distortion because mesh motion is almost Lagrangian, so SALE
methods can handle only a few problems more than purely Lagrangian methods. In
MMALE methods on the other hand, elements potentially contain two or more ma-
terials because material boundaries are allowed to flow across element edges. Most
of the increase in complexity and computational cost is related to the continuum me-
chanical and numerical treatment of these multi-material elements: mixture theory,
closure models, material interface tracking, etc. Since typical MMALE methods apply
an incremental operator-split solution approach as well, the SALE method that has
been developed in the present work forms an excellent basis for subsequent research
going in this direction.

The range of problems that MMALE methods will compute makes them particularly at-
tractive for soil mechanical and geotechnical applications involving large deformations
and post-failure behavior, e.g. slope stability, landslide, phase transition phenomena
and liquefaction, penetration, soil mixing, water jetting, and grouting. All existing
codes possessing multi-material capabilities, however, address other classes of prob-
lems and do not adequately model the complex soil behavior under low-velocity mono-
tonic and cyclic loads, possibly with pore water coupling. Therefore, a geomechanical
MMALE method would currently be unique on a national as well as international scale.
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Appendix A

Mathematical Prerequisites

Central to the problems in soil mechanics and geotechnical engineering are the soil
stress and density distributions. The availability of stress and density fields is closely
related to the continuum assumption, and the tensorial nature of stress additionally
requires the continuum to have a differentiable structure. Systematically, the notion
of a differentiable continuum is part of the mathematic branch of differential geome-
try [Abraham et al., 1983; Bishop and Goldberg, 1968; Spivak, 1965, 1999; Synge and
Schild, 1978; Misner et al., 1973; Raschewski, 1995]. Therefore, it seems to be advanta-
geous to analyze and to discuss the topics of soil continuum mechanics by applying the
geometric terminology. Although most authors use the well-known Euclidian three-
dimensional space R3 as a background [e.g. Truesdell and Toupin, 1960; Truesdell and
Noll, 2004; Ciarlet, 1988], differential geometry on manifolds has been found to be the
most natural way in formulating continuum mechanics [e.g. Kondo, 1955–1968; Mars-
den and Hughes, 1994; Abraham et al., 1983; Romano and Baretta, 2009; Aubram,
2009; Segev, 2013].

The following appendix should briefly introduce the topics of differential geometry
needed for the continuum mechanics on manifolds presented in Chapter 3. Linear
geometry, Banach spaces, differential calculus, and basic numerical methods frequently
used in computational mechanics are reviewed first. More details on tensor analysis
and differential geometry can be found in the cited literature.

The Einstein summation convention [Einstein, 1916] is forced in the present thesis. By
this convention, the sum is taken over all possible values of a coordinate index variable
whenever it appears twice, and as both a subscript and a superscript, in a single term.
For example, the local representative of a vector v with respect to a basis {g1, . . . , gn}
reads

v =
n∑
i=1

vigi
def= vigi . (A.0.1)

The summation convention is also adopted in the context of finite element interpolation
outlined in Chapter 5. If summation should be inhibited, this will be explicitly stated.
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A.1 Vector Spaces and Affine Point Spaces

A.1.1 Vector Spaces

A set V def= {u,v, . . .} together with an addition (u,v) 7→ u+ v = v + u and a scalar
multiplication (λ,u) 7→ λu = uλ for all λ ∈ R, is called a real vector space, and the
elements of V are called vectors. The co-vector space V∗ dual to V comprehends the
linear forms a∗ : V → R, v 7→ a∗(v) def= a∗ · v that, when applied to a vector, will yield
a real number.

An inner product on the vector space V is defined through 〈a, b〉 = 〈b,a〉 ∈ R+,
with u,v ∈ V , making V resp. the pair (V , 〈·〉) to an inner product space or Euclidian
vector space. Inner product spaces are special normed spaces . A normed space is a
vector space V together with a norm ‖ · ‖ : V → R that has the following properties:
1. ‖v‖ ≥ 0 for all v ∈ V , and ‖v‖ = 0 if and only if ‖v‖ = 0 (positive definiteness),
2. ‖λv‖ = |λ| ‖v‖ for all v ∈ V and λ ∈ R (homogeneity), 3. ‖u+ v‖ ≤ ‖u‖+ ‖v‖ for
all u,v ∈ V (triangle inequality). In inner product spaces, the norm can be defined
through ‖v‖ def=

√
〈v,v〉, the Euclidian norm.

Considering the hierarchy of generality, it should be mentioned that normed spaces
require a metric d : V × V → R on the set V . The metric can be defined through
d(u,v) def= ‖u − v‖, making the pair (V , d) to a metric space; this concept will be
generalized in Section A.4.
Remark A.1.1. The given definition of a vector space is general enough to include,
as a special case, the vector spaces of real functions F(t) def= {f(t), g(t), . . .} over a set
T , where t ∈ T . For the functions f, g, . . . of this function space, the vector space
operations are defined pointwise, that is, f +g

def= (f +g)(t) = f(t)+g(t), for all t ∈ T ,
and λ f def= (λ f)(t) = λ f(t), for all t ∈ T and λ ∈ R. 4

Let n be the dimension of V def= Vn, then a basis of V is the set {g1, g2, . . . , gn} of
linearly independent vectors gi, with i ∈ {1, . . . , n}. By abuse of notation, {gi} ∈ V
is written if {g1, g2, . . . , gn} is a basis of V . Provided such a basis is given, then every
vector v ∈ V can be represented by

v = v1g1 + v2g2 + . . .+ vngn = vigi , (A.1.2)

in which the components of v 6= 0 with respect to the basis {gi}, i.e. v1, v2, . . . , vn ∈ R,
are not all zero. Note that duality of the spaces V and V∗ requires that gi · gj = δij,
where {gi} is the dual basis, and δij is the Kronecker delta. Accordingly, the component
of v with respect to gi can be calculated from gi · v = vi, and a linear form a∗ ∈ V∗
has the local representative a∗ = aig

i.

Let V be an n-dimensional Euclidian vector space and V∗ its dual space, and let the
metric coefficients be defined through gij def= 〈gi, gj〉 ≥ 0. Then one is allowed to set
gi = gijg

j, and to write

a∗ · b = aib
j gi · gj = aib

jδij = aib
i = gija

ibj = aibj〈gi, gj〉 = 〈a, b〉 , (A.1.3)
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where ai = gij a
j. The linear form a∗ and the vector a thus correspond by so-called

index-lowering resp. index-raising operations. Note that in n-dimensional Euclidian
vector spaces there exists a basis {ea} with

〈ea, eb〉 = δab , for every a, b ∈ {1, . . . , n} , (A.1.4)

so that the index-lowering resp. index-raising operations become trivial, viz. ea =
δabe

b = δabe
b = ea. Such a vector basis is then called ortho-normalized. δab is the

Kronecker delta

From linear algebra, it is well known that the set of ordered n-tuples (which are also
called (n× 1)-matrices or columns),

Rn def= {u =


u1

...
un

 |u1, . . . , un ∈ R} , (A.1.5)

forms an n-dimensional Euclidian vector space. An ortho-normalized basis {ea} ∈ Rn

with 
1
0
...
0

 def= e1,


0
1
...
0

 def= e2, . . . ,


0
0
...
1

 def= en ∈ Rn (A.1.6)

is referred to as the canonical or standard basis in Rn. It follows from (A.1.2) that
the local representative of n-tuples is just u = uaea ∈ Rn. The inner product on
Rn, 〈u,v〉 = δabu

avb, where u,v ∈ Rn and 1 ≤ a, b ≤ n, is called the standard inner
product. Index placement in Rn is of no relevance because of (A.1.4).

A.1.2 Linear Transformations and Matrix Representation

A linear transformation A : V → W (also called a linear map or homomorphism) maps
a vector v ∈ V onto Av def= A(v) ∈ W . If A is an isomorphism, it has an inverse A−1.
Linear transformations A : V → V are called endomorphisms, and isomorphisms with
V=W are called automorphisms. The identity map I on V is defined through Iv = v,
∀v ∈ V , and I = A−1A = AA−1 provided that A is an automorphism on V . A linear
transformation A : V → W is called a linear form if W = R; in this case one writes
A(v) def= a∗ · v.

By (A.1.2), every linear transformation has a local representative. For example, let
{gi} ∈ V and {hα} ∈ W be vector bases, then the linear transformation A : V → W
can be expressed by

Agi = Aαihα (A.1.7)
with respect to {gi} and {hα}. Note that the basis vectors hα themselves have an
expression in the basis {gi} by (A.1.2), hence the right hand side of (A.1.7) also has.

Every linear transformation has a matrix representation. The unique matrix (Aαi)|gi,hα
of a linear transformation A : Vn → Wm with respect to the bases {gi} ∈ Vn and
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{hα} ∈ Wm is obtained through the matrix arrangement of the (m× n) numbers Aαi
of its local representative (A.1.7) with respect to that bases:

(Aαi)|gi,hα
def=


A1

1 . . . A1
n

... . . . ...
Am1 . . . Amn


|gi,hα

∈ Rm×n . (A.1.8)

As usual in matrix calculus, the first index is taken as the row index, and the second
index is the column index, and the transpose of a matrix is obtained by interchanging
the indices. Provided that the bases are set, a linear transformation can be identified
with its matrix with respect to that bases. The matrix representation in (A.1.8) is
regarded as a map (Aαi)|gi,hα : Rn → Rm, where Rn resp. Rm denote the sets of columns
that have n resp. m elements. Conversely, any matrix (Aab) ∈ Rm×n represents a linear
transformation A : Rn → Rm.

The matrix of the identity map I : V → V , with Igi
def= Bi′

igi′ , is the inverse matrix
of the change of basis. That is to say, (Bi′

i)−1 def= (Bi
i′) arranges the components of the

change of basis: gi′ = Bi
i′gi. Then Igj = δijgi follows immediately. Now since every

vector v = vigi = vi
′
gi′ = Iv is independent of the basis by definition, a change of basis

transforms the components of v according to the fundamental tensorial transformation
rule

vi
′ = Bi′

i v
i . (A.1.9)

In Euclidian vector spaces V andW , a map A : V → W is called an isometry provided
that

〈Aa,Ab〉W = 〈a, b〉V , (A.1.10)
for all a, b ∈ V . An isometry A : V → V is called an orthogonal map, having the
properties detA = ±1 and A−1 = AT. If a linear transformation is orthogonal, then
its matrix with respect to an ortho-normalized basis also is.

A.1.3 Point Spaces and Coordinates

Points do not exist in abstract vector spaces. In continuum mechanics, however, vectors
attached to points are chief ingredients, so the affine point spaces need to be defined. A
more general version of these spaces are the differentiable manifolds introduced later.

Definition A.1.11. An affine point space (S,V), or just S if the meaning is clear
from the context, consists of a set of points S def= {A,B,C, . . .}, a vector space V , and
a map S ×S → V . Moreover, the following two axioms must hold: 1. For every A ∈ S
and every v ∈ V there is a unique A + v = B ∈ S, so that v = −→AB. 2. If −→AB = −−→CD,
then −→AC = −−→BD. ♦

The second claim is known as the parallelogram axiom. This axiom is equivalent in
saying that v(A) = v(C) resp. (A,v) = (C,v) ∈ (S,V), proving that affine point
spaces are flat.
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If the vector space V is Euclidian, an affine point space (S,V) is called a Euclidian
point space. In Euclidian point spaces, the distance of the points P,Q ∈ S is defined
through the metric d(P,Q) def=

√
〈v,v〉 = ‖v‖, where v = −→PQ.

Definition A.1.12. A frame of reference (O, g1, g2, . . . , gndim
) def= (O, gi) in an affine

point space (S,V) is a vector basis {gi} ∈ V attached to a point O ∈ S. Every point
P ∈ S has a position vector x def= −→OP ∈ V with respect to the frame (O, gi). Since x
emanates from O ∈ S and not from any other point, the position vector is properly
denoted by the pair

(O,x) = (O,−→OP ) def= xO
def= x(O) ∈ S × V .

Note that −→OP would be an ordinary vector if it is viewed from another frame (O′, gi′),
hence the base point is important for distinction in affine point spaces. The local repre-
sentative of xO, with x = xi(P ) gi, gives the affine coordinates {x1, x2, . . . , xndim}P

def=
{xi}P of P in the frame (O, gi). For any frame given, every P can be identified with
the ndim-tuple of its coordinates with respect to that frame. The totality of affine co-
ordinates is called the affine coordinate system (S, x) and defines a global chart for S.
Continuity and smoothness of the coordinate system is closely related to the continuity
and smoothness of the coordinate lines xi embedded in Rndim . ♦

In Euclidian point spaces (S,V), a special frame of reference can be constructed from
an ortho-normalized basis {ea} ∈ V . The local representative

−→
OP = za(P ) ea of the po-

sition vector of P ∈ S with respect to the frame (O, ea) gives the so-called Cartesian
coordinates {z1, . . . , zndim}P

def= {za}P of P in that frame. The totality of Cartesian
coordinates in S is called a Cartesian coordinate system. In a Cartesian coordinate
system with fixed frame (O, ea), points can be globally identified with their coordi-
nate ndim-tuple (z1, . . . , zndim). Therefore, Euclidian point spaces are often denoted
by (Rndim ,Rndim), S = Rndim , or just Rndim . The global Cartesian coordinate system
(global chart) is denoted by (S, z = id) or (Rndim , id).

Let (S, x) and (S, x′) be affine coordinate systems associated with the two frames
(O, gi) and (O′, gi′) in S, respectively. Then under a change of framing (O, gi) 7→
(O′, gi′), the coordinate functions transform linearly with

xi
′ = Bi′

i x
i + ci

′
, (A.1.13)

where the Bi′
i are the components of the inverse change of basis {gi′} 7→ {gi}, and the

ci
′ are the components of the translation vector

−−→
O′O. In other words, the functions χi′

involved in xi
′ def= χi

′(x1, . . . , xndim) are linear in x, and the partial derivatives of the
change of affine coordinates are just ∂χi

′

∂xj
= Bi′

i, the components of the inverse change
of basis.

Assume that A ⊂ S is an n-dimensional surface embedded in the m-dimensional affine
point space S, where n ≤ m —for example, A could be a shell in S = R3. Let (S, y)
and (A, x) be the coordinate systems on S and A, respectively. From the theory of
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parametric surfaces it is known that a curvilinear coordinate system on S is determined
by the map Rn ⊃ Ω → Rm, in which the coordinates ya restricted to A ⊂ S are given
by m nonlinear and continuously differentiable functions fa. Clearly,

ya
def= fa(x1, . . . , xn) , with a = 1, . . . ,m , (A.1.14)

and the lines xi are generally curvilinear in S. By (A.1.14), the simple transformation
rule (A.1.13) thus changes to ya′ = (χa′ ◦fa)(x1, . . . , xn). The inverse functions xi =
(f−1)i(y1, . . . , ym), with i = 1, . . . , n, provided that they do exist at every P ∈ A ⊂ S,
are referred to as the convected coordinates on A in S.

If the ya are Cartesian coordinates relative to the frame (O, ea) in S = R3, then the
vector basis {gi}P that spans the tangent space attached to P ∈ A is given by the par-
tial derivatives of the position vector −→OP def= y(ya(P )) = ya(P )ea def= f((f−1)i(ya(P )))
in S with respect to the convected coordinates. That is, gi(P ) def= ∂y

∂(f−1)i (P ) = ∂f
∂xi

(P ),
by abuse of notation. {gi}P is called the covariant basis at P .

The transformation rule (A.1.13) specifies the coordinates of an affine point space
under a change of framing within that space (passive transformation), whereas an
affine transformation changes the affine point space itself (active transformation).

Definition A.1.15. Let (S,V), (T ,W) be affine point spaces, A : V → W a linear
map, and O,P ∈ S. Then under an affine transformation θ : S → T the point
P = O +−→OP changes to

θ(P ) = θ(O) +A(−→OP ) ∈ T .

The vector −→OP is said to be pushed forward by θ. An affine transformation is an
affine isometry if the distance of every two points P,Q ∈ S remains unaltered, that is,
dT (θ(P ), θ(Q)) = dS(P,Q). ♦

Affine isometries play a fundamental role in continuum mechanics as they form a group
of transformations. If the affine isometry

θ : S → S

O +−→OP 7→ θ(O) +Q(−→OP )
(A.1.16)

preserves orientation, then the rotation Q is proper orthogonal (detQ = +1) and θ is
called a rigid motion. Rigid motions θ : S → S belong to the special Euclidian group
SE(S), and rotations Q : V → V belong to the special orthogonal group SO(V). Note
that every vector v transforms under a rigid motion according to v′ = Qv, which is
referred to as its objective transformation.

To get a coordinate description of (A.1.16) with respect to a frame (O, gi), define
x

def= −→OP = xigi, x′
def=
−−−−→
Oθ(P ) = xi

′
gi′ , and c

def=
−−−−→
Oθ(O) = ci

′
gi′ , so that x′ = Qx + c.

Let the basis {gi′} be given by Qgi = Qi′
igi′ , then

xi
′ = Qi′

i x
i + ci

′
. (A.1.17)
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A.2 Banach Spaces and Differential Calculus

The key facts presented in this section are basic ingredients of constitutive theory and
of the numerical treatment of initial boundary value problems.

Let V be a vector space with metric d, and v1,v2, . . . ∈ V , then a sequence (v1,v2, . . .)
is called a Cauchy sequence if for all real numbers ε > 0 there is an integer N such
that m,n ≥ N implies d(vm,vn) < ε. The metric space (V , d) is called complete if
every Cauchy sequence converges. A complete normed space (V , ‖ · ‖), or just V if the
meaning is clear, with corresponding metric d defined through d(v1,v2) def= ‖v1 − v2‖
is then called a Banach space. The vector spaces of real functions (see Remark A.1.1)
can be made into Banach spaces provided that suitable norms exist on these spaces.

Let V ,W be Banach spaces with norms ‖ · ‖V and ‖ · ‖W , respectively, then a linear
map A : V → W is called an linear operator. A is called bounded if there is some
constant λ > 0 such that for all v ∈ V ,

‖Av‖W ≤ λ ‖v‖V . (A.2.1)

The set of all bounded linear operators of V to W is denoted by B(V ,W).

Definition A.2.2. Let V ,W be Banach spaces, and U ⊂ V a subset. An operator
f : U → W is called Fréchet-differentiable at ū ∈ U if there is a bounded linear
operator Df(ū) ∈ B(V ,W) such that for every u def= (ū + tv) ∈ U , with v ∈ V and
t ∈ R,

lim
‖h‖→0

‖f(u)− f(ū)−Df(ū) · h‖W
‖h‖V

= 0 ,

where h def= u − ū. If f is Fréchet-differentiable at each ū ∈ U , the map Df : U →
B(V ,W), u 7→ Df(u) is called the Fréchet derivative of f . If Df is differentiable as
well, then D2f : U → B(V , B(V ,W)) is called the second derivative of f . ♦

Remark A.2.3. For the differentiable maps f : Rm → Rn, Df(x) is just the matrix
of partial derivatives of f evaluated at x = (x1, . . . , xm) ∈ Rm, i.e. its n×m Jacobian
matrix. 4

Definition A.2.4. Let f : V ⊃ U → W , and ū ∈ U . Then f is called Gâteaux-
differentiable if a weak differential

d
dt f(ū+ tv)|t=0

does exist for all directions v ∈ V . ♦

If f is Fréchet-differentiable at ū, then it is also Gâteaux-differentiable at ū, because
the derivatives in the direction of v exist:

d
dt f(ū+ tv)|t=0 =

[
∂f(ū+ tv)

∂u

∂(ū+ tv)
∂t

]
t=0

= Df(ū) · v . (A.2.5)
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where Df(ū) · v means Df(ū) applied to v as a linear map at ū.

In addition to the previous definitions, let Y ⊂ W and f(U) ⊂ Y . Let Z be another
Banach space and let g :W ⊃ Y → Z be Fréchet-differentiable at y = f(u) ∈ Y , then
the composite map g ◦ f : U → Z is Fréchet differentiable at u and the chain rule

D(g ◦ f)(u) = Dg(f(u)) ·Df(u) = Dg(y) ·Df(u) (A.2.6)

resp. D(g ◦ f)(u) · v = Dg(f(u)) · ((Df(u) · v) does apply.

As an example application of the chain rule, let f : I → W , with I ⊂ R, be a curve
in W and differentiable at t ∈ I. Then define df

dt (t) = Df(t) · 1, where 1 ∈ R is the
real number “one”. Let g :W ⊃ Y → R be differentiable at y = f(t) ∈ Y , then by the
chain rule,

d(g ◦ f)
dt (t) = Dg(y) · df

dt (t) . (A.2.7)

Definition A.2.8. Let V ,W be Banach spaces, U ⊂ V a subset, and let f : U → W
be C1-differentiable at ū ∈ U in the Fréchet-sense. Let u def= (ū+ tv) ∈ U , with v ∈ V
and t ∈ R, then the linearization of the equations f(u) = 0 about ū in the direction
of v is defined through

LINū(f ;v) def= f(ū) + d
dt f(ū+ tv)|t=0 = f(ū) +Df(ū) · v = 0 . ♦

Here f(u) = 0 shall denote the abstraction of a given set of equations. For LINū(f ;v) =
0, the vector u = ū + tv satisfies f(u) = 0 to first order in t. Thus LINū(f ;v),
with ū fixed, are the first two terms in a Taylor series expansion of f(ū + tv), so
f(u) ≈ LINū(f ;v).

A.3 Basic Numerical Methods

A.3.1 Solution of Initial Value Problems

Definition A.3.1. Let V be a Banach space, [t0, T ]×Ω ⊂ R×V , and f : [t0, T ]×Ω →
V , then an initial value problem (IVP) is an ordinary differential equation

ẏ(t) = f(t,y(t))

together with a so-called initial condition (t0,y0) ∈ [t0, T ]×Ω. A solution to the IVP
is a function y that is a solution to the differential equation for all t ∈ [t0, T ], and that
satisfies y(t0) = y0. ♦

By abuse of notation, y(t0) = y0 is identified with the initial condition. If f is contin-
uous on a domain containing (t0,y0), and if t0 ∈ [0, T ], then Picard-Lindelöf’s theorem
guarantees uniqueness of the solution.
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Numerical time integration methods to determine the solution y(t) can be divided into
first-order (e.g. Euler methods), second-order (e.g. Newmark-β, central difference), and
higher-order accurate methods (e.g. Runge-Kutta), as well as into explicit (e.g. forward
Euler, forward difference, central difference) and implicit methods (e.g. backward Euler,
Newmark-β, Crank-Nicolson). Euler methods are often implemented in finite element
codes to integrate rate constitutive equations on the local integration point level, while
the central difference and Newmark-β methods are employed for global time integration
of the FE system of equations.

The difference between explicit and implicit time integrators is outlined based on Eu-
ler methods. The continuous time interval [t0, T ] is approximated by the sequence
(t0, t1 = t0 + ∆t, . . . , tn+1 = tn + ∆t, . . . , T ) with constant time increment or step size
∆t, i.e. time is incrementally decomposed. With the forward Euler method, the rate
ẏ(t) in Definition A.3.1 is approximated through

ẏ(t) ≈ y(tn + ∆t)− y(tn)
∆t

. (A.3.2)

Note that the right hand side is a function of time tn. By setting y(tn) def= yn and
noting that ẏ(tn) = f(tn,y(tn)) by definition, one obtains

yn+1 = yn + ∆tf(tn,yn) . (A.3.3)

The backward Euler method uses the approximation

ẏ(t) ≈ y(tn+1)− y(tn+1 − ∆t)
∆t

, (A.3.4)

which yields
yn+1 = yn + ∆tf(tn+1,yn+1) . (A.3.5)

Both equations (A.3.3) and (A.3.5) can be combined to obtain the so-called generalized
midpoint rule

yn+1 = yn + ∆tfn+θ , (A.3.6)

where
fn+θ

def= θf(tn+1,yn+1) + (1− θ)f(tn,yn) , θ ∈ [0, 1] . (A.3.7)

The Crank-Nicolson method, which possesses accuracy of second order, is recovered
from the generalized midpoint rule by setting θ = 1

2 .

In the forward Euler method (θ = 0), the solution yn+1 at time tn+1 is determined from
the value f(tn,yn) at time tn, whereas yn+1 is determined from the value f(tn+1,yn+1)
at time tn+1 in the backward Euler method (θ = 1). Since f generally is a nonlinear
function, and the value f(tn+1,yn+1) at a time prior to tn+1 is an unknown, an iteration
must be carried out. This can be done, for example, by employing Newton’s method.
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A.3.2 Newton’s Method

Let V ,W be Banach spaces. Newton’s method, which is also known as the Newton-
Raphson method, approximates the solution x̂ ∈ V of a homogeneous system of non-
linear algebraic equations

f(x̂) = 0 ∈ W . (A.3.8)
Let xi, with i ∈ N, be a close-enough guess of the solution, and let f be Fréchet-
differentiable at xi. Then, according to Definition A.2.8 the linearization of f(x̂)
about xi is

LINxi(f ; x̂− xi) = f(xi) +Df(xi) · (x̂− xi) ≈ 0 . (A.3.9)
x̂ is unknown. However, provided that the function f is reasonably well-behaved, any
guess xi+1 for which f(xi) + Df(xi) · (xi+1 − xi) = 0 is a better approximation than
xi. From this condition one obtains

xi+1 = xi + d(xi) = xi − ((Df)−1 ·f)(xi) , and lim
i→∞

xi+1 = x̂ , (A.3.10)

where d(xi) is called the descent direction of f at xi. Newton’s method (A.3.10)
is a convergent iteration scheme for the solution x̂ only if Df is invertible and the
starting value xi=0 is a close-enough guess of the solution. Iteration can be terminated
if ‖f(xi+1)‖ < ε.

Definition A.3.11. Newton’s method, (A.3.10), is called a full Newton’s method if
Df

def= Df i is determined in every iteration step i. A full Newton’s method has a
quadratic rate of convergence. Quasi-Newton methods, in contrast to exact Newton
methods, do not exactly determine Df but use approximations. In a damped Newton’s
method the descent direction d(xi) is multiplied by a step size 0 ≤ λi ≤ 1 determined
by a so-called line search, which is supposed to guarantee ‖f(xi+λid(xi))‖ < ‖f(xi)‖.
If Df is not positive definite, the descent direction d should not be determined from
Newton’s direction, d def= −(Df)−1 ·f because solution may diverge. In this case the
descent direction has to be modified, leading to the class ofmodified Newton’s methods.♦

Definition A.3.12. The so-called secant Newton’s method is obtained from (A.3.10)
by referring to the starting value (or a converged solution) x0 instead of xi, and by
replacing the continuous tangent Df with an algorithmic tangent Df al(x0,xi+1) taking
into account the finite step size ∆xi+1 = xi+1 − x0 in the algorithmic treatment:

xi+1 = x0 − (Df al)−1(x0,xi+1)·f(x0) . ♦

A.4 Differentiable Manifolds

Riemann [1868, 1873] has introduced the local or intrinsic description of geometric
objects without the need of a linear background space. However, in the intrinsic de-
scription by using differentiable manifolds position vectors do not exist and every co-
ordinate system is necessarily curvilinear. Furthermore, as the parallelogram axiom
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exists no longer, and vectors and tensors must be defined point by point. Equations of
the kind v(P ) = v(Q) are not permitted, because the vectors at different points cannot
be compared. This makes differential geometry and continuum mechanics on manifolds
generally hard to challenge. The large investment of effort, however, is rewarded with
unifying and aesthetically satisfying basic notions and notation which gain insight and
facilitate a deep understanding even of the complex issues.

If one drops all the affine properties of a point space studied in the previous section, one
is left with a topological space constituted by a set of points. Descriptively, a topological
space is a set together with a topology that carries the relations or interconnections
between elements of the set.

Definition A.4.1. A topological space is the pair (S,T ) comprising a set S and a
collection T of subsets called open sets such that

1. ∅ ∈ T and S ∈ T .

2. If A,B ∈ T , then A ∩ B ∈ T also holds.

3. Let I ⊂ N be a set of indices. If Ai ∈ T , ∀ i ∈ I, then ⋃i∈I Ai ∈ T also holds.

T is called the topology. Usually S is written instead of (S,T ) if the meaning is
clear. ♦

A subsets M ⊂ S is called closed, if the complement S\M is open. The interior
int(M) is the union of all open sets that completely lie inM, and the closure cl(M) is
the smallest closed set which completely includesM. The difference cl(M)\int(M) def=
∂M, resp. the intersection cl(M) ∩ cl(S\M) def= ∂M, which is the same set, is called
the boundary ofM and is closed. A neighborhood of a point X ∈M is an open set U
such that X ∈ U . A topological spaceM is referred to as a Hausdorff space, if every
two points X, Y ∈ M, X 6= Y , can be separated by neighborhoods U(X) ⊂ M and
V(Y ) ⊂M such that U ∩V = ∅. In a Hausdorff spaceM the singleton sets {X}, with
X ∈M, are closed.

Let S be a topological space and X, Y,O ∈ S. A metric on S is a map d : S × S → R
such that 1. d(X, Y ) = 0 if and only if X = Y (definiteness). 2. d(X, Y ) = d(Y,X)
(symmetry), and 3. d(O, Y ) ≤ d(O,X)+d(X, Y ) (triangle inequality). The pair (S, d),
or just S if there is no danger of confusion, is called a metric space. Inner product
spaces and normed spaces are specialized metric spaces.

A continuous bijective mapping ϕ : M → N between topological spaces M and N
which has a continuous inverse preserves the topology of a topological space M and
is referred to as an homeomorphism. Let U(X) ⊂M be an open neighborhood of the
point X ∈M, then the pair (U , β) including the homeomorphism

β : M⊃ U → X ⊂ Rndim

X 7→ β(X) = {x1, x2, . . . , xndim}X
def= {xi}X , ∃ β−1 ,

(A.4.2)

is called a chart or local coordinate system onM and the xi are coordinate functions.
The tuple {xi}X is called the coordinates of X in the chart (U , β). An atlas ofM def=
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⋃
i∈I⊂N Ui is a collection A(M) def= {(Ui, βi)}i∈I⊂N of a finite number of charts that

coversM. Charts provide a one-to-one relation between points and coordinates, and
the homeomorphism onto the Rn-continuum expresses the continuity of M (at least
locally).

A chart transition or change of coordinates can be described by

β′ ◦ β−1
∣∣∣
β(U∩U ′)

: β (U ∩ U ′)→ β′ (U ∩ U ′) , (A.4.3)

in which (U , β), (U ′, β′) are charts on M, and U ∩ U ′ 6= ∅. If the chart transition is
at least C1, i.e. 1-fold continuously differentiable, then for a point X ∈ U ∩ U ′ having
coordinates {xi}X ∈ β(U) and {xi′}X ∈ β′(U ′) in each chart the Jacobian matrix of
the coordinate functions at X is given by

dxi′ =
(
∂(xi′ ◦ β−1)

∂xi

)
(β(X)) dxi .

The point argument indicates that xi′ ◦ β−1 is generally non-linear in xi. An atlas is
called differentiable, if for every two charts the chart transition is differentiable. A
differentiable atlas generates a global differentiable structure on the manifold, which
would be important in what follows.

Definition A.4.4. An differentiable manifold M is a Hausdorff space together with
a differentiable atlas. ♦

Probably the simplest example of a differentiable manifold is Rndim which has the one-
chart atlas (Rndim , id).

Obviously, there is a difference between a point and its picture in a chart. One should
also distinguish a continuous map ϕ : M → N between manifolds from its local
representative or localization. Let U(X) ⊂ M and V(x) ⊂ N be neighborhoods of
X ∈M and x ∈ N , respectively, and let (U , β), (V , σ) be charts. Then for non-empty
ϕ−1(V) ∩ U , the localization σ ◦ ϕ ◦ β−1 describes the chart transition concerning ϕ
with respect to β and σ:

σ ◦ ϕ ◦ β−1
∣∣∣
β(ϕ−1(V)∩U)

: β
(
ϕ−1(V) ∩ U

)
→ σ (V ∩ ϕ(U)) . (A.4.5)

For ϕ = id (the identity map), (A.4.5) reduces to (A.4.3). If xi are the coordinate
functions of (V , σ) and XI are those of (U , β), then it would be convenient to define

ϕi
def= xi ◦ ϕ ◦ β−1 resp. ϕi(XI) def= (xi ◦ ϕ ◦ β−1)(XI) . (A.4.6)

The map ϕ is called differentiable at X ∈ ϕ−1(V) ∩ U , if σ ◦ ϕ ◦ β−1 is differentiable
at β(X). A bijective differentiable map ϕ : M → N is referred to as a diffeomor-
phism, if both ϕ and ϕ−1 are continuous differentiable. A map ϕ : M→ N is called
an embedding, if ϕ(M) ⊂ N is a submanifold in N and M → ϕ(M) is a diffeo-
morphism. For example, a simple surface is a two-dimensional manifold embedded in
three-dimensional space.
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Vectors and linear forms in the traditional sense (see Section A.1) do not exist on
manifolds. Fortunately there are objects on differentiable manifolds whose components
obey the tensorial transformation rules

ti
′ = ∂xi

′

∂xi
ti and ti′ = ∂xi

∂xi′
ti (A.4.7)

in a local chart. From these a local vector space and local co-vector space can be
constructed.

Let [−τ, τ ] ⊂ R be an interval and s : [−τ, τ ] → M a curve on an n-dimensional
differentiable manifold M. In an appropriate chart on M with coordinate xi, the
functions si(t) = xi ◦ s(t) ⊂ Rn define coordinates parameterized by t ∈ [−τ, τ ]. Let
f :M→ R be a C1 real function, then the directional derivative of f along the curve
s(t) ⊂M at point X = s(0) ∈ U ⊂M is defined through

df
dt

∣∣∣∣∣
X

= df
dt

∣∣∣∣∣
t=0

def= ∂(f ◦ β−1)
∂xi

∣∣∣∣∣
ξ(X)

dsi
dt

∣∣∣∣∣
t=0

= ∂(f ◦ β−1)
∂xi

∣∣∣∣∣
ξ(X)

wi , (A.4.8)

where (f ◦ β−1) : Rn → R is the picture of f in the chart (U , β), and wi def= dsi
dt

∣∣∣
t=0

. In
other words, the derivative of a function f at X on the manifold is understood as the
derivative of f ◦ β−1 at β(X) in a chart.

Under a chart transition resp. coordinate transformation xi 7→ xi
′ one has

∂f

∂xi′
wi
′ =

(
∂xi

∂xi′
∂f

∂xi

)(
∂xi

′

∂xi
wi
)

= ∂xi
′

∂xi
∂xi

∂xi′
∂f

∂xi
wi = ∂f

∂xi
wi . (A.4.9)

Compositions with the inverse chart map β−1 has been omitted. Therefore, the direc-
tional derivative is a coordinate-invariant object, and wi ∂

∂xi
also is.

{
∂
∂xi

} def=
{
∂
∂xi

}
is a vector basis, called the Gaussian basis or holonomic basis [Misner et al., 1973],
hence w(X) = wi(X) ∂

∂xi
(X) is an honest vector at X ∈ M. Hence, one may define

the following:

Definition A.4.10. Let M be an n-dimensional differentiable manifold, U ⊂ M a
subset, and (U , β) a chart with coordinate functions β(X) = {xi}X for every X ∈ U .
The tangent space TXM at X is a local vector space Vn that is spanned by the basis
vectors

{
∂
∂xi

}
X

at X. Conceptually,

TXM
def= {X} × Vn .

The disjoint union TM def= ⋃
X∈M TXM of all tangent spaces at all points of the

manifold is called the tangent bundle of M. An element (X,w) ∈ TM, called a
tangent vector, will often be denoted by wX , or just w if the base point X is clear from
the context. ♦

Remark A.4.11. For Euclidian M = Rn, the tangent bundle is trivial: TRn =
Rn × Rn. It represents the set of all vectors v = (v1, . . . , vn) ∈ Rn at all points
X = (z1, . . . , zn) ∈ Rn, that is, the set of all pairs (X,v). 4
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Now having a local vector space at every point X ∈M of a differentiable manifoldM,
one is able to translate linear geometry into the “manifold language” by providing a
local definition for the property under consideration. In doing so, the duality relation
gi · gj = δij of linear geometry is replaced with dxi(X) · ∂

∂xj
(X) = ∂xi

∂xj
(X) = δij(X), so

the coordinate differentials {dxi}X
def= {dxi}X form a dual basis at X. The co-vector

space dual to the tangent space TXM is called the cotangent space T ∗XM
def= {X}×V∗n,

and elements of T ∗XM are called covectors, differential 1-forms, or just 1-forms. The
union T ∗M def= ⋃

X∈M T ∗XM is referred to as the cotangent bundle ofM.

It has been shown in (A.4.9) that the directional derivative of the function f along the
tangent vector w does not depend on the coordinate system resp. chart onM. Indeed,
by defining the 1-form-valued differential of f through df def= ∂f

∂xi
dxi one obtains

∂f

∂xi
wi =

(
∂f

∂xi
dxi

)
·
(
wj

∂

∂xj

)
= df ·w (A.4.12)

at X = s(0) ∈M.

A.5 Tensor Algebra

Some algebraic properties and relations of tensors and two-point tensors which are
frequently used in this thesis are investigated in the following section. Many of the
formulas will be presented in absolute notation, as well as in component and local
notation.

Definition A.5.1. A
(
p
q

)
-tensor T (X) at point X of a differentiable manifoldM is a

multilinear mapping

T (X) : T ∗XM× . . .× T ∗XM︸ ︷︷ ︸
p−fold

×TXM× . . .× TXM︸ ︷︷ ︸
q−fold

→ R .

The space of all
(
p
q

)
-tensors at all points X ∈ M is denoted by T pq (M). If N is

another differentiable manifold, a
(
p r
q s

)
-two-point tensor over a map ϕ :M→ N is a

multilinear mapping

T (X) : T ∗ϕ(X)N×. . .×T ∗ϕ(X)N︸ ︷︷ ︸
p−fold

×Tϕ(X)N×. . .×Tϕ(X)N︸ ︷︷ ︸
q−fold

×T ∗XM×. . .×T ∗XM︸ ︷︷ ︸
r−fold

×TXM×. . .×TXM︸ ︷︷ ︸
s−fold

→ R .
♦

Multilinearity of a
(
p
q

)
-tensor phrases that at X ∈M,

T
(
a∗1, . . . ,a

∗
p,v1, . . . , λx, . . . ,vq

)
= λT

(
a∗1, . . . ,a

∗
p,v1, . . . ,x, . . . ,vq

)
, (A.5.2)
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for some λ ∈ R, and

T
(
a∗1, . . . ,a

∗
p,v1, . . . ,x+ y, . . . ,vq

)
= T

(
a∗1, . . . ,a

∗
p,v1, . . . ,x, . . . ,vq

)
+ T

(
a∗1, . . . ,a

∗
p,v1, . . . ,y, . . . ,vq

)
,

(A.5.3)

where a∗1, . . . ,a∗p ∈ T ∗XM and x,y,v1, . . . ,vq ∈ TXM. Addition of two tensors on
general differentiable manifolds requires that both are of the same order

(
p r
q s

)
and

evaluated at the same point X.

Let (U , β), where U ⊂ M, be a local chart on M such that
{
∂
∂xi

}
∈ TXM is a local

basis at X ∈ U , and {dxi} ∈ T ∗XM is its dual. The components of a
(
p
q

)
-tensor in the

chart (U , β) are then defined through

T
i1...ip

j1...jq
def= T

(
dxi1 , . . . ,dxip , ∂

∂xj1
, . . . ,

∂

∂xjq

)
, (A.5.4)

and based on the index placements one says that T is contravariant of order p and
covariant of order q. In (A.5.4), lower case Greek denotes the coordinate indices,
whereas lower case Latin denote labels; this nested indication becomes necessary since
each of the p + q index slots pass through the numbers 1, . . . , ndim. Under a chart
transition with Jacobian matrix ∂xi

′

∂xi
and its inverse ∂xi

∂xi
′ the tensorial transformation

rule (A.4.7) yields

T
i′1...i

′
p

j′1...j
′
q

= ∂xi
′
1

∂xi1
. . .

∂xi
′
p

∂xip
∂xj1

∂xj
′
1
. . .

∂xjq

∂xj
′
q
T
i1...ip

j1...jq . (A.5.5)

From the definition of a tensor it should be clear that every 1-form a∗ = aidxi is a(
0
1

)
-tensor, and every vector v = vi ∂

∂xi
is a

(
1
0

)
-tensor by setting a∗(v) = aiv

i ∈ R.
The operation a∗(v) def= a∗ · v is then called the contraction of the tensors a∗ and
v. Contraction reduces the order of tensors. The covariant slot of a

(
1
1

)
-tensor T

contracted with v, for example, would result in the
(

1
0

)
-tensor

T · v = vi T

(
∂

∂xi

)
, in components, T ij v

j . (A.5.6)

In general, the contraction two tensors T and S in the i-th covariant slot of T and
the j-th contravariant slot of S is defined as if the covariant slot is a 1-form and the
contravariant slot is a vector. If the slots are not specified, and T abcd and Sijkl are the
components of T and S, respectively, then the (single) contraction T ·S simply means
T abcdSijkd in components. Double contraction condenses the last two slots of T and S:

T : S , in components, T abcdSijcd . (A.5.7)

Recall that the contraction of a
(

1
1

)
-tensor T is called its trace, written trT = T ii. It

should be borne in mind that a tensor T is an operator acting on some other tensor
S, so that T (S) 6= S(T ) resp. T · S 6= S · T in general.
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Definition A.5.8. Let T ∈ T pq (M) and S ∈ T rs (M) at a point X ∈ M, then the
tensor product T ⊗ S is the

(
p+r
q+s

)
-tensor defined by

(T ⊗ S)
(
a∗1, . . . ,a

∗
p,v1, . . . ,vq, b

∗
1, . . . , b

∗
r,w1, . . . ,ws

)
def= T

(
a∗1, . . . ,a

∗
p,v1, . . . ,vq

)
S (b∗1, . . . , b∗r,w1, . . . ,ws) ,

where v1, . . . ,vq,w1, . . . ,ws ∈ TXM and a∗1, . . . ,a∗p, b∗1, . . . , b∗r ∈ T ∗XM. ♦

By (A.5.4), (A.5.6), and Definition A.5.8, every
(
p
q

)
-tensor T has the local representa-

tive
T (X) = T

i1...ip
j1...jq(X) ∂

∂xi1
⊗ . . .⊗ ∂

∂xip
⊗ dxj1⊗ . . .⊗ dxjq . (A.5.9)

and T pq (M) = TM⊗ . . .⊗ TM︸ ︷︷ ︸
p−fold

⊗T ∗M⊗ . . .⊗ T ∗M︸ ︷︷ ︸
q−fold

.

A manifold M with an inner product defined on its tangent bundle has metric coef-
ficients gij (X) def=

〈
∂
∂xi

, ∂
∂xj

〉
X
≥ 0 at every point X ∈ M. From those the metric

g
def= gij dxi⊗ dxj can be defined, and the pair (M, g) is then called a Riemannian

manifold. Contracting the metric tensor with the inverse metric g−1 = gij ∂
∂xi
⊗ ∂
∂xj

,
where gik gkj = δ ji , gives the second-order identity tensor onM,

IM
def= g · g−1 = δ ji dxi ⊗ ∂

∂xj
= dxi ⊗ ∂

∂xi
. (A.5.10)

The fourth-order symmetric identity tensor or symmetrizer 1M, with components

1 kl
ij

def= 1
2
(
δ ki δ

l
j + δ li δ

k
j

)
, (A.5.11)

is often used in constitutive theory. It yields the symmetric part Sym (T ) def= 1M : T
of a compatible second-order tensor T ∈ T 1

1 (M). Obviously, 1M 6= IM ⊗ IM. The
second-order identity two-point tensor over a map ϕ is denoted by Iϕ.

Tensor indices can be raised by the inverse metric coefficients, and lowered by the
metric coefficients. For example, let T = T ij

∂
∂xi
⊗ dxj ∈ T 1

1 (M), then the associated
tensors of T are

T [ def= g ·T = gikT
k
j dxi⊗dxj and T ] def= T · g−1 = T ikg

kj ∂

∂xi
⊗ ∂

∂xj
. (A.5.12)

[ is called the index lowering operator, and ] is the index raising operator. Note that
g

def= g[ = (IM)[ and g−1 def= g] = (IM)]. The squared tensor T 2 ∈ T 1
1 (M) can be

defined through T 2 def= T ] · T [, its Frobenius norm is ‖T ‖ def=
√

tr(T 2), and the trace
of T can be written trT def= T ] : g. Let S ∈ T pq (M), then S[ ∈ T 0

p+q(M) is the tensor
with all indices lowered, and S] ∈ T p+q0 (M) has all indices raised. Let f :M→ R be
a real function with differential df according to (A.4.12), then

∇f def= (df)] (A.5.13)

is called the gradient of f .
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Remark A.5.14. Although there is a fundamental difference between the second-
order tensors with components T ij and T

i
j , respectively, both are regarded as elements

T ∈ T 1
1 (M) throughout the text, due to notational brevity. It is usually clear from

the context which one of these associated tensors is meant. In the literature, the
tensors with components T ij are sometimes denoted by T \ ∈ T 1 ·

· 1 (M), and those with
components T i

j are regarded as elements T / ∈ T · 11 · (M). 4

Remark A.5.15. As gij = δij in Cartesian spaces, the distinction of T , T ] and T [

would be unnecessary. 4

The transpose and inverse of a linear transformation have counterparts on differen-
tiable manifolds. The formulas listed next apply for general two-point tensors T (X) :
TXM→ Tϕ(X)N over diffeomorphisms ϕ :M→N . However, setting X = ϕ(X) and
N = M would give the transpose and inverse for ordinary (one-point) tensors. Now
let U ∈ TXM and v ∈ TxN be vectors on M and N , respectively, with x = ϕ(X).
The transpose of T is the linear map T T(x) : Tx(ϕ(M))→ Tϕ−1(x)M defined through

〈v,T (U)〉x
def=
〈
T T(v),U

〉
X
. (A.5.16)

The components of T T at x ∈ N with respect to the bases
{

∂
∂XI

}
∈ TXM and{

∂
∂xi

}
∈ TxN are

(T T) I
i (x) = gij(x)T jJ(ϕ−1(x))GIJ(ϕ−1(x)) , (A.5.17)

where gij(x) are the metric coefficients —provided that they exist— on N , and GIJ(X)
are the coefficients of the inverse metric on M (see [Marsden and Hughes, 1994] or
[Aubram, 2009] for a proof). With T , U , and v be as before, the operations

T−1 · T (U ) = U and T−T · T T(v) = v (A.5.18)
involve the inverse T−1(X) and the inverse transpose T−T(x). A two-point tensor
T (X) : TXM→ Tϕ(X)N is called orthogonal provided that T T ·T = IM and T ·T T =
IN [cf. Marsden and Hughes, 1994, p. 51]. If T is orthogonal and detT = +1, then T
is called proper orthogonal.

Recall that a tensor S(X) : TXM → TXM is called symmetric, if S = ST. Its
deviator can then be defined through Sdev

def= S − 1
3(trS)IM. For dim(N ) = 3,

Cayley-Hamilton’s theorem yields
S3 − I1(S)S2 + I2(S)S − I3(S)IM = 0 , (A.5.19)

where I1, I2, and I3 are the principal invariants of S given by

I1(S) def= trS ,

I2(S) def= detS (trS−1)= 1
2
(
(trS)2 − tr(S2)

)
, and

I3(S) def= detS ,

(A.5.20)

respectively. In fact, I1(S) = Ĩ1(S, g) and I2(S) = Ĩ2(S, g), but the dependency on
the metric g on M has been omitted for notational convenience. det(·) denotes the
determinant operator onM; a geometric definition will be given in Section A.8.
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A.6 Tensor Fields and Action of Maps

While the previous section was about tensors at single points, the following is dedicated
to distributed tensors on manifolds in order to carry out tensor analysis.

The tangent bundle of M, with dim(M) = n, has been denoted by TM but in a
more rigorous definition it should be the triplet (TM, τM,M) including the projection
τM : TM→M. At X ∈ M the tangent space τ−1

M (X) = TXM = {X} × Vn is called
fibre over X, and the vector space Vn spanned by the tangent vectors is the fibre
space. If (TN , τN , N ) is another tangent bundle, then a continuous map ϕ :M→N
induces the bundle τ ′N : ϕ?TN → M. The restriction of ϕ?TN to x = ϕ(X) ∈ N is
the tangent space Tϕ(X)N . A vector field v onM is identified with a so-called tangent
bundle section

v :M→ TM , (A.6.1)

with τM(v(X)) = X, ∀X ∈ M. A 1-form field is a section of the cotangent bundle:
a∗ :M→ T ∗M. The sets of all sections of TM and T ∗M are denoted by Γ (TM) and
Γ (T ∗M), respectively. If some manifold N has the tangent bundle TN , u ∈ Γ (TN )
is a vector field, and ϕ :M→N is continuous, then the related vector field over ϕ is
the induced section ϕ?u :M→ TN defined through (ϕ?u)(X) def= u(ϕ(X)).

To get a local representative of vector fields, choose a chart (U , β) with coordinate
functions xi for a subset U ⊂M. Then{

∂

∂x1 , . . . ,
∂

∂xn

}
: U → TM|U (A.6.2)

defines the local basis sections of TM restricted to U , and {dx1, . . . ,dxn} : U → T ∗M|U
are their duals. Hence, for every fibre τ−1

M (X) at X ∈ U , v(X) = vi(X) ∂
∂xi

(X) and
a∗(X) = ai(X) dxi(X), respectively. Continuous differentiability of the vector and
1-form fields requires the mappings xi → vj(xi) and xi → aj(xi) on β(U) ⊂ Rn to be
continuously differentiable.

One may construct tensor fields of any order by tensor-multiplying vector and 1-
form fields pointwisely (see Definition A.5.8). For example, if w ∈ Γ (TM) and
b∗ ∈ Γ (T ∗M), a

(
1
1

)
-tensor field T would be

T
def= (w ⊗ b∗) ∈ Γ (TM⊗ T ∗M) , (A.6.3)

and (w ⊗ b∗)(X) def= w(X) ⊗ b∗(X). Thus T is a section of the
(

1
1

)
-tensor bundle

T 1
1 (M) = TM⊗ T ∗M→M. Two-point tensor fields over maps ϕ :M→ N are de-

fined analogously by taking into account the sections induced by ϕ. The set Γ (T pq (M))
of all continuously differentiable sections of T pq (M) is usually written Tpq(M).

For the rest of this section, M and N are continuously differentiable manifolds, and
ϕ : M → N is a diffeomorphism. Moreover, (U , β) and (V , σ) are charts of U ⊂ M
and V ⊂ N , respectively, and ϕi(XI) def= (xi ◦ ϕ ◦ β−1)(XI) are the coordinates xi on
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TM Tϕ // TN

M

V

OO

ϕ
//

Tϕ(V )

<<

N

ϕ?V

OO

Figure A.1: A differentiable map ϕ : M → N acting on a vector field V ∈ Γ (TM);
according to Aubram [2009, fig. 3.4].

N arising from the coordinates XI on U via localization of ϕ. The differential of ϕ,
given by Tϕ : TM→ TN , is called the tangent map over ϕ or just the tangent of ϕ.
If V = V I ∂

∂XI ∈ TXM is a vector at X ∈M, then

Tϕ (V ) = V I ∂ϕ
i

∂XI

∂

∂xi
= V I

(
∂ϕi

∂XJ

∂

∂xi
⊗ dXJ

)
︸ ︷︷ ︸

def= F

· ∂
∂XI

def= F · V ∈ Tϕ(X)N , (A.6.4)

evaluation at X ∈M being understood. Here F (X) ∈ Tϕ(X)N⊗T ∗XM is the two-point
tensor associated with Tϕ.

If V :M→ TM is a vector field and not just a vector, then Tϕ(V ) is a vector field
over ϕ (Fig. A.1). Tϕ(V ) becomes an honest vector field on N when the base points
are switched. One then refers to

ϕ?V
def= Tϕ ◦ V ◦ ϕ−1 (A.6.5)

as the pushforward of V by ϕ. For a vector field w on N , the pullback of w by ϕ is a
vector field onM defined through ϕ?w def= T (ϕ−1) ◦w ◦ ϕ.

Let f : M → R be a real function resp. scalar field on M, then the pushforward
ϕ?f

def= f ◦ ϕ−1 is a scalar field on N , and ϕ? = (ϕ−1)? defines the pullback of a scalar
field as the inverse operation. Note that f has the same values at X ∈ M as ϕ?f has
at x = ϕ(X) ∈ N . For a composition of maps ϕ and ψ, the chain rule gives

(ψ ◦ ϕ)? = ϕ? ◦ ψ? and (ψ ◦ ϕ)? = ψ? ◦ ϕ? . (A.6.6)

The pullback and pushforward of fields of 1-forms a∗ ∈ Γ (T ∗N ) and B∗ ∈ Γ (T ∗M) on
N andM, respectively, are being defined according to their action on vector fields:

ϕ?a∗
def= (a∗ ◦ ϕ) · Tϕ and ϕ?B

∗ def= (B∗ ◦ ϕ−1) · T (ϕ−1) . (A.6.7)

For arbitrary tensor fields, pushforward and pullback is realized by applying the push-
forward and the pullback of vector fields and fields of 1-forms, respectively, to all index
slots of the tensor.
Definition A.6.8. Let T ∈ Tpq(M) and t ∈ Tpq(N ), then

(ϕ?T )(x)
(
a∗1, . . . ,a

∗
p,w1, . . . ,wq

)
def= T (X)

(
(ϕ?a∗1), . . . , (ϕ?a∗p), (ϕ?w1), . . . , (ϕ?wq)

)
,
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and

(ϕ?t)(X)
(
B∗1, . . . ,B

∗
p,V 1, . . . ,V q

)
def= t(x)

(
(ϕ?B∗1), . . . , (ϕ?B∗p), (ϕ?V 1), . . . , (ϕ?V q)

)
,

where X ∈M and x = ϕ(X). ♦

Since ϕ :M→N was presumed to be a diffeomorphism one has ϕ?(s⊗t) = ϕ?s⊗ϕ?t,
where s ∈ Tpq(N ) and t ∈ Trs(N ). Also note that in general pushforward and pullback
do not commute with index raising and lowering, i.e. ϕ?(T [) 6= (ϕ?T )[ in general.

The objective transformation of vectors defined in Section A.1 can now be generalized
as follows:

Definition A.6.9. Let N , N ′ be differentiable manifolds, t ∈ Tpq(N ) a tensor field,
and ϕ : N → N ′ a diffeomorphism, then

t′
def= ϕ?t

is called the objective transformation of t under the map ϕ. The tensor t is called
(generally) covariant under the map ϕ if t transform objectively under the map ϕ. ♦

For ϕ = idN one obtains the tensorial transformation law (A.5.5). That is, every tensor
field is generally covariant with respect to coordinate transformations resp. coordinate
invariant.

A.7 Differentiation on Manifolds

Continuum mechanics calls for tensor analysis, as the involved tensor fields generally
depend on time and location. However, the ordinary differentials of tensor components
do not transform as tensor components, hence avoiding invariant results. Various
kinds of differential calculi are available on manifolds which lead to proper, coordinate
invariant tensor fields, and each kind is appropriate for special problems. The following
section briefly introduces the covariant differentiation and the Lie differentiation.

Definition A.7.1. Let N be a manifold, V ⊂ N , and let (V , σ) be a chart with
coordinate functions σ(x) = {xi}x at x ∈ V . Moreover, define the local representatives
of a vector field v ∈ Γ (TN ) and a 1-form field a∗ ∈ Γ (T ∗N ) at x ∈ V through
v(x) def= vi(x) ∂

∂xi
(x) and a∗(x) def= ai(x) dxi(x), respectively.

(i) Let v,w ∈ Γ (TN ) be vector fields, and v continuously differentiable, then ∇wv
def=

∇v(w) def= w ·∇v ∈ Γ (TN ) is called the covariant derivative of v along w, and ∇v
is called the covariant derivative or gradient of v. In the chart,

∇wv = ∇jv
iwj

∂

∂xi
def=
(
∂vi

∂xj
wj + vkwjγ i

k j

)
∂

∂xi
.
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(ii) For a∗ ∈ Γ (T ∗N ) being continuously differentiable the covariant derivative is de-
fined through

∇a∗ def=
(
∂ai
∂xj
− akγ k

i j

)
dxi ⊗ dxj ∈ T0

2(N ) .

(iii) The operator ∇ : Γ (TN )×Γ (TN ) → Γ (TN ) is referred to as the connection on
N . The connection coefficients γ j

k i are called Christoffel symbols of the second kind
if N has a metric. If gij and gij denote the metric coefficients and the inverse metric
coefficients, respectively, then

γ k
i j = 1

2g
kl

(
∂gjl
∂xi

+ ∂gil
∂xj
− ∂gij
∂xl

)
.

Hence, γ j
k i = γ j

i k and the connection is called torsion-free. ♦

Based on the Definitions A.7.1(i) and (ii), the covariant derivative of ordinary
(
p
q

)
-

tensor fields on N can be easily constructed. The following fundamental result is
due to Bishop and Goldberg [1968, p. 223]. It can be employed to define covariant
differentiation for two-point tensor fields and to derive the general ALE operator.

Theorem A.7.2 (Induced Connection). LetM, N be differentiable manifolds, ϕ :
M → N a diffeomorphism, and w : N → TN differentiable. If ∇ is the connection
on N and V ∈ TXM is a vector at X ∈M, then there exists a unique connection ∇?

onM given by
∇?
V (w ◦ ϕ) = ∇Tϕ(V )w

at every X ∈M.

Proof. The theorem involves the vector field over ϕ that corresponds to w, i.e. (w ◦
ϕ) :M→ TN , so one has to take care of the reference points. A down-to-earth proof
in local coordinates is carried out here. To this end, let U be a neighborhood of X, and
x ∈ V ⊂ N . In the charts (U , β) and (V , σ), let V (X) = V I ∂

∂XI and w(x) = wi ∂
∂xi

be
the local representatives of V and w, respectively, and let F i

I (X) = ∂ϕi

∂XI (X) be the
components of the tangent map Tϕ : TM→ TN at X according to (A.6.4). If γ i

j k(x)
are the coefficients of ∇, and x = ϕ(X), then by Definition A.7.1 one has

∇Tϕ(V )w = V IF k
I

(
∂wi

∂xk
+ wjγ i

j k

)
∂

∂xi

=
((

∂wi

∂xk
◦ ϕ

)
F k

I V
I +

(
wj ◦ ϕ

)
V I
(
γ i
j k ◦ ϕ

)
F k

I

)
∂

∂xi

=
(
∂ (wi ◦ ϕ)
∂XI

V I +
(
wj ◦ ϕ

)
V Iγ i

j I

)
∂

∂xi
= ∇?

V (w ◦ ϕ) .

The coefficients of ∇? are thus given by γ i
j I = (γ i

j k ◦ ϕ)F k
I onM. �

In other words, if ∇ is the connection for honest vector fields on N , then the induced
connection ∇? is for the corresponding vector fields over maps ϕ :M→N .
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The divergence of a tensor field t ∈ Tpq(N ) is defined as the contraction of ∇t on the
last contravariant leg. Abstractly, one has

div t def= t ·∇ . (A.7.3)

To give some examples, let ϕ : M→ N be a diffeomorphism, t be a
(

3
0

)
-tensor field,

and T a
(

1 2
0 0

)
-two-point tensor field over ϕ, then

(div t)ij def= ∇k t
ijk and (DIVT )iI def= ∇̃J T

iIJ , (A.7.4)

where div and DIV denote the divergence operators on N andM, respectively.

Let t be a tensor field on N of any order and v ∈ Γ (TN ), then the product rule yields

div(t⊗ v) = v ·∇t+ t div v . (A.7.5)
For a scalar field f : R→ N the formula boils down to

div(fv) = df · v + f div v . (A.7.6)

A tensor field may change under the action of differentiable maps, e.g. if the manifold
M evolves in time, and the Lie derivative establishes a measure for that change. The
evolution ofM can be described by a mapping ψt,s :M→M, where t, s are points in
a “time” interval I ⊂ R. ψt,s is also called a time-dependent flow onM provided that

ψt,s ◦ ψs,r = ψt,r and ψt,t = idM . (A.7.7)

If Xs = ψs,s(Xs) ∈ M is the starting point at starting time t = s, then X = c(t) =
ψt,s(Xs) = ψ(Xs, s, t) is the point at t = t, for s, t fixed. Hence, c : I → M is a
curve on M with the initial condition c(s) = Xs. Since every curve constitutes a
field of tangent vectors (see Sec. A.4), ψt,s constitutes the time-dependent vector field
u : M× I → TM through u(ψt,s(Xs), t) = ċ(t), with c(s) = Xs. Conversely, c(t) is
called the unique integral curve of u starting at Xs at time t = s; thus u generates the
flow, so ψt,s needs not to be given explicitly.

Definition A.7.8. The Lie derivative of a time-dependent tensor field Tt ∈ Tpq(M)
along a time-dependent vector field ut onM is defined by

LuT def= ψ?t,s
d
dt(ψ

?
t,sTt) ,

where ψ?t,s and ψ?t,s denote the pushforward and pullback concerning the flow ψt,s as-
sociated with ut, respectively. The so-called autonomous Lie derivative is then defined
by £uT

def= LuT − ∂T
∂t
. Fig. A.2 illustrates the concept. ♦

Important properties of the Lie derivative are £u+v = £u + £v, and ϕ?(£uT ) =
£ϕ?uϕ

?T provided that ϕ is a diffeomorphism. As pushforward and pullback do not
commute with index raising and lowering, the Lie derivative also does not commute
with these operations in general, that is, for example, Lu(T [) 6= (LuT )[.
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u

X(t) = ψt,s(Xs)

Xs = ψs,s(Xs)

v(Xs) = (ψ⋆
s,sv)(Xs)

Luv∆t

(ψ⋆
t,sv)(Xs)

v(ψt,s(Xs))

Figure A.2: Lie derivative Luv of a time-independent vector field v along a time-de-
pendent vector field u generating the flow ψt,s; according to Aubram [2009, fig. 3.5].

A.8 Exterior Calculus and Integration

A.8.1 Differential Forms

From an engineer’s viewpoint, probably one of the most exotic fields of modern differ-
ential geometry is that of exterior algebra and the related calculus. It is a very complex
machinery utilized to get, for example, coordinate-invariant definitions of determinants
and integrals. This section gives a rough introduction of those topics frequently ap-
plied in continuum mechanics. If not stated otherwise, lower case Greek is used for
coordinate indices, and lower case Latin is used for labels.

In exterior calculus, permutation plays a fundamental role. A permutation π changes
the order of the numbers in a set {1, . . . , k} ⊂ N. The set Πk of all permutations
{π(1), . . . , π(k)} has k! elements. Every permutation is composed of even or odd num-
bers of transpositions that interchange only two numbers. The signature of the permu-
tation is sgn π = +1 for even permutations, and sgn π = −1 for odd permutations, so
that sgn π = (−1)ν , where ν is the number of transpositions.

Definition A.8.1. Let T (X) ∈ T 0
k (M) be a

(
0
k

)
-tensor at X ∈ M, then the alterna-

tion mapping alt : T 0
k (M)→ ∧k T ∗M is defined through

alt T (v1, . . . ,vk) def= 1
k!

∑
π∈Πk

(sgn π)T (vπ(1), . . . ,vπ(k)) ,

for every X ∈ M and v1, . . . ,vk ∈ TXM. Hence, ∧k T ∗M is a subspace of T 0
k (M),

where ∧k denotes the k-th exterior power. The factor 1/k! is a convention to avoid
double counts. ♦
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If S(X) ∈ T 0
l (M) is another tensor, then define the wedge product (T∧S) ∈ ∧k+l T ∗XM

by
T ∧ S def= (k + l)!

k! l! alt (T ⊗ S) . (A.8.2)

For example, if a∗, b∗ ∈ T ∗XM are 1-forms, then a∗∧ b∗ = a∗⊗ b∗− b∗⊗a∗ = −(b∗⊗a∗−
a∗⊗ b∗) = −b∗∧ a∗, and a∗∧ a∗ = 0.

Definition A.8.3. A differential k-form at X ∈ M, or just k-form, is a
(

0
k

)
-tensor

ω(X) ∈ ∧k T ∗XM such that altω = ω. ♦

For a k-form ω and an l-form β the wedge product has the properties a(ω ∧ β) =
aω ∧ β = ω ∧ aβ, ∀a ∈ R, and ω ∧ β = (−1)klβ ∧ ω.

Let M be n-dimensional, X ∈ U ⊂ M a point, and (U , β) a chart with coordinate
functions given by β(X) = {xν}X . Since ∧k T ∗M ⊂ T 0

k (M), where k ≤ n, every
k-form ω(P ) is a

(
0
k

)
-tensor that has components ων1...νk(X) = ω

(
∂

∂xν1 , . . . ,
∂

∂xνk

)
by

(A.5.4), and a local representative ω = ων1...νkdxν1⊗ . . .⊗ dxνk by (A.5.9). Note that
ων1...νk = 0 if not all indices are distinct. Therefore,

ω(X) =
∑

ν1<...<νk

ων1...νk(X) dxν1 ∧ . . . ∧ dxνk , (A.8.4)

and {dxν1 ∧ . . . ∧ dxνk}, with 1 ≤ ν1 < . . . < νk ≤ n, is a basis of ∧k T ∗XM.

A field of k-forms is defined as follows. Let σ∗ :M→ T ∗M denote the sections of the
cotangent bundle T ∗M, i.e. the 1-form fields onM, then a k-form field is a section of
the k-th exterior power of T ∗M; clearly,

ω
def= alt (σ∗1 ⊗ . . .⊗ σ∗k) ∈ Γ (∧k T ∗M) . (A.8.5)

The set of all sections Γ (∧k T ∗M) is denoted by Ωk(M). By abuse of language, the
term “k-form” will be used for both elements of ∧k T ∗M and Ωk(M).

Let u ∈ Γ (TM) be a vector field and ω ∈ Ωk(M) a k-form, then the interior product
is a map iu : Ωk(M)→ Ωk−1(M) defined through the contraction of u with the first
index slot of ω. Hence in local coordinates xν ,

iuω
def= 1

(k − 1)! u
αωαν2...νkdxν2∧ . . . ∧ dxνk , (A.8.6)

and for v2, . . . ,vk ∈ Γ (TM), an alternative definition is iuω(v2, . . . ,vk) def= ω(u,v2,
. . . ,vk). By Definition A.6.8, it is then easily verified that for a diffeomorphism ϕ, one
has ϕ?(iuω) = iϕ?uϕ

?ω. Also, note that if ω is a k-form and β an l-form, then

iu (ω ∧ β) = iuω ∧ β + (−1)kω ∧ iuβ . (A.8.7)

There is a third type of a calculus of differentiation on manifolds involving the exterior
derivative d, which is restricted to differential forms. If ω ∈ Ωk(M) is a k-form, then
dω ∈ Ωk+1(M) is the (k + 1)-form given by

dω def= d ∧ ω = 1
k!
∂ωµ1...µk

∂xν
dxν ∧ dxµ1 ∧ . . . ∧ dxµk . (A.8.8)
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The exterior derivative of a 0-form resp. scalar field is its differential, defined in (A.4.12).
A k-form ω is called exact, if there exists a (k − 1)-form α such that dα = ω, and ω
is called closed, if dω = 0. By (A.8.4), and the properties of the wedge product, every
(k = ndim)-form is closed, and for diffeomorphisms ϕ, one has ϕ?(dω) = d(ϕ?ω). Fi-
nally, the exterior derivative, the interior product, and the Lie derivative are connected
through Cartan’s formula:

£uω = iudω + diuω . (A.8.9)

A.8.2 Orientation and Determinants

To define the integral on differentiable manifolds, it needs a more detailed study of the
differential n-forms on n-dimensional manifoldsM. By (A.8.4), n-forms have a single
component. An n-form µ ∈ Ωn(M) for which µ(X) 6= 0 for all X ∈ M is called a
volume form, and the set of all volume forms on M is the volume bundle. Manifolds
with a volume bundle are called orientable. Two volume forms µ′,µ are equivalent, if
there is some f(X) > 0 for all X ∈M such that µ′ = fµ, and the equivalence classes
[µ] and [−µ] are called the orientation and reverse orientation onM, respectively. An
orientable manifold is an oriented manifold, if it has an orientation [µ] or [−µ].

Let (U , β) be a chart defining coordinates xν , then at X ∈ U ⊂M, a local representa-
tive of µ ∈ Ωn(M) would be

µ(X) = µ(X) dxν1 ∧ . . . ∧ dxνn = f(X)µ(X) dx1 ∧ . . . ∧ dxn . (A.8.10)

This follows directly from (A.8.4) and the definition of the equivalence of forms. IfM
has the orientation [µ], then a basis

{
∂
∂xν

}
∈ TXM is called positively (resp. negatively)

oriented relative to the volume form µ provided that µ(X)
(
∂
∂x1 , . . . ,

∂
∂xn

)
> 0 (resp. <

0) for all X ∈ U . The chart (U , β) is called positively oriented, if fµdx1 ∧ . . .∧ dxn in
(A.8.10) is equivalent to the standard volume form dx1∧ . . . ∧ dxn ∈ Ωn(x(U)) on Rn.

The following theorem is a fundamental result that is needed later on; a proof can be
found in [Aubram, 2009, p. 56], or in some of the other textbooks already cited.

Theorem A.8.11 (Transformation of n-Forms). In a chart (U , β) on n-dimen-
sional M, let a1(X), . . . ,an(X) ∈ TXM be a set of vectors with ai(X) = aνi(X) ∂

∂xν
,

where X ∈ U and ν, i ∈ {1, . . . , n}. Let µ ∈ Ωn(M), then

µ (a1, . . . ,an) = det(aνi)µ
(
∂

∂x1 , . . . ,
∂

∂xn

)
,

where (aνi) is the (n× n)-matrix whose columns arrange the components of ai.

By using the theorem, one can obtain a transformation rule for n-forms over diffeo-
morphisms ϕ : M → N . To this end, let (U , β) and (V , σ) be charts on M and N ,
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respectively, such that ϕν(Xα) def= (xν ◦ ϕ ◦ β−1)(Xα) defines the coordinate functions
of the localization of ϕ. If µN = µdx1∧ . . . ∧ dxn is an n-form on N , then

ϕ?(µdx1∧ . . . ∧ dxn) = det
(
∂ϕν

∂Xα

)
(µ ◦ ϕ) dX1∧ . . . ∧ dXn (A.8.12)

at X ∈ ϕ−1(V) ∩ U ⊂ M with β(X) = {Xα}X , where
(
∂ϕν

∂Xα

)
is the Jacobian matrix

of ϕ with respect to σ and β. Note that det( ∂ϕν
∂Xα ) generally does not transform as a

proper scalar under coordinate transformations, that is, it is not coordinate-invariant.
Eq. (A.8.12) has an expression in absolute notation which enables a coordinate-inde-
pendent definition of the determinant on manifolds:

Definition A.8.13. LetM and N have the volume forms µM and µN , respectively,
and let ϕ :M→N be a diffeomorphism, then JµM,µNϕ, defined through

ϕ?µN
def= (JµM,µNϕ)µM ,

is called the Jacobian determinant of ϕ with respect to µM and µN . ♦

A.8.3 Stokes’ Theorem and Volume Measures

As n-forms on n-dimensional manifolds have a single component by (A.8.4), they can be
integrated over oriented domains. The integral of an n-form f dx1∧ . . .∧ dxn ∈ Ωn(X )
on an open subset X of Rn is defined as the ordinary Riemann integral of f ; clearly,∫

X
f dx1∧ . . . ∧ dxn def=

∫
X
f dx1. . . dxn def=

∫
X
f , (A.8.14)

where it is understood that f def= f(x1 . . . xn). Under a coordinate transformation
xν 7→ xν

′ that preserves the orientation, formula (A.8.12) yields
∫
X ′ f(x′) dx1′ . . . dxn′ =∫

X f(x) det
(
∂xν
′

∂xν

)
dx1. . . dxn, but this is a well-known result from the analysis of real

functions. On manifolds it can be generalized as follows.

Theorem A.8.15 (Change of Variables). Let M be oriented, ϕ : M→ N orien-
tation preserving, and ω ∈ Ωn(ϕ(M)), then∫

ϕ?ω =
∫
ϕ
ω .

Now let (U , β) be a positively oriented chart on M, then by applying the theorem
the integral of an n-form ω ∈ Ωn(M) over U is computed in coordinates by

∫
U ω =∫

ξ(U) ω ◦ β−1, where ω ◦ β−1 represents the component of ω in the chart.

Stokes’s theorem is a fundamental ingredient for balance equations in continuum me-
chanics. It requires the manifold boundary ∂M to have an orientation compatible to
the orientation ofM; a detailed discussion on Stokes’s theorem, and a full proof can
be found in the references already cited.
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Theorem A.8.16 (Stokes’ Theorem). Let N be oriented with an oriented boundary
∂N , and let ω be an (n−1)-form on N , then∫

N
dω =

∫
∂N
ω .

A combination of Stokes’ theorem, the change of variables formula, and the property
ϕ?(dω) = d(ϕ?ω) shows that for ω ∈ Ωn−1(N ), and an orientation preserving diffeo-
morphism ϕ :M→N ,∫

ϕ(M)
dω =

∫
M
ϕ?(dω) =

∫
M

d(ϕ?ω) =
∫
∂M

ϕ?ω =
∫
ϕ(∂M)

ω =
∫
∂ϕ(M)

ω , (A.8.17)

that is, ∂ϕ(M) = ϕ(∂M) .

Note that if N has a volume form µ, then any n-form ω ∈ Ωn(N ) can be written
ω = gµ, where g : N → R. Therefore, mµ(V) =

∫
V µ defines a measure on every

open subset V ⊂ N . On manifolds having a metric, which are then called Riemannian,
volume forms enable volume measurement.

Definition A.8.18. Let N be an n-dimensional Riemannian manifold with orienta-
tion [µ], and the set w1, . . . ,wn ∈ Γ (TN ) be positively oriented with respect to
µ, then the Riemannian volume form or volume element dv ∈ Ωn(N ) is defined
through dv(w1, . . . ,wn) def=

√
det 〈wµ,wν〉, where det〈wµ,wν〉 is the determinant of

the matrix (Wµν), whose elements are given by the inner products Wµν
def= 〈wµ,wν〉.

Therefore, dv works out the volume of the parallelepiped spanned by the vectors
w1,. . .,wn. If {e1, . . . , en} is a positively oriented ortho-normalized basis in TN , note
that dv(e1, . . . , en)=1. ♦

If
{

∂
∂x1 , . . . ,

∂
∂xn

}
∈ TxN is a positively oriented basis at x ∈ V , and gµν the metric

coefficients on N , then a local representative of dv is

dv(x) =
√

det gµν dx1∧ . . . ∧ dxn . (A.8.19)

Additionally, let M be orientable, with metric coefficients Gαβ, and let ϕ : M → N
be a diffeomorphism. If dV and dv are the Riemannian volume forms onM and N ,
respectively, then

ϕ?dv = Jϕ dV . (A.8.20)
Jϕ is the Jacobian determinant of ϕ with respect to dV and dv according to the more
general definition A.8.13; because of its broad use Jϕ is often just called the Jacobian
of ϕ. For a positively oriented chart (U , β) onM, with non-empty ϕ−1(V) ∩ U ⊂ M,
and ϕν(Xα) def= (xν ◦ ϕ ◦ β−1)(Xα) denoting the coordinate functions associated with
the chart (V , σ) concerning ϕ with respect to the chart map β, one has

Jϕ(X) = det
(
∂ϕν

∂Xα

) (√det gµν
)
◦ ϕ√

det Gαβ

(A.8.21)
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for every X ∈ ϕ−1(V)∩U . Indeed, Jϕ transforms under (orientation-preserving) chart
transitions as a proper scalar, and dv and dV also do, thus (A.8.20) can be reduced
to dv ◦ ϕ = Jϕ dV .

Proposition A.8.22. (Without proof.) If µ is an n-form on an n-dimensional man-
ifold, e.g. µ = dv, then £uµ = d(iuµ) = (divu)µ.

Proposition A.8.23. Let N be an oriented n-dimensional manifold with compatible
oriented boundary ∂N such that the normals to ∂N , n∗ ∈ Γ (T ∗N ), point outwards.
Then for a vector field w ∈ Γ (TN ), on ∂N there is

iwdv = w · n∗ da resp. iwµN = w · n∗µ∂N ,

where da def= dv∂N , called the area form, is the volume form on (n − 1)-dimensional
∂N induced by the volume form dv on N , with n∗ ∧ da = dv.

Proof. Let {xν} be the coordinate system on N and choose ∂N to be the plane
where x1 = 0, and n∗ = dx1, then da =

√
det gab dx2∧ . . .∧dxn, where a, b = 2, . . . , n.

Apply (A.8.6) and (A.8.7) to get

iwdv = iw (n∗ ∧ da) = iwn
∗ ∧ da− n∗ ∧ iwda

= w1
√

det gab dx2∧ . . . ∧ dxn − dx1 ∧ iw
√

det gab dx2∧ . . . ∧ dxn .
Evaluated on ∂M, i.e. at x1 = 0 = const., the second term vanishes. Hence, iwdv =
w1√det gab dx2∧ . . . ∧ dxn = (w · n∗) da. �

Conversely, the boundary ∂N has an orientation compatible to the orientation of N
provided that iwdv = (w·n∗) da. By using the previous relations together with Stokes’
theorem, the following is proved to hold.

Theorem A.8.24 (Divergence Theorem).∫
N

(divw) dv =
∫
∂N
w · n∗ da .

A.8.4 Piola Transform

The chapter closes with two geometric concepts that are of fundamental importance
in continuum mechanics: the transformation of area elements and the Piola identity.

Proposition A.8.25 (Nanson’s Formula). Let M be oriented, and ϕ : M → N
an orientation preserving diffeomorphism with tangent F = Tϕ. Let dA and da be
the volume forms on ∂M and ∂(ϕ(M)), respectively. Then da = ϕ?dA = dA ◦ ϕ−1

if and only if the outward normals on ∂(ϕ(M)) and ∂M are related by

n∗ = ϕ?(JϕN ∗) = (Jϕ ◦ ϕ−1)F−T · (N ∗ ◦ ϕ−1) ,

where Jϕ is the Jacobian of ϕ, and JϕF−T def= cof F is called the cofactor of F .
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Proof. The outward normals on ∂(ϕ(M)) are defined as the 1-forms n∗ that define the
Riemannian volume form on ϕ(M) ⊂ N through dv def= n∗ ∧da, and dV def= N∗ ∧dA
onM. By (A.8.20) and the properties of the wedge product,

dv = ϕ?(Jϕ dV ) = ϕ?(JϕN∗) ∧ ϕ?dA .

Application of (A.6.7) in conjunction with (A.5.16), and da = ϕ?dA presumed then
proofs the assertion. �

The original statement and proof was prepared in coordinates and is due to Nanson
[1878].

Theorem A.8.26 (Transformation of Area Forms). Let ϕ, da, etc., be as before,
and let g] = g−1 be the inverse metric tensor on N , with coefficients gµν. If the outward
normals n∗ on ∂(ϕ(M)) have unit length, then

ϕ?da = |Jϕ|
√
N ∗ · ϕ?(g]) ·N ∗ dA .

Proof. For unit 1-forms n∗, Proposition A.8.25 yields n∗ = (JϕF−T ·N ∗)/‖JϕF−T ·
N ∗‖, and the transformation formula [see also Ciarlet, 1988, p. 39]

ϕ?da = da ◦ ϕ = ‖JϕF−T ·N ∗‖dA .

Now the norm of the spatial 1-form F−T ·N ∗ complies with the relation

‖F−T ·N ∗‖2 = gµν(F−1) α
µ (F−1) β

ν NαNβ = (C−1)αβNαNβ = N ∗ ·C−1 ·N ∗ ,

where C is the so-called convected metric tensor. Then, a consequence of Defini-
tion A.6.8 is (C−1)] = ϕ?(g]) [see also Marsden and Hughes, 1994, p. 57], which
completes the proof. �

Definition A.8.27. LetM, ϕ etc. be as in proposition A.8.25, then the Piola trans-
form of a spatial vector field y ∈ Γ (TN ) is the vector field on M given by Y def=
Jϕϕ

?y = JϕF
−1 · (y ◦ ϕ). ♦

Note that Y is the Piola transform of y if and only if ϕ?(iydv) = iY dV . Moreover,
the divergence operators DIV onM, and div on N are related by the Piola identity

DIVY = (divy ◦ ϕ) Jϕ . (A.8.28)

From this, together with the change of variables formula and the divergence theorem,
one obtains the next statement on boundary integrals.

Proposition A.8.29. Let Y be the Piola transform of y, then∫
∂ϕ(M)

y · n∗ da =
∫
ϕ(M)

(divy) dv =
∫
M

(DIVY ) dV =
∫
∂M
Y ·N∗ dA

respectively (y · n∗ da) ◦ ϕ = Y ·N∗ dA .
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Appendix B

Geometric Primitives of Triangles

Definition B.1. Consider a single triangle embedded in the two-dimensional Euclid-
ian space, that is, a 2-simplex 4 ⊂ S = R2. The local nodes (resp. vertices) of the
2-simplex, 0, 1, 2 ∈ 4, occupy points in the ambient space, say P0, P1, P2 ∈ S. In the
predefined local connectivity, once the first node 0 has been chosen, the numbers of
the other two nodes 1 and 2 are assigned in a counter-clockwise manner, as shown in
Fig. B.1.

(i) The position vectors of the nodes with respect to the arbitrary origin O ∈ S are
denoted by the pairs (O,xk) def= (O,−−→OPk) ∈ TOR2, with k ∈ {0, 1, 2}. The origin will
not be indicated in what follows, so that simply

xk
def=
(
xk
yk

)
= xk ex + yk ey ∈ R2 , for all k ∈ {0, 1, 2} ,

is the position vector of node k in the ambient space.

(ii) The vectors along the edges of 4 in S are given by ljk = −−→PjPk = xk − xj, with
j, k ∈ {0, 1, 2}. The orientation of these vectors can be chosen such that the boundary
path ∂4 also runs counter-clockwise (Fig. B.1). The edge vectors so defined are

l01
def= x1 − x0 , l12

def= x2 − x1 , and l20
def= x0 − x2 ,

and the edge lengths are

a
def= ‖l01‖ = ‖l10‖ , b

def= ‖l12‖ = ‖l21‖ , and c
def= ‖l20‖ = ‖l02‖ ,

with
‖ljk‖ =

√
(xk − xj)2 + (yk − yj)2 , j, k ∈ {0, 1, 2} .

The lengths of the shortest edge and longest edge are readily available through l
def=

min(a, b, c) and L def= max(a, b, c), respectively.
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l01

l12

l20

0

1

2

ex

ey

O
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Figure B.1: Triangle element with three nodes in S = R2 (2-simplex). Predefined local
connectivity and definition of geometric primitives.

(iii) The outward normals to the edges l01, l12, and l20 are given by

ñ01 =
(
y1 − y0
x0 − x1

)
, ñ12 =

(
y2 − y1
x1 − x2

)
, and ñ20 =

(
y0 − y2
x2 − x0

)
,

respectively. The unit outward normals are then defined through

n01
def= ñ01/‖ñ01‖ , n12

def= ñ12/‖ñ12‖ , and n20
def= ñ20/‖ñ20‖ .

(iv) The internal angles α0, α1, and α2 at local nodes 0, 1, and 2, respectively, are
defined through

α0
def= cos−1

(
〈l01, l02〉
ac

)
, α1

def= cos−1
(
〈l10, l12〉
ab

)
, and α2

def= cos−1
(
〈l21, l20〉

bc

)
,

where 〈·, ·〉 denotes the inner product in R2. ♦

When using the local connectivity defined above, with 0, 1, 2 placed counter-clockwise,
then the so-called signed area of a 2-simplex is positive, otherwise negative. In this
context, the following general results are useful.

Proposition B.2. For a simple (non-self-intersecting) closed convex or non-convex
polygon defined by N vertices numbered in order of their occurrence along the polygon’s
perimeter,
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(i) the signed area A can be calculated from [cf. Barzel, 2005; Akenine-Möller et al.,
2008; Schneider and Eberly, 2003; Foley et al., 1995; O’Rourke, 1998; Bronstein et al.,
2007]

A = 1
2

N−1∑
k=0

(xkyk+1 − xk+1yk) = 1
2

N−1∑
k=0

xk(yk+1 − yk−1) .

(ii) the centroid (xc, yc) is given by [cf. Bashein and Detmer, 1994]

xc = 1
6A

N−1∑
k=0

(xk + xk+1)(xkyk+1 − xk+1yk) and

yc = 1
6A

N−1∑
k=0

(yk + yk+1)(xkyk+1 − xk+1yk) ,

respectively, where the vertex (xN , yN) is assumed to coincide with (x0, y0); so y−1 =
yN−1.

These relations are frequently used in finite element methods and ALE methods. In
case of a 2-simplex, where N = 3, there are equivalent formulas for the area which are
well-known from undergraduate texts in geometry [see also Bronstein et al., 2007]:
Proposition B.3. (i) The signed area of a 2-simplex can be computed from

A = 1
2! det

(
x1 − x0 x2 − x0
y1 − y0 y2 − y0

)
.

(ii) The absolute value of the area is given by the absolute value of (i), or by

|A| = 1
2‖l01 × l02‖ = 1

2

2∑
k=0
‖xk × xk+1‖ , with x3

def= x0 .

Let 2A0
def= l01 × l02, 2A1

def= l10 × l12, and 2A2
def= l21 × l20 be different definitions of

the same signed area of a triangle, then the sines of the internal angles follow from [cf.
Benson, 1989]

sinα0 = 2A0

‖l01‖‖l02‖
, sinα1 = 2A1

‖l10‖‖l12‖
, and sinα2 = 2A2

‖l21‖‖l20‖
. (B.4)

The following relations for triangles are valid for any connectivity of the nodes [cf.
Bronstein et al., 2007; Harris and Stöcker, 2006; Bronstein et al., 2001]:

semiperimeter: s = 1
2(a+ b+ c) , (B.5)

Heron’s formula: |A| =
√
s(s− a)(s− b)(s− c) , (B.6)

incircle radius: r = |A|
s
, (B.7)

circumcircle radius: R = abc

4|A| , (B.8)

altitude on side b: h = 2|A|
b

. (B.9)
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Appendix C

Gradient and Hessian for Mesh
Optimization

C.1 General Remarks

The optimization-based iterative mesh smoothing algorithm OSMOT developed in Sec-
tion 6.4.3 requires frequent evaluation of the gradient and Hessian of the element objec-
tive function w defined through 6.4.37. These depend on the locations x0,x1,x2 ∈ R2

of the triangle nodes 0, 1, 2 ∈ 4, respectively, where xI def= (xI , yI)T for I ∈ {0, 1, 2}.
By assuming that the numbering of the local nodes meets the requirements of Defi-
nition 6.4.36, and assuming that x1,x2 are constant during the iteration process, the
element objective function in the j-th iteration takes the form

w(xj0) = R

Rref

(
R

r

)3
= (abc)4s3

44RrefA7 , (C.1.1)

where (B.7) and (B.8) have been used, and the functional dependence of a, b, c, s,
A, r, R on (xj0,x1,x2) is being understood. By dropping the superscribed j indicating
the iteration step in what follows, the gradient and Hessian of w(x0) in R2 are the
component matrices given by

∇w(x0) =

 ∂w
∂x0

∂w
∂y0

 and Hw(x0) =

 ∂2w
∂x2

0

∂2w
∂x0∂y0

∂2w
∂y0∂x0

∂2w
∂y2

0

 , (C.1.2)

respectively. The geometric primitives of 2-simplices provided in Appendix B enable
the straightforward calculation of the components of ∇w(x0) and Hw(x0), which is
presented next. Note that the derivatives of b =

√
(x2 − x1)2 + (y2 − y1)2 with respect

to x0, that is, ∂b
∂x0
, ∂b
∂y0
, ∂2b
∂x0∂y0

, etc., identically vanish.
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C.2 First Derivatives of Objective Function

∂w

∂x0
= 1

44Rref

(
s3

A7
∂

∂x0
(abc)4 + (abc)4

A7
∂

∂x0
s3 + (abc)4s3 ∂

∂x0
A−7

)
(C.2.1)

∂w

∂y0
= 1

44Rref

(
s3

A7
∂

∂y0
(abc)4 + (abc)4

A7
∂

∂y0
s3 + (abc)4s3 ∂

∂y0
A−7

)
(C.2.2)

C.2.1 Extensions

∂

∂x0
(abc)4 = 4b(abc)3(cC1x + aC2x) (C.2.3)

∂

∂y0
(abc)4 = 4b(abc)3(cC1y + aC2y) (C.2.4)

∂

∂x0
s3 = 3s2C3x (C.2.5)

∂

∂y0
s3 = 3s2C3y (C.2.6)

∂

∂x0
A−7 = − 7

2A9

[
(2s− b)(s− a)(s− c)C3x

+ s(s− b)(s− c)C4x + s(s− a)(s− b)C5x
]

(C.2.7)
∂

∂y0
A−7 = − 7

2A9

[
(2s− b)(s− a)(s− c)C3y

+ s(s− b)(s− c)C4y + s(s− a)(s− b)C5y
]

(C.2.8)
∂A

∂x0
= − A8

7
∂

∂x0
A−7 (C.2.9)

∂A

∂y0
= − A8

7
∂

∂y0
A−7 (C.2.10)

C.2.2 Abbreviations

C1x
def= ∂a

∂x0
= ∂

∂x0

(
(x1 − x0)2 + (y1 − y0)2

) 1
2 = −x1 − x0

a
(C.2.11)

C1y
def= ∂a

∂y0
= ∂

∂y0

(
(x1 − x0)2 + (y1 − y0)2

) 1
2 = −y1 − y0

a
(C.2.12)

C2x
def= ∂c

∂x0
= ∂

∂x0

(
(x0 − x2)2 + (y0 − y2)2

) 1
2 = x0 − x2

c
(C.2.13)

C2y
def= ∂c

∂y0
= ∂

∂y0

(
(x0 − x2)2 + (y0 − y2)2

) 1
2 = y0 − y2

c
(C.2.14)
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C3x
def= ∂s

∂x0
= 1

2

(
∂a

∂x0
+ ∂b

∂x0
+ ∂c

∂x0

)
= 1

2(C1x + C2x) (C.2.15)

C3y
def= ∂s

∂y0
= 1

2

(
∂a

∂y0
+ ∂b

∂y0
+ ∂c

∂y0

)
= 1

2(C1y + C2y) (C.2.16)

C4x
def= ∂(s− a)

∂x0
= ∂s

∂x0
− ∂a

∂x0
= C3x − C1x (C.2.17)

C4y
def= ∂(s− a)

∂y0
= ∂s

∂y0
− ∂a

∂y0
= C3y − C1y (C.2.18)

C5x
def= ∂(s− c)

∂x0
= ∂s

∂x0
− ∂c

∂x0
= C3x − C2x (C.2.19)

C5y
def= ∂(s− c)

∂y0
= ∂s

∂y0
− ∂c

∂y0
= C3y − C2y (C.2.20)

C.3 Second Derivatives of Objective Function

∂2w

∂x2
0

= 1
44Rref

(
s3

A7
∂2

∂x2
0
(abc)4 + (abc)4

A7
∂2

∂x2
0
s3 + s3(abc)4 ∂

2

∂x2
0
A−7

+ 2
A7

∂

∂x0
(abc)4 ∂

∂x0
s3 + 2s3 ∂

∂x0
(abc)4 ∂

∂x0
A−7

+2(abc)4 ∂

∂x0
s3 ∂

∂x0
A−7

)
(C.3.1)

∂2w

∂y2
0

= 1
44Rref

(
s3

A7
∂2

∂y2
0
(abc)4 + (abc)4

A7
∂2

∂y2
0
s3 + s3(abc)4 ∂

2

∂y2
0
A−7

+ 2
A7

∂

∂y0
(abc)4 ∂

∂y0
s3 + 2s3 ∂

∂y0
(abc)4 ∂

∂y0
A−7

+2(abc)4 ∂

∂y0
s3 ∂

∂y0
A−7

)
(C.3.2)

∂2w

∂x0∂y0
= 1

44

(
s3

A7
∂2

∂x0∂y0
(abc)4 + 1

A7
∂

∂x0
(abc)4 ∂

∂y0
s3

+ s3 ∂

∂x0
(abc)4 ∂

∂y0
A−7 + 1

A7
∂

∂y0
(abc)4 ∂

∂x0
s3

+ (abc)4

A7
∂2

∂x0∂y0
s3 + (abc)4 ∂

∂x0
s3 ∂

∂y0
A−7

+ s3 ∂

∂y0
(abc)4 ∂

∂x0
A−7 + (abc)4 ∂

∂y0
s3 ∂

∂x0
A−7

+s3(abc)4 ∂2

∂x0∂y0
A−7

)
= ∂2w

∂y0∂x0
(C.3.3)
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C.3.1 Extensions

∂2

∂2x0
(abc)4 = 12b(abc)2(cC1x + aC2x)2

+ 4b(abc)3(cD1x + aD2x + 2C1xC2x) (C.3.4)
∂2

∂2y0
(abc)4 = 12b(abc)2(cC1y + aC2y)2

+ 4b(abc)3(cD1y + aD2y + 2C1yC2y) (C.3.5)
∂2

∂x0∂y0
(abc)4 = 12b(abc)2(cC1x + aC2x)(cC1y + aC2y)

+ 4b(abc)3(cE1 + C1xC2y + C1yC2x + aE2) (C.3.6)
∂2

∂x2
0
s3 = 6sC2

3x + 3s2D3x (C.3.7)

∂2

∂y2
0
s3 = 6sC2

3y + 3s2D3y (C.3.8)

∂2

∂x0∂y0
s3 = 6sC3xC3y + 3s2E3 (C.3.9)

∂2

∂x2
0
A−7 = 63

A9

(
∂A

∂x0

)2

− 7
2A9

[
(s− a){(s− b)(sD5x + (s− c)D3x + 2C3xC5x)

+ (s− c)(sD3x + 2C2
3x) + 2sC3xC5x}

+ (s− b){(s− c)(sD4x + 2C3xC4x) + 2sC4xC5x}
+ 2s(s− c)C3xC4x

]
(C.3.10)

∂2

∂y2
0
A−7 = 63

A9

(
∂A

∂y0

)2

− 7
2A9

[
(s− a){(s− b)(sD5y + (s− c)D3y + 2C3yC5y)

+ (s− c)(sD3y + 2C2
3y) + 2sC3yC5y}

+ (s− b){(s− c)(sD4y + 2C3yC4y) + 2sC4yC5y}
+ 2s(s− c)C3yC4y

]
(C.3.11)

∂2

∂x0∂y0
A−7 = 63

A9
∂A

∂y0

∂A

∂x0

− 7
2A9

[
(s− a){(s− b)(C3xC5y + (s− c)E3 + C5xC3y + sE5)

+ (s− c)(2C3xC3y + sE3) + s(C5xC3y + C3xC5y)}
+ s(s− c)(C3xC4y + C4xC3y) + (s− b){s(C4xC5y + C5xC4y)
+ (s− c)(C3xC4y + C4xC3y + sE4)}

]
(C.3.12)
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C.3.2 Abbreviations

D1x
def= ∂2a

∂x2
0

= ∂

∂x0

(
−x1 − x0

a

)
= x1 − x0

a2 C1x + 1
a

(C.3.13)

D1y
def= ∂2a

∂y2
0

= ∂

∂y0

(
−y1 − y0

a

)
= y1 − y0

a2 C1y + 1
a

(C.3.14)

D2x
def= ∂2c

∂x2
0

= −x0 − x2

c2 C2x + 1
c

(C.3.15)

D2y
def= ∂2c

∂y2
0

= −y0 − y2

c2 C2y + 1
c

(C.3.16)

D3x
def= ∂2s

∂x2
0

= ∂

∂x0

(
∂

∂x0

a+ b+ c

2

)
= 1

2(D1x +D2x) (C.3.17)

D3y
def= ∂2s

∂y2
0

= ∂

∂y0

(
∂

∂y0

a+ b+ c

2

)
= 1

2(D1y +D2y) (C.3.18)

D4x
def= ∂2(s− a)

∂x2
0

= ∂2s

∂x2
0
− ∂2a

∂x2
0

= D3x −D1x (C.3.19)

D4y
def= ∂2(s− a)

∂y2
0

= ∂2s

∂y2
0
− ∂2a

∂y2
0

= D3y −D1y (C.3.20)

D5x
def= ∂2(s− c)

∂x2
0

= ∂2s

∂x2
0
− ∂2c

∂x2
0

= D3x −D2x (C.3.21)

D5y
def= ∂2(s− c)

∂y2
0

= ∂2s

∂y2
0
− ∂2c

∂y2
0

= D3y −D2y (C.3.22)

E1
def= ∂2a

∂x0∂y0
= − ∂

∂y0

(
x1 − x0

a

)
= −(x1 − x0)(y1 − y0)

a3 (C.3.23)

E2
def= ∂2c

∂x0∂y0
= ∂

∂y0

(
x0 − x2

c

)
= −(x0 − x2)(y0 − y2)

c3 (C.3.24)

E3
def= ∂2s

∂x0∂y0
= 1

2

(
∂2a

∂x0∂y0
+ ∂2b

∂x0∂y0
+ ∂2c

∂x0∂y0

)
= 1

2(E1 + E2) (C.3.25)

E4
def= ∂2(s− a)

∂x0∂y0
= ∂2s

∂x0∂y0
− ∂2a

∂x0∂y0
= E3 − E1 (C.3.26)

E5
def= ∂2(s− c)

∂x0∂y0
= ∂2s

∂x0∂y0
− ∂2c

∂x0∂y0
= E3 − E2 (C.3.27)
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Appendix D

Results of Experimental Tests

This appendix provides results of the conducted experimental model tests which have
been described in detail in Chapter 7. The results contain conventionally measured
load-displacement data as well as incremental soil displacement and strain data for dif-
ferent penetration depths obtained from particle image velocimetry analysis. GeoPIV
software has been used for this analysis. The analyzed tests particularly include the
shallow penetration tests SP-1 and SP-3 (cf. Tab. 7.2), and the pile penetration tests
PP-5-F, PP-7-H, PP-10-C, PP-26-H, PP-27-F, and PP-28-C (cf. Tab. 7.3). Discussion
of the test results is in the final section of Chapter 7.

In what follows, z denotes the penetration depth respectively the coordinate of the
pile tip on the vertical axis, being zero at the ground surface, B is the breadth of the
foundation in case of shallow penetration, and D is the pile diameter. The incremental
penetration which causes the incremental displacement and strain fields in the sand
shown in the figures, that is, the displacement of the penetrator between two consec-
utive images, was ∆z = 2mm in case of the SP tests and ∆z = 2.3mm in case of the
PP tests. The patch size for PIV analysis has been chosen to 32× 32pixels for the SP
tests and to 20× 20pixels for the PP tests.

Readers should be aware of the sign convention used in GeoPIV. In the figures, volu-
metric strain is taken positive if it is compressive, which is contrary to the convention
used in the rest of this work.
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Figure D.1: PIV results for shallow penetration test SP-1 in loose sand (Dr0 = 34%) at
z/B = 0.06. (a) Incremental displacement scaled up by a factor of 8, (b) incremental
maximum shear strain, (c) incremental volumetric strain (positive if compressive).
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Figure D.2: PIV results for shallow penetration test SP-1 in loose sand (Dr0 = 34%) at
z/B = 0.33. (a) Incremental displacement scaled up by a factor of 8, (b) incremental
maximum shear strain, (c) incremental volumetric strain (positive if compressive).
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Figure D.3: PIV results for shallow penetration test SP-3 in dense sand (Dr0 = 78%) at
z/B = 0.01. (a) Incremental displacement scaled up by a factor of 10, (b) incremental
maximum shear strain, (c) incremental volumetric strain (positive if compressive).
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Figure D.4: PIV results for shallow penetration test SP-3 in dense sand (Dr0 = 78%)
at z/B = 0.31. (a) Incremental displacement scaled up by a factor of 5, (b) incremental
maximum shear strain, (c) incremental volumetric strain (positive if compressive).
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Figure D.5: Measured load-displacement curve of shallow penetration test SP-3.



295

Figure D.6: PIV results for pile penetration test PP-5-F in very dense sand (Dr0 =
93%) at z/D = 1.4. (a) Incremental displacement scaled up by a factor of 10, (b)
incremental maximum shear strain, (c) incremental volumetric strain (positive if com-
pressive).
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Figure D.7: PIV results for pile penetration test PP-7-H in very dense sand (Dr0 =
92%). Incremental displacement scaled up by a factor of 10 (a) at z/D = 1.5, (b) at
z/D = 5.1, (c) at z/D = 8.8.
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Figure D.8: PIV results for pile penetration test PP-7-H in very dense sand (Dr0 =
92%). Incremental maximum shear strain (a) at z/D = 1.5, (b) at z/D = 5.1, (c) at
z/D = 8.8.
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Figure D.9: PIV results for pile penetration test PP-7-H in very dense sand (Dr0 =
92%). Incremental volumetric strain (a) at z/D = 1.5, (b) at z/D = 5.1, (c) at
z/D = 8.8 (positive if compressive).
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Figure D.10: PIV results for pile penetration test PP-10-C in very dense sand (Dr0 =
95%). Incremental displacement scaled up by a factor of 5 (a) at z/D = 1.5, (b) at
z/D = 4.8, (c) at z/D = 8.3.
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Figure D.11: PIV results for pile penetration test PP-10-C in very dense sand (Dr0 =
95%). Incremental maximum shear strain (a) at z/D = 1.5, (b) at z/D = 4.8, (c) at
z/D = 8.3.
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Figure D.12: PIV results for pile penetration test PP-10-C in very dense sand (Dr0 =
95%). Incremental volumetric strain (a) at z/D = 1.5, (b) at z/D = 4.8, (c) at
z/D = 8.3 (positive if compressive).
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Figure D.13: PIV results for pile penetration test PP-26-H in loose sand (Dr0 = 34%).
Incremental displacement scaled up by a factor of 5 (a) at z/D = 1.4, (b) at z/D = 5.0,
(c) at z/D = 8.5.
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Figure D.14: PIV results for pile penetration test PP-26-H in loose sand (Dr0 = 34%).
Incremental maximum shear strain (a) at z/D = 1.4, (b) at z/D = 5.0, (c) at z/D =
8.5.
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Figure D.15: PIV results for pile penetration test PP-26-H in loose sand (Dr0 = 34%).
Incremental volumetric strain (a) at z/D = 1.4, (b) at z/D = 5.0, (c) at z/D = 8.5
(positive if compressive).
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Figure D.16: PIV results for pile penetration test PP-27-F in loose sand (Dr0 = 21%).
Incremental displacement scaled up by a factor of 5 (a) at z/D = 1.3, (b) at z/D = 5.0,
(c) at z/D = 8.5.



306 APPENDIX D. RESULTS OF EXPERIMENTAL TESTS

Figure D.17: PIV results for pile penetration test PP-27-F in loose sand (Dr0 = 21%).
Incremental maximum shear strain (a) at z/D = 1.3, (b) at z/D = 5.0, (c) at z/D =
8.5.
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Figure D.18: PIV results for pile penetration test PP-27-F in loose sand (Dr0 = 21%).
Incremental volumetric strain (a) at z/D = 1.3, (b) at z/D = 5.0, (c) at z/D = 8.5
(positive if compressive).
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Figure D.19: PIV results for pile penetration test PP-28-C in loose sand (Dr0 = 21%).
Incremental displacement scaled up by a factor of 5 (a) at z/D = 1.4, (b) at z/D = 4.8,
(c) at z/D = 8.5.
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Figure D.20: PIV results for pile penetration test PP-28-C in loose sand (Dr0 = 21%).
Incremental maximum shear strain (a) at z/D = 1.4, (b) at z/D = 4.8, (c) at z/D =
8.5.
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Figure D.21: PIV results for pile penetration test PP-28-C in loose sand (Dr0 = 21%).
Incremental volumetric strain (a) at z/D = 1.4, (b) at z/D = 4.8, (c) at z/D = 8.5
(positive if compressive).
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Figure D.22: Measured load-displacement curves of selected pile penetration tests.
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