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Abstract

In this work the pattern forming processes in three different semiconductor systems will
be discussed. The first example is the current transport through a semiconductor het-
erostructure showing an s-shaped current voltage characteristic. The charge transport
through the device is modelled by a hydrodynamic approach and the resulting partial
differential equations fall into the class of reaction-diffusion systems. Depending on the
structure of the contacts the equations may be globally or diffusively coupled. In the
globally coupled equations three different types of stationary and a number of oscillat-
ing, spatially inhomogenous patterns can be found. In contrast to that the diffusively
coupled equations only show three different types of stationary, spatially inhomoge-
nous patterns and in a small regime of parameter space bistability between homoge-
neous oscillations and stationary stuctures.

The second example is the initial stage of growth of self-organised quantum dots
which can be observed in hetero-epitaxy of materials with different lattice constants.
The strain which is present in this type of systems plays an important role in the forma-
tion of quantum dots. To model the initial stage of growth strain effects are included
into a standard kinetic Monte Carlo scheme leading to a suppression of Ostwald ripen-
ing and to a cooperative growth mode. This growth mode is necessary for a sharp size
distribution of quantum dots. It will be shown under what conditions not only good or-
dering in size but also regular spatial arangement of the quntum dots can be acchieved.
The influence of growth temperature, growth rate, coverage and growth interruption
on the surface structure and the quality of the quantum dots will be discussed.

The third example is the atomic surface structure of InP(001)-(2 � 4). For different
proposed structural models of the surface the reflectance anisotropy spectrum is calcu-
lated. The necessary electronic eigenvalues and eigenstates are calculated within a tight-
binding scheme. By comparison to experimental data and other theoretical approaches
it will be possible to find out about the atomic surface structure of InP(001)-(2 � 4) one
can see in experiments. It will also be discussed which optical transitions are responsi-
ble for the structures which can be found in experimental reflectance anisotropy spectra
of InP(001)-(2 � 4).

Finally the patterns found in charge tranport and during the formation of quantum
dots will be compared. The influence of the underlying atomic structure, e.g., the results
of the third example, on pattern forming processes in the first two examples will be
discussed.

1



I would like to thank
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I: Introduction

I: Introduction

The study of self-organised patterns and the process of pattern formation is often con-
nected to special chemical or physical systems like, e.g., the Belousov-Zhabotinsky [1]
or the Rayleigh-Benard convection [2]. For these systems model equations were devel-
oped which can describe the behaviour of the system for a wide range of parameters.
Often these equations are dimensionless, i.e. the dependencies on material constants are
eliminated by scaling the involved quantities. Typical examples for this type of models
are the Brusselator [3] and Oregonator [4] for the Belousov-Zhabotinsky reaction and
the Swift-Hohenberg equation [5] for the Rayleigh-Benard convection. The equations
were even generalised further with the help of amplitude-equations [6] which describe
the system near a bifurcation point [7]. The idea behind this generalization is to find a
common description for pattern formation processes in different systems [8] and there
is a large number of systems from very different fields of science which show pattern
formation.

A very striking ”real world” example are the patterns on animal fur, sea-shells or
butterfly wings [9]. Each species has its own, distinct pattern. Zebras for example have
stripes while leopards have spots and giraffes have a net like pattern. But also each in-
dividual animal has its own pattern, the stripes of a zebra are like fingerprints they look
similar on different animals but they are not completely equal. Although the patterns
are very different a suggestion was made in [10] that a single mechanism is responsible
for them which again demonstrate the advantage of a general description of the studied
system. Pattern formation can also be observed in other fields of biology like epidemic
models [9], evolution and the differentiation of the zygote [11] and the spread of the
trigger impulse of the heartbeat over the surface of the heart [12, 13]. The last example
is also an example for the connection of temporal processes [14] with spatial patterns.

The label ”self-organised’ is generally used for systems far from the thermodynamic
equilibrium. This implies that these systems have to be open and driven and they are
often called dissipative systems. But also closed systems, which will return to a ther-
modynamic equilibrium state after a perturbation, can show interesting and complex
patterns.

In this work we concentrate on self-organised pattern formation in semiconductor
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I: Introduction

systems but also examples of systems near equilibrium or evolving to equilibrium will
be discussed. We consider two different examples which are distinguished by the dif-
ferent physical nature of the system and different methods applied to model them, but
which are similar in that both exhibit self-organised pattern formation in two spatial
dimensions. The third example is a system in thermodynamic equilibrium which is
tightly connected to the pattern formation processes in the other two examples, as will
be explained later.

One of our examples is the non-linear charge transport in semiconductor devices,
namely heterostructure diodes. For an overview of non-linear effects in charge trans-
port in semiconductor see, e.g., [15, 16, 17]. A typical phenomenon of non-linear charge
transport are the so called ”current filaments” which are areas of high current density
surrounded by a field of low current density. Besides the general dynamics of the cur-
rent filaments which may lead to interesting new applications and devices the exami-
nation of the current filaments might help to improve existing devices, because they are
often unwanted. In the studied devices a specific current can flow through the device ei-
ther in a homogeneous fashion, i.e. the current density is constant over the cross-section
of the device, or in a filamentary way. But if one or more current filaments cover only
a fraction of the cross-section of the device the current density in the filaments has to
be much higher than in the homogeneous case. This will often lead to stronger heat-
ing of the device and a reduced life-time. Therefore it is often desired to operate the
devices in the homogeneous mode, which on the other hand might not always be pos-
sible because, e.g., only certain voltage levels might be allowed in the circuit. Now it is
useful to know more about the filaments, e.g., if they stay at a fixed position or if they
will move under certain conditions (rocking and travelling filaments [18, 19, 20]), which
may lead to a homogeneous transport in the time average. Some of the results and the
underlying model are also applicable to other systems like large scale, high power de-
vices like thyristors [21, 22]. The charge transport in the semiconductor device will be
modelled by a hydrodynamic approach. As a result the system will be described by a
set of coupled partial differential equation with a quite simple structure. This method
has three major advantages. First the model is valid for a whole class of devices. Al-
though not every detail of a specific device is covered the general transport properties
are included. Second the simple structure of the partial differential equations makes
an intensive numerical investigation with standard techniques possible. And third, the
model equations can be compared with model equations of other spatially extended
dynamical systems on an analytic level.

Our second example is the pattern formation during epitaxial semiconductor growth
[23, 24, 25]. Here we will concentrate on the so called Stranski-Krastanov [26] growth-
mode and study the formation of small islands called quantum-dots. When growing
a material on a substrate with a different lattice constant epitaxially, i.e. without any
vacancies or defects, these dislocation-free quantum-dots can emerge spontaneously
under specific growth conditions. This would not be of much interest, were there not
some special properties which are quite unique. It is possible to grow these quantum-
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I: Introduction

dots with a sharp size distribution, i.e. they have nearly the same size, and with a
common shape. It is also possible to find them in regular arrangements on the surface,
often in long rows or even in regular arrays. For these reasons they are often called self-
assembled or self-organised quantum-dots. An example of nicely ordered quantum-
dots is shown in figure I.1.

Figure I.1: Plan-view TEM (transmission
electron microscopy) image of an en-
semble of InAs quantum-dots grown on
GaAs(100). Taken from [27] with kind
permission of the authors.

This may lead to a number of applications in new semiconductor devices. First of
all and already realized are quantum-dot semiconductor lasers. Due to the different
electronic properties, namely the different band gap, of the two involved materials,
quantum-dots can trap electrons or holes. With a typical size of about ������� they have
only a very small number of bound states. The variation of the energies of correspond-
ing bound states in different quantum-dots is small because of the sharp size distribu-
tion. The number of quantum-dots can be increased by growing more than one layer
of quantum-dots. Interesting new phenomena can be found here, too. For examples
the so-called stacked quantum-dots [28], i.e. a quantum-dot in a higher layer will grow
precisely above a quantum-dot in the layer below. The second field of applications
is connected to charge transport and micro-electronic devices. The structural sizes of
conventional field-effect transistors (FET) produced by CMOS (complementary metal-
oxide-semiconductor) processes become smaller every year following Moore’s Law1.
At the time being the most modern processors in mass-production have a structure size
of about 180 nm. In about 10 years time the structural size will be below ������� where
quantum effects will start to dominate the behaviour of micro-(nano)-electrical devices.
Then new devices which use the quantum effects will replace the old field-effect tran-
sistors. Self-assembled quantum-dots used as single electron transistors [29, 30] wired
by self-assembled nano-tubes [31, 32] may be one of these new devices.

The spontaneous formation of ordered small islands cannot be observed in different
kinds of semiconductor materials alone, see, e.g., [33, 34]. Also in metallic materials,
e.g., when growing silver (Ag) on platinum (Pt) [35] a similar behaviour was found.
In addition to the self-assembled production quantum-dots can be created by etching
techniques or on pre-patterned surfaces. The advantage of etched quantum-dots for

1Named after Gordon Moore founder of the Intel Corporation; says that every three years the DRAM
(dynamic random access memory) storage capacity is quadrupled
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I: Introduction

example is the much higher control of the spatial arrangement, but the fabrication is
much more complicated. Another interesting quantum-dot system is presented in [36]
where gold (Au) clusters with a charged acid coating are arranged on a charged polymer
surface.

In this work we will focus on the initial stage of growth of self-assembled quantum-
dots. During this stage the fundaments for most properties of the final system are set.
Especially the fundaments of the quantum-dots, i.e. the first layer of material, are cre-
ated. The sizes and the positions of these fundaments determine the size-distribution
and the spatial arrangement of the final quantum-dots ensemble. To study the impor-
tant processes during this stage and the influence of external parameters like temper-
ature and growth rate we use a kinetic Monte-Carlo simulation. We add an energy
term to the standard kinetic Monte-Carlo model to include the effects of strain which is
present in the Stranski-Krastanov growth mode. The strain will be modelled by a sim-
ple phenomenological approach. To work out the basic effects which are present in all
the different material systems we restrict the rest of the Monte-Carlo approach to a very
basic system. We use a solid-on-solid approach with one type of atoms, next neighbour
hopping and no desorption.

As we have said earlier our third example is tightly connected to the other two ex-
amples, in some sense it is the basis of the other examples, namely we will have a closer
look at the structure and the properties of the underlying atomic lattice. This should be
done by trying to answer the question of how the surface of Indium-Phosphide (InP) in
the [001] direction with a 2 � 4 reconstruction looks like. To do this we will compare ex-
perimental reflectance anisotropy spectroscopy data with calculated spectra for differ-
ent proposed structures. Although this is a very specific material system it is possible to
see how important a deep knowledge of the precise atomic structure is for realistic cal-
culations. And even if the previous two examples try to be quite material independent
there are certain properties which are tightly connected to the specific atomic structure
of a material system. For example the question if the diffusion of ad-atoms on a spe-
cific semiconductor surface is isotropic or not can only be answered if the structure of
the surface reconstruction is known [37, 38]. Or the answer to the question if an inter-
face between two different semiconductor materials can be assumed as perfectly flat or
if there is a high probability for defects and impurities and how large they are needs
detailed studies of the atomic structure at the interface.

Now we have three different examples of pattern formation in semiconductor sys-
tems. In the following the differences, but also the common properties of the systems
with respect to pattern formation will be discussed. We will see that in the first example
pattern formation far from thermodynamic equilibrium can be found, while the third
example is near equilibrium. The second example is a mixture of both, it will start far
from equilibrium but after some time it can evolve to the thermodynamic equilibrium.

This thesis is organised as follows. In chapter II, III and IV the current-density pat-
terns at a semiconductor interface, the self-organised growth of quantum-dots and the
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I: Introduction

surface structure of InP[001] will be discussed on their own, respectively. Finally a gen-
eral conclusion and a discussion of the similarities and dissimilarities of the three exam-
ples will be given in chapter V.
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II: Pattern Formation at Interfaces

II: Pattern Formation at Interfaces

In this chapter we want to study pattern formation at semiconductor interfaces with the
help of reaction-diffusion equations. Our topic are current filaments, i.e. channels of
higher current density [15]. Although the dynamics of the charge carriers is determined
by Maxwell’s equations coupled with appropriate transport equations we use simpler
equations to describe the dynamics at an interface. Firstly because it is easier to obtain
some analytical results. And secondly to study generic equations which are indepen-
dent of special material properties, and are representative of a larger class of different
systems. And finally it has to be noted much larger computer power is necessary to
integrate Maxwell’s equations. However, there are new and fast algorithms which can
handle the formation of a single current filament in a semiconductor film in a reason-
able amount of time [39] and it is most likely that in the near future also structures with
interfaces will be in the range.

We use the following two sets of reaction-diffusion equations which were derived
and employed in former studies in one spatial dimension [40, 41, 42, 43, 44, 45, 46].
Here we want to present studies on two dimensional spatial domains.

�� � � ��� � ���	��
 � � 
��� � ��� 	 � � ��� � �
�� �����
	 � � ���

� 
��
� � 
�� ����� �


 � ������� (II.1)

�� � ��� 	 � � ��� � ���	��
 � � 
�� � ��!"� � �
�� � ��� 	 � � ���

� 
��
� � 
�� ���#� �


 � �$����� (II.2)

� is the normalised voltage across the interface and � stands for an internal variable,
like charge density or electron temperature [47] at the interface. � is the ratio of the
time-scales of � and � and ! the ratio of their diffusions constants. The spatial average
is denoted by �&%'� and � is the two-dimensional Laplacian ( �*) (�� � �+( �*) ( 	 � . �

is an
internal parameter which controls the bistable regime, and �,� is the external current
density which is the bifurcation parameter. The spatial variables � and 	 denote the two
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II: Pattern Formation at Interfaces

coordinates perpendicular to the current flow. The spatial dependence in the direction
of the current flow, the � -coordinate, has been eliminated from the transport equations
[48].

We will apply Neumann boundary conditions which are often also called zero-flux
boundaries, since they correspond to vanishing transverse current densities.

( �
(��

� ��� � � ( �
( 	

� ��� � � ( �
(��

� ��� ��� ( �
( 	

� ��� ��� � � (II.3)

where � is the size of the system. In (II.1) the system size appears also in the spatial
average, but in (II.2) the system size only enters the boundary conditions. It is possible
to scale the equations in a way that they are always defined on the same domain [49],
e.g. � � � ��� � � � � ��� , and that the size of the system is a parameter in the equation, but since
earlier studies used the above type of scaling we will keep it here.

We do not impose a strong physical meaning on the dynamic variable � , since we
think the two sets of equations (II.1) and (II.2) can describe qualitatively a whole range
of semiconductor systems, i.e. devices, with an S-shaped current-voltage characteristic.
(II.1) was originally derived for a Heterostructure Hot Electron Diode [50, 40] where it
compares quite well with experiments [51], but it can also explain the behaviour found
in 	 �
	 � -Diodes [52]. (II.2) is in some sense an extension of (II.1) for samples with linear
contact regions [53] and spatio-temporal patterns which can be found in (II.2) compare
quite well to structures found in 	�� � -Diodes [54].

The homogeneous solution for these equations form an S-shaped current- voltage
characteristic which can be seen in figure II.1.

u4 8 120

4

8

j0

Figure II.1: A typical S-shaped current-
voltage characteristic for the homoge-
neous steady states. ( ���������� )

This S-shaped characteristic is common to all the experiments mentioned above and
the model equations (II.1) and (II.2). Hence we believe that the two sets of equations can
describe the current transport behaviour of a large number of semiconductor systems
showing an S-shaped current-voltage characteristic.
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II: Pattern Formation at Interfaces

II.1 The Model

In this section we briefly discuss the physical phenomena which are reflected in the
systems (II.1) and (II.2). For a detailed introduction to the physics of semiconductors
and semiconductor heterostructures see, e.g., [55, 56]. For a specific discussion of the
systems see [40]. The physical system we want to study is the charge transport through
a semiconductor interface between two contacts. We are interested in the case where
the interface is an obstacle to the current transport. The obstacle should have a non-
linear character, i. e., the current beyond the interface should depend on the incoming
current in a nonlinear way. Here we consider a potential barrier in a semiconductor het-
erostructure. The potential barrier is a result of the different band gaps of the different
materials forming the interface. According to the Shockley-Anderson model [57] the
Fermi energy has to be constant at the junction and consequently there is a jump in the
conduction band 1 which prevents charge carriers from getting through the interface.
This is illustrated in the following figure II.2a).

If a voltage drop is applied to the interface the conduction band is bent as shown in
figure II.2b). Now the barrier has a finite width and also a finite height and a particle
in front of the barrier has a certain probability for tunnelling through the barrier. For
more than one particle approaching the barrier we can introduce a tunnelling rate

���
. If

the voltage drop before the interface is higher than the barrier height the charge carriers
can gain enough energy to pass over the barrier. Even now not all particles will pass the
barrier, because due to scattering and other effects only a fraction

�
will have enough

energy. Here we assume a special function

� � �
����� � � � � (II.4)

where � is the ration between the height of the potential barrier and the maximum en-
ergy gain caused by the voltage drop in front of the barrier which is a function of the
total applied voltage � . The charge carriers which pass the interface will have quite a
high energy and the resulting current in the second layer is called thermionic current.

Now we have two different transport mechanisms through the interface [58]. One
primarily for low currents, the tunnelling current, and an other one for high currents,
the thermionic current. For simplicity we neglect any functional dependencies of the
tunnelling rate

�
, especially we neglect the dependence of

�
on the applied voltage,

and only assume the thermionic current to be a function of the applied voltage. To close
the system we have to model the voltage drop over the interface.

If the interface is embedded between two perfect metallic contacts any inhomogene-
ity of charge carriers in the contacts will decay immediately, i.e. much faster than the
carriers at the interface. The charge carriers which accumulate at the interface are much
slower because of the larger dielectric relaxation time at semiconductor interfaces and

1and also in the valence band, but here we want to discuss only the transport of electrons
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II: Pattern Formation at Interfaces

xx

EE(a) (b)

Figure II.2: Conduction band at the interface with (b) and without (a) applied voltage. The blue
arrow symbolises the small tunnelling current, while the red arrow stands for the thermionic
current.

of disturbances always present at interfaces. These disturbances may be due to diffusive
intermixing of the two different materials at the interface. Another source for inhomo-
geneities may be interface roughness. When the device is grown one has to switch from
one material supply to another. At this point the surface is not perfectly flat but will
have mono-atomic steps and islands. These structures are then buried by the next ma-
terial and a rough interface is formed. Because of the different velocities of the charge
carriers the voltage drop at the contacts and the electric field at the interface can be
assumed as homogeneous. This is the situation when the model (II.1) applies and is
illustrated in figure II.3 a).

interface interface

homogeneous electric field inhomogeneous electric field

extra interfaces

Figure II.3: The two different types of field distributions at the interface. In (a) the interface lays
between two metallic contacts and the field distribution is homogeneous. In (b) the interface
is embedded between other semiconductor interfaces and the distribution becomes inhomoge-
neous.

In contrast to the previous paragraph let us now assume that the interface we are
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II: Pattern Formation at Interfaces

interested in is located between other semiconductor interfaces. This is quite often the
case in real devices because of manufactural reasons. For example it might be necessary
to protect the materials forming the interface against the atmosphere or it might not be
possible to grow metallic contacts epitaxially on the materials forming the interface. If
we now apply a voltage to the device the voltage drop at the interface is influenced
by the surrounding interfaces. Especially if at these interfaces charge carriers can ac-
cumulate they will diffuse with a velocity comparable to the velocity at the interface
under consideration. As a result the voltage drop at the interface � �����
	�� may be in-
homogeneous and the time-scales of charge carrier diffusion at the interface of interest
and voltage diffusion are of similar size. The inhomogeneity of the voltage drop at the
interface is illustrated in figure II.3 b). This is a situation when model (II.2) applies.

With a circuit like the one shown in figure II.4 with a capacitor parallel to the het-
erostructure device and a load resistor equations (II.1) and (II.2) can be derived for the
two discussed cases, respectively. One has to keep in mind that (II.1) and (II.2) are di-
mensionless equations and all physical quantities have been rescaled to be dimension-
less.

R

U

CP

0
Figure II.4: The circuit in which the het-
erostructure device is operated.

From the point of view of nonlinear dynamics the difference between these two sets
of equations is that (II.1) has a global coupling while in (II.2) a local or diffusive cou-
pling is present. Due to the integral constraint in (II.1) every point in the system is
immediately influenced by a change at any other point in the system, while in (II.2) the
information of changes is spread only by the diffusion terms and a distant point will
experience this change only after a finite time. This will have an effect on the spatial
structure of the patterns as we will see later. Structurally the equations fall in the class
of reaction-diffusion systems. A generic reaction-diffusion system has the form

��� �� ����� � � � � ����� � � � ! � � � ��� � � (II.5)

with Neumann boundary conditions, where
�

is called the reaction term, ��� gives a
timescale and ! is a diffusion constant, see ,e.g., [49]. Another classification of our
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systems comes from the role the variables � and � play in the system. As we will see
later in a certain regime in the parameter space an increase of � will lead to an increase of� and a further increase of � . At the same time an increase of � will diminish � . Because
of this behaviour � is called an activator and � an inhibitor and we can call (II.1) and
(II.2) activator-inhibitor systems [59, 60, 19, 61].

In both sets of equations we can observe two different kinds of instabilities of the
homogeneous solution [7]. At the first instability the system stays homogeneous and
we will observe periodic homogeneous oscillations, this is called a Hopf instability. The
second is the so called Turing instability [62] in the case of (II.2) where the homoge-
neous steady state will develop into a stationary but inhomogeneous pattern with a
fixed wavenumber

�
or filamentary instability in the case of (II.1) where a single fila-

ment emerges. Besides these pure instabilities we will find some interactions between
the Turing patterns and the homogeneous oscillations. We will also find cases where
the homogeneous oscillations or Turing patterns become unstable, but these instabili-
ties are much harder to discuss analytically in a given model, because it is necessary to
know the path of the periodic orbit in phase space, or the shape of the Turing pattern
for which in general no analytical description is available.

But now let us have a closer look at the Hopf and Turing instabilities.

II.1.1 Oscillatory/Hopf Instability

In this section we want to study the properties of the homogeneous system. In contrast
to chemical systems where the homogeneity can be achieved quite well by stirring the
system [49] in our semiconductor system a perfect homogeneity can never be reached,
because of imperfections which will appear at the boundaries of different materials.
Nevertheless the study of the homogeneous system is useful, because as we will see
later on there are conditions where the system only reacts to homogeneous perturba-
tions or will only show a homogeneous answer to any perturbation.

We present only a summary of the linear stability analysis, a detailed discussion can
be found in e.g. [63] or in [64]. For a general introduction see [65, 48].

First we will have to find the spatially homogeneous steady states. There are two
conditions, namely ( � ) (���� ( � ) ( 	 � ( � ) (�� � ( � ) ( 	 � � for the homogeneity. From
this requirement we can derive � � � � � � and � � � � ��� �&� � � � � � � � ����� ��� � for ��� � � � � � .
Using this result we see that the two sets of equations (II.1) and (II.2) both contain the
same set of equations when restricted to homogeneous states:

�� � � ���	��
 � � 
�� �
� � � � � � � �
�� �

� 
��
� � 
�� � � � �


 � � �
	 � � � � � (II.6)

The second condition is ( � � � ) ( � � � for the stationarity. With these two conditions the
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homogeneous steady states are given by

� � � ���	� 
 � � 
�� � � (II.7)

� �
� 
��

� � 
�� � �#� �

 � � (II.8)

From (II.7) we get � � � � 
�� and with (II.8) this leads to

� � �
�

�	�
� �� � �

� �	� (II.9)

The inverse of the � ��� � � relation in (II.9) defines the current-voltage characteristic �,� � � �
of the homogeneous fixed points. For

���
� )�� this characteristic has an S-like shape as

shown in figure II.1.

Another way to find the current-voltage characteristic is to look at the crossing points
of the null-clines

� � � � � � � � and 	 � � � � � � � . This will also give a characterization of
the system, namely if it is bistable, excitable or oscillatory [59]. In figure II.5 we can see
that our system is oscillatory or excitable depending on the choice of � � . If we would
assume a finite load resistor even a bistable system would be possible [66]. But here we
will discuss the oscillatory case, exclusively.

u

a
0 10 20

f(a,u)=0

g(a,u)=0

0

10

20

Figure II.5: Null clines of a single oscilla-
tor given by the zero of the reaction terms
of equations (II.1) and (II.2).

Now that all the homogeneous steady states are known the question arises if all of
them are stable against homogeneous perturbations. The homogeneous fixed points
will be denoted by an asterisk (” � ”), e.g. � � and ��� . We will add a small perturbation to
the fixed points and want to see if it will grow or decay in time

� � � � � � � ��� � � � � (II.10)
� � � � � � � ���,� � � � (II.11)

16



II: Pattern Formation at Interfaces

Because the perturbations are small we do not use the whole nonlinear system, but only
the Taylor expansion up to the first order around the fixed point, i.e we only consider
the linear part of the system (II.6)

�� � � � � ( �
( �

��� ��� � � ��� � � � ( �
( �

��� ��� � � ��� �,�
�� � � � � ( 	

( �
� � ��� � � ��� � � � ( 	

( �
� � ��� � � ��� �,� (II.12)

If we now specify the perturbations � � and � � as

� � � � ��� � � � � �	��
 �� (II.13)

equation (II.12) can be written in matrix notation:��� � �
�,��� � ������ � ���� ����� � ���� � ������ � � � � � � �

� � �
�,��� ��� % � � ��,��� (II.14)

In equation (II.14)
�

can be seen as the eigenvalue of the matrix � . Since
�

enters in
the exponent of the perturbation in equation (II.13) the following is now obvious. If� � � � � � a small perturbation decays in time and the systems stays stable. On the
other hand if

� � � ��� � a small perturbation grows exponentially and the homogeneous
stationary state is unstable.

The partial derivatives are given by:

( �
( � ���� � ��� � � ��� �+
 � ( �

( � ���� � ��� � � ��� � � (II.15)

( 	
( � ���� � � � � � � � �

� 
 � ��
��� �� � � � � �+
! ( 	

( � ���� � � � � � � � �
� �� 
 �
��� �� � � � � 


� �" 
 �
(II.16)

and

� � � 
 � �

!  "
 � � (II.17)

where we used

 � � �� 
 �
��� �� � � ��� (II.18)

to simplify the expressions. If we now calculate the eigenvalues
�

of � we get only
negative real parts of the eigenvalues under the condition: "
 � � � (II.19)
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and the homogeneous fixpoint is stable. If "
 � � � (II.20)

one eigenvalue has a positive real part and the homogeneous state is unstable. At the
point  "
 � � � (II.21)

the two eigenvalues are purely imaginary, but this indicates a Hopf-Bifurcation, i.e. a
bifurcation where a pair of complex-conjugate eigenvalues cross the imaginary axis [7].

Now that we know how the system will respond to homogeneous perturbations we
will look at what will happen under inhomogeneous conditions.

II.1.2 Turing Instability

In the previous section we have studied the stability of the homogeneous fixed point
against homogeneous perturbations, i.e. every point of the system is disturbed in the
same way. But in general perturbations in extended systems are not homogeneous. To
include spatially inhomogeneous perturbations in our study we extend the deviation
from the fixed point � � and � � given by (II.13) into the spatial dimensions

�,� ������ � � � ����� ���	�
�
�� ��
���  �

� � �
�� � � � � ���  ���	� �
�� � 
���  � (II.22)

where �� defines a point in the given � -dimensional domain and

���
�
�� � are the eigenfunc-

tions of the Laplacian in the given domain with the eigenvalues �
�
.

Now we have to consider the two sets of equations (II.1) and (II.2) separately, be-
cause the spatial part of the equations differ. If we substitute � � from (II.13), because
in (II.1) � is still homogeneous, and �,� from (II.22) in (II.1) we can see that we get the
same description of the homogeneous state, as in section II.1.1, if we set the ground
mode

�
� � ��� ��� � � � . The average �

���
� for all other modes with � � � is always zero

for Neumann boundary conditions. The stability of the � -th inhomogeneous mode is
determined by� � ( 	

( � ���
�

(II.23)

Inhomogeneous modes can grow if
� � � . All eigenvalues �

�
of the Laplacian are nega-

tive, except � � which is � , and their absolute value increases with the number of nodes
of the eigenfunctions. As a consequence the fastest growing mode is the one with the
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fewest nodes as long as ( 	 ) ( � is positive and larger than the norm of the corresponding
eigenvalue. If ( 	 ) ( � is smaller for a given domain it is in general possible to reduce the
norm of the eigenvalue by increasing the size of the domain.

As a summary we can say that a linear stability analysis indicates that in the globally
coupled system (II.1) the strongest growing inhomogeneous mode is the eigenfunction
of the Laplacian with the fewest number of nodes, in general this means one node. The
mode can grow if the norm of the corresponding eigenvalue

� � � � � ( 	 ) ( � , i.e. the system
has to be large enough and ( 	 ) ( � has to be positive.

The same procedure for the locally coupled system (II.2) leads to the matrix ��� for
the � -th mode:� � � � ���� � ���

� ���� ����� � ���� � � ! �
� � �"� � � �

�
�

� ! �
� � (II.24)

Here one can see that for the � -th mode, i.e. the homogeneous mode where � � � � we
get the same � as defined in (II.14).

Performing the same analysis as in the previous section we get the stability criterion
of a stationary fixed point against inhomogeneous perturbations:

 �� � ��� � �
� �
! � ��� (II.25)

At the threshold the first unstable wave vector is given by

� �� � � � 	� � �

! (II.26)

II.1.3 Numerical Integration of partial differential equations

We want to study the properties of the systems (II.1) and (II.2) on a two dimensional
domain. We will restrict the investigations to square and rectangular domains. Because
of this restriction we use a finite-difference scheme to discretise the domain. For the
temporal integration mainly a forward-Euler scheme is used, but all important results
are also checked with a fifth order Runge-Kutta and a variable order Adams-Bashford
scheme from the SLATEC Common Mathematical Library [67].

II.2 Global Coupling

II.2.1 1-dimensional properties

Before we investigate the properties of the 2 dimensional system we will summarise the
features in one spatial dimension. Detailed discussions can be found in [42, 63].

19



II: Pattern Formation at Interfaces

In agreement with the linear stability analysis we find homogeneous oscillations and
a stationary filamentary structure. Additionally a mode where a filament on one side of
the domain appears and disappears in a short time can be found. We call this behaviour
spiking. In this mode the filaments can appear in a periodic or in a chaotic cycle. With
increasing �	� the chaotic state is reached by period doubling, with decreasing � � in a pe-
riodic window type-1 intermittency can be found. Depending on the initial conditions
in a certain area in the parameter space bistability between an stationary filament and
the spiking mode can be found. This is a hint for a subcritical bifurcation, where an
unstable solution is connecting the two stable states. This unstable mode was identified
to be a breathing mode, i.e. the amplitude and the size of the filament oscillates peri-
odically. The amplitude of this oscillation is small when near the stationary filament
and increases when moving along the unstable branch connecting filament and spiking
mode away from the filament.

The chaotic spiking mode was found to show only low dimensional chaos. This was
shown by the calculation of the Lyapunov-exponents and the Kaplan-Yorke [68] fractal
dimension, which , e.g., has a maximum value of �

�
����� at � � � �

���
�
�

for �� �
�
� � and

� � �
�
�
�
� , and by analysing periodic and chaotic modes with the help of the Karhunen-

Loéve decomposition [45]. The spatial structure is completely dominated by the tem-
poral evolution which can also be shown by plotting the amplitude of the spike over
the temporal distance to the previous one which shows a simple linear dependence.
Chaos control has also been successfully applied to this system by using a time delayed
feedback [69].

II.2.2 Stationary structures

If we use a square domain where the length of the edges is ���"� �
	��
�
� we can find

three different types of stationary structures, namely a (hot)-corner filament, a edge
current layer and a cold corner filament as show in figure II.6. It is easy to see that
the hot filament is connected with a smaller current through the device, while the cold
corner filament can hold a larger current and the edge current layer lays in between. To
illustrate this we have plotted the current-voltage characteristics of the three different
filaments in figure II.7.

If we start with a value of � � which is slightly above the critical value where inhomo-
geneous modes start to grow and perturb the homogeneous system we will end up with
a hot filament. We will stay on the branch of the current-voltage-characteristics with in-
creasing �	� , until we reach a value of about

�
. Here the hot filament loses stability and

the system switches to the edge current layer where it stays until the edge current layer
becomes unstable at about � � ���

�
� . The homogeneous branch is already stable against

small fluctuations in this area so that the system can get homogeneous or switch to the
cold corner filament. When we decrease � � starting with large values the sequence of
modes is reversed.
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Figure II.6: The three different stable structures in the global coupled system. a) hot-corner
filament, b) edge current layer and c) cold filament.
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Figure II.7: Current-voltage characteris-
tics of a system with size L=30. The ho-
mogeneous steady state can be found on
the light grey line while hot and cold fila-
ment and the edge current layer are de-
noted by h, c and e, respectively.

For a given � � it is possible that there are more than one stable solution, this is called
bistability, if there are two solutions, or multi-stability if there are even more stable
states. In figure II.7 we have a large regime of bistability between hot filament and edge
current layer and another regime where the cold corner filament and the edge current
layer are stable. If we keep the voltage fixed we can find a well defined voltage range
with bistability between hot filament and edge current layer. This makes it possible
to switch the device between two states with different currents. If, e.g., the device is
operated at ��� �

�
� a short and small pulse of

� � � � � �
�
� can switch to the high current

state (hot filament) if � � is positive and to the low current state (edge current layer)
if � � is negative. Similar studies were performed in semiconductor superlattices [70],
where the number of branches in the current-voltage characteristics corresponds to the
number of periods in the superlattice [71].

The branches of the hot filament and the cold filament are not open ended as figure
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II.7 might suggest, they are connected by an unstable branch with positive differential
conductivity, but we were not able to follow this branch, because the system moves very
fast to the edge current layer in this regime of parameter space.

The difference between the edge current layer and the hot or cold filament respec-
tively should decrease with increasing system size. The curvature of the hot and cold
filament becomes smaller and observed from a point in the system somewhere at the
boundary between the areas of high and low current density it becomes harder and
harder to distinguish between a corner filament and a edge current layer. This can also
be seen in the current-voltage-characteristic of a large system shown in figure II.8.
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Figure II.8: Current-voltage characteris-
tics of a system with size L=150. The ho-
mogeneous steady state can be found on
the light grey line while hot and cold fila-
ment and the edge current layer are de-
noted by h, c and p, respectively.

Here the system is � times larger and we can see that the three branches lie in paral-
lel for �

�
�
� �	� � �

�
� . In this area the branches are also nearly vertical, i.e. the current

through the device � � can be changed significantly with only a small change in the ap-
plied voltage � .

The three modes we discussed above are the only stable stationary modes. Other
modes can be prepared, but they are unstable as we will see in the following.

If we perturb the homogeneous steady state in the very centre of the domain a sta-
tionary filament in the centre of the domain will grow. This is not in contrast to the
previous results, because the systems is trapped in a symmetric sub-space. It has to be
noted that in a discretized system, e.g., when integrating the system numerically, the
symmetry of the initial perturbation has to be the same as the symmetry of the dis-
cretization lattice. If this is not the case, some parts of the system already lie outside of
the symmetric sub-space and this parts will dominate the temporal evolution. Now we
take the prepared centre filament and apply some small, but symmetry-breaking noise.
The result is show in figure II.9

Because of the noise, some part of the system has left the symmetric sub-space and
starts to move away from it, forcing the rest of the system to follow. Finally, one of the
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Figure II.9: A filament moving from the core of the domain into a corner.
� � ��� ����� , � � �����	� � ,
 �����

three stable stationary structures is reached; in figure II.9 it is the hot corner filament. In
this sequence of figures it looks as if the boundary attracts the filament.

We will use this specially tuned system to measure the influence of the boundary
by measuring the time the perturbed central filament needs to reach a corner of the
domain. This transition time � as a function of the system-size � is plotted in figure
II.10. A similar plot we will see later (figure II.11) when we look at the influence of
disorder along the interface. It can be see from the exponential increase of the transient
time � ��
 � that in an infinitely large system a central filament is stable because �� � .
One could also say that the positive eigenvalue

��� � � ) � connected with the translation
mode goes to � if � � � [72].
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Figure II.10: Transition time � of a central
filament moving to a corner of the domain
as a function of the system-size
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II.2.3 Boundary Conditions

As we have seen from the linear stability analysis and also from the numerical inte-
gration of (II.1) the filamentary structure always moves to the boundary of the system.
All other configurations are only stable in a subspace with the same symmetry. This
is an effect of the applied Neumann boundary conditions. With, e.g., periodic bound-
ary conditions somewhere in the domain a circular filament will grow. The position
will depend on the initial conditions. The fact that Neumann boundaries attracts fila-
ment can be proven analytically for a general system with an S-shaped current voltage
characteristic and global coupling on a convex domain as discussed in [73]. This is in
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agreement with other numerical studies of reaction-diffusion systems in two dimen-
sions like [74, 61]. Here also a single filament in a model for a p � -n � -p-n � -diode moves
to the boundary of the domain.

II.2.4 Influence of Localised Perturbations

As already mentioned there are always spatial perturbations of different kind in a real
semiconductor system. For this reason spatial modes should always be included in the
linear stability analysis. However the linear stability analysis is only valid for small per-
turbations. If for some reason the defects are larger, the systems response may change
considerably and will show some totally new behaviour. Also disturbances from, e.g.
some lattice defects at the interface, which will be constant in time are not covered by
the linear stability analysis. In the above considerations the perturbation is present only
at a single point in time

� � . In this section we want to see how the behaviour of (II.1) is
changed by certain perturbations, namely how defects can influence the filaments.

We have mentioned earlier that the parameters
�

and ! describe some internal prop-
erties of the device. Although ! is not defined in (II.1) there is still a diffusion constant
of size � in front of the Laplacian in (II.1). Because defects are localised perturbations we
will consider

�
and the diffusion coefficient as functions of the position on the interface.

Both parameters can be connected to certain defects of the boundary by the following
phenomenological arguments. Assuming that ! varies on the interface implies that
electrons will move faster or slower at certain regions along the interface. This can be
explained by a higher concentration of impurities which will trap or scatter electrons,
or a larger number of defects in the periodicity of the lattice. In the model of the HHED
�

is the tunnelling rate through the potential barrier which is formed by the interface. If
the barrier is lowered

�
becomes larger. This can be due to some stronger intermixing

of the different types of material on the two sides of the interface.

To study the effects of those perturbations we will apply them separately and restrict
ourselves to strongly localised perturbations. In a real system the defects will be ran-
domly distributed along the interface but to see the influence of the perturbations more
clearly we will apply a single one in the centre of the interface only.

Because of their physical meaning only certain ranges for
�

and the diffusion co-
efficient are sensible. Therefore

�
should be always larger than the value for the ideal,

homogeneous case, since intermixing will only lower the barrier and not increase it. The
diffusion constant should be smaller than � because the mobility of electrons can not be
increased by defects.
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II.2.5 Perturbations in
�

We will now apply a perturbation to the parameter
�

in a way that only at a certain area
� ����� 	 � will have a different value from

� � � � ) � �
� �����
	���� � � ��� � ����� 	 �
� � ����� 	 ���

�
� �����
	�� � � � � � � � � � � � ������
� � �����
	�� � � ��� � � � � � � � � � � � (II.27)

We use the value � � ) � � to characterise the strength of the perturbation.

If we increase � �
step by step from

� � � � ) ��� with all other parameters fixed the
final position of the centre of the filament will move from the boundary to the centre of
the interface at � � � . It is obvious that � � � is dependent on all system parameters, but we
will only study the influence of one single parameter, namely the system-size � . This
will illustrate how the influence of the boundary decays when the system grows. With
random initial conditions we try to find � � � . The result is shown in the following figure
II.11.
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Figure II.11: Influence of a local perturba-
tion � 
	  � on the position of the filament
as a function of the system size



.

The critical value for � �
for large system sizes is given by the fact that the pertur-

bation to the system due to the random initial conditions must not be larger than the
localised perturbation. For these system-sizes the critical transmission coefficient � � � is
so small that the perturbation is not ”seen” by the system. For small systems the central
filament nearly touches the boundary and it makes no sense to distinguish between a
central filament and a boundary state.

25



II: Pattern Formation at Interfaces

II.2.6 Oscillating structures

If we take smaller system-sizes like, e.g., ����� �
	�� � � oscillating filaments can be
found for similar parameter values as for spiking in one spatial dimension for � � � � .
These structures can be found in an area of the parameter space where homogeneous
oscillations and the stationary filament are both unstable [72]. This is illustrated by the
following diagram of the � -� � parameter space II.12 for a system with ���$� �
	 � ��� .

0.03

0.05

1.2 1.3

α

j0

steady filament
homogeneous oscillation

periodic spatio-temporal motion
chaotic spatio-temporal motion
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Figure II.12: Map of the � -
� � parameter space for a system with


 � � 
 	 � � � . The symbols
denote the patterns which can be found with an initial condition near the homogeneous state.
The solid lines mark the Hopf-Bifurcation of the homogeneous steady state (Hopf, blue) and the
points where the homogeneous oscillation (h, green) and the stationary hot corner filament (f,
red) looses stability.

The solid green line labelled by ”h” indicates the boundary where homogeneous
oscillations become unstable. Below the line oscillations are stable, above they are un-
stable against inhomogeneous fluctuations. The solid red line labelled by ”f” marks the
points where the stationary filament undergoes a Hopf-Bifurcation and loses stability.
Here filaments are stable above the line and unstable below. The symbols in the map
roughly specify what structures can be found with initial conditions near the homo-
geneous steady state (random initial conditions). In the following we will discuss the
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Figure II.13: Periodic and chaotic breathing shown in the temporal evolution of � , in a
� ���

- �
phase portrait and the temporal evolution of the spatial average over the � component of

�
.

different classes of structures.

Breathing filaments

The breathing mode can be reached from stationary filaments by the reduction of �
and/or �	� via a Hopf bifurcation which can be sub- or supercritical. Near the stability
boundary the oscillation is periodic but it may undergo a period doubling bifurcation
which eventually leads to chaos. In figure II.13 the temporal oscillation of � and the cor-
responding � � � - � plot are shown for periodic (a) and chaotic breathing (b). Additionally
the spatial structure is indicated by the temporal evolution of ��� � 	 , which denotes the
spatial average over the 	 component of � � ��� 	 � .

It can clearly be seen that the breathing mode and the spiking mode, which we will
discuss in the following section are two different modes. For breathing filaments the
oscillation of � is still very harmonic and the phase-portrait is nearly circular. Also
the amplitude of the filament is always considerably larger as compared to the spiking
mode, where it nearly vanishes.

Spiking filaments

Spiking is characterised by the appearance and the consecutive disappearance of a fil-
ament out of a nearly homogeneous state. It appears when the homogeneous steady
state is unstable but experiences no oscillatory instability. The stationary filament may
be unstable or stable. In the first case the spiking mode is the only attractor in the second
we can have bistability between spiking and the steady filament. Spiking can become
chaotic via a period doubling cascade with increasing � � or via intermittency when the
homogeneous oscillations become spatially unstable. Periodic and chaotic spiking is
shown in (a) and (b) of figure II.14, in (c) chaotic spiking due to the spatial instability of
homogeneous oscillations is shown.
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Figure II.14: Periodic (a) and chaotic (b)
spiking and chaotic spiking due to the
spatial instability of the homogeneous os-
cillations (c). All three modes are pre-
sented by the temporal evolution of � , the� � �

- � phase portrait and the temporal evo-
lution of the spatial average over the �
component of

�
. Parameters:


 � � 
 	 �
� � , (a) � � ����� � , � � � � ����� , (b) � � ����� � ,� � ��� ��� � , (c) � �������	� � , � � � � ��� � .

The difference to the corresponding plots of the breathing modes is clearly visible.
Firstly we realize a burst like structure in the phase portrait and the time dependence
of � . Secondly we observe long time intervals the system stays near the homogeneous
state which can be seen in the � � � 	 plot.

Saddle-type instabilities

So far we have seen a temporal instability of the steady filament and a spatial instabil-
ity of the homogeneous state. In the following we will discuss what happens if both
instabilities occur simultaneously.

If figure II.15a) the following scenario can be observed. The stationary filament is
unstable against homogeneous fluctuations and exhibits an oscillatory instability. The
instability is connected with a positive eigenvalue which drives the system away from
the filamentary state. This can be seen in a breathing mode with growing amplitude.
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After some time the amplitude of the breathing becomes comparable to the amplitude
of the stationary filament and the system becomes nearly homogeneous. Since the ho-
mogeneous state is unstable too the small inhomogeneity which is left grows quite fast
and leads the system back close to the filamentary state and the cycle starts again. This
is the typical behaviour of Shil’nikov chaos [7].

In the previous example only the saddle motion near the filament was visible. In a
more general example shown in figure II.15b) the saddle motion near the homogeneous
state is also visible. The scenario is more or less the same as in the previous case only
the system now is not pushed away from the homogeneous state immediately but stays
near that state for some time until the unstable mode grows again and leads the system
near to the filament.

1.2

1.6

10 11u

〈j〉

0
20x

41000 43000t

2

〈j〉y

10

11

30000 45000t

u

1.2

1.6

10 11u

〈j〉

0
20x

8000 10000t

2

〈j〉y

10

11

6000 9000t

u

a) b)

Figure II.15: Chaotic spatio-temporal dynamics of a current filament on a square domain. Due to
a saddle type instability breathing oscillations with growing amplitude drive the system near the
unstable homogeneous state from where it is pushed back to the filamentary state immediately
(a) or after a couple of nearly homogeneous oscillations (b). Parameters:


 � � 
 	 � � � , (a)
� �������	� ��� , � � ��� ��� �	� , (b) � � �����	� � , � � ��� ��� � .

So far we have only looked at small systems, i.e. systems whose size is only slightly
larger than the critical size, which here is about ���

�
� � � �

�
� . For system sizes close to

���
�
� breathing is the only spatio-temporal mode which can be observed. At an interme-

diate size the saddle type motion dominates. In large system only the spiking mode can
be found in a small area of the parameter space which becomes smaller with increasing
system size. Furthermore the spatial structure of the spiking mode is different in large
systems and leads to limit-cycle oscillations of a current density front.

Periodic limit-cycle oscillations of a current density front

For large system the spatio-temporal evolution of the spiking mode cannot be described
by the simple picture of growing or shrinking of the amplitude of a single mode. Rather
it is a cycle of four different stages which are illustrated by several snapshots of the
spatial structure of the filament in figure II.16. At the beginning the homogeneous state
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looses stability with respect to inhomogeneous perturbations and a small filament with
a characteristic size of ���

�
� is formed.

In the second stage the filament or high conducting state propagates into the low
conducting area. During this motion the current through the device ��� � increases while
the applied voltage � decreases. This motion continues until the voltage � drops below
a critical value � � which is correlated to with the radius of the stationary corner filament.
In [75] and [76] this is discussed for a similar case in a drift-diffusion system. For planar
fronts an analogous scenario exists where � � corresponds to the voltage � ��� where on-
and off-states coexist with a planar boundary. � ��� is given by the equal area rule� �����

� ��� � � � � � ���
�
	 � � �
�

(II.28)

The integral is taken from ���� to ����� which are the values of the variable � which corre-
sponds to the turning points of the current-voltage characteristic.

When � becomes smaller than � � the front moves backwards and shrinks until it
finally disappears. During the last stage the system is nearly homogeneous and moves
along the lower stable branch of the current-voltage characteristic until it reaches the
initial point again. During the final stage the inhomogeneity becomes very small and
as a result the instability which leads to the initial filament in the first stage grows very
slowly and the period of the oscillation becomes very large.

In a realistic system noise should be included. If in such a system the amplitude of
the inhomogeneity drops below the noise level the period is no longer determined by
the internal dynamics but by the noise alone. Another problem that is connected with
a very small amplitude of the inhomogeneity arises during the numerical integration
of the system. Because of the finite accuracy of the numbers stored in the computer’s
memory the amplitude may eventually drop below this accuracy and the system is,
from a numerical point of view perfectly homogeneous. As a result it will stay homoge-
neous forever. To avoid this effect it might be necessary to include some artificial noise
to the numerical integration. This technique is not intended for triggering spikes but
to prevent the amplitude of the inhomogeneity from becoming smaller than the used
numerical accuracy.

II.3 Local Coupling

The behaviour of the system changes drastically when we drop the global coupling
and consider diffusive coupling. As already mentioned this means that we now will
have a look on semiconductor devices with a linear contact region or multilayer de-
vices where the important interface can be found between several other semiconductor-
semiconductor interfaces. Here only next neighbours are coupled with each other and
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Figure II.16: Periodic limit-cycle oscillation of a current density front. In (a) the � -
� � �

phase-
portrait is shown, the spatial distribution of the current density for different times is shown in (b)
and the time evolution of � can be seen in (c). Parameters:


 � � 
 	 ��� � � , � � ����� ��� , � � � � � � � .
Spatially random persistent noise with an amplitude of ��� � ����� � � � every � � ��� � � � time steps is
added to trigger the instability of the uniform state.

a perturbation will need a certain time to spread across the system. As shown in sec-
tion II.1.1 the homogeneous system is the same as for the globally coupled system. This
means all homogeneous properties are the same as well. On the other hand the linear
stability analysis for inhomogeneous perturbations in section II.1.2 has shown that the
two systems react differently to this kind of perturbation. While in the globally coupled
system the mode with the smallest

�
compatible with the boundary conditions domi-

nates the system, the system with local coupling favours a mode with
� � � � , where

� �
is a function of all other system parameters. In the following we will discuss (II.2) in
a similar fashion as (II.1) in the previous section. First a summary of the 1D system is
given and the stationary and oscillatory modes are studied.

II.3.1 1-dimensional properties

The integration of the one dimensional system leads to a variety of different forms of be-
haviour [45, 44]. Besides homogeneous oscillations and stationary filaments which were
predicted by the linear stability analysis and can also be observed in the locally coupled
system, a remarkable new feature is the existence of a long transient time � of the sys-
tem. This means a periodic attractor is reached only when the system is integrated for a
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sufficiently long time. One can look a little more carefully on � by integrating the system
with a large number of different initial conditions and determining the transient time � .
If we now plot the number of systems still in the transient phase after a certain time

�
we get an exponentially decaying function shown in figure II.17. This is a first hint for
a transient chaotic phase [77, 43]. Transient chaos is determined by the existence of a
chaotic or strange repeller. Repellers are in a certain sense the opposite of an attractor.
Where an attractor ”attracts” a trajectory which comes close a repeller ”repels” nearly
every trajectory in its vicinity. Because of its complex topology a trajectory can stay for
a long time near a chaotic repeller before it can find an attracting object in phase space.
We say ”nearly every trajectory”, since in general a repeller is a saddle with stable and
unstable directions. If the system is on its stable manifold, then for

� � � we reach
the repeller, but if there is only a small component in the unstable manifold, which is
always the case, if some noise is involved, then this component will grow and take the
system eventually away from the repeller.

Transient chaos

To characterise the repeller a bit more closely and also to be sure that we really have a
chaotic object, we have calculated the largest Lyapunov-exponents. We have used an
algorithm which is independently described in [78] and [79]. In principal one can calcu-
late the whole Lyapunov-spectrum using this method, but we calculated only the largest
few Lyapunov-exponents as were necessary to calculate the Kaplan-Yorke dimension.
Because of the transient nature of the unordered phase we modified the Lyapunov al-
gorithm a little. In principle Lyapunov-exponents are defined in the limit for

� � � .
In the numerical algorithm this condition was translated into a limit over a very long
time to achieve good convergence. Some test have shown that the convergence in the
transient phase is quite good when extending the limit over ��� � � time steps. With this
prerequisite we define a time-dependent Lyapunov-exponent at a time

�
by taking the

limit over the last ����� � time steps. The result is shown in figure II.18. We can see, that not
only the largest but a couple of Lyapunov-exponents are positive although with quite
a small positive value. However it is now necessary to make sure that these exponents
are the result of the chaotic nature of the repeller and not a consequence of its repelling
character only. To do this we have to evaluate the escape rate ��� , which is given by a
statistic over different initial conditions and fixed parameters. If we define

� � � � as the
number of systems with a transient time ��� �

the following relation is true
� � � � � ��
��	� � 
 � �
� � � � � � (II.29)

Now we can easily estimate the escape rate ��� with an semi-logarithmic plot as
shown in figure II.17. For this figure we used a system of size � ��� ��� and we find
�
� � � �� � � � � �

�
� % ��� ��� . A typical evolution of the two largest time-dependent Lya-

punov exponents for the same system is shown in the following figure II.18. The largest
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Lyapunov exponent is of the order of �
�
��% ��� ��� which is considerably larger than the

escape rate � � and this confirms that we really have a chaotic transient.
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Figure II.17: The number
��� ���

of systems
with a transient time ��� �

in a semi-
logarithmic plot. The escape rate 	 � is
give by the slope.

The spectrum of the largest Lyapunov exponents of larger systems is shown in fig-
ure II.19. It is evident that the number of positive Lyapunov exponents increases with
the system size. This is typical for extensive systems. While the number of positive Lya-
punov exponents increases the absolute value of the largest one does not change much.
If we increase the system size even further more and more Lyapunov exponents have
to fit into a fixed interval and in the limit of an infinite system size we get a band like
distribution of positive Lyapunov exponents. This is qualitatively illustrated in figure
II.20.

As we now know the Lyapunov spectrum we can calculate the Kaplan-Yorke dimen-
sion !�
�

!�
� � �$� �� ���
�
� �

�� �
� �
� � � (II.30)

where
� �

is the ordered Lyapunov spectrum and the number � is given by�� �
� �
� � � � and

�
�
�� �
� �
� � �

�
�

(II.31)

This dimension increases linearly with the system size � and we can define a size inde-
pendent dimension- or Lyapunov-density 	�� 	

	�� 	 � !�� 	 ) � (II.32)

which does not change with the system-size. Another interesting is the so called Karhunen-
Loève dimension !�
 ��� [80]. A discussion of !�
 ��� for our system can be found in [46].

Codimension-two Turing-Hopf Point

This system does on the other hand not only have an interesting transient behaviour,
it also shows quite complex periodic patterns. A typical example and also one of the
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Figure II.18: The temporal evolution of
the two largest Lyapunov exponents for a
system of size


 � � � � (a) together with
the positions of the maxima of the spikes
in the same time interval.

first found for this system [40] is shown in the next figure II.21. By performing a 2D
Fourier transformation or, as we are presenting here, a Karhunen-Loéve decomposition
[81, 82, 45] the fundamental components of this pattern become visible. In the spatial
part of the pattern not only a single wave vector is present, but also one with half the
wavelength can be found (see figure II.21c)). The same holds true for the temporal part,
here a frequency and its sub-harmonic can be found (see figure II.21d)). Putting all these
four components together we get the pattern shown in figure II.21a).

The reason for this behaviour is the interaction of the Hopf and the Turing instabil-
ity. If we look at the eigenvalue spectrum corresponding to the pattern in figure II.22
we can see two bands of positive real parts of the eigenvalues. The band containing the
smaller

�
-values consists of pairs of complex conjugated eigenvalues, while in the band

for higher
�
-values the eigenvalues are purely real. The wavenumber of the Turing in-

stability
� � is given by the maximum of the upper band. The wavenumber

� � ) � can be
found in the lower band and is connected to a frequency � � ) � which can be in resonance
with the Hopf-frequency � � . It is obvious that this can only happen when both instabil-
ities are present and have a similar strength. This is most probable at a point in phase
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Figure II.19: The temporal evolution of the largest Lyapunov exponents for systems with size
 � � � � and

 � � � � � .

space where the two instabilities arise simultaneously. This point is called codimension-
two Turing-Hopf point. In general a point in phase space is called a codimension-two
bifurcation when it is necessary to keep two parameters fixed to define this point.

One can ask now, if it is also possible to find patterns with only three or two of these
components. A general answer to this question was given by Anne DeWit. In [83] she
developed amplitude equations for the Brusselator model of the Belousov-Zhabotinskii
reaction for a hierarchy of patters, starting from pure Hopf-oscillations and a pure Tur-
ing pattern. Not all possible patterns were found in the Brusselator equations which is
similar to the model studied here. Besides the pattern described above we found inter-
actions of one wave-vector and one frequency and a variety of bistable patterns. In the
bistable patterns a Turing structure can be seen in one part of the domain and oscilla-
tions in another part of the domain. The oscillating part can be homogeneous or show
some spiking behaviour. It is also possible to find more than two domains, e.g., a Tur-
ing pattern between two oscillating areas. If there are more than one spatially separated
oscillating domains the frequencies need not to be the same.

To compare the different models a diagram where the characteristic timescale is plot-
ted against the characteristic length scale was found to be useful. If we define a critical
diffusion constant

! � �
� �

���
�

� 

� �

��� � �
(II.33)

the codimension-two point can be found on the line ! ) ! �#� � .
The main differences between the semiconductor model studied above and the chem-

ical one are on one hand the existence of two codimension-two points and on the other
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of the number of positive Lyapunov expo-
nents with the system size.

hand the very large discrepancy between the predicted critical values by the linear sta-
bility analysis and the actual values found in the non-linear system. Responsible for
both is the special local kinetic function in the semiconductor model and the large am-
plitude patterns and oscillations which both cannot be described well by linear approx-
imations.

Another model for the Belousov-Zhabotinskii reaction is the Oregonator model. This
model has a codimension-two Turing-Hopf point, too, and shows similar patterns [84].

Now we want to extend our studies to the two dimensional case. Like in the case
with global coupling the interface is now completely taken into account. It would be
interesting to see if the catalogue of different patterns found in the 1-dimensional simu-
lations have their corresponding structures in two dimensions.
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Figure II.21: A typical spiking pattern (a) of the system with local coupling with a Karhunen-
Loéve decomposition. The relative importance of the different mode can be found in (b), (c) and
(d) show the spatial structure of the mode and the temporal evolution, respectively.

II.3.2 The 2-dimensional system

For the 2-dimensional integration of the system we use the same numerics as for the
1-dimensional system.

II.3.3 Stationary patterns

The locally coupled system can show stationary patterns which we call (hot) current
filaments, stripes and cold current filaments. Typical examples are shown in figure II.23

These three patterns can be seen as the analogues of the stationary patterns of (II.1)
which will be illustrated in the following. If we take a value of � � slightly above the
lower threshold, i.e. sending a small but over-critical current through the device, we
can observe current filaments similar to the ones shown in figure II.23a). The diameter
of these filaments will grow with increasing � � . The amplitude of the filaments is more
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Figure II.22: A typical eigenvalue spectrum of a point in the parameter space where sub-
harmonic resonances are possible. The � -value of the maximum in the Turing-band is marked
with � � and also the resonant � � 	 � value which lies in the Hopf-band. Starting from this point the
resonance of the frequencies � � and � � 	 � is shown.

or less fixed due to the structure of the current-voltage characteristic and so the only
way to put more current through the device (increasing � � ) is by enlarging the area of
the filaments. At some point two filaments will touch each other and then start to form
a stripe like structure. After further increasing of � � all circular filaments have vanished
and a striped pattern can be found. This pattern is often also called ”roll” pattern being
reminiscent of, e.g. the roll patterns observed in the Raleigh-Bernard convection [6]. An
increase of �	� leads to an increase of the width of the stripes, because their amplitude
is fixed for the same reason as the amplitude of the circular filaments. Eventually the
stripes become so thick that they form a net like structure. Now we have areas of low
current density embedded into a background of high current density, for this reason we
call them cold current filaments. The whole process from current filaments to stripes to
cold filaments is illustrated in figure II.24 where a sequence of images is shown each one
with a different value of �	� . Figure II.25 shows the current voltage characteristic of the
three filamentary structures, similar to figure II.7 and figure II.8 where the corresponding
characteristic for the system with global coupling (II.1) is shown.
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a) b) c)

Figure II.23: Typical stationary patterns of the system with local coupling in 2 spatial dimensions.
Hot current filaments are shown in a), stripes can be found in b) and in c) cold current filaments
are shown. Parameters: � �������	� � , � � �

,

 � � 
 	 � � � � , a)

� � ��� � � , b)
� � � � ��� , c)

� � � � � � .

As in (II.1) three branches, corresponding to spots, stripes and cold spots are visible.
A hysteresis between an increase and a decrease of the current can be found between
spots and stripes and between stripes and cold spots. But here only bistability was
found. Also the branches are very close to each other and a change from one pattern to
the other is not as easily detectable as in small globally coupled systems.

All these analogies now lead to the following identifications. The hot corner fil-
ament in (II.1) corresponds to the (hot) spot structure in (II.2), the edge current layer
corresponds to the stripe pattern and the cold corner filament is the equivalent to the
cold spots.

II.3.4 Oscillatory pattern

So far we have found, apart from homogeneous oscillations and the homogeneous
steady state, stationary Turing structures as discussed in the previous section. In the
following section we try to find spatio-temporal structures corresponding to the ones
found in two spatial dimensions for the globally coupled system (II.1).

Bistability between homogeneous oscillations and Turing structures

Near the boundary separating the area of homogeneous oscillations and stationary Tur-
ing structures in parameter space bistability between these two modes can be found.
This boundary area is very small which can be seen in figure II.26 and usually it is easier
to reach a bistable pattern with a certain symmetric initial condition than with random
initial conditions. Similar to the bistable structures in one dimension there is no sharp
boundary between the Turing and the Hopf area. If we look at a single spot in the sys-
tem near the area of homogeneous oscillations a small oscillation of its amplitude can
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Figure II.24: The evolution of stationary patterns in the locally coupled system. Starting with
current filaments for small values of

� � , stripes are formed for intermediate values of
� � and for

high values cold current filaments can be found.

be seen. On the other hand, near the area of Turing patterns the oscillations are not
perfectly homogeneous, but have a small amplitude modulation of the corresponding
Turing wave-length which decays fast with increasing distance from the Turing area.
However this must not be mistaken for an interaction of the Turing and the Hopf mode
which can be found in one dimension.

So far no oscillating patterns as a consequence of a Turing-Hopf interaction have
been found, neither pure nor sub-harmonic. But the study presented here was a purely
numerical study and as we have seen the area where bistability patterns can be found
is already very small. Nevertheless it might be possible that in a tiny area in parameter
space these interactions can be found. To answer the question whether such an area
exists or not a first attempt with an amplitude-equation formalism similar to the one
presented in [83] was made by W. Just, but so far there are no hints for stable oscillating
patterns.
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Figure II.25: The current voltage characteristic of hot current filaments, stripes and cold current
filaments, respectively.

Spiral Waves

Until now we have mainly varied two parameters, namely � which represents the ap-
plied parallel capacitance and the control current density � � . Or, in terms of nonlinear
dynamics, the time scale ( � ) and the bifurcation (control) parameter (�,� ). But, even if
it is not obvious, we have also varied the ratio of the diffusion constants ! . As we ex-
plained earlier the difference between the locally and the globally coupled system from
a physical point of view is the degree of diffusion of the charge carriers in the contacts
which are responsible for the voltage drop at the studied interface. The charge carriers
can diffuse very much faster along the contacts than the carriers at the interface in the
case of global coupling. In the model with local coupling a comparable diffusivity is
assumed. This means that we have changed ! a lot by going from a globally coupled
system to a locally coupled one. We can go even further. If we assume that the contacts,
i.e. the surrounding interfaces, are very badly prepared with respect to charge carrier
diffusion and the modelled interface was prepared with great care it might be possible
that the ratio of diffusion constants ! becomes smaller than � . This means that now the
activator is faster than the inhibitor and this generally leads to spiral waves [85]. Figure
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Figure II.26: Final states obtained by in-
tegrating the locally coupled system with
random initial conditions in the
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rameter plane.

II.27 shows a typical examples of a single spiral wave.

Figure II.27: A typical example of a single
spiral wave. Parameters: � � �����	� , � � �
� ��� , � ������� , 
 � � 
 	 � ��� � .

In larger systems with random initial conditions typically more than one spiral core
arises, but after a transient time either a single spiral wave survives or two or more
spiral cores are rotating in a way that all the cores can exist in the same domain. Both
resulting states are periodic. No process was found which can generate new spiral cores
like, e.g., spiral breakup [86, 87] and so it was not possible to find some chaotic motion
like spiral defect chaos [88, 89, 90].
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II.4 Summary

In this chapter we have discussed the spatio-temporal pattern formation in two reaction-
diffusion models with two components. One is locally coupled and the other is the limit
case where the diffusion of one species is infinitely fast. This is also called global cou-
pling. Oscillations of a simple spatial structure can be found in the globally coupled
system in one and two dimensions. The oscillations can be periodic or chaotic and the
chaotic stage is reached via period-doubling or intermittency. The area where the oscil-
lating modes can be found decreases with increasing system size.

The system with local coupling shows complex spatio-temporal patterns in one di-
mension but so far only bistability of an inhomogeneous stationary and a homogeneous
oscillating mode have been found in a tiny area in parameter space. In the case of slow
inhibition spiral waves can be found.

Both systems show three different kinds of stationary patterns which can be con-
nected to different intervals of current density. The oscillating structures are always
connected to the pattern with the lowest current density. Very similar patterns to the
ones which we have called hot spots, stripes and cold spots, or hot corner filament,
edge current layer and cold filament for the globally coupled case, have been found in a
variety of other dynamical systems. For example in gas-discharge system current den-
sity filaments can be found [91, 92]. These filaments can form hexagonal patterns (hot
spots) and stripes which were observed in experiments [93, 94] and in simulations [94].
A pattern corresponding to the cold spots has not been found so far, but this may be
due experimental limitations. A similar transition from hexagons to stripes was found
in the complex Ginzburg-Landau equation [89]. An analytic study of the three patterns
based on normal forms can be found in [95]. Two-dimensional studies of the gener-
alised Swift-Hohenberg model [96] which is an often used model for the CIMA reaction
(Chlorite-Iodide-Malonic acid) where all three patterns were found are presented in
[97, 98]. Also in the Brusselator model all three type of patterns can be found [99]. They
found bistability between stripes and either hot or cold spots but no bistability between
the different spot patterns or multistability between all three patterns which compares
quite well with our findings. An important difference of the three previously mentioned
studies and the one presented here are the amplitudes of the patterns. In these works
low amplitude (super critical) patterns where studied with generalised equations which
are valid near a bifurcation point, but in our work large amplitude patterns were stud-
ied, which is typical for semiconductor models [100, 101, 102, 48]. Also the nonpolyno-
mial local kinetic function is typical for this kind of semiconductor models [101, 100] in
contrast to the cubic polynomial used in [94].

Dynamical systems like chemical reactions and gas-discharge tubes have the advan-
tage that the evolving patterns can easily be seen and measured. Semiconductor in-
terfaces are generally embedded between a number of other semiconductor layers and
metal contacts so that in general it is not possible to get spatially resolved experimental
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data of the whole interface. Another obstacle is the small size of semiconductor devices,
e.g., a couple of � m in the case of the HHED [51]. But in special cases it is possible to
measure, e.g., the spatial structure of the surface potential [54] which is connected to
the local current density or to record recombination radiation with a high-sensitivity
near infrared video camera [52]. But these experiments so far have only produced one
dimensional data, which are in good agreement to the one dimensional results of our
simulations but can give no further insight to the current density distribution over the
whole interface. However it might not always be necessary to really measure the spa-
tially resolved current density distribution, because the simulation show that many pat-
terns have a specific fingerprint in a current-voltage diagram or in the time evolution
of the applied voltage. If we compare, e.g., figure II.13 and figure II.14 we can see that
the spiking mode, the breathing mode and homogeneous oscillation have a different
temporal behaviour which makes it possible to distinguish between these three modes.
The three types of stationary patterns can be identified with the help of the current-
voltage characteristic. As shown in figure II.7, II.8 and II.25 each of the patterns has its
own branch in the current-voltage characteristic and by looking for a hysteresis these
branches can be found. If we compare figure II.7 and II.8 we can see that it might be
easier to identify the different branches in small systems, because in large systems they
are lying very close to each other.

This system is another good example to show that it is very desirable to have both
good experiments and a good theory to obtain a detailed picture of a physical system.
Because it is not always possible to measure every single quantity of a physical system
a theoretical model which is in agreement with the experimental data is necessary to
obtain more information of the internal processes and the connection of the relevant
quantities.
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III: Pattern formation in epitaxial
growth of quantum dots

In this section we would like to present another system showing pattern formation.
While in the previous chapter we considered electronic transport through an interface
we will now study atoms deposited on a semiconductor surface. In both cases particles
will accumulate at the obstacle and may then be able to form some patterns. The study
of the epitaxial growth on semiconductor surfaces is of great technological importance,
because of the strong needs in the computer industry for semiconductor materials with
very well defined structural and chemical properties.

In general a simple picture of semiconductor growth looks like the following. Atoms
will ”rain” onto the surface and can then move over the surface under the influence of
the periodic surface potential and of the other atoms on this surface. The ad-atoms
can stick to each other and form clusters (islands) on the surface. There are three main
growth modes on semiconductor surfaces which we will explain in the next section,
but only in one we will find pattern formation processes which can be compared to
the system of the previous chapter, because only in this growth mode we will find an
inhibiting mechanism which will influence the clustering of atoms.

III.1 Growth Modes

The growth on semiconductor surfaces is classified by three main growth modes, namely
the layer-by-layer or Frank – van der Merwe growth [103], the island or Volmer – Weber
growth [104] and a mode for highly strained systems called Stranski-Krastanov growth
mode [26]. In figure III.1 all three modes are illustrated.

The layer-by-layer mode (figure III.1a)) is characterised by the fact that during growth
the surface is quite flat and occurring steps are very low. Ad-atoms will only start to
form larger clusters on a layer when this is almost completed.

This is in contrast to the processes being observed in the island growth mode (Volmer-
Weber) (figure III.1b)) where ad-atoms will already cluster on layers which are far from
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complete and thereby forming three dimensional island structures. These two modes
can be observed in the same material system with different external parameters. Under
high temperature and only a small ad-atom flux to the surface the ad-atoms can diffuse
fast and far to find an edge of the growing layer where they will be bound to two or
more atoms reducing their own energy. On the other hand with low temperatures and
a high flux ad-atoms will only find smaller clusters and stay there.

a)   Frank - van der Merwe

b)   Volmer - Weber

c)   Stranski - Krastanov

Figure III.1: The three different growth
modes in epitaxial growth. a) the layer-
by-layer or Frank – van der Merwe growth
mode, b) the island or Volmer – Weber
growth mode and c) the Stranski – Kras-
tanov growth mode.

For the third growth mode (Stranski – Krastanov) (figure III.1c)) we have to take a
closer look at the surface. When impinging onto a surface an ad-atom will find the
already existing lattice of the substrate with a fixed lattice constant. In homo-epitaxy
where substrate and ad-atoms are of the same material, there will be no problem. New
clusters will just have the same lattice constant and will therefore fit perfectly to the
substrate. The problem arises with hetero-epitaxy, where substrate and ad-atoms are of
different material. Both materials will have their own lattice constant and when grow-
ing one onto the other they have to adjust in some way. Independently of how this hap-
pens we will have a strained system, since at the beginning the ad-atom clusters will
form in a way ensuring that they have the same lattice constant as the substrate. But
not only the ad-atoms will feel the strain, the substrate atoms also will be shifted from
their equilibrium positions. The displacement will not be as strong as in the ad-atom
cluster but the larger the cluster becomes the stronger the influence on the substrate will
be. One way to relax the accumulated strain energy is by forming dislocations. Here
the ad-atoms will not form a regular periodic lattice, but the lattice will have vacancies
or other defects. The consequences are poorer material properties of the ad-atom layer.
For this reason one wishes to avoid dislocations. One possible way to do this is by using
the Stranski-Krastanov growth mode.

During the Stranski-Krastanov mode two stages are observable. First a few mono-
layers grow epitactically on the substrate and are, as explained above, heavily strained.
These layers are called wetting-layers. To relax the strain small, dislocation free islands

46



III: Pattern formation in epitaxial growth of quantum dots

can form on top of the wetting layer. Under certain growth condition these islands show
a surprising behaviour. They have a sharp size distribution, i.e. they all have about the
same size. Furthermore a spatial ordering of the islands on a square lattice is observable
(see [33, 105] for experiments showing these results). On account of their size, which is
so small that they have only a few, or even only one localised eigenstate for electrons or
holes, they are called quantum dots. They are often also labelled self-organised quan-
tum dots to separate them from the quantum dots fabricated by photo-lithography or
on pre-patterned surfaces.

The self-organised growth of quantum dots in strained semiconductor systems has
recently become the focus of extensive research because of its great potential of ap-
plication to nanoelectronic devices. It might help to simplify the fabrication of novel
semiconductor devices based on quantum dots, for instance, quantum dot lasers with
better gain and lower threshold than conventional quantum well lasers [106, 107, 108].
It is widely accepted that the key to the understanding of this growth lies in the strain
fields which are present in the Stranski-Krastanov growth mode. The strain induced by
the quantum dots in the substrate is of great importance for the ordering. For a recent
review on experimental and theoretical results see [109].

There is another effect of self ordering processes, namely the shape of the quan-
tum dots. This will not be under consideration here because of the different nature of
this problem. There are theoretical studies of the thermodynamic equilibrium shape
of InAs quantum dots on a GaAs(100) substrate using density functional total energy
calculations which show that there exist different possible volume dependent shapes
for quantum dots which are not overgrown [110, 111]. In devices the quantum dots
will be overgrown by substrate material and it is highly possible that their shape will
be different then. For example in [112] cross-sectional scanning-tunnelling microscopy
(STM) images stacked InAs quantum dots are shown which are quite flat, i.e. their
height is small compared to their diameter. The actual shape will also depend sensi-
tively on the material, while here we will focus on methods to describe the positional
and size ordering effects independently of the specific material parameters. This will
imply that our calculations are only valid for the formation of the first few monolayers
of the islands. However, this is in agreement with the view that the most important
processes for positional and size ordering effects will happen during this early stage of
growth. As explained in [113], platelets of one monolayer will form the fundaments for
the quantum dots.

In the following we shall develop a kinetic Monte Carlo model to describe the posi-
tional and size ordering of self-organised quantum dots.
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III.2 Kinetic Monte Carlo Formalism

The idea behind the kinetic Monte Carlo simulation is to describe the diffusive motion
of atoms on a surface considering the periodic atomic potential of the surface and other
atoms adsorbed on the surface. Each atom can move from its actual position to another
lattice site, hereby influencing other atoms on the surface. Here we restrict ourselves
to nearest neighbour hopping and nearest-neighbour interactions. Additionally no va-
cancies are allowed and an atom can move only on top of another atom. This is called
solid-on-solid or SOS model. Hence each atom has a certain probability 	 per unit time
to move from its position to a specific neighbouring site. This probability is proportional
to an Arrhenius factor

	 � � 
 �	� ��
 ��� � � � �
��� � � (III.1)

where ��� is the atomic binding energy to the surface and � � is the binding energy to
a single nearest-neighbour atom, � gives the number of nearest-neighbours,

�
is the

temperature and
���

Boltzmann’s constant. The proportionality constant is a vibration
or attempt frequency � which we take as ���

�
� � �

�
[114]. To choose the target nearest-

neighbour position we have to consider several cases. For a free atom with no neigh-
bours and not near a step edge we assign the same probability to all nearest-neighbour
sites. If the atom is at the top of a step we have to take into account the Schwöbel barrier,
which we will discuss in more detail in section III.3.4, for going down the step. At the
bottom of a step apart from the Schwöbel barrier we have to take into account that atoms
may prefer to move along the step rather than separating from the step. This process is
responsible for a straight island boundary. There may also be much more complicated
processes, for example, the diffusion on a flat surface may be anisotropic or as shown
in [37] for the diffusion on GaAs(001) complicated long range diffusion steps have to
be included. But here we stick to this simple model in order to be independent of a
specific material. For a free atom on a flat surface, i.e. where the hopping probability
only depends on ��� , the diffusion constant ! is given by

! � � ��
� 	 (III.2)

where � � is the length of a nearest neighbour hop [115].

So far equation (III.1) does not include any strain effects. In strained systems the equi-
librium position and also the equilibrium binding energy of the atoms will be modified.
The binding energy in strained systems will in general be lower than in the unstrained
case. This can easily be seen in the interaction potential of a system with two atoms as
shown in figure III.2. This potential has a minimum which defines the equilibrium dis-
tance of the atoms. The energy which is gained compared to the state where the atoms
are infinitely far apart is called binding energy. Moving the atoms closer together or
further apart will reduce the binding energy. In section III.3 we will discuss a strained
semiconductor layer in more detail.
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Figure III.2: Interaction potential of two
atoms. The minimum of the potential
defines the equilibrium distance and the
equilibrium binding energy.

To include this effect we introduce a correction term ��������� 	 � for the binding energies
��� and � � . � ������� 	 � may be different at each atomic position �����
	�� on the substrate sur-
face, because of the non-homogeneous strain field. The resulting hopping probability
is

	 � � 
 �	� ��
 ��� � � � � � � ��� ��� 	 �
� � � �

�
(III.3)

In this context � ������� 	 � is always negative to reduce the binding energy and to increase
the hopping probability. The higher the strain the more negative is � �������
	�� . As a result
atoms will move faster in areas with higher strain and slower in areas with lower strain
and this will lead to a flux of atoms from high-strain to low-strain regions. In section
III.3 we will describe how we calculate ����� ��� 	�� .

With this we now have all the ingredients for the single atom hopping probability.
We would like to stress that the modelling of ����� ��� 	�� at this stage is purely phenomeno-
logical. While the values of the parameters � � and � � were also used in other theoreti-
cal studies, as mentioned above, which included quantitative comparisons with exper-
iments, the strain field is introduced here for the first time, and no direct comparison
with experiments is available for the values of ���������
	�� . For a microscopically founded,
quantitative expression extensive detailed ab-initio calculations would be necessary in
order to investigate how the strain affects the binding energies. Such microscopic cal-
culations can, however, not be performed for the large systems considered here, which
are required for pattern formation. But there is another obstacle for the estimation of
the energy values. In the Monte Carlo scheme on the mesoscopic level described here,
we use only a single species of atoms. In III-V compound systems, which are the most
widely used material systems in experiments, two species, namely the cations and the
anions, diffuse. To include these systems a single step in the Monte Carlo scheme must
not be seen as a jump of a single atom to a neighbouring position, but as a mean or ef-
fective process which represents the motion of more than one atom in the experimental
system. Accordingly the energy values used in the Monte Carlo simulation are effective
ones and cannot easily be compared to single values found by ab-initio calculations.
A Monte Carlo scheme for III-V compounds with two different types of atoms is, e.g.
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presented in [116].

Now we can describe the Monte Carlo algorithm step by step. In the first step the
hopping probabilities 	 for all atoms on the surface are calculated. For the binding
energies we use ��� � �

� �
eV and � � � �

� �
eV which corresponds to values employed in

Monte Carlo simulations for Si on Si(001) surfaces [114]. The number of neighbours of
each atom � has to be determined. Atoms with four nearest neighbours are considered
as immobile. Now we have to find all islands on the surface and calculate � �������
	�� as
described in III.3. The hopping probability is then given by (III.3).

In the next step of the Monte Carlo simulation we group the possible hopping events
of all atoms into classes with equal probability, or more precisely, within a certain proba-
bility interval � 	

�
� 	
�
� � 	 � as illustrated in the upper part of figure III.3. This is necessary,

because of the continuous contribution of the strain field ��������� 	 � . We collect all hopping
events which fall into a specific class � and weight the probability 	

�
with the number of

events
�

�
in that class. Besides the surface diffusion, the deposition of an atom (due to

molecular beam epitaxy or metal-organic chemical vapour deposition) also represents
a possible event, and is also assigned a probability per unit time according to the de-
position rate. Then we randomly choose one of those probability intervals according to
its weighted probability 	

�
% �

�
, such that intervals � with a higher weight are preferred.

This is shown in the middle part of figure III.3. An event is selected randomly out of
the chosen interval (see lower part of figure III.3) and the selected atom moves to the
selected nearest-neighbour position.

The probabilities for the atoms around the moving atom’s initial and final position
are re-calculated and then a new probability interval is selected. The strain field cor-
rections � ������� 	 � are not updated at every single Monte Carlo step, because the islands
change on a much slower time scale. For this reason we re-calculate the corrections only
after every ��� � � hopping events. Small-scale tests with an update after every ��� � events
have shown no qualitative change and we assume that the update rate might be taken
even less than � ) ����� � .

With this event-based scheme the time interval associated with a single event may
differ from event to event, depending on the other possible events. If the rates per
second of all possible events are summed up the inverse of the sum is the time step
which has to be associated with the chosen event.

III.3 A strained semiconductor surface

In this section we want to discuss how it is possible to incorporate strain effects into
the Monte Carlo formalism. In the previous section a correction term � ������� 	 � to the
local binding energies was introduced. Now the question arises how this term is con-
nected to the strain field. To outline the answer to this question we take the following
steps. First we discuss two ways to calculate the strain field. Second we review some
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Figure III.3: Illustration of the Monte Carlo process. The probability of all events are calculated
and are then grouped into several intervals. The probability of the intervals are weighted with the
number of elements inside the interval and out of the total interval a part is chosen randomly. A
single event of the chosen interval is selected randomly.
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ways to calculate the effects of strain on binding energies. Finally we present a simple
phenomenological approach which is used in the Monte Carlo simulations presented
here.

III.3.1 Calculation of the strain field

There are two ways to calculate the strain around an island on a strained wetting layer.
The first is the theory of elasticity [117] which was used by Shchukin et al. [118] to
determine the free energy of quantum dots. The elastic energy was also used in [119,
120]. In [121] a method based on a Green’s function formalism is presented to calculate
the components of the stress tensor for an isotropic medium. Shchukin has developed
an extension for anisotropic media and Meixner has substituted the phenomenological
correction term � � by this approach in the Monte Carlo scheme [122, 123] to start more
realistic calculations. With the help of finite-element calculations the strain field for
specific quantum dot geometries was calculated in [111, 124]. The second method to
calculate the strain field is the valence force field method [125] and its simplified version
introduced by Keating [126]. Although this method would describe the quantum dot
system microscopically in more detail than the theory of elasticity, because it takes into
account that quantum dots and the surrounding substrate are formed by atoms in a
fixed lattice, it is rarely used [127] in the theory of quantum dots.

III.3.2 The influence of the strain field on the binding energies

Schroeder et al. [128, 129] studied the effects of strain on binding energies with the
help of molecular dynamic calculations. They discussed the (001) surfaces of the three
standard lattices, namely the simple cubic, the face centred cubic and the body centred
cubic.

An approach similar to ours was done by Ratsch et al. [130, 131]. They used the
Frenkel-Kontorova model [132] to calculate the average strain energy per atom. This
energy is then used as a correction to the hopping barrier for an atom in a kinetic Monte
Carlo scheme.

III.3.3 Phenomenological correction term ���������
	��
To obtain the effects of a strain field in general one has to use a number of sophisticated
techniques as shown in the previous sections [122, 133], but here for simplicity and
generality we will employ some phenomenological functions to mimic the strain fields
and � ��� ��� 	 � . Close to existing islands (quantum dots) the strain is very high and it
decays fast with increasing distance from the island. Therefore we model the strain of a
single island by a function centred around the centre of mass of the island which decays
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to zero at some distance from the island. The amplitude of this function and the domain
where it is non-zero increases with the size of the island. In the core of the island this
function is of no interest, because we assume that the atoms there cannot move.

To incorporate the correction ����� ��� 	�� due to the strain field we take all islands with
a minimum size (in the simulations we use, e.g., islands with a least

� � ��� atoms),
and set the range of the strain field around those islands equal to twice their radius. In
this range

� � ��� ��� 	 � � (note that � �������
	�� is negative) is assumed to decrease linearly from
its maximum value at the centre of mass of the island down to zero at the edge of the
range of the strain field. The maximum value

� � �
� �� � � � �

is assumed to scale linearly
with the number of atoms

�
in the dot where ��� �

�
� � ��� . To take account of the cubic

lattice symmetry we use the maximum norm
� � � � ��� ����� �
	 � � � � � 	 ��� for surface vectors

�
to calculate distances. When the ranges of two islands overlap we add up the different
contributions to the strain field. Having calculated the contributions of all islands we
make sure that

� � ������� 	 � � is not larger than a cut-off value which we choose as �
� �

eV.

III.3.4 Why do we need a Schwöbel Barrier?

Besides the simple approach where only the binding energies of the nearest neighbour
atoms are taken into account we also want to include an effect called "Schwöbel Bar-
rier" [134, 135]. This barrier is characterised by an extra energy which an atom has to
surmount when crossing a step of atoms, i.e. when moving on top of another atom or
falling down from an atom.

The reason for this extra energy is the asymmetry at the step edge. When, for exam-
ple, an atom from an upper terrace comes to a step edge the binding energies from the
atom layer below is not equal in all directions, because there are no atoms beyond the
step edge. As a result the atoms of the higher terrace prevent the ad atom from falling
down the step. Including this energy the probability for staying on the terrace is higher
than for falling down. On the other hand it is also more probable for an atom to stay on
a lower terrace than jumping up a step. This is illustrated in the following figure III.4

To incorporate the Schwöbel barrier into the Monte Carlo scheme it is now necessary
to consider every possible move of an atom as a single event with an own probability.
The strain will reduce the binding energy of all atoms at the boundary of an island.
This means that these atoms will have a higher probability to move, but no direction is
distinguished. An atom can move away from the island and up to the next level of the
island with the same probability which is not realistic. To control this upward flow we
introduce an extra energy of 0.1 eV for a move one level up. With an extra energy for
moves one level down it would be possible to control the formation of higher layers of
the island. The higher the barrier for moves down the earlier a new layer will nucleate
on another. Here we always use a Schwöbel barrier for downward flows of 0.1 eV.
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Figure III.4: Illustration of the Schwöbel Barrier. An atom at a step edge will experience an extra
force because of the asymmetry of the surrounding.

III.4 Results of the Monte Carlo simulations

III.4.1 Co-operative growth versus Ostwald ripening

When comparing the effects of equation (III.1) and (III.3) an important new effect is vis-
ible. Fig. III.5 shows a simple test where we have put a large and a small island onto
the surface as initial conditions. For the fixed number of atoms, their surface diffusion
is now modelled by a kinetic Monte Carlo simulation. Equation (III.1), which does not
include strain effects, leads to Ostwald ripening, i.e., a winner-takes-all dynamics where
the smaller island decays and only the large one grows and finally survives (Fig. III.5a).
This can be explained by means of the following. The larger island has a larger bound-
ary where free atoms can connect and hence there is a higher probability for a free atom
to connect to the larger island than to the smaller. On the other hand also more atoms
will desorb from the larger island, but this occurs much more rarely than the inverse
process because of the binding energies to the other atoms of the islands which reduce
the desorption probability drastically. All this results in a net flux of atoms to the larger
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island.

(a) Ostwald Ripening

(b) Cooperative Growth

Figure III.5: Cooperative growth and Ost-
wald ripening. For figure a) only the stan-
dard Monte Carlo model (III.1) was used
while for b) equation (III.3) which include
strain effects was used. The initial con-
figuration (left) and the pattern after 10s
(right) are shown.

In contrast, using equation (III.3), which includes the effects of strain, we obtain a
kind of co-operative growth where larger islands lose some atoms to smaller ones (Fig.
III.5b). Because of the higher strain at its boundary, hopping away from the larger island
is favoured compared to the smaller one until both have about the same size. This is
necessary for the formation of a large number of equally sized quantum dots and gives
a first hint that we can expect size ordering [136].

III.4.2 Continuous deposition

In contrast to section III.4.1 we will now study a system where a continuous flux of
atoms onto the surface is present.

With this feature one can observe the formation of single quantum dots which is
shown in figure III.6. At the first stage a single quantum dot starts to grow in the first
monolayer (shown in red) until the increasing strain at its boundary makes it more
favourable for the free atoms to form a second quantum dot, and so forth. When the
density of the quantum dots is so large that the strain fields of different quantum dots
start to overlap a slight motion of the quantum dots’ centres of mass is visible. After
a while the islands do not grow any more in the first monolayer but new atoms move
to the second layer (green) to form three-dimensional quantum dots. If we put even
more atoms onto the surface the single islands start to collide and form larger islands.
At this point the development of a sharp size distribution and the regular arrangement
is spoiled. We can see here that we have to stop the flux of atoms at a certain coverage
to achieve an optimal array of quantum dots which we will discuss in more detail in
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t

Figure III.6: The formation of quantum dots on a flat surface. The blue shaded area represents
the substrate. Ad-atoms in the first and second layer are red and green, respectively. The
simulation was performed on a 200 � 200 grid at 750 K.

section III.4.4. The reason why we ought to stop the simulation here is, that so far we
did neither model the strain on top of the islands themselves nor the transition of atoms
across island edges in an appropriate way. So the simulation is only valid for the first
monolayer and starts to fail when atoms populate the higher layers in larger numbers.

Next we want to compare the dot patterns which can be found for different growth
conditions and discuss the optimization of self-assembled quantum dot structures. For
that we need some tools for quantitative comparison which will be presented in the
following section.

III.4.3 Analysis of the quantum dot patterns

It is necessary to have a quantitative means to analyse and compare patterns formed
by quantum dots. Quite obviously the size distribution can be plotted by a distribution
function. The size (area) of an island is proportional to the number of atoms forming this
island, but here a problem arises. During the simulation atoms will attach and detach
constantly from the islands and at a specific time step it might be possible that all islands
have about the same size, but no two islands will have exactly the same size. This leads
to the question how to group the islands in a sensible way. The natural shape, due to
the symmetry of the lattice and the strain field, for an island is a square. Therefore we
count every island which has about as many atoms as the nearest perfect square island
in the same group. The easiest way to do this is by taking the square-root of the number
of atoms, rounding it up or down to the nearest integer and plotting the distribution as
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a function of this ”effective” diameter 	 .

To see how regular a single pattern is, it is often the best way just to look at it. But on
the other hand the eye can be tricked or misled so that we also need a more quantitative
way to analyse a single pattern and even more so to compare two different patterns.
Because our aim is to find very regular patterns a spatial Fourier transform, which can
detect dominant wave vectors, is a good tool for this analysis. A subroutine based on the
”Fast Fourier Transform” (FFT) algorithm [137] is used here. For the FFT it is necessary
that the number of rows and columns is a power of � . To fulfil this requirement we
expand the input data periodically until the next power of � is reached. This may lead
to some artifacts, because although the original pattern is periodic the expanded is not
periodic. But with a system which is large enough to hold a couple of islands in one
direction this is negligible.

To demonstrate what results we should expect the Fourier transformation of two
test patterns is shown in the following figure III.7. Figure III.7(a) shows a pattern with
square symmetry generated by

� � ��� 	 ��� sgn ��� ��� � � � ��� ��� ��	��#
 �
�
� ��� (III.4)

where � and 	 label the two spatial dimensions, and the corresponding Fourier trans-
formation. The four-fold symmetry of wavevectors

� ����� � ,
� 	 ��� � is clearly visible

in the transform. A pattern with hexagonal symmetry generated by
� � ��� 	 ��� sgn ���
	�� � � � 	 
 � � ����	� � � � 	�� � � ����	� � ��� � �
� (III.5)

and its Fourier transform is shown in figure III.7(b). Here a six-fold symmetry of wavevec-
tors

� �$��� � and � � � � � 	 ��� ��� � ��� � � can be found.

The symmetry of the patterns is clearly visible in the density plot, but it is still diffi-
cult to compare the Fourier transformation of two different patterns or two peaks in one
Fourier transformation quantitatively. To do this, we use one dimensional cuts across
the two dimensional domain of the Fourier data as shown in figure III.8.

Besides the characterization of the patterns the Fourier transform also gives the pos-
sibility to compare the Monte Carlo results to x-ray scattering images [138], because the
resulting images are more or less a Fourier transform of the surface.

We will use the size distribution and the Fourier spectrum only to analyse the sur-
face structure at given times. To get an impression about the temporal evolution of the
surface structure we will plot the total number of islands on the surface and the sur-
face roughness � over time. The number of islands is proportional to the island density,
because we will use always the same domain. The surface roughness � , the standard
deviation of the height � , is given by

� � �
�

�
� � 	

��� � ��� 	 �#
 � � � � (III.6)
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Figure III.7: Demonstration of the spatial Fourier transform. In (a) a square pattern and its
Fourier transform is shown in (b) a hexagonal pattern with its corresponding transform can be
found. In the left column the spatial structure in real space ( � and � coordinates) is show while
the corresponding Fourier transform in � -space ( � � and � 	 coordinates) can be found in the right
column.

where � and 	 are labelling the grid points of the simulation lattice,
�

is the total number
of grid points, ������� 	 � is the height at the grid point ����� 	 � and � mean value of the height
given by

� � �
�

�
� � 	

� � ��� 	 �
�

(III.7)

The temporal evolution of the surface roughness � is a good quantity to detect the tran-
sition from the 2-dimensional to the 3-dimensional growth mode.

Now we have all the necessary tools for the quantitative comparison of the dot pat-
terns.
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Figure III.8: The density plot of the spatial structure a) and of the Fourier transform b) of the
pattern generated by

� �
��� � � ��������� � �

�
	 ����� � � � and two one-dimensional cuts c) as indicated by
the lines in the density plot.

III.4.4 Variation of Coverage

Now we want to study the influence of parameter changes on the resulting patterns.
Like in chapter II we will focus on growth parameters which are easy to access in exper-
iments and keep internal parameters constant. The activation energies are the internal
parameters kept fixed and the growth temperature and the flux rate are the parame-
ters we will change. But there are two other parameters which we consider important,
namely the coverage, i.e. the total number of atoms deposited onto the surface divided
by the number of atoms in one monolayer and the growth interruption time we wait
after the deposition has stopped.

The influence of the temperature
�

and the deposition rate � on the surface struc-
tures is widely discussed in the literature [25]. The temperature determines the diffu-
sion constant ! on the surface and the ratio � ) ! is often used to characterise surface
structures. For high values of � ) ! in general the system is in the island growth mode
and the structures tend to be rough hence they are often called fractal. For low values
of � ) ! edges and boundaries are getting smoother and layer by layer growth can be
observed. But this is only true for systems without strain. What happens if we include
strain effects will be discussed in the next sections.

In the following we will perform simulations with � � �
�
� � �
�
� and �

�
� � monolayers

per second (Ml/s) and with temperatures
� ���� � ��� ��� and � � � K. One series of im-

ages in the following figures is taken at those times when a certain coverage is reached,
e.g., after � s if we choose a coverage of � � �

�
� at a of flux � � �

�
� Ml/s or after 10 s

if � � �
�
� � Ml/s. The other series is taken ��� s after the flux started. This means the

systems has different growth interruption times and hence different times to relax to-
wards equilibrium. Our intention is to optimise the total growth process, i.e. to find
the conditions for best ordered and equally sized quantum dots, after a fixed total time.
The figures of the surface structures are supplemented by graphs of the size distribution
of the quantum dots and 2D-Fourier spectra of the surface structures. For the Fourier
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spectra we treat all islands as if they have a constant height of 1, because we are only
interested in the spatial arrangement of the islands.

We will discuss the influence of the parameters
�

, � and � in a sequence of increas-
ing coverage � and study the role of

�
and � for a given coverage.

10% coverage

We start with a coverage of ����� or � � �
�
� . The configuration of the surface, the size dis-

tribution and the 2D-Fourier spectrum of the surface at the time where the deposition
is switched off, and ��� � after the deposition started are shown in figure III.9 and figure
III.10, respectively. For low temperatures (

� � ��� ��� ) and high fluxes ( � � �
�
����� ) � ) a

large number of very small islands can be found when the deposition ends after �
�
� � . Af-

ter ��� � many of theses small islands have decayed and have build up larger islands (see
also figure III.11a)). The total number of islands has decreased because the coverage, i.e.
the number of atoms on the surface, has remained constant. But we can see in the corre-
sponding histogram of the islands sizes in figure III.10 that the size distribution is quite
broad with a strong tail towards small islands. This can be explained by the different
significance of Ostwald-ripening and strain effects for islands with different sizes. If the
islands are all very small the strain and the corresponding change in the binding energy
is small, too. This means that at the beginning of the growth process Ostwald-ripening
dominates and an island with a larger boundary can collect more atoms consequently
small islands will loose atoms to the larger islands. But the larger the islands grow the
stronger is the strain and it becomes more and more unfavourable for an atom to attach
to a large island. The large islands will not stop to grow, because the strain is still not
strong enough, but will grow much slower than smaller islands. This explains the sharp
drop in the size distribution for large islands and the soft decrease on the lower edge of
the maximum.

If we lower the flux to � � �
�
����� ) � the situation remains pretty much the same.

Only if we reach a flux of �+� �
�
� ����� ) � the dynamics changes. Now the time between

the deposition of two new atoms on the surface is so long that the first atom can diffuse
over a large distance before the second arrives on the surface. If the first atom can
reach an island during this time the possibility of forming new island seeds is strongly
reduced. As a result the dynamics is now no longer dominated by a large number of
small islands which try to grow at the cost of other islands but by a small number of
islands (see figure III.11a)) which grow one after the other until a size is reached where
the strain will slow down or even stop the growth. If we compare the histogram for this
case at the end of the deposition, which here is at

� � ��� � , with the corresponding one
after ��� � we can see that the maximum has not moved. This confirms the assumption
that the islands at the maximum 	 � � have reached the point where the strain stops the
growth; the phenomenological correction term ��� at the boundary of an island is here
about 0.25 eV. The histograms also show that the size distribution has sharpened during
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the growth interruption time. The islands which had not reached a diameter of 	 � � at
the time when the deposition was stopped have grown due to Ostwald-ripening.

The changes in the dynamics are even more visible when the temperature is in-
creased. Now even for a high flux of � � �

�
����� ) � a sharp size distribution can be

reached after � � � . The final states for
� � � ����� and

� � � � ��� are very similar and in-
dependent of the flux. As mentioned before the critical diameter where the strain stops
the growth of the island is about 	 � � . Only for a low flux of � � �

�
� ����� ) � a consider-

able number of islands have a diameter of 	 � � � . The reason is the different evolution
of the islands. As mentioned before for low fluxes the islands grow one by one up to
the size where the strain stops the growth. As a result large islands can be found very
early on the surface and eventually atoms will attach to one of these large island and the
island grows. This can lead to a couple of large islands which are slightly larger than
the critical size. The different evolution can also be seen in the histograms. If, e.g., we
compare the histograms for � � �

�
����� ) � and � � �

�
� ��� � ) � at

� � � � ��� at the end of
the deposition we can see a distribution with a maximum below the critical value with
tails to larger and smaller diameters for � � �

�
����� ) � , but a maximum at the critical

value and only a tail to lower diameter for ��� �
�
� ����� ) � . One might object that the

snapshots of the size distribution are taken at different times,
� � �

�
� � for � � �

�
� ��� ) �

and
� � ���

�
� � for � � �

�
� � ��� ) � , and that the size distribution might look similar, if they

were taken at the same time, like the ones taken at
� � � � � . This might be true for times

when in both systems most of the islands have reached the critical size, but during the
early stages of the growth the evolution of the size-distributions is indeed different. For
high fluxes in the beginning there is a large number of small islands leading to a strong
peak in the size-distribution at small diameters. This peak will move to larger values
with the passing time until the critical diameter is reached. For low fluxes only a few
but large islands will be on the surface at early stages. Here the size-distribution always
has a peak near the critical diameter which will grow with time.

Common to all systems with a coverage of ����� is the missing ordering of the islands
on the surface. None of the Fourier-spectra in figure III.9 and figure III.10 show any
distinct peaks or structures. The low coverage leads first to small islands which produce
a strain field which is small in range and amplitude. Secondly it implies a large mean
distance between two islands and as a result the influence on other islands due to the
strain field is very small. Consequently no interaction between the islands is possible
and no ordered structure can arise. Also all systems are still in the 2-dimensional growth
mode which can be seen by the flat lines in figure III.11b) after the deposition has ended.
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Figure III.9: In the upper plots of the surface structure the results of Monte Carlo simulation with
different temperatures ( �� � � ��� ,  � � � ��� and  � � � ��� ) and different fluxes ( � � � ������� 		� ,
� ����� �
��� 		� and � ������� �
��� 		� ) and a coverage of � � ��� � at the end of the deposition (

� ���� )
can be found. In the lower left diagram the corresponding islands-size distributions are shown
while the corresponding Fourier spectra can be found in the lower right diagram.
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Figure III.10: Same as figure III.9 but at
� � � ��� .
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Figure III.11: Temporal evolution of the number of islands (a) and the surface roughness 	 (b) for
the simulations of figure III.9 and III.10.
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20% coverage

Now we increase the coverage to � � �
�
� , the corresponding results are shown in figure

III.12 and figure III.13. For
� � ��� ��� there is not much change with respect to the

size distribution compared to the results for �"� �
�
� . The total number of islands has

increased (see figure III.14a)) but the critical size is still about 	 � � . At a flux of � �
�
�
� ����� ) � most of the islands are larger than the critical size after the end of deposition,

which is after ��� � in this case. This leads to a broad size distribution above the critical
size. The reason why for low fluxes many islands are larger than the critical size was
already discussed in the last paragraph but here we can see additionally that islands
larger than the critical size will not shrink easily. At the end of the deposition a couple
of islands which are smaller than the critical size can be found. In the size-distribution
after ��� � they have vanished. They have in fact grown up to the critical size by taking
some atoms of larger islands. Most of the islands were already larger than the critical
size at

� � ��� � and so most of them remain so after ��� � . The only way to get a sharp size
distribution around the critical size under these conditions is by the formation of new
islands which can take away atoms from the islands which are too large. But this is a
very rare process and it would take a long time to improve the size distribution. The
same can be observed for

� � � ��� � and
� � � � ��� for the same flux.

The size distributions of the other systems have not changed much compared to the
corresponding systems with � � �

�
� . But because of the larger number of islands on

the surface the interaction of the islands has increased and an early stage of ordering
on the surface can be found. This can be seen at two points in the Fourier-spectra. First
the systems (

� � � ����� , ��� �
�
� ����� ) � ), (

� � � � ��� , ��� �
�
����� ) � ) and (

� � � � ��� ,
� � �

�
� ����� ) � ) show a small amplitude of the Fourier modes with small and large val-

ues of
� � �

. Only for intermediate values of
� � �

the amplitude of the Fourier modes is
considerable. This indicates a preferred distance of the islands. Second, when compar-
ing the spatial structure of the Fourier-spectra at the end of the deposition and after ��� �
a change from a more or less circular symmetry to a square symmetry can be found.
This indicates the existence of preferred directions. The more regular arrangement of
the islands can also be seen in the corresponding images of the surface structure. Islands
which are aligned along rows and columns can be found but only in small parts on the
surface.

All systems are still in the 2-dimensional growth mode, which can be seen in figure
III.14b).
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Figure III.12: Same as figure III.9 but with � � ����� .
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Figure III.13: Same as figure III.12 but at
� � � ��� .
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Figure III.14: Temporal evolution of the number of islands (a) and the surface roughness 	 (b) for
the simulations of figure III.12 and III.13.
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30% coverage

At a coverage of
�
��� , i.e. � � �

� �
, the spatial ordering is already visible in some of

the figures of the surface configuration in figure III.15 and in nearly all plots in figure
III.16. The number of islands and their sizes are now both large enough to get a strong
interaction between the islands and a pronounced ordering of the islands on the surface.
The Fourier diagrams show this structure, too, by sharp peaks indicating a preferred
wave-length, i.e. distance of the islands, in � and 	 direction. This wave-length is the
same for both directions, because not only the diffusion of the atoms on the surface but
also the strain is isotropic in our simulations.

The Fourier-spectra also indicate that sometimes the ordering is stronger in one
direction than in the other. But this is purely random which can be seen in figure
III.18 where we have performed ��� different simulations with the same parameters
(

� � � � ��� , � � �
�
� ��� � ) � , ���

�
��� ) and different sequences of random numbers.

Together with the structure of the surface the corresponding Fourier-spectra are shown
and we can find alignment along � (peak in

� � ), along 	 (peak in
� 	 ) direction and along

both directions (peak in both
� � and

� 	 ). This is another indication that the arrangement
on the surface is a local effect. In a much larger system than the one we used here we
would locally find all types if alignment but here the system is so small that only one
dominant type of alignment is visible at once.

The evolution of the size distribution is similar to the cases for � � �
�
� and � � �

�
�

discussed above. For
� � � ����� and

� � � � � � we get sharp size distributions for all
fluxes after ��� � , but for low temperatures (here

� � � � ��� ) an interesting tendency can
be found. If we neglect the two large islands for � � �

�
����� ) � the size distribution in

figure III.16 for this large flux is much sharper than for lower fluxes. The reason can be
found in the different growth modes mentioned above. While for high fluxes the islands
all grow simultaneously they will grow one after the other for low fluxes. In the first
case at an early stage of the growth the seeds of the islands are distributed uniformly
over the surface and some of them grow while some of them decay. The small average
size of the islands and the possibility to decay give a large flexibility to the system. In
contrast in the second case we have large islands already in early stages of the growth.
These islands will not decay and only move very slowly and as a result the system
can equalise disturbances much less efficiently than in the first case. However, the loss
of flexibility can be compensated by increasing the temperature which can be seen at
� � � ����� and

� � � � ��� .

Nearly all systems show a transition from the 2-dimensional to the 3-dimensional
growth mode which can be seen by small jumps in the curves of figure III.17b). This is,
e.g., clearly visible for the system with � � �

�
� ��� � ) � at

� � � � � � at
� � �

� � indicating
a quite fast transition to the second layer. It has to be noted that the transition does not
set in until the deposition has ended, because the probability to form a seed for a second
layer increases with the number of atoms on the surface and with the passed time. The
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reason why the system with a flux of � � �
�
����� ) � at

� � � ��� does not show a second
layer is due to the random nature of the Monte Carlo simulation. In a longer simulation
or a simulation with a different sequence of random numbers a second layer might be
found.
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Figure III.15: Same as figure III.9 but with � � ����� .
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Figure III.16: Same as figure III.15 but at
� � � ��� .
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Figure III.17: Temporal evolution of the number of islands (a) and the surface roughness 	 (b) for
the simulations of figure III.15 and III.16.
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Figure III.18: The final structures of ten Monte Carlo simulations with the same parameters but
different sequences of random numbers. Together with the structure of the surface two slices
( � � � � (red) and � 	 � � (green)) of the corresponding 2D Fourier-spectra are shown. These
plots demonstrate that the existence of a preferred direction in space is purely accidental.
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35% coverage

If we increase the coverage by another ��� to � � �
���
� a dramatic change can be ob-

served. The size distributions at the end of the deposition in figure III.19 look very sim-
ilar compared to the corresponding distributions at a coverage of

�
��� in figure III.15.

Only the width of the distribution-functions is a bit larger due to the larger number of
atoms on the surface. But after ��� � for low temperatures and high fluxes no peak in the
size distribution can be found anymore. The plot of the configuration on the surface
reveals that now the islands have clustered together to form a small number of larger
islands or clusters. There are still some smaller islands but the surface is dominated by
the clusters. Now the question arises why this is possible. We have seen earlier that the
strain stops the growth of a large island and leads to a flux of atoms from a large island
to a smaller one. Why does this not happen here? The answer is that the strain does not
grow with the island size for all sizes but saturates so that at a certain size an increase in
the island size will not produce a stronger strain field. The clusters are so large that the
strain field around the island is not changed when an atom attaches or separates from
the island. It is still more favourable for an atom to attach to a smaller island which
has not reached the saturation point, but the large islands can catch diffusing atoms be-
cause of their large boundary. We have entered the regime of Ostwald ripening again.
The desired behaviour that large islands shrink while small islands grow can still be
found under certain conditions. At a temperature

� � ������� and a flux of � � �
�
� ��� � ) �

a couple of large islands can be found at the end of the deposition (
� �

�
� � ) which have

vanished at the end of the simulation � � � later.

For higher temperatures and lower growth rates we still get nicely ordered quan-
tum dots with a sharp size distribution. Especially for

� � � � � � the size distribution is
much sharper compared to the systems with a coverage of

�
��� . Also the Fourier-spectra

show a more pronounced structure. If we now compare the diagrams of the configu-
ration on the surface the difference between the systems producing quantum dots and
the ones generating clusters becomes clear. In the clustered systems most of the atoms
are still in the first layer on top of the substrate, while in the systems forming quantum
dot arrays a considerable amount of particles have moved up to the second or higher
layers. With more atoms in the first layer the islands have to become larger and as a
consequence they will form clusters.

The results indicate that the transport of atoms to the second layer depends on the
growth conditions, i.e. the growth temperature and the growth rate. Many atoms move
to higher layers at high temperatures and low fluxes and most of the atoms stay in
the first layer for low temperatures and high fluxes which can be seen, e.g., by the flat
curves in figure III.21b) for

� � ��� ��� and � � �
�
����� ) � and � � �

�
����� ) � . One can

think of cluster formation and the transition to the 3-dimensional growth mode being
two competing processes. This is another effect of the higher mobility of the atoms at
higher temperature. Because a single atom moves much more often in a given interval
of time when the temperature is high the probability to move to the second layer is also
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higher. But when the probability to find atoms on the second layer rises the probability
for the creation of new islands in the second layer, i.e. islands on top of other islands
rises as well. Consequently when there are islands in the second layer atoms are more
likely to stay in the second layer because they are attached to an island.

This might be the physical reason determining if a given system shows either clus-
ters or quantum dots, but we have to be careful here. As mentioned earlier the hopping
processes of the Monte Carlo simulation are only modelled for the first layer. Atoms
are allowed to move on top of other atoms but under what conditions this can happen
and what energies are involved is not clear. We are leaving the validity of the presented
Monte Carlo model. It might be possible that the transport to higher layers is more effi-
cient than it is in the model discussed here and the formation of clusters is delayed, but
also the opposite might be true. Nevertheless the formation of clusters can be observed
experimentally [139] and should also be found in the simulations but it is not obvious
up to what degree the experimental and simulated conditions can be compared quanti-
tatively.
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Figure III.19: Same as figure III.9 but with � ������� � .
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Figure III.21: Temporal evolution of the number of islands (a) and the surface roughness 	 (b) for
the simulations of figure III.19 and III.20.
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40% coverage

Finally we present the results for a coverage of � ��� in figure III.22 and III.23. Although
we have already reached the limits of the Monte Carlo model for certain parameters for
a coverage of

�
��� we show the results for a coverage of � ��� here to demonstrate that

the tendencies which became visible in the earlier section continues.

The size distributions at the end of the deposition in figure III.22 still show a peaked
structure like in figure III.19 and III.15. Only the width of the peaks is larger due to the
higher number of atoms on the surface. In the following figure III.23 the structure of
the surface ��� � after the growth has started is plotted. Only the system with a flux of
� � �

�
� � ��� ) � at a temperature of � � ��� has produced quantum dots. All other systems

show large clusters. Even in the other systems at a temperature of
� � � � ��� larger

cluster have formed. Their diameter is even larger than the range plotted in and which
we keep fixed to facilitate the comparison of different systems. The size distribution of
the system with a flux of � �

�
����� ) � at

� � � � � � still looks promising at the end of
the deposition since only two large islands can be found in the lower right corner of
the system, but these two islands finally dominate the system by merging together and
absorbing all atoms on the surface.

The size distributions of the systems with � � �
�
� � ��� ) � and

� � � � ��� with a
coverage for

�
��� in figure III.20 and � ��� in figure III.23 are very similar. A comparison

of the corresponding plots of the surface structure indicates that only the number of
atoms in higher layers has increased, which can be seen in the corresponding plot of the
surface roughness � in figure III.21b) and figure III.24b), but the principal structure is still
the same. Evidently the transport of atoms into higher layers here is still quite effective
and prevents the formation of clusters. It has to be noted that the preferred alignment
in the 	 direction in both cases is completely accidental as shown earlier in figure III.18.

If look at the system with � � �
�
� ����� ) � at

� � � � ��� and compare the time evolution
of the surface roughness � for coverages � �

�
��� , � �

�
��� and � � � ��� we can identify

two different stages. One fast stage which can be found in all three systems at
� � �

� �
followed by a slow stage which is slightly visible for � �

�
��� and good visible for � �

� ��� . This indicates that if there are enough atoms on the surface after a fast nucleation
of a second layer the atoms continue to move to the higher layer but much slower. Also
here it has to be noted that we are near the limits of the model and that a more detailed
description of the higher layers is necessary to make strong statements.
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Figure III.22: Same as figure III.9 but with � � ��� � .
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Figure III.24: Temporal evolution of the number of islands (a) and the surface roughness 	 (b) for
the simulations of figure III.22 and III.23.
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III.4.5 Summary

In summary we have found three main regimes in the growth of quantum dots in the
kinetic Monte Carlo model. First a large number of small islands come into existence
but under appropriate conditions and after some growth interruption during which the
configuration relaxes the size distribution is very sharp due to strain effects which lead
to a ”cooperative” growth. This indicates that the size ordering is a long range non-
local effect. Secondly at a certain coverage the islands size and density reaches the point
where the strain fields of neighbouring islands start to overlap noticeably. The islands
try to form regular arrays to minimise the extra energy of the overlapping strain fields.
A perfect ordering is not always possible because it might be necessary to move a large
number of atoms or even fully dissolve a complete island which is at an unfavourable
position. As a consequence the arrangement of the islands is a local effect and on a
large surface many areas with good but not perfectly matching ordering can be found.
Finally with still higher coverage depending on the growth conditions two different
evolutions can be found. Either most of the atoms stay in the first layer and the islands
merge together and form clusters or many atoms move to higher layers to build three
dimensional quantum dots.

III.5 Discussion

III.5.1 Comparison with experimental results

Because of the general type of the model the comparison with experimental results will
be mostly qualitative. First we will have a look on the spatial arrangement of the quan-
tum dots. In [27] the surface structure of the InAs/GaAs(100) system is presented in a
couple of transmission electron microscopy (TEM) images which show areas where the
quantum dots are nicely ordered in a square lattice oriented along the [100] and [010]
directions as shown in figure I.1. The same authors show in [140] in a so-called nearest
neighbour diagram that the preferred structure is a square lattice, although there are
disturbances. All this agrees well with our Monte Carlo results.

In [141] the influence of the flux on the diameter of the quantum dots in a Ge/Si(100)
system was studied. By a variation of the flux of Ge atom of about one order of magni-
tude ( �

�
� � � Å ) � – �

�
� Å ) � ) the diameter of the dots changed by about

�
��� ( � � � ��� – � � ����� ).

This tendency can be seen in figure III.13 where, e.g., for
� � � � � � the maximum of the

size distribution moves from �
�

to ��� to �
�
� while the flux is increased from �

�
� ��� � ) � to

�
�
����� ) � to �

�
����� ) � .

Most experimental papers demonstrate the sharp size distribution of the quantum
dots with a sharp line in the photo-luminescence (PL) spectra see, e.g., [142, 143]. In
[144] nevertheless size distributions for different coverages are shown for an InAs/GaAs(100)
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system. They show a strong peak for low coverage ( �
�
����� including the wetting layer)

which becomes broader and smaller with increasing coverage (up to �
�
����� ). The same

tendency can be seen if we compare the size distributions in figure III.10, III.13, III.16
and III.20. One has to keep in mind that our model assumes a passive wetting layer
which is already present when comparing that coverages with experimental data. This
means that at least one monolayer has to be added to our coverage values. Another
result from [144] is the decreasing diameter of the quantum dots when the coverage is
increased. In the Monte Carlo simulations we have found the opposite trend. The rea-
son for this difference can be obtained by a comparison of the surface structures, or to
be more precise, by the comparison of the island densities. In the experimental system
only very few islands can be found while in the Monte Carlo simulation a large number
of islands emerge even for low coverage. The critical size, i.e. the minimal size an island
has to reach to survive on the surface is smaller in the Monte Carlo simulation than in
the InAs/GaAs(100) system in [144]. As a result in the Monte Carlo simulation more
islands can be found at an early stage of growth; given the total number of atoms on the
surface, consequently they will be smaller than in the experiment. If we try to change
the critical island size in the Monte Carlo simulation, e.g., by reducing the pair-binding
energy a trend similar to [144] can be expected.

III.5.2 Limitations of the model

It has been shown in experiments that the size of the quantum dots increases with the
temperature independently of the material system, see e.g., [141] for Ge/Si(100) or [145]
for InGaAs/GaAs(001). For systems with no strain, e.g., in homo-epitaxy, this can also
be found in Monte Carlo simulation [25], but in the simulation presented here no signif-
icant change of the islands size with temperature can be observed. Because the general
trend of increasing island sizes without strain is completely compensated by the phe-
nomenological strain correction term ��� which we have introduced in equation (III.3).
This is another indication that the phenomenological strain correction term is only a
qualitative description of the underlying physical system. In very recent work Meixner
and Shchukin have substituted the phenomenological term by a solution of the elas-
ticity problem based on a Green’s function approach. In simulations of growth inter-
ruptions of some 1000 s they could confirm the analytic results of [146] with a Monte
Carlo simulation. These results demonstrate that the missing temperature dependence
of the islands size is not a general problem of the Monte Carlo approach but only due
to simplified model of the strain.
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III.6 Comparison with other approaches

III.6.1 Other stochastic Methods

Besides the Monte Carlo method, there are other methods based on the random selec-
tion of a certain event. One is the method of Cellular Automata [147, 148, 149]. The idea
behind Cellular Automata is to reduce a continuous spatial domain to a simple discrete
grid and allow only integer values of the variables on the grid points in addition to dis-
crete timesteps. This would perfectly match our problem and show no difference to the
assumptions made in the previous chapter. However, starting with an initial configura-
tion the new configuration after a time step � � is calculated by evaluating all grid points
and calculating their new values. This is a very inefficient way for tackling our problem
because the probabilities for moving or depositing ad-atoms are very small. This means
that at each time step only very few grid points will change their values. When trying
to optimise this situation one probably will end up with a similar event-based solution
as described above.

Another stochastic method, quasi-particle Brownian motion, which is in principle
very similar to the Monte Carlo method described above, was developed for a special
class of coupled partial differential equations of reaction diffusion type, the so called
Activator-Inhibitor equations as discussed in chapter II [150, 151]. These equations
are used to describe complex chemical reaction as well as charge carrier transport and
generation in semiconductors, like in the previous chapter, or to describe biological
predator-prey scenarios. The idea behind this integration method is best described by
a chemical example. To derive the partial differential equations for a chemical reaction
like

� ����� �
� (III.8)

concentrations ��� ���� � , � � ���� � and ���
� ���� � are introduced and their time-evolution is given

by partial differential equations. The stochastic methods go back to the level of single
particles. Depending on the number of particles of different species in a given area the
new numbers of particles in this cell are calculated. Also the diffusion into neighbouring
cells and back is taken into account. This may lead to very efficient and fast algorithms,
but the drawback for the integration of partial differential equations is, that noise is
always involved, which makes, e.g., the study of repelling objects much more difficult.
Also the time steps are not equally spaced, which prevents the application of some
standard techniques of time series analysis.

III.6.2 Other kinetic Monte Carlo growth simulation

As mentioned before there are a couple of different Monte Carlo schemes which address
a similar topic. In this section we would like to discuss and compare these to the one
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developed in this work.

Pioneering work in the field of Monte Carlo simulation of strained hetero-epitaxy
was done by Ghaisas and Madhukar [152, 153]. They studied the influence of strain
in general and found a tendency towards the occurrence of 3-dimensional surface mor-
phologies under compressive in-plane strain [154]. In [155] the processes which are
necessary for a lateral and also a vertical self-organization of islands where discussed in
general but unfortunately no results of simulations were presented.

Ratsch et al. [156] have presented studies for the growth of metals, namely Al (alu-
minium) on Al(111). They show nicely ordered islands with about the same size and
they do not use any strain effects at all, because they considered homo-epitaxy. The rea-
son is the very short mean free path of the ad-atoms in this type of system, because they
assumed a temperature (50-250 K) which is very low, compared to growth temperatures
of semiconductor systems. Additionally they assumed that dimers will not dissociate,
because of their high binding energy. Because of this very short mean free path every
island has a certain ”attraction” area around itself, i.e. every ad-atom in this area will
move to the island in the centre. Assuming a homogeneous deposition it is easy to see
that this will lead to a situation where islands of similar size are organised in hexagons.

In semiconductor systems which are the focus of this work the mean free path is
much larger than the observed distances between the dots. This means that the expla-
nation for the metal on metal growth will not hold for this system.

Ratsch et al. [130, 131] have included strain effects in their simulation of hetero-
epitaxy. They introduced the strain as an extra energy at the boundary of each island.
But, in contrast to our model they did not include strain-effects further away from the
island. As a result they find a sharp size distribution but the spatial ordering is not
too well reproduced. As another result they show that when the flux to the surface is
shut off, after a very long time the islands cluster together and form one big island.
For the sharp size distribution the same argument as for the system presented here is
valid. The long time behaviour might have the following explanation. When there are
large islands with only a small distance in between, two islands might eventually collide
forming one island. In this bigger island the boundary strain is higher and consequently
more atoms will separate from the island and move to some other islands. After a while
all islands will have about the same size again but there will be one island less. Now
this process might repeat again when two islands collide eventually. This is not likely
to happen in our model because of the repulsive character of the strain induced island –
island interaction. It is not easy to tell which long time scenario might be the right one,
but the regular array of equally sized islands is at least a very strong local minimum
of the free energy. A large flat island might have a lower energy but we think it might
be only reached by passing several very high potential barriers taking a much longer
time than seems to be relevant under experimental condition. Especially if one takes
into account that the quantum dots are often overgrown with substrate material shortly
after deposition.
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An approach, similar to the one presented here, was adopted by Barabási [157]. He
focused on the study of the size-distribution of the quantum dots in a one-dimensional
Monte Carlo simulation. The effects of the strain field were included by a method
proposed in [158] where the interaction potential of nearest neighbours is assumed to
be harmonic. With this approach it was shown that a sharp size distribution can be
achieved with a lattice mismatch larger than ��� . Although a different strain field was
used we can compare the size of the energy term which is necessary to stop the growth
of a single islands. In [157] and also in our studies this energy was found to be about
����� of the binding energy to a single atom. Also a two-dimensional study was pre-
sented by the authors [159], but on patterned surfaces, i.e. the seeds for the nucleation
of islands were already on the surface. Because of the reduced dimension in [157] and
the imposed structure in [159] no statements on the self-organised spatial organization
of the quantum dots could be made.

Strain effects may also play an important role in surfactant-mediated epitaxial growth.
In [160] a Monte Carlo based study was presented to explain the growth of Ge on Si(111)
with lead (Pb) as a surfactant [161, 162]. The simulations could explain quite well the
unusual fractal-to-compact island transition which was induced by lowering the tem-
perature or by increasing the deposition flux. But the experiment also show a transition
by varying the coverage which so far could not be explained by the simulations. Here
the authors of [160] assume strain effects may become important [163].

In [164] the formation of quantum dots on misoriented surfaces was studied experi-
mentally and a Monte Carlo simulation of the growth of the misoriented substrate was
presented. Also here no strain effects were included because the simulation was only
done for the growth of the substrate which is homo-epitaxy.

III.6.3 Other theoretical studies of quantum dots

Besides kinetic Monte Carlo Simulations we now want to discuss other theoretical ap-
proaches for the description of quantum dots. The first one will be the studies of
Shchukin et al. [118, 165] which see the regular array of equally sized quantum dots
as the thermodynamic equilibrium configuration in strained hetero-epitaxy. An exten-
sion to this method was presented by Wang et al. [166] where the wetting layer was
covered in more detail. In the following section we will shortly discuss a model which
is based on rate equations[167] and other dynamic approaches.

To find the minimum of the free energy Shchukin et al. considered the contribution
to the free energy. The most important ones in this system are the surface energy � � ��� �
and the energy due to strain effects � �  � � � � . The larger the islands the larger is the area
where the islands are nearly free of strain. On the other hand the surface energy is larger.
This will lead to an optimal size of the island. In this calculation not only the surface
of the islands must be taken into account, also the covered surface of the wetting layer
has to be considered. In the context of these studies the properties of the wetting layer
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were studied and as a result one can say that the wetting layer does not behave like an
ordinary surface of an ad-atom crystal, but has to be considered as a separate material.

A regular square array of equally sized quantum dots is as these studies show the
configuration with the lowest free energy. But there are certain questions which arise.
No entropy effects are included, i.e. the studies assume zero temperature. Quantum
dots are grown at several hundred Kelvin and it is highly expectable that these temper-
atures will have great influence on the growth process. In the framework of the ther-
modynamic studies, only regular configurations could be compared, i.e. only regular
arrays of islands where all islands have the same size. How a broader size distribution,
or randomly arranged dots will influence the free energy could not be answered. As a
last point we want to address a dynamic aspect. Even if a regular array of equally sized
dots is the minimum of the free energy it is not clear how a system under growth con-
ditions can reach the thermodynamic equilibrium. There must be a dynamic process
which can guide the system to the thermodynamic equilibrium, because it is highly
improbable that a fully grown quantum dot can move its centre of mass considerably.

Recently Shchukin published a study on the growth of two-dimensional islands
where also entropy effects were included [146]. As we have explained earlier these
two-dimensional islands are the fundaments of the quantum dots. He found that the
temperature dependence of the island size is different in a purely kinetic and in a purely
thermodynamic theory. Meixner and Shchukin are currently trying to support this work
with results of a kinetic Monte Carlo simulation similar to the one presented here.

Other thermodynamic equilibrium studies were done by Daruka and Barabási [119,
120] and by Wang et al. [166]. As an addition to the work of Shchukin et al. they
included the contribution of the covered and uncovered parts of the wetting layer.

III.6.4 Rate equations and other dynamical approaches

Dobbs et al. [167] developed a method based on rate equations to explain the sharp size
distribution of quantum dots. The main idea is that the strain destabilises the boundary
of an island. They introduced densities of islands of a certain size and assigned a higher
rate to decay for larger islands. As a result they obtained a size-distribution which
compares well to experimental data. But this method only explains the size-distribution
and gives no information on possible patterns on the surface.

The evolution of two dimensional islands and the influence of growth interruption
was studied in [168] and [169], respectively. In this approach the time evolution of the
concentration of ad-atoms on the crystal surface is described by differential equations.
However, no strain effects were included and consequently Ostwald ripening was the
dominating process leading to a smoothing of the surface during the growth interrup-
tion.
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III.6.5 Thermodynamic versus kinetic effects

Over the last years there was much discussion about whether the self-organised growth
of quantum dots is dominated by kinetic effects or by the thermodynamic equilibrium
and consequently about a proper theoretical description. Some of the used models were
presented and compared in the previous sections. We are of the opinion that both views
are important and that only the external growth conditions can favour kinetic or ther-
modynamic processes, but the other cannot be neglected. The Monte Carlo simulations
have shown that in the early stages, especially when the flux is still on and the system is
far from the thermodynamic equilibrium, the kinetic processes dominate. But when the
flux is shut off the system tries to find a way towards the equilibrium. Depending on
the flux rate, the growth temperature and the duration of the growth interruptions each
of the two phases can be more or less important. However the kinetic phase is always
the first and during this phase the basis for the future structure is formed. During the
thermodynamic phase the system tries to evolve towards the thermodynamic equilib-
rium, but as we can see in the Monte Carlo simulations presented here, the system can
come close to the equilibrium only if the basis has a reasonable structure, i.e. is not too
far away from the equilibrium. Recent thermodynamic studies by Shchukin [146] share
this view and consider equilibrium growth conditions, i.e. at zero temperature, as well
as kinetic ones, i.e. at finite temperatures. We think that a combination of the analytic
results presented in [146] and corresponding Monte Carlo simulations may provide a
deep insight in the early stages of quantum dot growth.
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IV: Reflectance Anisotropy
Spectroscopy

In the previous chapter we were led by the assumption that the surface of a semicon-
ductor can be seen as a homogeneous flat surface. In this chapter we will see that this
is not true but that semiconductor surfaces have a structure which can be analysed in
experiments and can also be calculated. The same is true for interfaces of two different
semiconductor materials [57].

To construct a surface we take an infinite semiconductor bulk and cut it along a plane
into two pieces. Now we have a semi-infinite semiconductor with a surface. Depending
on the cutting plane we get different kind of surfaces which are labelled with the vector
perpendicular to the surface, i.e. the normal vector, like e.g. � � � ��� or � � � ��� . This is also
an experimental method to get a well defined surface. A semiconductor crystal is taken
and cut at a lattice plane into two pieces.

But now the following problem arises. If we assume a simple Zinc-Blende structure
which is the most common one for group IV semiconductors and also for III-V com-
pounds, in the bulk every semiconductor atom has four next nearest neighbours and
forms covalent bonds with them. The atoms on the surface in general have only two
next nearest neighbours and two dangling bonds. To get rid of these the surface atoms
have to look for other atoms with dangling bonds. The easiest way is to form a bond
with a nearby surface atom. To do this the two atoms have to move closer to each other
but cannot move too far because they have to keep their two other bonds intact. In dia-
mond or zinc-blende lattice the binding orbitals of an atom are often sp � hybrid orbitals,
i.e. a linear combination of an s- and 3 p-orbitals. The angle between two sp � hybrid
orbitals is fixed and responsible for the typical tetrahedral structure of the bulk crystal.
If two surface atoms move closer to each other it may turn out that the sp � hybridiza-
tion is energetically unfavourable and three sp � -orbitals and a single p-orbital, two sp-
and two p-orbitals or even one s- and three p-orbitals are more favourable. This process
is often called dehybridization. As a result the surface will consist of pairs of atoms,
the so called dimers, which have a filled pair of orbitals forming the bond between the
two atoms, a pair of unsaturated or dangling bonds and, of course, the filled binding
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orbitals to the atomic layer below the surface. The surface is now called a reconstructed
surface. Because a surface cell is two times larger than a bulk cell it is called a (2 � 1) re-
construction. The dimers in this example are called symmetric dimers if the two atoms
are lying on a line parallel to the surface. It is also possible that the line connecting the
atoms is not parallel to the surface and one atom is a bit higher than the other, these
are called asymmetric dimers. Because there are two possible ways of orientation for
an asymmetric dimer the surface cell might become larger for these dimers. What type
of reconstruction a real crystal will show is not easy to tell. With the help of ab initio
calculation one can try to find the surface which has the lowest free energy and should
be the most favourable one from an energetic point of view. But in general more than
one surface reconstruction can be observed for a specific material and a given direction
of the surface depending on the preparation of the surface. For example in compounds
the stoichiometry, i.e. the ratio of cations and anions, is important. To find out which
reconstructions might be present and which one might be the dominating one, one can
think of different experimental methods.

One may be the Scanning Tunnelling Microscopy (STM). With this method the struc-
ture of the filled or empty atomic orbitals of a surface can be measured directly, but
because of the atomic scale only a very small part of the surface can be investigated.

Another way may be the study of the optical properties of the surface with the help
of the Reflectance Anisotropy Spectroscopy (RAS). The technique is based on measur-
ing the difference in normal-incidence reflectance for two different linear polarization
directions as a function of the light’s energy. With this method the surface is studied
as a whole and all information about the surface is summed up in the measured spec-
trum. The shape of this structure, i.e. the position and the sign of peaks, is in general
not known and has to be calculated. Another similar optical method is spectroscopic
ellipsometry (SE), which, e.g., makes it possible to measure the thickness of layers and
the composition of compound semiconductors [170], but here we will concentrate on
RAS. A recent review about what is possible with RAS and SE can be found in [170].
Another important aspect of RAS and also of SE is the possibility to use them in-situ, i.e.
during the grow process to monitor the progress and the quality of the grown sample
[171]. For this reason both methods are used to monitor quantum-dot growth [172] as
has been described in the previous chapter.

In the following we will give a short introduction into the theory of the optical re-
sponse of a semiconductor surface. An comprehensive introduction can be found in
[173]. Reports about recent progress in this field can be found in [174, 175, 176, 177]. It
will turn out that it is necessary to calculate electron eigenstates and eigenvalues. For
this we will use a tight-binding scheme. We will give a short summary on this tech-
nique, too. More general introductions can be found in [57, 178].
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IV.1 Theory for RAS

Instead of reproducing the complete derivation of the relevant equations to describe
the reflectivity of a polarised electro-magnetic wave at a semiconductor surface we will
present here a historical survey to illustrate the steps that where necessary to find a
description of the interface which respects all anisotropic and non-local properties.

In 1822 Fresnel developed a theory to describe the reflection of light leading to the
so called Fresnel formulas [179] without knowing its electro-magnetic character. He
considered an abrupt change in the optical thickness, i.e. the refractive index � jumps.
The refractive index � is related to the dielectric constant � , which connects the electric
field �� and the electric displacement �! in Maxwell’s equation, by � � � � . This is
illustrated in figure IV.1a) where � jumps form its vacuum value ��� to the bulk value ���
of the specific material. As a summary we can say that the Fresnel formulas are local,
isotropic, homogeneous and do not include any surface effects.

To include surface effect the theory has to be non-local, because the component for
the electric field �� normal to the surface ��� undergoes a sudden variation at the inter-
face. It has to be inhomogeneous, because the surface separates two different media.
And an anisotropy may be present, e.g., as a consequence of a particular reconstruc-
tion. Putting all aspects together we have to use a constitutive relation which relates
the components of the vector of the electric field �

�
with the components of the electric

displacement !
�

given by

!
�
���� � � ���

��
� � �

� 	 � �� � �
�
� ���� � �� � � � � � � ���� � � � ��� (IV.1)

where � is given by the frequency of the electromagnetic plane-wave, � and � label the
three spatial dimensions and the �

�
�

are the components of the dielectric tensor.

A first step to a more complete theory was done by McIntyre and Aspnes in 1971
[180]. They introduced a surface layer with a depth 	 and a dielectric constant � � as
shown in figure IV.1b). This model still neglects the nonlocality and the anisotropy but
approximates the inhomogeneity by a two-step function. With an expansion up to the
first order in � � ) � �
	 1 they could show that their results reproduce Fresnel formulas in
the zero-order term, which contains no surface contribution. The contribution of the
surface can be found in the first order term which can be seen as a relative deviation
from Fresnel formulas and is given by

� �
��
�
� � � � ) � �
	 ��	�� �	� ��
 � � � � � � � � 
 ����� � �

����� � �#
 � � 
(IV.2)

1 ����� ����� is of the order 1/100 for visible and ultraviolet light when � is in the order of a few Angstroms
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Figure IV.1: Different ways to model the
dielectric constant � at an interface. a)
abrupt jump from the vacuum value � �
to the bulk value ��� . b) in [180] a sur-
face layer of depth  and a dielectric con-
stant � � was introduced. c) the surface is
treated as perturbation

� � in [181]

for s-light and

� ���
��� � � � � ) � �
	 �
	�� �	� � � (IV.3)

� 
 �
� � � ��� � � � 
 � ��� � � � � � � � � � � �#
 ��� � � �
� ��� �� � � � � ��� � �	� � � � �

�
� � � � 
 � �

�
� � � �
�

� ��� � � � 
 � � � ��� �
	�� � � � � 
 � � � � � � �
� � 

for p-light. The angle of incidence is denoted by � . The difference between s-light and
p-light is the direction of polarization. S-light is polarised perpendicular to the plane of
incidence, i.e. parallel to the surface (in the following we will assume that it is polarised
in the 	 direction), while p-light is polarised within the plane of incidence, i.e. the elec-
tric field has a component normal to the surface (in the following we will assume that
it is polarised in the � - � plane). In RAS only s-light is present but for completeness we
give here the formulas for p-light, too.

In 1975 Nakayama [181] tried a perturbative approach to model the dielectric tensor

�

�
� � � � � � � � � � �

�
� � � � 
 � � � ��� � � � � � ��� �

�
� � � � � � � � � � (IV.4)

with

��� � � � � ��� � � 
 � �#� ��� � � � � (IV.5)
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where the first term on the right hand side of equation (IV.4) describes the abrupt tran-
sition from bulk to vacuum of the Fresnel model while the surface effects can be found
in the second term � �

�
� � � � � � � � � . If this term can be seen as a small perturbation the

light-propagation equations can be solved by using Green’s function theory. As a result
the following formulas for the surface contribution to the reflectance are given by� � �

��
� � �������

� � � � ) � ��	 ��	� � � � 
 � � � � � 	 	 � � �
����� � �#
 � � 

(IV.6)

for s-light and� � � �
� � � �������

� � � � ) � �
	 �
	�� �	� ��
 � � � � ����� � �#
 � � � � � � �
� � � � � � � � 
 � ��� � �	� � � ��� � � � �
� ����� � �#
 � � � ��� ��	�� � �	� ��
 � ��� � � � � � � 

(IV.7)

for p-light with

� �
� �
�

� 	 � � 	
� � � �
� �
� � � � � � � (IV.8)

It is questionable if � � �
�
� � � � � � � � can always be treated as a small perturbation, because

near the surface it is as large as � � . However, the reliability of the perturbative formulas
can be tested. If the microscopic dielectric tensor behaves as in the model of McIntyre
and Aspnes equations (IV.2) and (IV.4) should be recovered from equations (IV.6) and
(IV.7), respectively. In the case of s-light this is possible, but for p-light this is not the
case. This difference can be explained, because the light-propagation equations contain
the electric field �� . Classically the parallel components of the electric field ( � � and � 	
in our notation) are continuous at a Fresnel-like interface while the normal component
( � � ) is not continuous which is illustrated in figure IV.2. The perturbative approach does
not hold for the normal component. This observation gave a hint for the development
of a reliable theory for p-light, too.

Bagchi et. al [182] used a perturbative approach for quantities which are continuous
at the abrupt interface, namely the parallel components of the electric field � � and � 	
and the normal component of the electric displacement ! � which substitutes ��� . They
obtained a solution which is rigorously valid up to the first order in � � ) � �
	 , where 	
is the thickness of the area where � �

�
� � � � � � � � � is considerably different from zero. Al-

though this was done to calculate the optical properties of a semi-infinite electron gas,
i.e. the surface of simple metals, the resulting formulas could be applied for real crystals
if their greater anisotropy is included. This was done in 1981 by Del Sole [183] and the
resulting reflection coefficients are� � �

��
� � � � � � ) � �
	 �
	�� �	� � 
 � � � ��� � 	 	 � � �&�

����� � �#
 � � 
(IV.9)

for s-light and� � ���
��� � � � � � ) � ��	 ��	� � � ��
 � � � � ��� � � � 
 � ��� � �	� � � ��� � � � � � ��� � � �� � � � � �	� � ��� � �

�
� � � � ���

� ����� � �#
 � � � ��� �
	���� � � � 
 � ��� � � � �
� � 
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(IV.10)

for p-light where

��� �
� �
� �

� 	 � � 	
� � � � � � � � � � � � � 
 � 	 � � � � 	 � � � � � �
�
� � � � � � � � �

�
� � � � � � � � � � ���

�
� � � � � � � � � � � (IV.11)

for � � ��� 	 and

��� � �
�

� � � �
� 	 � � 	
� � � � ��� � � � � � � � � �#
 � � ��
 � � � ) ��� � � � � �
� (IV.12)

contain all surface features. The ��� � �
�

� � � terms are a result of the substitution of � � by
! � .

Even if we are only interested in s-light it is now necessary to solve the four-fold
integral in (IV.11). But luckily the off-diagonal elements in (IV.11) vanish because of the
symmetry [173]. This is the case for most low-index surfaces even when reconstructions
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are present. And even if the off-diagonal elements do not vanish they are often small
so that the four-fold integral in (IV.11) can be neglected. Therefore also the inversion of
��� � � � � � � � � � is not necessary and the relevant quantities are given by

��� �
� �
� � �&� �

� 	
� � 	 � � � �
� �
� � � � � � � � 
 � � � 
 � � � ��� � � � � � � (IV.13)

for � � ��� 	 , where � �
� �

is already substituted with the help of equation (IV.4).

These quantities can now be calculated in terms of electron eigenfunctions and eigen-
values of the semi-infinite crystal. However for optical calculations a slab-geometry is
mostly used, because of a reduced numerical effort [173]. The thickness of the slab has
to be chosen large enough to minimise the interaction of the two surfaces of the slab. In
this geometry ��� �

� �
� ( �#� ��� 	 ) can be substituted by the half-slab polarization

��� � ���
� �
� � � � � � ) � �

� 	
� � 	 � ��� � ���
	��
� �

� � � � � � � �#
 � � � 
 � � �� � (IV.14)

Within the single-particle scheme the imaginary part of the slab polarization is related
to the transition probability induced by the radiation between slab eigenstates [184, 185]


 ��� � ��� � ���
� �
� � ���� � ��� � � �

� � ��� �
�
��
�
� � �

� �
�
� � � � �� � � � � � � ��� �� � 
 � � � �� � 
�� � � � (IV.15)

where
�
�
� � � � �� � is the matrix element of the � -th component of the momentum operator

between the initial state � (valence) and the final state � (conduction) at the point �� in
the two dimensional Brillouin zone and

�
is the area of the surface cell. � and � are the

charge and the mass of an electron, respectively. The real part of � ���
� �
� � � can be calculated

via the Kramers-Kronig transform [185].

The imaginary part of the bulk dielectric function � ��� � � can be calculated with equa-
tion (IV.15), too. Now eigenstates and eigenvalues of the infinite crystal must be used
and the �� vectors are three dimensional. Finally the surface contribution of the reflec-
tivity can be calculated from� � �

��
� � � � � � ) � �
	 �
	�� �	� � 
 � � � ��� � ���

� �
� � �

����� � �#
 � � 
� (IV.16)

with the eigenstates and eigenvalues of the slab and the infinite crystal as input to cal-
culate � ���

� �
� � � and ��� � � � according to equation (IV.15). An often used method to find the

eigenstates and eigenvalues is presented in the next section.

IV.2 Empirical Tight-Binding Method

All Tight-Binding Methods assume that the eigenfunctions of a polyatomic system � �
�� �
can be constructed by the linear combination of the eigenfunctions of the single atoms
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� � �
�� � . This method is called Linear Combination of Atomic Orbitals (LCAO) and is still
a one-electron approach. This method was first used by Slater et al. [186]. We get for
the polyatomic wave-function

� �
�� � � �
� � �

� � ��� � �
��"
 �� � ��� (IV.17)

where � � � are the expansion coefficients and
� �

are the positions of the atoms. The
� � �
�� �

do not necessarily have to be atomic wave functions, but can also be hybrid or bonding
and anti-bonding orbitals. By putting equation (IV.17) into the one-electron Schrödinger
equation

� ��� � � (IV.18)

we get the following eigenvalue problem for the expansion coefficients � � ��
� �
�
� � � ��� �� � � ��

�
� 
 ��� � ��� �� � 
 ��

�
� � � �

�
� � � (IV.19)

where

� � ��� �� � � ��
�
� �

� 	 � �� � � � ���� 
 �� � � � � � �
��"
 ��
�
� (IV.20)

are the matrix elements of the one-electron Hamiltonian
�

of the system and

� � ��� �� � 
 ��
�
� �

� 	 � �� � � � �
��"
 �� � � � � �
�� 
 ��
�
� (IV.21)

are the inter-atomic overlap integrals.

If one wants to do ab initio calculations the integrals in equation (IV.20) and (IV.21)
have to be calculated explicitly for a given

�
and a given set of

� � ���� � . This can only
be done with large numerical efforts, because in general the matrix elements do not
converge rapidly in real space. To overcome this problem Slater and Koster [186] sug-
gested to treat the matrix elements

� � ��� �� � � ��
�
� as parameters to be fitted to reproduce

the energy-bands at high-symmetry points. Because they recognised that only at this
points accurate solutions were obtainable with other band-structure calculation tech-
niques.

They also used the Löwdin theorem [187] which states that a set of non-orthogonal
orbitals located at different atoms can be transformed into a new set of orbitals which
are orthogonal to each other and preserve the atomic symmetry. With this new set of
orbitals we get

� � ��� �� � 
 ��
�
� � � � � � �

�
(IV.22)
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With this we can start to set up the Hamiltonian for this system. The calculation of the
matrix elements of the Hamiltonian

�
by fitting them to reproduce the bulk energy-

bands were done by Vogl et al. [188] for the group IV and most of the III-V compound
semiconductors. They have taken five orbitals for a single atom namely the � -, 	 � -,
	 	 - and 	 � -orbitals of the valence shell and an s-like orbital, called � � , to mimic the 	 -
orbitals. This is necessary the get a good description of the conduction band. They also
assumed nearest-neighbour interactions only. The result is the following two-particle
Hamiltonian

� � �� � �

����������������
�

� � � � � � �
� � �� � � �
� � � �� � �
� � � � �� �
� � � � � � � �

��� � 	 � � � �� � 
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(IV.23)

This will be all for the calculation of bulk systems because of the translation sym-
metry and the fact the most semiconductors crystals form a face-centred cubic (fcc) lat-
tice. But in our slab geometry we only have the translation symmetry in the � - and
	 -direction. So we have to set up a larger slab Hamiltonian by labelling all � atoms in
the slab. This will give us an � � � matrix where the diagonal elements � � represent the
self-interaction of a single atom � and the off-diagonal elements � � will hold the interac-
tion between atom � and atom � . We assume only nearest-neighbour interaction so most
of the off- diagonals will be zero. In the remaining one we place the corresponding � � �
matrix representing the interaction of the different orbitals like the sub-matrices in the
two-particle Hamiltonian (IV.23).
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One problem still remains. The fitted matrix elements are only valid if the atoms
have their equilibrium distance in the fcc lattice. But at the surface and on the bottom
of the slab the atoms are due to the reconstruction not in their equilibrium distance
anymore. For these atoms we use the Harrison’s 	 � -rule [178] which states that if the
distance between two atoms is � and their equilibrium distance is � � the matrix elements
change with the factor � � ) � � � � .

By finding the eigenvalues and eigenvectors of the Hamiltonian for a given point �� in
the two-dimensional surface Brillouin-Zone we get the energies and their correspond-
ing wave-functions. By doing this for a couple of �� -points along certain high symmetry
lines we get the energy bands for the surface Brillouin-zone. To distinguish between
bulk-levels coming from the core of the slab and energy-levels due to the structure of
the surface we introduce a surface zone, e.g. the first two or three layers of the top and
of the bottom of the slab, and calculate the probability to find each state in this zone. If
the probability is higher than a given number we call this a surface state.

For the diagonalization of the Hamiltonian we use two different implementation of a
method using the QR-decomposition. One is the LAPACK [189] implementation which
were used whenever optimised versions of BLAS [190] and LAPACK were available.

Coming back to our primary aim to calculate the optical anisotropy we now have the
Hamiltonian and its eigenvalues and eigenfunctions. But we need the momentum op-
erator

�
to calculate the sum in equation (IV.15). To calculate

�
we take the commutator

of the Hamiltonian
�

and the position operator
�

� � 
 � 	 � � � � ��� � (IV.24)

getting

� � �� � � �
�
� �� � ��� � � ��� � �

��� �
�
� � �� � � �

�
� � �� � �	� � � � �� � � ���

�
� �� � ��
 � � �� � ���

�
� � �� � � � � � �� � � �

�
� �� � ��� �

(IV.25)

for the matrix elements of the momentum operator
�

where �� and �� �
are position vec-

tors of the atoms in the slab and � , �
�

and �
� �

are labelling the eigenstates. The inter-
atomic matrix elements of the position operator � were neglected, taking into account
the orthogonality of the orbitals. Because of the nearest neighbour interaction only
a few terms in the sum in (IV.25) are non vanishing. Besides the parameters of the
Hamiltonian we need only two more parameters, namely the intra-atomic ��	 and � � 	
dipoles which were fitted to reproduce at best the bulk dielectric function of silicon:
� � � 	 � ��� �

�
� � Å, and � � � � 	 � ��� �

�
� � Å.

Now we have all the ingredients for the calculation of the optical properties. The
imaginary part the polarization � ���

� �
has to be calculated for a number of points in the

Brillouin-zone. The real part is computed via the Kramers-Kroning transform giving us
the surface part of the reflectivity � �

� ) � . The
�

- points should be equally distributed
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and should not be high symmetry points because the special structure at this points
would spoil the averaging.

The calculation of the matrix elements of the momentum operator
�
�
� � � � �� � needs most

of the computing time. One way to speed this up is to use the fact that most of them
are zero. If the position of the non-zero elements is saved when setting up the momen-
tum operator we can calculate the sum over the non-zero elements only and reduce the
computational effort from an � � � � � to an � � � � law.

The last step, because we want to have the anisotropy of the reflectivity, is to com-
pute � �

� ) � for the � - and the 	 - direction by using the � - (
� �� � � � �� � ) and the 	 -component

(
� 	� � � � �� � ) of the momentum operator and to take their difference. The result is the RAS

spectrum of the slab.

In the past this method was used successfully for many different materials and sur-
faces, like the Si(111) (2 � 1) [191] and the Si(111) (7 � 7) [192], Ge(001) c(4 � 2) [193]. Also
adsorbate-covered surfaces like GaAs(110)/Sb [194, 195] or InP(110)/Sb [196] and sur-
faces with one and two layers of Ge on Si(001) [197, 198] were studied with good results.

There are also some improvements to this method published during the last years.
In [199, 200] the two most important 	 -states were used instead of the � � to improve the
results for energies above 4 eV in GaAs. Shen et al. [201] employed a self-consistent
tight-binding method for Si(100)/As. Schmidt et al. [202] substituted the tight-binding
method by density functional theory for InP(001). All these approaches yield to some
special improvements with the cost of much more numerical effort. For this reason we
stay with the ”classical” method.

In the following we will have a look on the � � � � � surface of InP. Quite a number
of different reconstructions where proposed for InP(001) and here the corresponding
optical spectra according to the theory explained above will be presented. The results
are compared with experimental data and finally we try to identify transitions of surface
and bulk states which are responsible for some specific features in the spectra.

IV.2.1 Bulk Properties

To calculate the optical properties of a slab we need to know the dielectric function
of the bulk. We can calculate it with the same algorithm except that the slab has to
be substituted by the elementary cell of the bulk and the now full three dimensional
periodicity has to be respected. To get a feeling of the accuracy of the Tight-Binding
approach we also calculate the bulk band-structure and compare it with experimental
data.

There is an important difference in choosing the
�
-points for the calculation of the

optical properties and the band-structure. For the band-structure we choose some high-
symmetry points and a number of points on the line connecting the high-symmetry
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points. The optical properties are calculated at points equally distributed over the ir-
reducible part of the Brillouin-zone where high symmetry points are avoided because
they would spoil the averaging due to their special structure.

IV.2.2 Surface contributions

With equation (IV.15) the complete optical response of a surface can be calculated as
a sum over all possible transitions between conductance and valence band state. To
determine which part of the spectrum is dominated by surface transitions and which
part is due to bulk transitions we split the spectrum in the following way. We choose a
surface part of the slab, i.e., the two top layers. For each eigenstate of the Hamiltonian
we calculate the probability to find the electron in this surface area. If this is higher
than a given value we label this state as a surface state. This is illustrated in figure IV.3.
When we now calculate matrix elements of the momentum operator we can collect all
matrix elements where valence and conduction band states are surface states, where
both are bulk states and where only the valence or the conduction band state are surface
states. As a result we have split the total signal into 4 spectra where only surface-surface,
bulk-bulk, surface-bulk or bulk-surface transitions are involved. The sum of these four
spectra will again give the complete RA spectrum.

Figure IV.3: A schematic view of a slab and two different states is shown. The shaded areas
represents the localization of the two different states. We call the reddish state a surface state,
because it is localised mainly at the surface; the bluish one is spread over the whole slab and
therefore we call it a bulk state.

By varying the surface area we can get detailed information about the origin of cer-
tain properties of the RAS spectrum. It is not necessary that the selected area has to be
at the surface, it can be anywhere in the slab.
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In this study we only look at the (001) surface. In the following figure IV.4 the unre-
laxed surface is shown in a top view and a side view.

(001)

[0
11

]

[011] [110]

[0
01

]

Figure IV.4: The (001) surface in two different views. a) top-view, b) side-view. The colour should
distinguish between cations and anions. The large circle represents near atoms, the small ones
atoms which are far.

IV.3 InP

The surface structure of InP(001) is under discussion for quite a while. But one point
is already clear. In contrast to earlier assumptions the (001) surface of InP has noth-
ing in common with the corresponding GaAs surface which is theoretically and exper-
imentally well understood. A surface phase diagram under MBE condition of different
measured reconstructions can be found in [203].

But first we want to look at the bulk properties. A calculated band structure is shown
in figure IV.5 and in table IV.1 the calculated band gap at the � -point of Brillouin zone
is compared to experimental data taken from [204]. Here and even more when we com-
pare the results for surfaces with experimental data one has to keep in mind that the
calculations are for ��� and most of the experimental data are taken at room tempera-
ture or above. For example a change of the energy gap at the � -point of nearly 0.1 eV
can be observed in table IV.1 when going from 2 K to room temperature (300 K). But
for InP also data for very low temperatures are available because of the direct band-gap
and compare quite well to the theoretical findings. This is of no great surprise, because
the tight-binding parameters were fitted in [188] to the band structure at high-symmetry
points.
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Figure IV.5: The calculated band struc-
ture in InP.

temperature [K] 2 4.2 6 77 298 300
energy gap [eV] 1.4236(1) 1.4230(5) 1.4205 1.4135 1.3511 1.34

Table IV.1: Band gaps of InP at the � -point measured at different temperatures taken from [204].

For the calculation of the RA spectrum given by equation (IV.16) we need the di-
electric function of the bulk ����� � � . This is plotted in the next figure IV.6 together with
an experimental curve measured by ellipsometry [205] taken from [206] with kind per-
mission of the authors. The calculated dielectric function is shifted slightly to higher
energies, which can be explained by the finite temperature at which the experimental
data were taken. In [206] a shift to higher energies with decreasing temperatures was
reported. There is also an excitonic contribution near 3 eV [207, 208] which is out of
scoop of the tight-binding scheme used here. Besides this the comparison is quite good.
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Figure IV.6: The dielectric function of InP.
The experimental curves are taken from
[206].

But now back to the surface. There is a whole bunch of different structures proposed
for the InP(001)-(2 � 4) surface. Also (4 � 2) [209, 210] reconstructions were reported but
could not be confirmed by more recent experiments [211, 212]. In the following we will
discuss the proposed structures for the (2 � 4) reconstruction.

The first two structures in figure IV.7, the
�

2(2 � 4) and the � (2 � 4) are proposed by
Ozanyan et al. [203] because they attribute the anisotropy to cation and anion dimers on
the surface similar as on the As-rich GaAs(001) surface. Based on STM studies MacPher-
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son et al. [211] suggested a reconstruction with an P-trimer (figure IV.7c)) in the topmost
layer while In-trimers were found by Sung et al. [209] by time-of-flight scattering and
recoiling spectrometry. A family of dimer structures were presented in [213]. In the top-
layer a In dimer in [110] direction or single In or P dimer pointing in the [

�

� ��� ] direction
which is in the centre of the surface cell were proposed. There is also a fourth member
in this family where the dimer is an In-P pair. This structure was included to meet the
anisotropy visible in the STM picture by MacPherson et al. [211].

Now we have the topologies of 8 different structures which are plotted in figure IV.7,
but we need the exact positions of the surface atoms. These position can be found by
minimising the total energy of the surface. It is possible to do this in the framework
of Tight-Binding formalism, but here we will use data achieved by Density Functional
Theory (DFT). Gero Schmidt has calculated the total energy of all the structures dis-
cussed above and provided us kindly with all the necessary position data [214, 215]. In
this DFT scheme the positions of the atoms of the 4 topmost layers are variable and the
positions of the atoms in the fifth layer are fixed to the bulk positions. To get a slab of
20 or more layers we now extend the surface data by adding bulk layers. We will take
only slabs which have a number of layers which is a multiple of four, because this is the
period in the [001] direction. The [001] direction is a polar direction, i.e. in one layer
only cations can be found while in the neighbouring layers only anions can be found.
If we now start to build our slab with, e.g., a cation layer it is easy to see that we run
into trouble on the back surface, because this will always be an anion layer, because of
the period of four. This means we will never get a back surface which is equivalent to
the surface we want to study. To eliminate the effects of the back surface we use a linear
cut-off function when we build the Hamiltonian. But to keep the slab neutral we have
to use the same number of cation and anions. One of the simplest way to achieve this is
to put the surface structure to the back surface and switch the type of the atoms. Then
the back surface if unphysical but will do no harm, because of the cut-off function. If
not mentioned otherwise a slab with 20 layers of atoms is used for the calculation of the
RA spectra.

Besides the position data the DFT [214, 213] calculations reveal the total energy of
all the different structures for different chemical potentials � . These results can be sum-
marised in the following way. The structures with the lowest energy are the

�
� for

P-rich conditions and the mixed-dimer surface for an In-rich environment. The energy
of the proposed (4 � 2) surface-reconstructions was calculated in [214] and [213], too,
but their energy is under all conditions more than �

�
� eV larger compared to the (2 � 4)

reconstructions with the lowest energy.

Now we have all needed ingredients and in the following figure IV.8 for all 8 struc-
tures shown in figure IV.7 the calculated RA-spectrum is shown. In the next figure IV.9
two experimental results can be found. A spectrum taken a room temperature is shown
in figure IV.9a). The data was published in [216] and was kindly contributed by the
authors. Figure IV.9 was taken from [203] with kind permission of the authors.
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Figure IV.7: The 8 surface structures for which we calculate the optical response.

If we first compare the experimental results in figure IV.9 we can see that the curve
given in figure IV.9a) corresponds quite well to the results for higher surface temper-
atures in figure IV.9b). Both have a strong negative peak slightly below 2 eV and a
pronounced positive peak around 2.75 eV. Finally two minima at about 3 eV and 4 eV
and two maxima at about 3.6 eV and 4.6 eV. All calculated spectra except the

�
� in

figure IV.8 exhibit a negative peak between 1.5 and 2.0 eV but only the mixed-dimer
structure also has a notable positive peak at about 2.5 eV. Also the high energy part
of the mixed-dimer compares quite well. Although not very pronounced two minima
and two maxima can be found between 3 and 5 eV. Besides the total energy calculation
in [214, 213] mentioned earlier, this is another strong indication that the InP(001)-(2 � 4)
surface has a mixed-dimer reconstruction under In-rich conditions as shown in figure
IV.7.

For temperatures between � ��� ��� and � � � ��� the strong negative peak slightly below
2 eV nearly vanishes as shown in figure IV.9b) indicating a change in the structure of the
surface. Only one calculated spectrum displays no structure below 2 eV, namely the

�
�

spectrum. In figure IV.9b) only two maxima at about 2.75 eV and 4 eV are present and
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Figure IV.8: Calculated
RA-spectra of the sur-
face structures shown
in figure IV.7.

the calculated spectrum in IV.8 shows two maxima at nearly the same positions, too.
This leave us with the result that under P-rich conditions the surface reconstruction of
InP(001)-(2 � 4) is a

�
� reconstruction as shown in figure IV.7.

IV.4 Decomposition of the RA-spectra

After the identification of the mixed-dimer reconstructions as the surface structure of
InP(001)-(2 � 4) for In-rich conditions the question arises which transitions are responsi-
ble for the specific features of the spectrum. To answer this question we will decompose
the spectrum as described above by defining a surface area and looking for transitions
between states mainly localised in this area, mainly localised outside of this area in the
bulk and transition between the surface and bulk states.

In figure IV.10 the results for three different surface areas are shown. First only the
mixed top-dimer belongs to the surface area and it is clearly visible that no transitions
inside of the dimer are involved in the spectrum. Only bulk-bulk transition are present.
This changes drastically when the next layer filled with In atoms is included in the
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Figure IV.9: Result of RA measurements of the InP(001) surface. a) was taken at room temper-
ature and published in [216], b) has been published in [203]. The results are shown here with
kind permissions of the authors.

surface layer. Now in all possible transition pairs a spectrum with a distinct structure
is visible. The bulk-bulk spectrum already looks quite similar to the bulk’s dielectric
function shown in figure IV.6 as it should be without any surface contributions. The
strong negative peak below 2 eV is now given by negative structures in the surf-surf and
in the surf-bulk transitions. If the next layer, now filled with P atoms is also included
into the surface area the picture does not change much giving more or less the same
spectra as the previous figure.

An inspection of the atomic structure of the mixed-dimer reconstruction can now
give some hints about how the transitions may look in real space. Five three-fold
bounded In atoms, i.e. In atoms with an empty dangling bond, can be found on the
surface. While four of them are at the corners of the In rectangle in the second layer the
fifth is the In atom in the top dimer. With the result of figure IV.10 that the main contri-
bution to the negative peak below 2 eV originates from the second layer we can assume
that transitions from the filled bond states of the In-In bonds in the second layer and of
the bonds to the top dimer to the dangling bonds at the corner atoms are the reason for
this strong negative peak. This also explains why this peak can be found in nearly all
surface reconstructions we have taken in account. All except of the

�
� have three-fold

bound In atoms and In-In bonds while the
�
� has also the three-fold bound In atoms,

but no In-In bonds.

IV.5 Summary

In this chapter we have tried to find out how the surface of InP(001)-(2 � 4) is con-
structed. We have compared the calculated RA spectra of different proposed (2 � 4)
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Figure IV.10: Decomposition of the mixed-dimer spectrum. In the plot for layer 1 only the top
dimer is labelled as surface while in the plot of layer 1+2 the underlying In-layer is included and
in the layer 1-3 plot the following P-layer is included, too.

reconstructions with experimental data. As a result it was found the for In-rich con-
ditions a mixed-dimer reconstruction (see figure IV.7) can be found while in P-rich con-
ditions a

�
� reconstruction is preferred. The main difference of the RA spectra of the

two surfaces is a strong negative peak slightly below 2 eV which can be explained by
transitions mainly from filled In-In bond to empty dangling bonds of three-fold bound
In atoms. All these results are in good agreement with recent DFT based studies of the
same surface [217, 202] and also with soft x-ray photoelectron spectroscopy (SXPS) [213]
and STM [218] studies.

It is also noteworthy that tight-binding based calculations as presented here still
lead to results which can compete with more advanced DFT based ab-initio calculations
[202, 184, 219]. This gives the opportunity to use tight-binding based calculations which
are from the numerical point of view connected with much less effort, e.g., they are
suited for the study of many different proposed surfaces in a reasonable amount of time
as has been shown here. But one has to be careful. The calculation of the RA spectrum
of a GaP(001) surface with a tight-binding scheme gave only poor results [220] while the
corresponding DFT based calculations [221] produced good results. The reason for this
is probably that the ��	 � � � -model is too simple to reveal good results for the GaP(001)
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surface and that 	 -orbitals have to be included in the calculations. But still the tight-
binding calculations in future might be useful, for example for other reconstructions
than the (2 � 4) like the ones recently reported in [222, 223].
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V: Summary and outlook

We have made the acquaintance of three different pattern forming semiconductor sys-
tems. The first one, the charge transport through a semiconductor interface was a non-
equilibrium system driven away from thermodynamic equilibrium by a constant cur-
rent of electrons. A system at thermodynamic equilibrium, the structure of a semicon-
ductor surface, was discussed in the third example. In the second example we have
studied the initial phase of the formation of self-organised quantum dots, a system
which is first driven away from the equilibrium by a constant flux of atoms to a semicon-
ductor surface and then can relax to the equilibrium after the flux of atoms is stopped.

Besides the three different types of systems we have also presented three different
theoretical methods to describe them. Although there are quantum-mechanical descrip-
tions for all three systems, only in the third example Schrödinger’s equation was solved.
In the other two examples we used more phenomenological approaches. In the quan-
tum dots examples we treat atoms as small balls which can jump to nearest neighbour
positions in a periodic lattice defined by the substrate. Although this may sound like
playing with children’s bricks this very simple model is supported by ab-initio calcula-
tions which solve the underlying quantum-mechanical problem (see e.g. [38]). For the
first example we even moved a level higher and did not consider single electrons, but
used an electron density. Although this approach is on top of a hierarchy of semicon-
ductor transport models [48] there is always a clear path between the different levels of
the hierarchy so that the higher levels can be justified by the lower ones.

There are two main reasons why we use simplified models. The first one is a practi-
cal one. It is at the time being not possible to simulate the evolution of quantum dots or
the formation of current filaments at a semiconductor interface in an adequate amount
of time. The reason can be found in the different time and length scales which are in-
volved in the problems. The period of the oscillations of current filaments are orders
of magnitudes larger than the fastest electronic processes in a quantum-mechanical de-
scription. Also domain sizes which are necessary for useful studies of quantum dot
formation are at least three orders of magnitude larger compared to what is currently
possible with ab-initio calculations. The second reason is a physical one. A microscopic
theory in general implies material dependences which can be seen in chapter IV. Every
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material has its own specific surface structure for a given surface direction and there-
fore specific properties. Layered semiconductor diodes on the other hand can show
some common behaviour not only independent of the material (GaAs/AlGaAs, Si) but
also independent of type of diode (HHED, p-i-n). Also the self-organised formation of
quantum dots can be observed in different material systems (InAs/GaAs, Ge/Si) and
in different experimental setup ( molecular beam, gas-phase, liquid phase epitaxy). For
these two examples it is desirable to use a theoretical model which concentrates on the
common features and does not hide them by material specific effects. It would also be
desirable for the comparison of the pattern forming processes in the systems to find a
way to describe both systems with the same theoretical concept, e.g., with partial differ-
ential equations but we will discuss in the following why this is not easy to achieve.

We have seen in chapter II that the Turing or filamentary instabilities leads to three
different types of two-dimensional stationary current density distributions in two slightly
different models for charge transport in a layered semiconductor diode. The models are
given by the partial differential equations (II.1) and (II.2). Unfortunately in only one of
the models (II.1) complex oscillating structures could be found so far. A recently started
analytic study by Just et al. will try to answer the question if there are regimes in pa-
rameter space, which have not been studied here, where also in the model (II.2) similar
oscillating structures can be found. Although it is quite hard to observe the spatial and
spatio-temporal structures directly we have shown that every type of structure found
can be identified by studying the current-voltage diagrams of the specific device.

In chapter III kinetic Monte Carlo simulations where strain effect have been included
were used to simulate the initial phase of the growth of self organised quantum dots. We
have found two different growth modes which can produce the fundaments of quantum
dots with a sharp size distribution and, under some conditions, in a nicely ordered array.
In the first mode all the quantum dots grow simultaneously out of a large number of
small seeds, in the second mode the quantum dots grow one after the other where a
new quantum dot nucleates when all other quantum dots on the surface have reached a
critical size. By varying external parameters like growth-rate, temperature or coverage
a transition to a cluster forming growth mode could be found for both growth modes.
It was also found that in both growth modes a sharp distribution of island sizes can
be found even for low coverages where spatial ordering was only observed for higher
coverages where the island density and the mean island size are large enough to allow
an interaction of the strain field around an island with neighbouring islands. For the
parameters used for simulations here it turned out that for a coverage of about 35 %
an optimum in size and spatial ordering can be found. If only the size distribution is
of importance a lower coverage will yield better results, i.e. a sharper size distribution.
We would like to mention here again that we count the coverage without the wetting
layer which we assume passive.

If we compare the temporal evolution of the different patterns of chapter II and III we
find that the spot-like Turing pattern found in the system given by (II.2) and the growth
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mode where all islands grow simultaneously show some common behaviour. In both
cases a number of objects grow out of small seeds at the same time equally distributed
over the domain but not necessarily ordered perfectly in space. Here we can see why
it is difficult to find a description for the initial phase of quantum dot growth based
on partial differential equations. The Turing instability, where a pattern with a specific
wave-length will grow out of a small random perturbation, compares quite well to the
simultaneous growth mode, but will in general never show a behaviour similar to the
one-after-the-other growth mode. In terms of nonlinear dynamics this growth mode
would more likely correspond to localised structures or solitons [6, 224]. Consequently
a dynamical system based on partial differential equations which should describe the
initial phase of the growth of quantum dots must have more than one spatial insta-
bility. Another problem arises from the fact that the variables in partial differential
equations are in general densities, i.e.ãverages over many individual processes. But
in sub-monolayer epitaxy, i.e.w̃ith coverages below one monolayer, the individual pro-
cesses are still important. If we move to the order of ten and more monolayers partial
differential equations like the Kardar-Parisi-Zhang equation [225] are very helpful to
study the surface roughness. Models based on partial differential equation were also
used to describe the temporal evolution of steps of monolayer height in the step-flow
growth mode [226] but also with a deposition of ten monolayers or more. But neverthe-
less we hope that the results of the Monte Carlo simulations presented here will help
to develop a suitable system of partial differential equation which may open a way to
feed the knowledge about pattern formation in dynamical systems into the fabrication
of quantum dots.

There are a couple of ways to extend the simple Monte Carlo scheme presented
here. Most important is a more physical modelling of the strain field which was already
started [122, 123]. This would also open the possibility to include the wetting layer into
the simulation. There are also first studies of anisotropic diffusion [133]. All these exten-
sions would help to make the simulations more realistic and also more material specific.
And here the microscopic study of the surface structure of InP in chapter IV becomes
important. Since for detailed simulations of a specific material system it is essential to
know what are the important processes during the growth at the surface. To find them
one has to know, e.g., the atomic structure of the clean surface which is different for
every material system. We have seen in chapter IV that the InP-(001) surface has a num-
ber of different properties than, e.g., the corresponding surface of GaAs. Especially the
mixed dimer reconstruction which has no parallel in GaAs. We also think that the com-
parison of measured and calculated optical spectra are an important tool to understand
the growth of quantum dots. Although it is nowadays possible to compare images from
a scanning tunnelling microscope nicely with first principle calculations [227] it is still
easier and faster to take optical spectra in-situ, i.e. during the growth of the quantum
dots [170, 172].
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