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Abstract 

 

Extraction is a very common thermal separation technique, which is based on the demixing 

behaviour of the involved substances. An actual, not fully understood phenomenon is the 

transport of substances across the liquid-liquid phase boundary, as well as the laws of 

coalescence. According to the current state of research, interfacial properties play a crucial 

role in those phenomena. While the interfacial tension between the two liquid phases is 

experimentally accessible with some measurement effort, the study of the phase boundaries is 

almost impossible due to their small extension. Therefore, this work deals with experimental, 

as well as theoretical studies of the phase boundary between two liquid phases by using a 

new, modified version of the density gradient theory to predict interfacial tensions, as well as 

the concentration profiles in the interface and their spatial extent. The predictions of 

interfacial tensions are in excellent agreement with experimental data for various systems, 

including the reference system for extraction consisting of water + acetone + toluene. Based 

on those results, a counterflow extraction column was simulated using the concept of 

equilibrium stages. Then for the first time the interfacial tensions, as well as the concentration 

profiles on the equilibrium stages were calculated. By varying the operating parameters of the 

column, such as the ratio between the feed and solvent flow, as well as different temperatures 

of the incoming flows, the surface tension could be affected within the column as a function 

over the height. Furthermore, an enrichment of the solubilising component in the interface is 

predicted. This accumulation inside the interface is not considered in today's mass transport 

models, but can be taken into account to develop new or to improve existing models. 

Similarly, this work allows for the improvement of models of Marangoni convection, as well 

as coalescence, which can be used for a more efficient design of the extraction column.  

In summary, this work presents a new concept for predicting hard to measure interfacial 

tensions, which can be used in the context of extraction columns for simulation and 

optimisation.  

 

 



Kurzfassung  

 

Die Extraktion ist eine weit verbreitete thermische Trenntechnik, welche auf dem 

Entmischungsverhalten der beteiligten Stoffe basiert. Ein bis lang noch nicht voll 

verstandenes Phänomen ist der Stofftransport über die Flüssig-Flüssig-Phasengrenze hinweg, 

wie auch die Gesetzmäßigkeiten der Koaleszenz. Laut dem aktuellen Stand der Forschung 

spielen Grenzflächeneigenschaften eine entscheidende Rolle bei diesen Phänomenen. 

Während die Grenzflächenspannung zwischen zwei flüssigen Phasen durch geeignete 

Messmethoden experimentell mit einigem Aufwand zugänglich ist, stellt die Untersuchung 

der Phasengrenze aufgrund ihrer geringen Größe eine bisher unlösbare Aufgabe dar. Daher 

befasst sich diese Arbeit mit den experimentellen wie auch theoretischen Untersuchungen der 

Phasengrenze zwischen zwei flüssigen Phasen, indem basierend auf der Dichte Gradienten 

Theorie die Grenzflächenspannungen, sowie die Konzentrationsprofile innerhalb der 

Phasengrenze und deren räumliche Ausdehnung vorhergesagt werden können. Die 

Vorhersagen der Grenzflächenspannungen stehen in hervorragender Übereinstimmung mit 

experimentellen Daten für verschiedene Systeme, unter anderem für das Referenzsystem zur 

Extraktion bestehend aus Wasser + Aceton + Toluol. Aufbauend auf diesen Ergebnissen 

wurde eine Gegenstromextraktionskolonne mit Hilfe eines Gleichgewichtsstufenmodells 

simuliert und anschließend auf den Gleichgewichtsstufen erstmalig die Grenzflächen-

spannungen wie auch die Konzentrationsprofile berechnet. Durch Variation der Betriebs-

parameter der Kolonne, wie das Zulaufverhältnis zwischen Feed und Lösungsmittel als auch 

unterschiedlich temperierte Zuläufe, konnte der Verlauf der Grenzflächenspannung innerhalb 

der Kolonne über deren Höhe beeinflusst werden. Des Weiteren wurde im Rahmen dieser 

Arbeit eine Anreicherung der lösungsvermittelnden Komponente in der Phasengrenzschicht 

vorhersagt. Diese Anreicherung innerhalb der Phasengrenze wird in heutigen 

Stofftransportmodellen nicht berücksichtigt und kann daher für die Entwicklung neuer bzw. 

zur Optimierung vorhandener Modelle genutzt werden. Ebenso ermöglicht diese Arbeit 

Modelle für die Marangoni Konvektion wie auch Koaleszenz zu verbessern, was eine bessere 

Auslegung der Extraktionskolonne hinsichtlich ihrer Effizienz darstellt.  

Zusammenfassend stellt diese Arbeit ein neues Konzept für die Vorhersage teils aufwändig zu 

messender Grenzflächenspannungen vor, welches im Rahmen für Simulationen und 

Optimierungen von Extraktionskolonnen genutzt werden kann. 
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Nomenclature 

Latin symbols 
 
A 2m  surface area of the interface 

,k i jA   - Margules parameter for a mixture of i and j 

ia  - slope of linear fit of GC-calibration 

ib  - intercept of linear fit of GC-calibration 

,P ic  /J molK  heat capacity at constant pressure of pure component i 

d m diameter of a droplet 

iE  /mol s  mole flow of extract phase on stage i 

F - degree of freedom in a mixture/system 

f  /J mol  Helmholtz free energy per mole 

0f  /J mol  Helmholtz free energy per mole of the bulk phase 

g /J mol  Gibbs - energy per mole  

ideal
Mixg  /J mol  ideal part of the Gibbs - energy per mole of a mixture 

real
Mixg  /J mol  real part of the Gibbs - energy per mole of a mixture 

0ig  /J mol  Gibbs - energy per mole of the pure component i 

Mixh  /J mol  enthalpy per mole of a mixture 

Eh  /J mol  excess enthalpy per mole of a mixture 

iI  - integrated peak area of component i in GC-chromatogram 

K 5 /J m mol 2 influence parameter of DGT 

ijK  4/J mol m  influence parameter of modified DGT of system i + j 

*
,j iK  - distribution coefficient 

 k T  2 3/kg s m  calibration coefficient of U-tube oscillator 

L - order of Margules polynomial 

iM  /g mol  molar mass of pure component i 

M   /g mol  reference molar mass 

N - number of components in a mixture 

Feedn  /mol s  mole flow of feed 
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Extractn  /mol s  mole flow of extract 

Raffinaten  /mol s  mole flow of raffinate 

Solventn  /mol s  mole flow of solvent 

VN  mol amount of mole in the interface 

Ph - number of coexisting phases 

R /J molK  universal gas constant 

iR  /mol s  mole flow of raffinate phase on stage i 

r m radius of a droplet 

SFr  - ratio of solvent to feed flow 

ir  - segment number 

T K temperature 

IT  K temperature in phase I 

t min time 

ix  - mole fraction of component i 

,
R
j ix  - mole fraction of component j on stage I in raffinate phase 

,
E
j ix  - mole fraction of component j on stage I in extract phase 

z m spatial coordinate in the interface 

0z  m reference coordinate in the interface 

z  m interfacial thickness 

 
 
Greek symbols 
 

ij  - adjustable parameter for the gE - model between component i and j 

i  Hz vibration frequency of sample i 

I
i  - chemical potential of component i in phase I 

Eq
i  - chemical potential of component i in equilibrium state 

  3/kg m  density 

L  3/kg m  density of liquid phase 

V  3/kg m  density of vapour phase 

*  3/kg m  reference density in the interface 
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  3/kg m  density difference between two phases 

  /mN m  interfacial tension 

i  - segment mole fraction of component i 

I
i  - segment mole fraction of component i in phase I 

ij  - binary interaction parameter between component i and j 

  - grand thermodynamic potential 

  Hz rotation speed of the capillary  

 
 
Abbreviations 
 
DFT density functional theory 

DGT density gradient theory 

EoS equation of state 

GC gas chromatograph 

gE excess Gibbs - energy 

LCST lower critical solution temperature 

LLE liquid-liquid equilibrium 

MD molecular dynamics 

NRTL non-random two-liquids 

SLE solid-liquid equilibrium 

UCST upper critical solution temperature 

UNIFAC universal quasichemical functional group activity 

coefficients 

UNIQUAC universal quasichemical 

VLE vapour-liquid equilibrium 
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1 Introduction 
 

1 Introduction 
 

“What we know is a drop, what we do not know is an ocean.” 

Sir Isaac Newton 

 

Newton’s statement about knowledge is reflected in many physical problems. After decades 

of research, the humankind starts to understand nature’s laws. Often, small details have a 

large impact on physical phenomena. For instance, the technology of nuclear power plants 

and their social benefits are based on disintegration of atoms. Apparently, the universe’s 

forces are caused by the smallest imaginable particles, called strings. This raises the question 

about the main influences on technical processes. Thermal separation processes based on 

liquid-liquid extraction take advantage of the separation behaviour of the involved 

components. In such a process, drops or better droplets that build one phase are in contact 

with a surrounding continuous phase. Due to the gravitational force, the low-density droplets 

rise up while the continuous phase descends. Using those principles leads to the development 

of extraction columns, as well as mixer-settler systems. Pulsating, stirring or fixed 

installations influence the hydrodynamics in a column. However, the thermodynamic 

fundamentals of interfacial mass transfer, as well as coalescence behaviour are not fully 

understood. To allocate a large surface for interfacial mass transfer, many small droplets are 

needed. Thus, during the ascending motion, the droplets should not coalesce. Otherwise, the 

specific surface for interfacial mass transfer decreases. However, at the top of a column the 

droplets have to coalesce to build a continuous outflow. For technical designs of extraction 

columns, the mass transfer of the impurity from the continuous phase to the disperse phase 

has to be calculated mostly by using empirical correlations based on experimental studies. 

The left side of Figure 1 shows the principle scheme of a counterflow extraction column, 

where the feed flows as a continuous phase from top to bottom of the column. While the feed 

is a mixture of a red and a yellow component, the raffinate on the bottom carries the red 

component only. The impurity ( yellow component ) has to be transferred into the disperse 

phase, formed by the pure solvent, which is blue at the entry of the column. Due to the lower 

density of the disperse phase, the blue droplets rise and successively absorb the yellow 

component, which results in a green coloured extract. On the right side in Figure 1, a detailed 

view of the area between the continuous phase and the droplets’ surface is given.  
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Feed Extract

Raffinate Solvent

interfacial
mass transfer

interface
bulk

phase
bulk

phase

density

 
Figure 1: Scheme of a counterflow extraction column and interfacial properties. 
 
A common doctrine is the existence of a flat interface between both bulk phases. Hence, in 

equilibrium the densities, as well as concentrations have different values on both sides of the 

flat interface. Actually, physical properties like density and concentration cannot have a 

saltus. Correctly, they have to change continuously from one side of the interface to the other. 

Thus, the interface has to be a small volume, where all thermodynamic variables vary 

continuously. Because of the small thickness of the interface, the variation of thermodynamic 

properties is not accessible by measurements. However, the interfacial tension can be 

measured with different techniques. Originally, in 1873 van der Waals thought about the 

consistency of liquids in capillaries [1], and he made the assumption of a continuous variation 

of thermodynamic properties between coexisting phases. About 20 years later, in 1892 Lord 

Rayleigh [2] measured the light reflexion on vapour-liquid interfaces and came to the same 

conclusion of a continuous variation of thermodynamic properties. In the fifties of the last 

century, Cahn and Hilliard [3] rediscovered the so-called density gradient theory (DGT) to 

calculate the interfacial tensions based on gradients of density in the vapour-liquid interface 

of pure components. Poser and Sanchez [4] extended the density gradient theory to binary 

systems in order to predict interfacial properties of vapour-liquid equilibria. In the last 
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decades, several works regarding interfacial properties of vapour-liquid equilibria for pure 

substances and binary mixtures using the density gradient theory in combination with diverse 

equations of state were presented [e.g. 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 

20, 21, 22, 23, 24, 25, 26, 27, 28]. Predictions of interfacial properties of ternary liquid 

mixtures using the density gradient theory in combination with an equation of state are very 

rare [29,30]. Unfortunately, these calculations require a relative high numerical effort. 

Therefore, this work presents a new and numerical simple concept using the ideas of Cahn 

and Hilliard [3] and Poser and Sanchez [4], which allows for the prediction of interfacial 

tensions of ternary demixed systems. Furthermore, a counterflow extraction column was 

simulated by using the concept of equilibrium stages. For the first time, this enables the 

display of interfacial tensions over the height of a counterflow extraction column. In order to 

predict interfacial tensions, the interfacial concentration profiles have to be calculated using 

the minimised grand thermodynamic potential in the interface. Thus, on each equilibrium 

stage in the counterflow extraction column the interfacial concentration profiles can be 

displayed. The predictions of interfacial properties are shown on three different ternary 

systems. The system water + 1-butanol + ethanol is selected because of low interfacial 

tensions. The reference system for extraction, namely water + toluene + acetone, is chosen 

because of high interfacial tensions. The system water + 1-butanol + benzene is of interest 

due to two demixing binary subsystems and a resulting tube-formed miscibility gap. Finally, 

the simulation of the counterflow extraction column is done exemplary on the system water + 

toluene + acetone because of its technical importance for extraction processes. All these 

computable thermodynamic properties can be used for a better understanding of interfacial 

mass transfer as well as laws of coalescence. 

 



2 Background 
 

2 Background 

In order to gain access to interfacial properties requires information about the 

thermodynamical equilibrium state, so called phase equilibrium. Depending on the number of 

components the maximum of coexisting phases is described by the well known Gibbs - phase 

rule: 

 

2F N Ph    (1) 

 

N is the number of components in the mixture, Ph stands for the number of coexisting phases 

and the degree of freedom in the system is represented by F. For example, a system consisting 

of three components with no degree of freedom can have a maximum of five coexisting 

phases. The most common phase equilibria for separation processes are the vapour-liquid 

equilibrium (VLE), the liquid-liquid equilibrium (LLE) and the solid-liquid equilibrium 

(SLE). 

 

2.1 Phase Equilibrium 

Reaching the equilibrium state, the Gibbs - energy minimises and the entropy maximises. The 

result is a constant temperature, a constant pressure and a constant chemical potential of each 

component in all coexisting phases. The challenge from the chemical engineering point of 

view is to describe or even predict the diverse phase equilibria. There are two different 

possibilities in order to achieve this: an equation of state (EoS) or an energy-based model. 

In 1873, the first attempt to describe phase equilibrium was presented by van der Waals [1]. 

The resulting van der Waals - EoS is derived from attraction forces between the molecules 

based on the statistical mechanics methods. Although, the van der Waals - EoS is able to 

describe a vapour-liquid-equilibrium qualitative correctly, the application is restricted to non-

polar substances with low molecular weight and the calculated liquid densities are non-

satisfying. Further improvements by Soave [31], Redlich and Kwong [32] and Peng and 

Robinson [33] were possible by considering the form of the molecule respectively their 

deviation from the spherical shape, which ensures more accuracy in the liquid densities. The 

development of the associating theories by Wertheim [34, 35, 36, 37], Chapman et. al. [38, 

39] and Gross and Sadowski [40, 41] allows for the more precise calculation of vapour-

liquid-equilibria for more complex substances. Based on a lattice theory, Langenbach et. al. 
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[42, 43] presented the lattice cluster theory EoS to consider the thermodynamical properties 

dependent on the molecular structure. The main challenge is still the accurate calculation of 

the liquid densities, which is important for the density gradient theory in its original form. In 

case of liquid-liquid equilibria of mixtures, the pressure influence of the liquid densities can 

be neglected, which allows for using energy-based models. 

As mentioned above, the Gibbs - energy will be minimises when the system gets closer to the 

equilibrium state. The Gibbs - energy of a mixture of N components has to be calculated in 

the following form: 

  

ideal E
Mixg g g   (2) 

 

The ideal part of the Gibbs - energy in the mixture of N components is composed of the 

Gibbs - energy of the pure substances  and the ideal mixing part due to the ideal mixing 

entropy. In equation (3)

0iG

, ix  representes the molar fraction of the pure component i in the 

mixture. 

 

0
1 1

ln
N N

ideal
Mix i i i i

i i

g x g RT x
 

     x  (3) 

 

In the last 120 years, much working regards to describing the real part of the Gibbs - energy in 

the mixture has been published. In 1895, Margules [44] presented a complete empirical model 

for the so-called excess Gibbs - energy . In the following years, van Laar (1910) [EG 45], 

Porter (1921) [46] and Redlich and Kister (1948) [47] provided miscellaneous descriptions. 

Based on the theoretical concept of local composition, the Wilson (1964) [48], NRTL (1968) 

[49], UNIQUAC (1975) [50] and UNIFAC (1975) [51] equations were provided to describe 

more complex mixtures. To consider the different size of the mixed molecules, Flory 

(1941/42) [52,53] and Huggins (1941) [54] chose the ideal-athermic mixture as a standard 

state. Furthermore, Koningsveld and Kleintjens (1970) [55,56] developed a model to consider 

the different shapes of the molecules. This combination yields to the following expression for 

the Gibbs - energy of mixing for a mixture of N components: 

 

 1

1 1 1

ln
1

N N N ij i jMix i i

ii i j i i

Tg
rRT






    j i

   
     (4) 
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where  is the segment mole fraction of component i . The molar fraction and the segment 

molar fraction are connected in equation (5)

i

. 

1

i i
i N

i i
i

r x

r x


 


 
(5) 

 

Here,  is the segment number, and ir  ij T  , as well as ij  are the adjustable model 

parameters. While  ij T  represents the binary interaction, the different shapes of two 

molecules are considered by ij . The segment number  is defined by ir
i

i

M
r

M  , where the 

reference molar mass, M   , is the molar mass of the lightest molecule in the system. The 

model parameters have to be fitted to experimental data. Because of its numeric simplicity, 

this model will be used in this work. For further applications in this work an ascending order 

of the molar masses with respect to the indices in equation (4) is assumed. 

 

2.1.1 Binary Liquid-Liquid Equilibrium 

In order to calculate a binary liquid-liquid equilibrium, the following conditions have to be 

satisfied by the trivially fulfilled pressure equality: 

 

I IT T I  (6) 

1....I II
i i i N    (7) 

 

where T is the absolute temperature in Kelvin and i  is the chemical potential of component i 

in phase I and II. As mentioned in chapter 2.1, the Gibbs - energy is minimised when the 

system reaches the equilibrium state. For this reason, it is useful to display the behaviour of 

Gibbs - energy over the segment mole fraction.  
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Figure 2: Gibbs - energy (solid line) as a function of the segment molar fraction in a binary LLE. Double 

tangent (dashed line) intercepts Gibbs - energy on bulk phase concentrations 1
I  and . 1

II

 

 

The results for a hypothetical mixture of two components are plotted in Figure 2. The molar 

mass of component one is 1 15 /M g mol  and that of component two is 2 10 /M g mol . The 

binary interaction parameters are 12 2.0   and 12 0  . Due to the fact, that the chemical 

potential is a derivative of the Gibbs - energy, there are two different concentrations, the bulk 

phase concentrations 1
I  and , to satisfy equation (71

II ). The Gibbs - energy of the demixed 

system can be displayed on the so called double tangent between the bulk phase 

concentrations. In order to minimise the Gibbs – energy of the system, two phases are build to 

get from the unstable state (point on the solid line) to the stable state (end of arrow on the 

dashed line). The interception of the double tangent with the ordinate on the right side 

represents the chemical potentials of the equilibrium state of component one and on the left 

side of component two analogically. 

Therefore, the chemical potential in a binary system can be calculated using geometrical 

consideration in the following way:  
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     1 1 1 1
1

/
/ 1 Mix

Mix

G RT
G RT

 
       

 (8) 

   2 1 1 1
1

/
/ Mix

Mix

G RT
G RT

 
      

 (9) 

 

Inserting equation (4) in (8) and (9) leads to an analytical expressions for the chemical 

potentials of component 1 ( equation (10) ) and 2 ( equation (11) ):  

 

            
 

2

1
1 1 1 1 1 12 2

1 2 12 1

11 1
ln 1 1

1
T

r r
 




          

 
 (10) 

        
 

2
1 1

2 1 1 1 1 12 2
1 2 12 1

11 1
ln 1

1
T

r r
2

 


  
         

 
 (11) 

 

When the parameters  and  12 T 12  are known, the equilibrium conditions for each 

temperature ( equation (6) and (7) ) can be used to calculate the concentrations in the 

coexisting bulk phases. Dependent on the temperature dependency of  12 T , there are five 

different types of liquid-liquid phase behaviour describable, which are displayed in Figure 3: 

 

a) Upper critical solution temperature (UCST) behaviour 

b) Lower critical solution temperature (LCST) behaviour 

c) Closed loop behaviour 

d) Complex behaviour, with a higher LCST than UCST 

e) Hourglass type behaviour, with no critical temperature. 

 

 

 8



2 Background 
 

 12 T  T 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Phase behaviour and temperature dependency of  12 T . 
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The critical condition for the third derivatives of the Gibbs - energy results from stability 

analysis and has the following form:  

 

 
   

 

3 !
12 12

122 43 2
1 1 1 2 1 12 1

6 1/ 1 1
0

1 1
MixG RT

T
r r

 




  
            

 (12) 

 

To estimate the value of 12,crit  at the critical point, equation (12) has to be transposed to 

 12 T . Obviously, the critical value of 12,crit  depends on the critical concentration, on the 

segment numbers of both components and thus the molar masses of the pure components and 

on the adjustable parameter 12 . Analyzing the stability criteria,  has to have a 

minimum value to describe a demixing behaviour. 

 12 T

However, with the help of equations (10) and (11) experimental data of the bulk 

concentrations can be used to estimate the temperature dependency of parameter  12 T . 

According to the respective phase behaviour, the temperature dependency of  must not 

be linear, a square dependency in the form of 

 12 T

 12 2
...

B C
T A

T T
      is imaginable. 

Because the inverse temperature function converges to a constant value at very high 

temperatures, a more physical behaviour is achieved. 

  

 

2.1.2 Ternary Liquid-Liquid Equilibrium 

In principle, the ternary liquid-liquid equilibrium has to fulfil the same equilibrium conditions 

as the binary, but with three components in the mixture. Therefore, there are three equality 

conditions for the chemical potentials. Like binary mixtures, ternary mixtures can be 

completely miscible. Depending on the components, a demixing behaviour of the ternary 

system may lead to a minimisation of the Gibbs - energy in the system. The conditions for a 

ternary equilibrium are analogous to those in a binary system. The Gibbs - energy of a 

hypothetical ternary mixture is plotted in Figure 4. In this system, only the binary subsystem 

including component one and three has a demixing behaviour. The slim black lines show 

selected tie lines. Comparable to binary liquid-liquid equilibria, the osculation points of the 

double tangent with the respective tie line correlate with the bulk concentrations in both 

phases. The binodal curve, which is displayed as the bold black line, connects all bulk phase 
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concentrations. By increasing the concentration of component two, the tie lines will be 

contracted. The limit case is displayed with a star; also know as the critical point.  

 
Figure 4: Gibbs - energy (coloured surface) in a ternary liquid-liquid equilibrium. Binodal curve (bold 

solid line) is connected by tie lines (solid lines) and ends in the critical point (black filled star). 

 

The chemical potentials of the three components in the ternary mixture can be calculated in 

the following form: 

 

     
2 1

1 1 2 1 2 1 2
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The derivatives in these equations can be derived from equation (4), which leads to: 
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 (18)

 

Apparently, 6 adjustable parameters are needed to describe a ternary liquid-liquid equilibrium. 

In case of a binary, demixing subsystem, the associated parameters can be adjusted as 

mentioned in the previous chapter. Otherwise, the parameters have to be adjusted to 

experimental data of the liquid-liquid equilibrium. 
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2.2 Interfacial Properties 

Interfacial properties are gaining more and more importance in thermal separation processes. 

Nowadays, the interfacial tension between two coexisting phases is used for several technical 

applications. The population balance model requires information about the interfacial tension 

to calculate the probability of coalescence [57]. In principle, the interfacial tension is strongly 

connected to the coalescence and thus it has a large impact on the interfacial mass transfer. 

Marangoni convection [58] caused by local gradients of the interfacial tension can have an 

impact on the interfacial mass transfer, too.  

The two-film theory [59], which is applicable for the estimation of interfacial mass transfer, 

requires interfacial concentration profiles in order to calculate mass transfer coefficients. This 

information provides a basis for column simulations and their dimensioning. Unfortunately, 

interfacial concentration profiles are not experimentally accessible because of the very small 

thickness of the interface. Generally, mass transfer through an interface depends on several 

properties and is not fully understood today.  

 

 

2.2.1 Interfacial Properties at Vapour-Liquid Equilibrium 

One of the first works about interfacial properties was done by van der Waals [1]. He 

imagined the interface between a liquid and a vapour phase of a pure component as a finite 

region, where the density is varying continuously from one phase to another. In 1892, Lord 

Rayleigh [2] came to the same conclusion when he measured the light reflexion on vapour-

liquid interfaces. Based on these facts, Cahn and Hilliard [3] rediscovered the so-called 

density gradient theory (DGT) more than 60 years later. According to their work, the free 

energy of a nonuniform system depends on the local composition, and the local composition 

gradients. Simplifying, it is assumed that the thermodynamic properties in the small interface 

depend just on the perpendicular direction. Therefore, the gradients have one-dimensional 

character. Equation (19) shows the resulting free energy by neglecting terms of higher order: 

 

 
2 22

0 1 22
, , ,... ...

d
f f K K

dz dz dz dz

    
                   

 (19) 

 

By suitable integration over the interfacial volume V, the total free energy F of this volume is: 
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2

0 ...VF A N f K dz
dz






       
   

  (20) 

 

where NV is the Avogadro number and K the so-called influence parameter. A is the area of 

the flat interface and z the local coordinate. The interfacial tension, the specific interfacial free 

energy,  , is by definition the difference between the actual free energy of the system and the 

free energy, if the system was continuous.  

 

 
2

0
Eq

VN f K d
dz

   




        
   

 z  (21) 

 

Figure 5 illustrates the continuous variation of the thermodynamic properties in the interfacial 

region. The local density (black line) varies continuously from the left side, the liquid phase, 

to the right side, the vapour phase. The blue line represents the local free energy, if the system 

is continuous and the red line symbolises the chemical potential of the bulk phase multiplied 

with the local density. The area between the blue and the red line is the so-called grand 

thermodynamic potential,  , which can be rewritten as: 

 

   0
Eqf        (22) 
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Figure 5: Continuous variation of thermodynamic properties in the interfacial region at constant pressure 

and temperature: black line represents density, red line marks density multiplied with the chemical 

potential in equilibrium state, blue line represents the Helmholtz free energy of a homogenous system 

multiplied with the density. 

 

Cahn and Hilliard [3] simplified equation (21) by using the concept of the Euler equation and 

the fact that the grand thermodynamic potential converges to zero on both ends of the 

interface. Equation (23) follows from changing the variable of integration from z to  . 

 

 2

V

L

VN K d




     (23) 

 

The influence parameter  can be adjusted to experimental data at a fixed temperature and 

thus can be used for the prediction of the interfacial tension of the remaining VLE range. The 

density profiles can be calculated with the help of equation (24), 

K
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*
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z z d








 
  (24) 

 

where is the spatial coordinate of the local density z *  and  is the reference coordinate, 

which can be simplified by setting it to zero. 

0z

In 1981, Poser and Sanchez [4] expanded the theory of Cahn and Hilliard [3] to binary 

vapour-liquid equilibria. They developed an extension for the influence parameter of the 

mixture depending on the partial local density and its gradients of the components. For a 

binary mixture, equation (21) can be rewritten to: 

 

 
2 2

1 1 2 2
1 2 1 12 22 , 2VN K K K

z z z z

     




                                 
 dz  (25) 

 

where 1  and 2  are the partial local densities,  and  are the influence parameters of 

the pure components and 

1K 2K

12 1 2K K  K . The parameter   corrects the mixing rule, but in 

this work it is set to one. Because of the assumption, that the grand thermodynamic potential 

is minimised in equilibrium state, its partial derivates with respect to the partial densities have 

to be zero. Following from this fact, the resulting algebraic equation is useful for the 

calculation of the connected densities of the two components inside the interface:  

 

   
2 1

1 2 1 2
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1 2
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 (26) 

 

According to Cahn and Hilliard [3], Poser and Sanchez [4] changed the variable of integration 

from z to 1 , which leads to equation (27), 
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      (27) 

 

where  is the so-called influence parameter of the mixture and can be calculated in the 

following form: 

'K
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Similar to equation (24), the calculation of the density profiles, more precisely the local 

spatial coordinate, can be realised by using equation (29). 

 

 

*
1

1

0 1
1 2

'

,L

K
z z d






 

 
  (29) 

 

In the last decades, several works were presented regarding interfacial properties of vapour-

liquid equilibria for pure substances and binary mixtures using the density gradient theory in 

combination with diverse equations of state [e.g. 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 

18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. 

Additionally, the density functional theory (DFT) is used to calculate the interfacial 

properties, too. This theory is based on the minimisation of the grand thermodynamic 

potential in the equilibrium state (equation (21) for pure substances and equation (25) for 

binary mixtures) by using a density functional, which will be iteratively varied to solve the 

minimisation problem. This approach also requires an equation of state to calculate the free 

energy in the interface [60, 61, 62, 63, 64, 65, 66]. The grand thermodynamic potential can 

be calculated in a similar way to equation (22) including the location dependency of the 

density , which is given in equation (30):  r

 

     0
Eqr f r r              (30) 

 

By local discretisation of the interface, the density on each discretisation point is guessed and 

the grand thermodynamic potential can be calculated. During the numerical minimisation of 

the grand thermodynamic potential, the density on each discretisation point will be varied. 

Because of the density dependency of the free energy, a recalculation of the free energy at 

each discretisation point is necessary. Now the disadvantage is obvious, the high numerical 

complexity of the minimisation program. After a successful minimisation, the phase 

equilibrium data, the interfacial density profiles, as well as the interfacial tension are 

available.  
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Since the 1970s, molecular dynamics (MD) simulations are finding one’s way into the 

prediction of interfacial properties in vapour-liquid equilibria [67, 68, 69, 70, 71, 72, 73, 74, 

75, 76], as well as in liquid-liquid equilibria [76, 77, 78]. The MD simulation based on 

Newton’s equations of movement in combination with a force field to describe the interaction 

between the molecules. At the beginning of a MD simulation, a virtual box is filled with 

particles, which represent the different molecules. By solving Newton’s equations, the 

particles start to move due to the force fields. By minimising the utilised ensemble (i.e. NVE, 

NVT or NPT), the particles in the box are arranging in the equilibrium state. A statistical 

evaluation of the local densities and concentrations leads to the interfacial properties between 

the two bulk phases. Because of the relative high particle densities of liquids, the number of 

particles in the box is high. Therefore, the numerical effort for MD simulations is much higher 

than for other presented methods.  

 

2.2.2 Interfacial Properties at Liquid-Liquid Equilibrium 

In principle, the calculation of interfacial properties of liquid-liquid equilibria is performed in 

the same way as of vapour-liquid equilibria. Today, there are some calculations of interfacial 

properties of binary liquid-liquid equilibria [6, 7, 9, 79] published in the literature. Kahl et. al. 

[80] used the DFT for the prediction of interfacial properties of a hypothetical ternary liquid 

mixture. One of the main challenges is the calculation of the liquid densities by using an 

equation of state. The density gradient theory is very sensitive on the densities of the 

coexisting liquid phases. Thus, the equation of state can have a complex numeric character to 

describe the liquid phases accurately. Hence, the numeric effort increases dramatically using 

the density gradient theory in its original form. Therefore, a modified version of the density 

gradient theory will be presented in this work to minimise the numerical complexity.  
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2.3 Simulation of a Counterflow Extraction Column 

 

The counterflow extraction column is an extraction unit that has been most commonly used in 

the chemical industry. This technique is based on the liquid-liquid equilibrium of a multi 

component system and differences in the bulk phase densities to realise a counterflow. There 

are two different operation methods of counterflow extraction columns: with and without 

energy input. Columns without energy input can have fixed installations to improve the 

efficiency, for instance sieve trays [81], packages [82, 83] and spray units [84, 85]. The 

energy input can be realised by using mixing and / or pulsating installations. Common mixing 

units are the classical mixer, rotating disc contactors [86, 87, 88] and the Scheibel extractor 

[89, 90, 91]. Additionally, sieve trays and packages are also used as pulsating installations. 

Both, the thermodynamics and the hydrodynamics are the fundamentals for a satisfying 

extraction process. Consequently, these two parts are the main challenge for optimisation 

utilities. In this work, the focus is set to the thermodynamic impact on a counterflow 

extraction column. Figure 6 demonstrates a qualitative design of an extraction column, where 

feed (black and green component) and solvent (red component) are in counterflow. The feed 

flows in at the top of the column as a continuous phase while the pure solvent ascends in a 

disperse phase from the bottom. Because of the system’s thermodynamic behaviour, the 

impurity (green component) moves from the continuous phase into the droplets of the disperse 

phase. In the end, the raffinate exits the column on the ground as an almost pure component 

while the extract contains the impurity and the solvent. On the right side of Figure 6, the 

estimated concentration profiles throughout the column are plotted, where the black line 

stands for the purifying component in the feed, the green lines represent the impurity and the 

red line the solvent. The concentration of the black component increases in the direction of 

the continuous phase’s flow, while the concentration of the green component decreases. 

Simultaneously, the concentration of the green component increases in the disperse phase, 

while the concentration of the solvent decreases in the direction of the disperse phase’s flow. 

To enlarge the surface of the interface between the two phases, a great many droplets are 

required to enhance the mass transfer through the interface. For this reason, coalescence of the 

disperse droplets is unwanted. However, coalescence as well as the interfacial mass transfer 

are actually not fully understood. Apparently, interfacial properties have a large impact on 

these thermodynamic phenomena. 
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With an isothermal continuous stage model, the column can be divided into several virtual 

equilibrium stages as displayed in Figure 7. Both, the conservation of the mass balance and 

the equality of the chemical potential of the components on each stage are useful in simulating 

the extraction behaviour of the system by neglecting the backflow [92]. The concept divides 

the column in  theoretical stages, where the thermodynamical equilibrium is calculated 

depending on the mixture of the inflow into the stage, 

k

1iR 
  and 1iE 

 . The outflow, iR  and iE , 

are the coexisting phases of the equilibrium stage i. This whole concept is also applicable on 

mixer-settler cascades. 
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Figure 6: Principles of a counterflow extraction column. 
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Figure 7: Theoretical stages in a counterflow extraction column. 

 

The overall flux balance is given by equation (31): 

 

0 1 1 0k kR E R E         (31) 

 

The flux balance on stage i is given by equation (32): 

 

1 1 0i i i iR E R E         (32) 

 

For each component j, the flux balance on stage i is given by equation (33): 
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j i i j i i j i i j i ix R x E x R x E               (33) 

 

Based on equation (7), the distribution coefficient can be introduced as: 
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Hence, equation (33) can be simplified by using the distribution coefficient: 

 

 *
, 1 1 , 1 1 , , 0R E R

j i i j i i j i i j i ix R x E x R K E               (35) 

 

For each equilibrium stage i, equation (35) can be evaluated to calculate the flux iteratively. 

But this requires boundary conditions, for instance, the feed and solvent flux and their 

contribution, and the number of theoretical stages. Furthermore, the interfacial properties can 

also be calculated on each equilibrium stage by using the density gradient theory. On the one 

hand, this theoretical framework allows for a detailed view of the interfacial tension along the 

height of a column, and on the other hand, the interfacial concentration profiles on each 

equilibrium stage can be displayed. All this can be used to better understand of the interfacial 

mass transfer, as well as the coalescence behaviour and Marangoni convection. 
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3. Modified Density Gradient Theory 

 

Based on the concepts of the density gradient theory by Cahn and Hilliard [3] and Poser and 

Sanchez [4] for binary vapour-liquid equilibria, the modified version for ternary liquid-liquid 

equilibria is developed here in order to obtain results in a numerical more efficient way. The 

core conclusion is the fact that the interfacial tension is proportional to the integral over the 

grand thermodynamic potential. By neglecting the pressure influence on liquids, the densities 

of the system can be assumed as being constant and the Helmholtz free energy becomes equal 

to the Gibbs - energy. Therefore, the concentrations of the components are the only varying 

thermodynamic properties in the interface. In comparison to the original density gradient 

theory, where the number of free variables inside the interface is equal to the number of 

components in the mixture, the number of free variables of a liquid-liquid equilibrium at 

constant density is reduced by one. For instance, a binary vapour-liquid equilibrium has two 

varying variables, the partial densities of component one and two. In case of a binary liquid-

liquid equilibrium at constant density, there is one free variable inside the interface, the 

concentration of component one or two, because of the mole balance . From the 

numerical point of view binary liquid-liquid equilibria are the same as vapour-liquid 

equilibria of a pure substance. The variable of integration in equation (23) changes from 

density to concentration. Unfortunately, the influence parameter  looses its physical 

meaning, but can still be used for an adjustment to experimental data. According to equation 

(22), the grand thermodynamic potential can then be calculated in the following way: 

1

1
N

i
i

x




K
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         (36) 

 

In comparison to Figure 2, the grand thermodynamic potential corresponds to the difference 

between unstable and stable state of the coexisting phases. In case of binary liquid-liquid 

equilibria with UCST demixing behaviour, the grand thermodynamic potential decreases by 

increasing the temperature and converges to zero at the critical point. Figure 8 shows the 

continuous reduction of the grand thermodynamic potential with increasing temperatures and 

the decrease in phase concentrations. An implication of this fact is that the size of the grand 

thermodynamic potential is connected to the length of the tie lines, respectively the difference 

 23



3. Modified Density Gradient Theory 
 

between the phase concentrations. According to equation (23), a large grand thermodynamic 

potential means a large interfacial tension and vice versa. 

 

 
Figure 8: Grand thermodynamic potential in a binary LLE dependent on the temperature. The bold black 

line represents the binodal curve, the black filled star marks the upper critical solution temperature and 

the red filled areas display the grand thermodynamic potential. 

 

Now, the interfacial tensions of binary liquid-liquid equilibria can be calculated by 

substituting the density in equation (23) with the segment mole fraction using 

*
i i ix       , because it is assumed, that the density,  , is constant due to 

incompressibility.  
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Consequently, the interfacial concentration profiles and thickness can be calculated in the 

following form based on equation (24). 

 

 

*
1

1

0 1
1I

K
z z d





  
   (38) 

 

In contrast to an equation of state based calculations of the interfacial tension for pure 

components, the adjustable parameter  is measured in K 4J mol m   instead of 5 2J m mol  . 

The difference between both dimensions is connected to the neglected density. Thus, the 

dimension of the calculated interfacial thickness is 2mmol  . By multiplying the interfacial 

thickness with the density difference in 3m mol 1 , the interfacial thickness gets its correct 

physical dimension. 

In order to extend the theoretical framework to ternary liquid-liquid equilibria, the binary 

vapour-liquid equilibrium can be seen as the comparable part from the numerical point of 

view. There are two free varying variables inside the interface, the concentrations of two 

components. The concentration of the third one is connected to the molar balance. The grand 

thermodynamic potential is calculated in a form similar to equation (36), which is given in 

equation (39). 

 

     1 2
1 2 1 1 2 2 1 2 3

,
, 1Mix Eq Eq EqG

RT
  

 
             (39) 

 

Comparable to Figure 4, the grand thermodynamic potential of a virtual ternary mixture at the 

plotted tie lines is displayed in Figure 9.  
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Figure 9: Grand thermodynamic potential in ternary liquid-liquid equilibrium. The bold black line 

represents the binodal curve, the black filled star marks the critical point and the red filled areas display 

the grand thermodynamic potential. 

 

For binary liquid-liquid equilibria and ternary liquid-liquid equilibria, the grand 

thermodynamic potential decreases with smaller tie lines and converges to zero at the critical 

point, which is marked with a black filled star. Using the presented procedure in order to 

calculate the binary interfacial tension, the ternary interfacial tension can be calculated by 

using equation (27) and substituting the densities to segment mole fraction. It is noticeable, 

that the grand thermodynamic potential depends on two interfacial concentrations,  and 

. This implementation is considered in equation (40).  

1
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      (40) 

 

For ternary systems with just one binary demixing subsystem which contains components 1 

and 3, Grunert et. al. [93] presented that the influence parameter  of the ternary mixture is 

equal to the binary demixing subsystem. Thus, it is possible to predict the interfacial tensions, 

'K
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as well as the interfacial properties for ternary liquid-liquid equilibria based on the bulk data 

of the ternary mixture and the interfacial tension of the demixed binary subsystem. In case of 

a ternary system with two binary demixed subsystems, the influence parameter can be 

calculated in a similar procedure as introduced in equation (28) by switching the variables 

from density to segment mole fraction. In this case, one convention is made: the two demixing 

binary subsystems contain components 1 + 3 and 2 + 3 and the binary subsystem of 1 + 2 is 

completely miscible. The following figure demonstrates the phase behaviour and the grand 

thermodynamic potential at different tie lines. 

 
Figure 10: Grand thermodynamic potential in ternary liquid-liquid equilibrium with two demixing 

subsystems. The bold black line represents the binodal curve and the red filled areas display the grand 

thermodynamic potential. 

 

The influence parameter is given by equation (41). 'K
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 28

13K  and  are the influence parameters of the related binary demixing subsystems. These 

parameters can be adjusted to experimental data of the binary subsystems to predict the 

interfacial properties of the ternary system. Furthermore, the interfacial concentration profiles 

and thicknesses can be calculated in the same way as for binary liquid-liquid equilibria, only 

the influence parameter needs to be changed. 

23K

 

 

*
1

1

0 1
1 2

'

,I

K
z z d





  
    (42) 

 

The concept to calculate the connected concentrations inside the interface is taken from 

equation (26) and transformed to liquid-liquid interfaces. The result is given in equation (43). 
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 (43) 

 

Equation (43) allows for the calculation of the connected local concentrations inside the 

interface. In case of one binary demixing subsystem, one of the two influence parameter is 

zero. Because of the fact that exists in an analytical expression, equation (43) is 

gaining more numerical simplicity. The integration of the grand thermodynamic potential for 

both binary liquid-liquid equilibria and ternary liquid-liquid equilibria has to be evaluated 

numerically. For this reason the number of intervals between the bulk concentrations should 

not be set too low. 

 1 2,   
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4 Chemicals & Experiments 

In order to validate the above introduced theoretical framework, experimental data are 

needed. Because of the lack of experimental data in terms of the interfacial tension of the 

ternary mixture made of water + ethanol + 1-butanol, a few data points were measured. To 

show the sensitivity and accuracy of the modified density gradient theory, the system water + 

ethanol + 1-butanol was chosen because of the small miscibility gap and therefore small 

interfacial tensions.  

 

4.1 Chemicals 

Ethanol (CAS: 64-17-5) with a purity of 99.9 mass per cent and 1-butanol (CAS: 71-36-3) 

with a purity of 99.8 mass per cent were purchased from Merck. The utilised water was fully 

desalinated. Before mixing the pure components, they were degassed.  

To make sure that the LLE of the ternary mixtures is reached, the samples were placed into a 

tempered water quench for 24 hours. After the phase separation at least fifty percent of the 

bulk phases were taken out into different syringes (Figure 11) to investigate the phase 

composition, phase density and the interfacial tension. 

 
Figure 11: Principle workflow for the phase separation. Heavy phase (dark blue) is on bottom while the 
light phase (light blue) is on top. 

Liquid II 

Liquid I 

Liquid II

Liquid I Liquid II 

Liquid I 
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4.2 Gas Chromatography  

The measurement of the mole fraction in each phases was carried out with a gas 

chromatograph (Agilent 6890) equipped with the column Supelco Equity®-1.  The separation 

column, having a length of 28 meters and a diameter of one micrometer, was filled with 

poly(dimethylsiloxane). The front injector injected two microlitres of the assay. The carrying 

gas was helium at 433.15 K and 0.203 bar and the flow-through was 134 millilitres per 

minute. The makeup flow of helium was 45 millilitres per minute. The flame ionisation 

detector (FID) worked at 523.15 K with a H2 flow of 40 millilitres per minute and an air flow 

of 450 millilitres per minute. The detection frequency was 20 Hz. The column worked at a 

constant pressure of 0.203 bar and a flow-through of 3.2 millilitres per minute. The run time 

was adjusted to 60 minutes. The data analysis was performed with the help of the Agilent 

software ChemStation. A typical chromatogram is displayed in Figure 12, showing a 

complete separation of ethanol and 1-butanol by the selected column. Water can not be 

detected because the FID recognises the carbon groups only.  
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Figure 12: Typical normalised chromatogram for the separation of 1-butanol and ethanol obtained by gas 

chromatography. 
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To calibrate the used method of the gas chromatograph, eight calibration samples were 

produced and analysed by calculating the areas under the related peaks. The result of the 

calibration is displayed in Figure 13. 
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Figure 13: Calibration for the system water + ethanol + 1-butanol on the gas chromatograph. The symbols 
mark own experimental data and the solid line is the obtained calibration function of ethanol, respectively 
the dashed line the calibration function of 1-butanol. 
 
The functional dependency between the integrated areas under the peaks and the related mole 

fraction is given in a linear form by i i i iI a x b   , where i  represents the pure component 

and ix  the mole fraction. Table 1 shows the excellent accuracy of the calibration of the used 

method being used on the gas chromatograph.  

 
Table 1: Linear fit of the calibration measurements of the system water + ethanol + 1-butanol. 

component ia  ib  accuracy 

ethanol 26814.2 396.9 2.81 2.89  0.99847  

1-butanol 58042.1 410  7.20 3.05   0.99965  
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4.3 Oscillating U-Tube 

Very important thermodynamical properties for the measurement of the interfacial tension are 

the bulk phase densities of the coexisting phases at liquid-liquid equilibrium. A very simple, 

as well as precise measurement technique is the oscillating u-tube method. The principle 

functionality is based on the law of harmonic oscillation. The measuring cell of the 

chempro/PAAR DMA 602 has a volume of 2 millilitres and the form of a u-tube. The 

frequency of oscillations was 1 kHz. The vibration frequency of the u-tube is a function of the 

sample’s mass. The following equation explains the correlation between density and vibration 

frequency   of two samples with known densities to calculate the calibration constant 

of the instrument.  k T

 

   2 2
1 2 1 2k T       (44) 

 

For each temperature, a calibration has to be done. To test the accuracy of the calibration, the 

density of ethanol was measured to 1787.65 g l    at 298.15 K, which differs from the 

experimental data as published by Won et al. [94] by 0.33 %. 

  

4.4 Spinning-Drop Tensiometer 

The tension between two bulk phases, the interfacial tension, was measured with a spinning 

drop tensiometer Krüss SITE100HS. The measurement principle is based on the fact that the 

gravitational acceleration has little effect on the shape of a droplet rotating at sufficient speed 

around its longitudinal axis. A tempered, rotating capillary tube was filled with fluid from the 

higher density phase. Some microlitres of the fluid from the lower density phase were injected 

in the middle of the rotating capillary tube and formed a droplet. Figure 14 demonstrates the 

schematic principle of the spinning-drop tensiometer. The measurement of the size of the 

droplet was computer aided, and based on a previous calibration, done with a calibration 

needle with a mean diameter of 0.6959 mm. Thus, the computer software transforms the 

number of pixels obtained by the camera to the diameter of the droplet. Because of the density 

dependency of the refractive index, a calibration has to be done before every measurement. 
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Figure 14: Principle scheme of the spinning-drop tensiometer. 
 

The interfacial tension,  , is dependent on the diameter of the droplet, , the rotating 

frequency of the capillary tube, 

2d   r

  , and the difference of the density of both bulk phases, 

 : 

 

3 20.25 r       (45) 

 

During measurement, the rotating speed was varied from five to nine thousand rpm to obtain a 

better average of the interfacial tension. To show the reproducibility, one selected system was 

analysed: the binary subsystem 1-butanol + water. 

The densities of the bulk phases were measured to 1986 g l  

1.71mN

 in the aqueous phase, and 

, in the organic phase at 298.15 K. The interfacial tension in the first run was 

measured to , in the second run to 

1844 g l  

 11.70mN m  1m 

1m

, and in the last run to 

. Between the measurements the tensiometer was cleaned and newly filled 

with the bulk phases. The experimental standard deviation of the interfacial tension based on 

these three measurements was found to be 

1m1.69 mN 

0.01mN   . 

light phase 

lamp

heavy 
phase 

2d r 
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5 Discussion & Results 

In order to describe the liquid-liquid equilibrium, the parameters in equation (4) have to be 

fitted to experimental data by using a numerical minimisation method. The so-called influence 

parameter , in equation (37) for the interfacial tension of a binary demixed system, was 

adjusted to one experimental data point at one temperature. In the first sub chapter, this 

procedure will be presented for the binary system water + 1-butanol, in a temperature range 

from 270 up to 400 Kelvin. By adding ethanol as a third component to the binary system 

water + 1-butanol, a comparison between own experimental and numerical data will be 

shown in the second sub chapter. This system was chosen because of the rare, experimental 

data in the literature and its low interfacial tension. The investigations of the reference system 

for extraction based processes, namely water + toluene + acetone, will be presented in the 

third sub chapter, including a comparison between predicted and experimental data for the 

interfacial tension taken from the literature. To demonstrate the predictive power of the 

modified density gradient theory, in the fourth sub chapter, the system water + 1-butanol + 

benzene was chosen because of the two binary demixing subsystems, which result in a tube-

form miscibility gap of the ternary mixture. The last sub chapter contains the results of the 

numerical simulation of a counter flow extraction column, including the concentration 

profiles in the continuous and disperse phase via the height of the column, and the predicted 

interfacial tensions on every equilibrium stage. At the end, the influence of a temperature 

gradient inside the extraction column will be discussed.  

K

 

5.1 Binary Liquid-Liquid Equilibrium of Water + 1-Butanol 

This system is characterised by a complex phase behaviour with an upper critical solution 

temperature. The extrapolation of experimental data to lower temperatures leads to the 

assumption of the existence of a lower critical solution temperature, however, hidden by the 

previous occurrence of a solid-liquid equilibrium. Nevertheless, the system clearly shows a 

closed loop demixing behaviour (Figure 3, c) ). Therefore, the interaction parameter  ij T  

has to have a quadratic dependency on the inverse temperature in the form of the following 

equation.  

 

  1 2
,1 ,2 ,3ij ij ij ijT T        T

 

 (46) 
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The result of the parameter adjustment is given in Table 2. 

able 2: Parameter set for the gE - model of the system water + 1-butanol using the experimental data [95]. 

 

T

parameter 
,1ij  

3/10 K 5 2/10 K ij,2ij ,3ij   

value -2.813 2.447 -3.454 0.05 

 

he numerical calculation with the used gE - model shows an excellent agreement in a T

significant range of temperature with the experimental data [95], as displayed in Figure 15. 

The critical point at approximately 400 Kelvin is slightly overestimated.  This is, however, not 

important in the case of extraction processes, since they are performed well before the critical 

point. In order to predict the interfacial properties, the interfacial tension at two different 

temperatures was taken from the literature to get a linear temperature dependency of the 

parameter K , which is justified with a much better agreement with the experimental data [96]. 
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Figure 15: LLE of the system water + 1-butanol. Black filled squares represents the experimental data 
[95] and the solid line is the calculated binodal curve. 

 K and 334 K is given by the following 
 

he result of the parameter adjustment at 286.07T

equation. 
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   1 40.13 21.84K T K T J mol m       (47) 

 

he comparison between the experimental [96] and calculated interfacial tensions is T

displayed in Figure 16 and shows an excellent agreement. The location of maximum of the 

interfacial tension is strongly connected to the demixing behaviour. As mentioned in chapter 

3, a big difference in the bulk phase concentrations leads to a high interfacial tension. 

Therefore, the maximum of the interfacial tension is at the same temperature as the liquid-

liquid equilibrium with the longest tie line. 
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Figure 16: Interfacial tension of the system water + 1-butanol. Black filled squares are the experimental 
data [96] and the solid line is the calculated interfacial tension. 

ased on the modified density gradient theory, the calculation of the interfacial thickness and 

 

 

B

interfacial concentration profiles is now possible. Performing the integration of equation (38) 

between the bulk phase concentrations, results in the calculation of the interfacial thickness, 

which is displayed in Figure 17. 

 36



 5 Discussion & Results  
 

280 300 320 340 360 380 400 420
0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

z
 / 

m
ol

/m
2
 

T / K

 
Figure 17: Interfacial thickness of the system water + 1-butanol. 
 

Obviously, the interfacial thickness increases steeply by increasing the temperature. In the 

same way the interfacial tension decreases. At the critical point, the interfacial tension 

converges to zero and the interfacial thickness converges to infinity. Both these observations 

are a result of the vanishing two phase behaviour at the critical point and have been observed 

experimentally [97]. One more interesting interfacial property are the concentration profiles 

inside the interface, which are actually not accessible by measurements because of the small 

thickness of the interface. Figure 18 gives a deeper look inside the interface at different 

temperatures. 
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Figure 18: Interfacial concentration profiles of the system water + 1-butanol at different temperatures 
(solid line at 280 K, dashed line at 320 K, dotted line at 350 K and dashed-dotted line at 380 K). The red 
lines represent the water concentrations and the black lines the 1-butanol concentrations analogical. 
 

The red lines represent the mole fraction of water, and the black lines the mole fraction of 

1-butanol. It can be seen, that the concentration of both components varies continuously from 

the aqueous phase (left side in Figure 18) to the organic phase (right side in Figure 18). 

Furthermore, the local concentration gradient decreases at higher temperatures and becomes 

zero at the critical point due to the vanishing differences in the bulk phase concentrations. In 

the framework of the two-film theory [59], those concentration profiles can be used to 

determine the so-called interface concentration. From the extraction process point of view, it 

is necessary to extend the binary system to a ternary system by adding a third component, in 

this case ethanol. The resulting liquid-liquid equilibrium, as well as interfacial properties are 

shown and discussed in the following sub chapter. 
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5.2 Ternary Liquid-Liquid Equilibrium of Water + 1-Butanol + 

Ethanol 

An extraction based process requires at least a mixture of three components. The system 

water + 1-butanol + ethanol is characterised by a small miscibility gap and low interfacial 

tensions. Due to the lack of experimental data in the literature, the concentrations of the bulk 

phases were measured with a gas chromatographic method, the densities of the coexisting 

phase were measured with an oscillating u-tube and the interfacial tensions between the bulk 

phases were measured with a spinning drop tensiometer. The results of the measurements at 

298.15 Kelvin are given in Table 3. 

 

Table 3: Measurement results of the system water + 1-butanol + ethanol at 298.15 K. 

 1-butanolx  ethanolx  waterx  3/kg m      /mN m  

phase I 0.4818 0 0.5182 844.06 

phase II 0.0206 0 0.9794 968.04 
1.7 

phase I 0.3811 0.0636 0.5553 855.70 

phase II 0.0232 0.0227 0.9541 975.95 
0.66 

phase I 0.3148 0.0780 0.6072 860.90 

phase II 0.0246 0.0282 0.9472 972.44 
0.45 

phase I 0.2576 0.0877 0.6547 870.19 

phase II 0.0274 0.0349 0.9377 967.03 
0.33 

 

By increasing the ethanol concentration of the system, the physical differences between both 

coexisting phases decrease. Thus, ethanol has the function of a solubiliser and ensures a better 

miscibility of the mixture. This behaviour is displayed in Figure 19. Own experimental data 

were used to fit the parameters for the gE - model by taking the parameters of the binary 

subsystem water + 1-butanol from the previous sub chapter. The own experimental, as well 

as the experimental data taken from the literature [98], and the calculated tie lines are in good 

agreement. The black filled star marks the calculated critical point.  
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Figure 19: LLE of the system water + 1-butanol + ethanol at 298.15 K. Experimental data: blue triangles 
are taken from the literature [98], green circles connected with solid lines are measured tie lines (Table 3). 
Calculation: black solid line is the binodal curve, red filled squares connected with dashed lines are the tie 
lines. The black filled star marks the calculated critical point. 
 

Furthermore, this system was investigated at 288.15 K and 308.15 K to fit the parameters for 

the gE - model. Because of the small differences of the binodal curves at these temperatures, 

the data are unsuitable for plotting. The experimental data are listed in Table 5 and Table 6. 

However, the parameter set, received from the parameter adjustment at the three mentioned 

temperatures, is given in Table 4 for this system. 

 
Table 4: Parameter set for the gE - model of the system water + 1-butanol + ethanol. 

 
,1ij  3

,2 /10ij K  5 2
,3 /10ij K  ij  

water + 1-butanol -2.813 2.447 -3.454 0.05 

water + ethanol 0.0479 -0.0887 0 -1.5 

ethanol + 1-butanol -8.1585 1.775 0 -1.5 

 
 
In this range of temperature, the inverse temperature dependency of the binary interaction 

parameter  is linear for the two binary subsystems, namely water + ethanol and 

ethanol + 1-butanol. In order to predict the interfacial properties of this system, the parameter 

 is taken from the binary subsystem water + 1-butanol, which was calculated in the 

 ij T

K
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previous subchapter, because there is no second demixing subsystem. The predicted 

interfacial tension at 298.15 K is plotted in Figure 20 and shows an excellent agreement with 

own experimental data. 

 

Table 5: Measurement results of the system water + 1-butanol + ethanol at 288.15 K. 

 1-butanolx  ethanolx  waterx  3/kg m      /mN m  

phase I 0.4620 0.0162 0.5218 853.24 

phase II 0.0186 0.0049 0.9765 986.95 
1.37 

phase I 0.4528 0.0238 0.5234 855.50 

phase II 0.02 0.0105 0.9695 984.76 
1.17 

phase I 0.4168 0.0479 0.5353 858.53 

phase II 0.0207 0.0167 0.9626 981.75 
0.956 

phase I 0.3355 0.0625 0.602 865.84 

phase II 0.0237 0.0268 0.9495 975.88 
0.55 

phase I 0.2991 0.0851 0.6158 872.06 

phase II 0.0252 0.0374 0.9374 972.52 
0.366 
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Table 6: Measurement results of the system water + 1-butanol + ethanol at 308.15 K. 

 1-butanolx  ethanolx  waterx  3/kg m      /mN m  

phase I 0.4820 0 0.5180 853.24 

phase II 0.0150 0 0.9850 986.95 
1.56 

phase I 0.4088 0.0534 0.5378 855.50 

phase II 0.0190 0.0132 0.9678 984.76 
0.92 

phase I 0.3810 0.0698 0.5492 858.53 

phase II 0.0243 0.0211 0.9546 981.75 
0.64 

phase I 0.3402 0.0753 0.5845 865.84 

phase II 0.0265 0.0259 0.9476 975.88 
0.45 

phase I 0.2711 0.0797 0.6492 872.06 

phase II 0.0287 0.0312 0.9401 972.52 
0.25 
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Figure 20: Predicted and measured interfacial tension of the system water + 1-butanol + ethanol at 
298.15 K. Black filled squares represent the experimental data and the solid line is the full prediction. 
 
 
The presence of ethanol reduces the interfacial tension of the ternary system in the same way 

as in the previous chapter, where the increasing temperature reduces the interfacial tension of 

the binary system water + 1-butanol. Thus, the expected behaviour of the interfacial thickness 

is similar; by increasing the concentration of ethanol, the interfacial thickness has to increase, 

too. This behaviour is displayed in Figure 21 for different temperatures. Because of the 

smaller miscibility gap at higher temperatures, the critical point moves to lower ethanol 

concentrations and thus, the interfacial thickness increases steeper at higher temperatures. 

According to the modified density gradient theory, when the interfacial thickness increases in 

a higher rate at higher temperatures, the interfacial tension has to decrease steeper at higher 

temperatures, because these phenomena are strongly connected in the theoretical framework.  
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Figure 21: Comparison of the interfacial thickness at different temperatures (solid line at 288.15 K, 
dashed line at 298.15 K and dashed-dotted line at 308.15 K) of the system water + 1-butanol + ethanol.  
 
 

The narrowing of the miscibility gap with increasing temperature is plotted in Figure 22. The 

bold black solid line is the calculated binodal of the binary subsystem water + 1-butanol (cp. 

Figure 15) and the star marks the upper critical solution temperature (UCST) of the binary 

subsystem. The red filled areas are the miscibility gaps at different temperatures. Obviously, 

at higher temperatures the tie lines of the binary subsystem water + 1-butanol become smaller 

and connected to this, the miscibility gap narrows at higher temperatures. The black dashed 

line connects the critical points of each miscibility gap and ends in the UCST of the binary 

demixing subsystem. Following from these facts, the interfacial tensions at different 

temperatures are displayed in Figure 23. The bold black solid line is the predicted interfacial 

tension of the binary subsystem water + 1-butanol (cp. Figure 16). The continuous decrease 

of the interfacial tension of the binary subsystem at higher temperatures is caused by the 

vanishing of the phase differences and correctly predicted by the modified density gradient 

theory. Furthermore, the blue filled areas represent the optical shadows of the interfacial 

tensions of the ternary mixtures at different ethanol mole fractions in the aqueous phase (cp. 

Figure 20). 
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Figure 22: LLE of the system water + 1-butanol + ethanol at different temperatures. The red filled areas 
are the miscibility gaps at different temperatures, the dashed line connects the critical points and ends in 
the upper critical solution temperature (black filled star) of the binary demixing subsystem water + 
1-butanol and the bold black line is its binodal curve.  
 

 
Figure 23: Predicted interfacial tensions of the system water + 1-butanol + ethanol at different 
temperatures. The solid black line is the calculated binary interfacial tension and the blue filled areas 
represent the predicted interfacial tension of the ternary mixture. 
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As presented in the previous sub chapter, the modified density gradient theory allows for the 

prediction of the interfacial concentration profiles of the ternary system water + 1-butanol + 

ethanol. Figure 24 shows the concentration profiles at 298.15 K at different ethanol 

concentrations in the aqueous phase. The water concentration decreases continuously as the 

1-butanol concentration increases continuously from the aqueous phase to the organic phase. 

A technical interesting behaviour is the ethanol enrichment inside the interface. In Figure 25, 

the enrichment of ethanol inside the interface at a concentration of ethanol in the aqueous 

phase of  and 298.15 K is plotted in a more detailed view. Apparently, only the 

solubiliser shows enrichment behaviour inside the interface. The enrichment is more 

distinctive at lower ethanol concentrations and where there is a certain amount of ethanol in 

the system, the enrichment disappears. Furthermore, the molar mass of ethanol is between the 

molar mass of water and 1-butanol. A comparable effect was observed in all investigated 

systems. Additionally, Schäfer et. al. [

eth 0.004x 

99] calculated interfacial properties of ternary mixtures 

by using an equation of state and came to the same conclusion about the enrichment 

behaviour of the solubiliser. 
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Figure 24: Interfacial concentration profiles of the system water (blue lines) + 1-butanol (black lines) + 
ethanol (red lines) at 298.15 K at different ethanol concentrations in the aqueous phase: solid line at 

, dashed line at  and dashed-dotted line at 0.004ethx  0.019ethx  0.049ethx  . 
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Figure 25: Enrichment of ethanol inside the interface at 298.15 K. 
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5.3 Ternary Liquid-Liquid Equilibrium of Water + Toluene + Acetone 

 

In 1978, the European Federation of Chemical Engineering (EFCE) recommended systems 

for liquid extraction studies [100]. One of those systems contains water + toluene + acetone. 

To demonstrate the accuracy and applicability of the modified density gradient theory, this 

system was chosen because of the high interfacial tension, as well as the big miscibility gap. 

Experimental data, taken from the above mentioned collection [100], were used to fit the 

interaction parameters of the gE - model in order to calculate the ternary liquid-liquid 

equilibrium. Furthermore, experimental data of the interfacial tension of the demixing system 

water + toluene was used to determine the parameter K .  

System temperatures at 283.15 K, 293.15 K and 303.15 K were selected for the parameter 

adjustment. It was found, that only the interaction parameter of the binary subsystem water + 

acetone has a linear inverse temperature dependency in this temperature range. The results are 

given in Table 7. 

 

Table 7: Parameter set for the gE - model of the system water + toluene + acetone using experimental data 
[100]. 

 
,1ij  3

,2 /10ij K  ij  

toluene + water 3.2 0 0.55 

water + acetone 2.0198 -0.3856 0.4 

toluene + acetone -0.15 0 -1 

 

Apparently, the used gE - model is not completely able to describe liquid-liquid equilibria of 

this system. From the engineering point of view, an extraction based process is not working at 

the critical point; since it relies on long tie lines and therefore big differences of bulk 

properties. Because of this fact, the focus of the parameter adjustment was set to 

concentrations of acetone up to 30 mole per cent. Figure 26 shows the results of the 

equilibrium calculations by using the fitted parameters. Both, the binodal curve, as well as the 

tie lines are in good agreement up to 30 mole per cent of acetone. For higher acetone 

concentrations, deviations between the experimental and calculated data can be recognised.  
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Figure 26: LLE of the system water + toluene + acetone at 293.15 K. Selected experimental tie lines taken 
from the literature [100] are the red filled squares connected with dashed lines, while the black filled 
squares belong to the complete data set from the same literature. The green filled circles connected with 
solid lines are the calculated tie lines and the solid black line is the binodal curve. The black filled star 
marks the calculated critical point. 
 

In order to predict the interfacial tensions of the ternary mixture, the interfacial tension of the 

demixing binary subsystem was used to determine the parameter . Prokop et. al. [K 101] 

measured an interfacial tension between water and toluene at 293.15 K of 135.2mN m , 

which can be used to adjust the parameter  to K 4ol0.75K J m m   . Figure 27 shows the 

outstanding accuracy of the prediction compared to the experimental data [100] at different 

temperatures. The gE - model in combination with the modified density gradient theory allows 

for the prediction of the interfacial tensions at different temperatures to compare them. 

Because the binary interaction parameter of the subsystem water + acetone decreases at 

higher temperatures, the miscibility gap will be smaller at higher temperatures. This leads to 

the fact that the interfacial tension has to decrease at higher temperatures. Figure 28 supports 

this hypothesis, where the interfacial tension at 283.15 K is higher than at 293.15 K and 

higher than at 303.15 K. 
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Figure 27: Predicted and measured interfacial tensions of the system water + toluene + acetone at 
different temperatures (black at 283.15 K, red at 293.15 K and blue at 303.15 K). Experimental data taken 
from the literature [100] are the filled squares and solid lines are the full predictions. 
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Figure 28: Predicted interfacial tensions of the system water + toluene + acetone at different temperatures 
(solid line at 283.15 K, dashed line at 293.15 K and dashed-dotted line at 303.15 K). 
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As mentioned in the previous sub chapter, the solubiliser has enrichment behaviour inside the 

interface. In this system, acetone acts as a solubiliser and therefore it is expected, that acetone 

enriches inside the interface. Furthermore, the molar mass of acetone is between the molar 

mass of water and toluene. Thus, there are the same conditions as in the previous system. 
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Figure 29: Interfacial concentration profiles of the system water (blue lines) + toluene (black lines) + 

acetone (red lines) at 293.15 K at different acetone concentrations in the aqueous phase: solid line at 

 and dashed line at . 0.045acex  0.197acex 

 

For two different acetone concentrations in the aqueous phase, the interfacial concentration 

profiles of the system water + toluene + acetone at 293.15 K are displayed in Figure 29. 

Acetone enriches much more inside the interface compared to ethanol in the previous system. 

Nevertheless, the effect of enrichment decreases by increasing the concentration of acetone in 

the system. In summary, both systems show a comparable physical behaviour. For the sake of 

completeness, Figure 21 shows that the interfacial thickness follows the expected curve for 

the system water + 1-butanol + ethanol; the interfacial thickness increases by increasing the 

concentration of acetone up to infinity at the critical point, where the interfacial tension 

converges to zero. 
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5.4 Ternary Liquid-Liquid Equilibrium of Water + 1-Butanol + 

Benzene 

In order to extend the modified density gradient theory to more complex ternary systems, a 

system with two binary demixing subsystems is provided. Because of the knowledge of the 

water + 1-butanol - system behaviour, benzene as a third component was chosen. While 

benzene and 1-butanol are perfectly miscible, water and benzene are not. This mixing 

behaviour of the binary subsystems leads to a tube-formed miscibility gap of the ternary 

mixture (Figure 10). The results of the interaction parameters adjustment to experimental data 

[102] of the system water + 1-butanol + benzene at 298.15 K are given in Table 8. 

 

Table 8: Parameter set for the gE - model of the system water + 1-butanol + benzene at 298.15 K using 
experimental data [102]. 

 
ij  ij  

water + 1-butanol 1.509 0.05 

water + benzene 2.237 0.67 

1-butanol + benzene -0.417 0.5 

 
 

The comparison of the calculated binodal curve, as well as tie lines, with the experimental 

data from Washburn et. al. [102] are displayed in Figure 30. The agreement of the calculated 

and experimental tie lines is remarkable, as well as the calculated binodal curve. Because of 

the tube-form of the miscibility gap, no critical point is expected and actually measured. Due 

to the lack of literature data, no further system temperatures were used for the parameter 

adjustment, which is the reason, why no temperature dependent function for the interaction 

parameter is given. From the technical point of view, it is not essential to fit the interaction 

parameters to data at different temperatures. One disadvantage of this fact, the prediction of 

the interfacial tensions at different temperatures is not possible. In order to predict the 

interfacial properties of the ternary mixture the parameter  of the binary subsystem water + 

benzene has to be determined, while the parameter  of the system water + 1-butanol is 

taken from the previous sub chapters. Paul et. al. [

K

34.3

K



103] measured the interfacial tension of the 

binary subsystem water + benzene at 298.15 K to 1mN m  , which is used for the 

determination of 40.16K J mol m   based on equation (37). 
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Figure 30: LLE of the system water + 1-butanol + benzene at 298.15 K. Selected experimental tie lines 
taken from the literature [102] are the red filled squares connected with dashed lines, while the black 
filled circles are the complete data set from the same literature. The green filled circles connected with 
solid lines are the calculated tie lines and the solid black line is the binodal curve. 
 

Figure 31 shows the high accuracy of the predicted interfacial tension in regards to 

experimental data from Buqiang et. al. [104] at 298.15 K. The left side in Figure 31, at low 

water concentrations in the organic phase, is close to the binary subsystem water + benzene, 

and the right side, at higher water concentrations in the organic phase, is close to the binary 

subsystem water + 1-butanol. Because of the continuous variation of the interfacial tension, 

the interfacial thickness shows a comparable behaviour; the interfacial thickness increases 

from the binary subsystem water + benzene (left side in Figure 31) to the binary subsystem 

water + 1-butanol (right side in Figure 31). As presented in the previous chapters, the 

modified density gradient theory allows for the calculation of the interfacial concentration 

profiles. According to the ternary systems water + 1-butanol + ethanol and water + toluene 

+ acetone, the solubiliser in this system is 1-butanol, but not in the same degree as ethanol or 

acetone in the previous mentioned systems.  
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Figure 31: Predicted (solid line) and experimental [104] (black filled squares) interfacial tension and 
predicted interfacial thickness (dotted line) of the system water + 1-butanol + benzene at 298.15 K. 
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Figure 32: Interfacial concentration profiles of the system water (blue lines) + 1-butanol (black lines) + 
benzene (red lines) at 298.15 K at different concentrations of water in the organic phase: solid line at 

, dashed line at  and dashed-dotted line at 
2

0.011H Ox 
2

0.051H Ox 
2

0.101H Ox  . 
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As displayed in Figure 32, the solubiliser enriches inside the interface at relative low 

1-butanol concentrations. At higher concentrations the enrichment disappears. The 

concentrations of water and benzene vary continuously from the water rich phase (left side in 

Figure 32) to the organic phase (right side in Figure 32). A comprehensible question is about 

the eventual enrichment of benzene at low concentrations of benzene or even high 

concentrations of water in the organic phase. In Figure 33 the concentration profiles for this 

case are plotted, but a more detailed view of the benzene concentration profile is necessary.  
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Figure 33: Interfacial concentration profiles of the system water (blue line) + 1-butanol (black line) + 
benzene (red line) at 298.15 K and high concentrations of water in the organic phase. 
 

Figure 34 displayes a more detailed view of the interfacial concentration of benzene in this 

mixture. The concentration of benzene in the water rich phase (left side in Figure 34) is close 

to zero, and in the organic phase (right side in Figure 34), not particularly higher. But it is 

obvious, that no enrichment effects of benzene are in the interface. By comparing the molar 

masses of the components in the mixture, it is noticeable that the molar mass of 1-butanol is 

between the molar mass of water and benzene. Consequently, in all three presented ternary 

mixtures the solubiliser is the component with the medium molar mass and this component 

shows potential of enrichment only. Apparently, there is an actually unknown natural 
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principle which ensures this effect. Furthermore, there is a critical concentration of the 

solubiliser to prevent the enrichment in the interface. 
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Figure 34: Detailed interfacial concentration profile of benzene in the mixture at 298.15 K and at high 
concentrations of water in the organic phase. 
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5.5 Counterflow Column Simulations 

In order to demonstrate the applicability of the modified density gradient theory for 

engineering processes, the simulation of an extraction based counterflow column is suitable. 

Because of the importance for extraction based processes, the system water + toluene + 

acetone was chosen. At first, a scheme of the simulation will give an insight into 

programming. The used process parameters will be mentioned and the concentrations at every 

equilibrium stage will be plotted. By using the modified density gradient theory in this 

procedure, the interfacial tensions, as well as the interfacial concentration profiles of each 

component at each equilibrium stage will be shown. Furthermore, an optimisation with 

respect to the interfacial tension in the column will be presented. 

The parameters for the simulation were the ratio of solvent flow and feed flow 

 Solvent Feed/SFr n n  

1010

, the number of theoretical equilibrium stages, and the temperature in the 

column. At first, an isothermal extraction column was calculated and each stage was filled 

with solvent. In the first iteration step the thermodynamical equilibrium was calculated at the 

first stage. The resulting phase concentrations and bulk flows were used for the second 

iteration step, where the raffinate phase and the solvent were used for the calculation of the 

thermodynamical equilibrium at the second stage. In the third iteration step, the feed and the 

extract phase from stage 2 from the second iteration step were used to calculate the 

thermodynamical equilibrium at the first stage ( equation (35) ). Figure 35 gives the 

structogram of the simulation, where i is the theoretical equilibrium stage, and j is the iteration 

step. The mixing of raffinate phase i-1 and extract phase i+1 results in a two phase mixture, 

where the raffinate phase i and extract phase i are the coexisting phases obtained from the 

LLE calculation. The modified density gradient theory allows for the calculation of  

interfacial properties at this theoretical stage. The simulation is completed when the 

concentrations in each phase, at each stage from the previous iteration step j-1, and the actual 

iteration step j are almost the same. Thus, the convergence criterion is the difference of 

in mole fraction. Furthermore, it was appropriate to change the temperature at the 

theoretical stages to observe the influence on the interfacial properties. 
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Figure 35: Scheme of the numerical simulation of a counterflow extraction column. 
 
 
By using this scheme, the parameter set for the gE – model, given in Table 7, and the 

influence parameter  from chapter 5.3 were used for the column simulation of the system 

water + toluene + acetone at a constant temperature of 298.15 K. The ratio of solvent flow 

and feed flow was , the number of theoretical stages was five, and the feed 

concentrations were 40 mole per cent acetone and 60 mole per cent water. The solvent was 

pure toluene. The calculated concentrations at each stage are plotted in Figure 36, where the 

black line represents the water concentration, the blue line the acetone concentration, and the 

red line the toluene concentration. The column plot is divided in two vertical parts, the left 

part is the continuous phase, which flows from top to bottom, and the right part is the disperse 

phase, which flows in counterflow from bottom to top. Because the feed has a higher density 

than the solvent, the feed flows from top to bottom due to the gravitational force. 

K

SFr 0.15

 

for i = 1 to number of stages 
 fill stage i with solvent 
end 

j = 1 

while |error| > 10-10 do 

 for i = 1 to number of stages 

    if i > j-1 

 raffinate phase [i,j] = feed 

 extract phase [i,j] = solvent 

    else 

 mixing of raffinate phase [i-1,j] and extract phase [i+1,j] 

 solve equation (6) and (7)  

 obtaining concentrations in raffinate phase [i,j] and extract phase [i,j] 

 obtaining raffinate phase [i,j] and extract phase [i,j] 

 modified DGT predict interfacial properties on stage [i] 

3

1

error [ , ] [ , 1]k k
k

x i j x i j


    (k is the number of components) 

j= j+1 
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Figure 36: Concentration on each equilibrium stage in a counterflow column simulation of the system 
water (black line) + acetone (red line) + toluene (blue line) at 298.15 K. 
 
Figure 36 illustrate the results of the extraction process. The acetone concentration in the 

continuous phase decreases from stage to stage, whereas the water concentration increases 

simultaneously. The outflow of the continuous phase contains 99.75 mole per cent water. The 

solvent enters the column in the form of droplets, starting on the ground with pure toluene and 

flows upwards. Acetone is transferred from the continuous phase to the disperse phase, so that 

the acetone concentration in the disperse phase increases from bottom to top. The outgoing 

continuous phase is about 10 per cent of the incoming feed flow. Because of the solubilising 

characteristic of acetone, water is transferred from the continuous phase to the droplets, with 

increasing acetone concentrations in the disperse phase.  

The modified density gradient theory allows for the calculation of interfacial properties at 

each equilibrium stage. On the one hand, the interfacial tension of a steady state working 

extraction column is experimentally not or almost not accessible. On the other hand, local 

gradients of the interfacial tension can lead to Marangoni convection [58], which can have an 

impact on the interfacial mass transfer. Therefore, the predicted interfacial tension on each 

equilibrium stage is displayed in Figure 37. It can be seen, that the interfacial tension 

increases continuously from top to bottom due to the larger miscibility gap of the binary 

subsystem water + toluene. The local gradient reaches its maximum between stage three and 
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five, which increases the possibility of Marangoni convection in this region more than in the 

rest of the column. A later discussed optimisation is the influence of the temperature profile in 

the column with respect to the local gradient of the interfacial tension. 

 

 
Figure 37: Interfacial tension in an isothermal extraction column. 
 

Additionally, the modified density gradient theory allows for the prediction of interfacial 

concentration profiles at each equilibrium stage, which are displayed in Figure 38. The red 

line represents the toluene mole fraction, and the black line the water mole fraction. On the 

front side the concentrations of the continuous phase at each stage are seen. Thus, the 

concentrations of the disperse phase are seen on the back side. The concentration of water 

increases from 60 mole per cent of the incoming flow (top) to 99.75 mole per cent of the 

outgoing flow (bottom). The interfacial concentrations vary continuously between both bulk 

phases, as expected in chapter 5.3. The interfacial concentration profiles of acetone are 

plotted in Figure 39 for clarity. Obviously, from stage three to five the interfacial 

concentration profiles of acetone show a significant enrichment inside the interface. In 

combination with the local gradients of the interfacial tensions from stage three to five, those 

effects can have a large impact on the interfacial mass transfer. In the theoretical framework 

of the two-film theory [59], those interfacial profiles can be used to determine the interfacial 

mass transfer coefficients. 
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Figure 38: Interfacial concentration profiles of water and toluene at each equilibrium stage at 298.15 K. 

 
Figure 39: Interfacial concentration profiles of acetone at each equilibrium stage at 298.15 K. 
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By varying the temperature of the incoming feed flow and / or solvent flow, a non-isothermal 

column simulation is suitable for an optimisation with respect to the local gradients of the 

interfacial tension, as well as the quality of the outgoing water phase. The calculation of the 

temperatures at each equilibrium stage requires information about the enthalpies of a mixture, 

which is given in equation (48). 

 

,
1

N
E

Mix i P i
i

H n c T


    H  (48) 

 

The heat capacities of the pure components, ,P ic , have been taken from the literature [105, 

106, 107] and they are listed in Table 9.  is the number of components in equation (48). 

The calculation of the enthalpy of a mixture at different temperatures was done with constant 

liquid heat capacities, because the temperature dependency is not crucial in a small range of 

temperatures. 

N

 

Table 9: Liquid heat capacities of water, acetone and toluene at 298.15 K using experimental data taken 
from the literature [105,106,107]. 

component 
, / /P ic J molK  reference 

water 75.38 Chase [105] 

acetone 125.45 
Malhotra and Woolf 

[106] 

toluene 157.09 Grolier et. al. [107] 

 

Unfortunately, the used gE – model is not able to describe the excess enthalpy correctly. 

Therefore, experimental data taken from the literature [105, 106, 107] for the excess 

enthalpies, ,  were used to fit the Ansatz of Margules [44] ( given in equation (49) ) so as 

to calculate the excess enthalpies of the binary subsystems water + acetone and acetone + 

toluene. The excess enthalpy of the subsystem water + toluene is negligible due to the 

miscibility gap.  

EH

 

 ,
0/

E L kij
i j k i j i j

k

h
x x A x x

J mol 


     (49) 

 

L is the number of parameters in order to fit the experimental data. For the binary subsystem 

water + acetone five parameters  were obtained by using the least square ,k water acetoneA 
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minimisation method as listed in Table 10. Additionally, Figure 40 shows the calculated 

excess enthalpies in comparison to the experimental data from Coomber et. al. [108] at 

298.15 K. 

 

 

Table 10: Parameter set for the excess enthalpy of water + acetone at 298.15 K using experimental data 
[108]. 

parameter 
0,w aA   1,w aA   2,w aA   3,w aA   4,w aA   

value -458.76 3868.69 -1175.46 1391.73 -0.9744 
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Figure 40: Molar excess enthalpy of the system water + acetone: comparison of experimental [108] (black 
filled squares) and calculated (solid line) data at 298.15 K. 
 
 

The same procedure was used for the binary subsystem acetone + toluene. The parameter set 

of three parameters for equation (49) is given Table 11, while Figure 41 quantitatively shows 

the agreement between the experimental data from Francesconi et. al. [109] and the 

calculated data. 
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Table 11: Parameter set for the excess enthalpy of acetone + toluene at 298.15 K using experimental data 

[109]. 

parameter 
0,a tA   1,a tA   2,a tA   

value 962.68 -148.14 -212.81 

 

Both, parameter sets for the binary subsystem water + acetone and acetone + toluene are 

taken as constant, even though the temperature in the column is changing. However, the 

temperature dependency can be neglected in a small range of temperatures. If it is necessary, 

more precise calculations have to be done with temperature dependent parameter sets. 
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Figure 41: Molar excess enthalpy of the system acetone + toluene: comparison of experimental [109] 
(black filled squares) and calculated (solid line) data at 298.15 K. 
 

By using the first law of thermodynamics in combination with equation (48), the temperature 

at each stage in the column can be calculated. At first, only the feed temperature will be 

varied to show the influence on the interfacial tension inside the column, the solvent 

temperature is constant at 293.15 K. Figure 42 shows the significant influence of the feed 

temperature on the interfacial tension in the extraction column. While the interfacial tension at 
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the top of the column is almost constant, the interfacial tension at the bottom increases at 

higher feed temperatures due to the temperature dependency of interfacial tension of the 

binary subsystem water + toluene. Besides the different interfacial tensions, the water 

concentration of the raffinate, as well as the amount of raffinate is also important, which is 

given in Table 12. 

 

Table 12: Efficiency of an extraction column at different feed temperatures. 

feed /T K  raff feed/n n  water,raffinatex  

303.15 0.1025 0.9976 

313.15 0.1000 0.9985 

323.15 0.1003 0.9989 

 

 

 
Figure 42: Interfacial tension (black lines) and temperature (blue lines) profiles inside an extraction 

column at different feed temperatures: solid line at 303.15FeedT K , dashed line at 

and dotted line at 313.15FeedT  K 323.15FeedT K . 

 

It can be seen in Figure 42 and Table 12, that at higher feed temperatures the purity of water 

in the raffinate is higher, while the amount of raffinate is approximately constant. The price is 

a higher interfacial tension in the lower part of the column, which can have a negative impact 
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on the interfacial mass transfer and thus, leads to a lower mass flow through the column. Also, 

the local gradients of the interfacial tension are steeper at higher feed temperatures, which can 

increase the possibility of Marangoni convection. Therefore, the next step is the variation of 

the solvent temperature at a constant feed temperature of 313.15 K. The amount of raffinate, 

as well as the purity of water in the raffinate is listed in Table 13. The interfacial tension on 

each equilibrium stage is plotted in Figure 43. 

 

Table 13: Efficiency of an extraction column at different solvent temperatures. 

solvent /T K  raff feed/n n  water,raffinatex  

293.15 0.1000 0.9985 

288.15 0.1002 0.9983 

283.15 0.1004 0.9981 

 

 

 
Figure 43: Interfacial tension (black lines) and temperature (blue lines) profiles inside an extraction 

column at different solvent temperatures: solid line at 293.15SolT K , dashed line at  

and dotted line at . 

288.15SolT K
283.15SolT K

 
The behaviour of the interfacial tension at different solvent temperatures, which is seen in 

Figure 43, is comparable with the results of simulations at different feed temperatures. A 
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higher temperature corresponds to a higher interfacial tension, as well as purity of water in the 

raffinate, while the amount of raffinate is almost constant. The local gradients of the 

interfacial tension inside an extraction column can be reduced by varying both the 

temperature of the feed and the solvent. The temperatures of the incoming feed, as well as the 

solvent, the amount of raffinate, and its purity are summarised in Table 14, while the 

interfacial tensions and temperature profiles are displayed in Figure 44. 

 

Table 14: Efficiency of an extraction column at different feed and solvent temperatures. 

feed /T K  solvent /T K  raff feed/n n  water,raffinatex  

293.15 293.15 0.1088 0.9962 

308.15 278.15 0.1015 0.9975 

278.15 308.15 0.1260 0.9928 

 

 

 
Figure 44: Interfacial tension (black lines) and temperature (blue lines) profiles inside an extraction 

column at different feed and solvent temperatures: solid line at 293.15Feed SolT T K 
278.15FeedT K

, dashed line at 

and  and dotted line at 308.15FeedT K 278.15SolT  K   and T K . 308.15Sol
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KThe solid lines represent the simulations with solvent feed 293.15T T  . The temperature 

profile is not constant as seen in Figure 37 due to excess enthalpies. The simulation with the 

lowest local gradient of the interfacial tension required a low feed temperature and high 

solvent temperature and was accompanied with the highest amount of raffinate and lowest 

purity of water. In contrast to this, a warm feed and a cold solvent leads to higher local 

gradients of the interfacial tension. This reduces the amount of raffinate but increases the 

purity of water. In summary, high purity of the raffinate can be accomplished with a relative 

high local gradient of the interfacial tension, which can have impact on the interfacial mass 

transfer due to Marangoni convection and coalescence behaviour. Depending on the 

temperature sensitivity with respect to the liquid-liquid equilibrium of a ternary mixture, the 

optimal simulation can have completely different temperature profiles than the demonstrated 

system in this work. In principle, the presented theoretical framework can be used for any 

other ternary mixtures, as long as the liquid-liquid equilibrium can be described with 

satisfying accuracy. 



6 Summary & Outlook  
 

6 Summary & Outlook 

 
“The answers to the ultimate questions of scientific research will probably be very simple; 

because nature is always simple in the plant.”    

Werner Heisenberg 

 

Heisenberg was not the only one to be convinced by nature’s simplicity, serveral other 

distinguished scientists share this opinion. Albert Einstein noted the significance of making 

things as simple as possible, but not oversimplifying. These views are the ambitions behind 

thesis. Nowadays, engineers around the world take benefits from the idea of simplifying. 

Although nature’s laws may be complex, changing one’s point of view can result in greater 

understanding. This procedure is presented in this work on the prediction of interfacial 

properties of ternary liquid mixtures. Using the theoretical framework of the density gradient 

theory for binary vapour-liquid equilibria and performing a rigorous mathematical 

transformation to ternary liquid-liquid equilibria, the prediction of interfacial properties 

occurs in what one considers to be, a simple way. The keystone of the modified version of the 

density gradient theory is the calculation of the grand thermodynamic potential in the 

interface using a gE - model in order to calculate the bulk phase data. By possessing 

knowledge regarding the interfacial tension of the binary demixing subsystem and the ternary 

bulk phase data, the interfacial properties can be predicted for the complete miscibility gap of 

the ternary system. While interfacial tensions of ternary system are accessible by experiments 

with relative high technical efforts, the theoretical predictions are in excellent agreement with 

different kinds of ternary mixtures. Systems with high interfacial tensions, namely water + 

acetone + toluene, as well as low interfacial tensions, namely water + 1-butanol + ethanol, 

can be perfectly described. Moreover, the mixture of water + 1-butanol + benzene, which is 

distinguished by a tube-formed miscibility gap due to two binary demixing subsystems, can 

be described with similar accuracy. Furthermore, the modified density gradient theory 

provides the interfacial concentration profiles, as well as the interfacial thickness. Thereby, 

enrichment of the solubiliser inside the interface for all systems is predicted. Concurrently, an 

increase of the interfacial thickness, starting at the binary demixing subsystem to the critical 

point by adding the solubiliser, is in agreement with theoretical and experimental concepts. 

Comparing the different systems reveals an observable conformity; the relative enrichment of 

the solubiliser in the interface decreases by increasing the concentration of the solubiliser. The 

distinct mechanisms behind that are actually unknown.  
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Using the theoretical framework in order to predict interfacial properties in liquid-liquid 

equilibria allows for an extended simulation of a counterflow extraction column. In this work, 

the concept of equilibrium stages is used for the simulation by neglecting the hydrodynamic 

influences, as well as interfacial mass transfer. Furthermore, the interfacial properties can be 

calculated at the equilibrium stages, which offer a detailed insight into interfacial tensions, as 

well as interfacial concentration profiles via the height of the counterflow extraction column, 

for the first time. In this context, it is mentionable that measuring the interfacial tensions in a 

steady state working extraction column is almost impossible or perhaps possible with an 

extremely high technical effort. Nevertheless, the Marangoni convection caused by local 

gradients of the interfacial tension can have a significant impact on the interfacial mass 

transfer. Therefore, the column simulation combined with the modified density gradient 

theory provides a scientific, as well as, engineering tool for investigations of the Marangoni 

convection. Also the interfacial concentration profiles are useful for the development of new 

interfacial mass transfer models or even for improvements of existing models.  

In the framework of the column simulation, the temperature of the incoming feed and solvent 

flows were varied. Therefore, experimental data for the binary excess enthalpies were used to 

calculate the excess enthalpies of ternary mixtures. By varying the incoming temperature of 

feed and / or solvent, the interfacial tension, as well as its local gradients in the column could 

be influenced due to different resulting temperature profiles in the column. This allows for an 

optimisation of the column with respect to the interfacial tension and its gradients on the 

ternary system water + acetone + toluene. However, the system is not appreciably 

temperature sensitive.  

To consider more technical relevant systems, an extension to quaternary or better yet, multi 

component mixtures is recommended. Thus, the so-called influence parameter of the mixture 

has to be extended in the same way as from binary to ternary mixtures. If the calculation of 

densities is important, an equation of state is absolutely essential. In this case, the so-called 

influence parameter of the pure component has to be adjusted to experimental interfacial 

tension data at vapour-liquid equilibrium. Unfortunately, there are some technically relevant 

components without a measureable vapour pressure, for instance polymers. Here, the 

modified gradient theory is more applicable. Furthermore, due to the numerical simplicity of 

the modified density gradient theory, in combination with a gE - model, calculations of 

interfacial properties using an equation of state take much more computational time.  

A further improvement of the column simulations is the extension from the equilibrium stage 

concept without any mass transfer, to concepts including interfacial mass transfer. In this 
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case, the irreversible thermodynamics is needed. Classical concepts of diffusion, for instance, 

Fick diffusion [110], are not applicable because of interfacial concentration gradients even at 

equilibrium state without any resulting interfacial mass transfer. Here, the modelling of the 

mass transfer has to be realised by using gradients of the chemical potential, for instance, the 

concept of Gibbs with one disadvantage: a not directly measureable value, called mobility. 

Nevertheless, results from experimental data of interfacial mass transfer are useful for mass 

transfer models considering gradients of the chemical potential. Calculating the interfacial 

tension with a non-equilibrium density gradient theory offers the possibility of adjusting the 

value of the mobility on the experimental data of the interfacial tension from a known non-

equilibrium to equilibrium state. Possessing knowledge about the diffusion behaviour in multi 

component mixtures allows for column simulations with more accuracy. However, the 

hydrodynamics have to be considered in such simulations, particularly the movement of the 

droplets.  

Finally, particle movement perpendicular to the interfacial mass transfer direction is a 

phenomenon still only partially understood. The impact of this phenomenon on interfacial 

mass transfer can be investigated using a three dimensional non-equilibrium density gradient 

theory. Due to the small thickness of liquid-liquid interfaces, the movement of particles in the 

interface is experimentally non accessible. In the future, all these improvements can be used 

in computational fluid dynamics for a better design of technical processes. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



References 
 

References 

 

 

1 Van der Waals, J. D. Over de Continuiteit van den Gas en Vloiestoftoestand (On the 
Continuity of the Gas and Liquid State). Doctoral Dissertation, Leiden University: Leiden, 
The Netherlands, 1873. 

2 Lord Rayleigh. On Reflexion from Liquid Surfaces in the Neighbourhood of the Polarizing 
Angle. Philos. Magn. 1892, 33, 1-18. 

3 Cahn, J. W.; Hilliard, J. E. Free Energy of a Nonuniform System. I. Interfacial Free Energy. 
J. Chem. Phys. 1958, 28, 258-267. 

4 Poser, C. I.; Sanchez, I. C. Interfacial Tension Theory of Low and High Molecular Weight 
Liquid Mixtures. Macromolecules 1981, 14, 361-370. 

5 Cornelisse, P.M.W.; Peters, C.J.; de Swaan Arons, J. On the fundamentals of the gradient 
theory of van der Waals. J. Chem. Phys. 1997, 106, 9820-9835. 

6 Enders, S.; Quitzsch, K. Calculation of Interfacial Properties of Demixed Fluids Using 
Density Gradient Theory. Langmuir 1998, 14, 4606-4614. 

7 Kahl, H.; Enders, S. Calculation of surface properties of pure fluids using density gradient 
theory and SAFT-EOS. Fluid Phase Equilibria 2000, 172, 27-42. 

8 Dittmar, D.; Eggers, R.; Kahl, H.; Enders, S. Measurement and modelling of the interfacial 
tension of triglyceride mixtures in contact with dense gases. Chem. Eng. Sci. 2002, 57, 
355-363. 

9 Kahl, H.; Enders, S. Interfacial properties of binary mixtures. Phys. Chem. Chem. Phys. 
2002, 4, 931-936. 

10 Enders, S.; Kahl, H.; Winkelmann, J. Interfacial properties of polystyrene in contact with 
carbon dioxide. Fluid Phase Equilibria 2005, 228-229, 511-522. 

11 Miqueu, C.; Mendiboure, B.; Graciaa, A.; Lachaise, J. Modeling of the Surface Tension of 
Multicomponent Mixtures with the Gradient Theory of Fluid Interfaces. Ind. Eng. Chem. 
Res. 2005, 44, 3321-3329. 

12 Queimada, A.J.; Miqueu, C.; Marrucho, I.M.; Kontogeorgis, G.M.; Coutinho, J.A.P. 
Modeling vapor-liquid interfaces with the gradient theory in combination with the CPA 
equation of state. Fluid Phase Equilibria 2005, 228-229, 479-485. 

13 Lin, H.; Duan, Y.Y.; Min, Q. Gradient theory modeling of surface tension for pure fluids 
and binary mixtures. Fluid Phase Equilibria 2007, 254, 75-90. 

14 Enders, S.; Kahl, H. Interfacial properties of water + alcohol mixtures. Fluid Phase 
Equilibria 2008, 263, 160-167. 

15 Li, X.S.; Liu, J.M.; Fu, D. Investigation of Interfacial Tensions for Carbon Dioxide 
Aqueous Solutions by Perturbed-Chain Statistical Associating Fluid Theory Combined 
with Density-Gradient Theory. Ind. Eng. Chem. Res. 2008, 47, 8911-8917. 

16 Fu, D.; Wei, Y. Investigation of Vapor−Liquid Surface Tension for Carbon Dioxide and 
Hydrocarbon Mixtures by Perturbed-Chain Statistical Associating Fluid Theory 
Combined with Density-Gradient Theory. Ind. Eng. Chem. Res. 2008, 47, 4490-4495. 

17 Miqueu, C.; Mendiboure, B.; Graciaa, A.; Lachaise, L. Petroleum mixtures: An efficient 
predictive method for surface tension estimations at reservoir conditions. Fuel 2008, 87, 
612-621. 

18 Glavatskiy, K.; Bedeaux, D.; Nonequilibrium properties of a two-dimensionally isotropic 
interface in a two-phase mixture as described by the square gradient model. Phys. Rev. E 
2008, 77, 061101. 

 72



References 
 

 73

 
19 Oliveira, M.B.; Marrucho, I.M.; Coutinho, J.A.P.; Queimada, A.J. Surface tension of chain 

molecules through a combination of the gradient theory with the CPA EoS. Fluid Phase 
Equilibria 2008, 267, 83-91. 

20 Liu, S.; Fu, D.; Lu, J. Investigation of Bulk and Interfacial Properties for Nitrogen and 
Light Hydrocarbon Binary Mixtures by Perturbed-Chain Statistical Associating Fluid 
Theory Combined with Density-Gradient Theory. Ind. Eng. Chem. Res. 2009, 48, 10734-
10739. 

21 Fu, D.; Jiang, H.; Wang, B.S.; Fu, S.X. Investigation of the surface tension of methane and 
n-alkane mixtures by perturbed-chain statistical associating fluid theory combined with 
density-gradient theory. Fluid Phase Equilibria 2009, 279, 136-140. 

22 Niño Amezquita, O. G.; Enders, S.; Jaeger, Ph. T.; Eggers, R. Measurement and Prediction 
of Interfacial Tension of Binary Mixtures. Ind. Eng. Chem. Res. 2010, 49, 592-601. 

23 Niño Amézquita, O. G.; Enders, S.; Jaeger, P.T.; Eggers, R. Interfacial properties of 
mixtures containing supercritical gases. J. Supercrit. Fluids 2010, 55, 724-34. 

24 Lafitte, T.; Mendiboure, B.; Pineiro, M. M.; Bessières, D.; Miqueu, C. Interfacial 
properties of water/CO2: a comprehensive description through a Gradient Theory-SAFT-
VR Mie approach. J. Phys. Chem. B 2010, 114, 11110-6. 

25 Miqueu, C.; Míguez, J. M.; Piñeiro, M. M.; Lafitte, T.; Mendiboure, B. Simultaneous 
Application of the Gradient Theory and Monte Carlo Molecular Simulation for the 
Investigation of Methane/Water Interfacial Properties. J. Phys. Chem. B 2011, 115, 9618-
25. 

26 Vilaseca, O.; Vega, L.F. Direct calculation of interfacial properties of fluids close to the 
critical region by a molecular-based equation of state. Fluid Phase Equilibria 2011, 306, 
4-14. 

27 Niño Amézquita, O. G.; Putten, D.; Enders, S. Phase behavior and Interfacial Properties of 
the System Water + Carbon dioxide. Fluid Phase Equilibria 2012, 332, 40-47. 

28 Grunert, T. Theoretische Untersuchungen der Phasengrenze im VLE binärer Mischungen. 
Diploma Thesis, Technical University of Berlin: Berlin, Germany, 2011. 

29 Schaefer, E.; Sadowski, G.; Enders, S. Interfacial tension of binary mixtures exhibiting 
azeotropic behavior: Measurement and modeling with PCP-SAFT combined with Density 
Gradient Theory. Fluid Phase Equilibria 2014, 362, 151-162. 

30 Schäfer, E. Simultaneous Calculation of Fluid Phase Equilibria and Interfacial Properties 
of Aprotic Solvent Mixtures Incorporating Experimental Studies. Dissertation Thesis, 
2014, ISBN: 978 3 8439 1481 9. 

31 Soave, G. Equilibrium constants from a modified Redlich-Kwong equation of state. Chem. 
Eng. Sci. 1972, 27, 1197-1203. 

32 Redlich, O.; Kwong J. N. S. On the Thermodynamics of Solutions. V. An Equation of 
State. Fugacities of Gaseous Solutions. Chemical Reviews 1949, 44, 233–244. 

33 Peng, D.-Y.; Robinson, D. B. A New Two-Constant Equation of State. Ind. Eng. Chem. 
Fund. 1976, 15, 59-64. 

34 Wertheim, M. S. Fluids with highly directional attractive forces. I. Statistical 
thermodynamics. J. Stat. Phys. 1984, 35, 19-34. 

35 Wertheim, M. S. Fluids with highly directional attractive forces. II. Thermodynamic 
perturbation theory and integral equations. J. Stat. Phys. 1984, 35, 35-47. 

36 Wertheim, M. S. Fluids with highly directional attractive forces. III. Multiple attraction 
sites. J. Stat. Phys. 1986, 42, 459-476. 

37 Wertheim, M. S. Fluids with highly directional attractive forces. IV. Equilibrium 
polymerization. J. Stat. Phys. 1984, 42, 477-492. 

 



References 
 

 74

 
38 Chapman, W. G.; Gubbins, K. E.; Jackson, G.; Radosz, M. SAFT: Equation-of-state 

solution model for associating fluids. Fluid Phase Equilibr. 1989, 52, 31-38. 
39 Chapman, W. G.; Gubbins, K. E.; Jackson, G.; Radosz, M. New reference equation of state 

for associating liquids. Ind. Eng. Chem. Res. 1990, 29, 1709-1721. 
40 Gross, J.; Sadowski, G. Perturbed-Chain SAFT: An Equation of State Based on a 

Perturbation Theory for Chain Molecules. Ind. Eng. Chem. Res. 2001, 40, 1244-1260. 
41 Gross, J.; Sadowski, G. Application of the Perturbed-Chain SAFT Equation of State to 

Associating Systems. Ind. Eng. Chem. Res. 2002, 41, 5510-5515. 
42 Langenbach, K.; Enders, S. Development of an EOS based on lattice cluster theory for 

pure components. Fluid Phase Equilibr. 2012, 331, 58-79. 
43 Langenbach, K.; Browarzik, D.; Sailer, J.; Enders, S. New formulation of the lattice cluster 

theory equation of state for multi-component systems. Fluid Phase Equilibr. 2014, 362, 
196-212. 

44 Margules, M. Über die Zusammensetzung der Gesättigten Dämpfe von Mischungen. Sitzb. 
d. mathem. Naturw. Cl. 1895, 104, 1243-1278. 

45 Van Laar, J. J. Über Dampfspannungen von Binären Gemischen. Z. Phys. Chem. 1910, 72, 
723-751. 

46 Porter, A. W. On the Vapour-Pressures of Mixtures. Trans. Faraday Soc. 1920, 16, 336-
345. 

47 Redlich, O.; Kister, A. T. Algebraic Representation of Thermodynamic Properties and the 
Classification of Solutions. Ind. Eng. Chem. 1948, 40, 345-348. 

48 Wilson, G. M. Vapor-Liquid Equilibrium. XI. A New Expression for the Excess Free 
Energy of Mixing. J Am. Chem. Soc. 1964, 86, 127-130. 

49 Renon, H.; Prausnitz J. M. Local Compositions in Thermodynamic Excess Functions for 
Liquid Mixtures. AIChE J. 1968, 14, 135-144. 

50 Abrams, D. S.; Prausnitz, J. M. Statistical Thermodynamics of Liquid Mixtures: A New 
Expression for the Excess Gibbs Energy of Partly or Completely Miscible Systems. 
AIChE J. 1975, 21, 116-128. 

51 Fredenslund, A.; Jones, R.L.; Prausnitz, J.M. Group-Contribution Estimation of Activity 
Coefficients in Nonideal Liquid Mixtures.  AIChE J. 1975, 21(6), 1086-1099. 

52 Flory, P. J. Thermodynamics of High Polymer Solutions. J. Chem. Phys. 1941, 9, 660-661. 
53 Flory, P. J. Thermodynamics of High Polymer Solutions. J. Chem. Phys. 1942, 10, 51-61. 
54 Huggins, M. L. Solutions of Long Chain Compounds. J. Chem. Phys. 1941, 9, 440. 
55 Koningsveld, R.; Kleintjens, L. A. Concentration Dependence of the Pair-Interaction 

Parameter in the System Cyclohexane-Polystyrene. Macromolecules 1971, 4, 637-641. 
56 Koningsveld, R.; Kleintjens, L. A.; Schultz, A. R. Concentration-dependent pair 

interaction parameter from critical miscibility data on the system cyclohexane-
polystyrene. J. Polym. Sci. Part A-2 1970, 8, 1261-1278. 

57 Jildeh, H. B.; Attarakih, M.; Bart, H. J. Droplet coalescence model optimization using 
detailed population balance model for RDC extraction column. Chem. Eng. Res. Des. 
2013, 91, 1317-1326. 

58 Marangoni, C. Über die Ausbreitung der Tropfen einer Flüssigkeit auf der Oberfläche 
einer anderen. Annalen der Physik und Chemie 1871, 7, 337-354. 

59 Lewis W. K.; Whitman, W. G. Principles of Gas Adsorption. Ind. Eng. Chem. 1924, 16, 
1215-1220. 

60 Gloor, G.J.; Jackson, G.; Blas, F. J.; Del Río, E. M.; De Miguel, E. An accurate density 
functional theory for the vapor-liquid interface of associating chain molecules based on 
the statistical associating fluid theory for potentials of variable range. J. Chem. Phys. 
2004, 121, 12740-59. 

 



References 
 

 75

 

 

61 Fu, D.; Lu, J. F.; Liu, J. C.; Li, Y. G. Prediction of surface tension for pure non-polar fluids 
based on density functional theory. Chem. Eng. Sci. 2001, 56, 6989-96. 

62 Fu, D.; Wu, J. Vapor-liquid equilibria and interfacial tensions of associating fluids within a 
density functional theory. Ind. Eng. Chem. Res. 2005, 44, 1120-1128. 

63 Kahl, H.; Winkelmann, J. Modified PT-LJ-SAFT Density Functional Theory. I. Prediction 
of surface properties and phase equilibria of non-associating fluids. Fluid Phase 
Equilibria 2008, 270, 50-61. 

64 Gross, J. A density functional theory for vapor-liquid interfaces using the PCP-SAFT 
equation of state. J. Chem. Phys. 2009, 131, 204705-12. 

65 Müller, A.; Leonhard, K. Surface tension calculations by means of a PCP-SAFT-DFT 
formalism using equation of state parameters from quantum mechanics. Fluid Phase 
Equilibria 2013, 356, 96-101. 

66 Marshall, B. D.; Cox, K. R.; Chapman, W.G. A classical density functional theory study of 
the neat n-alkane/water interface. J. Phys. Chem. C 2012, 116, 17641-49. 

67 Chapela, G. A.; Saville, G.; Rowlinson, J. S. Computer simulation of the gas/liquid 
surface. Faraday Discuss. Chem. Soc. 1975, 59, 22-28. 

68 Rusanov, A. I.; Brodskaya, E. N. The molecular dynamics simulation of a small drop. J. 
Colloid Interface Sci. 1977, 62, 542-555. 

69 Nijmeijer, M. J. P.; Bakker, A. F., Bruin, C. A molecular dynamics simulation of the 
Lennard-Jones liquid-vapor interface. J. Chem. Phys. 1988, 89, 3789-3792. 

70 Rao, M.; Berne, B. J. On the location of surface of tension in the planar interface between 
liquid and vapour. Mol. Phys. 1979, 37, 455-461. 

71 Mecke, M.; Winkelmann, J.; Fische, J. Molecular dynamics simulation of the liquid-
vapour interface: The Lennard-Jones fluid. J. Chem. Phys. 1997, 107, 9264-9270. 

72 Goujon, F.; Malfreyt, P.; Simon, J. M.; Boutin, A.; Rousseau, B.; Fuchs, A. H. Monte 
Carlo versus molecular dynamics simulations in heterogeneous systems: An application to 
the n-pentane liquid-vapor interface. J. Chem. Phys. 2004, 121, 12559-71. 

73 Rivera, J. L.; , Predota, M.; Chialvo, A. A.; Cummings, P.T. Vapor-liquid equilibrium 
stimulations of the SCPDP model of water. Chem. Phys. Lett. 2002, 357, 189-194. 

74 Bahadur, R.; Russell, L. M.; Alavi, S. Surface tensions in NaCl-water-air systems from 
MD simulations. J. Phys. Chem. B 2007, 111, 11989-96. 

75 Müller, E. A.; Mejía, A. Interfacial properties of selected binary mixtures containing n-
alkanes. Fluid Phase Equilibria 2009, 282, 68-81. 

76 Domínguez, H.; Haslam, A. J.; Jackson, G.; Müller, E. A. Modelling and understanding of 
the vapour-liquid and liquid-liquid interfacial properties for the binary mixture of n-
heptane and perfluoro-n-hexane. J. Mol. Liq. 2013, 185, 36-43. 

77 Deguillard, E.; Pannacci, N.; Creton, B.; Rousseau, B. Interfacial tension in oil-water-
surfactant systems: On the role of intra-molecular forces on interfacial tension values 
using DPD simulations. J. Chem. Phys. 2013, 138, 144102-5. 

78 Xu, J.; Zhang, Y.; Chen, H.; Wang, P.; Xie, Z.; Yao, Y.; Yan, Y.; Zhang, J. Effect of 
surfactant headgroups on the oil/water interface: An interfacial tension measurement and 
simulation study. J. Mol. Struct. 2013, 1052, 50-56. 

79 Zeiner, T.; Schrader, P.; Enders, S.; Browarzik, D. Phase- and interfacial behavior of 
hyperbranched polymer solutions. Fluid Phase Equilibria 2011, 302, 321-330. 

80 Kahl, H.; Mecke, M.; Winkelmann, J. Prediction of internal structure and properties in 
fluid model interfaces of binary and ternary liquid mixtures. Fluid Phase Equilibria 2005, 
228-229, 293-302. 

81 Pilhofer, T.; Mewes, D. Siebbodenextraktionskolonnen. Vorausberechnung unpulsierter 
Kolonnen. VCH Weinheim, 1979. 



References 
 

 76

 

 

82 Billet, R.; Husung, G.; Mackowiak, J. Columns with ordered packing material in parallel 
tubes for liquid-liquid extraction. Chem. Tech. 1979, 8, 25-29. 

83 Billet, R.; Mackowiak, J. Design of liquid/liquid extraction columns with random packings 
and regular internals. Chem. Ing. Tech. 1985, 57, 56-57. 

84 Pilhofer, T. Hydrodynamics of swarms of droplets in liquid/liquid spray columns. Chem. 
Ing. Tech. 1974, 46, 783. 

85 Pilhofer, T. Flooding point of liquid/liquid spray columns. Chem. Ing. Tech. 1976, 48, 237. 
86 Marr, R.; Moser, F.; Husung, G. Betriebsverhalten und Belastungsgrenzen einer RDC-

Extraktionskolonne. Chem. Ing. Tech. 1974, 46, 207-209. 
87 Marr, R.; Moser, F.; Husung, G. Stoffaustausch in einem Drehscheiben-Extraktor (RDC). 

Chem. Ing. Tech. 1976, 48, 245-247. 
88 Wolschner, B.; Sommeregger, E.; Marr, R. Die Berechnung des Konzentrationsprofiles in 

einem Drehscheibenextraktor – Bauart RDC. Chem. Ing. Tech. 1980, 52, 277-279. 
89 Scheibel, E. G.; Karr, A. E. Semicommercial Multistage Extraction Column - Performance 

Characteristics. Ind. Eng. Chem. 1950, 42, 1048-1057. 
90 Bonnet, J. C.; Jeffreys, G. V. Hydrodynamics and mass transfer characteristics of a 

scheibel extractor. Part I: Backmixing and stage efficiency. AIChE Journal 1985, 31, 795-
801. 

91 Bonnet, J. C.; Jeffreys, G. V. Hydrodynamics and mass transfer characteristics of a 
scheibel extractor. Part II: Drop size distribution, holdup, and flooding. AIChE Journal 
1985, 31, 788-794. 

92 Sattler, K.; Feindt, H. J. Thermal Separation Processes: Principles and Design. VCH: 
Weinheim, New York, Basel, Cambridge, Tokyo, 1995, pp. 407-421. 

93 Grunert, T.; Rudolph, H.; Enders, S. Prediction of Interfacial Tensions between Demixed 
Ternary Mixtures. Z. Phys. Chem. 2013, 227, 269-284. 

94 Won, Y. S.; Chung, D. K.; Mills, A. F. Density, Viscosity, Surface Tension, and Carbon 
Dioxide Solubility and Diffusivity of Methanol, Ethanol, Aqueous Propanol, and Aqueous 
Ethylene Glycol at 25 °C. J. Chem. Eng. Data 1981, 26, 140-141. 

95 Arlt, W.; Macedo, M. E. A.;Rasmussen, P.; Sorensen, J. M. Chemistry Data Series, 
Volume V, Part 1: Binary Systems, 1979, pp. 263. 

96 Villers, D.; Platten, J. K. Temperature Dependence of the Interfacial Tension between 
Water and Long-chain Alcohols, J. Phys. Chem. 1988, 92, 4023-4024. 

97 Gonzáles, J. A.; Alonso-Tristan, C.; García de la Fuente, I.; Cobos, J.C. Thermodynamics 
of Mixtures Containing Aromatic Alcohols. 1. Liquid–Liquid Equilibria for 
(Phenylmethanol + Alkane) Systems. J. Chem. Eng. Data 2012, 57, 1186-1191. 

98 van Berlo, M.;Gude, M. T.; van der Wielen, L. A. M.; Luyben, K. C. A. M. Partition 
Coefficients and Solubilities of Glycine in the Ternary Solvent System 1-Butanol + 
Ethanol + Water, Ind. Eng. Chem. Res. 1997, 36, 2474-2482. 

99 Schäfer, E. Simultaneous Calculation of Fluid Phase Equilibria and Interfacial Properties 
of Aprotic Solvent Mixtures Incorporating Experimental Studies. Dissertation Thesis, 
2014, ISBN: 978 3 8439 1481 9. 

100 Mìsek, T. Recommended Systems for Liquid Extraction Studies, EFCE working party on 
distillation, absorption and extraction, 1978, ISBN: 0 85295 113 2. 

101 Prokop, R. M.; Hair, M. L.; Neumann, A. W. Interfacial Tension of a Polystyrene-
Poly(ethylene oxide) Diblock Copolymer at the Water-Toluene Interface, Macromolecules 
1996, 29, 5902-5906. 

102 Washburn, E. R.; Strandskov, C. V. The Ternary System n-Butyl Alcohol - Benzene - 
Water at 25°C and 35°C, J. Phys. Chem. 1944, 48, 241-245. 



References 
 

 77

 
103 Paul, G. W.; Marc de Chazal, L. E. Interfacial Tensions in Ternary Liquid-Liquid-

Systems, J. Chem. Eng. Data 1967, 12, 105-107. 
104 Buqiang, L.; Jufu, F. Correlation of Interfacial Tension with Ternary Solubility for Two-

Liquid-Phase Ternary Mixtures, Huagong Xuebao 1989, 40, 3, 355-364. 
105 Chase, M. W. NIST-JANAF Themochemical Tables, Fourth Edition, J. Phys. Chem. Ref. 

Data 1998, 9, 1-1951. 
106 Malhotra, R.; Woolf, L. A. Thermodynamic properties of propanone (acetone) at 

temperatures from 278 K to 323 K and pressures up to 400 Mpa, J. Chem. Thermodynam. 
1991, 23, 867-876. 

107 Grolier, J. - P. E.; Roux-Desgranges, G.; Berkane, M.; Jimenez, E.; Wilhelm, E. Heat 
capacities and densities of mixtures of very polar substances 2. Mixtures containing N,N-
dimethylformamide, J. Chem. Thermodynam. 1993, 25(1), 41-50. 

108 Coomber B. A.; Wormald C. A stirred flow calorimeter. The excess enthalpies of acetone 
+ water and of acetone + some normal alcohols. J. Chem. Thermodynam. 1976, 8 ,793-
799. 

109 Francesconi, R.; Comelli F. Excess enthalpies for binary mixtures of toluene, p-xylene or 
pseudocumene + methyl-n-alkyl ketones. Application of an extended cell modell. 
Thermochim. Acta 1993, 216, 35-44. 

110 Fick, A.: Ueber Diffusion. Annalen der Physik 1855, 1, 59-86. 


	Nomenclature
	List of Figures 
	List of Tables
	1 Introduction
	2 Background
	2.1 Phase Equilibrium
	2.1.1 Binary Liquid-Liquid Equilibrium
	2.1.2 Ternary Liquid-Liquid Equilibrium

	2.2 Interfacial Properties
	2.2.1 Interfacial Properties at Vapour-Liquid Equilibrium
	2.2.2 Interfacial Properties at Liquid-Liquid Equilibrium

	2.3 Simulation of a Counterflow Extraction Column

	3. Modified Density Gradient Theory
	4 Chemicals & Experiments
	4.1 Chemicals
	4.2 Gas Chromatography 
	4.3 Oscillating U-Tube
	4.4 Spinning-Drop Tensiometer

	5 Discussion & Results
	5.1 Binary Liquid-Liquid Equilibrium of Water + 1-Butanol
	5.2 Ternary Liquid-Liquid Equilibrium of Water + 1-Butanol + Ethanol
	5.3 Ternary Liquid-Liquid Equilibrium of Water + Toluene + Acetone
	5.4 Ternary Liquid-Liquid Equilibrium of Water + 1-Butanol + Benzene
	5.5 Counterflow Column Simulations

	6 Summary & Outlook
	References

