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“THERE is a solitude of space,

A solitude of sea,

A solitude of death, but these

Society shall be,

Compared with that profounder site

That polar privacy,

A Soul admitted to Itself:

Finite Infinity.”

Emily Dickinson
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Chapter 1

Introduction

1.1 The subject of this thesis

In their most general form, graphs are abstract structures that admit entirely
set-theoretical descriptions. However, one can naturally define graph classes in
terms of other mathematical objects, such as geometric ones. A particularly well-
researched family of graphs is the class of intersection graphs of subsets of the
plane (R2). Throughout this thesis, we restrict our attention to the case where
the subsets in question are horizontal or vertical segments. A well investigated
class of this kind is that of grid intersection graphs. It consists of the bipartite
graphs for which one set of the bipartition can be represented by horizontal and
the other by vertical segments, such that adjacency is equivalent to the inter-
section of the corresponding segments. These graphs can be further restricted,
e.g. by only permitting unit length segments in one (or both) partitions, or by
requiring that the vertices can be represented by horizontal or vertical half-lines.
Examples of such graphs and the corresponding representations can be found in
Figure 1.1. Many interesting questions arise when considering the resulting graph
classes: recognition, characterization, relationships between classes, description of
the included trees or planar graphs. We aim to tackle several of these questions
throughout this thesis.

(a) (b) (c)

Figure 1.1: (a): a bipartite graph with a grid intersection representation;
(b): a graph with a unit grid intersection representation; (c): a graph with an

orthogonal ray intersection representation

In the remainder of this chapter, we introduce the relevant definitions and basic re-
sults needed in order to make this thesis as self-contained as possible. Afterwards,

1



Introduction 2

Section 1.3 presents a brief content summary of each of the following chapters.
Finally, Section 1.4 introduces in more detail the graph classes that make the
object of this thesis, together with several known results and adjacency matrix
characterizations.

1.2 Preliminaries

Assuming our reader is familiar with set theoretical concepts, in this section we
attempt to provide the definitions and notions necessary in order to understand
this work. In the following chapters, we define further notions that are required
for our results.

1.2.1 Graphs and basic related notions

A graph G(V,E) consists of a set V of vertices and a set E ⊂ (V × V ) called
edges . Two vertices u, v ∈ V are called adjacent if and only if uv ∈ E. If u = v
and uv ∈ E, we call uv a loop. A graph is called simple if it contains no loops, and
no two vertices are connected by more than one edge. For an edge e = uv ∈ E,
the vertices u, v are called endpoints . Furthermore, two edges sharing an endpoint
are said to be incident . For a vertex v the set {u ∈ V, uv ∈ E} is called the
neighborhood of v and is denoted by N(v). The closed neighborhood of v is defined
as N(v) ∪ {v} and denoted as N [v]. Moreover, any u ∈ N(v) is called a neighbor
of v. For a vertex v ∈ V (G), the degree of v denotes the number of its neighbors
in G.

If there exists a partition of V into two disjoint subsets A ∪ B = V such that
E ⊂ A×B, we call G bipartite, with parts A and B.

A graph G′(V ′, E ′) is called a subgraph of G if V ′ ⊂ V,E ′ ⊂ E ∩ (V ′ × V ′).
G′ is an induced subgraph if E ′ = E ∩ (V ′ × V ′). For V ′ ⊂ V , the induced
subgraph of G with vertex set V ′ will be denoted by G[V ′]. A collection of edges
v1v2, v2v3, . . . , vn−1vn is called a path connecting the endpoints v1 and vn. If the
path is closed, i.e., v1 = vn, it is called a cycle. In general, the notation Cn is
used for the cycle of length n. The length of a path/cycle denotes the number of
edges in the considered path/cycle. The distance d(u, v) of a pair of vertices of
G denotes the length of the shortest path connecting u and v. If u and v are not
adjacent, we use the convention d(u, v) =∞. If E = V × V , G is called complete
and denoted by Kn, where n = |V |. In case of a bipartite graph G(A,B,E), if
|A| = m, |B| = n,E = A×B, G is called a complete bipartite graph and denoted
by Km,n. Furthermore, a graph G is called chordal if it contains no induced cycle of
length larger than 3. Similarly, a bipartite graph is called weakly chordal/chordal
bipartite if it contains no even cycles of length greater than 4. Moreover, the girth
of a graph denotes the size of its smallest induced cycle.

G is called connected if for any u, v ∈ G there exists a path connecting u and
v. Any graph can be uniquely partitioned into a minimum number of connected
subgraphs, called connected components .



Introduction 3

A subdivision G′ of G is obtained by replacing the edges of G by paths of arbitrarily
length (thus introducing new vertices of degree 2). If all of the introduced paths
add k new vertices each, we call it a k-subdivision. In a converse operation, one
can pick an edge e of G, identify its endpoints and then delete the edge (now loop)
between them. The graph thus obtained is called an edge contraction of G and
denoted by G/e. Analogously, one can define the contraction G/E ′ where E ′ ⊂ E.
These concepts are illustrated in Figure 1.2 below.

e

Figure 1.2: Bottom: C3 with a 1-subdivision. Top: a graph and its
contraction over the edge e

A tree is defined as a cycle-free and connected graph. By dropping the connect-
edness condition, one obtains a union of trees, called a forest . A subgraph of a
tree is also known as a subtree. A root denotes a distinguished vertex of a tree,
whereas a vertex of degree 1 is called a leaf . For any vertex v which is not a leaf,
the set of its neighbors that are further than v from the root are called its children.
Similarly, for any vertex v which is not the root, the only neighbor that lies at a
lower distance from the root is called its parent . Two vertices sharing the same
parent are called siblings . Furthermore, we define the depth of a tree with a root
r to be the length of the longest path having r as an endpoint. If for a tree T all
vertices (except the leaves) have degree k, we call T k-regular .

1.2.2 Oriented graphs

The edges of a graph can be endowed with an orientation, from one endpoint
to the other. In this paper we denote by 〈u, v〉 the edge uv oriented from u to
v. A graph orientation is said to be acyclic if there exists no cycle v1v2 . . . vn
with simultaneous edge orientations 〈v1, v2〉, . . . , 〈vn−1, vn〉, 〈vn, v1〉. Furthermore,
an orientation is said to be transitive if for any pair of oriented edges 〈a, b〉, 〈b, c〉,
there exists the oriented edge 〈a, c〉.

1.2.3 Planarity

A graph G(V,E) is called planar if it admits a representation with the elements
of V as points in the plane and the edges of E as pairwise non-intersecting Jordan
arcs (i.e. not self-intersecting curves) connecting the endpoints. István Fáry has
shown that any planar graph admits a representation with all edges being drawn
as straight line segments ([14]). A planar graph G with a given planar embedding
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is known as a plane graph. A connected region of the plane after removing a
plane drawing of G is called a face of G. Every plane embedding of a finite
planar graph has an infinite face, also called the outer face. The graph obtained
by associating a vertex to each face of a plane embedding of G, and an edge to
each pair of neighboring faces, is called the dual of the embedding of G. If we
exclude the vertex corresponding to the outer face, we obtain the weak dual . For
the case when a planar graph G is connected, if v denotes the cardinality of V ,
e = |E| and f the number of faces of a plane embedding of G, the following holds:
v− e+f = 2 (Euler formula). If a plane drawing of G has the property that every
vertex appears on the boundary of the outer face, then G is called outerplanar .

1.2.4 Intersection graphs

A graph G(V,E) is an intersection graph with basis set M if and only if there
exists a function φ : V → 2M such that for u, v ∈ V , it holds that (u, v) ∈ E if
and only if φ(u) ∩ φ(v) 6= ∅. In 1945, Edward Szpilrajn-Marczewski showed that
all graphs admit an intersection representation ([51]).

In a similar manner we can define the concept of intersection bigraph of a certain
type of objects. Here, G is bipartite with vertex partition V = A ∪ B such that
for u ∈ A, v ∈ B we have that uv ∈ E only if the corresponding objects in the
representation intersect.

If the basis set of an intersection graph class is that of curves in the plane, i.e., sets
homeomorphic to the unit interval [0, 1], we obtain string graphs . If in addition we
require that the curves have no self-intersections, and that any two curves cross
at most once, the corresponding intersection graph class is that of pseudosegment
graphs (see Figure 1.3).

(a) (b)

Figure 1.3: A graph (left) with: (a) a string intersection representation; (b)
a pseudosegment intersection representation (right)

In the particular case where φ(v) is a straight line segment in the plane, for all
v ∈ V , then G is called a segment intersection graph. Furthermore, one can
restrict segments in φ(V ) to be parallel to one of a given set of k directions. This
defines k-directional segment graphs . (k-DIR). If one forbids the intersection of
two segments of the same slope, it can be said G belongs to the class PURE k-DIR.

We call graphs in PURE 2-DIR grid intersection graphs (GIG). They can be
formally defined as follows: Let H and V be the set of all horizontal, respectively
vertical segments in the plane. Then, G is a grid intersection graph if an only if
there exist X, Y ⊆ V, X ∩ Y = ∅, X ∪ Y = V and a function φ : V → R2, such
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that φ(X) ⊂ H, φ(Y ) ⊂ V , E ⊆ X × Y , and for x ∈ X, y ∈ Y , (x, y) ∈ E if and
only if φ(x) ∩ φ(y) 6= ∅. Clearly, all grid intersection graphs are bipartite.

We define as unit grid intersection graphs (UGIGs) all GIGs that admit a repre-
sentation as above, with all segments of equal (unit) length. Based on this, we also
define a hybrid class, unit-segment – segment intersection graphs (USEG), which
are the grid intersections graphs that admit a representation where the segments
belonging to one of the partition sets are of constant (unit) length. As we will see
in Chapter 2, the (obvious) inclusions UGIG ⊂ USEG ⊂ GIG are all proper.

A further particular case is when a GIG has a representation where the segments
can be extended into half-lines, without creating aditional intersections. This
class is called orthogonal ray graphs (ORGs), and was introduced by Anish M.S.
Shrestha, Satoshi Tayu and Shuichi Ueno in [47], together with the observation
that they constitute a subclass of UGIG. By fixing one infinite direction for all
rays in one or both partition sets, one obtains, three-, respectively two-directional
orthogonal ray graphs (3-DORGs, 2-DORGs).

This thesis focuses on subclasses of grid intersection graphs, in particular UGIGs
and orthogonal ray graphs. Section 1.4 will introduce these graph classes in more
detail.

1.2.5 Partially ordered sets, dimension and interval dimen-
sion

Given a base set X and a relation ≺∈ X ×X, we call ≺ an order relation if the
following conditions hold:

1. ≺ is not reflexive: it does not hold that x ≺ x for any x ∈ X.

2. ≺ is antisymmetric: for x 6= y ∈ X at most one of the statements x ≺ y, y ≺
x holds.

3. ≺ is transitive: x ≺ y and y ≺ z implies x ≺ z, for all x, y, z ∈ X.

A base set X endowed with an order relation ≺ is called a partially ordered set ,
or in short, a poset , and can be denoted as P (X,≺). Two elements x, y of X for
which it holds that either x ≺ y or y ≺ x are called comparable.

If for two elements x, y with x ≺ y there is no z ∈ X with x ≺ z ≺ y, y is said to
cover x. Posets can be visually represented by a diagram where the elements of
X are drawn as points and the cover relations are drawn as segments with the y
coordinate increasing in the direction of the higher element. This type of drawing
is called a Hasse diagram.

The set of maxima of P , denoted by Max(P ), consists of all elements x ∈ X, for
which there is no y ∈ X with x ≺ y. Analogously, the set of minima of P , denoted
by Min(P ) is defined as the set of all x ∈ X, for which there exists no y ∈ X with
y ≺ x. The intersection of two posets with the same base set (X,≺1) and (X,≺2)
is defined as the poset (X,≺) where x ≺ y if and only if x ≺1 y and x ≺2 y.
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A poset (X,≺′) is called an extension of (X,≺) if for any x ≺ y with x, y ∈ X
it holds that x ≺′ y. An order ≺ is called linear if for any x, y ∈ X it holds
that either x ≺ y or y ≺ x. A set of linear extensions {L1, . . . Ln} of P is called
a realizer if it holds that L1 ∩ L2 ∩ . . . ∩ Ln = P . The minimal n such that
there exists a realizer of P with n elements is called the (poset) dimension of P .
Equivalently, the dimension of P can be described as the minimal n for which there
exists an embedding of P in Rn such that, if x, y ∈ X are represented as points
with coordinates (x1, . . . , xn) and (y1, . . . , yn) respectively, it holds that x ≺ y in P
if and only if xi < yi, ∀1 ≤ i ≤ n. The dimension of a poset P (X,≺) is commonly
denoted by dim(P ).

For every partially ordered set P (X,≺) we can define a graph GP , with vertices
corresponding to the elements of X, and edges corresponding to comparability in
P . In this case GP is said to be a comparability graph. A chain in a poset P (X,≺)
denotes a set of elements {x1, . . . , xn} ⊂ X with x1 ≺ x2 ≺ . . . ≺ xn in P . The
height of a poset is defined as the length of its longest chain.

A poset P (X,≺) is called an interval order , if each x ∈ X can be assigned an
interval Ix on the real line, such that x ≺ y ⇔ u < v, ∀u ∈ Ix, v ∈ Iy. As an
analogy to the concept of (linear order) realizer, we can define an interval realizer
of a poset P (X,≺), namely, a set of interval orders, the intersection of which is
P . Moreover, similar to the concept of (poset, or linear) dimension, we consider
the concept of interval dimension. The interval dimension of a poset P (X,≺)
is defined as the minimal size of an interval realizer. The interval dimension
of P (X,≺) will be denoted by idim(P ). Note that every linear order is also a
degenerate interval order (with intervals consisting of single points), therefore it is
easy to observe that idim(P ) ≤ dim(P ). In Section 4.2 of Chapter 4 we will use
some results employing the concepts of dimension and interval dimension to show
that chordal bipartite 3-DORGs are 2- DORGs.

A concept related to dimension, also with a geometric interpretation, is boxicity .
The boxicity of a graph G is defined as the smallest k such that the vertices of
G can be embedded as k-dimensional boxes in Rk (i.e., of the form I1 × . . . × Ik,
where Ii, 1 ≤ i ≤ k are intervals on the real line), such that uv ∈ E if and only if
the corresponding boxes intersect. Irith ben Arroyo Hartman, Ilan Newman and
Ran Ziv show in [23] that grid intersection graphs are exactly the graphs that are
bipartite and have boxicity 2.

For more information regarding ordered sets and dimension, we refer the reader
to the monography by William T. Trotter [53].

1.2.6 P vs. NP, Boolean formulae and the graph isomor-
phism problem

The complexity of an algorithm that provides the answer to a specific problem is
evaluated by the number of elementary operations it performs in terms of the input
size. For a problem Q with input size n and complexity q(n), we can sometimes
estimate or bound q(n) in terms of other, simple functions f(n):



Introduction 7

• Upper bound: q(n) is said to belong to O(f) if and only if there exists a
constant c > 0 and n0 ∈ N such that for all n ≥ n0 we have q(n) ≤ cf(n).
The notation o(f) implies a strict inequality.

• Lower bound: q(n) is said to belong to Ω(f) if and only if there exists a
constant c > 0 and n0 ∈ N such that for all n ≥ n0 we have q(n) ≥ cf(n).
The notation ω(f) implies a strict inequality.

• Asymptotic estimation: q(n) is said to belong to Θ(f) if and only if there
exist constants c1, c2 > 0 and n0 ∈ N such that for all n ≥ n0 we have
c1f(n) ≤ q(n) ≤ c2f(n). In this case, one can also say q has complexity/size
f(n).

The space of all problems that admit polynomially-sized algorithms is denoted by
P . Similarly, the space of all problems the solutions of which can be verified in
polynomial time is denoted by NP (non-deterministic polynomial). It is known
that P ⊂ NP but the converse statement has remained open. Among the problems
in NP , there exists a distinguished subset called NP -complete. A problem Q is
called NP -complete if the following two properties hold:

1. Every solution of Q requires polynomially many operations in order to be
verified.

2. Every other problem in NP can be converted (reduced) in polynomial time
to Q.

All problems that satisfy property 2. are said to be NP-hard . The relationship
between these problem classes is displayed in Figure 1.4 below.

P=NP

NP-complete

NP-hard

NP-complete

NP-hard

P
NP

Figure 1.4: The relationship between the classes of P , NP , NP -hard and
NP -complete problems. Left: P = NP ; right: P 6= NP

Proving a that a given problem P is NP-complete requires showing that it has
subcases that are equivalent to another problem Q, which is well-known to be
NP-complete. In this case, we say Q is reduced to P . Among the known NP-
complete problems, a frequently used class is that of questions concerning Boolean
satisfiability. In general, this problem asks for the existence of a solution to a
formula that consists of several variables and the operations AND(∧), OR(∨)
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or negation. A binary formula is said to be satisfiable if there exists a variable
assignment with the values 0 or 1 (TRUE or FALSE) such that the given formula
evaluates to TRUE (after performing the required operations in the correct order).

Example. The formula F = (x1∨x2)∧(x1∨x2) is satisfiable, e.g., via the variable
assignment x1 = 0, x2 = 1.

A Boolean expression of the form l1∨. . .∨lk is called a k-clause, where li represents
either xi or xi. The k-satisfiability problem (k-SAT ) asks whether there exists a
variable assignment that makes a Boolean formula F evaluate to true, where F is
of the form

F = C1 ∧ . . . ∧ Cm,
with Ci, 1 ≤ i ≤ m being k-clauses.

In this thesis we will mostly make use of the fact that the 3-SAT problem is NP-
complete ([1]), as is the planar 3-SAT [28] problem. Here, planar 3-SAT asks about
the satisfiability of a Boolean form as in the 3-SAT statement, with the additional
constraint that the incidence graph between literals and the corresponding clauses
is planar and 3-connected.

Beside Boolean satisfiability, another interesting problem in complexity theory is
the graph isomorphism problem. This problem asks, given two graphs G1(V1, E1)
and G2(V2, E2), whether there exists a bijection φ : V1 → V2 such that uv ∈ E1 ⇔
φ(u)φ(v) ∈ E2. In general, as well as when restricted to many graph classes, it
is not known whether the graph isomorphism problem is even NP-complete. A
problem that can be reduced in polynomial time to the general graph isomorphism
problem is called GI-complete. An in-depth presentation of the graph isomorphism
problem and its difficulty can be found in [27].

1.3 Outline

Chapter 2. Here, we analyze the relationship between the graph classes of Γ,
while also considering partial grid graphs and bipartite intersection graphs of unit
squares. In particular, by choosing appropriate counterexamples, it is shown that
all inclusions are proper. At the same time, the inclusions are trivial. Here, by
trivial we understand the following: given two classes A and B of Γ, A includes B
if and only A allows more (or at least as) general objects for the representation of
each of the two sets in the bipartition. Furthermore, we show that the bipartite
unit square intersection graphs (BipUSqIGs) lie inclusion-wise strictly between
partial grid graphs (PGGs) and UGIGs. Furthermore, we show that not all trees of
degree at most 4 have a BipUSqIG representation, and that PGGs and BipUSqIGs
are incomparable with most graph classes of Γ, even when considering only planar
graphs of maximum-degree 4.

Chapter 3. This is a joint work with Martin Pergel, which concerns unit grid
intersection graphs. The main result of this chapter is contained in Section 3.2
and consists in showing that the recognition of unit grid intersection graphs is NP-
complete. In order to prove this, we reduce the problem to that of the satisfiability
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of a special type of Boolean formula, planar-3-SAT. Based on such a formula, we
construct a bipartite graph which admits a unit grid intersection representation if
the formula is satisfiable, and not even a pseudosegment representation otherwise.
Thus, all graph classes contained between UGIGs and pseudosegment graphs turn
out to be NP-hard to recognize. We finish this section by presenting a polyno-
mial time procedure that produces a UGIG representation given a combinatorial
description of the graph, thus providing the polynomial certificate needed for NP-
completeness. Afterwards, in Section 3.3, we find several results concerning the
optimal (minimal space) representation of UGIGs in the plane. In particular, we
show that the UGIGs that are representable inside a square of sidelength 1 + ε,
with 0 < ε < 1 are exactly the orthogonal ray graphs. Furthermore, by construct-
ing an infinite family of trees, we prove that unit grid intersection graphs require
an arbitrarily large space for representation.

Chapter 4. We here consider the three-directional orthogonal ray graphs, and
provide characterizations that allow polynomial recognition algorithms for specific
cases. Section 4.2 is dedicated to showing that chordal bipartite 3-DORGs are
in fact 2-DORGs, hence recognizable in linear time. This is obtained by using
a characterization of 2-DORGs based on forbidden subgraphs and then showing
that none of these subgraphs can be represented even as a 3-DORG. In Section
4.3, a joint work with George Mertzios and Stefan Felsner, we consider the case
of 3-DORGs (to be represented with upward and horizontal rays) for which we
prescribe the y-coordinate ordering of the endpoints of the vertical rays. We can
answer in polynomial time whether such a representation exists, by employing
ordered partition refinements.

Chapter 5. Here we describe the trees and cycles contained in each of the graph
classes of Γ, with one exception. This exception is the characterization of the
trees that admit a bipartite intersection representation with unit segments in a set
of the bipartition, and rays with both orientations allowed in the other, problem
which is still open. We first consider trees. We show that the larger subclasses
of Γ (including unit grid intersection graphs and ray segment graphs) contain all
trees. Surprisingly, the trees that can be represented as intersection graphs of uni-
directional rays in one partition set and unit segments in the other are no more
than the 2-DORG trees. These are exactly the trees that contain no 3,3-spider as
an induced subgraph, where a 3,3-spider is the tree consisting of three P4 paths
sharing an endpoint. The focus of this chapter consists in describing the 4-DORG
trees, which are shown to be exactly the trees that can be split into two 2-DORG
trees sharing a vertex. This result allows for a description based on minimally
forbidden subgraphs in every edge contraction of the given graph. Moreover, we
show the equivalence of our result to another recent one, found by Asahi Takaoka,
Satoshi Tayu and Shuichi Ueno ([36]). This latter description implies a linear time
recognition algorithm for the 4-DORG trees. Finally, in Section 5.2 we analyze
the cycles belonging to the graph classes of Γ.

Chapter 6. The aim of this chapter is to describe the planar graphs that admit
a 2-DORG representation. We again use the characterization of 2-DORGs based
on the minimally forbidden subgraphs, from which we select just the planar ones.
First, we characterize the outerplanar 2-DORGs. These admit a description as
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being exactly the induced subgraphs of a special type of graphs which we introduce
and denote by millipedes. In particular, the dual graph of millipedes is a path and
the inner faces are 4-cycles. We finish the characterization of the planar 2-DORG
graphs by using a result of Whitney ([56]), and by showing that adding back K3,2

subdivisions does not change the 2-DORG representability of a planar graph.

Chapter 7. In the concluding chapter we restate the above results about the
graph classes of Γ and present them in the context of past and current knowledge.
Furthermore, we pose questions that might be relevant for future research, as well
as remind the reader of the still open problems.

1.4 The family of graph classes Γ

In this section we introduce the graph classes that we work with in the subsequent
chapters. The most general of these classes is that of grid intersection graphs,
on the origins and relevance of which we elaborate in the first subsection. Fur-
thermore, starting from the class of grid intersection graphs, one can obtain more
restricted graph classes, that is, graphs with an intersection representation where
one or both sets of the partition are drawn as unit segments, rays or rays with
fixed orientations. We present the hierarchy of these graph classes in an appropri-
ate diagram (see Figure 1.5). In Chapter 2 we show that this diagram accurately
represents the inclusions among these graph classes. Moreover, in Chapter 5 we
proceed to describe the trees and cycles included in each of these classes.

The recognition problem is less straightforward. In Chapter 3, we extend the
number of the classes of Γ known to be NP-complete. In Chapter 4 we are able
to provide a polynomial recognition algorithm for 3-DORGs, assuming, however,
that we are given extra information.

Despite the difficulty of the recognition problem, these graph classes admit certifi-
cates of polynomial size, several of which we preset in Section 1.4.3 of this chapter.
We conclude with a series of remarks that connect some of these graph classes with
recent and elegant results concerning dimension and interval dimension. Other rel-
evant research about several of these graphs can be found in the introduction of
the chapters which focus on them.

1.4.1 Grid intersection graphs

Intersection graphs and planarity appear to have an intimate connection. It has
been known that every plane graph can be represented as an intersection graph
of objects which are the union of at most three intervals in the plane ([45]). At
the same time, Thomassen has shown that planar graphs can be drawn as the
intersection graphs of three-dimensional boxes where the intersection only occurs
on their boundaries ([52]). It was therefore a natural question to ask what graphs
admit similar representation in one lower dimension.
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Hartman, Newman and Ziv introduced grid intersection graphs in [23] as the
intersection graphs of horizontal and vertical segments in the plane, with no two
segments collinear. The same authors show that all bipartite planar graphs admit
GIG representations, even with the restriction that all intersections are contacts.
This provides an intuitive sequel to Thomassen’s result.

At the same time, grid intersection graphs have been shown to be exactly the
bipartite graphs with boxicity two, i.e., that can be represented as intersections of
two-dimensional boxes in the plane. This did not provide an efficient recognition
algorithm for GIGs, since it is NP-hard to establish whether a graph has boxicity
below any fixed natural n > 2 ([57]). The further restriction of these graphs being
bipartite does not make the problem easier, since GIGs have soon been proven NP-
hard to recognize ([28]). Moreover, there exist chordal bipartite graphs with an
arbitrarily large boxicity ([9]). We can therefore conclude that GIGs and chordal
bipartite graphs are incomparable (since all even cycles are planar, hence GIG
representable).

1.4.2 Γ- A hierarchy of orthogonal intersection graphs in
the plane

Starting with the class of grid intersection graphs, we can further refine the restric-
tions over the objects that are to represent the vertices. We therefore consider the
bipartite intersection graphs where one partition set can be represented as con-
nected subsets of horizontal lines, and the other as connected subsets of vertical
ones, where no two collinear objects are allowed. We restrict our analysis to the
bipartite orthogonal graphs as described above, for which each set of the parti-
tion is represented by one type of objects, either Segment (denoted by S), Unit
Segment (denoted by U), Ray with both orientations allowed (R∗), and half-line
(Ray) with fixed orientation/infinite direction (R). In naming the graph class (by
two of the above symbols), we write the symbol for the smaller object class first.
In the sequel, we interchangeably use the notation we introduced here, and the
equivalent one that appears in the rest of the work. For example, three-directional
orthogonal ray graphs appear here as RR∗. We denote the set of all these graph
classes by Γ. These graph classes are partially ordered by inclusion and represented
in Figure 1.5 below.
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RR (2-DORG)

RR∗ (3-DORG)

R∗R∗ RU (ray-unit)

R∗U RS

R∗SUU (UGIG)

US (USEG)

SS (GIG)

(4-DORG, ORG)

Figure 1.5: The graph classes of Γ. The picture can be seen as a Hasse
diagram, with segmens used to connect graph classes that differ in one degree
of generality in one set of the partition, while the other set is represented in

both cases by the same type of objects.

1.4.3 Bipartite adjacency matrix descriptions

Let G(A ∪ B,E) be a graph belonging to one of the classes in Γ, where A ∪ B
represents the vertex partition. Let us denote the vertices of A by a1, a2, . . . , an1

and those of B by b1, b2, . . . , bn2 . Since G is bipartite, we consider the bipartite
adjacency matrix MG = (mij)1≤i≤n1,1≤j≤n2 , with n1 rows and n2 columns where
mij = 1 if (ai, bj) ∈ E, otherwise mij = 0. We present below several classes of
Γ that admit a description based on their bipartite adjacency matrix. Note that
the adjacency matrix characterizations provide an easy certificate (i.e., deciding
whether the given row and column permutation is compatible with the coordinate
ordering in a representation). It can be NP-hard to determine whether a matrix
admits a permutation that makes it compatible to being an adjacency graph of
a class in Γ (as it is for GIGs/SS ([28]). In another case the problem is linear
(2-DORGs/RR) ([18, 47, 54]), whereas for the other graph classes of Γ with such
a characterization, the difficulty is still unknown.

1.4.3.1 Grid intersection graphs are cross-freeable

Theorem 1.1. [23] The bipartite graph G(A∪B,E) is a grid intersection graph
if and only if MG admits a permutation of its rows and columns such that the
resulting matrix is cross-free, i.e., it contains no induced 3 × 3 submatrix of the
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form



∗ 1 ∗
1 0 1
∗ 1 ∗


. In this case, we call MG cross-freeable. Here, the asterisks

indicate that the entry can be either 0 or 1.

Proof. “⇒”:

Assume G admits a grid intersection representation RG and fix it. Choose the
row and column permutation Π of MG that corresponds to the left-right order of
the vertical segments (for the columns) and the top-down order of the horizontal
segments (for the rows). Denote these two orders by <R and <D, respectively.
Assume there exists three horizontal segments hi1 <D hi2 <D hi3 and three vertical
segments vj1 <R vj2 <R vj3 such that vj2 intersects hi1 and hi3 , and that hi2
intersects vj1 and vj3 . Here, i1, . . . , in1 represents the indices of the horizontal
segments in top-down order, and j1, . . . , jn1 the indices of the vertical segments in
left-right order. Then, it is not possible to avoid the intersection between vj2 and
hi2 , i.e. mi2j2 = 1. Therefore, the chosen permutation makes the adjacency matrix
cross-free.

“⇐ ”:

Assume MG is cross-freeable and fix a matrix M ′
G that is a cross-free row and

column permutation of MG. Then, draw the horizontal (resp. vertical) segments
between the farthest 1 valued coordinates in the corresponding row (resp. column).
It is easy to see that this provides an appropriate grid intersection representation
for G. An example of such a drawing for a given cross-free matrix can be found
in Figure 1.6 below.




0 1 0 1
1 1 1 0
0 1 1 1
1 1 0 1




Figure 1.6: Left: a cross-free bipartite adjacency matrix. Right: the GIG
representation encoded by this matrix. In this picture we have slightly

prolonged the segments in order to make the intersections proper (i.e., not
contacts)

1.4.3.2 Matrix permutations of 2-, 3- and 4-directional orthogonal ray
graphs

We say that MG encodes a feasible 2(3,4)-DORG representation if there exists
a 2(3,4)-DORG representation of G where the top-down order of the half-lines
representing the vertices of A is the same as the order of the corresponding rows
in MG and the left-right order of the vertices of B is the same as that of the
corresponding columns in MG. We will show that for 2-,3-, and 4-directional
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orthogonal ray graphs it is possible to decide in polynomial time whether a given
bipartite adjacency matrix is feasible.

1.4.3.3 2-DORGs

In 2010, Shrestha et al. [47] have shown the following

Theorem 1.2. G is exactly then a 2-DORG when MG is γ−freeable, where

γ =

(
1 0
∗ 1

)
, ∗ ∈ {0, 1} .

Moreover, any γ−free permutation Π of MG provides a feasible representation of G
as a 2-DORG. Here, Π = (π1, π2) where π1 ∈ Sn1 , π2 ∈ Sn2 encode the top-down
order of the horizontal half-lines in the given representation, and the left-right
order of the vertical ones, respectively.

Proof. “⇒ ”:

Let G be representable as a 2-DORG and fix a representation R. We consider
the permutation of MG by the pair Π = (π1, π2) such that the top-down order of
matrix rows is now the top-down order of the horizontal rays in R and the left-
right order of the matrix columns is the left-right order of the vertical half-lines
in R. Furthermore, we assume a1, a2, . . . , an1 represents the row order induced by
π1 and b1, b2, . . . , bn2 the column order induced by π2. Therefore, MGΠ

is defined
as follows:

mij =

{
1, aibj∈E

0, otherwise.

(Above we have abused notation, by denoting the entries of MG by mij as well).
Assume MGΠ

is not γ-free, that is, there exist 1 ≤ i1 < i2 ≤ n1 and 1 ≤ j1 < j2 ≤
n2 with mi1j1 = mi2j2 = 1, mi1j2 = 0. By construction of MGΠ

, it follows that ai1
starts on the left of bj2 and symmetrically, bj2 has its endpoint under ai1 . Since the
half-lines are oriented positively with respect to the Cartesian coordinate system,
they must intersect, contradiction.

Figure 1.7 shows the possible configuration of non-edges in a 2-DORG represen-
tation.

(
0 1
1 ∗

) (
∗ 1
1 0

) (
1 1
0 1

)

Figure 1.7: The three possibilities of placing a pair of non-intersecting rays
(drawn solid) in a 2-DORG representation
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“⇐ ”:

Let M ′
G be a γ-free permutation of MG.

For all 1 ≤ i ≤ n1 define xi as min {j|1 ≤ j ≤ n2, mij = 1}. Similarly, for 1 ≤
j ≤ n2 define yj as min {n1 + 1− i|1 ≤ i ≤ n1, mij = 1}. We can now describe
the coordinates of the half-lines in A and B as induced by M ′

G:

L(A) = {l(ai), 1 ≤ i ≤ n1, l(ai) := {(x, y)|x ≥ xi, y = n1 + 1− i}}
L(B) = {l(bj), 1 ≤ j ≤ n2, l(bj) := {(x, y)|x = j, y ≥ yj}} .

We have to show: mij = 1⇔ ai ∩ bj 6= ∅.

• If mij = 1, xi ≤ j, yj ≥ n1 + 1− i, hence the corresponding half-lines
intersect.

• If mij = 0: Since MG is γ-free, either mik = 0,∀k < j or mlj = 0, ∀l > i
(possibly both). W.l.o.g. assume the former is the case. Then xi ≥ j + 1,
i.e. l(ai) starts at the right of l(bj), hence not intersecting.

1.4.3.4 3-DORGs

Without loss of generality we assume that A contains the vertices to be represented
as horizontal rays. Here, we discuss two cases: As a 3-DORG candidate, G is said
to come with assignment, if there exists a partition of A as A = A1 ∪ A2, such
that the vertices in A1 and A2 are to be represented by horizontal half-lines with
opposite orientations. Without loss of generality, we can require the rays depicting
vertices of A1 to be drawn rightwards, and for A2, leftwards, respectively. If no
such requirement exists, G is said to come without assignment. We construct MG

as follows:

• With assignment: For all 1 ≤ i ≤ n1, 1 ≤ j ≤ n2

mij =





1, (ai, bj) ∈ E, ai ∈ A1

−1, (ai, bj) ∈ E, ai /∈ A1

0, otherwise.

For Π ∈ Sn1 × Sn2 , we define MGΠ
as in the previous section, namely the

permutation by Π of MG.

Proposition 1.1. MGΠ
provides a feasible representation of G as a 3-DORG

with assignment A1∪A2 if and only if it contains no induced 2×2 submatrix
of Ξ, where

Ξ =

{(
1 0
x y

)
,

(
0 −1
y x

)}
, y ∈ {1,−1} , x ∈ {0, y} .
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Proof. “⇒”:

Analogous to the proof of Theorem 1.2, since the matrix of the second type
in Ξ is the mirrored version of the first matrix, and corresponds to changing
the orientation of the horizontal rays.

“⇐”:

In the sequel, we drop the index Π from MG whenever the context is clear.
Let MG be Ξ-free. Similarly as for 2-DORGs, we can “read” the following
representation:

For all 1 ≤ i ≤ n1, if ai ∈ A1, define xi as min {j|1 ≤ j ≤ n2, mij = 1}.
Otherwise, let xi be max {j|1 ≤ j ≤ n2, mij = −1} Similarly, for 1 ≤ j ≤ n2

define yj as min {n1 + 1− i|1 ≤ i ≤ n1, mij = 1}. The rest of the descrip-
tion of the coordinates of the half-lines in A and B as induced by MG follows
analogously:

L(A) = {l(ai), ai ∈ A1, l(ai) := {(x, y)|x ≥ xi, y = n1 + 1− i}}∪
{l(ai), ai ∈ A2, l(ai) := {(x, y)|x ≤ xi, y = n1 + 1− i}}

L(B) = {l(bj), 1 ≤ j ≤ n2, l(bj) := {(x, y)|x = j, y ≥ yj}} .

The rest of the proof is along the same lines as in Theorem 1.2 above. It
is only needed to distinguish between pairs (ai, bj) with ai ∈ A1 and those
with ai ∈ A2.

• Without assignment: In this case, the entries of MG remain binary. For some
1 ≤ i ≤ n1, we say that ai ∈ A has opposing constraints if the following
holds: There exist 1 ≤ j1 < jl ≤ n2 and 1 ≤ i < i1 ≤ n1 such that
mij1 = 0,mijl = mi1jl = 1, and there also exist 1 ≤ j2 < jr ≤ n2 and
1 ≤ i < i2 ≤ n1 with mijr = 0,mij2 = mi2jr = 1. We call this the left and
right constraint, respectively. The necessary and sufficient conditions can
now be formulated as follows:

Theorem 1.3. MG is feasible for a 3-DORG representation if and only if
no ai ∈ A with 1 ≤ i ≤ n1 − 1 has opposing constraints.

Proof. “⇒”:

Assume there exists ai with 1 ≤ i ≤ n1 − 1 having opposing constraints
and that MG provides a feasible representation, which we fix. Any such
representation comes with a right-left assignment of the directions of the
horizontal rays. Modify the sign of the non-zero entries of MG like in the
assigned case. There are two possibilities:

1. The ray ai is oriented rightwards. Then, the modified matrix will contain(
1 0
∗ x

)
,x 6= 0 as an induced submatrix.

2. The ray ai is oriented leftwards. Then, the matrix will contain

(
0 −1
x ∗

)
, x 6= 0

as an induced submatrix.
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Since both of the matrices above are in Ξ, this contradicts the result of
Proposition 1.1.

“⇐”:

Assume G has no vertex in A with opposing constraints in MG. We orient the
vertices of A as follows: if ai does not have the right constraint, its half-line
will extend to the right, otherwise to the left. The endpoints of the half-lines
are computed as in the previous section, with a mirroring for the half-lines
pointing to the left. Let A1 and A2 be the partition of A into horizontal
rays oriented rightwards and leftwards, respectively. After modifying MG

analogously as in the assigned case, it is clear by our choice of orientation
that MG is now Ξ-free, hence feasible for a 3-DORG representation.

1.4.3.5 4-DORGs (ORGs)

Analogously to the 3-DORGs, here one can also distinguish between the cases of
having the vertices in A,B (or possibly only one of the two sets of the bipartition)
assigned an orientation, and the case when for both A and B there is freedom to
choose. For this class of graphs, it also holds that it is easy to establish whether
MG provides a feasible matrix representation or not. We distinguish the following
cases, in terms of the number of assigned directions:

• The completely assigned case:

Here, the argument is the same as for 2- and assigned 3-DORGs, with two
more symbols for adjacency in the matrix needed.

• The partially assigned case:

Without loss of generality, assume A = A1 ∪ A2, where A1, A2 are the
sets of vertices assigned to be represented as rightward and leftward rays,
respectively. Here, the vertices of B do not have any assigned orientation.
Consider MG as being modified as in the assigned case for 3-DORGs. Similar
to 1.4.3.4, we say bj ∈ B has opposing constraints if the following conditions
happen simultaneously:

– there exists 1 ≤ i < id ≤ n1 and

(1 ≤ jl < j ≤ n2 such that mijl = 1,mij = 0,midj 6= 0 or 1 ≤ j < jr ≤
n2 such that mijr = −1,mij = 0,midj 6= 0).

– there exists 1 ≤ iu < i ≤ n1 and

(1 ≤ jl < j ≤ n2 such that mijl = 1,mij = 0,miuj 6= 0 or 1 ≤ j < jr ≤
n2 such that mijr = −1,mij = 0,miuj 6= 0).

The following holds:

Theorem 1.4. MG is encoding an ORG representation with horizontal as-
signment (A1, A2) if and only if no bj ∈ B has opposing constraints.
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Proof. Analogous to the unassigned case of 3-DORGs.

• The unassigned case:

If MG provides a feasible representation, for every such representation R
define BD(R) ⊆ B as the set of vertices that appear in R as half-lines
extending downwards. Similarly, we define BU(R) ⊆ B, AL(R), AR(R) ⊆ A
(for the upward, rightward and leftward directions, respectively). Clearly,
BU(R) ∪BD(R) = B and AL(R) ∪ AR(R) = A.

We call vertices ai ∈ A, bj ∈ B to be up-right incompatible if there exist 1 ≤
i < id ≤ n1 and jl < j ≤ n2 with mijl = 1,mij = 0,midj = 1. It is easy to see
(as shown in Theorem 1.2 for 2-DORGs) that MG admits no representation
R with ai ∈ AR(R) and bj ∈ BU(R). Analogously we define the notions up-
left, down-left and down-right incompatible. Let VUR, VUL, VDL, VDR ⊆ A×B
be the four sets of incompatible pairs resulting from the above definitions.
We now construct a Boolean conjunctive normal form as follows:

F(MG) =
∧

(ai,bj)∈VUL

(xi∨yj)
∧

(ai,bj)∈VDL

(xi∨yj)
∧

(ai,bj)∈VDR

(xi∨yj)
∧

(ai,bj)∈VUR

(xi∨yj).

Here, xi are variables corresponding to ai, 1 ≤ i ≤ n1 and yj variables corre-
sponding to bj, 1 ≤ j ≤ n2. Note that F(MG) has O (mn) literals and clauses
and recall that F(MG) is satisfiable if and only if every clause is true. All clauses
are true exactly when one can assign half-line orientations to the vertices of V
such that no pair of vertices belonging to VUR, VUL, VDL, VDR is assigned the in-
compatible orientations. Indeed, we can consider a 1-1 correspondence between
xi = 1 and orienting its ray rightwards, respectively yj = 1 and orienting its ray
upwards. Combined with the previous arguments for 2- and 3-DORGs, this yields
the following:

Theorem 1.5. MG induces a feasible representation as an ORG if and only if
F(MG) is satisfiable.

There exist several linear-time (in the number of clauses) algorithms ([2, 48]) that
determine whether a formula in conjunctive normal form (CNF) with at most two
literals per clause (2-SAT) is satisfiable. Since in the previous sections feasibility
was determined by checking 2× 2 submatrices (and some more linear-time sweeps
through the matrix), we conclude:

Proposition 1.2. For a bipartite graph G, and a fixed bipartite adjacency matrix
MG, it is polynomially hard to determine whether MG encodes a feasible 2-,3- or
4-DORG representation.

1.4.3.6 Ray segment (RS) and double-ray – segment (R∗S) graphs

First, note that 3-DORG ⊂ RS ⊂ GIG and 4-DORG ⊂ R∗S ⊂ GIG. We show
that both of these classes admit descriptions based on bipartite adjacency matrices
which reflect the above inclusions.
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Theorem 1.6. Let G(A ∪B,E) be a bipartite graph. Then, G is a ray-segment
graph, with A corresponding to horizontal segments and B to the vertical upwards
rays, if and only if the matrix MG defined in the beginning of Section 1.4.3 admits
a row and column permutation that contains no induced M1 submatrix, where

M1 =

(
1 0 1
∗ 1 ∗

)
.

Proof. “⇒ ”:

Let G admit a (fixed) ray-segment representation and consider (by notation over-
load) MG to be the matrix permutation that describes the ordering of the rays and
segments in the given representation. Assume MG admits an induced submatrix

of the form

(
1 0 1
∗ 1 ∗

)
. Let ai ∈ A be the vertex corresponding to the topmost

row, bj ∈ B the vertex correspondong to the middle vertical ray. The segment of
ai starts above the endpoint of the ray of bj and it extends both to its right and
its left. Since the ray of bj is oriented upwards it follows that it must intersect the
segment of ai, hence the top-middle entry in the 2× 3 matrix is 1, contradiction.

“⇐ ”:

Assume MG to be a bipartite adjacency matrix of G that is M1-free. We read
the ray-segment representation from MG like in the proofs of Theorem 1.1 and
Theorem 1.2.

Note that the forbidden matrix M1 is a submatrix of the 3×3 “cross” matrix from
Theorem 1.1. Moreover, an induced M1 contradicts the conditions of Theorem
1.3.

In a similar manner to the proofs of 1.6 and 1.3, we can show the following:

Theorem 1.7. Let G(A ∪ B,E) be a bipartite graph. Then, G is a double-ray
segment graph, with A corresponding to horizontal segments and B to the vertical
rays, if and only if the matrix MG admits a row and column permutation such
that the following holds: no column of MG is the middle column in an induced

M1 =

(
1 0 1
∗ 1 ∗

)
submatrix and is, at the same time, the middle column in an

M2 =

(
∗ 1 ∗
1 0 1

)
induced submatrix.

Proof. “⇒”:

Assume G is a double-ray – segment graph and let the row and column ordering
in MG be given by the top-down segment, respectively left-right ray ordering in
a fixed double-ray – segment representation of G. If a column of G is the middle
column of both an induced M1 and an induced M2 submatrix, by Theorem 1.6
applied twice we conclude that this column corresponds neither to an upward, nor
to a downward ray, contradiction.

“⇐”:

Suppose MG is a permutation of the bipartite adjacency matrix of G with no
column being the middle column of both an induced M1 and M2 submatrix. Then,
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similarly to the case of unassigned 3-DORGs in Section 1.4.3.4, if the ray on
column j is not the middle column of an M1 we orient the ray upwards, otherwise
downwards. The endpoint of the ray is taken to be that of the lowest, respectively
highest non-zero entry. As in Section 1.4.3.1, we assign the horizontal segments to
take the x-endpoint coordinates between the left- and rightmost non-zero matrix
entry on the corresponding row. The y-coordinate corresponds to the height of
the row counting from the bottom.

1.4.4 Γ and remarks on dimension

A recent work by Steve Chaplick, Stefan Felsner, Udo Hoffmann and Veit Wiechert
([10]) investigates the connection between several graph classes and the concepts
of linear and interval dimension (mentioned here in Section 1.2.5). Several graph
classes of Γ belong to the ones analyzed by the cited paper. Figure 1.8 displays
the corresponding values of the linear and interval dimension for the graphs in Γ.
In this work, for Section 4.2 of Chapter 4, we make use of the (already known)
characterization of 2-DORGs as the comparability graphs of posets of height 2 and
interval dimension 2.

RR (2-DORG)

RR∗ (3-DORG)

R∗R∗ RU (unit-ray)

R∗U RS

R∗SUU (UGIG)

US (USEG)

SS (GIG)

dim 3

dim 4

idim 2

idim 3

idim 4

Figure 1.8: The graph classes of Γ with highlighted dimension (red) and
interval dimension (blue)

In another recent article by S. Felsner ([17]), the author considers the vertex-edge-
face incidence poset P of a planar graph. Based on it, the author constructs a
bipartite graph Split(P ) in the following steps:

1. Each element of P is replaced by two copies, one with the role of minimum,
the other with the role of maximum.
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2. For any u ≺ v in P , umin is connected to vmax in Split(P ).

Afterwards, it is shown that the height 2 poset Split(P ) is isomorphic to the (4-
dimensional) order poset of a grid intersection graph derived from G, and therefore
Split(P ) has poset dimension at most 4. After noting that the dimension of
Split(P ) is at least that of P , the authors conclude that P also has dimension
at most 4, therefore providing a new, elegant proof of Brightwell-Trotter theorem
(which states that a graph is planar if and only if its vertex-edge-face incidence
poset has dimension at most 4) ([6]).





Chapter 2

The relationship between
subclasses of grid intersection
graphs

In Section 1.4 of the previous chapter we have introduced the family of graph
classes Γ that consists of bipartite intersection graphs, where one set in the bipar-
tition is represented by horizontal, the other by vertical line subsets in the plane.
We recall that these subsets are of four types: 1. rays with fixed orientation (R), 2.
rays with both orientations allowed (R∗), 3. unit length segments (U), 4. general
segments (S). The objects are here written in increasing order of generality. In-
deed, we notice that we can cut any ray or double-ray representation to segments
of sufficient constant length, thus showing that R∗ is a particular case of U . In
Section 2.1 we show that the family Γ admits no more inclusion relations than the
ones indicated by the generality of the intersection objects. Afterwards, in Section
2.9 we consider bipartite unit square intersection graphs and partial grid graphs.
We highlight their connection to Γ by showing that the BipUSqIGs all belong to
unit grid intersection graphs and strictly contain the partial grid graphs.

2.1 The relationship between the classes of Γ

These graph classes are illustrated in Figure 2.1 below.

23
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RR (2-DORG)

RR∗ (3-DORG)

R∗R∗ RU (ray-unit)

R∗U RS

R∗SUU (UGIG)

US (USEG)

SS (GIG)

(4-DORG, ORG)

Figure 2.1: The graph classes of Γ. The black segments between two nodes
show inclusion with no other classes of Γ in-between. The oriented brown

arrows show the non-inclusions necessary and sufficient to check Proposition
2.1 below

The Figure suggests that we can treat Γ as a partially ordered set, where the
order relation between two classes means that one of them has objects of a more
(or same) general form in both sets of the bipartition. In this case, Figure 2.1 can
be seen as a Hasse diagram.

By the same criterion as above, we call two graph classes incomparable partition-
wise if one of them has a more general object set in one set of the bipartition and
a more restricted object set in the other, compared to the corresponding partition
in the other graph class. In this section we show the following:

Proposition 2.1. All inclusions in Γ shown in the diagram are proper, and at the
same time any partition-wise incomparable graph classes are indeed incomparable.

Proof. It suffices to consider Figure 2.1 and show that for every arrow from a graph
class A to a graph class B, A \ B is non-empty, the remaining results following
from the transitivity of the chosen order ( which is a double inclusion, as described
above).

2.2 RR∗ strictly includes RR (3-DORG 6= 2-DORG)

First, we note that the inclusion is trivial. The strictness follows from observing
that the cycle of length six admits a 3-directional orthogonal ray (RR∗) represen-
tation. However, the class RR, is known to be chordal bipartite ([47], result also
derivable from Section 4.2 of Chapter 4). Figure 2.2 shows a 3-DORG representa-
tion of a 6-cycle.
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Figure 2.2: C6 belongs to RR∗

2.3 R∗R∗ strictly includes RR∗

Inclusion being trivial, we consider the 3,3-spider which admits a 4-DORG (R∗R∗)
representation (Figure 2.3), but is not in RR∗ (see Theorem 5.2 of Chapter 5).

Figure 2.3: The 3,3-spider belongs to R∗R∗

2.4 RU is not included in R∗R∗

Consider the graph H1 in Figure 2.4 below, which admits a RU representation.
We show that it cannot be represented as a 4-DORG.

v1 v2

v1 v2

Figure 2.4: The graph H1 together with a RU representation

Assume H1 admits a R∗R∗ representation. Then, any induced subgraph of H1 is
also in R∗R∗. In particular, it is possible to draw three disjoint orthogonal ray
representations of C6 in the plane.

Recall that C6 needs at least three orthogonal directions for an orthogonal ray
intersection representation. Since we have three copies of C6, either at least two
of them are represented using both leftwards and rightwards oriented rays, or at
least two are drawn with both upwards and downwards oriented rays. Note that in
each of these cycles two rays with opposite orientations have a common neighbor.
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Without loss of generality, we assume the former is the case. Moreover, we can
assume there exists at least one C6 drawn with upwards, rightwards and leftwards
rays. One of the following cases holds (as in Figure 2.5):

• Two copies of C6 contain upward, leftward and rightward rays in their repre-
sentation. Then, the C6 with the lowest y-coordinate has an upward ray that
intersects one of the horizontal rays of the higher C6 copy, which contradicts
the fact that the three copies are disjoint.

• One copy of C6 contains upward, leftward and rightward rays, and another
downwards, leftwards and rightwards orientated rays. To distinguish from
the previous case, it follows that the third copy contains both upwards and
downwards orientated rays. However, they must intersect at least a horizon-
tal ray of each of the previous two copies, again a contradiction.

(a) (b)

Figure 2.5: The two possible cases for representing three disjoint copies of
C6: (a) two cycles are drawn with (at least) up, left, right rays; (b) there

exists a cycle drawn with up, left, right rays and another drawn with both
upwards and downwards rays

2.5 R∗R∗ is not included in RS

We consider the graph H2 as in Figure 2.6, with the given orthogonal ray graph
representation.

u1

u2

v1v2

Figure 2.6: The graph H2 together with a R∗R∗ representation
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Assume by contradiction that H2 belongs to RS, and consider an arbitrary ray-
segment representation. Since the graph is symmetric with respect to each set of
the bipartition, we don’t need to consider separate cases. The induced 12-cycle
in H2 admits several different ray-segment representations (modulo reflexions and
small perturbations). Starting from the bottom, we denote the vertices represented
by horizontal segments a1, . . . a6 in clockwise cyclical order, and we define b1, . . . b6
analogously (where bi is adjacent to ai and ai+1, modulo 6). Due to symmetry
we can also assume u1 is incident to a1. The notation is illustrated in Figure 2.7
below.

a1

a2

a3

a4

a5

a6

b1

b2

b3 b4

b5

b6

Figure 2.7: One representation of C12 as a ray-segment graph, with the
vertex notations we use in the sequel. The green lines indicate possible

positions of u1

Throughout the proof we make use of the fact that the four extra vertices added
to C12 in H2 are pairwise non-adjacent, as well as having pairwise disjoint sets of
neighbors. Without loss of generality, assume u1, u2 are adjacent to the ai vertices,
v1, v2 to the bi ones. We can treat all six representation cases jointly, due to the
following:

Observation 2.1. We choose any ray-segment representation of the C12 subgraph
of H2, with a1 denoting the bottom-most horizontal segment and b1 its leftmost
neighbor in the representation. Consider the segment drawing that is obtained
by trimming any ray or segment to lie between its most extreme intersection
points. Then, if we remove the segment of a1, we obtain a path from b1 to b6
which is monotonically non-decreasing in the x-coordinate. Indeed, destroying the
monotonicity implies a(n upward) ray will stab a portion of the path from below,
contradicting the assumption that C12 is an induced subgraph.

One of the following holds:

• u1 joins a1, a2, a3. Note that u1 must lie at the left of b3, otherwise, by
Observation 2.1 it follows that u1 and aj are adjacent for some j = 4, 5, 6,
contradiction. Then, the ray of b1 is only visible to at most b2 inside the
cycle, and to b6 outside of it. However, u1 isolates b2 and b6 from being
connected by any of the vis, contradiction.

• u1 joins a1, a2, a6. Here u1 cannot lie to the left of b5, otherwise, again by
Observation 2.1, its ray would intersect the segment of aj, for some j = 3, 4, 5.
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But now b6 is only visible to b1, contradiction, since v1 or v2 must join b6 to
two more bi vertices.

• u1 joins a1, a5, a6. This case is symmetric to the first one, via a left-right
reflection.

2.6 RS is not included in UU , but R∗R∗ is

2.6.1 RS is not included in UU

We begin with the following

Lemma 2.1. Let G = (X∪Y,E) be a unit grid intersection graph with bipartition
given by X ∪ Y and exactly m vertices in X, all contained in a K1,m induced
subgraph of G. Then, there exist at most m +

(
2m−1

2

)
vertices in Y , which have

pairwise distinct neighborhoods (we do not consider isolated vertices).

Proof. Fix a unit grid representation of G. Without loss of generality, the m ver-
tices of X are represented as vertical segments. We divide the plane in horizontal
strips, where the boundary lines pass through an endpoint of one of the m seg-
ments. From the top- to the bottom-most endpoint of the vertical segments, we
obtain 2m− 1 strips of finite height (we assume w.l.o.g no two endpoints share a
y coordinate).

Note that each horizontal segment in this representation of G must lie within one
of these strips (we can assume w.l.o.g. that no segment lies on a boundary line).
The maximal number of neighborhood-distinct vertices in Y is no larger than the
sum of all neighborhood-distinct vertices of Y lying in each of these 2m− 1 strips.

Consider a strip with k segments and let u ∈ Y be a vertex the segment of which
lies in this strip. Any allowable neighborhood of u in a UGIG representation
contains either the vertex represented left- or rightmost in the strip. Furthermore,
from the definition of a strip, it follows u is adjacent to all vertices represented
between its two extremal neighbors. Therefore, the total number of neighborhood-
distinct vertices that can be drawn in this strip is at most 2k− 1. Moreover, there
exist two strips with k segments for 1 ≤ k ≤ m−1 and one strip with m segments.
Thus the total number of neighborhood-distinct vertices in the other set of the
bipartition of G is at most

1+3+. . .+2m−1+2m−3+. . .+3+1 = 1+2+3+. . .+2m−2+m = m+

(
2m− 1

2

)
.
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Figure 2.8: The horizontal strips determined by the induced K1,m

Consider now the graph H3(m)(X ∪ Y,E) as in Figure 2.9. It comes with a RS
drawing, obtained in two steps.

1. The partition Y is represented by the vertical rays and has 2m vertices,
numbered a1, . . . , a2m. We fix their representation in the plane as follows:
after placing a1, we draw a2 to its left, a3 to its right, a4 to the left of a2
and so on until a2m, alternating in placing each new ray to the left or to the
right of all the already drawn ones. Furthermore, the endpoint of ai has a
higher y coordinate than that of aj for all i < j.

2. The segments in X are chosen to be the maximal number that has distinct
neighborhoods, considering the fixed representation of Y above.

The total number of neighborhood- distinct vertices of X we can represent given
this drawing of Y is the sum over all N(k), where N(k) denotes the number of
distinct neighborhoods containing the ray ak as highest. Any neighborhood of a
vertex in X for which ak is the highest ray is determined by two vertical rays lower
than ak, one on its left and one on its right: in total, at least (m+ 1− dk

2
e)(m+

1− bk
2
c), as it follows from the numbering of the rays. Therefore, N(k) is at least

(m + 1 − dk
2
e)(m + 1 − bk

2
c). Hence the total number of neighborhood-distinct

vertices in the set of the partition that is represented by the horizontal segments
is at least:

2(m2 + (m− 1)2 + (m− 2)2 + . . .+ 1) =
m(m+ 1)(2m+ 1)

3
.

For m ≥ 9, we have m(m+1)(2m+1)
3

> 2 · 2m+
(
2·2m−1

2

)
, hence by Lemma 2.1, H4(m)

does not belong to UU .
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a4 a2 a1 a3

Figure 2.9: The graph H3(2) belongs to RS

2.6.2 R∗R∗ is included in UU

Here we will remind the following result from [47]:

Proposition 2.2. Orthogonal ray graphs (R∗R∗) are a subset of unit grid inter-
section graphs (UU).

Proof. Consider a graph G, together with a fixed orthogonal ray representation
R. Let L be a square with sides parallel to the coordinate axes that contains all
intersection points in R inside of it. (see the Figure below). Then, it is clear that
the restriction of R to the inside of L provides a UU (UGIG) representation of G.

Figure 2.10: R∗R∗ are a subset of UU

2.6.3 R∗S does not include UU

Consider the graph H4 in Figure 2.11 below, with the given unit grid representa-
tion:
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Figure 2.11: The graph H4 with a unit grid representation

Assume H4 belongs to R∗S. Then, the contour of the eight-cycle in the represen-
tation can be drawn in essentially three ways, as depicted in Figure 2.12. In each
case, we cannot draw a path of length three that connects two rays corresponding
to opposite vertices in the eight-cycle: it either lies inside the octagon, making
it impossible to place the ray in the path without further intersections; or, if it
meets the opposite ray from the outside, it either cuts a ray with a predetermined
orientation, or blocks a vertical segment inside the loop, making it impossible to
prolong it to a ray. We therefore conclude H4 is not in R∗S.

a1

a2 a3

a4
a1

a2

a4

a3

a1

a2

a3
a4

Figure 2.12: The essential possibilities of representing H4 as a
double-ray-segment intersection graph (modulo reflections, rotations, and

sliding of horizontal segments). The colored curves depict all possible ways of
placing a path connecting the corresponding vertices: green between a1 and

a3, yellow between a2 and a4

2.7 UU is strictly included in US

It has been shown by Yoshio Okamoto, Yota Otachi and Kouichi Yamazaki in [39]
that there are graphs admitting a grid intersection representation that cannot be
represented with unit (constant length) segments. We will here provide another
such example of another, smaller graph which we will denote S, which in fact even
admits a US representation, hence proving the proper inclusion of UU in US.
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Figure 2.13: Left: The graph S with a US representation. Right: Any
induced subgraph of S is in UU

Proposition 2.3. The graph S in Figure 2.13 belongs to US \ UU .

Proof. As S is clearly bipartite and planar, it follows immediately from [23] that
it admits a grid segment representation. In Figure 2.13 one can see that it even
admits a representation with one set of the bipartition consisting of unit segments.
Assuming a given representation as an UGIG, we distinguish two cases based on
the relative position of the two 4-cycles:

• One of them is nested inside the other. This is clearly not possible, because,
since disconnected, the length of the horizontal (vertical) segments of the in-
ner cycle must be strictly smaller than the length of the horizontal (vertical)
segments of the outer cycle.

• The two four cycles lie beside each other. We denote the two cycles C1 and
C2, respectively. Without loss of generality, C2 lies to the right of C1. Let
a1, a2 and b1, b2 denote the horizontal segments of C1 and C2 respectively,
numbered in decreasing height order. Note that it is not possible to pair
the segments to be connected in (a1, b2) and (b1, a2) as this gives rise to a
forbidden intersection of paths:

a1

a2

b1

b2

a1

a2

b1

b2

Figure 2.14: Left: the pairing (a1, b2), (b1, a2). Right: the pairing (a1, b1),
(b2, a2).

Hence,the only admissible pairing is (a1, b1), (a2, b2). However in this case,
regardless of the ordering of a1, a2, b1, b2, the connecting vertical segments
block both the rightmost vertical segment of C2 and the leftmost vertical
segment of C1.
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Furthermore, note that the above counterexample is minimal. As depicted on the
right side of Figure 2.13, the removal of any vertex (there are two equivalence
classes here, the vertices of degree 2 and those of degree 3) makes a representation
as a unit grid intersection graph possible.

2.8 US is strictly included in SS

The example from [39] mentioned before, i.e., a graph with a grid intersection
representation that is not in UU , can be shown along the same lines as in the
original work not to admit even a US representation.

a1 a2 a3

b1

b2

b3

a1 a2 a3

b1

b2

b3

Figure 2.15: SS strictly includes US

We reproduce the argument from [39] here, noting that this time, the conclusion
extends over representability as US.

Assume the graph in Figure 2.15 above is representable as a grid intersection graph
(SS) such that for one set of the bipartition the corresponding segments have unit
length. Due to symmetry, we can assume without loss of generality that these are
the horizontal segments. In the given representation R, let a1, a2, a3 be the left-
right order of the vertical segments of the induced K3,3, and b1, b2, b3 the top-down
order of the horizontal ones.

The path of length two connecting a2 and b2 cannot be represented inside the
square delimitated by R(a1),R(b3),R(a3),R(b1), since all horizontal segments
have the same length. Hence, the two segments of this path meet over a corner of
R, w.l.o.g the top-left corner. But then the path of length 2 connecting a1 and b1
must be represented over the bottom-right corner, otherwise the constant length
constraint is violated. This leaves no place for connecting a3 and b3 with a path
of length two, since now all four corners are blocked, contradiction.

We have therefore shown that every inclusion in Γ is trivial and accurately reflected
by the diagram in Figure 2.1.
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2.9 Two special graph classes and their relation-

ship with Γ

This section focuses on partial grid graphs (PGGs) and bipartite unit square inter-
section graphs in the plane (BipUSqIG). After the relevant definitions, we proceed
to show that bipartite unit square intersection graphs lie inclusion-wise strictly
between partial grid graphs and unit grid intersection graphs (i.e., UU/UGIGs).

Starting with the observation that BipUSqIG are planar with maximum degree
4, we show that they are incomparable with the planar, maximum degree 4 re-
strictions of all graph classes of Γ contained between RR (2-DORGs) and R∗S
(bidirectional-ray – segment intersection graphs). In fact, the same holds for par-
tial grid graphs. Moreover, BipUSqIGs do not contain all trees of maximum degree
4, but have strictly more trees than the partial grid graphs. Finally, we show that
the classes of (general) bipartite square intersection graphs (BipSqIGs) and unit
grid intersection graphs are, unsurprisingly, incomparable.

2.9.1 Definition and known results

Definition 2.1. As an m×n grid we denote a graph G on mn vertices, such that
each vertex v can be injectively assigned a pair of integer coordinates (x(v), y(v)), 0 ≤
x(v) < m, 0 ≤ y(v) < n, with uv ∈ E ⇔ |x(u)− x(v)|+ |y(u)− y(v)| = 1.

A grid graph is defined as an induced subgraph of an m×n grid, with m,n positive
integers.

Graphs that are not necessarily induced subgraphs of a grid are called partial grid
graphs.

Definition 2.2. A square intersection graph is an intersection graph of axis-
aligned squares in the plane. If the squares can be chosen to have unit length,
we obtain unit square intersection graphs. Furthermore, we assume any two inter-
secting squares share a non-zero area.

Examples of graphs belonging to these classes can be found in Figure 2.16 below.

(a) (b) (c)

Figure 2.16: a) A grid graph (a 2× 3 grid); b) C6 as a partial grid graph; c)
C6 as a bipartite unit square intersection graph

Grid and partial grid graphs have been introduced to model various problems con-
cerning VLSI circuits. In [38] it is shown by Asahi Takaoka, Satoshi Tayu and
Shuichi Ueno that all grid graphs admit a representation as unit grid intersection
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graphs. Among the aims of this section is to show that the same holds for par-
tial grid graphs. Moreover, while the recognition of grid graphs has so far been
unknown, the same problem is NP-complete for partial grid graphs, even when
restricting the analysis to trees (see [4] by Sandeep B. Bhatt and Stavros S. Cos-
madakis). While recognition complexity is unknown for unit, and bipartite unit
square intersection graphs, the results of Jan Kratochv́ıl and Martin Pergel from
[33] imply that the more general classes of square, and bipartite square intersection
graphs are NP-complete with respect to this problem.

2.9.2 Bipartite unit square intersection graphs lie inclusion-
wise between UGIGs and partial grid graphs

We begin this section with the following relatively straightforward observation
about (not necessarily bipartite) unit square intersection graphs:

Observation 2.2. Let G be a graph with a (fixed) unit square intersection
representation R. Then, for every vertex v, we can partition N(v) as N(v) =
NUL(v) ∪NUR(v) ∪NDR(v) ∪NDL(v), where NUL(v) denotes the set of neighbors
of v that contain the upper-left corner of its square in R and, analogously, we
define NUR(v) for the upper-right corner, NDR(v) for the lower-right corner, and
NDL(v) for the lower-left corner, respectively. The unit side length requirement en-
sures that no neighbor of v can avoid containing a corner of v, nor can it contain
two such corners. Therefore, the above represents a properly-defined partition.
Moreover, each of the sets NUL(v), NUR(v), NDR(v), NDL(v) represents a clique in
G.

By requiring the unit square intersection graphs to be bipartite, further restrictions
are obtained. These are summarized in Proposition 2.4 below.

Proposition 2.4. A bipartite unit square intersection graph G has the following
two properties:

1. Each vertex of G has degree at most 4.

2. G is planar.

Proof. Fix a representation of G as a BipUSqIG and let Q(v) denote the square
associated to the vertex v. Moreover, for uv ∈ E, it holds that a corner of
Q(v) is contained in Q(u) and viceversa. Denote these corners by Cv,u and Cu,v
respectively.

1. By Observation 2.2 we have that, with respect to this representation, we
can partition N(v) as N(v) = NUL(v) ∪ NUR(v) ∪ NDR(v) ∪ NDL(v). Each
of the four sets denotes the neighbors of v intersecting a certain corner of
Q(v), therefore each of NUL(v), NUR(v), NDR(v), NDL(v) can have at most
one element, otherwise we obtain an induced triangle in G, contradicting the
bipartite restriction.
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2. We consider a unit square in this fixed representation corresponding to a
vertex v. The interior of this square is divided into at most five regions: one
shared with each of the at most four neighbors of v, and the complement
with respect to Q(v), which we call the free region. Starting with this fixed
representation of G, we now draw a planar representation as follows:

• To any v ∈ V (G) we associate a point P (v) chosen arbitrarily in the
free region of the square of v.

• We now join v to each Cv,u, for uv ∈ E, by a curve of finite length,
which we denote by Jv,u.

• Join Cu,v and Cv,u by a line segment.

• Define now the curve representing the edge uv asKuv = Ju,v∪[Cu,v, Cv,u]∪
Jv,u.

It is easy to see no two Kuvs are intersecting (with the possible exception of
shared endpoints). Indeed, the axis-parallel rectangle spanned by Cu,v, Cv,u
may contain no point of a third square, because of the bipartite condition.
At the same time, the parts of Kuv consisting of curves in the free regions of
Q(v) and Q(u) belong by the definition of a free region only to the respective
squares.

The construction of a planar representation of G starting from a BipUSqIG model
is sketched in Figure 2.17 below.

(b) (c)(a)

Figure 2.17: a) Constructing the curve representing the edge uv for two
intersecting squares Q(u) and Q(v); b) a bipartite unit square intersection

graph G (gray) together with the planar model cf. Proposition
2.4(red/purple); c) A straight line drawing of G as a planar graph.

We make use of the above statements and notation throughout the remainder of
this section.

2.9.2.1 Bipartite unit square intersection graphs are UGIGs

We here show the following:
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Theorem 2.1. All bipartite graphs that admit an intersection representation of
unit squares in the plane are unit grid intersection graphs.

Proof. Consider a bipartite graph G(V,E) with bipartition V = A∪B, such that
G admits a BipUSqIG representation (which we fix). For a vertex v ∈ V and the
assigned square Q(v), we define vx, vy as the x, respectively y, coordinate of the
lower left endpoint of Q(v) in the given representation. To v we associate an axis
aligned segment S(v) of length 2 which intersects symmetrically with Q(v). For
v ∈ A the segment S(v) is chosen horizontal, for v ∈ B vertical. In a precise form,

S(v) =

{
[(vx − 0.5, vy + 0.5), (vx + 1.5, vy + 0.5)], v ∈ A
[(vx + 0.5, vy − 0.5), (vx + 0.5, vy + 1.5)], v ∈ B.

We now show that uv ∈ E ⇔ S(u) ∩ S(v) 6= ∅. Let u ∈ A, v ∈ B.

“⇒”:

Assume u, v are adjacent in G.

Depending on what corner of Q(v) is contained in Q(u) (cf. Proposition 2.4 and
Observation 2.2), we have the following cases, (see Figure 2.18):

• (a) NUR(u) = {v}. Then,

{
ux < vx < ux + 1

uy < vy < uy + 1
⇒
{
ux − 0.5 < vx + 0.5 < ux + 1.5

vy − 0.5 < uy + 0.5 < vy + 1.5
⇒ S(u)∩S(v) 6= ∅.

• (b) NUL(u) = {v}. Then,

{
vx < ux < vx + 1

uy < vy < uy + 1
⇒
{
ux − 0.5 < vx + 0.5 < ux + 1.5

vy − 0.5 < uy + 0.5 < vy + 1.5
⇒ S(u)∩S(v) 6= ∅.

• (c) NDL(u) = {v}. Then,

{
vx < ux < vx + 1

vy < uy < vy + 1
⇒
{
ux − 0.5 < vx + 0.5 < ux + 1.5

vy − 0.5 < uy + 0.5 < vy + 1.5
⇒ S(u)∩S(v) 6= ∅.

• (d), NDR(u) = {v}. Then,

{
ux < vx < ux + 1

vy < uy < vy + 1
⇒
{
ux − 0.5 < vx + 0.5 < ux + 1.5

vy − 0.5 < uy + 0.5 < vy + 1.5
⇒ S(u)∩S(v) 6= ∅.
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(a) (c)(b) (d)

Figure 2.18: The four intersection cases for Q(u) and Q(v)

“⇒”: Assume now that S(u) ∩ S(v) 6= ∅.
This implies ux − 0.5 < vx + 0.5 < ux + 1.5 (1) and vy − 0.5 < uy + 0.5 < vy + 1.5
(2).

Suppose u and v are not adjacent in G. We have that uv /∈ E ⇒ Q(u)∩Q(v) = ∅.
Then, one of the following cases holds:

• Q(u) lies to the left of Q(v). Then ux + 1 < vx, contradicting the second
inequality of (1).

• Q(u) lies to the right of Q(v). Then vx + 1 < ux, contradicting the first
inequality of (1).

• Q(u) lies above Q(v). Then vy + 1 < uy, contradicting the second inequality
of (2).

• Q(u) lies below Q(v). Then uy + 1 < vy, contradicting the first inequality of
(2).

Therefore, none of the above cases can occur and we conclude u and v are adjacent.

We have thus shown that if G is a BipUSqIG, then Q(u) ∩ Q(v) 6= ∅ ⇔ S(u) ∩
S(v) 6= ∅, for every vertex pair uv. It follows that G can be represented as an
intersection graph of orthogonal segments of constant length (horizontal for A and
vertical for B), hence G admits a unit grid intersection representation. Figure 2.19
depicts a bipartite unit square intersection graph and the corresponding UGIG
representation drawn overlapped
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Figure 2.19: A graph with a bipartite unit square intersection representation
and the derived unit grid intersection model

Corollary 2.1. Every unit grid intersection graph can be modelled as a unit
square intersection bigraph.

Proof. Let G(A∪B,E) be a UGIG, with a fixed representation. We denote by S(v)
the unit-segment corresponding to the vertex v in this representation. Without
loss of generality, we assume S(v) is horizontal for v ∈ A and vertical for v ∈ B.
To each vertex v we associate a square Q(v) of side length 0.5 defined as follows:
S(v) and Q(v) cut each other symmetrically. Since the construction is the same
as in the proof above, it follows by Theorem 2.1 that for u ∈ A, v ∈ B we have
uv ∈ E ⇔ S(u)∩S(v) 6= ∅ ⇔ Q(u)∩Q(v) 6= ∅. This corresponds to the definition
of a unit square intersection bigraph.

Figure 2.20: Representing an UGIG as a unit square intersection bigraph

Note: Theorem 2.1 and Corollary 2.1 have also been independently proven in [11].
At the time of writing this chapter we were not aware of this.
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2.9.2.2 Bipartite unit square intersection graphs include partial grid
graphs

Observation 2.3. Let G be a partial grid graph and let n be the smallest natural
number such that G is a subgraph of an n×n grid Gn. If G is an intersection graph
of unit squares, a BipUSqIG representation of G can be obtained from one of G′n,
whereG′n is obtained by deleting only edges fromGn, such thatG′n[V (G)] = G. For
this, we draw any superfluous vertex ofG′n as isolated, and delete the corresponding
square from the BipUSqIG representation we obtain in the end. Therefore, without
loss of generality, we restrict our analysis to the graph G′n.

We construct a BipUSqIG representation of G′n in several steps, which we sketch
below:

1. We draw the PGG representation of G′n as a lattice in the plane, with vertices
having integer coordinates and edges being segments of constant length with
one of two orthogonal directions. This lattice is rotated at 45 degrees with
respect to the coordinate axes and has the Cartesian origin as its lowest
point.

2. We center a unit square in each vertex of the lattice constructed above. Thus,
squares corresponding to neighboring points in the lattice share a corner.

3. We construct a BipUSqIG representation of G′n by shifting the squares drawn
above by an arbitrarily small distance, horizontally or vertically. For this, we
assume inductively that the (n−1)×(n−1) sublattice of G′n that contains the
origin can also be represented as a BipUSqIG with as small a perturbation
as required. The key observation in this construction is that once we draw
a square, it assumes its final position. Also, due to the ordering we choose
to add the squares, for each newly drawn squares, we need to only consider
the adjacencies with at most two neighbors.

In the sequel, we elaborate on the steps described above:

1. We start by fixing a labeling of the vertices of G′n (which are the same as
the vertices of Gn, by the above construction). For this, we draw the grid
as being rotated by 45◦ with respect to the Cartesian coordinate system.
The lowest endpoint gets coordinates (0, 0), the highest (n − 1, n − 1) and
the remaining coordinates increase consecutively along the upper-right and
upper-left direction of the lattice. We denote a vertex of G′n by Pi,j if it was
assigned coordinates (i, j) in the fixed lattice labeling of the graph. Figure
2.21 below contains a lattice labeling of G6.
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(0,0)

(1,0)

(2,0)

(3,0)

(4,0)

(5,0)

(0,1)

(0,2)

(0,3)

(0,4)

(0,5)

(1,5)

(2,5)

(3,5)

(4,5)

(5,5)

(5,1)

(5,2)

(5,3)

(5,4)

Figure 2.21: A lattice labeling of G6

We now assign each vertex Pi,j of G′n a point of Cartesian coordinates (i −
j, i + j). In the sequel we identify Pi,j with the point in the plane the
coordinates of which we defined above. Each edge of G′n is now represented
as a segment of length

√
2, parallel to the upper-right or upper-left direction.

2. Consider the fixed lattice labeling as described in point 1. above. We draw
a unit length square centered in each of the lattice points, with sides parallel
to the Cartesian coordinates. For two squares centered in Pi,j and Pk,l,
respectively, it holds that they share a corner if and only if |i−k|+|j−l| = 1.
This degenerate BipUSqIG representation of the full grid Gn can be seen in
Figure 2.22.
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Figure 2.22: A degenerate representation of G4 as a bipartite unit square
intersection graphs

Before we proceed to the construction of the BipUSqIG representation of
G′n, we introduce a series of definitions.

Definition 2.3. In the sequel, for n ≥ 1 and k ≤ n, we define the wedge
Wk as the vertex set {Pi,k−1, 0 ≤ i ≤ k−2}∪{Pk−1,i, 0 ≤ i ≤ k−1}. Clearly,
V (G′n) = ∪ni=1Wi. Furthermore, define G′i as the induced subgraph of G′n on
the vertex set W1 ∪ . . . ∪Wk. Furthermore, we call the set Ln ⊂ Wn with
Ln =

⋃n−2
i=0 Pi,n−1 the left wing of the wedge Wn. Similarly, Rn =

⋃n−2
i=0 Pn−1,i

denotes the right wing of Wn, whereas we call Pn−1,n−1 the top vertex of Wn.
These definitions are illustrated in Figure 2.23.

(0,0)

(4,0)

(4,1)

(4,2)

(4,3)

(4,4)

(3,4)

(2,4)

(1,4)

(0,4)

(a) (b)

... . . .

Figure 2.23: Left: a PGG H embeddable in a lattice of size 5; right: a
representation of H as a BipUSqIG with the 5 wedges highlighted. The left

wing of W5 is drawn with green squares, its right wing with yellow and its top
square with brown
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3. Assume the PGG G′n is a bipartite unit square intersection graph and con-
sider the fixed lattice labeling as described above. A BipUSqIG repre-
sentation R of G′n is determined by the set of x and y (Cartesian) co-
ordinates of the centers of the unit squares. For the sequel, we define
xR(u), yR(u) as the x, respectively y coordinates of the center of Q(u) in
R. For u = P (i, j) ∈ V (G′n), we define the deviation δR(u) of u in R as the
maximum x or y distance Q(u) is shifted from its position in the degenerate
representation in 2. That is, δR(u) = max(|xR(u)−i+j|, |yR(u)−i−j|). Sim-
ilarly, we define the total deviation of G′n as determined by R as δR(G′n) =
max(δR(u), u ∈ V (G′n)).

We can now state the purpose of this section as being the following:

Theorem 2.2. Given any partial grid graph G, it is possible to represent
it as an intersection graph of axis-aligned unit squares. Moreover, if a grid
embedding G′n and the corresponding lattice labeling are given, we can find
a BipUSqIG representation R of G′n with total deviation δR(G′n) < α, for
any 0 < α ≺≺ 1. (Here, we made use of Observation 2.3, that allows us to
consider the graph G′n instead of G, which contains all the vertices of the
grid Gn.)

Proof. Let G′n be a partial grid embedding of G cf. Observation 2.3 and
consider a fixed lattice labeling as above.

First, we introduce a distance measure between certain pairs of squares in a
BipUSqIG representation and show it can be used to express the deviation.

Definition 2.4. In a PGG G′n with a given lattice labeling, we call two
vertices Pi,j, Pk,l potential neighbors if |i− k|+ |j − l| = 1, for 0 ≤ i, j, k, l ≤
n − 1. Assume G′n has a BipUSqIG representation. Given a PGG drawing
of G′n and two potential neighbors u and v we define their displacement Du,v

as follows:

(a) For u = Pi,j, v = Pi,j+1, we define Du,v as max(|xi,j+1−xij +1|, |yi,j+1−
yij − 1|), where xi,j, yi,j represent the x, respectively y coordinates of
the center of Q(Pi,j) (i.e., the same as x(Q(Pi,j)) and y(Q(Pi,j)), re-
spectively) . This corresponds to the maximum horizontal or vertical
distance Q(Pi,j+1) needs to be translated in order to identify its bottom-
right corner to the upper-left corner of Q(Pi,j).

(b) For u = Pi,j, v = Pi+1,j, we define Du,v as max(|xi+1,j−xij−1|, |yi+1,j−
yij − 1|). This corresponds to the maximum horizontal or vertical dis-
tanceQ(Pi+1,j) needs to be translated in order to identify its bottom-left
corner to the upper-right corner of Q(Pi,j).

The situation is represented in Figure 2.24 below.
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du,v

du,v

u = Pi,j

u = Pi,j

v = Pi,j+1

v = Pi+1,j

Figure 2.24: Defining the displacement of two potential neighbors u and v.
Left: the maximum translation distance is along the y-coordinate; right: the

maximum is achieved along the x-coordinate

The total displacement DR(G′n) of a BipUSqIG drawing R of G′n is defined
as the maximum over Du,v, taken over all pairs u, v of potential neighbors in
G′n.

Observation 2.4. Note that for a BipUSqIG representation R of G′n, if we
fix Q(P0,0) as centered around the Cartesian origin, we obtain the following
relation between displacement and deviation:

2nDR(G′n) ≥ δR(G′n)

Indeed Q(Pi,j) can be traced along a sequence of at most 2n successive
displacements along the axis directions and starting from the origin, for
which we assumed δ(Q(P0,0)) = 0.

Therefore, we can rephrase the statement in Theorem 2.2 as searching for
a BipUSqIG representation R of G′n with DR(G′n) ≤ ε = α

2n
and Q(P0,0)

centered in the origin.

Before proceeding with the inductive proof, we introduce a series of nota-
tions.

Notation. in a given BipUSqIG drawing of G′n, we denote the smallest
vertical displacement by dv(G

′
n) and the smallest horizontal displacement

by dh(G
′
n). Let Q be a unit square in a BipUSqIG representation. We let

t(Q) denote its topmost boundary segment, b(Q) its bottommost, l(Q) its
leftmost and r(Q) its rightmost boundary, respectively. Also, for the sake of
simplicity we write Q(Pi,j) as Qi,j and t(Q(Pi,j)) as ti,j. The same notation
applies for the bottommost, leftmost and rightmost boundary segment of
Qi,j. Furthermore we abuse notation by using ti,j, bi,j to also refer to the
y coordinates of the respective segments, and li,j, ri,j to the x coordinates
of the corresponding segments. These last four notations are exemplified in
Figure 2.25 below.
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ti,j

bi,j

li,j ri,j

Figure 2.25: The notations for the top-, bottom-, left- and rightmost
segment of a square

The main idea of the construction is that we start by representing Q0,0 as
centered in the origin, and then represent the remaining vertices of G′n in
the following order: For i from 1 to n − 1, we draw Li from bottom to
top, Ri from top to bottom, then add the top square of Wi. Note that by
the chosen order of drawing, for each square there are at most two possible
adjacencies/intersections with the already drawn squares, which we must
consider. This property will allow us to respect the displacement conditions.

The order of adding the squares in case of the graph H from Figure 2.23 can
be viewed in Figure 2.26.
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... . . .
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Figure 2.26: The blue arrows indicate the order of adding the squares Qi,j

As part of the inductive step, we assume a drawing ofG′n−1 with displacement
ε
8n

and show that we can draw Wn such that the BipUSqIG respects at any
step the following invariant properties.

(a) For Qi,j, Qk,l, if i ≤ k and j ≤ l then Qi,j starts below Qk,l, i.e. ti,j < tk,l.
If i = k, j < l then Qi,j starts to the left of Qk,l, i.e. li,j > lk,l. Finally,
if i < k, j = l then li,j < lk,l.

(b) For 0 ≤ i, j ≤ n− 2, Qi+1,j does not lie above Qi,j and Qi,j+1 does not
lie to the left of Qi,j, i.e. bi,j < bi+1,j < ti,j and li,j+1 < li,j < ri,j+1.

(c) For 0 ≤ i, j ≤ n − 2, Qi+1,j starts above Qi,j+1 and Qi+1,j+1 starts to
the left of Qi,j, i.e. ti+1,j < ti,j+1 and li,j < li+1,j+1 < ri,j.
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(d) the desired BipUSqIG representation of G′n has displacement ≤ ε for
ε > 0 chosen arbitrarily.

(e) For 0 ≤ i, j ≤ n− 2, the distances between Qi+1,j and Qi,j+1, resp. Qi,j

and Qi+1,j+1, satisfy that |ri,j+1 − li+1,j|, |bi+1,j+1 − ti,j| < 1 is strictly
less than 1.

First, notice that all PGGs on at most four vertices admit an intersection
representation of unit squares, as sketched in Figure 2.27 below. The high-
lighted edges suggest the invariant properties required in item (b) above,
which we also use in the induction step of the proof. It is also easy to see
that one can place the unit squares with arbitrarily small displacement.

Figure 2.27: BipSqIG representations of all partial grid graphs embeddable
in a 2× 2 grid

Observation 2.5. By the induction assumption, the fixed drawing of G′n−1
respects Condition (a) above, therefore the wedge Wn−1 appears at the top
of the drawing, including the top-, right- and leftmost squares.

We now draw Wn above Wn−1 as follows:

• We draw the left wing of the wedge, i.e., the vertices Pi,n−1, 0 ≤ i ≤
n− 2. Besides the conditions (a) - (e) above, we also show in our con-
struction that the distance between Qk+1,n−2 and Qk,n−1 ranges between

1− (2n−1+k)ε
4n

and 1− (2n−1−k)ε
4n

, for all 0 ≤ k < n− 2.

Initialization: We start with P0,n−1. To this vertex we assign a(n
axis-aligned) unit square Q0,n−1 with t0,n−1 above t0,n−2 and l0,n−1 to
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the left of l0,n−2. We let Q0,n−1 and Q0,n−2 share x-coordinates on an

interval of length (n+1)ε
2n

.

Distinguishing between the cases when P0,n−1 and P0,n−2 are adjacent or
not, we choose 0 < h < dv

2n
and place Q0,n−1 either at distance h above

Q0,n−2 (if not adjacent), or intersecting Q0,n−2 on a vertical interval of
length h. Note that the construction ensures the conditions (a) - (e),
as well as the one concerning the distance to Q1,n−2.

The next step motivates the choice of the large x-coordinate overlapping
with Q0,n−2.

Induction step: Assume we have successfully drawn all squaresQi,n−1,
for 0 ≤ i < k < n− 1. We now add Qk,n−1 in the existing picture. The
intuition for this is provided in Figure 2.28 below.

Pi,j

Qk−1,n−1

Qk−1,n−2

Qk,n−2

Qk,n−1

Figure 2.28: Shifting a newly added square with respect to the adjacencies
to its neighbors, where we assume the conditions (a) - (e) are respected

By the induction assumption, we have that the distance between Qk,n−2

and Qk−1,n−1 is between 1− (2n−2+k)ε
4n

and 1− (2n−k)ε
4n

. We place Qk,n−1
starting at the right of lk−1,n−1 and above bk,n−2. Furthermore, we draw
it either sharing a horizontal interval of length h with Qk−1,n−1 in case of
intersection, otherwise displaced by the same amount to the right. This
ensures the preservation of the distance invariant, since this distance can
change in either direction by at most 2h < ε

4n
in step k. Note that the

same argument shows the preservation of the horizontal displacement
limit to ε. The large shared interval between Q0,n−1 and Q0,n−2 in the
initialization step ensures the above construction to place rk,n−1 to the
right of lk,n−2. On the y-coordinate, we again place Qk,n−1 either at dis-
tance h above Qk,n−2 if disjoint, or intersecting over a vertical interval of
the same width. It only remains to check that the vertical displacement
limits with respect to Qk−1,n−1 are preserved. By the construction, note
that these do not increase, and can decrease by at most 2h per newly
added square, hence not by more than 2nh < dv(G

′
n−1) <

ε
4
.

• We now add the right wing of Wn, namely Qn−1,i. The construction
is identical, since this time we first place Qn−1,n−2 first and then suc-
cessively descend to Qn−1,0. The definition of the h that we pick now
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also includes the already built wing of Wn. This case can be viewed
as rotating the picture by 90 degrees counterclockwise, the updated h
being the only difference to the previous half-wing construction.

• It now remains to addQn−1,n−1. The previous two steps insured that the
distance between Qn−2,n−1 and Qn−1,n−2 is less than 1, since Qn−1,n−2
is displaced to the right of Qn−2,n−2, if at all, by less than the shared
horizontal interval between Qn−2,n−2 and Qn−2,n−1. Moreover, note that
both squares are on top of their respecting wing halves, i.e. tn−1,n−2,
tn−2,n−1 > tn−2,n−2. Furthermore, Qn−2,n−1 has a greater vertical dis-
placement to Qn−2,n−2 than Qn−1,n−2, therefore the invariants of condi-
tions (c) and (d) are preserved. We can now place Qn−1,n−1 as suggested
by Figure 2.28, with displacement < ε.

This completes the inductive argument and the proof of Theorem 2.2.

2.9.2.3 The above inclusions are strict

We here show that the sets UGIG\BipUSqIG and BipUSqIG\PGG are not empty.
Moreover, the counterexamples indicate that the strictness of the inclusion holds
even when restricting our analysis to 4-regular trees, i.e. trees where all the vertices
apart from the leaves have degree 4.

Proposition 2.5. The inclusion of partial grid graphs in the class BipUSqIG is
proper.

Proof. It suffices to show that R2 ∈BipUSqIG\PGG. Assume R2 admits a partial
grid representation. Then, since the root of R2 has degree 4, there exists an
essentially unique way of representing it and its four children as a partial grid
graph. There are three leaves incident to each of the children, hence 12 in total,
but only 8 free lattice points compatible to a grid drawing (i.e., adjacent to the
lattice points of the children). We conclude it is not possible to represent R2 as a
PGG.

(a) (b) (c)

Figure 2.29: a) R2; b) It is not possible to represent the whole R2 as a
partial grid graph; c) a BipUSqIG representation of R2
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Moreover, the following also holds.

Proposition 2.6. 4-regular trees of depth at least 4 cannot be represented as
intersection graphs of (axis aligned) unit squares.

Proof. It suffices to prove this statement for trees of depth 4. Let Rk denote the
complete 4-regular tree of depth k. Assume R4 admits a representation as an
intersection graph of unit squares. Note that for k ≥ 2, Rk has three times more
leaves than Rk−1. This implies R4 has 33 · 4 = 108 leaves. As the leaves are
independent vertices, they need to be represented by disjoint squares. Therefore,
any BipUSqIG representation of R4 needs to occupy an area of at least 108. We
show this is impossible.

Fix the unit square that represents the root of the tree. Any other vertex of R4

is at x- and y-coordinate distance less than 4 from the root. Therefore, the 9× 9
square centered in the unit square of the root must contain all vertices of R4.
However, the area of this square is 81, contradicting our previous observation that
we need at least 108 square units. The situation is depicted in Figure 5.18 below.

9

9

(a) (b)

Figure 2.30: (a) R1 (left) and R2 (right), admitting a BipUSqIG
representation by Proposition 2.5; (b) Any BipUSqIG of R4 must fit in the

9× 9 square centered around the unit square of the root (red)

We conjecture that R3 does not admit a BipUSqIG representation either, however,
in this case a different approach is needed.

Moreover, the following also holds.
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2.9.3 Bipartite unit square intersection graphs are incom-
parable with the planar, maximum-degree 4 restric-
tions of all Γ classes between RR and R∗S

We have seen in Section that bipartite unit square intersection graphs are UGIGs
(UU). This implies that PGG ⊂ BipUSqIG ⊂ US ⊂ SS (GIG). The fact that
BipUSqIG ⊂ GIG also results from the characterization of grid intersection graphs
as the bipartite (axis-aligned) rectangle intersection graphs (i.e., they have boxicity
2) (cf. [3]). In this section we compare BipUSqIGs and PGGs with the remaining
graph classes of Γ. We show here that both bipartite unit square intersection
graphs and partial grid graphs are incomparable to the planar, maximum-degree 4
restrictions of all graph classes of Γ between 2-DORGs (RR) and bidirectional-ray
– segment graphs(R∗S). For this purpose, the following two propositions suffice.

Proposition 2.7. There exists a planar 2-DORG of maximum degree 4 that
admits no BipUSqIG representation.

Proof. We start with an observation:

Observation 2.6. LetG be a bipartite unit square intersection graph and v1v2v3v4
a cycle of G. Then, for i = 1, 2, 3, 4, Q(vi) is intersected by Q(vi−1) and Q(vi+1)
in neighboring corners, otherwise it is impossible to place Q(vi+2) such that it
intersects only Q(vi−1) and Q(vi+1), but not Q(vi).

Now we look at the graph in part (a) of Figure 2.31. For the sake of contradiction,
assume it belongs to BipUSqIG. Without loss of generality and making use of
Observation 2.6 above, we can consider a unit square intersection representation
of the cycle txyu such that Q(u) lies below Q(x) and Q(y) lies to the right of Q(t).
Again by Observation 2.6, we must represent Q(z) to the right of Q(u) and Q(v)
below Q(y) (see part (c) of Figure 2.31. But then Q(z) lies strictly to the right of
Q(t), hence they do not intersect, contradiction.

(a) (b) (c)

x y
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u v
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v

Figure 2.31: a) and b) a planar, maximum-degree 4 bipartite graph with a
2-DORG representation; c) If we start by representing the cycles txyu and

uyzv by intersections of unit squares, it is impossible to represent the edge tz

Proposition 2.8. There exists a partial grid graph which cannot be represented
as an intersection graphs of bi-directional rays in one partition set and segments
in the other (R∗S).
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Proof. We consider the graph H in Figure 2.32 below, which has a partial grid
representation, as illustrated in the picture. The “bricks” are C14 cycles, with the
grid representation depicted in Figure 2.33 below. We now show that H does not
belong to R∗S.

Figure 2.32: The graph H with a given partial grid representation and
highlighted cycles

Assume the opposite and consider the C14 induced subgraphs of H as highlighted
in Figure 2.32 and represented in detail in Figure 2.33 below.

. . .

. . .

. . .

. . . . . .

. . .

Figure 2.33: An induced C14 subgraph and a sketch of its neighborhoods
in H

The following observations apply:

Observation 2.7. Any two of the highlighted cycles in H can be connected
by a path that contains no vertex adjacent to another of the highlighted cycles.
Moreover, the statement holds even if we prescribe any two vertices of degree three
as the endpoints of the path and demand that excepting the endpoints, the path
is disjoint from the two cycles it connects.

Observation 2.8. In every R∗S representation of a cycle with all rays oriented
upwards (i.e., a ray-segment/RS drawing), the rays lying between the left- and the
rightmost one have higher endpoints than the extremal two. Indeed, otherwise we
have two cases: either the extremal rays are connected by a horizontal segment,
in which case this segment must cross any vertical ray inbetween that starts lower
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than the extremal ones (see part (a) of Figure 2.34). Or, the extremal rays are
connected by a path P of at least three vertices, which must then contain a vertical
ray u. Let v be a vertical ray between the extremal ones and starting lower than
at least one of them. But then u its neighbors in P separate v from at least one
of the extremal rays (as in part (b) of Figure 2.34). This is a contradiction, since
in C14 any pair of vertices can be connected by a path that avoids a given edge.
The situation is sketched in Figure 2.34 below.

(a) (b)

Figure 2.34: a) The extremal vertical rays are connected by a single vertex;
b) The extremal vertical rays are connected by a path of length at least 3.

Observation 2.9. In any R∗S representation of H, at most two of the highlighted
cycles can contain vertical rays with both orientations.

Proof. (of Observation 2.9) Let C be a cycle represented with both upward and
downward rays. Then, there exist two consecutive vertices vi and vi+1 (in one par-
tition set of the cycle) which are represented by rays with opposite orientations.
Let ui denote the vertex connected to both vi and vi+1 in C. Then the representa-
tions of vi, ui and vi+1 completely separate the plane into two regions (see Figure
2.35). By Observation 2.7, it follows that all remaining cycles must be contained
in one of the two regions, with the other being empty. Indeed, otherwise any path
connecting a cycle from a region with a cycle from the other must contain a vertex
adjacent to vi, ui or vi+1, contradiction. Therefore, we can have at most two cycles
with both ray directions allowed, intuitively a “leftmost” and a “rightmost” cycle.
The situation is displayed in Figure 2.35 below.

v1

vi

vi+1

ui

v7

Figure 2.35: A cycle containing both upward and downward rays separates
the plane into two regions
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Fix an R∗S representation of H. We conclude from Observation 2.9 that at least
13 of the 15 highlighted cycles are represented with all rays in one direction.
Without loss of generality, we can assume there exist 7 such cycles S1, . . . , S7, in
the representation of which only upward rays are used. Note: The notation Si
used here is not to be confused with the cycle on n vertices, which is the meaning
of Sn in absence of further specification. Since any two of the seven cycles are
disjoint, there are essentially two ways to represent them in relation to each other:

1. The cycles are represented in series if one of them lies entirely to the left of
the other

2. They are drawn nested if one cycle is contained between the leftmost ray
and the rightmost ray of the other.

Based on this, we distinguish the following cases in the representation of S1, . . . , S7:

• All cycles are nested in each other. Consider Si, Sj, Sk, such that Si is nested
in Sj and Sj is nested in Sk. Then, it is not possible to connect Si to Sk by
a path that is not adjacent to any vertex of Sj. The situation is represented
schematically in part (a) of Figure 2.36, where Si is drawn with purple, Sj
with orange and Sk with green.

• There exist two cycles, w.l.o.g. S1 and S2 that are drawn in series. Of
the three upward rays of S1 that represent degree 3 vertices, one of them
lies between the other two (cf. Observation 2.8). It is now impossible to
draw a path connecting this vertex to S2, without this path crossing one of
the extremal vertical rays that correspond to degree 3 vertices in S1. This
however contradicts the last statement of Observation 2.7 (see part (b) of
Figure 2.36).

(a) (b)

Figure 2.36: The representation possibilities of S1, . . . , S7. The cycles are
drawn schematized, highlighting the extremal vertical rays, the path

connecting them, and the inner vertices of degree 3: a) all the cycles are
nested; b) there exist two cycles that lie in series
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2.9.4 Bipartite square intersection graphs are incompara-
ble with UGIGs

In this section, we show that the class of bipartite square intersection graphs and
that of unit grid intersection graphs are incomparable.

Proposition 2.9. The class of bipartite square intersection graphs is not included
in that of unit grid intersection graphs.

Proof. Consider the graph S from Section 2.8. There we have proven that S does
not admit a US (unit-segment – segment) intersection representation, therefore
it does also not belong to the class UU (UGIG). Figure 2.37 below presents a
drawing of S as a square intersection graph, thus completing the statement.

Figure 2.37: The graph S together with a representation as an intersection
graph of (axis-alligned) squares

Proposition 2.10. The class of unit grid intersection graphs is not included in
that of bipartite square intersection graphs.

Proof. We consider the complete bipartite graph K3,3. It is straightforward to
observe that K3,3 ∈ UGIG. We now show it admits no BipSqIG representation.

Assume the contrary.

Let the vertex partition be V (K3,3) = {u1, u2, u3}∪{v1, v2, v3}. Clearly, for t1, t2 ∈
{u1, u2, u3} or t1, t2 ∈ {v1, v2, v3} it holds that Q(t1) ∪ Q(t2) = ∅. Without loss
of generality (via rotations or reflections), let Q(u1) lie to the left of Q(u2). Note
that any square intersecting both Q(u1) and Q(u2) must cross the right side of
Q(u1) and the left side of Q(u2). Therefore, the squares of all vis admit a top-down
ordering. W.l.o.g. let Q(v1) be the topmost square, Q(v3) the bottommost one
(see Figure 2.38). Now let d denote the distance between the right side of Q(u1)
and the left side of Q(u2). Note that each of Q(v1), Q(v2), Q(v3) must have a side
length of at least d.
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We now attempt to place Q(u3). It must cross Q(vi) for all i ∈ {1, 2, 3}. Because
of the assumed ordering, we have that the side length of Q(u3) is at least that of
Q(v2), therefore greater or equal to d. This means however that Q(u3) intersects
at least one of Q(u1), Q(u2), contradiction. We conclude K3,3 admits no BipSqIG
representation.

(a) (b) (c)
u2

u1

u3

v1

v2

v3

Figure 2.38: a) The graph K3,3; b) A UGIG representation of K3,3; c) It is
not possible to represent K3,3 as an intersection graph of squares.





Chapter 3

Unit Grid Intersection Graphs

This chapter treats unit grid intersection graphs, with the main result being the
proof that their recognition is NP-complete. Moreover, all bipartite graph classes
contained between unit grid and pseudosegment intersection graphs will be shown
to be NP-complete, including the hybrid unit-segment class (denoted by US in
Chapters 1 and 2). In this chapter we denote the latter graph class as USEG.

Furthermore, we investigate the problem of optimally representing UGIGs in the
plane, deriving, among others, interesting connections with orthogonal ray graphs.
These results, as well as the introduction, closely follow [37], a joint work with
Martin Pergel.

Note:

Recently, an alternative proof for the recognition of UGIGs has been developed
by our coauthors Asahi Takaoka, Satoshi Tayu and Shuichi Ueno in [38]. This
is achieved by reducing the UGIG recognition to a problem of constraint-graph
satisfiability. However, this method is not extended over other graph classes be-
tween UGIG and pseudosegments. Furthermore, [38] includes Theorem 3.4 of this
chapter.

3.1 The class of unit grid intersection graphs:

known properties and previous research

3.1.1 A subclass of grid intersection graph

Although presented in Chapter 1, in order to make this chapter self-contained, we
remind here the definition of unit grid intersection graphs (UGIGs).

Definition 3.1. A bipartite graph G(A∪B,E) is called a unit grid intersection
graph if and only if it admits a plane representation as follows:

1. The vertices of A are represented by horizontal unit length segments, those
of B by vertical unit segments.

57
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2. A horizontal and a vertical segment intersect if and only if the corresponding
two vertices are adjacent.

3. No two vertices from the same partition set are represented by overlapping
segments.

Recall that a graph respecting only properties 2. and 3. above is a grid intersection
graph (GIG).

3.1.2 Geometric intersection graphs and the recognition
problem

Here we present the context of the recognition problem concerning similar inter-
section graph classes. One of the best understood classes of geometrically-defined
intersection graphs is that of interval graphs (see [20] by David Gilmore) (repre-
sentable as intersection graphs of intervals on a line). For this class, the maximum
independent set and maximum clique can be found in polynomial time, as well as
the chromatic number, since interval graphs are perfect. This class can also be
recognized in linear time as shown e.g. in [5] by Kellogg S. Booth and George S.
Lueker, and [21] by Michel Habib, Ross McConnell,Christophe Paul and Laurent
Viennot.

Another well-known class is the class of string graphs , that is intersection graphs
of Jordan curves in a plane (that is, curves homeomorphic with the closed interval
[0, 1]. For string graphs, clique, colorability, independent set and several other
problems are NP-complete. The recognition is also NP-complete, according to
[28] by Jan Kratochv́ıl, [40] by János Pach and Géza Tóth, as well as [44] by Mar-
cus Schaefer, Eric Sedgwick and Daniel Stefankovic. When restricting the curves
shape to straight line segments, the resulting class is that of segment intersection
graphs (SEG). Despite the extra structure information, the problems of finding
the chromatic numbers or a maximum independent set remain NP-hard. Almost
the same holds for the recognition problem; it is NP-hard but it is not known
whether it is in NP. A graph class intermediary between string and SEG is that
of pseudosegment graphs (PSEG). It is obtained using “topological segments”, i.e.
curves such that each pair intersects at most once. The recognition problem for
this class is already known to be NP-complete ([28]). Due to the complexity of
the latter three classes, special subclasses have been defined. One such instance
occurs when allowing the straight line segments to use only one of k prescribed
directions, in which case the corresponding graphs are called k-directional segment
graphs (k-DIR). This does not simplify the recognition problem, since even 2-DIR
graphs are hard to recognize ([28]).

One restriction that can be applied particularly to 2-DIR graphs, is the prohibit-
ing of intersections for any two collinear segments. The 2-DIR graphs with this
property are bipartite, with one set of the partition representable by (w.l.o.g.)
horizontal, the other by vertical segments. The class is called PURE 2-DIR or,
synonymously, grid intersection graphs (GIG). In the sequel, the latter terminol-
ogy will be used. This class can be further restricted by prescribing each segment
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to have constant (unit) length, in which case one obtains the class of unit grid
intersection graphs (UGIG), which was defined in Chapter 1 and in the Section
3.1.1 of this chapter. Sandwiched between GIG and UGIG, we can define the class
USEG (unit-segment – segment), of grid intersection graphs where the unit-length
restriction applies only to the segments representing one set of the partition.

Obviously, it holds that UGIG ⊆ USEG ⊆ GIG ⊆ SEG ⊆ PSEG. All inclusions
are proper, the first two having been shown in Chapter 2.

Another particular case occurs when a GIG has a representation where the seg-
ments could be extended into half-lines, without creating additional intersections.
This class is that of orthogonal ray graphs (ORGs), and it was introduced in [47],
together with the observation that they constitute a subclass of UGIGs. The
problem of recognizing orthogonal ray graphs is open, however we can construct
a polynomial algorithm if we provide some extra information and assume all ver-
tices in one partition set are to be represented with upward rays (i.e., we consider
3-DORGs). This result can be found in Chapter 4. One can restrict the class
of orthogonal ray graphs further, by admitting only one horizontal and one ver-
tical ray orientation. The class thus obtained is that of 2-directional orthogonal
ray graphs (2-DORGs), which can be recognized in linear time ([47]). Moreover,
Chapter 4 also shows that chordal bipartite 3-DORGs are, in fact, 2-DORGs.

The recognition of UGIGs becomes particularly interesting as they lie between an
NP-complete (GIG) and a polynomial (2-DORG) graph class.

Considering graph-optimization problems like, e.g., maximum clique or chromatic
number, on two graph-classes A ⊆ B, an efficient algorithm for class B often
provides an efficient algorithm for class A. This is not the case with the recog-
nition problem. A polynomial algorithm for recognizing a superclass provides no
information about the recognition of one of its subclasses or conversely.

Since there are many intersection-defined graph classes, answering the recognition
problem for individual classes becomes inefficient. Therefore, Kratochv́ıl together
with several coauthors ([28], [31] with Jǐŕı Matoušek, [25] with Petr Hliněný)
started designing polynomial reductions that can show hardness of recognition for
any class C such that A ⊆ C ⊆ B, where A and B are known hard classes. The
first reduction of this type showed the hardness everywhere between segment- and
string-graphs (hence, e.g. pseudosegment graphs). Later this concept gets named
sandwiching ([32, 41]).

When recognizing intersection graphs, the density of edges seems to play an impor-
tant role (providing the information about the presence of large cliques or about
the girth, i.e. length of the shortest cycle). The articles [29, 32] show that there are
graph classes for which low edge density may change the recognition class (disk,
pseudodisk or polygon-circle graphs), but [32] also shows classes that remain hard
to recognize even with arbitrary girth (segment- and pseudosegment-graphs).
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3.1.3 Previous research

Unit grid intersection graphs have been analyzed by Y. Otachi, Y. Okamoto and,
K. Yamazaki in [39], where it is concluded that they are a proper subclass of GIGs,
and strictly including P6-free chordal bipartite graphs and interval bigraphs, as a
consequence of these being included in ORGs. Part of the latter results makes use
of the double lexical sorting approach of Anna Lubiw ([34]), that can also be used
to prove that 2-DORGs are chordal bipartite. Another proof of the inclusion of
interval bigraphs in UGIGs can be found in [43], by David Richerby.

Furthermore, it is shown that all trees admit a UGIG representation, on which
we elaborate in Chapter 5. In [55], Ryuhei Uehara establishes that some im-
portant problems, such as the existence of a Hamiltonian cycle, and the graph
isomorphism problem, remain hard even when restricted to UGIGs and GIGs,
respectively. Another analyzed subclass of UGIG (and of ORG) is that of two-
directional orthogonal ray graphs (2-DORGs), which is elaborated on in Section
4.2 of Chapter 4. This class is known to admit several characterizations that allow
for a linear recognition algorithm (derived from [15, 18, 47, 54], for more details
see Section 4.2 of Chapter 4).

3.2 Recognition of unit grid intersection graphs

This section is dedicated mainly to proving the following

Theorem 3.1. It is NP-hard to distinguish whether a given graph has a UGIG-
represen- tation or whether it does not even admit a representation by pseudoseg-
ments. Considering any constant k ∈ N, this holds even when restricting the
analysis to graphs of girth at least k.

Corollary 3.1. The recognition problem is NP-hard for any class containing
UGIGs which is simultaneously contained in the class of pseudosegment-graphs.
For such a class the recognition problem remains NP-hard even if restricted to
graphs with arbitrarily large girth.

Corollary 3.2. The recognition problem is NP-complete for UGIGs as well as
for USEG graphs and the property holds even when restricted to graphs with
arbitrarily large girth.

We first prove Theorem 3.1. Corollary 3.1 will follow directly. The remaining part
of Corollary 3.2 will be shown later in the text.

For graphs without the restriction on girth we may directly use the reduction of
Kratochv́ıl and Pergel ([32]). It is just necessary to verify that the gadgets can be
represented by orthogonal segments of unit length.

To show the result for graphs with arbitrary girth, we have to modify this reduc-
tion, by redesigning the variable gadget. To make this chapter self-contained, we
present the entire construction below:
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3.2.1 Planar 3-satisfiability

We reduce the question to solving Planar-3-connected-3-SAT(4), which was proven
to be NP-hard in ([28]). This problem asks whether a special type of boolean
formula in conjunctive normal form is satisfiable. Such a formula F must have the
following properties:

• Each clause has at most three literals.

• Each variable occurs at most four times.

• B(F) is planar and 3-connected, where B(F) is the bipartite graph with
one set of the partition corresponding to the variables, the other to the
clauses, and an edge corresponds to the occurence of a particular variable in
a particular clause.

The general idea of the construction is that we consider B(F) and exploit the fact
that it has a unique planar embedding (up to the choice of an outer face) (see [56]
by Hassler Whitney). Starting with this fixed embedding of B(F), each vertex
corresponding to a clause gets represented (“blown up into”) by a clause gadget,
whereas each vertex corresponding to a variable gets represented by a variable
gadget, and finally, to each edge corresponding to an occurence we assign an oc-
curence gadget. Thus we obtain a graph G(F) that for a satisfiable instance (of
the Planar-3-connected-3-SAT(4)) will be representable as an intersection graph
of unit axis-aligned segments in the plane, while for an unsatisfiable instance this
graph admits not even a pseudosegment intersection representation. Moreover,
the construction of this graph permits us (by taking sufficiently long paths in the
occurence and clause gadgets ) to obtain a graph of arbitrarily large (but constant)
girth. In the following we will describe these three gadgets:

3.2.2 The gadgets

We first describe the clause gadget , which is the same as in [32]. We show it in
the lower half of Figure 3.1.
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(¬v2 ∨ v3 ∨ ¬v4) v2

(¬v1 ∨ v2 ∨ ¬v4)v4

v3

v1
(¬v1 ∨ ¬v3 ∨ v4)

(v1 ∨ v2 ∨ v3)

v1

v2

v3

v1 ∨ v2 ∨ v3

Γ(v1)

Γ(v3)
Γ(v2)

Figure 3.1: Left: A graph B(F) for a formula
(v1 ∨ v2 ∨ v3) ∧ (¬v2 ∨ v3 ∨ ¬v4) ∧ (¬v1 ∨ v2 ∨ ¬v4) ∧ (¬v1 ∨ ¬v3 ∨ v4) (here we

identified the vertex names with the variables/clauses). Right: The
corresponding subgraph of G(F), with the red and blue coloring. This

subgraph shows the part inside the red dashed triangle on the left picture.

In the Figure 3.1 (right side), straight segments represent one edge, dashed lines
depict arbitrarily long paths whose length depends on the required girth. Fur-
thermore, any two paths that are not explicitely listed as sharing a vertex do not
intersect.

The three pairs of adjacent vertices inside the gadget correspond to the three
variables of the clause, and the pairs of paths connecting them to the exterior of
the cycle correspond to the occurence gadgets, which we describe in more detail
below. To explain the construction in Figure 3.1, we denote the variables as 1st,
2nd and 3rd in clockwise order, with the 1st variable being represented by the
topmost adjacent pair of vertices. We color these six vertices red and blue, as
follows:

• Each adjacent pair consists of a blue and a red vertex.

• For the third pair, the vertex incident to the path connected to the cycle is
colored red if and only if the corresponding variable does not appear negated
in the clause.

• For the second pair, the opposite is the case.

• For the first (topmost) pair, consider the vertex v connected to the vertex
of the leftmost pair which is red if not negated. Then v is colored red if and
only if the corresponding literal is positive.
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To obtain the circular orientation of the variables in the clause gadget, consider
the unique planar embedding of B(F), and pick the circular ordering of the edges
connecting the clause vertex to its three variable vertices. Moreover, to adjust for
the desired girth, the lengths of the paths inside the gadget, as well as the length
of the cycle between two different pairs, can be chosen arbitrarily long. We further
adjust the path lengths to ensure the clause subgraph is bipartite and that the red
vertices belong to the same partition set.

The variable gadget is simple: it consists of two adjacent vertices, which we denote
by a1 and a2 in the sequel.

The occurence gadget consists of a pair of non-intersecting paths connecting the
pair of vertices of the variable gadget to the corresponding pair of vertices in the
clause gadget. To determine the exact adjacencies, we assume the variable gadget
of x1 has all four occurences (less then three is impossible, due to B(F) being
3-connected). Let now C1, C2, C3, C4 denote the clockwise circular order of the
clauses that contain x1 as a variable. Then, we connect a1 to the red vertices of
C1 and C3 and to the blue vertices of C2 and C4. Analogously, we connect a2 to
the blue vertices of C1 and C3 and to the red vertices of C2 and C4. As in the
case of the clause gadget, these paths can be chosen long enough to ensure G(F)
has the desired girth and is bipartite. Note that since the plane embedding is
rigid, the lengths of the edges of B(F) are fixed. Therefore, in G(F), the lengths
of the occurence paths are chosen proportional to the length of the corresponding
embedded edge of B(F).

Notation. In the sequel, we refer to paths connecting a red vertex in a clause
gadget to a vertex in a variable gadget as to red paths ; moreover, we use the same
description for paths connecting two red vertices. The definition of blue paths is
analogous.

In the case that only three clauses contain x1 as a variable, we introduce a dummy
occurence. The dummy occurence consists of a pair of paths that start from the
vertices a1 and a2 of the variable gadget and are connected to two other occurence
gadgets via another path, as in the Figure 3.2. This latter path ensures that due to
3-connectivity in every plane pseudosegment representation of G(F), the dummy
occurence is “fixed” between the two other occurences to which it is connected.
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r1
b1

r4 b4

r3

b3

r2b2

a1

a2

a1 a2

r4 b4r1 b1 r3 b3 r2 b2

Figure 3.2: Left: The dummy occurence, consisting of the paths r4, b4 and
the path that connects them to occurences 1 and 3. Right: A segment

representation of the dummy occurence. For occurence i, its red path is
represented by ri, its blue one by bi.

3.2.3 Variable assignments and the UGIG representability
of G(F)

After having described the gadgets and thus the structure of G(F), we proceed to
show that:

Theorem 3.2. G(F) is representable as a UGIG if and only if F is satisfiable.
Moreover, if the latter is not the case, G(F) cannot be represented even as an
intersection graph of pseudosegments.

Proof. We start with a series of observations, concerning a pseudosegment repre-
sentation of G(F):

Observation 3.1. Each of the four pairs of occurence paths incident to a variable
gadget blocks the visibility of the intersection point of the segments of a1 and a2
from exactly one quadrant (otherwise, we either need less occurences, or obtain
path intersections, a contradiction). The uniqueness of the planar embedding of
the contracted graph B(F) fixes the clockwise ordering of the occurences. There-
fore, changing the clockwise order of the two paths in an occurence, forces the
same change in the representation of all of the other three occurences.
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T F

Figure 3.3: The two distinct representations of the four occurences incident
to a variable gadget. The left pair is a pseudosegment representation, the right
one a UGIG representation. In each pair, the left corresponds to the FALSE

assignment, the right one to the value TRUE

Observation 3.2. All intersections between occurence paths belonging to dif-
ferent clauses can be avoided. Indeed, if such intersections are unavoidable, they
remain so even after contracting the representation of G(F) back to the one of
B(F). However, the hypothesis states that the latter is plane. Hence, given a
variable-consistent clockwise ordering of the paths in an occurence, a pseudoseg-
ment representation is impossible if and only if there exists a clause gadget which
becomes impossible to represent.

Observation 3.3. We can assume without loss of generality that in any fixed
clause all literals appear non-negated. Indeed, any UGIG representation of a clause
gadget containing a negated literal is equivalent to an UGIG representation of the
same clause gadget with all literals positive, but opposite variable assignment for
all originally negated ones. This corresponds in practice to swapping the blue and
red colors in the corresponding pair of crossing segments (and occurence paths,
respectively).

“⇒ ”:

Assume F is satisfiable and fix a variable assignment that evaluates to TRUE.
For each variable gadget, choose the ordering of the paths in the occurence pairs
such that the red path is clockwise before the blue path if and only if the value
of the variable is assigned to true. First, note that the variable and occurence
gadgets admit unit grid intersection representations in all cases. Together with
the first two observations above, it follows that all we need to check now is that the
clause gadgets also admit unit grid intersection representations compatible with
the representations of the occurence gadgets. That is to say, the three pairs of
occurence paths leave it in a consistent order to that prescribed by their entering
the variable gadgets.

For each clause, there exist seven combinations of variable assignments that satisfy
it.

Each such variable assignment corresponds to an ordering of the red and blue
occurence paths, within each of the three pairs. By our construction and using
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Observation 3.3, a literal evaluates to true if and only if the red occurence path
appears at the left of the blue path. The Figure 3.4 shows how it is possible to
create a unit grid representation for all of the seven cases when the clause gadget
evaluates to true, and none of the variables is negated.

T

TT

T

TF

T

FF

T

FT

F

FT

F

TT

F

TF

Figure 3.4: The clause gadgets admit UGIG representations for all variable
assignments that make the clause evaluate to true. The violet solid segments

correspond to those segments of surrounding circles where the occurence
gadgets are leaving the clause gadgets

“⇐ ”:

Assume F is not satisfiable, but G(F) admits a pseudosegment representation.
From Observation 3.1 it follows that for each variable gadget, either all the red
occurences are clockwise before the corresponding blue ones, or all clockwise after.
In this representation, there necessarily exists a clause where all the blue paths
are represented clockwise before the paired red ones (after swapping colors for
the negated literals, cf. Observation 3.3). Indeed, if this is not the case, then,
by assigning the values of variables like in the proof of the forward direction, we
obtain a truth assignment for F that makes it satisfiable, a contradiction.

Consider now the clause C where for all three variables the blue paths must occur
clockwise before the red paths, as sketched in Figure 3.5. Recall that in this repre-
sentation we assign to each literal a pair of intersecting pseudosegments. Starting
from the top and proceeding clockwise, we denote these literals by L1, L2, L3, such
that the two anchoring paths start from the red pseudosegment of L3 and the blue
one of L2. In the sequel, we will abuse the notation and denote by Li both the
literal and the corresponding pair of pseudosegments.

First, we consider the red-blue intersecting pair that corresponds to L3. The proper
intersection of two pseudosegments creates four half-pseudosegments sharing the
intersection point as an endpoint. We label these half-segments clockwise by I, II,
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III, IV, such that in this representation the blue occurence is incident in IV. Then,
the path connecting the red pseudosegment to the cycle must be incident to III:
incidence to I implies, if the path order is preserved, that the blue segment becomes
isolated from those belonging to the other two crossing pairs, a contradiction. For
the same reason, the red occurence path is incident in I. Symmetrically, we can
label the segment halves for the crossing pair of L2 such that the path connecting
the pair to the cycle is incident in III, the red occurence in II and the blue occurence
in I.

I II

III
IV

IIV

III II

I

II

III

IV

L1

L2L3

Figure 3.5: The placement of the occurence and anchoring paths with
respect to the half-segments of the crossings in an unsatisfied clause gadget

Now, in order to connect the red pseudosegment of L2 with the blue one of L3, this
path needs to start in II of L2 and end in IV of L3, since the red II of L3 and blue
IV of L2 have no visibility. Then, the path connecting the blue pseudosegment of
L3 to the red one of L2 must have III-III as start and ending points, since the only
other option, I-I, isolates the blue L3 and red L2 pseudosegment from the crossing
pair of L1, a contradiction. The paths are also represented in Figure 3.5 above.

We now need to add four more connecting paths, ending up in one of the following
cases:

• If the L1 − L3 red path starts in the I half-segment of L1 and ends in the I
half-segment of L3, then the L1 blue pseudosegment is isolated from L2.

• If the L1−L2 red path starts in the I half-segment of L1 and ends in the IV
half-segment of L3, then the L2 blue pseudosegment is isolated from L3.

• If the L1−L3 red path goes from III to I and the L1−L2 red path from III
to IV, then the L2 blue pseudosegment is isolated from L1.
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We can therefore conclude that whenever F is not satisfiable, G(F) does not admit
a pseudosegment representation.

To conclude this section let us note that our proof makes a remarkable simplifica-
tion compared to the previous similar reductions due to the absence of so called
cross-over gadget. This cross-over used to be the cornerstone of the construction.
However, due to designing a new variable gadget, it is not needed anymore.

3.2.4 A polynomial certificate

Now we show the remaining part of the proof of Corollary 3.2.

Theorem 3.3. The recognition problem for UGIG and USEG graphs is in NP, i.e.
there exists a certificate of size O(n log n) for which we can verify (in polynomial
time) that it witnesses the representation.

Proof. We encode the ordering of start- and end-points for individual segments
with respect to individual axes. Each segment can be encoded by a (e.g. binary)
word with size logarithmic with respect to the number of segments.

As the polynomial certificate we consider the combinatorial description (endpoint
ordering) of the arrangement of axis-aligned segments. Here, we assume to know
which set of the partition (in a given bipartite graph) is represented by vertical seg-
ments and which by horizontal ones. Furthermore, without loss of generality, we
assume there are no isolated vertices. We consider the two linear orderings Lx and
Ly of the x coordinates (and y, respectively) of all the endpoints of the horizontal
and vertical segments. These lists are referring to linearly many vertices, thus
each vertex gets described on a logarithmic space (hence the representation alto-
gether has O(n log n) size). For each segment (when having also a list of start- and
end-coordinates), a linear number of comparisons (of the endpoint coordinates) is
needed to check whether it is partition-consistent (i.e. that vertical segments are
represented vertically). Furthermore, for each pair of segments, it also takes lin-
early many operations to determine whether the relationship between the endpoint
coordinates describe a vertex adjacency or not (cf. Theorem 1.1 of Chapter 1).
These verifications will be performed for all segments, and, subsequently, for all
pairs of segments. Thus, we now have a polynomial certificate for the class GIG.
For UGIGs we must verify that this combinatorial description is representable by
segments of unit length.

An illustration of the procedure can be found in Figure 3.6.

We employ a similar approach as with interval graphs, where it is known that
proper interval graphs are exactly the unit interval graphs. We start by checking
whether for any pair of segments from the horizontally, respectively vertically
represented set of the bipartition one is “contained” in the other (i.e. it is contained
in the vertical, resp. horizontal infinite strip determined by the other). If no such
pair exists (i.e. each set of the bipartition corresponds to a proper set of intervals),
we show that such an arrangement has a UGIG realization.
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We perform a sweep through both lists (one after another) and assign the coor-
dinates, while respecting the given vertical and horizontal orderings. We will de-
scribe the assignment algorithm for the x-coordinate, the one for the y-coordinate
following analogously. In the beginning the left-most coordinate is initialized to
0 (note that it must correspond to a left-most endpoint), thus forcing the corre-
sponding right endpoint to take coordinate 1. Note that all points between the
two endpoints assigned above are either left-endpoints or x-coordinates of verti-
cal segments. Now, this already assigned segment is split equidistantly in m + 1,
where m is the number of points lying between its endpoints. In the next step,
each of the m points (in the left-right ordering) is assigned the coordinate of the
corresponding equidistant division point ( i.e. the k-th point gets coordinate k

m+1
).

For each of these points that is a left-endpoint we now have to assign the right
coordinate by adding 1 to the left-coordinate established above.

In each subsequent step we extend the processed region to the right in one of the
following two ways:

• Consider the rightmost endpoint of the processed region. If to its right there
exists a right endpoint that was assigned in a previous step, consider the
current region to be the interval between the right endpoint of the processed
region and the leftmost previously fixed right endpoint, lying to the right of
it. Again, this region now has no interior points that are right endpoints,
and the interior points are processed analogously to the first step.

• If there is no such right endpoint, then the next point encountered when
sweeping to the right is necessarily a left-endpoint. This point will get as-
signed the coordinate xmax + 1, where xmax is the maximal x-coordinate
assigned so far. The algorithm now continues analogously as in the case of
the left-most segment of the configuration.

al < bl < vx < ar < cl < ux < br < cr < dl < tx < el < dr < er

al bl vx ar br

al bl vx ar br

al bl vx ar br

al bl vx ar br

al bl vx ar br

cl ux

cl ux

cl ux

cr

cr

cr

cr dl tx el dr er

dl tx el dr er

1.

2.

3.

4.

5.

Figure 3.6: The iteration of the above described algorithm. The violet areas
indicate the current regions to be processed
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Since the sweeping procedure described above performs a linear number of op-
erations, we conclude that O(n log n) steps are sufficient for checking the UGIG
feasibility of a given combinatorial description.

Note: By performing the sweeping procedure on only one set in the vertex parti-
tion, we can derive a certificate for the class of USEGs.

3.3 Optimal plane representation of UGIGs

This section contains several results. We first show that the UGIGs that can be
represented in a square of size (1 + ε), 0 < ε < 1 are exactly the orthogonal ray
graphs, whereas those fitting in a narrow corner exactly the 2-DORGs. We then
find a simple bound for the area necessary to draw a UGIG cycle and, finally,
construct a family of trees (by Proposition 5.1 in Chapter 5, all trees are UGIGs),
which need an arbitrarily large grid size for representation.

3.3.1 Description of UGIGs representable in several fixed-
size plane regions

3.3.1.1 The corner structure

Consider the union of two intersecting thin rectangular strips, one vertical, the
other horizontal, of width 0 < ε < 1 and length larger than 1. We call this region
a corner structure. For any UGIG representation with all intersection points within
this area, one notes that the vertical and horizontal segments can only lie in the
vertical, and horizontal strip, respectively, yielding a situation as in the Figure 3.7.

ε

ε

Figure 3.7: The UGIGs fitting in the corner structure are 2-DORGs

Note that it is possible to prolonge the vertical(horizontal) segments into halflines
with axis-positive infinite directions, thus obtaining a representation as a two-
directional orthogonal ray graph. Conversely, every 2-DORG can be placed so
that all intersection points fit in a square of side length less than ε, the containing
corner structure being derived now immediately.

Thus we conclude with the following

Proposition 3.1. The UGIGs fitting in a corner structure are exactly the two
directional orthogonal ray graphs.
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3.3.1.2 The square of area almost 1

One can further ask what UGIGs can be drawn into a minimal non-trivial rectan-
gle, i.e. a square of size (1 + ε)× (1 + ε), with 0 < ε < 1. We will further require,
for ease of computation, that the square be open.

We start with the following lemma:

Lemma 3.1. Given G a UGIG with a representation fitting inside the open
(1 + ε) × (1 + ε) square, it is possible to alter the drawing so that the central
(1− ε)× (1− ε) square in the given representation space remains empty.

Proof. Let v be a vertex of G. Then, since it is a unit segment representation, the
total overlap of the segments corresponding to its neighbours is the same as the
overlap of the two extremal ones. Since the union of these two segments is strictly
smaller than the square size, namely 1+ε, their intersection must be strictly larger
than 1 − ε. Hence, the segment of v can be slided alongside its neighbours until
reaching either the left or right (upper and lower respectively) strip of size ε of the
large square. Repeating the procedure for all vertices of G, we reach the desired
configuration.

ε

ε

v

Figure 3.8: Obtaining an ε-frame representation

Note that in the new representation all segment intersections appear in the four
ε × ε corners and all the segments can be distinguished according to which strip
of the frame they appear. This appears analogous to the two orientations per
direction and four intersection types that characterize orthogonal ray graphs, and
is no coincidence:

Theorem 3.4. The UGIGs that can be represented inside an open (1+ε)×(1+ε)
square are exactly the orthogonal ray graphs.

Proof. Let G be a graph admitting an orthogonal ray graph representation, with
the four sets in the vertex partition corresponding to the infinite directions being
Hl, Hr, Vu and Vd. One can pick a drawing of G where all intersection points lie
inside the square of coordinates (δ, ε− δ)× (δ, ε− δ) with 0 < δ < ε.
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For each v ∈ V (G), we now define the following one-to-one correspondence between
the endpoints of halflines and segments:

(xv, yv)↔





(xv + 1, yv) . . . (xv + 1, yv + 1), v ∈ Hr

(xv, yv) . . . (xv, yv + 1), v ∈ Hl

(xv, yv + 1) . . . (xv + 1, yv + 1), v ∈ Vu
(xv, yv) . . . (xv + 1, yv), v ∈ Vd.

It is a simple exercise to see that the above bijection preserves the graph structure.

u1 u2

r1
r2

d1

l1

u2
u1

d1
l1

r2
r1

Figure 3.9: Equivalence between ORGs and UGIGs fitting an almost unit
square

3.3.1.3 Cycles

All cycles are UGIGs and can be represented inside a rectangle of size (2 + ε) ×
(1 + ε), 0 < ε < 1, as it can be seen in Figure 3.10.

Figure 3.10: Cycles as UGIGs

According to Proposition 2.2 from Chapter 2, for all C2n with n ≥ 7, this grid size
is also necessary, since only orthogonal ray graphs fit in an (1+ε)× (1+ε) square.

Figure 2.10 from Chapter 5, depicting C12, also suggests how to represent the
smaller cycles as UGIGs fitting in a (1 + ε)× (1 + ε) square: at every desired step,
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delete a concave corner and prolonge two circularly oriented half-lines until they
meet.

This allows us to conclude the following:

Proposition 3.2. A cycle C2n can be optimally represented in a grid of size
(1 + ε) × (1 + ε) if and only if n ≤ 6, otherwise a (2 + ε) × (1 + ε) rectangle is
necessary and sufficient.

3.3.1.4 Trees and unboundedness

Observation 3.4. Theorem 3.3 ensures that any unit grid intersection graph on
n vertices can be represented in an (n + ε) × (n + ε) sized grid, with ε > 0. We
conjecture that, in fact, the necessary and sufficient grid area has size O(n).

Above, we have seen UGIG subclasses that fit in fixed-size rectangles. A natural
question is whether there is a grid size which accomodates all unit grid intersection
graphs. We will show that the answer is negative even when restricting our analysis
to trees.

In the sequel we define the boundary size as the semiperimeter of the bounding
rectangle.

We recursively construct a family of trees {Tn}n≥2 as follows: T2 is the star with
17 vertices, and for any n > 2, we define Tn as a tree with a vertex distinguished as
root, to which 16n+ 1 children are attached, with each of these children adjacent
to a copy of Tn−1. A schematized image of the graph is depicted in Figure 3.11.

. . .

Tn Tn Tn

v1
v2 v16

v17. . .

v1 v2 v16n+1
T2 = Tn+1 =

r r

Figure 3.11: Constructing the family of trees

Theorem 3.5. For all n ≥ 2, a UGIG representation of Tn needs a boundary size
of at least n.

Proof. We will proceed inductively: The base case n = 2 is clear, as at least one
unit is needed in both the horizontal and the vertical direction.

For the induction step, we apply the box principle several times. Out of the 16n+1
children of the root, at least 8n + 1 have their children either all above the root,
or all below. Without loss of generality, we assume the latter is the case. Out
of these 8n + 1 nodes, either at least 4n + 1 have children with an endpoint to
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the left of the root, or 4n + 1 have children to the right of the root. W.l.o.g. we
consider the latter case. Restricting our analysis to these 4n + 1 nodes and their
successors, we see that the paths of length two descending from the root form a
nested structure, similar to the one (highlighted red) in Figure 3.12 below:

r

Figure 3.12: Selecting the nested paths

Consider the second lowest lying child of the root and let l be its descendant. We
distinguish two cases:

• At least one of the attached Tns does not go above l. Then, from the induc-
tion hypothesis, we need a boundary size of at least n for the copy of Tn and
an extra unit in the vertical direction that lies above l. Hence, in total, a
rectangle of semiperimeter at least n+ 1 is necessary.

• All attached Tns go above l. This can only happen via a vertical segment to
the right or to the left of l. We apply the box principle again, to conclude
there exist 2n+ 1 root children whose descending Tns reach above l from the
right (the other case is analogous).

Lemma 3.2. Let u1, . . . u2n+1 be the top-down ordering of the descendants
of the above 2n + 1vertices and P1, . . . P2n+1 the corresponding paths that
go above l. Then ymin(horizontal(P2k)) < ymin(P2k−1) and ymin(P2k+1) <
ymin(P2k)− 1 for all k ≥ 1 (here ymin(Pi) denotes the smallest y-coordinate
of the path Pi).

Proof. Note that at every even step, a horizontal segment is added strictly
below the current lowest vertical one.

The second statement follows from the fact that the currently lowest hori-
zontal segment can only be passed by a path from left to right, if this path
has a vertical segment lying strictly below, otherwise the unit-segment con-
dition would be violated. The previous step ensures the depth increasing by
1.
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. . .

l

Figure 3.13: Paths going above l

The lemma above insures that the 2n+ 1 paths would need at least extra n units
in height of the grid in order to go above l, hence again, proving the statement
(see Figure 3.13).

3.4 Conclusion

In this chapter, we have reduced the problem of finding a unit grid intersection
representation to that of deciding whether a special type of Boolean formula (pla-
nar 3-SAT) is satisfiable, problem which is known to be NP-hard. Our argument
implies that any intersection graph class contained between that of pseudoseg-
ments and that of unit grid intersection is NP-hard to recognize. In order to show
that the problem is, in fact, NP-complete, we construct a polynomial certificate
that takes a given combinatorial representation and returns its UGIG feasibility
in O(n log n) time.

Afterwards we address the separate problem of representing UGIGs in minimally
sized grids. Here, we have seen that the UGIGs that can be drawn in a square of
sidelength almost 1 are exactly the 4-DORG graphs. Furthermore, we construct
a family of trees that shows that no fixed-size grid can accommodate the drawing
of an arbitrary UGIG.





Chapter 4

Three-directional orthogonal ray
graphs

4.1 Orthogonal ray graphs, applications and the

recognition problem

This chapter addresses the recognition problem of orthogonal ray graphs, focusing
on the restriction of the allowed ray directions to three (thus obtaining three-
directional orthogonal ray graphs/3-DORGs). After presenting the practical and
theoretical research context of orthogonal ray graphs, we proceed to show that
chordal bipartite 3-DORGs are in fact 2-DORGs, therefore recognizable in linear
time. Furthermore, for the case of three-directional orthogonal ray graphs, polyno-
mial recongition is possible, provided the y-coordinate ordering of the endpoints of
the vertical rays is prescribed. The research overview in section 4.1.3 may partially
overlap with that of Chapter 3. The last section, as well as the introductory part,
are heavily based on [19], a joint work with George Mertzios and Stefan Felsner.
The cited paper originally includes a polynomial recognition algorithm for general
ORGs (4-directional orthogonal ray graphs), in the case the ray orientations of
the vertices are prescribed (i.e. where V is partitioned as V = R∪D ∪L∪U , the
sets corresponding to the rightward, downward, leftward and upward directions,
respectively). After we discovered a subtle gap in the proof that is currently not
fixed, we decided not to include it in this thesis.

4.1.1 Definition

We here remind the reader of the definition of orthogonal ray graphs as in Chap-
ters 1 and 3.

Definition 4.1. As orthogonal ray graphs we define the bipartite intersection
graphs G(A ∪B,E) of vertical and horizontal rays in the plane, such that:

1. the vertices in A are represented by vertical, those in B by horizontal rays.

2. no two horizontal or vertical rays in the representation may be collinear.

77
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By restricting the number of allowed ray orientations, we obtain 3- and 2-directional
orthogonal ray graphs, respectively.

4.1.2 The practical research context of orthogonal ray graphs

Orthogonal ray graphs were introduced in [46], as a mathematical model for defec-
tive nano-crossbars in PLA (programmable logic arrays) design. A nano-crossbar
is a rectangular circuit board with a number of m×n orthogonally crossing wires.
The intersection graph of the wires is in this case Km,n. If one allows for fabrica-
tion defects such as disconnected wires, then the bipartite intersection graph that
models the surviving crossbar is an orthogonal ray graph.

u1 u2

u3

v1

v2
v3

v4

t
u1

u2

u3

v1

v2

v3

v4

(a) (b)

Figure 4.1: (a) A nano-wire crossbar with disconnected wire defects. (b)
The bipartite graph modeling the crossbar on the left. Note that vertex t is
not present, since the corresponding wire is not connected to the crossbar

boundary, hence with the remaining circuit

Two problems relevant to the crossbar architecture are further tackled in [46].
One of them is that of finding, in a nano-crossbar with disconnected wire defects,
a maximal surviving square (perfect) crossbar, which translates to finding a max-
imal k such that the balanced complete bipartite graph Kk,k is a subgraph of the
orthogonal ray graph modeling the crossbar; this question turns out to be polyno-
mially solvable. The other question, posed by Wenjing Rao, Alex Orailoglu and
Ramesh Karri in [42], asks how difficult it is to find a subgraph that would model
a given logic mapping , and is shown in [46] to be NP-hard. Here, a bipartite graph
is said to model a logical function in conjunctive normal form, if one set in the
vertex bipartition corresponds to variables and the other to clauses, whereas edges
represent occurrences (see also Chapter 3).
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4.1.3 The theoretical research context of orthogonal ray
graphs

The class of segment intersection graphs (also called segment graphs), i.e. the
intersection graphs of segments in the plane, has been the subject of wide spread
research activities (see e.g. [8, 31]). More tractable subclasses of segment graphs
are obtained by restricting the number of directions for the segments to some
fixed positive integer k [13, 30]. These graphs are called k-directional segment
graphs . For the easiest case of k = 2 directions, segments can be assumed to be
parallel to the x- and y-axis. If intersections of parallel segments are forbidden,
then 2-directional segment graphs are bipartite and the corresponding class of
graphs is also known as grid intersection graphs (GIG), see [23]. We recall that
the recognition of GIGs is NP-complete [28].

Since segment graphs are a fairly complex class, it is natural to study the subclass
of ray intersection graphs [7]. Again, the number of directions can be restricted
by an integer k, which yields the class of k-directional ray intersection graphs .
Particularly interesting is the case where all rays are parallel to the x- or y-axis.
The resulting class is the class of orthogonal ray graphs . A k-directional orthogonal
ray graph, for short a k-DORG (k ∈ {2, 3, 4}), is an orthogonal ray graph with
rays in k directions. If k = 2 we assume that all rays point in the positive x- and
the positive y-direction, if k = 3 we additionally allow the negative x-direction.
Multiple models for 2-DORGs give raise to polynomial recognition algorithms,
even linear. A brief survey of these results can be found in Section 4.1.4 below.

4.1.4 Several models for 2-directional orthogonal ray graphs

Two-directional orthogonal ray graphs were introduced in [46] by A.S. Shrestha,
S. Tayu and S. Ueno, together with several equivalent descriptions. One first such
description is in terms of forbidden submatrices: a graph is exactly then a 2-DORG
if and only if its bipartite adjacency matrix admits a row and column permutation

such that the resulting matrix is γ-free, where γ =

{(
1 0
0 1

)
,

(
1 0
1 1

)}
(see

also Theorem 1.2 of Chapter 1). The question whether it is polynomially hard
to decide if a bipartite graph is γ-freeable was first posed by B. Klinz, R. Rudolf
and G. Woeginger in [26] and answered positively in [47]. There it is shown
that 2-DORGs are exactly the bipartite graphs whose complements are circular
arc graphs, that is, intersection graphs of arcs on a fixed circle. This implies
the existence of linear recognition algorithms by [35], as well as a characterization
based on forbidden subgraphs by [54] (minimal edge asteroids). Circular arc graphs
were introduced by J. Spinrad in [50] and used later in by P. Hell and J. Huang
([24]) to show that interval bigraphs are a subset of their bipartite complements,
i.e. 2-DORGs.

A natural characterization of 2-DORGs, results from their description as the com-
parability graphs of partially ordered sets of height at most 2 and interval order
2. The foundation for these results (focusing on circular arc graphs) was laid by



Three-directional orthogonal ray graphs 80

W. Trotter and J. Moore in [53] and [54]. The latter work also provides a charac-
terization of the comparability graphs of posets of dimension at most two based
on forbidden families of subgraphs. This is relevant to this chapter because S. Fel-
sner, M. Habib and R.H. Möhring connect the interval dimension with the (linear)
dimension of an associated poset, thus providing the tools for another polynomial
algorithm to recognize 2-DORGs. Additionally, in [16], S.Felsner provides an ex-
haustive list of 3-interval dimension irreducible subgraphs and subgraph families.
This list, tailored for 2-DORGs, is also present in [47].

We now list two other equivalent definitions of 2-DORGs, which can be easily
verified, but will not be analyzed in detail, since these results do not make the
basis of our work.

• 2-DORGs are exactly the interval containment bigraphs. As interval con-
tainment bigraph we define a bipartite graph G(V = A ∪ B,E), where each
vertex v can be assigned an interval Iv, such that for u ∈ A, v ∈ B we have
that uv ∈ E if and only if Iu ⊂ Iv.

• 2-DORGs are exactly the bipartite, co-trapezoid graphs. A trapezoid graph
is an intersection graph of trapezoids the parallel sides of which lie on two
fixed (parallel lines) l1 and l2. Figure 4.2 below illustrates the above two
definitions.

Figure 4.2: The graph C4 with a representation as an interval containment
bigraph (top) and as a trapezoid graph (bottom)

Apart from descriptions, another question investigated for two directional orthog-
onal ray graphs has been that of efficiently finding their jump number , or, more
precisely, the jump number of the poset the comparability graph of which they
represent (see above). By the jump number of a poset P we understand the min-
imal number of incomparabilities that occur between two consecutive elements of
a linear extension of P . An elegant recent work by Jose Soto and Claudio Telha
has shown this problem to be polynomially solvable ([49]).

4.1.5 The problem of recognizing orthogonal ray graphs

Whilst providing a useful model while at the same time filling a gap in the graph
class hierarchy, it has so far been unknown how difficult it is to recognize 3- and
4-directional orthogonal ray graphs [46]. The question is particularly interesting
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since, as it can be seen in Chapter 3 and Section 4.1.4 above, ORGs lie inclusion-
wise between the NP-complete class of unit grid intersection graphs [37] and the
polynomially decidable 2-DORGs [47].

4.2 Chordal bipartite 3-DORGs are 2-DORGs

This section is dedicated to proving the following:

Theorem 4.1. Let G be a chordal bipartite 3-DORG. Then, G admits a two-
directional orthogonal ray representation.

We start this section by showing that 2-directional orthogonal ray graphs are
exactly the comparability graphs of partially ordered sets of height at most 2 and
interval dimension 2. As mentioned in Section 4.1.3, this result is also inferred in
[47, 53, 54], but here we give a more direct proof. Recall that by the results in
[18] and [16], this provides a list of forbidden induced subgraphs for any 2-DORG
candidate. This list can be found in [47], as well as in Figure 4.3 below.

Our aim is to show that no such minimally forbidden graph which is also chordal
bipartite admits even a 3-DORG representation. The chordal bipartite graphs in
this list consist of 5 infinite families and 3 finite graphs. For the finite graphs, as
well as the small cases of the infinite families, we can show with an exhaustive
approach that they don’t admit a 3-DORG representation: take all permutations
of the adjacency matrix, and all possible direction assignments for the vertices
in the two partitions (upward, leftward or rightward), and check that none of the
instances respects the conditions in Theorem 1.3 of Chapter 1. The rest of this sec-
tion is dedicated to showing that for all n ≥ 3, no graph in the remaining families
A(n),B(n),D(n), E(n),F(n) allows a 3-DORG representation. In the sequel, the n-th
element of one of these families will be denoted by Xn, with X ∈ {A,B,D, E ,F}
(see Figure 4.3).

Note: In a very recent work, [36], the co-authors provide a more direct proof
of Theorem 4.1. This proof makes use of Lemma 6.3, which we have developed
independently earlier for Chapter 6.
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. . .

. . .

Dn

En

Fn

C2n, n ≥ 3

An Bn

Figure 4.3: The minimally forbidden induced subgraphs for two-directional
orthogonal ray graphs

4.2.1 2-DORGs and interval dimension

The following result is instrumental in obtaining the description of 2-DORGs based
on forbidden induced subgraphs.
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Proposition 4.1. A graph G is a two-directional orthogonal ray graph if and
only if it is a comparability graph of a poset of height 2 and interval dimension
(at most) 2.

Proof. While in the section above it is shown that Proposition 4.1 can be derived
from the previous research, we here present a direct proof.

“⇒”:

Assume G(A∪B,E) is a 2-DORG and fix a representation in the plane, with the
vertices of A represented by upward and those of B by rightward half-lines. By
translating the construction, we assume without loss of generality that all endpoint
coordinates are strictly positive. For any vertex v ∈ A ∪ B, let vx, vy denote the
values of the x, respectively y coordinates of the endpoint of the corresponding
ray in this representation. Furthermore, let xmax be the highest value of an x
coordinate, and ymax the highest value of an y coordinate in the representation of
G. We now construct two interval orders, Ix and Iy as follows:

Ix = {{Ix(v), v ∈ A ∪B},≺}

where

Ix(v) =

{
(−xmax, vx), v ∈ A
(vx, xmax), v ∈ B.

Analogously,
Iy = {{Iy(v), v ∈ A ∪B},≺}

where

Iy(v) =

{
(−ymax,−vy), v ∈ A
(−vy, ymax), v ∈ B.

Above, ≺ denotes the order on the real line, i.e. Ix(u) ≺ Ix(v) ⇔ a < b, ∀a ∈
Ix(u), b ∈ Ix(v).

Let PG be the poset with basis set A∪B and order relation given by Ix ∩ Iy. We
conclude the proof of this direction of the theorem by noting the following:

1. Each interval is well-defined and proper.

2. Since both Ix and Iy are interval orders, it follows that P has interval di-
mension (at most) 2.

3. The minima of Ix and Iy can only correspond to elements of A, since the
right endpoint of the intervals of B has the highest value. Analogously, the
maxima of Ix and Iy can only correspond to elements of B. Moreover, the
same argument shows that no Ix(v), v ∈ A can lie to the right of any interval
Ix(u), u ∈ A. The same holds about the interval order Iy. Therefore, we
conclude that Ix and Iy have both height 2, hence their intersection PG also
has height 2.
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4. All we need to show now is that for u ∈ A and v ∈ B we have uv ∈ E ⇔
u ≺P v. Indeed,

uv ∈ E ⇔ (ux < vx) ∧ (uy > vy)⇔ (ux < vx) ∧ (−uy < −vy)
⇔ (Ix(u) ≺ Ix(v)) ∧ (Iy(u) ≺ Iy(v))⇔ u ≺P v.

“⇐”:

Let P (X,≺) be a height 2 poset, of interval dimension 2 and let I = {I1, I2} be
an interval realizer of P . Furthermore, let min(i) denote the leftmost endpoint
of an interval in Ii, and max(i) the rightmost endpoint. For x ∈ X, let Ii(x) =
(li(x), ri(x)), where Ii(x) is the interval corresponding to x in Ii. We define the
modified interval orders I ′i, i ∈ {1, 2} as follows:

I ′i(x) =

{
(min(i), ri(x)), x ∈ min(P )

(li(x),max(i)), x ∈ max(P ).

In other words, we stretch the intervals of the minima until they all have a com-
mon leftmost point, and the intervals of the maxima until they have a common
rightmost point. We have thus obtained two interval orders of height 2. We now
need to show that I ′1, I ′2 also form a realizer for P . First, note that no pair of in-
tervals corresponding to two maxima or two minima of P are in an order relation.
Therefore, it suffices to consider u ∈Min(P ), v ∈Max(P ).

In this case, u ≺P v ⇔ ri(u) < li(v) ⇔ (min(i), ri(u)) ≺ (li(v),max(i)), i ∈
{1, 2}. This means that P is the intersection of I ′1, I ′2 as defined above. In this
case we consider the bipartite graph G(min(P ) ∪ max(P ), E), with uv ∈ R ⇔
u ≺P v. By the fourth step of the right direction proof, it results that G is
a 2-directional orthogonal ray graph. We exemplify Theorem 4.1 in Figure 4.4
below.



Three-directional orthogonal ray graphs 85

a1 a2 a3

b1

b2

b3

b4

Ix,a1 = (3, 8)

Ix,a2 = (4, 8)

Ix,a3 = (7, 8)

Ix,b1 = (−8, 1)
Ix,b2 = (−8, 2)
Ix,b3 = (−8, 5)
Ix,b4 = (−8, 6)

Iy,a1 = (−1, 8)
Iy,a2 = (−2, 8)
Iy,a3 = (−4, 8)

Iy,b1 = (−8,−3)
Iy,b2 = (−8,−5)
Iy,b3 = (−8,−6)
Iy,b4 = (−8,−7)

Iy

Ix,a1 = (3, 8)

Ix,a2 = (4, 8)

Ix,a3 = (7, 8)

Ix,b1 = (−8, 1)
Ix,b2 = (−8, 2)
Ix,b3 = (−8, 5)
Ix,b4 = (−8, 6)

Ix

Figure 4.4: A graph with a 2-DORG representation and the derived
2-dimensional interval realizer, cf. Proposition 4.1

4.2.2 The graph families A(n),B(n),D(n), E(n),F(n) are not 3-
DORGs

Proof. (of Theorem 4.1)

We begin with the following observation:

Observation 4.1. Let G be a 3-DORG with a given representation and P an
induced path of G of length at least 5. Let P ′ be the path obtained from P after
removing its endpoints. Then P ′ has at most one vertex whose two neighbors are
represented in opposite directions.

Proof. We assume that the three allowed directions are Right, Left and Up. In the
sequel, we abuse notation, by letting v signify both a vertex and its corresporending
ray in the 3-DORG representation. If P has length 5, the statement is obvious.
Otherwise, assume there exist two vertices v1 and v2 of P ′, such that their neighbors
in P ′ are represented with opposite orientations (see Figure 4.5). Without loss of
generality, let v1 lie to the left of v2, and let u1, respectively u2 be the neighbors
of v1 in P ′, pointing leftwards and rightwards, respectively. Note that u2 is also a
neighbor of v2: if this is not the case, v2 must lie entirely above u2, therefore its
leftward neighbor in P ′, let it be u3, crosses the ray of v1, contradiction. Hence
u2 is a neighbor of v2 and u3 is represented under u1 and u2. Recall that by our
construction of P ′, P does not end at u3. However, it is impossible to place the
second neighbor of u3 in P without intersecting the ray of u1 or u2, contradiction.
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The situation is represented in Figure 4.5 below:

v1

v2
u1

u2

u3

Figure 4.5: In the 3-DORG representation of a long path, at most one
vertex has neighbors represented by rays with opposite orientations

4.2.2.1 The family A(n)

For n ≥ 2, the graph An is given by:

V (An) ={bn+1, s, x1, x2, v1, v2, y1, y2} ∪ {ai, bi| 1 ≤ i ≤ n}.
E(An) ={(s, v1), (v1, v2), (s, b1), (b1, x1), (x1, x2), (s, bn+1), (bn+1, y1), (y1, y2)}∪

{(ai, bi), (ai, bi+1)|1 ≤ i ≤ n}.

Assume by contradiction that there exists an n > 2 such thatAn admits a 3-DORG
representation RA. Figure 4.6 depicts the vertex labeling of An as described above.

s

v1

v2

b1

a1
b2

a2

b3

bn+1

an
bn

an−1

bn−1

x1x2 y1 y2

Figure 4.6: The labeled An
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Since the graph is not symmetric with respect to the two sets in the partition, we
distinguish two cases:

• The vertex s is represented by a horizontal half-line. Without loss of gener-
ality, the ray of s goes to the right. Furthermore, due to symmetry, we can
assume b1 lies to left of bn+1. We now consider the position of the ray of v1,
which is another neighbor of s (see Figure 4.7):

– If v1 lies to the right of bn+1, then y2 must lie to the left of s and y1
under s. It is thus not possible to place the ray of x1 without creating
undesired intersections.

– If v1 lies between the rays of b1 and bn+1, then v2 is under s, and it
is not possible to connect b1 and bn+1 by a path containing neither
v1 nor v2, contradicition, since the graph contains the induced path
b1a1b2a2 . . . anbn+1.

– If v1 lies to the left of b1, then, no matter how y1 and y2 are drawn, either
the rays of y1 and v1 intersect, or the rays of y2 and v2, contradiction.

The three cases are represented in Figure 4.7, the different colors for the
dashed edges signifying the different possible layouts for v1 and v2.

b1 bn+1

s

Figure 4.7: The three possible cases for the ray of v1 when s belongs to the
horizontal set of the bipartition

• The vertex s is represented by a vertical half-line. Again due to symmetry,
we can assume that the ray of b1 lies above that of bn+1 and that the ray of
b1 goes to the right. We have two cases:

– The ray of bn+1 goes to the left. Like above, we check all the possible
ways to add the path v1v2. It is not possible to place v1 under both of
b1 and bn+1, otherwise there is no place for v2. If v1 lies between b1 and
bn+1, then if it goes to the right, the path v1v2 separates b1 and bn+1;
if it goes to the left, it is impossible to represent y1. Finally, if v1 lies
above both b1 and bn+1, it must be oriented to the right, otherwise it
blocks the ray of y1. But then x2 will go to the left, which has the same
effect, contradiction (see part (a) of Figure 4.8).
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– The ray of bn+1 goes to the right. Then, we again cannot place the
path v1v2. Indeed, if v1 lies under both b1 and bn+1, then v2 must be
placed to the left of s, as well as y1, thus making the representation of
y2 impossible (it crosses either s or v2). If v1 lies between b1 and bn+1,
v2 is again to the left of s and, like in the previous case, b1 and bn+1

cannot be connected by a path that avoids v1 and v2. Finally, if v1 lies
above both, it must go to the right, otherwise y1 cannot be represented.
Furthermore y1 and x1 must both be to the right of s, thus making the
representation of x2 impossible (see part (b) of Figure 4.8).

s s

b1

bn+1

b1

bn+1

(a) (b)

Figure 4.8: The possible cases when s belongs to the vertical set of the
bipartition. The dashed lines represent the possible positions of v1 and v2

Since all possible cases were analysed, we conclude that no graph in family An
admits a 3-DORG representation.

4.2.2.2 The family B(n)

For n ≥ 2, the graph Bn is given by:

V (Bn) ={s1, s2, t1, t2, x, y} ∪ {ai, bi| 1 ≤ i ≤ n}.
E(Bn) ={(s1, t1), (t1, t2), (t2, s2), (s2, s1), (x1, x2), (y, b1), (x, a1)}∪

{(ai, bj), |1 ≤ i, j ≤ n, i+ j = n+ 1, n+ 2}.

The labeled Bn is depicted in Figure 4.9.

Suppose there exists an n > 2 such that Bn admits a 3-DORG representation RB.
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s1 s2

a1 b1bn anx y

t1 t2

Figure 4.9: The labeled Bn

This family is symmetric with respect to the two sets in the partition, so, without
loss of generality, we assume s1 is represented rightwards. In the sequel, we abuse
notation by letting v denote both the vertex v and the corresponding ray in a 3-
DORG drawing. We look at the cycle t1t2s2s1. There are eight distinct 3-DORG
representations for it, as in Figure 4.10 which we analyse separately:

s1

s2

t2

t1

(a) (b) (c) (d)

(e) (f) (g) (h)

s2 s2 s2

s2 s2 s2 s2

t1 t1 t1

t1 t1 t1 t1

t2

t2 t2

t2 t2

t2 t2

s1 s1 s1

s1 s1 s1 s1

Figure 4.10: The possible representations of t1t2s2s1

1. In case (a), b1 must start above t2 and go to the left, otherwise the ray of y
would intersect t2. Similarly, a1 lies to the right of t1. It is now impossible
to connect a1 and b1 by a path that crosses neither t1 nor t2, contradiction.

2. In case (b), a1 must lie to the right of s2, therefore b1 is under s1. However,
now it is not possible to draw the ray of y without intersecting either s1 or t2.

3. In case (c), if a1 lies to the right of t1, then for connectivity reasons b1 must
lie under t2, thus leaving no space for y. Therefore, a1 lies to the left of s2
(in between s2 and t1 it becomes isolated). But then, x must go to the left,
and will be crossed by the ray of y, which must lie to the left of s1, since b1
may now only lie between t2 and s1.
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4. In case (d), b1 must lie above s1 and must point to the right. The ray of a1
can now only be drawn left of t1, therefore being disconnected from b1 by
the path t1t2.

5. In case (e), if b1 lies above s1, then it must go to the left, in which case it
is not possible to draw the ray of a1 without crossing either b1 or t2. If b1
lies under s1, then y is entirely to the left of s1. Since a1 can only be drawn
between y and s2, the ray of x will have to intersect either y, or s2 and t1,
contradiction.

6. In case (f), a1 lies to the left of t1. Depending on whether x is oriented
leftwards or rightwards, either the intersection of y with x and/or s1, or the
intersection of b1 with a1 cannot be avoided, both yielding a contradiction.

7. In case (g), a1 must again lie to the left of s2 (for connectivity reasons). The
argument now continues analogously as in the previous case.

8. In case (h), if a1 is to the right of t1, if the construction is connected, then
the whole graph must be represented inside the corner defined by t1 and t2.
But then Bn admits a 2-DORG representation, contradiction. Therefore, a1
is to the left of t1 and b1 underneath s1. The proof is now concluded by the
same argument as in cases (f) and (g).

Since these eight cases cover all possible 3-DORG representations of the cycle
t1t2s2s1, we conclude that the no member of the family Bn is a 3-DORG.

4.2.2.3 The family D(n)

For n ≥ 2, the graph Dn is given by:

V (Dn) ={v, u, s1, s2, b0} ∪ {ai, bi| 1 ≤ i ≤ n}.
E(Dn) ={(v, u), (u, s1), (u, s2), (s1, b0), (s2, bn)} ∪ {(ai, bi), (ai, bi−1)|1 ≤ i ≤ n}.

The labeled Dn can be found in Figure 4.11.

We again assume there exists some n > 2, such that Dn admits a 3-DORG repre-
sentation.
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. . .

v

u

s1 s2

a1 a2 an−1 an

b0 b1 bn−1 bnb2

Figure 4.11: The labeled Dn

As one can see, we have right-left-symmetry, but not between the two sets in the
vertex partition, therefore we again must distinguish two cases:

• The vertex u is in the “vertical” set of the bipartition. Consider the path
P = a1b1a2 . . . bn−1an. Since P can be prolonged at both endpoints (by b0
and bn, respectively), it follows from Observation 4.1 that at most one vertex
of this path has neighbors going both to the left and to the right. Therefore,
P is represented either as a monotonous staircase, or V-shaped, with the
vertical rays appearing in the same order as in the path. Due to symmetry,
we can assume that the rays of a1, a2, . . . an appear in this order from left
to right. Our argument does not change in either of the cases, which are
represented below:

b1 bn−1u

s1(2)

s2(1)

b1 bn−1u

Figure 4.12: The path P (black) when u belongs to the vertical set of the
bipartition

We now try to place the ray of u. Clearly it cannot lie between two vertical
rays of P , because then there is no space for v. However, if it lies right- or
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leftmost to all the vertical rays in the path, it is easy to check that the paths
s1b0a1, s2bnan and uv cannot be simultanously drawn without intersecting.

• If u is represented by a horizontal ray, without loss of generality going to the
right, then s1 and s2 are vertical rays crossing all horizontal rays of P . It is
easy to check that in this case, if P is represented with a turn (bend), there
is at most one “stairstep” of P (i.e. pair of intersecting rays) on one side of
the bend, therefore this does not change our argument, hence we can assume
P is represented by a monontonous right-up staircase, except eventually for
the orientation of a1. Arguing along the same lines as in the vertical case,
we conclude the ray of u lies either above, or below all the horizontal rays of
P . In the first case, we can’t draw the path s2bnan, and in the second case
s1b0a1 cannot be drawn without extra intersections, contradiction. Figure
4.13 sketches this case:

s1 s2

u

Figure 4.13: The path P when u is in the horizontal set of the bipartition

4.2.2.4 The families E(n) and F(n)

The last two asteroidal families will be analysed jointly, since they share a common
core structure, which provides an important step in our proof. The graphs are
formally described as:

V (En) ={bli, bui , aui+1, a
l
i+1} ∪ {al1, bun+3, c

u, cl}, 1 ≤ i ≤ n+ 2.

E(En) ={(bli, buj ), 1 ≤ i ≤ j ≤ n+ 2} ∪ {(ali, auj ), 2 ≤ i ≤ j ≤ n+ 3}∪
{(ali, buj )1 ≤ i ≤ j − 1 ≤ n+ 2} ∪ {(bli, auj )1 ≤ i ≤ j − 2 ≤ n+ 1}∪
{(al1, bui ), (al1, aui ), 2 ≤ i ≤ n+ 3} ∪ {(alj, bun+3), (b

l
j, b

u
n+3), 1 ≤ j ≤ n+ 2}

∪ {(al1, cu), (cl, cu), (cl, bun+3)}.
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and

V (Fn) ={ali, aui , bui+1, b
l
i+1} ∪ {bl1, aun+3, b

u
n+3, c

u, cl, du, dl}, 1 ≤ i ≤ n+ 2.

E(Fn) ={(ali, auj ), 1 ≤ i ≤ j ≤ n+ 2} ∪ {(bui , blj), 1 ≤ i ≤ j ≤ n+ 2}∪
{(ali, buj )1 ≤ i ≤ j − 2 ≤ n+ 1} ∪ {(bli, auj )1 ≤ i ≤ j − 1 ≤ n+ 1}∪
{(bl1, buj ), 1 ≤ j ≤ n+ 2} ∪ {(blj, bun+3), 1 ≤ j ≤ n+ 2}∪
{(bl1, cu), (cl, cu), (dl, bun+3), (d

l, du)}.

The labeled graphs are represented in Figure ?? below.

cu bn+3 aun+3 bun+2 bu2 au2 bu1

cl aln+3 bln+2 aln+2 al2 bl1 al1

cu

cl

bn+3 aun+2 bun+2 bu2 au1

bl1al1

du

dlaln+2 bln+2 aln+1

En

Fn

Figure 4.14: The families E(n) and F(n)

Since both graphs are symmetric with respect to the two sets in the partition,
we can assume that the l-indexed part is represented by vertical half-lines and
the u-indexed part by horizontal ones. Consider the induced subgraphs SE(n) =
En \ {cu, cl} and SF (n) = Fn+1 \ {cu, cl, du, dl, bun+4, a

l
n+3}. It is clear that by

exchanging the a and b symbols, SE(n) is isomorphic to SF (n) (see Figure ?? for
a representation of the labeled SE(n)).
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bn+3 aun+3 bun+2 bu2 au2 bu1

aln+3 bln+2 aln+2 al2 bl1 al1

SE(n)

Figure 4.15: The graph SE(n) obtained from E(n), which showcases
symmetry between the a and b symbols

Lemma 4.1. Consider alk, b
l
k, n + 2 ≥ k ≥ 2, vertices of SE(n) as an induced

subgraph of En. Then alk lies to the left of blk if and only if alk+1 lies to the left of
blk+1.

Proof. Note that due to the symbol symmetry, it suffices to prove only one direc-
tion of the statement. The result is obtained from the following observations:

1. alk+1 cannot lie between blk and blk+1, since the latter are connected by buk+1:
in that case alk+1 must lie above buk+1, hence auk+1 cannot avoid intersecting
at least one of blk and blk+1, contradiction.

2. blk cannot lie between alk and alk+1, by an analogous argument (considering
buk and auk+1).

3.

4. Let now blk lie to the left of alk for some k ≥ 2. Then, 2. implies that alk+1 is
drawn to the right of blk. Now we derive from 1. that blk+1 lies to the left of
blk. We conclude blk+1 appears at the left of alk+1.

4.2.2.5 The family E(n)

Suppose there exists n ≥ 2 such that En admits a 3-DORG representation. Fix one
such representation of En. Without loss of generality, we assume al1 is represented
upwards and bun+3 rightwards. We consider the length four cycle C = clcual1b

u
n+3.

It has eight possible representations, as depicted in Figure 4.16.
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al1

bun+3

cl

cu

(a) (b) (c) (d)

(e) (f) (g) (h)

al1cl

al1cl al1cl

al1 cl al1 cl

al1 cl al1 cl

cu

cu cu

cu cu

cu cu

bun+3 bun+3 bun+3

bun+3 bun+3 bun+3 bun+3

Figure 4.16: The possible 3-DORG representations of the cycle C

• In cases (a) and (b), bl1 must lie to the left of al1, to avoid intersecting cu.
By repeatedly iterating Lemma 4.1, we obtain that aln+2 lies to the right of
bln+2. It is now impossible to place aun+2 without crossing either bln+2 or cl,
contradiction.

• In case (c) we again conclude bl1 is at the left of al1, because otherwise the
whole graph can be drawn in the corner defined by cl and cu, thus admitting
a 2-DORG representation, contradiction.

• In case (d), if bl1 is at the right of al1, it is not possible to draw the ray of
aun+2 without crossing the corner clcu. The argument finishes as in the first
case.

• In cases (e) and (f), a symmetric form of the argument in (a) can be used,
where aln+2 gets trapped between al1 and bln+2.

• In case (g), for reasons of connectivity, bl1 is at the right of al1, and the rest
continues as in case (e).

• Case (h), based on the placement of bl1 with respect to al1, can be argued the
same way as case (a).

4.2.2.6 The family F(n)

Assume for the sake of contradiction that there exists n ≥ 2 such that Fn ad-
mits a 3-DORG representation, where w.l.o.g. bun+3 ir oriented to the right. We
distinguish between the relative positions of bl1 and cl:
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bl1cl

bun+3

bl1

bun+3

cl

(a) (b)

cl

cu

cu
cu

cu

cu
cu

Figure 4.17: The two cases in representing Fn

• If bl1 is at the right of cl, then du must lie above bun+3, in order to avoid
additional intersections. Then all other vertical rays except dl must lie in
the strip between cl and bl1 and we obtain a contradiction in the same way
as in the first case of En, since Lemma 4.1 applies to Fn as well (see part (a)
of Figure 4.17).

• If bl1 is at the left of cl, then dl must lie left of bl1. Then all other vertical rays
must lie in the strip between bl1 and cl, otherwise they are blocked, crossed,
or disconnected. In particular, al1 also lies in this strip, allowing us to finish
the proof along the same lines as above (see part (b) of Figure 4.17).

4.2.3 Conclusion

Since no chordal bipartite 3-DORG contains an induced subgraph isomorphic to
any graph in Figure 4.3, it follows from [16] and Proposition 4.1 that all chordal
bipartite 3-DORGs are 2-DORGs. This raises the question of characterizing proper
3-DORGs in terms of their induced cycles of length 6 (no larger cycles belong to
3-DORGs, as we will see in Chapter 5).

4.3 Recognizing 3-DORGs with partial represen-

tation restrictions

In this section we consider a bipartite graph G = (A ∪B,E), where |A| = m and
|B| = n, given along with an ordering π = (v1, v2, . . . , vm) of the vertices of A. The
question we address is the following: “Does G admit a 3-DORG representation
where A (resp. B) is the set of rays oriented upwards (resp. horizontal, i.e. either
leftwards or rightwards), such that, whenever 1 ≤ i < j ≤ m, the y-coordinate of
the endpoint of vi ∈ A is greater than that of vj ∈ A?” We provide an O(|V |2)-
time algorithm for this problem, where |V | = |A|+ |B| = n+m (cf. Theorem 4.3).
In our algorithm we use the adjacency relations in the given graph G to recursively
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construct an x-coordinate ordering of the endpoints of the rays in the set A. If
during the process we do not reach a contradiction, we eventually construct a
3-DORG representation for G, otherwise we conclude that such a representation
does not exist.

The approach we use to prove our results in this section can be viewed as a par-
ticular partition refinement technique. Such techniques have various applications
in string sorting, automaton minimization, and graph algorithms. An overview is
given in [22], by Michel Habib, Christophe Paul and Laurent Viennot. In partic-
ular we mainly use in this section the notion of an ordered partition of a set X,
i.e. a partition of X into a sequence of non-empty subsets (S1, S2, . . . , Sk) of X,
where the set Si is considered to be to the left of the set Sj, whenever i < j.

Definition 4.2. Let P be an ordered partition of the base set X, and let Y ⊆ X.
The restriction of a partition P on the set Y is the ordered partition of Y that we
obtain if we remove all elements x ∈ X \ Y from P (where we eliminate any set
of the ordered partition that becomes empty).

Definition 4.3. Let P and P ′ be two ordered partitions of the base sets X and
X ′, respectively, where X ⊆ X ′. We call P ′ a refinement of P if:

1. for every set S ′ ∈ P ′ there exists a set S ∈ P such that S ′ ⊆ S, and

2. if x ∈ S1 and y ∈ S2, where S1, S2 are two sets in P such that S1 is to the left
of S2 in P , then there exist two sets T1, T2 in P ′, where x ∈ T1 and y ∈ T2
such that T1 to the left of T2 in P ′.

Definition 4.4. Let P1 and P2 be two ordered partitions of the base sets X1

and X2, respectively, where X1 ⊆ X2. If there exists an ordered partition P ′ of
X2 that is a refinement of both P1 and P2, then P1 and P2 are called compatible.
Furthermore, a linear ordering L of the elements of X2 respects the ordered par-
tition P1 of X1 (resp. the ordered partition P2 of X2), if L and P1 (resp. P2) are
compatible.

Definition 4.5. Let P1 and P2 be two compatible ordered partitions of the base
sets X1 and X2, respectively, where X1 ⊆ X2. Then a refinement P ′ of P1 and P2

is called the coarsest common refinement , if for every ordered partition T of the
base set X2, which is a refinement of both P1 and P2, T is a refinement of P ′.

Lemma 4.2. Let the graph G have a 3-DORG representation respecting the y-
coordinate ordering (v1, . . . , vm) of A, and let u ∈ N(v1). Then the x-coordinate
ordering of the endpoints of the rays in A respects at least one of the parti-
tions (N(u), A \N(u)) and (A \N(u), N(u)).

Proof. Assume the opposite. Let first u be oriented to the left in the given 3-
DORG representation. Then, if there exist vertices vi ∈ N(u) and vj ∈ A \N(u)
such that vj lies to the left of vi, then the ray of u starts at the right of vj due
to adjacency of u with vi. Since u is a neighbor of v1, the ray of u is higher than
the endpoint of v1, and thus it is also higher than the endpoint of vj. Therefore
the ray of u crosses the ray of vj, which is a contradiction, since vj ∈ A \ N(u)
by assumption. Thus the endpoint of every ray vi ∈ N(u) lies to the left of
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the endpoint of every ray vj ∈ A \ N(u) in this 3-DORG representation of G,
i.e. the x-coordinate ordering of the vertices in A respects the ordered partition
(N(u), A \N(u)). Similarly, if u is oriented to the right in this 3-DORG represen-
tation, it follows that the x-coordinate ordering of the vertices in A respects the
ordered partition (A \N(u), N(u)).

Now we provide the main idea and an overview of our algorithm. We start with the
trivial partition P0 of the set A, i.e. P0 is just a single (unordered) set including
all elements of A. During the algorithm we process each vertex of V = A ∪ B
once, and each time we process a new vertex we refine the current partition of the
vertices of A, where the final partition of A implies an x-coordinate ordering for
the endpoints of the rays in A. In particular, the algorithm proceeds in |A| = m
phases, where during phase i we process vertex vi ∈ A. That is, we process the
vertices of A according to the given ordering π.

Denote G1 = G and A1 = A. Furthermore, for every i ∈ {2, . . . ,m} denote
the neighborhood of vi in Gi by NGi−1

(vi−1) and define Gi = Gi−1 \ NGi−1
(vi−1)

and Ai = Ai−1 \ {vi−1}. During phase i we process sequentially every neighbor
u ∈ NGi

(vi) ⊆ B. For every i ∈ {1, 2, . . . ,m} denote ni = |NGi
(vi)|. Furthermore,

whenever ni > 0, we fix an arbitrary ordering (ui,1, ui,2, . . . , ui,ni
) of the vertices in

NGi
(vi). We start phase i of the algorithm with the ordered partition Pi,0 of the

vertices of A, where we denote P1,0 = P0 for simplicity of the presentation, and
agree on the convention Pi+1,0 = Pi,ni

, for 0 ≤ i ≤ m. During phase i we construct
the sequence of ordered partition refinements Pi,1, Pi,2, . . . , Pi,ni

of Pi,0, as follows:

1. If ni = 0 then we proceed immediately to step 3.

2. If ni > 0, then we check for every j = 1, . . . , ni whether the current ordered
partition Pi,j−1 of A is compatible with at least one of the ordered parti-
tions Q1 = (NGi

(ui,j), Ai \NGi
(ui,j)) and Q2 = (Ai \NGi

(ui,j), NGi
(ui,j)) of

the set Ai. If not, then we conclude that G has no 3-DORG representation
with respect to the given ordering π of A. Otherwise we refine the current
ordered partition Pi,j−1 into the ordered partition Pi,j, which is the coarsest
common refinement of Pi,j−1 and Q1 (resp. Q2). In the case where Pi,j−1 is
compatible with both Q1 and Q2 (cf. Lemma 4.3), we choose an arbitrary
Q ∈ {Q1, Q2} and we compute Pi,j to be the coarsest common refinement of
Pi,j−1 and Q.

3. Assuming that vertex vi belongs to the set S of the ordered partition Pi,ni
,

we replace in Pi,ni
the set S by the ordered partition (S \ {vi}, {vi}) of S.

Then, if i < m, we define Pi+1,0 = Pi,ni
.

If during any step of the above procedure the current ordered partition is not
compatible with any of the two partitions Q1, Q2 (corresponding to the currently
processed vertex ui,j ∈ NGi

(vi)), the procedure stops and outputs that G has no
3-DORG representation with respect to the given ordering π of A. Otherwise, if
all refinement steps are possible, then the above procedure computes a sequence
P1,0, P1,1, . . . , P1,n1 , P2,1, P2,2, . . . , Pm,nm of ordered partitions ofA which will permit
the construction of a 3-DORG representation of G (cf. Theorem 4.2).
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Lemma 4.3. Let 1 ≤ i ≤ m and 1 ≤ j ≤ ni. Assume that the ordered partition
Pi,j−1 of the set A is compatible with both ordered partitions Q1 = (NGi

(ui,j),
Ai \ NGi

(ui,j)) and Q2 = (Ai \NGi
(ui,j), NGi

(ui,j)) of the set Ai. Then either Q1

and Q2 are both the trivial partition of the set Ai, or the restriction of Pi,j−1 on
the set Ai is the trivial partition of Ai (or both).

Proof. Suppose that Q1 is not the trivial partition of Ai. Then NGi
(ui,j) 6= ∅ and

Ai \NGi
(ui,j) 6= ∅, and thus also Q2 is not the trivial partition of Ai. Consider two

arbitrary vertices a ∈ NGi
(ui,j) and b ∈ Ai \NGi

(ui,j). Denote by R the restriction
of Pi,j−1 on the set Ai. Furthermore denote by Sa (resp. Sb) the set in the ordered
partition R of Ai that contains vertex a (resp. b). Assume that Sa 6= Sb. If Sa lies
to the left of Sb in R, then R is not compatible with Q2, which is a contradiction
to the assumption. If Sb lies to the left of Sa in R, then R is not compatible with
Q1, which is again a contradiction. Therefore Sa = Sb. Since this holds for an
arbitrary choice of the elements a ∈ NGi

(ui,j) and b ∈ Ai \NGi
(ui,j), it follows that

all elements of Ai belong to the same set in the ordered partition R, and thus R
is the trivial ordered partition of Ai.

Theorem 4.2. Let G(V,E) be a bipartite graph with color classes A,B, and
π = (v1, v2, . . . , vm) be an ordering of the vertices of A. Then, the procedure
constructing the ordered partition Pm,nm of the set A terminates successfully if
and only if G admits a 3-DORG representation where A is the set of the vertical
rays, and the y-coordinates of their endpoints respect the ordering π.

Proof. “⇒ ”:

We produce a 3-DORG representation based on the chain of ordered partition
Pm,nm of the set A. Recall that the final ordered partition Pm,nm is a total ordering
of the vertices of A (i.e. every non-empty set of Pm,nm includes exactly one vertex
of A). The coordinates of the endpoints for the vertical rays (i.e. the rays of the set
A) are defined as follows. We assign to vertex vi ∈ A the y-coordinate m− i (due
to the position of vi in the permutation π of A). Furthermore we assign to the jth
vertex in the ordering Pm,nm the x-coordinate j (i.e. the position of a vertex of A
in Pm,nm determines its x-coordinate).

In order to define the coordinates of the endpoints for the horizontal rays (i.e. the
rays of the set B), we first define for every vertex vi ∈ A the subset R(vi) =
N(vi)\

⋃i−1
j=1N(vj) of its neighbors. That is, R(vi) contains exactly those neighbors

u of vi (in the set B), which have no other neighbor (in the set A) with a higher
y-coordinate than vi, in any possible 3-DORG representation of G that respects
the ordering π. The y-coordinates of the horizontal rays are assigned as follows:
for a vertex vi ∈ A, the rays of the set R(vi) are assigned arbitrary distinct y-
coordinates between m− k and m− k+ 1. For the x-coordinates of the horizontal
rays, consider a vertex u ∈ R(vi) (such a vertex vi always exists, unless u is an
isolated vertex of G). Then N(u) contains either the leftmost, or the rightmost set
in the restriction of Pi,ni

on the set Ai (since u was processed during the ith phase
of the procedure, i.e. during the construction of Pi,ni

). In the first (resp. second)
case, we orient u to the left (resp. to the right), and its x-coordinate is defined to
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be t+ ε (resp. t− ε), for an arbitrary ε ∈ (0, 1), where t is the x-coordinate of the
rightmost (resp. leftmost) of the neighbors of u in the final ordering Pm,nm .

This construction is highlighted in the example of Figure 4.18.

v1

v2

v3

v4

v5

u1

u2

u3

u4

u5

v4 v1 v3 v2 v5

v4 v1 v3 v2 v5

For v1: u1

For v2: u2

For v3: u4

For v4: u5

For v5:

P1,1 = ({4}, {1}, {2, 3, 5})

P2,2 = ({4}, {1}, {3}, {2}, {5})
P3,1 = ({4}, {1}, {3}, {2}, {5})
P4,1 = ({4}, {1}, {3}, {2}, {5})
P5,1 = ({4}, {1}, {3}, {2}, {5})

v4 v1 v3 v2 v5

u1

u2

u3
u4

u5

Color chart:

v ∈ A with neighbors currently processed

Neighbor of the currently processed u ∈ B

Non-neighbor of the currently processed u ∈ B

v ∈ A with all neighbors previously processed

v4 v1 v3 v2 v5

v4 v1 v3 v2 v5

v4 v1 v5 v3 v2

v4 v1 v3 v2 v5

u3

P2,1 = ({4}, {1}, {3}, {5, 2})

Figure 4.18: Constructing a 3-DORG representation. Top left of the figure:
the bipartite graph G with the given vertex ordering π = (v1, v2, v3, v4, v5).
Top-right: the chain of partition refinements. Bottom left: The 3-DORG

representation of G as read from the partition chain.

“⇐ ”:

Assume G admits a (fixed) 3-DORG representation where the endpoints of the
vertical rays respect the ordering π of the y-coordinates. Let L denote the linear
ordering from left to right of the x-coordinates of the vertices of A, where without
loss of generality, no two such coordinates are equal. We show that it possible to
perform every refinement step of the procedure described at the beginning of this
section, without reaching a contradiction. We conclude this by proving that the
following invariant holds:

By Lemmas 4.3 and 4.2, the so far constructed partition Pi,j−1 is compatible with at
least one of the partitions Q1 = (NGi

(ui,j), Ai \NGi
(ui,j)) and Q2 = (Ai\NGi

(ui,j),
NGi

(ui,j)). Furthermore, L respects Pi,j for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. For i =
j = 1, the above statements follow from Lemma 4.2. Otherwise, by the induction
assumption, L respects Pi,j−1. Consider the currently processd horizontal ray ui,j.
Then, by applying Lemma 4.2 to Gi, we find that L ∩ V (Gi) (and therefore L)
respects either Q1 = (NGi

(ui,j), Ai \NGi
(ui,j)) or Q2 = (Ai \NGi

(ui,j), NGi
(ui,j)),

w.l.o.g. Q1. By Lemma 4.3, if Q1 = Q2 then Q1 = Q2 = V (Gi), therefore we can
discard this case. Since Pi,j−1 and Q1 admit a common extension, namely L, we
can consistently define Pi,j as the coarsest common refinement of Pi,j−1 and Q1. In
the case j − 1 = ni we simply define Pi+1,0 = Pi,ni

. Since it is possible to perform
any such induction step, we conclude the procedure terminates successfully, with
the partition Pm,nm as the final result.
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We now show that Theorem 4.2 yields an efficient algorithm for deciding whether
G is a 3-DORG with the given vertex ordering π.

Theorem 4.3. Given a bipartite graph G = (V,E) with color classes A,B and
an ordering π of A, we can decide in O(|V |2) time whether G admits a 3-DORG
representation where A is the set of the vertical rays, and the y-coordinates of
their endpoints respect the ordering π.

Proof. According to Theorem 4.2 it is enough to construct the chain P1,1, P1,2,
. . . , Pm,nm of partitions. Note that each step of partition refinement corresponds
to processing a vertex u ∈ B, for some Gk, 1 ≤ k ≤ m. If all steps can be carried
out, we obtain a 3-DORG representation, otherwise none exists. The refinement
for u is possible if and only if no set containing a neighbor of u lies between two
sets containing non-neighbors of u and vice versa. Checking for this property
requires a single sweep through the current partition, that is, O(m) steps. There
are n vertices in B to be processed, yielding a total number of O(nm) ≤ O(|V |2)
operations.

4.4 Conclusion

In this chapter, we have seen that we can devise efficient recognition algorithms
for 3-, and 4-DORGs, if we are provided with additional information. It thus
suffices to know either the prescribed directions for all rays, or in the case of 3-
DORGs, the y-coordinate ordering of the vertices that are to be represented by
vertical rays. A key concept used in these proofs is that of invariance: for the main
result, we need to show that each of the successively augmented graphs admits a
transitive orientation, which is derived from the orientation of the graph in the
previous augmentation step; for the second proof, we show that the existence of
a 3-DORG orientation is equivalent with the possibility of constructing a nested
sequence of refined partitions. Unfortunately, the problem of recognizing 3- and
4-DORGs with no additional constraints remains open.





Chapter 5

Distinguished subclasses: the
trees and cycles of the graph
classes of Γ

In this chapter we describe the trees and cycles that belong to each of the graph
classes in Γ. In general, it holds that all graph classes of Γ where one of the two
sets in the vertex partition is represented by segments of arbitrary length contain
all trees and cycles. Surprisingly, we learn that while strictly including 3-DORGs,
the class of ray-unit intersection graphs (RU) contains no cycles of length larger
than 6 and exactly the same trees as the two-directional orthogonal ray graphs.
Moreover, the description of (2,3,4-)DORG trees is intimately connected to the
presence of a specific subtree, namely the 3,3-spider, connection which will be
presented below.

5.1 Trees and the classes of Γ

This section investigates the relationship between trees and the classes of Γ. We
first show that every tree has a unit grid representation, as well as a ray-segment
representation. However, not every tree can be drawn as a k-DORG (where
k = 2, 3, 4). For the latter to happen, we can formulate necessary and sufficient
conditions, in terms of forbidden subtrees and edge structures. Moreover, we can
show that the 2-DORG, 3-DORG and ray-unit trees are exactly the same. Some
of these results are not new. Indeed, 2-DORG trees were first described in [47],
whereas trees with a unit representation are briefly characterized in [39]. Several
of the results about trees touch or follow the argumentation lines in [36], a joint
paper with Kousuke Nishikawa, Asahi Takaoka, Satoshi Tayu and Shuichi Ueno.

5.1.1 Unit grid intersection graphs

We refer to Figure 5.1 which provides a similar representation as in [39], where
this result is mentioned for the first time. Based on this, the following can be
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shown:

Proposition 5.1. All trees can be represented as unit grid intersection graphs.

α

α

Figure 5.1: A representation pattern of trees as UGIGs

Proof. We consider a fixed slope α and a given (w.l.o.g) vertical unit length seg-
ment r as the root. Let l1 be a line with slope α. All children of r are now added
as horizontal unit segments which intersect the segment of r and with the leftmost
endpoints lying on a line parallel to l1. For drawing the elements of each subse-
quent level n of the tree, one proceeds iteratively, as follows (we present the proof
for adding a level of vertical segments, the other case is analogous):

Let εn be the smallest distance between two x-coordinates of the rightmost end-
points of the segments belonging to the last level. We intersect these segments
with a line ln parallel to l1, such that the (note, constant) distance to the rightmost
endpoints of the previous level is δn < εn. Each horizontal segment has a non-zero
length piece at the end lying directly above ln, and above no other endpart of the
segments representing its siblings (recall that the endparts are delimitated by ln).
The children of these vertices can now be drawn as segments pointing upwards,
such that their lower endpoints start on ln and lie directly below the representation
of the parent.

5.1.2 Ray-segment intersection graphs

As in the previous case it holds:

Proposition 5.2. All trees admit representations as ray-segment intersection
graphs.
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Corollary 5.1. All trees admit representations as double-ray segment, USEG and
grid intersection graphs, respectively (in the notation of Section 1.4 and Chapter
2 called R∗S, US, respectively SS).

Figure 5.2: A representation pattern of trees as ray-segment(RS)
intersection graphs

Proof. We first draw the root as an upwards oriented vertical ray. Its children
are drawn as segments extending to the right with different lengths, such that the
decreasing length corresponds to increasing height. Now it is possible to draw
the next level of the tree without intersecting other horizontal segments than
those corresponding to the parent’s. For each of the vertical rays, we can draw the
subtrees rooted in these vertices by following the same pattern, since the horizontal
segments have no length restriction. The situation is exemplified in Figure 5.2.

5.1.3 Two-, three-directional orthogonal ray graphs and
ray-unit graphs

The 3,3-spider (referred to as a 3-claw in [47]) is the graph that consists of three
paths of length three that share an endpoint, as depicted in Figure 5.3 below:

Figure 5.3: The 3,3-spider

Here, we show that the set of trees restricted to these three graph classes is the
same, namely exactly the trees that contain no 3,3-spider as an induced subgraph.
In literature, these trees have also been called lobsters .

Theorem 5.1. ( [47]) Any tree T (V,E) that contains no induced 3,3-spider admits
a 2-DORG representation.

Proof. Assume T has no induced subgraph that is a 3,3-spider.
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Observation 5.1. The following observation can be made about the structure of
T : Let T̃ (Ṽ , Ẽ) be the tree obtained by removing the leaves of T twice. As in [38],

we call T̃ the spine of T , and use this notation throughout this chapter. Then, T̃
is a path. Indeed, assume this weren’t the case: then there exists a vertex v in
Ṽ such that v has degree 3 in T̃ . It follows, after reversing the doubly iterated
leaf removing process, that there exists a 3,3-spider in T with v as the common
endpoint of the three paths, contradiction.

Based on this observation, T can be seen as a distinguished path with arbitrary
trees of depth at most two attached to its vertices. This family of trees admits a
2-DORG representation as exemplified in Figure 5.4 below:

v

Figure 5.4: Representation of a 3,3-spider-free tree as a 2-DORG. Here, the
black rays correspond to the vertices in T̃ , and the blue strip indicates the

region available for drawing the trees of depth ≤ 2 incident to v, for v a vertex
of T̃

The pattern behind this representation can be described as follows:

• Represent the spine as an intersection of upward and rightward rays such
that the endpoints of all horizontal (resp. all vertical) consecutive rays have
monotonically increasing x- and y- coordinates. Here, we call two horizontal
(resp. vertical) rays consecutive if they correspond to two vertices at distance

2 in T̃ .

• From the above construction, it follows that for any horizontal (resp. ver-
tical) ray, we can find a non-empty vertical (resp. horizontal) strip ending
below (resp. to the left of) the ray and extending to infinity in the positive
y (resp. x) direction, and which does not cross any other ray of the spine.
Moreover, starting from this strip, we can find a horizontal (resp. vertical)
strip which extends infinitely to the right (resp. upwards). We can now
represent all subtrees of depth at most two incident to a spine vertex in T
in the two crossing strips that we define for the corresponding ray in the
2-DORG representation of T̃ . The pair of strips for one of the spine vertices
are highlighted in Figure 5.4 above.
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In the sequel, we call a 2-DORG representation as described above a staircase.

The statement from the beginning of this section is now completed by:

Theorem 5.2. Let T (V,E) be a tree with an induced 3,3-spider. Then T does
not admit a representation as a ray-unit intersection graph.

Proof. Assume the opposite is the case, i.e. that there exists a ray-unit represen-
tation R of the 3,3-spider. Let the vertices of the spider be partitioned in the
sets Y,X where Y is the set of vertices represented by vertical rays in the positive
(upwards) y-direction, and X the vertices represented by horizontal unit-length
segments. We label the vertices of the spider as in Figure 5.5 below:

r

a1 b1 c1

a2 b2 c2

a3 b3 c3

Figure 5.5: The labeled spider

In the sequel, we identify a vertex v with its representation R(v).

We distinguish two cases:

• Case 1: r ∈ Y . By the box principle, at least two of b1, b2, b3 must lie on the
same side of r. W.l.o.g, let (two of) these vertices be b1 and b2, both to the
right of r, with b1 to the left of b2. This implies that a1 and b1 lie above a2,
therefore it is not possible to represent c1 without intersecting either r or b2,
contradiction

• Case 2: r ∈ X. Without loss of generality, let (a1, a2, a3) be the left-to-
right ordering of the children of r. Then, b2 must lie below r (otherwise it
intersects a1 or a3). Since it cannot intersect r, c2 must be placed to the left
(resp. right) of r. The representation as a unit segment of b1 (resp. b3) now
becomes impossible.

Both cases are represented in Figure ?? below:

r b1 b2

a1

a2 r

a1 a2c2

b2

Figure 5.6: Attempting to represent the 3,3-spider as a ray-unit graph: left:
when r ∈ Y ; right: when r ∈ X.
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5.1.4 4-directional orthogonal ray graphs

5.1.4.1 A necessary and sufficient condition

The criteria for deciding whether a tree admits a representation as an orthogonal
ray graph (where all four directions are allowed) are less straightforward than
that for 2- or 3-DORGs, but can be expressed in terms of the 3,3-spider as well.
Furthermore, we prove that this condition is equivalent to there being no asteroidal
quintuple subgraph induced in T . An asteroidal quintuple is defined as a collection
of edges e1, e2, e3, e4, e5 with the property that there exists a path connecting ei
and ei+1 that contains no vertex adjacent to ei−1 or ei+2, where all indices are
taken modulo 5. The description of orthogonal ray trees in terms of asteroidal
quintuples has been recently shown in [36].

Definition 5.1. For a graph T and a vertex v ∈ V we define (T1, T2, v) a split
of T by the vertex v, if T1, T2 are connected, induced subgraphs of T , such that
T1 ∩ T2 = {v} and T1 ∪ T2 = T .

Intuitively, a split corresponds to a binary partition of all subtrees incident to v,
with T1, T2 being the graphs obtained by adding back to each partition the vertex
v and the connecting edges.

We can now formulate the following

Theorem 5.3. A tree T (V,E) admits a representation as an orthogonal ray graph
if and only if there exists a vertex v ∈ V and a split (T1, T2, v) of T such that both
T1 and T2 are 3,3-spider free.

Observation 5.2. This description is equivalent to stating that T is the union
of two 2-DORG trees which share a vertex.

Proof. “⇐”:

Assume there exists v ∈ V and a split (T1, T2, v) of T where both T1 and T2 are
3,3-spider free. As in the proof of Theorem 5.1, we remove leaves in two iterations,
thus obtaining from T the spine T̃ and from the subtrees T1, T2, the spines T̃1, T̃2,
respectively (note that either of T̃1, T̃2 can be empty).

Notation. For a 2-DORG treeH, we denote the set of vertices that are at distance
1 from the spine by V1(H), and the set of vertices that are at distance two from
the spine by V2(H).

By the proof of Theorem 5.1, we have V (H) = V (H̃) ∪ V1(H) ∪ V2(H).

Without loss of generality, we start by representing v as a fixed vertical and upward
ray. For constructing a 4-DORG representation of T , we make use of Observation
5.2 and consider all possible cases of joining two 2-DORGs at an (identified) vertex:

• v ∈ T̃1 and v ∈ T̃2. Then a representation is possible as in part (a) of
Figure 5.7: the subtrees of depth at most 2 attached to v in T1 and T2 have
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upward and rightward directions, respectively. The rest of T1 (resp. T2)
consists of a right-up and a right-down staircase (resp. left-up and left-down
staircases) with v as common vertex. The aforementioned subtrees of depth
at most 2 are drawn between the up-right staircase of T1 and the up-left
staircase of T2.

• v ∈ T̃1 and v ∈ V1(T2). Let u be the vertex of T̃2 adjacent to v. We represent
T1 as two staircases, up-right and down-right, respectively. The trees of
depth at most 2 attached to v in T1 have the horizontal rays rightwards
between the rays of the staircase, and the vertical ones immediately at the
left of v. Also between the staircases, we draw rightwards the leaves incident
to v in T2, and leftwards u. Finally, we draw the rest of T2 as two staircases
(up-left and down-left) with u as a shared vertex (see part (b) of Figure 5.7
).

• v ∈ V1(T1) and v ∈ V1(T2). Let s1, s2, be the spine vertices of T1, T2 adjacent
to v. We first represent s1 and s2 as rays going rightwards, and all leaves
incident to v in T1 or T2 as horizontal rays between them. The rest of
T1 (respectively T2) is now drawn as up-left and up-right double staircase
(resp. down-left and down-right), with s1 (resp. s2) as shared vertices. The
construction corresponds to the picture (c) of Figure 5.7.

• v ∈ T̃1 and v ∈ V2(T2). Let u2 be the vertex of T2 adjacent to v, and let s2 be
the spine vertex of T2 attached to u2. The construction proceeds as follows:
we first draw T1 as two staircases, one upper-right and the other down-right,
both attached to v. Between them, we place the trees of depth two incident
to v in T1, as in case a). Under these trees, we draw a leftward ray for u2,
crossed by an upward ray of s2. The other leaves that are adjacent to u2 we
place immediately to the right of s2. Finally, we draw the rest of T2 as two
staircases, up-left and down-left, respectively, with s2 as a shared vertex.
The part (d) of Figure 5.7 illustrates the case.

• v ∈ V1(T1) and v ∈ V2(T2). Let s1 be the spine vertex of T1 adjacent to v,
and s2, u2 defined as in the previous case. We draw the ray of u2 rightwards
and the ray of s1 leftwards immediately under it. The leaves incident to v in
T1 are now drawn close under s1. We represent the rest of T1 as up-left and
down-left staircases with s1 as an orientation changing point, such that the
former staircase starts at the left of v, and the latter to its right. Close to
the right of v we draw the other leaves of T2 incident to u2, and to their right
the downward ray of s2. The rest of T2 is drawn as up-right and down-right
staircases to the left of s2, with s2 as a common vertex. This corresponds to
the picture (e) in Figure 5.7.

• v ∈ V2(T1) and v ∈ V2(T2). Analogously to above, we define the vertices
s1, u1, s2, u2. We represent u1 leftwards, and under it u2 rightwards. Imme-
diately to the left (resp. right) of v we draw the leaves incident to u1 (resp.
u2). The ray of s1 (resp. s2) is drawn upwards, as leftmost (resp. rightmost)
adjacency to u1 (resp. u2). The rest of T1 (resp. T2), is drawn as a pair of



The trees and cycles of Γ 110

up-left and down-left (resp. up-right and down-right) staircases, incident to
s1 (resp. s2). This case is represented in part (f) of Figure 5.7.

(a) (b)

(c) (d)

(e) (f)

v v

v v

v v

s2

s2

s2

s2

s2

u2

u2

u2s1

s1

u1

s1

Figure 5.7: Illustrating the proof of the sufficiency condition. The red rays
depict the vertices of T1, the blue ones the vertices of T2.

“⇒”:

Assume T has a 4-DORG representation R(T ). One can modify it such that no
half-line continues beyond its last intersecting point. If T contains no induced
3,3-spider, the claim follows immediately. Otherwise, we choose v ∈ V (T ) such
that v is the root of a 3,3-spider S. Furthermore, without loss of generality, we
assume v is represented by a vertical upward ray. The overall goal of this direction
of the proof is to show that G admits a split (T1, T2, u) where u is either: a) v, b)
u ∈ N(v) ∩ S. c) u ∈ S ∩ (N(t) \ {v}), where t ∈ N(v).

Notation. We define Tv as the forest T \ {v,N(v)}, where N(v) denotes the
neighborhood of v. The set E(Tv) can be partitioned as E(Tv) = EDL ∪ EDR ∪
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EUL,∪EUR where EDL, EDR, EUL, EUR denote the sets of edges of Tv represented
as intersections of rays of the type down-left, down-right, up-left and up-right,
respectively.

Definition 5.2. A connected component of T \ {v} is called non-trivial if and
only if it contains a path of length at least two.

Observation 5.3. Note that by the choice of v, there are at least three non-trivial
connected components in T \ {v}.
We now make a series of remarks on the structure of Tv and T \ {v}.
Proposition 5.3. There are at most four non-trivial connected components of
T \ {v}.

Proof. Assume the contrary, i.e. that there exist at least five non-trivial connected
components in T \ {v}. Each edge of T can be represented in one of four ways
as a intersection of rays: up-left, up-right, down-right and down-left. Since all
components are non-trivial, each contains at least an edge in Tv, hence by the box
principle there exist in Tv two distinct edges represented with ray intersections
of the same type that belong to different connected components of T \ {v}. The
result now follows by showing the following

Lemma 5.1. In R(Tv), all edges represented by intersections of the same type
belong to the same connected component of T \ {v}.

e1

e2

e3

Figure 5.8: Structure of ray intersections of the same type: e1, e2 are nested,
e2, e3 intersecting

Proof. Consider two edges belonging to the same intersection type inR(Tv). If the
edges share an endpoint, the claim is obvious. If they are disjoint, there are two
ways to represent them: either as nested, or as intersecting corners. (see Figure 5.8
above). In the latter case, since they are connected by a path not containing v, it
follows immediately that they belong to the same connected component of T \{v}.
If the representations of the two edges (which we denote by corners) are nested,
we disginguish two cases:

• The intersection type is either down-right or down-left. Then, the path
connecting the inner corner to v intersects the outer corner.

• The intersection type is either up-right or up-left, w.l.o.g. up-right. If the
ray of v lies right- or leftmost to the vertical rays of the two corners, the
path connecting v to the farthest of the two corners also connects it to the
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nearest (as in cases (a) and (b) of Figure 5.9) below. If the ray of v lies
inbetween, consider the (at least) three paths of length three incident in
v (by assumption). Since T is acyclic, at least one of these paths, let it
be denoted by S = (s1, s2, s3), is disjoint from either of the two edges we
consider. Assuming the original claim is false, v is connected to the left and
right corner via two (apart from v) disjoint paths, which we denote by PL
and PR, respectively. If s2 is right of v, then it intersects PR.If s2 lies to
the left of v, then an intersection between s2 and PL can not be avoided. In
either case, T contains a cycle, contradiction.

(a) (b) (c)

v v

v

Figure 5.9: The vertex v cannot lie between two edges of the same
intersection type that belong to different connected components of T \ v

Corollary 5.2. It can be assumed EUL lies entirely to the left of v and, symmet-
rically, EUR entirely to its right.

From Observation 5.3 and Proposition 5.3, T \ {v} has either three or four non-
trivial connected components.

Definition 5.3. We call a non-trivial connected component of T \ {v} pure if its
image in Tv contains only one type of intersection. Otherwise it is called mixed.

Note that by Lemma 5.1 and the choice of v we have at most one mixed connected
component of T \ {v} and the number of paths of length three incident in v is at
most four. The analysis can now be split in the following cases:

• There are four paths of length three incident to v. Then, there are four
non-trivial connected components in T \ {v}. After removing the four con-
necting neighbors of v, what remains of each component is one of the sets
EDL, EDR, EUL, EUR (by Lemma 5.1). Let CDL, CDR, CUR and CUL denote
the corresponding connected components and uDL, uDR, uUR, uUL the cor-
responding neighbors of v. (Recall that by the assumption over v all its
neighbors are represented by horizontal half-lines).

Definition 5.4. Let C be a non-trivial connected component of T \ {v}
and uc the corresponding neighbor of v. The vertex uc is said to be aligned
if its halfline is oriented the same way as that of another vertex in C.
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Lemma 5.2. It is possible to represent uDL, uDR, uUR and uUL aligned
with respect to CDL, CDR, CUR and CUL.

Proof. We first make the following

Observation 5.4. We can modify the 4-DORG representation R(T ) such
that all leaves attached to uDL, uDR, uUR , uUL can be represented immedi-
ately between v and the remaining vertical rays of CDL, CDR, CUR and CUL,
respectively. That is, we slide the rays of the leaves along the horizontal rays
of uDL, uDR, uUR , uUL until the above condition is fulfilled. The remaining
of the representation stays unmodified.

Assume uUR is oriented to the left. First, we adjust R(T ) according to
Observation 5.4 above. Then, the whole CUL must lie above uUR and uUL
must therefore be oriented to the left (hence aligned). The ray of uUR can
be moved up and down on the vertical strip shared by its neighbors in CUR.
This strip ends immediately above the first horizontal ray corresponding to
a vertex s, such that s is not adjacent to at least a neighbor of uUR (let this
neighbor be denoted by x). By construction, no half-line extends past its
last intersection point and the ray of s is oriented rightwards. Then there
exists t ∈ N(s) lying to the left of x, hence also being adjacent to uUR. Since
t is not a leaf and x is at the right of t, x must have a neighbor, denoted
by y. We check that the strip between s and the horizontal ray immediately
above it is blocked by no vertical ray. Suppose this is not the case and let
b be this vertical ray, necessarily adjacent to s. Then, since all connected
components of Tv are pure, y goes to the right, intersecting b. This gives
rise to the cycle uURtsbyx, contradiction. Therefore, no such b exists. Now
we can slide uUR until immediately above s and reflect it to the right. (See
Figure 5.10)

uUR

uUR after change

uUR

s

t x

y

b

Figure 5.10: Making uUR aligned. Left: The contradiction arising if uUR
cannot be reflected; right: the representation after aligning uUR

We change R(T ) in an analogous way to ensure uDR, uDL are also aligned
with respect to CDR, CDL. Let now TR = T [{v}∪{uUR}∪V (CUR)∪{uDR}∪
V (CDR)] and TL = T [{v} ∪ {uUL} ∪ V (CUL) ∪ {uDL} ∪ V (CDL)]. Then
(TL, TR, v) is a suitable split for T over v. Both TL and TR can be represented
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with only three directions (up-down-left and up-down-right, respectively).
The above situation is represented in part (a) of Figure 5.12.

• There are four pure components in Tv, with CDL and CDR connected to v
via the same neighbor uDRL. Then we perform a split over uDRL into TU =
T [{uDRL}∪{v}∪V (CUR)∪V (CUL)] and TD = T [{uDRL}∪V (CDR)∪V (CDL).
It is easy to see that for the representation of TU only the up, right and left
directions are needed, and for TD down, right and left, respectively (see part
(c) of Figure 5.12).

• There are four pure components in Tv, with CDL and CUR connected to v via
the same neighbor uDLUR. Assume the ray of uDLUR is oriented rightwards.
Then CDR lies entirely under CUR. It is therefore possible to revert the
orientations of the vertical rays of CDR and CUR and slide the former (with
uUR) to lie under the latter. The problem of finding a suitable split now
becomes equivalent to the previous case. If he ray of uDLUR is oriented
leftwards, we proceed analogously, this time swapping CUL and CDL (see
part (f) of Figure 5.12).

• There are four pure components in Tv, with CDR and CUL connected to v
via the same neighbor uDRUL. This is symmetrical to the case above (see
part (e) of Figure 5.12).

• There are four pure components in Tv, with CUL and CUR connected to v
by the same neighbor uURL. We split by uURL analogously as above, into
TU = T [{uURL} ∪ V (CUR) ∪ V (CUL) and TD = T [{uURL} ∪ {v} ∪ V (CDR) ∪
V (CDL)]. Note that CDL can be shifted to lie completely to the left of CUR,
since by assumption, they are two distinct pure connected components. We
now translate v along uDL or uDR (which we eventually extend) until it lies
above no horizontal ray. Now it is possible to reverse the orientation of v
without altering the graph. Therefore, TD is representable using the down,
left and right directions, whereas for TU up, left and right suffice for the
representation. (part d) of Figure 5.12)

• There are three pure components in Tv. Then, the exact procedure as in the
first case provides an adequate splitting (see part (i) of Figure 5.12).

• There are two pure components CDL and CDR in Tv, and a mixed component
CULR. We show that this is not possible. Then, EUR and EUL have at
least a common vertex, let it be wrl. Together with two neighbors (v1from
V (EUR), v2 from V (EUL)), wrl forms a path v1wrlv2 that divides the plane
into two sections. Therefore, v must lie above this path. However, now it is
disconnected from CDL and CDR, contradiction.
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r

Figure 5.11: If EUR and EUL share a vertex, v is disconnected from CDL
and CDR

• There are two pure connected components CUL and CUR in Tv and a mixed
one, CDLR. Define TU = T [{v}∪{uDLR}∪{uUR}∪V (CUR)∪{uDR}∪V (CDR)]
and TD = T [{uDLR}∪V (CDLR)]. They can be represented as orthogonal ray
intersection graphs using three directions (up-left-right and down-left-right
respectively) (see part (b) of Figure 5.12).

• There are two pure components CUL and CDL and a mixed component CUDR.
Let uUDR be the corresponding neighbor of v, and sUDR its leftmost neighbor
in CUDR. We again have two cases:

– uUDR is oriented to the left. Define TL = T [{sUDR} ∪ (T \ CUDR)] and
TR = T [V (CUDR) \ {uUDR}). Both trees are representable with three
directions (up, down, right and up, down, left respectively), hence they
are 3,3-spider free (see part (h) of Figure 5.12).

– uUDR is oriented to the right. Note that CUL lies completely above
CDL. We can shift the construction, such that uUDR is flippable to the
left. The rest follows as above.

• There are two pure components CUR and CDR and a mixed component CUDL.
This case is treated symmetrically to the one above (see part (g) of Fig-
ure 5.12).

In all the above cases, it was possible to split T into two trees the representation of
which only required three of the allowed four directions. By Theorem 5.2 it follows
that in each case the resulting pair of trees is 3,3-spider free. This completes
the proof of the theorem. The above possibilities for splitting are depicted in
Figure 5.12 below.
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TL TRv TU

TD

v

(a) (b) (c)

TU

TD

v

TU

TD

v

(d)

TL TRv

(i)

v

(e)→ (c)

v

(f) → (d)

TL TR
v TL TRv

(g) (h)

Figure 5.12: The above cases illustrated. The colored regions represent
edges of the same intersection type, the dotted lines the demarcation between

the split trees.

Corollary 5.3. If T is an orthogonal ray tree, and T ′ ⊆ T a subgraph, then the
tree obtained by contracting T along the edges of T ′ is also a 4-DORG.

Proof. By Theorem 5.3, there exists a vertex v and a split (T1, T2, v) by v such
that T1 and T2 are 3,3-spiderfree. Then, T admits a representation as in one of the
cases in Figure 5.12. We can change the representation to successively accomodate
any contraction of an edge e:

• If e contains a leaf vertex, the ray of the leaf vertex is deleted from the
representation (see part (b) of Figure 5.13).

• If e connects the parent of one or more leaves to T̃1, e is removed and the
leaves dirrectly attached to the corresponding vertex in T̃1 (see part (c) of
Figure 5.13).

• If e belongs to w.l.o.g. T̃1, the last vertex of the path half of T̃1 (counting from
v) containing e is deleted, and, starting with the endpoint of e furthest from
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v, all attached trees of depth at most two are transferred to the preceding
vertex in T̃1 (see part (d) of Figure 5.13).

The change in the representation can be viewed in Figure 5.13 below.

. . .
. . .

. . .

. . .

. . .

l

u

u′
. . .

. . .

. . .

. . .

. . .

u

u′

. . .
. . .

. . .

. . .

. . .

l

u′
. . .

. . .

. . .

. . .

l

u

(a) (b)

(c) (d)

Figure 5.13: (a) The initial branch of an ORG tree T ; (b) contracting a leaf
edge; (c) contracting an edge at distance 1 from a leaf; (d) contracting an edge

of T̃

5.1.4.2 A description in terms of forbidden subgraphs and a recogni-
tion algorithm

Consider all trees formed by identifying two vertices in two otherwise disjoint 3,3-
spiders. It is easy to check that no such tree has a split that is 3,3-spider free. By
eventually contracting some edges, one obtains the family F in Figure 5.14 that
consists of minimally ORG non-representable trees.
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(I) (II) (III) (IV)

(V) (VI) (VII)

(IX)

(X)

(VIII)

F1 (I,II,III,IV) F2 (V,VI,VII) F3 (VIII,IX) F4 (X)

Figure 5.14: Top: All distinct possible ways of joining two 3,3-spiders. The
dashed edges can be contracted without making the tree representable as a

4-DORG. Bottom: the forbidden family F

Theorem 5.4. A tree T admits an orthogonal ray representation exactly when
it has no contraction in F .

Proof. “⇒”:

Assume T is an orthogonal ray graph. By Corollary 5.3, any contraction of T is
also a 4-DORG. Therefore, no contraction of T can belong to F .

“⇐”:
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Let T be a contraction-minimal non-ORG tree, i.e., by contracting any edge of T
we obtain a tree that satisfies the conditions of Theorem 5.3. Consider a vertex
r1, root of a 3,3-spider in T with a maximal number of length three paths incident
in it. Then, there exist at least three disjoint such paths. We distinguish the
following cases:

• There are at least 5 paths of length three incident in r1. Then, T contains
F1 as an induced subtree, and because of contraction minimality, it follows
that T = F1.

• There are exactly 4 paths of length three incident in r1. We now show this
cannot be the case. Assume the contrary. Then, at least one of the four
subtrees incident in r1 must contain the root of another 3,3-spider in T .
Indeed, otherwise it is possible to split T at r1, and create two 3,3-spider
free partitions T1 and T2, each consisting of two subtrees attached to r1,
contradiction, since T is not an orthogonal ray graph by assumption. Let
r2 be this second root. Of the at least 3 paths of length three incident in
r2, at most one contains r1 as a vertex. Therefore, contracting all edges
between r1 and r2, one obtains that T strictly includes F1 as a contraction,
contradiction.

• There are exactly 3 subtrees of depth at least three incident in r1. Then,
there exist at least two distinct roots of 3,3-spiders in T . Pick r1 and r2 as
the farthest apart among such roots.

– r1 is at distance at least five from r2. Then, since the path P connecting
r1 and r2 supports exactly one of the length three paths of each spider,
T contains F4 as a contraction, and due to minimality if follows T = F4.

– r1 is at distance 4 from r2. Then, let p be the vertex in the middle
of the connecting path. If p has degree greater than 2, T contains
F3, hence by minimality T = F3. If any of the neighbors of p have
paths of length two attached, (disjoint from P ), T admits a contraction
containing F2, hence unrepresentable as a 4-DORG, contradiction. If
any of the length three paths besides P , that are attached to r1 and r2,
contain another root of a 3,3-spider, this contradicts the choice of r1
and r2 as the farthest among these roots. Finally, if neither is the case,
one can split T at p, and the resulting partition (as in Definition 5.1)
is 3,3-spider free, hence by Theorem 5.3, T is an orthogonal ray graph,
contradiction. Therefore, p has degree 3 and T = F3.

– r1 is at distance 3 from r2. We show this is impossible. If there are any
paths of length two attached to the two internal vertices u1 and u2 of
the path P between r1 and r2 (these two paths being disjoint from P
itself), T admits a contraction containing F2, contradiction. As in the
previous case, no roots of other 3,3-spiders can occur on the non-shared
paths of the spiders rooted in r1 and r2, hence again we can split T at
u1 or u2 into two 3,3-spider free subtrees, contradiction.
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– r1 is at distance 1 from r2. By the same lines of reasoning as above,
in this case T is not an ORG if and only if there exists an additional
length two path attached the vertex joining r1 and r2, thus concluding
T = F2.

– Finally, if r1 and r2 are adjacent, by our assumptions, no additional
length three paths can be attached to either r1 or r2 (besides the
branches of the spiders), nor can any vertex on the incident length three
paths be the root of a 3,3-spider. Therefore one can find an adequate
split at either r1 or r2, contradicting the assumption about T .

r1

r2

r1 r2 r1 r2

Figure 5.15: If T is a minimal non-ORG and r1, r2 are the farthest apart
roots of a 3,3-spider in T , then they cannot lie at distance 1 or 3 (center and

right). Moreover, no vertex of T is an endpoint of exactly four paths of length
three (left)

5.1.4.3 Remarks on the recognition complexity

Here we use a slightly modified version of the results of the Section 5.1.4.2 to
sketch a linear recognition algorithm for the ORG-trees. This proceeds along the
same lines as in [36], and results from performing the steps below:

Sketch of a linear algorithm for the recognition of orthogonal ray trees
Given an ORG-candidate tree T, remove the leaves twice and denote the obtained

tree by T̃ . We check for vertices of degree at least three:

1. If none are found, return YES.

2. If exactly one is found:

(a) If the degree is at least 5, return NO.

(b) Otherwise, return YES.

3. If exactly two are found, let these be r1, r2:

(a) If one of them has degree 4, return NO.
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(b) If none of them has degree 4:

i. If r1, r2 are at distance at least 5, return NO.

ii. If r1, r2 are at distance 4 (path P4 = r1u1pu2r2), if p has any inci-
dent subtrees in T disjoint from P4, or u1, u2 have incident subtrees
(disjoint from P4) of depth ≥ 2 in T , return NO. Otherwise, return
YES.

iii. If r1, r2 are at distance 3 (path P3 = r1u1u2r2), if u1, u2 have any
incident subtrees in T , which are disjoint from P3 and of depth at
least 2, return NO. Otherwise, return YES.

iv. If r1, r2 are at distance 2 (path P2 = r1ur2), if u has any incident
subtrees in T , which are disjoint from P2 and of depth at least 2,
return NO. Otherwise, return YES.

v. If r1, r2 are adjacent, return YES.

(c) If at least three vertices of degree 3 are found, return NO.

5.1.4.4 An equivalent description

K. Nishikawa, S. Tayu and S. Ueno have showed ([36]) that the orthogonal ray
trees are exactly the trees with no induced asteroidal quintuple (denoted by A5E).
In this section we prove the direct equivalence of this condition with the one in
Theorem 5.3. We recall the definition of an asteroidal quintuple from the beginning
of this section:

Definition 5.5. An asteroidal quintuple in a graph G is a set of edges {e1, e2, e3,
e4, e5} with the property that for all 1 ≤ i ≤ 5 there exists a path in G connecting
ei and ei+1 that contains no vertex adjacent to ei−1 or ei+2, where all indices are
taken modulo 5.

e1

e2

e3

e4
e5

Figure 5.16: The graph F1 contains an asteroidal quintuple, represented by
the colored edges. The dashed curves show the connecting paths between ei

and ei+1, 1 ≤ i ≤ 5.
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Theorem 5.5. ([36]) A tree T admits a 3,3-spider free split (T1, T2, v) if and only
if it contains no A5E.

Proof. “⇐”:

Assume T admits no such split. Then, by Theorems 5.3 and 5.4, it admits one of
the trees Fi as a contraction, for some 1 ≤ i ≤ 5. These five trees each contain an
A5E as highlighted in orange in Figure 5.15. Since contractions do not increase
the distance between vertices, we conclude that T also contains an A5E.

“⇒”:

Let (T1, T2, v) be a 3,3-spider free split of T , and suppose T contains an A5E
(e1, e2, e3, e4, e5). By the box principle, one of the trees T1 and T2 contains three
of the five edges, w.l.o.g T1. Since among 5 edges in cyclical order any triplet
contains a pair of neighbors, we may assume e1 and e2 belong to T1.

First, we make the following observations:

Observation 5.5. Let T be a 2-DORG tree (i.e., 3,3-spider free). Then, any
edge is at distance at most 1 from the spine of T . Therefore, given any three edges
of T , the path connecting the two extremal ones (with respect to the left-right
ordering of the closest spine vertex), will pass through a vertex neighboring the
middle edge. Note that if two of the three edges have the same rank with respect
to this order, the claim is obvious.

Observation 5.6. By the definition of an asteroidal quintuple, for any pair of
consecutive edges (ei, ei+1), there exists a path incident to one of them and avoiding
the other.

We now distinguish the following cases:

• T1 contains four edges of the A5E. Because of the cyclical order, we can
assume without loss of generality that they are e1, e2, e3, e4. Then, we can
show that they must appear in T1 in this, or the reversed order: this follows
from Observation 5.5, by noting that e3 cannot appear between e1 and e2,
e2 between e3 and e4, e3 between e1 and e2, and e4 between e2 and e3. By
changing the labeling from clockwise to counterclockwise, we assume that
the ordering of the edges in T1 is e1, e2, e3, e4.

– If v lies before or adjacent to e3 in T1, the path connecting e4 and e5
can’t avoid adjacency to e3, contradiction.

– If v lies after e3, then the path connecting e1 and e5 can’t avoid adja-
cency to e2, contradiction.

• T1 contains all five edges of the A5E. Similarly as above, we can show that
the order in which they appear in T1 is e1, e2, e3, e4, e5. But then, the path
connecting e1 and e5 can’t avoid e2 and e4, contradiction.

• T1 contains three edges of the A5E (among them, as assumed above, e1 and
e2. There are two possibilities:
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– The three edges are e1, e2, e3, w.l.o.g. in this order (as in the previous
cases). Then, if v lies before or adjacent to e2, the path connecting e3
and e4 can’t avoid e2. Otherwise, the path connecting e1 and e5 can’t
avoid e2, in either case, contradiction.

– The three edges are e1, e2, e4. Then, neither of e1, e2 can lie between v
and e4 , otherwise it is impossible to connect e4 to e3 while avoiding e2
and e4 to e5 while avoiding e1. We again have two cases:

∗ e1 and e2 lie on the same side of e4. Then, by the above observation,
v appears on the same side of e1, e2 as e4. It is therefore not possible
to simultaneously connect e1 to e5 while avoiding e2 and e2 to e3
while avoiding e1.

∗ e1 and e2 lie on opposite sides of e4, with v between them. Then,
it is not possible to avoid e4 while simultaneously connecting e1 to
e5 and e2 to e3.

5.1.5 The intersection graphs of doubly-oriented rays and
segments

We consider the graph class denoted by R∗S in Section 1.4 of Chapter 1, namely
the intersection graphs of segments and doubly-oriented rays. As seen in the same
chapter, they are a superclass of 4-DORGs (R∗R∗) and incomparable with UGIGs
(UU).

Proposition 5.4. The intersection graphs of double-rays and segments strictly
contain the orthogonal ray trees, but not all trees.

Proof. For the first part of the statement, consider the tree F1 in Figure 5.15.
By Theorem 5.4, it does not admit an orthogonal ray representation. However,
Figure 5.17 shows a drawing of F1 as an intersection graph of doubly-oriented rays
and segments.

Figure 5.17: A representation of F1 as a double-ray - segment intersection
graph
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For the second part of the statement consider the tree F0 in Figure 5.18 below.
We show that it does not belong to the graph class in question:

13 copies 13 copies

Figure 5.18: The tree F0 admits no R∗S representation

Due to symmetry, suppose F0 can be drawn as an intersection graph of doubly-
oriented rays (vertical) and segments (horizontal). Then, one of the two connected
subtrees on the left and on the right has the root represented by a horizontal unit
length segment. We proceed to show that this subtree cannot be represented. By
the box principle, among the 13 children of the root, at least 7 must be repre-
sented as rays with the same orientation, w.l.o.g. upwards. The children of these
seven vertices are drawn with unit horizontal segments, as is the root, therefore
they must each contain a point with a x-coordinate equal to that of exactly one
of the root endpoints (see Figure 5.19). Again by Dirichlet principle, at least 4
of these children contain the same x coordinate, w.l.o.g. that of the left endpoint
of the root. Therefore, for these vertices, the roots of the attached 3,3-spiders
must be represented as downward rays, with the possible exception of the left-
most horizontal segment. However, the 3,3-spider the root of which is drawn as
the second-rightmost downward ray among the 4 should now be represented as
an intersection graph of unit segments and (downward) rays, a contradiction to
Theorem 5.2.

. . .

Figure 5.19: Representing a portion of the tree F0. The blue segments depict
the roots of 3,3-spiders that are irrepresentable with the current restrictions



The trees and cycles of Γ 125

5.2 Cycles and the classes of Γ

In this section we describe the cycles that belong to each of the graph classes in Γ.
First, we recall that 2-DORGs are chordal bipartite, hence they can only contain
C4s. We again see that the ray-unit and 3-directional orthogonal ray graphs behave
in the same way, namely admitting at most cycles of length 6. On the other hand
4-DORGs include all even cycles of length up to 12, whereas the remaining graph
classes contain all even length cycles.

5.2.1 Ray-unit intersection graphs

We show the following:

Proposition 5.5. The only cycles contained in the class of ray-unit intersection
graphs are C4 and C6.

Corollary 5.4. The three-directional orthogonal ray graphs contain no cycles of
length greater than 6.

ai ai+2

ai+1

Figure 5.20: Ray-unit graphs contain at most C6

Proof. Let C2k, k > 2 admit a ray-unit intersection drawing (using upward rays
and horizontal segments). Then, in this representation, there must exist two non-
consecutive vertical rays that are connected by a unit segment. By assumption,
there exists at least one vertical ray lying strictly above this segment. Each of the
neighbors of the corresponding vertex is also drawn by unit segments, therefore
it must cross one ray of the pair initially picked. As the graph now contains an
induced C6, we conclude k = 3.

To finish the proof, recall that C6 admits a representation as a 3-DORG, which is
a strict subclass of the ray-unit intersection graphs.

Corollary 5.5. The above implies an already known result, namely that 2-
DORGs are chordal bipartite. Indeed, it can easily be checked that C6 fails to
meet the conditions in Section 1.4.3.3 of Chapter 1. Alternatively, this can also
be shown via a simple case analysis.
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5.2.2 Double-ray - unit graphs and ray-segment graphs

Proposition 5.6. All cycles of even length can be represented as ray-segment
graphs and as double-ray – unit-segment intersection graphs

Corollary 5.6. All cycles of even length are representable as unit grid intersection
graphs, double-ray – segment graphs, unit-segment and grid intersection graphs.

Proof. (of Proposition 5.6)

The construction patterns for both cases can be seen in Figure 5.21 below.

(a) (b)

Figure 5.21: All even cycles can be drawn as ray-segment graphs (right) and
double-ray – unit-segment graphs (left)

5.3 4-directional orthogonal ray graphs

Here, we show a result from [47], however using another proof idea:

Proposition 5.7. The class of orthogonal ray graphs contains exactly the cycles
C2k, for k ≤ 6.

Proof. Assume that there exists a C2n, n ≥ 7 with a (fixed) representation R as
an orthogonal ray graph. Without loss of generality, we concentrate on the (at
least) seven vertices represented as vertical halflines. By the pigeon hole principle,
there must exist at least four of them, the corresponding halflines of which have
the same infinite direction, w.l.o.g. y-axis positive. From left to right, we denote
these vertices v1, v2, v3, v4.

A separating edge in R is defined as an e ∈ E, such that there exist u1, u2 in
V , with the neighborhoods of u1 and u2 disjoint from V (e), such that R(u1) and
R(u2) are separated in different plane regions by R(e).

The existence of a separating edge suffices to show R is no ORG representation.
Indeed, assume this were the case. Then, any path connecting u1 and u2 in G
would have to contain one of the endpoints of e. However, since in this case
G = C2n, n ≥ 7, for every e, u1, u2 as above there exists a path connecting u1 and
u2 disjoint from e, contradiction.

We conclude the argument with the following
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Lemma 5.3. Any representation R of G as an ORG contains a separating edge.

Proof. We consider the vertices v1, v2, v3, v4 as defined above and concentrate on
v2. Its two neighbors must be represented in one of the three ways below:

(a) (b) (c)

v1 v2 v3 v4 v1 v2 v3 v4 v1 v2 v3 v4

Figure 5.22: The possible representations of the neighbors of v2

• In case (a), the neighbors of v2 are represented by halflines pointing in op-
posite directions. Then, v1 is separated by the edge going to the right from
the vertex among v3, v4 not belonging to the edge.

• In case (b), both neighbors of v2 correspond to halflines pointing to the left.
An edge among these two is not incident to v1 and separates it from v3 or
v4.

• In case (c), both neighbors of v3 are drawn as halflines pointing to the right.
As above, an edge among these two is not incident to v1 and separates it
from its non-endpoint among v3 and v4.

In oder to show that the cycles of length at most 12 belong to ORG, we consider the
representation of C12 in Figure 5.23 below. It is possible to sequentially decrease
the cycle length by 2, by prologing one vertical and one horizontal extremal rays
to meet, and deleting the two vertices in the shortest connecting path.

Figure 5.23: A representation of C12 as an orthogonal ray graph
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5.4 Conclusion

We can summarize the results gathered during the previous two sections as follows:

• Ray-unit (RU) graphs do not differ from 3-DORGs with respect to the con-
tained trees and cycles, though Chapter 2 shows that the inclusion is proper.

• 4-DORG trees admit polynomial, even linear recognition algorithms. The
description is still possible in terms of the 3,3-spider graph.

• With the exception of (2-,3-,4-)directional orthogonal ray graphs and ray
unit graphs, all other classes of Γ contain all cycles. At the same time,
except for the R∗S graphs, these classes also contain all trees.



Chapter 6

The planar two-directional
orthogonal ray graphs

In this chapter, we start with the characterization of outerplanar 2-DORGs. Af-
terwards we add the missing elements that complete the description of all planar
two-directional orthogonal ray graphs. In general, not much is known about the
description of the planar graphs that belong to one of the graph classes of Γ (see
Chapter 1). There exist two notable exceptions. In 1991, Hartman et al. showed
that all planar bipartite graphs (essentially, all candidates) admit a grid intersec-
tion representation ([23]). Very recently, S. Chaplick, S. Felsner and U. Hoffmann
have showed that all 1-subdivisions of outerplanar graphs belong to the UGIGs
([10]). Here, by a 1-subdivision we understand replacing each edge with a path of
length two, hence making the graph bipartite.

Throughout this chapter we make use of the characterization of 2-DORGs found
in [47], which is based on older results concerning circular arc graphs ([15, 54]).

Definition 6.1. Given a graph G, an edge asteroid is defined as a collection of
an odd number of edges e0, e1, . . . e2k of G, such that for every 0 ≤ i ≤ 2k there
exists a path joining ei and ei+1 (in cyclical order, i.e., 2k + 1 ≡ 0), that does not
contain a vertex incident to the edge ei+k.

It has been shown [47] that two directional orthogonal ray graphs are exactly the
chordal-bipartite, edge-asteroid free graphs. At the same time, they can be de-
scribed as the comparability graphs of posets of interval dimension two and height
two, as highlighted in Section 4.2 of Chapter 4. This gives rise to a description
based on minimally forbidden subgraphs (which are exactly the edge asteroids).
These graphs are the planar subset of the graphs in Figure 4.3 of Section 4.2. They
are depicted in Figure 6.1 below, with the edge asteroids highlighted:

129
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A2 A3 A4(n), n ≥ 2 A5A1

. . .

Figure 6.1: The planar and chordal bipartite edge asteroids

From the list of minimally forbidden subgraphs, it is possible to derive a general
pattern for the structure of planar 2-DORGs.

Proposition 6.1. A planar graph G admits a 2-directional orthogonal ray rep-
resentation exactly when it is chordal bipartite and admits none of the graphs
Ai, 1 ≤ i ≤ 5 as induced subgraphs.

6.1 The outerplanar 2-DORGs

Throughout this section we make use of the characterization in Proposition 6.1 of
planar 2-DORGs, as well as of the following theorem concerning bipartite outer-
planar graphs:

Theorem 6.1. (see, e.g. [12]) A bipartite graph G is outerplanar exactly when
it contains no subdivision of K2,3 (the complete bipartite graph with two vertices
in one partition and three in the other).

Definition 6.2. We define a millipede as a graph that admits an outerplanar
embedding such that:

1. Every face except for the outer face is a four-cycle.

2. The weak dual of G is a path.

3. Any vertex that belongs to at most one interior face has only its two face
neighbors.

4. The vertices belonging to at least two faces have at most (an arbitrary num-
ber of leaves) incident to them.

An example of a millipede can be found in Figure 6.2 below:
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Figure 6.2: An example of a millipede

The remainder of this section is dedicated to proving the following:

Theorem 6.2. Let G(V,E) be a an outerplanar graph. Then G admits a two-

directional orthogonal ray representation if and only if there exists a millipede G̃
such that G is an induced subgraph of G̃.

Proof. “⇒ ”:

Let G be a 2-DORG, with an outerplanar representation. It is well known that
every two-directional orthogonal ray graph is chordal bipartite [47]. Therefore, ev-
ery non-trivial induced cycle in G has length four. In the sequel, we will construct
augmentations of G in which the faces themselves are 4-cycles, such that property
1. in Definition 6.2 is preserved.

Assume now that the weak dual of G has a connected component that is not a
path. Then, there exists an inner face in G, neighboring at least three other inner
faces. Therefore, if the weak dual of G is not a path, G must contain A2 as an
induced subgraph, contradiction, since A2 is an edge asteroid. Therefore, property
2. above holds for every G outerplanar that admits a 2-DORG representation. The
absence of the same edge asteroid A2 as an induced subgraph shows that property
3. also holds for all faces which do not correspond to endpoints in the dual path
of a connected component.

In the rest of the proof for this direction, we construct a millipede G̃ admitting G
as an induced subgraph. We first show this in the case when the weak dual of G
is connected, and then extend the result for the remaining outerplanar graphs.

6.1.1 The case when the weak dual of G is connected

We have showed above that properties 1. and 2. from the definition of a millipede
hold for G. We now need to augment G with extra vertices and edges, in order to
fulfill properties 3. and 4. First, note that property 2. allows us to number the
faces of G from left to right (given an appropriate rotation of the plane). Let G′

be the restriction of G to the vertex set of its faces. We perform an exhaustive
analysis over the subtrees incident to G′ in G.
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• G′ has only one face. Therefore, since A1 is not an induced subgraph of
G, there exist at most two vertices of G′ with trees of depth at least two
that are attached to them. Among these trees, at most two have depth
three or larger, otherwise A5 is an induced subgraph of G, contradiction.
Furthermore, it can be distinguished whether the two vertices of G′ incident
to depth ≥ 2 subtrees are in the same partition set or not, as well as whether
the subtrees of depth at least three are incident to the same vertex or not.
This gives rise to three cases, the completion of which into millipedes can
be seen in the Figure 6.3 below. (Note that if two trees of depth ≥ 3 are
incident to the same vertex of G′, no other vertex of G′ can have a tree of
depth at least 2 attached to it, and the vertex opposite to the root of the
depth ≥ 3 trees, may not even have incident leaves, otherwise A5 occurs as
an induced subgraph).

(a) (b) (c)

Figure 6.3: Completing an outerplanar one-faced 2-DORG to a millipede

• G′ has at least two faces. Then, there exist exactly two vertices of G′ that
belong entirely to the rightmost face, and exactly two belonging only to the
leftmost face. In the sequel, we call these vertices lu and ld (on the left side,
up resp. down), ru and rd (on the right side, up and down, respectively).
Furthermore, let Vext be the set {lu, ld, ru, rd}.

– Assume there exists a vertex v /∈ Vext that belongs to only one face of
G′ and T a non-empty induced subtree of G \G′ incident to it. Then,
A2 is an induced subgraph of G, contradiction. Therefore, this case
cannot occur.

– Assume there exists a vertex v /∈ Vext of G′ and Tv an induced subtree
of depth at least two of G incident to v. By the previous remark, v
belongs to two faces of G′ and let u denote the other endpoint of the
common edge of these faces. Again, we distinguish two subcases:

∗ There exists a tree Tu of G that has depth at least two and is inci-
dent to u. Since G does not contain A3 as an induced subgraph, we
conclude that G′ only consists of two faces, that have uv as a com-
mon edge. Furthermore, since A4(1) is also no induced subgraph,
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there can exist in G at most leaves attached to Vext. Moreover,
all the leaves incident in G to Vext are attached to the vertices in
only one of the pairs (lu, rd), (ld, ru), otherwise we again have A1

or A4(1) as induced subgraphs. As a final observation, at most
one tree of depth at least three can be attached at either u or v,
otherwise A5 is an induced subgraph of G.
Therefore, we can complete G to a millipede as in the figure below,
augmenting Tu and Tv to the extreme regions of the millipede.

∗ In case no tree Tu is attached to u in G, we begin by noting that
there can be at most two trees of depth at least three attached to
v (as in the previous case).

· If there are two such trees, analogously as above G′ consists of
only two faces and can be completed to a millipede similarly as
in the case b) of Figure 6.4.

(a) (b) (c) (d)

Figure 6.4: Completing an outerplanar two-faced 2-DORG to a millipede,
when a tree of depth at least two is connected to a non-extremal vertex of G′

· Assume now there exists at most one tree of depth at least
three that is attached to v. At least one of the two faces of
G′ that contain v must correspond to an endpoint of the dual
path, otherwise A4(1) is an induced subgraph of G, contradic-
tion. If G′ has only two faces, the completion follows as in case
d) of Figure above. If G′ has at least three faces, without loss
of generality, we assume u, v, ru, rd are the vertices of the right-
most face of G′ and ru is a neighbor of v. For the same reason
of avoiding induced asteroids, we conclude rd has no attached
leaves in G and ru has at most one tree of depth at least three
attacheed. In this case, the right end of G′ can be completed
as a millipede as follows:

• If G has no subtrees of depth at least two meeting the conditions above, we
consider the subtrees of depth at least two attached to the vertices in Vext:

– If there are such subtrees attached to both lu and ld or to both ru and
rd, then A3 is an induced subgraph of G, contradiction.

– For each vertex in Vext, at most one subtree of depth three can be
attached to it, otherwise A5 is an induced subgraph of G. Then, G can
be completed into a millipede according to one of the two cases below:
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lu ru

ld rd

lu ru

ld rd

Figure 6.5: Left: The trees of depth at least two are attached to a subset of
{ld, rd}. Right: The trees of depth at least two are attached to a subset of

{lu, rd}

6.1.2 Finishing the proof for all outerplanar graphs

We define a cluster to be a maximally induced subgraph G′ of G, the dual of
which is a path, together with all induced subtrees of G that are connected to G′

and to no other clusters. We call neighbors two clusters G1, G2 of G, which have
the following property: there exists a neighboring path P = p0p1 . . . pk such that
p0 ∈ V (G1), pk ∈ V (G2) and no pi, 1 ≤ i < k is on the boundary of any interior
face of G (i.e., of a cluster).

We have seen in the previous section that if G consists of only one cluster, then G
can be augmented to a millipede. Here, given an outerplanar 2-DORG containing
several clusters, we will argue inductively that it is likewise possible to extend it
into a millipede.

We show the following inductive statement:

Proposition 6.2. P (n): a planar 2-DORG containing n clusters can be aug-
mented to a millipede.

Eliminating trivial neighboring paths We first consider the case where such
a neighboring path P is trivial, i.e. p0 = pk, that is to say, G1 and G2 share a
vertex, in which case they are said to touch. The following holds:

1. Let G′ be a subgraph corresponding to a connected component of the weak
dual of G. Then, it admits neighbors touching no more than two of its
vertices, otherwise A5 is an induced subgraph of G, contradiction.

2. Consider several such clusters that share a vertex. Then, at most two of
them can have more than one face, otherwise A5 is an induced subgraph of
G.

3. In all other cases of several clusters sharing a vertex, it is possible to augment
the graph such that they are all merged into a connected subgraph, as Figure
6.6 shows (namely, in this example the one-face clusters in the middle are
augmented with extra vertices to a graph with a path as weak dual, and
connected with the larger two components at the extremes (if applicable).
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(a) (b) (c)

Figure 6.6: (a) no cluster can admit three neighbors touching different
vertices; (b) At most two clusters having more than one face can share a

vertex; (c) Augmenting a clique of neighbors into a single connected cluster

The point 3. above shows that we can assume that no two clusters of G are
touching, otherwise we consider the augmented graph. This does not change the
analysis, since we are constructing an augmentation of G into a millipede. The
remainder of this section will make use of this assumption.

We can now make a series of observations about the structure of an outerplanar
2-DORG whose weak dual has more than one connected component:

Lemma 6.1. The following properties about the structure of an outerplanar 2-
DORG hold:

1. The neighboring path between two neighboring clusters is unique.

2. No cluster has more than two neighbors.

3. There exist two clusters Gl and Gr that have only one neighbor each, i.e.,
intuitively, the clusters corresponding to the connected components of the
weak dual are connected like beads on a string. We call Gl and Gr extremal ,
the other clusters in question internal .

4. Let P = p0p1 . . . pk be a neighboring path as defined above, connecting
the clusters G1, G2. Then p0, pk belong to extremal faces of G1 and G2

respectively, i.e. faces that in the weak dual are endpoints of the paths
corresponding to G1, G2.

5. Let G0 be an internal cluster. Then each of its two extremal faces contains
an endpoint of exactly one of the neighboring paths of G0.

6. Let P be a neighboring path and pi an internal vertex of P . Then, G contains
no subtrees of depth at least three that intersect P in pi alone.

7. No tree of depth at least three is attached to a vertex of any internal cluster,
without sharing edges with one of its two neighboring paths.

8. For any internal cluster G′, a tree of depth two can be attached to one of its
vertices if and only if it is attached to a vertex v belonging to two faces of
G′, one of which extremal, and such that v is at distance at most 1 from a
neighboring path of G′.
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9. For each extremal cluster G′, subtrees of depth 2 can be attached to at most
one of the free vertices (i.e., the vertices that do not belong to a neighboring
path), and among them, at most one may have depth three or more.

I
II

III IV

Figure 6.7: The subgraphs of an outerplanar 2-DORG that correspond to
the connected components of its weak dual (black) and the augmentation of G

to a millipede (red)

Proof. 1. Assume this weren’t the case and let G1, G2 be two neighboring clusters
for which there exist two distinct neighboring paths P, P ′ connecting them in G.
We have two cases:

• P and P ′ share both endpoints: then, G restricted to V (P ) ∪ V (P ′) has at
least another planar face lying between G1 and G2, contradicting the fact
that they are neighboring.

• P and P ′ have at least one distinct endpoint, w.l.o.g. in G1. Then, their
union forms in G at least a face that shares boundary with G1. Since G1

corresponds to a connected component of the weak dual of G, this means
that this new face and its vertices belong to G1, contradicting the definition
of P (internal vertices not belonging to any face of G).

2. Recall that the neighboring paths are non-trivial, by our assumption. The
existence of three or more of them shows that A5 is an induced subgraph, contra-
diction.

3. We can imagine each cluster as a “vertex” and each neighboring path as an edge.
If all these clusters have two neighboring paths, given that G is connected, implies
that the union of all the neighboring paths contains a cycle, and in particular that
the weak dual of G is connected, contradiction.
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4. Assume this isn’t the case, i.e. there exists a connecting path P = p0 . . . pk
connecting G1 and G2 such that p0 does not belong to an extremal face of of G1.
Then, there exist two paths of length at least three connecting p0 to two extremal
points of G1 (on the “right” and on the “left”). Furthermore since P is not trivial,
there exists a third path that contains P and two more adjacent vertices of G2.
Therefore, A5 is an induced subgraph of G, contradiction.

5. Suppose this is false and let G′ be such a cluster for which neither of its neigh-
boring paths P1 and P2 starts from its “leftmost” face. As in the previous case,
there exists paths of length three starting in v1, v2 and ending in the corresponding
neighbors of G′. Furthermore, by our assumption both v1 and v2 are at distance
at least three from the leftmost extremal vertices of G′. This implies that, again,
A5 is a subgraph of G (we can take the root of the 3,3-spider to be either v1 or v2)
(see Figure 6.8).

v1

v2

v1 = v2

Figure 6.8: Induced A5 subgraph if none of the neighboring paths start from
one of the extremal faces

6. From pi there start two paths of length three ending in the corresponding
neighboring subgraphs. Together, this yields A5 as an induced subgraph.

7. Let v be the vertex where such a subtree is attached. Then we can find an
induced A5 subgraph rooted in v.

8. In the other cases we find the induced subgraphs A4(3), A3 or A5, as in Figure
6.9 below.

(a) (b) (c) (d)

Figure 6.9: The forbidden placements of attached depth two subtrees

9. If at least two free vertices have subgraphs of depth 2 attached to them, then,
if G′ has only one face, then A1(1) is an induced subgraph. If more than one of
the attached subtrees has depth at least three, we have the induced subgraph A5.
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By the observations in Lemma 6.1, we notice it is possible to augment G to a
millipede: observations 3. and 4. ensure that the obtained graph has a linear weak
dual, whereas the remainder of them excludes the presence of edge-asteroids. On
the other hand, the extremal subgraphs must satisfy the conditions in the previous
section, therefore they can also be augmented accordingly. One such augmentation
for the general case can be seen in Figure 6.10.

Figure 6.10: A millipede and its 2-DORG representation

“⇐” Assume G is a millipede. We now show that it admits a 2-DORG representa-
tion. This can be done “brute-force” by acknowledging the fairly simple structure
of a millipede: a chain of attached faces with bending points and leaves attached
to the vertices that belong more to one face. One such representation can be seen
in Figure 6.10 above.

However, it is possible to prove it from a theoretical perspective:

Lemma 6.2. G contains no edge-asteroids.

Proof. Whereas it is possible to exclude, in turn, each of the five subgraphs from
Figure 6.1, we provide a more general proof. Since the weak dual of a millipede
is a path, we can label its faces from “left” to “right” in increasing linear order.
Furthermore, we add two dummy faces adjacent to left and rightmost face of G,
such that the vertices previously in Vext now have degree three. These new faces
are labeled with 0 and n+ 1 respectively, where n is the number of internal faces
of G, i.e., we exclude the outer one.

To each edge e of G we assign a pair of values, in the following way:

• if e is a leaf, e gets twice assigned the larger value of the two faces it is
attached to.

• if e is not a leaf, then e gets assigned, for each endpoint, the largest value of
a face that endpoint belongs to.
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We now define a partial order <r on E as follows: e1 <r e2 if and only if the
pair of coordinates of e2 is at least as large as that of e1, with at least one of the
inequalities strict. It is clear that this definition ensures a two-dimensional partial
order. Let L be any fixed linear extension of the poset P (E,<r). One such edge
labeling can be found in the figure below:

1

2

3

4

5

7

6

11

9

8

10

12

13

14

15

1 2
3

4
1 2

1 2

2

4

3

3

4

4

4

4

Figure 6.11: Edges of a millipede labeled by their position in L

The following crucial observation holds :

Observation 6.1. Let e1 <L e2 <L e3 three edges of E. Then, any path con-
necting e1 and e3 contains an edge that has distance at most 1 to e2.

Proof. We distinguish two cases:

• If e2 is incomparable in <r with either e1 or e3, the claim is immediate,
since two edges are only incomparable if either they are opposite sides of the
same face, or both attaching a leaf to either the same vertex, or connected
vertices. A minimal path of length two between any edges implies a raise in
coordinates, therefore comparability.

• Assume e1 <r e2 <r e3. The chosen minimal path connecting e1 and e3
consists of edges with the property that any two consecutive ones correspond
to a cover relation in the Hasse diagram of P . Therefore, by continuity, if e2
does not belong to this path, it must contain an edge e′ that is incomparable
to e2 in P . However, we observed above that incomparability implies distance
at most one in the graph, which proves our statement.

Assume now there exists an edge-asteroid e0, e1, . . . e2k of G. The ordering of these
edges in L corresponds with a permutation π on 2k + 1 elements.

Lemma 6.3. There exists an index 0 ≤ i ≤ 2k such that j + k + 1 lies between
j and j + 1 in π.

Proof. Assume this weren’t the case. Then, for all i, i and i + 1 lie either both
before or both after i+k+1 in π. We have that for π(1), π(1)−k−1 and π(1)−k
lie both after it in π, and that for π(n) the corresponding pair of edges lies before
it in π. Thus, considering a circular ordering of the 2k+ 1 edges, there must exist
an i such that in π i lies after i + k − 2 and i + k − 1 and i + 1 before i + k and
i+ k − 1. But then, i+ k − 1 lies between i and i− 1, contradiction.
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i− 1

i

i+ 1

i+ k − 1

i+ k i+ k − 2

Figure 6.12: The point i+ k − 1 lies in π between its associates

Let j be as in the previous lemma, i.e. ej <L ej+k+1 <L ej+1. However, by
Observation 6.1, any path connecting ej and ej+1 contains an edge at distance at
most 1 from ej+k+1, contradicting the definition of an edge-asteroid. We conclude
that G is edge-asteroid free, and since clearly weakly chordal and bipartite, a
2-DORG.

6.2 General planar graphs

Based on the results for outerplanar graphs, we here investigate the planar graphs
that admit a 2-DORG representation. Let G be such a graph. Since G is bipartite
and weakly chordal, the only possible K3,2 subdivisions are three paths of length
three sharing the endpoints (type I), or three paths of length two sharing the
endpoints (type II).

Lemma 6.4. Let G be a weakly chordal bipartite graph that is not a 2-DORG.
Assume it contains a K3,2 subdivision of type II or type I. Then, it is possible to
erase a vertex in one of the three paths, without G becoming representable as a
2-DORG.

Proof. Any Ai, 1 ≤ i ≤ 5 of the edge asteroids is outerplanar. Therefore, as an
induced subgraph, it does not cover at least one vertex v of the K3,2 subdivision.
The graph G \ {v} has no 2-DORG representation.

By using the above lemma and the principle of finite descent (no vertex removal
increases the number of K3,2 subdivisions), we find that we can obtain new 2-
DORGs from a millipede, with repeated creating of subdivisions of type I and II
(by adding new paths).
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To finish describing the structure of planar 2-DORGs we must look at the restric-
tions over the attached trees in case of subdivisions. Figure 6.13 below shows that
in the case of subdivisions of type II, only two of these paths can have other (dis-
joint) incidences to their internal vertices, otherwise A4(2) appears as an induced
subgraph. Furthermore, in case of a subdivision of type I, at most two of the paths
can have trees of depth two connected to their internal vertices, otherwise there
exists an induced A5.

(a) (b)

Figure 6.13: The two types of K3,2 subdivisions. Right: For the type II, at
most two internal vertices can have disjoint graph vertices incident to them.

6.3 Conclusion

We have shown the following

Theorem 6.1. A planar, bipartite, weakly chordal graph G is a 2-DORG if and
only if it is the induced subgraph of a graph G̃ that is obtained from a millipede in
the following two steps:

• Add “copies” to any path with four vertices (keeping the endpoints fixed), to
create type II subdivisions, and copies to any path of three vertices (endpoints
fixed), to create type I subdivisions.

• Eventually attach leaves to the internal vertices of the extra paths of length
three, if and only if it is possible to do so to the internal vertices of the
original two paths without creating edge-asteroids.





Chapter 7

Concluding remarks and open
problems

In this chapter, we summarize the conclusions we have reached in our work, show
how they integrate in the current research in the area, and finalize with further
questions that may be of interest.

7.1 The recognition and characterization of the

graph classes of Γ, and of related classes

At the time we turned our attention towards the graph classes of Γ it had been
known that grid intersection graphs are NP-complete to recognize ([23, 28]), as
well as the fact that 2-directional orthogonal ray graphs admit a polynomial recog-
nition algorithm [18, 47, 54]. In terms of the relationship between different graph
classes, it had also been shown in [38] that grid graphs are a subclass of unit grid
intersection graphs.

7.1.1 Our contribution

• In Chapter 2 we showed that the inclusions between the graph classes of
Γ are proper, and no more than indicated by the generality degree of the
intersecting objects. Furthermore, we considered the bipartite intersection
graphs of unit squares (BipUSqIG). We have showed that this class lies
between unit grid intersection graphs and partial grid graphs, thus extending
the result in [38]. Furthermore, both BipUSqIGs and PGGs are shown to be
incomparable to the planar, maximum degree 4 restrictions of all the classes
of Γ between RR and R∗S.

These relations are sketched in Figure 7.1 below.
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RR

RR∗

R∗R∗
RU

R∗U RS

R∗SUU

US

SS

BipUSqIG

PGG

Figure 7.1: The class hierarchy of Γ, bipartite unit square intersection
graphs and partial grid graphs. Here, class A is included in class B if and only
if there exists an y-coordinate monotonously increasing path from A to B in
the diagram. The dashed lines restate the incompatibility of BipUSqIGs and

PGGs with all the Γ classes between RR and R∗S.

• In Chapter 3 we have approached the recognition of unit grid intersection
graphs by equating the problem to that of the solvability of a planar 3-SAT
Boolean formula. Moreover, it holds that if the formula is unsatisfiable, the
associated graph does not even admit a pseudosegment representation. Since
it has been shown that the solvability of planar 3-SAT is NP-complete [1],
it follows that it is NP-hard to recognize both unit grid intersection graphs
(UU), as well as unit-segment – segment intersection graphs (US). Since in
both cases we can find polynomial certificates, it follows that the recognition
problem for UU and US is NP-complete.

• In Chapter 4 we describe a polynomial algorithm for the recognition of 3-
directional orthogonal ray graphs (with upward, leftward and rightward di-
rections), with given partial information. In this case, the ray directions are
not prescribed, but we are given the y-coordinate ordering of the endpoints
of the vertical rays. Furthermore, we show that chordal-bipartite 3-DORGs
are 2-DORGs, hence being recognizable in linear time.

7.1.2 Open questions

1. The class of BipUSqIG lies between two NP-complete classes: UGIG (see
Chapter 3) and partial grid graphs [4]. What is the recognition complexity
of this class, also when restricted to trees?

2. How difficult is it to recognize 3- and 4- directional orthogonal ray graphs
with, or without prescribed ray directions?
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3. How can one describe, and is it possible to efficiently recognize the remaining
four classes of Γ (RU,R∗U,RS,R∗S)?

Figure 7.2 summarizes the above remarks:

NP-complete

open

∈ P , with extra information given,
still open in the general case

polynomial

RR (2-DORG)

RR∗ (3-DORG)

R∗R∗
RU (ray-unit)

R∗U
RS

R∗SUU (UGIG)

US (USEG)

SS (GIG)

Figure 7.2: The current state of knowledge about the recognition of the
graph classes of Γ.

7.2 Describing the intersection of Γ with special

graph classes

In Chapter 5 we investigated the trees and cycles that belong to on of the classes
of Γ. So far, it had been known that all trees are unit grid intersection graphs [39],
as well as the fact that 2-directional orthogonal ray trees are exactly those with
no induced 3,3-spider subgraph [47](where it is mentioned as a 3-claw). We have
extended these descriptions and shown the connection of the 3,3-spider with the
trees of other classes in Γ. We have also completed the description of the cycles
that belong to the graph classes of interest. Chapter 6 presents a characterization
of the planar 2-directional orthogonal ray graphs. It has so far been known that
all bipartite planar graphs admit a grid intersection representation [23], and it has
recently been proven that all 1-subdivisions of outerplanar graphs are unit grid
intersection graphs [10].

7.2.1 Our contribution

• The trees that admit a 2-DORG, 3-DORG or a ray-unit representation are
the same, namely the 3,3-spider free trees.
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• The 4-DORG trees can be described as the trees that can be split at a
vertex into two 2-DORG trees. This leads to a characterizations based on
subgraphs forbidden in any subdivision of the given graph, as well as a
polynomial recognition algorithm.

• The remaining graph classes of Γ except R∗U contain all trees.

• The RU and 3-DORG classes contain only the C4 and C6 cycles.

• All cycles belong to each of the classes R∗U,UU,RS,R∗S, US.

• The outerplanar 2-directional orthogonal ray graphs are exactly those that
can be augmented to a graph class with a special structure which we call
millipedes.

• We have described the remaining planar 2-DORGs, based on the structure
of the admissible K3,2 subdivisions.

Figures 7.3 and 7.4 below summarize the descriptions of the trees and cycles
of Γ.

all trees

3,3-spider free

open

A5E free

vertex join of two 2-DORGs

RR (2-DORG)

RR∗ (3-DORG)

R∗R∗ RU (ray-unit)

R∗U RS

R∗SUU (UGIG)

US (USEG)

SS (GIG)

(4-DORG, ORG)

Figure 7.3: The trees of Γ.
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all cycles

C4 and C6

C2k, 2 ≤ k ≤ 6

C4

RR (2-DORG)

RR∗ (3-DORG)

R∗R∗ RU (ray-unit)

R∗U RS

R∗SUU (UGIG)

US (USEG)

SS (GIG)

(4-DORG, ORG)

Figure 7.4: The cycles of Γ.

7.2.2 Open questions

1. How can one characterize the trees that admit a double-ray-unit (R∗U) rep-
resentation?

2. What can be said about the structure of the cacti, outerplanar and planar
graphs that belong to Γ \ {RR, SS}?

7.3 Other remarks

In Chapter 3 we have also addressed the problem of representing unit grid intersec-
tion graphs in minimal size grid areas. We have shown, among others, that there
exist unit grid intersection graphs that need an arbitrarily large bounding rect-
angle size, and that the UGIGs that can be drawn inside a square of sidelength
1 + ε, 0 < ε < 1 are exactly the orthogonal ray graphs. It may be of interest
to ask similar questions about other graph classes in Γ, as well as to provide a
lower bound on the grid size necessary to accommodate a UGIG on n vertices
(we conjecture the existence of examples needing a grid rectangle of area Ω(n) for
representation).
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k-clause, 8
k-directional orthogonal ray graph, 79
k-directional ray intersection graphs, 79
k-directional segment graphs, 4, 58, 79
(poset) dimension, 6
3,3-spider, 105

acyclic, 3
adjacent, 2
aligned, 112
antisymmetric, 5
asteroidal quintuple, 108, 121

bipartite, 2
boundary size, 73
boxicity, 6

chain, 6
children, 3
chordal, 2
chordal bipartite, 2
clause gadget, 61
closed neighborhood, 2
cluster, 134
coarsest common refinement, 97
comparability graph, 6
comparable, 5
compatible, 97
complexity, 6
connected, 2
connected components, 2
cover, 5
cross-free, 12
cycle, 2

degree, 2
depth, 3
dual, 4
dummy occurence, 63

edges, 2
endpoints, 2
extension, 6
extremal, 135

face, 4
feasible, 13
forest, 3

GI-complete, 8
girth, 2
graph, 2
graph isomorphism problem, 8
grid intersection graph, 1, 4, 11, 58, 79

Hasse diagram, 5
height, 6

incident, 2
induced subgraph, 2
internal, 135
intersection bigraph, 4
intersection graph, 1, 4
interval containment bigraph, 80
interval dimension, 6
interval graph, 58
interval order, 6
interval realizer, 6

jump number, 80

k-regular, 3

leaf, 3
length of a path/cycle, 2
linear, 6
lobsters, 105
logic mapping, 78
loop, 2

maxima, 5
minima, 5
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neighbor, 2
neighborhood, 2
neighboring path, 134
NP-hard, 7

occurence gadget, 63
opposing constraints, 16
order relation, 5
ordered partition, 97
orientation, 3
orthogonal ray graphs, 5, 59, 77, 79
outer face, 4
outerplanar, 4

parent, 3
partially ordered set, 5
partition refinement technique, 97
path, 2
planar, 3
planar 3-SAT, 8
plane graph, 4
poset, 5
pseudosegment graphs, 4, 58

ray intersection graphs, 79
realizer, 6
reduced, 7
refinement, 97
reflexive, 5
restriction of a partition, 97
root, 3

segment intersection graph, 4, 58, 79
separating edge, 126
siblings, 3
simple, 2
spine, 106
split of T by the vertex v, 108
staircase, 107
string graphs, 4, 58
subgraph, 2
subtree, 3

touch, 134
transitive, 3, 5
trapezoid graph, 80
tree, 3
two-directional orthogonal ray graphs, 5

unit grid intersection graph, 5, 57
unit-segment – segment intersection graph,

5
up-right incompatible, 18

variable gadget, 63
vertices, 2

weak dual, 4
weakly chordal, 2
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