
Prediction of structure-borne
sound power injection
by vibrational sources

with a focus on ship structures

vorgelegt von
Dipl.-Ing.

Sebastian Mathiowetz
geb. in Erlenbach / Main

von der Fakultät V - Verkehrs- und Maschinensysteme
der Technischen Universität Berlin

zur Erlangung des akademischen Grades

Doktor der Ingenieurwissenschaften
- Dr.-Ing. -

genehmigte Dissertation

Promotionsausschuss:

Vorsitzender: Prof. Dr.-Ing. Jürgen Thorbeck
Gutachter: Prof. Dr.-Ing. Michael Möser
Gutachter: Prof. Dr. Andrew Moorhouse

Tag der wissenschaftlichen Aussprache: 02. Oktober 2014

Berlin 2014





Acknowledgments

Acknowledgments

The present work has been carried out at the Institute of Fluid
Mechanics and Engineering Acoustics (ISTA), Technische Universität
Berlin, as part of the collaborative research project EPES. The financial
support received from the German Federal Ministry of Economics and
Technology-BMWi through grant 03SX305G is gratefully acknowledged.

I want to thank Prof. Dr.-Ing. Michael Möser for supervising
this thesis and giving me the freedom to work on my own author-
ity throughout the project. My thanks also go to my academic
colleagues and non-academic ISTA staff for their assistance and
support. Let me express a special thanks to Dipl.-Ing. Agnes Sayer
and Dipl.-Ing. Dietmar Greussing for ongoing discussions, constructive
suggestions and proofreading. I would like to thank Dr.-Ing. Hannes
Bonhoff for his contributions in planning and developing this project and
his valuable suggestions and kind support, especially at the beginning.
Many thanks to Prof. Dr. Andrew Moorhouse from the University of
Salford, United Kingdom, for following my invitation as examiner.

I wish to acknowledge the help of those who supported my work
in a technical way: Robin Seiler, M.A., from the Department Design
and Operation of Maritime Systems, Technische Universität Berlin, for
his assistance during measurements, Dipl.-Ing. Nils Reichstein from
Fr. Lürssen Werft GmbH & Co. KG, Bremen, and Dipl.-Ing. Heiko
Krüger from Flensburger Schiffbau-Gesellschaft mbH & Co. KG for
making measurements on board ships possible, Dipl.-Ing. Christoph
Tamm from Fraunhofer-Institut für Betriebsfestigkeit und Systemzu-
verlässigkeit LBF, Darmstadt, for collaborating in experimental work.

My sincere gratitude goes to Wim for his continuous encouragement
and support while I was writing this thesis. Thanks to all of my friends
for providing distractions when needed. Most of all, I thank my family
for supporting me in whatever I come up with.

iii



Abstract

Abstract

In this thesis the characterization of structure-borne sound sources and
the description of the transmission process on board ships is addressed.
A detailed description is not a practical approach as in general multiple
contact points and components of motion are involved. The approach
of single equivalent approximation and the interface mobility method
provide simplified descriptions of the transmission process. In this
thesis their applicability to installations that are typically found in the
shipbuilding industry is examined, focusing on three key aspects: First,
the methods are extended and evaluated for multi-point resiliently
mounted sources. Secondly, both methods are evaluated with regard to
continuous line-shaped contact interfaces. Thirdly, their applicability
with respect to multi-component rigidly and resiliently mounted sources
is analyzed. Both methods provide an approximate description of power
transmission in terms of independent active and passive source and
receiver data, given by the source and receiver mobilities as well as
the source activity. The approximate character of the single equivalent
approximation is twofold. First, the method is based on the concept
of effective mobility, which requires an estimate of the force ratios
at the contact points to be made. Secondly, the effective mobilities
are averaged over the contact points in order to obtain independent
single equivalent representations of the structural characteristics of the
subsystems. The activity of the source is represented by the sum of
squared free velocity magnitudes. The interface mobility method is
based on Fourier transforms of the subsystem matrices of source and
receiver. Along with the Fourier transform of the activity of the source,
a description of the transmitted power in terms of interface orders is
obtained, revealing information about the phase distribution at the
interface. Thus, the transmission can be subdivided into a sum of
orders, each of which is associated with an elementary part of motion
such as rigid body bouncing and rocking at low frequencies, for instance.
The method relies upon a negligence of cross-order interface mobilities,
which account for a variation of ordinary spatial mobilities along the
contact points.

In order to describe the power transmission of resiliently mounted
sources, two complete sets of equations are presented that are either
based on complete (point and transfer) mobility matrices of the isolator
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subsystem or on the transfer stiffness of the isolators solely. Both are
demonstrated to be generally equivalent, but for practical application
the latter is of primary interest as it incorporates the receiver mobility
and the free velocity of the source solely. In contrast, the former
additionally requires knowledge of the source mobility in general.
Furthermore, an alternative description based on (blocked) forces
exerted on the receiver and receiver mobility is given. With respect to
the isolator subsystem solely, cross-order interface mobilities account
for a variation of isolator parameters along the contact points. A set
of identical isolators is completely described by equal-order interface
mobilities, in which case the method consequently does not introduce
errors. A single equivalent representation of the isolator transfer
functions is established as their arithmetic mean due to the absence
of transfer coupling between the discretely placed isolators. In case of
identical isolators, the single equivalent approximation can, therefore,
be applied to the subsystem without loss of accuracy. For both methods,
an error is introduced by varying isolator parameters particularly at
higher frequencies where isolators exhibit internal wave effects. At low
frequencies where rigid body motion of the source is prevailing, the
single equivalent approximation can introduce an additional error due
to erroneous force ratio estimates. The potential errors introduced
are analyzed by means of numerical simulations. Possible approaches
to circumvent the introduction of errors are presented and verified in
numerical studies. Findings from theoretical studies are validated in
practical settings considering structure-borne sound transmission of two
different ship diesel engines.

By discretizing continuous line-shaped contact interfaces, the ap-
proximate methods can be applied without reformulation. Continuous
interfaces exhibit an inevitable variation of mobility along the interface
due to the finite dimensions of the coupled structures. Therefore, uncer-
tainties introduced by spatial averaging or the negligence of cross-order
interface mobilities are generally more critical than for multi-point in-
terfaces. In addition to discontinuities of source and receiver structures,
cross-order interface mobilities account for a non-circular as well as
an interrupted interface contour. No error is consequently introduced
only in the special case of a circular interface contour on a rotationally
symmetric source structure that is attached to a rotationally symmetric
or infinite receiver without any discontinuities. The same is valid with
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regard to the single equivalent approximation, but an additional error
can arise due to required force ratio estimates. The applicability of the
approximate methods to source-receiver installations with continuous
line-shaped contact interfaces is confirmed by using the example of a
laboratory source with circular interface as well as the example of a fan
unit source with a rectangular interrupted interface contour.

The influence of non-vertical components of motion on power trans-
mission as well as the applicability of the approximate methods to such
components is examined in case studies concerning two typical installa-
tions on board ships. The importance of rotatory components around
the in-plane axes with respect to the vertical component perpendicular
to the receiver is investigated by taking the example of a fan unit source
connected to a rib-stiffened plate. Contributions of three translational
components of motion to power transmission are studied by consider-
ing the example of a ship diesel engine. In both studies, cross coupling
between different components of motion is identified to be important in
the rigidly mounted case. As vibration isolators are inserted, the influ-
ence of cross coupling decreases significantly and can be neglected with
reasonable accuracy. The applicability of the single equivalent approx-
imation as well as the interface mobility method is examined for each
component of motion separately for a rigid as well as a resilient con-
nection. On average, reasonable results are obtained for components of
motion that are relevant to power transmission. With regard to cross
coupling between the vertical component of motion perpendicular to the
receiver and rotatory components around its in-plane axes, knowledge
of the exact phase relation between vertical and rotatory components
is identified to be crucial. Thus, it is concluded that a single equiva-
lent approximation is prevented if cross coupling between components of
motion is of significance. Application of the interface mobility method
to data sets comprising different components of motion is not feasible
as components of motion are generally dimensionally incompatible. By
applying the method to each component separately, the distribution of
power orders is analyzed, thereby revealing information about the mech-
anisms of power transmission for each component.
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Zusammenfassung

Zusammenfassung

Die vorliegende Arbeit beschäftigt sich mit der Charakterisierung von
Körperschallquellen sowie der Beschreibung des Übertragungsprozesses
in schiffbaulichen Strukturen. Da die Schallübertragung über mehrere
Kontaktpunkte und mehrere Richtungskomponenten erfolgt, ist eine de-
taillierte Beschreibung des Übertragungsprozesses in der Regel praktisch
nicht umsetzbar. Der Ansatz Single Equivalent Approximation sowie
die Methode der Interface Mobilitäten stellen vereinfachte Verfahren zur
Beschreibung der Schallübertragung dar. In dieser Arbeit wird die An-
wendbarkeit beider Methoden für schiffbautypische Installationen un-
tersucht, wobei drei Hauptziele verfolgt werden: Zunächst werden die
Methoden für die Beschreibung elastisch gelagerter Quellen erweitert
und bewertet. Anschließend wird die Anwendung beider Methoden
für Quellen mit kontinuierlichen linienförmigen Kontakten untersucht.
Zuletzt wird die Anwendbarkeit der Methoden für nicht-vertikale Rich-
tungskomponenten und kombinierte Anregung für starr sowie elastisch
gelagerte Quellen analysiert. Beide Methoden stellen Näherungsver-
fahren dar, welche die Schallübertragung auf Basis unabhängiger ak-
tiver und passiver Quell- und Empfängereigenschaften beschreiben. Im
Allgemeinen sind dies die Mobilitäten der Quelle und des Empfängers
sowie die Aktivität der Quelle. Der Ansatz Single Equivalent Approx-
imation basiert auf dem Ansatz der effektiven Mobilität, d.h. es ist
eine Schätzung der Kraftverhältnisse an den Kontaktpunkten erforder-
lich. Eine frequenzabhängige Einzahlwertdarstellung der Subsysteme
wird durch Mittelung der effektiven Punktmobilitäten über die Kon-
taktpunkte erreicht. Die Quellenaktivität wird durch die Summe der
freien Schnellequadrate repräsentiert. Die Methode der Interface Mo-
bilitäten greift auf die Fouriertransformierten der Subsystemmatrizen
zurück, welche zusammen mit der fouriertransformierten freien Schnelle
die übertragene Leistung beschreiben. Die Schallübertragung lässt sich
so in eine Summe sogenannter Interface Ordnungen zerlegen, welche je-
weils elementare Bewegungsanteile der Übertragung wie zum Beispiel
die translatorischen und rotatorischen Starrkörperbewegungen bei tiefen
Frequenzen repräsentieren. Die Methode basiert auf einer Vernachlässi-
gung von Interface Mobilitäten mit Kreuzordnung, welche eine Variation
der herkömmlichen Mobilitäten entlang der Kontaktpunkte beschreiben.
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Zusammenfassung

Zur Beschreibung der Leistungsübertagung elastisch gelagerter
Quellen werden unterschiedliche Lösungswege aufgeführt, welche ent-
weder auf einer vollständigen Beschreibung des Isolatorsubsystems mit
Punkteingangs- und Transfermobilitäten oder auf einer vereinfachten
Beschreibung der Isolatoren mittels Transfersteifigkeiten basieren.
Beide Ansätze sind unter gewissen Voraussetzungen als äquivalent
anzusehen, wobei letzterer für praktische Anwendungen eher rele-
vant ist. Neben den Transfersteifigkeiten wird zur Berechnung der
übertragenen Leistung lediglich die Mobilität des Empfängers und
die Quellenaktivität benötigt, während der erste Ansatz zusätzlich
die Kenntnis der Quellenmobilität erfordert. Des Weiteren wird eine
alternative Beschreibung angegeben, welche auf den (geblockten)
Kräften am Fundament und der Empfängermobilität basiert. Im
Hinblick auf das Isolatorsubsystem beschreiben Interface Mobilitäten
mit Kreuzordnung eine mögliche Parametervariation der Isolatoren
entlang der Kontaktpunkte. Ein Set gleichartiger Isolatoren wird durch
Interface Mobilitäten gleicher Ordnung und somit von der Methode
vollständig beschrieben. Da zwischen den Isolatoren keine Trans-
ferkopplung auftreten kann, wird der das Subsystem beschreibende
Einzahlwert durch arithmetische Mittelung der Transferfunktionen
der Isolatoren berechnet. Im Fall gleichartiger Isolatoren führt die
Methode somit zur korrekten Beschreibung des Subsystems. Im Fall
variierender Parameter kommt es bei beiden Methoden jedoch zu
Unsicherheiten, welche insbesondere bei höheren Frequenzen im Bereich
interner Lagerresonanzen zu signifikanten Fehlern führen. Im tiefen
Frequenzbereich, in welchem Starrkörperbewegungen dominieren, kann
der Ansatz Single Equivalent Approximation aufgrund einer falschen
Abschätzung der Kraftverhältnisse zusätzliche Fehler verursachen. Die
potentiellen Fehler werden anhand von numerischen Betrachtungen
analysiert sowie mögliche Ansätze zu deren Vermeidung diskutiert.
Die Methoden werden am Beispiel zweier Schiffsantriebsdieselmotoren
experimentell validiert.

Die vorgeschlagenen Näherungsverfahren können mit den beste-
henden Formulierungen auf diskretisierte kontinuierliche linienförmige
Kontakte angewendet werden. Aufgrund endlicher Abmessungen tritt
bei kontinuierlichen Verbindungen zwangsläufig eine Variation der
Mobilität auf. Eine räumliche Mittelung sowie die Vernachlässigung
von Interface Mobilitäten mit Kreuzordnung ist somit grundsätzlich
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Zusammenfassung

als kritischer einzustufen als bei Punktkontakten. Zusätzlich zu
Diskontinuitäten beschreiben Interface Mobilitäten mit Kreuzordnung
nicht-kreisförmige sowie unterbrochene Kontaktlinien. Folglich wer-
den lediglich kreisförmige Kontaktlinien bei rotationssymmetrischen
Quellenstrukturen und rotationssymmetrischen oder unendlichen
Empfängern frei von Diskontinuitäten vollständig von der Methode der
Interface Mobilitäten beschrieben. Entsprechendes gilt für den Ansatz
Single Equivalent Approximation. Die Anwendbarkeit beider Methoden
für Installationen mit kontinuierlichen linienförmigen Kontakten wird
anhand von Fallstudien bestätigt, wobei eine Laborschallquelle mit
kreisförmigem Interface und eine Lüftungseinheit mit rechtwinkliger
unterbrochener Kontaktlinie untersucht werden.

Der Einfluss nicht-vertikaler Richtungskomponenten auf die Schall-
leistungsübertragung sowie die Anwendung der Näherungsmethoden für
solche Komponenten wird anhand von zwei Fallbeispielen untersucht.
Die Bedeutung rotatorischer Komponenten um die Achsen in Plat-
tenebene in Bezug auf die Vertikalkomponente wird am Beispiel eines
Lüfters und einer versteiften Plattenstruktur untersucht. Am Beispiel
eines Schiffsantriebsdieselmotors werden die Beiträge der drei transla-
torischen Komponenten zur Leistungsübertragung analysiert. In beiden
Fällen wird die Leistungsübertragung bei starrer Kopplung von Quelle
und Empfänger durch Kreuzkopplung zwischen den Komponenten beein-
flusst. Durch den Einsatz elastischer Isolatoren sinkt deren Einfluss deut-
lich und kann vernachlässigt werden. Die Anwendbarkeit des Ansatzes
Single Equivalent Approximation sowie der Methode der Interface Mobi-
litäten wird für starre sowie elastische Kopplung für jede Richtungskom-
ponente getrennt untersucht, wobei für relevante Richtungskomponenten
im Mittel akzeptable Ergebnisse erzielt werden. Um die Kreuzkopplung
zwischen Vertikalkomponente und rotatorischen Komponenten um die
Achsen in Plattenebene zu beschreiben, wird die Phasenbeziehung zwi-
schen vertikaler und rotatorischen Komponenten als entscheidend iden-
tifiziert, wodurch die Anwendung des Ansatzes Single Equivalent Ap-
proximation unterbunden wird. Die Anwendung der Methode der In-
terface Mobilitäten auf Datensets unterschiedlicher Einheit ist grund-
sätzlich nicht möglich. Durch komponentenweise Anwendung der Meth-
ode kann jedoch eine Verteilung der Leistungsordnungen je Komponente
berechnet und damit ein physikalischer Einblick in die der Leistungsüber-
tragung zugrunde liegenden Mechanismen gewonnen werden.

ix



Contents

Contents

Acknowledgments iii

Abstract iv

Zusammenfassung vii

Contents x

Nomenclature xiii

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Objective of the present work . . . . . . . . . . . . . . . . 4
1.3 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Methods for characterization and prediction 9
2.1 Independent input data . . . . . . . . . . . . . . . . . . . 9

2.1.1 Passive source and receiver quantities . . . . . . . 9
2.1.2 Source activity . . . . . . . . . . . . . . . . . . . . 11
2.1.3 Passive isolator quantities . . . . . . . . . . . . . . 12

2.2 Single-point and single-component case . . . . . . . . . . . 13
2.2.1 Transmitted power . . . . . . . . . . . . . . . . . . 13
2.2.2 Source descriptor and coupling function . . . . . . 13
2.2.3 Simplifications . . . . . . . . . . . . . . . . . . . . 14

2.3 Multi-point and multi-component case . . . . . . . . . . . 15
2.3.1 Transmitted power . . . . . . . . . . . . . . . . . . 15
2.3.2 Characteristic power . . . . . . . . . . . . . . . . . 16

2.4 Terminal source power . . . . . . . . . . . . . . . . . . . . 17
2.5 Effective mobilities . . . . . . . . . . . . . . . . . . . . . 17

2.5.1 Concept of effective mobilities . . . . . . . . . . . 17
2.5.2 Transmitted power . . . . . . . . . . . . . . . . . . 18
2.5.3 Source descriptor and coupling function . . . . . . 19
2.5.4 Force ratio assumptions . . . . . . . . . . . . . . . 19

2.6 Single equivalent approximation . . . . . . . . . . . . . . . 21
2.7 Reception plate method . . . . . . . . . . . . . . . . . . . 22
2.8 Eigenvalue and multipole expansion . . . . . . . . . . . . 24
2.9 Interface mobility method . . . . . . . . . . . . . . . . . . 24

x



Contents

2.9.1 Concept of interface mobilities . . . . . . . . . . . 24
2.9.2 Transmitted power . . . . . . . . . . . . . . . . . . 29
2.9.3 Source descriptor and coupling function . . . . . . 29

2.10 Summary and conclusion . . . . . . . . . . . . . . . . . . 31

3 Resiliently mounted sources 35
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Physical background . . . . . . . . . . . . . . . . . . . . . 37

3.2.1 Description based on isolator mobility . . . . . . . 37
3.2.2 Description based on isolator transfer stiffness . . . 38
3.2.3 Description based on forces . . . . . . . . . . . . . 39

3.3 Single equivalent approximation for resiliently mounted
sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3.1 Description based on isolator mobility . . . . . . . 40
3.3.2 Description based on isolator transfer stiffness . . . 42
3.3.3 Description based on forces . . . . . . . . . . . . . 43

3.4 Interface mobility method for resiliently mounted sources 44
3.4.1 Description based on isolator mobility . . . . . . . 44
3.4.2 Description based on isolator transfer stiffness . . . 48
3.4.3 Description based on forces . . . . . . . . . . . . . 51

3.5 Results and discussion . . . . . . . . . . . . . . . . . . . . 52
3.5.1 Numerical results . . . . . . . . . . . . . . . . . . . 53
3.5.2 Experimental results . . . . . . . . . . . . . . . . . 65

3.5.2.1 Ship diesel engine I . . . . . . . . . . . . 65
3.5.2.2 Ship diesel engine II . . . . . . . . . . . 71

3.6 Summary and conclusion . . . . . . . . . . . . . . . . . . 77

4 Sources with continuous line-shaped contact interfaces 81
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.2 Transmitted power at continuous contact interfaces . . . . 84
4.3 Approximate methods for continuous contact interfaces . 86
4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . 90

4.4.1 Laboratory source with circular interface . . . . . 91
4.4.2 Fan unit source with rectangular interface . . . . 100

4.5 Summary and conclusion . . . . . . . . . . . . . . . . . . 105

5 Multi-component sources 109
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.2 Approximate methods for multi-component sources . . . . 113

xi



Contents

5.2.1 Single equivalent approximation for
multi-component sources . . . . . . . . . . . . . . . 113

5.2.2 Interface mobility method for
multi-component sources . . . . . . . . . . . . . . . 115

5.3 Results and discussion . . . . . . . . . . . . . . . . . . . . 119
5.3.1 Fan unit source . . . . . . . . . . . . . . . . . . . . 119

5.3.1.1 Test setup . . . . . . . . . . . . . . . . . 120
5.3.1.2 Importance of components of motion . . 126
5.3.1.3 Results for approximate methods . . . . . 136
5.3.1.4 Summary . . . . . . . . . . . . . . . . . . 152

5.3.2 Ship diesel engine III . . . . . . . . . . . . . . . . . 154
5.3.2.1 Test setup . . . . . . . . . . . . . . . . . 155
5.3.2.2 Importance of components of motion . . 158
5.3.2.3 Results for approximate methods . . . . . 169
5.3.2.4 Summary . . . . . . . . . . . . . . . . . . 177

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 179

6 Concluding remarks 183
6.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 183
6.2 Future topics . . . . . . . . . . . . . . . . . . . . . . . . . 186

Appendices

A Calculation of isolator transfer functions 189

B Matrix formulation 197
B.1 Matrix formulation: spatial domain . . . . . . . . . . . . . 197

B.1.1 Rigidly coupled source and receiver . . . . . . . . . 197
B.1.2 Resiliently coupled source and receiver . . . . . . . 198

B.1.2.1 Resiliently coupled source and receiver:
general case . . . . . . . . . . . . . . . . . 198

B.1.2.2 Resiliently coupled source and receiver:
simplifications . . . . . . . . . . . . . . . 200

B.2 Matrix formulation: interface order domain . . . . . . . . 205
B.2.1 Rigidly coupled source and receiver . . . . . . . . . 205
B.2.2 Resiliently coupled source and receiver . . . . . . . 206

C Error estimation for varying isolator properties 209

References 231

xii



Nomenclature

Nomenclature

Symbols

A surface area (m2)
C circumference of continuous interface (m)
Cc coupling factor (-)
Cf coupling function (-)
E Young’s modulus (N/m2)
F force (N)
I second moment of inertia (m4)
K number of components of motion (-)
M moment (Nm)
N number of contact points/sampling points (-)
P number of relevant interface orders (-)
Q complex power (W)
S source descriptor (W)
Sc characteristic power (W)
W transmitted power (W)
Y mechanical mobility (depending on related components of

motion, e.g. m/(N s) for pure translational motion)
Z mechanical impedance (depending on related components

of motion, e.g. N s/m for pure translational motion)
cb, cl bending, longitudinal wave velocity (m/s)
d diameter (m)
f frequency (Hz)
h height (m)
k mechanical stiffness (depending on related components of

motion, e.g. N/m for pure translational motion)
kb, kl bending, longitudinal wave number (1/m)
kp, kq interface numbers (-)
l length (m)
m,m′′ mass (kg), mass per unit area (kg/m2)
s, s0 response, excitation coordinate at contin. interface (m)
u translational displacement (m)
v translational velocity (m/s)
w rotatory velocity (rad/s) or width (m)
x, y, z directional components (-)
∆W difference of transmitted power (dB)
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√
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1 | Introduction

1.1 Background

Noise problems in engineering practice in many cases arise from
structure-borne sound excitation. Structure-borne sound sources can
be found in many fields of engineering, such as construction and
transportation industries, for instance. Attached to a receiver, they
excite the structure at the interface from where the transmitted power
propagates into adjacent structures or is radiated into an adjacent
medium. On board ships, a variety of structure-borne sound sources
like propulsion diesel engines, auxiliary engines, pumps or HVAC units
excite local ship structures to which they are attached. The typical
steel (or in some cases aluminum) construction of a ship provides
ideal conditions for structure-borne sound to propagate into remote
structures, where it is finally radiated as airborne sound by surfaces
like decks and walls into the air cavity of crew or passenger cabins
and public spaces, for instance. The general trend of developing ever
lighter constructions exacerbates the problem. In order to meet legal
requirements as well as comfort criteria on board ships [1], noise and
vibration control measures are inevitable. In this regard, an efficient
design requires an estimation of noise levels to be expected. In order to
calculate sound propagation in large structures such as ships, statistical
energy analysis methods are widely used [2]. As an input variable, the
power injected into the subsystems is required. Hence, the prediction of
power transmitted by vibrational sources to local structures is a crucial
point.

The power at the interface between source and receiver is given
by the scalar products of forces/moments and translational/rotatory
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Chapter 1. Introduction

velocities at the contact points [3]. As an impedance mismatch between
source and receiver structures cannot be assumed in general, these
field variables vary from one installation to the next and, thus, do
not represent reliable quantities with regard to an independent source
characterization and prediction. Instead, a proper description of the
transmission process must be based on independent passive structural
characteristics of source and receiver which constitute the dynamics of
the coupled system as well as on the receiver independent activity of the
source. In order to account for the mutual interference between contact
points and components of motion involved, large subsystem matrices are
required to describe the structural characteristics of source and receiver
independently. In combination with the activity of the source, the
transmitted power can be derived by means of matrix formulations [4].
However, overwhelming data sets pose a major problem and prevent
the practical applicability of the approach. Moreover, the assumption
of a point-like connection between source and receiver only holds if the
contact is small compared to the governing wavelength. Continuous
interfaces, hence, must be considered as a set of continuously distributed
contact points, which inevitably increases the size of data sets. The
formulations furthermore require matrix inversions, thus measurement
uncertainties are potentially strengthened. Another important point of
concern is that mechanisms governing the power transmission such as
the identification of dominating transfer paths are difficult to access.
Thereby, effective noise reduction and control measures are complicated.

With regard to the single-point and single-component case, source
descriptor and coupling function [5] constitute commonly recognized
concepts in the description of structure-borne sound sources, especially
with regard to prediction. The source descriptor is a receiver indepen-
dent measure of the source strength in units of power and comprises
both the structural characteristics and the activity of the source. The
coupling function is dependent on the structural characteristics of
source and receiver and can be interpreted as a filter that determines
the power flow at the interface [5]. Several approaches to break down
the multi-point and/or multi-component case into more convenient
terms such as multi-point and/or multi-component counterparts of the
source descriptor and the coupling function have been proposed [6–9].
In analogy to the single-point and single-component case, the most
general multi-point and multi-component counterpart to the source
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descriptor was found to be given by the characteristic power [7]. The
characteristic power is a physically rigorous approach based on matrix
formulations and has been standardized in EN 12354-5 [10]. The
most radical simplification was introduced by the approach of single
equivalent approximation, where active and passive characteristics of
source and receiver are represented by single values [11].

A complementary approach to retain the formal single-point and
single-component case was proposed with the multipole expansion,
where the transmitted power is given by a superposition of the transmit-
ted power from a number of poles like monopoles and dipoles [12]. The
multipole expansion was shown to be a special case of the eigenvalue
expansion [13], where the transmitted power is expressed as a sum
of orthogonal power modes by using mobility matrix eigenvalues and
eigenvectors. With the introduction of the interface mobility method [9],
an alternative approach to [12] and [13] was proposed, where ordinary
spatial mobility matrices are represented by their Fourier coefficients.
While the core objective of the proposed methods is a simplified
description of the transmission process with particular attention on
prediction, the latter [9,12,13] additionally target an enhanced physical
insight into the vibrational behavior at the interface between source
and receiver.

The complexity of the problem is also reflected by the slow progress
in standardization work. To date, measurement of the source activity
in terms of free velocity at the contact points of resiliently mounted
sources was adopted in ISO 9611 [14] and, with reference to combustion
engines, in ISO 13332 [15]. Furthermore, a simplified laboratory mea-
surement technique to characterize building service equipment based
on a low-mobility reception plate is described in EN 15657-1 [16]. In
EN 12354-5 [10] an approach to calculate the transmitted power from
service equipment to building structures was introduced, which is essen-
tially based on the characteristic power and coupling factor concept [7].
It is noted, however, that standardized convenient procedures to derive
the characteristic power are not yet available. It is implied to mea-
sure the characteristic power by means of a reception plate method,
which to this time is limited to the characterization of ideal force sources
solely [16]. Efforts are being made to extend the standard to other source
characteristics at the moment, thereby extending the applicability of
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Chapter 1. Introduction

EN 12354-5 [10] for lightweight building constructions as well [17, 18].
However, a practicable standardization relies on assumptions and sim-
plifications and, thus, has limited scope. A comprehensive procedure to
apply for all scenarios and sources is unlikely to be found, but rather
procedures to apply for certain industries are to be developed depend-
ing on specific technical prerequisites and demands. In this respect,
characterization of structure-borne sound sources and prediction of the
transmitted power remains a current research topic with an active in-
ternational exchange of ideas. The work presented in this thesis can be
seen as part of it.

1.2 Objective of the present work

This thesis addresses the problem of structure-borne sound source
characterization and prediction of the transmitted sound power on
board ships. The key characteristic inherent to such installations with
respect to structural dynamics is that a mismatch between source
and receiver mobility – as it is given in case of service equipment in
heavyweight buildings, for instance – is generally not applicable. In
contrast, receiver structures such as engine foundations are designed
weight-saving, providing static and dynamic support of the source.
The same applies to sources that are mounted on site (i.e. without
customized foundations) to rib-stiffened steel or aluminum plates,
which constitute a basic construction of decks and walls. Although
ships appear to be large, massive structures, they can be regarded
as lightweight constructions with regard to source characterization in
general. Hence, more or less matched source and receiver mobilities
of the same order of magnitude can be assumed, and the problems
emerging from a technical point of view are similar to those concerning
lightweight buildings [11]. Consequently, a reasonable description of the
transmission process must incorporate passive source and receiver data
as well as the activity of the source in some form. As stated above, a
complete description of the transmission process requires detailed infor-
mation of the subsystem parameters, which is generally not available
in practice. On the contrary, the greatest possible simplification for
source characterization and the description of the transmission process
is sought by manufacturers and noise control engineers.
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The approach of single equivalent approximation [11] has been pro-
posed recently for the characterization of structure-borne sound sources
in lightweight building structures. Being based on single-valued inde-
pendent source and receiver data, the approach provides a convenient
method to describe structure-borne sound sources and the transmis-
sion process and particularly meets the requirement of simplicity sought
by manufacturers and practitioners. However, the simplicity of the ap-
proach is at the expense of physical insight into the transmission pro-
cess. In order to design noise control measures directly at the source
by optimizing supporting structures such as engine foundations and re-
silient mounting systems, the vibrational behavior at the interface must
be evaluated in more detail. The interface mobility method [9] appears
most qualified to serve this purpose as it reveals information about the
structural interplay of source and receiver at the interface. The results
presented so far are promising with regard to both methods, but lim-
ited to case studies on rigidly coupled sources and receivers where the
vertical component of motion has been considered solely. The single
equivalent approximation was studied for a discrete alignment of contact
points, while the interface mobility method was additionally tested for
discretized continuous interfaces. In order to make the methods available
for noise predictions and control measures on board ships, their applica-
bility must be expanded and evaluated for installations typically found
in this industry. Accordingly, three key aspects constitute the objective
of the present work:

• Expansion of the interface mobility method and the single equiv-
alent approximation for structure-borne sound sources that are
resiliently mounted to a receiving structure at multiple discrete
contact points

• Evaluation of the interface mobility method and the single equiv-
alent approximation with regard to power transmission at contin-
uous line-shaped contact interfaces

• Evaluation of multi-component installations: Importance of com-
ponents of motion in typical installations and applicability of the
interface mobility method and the single equivalent approximation
to non-vertical components of motion and combined excitation
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1.3 Overview

A review of existing methods for the characterization of structure-borne
sound sources as well as for the description of the transmission process
is given in Chapter 2. The literature study is confined to methods that
are based on independent source and receiver data, thereby providing a
reasonable basis for the prediction of the transmitted power.

The expansion of the interface mobility method and the single
equivalent approximation for resiliently mounted sources is addressed
in Chapter 3. In order to provide reference data for the analysis of
the approximate methods, complete and simplified matrix formulations
to describe the transmission process are summarized in Section 3.2.
For reasons of clarity, detailed derivations of the formulations are
given in Appendix B.1.2. The respective expansions of the interface
mobility method and the single equivalent approximation are derived
in Sections 3.3 and 3.4, respectively. Results are presented in Sec-
tion 3.5. In order to prove the approaches and to investigate their
accuracy with regard to different configurations of isolator subsystems,
numerical studies were performed by using the example of a generic
source-isolator-receiver installation. Results, including a discussion of
sources of error, are presented in Section 3.5.1 and Appendix C. The
practical applicability of both methods was examined by considering
structure-borne sound power transmission from two different ship diesel
engines as presented in Section 3.5.2. The findings are summarized in
Section 3.6.

The applicability of the single equivalent approximation and the
interface mobility method with respect to power transmission at
continuous line-shaped contact interfaces is examined in Chapter 4.
Subsequent to a literature study presented in Section 4.1, a transition
from continuous to discretized interfaces is derived in Section 4.2. The
potential problems arising with regard to application of the approximate
methods to continuous interfaces are outlined in Section 4.3. In the
subsequent case studies presented in Section 4.4, power transmission
from a laboratory source and a fan unit source with generic continuous
line-shaped interface geometries to plate-like receivers is considered. A
summary of the results is given in Section 4.5.
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In Chapter 5 the problem of multi-component excitation is addressed.
After an introductory literature study in Section 5.1, application of the
single equivalent approximation and the interface mobility method with
respect to multi-component installations is discussed in Section 5.2.
In the subsequent case studies presented in Section 5.3, two typical
installations on board ships are examined. The first example, presented
in Section 5.3.1, considers power transmission from a fan unit source
to a rib-stiffened plate receiver by taking vertical motion perpendicular
to the plate as well as rotatory motion around the in-plane axes of the
plate into account. In the second study, presented in Section 5.3.2,
power transmission from a ship diesel engine is analyzed by considering
three orthogonal translational components of motion. In each study, the
importance of components of motion is investigated, giving emphasis
to the role of cross coupling between components of motion. Based on
this, the applicability of the single equivalent approximation as well as
the interface mobility method is tested for each component of motion
separately. In the first case study, the single equivalent approximation
is discussed in conjunction with cross coupling. The findings are
summarized in Section 5.4.

The major results and conclusions of the present work are summa-
rized in Chapter 6. Finally, topics for future work are proposed.

In Appendix A the derivation of isolator transfer functions based on
finite rod and beam theory is given as used throughout this thesis. In
Appendix B matrix formulations are derived that yield reference data
for the numerical and experimental studies.
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2 | Methods for source
characterization and prediction
of the transmitted power

In this chapter a review of existing methods for structure-borne sound
source characterization and prediction of the transmitted structure-
borne sound power is given. The required input variables characterizing
the dynamic behavior of the subsystems are introduced in Section 2.1.
Power transmission in the most simple, yet instructive case of a single-
point and single-component source-receiver installation is addressed in
Section 2.2, followed by a short description of the transmission process in
its most general form for multi-point and multi-component installations
in Section 2.3. The subsequent sections reflect several methods that have
been proposed in the past in order to break down the generally complex
multi-point and/or multi-component case into more convenient terms
and/or to provide physical insight into the transmission process at the
source-receiver interface. The literature study is confined to methods
based on independent source and receiver data, aiming to provide an
appropriate background and a concise introduction to the present work.
A summary is given in Section 2.10.

2.1 Independent input data

2.1.1 Passive source and receiver quantities

With regard to predicting methods, a commonly accepted approach is to
derive the transmitted structure-borne sound power from passive source

9
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(index S) and receiver (index R) quantities and from the activity of the
source. Assuming the structures of source and receiver to behave as
linear time-invariant systems, the mechanical mobility is defined as the
velocity response v of a structure at a contact point n in the direction i
due to an excitation force F at a contact point m in the direction j while
the structure is free (unconstrained) at all points n ̸= m and directions
i ̸= j:

Y ij
nm =

vin

F j
m

, F i̸=j
n ̸=m = 0. (2.1)

The number of points to be considered is given by the number of con-
tact points N between source and receiver. At each contact point, up to
K = 6 components of motion can be involved: three translational com-
ponents in direction of the orthogonal axes x, y and z as well as three
rotatory components about the three axes. In the latter case, transla-
tional forces F and velocities v are replaced by moments M and angular
velocities w, respectively. A mobility relating velocity and force at the
same point and in the same direction is denoted as driving point mo-
bility or simply point mobility. A mobility relating velocity and force
at different points but in the same direction is termed transfer mobil-
ity. If velocity and force at the same point but in different directions
are considered, the mobility is referred to as cross mobility. The term
cross-transfer mobility is used if velocity and force at different points
and in different directions are considered. A system with an arbitrary
number of contact points and components of motion can be described
by its mobility matrix Y as

v = Yf , (2.2)

where the velocity and force vectors v and f are introduced. Throughout
this thesis, lower case bold letters indicate vector notation and upper
case bold letters matrices. The respective scalar values are written in
non-bold letters. The (blocked) mechanical impedance is defined as the
force response F of a structure at a contact point n in the direction i
due to a velocity excitation v at a contact point m in the direction j
while the structure is blocked (constrained) at all points n ̸= m and in
all directions i ̸= j:

Zij
nm =

F i
n

vjm
, vi̸=j

n ̸=m = 0. (2.3)
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In order to account for an arbitrary number of contact points and compo-
nents of motion, the structure can be described by its impedance matrix
Z as

f = Zv. (2.4)

Due to the different (free or blocked) boundary conditions of mechanical
mobility and mechanical impedance, a matrix inversion, indicated by the
superscript −1, is required in order to derive the mobility matrix from
the impedance matrix, or vice versa. By combining Eqs. (2.2) and (2.4)
one obtains

Z = Y−1. (2.5)

In case that only a single contact point and component of motion is
considered, or if the mobilities of a system are uncoupled with regard
to contact points and components of motion, the impedance is simply
derived as the reciprocal of the mobility.

With respect to the characterization of structure-borne sound sources
and the description of the transmission process, application of the mo-
bility concept is more convenient than impedance methods because
mobilities are easier to deal with when measured quantities are in-
volved. Mechanical mobility and impedance have been standardized in
ISO 7626-1 [19], and their development and use in mechanical systems
is well documented in a variety of publications, cf. [20, 21]. Measure-
ment procedures to derive the mechanical mobility directly are given in
standards ISO 7626-2 [22] and ISO 7626-5 [23], where the focus is on
the measurement of velocity responses due to translational force excita-
tion perpendicular to the structure. While translational force excitation
perpendicular to a structure is a task relatively easy to accomplish, the
application of direct moment excitation and force excitation in the in-
plane axes of a structure can be considered problematic.

2.1.2 Source activity
The activity of a source arises from excitation due to an internal source
mechanism and can be expressed in terms of free velocity viSF,n (index
SF = source free) or blocked force F i

SB,n (index SB = source blocked)
at the contact point n in direction i. The free velocities have gained
more attention in the past as they can be measured directly when the
source is operated while freely suspended. Especially for larger sources
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that cannot be operated under free suspension, an approximate method
to measure the free velocities when the source is resiliently mounted
has been standardized in ISO 9611 [14] and, with reference to combus-
tion engines like a ship diesel engine, for instance, in ISO 13332 [15].
Both standards allow data collection in the laboratory as well as in situ,
thereby providing convenient methods to gain input data for prediction
models. The blocked forces can be measured directly by mounting the
source to a receiver structure with a mobility that is sufficiently low
compared to that of the source. Here, problems arise as the placing of
force transducers between source and receiver alters the contact condi-
tion. Secondly, the contact points need to be blocked in all components
of motion to be considered. To circumvent these problems, an inverse
method to determine the blocked forces in situ has been developed [24].
Both the free velocities and the blocked forces are regarded as invariant
to the mounting condition of the source and related by

vSF = YSfSB , (2.6)

where YS is the source mobility matrix. vSF and fSB are vectors con-
taining the free velocities and blocked forces, respectively.

2.1.3 Passive isolator quantities
In order to reduce the transmitted power, sources can be resiliently
mounted to the receiver structure through passive vibration isolators
(index I) like springs or elastomeric bearings. Vibration isolators can
either be characterized by means of an impedance or stiffness matrix,
assuming blocked boundary conditions, or by means of a mobility ma-
trix, assuming free boundary conditions. The measurement of dynamic
isolator properties, however, is confined to measurements under blocked
boundary conditions as a static preload has to be applied to the iso-
lators. Therefore, stiffness is the standardized quantity [25] to describe
the dynamic behavior of isolators. Although sophisticated and expensive
procedures using special test rigs are required, it is generally possible to
determine the complete transfer stiffness matrix of an isolator including
all components of motion, cf. [26], for instance. In the series of stan-
dards ISO 10846 [25, 27, 28] only measurement of the dynamic transla-
tional transfer components neglecting cross coupling has been specified,
while pointing at the fact that an analogous measurement of rotatory
components would require procedures too complex for standardization.
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Provided that the complete stiffness or impedance matrix KI or ZI is
available, the isolator mobility matrix YI can be derived by inversion, or
vice versa. Stiffness, impedance and mobility are related to each other
by (cf. Eq. (A.1))

KI = jωZI = jωY−1
I . (2.7)

In practice, as with any inverse method, this might be not without diffi-
culties. Additionally, a complete (measured) stiffness matrix will seldom
be available. To circumvent these problems, transfer functions of isola-
tors in the present work were calculated approximately using finite rod
and beam theory as described in Appendix A.

2.2 Single-point and single-component case

2.2.1 Transmitted power
In the single-point and single-component case, the complex power Q is
given by the product of force FR and velocity vR at the contact point of
source and receiver as [4]

Q =
1

2
vRF

∗
R, (2.8)

where the superscript ∗ indicates the complex conjugate. With regard to
prediction, the complex power can be obtained from the passive source
and receiver mobilities YS and YR and the free velocity vSF of the
source [4]:

Q =
1

2
|vSF |2

YR

|YS + YR|2
. (2.9)

The imaginary, reactive part of the complex power represents a near-
field energy circulating between source and receiver. In contrast, the
net power flow into the far-field of the receiver is represented by the
real, active part of the complex power. The active part is referred to as
transmitted power W . It is

W = Re(Q). (2.10)

2.2.2 Source descriptor and coupling function
The complex power can be subdivided into the source descriptor S and
the coupling function Cf [5] by means of expanding Eq. (2.9) with the
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complex conjugate source mobility:

S =
1

2

|vSF |2

Y ∗
S

, Cf =
YR Y ∗

S

|YS + YR|2
. (2.11)

The source descriptor is a receiver independent quantity and comprises
both the internal vibration and the structural behavior of the source at
the contact point. Having the units of power, it can be interpreted as a
measure of the source strength. The coupling function is dependent on
the structural characteristics of source and receiver. As a dimensionless
term, it can be interpreted as a filter that determines the power flow at
the contact point [5].

Source descriptor and coupling function are commonly recognized
concepts in the description of structure-borne sound sources, especially
with regard to prediction. Several approaches were proposed that al-
low the source descriptor and coupling function concept to be expanded
to multi-point and/or multi-component installations [6–9], see also Sec-
tions 2.3.2, 2.4, 2.5.3 and 2.9.3.

2.2.3 Simplifications
In dependence of the ratio between source and receiver mobility, two ideal
source cases can be distinguished. In case of an ideal force source, the
source mobility is much higher than the receiver mobility, that is |YS | >>
|YR|. A common case is a source that is installed on a heavyweight
receiver structure, e.g. the concrete floor of a building. In such a case,
Eq. (2.9) simplifies to [3]

Q ≈ 1

2

|vSF |2

|YS |2
YR =

1

2
|FSB |2YR, (2.12)

where the single-point and single-component version of Eq. (2.6) is used.
The contact force at the receiver in this case becomes independent of
the source mobility and, thus, is represented by the blocked force. If the
mobility of the source is much lower than the mobility of the receiver,
|YS | << |YR|, the contact velocity at the receiver is independent of the
receiver mobility, and an ideal velocity source condition is achieved. The
source mobility consequently drops out of Eq. (2.9) and it is [3]

Q ≈ 1

2

|vSF |2

|YR|2
YR. (2.13)
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The contact velocity is consequently represented by the free velocity of
the source. An example would be a source that is mounted to a very
lightweight receiver, such as a thin metal plate, for instance.

Whereas the ideal force source approach applies to a special but
common case, an ideal velocity source might be found in rather rare cases
in practice. A receiver usually is designed in order to build the static
support of the source. Thus, even for lightweight receiver constructions,
matched mobility conditions, that is |YS | ≈ |YR|, are more likely to
occur.

2.3 Multi-point and multi-component case

2.3.1 Transmitted power
In multi-point installations and/or multi-component cases, the complex
power is obtained by the product of velocity and force vectors at the
receiver interface [4]

Q =
1

2
vT
R f∗R, (2.14)

where the superscript T indicates the transpose. Accordingly, the com-
plex power can be expressed by a matrix formulation in terms of source
and receiver mobility matrices YS and YR and the free velocity vector
vSF [4] (cf. Eq. (B.6)):

Q =
1

2
vT
SF (YS +YR)

−TYT
R(Y

∗
S +Y∗

R)
−1v∗

SF . (2.15)

In dependence of the number of contact points N as well as the number
of components of motion involved K ≤ 6, the length of each vector
is KN . Accordingly, the size of mobility matrices is KN × KN . A
detailed derivation of Eq. (2.15) is given in Appendix B.1.1.

While the matrix formulation can be regarded as a physically founded
and generally valid description of the transmission process, some prob-
lems are inherent. Due to the nature of mobility terms, matrices tend to
be ill-conditioned. Therefore, results might be corrupted by matrix inver-
sions. Additionally, measurement errors and noise may be strengthened.
The identification of dominating contributions to the transmission pro-
cess are complicated because contributions from different components of
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motion and transfer paths result in a single power spectrum and cannot
be treated separately. Thus, efficient measures to reduce the transmitted
power are hindered. Above all, the large amount of input data required
poses the major problem.

2.3.2 Characteristic power
The characteristic power [7] was developed in order to expand the source
descriptor concept to multi-point and/or multi-component sources. In
analogy to the source descriptor in the single-point and single-component
case, the characteristic power was defined as

Sc =
1

2
vT
SFY

−1∗
S v∗

SF . (2.16)

The characteristic power gives a measure of the source strength in terms
of a receiver independent single-valued quantity. Hence, it is suited to
rate different sources with respect to their structure-borne sound power
emission or to compare their emission with target levels, for instance.
Substituting Eq. (2.6), the characteristic power turns out to be equal to
the complex power arising from free velocity and blocked force [7] as

Sc =
1

2
vT
SF f

∗
SB . (2.17)

Thus, the characteristic power can also be interpreted as the power that
needs to be fed into the contact points of the source by means of external
forces in order to achieve the free velocity at the contact points [7]. While
improvement measures at the source can be evaluated by the character-
istic power, measures at the receiver can be assessed by evaluating the
coupling factor. The coupling factor was defined as the ratio between
complex power and magnitude of the characteristic power as

Cc =
Q

|Sc|
. (2.18)

The coupling factor is derived as a ratio of scalars, so the complex
power has to be calculated in advance. Thus, it is not possible to derive
the coupling factor directly from source and receiver mobility ratios.
As the characteristic power does not involve simplifications, it can be
regarded as an exact extension of the source descriptor to multi-point
and/or multi-component sources. The characteristic power has been
standardized in EN 12354-5 [10].
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2.4. Terminal source power

2.4 Terminal source power

The concept of terminal source power [29,30] is similar to that of source
descriptor and coupling function, but with the complex conjugate source
mobility in Eq. (2.11) replaced by its magnitude [30, 31]. By assuming
that the contact points are dynamically uncoupled, the total transmitted
power is determined as a superposition of the power transmitted by
each of the N independent contact points (terminals). A neglect of
transfer coupling, however, is not generally applicable but depends on
the characteristics of the structures under study. Therefore, transfer
coupling was reintroduced in [8, 32].

2.5 Effective mobilities

2.5.1 Concept of effective mobilities

The concept of effective mobilities [33–35] was introduced in order to
reduce the multi-point and/or multi-component case to a series of cor-
responding single-point and single-component cases. The effective point
mobility represents a velocity response at a certain contact point n and
in a certain component of motion i due to forces at all contact points
and in all components of motion related to the force at point n and
component of motion i. The effective mobility is defined as [34]

Y iiΣ
nn =

N
m=1

6
j=1 Y

ij
nmF j

m

F i
n

=
vin
F i
n

. (2.19)

The effective mobility is not a unique quantity of source and receiver, but
also depends on the force ratios between contact points and components
of motion. It can be shown that the effective point mobility at each
contact point and in each component of motion can be derived as a
linear combination of point, transfer, cross and cross-transfer mobilities
if the force ratios between contact points and components of motion are
taken into account [6]:

Y iiΣ
nn = Y ii

nn +

N
m=1
m ̸=n

Y ii
nm

F i
m

F i
n

+

6
j=1
j ̸=i

Y ij
nn

F j
n

F i
n

+

6
j=1
j ̸=i

N
m=1
m ̸=n

Y ij
nm

F j
m

F i
n

. (2.20)
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If only a single component of motion is considered, e.g. translational
motion perpendicular to the receiver, Eq. (2.20) reduces to

Y Σ
nn = Ynn +

N
m=1
m ̸=n

Ynm
Fm

Fn
. (2.21)

2.5.2 Transmitted power
The concept of effective mobilities allows to calculate the complex power
at the interface for each contact point and component of motion sepa-
rately, but taking the contribution of all contact points and components
of motion into account. As the effective mobility reduces the multi-
point and multi-component case to a series of equivalent single-point
and single-component cases, Eq. (2.9) can be applied, but with single-
point and single-component mobilities replaced by effective point mobil-
ities as defined in Eq. (2.20) [3]. Thus, in terms of effective mobilities,
the complex power is derived individually for each contact point n and
component of motions i as

Qii
nn =

1

2

|vin,SF |2 Y iiΣ
nn,R

|Y iiΣ
nn,S + Y iiΣ

nn,R|2
. (2.22)

Rewriting Eq. (2.14) as a sum and substituting Eq. (2.22) yields

Q =
1

2

N
n=1

6
i=1

vin F
i∗
n =

1

2

N
n=1

6
i=1

Qii
nn. (2.23)

It can be seen that the total power in terms of effective mobilities is
derived by summing up the individual power components.

It is worth noting that once the effective mobilities are known, the
complex power can be calculated without matrix inversion. However,
matrix inversion needs to be applied in order to derive the complex force
ratios that are required for an exact determination of the effective mobil-
ities, see Eqs. (2.20), (2.21) and (B.5). Nevertheless, the method has ad-
vantages over the matrix approach with regard to a detailed assessment
of the transmission process such as the analysis of dominating transmis-
sion paths. Additionally, a significant reduction of data is achieved from
which further simplifications can be deduced [36].
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2.5.3 Source descriptor and coupling function
By means of effective mobilities, the concept of source descriptor and
coupling function, cf. Eq. (2.11), is directly applicable to multi-point
and/or multi-component cases [6]. The source descriptor Sii

nn and cou-
pling function Cii

f,nn for a contact point n and a component of motion i
are derived as [6, 36]

Sii
nn =

1

2

|vin,SF |2

Y iiΣ∗
nn,S

, Cii
f,nn =

Y iiΣ∗
nn,S Y iiΣ

nn,R

|Y iiΣ
nn,S + Y iiΣ

nn,R|2
. (2.24)

The source descriptor as defined in Eq. (2.24) depends on the force
ratios between contact points and components of motion. Hence, it is
not an independent quantity of the source. This can be circumvented by
introducing assumptions instead of using exact force ratios.

2.5.4 Force ratio assumptions
In order to calculate the effective mobilities as well as related terms
such as the source descriptor exactly, the exact force ratios between
contact points and components of motion must be known. This
can be seen as disadvantageous since effective mobilities and the
source descriptor are no longer independent of the installation con-
sidered. In order to determine the force ratios prior to installation,
the mounting condition, i.e. the receiver mobility matrix, has to be
known in detail. To circumvent these problems, assumptions about
the force ratios need to be made. Force ratios have been studied in a
number of publications [6, 34, 36, 37]. Some force ratios have emerged
to be characteristic, leading to reasonable results for typical installations.

Considering multi-point installations with only one single transla-
tional component of motion perpendicular to the receiver, it was shown
that a force distribution with unit magnitude at the contact points can
be assumed [36]. A zero phase distribution is proposed at low frequencies
where the source is assumed to be acting in rigid body bouncing motion.
In this case, Eq. (2.21) can be replaced by

Y Σ
nn = Ynn +

N
m=1
m̸=n

Ynm. (2.25)
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A rigid body rocking behavior of the source can be accounted for by
considering the phase difference between the contact points, cf. [37].

At higher frequencies where source and receiver structures show a
resonant behavior, the phase can assumed to be randomly distributed.
Assuming unit magnitude and random phase, only the magnitude of the
effective mobility is retained as [34]

|Y Σ
nn| ≈

|Ynn|2 +
N

m=1
m ̸=n

|Ynm|2. (2.26)

Depending on either strong or weak coupling between the contact points,
two simplifications to estimate the effective point mobility magnitude
were proposed [34]. Weak coupling can be assumed for large distances
between contact points relative to the governing wavelength. Equiv-
alently, weak coupling is likely to occur at high frequencies where the
wavelengths decrease. In such cases, the magnitude of the effective point
mobility can be derived as the magnitude of the ordinary point mobility
as

|Y Σ
nn| ≈ |Ynn| for |Ynm| << |Ynn|. (2.27)

Assuming strong coupling between the contact points, the magnitude of
the effective point mobility can be derived as

|Y Σ
nn| ≈

√
N |Ynn| for |Ynm| ≈ |Ynn|, (2.28)

where N is the number of strongly coupled contact points. In order to
calculate the power transmitted at each contact point, the real part of the
effective point mobility is required, which was shown to be approximately
equal to the real part of the ordinary point mobility [34]:

Re(Y Σ
nn) ≈ Re(Ynn). (2.29)

As the same applies for the imaginary part [18], i.e.

Im(Y Σ
nn) ≈ Im(Ynn), (2.30)

the phase of the effective point mobility can be approximated by the
phase of the ordinary point mobility:

φ(Y Σ
nn) ≈ arctan

Im(Ynn)

Re(Ynn)
= φ(Ynn). (2.31)
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Combining Eqs. (2.26) and (2.31), the multi-point description can be
established as a superposition of single-point cases, but each having a
higher mobility magnitude than if considered individually [18]. It is

Y Σ
nn ≈

|Ynn|2 +
N

m=1
m ̸=n

|Ynm|2 ejφ(Ynn). (2.32)

In [6] similar considerations have been made with regard to force
ratios for other components of motion. Apart from this, studies on force
ratios for non-vertical components of motion are rare.

2.6 Single equivalent approximation

The approach of single equivalent approximation [11,18] is based on the
concept of effective mobilities. So far, the approach has been studied
for the vertical translational component of motion perpendicular to the
receiving structure. By averaging the effective point mobilities according
to Eq. (2.21) over N contact points, the dynamic behavior of source and
receiver is represented in terms of single equivalent source and receiver
mobilities Y Σ

eq,S and Y Σ
eq,R, respectively. The single equivalent mobilities

are derived as

Y Σ
eq =

1

N

N
n=1

Y Σ
nn. (2.33)

In general, single equivalent mobilities can be derived from exact effective
mobilities by using exact force ratios. Due to the associated problems
discussed in Section 2.5, effective mobilities in [11, 18] were derived by
Eqs. (2.25) and (2.26), respectively. For the latter, further simplifications
have been discussed that address either weak or strong coupling between
the contact points, see Section 2.5.4. However, it is generally possible to
apply arbitrary force ratio assumptions prior to averaging. The single
equivalent source activity is represented by the sum of the squared free
velocity magnitudes at the contact points

N
n=1 |vn,SF |2. The complex

power is obtained in analogy to the single-point and single-component
case, cf. Eq. (2.9), in terms of single equivalent source and receiver mo-
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bilities and the single equivalent source activity as

Q ≈ 1

2

N
n=1

|vn,SF |2
Y Σ
eq,R

|Y Σ
eq,S + Y Σ

eq,R|
. (2.34)

Owing to force ratio assumptions as well as spatial averaging, the ap-
proach yields the transmitted power on an approximate basis. However,
the benefit of a single value representation is clear: Data sets compris-
ing mobility matrices and the source activity vector are reduced, which
means mutual advantage for manufacturers as well as noise control en-
gineers. Secondly, it is at least to some extent possible to collect the
required input data from reception plate methods, which provide a sim-
plified and practicable measurement procedure for structure-borne sound
source characterization, see Section 2.7. Hence, the approach can be seen
as a way forward to a practical characterization of structure-borne sound
sources and prediction of the transmitted sound power.

2.7 Reception plate method

The reception plate method offers a simplified approach for the mea-
surement of structure-borne sound source characteristics. If the source
is placed and operated on a passive reception plate, the power trans-
mitted to the plate can be calculated from the measured mean squared
velocity v̄2 of the plate in vertical direction as [4]

W = ω ηm′′Av̄2, (2.35)

where η is the loss factor, m′′ the mass per unit area and A is the
surface area of the plate. Based on the simplifications discussed in
Section 2.2.3 as well as on the concept of effective mobilities, a two-stage
reception plate method was developed from which the mean source
activity as well as the mean mobility of the source can be derived [17,18].

First, the source is placed and operated on a thin reception plate with
high mobility, |Y Σ

S,nn| << |Y Σ
R,nn|. Based on the measured mean squared

velocity v̄2 of the plate in vertical direction, the transmitted power is
calculated by means of Eq. (2.35). Based on the assumption that the
effective source mobility is much smaller than the receiver mobility, and
assuming additionally that the variation of the plate mobility among
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the contact points is small, the real part of Eq. (2.23) with Eq. (2.22)
considering the vertical component of motion solely can be simplified to
yield

W ≈ 1

2
Re


1

Y Σ
eq,R


N

n=1

|vn,SF |2. (2.36)

The term outside the summation of Eq. (2.36) can be obtained by
measurement, and in combination with Eq. (2.35) the source activity in
terms of the sum of squared free velocity magnitudes is obtained.

In a second step, the source is placed and operated on a low mobility
reception plate, that is |Y Σ

S,nn| >> |Y Σ
R,nn|. The transmitted power is

again calculated by means of Eq. (2.35) from the measured mean squared
velocity v̄2 of the plate in vertical direction. Assuming again a small
variation of the plate mobility among the contact points, the real part of
Eq. (2.23) with Eq. (2.22) considering the vertical component of motion
solely can be evaluated to yield

W ≈ 1

2
Re(Y Σ

eq,R)

N
n=1

|vn,SF |2

|Y Σ
nn,S |2

. (2.37)

Thus, Eq. (2.37) in combination with Eq. (2.35) yields the source activity
in terms of the sum of squared blocked force magnitudes as it is

N
n=1

|vn,SF |2

|Y Σ
nn,S |

=

N
n=1

|Fn,SB |2. (2.38)

If the assumption of small mobility variation among the contact points
also holds for the source, Eq. (2.37) can be simplified further to yield

W ≈ 1

2
Re(Y Σ

eq,R)
1

|Y Σ
eq,S |2

N
n=1

|vn,SF |2. (2.39)

Thus, in combination with the sum of squared free velocity magnitudes
obtained by Eq. (2.36), the average magnitude of the effective source
mobility, i.e. an expression for the single equivalent source mobility, can
be calculated from Eq. (2.39) with the measured term Re(Y Σ

eq,R) and
the transmitted power measured according to Eq. (2.35).
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The correlation of single equivalent values derived from directly mea-
sured data and by reception plate methods is documented in [17,18,38].
The application of the high mobility reception plate method was re-
ported in [39]. Theory and application of the low mobility reception plate
method is given in [40,41]. The low mobility reception plate method has
been standardized in EN 15657-1 [16].

2.8 Eigenvalue and multipole expansion

So far, the approaches discussed are based on ordinary spatial source and
receiver data. A complementary approach to retain the formal single-
point and single-component case was proposed with the multipole ex-
pansion, where the transmitted power is given by a superposition of the
power transmitted from a number of independent poles like monopoles,
dipoles and quadrupoles [12]. However, the applicability of the method
is limited to symmetric structures in order to preserve independence of
poles. The multipole expansion was shown to be a special case of the
eigenvalue expansion, where the transmitted power is expressed as a
sum of orthogonal power modes by using mobility matrix eigenvalues
and eigenvectors [13,42]. By using minimum and maximum eigenvalues
of a mobility matrix instead of using the complete matrix, the multi-
point problem is reduced to an equivalent single-point case, but yielding
upper and lower bounds for the power transmission. The eigenvalue ex-
pansion is generally applicable to any structure with an arbitrary align-
ment of contact points. For symmetric structures, however, the physical
interpretability is increased as eigenvectors correspond to an excitation
of monopoles, dipoles, etc. The idea of representing the transmission
process by a sum of modes each of which is linked with a certain elemen-
tary vibrational behavior was further pursued in the interface mobility
method, see Section 2.9.

2.9 Interface mobility method

2.9.1 Concept of interface mobilities
With the introduction of the the interface mobility method [9], an al-
ternative approach to [12] and [13] was proposed, where ordinary spa-
tial mobility matrices as well as the source activity are represented by
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Fourier coefficients. So far, the method has been studied with regard
to the translational component of motion perpendicular to the receiving
structure. By means of a discrete Fourier series expansion, the velocity
distribution vn at N discrete contact points can be decomposed into a
sum of velocity orders v̂p, each of which is given by

v̂p =
1

N

N
n=1

vne
−j2πpn/N (2.40)

with

vn =

⌈N/2−1⌉
p=−⌊N/2⌋

v̂pe
j2πpn/N . (2.41)

Here, ⌊N/2⌋ yields the largest integer not greater than N/2 and
⌈N/2− 1⌉ yields the smallest integer not less than N/2−1. Analogously,
the force distribution Fm is transformed into a sum of force orders F̂q as

F̂q =
1

N

N
m=1

Fme−j2πqm/N (2.42)

with

Fm =

⌈N/2−1⌉
q=−⌊N/2⌋

F̂qe
j2πqm/N . (2.43)

The exponential terms in Eqs. (2.41) and (2.43) describe elementary
spatial velocity and force distributions at the contact points of order p
and q, referred to as interface orders. The interface orders are scaled
and phase shifted along the interface by the corresponding complex
valued velocity or force orders, v̂p and F̂q, which are derived as Fourier
coefficients of the spatial distributions. Thus, each interface order is
linked with a certain phase difference of ∆φ = φ(ej2πp/N ) between
adjacent contact points. Consequently, the velocity orders represent a
certain elementary part of motion at the interface. The term component
of motion is avoided here in order to prevent confusion with directional
components of motion.

A discrete Fourier series is valid for an arbitrary set of complex
valued input data in general. A given number of input data points
yields the same number of Fourier coefficients from which the original
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data can be reconstructed exactly. Thus, for an interface comprising N
contact points N interface orders are obtained that constitute an exact
representation of the vibrational behavior at the interface. Hence, in
contrast to the continuous formulation as described in [43–46], the term
interface herein as in [9] refers to a set of N discrete contact points that
are arbitrarily aligned at the interface and should not necessarily be
associated with a continuous contour. However, continuous interfaces
can be approached by Eqs. (2.41) and (2.43) by means of discretization.
Owing to the periodicity of the complex exponential function, Fourier
coefficients are repeated in accordance with the number of sampling
points [9]. In other words, the original distribution at N contact
points can be completely reconstructed from orders in the interval
p, q = [⌊N/2⌋, ⌈N/2 − 1⌉], while orders beyond do not yield additional
information. By replacing contact points with discrete sampling points
of a continuous interface, the same is valid for continuous force and
velocity distributions.

In Fig. 2.1 interface orders for p = [0, 3] are illustrated for the verti-
cal translational component of motion perpendicular to a structure for
an interface with a continuous circular contour as well as for an inter-
face with N = 4 discrete contact points that are located on the same
circular contour line. The zero order describes pure in-phase motion
at the interface, see Fig. 2.1(a). The real part of the interface orders,
Re(ejkpn) = cos(kpn) with the interface order number kp = 2πp/N , is
equal for corresponding positive and negative orders, while the sign of
the order number determines the direction the ‘waves’ travel along the
interface. For instance, p = ±1 describe rotatory motion in opposing
directions (clock- or counterclockwise, depending on clock- or counter-
clockwise numbering of the contact points). They can sum up like stand-
ing waves at the interface and, thus, describe the rocking motion of the
source, see Fig. 2.1(b). Higher orders represent bending motion at the in-
terface as depicted in Figs. 2.1(c) and (d). The decomposition of the force
or velocity distribution of a four-point interface according to Eqs. (2.40)
and (2.42) yields four interface orders in the range p, q = [−2, 1]. Apart
from sign, the original distribution is exactly described by the interface
orders depicted in Figs. 2.1(a) - (c), while orders beyond are repetitions.
This is illustrated in Fig. 2.1(d) where it can be seen that for the four-
point interface the distribution corresponding to the third order is simply
a repetition of the distribution represented by the first order. With this,
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2.9. Interface mobility method

a limitation with regard to the interpretability of interface orders be-
comes evident: In any case, the interface orders reveal the actual phase
distribution at the contact or sampling points. In contrast, conclusions
about the vibrational behavior of the complete structure, i.e. at loca-
tions between the contact or sampling points, can only be drawn below
Nyquist. For an interface comprising an arbitrary set of discrete contact
points, this means that the zero and first interface orders represent pure
rigid body bouncing and rocking motion only in the mass-like region
of the source. At frequencies above, these interface orders account for
bending motion that exhibits the same respective phase distribution at
the contact points.
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Figure 2.1: Illustration of interface order distributions for the vertical component
perpendicular to a structure: (a) zero order; (b) first order; (c) second order; (d)
third order.
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The transform pair for the interface mobilities is written as

Ŷpq =
1

N2

N
n=1

N
m=1

Ynme−j2πpn/Ne−j2πqm/N (2.44)

with

Ynm =

⌈N/2−1⌉
p=−⌊N/2⌋

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷpqe
j2πpn/Nej2πqm/N . (2.45)

In Eqs. (2.44) and (2.45) pq represent two indices, namely that of the
velocity order p and that of the force order q. The relationship between
interface mobility orders and force and velocity orders is established as
follows: The velocity responses vn at one contact point arise from forces
Fm acting on all contact points, being related by the mobility Ynm as

vn =

N
m=1

Ynm Fm. (2.46)

Substituting Eqs. (2.41) and (2.45) and applying Eq. (2.42) yields

v̂p = N

⌈N/2−1⌉
p=−⌊N/2⌋

Ŷp−qF̂q. (2.47)

It is seen from Eq. (2.47) that a pth-order velocity and qth-order force
are coupled by the interface mobility Ŷp−q. Consequently, a coupling
between force and velocity of the same order p is described by the equal-
order interface mobility Ŷp−p [9]. In a series of studies [43–46] it was
shown that cross-order interface mobilities, which are relating different
force and velocity orders, i.e. with p ̸= q, are not significant for structure-
borne sound transmission in rigidly coupled installations and can be
neglected. By neglecting cross-order interface mobilities, Eq. (2.47) can
be simplified to yield

v̂p ≈ NŶp−pF̂p. (2.48)

As a direct consequence, each interface order can be treated separately,
and the multi-point problem is reduced to a series of formal single-
point and single-component cases. Consequently, the method does
not require matrix inversions, leading to an improved numerical stability.
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In order to gain the interface order representation of spatial source
and receiver quantities, a one-dimensional discrete Fourier transform is
applied to the source activity vector according to Eq. (2.40). The inter-
face mobility matrices are derived by a two-dimensional discrete Fourier
decomposition of the spatial mobility matrices of source and receiver in
accordance with Eq. (2.44). Subsequently, equal-order interface mobili-
ties can be extracted for further calculations.

2.9.2 Transmitted power
The complex power is obtained separately for each order p in analogy
to the single-point and single-component case, cf. Eq. (2.9). The total
power is given by the sum of all power orders Qp [9]. It is

Qp ≈ 1

2

|v̂p,SF |2 Ŷp−p,R

|Ŷp−p,S + Ŷp−p,R|2
, Q =

⌈N/2−1⌉
p=−⌊N/2⌋

Qp. (2.49)

2.9.3 Source descriptor and coupling function
By means of expanding Eq. (2.49) with the complex conjugate equal-
order interface mobility of the source, a source descriptor Sp and coupling
function Cf,p are obtained separately for each order p in analogy to the
single-point and single-component case, cf. Eq. (2.11). It is

Sp ≈ 1

2

|v̂p,SF |2

Ŷ ∗
p−p,S

, Cf,p ≈
Ŷ ∗
p−p,S Ŷp−p,R

|Ŷp−p,S + Ŷp−p,R|2
. (2.50)

The sum of all source descriptor orders yields the total source descriptor,
which is equivalent to the characteristic power on an approximate basis.
The total coupling function is derived as the ratio between complex
power and the sum of all source descriptor orders, which is similar to
Eq. (2.18):

S =

⌈N/2−1⌉
p=−⌊N/2⌋

Sp, Cf = Q/S. (2.51)

As shown in Fig. 2.1, each order is linked with a certain elementary
phase distribution at the contact points. Splitting up relevant terms like
source descriptor, coupling function or transmitted power into orders
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provides an enhanced physical insight into the transmission process,
which besides data reduction and the avoidance of matrix inversions is
believed to be the main advantage of the method.

It has to be noted that the equal-order reduction of interface mobil-
ities leads to an approximate solution of relevant terms, e.g. the trans-
mitted power and the source descriptor, indicated by the ≈ sign in
Eqs. (2.49) and (2.50). However, there are special cases where cross-
order interface mobilities are equal to zero. Hence, the equal-order re-
duction does not necessarily result in an approximation. This especially
applies to infinite structures with a symmetric interface and symmetric
structures with a symmetric alignment of contact points. Cross-order
terms describe the dependence of ordinary mobilities on their location
on a structure. Furthermore, they may be of significance for inhomo-
geneous structures or structures showing discontinuities [9, 47], such as
rib-stiffened plates, for instance. Speaking in terms of ordinary spa-
tial mobility matrices, they account for variations of ordinary mobility
matrix entries along the main diagonal (driving point mobilities) and
lines parallel thereto (transfer mobilities between contact points with
an equidistant ‘spacing’ in the matrix, e.g. Y12, Y23, Y34 and Y41 in a
four-point interface).
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2.10 Summary and conclusion

In this chapter a review of existing methods that target a charac-
terization of structure-borne sound sources and a prediction of the
transmitted structure-borne sound power based on independent source
and receiver quantities was given.

In the single-point and single-component case, the transmitted
power can be found from passive source and receiver mobilities and
from the activity of the source, accounted for by the free velocity. The
complex power can be split up into the receiver independent source
descriptor and the coupling function, which are commonly recognized
concepts to characterize structure-borne sound sources and to describe
the transmission process. The matrix approach provides a generally
valid formulation to describe multi-point and multi-component coupling
between a source and a receiver. In this context, the characteristic
power has been introduced as a straightforward extension of the source
descriptor for multi-point and multi-component sources. However, the
general validity of the matrix approach is at the expense of a large
amount of input data needed in form of source and receiver mobility
matrices as well as the free velocity vector. For this reason, approaches
for structure-borne sound source characterization aim at finding more
convenient methods to describe the transmission process, i.e. retain a
description analogous to the single-point and single-component case in
a formal sense.

With the approach of terminal source power, simplifications such as
a neglect of transfer and cross coupling were discussed. However, the
applicability of such simplification must be considered in each individual
case carefully and cannot be generalized. The concept of effective
mobilities can be regarded as a reformulation of the matrix approach.
When the force ratios between all contact points and components of
motion are known, the influence of transfer, cross and cross-transfer
coupling on a single contact point and component of motion can
be superimposed in form of an effective point mobility, resulting in
reduced input data sets. However, generality is lost as the force ratios
vary case-by-case. Thereby, the effective point mobilities as well as
related terms such as the source descriptor are no longer independent
quantities. In order to retain independence and as a step forward to
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simplification, assumptions about force ratios can be applied, leading
to approximate descriptions of effective source and receiver mobilities
and the transmitted power. By averaging the effective point mobilities
over the contact points, source and receiver each are represented
by single equivalent mobilities. The approach, consequently termed
single equivalent approximation, provides a rigorous simplification of
the transmission process and so far has been tested for the vertical
component of motion.

A complementary approach to simplify the description of the
transmission process at multi-point interfaces was proposed with the
eigenvalue expansion, where minimum and maximum matrix eigenvalues
are used instead of complete mobility matrices, yielding lower and upper
bounds for the transmitted power. For symmetric structures, the eigen-
values are independent of each other and represent a certain elementary
vibrational behavior that can be associated with independent poles like
monopoles, dipoles, etc. In this special case, the eigenvalue expansion
coincides with the approach of multipole expansion, which has been
proposed earlier. The idea of representing the transmission process
by a sum of modes was adopted in the interface mobility method.
Here, mobility matrices are represented by their Fourier coefficients,
referred to as interface mobilities. Thereby, it is possible to split up
the source descriptor, the coupling function and the transmitted power
into interface orders, each of which is linked with an elementary part
of motion at the interface. Physical insight providing an enhanced
understanding of the transmission process is – besides data reduction
and the avoidance of matrix inversions – the key feature of the method.

It can be concluded that although generally valid approaches such
as the matrix formulation are well known concepts, none of them has
been accepted as standard for a broad range of applications so far. The
approach of single equivalent approximation appears appealing from a
practical point of view as it rigorously simplifies the description of the
transmission process. Being based on single-valued independent source
and receiver data, it particularly meets the requirement of simplicity
sought by manufacturers and practitioners. Moreover, its practical rele-
vance is increased as the input data can to some extent be measured in
a convenient manner by means of reception plate methods. In contrast,
there are fields of application where the vibrational behavior and the
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Figure 2.2: Illustration of methods examined in this thesis.

structural interplay of source and receiver are of interest. In such cases,
the interface mobility method can aid to gain more detailed information.
On the whole, both methods have advantages with respect to simplicity
or physical insight, making each approach inherently better suited for
different use. Thus, they should be seen as complementary rather than
opposing concepts. A possible classification of the methods is illustrated
in Fig. 2.2, taking the matrix approach as reference. It is of theoretical
and practical interest to explore the applicability of the methods with
regard to generic types of installations that have not or insufficiently
been covered yet.
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3.1 Introduction

As it was shown in Chapter 2, the structure-borne sound power
transmitted from a source into a receiver is dependent on the activity of
the source as well as on passive source and receiver quantities. In order
to reduce the transmitted power, sources can be resiliently mounted to
the receiver structure through passive vibration isolators like springs
or elastomeric bearings. This chapter introduces an expansion of the
interface mobility method as well as the single equivalent approximation
for structure-borne sound sources that are resiliently mounted to a
receiving structure at multiple discrete contact points. The study is
generally confined to the vertical translational component of motion
perpendicular to the receiver. However, in the experimental section an
example considering power transmission in horizontal direction is given.

In Section 3.2 general matrix descriptions to handle resiliently
mounted multi-point sources are presented in order to provide the
physical background of the problem under consideration. First, a
complete description based on free velocity, source and receiver mobil-
ities as well as point- and transfer mobilities of the isolator subsystem
is given in Section 3.2.1. As in practice a reduction of input data
is desirable, a simplified description based on free velocity, receiver
mobility as well as the transfer stiffness of the isolators is presented in
Section 3.2.2. For reasons of clarity, the methods here are summarized,
while detailed derivations can be taken from Appendices B.1.2.1
and B.1.2.2. Provided that the (blocked) force exerted on the receiver
is known, a description based on force and receiver mobility as shown
in Section 3.2.3 can be applied. The formulae presented yield reference
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data for the investigation of the proposed approximate methods. Both
methods retain the single-point and single-component case in a for-
mal sense, which therefore is addressed briefly in each of the subsections.

The extension of the single equivalent approximation for resiliently
mounted sources based on definitions from Sections 2.5 and 2.6 as
well as the underlying physical background presented in Section 3.2 is
derived in Section 3.3. The required formulations to include a subsystem
of isolators in the interface mobility method based on the theory given
in Section 2.9 and the physical background from Section 3.2 are derived
in Section 3.4. Each section includes three subsections that address a
complete calculation (based on free velocity and mobilities of source,
receiver and isolators), a simplified calculation (based on free velocity,
receiver mobility and isolator transfer stiffness) and a calculation based
on contact force and receiver mobility.

In order to prove the approaches and to investigate their accuracy
with respect to different configurations of isolator subsystems, numerical
studies were performed for a generic source-isolator-receiver installation.
Results, including a discussion of sources of error, are presented in Sec-
tion 3.5.1 and Appendix C. The practical applicability of both methods
was examined by considering structure-borne sound power transmission
from two ship diesel engines as presented in Section 3.5.2. In case of
ship diesel engine I, the study is based on the complete description,
whereas the simplified description is used in case of ship diesel engine II.
The general equivalence of complete and simplified description is briefly
addressed in Appendix B.1.2.2 by using the example of ship diesel
engine I. In case of ship diesel engine II, power transmission through
the horizontal component of motion perpendicular to the engine shaft
is considered in addition to the vertical component of motion. The
findings are summarized in Section 3.6.

This section contains material published in [48,49].
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3.2 Physical background

In this section an overview of the general description of single-point
as well as multi-point resiliently mounted sources is given in brevity.
First, the relationships to calculate the transmitted power based on the
concept of isolator mobilities are surveyed in Section 3.2.1. A simplified
description based on the concept of isolator transfer stiffnesses follows in
Section 3.2.2. For reasons of clarity, detailed derivations of the formulae
are presented in Appendices B.1.2.1 and B.1.2.2. A description based on
the (blocked) force exerted on the receiver and receiver mobility is given
in Section 3.2.3.

3.2.1 Description based on isolator mobility

The concept of source descriptor and coupling function was derived by
expanding the complex power with the complex conjugate source mo-
bility [5], see Section 2.2.2. Analogously, it can be derived for the
single-point and single-component case when the source is resiliently
mounted. The complex power for single-point and single-component re-
siliently mounted sources was found to be given by [3]

Q =
1

2

|vSF |2 |YI,RS |2 YR

|(YS + YI,SS)(YR + YI,RR)− YI,SRYI,RS |2
. (3.1)

Here, the isolator’s driving point mobilities at the source and the re-
ceiver side of the isolator YI,SS and YI,RR, respectively, as well as the
transfer mobilities YI,SR and YI,RS are introduced. Driving point mo-
bilities relate the velocity response at one end of the isolator to an ex-
citation force at the same end while the other end is dynamically free,
e.g. YI,SS = vI,S/FI,S with FI,R = 0. Transfer mobilities relate the ve-
locity response at the dynamically free end of the isolator to an excitation
force at the other end, e.g. YI,SR = vI,S/FI,R with FI,S = 0. The nota-
tion of field variables of the subsystems is shown in Fig. 3.1. Expanding
Eq. (3.1) with the complex conjugate source mobility and separating
the source descriptor from Eq. (2.11) yields the coupling function for a
single-point and single-component resiliently mounted source

Cf =
Y ∗
S |YI,RS |2 YR

|(YS + YI,SS)(YR + YI,RR)− YI,SRYI,RS |2
. (3.2)
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Figure 3.1: Field variables for a single-point/single-component source-isolator-
receiver assembly.

For a multi-point source resiliently mounted at each contact point,
the complex power is derived by the product of force and velocity vectors
at the interface, see Eq. (2.14). Upon introducing independent quantities
of source, receiver and isolator subsystems, the complex power at the
interface is derived by means of a matrix formulation as (cf. Eq. (B.10))

Q =
1

2
vT
SFY

T
I,RS A−TYT

R A−1∗Y∗
I,RSv

∗
SF (3.3)

with

A = YI,RS(YI,SS +YS)Y
−1
I,RS(YI,RR +YR)−YI,RSYI,SR.

In Eq. (3.3) YI,SS and YI,RR are diagonal matrices containing the driv-
ing point mobilities of the N isolators at the source and receiver side,
respectively. YI,SR and YI,RS are diagonal matrices containing the
transfer mobilities of the N isolators. A detailed derivation of Eq. (3.3)
is given in Appendix B.1.2.1, along with a schematic illustration of the
multi-point problem. In analogy to the multi-point case without isola-
tors, a coupling factor for resiliently mounted sources can be established
as the ratio between complex power and the magnitude of the character-
istic power of the source, that is substituting Eq. (3.3) into Eq. (2.18).

3.2.2 Description based on isolator transfer stiffness

The approach of representing the dynamic properties of the isolator sub-
system by means of its mobility matrices is fine for theoretical studies
as complete isolator mobility matrices can be derived from analytical
models, see Appendix A. In practice, however, isolators are character-
ized by means of dynamic transfer stiffness rather than mobility, see
Section 2.1.3. As shown in Appendix B.1.2.2, the structural mismatch
at the source-isolator and isolator-receiver interface can be exploited in
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order to deduce considerable simplifications. Using the isolator stiffness
instead of mobility, Eq. (3.1) can be simplified to yield (cf. Eq. (B.18))

Q =
1

2

1

ω2
|vSF |2 |kI,RS |2 YR. (3.4)

Here, kI,RS is the dynamic transfer stiffness of the isolator that relates
the force response at the blocked receiver end of the isolator to an applied
deflection at the source end, i.e. kI,RS = FI,R/uI,S with uI,R = 0. With
regard to the multi-point case, Eq. (3.3) can be simplified and reads
(cf. Eq. (B.26))

Q =
1

2

1

ω2
vT
SF KT

I,RS YT
R K∗

I,RS v∗
SF , (3.5)

where KI,RS is a diagonal matrix containing the transfer stiffnesses of
the N isolators. A detailed derivation of Eqs. (3.4) and (3.5) is given
in Appendix B.1.2.2, where in addition the agreement of complete and
simplified description is demonstrated by using the example of ship diesel
engine I.

3.2.3 Description based on forces
Supposing that the force at the receiver is known, the transmitted power
can be derived in terms of receiver mobility and force. From a theoret-
ical point of view, this means that the source and isolator subsystems
are grouped together to a theoretical compound source-isolator subsys-
tem, see Fig. 3.2. In case of resiliently mounted sources, the force at
the receiver FR can assumed to be approximately equal to the blocked
force exerted on the receiver by the compound source-isolator subsystem
FIB [25]. In order to avoid confusion with the blocked force of a source
without isolator attached denoted as FSB (index SB = source blocked),
the notation FIB (index IB = isolator blocked) is used here instead.
In the single-point and single-component case, the transmitted power is
derived by substituting the receiver mobility described by vR = YR FR

into Eq. (2.8) to yield

Q =
1

2
|FR|2 YR ≈ 1

2
|FIB |2 YR. (3.6)

In the multi-point case, the transmitted power in terms of receiver mobil-
ities YR and contact forces fR is given by means of Eq. (B.4). Substitut-
ing the vector of blocked forces exerted on the receiver by the compound

39



Chapter 3. Resiliently mounted sources

Source

vS

FS

Isolator 

vI,S

FI,S

vI,R

FI,R

vR

FR

Receiver

Figure 3.2: Field variables for a single-point/single-component source-isolator-
receiver assembly with compound source-isolator subsystem.

source-isolator subsystem fIB in analogy to Eq. (3.6) yields

Q =
1

2
fTR YT

R f∗R ≈ 1

2
fTIB YT

R f∗IB . (3.7)

The forces at the interface can be calculated from the subsystem pa-
rameters of source, receiver and isolators by using Eqs. (B.9) and (B.25),
respectively. Alternatively, directly or indirectly measured blocked forces
can be applied. Indirect measurement methods to derive the blocked
forces are given by an in situ method [24] or, in terms of the sum of
squared blocked force magnitudes, by a reception plate method, cf. Sec-
tion 2.7.

3.3 Single equivalent approximation for
resiliently mounted sources

In this section a description of resiliently mounted sources in terms of sin-
gle equivalent values is given. First, the transmitted power using single
equivalent values of the isolator mobilities is established in Section 3.3.1.
A corresponding relationship based on single equivalent values of the iso-
lator transfer stiffnesses is derived in Section 3.3.2. A description based
on the sum of squared blocked force magnitudes exerted on the receiver
by the compound source-isolator subsystem is given in Section 3.3.3.

3.3.1 Description based on isolator mobility
As mentioned in Section 2.6, the concept of single equivalent approxi-
mation is based on the concept of effective mobilities, cf. Section 2.5.
Single equivalent values to describe source and receiver are derived
as spatial averages of the effective point mobilities of the subsystems.
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3.3. Single equivalent approximation for resiliently mounted sources

Hence, the formal single-point and single-component case for the
calculation of the transmitted power of a rigidly mounted source is
retained, cf. Eqs. (2.9) and (2.34). The same simplifications can be
achieved for the resiliently mounted case if the isolator subsystem is
represented by single equivalent values.

Including the dynamic properties of the isolators in the single equiv-
alent approximation of the transmitted power is straightforward: As the
isolators are discretely placed at each contact point, there is no trans-
fer coupling between the isolators to be taken into account. Therefore,
the effective mobilities of the isolator point or transfer mobility matrices
YI,SS ,YI,RR,YI,SR and YI,RS are equivalent to the point and trans-
fer mobilities of the isolators. Hence, no assumptions about force ratios
have to be made. It is

Y Σ
nn,I = Yn,I . (3.8)

It needs to be mentioned that this only applies if a single component
of motion is considered solely. If multiple components are taken into
account, cross coupling between components of motion within the iso-
lators might be of importance in dependence of the isolator geometry,
see [25], and needs to be considered in general. In this chapter, however,
studies are limited to a single component of motion. Hence, the single
equivalent values of the isolator point or transfer mobility matrices are
derived as the spatial average of N isolator point or transfer mobilities,
i.e. as their arithmetic mean, according to Eqs. (2.33) and (3.8) as

Y Σ
eq,I =

1

N

N
n=1

Y Σ
nn,I =

1

N

N
n=1

Yn,I = Y I . (3.9)

In the following, they are denoted as Y I,SS , Y I,RR, Y I,SR and Y I,RS .
A single equivalent representation of field variables of the subsystems is
depicted in Fig. 3.3.

As the single equivalent approximation follows the single-point and
single-component case (cf. Eq. (3.1)) in straight analogy, the complex
power for resiliently mounted sources using single equivalent values can
readily be written as

Q ≈ 1

2

N
n=1 |vSF,n|2Y Σ

R,eq |Y I,RS |2

(Y Σ
S,eq + Y I,SS)(Y Σ

R,eq + Y I,RR) + Y I,RSY I,SR|2
. (3.10)
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Figure 3.3: Single equivalent representation of field variables for a multi-point
source-isolator-receiver assembly.

The derivation of single equivalent values for the subsystems of source
and receiver introduces uncertainties with regard to the required assump-
tions about force ratios at the contact points as well as due to averaging
spatial data over the contact points. In contrast, uncertainties in the
derivation of single equivalent values for the isolator subsystem result
from spatial averaging solely as no transfer coupling needs to be consid-
ered. Thus, regarding the isolator subsystem solely, it can be stated that
a single equivalent approximation does not introduce an error if a set of
identical isolators is used. If the isolator characteristics differ from each
other, an error is introduced that will be investigated in numerical and
experimental studies presented in Section 3.5.

3.3.2 Simplified description based on isolator transfer
stiffness

In order to incorporate the simplifications discussed in Section 3.2.2 and
Appendix B.1.2.2, a single equivalent value of the isolator transfer stiff-
ness matrix KI,RS is required. Theoretically, this first requires an effec-
tive transfer stiffness term to be defined in analogy to the effective mo-
bilities, but mobilities replaced by stiffnesses and force ratios replaced by
ratios of deflection. However, due to the discrete placing of the isolators
at each contact point, there is no transfer coupling between the isolators
to be taken into account, as stated in Section 3.3.1. Furthermore, no
cross coupling at the contact points needs to be considered as the stud-
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3.3. Single equivalent approximation for resiliently mounted sources

ies in this chapter are confined to a single component of motion. Thus,
the effective transfer stiffness at each point of the isolator subsystem is
simply given by the transfer stiffness of the respective isolator analogous
to Eq. (3.8):

kΣnn,I,RS = kn,I,RS . (3.11)

Consequently, the single equivalent transfer stiffness is derived as the
arithmetic mean of the individual isolator transfer stiffnesses kI,RS anal-
ogous to single equivalent isolator mobilities, cf. Eq. (3.9):

kΣeq,I,RS =
1

N

N
n=1

kΣnn,I,RS =
1

N

N
n=1

kn,I,RS = kI,RS . (3.12)

Finally, the complex power in terms of single equivalent values is ob-
tained by the sum of squared free velocity magnitudes, the mean isolator
transfer stiffness and the single equivalent receiver mobility as

Q ≈ 1

2

1

ω2

N
n=1

|vSF,n|2 |kI,RS |2Y Σ
R,eq. (3.13)

The analogy to the single-point and single-component case can easily be
observed, cf. Eq. (3.4).

3.3.3 Description based on forces

In Sections 3.3.1 and 3.3.2 the formulations to derive the complex power
are based on single equivalent values of the subsystem parameters of
source, receiver and isolators. The power transmission of a multi-point
resiliently mounted source can also be represented by means of the re-
ceiver mobility matrix and the forces at the interface as shown in Sec-
tion 3.2.3. With regard to a corresponding representation in terms of
single equivalent values, the complex power can be derived from the
sum of squared force magnitudes at the receiver

N
n=1 |FR,n|2 and the

single equivalent receiver mobility Y Σ
eq,R. In case of resiliently mounted

sources, it can be assumed that the sum of squared force magnitudes at
the receiver is approximately equal to the sum of squared blocked force
magnitudes exerted on the receiver by the compound source-isolator sub-
system

N
n=1 |FIB,n|2. Analogous to the single-point case, cf. Eq. (3.6),
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the complex power is then given by

Q ≈ 1

2

N
n=1

|FR,n|2 Y Σ
R,eq ≈ 1

2

N
n=1

|FIB,n|2 Y Σ
R,eq. (3.14)

As in the general multi-point case, see Section 3.2.3, the sum of squared
force magnitudes can be calculated from the subsystem parameters of
source, receiver and isolators using Eqs. (B.9) or (B.25), respectively.
Instead, directly or indirectly [24] measured blocked forces could be
used. Furthermore, Eq. (3.14) can be of practical relevance as the
sum of squared blocked force magnitudes at the isolator-receiver in-
terface can be obtained by reception plate measurements, cf. Section 2.7.

In Section 3.3.1 it was stated that if the installed isolators vary among
the contact points, the single equivalent approximation introduces an
error due to averaging over the contact points. As it will turn out in
Section 3.5, the error due to varying isolators is reduced if Eq. (3.14) is
used instead of Eqs. (3.10) or (3.13), respectively.

3.4 Interface mobility method for resiliently
mounted sources

This section introduces an expansion of the interface mobility method
for resiliently mounted sources. In Section 3.4.1 isolators are incorpo-
rated in the description by means of Fourier coefficients of their mobility
matrices. In Section 3.4.2 Fourier coefficients of the isolator transfer
stiffness matrix are used in order to include the simplifications discussed
in Section 3.2.2 and Appendix B.1.2.2. Section 3.4.3 addresses a descrip-
tion based on receiver interface mobilities and the Fourier transformed
distribution of blocked forces exerted on the receiver by the compound
source-isolator subsystem, i.e. the blocked force orders.

3.4.1 Description based on isolator mobility

In this section a description for the complex power as well as the coupling
function for resiliently mounted sources with multiple contact points in
terms of interface mobilities will be derived, based on definitions pre-
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sented in Section 2.9 and the underlying physical background, see Sec-
tion 3.2.1. Expanding the right hand side of Eq. (2.14) gives

Q =
1

2
vT
R f∗R =

1

2

N
n=1

vn,R F ∗
n,R. (3.15)

With Eqs. (2.41) and (2.43), Eq. (3.15) yields

Q =
N

2

⌈N/2−1⌉
p=−⌊N/2⌋

v̂p,RF̂
∗
p,R. (3.16)

Upon substituting Eq. (2.44), the complex power at the receiver interface
is obtained as

Q =
N2

2

⌈N/2−1⌉
p=−⌊N/2⌋

⌈N/2−1⌉
q=−⌊N/2⌋

F̂ ∗
p,RŶp−q,RF̂q,R. (3.17)

In order to gain a description of complex power in terms of independent
properties of the subsystems, the force orders at the receiver side of the
installation in Eq. (3.17) have to be expressed in terms of free velocity
orders of the source and interface mobilities of source, receiver and isola-
tors. To preserve as much generality as possible, the governing equations
are first established considering equal- and cross-order coupling, using
the relation from Eq. (2.47). The notation of the field variables in the
interface order domain is depicted in Fig. 3.4.

Source

Isolator 1

Receiver

Isolator N

vp,S

Fp,S

vp,I,S

Fp,I,S

vp,I,R

Fp,I,R

vp,R

Fp,R

Figure 3.4: Field variables for a multi-point source-isolator-receiver assembly in
the interface order domain.

The pth-order source velocity is that arising from the pth-order free
velocity of the source and from all force orders q acting on the source
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interface. All qth-order forces are related to the pth-order source velocity
by interface mobilities of order p−q, cf. Eq. (2.47). Hence, the pth-order
source velocity can be written as

v̂p,S = v̂p,SF +N

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷp−q,SF̂q,S . (3.18)

The receiver velocity of order p results from superposition of all force
orders q, related by interface mobilities of order p− q. Thus, it is given
by

v̂p,R = N

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷp−q,RF̂q,R. (3.19)

The velocity of order p at the source end of the isolator interface is
composed of contributions from all force orders q at the source end,
related by interface mobilities Ŷp−q,I,SS , as well as contributions from
all force orders q at the receiver end, related by interface mobilities
Ŷp−q,I,SR. Vice versa, the velocity of order p at the receiver end of
the isolator interface is a result from contributions of all force orders
q at the receiver end, related by interface mobilities Ŷp−q,I,RR, as well
as from contributions of all force orders q at the source end, related by
interface mobilities Ŷp−q,I,RS :

v̂p,I,S = N

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷp−q,I,SSF̂q,I,S +N

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷp−q,I,SRF̂q,I,R,

(3.20)

v̂p,I,R = N

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷp−q,I,RSF̂q,I,S +N

⌈N/2−1⌉
q=−⌊N/2⌋

Ŷp−q,I,RRF̂q,I,R.

(3.21)
Boundary conditions result from continuity and equilibrium at the
source-isolator interface in the connected state of the subsystems,
v̂p,S = v̂p,I,S and F̂q,S = −F̂q,I,S , respectively. The same applies to the
receiver-isolator interface: it is v̂p,R = v̂p,I,R and F̂q,R = −F̂q,I,R.

In order to gain a formal single-point description of the multi-point re-
siliently mounted source, cross-order terms have to be neglected. Hence,
Eqs. (3.17) – (3.21) are simplified according to Eqs. (2.47) and (2.48).
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The pth-order velocity at the source interface consequently is constituted
by the pth-order free velocity and by the pth-order force, for instance.
Eq. (3.18) simplifies to

v̂p,S ≈ v̂p,SF +NŶp−p,SF̂p,S . (3.22)

Proceeding with Eqs. (3.19), (3.20) and (3.21) in the same manner,
each order can be treated separately. From the equal-order versions
of Eqs. (3.18) – (3.21) and by applying the boundary conditions, the
pth-order force at the receiver is obtained as

F̂p,R ≈ 1

N

v̂p,SF Ŷp−p,I,RS

(Ŷp−p,S + Ŷp−p,I,SS)(Ŷp−p,R + Ŷp−p,I,RR)

−Ŷp−p,I,RS Ŷp−p,I,SR

. (3.23)

Upon substituting Eq. (3.23) in the equal-order version of Eq. (3.17),
the complex power of order p for resiliently mounted sources is derived
as

Qp ≈ 1

2

|v̂p,SF |2|Ŷp−p,I,RS |2Ŷp−p,R

|(Ŷp−p,S + Ŷp−p,I,SS)(Ŷp−p,R + Ŷp−p,I,RR)

−Ŷp−p,I,RS Ŷp−p,I,SR|2
. (3.24)

The total complex power is obtained by the sum of all individual power
orders, see the second part of Eq. (2.49). Expanding the complex power
of order p with the complex conjugate interface mobility of the source
Ŷ ∗
p−p,S and separating the pth-order source descriptor, see Eq. (2.50), the

coupling function for resiliently mounted sources in terms of interface
mobilities is given by

Cf,p ≈
Ŷ ∗
p−p,S |Ŷp−p,I,RS |2Ŷp−p,R

|(Ŷp−p,S + Ŷp−p,I,SS)(Ŷp−p,R + Ŷp−p,I,RR)

−Ŷp−p,I,RS Ŷp−p,I,SR|2
. (3.25)

Hence, if each order is treated separately, it is seen from Eqs. (3.24)
and (3.25) that the formulations of the complex power and the coupling
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function in the interface order domain are analogous to the formulations
in the single-point case, cf. Eqs. (3.1) and (3.2).

In addition to the interface order representation of source and
receiver mobilities as well as the source activity vector (see Section 2.9),
interface mobilities of the isolator subsystem are required for calcu-
lations derived in this chapter. As in the case of source and receiver
mobilities, interface mobility matrices of the isolator subsystem are
derived by applying a two-dimensional discrete Fourier transform to the
spatial mobility matrices YI,SS ,YI,RR,YI,SR and YI,RS in accordance
with Eq. (2.44). Subsequently, equal-order interface mobilities can be
extracted for calculations with Eqs. (3.24) and (3.25), for instance.

As stated in Section 2.9, cross-order interface mobilities account for
variations of ordinary spatial mobility matrix entries along the main di-
agonal as well as lines parallel thereto. With regard to the description of
isolator properties in terms of interface mobilities, this means that cross-
order interface mobilities will be insignificant when the spatial isolator
mobility matrices are assembled from equal isolator mobilities on the
main diagonal. In such cases, all isolators between source and receiver
are identical. If the isolator properties at different contact points differ
from each other, cross-order interface mobilities will be strengthened.
Hence, equal-order interface mobilities will not describe the transmission
process through the isolator subsystem exactly and yield only an ap-
proximate result. An aspect of relevance in the description of resiliently
mounted sources as derived in this section, therefore, is the accuracy of
the method with regard to a variation of isolator properties along the
contact points. This will be investigated in numerical and experimental
studies presented in Section (3.5).

3.4.2 Description based on isolator transfer stiffness

In order to incorporate the simplifications discussed in Section 3.2.2 and
Appendix B.1.2.2 in the interface mobility formulation of complex power,
Fourier transform pairs of the spatial stiffness matrices as well as the
related field variables have to be established. First, the force distribution
Fn at a set of N discrete contact points is decomposed into a sum of
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complex force orders F̂p, each of which is given by

F̂p =
1

N

N
n=1

Fne
−j2πpn/N (3.26)

with

Fn =

⌈N/2−1⌉
p=−⌊N/2⌋

F̂pe
j2πpn/N . (3.27)

Analogously, the spatial distribution of displacement um at the interface
is decomposed into a sum of complex orders ûq, each of which is given
by

ûq =
1

N

N
m=1

ume−j2πqm/N (3.28)

with

um =

⌈N/2−1⌉
q=−⌊N/2⌋

ûqe
j2πqm/N . (3.29)

The transform pair of the stiffness matrix can consequently be written
as

k̂pq =
1

N2

N
n=1

N
m=1

knme−j2πpn/Ne−j2πqm/N (3.30)

with

knm =

⌈N/2−1⌉
p=−⌊N/2⌋

⌈N/2−1⌉
q=−⌊N/2⌋

k̂pqe
j2πpn/Nej2πqm/N . (3.31)

Note that in Eqs. (3.26) – (3.29) indexes n and m, indicating points of
response and excitation, as well as indexes p and q, indicating interface
orders of response and excitation, are switched compared to those
in Eqs. (2.40) – (2.43). The permutations are a consequence of the
boundary conditions which mobilities and stiffnesses are subject to.
Mobilities Ynm relate a velocity response vn to a force excitation Fm,
while stiffnesses knm relate a force response Fn to an excitation by
displacement um.

49



Chapter 3. Resiliently mounted sources

In terms of stiffness, the force response Fn at a contact point is
derived by superimposing excitations by displacement um at all contact
points as

Fn =

N
m=1

knm um. (3.32)

By substituting Eqs. (3.27) and (3.31) in Eq. (3.32) and applying
Eq. (3.28), the relation between the pth-order force and the qth-order
displacement turns out to be given by the interface stiffness k̂p−q:

F̂p = N

⌈N/2−1⌉
p=−⌊N/2⌋

k̂p−qûq. (3.33)

Consequently and analogous to interface mobilities, force and displace-
ment of the same order are related by the equal-order interface stiffness
kp−p. According to Eq. (3.33), the pth-order force at the source or re-
ceiver end of the isolator subsystem is related to the qth-orders of dis-
placement at the source and receiver ends by interface stiffnesses of the
isolator subsystem (cf. Eqs. (B.19) and (B.20)) as

F̂p,I,S = N

⌈N/2−1⌉
q=−⌊N/2⌋

k̂p−q,I,SS ûq,I,S +N

⌈N/2−1⌉
q=−⌊N/2⌋

k̂p−q,I,SRûq,I,R,

(3.34)

F̂p,I,R = N

⌈N/2−1⌉
q=−⌊N/2⌋

k̂p−q,I,RS ûq,I,S +N

⌈N/2−1⌉
q=−⌊N/2⌋

k̂p−q,I,RRûq,I,R.

(3.35)
The pth-order forces at the receiver are related to the qth-orders of dis-
placement by interface stiffnesses of the receiver (cf. Eq. (B.21)) as

F̂p,R = N

⌈N/2−1⌉
q=−⌊N/2⌋

k̂p−q,R ûq,R. (3.36)

By taking the equal-order versions of Eqs. (3.35) and (3.36), applying
boundary conditions of continuity and equilibrium, ûp,I,R = ûp,R and
F̂p,I,R = −F̂p,R, and assuming that ûp,I,S = v̂p,I,S / jω = v̂p,S / jω ≈
v̂p,SF / jω as well as k̂p−p,R >> k̂p−p,I,RS , the force of order p at the
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3.4. Interface mobility method for resiliently mounted sources

interface follows as

F̂p,R ≈ −N
v̂p,SF

jω
k̂p−p,I,RS . (3.37)

The complex power of order p for resiliently mounted sources comprising
the simplifications as shown in Section 3.2.2 and Appendix B.1.2.2 is ob-
tained by substituting Eq. (3.37) in the equal-order version of Eq. (3.17)

Qp ≈ 1

2

N4

ω2
|v̂p,SF |2 |k̂p−p,I,RS |2Ŷp−p,R. (3.38)

The total complex power is obtained by the sum of the individual power
orders according to the second part of Eq. (2.49). Note that in the
final equation for the complex power, Eq. (3.38), the number of contact
points N is taken into account. Apart from this, straight analogy to the
single-point and single-component case, cf. Eq. (3.4), can be observed.

3.4.3 Description based on forces
Instead of calculating the complex power from the Fourier transformed
counterparts of the subsystem matrices of source, receiver and isola-
tors as shown in Sections 3.4.1 and 3.4.2, it can be derived in terms
of the force orders at the receiver and the receiver interface mobilities,
see Eq. (3.17). This requires to calculate the forces at the receiver by
means of Eqs. (B.9) or (B.25) prior to performing the Fourier trans-
form according to Eq. (2.42). Assuming that for resiliently mounted
sources the force orders at the receiver F̂p,R are approximately equal to
the blocked force orders F̂p,IB exerted on the receiver by the compound
source-isolator subsystem, the equal-order version of Eq. (3.17) yields

Q ≈ N2

2

⌈N/2−1⌉
p=−⌊N/2⌋

|F̂p,R|2Ŷp−p,R ≈ N2

2

⌈N/2−1⌉
p=−⌊N/2⌋

|F̂p,IB |2Ŷp−p,R. (3.39)

Instead of calculating the forces from the subsystem parameters of
source, receiver and isolators by using Eqs. (B.9) or (B.25), directly
or indirectly [24] measured blocked forces could be used to derive the
respective blocked force orders according to Eq. (2.42).

As mentioned in Section 3.4.1, the interface mobility method intro-
duces an error when the installed isolators are varying among the contact
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Chapter 3. Resiliently mounted sources

points due to the negligence of cross-order terms. As in case of the single
equivalent approximation (see Section 3.3.3), this error can significantly
be reduced if a formulation based on forces and receiver mobilities ac-
cording to Eq. (3.39) is used instead of Eqs. (3.24) or (3.38). This will
be demonstrated in Section 3.5.

3.5 Results and discussion

Both methods proposed were applied in a set of studies in order
to validate them and to investigate their accuracy with regard to a
variation of isolator properties along the contact points. A generic
source-receiver installation that is symmetric with regard to spatial
mobilities is investigated numerically in Section 3.5.1. Subsequently,
the methods are tested by considering two practical installations of ship
diesel engines. The results, which are based on partly measured and
partly calculated data, are presented in Section 3.5.2.

The transmitted power W , i.e. the real part of the complex power
Q, calculated exactly with Eq. (3.3) is compared with the single equiv-
alent approximation derived by Eq. (3.10) and with the equal-order
approximation calculated by Eq. (3.24) in this chapter. In the second
practical example, ship diesel engine II, the transmitted power is
calculated by using isolator transfer stiffnesses instead of mobilities. In
this case, reference data was obtained by means of Eq. (3.5) and com-
pared with approximations based on Eqs. (3.13) and (3.38), respectively.

Instead of Eq. (3.3), an expression involving equal- and cross-order
interface mobilities could have been used to yield reference data for the
transmitted power. The procedure requires a matrix formulation analo-
gous to Eq. (3.3), hence it is basically subject to the same uncertainties
with respect to matrix inversion. However, ordinary spatial mobility
data is more common and was chosen as reference. A detailed deriva-
tion of the complex power in terms of interface mobilities involving equal-
and cross-order interface mobilities is given in Appendix B.2, including
a verification by using the example of ship diesel engine I.
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3.5. Results and discussion

3.5.1 Numerical results

In order to study the sole influence of varying isolator properties along
the contact points on the accuracy of the proposed methods, a generic
source-receiver installation that is symmetric with regard to spatial
mobilities is considered in this section. Schematic drawings of source
and receiver structure are shown in Fig. 3.5. The source structure was
assembled from a cubical rigid mass with an edge length of 0.5m and a
square finite plate with an edge length of 0.7m and a thickness of 0.01m
attached as footing structure. The mobility of the source structure
was calculated from mobilities of a rigid mass [50] and mobilities of a
finite steel plate with free-free boundary conditions, which were derived
by a modal approach [51]. Mass and plate were connected to each
other by applying boundary conditions of equilibrium and continuity at
four points symmetric to the center of mass and plate. As receiver an
infinite steel plate with a thickness of 0.01m was chosen, and mobilities
were calculated from [4]. The source was connected to the receiver
plate through four isolators at the interface. The contact points at
the source interface, marked by + signs in Fig. 3.5(b), as well as the
connection points between rigid mass and finite plate, indicated by
| and ◦ signs in Figs. 3.5(a) and (b), respectively, lie on the diagonal
symmetry axis of the source. For such an assembly of source and
receiver, there is no variation of ordinary mobility matrix entries along
the main diagonal, where driving point mobilities are found. The
same is true for lines parallel to the main diagonal where transfer
mobilities with an equidistant spacing between excitation and response
position are aligned. As a consequence, cross-order interface mobilities
of source and receiver are equal to zero. Any deviation between
equal-order approximation and complete calculation therefore results
from strengthened cross-order interface mobilities due to locally varying
isolator properties along the contact points. The free velocity due to an
internal vertical unit force excitation was calculated from the transfer
mobilities between the contact points of the source and the position
of internal force excitation, see Fig. 3.5. To ensure that the source
activity comprises all free velocity orders, internal force excitation was
applied at an off-center and off-diagonal position of the source. With
regard to the single equivalent approximation, no error is introduced by
averaging the effective point mobilities over the contact points due to
the lack of spatial variation of source and receiver mobilities. However,
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(a) Front view

Fint

(b) Top view

Fint

∞

∞

∞∞

Figure 3.5: Symmetric source structure with plate-like footing resiliently mounted
to an infinite plate at four contact points: + contact points, | and ◦ discrete
connection points between mass and finite footing plate, Fint internal force exci-
tation.

an error arises with regard to the isolator subsystem due to locally
varying isolator properties. Additionally, uncertainties that arise due
to the required force ratio assumptions influence the calculation of the
effective point mobilities of source and receiver and, consequently, the
calculation of single equivalent source and receiver mobilities.

As a starting point, the case of four identical isolators is consid-
ered. The isolator mobilities were calculated approximately by using
long-rod theory [51] as shown in Appendix A. The total mass of the
source m = 163 kg and accordingly chosen isolator parameters (Young’s
modulus E = 2× 106 N/m2, density ρ = 900 kg/m3, cross-sectional area
A = 0.05 · 0.05m2 and length l = 0.025m) result in a first vertical rigid
body resonance frequency of the mass-spring system of f = 11Hz. As
point and transfer mobilities of all isolators are equal, the Fourier trans-
form of the spatial isolator mobility matrices in Eqs. (B.7) and (B.8)
yields equal-order interface mobilities only. Equivalently, averaging the
spatial isolator mobilities over the contact points in order to calculate
single equivalent isolator mobilities, see Eq. (3.9), does not introduce
errors. In Fig. 3.6(a) the transmitted power W derived by a complete
calculation using Eq. (3.3) and by the equal-order approximation us-
ing Eq. (3.24) is shown. It is clearly visible that the interface mobility
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(a) Complete calculation vs. interface mobility method

10
1

10
2

10
3

-40

-20

0

20

40

60

80

f (Hz)

W
 (

dB
, r

e 
10

-1
2

W
)

(b) Complete calculation vs. single equivalent approximation
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(c) Deviation of both methods from complete calculation
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Figure 3.6: Power transmitted from symmetric source to infinite plate through
equal isolators: complete calculation, interface mobility method,

zero and random phase assumption for single equivalent approxima-
tion.
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Chapter 3. Resiliently mounted sources

method calculates the transmitted power correctly in this case. Thus,
the interface mobility method provides an exact description of the trans-
mission process. Fig. 3.6(b) compares the transmitted power derived by
complete calculation with the power obtained by the single equivalent
approximation, see Eq. (3.10). Both a zero and a random phase assump-
tion were applied to calculate the effective point mobilities of source and
receiver, see Eqs. (2.25) and (2.26). In the latter case, the real part of
the effective receiver mobility was calculated by means of Eq. (2.29). In
the low frequency range up to about 35Hz, the transmitted power is un-
derestimated by assuming random phase. In the frequency range above
until about 110Hz, the zero phase assumption yields an underestimate
of up to −15 dB. At frequencies above, both phase assumptions yield an
agreement of about ±3 dB. As no variation in the isolator mobilities as
well as in source and receiver mobilities occurs, deviations observed in
Fig. 3.6(b) must be a consequence of the applied force ratio assumptions
at the contact points. This means that the actual dynamic behavior at
the contact points differs from that implied by the assigned force ra-
tios. A valuable insight into the dynamic behavior can be gained by
taking a look at single power orders, calculated with the interface mo-
bility method, see Eq. (3.24). Each power order Qp represents a certain
elementary part of power that arises from the respective force and ve-
locity orders. Due to the exponential terms in Eqs. (2.41) and (2.43),
force and velocity orders are linked with elementary spatial phase dif-
ferences ∆φ = φ(ej2πp/N ) between adjacent contact points. Thus, each
power order can be associated with a certain elementary part of motion
at the interface. Qp with p = 0 is linked with the elementary part of mo-
tion where all contact points move in-phase due to an elementary spatial
phase difference between adjacent contact points of ∆φ = 0π. In the
low frequency region, that is mainly the mass-like region of the source,
this elementary part of motion can be associated with vertical rigid body
motion of the source, often referred to as bouncing mode. Analogously,
Qp with p = ±1 are linked with elementary parts of motion where ad-
jacent contact points move with a phase difference of ∆φ = ±π/2. In
the low frequency range, these can be associated with rotatory rigid
body motion of the source. As Qp with p = ±1 account for rotatory
motion in opposing directions, both can sum up like a standing wave
at the interface and thus describe the power transmitted by rigid body
rocking motion of the source. In Fig. 3.7 the zero and first transmitted
power orders (i.e. the real part of the respective complex power orders,
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3.5. Results and discussion

Wp = Re(Qp)), W0 and W−1+W1, are compared with the single equiva-
lent approximation from Fig. 3.6(b). For reasons of clarity, positive and
negative first power orders have been summed up. W−2 is negligible and
can be ignored in this case. In the frequency range up to about 30Hz,
W0 and W−1+W1 are of similar magnitude and contribute to the trans-
mission process. The zero phase assumption yields the best agreement
in this range. In the frequency range from 30Hz to about 110Hz, the
first orders dominate over the zero order and coincide with the random
phase assumption. Here, the source is acting in a rocking mode due to
the off-center internal excitation force. A zero phase assumption does
not account for out-of-phase motion and thus leads to an erroneous es-
timation of the transmitted power in this frequency range.
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Figure 3.7: Power transmitted from symmetric source to infinite plate through
equal isolators – power orders vs. single equivalent approximation: zero
order, first order, zero and random phase assumption for single
equivalent approximation.

In order to account for bouncing and rocking motion in terms of
single equivalent values, it is now proposed to use a formulation similar
to Eq. (2.25) to calculate the effective point mobility, but averaging over
phase distributions corresponding to the relevant interface orders. Let
P be the number relevant orders, i.e. P = 3 in the case at hand for
the relevant orders p = {−1, 0, 1}, then the effective mobility can be
estimated as

Y Σ
nn = Ynn +

1

P

⌈P/2−1⌉
p=−⌊P/2⌋

N
m=1
m ̸=n

Ynm ej2πp(m−n)/N . (3.40)
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Using Eq. (3.40) instead of Eq. (2.25), the results of the single equivalent
approximation shown in Figs. 3.6(b) and (c) can be improved as shown
in Fig. 3.8. It can be seen that the previously observed underestimation
vanishes and deviations reduce significantly to about less than 3 dB for
the most part of the frequency range with a maximum deviation of 5dB
at a single frequency (185Hz). It is worth noting that with an increase
of averages P up to a maximum of P = N , the real part of Eq. (3.40)
approaches the real part of the point mobility. This in turn means that
the real part of Eq. (3.40) with P = N is equal to Eq. (2.29). Thus,
Eq. (3.40) can be regarded as a compromise between zero and random
phase assumption. In Fig. 3.8 also the transmitted power using the
random phase assumption according to Eq. (2.32) is shown. Compared to
the transmitted power using Eqs. (2.26) and (2.29), the underestimate at
low frequencies is significantly improved. There is an overall agreement
of 3dB over the frequency range with a maximum overestimation of
6.5dB at 220Hz. Furthermore, it can be seen that the approximations
of the transmitted power using Eqs. (2.32) and (3.40) tend to converge.
With the modified formulations for effective point mobilities, the single
equivalent approximation yields an overall agreement of about ±3 dB on
average over the frequency range.

In the presence of cross-order terms, the accuracy of the interface
mobility method is expected to suffer. With regard to the single
equivalent approximation, spatially varying isolator mobilities are
expected to introduce an error as they are represented by an average
value, see Eq. (3.9). In order to study the influence of varying isolator
properties on the accuracy of the proposed methods, Young’s modulus
of two adjoining isolators was doubled, which is equivalent to increasing
the stiffness by a factor of 2. Results are shown in Fig. 3.9. The
equal-order approximation, see Fig. 3.9(a), is seen to give a nearly
exact description up to about 200Hz. Until this frequency, the isolator
mobilities show a mass-like behavior since they are calculated by
applying unconstrained boundary conditions. From about 450Hz
onwards, the first antiresonances due to internal wave effects occur in
the isolator point mobilities. Isolator point and transfer mobilities show
first pronounced resonances at about 1 kHz. Up to about 1 kHz, the
deviations between complete calculation and equal-order approximation
are seen to be small and do not exceed a range of ±3 dB. In the
resonant region above, large deviations are observed. Errors of the
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(a) Complete calculation vs. single equivalent approximation
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(b) Deviation of single equivalent approximation from complete calculation
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Figure 3.8: Power transmitted from symmetric source to infinite plate through
equal isolators: complete calculation, zero and first order assumption
and random phase assumption with superposition for single equivalent ap-
proximation.

single equivalent approximation in the low frequency region are similar
to those shown in Fig. 3.6(b). Significant differences occur from 1 kHz
onwards, where the resonant region of the isolator mobilities begins.
Here, errors are of the same order of magnitude as those introduced by
the interface mobility method, see Fig. 3.9(c).

In the resonant region from the first resonance or antiresonance on-
wards, strongly varying isolator mobilities at different contact points can
occur as a mobility peak from one isolator and a mobility dip from an-
other one can coincide at distinct frequencies. Variations of ordinary mo-
bility matrices along the main diagonal are described by cross-order in-
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(a) Complete calculation vs. interface mobility method
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(b) Complete calculation vs. single equivalent approximation

10
1

10
2

10
3

-40

-20

0

20

40

60

80

f (Hz)

W
 (

dB
, r

e 
10

-1
2

W
)

(c) Deviation of both methods from complete calculation
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Figure 3.9: Power transmitted from symmetric source to infinite plate through
varying isolators: complete calculation, interface mobility method,

zero and random phase assumption for single equivalent approxima-
tion.
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terface mobilities, hence they are not accounted for when cross-order in-
terface mobilities are neglected. Analogously, coinciding mobility peaks
and dips can cancel when an average isolator mobility is used as in case
of the single equivalent approximation. Consequently, similar errors in
the same frequency range are introduced by both methods. The effect
is particularly pronounced in the case of isolator transfer mobility ma-
trices: In the interface order domain, the average point mobility of the
contact points equals the sum of equal-order interface mobilities [52]

Y nn =
1

N

N
n=1

Ynn =

⌈N/2−1⌉
p=−⌊N/2⌋

Ŷp−p. (3.41)

In the case of isolator transfer mobility matrices, single matrix entries
may have positive or negative real parts. Thus, the average value might
tend towards zero at certain frequencies, leading directly into an error
with regard to the single equivalent approximation. In such cases,
equal-order interface mobilities tend towards zero as well since all equal-
order interface mobilities are identical. The latter is a consequence of
the fact that the spatial isolator mobility matrices are diagonal matrices.

In the example under study, the inaccuracies for both methods
become largest at about 3250Hz and amount to about 25 dB, see
Fig. 3.9. The real and imaginary parts of the isolator transfer mobility
matrix YI,SR at this frequency are shown in Figs. 3.10(a) and (b),
respectively. It can be seen that positive and negative values of ordinary
isolator transfer mobilities occur which are likely to be close to zero
when averaged over the contact points. Their equal-order approximation
YI,SR,IF is depicted in Figs. 3.10(c) and (d). By comparing Fig. 3.10(a)
with (c) and (b) with (d), respectively, it is evident that the equal-order
approximation results in a poor estimate at this frequency. The
magnitude of interface mobilities Ŷpq,I,SR normalized to the magnitude
of the maximum occurring order is shown in Figs. 3.10(e) and (f).
Equal-order interface mobilities, which are aligned on the co-diagonal of
the matrix, i.e. with p = −q, are one order of magnitude smaller than
cross-order interface mobilities, aligned on lines parallel thereto.

A numerical study that investigates the error introduced by varying
isolator properties systematically is given in Appendix C.
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Figure 3.10: Transfer mobility functions of an isolator subsystem and correspond-
ing interface mobility magnitudes: (a) real and (b) imaginary part of ordinary
transfer mobilities; (c) real and (d) imaginary part of equal-order approximation
of transfer mobilities; (e) real and (f) imaginary part of corresponding interface
mobility magnitudes.

It was previously shown that the error introduced by erroneous force
ratio assumptions in the low frequency range in case of the single equiv-
alent approximation can be reduced by assuming a superposition of
bouncing and rocking mode according to Eq. (3.40) with P = 3 as well
as by using Eq. (2.32) for a random phase assumption. Now it will be
shown how the error that occurs in the case of varying isolators at high
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(a) Complete calculation vs. interface mobility method
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(b) Complete calculation vs. single equivalent approximation
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(c) Deviation of both methods from complete calculation
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Figure 3.11: Power transmitted from symmetric source to infinite plate through
varying isolators, calculation via contact forces: complete calculation, in-
terface mobility method, zero and first order assumption and random
phase assumption for single equivalent approximation.
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frequencies can be reduced by grouping source and isolators together
to a compound source-isolator subsystem and calculating the transmit-
ted power in terms of contact forces at the receiver as well as receiver
mobilities. With regard to both the interface mobility method and the
single equivalent approximation, the procedure requires pre-calculation
of the forces exerted on the receiver by means of Eq. (B.9). In case of
the interface mobility method, the force orders at the interface are sub-
sequently derived by means of Eq. (2.42), and the transmitted power is
calculated using Eq. (3.39). In order to derive the transmitted power in
terms of single equivalent values, the sum of squared force magnitudesN

n=1 |FR,n|2 at the receiver is calculated, and Eq. (3.14) is applied. The
results are shown in Fig. 3.11. It can be seen that for both methods the
errors in the low frequency range are similar to those with equal isolators,
see Figs. 3.6(a) and 3.8(b). In the higher frequency range, the errors are
reduced significantly to less than 2 dB with regard to the single equiva-
lent approximation. The interface mobility methods yields a negligible
error throughout the whole frequency range. The results obtained are
of practical relevance since the forces at the receiver in the case of re-
siliently mounted sources are approximately equal to the blocked forces,
cf. Section 3.2.3.
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3.5.2 Experimental results
In order to test the proposed methods experimentally, they were applied
in two practical installations of ship diesel engines and the corresponding
engine room foundations. In the first case study, ship diesel engine I,
the source is intended to be mounted on isolators that vary along the
contact points with respect to stiffness. For comparison, an installation
with equal isolators is considered as well. The first experimental
study is confined to the vertical component of motion, and a complete
description based on isolator point and transfer mobilities is used. In
the second installation, ship diesel engine II, structure-borne sound
transmission through an assembly of equal isolators is considered for the
vertical component as well as the horizontal component perpendicular to
the engine shaft separately. The second study is based on the simplified
description based on isolator transfer stiffness.

Within the experimental studies, it was not possible to measure all
required input data. This especially applies to the isolator transfer func-
tions, which in the first installation were calculated approximately by
using long-rod theory, see Appendix A. As the second study is based
on the simplified equations, measurement of the source mobility was not
required. Here, single values of the isolator transfer stiffnesses given by
the manufacturer were used to calculate the transmitted power. In other
words, the isolator transfer stiffnesses were assumed to be constant for
all frequencies.

3.5.2.1 Ship diesel engine I

In Fig. 3.12(a) the engine room foundation of a ship structure is shown.
It is designed to bear the load of a propulsion diesel engine with a weight
of about 50 000 kg. The source is intended to be resiliently mounted at
18 contact points with rubber-type engine mounts. A footprint of the
interface is shown in Fig. 3.12(b). As specified by the manufacturer,
eight of the isolators located at the center of the interface and crossed in
Fig. 3.12(b) are characterized by a smaller stiffness kI compared to the
other isolators such that kI,min/kI,max = 0.65. Prior to installation, mo-
bility matrices of the diesel engine and the engine room foundation were
measured in translational vertical direction. As in the numerical stud-
ies in the preceding section, mobilities of the isolators were calculated
approximately by using long-rod theory [51] as shown in Appendix A.
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From the stiffness in vertical direction kI provided by the manufacturer,
isolator length l = 0.15m and cross-sectional area A = 0.3 · 0.35m2, an
alternative Young’s modulus E was calculated by making use of the rela-
tion kI = EA/l. The free velocity of the engine was measured during the
ship’s sea trial (i.e. after installation) following the general guidance of
ISO 9611 [14] and ISO 13332 [15]. The single equivalent approximation
calculated with Eq. (3.10) and the equal-order approximation calculated
with Eq. (3.24) are compared with the complete calculation of the trans-
mitted power given by Eq. (3.3).

(a) Engine foundation

(b) Footprint of engine contact points

Figure 3.12: Engine foundation and footprint of ship diesel engine I.
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Figure 3.13: Power transmitted from ship diesel engine I through equal isolators –
deviation of approximate methods from complete calculation: complete cal-
culation, interface mobility method, zero and random phase as-
sumption for single equivalent approximation.

In Fig. 3.13 results for the case of equal isolators are shown in terms
of level differences between complete calculation and the respective ap-
proximations. Regarding the single equivalent approximation, both zero
and random phase assumptions were applied, cf. Eqs. (2.25), (2.26)
and (2.29). The interface mobility method yields an agreement with the
complete calculation of ±2.5dB throughout the frequency range. The
single equivalent approximation with zero phase assumption results in
an overestimate of up to 10 dB at 50Hz with a variation of about ±5 dB
at other frequencies. Assuming a random phase distribution yields an
underestimate at low frequencies due to the neglect of transfer coupling
with a maximum underestimate of 6 dB at 80Hz. Above 100Hz, the
deviation is in the range of ±5dB.

The overestimate in the case of a zero phase assumption at low fre-
quencies indicates that the power transmission is not governed by the
bouncing mode of the source solely but involves rocking or bending mo-
tion. In Fig. 3.14(a) the distribution of the transmitted power orders,
i.e. the real part of the respective complex power orders, Wp = Re(Qp),
calculated by means of Eq. (3.24), normalized with respect to the max-
imum occurring order is shown. In the frequency range up to about
300Hz, power orders Wp in the interval p = [−2, 2] are seen to dominate
the transmission process. With increasing frequency, the dominating or-
ders ascend from the center order at p = 0 up to the maximum (positive
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and negative) orders p = −⌊N/2⌋ and p = ⌈N/2− 1⌉. In the frequency
range above, that is from about 600Hz onwards, all orders appear rather
uniformly distributed, corresponding to a uniform random distribution
of phase. One-third octave band spectra of single power orders Wp for
p = [−2, 2] are shown in Fig. 3.14(b). Corresponding positive and nega-
tive orders have been summed up for reasons of clarity. It can be seen
that at 50Hz and 80Hz the zero order is approximately of the same
magnitude as the first orders. However, the first orders roughly dom-
inate the transmission between 63Hz and 200Hz. The second orders
become important from 315Hz onwards. While zero and first orders
at low frequencies correspond to rigid body bouncing and rocking, the
second orders correspond to the first bending mode at the interface.
In order to account for bouncing, rocking and the first elastic mode in
terms of single equivalent values, it is proposed to use Eq. (3.40) with
P = 5 relevant orders, i.e. p = [−2, 2]. By using Eq. (3.40) instead of
Eq. (2.25) to calculate the effective mobilities, the results from Fig. 3.13
can be improved as shown in Fig. 3.15. It can be seen that the max-
imum deviation reduces significantly to 5 dB. The transmitted power
using a random phase assumption according to Eq. (2.32) is also shown
in Fig. 3.15. As stated in Section 2.5.4, by using Eq. (2.32), the multi-
point case is considered as a superposition of single-point cases, but each
contact point is described by a higher mobility magnitude than if con-
sidered individually. Compared to the transmitted power calculated by
using Eqs. (2.26) and (2.29), the underestimate at low frequencies is
significantly improved. However, this is at the expense of accuracy at
higher frequencies. Furthermore, similarities between the transmitted
power derived by using Eqs. (2.32) and (3.40) to calculate the effective
mobility can be detected. As already stated in Section 3.5.1, this indi-
cates that using Eq. (3.40) is a compromise between zero and random
phase assumption. With the modified formulations for effective mobili-
ties, the single equivalent approximation yields an overall agreement of
about ±5 dB.

To study the effect of varying isolator properties, Young’s modu-
lus of eight isolators which are crossed in Fig. 3.12(b) was decreased to
Emin/Emax = 0.65 as intended when installed. Results are shown in
Fig. 3.16. As expected, deviations between complete calculation and ap-
proximate methods occur mainly in the higher frequency region where
isolators show a resonant behavior due to internal wave effects. As the
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(a) Distribution of all power orders, narrow band spectra
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(b) Distribution of zero, first and second power orders, 1/3 octave band spectra
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Figure 3.14: Distribution of power orders for ship diesel engine I with equal isola-
tors: all orders, zero order, first order, second order.
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Figure 3.15: Power transmitted from ship diesel engine I through equal isolators -
deviation of single equivalent approximation from complete calculation: com-
plete calculation, zero, first and second order assumption and random
phase assumption with superposition for single equivalent approximation.
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Figure 3.16: Power transmitted from ship diesel engine I through varying isola-
tors – deviation of approximate methods from complete calculation: complete
calculation, interface mobility method, zero and random phase as-
sumption for single equivalent approximation.

isolator length is comparatively large compared to that considered in
Section 3.5.1, first antiresonances in isolator point mobilities already oc-
cur at 75Hz, first resonances appear at 150Hz. A maximum deviation
is observed at 800Hz for both methods studied. Here, the deviation is
−14 dB for the single equivalent approximation, whereas the interface
mobility method yields and underestimate of −18 dB. In the lower fre-
quency range, the errors are similar to those shown in Fig. 3.13.

As demonstrated in the numerical study in Section 3.5.1, the error
that occurs in the case of varying isolators at high frequencies can
be reduced by grouping source and isolators together to a theoretical
compound source-isolator subsystem and calculating the transmitted
power from the contact forces at the receiver and from the receiver
mobilities. For this purpose, the forces exerted on the receiver FR,n were
pre-calculated by means of Eq. (B.9). In case of the interface mobility
method, the force orders at the interface F̂R,p were subsequently derived
by means of Eq. (2.42), and the transmitted power was calculated
by using Eq. (3.39). In order to derive the transmitted power in
terms of single equivalent values, the sum of squared force magnitudesN

n=1 |FR,n|2 was calculated from the contact forces, and Eq. (3.14)
was applied. Additionally, the modified formulations to derive the
effective receiver mobilities, see Eqs. (3.40) and (2.32), were used. The
results are shown in Fig. 3.17. For both force ratio assumptions, errors
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Figure 3.17: Power transmitted from ship diesel engine I through varying iso-
lators, calculation via contact forces – deviation of approximate methods from
complete calculation: complete calculation, interface mobility method,

zero, first and second order assumption and random phase assumption
with superposition for single equivalent approximation.

in the low frequency range are similar to those with equal isolators,
see Fig. 3.15. In the higher frequency range, the errors are reduced
significantly. The interface mobility methods yields errors in the range
of ±2.5dB throughout the whole frequency range, while the error of the
single equivalent approximation displays a range of ±5dB.

On an overall basis, the experimental results as presented in this sec-
tion verify the results of the numerical study presented in Section 3.5.1.
The proposed methods are tested in a second ship diesel engine instal-
lation in Section 3.5.2.2 by taking the vertical as well as the horizontal
component of motion perpendicular to the engine shaft into account.

3.5.2.2 Ship diesel engine II

In Fig. 3.18(a) the engine room foundation of a car ferry is shown.
The picture was taken during construction of the hull section. A
top view of the corresponding propulsion diesel engine is shown in
Fig. 3.18(b) where 15 contact points can be recognized at which the
engine is intended to be mounted through equal rubber-type isolators
to the foundation. Single values of the isolator transfer stiffness kI were
given by the engine manufacturer in vertical and horizontal direction
along with a corresponding loss factor η. A single value approximates
the dynamic transfer stiffness only in the low frequency range up to

71



Chapter 3. Resiliently mounted sources

the onset of wave effects. However, more detailed information about
the isolator stiffness at high frequencies is typically not provided in
practice. Although this is a serious lack with regard to the prediction of
the transmitted power at high frequencies, single values of the isolator
transfer stiffness were assumed and the transfer stiffness was calculated
as kI,RS = kI(1 + jη) for both the vertical and horizontal direction.
During construction and prior to installation of the engine, mobilities
of the engine foundation were measured in vertical z- as well as
horizontal y-direction perpendicular to the engine shaft (nautical term:
transversal). The latter was realized by applying in-plane excitation at
the edges of the foundation top plates and measuring response at the
center. After installation, the free velocity of the engine was measured
for both the vertical z- and transversal y-component of motion on top
of the engine mounting points while running at full speed during a sea
trial (i.e. after installation).

Applying simplifications as described in Section 3.2.2 and Appendix
B.1.2.2, the transmitted power can readily be derived from the dynamic
transfer stiffness of the isolators, the foundation mobility and the free
velocity of the source. In Fig. 3.19(a) the transmitted power calculated
with Eq. (3.5) for the vertical z- and transversal y-component is shown.
Both components were considered separately, that is no cross coupling
between the components was taken into account. It can be seen that
both components contribute equally up until about 250Hz. Above, the
transmitted power is dominated by the vertical z-component.

In Figs. 3.19(b) and (c) the transmitted power derived by the
interface mobility method, see Eq. (3.38), and the single equivalent ap-
proximation, see Eq. (3.13), is compared with the complete calculation,
Eq. (3.5), for the vertical z- and transversal y-component, respectively.
Single equivalent receiver mobilities were calculated from the effective
mobilities using a zero phase assumption according to Eq. (2.25) as
well a random phase assumption according to Eq. (2.29). In case
of the vertical z-component, the interface mobility method shows an
agreement in the range of ±2 dB throughout the whole frequency range.
The agreement of the single equivalent approximation with zero phase
assumption is within ±5 dB up until about 400Hz. In this frequency
range, the random phase assumption yields an underestimate of less
than 4 dB. Above, a good agreement is achieved. Results for the
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(a) Engine foundation

Fy, vy
Fz, vz

(b) Engine top view with contact points

Fy, vy

Fz, vz

Figure 3.18: Engine foundation and engine top view of ship diesel engine II.

zero phase assumption show a similar accuracy. Compared to the
respective results for ship diesel engine I (see Fig. 3.13), the errors
introduced by the proposed methods show similar tendencies but lie
within narrower limits. Applying the approximate methods to the
transversal y-component of motion introduces slightly larger deviations.
The interface mobility method yields an agreement with the complete
calculation in the range of ±2.5 dB over most parts of the frequency
range with a maximum underestimation of 4 dB at 100Hz. Assuming
a zero phase distribution at the contact points, the single equivalent
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(a) z-component (vertical) vs. y-component (transversal), complete calculation
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(b) Deviation of approximate methods from complete calculation, z-component
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(c) Deviation of approximate methods from complete calculation, y-component
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Figure 3.19: Power transmitted from ship diesel engine II through equal
isolators: (a) z-component (vertical), y-component (transversal);
(b) and (c) complete calculation, interface mobility method, zero
and random phase assumption for single equivalent approximation.
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approximation yields a maximum underestimate of 6.5dB at 80Hz and
a maximum overestimate of 6dB at 250Hz. Assuming random phase,
a maximum underestimate of 6dB at 50Hz can be observed, which
decreases continuously with increasing frequency due to a decreasing
influence of transfer coupling.

As in the first case study, the vibrational behavior at the receiver
interface is now analyzed a bit further by taking a look at the distri-
bution of transmitted power orders, Wp = Re(Qp), calculated with
Eq. (3.38). These are shown in Fig. 3.20 in narrow band spectra
for a frequency range of 50Hz – 1 kHz for the vertical z- as well as
the transversal y-component. The frequency range above is omitted
since a uniform random phase distribution yields uniformly distributed
power orders, which does not contribute to a greater knowledge about
the mechanism of power transmission. In vertical z-direction, see
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(b) y-component (horizontal - transversal)
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Figure 3.20: Distribution of power orders for ship diesel engine II.
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(a) z-component (vertical)
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(b) y-component (horizontal - transversal)
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Figure 3.21: Power transmitted from ship diesel engine II through equal isolators –
deviation of single equivalent approximation from complete calculation: com-
plete calculation, zero, first and second order assumption and random
phase assumption with superposition for single equivalent approximation.

Fig. 3.20(a), power orders Wp with p = [−2, 2] dominate the power
transmission in the low frequency range. With increasing frequency,
the dominating order number p ascends up to the maximum (positive
and negative) order. Above, all orders occur more or less uniformly
distributed, corresponding to a uniform random distribution of phase.
Accordingly, similarities to ship diesel engine I can be observed,
although the distribution of power orders shown in Fig. 3.14(a) displays
a sharper imprint. With regard to the transversal y-component, it
can be drawn from Fig. 3.20(b) that below 100Hz the zero order is
much smaller than the first and second orders. Missing of the zero
order in transversal direction means that a rather small part of power
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is transmitted by transversal bouncing, i.e. where all contact points
move in phase in transversal direction. This can be associated with the
underestimation of power at low frequencies using the single equivalent
approximation in conjunction with a pure zero phase assumption, see
Fig. 3.19(c). The transversal first orders that are prominent below
100Hz represent a part of power that can be associated with rigid body
torsional motion of the source about its vertical z-axis (see Section 5.2.2).

On an overall basis, the application of single equivalent receiver mo-
bilities assuming a zero or random phase distribution in accordance with
Eqs. (2.25) and (2.29) yields reasonable results as shown in Figs. 3.19(b)
and (c). However, as in the previous case study of ship diesel engine I,
results for an application of Eq. (3.40) with P = 5 instead of Eq. (2.25)
and Eq. (2.32) instead of Eq. (2.29) will be shown in the following. For
the vertical z-component of motion, see Fig. 3.21(a), the error intro-
duced by using Eq. (3.40) is less than 2.5 dB except at 50Hz. Using
Eq. (2.32) instead of Eq. (2.29), the error at low frequencies is decreased,
whereas a slight increase at frequencies from 500Hz onwards can be ob-
served. The respective results for the transversal y-component are shown
in Fig. 3.21(b). Essentially, they exhibit a very similar trend as the re-
sults for the vertical component of motion.

3.6 Summary and conclusion

In this chapter an expansion of the interface mobility method for multi-
point resiliently mounted sources was derived. In analogy to source and
receiver, the isolator subsystem is represented by Fourier transforms of
its transfer function matrices. By neglecting cross-order terms, each
interface order can be treated separately, and the multi-point problem
is reduced to a series of formal single-point cases. As a direct result, the
concept of source descriptor and coupling function is applicable to each
order. Furthermore, the approach of single equivalent approximation
was adapted to describe resiliently mounted sources. Here, the isolator
subsystem is represented by means of single values which are derived
as the arithmetic mean of the individual isolator transfer functions.
For both methods, two sets of equations to calculate the transmitted
power were presented that are either based on complete (point and
transfer) mobility matrices of the isolator subsystem or on the transfer
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stiffness of the isolators solely. Both approaches were demonstrated to
be generally equivalent, but for practical application the latter is of
primary interest. Additionally, alternative descriptions based on the
(blocked) forces exerted on the receiver were given.

With respect to the isolator subsystem, the accuracy of both methods
depends on the variation of isolator properties along the contact points.
Taking the example of a symmetric source mounted to an infinite plate
receiver that are each completely described by equal-order interface
mobilities, it was shown that the interface mobility method yields exact
results when all isolators between source and receiver are identical.
If isolator properties vary among contact points, the accuracy of the
method suffers due to strengthened cross-order terms. The influence
of different isolator parameter variations on the introduced error was
investigated in a numerical study considering the same symmetric
source-receiver installation where isolator properties are the only source
of error. Errors are introduced mainly in the higher frequency region
where isolators show resonant behavior due to wave effects. If isolators
are subjected to large variations along the contact points and a zero
order excitation strongly dominates, substantial errors were observed in
the low-frequency region as well where the isolator transfer functions
show a static behavior. Usually, an even load distribution at the
contact points of a source is aimed by manufacturers for static reasons,
which makes the use of different isolators redundant in many cases.
If, however, a variation of isolator properties is required, it may lie
within a rather narrow margin compared to the cases considered in the
numerical study. In general, a small variation of isolator properties will
result in small errors that may be acceptable in engineering practice.
With regard to the single equivalent approximation, a variation of
isolator properties is leading to similar errors in the resonant frequency
region of the isolators. In the low frequency region, an additional error
can arise due to uncertainties with respect to phase assumptions that
are required to estimate the effective and, thus, the single equivalent
source and receiver mobility. However, it was shown that this error can
be reduced by assuming an average phase distribution corresponding to
dominating interface orders, e.g. zero and first orders at low frequencies
(rigid body bouncing and rocking), instead of assuming a pure zero
phase distribution. Assuming a random phase distribution leads to an
underestimate at low frequencies due to the neglect of transfer coupling.
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For both methods, the error in the resonant frequency region of the
isolators is virtually eliminated by using the alternative description
based on the (blocked) forces at the receiver. This might be of practical
interest as the required input variables can be measured in situ [24]
or, in terms of the sum of squared blocked force magnitudes, by using
a reception plate method [17]. The problem of varying isolators could
also be approached by assuming a set of identical isolators with the
maximum occurring stiffness instead. To verify the proposed methods
in practical scenarios, they were applied to measured data sets of two
ship diesel engines and the corresponding engine foundations. On an
overall basis, it was found that the experimental results agree with those
from the theoretical studies. In the second case study, the approximate
methods were successfully tested for the horizontal component of motion
perpendicular to the engine shaft in addition to the vertical component.

By analyzing the distribution of power orders, it was shown that
power transmission for both studied diesel engines is governed by low
orders at low frequencies, i.e. rigid body bouncing and rocking as well
as the first bending mode. The dominating orders are ascending with
frequency up to the maximum (positive and negative) orders. Above,
all orders appear rather uniformly distributed, corresponding a uniform
random distribution of phase. With regard to the horizontal compo-
nent perpendicular to the engine shaft, the zero order was observed to
be missing at low frequencies. Thus, it can be concluded that pure
in-phase motion in horizontal direction is suppressed due to the con-
struction of the engine foundation. The distribution of power orders was
shown to correspond with the results derived by the single equivalent
approximation assuming either a pure zero phase distribution or an av-
erage phase distribution corresponding to zero, first and second orders.
At frequencies where all orders occur uniformly distributed, assuming
random phase is appropriate.
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4 | Sources with continuous
line-shaped contact interfaces

4.1 Introduction

The majority of research concerning the characterization of structure-
borne sound sources is focused on sources that are connected to a
receiving structure at multiple discrete contact points. In contrast,
the transmission of structure-borne sound power between continu-
ously connected sources and receivers was considered rather rarely
in the past. However, valuable studies concerning the excitation of
spatially extended contact interfaces on infinite structures were pub-
lished, based on the complex power and the concept of effective mobility.

In [53] the strip mobility was introduced in order to represent the
mobility of an arbitrary contact area of a thin infinite plate receiver
by means of a single value. However, the studies were confined to
line-shaped contact interfaces in that a large aspect ratio of the
contact area was assumed. The idea of strip mobility as an integral
mobility was based on the complex power as well as on the concept
of effective mobilities for which idealized uniform conphase force or
velocity distributions along the interface were assumed. It was found
that at low frequencies – or, equivalently, small Helmholtz numbers –
the strip mobility approaches the point mobility of the infinite plate.
With an increase of the Helmholtz number, the strip mobility decreases.
That is, the transmitted power declines with an increase of the contact
area or frequency. At large Helmholtz numbers, the strip mobility
approaches the slope of the point mobility of an equivalent infinite
beam. Depending on the force distribution along the interface, upper
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and lower bounds of the transmitted power were studied in a companion
paper [54] to [53]. It was found that in case of a conphase excitation
the maximum power is transmitted if the strip is excited spatially
concentrated, i.e. point-like at the center of the strip, while for a
non-conphase force distribution no defined maximum exists. A real
valued (non-conphase) force distribution was established that minimizes
the transmitted power. Additionally, it was shown that a similar strip
mobility is derived if this real valued force distribution is phase-shifted
in order to make it conphase. Based on this, the assumption of a
uniform conphase force distribution was proposed for the prediction
of the transmitted power. As stated in [54], a uniform conphase force
distribution could be realized by an elastic interlayer between source and
receiver. In [55] integral formulations of the beam mobility were used
in order to study power transmission from a finite source beam to an
elastically, continuously coupled infinite receiver beam. Corresponding
to [53, 54], it was found that less power is transmitted compared to the
discretely mounted case.

The approach of strip mobility [53] was generalized for an extensive
contact by considering a circular contact area [56]. Analogous to the
strip mobility, the surface mobility was defined on basis of the trans-
mitted power as well as on basis of the concept of effective mobilities.
For the latter, uniform conphase force and velocity distributions at the
contact area were studied. In general, the results strongly correspond
to those found in [53]: The surface mobility, reflecting the capability of
the receiver contact area to absorb power for a given force distribution,
decreases with an increase of the contact area and with increasing
frequency. The physical correspondence hereto is that a spatially
extended contact is more difficult to excite than a point-like contact
if the same net force is applied. Additionally, assuming a uniform
conphase force distribution, distinct dips in the surface mobility occur
when the diameter of the contact is close to a multiple of the governing
wavelength of the plate. In [57] the surface mobility of a rectangular
contact area with varying aspect ratio on an infinite plate receiver was
studied. Under the assumption of a uniform conphase force distribution,
it was shown that for an aspect ratio of unity the surface mobility is
similar to the surface mobility of a circular contact with the same area.
By increasing the aspect ratio, the dips vanish, and the surface mobility
approaches the strip mobility from [53]. Hence, the strip mobility
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can be identified as a special case of the surface mobility. In [58] the
studies were completed including the case of a uniform conphase ve-
locity distribution. Additional experimental studies can be found in [59].

To summarize, in the studies mentioned above it was demonstrated
that the mobility concept is applicable to spatially extended interfaces
by applying the approach of effective mobility to a discretized contact
area with well defined force distributions at the sampling points. The
focus was on the effect of different idealized force distributions on
the effective receiver mobility of plates from which conclusions about
the power transmission through the contact area were drawn. As
shown in chapter 2, large efforts have been made in finding simplified
and/or comprehensive methods for source characterization and the
calculation of the power injected into adjacent structures. Although
the applicability of such methods to source structures with continuous
line-shaped contact interfaces by means of discretization can be inferred,
there is a lack of respective studies.

In this chapter the accuracy of the single equivalent approximation
and the interface mobility method to be expected with regard to power
transmission at continuous line-shaped contact interfaces is examined.
As integral formulations for source and receiver mobilities are not
available in general, a transition from continuous to discretized inter-
faces is required first. This will be addressed in Section 4.2, including
the simple demonstrator example of a beam source connected to a
plate receiver. The potential problems that arise when the proposed
approximate methods are applied to continuous interfaces are discussed
in Section 4.3. The subsequent case studies presented in Section 4.4
are based on experimentally collected data of sources with generic
line-shaped interface geometries for which mobilities and free velocities
were derived by discretizing the continuous interfaces. As receivers a
simply supported plate as well as infinite plates were considered. The
studies are confined to the vertical translational component of motion
perpendicular to the receiver. A summary of the results is given in
Section 4.5.

This section contains material published in [60].
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4.2 Transmitted power at continuous
contact interfaces

Although the description of a line-shaped connection between a
structure-borne sound source and a receiver requires an integral descrip-
tion in general, the problem has to be discretized. An integral formula-
tion would assume that integral solutions for mobilities and free velocities
are available, which is not the case in practice. The complex power Q at
the interface C between a source and a receiver connected continuously
can be written by the integral of the product of force FR(s) and velocity
vR(s) at the receiver with the interface coordinate s [52]

Q =
1

2

C
0

vR(s)F
∗
R(s)ds. (4.1)

A schematic illustration of the field variables at a continuous interface
is given in Fig. 4.1(a) exemplarily for a beam-like interface contour.
The velocity vR(s) at the receiver side of the interface is given by the
relationship

vR(s) =

C
0

YR(s|s0)FR(s0)ds0, (4.2)

where YR(s|s0) is the mobility of the receiver at s when excited at s0.
The velocity of the source vS(s) is composed of the free velocity vSF (s)
and forces FS(s0) acting on the interface

vS(s) = vSF (s) +

C
0

YS(s|s0)FS(s0)ds0. (4.3)

Discretizing the continuous but non-periodic interface with N sampling
points by separating C into N − 1 intervals of the same length ∆s =
C/(N − 1), the integral from Eq. (4.1) can be approximated by means
of the trapezoidal rule as

Q =
1

4
∆s

N−1
n=1

(vR,nF
∗
R,n + vR,n+1F

∗
R,n+1). (4.4)
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Rewriting Eq. (4.4) in vector notation gives

Q =
1

4
∆svT

Rf
∗
R. (4.5)

Here, vR and fR are the velocity and force vectors of the discretized
receiver interface containing the velocities and forces at n in a manner
that vR = {v1+2v2+...+2vN−1+vN} and fR = {F1+2F2+...+2FN−1+
FN} owing to the fact that arguments in the sum of Eq. (4.4) with
n ̸= {1, N} are accounted for twice. Discretizing Eqs. (4.2) and (4.3) in
the same manner and rewriting in vector notation gives

vR =
1

2
∆sYRfR (4.6)

to substitute Eq. (4.2). YR is the mobility matrix of the discretized
receiver. With the velocities vS and free velocities vSF at the discretized
source interface as well as with the discretized mobility of the source YS ,
Eq. (4.3) can be replaced by

vS = vSF +
1

2
∆sYSfS . (4.7)

Eqs. (4.5) – (4.7) can be solved by using boundary conditions of continu-
ity and equilibrium, vS = vR and fS = −fR, and the complex power at
the discretized interface follows to be given analogous to that at multi-
point source-receiver interfaces, cf. Eq. (2.15), by

Q =
1

2
vT
SF (YS +YR)

−TYT
R(Y

∗
S +Y∗

R)
−1v∗

SF . (4.8)

The same can be shown to be valid for periodic continuous interfaces [52].

Provided that the spatial Nyquist criterion is fulfilled, the complex
power at the discretized interface equals that at the continuous interface.
The distance between sampling points has to be smaller than half the
minimum wavelength of interest, ∆s < λmin/2. As the structural bend-
ing wavelength is a function of bending wave velocity and frequency, the
maximum frequency up to which the results for the continuous interface
can be approximated by discrete sampling is prescribed by the mini-
mum occurring wavelength and the bending wave velocity. For beams
and plates in bending motion, the maximum frequency can be calcu-
lated in dependence of Young’s modulus E, density ρ, Poisson ratio µ
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and height h:

fmax <
cB
λmin

=
2π

(2∆s)2


Eh2

12(1− µ2)ρ
. (4.9)

The application of structural sampling in order to calculate the transmit-
ted power as described was tested by using the example of an aluminum
beam with dimensions l × w × h = 0.628m × 0.016m × 0.026m acting
as source and a thin free aluminum plate with dimensions l × w × h
= 1.26m × 1m × 0.01m acting as receiver. The beam mobilities were
measured at N = 13 sampling points with an equidistant spacing ∆s
of 0.0515m. A schematic drawing is shown in Fig. 4.1(a). A stand-off
distance of 0.005m to both ends of the beam was necessary in order to
assure a plane mounting of the transducers. The respective plate mobil-
ities were measured such that the source-receiver interface is located out
of the symmetry axes of the plate, see Fig. 4.1(b). The chosen number
of sampling points allows to calculate the transmitted power for the case
of N = 13 as well as N = 7 by skipping each second sampling point.
From Eq. (4.9) it can be drawn that the maximum frequency up to which
the behavior of the continuous interface can accurately be reconstructed
from the discretized data is determined by the plate since the height of
the plate is smaller than the height of the beam. In the example under
study, the maximum frequency is reached at 9.2 kHz for N = 13 and
2.3 kHz for N = 7 if the criterion ∆s < λmin/2 is applied. In Fig. 4.2
the transmitted power calculated with N = 7 and N = 13 is compared.
Regarding the power calculated with N = 13 as reference, a generally
good agreement of both calculations is observed up until the calculated
maximum frequency of 2.3 kHz for N = 7. The best agreement can be
detected up until 1.5 kHz, corresponding to the criterion ∆s < λmin/2.5
for N = 7. However, deviations in the range of up to 10 dB occur at sin-
gle frequencies which might be due to matrix inversion and measurement
errors. By repeating the study with analytically derived input data of
beam and plate, the errors dissolved.

4.3 Approximate methods for continuous
contact interfaces

Taking for granted that continuous line-shaped interfaces can be treated
like discrete interfaces by means of sampling as shown in Section 4.2,
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(a) Sampling of beam interface

s C

Fn, vn

F(s), v(s)

(b) Beam on finite plate

Fint

Figure 4.1: Finite beam source and free finite plate receiver: F (s), v(s) continu-
ous distribution of field variables, Fn, vn discretized distribution of field variables,
∆s sampling distance, Fint internal force excitation, continuous contact
line C, • sampling points.
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Figure 4.2: Power transmitted from beam source to finite plate – comparison for
N = 7 and N = 13 sampling points: N = 7, N = 13.

methods for the description of discrete multi-point interfaces are likely
to be applicable to continuous interfaces analogously. Therefore, a
mathematical extension or reformulation of the proposed approximate
methods is not required. However, proof must be given that assumptions
and simplifications inherent in approximate methods can be adapted for
continuous interfaces as well. In this section the general effect of such
simplifications and assumptions with respect to line-shaped interfaces
is assessed in a qualitative sense. Results of experimental case studies
that investigate the accuracy of the proposed approximate methods are
presented in Section 4.4.
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Chapter 4. Sources with continuous line-shaped contact interfaces

The approximate character of the single-equivalent approximation is
twofold: First, assumptions about the force ratios between the contact
points have to be made. Secondly, the spatial data is averaged over the
contact points, cf. Sections 2.5 and 2.6. Replacing now contact points by
sampling points and applying the respective simplifications, some prob-
lems that arise might be inferred. In the case of multi-point interfaces,
the distance between the contact points of source and receiver usually
is predetermined by ‘non-acoustical’ parameters like mass distribution
and dimension of the source as well as by mechanical construction like
engine framing or housing. Therefore, sources are likely to display at
least some degree of symmetry in most cases and the source mobilities
at the contact points tend to be similar. Corresponding considerations
apply to receivers, where usually a balanced static and dynamic load-
ing of the structure is aimed. In case of continuously connected sources
and receivers, there is an inevitable variation of mobility along the sam-
pling points due to the finite dimension of structural components and
parts of the source, e.g. the engine frame. For receivers, this variation
might be less pronounced and critical due to – in many cases – compar-
atively large dimensions of receiver structures and damping. However,
structural discontinuities, such as beam stiffeners, for instance, are pos-
ing similar problems. Therefore, using spatial averages of mobility can
be problematic. The issue is illustrated by taking the example of the
beam source from Section 4.2. In Fig. 4.3 a schematic drawing of the
beam source is shown for the case of a discretized continuous as well as
a discrete point-like connection to a receiver. In Fig. 4.4 the measured
beam mobilities at sampling points n = [1, 7] are shown. Mobilities
for n = [8, 13] are omitted as they simply resemble the mobilities at
n = [1, 6], of course. It can be seen that resonances are a global phe-
nomenon of the structure and occur at all sampling points at the same
frequency, but vary in magnitude. In contrast, antiresonances are de-
pendent on the location of the sampling point on the structure, that is
they are shifted in frequency when moving along the sampling points. If
the source beam is connected at discrete points to a receiver, e.g. near
both ends at sampling points n = 2 and n = 12 as shown in Fig. 4.3(b),
the source mobilities are identical at both contact points. The example
shown is very simple, though it illustrates the problem and implies that
similar considerations apply for more complicated structures as well.
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4.3. Approximate methods for continuous contact interfaces

(a) Continuous connection

n=1... n=13

(b) Discrete connection

n=2 n=12

Figure 4.3: Beam source continuously or discretely connected to a receiver:
continuous contact line, • sampling points, + discrete contact points.
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Figure 4.4: Mobilities of sampled beam for n = [1,7].

The interface mobility method is based on a negligence of cross-order
terms. Compared to simplifications impairing the accuracy of the single
equivalent approximation, a neglect of cross-order terms is leading into
roughly the same issues. As stated in Section 2.9.3, cross-order interface
mobilities account for a variation of ordinary spatial mobility matrix
entries along the main diagonal as well as lines parallel thereto [43]. Re-
garding continuous line-shaped interfaces, this means that cross-order
interface mobilities account for a variation of driving point as well as
transfer mobilities when moving along the interface contour with a given
sampling distance ∆s [52]. Thus, in addition to discontinuities, cross-
order interface mobilities account for a non-circular and an interrupted
interface contour, see Fig. 4.5. Hence, the method will not introduce
errors only in the special case of a circular interface contour on a ro-
tationally symmetric source structure that is attached to a rotationally
symmetric or infinite receiver without any discontinuities.
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Chapter 4. Sources with continuous line-shaped contact interfaces

(a) Non-circularity (b) Interruption (c) Discontinuity

Figure 4.5: Examples for interface contours provoking cross-order interface mo-
bilities.

4.4 Results and discussion

In this section the accuracy of the single equivalent approximation and
the interface mobility method with regard to continuous line-shaped
interfaces is examined. The methods are first applied to a laboratory
source with a circular interface contour for which measured source
mobilities as well as free velocities were available. The methods are
tested in conjunction with measured mobilities of a simply supported
chipboard receiver plate and, for comparison, with analytically derived
mobilities of a respective infinite plate. In a second (semi-)experimental
study, power transmission by a fan unit source with rectangular and
interrupted interface contour is considered. The mobilities as well as
the free velocities of the fan unit source were collected by measurement.
As receiver an infinite plate is taken into account.

As outlined Section 4.3, the accuracy to be expected depends on the
variation of source and receiver mobilities when moving along the in-
terface. A variation of mobilities can be a consequence of the interface
contour shape as well as of discontinuities at source and receiver struc-
tures. While it is hardly possible to cover a full range of configurations
that might occur in practice, installations were chosen that are consid-
ered typical with regard to the interface geometry and that give some
indication about the fundamental trends regarding the performance of
the approximate methods at continuous interfaces.

90



4.4. Results and discussion

4.4.1 Laboratory source with circular interface

In this section structure-borne sound power transmission of a laboratory
source structure with circular interface (diameter d = 0.32m) is
considered, driven by a shaker with pink noise, see Fig. 4.6(a). The
circular frame of the source is made from a 0.01m thick acrylic sheet,
covered by a circular plate of the same material. Initially, the source is
assumed to be connected to a rectangular simply supported chipboard
plate (h = 0.008m) at a position out of the symmetry axes of the
plate as shown in Fig. 4.6(c). Source and receiver mobilities as well as
the free velocities were measured in the disassembled state at N = 24
sampling points, see Fig. 4.6(b). This allows the vibrational behavior at
the interface to be discretized up to about 5 kHz according to material
parameters and thickness of the receiver plate. The measurement of
source and receiver mobilities has been performed by others in earlier
work [52]. Due to the circular interface contour, errors induced by
the approximate methods do not stem from the interface geometry
but rather result from structural discontinuities of source and receiver,
see Section 4.3. With regard to the source, the asymmetrical placing
of the driving shaker system causes discontinuities according to the
resultant uneven mass distribution. Discontinuities at the receiver are
a consequence of the simply supported boundary conditions and the
off-symmetric interface position on the plate. Subsequently, the source
is assumed to be connected to a corresponding infinite plate for which
the mobilities were calculated analytically [4]. Here, no discontinuities
at the receiver structure occur, thus errors are a consequence of the
structural behavior of the source solely.

In order to study the accuracy of the approximate methods, the
transmitted power was calculated by means of single equivalent ap-
proximation, Eq. (2.34), as well as by the interface mobility method,
Eq. (2.49). The results were compared with the transmitted power
calculated using the matrix approach, Eq. (2.15). For the case that
the source is connected to a simply supported plate, results are shown
in Fig. 4.7. The interface mobility method, see Fig. 4.7(a), yields a
good agreement throughout the frequency range, but deviations of up
to 7 dB can be observed at 125Hz and 200Hz. In this frequency range,
first pronounced antiresonances and resonances of the source structure
were observed, which vary along the interface due to the unbalanced
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Chapter 4. Sources with continuous line-shaped contact interfaces

(a) Laboratory source (b) Interface contour

(c) Simply supported plate

Figure 4.6: Test setup consisting of freely suspended laboratory source with cir-
cular interface and simply supported finite plate: continuous contact line,
• sampling points.

load distribution of the source. In the mass-like region of the source,
that is up to about 90Hz, the single equivalent approximation with zero
phase assumption is in good agreement with the complete calculation,
see Fig. 4.7(b). Above, the deviations become larger and amount up
to 9dB at 1 kHz. From 160Hz onwards, the single equivalent approxi-
mation with random phase assumption yields an overall agreement of
±5dB or less. In summary, for both methods the largest deviations
are observed in the transition region between mass-controlled and
resonance-controlled frequency region of the source, that is about from
100Hz to 250Hz. Here, pronounced variations of point and transfer
mobilities appear due to the onset of resonances and antiresonances in
the source structure, which are not accounted for if mobilities are aver-
aged over the interface or if cross-order interface mobilities are neglected.
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4.4. Results and discussion

If the circular source is assumed to be connected to a corresponding
infinite plate, the deviations shown in Fig. 4.7 are expected to be
reduced. As the interface is rotationally symmetric, there is no variation
of point and transfer mobilities at the receiver when moving along the
interface with a constant distance ∆s between the sampling points.
In this case, cross-order interface mobilities of the receiver are equal
to zero. Equivalently, spatial averaging of mobilities over the contact
points does not introduce errors. Results are shown in Fig. 4.8. It can be
seen that the deviations in the transition region between mass-controlled
and resonance-controlled frequency region of the source remain, albeit
at a reduced level. In case of the interface mobility method, the errors
are reduced to a maximum of 5 dB at 200Hz, see Fig. 4.8(a). The
single equivalent approximation with zero phase assumption leads to
large errors when applied to frequencies above the mass-like region, see
Fig. 4.8(b). As the infinite plate mobility is independent of location,
the vibrational behavior at the interface and the force distribution can
be assumed to be predominantly determined by the characteristics of
the source [11]. The random phase assumption yields an agreement of
about ±3 dB from 160Hz onwards.

As shown in Section 3.5, the vibrational behavior at the interface
can be analyzed in more detail by using the interface mobility method
as each transmitted power order, Wp = Re(Qp), calculated by means
of Eq. (3.24), is linked with a certain elementary part of motion. In
Fig. 4.9 the zero, first and second power orders, W0, W−1 + W1 and
W−2 + W2, are compared with the sum of all power orders for the
frequency range from 50Hz to 1 kHz. Corresponding positive and
negative power orders have been summed up for reasons of clarity.
The zero power order, which accounts for an in-phase motion of all
sampling points, see Fig. 2.1(a), is seen to be dominant mainly in the
mass-like region of the source (up to about 90Hz) for both receivers.
In combination with the infinite plate, see Fig. 4.9(b), the zero order
motion is slightly more dominant than in combination with the simply
supported plate, see Fig. 4.9(a). This could be associated with fact that
the asymmetric positioning of the interface on the simply supported
plate provokes an out-of-phase motion, whereas an infinite plate receiver
behaves rather neutral with regard to the preferred behavior of the
source. The first power orders, represented by W−1+W1, are associated
with the elementary part of motion where adjacent sampling points
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(a) Complete calculation vs. interface mobility method
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(b) Complete calculation vs. single equivalent approximation
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(c) Deviation of both methods from complete calculation
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Figure 4.7: Power transmitted from laboratory source with circular interface to
simply supported plate: complete calculation, interface mobility method,

zero and random phase assumption for single equivalent approximation.
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(a) Complete calculation vs. interface mobility method
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(b) Complete calculation vs. single equivalent approximation
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(c) Deviation of both methods from complete calculation
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Figure 4.8: Power transmitted from laboratory source with circular interface to
infinite plate: complete calculation, interface mobility method, zero
and random phase assumption for single equivalent approximation.
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(a) Simply supported plate
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(b) Infinite plate
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Figure 4.9: Distribution of power orders for laboratory source with circular inter-
face: all orders, zero order, first order, second order.

exhibit a phase difference of ∆φ = ±2π · 1/24. Here, the structural
wavelength matches the circumference of the source, see Fig. 2.1(b).
Positive and negative first orders can superimpose and describe a rigid
body rocking motion. For the simply supported plate, first orders
are seen to be most dominant where the source behaves mass-like
and in the transition region between mass- and resonance-controlled
frequency region of the source, that is between 100Hz and 250Hz.
Above, the second power orders, represented by W−2 + W2, become
important. They are linked with motion that exhibits a phase difference
of ∆φ = ±2π · 2/24 between adjacent sampling points. Accordingly, the
structural wavelength matches half the circumference of the source, see
Fig. 2.1(c). From about 250Hz onwards, the power orders occur less
distinctive for the simply supported plate. In case of the infinite plate
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(a) Simply supported plate
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(b) Infinite plate
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Figure 4.10: Distribution of power orders for laboratory source with circular in-
terface.

receiver, the first power orders are dominant from about 200Hz up until
500Hz, whereas the second power orders gain in importance above.
The distribution of all transmitted power orders is shown in Fig. 4.10,
normalized with respect to the maximum occurring order. It can be
observed that the power is transmitted predominantly by low orders
at low frequencies for both receiver conditions. This might already be
inferred from Fig. 4.9, where it was shown that the transmitted power
is nearly completely represented by single power orders W0, W−1 +W1

and W−2 + W2 in certain frequency regions or by a combination of
them. With increasing frequency, higher orders up to the maximum
(positive and negative) orders p = −⌊N/2⌋ and p = ⌈N/2− 1⌉ dominate
the transmission. At frequencies where structural resonances overlap,
the distribution broadens and uniformly covers the full range of orders.
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(a) Simply supported plate
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(b) Infinite plate
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Figure 4.11: Power transmitted from laboratory source with circular interface –
deviation of single equivalent approximation from complete calculation: com-
plete calculation, zero phase assumption, zero and first, zero, first
and second order assumption for single equivalent approximation.

In the previous chapter it was shown that at frequencies where a rigid
body rocking motion occurs instead of or in addition to a rigid body
bouncing motion, the application of single equivalent values in combina-
tion with a pure zero phase assumption can lead to substantial errors.
To circumvent these problems, a formulation was proposed to calculate
the effective mobilities by assuming an average phase distribution ac-
cording to the contributing power orders. In the mass- and stiffness-like
region of the source, the zero and first orders can assumed to be most
relevant, while the second orders gain importance from the onset of res-
onances. With Figs. 4.9 and 4.10 it was shown that these considerations
apply to continuous sources as well, indicating that using an average
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phase distribution corresponding to such orders is a promising approach
to improve the results of the single equivalent approximation shown in
Figs. 4.7 and 4.8. In order to prove the approach for the circular in-
terface source, effective mobilities of source and receiver were calculated
by application of Eq. (3.40), considering the number of relevant orders
P = 3 and P = 5. That is, an average phase distribution corresponding
to zero and first orders as well as an average phase distribution corre-
sponding to zero, first and second orders was applied. The results are
shown in Fig. 4.11 for both the simply supported plate and the infinite
plate receiver. The power calculated by assuming a pure zero phase dis-
tribution, i.e. zero order motion, is shown for comparison. By using a
zero and first order assumption, the estimation of the transmitted power
is improved at some frequencies where a pure zero phase assumption
leads to erroneous results. Using a zero, first and second order assump-
tion yields improved results at frequencies above about 250Hz. Below,
a rather large overestimate can be detected, which is conclusive as the
power transmission is dominated by zero and first order motion in this
frequency range, see Fig. 4.9. Thus, a reasonable trade-off might be
found in assuming an average phase distribution according to zero and
first order motion.
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4.4.2 Fan unit source with rectangular interface

In this section structure-borne sound power transmission of a fan unit
source is considered, see Fig. 4.12(a). The flange-like footing structure of
the source is made from three thin bent metal sheets which are arranged
perpendicular to each other and interrupted in between. The source
mobility and free velocity were measured at N = 15 sampling points, see
Fig. 4.12(b). In conjunction with a thin infinite steel plate (h = 0.01m)
considered as receiver, the interface can be discretized up to about 1 kHz.
Mobilities of the infinite plate receiver were derived by calculation [4].

(a) Fan unit source (b) Interface contour

Figure 4.12: Fan unit source with interrupted rectangular interface: contin-
uous contact line, • sampling points.

In contrast to the previously studied source with circular interface,
see Section 4.4.1, errors that are introduced by using approximate
methods in this case are a result of the interface geometry as well
as of structural discontinuities of source and receiver. Owing to the
non-circular interface geometry, there is a variation of transfer mobilities
when moving along the interface with a given distance ∆s. This varia-
tion is even strengthened by interruptions in between the footing flanges
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of the source. Additionally, the footing flanges differ from each other
with respect to resonances and antiresonances due to varying finite
dimensions as well as due to the attached construction. With regard to
the infinite plate receiver, errors introduced are a consequence of the
interface geometry solely as it is not subject to structural discontinuities.

In Fig. 4.13 the transmitted power calculated by means of the
single equivalent approximation, Eq. (2.34), as well as by means of the
interface mobility method, Eq. (2.49), is compared with the complete
calculation, Eq. (2.15). The interface mobility method overestimates
the transmitted power at most frequencies with a maximum deviation of
about 8dB at 500Hz. Throughout the rest of the frequency spectrum,
results are within a margin of about ±3 dB. In the lower frequency
range, the deviation of the single equivalent approximation is largest.
The random phase assumption yields an underestimate at most frequen-
cies with a maximum in the lower region. The zero phase assumption
results in an underestimate of up to −9 dB in the low frequency range.
From 250Hz onwards, the agreement is in a range of ±5dB.

As in case of the circular interface source (see Section 4.4.1), having
a look at the distribution of power orders can aid to analyze the
vibrational behavior at the interface in more detail. In Fig. 4.14 the
zero, first and second power orders, W0, W−1 + W1 and W−2 + W2,
are shown and compared with the complete series of power orders in
the frequency range from 40Hz to 200Hz. Again, contributions of
positive and negative orders are summed up. At the peak around the
main excitation frequency of the electric motor at 50Hz and below,
the zero power order can be identified as dominant, indicating that
the source is predominantly acting in bouncing mode. Above and
up until the first harmonic at 100Hz, the first orders dominate the
transmission, which indicates rotatory or rocking behavior of the
source. By further increasing the frequency, single power orders can
no longer be identified to govern the transmission. This becomes
even more evident by comparing the complete series of power orders,
see Fig. 4.15. On the whole, all orders contribute rather equally to
power transmission throughout the frequency range, except at the main
excitation frequency and – but much smaller in magnitude – at the first
harmonic. Here, dominating zero and first orders can be identified. This
behavior might be due to the structure of the source whose dynamics are
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(a) Complete calculation vs. interface mobility method
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(b) Complete calculation vs. single equivalent approximation
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(c) Deviation of both methods from complete calculation

63 125 250 500 1k
-15

-10

-5

0

5

10

15

f (Hz)

W
 (

dB
)

Figure 4.13: Power transmitted from fan unit source with interrupted rectangu-
lar interface to infinite plate: complete calculation, interface mobility
method, zero and random phase assumption for single equivalent ap-
proximation.
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less distinctive with regard to resonances and mode shapes compared
to those of the circular source. On the other hand, the frequency
region between the harmonics of the main excitation frequency can be
regarded as more or less random noise compared to the peaks in the spec-
trum, thus it is of minor importance with regard to power transmission.
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Figure 4.14: Distribution of power orders for fan unit source with interrupted
rectangular interface: all orders, zero order, first order, second
order.
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Figure 4.15: Distribution of power orders for fan unit source with interrupted
rectangular interface.

By comparing the dominating power orders shown in Figs. 4.14
and 4.15 with results of the single equivalent approximation shown in
Fig. 4.13, it can be deduced that assuming a zero phase distribution
yields reasonable results where the zero power order is controlling the
transmission, i.e. at 50Hz and below. At frequencies between 50Hz and
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(a) Zero / zero and first / zero, first and second order assumption vs. complete
calculation
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(b) Random phase / random phase with superposition vs. complete calculation
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Figure 4.16: Power transmitted from fan unit source with interrupted rectangu-
lar interface to infinite plate – deviation of single equivalent approximation from
complete calculation: (a) complete calculation, zero, zero and
first, zero, first and second order assumption; (b) complete calculation,

random phase and random phase assumption with superposition for
single equivalent approximation.

250Hz, the zero phase assumption results in an erroneous estimate of
the transmitted power. Here, the power transmission is rather governed
by first order motion, see Fig. 4.14, associated with rocking motion of
the source. Hence, it is not far to seek that the single equivalent ap-
proximation can be improved by assuming an average phase distribution
corresponding to zero and first order motion instead of assuming a pure
zero phase difference. In Fig. 4.16(a) deviations of the single equivalent
approximation from the complete calculation are shown where effective
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mobilities were calculated by means of Eq. (3.40) with P = 3. For
comparison, the results for P = 5, that is assuming an average phase
distribution corresponding to zero, first and second order motion, as
well as the power calculated by assuming a pure zero phase distribution,
i.e. zero order motion, is depicted. By assuming zero and first order mo-
tion, an improvement is obtained in the frequency range between 63Hz
and 200Hz, where the first orders gain in importance. Assuming an av-
erage of zero, first and second order motion yields similar, albeit more
conservative values. In Fig. 4.16(b) deviations of the single equivalent
approximation using a random phase assumption according to Eq. (2.32)
are shown. Compared to a calculation using Eqs. (2.26) and (2.29), the
underestimate at low frequencies is diminished, while an overestimate at
higher frequencies is obtained. Moreover, the deviations detected when
using Eq. (2.32) are similar to the deviations due to Eq. (3.40). This
effect was already observed in Sections 3.5.1 and 3.5.2.1, where it was
argued that using Eq. (3.40) constitutes a compromise between zero and
random phase assumption. By using the modified formulation accord-
ing to Eq. (3.40) to derive the effective mobilities, the single equivalent
approximation yields an overall agreement of about ±5dB throughout
the frequency range. Using a random phase assumption by applying
Eqs. (2.26) and (2.29) or Eq. (2.32), a similar accuracy is obtained on
average with larger deviations at some single frequencies.

4.5 Summary and conclusion

In this chapter the applicability of the single equivalent approximation
as well as the interface mobility method with respect to continuous
line-shaped contact interfaces was studied. By discretizing continuous
interfaces, the approximate methods can be applied without reformu-
lation. The single equivalent approximation introduces uncertainties
due to the required force ratio assumptions as well as due to spatial
averaging. The latter can be argued to be more critical at continuous
discretized interfaces than for multi-point installations as there is an
inevitable variation of mobility along the discretized interface due
to the finite dimensions of the coupled structures. The interface
mobility method relies upon a negligence of cross-order terms, which
are accounting for a variation of spatial mobility when moving along
the interface with a given distance. Therefore, regarding continuous
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line-shaped contact interfaces, cross-order interface mobilities account
for a non-circular as well as an interrupted interface contour in addition
to discontinuities of source and receiver structures in general. No error
is consequently introduced only in the special case of a circular interface
contour on a rotationally symmetric source structure that is attached to
a rotationally symmetric or infinite receiver without any discontinuities.

In two case studies, the performance of the proposed approximate
methods was examined. In the first case study, power transmission
from a shaker-driven laboratory source with circular interface contour
to a simply supported plate was considered. Due to the rotationally
symmetric interface geometry, errors introduced by the approximate
methods are attributable to structural discontinuities of source and
receiver solely. For both methods, errors within a margin of about
±5dB are obtained, accompanied by larger deviations at the transition
between the mass- and resonance-controlled region of the source due
to the onset of resonances and antiresonances in the source structure.
Assuming a random phase distribution at the sampling points, the
single equivalent approximation was shown to yield an underestimate
below the resonant region of the source. A reasonable agreement is
obtained by assuming a zero phase distribution where the source is
acting in bouncing mode. At frequencies where power transmission
is governed by rocking motion, the zero phase assumption yields an
underestimate that can be improved by assuming an average phase
distribution corresponding to rigid body bouncing and rocking. By
repeating the study with an infinite plate receiver, the results of both
methods are generally improved due to the absence of variations of the
receiver mobility along the sampling points. In the second case study,
power transmission from a fan unit source to an infinite plate receiver
was considered. In contrast to the first case, additional uncertainties
were introduced due to the interrupted rectangular interface contour
determined by the flange-like footing structure of the source. The
interface mobility method yields an agreement in the range of about
±3dB at most frequencies. By using the single equivalent approxima-
tion assuming a random phase distribution, an underestimate at most
frequencies with a maximum in the lower region is obtained. As in
the first case study, it was demonstrated that assuming a zero phase
distribution yields reasonable results where the source is vibrating in
bouncing mode. When rocking motion is dominating the transmission
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process, the zero phase assumption yields an erroneous result that is
improved by assuming an average phase distribution associated with
rigid body bouncing and rocking.

In both case studies, the distribution of power orders was examined.
In case of the laboratory source with circular interface, zero order
motion is dominating the transmission in the mass-like region of the
source, while the first orders gain in importance in the mass-like region
and the transition region above. An asymmetric placing of the source on
the simply supported plate provokes rocking motion, and consequently
the first power orders are more pronounced than in combination with
an infinite plate. In contrast, the zero power order is more pronounced
in combination with the infinite plate receiver as it behaves neutral
with regard to the preferred behavior of the source. With increasing
frequency, the contributing order numbers increase. At high frequencies,
all orders are present and appear uniformly distributed, corresponding
to a uniform random distribution of phase at the sampling points.
In case of the fan unit source, a dominance of the zero power order
was identified at the main excitation frequency of the electric motor
and below, while above until the first harmonic the first orders govern
the transmission. At frequencies above, all orders contribute to power
transmission and appear uniformly distributed. This behavior was
partly associated with the fact that structural resonances of the source
are less pronounced than in case of the circular source. On the other
hand, the frequency region between the harmonics of the main excitation
frequency represents a random noise floor to the spectral peaks, thus it
can be regarded as not important to power transmission.
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5.1 Introduction

So far in this thesis, power transmission by the vertical translational
component of motion perpendicular to the receiving structure was
considered solely. An exception was made in Section 3.5.2.2, where
power transmission of a ship diesel engine was additionally examined in
horizontal direction perpendicular to the engine shaft. In general, the
transmission of structure-borne sound power is not limited to a single
component of motion, but up to K = 6 components can be involved (see
also Section 2.1.1). Three translational components in direction of the
orthogonal axes x, y and z as well as three rotatory components about
the three axes can contribute to power transmission, interacting at and
between each of the N contact points. Accordingly, in addition to point
and transfer mobilities, which describe the dynamic characteristics of
an installation considering a single component of motion, cross and
cross-transfer mobilities, which account for coupling between different
components of motion at the same and different contact points, can
be of importance, resulting in large KN × KN mobility matrices.
Due to overwhelming data sets, considering all components of motion
including transfer, cross and cross-transfer coupling is not a practical
approach in most cases, and a reduction of the system matrices is sought.

While in practice in-plane translational components as well as
rotatory components are often neglected without proof of evidence, it
was shown in a number of studies that reduction of the transmission
process to a single translational component of motion perpendicular
to the receiving structure is a reasonable simplification in some cases,
whereas in others it is not. Particular attention was paid to the role
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of combined translational force excitation perpendicular to a receiving
structure and moment excitation around the in-plane axes of the
receiver. In [61] combined point force and moment excitation of beams
and thin plates was studied. It was shown that near discontinuities
and edges where the translational component is suppressed, rotatory
components are of significance over the whole frequency range. The
ratio of moment to force power was shown to depend on the relative
distance between the point of excitation and the discontinuity, and
it was concluded that whenever sources are installed at or close to
discontinuities, moments should be included in the calculation. It was
noted that attention must be given to cross coupling between rotatory
and translational components and, therefore, to the phase relation
between forces and moments. The latter was posed to be a particularly
critical parameter since there is no physical reason for it to take a
fixed constant value. It was pointed out that point force and moment
mobilities contribute positively to the net power flow from source to
receiver, while cross mobilities can contribute positively or negatively.
At low frequencies and under a certain phase relation between force and
moment, it is thus possible that the moment- and force-induced active
power is canceled. In a companion paper [62] to [61] the studies were
extended to combined force and moment excitation at corners and edges
of thin plate-like structures, leading to similar conclusions. In studies
concerning the multi-point and multi-component extension of the source
descriptor concept [6], it was shown that cross coupling at a specific
contact point is important throughout the frequency range. With
regard to cross-transfer coupling, it was suggested that its influence de-
creases as coupling between contact points decreases due to dissipation.
Conversely, cross-transfer coupling may remain important throughout
the frequency range if small dissipation or small distances between the
contact points are assumed. In a series of publications [63–65] combined
force and moment power transmission was studied for point excited
plates and beams. While confirming the potential of cross coupling
terms to cancel the active power transmitted through pure forces and
moments, passive and active control strategies were derived to minimize
the total net power at a contact point. Some basic considerations
concerning the relative importance of force- and moment-induced power
(but without taking cross coupling into account) for resiliently mounted
fan unit sources installed on heavyweight concrete floors were conducted
in [66]. It was shown that the contribution of moments increases with
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an increase of frequency and diameter of the contact point and with
a decrease of the plate thickness. It was concluded that in the low
frequency range up to some hundred hertz, rotatory components are
negligible in the case of concrete floors. Taking the example of a large
fan unit source and a heavyweight concrete floor, the results were
confirmed for the considered frequency range f < 200Hz [67]. In [68]
power transmission by combined point forces and moments between
a beam source structure and an (infinite) concrete plate receiver was
studied analytically. It was found that the role of moments is relatively
small even at higher frequencies. In [69] combined moment and force
power transmission from a laboratory source to a concrete and a
brick wall was investigated by measurement, showing that moment
contributions increase with frequency, irrespective of the location of
excitation at the receiver. With an excitation being located at or in
the vicinity of the edges of the receiver, moments were shown to be of
importance also at lower frequencies. In [7] where power transmission
from a beam source into a thin plate receiver was studied analytically,
moments were suggested to be less important than forces. In a case
study considering the power transmission from a washing machine into
a wooden floor construction, it was shown that excitation of the floor
by rotatory components contributes to the sound power radiated by the
plate [70]. It was demonstrated that the contribution of moments can
be minimized by minimizing the diameter of contact and by inserting
elastic layers between source and receiver. It was concluded that for
a typical washing machine which is installed with an elastic rubber
interlayer, the vertical component describes the power transmission
with sufficient accuracy in the frequency range below f < 1 kHz.

The importance and mutual dependence of the three translational
components was studied less systematically in the past. For typical
plate-like receivers, e.g. the floors of a building, in-plane components
are argued to be of minor importance as they do not contribute to the
sound radiated by the plate. Therefore, they usually are considered to
be insignificant to power transmission [10]. However, one can imagine
that a plate moving in-plane can easily excite bending motion in
perpendicularly connected plates, e.g. floors and walls of a building. A
recent study indicates that in-plane components contribute to power
transmission as well and should not be neglected a priori [71]. Plate-like
structures can be considered as typical, yet special types of receiving
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structures. In the general case, all three translational components
can contribute to power transmission to the same amount, as shown
in [72] and [8], for instance. ISO 13332 [15] suggests that the activity
of (resiliently mounted) combustion engines should be measured in all
translational directions, while noting that rotatory components can be
of importance as well. In Section 3.5.2.2 it was demonstrated that power
transmission from a ship diesel engine in horizontal direction perpendic-
ular to the engine shaft can be equally important as in vertical direction.

To summarize, except for some special cases, applying simplifica-
tions by neglecting components of motion a priori can be considered
problematic. Their relative importance generally depends on the
activity of the source as well as on coupling, that is on the mobilities
of source and receiver and, if the source is resiliently mounted, on the
characteristics of the resilient mounting system. Thus, their negligibility
varies from one installation to the other, as it was outlined in [73]. In
order to cope with practical demands, a viable solution might be the
categorization into typical installations, i.e. sources in conjunction with
receiver structures they are typically connected with. For each category,
rating the importance of components of motion including the influence
of cross and cross-transfer coupling must be the primary task. Based
on this, the applicability of further simplifications can be evaluated.

This section addresses the problems posed by multi-point and
multi-component structure-borne sound source installations by means
of case studies, proceeding in two steps. Considering two typical source
installations on board ships, the role of multi-component coupling is
analyzed first. Based on this, the applicability of the single equivalent
approximation as well as the interface mobility method is tested for
the relevant components. The case studies are presented in Section 5.3.
Prior to the case studies, the general applicability of the single equivalent
approximation and the interface mobility method to multi-component
installations is discussed in Section 5.2. The findings are summarized in
Section 5.4.

This section contains material published in [74].
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5.2 Approximate methods for multi-
component sources

5.2.1 Single equivalent approximation for multi-
component sources

The approach of single equivalent approximation as presented so far is
valid for a single component of motion and has been studied for the
vertical component of motion perpendicular to the receiving structure
solely. Based on the concept of averaging the effective point mobilities
of source and receiver, see Eqs. (2.21) and (2.33), it can, however, be
applied to each component of motion separately without the need of
reformulation. In general, the applicability of the approach requires
assumptions about the force ratios at contact points to be made,
see Section 2.5.4, and it was demonstrated that a proper estimation
of the phase relation is a crucial point. It might be suspected that
assumptions which are valid for the vertical translational component
apply for other translational components in a similar way. Rigid body
motion at low frequencies involves all three translational components of
motion in general. Hence, pure or combined in-phase and out-of-phase
motion will occur in all translational components of motion at low
frequencies. At higher frequencies, a resonant behavior is likely, and a
random phase distribution can be assumed. A first proof can be found
in Section 3.5.2.2, where the method has successfully been tested by
considering power transmission of a ship diesel engine in horizontal
direction perpendicular to the engine shaft. In contrast, a similar
behavior for rotatory components at low frequencies may be doubted.
The assumption of in-phase motion for rotatory components would
suppose all contact points to rotate simultaneously about their symme-
try axes, for which there is at least not an obvious conclusive physical
explanation. Moreover, at low frequencies where the source is suspected
to vibrate as a rigid body, rotatory motion at the contact points is
hindered. However, assuming that reasonable assumptions about force
and moment ratios can be found, the single equivalent approximation
would result in a maximum of six independent single equivalent
descriptions, one for each component of motion. From a practical
point view, this would be a step forward, provided that cross coupling
is negligible. Otherwise, the single equivalent approximation would
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introduce an error that is dependent on the accuracy of the method as
well as on the importance of cross coupling, i.e. on the contributions
of cross coupling terms to power transmission. Both the role of cross
coupling and the applicability of the single equivalent approximation to
individual components of motion are of theoretical and practical interest.

If cross coupling is important to power transmission, the force ra-
tios between different components of motion need to be estimated, see
Eq. (2.20), before averaging the effective point mobilities for each com-
ponent of motion separately by means of Eq. (2.33). Some basic studies
about moment-to-force ratios were conducted in [6], where a range was
given the ratios are likely to attain for beam- and plate-like source struc-
tures. In the same study it was shown that cross coupling at a specific
contact point is important throughout the frequency range, whereas the
influence of cross-transfer coupling decreases with frequency due to dissi-
pation. In [61] it was stated that with regard to cross coupling the phase
relation between forces and moments in beam- and plate-like structures
is of particular influence, and, moreover, that there is not a physical
reason for it to take a fixed constant value. Applicability of the single
equivalent approximation, however, requires reliable assumptions about
magnitude as well as phase relations in general. Thus, a single equiv-
alent description of combined force and moment excitation might be
prevented. With regard to the three orthogonal translational compo-
nents, cross coupling can be suspected to become especially important
at low frequencies where the source behaves as a rigid body. Here, any
out-of-phase motion in one directional component is inevitably combined
with motion in at least one of the other components. With increasing
frequency, contact points behave increasingly uncorrelated to each other
due to the resonant behavior of source and receiver, suggesting that this
applies to different components of motion as well. To summarize, pro-
vided that reasonable estimates about the force ratios from Eq. (2.20)
can be found, the approach of single equivalent approximation can be ap-
plied to each component of motion solely, but including the influence of
other components of motion. Again, this would result in a maximum of
six independent single equivalent descriptions, one for each component of
motion. By including cross coupling, the real part of the effective point
mobilities and, thus, the respective averaged single equivalent mobilities
can be negative, indicating a net power flow from the receiver into the
source by a specific component of motion.
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5.2.2 Interface mobility method for multi-component
sources

Supposing that cross coupling between components of motion can
be neglected, the interface mobility method as presented so far can
be applied to each component of motion in the same manner as to
the vertical translational component of motion perpendicular to the
receiving structure. The subsystem matrices of source, receiver and
isolators as well as the source activity vector comprising data of
any component of motion can be Fourier transformed according to
Eqs. (2.40), (2.42) and (2.44) to provide the required input data for
further calculations. The equal-order approximation of the transmitted
power according to Eqs. (2.49), (3.24) or (3.38) relies upon the negli-
gence of cross-order terms (see Section 2.9). Thus, the key question
is if a negligence of cross-order terms, which so far has been studied
for the vertical translational component of motion perpendicular to
the structure, is applicable to non-vertical components of motion as well.

As stated in Section 2.9.3, cross-order interface mobilities account
for a variation of ordinary mobilities when moving along the contact
points. In terms of ordinary spatial mobility matrices, they account for
variations of matrix entries along the main diagonal and lines parallel
thereto. A negligence of cross-order interface mobilities, therefore,
postulates a negligible variation of ordinary mobilities. A negligibility
of cross-order interface mobilities in vertical direction perpendicular
to the receiving structure does not necessarily imply that cross-order
interface mobilities of other translational or rotatory components of
motion are negligible as well. In case of real finite structures, a variation
of mobilities can be more or less pronounced in dependence of various
parameters like geometry, dimensions, discontinuities and location of
the contact points. In general, the variation of ordinary mobility and,
thereby, the negligibility of cross-order interface mobilities are unique
properties of the structure and vary from case to case. In Section 3.5.2.2
the interface mobility method was tested by considering power trans-
mission of a ship diesel engine in horizontal direction perpendicular to
the engine shaft in addition to the vertical component. Similar results
were obtained for both components with regard to the accuracy of the
method as well as with regard to the distribution of power orders.
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The interpretation of interface orders is basically equivalent for all
components of motion as the exponential terms in Eqs. (2.41) and (2.43)
describe elementary spatial phase distributions at the contact points,
referred to as interface orders, irrespective of the component of motion
considered. For the vertical component of motion perpendicular to a
structure, the real part of the interface orders, Re(ejkpn) = cos(kpn)
with kp = 2πp/N , was illustrated in Fig. 2.1 for p = [0, 3] for an
interface with a continuous circular contour as well as for an interface
with N = 4 discrete contact points that are located on the same circular
contour line. The respective interface orders are illustrated in Fig. 5.1
for two orthogonal in-plane translational components of motion at the
same interfaces for p = [0, 2]. As for the vertical component of motion,
see Fig. 2.1(a), pure translational rigid body motion of the in-plane
components is described by the zero order as shown in Figs. 5.1(a)
and (b). In vertical direction, the first power orders account for rotatory
rigid body motion about the x- and y-axes, see Fig. 2.1(b). Rotatory
rigid body motion about the vertical z-axis can be obtained by com-
bining phase-shifted first orders in x- and y-direction, see Figs. 5.1(c)
and (d). However, order numbers p ̸= 0 represent bending motion in x-
and y-direction in general. Although corresponding order numbers in
x- and y-direction for p ̸= 0 seem to represent different distributions at
first sight, the same phase difference between adjacent contact points
is inherent. The interface orders prescribe the same spatial phase
distributions at the contact points for rotatory components of motion
as for translational components in general. However, an illustration for
rotatory components is less intuitive. In case of rotatory components,
zero order motion supposes all contact points to rotate simultaneously
(in-phase) about their symmetry axes, as already described in Sec-
tion 5.2.1. For orders p ̸= 0, rotatory motion of adjacent contact points
is phase shifted by ∆φ = φ(ej2πp/N ). In case of rotatory components
motion, none of the interface orders accounts for rigid body motion.

For translational components of motion, a similar behavior for all
three directional components can be suspected with regard to interface
mobilities. At low frequencies, rigid body motion is usually governing
the vibrational behavior at the interface, which is described by zero and
first orders. Thus, power orders Wp with p = {−1, 0, 1} are likely to
dominate the transmission process at low frequencies for all three trans-
lational components of motion. With an increase in frequency, higher
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orders that describe bending motion at the interface will be involved.
With the transition to resonance controlled behavior, a uniform random
distribution of power orders is suspected as the contact points behave in-
creasingly uncorrelated. In case that translational components describe
in-plane motion that is governed by longitudinal wave propagation as
in case of plate- or beam-like receivers, for instance, it is likely that
power orders Wp with p = {−1, 0, 1} dominate over a wide frequency
range. With regard to rotatory components of motion, it is less obvious
to make a guess about how the structures dynamically behave with re-
spect to phase distribution at the interface. A zero order motion, which
prescribes simultaneous rotatory motion at the contact points, is not
apparent. The same applies to rotatory motion with a preferred phase
difference between the contact points.

So far, it was shown that the interface mobility method can be ap-
plied to each component of motion separately. Unfortunately, it is not
possible to apply the formulations directly to a system involving differ-
ent components of motion as it is mathematically not accurate to apply
the Fourier transform to a set of dimensionally incompatible data. How-
ever, if cross coupling between components of motion is not negligible,
interface orders of force and velocity at the contact points can be derived
from Fourier transforms of the spatial force and velocity distributions at
the interface. The force and velocity distributions are obtained from the
subsystem matrices and the activity vector comprising all components of
motion by means of Eqs. (B.2), (B.5), (B.9) and (B.25). After separat-
ing components of motion, Fourier transforms according to Eqs. (2.40)
and (2.42) can be applied to yield the interface orders for each compo-
nent. Subsequently, the transmitted power is obtained for each order and
component of motion separately, but including the influence of cross cou-
pling. Expanding Eq. (B.27) for multiple components of motion yields

Q =
N

2
v̂T
R f̂∗R =

N

2

6
i=1

⌈N/2−1⌉
p=−⌊N/2⌋

v̂ip,RF̂
i∗
p,R. (5.1)

Although this extends the applicability of the method in general, it is
not of relevance with regard to prediction. Hence, the present work
is confined to the application of the method to components of motion
separately without taking cross coupling into account.
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Figure 5.1: Illustration of interface order distributions for horizontal in-plane com-
ponents: zero order for (a) x- and (b) y-component; first order for (c) x- and (d)
y-component; second order for (e) x- and (f) y-component.
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5.3 Results and discussion

In this section two case studies of multi-point and multi-
component structure-borne sound source installations are presented. In
the first case study presented in Section 5.3.1, structure-borne sound
power transmission from a fan unit source connected to a rib-stiffened
aluminum plate is considered, taking combined force (perpendicular to
the plate) and moment excitation (around the in-plane axes of the plate)
into account. Here, emphasis is given to the role of cross and cross-
transfer coupling, which has insufficiently been covered in the past. The
second case study presented in Section 5.3.2 investigates the importance
of the three translational components of motion to structure-borne sound
power transmission of a ship diesel engine, referred to as ship diesel en-
gine III. Although both sources are typically installed with elastic vibra-
tion isolators, the rigidly mounted case is examined for each source as
well. Based on the analysis of components of motion, the applicability
of the single equivalent approximation as well as the interface mobility
method is tested for the relevant components of motion and discussed in
conjunction with cross coupling. In practice, the importance of compo-
nents of motion strongly depends on the structural configuration, i.e. on
the coupling between source and receiver as well as on the source activ-
ity. Thus, an exhaustive exploration of the problem is hardly practicable.
The installations presented in this section can be considered typical on
board ships. However, the results should be applicable to similar struc-
tures at least in a qualitative sense and can contribute to a more com-
prehensive understanding of the transmission process of structure-borne
sound sources in general.

5.3.1 Fan unit source

Lightweight structures are commonly used in the industry as they
provide an optimized balance between weight and stiffness. In the
shipbuilding sector, rib-stiffened plates in various configurations occur
as a basic construction. However, the benefit of reduced weight is
detrimental when a structure-borne sound source is installed, injecting
sound power into the structure. While it was shown in a number of
studies (see Section 5.1) that cross coupling is crucial with regard to
combined force and moment excitation on plates, less attention has yet
been given to the role of cross-transfer coupling. In particular, studies
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that are based on full data sets including point, transfer, cross and
cross-transfer coupling, tracing their relative importance, are lacking.
For noise prediction on board ships, it is valuable to know if and how
the description can be simplified properly and which errors have to be
expected when simplifications are introduced.

In this section combined force and moment structure-borne sound
power transmission from a fan unit source connected at four contact
points to a continuously welded rib-stiffened aluminum plate is ex-
amined. The study involves the translational component of motion
perpendicular to the receiver plate, accounted for by forces Fz and
velocities vz, as well as rotatory components of motion around the
in-plane axes of the plate, accounted for by moments Mx,My and
rotatory velocities wx, wy. In-plane translational components as well as
torsional motion are assumed to be negligible. Two contact conditions
are considered: First, a rigid coupling is assumed. At second, the
influence of vibration isolators is studied. Complete mobility matrices
of source and receiver as well as the free velocities were collected by
measurement, while the dynamic properties of the isolators were calcu-
lated approximately using finite beam and rod models. A description of
the test setup is given in Section 5.3.1.1.

First, the importance of components of motion is analyzed in Sec-
tion 5.3.1.2. The discrepancy between a complete calculation of power
involving translational and rotatory components and a calculation re-
duced to the translational component is investigated. Furthermore, the
influence of cross coupling between the translational and rotatory com-
ponents of motion is assessed. Based on findings of the first part, the
applicability of the interface mobility method as well as the approach of
single equivalent approximation is studied for the rigidly as well as the
resiliently mounted case in Section 5.3.1.3.

5.3.1.1 Test setup

The installation consists of a fan unit source that is intended to be con-
nected at N = 4 contact points to a continuously welded rib-stiffened
aluminum plate. For the measurement of source mobility and free ve-
locity, the fan unit was freely suspended, see Fig. 5.2(a). The footing
structure of the fan unit is built from flange-like metal sheets on which
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the contact points are located. The receiver consists of a homogeneous
aluminum plate (l×w×h = 3m×1.5m×0.008m) with four continuously
welded aluminum joists (l × w × h = 3m × 0.008m × 0.1m) attached
from below with a spacing of 0.45m from joist to joist, see Figs. 5.2(b)
and (c). The receiver geometry was chosen in order to represent a typi-
cal base structure of rib-stiffened plates used in ship construction. In a
real-life situation the plate dimensions would be considerably larger. In
order to approximate the real situation, global resonances of the plate
were damped by embedding the plate edges in sand. From below, the
plate was supported by soft elastic foam. Three interface positions were
measured. In case of interface 1, two contact points are located centrally
in a bay between two joists and two contact points are located centrally
in the adjacent bay (see grey markers in Fig. 5.2(c)). At interface 2,
all points are moved towards the stiffening joists (see white markers in
Fig. 5.2(c)). In case of interface 3, all contact points are located on a
joist (see black markers in Fig. 5.2(c)).

In order to derive the translational and rotatory components of mo-
bility matrices and free velocity, a finite difference technique [75] was
applied. The approach provides a procedure where only translational
point and transfer mobilities perpendicular to the structure have to be
measured from which translational and rotatory components can be de-
rived by calculation. The calculation of K×K = 3×3 translational and
rotatory point and cross mobilities at one single contact point requires
four measurement positions that are arranged in pairs on orthogonal (x
and y) axes intersecting at the center of the contact point, each with a
defined stand-off distance ∆ to the center. Accordingly, calculation of
the required KN×KN = 3 ·4×3 ·4 = 12×12 translational and rotatory
point, cross, transfer and cross-transfer mobilities requires 16 measure-
ment positions. The procedure is illustrated in Fig. 5.3 exemplarily at
interface 1. Arranging four measurement positions in the same manner
at each of the four contact points and measuring all resultant 16 × 16
translational point- and transfer mobilities perpendicular to the plate,
see Fig. 5.3(a), the complete required 12× 12 mobility matrix including
translational and rotatory mobilities can be calculated, as illustrated in
Fig. 5.3(b). In this manner, the mobility matrices of the source YS and
receiver YR (for interfaces 1, 2 and 3) were determined. For measure-
ments at the plate, a stand-off distance ∆ = 0.02m was realized. The
distance between two measurement points of 2∆ = 0.04m corresponds
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(a) Fan unit source (b) Stiffened plate, bottom view

(c) Stiffened plate in sand bed with 3 interface positions

IF 2

IF 3 IF 1

x

y

z

My, wy

Mx, wx

Fz, vz

Figure 5.2: Setup consisting of freely suspended fan unit source and rib-stiffened
plate installed in sand bed on test bench: location of stiffeners on bottom
side.
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to half a bending wavelength of the aluminum plate at f = 12 000Hz and
to a quarter of the bending wavelength at f = 3000Hz. In case of the
source, the distance was limited to ∆ = 0.012m due to the dimensions
of the footing structure of the source, leading to higher frequency limits.
In this study, results are analyzed up to f = 3150Hz. The mobility
matrices of source and receiver were arranged as

Y =



Y vzFz
11 Y vzMx

11 Y
vzMy

11 Y vzFz
12 ... Y

vzMy

14

Y wxFz
11 Y wxMx

11 Y
wxMy

11 Y wxFz
12 ... ...

Y
wyFz

11 Y
wyMx

11 Y
wyMy

11 Y
wyFz

12 ... ...

Y vzFz
21 Y vzMx

21 Y
vzMy

21 Y vzFz
22 ... ...

... ... ... ... ... ...

Y
wyFz

41 ... ... ... ... Y
wyMy

44


. (5.2)

For the case that the source is connected to the plate by resilient
mounts, elastomeric isolators which were characterized by means of mo-
bility matrices as shown in Appendix A were assumed. In order to ac-
count for translational motion in vertical z-direction, described by Fz, vz,
as well as rotatory motion about the x- and y-axis of the isolator, de-
scribed by Mx, wx and My, wy, respectively, the mobility matrix of each
isolator can be derived by canceling rows and columns of Eq. (A.4) that
are not taken into account in this study. The mobility matrix YI,n of
each of the N isolators can consequently be written in complete form as

YI,n =



Y vzFz

I,SS,n 0 0 Y vzFz

I,SR,n 0 0

0 Y wxMx

I,SS,n 0 0 Y wxMx

I,SR,n 0

0 0 Y
wyMy

I,SS,n 0 0 Y
wyMy

I,SR,n

Y vzFz

I,RS,n 0 0 Y vzFz

I,RR,n 0 0

0 Y wxMx

I,RS,n 0 0 Y wxMx

I,RR,n 0

0 0 Y
wyMy

I,RS,n 0 0 Y
wyMy

I,RR,n


. (5.3)

The mobility elements in Eq. (5.3) were calculated approximately by us-
ing long-rod theory for the vertical component of motion, see Eqs. (A.6)
and (A.7). Thin-beam theory was applied to approximate the rota-
tory components of motion by means of Eqs. (A.12) and (A.13). The
notation of field variables can be taken from Fig. A.1. According to
the mass of the source of m = 110 kg, appropriate isolator parame-
ters were chosen from a manufacturer’s data sheet as Young’s modulus
E = 3.5× 106 N/m2, density ρ = 680 kg/m3 and loss factor η = 0.11
with a diameter d = 0.05m and length l = 0.05m. Eq. (5.3) can be
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(a) Measurement positions on plate
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(b) Resultant components of motion on plate
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Figure 5.3: Illustration of finite difference measurement technique at interface 1.

124



5.3. Results and discussion

rewritten in compact form according to Eq. (A.2) as

YI,n =


YI,SS,n YI,SR,n

YI,RS,n YI,RR,n


. (5.4)

In order to integrate the isolator mobilities in the power formulation,
they must be reassembled to fit to the structure of source and receiver
mobility matrices. Hence, four mobility matrices YI,SS ,YI,RR, YI,SR

and YI,RS that contain the respective submatrices from YI,n with n =
[1, 4] on the diagonal must be assembled. The mobility matrix YI,RS ,
for instance, reads

YI,RS =


YI,RS,1 0 0 0

0 YI,RS,2 0 0
0 0 YI,RS,3 0
0 0 0 YI,RS,4

 . (5.5)

As the isolators are placed discretely at each contact point, transfer mo-
bilities of the isolator matrices that account for a coupling between the
contact points, i.e. off-diagonal elements in Eq. (5.5), are equal to zero.
In Eq. (5.3) it can be seen that components of motion are uncoupled
with regard to the isolator model. This is a result of symmetry effects
that apply to typical isolator geometries, cf. ISO 10846-1 [25] and Ap-
pendix A. However, coupling between contact points and components
of motion is taken into account by connecting the substructures of the
system as source and receiver mobility matrices are fully populated. Ar-
ranging the input data of the substructures as shown in this section, the
transmitted power for the rigidly and resiliently mounted source can be
calculated by means of matrix formulations with Eqs. (2.15) and (B.10),
respectively.
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5.3.1.2 Importance of components of motion

In this section the importance of rotatory components around the
in-plane axes relative to the vertical translational component of motion
perpendicular to the plate is analyzed. First, the discrepancy between
a complete calculation of power involving translational and rotatory
components and a calculation strictly reduced to the translational
component is evaluated. Both a rigid and a resilient connection between
source and receiver are considered. Secondly, the power transmitted by
vertical and rotatory point components is assessed. Furthermore, the
influence of rotatory cross coupling on power transmitted by the vertical
component of motion is investigated. For the latter, the approach of
effective mobility is used.

In order to analyze the discrepancy between a complete calculation
of power and a calculation reduced to the translational component,
matrix formulations can be applied. In case of a rigid connection, the
transmitted power is given by Eq. (2.15). In the resiliently mounted
case, the transmitted power can be derived by means of Eq. (B.10).
Using complete 12 × 12 mobility matrices of the subsystems of source,
receiver and isolators as presented in Section 5.3.1.1, Eqs. (2.15)
and (B.10) yield the transmitted power involving translational as well
as rotatory components. By canceling all matrix elements that account
for rotatory components, i.e. resizing the matrices to 4 × 4, the power
transmitted by the translational component solely (disregarding cross
coupling) is derived.

In Fig. 5.4 the results for interfaces 1, 2 and 3 (see Fig. 5.2(c)) are
summarized by means of level differences between complete calculation
and a calculation accounting for the vertical component solely. Results
are seen to be similar for any of the three interface positions. In
the rigidly mounted case, there is an increasing influence of rotatory
components with increasing frequency, which is thoroughly prevailing
from f = 800Hz onwards. Here, the complete transmitted power
exceeds the power transmitted by the translational component by up
to 15 dB in case of interface 1 and 3 or 20 dB in case of interface 2.
In the frequency range below, the influence of rotatory components is
significantly smaller, and the power transmitted by the translational
component approaches the exact transmitted power within a range of
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±5 dB except at single one-third octave bands. For all three interfaces,
a dip in the transmitted power calculated by the vertical component
solely at f = 100Hz can be observed. At this frequency, the distance
between the beam stiffeners equals half the bending wavelength of the
unstiffened plate. That is, the vibration amplitude of the plate shows
nodes at the beam stiffeners, while antinodes are located centrally in
a bay. Due to resonant behavior of the plate, the source is forced to
vibrate in a rocking mode at this frequency. The effect is particularly
pronounced at interface 1, where the vibration antinodes coincide with
the location of contact points. Consequently, the effect is less prominent
at interface 2 and minimized at interface 3. Rocking behavior of the
source was confirmed by analyzing the contact velocities, showing
out-of-phase motion at this frequency. In case of interface 2, a second
dip occurs at f = 400Hz. Here, the distance between the beam stiff-
eners equals the bending wavelength in the plate. This means that the
vibration amplitude of the plate exhibits nodes at the beam stiffeners
and centrally in a bay, while antinodes are located in between those
location. In other words, the location of contact points at interface 2
matches the location of antinodes for a frequency of f = 400Hz, which
forces global rocking behavior of the source. Hence, it can be concluded
that strong rocking motion of the source forces rotatory components
to become important. The same observation was recently reported
considering power transmission from a washing machine to a wooden
joist floor [71]. The smallest influence of rotatory components at low
frequencies can be observed at interface 3, where all contact points are
located on a joist. With regard to the foregoing discussion, this is due
to the fact that global rocking motion is suppressed and less prominent
compared to interfaces 1 and 2. Furthermore, it might be a conse-
quence of the suppression of rotation around the y-axis by the stiffeners.

While rotatory components gain influence at higher frequencies as
expected (cf. Section 5.1), their influence at lower frequencies may be
surprising at first sight. In this respect, it should be noted that the
deviations shown in Fig. 5.4 in the lower frequency range to some extent
might be a result of measurement uncertainties and/or related errors
that stem from matrix inversions, likely to occur in the lower frequency
range. Especially in the range between f = 50Hz and f = 100Hz,
the calculation according to Eq. (2.15) resulted in negative narrow
band power values, which are an indicator for measurement errors.
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(a) Interface 1
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Figure 5.4: Power transmitted from fan unit source to rib-stiffened plate – differ-
ence between power transmitted by all components of motion and power trans-
mitted by vertical z-component solely: all components, vertical z-
component for rigidly mounted source, vertical z-component for resiliently
mounted source.
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With regard to this, the large overestimation at f = 50Hz in case of
interface 3, see Fig. 5.4(c), was found to be due to a bad reference value
of the complete calculation, stemming from measurement errors. By
repeating the calculations with analytically derived receiver mobilities
of an equivalent infinite rib-stiffened plate [76], it was found that
the deviations below f = 800Hz were somewhat less pronounced.
Furthermore, overestimations of the complete power by the vertical
power component, as particularly pronounced at f = 50Hz in case of
interface 3, disappeared. However, the study presented in this section
shall be based on measured data, while keeping in mind that cleaner
input data, i.e. without measurement uncertainties, would produce
cleaner results. The results with simulated plate mobilities are not
shown for reasons of clarity. The rib-stiffened plate model in [76] is
based on point-like connections between plate and stiffening beams. In
order to approximate a continuous connection, the distance between the
connection points was chosen to be smaller than a quarter wavelength.
Vertical and rotatory plate mobilities were derived analogous to the
measured mobilities by using the finite difference technique [75].

When isolators are introduced, the influence of rotatory components
becomes negligible for all interfaces throughout the frequency range.
On average, the power calculated from the translational component
underestimates the complete power involving translational and rotatory
components by less than 1 dB. Obviously, this means that the isolators
reduce power more effectively with regard to rotatory components than
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Figure 5.5: Ratio of receiver and isolator point mobilities: vertical component
of motion Y vzFz

I,RR /Y vzFz
R , rotatory component of motion Y wxMx

I,RR /Y wxMx
R .
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Isolator n Isolator n

Figure 5.6: Isolator excited by two vertical forces acting in- or out-of-phase.

in vertical direction. By installing isolators, a mobility (or impedance)
mismatch between source and receiver is achieved, which leads to a
reduction of the transmitted power. The larger the mismatch, the larger
is the reduction to be achieved. In Fig. 5.5 point mobilities of an isolator
for the vertical as well as the rotatory component are shown, normalized
with respect to the mean vertical or rotatory point mobility of the plate
at interface 1. Here, the rotatory component around x is shown. Similar
results were obtained for a rotation around y. It can be seen that the
mobility ratio in case of the rotatory component is exceeding the ratio
for the vertical component by up to about 20 dB. Consequently, rotatory
components are decoupled more effectively. This means that an isolator
can be excited to rotatory motion more easily than in vertical direction.
A figurative illustration is given in Fig. 5.6 where the deflection due to
forces acting in- or out-of-phase at the source side are depicted. One
can imagine that it is relatively easy to achieve a rotatory deflection
by two forces acting out-of-phase (representing moment excitation). In
contrast, a translational deflection by application of two forces acting in
the same direction is comparatively difficult to achieve.
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So far, it was shown that a neglect of rotatory components in the
rigidly mounted case is leading to errors that increase with increasing
frequency. However, as the results presented in Fig. 5.4 generally in-
volve all (point, transfer, cross and cross-transfer) rotatory components,
they do not indicate from which of the rotatory components the power
originates, i.e. which of the rotatory components are actually impor-
tant to the transmission process. This question will be addressed in the
following. As a starting point, it is instructive to examine the power
transmitted by the vertical and rotatory point components separately,
disregarding any coupling between components or contact points. In
Fig. 5.7 the power transmitted by point components is compared with
the complete power for the three interfaces. Again, the results display a
similar trend for any of the interfaces. Related to the complete power,
the rotatory point component power increases with increasing frequency,
while the vertical point component power shows an opposite trend. At
frequencies below about f = 800Hz, the power transmission is roughly
governed by the vertical point component power, whereas the rotatory
point components are negligible. This result is supported by comparing
the dashed graphs from Figs. 5.4 and 5.7, which are basically similar be-
low f = 800Hz. It can be seen that the dips at frequencies f = 100Hz
and f = 400Hz observed in Figs. 5.4(a) and 5.4(b) due to the exclusion
of rotatory components are recurring in the rotatory point component
power in Figs. 5.7(a) and 5.7(b). Hence, it can be concluded that these
dips are rather caused by the omission of cross coupling between ver-
tical and rotatory components than by the omission of rotatory point
components. Above f = 800Hz, power transmission through rotatory
point components exceeds the power transmitted by the vertical point
components. However, vertical as well as rotatory point components un-
derestimate the complete power, pointing at the fact that cross coupling
between vertical and rotatory components is of particular importance
and, therefore, should be considered in a bit more detail. The approach
of effective mobility provides a proper procedure for this purpose (see
Section 2.5.1). By calculating effective point mobilities of source and re-
ceiver by means of Eq. (2.20), it is possible to in- or exclude contributions
from components and contact points. The force ratios required to calcu-
late the effective mobilities exactly are obtained by using Eq. (B.5). The
respective transmitted power is then given by the real part of Eq. (2.23)
with Eq. (2.22). In this manner, the power transmitted by the vertical
component including transfer, cross and cross-transfer coupling was cal-
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culated. The effective point mobilities for the vertical component were
derived according to Eq. (2.20) with N = 4 and three components of
motion as

Y vzFzΣ
nn = Y vzFz

nn +

4
m=1
m ̸=n

Y vzFz
nm

F z
m

F z
n

+

3
j=1
j ̸=i

Y vzj
nn

F j
n

F z
n

+

3
j=1
j ̸=i

4
m=1
m ̸=n

Y vzj
nm

F j
m

F z
n

. (5.6)

In a second step, cross-transfer coupling was neglected by omitting the
last part of the right hand side of Eq. (5.6) and calculating the effective
mobilities as

Y vzFzΣ
nn = Y vzFz

nn +

4
m=1
m ̸=n

Y vzFz
nm

F z
m

F z
n

+

3
j=1
j ̸=i

Y vzj
nn

F j
n

F z
n

. (5.7)

In order to aid comparison between both formulations, the mobility el-
ements included in Eqs. (5.6) and (5.7) are illustrated in Figs. 5.8(a)
and 5.8(b), respectively. The results are shown in Fig. 5.9. A reasonable
agreement with the complete calculation (using 12× 12 mobility matri-
ces) is found for all interfaces if cross and cross-transfer components are
included in the power calculation. A disregard of cross-transfer compo-
nents yields larger deviations especially in the higher frequency range
from about f = 1 kHz onwards. This result indicates that the essen-
tial amount of power is transmitted by the vertical component, i.e. by
the product of vertical forces and velocities, whereas hardly no power is
transmitted by the product of moments and rotatory velocities. How-
ever, excitation of translational velocity by moments needs to be ac-
counted for and cannot be neglected in general. This is leading to a
result which at first sight seems paradox: Although power is transmit-
ted by moments to a comparatively small extent, moments have a large
effect on power transmission. On average, the power transmitted by
the vertical component including cross and cross-transfer coupling by
moments approximates the complete power within a range of less than
about −5 dB. By including additionally the effective moment mobilities
in the power calculation according to Eqs. (2.22) and (2.23), the com-
plete power would be obtained. However, this is trivial and not shown
here.
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(a) Interface 1
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Figure 5.7: Power transmitted from rigidly mounted fan unit source to rib-stiffened
plate – difference between power transmitted by all components of motion and
power transmitted by vertical and rotatory point components: all compo-
nents, vertical z-component, rotatory components around x and y.
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(a) Effective vertical point mobilities including cross and cross-transfer coupling
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(b) Effective vertical point mobilities including cross coupling solely
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Figure 5.8: Elements of the mobility matrix representing the effective point mo-
bilities in vertical z-direction accounting for cross and/or cross-transfer coupling.
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(a) Interface 1
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(c) Interface 3
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Figure 5.9: Power transmission from rigidly mounted fan unit source to rib-
stiffened plate – influence of cross and cross-transfer coupling on the vertical
z-component of motion: all components, power transmitted by vertical
z-component incl. cross and cross-transfer coupling, power transmitted by
vertical z-component incl. cross coupling solely.
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5.3.1.3 Results for approximate methods

Based on the results of the previous section, the option of further
simplifications by means of a single equivalent approximation will be
discussed in this section. Furthermore, results of the interface mobility
method for individual components of motion are presented.

For the case that the source is decoupled from the plate receiver
by passive vibration isolators, it was shown that rotatory components
of motion are of minor importance in the studied case and can be
neglected. Therefore, it is appropriate to apply the method of single
equivalent approximation as well as the interface mobility method
directly to data sets accounting for the vertical component of motion
solely, that is the 4 × 4 mobility matrices and the 4 × 1 activity vector
comprising mobilities and free velocities in vertical direction. Regarding
the single equivalent approximation, both a zero and a random phase
assumption were applied to calculate effective source and receiver mo-
bilities, see Eqs. (2.25) and (2.26). In the latter case, the real part of the
effective receiver mobility was calculated by means of Eq. (2.29). Single
equivalent values of the isolator point or transfer mobility matrices
were derived as the spatial average of the isolator point or transfer
mobilities according to Eq. (3.9). The transmitted power is then given
by Eq. (3.10), where the activity of the source is described by the sum
of the squared free translational velocity magnitudes at the contact
points

4
n=1 |vn,SF |2. The transmitted power in terms of the interface

mobility method is derived by application of Eq. (3.24) to the Fourier
transformed input data sets. In Fig. 5.10(a) the power calculated by the
approximate methods is compared with results derived by the matrix
formulation, see Eq. (B.10). As in the previous investigations, results for
all interfaces displayed a high degree of similarity. Therefore, results are
shown exemplarily for interface 2. On the whole, an entirely satisfactory
agreement between approximate methods and matrix formulation can
be found. The interface mobility method yields errors in the range
of less than ±2.5 dB throughout the frequency range. Assuming a
zero phase distribution, the single equivalent approximation yields an
overall agreement in the range of ±3 dB except at single one-third
octave bands. The zero phase assumption leads to reasonable results
particularly at low frequencies. Here, in contrast, the random phase
assumption results in an underestimate due to the neglect of transfer
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coupling. As expected, better results are obtained by assuming a
random phase distribution as the frequency increases. In Fig. 5.11(a)
the distribution of transmitted power orders, i.e. the real part of the
respective complex power orders, Wp = Re(Qp), normalized with
respect to the maximum occurring order, is shown for frequencies up
to 500Hz for the vertical component of motion. A distinct pattern can
be recognized in the low frequency range around the main excitation
frequency of the electric motor at 50Hz. The zero power order, Wp with
p = 0, which here is linked with rigid body bouncing motion in vertical
direction, is seen to dominate the transmission process. However,
first power orders, Wp with p = {−1, 1}, which are associated with
rotatory or rocking rigid body motion, are superimposed. To prevent
confusion, rotatory motion meant here is a global rotatory motion
of the whole source structure about its in-plane x- or y-axes rather
than rotatory motion at the contact points. At frequencies below,
vertical rigid body motion is dominant, while above the first orders are
governing the transmission until about 150Hz. Above about 150Hz, the
orders appear rather uniformly distributed, corresponding to a uniform
random distribution of phase. The distribution of orders over the
frequency range agrees well with the accuracy of the single equivalent
approximation with respect to the zero and random phase assumptions
observed in Fig. 5.10(a). With regard to the resiliently mounted case,
the study would be completed at this point. First, it was shown that
rotatory components are negligible. Based on this, the applicability of
the single equivalent approximation and the interface mobility method
was tested for the relevant component of motion with satisfactory results.

However, it might be interesting to see some results of the single
equivalent approximation as well as the interface mobility method
when applied to rotatory components of motion around the x- and
y-axis, shown in Figs. 5.10(b) and (c) exemplarily for interface 2. The
distribution of power orders can be taken from Figs. 5.11(b) and (c),
respectively. Results were calculated in analogy to the procedure for
the vertical component of motion from 4 × 4 mobility matrices and
4 × 1 activity vectors comprising rotatory mobilities and free rotatory
velocities around the x- or y-axis. These matrices can be obtained by
simply canceling matrix elements of the 12 × 12 matrices, Eqs. (5.2)
and (5.5), that contain components which shall not be taken into
account. Zero and random phase assumption were applied to calculate
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Chapter 5. Multi-component sources

effective source and receiver mobilities by means of Eqs. (2.25), (2.26)
and (2.29) from which single equivalent values were derived as spatial
averages, see Eq. (2.33). Single equivalent values of the isolators’
rotatory point or transfer mobility matrices were derived as the spatial
average of the isolators’ rotatory point or transfer mobilities according
to Eq. (3.9). The transmitted power is then given by Eq. (3.10), where
the activity of the source is described by the sum of the squared free
rotatory velocity magnitudes at the contact points

4
n=1 |vn,SF |2.

The transmitted power in terms of the interface mobility method is
derived by application of Eq. (3.24) to Fourier transformed rotatory
input data sets. The power calculated by the approximate methods is
compared with results derived by the matrix formulation, see Eq. (B.10).
Regarding rotatory motion around the x-axis, see Fig. 5.10(b), both
approximate methods yield an agreement of ±5 dB throughout the
frequency range. The single equivalent approximation yields a slightly
better agreement by assuming random phase than by assuming zero
phase from 100Hz onwards. At frequencies below, assuming zero phase
distribution yields a better result. The distribution of power orders
shown in Fig. 5.11(b) differs clearly from that for the vertical component
of motion: Here, power orders are rather uniformly distributed, which
means that rotatory components do not show clear preferences of having
distinct phase relations among the contact points. An exception is
found around 50Hz, where a dominating zero power order, Wp with
p = 0, can be identified. However, it is less prominent than for the
vertical component of motion. For rotatory components of motion, a
zero power order means that all contact points rotate simultaneously
about their symmetry axes. With regard to rotatory motion around the
y-axis, see Fig. 5.10(c), a similar agreement of approximate methods
and complete calculation is found from 100Hz onwards. At frequencies
below, the single equivalent approximation assuming random phase
tends to underestimate. The large overestimations below 50Hz are
rather due to measurement uncertainties than due to the approximation.
The distribution of power orders for rotatory motion around the y-axis,
see Fig. 5.11(c), shows a similar trend as for rotation around the x-axis.
As mentioned in Section 5.3.1.2, the study was repeated with analyt-
ically derived receiver mobilities of an equivalent infinite rib-stiffened
plate [76]. The results derived with experimentally collected receiver
data were hereby confirmed, and, moreover, conclusions became more
clearly evident. The results shown in Figs. 5.10 and 5.11 are repeated
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in Figs. 5.12 and 5.13, but calculated with analytically derived receiver
mobilities instead of measured mobilities. It can be seen that assuming
a random phase distribution yields better results for the case of rotatory
components of motion throughout the complete frequency range, see
Figs. 5.12(b) and (c). In contrast, assuming a zero phase distribution,
the transmitted power tends to over- or underestimate the true value
to a certain extent. Accordingly, the rotatory power orders tend to be
uniformly distributed at each frequency as shown in Fig. 5.13(b) and (c).
Deviations of the approximate methods from the complete calculation
at frequencies below about 100Hz observed in Figs. 5.10(b) and (c) are
significantly reduced by using simulated receiver data, supporting the
suspicion that the deviations observed at low frequencies are a result of
measurement uncertainties to some extent. With regard to the vertical
component of motion, results with simulated and measured receiver
data display an almost perfect match.

Considering the rigidly mounted case, it was shown in section 5.3.1.2
that a neglect of rotatory components is leading to a large underestimate
of the transmitted power. Moreover, it was found that a comparatively
small amount of power is transmitted by rotatory components directly,
that is by the product of moments and rotatory velocities. Instead,
power transmission is governed by the vertical component of motion,
that is by the product of forces and velocities, but cross coupling be-
tween moments and vertical velocities is crucial particularly at higher
frequencies and must be included. As a consequence, it is not appro-
priate to consider components of motion separately. With regard to the
approximate methods, this poses problems as discussed in Section 5.2. In
order to derive a single equivalent description for the vertical component
of motion including cross coupling by means of Eq. (2.33), moment-to-
force ratios need to be estimated in advance, see Eq. (2.20). While only
a few basic studies exist on this topic [6], the determination of repre-
sentative moment-to-force phase ratios appears as a major problem [61].
With regard to the interface mobility method, it is not possible to in-
clude cross coupling in the input data sets due to the incompatibility of
dimensions, see Section 5.2.2. The following study attempts to derive
a single equivalent approximation for the vertical component of motion
including cross and cross-transfer coupling by moments. Basically, this
means finding a reasonable approximate description of Eq. (5.6) by es-
timating the required moment-to-force ratios in addition to force ratios
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Figure 5.10: Power transmitted from resiliently mounted fan unit source to rib-
stiffened plate at interface 2 – deviation of approximate methods from complete
calculation without cross coupling for individual components of motion: com-
plete calculation, interface mobility method, zero and random
phase assumption for single equivalent approximation.
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(b) Rotatory component around x
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(c) Rotatory component around y
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Figure 5.11: Distribution of power orders for fan unit source resiliently mounted
to rib-stiffened plate at interface 2.
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(a) z-component (vertical)
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Figure 5.12: As Fig. 5.10, but with simulated receiver data.
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(a) z-component (vertical)
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(b) Rotatory component around x
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(c) Rotatory component around y
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Figure 5.13: As Fig. 5.11, but with simulated receiver data.
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for the vertical component. For the vertical force ratios, again unit mag-
nitude and zero or random phase distribution were assumed. Thus, the
force ratios in the second term of the right hand side of Eq. (5.6) were
calculated as before by means of Eq. (2.25) or Eqs. (2.26) and (2.29).
For cross and cross-transfer mobilities, accounted for by the third and
fourth term of the right hand side of Eq. (5.6), a moment-to-force ratio
magnitude of 1/50 was assumed throughout the frequency range. The
value was found by visual inspection of the frequency spectra of the true
moment-to-force ratios, obtained by Eq. (B.5). Although the contact
conditions at the interfaces differ from each other due to the stiffening
beams, the average moment-to-force ratio magnitude was observed to
be relatively independent of these conditions for each rotatory compo-
nent of motion. A preferred phase distribution could not be verified.
Thus, both zero and random phase distribution were assumed straight-
forwardly. The effective mobilities assuming zero phase difference were
consequently derived as

Y vzFzΣ
nn ≈ Y vzFz

nn +

4
m=1
m ̸=n

Y vzFz
nm +

3
j=1
j ̸=i

Y vzj
nn · 1/50

+

3
j=1
j ̸=i

4
m=1
m ̸=n

Y vzj
nm · 1/50. (5.8)

Assuming random phase, the magnitude of the effective mobility was
estimated as

|Y vzFzΣ
nn | ≈

|Y vzFz
nn |2 +

4
m=1
m̸=n

|Y vzFz
nm |2 +

3
j=1
j ̸=i

|Y vzj
nn · 1/50|2

+

3
j=1
j ̸=i

4
m=1
m ̸=n

|Y vzj
nm · 1/50|2. (5.9)

In the latter case, the real part of the receiver mobility, required to cal-
culate the transmitted power, was derived as the real part of the point
mobility in vertical direction, see Eq. (2.29). Thus, it is obviously as-
sumed that coupling between contact points and components of motion
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is negligible, see Section 2.5.4. Single equivalent mobilities were sub-
sequently calculated by averaging the effective point mobilities for the
vertical component of motion by means of Eq. (2.33). The transmitted
power is then readily obtained by means of Eq. (2.34). In Fig. 5.14 the
results are shown for the three interfaces as level differences between sin-
gle equivalent approximation and the respective power calculated with
the exact force ratios, that is the power transmitted by the vertical com-
ponent of motion including cross and cross-transfer coupling as shown in
Fig. 5.9. Again, similar results can be observed for the three interfaces.
By comparing the results to those in Fig. 5.4, it can be noted instantly
that assuming a random phase distribution is leading to roughly the
same results as neglecting rotatory components a priori. The random
phase assumption as considered here is associated with a complete loss
of phase information. Using the real part of the point mobility in order
to approximate the real part of the respective effective point mobility,
see Eq. (2.29), is based on the assumption that positive and negative
contributions from other points average out [34], which emerged to be a
reasonable assumption when considering power transmission for an in-
dividual translational component of motion in the resonant frequency
range. In Section 5.3.1.2 it was indicated that this does not apply to
cross coupling as moments contribute positively to power transmission
via the vertical component throughout the frequency range (see Fig. 5.9).
In contrast, there is no indication that the vertical component compen-
sates contributions of other (rotatory) components. By assuming a zero
phase difference between contact points and components of motion, the
transmitted power is approximated in the range of about ±5 dB up un-
til about 800Hz for interface 1 and 2. In case of interface 3, assuming
zero phase yields an overestimate by 10 dB. After a steep incline at
1 kHz, the power drops for all interfaces and underestimates by about
−10 dB. The zero phase assumption yields consistently higher values
than the random phase assumption, and both assumptions result in a
similar slope. However, both assumptions exhibit deviations that are
too large for a practical application of the method. During the studies,
it was found that knowledge of the exact moment-to-force ratio magni-
tudes is of subordinate significance. In contrast, the phase has a major
impact on the result. Knowledge of the latter unfortunately requires de-
tailed information about all subsystem parameters in the general case,
thereby preventing an independent characterization of the source as well
as a single equivalent representation of source and receiver mobility.
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Figure 5.14: Power transmitted from rigidly mounted fan unit source to rib-
stiffened plate for vertical z-component of motion including cross coupling – devi-
ation of single equivalent approximation from complete calculation: complete
calculation, zero and random phase assumption for single equivalent ap-
proximation.
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Although cross coupling cannot be neglected in the rigidly mounted
case, see Section 5.3.1.2, the performance of the approximate methods
when applied to each component of motion separately is now evaluated
in brevity. Exemplarily, results are shown for interface 2 in Figs. 5.15
and 5.17 based on measured and simulated [76] receiver mobilities, re-
spectively. The distribution of power orders can be taken from Figs. 5.16
and 5.18. Zero and random phase assumption were applied to calcu-
late effective mobilities by means of Eq. (2.25) or Eqs.(2.26) and (2.29)
from which single equivalent values were derived by Eq. (2.33). The
transmitted power is given by Eq. (2.34), and the activity of the source
is described by the sum of the squared free translational or rotatory
velocity magnitudes at the contact points

4
n=1 |vn,SF |2. The trans-

mitted power in terms of the interface mobility method is derived by
Eq. (2.49). Results are compared with results derived by the matrix
formulation, Eq. (2.15). With regard to the vertical component, both
approximate methods yield a reasonable agreement with the complete
calculation, see Figs. 5.15(a) and 5.17(a). As in the resiliently mounted
case, results with simulated receiver data yield a slightly better agree-
ment due to the absence of measurement uncertainties. The distribution
of power orders, see Figs. 5.16(a) and 5.18(a), suggests that similar ele-
mentary parts of motion are involved as in the resiliently mounted case,
see Figs. 5.11(a) and 5.13(a). However, this is not completely true since
cross coupling, which is not included here, potentially influences the dis-
tribution of power orders. Considering rotatory components of motion,
the results are rather disappointing and can be judged as not accept-
able. The interface mobility method yields large deviations especially
for the rotatory component around the y-axis. Comparing the results
for rotatory components in the rigidly mounted case, see Figs. 5.15(b)
and (c), with those in the resiliently mounted case, see Figs. 5.10(b)
and (c), suggests that extra deviations in the rigidly mounted case are
due to the approximation of source mobility data, which exhibits a vari-
ation of rotatory mobilities due to the perpendicularly arranged metal
sheets at the footing structure, see Fig. 5.2(a). In addition, loss of phase
information may cause problems here. In the resiliently mounted case,
the influence of source mobility data is generally not significant to power
transmission as the mobility of the source is small compared the mobility
of the isolators. Thus, it drops out of Eqs. (3.10), (3.24) and (B.10). The
distribution of the rotatory power orders in the rigidly mounted case is
basically similar to that in the resiliently mounted case.
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Figure 5.15: Power transmitted from rigidly mounted fan unit source to rib-
stiffened plate at interface 2 – deviation of approximate methods from complete
calculation without cross coupling for individual components of motion: com-
plete calculation, interface mobility method, zero and random
phase assumption for single equivalent approximation.
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(b) Rotatory component around x
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(c) Rotatory component around y
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Figure 5.16: Distribution of power orders for fan unit source rigidly mounted to
rib-stiffened plate at interface 2.
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Figure 5.17: As Fig. 5.15, but with simulated receiver data.
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(a) z-component (vertical)
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(b) Rotatory component around x
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(c) Rotatory component around y
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Figure 5.18: As Fig. 5.16, but with simulated receiver data.
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5.3.1.4 Summary

In this section multi-point and multi-component structure-borne sound
power transmission of a fan unit source intended to be connected at
four contact points to a rib-stiffened aluminum plate was examined,
taking the vertical translational component of motion perpendicular to
the plate as well as rotatory components around the in-plane axes of the
plate into account. Both a rigid connection and a resilient mounting of
the source via vibration isolators were addressed. The study is based on
experimentally collected independent source and receiver data. Transfer
functions of the isolator subsystem were calculated approximately by
using finite beam and rod theory.

First, the importance of rotatory components of motion to power
transmission was studied. In case of a rigid mounting of the source,
it was found that a disregard of rotatory components can result in
a large underestimate of the transmitted power especially at higher
frequencies, irrespective of whether or not the contact points lie on
a joist or remote from it in a bay. At low frequencies, the omission
of rotatory components causes an underestimate where the source is
predominantly moving in rigid body rocking motion. Rocking motion
was identified to be strengthened when the contact points are located
at antinodes of the receiving structure. Furthermore, it was found that
direct power transmission through rotatory components, i.e. by the
product of moments and rotatory velocities at the contact points, is
of minor importance. In fact, cross coupling between vertical velocity
components and moments is crucial. Therefore, it appears reasonable to
incorporate rotatory components by means of cross and cross-transfer
coupling solely. When the source is resiliently mounted, the influence of
rotatory components becomes negligible, independent of frequency.

In the second part of the study, the applicability of the single
equivalent approximation as well as the interface mobility method was
examined for the considered components of motion separately for the
rigidly as well as the resiliently mounted source. In the resiliently
mounted case, both approximate methods yield satisfactory results
for the vertical component of motion. By analyzing the distribution
of transmitted power orders, it was shown that around the main
excitation frequency of the source at low frequencies the zero power
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order dominates, which is linked with rigid body bouncing motion.
Accordingly, the single equivalent approximation assuming zero phase
appears reasonable at low frequencies, while above the random phase
assumption is appropriate. Furthermore, it was demonstrated that
the single equivalent approximation as well as the interface mobility
method can be applied to the rotatory components of motion around
the in-plane axes of the plate in analogy to the procedure for the
vertical component of motion with reasonable accuracy. In contrast to
the vertical component of motion, a preferred behavior of the single
equivalent approximation assuming zero and random phase dependent
on frequency could not be confirmed. On the contrary, it was observed
that rotatory components exhibit more or less uniformly distributed
power orders at each frequency. Consequently, assuming random phase
appears appropriate for rotatory components. For the rigidly mounted
case, slightly larger deviations were observed when applying the single
equivalent approximation and the interface mobility method to the ver-
tical component of motion without taking the influence of cross coupling
into account. With regard to rotatory components of motion, deviations
caused by application of the approximate methods were substantially
larger than in case of a resilient mounting. This was associated with
varying source mobilities when moving along the contact points, which
strengthens the significance of cross-order interface mobilities of the
source. Analogously, varying mobilities introduce uncertainties with
regard to a single equivalent representation of the source mobility. In
the resiliently mounted case, the influence of source mobility data is not
significant to power transmission, hence it does not affect the results of
the approximate methods.

As cross coupling was found to be important in the rigidly mounted
case, the applicability of the single equivalent approximation to com-
bined force and moment excitation was tested, which requires estimates
of moment-to-force ratios to be made. It was found that knowledge of the
exact moment-to-force ratio magnitudes is of subordinate significance.
On a less positive note, knowledge of the phase is key. The latter, how-
ever, requires detailed information about all subsystem parameters in the
general case. Therefore, it can be concluded that a single equivalent ap-
proximation is prevented when cross coupling by rotational components
is important to power transmission.

153



Chapter 5. Multi-component sources

5.3.2 Ship diesel engine III

Diesel engines can be identified as one of the main sources of structure-
borne noise on board ships. Due to heavy weight and large contact
forces, they are generally mounted via vibration isolators on individually
manufactured engine foundations. In ISO 13332 [15] it is suggested that
for reciprocating internal combustion engines excitation at the engine
feet in three translational components of motion can be of importance
and should be considered when characterizing the source by means of its
free velocity. Taking multiple components of motion into account when
attempting to predict the structure-borne sound power transmitted
to the engine foundation causes an enormous effort, which is further
complicated if cross coupling is of importance. The latter is generally
assumed to be negligible in practice, while publications invoking its
significance so far are missing.

In this section structure-borne sound power transmission from a
ship diesel engine, referred to as ship diesel engine III, to the engine
foundation is considered with respect to three translational components
of motion that are accounted for by vertical forces and velocities, Fz

and vz, as well as horizontal forces and velocities in the direction
of the engine shaft, Fx and vx, and perpendicular to it, Fy and vy.
Rotatory components of motion are assumed to be negligible, which is a
reasonable assumption with respect to rotations around the horizontal
axes in the resiliently mounted case, see Section 5.3.1.2. A rigid
coupling without isolators is considered for comparison. Here, the same
assumptions are applied, although this is contradicting the results from
Section 5.3.1.2. Complete mobility matrices of source and receiver as
well as the free velocities were collected by measurement, whereas the
isolator dynamic properties were calculated approximately by using
analytical finite beam and rod models. A description of the test setup
is given in Section 5.3.2.1.

First, the importance of components of motion is addressed in
Section 5.3.2.2. Calculations of the transmitted power with and without
cross coupling are compared for both the rigidly and the resiliently
mounted case. On this basis, contributions of individual components
of motion to power transmission are analyzed. In a second step, the
applicability of the interface mobility method as well as the approach
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of single equivalent approximation is studied for the rigidly as well as
the resiliently mounted case in Section 5.3.2.3 for each component of
motion individually, assuming that cross coupling can be neglected.

5.3.2.1 Test setup

The installation consists of a propulsion diesel engine with a weight of ap-
proximately m = 12 000 kg that is intended to be resiliently mounted to
the engine foundation at N = 6 contact points via rubber-type vibration
isolators. Schematic drawings of source, receiver and isolator are shown
in Fig. 5.19. Measurement of the activity of the source in terms of free ve-
locity was performed following the general guidance of international stan-

(a) Engine top view

Fx, vx

Fy, vy

Fz, vz

(b) Isolator

Fz, vz

Source end S

Receiver end R

Isolator n

Fx, vx

Fy, vy

Fz, vz

Fx, vx

Fy, vy

(c) Engine foundation

Fy, vy

Fz, vz

Fx, vx

Figure 5.19: Schematics of engine top view, isolator and engine foundation for
ship diesel engine III.
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dards ISO 13332 and ISO 9611 [14,15] while the source was installed on
an engine test bed on its dedicated vibration isolators during a so-called
‘FAT’ (factory acceptance testing). While running at full speed, the ve-
locity was simultaneously measured at all contact points using triaxial
accelerometers. The mobility matrix of the engine was measured while
the engine was suspended at a crane by loading tapes at the shipyard
prior to installation. Due to the cuboid-shaped construction of the engine
feet, see Fig. 5.19(a), it was possible to excite the engine at each con-
tact point with an impact hammer in three orthogonal directions while
recording the response with triaxial accelerometers at each of the contact
points simultaneously. The engine foundation consists of two parallel top
plates with dimensions of about l × w × h = 3m×0.5m×0.05m and a
spacing of 1.2m which are supported by joists parallel to the engine shaft
at the side as well as by smaller plates arranged perpendicular hereto at
each of the contact points, see Fig. 5.19(c). The mobility matrix of the
engine foundation was measured prior to installation of the engine dur-
ing construction by exciting the structure at each of the contact points
in three orthogonal directions successively while measuring responses by
triaxial accelerometers that were mounted to the top plates at each of
the contact points. In order to measure the foundation’s response to
horizontal excitation in direction of the engine shaft (nautical term: lon-
gitudinal), the foundation was excited by exciting the supporting plates
underneath each of the contact points in x-direction as close as possible
to the top plates. Excitation in y-direction perpendicular to the engine
shaft (nautical term: transversal) was realized by applying in-plane ex-
citation at the edges of the top plates. Vertical excitation was applied
from the top. The measured KN ×KN = 3 · 6× 3 · 6 = 18× 18 mobility
matrices were subsequently arranged as

Y =



Y vxFx
11 Y

vxFy

11 Y vxFz
11 Y vxFx

12 ... Y vxFz
16

Y
vyFx

11 Y
vyFy

11 Y
vyFz

11 Y
vyFx

12 ... ...

Y vzFx
11 Y

vzFy

11 Y vzFz
11 Y vzFx

12 ... ...

Y vxFx
21 Y

vxFy

21 Y vxFz
21 Y vxFx

22 ... ...
... ... ... ... ... ...

Y vzFx
61 ... ... ... ... Y vzFz

66


. (5.10)

The engine is intended to be mounted on six identical rotationally sym-
metric rubber-type vibration isolators of conical shape, see Fig. 5.19(b).
As in the previous studies, the dynamic properties of the isolators could
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not be determined experimentally. Therefore, the mobilities of the isola-
tors were calculated approximately by using finite rod and beam theory
as shown in Appendix A. In order to account for translational motion
solely, the mobility matrix of each isolator is derived by canceling matrix
elements of Eq. (A.4) that involve rotatory components. The mobility
matrix YI,n of each of the N = 6 isolators can consequently be written
in complete form as

YI,n =



Y vxFx

I,SS,n 0 0 Y vxFx

I,SR,n 0 0

0 Y
vyFy

I,SS,n 0 0 Y
vyFy

I,SR,n 0

0 0 Y vzFz

I,SS,n 0 0 Y vzFz

I,SR,n

Y vxFx

I,RS,n 0 0 Y vxFx

I,RR,n 0 0

0 Y
vyFy

I,RS,n 0 0 Y
vyFy

I,RR,n 0

0 0 Y vzFz

I,RS,n 0 0 Y vzFz

I,RR,n


. (5.11)

The mobility elements in Eq. (5.11) were calculated approximately by
using long-rod theory for the vertical component of motion, accounted for
by Fz and vz, see Eqs. (A.6) and (A.7). Thin-beam theory was applied
to approximate the horizontal components of motion, accounted for by
Fx, Fy and vx, vy, by means of Eqs. (A.10) and (A.11). The notation of
the field variables can be taken from Fig. A.1. From the vertical stiffness
kI provided by the manufacturer as well as the geometric data, isolator
length l = 0.19m and mean diameter d = 0.25m, an alternative Young’s
modulus E was calculated by making use of the relation kI = EA/l with
A = (d/2)2π. A constant loss factor of η = 0.1 was assumed according
to the manufacturer’s datasheet. Eq. (5.11) can be rewritten in compact
form according to Eq. (A.2) as

YI,n =


YI,SS,n YI,SR,n

YI,RS,n YI,RR,n


. (5.12)

In order to integrate the isolator mobilities in the power formulation,
they must be rearranged to fit to the structure of source and receiver
mobility matrices according to Eq. (5.10). Four mobility matrices
YI,SS ,YI,RR, YI,SR and YI,RS that contain the respective submatri-
ces from YI,n with n = [1, 6] on the diagonal must be assembled. The
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mobility matrix YI,RS , for instance, reads

YI,RS =


YI,RS,1 0 0 ... 0

0 YI,RS,2 0 ... 0
0 0 YI,RS,3 ... 0
... ... ... ... ...
0 0 0 ... YI,RS,6

 . (5.13)

Transfer mobilities of the isolator matrices that account for a coupling
between the contact points, i.e. off-diagonal elements in Eq. (5.13), are
equal to zero due to the discrete placing of isolators at each of the con-
tact points. It can be seen in Eq. (5.11) that components of motion are
uncoupled with regard to the isolator model, which is a result of symme-
try effects that apply to typical isolator geometries including rotationally
symmetric isolators as chosen in the studied case, cf. ISO 10846-1 [25]
and Appendix A. Coupling between contact points and components of
motion is, however, taken into account by connecting the substructures
of the system as source and receiver mobility matrices are fully popu-
lated. Having the input data of the substructures arranged as shown, the
transmitted power for the rigidly and resiliently mounted source can be
calculated by means of matrix formulations with Eqs. (2.15) and (B.10),
respectively.

5.3.2.2 Importance of components of motion

In this section the importance of the three orthogonal translational
components of motion is analyzed for both the rigidly and the resiliently
mounted case. First, the influence of cross and cross-transfer coupling,
in the following collectively referred to as cross coupling, is assessed with
respect to the complete power transmitted by all three translational
components of motion. Secondly, contributions of individual compo-
nents of motion to power transmission are examined, distinguishing
between power transmission with and without cross coupling.

In order to investigate the role of cross coupling with respect to the
complete transmitted power, matrix formulations can be used. The
complete power including cross coupling between all components of mo-
tion can be derived from the measured KN×KN = 3 ·6×3 ·6 = 18×18
mobility matrices of source and receiver, see Eq. (5.10), and the
measured KN × 1 = 3 · 6× 1 = 18× 1 free velocity vector for the rigidly
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mounted case by means of Eq. (2.15). In the resiliently mounted case,
Eq. (B.10) can be applied, thereby taking the mobility matrices of the
isolator subsystem into account, see Eq. (5.13). The transmitted power
without cross coupling is derived by applying Eqs. (2.15) or (B.10) to
the mobility matrices after canceling matrix elements that account for
cross coupling. Equivalently, the transmitted power can be calculated
for each component of motion separately from reduced N × N = 6 × 6
mobility matrices and a N × 1 = 6× 1 free velocity vector that contain
data of one translational component of motion solely. The complete
power is then derived as the sum of the three resultant individual power
components.

In Fig. 5.20 the difference between the complete power calculated
with and without cross coupling is shown for the rigidly as well as the
resiliently mounted case. In the rigidly mounted case, a neglect of cross
coupling leads to an underestimate at most frequencies. With a maxi-
mum underestimate of −6 dB at low frequencies, the influence of cross
coupling reduces continuously as the frequency rises and becomes neg-
ligible from about 630Hz onwards. In the resiliently mounted case, a
neglect of cross coupling is associated with a moderate overestimate at
low frequencies, reaching a maximum of 3dB at 63Hz. Considering each
component of motion separately, the power transmitted by each indi-
vidual component must be positive. Negative values would indicate a
net power flow from the passive receiver into an active source, which is
commonly regarded as unphysical. The power transmitted by point com-
ponents is always positive, but transfer components can also be negative
when redirecting power from the receiver back into the source. Analo-
gously, cross components can contribute negatively to the net transmit-
ted power. When components of motion are considered in combination,
the power transmitted by an individual component of motion can, there-
fore, be reduced or canceled due to cross coupling. The power flow by
an individual component of motion can even be negative as long as the
net power flow through all components considered in combination is pos-
itive. Accordingly, an underestimate of power in Fig. 5.20 means that
cross coupling positively contributes to the net transmitted power in to-
tal, as it is mainly observed for the rigidly mounted case. In contrast,
an overestimate indicates that cross coupling contributes negatively to
the net transmitted power in total, i.e. reduces the transmitted power,
as observed in the resiliently mounted case. However, the influence of
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Figure 5.20: Power transmitted from ship diesel engine III – deviation between
complete power with and without cross coupling: complete power with cross
coupling, complete power without cross coupling for rigidly mounted source,

complete power without cross coupling for resiliently mounted source.

cross coupling in the resiliently mounted case is rather small. Therefore,
the results shown in Fig. 5.20 suggest that components of motion are
efficiently decoupled from each other by using vibration isolators, and
cross coupling becomes negligible. In the rigidly mounted case, the re-
sults on the contrary indicate that coupling between source and receiver
is enforced by cross components. This is conclusive as at low frequencies
out-of-phase motion of one directional component causes combined mo-
tion in at least one of the other components (see also Section 5.2.1). The
influence of cross coupling decreases with frequency, indicating compo-
nents of motion to behave increasingly uncorrelated. However, as the
results shown in Fig. 5.20 are based on all components of motion, no
conclusions about the negligence of cross coupling for individual compo-
nents can be drawn.

For a more detailed analysis of the transmission process, contribu-
tions of individual components of motion to the complete transmitted
power need to be considered. This theoretically can be done with or
without the evaluation of cross coupling, both yielding valuable informa-
tion about the transmission. In order to derive the transmitted power
for individual components of motion separately but accounting for cross
coupling at the same time, the approach of effective mobility can be
applied, see Section 2.5.1. The effective point mobilities of source and
receiver can be calculated for each contact point and component of mo-
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Figure 5.21: Elements of the mobility matrix representing the effective point
mobilities in x-direction accounting for cross and cross-transfer coupling.

tion individually according to Eq. (2.20), thereby taking transfer, cross
and cross-transfer coupling into account. The mobility matrix entries re-
quired to calculate the effective point mobilities by means of Eq. (2.20)
are illustrated in Fig. 5.21 exemplarily for effective point mobilities in
x-direction. The force ratios required to calculate the effective mobili-
ties exactly are obtained by means of Eq. (B.5) if the source is rigidly
coupled to the receiver. The transmitted power is subsequently derived
by the real part of Eq. (2.22) for each component of motion and contact
point separately, but contributions from other contact points and com-
ponents of motion are included. If vibration isolators are installed, force
ratios at the receiver side of the installation are required to calculate the
effective point mobilities of the receiver, which are obtained by means
of Eq. (B.9). In order to calculate the effective point mobilities of the
source, force ratios at the source side are required, which can be derived
by solving Eqs. (B.2), (B.3), (B.7) and (B.8) with boundary conditions
of continuity and equilibrium that apply in the connected state of the
subsystems, i.e. vS = vI,S , vR = vI,R and fS = −fI,S , fR = −fI,R (see
Appendix B.1.2.1). The complex power is then derived by extending
Eq. (2.22) for resiliently mounted sources, yielding a formulation analo-
gous to the single-point and single-component case (cf. Eq. (3.1))
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Qii
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. (5.14)

In general, the effective mobilities of the isolator subsystem in Eq. (5.14)
involve force ratios analogous to source and receiver effective point mo-
bilities. However, as Eq. (5.13) implies, there is no transfer coupling
to be taken into account since the isolators are placed discretely at each
contact point. Furthermore, it is assumed that components of motion are
uncoupled with respect to the isolators due to geometry, see Eq. (5.11).
Therefore, the effective mobilities of the isolator point or transfer mobil-
ity matrices YI,SS ,YI,RR, YI,SR and YI,RS are equivalent to ordinary
point or transfer mobilities of the isolators. The effective mobilities of the
isolator subsystem in the present study are given in analogy to Eq. (3.8)
by

Y iiΣ
nn,I = Y ii

n,I . (5.15)

The power transmitted through individual components of motion is then
obtained by summing up the power at all contact points, i.e. applying
Eq. (2.23) with N = 6 for each component of motion separately. In
this manner, the power transmitted by each component including cross,
transfer and cross-transfer coupling was calculated for the rigidly as
well as the resiliently mounted case and compared to the respective
complete power derived by matrix formulations, Eqs. (2.15) and (B.10),
fed with complete 18× 18 input data matrices.

In Figs. 5.22(a) and 5.23(a) the power transmitted by individual
components with cross coupling is compared with the complete power
with cross coupling for the rigidly and the resiliently mounted case,
respectively. In contrast, the power transmitted by individual compo-
nents without cross coupling is compared with the sum of the individual
power components, i.e. the complete power but without cross coupling,
in Figs. 5.22(b) and 5.23(b). Level differences between the individual
power components with and without cross coupling are shown in
Figs. 5.22(c) and 5.23(c). The occurrence of negative one-third octave
values of individual components of power including cross coupling is
indicated by blank spaces as they cannot be represented on a dB scale,
of course. It can be seen that the power components calculated without
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cross coupling are positive throughout the frequency spectrum, while
negative one-third octave band values occur when cross coupling is
taken into account. As mentioned above, this is physically permitted in
general as it indicates that power fed to the receiver by one component
is redirected back into the source by another. On the other hand,
this complicates the detection of erroneous results in the narrow band
frequency spectrum of the transmitted power due to measurement
errors since negative power cannot be judged as unphysical and sorted
out. Sorting out negative power values is a common procedure that is
applied when a single component of motion is considered solely. In the
case at hand, this kind of plausibility check can exclusively be performed
with respect to the complete transmitted power, which always must be
positive.

In the rigidly mounted case, see Fig. 5.22, it is obvious that the
individual power components with cross coupling differ significantly
from those calculated without cross coupling especially in the lower
frequency range up to about 125Hz, which is generally in accordance
with the results shown in Fig. 5.20. With regard to Fig. 5.22(c) in
particular, it appears that primarily the power transmitted by the
vertical z-component is affected by the horizontal components of
motion. As the vertical z-component in Fig. 5.22(c) shows a clear
upward trend until about 160Hz, the horizontal components contribute
positively to the power transmitted by the vertical component. In
the frequency range between 160Hz and 630Hz, contributions of the
vertical z-component as well as the transversal y-component are notably
smaller if cross coupling is omitted, indicating that these components
are mutually reinforcing each other. The longitudinal x-component
seems least affected by cross coupling. In this respect, it is interesting
to note that if cross coupling is neglected, the longitudinal x-component
dominates the transmitted power up until 400Hz, see Fig. 5.22(b).
Above, the transversal y-component prevails. Throughout the frequency
range, the vertical z-component is of subordinate importance. When
cross coupling is taken into account, both the vertical z- and the
transversal y-component gain in importance, whereas the longitudinal
x-component remains at roughly the same level. In Fig. 5.24 the ratio
between the mean effective source and receiver mobility magnitudes is
shown for each component of motion with and without cross coupling.
The maximum power is transmitted if source and receiver mobilities
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(a) Complete power with cross coupling vs. component power with cross coupling
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(b) Complete power without cross coupling vs. component power without cross cpl.
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(c) Component power with cross coupling vs. component power without cross cpl.
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Figure 5.22: Power transmitted from rigidly mounted ship diesel engine III –
relative importance of components of motion with and without cross coupling:

complete power, x-component (horizontal - longitudinal), y-
component (horizontal - transversal), z-component (vertical).
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(a) Complete power with cross coupling vs. component power with cross coupling

63 125 250 500 1k
-25

-20

-15

-10

-5

0

5

f (Hz)

W
 (

dB
)

(b) Complete power without cross coupling vs. component power without cross cpl.
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(c) Component power with cross coupling vs. component power without cross cpl.
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Figure 5.23: Power transmitted from resiliently mounted ship diesel engine III –
relative importance of components of motion with and without cross coupling:

complete power, x-component (horizontal - longitudinal), y-
component (horizontal - transversal), z-component (vertical).
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(a) x-component (horizontal - longitudinal)
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(b) y-component (horizontal - transversal)
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(c) z-component (vertical)
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Figure 5.24: Ratio of mean effective source and receiver mobility magnitudes with
and without cross coupling for ship diesel engine III: matched mobilities,

with cross coupling, without cross coupling.
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(a) x-component (horizontal - longitudinal)
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(b) y-component (horizontal - transversal)
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(c) z-component (vertical)

63 125 250 500 1k
0

10

20

30

40

f (Hz)

|Y
I, 

R
R

/ 
Y

R
| 

(d
B

)
Σ

Σ

Figure 5.25: Ratio of mean effective isolator point mobility magnitudes and mean
effective receiver mobility magnitudes with and without cross coupling for ship
diesel engine III: with cross coupling, without cross coupling.
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are complex conjugate [5], YS = Y ∗
R, i.e. magnitudes are matched,

|YS | = |YR|. An in- or decreasing mobility ratio causes less power to be
transmitted. Thus, Fig. 5.24 indicates where cross coupling facilitates
power transmission. In case of the vertical component, see Fig. 5.24(c),
cross coupling enforces the mobility ratio to tend to unity throughout
the frequency range. For the horizontal components of motion, the
transmission is roughly enforced by cross coupling at low frequencies
below 125Hz, but at frequencies above no clear trend can be observed.
Although the calculation of transmitted power with or without cross
coupling yields large discrepancies when individual components of
motion are considered separately, the discrepancies are comparatively
small when all components of motion are considered in combination, see
Fig. 5.20. This means that cross coupling components at least partly
compensate each other mutually. Furthermore, it demonstrates that in
general it is not appropriate to consider a single component of motion
including cross coupling solely while discarding power transmission by
other components involved at the same time.

In the resiliently mounted case, differences between individual com-
ponents of power with and without cross coupling are rather small, see
Fig. 5.23. The results confirm the suspicion drawn from Fig. 5.20 that
components of motion are efficiently decoupled from each other by vibra-
tion isolators. Hence, cross coupling becomes negligible, and individual
components of motion can be treated separately. Moreover, the rela-
tive contribution of the individual components of power to the complete
transmitted power has changed compared to the rigidly mounted case,
where contributions of the horizontal components were equally impor-
tant or exceeding the contribution of the vertical component. In the
resiliently mounted case, power transmission is governed by the vertical
component of motion up until 200Hz. Between 250Hz and 630Hz, verti-
cal and horizontal components contribute, whereas above the horizontal
components are dominating. Vibration isolators reduce the transmitted
power as they introduce a mobility mismatch between source and re-
ceiver. The higher the ratio between isolator and receiver mobility, the
higher is the reduction to be achieved. In Fig. 5.25 the ratio between
the mean effective isolator point mobility magnitude (which is identi-
cal to the mean isolator point mobility magnitude, see Eq. 5.15) and
the mean effective receiver mobility magnitude is shown for each indi-
vidual component of motion with and without cross coupling. It can

168



5.3. Results and discussion

be recognized that at low frequencies until about 200Hz, the ratio is
substantially larger for the horizontal components of motion than for
the vertical component, leading to a higher reduction of the transmit-
ted power in horizontal direction at those frequencies. At frequencies
above, the ratios are approaching similar levels due to the onset of wave
effects in the isolators (cf. Appendix A). As expected, the influence of
cross coupling on the mobility ratio between isolator and receiver is less
pronounced than the influence of cross coupling on the mobility ratio be-
tween source and receiver in the rigidly mounted case. It must be noted
that these results are specific for the installation considered and strongly
depend on the characteristics of the isolators, of course. Without any
claim for generality, the relative isolator characteristics displayed here
can, however, be regarded as typical: In vertical direction, an isolator’s
maximum mobility (or, equivalently, minimum stiffness) is limited by
the static load it has to bear, i.e. the weight of the source. In horizontal
direction, the static loading is less critical. Therefore, isolators can be
designed to have a higher mobility (or, equivalently, smaller stiffness) in
horizontal direction.

5.3.2.3 Results for approximate methods

In this section the applicability of the single equivalent approximation as
well as the interface mobility method is tested for both the rigidly and
the resiliently mounted case. Although it was shown in Section 5.3.2.2
that a neglect of cross coupling is leading to an underestimation in
the range of 5dB at low frequencies in the rigidly mounted case, each
of the three components of motion is considered separately. Upon
neglecting cross coupling, the approximate methods can be applied to
each component of motion separately, see Section 5.2.

The input data for both methods were derived from reduced 6 × 6
mobility matrices and the 6 × 1 activity vector for each of the three
translational components of motion. With regard to the single equiva-
lent approximation, both a zero and a random phase assumption were
applied to calculate effective source and receiver point mobilities, see
Eqs. (2.25) and (2.26). In the latter case, the real part of the effective
receiver point mobility was calculated by means of Eq. (2.29). For
comparison, the effective point mobilities were additionally calculated
by means of Eq. (3.40) with P = 3, that is averaging over phase
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distributions corresponding to interface orders p = {−1, 0, 1}. Single
equivalent values of the isolator point or transfer mobility matrices
were derived as the spatial average of the isolator point or transfer
mobilities according to Eq. (3.9). The transmitted power is then given
by the real part of Eqs. (2.34) and (3.10), where the activity of the
source is described by the sum of the squared free velocity magnitudes
at the contact points in the respective direction,

6
n=1 |vn,SF |2. The

transmitted power in terms of the interface mobility method is derived
by application of Eqs. (2.49) and (3.24) to the Fourier transformed input
data sets. Reference values were derived by matrix formulations, see
Eqs. (2.15) and (B.10). The results are shown in Figs. 5.26 and 5.28 for
the rigidly and the resiliently mounted source, respectively. The corre-
sponding distributions of the transmitted power orders Wp are shown in
Figs. 5.27 and 5.29. The power orders are normalized to the maximum
order occurring among all components of motion in the rigidly and
resiliently mounted case, respectively. In Fig. 5.30 the results are sum-
marized by summing up the results for individual components of motion.

In the rigidly mounted case, see Fig. 5.26, the accuracy of the
approximate methods is similar for all three translational components
of motion. The results for the horizontal x- and y-components generally
agree with those for the vertical z-component. Furthermore, a general
agreement with the results derived in the previous chapters and sections
can be observed. The single equivalent approximation assuming zero
phase distribution at the contact points tends to overestimate the
transmitted power, while by assuming random phase rather an under-
estimation is achieved. Both effects are most accentuated in the lower
frequency range and diminish as the frequency rises. It can be concluded
that at lower frequencies the phase distribution is important, while its
influence at higher frequencies is small. By assuming random phase,
the coupling between the contact points is neglected by application of
Eq. (2.29). Furthermore, any phase information is lost by applying
Eq. (2.26). The largest deviation assuming a random phase distribution
is found in x-direction. Here, the receiver mobilities are more or
less stiffness governed. Thus, transfer coupling makes an important
factor. Assuming an average phase distribution associated with rigid
body bouncing and rocking motion by applying Eq. (3.40) instead of
assuming pure zero phase distribution improves the approximation
for the x- as well as the z-component, whereas the result for the
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y-component remains relatively unaffected. It is worth noting that the
importance of phase information that can be deduced from the results
of the random phase assumption coincides with regard to frequency
with the importance of cross and cross-transfer coupling as observed
in the previous section, cf. Fig. 5.20. The largest influence of both
transfer and cross/cross-transfer coupling can be observed in the low
frequency range up to 125Hz. This adds to the evidence that with a
vanishing influence of transfer coupling the influence of cross-transfer
coupling between translational components of motion is declining as
well (cf. Section 5.2.1). The interface mobility method yields results in
the range of ±5 dB at frequencies above 100Hz, while larger deviations
occur at frequencies below for the y- and z-component. The distribution
of power orders, see Fig. 5.27, shows that in longitudinal x-direction the
zero power order, Wp with p = 0, is dominating at most frequencies.
Simultaneously, first power orders occur, i.e. Wp with p = {−1, 1}. The
mobility of the foundation in x-direction is mainly stiffness governed
throughout the frequency spectrum, which promotes rigid body be-
havior. In case of the y-component, the zero power order is obviously
weakly pronounced and dominated by first and higher orders throughout
the spectrum. A similar behavior at low frequencies was observed in
Fig. 3.20(b), where the distribution of power orders in transversal direc-
tion was depicted for ship diesel engine II. This confirms that the design
of diesel engine foundations, which is similar in all cases considered
in this thesis, suppresses in-phase motion in transversal direction to
some extent. In vertical z-direction, power orders Wp in the interval
p = [−1, 0, 1] dominate the transmission process in the frequency range
up to about 100Hz, while with increasing frequency also higher orders
get involved. In the frequency range above about 300Hz, a rather
uniform distribution is observed, corresponding to a uniform random
distribution of phase. By tendency, the distribution is generally similar
to that observed in case of ship diesel engines I and II, see Figs. 3.14(a)
and 3.20(a). With increasing frequency, the dominating orders were
seen to ascend from the center order at p = 0 up to the maximum
(positive and negative) orders p = −⌊N/2⌋ and p = ⌈N/2−1⌉. However,
the imprint in case of engine III is less obvious compared to that of en-
gines I and II due to the comparatively small number of contact points.

In the resiliently mounted case, see Fig. 5.28, the accuracy of the
approximate methods is expected to be improved as the mobility of the
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Figure 5.26: Power transmitted from rigidly mounted ship diesel engine III – de-
viation of approximate methods from complete calculation without cross coupling
for individual components of motion: complete calculation, interface
mobility method, zero phase assumption, random phase assumption and

zero, first and second order assumption for single equivalent approximation.
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(b) y-component (horizontal - transversal)
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Figure 5.27: Distribution of power orders for rigidly mounted ship diesel engine III.

173



Chapter 5. Multi-component sources

(a) x-component (horizontal - longitudinal)

63 125 250 500 1k
-15

-10

-5

0

5

10

15

f (Hz)

W
 (

dB
)

(b) y-component (horizontal - transversal)

63 125 250 500 1k
-15

-10

-5

0

5

10

15

f (Hz)

W
 (

dB
)
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Figure 5.28: Power transmitted from resiliently mounted ship diesel engine III – de-
viation of approximate methods from complete calculation without cross coupling
for individual components of motion: complete calculation, interface
mobility method, zero phase assumption, random phase assumption and

zero, first and second order assumption for single equivalent approximation.
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(b) y-component (horizontal - transversal)
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(c) z-component (vertical)
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Figure 5.29: Distribution of power orders for resiliently mounted ship diesel engine III.
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(a) Rigidly mounted source

63 125 250 500 1k
-15

-10

-5

0

5

10

15

f (Hz)

W
 (

dB
)

(b) Resiliently mounted source

63 125 250 500 1k
-15

-10

-5

0

5

10

15

f (Hz)

W
 (

dB
)

Figure 5.30: Power transmitted from ship diesel engine III – deviation of approx-
imate methods from complete calculation without cross coupling, summation of
individual components of motion: complete calculation, interface mo-
bility method, zero phase assumption, random phase assumption and

zero, first and second order assumption for single equivalent approximation.

source becomes negligible. In case of the interface mobility method,
this is confirmed for all three components of motion. Here, an accuracy
in the range of ±5 dB throughout the frequency spectrum is observed.
At most frequencies, the deviations are negligibly small. The distribu-
tion of power orders, see Fig. 5.29, is basically similar to that in the
rigidly mounted case, but it is obvious that the relative contribution of
the individual components to the complete power has changed. With
regard to the single equivalent approximation, an improvement is ob-
served from about 200Hz onwards for the x- and y-component and from
100Hz onwards for the z-component. Here, the deviations are in a range
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of ±5 dB for all phase assumptions considered. Particularly, assuming
random phase yields a satisfying agreement with the matrix calculation.
At frequencies below, an overestimate appears for all components of mo-
tion and all phase assumptions. An overestimate due to random phase
assumption implies that transfer coupling terms, which are omitted by
application of Eq. (2.29), reduce the transmitted power. This is not
unphysical in general, but it surprises at this point as such a tendency
was neither observed in the rigidly mounted case nor in the case stud-
ies of diesel engines I and II. The results were checked by calculating
the power transmitted through point components solely, leading roughly
to the same results. Using Eq. (2.32) instead of Eq. (2.29) could not
remedy the situation. Thus, it can be concluded that knowledge of the
true transfer mobilities can be important at low frequencies, no matter
if they contribute positively or negatively to power transmission. On
the positive side, an overestimation is preferable with respect to noise
prediction compared to an underestimation.

5.3.2.4 Summary

In this section multi-point and multi-component structure-borne sound
power transmission from a ship diesel engine to the engine foundation
was considered by taking three orthogonal translational components of
motion into account, that is vertical motion as well as horizontal motion
in the direction of the engine shaft and perpendicular to it. Rotatory
components of motion were assumed to be negligible. Although diesel
engines are generally installed on vibration isolators, rigid coupling was
considered for comparison. Source and receiver data were collected by
measurements, whereas the dynamic properties of the isolators were
calculated approximately by using finite beam and rod theory.

First, the importance of components of motion was addressed. It
was shown that in the rigidly mounted case the neglect of cross coupling
results in an underestimate of the transmitted power in the range of
about 5 dB at low frequencies if all components of motion are considered
in combination. With increasing frequency, the influence of cross cou-
pling reduces continuously. When considering individual components
of motion separately, larger discrepancies were observed between a
calculation of power with and without cross coupling. Hence, it was
concluded that cross coupling components at least partly compensate
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each other mutually. Consequently, all components of motion should
be considered in combination if cross coupling between translational
components is taken into account. Furthermore, it was shown that hor-
izontal components are eminently important to power transmission and
cannot be omitted a priori. In the resiliently mounted case, components
of motion are efficiently decoupled from each other by using vibration
isolators. Here, cross coupling was demonstrated to be less significant
and can be neglected with reasonable accuracy. Furthermore, it was
shown that due to the isolators’ dynamic characteristics the relative
contribution of individual components of motion is shifted, enforcing
the power transmission to be dominated by the vertical component of
motion at frequencies below the onset of wave effects in the isolator.
This was associated with the fact that the ratio of isolator and receiver
mobility is substantially larger for the horizontal components of motion
than for the vertical component as the isolators display a higher mobility
in horizontal direction. At the onset of wave effects in the isolator, the
ratio of isolator and receiver mobility is approaching a similar level for
all components of motion. Thus, horizontal components can gain in
importance and should be taken into account in the resiliently mounted
case as well. It must be noted that the results derived are specific for
the installation considered and also depend on the characteristics of
the isolators as chosen in this study. However, these can be regarded
as typical, thus results might be applicable to similar installations as well.

In the second part of the study, the applicability of the interface mo-
bility method as well as the approach of single equivalent approximation
was assessed for the rigidly as well as the resiliently mounted case for
each component of motion separately. The applicability of the methods
including cross coupling was not considered. Basically, similar results
were obtained for all three translational components of motion. In the
rigidly mounted case, the single equivalent approximation assuming
a pure zero phase distribution at the contact points was shown to
overestimate the transmitted power particularly in the lower frequency
range. The results could be improved by assuming an average phase
distribution associated with rigid body bouncing and rocking motion
instead of assuming pure zero phase distribution. Assuming random
phase, an underestimate was obtained due to the neglect of transfer
coupling, diminishing with increasing frequency where transfer compo-
nents are less influential. In case of the the interface mobility method,
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results in the range of ±5dB were obtained at most frequencies. In the
resiliently mounted case, results for the interface mobility method were
improved, and errors became negligible at most frequencies. Results
of the single equivalent approximation were improved from 200Hz
onwards. At frequencies below, an overestimate was observed for all
components of motion and phase assumptions, indicating that transfer
coupling reduces the net power flow at low frequencies.

The distribution of power orders in vertical direction was shown to
generally agree with the behavior observed in previous studies concern-
ing ship diesel engines I and II. At low frequencies, the power transmitted
by rigid body bouncing and rocking is dominant, while the dominating
orders are ascending with frequency up to the maximum (positive and
negative) orders. Above, all orders appear rather uniformly distributed,
corresponding to a uniform random distribution of phase. The zero or-
der was observed to be much smaller than other orders with respect to
the horizontal component perpendicular to the engine shaft, indicating
that in-phase motion is suppressed due to the construction of the engine
foundation. With regard to the horizontal component in direction of the
engine shaft, the zero and first orders were seen to govern the transmis-
sion especially at low and mid frequencies. This was associated with a
prevailing in-plane rigid body motion in this direction.

5.4 Conclusion

In this chapter the problems posed by multi-point and multi-component
structure-borne sound sources were addressed by means of two case
studies concerning typical installations on board ships. It was confirmed
that neglecting components of motion a priori can be considered prob-
lematic in general. Furthermore, it was observed that cross coupling,
which in practice is usually neglected, can make an important factor.
Apart from source activity, the relative importance of components of
motion depends on the coupling between source and receiver and, thus,
on their mobilities. If the source is resiliently mounted, the characteris-
tics of the isolator subsystem introduce another variable that alters the
contact condition and influences the relative importance of components
of motion, cross coupling included. In practice, coupling conditions vary
from source to source and from installation to installation. Therefore, a
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generalization is hardly likely to be achieved. However, a categorization
of sources into typical installations might remedy the situation by
setting up rules to characterize each type of source with regard to
important components of motion. To a limited extent, this was already
realized in international standardization [15].

By considering power transmission of a fan unit source rigidly
connected to a rib-stiffened aluminum plate, it was shown that moments
around the in-plane axes of the plate significantly reinforce power trans-
mission through the vertical component of motion by means of cross
coupling. In contrast, the power transmitted by rotatory components
directly is comparatively small. While confirming that the influence
of rotatory components generally increases with increasing frequency,
a significant influence was additionally observed when the coupling
between source and receiver provokes rigid body rocking motion of the
source, which typically occurs at lower frequencies. When the source
is connected to the receiver through vibration isolators, the influence
of rotatory components becomes negligible throughout the frequency
range considered. With regard to the resiliently mounted case, it was
demonstrated that the approach of single equivalent approximation as
well as the interface mobility method can be applied to the vertical
component as well as the rotatory components of motion separately
with a reasonable agreement of ±5 dB. In the rigidly mounted case,
large deviations were observed when applying the proposed methods
to the rotatory components of motion. This was associated with a
variation of rotatory source mobilities when moving along the contact
points. Seeking for a single equivalent approximation including cross
coupling between vertical and rotatory components, reliable estimates
of moment-to-force ratios are required. While knowledge of exact
moment-to-force ratio magnitude was found to be of subordinate
significance, knowledge of the phase is key. Hence, it can be concluded
that a single equivalent approximation is prevented if cross coupling
is important. An exception might be the case of ideal force sources,
which thoroughly can be characterized by means of blocked forces (and
blocked moments).

In the second study, power transmission from a ship diesel engine
to the engine foundation was considered by taking three orthogonal
translational components of motion into account, that is vertical motion
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as well as horizontal motion in the direction of the engine shaft and
perpendicular to it. An impact of cross coupling on power transmission
was found at low frequencies, vanishing as the frequency increases. As
in the first case study, the influence of cross coupling is significantly
reduced by introducing vibration isolators. In the rigidly as well as the
resiliently mounted case, the proposed approximate methods of single
equivalent approximation as well as the interface mobility method ap-
pear to be generally applicable to each component of motion separately
on the premise that the deviations observed are considered acceptable.
In total, the interface mobility method yields more reliable results
for all components of motion in the range of ±5 dB, whereas higher
deviations are observed regarding the single equivalent approximation
at some frequencies. In both the rigidly and the resiliently mounted
case, all three translational components of motion can contribute to
power transmission and should be considered with regard to prediction.

The contribution of components of motion, which also involves the
role of cross coupling, as well as the applicability of the proposed approx-
imate methods varies from installation to installation. Additionally, the
results presented depend on the characteristics of the isolators as cho-
sen in the studies. Thus, a generalization of the results must be treated
with caution. However, both sources and receivers display characteristics
that are typical for the installations considered. Furthermore, the cho-
sen isolator characteristics can be regarded as typical as they principally
represent the stiffness data at low frequencies provided by manufacturer
in terms of static stiffness. In vertical direction, an isolator’s minimum
stiffness is limited by the static load it has to bear. In horizontal direc-
tion, static loading is a less critical factor. Therefore, a smaller stiffness
can be realized in horizontal direction. With regard to rotatory isolator
stiffness, similar considerations apply. Thus, isolators can generally be
designed and applied as a filter, concentrating power transmission on a
certain component of motion by significantly reducing the contribution
of other components. Besides, it must be noted that the conclusions
drawn are valid for the frequency ranges considered in the studies. How-
ever, the frequencies where noise due to structure-borne sound sources
is of concern typically lie within these bounds.

181





6 | Concluding remarks

6.1 Conclusion

In this thesis the description of structure-borne sound sources and
the transmission process was studied for installations typically found
on board ships. As such installations are characterized by sources
and receivers that exhibit mobilities of similar magnitude in general,
methods for the prediction of the transmitted structure-borne sound
power must take both independent source and receiver quantities into
account in some form. A detailed description of the transmission process
accounting for all components of motion and coupling terms is not a
practical approach. Hence, simplifications are both sought and needed
by manufacturers and noise control engineers.

The single equivalent approximation provides a radically simplified
method to describe the transmission process in terms of single-valued
source and receiver data, derived by averaging the effective mobilities
of source and receiver over the contact points. However, the simplicity
is at the expense of accuracy and physical insight due to averaging as
well as due to required force ratio assumptions at the contact points.
The interface mobility method offers a more sophisticated approach
where source and receiver data are represented by their spatial Fourier
transforms. It reveals information about the structural interplay of
source and receiver at the interface such as rigid body bouncing and
rocking. Hence, it leads to a deeper understanding of the mechanisms
of power transmission. The method relies upon the negligence of
cross-order interface mobilities, which result from the two-dimensional
Fourier transform of source and receiver mobility matrices and which
account for a spatial variation of ordinary mobilities along the contact
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points. Thus, both methods can lead to similar errors due to struc-
tural variations. In this thesis the applicability of both methods for
installations that are typically found on board ships was examined.
Three key points were addressed: First, the methods were expanded
and evaluated for multi-point resiliently mounted sources. Secondly,
both methods were evaluated with regard to power transmission at
continuous line-shaped contact interfaces. Thirdly, their applicability
with respect to multi-component rigidly and resiliently mounted sources
was analyzed.

It was found that the single equivalent approximation as well as the
interface mobility method can be applied to rigidly as well as resiliently
mounted sources and different components of motion, provided that
cross coupling between components of motion can be neglected. This
condition is likely to be fulfilled in the resiliently mounted case as
vibration isolators were found to decouple different components of
motions effectively. In the rigidly mounted case, cross coupling can
contribute to power transmission, thereby preventing an applicability
of the proposed methods. Cross coupling was shown to be of particular
importance for combined vertical excitation perpendicular to the
receiver and rotatory excitation around its in-plane axes. While direct
power transmission by moments and rotatory velocities is of subordinate
significance, the influence of moments on power transmission by the
vertical component is prevalent at high frequencies and frequencies
where the source is acting in rocking motion. Knowledge of the phase
relation between forces and moments was identified to be crucial. Hence,
a single equivalent approximation of power transmitted by the vertical
component but including the influence of cross and cross-transfer
coupling by rotatory components could not successfully be established.
Application of the interface mobility method to data sets comprising
different components of motion is not feasible as components of motion
are generally dimensionally incompatible. In contrast to cross coupling
between vertical and rotatory components, it was shown that cross
coupling between translational components of motion in total is of
minor importance and decreases with increasing frequency, comparable
to transfer coupling between contact points. In order to retain a
reasonable accuracy with regard to the approximate methods, source
and receiver structures must not exhibit strong structural variations
at the contact points. In case of resiliently mounted sources, the
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same applies to the isolator transfer functions. An excessive structural
variation limiting the applicability of the proposed methods with respect
to source and receiver mobilities was only observed for the rotatory
mobilities of a fan unit source. However, as it was found that direct
power transmission by moments and rotatory velocities is negligible,
this can be argued to be of subordinate significance. Strongly varying
isolator stiffnesses were encountered in one of three considered cases
of ship diesel engines. However, the problem of varying isolators could
be approached by assuming a set of identical isolators with maximum
occurring stiffness instead, i.e. assuming a worst case scenario. It should
be noted that the uncertainties arising due to varying isolator properties
at high frequencies are in a certain sense future related as detailed
information of the isolator dynamic transfer stiffness beyond single static
stiffness values is usually not provided by manufacturers at this moment.

In order to describe the transmission process of resiliently mounted
sources, two sets of equations to calculate the transmitted power
were presented that are either based on complete (point and transfer)
mobility matrices of the isolator subsystem or on the transfer stiffness of
the isolators solely. Both were demonstrated to be generally equivalent,
but for practical application the latter is of primary interest as it
incorporates the receiver mobility and the free velocity of the source
solely, whereas the former additionally requires knowledge of the source
mobility in general. Furthermore, an alternative description based on
the (blocked) force at the receiver and the receiver mobility was given.
This might be of practical interest as the required input variables could
be measured in situ or, in terms of a single equivalent description, by
using a reception plate method. By discretizing sources and receivers
with continuous line-shaped interfaces, the approximate methods were
demonstrated to be applicable without reformulation, relying on similar
limitations with regard to structural variation of the subsystems.

In total, an accuracy in the range of about ±5 dB can be expected
for the single equivalent approximation. The interface mobility method
yields a higher accuracy on average, but similar errors were observed at
single frequencies. In the low frequency range where rigid body motion
of the source can be assumed, the single equivalent approximation can
introduce additional errors due to uncertainties regarding the phase
ratio assumptions that are required to estimate the effective and,
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thus, the single equivalent mobilities of source and receiver. It was
shown that this error can be reduced by assuming an average phase
distribution corresponding to rigid body bouncing and rocking motion
and the first elastic mode at the interface instead of assuming a pure
zero phase distribution (rigid body bouncing) solely. A random phase
assumption tends to yield an underestimate at low frequencies due to
the neglect of transfer coupling, reducing continuously with increasing
frequency. For in-plane components that are governed by longitudinal
wave propagation, the underestimate can be larger than for bending
motion. Thus, assuming rigid body bouncing and rocking motion and
the first elastic mode is indicated in such cases.

Although a variety of limiting factors were detected throughout this
thesis, it can be concluded that for most practical installations both
methods can be applied with reasonable accuracy, especially with re-
gard to resiliently mounted sources where cross coupling and rotatory
components can be neglected. Thus, the core findings of this thesis can
be seen as a technical support for practitioners concerned with source
characterization and noise control. Furthermore, results about the role
of cross coupling can be regarded as scientifically relevant as case studies
based on complete measured independent source and receiver data so far
are missing.

6.2 Future topics

The main focus of the work presented was on a theoretical expansion of
the interface mobility method as well as the single equivalent approxi-
mation and an investigation of the amount of error associated with the
underlying simplifications. Furthermore, it was shown that the interface
mobility method provides physical insight which was demonstrated to
be useful for optimizing the phase ratio estimates required to derive
single equivalent values of the subsystems.

Further research should incorporate the benefit from separable
individual coupling function and power orders of rigidly and resiliently
mounted sources with respect to an efficient reduction of the transmit-
ted structure-borne sound power. Similarly, the power at continuous
interfaces could be reduced by introducing an interface order mismatch

186



6.2. Future topics

between source and receiver. In addition, applicability of the proposed
methods to sources and receivers continuously connected through
an extensive contact area should be investigated. Besides a rigid
connection of source and receiver, a continuous resilient coupling should
be addressed as well.

Although the interface mobility method cannot be applied directly to
independent source and receiver data comprising different components
of motion including cross coupling, it would be interesting to investigate
the influence of cross coupling on Fourier transformed force and velocity
distributions – and, thus, on the transmitted power orders – of different
components of motion at the interface.

With respect to the single equivalent approximation, the focus should
be on estimating single equivalent values of the subsystems in a conve-
nient manner in order to support and facilitate its practical applicability.
This especially applies to installations with a large number of con-
tact points such as ship diesel engines or continuously connected sources.

Considering the results for combined force and moment excitation
on plates, it needs to be investigated how the influence of cross cou-
pling could be included in a single equivalent description. An ideal force
source, for instance, is thoroughly characterized by means of blocked
forces (and blocked moments). Thus, it should be possible to incor-
porate the influence of cross coupling by rotatory components in the
description of vertical blocked forces, thereby retaining an independent
characterization of the source. In this regard, clarification is also needed
whether and to what extent moment excitation is accounted for if single
equivalent input data is experimentally collected by means of reception
plate methods.
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A | Calculation of isolator
transfer functions

The dynamic properties of an isolator can be described by means of
its impedance or stiffness matrix if blocked boundary conditions are as-
sumed. Alternatively, assuming free boundary conditions, the mobility
approach can be used. Due to the different boundary conditions, the
mobility matrix can be derived from the stiffness matrix by inversion,
or vice versa (cf. Section 2.1). The dynamic stiffness is derived as the
time derivative of the impedance. In the frequency domain, the different
matrix concepts are related to each other as

KI = jωZI = jωY−1
I . (A.1)

The use of the mobility concept has advantages when studying dis-
tributed parameter systems, while using the stiffness concept in practice
is more appealing as it is the standardized concept with regard to mea-
sured isolator properties [25]. However, from a theoretical point of view
both concepts are equivalent, as Eq. (A.1) implies. In compact form,
the system of equations describing the dynamic properties of an isolator
using the mobility concept can be written as

vI,S

vI,R


=


YI,SS YI,SR

YI,RS YI,RR

 
fI,S
fI,R


, (A.2)

where vI,S and vI,R are the velocity vectors at the source and receiver
end of the isolator, respectively. The force vectors at the respective po-
sitions are denoted as fI,S and fI,R. YI,SS and YI,RR are submatrices
containing the point mobilities of the isolator. YI,SR and YI,RS are
submatrices containing the transfer mobilities. Using the stiffness con-
cept instead of mobilities, a description of the isolator in compact form
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is given by 
fI,S
fI,R


=


KI,SS KI,SR

KI,RS KI,RR

 
uI,S

uI,R


, (A.3)

where uI,S and uI,R are the displacement vectors at the source and
receiver end, respectively. The submatrices KI,SS and KI,RR are con-
taining the point stiffnesses, and KI,SR and KI,RS are containing the
transfer stiffnesses. In Eqs. (A.2) and (A.3) YI,SR equals the transpose
of YI,RS and KI,SR equals the transpose of KI,RS for reasons of reci-
procity. YI,SS equals YI,RR and KI,SS equals KI,RR if the isolator
is symmetric with respect to its horizontal axes. In dependence of the
number of components of motion to be considered, K ≤ 6, the size of the
submatrices ranges from 1× 1 to 6× 6. For six components of motion, a
detailed description of Eqs. (A.2) and (A.3) is given by Eqs. (A.4) and
(A.5), respectively, assuming a typical isolator geometry that displays
a certain typical degree of symmetry, cf. ISO 10846-1 [25]. The nota-
tion of field variables at the source and receiver ends including all six
components of motion is illustrated in Fig. A.1.
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Figure A.1: Field variables for a single isolator.
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In Eqs. (A.4) and (A.5) it can be seen that not all components of
motion interact with each other. The vertical translational component
and the torsional component are decoupled from all other components
of motion. In contrast, the translational component in x is coupled
with the rotatory component around y. Vice versa, the translational
component in y is coupled with the rotatory component around x [77].
All elements in Eqs. (A.4) and (A.5) can be calculated approximately
by using finite rod (longitudinal motion), shaft (torsional motion) and
beam theory (flexural motion). Models for calculation are given in [51],
for instance, or, in terms of dynamic compliance, in [78]. In this thesis,
only longitudinal and flexural components of motion are considered. A
set of equations is given in the following.

In order to describe the vertical translational motion, finite long-rod
theory can be applied [51]. The isolator is considered to be symmetric
with respect to its x − y -plane, that is YI,SS = YI,RR. For reasons of
reciprocity, the transfer mobilities are identical, that is YI,SR = YI,RS .
Thus, the isolator mobilities in vertical direction are calculated as [51]

Y vzFz

I,SS = Y vzFz

I,RR = −j
cot(kll)

A
√
Eρ

, (A.6)

Y vzFz

I,SR = Y vzFz

I,RS =
−j

A
√
Eρ sin(kll)

. (A.7)

Here, kl = ω/cl is the longitudinal wave number with longitudinal wave
speed cl =


E/ρ. E and ρ are the material’s Young’s modulus and

density, respectively. Geometric isolator properties are given through
cross-sectional area A and length l in vertical direction. Using stiffnesses
instead of mobilities, the respective elements in vertical direction are
given by [51]

kFzuz

I,SS = kFzuz

I,RR = ωA

Eρ cot(kll), (A.8)

kFzuz

I,SR = kFzuz

I,RS = −ω
A
√
Eρ

sin(kll)
. (A.9)

The flexural components of motion of the isolator can be approximated
by using a finite thin-beam model [51]. Here, coupling between the
translational bending motion component in x and the rotatory compo-
nent around y needs to be accounted for. The translational component
of motion in y and the rotatory component around x must be treated

193



Appendix A. Calculation of isolator transfer functions

accordingly. Assuming additionally that the isolator is symmetric with
regard to its x − z - and y − z -plane, e.g. having quadratic or circular
cross-section, the behavior is equal for both directions, and the flexural
mobility elements are given by [51]

Y vxFx

I,SS = Y vxFx

I,RR = Y
vyFy

I,SS = Y
vyFy

I,RR = − j ω

EIkbN
Q11, (A.10)

Y vxFx

I,SR = Y vxFx

I,RS = Y
vyFy

I,SR = Y
vyFy

I,RS =
j ω

EIkbN
Q12, (A.11)

Y
wyMy

I,SS = Y
wyMy

I,RR = Y wxMx

I,SS = Y wxMx

I,RR =
j ω

EIkbN
K11, (A.12)

Y
wyMy

I,SR = Y
wyMy

I,RS = Y wxMx

I,SR = Y wxMx

I,RS =
j ω

EIkbN
K12, (A.13)

Y
vxMy

I,SS = Y
wyFx

I,SS = Y
vyMx

I,SS = Y
wxFy

I,SS = − j ω

EIkbN
P, (A.14)

Y
vxMy

I,RR = Y
wyFx

I,RR = Y
vyMx

I,RR = Y
wxFy

I,RR =
j ω

EIkbN
P, (A.15)

Y
vxMy

I,SR = Y
wyFx

I,RS = Y
vyMx

I,SR = Y
wyFx

I,RS =
j ω

EIkbN
V, (A.16)

Y
wyFx

I,SR = Y
vxMy

I,RS = Y
wxFy

I,SR = Y
vyMx

I,RS = − j ω

EIkbN
V, (A.17)

with
K11 = cos(kb l) sinh(kb l) + sin(kb l) cosh(kb l),

K12 = sin(kb l) + sinh(kb l),

P = sin(kb l) sinh(kb l) / kb,

V = (cos(kb l)− cosh(kb l)) / kb,

Q11 = (cos(kb l) sinh(kb l)− sin(kb l) cosh(kb l)) / k
2
b ,

Q12 = (sin(kb l)− sinh(kb l)) / k
2
b ,

N = cos(kb l) cosh(kb l)− 1.
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The flexural elements of the respective stiffness matrix are given by [51]

kFxux

I,SS = kFxux

I,RR = k
Fyuy

I,SS = k
Fyuy

I,RR = −EIk3b
N

K11, (A.18)

kFxux

I,SR = kFxux

I,RS = k
Fyuy

I,SR = k
Fyuy

I,RS =
EIk3b
N

K12, (A.19)

k
Myγy

I,SS = k
Myγy

I,RR = kMxγx

I,SS = kMxγx

I,RR =
EIk3b
N

Q11, (A.20)

k
Myγy

I,SR = k
Myγy

I,RS = kMxγx

I,SR = kMxγx

I,RS =
EIk3b
N

Q12, (A.21)

k
Fxγy

I,SS = k
Myux

I,SS = k
Fyγx

I,SS = k
Mxuy

I,SS = −EIk3b
N

P, (A.22)

k
Fxγy

I,RR = k
Myux

I,RR = k
Fyγx

I,RR = k
Mxuy

I,RR =
EIk3b
N

P, (A.23)

k
Fxγy

I,SR = k
Myux

I,RS = k
Fyγx

I,SR = k
Mxuy

I,RS =
EIk3b
N

V, (A.24)

k
Myux

I,SR = k
Fxγy

I,RS = k
Mxuy

I,SR = k
Fyγx

I,RS = −EIk3b
N

V. (A.25)

The so-gained isolator mobilities and stiffnesses show spectral char-
acteristics such as mass-like, stiffness-like and resonance-controlled fre-
quency regions due to wave effects [51]. Hence, they represent the typical
behavior of real elastic mounts. As mentioned at the beginning of this
section, the concepts of mobility and stiffness are generally equivalent.
However, due to the different boundary conditions, their use must be
treated with caution [79]. As the mobility matrix is subject to free
boundary conditions, degrees of freedom can be reduced by simply can-
celing rows and columns. In contrast, this procedure is not applicable
to stiffness matrices. Here, removing a degree of freedom from the sys-
tem of equations is equivalent to removing a constraint that has been
imposed to the system before. Consequently, all components that are
dynamically coupled to the removed component need to be recalculated.
Alternatively, a reduced stiffness matrix can be derived from the reduced
mobility matrix by inversion. The problem was extensively discussed
in [77]. For isolator matrices as defined in Eqs. (A.4) and (A.5), this
concerns only the flexural components of motion as other components
are uncoupled.
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B | Matrix formulation

B.1 Matrix formulation: spatial domain

B.1.1 Rigidly coupled source and receiver
In multi-point and/or multi-component installations, where up to three
translational and three rotatory components of motion can be involved,
the complex power is obtained by the product of the velocity and force
vectors vR and fR at the receiver interface, as in [4], for instance,

Q =
1

2
vT
R f∗R. (B.1)

Receiver properties are given by the mobility matrix YR, which relates
forces fR and velocities vR at the receiver such that

vR = YR fR. (B.2)

The source velocities vS at the source-receiver interface arise due to the
free velocities vSF and the forces fS acting on the contact points

vS = vSF +YS fS . (B.3)

As stated in Section 2.3.1, in dependence of the number of contact points
N as well as the number of components of motion involved K ≤ 6, the
length of vectors is KN , and the size of matrices is KN ×KN . If only
a single component is considered, vectors are of length N , and matrices
are of size N ×N . Substituting Eq. (B.2) in Eq. (B.1) yields

Q =
1

2
fTR YT

R f∗R. (B.4)
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Source

vS,1

FS,1

vR,1

FR,1

Receiver

vS,N

FS,N

vR,N

FR,N

Figure B.1: Field variables for a multi-point source-receiver assembly.

An illustration of the notation of field variables for a multi-point source-
receiver assembly is given in Fig. B.1. Conditions of equilibrium, fS =
−fR, and the principle of continuity, vS = vR, constitute the boundary
conditions at the contact points. The contact forces are obtained from
Eqs. (B.2) and (B.3) as

fR = (YS +YR)
−1vSF . (B.5)

Substituting Eq. (B.5) in Eq. (B.4) yields the complex power of a rigidly
coupled multi-point and/or multi-component source-receiver installation
as

Q =
1

2
vT
SF (YS +YR)

−TYT
R(Y

∗
S +Y∗

R)
−1v∗

SF . (B.6)

B.1.2 Resiliently coupled source and receiver

B.1.2.1 Resiliently coupled source and receiver: general case

As in the rigidly coupled case, the complex power is obtained by the
product of the velocity and force vectors at the receiver interface, see
Eq. (B.1). For the receiver and source subsystems again Eqs. (B.2)
and (B.3) apply, but the system of equations needs to be extended in
order to take the isolator subsystem into account. An illustration of
the notation of field variables for a multi-point source-isolator-receiver
assembly is given in Fig. B.2.

The velocities at the source end of the isolators vI,S are composed of
forces at the source end fI,S as well as forces at the receiver end of the
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B.1. Matrix formulation: spatial domain

Source

vS,1

FS,1

Isolator 1

vI,S,1

FI,S,1

vI,R,1

FI,R,1

vR,1

FR,1

Receiver

vS,N

FS,N

vI,S,N

FI,S,N

vI,R,N

FI,R,N

vR,N

FR,N

Isolator N

Figure B.2: Field variables for a multi-point source-isolator-receiver assembly.

isolators fI,R. The same applies to the velocities at the receiver end of
the isolators vI,R. It is

vI,S = YI,SS fI,S +YI,SR fI,R, (B.7)

vI,R = YI,RS fI,S +YI,RR fI,R. (B.8)

In case that only a single component of motion is considered, YI,SS and
YI,RR are diagonal matrices containing the driving point mobilities of
the N isolators at the source and receiver side, respectively. YI,SR and
YI,RS are diagonal matrices containing the transfer mobilities of the
N isolators between source and receiver side. In the general case, the
matrices YI can comprise all components of motion to be considered
and are assembled according to the structure of YS and YR. For the
common case that isolators are placed discretely at each of the N con-
tact points, the matrices YI do not contain transfer terms as there is no
coupling between the N isolators to be taken into account. Conditions
of equilibrium, fS = −fI,S and fR = −fI,R, and the principle of con-
tinuity, vS = vI,S and vR = vI,R, constitute the boundary conditions
in the connected state, and the forces at the receiver are derived from
Eqs. (B.2), (B.3), (B.7) and (B.8) as

fR = (YI,RS(YI,SS +YS)Y
−1
I,RS(YI,RR +YR)−YI,RSYI,SR)

−1

YI,RSvSF . (B.9)

Substituting Eq. (B.9) in Eq. (B.4) yields the complex power of a re-
siliently coupled multi-point and/or multi-component source-isolator-
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receiver installation as

Q =
1

2
vT
SFY

T
I,RS A−TYT

R A−1∗Y∗
I,RSv

∗
SF (B.10)

with

A = YI,RS(YI,SS +YS)Y
−1
I,RS(YI,RR +YR)−YI,RSYI,SR.

B.1.2.2 Resiliently coupled source and receiver: simplifications

In appendix B.1.2.1 mobilities were used to describe the dynamic
properties of isolators. In theoretical studies, e.g. studies regarding
the accuracy of the proposed methods as presented in Section 3.5.1,
this approach is fine as mobilities that represent the typical dynamic
behavior of isolators can be calculated approximately by using finite rod
and beam theory [51]. The measurement of dynamic isolator properties,
however, is confined to the measurement of point and transfer stiffness
or impedance as a static preload has to be applied to the isolators [25].
By means of matrix inversion, the isolator mobility matrix can be
derived from the impedance matrix. As with any inverse problem,
this might be not without difficulties. Secondly and from a practical
point of view even more important, the complete stiffness matrix
including point and transfer stiffnesses must be available in order to
derive the respective mobility matrix owing to the different (blocked
and free) boundary conditions of mechanical stiffness or impedance
and mobility [79], [51]. This aspect was also discussed in [77]. Having
the dynamic transfer stiffness over a wide frequency range available
can at this time be considered as a best case scenario. In most cases,
manufacturers provide an isolator’s stiffness in terms of a static single
value solely, which approximates the dynamic transfer stiffness in the
low frequency range up to the onset of wave effects due to the finite
isolator dimensions [51]. While recognizing that this is a serious lack
for the prediction of the transmitted power from independent source,
receiver and isolator quantities, Eq. (B.10) can be simplified such that
the dynamic transfer stiffness matrix of the isolator subsystem KI,RS

is the only quantity required with regard to isolator transfer functions.
It is instructive to start with the simplification of the single-point and
single-component case, and to generalize the results for multi-point and
multi-component cases accordingly.
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In the single-point and single-component case, the system of equa-
tions describing the dynamic properties of an isolator in terms of stiff-
nesses can be written in explicit form (cf. Eq. (A.3)) as

FI,S = kI,SS uI,S + kI,SR uI,R, (B.11)

FI,R = kI,RS uI,S + kI,RR uI,R. (B.12)

Here, kI,SS and kI,RR are the dynamic point stiffnesses, and kI,SR and
kI,RS are the dynamic transfer stiffnesses of the isolator. Point stiffnesses
relate the force response at one end of the isolator to the deflection
applied at the same end while the other end is blocked, e.g. kI,SS =
FI,S/uI,S with uI,R = 0. Transfer stiffnesses relate the force response
at the dynamically blocked end of the isolator to an applied deflection
at the other end, e.g. YI,RS = FI,R/uI,S with uI,R = 0. The dynamic
receiver properties can be written in terms of stiffness as

FR = kR uR. (B.13)

Applying the boundary condition of equilibrium, FR = −FI,R, and the
principle of continuity, uR = uI,R, the force at the receiver follows from
Eqs. (B.12) and (B.13) as

FR = − kI,RS uI,S

1 + kI,RR/kR
. (B.14)

It can be assumed that the stiffness of the receiver is much larger than
the stiffness of the isolator, that is kR >> kI,RR. Thus, Eq. (B.14) can
be simplified to yield

FR ≈ −kI,RS uI,S . (B.15)

Assuming further that the input mobility of the isolator is much larger
than the mobility of the source, that is YI,SS >> YS , it follows that
the velocity at the contact between source and isolator is approximately
equal to the free velocity

vI,S = vS ≈ vSF . (B.16)

Making use of the relation u = v/(jω) and substituting Eq. (B.16) in
Eq. (B.15), the force at the receiver is obtained as

FR ≈ −kI,RS
vSF

jω
. (B.17)
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Substituting Eq. (B.17) as well as the single-point receiver mobility, vR =
YRFR, in Eq. (2.8) yields the complex power for a single-point and single-
component resiliently mounted source in terms of the free velocity of the
source, the transfer stiffness of the isolator and the point mobility of the
receiver as

Q ≈ 1

2

1

ω2
|vSF |2 |kI,RS |2 YR. (B.18)

In order to derive an analogous simplification for the multi-point
and/or multi-component case, Eqs. (B.11) and (B.12) can be rewritten
in vector notation as

fI,S = KI,SS uI,S +KI,SR uI,R, (B.19)

fI,R = KI,RS uI,S +KI,RR uI,R, (B.20)

where KI,SS and KI,RR are matrices containing the point stiffnesses
of the N isolators at the source and receiver side, respectively. KI,SR

and KI,RS are matrices containing the transfer stiffnesses. The receiver
properties are given by the stiffness matrix KR, which relates deflections
uR and forces fR at the receiver such that

fR = KR uR. (B.21)

Using again the boundary condition of equilibrium, fR = −fI,R, and the
principle of continuity, uR = uI,R, and solving Eqs. (B.20) and (B.21)
for the force vector at the receiver yields

fR = −(I+KI,RRK
−1
R )−1 KI,RS uI,S . (B.22)

The expression in brackets in Eq. (B.22) cannot be shortened in a analogy
to the denominator in Eq. (B.14) as such an operation is not defined with
regard to matrices. However, assuming that all matrix entries in KI,RR

are smaller than those in KR, the first part of the right hand side in
Eq. (B.22) can be inferred to cancel. Accordingly, Eq. (B.22) simplifies
to

fR ≈ −KI,RS uI,S . (B.23)

The multi-point and/or multi-component counterpart of Eq. (B.16) is
given by

vI,S = vS ≈ vSF . (B.24)
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B.1. Matrix formulation: spatial domain

Making use of the relation u = v/(jω) and substituting Eq. (B.24) in
Eq. (B.23), the forces at the receiver are obtained as

fR ≈ − 1

jω
KI,RS vSF . (B.25)

Substituting Eqs. (B.25) and (B.2) in Eq. (B.1), the complex power for
the multi-point and/or multi-component resiliently mounted source in
terms of the free velocities of the source, the transfer stiffness matrix of
the isolator subsystem and the mobility matrix of the receiver can be
written as

Q ≈ 1

2

1

ω2
vT
SF KT

I,RS YT
R K∗

I,RS v∗
SF . (B.26)

The major advantage of using Eq. (B.26) instead of Eq. (B.10) is the
reduced input data needed. Neither the source mobility nor driving
point and transfer mobilities of the isolators are required to calculate the
transmitted power. Instead of (free) transfer mobilities, the (blocked)
dynamic transfer stiffnesses – the standardized quantity to describe
isolators – can be used. Furthermore, no matrix inversions are needed
to calculate the transmitted power.

The same simplifying assumptions were made in [66, 67, 80], where
structure-borne sound power transmission from resiliently mounted ma-
chines to concrete floors was studied. Furthermore, the approach is indi-
cated in international standardization [14, 15, 25]. Without elaborating
further on details of the simplifying assumptions, an example is given
where the transmitted power calculated with Eqs. (B.10) and (B.26) is
compared. The example considers the power transmission from ship
diesel engine I to the engine room foundation (for details, see Sec-
tion 3.5.2.1). Isolator mobilities and transfer stiffnesses were calculated
approximately using long-rod theory, see Eqs. (A.6), (A.7) and (A.9), re-
spectively. All other input data was collected by measurement. As shown
in Fig. B.3, there is generally a good agreement between complete cal-
culation using the mobility approach and the calculation using transfer
stiffnesses solely. In the lower frequency range where the isolators show
constant stiffness, the agreement is within ±1dB. From the onset of
wave effects in the isolators (first resonances appear at about 150Hz),
the transfer stiffness approach yields an overestimate with a maximum
of 1.5 dB at 800Hz. In this thesis both approaches are used as reference
in order to test and verify the proposed approximate methods.
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(a) Mobility approach vs. transfer stiffness approach, narrow band spectra
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(b) Mobility approach vs. transfer stiffness approach, 1/3 octave band spectra
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(c) Deviation of transfer stiffness approach from mobility approach
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Figure B.3: Power transmitted from ship diesel engine I to the engine room foun-
dation (through varying isolators): mobility approach, transfer stiffness
approach.
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B.2. Matrix formulation: interface order domain

B.2 Matrix formulation: interface order
domain

The particular strength of the interface mobility method comes into play
if cross-order interface mobilities can be neglected. This supposes that
the structural behavior at the interface is predominantly governed by
equal-order terms. Consequently, the transmission process can be ap-
proximated by an equal-order description, associated with the retention
of a formal single-point case to describe multi-point installations (see
Sections 2.9 and 3.4). Despite a reduction of data sets is desirable, it
shall be noted that it is possible to derive an expression for the trans-
mitted power of multi-point installations in the interface order domain
including equal- and cross-order terms. The derivation requires a matrix
formulation analogous to the formulations in the spatial domain, as will
be shown in the following.

B.2.1 Rigidly coupled source and receiver
In the interface order domain, the complex power at the interface is given
by the product of force and velocity orders. Eq. (3.16) can be rewritten
in vector notation as

Q =
N

2
v̂T
R f̂∗R. (B.27)

Eq. (3.17) in vector notation reads

Q =
N2

2
f̂TR ŶT

R f̂∗R. (B.28)

Subsystems of source and receiver are described by the Fourier trans-
formed counterparts of Eqs. (B.3) and (B.2) or, equivalently, by matrix
versions of Eqs. (3.18) and (3.19) as

v̂S = v̂SF +N ŶS f̂S (B.29)

and
v̂R = N ŶR f̂R. (B.30)

The size of vectors and matrices hereby corresponds to their size in
the spatial domain. Restricting the considerations in this section to a
single component of motion, vectors are of length N and matrices of
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Appendix B. Matrix formulation

size N × N . Conditions of equilibrium, f̂S = −f̂R, and the principle of
continuity, v̂S = v̂R, constitute the boundary conditions, and the force
orders at the interface are obtained from Eqs. (B.29) and (B.30) as

f̂R =
1

N
(ŶS + ŶR)

−1v̂SF . (B.31)

Substituting Eq. (B.31) in Eq. (B.28) yields the complex power of a
rigidly coupled multi-point source-receiver installation in the interface
order domain taking equal- and cross-order interface mobilities into ac-
count as

Q =
1

2
v̂T
SF (ŶS + ŶR)

−T ŶT
R(Ŷ

∗
S + Ŷ∗

R)
−1v̂∗

SF . (B.32)

B.2.2 Resiliently coupled source and receiver

In order to describe resiliently mounted sources, the system of equations
is extended by matrix versions of Eqs. (3.20) and (3.21), that is

v̂I,S = N ŶI,SS f̂I,S +N ŶI,SR f̂I,R, (B.33)

v̂I,R = N ŶI,RS f̂I,S +N ŶI,RR f̂I,R. (B.34)

With boundary conditions of continuity, v̂p,S = v̂p,I,S and v̂p,R = v̂p,I,R,
and equilibrium, f̂q,S = −f̂q,I,S and f̂q,R = −f̂q,I,R, the force orders at
the interface follow from Eqs. (B.29), (B.30), (B.33) and (B.34) as

f̂R =
1

N
(ŶI,RS(ŶI,SS + ŶS)Ŷ

−1
I,RS(ŶI,RR + ŶR)− ŶI,RSŶI,SR)

−1

ŶI,RSv̂SF . (B.35)

Substituting Eq. (B.35) in Eq. (B.28) yields the complex power of a
resiliently coupled multi-point source-isolator-receiver installation in the
interface order domain taking equal- and cross-order interface mobilities
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B.2. Matrix formulation: interface order domain

into account as

Q =
1

2
v̂T
SF Ŷ

T
I,RS Â−T ŶT

R Â−1∗Ŷ∗
I,RSv̂

∗
SF (B.36)

with

Â = ŶI,RS(ŶI,SS + ŶS)Ŷ
−1
I,RS(ŶI,RR + ŶR)− ŶI,RSŶI,SR.

In Fig. B.4 the power transmitted from ship diesel engine I to the
engine room foundation is depicted for the case of a rigid as well as a
resilient mounting via vibration isolators (for details see Section 3.5.2.1).
In both cases, the transmitted power was calculated by means of matrix
formulations using spatial as well as Fourier transformed input data
sets. It is obvious that both formulations yield exactly the same results.
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Figure B.4: Power transmitted from ship diesel engine I to the engine room foun-
dation, rigid and resilient mounting – comparison of matrix formulations in the
spatial domain and in the interface order domain: spatial domain, in-
terface order domain.
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C | Error estimation for
varying isolator properties

Theoretically, an infinite number of different isolator configurations can
occur. Different isolators may be chosen due to uneven load distribution
at the contact points of the source, for instance. In order to investigate
the error introduced by the proposed methods for a large range of
isolator configurations, a numerical study was performed based on the
symmetric source from section 3.5.1. Isolator parameters Young’s mod-
ulus E, length l, density ρ and cross-sectional area A (see Appendix A)
were subjected to vary separately in the range of xmin/xmax = [0.1, 1]
with an increment of 0.1 along the contact points. A constant loss
factor of η = 0.2 was assumed. All parameters were varied such that the
lowest isolator resonance frequency was kept constant throughout all
simulation steps. Young’s modulus, for example, was varied in the range
of Emax = [1, 10] · 2× 106 N/m2 while Emin = 2× 106 N/m2 was kept
constant. In each simulation step, at least one isolator was kept constant
while one, two (adjoining or opposing) or three isolators were subjected
to the same variation. In order to yield a representative estimation
irrespective of internal excitation, the simulation was repeated for 500
excitation samples for each of the four possible isolator arrangements
and ratio xmin/xmax. In each sample, four forces with random phase
were applied on the horizontal symmetry axes of the rigid mass with
a distance of 0.1m from its center. Hereby, a random superposition
of internal bouncing and rotatory motion was assigned to the rigid
mass of the source. The same set of excitation forces was used for
each parameter variation xmin/xmax and isolator arrangement. Hence,
results for each parameter variation are conducted from 20 000 samples.
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Appendix C. Error estimation for varying isolator properties

For each sample, the narrow band spectra were calculated according
to the matrix approach, Eq. (3.3), to yield reference data. The
equal-order approximation was obtained by application of Eq. (3.24)
and summing up all orders. The single equivalent approximation of the
transmitted power was derived by means of Eq. (3.10). Both a zero
and a random phase distribution were assumed, see Eqs. (2.25), (2.26)
and (2.29). Based on narrow band spectra, one-third octave band
spectra on a dB scale were calculated from which the deviations ∆W
between complete transmitted power and equal-order as well as single
equivalent approximation were derived. For each ratio in the range
xmin/xmax = [0.1, 1] the mode was calculated, which represents the
value (deviation) that occurred most often throughout all samples.
Additionally, the minimum and maximum deviations as well as the 10th

and 90th percentiles were calculated, bounding the range comprising
80% of deviations. The data was analyzed separately for the frequency
region where the isolator mobilities show strictly mass-like behavior
(2.5Hz–200Hz) and for the resonant frequency region (250Hz–5 kHz).
The results are given in Figs. C.4, C.5, C.6 and C.7 for a variation
of each of the parameters E, A, l and ρ separately. The distribution
of deviations is shown in Figs. C.1, C.2 and C.3 exemplarily for the
variation of E.

In the mass-like region, the distribution of errors is similar for all
parameters except for a variation of density, see Figs. C.4(a), (c), (e),
Figs. C.5(a), (c), (e), Figs. C.6(a),(c), (e) and Figs. C.7(a), (c), (e).
This can be associated with the fact that a variation of each of the
parameters E, A or l by a factor xmin/xmax leads to the same variation
of the real part of the longitudinal (vertical) stiffness kI,min/kI,max

with kI = EA/l. Varying the parameters E, A or l, the equal-order
approximation estimates the transmitted power correctly in most cases
but tends to underestimate with increasing variation. Deviations of
the interface mobility method in this frequency region are associated
with the fact that different spatial mobilities along the contact points
are represented by a mean interface mobility amplitude, cf. Fig. 3.10.
A variation of density ρ does not affect the real part of the isolator
mobility in the mass-like region. Thus, the error here is small, see
Fig. C.7(a). With regard to density ρ, the errors of the single equivalent
approximation in the mass-like region are independent of the ratio
xmin/xmax. Thus, the errors evident from Figs. C.7(c) and (e) are

210



rather due to erroneous phase assumptions than due to varying isolator
parameters. Additionally, it can be seen that the errors are similar to
those occurring for a variation of parameters E, A or l. In total, the
single equivalent approximation with zero phase assumption shows a
slight overestimation in most cases, along with the general trend to over-
or underestimate the transmitted power due to a neglect of rotatory
or rocking motion, whose contribution is increased with increasing
parameter variation (only E, A or l). Assuming random phase, the
neglect of transfer coupling is leading to an underestimation in most
cases.

In the frequency region where isolators show a resonant behavior,
results for both methods are comparable. For a variation of parameters
E, A and l, the mode as well as the minimum and maximum deviations
are increasing with increasing parameter variation xmin/xmax, see
Figs. C.4(b), (d), (f), Figs. C.5(b), (d), (f) and Figs. C.6(b), (d), (f).
For a variation of density ρ, the mode of error is seen to be smaller and
tending to zero, but the range of errors is comparable, see Figs. C.7(b),
(d), (f). Sources of error in the resonant frequency region were already
explained by mobility peaks and dips from different isolators coinciding
at certain frequencies, see Section 3.5.1. Furthermore, as shown in
Fig. 3.10, positive and negative real parts of isolator transfer mobilities
along the contact points can cause substantial problems. This effect is
likely to be prominent if half the number of isolators is subjected to the
same variation. Both is true for a variation of E, l and ρ. A variation
in A, however, does not affect the location of internal resonances in the
frequency spectrum as they are dependent on E, l and ρ solely if only
longitudinal (vertical) motion is considered. Therefore, cancellation
of equal-order interface mobilities as explained in conjunction with
Fig. 3.10 is not possible. Consequently, the range of errors is seen to be
smaller.

In Section 3.5.1 it was shown that results of the single equivalent ap-
proximation can be improved by assuming a superposition of bouncing
and rocking motion instead of bouncing solely. The underestimate in
the low frequency range assuming random phase can be circumvented by
considering the multi-point case as a superposition of single-point cases
where each contact point is described by a higher mobility magnitude
than if considered individually. Furthermore, the error in the resonant
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Appendix C. Error estimation for varying isolator properties

frequency range of the isolators can be minimized by calculating the
transmitted power via the (blocked) contact forces exerted on the
receiver. In the following, Eq. (3.40) with P = 3 is applied instead of
Eq. (2.25), and Eq. (2.32) is used instead of Eqs. (2.26) and (2.29).
Furthermore, the transmitted power is calculated via the contact
forces by means of Eqs. (3.14) and (3.39). The results are shown in
Fig C.8 exemplarily for a variation of Young’s modulus. In case of the
equal-order approximation, errors appear to vanish for the mass-like as
well as the resonant frequency region. In case of the single equivalent
approximation, it can be seen that the underestimation in the mass-like
frequency range is improved. Furthermore, results for the assumption of
rocking and bouncing behavior, Eq. (3.40), and random phase assump-
tion with superposition, Eq. (2.32), turn out to be comparable. In the
resonant frequency region, the deviations are reduced significantly for
both phase assumptions. Similar results were obtained for a variation
of the other parameters A, l and ρ.

In summary, errors are increasing with an increasing parameter vari-
ation. From the range comprising 80% of errors in conjunction with the
mode as well as minimum and maximum errors, the conclusion can be
drawn that errors for the most part of the samples tend to be small, but
large errors can occur in some cases at distinct frequencies. With regard
to single equivalent approximation, erroneous phase assumptions in the
mass-like range introduce additional errors that cannot be associated
with structural variation but rather with dominant bouncing or rocking
motion. For practical sources, such a dominant behavior might be less
pronounced and has not been observed in the experimental case studies
considered in this thesis. The ratio of parameters xmin/xmax was chosen
in order to cover a wide range of possible isolator configurations rather
than to represent the range of their practical appearance. For com-
monly used and commercially available elastomeric material, the static
permissible pressure takes about 10% or less of its Young’s modulus,
which corresponds to the rule of thumb that the deflection under static
load must not exceed 10% of the isolator’s length. Without any claim
to generalization for other materials, a ratio of Emin/Emax = 0.1, for
instance, would imply a static load distribution ratio from one contact
point of the source to another of 0.1, which can be regarded as quite
untypical. In order to comply with static requirements and to avoid
dynamic unbalance, manufacturers of structure-borne sound sources in
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general target an even load distribution, which makes the use of different
isolators redundant. In many cases, one type of isolator for all contact
points would be chosen that is able to bear the maximum occurring load
at a specific contact point. As outlined in Sections 3.3.1 and 3.4.1, the
single equivalent approximation as well as the interface mobility method
in this case does not introduce errors with regard to the isolator sub-
system solely. For strongly varying isolators, it was shown that results
of the interface mobility method as well as of the single equivalent ap-
proximation can be significantly improved by calculating the transmitted
power via the (blocked) forces exerted on the receiver. As both methods
are approximate methods, the problem of varying isolators could also be
circumvented by assuming a set of identical isolators with the maximum
occurring stiffness instead, thereby assuming a worst case scenario.
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(a) Mass-like frequency region

0.1

0.3

0.5

0.7

0.9

W (dB)
-25 -20 -15 -10 -5 0 5 10

E
 m

in
 / 

E
 m

ax

(b) Resonance-controlled frequency region
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Figure C.1: Distribution of deviations ∆W between complete calculation and
interface mobility method with varying Young’s modulus of isolators Emin/Emax.
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(a) Mass-like frequency region
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(b) Resonance-controlled frequency region
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Figure C.2: Distribution of deviations ∆W between complete calculation and
single equivalent approximation with zero phase assumption with varying Young’s
modulus of isolators Emin/Emax.
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(a) Mass-like frequency region
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(b) Resonance-controlled frequency region
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Figure C.3: Distribution of deviations ∆W between complete calculation and sin-
gle equivalent approximation with random phase assumption with varying Young’s
modulus of isolators Emin/Emax.
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(a) Mass-like region, WIF
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(d) Resonant region, Weq,zero
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Figure C.4: Deviations ∆W between complete calculation and approximative
methods with varying Young’s modulus of isolators Emin/Emax: mode,q minimum/maximum error, range between 10th and 90th percentiles.
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(a) Mass-like region, WIF
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Figure C.5: Deviations ∆W between complete calculation and approximative
methods with varying cross-sectional area of isolators Amin/Amax: mode,q minimum/maximum error, range between 10th and 90th percentiles.

218



(a) Mass-like region, WIF

0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

l
min

/l
max

W
 (

dB
)

(b) Resonant region, WIF

0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

l
min

/l
max

W
 (

dB
)

(c) Mass-like region, Weq,zero

0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

l
min

/l
max

W
 (

dB
)

(d) Resonant region, Weq,zero

0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

l
min

/l
max

W
 (

dB
)

(e) Mass-like region, Weq,rand

0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

l
min

/l
max

W
 (

dB
)

(f) Resonant region, Weq,rand

0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

l
min

/l
max

W
 (

dB
)

Figure C.6: Deviations ∆W between complete calculation and approxima-
tive methods with varying length of isolators lmin/lmax: mode, q mini-
mum/maximum error, range between 10th and 90th percentiles.
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(a) Mass-like region, WIF
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Figure C.7: Deviations ∆W between complete calculation and approximative
methods with varying density of isolators ρmin/ρmax: mode, q mini-
mum/maximum error, range between 10th and 90th percentiles.
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(a) Mass-like region, WIF
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Figure C.8: Deviations ∆W between complete calculation and approximative
methods (calculation via contact forces) with varying Young’s modulus of isolators
Emin/Emax: mode, q minimum/maximum error, range between 10th

and 90th percentiles.
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