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ABSTRACT

Differential-algebraic equations (DAEs) are coupled systems of differential and algebraic
equations arising in the modeling of dynamic processes that are restricted by auxiliary,
algebraic constraints. Examples are, e.g., multibody systems, where the movement of
the system is forced to a predefined trajectory by connected joints, electrical circuits
or networks, where connections and loops lead to algebraic relations of the flow and ef-
fort variables, or biological systems, reaction networks or advection-diffusion equations,
where the evolution of the process is restricted by balance equations and conservation
laws. Modeling dynamic processes in economic or social sciences, in biological or chem-
ical engineering, the analyzed values typically represent real-valued quantities like the
amount of goods or individuals or the density of a chemical or biological species that
cannot take negative values. In combination with the algebraic constraints, this property
leads to the notion of positive DAEs, i.e., systems whose solutions remain componentwise
nonnegative whenever the initial value is nonnegative.

In this work, we generalize the concept of the flow from ordinary differential equations
(ODEs) to DAEs and use this framework to study system properties like invariant sets
and positivity.
To decouple the differential and algebraic components in a DAE, we develop an approach
that allows to parameterize embedded submanifolds using projections and that extends
the idea of projections to embedded submanifold.
Combined with the theory of the strangeness-index, we apply this projection approach to
remodel a given DAE as a set of explicit differential and algebraic equations. Solving the
decoupled system and showing existence and uniqueness of the solution representation,
we generalize the notion of the flow to DAEs. For linear systems, we generalize Duhamel’s
formula.
Based on the flow, we extend the results of invariant sets from ODEs to DAEs and we
characterize linear and nonlinear DAEs with regard to positivity.





ZUSAMMENFASSUNG

Differential-Algebraische Gleichungen (DAEs) sind gekoppelte Systeme von differen-
tiellen und algebraischen Gleichungen, wie sie bei der Modellierung dynamischer Prozesse
mit Zwangsbedingungen entstehen. Beispiele solcher Prozesse sind Mehrköpersysteme,
deren Bewegung beispielsweise durch Gelenke eingeschränkt sind, elektrische Schaltkreise
oder Netzwerke, in denen der Fluss durch Schleifen beeinflusst wird oder biologische
Systeme, deren Dynamik Gleichgewichtsbedingungen und Erhaltungsgleichungen un-
terworfen ist. Insbesondere die Verwendung automatischer Modellierungssoftware wie
Modelica, Dymola oder Simulink erzeugt große DAEs, die sich einer analytischen
Behandlung per Hand entziehen.
In der Modellierung dynamischer Prozesse in der Wirtschaft, der Soziologie, der Biolo-
gie, Chemie oder Verfahrenstechnik stellen die simulierten Größen zudem typischerweise
reellwertige Groeßen wie Güter, Individuen oder die Konzentration biologischer oder
chemischer Substanzen dar, welche keine negativen Werte annehmen können. Im Zusam-
menspiel mit den algebraischen Zwangsbedingungen führt dies zu dem Begriff positiver
DAEs, d.h. Systemen, deren Lösungen, ausgehend von komponentenweise nichtnega-
tiven Anfangswerten, stets nichtnegativ bleiben.

In dieser Arbeit schlagen wir ein Konzept vor, welches den Begriff des Flusses einer
Gewöhnlichen Differentialgleichung (ODE) auf DAEs erweitert und somit den Rahmen
für die Analyse systemrelevanter Eigenschaften wie der Positivität bietet.
Um die differentiellen und algebraischen Komponenten einer DAE zu entkoppeln, en-
twickeln wir zunächst einen Projektionsansatz, der es erlaubt, eingebettete Untermannig-
faltigkeiten mit Hilfe projizierter Komponenten zu parametrisieren sowie die Grundidee
einer Projektion auf den nichtlinearen Fall einer Untermannigfaltigkeit erweitert.
In Kombination mit der Theorie des Strangeness-Index benutzen wir diesen Projektion-
sansatz, um eine DAE als ein System expliziter differentieller und algebraischer Gle-
ichungen zu formulieren. Für das entkoppelte System bestimmen wir eine explizite
Lösungsdarstellung, welche unter dem Nachweis der Existenz und Eindeutigkeit zu einer
Erweiterung des Begriffs des Flusses führt. Für lineare Systeme ergibt dies insbesondere
eine Verallgemeinerung von Duhamel’s Formel.
Mithilfe des Flusses verallgemeinern wir zunächst die Resultate flussinvarianter Mengen
von ODEs auf DAEs. Darauf aufbauend entwickeln wir Bedingungen, um lineare und
nichtlineare DAEs bezüglich der Positivität zu charakterisieren.





EIDESSTATTLICHE VERSICHERUNG

Hiermit versichere ich an Eides statt, dass ich die vorliegende Arbeit selbstständig und
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CHAPTER 1

INTRODUCTION

The aim of this work is to generalize the concept of a flow to differential-algebraic equa-
tions (DAEs) and thereby to establish a framework that allows to study flow invariant
sets with a special emphasis on positive systems.

DAEs are coupled systems of differential and algebraic equations. In the general nonlin-
ear case, we consider the system

F (t, x, ẋ) = 0, (1.1)

where F ∈ C(I × Ωx × Ωẋ,Rn) is a function on an interval I ⊂ R and on open sets
Ωx,Ωẋ ⊂ Rn. The Jacobian Fẋ is allowed to be singular, such that (1.1) cannot be
turned into an ordinary differential equation (ODE). Otherwise, we treat (1.1) as the
explicit system

ẋ = f(t, x), (1.2)

with a function f ∈ C(I × Ωx,Rn). In the linear case, the DAE (1.1) takes the form

Eẋ = Ax+ b, (1.3)

where E,A ∈ C(I,Rn×n) are square matrix functions and b ∈ C(I,Rn) is a vector func-
tion. The matrix E is allowed to be singular. If E is pointwise nonsingular on I, then
we are again in the ODE case. DAEs model dynamic processes that are restricted in
their evolution by auxiliary, algebraic constraints. For example, in multibody systems,
the movement of the system is forced to a predefined trajectory by connected joints, cp.
e.g. [44, 123, 127, 128]. In electrical circuits or networks, connections and loops lead
to algebraic relations of the flow and effort variables, cp. e.g. [46, 135]. In biological
systems, reaction networks or advection-diffusion equations, the evolution of the process
is restricted by balance equations and conservation laws, see e.g. [80].



2 Introduction

Modeling these systems mathematically leads to a set of coupled differential and alge-
braic equations of the form (1.1). Using automatic modeling, for example using Model-
ica (http://www.modelica.org), Dymola (http://www.dynasim.com) or Simulink
(http://www.mathworks.com), the governing equations become extremely large and the
involvement of the differential and the algebraic components is not tractable analytically
anymore.

To validate a given model (1.1) for consistency with the underlying physical system, the
existence and uniqueness of solutions must be studied. Properties that are displayed by
the physical model, like stability, contractivity or positivity, must be phrased mathe-
matically and characterized for (1.1). To solve the DAE (1.1) numerically, efficient and
reliable discretization methods must be designed, tested and analyzed. For each of these
tasks, the differential and the algebraic components in (1.1) must be entangled, to apply
the classical results for ODEs and algebraic equations and to obtain a uniform descrip-
tion of DAEs and ODEs. This remodeling process necessarily involves transformations
of the equations, but also differentiation to filter out the hidden constraints. The num-
ber of differentiations that are required is known as the index of the DAE. There are
several index concepts, like the strangeness index [89, 91, 94, 95], the differentiation
index [33, 34, 36, 37, 29, 30, 31], the tractability index [98, 106, 107, 108, 121, 122], the
perturbation index [14, 66, 68] or the structural index [116, 118], and further remodeling
approaches, cp. e.g., [52, 53, 54, 55] and [116, 120], that allow to study the existence
and uniqueness of solutions, the control and optimization [22, 23, 24, 27, 28, 38, 93, 97],
and properties like stability or contractivity [96, 103, 132]. Numerical methods that im-
plement these results, e.g., separate the differential and algebraic components, simulate
the dynamics and implement the control and optimization, have been also studied in the
given references as well as in [16, 62, 66, 119]. Methods that preserve system properties
like stability have been discussed in [90, 92, 94, 97].

This thesis contributes to the theory of DAEs by giving a flow-on-manifold formulation
that generalizes the concept of the flow from ODEs to DAEs. Giving a uniform descrip-
tion for both types of systems, we are able to extend the theory of flow invariant sets
and the analysis of system properties directly to DAEs. In this work, we put a special
attention to positive systems that play an important role in the field of biological and
chemical engineering.

For the ODE (1.2), the flow Φf uniquely relates a given initial value (t0, x0) with the solu-
tion x that is passing through x0 in the time t0, cp. e.g. [2, 14]. Setting x(t) = Φt

f (t0, x0),
the flow Φf yields a uniform description of solutions of (1.2) and allows to analyze prop-
erties like stability or contractivity, cp. [2, 14] and the references therein. Using the
concept of the strangeness index [89, 91, 94, 95] and using a projection approach to
separate the differential and algebraic components, we construct a function ΦF that
generalizes the idea of the flow to the DAE (1.1). For the linear system (1.3), we gener-
alize Duhamel’s formula.
Given a subset S, the flow Φf of the ODE (1.2) allows to study under which conditions
a solution x remains in S whenever the initial value x(t0) is chosen from this set. This

http://www.modelica.org
http:// www.dynasim.com
http://www.mathworks.com
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concept of flow invariant sets allows to characterize the class of solutions with initial
values x(t0) ∈ S with respect to their dynamical properties and their longtime behavior.
Computing these solutions numerically, the set S can be used as evidence for a consistent
approximation of the solution dynamics. Having derived a flow formula for DAEs, we
can directly generalize the idea of invariant sets to the constrained system (1.1).
A particular class of systems having invariant sets are positive systems. These are dif-
ferential equations whose solutions remain componentwise nonnegative whenever the
initial value is nonnegative. Positive systems arise in every application in which the
considered quantities represent real matter that cannot take negative values. Modeling
dynamical processes in economy, social sciences, biology or chemistry, the analyzed val-
ues typically represent nonnegative quantities like the amount of goods or individuals
or the density of a chemical or biological species. The considered models, for example
Leontief, population or compartment models, kinetic reaction networks, pharmacoki-
netic or chemotaxis problems or advection-diffusion equations, lead to positive systems
[3, 4, 10, 12, 39, 47, 50, 79, 80, 83, 105]. Ordinary positive systems, in discrete and con-
tinuous time, have been widely studied, cp. [20, 19, 18, 45, 47, 80, 83, 113, 114, 126] and
the references therein. Numerical methods that preserve the property of positivity within
the discretization have been discussed in [13, 76, 77, 78, 80] and in the context of stability,
contractivity or monotonicity preserving methods in [59, 61, 68, 84, 87, 100, 101, 129].
Due to balance equations, conservation laws or limitation of resources, these processes
often are subject to additional constraints leading to the notion of positive DAEs. For
linear systems with constant coefficients, positivity has been characterized in [137]. Con-
ditions under which numerical solutions of these systems inherit the property of positiv-
ity, have been presented in [6]. The optimal control of linear systems with time-varying
coefficients has been addressed in [40].
In this thesis, we pursue the analysis of positive DAEs and give a positivity character-
ization for general nonlinear DAEs of the type (1.1). Extending the classical results
for positive ODEs to differential equations that are positive on an embedded manifold,
we derive a uniform framework to study positivity of constrained and unconstrained
systems.



4 Introduction

Outline

We summarize the basic tools that we need in our analysis in Chapter 2. We introduce
the concept of projections and generalized inverses, namely the Drazin and the Moore-
Penrose inverse in Section 2.2 and Section 2.3. We study manifolds, open and with
corners, in Section 2.4. The concept of differential equations and of the associated flows
is presented in Section 2.6 .

In Chapter 3, we establish the framework to decompose DAEs into their differential and
algebraic components using projections. We reformulate the Implicit Function Theorem
in terms of projections in Section 3.1. For an algebraic equation G(t, x) = 0, we state
the solvability condition in terms of projections P,Q and construct an implicit function
g(t, xP ) that solves QG(t, xP +g(t, xP )) = 0 using the components xP = Px. We give an
explicit solution formula for linear systems and we modify the result such that it allows
to solve implicit differential equations for components of the derivative. We exploit these
observations to parameterize an embedded submanifold in terms of projections and we
construct a characterizing function that generalizes the concept of projections to non-
linear submanifolds. In Section 3.2, we use this parameterization and the characterizing
function to characterize invariant and flow invariant sets, focusing on embedded sub-
manifolds and linear subspaces, in particular. In Section 3.3, we combine these results
to decompose a differential equation along a flow invariant manifold. Parameterizing
the manifold via projections, we decouple the dynamics on the manifold from the com-
ponents that are fixed by the parameterization. We illustrate how this decomposition is
reflected in the flow and prove auxiliary projection properties of the flow.

In Chapter 4, we derive a decomposition technique of DAEs using a Moore-Penrose
projection and we construct the flow formula for DAEs. We introduce the basic ideas
and illustrate the problems in the analysis of DAEs in Section 4.1. In Section 4.2, we
summarize the concept of the strangeness index that allows to characterize a large class
of DAEs with respect to solvability and to remodel these systems as implicit differential
equations whose solutions are restricted to a manifold. Based on this remodeling, in
Section 4.3 we apply the decomposition procedure using projections that we have con-
sidered in Chapter 3. Parameterizing the manifold prescribed by the constraints with
a Moore-Penrose projection, we remodel the DAE (1.1) as a set of explicit differen-
tial and algebraic equations. Solving this decoupled system and proving existence and
unique extendability of this solution formula, we give a flow-on-manifold formulation
that generalizes the concept of the flow. For nonlinear systems, we explain how the flow
can be locally computed using constant projections. For linear systems, we generalize
Duhamel’s formula. For linear DAEs with constant coefficients, we consider the decom-
position that is based on the theory of matrix pairs and the Drazin projection and we
compare these results with the Moore-Penrose approach.
In Section 4.4, we apply the flow formula to characterize flow invariant sets for DAEs
and we generalize the invariance results for ODEs derived in Section 3.2.

In Chapter 5, we study the concept of positivity for DAEs. We characterize nonlinear
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constrained systems with the property of positivity and we derive a uniform framework
that allows to study positivity both for ODEs and DAEs.

Summarizing the classical positivity results for ODEs in Section 5.1, we modify these
conditions in Section 5.2 for differential equations that are positive on an embedded
submanifold S. More exactly, considering the intersection S+ = S ∩ Rn+, and specifying
the tangent set of S+, we derive conditions under which the intersection S+ = S∩Rn+ is
forward Φf -invariant.
For the DAE (1.1), this framework allows to derive conditions, when ΦF is nonnegative
for every nonnegative consistent initial value, cp. Section 5.3. As the flow ΦF is bounded
to the solution manifold associated with the respective initial value, the results of Section
5.2 straightly extend to (1.1) by replacing the vector field f with the tangent field TF
associated with the flow ΦF . We compare these conditions with those for ODEs and
ODEs that are positive on a manifold. For linear systems with constant coefficients,
we compare our results with the positivity characterization obtained using the Drazin
inverse, cp. [137].

In Chapter 6, we give a short overview of topics that can be further analyzed using
the flow-on-manifold formulation of DAEs. We explain how the flow can be used to
study other system properties like stability or contractivity and we sketch how to derive
conditions under which a numerical solution obtained e.g. by a Runge-Kutta method
inherits the property of positivity from the exact solution.

Throughout the work, we maintain several examples that illustrate the aspects and main
results of each section.





CHAPTER 2

SETTING THE STAGE

In this section, we summarize basic tools and concepts that we need in the upcoming
analysis. We introduce the basic terms and definitions in Section 2.1, then turn to pro-
jections and generalized inverses in Section 2.2 and Section 2.3. We collect the basic
concepts related to projections and prove auxiliary results needed in the DAE and posi-
tivity analysis. For DAEs, in particular, we study the Drazin and Moore-Penrose inverse
as a concept of a generalized inverse. For the Moore-Penrose inverse, we demonstrate
extensions to time or time-state depending matrices, cp., e.g., [95], as they occur in the
context of linear time varying and nonlinear DAEs. We illustrate the construction of
projections using generalized inverses and point out the difference between the Drazin
and Moore-Penrose inverse. Regarding the flow of linear time-varying DAEs, we further
introduce the concept of the semi-inverse.
To decouple the differential and algebraic components in DAEs, we introduce the ba-
sic ideas of embedded submanifolds in Section 2.4. Working with nonlinear DAEs and
time-varying linearizations, we adopt the standard results for manifolds that are param-
eterized by time. To study positivity of DAEs and differential equations on manifolds,
we introduce manifolds with corners as proposed in [82, 99, 111], and following [48],
extend the concept of a tangent space to general subsets.
Turning to differential equations, we introduce the concept of a flow of a differential
equation and cite the solvability results of Picard-Lindelöf. We specialize these results
for linear problems exploiting Duhamel’s formula and introduce the concepts of autono-
mization and linearization of differential equations. With regard to DAEs, we introduce
the most basic results for differential equations on manifolds.
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2.1 General definitions and notation

In this section, we summarize our notation and introduce the basic definitions.

Sets and function spaces

Throughout the work, we denote by I a (compact) interval in R and by Ī its closure.
We denote by Ω,Ωx,Ωẋ open sets in Rn and we set D := I × Ωx × Ωẋ. For a point
x0 ∈ Rn, we denote by U(x0) an open neighborhood of x0 in Rn. For t0 ∈ I, we denote
the neighborhood by I0.

The set of `-times continuous differential functions from I × Ω to Rn×n is denoted
by C`(I × Ω,Rn×n) and the set of locally Lipschitz continuous functions by CLip

loc (I ×
Ω,Rn×n).
For a function F ∈ C1(I×Ω,Rn), we denote the range by range(F ) := {y ∈ Rn | ∃(t, x) ∈
I × Ω : y = F (t, x)}. We consider the sets F−1({0}) := {(t, x) ∈ I × Ω |F (t, x) = 0}
and F−1({Rn+}) := {(t, x) ∈ I × Ω |F (t, x) ≥ 0}. For a subset I0 × U0 ⊂ I × Ω,
we denote the restriction of F onto I0 × U0 by F |I0×U0 . The graph of F is the set
graph(F ) := {[t, xT , F T (t, x)]T | (t, x) ∈ I × Ω}. We denote the differential by DF
with DF = [Ft Fx], where Ft, Fx are the partial derivatives with respect to t and x,
respectively. The total time derivative is given by Ḟ (t, x(t)) = Ft + Fxẋ.

Matrices, vectors, positivity and norms

For a vector x ∈ Rn and a matrix A ∈ Rn×n, we denote the i-th and ij-th entry by xi
and Aij , respectively. The columns of A are denoted by A1, ..., An.

For a matrix A ∈ Rn×n, we denote by ker(A) := A−1({0}) and range(A) the kernel and
range of A, respectively, and by corange(A) := ker(A)⊥ and coker(A) := range(A)⊥ the
corange and cokernel. Furthermore, we set ker+(A) := A−1({Rn+}). The rank is denoted
by rank(A).

The eigenvalues λ(A) of A are the roots of the characteristic polynomial, i.e., λ ∈ C that
satisfies det(λIn−A) = 0, cp. [102], pp. 98. The index indA(λ) of an eigenvalue λ is the
multiplicity of λ as root of the characteristic polynomial det(λIn−A) = 0, cp. [102], pp.
98. The subspace eigA(λ) := ker(λIn − A) is called the eigenspace associated with the
eigenvalue λ and v ∈ eigA(λ) is called eigenvector. The generalized eigenspace associated
with the eigenvalue λ is defined as geigA(λ) := ker(λIn − A)indA(λ)) and v ∈ eigA(λ) is
called generalized eigenvector. The set of eigenvalues is called the spectrum of A and is
denoted by σ(A) := {λ ∈ C | det(λIn −A) = 0}. The number ρ(A) = maxλ∈σ(A) ‖λ‖ is
called the spectral radius of A.

Two matrices A,B ∈ Rn×n are equivalent if there exist nonsingular matrices S, T ∈ Rn×n
such that B = SAT , see e.g. [74]. If S = T−1, then A,B are similar, see e.g. [74].
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For a vector x ∈ Rn, we denote the norm of x by ‖x‖p, where, e.g., p = 2,∞ refers to
the standard euclidean or the maximums norm, respectively. For a matrix A ∈ Rn×n,
we denote the associated operator norm by ‖A‖p. If no particular norm is specified, we
simply write ‖x‖ and ‖A‖.

For vectors x, y ∈ Rn and matrices A,B ∈ Rn×n, the inequalities x ≥ y and A ≥ B
are considered entry-wise. In particular, x ≥ 0 and A ≥ 0 means that every entry is
nonnegative. If every entry is strictly positive, then we write x > 0 and A > 0. We set
Rn+ := {x ∈ Rn | x ≥ 0} and Rn×n+ := {A ∈ Rn×n | A ≥ 0}, respectively. The set of
nonnegative and strictly positive scalars is denoted by R+, R++, respectively.

Linear subspaces

A subset L ⊂ Rn that is closed under linear combinations of its elements is called a
linear subspace, i.e., if x + y, cx ∈ L for every x, y ∈ L, c ∈ R, cp. [102, p. 106]. The
complement Lc := Rn ⊂ L of a linear subspace L again is a linear subspace that satisfies
L ∩ Lc = {0} and Rn = L + Lc, see e.g. [57, p. 20]. The orthogonal complement L⊥
satisfies L ∩ L⊥ = {0}, Rn = L+ L⊥ and xT y = 0 for every x ∈ L, y ∈ L⊥, see e.g. [57,
p. 20]. A linear subspace L ⊂ Rn and a vector v ∈ Rn induce the affine linear subspace
L + v := {x ∈ Rn | x − v ∈ L}, cp. [124, p. 4]. We write Lv := L + v and L0 = L if
v = 0. The dimension of Lv is given by dim(Lv) = dim(L), [124, p. 7].

For a set of vectors {xi}i=1,...,d ⊂ Rn, we call the set of all linear combinations
∑d

i=1 αixi,

α1, ..., αd ∈ R the linear hull of {xi}i=1,...,d and we write span(x1, ..., xd) = {
∑d

i=1 αixi |
α1, ..., αd ∈ R}. The vectors x1, ..., xd are called linear independent if

∑d
i=1 αixi = 0

implies that αi = 0 for i = 1, ..., d, cp. [102, p. 109]. A set {xi}i=1,...,d ⊂ L spans a linear
subspace L if L = span(x1, ..., xd). If x1, ..., xd are linearly independent, then {xi}i=1,...,d

is called a basis, cp. [102, p. 109]. The length of a basis {xi}i=1,...,d is the dimension of
L and we write d = dim(L), cp. [102, p. 109]. For Rn, we denote the standard canonical
basis by {ei}i=1,...,d where ei = [δij ]j=1,...,n.

For a matrix T ∈ Rn×d, the rank is defined as dim(span(T1, ..., Td)), cp. [102], where
T1, ..., Td are the columns of T . As range(T ) = span(T1, ..., Td), the range of T is a linear
subspace with dim(range(T )) = rank(T ). Similarly, as coker(T ) = range(T T ) [95, p. 59],
the cokernel is a linear subspace with dim(coker(T )) = rank(T ). We say that T spans
a linear subspace L if range(T ) = L. Then, dim(L) = rank(T ). If rank(T ) is maximal,
then T is called a basis of L.
Alternatively, a linear subspace L is characterized as the intersection

⋂n−d
i=1 Hi of hyper-

planes Hi := ker(gTi ) for gi ∈ Rn, [104, p. 275]. Setting GT := [g1, ..., gn−d], we have that
L = ker(G). For a matrix G ∈ Rm×n, this implies that ker(G) is a linear subspace with
dimension n− rank(G). Similarly, as corange(G) = ker(GT ) [95, p. 59], the corange is a
linear subspace with dim(corange(G)) = n− rank(G). For every matrix T , there exists
a matrix G of suitable size such that range(T ) = ker(G). Conversely, for every matrix
G there exists a matrix T such that ker(G) = range(T ). For the orthogonal comple-
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ment L⊥ of a linear subspace L = span(T ), we have that L⊥ = ker(T T ). Conversely, if
L = ker(G), we have that L⊥ = span(GT ). For v ∈ Rn and the affine subspace Lv where
L = ker(G), then x ∈ Lv if and only if Gx = Gv. If L = span(T ), then x ∈ Lv if and
only if x = Tx1 + v.

Cones

A subset K ⊂ Rn that is closed under conic combinations of its elements is called a
convex cone, i.e., if (1 − λ)x + λy ∈ K for every x, y ∈ K and λ ∈ (0, 1), cp. [124,
p. 14], [15, p. 25]. A convex cone comprises the concept of convex sets and cones. A
subset K ⊂ Rn is called a convex set, if K is closed under convex combinations , i.e.,
(1− α)x+ αy ∈ K for every x, y ∈ K and α ∈ (0, 1), cp. [124, p. 10]. A subset K ⊂ Rn
is called a cone if K is closed under nonnegative scalar multiplication, i.e., αx ∈ K for
every x ∈ K and α ≥ 0, cp. [124, p. 11]. Necessarily, then 0 ∈ K. A (convex) cone K
is called pointed if K̄ ∩ −K̄ = {0}, i.e., there is no x ∈ K such that −x ∈ K, cp. [42,
p. 103], [15, p. 43]. The intersection of convex cones is pointed if at least one of the cones
is pointed. The relative interior of a (convex) cone K is given by, cp. [15, p. 23],

rint(K) := {x ∈ K | ∃ U(x) ⊂ Rn : U(x) ∩ aff(K) ⊂ K},

where aff(K) = {
∑

i∈I αixi |αi ∈ R, xi ∈ K, i ∈ I} is the affine hull of K, cp. [124, p. 7],
[15, p. 23]. A cone K is called proper if K is closed, convex, pointed and rint(K) 6= ∅, cp.
[15, p. 43]. The nonnegative orthant Rn+ is a proper cone [15, p. 43]

For a cone K, the dual cone is defined as K∗ := {y ∈ Rn | yTx ≥ 0 ∀x ∈ K}, cp. [42,
p. 157] [15, p. 51]. The dual K∗ cone is closed and convex, [15, p. 53]. Furthermore,
K∗∗ = cone(K), i.e., if K is a closed and convex cone, then K∗∗ = K, cp. [15, p. 53].
The dual cone K∗ is polyhedral if and only if K is polyhedral, cp. [42, p. 163]. For more
properties of the dual cone, see [15, p. 53] and [42, p. 163].
A convex cone K ⊂ Rn and a vector v ∈ Rn induce the affine convex cone K + v :=
{x ∈ Rn | x− v ∈ K}, cp. [124, p. 4]. We write Kv := K+ v and K0 = K if v = 0. The
dimension of Kv is given by dim(Kv) = dim(K), [124, p. 7].

For a set of vectors {xi}i=1,...,d ⊂ Rn, we call the set of all conic or nonnegative lin-

ear combinations
∑d

i=1 αixi, α1, ..., αd ∈ R+ the conic hull of {xi}i=1,...,d and write

cone(x1, ..., xd) = {
∑d

i=1 αixi |α1, ..., αd ∈ R}, cp. [15, p. 25]. The vectors x1, ..., xd are

called conically independent if
∑d

i=1 αixi = 0 with α1, ..., αd ≥ 0, implies that αi = 0 for
i = 1, ..., d, cp. [42, p. 142]. A set {xi}i=1,...,d ⊂ K generates K if K = cone(x1, ..., xd).
If x1, ..., xd are conically independent, then {xi}i=1,...,d is called a minimal generating
set, cp. [42, p. 109]. The dimension of a convex cone is defined via its affine hull, i.e., if
{xi}i=1,...,d is a generating set of K, then dim(K) = dim(aff(x1, ..., xd)). If dim(K) <∞,
then K is called a finitely generated, cp. [42, p. 149], [15, p. 31].

For a matrix B ∈ Rn×d, we say that B generates a convex cone K if cone(B) = K, [49].
Then, dim(K) = rank(B). If the columns of B are conically independent, then B is
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called a minimal generating set of K.
Alternatively, a convex cone K can be represented as the intersection

⋂
i∈I Hi of half-

spaces H+
i := ker+(gTi ) and hyperplanes Hi := ker(gTi ), where gi ∈ Rn, [42, p. 101].

For the standard canonical basis {ei}i=1,...,n, we write Ei := ker(eTi ). If the number
of hyperplanes is finite, then K is called a polyhedral cone, cp. [42, p. 149], [15, p. 31].
Setting GT := [g1, ..., gn−d], then K = ker+(G). For a matrix G ∈ Rm×n, this implies
that the superlevel set ker+(G) are polyhedral cones with dimension n− rank(G).
By Minkowski’s Theorem, for every G, there exists a matrix B, such that cone(B) =
ker+(G), cp. [49]. Conversely, Weyl’s Theorem states that for every matrix B, there
exists a matrix G, such that ker+(G) = cone(B), cp. [49]. The pair G,B is called a
double description pair of K, cp. [49].
If K = cone(B), then K∗ = ker+(BT ). Conversely, if K = ker+(G), then K∗ = cone(GT ),
[42, p. 163]. For v ∈ Rn and the affine cone Kv, where K = ker+(G), then x ∈ Kv if and
only if Gx ≥ Gv. If K = cone(T ), then x ∈ Kv if and only if x = Tx1 + v.

2.2 Projections

The crucial tool in our analysis is the decomposition of equations using projections. In
this section, we summarize the basic ideas of projections and prove additional results
that we need in the upcoming analysis

A matrix P ∈ Rn×n is called projection if it is idempotent, i.e., P 2 = P , see e.g. [69,
p. 73]. A projection P ∈ Rn×n is called orthogonal projection if P is symmetric, i.e.,
P T = P , else P is called oblique. The complement P c := In − P of a projection P is
again a projection that satisfies range(P c) = ker(P ) and ker(P c) = range(P ), see e.g.,
[1, p. 280].

Projections provide a useful description of linear subspaces. We call P ∈ Rn×n a projec-
tion onto a subspace L ⊂ Rn if P 2 = P and range(P ) = L, and we call P a projection
along a subspace Lc ⊂ Rn if P 2 = P and ker(P ) = Lc. The complement P c := In − P
is a projection along coker(P ) onto ker(P ), see e.g. [1, p. 280]. Furthermore, ker(P )
and range(P ) are complementary subspaces and if P is orthogonal, then ker(P ) and
range(P ) are orthogonally complementary, cp. [57, p. 20]. If P ∈ Rn×n is a projection
onto L, then rank(P ) = dim(L), see e.g. [1, p. 280].

For the uniqueness of projections onto or along a subspace, we cite the following result,
see [69].

Lemma 2.2.1. [69]

1. Two projections P1, P2 ∈ Rn project onto the same subspace L ⊂ Rn if and only if
P1 = P2P1 and P2 = P1P2. If this is the case, then P c1 = P c1P

c
2 and P c2 = P c2P

c
1 .

2. Two projections P1, P2 ∈ Rn project along the same subspace L ⊂ Rn if and only
if P1 = P1P2 and P2 = P2P1. If this is the case, then P c1 = P c1P

c
2 and P c2 = P c2P

c
1 .
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Given a complement Lc, a linear subspace L ⊂ Rn uniquely defines a projection, cp. e.g.
[57, p. 22].

Lemma 2.2.2. Let L ⊂ Rn be a linear subspace with dim(K) = d and let Lc be its
complement. There exists a unique projection P along Lc onto L and P is diagonalizable
for every = [T1, T2] that satisfies span(T1) = L and span(T2) = Lc, i.e.,

P = T

[
Id 0
0 0

]
T−1, P c = T

[
0 0
0 In−d

]
T−1. (2.1)

If L⊥ is the orthogonal complement of L, there exists a unique orthogonal projection P
along L⊥ onto L and P is orthogonally diagonalizable.

Partitioning the inverse T−1 conformably to T = [T1 T2], i.e., setting T−1 = [Id, 0]T−1 and
T−2 = [0, Ia]T

−1, then (2.1) implies that P = T1T
−
1 and P c = T2T

−
2 . If P is orthogonal,

then P = T1T
T
1 , P c = T2T

T
2 in particular.

In the following, we consider time or time-state dependent projections, i.e., matrix func-
tions P ∈ C(I × Ω,Rn×n) that satisfy P 2(t, x) = P (t, x) for every (t, x) ∈ I × Ω. As
P (t, x) ∈ Rn×n, we pointwise extend the properties and definitions mentioned previ-
ously. In particular, we note the following identities involving the total time derivative
Ṗ (t, x) = d

dtP (t, x(t)).

Lemma 2.2.3.

1. Let P ∈ C1(I × Ω,Rn×n) be a projection and P c its complement. On I × Ω, then
Ṗ (t, x) = −Ṗ c(t, x), (PṖ )(t, x) = (ṖP c)(t, x) and (ṖP )(t, x) = (P cṖ )(t, x) as
well as (PṖP )(t, x) = 0 and (P cṖP c)(t, x) = 0.

2. Let P1, P2 ∈ C1(I × Ω,Rn×n) be projections with complements P c1 , P
c
2 and let

range(P1(t, x)) = range(P2(t, x)). On I × Ω, then (P c2 Ṗ1)(t, x) = (Ṗ2P1)(t, x)
and (P c1 Ṗ2)(t, x) = (Ṗ1P2)(t, x).

3. Let T = [T1, T2] ∈ C1(I × Ω,Rn×n) with span(T1(t, x)) = range(P (t, x)) be point-
wise nonsingular on I × Ω. For every (t, x) ∈ I × Ω, then Ṗ (t, x) is given by

Ṗ (t, x) = T (t, x)

[
0 −(T−1 Ṫ2)(t, x)

(T−2 Ṫ1)(t, x) 0

]
T−1(t, x), (2.2)

where T−1 = [Id, 0]T−1 and T−2 = [0, Ia]T
−1 is partitioned according to T = [T1, T2].

Proof. 1. The first assertion is an immediate consequence of the definition P = In −
P c. For the second identity, we note that (PP c)(t, x) = 0, (t, x) ∈ I × Ω, implies
that (PṖ c)(t, x) = −(ṖP c)(t, x). With Ṗ (t, x) = −Ṗ c(t, x), then we have proved
the assertion. For the third identity, we differentiate (P cP )(t, x) = 0 and obtain that
(Ṗ cP )(t, x) = −(P cṖ )(t, x). In combination with Ṗ (t, x) = −Ṗ c implies the assertion.
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2. Since range(P1(t, x)) = range(P2(t, x)), then P1(t, x) = (P2P1)(t, x) and P2(t, x) =
(P1P2)(t, x) for (t, x) ∈ I ×Ω, cp. Lemma 2.2.1, 1., and we prove the assertion by direct
computation.

3. If T = [T1, T2] is pointwise nonsingular with span(T1(t, x)) = range(P (t, x)) on
I ×Ω, then P (t, x) is pointwise diagonalizable with respect to T (t, x), cp. Lemma 2.2.2.
Noting that d

dt [TT
−1](t, x) = (Ṫ T−1 + T d

dt [T
−1])(t, x) = d

dt [In] = 0, then it follows that
d
dt [T

−1](t, x) = −(T−1Ṫ T−1)(t, x), and we obtain that (om.arg.)

Ṗ (t, x) = Ṫ (t, x)

[
Id 0
0 0

]
T (t, x)−1 + T (t, x)

[
Id 0
0 0

]
d
dt [T

−1](t, x)

= (TT−1Ṫ )(t, x)

[
Id 0
0 0

]
T−1(t, x)− T (t, x)

[
Id 0
0 0

]
(T−1Ṫ T−1)(t, x).

Partitioning T−1 = [Id, 0]T−1 and T−2 = [0, Ia]T
−1 according to T , then

Ṗ = T

[
T−1 Ṫ1 T−1 Ṫ2

T−2 Ṫ1 T−2 Ṫ2

] [
Id 0
0 0

]
T− − T

[
Id 0
0 0

] [
T−1 Ṫ1 T−1 Ṫ2

T−2 Ṫ1 T−2 Ṫ2

]
T−1

= T

[
T−1 Ṫ1 0

T−2 Ṫ1 0

]
T−1 − T

[
T T1 Ṫ1 T−1 Ṫ2

0 0

]
T−1.

As T−i Tj = δij , i, j = 1, 2, it follows that T−i Ṫj = −Ṫ−i Tj . This proves (2.2).

For the positivity analysis, we prepare results concerning the entry pattern of projec-
tions and study projections onto the boundary ∂Rn+. For orthogonal or nonnegative
projections, we observe a particular entry pattern.

Lemma 2.2.4. Let P ∈ Rn×n be a projection.

1. If P ≥ 0, then Pii ≤ 1 and PijPji < 1 for i 6= j, i, j = 1, ..., n. If, furthermore,
Pii = 0 or Pii = 1, then PijPji = 0 for j 6= i, , j = 1, ..., n.

2. If P is orthogonal, then 0 ≤ Pii ≤ 1 and |Pij | < Pii for i 6= j, i, j = 1, ..., n. If,
furthermore, Pii = 0 or Pii = 1, then Pij = 0 for j 6= i, j = 1, ..., n. For a subset
Î ⊂ {1, ..., n}, then

∑n
j∈Î Pij ≥ 0 for i ∈ Î.

Proof. We prove the assertions using that
∑n

j 6=i PijPji + P 2
ii = Pii for i = 1, ..., n.

1. If P ≥ 0, this implies that Pii ≤ 1 and PijPji < 1 for i, j 6= i = 1, ..., n. If Pii = 1 or
Pii = 0, in particular, then PijPji = 0 for j 6= i = 1, ..., n.

2. If P = P T , then
∑n

j 6=i P
2
ji + P 2

ii = Pii and, since P ∈ Rn×n, this implies that

0 ≤ Pii ≤ 1 and |Pij | ≤ Pii. If Pii = 0 or Pii = 1, in particular, then
∑n

j 6=i P
2
ji = 0, i.e.,

Pij = 0 for j 6= i = 1, ..., n. To prove the second assertion, we note that

‖x− Px‖ ≤ ‖x− Px̃‖ for every x̃ ∈ Rn (2.3)



14 Setting the stage

if P is an orthogonal projection, cp. [1]. Let Î ⊂ {1, ..., n} and v :=
∑

i∈Î ei, then

‖v − Pv‖2 =
∑
i∈Î

(1−
∑
j∈Î

Pij)
2 +

∑
i∈I\Î

(−
∑
j∈Î

Pij)
2.

If there exists an index i0 such that
∑n

j∈Î Pi0j < 0, then∑
i∈Î

(1− |
∑
j∈Î

Pi0j |)2 <
∑
i∈Î

(1−
∑
j∈Î

Pi0j)
2,

implying that ‖|Pv| − v‖ < ‖Pv − v‖, where [|Pv|]i = |
∑

j∈Î Pij |, i = 1, ..., n. By (2.3),

we conclude that Pv = |Pv|, i.e.,
∑

j∈Î Pij ≥ 0 for i ∈ Î.

Affine projections

For linear, inhomogeneous DAEs, we further need the concept of affine projections. A
linear affine transformation

Pv(x) := Px+ v, (2.4)

for v ∈ Rn, is called affine projection if P is a projection. If P is orthogonal, we call Pv
an affine orthogonal projection. The image of an affine projection Pv defines the affine
linear subspace range(Pv) = range(P ) + v.

2.3 Generalized inverses

For DAEs, in particular, we filter out the differential and algebraic components using
projections that are induced by a generalized inverse. There are different concepts of
generalized inverses to suit different applications, see e. g. [9]. To separate the differential
and algebraic components in DAEs, we consider the Drazin and the Moore-Penrose
inverse. For the flow of linear DAEs, we further need the concept of the semi and the
group inverse.

2.3.1 Drazin Inverse

For linear systems with constant coefficients, we consider the Drazin inverse ED, see
e. g. [32, 43]. For a square matrix E ∈ Rn×n, the Jordan canonical form (JCF) [51] is
given by

E = T

[
J 0
0 N

]
T−1, (2.5)
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where J ∈ Rd×d and N ∈ Ra×a are in Jordan canonical form. The matrix J is associated
with the nonzero eigenvalues of E, where N is associated with the eigenvalue 0. The
matrix N is nilpotent, i.e., there exists ν ∈ N0 such that Nν

a = 0, Nν−1
a 6= 0. The

index of nilpotency ν is called the index of the matrix E and denoted by ind(E). The
matrix T = [T1, T2] ∈ Rn×n contains a basis of the generalized eigenspaces geigreg(E) :=
∪λ∈σ(E) geig(λ) and geig0(E), respectively. Noting that

Eν = T

[
J 0
0 0

]
T−1, (2.6)

we find that ker(Eν) = eig0(E) and range(Eν) = geigreg(E).

Having defined the index of a matrix, we introduce the Drazin inverse.

Definition 2.3.1. Let E ∈ Rn×n. The matrix E+ ∈ Rn×n is called the Drazin inverse
of E, if the following conditions are satisfied, i.e.,

(i) EDE = EED, (ii) EDEED = ED, (iii) EDEν+1 = Eν ,

where ν = ind(E).

For every matrix E ∈ Rn×n, there exists a unique Drazin inverse and if E is nonsingular,
then ED = E−1, see [32].

Alternatively, the Drazin inverse can be defined by the Jordan canonical form (JCF)
(2.5). For E ∈ Rn×n, if the JCF given by (2.5), then ED is given by, cp. [95, p. 23],

ED = T

[
J−1 0

0 0

]
T−1, (2.7)

Thus, ED inverts the action on the generalized eigenspaces of the nonzero eigenvalues.

Remark 2.3.1. If ind(E) = 1, then property (iii), Definition 2.3.1 reads

(iii)
′
EEDE = E, (2.8)

and E# := ED is called the group inverse, cp. [9, p. 156] or [32, p. 124]. Setting
E−j := (E#)j and E0 := E#E, then the operation EjEm = Ej+m, j,m ∈ N constitutes
an Abelian group on the set Rn×n, cp. [9, p. 158].

The Drazin inverse provides a projection onto the regular and the singular generalized
eigenspace of E.

Lemma 2.3.1. Consider E ∈ Rn×n. Then, EDE is a projection along eig0(E) onto
geigreg(E).
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Proof. By Definition 2.3.1, (ii), we have that (EDE)2 = EDE, i.e., EDE is a projection.
Considering the JCF of E,ED, cp. (2.5), (2.7), we find that

EDE = T

[
Id 0
0 0

]
T−1, (2.9)

where T = [T1, T2] ∈ Rn×n is such that range(T1) = eigreg(E) and range(T2) = eig0(E)
with d = dim(eigreg(E)). Noting that ker(Eν) = eig0(E) and range(Eν) = geigreg(E),
this proves the assertion.

For ind(E) = 1, the projection E#E provides the neutral element of the Abelian group.
Constructed with respect to the eigenspaces, the projection EDE is oblique, in general.

The projection EDE is invariant under the application of the Drazin inverse.

Lemma 2.3.2. Let E ∈ Rn×n. Then, EDE = (EDE)D and In−EDE = (In−EDE)D.

Proof. We prove the assertion by verifying the properties of the Drazin inverse.

(i) If EDE =
(
EDE

)D
, then (EDE)DEDE = EDE(EDE)D follows immediately.

(ii) Similarly, with (EDE)2 = EDE we get that

(EDE)D(EDE)(EDE)D = (EDE)3 = EDE = (EDE)D.

(iii) As EDE is diagonalizable, cp. Lemma 2.2.2, then ind(EDE) = 1 and regarding
Definition 2.3.1, (iii), this implies that

(EDE)D(EDE)2 = EDEEDE = EDE.

The proof for In − EDE follows analogously.

We note the following properties of the Drazin inverse.

Lemma 2.3.3. Consider E ∈ Rn×n.

1. Let T ∈ Rn×n be nonsingular. Then, (T−1ET )D = T−1EDT .

2. Let C ∈ Rn×n be nonsingular and EC = CE. Then, (EC)D = C−1ED = EDC−1.

Proof. We verify the assertions by checking the properties of the Drazin inverse.

1. (i) We prove the assertion by showing T−1EDT satisfies the properties of the Drazin
inverse. As T is nonsingular and EED = EDE, we have that

(T−1ET )D(T−1ET ) = T−1EDET = T−1EEDT = (T−1ET )(T−1ET )D.

(ii) From EDEED = ED, we obtain that

(T−1ET )D(T−1ET )(T−1ET )D = T−1EDEEDT = T−1EDT = (T−1ET )D.
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(iii) First, we note that ind(E) is the number ν ∈ N, for which ker(Eν) = ker(Eν+1),
but ker(Eν−1) 6= ker(Eν). This follows from the JCF (2.5) of E, implying that

Ek = T−1

[
Jk 0
0 Nk

]
T,

i.e., ker(Ek) =
{
x ∈ Rn|x = T−1

[
0
x̃2

]
, x̃2 ∈ ker(Nk)

}
. If ind(E) = ν, then Nk = 0, k ≥ ν

and ker(Ek) is independent of k, while dim(ker(Ek)) < dim(ker(Ek+1)) if k < ν.
We note that ker((T−1ET )k) = ker(Ek), since (T−1ET )k = T−1EkT for k ∈ N, and
ker((T−1ET )k) = ker(Ek), because (T−1ET )kv = T−1EkTv = 0 for v 6= 0 if and only if
Tv ∈ ker(Ek). This implies that

ker((T−1EνT )k) = ker(Eν) = ker(Eν+1) = ker((T−1Eν+1T )k),

but
ker((T−1Eν−1T )k) = ker(Eν−1) 6= ker(Eν) = ker((T−1EνT )k),

i.e., ind(T−1ET ) = ind(E) and we obtain that

(T−1ET )D(T−1ET )ν+1 = T−1EDEν+1T = T−1EνT = (T−1ET )ν .

2. (i) If EC = CE, then E, C, ED and C−1 all commute as well, cp. [95] and with
CD = C−1, we obtain that

(EC)D(EC) = EDC−1EC = ECEDC−1 = (EC)(EC)D.

(ii) Similarly, we prove that

(EC)D(EC)(EC)D = EDC−1ECEDC−1 = C−1EDEED = C−1ED = (EC)D

by the properties of ED and C−1.
(iii) If EC = CE, then (EC)k = EkCk for k ∈ N, and since C is nonsingular, it follows
that ker((EC)k) = ker(Ek), because (EC)kv = CkEkv = 0 for v 6= 0 if and only if
v ∈ ker(Ek).
With ind(E) = ν, we have ker(Eν) = ker(Eν+1), but ker(Eν−1) 6= ker(Eν), such that
ker((EC)k) = ker((EC)k+1) for k ≥ ν and ker((EC)k) 6= ker(Ek+1C) for k < ν. This
implies that ind(EC) = ind(E) and we get that

(EC)D(EC)ν+1 = EDC−1Eν+1Cν+1 = CνEν = (EC)ν .

Algorithms to compute of the Drazin inverse and the group inverse can be found, e.g.,
in [5, 9, 32, 60, 70, 71].
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2.3.2 Moore-Penrose Inverse

For nonlinear systems and linear systems with variable coefficients, we consider the
Moore-Penrose inverse, see e.g. [9, 32, 64].

Definition 2.3.2. Let E ∈ Rm×n. The matrix E+ ∈ Rn×m is called the Moore-Penrose
inverse of E, if the following conditions are satisfied, i.e.,

(i) EE+E = E, (ii) E+EE+ = E+, (iii) (E+E)T = E+E, (iv) (EE+)T = EE+.

For every matrix E ∈ Rn×n, there exists a unique Moore-Penrose inverse [58] and if E
is nonsingular, then E+ = E−1, see [130]. Alternatively, the Moore-Penrose inverse can
be defined by the Singular Value Decomposition (SVD) [58, p. 70]. The SVD of E is
given by

E = U

[
Σ 0
0 0

]
V T , (2.10)

cp. [58, p. 70], where Σ is a diagonal matrix containing the non-zero singular values of E,
i.e., the square roots of the non-zero eigenvalues of ETE. The orthogonal matrices U and
V contain a choice of left and right singular vectors, i.e., the corresponding eigenvectors
of ETE. Then, the Moore-Penrose inverse is defined as, see [32],

E+ = V

[
Σ−1 0

0 0

]
UT . (2.11)

Regarding (2.10) and (2.11), we observe that the Moore-Penrose inverse provides unique
projections onto range(E) and corange(E), respectively, see e.g, [32, p. 9].

Lemma 2.3.4. Let E ∈ Rm×n. Then, EE+ ∈ Rm×m is the orthogonal projection along
corange(E) onto range(E) and E+E ∈ Rn×n is the orthogonal projection along ker(E)
onto coker(E).

Proof. By Definition 2.3.2, (ii), we have that (EE+)2 = EE+. Then, property (i)
implies that EE+

| range(E) = In, i.e., EE+ is a projection onto range(E). By Definition

2.3.2, (iv), EE+ is orthogonal, i.e., by Lemma 2.2.2 it is the unique projection onto
range(EE+) along range(EE+)⊥ = Rm×m. Since range(E)⊥ = corange(E), this proves
the assertion.
Similarly, Definition 2.3.2, (i), implies that (E+E)2 = E+E. Transposing the identity
in (i) and using (iii) yields that E+EET = ET , i.e., E+E| coker(E) = In. Then, E+E is a
projection onto coker(E). Also, E+E is orthogonal by Definition 2.3.2, (iii) and hence is
the unique projection onto range(E+E) along range(E+E)⊥. Since coker(E)⊥ = ker(E),
this proves the assertion.

The projections EE+ and E+E are their own Moore-Penrose inverses.
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Lemma 2.3.5. Let E ∈ Rm×n have rank(E) = d and consider EE+ and E+E. Then,
(EE+)+ = EE+ and (E+E)+ = E+E.

Proof. We prove the assertion by checking the properties of a Moore-Penrose inverse.
Property (i), (ii) follow immediately from the idempotency of EE+ and E+E. Property
(iii), (iv) from the idempotency and the symmetry.

For a given projection P onto a subspace L, the Moore-Penrose inverse allows to con-
struct the orthogonal projection onto L.

Lemma 2.3.6. Let L ⊂ Rn a linear subspace and P ∈ Rn×n a projection onto L. Then,
P (P TP )+P T is the orthogonal projection along L.

Proof. By Definition 2.3.2, (ii), we find that P̃ := P (P TP )+P T is idempotent, i.e.,

P̃ 2 = P (P TP )+P TP (P TP )+P T = P (P TP )+P T = P̃ .

Furthermore, noting that ((P TP )+)T = ((P TP )T )+, cp. [32], we get that P̃ T = P̃ .
To prove that P̃ projects onto L, we prove the condition of Lemma 2.2.1. Regarding
the definition of P̃ , we get that PP̃ = P̃ . For the second identity, we consider the
decomposition

P = U

[
Σ 0
0 0

]
V T ,

where U, V are orthogonal and Σ is nonsingular. Then, ΣTΣ is nonsingular, such that

(P TP )+ = V

[
(ΣTΣ)−1 0

0 0

]
V T .

Then, P̃ is given by

P̃ = U

[
Σ(ΣTΣ)−1ΣT 0

0 0

]
UT ,

and we obtain that

P̃P = U

[
Σ(ΣTΣ)−1ΣTΣ 0

0 0

]
V T = U

[
Σ 0
0 0

]
V T = P.

Finally, we observe the following properties of the Moore-Penrose inverse.

Lemma 2.3.7. Consider E ∈ Rm×n and let U ∈ Rm×m, V ∈ Rn×n be orthogonal.
Then, (UTEV )+ = V TE+U . More general, if U1 ∈ Rm×k, V1 ∈ Rn×l, k ≤ m, l ≤ n
have orthogonal columns, respectively, and E11 ∈ Rk×l, then (UE11V

T )+ = V E+
11U

T .
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Proof. If U ∈ Rm×m, V ∈ Rn×n are orthogonal, we prove the assertion by checking the
properties of Definition 2.3.2.

(i) (UTEV )(UTEV )+(UTEV ) = UTEV V TE+U UTEV = UTEE+EV = UTEV ,

(ii) (UTEV )+(UTEV )(UTEV )+ = V TE+U UTEV V TE+U = V TE+EE+U = (UTEV )+,

(iii)
(
(UTEV )+(UTEV )

)T
= (V TE+UUTEV )T = V TE+EV = (UTEV )+(UTEV ),

(iv)
(
(UTEV )(UTEV )+

)T
= (UTEV V TE+U)T = UE+EUT = (UTEV )(UTEV )+.

If U1 ∈ Rm×k, V1 ∈ Rn×l, k ≤ m, l ≤ n have orthogonal columns, respectively, then
UTU = Ik and V TV = Il, respectively. Again, we prove the assertion by checking the
properties of Definition 2.3.2.

(i) (U1E11V
T

1 )(U1E11V
T

1 )+(U1E11V
T

1 ) = U1E11E
+
11E11V

T
1 = U1E11V

T
1 ,

(ii) (U1E11V
T

1 )+(U1E11V
T

1 )(U1E11V
T

1 )+ = V1E
+
11E11E

+
11U

T
1 = (UT1 E11V1)+,

(iii) ((U1E11V
T

1 )+(U1E11V
T

1 ))T = V T
1 E

+
11E11V1 = (U1E11V

T
1 )+(U1E11V

T
1 ),

(iv) ((U1E11V
T

1 )(U1E11V
T

1 )+)T = UT1 E
+
11E11U1V1 = (U1E11V

T
1 )(U1E11V

T
1 )+.

To extend these results to matrix functions E ∈ C(Ω,Rn×n), we use a smooth factoriza-
tion that resembles the smooth singular value decomposition [21] except that the middle
factor is not diagonal. For matrix functions E ∈ C`(Ω,Rm×n), this is a local result ob-
tained from the Implicit Function Theorem [95, p. 155], for functions E ∈ C`(I,Rm×n)
the decomposition is globally smooth on I, cp. [95, p. 62].

Theorem 2.3.1.

1. Consider E ∈ C`(Ω,Rm×n). Let rank(E(z)) = d on S ⊂ Ω, where S ⊂ Ω is an
open set. For every z0 ∈ S, there exist a neighborhood U(z0) ⊂ Ω and pointwise
orthogonal functions U ∈ C`(U(z0),Rm×m), V ∈ C`(U(z0),Rn×n), such that

E(z) = U(z)

[
E11(z) 0

0 0

]
V T (z), (2.12)

is satisfied pointwise on U(z0). The matrix E11 ∈ C`(U(z0),Rd×d) is pointwise
nonsingular.

2. [95, p. 62] Consider E ∈ C`(I,Rm×n). If rank(E(t)) = d on I, then there exist
pointwise orthogonal functions U ∈ C`(I,Rm×m), V ∈ C`(I,Rn×n), such that

E(t) = U(t)

[
E11(t) 0

0 0

]
V T (t), (2.13)

is satisfied pointwise on I. The matrix E11 ∈ C`(I,Rd×d) is pointwise nonsingular.
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Proof. 1. The assertion follows from [95, Thm. 4.3, p. 155].

2. See [95, p. 62] .

The transformations U , V are partitioned as U = [U1, U2] and V = [V1, V2], where
span(U1) = range(E), span(U2) = corange(E) and span(V1) = coker(E), span(V2) =
ker(E). For a given z ∈ Ω, we can always construct such bases V (z), U(z) using a
standard singular value decomposition. However, if rank(E) is constant on Ω, then
Theorem 2.3.1 ensures that U, V are locally as smooth as E. If E ∈ C`(I,Rm×n), then
U, V are globally smooth on I.

Theorem 2.3.1 allows to define the Moore-Penrose inverse for matrix functions.

Lemma 2.3.8.

1. Consider E ∈ C`(Ω,Rm×n). Let rank(E) = d on S ⊂ Ω, where S ⊂ Ω is an open
set. For z0 ∈ S, let U ∈ C`(U(z0),Rm×m), V ∈ C`(U(z0),Rn×n) be pointwise
orthogonal functions satisfying (2.12) on a neighborhood U(z0). For z ∈ U(z0), the
Moore-Penrose inverse of E is given by

(E(z))+ = V (z)

[
E−1

11 (z) 0
0 0

]
UT (z), (2.14)

and E+ ∈ C`(U(z0),Rm×n).

2. Consider E ∈ C`(I,Rm×n) and let rank(E) = d on I. Let U ∈ C`(I,Rm×m),
V ∈ C`(I,Rn×n) be pointwise orthogonal functions satisfying (2.13). On I, the
Moore-Penrose inverse of E is given by

(E(t))+ = V (t)

[
E−1

11 (t) 0
0 0

]
UT (t) (2.15)

and E+ ∈ C`(I,Rm×n).

Proof. Using the representations (2.12) and (2.14), we verify the characteristic properties
of the Moore-Penrose inverse, cp. Definition 2.3.2, pointwise for every z0 ∈M . By Theo-
rem 2.3.1, then U ∈ C`(U(z0),Rm×m), V ∈ C`(U(z0),Rn×n) and E11 ∈ C`(U(z0),Rd×d).
Using Cramer’s rule [74, p. 21], and noting that the determinant of a matrix is multilin-
ear in the entries, it follows that E−1

11 ∈ C`(U(z0),Rd×d), i.e., E+ ∈ C`(U(z0),Rm×n).
If E ∈ C`(I,Rm×n) has rank(E) = d on I, Theorem 2.3.1 implies that U ∈ C`(I,Rm×m),
V ∈ C`(I,Rn×n) and E11(z) ∈ C`(I,Rd×d), i.e., E+ ∈ C`(I,Rm×n).

On a subset S ⊂ Ω, on which E ∈ C`(Ω,Rm×n) has constant rank, we can treat the
Moore-Penrose locally as a function as smooth as E. Properties of the Moore-Penrose
inverse like uniqueness or the assertions of Lemma 2.3.7 extend pointwise to this matrix
function.
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Comparing the decompositions (2.12), (2.14) and (2.10), (2.11), we define the Moore-
Penrose projections for matrix functions.

Corollary 2.3.1.

1. Consider E ∈ C`(Ω,Rm×n). Let rank(E) = d on S ⊂ Ω, where S ⊂ Ω is an
open set. On S, then EE+ is a pointwise orthogonal projection along corange(E)
onto range(E), and E+E is a pointwise orthogonal projection along ker(E) onto
coker(E).

2. For every z0 ∈ S, there exists a neighborhood U(z0) ⊂ Ω, such that EE+ ∈
C`(U(z0),Rm×m) and E+E ∈ C`(U(z0),Rn×n). There exist pointwise orthogonal
functions U ∈ C`(U(z0),Rm×m), V ∈ C`(U(z0),Rn×n), such that, on U(z0),

(EE+)(z) = U(z)

[
Id 0
0 0

]
UT (z), (E+E)(z) = V (z)

[
Id 0
0 0

]
V T (z). (2.16)

3. If E ∈ C`(I,Rm×n) and rank(E) = d on I, then EE+ ∈ C`(I,Rm×m) and E+E ∈
C`(I,Rn×n). The decomposition (2.16) is defined globally on I.

2.3.3 Comparison of the Drazin and the Moore-Penrose projections

Having introduced the Drazin and Moore-Penrose inverse and projection, respectively,
we point out the differences between these concepts. The Drazin projection EDE is
based on the Jordan decomposition of E and inverts the action of E in the generalized
eigenspace geigreg(E). Consequently, the associated projection EDE aims at the regular
and nilpotent components of E. Based on a similarity transformation, the Drazin inverse
ED commutes with its matrix E. Consequently, also the projections EDE and EED

commute with E. In particular, EDE = EED. In the application to DAEs, cp. Section
4.3.5, this allows to filter out the variables and equations with the same projection.
The Moore-Penrose inverse E+ is based on the SVD of E and inverts the action of E on
range(E) and coker(E) if applied from the left and right, respectively. Consequently, the
associated projections EE+ and E+E aim at range(E) and coker(E), respectively. Based
on an equivalence transformation, the Moore-Penrose inverse E+ does not commute with
E, in general. In particular, this implies that EE+ 6= E+E, in general. In the application
to DAEs, cp. Section 4.3.4, then the equations are separated using the left projection
EE+, whereas the variables are separated using the right projection E+E.

For E ∈ Rn×n with ind(E) = 1, the Drazin and Moore Penrose inverse project along the
same subspace ker(E).

Lemma 2.3.9. Let E ∈ Rn×n have ind(E) = 1. Then, ker(EDE) = ker(E+E).

Proof. We prove the assertion using Lemma 2.2.1. Since EE+E = E, cp. Definition
2.3.2 (i), we get that

(EDE)(E+E) = EDE.
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If E ∈ Rn×n has ind(E) = 1, furthermore EDE2 = E, cp. Definition 2.3.1, (iii). As E
and ED commute, this implies that

(E+E)(EDE) = E+E.

Then, ker(EDE) = ker(E+E).

2.3.4 Semi inverse

For the flow of a linear DAE with variable coefficients, cp. Theorem 4.3.4, we need the
concept of a semi inverse or (1), (2) inverse, cp. e.g. [11].

Definition 2.3.3 ([11]). Let E ∈ Rn×m. A matrix Eginv ∈ Rm×n is called the semi
inverse of E if Eginv satisfies

EEginvE = E, EginvEEginv = Eginv. (2.17)

2.4 Manifolds

In this section, we introduce the concept of manifolds. We consider open manifolds that
are embedded in Rn as these are the geometrical objects to which the solution of a DAE
is restricted in its dynamic evolution.

2.4.1 Open manifolds

LetX,Y be topological spaces with subsets Ω1 ⊂ X and Ω2 ⊂ Y . A function φ : Ω1 → Ω2

is called a homeomorphism, if φ is bijective and φ, φ−1 are continuous on Ω1,Ω2, respec-
tively. Then, Ω1,Ω2 are called homeomorphic. For every x1 ∈ Ω1, if there exist a
neighborhood U(x1) ⊂ Ω1 and a homeomorphism φ : U(x1) → U(x2) onto a neighbor-
hood U(x2) ⊂ Ω2 of x2 = φ(x1), then Ω1,Ω2 are called locally homeomorphic.
Manifolds are topological spaces that are locally homeomorphic to Rn for n ∈ N. A topo-
logical space (M, T ) is called second countable, if there exists a countable basis of T , cp.
[99, p. 3], and X is called Hausdorff if for every x 6= x0 ∈ X there exists U(x),U(x0) ∈ T
such that x ∈ U(x), x0 ∈ U(x0) and U(x) ∩ U(x0) = ∅, cp. [86, p. 3].

Definition 2.4.1. Let (M, T ) be a topological space that is Hausdorff and second count-
able.

(i) A local chart is a pair (U , φ), where U ∈ T and φ : U → Rn is a homeomorphism
on U , φ(U).

(ii) If there exists a set {(Ui, φi)}i∈I of local charts with M =
⋃
i∈I Ui, then M is called

a manifold.
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For a local chart (U , φ), the set U is called coordinate neighborhood and φ a coordinate
map. The space Rn containing φ(U) is called the model space. The dimension of the
model space Rn may vary over M, if it is constant, then M has the dimension dim(M) =
n, cp. [95, p. 196]. Every pathwise connected manifold has a global dimension, cp. [95,
p. 196].

Two charts (U1, φ1), (U2, φ2) defined on M are called compatible if either U1∩U2 = ∅ or if
the transition map φ2◦φ−1

1 is a homeomorphism on φ1(U1∩U2) and φ−1
2 (U1∩U2), cp. [99,

p. 7]. A collection A = {(Ui, φi)}i∈I of compatible charts covering M, i.e., M = ∪i∈IUi,
is called an atlas of M. The unique atlas AM containing every other atlas A of M is
called the maximal atlas. The pair (M,AM) is called topological manifold, cp. [99, p. 3].
For topological manifolds (M,AM), (N,AN), a function F : M→ N is continuous if F is
continuous in the topology induced by AM,AN.

To study derivatives and differential equations, we need differentiable manifolds. If
X,Y are normed vector spaces with subsets Ω1 ⊂ X and Ω2 ⊂ Y , a function φ : Ω1 →
Ω2 is called a diffeomorphism if φ is bijective and φ, φ−1 are differentiable on Ω1,Ω2,
respectively. Then, Ω1,Ω2 ⊂ X are called diffeomorphic. Again, Ω1,Ω2 are locally
diffeomorphic if for every x1 ∈ Ω1 there exist a neighborhood U(x1) ⊂ Ω1 of x1 and a
diffeomorphism φ : U(x1) → U(x2) where U(x2) ⊂ Ω2 is a neighborhood of x2 = φ(x1).
If φ is a diffeomorphism and φ ∈ Ck(U(x1),U(x2)), φ−1 ∈ Ck(U(x2),U(x1)), then φ is
called a Ck-diffeomorphism, cp. [95, p. 196].

Definition 2.4.2. [95] A topological manifold (M,AM) is called a Ck-manifold if the
transition map φ2 ◦ φ−1

1 is a Ck-diffeomorphism on φ1(U1 ∩ U2) and φ−1
2 (U1 ∩ U2) for

every (U1, φ1), (U2, φ2) ∈ AM.

The model space Rn is an n-dimensional C∞-manifold with, e.g., the trivial atlas A =
{In}. Every open set U ⊂ Rn is an n-dimensional C∞-manifold, cp. [95, p. 196].

For Ck-manifolds (M1,AM2), (M2,AM2) a function F : M1 → M2 is `-times continuous
differentiable if φ1 ◦ F ◦ φ−1

2 ∈ C`(φ2(U2), φ(U1 ∩ F−1(U2)) for every (U1, φ1) ∈ AM1

and (U2, φ2) ∈ AM2 , cp. [95, p. 196]. On M1,M2, the set of Ck-functions is denoted
by Ck(M1,M2). For F ∈ C1(M1,M2), the Jacobian DF is defined via its coordinate
representation φ1 ◦ F ◦ φ−1

2 , i.e., DF (z) := D[φ1 ◦ F ◦ φ−1
2 ](z) for z ∈M1 and (U1, φ1) ∈

AM1 , (U2, φ2) ∈ AM2 , [99, p. 50]. For z ∈ M1, the Jacobian DF (z) is a linear mapping
of the tangent spaces TzM1 and TF (z)M2 in M1,M2, respectively.

For a differentiable manifold (M,AM), the tangent space TzM is the vector space of
derivations dz defined in z ∈M, cp. [99, p. 45], which are the linear maps dz : C1(M)→
R satisfying the product rule, i.e., dz(fg) = f(p)dz(g) + g(z)dz(f) for f, g ∈ C1(M), cp.
[99, p. 45]. If M is locally diffeomorphic to Rn, for z ∈M the tangent space is given by

TxM = Dφ−1(φ(z)) · Tφ(z)Rn (2.18)

for every chart (U, φ) containing z, cp. [99, p. 46]. For Rn and x ∈ Rn, there exists a
natural identification of a derivation dx and a vector v ∈ Rn via dz(f) = Df(z)v for
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f ∈ C1(Rn,R), cp. [99, p. 44, prop. 3.2], and a basis of Tz Rn is given by ∂e1 , ..., ∂en , cp.
[99, p. 44]. The set of all tangent spaces TM =

⋃
z∈M TzM is called the tangent bundle

of M, cp. [95, p. 206].

Submanifolds

Having introduced a manifold M as locally Euclidean space, we turn to subsets S ⊂ M
that inherit the subspace topology and are locally homeomorphic to linear subspaces. If
dim(M) = n, these subsets are modeled as

Rnd,0 = {x ∈ Rn | xd+1 = ... = xn = 0}, (2.19)

for d ≤ n. The set Rnd,0 is a linear subspace with dim(Rnd,0) = d and equipped with

the subspace topology induced by Rn, i.e., Ũ is open in Rnd,0 if and only if there exists

U ⊂ Rn open such that Ũ = U ∩ Rnd,0.

Definition 2.4.3. Let M be a manifold with dim(M) = n and let S ⊂M a subset.

(i) A local chart (U , φ) of M is called a slice chart for S if φ(U ∩ S) = φ(U) ∩ Rnd,0.

(ii) If there exists a set {(Ui, φi)}i∈I of slice charts such that S =
⋃
i∈I Ui, then S is

called a embedded submanifold.

For a chart (U , φ), the set φ(U) is open in Rn, hence φ(U ∩ S) = φ(U) ∩ Rnd,0 is open in
Rnd,0. If every slice chart maps onto Rnd,0, then S has the dimension dim(S) = d. The
codimension is given by codim(S) = n−d. In particular, S is a manifold with dimension
d, cp. [95, p. 196]. The local charts can be constructed from the slice charts by projecting
onto the first d components, cp. [99, p. 98]. If M is a Ck-manifold and there exists a

covering {(Ui, φi)}i∈I of S with C k̃-slice charts, k̃ ≤ k, then S is a C k̃-submanifold, cp.
[95, p. 198].

For an embedded differentiable submanifold S ⊂ M, the tangent space Tz S is a linear
subspace of TzM for every z ∈ S, cp. [99, p. 102]. More exactly,

Tz S = Dφ(φ(z))−1 · Tφ(z)Rnd,0 (2.20)

where (U , φ) is a slice chart containing z ∈ S. Identifying the standard canonical basis
ei, i = 1, ..., n, with the partial derivatives ∂ei , then

TxRnd,0 = Rnd,0. (2.21)

To characterize invariant submanifolds S ⊂ Rn, we define the normal space of Tz S in
TzM as orthogonal complement

Nz S := Tz S⊥, (2.22)
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cp. [86, p. 122]. In general, the normal space can be defined whenever TzM is equipped
with a scalar product.

According to our problem setting, now we consider submanifolds embedded in Rn. These
sets are given as level sets of locally defining functions or images of local embeddings,
cp. [99, p. 116 and p. 118].

Lemma 2.4.1. Let S ⊂ Rn be a subset. The set S is an embedded Ck-submanifold with
dim(S) = d if and only if one of the following (equivalent) conditions is satisfied for
every z0 ∈ S.

1. There exist a neighborhood U(z0) ⊂ Rn and a function G ∈ Ck(U(z0),Rn−d) with
rank(DG(z)) = n− d on G−1({0}) that satisfies S ∩ U(z0) = G−1({0}).

2. There exist z1,0 ∈ Rd, neighborhoods U(z1,0) ⊂ Rd, U(z0) ⊂ Rn and a function
ϕ ∈ Ck(U(z1,0),Rn) with rank(ϕ(z)) = d on U(z1,0), z1,0 = ϕ(z0), such that
S ∩ U(z0) = ϕ(U(z1,0)) and ϕ is a homeomorphism on (U(z1,0), ϕ(U(z1,0))).

A function G satisfying Lemma 2.4.1, 1., is called a locally defining function of the
submanifold S. A function ϕ satisfying Lemma 2.4.1, 2., is called a local embedding of S.

The Jacobians of locally defining functions and embeddings characterize the tangent and
the normal space of embedded submanifolds, cp. [86, p. 122] and [99, p. 116].

Lemma 2.4.2. Let S ⊂ Rn be an embedded Ck-submanifold.

1. For z0 ∈ S, let G ∈ Ck(U(z0),Rd) be a locally defining function. For z ∈ U(z0),
then Tz S = ker(DG(z)) and Nz S = span(DGT (z)).

2. For z0 ∈ S, let ϕ ∈ Ck(U(z1,0),Rn) be a local embedding with z0 = ϕ(z1,0). For
z ∈ U(z0), then Tz S = span(Dϕ(z1)) and Nz S = ker(DϕT (z1)), where z1 = ϕ(z).

A local embedding ϕ ∈ C`(U(z1,0),Rn) yields a constructive description of an embedded
submanifold S as it parameterizes S via the variables z1 ∈ U(z1,0). The Jacobian Dϕ(z1)
yields a constructive description of the tangent space Tz S for z ∈ range(ϕ(U(z1,0))). A
locally defining function G ∈ Ck(U(z0),Rd) yields an implicit description of S, but a
constructive description of the normal space NzS.

For a linear subspace L ⊂ Rn with complement Lc, embeddings and defining functions
are globally defined by bases of L or Lc, respectively.

Remark 2.4.1. A linear subspace L ⊂ Rn, dim(L) = d, is an embedded submanifold
modeled on Rnd,0. Every basis T

′
2 ∈ R×nn−d of the orthogonal complement L⊥ yields

a globally defining function G(x) := T
′
2x. Every basis T1 ∈ Rn×d of L yields a global

embedding ϕ(x1) := T1x1. Completing T1, T
′
2 to nonsingular matrices T = [T1, T2] and

T
′

= [T
′
1, T

′
2] ∈ Rn×n, respectively, then (L, T−1), (L, T ′) yield global slice charts for L.

The tangent space is given by Tx L = span(T1) = ker(T
′T
2 ), cp. Lemma 2.4.2, i.e.,

Tx L = L. Accordingly, the normal space is given by Nx L = L⊥.
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For v ∈ Rn and the affine linear subspace Lv, bases T1 ∈ Rn×d of L and T2 ∈ Rn−d of
L⊥ induce the globally defining function Gv(x) := T T2 x − T T2 v and a global embedding
ϕv(x1) := T1x1 − v, respectively. Noting that DGv = T T2 and Dϕv = T1, then Tx Lv =
Tx L and Nx Lv = Nx L.

Besides embedded submanifolds, there are immersed submanifolds, i.e., subsets S ⊂ M
that can be equipped with an atlas but do not inherit the subspace topology of M, cp.
e.g., [99, p. 119].

Time-varying submanifolds

In the context of linear time-varying and nonlinear DAEs, we encounter submanifolds
S(t) ⊂ Rn that are parameterized by t ∈ I. For example, given F ∈ C1(I×Ωx×Ωẋ,Rn)
and a solution x ∈ C1(I,Rn) of F (t, x, ẋ) = 0, then Fẋ(t, x(t), ẋ(t)) induces a family of
linear subspaces {ker(Fẋ(t, x(t), ẋ(t))}t∈I . To study families {S(t)}t∈I of parameterized
submanifolds S(t) in the framework of embedded submanifolds, we make the following
definitions.

Working with product spaces, we consider the function ι : Rn1 ×Rn2 → Rn1+n2 , n1, n2 ∈
N, defined by

ι(x1, x2) =

[
x1

x2

]
, x1 ∈ Rn1 , x2 ∈ Rn2 , (2.23a)

whose inverse is given by

ι−1(x) = ([In1 , 0]x, [0, In2 ]x), x ∈ Rn1+n2 . (2.23b)

The function ι is an isomorphism and allows to change from pairs (x1, x2) ∈ Rn1 × Rn2

to vectors [xT1 , x
T
2 ]T ∈ Rn1+n2 and vice versa.

Definition 2.4.4. Let I ⊂ R be an interval and {S(t)}t∈I a family of subsets S(t) ⊂ Rn.
For every t ∈ I, let there exist S(t) ∈ Rn. We call the set

S :=
⋃
t∈I

{
{t} × S(t)

}
(2.24)

a time-varying subset on I. For t ∈ I, we call the set

S(t) := {x ∈ Rn | (t, x) ∈ S} (2.25)

a t-section of S, cp. [81]. We call

Saut = ι(S) = {ι(t, x) | (t, x) ∈ S} (2.26)

the autonomization of S.
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For a function φ : I × U → Rn, I × U ⊂ R × Rn, we define the autonomization of φ by
φaut : ι(I × U)→ Rn+1 with

φaut(z) :=

[
t

φ(t, x)

]
, z = ι(t, x) ∈ ι(I × U). (2.27)

We call a pair (I × U , φ) a time-varying Ck-chart if φaut and φ(t, ·), t ∈ I, are Ck-
diffeomorphisms on ι(I ×U), φaut(ι(I ×U)) and {t} × U , φ({t} × U), respectively. Two
time-varying Ck-charts (I1,0 × U1, φ1), (I2,0 × U2, φ2) are called Ck-compatible if the
transition maps φ2,aut◦φ−1

1,aut and φ2(t, ·)◦φ−1
1 (t, ·), t ∈ I1,0∩I2,0, are Ck-diffeomorphisms

on their domains of definition, respectively.

We define time-varying submanifolds as time-varying subsets S ⊂ R×Rn whose t-sections
and autonomization are embedded submanifolds, respectively.

Definition 2.4.5. Let S ⊂ R× Rn be a time-varying subset.

(i) A time-varying Ck-chart (I0 × U , φ) is called a time-varying slice chart for S if

φ
(
{t} × (U ∩ S(t))

)
= φ

(
{t} × U

)
∩ Rnd,0

is satisfied for t ∈ I0.

(ii) If there exists a set {(Ii × Ui, φi)}i∈I of Ck-compatible, time-varying slice charts,
such that S =

⋃
i∈I{Ii × Ui}, then S is called a time-varying embedded Ck-

submanifold.

If S is a time-varying, embedded submanifold, then Saut ⊂ Rn+1 is an embedded sub-
manifold using the autonomized slice charts {(ι(Ii × Ui), φi,aut)}i∈I . In addition, every
t-section S(t) ⊂ Rn is an embedded submanifold using the covering {(Ui, φi(t, ·))}i∈I . If
every (Ui, φi(t, ·)) maps onto Rnd,0 for every t ∈ I, then dim(Saut) = d+ 1, dim(S(t)) = d

and we say that S has the dimension dim(S) = d. Exploiting that S = ι−1(Saut), where
ι is an isomorphism, this justifies the notion of S as embedded submanifold.

Lemma 2.4.3. Let S ⊂ R × Rn be a time-varying, embedded C1-submanifold. For
(t, x) ∈ S, the tangent space T(t,x) S is given by

T(t,x) S = R×
(

Tx S(t)− Ṡ(t,x)

)
, (2.28)

where Tx S(t) is the tangent space of the t-section S(t) and Ṡ(t,x) denotes the change in
time of S(t). For a time-varying slice chart (I × U , φ) containing (t, x), then

Tx S(t) = ker
(
[0, In−d]φx(t, x)

)
, (2.29)

Ṡ(t,x) = (φ−1
x φt)(t, x) (2.30)

and Ṡ(t,x) ⊂ Nx S(t).
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Proof. For t ∈ I, we consider the t-section S(t). For x ∈ S(t), the tangent space is given
by Tx S(t) = φ−1

x (t, x) ·Rnd,0, for any time-varying slice chart (I ×U , φ) containing (t, x),
cp. (2.20). This implies formula (2.29). Accordingly, for Saut, we get that

T(t,x) Saut = Dφ−1
aut(t, x) · Rn+1

d,0 = ker
(
[0, In−d]Dφaut(t, x)

)
.

Noting that

Dφaut(z) =

[
1 0
φt φx

]
(t, x), Dφ−1

aut(z) =

[
1 0

−φ−1
x φt φ−1

x

]
(t, x), (2.31)

we obtain that ι(τ, v) ∈ T(t,x) Saut if and only if (τ, v) satisfy

[0, In−d]φx(t, x) τ−1v = −[0, In−d]φt(t, x).

Since rank(φx(t, x)) = n on I × U , because φ is a chart of M then φx(t, x) is invertible
and we obtain that ι(τ, v) ∈ T(t,x) Saut if and only if

[0, In−d]φx(t, x)
(
τ−1v + (φ−1

x φt)(t, x)
)

= 0,

i.e., if and only if τ−1v ∈ ker
(
[0, In−d]φx(t, x)

)
− (φ−1

x φt)(t, x). Noting that Tx S(t) =

ker
(
[0, In−d]φx(t, x) and setting Ṡ(t,x) := (φ−1

x φt)(t, x), this implies that τ−1v ∈ Tx S(t)−
Ṡ(t,x) if ι(τ, v) ∈ T(t,x) Saut. Conversely, every ṽ ∈ Tx S(t)− Ṡ(t,x) yields a vector ι(τ, v) ∈
T(t,x) Saut with v := τ ṽ for τ ∈ R. Hence, the tangent space of Saut is given by

T(t,x) Saut =
{
ι(τ, v) ∈ Rn+1 | τ−1v ∈ Tx S(t)− Ṡ(t,x)

}
. (2.32)

Noting that S = ι−1(Saut), cp. (2.26), we obtain the proposed formula for T(t,x) S.

To prove that Ṡ(t,x) is unique, let (I1,0 ×U1, φ1), (I2,0 ×U2, φ2) be two time-varying Ck-

compatible charts of S. The transition map φ2,aut ◦ φ−1
1,aut induces a Ck-diffeomorphism

Q ∈ Ck
(
(I1,0 ∩ I2,0)× φ1(I0 × U1), (I1,0 ∩ I2,0)× φ2(I0 × U1)

)
with

φ2,aut(t, x) = Q(φ1,aut(t, x))

for (t, x) ∈ (I1,0 ∩ I2,0) × φ1({t} × U1). Then, Dφ2,aut = DQDφ1,aut, where DQ is
nonsingular. In particular, we have that φ2,x = [0, In]Qxφ1,x with [0, In]Qx(t, x) ∈ Rn×n
nonsingular, which implies that φ−1

2,xφ2,t = φ−1
1,xφ1,t. Hence, the vector (φ−1

x φt)(t, x) is

independent of the choice of φ. To prove that Ṡ(t,x) ⊂ Nx S(t), we note that φ may be
chosen as

φ(t, x) =

[
x1

θ(t, x1, x2)

]
, x =

[
x1

x2

]
, x1 ∈ Rd, x2 ∈ Rn−d

cp. [99, p. 107]. This implies that

φt(t, x) =

[
0

θt(t, x1, x2)

]
∈ Rnd,0

⊥

and noting that Nx S(t) = φ−1
x (t, x)Rnd,0

⊥, this proves the assertion.
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For a time-varying, embedded submanifold, the tangent space T(t,x) S is the product of

the tangent space TtR = R and the affine linear subspace Tx S(t) − Ṡ(t,x) induced by

the tangent space Tx S(t) and the ’derivative’ Ṡ(t,x) of the t-section S(t). We denote the
tangent bundle of S by TS. For the t-sections, we write T S(·) =

⋃
(t,x)∈S Tx S(t).

Locally defining functions and embeddings of time-varying submanifolds are parameter-
ized by time, i.e., these functions satisfy the assertions of Lemma 2.4.1 for z = (t, x)
with t ∈ I and x ∈ Rn.

Lemma 2.4.4. Let S ⊂ R× Rn be a time-varying subset. The set S is a time-varying,
embedded Ck-submanifold with dim(S) = d if and only if one of the following (equivalent)
conditions is satisfied.

1. For every (t0, x0) ∈ S, there exist neighborhoods I0 ⊂ R, U(x0) ⊂ Rn and a function
G ∈ Ck(I0 × U(x0),Rn−d) that satisfies rank(DG(t, x)) = rank(Gx(t, x)) = n − d
on G−1({0}) and (I0 × U(x0)) ∩ S = G−1({0}).
Then, the tangent spaces associated with S are given by

T(t,x) Saut = ker(DG(t, x)), (2.33a)

Tx S(t) = ker(Gx(t, x)), (2.33b)

Ṡ(t,x) = −(G+
xGt)(t, x). (2.33c)

2. For every (t0, x0) ∈ S, there exist neighborhoods I0 ⊂ R, U(x1,0) ⊂ Rd, U(x0) ⊂ Rn
and a function ϕ ∈ Ck(I0 × U(x1,0),U(x0)) that satisfies rank(Dϕ(t, x1)) = d+ 1
and rank(ϕx1(t, x1)) = d on I0×U(x1,0), both ϕaut, ϕ(t, ·) are Ck-diffeomorphisms
on their domains of definitions and ι(S∩ (I0×U(x0))) = Saut ∩ϕaut(I0×U(x1,0))
and S(t) ∩ U(x0) = S(t) ∩ ϕ({t} × U(x1,0)) for t ∈ I0.
Then, the tangent spaces associated with S are given by

T(t,x) Saut = span(Dϕaut(t, ϕ
−1(t, x))), (2.34a)

Tx S(t) = span(ϕx1(t, ϕ−1(t, x))), (2.34b)

Ṡ(t,x) = ϕt(t, ϕ
−1(t, x)). (2.34c)

3. For every (t0, x0) ∈ S, there exist neighborhoods I0 ⊂ R, U(x1,0) ⊂ Rd, U(x2,0) ⊂
Rn−d and a function g ∈ Ck(I0 × U(x1,0),U(x2,0)) that satisfies ι(I0 × U(x0)) ∩
Saut = graph(gaut |I0×U(x1,0)) and U(x0) ∩ S(t) = graph(g|{t}×U(x1,0)) ∩ S(t) for
t ∈ I0, where U(x0) = ι(U(x1,0),U(x2,0)).
Then, the tangent spaces associated with S are given by

T(t,x) Saut = span([1, Id, Dg
T (t, x1)]), (2.35a)

Tx S(t) = span([Id, g
T
x1

(t, x1)]), (2.35b)

Ṡ(t,x) = [0, gTt (t, x1)]. (2.35c)
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Proof. 1. ⇒ Let S be a time-varying, embedded Ck-submanifold. For every (t0, x0) ∈ S,
there exists a time-varying Ck-slice chart (I0 ×U(x0), φ) that satisfies [0, In−d]φ(t, x) =
0 on I0 × U(x0). Setting G := [0, In−d]φ and noting that rank([0, In−d]Dφ(t, x)) =
rank([0, In−d]φx(t, x)) on I0 × U(x0), then G has the desired properties.

⇐ Consider G ∈ Ck(I0 × U(x0),Rn−d). If rank(DG(t, x)) = rank(Gx(t, x)) = n − d on
G−1({0}), for every (t0, x0) ∈ G−1({0}), there exists a permutation Iσ ∈ Rn×n, such
that Gx2(t0, x0) is nonsingular for x1 = [Id 0]ITσ x and x2 = [0 In−d]I

T
σ x. By the Inverse

Function Theorem, cp. [86, p. 108], thenGx2(t, x) is nonsingular on a small neighborhood
of (t0, x0). With these observations, we consider φ ∈ Ck(I0 × U(x0),Rn) defined by

φ(t, x) =

[
x1

G(t, x)

]
, x = Iσι(x1, x2) ∈ U(x0). (2.36)

By the choice of x2, rank(Dφ(t0, x0)) = rank(φx(t0, x0)) = n and there exists a neigh-
borhood Ĩ0 × Ũ(x0) ⊂ I0 × U(x0), such that φaut, φ(t, ·) are Ck-diffeomorphisms on
ι(Ĩ0 × Ũ(x0)), φaut(ι(Ĩ0 × Ũ(x0)) and {t} × Ũ(x0), φ({t} × Ũ(x0)), respectively. Further-
more,

φ
(
{t} × (Ũ(x0) ∩ S+(t)

)
= φ

(
{t} × Ũ(x0)

)
∩ Rnd,0.

Hence, (I0 × U(x0), φ) is a time-varying slice chart for G−1({0}), cp. Definition 2.4.5.
Repeating these arguments on S, we prove that S is a time-varying, embedded subman-
ifold.
Noting that Saut ⊂ Rn+1 and S(t) ⊂ Rn are embedded submanifolds with locally defining
functions G and G(t, ·), then (2.33a) and (2.33b) follow from Lemma 2.4.2. To prove that
Ṡ(t,x) = span(G+Gt)(t, x)), we consider the Moore-Penrose projection onto T(t,x) Saut.
If rank(DG(t, x)) = d on G−1({0}), by the Inverse Function Theorem, cp. [86, p. 108],
there exists a neighborhood Ĩ0 × Ũ(x0) ⊂ I × Rn, such that rank(DG(t, x)) = d on
I0×U(x0). By Theorem 2.3.1, there exists a neighborhood Ĩ0×Ũ(x0) ⊂ I0×U(x0) and a
pointwise orthogonal function T̃ = [T̃1, T̃2] ∈ Ck(Ĩ0×Ũ(x0),Rn×n) with span(T̃1(t, x)) =
ker(DG(t, x)) on Ĩ0 × Ũ(x0). Since rank(DG(t, x)) = rank(Gx(t, x)) on G−1({0}), we
can choose T̃ such that

T̃ =

[
1 0
−w T

]
where T = [T1, T2] ∈ Ck(I0×U(x0),Rn×n) is pointwise orthogonal with span(T1(t, x)) =
ker(Gx(t, x)) and w ∈ Ck−1(Ĩ0 × Ũ(x0),Rn) satisfies Gt = Gxw on Ĩ0 × Ũ(x0). Noting
that Ĝx := GxT2 is pointwise nonsingular, the Moore-Penrose inverse is given by

DG+ = T̃

[
0

Ĝ−1
x

]
=

[
0

T2Ĝ
−1
x

]
=

[
0
G+
x

]
,

cp. (2.3.2). The Moore-Penrose projection is given by

DG+DG =

[
0 0

G+
xGt G+

xGx

]
. (2.37)
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Using that T(t,x) Saut = ker(DG(t, x)) = ker((DG+DG)(t, x)), we get ι(τ, v) ∈ T(t,x) Saut

if and only if τ ∈ R and (G+
xGx)(t, x)τ−1v = −(G+

xGt)(t, x), i.e., if and only if

τ−1v ∈ ker(Gx(t, x))− (G+
xGt)(t, x).

Noting that Tx S(t) = ker(Gx(t, x)) = ker((G+
xGx)(t, x)), we find that

T(t,x) Saut =
{
ι(τ, v) | τ ∈ R, τ−1v ∈ Tx S(t)− (G+

xGt)(t, x)
}
.

Regarding (2.32) and choosing I0 × U(x0) sufficiently small, such that Ĩ0 × Ũ(x0) =
I0 × U(x0), we prove the assertion.

2. Following the arguments given in [99, p. 118], if ϕ ∈ Ck(I0 × U(x1,0),Rn) has
the assigned properties, then φ(t, x) := ϕ−1(t, x), x = ϕ(t, x1) is a time-varying slice
chart. Conversely, a time-varying slice chart I0 × U(0), φ) induces a local embedding
via ϕ(t, x1) := φ−1(t, x1, 0), [xT1 , 0]T = ϕ(t, x). Then, (2.34a) and (2.34b) follow from
Lemma 2.4.2. Noting that

Dϕaut(z) =

[
1 0
ϕt ϕx

]
(t, x),

then ι(τ, v) ∈ T(t,x) Saut if and only if there exists v1 ∈ Rd, such that v = ϕx(t, x)v1 +

τϕt(t, x). Since Tx S(t) = span(ϕx(t, x)), this proves that Ṡ(t,x) = ϕt(t, x).

3. ⇒ Let S be a time-varying, embedded Ck-submanifold. For every (t0, x0) ∈ S, there
exists a time-varying Ck-slice chart (I0 × U(x0), φ) that can be chosen as

φ(t, x) =

[
x1

θ(t, x1, x2)

]
, x = ι(x1, x2) ∈ U(x0), (2.38)

with x1 ∈ Rd, x2 ∈ Rn−d and θ ∈ Ck(I0 ×U(x1,0)×U(x2,0)),U(y2,0), where ι
(
U(x1,0)×

U(x2,0)
)

= U(x0) and U(y2,0) ⊂ Rn−d, cp. [99, p. 5.13]. Both φaut, φ(t, ·) are diffeo-
morphisms on their domains of definition, and regarding the special structure of φ, for
t ∈ I0, the inverse is given by

φ−1(t, y) =

[
y1

θ−(t, y1, y2)

]
, y = ι(y1, y2) ∈ φ({t} × U(x0)),

where y1 ∈ Rd, y2 ∈ Rn−d and θ− ∈ Ck(I0 × U(x1,0)× U(y2,0),U(x2,0)) solves

y2 = θ(t, y1, θ
−(t, y1, y2)) (2.39)

on I0×U(x1,0)×U(y2,0), where U(x1,0)×U(x2,0) = ι−1(U(x0)). On I0×U(x1,0)×U(x2,0),
then x2 = θ−(t, x1, θ(t, x1, x2)). Noting that θ(t, x1, x2) = 0 if and only if (t, x1, x2) ∈
(I0 × U(x1,0)× U(x2,0)) ∩ S because Φ is a slice chart, we set

g(t, x1) := θ−(t, x1, 0). (2.40)
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Then, g ∈ Ck(I0 × U(x1,0),U(x2,0)) and graph(g|{t}×U(x1,0)) = θ(t, ·)−({0}), implying
that graph(g|{t}×U(x1,0)) = U(x0) ∩ S(t).

⇐ For g ∈ Ck(I0 × U(x1,0),U(x2,0)), set

φ(t, x) =

[
x1

x2 − g(t, x1)

]
, x = ι(x1, x2) ∈ U(x0) (2.41)

and U(x0) = ι(U(x1,0) × U(x2,0)). On I0 × U(x0), φ ∈ Ck(I0 × U(x0),Rn), then
rank(Dφ(t, x)) = rank(φx(t, x)) = n and there exist a neighborhood Ĩ0 × Ũ(x0) ⊂
I0×U(x0), such that φaut, φ(t, ·) are Ck-diffeomorphisms on (Ĩ0×Ũ(x0), φaut(Ĩ0×Ũ(x0))
and (Ũ(x0), φ({t} × Ũ(x0)), respectively. Since graph(g|{t}×U(x1,0)) = U(x0) ∩ S(t), then
φaut((I0 × U) ∩ graph(gaut| I0×U(x1,0)) = φaut(I0 × U) ∩ (R × Rnd,0) and φ({t} × U) ∩
graph(g|I0×U(x1,0))) = φ({t}×U)∩Rnd,0 for t ∈ I0, i.e., (I0×U , φ) is a time-varying slice
chart. Repeating these arguments for S, this proves that S is a time-varying, embedded
submanifold, cp. Definition 2.4.5.
The parameterization g defines a local embedding via ϕ ∈ Ck(I0 × U(x1,0),Rn) via

ϕ(t, x1) =

[
x1

g(t, x1)

]
,

cp. Remark 2.4.2. Then, we have that

Dϕ−1
aut(z) = ϕt(t, x) =

[
0

gt(t, x1)

]
, ϕ−1

x1
(t, x) =

[
Id

gx1(t, x1)

]
,

and (2.35) follows from (2.34).

A function G that satisfies Lemma 2.4.4, 1., is called time-varying locally defining func-
tion of the submanifold S. A function ϕ satisfying Lemma 2.4.4, 2., is called time-varying
local embedding of S. A function g satisfying Lemma 2.4.4, 3., is called time-varying local
parameterization of S.

Remark 2.4.2. Every local parameterization g ∈ Ck(I0 × U(x1,0),U(x2,0)) induces a
local embedding ϕ ∈ Ck(I0 × U(x1,0),Rn) via

ϕ(t, x1) =

[
x1

g(t, x1)

]
. (2.42)

More exactly, if g ∈ Ck(I0 × U(x1,0),U(x2,0)), then ϕ ∈ Ck(I0 × U(x1,0),U(x0)) with
U(x0) = ι

(
U(x1,0), g(I0 × U(x1,0)

)
and rank(Dϕaut(t, x1)) = d+ 1, rank(ϕx1(t, x1)) = d

on I0×U(x1,0). For every ι(t, x) ∈ ϕaut(I0×U(x1,0)), we can recover the argument (t, x1)
satisfying ϕaut(t, x1) = ι(t, x) by using the projection onto the first d + 1 components.
Similarly, fixing t ∈ I0, we can invert ϕ on {t} × U(x0) by projecting onto the first d
components. Hence, ϕaut and ϕ are Ck-diffeomorphism on their domains of definition
and ϕ is a time-varying, local embedding. We call the local embedding (2.42) constructed
from a parameterization g the embedding induced by g.
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Remark 2.4.3. Let {L(t)}t∈I be a family of linear subspaces with L(t) ⊂ Rn and
dim(L(t)) = d for t ∈ I. The set

L :=
⋃
t∈I

{
{t} × L(t)

}
is an embedded, time-varying Ck-submanifold with dim(L) = d if and only if there exists
a function T2 ∈ Ck(I,Rn×(n−d)) that satisfies span(T2(t)) = L⊥(t) on I, or, equivalently,
if there exists a function T1 ∈ Ck(I,Rn×d) satisfying span(T1(t)) = L(t) on I. If this is
the case, then T

′
1 and T1 yield a time-varying, globally defining function and embedding

G(t, x) := T T2 (t)x, ϕ(t, x1) := T1(t)x1,

respectively. Conversely, every matrix function T2 ∈ Ck(I,Rn×(n−d)) with span(T2(t)) =
L⊥(t) or a function T1 ∈ Ck(I,Rn×d) that satisfies span(T1(t)) = L(t) on I defines a
time-varying, linear subspace on I.
Given t ∈ I, the tangent space of a t-section L(t) is given by

Tx L(t) = span(T1(t)) = ker(T T2 (t)),

i.e., Tx L(t) = L(t) for every x ∈ L(t). Accordingly, Nx L(t) = L⊥(t). Choosing T2

pointwise orthogonal, then T+
2 = T T2 and the change in time is given by

L̇(t,x) = (T2Ṫ
+
2 )(t)x = Ṫ1(t).

For v ∈ Ck(I,Rn) and the affine subspace Lv, these bases induce the globally defining
function and embedding

Gv(t, x) := T T2 (t)x− (T T2 v)(t), ϕv(t, x1) := T1(t)x1 + v(t).

Since Gv,x(t, x) = Gx(t) and ϕv,x(t, x1) = ϕx(t, x1), it follows that

Tx Lv(t) = L(t), Nx Lv(t) = L⊥(t)

for (t, x) ∈ Lv. The change in time is given by

L̇v,(t,x) = T2(t)
(
Ṫ+

2 (t)x− d
dt [T

T
2 v](t)

)
= (Ṫ1 + v̇)(t).

2.4.2 Manifolds with corners

In Section 2.4.1, we have considered manifolds and embedded submanifolds as nonlinear
analogy of vector spaces and linear subspaces. For the positivity analysis of DAEs, now
we study manifolds with corners as nonlinear analogy of convex cones. For that, we
follow the approaches in [82, 99, 111].

The model space for manifolds with corners is the polyhedral cone

Rnb+ = {x ∈ Rn | xb+1, ..., xn ≥ 0}, (2.43)
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where b ∈ {0, ..., n − 1}. The cone Rnb+ has dimension dim(Rnb+) = n. We call the
number of nonnegative entries the number of boundaries and set bound(Rnb+) = n − b.
The relative interior of Rnb+ is given by by

rintRnb+ = {x ∈ Rn | xb+1, ..., xn > 0}. (2.44)

The set Rnb+ is equipped with the subspace topology of Rn, cp. [111, p. 11]. A function

F : U → M with U ⊂ Rnb+ open, is called Ck-continuous differentiable on U if there

exists Ũ ⊂ Rn and F̃ ∈ Ck(Ũ ,Rn), such that U ⊂ Ũ and F̃|U = F , cp. [82, p. 3]. If F̃ is

a Ck-diffeomorphism, we call F a Ck-diffeomorphism. If

F ∈ Ck(intU,Rn) and D`F are bounded on K ∩ intU for every compact K ⊂ U ,
(2.45)

where intU = intRnb+ ∩ U , then F ∈ Ck(U,Rn) cp. [111, p. 2]. Conversely, every

F ∈ Ck(U,Rn) satisfies (2.45), cp. [111, p. 3]. If F is a homeomorphism on U and
F, F−1 satisfy (2.45), then F is a Ck-diffeomorphism, cp. [111, p. 5].

A manifold with corners is locally homeomorphic to Rnb+, cp. [82, p. 3], [99, p. 19], [111,
p. 17].

Definition 2.4.6. Let (M, T ) be a topological space that is Hausdorff and second count-
able.

(i) A local chart with corners is a pair (U , φ), where U ∈ T and φ : U → φ(U) is a
homeomorphism onto an open set φ(U) ⊂ Rnb+.

(ii) Two charts with corners (U1, φ1), (U2, φ2) are called Ck-compatible, k ≥ 0, if
either U1 ∩ U2 = ∅ or if the transition map φ2 ◦ φ−1

1 is a Ck-diffeomorphism on
φ1(U1 ∩ U2) and Φ−1

2 (U1 ∩ U2).

(iii) If there exists a collection {(Ui, φi)}i∈I of Ck-compatible charts with corners such
that M =

⋃
i∈I Ui, then M is called a Ck-manifold with corners.

The quantities n, d may vary over M. If they are constant, we assign the dimension
dim(M) = n and the number of boundaries bound(M) = b to M. If b = 1, then
Rn1+

= ker+(eTn ) is a halfspace and M is called a manifold with boundary, cp. [65, p. 57].
To distinguish manifolds with corners from manifolds modeled on Rn, we refer to the
latter as open manifolds.

A collection A = {(Ui, φi)}i∈I of Ck-compatible charts with corners covering M, i.e.,
M =

⋃
i∈I Ui, is called a Ck-atlas with corners of M, cp. [82, p. 4]. The unique atlas AM

containing every other atlas of M is called the maximal atlas with corners of M, cp. [82,
p. 4].

Like for open manifolds, the tangent space of a differentiable manifold with corners
(M,AM) is the image of the corresponding space of Rnb+, cp. [99, p. 52], [82, p. 4]. For
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Rnb+, the tangent space is the linear hull

TxRnb+ := span(Rnb+) = Rn

cp. [99, p. 52], [82, p. 4]. Besides the tangent space, we quantify the set of vectors
pointing into Rnb+. Therefore, we define the boundary set

∂`Rnb+ := {x ∈ Rn | xb+1, ..., xn−` > 0, xn−`+1, ...xn = 0}

for ` = 0, ..., n− b, cp. [82, p. 4], [111, p. 12]. The closure in Rnb+ is given by

∂`Rnb+ = {x ∈ Rn | xb+1, ..., xn−` ≥ 0, xn−`+1, ...xn = 0}

for ` = 0, ..., n− b, cp. [111, p. 12], [82, p. 4]. These sets are open and closed polyhedral
cones, respectively, with dimension n − ` and n − b − ` boundaries. If x ∈ ∂bRnb+, then
xb+1, ..., xn = 0 and T+

x Rnb+ = Rnb0 , cp. (2.21). If x ∈ ∂0Rnb+, then xb+1, ..., xn > 0 and
T+
x Rnb+ = rintRnb+.

Every x ∈ Rnb+ is contained in ∂`Rnb+ for exactly one ` ∈ {0, ..., n − b} and Rnb+ can be

identified with the disjoint union
∐n−b
`=0 ∂`Rnb+, cp. [82, p. 4]. If x ∈ ∂`Rnb+, the vectors

pointing from x into Rnb+ are the elements in Rn`+ and we define the tangent inward sector
[82, p. 4] by

T+
x Rnb+ = Rn`+, x ∈ ∂`Rnb+ (2.46)

for ` = 0, ..., n − b. The tangent inward sector is a polyhedral cone. For the invariance
analysis, we define the normal inward sector as the dual of T+

x Rnb+, i.e.,

N+
x Rnb+ = (T+

x Rnb+)∗ x ∈ ∂`Rnb+.

To extend this concept to a manifold with corners (M,AM), we define the boundary set

∂`M = {x ∈M | ∃ (U , φ) ∈ AM : φ(x) ∈ ∂`Rnb+}, (2.47)

for ` = 0, ..., n−b, cp. [111, p. 12], [82, p. 4]. If (φ,U) ∈ AM and Π ∈ Rn×n a permutation,
then the composition Π◦φ again is a chart with corners on U . Thus, ∂`M contains those
x ∈M having exactly ` zeros in the coordinate representation, cp. [111, p. 12], [82, p. 4].
Every z ∈ M is contained in ∂`M for exactly one ` ∈ {1, ..., n− b}. The interior of M is
given by int(M) = ∂0M, cp. [111, p. 12]. The closure of ∂`M in M is given by

∂`M = {x ∈M | ∃ (U, φ) ∈ AM : φ(x) ∈ ∂`Rnb+}

for ` = 0, ..., n − b. Then, ∂`M contains those x ∈ M having at least ` zeros in the
coordinate representation, cp. [111, p. 12]. The boundary of M is given by ∂M = ∂0M,
cp. [111, p. 12].

Lemma 2.4.5. Let M be a Ck-manifold with corners modeled on Rnb+. Consider ∂`M as

defined in (2.47). Then, M =
∐n−b
`=0 ∂`M and ∂`1M∩ ∂`2M = ∅ if `1 6= `2 ∈ {0, ..., n− b}.
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Proof. Since M is locally homeomorphic to Rnb+ and
∐n
`=0 ∂`Rnb+, every x ∈M is mapped

onto ∂`Rnb+ for some ` ∈ {0, ..., n − b} and we find that M ⊂
∐n
`=0 ∂`M. Assume that

there exists x ∈ M with x ∈ ∂`1M ∩ ∂`2M for `1 6= `2 ∈ {0, ..., n − b}, i.e., there exist
charts (U1, φ1), (U2, φ2) ∈ AM with x ∈ U1∩U2 and φ1(x) ∈ ∂`1Rnb+ and φ2 ∈ ∂`2Rnb+. As

φ1, φ2 are Ck-compatible, the transition map φ2 ◦φ−1
1 is a diffeomorphism on φ1(U1∩U2)

such that φ1(U1 ∩U2) ⊂ ∂`1Rnb+ and φ2(U1 ∩U2) ⊂ ∂`2Rnb+ are diffeomorphic. As ∂`1Rnb+
and ∂`2Rnb+ are convex cones with dim(∂`1Rnb+) = n− `1 and dim(∂`2Rnb+) = n− `2, this
is a contradiction. Thus, ∂`1M∩ ∂`2M = ∅ if `1 6= `2, implying that M =

∐n
`=0 ∂`M.

For z ∈M, we define the tangent set and tangent inward sector by

T+
z M := Dφ−1(φ(z)) · Rn`+, if z ∈ ∂`M, (2.48a)

TzM := Dφ−1(φ(z)) · Rn. (2.48b)

The normal inward sector is given by

N+
z M := (T+

z M)∗. (2.48c)

In the context of nonlinear DAEs, we consider manifolds with corners that are parame-
terized by time. We call a pair (I×U , φ) a time-varying Ck-chart with corners if φaut and
φ(t, ·), t ∈ I, are Ck-diffeomorphisms on ι(I×U), φaut(ι(I×U)) and {t}×U , φ({t}×U),
respectively. Two time-varying Ck-charts with corners (I1,0 × U1, φ1), (I2,0 × U2, φ2)
are called Ck-compatible if the transition maps φ2,aut ◦ φ−1

1,aut and φ2(t, ·) ◦ φ−1
1 (t, ·),

t ∈ I1,0 ∩ I2,0, are Ck-diffeomorphisms on their domains of definition, respectively.
A product space M that is equipped with a product topology T , is Hausdorff and second
countable and that can be covered with Ck-compatible time-varying charts with corners
is called a time-varying Ck-manifold with corners .

Submanifolds with corners

We consider subsets S ⊂ M of a manifold with corners M that are equipped with the
subspace topology and are locally homeomorphic to polyhedral cones. If dim(M) = n
and bound(M) = n− b, these subsets are modeled on

∂n−dRnb+ = {x ∈ Rn | xb+1, ..., xd ≥ 0, xd+1, ..., xn = 0}, (2.49)

for d ∈ {0, ..., n − 1}. The set ∂n−dRnb+ is a polyhedral cone with dim(∂`Rnb+) = d and

bound(∂`Rnb+) = d− b.

For convenience, we immediately consider submanifolds that are parameterized by time.

Definition 2.4.7. Let M be a time-varying manifold with corners with dim(M) = n,
bound(M) = b. Let S ⊂M be a time-varying subset.
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(i) A time-varying Ck-chart with corners (I0 × U , φ) is called a time-varying conic
chart if φ

(
{t} × (U ∩ S(t)

)
= φ

(
{t} × U

)
∩ ∂n−dRnb+

)
is satisfied for t ∈ I0, where

d ∈ {0, ..., n− 1}.

(ii) If there exists a set {(Ii×Ui, φi)}i∈I of conic charts such that S =
⋃
i∈I Ui, then S

is called a time-varying submanifold with corners .

If the numbers b and d agree for a covering {(Ii×Ui, φi)}i∈I of time-varying conic charts,
then S has the dimension dim(S) = d and bound(S) = d− b boundaries.
If the conic charts are independent of the time, then Definition 2.4.7 agrees with the
Definition of p-submanifolds given in [111, p. 12]. For every t ∈ I, the t-section S(t) is a
manifold with corners [111, p. 14] with dim(S(t)) = d and bound(S(t)) = d−b. The local
charts can be constructed from the conic charts by deleting the last n− d components.
If S is modeled on an open interval I ⊂ R, the autonomization Saut is a manifold with
corners with dim(S(t)) = d + 1 and bound(Saut) = d − b. If S is modeled on a half
open interval [tl, t

r) ⊂ R, then the autonomization Saut is a manifold with corners with
dim(S(t)) = d+ 1 and bound(Saut) = d− b+ 1.

If M is a Ck-manifold and there exists a covering {(Ii × Ui, φi)}i∈I of S with C k̃-conic

charts, k̃ ≤ k, then S is a C k̃-submanifold with corners.

If S is locally homeomorphic to ∂n−dRnb+, then S is locally homeomorphic to an open
embedded submanifold modeled on Rnd0

. The boundary set ∂`M, cp. (2.47), is such an

open submanifold for ` = 0, ..., n − 1, cp. [82, p. 4]. Its closure ∂`M is a submanifold
with corners embedded in M, cp. [82, p. 4], [111, p. 12]. Conversely, every (open)
embedded submanifold with corners S ⊂M modeled on ∂`Rnb+ is a subset of (∂`M) ∂`M,
respectively, [111, p. 14].

For ∂n−dRnb+, we consider the boundary sets

∂n−dRnb+ = {x ∈ Rn | xb+1, ..., xd−` ≥ 0, xd−`+1, ..., xn = 0},

for ` ∈ {0, ..., n− b}. Then, ∂n−dRnb+ =
∐n−b
`=0 ∂`Rnb+.

For a submanifold with corners S ⊂M, the relative interior of S is given by rint(S) = ∂0S
and the relative boundary by rel∂(S) = ∂0S. For a time-varying submanifold S ⊂ I×Rn
where I is open, the relative interior and relative boundary are given by

rint(S) =
⋃
t∈I

{
{t} × ∂0S(t)

}
, (2.50a)

rel∂(S) =
⋃
t∈I

{
{t} × ∂0S(t)

}
. (2.50b)

For a C1-submanifold with corners S ⊂ M, the tangent sets Tz S and T+
z S can be

identified with a linear subspace and polyhedral subcone of TzM and T+
z M, respectively,

cp. [99, p. 98, 120]. The tangent inward sector of ∂n−dRnb+ is given by

T+
x ∂n−dRnb+ = ∂n−dRn`+ , x ∈ ∂`∂n−dRnb+.
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and the tangent space by

Tx ∂n−dRnb+ = Rnd0
.

The normal inward sector is given by

N+
x ∂n−dRnb+ :=

(
T+
x ∂n−dRnb+

)∗
.

For S, the tangent an the normal inward sector and the tangent space are given by

T+
z S = Dφ−1(φ(z)) · ∂n−dRn`+ , φ(t, x) ∈ ∂`∂n−dRnb+, (2.51a)

Tz S = Dφ−1(φ(z)) · Rnd0
. (2.51b)

N+
z S := (T+

z S)∗. (2.51c)

In the following, we restrict ourselves to time-varying submanifolds with corners S ⊂
R × Rn that are modeled on an open interval I. We proceed as for time-varying open
submanifolds and partition the tangent sets with respect to space and time, cp. Lemma
2.4.3.

Lemma 2.4.6. Let S ⊂ I × Rn be a time-varying, embedded C1-submanifold with cor-
ners, where I ⊂ R is open. For (t, x) ∈ S, the tangent space and tangent inward sector
are given by

T+
(t,x) S = R+ ×

(
T+
x S(t)− Ṡ(t,x)

)
∪ (R \ R+)×

(
T+
x S(t) + Ṡ(t,x)

)
, (2.52a)

T(t,x) S = R×
(

Tx S(t)− Ṡ(t,x)

)
, (2.52b)

where Tx S(t) is the tangent space of the t-section S(t) and Ṡ(t,x) denotes the change in

time of S(t). For a time-varying conic chart (I × U , φ) with φ(t, x) ∈ ∂`∂n−dRnb+, then

T+
x S(t) = ker+

(
[0, I`−n+d, 0]φx(t, x)

)
∩ ker

(
[0, In−d]φx(t, x)

)
, (2.53a)

Tx S(t) = ker
(
[0, In−d]φx(t, x)

)
, (2.53b)

Ṡ(t,x) = (φ−1
x φt)(t, x). (2.53c)

Proof. Consider (t, x) ∈ S. Let (I × U , φ) be a time- varying conic chart with φ(t, x) ∈
∂`∂n−dRnb+. For the t-section S(t), then T+

x S(t) = φ−1
x (t, x) · ∂n−dRn`+ and Tx S(t) =

φ−1
x (t, x) ·Rnd0

, cp. (2.51). Multiplying these identities by φx(t, x), we prove (2.53a) and

(2.53b). Similarly, we get that Tz Saut = Dφ−1
aut(z) · ι

(
R × Rnd0

)
for z = ι(t, x) ∈ Saut.

Recalling that Dφ(z) is given by (2.31), then ι(τ, v) ∈ Tz Saut if and only if τ ∈ R and
τ−1v satisfies

[0, In−d]φx(t, x) τ−1v = −[0, In−d]φt(t, x),

i.e., τ−1v ∈ ker
(
[0, In−d]φx(t, x)

)
− (φ−1

x φt)(t, x). Setting Ṡ(t,x) := (φ−1
x φt)(t, x) and

noting that ker
(
[0, In−d]φx(t, x)

)
= Tx S(t), then we find that ι(τ, v) ∈ Tz Saut if and
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only if τ−1v ∈ Tx S(t)−Ṡ(t,x). Conversely, every ṽ ∈ Tx S(t)−Ṡ(t,x) yields ι(τ, v) ∈ Tz Saut

with v = τ ṽ for τ ∈ R. Hence,

Tz Saut =
{
ι(τ, v) ∈ Rn+1 | τ−1v ∈ Tx S(t)− Ṡ(t,x)

}
. (2.54)

Since S = ι−1(Saut), cp. (2.26), we obtain (2.52b). For T+
z Saut, we have that T+

z Saut =
Dφ−1

aut(z) · ι
(
R × ∂n−dRn`+

)
, since S is modeled on an open interval I, i.e., t is not

restricted by a boundary. Hence, ι(τ, v) ∈ T+
z Saut if and only if ι(τ, v) ∈ Tz Saut and

ι(τ, v) additionally satisfies

[0, I`−n+d, 0]φx(t, x) |τ |−1v ≥ − sgn(τ)[0, I`−n+d, 0]φt(t, x),

i.e.,

|τ−1|v ∈ ker+
(
[0, I`−n+d, 0]φx(t, x)

)
− sgn(τ)(φ−1

x φt)(t, x).

Noting that ι(τ, v) ∈ Tz Saut if and only if

|τ−1|v ∈ ker
(
[0, In−d]φx(t, x)

)
− sgn(τ)(φ−1

x φt)(t, x),

this implies that ι(τ, v) ∈ T+
z Saut if and only if

|τ−1|v ∈ ker
(
[0, In−d]φx(t, x)

)
∩ ker+

(
[0, I`−n+d, 0]φx(t, x)

)
− sgn(τ)(φ−1

x φt)(t, x).

Thus, we get that

T+
(t,x) Saut =

{
ι(τ, v) ∈ Rn+1 | |τ |−1v ∈ T+

x S(t)− sgn(τ)Ṡ(t,x)

}
.

Partitioning this set according to sgn(τ), i.e.,

T+
(t,x) Saut =

{
ι(τ, v) | τ ∈ R+, τ

−1v ∈ T+
x S(t)− Ṡ(t,x)

}
∪
(
ι(τ, v) | τ ∈ R \ R+, |τ |−1v ∈ T+

x S(t) + Ṡ(t,x)

)
,

then S = ι−1(Saut) again implies the proposed formula for T+
(t,x) S. Uniqueness of Ṡ(t,x)

follows as in Lemma 2.4.3.

Regarding (2.53a) and (2.53b), we make the following observation.

T+
x S(t) = ker+

(
[0, I`−n+d, 0]φx(t, x)

)
∩ Tx S(t). (2.55)

Like embedded open submanifolds, also submanifolds with corners can be characterized
by locally defining functions.

Lemma 2.4.7. Let S ⊂ I × Rn be a time-varying subset. The set S is an embedded
time-varying Ck-submanifold with corners with dim(S) = d and bound(S) = d− b if and
only if one of the following (equivalent) conditions is satisfied.
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1. For every (t0, x0) ∈ S, there exist neighborhoods I0 ⊂ I, U(x0) ⊂ Rn and functions
G1 ∈ Ck(I0×U(x0),Rd−b) and G2 ∈ Ck(I0×U(x0),Rn−d) with rank(DG(t, x)) =
rank(Gx(t, x)) = n− b on I0 × U(x0), where G := [GT1 , G

T
2 ]T that satisfy

(I0 × U(x0)) ∩ S = G−1
1 (Rd−b+ ) ∩G−1

2 ({0}).

Then, the tangent sets associated with the autonomization Saut are given by

T+
ι(t,x) Saut = ι

(
ker+

(
(ΠT

0 DG1)(t, x)
))
∩ ι
(

ker
(
DG2(t, x)

))
, (2.56a)

Tι(t,x) Saut = ι
(

ker
(
DG2(t, x)

))
, (2.56b)

where Π0(t, x) = [ei]i∈I0, ei ∈ Rd−b, for I0(t, x) = {i ∈ {1, ..., b−d} |G1,i(t, x) = 0}
and (t, x) ∈ (I0 × U(x0)) ∩ ∂`S. For the t-section S(t), the tangent sets are given
by

T+
x S(t) = ker+

(
(ΠT

0 G1,x)(t, x)
)
∩ ker

(
G2,x(t, x)

)
, (2.57a)

Tx S(t) = ker
(
G2,x(t, x)

)
, (2.57b)

Ṡ(t,x) = −(G+
1,xG1,t)(t, x). (2.57c)

2. For every (t0, x0) ∈ S, there exist neighborhoods I0 ⊂ R, U(x1,0) ⊂ Rd, U(x2,0) ⊂
Rd−b+ , U(x0) ⊂ Rn and a function ϕ ∈ Ck(I0 × U(x1,0) × U(x2,0),U(x0)) with
rank(Dϕ(t, x1, x2)) = d+ 1 and rank(ϕx1(t, x1, x2)) = d on I0×U(x1,0)×U(x2,0),
both ϕaut, ϕ(t, ·, ·) are Ck-diffeomorphisms on their domains of definitions and
ϕ(I0 × U(x1,0)× U(x2,0)) = (I0 × U(x0)) ∩ S.
Then, the tangent spaces associated with Saut are given by

T+
ι(t,x) Saut = span

(
ϕaut,[t,x1](t, ϕ

−1(t, x))
)
∩ cone

(
ϕaut,[t,x2](t, ϕ

−1(t, x))
)

(2.58a)

Tι(t,x) Saut = span
(
Dϕaut(t, ϕ

−1(t, x))
)

(2.58b)

and for the t-sections by

T+
x S(t) = span(ϕx1(t, ϕ−1(t, x))) ∩ cone(ϕx2(t, ϕ−1(t, x))) (2.59a)

Tx S(t) = span(ϕx1(t, ϕ−1(t, x))) (2.59b)

Ṡ(t,x) = −ϕt(t, ϕ−1(t, x)) (2.59c)

Proof. ⇒ Let S be a time-varying, embedded Ck-submanifold with corners with dim(S) =
d and bound(S) = d − b. For every (t0, x0) ∈ S, there exist a time-varying conic chart
(I0 × U(x0), φ) defined in a neighborhood of (t0, x0) that can be partitioned into

φ(t, x) =
[
φ1 φ2 φ3

]T
(t, x) (2.60)

where φ2

(
(I0 × U(x0)) ∩ S

)
⊂ Rd−b+ and φ3

(
(I0 × U(x0)) ∩ S

)
= {0}. Thus, (t, x) ∈

(I0 × U(x0)) ∩ S if and only if (t, x) ∈ φ−1
2

(
φ2(I0 × U(x0)) ∩ Rd−b+

)
∩ φ−1

3 ({0}). Setting
G1 := φ2 and G2 := φ3, then G has the desired properties.
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⇐ For (t0, x0) ∈ S, let G1 ∈ Ck(I0×U(x0),Rd−b), G2 ∈ Ck(I0×U(x0),Rn−d) be defined
on neighborhoods I0 ⊂ R, U(x0) ⊂ Rn with rank(DG(t, x)) = rank(Gx(t, x)) = n− b on
I0×U(x0), where G := [GT1 , G

T
2 ]T . For (t0, x0), in particular, there exists a permutation

Iσ ∈ Rn×n, such that DG(t0, x0)Iσ[0, In−b]
T is nonsingular. Setting

φ(t, x) :=

[Ib, 0]ITσ x
G1(t, x)
G2(t, x)

 , (2.61)

then φx(t0, x0) is nonsingular. By the Implicit Function Theorem [115, p. 128], there
exist neighborhoods Ĩ0 ⊂ I0 and Ũ(x0) ⊂ U(x0), such that both φ, φaut are Ck-
diffeomorphisms on their domains of definition. By construction, we further have that

φ({t} × U ∩ S(t)) = {t} ×
(
φ({t} × U) ∩ ∂n−dRnb+

)
.

Thus, S is a time-varying Ck-submanifold with corners with dim(S) = d and bound(S) =
d− b.
To prove the formulas (2.56), let I0(t, x) = {i ∈ {1, ..., b − d} |G1,i(t, x) = 0} and set
Π+(t, x) = [ei]i∈{1,...,b−d}\I0 and Π0(t, x) = [ei]i∈I0 for ei ∈ Rd−b+ . Then,

diag
(
Ib, [Π+,Π0]T , In−d

)
φ(t, x) ∈ ∂`∂n−dRnb+,

i.e., (t, x) ∈ (I0 × U(x0)) ∩ ∂`S and we get that

T+
x S(t) = ker+

((
[0,ΠT

0 , 0]φx)
)
(t, x)

)
∩ ker

(
[0, In−d]φx(t, x)

)
,

Tx S(t) = ker
(
[0, In−d]φx(t, x)

)
,

cp. (2.53a), (2.53b). Since [0,ΠT
0 , 0]φ = ΠT

0 G1 and [0, In−d]φ = G2, we have proved
(2.57a) and (2.57b). Similarly, we have that

T+
z Saut = ker+

((
[0,ΠT

0 , 0]Dφaut

)
z
)
∩ ker

(
[0, In−d]Dφautz

)
,

Tz Saut = ker
(
[0, In−d]Dφautz

)
,

and we obtain (2.56a), (2.56b). To prove (2.57c), we proceed as in Lemma 2.4.4. Noting
that Tz Saut = ker(DG1(t, x)) = ker((DG+

1 DG1)(t, x)) for z = ι(t, x), where the Moore-
Penrose projection is given by

DG+
1 DG1 =

[
0 0

G+
1,xG1,t G+

1,xG1,x

]
cp. (2.37), then ι(τ, v) ∈ Tz Saut if and only if τ ∈ R and τ−1v ∈ ker(G1,x(t, x)) −
(G+

1,xG1,t)(t, x). Using that Tx S(t) = ker(G1,x(t, x)) = ker((G+
1,xG1,x)(t, x)), then

Tι(t,x) Saut =
{
ι(τ, v) ∈ Rn+1 | τ−1v ∈ Tx S(t)− (G+

1,xG1,t)(t, x)
}
.

Comparing this formula with Tz Saut = {ι(τ, v) ∈ Rn+1 | τ−1v ∈ Tx S(t) − Ṡ(t,x)}, cp.
(2.54), we prove the assertion.
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2. The assertion follows as in Lemma 2.4.4, exploiting the analogous concept of embedded
submanifolds and submanifolds with corners.

⇒ Let S be a time-varying, embedded Ck-submanifold with corners with dim(S) = d
and bound(S) = d − b. For every (t0, x0) ∈ S, on a neighborhood of I0 × U(x0), there
exist a time-varying conic chart (I0 × U(x0), φ) that can be partitioned according to
(2.60). Setting xi := φi(t, x) and U(xi,0) := φi({t} × U(x0) for i = 1, 2, 3 and t ∈ I0,
then

(I0 × U(x0)) ∩ S = φ−1(I × U(x1,0 × U(x2,0)× {0}).

Setting ϕ(t, x1, x2) := φ−1(t, x1, x2, 0), then

ϕ(I0 × U(x1,0)× U(x2,0)) = (I0 × U(x0)) ∩ S

and

rank(Dϕ(t, x1, x2)) = rank([φ−1
t , φ−1

x1
, φ−1

x2
](t, x1, x2, 0)) = d+ 1,

rank(ϕx1(t, x1, x2)) = rank([φ−1
x1
, φ−1

x2
](t, x1, x2, 0) = d,

since φ−1(t, x1, x2, 0) is non-singular as it is a chart with corners.
For every x ∈ range(ϕ(t, ·, ·), t ∈ I0, we have that xi = φi(t, x) for i = 1, 2. On
range(ϕ(t, ·, ·)), then the action of ϕ(t, ·, ·) can be inverted and we set ϕ−1(t, x) =
[φT1 (t, x), φT2 (t, x)]T . Similarly, on range(ϕaut), then ϕ−1

aut(t, x) = [t, φT1 (t, x), φT2 (t, x)]T .
Hence, ϕaut, ϕ(t, ·) are Ck-diffeomorphisms on their domains of definitions. In conclu-
sion, ϕ has the proposed properties.

⇐ Like for open submanifolds, cp. Lemma 2.4.7, 2., if ϕ ∈ Ck(I0×U(x1,0),Rn) has the
assigned properties, then φ(t, x) := ϕ−1(t, x), x = ϕ(t, x1) is a time-varying conic chart.
Then, (2.58b) and (2.59b) follow from Lemma 2.4.6.

We call a pair of functions G1, G2 satisfying the assertions of Lemma 2.4.7 a pair of
locally defining functions for S. A function ϕ that satisfies the assertions of Lemma
2.4.7 is called an embedding with corners of S.

Hence, a submanifold with corners S can be locally represented as the intersection of
a level and a superlevel set of a pair of defining functions G1, G2. If no level sets are
present, then S is a manifold with corners. The Jacobians G1,x, G2,x locally describe
the tangent space and inward sector. For (t, x) ∈ S, then Tx S(t) is the kernel of the
function G2,x that is associated with the level sets. The tangent inward sector T+

x S(t) is
the intersection of Tx S(t) with the superlevel sets of those rows of G1,x(t, x) that satisfy
G1(t, x) = 0. The change in time Ṡ(t,x) only depends on the level set components G2.
This is intuitive as the inner points do not recognize the movement of S(t), whereas the
boundary elements do.
Alternatively, a submanifold with corners S can be locally represented as the image of
an embedding with corners ϕ. The tangent space and the inward sector of S are the
images of the respective spaces under the Jacobians ϕaut,[t,x1], ϕx1 and ϕx1 .
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Remark 2.4.4. Let {K(t)}t∈I be a family of polyhedral cones with dim(K(t)) = d and
bound(K(t)) = b for t ∈ I.
If d = n, then every t-section K(t) can be represented as the superlevel set ker+(G)
of a matrix G(t) ∈ Rb×n. By Minkowski’s Theorem, cp. [49], then there exists a
matrix B ∈ Rn×m, such that K(t) = cone(B(t)). Conversely, representing K(t) as
K(t) = cone(B(t)) for a matrix B ∈ Rn×m, then Weyl’s Theorem states that there exists
a matrix G, such that K(t) = ker+(G), cp. [49]. Hence, if d = n, then every t-section
K(t) is a manifold with corners. A double description pair G,B of the polyhedral cone
K(t) yields a defining function and an embedding with corners.
If d < n, then every t-section K(t) can be represented as the intersection ker+(G1(t)) ∩
ker(G2(t)) = K(t) of two matrices G1(t) ∈ R(d−b)×n, G2 ∈ R(n−d)×n. For ker+(G1(t)), we
can construct a matrix B1 ∈ Rn×m with ker+(G1(t)) = cone(B1(t)) using Minkowski’s
Theorem. For ker(G2(t)), we can construct a basis B2 ∈ Rn×d, such that ker(G2(t)) =
span(B2(t)). Then, K(t) = cone(B1(t)) + span(B2(t)). Conversely, if K(t) is represented
as K(t) = cone(B1(t)) + span(B2(t)) for matrices B1 ∈ Rn×m and B2 ∈ Rn×d, then,
using Weyl’s Theorem and computing a basis of the complement span(B2(t))⊥, we can
construct matrices G1(t) ∈ R(d−b)×n, G2 ∈ R(n−d)×n such that K(t) = ker+(G1(t)) ∩
ker(G2(t)). Hence, if d < n, then every t-section K(t) is a submanifold with corners.
A pair of defining functions and an embedding with corners are given by the matrices
G1, G2 and B1, B2.
If the defining functions G1, G2 and the embeddings B1, B2 can be smoothly extended
to matrix functions G1 ∈ Ck(I,R(d−b)×n), G2 ∈ Ck(I,R(n−d)×n) and B1 ∈ Ck(I,Rn×m)
and B2 ∈ Ck(I,Rn×d), then also the set

K :=
⋃
t∈I

{
{t} ×K(t)

}
is an embedded, time-varying Ck-submanifold with corners with dim(K) = d and with
bound(K) = d− b.

For the positivity analysis in Section 5.2, make the following observation.

Remark 2.4.5. For every time-varying C1-subspace L, the intersection L+ = L∩Rn+ is
a time-varying polyhedral cone. A generating set B ∈ C1(I,Rn×m) can be constructed
by considering the intersections Hj ∩ L ∩ Rn+ of the subspace L with the boundary hy-
perplanes Hj and the nonnegative orthant Rn+. Choosing vectors bj1 , ..., bjrj , such that

cone(bj1 , ..., bjrj ) = Hj ∩ L ∩ Rn+, then B := [bji ]j=1,...,n,i=1,...,rj satisfies cone(B) = L+.

For v ∈ C1(I,Rn), the affine intersection L+,v = Lv ∩Rn+ is a time-varying, affine poly-
hedral cone. An affine generating set Bv+ ∈ C1(I ×Rm+ ,Rn×m can be constructed from
a generating set B ∈ C1(I,Rn×m) of the homogeneous cone L+ by setting Bv+(t, x) =
B(t)x+ + v+, where v+ is the vector pointing to the vertex of L+,v.
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2.5 Tangent and normal spaces for general subsets

For a general subset S ⊂ Rn, we generalize the concept of the tangent and normal space
according to [48, p. 433].

Definition 2.5.1. Consider S ⊂ Rn. For z ∈ S, the tangent set is defined as

Tanz S :=

{
v ∈ Rn

∣∣∣∣∣ ∀ ε > 0∃ y ∈ S : 0 < ‖y − z‖ < ε,

∥∥∥∥∥ y − z
‖y − z‖

− v
‖v‖

∥∥∥∥∥ < ε

}
. (2.62)

The normal cone is defined as

Norx S := (Tanx S)∗ = {u ∈ Rn | uT v ≥ 0 ∀v ∈ Tanx S}. (2.63)

Geometrically, the tangent set Tanz S consists of those v ∈ Rn that touch S only in the
point z. The normal space Norx S contains all vectors having an acute angle with the
elements of Tanz S.

To specify the tangent set and relate it more closely with the normal cone, we make
the following definitions. For S ⊂ Rn, the distance of a point y ∈ Rn to S is defined
as dist(y, S) := infx∈S ‖y − x‖, cp. [48, p. 432]. If there exists xy ∈ S such that
dist(y, S) = ‖y − xy‖, we call xy a minimizer of y. The set of all points y ∈ Rn
having a unique minimizer xy ∈ S is denoted by Dmin(S). The reach of S in x is
defined as reach(S, x) := supr≥0{Ur(x) ⊂ Dmin(S)}, cp. [48, p. 432]. We set reach(S) :=
infx∈S reach(S, x), cp. [48, p. 432]. For a function f : I → R and t ∈ I, the left-sided
limes inferior in t is defined as lim infτ→0+ f(t+ τ) = lim infτ>0 sup f((t, t+ τ)), cp. [85,
p. 50]. With these definitions, we characterize the tangent and the normal cone of a set
S ⊂ Rn, cp. [48, p. 435].

Lemma 2.5.1. Consider S ⊂ Rn. For x ∈ S, then

Tanx S =

{
v ∈ Rn

∣∣∣∣∣ lim inf
τ→0+

dist
(
x+ τv, S

)
τ

= 0

}
. (2.64)

If reach(S, z) > 0, then Tanx S = (Norx S)∗.

Hence, if reach(x, S) > 0, the tangent set Tanx S is a convex cone and dual to the normal
cone Norx S. In particular, this allows to determine Tanx S if Norx S is given.
A set S ⊂ Rn has positive reach if and only if S is closed and convex, cp. [48, p. 433].

Remark 2.5.1. [48, p. 433] If S is a submanifold, then Tanx S and Norp S agree with the
tangent and normal space Tx S and Np S as given in (2.20), (2.22), i.e., Tanx S = Tx S
and Norx S = Nx S for x ∈ S.

In particular, Remark 2.5.1 implies that Norx S = (Tanx S)⊥ and hence Tanx S =
(Norx S)⊥ if S is an embedded submanifold.
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Similarly to the tangent and normal space of an embedded submanifold, the tangent set
and normal cone of the intersection of level and superlevel sets of smooth functions Gi
can be constructively described by the Jacobians DGi, cp. [48, p. 445].

Lemma 2.5.2. [48, p. 445] For i = 1, 2, consider Gi ∈ C1(Ω,Rdi) with DGi ∈ CLip
loc (Ω,

Rdi×n) and set S := G−1
1

(
G1(Ω) ∩ Rd1

+

)
∩ G−1

2 ({0}). For x ∈ S, consider I0(x) = {i ∈
{1, ..., d1} |G1,i(t, x) = 0} and Π12 = [ei]i∈I0(x) for ei ∈ Rd1

+ . For v1 ∈ Rd1
+ , v2 ∈ Rd2, let(

DGT1 Π12

)
(x)v1 = −DGT2 (x)v2 only if v1 = 0 and v2 = 0. Then, reach(S, x) > 0 and

the tangent and the normal cone are given by

Tanx S = ker+
(
ΠT

12DG1(x)
)
∩ ker

(
DG2(x)

)
, (2.65a)

Norx S = cone
(
DGT1 (x)Π12

)
+ range

(
DGT2 (x)

)
. (2.65b)

Proof. Under the given assertions, for x ∈ S , the functions G1, G2 and the set S satisfy
the assertions of Theorem 4.12 in [48, p. 445]. Then, reach(S, x) > 0 and the normal
cone is given by (2.65b). If reach(S, x) > 0, then Tanx S = (Norx S)∗, cp. Lemma 2.5.1.
Since (K1 +K2)∗ = K∗1 ∩K∗2 for two cones K1,K2 [48, p. 433], then (2.65b) implies that

Tanx S = cone∗
(
(DG1Π12)(x)

)
∩ range∗

(
DGT2 (x)

)
.

Since range∗(DGT2 (x)) = range⊥(DGT2 (x)) = ker(DG2(x)), cp. [15, p. 51], [95, p. 59],
and cone∗((DG1Π12)(x)) = ker+(ΠT

12DG1(x)), cp. [42, p. 163], we have proved (2.65a).

Noting that DGTi = [∇Gi,j ]j=1,..,di , the assertion of Lemma 2.5.2 equivalently reads∑
j∈I0(x) α1,j∇G1,i +

∑d2
i=1 α2,i∇G2,i = 0 with α1,j ∈ R+, α1,j ∈ R, claiming that equal-

ity holds only if α1,i = α2,i = 0 for i = 1, ..., d1, i ∈ I0(x). Hence, the Jacobian DG2

associated with the level set components must have full rank, whereas the gradients
∇G1,j(x) associated with boundary points x ∈ G−1

1,j ({0}) of the superlevel set compo-
nents must be conically independent. In addition, the combination of these linear and
conic combinations must be independent.

For a submanifold with corners S and a pair of locally defining functions G1, G2, the
Jacobian [DGT1 , DG

T
2 ]T has maximal rank and Lemma 2.5.2 applies for every x ∈ S.

Then, reach(S) > 0 and we find that T+
x S(t) and N+

x S(t) coincide with the tangent and
the normal inward sector.

Lemma 2.5.3. Let S ⊂ I×Rn be a time-varying C2-submanifold with corners. For every
(t, x) ∈ S, then reach(S(t)) > 0 and reach(Saut, ι(t, x)) > 0. Furthermore, Tanx S(t) =
T+
x S(t), Norx S(t) = N+

x S(t) and T+
ι(t,x) Saut = Tanι(t,x) Saut, N+

ι(t,x) Saut = Norι(t,x) Saut.

Proof. If S ⊂ I × Rn is a time-varying C2-submanifold with corners with dim(S) = d,
bound(S) = d − b, for every (t0, x0) ∈ S, there exist a neighborhood I0 × U(x0) and
functions G1 ∈ C2(I0 × U(x0),Rd−b), G2 ∈ C2(I0 × U(x0),Rn−d) with

(I0 × U(x0)) ∩ S = G−1
1

(
G1(I0 × U(x0)) ∩ Rd−b+

)
∩G−1

2 ({0}),
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cp. Lemma 2.4.7. In particular, this implies that

ι(I0 × U(x0)) ∩ Saut = ι
(
G−1

1

(
G1(I0 × U(x0)) ∩ Rd−b+ )

)
∩ ι
(
G−1

2 ({0})
)
.

The Jacobians satisfy G1,x ∈ C1({t} × U(x0),Rd−b×n), G2,x ∈ C1({t} × U(x0),Rn−d×n)
and DG1 ∈ C1(I0 × U(x0),Rd−b×n), DG2 ∈ C1(I0 × U(x0),Rn−d×n). Setting G :=
[GT1 , G

T
2 ]T , then rank(DG(t, x)) = rank(Gx(t, x)) = b on I0 × U(x0), implying that

GT1,x(t, x)v1 = −GT2,x(t, x)v2 for v1 ∈ Rd−b+ , v2 ∈ Rn−d only if v1 = 0 and v2 = 0.

Similarly, DGT1 (t, x)ι(τ1, v1) = −DGT2 (t, x)ι(τ2, v2) for v1 ∈ Rd−b+ , v2 ∈ Rn−d and τ1, τ2 ∈
R only if v1 = 0, v2 = 0 and τ1 = τ2 = 0. For t ∈ I0, on U(x0) ∩ S(t), then G1(t, ·)
and G2(t, ·) satisfy the assertions of Lemma 2.5.2, implying that reach(S(t), x) > 0 on
U(x0)∩ S(t). Accordingly, on ι(I ×U(x0))∩ Saut, then G1(ι−1(·)), G2(ι−1(·)) satisfy the
assertions of Lemma 2.5.2, implying that reach(Saut, z) > 0 on ι(I × U(x0)) ∩ Saut. The
tangent cones are given by

Tanx S = ker+
(
(ΠT

12G1,x)(t, x)
)
∩ ker

(
G2,x(t, x)

)
,

Tanι(t,x) Saut = ker+
(
(ΠT

12DG1)(t, x)
)
∩ ker

(
DG2(t, x)

)
,

with I0(x) = {i ∈ {1, ..., d1} |G1,i(t, x) = 0} and Π12 = [ei]i∈I0(x), ei ∈ Rd−b+ , cp. Lemma
2.5.2. On the other hand, the tangent inward sectors of S(t) and Saut are given by

T+
x S(t) = ker+

(
(ΠT

12G1,x)(t, x)
)
∩ ker

(
G2,x(t, x)

)
,

T+
ι(t,x) Saut = ker+

(
(ΠT

12DG1)(t, x)
)
∩ ker

(
DG2(t, x)

)
,

cp. Lemma 2.4.7, (2.57a). Hence, T+
x S(t) = Tanx S(t), Nx S(t) = Nor+

x S(t) and
T+
z Saut = Tanz Saut, N+

z Saut = Norz Saut. Repeating these arguments for S, we have
proved the assertion.

The smoothness assumption on the locally defining functions G1, G2 can be relaxed, such
that DGi ∈ CLip

loc (I × Ω,Rdi×n) for i = 1, 2, cp. Lemma 2.5.2

2.6 Basic concepts of differential equations

In this section, we summarize the basic properties and solvability results of differential
equations as they are needed for our analysis.

2.6.1 Differential equations and the concept of the flow

For a function f ∈ C(I × Ω,Rn) defined on an open set I × Ω ⊂ R × Rn, we consider
the unconstrained or ordinary differential equation

ẋ = f(t, x). (2.66)
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The set I × Ω is called the phase space. For a given initial value (t0, x0) ∈ I × Ω, we
consider the initial value problem

ẋ = f(t, x), x(t0) = x0. (2.67)

We call a function x ∈ C1(J ,Rn), J ⊂ I, a solution of (2.67) if x satisfies (2.67). For
the existence and uniqueness, we cite the Theorem of Picard-Lindelöf, see e.g. [14, p. 44]
and [2, p. 105].

Theorem 2.6.1. Consider (2.66) with f ∈ CLip
loc (I ×Ω,Rn). For every (t0, x0) ∈ I ×Ω,

the initial value problem (2.67) has a unique, not extendable solution x ∈ C((t−0 , t
+
0 ),Ω),

where either t±0 ∈ ∂I or lim
t→t±0

min{dist(x(t), ∂Ω), ‖x(t)‖−1} = 0.

If f ∈ C1(I × Ω,Rn), then f ∈ CLip
loc (I × Ω,Rn), see e.g., [14, p. 44].

For a given initial value (t0, x0), we call t−0 , t
+
0 the negative and positive escape time,

respectively, and (t−0 , t
+
0 ), the maximal interval of existence, cp. [2, p. 101]. If (t−0 , t

+
0 ) =

I, then the solution x exists forever, either literally if I = R or because it leaves the
phase space in time domain. If limt→t+0

min{dist(x(t), ∂Ω), ‖x(t)‖−1} = 0, the solution

x leaves the phase space in state domain, either through the boundary ∂Ω or due to a
blow up, i.e., limt→t∗0 x(t) =∞. Consequently, solutions of a locally Lipschitz system do
not collapse inside the phase space but can be maximally extended, cp. [2, p. 119].

For linear initial value problems

ẋ = A(t)x+ b(t), x(t0) = x0 (2.68)

where A ∈ C(I,Rn×n) and b ∈ C(I,Rn), the maximal interval of existence is given by
(t−0 , t

+
0 ) = Ī, cp. [14, p. 48].

The unique relation between a given initial value and its associated solution motivates
the definition of the flow, see e.g. [2, p. 133], [14, p. 49].

Lemma 2.6.1. Consider (2.66) with f ∈ CLip
loc (I × Ω,Rn). There exists a uniquely

defined function Φf : I × I × Ω→ Rn that satisfies the following assertions.

(i) For every (t0, x0) ∈ I × Ω, the function Φf satisfies

Φt0
f (t0, x0) = x0, (2.69a)

Φt
f (s,Φs

f (t0, x0)) = Φt
f (t0, x0), (2.69b)

Φ̇t
f (t0, x0) = f(t,Φt

f (t0, x0)), (2.69c)

for s, t ∈ (t−0 , t
+
0 ).

(ii) On I × Ω, then Φ
(·)
f (t0, x0) ∈ C1((t−0 , t

+
0 ),Rn) and if f(t, ·) ∈ Ck(Ω,Rn), then

Φt
f (t0, ·) ∈ Ck(Ω,Rn) on I×I. If f ∈ Ck(I×Ω,Rn), then Φ·f (t0, ·) ∈ Ck(I×Ω,Rn)

on I.
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(iii) For every (t0, x0) ∈ I × Ω, the solution of (2.67) is given by x(t) = Φt
f (t0, x0) for

t ∈ (t−0 , t
+
0 ).

Property (2.69a) uniquely relates the flow Φf with given initial data (t0, x0) ∈ I × Ω,
property (2.69c) ensures that Φt

f (t0, x0) solves the differential equation ẋ = f(t, x) and
property (2.69b) ensures that every solution can be maximally extended until its maximal
lifetime. Property (2.69b) implies that the flow Φf is invertible with (Φt

f (t0, x0))−1 =

Φt0
f (t, x0).

For x0 ∈ Ω, the trajectory through x0 is the set

γ(x0) := {Φt
f (t0, x0) | t0, t ∈ (t−0 , t

+
0 )}. (2.70)

Every x ∈ Ω is contained in exactly one trajectory, cp. [2, p. 126].

For linear problems, the flow is an affine linear transformation of the initial values.

Lemma 2.6.2. Consider ẋ = Ax + b with A ∈ C(I,Rn×n) and b ∈ C(I,Rn). On Rn,
the flow associated with ẋ = Ax+ b is given by

Φt
A,b(t0, x0) = Φt

A(t0)x0 +

∫ t

t0

(Φt
Ab)(s) ds, (2.71)

for t ∈ I, where ΦA is the homogeneous flow associated with ẋ = Ax. The flow ΦA is
invertible with (Φt

A(t0))−1 = Φt0
A (t).

Proof. If A ∈ C(I,Rn×n), the linear mapping x→ A(t)x is Lipschitz continuous and by
Lemma 2.6.1, there exists a flow ΦA associated with ẋ = Ax that satisfies the properties
(2.69). To prove that ΦA is invertible, we consider the Taylor expansion of ΦA in t0, i.e.,

Φt0+τ
A (t0) = In + τA(t0) + τ2

2 t(Ȧ(t0) +A2(t0)) +O(τ3).

If τ > 0 is sufficiently small, this implies that Φt
A(t0) is invertible. For general τ > 0,

the extension property (2.69b) allows to decompose Φt0+τ
A (t0) into invertible factors.

Moreover, (2.69b) proves that (Φt
A(t0))−1 = Φt0

A (t).

To derive the formula (2.71), we follow the arguments given in [133, p. 163]. Since ΦA is
invertible, then d

dt [ΦΦ−1] = Φ̇Φ−1 + Φ d
dt [Φ

−1] = d
dt [In] = 0 and this implies that

d
dt(Φ

t
A(t0))−1 = −Φt0

A (t)Φ̇t
A(t0)Φt0

A (t).

Using (2.69b), (2.69c), we get that

d
dt(Φ

t
A(t0))−1 = Φt0

A (t)A(t)Φt
A(t0)Φt0

A (t) = −Φt0
A (t)A(t).

Thus, we obtain the identity

Φt
A(t0) ddt

[
Φt0
A (t)x(t)

]
= Φt

A(t0)
(
− Φt0

A (t)A(t)x(t) + Φt0
A (t)ẋ(t)

)
= −A(t)x(t) + ẋ(t),
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and we can express ẋ = A(t)x + b as Φt
A(t0) ddt

[
Φt0
A (t)x(t)

]
= b. Multiplying by Φt0

A (t)
and integrating over [t0, t], we obtain that

Φt0
A (t)x(t) = Φt0

A (t0)x(t0) +

∫ t

t0

Φt0
A (s)b(s) ds,

and multiplying once more by Φt
A(t0) yields (2.71).

Using this formula and noting that ΦA satisfies the flow properties (2.69), then we find
that also ΦA,b satisfies the properties (2.69).

The homogeneous flow Φt
A(t0) generalizes the concept of the matrix exponential e(t−t0)A,

which is the fundamental solution of ẋ = Ax with A ∈ Rn×n, see e.g. [14, p. 103].
For a matrix function A ∈ C1(I,Rn×n) that commutes with its integral, we have that

Φt
A(t0) = e

∫ t
t0
A(s)ds

. A function A ∈ C1(I,Rn×n) commutes with its integral, for example
if A is diagonalizable by constant transformations, see [73].
The inhomogeneous flow ΦA,b generalizes Duhamel’s formula [133] to linear systems
with time-varying coefficients. The flow ΦA,b is an affine linear transformation whose
system matrix is the homogeneous flow ΦA that evolves the initial value x0 and the
inhomogeneity f .

We call both ΦA and ΦA,b the flow of ẋ = Ax + b, using the subscript to indicate the
homogeneous or inhomogeneous case, respectively.

Remark 2.6.1. For A ∈ C(I,Rn×n) and b ∈ C(I,Rn), then ΦA and ΦA,b satisfy
Φ0 = In, ΦA,0 = ΦA and

Φt
A,b(t0, x0)− Φt

A,b(t0, x̃0) = Φt
A(t0)(x0 − x̃0).

Remark 2.6.2. For upper or lower triangular systems ẋ = Ax, A ∈ C(I,Rn×n) with

A =

[
A11 A12

0 A22

]
, x =

[
x1

x2

]
,

we can successively apply Duhamel’s formula and obtain that

Φt
A(t0) =

[
Φt
A11

(t0)
∫ t
t0

Φt0
A11

(s)A12(s) ds

0 Φt
A22

(t0)

]

for t0, t ∈ I. The functions ΦA11 , ΦA22 are the flows induced by the block entries A11,
A22, respectively.

Autonomization

The differential equation (2.66) is called autonomous if the right-hand side only depends
on the state, i.e., f ∈ C(Ω,Rn). Otherwise, (2.66) is called non-autonomous. For an
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autonomous system, solutions do not depend explicitly on the initial time, i.e., if x solves
ẋ = f(x), x(t0) = x0 with t0 ∈ R, then x(t− t0) solves ẋ = f(x), x(0) = x0. Hence, the
flow associated with an autonomous system is independent of the initial time and the
associated flow is given by Φt

f (x0), cp. [2].

A non-autonomous problem ẋ = f(t, x) can be transformed into an autonomous problem
ż = faut(z) by setting

faut(z) :=

[
1

f(t, x)

]
, z :=

[
t
x

]
. (2.72)

The flow associated with ż = faut(z) is the autonomized flow

Φt
faut

(t0) =

[
t

Φt
f (t0, x0)

]
, (2.73)

cp. e.g. see [14, p. 110], i.e., Φfaut
= Φf,aut, cp. (2.27).

Fix-points

A particular class of solutions of ẋ = f(t, x) are fix-points of the flow Φf , i.e., x ∈ Ω
satisfying Φt

f (t0, x) = x for t ∈ (t−0 , t
+
0 ), cp. e.g. [131, p. 14]. Equivalently , fix-points are

the zeros of f , i.e., f(t, x) = 0 for t ∈ (t−0 , t
+
0 ), [2, p. 127]. If ẋ = f(t, x) has a fix-point

x̂, the shifted system ˙̃x = f̃(t, x̃), x̃ = x − x̂ has the fix-point 0, cp. [125]. For linear
systems ẋ = Ax, the origin is always a fix-point, cp. [14, p. 109].

2.6.2 Differential equations on manifolds

Let M be a manifold. A function v ∈ C(M,TM) is called a vector field on M if v(z) ∈
TzM for every z ∈M, cp. [95, p. 203]. A vector field v ∈ C(M,TM) defines a differential
equation on M by

ż = v(z). (2.74a)

Given an initial value t0 ∈ R, z0 ∈M and claiming that

z(t0) = z0, (2.74b)

we consider the initial value problem (2.74). We call a function z ∈ C1(J ,M) a solution
of (2.74) if z satisfies (2.74) for t ∈ J .

Along a solution z ∈ C1(J ,S), a differential equation on M can be represented as ODE
in the model space Rn using local charts of M, cp. e.g. [99, p. 108]. More exactly, if
(U(z0), φ) is a chart containing z0, then z ∈ C1(J ,TM) solves (2.74) on an interval
I0 ⊂ J if and only if φ(z) ∈ C1(I0,Rn) solves

ẋ = f(x), x(t0) = x0, (2.75)
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where x := φ(z), f(x) = Dφz(φ
−1(x))v(φ−1(x)) for z ∈ U(z0) and I0 is such that

z(t) ∈ U(z0) for t ∈ I0. This coordinate representation allows to study differential
equations on manifolds in the framework of ordinary differential equations.

If S ⊂ Rn is an embedded Ck-submanifold and v ∈ C1(S,T S) a vector field on S,
the representation of (2.74) in local slice charts leads to a semi-explicit system, cp. [95,
p. 203]. We return to this topic in Section 3.3.1 in the context of flow invariant manifolds.

If S and v are sufficiently smooth, then (2.74) is uniquely solvable, cp. [95, p. 204].

Theorem 2.6.2. [95, p. 204] Let S ⊂ Rn be a time-varying, embedded C2-submanifold
and v ∈ C2(S,Rn) a time-varying vector field. For every (t0, x0) ∈ S, then (2.74) has a
unique solution x ∈ C1((t−0 , t

+
0 ),Rn).

For our purposes, we consider time-varying vector fields on time-varying, embedded
submanifolds S ⊂ R× Rn.

Definition 2.6.1. Let S ⊂ I × Rn be a time-varying, embedded submanifold. We call
a function v ∈ C(S,Rn) a time-varying vector field on S if v(t, x) ∈ TxS(t) − St(x) for
every (t, x) ∈ S.

Accordingly, a time-varying vector field v ∈ C(S, TS) on a time-varying submanifold S
defines a differential equation on S by claiming that

ẋ = v(t, x) (2.76a)

for a function x ∈ C1(J , S). Prescribing an initial value (t0, x0) ∈ S with

x(t0) = x0, (2.76b)

then (2.76) poses an initial value problem on S. Considering the autonomization Saut of
S, cp. Definition 2.4.4, (2.26), and defining the autonomization of v ∈ C(S, TS) by

vaut(z) =

[
1

v(t, x)

]
, (2.77)

then (2.76) is equivalent to the autonomous problem

ż = vaut(z), z(t0) = z0. (2.78)

The solvability result of Theorem 2.6.2 and the representation in charts (2.75) directly
extends to time-varying submanifolds and vector fields.

2.6.3 Linearization

For ẋ = f(t, x), f ∈ C(I × Ω,Rn), the time-varying linearization along a solution
x̂ ∈ ((t−0 , t

+
0 ),Rn) is given by

ẋ = fx(t, x̂(t))x− fx(t, x̂(t))x̂+ f(t, x̂(t)). (2.79)
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For a fix-point x̂, the time-invariant linearization around x̂ is given by

ẋ = fx(t, x̂)x− fx(t, x̂)x̂. (2.80)

The homogeneous equation

ẋ = fx(t, x̂(t))x (2.81)

is called the variational equation associated with x̂, cp. [14, p. 86]. Using Duhamel’s
formula, the solution of (2.79) is given by

Φt
fx(t,x̂(t)),f (t0, x0) = Φt

fx(t,x̂(t))(t0)x(t0)

+

∫ t

t0

Φt
fx(t,x̂(t))(s)(f(s, x̂(s))− fx(s, x̂(s))x̂) ds, (2.82)

for (t0, x0) ∈ I × Rn and t ∈ (t−0 , t
+
0 ), where x̂(t0) = x̂0, cp. Lemma 2.6.2, 2.. The

flow Φfx(t,x̂(t)) is called the propagation matrix, which is motivated by the following
observation, cp. [14, p. 86].

Lemma 2.6.3. Consider (2.66) with f ∈ C1(I×Ω,Rn) and flow Φf . Let (t0, x0) ∈ I×Ω
and set x(t) := Φt

f (t0, x0). Then, ∂xΦt
f (s, x(s)) = Φt

fx(t,x(t))(s).

Thus, the propagation matrix Φfx(t,x̂(t)) corresponds to the state derivative of the flow
Φt
f (s, x̂(s)) along the solution x̂. This allows to study the effect of a perturbation in the

initial value or along the trajectory via Taylor expansion, cp. [14, p. 85].

Lemma 2.6.4. Consider (2.66) with f ∈ C1(I×Ω,Rn) and flow Φf . Consider (t0, x0) ∈
I × Ω and v0 ∈ Rn. For t− t0 > 0 sufficiently small, then Φf satisfies

Φt
f (t0, x0 + v0) = Φt

f (t0, x0) + Φt
fx(t,Φtf (t0,x0))(t0)v0 +O(‖v0‖). (2.83)

For the positivity analysis, we keep the initial values but perturb the system function
f . Locally, the effect on the flow can be given in a closed formula, [14, p. 88]. Here, we
adopt the given result as it suits our needs and we study the effect of shifting the system
by a vector function v ∈ C(I,Rn).

Lemma 2.6.5. Consider (2.66) with f ∈ C1(I×Ω,Rn) and flow Φf . For v ∈ C1(I,Rn)

and ε > 0, set fε := f + εv. Then, fε ∈ CLip
loc (I × Ω,Rn×n) with flow Φf,ε. For every

(t0, x0) ∈ I × Ω, there exists t1 > t0 with t1 − t0 > 0 sufficiently small and a matrix
function M ∈ C([t0, t1],Rn×n), such that Φf,ε satisfies

Φt
f,ε(t0, x0) = Φt

f (t0, x0) + ε

∫ t

t0

M(t, s)v(s) ds (2.84)

for t ∈ [t0, t1]. The function M is given by

M(t, s) =

∫ 1

0
Φt
f̃x,ε(t,xη(t))

(s) dη (2.85)

where f̃ε(t, x; η) := f(t, x) + ηεv(t) and Φt
f̃x,ε(t,xη(t))

(s) is the propagation matrix associ-

ated with xη(t) := Φt
f,ε(t0, x0; η).
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Proof. If f ∈ CLip
loc (I ×Ω,Rn×n) and v ∈ C1(I,Rn), then fε := f + εv is locally Lipschitz

and there exists an associated flow Φf,ε. For every (t0, x0) ∈ I × Ω, then ẋ = f(t, x),
x(t0) = x0 and ẋε = fε(t, xε), x(t0) = x0 have unique solutions Φt

f (t0, x0), Φt
f,ε(t0, x0)

on [t0, t
+
0 ), [t0, t

+
0,ε), respectively, cp. Lemma 2.6.1. Using these assertions, we follow the

arguments given in [14, p. 88].
For η ∈ [0, 1], we set f̃ε(t, x; η) := f(t, x) + ηεv(t) and denote the induced parameterized

flow by Φ
(·)
f,ε(·, ·; η). Then, Φt

f (t0, x0; 0) = Φt
f,ε(t0, x0) and Φt

f,ε(t0, x0; 1) = Φt
f,ε(t0, x0)

and we obtain that

Φt
f,ε(t0, x0) = Φt

f (t0, x0) +

∫ 1

0

d
dηΦt

f,ε(t0, x0; η) dη.

For d
dηΦt

f,ε(t0, x0; η), we have the representation

d
dηΦt

f,ε(t0, x0; η) =

∫ t

t0

Φt
f̃x,ε(t,xη(t))

(s) εv(s) ds

cp. [14, p. 88], where Φt
f̃x,ε(t,xη(t))

(s) is the propagation matrix associated with xη(t) :=

Φt
f,ε(t0, x0; η). This proves the assertion.



CHAPTER 3

DECOMPOSITION OF ALGEBRAIC AND DIFFERENTIAL
EQUATIONS VIA PROJECTIONS

In Chapter 3, we establish the framework to decompose DAEs into their differential and
algebraic components using projections.
In Section 3.1, we reformulate the Implicit Function Theorem in terms of projections. For
an algebraic equation G(t, x) = 0, we state the solvability condition in terms of projec-
tions P,Q and construct an implicit function g(t, xP ) that solves QG(t, xP +g(t, xP )) = 0
using the components xP = Px. For linear systems, we explicitly compute the solution.
For implicit differential equations F (t, x, ẋ) = 0, we modify the result such that it allows
to solve the equations for components of the derivative ẋ. We exploit these observations
to parameterize an embedded submanifold S in terms of projections and we construct a
characterizing function that generalizes the concept of projections to nonlinear submani-
folds.
In Section 3.2, we study invariant and flow invariant sets, focusing on embedded subman-
ifolds and linear subspaces, in particular. We characterize time-varying, flow invariant
sets and specialize the result for embedded submanifolds using locally defining functions
and the parameterization and the characterizing function induced by projections. We
elaborate the conditions for linear subspaces, giving both necessary and sufficient invari-
ance conditions.
Based on these observations, we illustrate in Section 3.3, how differential and algebraic
equations can be decoupled along invariant subsets using projections. We explain how
the decomposition is reflected in the flow and prove auxiliary projection properties of
the flow.
We illustrate our results with examples in Section 3.4.
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3.1 The Implicit Function Theorem and induced
parameterizations

In this section, we explain how the Implicit Function Theorem allows to construct local
parameterizations of embedded submanifolds. These parameterizations are computed as
implicit solutions of algebraic equations, exploiting that an embedded submanifold can
be locally represented as level set of a locally defining function.
We illustrate this procedure for the ’classical’ Implicit Function Theorem, then we for-
mulate these results in terms of projections and study the induced parameterizations.

3.1.1 The Implicit Function Theorem

For the solvability of algebraic equations, we cite the Implicit Function Theorem, cp.
e.g. [115, p. 128].

Theorem 3.1.1. [115, p. 128] Consider G ∈ Ck(I × Ω1 × Ω2,Rn−d), k ≥ 0, where
I ⊂ Rn, Ω1 ⊂ Rd and Ω2 ⊂ Rn−d are open sets. Let (t0, x1,0, x2,0) ∈ G−1({0}) and
let Gx be continuously defined in a neighborhood of (t0, x1,0, x2,0). If Gx2(t0, x1,0, x2,0)
is nonsingular, then there exist neighborhoods I0 ⊂ I, U(x1,0) ⊂ Ω1, U(x2,0) ⊂ Ω2 and
a function g ∈ Ck(I0 × U(x1,0),U(x2,0)), such that (t, x1, x2) solves G(t, x1, x2) = 0 if
and only if (t, x1) ∈ I0 × U(x1,0) and x2 = g(t, x1). If Gx1(t0, x1,0, x2,0) exists, then
Dg(t0, x1,0) exists. The partial derivatives are given by

gx1(t0, x1,0) = −
(
G−1
x2
Gx1

)
(t0, x1,0, x2,0), (3.1a)

gt(t0, x1,0) = −
(
G−1
x2
Gt
)
(t0, x1,0, x2,0). (3.1b)

Theorem 3.1.1 allows to solve nonlinear algebraic equations G(t, x1, x2) = 0 in the
neighborhood of a consistent point (t0, x1,0, x2,0) ∈ G-1({0}) for the components x2

if the Jacobian Gx2 is nonsingular. The solution is given implicitly by the function
g. A point (t0, x1,0, x2,0) ∈ I × Ω is called consistent if (t0, x1,0, x2,0) ∈ G−1({0}) and
(t0, x1,0, x2,0) ∈ G−1({0}) is called regular if Gx2(t, x1, x2) exists and is continuously in
a neighborhood of (t0, x1,0, x2,0) with Gx(t0, x1,0, x2,0)) is nonsingular.

In general, the partition of the state variable x into its regular and singular components
x1, x2 with respect to G is not given a priori, but is achieved by choosing suitable com-
ponents x2 such that Gx2(t0, x0) is nonsingular. We illustrate this variable partitioning
in the context of embedded submanifolds, where the Implicit Function Theorem 3.1.1
allows to construct a local parameterization of S.

Lemma 3.1.1. Let S be a time-varying, embedded C1-submanifold with dim(S) = d.
For (t0, x0) ∈ S, let G ∈ C1(I0 × U(x0),Rn−d) be a locally defining function on a
neighborhood I0 × U(x0) and let T = [T1, T2] ∈ C1(I0 × U(x0),Rn×n) be a pointwise
nonsingular transformation, such that (GxT2)(t, x) is nonsingular on I0 × U(x0). Set
x1 := T−1 (t, x)x and x2 := T−2 (t, x)x, where T−1 = [Id, 0]T−1 and T−2 = [0, In−d]T

−1.
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There exist neighborhoods Î0 ⊂ I0, U(x1,0) ⊂ Rd and U(x2,0) ∈ Rn−d and a function
g ∈ C1(Ĩ0 × U(x1,0),U(x2,0)), such that (t, x) ∈ S if and only if (t, x1) ∈ Ĩ0 × U(x1,0)
and x2 = g(t, x1).

Proof. On I0 × U(x0), if T = [T1, T2] ∈ C1(I0 × U(x0),Rn×n) is pointwise nonsingular,
then T induces pointwise a variable transformation x1 := T−1 (t, x)x, x2 := T−2 (t, x)x,
such that every x ∈ U(x0) has a unique representation as x = T1(t, x)x1 + T2(t, x)x
Inserting this representation into a locally defining function G ∈ C1(I0 × U(x0),Rn−d)
of S, we consider G as a function of the coefficients x1, x2, i.e., we set

G(t, x1, x2) := G
(
t, T1(t, x)x1 + T2(t, x)x

)
.

On (I0 × U(x0)) ∩ S, then

Gx2(t, x) =
(
GxT2 +GT2,x

)
(t, x) = (GxT2)(t, x).

is nonsingular by the choice of T and we can apply the Implicit Function Theorem 3.1.1.
More exactly, there exist neighborhoods Ĩ0 ⊂ I0, U(x1,0) ⊂ Rd and U(x2,0) ⊂ Rn−d and
a function g ∈ C1(Ĩ0 × U(x1,0),U(x2,0)), such that (t, x1, x2) solves G(t, x1, x2) = 0 if
and only if

x2 = g(t, x1) and (t, x1) ∈ Ĩ0 × U(x1,0). (3.2)

Hence, (t, x) ∈ (Ĩ0 × Ũ(x0)) ∩ S, where Ũ(x0) := ι
(
U(x1,0), g(Ĩ0 × U(x1,0)

)
, if and only

if its coefficients x1, x2 defined by (3.5) satisfy condition (3.2).

Under the assertions of Lemma 3.1.1, setting Ũ(x0) := ι
(
U(x1,0), g(Ĩ0 × U(x1,0)

)
, then

graph
(
g|Ĩ0×U(x1,0)

)
= (Ĩ0 × Ũ(x0)) ∩ S, (3.3)

implying that g ∈ C1(Ĩ0 × U(x1,0),U(x2,0)) is a local parameterization of S. Lemma
2.4.4 illustrates that for a time-varying, embedded submanifold S with a locally defining
function G and a variable transformation T , Theorem 3.1.1 allows to compute a local
parameterization of S. We call g the parameterization induced by G and T .
The parameterization g induces a canonical embedding ϕ ∈ C1(Ĩ0×U(x1,0),U(x0)) with
ϕ(t, x1) = [xT1 , g

T (t, x1)]T and U(x0) = ι
(
U(x1,0), g(Ĩ0 × U(x1,0)

)
, cp. Remark 2.4.2.

Remark 3.1.1. Given a pointwise nonsingular transformation T = [T1, T2] ∈ C1(I0 ×
U(x0),Rn×n), every x ∈ U(x0) has a unique representation

x = T1(t, x)x1 + T2(t, x)x2, (3.4)

where the coefficients x1, x2 are given by

x1 := T−1 (t, x)x, x2 := T−2 (t, x)x (3.5)
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for T−1 = [Id, 0]T−1 and T−2 = [0, In−d]T
−1. We call (3.4) the basis representation of x

with respect to T .
For an embedded submanifold S and a locally defining function G ∈ C1(I0×U(x0),Rn−d)
that satisfies that (GxT2)(t, x) is nonsingular on I0 × U(x0), there exist neighborhoods
Ĩ0 ⊂ I0, U(x1,0) ⊂ Rd and U(x2,0) ⊂ Rn−d, such that for every (t, x) ∈ Ĩ0 × Ũ(x0) ∩ S
the basis representation (3.4) reads

x = T1(t, x)x1 + T2(t, x)g(t, x1), (3.6)

where g ∈ C1(Î0 × U(x1,0),U(x2,0)) is the parameterization induced by G and T and
Ũ(x0) as in (3.3). More exactly, (t, x) ∈ (Ĩ0 × Ũ(x0)) ∩ S if and only if the basis
representation of x is given in the form (3.6).

In Lemma 3.1.1, the variable transformation (3.5) depends on the time and state (t, x)
itself. This construction allows to transform the variables with respect to a particular,
predefined time-state-varying subspace whose (t, x)-sections are given by range(T1(t, x)).
Choosing, e.g., T1, T2 as pointwise orthogonal bases of ker(G(t, x)) and coker(G(t, x)),
then span(T1(t, x)) = Tx S(t) and span(T2(t, x)) = Nx S(t) and the basis representation
(3.4) represents x ∈ S(t) in terms of an orthogonal basis of the tangent and the normal
space. The parameterization g induced by G and T locally parameterizes S in terms of
the coefficients x1 associated with Tx S(t).
For DAEs or differential equations on a manifold, we use time-state-depending variable
transformations to decouple the differential and algebraic components along a solution
and to construct a solution formula, cp. Lemma 3.3.1 and Lemma 4.1.3. As the differ-
ential and algebraic components lie in the tangent and the normal space of an embedded
submanifold, we need a transformation that automatically picks out these components.
In numerical computations, the transformation T = [T1, T2] ∈ C1(I0 × U(x0),Rn×n) in
general will not be available as continuous function, but is computed pointwise on S. In
a sufficiently small neighborhood of (t0, x0), we can use the linearization and compute
the coefficients x1, x2 from

x1 = T T1 (t0, x0)x, x2 = T T2 (t0, x0)x. (3.7)

Given a reference solution x∗ ∈ C1((t−0 , t
∗+
0 ),Rn) with x∗(t∗0) = x∗0, for initial values

(t0, x0) = (t∗0, x
∗
0) + O(ε) ∈ S with ε > 0 sufficiently small, the variable transformation

(3.5) of the solution x ∈ C1((t−0 , t
+
0 ),Rn) can be considered along x∗, i.e.,

x1 = T T1 (t, x∗(t))x, x2 = T T2 (t, x∗(t))x. (3.8)

If we are not aiming for coefficients in a particular subspace but for a suitable charac-
terization of the elements in S, we can use locally constant transformations.

Lemma 3.1.2. Let S be a time-varying, embedded C1-submanifold with dim(S) = d. For
(t0, x0) ∈ S, let G ∈ C1(I0×U(x0),Rn−d) be a locally defining function on a neighborhood
I0 × U(x0) and let T = [T1, T2] ∈ Rn×n be a nonsingular transformation, such that
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Gx(t0, x0)T2 is nonsingular. On I0 × U(x0), set x1 := T−1 (t, x)x and x2 := T−2 (t, x)x,
where T−1 = [Id, 0]T−1 and T−2 = [0, In−d]T

−1.
There exist neighborhoods Ĩ0 ⊂ I0, U(x1,0) ⊂ Rd and U(x2,0) ∈ Rn−d and a function
g ∈ C1(Ĩ0 × U(x1,0),U(x2,0)), such that (t, x) ∈ S if and only if (t, x1) ∈ Ĩ0 × U(x1,0)
and x2 = g(t, x1).

Proof. For (t0, x0) ∈ S, if T = [T1, T2] ∈ Rn×n is a nonsingular transformation, such
that Gx(t0, x0)T2 is nonsingular, by the Inverse Function Theorem, cp. [86, p. 108],
there exists a neighborhood Ī0 × Ū(x0) ⊂ I0 × U(x0), such that Gx(t, x)T2 is pointwise
nonsingular on Ī0 × Ū(x0). Then, G and T satisfy the assertions of Lemma 3.1.1 and
we have proved the assertion.

Lemma 3.1.2 shows that in the neighborhood of a regular point (t0, x0) ∈ S, we can
construct a parameterization g that is induced by a locally defining function and a
constant variable transformation.

For the positivity analysis, we consider parameterizations that are induced by a permu-
tation of the variables. By σ ∈ Σ(n), we denote an element of the symmetric group Σ(n)
containing the permutations on {1, ..., n}, cp. e.g., [17, p. 23]. Associated with a permu-
tation σ ∈ Σ(n), we consider the permutation matrix Iσ := [eσ(1), ..., eσ(n)] ∈ Rn×n.

Corollary 3.1.1. Let S ⊂ I × Rn be a time-varying, embedded C1-submanifold with
dim(S) = d. For (t0, x0) ∈ S, let G ∈ C1(I0×U(x0),Rn−d) be a locally defining function
defined on a neighborhood I0 × U(x0) and let Iσ ∈ Rn×n be a permutation, such that
Gx(t0, x0)Iσ,2 is nonsingular, where Iσ,1 = Iσ[Id, 0] and Iσ,2 = Iσ[0, In−d]. Set x1 = ITσ,1x

and x2 = ITσ,2x.

There exist neighborhoods Ĩ0 ⊂ I0, U(x1,0) ⊂ Rd and U(x2,0) ∈ Rn−d and a function
gσ ∈ C1(Ĩ0×U(x1,0),U(x2,0)) of S, such that (t, x) ∈ S if and only if (t, x1) ∈ Ĩ0×U(x1,0)
and x2 = gσ(t, x1).

3.1.2 The Implicit Function Theorem in terms of projections

The Implicit Function Theorem 3.1.1 allows to solve algebraic equations G(t, x) = 0
for the coefficients x1, x2 of a suitable basis representation x = T1(t, x)x1 + T2(t, x)x2.
For the positivity analysis, however, we want to avoid transformations of variables as
that changes the coordinate system. Instead, we pursue a projection approach that
decomposes x additively into the regular and singular components and allows to solve
G(t, x) = 0 without changing the coordinates.

Theorem 3.1.2. Consider G ∈ C(I ×Ω,Rn). Let P,Q ∈ C(I ×Ω,Rn×n) be orthogonal
projections with complements P c, Qc and rank(P ) = rank(Q) = d on G−1({0}). Let
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(t0, x0) ∈ G−1({0}) and set xP,0 := P (t0, x0)x0, xP c,0 := P c(t0, x0)x0. If

(QcGxP
c)+(QcGxP

c)(t0, x0) = P c(t0, x0), (3.9a)

(QcGxP
c)(QcGxP

c)+(t0, x0) = Qc(t0, x0), (3.9b)

then there exist neighborhoods I0 ⊂ I, U(xP,0),U(xP c,0) ⊂ Rn and a function g ∈ C(I0×
U(xP,0),U(xP c,0)), such that (t, x) solves (QcG)(t, x) = 0 if and only if xP := P (t, x)x
and xP c := P c(t, x)x satisfy

xP c = g(t, xP ) and (t, xP ) ∈ I0 × U(xP,0). (3.10)

On I0 × U(xP,0), the function g satisfies g(t, xP ) ∈ ker
(
P
(
t, xP + g(t, xP )

))
.

Proof. If P,Q ∈ C(I×Ω,Rn×n) are orthogonal projections with rank(P ) = rank(Q) = d
on G−1({0}), then for every (t0, x0) ∈ G−1({0}) there exists a neighborhood I0 ×U(x0)
and pointwise orthogonal functions T = [T1, T2], S = [S1, S2] ∈ C(I0 × U(x0),Rn×n),
such that P and Q are pointwise diagonalizable with respect to S and T , cp. Lemma
2.2.2. We prove that (ST2 GxT2)(t0, x0) is nonsingular if and only if condition (3.9) is
satisfied. As T2, S2 are pointwise orthogonal, then T T2 T2 = ST2 S2 = Id on U(t0, x0) and
condition (3.9) reads(

T T2 (S2S
T
2 GxT2T

T
2 )+(S2S

T
2 GxT2T

T
2 )T2

)
(t0, x0) = Id, (3.11a)(

ST2 (S2S
T
2 GxT2T

T
2 )(S2S

T
2 GxT2T

T
2 )+S2

)
(t0, x0) = Id. (3.11b)

Noting that
(S2S

T
2 GxT2T

T
2 )+ = T2(ST2 GxT2)+ST2 ,

pointwise on I0 × U(x0), cp. Lemma 2.3.7, then (3.11) implies that

(ST2 GxT2)+(ST2 GxT2) = (ST2 GxT2)(ST2 GxT2)+ = Id

and it follows that

(ST2 GxT
T
2 )+(t0, x0) = (ST2 GxT

T
2 )−1(t0, x0), (3.12)

i.e., in range(Q(t0, x0)) and range(P (t0, x0)), the Jacobian Gx(t0, x0) is nonsingular. To
solve G(t, x) = 0, we consider the variable transformation

x1 := T T1 (t, x)x, x2 := T T2 (t, x)x,

for (t, x) ∈ U(t0, x0). Setting

G̃2(t, x1, x2) :=
(
ST2 G

)(
t, T T1 (t, x)x1 + T T2 (t, x)x2

)
,

we consider ST2 G as a function of the coefficients x1, x2. On G−1({0}), then

G̃2,x2(t, x1, x2) =
(
ST2,xGT2 + ST2 GxT2 + ST2 GT2,x

)
(t, x1, x2)

= (ST2 GxT2)(t, x1, x2)
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and regarding (3.12), we have proved that G̃2,x2(t0, x1,0, x2,0) is nonsingular. Since Gx
is continuous on a neighborhood of (t0, x0), also G̃2,x is continuous on a neighborhood
of (t0, x1,0, x2,0). Thus, we can apply the Implicit Function Theorem 3.1.1 and solve
G̃2(t, x1, x2) = 0 locally for x2. More exactly, there exist neighborhoods Ĩ0 ⊂ I,
U(x1,0) ⊂ Rd,U(x2,0) ⊂ Rn−d and a function g̃ ∈ C(Ĩ0 × U(x1,0),U(x2,0)), such that
(t, x1, x2) solves G̃2(t, x1, x2) = 0 if and only if (t, x1) ∈ Ĩ0 × U(x1,0) and

x2(t) = g̃(t, x1). (3.13)

Choosing I0 ×U(x0) sufficiently small, such that (t, x1) ∈ Ĩ0 ×U(x1,0) for every (t, x) ∈
I0 × U(x0), we can parameterize the solution set G−1({0}) locally with the coefficients
x1 using equation (3.13).
As we are seeking the solution in the original coordinates, we formulate (3.13) in terms
of the projections P , Q. For the variables, we set

xP = P (t, x)x, xP c = P c(t, x)x (3.14)

for (t, x) ∈ I0×U(x0). Noting that P = T1T
T
1 and Q = S1S

T
1 on U(t0, x0), we have that

xP = T1T
T
1 x = T1x1 and xP c = T2T

T
2 x = T2x2. Conversely, since T1, T2 are pointwise

orthogonal, this implies that x1 = T T1 xP and x2 = T T2 xP c . If x2 = g̃(t, x1), in particular,
then xP c = T2(t, x)g̃(t, T T1 xP ) and we set

g(t, xP ) := T2(t, x) g̃(t, T T1 (t, x)xP ). (3.15)

For the neighborhoods, we set U(xP,0) = T1(t0, x0) · U(x1,0) and U(xP c,0) = T2(t0, x0) ·
U(x2,0), such that U(xP,0),U(xP c,0) ⊂ Rn. As T is pointwise orthogonal, this mapping
is unique, i.e., U(x1,0) = T1(t0, x0)T · U(xP,0) and U(x2,0) = T T2 (t0, x0) · U(xP c,0). Since
G ∈ C(I × Ω,Rn) and T ∈ C(I0 × U(x0),Rn×n), then g ∈ C(I0 × U(xP,0),Rn).
Using that ST2 G̃2 = QcG, we find that (t, x) solves (QcG)(t, x) = 0 if and only if the
components xP , xP c given by (3.14) satisfy (t, xP c) ∈ U(t0, xP c,0) and xP = g(t, xP c),
i.e., condition (3.10).

Noting that (P cT1)(t, x) = 0 on I0 × U(x0) as span(T1(t, x)) = ker(P c(t, x)), then

0 = P
(
t, xP + g(t, xP )

)
g(t, xP )

= (PT2)
(
t, xP + g(t, xP )) g̃

(
t, T T1 (t, xP + g(t, xP ))xP

)
for every (t, xP ) ∈ I0×U(xP,0). This proves that g(t, xP ) ∈ ker

(
P (t, xP +g(t, xP ))

)
.

Like the Implicit Function Theorem, Theorem 3.1.2 characterizes the solvability of non-
linear algebraic equations and gives a local solution formula in terms of the implicit
function g. Stated in terms of projections, it allows to filter out the regular compo-
nents without changing the coordinate system. More exactly, if (t0, x0) ∈ I ×Ω satisfies
(QG)(t0, x0) = 0 and Gx(t0, x0) satisfies condition (3.9), then, in a neighborhood of
(t0, x0), equation (QG)(t, x) = 0 can be locally solved for P (t, x)x.
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If P c = G+
xGx and Qc = GxG

+
x , then (3.9) is satisfied pointwise on I × Ω due to the

properties of the Moore-Penrose inverse, cp. Definition 2.3.2. If P c = Qc = In, then
condition (3.9) implies that Gx(t0, x0) is nonsingular and Theorem 3.1.2 coincides with
the Implicit Function Theorem 3.1.1.

For linear systems, we can compute the implicit function explicitly.

Corollary 3.1.2. Consider G ∈ C(I,Rn×n) and b ∈ C(I,Rn). Let P,Q ∈ C(I ×
Ω,Rn×n) be orthogonal projections with complements P c, Qc and rank(P ) = rank(Q) = d
on I. Let (t0, x0) solve G(t0)x = b(t0) and set xP,0 := P (t0)x0, xP c,0 := P c(x0)x0. If

(QcGP c)+(QcGP c)(t0) = P c(t0), (3.16a)

(QcGP c)(QcGP c)+(t0) = Qc(t0), (3.16b)

there exists an interval I0 ⊂ I, such that (t, x) ∈ I0×Rn solves (QcG)(t)x = (Qcb)(t) if
and only if

P c(t)x = −
(
(QcGP c)+QcGP

)
(t)x+

(
(QcGP c)+Qcb

)
(t). (3.17)

In particular,
(
(QcGP c)+QcGP

)
(t)ei,

(
(QcGP c)+Qcb

)
(t) ∈ ker(P (t)) for i = 1, ..., n.

Remark 3.1.2. For a matrix function G ∈ C(I,Rn×n), choosing the Moore-Penrose
projections Qc := GG+ and P c := G+G, we find that QcGP c = G is satisfied pointwise
on I due to the properties of the Moore-Penrose inverse, cp. Definition 2.3.2. Hence,
G,P c, Qc verify the solvability condition (3.16) of Corollary 3.1.2 for every t ∈ I and
(t, x) ∈ I ×Rn solve G(t)x = (GG+b)(t) if and only if P c(t)x = (G+b)(t). This solution
(t, x) solves the full equation Gx = b if and only if b(t) = (GG+b)(t), i.e., b(t) ∈
range(G(t)) on I, cp. [17, p. 73]. If this is the case, there exists v ∈ C(I,Rn) satisfying
b = Gv and the solution formula (3.17) reads P c(t)x = (P cv)(t). Hence, (t, x) ∈ I × Rn
solves Gx = b if and only if x lies in the affine subspace ker

(
(P c + v)(t)

)
.

For DAEs, Theorem 3.1.2 allows to solve F (t, x, ẋ) = 0 for particular components xP c

of the solution x that satisfy an algebraic equation. Accordingly, we want to solve
F (t, x, ẋ) = 0 for the components ẋP of the derivative ẋ satisfying a differential equation.
To specify the properties of this implicitly defined differential equation, we elaborate
Theorem 3.1.2 if it is applied to an implicit differential equation.

Lemma 3.1.3. Consider F (t, x, ẋ) = 0 with F ∈ C2(D,Rn). For z0 := (t0, x0, v0) ∈
F−1({0}), let P,Q ∈ C1(U(z0),Rn×n) be orthogonal projections with complements P c, Qc

and rank(P (z)) = rank(Q(z)) on U(z0) ∩ F−1({0}). If

(QFẋP )+(QFẋP )(z0) = P (z0), (3.18a)

(QFẋP )(QFẋP )+(z0) = Q(z0), (3.18b)

then there exist neighborhoods I0 ⊂ I, U(xP,0),U(xP c,0),U(vP,0),U(vP c,0) ⊂ Rn and
a function h ∈ C(I0 × U(xP,0) × U(xP c,0) × U(vP c,0),U(vP,0)), such that a function
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x ∈ C1(I0,Rn) with z = (t, x, ẋ) solves (QF )(t, x, ẋ) = 0, z(t0) = z0 on I0 if and only if
the components xP = P (z)x and xP c = P c(z)x solve

ẋP = h(t, xP , xP c , ẋP c) (3.19)

on I0. The function h is given by

h
(
t, xP , xP c , ẋP c

)
= ĥ

(
t, xP , xP c , ẋP c + Ṗ c(z)(xP + xP c)

)
+ Ṗ (z)(xP + xP c), (3.20)

where ĥ ∈ C(I0 × U(xP,0) × U(xP c,0) × U(vP c,0),U(vP,0)) is the implicit solution of

F
(
t, xP + xP c , ĥ(t, xP , xP c , vP c) + vP c

)
= 0 for xP = P (z)x, xP c = P c(z)x, vP = P (z)v

and vP c = P c(z)v, where z = (t, x, v) ∈ U(z0). Along a solution x, with z = (t, x, ẋ), the
function h satisfies

h(t, xP , xP c , ẋP c) ∈ ker(P c(z)) + (ṖP )(z)x. (3.21)

Proof. To prove the assertion, we first consider the differential equation as algebraic
equation F (t, x, v) = 0 for (t, x, v) ∈ D. For z0 := (t0, x0, v0) ∈ F−1({0}) and the
projections P,Q ∈ C1(U(z0),Rn×n) defined in a neighborhood of z0, we consider the
variable decomposition

xP = P (z)x, xP c = P c(z)x, vP = P (z)v, vP c = P c(z)v,

for z = (t, x, v) ∈ U(z0). If rank(P (z)) = rank(Q(z)) on U(z0)∩F−1({0}) and Qc, Fv, P
satisfy condition (3.18) in z0, by Theorem 3.1.2, then there exist neighborhoods I0 ⊂
I, U(xP,0),U(xP c,0),U(vP,0),U(ẋP c,0) ⊂ Rn and a function ĥ ∈ C(I0 × U(xP,0) ×
U(xP c,0) × U(vP c,0),U(vP,0)), such that (t, x, v) solves (QF )(t, x, v) = 0 if and only
if (t, xP , xP c , vP c) ∈ I0 × U(xP,0)× U(xP c,0)× U(vP c,0) and

vP = ĥ(t, xP , xP c , vP c). (3.22)

Now, we include a differential relation of x and v and assume that ẋ = v. Let z := (t, x, ẋ)
and set xP = P (z)x, xP c = P c(z)x. Noting that vP , vP c correspond to P (z)ẋ, P c(z)ẋ,
respectively, and using that ẋP = P (z)ẋ+ Ṗ (z)x, then (3.22) is equivalent to

ẋP c = ĥ(t, xP , xP c , P
c(z)ẋ) + Ṗ (z)(xP + xP c). (3.23)

Similarly, noting that ẋP c = P c(z)ẋ− Ṗ c(z)x, then (3.23) equivalently reads

ẋP c = ĥ
(
t, xP , xP c , ẋP c + Ṗ c(z)(xP + xP c)

)
+ Ṗ (z)(xP + xP c). (3.24)

Defining h as in (3.20), we have proved the assertion.

Noting that

ĥ(t, xP , xP c , vP c) ∈ ker
(
P c(t, xP , xP c , vP c + ĥ(t, xP , xP c , vP c)

)
by Theorem 3.1.2, and projecting ĥ with P c along a solution x of F (t, x, ẋ) = 0, we
obtain condition (3.21).
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Lemma 3.1.3 allows to solve an implicit differential equation F (t, x, ẋ) = 0 for particular
components ẋP that are filtered out by a projection P . Accordingly, the specifying
equations QF (t, x, ẋ) = 0 are selected by a projection Q. The observation (3.21), stating
that h maps into a particular subspace specified by P , is needed in the context of
differential equations on manifolds and DAEs.

3.1.3 Parameterizations obtained by projection

Using the Implicit Function Theorem 3.1.1, we have parameterized an embedded sub-
manifold S using the coefficients x1, x2 of a suitable basis representation x = T1(t, x)x1 +
T2(t, x)x2, cp. Lemma 3.1.2. Using Theorem 3.1.2, we formulate this concept in terms
of a projection P and parameterize S using the components P (t, x)x and P c(t, x)x.

Definition 3.1.1. Let S be a time-varying, embedded Ck-submanifold, k ≥ 1, with
dim(S) = d. For (t0, x0) ∈ S, let G ∈ Ck(I0×U(x0),Rn−d) be a locally defining function
on a neighborhood I0 ×U(x0) ⊂ I ×Rn. We call an orthogonal projection P ∈ Ck(I0 ×
U(x0),Rn×n) with complement P c a specifying projection for S with defining function
G, if, on (I0 × U(x0)) ∩ S, rank(P (t, x)) = d and

(GxP
c)+(GxP

c)(t, x) = P c(t, x), (3.25a)

(GxP
c)(GxP

c)+(t, x) = In−d. (3.25b)

Remark 3.1.3. For a locally defining function G ∈ Ck(I0 × U(x0),Rd), the Moore-
Penrose projection P := In −G+G is always a specifying projection. Since range(P ) =
ker(G(t, x)) by Corollary 2.3.1 and ker(G(t, x)) = Tx S(t) by Lemma 2.4.4, (2.33), this
projection P is the uniquely defined, orthogonal projection along the normal space
Nx S(t) onto the tangent space Tx S(t).
For a linear subspace L, in particular, this implies that the orthogonal projection P onto
L is specifying for L. A defining function is given by every orthogonal basis T2 of L⊥.

A specifying projection P with defining function G satisfies the solvability conditions for
the equation G(t, x) = 0 given in Theorem 3.1.2 on (I0 × U(x0)) ∩ S with Q = Id. Due
to this property, the projection P and the defining function G allow to parameterize the
submanifold S.

Lemma 3.1.4. Let S be a time-varying, embedded Ck-submanifold, k ≥ 1, with dim(S) =
d. For (t0, x0) ∈ S, let P ∈ Ck(I0 × U(x0),Rn×n) be a specifying projection of S with
locally defining function G ∈ Ck(I0×U(x0),Rn−d) and complement P c. On (I0×U(x0)),
set xP := P (t, x)x and xP c := P c(t, x)x.
There exist neighborhoods Ĩ0 ⊂ I0 and U(xP,0),U(xP c,0) ⊂ Rn and a function g ∈
Ck(Ĩ0 ×U(xP,0),U(xP c,0)), such that (t, x) ∈ S if and only if (t, xP ) ∈ Ĩ0 ×U(xP,0) and

xP c = g(t, xP ). (3.26)
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For (t, x) ∈ S with (t, xP ) ∈ Î0 × U(xP,0), the change in time of S(·) is given by

Ṡ(t,x) = (G+
xGx)(t, x)

((
In + gx(t, xP )

)
Pt(t, x)x+ gt(t, xP )

)
. (3.27)

Proof. For (t0, x0) ∈ S, if G ∈ Ck(I0 × U(x0),Rd) is a locally defining function on
a neighborhood I0 × U(x0), then (t, x) ∈ (I0 × U(x0)) ∩ S if and only if (t, x) solve
G(t, x) = 0, cp. Lemma 2.4.4. If P ∈ Ck(I0 × U(x0)),Rn×n) is a projection with
complement P c and rank(P (t, x)) = d on (I0 × U(x0)) ∩ S, that satisfies (3.25) on
(I0 × U(x0)) ∩ S, then G,P c, Id satisfy the solvability condition (3.9) of Theorem 3.1.2.
Hence, there exist neighborhoods Ĩ0 ⊂ I0, U(xP,0),U(xP c,0) ⊂ Rn and a function g ∈
Ck(Ĩ0 × U(xP,0),U(xP c,0)), such that (t, x) ∈ (I0 × U(x0) ∩ S (t, x) solves G(t, x) = 0 if
and only if (t, xP ) ∈ I0 × U(xP,0) and P c(t, x)x = g(t, P (t, x)x). This proves (3.26).
For (3.27), we note that G(t, P (t, x)x + g(t, P (t, x)x)) = 0 for every (t, x) ∈ S with
(t, P (t, x)x) ∈ I0 × U(xP,0). Differentiating with respect to t, it follows that (om. arg.)

Gt +Gx(Ptx+ gt + gxPtx) = 0.

Multiplying by G+
x , for (t, x) ∈ S with (t, P (t, x)x) ∈ I0 × U(xP,0), we obtain that

−G+
xGt = G+

xGx
(
(In + gx)Ptx+ gt

)
.

As Ṡ(t,x) = −(G+
xGt)(t, x) by Lemma 2.4.4, (2.33b), the representation (3.27) follows.

If P ∈ Ck(I0 × U(x0),Rn×n) is a pointwise projection with complement P c, every x ∈
U(x0) can be uniquely represented as

x = xP + xP c , (3.28)

where the components xP , xP c are obtained by projection by

xP := P (t, x)x, xP c := P c(t, x)x. (3.29)

In analogy to the basis representation (3.4), we call (3.28) the representation of x with
respect to P . For an embedded submanifold S and a locally defining function G, for
which the projection P is specifying, Lemma 3.1.4 implies that there exists a function
g ∈ Ck(Ĩ0 × U(xP,0),U(xP c,0)), such that (t, x) ∈ (I0 × U(x0)) ∩ S if and only if x
sufficiently small, admits the representation

x = xP + g(t, xP ). (3.30)

Therefore, we call the function g ∈ Ck(Ĩ0 × U(xP,0),U(xP c,0)) constructed in Lemma
3.1.4 the parameterization induced by P and G. The components xP are called the
parameterizing components and xP c the dependent components.
Note that, for every (t, x) ∈ I0 × U(xP,0), the parameterization g satisfies

g(t, P (t, x)x) = g(t, x). (3.31)

With this observation, we generalize the concept of projections to submanifolds.
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Theorem 3.1.3. Let S be a time-varying, embedded Ck-submanifold. For (t0, x0) ∈ S,
let P ∈ Ck(I0×U(x0),Rd) be a specifying projection with defining function G ∈ Ck(I0×
U(x0),Rd) and let g ∈ Ck(I0 × U(xP,0),U(xP c,0)) be the parameterization induced by P
and G. The function P ∈ Ck(I0 × U(x0),Rn) that is given by

P(t, x) := P (t, x)x+ g
(
P (t, x)x

)
(3.32)

satisfies the following assertions on I0 × U(x0).

(i) P|(I0×U(x0))∩S = In.

(ii) P
(
(I0 × U(x0)) ∩ S

)
= Pc−1{0}, where Pc := In − P.

(iii) (PPc)(t, x) = P (t, x) and (P cP)(t, x) = g(t, P (t, x)x).

(iv) Ṡ(t,x) = (G+
xGxṖ)(t, x) and span(Px(t, x)) ⊂ Tx S(t). If rank(Px) = d, then

span(Px(t, x)) = Tx S(t).

Proof. If S is a time-varying, embedded Ck-submanifold, then for every (t0, x0) ∈ S there
exists a specifying projection P ∈ Ck(I0 × U(x0),Rn×n) with locally defining function
G ∈ Ck(I0 × U(x0),Rd) and a parameterization g ∈ Ck(I0 × U(xP,0),U(xP c,0)) induced
by P and G, defined on neighborhoods I0 ⊂ I and U(x0),U(xP,0),U(xP c,0) ⊂ Rn, cp.
Lemma 3.1.4. Then, (t, x) ∈ S if and only if (t, P (t, x)x) ∈ I0 × U(xP,0) and

P c(t, x)x = g(t, P (t, x)x). (3.33)

Choosing I0 × U(x0) sufficiently small, such that (t, P (t, x)x) ∈ I0 × U(xP,0) for every
(t, x) ∈ I0×U(x0) and noting that P (t, x)+P c(t, x) = In, then (3.33) implies that every
x ∈ S(t) with (t, x) ∈ I0 × U(x0) ∩ S can be represented as

x = P (t, x)x+ g(P (t, x)x. (3.34)

Conversely, if (t, x) ∈ I0 × U(x0) satisfies (3.34), then P c(t, x)x = g(t, P (t, x)x, because
g(t, P (t, x)x) ∈ ker(P (t, x)) for every (t, x) ∈ I0 × U(x0), cp. Theorem 3.1.2. Hence,
(t, x) ∈ (I0 × U(x0)) ∩ S if and only if (t, x) satisfy (3.34).
Setting P(t, x) := P (t, x)x+ g(P (t, x)x) and Pc := In−P, the assertions (i), (ii) follow.
The projection properties (iv) follows by noting that g(t, P (t, x)x) ∈ TxS(t) for every
(t, x) ∈ I0 × U(x0), i.e., P (t, x)g(t, P (t, x)x) = 0.
For (iii), let x̂ ∈ C1([t0, t̂), S(·)) be a path in S(·) with x̂(t0) = x0. Along x̂, then
G(t,P(t, x̂(t))) = 0 on Î0 and considering the total time derivative, this implies that

(Gt +GxPt)(t, x̂(t)) = 0

on [t0, t̂). Multiplying by G+
x (t, x̂(t)), this implies that, on [t0, t̂),

−(G+
xGt)(t, x̂(t)) = (G+

xGxṖ)(t, x̂(t)).

Noting that Ṡ(t0,x0) = −(G+
xGt)(t0, x0), cp. Lemma 2.4.4, (2.33b), it follows that

Ṡ(t0,x0) = (G+
xGxṖ)(t0, x0) and we have proved the representation of Ṡ(t,x).
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Similarly, using that G(t,P(t, x)) = 0 on (I0 ×U(x0)) ∩ S, we get that (GxPx)(t, x) = 0
on (I0×U(x0))∩S. Recalling that ker(Gx(t, x)) = Tx S(t), cp. Lemma 2.4.4, this proves
that Px(t, x) ∈ Tx S(t). If rank(Px) = d, it follows that span(Px(t, x)) = Tx S(t).

We call a function P satisfying the assertions of Theorem 3.1.3 a characterizing function
of S. If P is induced by a specifying projection P with locally defining function G or a
parameterization g, then we call P the characterizing function induced by P and G or
P and g, respectively. The function P allows to characterize S either as solution of the
fixpoint equation

x = P(t, x) (3.35)

or, equivalently, as level set of the function

0 = Pc(t, x). (3.36)

Given by P(t, x) := P (t, x)x+g
(
P (t, x)x

)
, the characterizing function P is similar to an

affine projection. The homogeneous and affine components P (t, x)x and g(t, P (t, x)x)
can be obtained by projection with P (t, x) and P c(t, x), respectively. Indeed, if L is a
time-varying linear subspace, then P is the affine projection onto L, cp. Corollary 3.1.4.
Via its time derivative, a characterizing function P yields a representation of the change
in time of S and, if rank(Px(t, x)) = dim(S), then also of the tangent space Tx S(t). As
the representation of Ṡ(t,x) is derived using the identity G(t,P(t, x)) = 0 on S, which is
valid for every combination of defining function G and characterizing function P, the
representation Ṡ(t,x) = (G+

xGxPt)(t, x) holds for every combination of defining function
G and characterizing function P.

Remark 3.1.4. If we compare the representation (3.28) by a projection P and the ba-
sis representation (3.4) with respect to a transformation T for x ∈ Rn, we observe the
following. Every basis representation x = T1(t, x)x1 + T2(t, x)x2 induces a representa-
tion with respect to the projection P := T1T

−
1 , where T−1 = [Id, 0]T−1. Vice versa, the

representation x = P (t, x)x+ P c(t, x)x induces a representation with respect to a basis
T that diagonalizes P .
For an embedded submanifold S and a locally defining function G, for which the pro-
jection P is specifying, we accordingly observe that the parameterization g induced by
P and G is constructed from the parameterization ĝ obtained by a variable transfor-
mation with T , cp. Theorem 3.1.2, (3.15). The characterizing function P has the basis
representation that we have already encountered in Remark 3.1.1, (3.6), i.e.,

P(t, x) = T1(t, x)x1 + T2(t, x)ĝ(t, x1). (3.37)

If the specifying projection P depends on the time and state, the description of S by
the characterizing function P is implicitly only. Like for time-state dependent variable
transformations, this approach allows to parameterize a submanifold S using compo-
nents from a predefined time-state varying subspace whose (t, x)-sections are given by
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range(P (t, x)). We use this to separate the differential and algebraic components for
differential equations on manifolds and DAEs, cp. Theorem 3.3.1 and Theorem 4.3.1.

To test the flow invariance of a submanifold S or to characterize the positivity of con-
strained systems, we need an explicit description of S. Choosing the specifying projection
locally constant, we can construct an explicit parameterization and characterizing func-
tion.

Lemma 3.1.5. Let S be a time-varying, embedded Ck-submanifold, k ≥ 1, with dim(S) =
d. For (t0, x0) ∈ S, let G ∈ Ck(I0 × U(x0),Rn−d) be a locally defining function on a
neighborhood I0×U(x0). Let P ∈ Rn×n be an orthogonal projection with rank(P (t, x)) =
d and complement P c that satisfies condition (3.25) in (t0, x0).

(i) There exists a neighborhood Ĩ0 × Ũ(x0), on which P is a specifying projection for
S with defining function G.

(ii) The characterizing function P ∈ Ck(Ĩ0×Ũ(x0),Rn×n) induced by P and G satisfies

range(P) = P(Ĩ0 × Ũ(x0)) = (Ĩ0 × Ũ(x0)) ∩ S. (3.38)

Proof. (i) For a locally defining function G ∈ Ck(I0 × U(x0),Rn−d) on a neighborhood
of (t0, x0) ∈ S, let P ∈ Rn×n be an orthogonal projection with rank(P (t, x)) = d that
satisfies condition (3.25) in (t0, x0). Let T = [T1, T2] ∈ Rn×n be a nonsingular trans-
formation that diagonalizes P . Following the arguments in the proof of Theorem 3.1.2
leading to (3.12), we have that

(Gx(t0, x0)T T2 )+ = (Gx(t0, x0)T T2 )−1,

i.e., the matrix Gx(t0, x0)T T2 is nonsingular. By the Inverse Function Theorem, cp. [86,
p. 108], then there exists a neighborhood Ĩ0 × Ũ(x0) ⊂ I0 × U(x0), such that Gx(t, x)T2

is pointwise nonsingular on Ĩ0 × Ũ(x0) and we have that

(Gx(t, x)T T2 )+ = (Gx(t, x)T T2 )−1,

on Ĩ0 × Ũ(x0). Conversely, this implies that G and P satisfy the assertions of Theorem
3.1.2 on Ĩ0×Ũ(x0). Hence, P is specifying for S on Ĩ0×Ũ(x0) with defining function G.

(ii) If P is specifying for S with defining function G, choosing Ĩ0×Ũ(x0) sufficiently small,
then there exists a parameterization g ∈ Ck(Ĩ0×U(xP,0),U(xP c,0)) induced by P and G
and a characterizing function P ∈ Ck(Ĩ0×Ũ(x0),Rn×n) given by P(t, x) = Px+g(t, Px).
As the projection P is constant, every (t, x) ∈ I0×U(x0) defines an element P(t, x) ∈ S,
such that the characterizing function P induced by P and g satisfies (3.38).

Choosing the specifying projection P locally constant, the characterizing function P
associated with P automatically specifies the variables lying in S. For the positivity
analysis, in particular, we consider specifying projections that are induced by a permu-
tation of variables.
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Lemma 3.1.6. Let S be a time-varying, embedded C1-submanifold with dim(S) = d.
For (t0, x0) ∈ S, let G ∈ C1(I0 × U(x0),Rn−d) be a locally defining function of S and
let Iσ ∈ Rn×n be a permutation such that Gx(t0, x0)Iσ,2 is nonsingular, where Iσ,2 =
Iσ[0, In−d]

T . For Iσ,1 = Iσ[Id, 0]T , set Pσ := Iσ,1I
T
σ,1.

1. The matrix Pσ ∈ Rn×n is an orthogonal projection with rank(Pσ) = d and comple-
ment P⊥σ = Iσ,2I

T
σ,2.

2. There exist neighborhoods Ĩ0 ⊂ I0 and Ũ(x0) ⊂ U(x0) on which the following
assertions are satisfied.

(i) The projection Pσ is specifying for S with defining function G.

(ii) There exists a parameterization gσ ∈ C1(Ĩ0 ×U(x1,0),U(x2,0)) induced by Pσ
and G defined on neighborhoods of x1,0 = Pσx0 and x2,0 = P⊥σ x0.

(iii) There exists a characterizing function Pσ ∈ C1(Ĩ0 × Ũ(x0),Rn) given by
Pσ(t, x) = Pσx+ gσ

(
t, Pσx

)
that satisfies range(Pσ) = (Ĩ0 × Ũ(x0)) ∩ S.

Proof. 1. If Iσ ∈ Rn×n is a permutation, then rank(Iσ) = n and rank(Iσ,1) = d where
Iσ,1 = Iσ[Id, 0]T . The product Pσ := Iσ,1I

T
σ,1 is idempotent and symmetric and Pσ is an

orthogonal projection with rank(Pσ) = d, cp. Section 2.2. Noting that IσI
T
σ = Iσ,1I

T
σ,1+

Iσ,2I
T
σ,2 = In, we find that P⊥σ = Iσ,2I

T
σ,2.

2. (i) For (t0, x0) ∈ S+, let G ∈ C1(I0×U(x0),Rn−d) be a locally defining function of S.
If Iσ ∈ Rn×n is a permutation such that Gx(t0, x0)Iσ,2 is nonsingular, then by the Inverse
Function Theorem, cp. [86, p. 108], there exists a neighborhood Ĩ0×Ũ(x0) ⊂ I0×U(x0),
such that Gx(t, x)Iσ,2 is pointwise nonsingular on Ĩ0 × Ũ(x0). Since Iσ,2 has orthogonal
columns, the Moore-Penrose inverse of Gx(t, x)P⊥σ is given by(

Gx(t, x)P⊥σ
)+

=
(
Gx(t, x)Iσ,2I

T
σ,2

)+
= Iσ,2

(
Gx(t, x)Iσ,2

)−1
,

on Ĩ0× Ũ(x0), cp. Lemma 2.3.7. By direct calculation, we find that Gx(t, x), P⊥σ satisfy
condition (3.25) of Lemma 3.1.4 on (Ĩ0 × Ũ(x0))∩ S+, i.e., Pσ is a specifying projection
for S with locally defining function G.

(ii) Choosing I0 × U(x0) sufficiently small, G and Iσ induce a parameterization gσ ∈
C1(Ĩ0 × U(x1,0),U(x2,0)) on neighborhoods of x1,0 = Pσx and x2,0 = P⊥σ x, cp. Lemma
3.1.4.

(iii) The parameterization gσ and the projection Pσ induce a characterizing function
Pσ ∈ C1(Ĩ0×Ũ(x0),Rn) given by Pσ(t, x) = Pσx+gσ

(
t, Pσx

)
, cp. Theorem 3.1.3. As Pσ

is constant, the characterizing function Pσ satisfies condition (3.38) of Lemma 3.1.5.

We call Pσ, gσ and Pσ the specifying projection, the parameterization and the charac-
terizing function induced by the defining function G and the permutation Iσ.
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For linear subspaces, the specifying projection P and the defining function G are linear
in the state and we can compute the parameterization induced by P and G explicitly.

Corollary 3.1.3. For v ∈ Ck(I,Rn), k ≥ 1, consider the affine linear Ck-subspace
Lv = L+ v with dim(L) = d. Let P ∈ Ck(I,Rn×n) be a specifying projection of L with
defining function G ∈ Ck(I,R(n−d)×n). For t ∈ I, set xP = P (t)x and xP c = P c(t)x.

1. The parameterization g ∈ Ck(I ×Rn,Rn) induced by P and G is the affine trans-
formation

g(t, xP ) = −
(
(GP c)+GP

)
(t)xP +

(
(GP c)+Gv

)
(t) (3.39)

for (t, x) ∈ I × Rn. For t ∈ I, the change in time of Lv is given by

L̇v,(t) =
(
G+
xGx

(
In − (GP c)+GP

))
(t)
(
Ṗ (t)x+ gt(t)

)
. (3.40)

2. If P is the orthogonal projection onto L, the parameterization induced by P is the
vector function

g(t, xP ) = −(P⊥v)(t) (3.41)

for (t, x) ∈ I × Rn. For t ∈ I, the change in time of Lv is given by

L̇v,(t) = (P⊥Ṗ )(t)x+ d
dt [P

⊥v](t). (3.42)

Proof. Let G ∈ Ck(I0×U(x0),R(n−d)×n) be a defining function of L. For v ∈ Ck(I,Rn),
then x ∈ L(t)+v(t) if and only if G(t)x = (Gv)(t), cp. Remark 3.1.2. If P ∈ Ck(I,Rn×n)
is a specifying projection of L with defining function G, setting xP = P (t)x, xP c =
P c(t)x, then G(t)x = (Gv)(t) can be solved on I × Rn for xP c with

xP c = −
(
(GP c)+GP

)
(t)xP +

(
(GP c)+Gv

)
(t),

cp. Corollary 3.1.2. Setting g as proposed in (3.39), Lemma 3.1.4 proves the assertion.
If P is the orthogonal projection onto L, then P = In−G+G for every defining function
G ∈ Ck(I0 × U(x0),R(n−d)×n) due to the uniqueness of the orthogonal projection and
the orthogonality of In − G+G. Using that GP = 0 and (GP⊥)+G = P c, then the
assertion follows from (3.39). Formulas (3.40) and (3.42) follow directly from (3.27).

Hence, for a time-varying, affine linear subspace Lv, the parameterization induced by
projection is an affine linear transformation. Choosing the orthogonal projection onto L
as specifying projection, then the parameterization is independent of the state.

Accordingly, the characterizing function P is an affine projection onto Lv.

Corollary 3.1.4. For v ∈ Ck(I,Rn), k ≥ 1, consider the affine linear Ck-subspace
Lv = L+ v with dim(L) = d. Let P ∈ Ck(I,Rn×n) be a specifying projection of L with
defining function G ∈ Ck(I,R(n−d)×n) and parameterization g ∈ C(I ×Rn,Rn) induced
by P and G.
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1. The characterizing function Pv ∈ Ck(I ×Rn,Rn) induced by P and g is the affine
projection onto L given by

Pv(t, x) = P(t)x+ (Pcv)(t), (3.43)

where P = P − (GP c)+GP . In particular, ker(P (t)) = ker(P(t)) on I.

2. If P is the orthogonal projection onto L, the characterizing function Pv ∈ Ck(I ×
Rn,Rn) induced by P and g is given by

Pv(t, x) = P (t)x+ (P⊥v)(t). (3.44)

Proof. 1. Using the parameterization g constructed from P ∈ Ck(I,Rn×n) and G ∈
Ck(I,Rd×n) in Corollary 3.1.3, then Theorem 3.1.3 implies the characterizing function
induced by P and g is given by

Pv(t, x) = P(t)x+
(
(GP c)+Gv

)
(t), (3.45)

with P = P − (GP c)+GP . We prove that P − (GP c)+GP is a projection onto L. Since

P (GP c)+ = P (GP c)+(GP c)(GP c)+ = PP c(GP c)+ = 0

using that (GP c)+(GP c) = P c as P is a specifying projection for G, it follows that
(P − (GP c)+GP )2 = P − (GP c)+GP . Hence, P − (GP c)+GP is idempotent and thus
a projection, by construction onto L. In particular, we have that

P (P − (GP c)+GP ) = P,

(P − (GP c)+GP )P = P − (GP c)+GP.

Regarding Lemma 2.2.1, it follows that ker(P (t)) = ker
(
(P −(GP c)+GP )(t)

)
on I. The

complement is given by Pc = P c + (GP c)+GP . Writing

(GP c)+Gv = (GP c)+GPv + (GP c)+GP cv

and exploiting that (GP c)+GP c = P c as P is specifying for G, we get that

(GP c)+Gv = (GP c)+GPv + P cv = Pcv.

Then, (3.45) proves (3.43).

2. If P is the unique orthogonal projection onto L, then (3.44) follows from Theorem
3.1.3 using the parameterization constructed in Corollary 3.1.3.

Corollary 3.1.4 confirms that for a time-varying, affine linear subspace Lv, the charac-
terizing function Pv is an affine projection onto Lv. Choosing the orthogonal projection
onto L as specifying projection, the characterizing function is the affine orthogonal pro-
jection onto Lv. Conversely, every affine projection onto Lv satisfies the assertions of
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Theorem 3.1.3 and thus is a characterizing function of Lv.
As the specifying projection P is linear in the state x, the characterizing function Pv au-
tomatically selects the components of x lying in Lv(t) and yields an explicit description
of Lv.

We illustrate the computation of parameterization and characterizing function induced
by a projection in Section 3.4, Example 3.4.2.

3.2 Invariant sets

In this section, we study under which conditions the solution of an algebraic or differential
equation lies in a particular subset, or, more specifically, in an embedded submanifold.
We give conditions in terms of the parameterization and characterizing function derived
in Section 3.1.2.

3.2.1 Invariant sets

For F ∈ C(Ω,Rn), we call a pair (S1, S2) of sets S1, S2 ⊂ Rn F -invariant if F (z) ∈ S2 for
every z ∈ S1. In the context of time-varying linear or nonlinear DAEs, we are interested
in invariant time-varying subsets S1, S2 ⊂ I × Rn.

Definition 3.2.1. Consider F ∈ C(I ×Ω,Rn). Let S1, S2 be time-varying subsets. We
call the pair (S1, S2) F -invariant if (t, F (t, x)) ∈ S2 for every (t, x) ∈ S1.

If the sets S1, S2 are time-varying embedded submanifolds, we can characterize invariance
using locally defining functions and parameterizations or the characterizing function
derived in Theorem 3.1.3.

Lemma 3.2.1. Consider F ∈ C(I × Ω,Rn). Let S1, S2 be time-varying embedded sub-
manifolds with dim(S1) = di, i = 1, 2. The pair (S1, S2) is F -invariant if and only if
one of the following (equivalent) conditions is satisfied.

1. For every (t0, x0) ∈ S1, there exists a neighborhood I0 × U(x1,0) ⊂ I × Rd1, such
that

G
(
t, F (t, ϕ(t, x1))

)
= 0 (3.46)

on I0 × U(x1,0), where ϕ ∈ Ck(I0 × U(x1,0),Rn) is a local embedding of S1 with
x0 = ϕ(t0, x1,0) and G ∈ Ck(I0×U(F (t0, x0)),Rn−d2) is a locally defining function
of S2 on a neighborhood U(F (t0, x0)) ⊂ Rn.

2. For every (t0, x0) ∈ S1, there exists a neighborhood I0 × U(x0) ⊂ I × Ω such that

Pc2
(
t, F (t,P1(t, x))

)
= 0 (3.47)
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on (I0×U(x)))∩S1, where P1 ∈ Ck(I0×U(x0),Rn), P2 ∈ Ck(I0×U(F (t0, x0)),Rn)
are characterizing functions of S1 and S2, respectively, defined on I0 × U(x0) and
a neighborhood U(F (t0, x0)).

Proof. 1. If S1 is a time-varying embedded submanifold, then for every (t0, x0) ∈ S1,
there exists a neighborhood I0 ×U(x1,0) ⊂ I ×Rd1 and a local embedding ϕ ∈ Ck(I0 ×
U(x1,0),Rn) with x0 = ϕ(t0, x1,0), cp. Lemma 2.4.4. On ϕ(I0 × U1(x1,0)), then x =
ϕ(t, x1) and the restriction of F onto S1 is given by F (t, ϕ(t, x1)). On the other hand, if S2

is a time-varying embedded submanifold and F (t0, x0) ∈ S2(t0), there exists a neighbor-
hood I0×U(F (t0, x0) and a locally defining function G ∈ Ck(I0×U(F (t0, x0)),Rn−d2),
such that (I0 × U(F (t0, x0)) ∩ S2 = G−1({0}) ∩ S2, cp. Lemma 2.4.4. Choosing
I0×U(x1,0) sufficiently small, such that Faut ◦ϕaut(I0×U(x1,0)) ⊂ ι(I0×U(F (t0, x0))),
then (t, x) ∈ (I0×U(x0))∩S1 is mapped into S2 if and only if condition (3.47) is satisfied
for every (t, x) ∈ I0 × U(x1) with x = ϕ(t, x1). Repeating these arguments for S1 and
S2, we have proved the assertion.

2. If S1 and S2 are time-varying embedded submanifolds, then for every (t0, x0) ∈ S1 and
(t0, F (t0, x0)) ∈ S2, there exist characterizing functions P1 ∈ Ck(I0 × U(x0),Rn) and
P2 ∈ Ck(I0×U(F (t0, x0)),Rn) defined on neighborhoods I0 ⊂ I and U(x0),U(F (t0, x0)
⊂ Rn, cp. Theorem 3.1.3. These functions satisfy

P1|(I0×U(x0))∩S1
= In, (Pc2(t, ·))−1({0}) = (I0 × U(F (t0, x0)) ∩ S2,

where Pc2 = In − P2, cp. Theorem 3.1.3. Then, F|(I0×U(x0))∩S1
= F ◦ ι−1(P1,aut) and

F (t,P(t, x)) ∈ S2 if and only if Pc2(t, F (t,P1(t, x))) = 0.

For time-varying, affine linear subspaces L1,L2, the characterizing functions P1,P2 are
affine projections onto L1,L2, cp. Corollary 3.1.4, and we can specialize Lemma 3.2.1.

Lemma 3.2.2. Consider F ∈ C(I × Ω,Rn). For v1, v2 ∈ C(I,Rn), let L1,v1 ,L2,v2

be time-varying, affine linear subspaces. Let P1, P2 ∈ C(I,Rn×n) be projections onto
L1,L2, respectively, with complements P c1 , P

c
2 . Then, (L1,v1 ,L2,v2) is F -invariant if and

only if

P c2 (t)F
(
t, P1(t)x+ (P c1v1)(t)

)
= (P c2v2)(t) (3.48)

is satisfied pointwise on I × Ω.

Proof. For v1, v2 ∈ C(I,Rn), let L1,v1 ,L2,v2 be time-varying, affine linear subspaces.
The characterizing functions are given by P1(t, x) = P1(t)x + (P c1v1)(t) and Pc2(t, x) =
P c2 (t)x−(P c2v2)(t), where P1, P2 ∈ C(I,Rn×n) are the orthogonal projections onto L1,L2,
cp. Corollary 3.1.4. Then, condition (3.47) implies condition (3.48).
To prove that condition (3.48) is independent of the chosen projection, let Q1, Q2 and
P1, P2 be projections onto L1,L2, respectively, with complements Qc1, Q

c
2 and P c1 , P

c
2 . For
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P1, P2, let condition (3.48) be satisfied on I ×Ω. Using that Q1 = P1P1 and Qc2P
c
2 = Qc2

on I, if range(Qi) = range(Pi) for i = 1, 2, cp. Lemma 2.2.1, then, on I, we get that

Qc2(t)F
(
t, Q1(t)x+ (Qc1v1)(t)

)
= Qc2(t)P c2 (t)F

(
t, (P1Q1)(t)x+ (Qc1v1)(t)

)
.

Noting that

P c1 (P1Q1x+Qc1v1) = P c1Q
c
1v1 = P c1v1,

we have that P1Q1x+Qc1v ∈ Lv and the assertion implies that

Qc2(t)F
(
t, Q1(t)x+Qc1v1)(t)

)
= (Qc2P

c
2v2)(t) = (Qc2v2)(t).

Hence, if condition (3.48) is satisfied for a particular pair of projections P1, P2 onto
L1,L2, it is satisfied for any pair Q1, Q2.

Remark 3.2.1. For linear mappings A ∈ C(I,Rn×n) and time-varying linear subspaces
L1,L2, condition (3.48) reads (P c2AP1)(t)x = 0 for (t, x) ∈ I × Rn.

(P c2AP1)(t) = 0 (3.49)

is satisfied pointwise on I. If rank(Pi(t)) = di on I, there exist pointwise nonsingular
matrices T = [T1, T2], V = [V1, V2] ∈ C(I,Rn×n) such that P1, P2 can be diagonalized
with respect to T , V , respectively, cp. Lemma 2.2.2. Setting Aij = V −i ATj for i, j = 1, 2,
where V −1 := [Id, 0]V −1 and V −2 := [0, In−d]V

−1, d = dim(L2), condition (3.49) reads

0 = QcAP = V

[
0 0
0 Ia

] [
A11 A12

A21 A22

] [
Id 0
0 0

]
T−1 = V

[
0 0
A21 0

]
T−1. (3.50)

For L1 = L2, this corresponds to the classical condition of invariant subspaces, cp., e.g.,
[57, p. 23]. If, in addition, A12 = 0, also Lc1 is A invariant.

Condition (3.49) equivalently reads P c2A = P c2AP
c
1 . For nonlinear problems, a similar

sufficient invariance condition is available.

Lemma 3.2.3. Consider F ∈ C(I × Ω,Rn). Let S1, S2 be time-varying, embedded sub-
manifolds. For (t0, x0) ∈ S1, let there exist neighborhoods I0 ⊂ I and U(x0),U(F (t0, x0))
⊂ Rn, such that Pc2(t, F (t, 0)) = 0 on I0 and, on (I0 × U(x0)) ∩ S1,

Pc2
(
t, F (t, x)

)
= Pc2

(
t, F (t,Pc1(t, x)

)
. (3.51)

Then, (S1,S2) is F -invariant.

Proof. For (t0, x0) ∈ S1 and (t0, F (t0, x0)) ∈ S2, there exist characterizing functions P1 ∈
Ck(I0×U(x0),Rn) and P2 ∈ Ck(I0×U(F (t0, x0)),Rn) defined on neighborhoods I0 ⊂ I
and U(x0),U(F (t0, x0)) ⊂ Rn, cp. Theorem 3.1.3. Restricting I0 × U(x0) if necessary,
such that F ◦P1,aut(I0×U(x0)) ⊂ I0×U(F (t0, x0)), we note that P ′1(t,P1(t, x)) = 0 on
S1, since x = P1(t, x). If Pc2(t, F (t, 0)) = 0 on I, then condition (3.51) implies that

Pc2
(
t, F (t,P1(t, x))

)
= Pc2

(
t, F (t, 0)

)
= 0

for (t, x) ∈ S1. By Lemma 3.2.2, the pair (S1, S2) is F -invariant.
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For time-varying, linear subspaces L1,L2, the characterizing functions P1,P2 are inde-
pendent of the state x. Considering the Jacobian Fx, we give a sufficient invariance
condition that is similar to that for linear mappings.

Lemma 3.2.4. Consider F ∈ C(I × Ω,Rn). Let L1,L2 be time-varying linear sub-
spaces. Let P1, P2 ∈ C(I,Rn×n) be projections onto L1,L2, respectively, with comple-
ments P c1 , P

c
2 . If P c2 (t)F (t, 0) = 0 on I and, on I × Ω,

P c2 (t)Fx(t, x)P c1 (t) = 0. (3.52)

Then, the pair (L1,L2) is F -invariant.

Proof. If L1,L2 are time-varying, linear subspaces, the characterizing functions are given
by the orthogonal projections Pi(t, x) = Pi(t)x onto Li for i = 1, 2, cp. Corollary 3.1.4,
and the invariance condition (3.51) reads

P c2 (t)F (t, x) = P c2 (t)F (t, P c1 (t)x), (3.53)

for (t, x) ∈ I × Ω. Differentiating (3.53) with respect to xP := P1(t)x, we obtain that

∂xP [P c2 (t)F (t, x)] = ∂xP [P c2 (t)F (t, P c1 (t)x)] = 0

and noting that ∂xP [P c2 (t)F (t, x)] = P c2 (t)Fx(t, x)P1x, we obtain condition (3.52). Con-
versely, writing condition (3.52) as ∂xP [P c2 (t)F (t, x)] = 0, we find that P c2 (t)F (t, x) is
independent of P1(t)x on I × Rn and we recover condition (3.53).
Using the relations of Lemma 2.2.1, it follows that condition (3.52) is satisfied for arbi-
trary projections Q1, Q2 onto L1,L2 if it is satisfied for a particular pair P1, P2. Hence,
condition (3.52) is independent of the chosen projections.

Regarding condition (3.52), a pair of linear subspaces (L1,L2) is F -invariant if (L1,L2)
is invariant for the linearization Fx and the origin is consistent on I.

We illustrate the invariance condition of Lemma 3.2.2 and Lemma 3.2.4 in Section 3.4,
Example 3.4.2.

3.2.2 Flow invariant sets

For a differential equation

ẋ = f(t, x), f ∈ CLip
loc (I × Ω,Rn), (3.54)

we consider invariant subsets as a concept for the associated flow Φf .

Definition 3.2.2. Consider the differential equation (3.54) with flow Φf . Let S ⊂ I×Rn
be a time-varying subset with S ∩ (I × Ω) 6= ∅. We call S forward Φf -invariant if
Φt
f (x0) ∈ S(t) for every t ∈ [t0, t

+
0 ) if x0 ∈ S(t0). We call S backward Φf -invariant

if Φt
f (x0) ∈ S(t) for every t ∈ (t−0 , t0] if x0 ∈ S(t0). If S is forward and backward

Φf -invariant, we call S Φf -invariant.
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If S ⊂ Rn is not time-varying, then S(t) = S and Definition 3.2.2 agrees with the
definition of flow invariant sets given in [2, p. 212]. To avoid confusion with the notion
of positivity, however, we have replaced the terms positive and negative invariance by
forward and backward invariance, respectively.

Exploiting the autonomization Saut and Φf,aut, we can consider time-varying Φf -invariant
subsets S in the same framework as ordinary subsets.

Lemma 3.2.5. Consider the differential equation (3.54) with flow Φf . Let S be a time-
varying subset with S ∩ (I × Ω) 6= ∅. The set S is (forward, backward) Φf -invariant if
and only if Saut is (forward, backward) Φf,aut-invariant.

Proof. The autonomization of S is given by Saut = ι(S), cp. Definition 2.4.4, (2.26),
where ι denotes the embedding of R×Rn into Rn+1. Similarly, we have that Φt

f,aut(z0) =

ι(t,Φt
f (t0, x0)) with z = ι(t, x), cp. (2.27). Then, Saut is (forward, backward) Φf,aut-

invariant if and only if (t,Φt
f (t0, x0)) ∈ S for every t ∈ [0, t+0 ) if (t0, x0) ∈ S. Noting that

(t0, x0) ∈ S if and only if x0 ∈ S(t0) and, accordingly, (t,Φt
f (t0, x0)) ∈ S if and only if

Φt
f (t0, x0) ∈ S(t), the assertion follows.

We state the following properties of (forward) invariant sets, cp. [2, p. 213], [134, p. 193],
[88, p. 5].

Lemma 3.2.6. Consider the differential equation (3.54) with flow Φf .

(i) Let {Si}i∈I be a collection of (forward) Φf -invariant sets. Then,
⋃
i∈I Si and⋂

i∈I Si are (forward) Φf -invariant.

(ii) If S is (forward) Φf -invariant, then S̄ and int(S) are (forward) Φf -invariant.

(iii) If S is Φf -invariant, then ∂S, S̄ and int(S) are Φf -invariant. If ∂S is Φf -
invariant, then S̄ and int(S) are Φf -invariant.

(iv) Let S ⊂ Rn. Then, S is forward Φf -invariant if and only if Rn \S is backward Φf -
invariant. Furthermore, S is Φf -invariant if and only if S is forward and backward
invariant.

By Lemma 3.2.5, the properties of Lemma 3.2.6 straightly extend to time-varying sets.

To characterize Φf -invariant subsets in terms of the function f , we make the following
observation. For (t0, x0) ∈ S, we exploit that Φf can be uniquely extended on (t−0 , t

+
0 ),

cp. Lemma 2.6.1. Hence, it suffices to show that Φt
f (t0, x0) ∈ S(t) for sufficiently small

t− t0 > 0.

Lemma 3.2.7. Consider the differential equation (3.54) with flow Φf . Let S be a time-
varying subset with S ∩ (I ×Ω) 6= ∅. Then, S is forward Φf -invariant if and only if for
every (t0, x0) ∈ S there exists t1 > t0 such that Φt

f (t0, x0) ∈ S(t) on [t0, t1].
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Proof. ⇒ If S is forward Φf -invariant, the assertion follows from Definition 3.2.1.

⇐ For (t0, x0) ∈ S, consider t1 > t0 with Φt
f (t0, x0) ∈ S(t) on [t0, t1]. Setting x1 :=

Φt1
f (t0, x0), then (t1, x1) ∈ S. Again, there exists t2 > t1, such that Φt

f (t1, x1) ∈ S(t) on
[t2, t1]. Exploiting the flow property (2.69b), then

Φt
f (t1, x1) = Φt

f (t1,Φ
t1
f (t0, x0)) = Φt

f (t0, x0)

and it follows that Φt
f (t0, x0) ∈ S(t) on [t0, t1]. Repeating this argument recursively, we

successively obtain that Φt
f (t0, x0) ∈ S on (t−0 , t

+
0 ).

Geometrically intuitive, a set S is forward Φf -invariant only if the gradient f lies tan-
gential to S for all x ∈ S. In [2, p. 215], this condition is shown to be even sufficient.
For time-varying subsets S, we have to include the change in time of S to ensure that
Φf remains in S. Considering the autonomizations Φf,aut and Saut, then we can extend
the result given in [2] to time-varying subsets and non-autonomous systems.

Theorem 3.2.1. Consider the differential equation (3.54) with flow Φf . Let S be a
time-varying subset with S ∩ (I ×Ω) 6= ∅. The set S is forward Φf -invariant if and only
if

faut(z) ∈ Tanz Saut (3.55)

for every z ∈ ∂S. The set S is Φf -invariant if and only if

faut(z) ∈ Tanz Saut ∩ Tanz S
c
aut (3.56)

for every z ∈ ∂S, where Sc = Rn \ S.

Proof. For z ∈ Saut, we have that faut(z) ∈ Tanz Saut if and only if

lim inf
τ→0+

τ−1 dist
(
z + τfaut(z), Saut

)
= 0,

cp. Lemma 2.5.1. Following the arguments in [2, Thm. 16.5, p. 215], then Saut is forward
Φf,aut invariant if and only if f(z) ∈ Tanz Saut for every z ∈ ∂Saut. The set S is Φf -
invariant if and only if S is forward and backward Φf -invariant, cp. Definition 3.2.2.
Noting that S is backward Φf -invariant if and only if the complement Sc = R× Rn \ S
is forward Φf -invariant, cp. Lemma 3.2.6, (iv), condition (3.55) implies that S is Φf -
invariant if and only if f(x) ∈ Tanx S ∩ Tanx S

c.

Theorem 3.2.1 yields a general characterization of (forward) flow invariant sets. It allows
to characterize invariant sets having empty interior in Rn, i.e., S = ∂S, cp. [2, p. 216].
If int(S) 6= ∅, then condition (3.55) is satisfied for every x ∈ int(S).

If S has positive reach, then Tanx S = (Norx S)∗, cp. Lemma 2.5.1, and Theorem 3.2.1
can be stated in terms of the the normal cone.
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Lemma 3.2.8. Consider the differential equation (3.54) with flow Φf . Let S be a time-
varying subset with reach(Saut) > 0 and S∩(I×Ω) 6= ∅. Then, S is forward Φf -invariant
if and only if

(uT faut)(z) ≥ 0, (3.57)

for every z ∈ ∂Saut and every u ∈ Norz Saut(z).

Proof. If reach(Saut) > 0, then Tanz Saut = (Norz Saut)
∗, cp. Lemma 2.5.1. Then,

f(z) ∈ Tanz Saut if and only if (uT f)(z) ≥ 0 for every u ∈ Norz Saut, cp. (2.63).
Theorem 3.2.1 proves the assertion.

3.2.3 Flow invariant submanifolds

For embedded submanifolds S, the tangent space of the autonomization Saut can be split
into the tangent space Tx S(t) and the change in time of a t-section S(t). Exploiting that
these spaces are locally described by defining functions or the parameterization induced
by projection, we specialize the invariance condition of Theorem 3.2.1.

Theorem 3.2.2. Consider the differential equation (3.54) with flow Φf . Let S be a
time-varying embedded C1-submanifold with d = dim(S) and S ∩ (I × Ω) 6= ∅. Then,
S is forward Φf -invariant if and only if one of the following (equivalent) conditions is
satisfied.

(i) For every (t, x) ∈ S, then f(t, x) ∈ Tx S(t)− Ṡ(t,x).

(ii) For every (t0, x0) ∈ S, there exists a neighborhood I0 × U(x0), such that(
Gxf

)
(t, x) = −Gt(t, x) (3.58)

on (I0 × U(x0)) ∩ S, where G ∈ C1(I0 × U(x0),Rn−d) is a defining function of S.

(iii) For every (t0, x0) ∈ S, there exists a neighborhood I0 × U(x0), such that

(P cf)(t, x) = (P cṖ)(t, x). (3.59)

on (I0 × U(x0)) ∩ S, where P ∈ C1(I0 × U(x0),Rn×n) is a projection onto T(t,x) S
with complement P c and P ∈ C1(I0×U(x0),Rn×n) a characterizing function of S.

Proof. Regarding Lemma 3.2.5, it suffices to show that the autonomization Saut is for-
ward Φf,aut-invariant.

(i) If S is a time-varying, embedded submanifold, then Saut is an embedded submanifold
and Tanz Saut = Tz Saut for z = ι(t, x) ∈ Saut, cp. Remark 2.5.1. By Theorem 3.2.1,
then Saut is forward Φf,aut-invariant if and only if faut(z) ∈ Tz Saut for z ∈ S. Noting
that faut(z) = [1, fT (t, x)]T ∈ TzSaut if and only if f(t, x) ∈ T(t,x) S, where T(t,x) S =

R×
(

Tx S(t)− Ṡ(t,x)

)
, cp. Lemma 2.4.3, (2.32), we have proved the assertion.
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(ii) If S is a time-varying embedded submanifold, then for every (t0, x0) ∈ S, there exists a
locally defining function G ∈ Ck(I0×U(x0),Rd), dim(S) = d, defined on a neighborhood
I0 × U(x0) and Tz Saut = ker(DG(z)) for z ∈ ι((I0 × U(x0)) ∩ S, cp. Lemma 2.4.4. By
condition (i), then Saut is forward Φf,aut-invariant if and only if, on Saut,

(DGfaut)(z) = 0.

As DG(z) = [GTt , G
T
x ]T (t, x) and faut(z) = [1, fT (t, x)]T , we obtain condition (3.58).

(iii) On a neighborhood (I0 × U(x0)) ∩ S, the orthogonal projection onto the tangent
space Tx S(t) can be represented by a locally defining function G ∈ C1(I0 × U(x0),Rd)
as I − G+

xGx ∈ C1(I0 × U(x0), I × Rn×n). This is a consequence of the uniqueness of
the orthogonal projection, cp. Lemma 2.4.4 and the orthogonality of the Moore-Penrose
projection, cp. Corollary 2.3.1. We prove that S is Φf -invariant if and only if

(G+
xGxf)(t, x) = Ṡ(t,x) (3.60)

on (I0 × U(x0)) ∩ S, where Ṡ(t,x) is the change in time of S, cp. Lemma 2.4.4. In terms

of the locally defining function G, this vector is given by Ṡ(t,x) = −(GxG
+
xGt)(t, x), cp.

Lemma 2.4.4, and (3.60) reads

(G+
xGxf)(t, x) = −(G+

xGt)(t, x). (3.61)

If S is Φf -invariant, multiplying the invariance condition (3.58) by G+(t, x), we get equa-
tion (3.61), i.e., condition (3.60) is necessary for Φf -invariance. Conversely, multiplying
(3.61) by Gx(t, x), we recover the invariance condition (3.58), i.e.,

(Gxf)(t, x) = −(GxG
+
xGt)(t, x) = −Gt(t, x).

This is because Gx(t, x) has full row rank on (I0×U(x0))∩S, i.e., range(Gx(t, x)) = Rd,
and we have that (GxG

+
x )(t, x) = Id. Thus, condition (3.60) is also sufficient for Φf -

invariance.
Given a characterizing function P ∈ C1(I0 × U(x0),Rn) of S, the change in time can
represented as Ṡ(t,x) = (G+

xGxṖ)(t, x), cp. Theorem 3.1.3. Then, condition (3.60)
implies that S is forward Φf -invariant if and only if, on (I0 × U(x0)) ∩ S,

(G+
xGxf)(t, x) = (G+

xGxPt)(t, x). (3.62)

If P ∈ C1(I0 × U(x0), I × Rn×n) is another projection onto Tx S(t) with complement
P c, then P cG+

xGx = P c and G+
xGxP

c = G+
xGx by Lemma 2.2.1. Multiplying condition

(3.62) by P c, we obtain condition (3.59). Conversely, multiplying equation (3.59) by
G+
xGx, we recover equation (3.62). As the representation Ṡ(t,x) = (G+

xGxṖ)(t, x) is valid
for every combination of defining function G and characterizing function P, then the
assertion follows.

For a time-varying, embedded submanifold S, Theorem 3.2.2 characterizes Φf invariance
in various ways. The tangent condition (i) characterizes invariance in terms of the
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tangent space and is independent of a particular choice of locally defining function,
parameterization or embedding. This is particular convenient if the system function f is
known to be the extension of a vector field on S. Condition (ii) characterizes invariance
in terms of the Jacobian of a locally defining function G. In terms of a characterizing
function and a projection onto the tangent space, invariance is characterized in condition
(iii). If P (t) is the orthogonal projection onto Tx S(t) along Nx S(t), then condition (3.58)
means that S is forward Φf -invariant if and only if the components of f lying in Nx S(t)
coincide with the change in time of S.

The invariance conditions of Theorem 3.2.2 are stated locally on S. To explicitly test
these conditions, we use the explicit description of the elements in S given by a charac-
terizing function obtained from a constant specifying projection, cp. Lemma 3.1.5.

Lemma 3.2.9. Consider the differential equation (3.54) with flow Φf . Let S be a time-
varying embedded C1-submanifold with d = dim(S) and S ∩ (I × Ω) 6= ∅. Then, S
is forward Φf -invariant if and only if one of the following (equivalent) conditions is
satisfied.

(i) For every (t0, x0) ∈ S, there exists a neighborhood I0 × U(x0), such that(
Gxf

)(
t,P(t, x)

)
= −Gt

(
t,P(t, x)

)
(3.63)

on (I0 × U(x0)), where P ∈ C1(I0 × U(x0),Rn) is a characterizing function of
S induced by a constant specifying projection and G ∈ C1(I0 × U(x0),Rn−d) is a
locally defining function of S.

(ii) For every (t0, x0) ∈ S, there exists a neighborhood I0 × U(x0), such that

(P cf)
(
t,P(t, x)

)
= (P cṖ)(t, x). (3.64)

on (I0×U(x0)), where P ∈ C1(I0×U(x0),Rn×n) is a projection onto T(t,x) S with
complement P c and P ∈ C1(I0 × U(x0),Rn×n) is a characterizing function of S
induced by a constant specifying projection.

Proof. For every (t0, x0) ∈ S+, we can construct a characterizing function P ∈ C1(I0 ×
U(x0),Rn) of S that is induced by a constant projection P ∈ Rn×n and a defining function
G ∈ C1(I0 × U(x0),Rn−d), cp. Lemma 3.1.5. The function P satisfies P(I0 × U(x0)) =
(I0 × U(x0)) ∩ S, cp. Lemma 3.1.5, (3.38). Hence, the invariance condition of Theorem
3.2.2 are satisfied for every (t, x) ∈ (I0 × U(x0)) ∩ S if and only if they are satisfied for
every P(t, x) with (t, x) ∈ I0 × U(x0). Then, the assertion follows using the invariance
conditions of Theorem 3.2.2.

Flow invariant linear subspaces

For time-varying, affine linear subspaces Lv, the defining and characterizing functions
are linear in the state x allowing to check the invariance conditions of Theorem 3.2.2
explicitly on I × Rn.



3.2. Invariant sets 81

Lemma 3.2.10. Consider the differential equation (3.54) with flow Φf . For v ∈ C1(I,Rn),
let Lv be a time-varying, affine linear C1-subspace with dim(L) = d. Then, Lv is forward
Φf -invariant if and only if one of the following (equivalent) conditions is satisfied.

(i) If (t, x) ∈ Lv, then f(t, x) ∈ L(t)− L̇v.

(ii) On I × Rn, then

G(t)f
(
t, P (t)x+ (P cv)(t)

)
= −Ġ(t)

(
P (t)x+ (P cv)(t)

)
+ d

dt [Gv](t), (3.65)

where G ∈ C1(I,R(n−d)×n) is a defining function of L and P ∈ C1(I,Rn×n) is a
projection onto L with complement P c.

(iii) On I × Rn, then

P c2 (t)f
(
t, P1(t)x+ (P c1v)(t)

)
= (P c2 Ṗ1)(t)x+

(
P c2

d
dt [P

c
1v]
)
(t), (3.66)

where P1, P2 ∈ C1(I,Rn×n) are projections onto L.

Proof. (i) If Lv is a time-varying, affine linear subspace, then T(t,x)L = L(t) − L̇v, cp.
Remark 2.4.3, and the assertion follows from Theorem 3.2.2.

(ii) If G ∈ C1(I,R(n−d)×n) is a defining function of L, then Gv(t, x) := G(t)x− (Gv)(t)
is a defining function for the affine subspace Lv. Noting that Gv,x(t, x) = G(t) and
Gv,t(t, x) = Ġ(t)x − d

dt [Gv](t), condition (3.58) of Theorem 3.2.2 implies that Lv is
forward Φf -invariant if and only if, on Lv,

G(t)f(t, x) = −Ġ(t)x+ d
dt [Gv](t). (3.67)

Given a projection P ∈ C1(I,Rn×n) onto L, the affine projection Pv(t, x) = P (t)x +
(P cv)(t) is a characterizing function of Lv, cp. Corollary 3.1.4, and condition (3.65)
follows from Lemma 3.2.9, condition (3.63).

(iii) Let P1, P2 ∈ C1(I,Rn×n) be projections onto L. Since Tx Lv(t) = L(t), cp. Remark
2.4.3, P2 is a projection onto the tangent space of Lv. The projection P1 yields a
characterizing function of Lv via the affine projection Pv(t, x) = P1(t)x + (P c1v)(t), cp.
Corollary 3.1.4. Then, condition (3.66) follows from Lemma 3.2.9, condition (3.64).

Recall that for a linear subspace L, every basis T2 ∈ C1(I,Rn×d) of the orthogonal
complement L⊥ yields a globally defining function, cp. Remark 2.4.3.
Instead of using an affine projection onto Lv, we can consider the basis representation
x = T1(t)x1 + v(t), where span(T1(t)) = L(t) on I, to characterize the elements in L.
Condition (3.66) is stated for the general case, in which one wishes to use different
projections to characterize the tangent space L(t) and the elements lying in Lv. As a
matter of course, we can use a single projection P = P1 = P2 to check condition (3.66).

For linear systems ẋ = Ax and linear subspaces L, flow invariance is a global property of
the system matrix A. Furthermore, we observe a close relation between flow invariance
of homogeneous and inhomogeneous systems and spaces.
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Lemma 3.2.11. Consider ẋ = Ax+b with A ∈ C(I,Rn×n), b ∈ C(I,Rn) and flow ΦA,b.
For v ∈ C1(I,Rn), let Lv be a time-varying, affine linear C1-subspace with dim(L) = d
and let P1, P2 ∈ C1(I,Rn×n) are projections onto L. Then, Lv is forward Φf -invariant
if and only if, on I × Rn,(

P c2 (A− Ṗ1)P1

)
(t)x =

(
− P c2 b− P c2v + P c2

d
dt [P

c
1v]
)
(t). (3.68)

Furthermore, the following assertions are satisfied.

1. If b ∈ C(I,L(·)), then Lv is ΦA,b-invariant if and only if Lv is ΦA-invariant.

2. If v ∈ C(I,L(·)), then Lv is forward ΦA,b-invariant if and only if L is forward
ΦA,b-invariant.

Proof. For a linear system f(t, x) = A(t)x + b(t) and projections P1, P2 ∈ C1(I,Rn×n)
onto L, the invariance condition (3.66) of Lemma 3.2.10 reads

(P c2A)(t)
(
P1(t)x+ (P c1v)(t)

)
+ (P c2 b)(t) = (P c2 Ṗ1)(t)x+

(
P c2

d
dt [P

c
1v]
)
(t).

Since P c2P
c
1 = P c2 on I due to range(P1) = range(P2), cp. Lemma 2.2.1, we have that

P c2 Ṗ1 = Ṗ2P1 and we obtain condition (3.68).

1. For the homogeneous system f(t, x) = A(t)x, the invariance condition(3.68) reads(
P c2 (A− Ṗ1)P1

)
(t)x =

(
− P c2v + P c2

d
dt [P

c
1v]
)
(t).

This equation coincides with condition (3.68) if b ∈ C(I,L(·)), i.e., if (P c2 b)(t) = 0 on I.

2. For the homogeneous space L, the invariance condition (3.68) reads(
P c2 (A− Ṗ1)P1

)
(t)x =

(
− P c2 b− P c2v + P c2

d
dt [P

c
1v]
)
(t).

This equation coincides with condition (3.68) if v ∈ C1(I,L(·)).

We illustrate the assertions of Lemma 3.2.11 in Example 3.4.1.

In terms of a basis representation, condition (3.68) is reflected as follows.

Remark 3.2.2. Let L be a time-varying, linear C1-subspace and let P ∈ C1(I,Rn×n)
be a projection onto L with complement P c. There exists a pointwise nonsingular matrix
T = [T1 T2] ∈ C(I,Rn×n) such that P is diagonalizable with respect to T , cp. Lemma
2.2.2. Setting T−1 := [Id, 0]T−1, T−2 := [0, In−d]T

−1, d = dim(K), and Aij = T−i ATj ,
i, j = 1, 2, condition (3.68) reads

0 = P cAP − ṖP = T

[
0 0
0 Ia

] [
A11 A12

A21 A22

] [
Id 0
0 0

]
T−1 − T

[
0 −T−1 Ṫ2

T−2 Ṫ1 0

] [
Id 0
0 0

]
T−1

= T

[
0 0

A21 − T−2 Ṫ1 0

]
T−1. (3.69)
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If L is forward ΦA-invariant, Remark 3.2.2 illustrates that the coupling block A21 cap-
tures the change of L in the direction of Lc.

To conclude the analysis of flow invariant subspaces, we give a sufficient condition for
Φf -invariant subspaces in terms of the Jacobian fx.

Lemma 3.2.12. Consider the differential equation (3.54) with flow Φf . Let L be a
time-varying C1-subspace and let P ∈ C1(I,Rn×n) a projection onto L with complement
P c.

1. Let P c(t)Φt
f (t0, 0) = 0 on [t0, t

+
0 ) for every t0 ∈ I. The set L is forward Φf -

invariant if and only if

P c(t)fx(t, x)P (t) = (ṖP )(t) (3.70)

on I × Ω. Condition (3.70) is independent of the considered projection P .

2. For v ∈ C1(I,Rn), let P c(t)Φt
f

(
t0, (P

cv)(t0)
)

= (P cv)(t) on [t0, t
+
0 ) for every

t0 ∈ I. The set Lv is forward Φf -invariant if and only if (3.71) is satisfied.

Proof. ⇒ Differentiating the identity (3.66), Lemma 3.2.10, with respect to x, we observe
that condition (3.70) is necessary for L being Φf -invariant.

⇐ We first prove that L is Φf -invariant if P c(t)Φt
f (t0, 0) = 0 on [t0, t

+
0 (0)) for every

t0 ∈ I and if

P c(t)Φt
f (t0, P

c(t0)x0) = P c(t)Φt
f (t0, x0) (3.71)

on J for every (t0, x0) ∈ I × Ω. Given (3.71), then

P c(t)Φt
f (t0, P (t0)x0) = P c(t)Φt

f (t0, 0),

on [t0, t
+
0 (0)). If P c(t)Φt

f (t0, 0) = 0, then P c(t)Φt
f (t0, P (t0)x0) = 0, i.e., Φt

f (t0, P (t0)x0) ∈
L(t) for t ∈ (t−0 , t

+
0 ) on [t0, t

+
0 (0)) and for every (t0, x0) ∈ I.

For v ∈ C(I,Rn), the affine projection onto Lv is given by Pv(t, x) = P (t)x+ (P cv)(t).
If condition (3.71) is satisfied on [t0, t

+
0 ((P cv)(t0)), then

P c(t)Φf (t0, Pv(t0, x0)) = P c(t)Φt
f (t0, P

c(t0)v(t0)).

If P c(t)Φt
f (t0, (P

cv)(t0)) = (P cv)(t), then P c(t)Φf (t0, Pv(t0, x0)) = (P cv)(t) and it fol-

lows that Φf (t0, Pv(t0, x0)) ∈ Lv(t) on [t0, t
+
0 ((P cv)(t0)).

To prove that (3.70) and (3.71) are equivalent, we first show that (3.70) and

∂xP 0

d
dt [P

c(t)Φt
f (t0, x0)] = 0 (3.72)

are equivalent on (t−0 , t
+
0 ) for every (t0, x0) ∈ I×Ω, where xP 0 = P (t0)x0. Differentiating

with respect to time and noting that Ṗ c = −Ṗ , cp. Lemma 2.2.3, 1., then (3.72) reads

P c(t)∂xP 0
f(t0,Φ

t
f (t0, x0) = Ṗ (t)∂xP 0

Φt
f (t0, x0).
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Noting that ∂x0Φt
f (t0, x0) = Φt

fx(t,x)(t0, x0) where x(t) = Φt
f (t∗0, x

∗
0), cp. Lemma 2.6.3,

we get that

P c(t)fx(t0,Φ
t
f (t0, x0))P (t) = Ṗ (t)Φt

fx(t,x∗)(t0, x0)P (t0).

Considering t = t0, in particular, where t0 ∈ I is arbitrary, we have proved (3.70).
Conversely, writing (3.70) as

∂xP [P c(t)f(t, x)− Ṗ (t)x] = 0,

where xP = P (t)x, and using that Ṗ = −Ṗ c, we find that, on I × Ω,

∂xP [P c(t)Φ̇t
f (t0, x0) + Ṗ c(t)x] = 0

For x(t) = Φt
f (t0, x0), it follows that ∂xP

d
dt [P

c(t)Φt
f (t0, x0)] = 0 and we obtain (3.72).

Now, we prove that condition (3.71) and (3.72) are equivalent. For every (t0, x0) ∈ I×Ω,
condition (3.71) implies that

∂xP 0
[P c(t)Φf (t0, x0)] = ∂xP 0

[P c(t)Φt
f (t0, P

c(t0)x0)] = 0

on (t−0 , t
+
0 ). Differentiating with respect to t yields (3.72). Conversely, equation (3.72)

implies that ∂xP 0
P c(t)Φt

f (t0, x0) = c for a constant c ∈ Rn. Noting that P c(t0)x0 = 0,

we have proved that c = 0. Thus, P c(t)Φt
f (t0, x0) is independent of P (t0)x0. Choosing

P (t0)x0 = 0, we have proved condition (3.71).
As (3.70) and (3.71) are equivalent, it is sufficient to show that (3.71) is independent of
the projection P onto L. If P1, P2 are projections onto L, then P c1 = P c1P

c
2 , P c2 = P c2P

c
1 ,

cp. Lemma 3.2.2. If condition (3.71) is satisfied for P1, we find that, on (t−0 , t
+
0 ),

P c2 (t)Φt
f (t0, x0) = (P c2P

c
1 )(t)Φt

f (t0, P
c
1 (t0)x0)

= (P c2P
c
1 )(t)Φt

f (t0, (P
c
1P

c
2 )(t0)x0)

= (P c2P
c
1 )(t)Φt

f (t0, P
c
2 (t0)x0)

= P c2 (t)Φf (t0, P
c
2 (t0)x0).

Lemma 3.2.12 illustrates that for a linear subspace L, we can characterize flow invariance
in terms of the Jacobian fx if the origin is a fixpoint of the projected flow P cΦf and P
is a projection onto L.

Using the identity (3.71), we give a condition when the origin is a fixpoint of the projected
flow P c ◦ Φf .

Lemma 3.2.13. Consider the differential equation (3.54) with flow Φf . Let L be
a time-varying linear C1-subspace and let P ∈ C1(I,Rn×n) be a projection onto L
with complement P c. If P c(t)Φt

f (t0, P
c(t0)x0) = P c(t)Φt

f (t0, x0) on (t−0 , t
+
0 ) for every

(t0, x0) ∈ I × Ω and there exists (t0, x0) ∈ L such that P c(t)Φt
f (t0, x0) = 0 on (t−0 , t

+
0 ),

then P c(t)Φt
f (t0, 0) = 0 on [t0, t

+
0 (0)).
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Proof. Given the assertions, we calculate

0 = P c(t)Φt
f (t0, x0) = P c(t)Φt

f (t0, P
c(t0)x0) = P c(t)Φt

f (t0, 0),

which proves that P c(t)Φt
f (t0, 0) = 0 for t ∈ [t0, t

+
0 ).

3.2.4 Flow invariant submanifolds with corners

Similar to open manifolds, we characterize flow invariant submanifolds with corners in
terms of a pair of locally defining functions. Again, we consider the differential equation
(3.54) with flow Φt

f (t0, x0).

Lemma 3.2.14. Consider (3.54) with flow Φf . Let S be a time-varying C1-submanifold
with corners with dim(S) = d, bound(S) = b and S ∩ (I × Ω) 6= ∅. Then, S is forward
Φf -invariant if and only if one of the following (equivalent) conditions is satisfied.

(i) If (t, x) ∈ S, then f(t, x) ∈ T+
x S(t)− Ṡ(t,x).

(ii) If (t0, x0) ∈ S, there exists a neighborhood I0 × U(x0), such that

(ΠT
0 G1,xf)(t, x) ≥ −(ΠT

0 G1,t)(t, x) (3.73a)

(G2,xf)(t, x) = −G2,t(t, x), (3.73b)

on (I0×U(x0))∩∂S, where G1 ∈ C2(I0×U(x0),Rd−b), G2 ∈ C2(I0×U(x0),Rn−d)
is a pair of locally defining functions and Π0(t, x) = [ei]i∈I0(x) for I0(x) = {i ∈
{1, ..., d1} |G1,i(t, x) = 0}.

Proof. Regarding Lemma 3.2.5, it suffices to show that the autonomization Saut is Φf,aut

forward invariant.

(i) If S is a time-varying submanifold with corners, then Saut is a submanifold with
corners and Tanz Saut = T+

z Saut for z ∈ Saut, cp. Lemma 2.5.3. By Theorem 3.2.1, then
Saut is Φf,aut forward invariant if and only if faut(z) ∈ T+

z Saut for every z ∈ Saut. Noting
that faut(z) = [1, fT (t, x)]T and Tz Saut = ι(T+

(t,x) S) for z = ι(t, x) ∈ Saut, where

T+
(t,x) S = R+ ×

(
T+
x S(t)− Ṡ(t,x)

)
∪ (R \ R+)×

(
T+
x S(t) + Ṡ(t,x)

)
,

cp. Lemma 2.4.6, (2.52a), then faut(z) ∈ T+
z Saut for z = ι(t, x) ∈ Saut if and only if

f(t, x) ∈ T+
x S(t)− Ṡ(t,x) for (t, x) ∈ S.

(ii) If S is a time-varying submanifold with corners and (t0, x0) ∈ S, on a neighbor-
hood I0 × U(x0), then there exists a pair of locally defining functions G1 ∈ C2(I0 ×
U(x0),Rd−b), G2 ∈ C2(I0×U(x0),Rn−d), cp. Lemma 2.4.7. For (t, x) ∈ (I0×U(x0))∩S,
setting I0(t, x) = {i ∈ {1, ..., b− d} |G1,i(t, x) = 0} and Π0(t, x) = [ei]i∈I0 , ei ∈ Rd−b, we
have that

T+
(t,x) Saut = ker+

(
(ΠT

0 DG1)(t, x)
)
∩ ker

(
DG2(t, x)

)
,



86 Decomposition of algebraic and differential equations via projections

cp. Lemma 2.4.7, (2.56). Then, Saut is forward Φf,aut invariant if and only if

(ΠT
0 DG1)(t, x)faut(z) ≥ 0,

DG2(t, x)faut(z) = 0

for every z = ι(t, x) ∈ Saut. Noting that faut(z) = [1, fT (t, x)]T for z = ι(t, x) ∈ Saut and
DG(z) = [GTt , G

T
x ]T (t, x), then faut(z) ∈ T+

z Saut for z = ι(t, x) if and only if

(ΠT
0 DG1,xf)(t, x) ≥ −(ΠT

0 DG1,t)(t, x)

(G2,xf)(t, x) = −G2,t(t, x)

for (t, x) ∈ S. This proves condition (3.58).

If S is not a submanifold with corners, but the intersection of the level and superlevel sets
of functions G1, G2 that satisfy the assertions of Lemma 2.5.2, we still can characterize
flow invariance in terms of the Jacobians G1,x, G2,x.

Lemma 3.2.15. Consider (3.54) with flow Φf . Let S be a time-varying subset with
S∩(I×Ω) 6= ∅. For every (t0, x0) ∈ S, let there exist functions Gi ∈ C1(I0×U(x0),Rdi)
with DGi ∈ CLip

loc (I × Ω,Rdi×n), i = 1, 2, such that (I0 × U(x0)) ∩ S = G−1
1 (I0 ×

(U(x0) ∩ Rn+)) ∩ G−1
2 ({0}). For (t, x) ∈ (I0 × U(x0)) ∩ S, set Π0 = [ei]i∈I0(x), where

I0(t, x) = {i ∈ {1, ..., d1} |G1,i(t, x) = 0} and ei ∈ Rd1
+ . For v1 ∈ Rd1

+ , v2 ∈ Rd2, let(
DGT1 Π0

)
(t, x)v1 = −DGT2 (t, x)v2 only if v1 = 0, v2 = 0 for t ∈ I0.

Then, S is forward Φf -invariant if and only if(
ΠT

0 G1,xf
)
(t, x) ≥ −

(
ΠT

0 G1,t

)
(t, x), (3.74a)(

G2,xf
)
(t, x) = −G2,t(t, x). (3.74b)

Proof. Let Saut be the autonomization of S, cp. Definition 2.4.4. For z0 ∈ U(z0) ∩ Saut,
if there exist functions Gi ∈ C1(U(z0),Rdi) with DGi ∈ CLip

loc (U(z0),Rdi×n), i = 1, 2,
such that

U(x0) ∩ Saut = G−1
1 (I0 × (U(x0) ∩ Rn+)) ∩G−1

2 ({0})

and
(
DGT1 Π0

)
(t, x)v1 = −DGT2 (t, x)v2 for t ∈ I0 only if v1 = 0 and v2 = 0, where

Π0(t, x) = [ei]i∈I0(x) for I0(t, x) = {i ∈ {1, ..., d1} |G1,i(z) = 0}, then reach(Saut, ι(t, x)) >
0, cp. Lemma 2.5.2. The tangent cone is given by

Tanz Saut = ker+
(
ΠT

0 DG1(z)
)
∩ ker

(
DG2(z)

)
,

for (t, x) ∈ I0×U(x0), cp. Lemma 2.5.2, (2.65a). Since S is forward Φf -invariant if and
only if faut(z) ∈ Tanz Saut for every z ∈ ∂S, cp. Theorem 3.2.1, this implies that S is
forward Φf -invariant if and only if

(ΠT
0 DG1)(t, x)faut(z) ≥ 0, DG2(t, x)faut(z) = 0

for every z ∈ S. Noting that DGi(z) = [GTi,t, G
T
i,x]T (t, x) for i = 1, 2 and faut(z) =

[1, fT (t, x)]T , this proves sufficiency and necessity of condition (3.74).
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Analogously to invariant linear subspaces, the assertions of Lemma 3.2.14 and Lemma
3.2.15 can be elaborated for invariant cones.

3.3 Decomposition of ordinary differential equations and
algebraic equations along invariant manifolds

Having characterized (flow) invariant manifolds in terms of projections, we illustrate
how these conditions allow to decouple the associated differential or algebraic equation
along the invariant set. For ordinary differential equations, we use the parameterization
obtained by projection to decompose ẋ = f(t, x) along a flow invariant manifold S and
we explain how this decomposition is reflected in the flow Φf . For algebraic equations
F (t, x) = 0, we consider the decomposition with respect to F -invariant linear subspaces.

3.3.1 Decomposition of differential equations

Again, we consider the ordinary differential equation

ẋ = f(t, x), f ∈ CLip
loc (I × Ω,Rn) (3.75a)

with associated flow Φf . Along a Φf -invariant manifold S ⊂ I × Ω, every solution
x ∈ C1((t−0 , t

+
0 ),Rn) starting with an initial value

x(t0) = x0, (t0, x0) ∈ S (3.75b)

satisfies x(t) ∈ S(t) on (t−0 , t
+
0 ). Parameterizing S along the solution of (3.75), we can

decompose the initial value problem into a differential equation for the parameterizing
and an algebraic relation for the dependent components.

First, we illustrate the decomposition procedure using the parameterization induced by
a variable transformation.

Lemma 3.3.1. Consider the initial value problem (3.75), where S is a time-varying,
embedded C1-submanifold that is Φf -invariant. Let g ∈ C1(I0 × U(x1,0),U(x2,0)) be
a parameterization induced by a locally defining function G ∈ C1(I0 × U(x0),Rn−d)
and a transformation T = [T1, T2] ∈ C1(I0 × U(x0),Rn×n) defined on neighborhoods
I0 × U(x0), U(x1,0) ∈ Rd and U(x2,0) ⊂ Rn−d, where dim(S) = d. Set x1 := T−1 (t, x)x
and x2 := T−2 (t, x)x, where T−1 = [Id, 0]T−1 and T−2 = [0, In−d]T

−1.
A function x ∈ C1((t−0 , t

+
0 ),Rn) solves (3.75) if and only if the coefficients x1, x2 solve

ẋ1 = h(t, x1), x1(t0) = x1,0, (3.76a)

x2 = g(t, x1), (3.76b)

on I0 ∩ (t−0 , t
+
0 ). The function h ∈ C1(I0 × U(x1,0),Rd) is given by

h(t, x1) := T−1 f
(
t, T1x1 + T2g(t, x1)

)
+ Ṫ−1

(
T1x1 + T2g(t, x1)

)
(3.77)

for T = T (t, x).
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Proof. If S is a time-varying, embedded C1-submanifold, then for every (t0, x0) ∈ S,
we can construct a parameterization g ∈ C1(I0 × U(x1,0),U(x2,0)) induced by a locally
defining function G ∈ C1(I0×U(x0),Rn−d) and a transformation T = [T1, T2] ∈ C1(I0×
U(x0),Rn×n) for which (GxT2)(t, x) is nonsingular on I0 × U(x0), cp. Lemma 3.1.1.
Setting

x1 := T−1 (t, x)x, x2 := T−2 (t, x)x, (3.78)

where T−1 = [Id, 0]T−1 and T−2 = [0, In−d]T
−1, then g parameterizes S in terms of the

coefficients x1, x2 of the the basis representation

x = T (t, x)

[
x1

x2

]
. (3.79)

⇒ Let x ∈ C1((t−0 , t
+
0 ),Rn) solve (3.75). On (t−0 , t

+
0 ) ∩ I0, set x1 = T−1 (t, x)x and

x2 = T−2 (t, x)x. As S is Φf -invariant, we have that x(t) ∈ S(t) and this implies that the
coefficients x1, x2 satisfy (3.76b) on (t−0 , t

+
0 )∩I0. For (3.76a), we differentiate (3.78) and

find that x1 satisfies

ẋ1 = (T T1 f)(t, x) + Ṫ−1 (t, x)x.

Inserting the basis representation (3.79), this equation reads (om. arg. in T1, T2)

ẋ1 = T−1 f
(
t, T1x1 + T2x2

)
+ Ṫ−1

(
T1x1 + T2x2

)
and exploiting that x1, x2 solve (3.76b), this implies that x1 solves

ẋ1 = T−1 f
(
t, T1x1 + T2g(t, x1)

)
+ Ṫ−1

(
T1x1 + T2g(t, x1)

)
.

Defining h as in (3.77), we have proved that x1 solves (3.76a).

⇐ For x ∈ C1((t−0 , t
+
0 ),Rn), let the coefficients x1 = T−1 (t, x)x and x2 = T−2 (t, x)x solve

(3.76) on (t−0 , t
+
0 )∩I0. Equation (3.76b), in particular, implies that x = T1x1+T2g(t, x1),

such that h(t, x1) = T−1 f(t, x) + Ṫ−1 x. Differentiating the first transformation in (3.78)
and inserting h(t, x1), we obtain that

T−1 f(t, x) + Ṫ−1 x = T−1 ẋ+ Ṫ−1 x.

Multiplying this equation by T1 and setting P := T1T
−
1 , we get that

Pẋ = Pf(t, x). (3.80)

Differentiating the second transformation in (3.78) and exploiting the parameterization
(3.76b), we obtain that ġ(t, x1) = T−2 ẋ + Ṫ−2 x. Multiplying this equation by T2 and
setting P c := T2T

−
2 , we get that

P cẋ = T2Ṫ
−
2 x− T2ġ(t, x1). (3.81)
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To prove the assertion, we show that the right-hand side of (3.81) equals (P cṖ)(t, x),
where P is the characterizing function of S induced by the projection P and the pa-
rameterization gP (t, xP ) := T2g(t, x1). The parameterization g obtained via the trans-
formation [T1, T2] induces the parameterization obtained by the projection P = T1T

−
1

according to Theorem 3.1.2, (3.15), and Remark 3.1.4. The total time derivative is given
by

ġP (t, xP ) = Ṫ2g(t, x1) + T2ġ(t, x1).

Projecting this identity with P c and using that P cṪ2 = T2T
−
2 Ṫ2 = −T2Ṫ

−
2 T2, because

d
dt [T

−
2 T2] = 0 on I0 × U(x0), we get that

P cġP (t, xP ) = −T2Ṫ
−
2 T2g(t, x1) + T2ġ(t, x1) = −T2Ṫ

−
2 gP (t, xP ) + T2ġ(t, x1).

Then, (3.83) reads

P cẋ = T2Ṫ
−
2 x+ T2Ṫ

−
2 gP (t, xP ) + P cgP (t, xP )

and noting that

P cṖ x = T2T
−
2 Ṫ1T

−
1 x = −T2Ṫ

−
2 Px

as d
dt [T

−
2 T1] = 0, i.e., T−2 Ṫ1 = T2Ṫ

−
2 , we obtain that

P cẋ = P cṖ x− T2Ṫ
−
2 P

cx+ T2Ṫ
−
2 gP (t, xP ) + P cgP (t, xP )

= P cṖ x+ P cgP (t, xP ) (3.82)

as P cx = gP (t, xP ). As the characterizing function induced by P and gP is given by
P(t, x) = P (t, x)x + gP (t, P (t, x)x), cp. Theorem 3.1.3, and (P cṖ)(t, x) = (P cf)(t, x)
because S is forward Φf -invariant, cp. Theorem 3.2.2, then (3.82) implies that

P cẋ = P cṖ(t, x). (3.83)

In combination, (3.80) and (3.83) prove that x solves ẋ = f(t, x).

Lemma 3.3.1 illustrates how the initial value problem (3.75) can be formulated along a
Φf -invariant submanifold S as semi-explicit system for the coefficients x1, x2 of a suit-
able basis representation (3.78). The parameterizing coefficients x1 satisfy a differential
equation in the parameter space Rd, while the dependent coefficients x2 are specified by
the parameterization g.
Solving the initial value problem (3.75) numerically, the decomposition (3.76) allows
to integrate the smaller dimensional system (3.76a) for the coefficients x1, whereas the
coefficients x2 can be computed explicitly from the parameterization. The latter, in par-
ticular, ensures that the numerical solution stays on the invariant manifold. However, as
the variable transformation (3.79) depends on the state itself, the transformation T must
be evaluated along the numerical solution x∆. Alternatively, given a reference solution
x∗ ∈ C1((t−0 , t

∗+
0 ),Rn) with (t∗0, x(t∗0)) ∈ S, we can consider the variable transformation
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(3.79) along x∗. In both cases, the computation and evaluation of the transformation T
may be very costly.

Instead of transferring the initial value problem (3.75) into the parameter space by a
variable transformation, for the positivity analysis and the decomposition of DAEs, we
want to filter out the dynamics of (3.75) on a Φf -invariant submanifold S in the original
coordinate system. Therefore, we consider the parameterization of S obtained by a
projection that we have constructed in Lemma 3.1.4.

Theorem 3.3.1. Consider the initial value problem (3.75), where S is a time-varying,
embedded C1-submanifold that is Φf -invariant. On neighborhoods of (t0, x0) ∈ S, let P ∈
C1(I0×U(x0),Rn×n) be a specifying projection of S and let g ∈ C1(I0×U(xP,0),Rn) the
parameterization induced by P . On I0×U(x0), set xP = P (t, x)x and xP c = P c(t, x)x.
A function x ∈ C1((t−0 , t

+
0 ),Rn) solves (3.75) if and only if xP , xP c solve

ẋP = h(t, xP ), xP (t0) = xP,0, (3.84a)

xP c = g(t, xP ), (3.84b)

on I0 ∩ (t−0 , t
+
0 ). The function h ∈ CLip

loc (I0 × U(xP,0)),Rn is given by

h(t, xP ) = f
(
t, xP + g(t, xP )

)
− ġ(t, xP ). (3.85)

If P ∈ C1(S,T S) is the orthogonal projection onto TS(·), then h is a locally defined,
time-varying vector field on T S.

Proof. If S is a time-varying, embedded C1-submanifold, for every (t0, x0) ∈ S, then
there exists a characterizing function P ∈ C1(I0 × U(x0),Rn) induced by a specifying
projection P ∈ C1(I0×U(x0),Rn) and a parameterization g ∈ C1(I0×U(xP,0),U(xP c,0))
defined on neighborhoods of (t0, x0) and xP,0 = P (t0, x0)x0 and xP c,0 = P c(t0, x0)x0,
cp. Theorem 3.1.3. On I0 × U(x0), then P(t, x) = P (t, x)x+ g(t, xP (t, x)x).

⇒ Let x ∈ C1((t−0 , t
+
0 ),Rn) solve (3.75). Set xP = P (t, x)x and xP c = P c(t, x)x for

t ∈ Î0, where Î0 = [t0, t̂
+
0 ) is the maximal interval such that (t, x(t)) ∈ I0 × U(x0), i.e.,

t̂+0 = sup{t ∈ I0 ∩ (t−0 , t
+
0 ) |x(t) ∈ U(x0)}. Since (t0, x0) ∈ S and S is Φf -invariant, then

x ∈ S(t) on Î0 and we have that

x(t) = P(t, x(t)). (3.86)

Projecting (3.86) by P c(t, x(t)) and noting that (P cP)(t, x) = g(t, x) on I0 ×U(x0), cp.
Theorem 3.1.3, we prove that x satisfies (3.84b) on Î0. For (3.84a), we project (3.75a)
by P (t, x) and consider P (t, x)ẋ = (Pf)(t, x). Using that

ẋP = d
dt [P (t, x)x] = (Pf)(t, x) + Ṗ (t, x)x (3.87)

on Î0, then x solves

ẋP = (Pf)(t, x) + Ṗ (t, x)x. (3.88)
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Since S is Φf -invariant, then (P cf)(t, x) = (P cṖ)(t, x) on (I0×U(x0))∩S, cp. Theorem
3.2.2, (3.59), and this implies that

(Pf)(t, x) = (f − P cṖ)(t, x). (3.89)

Noting that (P cP)(t, x) = g(t, xP ) on (I0×U(x0))∩S and Ṗ c = −Ṗ as P is a projection,
cp. Lemma 2.2.3, 1., we have that

(P cṖ)(t, x) = ġ(t, xP ) + (ṖP)(t, x).

On (I0 × U(x0)) ∩ S, then (3.88) reads

ẋP = f(t, xP + g(t, xP ))− ġ(t, xP ).

Setting h as in (3.85), we have proved that x solves (3.84a). As f ∈ CLip
loc (I ×Ω,Rn) and

g ∈ C1(I0 × U(xP,0),Rn), then h ∈ CLip
loc (I0 × U(xP,0),Rn).

⇐ For (t0, x0) ∈ S, let x ∈ C1(I0,Rn) solve (3.4.2) with xP = P (t, x)x and xP c =
P c(t, x)x. Noting that x = xP + xP c , then (3.84b) implies that, on I0, x satisfies

x(t) = P(t, x(t)), (3.90)

i.e., x(t) ∈ S(t) for t ∈ I0. Inserting (3.90) into (3.84a) and using (3.89), then x solves

d
dt [P (t, x)x] = P (t, x)f(t, x) + Ṗ (t, x)x.

Using (3.87), this equation reads

P (t, x)ẋ = P (t, x)f(t, x). (3.91)

Differentiating (3.90) with respect to t and projecting by P c(t, x), we get that

P c(t, x)ẋ = (P cṖ)(t, x).

Again, using that (P cṖ)(t, x) = (P cf)(t, x), on Î0 since S is Φf -invariant, cp. Theorem
3.2.2, (3.59), then x satisfies

P c(t, x)ẋ = (P cf)(t, x) (3.92)

on I0. Combining (3.91) and (3.92), we prove that x solves (3.75) on I0.

To prove that h is a locally defined, time-varying vector field on TS(·) if P is the
orthogonal projection onto TS(·), we once more use that (P cf)(t, x) = (P cṖ)(t, x) on
(I0×U(x0))∩ S as S is Φf -invariant. On I0×U(x0), using that P(t, x) = xP + g(t, xP ),
we have that

h(t, xP ) =
(
Pf + P cṖ

)(
t, xP + g(t, xP )

)
− ġ(t, xP )

= (Pf)
(
t, xP + g(t, xP )

)
+ (P cṖ )

(
t, xP + g(t, xP ))xP

+ P (t, xP + g(t, xP )
)
ġ(t, xP ).
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Exploiting that P (t, x)ġ(t, xP ) = −Ṗ (t, x)g(t, xP ) since g(t, xP ) ∈ ker(P (t, x)) according
to Theorem 3.1.2, and using that ṖP c = PṖ , cp. Lemma 2.2.3, 1., it follows that

h(t, xP ) = (Pf)(t, xP + g(t, xP ))− (PṖ )(t, xP + g(t, xP ))(g(t, xP ) + xP )

on I0 × U(x0). If P ∈ C1(S,T S(·)) is the orthogonal projection onto T S(·), then
(Tx S(t))t = (ṖP )(t, x)x for (t, x) ∈ S, cp. Corollary 3.1.4, and we get that h(t, xP ) ∈
Tx S(t)− (Tx S)t. Thus, h is a time-varying vector field on Tx S(t).

Decomposing the variables with a specifying projection P , Theorem 3.3.1 illustrates how
(3.75) can be decomposed along a Φf -invariant submanifold S into a differential equation
(3.84a) for the components xP and an algebraic relation (3.84b) for the components
xP c . The differential equation (3.84a) describes the dynamics on S, while the algebraic
equation (3.4.2) corresponds to the parameterization of S induced by P .
If P is the orthogonal projection onto TS(·), then the function h ∈ CLip

loc (I0×U(xP,0),Rn)
describing the dynamics on S is the extension of a time-varying vector field on T S(·).
We call h the vector field induced by P, g and f .
Solving (3.75) numerically, the parameterization (3.84b) allows to check if the numerical
solution x∆ lies on the invariant manifold. As the projection P is state dependent in
general, P must be evaluated along the numerical solution. In contrast to the variable
transformation, however, we can recover the original coordinate x simply adding the
components xP and xP c , i.e., there is need to invert a variable transformation.

Along S, the flow Φf of (3.75a) is composed from the flow Φh of the induced vector field
and the parameterization g.

Lemma 3.3.2. Consider the initial value problem (3.75), where S is a time-varying,
embedded C2-submanifold that is Φf -invariant. On neighborhoods of (t0, x0) ∈ S, let
P ∈ C2(I0 × U(x0),Rn×n) be a specifying projection, g ∈ C2(I0 × U(xP,0),Rn) the

parameterization induced by P and let h ∈ CLip
loc (I0 × U(xP,0),Rn) be the vector field

induced by P, g and f with flow Φh. On I0 ∩ (t−0 , t
+
0 ), the flow Φf satisfies

Φt
f (t0, x0) = Φt

h(t0, P (t0)x0) + g
(
t,Φt

h(t0, P (t0)x0)
)
. (3.93)

If P ∈ C1(I0 × U(x0),Rn×n) is the orthogonal projection onto T S(·), then

P
(
t,Φt

h(t0, P (t0)x0)
)
Φt
f (t0, x0) = Φt

h(t0, P (t0)x0), (3.94a)

P c
(
t,Φt

h(t0, P (t0)x0)
)
Φt
f (t0, x0) = g

(
t,Φt

h(t0, P (t0)x0)
)
. (3.94b)

Proof. As f ∈ CLip
loc (I × Ω,Rn), for t ∈ (t−0 , t

+
0 ), the solution of (3.75) is given by

x(t) = Φt
f (t0, x0). (3.95)

cp. Lemma 2.6.1. On the other hand, we have shown in Theorem 3.3.1 that x solves
(3.75) if and only if x solves (3.4.2). If g ∈ C2(I0×U(xP,0),Rn), P ∈ C2(I0×U(x0),Rn×n)
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and f ∈ CLip
loc (I × Ω,Rn), then the function given by (3.85) satisfies h ∈ CLip

loc (I0 ×
U(xP,0),Rn). Hence, h induces the flow Φh and since (3.84a) is an ODE for the com-
ponents xP = P (t, x)x, the unique solution of (3.84a) is given by xP (t) = Φt

h(t0, xP,0).
Inserting this solution into (3.84b) and noting that xP + xP c = x, on I0, then x is given
by

x(t) = Φt
h(t0, P (t0, x0)x0) + g(t,Φt

h(t0, P (t0, x0)x0)). (3.96)

As both (3.75) and (3.4.2) specify the same unique solution x, the proposed identity
(3.93) follows from the formulas (3.96) and (3.95).

If P ∈ Ck(I0 × U(x0),Rn×n) is the orthogonal projection onto TS(·), then h is a time-
varying vector field on TS(·), cp. Theorem 3.3.1, and the flow Φh satisfies

P c
(
t,Φt

h(t0, P (t0)x0)
)
Φt
h(t0, P (t0)x0) = 0.

On the other hand, on I0 × U(x0), the parameterization g satisfies

P
(
t,Φt

h(t0, P (t0)x0)
)
g
(
t,Φt

h(t0, P (t0)x0)
)

= 0.

Projecting (3.93) with P
(
t,Φt

h(t0, P (t0)x0)
)
, we prove the properties (3.94).

Lemma 3.3.2 illustrates how the decomposition of (3.75) along a Φf -invariant manifold
S is reflected in the solution Φt

f (t0, x0). If the variables are decomposed with respect

to TS(·) and N S(·), then the tangential and normal components of Φt
f (t0, x0) can be

recovered using the projection P along the trajectory Φt
h(t0, P (t0, x0)x0).

To conclude our discussion, we point out the relation of flow invariant submanifolds and
differential equations on manifolds and note that a sufficiently smooth vector field on an
embedded submanifold S ⊂ Rn can be extended locally to a vector field on Rn.

Lemma 3.3.3. Let S ⊂ I × Rn be a time-varying, embedded C2-submanifold.

1. Let v ∈ C2(S,T S) be a time-varying vector field on S. For every (t0, x0) ∈ S, there
exists a neighborhood I0 ×U(x0) ⊂ I ×Rn and a function ṽ ∈ C2(I0 ×U(x0),Rn)
that satisfies ṽ|S∩(I0∩U(x0)) = v. If Φṽ denotes the flow associated with ẋ = ṽ(t, x),
then S is Φṽ-invariant.

2. Consider ṽ ∈ C2(I × Ω,Rn) and let S be Φṽaut invariant. The restriction v := ṽ|S
defines a vector field v ∈ C2(S,T S) on S.

Proof. 1. If S ⊂ Rn is an embedded C2-submanifold, for every (t0, x0) ∈ S, there exists
a slice chart U(x0), φ), such that φ(U(x0)∩S) = φ(U(x0))∩Rnd0

. For the tangent space,
we have that Tx0S = Dφ−1(φ(x0))Rnd0

, i.e., a vector field v ∈ C2(S,T S) induces a vector
field v̂ ∈ C2(φ(U(x0)),Rnd0

) via v̂(x̂) = Dφ(x)v(x) for x ∈ S ∩ U(x0) and x̂ = φ(x).

Setting v̄(x̂) = v̂(x̂) + [0, ŵT (x̂)]T for a function ŵ ∈ C2(U(x̂0),Rn−d), we extend v̂
to a vector field f̂ ∈ C2(U(z0),Rn) on Rn. Setting ṽ(x) = Dφ−1(φ(x))v̄(φ(x)), then
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ṽ ∈ C2(U(x0),Rn) and ṽ|S∩(I0∩U(x0)) = v, cp. [56, ch. 14, p. 3].
If ṽ(t, x) = v(t, x) on S∩ (I0 ∩U(x0)), then ṽ(t, x) ∈ Tx S(t), in particular. By Theorem
3.2.1, this implies that S is Φṽ-invariant.

2. For ẋ = ṽ(t, x) with ṽ ∈ C2(I × Ω,Rn), if S is Φṽ-invariant, then ṽ(t, x) ∈ Tx S(t) on
S, cp. Theorem 3.2.1, i.e., ṽ|S ∈ C2(S,T S) is a vector field on S.

Lemma 3.3.3 states a differential equation ẋ = ṽ(t, x) with a Φṽ-invariant manifold S
induces a differential equation on S via the restriction ṽ|S. Conversely, every vector field
v ∈ C2(S,T S) on a time-varying embedded submanifold S induces a differential equation
ẋ = ṽ(t, x) that has S as Φṽ-invariant submanifold.

In conclusion, for a differential equation (3.75a) with an invariant manifold S, we can
remodel the initial value problem (3.75) either as differential equation on the manifold
S, as a differential equation in the parameter space using the parameterization of S
induced by a variable transformation or as differential equation for the parameterizing
components obtained by a projection.

In Chapter 4, we exploit these different representations to decouple the differential and
algebraic components in DAEs.

3.3.2 Decomposition of algebraic equations

For algebraic equations, a pair of F -invariant subsets (S2, S1) allow to decompose F (t, x)
= 0 into a set of partly decoupled equations. We study this concept for linear subspaces,
using the description by projections.

Lemma 3.3.4. Consider F ∈ C(I ×Ω,Rn). Let L1,L2 be time-varying linear subspaces
that are F -invariant. Let P1, P2 ∈ C(I,Rn×n) be projections onto L1,L2, respectively,
with complements P c1 , P

c
2 . Set xP = P1(t)x, xP c = P c1 (t)x. Then, (t0, x0) ∈ I ×Ω solves

F (t, x) = 0 if and only xP 0, xP c0 solve

P2(t)F (t, xP + xP c) = 0, (3.97a)

P c2 (t)F (t, xP c) = 0. (3.97b)

Proof. Let P1, P2 ∈ C(I,Rn×n) be projections onto L1,L2, respectively, with comple-
ments P c1 , P

c
2 . Set xP = P1(t)x and xP c = P c1 (t)x for (t, x) ∈ I ×Ω. Since Pi + P ci = In

for i = 1, 2 on I, then (t0, x0) ∈ I ×Ω solves F (t, x) = 0 if and only if xP,0, xP c,0 solve

P2(t)F (t, xP + xP c) = 0, (3.98a)

P c2 (t)F (t, xP + xP c) = 0. (3.98b)

If L1,L2 ⊂ I×Rn are F -invariant, then P c2 (t)F (t, xP ) = 0 is satisfied pointwise on I×Ω,
cp. Lemma 3.2.2, (3.48) and the decomposition (3.98) reduces to (3.97).
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Given a pair of F -invariant subspaces L1,L2), the decomposition (3.97) allows to partly
decouple F (t, x) = 0 with respect to L1 and Lc1. To compute a solution, we can first solve
(3.97b) for xP c = P c1x and inserting this solution in (3.97a), we can solve for xP = P1x.
Using that x = xP + xP c , then we obtain the solution of F (t, x) = 0.

For linear problems, Lemma 3.3.4 reads as follows.

Corollary 3.3.1. Consider A ∈ C(I,Rn×n) and b ∈ C(I,Rn). Let L1,L2 be time-
varying linear subspaces that are A-invariant. Let P1, P2 ∈ C(I,Rn×n) be projections
onto L1,L2, respectively, with complements P c1 , P

c
2 . Set xP = P1(t)x, xP c = P c1 (t)x.

Then, (t0, x0) ∈ I × Rn solves A(t)x = b(t) if and only xP 0, xP c0 solve

(P2A)(t) (xP + xP c) = (P2b)(t), (3.99a)

(P c2A)(t)xP c = (P c2 b)(t). (3.99b)

Remark 3.3.1. In terms of bases T1 ∈ C(I,Rn×d1), V1 ∈ C(I,Rn×d2) with span(T1) =
L1 and span(V1) = L2, respectively, then L1,L2 are A-invariant if and only if condition
(3.50) is satisfied, cp. Remark 3.2.1. Then, the decomposition (3.98) reduces to a block
upper triangular system, i.e., [

A11 A12

0 A22

] [
x1

x2

]
=

[
b1
b2

]
, (3.100)

where Aij , i, j = 1, 2, are as in Remark 3.2.1.

3.4 Examples

We illustrate the results of Section 3.3.1 and 3.3.2 by two examples. For a linear ODE,
we illustrate the invariance condition of Corollary 3.2.11 and the decomposition of the
system and the flow as presented in Lemma 3.3.1 and Lemma 3.3.2. For a nonlinear
algebraic equation, we illustrate the invariance condition of Lemma 3.2.2 and show that
the condition of Lemma 3.2.4 are sufficient only. We decompose the system as depicted
in Lemma 3.3.4 and verify the solvability condition of Theorem 3.1.2.

Example 3.4.1. Consider the time-varying subspace L defined on the interval I =
(−1,∞). The t-sections of L are given by L(t) = range(P (t)), where

P =

 t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 , P c =

 1
t+2 −

√
t+1
t+2 0

−
√
t+1
t+2

t+1
t+2 0

0 0 t+ 2

 ,
are pointwise complementary orthogonal projections onto L and L⊥, respectively. As P
is the orthogonal projection onto L, then P is specifying for L, cp. Remark 3.1.3. Con-
sidering the homogeneous space, the parameterization induced by P vanishes identically,
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i.e., g(t, x) = 0, cp. Corollary 3.1.3. Then, the characterizing function P induced by P
and g trivially agrees with P .

Associated with L, we consider the linear differential equation ẋ = Ax with

A =


√
t+ 1a21 + t

2(t+1)(t+2) −a21(t+ 1) + 1√
t+1(t+2)

a13

a21 −a21

√
t+ 1 −a23

√
t+ 1

0 0 a33

 ,
where a13, a23, a21, a33 ∈ R. Calculating

ṖP = 1
2(t+2)2

 1 1√
t+1

0

−
√
t+ 1 −1 0
0 0 0

 , P cAP = 1
2(t+2)2

 1 1√
t+1

0

−
√
t+ 1 −1 0
0 0 0

 ,
we find that P cAP = ṖP on I, implying that L is ΦA invariant, cp. Corollary 3.2.11.
Consequently, L is forward ΦA,b-invariant for every inhomogeneity b ∈ C(I,L(·)).

Now, we decompose ẋ = Ax with respect to L using the projection P following the
arguments of Lemma 3.3.1. Decomposing the variables with P yields

xP =


√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2

0

 , xP c =

 x1−
√
t+1x2

t+2

−
√
t+1(x1−

√
t+1x2)

t+2

x3

 (3.101)

and we observe that

xP =

√t+ 1xP,2
xP,2

0

 , xP c =

 xP c,1
−
√
t+ 1xP c,2
xP c,3

 .
With g(t, x) = 0, the vector field induced by P and g is given by

h(t, xP ) = (AP )(t)xP =

 1
2(t+2)

1
2(t+2)

√
t+1

0

0 0 0
0 0 0

xP,1xP,2
xP,3

 =

 xP,2
2
√
t+1

0
0

 ,
cp. Lemma 3.3.1, (3.85). Then, the decomposition (3.4.2) readsẋP,1ẋP,2

ẋP,3

 =

 xP,2
2
√
t+1

0
0

 ,
xP,1(t0)
xP,2(t0)
xP,3(t0)

 =

xP,1,0xP,2,0
xP,3,0

 ,
xP c,1xP c,2
xP c,3

 = 0.

The flow induced by h is given by

Φt
h(t0)xP,0 =

√t+ 1 0 0
0 1 0
0 0 1

xP,1,0xP,2,0
xP,3,0

 .
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By Lemma 3.3.2, then the solution of ẋ = Ax, x(t0) = x0 is given by

Φt
f (t0)x0 = Φt

h(t0)xP,0 =

√t+ 1 0 0
0 1 0
0 0 1



√
t+1(

√
t+1x1,0+x2,0)
t+2√

t+1x1,0+x2,0

t+2

0

 .
Example 3.4.1 illustrates the invariance condition Corollary 3.2.11 and the decomposition
of a linear ODE with respect to a flow invariant linear subspace. We have used this
decomposition to compute a solution.

Example 3.4.2. Consider the embedded C∞-submanifold S = G−1({0}) that is defined
by the function G ∈ C∞(I × R3,R), where

G(t, x) = x2
1 + x2

2 − x3e
−αt,

for α > 0 and I = (0,∞). Associated with S, we consider the differential equation
ẋ = f(t, x), where f ∈ C∞(I × R3,R3) is given by

f(t, x) =
[
− e−αt

2 x1 − e−αt

2 x2 −(x2
1 + x2

2) + αx3

]T
.

To show that S is Φf invariant, we verify the invariance condition of Lemma (3.2.9), (i).
In preparation of the positivity analysis, cp. Example 5.4.2, we construct a characterizing
function Pσ that is induced by a projection Pσ obtained by a permutation, cp. Lemma
3.1.6. Noting that, on I, eT3 Gx(t, x) = −e−αt 6= 0, we consider the trivial permutation
Iσ = I3 and set Iσ,1 = [e1, e2] and Iσ,2 = e3. The induced projections are given by

Pσ =

1 0 0
0 1 0
0 0 0

 , P⊥σ =

0 0 0
0 0 0
0 0 1

 .
The partial derivatives of G are given by

Gx(t, x) =
[
2x1 2x2 −e−αt

]
, Gt(t, x) = αe−αtx3.

Then, we get that

(Gx(t, x)P⊥σ )+ =
[
0 0 −e−αt

]T
,

implying that, on I, Gx and Pσ satisfy

(Gx(t, x)P⊥σ )+(Gx(t, x)P⊥σ ) = P⊥σ , (Gx(t, x)P⊥σ )+(Gx(t, x)P⊥σ ) = 1,

i.e., Pσ indeed is a specifying projection for S with defining function G. We partition
the variables according to

xP =
[
x1 x2 0

]T
, xP c =

[
0 0 x3

]T
. (3.102)



98 Decomposition of algebraic and differential equations via projections

Then, the parameterization induced by Pσ and G is given by

gσ,3(t, xP ) =
[
0 0 eαt(x2

P,1 + x2
P,2)
]T
.

The characterizing function induced by Pσ and gσ is given by

Pσ(t, x) =
[
x1 x2 eαt(x2

1 + x2
2)
]T
. (3.103)

Now, we check the invariance condition of Lemma (3.2.9), (i). With Gx(t,Pσ(t, x)) =
Gx(t, x) on I × Rn and

f(t,Pσ(t, x)) =
[
− e−αt

2 x1 − e−αt

2 x2 (αeαt − 1)(x2
1 + x2

2)
]T
, (3.104)

we obtain that, on I × R3,

(Gxf)
(
t,P(t, x)

)
= −(x2

1 + x2
2)e−αt + (x2

1 + x2
2)e−αt − αx3e

−αt = −Gt(t, x).

Thus, S is Φf -invariant.

For the initial value problem

ẋ = f(t, x), x(t0) = x0, (t0, x0) ∈ S (3.105)

we compute the decomposition (3.4.2) of according to Lemma 3.3.1. Regarding the
variable decomposition (3.102), we computing the vector field induced by Pσ and gσ
with

h(t, xP ) =

 − e−αt

2 x1

− e−αt

2 x2

(αeαt − 1)(x2
1 + x2

2)− eαt
(
α(x2

1 + x2
2) + 2(x1 + x2)

)


=

 − e−αt

2 x1

− e−αt

2 x2

−(x2
1 + x2

2)− 2eαt(x1 + x2)

 .
Then, the remodeling of is given byẋP,1ẋP,2

ẋP,3

 =

 − e−αt

2 x1

− e−αt

2 x2

−(x2
1 + x2

2)− 2eαt(x1 + x2)

 ,
xP,1(t0)
xP,2(t0)
xP,3(t0)

 =

xP,1,0xP,2,0
xP,3,0

 ,
xP c,1xP c,2
xP c,3

 =

 0
0

eαt(x2
P,1 + x2

P,2)

 .
Example 3.4.2 illustrates the invariance condition of Lemma 3.2.9 for a nonlinear prob-
lem, using a characterizing function that is induced by a constant specifying projection.
We demonstrate the decomposition of a nonlinear initial value problem along a time-
varying submanifold.
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Example 3.4.3. Consider F (t, x) = 0 with

F (t, x) =


√
t+1
t+2 (

√
t+ 1x1 + x2)x3

(x1 − x2

√
t+ 1)

(x1 − x2

√
t+ 1)x3

−
v1

v2

v3

 (t),

defined on I × R3 with I = (−1,∞) and v = [v1, v2, v3]T : I → R3. Consider the
time-varying linear subspaces L1,L2 whose t-sections L1(t),L2(t) are spanned by the
projections

P1 =

 t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 , P2 =

1 0 0
0 0 0
0 0 0

 .
We first show that L1 and the affine space L2 − v are F invariant. Since P1 agrees with
the projection considered in Example 3.4.1, the variable decomposition with P1, i.e.,
setting xP = P1x and xP c = P c1x, is given as in (3.101). Inserting xP , xP c into F , we
obtain that

F (t, xP + xP c) =

 xP,1xP c,3 − v1(t)
xP c,1(t+ 2)− v2(t)

xP c,1xP c,3(t+ 2)− v3(t)

 .
Hence, P c2 (t)F (t, P1(t)x) = −(P c2v)(t) on I×Rn, implying that L1,L2−v are F invariant,
cp. Lemma 3.2.2. We check the sufficient invariance condition of Lemma 3.2.4. The
Jacobian is given by

Fx(t, x) =

 t+1
t+2x3

√
t+1
t+2 x3

√
t+1
t+2 (

√
t+ 1x1 + x2)

1 −
√
t+ 1 0

x3 −
√
t+ 1x3

√
t+ 1x1 + x2

 ,
and we find that, on I × R3,

P c2 (t)Fx(t, x)P1(t) =

 0 0 0
1 −

√
t+ 1 0

x3 −
√
t+ 1x3

√
t+ 1x1 + x2


 t+1

t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 = 0.

Since P c2 (t)F (t, 0) = (P cv)(t) on I, we have verified the assertions of Lemma 3.2.4.

As L1,L2 are F invariant, we decompose F (t, x) = 0 into P2F (t, xP + xP c) = 0 and
P c2F (t, xP c) = 0 according to Lemma 3.3.4. Then, we obtain the systemxP ,1xP c ,30

0

 =

v1(t)
0
0

 ,
 0

xP c ,1(t+ 2)
xP c,1xP c ,3(t+ 2)

 =

 0
v2(t)
v3(t)

 . (3.106)
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We check the solvability of (3.106) using the condition of Theorem 3.1.2. First, we
compute the Drazin inverse of

P c2 (t)Fx(t, x)P c1 (t) =

 0 0 0
1 −

√
t+ 1 0

x3 −
√
t+ 1x3

√
t+ 1x1 + x2

 .
Noting that the projection P can be diagonalized by the orthogonal matrix

T (t) =


√
t+1√
t+2

− 1√
t+2

0

1√
t+2

√
t+1√
t+2

0

0 0 1√
t+2

 ,
we decompose P c2 (t)Fx(t, x)P c1 (t) according to

P c2FxP
c
1 =

0 0 0
0 −

√
t+ 2 0

0 −
√
t+ 2x3

(
√
t+1x1+x2)√

t+2



√
t+1√
t+2

1√
t+2

0

− 1√
t+2

√
t+1√
t+2

0

0 0 1√
t+2

 .
By Lemma 2.3.7, it follows that

(P c2FxP
c
1 )+ =


√
t+1√
t+2

− 1√
t+2

0

1√
t+2

√
t+1√
t+2

0

0 0 1√
t+2


0 0 0

0 − 1√
t+2

0

0 − x3
√
t+2

(
√
t+1x1+x2)

√
t+2

(
√
t+1x1+x2)

 ,
and we get that

(P c2FxP
c
1 )+(P c2FxP

c
1 ) = P c1 , (P c2FxP

c)(P c2FxP
c)+ = P c2 .

Thus, the first equation in (3.106) satisfies condition (3.9) of Theorem 3.1.2. Similarly,
for the second equation, we have that

P2FxP1 =
√
t+1
t+2 x3

√t+ 1 1 0
0 0 0
0 0 0


and we find that

(P2FxP1)+(P2FxP1) = P1, (P2FxP1)(P2FxP1)+ = P2. (3.107)

Thus, system (3.106) is solvable and we successively compute a solution. Noting that
xP c ,2 = −

√
t+ 1xP c ,1, we obtain that

xP c(t) =
[
v2(t)
t+2 −

√
t+1v2(t)
t+2

v3
v2

(t)
]T
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for t ∈ I if v2(t) 6= 0. For the second equation, noting that xP ,1 =
√
t+ 1xP ,2, we get

that

xP (t) =
[

(v1v2)
v3

(t) (v1v2)(t)

v3(t)
√
t+1

0
]T

for t ∈ I if v3(t) 6= 0. In conclusion, the solution is given by

x = xP + xP c =
[
v2(t)
t+2 + (v1v2)(t)

v3(t) −
√
t+1v2(t)
t+2 + (v1v2)

v3(t)
√
t+1

v3
v2

(t)
]T
.

For the level set F−1
1 ({0}) associated with the first component of F , we illustrate the

construction of a parameterization and characterizing function induced by a projection.
Noting that P2F = [F1, 0, 0]T , the identities in (3.107) imply that 1, F1, P

c
1 satisfy the

assertions of Lemma 3.1.4, i.e., the projection P c1 is specifying for the level set F−1
1 ({0}).

The parameterization induced by F1 and P c1 is given by

g(t, xP c) =
[

v1
xPc3

(t) v1(t)

xPc3(t)
√
t+1

0
]T

and the characterizing function by

P(t, x) =


x1−
√
t+1x2

t+2 + v1
x3

(t)

−
√
t+1(x1−

√
t+1x2)

t+2 + v1(t)

x3(t)
√
t+1

x3

 .
Noting that P c1 (t)g(t, xP c) = 0, we verify the projection properties of the characterizing
function given in Theorem 3.1.3.

Example 3.4.3 demonstrates the invariance condition derived in Lemma 3.2.2 and Lemma
3.2.4 for two linear subspaces and a nonlinear function. It illustrates how a nonlinear
equation can be decoupled with respect to invariant subspaces using projections and
how this decomposition allows to successively compute a solution. Furthermore, we have
explained the computation of a parameterization and characterizing function induced by
a projection.

3.5 Summary

In Chapter 3, we have constructed a parameterization of embedded submanifolds in
terms of projections and have derived conditions that characterize (flow) invariant time-
varying submanifolds. Based on these results, we have studied the decomposition of
differential as well as algebraic equations along invariant submanifolds using projections.

In Section 3.1, we have discussed the solvability of algebraic equations and have derived a
solution formula in terms of projections. In Theorem 3.1.2, we have extended the Implicit
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Function Theorem and have given a condition, when parts of the equation G(t, x) = 0,
G ∈ C(I × Ω,Rn), are solvable for parts of the variable x. These solvable components
are selected by projections Qc and P c, respectively, satisfying the solvability condition
(3.9). Locally, we have shown that there exists a function g ∈ C(I0×U(xP,0),U(xP c,0)),
such that (t, x) solves (QcG)(t, x) = 0 if and only if xP := P (t, x)x and xP c := P c(t, x)x
satisfy

xP c = g(t, xP ) and (t, xP ) ∈ I0 × U(xP,0). (3.108)

In contrast to the Implicit Function Theorem, where the Jacobian Gx needs to have full
row rank, Theorem 3.1.2 allows to consider equations that are rank deficient in the sense
that rank(Gx) is singular. Rather more important, it allows to filter out the solvable
equations and variables without changing the coordinate system as the function g is
defined on the original space.
Based on Theorem 3.1.2, we have derived in Lemma 3.1.4 a parameterization of an
embedded submanifold S in terms of projections. Regarding te result (3.108), the implicit
function g solving G(t, x) = 0 locally parameterizes S by xP , i.e., (t, x) ∈ S if and only
if (t, xP ) ∈ I0 × U(xP,0) and xP c = g(t, xP ).
With this parameterization, we have introduced the concept of a characterizing function
P that generalizes the concept of projections to a nonlinear manifold S. In Theorem
3.1.3, we have shown that there exists a locally defined function P ∈ Ck(I0×U(x0),Rn)
satisfying

P|(I0×U(x0))∩S = In and (I0 × U(x0)) ∩ S = Pc−1{0},

where Pc := In−P. For a parameterization g and a projection P , such a characterizing
function P is obtained from

P(t, x) := P (t, x)x+ g
(
P (t, x)x

)
. (3.109)

The characterizing function P generalizes the concept of an affine projection and allows
to describe the elements of a nonlinear submanifold S either as solution of the fixpoint
equation x = P(t, x), or as solution of the equation 0 = Pc(t, x). For a time-varying,
affine linear subspace Lv, the characterizing functions Pv indeed are the affine projections
onto Lv, cp. Corollary 3.1.4.

In Section 3.2, we have used the characterizing functions to identify (flow) invariant
time-varying submanifolds and linear subspaces. In Theorem 3.2.2, we have given vari-
ous conditions, when the flow of a differential equation ẋ = f(t, x) stays on a submanifold
S if the initial condition satisfies (t0, x0) ∈ S. In Lemma 3.2.9, we have specified these
results by considering characterizing functions that are induced by constant projections.
These functions give an explicit description of S and allow to explicitly test the invari-
ance conditions. For linear subspaces and linear differential equations, we have studied
the relation of flow invariant homogeneous and inhomogeneous spaces and problems in
Lemma 3.2.10.
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In Section 3.3, we have exploited these invariance conditions to decouple differential and
algebraic equations along invariant submanifolds.

We have illustrated our results with examples in Section 3.4.1.





CHAPTER 4

A FLOW FORMULA FOR DIFFERENTIAL-ALGEBRAIC
EQUATIONS

In Chapter 4, we derive a decomposition technique of DAEs using a Moore-Penrose pro-
jection and we construct the flow formula for DAEs.
We introduce the basic ideas and illustrate the problems in the analysis of DAEs in
Section 4.1.
In Section 4.2, we summarize the concept of the strangeness index [89, 91, 94, 95] that
allows to characterize a large class of DAEs with respect to solvability and to remodel
these systems as implicit differential equations whose solutions are restricted to a mani-
fold.
Based on this remodeling, in Section 4.3 we apply the decomposition via projections that
we have derived in Chapter 3. Parameterizing the manifold prescribed by the constraints
with a Moore-Penrose projection, we remodel a given DAE as a set of explicit differen-
tial and algebraic equations. Solving this decoupled system and proving existence and
unique extendability of this solution formula, we derive a flow-on-manifold formulation
for DAEs. For nonlinear systems, we explain how the flow can be locally computed using
constant projections. For linear systems, we generalize Duhamel’s formula.
For linear DAEs with constant coefficients, we consider the decomposition that is based
on the theory of matrix pairs and the Drazin projection and we compare these results
with the Moore-Penrose approach.
In Section 4.4, we apply the flow formula to characterize flow invariant sets for DAEs.
We generalize the invariance results for ODEs derived in Section 3.2 and prepare the
positivity analysis of DAEs.
We illustrate our results with examples in Section 4.5.
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4.1 Introduction to the concept of the strangeness index

We set D = I × Ωx × Ωẋ, where I ⊂ R and Ωx,Ωẋ ⊂ Rn are open sets. For a function
F ∈ C(D,Rn), we consider the implicit differential equation

F (t, x, ẋ) = 0. (4.1a)

We define the algebraic solution set as

F−1({0}) =
{

(t, x, v) ∈ D | F (t, x, v) = 0
}

and for the equation (4.1a), we define the set of consistent initial values by

CF :=
{

(t0, x0) ∈ I × Ωx | ∃ ẋ0 ∈ Ωẋ : (t0, x0, ẋ0) ∈ F−1({0})
}
.

We consider the initial conditions

x(t0) = x0, (t0, x0) ∈ CF . (4.1b)

For (t0, x0) ∈ CF , we call a function x ∈ C1(I0,Rn) a solution of (4.1) on I0 if x satisfies
(4.1) for t ∈ I0. We denote by (t−0 , t

+
0 ) the maximal interval of existence for which x

solves (4.1).

In the linear case, the DAE (4.1) reads

Eẋ = Ax+ b, (4.2a)

where E,A ∈ C(I,Rn×n) and b ∈ C(I,Rn). We denote the algebraic solution set by

LE,A,b =
{

(t, x, v) ∈ I × Rn × Rn | E(t)v = A(t)x+ b(t)
}

and the set of consistent initial values by

CE,A,b :=
{

(t0, x0) ∈ I × Rn | ∃ ẋ0 ∈ Rn : (t0, x0, ẋ0) ∈ LE,A,b
}
.

We consider the initial conditions

x(t0) = x0, (t0, x0) ∈ CE,A,b. (4.2b)

4.1.1 Strangeness-free differential-algebraic equations

To motivate the remodeling procedure of the strangeness index, we introduce strangeness-
free systems as implicit differential equations on manifolds. We define strangeness-free
systems, cp. [95, p. 156].

Definition 4.1.1. Consider the DAE (4.1a) with F ∈ C1(D,Rn). We call (4.1a) (or the
function F ) strangeness-free (s-free) if the following conditions are satisfied pointwise on
F−1({0}).
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(i) rank(Fẋ(z)) = d,

(ii) rank((UT2 Fx)(z)) = n− d, where span(U2(z)) = corange(Fẋ(z)) for z ∈ F−1({0}),

(iii) ker(Fẋ(z)) ∩ ker((UT2 Fx(z)) = {0}.

If, in addition, rank(([Fẋ, Fx+ d
dtFẋ])(z)) = n on F−1({0}), then (4.1a) (or the function

F ) is called regular.

We denote the set of functions that are s-free on D by

Cksfree(D,Rn) :=
{
F ∈ Ck(D,Rn) | F is s-free

}
(4.3)

and the set of s-free and regular functions by

Cksfree,reg(D,Rn) :=
{
F ∈ Ck(D,Rn) | F is s-free and regular

}
. (4.4)

In particular, ODEs, purely algebraic equations and semi-explicit systems of the form
ẋ1 = f(t, x1, x2), 0 = g(t, x1, x2) with gx2 nonsingular, are s-free.

If the DAE (4.1a) is s-free, then the algebraic solution set F−1({0}) is an embedded
submanifold, cp. [95, p. 161].

Lemma 4.1.1. Let F ∈ Cksfree(D,Rn) with k ≥ 1. The set F−1({0}) is a Ck-submanifold

embedded in R2n+1 with dim(F−1({0})) = n+ 1.

Proof. If F is s-free, then rank(Fz) = n + 1 on F−1({0}) due to the rank conditions
in Definition 4.1.1. By Lemma 2.4.1, then F−1({0}) is a Ck-submanifold embedded in
R2n+1 with dim(F−1({0})) = n+ 1.

If F is s-free, then F−1({0}) can be parameterized choosing n+ 1 suitable components
from the elements (t, x, v) ∈ F−1({0}). For the associated DAE (4.1a), however, we seek
a parameterization in terms of the variables x and t. Exploiting the differential relation
of the variables (t, x, ẋ) and the rank assumptions of Definition 4.1.1, we can construct
such a parameterization and give conditions for the existence and uniqueness of solutions
of s-free DAEs, cp. [95, p. 165].

Theorem 4.1.1. Consider the DAE (4.1a) with F ∈ C1
sfree. If x ∈ C1((t−0 , t

+
0 ),Rn)

solves the initial value problem (4.1), then there exists an interval I0 ⊂ (t−0 , t
+
0 ), such

that on I0, x solves

F̂1(t, x, ẋ) = 0, x(t0) = x0, (4.5a)

F̂2(t, x) = 0. (4.5b)

The functions F̂1 ∈ C(I0 × U(x0)× U(ẋ0),Rd), F̂2 ∈ C(I0 × U(x0),Rn−d) are given by

F̂1(t, x, ẋ) := (UT1 F )(t, x, ẋ), (4.6a)

F̂2(t, x) := (UT2 F )(t, x, ẋ0), (4.6b)
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where [U1, U2] ∈ C(I0 × U(x0) × U(ẋ0),Rn×n) are pointwise orthogonal and satisfy
span(U1) = range(Fẋ), span(U2) = corange(Fẋ) on neighborhoods U(x0),U(ẋ0) ⊂ Rn.
If F ∈ C2

sfree,reg(D,Rn), then (4.5) has a unique solution x ∈ C1((t−0 , t
+
0 ),Rn) for every

(t0, x0) ∈ CF , and, on I0, x solves (4.1) if and only if x solves (4.5).

Proof. If F is s-free, then we have that rank(Fv) = d on F−1({0}). For every z0 ∈
F−1({0}), there exists a neighborhood U(z0) = I0 × U(x0) × U(ẋ0) and a pointwise
orthogonal function [U1, U2] ∈ C(U(z0),Rn×n) such that span(U1) = range(Fv) and
span(U2) = corange(Fv) on U(z0), cp. Theorem 2.3.1. Then, we have that

d
dv [UT2 F ](z) = (UT2,vF )(z) + (UT2 Fv)(z) = 0, (4.7)

for z ∈ U(z0)∩F−1({0}), since F (z) = 0 on F−1({0}) and (UT2 Fẋ)(z) = 0 by the choice
of U2. On F−1({0}), then (UT2 F )(z) is constant in v and we set

F2(t, x) := (UT2 F )(t, x, v0),

where z0 = (t0, x0, v0). Setting

F1(t, x, v) := (UT1 F )(t, x, v),

we obtain the proposed functions F1 ∈ C(U(z0),Rd), F2 ∈ C(U(t0, x0),Rn−d). In par-
ticular, every (t, x, v) ∈ F−1({0}) satisfies F1(t, x, v) = 0 and F2(t, x) = 0. For the DAE
F (t, x, ẋ) = 0 and a consistent initial value (t0, x0) ∈ CF , this implies that a solution x
of (4.1) solves (4.5), in particular.
To prove the converse, we must show that (4.5) specifies the derivative ẋ of a solution
x ∈ C1(I,Rn) of (4.5) such that (t, x(t), ẋ(t)) ∈ F−1({0}) for t ∈ I0. Therefore, we
consider the extended system

Fext(t, x, ẋ, ẍ) =

[
F (t, x, ẋ)
d
dtF (t, x, ẋ)

]
,

where

d
dtF (t, x, ẋ) = Ft(t, x, ẋ) + Fx(t, x, ẋ)ẋ+ Fẋ(t, x, ẋ)ẍ.

Noting that

Fext,(ẍ,ẋ) =

[
0 Fẋ
Fẋ Fx + d

dtFẋ

]
,

we have that rank(Fext,ẍ,ẋ(z)) = n + d on F−1({0}), since F is regular. This im-
plies that corange(Fext,ẍ,ẋ)(z) = span([UT2 , 0]T (z)), where U2(z) ∈ Rn×(n−d) is such that
span(U2(z)) = corange(Fẋ(z)). For

Fext,x =

[
Fx
d
dtFx

]
,
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then rank
(
([UT2 , 0]TFext,x)(z)

)
= rank

(
(UT2 Fx(z)

)
= n−d and ker

(
([UT2 , 0]TFext,x)(z)

)
∩

ker(Fẋ(z)) = {0}, as F is s-free. Then, F satisfies the assumptions of Theorem 4.13 in
[95, p. 165] and this proves that x ∈ C1(I,Rn) solves (4.5) if and only if x solves (4.1).

To prove that (4.1) is uniquely solvable for every (t0, x0) ∈ CF if F ∈ C2(D,Rn)
is s-free and regular, we show that F (t, x, ẋ) = 0 can be reformulated as an ODE.
If F ∈ C2(D,Rn) is s-free, in the neighborhood U(z0) of a consistent value z0 =
(t0, x0, ẋ0) ∈ F−1({0}), then (4.1) can be expanded according to (4.5). Replacing the
algebraic equations (4.5b) with their total time derivative, we consider the system

F̂ext(t, x, ẋ) =

[
F̂1(t, x, ẋ)

F̂2,t(t, x) + F̂2,x(t, x)ẋ

]
, x(t0) = x0. (4.8)

Noting that

F̂1,ẋ = UT1,ẋF̂ + UT1 F̂ẋ = UT1 F̂ẋ,

F̂2,x = UT2,xF̂ + UT2 F̂x = UT2 F̂x,

on F−1({0}), we obtain the Jacobian

F̂ext,ẋ =

[
UT1 Fẋ
UT2 Fx

]
is pointwise nonsingular on F−1({0}) because F is s-free. Since F̂ext ∈ C1(D,Rn), by
the Implicit Function Theorem 3.1.1, there exists an interval Î0 ⊂ I0, neighborhoods
U(x0), U(ẋ0) ⊂ Rn and a function H ∈ C1(Î0 ×U(x0),U(ẋ0)), such that x solves (4.16)
on Î0 if and only if x solves

ẋ = H(t, x), x(t0) = x0, (4.9)

for t ∈ Î0. This is an ODE and since H ∈ C1(Î0 × U(x0),U(ẋ0)), then (4.15) has a
unique solution for every (t0, x0) ∈ Î0 × U(x0). It remains to prove that x solves (4.1)
if it solves (4.16). If d

dtF2(t, x) = 0 for t ∈ I0, then F2(t, x) = c for a constant c ∈ Rn.
Since F2(t0, x0) = 0 as (t0, x0) ∈ CF , then c = 0. Choosing I0 sufficiently small, such
that Î0 = I0, then x solves (4.5) if it solves (4.9). Since F is s-free and regular, then x
also solves (4.1).

If F is s-free, then the remodeled system (4.5) yields a necessary condition whether the
initial value problem (4.1) is solvable. If F ∈ C2(D,Rn) is regular, this condition is even
sufficient and (4.1) and (4.5) both specify the same unique solution.
If more information on the structure of F and the bases U1, U2 is available, the smooth-
ness assertions of Theorem 4.1.1 may be relaxed. To ensure the existence of a unique
solution of (4.5), it suffices that the implicit function H is locally Lipschitz.

If F ∈ Cksfree,reg(D,Rn), where Cksfree,reg(D,Rn) is given by (4.4), then the algebraic equa-
tions (4.5b) define a manifold containing this particular solution x.
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Lemma 4.1.2. Consider the DAE (4.1a) with F ∈ Cksfree,reg(D,Rn), k ≥ 1. For

(t0, x0) ∈ CF , let F2 ∈ Ck−1(I0 × U(x0),Rn−d) be locally defined by (4.6b). The set

MF (t0, x0) := F−1
2 ({0}) (4.10)

is a Ck−1-submanifold embedded in Rn with dim(MF (t0, x0)) = d. If x ∈ C1((t−0 , t
+
0 ),Rn)

solves (4.1) with (t0, x0) ∈ CF , then (t, x(t)) ∈MF (t0, x0) for t ∈ I0.

Proof. If F is s-free and regular, then for every z0 = (t0, x0, ẋ0) ∈ F−1({0}), we can
locally decouple the differential and algebraic equations in (4.1a) according to equation
(4.5). If x ∈ C1((t−0 , t

+
0 ),Rn) solves (4.1) with ẋ(t) = ẋ0, then by construction it follows

that (t, x(t)) ∈ F̂−1
2 ({0}) for t ∈ I0.

To prove that F̂−1
2 ({0}) is a time-varying, embedded submanifold, we first note that

F̂−1
2 ({0}) = (I0 × U(x0)) ∩ CF if F is regular, cp. [95, p. 165]. Since rank(DF2) =

rank(F2,x) = n − d on CF ∩ (I0 × U(x0)) because F is s-free, this proves that F̂2 is a
time-varying defining function and F̂−1

2 ({0}) is a time-varying submanifold embedded
in Rn with dim(F̂−1

2 ({0})) = d, cp. Lemma 2.4.1.

For (4.1a), if F ∈ Cksfree,reg(D,Rn), then Lemma 4.1.2 shows that every consistent initial

value (t0, x0) ∈ CF defines a time-varying, embedded Ck−1-submanifold MF (t0, x0) ∈
I × Ωx. This manifold corresponds to the algebraic constraints that the solution x of
(4.1) has to satisfy in the neighborhood of x(t0).
A defining function of MF (t0, x0) is given by the algebraic equations F̂2 ∈ Ck−1(Î0 ×
U(x0),Rn−d) constructed according to Theorem 4.1.1. Since the remodeling F̂1, F̂2 is
specified up to pointwise nonsingular transformations Q1 ∈ C(I0 × U(x0)× U(ẋ0),Rd),
Q2 ∈ C(I0 × U(x0),Rn−d) of the bases U1, U2, which do not alter the solution set
F̂−1

2 ({0}), the manifold MF (t0, x0) is uniquely defined by F and (t0, x0).
If F ∈ Cksfree(D,Rn) and (t0, x0) ∈ CF is such that (4.1) has a unique solution x ∈
Ck((t−0 , t

+
0 ),Rn), then the remodeling (4.5) is defined along x and F̂2 ∈ Ck−1(Î0 ×

U(x0),Rn−d) induces a time-varying, embedded Ck−1-submanifold MF (t0, x0) ∈ I ×Ωx

along x.

Parameterizing MF (t0, x0) along the solution of (4.1), we can decouple the differential
and algebraic components and transform (4.1) into a semi-explicit system.

Lemma 4.1.3. Consider the DAE (4.1a) with F ∈ C2
sfree,reg(D,Rn), k ≥ 1. For z0 =

(t0, x0, ẋ0) ∈ F−1({0}), let T = [T1, T2] ∈ C1(U(z0),Rn×n) be such that span(T1(z)) =
coker(Fẋ(z)) and span(T2(z)) = ker(Fẋ(z)) on a neighborhood U(z0).
For (t0, x0), there exists an interval I0, such that x ∈ C1(I0,Rn) solves (4.1) if and only
if x1 = T T1 (z)x and x2 = T T2 (z)x, z = (t, x, ẋ) solve the semi-explicit system

ẋ1 = h(t, x1), x1(t0) = x1,0, (4.11a)

x2 = g(t, x1). (4.11b)

The function g ∈ C(I0×U(x1,0),Rn−d) is a local parameterization of MF (t0, x0) obtained
by T and h ∈ C(I0 × U(x1,0),Rd) is implicitly defined on a neighborhood U(x1,0) ∈ Rd.
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Proof. If F ∈ C2
sfree,reg(D,Rn) and (t0, x0) ∈ CF , then x ∈ C1(I0,Rn) solves (4.1) if and

only if x solves (4.5), cp. Theorem 4.1.1. The algebraic equation (4.5b) defines a man-
ifold MF (t0, x0) and (t, x(t)) ∈ MF (t0, x0) for t ∈ I0, cp. Lemma 4.1.2. We construct
a parameterization of the solution manifold MF (t0, x0) induced by a variable transfor-
mation with respect to coker(Fẋ(z)) and span(T2(z)) = ker(Fẋ(z)). If F ∈ C2(D,Rn)
is s-free, then rank(Fẋ(z)) = d on F−1({0}). For every z0 ∈ F−1({0}), there exist
a neighborhood U(z0) and a pointwise orthogonal function [T1, T2] ∈ C1(U(z0),Rn×n),
such that span(T1(z)) = coker(Fv(z)), span(T2(z)) = ker(Fv(z)) on U(z0), cp. Theorem
2.3.1. For z = (t, x, ẋ) ∈ U(z0), we consider the variable transformation

x1 := T T1 (z)x, x2 := T T2 (z)x, (4.12)

that induces the basis representation

x =
[
T1 T2

]
(z)

[
x1

x2

]
. (4.13)

We use the representation (4.13) to parameterize MF (t0, x0) via the coefficients x1.
A locally defining function of MF (t0, x0) is given by F̂2 ∈ C1(I0 × U(x0),Rn−d), cp.
Lemma 4.1.2, such that (t, x) ∈MF (t0, x0) if and only if F̂2(t, x) = 0. Inserting the basis
representation (4.13), we consider F̂2 as a function of the coefficients x1, x2, i.e., we set

F̂2(t, x1, x2) := F̂2

(
t, T1(z)x1 + T2(z)x2

)
.

Then, we observe that d
dx2

F̂2 = F̂2T2 is pointwise nonsingular on U(z0)∩F−1({0}), since

ker(Fẋ(z))∩ker(F̂x(z)) = {0} on F−1({0}) by Definition 4.1.1. By the Implicit Function
Theorem 3.1.1, there exist an interval I0,g ⊂ I0, neighborhoods Ug(x1,0) ⊂ Rd, Ug(x2,0) ⊂
Rn−d with ι

(
Ug(x1,0),Ug(x2,0)

)
⊂ U(x0) and a function g ∈ C(I0,g × Ug(x1,0),Ug(x2,0)),

such that (t, x1, x2) solves F̂2(t, x1, x2) = 0 if and only if

x2 = g(t, x1) and (t, x1) ∈ I0,g × Ug(x1,0).

Then, g ∈ C(I0,g×Ug(x1,0),Ug(x2,0)) is a local parameterization ofMF (t0, x0). Choosing
I0×U(x0) sufficiently small, such that (t, x1) ∈ I0,g×Ug(x1,0) for every (t, x) ∈ I0×U(x0),
we have proved that (t, x) solves F̂2(t, x, ẋ0) = 0 if and only if x1, x2 satisfy (4.11b).
Similarly, inserting the basis representation (4.13), we consider F̂1 as a function of the
coefficients x1, x2 by setting

F̂1(t, x1, x2, ẋ1, ẋ2)

:=F̂1

(
t, T1(z)x1 + T2(z)x2, T1(z)ẋ1 + T2(z)ẋ2 + Ṫ1(z)x1 + Ṫ2(z)x2

)
.

First, we observe that d
dx2

F̂1 = F̂1,xT2 = 0, i.e., F̂1 is constant in ẋ2 and we set

F̂1(t, x1, x2, ẋ1) = F̂1(t, x1, x2, ẋ1, ẋ2,0).
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Second, we note that d
dx1

F̂1 = F̂1T1 is pointwise nonsingular on U(z0) ∩ F−1({0}) by
the choice of T1. Applying the Implicit Function Theorem again, then there exist an
interval I0,h ⊂ I0, neighborhoods Uh(x1,0), Uh(ẋ1,0) ⊂ Rd and Uh(x2,0) ⊂ Rn−d with
ι
(
Uh(x1,0),Uh(x2,0)

)
⊂ U(x0) and a function h̃ ∈ C(I0,g × Uh(x1,0)× Uh(x2,0),Uh(ẋ1,0)),

such that (t, x1, x2, ẋ1) solves F̂1(t, x1, x2, ẋ1) = 0 if and only if

ẋ1 = h̃(t, x1, x2, ẋ2,0) and (t, x1, x2) ∈ Î0,h × Uh(x1,0)× Uh(x2,0).

Exploiting that x2 = g(t, x1), we set

h(t, x1) = h̃(t, x1, g(t, x1), ġ(t, x1,0)).

Choosing I0×U(x0) sufficiently small, such that (t, x1, x2) ∈ I0,h×Uh(x1,0)×Uh(x2,0) for

every (t, x) ∈ I0×U(x0), it follows that a function x ∈ C1(I0,Rn) solves F̂1(t, x, ẋ) = 0,
x(t0) = x0 if and only if its coefficients solve (4.11a).

Along a solution x ∈ C1(I,Rn), representing x in terms of a basis of coker(Fẋ), ker(Fẋ),
we can remodel an s-free and regular DAE F (t, x, ẋ) = 0 as semi-explicit system for the
coefficients x1, x2.
If F ∈ C2

sfree,reg(D,Rn) is s-free and (t0, x0) is such that (4.1) has a unique solution

x ∈ C1((t−0 , t
+
0 ),Rn), then the arguments of Lemma 4.1.3 still apply along x and we can

remodel (4.1) as semi-explicit system along x.

Using the decomposition of Lemma 4.1.3, we can compute the solution of an s-free DAE.

Lemma 4.1.4. Consider the DAE (4.1a) with F ∈ C2
sfree,reg(D,Rn). For z0 = (t0, x0, ẋ0)

∈ F−1({0}), let T = [T1, T2] ∈ C1(U(z0),Rn×n) be such that span(T1(z)) = coker(Fẋ(z)),
span(T2(z)) = ker(Fẋ(z)) on a neighborhood U(z0). Let g ∈ C(I0 × U(x1,0),Rn−d) be
a local parameterization of MF (t0, x0) induced by T and let h ∈ C(I0 × U(x1,0),Rd) be
implicitly defined on a neighborhood U(x1,0) ∈ Rd as in (4.11a).
On I0, the solution x ∈ C1(I0,Rn) of F (t, x, ẋ) = 0, x(t0) = x0 is given by

x(t) = T1(z)Φt
h(t0, x1,0) + T2(z)g(t,Φt

h(t0, x1,0)). (4.14)

Proof. If F ∈ C2
sfree,reg(D,Rn) and (t0, x0) ∈ CF , then (4.1) can be remodeled as semi-

explicit system (4.11), cp. Lemma 4.1.3. Noting that (4.11a) is an ODE for the coeffi-
cients x1, the solution of (4.11a) is given by x1(t) = Φt

h(t0, x1,0), where Φh is the flow as-
sociated with h. Inserting this solution into (4.11b), we get that x2(t) = g(t,Φt

h(t0, x1,0)).
Regarding the basis representation (4.13), we obtain the proposed formula (4.14).

As the semi-explicit system (4.11) only specifies the coefficients x1, x2 of the basis rep-
resentation (4.13), we must transform these solutions x1, x1 back to get a formula in the
original coordinates x. Since T is a function of x itself, the solution formula (4.14) is
given only implicitly. However, formula (4.14) allows to study the qualitative behavior
of the initial value problem (4.1). For example, the long term behavior and stability
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properties can be conveniently characterized using the semi-explicit system (4.11), cp.
[96, 103].
In numerical computations, the variable transformation T can be linearized around a
computed value zn := (tn, xn, ẋn) ∈ F−1({0}) by setting Tn+1 := T (zn) + τ Ṫ (zn). If the
solution manifold MF (t0, x0) moves very fast, however, then ‖Ṫ (zn)‖ is large and the
numerical solution may quickly leave the constraint, cp. [96]. Still, within a numerical
simulation, the one-to-one correspondence of a regular s-free DAE and a semi-explicit
system allows to solve regular s-free systems with the same order of accuracy as for
ODEs, [95, p. 251].

Instead of parameterizing the solution manifold MF (t0, x0) by a variable transformation,
we can reformulate (4.1) as an ODE that has MF (t0, x0) as flow invariant manifold. We
already have computed this reformulation in the proof of Theorem 4.1.1.

Lemma 4.1.5. Consider the DAE (4.1a) with F ∈ C2
sfree,reg(D,Rn). For (t0, x0, ẋ0) ∈

F−1({0}), let F̂ = [F̂ T1 , F̂
T
2 ]T ∈ C(Î0×U(x0)×U(ẋ0),Rn) be an s-free remodeling. There

exists an interval Î0, such that x ∈ C1(Î0,Rn) solves (4.1) if and only if x solves

ẋ = H(t, x), x(t0) = x0, (4.15)

where H ∈ C1(Î0 × U(x0),Rn) is the implicit solution of[
F̂1
d
dt F̂2

]
(t, x,H(t, x)) = 0. (4.16)

On Î0, then x is given by

x(t) = Φt
H(t0, x0), (4.17)

where ΦH is the flow of H. In particular, the solution manifold MF (t0, x0) defined by
(t0, x0) is ΦH-invariant.

Proof. In the proof of Theorem 4.1.1, we have shown in that exists an interval Î0, such
that x ∈ C1(Î0,Rn) solves (4.1) if and only if x solves (4.15), cp. (4.9). The solution
formula (4.17) follows from Lemma 2.6.1 noting that H ∈ C1(Î0 × U(x0),Rn).
To prove that the solution manifold MF (t0, x0) defined by (t0, x0), cp. Lemma 4.1.2,
is ΦH -invariant, we note that the remodeling F̂2 is a defining function for MF (t0, x0).
Since H solves (4.16), then H satisfies(

F̂2,xH
)
(t, x) = −F̂2,t(t, x)

in particular. By Theorem 3.2.2, (i), this implies that MF (t0, x0) is ΦH -invariant.

The ordinary differential equation (4.15) is called the underlying ODE.
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Remark 4.1.1. The underlying ODE (4.15) describes an s-free and regular DAE initial
value problem in the setting of ODEs having an invariant manifold. Choosing consistent
initial values (t0, x0) ∈ CF , the solution of (4.15) coincides with the solution of (4.1).
Analytically, this approach allows to treat s-free and regular DAEs in the framework
of ODEs. In particular, we can immediately prescribe a solution using the flow of the
underlying ODE. On the other hand, the constraints are given in (4.15) only implicitly
and the flow ΦH does not display any information about the algebraic components.
To study the influence of the solution manifold MF (t0, x0) on solution properties like
stability or positivity, the reformulation (4.15) lacks important information.
The solution (4.17) complies with the algebraic constraints only if the initial values
are consistent. In a numerical solution, where Φt

H(t0, x0) is iteratively approximated
by discrete values xN+1 ≈ ΦtN+τ

H (tN , xN ), only the first value (t0, x0) is consistent in
general, while the subsequent values leave the manifold MF (t0, x0) due to finite precision
and approximation errors, see e.g., [92, 117]. Without any explicit information about
the constraints, we have no tool to force the numerical solution back onto MF (t0, x0).
Approximating the evolution of ΦH outside of MF (t0, x0) still leads to a numerical
solution of the underlying ODE, with the usual convergence and consistency errors.
For the DAE (4.1), however, the computed solution may be arbitrarily wrong, see e.g.,
[92, 117].

4.1.2 Alternative decompositions of strangeness-free systems

To decouple the differential and algebraic components in a DAE F (t, x, ẋ) = 0 with
F ∈ C1

sfree,reg(D,Rn), we have decomposed the space of variables according to

coker(Fẋ(z))⊕ ker(Fẋ(z)) (4.18)

for z = (t, x, ẋ) ∈ F−1({0}), cp. Lemma 4.1.3. The rank assumptions of Definition 4.1.1
alternatively allow to consider the decompositions

ker(UT2 (z)Fx(z))⊕ ker(Fẋ(z)), (4.19)

ker
(
(UT2 Fx)(z)

)
⊕ coker

(
(UT2 Fx)(z)

)
(4.20)

for z = (t, x, ẋ) ∈ F−1({0}) and U2 such that span(U2(z)) = corange(Fẋ(z)). Since
ker(Fẋ(z)) ∩ ker((UT2 Fx)(z)) = {0} on F−1({0}), the sum (4.19) yields a full decompo-
sition of Rn for every z ∈ F−1({0}). However, this decomposition is not orthogonal and
requires to invert the variable transformation to obtain the differential and algebraic
components x1, x2. The decomposition (4.20) yields an orthogonal decomposition of Rn
for every z ∈ F−1({0}). To decouple the differential and algebraic variables, however,
this decomposition involves an additional differentiation of the algebraic equation. We
illustrate these observations by transforming a linear DAE with respect to these spaces.

Lemma 4.1.6. Consider the DAE (4.2a), where E,A ∈ C1(I,Rn×n) are s-free and
b ∈ C1(I,Rn). Let T = [T1, T2] ∈ C1(I,Rn×n) be pointwise nonsingular with T1 ∈
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C1(I,Rn×d), T2 ∈ C1(I,Rn×(n−d)) and set T−1 := [Id, 0]T−1 and T−2 := [0, In−d]T
−1.

Consider the variable transformation x1 = T−1 x, x2 = T−2 x and set E11 = E1T1, Aij =
AiTj and fi = T−i f for i = 1, 2.

1. If span(T1) = coker(E) and span(T2) = ker(E), then T is pointwise orthogonal
and (4.2) is equivalent to[

E11 0
0 0

] [
ẋ1

ẋ2

]
=

[
A11 − E11T

T
1 Ṫ1 A12 − E11T

T
1 Ṫ2

A21 A22

] [
x1

x2

]
+

[
f1

f2

]
. (4.21)

2. If span(T1) = ker(A) and span(T2) = coker(A), then T is pointwise orthogonal and
(4.2) is equivalent to[

E11 E12

0 0

] [
ẋ1

ẋ2

]
=

[
A11 − E11T

T
1 Ṫ1 A12 − E11T

T
1 Ṫ2

0 A22

] [
x1

x2

]
+

[
f1

f2

]
. (4.22)

3. If span(T1) = ker(A) and span(T2) = ker(E), then T is pointwise nonsingular
(4.2) is equivalent to[

E11 0
0 0

] [
ẋ1

ẋ2

]
=

[
A11 − E11T

T
1 Ṫ1 A12 − E11T

T
1 Ṫ2

0 A22

] [
x1

x2

]
+

[
f1

f2

]
. (4.23)

Proof. Let T ∈ C1(I,Rn×n) be pointwise nonsingular and let x ∈ C1(I,Rn). Setting
x = T−1x, then ẋ = Ṫ−1x+ T−1ẋ and (4.2a) is equivalent to ETẋ = (AT − EṪ )x+ f .
Partitioning T as proposed in the assertions, then we obtain the given basis representa-
tions (4.21), (4.22), (4.23).

Remark 4.1.2.

1. Decomposition (4.21) yields an explicit differential equation for x1 as E11 is point-
wise nonsingular. Also, A22 is pointwise nonsingular, since Eẋ = Ax+ f is s-free
and we get a uniquely solvable algebraic equation for x2. Using block Gaussian
elimination, we can eliminate the upper left entry Ã12 and decouple the algebraic
equation from the differential one, i.e., we obtain that[

Id 0
0 0

] [
ẋ1

ẋ2

]
=

[
E−1

11 AS − ÃC 0

Ã−1
22 Ã21 Ia

] [
x1

x2

]
+

[
E−1

11 fS
A−1

22 f2

]
, (4.24)

where ÃS := Ã11 − Ã12Ã
−1
22 Ã21, ÃC := T T1 (Ṫ1 − Ṫ2Ã

−1
22 Ã21) and f̃S := f1 − (A12 −

E11T
T
1 Ṫ2)A−1

22 f2. The decomposition (4.24) allows to treat the differential compo-
nents in the standard ODE setting and concepts like stability are directly general-
ized under a suitable condition on the algebraic components, see e.g. [103]. More-
over, this decomposition can be realized by orthogonal transformations, which can
be implemented numerically in a backward stable way and avoid the inversion of
T in the computation of x1, x2.
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2. Likewise, decomposition (4.22) can be realized by orthogonal transformations.
However, for time varying coefficients, coker(A2) is not E invariant in general,
such that the system is still implicit in the differential variables. To decouple the
differential and algebraic components, we have to differentiate the second block
row to eliminate ẋ2 in the equation for ẋ1. This requires additional smoothness of
the matrix A22 and f2.

3. Finally, decomposition (4.23) yields explicit differential and algebraic equations for
x1 and x2, respectively, both of which are uniquely solvable by the choice of T .
Using block Gaussian elimination from the right, these equations can be completely
decoupled. However, the corresponding transformations are not orthogonal in
general, so to compute the variables x1, x2, the transformation T must be inverted.

4.1.3 The difficulties with differential-algebraic equations of higher
strangeness index

To illustrate the complications arising in the analysis of (4.1a) if the DAE is not s-free,
we consider the linear system[

E11 0
0 0

] [
ẋ1

ẋ2

]
=

[
A11 A12

A21 A22

] [
x1

x2

]
+

[
f1

f2

]
, (4.25)

where E11 ∈ C(I,Rn1×n1), Aij ∈ C(I,Rni×nj ) and fi ∈ C(I,Rni), i = 1, 2. System
(4.25) is uniquely solvable if E11 and A22 are pointwise nonsingular, i.e., regarding the
rank conditions of Definition 4.1.1, if (4.25) is s-free.
If E11 is pointwise nonsingular, but rank(A22) = â on I with â < n2, then (4.25)
uniquely specifies ẋ1, but the algebraic equation for x2 is not uniquely solvable or may
not be solvable at all. By Theorem 2.3.1, there exists a pointwise orthogonal function
V = [V1, V2] ∈ C(I,Rn2×n2), such that span(V1) = coker(A22) and span(V2) = ker(A22).
Transforming the system with

[ In1 0
0 V

]
, we obtain thatE11 0 0

0 0 0
0 0 0

ẋ1

ẏ2

ẏ3

 =

A11 B12 B13

B21 B22 0
B31 0 0

x1

y2

y3

+

f1

f̃2

f̃3

 ,
where

[ y1
y2

]
= V Tx2 and Bij are the corresponding transformations of A12, A21, A22.

By the choice of V , the matrix B22 ∈ C(I,Râ×â) is pointwise nonsingular and the
components y2 are uniquely determined by an algebraic equation. Considering the last
block row, however, we observe a coupling for the components x1: in the first block row
x1 is specified by the differential equation

ẋ1 = E−1
11 B11x1 + E−1

11 (B12y2 +B13y3) + E−1
11 f1, (4.26)

whereas the last block row fixes the components x1 ∈ coker(B31) algebraically by

B13x1 = −f̃3. (4.27)
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To solve this coupling, equation (4.27) must be differentiated and inserted into (4.26).
This requires additional smoothness assumptions on the inhomogeneity f̃3 and the matrix
B13 To specify the required smoothness assumptions and to automize the remodeling
procedure, we introduce the concept of the strangeness index in the next section.

4.2 Differential-algebraic equations of general strangeness
index

We follow the concept of the strangeness index as it was developed in [89, 91, 94, 95].
There are different index concepts differing in the smoothness and regularity assumptions
on the function F , for example the differentiation index [16, 35, 33], the tractability index
[62, 106, 107, 122], the perturbation index [14, 66, 68], or the structural index [116, 118].
A comparison of the different index concepts is given in [31] or recently in [110]. The
strangeness index [95] is based on a remodeling framework that allows to classify general
DAEs with respect to their solvability properties, analytically and numerically.

4.2.1 Nonlinear differential-algebraic equations

The strangeness index is based on so-called derivative arrays [35], which are inflated
DAEs obtained from F (t, x, ẋ) = 0 by successive differentiation, i.e.,

F`(t, x, ẋ, ..., x
(`+1)) = 0, (4.28)

for ` ∈ N, where

F`(t, x, ẋ, ..., x
(`+1)) =


F (t, x, ẋ)
d
dtF (t, x, ẋ)

...
d`

dt`
F (t, x, ẋ)

 .
The derivative array also provides the starting point for the differentiation index, see
[16, 33, 35]. A comparison of the differentiation and strangeness index is given in [95].

Every sufficiently smooth solution of F (t, x, ẋ) = 0 solves the inflated system (4.28). Vice
versa, if (t, x, ẋ, ..., x(`)) solves (4.28), then (t, x, ẋ) also solves F (t, x, ẋ) = 0. For suitable
` ∈ N, the idea of the strangeness index is to filter out a set of differential and algebraic
equations that uniquely determines the x-part of this solution (t, x, ẋ, ..., x(`)). This may
include algebraic equations for derivatives of x, so we consider (4.28) formally as an
algebraic equation for the algebraic variable z` := (t, x, v1, ..., v`+1) with vk = x(k)(t) for
k = 1, ..., `+ 1, and we consider the algebraic solution set

F−1
` ({0}) = {z` ∈ I × Rn × . . .× Rn |F`(z`) = 0}. (4.29)
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For a given z` ∈ F−1
` ({0}), we define the Jacobians

M`(t, x, ẋ, ..., x
(`+1)) := F`;ẋ,...,x(`+1)(t, x, ẋ, ., x(`+1)), (4.30a)

N`(t, x, ẋ, ..., x
(`+1)) := F`;x(t, x, ẋ, ., x(`+1)), (4.30b)

where F`;ẋ,...,x(`+1) =
[
F`,x, ..., F`,x(`+1)

]
and F`;x = F`,x denote the partial derivatives

with respect to the variables ẋ, ..., x(`+1) and x, respectively. To solve the derivative
array (4.28) at least locally for (t, x, ẋ), we give conditions on the Jacobians M`, N` that
allow to reformulate (4.28) locally as s-free system, cp. [95, p. 155].

Hypothesis 4.2.1 ([95]). Consider F : D→ Rn. Let there exist µ, d, a ∈ N0, n = d+ a,
such that F ∈ Cµ+1(D,Rn), F−1

µ ({0}) 6= ∅ and for every zµ,0 ∈ F−1
µ ({0}), there exists a

sufficiently small neighborhood U(zµ,0), such that the following properties hold.

1. On U(zµ,0) ∩ F−1
µ ({0}), rank(Mµ(zµ)) = (µ+ 1)n− a and there exists a pointwise

orthogonal matrix function Z2 ∈ Cµ(U(zµ,0),R(µ+1)n×a) with rank(Z2(zµ)) = a
and (ZT2 Mµ)(zµ) = 0.

2. On U(zµ,0) ∩ F−1
µ ({0}), rank(ZT2 N̄µ(zµ)) = a, where N̄µ = Nµ[In 0], and there ex-

ists a pointwise orthogonal matrix function T1 ∈ Cµ(U(z`,0),Rn×d) with rank(T1(zµ)) =
d and (ZT2 N̄µT1)(zµ) = 0.

3. On U(zµ,0)∩ F−1
` ({0}), rank(Fẋ(t, x, ẋ)T1(zµ)) = d and there exists an orthogonal

matrix Z1 ∈ Rn×d with rank(Z1) = d and rank(ZT1 FẋT1(zµ)) = d.

The assertions of Hypothesis 4.2.1 are locally stated on D×Rn× ...×Rn. To match the
required smoothness assumption, we can reduce the domain of definition D.

We denote the set of functions satisfying Hypothesis 4.2.1 with integers µ, d, a by

Cµµ,d,a(D,R
n) :=

{
F ∈ Cµ(D,Rn) | F satisfies Hypothesis 4.2.1 with µ, d, a

}
. (4.31)

For the existence and uniqueness of F (t, x, ẋ) = 0, we further define the set of functions
satisfying Hypothesis 4.2.1 with integers µ, d, a and µ+ 1, d, a, respectively, by

Cµµ,d,a,reg(D,Rn) :=
{
F ∈ Cµ(D,Rn) | F satisfies Hypothesis 4.2.1

with µ, d, a and µ+ 1, d, a
}
. (4.32)

If F satisfies the assertions of Hypothesis 4.2.1 for µ, d, a, then the solution set F−1
µ ({0})

is an embedded submanifold in R(µ+2)n+1, cp. [95, p. 161].

Lemma 4.2.1. Consider F ∈ Cµµ,d,a(D,R
n).

1. F−1
µ ({0}) is a Cµ-submanifold embedded in R(µ+2)n+1 with dim(F−1

µ ({0})) = n+1.

2. For every zµ,0 := (t, x, v1,0, ..., zµ+1,0) ∈ F−1
µ ({0}), there exist neighborhoods I0 ⊂

I, U(x1,0) ⊂ Rd, U(zµ,0) ⊂ R(µ+2)n+1 and a function ϕ ∈ Cµ(I0×U(x1,0),U(zµ,0)),
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such that a function x ∈ Cµ+1(I,Rn) satisfies zµ(t) := (t, x(t), ẋ(t), ..., x(µ+1)(t)) ∈
U(zµ,0) ∩ F−1

µ ({0}) if and only if

zµ(t) = ϕ
(
t, x1(t), g1(t, x1(t)), g2(t, x1(t), w0)

)
(4.33)

for (t, x1(t)) ∈ I0 × U(x1,0). The components x1, v1,0 are chosen from x and
zµ,1,0, ..., zµ,µ+1,0, respectively, such that Fµ;(t,x1(t),v1,0) is pointwise nonsingular on

U(zµ,0). The functions g1 ∈ Cµ(I0 × U(x1,0),Rn−d and g2 ∈ Cµ(I0 × U(x1,0) ×
U(v1,0),Rnµ) are implicitly defined.

Proof. 1. If Hypothesis 4.2.1 holds, then rank(Fµ,x,ẋ,...,x(µ+1)(z)) = n(µ+1) on F−1
µ ({0}),

cp. [95, p. 161]. With F ∈ Cµ(D,Rn), then Lµ is a C`-submanifold embedded in
R(µ+2)n+1 with dim(Lµ) = n+ 1.

2. If F−1
µ ({0}) is an embedded C`-submanifold with dim(F−1({0})) = n + 1, then

F−1
µ ({0}) can be parameterized by n + 1 variables chosen from (t, x, v1, ..., vµ+1). Ex-

ploiting the differential relation of a point zµ(t) := (t, x(t), ẋ(t), ..., x(µ+1)(t)) associated
with a function x ∈ Cµ+1(I,Rn) and the rank conditions of Hypothesis 4.2.1, the em-
bedding can be chosen in the special form (4.33), cp. [95, p. 161].

Note that F ∈ Cµ(D,Rn) is the minimal smoothness assumption on a function F ∈
Cµµ,d,a(D,R

n). If F ∈ C`(D,Rn) ∩ Cµµ,d,a(D,R
n) for ` ≥ µ, then the smoothness of the

embedding ϕ and that of the solution set F−1({0}) increases accordingly.

For a function F ∈ Cµµ,d,a(D,R
n), Lemma 4.2.1 implies that along a solution x ∈

Cµ+1((t−0 , t
+
0 ),Rn) of the derivative array (4.28), the solution set F−1

µ ({0}) can be pa-
rameterized using the time t, d suitable components x1 from the state x and n − d
components w0 from the initial derivatives ẋ0, ..., x

µ+1
0 . Using this parameterization, we

can remodel the derivative array (4.28) along x as s-free system and study the existence
and uniqueness of solutions of the associated DAE F (t, x, ẋ) = 0.

To ensure the existence of a consistent initial value zµ,0 := (t0, x0, ẋ0, ..., x
(µ+1)
0 ) ∈

F−1
µ ({0}), we refer to the consistent initial values (t0, x0) ∈ CF that are part of a con-

sistent value zµ,0 ∈ F−1
µ ({0}) by

Cµ :=
{

(t0, x0) ∈ CF | ∃ (ẋ0, ..., x
(µ+1)
0 ) ∈ Ωẋ × Rn × . . .× Rn

: (t0, x0, ẋ0, ..., x
(µ+1)
0 ) ∈ F−1

µ ({0})
}
. (4.34)

Similarly, we summarize the elements (t0, x0, ẋ0) ∈ F−1({0}) that are part of a point
zµ,0 ∈ F−1

µ ({0}) by

Lµ :=
{

(t0, x0, ẋ0) ∈ F−1({0}) | ∃ (ẍ0, ..., x
(µ+1)
0 ) ∈ Rn × . . .× Rn

: (t0, x0, ẋ0, ..., x
(µ+1)
0 ) ∈ F−1

µ ({0})
}
. (4.35)
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For t0 ∈ I, we define the t-sections

Cµ(t0) :=
{
x0 ∈ Ωx | (t0, x0) ∈ Cµ

}
,

Lµ(t0) := {(x0, ẋ0) ∈ Ωx | (t0, x0, ẋ0) ∈ Lµ
}
.

With this preparation, we can study the existence and uniqueness of solutions of the
associated DAE F (t, x, ẋ) = 0, cp. [94] and [95, p. 163, p, 167].

Theorem 4.2.1. [94, 95] Consider the initial value problem (4.1).

1. For F ∈ Cµ+1
µ,d,a(D,R

n) and (t0, x0) ∈ Cµ, let (4.1) have a unique solution x ∈
Cµ+1([t0, t̂

+
0 ),Rn). Then, there exists t̂+0 ≤ t+0 , such that, on [t0, t̂

+
0 ), the function

x solves the initial value problem

F̂1(t, x, ẋ) = 0, x(t0) = x0, (4.36a)

F̂2(t, x) = 0. (4.36b)

The functions F̂1 ∈ C1([t0, t̂
+
0 )×Û(x)×Û(ẋ),Rd) and F̂2 ∈ C1([t0, t̂

+
0 )×Û(x),Ra)

are given by

F̂1(t, x, ẋ) := ZT1 F (t, x, ẋ), (4.37a)

F̂2(t, x) := ZT2 (ϕ(t, x))Fµ(ϕ(t, x)), (4.37b)

where Z1 ∈ Rn×d, Z2 ∈ Cµ+1(U(zµ,0),R(µ+1)n×a) are given by Hypothesis 4.2.1
and ϕ(t, x) = ϕ(t, x1,1 (t, x1), g2(t, x1, v0)) is the parameterization of Lemma 4.2.1.
The sets Û(x),U(ẋ) ⊂ Rn are neighborhoods of the solution x within the manifold
F−1({0}).
On the solution x, the remodeling (4.36) is s-free and specified up to nonsingular
transformations. The time t̂+0 is defined as sup{t ∈ (t−0 , t

+
0 ) |x(t) ∈ Lµ}.

2. Let F ∈ Cµ+2
µ,d,a,reg(D,R

n) and (t0, x0) ∈ Cµ+1. Then, (4.1) has a unique solution

x ∈ Cµ+1([t0, t̂
+
0 ),Rn). This solution x also is the unique solution of (4.36).

On ([t0, t̂
+
0 )×Û(x)×Û(ẋ))∩Lµ+1, the remodeling (4.36) s-free and regular, speci-

fied up to nonsingular transformations and independent of the particular choice of
v1,0, ..., vµ+1,0 ∈ Rn satisfying (t0, x0, v1,0, ..., vµ+1,0) ∈ F−1

µ ({0}). The time t̂+0 is

defined as sup{t ∈ (t−0 , t
+
0 ) |x(t) ∈ Lµ+1}.

Proof. The construction and the properties of the remodeling (4.36) as well as the ex-
istence and uniqueness of solutions have been shown in [94] and [95, p. 163, p. 167]. If
F ∈ Cµ+2

µ,d,a,reg(D,Rn), in particular, it has been shown in [95, p. 167] that the remodeling
(4.36) is locally defined on Lµ+1 and that (4.36) is independent of the particular choice
of v1,0, ..., vµ+1,0 ∈ Rn satisfying (t0, x0, v1,0, ..., vµ+1,0) ∈ F−1

µ ({0}).
To show that the functions F̂1, F̂2 are specified up to nonsingular transformations along
the unique solution x, we note the following. If Z1 ∈ Rn×d, Z2 ∈ Cµ(U(zµ,0),Rn×a),
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zµ,0 ∈ F−1
` ({0}), satisfy Hypothesis 4.2.1, so do Z1U1, Z2U2 for every pointwise or-

thogonal and sufficiently smooth matrix functions U1 ∈ Rd×d, U2 ∈ Cµ(U(zµ,0),Ra×a).
Consequently, both F̂ and F̃ = UT F̂ yield a remodeling (4.36).
Repeating the remodeling process along a unique solution x, the interval I0, on which
the functions F̂1, F̂2 are defined, can be extended until the solution and its derivatives
leave the algebraic solution sets F−1

µ ({0}) or F−1
µ+1({0}), respectively, cp. [95, p. 166].

For F ∈ Cµ+1
µ,d,a(D,R

n) and a unique, sufficiently smooth solution x ∈ Cµ+1((t−0 , t
+
0 ),Rn)

with (t0, x0) ∈ Cµ, Theorem 4.2.1 allows to remodel the initial value problem (4.1) along
x as s-free system (4.36). The remodeling (4.36) is defined along the solution until x
leaves the algebraic solution set F−1

µ ({0}).
If F ∈ Cµ+2

µ,d,a,reg(D,Rn), then the initial value problem (4.1) is uniquely solvable for every
(t0, x0) ∈ Cµ+1. Both (4.1) and its remodeling (4.36) specify the same unique solution.
The additional smoothness assumption on the initial value is necessary to have a con-
sistent point zµ,0 = (t0, x0, v1,0, ..., vµ+1,0 ∈ F−1

µ ({0}) around which we can construct
the parameterization ϕ of Lemma 4.2.1. The particular choice of v1,0, ..., vµ+1,0 ∈ Rn
does not affect the properties or the solution of (4.36), cp. [95, p. 163]. As the re-
modeling (4.36) is s-free and regular on ([t0, t̂

+
0 ) × Û(x) × Û(ẋ)) ∩ Lµ+1, the functions

F̂1, F̂2 also serve as remodeling for the initial value problem (4.1) with initial conditions
(t̃0, x̃0) ∈ ([t0, t̂

+
0 )× Û(x)× Û(ẋ)) ∩ Lµ+1.

We call the remodeling (4.36) with F̂ := [F̂ T1 , F̂
T
2 ]T ∈ C2([t0, t̂

+
0 )× Û(x)× Û(ẋ),Rn) the

s-free formulation of the initial value problem (4.1).

Remark 4.2.1. If F ∈ Cµ+2
µ,d,a,reg(D,Rn) and x ∈ C1((t−0 , t

+
0 ),Rn) solves the DAE (4.1a),

then there exists a locally defined function v ∈ C((t−0 , t
+
0 ),Rn(µ+1)) with [In 0]v = ẋ,

such that Fµ(t, x, v) = 0 on (t−0 , t
+
0 ), cp. [95, p. 167], [96]. Along the path (t, x, v) on

Lµ+1, we can remodel (4.1) as s-free system F̂ (t, x, ẋ) = 0. This observation allows to
relax the smoothness assumptions and consider solutions x ∈ C1((t−0 , t

+
0 ),Rn) instead of

x ∈ Cµ+1((t−0 , t
+
0 ),Rn), cp. [95, p. 167].

Besides characterizing the existence of a (unique) solution, the remodeling (4.36) allows
to study DAEs satisfying Hypothesis 4.2.1 locally in the same framework as the s-free
systems considered in Section 4.1.1. The algebraic equations (4.36b) specify the time-
varying, embedded submanifold containing the associated solution.

Corollary 4.2.1. Consider the initial value problem (4.1) with F ∈ Cµ+2
µ,d,a,reg(D,R

n)

and (t0, x0) ∈ Cµ+1. Let F̂ = [F̂ T1 , F̂
T
2 ]T ∈ C2([t0, t̂

+
0 ) × Û(x) × Û(ẋ),Rn) be an s-free

remodeling of (4.1).

(i) The set

MF (t0, x0) := F̂−1
2 ({0}) (4.38)

is a time-varying, embedded C2-submanifold with dim(MF (t0, x0)) = d.
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(ii) The set MF (t0, x0) is independent of the chosen remodeling F̂ and of the chosen
v1,0, ..., vµ+1,0 ∈ Rn satisfying (t0, x0, v1,0, ..., vµ+1,0) ∈ F−1

µ ({0}).

(iii) ([t0, t̂
+
0 )× Û(x)) ∩ Cµ+1 ⊂MF (t0, x0).

(iv) The solution x ∈ C1([t0, t̂
+
0 ),Rn) of (4.1) satisfies x(t) ∈ MF (t0, x0)(t) for t ∈

[t0, t̂
+
0 ).

Proof. (i), (iv) If F ∈ Cµ+2
µ,d,a,reg(D,Rn) and (t0, x0) ∈ Cµ+1, then, the remodeling F̂ ∈

C2([t0, t̂
+
0 )×Û(x)×Û(ẋ),Rn) of (4.1) is s-free and regular and the assertions follow from

Lemma 4.1.2.

(iii) As the remodeling F̂ ∈ C2([t0, t̂
+
0 ) × Û(x) × Û(ẋ),Rn) is s-free and regular on

([t0, t̂
+
0 )× Û(x)× Û(ẋ)) ∩ Lµ+1, it serves as s-free remodeling for every initial condition

(t̃0, x̃0) ∈ ([t0, t̂
+
0 ) × Û(x) × Û(ẋ)) ∩ Lµ+1. This implies that ([t0, t̂

+
0 ) × Û(x)) ∩ Cµ+1 ⊂

MF (t0, x0).

(ii) Given µ and an initial value (t0, x0) ∈ Cµ+1, the remodeling function F̂2 is spec-
ified up to nonsingular transformations of the matrix Z2, cp. Theorem 4.2.1. These
transformations do not alter the solution set F̂−1

2 ({0}) and it follows that MF (t0, x0)
is independent of the choice of F̂ . Furthermore, the function F̂2 is independent of the
chosen v1,0, ..., vµ+1,0 ∈ Rn satisfying (t0, x0, v1,0, ..., vµ+1,0) ∈ F−1

µ ({0}).

Definition 4.2.1. Consider the DAE (4.1a) with F ∈ Cµ+1(D,Rn). The minimal µs
for which F satisfies Hypothesis 4.2.1 on D, is called the strangeness index (s-index) of
(4.1a) (or of the function F ). If F has s-index µs and satisfies Hypothesis 4.2.1 with
µs + 1, d, a, we say that (4.1a) (or the function F ) has regular s-index µs.

If F has s-index µs = 0, then the assertions of Hypothesis 4.2.1 coincide with the
assertions of Definition 4.1.1 and F is called s-free. If F is s-free and rank([Fẋ, Fx +
d
dtFẋ]) = n on L1, then F has regular s-index µs = 0, cp. Theorem 4.1.1.

Remark 4.2.2. Constructing the s-free formulation can be incorporated in the nu-
merical integration, see [95, ch. 6]. Computing the derivative array, e.g., by automatic
differentiation [63], the assertions of Hypothesis 4.2.1 can be checked numerically along a
numerical solution z∆ of (4.36) by computing SVDs for the Jacobians Mµ(z∆), Nµ(z∆)
[58, 95]. As Mµ(z∆), Nµ(z∆) only approximate Mµ(z), Nµ(z), the computed values
µ∆, d∆, a∆ only indicate the true characteristic values µ, d, a. Additionally, computing
the characteristic values µ∆, d∆, a∆ involves numerical rank decisions and in cases of
doubt a higher value of µ should be chosen to ensure that all hidden constraints are
explicitly given, see [95, p. 281] and [109].

We emphasize that Theorem 4.2.1 and the following results do not depend on the mini-
mality of µ but hold for every µ for which F satisfies Hypothesis 4.2.1.

Remark 4.2.3. To compute a consistent initial value z0 ∈ Lµ+1, one can either use a
fixpoint iteration on the derivative array, the Gauss-Newton method [94], or decompose
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the variables with a time-varying transformation, cp. [96]. The latter, in particular, may
be very costly, however, in some cases it may be the only way to construct the needed
starting point for the remodeling procedure.

Remark 4.2.4. For the numerical simulation of (4.1), the s-free formulation (4.36) can
be solved numerically with the same order of accuracy as for ODEs, see [95, p. 251].
In particular, since the algebraic equations are explicitly given, the numerical solution
can be checked for consistency during the simulation. If one has a higher index system,
then (4.1) contains hidden constraints, redundant or inconsistent equations, such that a
numerical solution computed for the unreduced system (4.1) is not unique or violates the
constraints. To compute a reliable solution of higher index problems with well-defined
s-index, the numerical methods should be applied to the s-free formulation. Integrating
the original higher index problem may yield an arbitrarily wrong numerical solution.
These issues are illustrated, e.g., in [96].

4.2.2 Linear differential-algebraic equations

In this section, we consider the linear DAE (4.2a) with initial conditions given by (4.2b).
The set of consistent initial values is denoted by CE,A,b. If the coefficients E,A and the
inhomogeneity b are sufficiently smooth, then the derivative array (4.28) is given by

M`ż` = N`z` + g`, (4.39)

for ` ∈ N, where

M` =


E

Ė −A E

Ë − 2Ȧ 2Ė −A E
...

. . .
. . .

E(`) − `Ȧ(`−1) . . . `Ė −A E

 , N` =


A 0 . . . 0

Ȧ 0 . . . 0

Ä 0 . . . 0
... 0 . . . 0

A(`) 0 . . . 0

 ,
(4.40a)

g` =
[
bT ḃT b̈T . . . f (`)T

]T
, (4.40b)

z` =
[
xT ẋT ẍT . . . x(`)T

]T
.

Since the derivative array (4.39) is linear in the state z`, the block matrices M`, N` are
globally defined on I × Rn. Furthermore, the matrices M`, N` are independent of the
inhomogeneity b and fully specified by the pair of system matrices (E,A). Then, on
a sufficiently small interval I, the rank assertions of Hypothesis 4.2.1 are satisfied for
every sufficiently smooth pair of matrices E,A, cp. [95, p. 108].

Theorem 4.2.2. [95] If E,A ∈ C`(I,Rn×n) are sufficiently smooth, then there exist
µ, d, a ∈ N0, such that the following properties are satisfied.

1. On I, rank(Mµ(t)) = (µ+ 1)n− a and there exists a pointwise orthogonal matrix
function Z2 ∈ Cµ(I,R(µ+1)n×a) with rank(Z2(t)) = a and (ZT2 Mµ)(t) = 0.
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2. On I, rank(ZT2 N̄µ(t)) = a, where N̄µ = Nµ[In, 0], and there exists a point-
wise orthogonal matrix function T1 ∈ Cµ(I,Rn×d) with rank(T1(t)) = d and
(ZT2 N̄µT1)(t) = 0.

3. On I, rank(ET1(t)) = d and there exists an orthogonal matrix Z1 ∈ Rn×d with
rank(Z1) = d and rank(ZT1 (ET1)(t)) = d.

We denote the set of matrix pairs (E,A) satisfying Theorem 4.2.2 on I with µ, d, a by

M `
µ,d,a(I,Rn×n) :=

{
E,A ∈ C`(I,Rn×n) | (4.41)

(E,A) satisfies Hypothesis 4.2.1 with µ, d, a
}
,

where ` ≥ µ. Due to the linearity of the derivative array, a pair (E,A) ∈M `
µ,d,a(I,Rn×n)

is regular if (E,A) ∈M `+1
µ,d,a(I,R

n×n), i.e., if the functions E,A are sufficiently smooth.

If µs is the smallest integer for which (E,A) satisfy Theorem 4.2.2, we say that the pair
(E,A) has s-index µs. If (E,A) has s-index µs and b ∈ Cµs(I,Rn), then the associated
DAE (4.2a) has s-index µs.

For regular system matrices (E,A) ∈M `+1
µ,d,a(I), the linear system (4.2) can be globally,

remodeled as s-free system, cp. [95, p. 109, 111].

Theorem 4.2.3 ([95]). Consider the DAE (4.2a) with (E,A) ∈ Mµ+1
µ,d,a(I) and b ∈

Cµ+1(I,Rn). For every (t0, x0) ∈ CE,A,b, the initial value problem (4.2) has a unique
solution x ∈ C1(I,Rn). On I, this solution x is the unique solution of the s-free remod-
eling [

Ê1

0

]
ẋ =

[
Â1

Â2

]
x+

[
b̂1
b̂2

]
, x(t0) = x0, (4.42)

where (Ê, Â) ∈M1
sfree(I,Rn×n) and b̂ ∈ C1(I,Rn). The blocks are given by

Ê =

[
ZT1 E

0

]
, Â =

[
ZT1 A
ZT2 N̄µ

]
, b̂ =

[
ZT1 f
ZT2 gµ

]
, (4.43)

where Z1, Z2 as in Theorem 4.2.2.

Theorem 4.2.3 shows that a linear DAE (4.2) with sufficiently smooth coefficients can
be remodeled as s-free system - globally on Rn and locally on I. The remodeling is
independent of the initial value.

For linear problems, the set of consistent initial values CE,A,b is a time-varying linear
subspace and coincides with the solution manifold M(t0, x0).

Lemma 4.2.2. Consider (4.2a) with E,A ∈Mµ+1
µ,d,a(I,R

n×n) and let b ∈ Cµ+1(I,Rn).

1. The set CE,A,b is a time-varying, affine linear C1-subspace on I. For an s-free

remodeling Ê, Â and b̂, a defining function is given by Â2(t)x+ b̂2(t).
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2. For (t0, x0) ∈ CE,A,b, the solution x ∈ C1(I,Rn) of (4.2) satisfies x(t) ∈ CE,A,b(t)
on I.

3. For every (t0, x0) ∈ CE,A,b, the solution manifold ME,A,b(t0, x0) satisfies

ME,A,b(t0, x0) = CE,A,b. (4.44)

Proof. 1. If E,A ∈ Mµ+1
µ,d,a(I,R

n×n) and b ∈ Cµ+1(I,Rn), the DAE (4.2a) can be

globally remodeled as s-free system Êẋ = Âx + b̂, cp. Theorem 4.2.3. An initial value
(t0, x0) ∈ I × Rn is consistent if and only if

Â2(t0)x0 + b̂2(t0) = 0, (4.45)

cp. [95, p. 111]. Hence, CE,A,b is a time-varying, affine linear subspace on I and a defining

function is given by Â2(t)x+ b̂2(t).

2. For (t0, x0) ∈ CE,A,b, every solution x ∈ C1(I,Rn) of (4.2) solves the remodeling

(4.42), cp. Theorem 4.2.3. As Â2(t0)x0 + b̂2(t0) is a defining function for CE,A,b, it
follows that x(t) ∈ CE,A,b(t) for t ∈ I.

3. By Corollary 4.2.1, the assertion follows from 2..

To conclude this section, we point out the relation of the linearization of F and its s-free
formulation F̂ , cp. [37, 94].

Remark 4.2.5. Consider F (t, x, ẋ) = 0 with F ∈ C1(D,Rn). The time varying lin-
earization of (4.1a) along a given solution x̂(t) is given by

Fẋ(t, x̂, ˙̂x)ẋ = −Fx(t, x̂, ˙̂x)x+ Fẋ(t, x̂, ˙̂x) ˙̂x+ Fx(t, x̂, ˙̂x)x̂, (4.46)

cp. [37]. Comparing the derivative arrays (4.28) and (4.39) and the associated Jaco-
bians (4.30) and (4.40), we observe that the subspaces range(Z1), range(Z2), range(T1)
associated with the nonlinear problem F (t, x, ẋ) = 0 correspond to those associated with
the linear problem (4.46). Consequently, the operations of remodeling and linearizations
commute. We obtain the same linearized s-free system if (4.1) is first remodeled, then
linearized or first linearized and then remodeled, cp. [37, 94].

4.3 The projection concept

If F ∈ Cµ+2
µ,d,a,reg(D,Rn), then every initial value (t0, x0) ∈ Cµ+1 induces a time-varying,

embedded submanifold MF (t0, x0) and the initial value problem (4.1) corresponds to a
differential equation F̂1(t, x, ẋ) = 0, x(t0) = x0 on this manifold MF (t0, x0). To decouple
the differential and algebraic components and to compute an explicit solution, we proceed
as illustrated in Chapter 3 and parameterize the solution along MF (t0, x0) in terms of
projections. To preserve the original coordinate system, we pursue the parameterization
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induced by projection that we have derived in Section 3.1.
We conduct the decomposition and the computation of a solution for a particular initial
value problem F (t, x, ẋ) = 0, x(t0) = x0 with (t0, x0) ∈ Cµ+1. As every (t0, x0) ∈ Cµ+1

is contained in exactly one solution x ∈ Cµ+1([t0, t̂
+
0 ),Rn) of F (t, x, ẋ) = 0, we combine

these results to extend the concept of the flow.

4.3.1 Nonlinear differential-algebraic equations

We consider the initial value problem

F (t, x, ẋ) = 0, F ∈ Cµ+2
µ,d,a,reg(D,Rn), (4.47a)

x(t0) = x0, (t0, x0) ∈ Cµ+1. (4.47b)

For an s-free remodeling F̂ ∈ C2([t0, t̂
+
0 ) × Û(x) × Û(ẋ),Rn) induced by (4.47), we

consider the Moore-Penrose projections that, for z = (t, x, v) ∈ [t0, t̂
+
0 ) × Û(x) × Û(ẋ),

are pointwise defined by

PMP (z) :=
(
F̂+
ẋ F̂ẋ

)
(z), QMP (z) :=

(
F̂ẋF̂

+
ẋ

)
(z). (4.48)

We denote the complements by P⊥MP := In−PMP and Q⊥MP := In−QMP , respectively.
Associated with the Moore-Penrose projection PMP , we define the spaces

Xd(z) := coker(PMP (z)), Xa(z) := ker(PMP (z)). (4.49)

Lemma 4.3.1. Consider the initial value problem (4.47) and let x ∈ C1([t0, t̂
+
0 ),Rn) be

the associated solution.

1. Along the solution x, there exist neighborhoods UPMP
(x),UPMP

(ẋ) ⊂ Rn, such that
PMP , QMP ∈ C1([t0, t̂

+
0 ) × UPMP

(x) × UPMP
(ẋ),Rn×n). On ([t0, t̂

+
0 ) × UPMP

(x) ×
UPMP

(ẋ)) ∩ Lµ+1, the condition rank(PMP (z)) = rank(QMP (z)) = d holds.

2. On ([t0, t̂
+
0 ) × UPMP

(x) × UPMP
(ẋ)) ∩ Lµ+1, the projections PMP , QMP are inde-

pendent of the chosen remodeling F̂ .

3. On ([t0, t̂
+
0 )× UPMP

(x)× UPMP
(ẋ)) ∩ Lµ+1, the projection QMP satisfies

QMP (z) =

[
Id 0
0 0

]
. (4.50)

Proof. We first prove the proposed properties on the solution x ∈ C1([t0, t̂
+
0 ),Rn).

1. For the initial value problem (4.47) and its solution x ∈ C1([t0, t̂
+
0 ),Rn), the remodel-

ing F̂ ∈ C2([t0, t̂
+
0 )×Û(x)×Û(ẋ),Rn) is s-free on x, cp. Theorem 4.2.1. Then, the Jaco-

bian F̂ẋ satisfies rank(F̂ẋ(t, x, ẋ) = d on [t0, t̂
+
0 ), cp. Definition 4.1.1. The Moore-Penrose

projections PMP , QMP satisfy rank(PMP (t, x, ẋ)) = rank(QMP (t, x, ẋ)) = d on x, cp.
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Corollary 2.3.1. By Theorem 2.3.1, then there exist neighborhoods UPMP
(x),UPMP

(ẋ) ⊂
Rn of the solution x, such that PMP , QMP ∈ C1([t0, t̂

+
0 )× UPMP

(x)× UPMP
(ẋ),Rn).

2., 3. At the solution x, the s-free remodeling F̂ is specified up to nonsingular transfor-
mations, cp. Theorem 4.2.1. Let U1 ∈ Rd×d, U2 ∈ C2(U(zµ,0),Ra×a) be pointwise or-
thogonal, sufficiently smooth matrix functions and set U(zµ) = diag (U1, U2) (zµ), where
zµ = (t, x, ẋ, ẍ, ..., x(µ+1). Then, the function F̃ = UT F̂ also satisfies the assertions of
Theorem 4.2.1. By Lemma 2.3.7, on (t, x, ẋ), the Moore-Penrose inverse is given by
F̃+
ẋ (t, x, ẋ) = F̂ẋ(t, x, ẋ)U(zµ) and it follows that

(F̃+
ẋ F̃ẋ)(t, x, ẋ) = F̂ẋ(t, x, ẋ)(UTU)(zµ)F̂ẋ(t, x, ẋ) = (F̂+

ẋ F̂ẋ)(t, x, ẋ),

on [t0, t̂
+
0 ). This implies that, at the solution x, the Moore-Penrose projections provided

by F̂ and F̃ agree. For QMP , we observe that, on the solution x,

(F̃ẋF̃
+
ẋ )(t, x, ẋ) = UT (zµ)

(
F̂ẋF̂ẋ

)
(t, x, ẋ)U(zµ),

i.e., the projection QMP depends on the choice of Z1 ∈ Rn×d, Z2 ∈ Cµ+1(U(zµ,0),Rn×a)
in Theorem 4.2.1. However, as

F̂ẋ(t, x, ẋ) = [F̂ T1,ẋ, 0]T (t, x, ẋ), F̃ẋ(t, x, ẋ) = [F̃ T1,ẋ, 0]T (t, x, ẋ),

both
(
F̃ẋF̃

+
ẋ

)
(t, x, ẋ) and

(
F̂+
ẋ F̂ẋ

)
(t, x, ẋ) are given by (4.50) on [t0, t̂

+
0 ).

To prove that the given assertions are satisfied pointwise on ([t0, t̂
+
0 ) × UPMP

(x) ×
UPMP

(ẋ)) ∩ Lµ+1, we note that the remodeling F̂ ∈ C2([t0, t̂
+
0 ) × Û(x) × Û(ẋ),Rn)

is s-free and regular on [t0, t̂
+
0 ) × Û(x) × Û(ẋ) ∩ Lµ+1, cp. Theorem 4.2.1, and thus

yields a s-free formulation for every initial value problem (4.47) with initial conditions
(t̃0, x̃0) ∈ ([t0, t̂

+
0 ) × Û(x)) ∩ Cµ+1. Repeating the given arguments for initial conditions

(t̃0, x̃0) ∈ ([t0, t̂
+
0 )× UPMP

(x)) ∩ Cµ+1, in particular, we obtain that the given assertions
are satisfied pointwise on ([t0, t̂

+
0 )× UPMP

(x)× UPMP
(ẋ)) ∩ Lµ+1.

As the functions PMP , QMP are independent of the chosen remodeling F̂ , we call PMP

and QMP the Moore-Penrose projections induced by the initial value problem (4.47).

For every (t0, x0) ∈ Cµ+1, the Moore-Penrose projection PMP is a specifying projection
for the solution manifold MF (t0, x0).

Lemma 4.3.2. Consider the initial value problem (4.47). Let F̂ ∈ C2([t0, t̂
+
0 )× Û(x)×

Û(ẋ),Rn) be an s-free remodeling and let PMP , QMP ∈ C1([t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ),

Rn×n) be the Moore-Penrose projections induced by (4.47).
On ([t0, t̂

+
0 )× UPMP

(x)× UPMP
(ẋ)) ∩ Lµ+1, then(

Q⊥MP F̂xP
⊥
MP

)+(
Q⊥MP F̂xP

⊥
MP

)
(z) = P⊥MP (z), (4.51a)(

Q⊥MP F̂xP
⊥
MP

)(
Q⊥MP F̂xP

⊥
MP

)+
(z) = Q⊥MP (z). (4.51b)



128 A flow formula for differential-algebraic equations

Proof. To get an explicit formula of the Moore-Penrose inverse (Q⊥MP F̂xP
⊥
MP )+, we rep-

resent the Moore-Penrose projections PMP , QMP with respect to an orthogonal basis
of Xd(z), Xa(z) for z ∈ ([t0, t̂

+
0 ) × UPMP

(x) × UPMP
(ẋ)) ∩ Lµ+1. Since rank(PMP ) = d

on ([t0, t̂
+
0 )× UPMP

(x)× UPMP
(ẋ)) ∩ Lµ+1, cp. Lemma 4.3.1, there exist neighborhoods

Ũ(x), Ũ(ẋ) and a pointwise orthogonal function T = [T1, T2] ∈ C1([t0, t̂
+
0 ) × Ũ(x) ×

Ũ(ẋ),Rn×n) with span(T1(z)) = Xd(z), span(T2(z)) = Xa(z), such that PMP (z) is point-
wise diagonalizable on ([t0, t̂

+
0 )×Ũ(x)×Ũ(ẋ))∩Lµ+1 by T (z), cp. Corollary 2.3.1. Then,

we get that (
Q⊥MP F̂xP

⊥
MP

)
(z) =

[
0 0

0 (F̂x,2T2)(z)

]
T T (z).

By the construction of F̂ , the matrix (F̂2,xT2)(z) is pointwise nonsingular on ([t0, t̂
+
0 )×

Ũ(x)× Ũ(ẋ)) ∩ Lµ+1. By Lemma 2.3.8, then the Moore-Penrose projection is given by(
Q⊥MP F̂xP

⊥
MP

)+
(z) = T (z)

[
0 0

0 (F̂x,2T2)−1(z)

]
. (4.52)

Hence, condition (4.51) is satisfied pointwise on ([t0, t̂
+
0 )×Ũ(x)×Ũ(ẋ))∩Lµ+1. Repeating

these arguments on ([t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ))∩Lµ+1, we have proved the assertion.

Remark 4.3.1. Condition (4.51) is satisfied if and only if the matrix
(
F̂x,2T2

)
(z) is

nonsingular, i.e., if and only if the remodeling F̂ is s-free. If the s-index µs of F is not
known in advance, but estimated on the basis of numerical rank considerations, this
observation allows to check if the remodeling F̂ indeed is s-free.

Along the solution x, on ([t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ))∩Lµ+1, the Moore-Penrose pro-

jection Q⊥MP is given in the form (4.50), implying that
(
Q⊥MP F̂

)
(t, x, v) = [0, F̂ T2 ]T (t, x).

By Lemma 4.3.2, then F̂2, PMP and Id satisfy the solvability conditions of Theorem 3.1.2
pointwise on ([t0, t̂

+
0 )× UPMP

(x)× UPMP
(ẋ)) ∩ Lµ+1, implying that PMP is a specifying

projection of the solution manifold MF (t0, x0). Thus, we can construct a parameteriza-
tion and a characterizing function for MF (t0, x0), cp. Lemma 3.1.4.
For z = (t, x, v) ∈ [t0, t̂

+
0 )× UPMP

(x)× UPMP
(ẋ), we partition the variables into

xd = PMP (z)x, xa = P⊥MP (z)x. (4.53)

Lemma 4.3.3. Consider the initial value problem (4.47) and let PMP ∈ C1([t0, t̂
+
0 ) ×

UPMP
(x)× UPMP

(ẋ),Rn×n) be the Moore-Penrose projection induced by (4.47). Let x ∈
C1([t0, t̂

+
0 ),Rn) be the solution of (4.47) and let xd, xa be given by (4.53) with z =

(t, x, ẋ). There exists an interval I0 ⊂ [t0, t̂
+
0 ), on which the following assertions are

satisfied.

1. There exist neighborhoods U(xd,0), U(xa,0) ⊂ Rn and a function gMP ∈ C1(I0 ×
U(xd,0),U(xa,0)), such that on I0, the solution x satisfies

xa = gMP (t, xd). (4.54)
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2. There exists a neighborhood U(x0) and a function PMP ∈ C1(I0×U(x0),Rn) that,
for (t̃, x̃) ∈ I0 × U(x0), is given by

PMP (t̃, x̃) = PMP (t̃, x, ẋ)x̃+ gMP

(
t̃, PMP (t̃, x, ẋ)x̃

)
. (4.55)

On the solution x, the function PMP satisfies the following assertions on I0.

(i) PMP (t, x) = x.

(ii) PMP (t, x, ẋ)PMP (t, x) = xd and P⊥MP (t, x, ẋ)PMP (t, x) = gMP (t, xd).

Proof. 1. At the solution x, with z = (t, x, ẋ), the Moore-Penrose projection Q⊥MP (z) is

given by (4.50), Lemma 4.3.1, and we have that
(
Q⊥MP F̂

)
(z) = [0, F̂ T2 ]T (t, x) on [t0, t̂

+
0 ).

By Lemma 4.3.2, then F̂2, PMP , Id satisfy the solvability conditions of Theorem 3.1.2
pointwise along x. Hence, PMP is a specifying projection for the solution manifold
MF (t0, x0) and following Lemma 3.1.4, we can construct a parameterization obtained by
projection. Considering the variable decomposition (4.53) with z = (t, x, ẋ) and setting
xd,0 := PMP (z0)x0 and xa,0 := P⊥MP (z0)x0, then there exist neighborhoods I0 ⊂ [t0, t̂

+
0 ),

U(xd,0),U(xa,0) ⊂ Rn and a function gMP ∈ C1(I0×U(xd,0),U(xa,0)), such that (t̃, x̃) ∈
MF (t0, x0) if and only if (t, x̃d) ∈ I0 × U(xd,0) and x̃a = gMP (t, x̃d). For the solution,
in particular, this implies that xa = gMP (t, xd) for t ∈ I0 and PMP (z(t))x(t) ∈ U(xd,0),
cp. Lemma 3.1.4. Choosing I0 sufficiently small, such that PMP (z)x ∈ U(xd,0) for every
t ∈ I0, we have proved the assertion.

2. As g is a parameterization of MF (t0, x0) induced by the projection PMP (t, x, ẋ)
evaluated on the solution x, we can construct a characterizing function PMP that is
given by (4.55). On (I0 × U(x0)) ∩ MF (t0, x0), then PMP satisfies the properties of
Theorem 3.1.3. As PMP (t, x, ẋ)x ∈ U(xd,0) for every t ∈ I0, then PMP satisfies the
proposed properties (i), (ii) on (t, x, ẋ), in particular.

Along the solution x of (4.47), the function gMP parameterizes the solution manifold
MF (t0, x0) and the function PMP has the properties of a characterizing function of
MF (t0, x0). We call gMP and PMP the local Moore-Penrose parameterization and the
local characterizing Moore-Penrose function induced by the initial value problem (4.47).

Using the parameterization gMP , we can locally decouple the differential and algebraic
components in (4.47).

Theorem 4.3.1. Consider the initial value problem (4.47). Let F̂ ∈ C2([t0, t̂
+
0 )×Û(x)×

Û(ẋ),Rn) be an s-free remodeling, PMP ∈ C1([t0, t̂
+
0 ) × UPMP

(x) × UPMP
(ẋ),Rn×n) the

Moore-Penrose projection and gMP ∈ C1(I0 ×U(xd,0),U(xa,0)) the local Moore-Penrose
parameterization induced by (4.47). Let x ∈ C1([t0, t̂

+
0 ),Rn) be the solution of (4.47)

and let xd, xa be given by (4.53) with z = (t, x, ẋ).
On I0, via the components xd, xa, the solution x is the unique solution of

ẋd = hMP (t, xd), xd(t0) = PMP (z0)x0, (4.56a)

xa = gMP (t, xd). (4.56b)
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The function hMP ∈ C1(I0 × U(xd,0),Rn) is given by

hMP (t, xd) = ĥ
(
t, xd, gMP (t, xd), ġMP (t0, xd,0) + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ ṖMP (z)(xd + xa), (4.57)

where ĥ ∈ C(I0 × U(xd,0)× U(xa,0),U(ẋd,0)) is the implicit solution of

F̂1

(
t, xd + xa, ĥ(t, xd, xa, ġMP (t0, xd,0)) + P⊥MP (z0)ġMP (t0, xd,0)

)
= 0

for xd = PMP (z)x, xa = P⊥MP (z)x and z = (t, x, v) ∈ U(z0). Along x, then hMP is a
locally defined, time-varying vector field on Xd.

Proof. ⇒ Let x ∈ C1([t0, t̂
+
0 ),Rn) solve (4.47). On [t0, t̂

+
0 ), the solution satisfies x(t) ∈

MF (t0, x0)(t), cp. Corollary 4.2.1, implying that

x(t) = PMP (t, x(t)), (4.58)

where PMP ∈ C1(I0 × U(x0),Rn) is the characterizing function induced by gMP and
PMP , cp. Lemma 4.3.3. Projecting (4.58) by P⊥MP (t, x, ẋ) and noting that, by Lemma
4.3.3, P⊥MP (t, x, ẋ)PMP (t, x) = gMP (t, xd), it follows that x satisfies (4.56b). For (4.56a),

noting that QMP (t, x, ẋ) =
[
Id 0
0 0

]
, cp. Lemma 4.3.1, we find that x solves F̂1(t, x, ẋ) = 0

if and only if it solves

(QMP F̂ )(t, x, ẋ) = 0. (4.59)

On [t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ), using that

(
QMP F̂ẋPMP

)
(z) = F̂ẋ(z) by the properties

of the Moore-Penrose inverse, cp. Definition 2.3.2, we have that(
QMP F̂ẋPMP

)+(
QMP F̂ẋPMP

)
(z) = PMP (z),(

QMP F̂ẋPMP

)(
QMP F̂ẋPMP

)+
(z) = QMP (z).

In particular, this condition holds along the solution x and we can apply Lemma 3.1.3
to solve (4.59) for ẋd. Choosing I0 sufficiently small, then there exist neighborhoods
U(xd,0), U(xa,0),U(ẋd,0),U(ẋa,0) ⊂ Rn and a function h ∈ C1(I0 × U(xd,0) × U(xa,0) ×
U(ẋa,0),U(ẋd,0)), such that x solves (4.59) on I0 if and only if x solves

ẋd = h(t, xd, xa, ẋa), (4.60)

where the function h is given by

h(t, xd, xa, ẋa) = ĥ
(
t, xd, xa, ẋa + Ṗ⊥MP (z)(xd + xa)

)
+ ṖMP (z)(xd + xa),

cp. Lemma 3.1.3. The function ĥ ∈ C(I0 × U(xd,0) × U(xa,0) × U(ẋa,0),U(ẋd,0)) is the
implicit solution of

F̂1

(
t, xd + xa, ĥ(t, xd, xa, vP⊥MP

) + vP⊥MP

)
= 0,



4.3. The projection concept 131

where the variables are given by xd = PMP (z)x, xa = P⊥MP (z)x and vP⊥MP
= P⊥MP (z)v

for z = (t, x, v) ∈ U(z0), cp. Lemma 3.1.3.
As (F̂ẋP

⊥
MP )(z) = 0 on ([t0, t̂

+
0 )× Û(x)× Û(ẋ))∩Lµ+1, the implicit function ĥ does not

depend on the particular value of the component vP⊥MP
and we set

h(t, xd, xa) := ĥ
(
t, xd, xa, ẋa,0 + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ ṖMP (z)(xd + xa).

Furthermore, replacing xa and ẋa with the parameterization gMP , we get that

h(t, xd) := ĥ
(
t, xd, xa, ẋa,0 + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ ṖMP (z)(xd + xa).

Setting hMP := h, we obtain that x solves (4.56a). By the construction of hMP , on I0,
we further have that

hMP (t, xd) ∈ ker(P⊥MP (t, x, ẋ)) + (ṖMPPMP )(t, x, ẋ)x,

cp. Lemma 3.1.3. As

ker(P⊥MP (t, x, ẋ)) = Xd(t, x, ẋ), Ẋd,(t,x,ẋ) = (ṖMPPMP )(t, x, ẋ)x,

cp. Corollary 3.1.4, it follows that hMP (t, xd) ∈ T(t,x,ẋ)Xd(t, x, ẋ) on I0, i.e., hMP is a
locally defined, time-varying vector field on Xd(t, x, ẋ).

⇐ Let x ∈ C1([t0, t̂
+
0 ),Rn) solve (4.56) on I0 via the components xd and xa. By con-

struction, we have that x = xd + xa and equation (4.56b) implies that, on I0,

x = PMP (t, x).

Thus, x(t) ∈ MF (t0, x0)(t) on I0. As F̂2 is a locally defining function of MF (t0, x0), it
follows that, on I0, x solves

F̂2(t, x) = 0. (4.61)

For the differential equation F1(t, x, ẋ) = 0, inserting equations (4.56a) and (4.56b), we
obtain that

F̂1(t, x, ẋ) = F̂1(t, x, hMP (t, xd) + ġMP (t, xd)).

With hMP defined in (4.57) and noting that P⊥MP (z)ġMP (t, xd) = ṖMP (z)(xd + xa) +
ġMP (t, xd) due to ẋa = P⊥MP (z)ẋa − ṖMP (z)xa, this equation reads

F̂1(t, x, ẋ) = F̂1

(
t, x, ĥ

(
t, xd, gMP (t, xd), ġMP (t0, xd,0) + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ ṖMP (z)(xd + xa) + ġMP (t, xd)

)
= F̂1(t, x, ĥ

(
t, xd, gMP (t, xd), ġMP (t0, xd,0) + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ P⊥MP (z)ġMP (t, xd).
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Using that ẋa = P⊥MP (z)ẋa− ṖMP (z)xa and range(P⊥MP (z)) = ker(F̂ẋ(z))), we find that

F̂ẋa(t, x, ẋ) =
(
F̂ẋP

⊥
MP

)
(t, x, ẋ) = 0,

and as F̂ẋ(t, x, ẋ) = [F̂ T1,ẋ, 0]T (t, x, ẋ), this implies that the function F̂1 is independent of

ẋa. By the definition of ĥ, then we get that

F̂1(t, x, ẋ) = F̂1(t, x, ĥ
(
t, xd, gMP (t, xd), ġMP (t0, xd,0) + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ P⊥MP (z0)ġMP (t0, xd0)

= 0. (4.62)

In combination, (4.61) and (4.62) imply that x solves the s-free formulation (4.36) on I0.
As F ∈ Cµ+2

µ,d,a,reg(D,Rn×n) and (t0, x0) ∈ Cµ+1, by Theorem 4.2.1, then x locally solves
the original problem (4.47).

We call (4.56a) the inherent ODE and (4.56b) the algebraic equation obtained by the
Moore-Penrose projection. We call hMP the local Moore-Penrose vector field induced by
the initial value problem (4.47).

Parameterizing the solution manifold MF (t0, x0) along the solution with the Moore-
Penrose parameterization gMP , we can decompose the initial value problem (4.47) into
a differential equation for the parameterizing components xd and into an algebraic equa-
tion for the dependent components xa.
The decomposition (4.56) resembles the decomposition (3.4.2) of an ODE initial value
problem with an invariant submanifold that we have presented in Theorem 3.3.1. For
DAEs, however, the invariant manifold corresponds to the algebraic constraints and the
inherent vector field is given only implicitly.
As the remodeling (4.56) is constructed along the solution of (4.47), the decomposition
(4.56) is given implicitly only. For an explicit remodeling, that only requires the knowl-
edge of the consistent initial value (t0, x0) ∈ Cµ+1 and allows to compute the solution
explicitly, we refer to Lemma 4.3.6. Considering the implicit decomposition along x,
however, we can uniquely extend the remodeling (4.56) smoothly onto the full interval
of existence [t0, t̂

+
0 ).

Lemma 4.3.4. Consider the initial value problem (4.47) and let x ∈ C1([t0, t̂
+
0 ),Rn)

be the associated solution. Along x, the local Moore-Penrose parameterization gMP and
the vector field hMP can be extended to functions gMP ∈ C1([t0, t̂

+
0 ) × U(xa),U(xd))

and hMP ∈ C1([t0, t̂
+
0 )× U(xd),Rn), where U(xd),U(xa) ⊂ Rn are neighborhoods of the

solution components xa, xd, respectively. Along x, gMP and hMP are independent of the
s-free remodeling F̂ .

Proof. We first show that, given an s-free remodeling F̂ ∈ C2([t0, t̂
+
0 )×Û(x)×Û(ẋ),Rn)

of (4.47), the implicit functions gMP , hMP , defined in a neighborhood of z0 = (t0, x0, ẋ0)
can be extended to functions that are defined along the solution x ∈ C1([t0, t̂

+
0 ),Rn) on
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the full interval [t0, t̂
+
0 ).

For the initial value problem (4.47), let P ∈ C1([t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ),Rn×n) be

the Moore-Penrose projection induced by F̂ and let gMP,0 ∈ C1(I0×U(xd,0),U(xa,0)) and
hMP,0 ∈ C1(I0 × U(xd,0),Rn) be the associated local Moore-Penrose parameterization
and the local vector field.
Let t1 ∈ (t0, t

+
0 ) and set x1 := x(t1). By Remark 4.2.1 and the definition of [t0, t̂

+
0 ), then

(t1, x1) ∈ Cµ+1 and we can decompose the initial value problem

F (t, x, ẋ) = 0 (4.63a)

x(t1) = x1 (4.63b)

according to Theorem 4.3.1. As the s-free formulation F̂ ∈ C2([t0, t̂
+
0 )×Û(x)×Û(ẋ),Rn)

is defined along x on the full interval [t0, t̂
+
0 ), this function F̂ also serves as an s-free

remodeling of (4.63). Then, the Moore-Penrose projection P induced by (4.47) and
(4.63) agree and the differential and algebraic components xd, xa used in the decom-
position of (4.47) and (4.63) agree. For the local Moore-Penrose parameterization and
the vector field induced by (4.63), however, assume that they are given by the implicit
functions gMP,1 ∈ C1(I1 × U(xd,1),U(xa,1)) and hMP,1 ∈ C1(I1 × U(xd,1),U(ẋd,1)). As
the domains of definition of gMP,0, gMP,1, hMP,0, hMP,1 are open, we can assume with-
out loss of generality, that there exists a nonempty interval I∩ ⊂ I0 ∩ I1 such that
xd(t) ∈ U(xd,∩) := U(xd,0) ∩ U(xd,1) on I∩. On I∩, both gMP,0 and gMP,1 parameterize
MF (t0, x0), implying that

xa(t) = gMP,0(t, xd(t)) = gMP,1(t, xd(t)). (4.64)

Since gMP i ∈ C1(Ii ×U(xd,i),U(xa,i)) for i = 0, 1, and gMP i ∈ C1(I∩ ×U(xd,∩),Rn), in
particular, the identity (4.64) implies that the function

gMP (t, xd) :=

{
gMP,0(t, xd(t)), t ∈ [t0, tm),

gMP,1(t, xa(t)), t ∈ [tm, t1,r),
(4.65)

satisfies gMP ∈ C1((I0∪I1)×(U(xd,0)∪U(xd,1)),Uex), where Uex ⊂ U(xa,0)∪U(xa,1) and
t1,r = sup I1. Similarly, on I∩, the components ẋd are equally and uniquely specified by
the functions hMP,0 and hMP,1, implying that

ẋd(t) = hMP,0(t, xd(t)) = hMP,1(t, xd(t)). (4.66)

Since hMP i ∈ C1(Ii×U(xd,i),Rn) for i = 0, 1 and hMP,0, hMP,1 ∈ C1(I∩×U(xd,∩),Rn),
in particular, then (4.66) implies that the function

hMP (t, xd) :=

{
hMP,0(t, xd(t)), t ∈ [t0, tm),

hMP,1(t, xd(t)), t ∈ [tm, t1,r),
(4.67)

satisfies hMP ∈ C1((I0∪I1)×U(xd,0)∪U(xd,1),Rn). Repeating this continuation process
along x, we can successively extend the local parameterization gMP and the vector field
hMP along x to functions on [t0, t̂

+
0 ).
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It remains to show that the Moore-Penrose parameterization and vector field gMP , hMP

do not depend on the choice of the s-free formulation F̂ . If F̂ , F̃ ∈ C2([t0, t̂
+
0 )× Û(x)×

Û(ẋ),Rn) are two s-free formulations of F ∈ Cµ+2(D,Rn), then there exist pointwise
orthogonal matrix functions U1 ∈ Rd×d, U2 ∈ C2(U(zµ,0),Ra×a), such that

F̃ (t, x, ẋ) = UT (zµ)F̂ (t, x, ẋ), (4.68)

where zµ = (t, x, ẋ, ..., x(µ+1)), cp. Theorem 4.2.1. The two s-free formulations

F̂ (t, x, ẋ) = 0, x(t0) = x0,

F̃ (t, x, ẋ) = 0, (t0) = x0

of the initial value problem (4.47) can be remodeled according to Theorem 4.3.1. More
exactly, we can construct local Moore-Penrose parameterizations gMP , g̃MP ∈ C1(I0 ×
U(xd,0),U(xa,0)) and local inherent vector fields hMP , h̃MP ∈ C1(I0 × U(xd,0),U(ẋd,0))
that satisfy

F̂ (t, xd + gMP (t, xd), hMP (t, xd) + ġMP (t, xd)) = 0,

F̃ (t, xd + g̃MP (t, xd), h̃MP (t, xd) + ˙̃gMP (t, xd)) = 0.

Along x, the Moore-Penrose projections induced by F̂ , F̃ agree, cp. Lemma 4.3.1, imply-
ing that the differential and algebraic variables xd, xa coincide. Regarding the relation
(4.68) of F̃ , F̂ and noting that U is pointwise orthogonal, then the functions h̃MP , g̃MP

induced by F̃ also solve

F̂ (t, xd + g̃MP (t, xd), h̃MP (t, xd) + ˙̃gMP (t, xd)) = 0. (4.69)

As the functions gMP , hMP are the unique solutions of the implicit equation F̂ (t, xd +
gMP (t, xd), h(t, xd) = 0, cp. Theorem 3.1.2 and Corollary 3.1.3, it follows that h̃MP =
hMP and g̃MP = gMP .

Regarding Lemma 4.3.4, we assume in the following that the Moore-Penrose parameter-
ization gMP and the vector field hMP are smoothly defined along the solution of (4.47).
In this case, we call gMP and hMP the Moore-Penrose parameterization and the vector
field induced by the initial value problem (4.47) .

As the differential equation (4.56a) is explicit in the components xd, we can successively
compute a solution of (4.56) using the flow ΦhMP

of the Moore-Penrose vector field hMP .

Lemma 4.3.5. Consider the initial value problem (4.47) and let x ∈ C1([t0, t̂
+
0 ),Rn)

be the solution. Let P ∈ C1([t0, t̂
+
0 )× UPMP

(x)× UPMP
(ẋ),Rn×n) be the Moore-Penrose

projection, gMP ∈ C1([t0, t̂
+
0 ) × U(xa),U(xd)) the Moore-Penrose parameterization and

let hMP ∈ C1([t0, t̂
+
0 )×U(xd),Rn) be the vector field induced by (4.47). Let ΦhMP

be the
flow of the Moore-Penrose vector field hMP .
On [t0, t̂

+
0 ), the solution x ∈ C1([t0, t̂

+
0 ),Rn) of (4.47) is given by

x(t) = Φt
hMP

(t0, PMP (z0)x0) + gMP (t,Φt
hMP

(t0, PMP (z0)x0)). (4.70)
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Proof. Along the solution x, on [t0, t̂
+
0 ), the initial value problem (4.47) can be decoupled

according to Theorem 4.3.1, (4.56). With hMP ∈ C1([t0, t̂
+
0 )×U(xd),Rn), the differential

equation (4.56a), defines the flow ΦhMP
, cp. Lemma 2.6.1. On [t0, t̂

+
0 ), then the solution

of (4.56a) is uniquely given by

xd(t) = Φt
hMP

(t0, PMP (z0)x0). (4.71a)

Inserting (4.71a) into the equation (4.56b), we obtain that

xa(t) = gMP (t,Φt
hMP

(t0, PMP (z0)x0)). (4.71b)

Since x = xd + xa, this implies that the right-hand side of (4.70) is the unique solution
of the decomposed system (4.56). As the decomposition (4.56) and the original problem
(4.47) both specify the same unique solution on [t0, t̂

+
0 ), cp. Theorem 4.3.1, we have

verified the identity in (4.70). Considering

ẋ(t) = hMP (t,Φt
hMP

(t0, PMP (z0)x0)) + ġMP (t,Φt
hMP

(t0, PMP (z0)x0))

and noting that PMP ∈ C1([t0, t̂
+
0 ) × UPMP

(x) × UPMP
(ẋ),Rn×n), gMP ∈ C1([t0, t̂

+
0 ) ×

U(xa),U(xd)) and hMP ∈ C1([t0, t̂
+
0 ) × U(xd),Rn), we have further verified that the

representation (4.70) is continuously differentiable on [t0, t̂
+
0 ).

The solution formula (4.70) illustrates that only the components PMP (z0)x0 ∈ Xd(z0)
are evolved by a flow, while the components in Xa are specified by the constraints gMP .
Like the remodeling (4.56), the solution formula (4.70) is given implicitly only as the
Moore-Penrose parameterization gMP and vector field hMP are constructed along the
solution of (4.47). For an explicit solution formula that is locally defined in the neigh-
borhood of (t0, x0) ∈ Cµ+1, we refer to Corollary 4.3.1.

For every consistent initial value (t0, x0) ∈ Cµ+1, Lemma 4.3.5 presents a closed solution
formula that is defined on the full interval of existence [t0, t̂

+
0 ). As every (t0, x0) ∈ Cµ+1

is contained in exactly one solution of (4.47a), this observation motivates the definition
of a flow associated with the DAE (4.47a).

Theorem 4.3.2. Consider the DAE (4.47a). On an open set I × Ω̂ containing the set
Cµ+1, there exists a function ΦF : I ×I × Ω̂→ Rn, (t, t0, x0) 7→ Φt

F (t0, x0), that satisfies
the following properties for every (t0, x0) ∈ Cµ+1.

(i) On [t0, t̂
+
0 ), the function Φ

(·)
F (t0, x0) solves the initial value problem (4.47) and

Φ
(·)
F (t0, x0) ∈ C1([t0, t̂

+
0 ),Rn).

(ii) On [t0, t̂
+
0 ), Φt

F (t0, x0) ∈
(
MF (t0, x0) ∩ Cµ+1

)
(t).

(iii) On [t0, t̂
+
0 ), the function Φ

(·)
F (t0, x0) is given by

Φt
F (t0, x0) = Φt

hMP

(
t0, PMP (z0)x0

)
+ gMP

(
t,Φt

hMP
(t0, PMP (z0)x0)

)
, (4.72)
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for z0 = (t0, x0, ẋ(t0)), where x is the solution of the initial value problem (4.47)
and PMP ∈ C1([t0, t̂

+
0 )×UPMP

(x)×UPMP
(ẋ),Rn×n) is the Moore-Penrose projec-

tion, gMP ∈ C1([t0, t̂
+
0 ) × U(xa),U(xd)) the Moore-Penrose parameterization and

hMP ∈ C1([t0, t̂
+
0 )× U(xd),Rn) the vector field with flow ΦhMP

.

(iv) On [t0, t̂
+
0 ), the function Φ

(·)
F (t0, x0) satisfies

Φt0
F (t0, x0) = PMP (z0)x0 + gMP (t0, PMP (z0)x0), (4.73a)

Φt
F (s,Φs

F (t0, x0)) = Φt
F (t0, x0), (4.73b)

F (t,Φt
F (t0, x0), Φ̇t

F (t0, x0)) = 0, (4.73c)

and furthermore,

PMP

(
t,Φt

F (t0, x0), Φ̇t
F (t0, x0)

)
Φt
F (t0, x0) = Φt

hMP

(
t0, PMP (z0)x0

)
, (4.74a)

P⊥MP

(
t,Φt

F (t0, x0), Φ̇t
F (t0, x0)

)
Φt
F (t0, x0) = gMP

(
t,Φt

hMP
(t0, PMP (z0)x0)

)
.

(4.74b)

The function ΦF is uniquely defined by F .

Proof. The initial value problem (4.47) has the unique solution x ∈ C1([t0, t̂
+
0 ),Rn), cp.

Theorem 4.2.1, and, on [t0, t̂
+
0 ), this solution is given by (4.70). If Φ

(·)
F (t0, x0) is given by

(4.72), this implies that Φ
(·)
F satisfies assertion (i). By Remark 4.2.1 and the definition

of [t0, t̂
+
0 ), every solution x ∈ C1([t0, t̂

+
0 ),Rn) can be extended to a path in Lµ+1, such

that x(t) ∈ Cµ+1(t) on [t0, t̂
+
0 ). As x(t) ∈ MF (t0, x0)(t) on [t0, t̂

+
0 ), cp. Corollary 4.2.1,

this proves the assertion (ii).
Along the solution x of (4.47), the Moore-Penrose vector field hMP satisfies hMP (t, xd) ∈
Tz Xd(t, x, ẋ) on [t0, t̂

+
0 ), cp. Theorem 4.3.1. Following the arguments in Theorem

3.2.2, then the flow ΦhMP
satisfies Φt

hMP
(t0, PMP (z0)x0) ∈ Xd

(
t,Φt

F (t0, x0), Φ̇t
F (t0, x0)

)
on [t0, t̂

+
0 ). As PMP is the orthogonal projection onto Xd(z), it follows that

P⊥MP

(
t,Φt

F (t0, x0), Φ̇t
F (t0, x0)

)
Φt
hMP

(t0, x0) = 0 (4.75)

for t ∈ [t0, t̂
+
0 ). For the Moore-Penrose parameterization gMP , constructed as implicit

function using PMP , we have that

PMP

(
t,Φt

F (t0, x0), Φ̇t
F (t0, x0)

)
gMP

(
t,Φt

h(t0, PMP (z0)x0)
)

= 0 (4.76)

for t ∈ [t0, t̂
+
0 ), cp. Theorem 3.10. From (4.75) and (4.76), we conclude that Φ

(·)
F (t0, x0)

satisfies (4.74) on [t0, t̂
+
0 ). Using (4.74a), in particular, we obtain that

Φt
F

(
s,Φs

F (t0, x0)
)

= Φt
hMP

(
s,Φs

hMP
(t0, PMP (z0)x0)

)
+ gMP

(
t,Φt

hMP

(
s,Φs

hMP
(t0, PMP (z0)x0)

))
,
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and exploiting that

Φt
hMP

(s,Φs
hMP

(t0, PMP (z0)x0)) = Φt
hMP

(t0, PMP (z0)x0),

we have proved the composition property (4.73b). Considering Φt
F (t0, x0) in t = t0 and

noting that Φt0
hMP

(t0, PMP (z0)x0) = PMP (z0)x0, we obtain property (4.73a). Property
(4.73c) follows from proposition (i), noting that (4.47) is uniquely solvable.
For the uniqueness of ΦF , we note that the Moore-Penrose projection PMP and the
functions gMP , hMP are independent of the chosen remodeling F̂ of (4.47), if the size µ
of the derivative array is specified, cp. Lemma 4.3.1 and Lemma 4.3.4. Consequently,

the function Φ
(·)
F (t0, x0) is uniquely defined by the function (4.47).

The given arguments apply to every initial value problem (4.47). Constructing the set
Ω from the neighborhoods on which the Moore-Penrose parameterizations and vector
fields are defined, this observation proves the existence of the proposed function ΦF .

The function ΦF uniquely relates a consistent initial value (t0, x0) ∈ Cµ+1 with the

associated solution Φ
(·)
F (t0, x0) of the initial value problem (4.47). The properties (4.73a)

and (4.73c) reflect this solution property of Φ
(·)
F (t0, x0), while property (4.73b) allows

to extend Φ
(·)
F (t0, x0) to the full interval of existence [t0, t̂

+
0 ). Comparing the properties

(4.73) with the characterizing properties of the ODE flow Φf given in Lemma 2.6.1,
we observe that Theorem 4.3.2 extends the concept of a flow to DAEs with regular
s-index. Indeed, if F (t, x, ẋ) = ẋ − f(t, x) with f ∈ CLip

loc (I × Ωx), then PMP = In,
gMP ≡ 0, hMP = f and the properties (4.73) reduce to the properties (2.69). As these
properties uniquely characterize the function Φf , it follows that ΦF = Φf . Due to these
observations, we call the function ΦF the flow associated with the DAE (4.47a).

The projection properties (4.74) allow to access the differential and algebraic solution
components xd ∈ Xd(t, x, ẋ) and xa ∈ Xa(t, x, ẋ) by projecting with PMP (t, x, ẋ) and
P⊥MP (t, x, ẋ), respectively. Analyzing system properties like stability or positivity, this
allows to specify the condition on the differential and algebraic solution components.

Based on the implicit variable decomposition with P (t, x, ẋ), the representation (4.72)
of the flow ΦF is given implicitly only. Locally, in the neighborhood of (t0, x0), we can
explicitly compute the flow ΦF using a constant variable decomposition, cp. Corollary
4.3.1

The flow is defined on an open set I × Ω̂ containing the set of sufficiently smooth initial

values Cµ+1. On Cµ+1, the function Φ
(·)
F (t0, x0) represents a solution of the DAE (4.47a).

For values (t0, x0) /∈ Cµ+1, the function Φ
(·)
F (t0, x0) may solve the DAE but not the

derivative array.

Remark 4.3.2. If F ∈ Cµ+1
µ,d,a(D,R

n) and (t0, x(t0)) ∈ Cµ is such that the initial value
problem

F (t, x, ẋ) = 0, x(t0) = x0 (4.77)
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is uniquely solvable with x ∈ Cµ+1((t−0 , t
+
0 ),Rn), then the presented results apply to the

particular problem (4.77). Along x, (4.77) can be remodeled according to Theorem 4.3.1
and x can be represented with the solution formula (4.70).
However, as the existence of a unique solution for an arbitrary initial value (t0, x0) ∈
Cµ is not ensured in general, we cannot extend the definition of a flow for the DAE
F (t, x, ẋ) = 0.

Remark 4.3.3. The remodeling (4.56) is independent of the minimality of µ. If F has
s-index µs, the remodeling and the flow can be computed for every value µ ≥ µs, for
which F ∈ Cµ+2

µ,d,a,reg(D,Rn).

Remark 4.3.4. For many applications in biological or chemical engineering, where the
constraints arise from steady state assumptions or equilibrium conditions, the systems
are quasilinear, i.e., F (t, x, ẋ) = E(t)ẋ − f(t, x) for a function f ∈ C1(I × Ωx). Then,
the Moore-Penrose projection PMP = Ê+Ê is globally defined on I × Rn, where I is a
suitable interval such that the rank assertions of Hypothesis 4.2.1 are satisfied on I. The
domain of definition of the parameterization g depends on the nonlinearity of the function
f with respect to the components xa(t) ∈ Xa(t). If, e.g., the constraints are linear, then
(4.56) is globally defined on I. In many applications, we even have E(t) = diag (I, 0),
yielding a constant projection PMP = diag (I, 0). Then, again, the domain of definition
of the decomposition (4.56) depends on the solvability of the constraints.

4.3.2 Explicit remodeling using constant Moore-Penrose projections

For the initial value problem (4.47), the decoupled system (4.56) derived in Theorem 4.3.1
is obtained by a variable decomposition along the solution x. This implicit decomposition
allows to separate the differential and algebraic components smoothly along the full
interval of existence [t0, t̂

+
0 ), cp. Lemma 4.3.4, and gives rise to the definition of the flow

ΦF in Theorem 4.3.2.
To compute the flow ΦF explicitly, however, we need an explicit variable decomposition
that is independent of a particular solution x. For a consistent initial value (t0, x0) ∈
Cµ+1, we consider the remodeling of (4.47) by a constant projection PMP (t0, x0, v0).

Lemma 4.3.6. For (t0, x0) ∈ Cµ+1, consider the initial value problem (4.47). Let v0 ∈
Rn be such that (t0, x0, v0) ∈ Lµ+1 and set z0 := (t0, x0, v0). Let F̂ ∈ C2([t0, t̂

+
0 )×Û(x)×

Û(ẋ),Rn) be an s-free remodeling and let PMP ∈ C1([t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ),Rn) be

the Moore-Penrose parameterization induced by (4.47). On [t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ),

set xd = PMP (z0)x and xa = P⊥MP (t0, x0, v0)x.
There exists an interval I0 ⊂ [t0, t̂

+
0 ), on which the solution of (4.47) is the unique

solution of

ẋd = hMP,0(t, xd), xd(t0) = PMP (z0)x0, (4.78a)

xa = gMP,0(t, xd). (4.78b)
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The function gMP,0 ∈ C1(I0 × U(xd,0),U(xa,0)) is a parameterization of the solution

manifold MF (t0, x0) induced by P (z0) and F̂2. The function hMP,0 ∈ C1(I0×U(xd,0),Rn)

is the inherent vector field induced by P (z0) and F̂1, i.e.,

hMP,0(t, xd) = ĥ
(
t, xd, gMP,0(t, xd), ġMP,0(t0, xd,0) + Ṗ⊥MP (z0)(xd,0 + xa,0)

)
+ ṖMP (z0)(xd + xa), (4.79)

where ĥ ∈ C(I0 × U(xd,0)× U(xa,0),U(ẋd,0)) is the implicit solution of

F̂1

(
t, xd + xa, ĥ(t, xd, xa, ġMP,0(t0, xd,0)) + P⊥MP (z0)ġMP,0(t0, xd,0)

)
= 0.

The functions gMP,0 and hMP,0 satisfy gMP,0(t, xd) ∈ ker(PMP (z0)) and hMP,0(t, xd) ∈
ker(P⊥MP (z0)) + (ṖMPP )(z0).

Proof. For the initial condition (t0, x0) ∈ Cµ+1, we choose v0 ∈ Rn such that z0 =
(t0, x0, v0) ∈ Lµ+1. In z0, P and F̂2 satisfy condition (4.51) of Lemma 4.3.2, and by
Lemma 3.1.5, there exists a neighborhood Ĩ0× Ũ(x0), on which PMP (z0) is a specifying
projection for the solution manifold MF (t0, x0). Choosing Ĩ0 × Ũ(x0) sufficiently small,
there further exists a function gMP,0 ∈ C1(I0 × U(xd,0),U(xa,0)) that parameterizes
MF (t0, x0) via the components xd = PMP (z0)x and xa = P⊥MP (z0)x, cp. Lemma 3.1.5.
The parameterization gMP,0 and the projection PMP (z0) induce a characterizing function
PMP,0 ∈ C1(Ĩ0 × Ũ(x0),Rn×n) given by PMP,0(t, x) = PMP (z0)x+ gMP,0(t, PMP (z0)x),
cp. Lemma 3.1.5.
Using the parameterization gMP,0 and the characterizing function PMP,0, we can follow
the remodeling steps of Theorem 4.3.1 and prove that, on an interval I0 ⊂ I, the solution
x ∈ C1([t0, t̂

+
0 ),Rn) of (4.47) solves the remodeled system (4.78) via the components

xd, xa.
The identities gMP,0(t, xd) ∈ ker(PMP (z0)), hMP,0(t, xd) ∈ ker(P⊥MP (z0)) + (ṖMPP )(z0)
follow from the construction of gMP,0 and hMP,0 by Theorem 3.1.2 and Lemma 3.1.3.

We call the parameterization gMP,0 and the vector field hMP,0 the local Moore-Penrose
parameterization and the local Moore-Penrose vector field obtained by a constant projec-
tion. Accordingly, we call the decomposition (4.78) the local Moore-Penrose remodeling
obtained by a constant projection.

The remodeling (4.78) can be computed locally around a consistent initial value (t0, x0) ∈
Cµ+1. The remodeling is independent of the associated solution or a special choice of the
vector v0 ∈ Rn. Consequently, (4.78) yields a necessary and sufficient condition whether
a function x solves the initial value problem (4.47).

Following the arguments of Lemma 4.3.5, we can explicitly compute the solution of
(4.47) from the decomposition (4.78).

Corollary 4.3.1. For (t0, x0) ∈ Cµ+1, consider the initial value problem (4.47). Let
v0 ∈ Rn be such that z0 = (t0, x0, v0) ∈ Lµ+1. Let PMP ∈ C1([t0, t̂

+
0 ) × UPMP

(x) ×
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UPMP
(ẋ),Rn) be the Moore-Penrose parameterization induced by (4.47) and let gMP,0 ∈

C1(I0 × U(xd,0),U(xa,0)) and hMP,0 ∈ C1(I0 × U(xd,0),Rn) be the Moore-Penrose pa-
rameterization and the vector field induced by the constant Moore-Penrose projection
PMP (z0). Let ΦhMP,0

be the flow of the Moore-Penrose vector field hMP,0.

On I0, the solution x ∈ C1([t0, t̂
+
0 ),Rn) of (4.47) is given by

x(t) = Φt
hMP,0

(
t0, PMP (z0)x0

)
+ gMP,0

(
t,Φt

hMP,0

(
t0, PMP (z0

)
x0)
)
. (4.80)

Obtained by a constant projection, the formula (4.80) locally yields an explicit repre-
sentation of the solution x. As the constant variable decomposition xd = PMP (z0),
xa = P⊥MP (z0)x by PMP (z0) is not smoothly extendable along x in general, the Moore-
Penrose parameterization gMP,0 and the vector field hMP,0 are not extendable smoothly
to the full interval [t0, t̂

+
0 ) neither. Thus, the solution formula (4.80) indeed is only

locally defined.

The remodeling by a constant projection and the associated solution formula can be
constructed around every initial value (t0, x0) ∈ Cµ+1. For the flow ΦF , this implies
that, locally, we can compute ΦF explicitly.

Corollary 4.3.2. Consider the DAE (4.47a) with flow ΦF . For (t0, x0) ∈ Cµ+1, let
v0 ∈ Rn be such that z0 = (t0, x0, v0) ∈ Lµ+1. Let PMP ∈ C1([t0, t̂

+
0 ) × UPMP

(x) ×
UPMP

(ẋ),Rn) be the Moore-Penrose parameterization induced by (4.47) and let gMP,0 ∈
C1(I0 × U(xd,0),U(xa,0)) and hMP,0 ∈ C1(I0 × U(xd,0),Rn) be the Moore-Penrose pa-
rameterization and the vector field induced by the constant Moore-Penrose projection
PMP (z0). Let ΦhMP,0

be the flow of the Moore-Penrose vector field hMP,0.

For every (t0, x0) ∈ Cµ+1, there exists an interval I0 ⊂ [t0, t̂
+
0 ), on which the flow ΦF is

given by

Φt
F (t0, x0) = Φt

hMP,0

(
t0, PMP (z0)x0

)
+ gMP,0

(
t,Φt

hMP,0

(
t0, PMP (z0

)
x0)
)
. (4.81)

On I0, the flow ΦF satisfies

PMP (z0)Φt
F (t0, x0) = Φt

hMP,0
(t0, PMP (z0)x0), (4.82a)

P⊥MP (z0)Φt
F (t0, x0) = gMP,0(t,Φt

hMP,0
(t0, PMP (z0)x0)). (4.82b)

Solving the decoupled system (4.78) numerically, the projection properties (4.82) allow
to check the consistency of the numerical solution x∆ by projecting with PMP (z0) and
P⊥MP (z0), respectively, and testing the relation x∆,N,a = g(tN , x∆,N,d). As the projections
PMP (z0), P⊥MP (z0) are constant, this test is independent of the numerical solution.

4.3.3 Linearization of the flow

For the invariance and positivity analysis the DAE (4.47a), we study the linearization of
the flow ΦF . For every (t0, x0) ∈ Cµ+1, the initial value problem (4.47) has the unique
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solution x ∈ C1([t0, t̂
+
0 ),Rn). Hence, every (t0, x0) ∈ Cµ+1 uniquely determines a vector

ẋ0 ∈ Rn that satisfies ẋ0 = ẋ(t0). Using the flow ΦF induced by (4.47a), we formulate
this unique relation by a function.

Definition 4.3.1. Consider the DAE (4.47a) and let ΦF be the associated flow. We
call the function TF (t0, x0) := Φ̇t0

F (t0, x0) the tangent field of ΦF .

If F (t, x, ẋ) = ẋ−f(t, x) with f ∈ CLip
loc (I×Ωx,Rn), then ΦF = Φf and Φ̇t

F (t, x) = f(t, x)
on I × Ω. Thus, the tangent field TF coincides with the vector field f .

Like the flow ΦF , the tangent field TF is defined on the open set I × Ω̂ containing the
set of sufficiently smooth initial values Cµ+1. For (t0, x0) ∈ Cµ+1, the tangent field TF
represents the time derivative of a solution x running through x0 in time t0. For values
(t0, x0) /∈ Cµ+1, the function TF still is the time derivative of the function ΦF , but is not
related to a solution of the DAE (4.47a).

Using the representation (4.72) of the flow Φf obtained by a variable decomposition
along the solutions of (4.47a), then, on Cµ+1, the tangent field TF satisfies the implicit
equation

TF (t0, x0) = hMP

(
t0, PMP (t0, x0, TF (t0, x0))x0

)
+ ġMP

(
t0, PMP (t0, x0, TF (t0, x0))x0

)
, (4.83)

where PMP ∈ C1([t0, t̂
+
0 )×UPMP

(x)×UPMP
(ẋ),Rn×n), gMP ∈ C1(I0×U(xd,0),U(xa,0))

and hMP ∈ C1(I0×U(xd,0),Rn) are the Moore-Penrose projection, the parameterization
and the inherent vector field induced by the initial value problem (4.47).

Using the explicit representation (4.81) of the flow ΦF obtained by a constant variable
decomposition, we can explicitly compute TF .

Lemma 4.3.7. Consider the DAE (4.47a) with flow ΦF . For (t0, x0) ∈ Cµ+1, let v0 ∈ Rn
be such that z0 = (t0, x0, v0) ∈ Lµ+1. Let PMP ∈ C1([t0, t̂

+
0 )×UPMP

(x)×UPMP
(ẋ),Rn) be

the Moore-Penrose projection induced by (4.47) and let gMP,0 ∈ C1(I0×U(xd,0),U(xa,0))
and hMP,0 ∈ C1(I0×U(xd,0),Rn) be the Moore-Penrose parameterization and the vector
field induced by the constant Moore-Penrose projection PMP (z0). Then, the tangent field
TF is given by

TF (t0, x0) = hMP,0

(
t0, PMP (z0)x0

)
+ ġMP,0

(
t0, PMP (z0)x0

)
. (4.84)

Proof. For (t0, x0) ∈ Cµ+1 and v0 ∈ Rn such that z0 = (t0, x0, v0) ∈ Lµ+1, there exists

an interval I0 on which the solution Φ
(·)
F (t0, x0) is given by

Φt
F (t0, x0) = Φt

hMP,0
(t0, PMP (z0)x0) + gMP,0(t,Φt

hMP,0
(t0, PMP (z0)x0)),

where gMP,0 ∈ C1(I0×U(xd,0),U(xa,0)) and hMP,0 ∈ C1(I0×U(xd,0),Rn) are the Moore-
Penrose parameterization and the vector field induced by the constant Moore-Penrose
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projection PMP (z0) and ΦhMP,0
is the flow of the Moore-Penrose vector field hMP , cp.

Corollary 4.3.1. Considering the time derivative Φ̇
(·)
F (t0, x0), then we get that

Φ̇
(·)
F (t0, x0) = hMP,0

(
t,Φt

hMP,0
(t0, PMP (z0)x0

)
+ ġMP,0

(
t,Φt

hMP,0
(t0, PMP (z0)x0

)
.

Considering t = t0, in particular, then we obtain the proposed formula for TF (t0, x0).

Lemma 4.3.7 allows to compute the tangent field from a consistent initial value (t0, x0)
using the Moore-Penrose parameterization gMP,0 and the vector field hMP,0 that are
induced by a constant projection PMP (z0), where z0 = (t0, x0, v0) ∈ Lµ+1.

We use the explicit representation of TF to study the invariance and positivity of (4.47a)
in Section 4.4 and Section 5.3.

Autonomization of DAEs

Preparing the analysis of invariant sets and positivity, we study the autonomization of
a regular DAE with well-defined strangeness index and its associated flow.

Like for ODEs, a non-autonomous problem F (t, x, ẋ) = 0 can be transformed into the
autonomous problem, cp. [95, p. 159],

Faut(z, ż) = 0, (4.85a)

Faut(z, ż) :=

[
ṫ− 1

F (t, x, ẋ)

]
, z :=

[
t
x

]
, ż :=

[
ṫ
ẋ

]
. (4.85b)

If F ∈ Cµ+1
µ,d,a(D,R

n), then Faut ∈ Cµ+1
µ,d+1,a(Ωx × Ωẋ,Rn+1), cp. [95, p. 159]. Hence, if

F ∈ Cµ+2
µ,d,a,reg(D,Rn), then Faut ∈ C

µ+2
µ,d,a,reg(D,Rn) and the flows are related by

Φt
Faut

(t0) =

[
t

Φt
F (t0, x0)

]
, (4.86)

i.e., ΦFaut
= ΦF,aut. This observation follows by direct calculation. For the tangent field

TF , it follows that

TFaut
(t0) =

[
1

TF (t0, x0)

]
, (4.87)

i.e., TFaut
(t0) = TF,aut(t0).

4.3.4 Linear differential-algebraic equations

For linear systems, the s-free remodeling (4.42) is globally defined on I×Rn, independent
of a particular initial value. Thus, we can globalize the results of Section 4.3.1 and,
exploiting linearity, specify the flow formula.



4.3. The projection concept 143

In the linear case, the initial value problem (4.47) reads

Eẋ = Ax+ b, E,A ∈ Cµ+1
µ,d,a(I,R

n×n), b ∈ Cµ+1(I,Rn), (4.88a)

x(t0) = x0, (t0, x0) ∈ CE,A,b. (4.88b)

For an s-free remodeling Ê, Â ∈ C1(I,Rn×n), b ∈ C1(I,Rn) of (4.88), the Jacobian
F̂ẋ(t, x, ẋ) = Ê(t) of F̂ (t, x, ẋ) = Êẋ− Âx− b̂ is independent of the state x. Hence, the
Moore-Penrose projections PMP , QMP defined in (4.48) are globally defined on I × Rn
by

PMP (t) = (Ê+Ê)(t), QMP (t) = (ÊÊ+)(t). (4.89)

The spaces Xd(t) = coker(PMP (t)), Xa(t) = ker(PMP (t)), induce the linear subspaces

Xd =
⋃
t∈I

{
{t} × Xd(t)

}
, Xa(t) =

⋃
t∈I

{
{t} × Xa(t)

}
. (4.90)

As the Moore-Penrose projections PMP , QMP are independent of the initial values, we
call PMP , QMP the Moore-Penrose projections induced by the DAE (4.88a).

Consequently, the solvability condition of Lemma 4.3.2 is satisfied globally on I × Rn.

Corollary 4.3.3. Consider the DAE (4.88a). Let Ê, Â ∈ C1(I,Rn×n) be an s-free
remodeling and let PMP , QMP ∈ C1(I,Rn×n) be the Moore-Penrose projections induced
by (4.88a). On I, then(

Q⊥MP ÂP
⊥
MP )+

(
Q⊥MP ÂP

⊥
MP

)
(t) = P⊥MP (t), (4.91a)(

Q⊥MP ÂP
⊥
MP )

(
Q⊥MP ÂP

⊥
MP

)+
(t) = Q⊥MP . (4.91b)

Proof. The assertion follows from Lemma 4.3.2 noting that, along the solution x ∈
C1(I,Rn) of (4.88), the Jacobian F̂x(t, x, ẋ) = Â(t), F̂ = Ê(t)ẋ− Â(t)x, and the Moore-
Penrose projections PMP , QMP are independent of the state x.

Like for nonlinear systems, Corollary 4.3.3 allows to check whether a numerically com-
puted s-index µs indeed leads to an s-free system, cp. Remark 4.3.1.

For linear problems, the solution manifold MF (t0, x0) is independent of (t0, x0) and
agrees with the set of consistent initial values CE,A,b, cp. Lemma 4.2.2. Combining
Corollary 4.3.3 and Lemma 4.3.3, we can explicitly compute the Moore-Penrose param-
eterization gMP and the characterizing function PMP induced by (4.88a). On I × Rn,
we set

xd = PMP (t)x, xa = P⊥MP (t)x. (4.92)

Lemma 4.3.8. Consider the DAE (4.88a). Let Ê, Â ∈ C1(I,Rn×n) and b̂ ∈ C1(I,Rn)
be an s-free remodeling and let PMP , QMP ∈ C1(I,Rn×n) be the Moore-Penrose projec-
tions induced by (4.88a). On I × Rn, consider the variable decomposition (4.92).
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1. The Moore-Penrose parameterization gMP ∈ C1(I×Xd(·),Xa(·)) induced by (4.88a)
is the affine transformation

gMP (t, xd) = Da(t)xd − ba(t), (4.93)

where Da := (Â2P
⊥
MP )+Â2 and ba := (Â2P

⊥
MP )+b̂2.

2. The characterizing Moore-Penrose function PMP,−ba ∈ C1(I × Rn,Rn×n) induced
by (4.88a) is the affine projection

PMP,−ba(t, x) = PMP (t)x− ba(t), (4.94)

where PMP := (In −Da)PMP is a projection onto CE,A. The complement is given
by PMP

c = P⊥MP +Da. On I, then ker(PMP ) = ker(PMP ).

Proof. 1. For the linear initial value problem (4.88), the solution manifold MF (t0, x0)
agrees with the subspace of consistent initial values CE,A,b, cp. Lemma 4.2.2. A

globally defining function F̂2(t, x) = Â2(t)x + b̂2(t) is given by a s-free remodeling
Ê, Â ∈ C1(I,Rn×n), b̂ ∈ C1(I,Rn), cp. Lemma 4.2.2. As Q⊥MP =

[
0 0
0 Ia

]
on I, then

Corollary 4.3.3 implies that PMP is a specifying projection of CE,A with locally defining

function Â2 and the assertion follows from Corollary 3.1.3, (3.39).

2. Using proposition 1., the assertion follows from Corollary 3.43.

Hence, for linear DAEs, the Moore-Penrose parameterization gMP is an affine transfor-
mation that parameterizes the set CE,A,b in terms of the components xd. The character-
izing function PMP is an affine projection onto CE,A,b.
As these functions are independent of the initial values, we call gMP and PMP the Moore-
Penrose parameterization and characterizing function induced by the DAE (4.88a).

With the linear parameterization, we can decouple a linear DAE into a set of affine linear
differential and algebraic equations.

Theorem 4.3.3. Consider the DAE (4.88). Let Ê, Â ∈ C1(I,Rn×n), b̂ ∈ C1(I,Rn)
be an s-free remodeling, PMP ∈ C1(I,Rn) the Moore-Penrose projection and gMP ∈
C1(I ×Rn,Rn) and the Moore-Penrose parameterization induced by (4.88). On I ×Rn,
consider the variable decomposition (4.92).
A function x ∈ C1(I,Rn) solves the initial value problem (4.88) on I if and only if the
components xd, xa solve the decoupled initial value problem

ẋd = Ddxd + bd, xd(t0) = xd,0, (4.95a)

xa = −Daxd − ba. (4.95b)

The Moore-Penrose vector field hMP ∈ C1(I ×Xd(·),Rn×n) is the affine transformation

hMP (t, x) := Dd(t)x+ bd(t), (4.96)

where Dd := (Ê+Â+ ṖMP )PMP and bd := Ê+b̂− (Ê+Â+ ṖMP )ba.
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Proof. The initial value problem (4.88) is uniquely solvable on I with x ∈ C1(I,Rn)
and this solution x is the unique solution of the s-free remodeling (4.42), cp. Theorem
4.2.3. To prove the assertion, it is thus sufficient to show that a function x ∈ C1(I,Rn)
solves (4.42) if and only if x solves (4.95) on I.

⇒ Let x ∈ C1(I,Rn) solve (4.88) on I. Set xd = PMPx, xa = P⊥MPx. Then, x(t) ∈
CE,A,b(t) for t ∈ I, cp. Lemma 4.2.2, and, as gMP parameterizes CE,A,b, cp. Lemma
4.3.8, we have that xa = gMP (t, xd), i.e., x satisfies (4.95b). For (4.95a), multiplying
Êẋ = Âx+ f̂ by Ê+, we obtain that

PMP (ẋd + ẋa) = Ê+Â(xd + xa) + Ê+f̂ . (4.97)

On I, we have that PMPxa = 0, implying that ẋa = P⊥MP ẋa+ Ṗ⊥MPxa. By Lemma 2.2.3,
it holds that Ṗ⊥MP = −ṖMP on I and this implies that PMP ẋa = −ṖMPxa. Similarly,
we have that ẋd = PMP ẋd + ṖMPxd, and concluding from (4.97), we find that, on I, x
solves

ẋd = (Ê+Â+ ṖMP )(xd + xa) + Ê+b̂.

Inserting xa = −Daxd − ba, it follows that, on I, x solves

ẋd = (Ê+Â+ ṖMP )(PMP −Da)xd + Ê+b̂− (Ê+Â+ ṖMP )ba.

Defining Dd and bd as proposed, we obtain equation (4.95a).

⇐ Let x ∈ C1(I,Rn) solve (4.95) on I with xd = PMPx and xa = P⊥MPx. As x = xd+xa,
equation (4.95b) implies that, on I, x satisfies

x = PMPx− ba.

Regarding Lemma 4.3.8, then x(t) ∈ CE,A,b(t) on I and it follows that

Â2x+ b̂2 = 0. (4.98)

Inserting xa = −Daxd − ba into (4.95a), we observe that, on I, x solves

ẋd = (Ê+Â+ ṖMP )(xd + xa) + Ê+b̂

and using that ṖMPxa = −PMP ẋa and ẋd = PMP ẋd + ṖMPxd, this equation reads

PMP (ẋd + ẋa) = Ê+Â(xd + xa) + Ê+b̂.

Multiplying by Ê+, then x solves

Ê(ẋd + ẋa) = QMP Â(xd + xa) +QMP b̂

and noting that Q⊥MP =
[

0 0
0 Ia

]
on I, then, on I, x satisfies

Ê1ẋ = Â1x+ b̂1. (4.99)

Regarding (4.98), (4.99), we conclude that x solves the s-free formulation (4.42).
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As the linear vector field hMP is independent of the initial values, we call hMP the
Moore-Penrose vector field induced by the DAE (4.88a).

The remodeling (4.95) is globally defined on I × Rn and, in contrast to the nonlinear
remodeling (4.56), can be computed independent of a given initial value or a solution.

The remodeling (4.95) is uniquely defined by the DAE (4.88a) for a given size of the
derivative array, cp. Lemma 4.3.4.

Corollary 4.3.4. Consider the DAE (4.88a). For a given size of the derivative array,
the Moore-Penrose parameterization gMP and the vector field hMP induced by (4.88a)
are uniquely defined by (4.88a).

For the nonlinear initial value problem (4.47), the Moore-Penrose vector field hMP

satisfies hMP (t, xd) ∈ T(t,x,ẋ)Xd(t, x, ẋ) on [t0, t̂
+
0 ) and the solution x, cp. Theorem

4.3.1. For the linear problem (4.88), this implies that the time-varying linear subspace
Xd =

⋃
t∈I
{
{t}×Xd(t)

}
, is ΦhMP

-invariant for the affine linear vector field hMP . Recall
that the flow ΦhMP

is given by Duhamel’s formula, i.e., ΦhMP
= ΦDd,bd , cp. Lemma

2.6.2.

Lemma 4.3.9. Consider the DAE (4.88a). Let Xd given by (4.90) and let hMP ∈
C1(I × Xd(·),Rn×n) be the Moore-Penrose vector field induced by (4.88a). Then, Xd is
ΦDd,bd-invariant.

Proof. For linear systems, the Moore-Penrose vector field is the affine linear transfor-
mation hMP (t, x) = Dd(t)x + bd(t) with Dd ∈ C1(I,Rn×n) and bd ∈ C1(I,Xd(·)), cp.
Theorem 4.3.3. Then, hMP induces a flow ΦhMP

and ΦhMP
given by Duhamel’s formula,

i.e., ΦhMP
= ΦDd,bd , cp. Lemma 2.6.2. On I, we calculate (om. arg)

P⊥MPDd = P⊥MP (E+A+ ṖMP )PMP = ṖMPPMP (PMP −Da) = ṖMPPMP , (4.100)

and by Lemma 3.2.11, this implies that Xd is ΦDd-invariant on I. As bd ∈ C1(I,Xd(·)
by construction, then also Xd is ΦDd,bd-invariant, cp. Lemma 3.2.11.

Exploiting the linearity of the decomposition (4.95), we can specify the solution formula
of Lemma 4.3.5 with Duhamel’s formula.

Lemma 4.3.10. Consider the initial value problem (4.88). Let PMP ∈ C1(I,Rn×n) be
the Moore-Penrose projection and let PMP,−ba ∈ C1(I0 × Rn,Rn) be the affine charac-
terizing Moore-Penrose function induced by (4.88a). Let hMP ∈ C1(I0 × Xd(·),Rn) be
the inherent vector field with flow ΦDd,bd.
On I, the solution of (4.88) is given on I by

x(t) = PMP (t)Φt
Dd,bd

(
t0, PMP (t0)x0

)
− ba(t). (4.101)
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Proof. For (t0, x0) ∈ CE,A,b, a function x ∈ C1(I,Rn) solves (4.88) if and only if x solves
the decomposition (4.95). The differential equation (4.95a) is a linear ODE and the
associated flow is given by Duhamel’s formula, cp. Lemma 2.6.2. Then, the solution of
(4.95a) is given by

xd(t) = Φt
Dd,bd

(
t0, PMP (t0)x0

)
=
(
Φt
Dd
PMP

)
(t0)x0 +

∫ t

t0

(
Φt
Dd
bd
)
(s) ds, (4.102)

where we have used that PMP bd = bd. Inserting (4.102) into (4.95b), we get that

xa(t) = gMP

(
t,Φt

Dd,bd
(t0, PMP (t0)x0)

)
= −Da(t)Φ

t
Dd,bd

(
t0, PMP (t0)x0

)
− ba(t). (4.103)

Using that x = xd + xa and noting that the characterizing function induced by (4.88a)
is given by PMP = (In − Da)PMP , cp. Lemma 4.3.8, it follows that the solution x of
(4.88) is given by (4.101).

Writing the solution formula (4.101) in detail as

x(t) = PMP (t)
(
Φt
Dd
PMP

)
(t0)x0 + PMP (t)

∫ t

t0

(
Φt
Dd
bd
)
(s) ds− ba(t), (4.104)

we observe that only the components PMP (t0)x0 ∈ Xd(t0) and bd(t) ∈ Xd(t) are evolved
by a flow, while the components (P⊥MPx)(t) ∈ Xa(t) are fixed algebraically by (PMPx)(t)
and the inhomogeneity ba.

As the Moore-Penrose parameterization gMP and vector field hMP are globally defined
on CE,A,b and independent of a particular initial value, the solution formula (4.101)
applies for every initial value problem (4.88).

In conclusion, we can formulate the result of Theorem 4.3.2 for linear problems and
define a global flow that generalizes Duhamel’s formula.

Theorem 4.3.4. Consider the DAE (4.88a). Let PMP ∈ C1(I,Rn×n) be the Moore-
Penrose projection and let PMP,−ba ∈ C1(I0×Rn,Rn) be the affine characterizing Moore-
Penrose function induced by (4.88a). Let hMP ∈ C1(I0×Xd(·),Rn) be the inherent vector
field with flow ΦDd,bd.
On I × I × Rn, the flow of (4.88a) is given by

Φt
E,A,b(t0, x0) = Φt

E,A(t0, x0) +

∫ t

t0

(
Φt
E,Abd

)
(s) ds− ba(t), (4.105)

where the homogeneous flow is given by

Φt
E,A(t0) = PMP (t)

(
Φt
Dd
PMP

)
(t0). (4.106)
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For every t ∈ I, the homogeneous flow ΦE,A possesses the semi inverse

(Φt
E,A(t0))ginv = Φt0

E,A(t) (4.107)

that satisfies

Φt0
E,A(t)Φt

E,A(t0) = PMP (t0), Φt
E,A(t0)Φt0

E,A(t) = PMP (t). (4.108)

Proof. Using the solution formula (4.101) of Lemma 4.3.10, the assertion follows from
Theorem 4.3.2.

Noting that PMP (t0)Φt0
E,A(t) = Φt0

E,A(t) and PMP (t)Φt
E,A(t0) = Φt

E,A(t0), we observe
that

Φt
E,A(t0)Φt0

E,A(t)Φt
E,A(t0) = PMP (t)Φt

E,A(t0) = Φt
E,A(t0),

Φt0
E,A(t)Φt

E,A(t0)Φt0
E,A(t) = PMP (t0)Φt0

E,A(t) = Φt0
E,A(t),

i.e., Φt0
E,A(t) is the semi-inverse of Φt

E,A(t0), cp. (2.17). As ΦDd is invertible, cp. Lemma
2.6.2, we have proved property (4.108).

Theorem 4.3.4 generalizes Duhamel’s formula to linear constrained systems with regular
s-index. Like for ODEs, the flow of the inhomogeneous problem Eẋ = Ax+b is an affine
linear transformation consisting of the flow of the homogeneous problem Eẋ = Ax and
an inhomogeneity induced by b. For constrained systems, however, only parts of the
initial value and the inhomogeneity are evolved, while the remaining components are
specified by the parameterization of the solution manifold.

Due to linearity, the flow ΦE,A,b is defined globally on CE,A,b. The representation (4.105)
can be explicitly computed independent of a given initial value or a particular solution.

Like for nonlinear problems, the projection properties (4.74) allow to access the differ-
ential and the algebraic solution components xd ∈ Xd and xa ∈ Xa by projecting with
PMP and P⊥MP , respectively. If PMP , P

⊥
MP are linear in the state x, this allows to test

the consistency of the dynamic and algebraic approximations xd,∆ and xa,∆ of a numer-
ical solution x∆ ≈ x exactly by projecting onto Xd and Xa, respectively. Similarly, the
projection PMP is linear in and we can validate the consistency of x∆ ≈ x by projecting
x∆ onto CE,A,b.
The semi-inverse (Φt

E,A(t0))ginv = Φt0
E,A(t) allows to recover the initial value x0 from a

given solution Φt
E,A(t0) for every time t ∈ I.

Remark 4.3.5. For constant coefficients E,A ∈ Rn×n and b ∈ Cµ+1(I,Rn), the Moore-
Penrose parameterization gMP is given by Da = (Â2P

⊥
MP )+Â2, ba = (Â2P

⊥
MP )+b̂2, the

vector field hMP is given by Dd = Ê+ÂPMP , bd = Ê+b̂− Ê+Âba and the characterizing
function PMP is given by PMP = (In −Da)PMP . The homogeneous flow ΦE,A reads

Φt
E,A(t0) := PMP e

Dd(t−t0)PMP (4.109)
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We summarize the various descriptions that we have derived for the set CE,A,b.

Remark 4.3.6. Consider the DAE (4.88a). Let Ê, Â ∈ C1(I,Rn×n) and b̂ ∈ C1(I,Rn)
be an s-free remodeling and let gMP (t, x) = Da(t)x − ba(t) and PMP be the Moore-
Penrose parameterization and the characterizing function induced by (4.88a). The set
of consistent initial values is the affine linear subspace

CE,A,b = CE,A − ba. (4.110)

On I, the t-sections CE,A,b(t) can be represented as

CE,A,b(t) = (Ĝ(t, ·))−1({0}), F̂2(t, x) := Â2(t)x+ b̂2(t), (4.111a)

= ker(Â2(t))− ba(t), (4.111b)

= ker(PcMP )− ba(t), (4.111c)

= range(PMP )− ba(t), (4.111d)

The representation (4.111a) follows from the definition of MF (t0, x0) in Corollary 4.2.1,
using that for linear systems, we have that F̂2(t, x) := Â2(t)x + b̂2(t) and noting that
MF (t0, x0) = CE,A,b for every (t0, x0) ∈ CE,A,b, cp. Lemma 4.2.2.

The representation (4.111b) follows from (4.111a) using that (Â2P
⊥
MP )(Â2P

⊥
MP )+ = Ia

and P⊥MP ba = ba, implying that Â2ba = b̂2.
The representations (4.111c) and (4.111d) follow from the structure of the characterizing
function derived in Lemma 4.3.8.

Considering the representation (4.111c) or (4.111d), in particular, we observe that an
initial value (t0, x0) ∈ I × Rn is consistent if and only if

P⊥MP (zt0)x0 = (DaPMP )(t0)x0 − ba(t0), (4.112)

i.e., for (t0, x0) ∈ CE,A,b only the components PMP (t0)x0 ∈ Xd(t0) can be chosen arbi-
trarily, whereas P⊥MP (t0)x0 ∈ Xa(t0) is fixed by the parameterization.

Given the explicit flow formula (4.105), we can specify the tangent field TF associated
with (4.88a).

Lemma 4.3.11. Consider the DAE (4.88a). Let PMP ∈ C1(I,Rn×n) be the Moore-
Penrose projection, let PMP,−ba ∈ C1(I0 × Rn,Rn) be the affine characterizing Moore-
Penrose function and let hMP ∈ C1(I0 × Xd(·),Rn) be the inherent vector field induced
by (4.88a).
On I × Rn, the tangent field of (4.88a) is given by

TE,A,b(t, x) = TE,A(t)x+
(
PMP bd − ḃa

)
(t), (4.113)

where the homogeneous tangent field TE,A is given by

TE,A(t) =
(
(ṖMP + PMPDd)PMP

)
(t). (4.114)
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Proof. For Eẋ = Ax+ b, the flow ΦE,A,b is given by

Φt
E,A,b(t0, x0) := Φt

E,A(t0, x0) +

∫ t

t0

(
Φt
E,Abd

)
(s) ds− ba(t),

where Φt
E,A(t0) = PMP (t)

(
Φt
Dd
PMP

)
(t0), cp. Theorem 4.3.4. For ΦE,A, we calculate

Φ̇t
E,A(t0) =

(
ṖMP + PMPDd

)
(t)
(
Φt
Dd
PMP

)
(t0), (4.115)

and considering t = t0, we obtain (4.114). For ΦE,A,b, we consider the derivative
of the integral. Using the semi-inverse (Φt

E,A(t0))ginv = Φt0
E,A(t), then Φt

E,A(s) =

Φt
E,A(t0)Φt0

E,A(s) and we get that∫ t

t0

(Φt
E,Abd)(s) ds = Φt

E,A(t0)

∫ t

t0

(Φt0
E,Abd)(s) ds.

Noting that d
dt

∫ t
t0
f(s) ds = f(t), cp. [86], and using (4.115), then we get that

d
dt

∫ t

t0

(Φt
E,Abd)(s) ds = Φ̇t

E,A(t0)

∫ t

t0

(Φt0
E,Abd)(s) ds+ Φt

E,A(t0) ddt

∫ t

t0

(Φt0
E,Abd)(s) ds

=
(
PMP + PMPDd

)
(t)
(
Φt
Dd
PMP

)
(t0)

∫ t

t0

(Φt0
E,Abd)(s) ds

+ Φt
E,A(t0)(Φt0

E,Abd)(t).

Since PMP (t0)Φt0
E,A(s) = Φt0

Dd
(s), cp. Theorem 4.3.2, (4.74), and Φt

E,A(t0)Φt0
E,A(t) =

PMP (t), cp. Theorem 4.3.4, (4.108), we find that

d
dt

∫ t

t0

(Φt
E,Abd)(s) ds =

(
ṖMP + PMPDd

)
(t)Φt

Dd
(t0)

∫ t

t0

(Φt0
Dd
bd)(s) ds+ (PMP bd)(t)

=
(
ṖMP + PMPDd

)
(t)

∫ t

t0

(Φt
Dd
bd)(s) ds+ (PMP bd)(t).

Considering t = t0 and using (4.114), we have proved (4.113).

Remark 4.3.7. For constant coefficients E,A ∈ Rn×n and b ∈ Cµ+1(I,Rn), the tangent
field is given by

TE,A,b(t, x) = TE,A(t)x+
(
PMP bd − ḃa

)
(t) (4.116)

on CE,A,b, with the homogeneous tangent field TE,A given by

TE,A(t) = (PMP Ê
+ÂPMP )(t). (4.117)
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4.3.5 Linear differential-algebraic equations with constant coefficients

For linear problems with constant coefficients, we can give an alternative representation
of the flow using the theory of matrix pairs and the concept of the Drazin inverse. We
introduce the index of a matrix pair and illustrate how the associated DAE can be
decoupled with respect to the generalized eigenspaces. Using the Drazin projection,
we construct a flow formula that can be applied to constant coefficient DAEs without a
preceding remodeling procedure. We compare these results with the flow formula derived
in the Moore-Penrose approach.

We consider the linear initial value problem

Eẋ = Ax+ b, (4.118a)

x(t0) = x0, (t0, x0) ∈ CE,A,b (4.118b)

with constant coefficients E,A ∈ Rn×n and b ∈ Ck(I,Rn). The set of consistent initial
values CE,A,b and the algebraic solution set LE,A,b are given as for the system (4.2a).

Regular matrix pairs

For the linear system (4.118), existence and uniqueness of solutions is characterized by
the notion of regularity of the coefficient pair (E,A).

Definition 4.3.2. [95, p. 16] A matrix pair (E,A), E,A ∈ Rn×n is called regular, if
the characteristic polynomial p(λ) := det(λE −A), λ ∈ C, does not vanish identically.

If (E,A) is regular, then (E,A) is equivalent to the Weierstraß Canonical Form (WCF),
cp. [95, p. 16].

Lemma 4.3.12. Let (E,A), E,A ∈ Rn×n be a regular pair. There exist nonsingular
matrices S, T ∈ Rn×n such that

E = S

[
Id 0
0 N

]
T−1, A = S

[
J 0
0 Ia

]
T−1, (4.119)

where J ∈ Rd×d and N ∈ Ra×a are in Jordan canonical form.

The matrix J is associated with the finite generalized eigenvalues λ ∈ σfin(E,A), where

σfin(E,A) := {λ ∈ C | det(λE −A) = 0}. (4.120)

The generalized right eigenspace associated with an eigenvalue λ ∈ σfin(E,A) is given by

geigE,A(λ) := ker(λE −A)ind(E,A)(λ),
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where the index ind(E,A)(λ) is the multiplicity of λ as root of the polynomial det(λE −
A) = 0. A vector v ∈ geigE,A(λ) is called a generalized right eigenvector. We denote the
union of all generalized right eigenspaces by

Tfin :=
⋃

λ∈σfin(E,A)

geigE,A(λ). (4.121)

Considering the transposed pair (ET , AT ), we denote the generalized left eigenspace
associated with λ ∈ σfin(E,A) by

geigE,A(λ) := ker(λET −AT )ind
ET ,AT

(λ),

and we denote the union of all generalized left eigenspaces by

Sfin :=
⋃

λ∈σfin(ET ,AT )

geigET ,AT (λ).

The matrix N ∈ Ra×a is nilpotent and associated with the infinite eigenvalue λinf of the
pair (E,A). The associated generalized left and right eigenspace is denoted by

S∞ := geiginf (ET , AT ), T∞ := geiginf (E,A).

The matrices S = [S1, S2], T = [T1, T2] ∈ Rn×n transforming (E,A) to WCF contain
bases of the left and right generalized eigenspaces of (E,A), respectively, i.e., span(T1) =
Tfin, span(T2) = T∞ and span(S1) = Sfin, span(S2) = S∞.

The Weierstraß Canonical Form gives rise to the Definition of the Kronecker index of a
matrix pair, cp. [95, p. 18].

Definition 4.3.3. Let (E,A), E,A ∈ Rn×n be a regular pair. Consider the WCF
(4.119). The index of nilpotency ind(N) of N is called the Kronecker index ind(E,A) of
(E,A).

The definition of the Kronecker index is independent of the choice of transformations
S, T ∈ Rn×n, see [95, p. 18].

We denote the set of regular pairs (E,A) with Kronecker index ind(E,A) = ν by

Mn×n
ν,reg :=

{
E,A ∈ Rn×n | (E,A) are regular and ind(E,A) = ν

}
. (4.122)

For (E,A) ∈ Mn×n
ν,reg, we denote the resolvent set containing the λ ∈ C for which (λE −

A)−1 exists by

σres(E,A) := {λ ∈ C | det(λE −A) 6= 0}.

For λ ∈ σres(E,A) and the DAE (4.118a), we define the transformed matrices

Ê := (λE −A)−1E, Â := (λE −A)−1A (4.123a)

b̂ := (λE −A)−1b. (4.123b)
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Lemma 4.3.13. Let (E,A), E,A ∈ Rn×n be a regular pair.

1. For every λ ∈ σres(E,A), the matrices Ê, Â commute.

2. For every λ ∈ σres(E,A), the generalized eigenspaces Tfin, T∞ are both Ê and

Â-invariant, respectively.

Proof. 1. For the first assertion, we refer to [29].

2. If (E,A) is regular, then (E,A) can be represented in WCF, cp. (4.119), and Ê, Â
are given by

Ê = T

[
Λ−1
d 0
0 Λ−1

a Na

]
T−1, Â = T

[
Λ−1
d J 0
0 Λ−1

a

]
T−1 (4.124)

where Λd := (Id − λJ) and Λa := (Ia − λN) and the matrix T = [T1, T2] ∈ Rn×n is
nonsingular with span(T1) = Tfin, span(T2) = T∞, cp. [137, p. 16]. Thus, Ê, Â can

be block diagonalized with respect to Tfin, T∞ and it follows that Tfin, T∞ are Ê,

Â-invariant, respectively, cp. Remark 3.2.1 and [57, p. 23].

Regarding the decomposition (4.124), for the transformed inhomogeneity b̂ in (4.123),
we note that we set

b̂ = T

[
Λ−1
d b̂1

Λ−1
a b̂2

]
, (4.125)

where, for a matrix S = [S1, S2] ∈ Rn×n with span(S1) = Sfin, span(S2) = S∞, we have

b̂1 := [Id, 0]S−1b̂, b̂2 := [0, In−d, 0]S−1b̂. (4.126)

Lemma 4.3.13 shows that the scaled matrices Ê, Â indeed can be simultaneously block
diagonalized with respect to Tfin,T∞. For a matrix T = [T1, T2] ∈ Rn with span(T1) =
Tfin and span(T2) = T∞, we consider the variable transformation

x1 = [Id, 0]T−1x, b̂2 := [0, In−d, 0]T−1x (4.127)

for x ∈ Rn. Then, we can remodel the associated system as fully decoupled semi-explicit
system, cp. [95, pp. 17].

Lemma 4.3.14. Consider the DAE (4.118a) with (E,A) ∈ Mn×n
ν,reg , b ∈ Cν(I,Rn). Let

T = [T1, T2] ∈ Rn×n be such span(T1) = Tfin, span(T2) = T∞ and consider the variable
transformation (4.127).
For (t0, x0) ∈ CE,A,b, the function x ∈ C1 ∈ (I,Rn) solves (4.118) if and only if the
coefficients x1, x2 solve the semi-explicit system

ẋ1 = Jx1 + b1, x1(t0) = x1,0, (4.128a)

x2 = −
ν−1∑
`=0

N `b
(`)
2 . (4.128b)



154 A flow formula for differential-algebraic equations

where the matrices J,N are the Jordan blocks of the WCF (4.119) and b̂1, b̂2 are given
by (4.126).

Proof. As (E,A) ∈Mn×n
ν,reg, then σres(E,A) 6= ∅ and we consider the scaled system

Êẋ = Âx+ b̂, x(t0) = x0. (4.129)

where Ê, Â, b̂ are given by (4.123a), (4.123b). Multiplication from the left does not
change the solution set, implying that x ∈ C1(I,Rn) solves (4.118) if and only if x
solves (4.129).
Also, if (E,A) ∈ Mn×n

ν,reg, there exists a nonsingular matrix T = [T1, T2] ∈ Rn×n with
span(T1) = Tfin and span(T2) = T∞. Considering the variable transformation (4.127),
we obtain the basis representation

x = T

[
x1

x2

]
. (4.130)

As Tfin, T∞ each are Ê and Â-invariant, cp. Lemma 4.3.13 , Ê, Â can be simultaneously

block diagonalized by T , cp. (4.124) and the inhomogeneity b̂ is decomposed according
to (4.125). Inserting the basis representation (4.130) and multiplying the DAE (4.129)
from the left by T−1, we find that x ∈ C1(∈ I,Rn) solves (4.129) if and only if x1, x2

solve

ẋ1 = Jx1 + b1, x1(t0) = x1,0 (4.131a)

Nẋ2 = x2 + b2. (4.131b)

To show that (4.131b) is indeed an algebraic equation for x2, we follow the arguments
given in [95, p. 17]. Writing (4.131b) as (In − N d

dt)x2 = −b2, for (In − N d
dt)
−1, we

consider the Neumann expansion [51] and obtain that

(In −N d
dt)
−1b2 = −

ν−1∑
`=0

(N d
dt)

`,

since N is nilpotent of index ν. Exploiting that N d
dt = d

dtN as N is constant, we get

x2 = −(In −N d
dt)
−1 = −

ν−1∑
`=0

N ` d
dt

`

and we obtain (4.128b).

Lemma 4.3.14 illustrates that a constant coefficient DAE can be fully decoupled by
transforming the variables with respect to Tfin,T∞. The differential components x1

are associated with the finite eigenspace Tfin and are specified by a linear, constant
coefficient ODE. The system matrix corresponds to the Jordan matrix associated with
the finite generalized eigenvalues. The algebraic coefficients x2 are associated with the
infinite eigenspace T∞ and are specified by an algebraic equation involving derivatives
of the inhomogeneity b.
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Remark 4.3.8. Considering the algebraic equation (4.128b) for t = t0, in particular,
it follows that (t0, x0) ∈ I × Rn is consistent if and only if it satisfies the consistency
condition

x2,0 = −
ν−1∑
`=0

N `b
(`)
2 (t0). (4.132)

As the differential equation (4.128a) is a constant coefficient ODE for the coefficients x1,
then the initial value problem (4.118) is uniquely solvable if (E,A) ∈Mn×n

ν,reg.

Corollary 4.3.5. [95, p. 20] Consider the DAE (4.118a), where (E,A) ∈ Mn×n
ν,reg and

b ∈ Cν(I,Rn). For every (t0, x0) ∈ CE,A,b, the initial value problem (4.118) is uniquely
solvable on I with x ∈ C1(I,Rn).

Decomposition by the Drazin projection

We consider the linear initial value problem

Eẋ = Ax+ b, (E,A) ∈Mn×n
ν,reg, b ∈ Cν(I,Rn), (4.133a)

x(t0) = x0, (t0, x0) ∈ CE,A,b. (4.133b)

Having identified the generalized eigenspaces Tfin,T∞ as invariant subspaces containing
the differential and algebraic variables, cp. Lemma 4.3.14, we remodel (4.133a) by a
projection onto these spaces. Considering the transformed matrix pair (Ê, Â) defined in
(4.123), this projection is the Drazin projection given by

PD = ÊDÊ, P∞ = In − ÊDÊ. (4.134)

Lemma 4.3.15. Let E,A ∈ Rn×n be a regular pair and let Ê, Â, b̂ be given by (4.123).
For every λ ∈ σres(E,A), the matrix PD is the unique projection along T∞ onto Tfin.

Proof. If (E,A) is regular with ind(E,A) = ν, then σres(E,A) 6= ∅ and for λ ∈
σres(E,A), we consider the scaled matrices Ê, Â, b̂ given by (4.123a). Choosing a basis
T = [T1, T2] ∈ Rn with span(T1) = Tfin and span(T2) = T∞, then Ê can be block
diagonalized as in (4.124) and the Drazin inverse ED is given by

ÊD = T

[
Λd 0
0 0

]
T−1, (4.135)

cp. [137, p. 16]. The Drazin projection (4.134) reads

PD = T

[
Id 0
0 0

]
T−1. (4.136)
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and since span(T1) = Tfin and span(T2) = T∞, this implies that PD is a projection along
T∞ onto Tfin, cp. Lemma 2.2.2. A projection is uniquely determined by specifying its
range and kernel, cp. Lemma 2.2.1, and it follows that PD is uniquely determined by the
pair (E,A). Alternatively, the representation (4.136) implies that PD is independent of
the choice of λ ∈ σres(E,A).

Lemma 4.3.15 proves that the projection PD defined in (4.134) is independent of the
scaling factor (λE − A)−1. For the DAE (4.133a), we call PD the Drazin projection
induced by (4.133a).

If two matrices E,A commute, so do the Drazin inverses ED, AD and E,AD and ED, A,
respectively, see [95, p. 18]. Hence, the Drazin projection PD commutes with the scaled
matrices Ê, Â, respectively.

Regarding Lemma 4.3.15, we expect the Drazin projection PD to decouple Eẋ = Ax+f
in terms of projection. To parameterize the set CE,A,b in terms of PD, we make the
following observation, cp. [95, p. 28].

Lemma 4.3.16 ([95]). Consider the DAE (4.133a). Let Ê, Â be given by (4.123a) and
consider the Drazin projection PD induced by (4.118a). For every λ ∈ σres(E,A), the
following assertions are satisfied.

(i) P∞Â
DÂ = P∞.

(ii) P∞Â
DÊ is nilpotent with ind(ND) = ν.

Proof. (ii) We prove the assertion using a basis representation of Tfin,T∞. Let Ê, Â
be given by (4.123a) and let T = [T1, T2] ∈ Rn×n be nonsingular with span(T1) = Tfin,

span(T2) = T∞. The Drazin inverse ÂD is given by

ÂD = T

[
JDΛd 0

0 Λa

]
T−1, (4.137)

cp. [137, p. 16]. Considering the associated block decomposition of Ê and P∞ = In−PD
in (4.124) and (4.136), we obtain that

P∞Â
DÊ = T

[
0 0
0 N

]
T−1. (4.138)

It follows that

(P∞Â
DÊ)k = T

[
0 0
0 Nk

]
T−1

and as N is nilpotent with ind(N) = ind(E,A), we have proved the assertion.

(i) Regarding the representation of Â, ÂD, cp. (4.124), (4.137), we find that

ÂDÂ = T

[
JDJ 0

0 Ia

]
T−1
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and noting that

P∞ = T

[
JDJ 0

0 Ia

]
T−1,

then (4.136) implies hat P∞Â
DÂ = P∞.

For commuting pairs (E,A) with ker(E) ∩ ker(A) = {0}, the identity P∞A
DA = P∞ is

proved in [95, p. 28] by exploiting that a commuting pair (E,A) is regular if and only if
ker(E) ∩ ker(A) [95, p. 29].

Condition (i) of Lemma 4.3.16 is similar to the solvability condition of Corollary 3.1.2 and
allows to parameterize the solution manifold CE,A,b in terms of the Drazin projection.
On Rn, we consider the variable decomposition

xd = PDx, xa = P∞x. (4.139)

Lemma 4.3.17. Consider the DAE (4.118a). Let Ê, Â and b̂ be given by (4.123) and
consider the Drazin projection PD induced by (4.118a).
The point (t, x) ∈ I × Rn satisfies (t, x) ∈ CE,A,b if and only if one of the following
(equivalent) conditions is satisfied.

1. xa = gD(t).

The function gD ∈ C1(I, T∞) is given by

gD(t) = −
ν−1∑
`=0

N `
Dba

(`)(t), (4.140)

where ND := P∞Â
DÊ and ba := P∞Â

D b̂. The function gD is uniquely defined by
the DAE (4.118a).

2. x = PD,gD(t, x).

The function PD,ba ∈ C1(I × Rn,Rn×n) is given by

PD,gD(t, x) = PDx+ gMP (t). (4.141)

Proof. 1. We show that every (t0, x0) ∈ CE,A,b satisfies P∞x0 = g(t0). Recall that the
algebraic solution set of (4.118a) is denoted by LE,A,b. For the transformed system

Êẋ = Âx+ b̂, (4.142)

we accordingly write LÊ,Â,b̂.

⇒ Let (t0, x0) ∈ CE,A,b. Then, there exists ẋ0 ∈ Rn, such that (t0, x0, ẋ0) ∈ LE,A,b. By
the construction of (4.142), then also (t0, x0, ẋ0) ∈ LÊ,Â,b̂. In t = t0, multiplying the

transformed system (4.142) by P∞Â
D, we get that

P∞Â
DÊẋ0 = P∞Â

DÂx0 + P∞Â
D b̂(t0).
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By Lemma 4.3.16, we have that P∞Â
DÂ = P∞ and it follows that (t0, x0, ẋ0) solves

NDẋ0 = P∞x0 + ba(t0),

where ND = P∞Â
DÊ and ba = P∞Â

D b̂. Proceeding as in [95, p. 17], and writing this
equation formally as

P∞x0 = −(In − d
dtND)−1ba(t0), (4.143)

we consider the Neumann expansion [51] of (In−ND
d
dt)
−1. Exploiting thatND

d
dt = d

dtND

as ND is constant and using that ND is nilpotent of index ν, cp. Lemma 4.3.16, we get
that

(In −ND
d
dt)
−1 =

∞∑
`=0

(ND
d
dt)

` =
ν−1∑
`=0

N `
D
d
dt

`
. (4.144)

Noting that d
dt

`
ba = ba

(`), we have proved that (t0, x0) satisfies (4.140). Inserting (4.144)
into (4.143), we have proved that P∞x0 = gD(t0) with g given by (4.140).

⇐ Let (t0, x0) satisfy P∞x0 = g(t0) with gD given by (4.140). We construct a vector
ẋ0 ∈ Rn, such that (t0, x0, ẋ0) ∈ LE,A,b. We make the ansatz

ẋ0 := ÊDÂx0 + ÊD b̂(t0)−
ν−1∑
`=0

N `
Dba

(`+1)(t0). (4.145)

Noting that PDND = 0, then multiplying (4.145) by PDÊ implies that

PDEẋ0 = PDÂx0 + PD b̂(t0). (4.146)

Similarly, as P∞Ê
D = 0, multiplying (4.145) by P∞ implies that

P∞ẋ0 = −
ν−1∑
`=0

N `
Dba

(`+1)(t0).

Noting that

ÂP∞x0 + P∞b̂ = −P∞Â
ν−1∑
`=0

(ÂDÊ)`ÂD b̂(`)(t) + P∞b̂

= −P∞ÂÂD b̂− P∞ÂÂDÊ
ν−1∑
`=1

(ÂDÊ)`−1ÂD b̂(`)(t0) + P∞b̂

= −P∞Ê
ν−1∑
`=0

(ÂDÊ)`ÂD b̂(`+1)(t0),
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using P∞Â
DÂ = P∞ once more, it follows that ẋ0 satisfies

ÂP∞x0 + P∞b̂ = P∞Êẋ0. (4.147)

In combination, (4.146) and (4.147) imply that (t0, x0, ẋ0) ∈ LÊ,Â,f̂ . Then, (t0, x0, ẋ0) ∈
LE,A,b and we have proved that (t0, x0) ∈ CE,A,b.

2. Given the parameterization gD induced by PD, the formula (4.141) for the associated
characterizing function follows as in Corollary 3.1.4.

Regarding the basis representation of ND and ba (4.125) and (4.137) of ND and ba, we
find that the product NDba and hence its derivatives are independent of the choice of
λ ∈ σ(E,A).

We call gD the Drazin parameterization and and PD,gD the characterizing function in-
duced by (4.133a).

Partitioning the variables with the Drazin projection PD, the solution manifold CE,A,b
can be exclusively parameterized by the inhomogeneity ba and the nilpotent system com-
ponents ND, i.e., the parameterization gMP is independent of the dynamic components
PDx. The characterizing function induced by PD and gD is simply the affine projection
PDx+ gD, i.e., the Drazin projection PD itself is a projection onto CE,A. Both functions
are uniquely defined by the DAE (4.133a).

Using the Drazin projection and the parameterization, we decouple the differential and
algebraic components in (4.133a).

Theorem 4.3.5. Consider the DAE (4.118a). Let Ê, Â and b̂ be given by (4.123), let
PD be the Drazin projection and gD ∈ C1(I,Rn) the Drazin parameterization induced by
(4.118a). Consider the variable decomposition (4.139).
A function x ∈ C1(I,Rn) solves the initial value problem (4.88) on I if and only if
components xd, xa solve the decoupled initial value problem

ẋd = ÊDÂxd + ÊD b̂, xd(t0) = xd0, (4.148a)

xa = −
ν−1∑
`=0

N `
Dba

(`). (4.148b)

The function hD ∈ C1(I × Rn×n,Rn) is the affine transformation

hD(t, x) = ÊDÂx+ ÊD b̂(t) (4.149)

and is uniquely defined by the DAE (4.133a).

Proof. For λ ∈ σres(E,A), we consider the scaled matrices Ê, Â, b̂ given by (4.123). As
multiplication from the left does not change the solution set, then x ∈ C1(I,Rn) solves
(4.133) if and only if x solves the scaled system

Êẋ = Âx+ b̂, x(t0) = x0, (4.150)
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cp. Lemma 4.3.14. Hence, it is sufficient to prove that x solves (4.150) if and only if
xd, xa solve (4.148).

⇒ Let x ∈ C1(I,Rn) solve (4.133). On I, then x(t) ∈ CE,A,b, cp. Lemma 4.2.2, implying

that P∞x(t) = −
∑ν−1

`=0 N
`
Dba

(`), cp. Lemma 4.3.17. This proves that x solves (4.148b).

Multiplying Êẋ = Âx + b̂ by ÊD and noting that PD is constant and PD, Â commute,
we have proved that x solves (4.148a).

⇐ Let x ∈ C1(I,Rn) solve (4.148) with xd = PDx and xa = P∞x. Equation (4.148b)
implies that x = PD,ba(t, x) on I, where PD,ba ∈ C1(I × Rn,Rn) is the characterizing
function onto CE,A,b induced by PD and gMP , cp. Lemma 4.3.8. Differentiating PD,ba
with respect to t, we observe that x solves

ẋ = PDẋ−
ν−1∑
`=0

N `
Dba

(`+1)(t).

Multiplying by E and inserting (4.148a) for PDẋ, we obtain that

Êẋ = PDÂx+ PD b̂− Ê
ν−1∑
`=0

N `
Dba

(`+1)(t).

Following the arguments leading to (4.147), we get that

−Ê
ν−1∑
`=0

N `
Dba

(`+1)(t) = P∞Âx(t) + P∞b̂(t)

and this implies that x solves

Êẋ = ÊDÂPDx+ ÊD b̂PDf + P∞Âx+ P∞b̂ = Âx+ b̂.

Hence, x solves the scaled system (4.150).

To prove that ÊDÂ and ÊD b̂ are independent of the choice of λ ∈ σres(E,A), we
represent the considered matrices with respect to a basis of Tfin,T∞. Let T = [T1, T2]

be nonsingular with span(T1) = Tfin, span(T2) = T∞. Block diagonalizing Â, ÊD with
respect to T as in (4.124), (4.135), we find that

ÊDÂ = T

[
J 0
0 0

]
T−1, (4.151)

where J is the Jordan matrix associated with the finite eigenvalues of (E,A). Similarly,
the basis representation of ND given in (4.138) involves the Jordan matrix N associated
with the infinite eigenvalue. Hence, these matrices are independent of the chosen λ ∈
σres(E,A). For b̂, the basis representation is given by (4.125) and considering (4.135)
and (4.138), we find that ÊD b̂ = T1b1, where b1 = S−1 f for a basis S = [S1, S2] ∈ Rn×n
with span(S1) = Sfin, span(S2) = S∞.
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The Drazin projection PD and the parameterization gD allow to fully decouple a the DAE
(4.118a) into a linear differential and algebraic equation. This is because PD projects
onto and along the generalized eigenspaces Tfin, T∞, which both are Ê and Â-invariant,
cp. Lemma 4.3.15.
The function hD specifying the differential equation (4.148a) is independent of the re-
modeling Ê, Â, b̂ and we call hD the Drazin vector field induced by E,A, b.

Solving the differential equation (4.148a) for xd, we can specify the solution of (4.148),
cp. also [95, p. 31].

Lemma 4.3.18. Consider the DAE (4.118a). Let Ê, Â, b̂ be given by (4.123), let PD
be the Drazin projection induced by (4.118a) and let gD, hD ∈ C1(I,Rn) be the Drazin
parameterization and vector field given in (4.140) and (4.149).
For (t0, x0) ∈ CE,A,b, the solution x ∈ C1(I,Rn) of (4.118) on I is given by

x(t) = e(t−t0)ÊDÂPDx0 +

∫ t

t0

e(t−s)ÊDÂÊD b̂(s) ds−
ν−1∑
`=0

N `
Dba

(`)(t). (4.152)

Proof. If E,A ∈ Rn×n is a regular pair, then (4.118) can be remodeled according to
(4.148). The differential equation (4.148a) is a constant coefficient ODE, such that the

associated homogeneous flow ΦÊDÂ is the matrix exponential, i.e., ΦÊDÂ = e(ÊDÂ), cp.
[14, p. 103]. Then, we get that

xd(t) = e(t−t0)ÊDÂPDx0 +

∫ t

t0

e(t−s)ÊDÂÊD b̂(s) ds. (4.153)

The algebraic equation (4.148b) has already been solved for xa and is independent of
xd. Using that x = xd + xa, we obtain the proposed solution formula (4.152).

Lemma 4.3.18 yields a closed solution formula for constant coefficient DAEs. The solu-
tion formula (4.152) has already been presented in [95, Ch. 2], where a detailled analysis
of constant coefficient DAEs is given.

The generalized eigenspace Tfin containing the differential components xd is ΦÊDÂ,bd
-

invariant.

Lemma 4.3.19. Consider the DAE (4.118a). Let Tfin be given by (4.121) and let

hD(t, x) = ÊDÂx + ÊD b̂ be the Drazin vector field induced by (4.118a). Then, Tfin is
ΦÊDÂ-invariant.

Proof. As hD is an affine transformation with constant system matrix ÊDÂ, the homo-

geneous flow is the matrix exponential ΦÊDÂ = eÊ
DÂ. Considering the Taylor expansion
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and noting that ÊD, Â, PD commute, cp. Lemma 4.3.13, we find that

e(t−t0)ÊDÂPD =
( ∞∑
`=0

(t−t0)`

`! (ÊDÂ)`
)
PD = PD

( ∞∑
`=0

(t−t0)`

`! (ÊDÂ)`
)

= PDe
(t−t0)ÊDÂ.

(4.154)

This implies that

P∞e
(t−t0)ÊDÂPD = 0 (4.155)

and it follows that e(t−t0)ÊDÂx0 ∈ Tfin for every t ∈ I if x0 ∈ Tfin. Hence, Tfin is ΦÊDÂ

forward invariant. As PDÊ
D = ÊD, we have that ÊD b̂ ∈ Tfin on I and this implies

that Tfin is also ΦÊDÂ,ÊD b̂-invariant, cp. Lemma 3.2.11.

Alternatively, the assertion can be proved using Lemma 3.2.11. Noting that P∞Ê
DÂ = 0

and ṖD = 0, then PD and ÊDÂ verify the invariance condition (3.68).

Based on the Drazin projection, we have derived an explicit solution formula for the DAE
(4.118a) for every consistent initial value. This solution formula is defined on the full
interval I. Summarizing these observations, we can define a flow for the DAE (4.118a)
in terms of the Drazin inverse.

Theorem 4.3.6. Consider the DAE (4.118a). There exists a function ΥE,A,b : I × I ×
Rn → Rn, (t, t0, x0) 7→ Υt

E,A,b(t0, x0), that satisfies the following properties for every
(t0, x0) ∈ CE,A,b.

(i) On I, the function Υ
(·)
E,A,b(t0, x0) solves the initial value problem (4.2). Further-

more, Υ
(·)
E,A,b(t0, x0) ∈ C1([t0, t̂

+
0 ),Rn).

(ii) On I, Υt
E,A,b(t0, x0) ∈ CE,A,b(t).

(iii) On I, the function Υ
(·)
E,A,b(t0, x0) is given by

Φt
E,A,b(t0, x0) := Φt

E,A(t0)x0 +

∫ t

t0

Φt
E,A(s)ÊD b̂(s) ds−

ν−1∑
`=0

N `
Dba

(`)(t), (4.156)

for t ∈ I, where

Υt
E,A(t0) := e(t−t0)ÊDÂPD. (4.157)

The matrices Ê, Â, b̂ are given by (4.123), PD is the Drazin projection and gD(t) =
−
∑ν−1

`=0 N
`
Dba

(`)(t) is the Drazin parameterization induced by E,A, f .

(iv) On I, the function Υ
(·)
E,A,b(t0, x0) satisfies

Υt0
E,A,b(t0, x0) = PDx0 + gD(t), (4.158a)

Υt
E,A,b(t0,Υ

s
E,A,b(t0, x0)) = Υt

E,A,b(t0, x0), (4.158b)

Ê Υ̇t
E,A,b(t0, x0) = ÂΥt

E,A,b(t0, x0) + b̂(t), (4.158c)
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and furthermore,

PDΥt
E,A(t0) = Υt

E,A(t0), (4.159a)

P∞Υt
E,A(t0) = 0. (4.159b)

The function ΥE,A,b is uniquely defined by E,A, b.

The homogeneous flow ΦE,A possesses the group inverse

(Υt
E,A(t0))# = e−(t−t0)ÊDÂPD, (4.160)

that, for t0, t ∈ I, satisfies

(Υt
E,A(t0))#Υt

E,A(t0) = (Υt
E,A(t0))#Υt

E,A(t0) = PD, (4.161)

Proof. If E,A ∈ Rn×n is a regular pair with ind(E,A) = ν and f ∈ Cν(I,Rn), then the
initial value problem (4.118) has a unique solution x ∈ C1(I,Rn) for every (t0, x0) ∈
CE,A,b. This solution x can be represented as proposed in Lemma 4.3.18, (4.152). Re-
garding (4.156), this implies that x(t) = Φt

E,A,b(t0, x0) for every (t0, x0) ∈ CE,A,b and
t ∈ I, i.e., for every (t0, x0) ∈ CE,A,b the function Φ·E,A,b(t0, x0) agrees with the solution

x ∈ C1(I,Rn) of (4.118). In particular, this implies that Φ·E,A(t0, x0) satisfies property

(4.158c). Considering t = t0 and noting that e0 = In, we find that ΦE,A,b satisfies prop-
erty (4.158a). The extension property (4.158b) follows from the corresponding property
of the exponential function, cp. e.g. [14, p. 103], and the linearity of the integral. The
projection properties (4.159) follow from Lemma 4.3.19, (4.155).
For the group inverse (4.160), we note that eC is invertible with the inverse e−C for every

C ∈ Rn×n, cp. [72, p. 235]. Since PD and e(t−t0)ÊDÂ commute, cp. (4.154), this implies
that (

e−(t−t0)ÊDÂPD
)(
e(t−t0)ÊDÂPD

)
=
(
e(t−t0)ÊDÂPD

)(
e−(t−t0)ÊDÂPD

)
= PD.

This proves (4.161). Furthermore, the identities (4.154) and (4.155) imply that(
e−(t−t0)ÊDÂPD

)(
e(t−t0)ÊDÂPD

)(
e−(t−t0)ÊDÂPD

)
= e−(t−t0)ÊDÂPD,(

e(t−t0)ÊDÂPD
)(
e−(t−t0)ÊDÂPD

)(
e(t−t0)ÊDÂPD

)
= e(t−t0)ÊDÂPD.

Hence, e−(t−t0)ÊDÂPD satisfies the properties (i), (ii) of the Drazin inverse, cp. Definition

2.3.1 and property (iii)
′

given in (2.8), implying that
(
Φt
E,A(t0)

)#
= e−(t−t0)ÊDÂPD.

If (E,A) is a regular pair, the Drazin projection PD, the parameterization gD and the
vector field hD are unique, cp. Lemma 4.3.15, Lemma 4.3.17 and Theorem 4.3.5, imply-
ing that ΦE,A is unique. Since Ê, Â,ND are constant matrices and e(·)C ∈ C∞(I,Rn)

for every C ∈ Rn×n, then e(t−t0)ÊDÂ ∈ C∞(I,Rn) for every t0 ∈ I.
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Comparing the properties (4.158) of the function ΥE,A,b with the characterizing proper-
ties of the ODE flow ΦA,b or the DAE flow ΦE,A,b given in Lemma 2.6.2 and Theorem
4.3.4, respectively, we observe that ΥE,A,b yields an alternative flow formula for constant,
regular coefficient DAEs using the Drazin projection.
The properties (4.158) reflect the existence of a unique, maximal extendable solution
x(t) = Υt

E,A,b(t0, x) that is defined for every consistent initial value (t0, x0) ∈ CE,A,b.
The projection properties (4.159) allow to access the differential and algebraic compo-
nents by projecting ΦE,A,b with PD, P∞, respectively. In a numerical solution, this allows
to check and ensure that the numerical solution still satisfies the constraints. The group
inverse (Υt

E,A(t0))# allows to recover the initial value x0 for every t ∈ I. The matrices

Ê, Â are obtained from the original data E,A by scaling with the resolvent (λE−A)−1.

Comparison of the Moore-Penrose and Drazin projection approach

We compare the decomposition of constant coefficient DAEs using the Moore-Penrose
and the Drazin projection and point out the benefits and the differences of these ap-
proaches.

Every regular matrix pair E,A ∈ Rn×n is regular in the sense of the s-index and the
indices agree up to counting, cp. [95, p. 75].

Lemma 4.3.20 ([95]). Consider E,A ∈ Rn×n. The pair (E,A) has s-index µs if and
only if (E,A) have Kronecker index ind(E,A) = µs − 1.

By Lemma 4.3.20, every DAE Eẋ = Ax + b with a regular pair E,A ∈ Rn×n can be
remodeled either using the Moore-Penrose or the Drazin projection induced by E,A. In
both approaches, the inhomogeneity b must be sufficiently smooth to ensure the existence
of a unique solution.

In the Moore-Penrose approach, the remodeling is applied to the s-free formulation
ÊMP ẋ = ÂMPx+ b̂MP that is obtained from the derivative array (4.39). Decomposing
the variables with the Moore-Penrose projection PMP = Ê+

MP ÊMP , the differential and
the algebraic components xd = PMPx and xa = P⊥MPx are orthogonal. The parame-
terization gMP (t, xd) = −Daxd − ba(t) induced by PMP is an affine linear transforma-
tion. The characterizing function PMP,ba(t, x) = PMPx − ba(t) is an affine projection,
where PMP = (In − Da)PMP is a skew projection onto CE,A. The inherent vector
field hMP (t, xd) = Ddxd + bd(t) is an affine linear transformation, whose system ma-
trix Dd = Ê+

MP ÂMPPMP and the inhomogeneity bd = Ê+
MP b̂MP − Ê+

MP ÂMP ba include
components of the parameterization gMP . The space of differential components Xd is
ΦhMP

-invariant.

Using the Drazin approach, the remodeling is applied to the scaled system ÊDẋ =
ÂDx + b̂D that is obtained by scaling with a resolvent (λE − A)−1 for λ ∈ σ(E,A).
Separating the variables with the Drazin projection PD = ÊDD ÊD, the differential and
algebraic variables are associated with the generalized finite and infinite eigenspace Tfin,
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T∞ of E,A. These spaces both are ÊD and ÂD-invariant, respectively, implying that the
parameterization gD(t) = −

∑ν−1
`=0 N

`
Dba

(`)(t) is independent of the dynamic components.

The characterizing function PD,gD(t, x) = PDx−
∑ν−1

`=0 N
`
Dba

(`)(t) is an affine projection
whose linear part is the Drazin projection itself. The inherent vector field hD(t, x) =
ÊDD ÂDx+ ÊDD b̂D(t) obtained by the Drazin projection is an affine linear transformation.
As the parameterization gD is independent of the dynamic components, hD does not
include components of the parameterization gMP . Like in the Moore-Penrose approach,
the space of differential components Tfin is ΦhD -invariant.

For s-free systems with commuting coefficients, the characterizing function PMP and the
Drazin projection PD agree.

Lemma 4.3.21. Let E,A ∈ Rn×n be a regular, commuting pair with ind(E,A) = 1.
Let PMP be the Moore-Penrose characterizing function and PD the Drazin projection
induced by E,A, respectively. Then, PMP = PD.

Proof. We show that range(PMP ) = range(PD) and ker(PMP ) = ker(PD). By Lemma
2.2.2, then PMP = PD. For homogeneous systems, the Drazin projection PD is a
projection onto CE,A, cp. Lemma 4.3.17, implying that range(PD) = CE,A. With
range(PMP ) = CE,A, cp. Lemma 4.3.8, it follows that range(P ) = range(PD). For
the kernels, we note that ker(EDE) = ker(E+E) if ind(E) = 1, cp. Lemma 2.3.9, and
ker(EDE) = ker(ÊDD ÊD) for ÊD = (λE − A)−1E as E,A commute. Since ker(PMP ) =
ker(PMP ) by Lemma 4.3.8, it follows that ker(PD) = ker(PMP ).

Remark 4.3.9. Remodeling the system by the Drazin projection, the solution manifold
CE,A,b is exclusively parameterized by the inhomogeneity ba and the nilpotent matrixND,
independent of the dynamic components PDx. Fixing t0 ∈ I, this implies that two con-
sistent initial values x0, y0 ∈ CE,A,b(t0) pairwise agree in the algebraic components P∞x0

and P∞y0. Similarly, the associated solutions x, y ∈ C1(I,Rn) satisfy P∞x = P∞y on I.
Solving Eẋ = Ax+f numerically, we can exploit this by computing the parameterization
gD in advance and approximate only the components PDx by a discretization scheme.
For the Moore-Penrose approach, the algebraic components P⊥MPx are parameterized by
the dynamic components PMPx. Thus, the computation of P⊥MPx must be included in
the integration loop for the dynamic components PMPx.
The Moore-Penrose inverse can be computed using an SVD of the matrix Ê [58, p. 70],
[32]. Algorithms for the computation of the Drazin inverse and the group inverse can be
found, e.g., in [5, 9, 32, 60, 70, 71].

Remark 4.3.10. For variable coefficients E,A ∈ Cµ+1(I,Rn), the notion of regularity
is not sufficient to ensure the existence and uniqueness of solutions. If geig0(E) is a
time varying subspace, decomposing Eẋ = Ax + f with respect to this space needs
a time varying transformation T ∈ Cµ+1(I,Rn) and regarding the derivative ẋ, then
Eẋ = Ax transforms to ET ˙̃x = (AT −EṪ )x̃, x̃ = T−1x. In addition, the corresponding
equivalence relation does not posses a block diagonal canonical form, see e.g. [95, p. 76],
such that for variable coefficients E,A ∈ Cµ+1(I,Rn), the differential and algebraic
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components cannot be fully decoupled. Examples that illustrate these problems can be
found in [95, p. 56].

4.4 Invariant sets for differential-algebraic equations

Having derived an explicit flow formula for the DAE (4.47a), we extend the concept of
flow invariant sets to constrained systems.

Definition 4.4.1. Consider the DAE (4.47a) with flow ΦF . Let S ⊂ I ×Rn be a time-
varying subset with S ∩ Cµ+1 6= 0. We call S forward ΦF -invariant if Φt

F (x0) ∈ S(t) for
every t ∈ [t0, t

+
0 ) if (t0, x0) ∈ S. We call S backward ΦF -invariant if Φt

F (x0) ∈ S(t) for
every t ∈ (t−0 , t0] if (t0, x0) ∈ S. If S is forward and backward ΦF -invariant, we call S
ΦF -invariant.

For explicit differential equations ẋ = f(t, x), we have characterized Φf -invariant sets
using the vector field f that specifies the tangent vector ẋ of a solution x at every point
in the phase space, cp. Theorem 3.2.2. For the constrained system (4.47a), the function
F specifies the tangent vector ẋ only implicitly. Given the flow ΦF of (4.47a), however,
the role of the vector field f is taken by the tangent field TF which is defined pointwise
as TF (t0, x0) = Φ̇t0

F (t0, x0) on Cµ+1, cp. Definition 4.3.1. As the flow ΦF satisfies the
characteristic properties that generalize those of the ODE flow Φf , we can extend the
invariance condition of Theorem 3.2.1 in a straightforward way.

Theorem 4.4.1. Consider the DAE (4.47a) with flow ΦF and let TF ∈ C(C,Rn) be
the tangent field of ΦF . Let S ⊂ I × Rn be a time-varying subset. Then, S is forward
ΦF -invariant if and only if

TF,aut(t0)(t, x) ∈ Tanι(t,x) Saut (4.162)

on Cµ+1 ∩ S. The set S is ΦF -invariant if and only if

TF,aut(t0)(t, x) ∈ Tanι(t,x) Saut ∩ Tanι(t,x) S
c
aut (4.163)

on Cµ+1 ∩ ∂S, where Sc = Rn \ S.

Proof. The set S is forward ΦF -invariant if and only if Φt
F (t0, x0) ∈ S(t) for t ∈ [t0, t

+
0 )

and every (t0, x0) ∈ Cµ+1∩S. Since the autonomization ΦF,aut of the flow ΦF is the flow
of the autonomous system Faut(z, ż) = 0, cp. Section 4.3.3, (4.85), (4.86), we can follow
the arguments in Theorem 3.2.1 and find that S is forward ΦF -invariant if and only if

Φ̇t
F,aut

([
t0
x0

])
∈ Tan

ΦtF,aut

([
t0
x0

]) Saut (4.164)

for every (t0, x0) ∈ Cµ+1 ∩S and t ∈ [t0, t
+
0 ). As the solution Φ

(·)
F (t0, x0) can be uniquely

extended on [t0, t̂
+
0 ) and for every (t0, x0) ∈ Cµ+1 due to property (4.73b), Theorem 4.3.2,
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condition (4.164) is satisfied on [t0, t
+
0 ) and for every (t0, x0) ∈ Cµ+1 ∩ S if and only if

Φ̇t0
F,aut

([
t0
x0

])
∈ Tan

ΦtF,aut

([
t0
x0

]) Saut

on Cµ+1 ∩ S. Noting that the autonomization of the tangent field TF coincides with the
tangent field of the autonomous flow ΦF,aut, cp. 4.87, then we have proved condition
(4.162).
Similarly, following the arguments in Theorem 3.2.1, we note that S is ΦF -invariant if
and only if S is forward and backward ΦF -invariant. Since S is backward ΦF -invariant
if and only if the complement Sc = R×Rn \S is forward ΦF -invariant, cp. Lemma 3.2.6,
(iv), condition (4.162) implies that S is ΦF -invariant if and only if condition (4.163) is
satisfied.

Theorem 4.4.1 gives a general condition, when a time-varying subset is ΦF invariant.
The conditions (4.162) and (4.163) directly directly the invariance conditions for ODEs,
cp. Theorem 3.2.1.
The tangent field TF can be explicitly computed using the remodeling by a constant
Moore-Penrose projection, cp. Lemma 4.3.7.

Using Theorem 4.4.1 and following the arguments of Theorem 3.2.2, we extend the
invariance conditions for embedded submanifolds.

Corollary 4.4.1. Consider the DAE (4.47a) with flow ΦF and let TF ∈ C(C,Rn) be the
tangent field of ΦF . Let S be a time-varying embedded C1-submanifold with d = dim(S)
and let S∩Cµ+1 6= ∅. Then, S is forward ΦF -invariant if and only if one of the following
(equivalent) conditions is satisfied.

(i) For every (t, x) ∈ Cµ+1 ∩ S, then TF (t, x) ∈ Tx S(t)− Ṡ(t,x).

(ii) For every (t0, x0) ∈ Cµ+1 ∩ S, there exists a neighborhood I0 × U(x0), such that(
GxTF

)
(t, x) = −Gt(t, x) (4.165)

on (I0 × U(x0)) ∩ Cµ+1 ∩ S, where G ∈ C1(I0 × U(x0),Rn−d) is a locally defining
function of S.

(iii) For every (t0, x0) ∈ Cµ+1 ∩ S, there exists a neighborhood I0 × U(x0), such that(
P cSTF

)
(t, x) = (P cS ṖS)(t, x) (4.166)

on (I0 × U(x0)) ∩ Cµ+1 ∩ S, where PS ∈ C1(I0 × U(x0),Rn×n) is a characterizing
function of S induced by projection.

Using a characterizing function PS of S that is induced by a constant specifying projection
P ∈ Rn×n, we can test the conditions of Corollary 4.4.1 explicitly. The results of
Section 3.2.3 for flow invariant linear subspaces can be extended to linear DAEs in a
straightforward way.

For a submanifold S with corners, we similarly extend the result of Lemma 3.2.14.
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Corollary 4.4.2. Consider the DAE (4.47a) with flow ΦF and let TF ∈ C(C,Rn) be
the tangent field of ΦF . Let S be a time-varying embedded C1-submanifold with corners
with dim(S) = d, bound(S) = b and let S ∩ Cµ+1. Then, S is forward ΦF -invariant if
and only if one of the following (equivalent) conditions is satisfied

(i) For every (t, x) ∈ Cµ+1 ∩ S, then TF (t, x) ∈ T+
x S(t)− Ṡ(t,x).

(ii) For every (t0, x0) ∈ Cµ+1 ∩ S, there exists a neighborhood I0 × U(x0), such that(
ΠT

0 G1,xTF
)
(t, x) ≥ −(ΠT

12G1,t)(t, x), (4.167a)(
G2,xTF

)
(t, x) = −G2,t(t, x), (4.167b)

on (I0 × U(x0)) ∩ Cµ+1 ∩ S, where G1 ∈ C2(I0 × U(x0),Rd−b) and G2 ∈ C2(I0 ×
U(x0),Rn−d) is a pair of locally defining functions and Π0(t, x) = [ei]i∈I0(x) for
I0(x) = {i ∈ {1, ..., d1} |G1,i(t, x) = 0}.

4.5 Examples

We illustrate the remodeling by the Moore-Penrose projection and the computation of
the flow for a linear and a nonlinear DAE.

Example 4.5.1. Consider Eẋ = Ax+ b with

E =

 t+1
t+2

√
t+1
t+2 0

0 0 0
0 0 0

 , A =


t

2(t+2)2
t

2(t+2)2
√
t+1

0

− 1√
t+2

√
t+1√
t+2

0

−1 − 1√
t+1

1

 , b =

b1b2
b3

 ,
for t ∈ I := (−1,∞) and b1, b2, b3 ∈ R. On I, we have that rank(E) = 1 and
rank([e2, e3]TA) = 2. To show that E,A are s-free, it remains to prove that ker(E) ∩
ker([e2, e3]TA) = ∅, cp. Definition 4.1.1. We prove this condition by checking Corollary
4.3.3. To compute the Moore-Penrose projection PMP , we apply Theorem 2.3.1 and
decompose E into the product of a nonsingular and an orthogonal matrix, i.e.,

E =

 t+1
t+2 0 0

0 0 0
0 0 0



√
t+1√
t+2

1√
t+2

0

− 1√
t+2

√
t+1√
t+2

0

0 0 1

 .
By Lemma 2.3.7, then the Moore-Penrose is given by

E+ =


√
t+1√
t+2

− 1√
t+2

0

1√
t+2

√
t+1√
t+2

0

0 0 1


 t+2
t+1 0 0

0 0 0
0 0 0

 =

 1 0 0
1√
t+1

0 0

0 0 0
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and we obtain the projections

PMP =

 t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 , P⊥MP =

 1
t+2 −

√
t+1
t+2 0

−
√
t+1
t+2

t+1
t+2 0

0 0 1

 ,
and

Q = [e1, 0, 0], Q⊥MP = [0, e2, e3].

Similarly, we decompose the matrix Q⊥MPAP
⊥
MP according to

Q⊥MPAP
⊥
MP =

 0 0 0

− 1√
t+2

A22

√
t+1√
t+2

A22 0

0 0 1

 =

0 0 0
0 A22 0
0 0 1



√
t+1√
t+2

1√
t+2

0

− 1√
t+2

√
t+1√
t+2

0

0 0 1


and obtain the Moore-Penrose inverse

(Q⊥MPAP
⊥
MP )+ =


√
t+1√
t+2

− 1√
t+2

0

1√
t+2

√
t+1√
t+2

0

0 0 1


0 0 0

0 1 0
0 0 1

 =

0 − 1√
t+2

0

0
√
t+1√
t+2

0

0 0 1

 .
Then, we find that PMP and A satisfy condition (4.91) of Lemma 4.3.3 on I, implying
that E,A indeed are s-free, cp. Remark 4.3.1.

Now, we compute the Moore-Penrose parameterization gMP (t, x) = −Da(t)x − ba(t)
according to Lemma 4.3.8. The matrices Da and ba are given by

Da = (Q⊥MPAP
⊥
MP )+Q⊥MPA =


1
t+2 −

√
t+1
t+2 0

−
√
t+1
t+2

t+1
t+2 0

−1 − 1√
t+1

1

 , ba = (Q⊥MPAP
⊥
MP )+b =


b2√
t+2

b2
√
t+1√
t+2

b3

 .
The characterizing function of CE,A,b is given by PMP,−ba(t, x) = PMP (t)x− ba(t) with

PMP = PMP −Da =


t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

1 1√
t+1

0

 .
Projecting PMP with PMP and P⊥MP , respectively, we verify the projection properties
PMPPMP = PMP and P⊥MPPMP = −Da, cp. Theorem 3.1.3. With PMP,−ba , we com-
pute the set of consistent initial values CE,A,b as the affine subspace

CE,A,b =

x0 ∈ R3
∣∣∣


x1,0−
√
t0+1x2,0

t0+2

−
√
t0+1(x1,0−

√
t0+1x2,0)

t0+2

−
√
t0+1x1,0+x2,0√

t0+1
+ x0,3

 =


b2√
t+2

b2
√
t+1√
t+2

b3


 .
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For the inherent ODE, we compute the vector field hMP (t, x) = Dd(t)x+ bd(t). Calcu-
lating the product

E+A =


t

2(t+2)2
t

2(t+2)2
√
t+1

0
t

2(t+2)2
√
t+1

t
2(t+2)2(t+1)

0

0 0 0


and the derivative

ṖMP =


1

(t+2)2 − t
2(t+2)2

√
t+1

0

− t
2(t+2)2

√
t+1

− 1
(t+2)2 0

0 0 0

 ,
we get that

E+A+ ṖMP =


1

2(t+2) 0 0

0 − 1
2(t+2)(t+1) 0

0 0 0

 ,
and obtain the system matrix

Dd = (E+A+ ṖMP )PMP =


t+1

2(t+2)2

√
t+1

2(t+2)2 0

−
√
t+1

2(t+2)2(t+1)
− 1

2(t+2)2(t+1)
0

0 0 0

 .
Exploiting the diagonal structure of (E+A+ ṖMP ), we have that

Dd = (E+A+ ṖMP )PMP ,

in particular. For the dynamic inhomogeneities, we calculate

E+b = b1

 1
1√
t+1

0

 , (E+A+ ṖMP )ba = − b2
2(t+2)3/2

 1
1√
t+1

0

 ,
such that

bd = E+b− (E+A+ ṖMP )ba = (b1 + b2
2(t+2)3/2 )

 1
1√
t+1

0

 .
In conclusion, we get the Moore-Penrose remodeling (4.95) consisting of the ODEẋd,1ẋd,2

ẋd,3

 =


t+1

2(t+2)2

√
t+1

2(t+2)2 0

−
√
t+1

2(t+2)2(t+1)
− 1

2(t+2)2(t+1)
0

0 0 0


xd,1xd,2
xd,3

+ (b1 + b2
2(t+2)3/2 )

 1
1√
t+1

0
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and the algebraic relationxa,1xa,2
xa,3

 = −

 0 0 0
0 0 0
−1 − 1√

t+1
0

xd,1xd,2
xd,3

−


b2√
t+2

b2
√
t+1√
t+2

b3

 .
The variables are partitioned according to

xd =


√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2

0

 , xa =

 x1−
√
t+1x2

t+2

−
√
t+1(x1−

√
t+1x2)

t+2

x3

 .
In order to compute the flow ΦDd,bd , we note that [e1, e2, 0]TPMP = [e1, e2, 0]TPMP on I.
As [0, 0, e3]T (E+A+ṖMP ) = 0, we are in the special situation that (E+A+ṖMP )PMP =
(E+A + ṖMP )PMP . Thus, for the components xd, we can simplify the inherent ODE
obtained by projection according toẋd,1ẋd,2

ẋd,3

 =


1

2(t+2) 0 0

0 − 1
2(t+2)(t+1) 0

0 0 0


xd,1xd,2
xd,3

+ (b1 + b2
2(t+2)3/2 )

 1
1√
t+1

0


Noting that ∫ t

t0

1
2(s+2) ds = 1

2 ln
[
t+2
t0+2

]
,∫ t

t0

− 1

2(s+ 2)(s+ 1)
ds = −1

2 ln
[

(2t+3−1)(2t0+3+1)
(2t+3+1)(2t0+3−1)

]
= 1

2 ln
[

(t+1)(t0+2)
(t+2)(t0+1)

]
,

cp. [112, p. 96, 98], then we get that

e

(∫ t
t0

1
2(s+2) ds

)
=
√
t+2√
t0+2

, e

(∫ t
t0
− 1

2(s+2)(s+1) ds
)

=
√
t+1
√
t0+2√

t+2
√
t0+1

.

Then, the homogeneous flow ΦDd restricted to CE,A is given by

(Φt
Dd
PMP )(t0) =


√
t+2√
t0+2

0 0
√
t+1
√
t0+2√

t+2
√
t0+1

0

0 0 1

PMP (t0).

With Φt
E,A(t0) = PMP (t)(Φt

Dd
P )(t0), the homogeneous flow of the DAE is given by

Φt
E,A(t0) =


t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

1 1√
t+1

0



√
t+2√
t0+2

0 0
√
t+1
√
t0+2√

t+2
√
t0+1

0

0 0 1


 t0+1

t0+2

√
t0+1
t0+2 0

√
t0+1
t0+2

1
t0+2 0

0 0 0

 ,

=


(t+1)(t0+1)√
t+2(t0+2)3/2 + t+1

(t+2)3/2
√
t0+2

(t+1)
√
t0+1√

t+2(t0+2)3/2 + t+1
(t+2)3/2

√
t0+1

√
t0+2

0
√
t+1(t0+1)√

t+2(t0+2)3/2 +
√
t+1

(t+2)3/2
√
t0+2

√
t+1
√
t0+1√

t+2(t0+2)3/2 +
√
t+1

(t+2)3/2
√
t0+1

√
t0+2

0
√
t+2(t0+1)

(t0+2)3/2 + 1√
t+2
√
t0+2

√
t+2
√
t0+1

(t0+2)3/2 + 1√
t+2
√
t0+1

√
t0+2

0

 .
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From this formula, we can compute inhomogeneous flow according to

Φt
E,A,f (t0, x0) = Φt

E,A(t0)x0 +

∫ t

t0

(Φt
E,Abd)(s) ds− ba(t).

Given this explicit formula of the evolution matrix ΦE,A, we can study e.g. the longtime
behavior or the stability of solutions of Eẋ = Ax.

Example 4.5.2. Consider F (t, x, ẋ) = 0 with

F (t, x, ẋ) =


x1

2(t+2)
√
t+1

+
√
t+1ẋ1+ẋ2
t+2 −

√
t+1x1+x2

(t+2)2 + (
√
t+1x1+x2)2

(t+2)2

(x1−
√
t+1x2)2

(t+2)2 − 2

x2
3 −

√
t+1x1+x2
t+2 − 1

 .
As domain of definition, we choose D = (−1,∞)×R3×R3. Then, F ∈ C∞(D,R3). The
algebraic solution set is given by

F−1({0}) =
{

(t, x, v) ∈ D |x1 =
√
t+ 1x2 +

√
2(t+ 2), x3 =

√
1 + x2 +

√
2(t+ 1),

√
t+1v1+v2
t+2 =

(
1− 2

√
2(t+ 1)− 1

2(t+2)

)
x2 − x2

2 +

√
2(t+1)

t+2 − 2(t+ 1)
}
.

The Jacobians are given by

Fẋ(t, x, ẋ) =


√
t+1
t+2

1
t+2 0

0 0 0
0 0 0

 ,

Fx(t, x, ẋ) =


1

2(t+2)
√
t+1
−
√
t+1

(t+2)2 + 2(
√
t+1x1+x2)

√
t+1

(t+2)2 − 1
(t+2)2 + 2(

√
t+1x1+x2)
(t+2)2 0

x1−
√
t+1x2

(t+2)2 − (x1−
√
t+1x2)

√
t+1

(t+2)2 0

−
√
t+1
t+2 − 1

t+2 2x3

 ,
and satisfy rank(Fẋ(t, x, ẋ)) = 1 and rank([e2, e3]TFx(t, x, ẋ)) = 2 on F−1({0}). To prove
that F is indeed s-free, we verify the condition of Lemma 4.3.2. Comparing Fẋ and the
matrix E of Example 4.5.1, we observe that the Moore-Penrose projections induced by
F are given by

PMP (t) =

 t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 , P⊥MP (t) =

 1
t+2 −

√
t+1
t+2 0

−
√
t+1
t+2

t+1
t+2 0

0 0 1

 ,
and

Q = [e1, 0, 0], Q⊥MP = [0, e2, e3].

Note that PMP is independent of the state. Decomposing the matrix

Q⊥MPFxP
⊥
MP =

 0 0 0
x1−
√
t+1x2

(t+2)2 − (x1−
√
t+1x2)

√
t+1

(t+2)2 0

0 0 2x3
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into the product of a nonsingular and an orthogonal matrix, we find that, on F−1({0}),
the Moore-Penrose inverse is given by

(Q⊥MPFx(t, x, ẋ)P c(t))+ =


√
t+1√
t+2

1√
t+2

0

1√
t+2

−
√
t+1√
t+2

0

0 0 1


0 0 0

0 (t+2)3/2

x1−
√
t+1x2

0

0 0 1
2x3

 .
On F−1({0}), then we obtain that

(Q⊥MPFxP
c)+Q⊥MPFxP

c =

0 1√
t+2

0

0 −
√
t+1√
t+2

0

0 0 1


 0 0 0

1√
t+2

−
√
t+1√
t+2

0

0 0 1

 = P⊥MP

and
Q⊥MPFxP

c(Q⊥MPFxP
c)+ = Q⊥MP .

Hence, F is s-free and PMP is a specifying projection for the solution manifoldMF (t0, x0)
for every consistent (t0, x0). To compute the Moore-Penrose parameterization and vector
field, we partition the variables with PMP according to

xd =


√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2

0

 , xa =

 x1−
√
t+1x2

t+2

−
√
t+1(x1−

√
t+1x2)

t+2

x3

 .
To determine the parameterization gMP satisfying xa = gMP (t, xd), we solve

Q⊥MPF (t, xd + xa, ẋd + ẋa) =

 0
xa

2
1 − 2

xa
2
3 − xd,2 − 1

 = 0

for xa. Noting that xa2 = −
√
t+ 1xa1, we obtain that

gMP (t, xd) =
[√

2 −
√

2(t+ 1)
√

1 + xd,2
]T
,

with gMP ∈ C∞(I × UgMP ,R3) for UgMP = {x ∈ R3 |xd,2 > −1}. Then, the characteriz-
ing Moore-Penrose function PMP is given by

PMP (t, x) =


√
t+1(

√
t+1x1+x2)
t+2 +

√
2√

t+1x1+x2
t+2 −

√
2(t+ 1)√

1 +
√
t+1x1+x2
t+2

 ,
for SPMP

= ∪t∈I{{t}×UPMP
}, where UPMP

= {x ∈ R3 |
√
t+1x1+x2
t+2 > −1}. In particular,

PMP ∈ C∞(SPMP
,R3). The set of consistent initial values is given by

CF =
{

(t, x) ∈ I × R3 |x1 =
√
t+ 1x2 +

√
2(t+ 2), x3 =

√
1 + x2 +

√
2(t+ 1)

}
.



174 A flow formula for differential-algebraic equations

To find the inherent vector field hMP satisfying ẋd = hMP (t, xd), we solve

QF (t, xd + xa, ẋd + ẋa) =

ẋd,2 + x2
d,2

0
0

 = 0

for ẋd, and noting that xd1 =
√
t+ 1xd2, we get that

hMP (t, xd) =
[
− x2

d,1√
t+1

+
xd,1

2(t+1) −x2
d,2 0

]T
,

with hMP ∈ C∞(I ×R3,R3). On I × UPMP
, then the Moore-Penrose remodeling (4.56)

of F (t, x, ẋ) = 0 is given by

ẋd =


x2
d,1√
t+1

+
xd,1

2(t+1)

x2
d,2

0

 , xa =


√

2,

−
√

2(t+ 1)√
1 + xd,2

 . (4.168)

On I × R3, the flow ΦhMP
is given by

Φt
hMP

(t0, xd0) =

−
t+2

2t2
√
t+1

+ t0+2
2t20
√
t0+1

+ xd,1,0
1
t −

1
t0

+ xd,2,0
0

 .
For (t0, x0) ∈ I × R3, the maximal interval of existence is given by (t−0 , t

+
0 ) = [t0,∞).

Then, the DAE flow Φt
F (t0, x0) = Φt

hMP
(t0, x0) + gMP (t,Φt

hMP
(t0, x0)) is given by

Φt
F (t0, x0) =

−
t+2

2t2
√
t+1

+ t0+2
2t20
√
t0+1

+ xd,1,0
1
t −

1
t0

+ xd,2,0
0

+


√

2,

−
√

2(t+ 1)√
1 + 1

t −
1
t0

+ xd,2,0


for (t0, xd,0) ∈ CF ∩I ×UgMP . With xd,1,0 =

√
t0 + 1xd,2,0 and xd,2,0 =

√
t0+1x1,0+x2,0

t0+2 , we
get that

Φt
F (t0, x0) =


− t+2

2t2
√
t+1

+ t0+2
2t20
√
t0+1

+
√
t0+1(

√
t0+1x1,0+x2,0)
t0+2 +

√
2

1
t −

1
t0

+
√
t0+1x1,0+x2,0

t0+2 −
√

2(t+ 1)√
1 + 1

t −
1
t0

+
√
t0+1x1,0+x2,0

t0+2


for (t0, x0) ∈ CF ∩ I × UPMP

.

This example demonstrates that, partitioning the variables with the Moore-Penrose
inverse induced by F , we can compute an explicit solution of the nonlinear problem
F (t, x, ẋ) = 0. The flow ΦF allows analyze system properties like the longterm behavior
or stability.
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4.6 Summary

In Chapter 4, we have given a flow-on-manifold formulation that generalizes the concept
of the flow to DAEs.

Introducing the basic ideas and pointing out the problems in the analysis of DAEs in
Section 4.1, we have introduced the concept of the strangeness index in Section 4.2. For
the initial value problem

F (t, x, ẋ) = 0, F ∈ Cµ+2
µ,d,a,reg(D,Rn), (4.169a)

x(t0) = x0, (t0, x0) ∈ Cµ+1. (4.169b)

the concept of the strangeness index ensures the existence of a unique solution. The set
Cµ+2
µ,d,a,reg(D,Rn) refers to those DAEs whose derivate array Fµ(zµ) = 0, i.e., the inflated

DAE obtained by differentiation, satisfies the solvability assumptions of Hypothesis 4.2.1.
The set Cµ+1 contains the initial values (t0, x0) that can be extended to a consistent value

(t0, x0, ..., x
(µ+1)
0 ∈ F−1

µ ({0}).
Besides characterizing solvability and existence of solutions, the theory of the strangeness
index allows to separate the differential and algebraic equations in (4.169) and to remodel
(4.169) as strangeness-free system

F̂1(t, x, ẋ) = 0, x(t0) = x0, (4.170a)

F̂2(t, x) = 0. (4.170b)

The initial value problem (4.170) can be considered as an implicit differential equation
(4.170a) on a manifold MF (t0, x0) that is described by the algebraic equations (4.170b).

Based on the strangeness-free formulation (4.170), in Section 4.3, we have constructed a
flow formula for the DAE (4.169a). Following the idea in Chapter 3, we have remodeled
in Theorem 4.3.1 the initial value problem along the solution as decomposed system

ẋd = hMP (t, xd), xd(t0) = PMP (z0)x0, (4.171a)

xa = gMP (t, xd). (4.171b)

The variables xd = PMP (t, x, ẋ)x, xa = P⊥MP (t, x, ẋ)x are decomposed along the solution

x by the Moore-Penrose projection PMP = F̂+
ẋ F̂ẋ. The projection PMP has been shown

to be specifying for the manifold MF (t0, x0) in Lemma 4.3.2 and allows to construct
the parameterization gMP , cp. Lemma 4.3.3. The function hMP is the inherent vector
field induced by PMP and F̂1, cp. Theorem 4.3.1. As the variable decomposition by
PMP (t, x, ẋ) is smoothly defined along the solution x, the functions gMP and hMP have
shown to be smoothly extendable to the full interval of existence [t0, t̂

+
0 ), cp. Lemma

4.3.4. In combination with the unique solvability of (4.169) for every (t0, x0) ∈ Cµ+1, we
have defined the flow ΦF of the DAE (4.169a) in Theorem 4.3.2. The function

Φt
F (t0, x0) := Φt

hMP

(
t0, PMP (z0)x0

)
+ gMP

(
t,Φt

hMP
(t0, PMP (z0)x0)

)
. (4.172)
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satisfies properties that generalize the characteristic properties of the ODE flow Φf and
thus extends the concept of the flow to DAEs with regular s-index. The representation
(4.172) shows that only the differential components xd are evolved by the flow ΦhMP

while the algebraic components xa are specified by the parameterization gMP .

To compute the remodeling (4.171) and the flow formula (4.172) explicitly, we have
studied the decomposition by a constant Moore-Penrose projection in Section 4.3.2.

For linear problems Eẋ = Ax + b, the s-free formulation (4.170) is globally defined on
I × Rn and we have specified the remodeling (4.171) and the flow formula (4.172) in
Section 4.3.4. As the Moore-Penrose parameterization gMP and the vector field hMP

are affine linear transformations, we have computed the flow explicitly with

Φt
E,A,f (t0, x0) = Φt

E,A(t0, x0) +

∫ t

t0

(
Φt
E,Afd

)
(s) ds− fa(t),

where ΦE,A is the homogeneous flow associated with Eẋ = Ax, cp. Theorem 4.3.4. The
linear flow is an affine linear transformation and generalizes Duhamel’s formula.
For linear systems with constant coefficients, we have studied in Section 4.3.5 the remod-
eling based on the theory of matrix pairs and the Drazin projection. Decomposing the
system with respect to the generalized eigenspaces of (E,A), the system Eẋ = Ax + f
fully decouples and we have shown that the solution manifold CE,A,f can be parameter-
ized independently of the dynamic components. With this parameterization, we have
derived an alternative representation of the flow ΦE,A,f in terms of the Drazin projection.
We have compared our results with the remodeling by the Moore-Penrose projection.



CHAPTER 5

POSITIVITY CONCEPTS

In Chapter 5, we study the concept of positivity for DAEs. We characterize nonlinear
positive constrained systems and we derive a uniform framework that allows to study
positivity both for ODEs and DAEs.
In Section 5.1, we summarize the classical results for ODEs that characterize positivity
in terms of the linearization of the flow.
In Section 5.2, we modify these results for differential equations that are positive on an
embedded submanifold S. Considering the intersection S+ = S∩Rn+, and specifying the
tangent set of S+, we derive conditions under which the intersection S+ = S ∩ Rn+ is
forward Φf -invariant.
For DAEs, where the flow ΦF is bounded to the solution manifold, in Section 5.3, we
use this framework to derive conditions, when ΦF is nonnegative for every nonnegative
consistent initial value. We compare these conditions with those derived in Section 5.1
and Section 5.2.
For linear systems with constant coefficients, we compare our results with the positivity
characterization obtained using the Drazin inverse, cp. [137].
We illustrate the positivity conditions for several linear and nonlinear examples in Section
5.4.

5.1 Ordinary differential equations

For an open set Ω ⊂ Rn, we denote the subset of nonnegative elements by Ω+ := Ω∩Rn+.
On Ω+, we consider the initial value problem

ẋ = f(t, x), f ∈ CLip
loc (I × Ω,Rn), (5.1a)

x(t0) = x0, (t0, x0) ∈ I × Ω+. (5.1b)
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Using the flow Φf associated with (5.1a), we define the concept of positivity.

Definition 5.1.1. The initial value problem (5.1) is called positive if Φt
f (t0, x0) ≥ 0

for t ∈ [t0, t
+
0 ). The differential equation (5.1a) (or the flow Φf ) is called positive if

Φt
f (t0, x0) ≥ 0 for t ∈ [t0, t

+
0 ) for every (t0, x0) ∈ I × Ω+.

Remark 5.1.1. For differential equations

ẋ = f(t, x), f : I × Ω→ Rn (5.2a)

x(t0) = x0, (t0, x0) ∈ I × Ω+ (5.2b)

that do not possess a flow, then the concept of positivity is extended by considering
the solutions of (5.2a). The initial value problem (5.2) is called positive if there exists a
solution x ∈ C1([t0, t

+
0 ),Rn) and x(t) ≥ 0 for t ∈ [t0, t

+
0 ). The differential equation (5.2a)

is called positive if every solution x ∈ C1([t0, t
+
0 ),Rn) with x(t0) ≥ 0 satisfies x(t) ≥ 0

for t ∈ [t0, t
+
0 ) for all t0 ∈ I.

This definition allows to extend the following results to differential equations that do
not posses a flow. To avoid technical complexities, however, we restrict our discussion
to locally Lipschitz systems.

Following the idea in [80, p. 116], we characterize positive systems via the linearization
of the flow.

Theorem 5.1.1. Consider the differential equation (5.1a) with flow Φf . Let f ∈ C1(I×
Ω̃,Rn), where Ω̃ is an open set containing Ω+. Then, (5.1a) is positive if and only if
there exists a function κ : I × Ω+ → R+, such that

f(t, x) ≥ −κ̂ x (5.3)

on I × Ω+ and for every κ̂ ≥ κ(t, x). The function κ is pointwise defined by

κ(t, x) =

∣∣∣∣∣ min
i:xi>0

{
fi(t, x)

xi
, 0

}∣∣∣∣∣. (5.4)

Proof. We prove the assertion by considering the Taylor expansion of Φt
f (t0, x0) in t0. If

f ∈ C1(I×Ω̃,Rn), where Ω̃ is an open set containing Ω+, then for every (t0, x0) ∈ I×Ω,

the flow as a function of t satisfies Φ
(·)
f (t0, x0) ∈ C2([t0, t

+
0 ),Rn), cp. Lemma 2.6.1, and

we get that

Φt
f (t0, x0) = x0 + (t− t0)f(t0, x0) +O((t− t0)2). (5.5)

⇒ Let ẋ = f(t, x) be positive. For (t0, x0) ∈ I × Ω+, consider the expansion (5.5).
Letting t tend to t0, then the positivity assumption implies that

x0 + (t− t0)f(t0, x0) ≥ 0 (5.6)
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for t ∈ [t0, t̂], where t̂ > t0 is the maximal t > t0, such that (5.6) is satisfied. Note that
there exists such t̂ > t0, because otherwise, if there exists an index i ∈ {1, ..., n}, such
that x0,i + (t − t0)fi(t0, x0) < 0 for t > t0, then for t > t0 sufficiently small, we would
have that

Φt
f (t0, x0) = x0 + (t− t0)f(t0, x0) +O((t− t0)2) � 0

in contradiction to the positivity assertion. Hence, condition (5.3) is satisfied for every
κ̂ ≥ κ(t0, x0), where κ(t0, x0) := 1

t̂−t0
.

Since κ(t0, x0) is the minimal value for which condition (5.3) is satisfied, there exists
at least on index j ∈ {1, ..., n}, such that fj(t0, x0) = κ(t0, x0)x0,j and x0,j > 0. This
implies the pointwise definition of κ in (5.4).

⇐ Let condition (5.3) be satisfied for (t0, x0) ∈ I × Ω+. Following the arguments
in Lemma 3.2.7, it is sufficient to prove that Φt

f (t0, x0) ≥ 0 for small t − t0 > 0 if
(t0, x0) ∈ I ×Ω+. Using the extendability of Φf , cp. Lemma 2.6.1, (2.69b), this implies
that Φf (t0, x0) ≥ 0 for t ∈ [t0, t

+
0 ).

Now, we assume that condition (5.3) is strictly satisfied, i.e., that there exists a function
κ : I × Ω+ → R++, where R++ = R+ \ {0}, such that

f(t0, x0) > −κ̂ x0 (5.7)

on I × Ω+ and for every κ̂ ≥ κ(t0, x0). Considering the Taylor expansion (5.5), then
(5.7) implies that Φt

f (t0, x0) > 0 for every (t0, x0) ∈ I × Ω+ if t − t0 > 0 is sufficiently
small. Hence, ẋ = f(t, x) is positive.
For the relaxed inequality (5.3), we prove positivity by constructing a lower bound on
Φf . We consider the perturbed system

ẋε = f(t, xε) + εe, (5.8)

where e = [1, ..., 1]T ∈ Rn and ε > 0. Since f ∈ CLip
loc (I × Ω,Rn), system (5.8) is locally

Lipschitz continuous with associated flow Φf,ε. As e > 0, system (5.8) satisfies the

strict condition (5.7) for every ε > 0, implying that Φ
(·)
f,ε(t0, x0) > 0 on [t0, t

+
0 ) for every

(t0, x0) ∈ I × Ω+. By Lemma 2.6.5, then there exists t1 > t0 and a matrix function
M ∈ C([t0, t1],Rn×n) as in (2.85), such that

Φt
f,ε(t0, x0) = Φt

f (t0, x0) + ε

∫ t

t0

M(t, s)v(s) ds > 0

is satisfied for t ∈ [t0, t1] and pointwise on I × Ω+. Letting ε tend to 0, we find that
Φt
f (t0, x0) ≥ 0 for t ∈ [t0, t1] and (t0, x0) ∈ I × Ω+. Extending Φt

f (t0, x0) successively

on [t0, t
+
0 ) and repeating the arguments for (t0, x0) ∈ I × Ω+, we prove that (5.1a) is

positive.

If the differential equation (5.1a) is positive, then the strict positivity condition (5.7)
is satisfied for every x0 ∈ Ω++ := Ω ∩ Rn++, and the associated solution trajectories
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Φt
f (t0, x0) remain strictly positive for t ∈ [t0, t

+
0 ). Solutions that are associated with

initial values (x0, t0) on the boundary Ω+ ∩ ∂Rn+ are attracted into Ω++ if fi(t0, x0) > 0
for x0,i = 0. In combination with the uniform and bounded response of the system to
a positive perturbation, this ensures that also solutions associated with initial values
(x0, t0) ∈ Ω+ ∩ ∂Rn+ with x0,i = fi(t0, x0) = 0 do not leave Rn+.

Remark 5.1.2. Condition (5.3) characterizes a positive ODE by giving a pointwise
bound κ(t, x) for the componentwise smallest negative entry in the vector field f(t, x).
This entry represents the componentwise steepest descent of Φf in (t, x). In a numer-
ical solution, the function κ yields a stepsize condition, under which the considered
discretization scheme gives a nonnegative approximation x∆ ≥ 0 of the exact solution
x ≥ 0, cp. e.g., [13, 61], [76, 77, 78], [80, pp. 122] and the references therein.
To test a given ODE (5.1a) for positivity, however, we first check if fi(t0, x0) ≥ 0 for
every x0 ∈ Rn+ with x0,i = 0, i ∈ {1, ..., n}. If this condition is satisfied, then the lin-
earization x0 + (t− t0)f(t0, x0) of the flow Φf is nonnegative on the boundary ∂Rn+ for
t − t0 > 0 sufficiently small. Then, the system is positive and we can construct the
function κ according to (5.4).

The assumption of Lipschitz continuity can be dropped, if we assume that the system is
uniquely solvable, see [76].

For linear systems

ẋ = Ax+ b, A ∈ C(I,Rn×n), b ∈ C(I,Rn), (5.9a)

x(t0) = x0, (t0, x0) ∈ I × Rn+, (5.9b)

the positivity of solutions is characterized by the sign pattern of the system matrix A.

Definition 5.1.2.

1. A matrix A ∈ Rn×n is called a Metzler matrix (or Metzler), if there exists κ > 0,
such that A ≥ −κ̂In for every κ̂ ≥ κ, cp. [11].

2. We call a matrix function A ∈ C(I,Rn×n) a Metzler matrix on I if A(t) is a
pointwise Metzler matrix on I, i.e., there exists κ : I → R+, such that A(t) ≥ −κ̂In
for every κ̂ ≥ κ(t) and every t ∈ I.

Then, we have the following characterization of positivity for the linear system (5.43a).

Lemma 5.1.1. The differential equation (5.9a) is positive if and only if A is a pointwise
Metzler matrix and b ≥ 0 on I.

Proof. For the linear problem (5.9a), the positivity condition of Theorem 5.1.1 reads

A(t)x+ b(t) ≥ −κ̂ x (5.10)
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on I × Rn+ and for every κ̂ ≥ κ(t, x). The function κ is pointwise defined by (5.4).
Considering (t, 0) for t ∈ I, in particular, then condition (5.10) implies that b ≥ 0 on
I. Considering (t0,

1
ε ei) for t0 ∈ I, ε > 0 and the standard canonical basis {ei}i=1,...,n,

then, letting ε tend to 0, we obtain that κ̂In + A(t0) ≥ 0, i.e., A is pointwise Metzler
on I. Conversely, if A is Metzler and b ≥ 0 on I, then condition (5.10) is naturally
satisfied.

Corollary 5.1.1 generalizes the property of the matrix exponential e(t−t0)A to be nonneg-
ative for every t > t0 if and only if A ∈ Rn×n is a Metzler matrix, see e.g. [47, 80, 136].

5.2 Ordinary differential equations with invariant manifolds

With regard to DAEs, where the flow is restricted to embedded submanifolds, we dis-
cuss under which conditions the intersection of a time-varying submanifold S with the
nonnegative orthant Rn+ is forward flow invariant.

Setting S+ = S ∩ (I × Rn+), we consider the initial value problem

ẋ = f(t, x), f ∈ CLip
loc (I × Ω,Rn), (5.11a)

x(t0) = x0, (t0, x0) ∈ (I × Ω) ∩ S+. (5.11b)

Definition 5.2.1. The initial value problem (5.11) is called positive if Φt
f (t0, x0) ≥ 0

on [t0, t
+
0 ). The differential equation (5.11a) (or the flow Φf ) is called positive on S if

Φt
f (t0, x0) ≥ 0 on [t0, t

+
0 ) for every (t0, x0) ∈ (I × Ω) ∩ S+.

To characterize positivity of the flow Φf on a submanifold S in terms of the vector field
f , we show that the tangent set Tanx S+(t) is the intersection of Tx S(t) and TxRn+.

Lemma 5.2.1. Let S be a time-varying, embedded C1-submanifold and consider S+. For
(t, x) ∈ S+, the tangent sets Tan(t,x) S+

aut and Tanx S+(t) are given by

Tan+
(t,x) S

+(t) = Tx S(t) ∩ TxRn+, (5.12a)

Tan+
ι(t,x) S

+
aut = Tι(t,x) Saut ∩ Tι(t,x)(R× Rn+). (5.12b)

Proof. Assume that S ⊂ Rn is an embedded C1-submanifold that is constant with respect
to time. For every x ∈ S, the tangent space Tx S can be identified with the gradients of
curves γ ∈ Ck−1([tl, tr],S) through x, i.e., if x = γ(tl), then γ̇(tl) ∈ Tx S. Conversely, for
every v ∈ Tx S, there exists a curve γ ∈ Ck−1([tl, tr],S) with x = γ(tl) and γ̇(tl) = v, cp.
[95, pp. 199]. With this observation, we show that Tanx S+ = Tx S ∩ T+

x Rn+ for every
x ∈ S.

⇒ Let v ∈ Tx S ∩ T+
x Rn+. Then, there exists a curve γ ∈ Ck−1([tl, tr],S) with x = γ(tl)

and γ̇(tl) = v. As γ̇(tl) ∈ Rn+, then x + τv ∈ Rn+ for τ > 0 sufficiently small and
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necessarily, also γ(τ) ∈ S+. Noting that

lim inf
τ→0+

dist(x+ τv, S+)

τ
≤ lim inf

τ→0+

‖x+ τv − γ(τ)‖
τ

= 0

then we get that v ∈ Tanx S+. Hence, (Tx S ∩ T+
x Rn+) ⊂ Tanx S+.

⇐ Let v ∈ Tanx S+. If xi = 0 but vi < 0, then xi + τvi < 0 holds for every τ > 0,
implying that dist(x + τv, y) > 0 for every τ > 0 and every y ∈ Rn+. As S+ ⊂ Rn+, it
follows that lim infτ→0+(τ−1 dist(x + τv,S+)) 6= 0, contradicting v ∈ Tanx S+. Hence,
Tanx S+ ⊂ T+

x Rn+. Similarly, if v ∈ Tanx S+ \ Tx S, then dist(x + τv, S) > 0 for every
τ > 0. Since S+ ⊂ S, it follows that lim infτ→0+(τ−1 dist(x + τv,S+)) 6= 0 and we find
that Tanx S+ ⊂ Tx S.
For a time-varying submanifold S ⊂ I × Rn, with t-sections S(t) and autonomization
Saut, cp. Definition 2.4.4, this observation implies that Tanx S+(t) = Tx S(t) ∩ T+

x Rn+
for every x ∈ S+(t) and Tanz S+

aut = Tz Saut ∩ T+
x (R× Rn+) for every z ∈ Saut.

Given a locally defining function G of S, then Tx S(t) = ker(Gx(t, x)), cp. Lemma 2.4.4.
To specify the tangent set TxRn+ for x ∈ Rn+ in a similar way, we define the index sets
containing the information about the zero and positive entries in x by

I0(x) :=
{
i ∈ {1, ..., n} |xi = 0

}
, I+(x) := {i ∈ {1, ..., n}} \ I0(x) (5.13)

and the permutation Π(x) selecting the zero and the positive entries by

Π(x) =
[
Π0 Π+

]
(x) (5.14a)

Π0(x) := [ei]i∈I0(x), Π+(x) := [ei]i∈I+(x). (5.14b)

Lemma 5.2.2. Consider x ∈ Rn+. Let I0(x) and Π0(x) be given by (5.13) and (5.14).
The tangent inward sector of Rn+ in x is given by

TxRn+ = ker+
(
ΠT

0 (x)
)
. (5.15)

Proof. For x ∈ Rn+, let I0(x) and Π(x) be given by (5.13) and (5.14). Fixing x ∈ Rn+, the
permutation Π(x) yields a chart with corners for Rn+ satisfying ΠT (x)x ∈ ∂`Rn+, where
` = |I0(x)|. Then, the tangent inward sector of Rn+ in x is given by T+

x Rn+ := Π(x) ·Rn`+,
cp. (2.48), and writing this equation as ΠT (x) · T+

x Rn+ := Rn`+, we obtain (5.15).

In conclusion, for a time-varying, embedded submanifold S, the tangent space of the
intersection S+(t) is given by

Tx S+(t) = ker
(
Gx(t, x)

)
∩ ker+

(
Π(x)

)
, (5.16)

for x ∈ S+(t), where G is a locally defining function of S defined in a neighborhood of
x and Π0(x) is given by (5.14). With this observation, we give conditions when Φf is
positive on S.
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Theorem 5.2.1. Consider the differential equation (5.11a) with flow Φf . Let S be a
time-varying, embedded C1-submanifold with dim(S) = d and let S+ ∩ (I ×Ω) 6= ∅. The
flow Φf is positive on S if and only if the following assertions are satisfied.

(i) For every (t0, x0) ∈ S+, there exists a neighborhood I0 × U(x0), such that(
Gxf

)
(t, x) = −Gt(t, x) (5.17)

on (I0×U(x0))∩ S+, where G ∈ C1(I0×U(x0),Rn−d) is a defining function of S.

(ii) There exists a function κ : S+ → R+, such that

f(t, x) ≥ −κ̂ x (5.18)

on S+ and for every κ̂ ≥ κ(t, x). The function κ is pointwise defined by

κ(t, x) =

∣∣∣∣∣ min
i∈I+(x)

{
fi(t, x)

xi
, 0

}∣∣∣∣∣. (5.19)

Proof. By Theorem 3.2.1, the flow Φf is positive on S, or equivalently spoken, the set
S+ is forward Φf invariant if and only

faut(
[
t
x

])
∈ Tan[ t

x

] S+
aut (5.20)

for every (t, x) ∈ S+. In Lemma 5.2.1, we have shown that

Tan[ t
x

] S+
aut = T[ t

x

] Saut ∩ T+
x (R× Rn+)

for every (t, x) ∈ S. Using Lemma 5.2.2, this space can be represented as

Tan[ t
x

] S+
aut = ker

(
DG(t, x)

)
∩
(
R× ker+(Π0(x)

)
,

where G ∈ C1(I0 × U(x0),Rn2) is a locally defining function of S containing (t, x) and
the matrix Π(x) is given by (5.14). Since faut([t, x

T ]T ) = [1, fT (t, x)]T and DG(t, x) =
[Gt, Gx], then condition (5.20) is satisfied if and only if f satisfies the invariance condition
(5.17) and

ΠT
0 (x)f(t, x) ≥ 0 (5.21)

on S+. Choosing κ(t, x) according to (5.19) and noting that Π0(x)x = 0 and Π+(x)x > 0,
we can equivalently formulate condition (5.21) by claiming that, on S+,

ΠT (x)f(t, x) ≥ −κ̂ x

for every κ̂ ≥ κ(t, x). As Π(x) is orthogonal and nonnegative, we have proved condition
(5.18).
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Theorem 5.2.1 confirms that a flow Φf is positive on a submanifold S, if, on S+, the
vector field f satisfies both the invariance condition of Theorem 3.2.1 and the positivity
condition of Theorem 5.1.1. The invariance condition (i) can be replaced by one of the
other equivalent invariance conditions presented in Theorem 3.2.2.

If S = Rn, then S+ = Rn+ and the positivity on S equals the general positivity of Φf . A
defining function of Rn is given by G(t, x) = 0 and condition (5.17) is trivially satisfied
for every (t, x) ∈ Rn+. The positivity condition (5.18) of Theorem 5.2.1 agrees with the
condition of Theorem 5.1.1.

Like Theorem 5.1.1, Theorem 5.2.1 characterizes positivity using a bound on the negative
entries of the vector field f . In contrast to the general positivity of Φf , the function κ
is only defined on S+. If Φf is positive with bound κ : Rn+ → R+, then Φf is positive on
every Φf -forward invariant manifold S with the bound κ|S+ : S+ → R+. Conversely, not
every bound κ : S+ → R+ can be extended to a bound on Rn+.
Integrating the initial value problem (5.11) numerically, the bound κ allows to find the
admissible stepsize for which the numerical solution is also nonnegative, cp. Remark
5.1.2. This follows by applying the arguments for positivity preserving discretizations
along the solution of the initial value problem (5.11).
To test a given system (5.11a) for positivity, however, we first check the signs of f(t0, x0)
at the boundary ∂Rn+ ∩ S+(t0), then construct the function κ. Note that, studying
positivity on S, we only have to test the intersection ∂Rn+ ∩ S+. Using the permutation
matrix Π and condition (5.21), we formalize this positivity characterization.

Corollary 5.2.1. Consider the differential equation (5.11a) with flow Φf . Let S be a
time-varying, embedded C1-submanifold with dim(S) = d and let S+ ∩ (I ×Ω) 6= ∅. The
flow Φf is positive on S if and only if the following assertions are satisfied.

(i) For every (t0, x0) ∈ S+, there exists a neighborhood I0×U(x0), such that condition
(5.17) is satisfied on (I0 × U(x0)) ∩ S+.

(ii) If (t, x) ∈ S+, then ΠT
0 (x)f(t, x) ≥ 0, where the matrix Π0(x) is given by (5.14).

To test the conditions of Theorem 5.2.1 or Corollary 5.2.1, we need an explicit charac-
terization of the set S+. We use the description of S by a characterizing function P that
is induced by a constant specifying projection P ∈ Rn×n, cp. Lemma 3.1.5. For the
function P ∈ C1(I0 × U(x0),Rn), we denote the preimage of the nonnegative values by

P−1(Rn+) =
{

(t, x) ∈ I0 × U(x0) | P(t, x) ≥ 0
}

(5.22)

and make the following observation.

Lemma 5.2.3. Consider the differential equation (5.11a) with flow Φf . Let S be a time-
varying, embedded C1-submanifold with dim(S) = d and let S+ ∩ (I × Ω) 6= ∅.
The flow Φf is positive on S if and only if for every (t0, x0) ∈ S+, there exists a char-
acterizing function P ∈ C1(I0 × U(x0),Rn) induced by a constant specifying projection
and a defining function G ∈ C1(I0×U(x0),Rn−d), such that the following assertions are
satisfied.
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(i) If (t, x) ∈ P−1(Rn+), then
(
Gxf

)(
t,P(t, x)

)
= −Gt

(
t,P(t, x)

)
.

(ii) If (t, x) ∈ P−1(Rn+), then f
(
t,P(t, x)

)
≥ −κ̂P(t, x) for every κ̂ ≥ κ(t,P(t, x)),

where the function κ is given by (5.19).

Proof. For every (t0, x0) ∈ S+, we can construct a characterizing function P ∈ C1(I0 ×
U(x0),Rn) that is induced by a constant specifying projection P ∈ Rn×n and a defining
function G ∈ C1(I0 × U(x0),Rn−d) of S, cp. Lemma 3.1.5. The function P satisfies
range(P) = (I0×U(x0))∩S, cp. Lemma 3.1.5, (3.38). For the intersection S+, it follows
that

(I0 × U(x0)) ∩ S+ = range(P) ∩ Rn+,

implying that

(I0 × U(x0)) ∩ S+ = P
(
P−1(Rn+)

)
. (5.23)

Hence, the invariance and the positivity condition of Theorem 5.2.1 are satisfied for
every (t, x) ∈ (I0 × U(x0)) ∩ S+ if and only if they are satisfied for every P(t, x) with
(t, x) ∈ P−1(Rn+). Thus, the assertions (i), (ii) on P−1(Rn+) characterize the positivity
of the flow Φf on S.
Conversely, every characterizing function P induced by a constant specifying projection
satisfies (5.23) on a sufficiently small domain of definition I0 × U(x0). If Φf is positive
on S, this implies that P and f satisfy the assertions (i), (ii) on P−1(Rn+).

Using a characterizing function P induced by a constant projection, we can test the
positivity conditions of Theorem 5.2.1 on the set P−1(Rn+). Depending on the choice of
P, this set may be easier accessible than the intersection S+. Regarding the sign of the
specifying projection P and its complement P⊥, the set P−1(Rn+) can be characterized
in terms of P and the parameterization g.

Lemma 5.2.4. Let S be a time-varying, embedded C1-submanifold. For (t0, x0) ∈ S+,
let P ∈ C1(I0 × U(x0),Rn) be a characterizing function of S that is induced by a spe-
cifying projection P ∈ Rn×n with complement P⊥ and a parameterization g ∈ C1(I0 ×
U(x0,P ),U(x0,P c)).

1. If P ≥ 0, then P−1(Rn+) ⊂ (I0 × ker+(P )).

2. If P⊥ ≥ 0, then P−1(Rn+) ⊂ g−1(Rn+).

3. If P, P⊥ ≥ 0, then P−1(Rn+) = (I0 × ker+(P )) ∩ g−1(Rn+).

Proof. We prove the assertion using that PP(t, x) = Px and P⊥P(t, x) = g(t, P (t, x)x),
where g ∈ C1(I0 × U(xP,0),U(xP c,0)), cp. Theorem 3.1.3.

1. If P ≥ 0, then PP(t, x) = Px ≥ 0 for every (t, x) ∈ P−1(Rn+) and this implies that
P−1(Rn+) ⊂ (I0 × ker+(P )).
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2. If P⊥ ≥ 0, then P⊥P(t, x) = g(t, Px) ≥ 0 for every (t, x) ∈ P−1(Rn+) and this implies
that P−1(Rn+) ⊂ g−1(Rn+).

3. If P and P⊥ are nonnegative, then assertion 1. and 2. imply that P−1(Rn+) ⊂
(I0× ker+(P ))∩ g−1(Rn+). Conversely, P(t, x) = Px+ g(t, Px) is nonnegative whenever
(t, x) ∈ (I0 × ker+(P )) ∩ g−1(Rn+).

If the specifying projection P and its complement P⊥ are nonnegative, then P−1(Rn+)
can be exclusively characterized in terms of the sets ker+(P ) and g−1(Rn+). If P ∈
C1(I,Rn×n), then the set ker+(P ), in particular, is a time-varying polyhedral cone, cp.
Section 2.1. By Minkowski’s Theorem, cp. [49], then there exists a generating matrix
function B ∈ C1(I,Rn×m) that satisfies ker+(P ) = cone(B) and every x ∈ ker+(P (t))
can be represented as x = B(t)x+ for suitable coefficients x+ ∈ Rm+ .

A specifying projection Pσ, for which both Pσ and P⊥σ are nonnegative can be constructed
using a permutation Iσ, cp. Lemma 3.1.6. Due to the particular structure of Pσ, we can
explicitly compute a generating set of P−1(Rn+).

Lemma 5.2.5. Let S be a time-varying, embedded C1-submanifold. For (t0, x0) ∈ S+, let
Pσ(t, x) = Pσx+gσ(t, Pσx) be a characterizing function of S that is given by a specifying
projection Pσ ∈ Rn×n and a parameterization gσ ∈ C1(I0 × U(x0,Pσ),U(x0,P⊥σ

)) which
are induced by a permutation Iσ ∈ Rn×n. Then,

P−1
σ (Rn+) = (I0 × cone(Pσ)) ∩ g−1

σ (Rn+).

Proof. For every (t0, x0) ∈ S, we can construct a characterizing function Pσ(t, x) using
a specifying projection Pσ ∈ Rn×n and a parameterization gσ ∈ C1(I0 × U(xP,0),Rn)
that are induced by a projection Iσ. The projection Pσ is given by Pσ = Iσ,1I

T
σ,1,

where Iσ,1 = Iσ[Id, 0], and gσ is the implicit solution of G(t, Iσ,1xPσ + Iσ,2xP⊥σ ) = 0,

where Iσ,2 = Iσ[0, In−d], Gx(t0, x0)Iσ,2 is nonsingular and xPσ = ITσ,1x, xP⊥σ = ITσ,2x, cp.

Lemma 3.1.6. Then, both Pσ and P⊥σ are nonnegative and Lemma 5.2.4 implies that

P−1
σ (Rn+) = (I0 × ker+(Pσ)) ∩ g−1

σ (Rn+). (5.24)

As Pσ is induced by a permutation, then ker+(Pσ) = cone(Iσ,1) + span(Iσ,2), or, equiva-
lently, we can write

ker+(Pσ) = cone(Pσ) + span(P⊥σ ).

Noting that gσ(t, x) = gσ(t, Pσx), cp. (3.31), it follows that

gσ|ker+(Pσ) = gσ|I0×cone(Pσ). (5.25)

Writing (5.24) as P−1
σ (Rn+) = gσ|−1

I0×ker+(Pσ)
(Rn+), then (5.25) implies the assertion.
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Remark 5.2.1. If P and P c are nonnegative, then we can split the positivity condition
(ii) of Lemma 5.2.3 into the conditions

Pf
(
t,P(t, x)

)
≥ −κ̂d Px, (5.26a)

P cf
(
t,P(t, x)

)
≥ −κ̂a gσ(t, Px). (5.26b)

Condition (5.26) is supposed to hold on P−1(Rn+) for every κ̂d ≥ κd(t,P(t, x)) and every
κ̂a ≥ κa(t,P(t, x)), where the functions κd and κa are given by

κd(t,P(t, x)) =

∣∣∣∣∣ min
i∈I+(x)

{
eTi Pf(t,P(t, x))

eTi P(t, x)
, 0

}∣∣∣∣∣, (5.27a)

κa(t,P(t, x)) =

∣∣∣∣∣ min
i∈I+(x)

{
eTi P

cf(t,P(t, x))

gσi(t, Px)
, 0

}∣∣∣∣∣. (5.27b)

Condition (5.26) allows to specify the bound κ for the components xP that parameterize
S and the dependent components xP c separately. In a numerical simulation, this splitting
allows to determine whether, e.g., the algebraic components account for a large κ, hence
induce a small admissible stepsize for which the numerical solution is nonnegative.

If the intersection S+ is a submanifold with corners, then we can test the positivity
conditions of Theorem 5.2.1 via an embedding with corners, cp. Lemma 2.4.7. An
embedding with corners ϕ ∈ C1(I0×U(x1,0),U(x0)) allows to represent S+ as the image
ϕ(I0 × U(x1,0)) = (I0 × U(x0)) ∩ S, where U(x1,0) ⊂ Rd+ and U(x0) ⊂ Rn are open
neighborhoods in the respective spaces.

Lemma 5.2.6. Consider the differential equation (5.11a) with flow Φf . Let S be a time-
varying, embedded C1-submanifold with dim(S) = d and let the intersection S+ = S∩Rn+
be a C1-submanifold with corners.
The flow Φf is positive on S if and only if for every (t0, x0) ∈ S+, there exist an embedding
with corners ϕ ∈ C1(I0 × U(x1,0),U(x0)) of S+ and a defining function G ∈ C1(I0 ×
U(x0),Rn−d) of S defined on neighborhoods U(x1,0) ⊂ Rd+ and U(x0) ⊂ Rn, such that the
following assertions are satisfied.

(i) If (t, x+
1 ) ∈ I0 × U(x1,0), then

(
Gxf

)(
t, ϕ(t, x+

1 )
)

= −Gt
(
t, ϕ(t, x+

1 )
)
.

(ii) If (t, x+
1 ) ∈ I0 × U(x1,0), then f

(
t, ϕ(t, x+

1 )
)
≥ −κ̂ ϕ(t, x+

1 ) for every
κ̂ ≥ κ(t, ϕ(t, x+

1 )), where the function κ is given by (5.19).

Proof. If S+ is a submanifold with corners, then for every (t0, x0) ∈ S+, there exists an
embedding with corners ϕ ∈ C1(I0 × U(x1,0),U(x0)) that satisfies ϕ(I0 × U(x1,0)) =
(I0 × U(x0)) ∩ S+, where U(x1,0) ⊂ Rd+ and U(x0) ⊂ Rn are open neighborhoods in the
respective spaces. Then, every (t, x) ∈ (I×U(x0))∩S+ can be represented as (t, ϕ(t, x+

1 ))
for a suitable x+

1 ∈ U(x1,0) and the assertion follows from Lemma 5.2.6.

For an affine linear subspace Lv, every projection onto L yields an explicit characterizing
function, cp. Corollary 3.1.4. Setting L+

v = Lv ∩Rn+, then Lemma 5.2.3 reads as follows.
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Corollary 5.2.2. Consider the differential equation (5.11a) with flow Φf . For v ∈
C1(I,Rn), let Lv be a time-varying, affine linear C1-subspace with dim(Lv) = d and let
L+
v 6= ∅. Let P ∈ C1(I,Rn×n) be a projection onto L with complement P c and consider

the affine projection Pv(t, x) := P (t)x + (P cv)(t). The flow Φf is positive on Lv if and
only if the following assertions are satisfied.

(i) If (t, x) ∈ P−1
v (Rn+), then

P c(t)f
(
t, Pv(t, x)) = (P cṖ )(t)x+

(
P c ddt [P

cv]
)
(t). (5.28)

(ii) If (t, x) ∈ P−1
v (Rn+), then

f
(
t, Pv(t, x)) ≥ −κ̂ Pv(t, x)) (5.29)

for every κ̂ ≥ κ(t, Pv(t, x)), where κ is pointwise defined by (5.19).

Proof. Every projection P ∈ C1(I,Rn×n) onto the homogeneous subspace L yields the
affine projection Pv(t, x) := P (t)x + (P cv)(t) onto the affine space Lv. This affine
projection satisfies the properties of a characterizing function Pv of Lv, cp. Corollary
3.1.4. Then, the assertion follows from Lemma 5.2.3.

For the linear differential equation

ẋ = Ax+ b, A ∈ C(I,Rn×n), b ∈ C(I,Rn), (5.30)

with initial conditions (t0, x0) ∈ S+ or (t0, x0) ∈ L+
v , the results of Theorem 5.2.1

and Lemma 5.2.3 directly extend by setting f(t, x) = A(t)x + b(t). Considering the
homogeneous subspaces L, we summarize some special implications of the positivity
condition (5.29).

Lemma 5.2.7. Consider the differential equation (5.30) with flow ΦA,b. Let L be a
time-varying linear C1-subspace with L+ 6= ∅.
If ΦA,b is positive on L, then the following implications are satisfied.

1. On I, b(t) ≥ 0.

2. Let P ∈ C1(I,Rn×n) be a projection onto L.

(i) If b(t0) = 0 for t0 ∈ I, then

(AP )(t0)x ≥ −κ̂x (5.31)

is satisfied for every x ∈ ker+(P (t0)) and every κ̂ ≥ κ(t0, P (t0)x).

(ii) If P (t0) ≥ 0 for t0 ∈ I, then(
(A+ κ̂In)P

)
(t0) ei ≥ −b(t0)

is satisfied for every κ̂ ≥ maxi=1,..,n κ(t0, P (t0)ei).
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(iii) If P (t0) ≥ 0 and b(t0) = 0 for t0 ∈ I, then

(AP )(t0) ≥ −κ̂P (t0) (5.32)

is satisfied for every κ̂ ≥ maxi=1,...,n κ(t0, P (t0)ei).

Proof. For the linear ODE (5.30), a linear subspace L and a projection P ∈ C1(I,Rn×n)
onto L, the positivity condition of Lemma 5.2.3 reads

(AP )(t)x+ b(t) ≥ −κ̂P (t)x (5.33)

for (t, x) ∈ ker+(P ) and κ̂ ≥ κ(t, P (t)x). The function κ is given by (5.19) with f(t, x) =
A(t)x+ b(t). If ΦA,b is positive on L, then condition (5.33) is satisfied for every (t, x) ∈
ker+(P ) and every κ̂ ≥ κ(t, P (t)x) and we observe the following implications.

1. Since 0 ∈ ker+(P (t)) for every t ∈ I, the inhomogeneity satisfies b(t) ≥ 0 on I.

2. (i) If b(t0) = 0 for t0 ∈ I, then (5.31) follows directly from condition (5.33).

(ii) If P (t0) ≥ 0 for t0 ∈ I, then {ei}i=1,..,n ⊂ ker+(P ) and the assertion follows from
condition (5.33).

(iii) If P (t0) ≥ 0 and b(t0) = 0 for t0 ∈ I, then the assertion (5.32) follows from
proposition (ii).

If L = Rn, then P = In and condition (5.33) coincides with the positivity condition
(5.10) of Lemma 5.1.1.

Remark 5.2.2. For a nonnegative projection P on the subspace L, condition (5.32)
generalizes the concept of a Metzler matrix in the sense that the restricted system
matrix A|L = AP is now bounded from below by the projection P .
For a projection P that is neither nonnegative nor nonpositive, a similar condition
can be derived from (5.31) using a generating set B ∈ C1(I,Rn×m) of ker+(P ). As
ker+(P ) is a time-varying polyhedral cone, such a function B ∈ C1(I,Rn×m) with
ker+(P (t)) = cone(B(t)) exists on I, cp. Remark 2.4.5. Then, condition (5.31) is
satisfied if and only if, for every κ̂ ≥ κ(t0, P (t0)x),

(AB)(t0) ≥ −κ̂B(t0). (5.34)

We illustrate the positivity conditions of Theorem 5.2.1, Lemma 5.2.3 and Lemma 5.2.6
for a linear subspace in Example 5.4.1 and for an embedded submanifold in Example
5.4.2.
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5.3 Differential-algebraic equations

Now, we turn to DAEs and consider the constrained system

F (t, x, ẋ) = 0, F ∈ Cµ+2
µ,d,a,reg(D,Rn), κ (5.35a)

x(t0) = x0, (t0, x0) ∈ C+
µ+1, (5.35b)

where C+
µ+1 := Cµ+1 ∩ Rn+ is the set of sufficiently smooth and nonnegative consistent

initial values. Using the flow associated with (5.35a), we can straightly extend the
concept of positivity to DAEs.

Definition 5.3.1. The initial value problem (5.35) is called positive if Φt
F (t0, x0) ≥ 0

on [t0, t̂
+
0 ). The DAE (5.35a) (or the flow ΦF ) is called positive if Φt

F (t0, x0) ≥ 0 on
[t0, t̂

+
0 ) for every (t0, x0) ∈ C+

µ+1.

For every (t0, x0) ∈ Cµ+1, the associated solution Φ
(·)
F (t0, x0) is contained in the solution

manifold MF (t0, x0)(·) on [t0, t̂
+
0 ), cp. Theorem 4.3.2. Hence, ΦF is positive if and

only if Φt
F (t0, x0) lies in the intersection M+

F (t0, x0)(t) = MF (t0, x0)(t) ∩ Rn+ whenever
(t0, x0) ∈ C+

µ+1. With this observation, we characterize positivity of DAEs using the
concept of positivity on manifolds that we have considered in Section 5.2. Recall that
for DAEs, the tangent field TF represents the linearization of the flow ΦF with respect
to time, cp. Definition 4.3.1.

Theorem 5.3.1. Consider the DAE (5.35a) and let TF be the associated tangent field.
The DAE (5.35a) is positive if and only if there exists a function κ : C+

µ+1 → R+, such
that

TF (t0, x0) ≥ −κ̂ x0 (5.36)

on C+
µ+1 and for every κ̂ ≥ κ(t0, x0). The function κ is pointwise defined by

κ(t0, x0) =

∣∣∣∣∣ min
i∈I+(x)

{
TF,i(t0, x0)

x0,i
, 0

}∣∣∣∣∣, (5.37)

where I+(x) is given by (5.14).

Proof. For every (t0, x0) ∈ Cµ+1, the flow ΦF satisfies

Φt
F (t0, x0) ∈MF (t0, x0)(t), t ∈ [t0, t̂

+
0 ), (5.38)

cp. Theorem 4.3.2. Hence, the DAE (5.35a) is positive if and only if Φt
F (t0, x0) ∈

M+
F (t0, x0)(t) on [t0, t̂

+
0 ) for every (t0, x0) ∈ C+

µ+1. By Theorem 4.4.1, this assertion is
satisfied if and only if

T TF,aut
([

t0
x0

])
∈ Tan[ t0

x0

]M+
F (t0, x0)aut, (t0, x0) ∈ C+

µ+1.



5.3. Differential-algebraic equations 191

As MF (t0, x0) is an embedded manifold, the tangent set of M+
F (t0, x0)aut is given by

Tan[ t0
x0

]M+
F (t0, x0)aut = T[ t0

x0

]MF (t0, x0)aut ∩ (R× TanxRn+),

cp. Lemma 5.2.1. Regarding (5.38) and noting that TF,aut = [1, T TF ]T , cp. (4.87), it
remains to show that

T TF (
[
t0
x0

]
) ∈ TanxRn+, (t0, x0) ∈ C+

µ+1. (5.39)

Using that TanxRn+ = ker+(ΠT
0 (x0)) by Lemma 5.2.2, where Π0(x) selects the zero

entries in x0, cp. (5.14), then (5.39) is satisfied if and only if

ΠT
0 (x0)T TF (t0, x0) ≥ 0, (t0, x0) ∈ C+

µ+1. (5.40)

Defining κ(t0, x0) pointwise as in (5.37) and considering the matrix Π = [Π0,Π+], where
Π+(x0) selects the positive entries of x0, cp. (5.14), then (5.40) is satisfied if and only if

ΠT (x0)T TF (t0, x0) ≥ −κ̂ΠT (x0)x0 (5.41)

is satisfied on C+
µ+1 and for every κ̂ ≥ κ(t0, x0). The matrix Π is nonnegative and

orthogonal, such that, multiplying (5.41) by Π, we obtain condition (5.36).

Thinking of the tangent field TF as the analogy to the vector field f of the ODE (5.1a),
as both functions describe the evolution in time of their associated flows ΦF and Φf ,
Theorem 5.3.1 directly extends the positivity condition of Theorem 5.1.1 to DAEs.

Representing TF (t0, x0) by the local Moore-Penrose parameterization gMP,0 and vector
field hMP,0 that are obtained by the constant Moore-Penrose projection P (t0, x0, v0),
where v0 ∈ Rn is such that (t0, x0, v0) ∈ Lµ+1, cp. Lemma 4.3.7, we can reformulate
condition (5.36) such that it can be explicitly tested on C+

µ+1.

Corollary 5.3.1. Consider the DAE (5.35a) and let TF be the associated tangent field.
The DAE (5.35a) is positive if and only if

κ̂ PMP (z0)x0 + hMP,0

(
t0, PMP (z0)x0

)
≥ −κ̂ gMP,0

(
t0, PMP (z0)x0

)
(5.42)

− ġMP,0

(
t0, PMP (z0)x0

)
on C+

µ+1 and for every κ̂ ≥ κ(t0, x0), where the function κ is pointwise defined by (5.37).

The functions gMP,0 ∈ C1(I0 × U(xd,0),U(xa,0)) and hMP,0 ∈ C1(I0 × U(xd,0),Rn) are
the Moore-Penrose parameterization and the vector field induced by the constant Moore-
Penrose parameterization PMP (t0, x0, v0), where v0 ∈ Rn is such that (t0, x0, v0) ∈ Lµ+1.

Proof. For every (t0, x0) ∈ Cµ+1, the tangent field of ΦF can be represented by

T (t0, x0) := hMP,0

(
t0, PMP (z0)x0

)
+ ġMP,0

(
t0, PMP (z0)x0

)
,

where v0 ∈ Rn is such that (t0, x0, v0) ∈ Lµ+1 and gMP,0 ∈ C1(I0×U(xd,0),U(xa,0)) and
hMP,0 ∈ C1(I0 × U(xd,0),Rn) are the Moore-Penrose parameterization and the vector
field induced by the constant Moore-Penrose projection PMP (z0), cp. Lemma 4.3.7.
Then, the assertion follows from Theorem 5.3.1.
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Corollary 5.3.1 illustrates that the DAE (5.35a) is positive if and only if in every non-
negative consistent initial value (t0, x0) ∈ C+

µ+1, the linearization of the dynamic solution
component xd is bounded from below by the linearization of the algebraic solution com-
ponent xa.
For the ODE (5.1a), no constraints are present and the vector field hMP,0 agrees with
the vector field f . Then again, we recover the positivity condition of Theorem 5.1.1.

Remark 5.3.1. The characterizing function PMP,0 induced by a constant Moore-Penrose
projection is linear in the state x and yields a locally explicit description of the solution
manifold MF (t0, x0). The flow ΦF , however, corresponds to a solution of (5.35a) only if
the initial values are taken from Cµ+1 and we study positivity of ΦF exclusively on the set
C+
µ+1. If Ĩ0×Ũ(x0) denotes the domain of definition of the characterizing function PMP,0,

then we cannot assume in general that (Ĩ0 × Ũ(x0))∩ Cµ+1 = (Ĩ0 × Ũ(x0))∩MF (t0, x0).
Hence, we cannot assume in general that (I0×U(x0))∩S+ = range(PMP,0)∩Rn+, which,
like in Lemma 5.2.3, would justify to test the positivity condition (5.36) on the set
P−1
MP,0({0}).

For a given problem, however, it still may be possible to characterize C+
µ+1 locally by a

nonnegative parameterization. We illustrate this idea in the Examples 5.4.3 and 5.4.4 .

Now, we consider the linear initial value problem

Eẋ = Ax+ b, E,A ∈ Cµ+1
µ,d,a(I,R

n×n), b ∈ Cµ+1(I,Rn), (5.43a)

x(t0) = x0, (t0, x0) ∈ C+
E,A,b, (5.43b)

where C+
E,A,b = CE,A,b ∩ Rn+ is the set of nonnegative and consistent initial values of

(5.43a). The tangent field TE,A,b is an affine linear transformation, cp. Lemma 4.3.11,
and we can specialize Theorem 5.3.1.

Lemma 5.3.1. Consider the DAE (5.43a) with associated tangent field TE,A,b. The
DAE (5.43a) is positive if and only if there exists a function κ : C+

E,A,b → R+, such that

TE,A(t)PMP,−ba(t, x) +
(
PMP bd − ḃa

)
(t) ≥ −κ̂PMP,−ba(t, x) (5.44)

on PMP
−1
−ba(Rn+) and for every κ̂ ≥ κ(t, x). The function κ is pointwise defined by

κ(t, x) =

∣∣∣∣∣ min
i∈I+(x)

{
eTi TE,A,b(t, x)

xi
, 0

}∣∣∣∣∣, (5.45)

where I+(x) is given by (5.14).

Proof. By Theorem 5.3.1, the DAE (5.43a) is positive if and only if

TE,A,b(t, x) ≥ −κ̂ x (5.46)
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on C+
E,A,b and for every κ̂ ≥ κ(t, x), where κ is pointwise defined by (5.45). The tangent

field TE,A,b is the affine mapping

TE,A,b(t, x) = TE,A(t)x+
(
PMP bd − ḃa

)
(t),

cp. Lemma 4.3.11, (4.113). Inserting TE,A,b into (5.46), we obtain that (5.43a) is positive
if and only if

TE,A(t)x+
(
PMP bd − ḃa

)
(t) ≥ −κ̂ x (5.47)

on C+
E,A,b and for every κ̂ ≥ κ(t, x). For the linear DAE (5.43a), every x ∈ CE,A,b(t) can

be represented by the characterizing Moore-Penrose function PMP,−ba(t, x) = PMP (t)x−
ba(t), cp. Lemma 4.3.8. Following the arguments in Lemma 5.2.3, then condition (5.47)
is satisfied on C+

E,A,b if and only if condition (5.44) is satisfied on PMP
−1(Rn+) and for

every κ̂ ≥ κ(t, x).

As the set of consistent initial values CE,A,b is an affine linear subspace and coincides with
the solution manifold MF (t0, x0) for every (t0, x0) ∈ CE,A,b, the characterizing Moore-
Penrose function PMP automatically selects the consistent components PMP (t, x) of a
given (t, x) ∈ I ×Rn. Thus, we can test the positivity condition of Lemma 5.3.1 on the
full preimage PMP

−1
ba

(Rn+). Note, however, that the admissible initial values for (5.43)
are only those (t0, x0) ∈ Rn that satisfy PMP (t0, x0) = x0.

If the set PMP
−1(Rn+) is not easily accessible, then we can test condition (5.44) using

some other projection P ∈ C1(I,Rn×n) onto CE,A.

Lemma 5.3.2. Consider the DAE (5.43a) with associated tangent field TE,A,b. Let
P ∈ C1(I,Rn×n) be a projection onto CE,A. The DAE (5.43a) is positive if and only if
there exists a function κ : C+

E,A,b → R+, such that

TE,A(t)P−ba(t, x) +
(
PMP bd − ḃa

)
(t) ≥ −κ̂ PMP,−ba(t, x) (5.48)

on P−1
−ba(Rn+) and for every κ̂ ≥ κ(t, x). The function κ is given by (5.45).

Proof. If P ∈ C1(I,Rn×n) is a projection onto CE,A, then P−ba(t, x) = P (t)x − ba(t) is
the affine projection on CE,A,b, cp. Remark 4.3.6, and every (t, x) ∈ I × Rn defines an
element P−ba(t, x) = P (t)x − ba(t) ∈ CE,A,b. Hence, C+

E,A,b = P−1
−ba(Rn+) and condition

(5.47) is satisfied for every (t, x) ∈ C+
E,A,b if and only if (5.44) is satisfied for every

P−ba(t, x) with (t, x) ∈ P−1
−ba(Rn+). This proves the assertion.

Lemma 5.3.2 allows to test the positivity condition of Lemma 5.3.1 using any suitable
projection P onto CE,A. In particular, we can choose a projection Pσ onto CE,A that
is induced by a permutation Iσ, cp. Lemma 3.1.6. In this case, both Pσ and P⊥σ are
nonnegative and the set P−1

σ (Rn+) can be characterized as proposed in Lemma 5.2.4.
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Lemma 5.3.1 and Lemma 5.3.2 generalize the positivity characterization for a linear
ODEs ẋ = Ax+ b to the constrained case Eẋ = Ax+ b. For the DAE, the homogeneous
tangent field TE,A is playing the role of the system matrix A. The affine part PMP bd− ḃa
is not simply given by the inhomogeneity b but is composed from the dynamic and the
constrained components of b. In particular, a change in time of the algebraic constraints
is included via the derivatives ḃa and ṖMP , where the latter matrix is contained in TE,A.

In points of time, where ba(t0) = 0, the t-section CE,A,b(t0) coincides with the homoge-
neous space CE,A(t0) and we obtain a similar result as for linear ODEs that are positive
on a linear subspace, cp. Lemma 5.2.7.

Lemma 5.3.3. Consider the DAE (5.43a) with associated tangent field TE,A,b. Let
P ∈ C1(I,Rn×n) be a projection onto CE,A.
If ΦE,A,b is positive and t0 ∈ I is such that ba(t0) = 0, then the following implications
are satisfied.

1. (PMP bd)(t0) ≥ ḃa(t0).

2. Let P ∈ C1(I,Rn×n) be a projection onto CE,A.

(i) If (PMP bd)(t0) = ḃa(t0) = 0, then

(TE,AP )(t0)x ≥ −κ̂ x (5.49)

is satisfied for every x ∈ ker+(P (t0)) and every κ̂ ≥ κ(t0, P (t0)x).

(ii) If P (t0) ≥ 0 for t0 ∈ I, then(
(TE,A + κ̂In)P

)
(t0) ei ≥

(
ḃa − PMP bd

)
(t0)

is satisfied for κ̂ ≥ maxi=1,..,n κ(t0, P (t0)ei).

(iii) If P (t0) ≥ 0 and (PMP bd)(t0) = ḟa(t0) = 0, then

(TE,AP
)
(t0) ≥ −κ̂P (t0), (5.50)

is satisfied for κ̂ ≥ maxi=1,...,n κ(t0, P (t0)ei).

Proof. For a time t0 ∈ I, if ba(t0) = 0, then CE,A,b(t0) = CE,A(t0). For a projection P
onto CE,A, the positivity condition (5.51) reads

(TE,AP )(t)x+
(
PMP bd − ḃa

)
(t) ≥ −κ̂ x (5.51)

for (t, x) ∈ ker+(P ) and κ̂ ≥ κ(t, x) The function κ is given by (5.45). If ΦE,A,f is
positive, then condition (5.51) is satisfied for every (t, x) ∈ ker+(P ) and every κ̂ ≥ κ(t, x)
and we observe the following implications.

1. Since 0 ∈ ker+(P (t0)), the inhomogeneity satisfies (PMP bd)(t0) ≥ ḃa(t0).

2. (i) If (PMP bd)(t0) = ḃa(t0) = 0, then (5.49) follows directly from condition (5.51).
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(ii) If P (t0) ≥ 0, then {ei}i=1,..,n ⊂ ker+(P ) and the assertion follows from condition
(5.51).

(iii) If P (t0) ≥ 0 and (PMP bd)(t0) = ḟa(t0) = 0, then equation (5.50) follows from
Proposition (ii).

Remark 5.3.2. Thinking of TE,A as the analogy of the system matrix A, representing
the factor with which the flow ΦF evolves in time, condition (5.50) reflects the generalized
Metzler condition (5.32) that we have observed for a linear ODE (5.30) and a nonnegative
projection P onto a linear subspace L on which (5.30) is positive.
For a projection P onto CE,A that is neither nonnegative nor nonpositive, we can also
proceed as in Remark 5.2.2. Using a generating set B ∈ C1(I,Rn×m of ker+(P ), we
observe that condition (5.49) is satisfied if and only if, for every κ̂ ≥ κ(t0, P (t0)x),

(TE,AB)(t0) ≥ −κ̂B(t0) ≥ 0. (5.52)

We illustrate the positivity condition of Lemma 5.3.1 and the implications of Remark
5.3.3 in Example 5.4.3 .

5.3.1 Linear differential-algebraic equations with constant coefficients

For linear DAEs with constant, regular coefficients, the property of positivity can be
equivalently stated using the Drazin representation of the flow that we have derived in
Section 4.3.5.

We consider the linear initial value problem

Eẋ = Ax+ b, (E,A) ∈Mn×n
ν,reg, b ∈ Cν(I,Rn), (5.53a)

x(t0) = x0, (t0, x0) ∈ C+
E,A,b. (5.53b)

For (5.53a), positivity has been characterized in [137]. We recall this result in a way
that admits a uniform description of ODEs and DAEs.

First, we generalize the definition of a Metzler matrix, cp. Definition 5.1.2.

Definition 5.3.2. A matrix pair (E,A) in Rn×n is called a Metzler pair, if EDE ≥ 0
and if there exists κ > 0 such that EDA ≥ −κ̂EDE for every κ̂ ≥ κ.

In Lemma 5.1.1, we have shown that flow ΦA of a homogeneous ODE ẋ = Ax is positive
if and only if A is a Metzler matrix. Similarly, the flow Υt

E,A(t0) associated with (5.53a)

is positive if and only if the scaled pair (Ê, Â) is a Metzler pair, cp. [137].

Lemma 5.3.4 ([137]). Consider the DAE (5.53a) and let Ê, Â, b̂ be given by (4.123).
Then, Υt

E,A(t0) ≥ 0 on I if and only if (Ê, Â) is a Metzler pair.
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Proof. If (E,A) is a regular matrix pair, then the flow associated with (5.53a) is given

by Υt
E,A(t0) = e(t−t0)ÊDÂPD, where Ê, Â, b̂ are given by (4.123) and PD = ÊDÊ is the

Drazin projection, cp. Theorem 4.3.6.

⇒ Suppose that Υt
E,A(t0) ≥ 0 on I. For small t ≥ 0, we consider the Taylor expansion

of Υt
E,A(t0) and find that

Υt
E,A(t0) = PD + (t− t0)ÊDÂ+O((t− t0)2) ≥ 0 (5.54)

due to the commutativity of Ê, Â and the properties of the Drazin inverse. Letting t
tend to t0, in particular, then (5.54) implies that PD ≥ 0. Similarly, the linearization is
nonnegative, i.e.,

PD + (t− t0)ÊDÂ ≥ 0. (5.55)

Setting κ := (t̂− t0)−1, where t̂ > t0 is the maximal t for which (5.55) is valid, it follows
that (Ê, Â) is a Metzler pair.

⇐ Let (Ê, Â) be a Metzler pair. Choosing τ ≥ 0 and noting that P kD = PD for k ∈ N\{0}
as PD is a projection, we have that Υt

E,A(t0) =
(
e(t−t0)ÊDÂPD

)k
for t − t0 = kτ . Since

PD ≥ 0, this iteration has the same sign as eτÊ
DÂPD. Thus, it is sufficient to prove that

Υt
E,A(t0) ≥ 0 for t − t0 ≥ 0 sufficiently small. For small t − t0, we again consider the

Taylor expansion (5.54). As PD + τÊDÂ ≥ 0 for t− t0 ≤ κ−1 if (E,A) is a Metzler pair
with κ > 0, it follows that Υt

E,A(t0) ≥ 0 on I.

Using Lemma 5.3.4, positivity of the DAE (5.53a) can be generalized in the same way
as for linear ODEs, cp. Lemma 5.1.1.

Lemma 5.3.5 ([137]). Consider the DAE (5.53a). Let Ê, Â, b̂ be given by (4.123), let
PD be the Drazin projection and let gD(t) = −

∑ν−1
`=0 N

`
Dba

(`)(t) be the Drazin parame-
terization induced by E,A, f . If PD ≥ 0 and gD ≥ 0 on I, then (5.53a) is positive if
and only if (Ê, Â) is a Metzler pair and ÊD b̂ ≥ 0 on I.

Proof. ⇒ Let (5.53a) be positive. The affine Drazin projection PDgMP
(t, x) = PDx +

gD(t) is an affine projection onto CE,A,b, cp. Lemma 4.3.17. If PD ≥ 0 and gD ≥ 0 on I,
then the initial values (t0, x0,i) with x0,i = εPDei + gMP (t0) satisfy (t0, x0,i) ∈ C+

E,A,b for

i = 1, ..., n and for every ε > 0. The associated solution Υt
E,A,b(t0, x0,i) is nonnegative

on I and using that PD ≥ 0 and PDgD(t) = 0 on I, cp. Theorem 4.3.6, it follows that

PDΥt
E,A,b(t0, x0,i) = ε−1e(t−t0)ÊDÂÊDÊei +

∫ t

t0

e(t−s)ÊDÂÊD b̂(s)ds

on I for i = 1, ..., n. Letting ε tend to 0, this implies that e(t−t0)ÊDÂÊDÊei on I for
i = 1, ..., n. By Lemma 5.3.4, then (Ê, Â) is a Metzler pair.
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To prove that ÊD b̂ ≥ 0, we consider the initial value (t0, x0) with x0 = gD(t0). The
associated solution is given by

x(t) =

∫ t

t0

e(t−s)ÊDÂÊD b̂(s)ds− gD(t).

Projecting with PD and using again that PD ≥ 0 and PDgD(t) = 0 on I, it follows that∫ t
t0
e(t−s)ÊDÂÊD b̂(s)ds ≥ 0. By the monotonicity of the integral, e(t−s)ÊDÂÊD b̂(s) ≥ 0

for t ≥ s, and considering t = s, it follows that ÊD b̂(t) ≥ 0 for t ≥ t0.

⇐ Let (E,A) be a Metzler pair and ÊD b̂(t) ≥ 0 on I. Then Υt
E,A(t0) on I, cp. Lemma

5.3.4, and
∫ t
t0
e(t−s)ÊDÂÊD b̂(s)ds ≥ 0 on I due to the monotonicity of the integral. Since

the parameterization gD is nonnegative on I by assumption, then it follows that every
solution of (5.53) is nonnegative.

5.4 Examples

In this section, we illustrate the positivity conditions with several examples. For ODEs,
that are positive on an embedded manifold, we consider a linear system with a linear
subspace in Example 5.4.1. In 5.4.2, we consider a nonlinear ODE that is positive on a
nonlinear submanifold.
For DAEs, we illustrate the positivity conditions for the linear and the nonlinear case in
Example 5.4.3 and 5.4.4.

Example 5.4.1. We resume the analysis of Example 3.4.1. There, we have considered
the time-varying subspace L defined on the interval I = (−1,∞) that was characterized
by the pointwise orthogonal projection

P =

 t+1
t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 ,
i.e., L(t) = range(P (t)) on I. Besides L, we have considered the linear differential
equation ẋ = Ax with

A =


√
t+ 1a21 + t

2(t+1)(t+2) −a21(t+ 1) + 1√
t+1(t+2)

a13

a21 −a21

√
t+ 1 −a23

√
t+ 1

0 0 a33

 ,
where a13, a23, a21, a33 ∈ R. In Example 3.4.1, we have shown that L is forward ΦA-
invariant, now we ask if ΦA is also positive on L. Due to the invariance of L, it remains
to verify the positivity conditions of Lemma 5.2.3 and Lemma 5.2.6.

First, we use the projection P to test the positivity condition of Lemma 5.2.3. The set
ker+(P ) is given by

ker+(P (t)) = {x ∈ R3 |
√
t+ 1x1 + x2 ≥ 0}



198 Positivity concepts

and noting that

AP =

 1
2(t+2)

1√
t+1

0

0 0 0
0 0 0

 , P (t)x =


√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2

0

 ,
then ΦA is positive on L if and only if there exists a function κ : L+ → R+, such that

√
t+1(

√
t+1x1+x2)

2(t+2)2 +
√
t+1x1+x2√
t+1(t+2)

0
0

 ≥ −κ̂

√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2

0

 (5.56)

for every (t, x) ∈ ker+(P ) and every κ̂ ≥ κ(t, P (t)x).

If
√
t+ 1x1 +x2 = 0, then the inequality (5.56) is trivially satisfied. If

√
t+ 1x1 +x2 > 0,

then the first line in (5.56) implies that

− 3t+5
2(t+2)(t+1) ≤ κ̂

for every (t, x) ∈ ker+(P ) and every κ̂ ≥ κ(t, P (t)x). Setting κ(t, x) = 0 on L+, then
the positivity condition (5.56) is satisfied and we have proved that ΦA is positive on L.

Equivalently, using Lemma 5.2.6, we can prove that ΦA is positive on L using a generating
set of L+. Noting that

L = span
([√

t+ 1 1 0
]T) ,

we have that
L+ = cone

([√
t+ 1 1 0

]T) .
Then, ΦA is positive on L if and only if there exists a function κ : L+ → R+, such that

c


√
t+1

2(t+2) + 1√
t+1

0
0

 ≥ −κ̂c
√t+ 1

1
0

 (5.57)

for every c ≥ 0 and every κ̂ ≥ κ(t, [
√
t+ 1, 1, 0]T c). If c = 0, then (5.57) is trivially

satisfied. If c > 0, then (5.57) again implies that

− 3t+5
2(t+2)(t+1) ≤ κ̂

for every c ≥ 0 and every κ̂ ≥ κ(t, [
√
t+ 1, 1, 0]T c). Setting κ(t, x) = 0 on L+, then the

positivity condition (5.57) is satisfied and we have proved that ΦA is positive on L.

Considering the homogeneous system ẋ = Ax and noting that P (t) ≥ 0 on I, we can
also verify the generalized Metzler condition (5.32) of Lemma 5.2.7, i.e., for every κ̂ ≥ 0, 1

2(t+2)
1√
t+1

0

0 0 0
0 0 0

 ≥ −κ̂
 t+1

t+2

√
t+1
t+2 0√

t+1
t+2

1
t+2 0

0 0 0

 . (5.58)
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The flow ΦA is positive on L for every choice of the coefficients a13, a23, a21, a33 ∈ R of A.
The full ODE ẋ = Ax, however, is positive only if a13,−a23 ≥ 0 and a21 ≤ 1

(t+2)(t+1d3/2

for t ∈ I, such that A is a Metzler matrix on I.

Example 5.4.2. We continue our analysis of Example 3.4.2. There, we have considered
the submanifold S = G−1({0}) defined by the function

G(t, x) = x2
1 + x2

2 − x3e
−αt,

for α > 0 and I = (0,∞). Associated with S, we have considered the differential equation
ẋ = f(t, x) with

f(t, x) =
[
− e−αt

2 x1 − e−αt

2 x2 −(x2
1 + x2

2) + αx3

]T
.

In Example 3.4.2, we have shown that S is forward Φf -invariant, now we study if Φf is
also positive on S.

We test the positivity condition Lemma 5.2.3 using the characterizing function

Pσ(t, x) =
[
x1 x2 eαt(x2

1 + x2
2)
]T
,

that we have derived in (3.103) using the projections

Pσ =

1 0 0
0 1 0
0 0 0

 , P⊥σ =

0 0 0
0 0 0
0 0 1

 ,
obtained from the permutation Iσ = I3. Both Pσ, P

⊥
σ are nonnegative, implying that

P−1
σ (Rn+) = (I0 × cone(Pσ)) ∩ g−1

σ (Rn+),

cp. Lemma 5.2.5. With g(t, xP⊥σ ) = eαt(x2
1 + x2

2), then g−1
σ (Rn+) = R2 ×R and it follows

that

P−1
σ (Rn+) = cone(e1, e2).

Recalling that, see (3.104),

f(t,Pσ(t, x)) =
[
− e−αt

2 x1 − e−αt

2 x2 (αeαt − 1)(x2
1 + x2

2)
]T
,

the flow Φf is positive on S if and only if there exists a function κ : S+ → R+, such that − e−αt

2 c1

− e−αt

2 c2

(αeαt − 1)(c2
1 + c2

2)

 ≥ −κ̂
 c1

c2

eαt(c2
1 + c2

2)

 (5.59)
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for c1, c2 ≥ 0 and for every κ̂ ≥ κ(t, x) with x = Pσ(t, c1e1 + c2e2)). For these x, defining
κ with

κ(t, x) =


0, x1, x2 = 0,
e−αt

2 , x1 > 0, x2 = 0 ∨ x1 = 0, x2 > 0,

e−αt − α, x1, x2 > 0,

the positivity condition (5.59) is satisfied and we have proved that Φf is positive on S.

On R3, however, Φf is not positive. Considering, e.g., x = [1, 1, 0]T ∈ R3
+, we find that

f3(t, x) = −2 � 0. Hence, we cannot extend the function κ to the full nonnegative
orthant and Φf is not positive.

On the other hand, for the differential equation ẋ = f(t, x) with

f̃(t, x) =
[
e−αt

2 x1
e−αt

2 x2 x2
1 + x2

2 + αx3

]
the set S is forward Φf̃ -invariant and Φf̃ is positive on R3.

Example 5.4.3. We continue our analysis of Example 4.5.1, where we have computed
the flow ΦE,A,b of the linear DAE Eẋ = Ax+ b with

E =

 t+1
t+2

√
t+1
t+2 0

0 0 0
0 0 0

 , A =


t

2(t+2)2
t

2(t+2)2
√
t+1

0

− 1√
t+2

√
t+1√
t+2

0

−1 − 1√
t+1

1

 , b =

b1b2
b3

 ,
for t ∈ I := (−1,∞) and b1, b2, b3 ∈ R. Now, we ask if Eẋ = Ax+ b is also positive.

Using the Moore-Penrose projections PMP and PMP and the matrix Dd, we compute
the homogeneous tangent field TE,A with

TE,A(t) =

d11
d11√
t+1

0

d21
d21√
t+1

0

d31
d31√
t+1

0

 ,
where

d11 = (2(t+2)2+t+1)(t+1)
2(t+2)4 + 2(t+2)2−3(t+1)

2(t+2)3 , d21 = ((t+1)+(t+2)2)(t+1)

2
√
t+1(t+2)4 + (t+2)2−3(t+1)3/2

2(t+1)(t+2)3 ,

d31 = t
2(t+2)2 .

For the inhomogeneities, we compute the expressions

(PMP bd)(t) =
(
b1 + b2

2(t+2)3/2

) 1
1√
t+1
t+1
t+2

 , ḃa(t) = b2

 −
1

2(t+2)3/2√
t+1
√
t+2+1

2(t+2)
√
t+1

0

 ,
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and set r := PMP bd − ḃa with

r(t) =


b1 + b2

(t+2)3/2

b1√
t+1
− b2

√
t+1(t+2)+

√
t+2−1

2(t+2)3/2
√
t+1

(b1 + b2
2(t+2)3/2

)
t+1
t+2

 .
Then, TE,A,b(t, x) = TE,A(t)x+ r(t).

We test the positivity condition of Lemma 5.3.1 using the characterizing Moore-Penrose
function

PMP,−ba(t, x) =


√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2√

t+1x1+x2√
t+1

−


b2√
t+2

b2
√
t+1√
t+2

b3

 .
Then, ΦE,A,b is positive if and only if there exists a function κ : C+

E,A,b → R3
+, such that

√
t+1x1+x2−2b2√

t+1

d11

d21

d31

+

r1

r2

r3

 ≥ −κ̂PMP,−ba(t, x) (5.60)

for (t, x) ∈ P−1
MP,−ba(Rn+) and for every κ̂ ≥ κ(t,PMP−ba(t, x)).

We study the influence of the inhomogeneity b onto the structure of P−1
MP,−ba(Rn+) and

hence on the positivity of the system. For general b, the set P−1
MP,−ba(Rn+) is given by

P−1
MP,−ba(Rn+) =

{
(t, x) ∈ I × R3 |

√
t+ 1x1 + x2 ≥ m

}
,

where

m := max{b2
√
t+2√
t+1

, b2
√
t+ 1

√
t+ 2, b3

√
t+ 1}

}
.

The value m determines the intersection of the set C+
E,A,b with the hyperplanes E1,E2,E3

composing the boundary ∂Rn+. If, e.g., m = b2
√
t+ 2/

√
t+ 1 and b2, b3 6= 0, b2 6= b3

√
t+1√
t+2

,

then

CE,A,b ∩ ∂R3
+ = CE,A,b ∩ E1 = {[0, b2

√
t+2√
t+1

, b2
√
t+2√
t+1
− b3]} =: v.

For the characterizing Moore-Penrose function PMP,−ba , the vector v is the value taken

on the set U :=
{
x ∈ R3 |

√
t+ 1x1+x2 = b2

√
t+2√
t+1

}
. Then, CE,A,b∩∂R3

+ = PMP,−ba(I×U)

and for (t, x) ∈ PMP,−ba(I × U), the positivity condition (5.60) reads

b2√
t+1

(√
t+2√
t+1
− 2
)d11

d21

d31

+

r1

r2

r3

 ≥ −κ̂
 0

b2
√
t+2√
t+1

b2
√
t+2√
t+1
− b3

 .
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This inequality is satisfied if and only if

d11
b2√
t+1

(√
t+2√
t+1
− 2
)

+ r1 ≥ 0. (5.61)

For every (t, x) ∈ P−1
MP,−ba(Rn+)\PMP,−ba(I×M), we have that PMP,−ba(t, x) > 0. Hence,

if condition (5.61) is satisfied, then we can define the function κ pointwise according to
(5.37) and prove that Eẋ = Ax+ b is positive.

If b2 = b3 = 0, then ba = 0 and the set P−1
MP,−ba(Rn+) is given by

P−1
MP,−ba(Rn+) = ker+(PMP ) =

{
(t, x) ∈ I × R3 |

√
t+ 1x1 + x2 ≥ 0

}
.

Then, the positivity condition (5.60) reads

√
t+1x1+x2√

t+1

d11

d21

d31

−
 −b1− b1√

t+1

−b1 t+1
t+2

 ≥ −κ̂

√
t+1(

√
t+1x1+x2)
t+2√

t+1x1+x2
t+2√

t+1x1+x2√
t+1

 (5.62)

for
√
t+ 1x1 + x2 ≥ 0 and every κ̂ ≥ κ(t, x) with x ∈ ker+(PMP ). If

√
t+ 1x1 + x2 = 0,

then (5.62) is satisfied if and only if b1 ≥ 0. If
√
t+ 1x1 +x2 > 0, then (5.62) is satisfied

with κ(t, x) := mmax, where mmax is given by

mmax := max{−d11
t+2
t+1 −

b1√
t+1x1+x2

t+2√
t+1

, −d21
t+2√
t+1
− b1√

t+1x1+x2

t+2√
t+1

,

− d31
t+2√
t+1
− b1√

t+1x1+x2

(t+1)3/2

t+2 }

Hence, the system is positive if and only if b1 and the bound κ is given by

κ(t, x) =

{
0,

√
t+ 1x1 + x2 = 0

mmax,
√
t+ 1x1 + x2 ≥ 0.

Equivalently, we can test the positivity using a generating set of C+
E,A,b.

CE,A,b(t) = span


√
t+ 1
1
t+2√
t+1

−
 b2

√
t+ 2
0

b2
√
t+ 2 + b3

 .
Then, C+

E,A,b is given by

C+
E,A,b(t) = cone


√
t+ 1
1
t+2√
t+1

+m


√
t+ 1
1
t+2√
t+1

−
 b2

√
t+ 2
0

b2
√
t+ 2 + b3

 ,
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where

m =


0, b2, b3 ≤ 0,

b2
√
t+2√
t+1

, b2 > 0, b3 < 0

b2
√
t+1√
t+2

+ b3, b2 < 0, b3 > 0,

max{b2
√
t+2√
t+1

, b2
√
t+1√
t+2

+ b3}, b2, b3 > 0.

,

Using the constructive representation of CE,A,b, then ΦE,A,b is positive if and only if there
exists a function κ : C+

E,A,b → R3
+, such that d11α(x) (

√
t+ 1(c+m)− b2

√
t+ 2)− r1

d21α(x) (c+m)− r2

d31α(x) ( t+2√
t+1

(c+m)− b2
√
t+ 2 + b3)− r3

 ≥ −κ̂

√
t+ 1(c+m)− b2

√
t+ 2

c+m
t+2√
t+1

(c+m)− b2
√
t+ 2− b3

 ,
(5.63)

for c ≥ 0 and κ̂ ≥ κ(t, x), x ∈ C+
E,A,b, where α(x) := x1 + x2√

t+1
. Again, depending on the

value m, we test the positivity condition (5.63) in the boundary points C+
E,A,b ∩ ∂R

3
+. If

TE,A,b is nonnegative in these points, then we can construct the function κ according to
(5.37).

Example 5.4.4. In Example 4.5.2, we have studied the nonlinear DAE

F (t, x, ẋ) = 0 (5.64)

with

F (t, x, ẋ) =


x1

2(t+2)
√
t+1

+
√
t+1ẋ1+ẋ2
t+2 −

√
t+1x1+x2

(t+2)2 + (
√
t+1x1+x2)2

(t+2)2

(x1−
√
t+1x2)2

(t+2)2 − 2

x2
3 −

√
t+1x1+x2
t+2 − 1

 .
Now, we ask if the DAE (5.64) is positive. In Example 4.5.2, we have shown that,
on the domain of definition D = (−1,∞) × R3 × R3, the DAE (5.64) is strangeness-
free. To characterize the set C+

F of nonnegative consistent initial values, we construct a
nonnegative parameterization of C+

F . The characterizing Moore-Penrose function PMP

is given by

PMP (t, x) =


√
t+1(

√
t+1x1+x2)
t+2 +

√
2√

t+1x1+x2
t+2 −

√
2(t+ 1)√

1 +
√
t+1x1+x2
t+2

 ,
for SPMP

= ∪t∈I{{t}×UPMP
}, where UPMP

= {x ∈ R3 |
√
t+1x1+x2
t+2 > −1}, cp. Example

4.5.2. On SPMP
, solving the characterizing identity PMP (t, x) = x for, e.g., x2, then we

can parameterize the set SPMP
∩ CF according to

(SPMP
∩ C+

F )(t) = ϕ
(
[−(1 +

√
2
√
t+ 1),∞)

)
,
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where

ϕ(c) =
[√

t+ 1c+
√

2(t+ 2) c
√

1 + c+
√

2(t+ 1)
]T
.

The bound (1+
√

2
√
t+ 1) for the component x2 follows from the restriction on x ∈ SPMP

that
√
t+1x1+x2
t+2 > −1. Using that x1 =

√
t+ 1x2 +

√
2(t+ 2) if x ∈ CF , this implies the

condition on x2. Then, the set of nonnegative initial values is given by

(SPMP
∩ C+

F )(t) = ϕ(R+).

To test the positivity condition of Theorem 5.3.1, now we compute the tangent field TF .
The Moore-Penrose projection PMP induced by (5.64) is independent of the state. The
parameterization gMP and the vector field hMP are given by

gMP (t, xd) =


√

2

−
√

2(t+ 1)√
1 + xd,2

 , hMP (t, xd) =

−
x2
d,1√
t+1

+
xd,1

2(t+1)

−x2
d,2

0

 ,
with gMP ∈ C∞(I × UgMP ) for UgMP = {x ∈ R3 |xd,2 > −1} and hMP ∈ C∞(I × R3).
On I × UgMP , the time derivative of the parameterization is given by

ġMP (t, xd) =


0

− 1√
2(t+1)

− x2
d,2

2
√

1+xd,2

 .
On SPMP

, then the tangent field is given by

TF (t, x) =


− t(
√
t+1x1+x2)2

2(t+2)2
√
t+1

− (
√
t+1x1+x2)2

(t+2)2 − 1√
2(t+1)

− (
√
t+1x1+x2)2

2

√
1+
√
t+1x1+x2
t+2

 .
Using the constructive representation of C+

F and noting that
√
t+ 1x1 + x2 =

√
t+ 1(

√
t+ 1c+

√
2(t+ 2)) + c = (t+ 2)(c+

√
t+ 1

√
2),

then the positivity condition (5.36) of Theorem 5.3.1 reads
− t(c+

√
t+1
√

2)2

2
√
t+1

−(c+
√
t+ 1

√
2)2 − 1√

2(t+1)

− (t+2)2(c+
√
t+1
√

2)2

2

√
1+
√
t+1x1+x2
t+2

 ≥ −κ̂

√
t+ 1c+

√
2(t+ 2)

c√
1 + c+

√
2(t+ 1)


for c ≥ 0 and every κ̂ ≥ κ(t, ϕ(c)). For c = 0, however, we have that ϕ2(0) = 0, but
since

TF,2(t, ϕ(0)) = −2(t+ 1)− 1√
2(t+1)

< 0

for every t ∈ I, the system is NOT positive.
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5.5 Summary

In Chapter 5, we have studied the concept of positivity for ODEs and DAEs.
In Section 5.1, we have reviewed the classical results for ODEs ẋ = f(t, x) ensuring
that every solution starting with a nonnegative initial value remains nonnegative for its
lifetime.
In Section 5.2, we have adapted these results to characterize ODEs ẋ = f(t, x) for which
the intersection S+ = S∩Rn+ of a submanifold S with the nonnegative orthant is forward
Φf -invariant. Specifying the tangent set of S+, we have confirmed that every solution
starting in S+ remains in S+ if and only if the vector field f satisfies both the invariance
and the positivity conditions on the set S+. Using a characterizing function P that is
induced by a constant specifying projection as well as the concept of submanifolds with
corners, we have explained how these conditions can be explicitly tested on S+.
For DAEs, where the flow ΦF is bounded to the solution manifold MF (t0, x0) associated
with an initial value (t0, x0) ∈ Cµ+1, we have applied in Section 5.3 these concepts to
characterize positivity for nonlinear and linear DAEs possessing a flow. Replacing the
vector field with the tangent field TF and considering the intersection M+

F (t0, x0), we
were able to extend the results of Section 5.2 to DAEs and have derived a uniform
framework to study positivity for ODEs and DAEs. We have compared these results
with the positivity characterization of linear systems with constant coefficients that has
been derived in [137] in terms of the Drazin inverse.
We have illustrated our results at several examples in Section 5.4.1.





CHAPTER 6

OUTLOOK

To conclude our analysis, we point out topics and open problems that can be investigated
using the flow-on-manifold formulation of DAEs. In Section 6.1, we explain how this
formulation allows to study other properties of DAEs with regular s-index like stability,
monotonicity or contractivity. In Section 6.2, we sketch how to construct a discrete
analogue of the flow and how it can be used to study flow properties like positivity.

Again, we consider the regular DAE with s-index µ given by

F (t, x, ẋ) = 0, F ∈ Cµ+2
µ,d,a,reg(D,Rn), (6.1)

cp. (4.31). The initial values are taken from the set Cµ+1, cp. (4.34). In comparison, we
consider the ODE

ẋ = f(t, x), f ∈ CLip
loc (I × Ω,Rn), (6.2)

with initial values taken from I × Ω.

6.1 Characterization of other flow properties

In this thesis, we have derived a flow formula for DAEs and we have characterized
the concept of positivity for DAEs. Both notions are analytic concepts that allow to
study a given DAE (6.1) with regard to qualitative solution properties. The positivity
condition (5.36) given in Theorem 5.3.1 allows to test if the DAE (6.1) has the property
of positivity. Letting the tangent field TF playing the role of the vector field f associated
with the ODE (6.2), condition (5.36) directly extends the positivity condition (5.3) of
Theorem 5.1.1 from ODEs to DAEs. This idea, to exploit the analogy of the flows Φf ,
ΦF and of the vector fields f , TF is not limited to the context of positivity. It can be
used to study every other flow property, for example the concept of contractivity.
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The ODE (6.2) is called contractive if, for every pair of initial values x0, x̃0 ∈ Ω with
t0 ∈ I, the distance ‖Φt

f (t0, x0)−Φt
f (t0, x̃0)‖ is non-expansive on [t0, t

+
0 )∩ [t0, t̃

+
0 ). This

means that, for every x0, x̃0 ∈ Ω, t0 ∈ I, there exists a constant 0 ≤ C(x0, x̃0) ≤ 1,
such that ‖Φt

f (t0, x0)−Φt
f (t0, x̃0)‖ ≤ C(x0, x̃0) is satisfied on [t0, t

+
0 )∩ [t0, t̃

+
0 ), cp. [131,

p. 175]. If, on I × Ω, the vector field f satisfies the one-sided Lipschitz condition

〈f(t, x)− f(t, x̃), x− x̃〉 ≤ Lc‖x− x̃‖2, (6.3)

where Lc is a constant, cp. [131, p. 173], and 〈·, ·〉 denotes the standard scalar product,
cp. [102, p. 154], then the flow Φf satisfies

‖Φt
f (t0, x0)− Φt

f (t0, x̃0)‖ ≤ eLc(t−t0)‖x0 − x̃0‖ (6.4)

for x0, x̃0 ∈ Ω and t0, t ∈ I, cp. [131, p. 173]. If Lc < 0, then (6.2) is contractive, cp.
[131, p. 173].

Using the flow ΦF associated with the DAE (6.1), we can directly extend this definition
and result to DAEs. The DAE (6.1) is called contractive if, for every pair of initial
values x0, x̃0 ∈ Cµ+1(t0) with t0 ∈ I, the distance ‖Φt

F (t0, x0) − Φt
F (t0, x̃0)‖ is non-

expansive on [t0, t
+
0 )∩ [t0, t̃

+
0 ), i.e., if there exists a constant 0 ≤ C(x0, x̃0) ≤ 1, such that

‖Φt
F (t0, x0)− Φt

F (t0, x̃0)‖ ≤ C(x0, x̃0) on [t0, t
+
0 ) ∩ [t0, t̃

+
0 ).

Noting that

Φt
F (t0, x0) = Φt

hMP

(
t0, PMP (z0)x0

)
+ gMP

(
t,Φt

hMP
(t0, PMP (z0)x0)

)
,

for z0 = (t0, x0, ẋ(t0)), where x is the solution of the initial value problem (4.47) and
PMP ∈ C1([t0, t̂

+
0 )×UPMP

(x)×UPMP
(ẋ),Rn×n) is the Moore-Penrose projection, gMP ∈

C1([t0, t̂
+
0 )×U(xa),U(xd)) the Moore-Penrose parameterization and hMP ∈ C1([t0, t̂

+
0 )×

U(xd),Rn) the Moore-Penrose vector field with flow ΦhMP
, cp. Theorem 4.3.2, (4.72),

we obtain that∥∥Φt
F (t0, x0)− Φt

F (t0, x̃0)
∥∥

≤
∥∥Φt

hMP

(
t0, PMP (z0)x0

)
− Φt

hMP

(
t0, PMP (z̃0)x̃0

)∥∥
+
∥∥gMP

(
t,Φt

hMP
(t0, PMP (z0)x0)

)
− gMP

(
t,Φt

hMP
(t0, PMP (z̃0)x̃0)

)∥∥.
If gMP is Lipschitz-continuous along the solution with Lipschitz constant LgMP (t0, x0),
then ∥∥Φt

F (t0, x0)− Φt
F (t0, x̃0)

∥∥ ≤ ∥∥Φt
hMP

(
t0, PMP (z0)x0

)
− Φt

hMP

(
t0, PMP (z̃0)x̃0

)∥∥
+ LgMP (t0, x0)

∥∥PMP (z0)x0 − PMP (z̃0)x̃0

∥∥.
Hence, the DAE (6.1) is contractive if and only if the inherent ODE induced by the
Moore-Penrose vector field hMP is contractive. A similar result is obtained in [96] by
separating the differential and algebraic variables with a variable transformation. Here,
we have shown that the flow-on-manifold formulation gives an equivalent characterization
of contractivity. Similarly, the results regarding stability or dissipativity that are proven
in [96] can be formulated using the flow-on-manifold formulation.
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6.2 Construction of a discrete flow-on-manifold formulation
and its application to positive systems

Due to the complexity and the size of models occurring in application as well as the use
of functions that are given only by measurements, e.g., material properties in chemical
engineering, the flow associated with (6.1) must be numerically computable and pro-
perties like positivity and stability must be testable by numerical methods.
The framework for these tasks is the concept of a discrete flow, cp., e.g., [14, pp. 130].
Given a discretization method D, e.g., a Runge-Kutta [26, 67] or a multistep method
[41, 67], the discrete flow Ψf,D approximates the continuous flow Φf associated with (6.2)
on a time grid T∆ = {t0 < ... < tN}. The function Ψf,D reflects the concept of the flow
Φf by mapping a given initial value (t0, x0) ∈ I×Ω uniquely onto the numerical solution
x∆ = {x0, x1, ..., xN} through (t0, x0). The solution x∆ is obtained by discretizing the
differential equation (6.2) using the method D.

For example, we consider a Runge-Kutta method (A, β, γ) with s steps, whose coefficients
A := [αij ], β := [βi], γ := [γi] for i, j,= 1, .., s are given by the Butcher array

β A
γT

,

cp. [25]. Setting τn := tn+1 − tn, the discretization of 6.2 at the time tn is given by

Ẋn,i = f
(
ti + τnγi,

s∑
j=1

αijẊn,i

)
, i = 1, ..., s, (6.5a)

xn+1 = xn + τn

s∑
i=1

βiẊn,i, (6.5b)

where Ẋn,i are the stage derivatives, cp. [14, p. 253]. If f ∈ CLip
loc (I × Ω,Rn), then

there exists a threshold τ̄ > 0, such that the nonlinear equations (6.5a) are uniquely
solvable for τ ∈ [0, τ̄) and the stage derivatives Ẋn,i are given as implicit functions
Ẋn,i = Ẋn,i(τn; tn, xn), cp. [14, p. 254]. Numerically, they can be computed using, e.g.,
a Newton’s Method, cp. [14, p. 263]. This motivates to define the discrete flow as the
function Ψf,(A,β,γ) : R× I × Ω→ Rn, (τn, tn, xn) 7→ Ψτn

f,(A,β,γ)(tn, xn), that is given by

Ψτn
f,(A,β,γ)(tn, xn) = xn + τn

s∑
i=1

βiẊn,i(τn; tn, xn), (6.6)

for τ ∈ [0, τ̄), cp. [14, p. 256]. For an initial value (t0, x0) ∈ I×Ω and a time grid T∆ with
tn ∈ [t0, t

∗
0), the discrete flow Ψf,(A,β,γ) can be computed recursively for n = 1, ..., N . To

study the accuracy of the discretization, the discrete flow is expanded in a Taylor series,
i.e.,

Ψτn
f,(A,β,γ)(tn, xn) = xn + c0(τn;α, β, γ)f(tn, xn) + c1(τn;α, β, γ) ḟ(tn, xn) (6.7)

+ .....+O(τk),
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where the coefficients c`(τn;α, β, γ) are obtained using the idea of rooted trees, cp.
[14, pp. 157] and [25, 67, 68]. Comparing the Taylor expansion (6.7) with that of the
continuous flow Φf , see e.g., [14, pp. 155], we can study the consistency, i.e., the local
error εloc(τn; tn, xn) = ‖x(tn+1) − xn+1‖, where x(tn) = xn, and convergence, i.e., the
global error εglob(τn; tn, xn) = ‖x(tn+1) − xn+1‖, where x(t0) = x0, cp. e.g. [14, p. 130,
p. 132, p. 160].

Regarding the property of positivity, cp. Section 5.1, we make the following observations.
Let

CLip
loc,pos(I × Ω,Rn) :=

{
f ∈ CLip

loc (I × Ω,Rn) | (6.2) is positive
}

be the set of positive vector fields f ∈ CLip
loc (I ×Ω,Rn) that define a positive ODE (6.2).

Note that Ω+ = Ω ∩ Rn+ 6= ∅ is necessary for f ∈ CLip
loc,pos(I × Ω,Rn). Following the

Definition in [78], we call a Runge-Kutta method (α, β, γ) positivity preserving on the
set CLip

loc,pos(I×Ω,Rn) with positivity threshold τ+ > 0 if for every f ∈ CLip
loc,pos(I×Ω,Rn)

the discrete flow Ψf,(A,β,γ) induced by f and (A, β, γ) satisfies Ψτn
f,(A,β,γ)(tn, xn) ≥ 0

for τn ∈ (0, τ+] whenever xn ≥ 0. In other words, a Runge-Kutta method (α, β, γ)
is positivity preserving on CLip

loc,pos(I × Ω,Rn) if (α, β, γ) yields nonnegative numerical
solutions for every positive ODE whenever the stepsize τ is chosen smaller or equal to
τ+.
To specify the positivity threshold τ+, we need the bound κ : I × Ω+ → R+ that is
associated with a positive vetor field f ∈ CLip

loc,pos(I × Ω,Rn), cp. Theorem 5.1.1. We
define the set

CLip
loc,pos,κmin

(I × Ω,Rn) :=
{
f ∈ CLip

loc,pos(I × Ω,Rn) |κ(t, x) ≥ κmin ∀(t, x) ∈ I × Ω+

}
of positive vector fields on I × Ω that satisfy the positivity condition (5.3) with bound
κ(t, x) ≥ κmin on I × Ω+. Furthermore, we need the concept of absolute monotonicity.
A scalar function ϕ : R → R is called absolute monotonic in z ∈ R if ϕ is analytic in
z and 0 ≤ ϕ(`)(z) < ∞ for ` ≥ 0, cp. [13]. The function ϕ is absolute monotonic on
an interval I ⊂ R if ϕ is absolute monotonic in every z ∈ I, cp. [13]. Considering,
e.g., a Runge-Kutta method (A, β, γ), the radius of absolute monotonicity R(A,β,γ) is
defined as the largest number R(A,β,γ) ≥ 0 such that the stability function ϕ(A,β,γ)

is absolutely monotonic on the interval [−R(A,β,γ), 0], see [13]. The stability function
ϕ(A,β,γ) associated with (A, β, γ) is given by ϕ(A,β,γ)(z) = 1 + z(Is − zA)−1e, where

e = [1, ..., 1]T ∈ Rs, cp. [14, p. 260]. The stability function ϕ(A,β,γ) is obtained from the
discrete flow Ψa,(A,β,γ) associated with the scalar, linear ODE ẋ = ax, a ∈ R, cp. [14,
p. 260].
In [78], it has been shown that, on the set CLip

loc,pos,κmin
(I×Ω,Rn), a Runge-Kutta method

(A, β, γ) with absolute monotonicity radius R(A,β,γ) has the positivity threshold

τ+ = min
{R(A,β,γ)

κmin
, τ̄
}
, (6.8)

where τ̄ > 0 denotes the maximal stepsize τ for which the discretized system (6.5) is solv-
able. For example, the explicit Euler method, is positive preserving on CLip

loc,pos,κmin
(I ×
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Ω,Rn) if and only if τn ≤ 1
κ(tn,xn) for (tn, xn) ∈ I × Ω+, cp. [80, p. 123]. Conversely,

the implicit Euler method is positive for τn ≤ τ̄ for every (tn, xn) ∈ I × Ω+, cp. [80,
p. 123]. The absolute monotonicity radius R(A,β,γ) and its computation are analyzed,
e.g., in [59, 61, 68, 87, 129] and [100, 101, 84] and the references therein, where R(A,β,γ)

is discussed in the context of contractivity preserving one- and multistep methods.

The linear ODE

ẋ = Ax+ b, A ∈ C(I,Rn×n), b ∈ C(I,Rn), (6.9)

is positive if and only if, on I, A is a pointwise Metzler matrix and b ≥ 0, cp. Lemma
5.1.1. To preserve this property in a discretization, we need the notion of a -M-matrix.
We call a matrix function A ∈ C(I,Rn×n) a -M-matrix on I if A is a Metzler matrix
on I with bound κ : I → R+, cp. Definition 5.1.2, and the eigenvalues λ of A satisfy
maxλ(t)∈σ(A(t)) |κ(t)+λ(t)| ≤ κ(t) for t ∈ I, where σ(A(t)) is the spectrum of A(t). This
definition extends the concept of a -M-matrix A ∈ Rn×n, see [75]. If A is a -M-matrix
with maxλ(t)∈σ(A(t)) |κ(t) + λ(t)| < κ(t) on I, then we call A a nonsingular -M-matrix.
Denoting the set of nonsingular -M-matrices A ∈ C(I,Rn×n) with bound κ by

Mn×n
nsgl -M-Matrix,κmin

:=
{
A ∈ C(I,Rn×n) | A is a nonsingular -M-matrix with bound κ

}
,

then a Runge-Kutta method (A, β, γ) with absolute monotonicity radius R(A,β,γ) is pos-

itivity preserving on Mn×n
nsgl -M-Matrix,κmin

with positivity threshold, cp. [13, 80],

τ+ = min
{R(A,β,γ)

κmin

}
. (6.10)

For the DAE (6.1), we compute a numerical solution by discretizing the s-free formulation
F̂ (t, x, ẋ) = 0 presented in Theorem 4.2.1, (4.36). This way it is ensured that the
applied discretization method has the same order of convergence as for ODEs, cp. [95,
p. 251]. The construction of the s-free formulation can be incorporated in the numerical
integration, see [95, ch. 6]. Applying, e.g., a Runge-Kutta method (A, β, γ) to the s-free
formulation, we obtain the discrete system

0 = F̂ (ti + τnγi,
s∑
j=1

αijẊn,i, Ẋn,i), i = 1, ..., s, (6.11a)

xn+1 = xn + τn

s∑
i=1

βiẊn,i. (6.11b)

If the method (A, β, γ) is a collocation Runge-Kutta method, cp. [14, p. 268] or [95,
p. 243], then there exists a threshold τ̄ > 0, such that for τ ∈ [0, τ̄), the discretized s-free
formulation (6.11) can be uniquely solved for the differential and algebraic components,
[95, pp. 243]. In [95, pp. 243], these components are filtered out be a permutation of
variables. However, to study conditions under which numerical solutions of (6.1) inherit
qualitative properties of the continuous flow ΦF , it would be preferable if the discrete
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system (6.11) is solved using the Moore-Penrose approach. Therefore, it should be
discussed how the decomposition procedure illustrated in Theorem 4.3.1 leading to the
decomposed system

ẋd = hMP (t, xd), xd(t0) = PMP (z0)x0, (6.12a)

xa = gMP (t, xd), (6.12b)

can be formulated for the discrete system (6.11). Decomposing the stage values Xn,i =∑s
j=1 αijẊn,i with the constant Moore-Penrose projection PMP (tn, xn, ẋn) could be one

possibility. The value ẋn is the approximation of the derivative ẋ(tn) obtained in the
previous discretization step, e.g., by setting ẋn = Ẋd,n,s.
Once the discrete formulation (6.11) is successfully solved for the approximations x̄d,n+1,
x̄a,n+1 of the differential and algebraic solution components xd(tn+1), xa(tn+1), then it
should be analyzed if the numerical solution x̄∆ = {x̄n}n=0,1,...,N with x̄n+1 = x̄d,n+1 +
x̄a,n+1 coincides with the solution that is obtained by discretizing directly the Moore-
Penrose reformulation (6.12). In (6.12), the differential and algebraic components are
already separated, such that only the inherent ODE (6.12a) must be discretized by a
numerical method. Therefore, we solve the discrete system

Ẋd,n,i = hMP

(
tn + τnγi,

s∑
j=1

αijẊd,n,i

)
, i = 1, ..., s, (6.13a)

xd,n+1 = xd,n + τn

s∑
i=1

βiẊd,n,i. (6.13b)

For the algebraic components, we can directly evaluate the Moore-Penrose parameteri-
zation gMP , i.e.,

xa,n+1 = gMP (tn+1, xd,n+1). (6.13c)

The numerical solution is again given by x∆ = {xn}n=0,1,...,N with xn+1 = xd,n+1 +
xa,n+1.
If the numerical solutions x̄∆ and x∆ constructed from (6.11) and (6.13), coincide, then
the remodeling by the Moore-Penrose projection can be incorporated in the discretization
procedure. If the solutions do not coincide, then it has to be decided from the application
or the problem if one discretizes the s-free formulation F̂ (t, x, ẋ) = 0 or the remodeling
(6.12). If the method (A, β, γ) is convergent of order p, then the error between two
different numerical solutions decreases with the order p of τ .
Once the computation of a numerical solution in terms of the Moore-Penrose projection
is settled, we can construct a discrete flow ΨF,(A,β,γ) associated with the DAE (6.1) and
a Runge-Kutta method (A, β, γ). Using, e.g., the discretized decomposition (6.13), the
discrete flow is given by ΨF,(A,β,γ) : R × Cµ+1 → Rn, (τn, tn, xn) 7→ Ψτn

F,(A,β,γ)(tn, xn),
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with

Ψτn
F,(A,β,γ)(tn, xn) = xn + τn

s∑
i=1

βiẊd,n,i(τn; tn, xd,n)

+ gMP

(
tn+1, τn

s∑
i=1

βi Ẋd,n,i(τn; tn, xd,n)
)
, (6.14)

where xd,n = PMP (tn, xn, ẋn)xn, ẋn approximates the derivative ẋ(tn) and τn ∈ [0, τ̄).
To derive conditions under which the discrete flow ΨF,(A,β,γ) inherits properties of the
continuous flow ΦF , we study the Taylor expansion of ΨF,(A,β,γ). Constructed as discrete
analogue of ΦF via the Moore-Penrose approach, we expect that its expansion involves
the tangent field TF , i.e., for ` ≥ 1,

d`

dt`
Ψτn
F,(A,β,γ)(tn, xn) = c`(τn; tn, xn, ẋn)T (`−1)

F (tn, xn). (6.15)

For a consistent method, in particular, we expect that Ψ̇0
F,(A,β,γ)(tn, xn) = TF (tn, xn),

reflecting the definition of consistency for the discrete ODE flow, cp. [14, p. 130].
Given a relation like (6.15), we could directly extend the results for ODEs and find
conditions and ranges of stepsizes for which the discrete flow ΨF,(A,β,γ) inherits properties
like positivity, stability or contractivity from the continuous flow ΦF .

Regarding the property of positivity, in particular, we define the set

Cµ+2
µ,d,a,reg,pos(D,R

n) :=
{
F ∈ Cµ+2

µ,d,a,reg(D,Rn) | (6.1) is positive
}

of functions with regular s-index for which the DAE (6.1) is positive. We classify
Cµ+2
µ,d,a,reg,pos(D,R

n) with respect to the bound κ : C+
µ+1 → R+ occurring in the positivity

condition (5.36) of Theorem 5.36 and set

Cµ+2
µ,d,a,reg,pos,κmin

(D,Rn) :=
{
F ∈ Cµ+2

µ,d,a,reg,pos(D,R
n) |κ(t, x) ≥ κmin (t, x) ∈ C+

µ+1

}
.

Formulating a suitable stability function φ(A,β,γ) associated with a collocation method
(A, β, γ) applied to DAEs, it should be discussed under which conditions the estimate
of the positivity threshold (6.8) can be extended to DAEs. In [96], a test equation and
a stability function to study stability of DAEs is presented.
Once conditions for a positivity preserving collocation method (A, β, γ) for the DAE
(6.1) are established, this property should carry over to the numerical solution x∆ also
if x∆ is not obtained by the Moore-Penrose decomposition, because of the uniqueness
of the solution and the convergence of the method (A, β, γ). This would allow to test
the preservation of certain flow properties using the framework of the Moore-Penrose
projection, while the computation of the numerical solution can be accomplished using
every other suitable variable decomposition.

For a constant coefficient DAE

Eẋ = Ax+ b, (E,A) ∈Mn×n
ν,reg, b ∈ Cν(I,Rn), (6.16)
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where Mn×n
ν,reg denotes the set of regular pairs (E,A) with Kronecker index ind(E,A) = ν,

cp. (4.122), the preservation of positivity has been analyzed in [6]. For (6.16), the
property of positivity is characterized by the concept of a Metzler pair, cp. Definition
5.3.2. Noting that the flow ΥE,A,b of (6.16) is given in terms of the scaled matrices

Ê, Â, b̂, cp. Theorem 4.3.6, we have shown in Lemma 5.3.5 that the DAE (6.16) is
positive if and only if (Ê, Â) ∈Mn×n

ν,Metzler,κ and gD, Ê
D b̂ ≥ 0 on I.

To specify the positivity threshold for a Runge-Kutta method (A, β, γ) applied to a
positive DAE (6.16), we classify the set of Metzler pairs (E,A) with bound κ with
regard to the finite generalized eigenvalues λ ∈ σfin(E,A), cp. (4.120). A Metzler pair
(E,A) ∈ Mn×n

ν,reg with bound κ is called a -M-matrix pair, if maxλ∈σfin(E,A)

∣∣κ+ λ
∣∣ ≤ κ,

cp. [6]. We denote the set of -M-Matrix pairs with bound κ by

Mn×n
ν,-M-pair,κ :=

{
(E,A) ∈Mn×n

ν,reg | (E,A) is a -M-matrix pair with bound κ
}
.

Regarding the positivity characterization via the scaled matrix pair (Ê, Â), we define
the set

Mn×n
ν,pos,κ :=

{
(E,A) ∈Mn×n

ν,reg | (Ê, Â) ∈Mn×n
ν,-M-pair,κ

}
of regular matrix pairs for which the scaled pair (Ê, Â) is a -M-matrix pair with bound κ.
For a Runge-Kutta method (A, β, γ) with nonsingular A, we further need the consistency
exponents ρ,..., ρν−1, cp. [95, p. 229]. If there exist ρ0, ..., ρν−1 ∈ N, such that the
coeffiients (A, β, γ) satisfy

βTA−m1 = βTA−(`+1)γ`+1−m

(`+1−m)! , m = 1, ..., `, (6.17a)

βTA−(`+1)γm = m!
(m−`)! , m = `+ 1, ..., ρ`, (6.17b)

then the method is consistent if applied to the scaled DAE (6.16), cp. [95, p. 229]. If
x(tN ) = xN , then the local error satisfies, cp. [95, p. 229],

εloc := x(tN+1)− xN+1 = O(τρ0+1) + ...+O(τρν−1−ν+2).

With these notations, in [6] we have specified the positivity threshold for the method
(A, β, γ).

Theorem 6.2.1. Consider a Runge-Kutta method (A, β, γ), A nonsingular, that is con-
sistent with exponents ρ,..., ρν−1. If

(i) βTA−(`+1)γm ≥ m!
(m−`)! for m ≥ ρ` + 1 and ` = 0, ..., ν − 1,

(ii) P∞N
`
DÂ

D b̂ ∈ C∞(I,Rn) and −P∞N `
Dba

(`)(t) ≥ 0, ` = 0, ..., ν − 1, on I,

then the method (A, β, γ) is positivity preserving on the set Mn×n
ν,pos,κ with positivity thre-

shold

τ+ = min
{
R(A,β,γ)

κ ,
Q(A,β,γ)

κ

}
, (6.18)

where R(A,β,γ) and Q(A,β,γ) are the monotonicity radii of the stability functions φ(z) :=

1 + zβT (Is − zA)−1e and η(z) := βT (Is − zA)−1ei for i = 1, ..., n.
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Theorem 6.2.1 combines the results of Theorem 4 and 6 given in [6]. Theorem 4 ensures
a nonnegative discretization of the ODE ẋd = ÊDÂxd + ÊD b̂ obtained via the Drazin
projection, cp. Theorem 4.3.5, (4.148a), using the concept of the absolute monotonicity
radius. This leads to the stepsize restriction (6.18). The stability functions η(z) :=
βT (Is − zA)−1ei for i = 1, ..., n are related with the inhomogeneity b̂, cp. [6].
Theorem 6 ensures that the approximation P∞xn+1 of the algebraic components obtained
by discretizing the scaled system (6.16) overestimates the exact algebraic components
P∞x(tn+1), i.e., P∞xn+1 ≥ P∞x(tn+1) for τ > 0 if xn = x(tn). Since P∞x(tn) =
gD(n) ≥ 0 for a positive DAE, cp. Lemma 4.3.14, this ensures that P∞xn+1 ≥ 0. For this
assertion, the coefficients of the method (A, β, γ) must satisfy the additional condition (i),
which in a way means that (A, β, γ) ’overestimates’ the consistency conditions (6.17a).
The inhomogeneity must be sufficiently smooth and the Drazin parameterization gD(t) =
−
∑ν−1

`=0 N
`
Dba

(`) must satisfy the stricter nonnegativity condition −P∞N `
Dba

(`)(t) ≥ 0
for ` = 0, ..., ν − 1 on I.
If the Drazin parameterization gD is explicitly given, we can approximate the algebraic
components P∞x(tn+1) also exactly using the identity P∞x(tn) = gD(n), cp. Theorem
4.3.5, (4.148b).





CHAPTER 7

CONCLUSION

Using the concept of the strangeness-index and the variable decomposition by projec-
tions, we have derived a flow-on-manifold formulation of differential-algebraic systems
(DAEs). We have applied the flow to study flow invariant sets and to characterize posi-
tive systems, in particular.
To decouple the differential and algebraic components in a DAE, we have formulated
the Implicit Function Theorem in terms of projections. We have constructed a para-
meterization of an embedded submanifold S and we have generalized the concept of
projections to nonlinear submanifolds. We have applied this parameterization and the
characterizing function to identify invariant and flow invariant sets. We have explained
how these functions can be exploited to decompose a differential or an algebraic equation
along (flow) invariant manifolds.
For a DAE F (t, x, ẋ) = 0, the strangeness-free formulation F̂1(t, x, ẋ) = 0, F̂2(t, x) = 0
locally identifies the manifold onto which the algebraic constraints restrict the dynamics
of the DAE. Parameterizing the manifold along the solution x with a Moore-Penrose
projection induced by F̂1, we have decoupled the differential and algebraic variables
along x and we have remodeled the DAE as a set of explicit differential and algebraic
equations. Proving the existence and uniqueness of this remodeling on the full inter-
val of existence of x and showing that such a remodeling exists for every initial value
(t0, x0) ∈ Cµ+1, we have defined the flow ΦF associated with F (t, x, ẋ) = 0. The flow
ΦF extends the characteristic properties of the flow associated with an ODE and gives
a uniform description for constrained and unconstrained systems.
Given the notion of a flow, we have extended the theory of flow invariant sets to DAEs.
Associated with the flow ΦF , we have introduced the tangent field TF pointing into the
direction of ΦF in every (t0, x0) ∈ Cµ+1. Letting the tangent field TF playing the role of
the vector field f that is associated with the flow Φf of an ODE, we were able to extend
the invariance results from ODEs to DAEs.
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To characterize positive DAEs, we have adapted the classical positivity results for ODEs
to the case, where the ODE is positive on an embedded manifold. Then again, letting
the tangent field TF taking the place of the vector field f , we have given conditions when
a regular linear or nonlinear DAE is positive.
We have illustrated our results with several examples, showing how the flow can be com-
puted for a linear or nonlinear DAE and how we can check if a given system is positive.
To conclude our analysis, we have pointed to topics that can be further investigated using
the flow-on-manifold formulation. We have explained how the flow can be exploited to
characterize system properties like stability or contractivity. Regarding the preservation
of these properties within a numerical simulation, we have sketched how a discrete ana-
logue of the flow can be constructed and how this discrete flow allows to study conditions,
under which properties like positivity are preserved in the discretization.
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Basel, Switzerland, 1st ed., 2003. 59, 62

[18] R. Bru, C. Coll, S. Romero, and E. Sánchez, Reachability indices of positive
linear systems, ELA, 11 (2004), pp. 88–102. 3

[19] R. Bru, C. Coll, S. Romero-Vivo, and E. Sánchez, Some problems about
structural properties of positive descriptor systems, in Positive Systems, vol. 294 of
Lecture Notes in Control and Information Sciences, Springer Verlag, Berlin, DE,
2003, pp. 233–240. 3

[20] R. Bru, C. Coll, and E. Sánchez, Structural properties of positive linear time-
invariant difference-algebraic equations, Lin. Alg. Appl., 349 (2002), pp. 1–10. 3

[21] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N. Nichols, Numeri-
cal computation of an analytic Singular Value Decomposition of a matrix valued
function, Numer. Math., 60 (1991), pp. 1–40. 20

[22] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N. Nichols, Feedback
design for regularizing descriptor systems, Lin. Alg. Appl., 299 (1999), pp. 119–151.
2

[23] A. Bunse-Gerstner, V. Mehrmann, and N. Nichols, Regularization of de-
scriptor systems by derivative and proportional feedback, SIAM J. Matr. Anal.
Appl., 13 (1992), pp. 46–67. 2

[24] , Regularization of descriptor systems by output feedback, IEEE Trans. Au-
tomat. Control, 39 (1994), pp. 1742–1748. 2

[25] J. Butcher, Coefficients for the study of Runge-Kutta integration processes, Jour-
nal of the Australian Mathematical Society, 3 (1963), pp. 185–201. 209, 210



221

[26] , The Numerical Analysis of Ordinary Differential Equations: Runge-Kutta
and General Linear Methods, Wiley, Chichester, UK, 1987. 209

[27] R. Byers, T. Geerts, and V. Mehrmann, Descriptor systems without control-
lability at infinity, SIAM J. Cont. Optim., 35 (1997), pp. 462–479. 2

[28] R. Byers, P. Kunkel, and V. Mehrmann, Regularization of linear descriptor
systems with variable coefficients, SIAM J. Cont. Optim., 35 (1997), pp. 117–133.
2

[29] S. Campbell, Singular Systems of Differential Equations I, Pitman, San Fran-
cisco, CA, 1980. 2, 153

[30] , Singular Systems of Differential Equations II, Pitman, San Francisco, CA,
1982. 2

[31] S. Campbell and C. Gear, The index of general nonlinear DAEs, Numer.
Math., 72 (1995), pp. 173–196. 2, 117

[32] S. Campbell and C. Meyer, Generalized Inverses of Linear Transformations,
Pitman, San Francisco, CA, 1979. 14, 15, 17, 18, 19, 165

[33] S. L. Campbell, One canonical form for higher index linear time varying singular
systems, Circuits Systems and Signal Processing, 2 (1983), pp. 311–326. 2, 117

[34] , The numerical solution of higher index linear time-varying singular systems
of differential equations, SIAM J. Sci. Statist. Comput., 6 (1985), pp. 334–338. 2

[35] , A general form for solvable linear time varying singular systems of differen-
tial equations, SIAM J. Math. Anal., 18 (1987), pp. 1101–1115. 117

[36] , High index differential algebraic equations, J. Mech. of Struct. Mach., 23
(1995), pp. 199–222. 2

[37] , Linearization of DAEs along trajectories, Z. Angew. Math. Phys., 46 (1995),
pp. 70–84. 2, 125

[38] D. Chu, V. Mehrmann, and N. Nichols, Minimum norm regularization of
descriptor systems by output feedback, Lin. Alg. Appl., 296 (1999), pp. 39–77. 2

[39] C. Commault and N. Marchand, eds., Positive systems, vol. 341 of Lecture
Notes in Control and Information Sciences, Berlin, DE, 2006, Springer Verlag. 3

[40] L. Costard, Optimale Steuerung von linearen, positiven differentiell algebrais-
chen Gleichungen, Master’s thesis, Berlin, DE, 2013. 3

[41] G. Dahlquist, Convergence and stability in the numerical integration of ordinary
differential equations, Math. Scand., 4 (1956), pp. 33–53. 209

[42] J. Dattorro, Convex Optimization and Euclidean Distance Geometry, Meboo
Publishing USA, Palo Alto, CA, 2005. 10, 11, 46



222 Bibliography

[43] M. P. Drazin, Pseudo-inverses in associative rings and semi-groups, Amer. Math.
Monthly, 65 (1958), pp. 506–514. 14

[44] E. Eich-Soellner and C. Führer, Numerical Methods in Multibody Dynamics,
European Consortium for Mathematics in Industry, Teubner Verlag, Stuttgart,
DE, 1998. 1

[45] L. H. Erbe and H. Wang, On the existence of positive solutions of ordinary dif-
ferential equations, Proceedings of the American Mathematical Society, 120 (1994),
pp. 743–748. 3
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