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Zusammenfassung
Die Gasturbine ist die Schlüsseltechnologie für eine effiziente und flexible Erzeugung von Strom
und für den Antrieb von Flugzeugen. Zurzeit stellt diese Technologie bereits den höchsten elek-
trischen Wirkungsgrad für die Umwandlung von fossilen Brennstoffen bei gleichzeitig geringen
Emissionen und schnellen Anfahrzeiten bereit. Um Schadstoffemissionen zu minimieren, ist
die magere Vormischverbrennung von besonderer Bedeutung. Die größte Herausforderung bei
der Verwendung dieser Technologie ist das Auftreten von thermoakustischen Instabilitäten. Bei
diesen Verbrennungsinstabilitäten handelt es sich um eine Kopplung von Wärmefreisetzungs-
schwankungen durch die Flamme und Druckschwankungen im akustischen Feld. Thermoakus-
tische Instabilitäten schränken den Betriebsbereich der Gasturbine ein und beeinträchtigen da-
durch die Schadstoffreduktion und Effizienzerhöhung der Gesamtmaschine.

Die Flamme antwortet auf Brennstoffverhältnis- und Geschwindigkeitsschwankungen mit
Wärmefreisetzungsschwankungen, die Energie in das akustische Feld übertragen. Dieser Ener-
gietransport treibt die thermoakustische Instabilität an. Durch die Sättigung der Flammenant-
wort stellt sich eine Grenzamplitude im eingeschwungenen Zustand ein. Folglich bildet die
Kenntnis der Flammenantwort die Grundlage für die Vorhersage der Instabilitätsfrequenz und
der Schalldruckamplitude. Diese nichtlineare Flammentransferfunktion wurde experimentell
mit Mikrofonen, Strömungsfeld- und Wärmefreisetzungsmessungen untersucht. Neben einer
phänomenologischen Untersuchung der Sättigungseffekte der Flamme wurde die nichtlineare
Flammenantwort auch über einen Blackbox-Ansatz vermessen, der für das verwendete Vor-
hersagewerkzeug benötigt wird. Es wurden Hinweise auf bisher unbekannte nichtlineare Sätti-
gungsmechanismen der Flamme bei dem untersuchten industrierelevanten Brenner gefunden.
Außerdem wurde ein Verfahren entwickelt, das bei der Brennerentwicklung Zeit und Kosten
einspart, indem der Messaufwand für die Bewertung der Mischungsinhomogenitäten für die
Flammenantwort reduziert wird.

In Gasturbinenbrennkammern sind akustische Dämpfer installiert, die die Instabilitäten un-
terdrücken oder zumindest die Schalldruckamplituden stark reduzieren. Oft sind die Dämpfer
über akustische Resonatoren realisiert und sind heißen Abgasströmen ausgesetzt, die mit dem
Kühlluftstrom des Dämpfers interagieren und bei höheren Amplituden auch in den Dämpfer
eindringen können. Ein Ziel der Untersuchungen im Rahmen dieser Arbeit ist es, die Aus-
wirkungen der heißen Brennkammerabgase auf die Dämpfer experimentell zu bestimmen und
theoretisch zu modellieren. Dazu wurden Mikrofon- und Geschwindigkeitsfeldmessungen un-
ter gasturbinenbrennkammerähnlichen Randbedingungen durchgeführt. Die Messungen zeigen
einen signifikanten Einfluss der heißen Querströmung in der Brennkammer auf die akustische
Dämpferantwort. Die Frequenzen, bei denen der Dämpfer besonders gut funktioniert, werden
verschoben und die Dämpfung verringert sich. Bei hohen Amplituden sinkt die Dämpfung noch
weiter ab und die schmale Frequenzantwort verschiebt sich noch stärker vom Auslegungspunkt
weg. Diese Einflüsse wurden detailliert modelliert.

Die Flammen- und Dämpferantwort wurden erfolgreich zur Vorhersage der Amplitude und
Frequenz thermoakustischer Instabilitäten bei verschiedenen Randbedingungen in ein akusti-
sches Netzwerkmodell implementiert. Aufwendige Messungen von thermoakustischen Insta-
bilitäten bei verschiedenen Brennkammergeometrien wurden durchgeführt, um das Vorhersa-
gewerkzeug ohne den Einfluss des Dämpfers zu verifizieren. Es wurde eine sehr gute Vorher-
sagegenauigkeit bezüglich der Schalldruckamplitude und Frequenz mit dem entwickelten Vor-
hersagewerkzeug erzielt. Abschließend wurde die Interaktion der beiden Nichtlinearitäten des
Dämpfers und der Flamme theoretisch untersucht, was als Grundlage für zukünftige Untersu-
chungen dienen kann.
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Abstract
Currently, the stationary gas turbine is the core technology for the highest energy conversion
rates available. Additionally, gas turbines are very flexible and can complement the power
production of wind turbines and solar power stations very well and they are widely used as
propulsion engines in the aviation industry. Liquid and gaseous fuels are burnt at very high
temperatures of approximately 1600◦C and electricity is produced at a conversion efficiency
of more than 60%. The strict emission regulations are satisfied with the help of the lean pre-
mixed combustion technology. Here, large amounts of air are mixed with the fuel prior to
burning it. This drastically limits the peak temperature in the flame and thereby reduces the
NOx emissions. The major drawback of this technology is the susceptibility to thermoacoustic
instabilities. These are coupled high amplitude heat release and pressure oscillations, which can
significantly limit the operation range of engines.

Thermoacoustic instabilities are difficult to predict and can, in the worst case, destroy es-
sential parts of the gas turbine. These combustion instabilities restrain the operational range
of gas turbines and are a reason for increased emissions and decreased efficiency. Therefore,
models and prediction tools are of high importance in the design process of combustion cham-
bers. Moreover, the understanding of the physical effects causing nonlinear damping and the
nonlinear flame response is of utmost importance.

The scope of this thesis is the prediction of limit cycle amplitudes of an industrially rel-
evant combustion system with realistic acoustic boundary conditions and, furthermore, the
improved understanding of the relevant nonlinear effects. Firstly, the nonlinear response of a
perfectly and partially premixed flame is investigated by means of microphone, chemilumines-
cence, and flow field measurements. The degree of spatial unmixedness is varied and the impact
of temporal mixture inhomogeneities is assessed. Subsequently, the amplitude-dependent acous-
tic response of Helmholtz dampers and of the other boundary conditions are analyzed with the
help of acoustic and flow field measurements. These dampers are used by all gas turbine manu-
factures in gas turbines to control and attenuate thermoacoustic instabilities. The experiments
were conducted under realistic conditions by exposing the damper to hot exhaust gas. Finally,
the stability map of a premixed combustor is predicted and compared to extensive stability
experiments.

The present work significantly extends the state of the art in flame describing function based
nonlinear network modeling in several ways. The nonlinear response of a turbulent swirl flame
is studied up to extremely high excitation amplitudes. Nonlinear mechanisms of the practically
relevant flame are investigated in detail allowing for a better understanding and future modeling
of the complex mechanisms. The identified saturation mechanisms are associated to mixture
inhomogeneities and to hydrodynamic effects. The correct assessment of the nonlinearity of
the acoustic dampers is of crucial importance for the prediction of instabilities in a real engine.
For the first time, the temperature differences between the grazing flow and the cross-flow em-
anating from a Helmholtz resonator are investigated in terms of the influence on the acoustic
response of the resonator. It is shown that density gradients between the cooling flow of the
damper and the combustor flow significantly affect the damper efficiency and resonance fre-
quency. These effects are successfully modeled and explained in detail. The nonlinear flame
and damper response can be used in a nonlinear stability analysis to predict the frequency and
amplitude of thermoacoustic instabilities. This is done for the first time for an industrially rele-
vant combustor for a range of combustor lengths, thus, allowing for a realistic assessment of the
accuracy of the method. Additionally, a theoretical analysis of the interaction between damper
and flame paves the way for encouraging investigations in the future.
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Chapter 1

Introduction

sine ira et studio

Tacitus, Annales I,1

This chapter explains the general context of the current work. Overall, the problem of
thermoacoustic instabilities in modern gas turbines is not only related to the shortage of natural
resources and the greenhouse effect. From a general point of view, it is also associated with the
desire of human kind to predict future events and control them. After a brief introduction to
the motivation and the challenges of thermoacoustic instabilities the structure of this thesis and
how it contributes to the solution of important problems is explained.

1.1 General Background and Motivation

Exponential growth can be observed in daily life. A popular example is the development of the
world population, which exponentially grows since the 19th century, as shown in Figure 1.1.
Consequently, more and more people have demands for water, food, medical care, electricity,
and consumer goods, which drive the growth of the world economy. Other examples from
the field of economics and biology are shown in Figure 1.2a and Figure 1.2b. The first one
illustrates the normalized crude oil production in the Eurasia region and the second one the
cumulated number of cars in Germany. The quantities are normalized with their respective
maximum. Both curves show a strong growth at the beginning of the time line but saturate at
a certain point. The growth of the oil production saturated the first time around 1990 and even
declined due to political reasons like the collapse of the USSR. After a second period of growth,
the production saturates again at a similar level, which suggests that the saturation is caused
by the limitation of this natural resource. At the same time, the number of cars in Germany is
limited by the number of inhabitants. Limitation of growth is an important observation, which
is also present in natural systems that exhibit exponential growth. The normalized population
density of bacteria, shown in Figure 1.2b, suggests that the exponential growth of human beings
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Figure 1.1: World population from the year
900 AD to 2014 AD [136].

may also be limited by finite resources. There are many other examples of strong growth that
saturate eventually, like the processing power of computers, the citation of references, or the
growth of tree roots. Naturally, these growth curves are limited at some point in time and
saturate at a certain level generating s-shaped growth curves. The undeniable fascination of this
conceptual scheme is the large array of topics it can be applied to [74]. Futurologists [2], social
scientist [82], physicists [86], economists [41], and engineers [6], among others, try to describe
and to explain the very different processes with uniting theories. Mostly, this is motivated by
the desire of forecasting the future. In the 1970s, Meadows [84] predicted in such an attempt, in
a very influential study financed by the Club of Rome, that the growth of the world economy is
limited. The limited fossil energy resources and the limitation of the environmental pollution
are the key arguments for this and similar hypotheses postulated by others. Additionally, in
recent years the level of confidence has increased that human influence has been the dominant
cause of the worldwide observed warming since 1950 [129].

As a consequence, the regulative authorities have increased the standards for pollutant emis-
sions and energy conversion efficiencies in the last decades. Especially NOx (Nitrogen Oxides)
emissions have been limited because the responsibility for acid rain, the ozone depletion, and
dangers for the human health are undeniable. Nitrogen Oxides are mostly produced during
combustion processes at elevated temperatures [27]. Unfortunately, very high temperatures are
needed for an efficient energy conversion of fossil fuels to electricity [15], which is of crucial
importance for the reduction of green-house gases and emissions.

Currently, the stationary gas turbine is the core technology for the highest energy con-
version rates available. Liquid and gaseous fuels are burnt at very high temperatures of ap-
proximately 1600◦C and electricity is produced at a conversion efficiency of more than 60%.
Additionally, gas turbines are very flexible and can complement the power production of wind
turbines and solar power stations very well and they are widely used as propulsion engines in
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Figure 1.2: (a) Yearly oil production in the Eurasia region from the year 1965 AD till 2012 AD
[23] and cumulated number of cars in Germany [44]. Values are normalized with its respec-
tive maximum. (b) Time dependency of normalized population density of a bacteria popula-
tion [24].

the aviation industry. The strict emission regulations are satisfied with the help of the lean
premixed combustion technology. Here, large amounts of air are mixed with the fuel prior to
burning it. This limits the peak temperature in the flame and thereby reduces the NOx emis-
sions drastically. The major drawback of this technology is the susceptibility to thermoacoustic
instabilities. These are coupled high amplitude heat release and pressure oscillations, which can
significantly limit the operation range of engines [80]. The analysis of thermoacoustic instabili-
ties started to be important in the 1950s because of their appearance in rocket engines [34]. With
the introduction of the lean premixed combustion in gas turbines, thermoacoustic instabilities
became one of the major obstacles of low emission combustion systems [18].

Already in the 19th century Rayleigh [109] has ascertained that it is a necessary condition
for self-excited thermoacoustic instabilities that pressure and heat oscillation are oscillating in
phase. This is mathematically expressed in the famous Rayleigh criterion:∮

p ′q̇ ′dt > 0 , (1.1)

which means that the product of the acoustic pressure p ′ and the heat release fluctuation q̇ inte-
grated over one oscillation cycle is positive and heat energy is transferred to the acoustic field. In
this case a positive feedback cycle can be established, which causes stronger heat release fluctua-
tions due to the acoustic fluctuations that amplify again the pressure oscillations. Nevertheless,
the system will only turn unstable, if the amount of energy added by the heat source exceeds the
acoustic energy dissipation. This principle is illustrated in Figure 1.3. At small amplitudes the
energy gain is higher than the acoustic losses and the system becomes unstable. Energy is fed to
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the acoustic field and the amplitude rises exponentially with time due to the positive feedback
loop. Eventually, the energy gain saturates at higher amplitudes due to nonlinear processes.
The acoustic losses can exhibit nonlinear effects, too. At the intersect of the two curves, a finite
amplitude is established because a new equilibrium between energy gain and loss is found.

The concept of an initially linearly unstable system that establishes a finite limit-cycle due
to nonlinear effects of the flame (source of energy) and the damper (energy loss) is the basis
of this work. The principle is also illustrated in Figure 1.4 with a simulation of the acoustic
pressure of a self-excited unstable system in the time domain. The acoustic pressure oscillation
rises exponentially in amplitude when the system turns unstable. Very small perturbations are
amplified by the transfer of heat energy to the acoustic field and the acoustic perturbations
cause a stronger heat release fluctuation. A positive feedback cycle is established, which causes
the increase of the pressure amplitude until it saturates. Finally, a s-shape saturation is observed,
as it was described at the beginning of the chapter for totally different problems. The ultimate
task of this thesis is to significantly improve the prediction of the frequency and the finite
amplitude of thermoacoustic instabilities for low emission combustors.

1.2 Scope of this Thesis

Thermoacoustic instabilities are difficult to predict and can, in the worst case, destroy essential
parts of the gas turbine. These combustion instabilities restrain the operational range of gas
turbines and are a reason for increased emissions and decreased efficiency. Models and predic-
tion tools are of high importance in the design process of combustion chambers. Moreover,
the understanding of the physical effects causing nonlinear damping and the nonlinear flame
response is of utmost importance.

The scope of this thesis is the prediction of limit cycle amplitudes of an industrially rele-
vant combustion system with realistic acoustic boundary conditions and to further improve
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the understanding of the relevant nonlinear effects. Firstly, the nonlinear flame response is
investigated. Subsequently, the amplitude-dependent acoustic response of Helmholtz dampers
and of the combustion chamber boundary conditions are analyzed. These dampers are used by
all gas turbine manufactures in gas turbines to control and attenuate thermoacoustic instabili-
ties. Finally, the stability map of a premixed combustor is predicted and compared to stability
experiments. The structure of this thesis is illustrated in Figure 1.5, which shows a sketch of a
typical combustor system.

The present work significantly extends the state of the art in flame describing function
based nonlinear network modeling in several ways. The nonlinear response of a premixed

Chapter 3 

Chapter 4 

Chapter 5 

Figure 1.5: Structure of this work: Chapter 3 deals with the nonlinear flame dynamics, Chap-
ter 4 with the damper response and the acoustic boundary conditions, and in Chapter 5 the
whole system is analyzed.
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and partially premixed flame is studied up to extremely high excitation amplitudes. Nonlinear
mechanisms of the practically relevant flame are investigated in detail allowing for a better un-
derstanding and future modeling of the complex mechanisms. The correct assessment of the
nonlinearity of the acoustic dampers is of crucial importance for the prediction of instabilities
in a real engine. For the first time, the temperature differences between the grazing flow and the
cross-flow emanating from a Helmholtz resonator are investigated in terms of the influence on
the acoustic response of the resonator. As explained with the help of Figure 1.3, the nonlinear
flame and damper response can be used in a nonlinear stability analysis to predict the frequency
and amplitude of thermoacoustic instabilities. This is done for the first time for an industrially
relevant combustor for a range of combustor lengths, thus allowing for a realistic assessment
of the accuracy of the method. Additionally, a theoretical analysis of the interaction between
damper and flame paves the way for encouraging investigations in the future.

Various experiments were conducted and the respective results are presented, analyzed and
modeled in the following four chapters:

• The experimental set-ups and the applied measurement techniques as well as the underly-
ing theory are briefly explained. Additionally, the results of a sensitivity analysis of the
effect of the measurement uncertainties and other impacts on the flame transfer function
are presented.

• The flame describing functions of perfectly and partially premixed flames are investigated
in detail. Flow field and flame measurements are presented, as well as, acoustic measure-
ments at different swirl numbers and degrees of unmixedness are used to get phenomeno-
logical explanations for the flame response saturation.

• The nonlinear acoustic response of Helmholtz resonators used in gas turbine chambers is
investigated and the impact of the nonlinearities of the system acoustics are assessed. The
influence of the hot grazing flow that is present in the combustor, is taken into consider-
ation. The effects are incorporated in an impedance model, which accurately predicts the
acoustic response of Helmholtz dampers that are applied at engine conditions.

• The nonlinear flame response and the nonlinear damper response are incorporated in a
prediction tool for thermoacoustic instabilities. Measured limit cycle amplitudes at dif-
ferent operation points are used for the verification of the nonlinear instability analysis.
Finally, the interaction of the nonlinear damper response and the flame describing func-
tion is theoretically investigated.
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Chapter 2

Theory and Experimental Methods

Can one think that because we are engineers, beauty does not preoccupy us or that we do not try to
build beautiful, as well as solid and long lasting structures? Aren’t the genuine functions of
strength always in keeping with unwritten conditions of harmony? ... Besides, there is an
attraction, a special charm in the colossal to which ordinary theories of art do not apply.

Gustave Eiffel, in Henry Petroski, Remaking the World: Adventures in Engineering (1998), 173.

The fundamental theoretical background of the applied measurement techniques is briefly
explained in this chapter. Additionally, the experimental set-ups used for the flame response
measurements and damper investigations are described in detail as well as the burner and damper
used. The operation points of the combustor used in the different sections are given and a re-
peatability and accuracy assessment of the flame response measurements is presented. Nonlinear
flame describing functions obtained with photomultiplier and microphone measurements are
compared.

2.1 Acoustic Fundamentals and the Multi-Microphone-Method

A comprehensive overview of the general relation between the fundamental acoustic state quan-
tities acoustic pressure p ′, the sound density, and the temperature can be found in the textbooks
of Möser [90] and Munjal [91]. The analyses presented in this work are focused on the plane
acoustic waves in ducts, where only the axisymmetric mode propagates. Higher modes can be
neglected up to a frequency that is limited by the cut-on frequency fc [110], which is defined
for a cylindrical duct as:

fc <
1.84c
πd

(2.1)

with c and d denoting the speed of sound and the duct diameter, respectively. For the exper-
iments presented in this work, the smallest cut-off frequency is fc ≈ 1000 Hz, which is much
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higher than the frequencies investigated. The acoustic amplitudes considered in this work are
in a range where nonlinearities of the acoustic field are negligible.

Considering only the one-dimensional propagation of waves in a pipe with a quiescent fluid
and uniform cross section, additionally neglecting effects like friction and heat conduction, the
wave equation [90] writes:

c2 ∂
2p ′

∂x2 =
∂2p ′

∂t 2 , (2.2)

where the total pressure p = p̄ + p ′ is a function of the axial coordinate x and the time variable
t . At this point turbulence is neglected. It will be shown later that the velocity perturbation
can be decomposed in a turbulent part and a coherent part. The latter one is associated to the
acoustic velocity. Considering the presence of a mean velocity it is convenient to introduce the
axial velocity u = ū + u ′ and to rewrite the wave equation into its convective form:

c2 ∂
2p ′

∂x2 = p ′
(
∂

∂t
+ ū

∂

∂x

)2

, (2.3)

Furthermore, the wave equation is transformed into the frequency domain by replacing the
time derivative with the frequency domain equivalent iω and denoting the Fourier transform
of a variable withˆ:

(M 2 − 1)
∂2 p̂
∂x2 + 2iM k

∂p̂
∂x
− k2 p̂ = 0 . (2.4)

here the Mach-number M = ū/c and the wave number k = ω/c are introduced as dimensionless
quantities. The angular frequency is denoted by ω and i is the imaginary unit. This second-
order differential equation with constant coefficients can be solved by assuming a harmonic
time dependence of e iωt [16, 87, 91]:

p̂ = ρc ( f̂ e−ik+x + ĝ e ik−x ) (2.5)

where f̂ and ĝ are the complex amplitudes of the down- and upstream traveling waves and
k± = ω/(c ± M ) are the associated wave numbers of the plane mode.

Considering the convective acoustic momentum equation:

∂p ′

∂x
= − ρ̄

(
∂

∂t
+ ū

∂

∂x

)
u ′ , (2.6)

a respective expression to (2.5) can be derived for the acoustic velocity u ′:

û = ( f̂ e−ik+x − ĝ e ik−x ) . (2.7)

The acoustic pressure p̂ and velocity û or the upstream ĝ and downstream f̂ traveling waves
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can be used to model an acoustic subsystem, which is part of a thermoacoustic framework.
This is a well-known technique to represent thermoacoustic systems. In this network modeling
approach, the actual system is divided into several subsystems, each of which is represented by
acoustic response functions in the frequency domain. A subsystem is typically represented by
a two-input–two-output system. The generic transfer matrix mapping the upstream acoustic
state to that downstream has the form:



p̂ds
ρc

ûds


=



T11 T12

T21 T22





p̂us
ρc

ûus


, (2.8)

where the elements of the transfer matrix, T11 etc., are complex functions of frequency, and p̂
and û are Fourier transforms of the acoustic pressure and the axial particle velocity, respectively.

It is assumed that only plane waves propagate between two elements. Boundary conditions
are represented as single-input–single-output systems, in form of an impedance, admittance or a
reflection coefficient. For instance, the impedance Zus = p̂/û is again a complex-valued function
of frequency. The definition of the boundary condition does not have to coincide with the
actual physical boundary of the set-up. It may be defined at a suitable reference location, at
which only plane waves propagate.

All elements in the network model for the present set-up are measured with the Multi-
Microphone-Method (MMM). This technique uses a decomposition of the plane acoustic field
based on multiple microphone measurements in a duct, for frequencies sufficiently low so that
only plane waves propagate [101]. Experimental characterization of transfer matrices of ther-
moacoustic elements for swirl stabilized flames using the Multi-Microphone-Method was first
applied by Paschereit et al. [101]. Here, two microphone arrays with five water-cooled con-
denser microphones each are used for the plane wave decomposition of the acoustic field for
the experimental results presented in this thesis. The microphones are mounted upstream and
downstream of the burner. The MMM is used for the identification of the acoustic properties
of the boundary conditions, the burner, the flame and the Helmholtz resonator. The latter one
in conjunction with two flush mounted microphones in the resonator volume and two radially
distributed at the exit plane of the resonator in the combustion chamber. To obtain the forc-
ing amplitude upstream of the flame in terms of the acoustic velocity, the acoustic velocity is
determined with the microphone array upstream of the burner in conjunction with the Burner
Transfer Matrix (BTM). The upstream reflection coefficients are obtained from the microphone
array upstream of the burner with acoustic excitation from the downstream end. Analogously,
the acoustic boundary conditions at the combustor outlet are determined with the microphone
downstream array and acoustic excitation from the upstream loudspeakers. Transfer matrices
are obtained from two excitation states, employing the speakers on both sides. Mono-frequency
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excitation is used with records of 16–32 seconds length for each frequency. This is necessary
to obtain two acoustically independent states, to determine the four transfer matrix elements
with the help of the resulting four linearly independent equations. By assuming or modeling
single elements of the transfer matrix of flame or burner, it is possible to determine the transfer
matrix elements with one measurement only.

Originally, the wave decomposition goes back to Seybert and Ross [125] as well as Chung
and Blaser [26] who used only two microphones for the characterization of absorbing materials
and mufflers. Poinsot et al. [105] extended the decomposition method by using multiple micro-
phones for the measurement of the reflection coefficient of a premixed flame. This extension
allows for a simple assessment of the measurement error by the comparison of the reconstructed
acoustic field with the pressure measurements.

With the pseudoinverseM+ of the propagation matrixM [16, 87]:

M =



e−ik+x1 e ik−xN

...
...

e−ik+x1 e ik−xN



, (2.9)

the pressure measurements at N different locations xN along the tube axis can be used to obtain
the complex amplitudes of the upstream ĝ and downstream f̂ traveling waves. If at least two
pressure measurements are known, they can be obtained by solving:



f̂
ĝ


=M+p̂

1
ρc

. (2.10)

If three or more pressure measurements are available, the residual of the wave decomposition
can be estimated with the help of the normalized mean square deviation ς :

ς =
‖(I −MM+)p̂‖22

‖p̂‖22
, (2.11)

here I is the identity matrix and ‖‖22 denotes the square of the Euclidean L2-norm. The residual
can be considered as a measure of deviation of the MMM from the exact pressure measurements.
The decomposition of the acoustic field is more robust to errors with a large number of axial
measurement points. However, the spacing between the measurements points has to be rea-
sonable with respect to the wavelength to achieve a reliable assessment of the error. To ensure
good accuracy at low frequencies and avoid breakdown of the method at frequencies for which
half a wavelength fits between two microphones, the axial sensor locations are distributed non-
uniformly. The mean square deviation ς estimated for the Multi-Microphone-Method were for
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both microphone sets for all measurements presented well below 2% for the frequency ranges
investigated.

2.2 Flame Response and Stability Map Measurements

For laminar premixed flames, kinematic effects like wrinkling and the movement of the flame
are the main reasons for acoustically induced oscillations of the heat release. The generated
heat release perturbations are usually related to flame surface area variations [39, 122, 123]. The
excitation mechanisms for industrially relevant premixed flames can be classified in two major
groups, see e.g., [54, 139]: (i) velocity perturbations and (ii) equivalence ratio perturbations.
Velocity perturbations are caused by coherent vortices [99] and swirl fluctuations [52, 70, 97].
Swirl fluctuations are generated by an acoustic wave impinging on the swirler. While longitu-
dinal acoustic perturbations travel at the speed of sound, vorticity waves are advected by the
mean flow. The heat release rate fluctuations generated by these two mechanisms may have a
considerably phase difference and, thus, may interfere constructively or destructively. Coherent
structures are especially important for the pronounced vortex-flame interactions of swirl stabi-
lized flames. Schadow and Gutmark [116] interpreted the evolution of coherent flow structures
in combustors, which lead to periodic heat release, as shear layer or hydrodynamic instabili-
ties. The vortices are amplified if the shear layers are convectively unstable at the frequency of
the thermoacoustic instability. The fluctuation of the heat release caused by the vortices pro-
vides the feedback loop between the flame, the acoustic and the hydrodynamic field [100]. The
frequency of the vortex roll-up locks onto the frequency of the acoustic field, which acts as a
pacemaker for the coherent structures [62].

In practical gas turbine burners, air and fuel are not perfectly mixed before reaching the
flame. This would require a relatively long mixing distance, which cannot be realized for safety
reasons due to possible flashback problems. Additionally, flames with a certain degree of un-
mixedness feature a broader operational range. This type of flame is often referred to as partially
[104] or technically [121] premixed. For the sake of clarity of the abbreviations, the terms per-
fectly premixed (ppm) and technically premixed (tpm) are used in this study.

Only technically premixed flames are affected by equivalence ratio oscillations. Perturba-
tions in the mixture fraction originate from pressure and velocity oscillations at the location of
the fuel injection [55, 56, 81]. These perturbations are advected to the flame, subject to diffusion
and dispersion [106, 112], and may generate large oscillations in the heat release rate. This is
in particular the case for lean combustion, where flame properties such as the burning velocity
become strongly susceptible to perturbations in the equivalence ratio [81]. Moreover, strong
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temporal variations in the mixture fraction may lead to a dynamical displacement of the flame
anchoring position, which then results in the generation of an unsteady heat release rate [11].

The above mentioned excitation mechanisms and their interaction lead to a frequency de-
pendent response of the flame to flow disturbances commonly called Flame Transfer Function
(FTF). The transfer function of the flame can be incorporated into a framework to calculate
the linear stability limits of flame-combustor systems [114]. However, this type of network
stability analysis is limited to the linear domain and cannot be used for the prediction of the
limit-cycle oscillation amplitude. This remains one of the key-challenges in combustion dynam-
ics related research. The limit-cycle amplitude is determined by equilibrium of energy addition
and removal. As will be shown in this thesis, acoustic damping can decrease with the oscillation
amplitude. However, even stronger nonlinearities are featured by the flame response. Only
a saturation in the energy addition rate can lead to an equilibrium state or an increase of the
acoustic losses, which is reported in the literature [111, 138]. The energy equilibrium state
is a necessary condition for the limit cycle oscillation, which is always observed in practically
relevant systems.

All previous studies that have used experimentally determined flame describing functions
to estimate the limit cycle oscillation amplitude made use of chemiluminescence signals to as-
sess the heat release rate oscillations of the flame. However, it is known that a quantitative
link between the chemiluminescence of certain radicals, CH∗ or OH∗ for example, can be
only established for perfectly premixed conditions [51]. Since practical combustion systems
in gas turbines never meet this requirement, the applicability of the flame describing function
method remains an issue. This is addressed in the present work through the application of the
Multi-Microphone-Method for the determination of the heat release rate fluctuations. Since
this method rests on a direct evaluation of the acoustic source and, thus, the heat release rate
fluctuation, the degree of partial premixedness is irrelevant.

A flame transfer matrix formally treats the reaction zone as an acoustic quadrupole and
incorporates the flame transfer function. The Rankine–Hugoniot relations are used to relate
the flame transfer function [121] to the flame transfer matrix (or vice versa) by(

p̂
ρc

)
ds
=

(
p̂
ρc

)
us

(2.12)

ûds = [1 + (ϑds/ϑus − 1)F (ω)] ûus, (2.13)

where p̂ denotes the Fourier transform of the acoustic pressure and ϑ is the mean tempera-
ture, respectively. It is furthermore assumed that the extent of the domain of heat release is
compact with respect to the acoustic wavelength (see, Equation (2.12) ; T11 ≈ 1). F (ω) is the
flame transfer function relating normalized fluctuations in heat release rate ( q̂/q̄ ) to normalized
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2.2. Flame Response and Stability Map Measurements

fluctuations in velocity:

F (ω) =
q̂/q̄
û/ū

.

In case of finite amplitude levels, the flame transfer function is replaced by the flame describ-
ing function (FDF), which has an additional dependence on the velocity fluctuation amplitude:
F (ω, |û |). The off-diagonal flame matrix elements can be considered as zero because the pres-
sure loss induced by the flame is negligible for the small Mach number regime (T12 ≈ 0) and
the fuel injector is insensitive to pressure fluctuations (T21 ≈ 0). Consequently, the amplitude
dependent flame transfer matrix becomes:



(
p̂
ρc

)
ds

ûds


=



1 0
0 [1 + (ϑds/ϑus − 1)F (ω, |û |)]





(
p̂
ρc

)
us

ûus


, (2.14)

hence measurements of the acoustic variables for upstream forcing of the flame is sufficient
for the determination of the T22 matrix element of the flame transfer matrix and the flame
describing function F , respectively.

The flame describing function element T22 is experimentally determined with the help of
the burner transfer matrix, which is measured under cold flow conditions. Subsequently, the
describing function of burner and flame together is obtained by measuring the acoustic field
upstream of the burner and downstream of the flame. In a final step, the flame describing func-
tion is separated mathematically by calculating the acoustic field in front of the flame with the
help of the cold-flow burner matrix. Now, with the help of Equation (2.14) the flame describ-
ing function can be calculated out of the measured downstream data and the post-processed
upstream data. The latter ones are also used as input for the flame describing function obtained
from optical measurements.

The experimental determination of the flame describing function and the associated optical
measurements were conducted at an atmospheric combustion test rig shown in Figure 2.1. It is
equipped with a radial swirl generator and is used for all combustion experiments presented in
this thesis. This test-rig was also used for the assessment of the burner transfer matrix and the
upstream and downstream impedances.

Fuel (natural gas) can be injected at two positions. In practical gas turbine burners, air and
fuel are not perfectly mixed before reaching the flame. This would require a relatively long mix-
ing distance, which cannot be realized for safety reasons due to possible flashback problems.
Additionally, flames with a certain degree of unmixedness feature a broader operational range.
This type of flame is often referred to as partially [104] or technically [121] premixed. For the
sake of clarity of the abbreviations, the terms perfectly premixed (ppm) and technically pre-
mixed (tpm) are used in this study. For perfectly premixed conditions, the fuel is injected more
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than 20 Dus upstream of the burner, where Dus is the diameter of the upstream manifold. To
achieve technically premixed conditions, the fuel is injected into the burner. Inside the mixing
tube, at the exit of the swirler and at a distance of 0.6 Dℎ are 16 circumferentially distributed
fuel injection holes (1 mm diameter) on the upstream plate of the swirl generator. Here, Dℎ –
hydraulic diameter of the mixing tube. The holes are visible in the 3D broke-out view shown in
Figure 2.2. Small injection holes, the fuel supply line, and the attached gas filter generate high
fuel supply pressure losses. For higher fuel mass flows, only fluctuations in the air mass flow
(i.e., the acoustic velocity) at the injector generate equivalence ratio perturbations, while the
fuel mass flow is not affected by acoustic pressures oscillations. For some of the experiments
the ratio between technically premixed and perfectly premixed was varied stepwise. This ratio
is characterized by ε. The fuel supply line is probably not stiff for small fuel split ratios.

Figure 2.1: Schematic representation of the experimental set-up with measurement devices
indicated.

The annular mixing duct is used to increase the mixing of air and fuel before it enters the
combustion chamber. Despite the relatively good spatial mixing of the burner, temporal in-
homogeneities are not effectively mixed, especially for lower frequencies [14]. For two of the
presented experiments, the fuel, which was injected in the burner, was additionally modulated
with an industrial automotive fast response on-off valve. The purpose of the fast response valve
is to add equivalence ratio fluctuations interfering with the natural equivalence ratio oscillation
in-phase or out-off-phase, without a change of the operation point or injection location.
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2.2. Flame Response and Stability Map Measurements

A movable block swirl generator allows for a variation of the theoretical swirl number from
S = 0 to S = 2 [76]. The swirl number is defined as the ratio of the axial flux of tangential
momentum to the axial flux of axial momentum. The Reynolds number with respect to the
hydraulic diameter of the mixing tube was approximately 35 000.

The Multi-Microphone-Method was used to measure the acoustic field upstream of the
burner and inside the combustor with 5 condenser microphones on each side.

High-amplitude acoustic forcing is realized with four 18-inch 600 W subwoofers. To obtain
sufficiently high excitation amplitudes, it is necessary to adjust the upstream tube length in
order to generate resonant conditions. This is achieved by using a trombone-like plenum [117],
which allows for an extension of about 2 m in length.

The natural gas, which was used as the fuel for all experiments, consists of 97–98% methane.
Two Coriolis mass-flow meters are used to measure fuel and air mass flows.

An overview of the set-up used for the stability map experiments is shown in Figure 2.3. For
the describing function measurements, the combustion system must be thermoacoustically sta-
ble. However, since the goal is to predict the limit cycle frequency and amplitude of combustion
instabilities, these measurements have to be made at operating conditions, where the system is
nominally unstable. This is achieved by placing an orifice downstream of the 0.7 m long micro-
phone exhaust tube, which significantly decreases the magnitude of the reflection coefficient,
and thus increases the acoustic losses, when the contraction ratio of the orifice is chosen in a
specific manner depending on the flow velocity [5]. The orifice did not have an impact on the
flow field of the flame because the reduced swirl number (S ρds/ρus, S being the swirl number
and ρus and ρds the mean densities upstream and downstream of the flame, respectively) is well
below 0.2, which is a critical value for the impact of outlet boundary conditions on swirl flames

Figure 2.2: Broke-out view of the burner. Flow direction is perpendicular to the plane of the
image towards the reader.
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Figure 2.3: Overview of the test rig

[132]. For the measurement of self-excited instabilities, the downstream tube is replaced with an
adjustable exhaust tube. The length of this exhaust tube can be varied continuously in the range
of 0.18 m to 1.1 m, and it is equipped with two microphones at a position 0.3 m downstream of
the flame.

Table 2.1 summarizes the operation conditions used for the flame response measurements
presented in the respective chapters. The operation conditions are all not preheated and lean
premixed featuring vortex breakdown.

2.3 Repeatability and Accuracy Assessment

1A sensitivity analysis of the linear flame transfer function to several operational parameters
was performed. A recent study of Kim and Santavicca [65] identified trends of several operation
parameters on the flame transfer function for two different swirl stabilized turbulent burners.
One of the major findings of this study is that the flame response is very sensitive to changes in
mass-flow and thermal power. The sensitivity of the flame response of a laminar Bunsen flame
was recently investigated by Duchaine et al. [38] with respect to various parameters, such as the

1The work presented in this section is based on a journal publication [31]. Paragraphs and phrases of this chapter
are very similar or identical to text paragraphs published in the article. These excerpts are written by me.
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Table 2.1: Operation points used for the flame response measurements in the respective sec-
tions

Quantity Section 3.3 Section 3.4.1-3.4.3 Section 5.2-5.3

m̄air in kg/h 165 150 165
ϕ̄ 0.65 0.7 0.65
tpm x x x
ppm x
S 0.6/0.8/1 0.6 0.7
Dcc in m 0.2 0.2 0.2
Dℎ in mm 27.5 27.5 27.5
length mixing tube in m 0.17 0.17 0.17
Re 35,000 35,000 35,000
ϑ at combustor inlet in K 300 300 300
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Figure 2.4: Gain and phase of the linear flame
transfer function investigated and analyzed in Sec-
tion 5.2. Markers indicate measurement points.
Measurements are conducted at a constant ampli-
tude of |û/ū |=0.1. Sensitivity analysis is performed
in this section with respect to this flame transfer
function.

laminar burning velocity and the air inlet temperature. While from their results it can be seen
that already a laminar flame is considerably sensitive to certain parameters, this aspect becomes
even more severe in large scale turbulent industrial applications, where operational parameters
cannot be controlled precisely as in a lab experiment; uncertain input parameters therefore will
be common in real combustor configurations. The sensitivity analysis for a fully turbulent
partially premixed swirl flame shown in this study allows for an assessment of the limits of the
stability analysis approach for industrial configurations.

Consequently, it is interesting to assess the sensitivity of the flame transfer function to several
operation parameters. The sensitivity investigations are made with respect to the flame transfer
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Figure 2.5: (a) Ratio of absolute transfer function values and (b) difference in phase of trans-
fer function (right) measured on different days with an identical configuration but different
ambient conditions.

function shown in Figure 2.4. This transfer function is later discussed and used in Section 5.2
for the stability analysis. However, the general results of the conducted sensitivity analysis are
also valid for the other operation points investigated in this work. Trends are provided for
similar burners. The transfer function was measured at a constant amplitude of |û/ū |=0.1. In
this amplitude regime the nonlinear effects are weak. The sensitivity analysis is conducted at
these nominally linear conditions, which is indicated in the respective figures by using F (ω) to
emphasize that the effects are only frequency dependent in the investigated amplitude regime.

Gas turbine combustors operating in the field face differing fuel compositions, production
tolerances and operation influences. Caused by limited measurement accuracy and variations
in the ambient conditions from day to day, the prediction precision is limited, too. The sus-
ceptibility of the flame response to important operation parameters is especially critical for the
comparison to numerical and to engine data. Additionally, the sensitivity of the flame transfer
function can be used for an assessment of passive control strategies.

Figure 2.5a shows the ratio of the reference flame transfer function, depicted in Figure 5.2,
and a transfer function measurement on a different day. Additionally, Figure 2.5b shows the
corresponding phase difference of the flame transfer function. Both measurements were con-
ducted with identical settings on different days. The repeatability of the flame transfer function
gain is in the range of ± 5% in the frequency range between 105 Hz and 280 Hz. The larger
deviations for frequencies higher than 280 Hz are caused by the very small values of the gain in
this frequency range. While the gain of the transfer function is overestimated for frequencies
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Figure 2.6: Flame transfer function with 3% increased and decreased fuel mass flow. Upper
plot shows ratio of transfer function gain and lower plot difference in phase of the transfer
functions with respect to the baseline condition.

lower than 150 Hz and underestimated for frequencies higher than 150 Hz, by one of the mea-
surements, the phase difference is positive for all frequencies. The phase differences observed
are in the range of 10 degree. The deviations may be caused by a number of changes in the
ambient conditions, like changes in the fuel quality, the cooling efficiency, ambient pressure,
sealing quality, temperature equilibrium of the test facility and the limited measurement preci-
sion. Since the instability measurements and the flame describing function measurements were
not conducted consecutively but also, for some part, at different days, deviations observed in
the range of at least ± 5% have to be expected.

In order to assess the sensitivity of the flame transfer function to small perturbations in the
operating parameters without effects of day-to-day variations described above, the following
results were obtained from measurements immediately following each other in the range of the
operation point.

It is especially important for partially premixed flames to determine the amount of fuel
correctly. The amount of fuel has an impact not only on the mean thermal power but also on
the amplitude of the equivalence ratio fluctuations and the mixing between injection point and
flame front. Figure 2.6 illustrates the influence of a steady variation of ±3% of the fuel supply.
Reducing the equivalence ratio by decreasing the amount of fuel leads to an increased gain for
both frequency regions of strong amplification in the transfer function. Around 100 Hz the gain
is increased by 10% and for frequencies around 180 Hz it is increased by 5%. Contrary to that,
by adding 3% fuel, the gain is decreased in the range of 100 Hz for 10%. Both variations have
a very strong impact around the frequency of 150 Hz, where the gain of the transfer function
becomes small. This is to be expected since the slope of the transfer function is very high around
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Figure 2.7: Flame transfer function with 3% increased and decreased air mass flow. Upper plot
shows ratio of transfer function gain and lower plot difference in phase of the transfer functions
with respect to the baseline condition.

the local minimum at 150 Hz. Small changes in the frequency position of the minimum lead
to large deviations in gain. However, the effect on the phase response indicates an impact on
the time lags associated with the flame response to acoustic perturbations. The time lags are
affected because the mean flame position is very sensitive to the fuel mass flow. While the phase
response is diverging for increasing frequencies, the gain is converging for the two perturbed
operation conditions.

Relatively similar, however differently emphasized as shown in Figure 2.7, is the effect of
changes in the air mass flow by 3%. Both, variations in the gas mass flow and the air mass
flow, modify the equivalence ratio of the flame and thereby it is expected that the changes are
similar. Nevertheless, some differences can be observed because changes in the air mass flow
affect also the mean velocity, which additionally affects the time lags in the flame response. The
deviations around 150 Hz are more pronounced in terms of the flame transfer function gain and
phase. Neither the gain nor the phase is affected by the modified air mass flow in the frequency
range around 200 Hz. For higher frequencies, at which the gain is very low, the effect is again
higher. The variation of the phase response is, besides frequencies close to 150 Hz, of minor
importance. Especially the gain in the region around 100 Hz is very sensitive to changes in the
equivalence ratio.

The precision of the gas mass flow meter of ±0.5% and the air mass flow meter of ±3%,
introduces additional 5–24% of uncertainty for the flame transfer function gain. Moreover, the
measured transfer matrices of the boundary conditions, the burner and the flame are subject to
measurement uncertainties in the order of 1% caused by the Multi-Microphone-Method. A cu-
mulative error in the range of 0–33% is thus expected for the flame transfer function gain. The

20



2.3. Repeatability and Accuracy Assessment

 

 

-5% S

+5% S

frequency in Hz

ph
as

e
(F

(ω
)-

F 0
)

in
◦

|F
(ω

)/
F 0

|

100 150 200 250

100 150 200 250

−10

0

10

0.8

1

1.2

Figure 2.8: Flame transfer function with 5% increased and decreased Swirl number. Upper
plot shows ratio of transfer function gain and lower plot difference in phase of the transfer
functions with respect to the baseline condition.

error in the phase of the flame response is more pronounced for higher frequencies and is gen-
erally in the range between 10–30 degrees. These estimates are based on repeated measurements
of the linear transfer function. Please note that the nonlinear flame response is responsible for
the amplitude of the limit cycle oscillation and the associated deviations may be different from
the one observed at small excitation amplitudes.

The sensitivity of the flame response to changes in the swirl number is important due to
limited production precision for industrial combustors and for adjustable academic model com-
bustors as well as for the comparison to CFD calculations. The swirl number has a pronounced
effect on the flame transfer function and thus also on the stability characteristics, as recently
shown by Durox et al. [40]. In the present study, increasing and decreasing the swirl num-
ber by 5% leads to a change in the order of 10% of the FTF (upper plot in Figure 2.8). The
differences of the phase of the flame response are generally smaller than those associated with
perturbations in fuel and air mass flows, and on average about ±5 degrees but never exceeding
±10 degrees.

Another source of uncertainty lies in using the chemiluminescent light emission from the
flame as a measure for the heat release rate. Capturing the light emission with excited radicals
using photomultipliers is sensitive to equivalence ratio fluctuations and is therefore not suitable
for quantitative measurements of the flame response in partially premixed systems. However,
this technique is widely used in industry and academia for the qualitative measurements of
the flame response and for the quantitative measurement of the transfer function of perfectly
premixed flames. Figure 2.9 shows the gain of the nonlinear flame response for 158 Hz for
partially premixed combustion. Since the equivalence ratio fluctuations grow nonlinearly with
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Figure 2.9: Gain of the nonlinear flame response at 158 Hz for various PMT signals compared
to MMM measurement.

the velocity perturbation amplitude, the difference between the photomultiplier signals and
the acoustic method increases, too. The differences between the individual chemiluminescence
signals are caused by the differing sensitivity to equivalence ratio oscillations.

For the incorporation of the flame transfer function in a thermoacoustic modeling frame-
work, the Rankine–Hugoniot relations must be applied (Equation (2.13)), if the transfer func-
tion is measured with a photomultiplier. The temperature needed for this relation is subject to
measurement uncertainty. The ratio of the upstream and downstream temperature of the flame
directly affects the gain of the acoustic flame transfer function. In the presented experiments,
the temperature was measured 0.3 m downstream of the flame in the center of the exhaust tube.
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Figure 2.10: Comparison of linear acoustic flame transfer function obtained with MMM and
PMT-OH∗ for three different downstream temperatures estimates.
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Figure 2.11: Flame response at 180 Hz obtained with the MMM for various degrees of partial
premixedness.

As depicted in Figure 2.10, taking the temperature of 1200 K of the measurement point to cal-
culate the acoustic transfer function T22 (T22 = ûds/ûus ) underestimates the gain. Taking heat
radiation and convection into account [75], which yields a corrected temperature of 1350 K,
leads to significantly more accurate results. The OH∗ photomultiplier results match the MMM
obtained transfer function well, besides the ranges around 150 Hz and 95 Hz. The remaining
differences can be attributed to the susceptibility to equivalence ratio fluctuations. However,
using the adiabatic flame temperature of 1800 K overestimates the flame response significantly.

Especially important for the comparison of experimental and numerical results is the cor-
rect representation of the degree of partial premixedness at the flame. Figure 2.11 exemplary
illustrates the magnitude of the flame response at 180 Hz for various splits of partial to perfect
premixedness. The degree of partial premixedness was varied by injecting part of the fuel far
upstream ( x/D > 20) of the burner. With increasing amplitude, the flame response starts to
saturate around an amplitude of |û/ū | = 0.2 in all cases. However, with an increasing amount of
partially premixed fuel, an increase in the flame response magnitude is observed. This indicates
that heat release rate fluctuations associated with perturbations in the equivalence ratio are in
phase with fluctuations resulting from perturbations in the flow field. In case of almost per-
fectly premixed conditions, the flame response is also qualitatively affected since the response
of the perfectly premixed flame increases in magnitude for higher excitation levels. Hence, a
comparison between numerical and experimental data becomes very difficult if the degree of
temporal unmixedness is inaccurate
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Figure 2.12: Experimental set-up for acoustic high temperature experiments.

2.4 Helmholtz Resonator Measurements

Two modifications of the same experimental set-up were used for the assessment of the real-
istic acoustic boundary conditions. The set-ups are depicted in Figure 2.12 and Figure 2.13,
respectively. The first set-up, made completely of metal, was used for the investigation of the
temperature impact of the grazing flow, while the second one, made of PMMA, provided op-
tical access for the flow investigations inside and in the vicinity of the Helmholtz resonator.
The temperature of the grazing flow was modified in the range between 750-1300 K with a swirl
stabilized diffusion flame. The flame is stabilized in the wake of the center body of the burner
with a total axial length of maximum 0.2 Dcc (denoting the diameter of the main tube of 0.2 m).
Additional experiments were conducted with preheated air only, featuring temperatures up to
550 K. Three Coriolis mass-flow meters are used to measure the fuel mass flow and the air mass
flows for purging and grazing flow. Downstream of the combustion chamber a water cooled
exhaust tube is mounted. Two microphones are mounted radially distributed at the axial plane
of the Helmholtz resonator to measure the acoustic pressure at the resonator entrance. Down-
stream of the resonator a microphone array is installed and two loudspeakers are mounted. The
flame is again stabilized thermoacoustically by the application of an orifice at the downstream
end.

The second set-up was used for the flow investigation. It is made of PMMA (Plexiglas) with
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Figure 2.13: Experimental set-up for flow and concentration measurements.

the same geometrical dimensions as the metal set-up. However, the burner is not mounted
to eliminate flow disturbances associated with swirling flow. PMMA allowed for the optical
investigation of the flow at the entrance and in the resonator itself. The flow is seeded with
silicon oil droplets (DEHS) of 1µm diameter and injected 3 Dcc upstream of the resonator using
a lance, which distributed the seeding radially. Due to the joints between the single tubes (main
tube, resonator neck and volume) optical access is obstructed in these regions.

The Multi-Microphone-Method was used to measure the acoustic field downstream of the
resonator with five condenser microphones. Furthermore, the results of the MMM were used
to verify the acoustic pressure measurements of the two radially distributed condenser micro-
phones at the axial plane of the resonator. The deviation between the MMM and each of the
two radial microphones is always well below 2%. Thus, it can be stated with respect to the
limited measurement accuracy that the pressure field is steady in the plane of the resonator, de-
spite the complex acoustic near field due to the interaction between grazing flow and oscillating
cross-flow.

The acoustic velocity in the neck was calculated using Equation (4.7) and the pressure mea-
surements at the resonator volume. Two microphones are flush mounted in the resonator vol-
ume at different positions, with a difference in pressure amplitude well below 0.5%.

Figure 2.14 illustrates the resonator set-up in detail. The cylindrical volume has a diameter of
81 mm and a connection to a secondary neck, which supplies the resonator with purging flow.
This neck is very thin with a diameter of 2 mm and relatively long with a length of 50 mm,and
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Figure 2.14: Detailed resonator geometry.

it is connected through an area jump to a long and flexible air supply pipe. Consequently, the
pressure loss across the air supply tube is sufficiently high to neglect the acoustical effect of the
air supply duct [63]. The resonator neck has a diameter of 21 mm and the physical length is
55.5 mm. To maintain a constant temperature of the neck wall, it is air cooled and made from
brass to enhance the heat transfer.

2.5 Optical Measurement Techniques

In order to provide optical access for the combustion tests, the flame tube in the combustion
zone is made of quartz glass with an inner diameter of 0.2 m. The PMMA set-up was used for
the optical investigations of the resonator flow.

Time-resolved spatial distributions of the OH∗-chemiluminescence light emission of the
flame were obtained using an intensified high-speed camera with an optical bandpass filter cen-
tered at a wavelength of 308 nm. Optical access is also provided for the photomultiplier-tube
measurements, which are used to measure chemiluminescent light emission of different radicals
from the reaction zone, too. The light emissions are measured integrally by the photomulti-
plier. In contrast to that, the intensified camera measurements feature a spatially distribution in
two dimensions with a line of sight integration. Consequently, Abel deconvolution was applied
to the time-averaged and phase-averaged OH∗-chemiluminescence images making use of the ax-
isymmetric intensity distribution. The captured signal is proportionally associated to the heat
release of a perfectly premixed flame. However, at partially premixed conditions the equiva-
lence ratio fluctuations affect the light emission and consequently the measurements cannot be
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used as a quantitative measure anymore. In order to select light emitted from excited radicals,
the PMT is equipped with a multi channel optical fiber with several bandpass filters centered at
308 nm (OH∗), 407 nm (CO∗), 431 nm (CH∗) and 515 nm (C∗2).

The two components of the velocity field in the stream wise plane aligned with the com-
bustor axis was measured using high-speed Particle Image Velocimetry (PIV). The PIV system
consists of a dual cavity diode pumped ND:YLF laser and a high-speed CMOS camera. The
camera is able to operate in full frame mode (1024 px× 1024 px) up to 5400 fps but the PIV
system was used between 1000 and 1500 fps to increase the measurement time for each op-
eration point. The OH∗-chemiluminescence imaging operated at a frequency between 1 and
1.5 kHz, too. A light sheet optic formed a laser sheet with a thickness of approximately 1 mm
and the beam waist was located slightly beyond the measurement area. The time delay between
the pulses was in the range of 30 µs and it was adjusted with respect to the maximum veloc-
ity in the measurement domain. The strong out-of-plane velocity component associated with
swirling flows but also the very high acoustic velocity amplitudes at the Helmholtz resonator
neck requires rather short pulse separations in order to minimize lost particle pairs. For the
flame response measurements Zirconium Dioxide particles of a nominal diameter of 2 µm were
seeded into the flow upstream of the swirl generator using a brush based powder disperser to
ensure a homogeneous particle distribution without agglomerations. The Helmholtz resonator
measurements were conducted with silicon oil droplets (DEHS) of 1µm diameter. Reflections
of the incoming laser light at the silica glass were minimized by using beam dumps for the sheet
and primary reflections and by sandblasting parts of the silica glass. This procedure is not nec-
essary for the PMMA (Plexiglas) tube used for the Helmholtz resonator investigations since the
laser sheet entered the resonator through the back end of the resonator. Here, joints between
the single tubes (main tube, resonator neck and volume) obstructed the optical access in these
regions. The images were post-processed with a final interrogation area of 16 px× 16 px; with
an interrogation window overlap of 50%, this resulted in a spatial resolution of 1.8 mm. The
data were filtered for outliers and interpolated from adjacent interrogation areas. Based on the
uncertainty of the correlation peak-finding algorithm of 0.1 px, the random uncertainty of the
instantaneous velocities is estimated as 0.35 m/s to 1.14 m/s, depending on the pulse separation.
This error, which is approximately 5% of the maximum velocity in the neck of the Helmholtz
resonator ( |û + ū |), contributes mostly to the RMS error. The RMS error is for the flame
response measurements of a similar amplitude.

During the measurements, over a time span of 15 s, the forcing amplitude was increased in
15 steps from very low to the maximum forcing amplitude. At every amplitude approximately
1000 instantaneous velocity and OH∗-chemiluminescence distributions were acquired.
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Distributions of the density inside the Helmholtz resonator were estimated using the Quan-
titative Light Sheet (QLS) technique. The mixing between seeded air and air without particles
is measured. In the next step, the density distribution is estimated based on these concen-
tration measurements. The QLS technique is mainly used as an alternative to Laser Induced
Fluorescence (LIF) measurements for mixing experiments [43]. The big advantage of the QLS
technique is the simplicity of the set-up compared to Rayleigh or Raman scattering based tech-
niques. Furthermore, the experimental set-up is almost identical to the PIV set-up, making it
very convenient to be used simultaneously. In the present set-up only the grazing flow was
seeded. Thus the amount of seeding particles can be taken as a surrogate measurement for the
mixing of grazing and purging flow. As proposed by Findeisen et al. [43], the measured light in-
tensity for the background light, the dark current, and the inhomogeneous light sheet intensity
are corrected with a simplified mode. The correction consists of the subtraction of reference
images J0 at a known homogeneous particle concentration Cℎ from the raw images J . With the
known homogeneous particle concentration Cℎ , the particle concentration distribution C can
be calculated:

C
Cℎ
=

J − J0

Jℎ − J0
. (2.15)

Assuming that the mixing behaves qualitatively similar to the normalized temperature dif-
ference of the purging cross flow ϑp f to the grazing flow ϑg f , the temperature field is estimated
from the particle density distribution:

ϑ − ϑp f

ϑg f − ϑp f
=

C
Cℎ

. (2.16)

This correlation allows for a qualitative assessment of the density field at the resonator en-
trance and in the resonator using the QLS measurement technique.
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Chapter 3

Flame Response Saturation

Nicht die Wahrheit, in deren Besitz irgendein Mensch ist oder zu sein vermeinet, sondern die
aufrichtige Mühe, die er angewandt hat, hinter die Wahrheit zu kommen, macht den Wert des
Menschen. Denn nicht durch den Besitz, sondern durch die Nachforschung der Wahrheit erweitern
sich seine Kräfte, worin allein seine immer wachsende Vollkommenheit bestehet.

Gotthold Ephraim Lessing, Suche nach der Wahrheit

1 The nonlinear flame response to equivalence ratio fluctuations and velocity perturbations,
which accounts for the dependence of gain and phase on the acoustic velocity amplitude level
was first of all investigated experimentally by Lieuwen and Neumeier [79]. It was found that
the flame describing function decreases at large amplitudes of acoustic forcing. The gain sat-
uration plays an important role in the establishment of a limit cycle amplitude of a linearly
unstable flame–combustor system. Contrary to that, the role of the phase response is less clear.
Generally, a change of the phase response may saturate the energy transfer to the acoustic field
or even increase it.

Recent studies [21, 71, 93, 98] have proven that flame describing functions can be used to
accurately predict the limit-cycle amplitude for various practical combustion systems and up to
now, there are several approaches to model specific nonlinearities.

Dowling [37] was one of the first, who accounted for the amplitude dependency of the flame
response analytically, by incorporating a flame describing function into an analytical model to
determine the limit-cycle amplitude. She postulated that the total heat release rate oscillation
obviously cannot become negative, and thus, saturates at oscillation amplitudes of 100% in a
symmetric manner. However, the measurements conducted within this thesis have shown that
heat release rate oscillations with a fundamental amplitude of more than 100% of the mean can

1The work presented in this chapter is based on two journal publications [133] and [32]. The PIV measurements
and the post processing were conducted together with Steffen Terhaar. He mainly contributed to the final presen-
tation of the PIV and OH∗-chemiluminescence camera results shown in the figures of this chapter. Jonas Moeck
mainly contributed to the idea of an increased mixing of temporal mixture inhomogeneities at large acoustic pres-
sure amplitudes. Paragraphs and phrases of this chapter are very similar or identical to text paragraphs published in
[32]. These excerpts are written by me.
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Chapter 3. Flame Response Saturation

be observed. The corresponding flame describing function gain and time signal measurements
are illustrated in Figure 3.1. This is possible because the heat release rate oscillation waveform
is highly asymmetric.

Similarly to Dowling, Peracchio and Proscia [102] modeled a nonlinearity based on the con-
sideration of the lower limit of the global equivalence ratio oscillation amplitude. They assumed
that the integral equivalence ratio perturbations can never be lower than the lean extinction
level of the steady flame. Both studies compared the empirical based analytical approaches to
measurement results and achieved reasonable accuracy. In contrast to that, Keller [62] hypoth-
esized that the dominant nonlinearity for technically premixed flames is the saturation of the
heat of reaction oscillation amplitude at strong fuel-air ratio perturbations.

The three assumed saturation mechanisms were investigated and partly confirmed for lam-
inar flames by Shreekrishna et al. [126] in a theoretical study of a laminar flame subject to
massive fuel–air ratio variations. In this study, the nonlinear relation of the burning velocity
and equivalence ratio as well as the heat of reaction dependence is coupled with a G-equation de-
scription, representing the flame surface dynamics. The findings of this theoretical study suggest
that the flame response saturates due to stoichiometric and flammability crossover, kinematic
restoration, and the nonlinear relationship between burning velocity and equivalence ratio.
Kinematic restoration is the property of the flame kinematics to smooth locally and thereby
saturate the flame surface growth [50, 104]. Probably, this mechanism was also observed in a
numerical LES study of a turbulent technically premixed swirl flame, where Krediet et al. [72]
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Figure 3.1: (a) Flame describing function measurement with MMM at 120 Hz for a technically
premixed flame. (b) Corresponding OH∗ chemiluminescence time signal for an amplitude of
|û/ū | = 1.2.
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compared their numerically obtained flame describing function to experiments conducted by
Schimek et al. [117]. From the experimentalist’s point of view, Schimek et al. concluded that
partial extinction of the technically premixed swirl flame at high oscillation amplitudes is the
dominant saturation mechanism. It was observed with phase-averaged Abel-inverted chemi-
luminescence images that the flame locally extinguishes and the mean flame position varies
significantly during one cycle of the high-amplitude acoustic pressure oscillations. Kim and
coworkers experimentally investigated in a series of works [64, 66, 67] the amplitude-dependent
flame response of turbulent technically premixed flames. The importance of the vortex-flame
interaction and the degree of premixedness is underlined and the flame response is characterized
for different flame shapes. Local extinction at high forcing amplitudes was observed. Addi-
tionally, periodic flame flash back was identified as a possible saturation mechanism. They also
utilized the two-input-single-output approach of Huber and Polifke [55, 56] to emphasize the
importance of the phase between equivalence ratio fluctuations and velocity oscillations.

Although saturation mechanisms associated with equivalence ratio fluctuations are often
assumed to be dominant in practical combustors, velocity perturbations are an important exci-
tation mechanism and, hence, also nonlinearities associated with them have to be considered.
Besides the kinematic restoration of the flame surface, the flame response saturation can also
be caused by a saturation of the energy transfer between hydrodynamic field and the velocity
perturbations. For instance, Keller [62] assumed that if the flame is excited by coherent vortex
shedding, the limitation of the vortex growth [96] is the main saturation effect. Oberleithner
et al. [94, 95] investigated experimentally and analytically the connection between the ampli-
fication of vortices by shear layers and the flame describing function of a perfectly premixed
swirl flame. Very good qualitative agreement was found between frequency dependent growth
rates of coherent structures, obtained by a hydrodynamic stability analysis, and flame response
measurements. This saturation can be understood in terms of the mean field theory, where the
growth of hydrodynamic modes is limited by strong changes in the mean flow field [92], which
are induced by the dynamic modes itself. This behavior is also observed by Oberleithner et
al. [95]. Observations reported by Bellows et al. [7, 8], Balanchandran et al. [4] and especially
Thumuluru and Lieuwen [135] can also be interpreted in line with this concept. All three
studies reported a full or intermittent saturation of the flame response associated with strong
changes in the flame shape. Whereby, the smooth changes of the mean flame shape may likely
be caused by mean flow changes and the drastic changes of the flame shape, like detachment of
the flame, will always introduce a mean flow field change, too.

Besides the saturation of the vortical structures, strong changes of the flame shape and struc-
ture affect the flame response. Thumuluru and Lieuwen [135] emphasized that not only changes
of the time-averaged flame shape at high forcing amplitudes but also the evolution of the flame
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shape over one oscillation cycle is important. Since flames with differences in the flame shape
show strongly differing flame responses even in the linear regime [3], it seems evident that
strong changes in the flame shape and flame position are an important saturation mechanism.
Nevertheless, Balachandran et al. [4] offer a different explanation for their observations. Local
annihilation of the flame was observed with the help of OH-PLIF snap-shots. They argued that
the vortical structures cause the flame annihilation, which saturates the flame surface growth.

Swirl fluctuations [52, 70, 97] may also introduce saturation effects to the flame response.
The type of interference between the longitudinal acoustic waves and the perturbations in the
azimuthal velocity can change with the acoustic amplitude because the advection velocity of the
vorticity waves is affected by the forcing.

Generally, a burner–flame arrangement may exhibit all of the effects described above and
additional not yet discovered saturation mechanisms. The specific occurrence and interaction
between the mechanisms depend on the particular setup and the operating conditions. Despite
the enormous work on phenomena related to the nonlinear flame response, no holistic inves-
tigation of the interaction between equivalence ratio perturbations and velocity oscillations is
known to the author. The focus of this chapter lies therefore on the linear and nonlinear in-
teraction between velocity perturbations and equivalence ratio fluctuations and their respective
saturation processes. For the first time, the nonlinear response of practically relevant swirl
flames is investigated by well-defined variations of the degree of unmixedness. Additionally,
the connection between vortical structures and the nonlinear flame response is examined with
well controlled changes of the swirl number. High-speed particle image velocimetry was used
to measure the flow field of the perfectly and technically premixed flame. A fast-response valve
was used to manipulate the amplitude of the equivalence ratio fluctuations specifically, without
a change in the fuel split and the associated changes of the unforced flame and flow field. Open-
loop control is applied to illustrate the nonlinear interaction between different frequencies. For
the first time, an amplitude-dependent decomposition of the impact of velocity perturbations
and equivalence ratio oscillations is performed for a turbulent swirl flame. Based on the ex-
perimental observations an explanation is presented for the presence of saturation mechanisms,
which were previously not reported and are revealed by the analysis of the resulting transfer
functions.

The remainder of this chapter is structured as follows. First, the theoretical background is
explained. The concept of the flame describing function decomposition is briefly introduced
and new saturation mechanisms are explained. Subsequently, the connection between the co-
herent velocity fluctuation intensity and the flame response nonlinearity is illuminated. The
similarity of the time-averaged and phase-averaged flow fields between technically premixed and
perfectly premixed flames is discussed and based on this discussion the decomposition of the

32



3.1. Decomposition of Excitation Mechanisms

flame describing function is applied. Finally, the role of the equivalence ratio oscillations for
the saturation of the flame response is discussed and the impact of artificially increased equiva-
lence ratio fluctuations is presented.

3.1 Decomposition of Excitation Mechanisms

The concept of a multi-input–single-output flame transfer function was first introduced by Hu-
ber and Polifke [55, 56]. They applied the concept to RANS simulation data of a technically
premixed flame. Reducing the approach to two inputs, the equivalence ratio perturbations and
the velocity oscillations, a heat release rate relation for small amplitudes can be formulated in
frequency domain as follows:

q̂
q̄
= Fu (ω)

û
ū
+ Gϕ (ω)

ϕ̂

ϕ̄
, (3.1)

where hats and overbars denote Fourier transformed and mean quantities, respectively, and ω
is the Fourier transform variable (angular frequency). In this relation all excitation mecha-
nisms present in the system without equivalence ratio perturbations are represented by Fu . All
mechanisms generating unsteady heat release rate at the flame associated with equivalence ratio
fluctuations ϕ̂ at the fuel injector are represented by Gϕ.

By assuming a stiff injector and that the distance between fuel injector and burner nozzle
can be considered compact (i.e., it is much shorter than the acoustic wavelength), the transfer
function Gϕ and the transfer function between velocity and equivalence ratio fluctuations can be
lumped in a single transfer function Fϕ. Both assumptions are justified for the investigated set-
up. Hereby, the model is reduced to a single-input–single-output model, where the heat release
rate relation is written with only the velocity oscillation as input. At finite oscillation levels, the
linear transfer function concept is extended to a describing function that parametrically takes
into account the variation of gain and phase response with input oscillation amplitude |û/ū |:

q̂
q̄
=

[
Fu (ω, |û/ū |) + Fϕ (ω, |û/ū |)

] û
ū

(3.2)

The amplitude dependence of the individual mechanisms originating from velocity and equiva-
lence ratio fluctuations is taken into account in the two describing functions Fu and Fϕ. Here,
it is assumed that these mechanisms do not interact at finite oscillation amplitudes so that the
total unsteady heat release rate response can still be written as a superposition of the two. This
is a strong assumption that will be critically assessed in Section 3.4 based on the experimental
results.

33



Chapter 3. Flame Response Saturation

Thus, given the total describing function for unsteady heat release rate

F (ω, |û/ū |) =
q̂/q̄
û/ū

, (3.3)

and the describing function for the velocity oscillation induced response Fu , the equivalence
ratio describing function can be obtained from

Fϕ = F − Fu . (3.4)

In the proper meaning of this relation, the contribution of the equivalence ratio fluctuations
to the flame response can be decomposed by the subtraction of the premixed and the technically
premixed flame transfer function. However, as pointed out above, this decomposition is only
valid if the two contributions do not interact nonlinearly. Especially at higher perturbation
levels, this effect may generally be present in the system, which means that the two describ-
ing function contributions are functions of both equivalence ratio perturbations and velocity
oscillations. For instance, Birbaud et al. [13] and later Hemchandra [49] showed in numerical
studies of elementary geometries that pure equivalence ratio fluctuations cause flame surface
area fluctuations. Birbaud et al. have also shown that velocity perturbations upstream of the
flame can result from this effect. Hence, adding fuel–air ratio perturbations to a perfectly pre-
mixed flame may change the flame surface kinematics and also the mean flow field and mean
flame shape. Consequently, the decomposition approach is only admissible at finite amplitude
if these effects are negligible.

In the present study, the degree of unmixedness is increased gradually from perfectly pre-
mixed to 100% technically premixed, which is reached when all of the fuel is injected inside the
burner. To distinguish between the different combustion modes, the fuel-split ratio parameter
ε is introduced, which is defined as

ε =
fuel mass flow injected in the burner

total fuel mass flow
. (3.5)

In addition to the above mentioned assumptions, it is assumed that the impact of mixture in-
homogeneities scales linearly with the fuel split. Consequently, Eqn. (3.4) can be rewritten as
F = Fu + εFϕ, and the equivalence ratio contribution is obtained from

Fϕ =
F − Fu

ε
. (3.6)
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3.2 Assessment of Hydrodynamic Similarity and Vortical Growth

High speed PIV and OH∗-chemiluminescence measurements were conducted to assess the pos-
sible impact of the equivalence ratio oscillations on the flow field and flame dynamics as well as
on the mean flow field and on the flame shape. Additionally, the effects of a change of the swirl
number on the perfectly premixed flame were assessed. The measurements were carried out for
perfectly and technically premixed conditions for several frequencies and the full range of the
investigated forcing amplitudes.

The similarity of the turbulence level, the position and strength of the coherent vorticity,
and the mean flow field, were assessed with the triple decomposition ansatz [57]. The time
and space dependent flow field v(x, t ) is decomposed into a time-averaged part v̄(x), coherent
fluctuations vc (x, t ), and stochastic fluctuations vs (x, t ):

v(x, t ) = v̄(x) + vc (x, t ) + vs (x, t ). (3.7)

The coherent fluctuations are obtained from the measured velocity fields by applying a phase
average with respect to the oscillation cycle. This removes the stochastic fluctuations, which are
uncorrelated with the forcing signal. Subsequent subtraction of the temporal mean yields the
coherent fluctuation field.

Acoustic fluctuations cause velocity fluctuations, for instance, at the area jump of the com-
bustor inlet. Consequently, vortical structures are generated in the shear layers and can be
further amplified or attenuated. In the case of the formation of large scale vortical structures,
the flame response of perfectly premixed flames is often dominated by the interaction with these
structures. Hence, depending on the receptivity of the shear layers, velocity perturbations in-
duced by acoustic velocity oscillations are amplified in the shear layers. The vortical structures
are advected downstream and interact with the flame, which fluctuates due to the modulation
of the local flame surface area and the mass flow through the flame surface. From a general
point of view, this mechanism can saturate due to the saturation of the vortical growth rate or
due to a decreased receptivity of the flame to local vorticity fluctuations, for instance caused by
a different flame anchoring point or a change of the flame shape.

To assess the strength of the vortices quantitatively the coherent fluctuation intensity is
calculated for every point in the measured flow field plane. It can be integrated along the
radial profiles r for all axial positions x and normalized with the respective volume flow at the
combustor inlet V̇ :
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K (x ) =
1

V̇bulk

Dcc/2∫
0

√
0.5

(
v c

x (x, r )2 + v c
y (x, r )2

)
2πr∂r , (3.8)

where Dcc , v c
x , and v c

y denote the diameter of the combustion chamber, the local velocity co-
herent oscillation amplitudes of the axial and transverse velocity components in the streamwise
plane as captured by the PIV measurements, respectively.

For high Reynolds number flows, such as investigated in this thesis, the main source of
momentum exchange are the turbulent shear stresses. Thus, the molecular transport of scalars
in the field is driven by the off-diagonal Reynolds-stresses. An increase of the normalized shear
stresses, like τΩ = ρ(v s

x v s
y )/ū2

bulk, is a clear indicator for an increased turbulent diffusion of fuel
and air in the premixed zone. Hence, to assess the general influence of acoustic forcing on the
mixing the integral quantity T is used:

T =
ρ

Vccū2
bulk

∫
v s

x (x, r )v s
y (x, r ))2πr dA , (3.9)

where the integration is performed over one half of the measurement domain in the flame area
and the premixed zone, as indicated by the OH∗ field measurements. Another indicator for
increased mixing is the turbulence intensity ωΩ =

√
(v s

x )2
rms + (v s

y )2
rms/ūbulk because it indicates

the level of turbulence in the flow. A flow with an increased turbulence level will generally
feature also a better mixing. It is assessed by integration over the measurement domain:

Ω =
1

DccV̇bulk

∫ √
(v s

x (x, r )2
rms + v s

y (x, r )2
rms2πr dA (3.10)

where summation is performed over one half of the measurement domain in the flame area and
the premixed zone, as indicated by the OH∗ field measurements. V̇bulk is the bulk volume flow
in the mixing tube.

3.3 Velocity Fluctuation Based Saturation Mechanisms

In the absence of mixing inhomogeneities, velocity fluctuations induced by coherent struc-
tures or swirl number perturbations are besides the kinematic movement of the flame the most
important mechanisms which convert acoustic fluctuations into heat release fluctuations. Gen-
erally, the kinematic movement of the flame plays an important role for laminar flame but is
less important for swirl stabilized turbulent flames.
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The role of coherent structures is important for the investigated burner–flame arrangement.
Oberleithner et al. [94] have shown that the amplification of coherent structures in the shear
layers and the respective saturation of this amplification process due to mean field changes is
connected to the nonlinear flame response of the perfectly premixed flame. This general concept
is investigated further in this section.

Three perfectly premixed operation points are investigated, which can be differentiated by
the swirl number only. The flame is acoustically forced at 196 Hz for all three swirl numbers
and the flame response shows three different characteristic saturation behaviors. First of all, the
time-averaged flow field of the flame and the corresponding heat release is discussed for all three
swirl numbers and four acoustic velocity amplitudes. Additionally, an isothermal flow field is
shown at a swirl number of 0.8, to emphasize that the observed changes of the mean fields are
caused by a complex flame–flow-field interaction.

Figure 3.2 depicts the corresponding measurement results, obtained with high-speed PIV
and OH∗-chemiluminescence cameras. The rows correspond to the investigated swirl numbers
and the columns correspond to acoustic forcing amplitudes, increasing from left to right. The
attributes of a typical swirl stabilized flame [134] are present in all flow fields. Firstly, a stable
vortex breakdown featuring shear layers between the large inner recirculation zone and the jet
can be observed for all investigated operation conditions. Especially the shear layers are of great
interest, since they play an important role for the stream wise growth of vortical structures.
In the absence of strong acoustic velocity fluctuations the flame stabilizes for all swirl numbers
along the inner shear layer between the jet and the inner recirculation zone, showing a typical
V-shape [134]. However, combustion leads to a broader inner recirculation zone and very
uniform backflow velocities and consequently the isothermal flow field is significantly different
to the reacting flow fields. Evidently, the effect of acoustic perturbations is relatively small on
the mean flow field without the interaction of the flame and the flow field, underlining the
importance of investigations at reacting conditions.

All three reacting cases show a similar trend with increasing forcing amplitude. However,
due to the difference in the swirl number the steady jet opening angle without forcing is differ-
ent. Accordingly, very similar changes of the mean flow field were observed between, e.g., the
operation point with the highest and lowest swirl number. However, the case with the higher
swirl number has an offset in terms of the jet opening angle and reaches similar states at higher
forcing amplitudes than the low swirl number case.

The opening angle of the jet is decreased with increasing acoustic velocity amplitude. The
heat release starts to concentrate behind the center body, forming a trumpet-like flame [134].
Higher acoustic velocity amplitudes lead even to detachment of the flame for the lowest swirl
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Figure 3.2: Mean flow field and mean chemiluminescence distribution for various amplitudes
for the perfectly premixed flame and three swirl numbers. Forcing amplitude at 196 Hz is
increasing from left to right. Color denotes chemiluminescence intensity and solid lines de-
pict zero velocity. Arrows illustrate flow direction and relative velocity magnitude. Last line
illustrates cold flow.
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|û/ū|
0.1 0.2 0.3 0.4 0.5 0.6

0.4

0.6

0.8

1

1.2

(b) Coherent fluctuation intensity

Figure 3.3: Flame response and coherent fluctuation intensity at 196 Hz for various amplitudes
and three swirl numbers.

number. This detachment alters the flame response significantly, which is an important non-
linear saturation mechanism of the flame response. It is very likely, that a detachment will also
happen to the other flames, if the forcing amplitude is further increased. This assumption is
supported by the resemblance of the mean flame shape as well as the flow field for the different
swirl numbers at different amplitudes. For instance, the measurement at a swirl number of 0.6
and a forcing amplitude of |û/ū | = 0.8 shows very similar results to the measurement at S = 0.8
and a amplitude of |û/ū | = 1.1.

In contrast to the averaged flow field and flame measurements, which are analyzed here, the
flow field dynamics are analyzed at a similar operation point later in Section 3.4.1. There the
dynamics between perfectly premixed and technically premixed conditions are compared, too.

The normalized heat release fluctuations associated with the discussed flow field measure-
ments are depicted in Figure 3.3a. The three responses show noticeable nonlinearities at higher
forcing amplitudes. However, the three swirl numbers are differentiated by the qualitative trend
of the amplitude dependency. The lowest swirl number (S = 0.6) features the highest linear gain
but saturates relatively early at an acoustic velocity amplitude of |û/ū | = 0.1. In contrast to that,
the highest swirl number case (S = 1) has the lowest linear flame transfer function gain but re-
sponds with the strongest heat release fluctuations at high amplitudes. The flame response of the
S = 0.8 operation point features an intermediate saturation and a trend of the flame response,
which is always in between the other two swirl number cases.

The associated maximum coherent fluctuation intensity Kmax measured in the flame and pre-
mixed area is depicted in Figure 3.3b. It is a measure for the strength of the vortices, which are
amplified by the shear layers and interact with the flame. This interaction is later discussed and
visualized in detail in the Figures 3.7 and 3.6. Evidently, this quantity features the same qual-
itative trends that are captured by the heat release oscillation measurements for all three swirl
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numbers. Moreover, the proportions between the different cases are captured, too. Although
being no strict evidence or proof for the causal connection between saturating growth of the
coherent structure and the saturation of the flame response, the resemblance of the quantities
indicates a strong connection. The connection between hydrodynamic coherent structures and
the flame response, established in previous works, is emphasized and validated by the presented
results.

3.4 Equivalence Ratio Fluctuation Based Saturation Mechanisms

The two excitation mechanisms mixing inhomogeneities and velocity oscillations can interfere
constructively and destructively, and the interaction depends on the phase relation between
the two mechanisms. This affects already the linear gain of the flame describing function and
consequently the onset of the self-excited linear instability. If the initiation of the saturation is
at a constant amplitude, a decreased linear gain affects the limit-cycle amplitude, too. Kim et
al. [68] and Krebs et al. [71] have shown this to some extend experimentally and numerically,
respectively. Here, these findings are extended to specific nonlinear aspects not considered pre-
viously. For example, changes in the mean flame shape and strong movements of the flame over
the oscillation cycle will obviously affect the time delay distribution in the flame and thereby
influence the phase relation at higher amplitudes between the heat release fluctuation caused
by vortex shedding and equivalence ratio perturbations. Consequently, the flame describing
function gain will saturate if the interference turns from constructive to destructive. In prin-
ciple, the gain may also increase at higher amplitudes through this effect, promoting nonlinear
instabilities.

The second new saturation mechanism, which is based on temporal changes of the equiv-
alence ratio, is the increased mixing of fuel and air and the associated damping of equivalence
ratio fluctuations at high acoustic velocity amplitudes. Potentially, certain mechanisms improve
the temporal mixing of fuel and air at elevated forcing amplitudes. First of all, acoustic energy
is converted into coherent and stochastic vortices in the burner and at the area jump from the
mixing tube to the combustor, resulting in mean pressure losses and the attenuation of acous-
tic waves [120]. The generated coherent vortices can be amplified by the shear layers over a
finite axial extent and their respective contribution to an enhanced mixing is very combustor
and flame specific ; but, eventually the energy is transferred to the smaller scales, which are
always associated with turbulent mixing. Ginevsky et al. [45] showed that acoustic excitation
can intensify mixing in non-swirled, non-reacting conditions due to the elevated level of tur-
bulence and it is likely that this effect is even more pronounced in a swirling flow field. It is
also well known that coherent structures can directly affect the mixing of fuel and air in the
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combustor [99]. Also findings by Eroglu and Breidenthal [42], who investigated the interaction
of coherent structures of a pulsed jet in cross flow, indicate an enhanced mixing caused by co-
herent vortex shedding. They revealed that the interaction of neighboring vortex rings strongly
increases mixing. It is to be expected that these mechanisms are more pronounced at higher
frequencies due to shorter wavelengths and thus higher concentrations gradients. Additionally,
the large periodic displacement of the flame and the corresponding changes in mean flame shape
and flow field in the nonlinear regime will always have an impact on the mixing properties of
the flow field.

In the following, the general principle of the saturation effect caused by increased mixing, is
illustrated with the help of simple flame model. The heat release rate is written as

q = ρ sΩ∆ℎS f , (3.11)

where ρ, sΩ, ∆ℎ and S f denote density, turbulent burning velocity, the heat release per unit
mass of mixture, and the flame surface area, respectively. Additionally, it is assumed that the
quantities are constant over the flame surface. The turbulent flame speed sΩ is modeled by a
simple relation between turbulence intensity and laminar flame speed:

sΩ = sL [1 +C (urms/sL)n ] . (3.12)

The variables C and n are model constants and urms represents the turbulent velocity fluctua-
tion upstream of the flame. The values [83] C = 1.25 and n = 0.7 were used and a velocity
fluctuation of urms = 0.2 m/s was chosen. Increasing turbulence intensity causes a saturation of
the flame response due to this nonlinear relation between the turbulent burning velocity and
the velocity fluctuation. However, the effect is relatively weak and is not suitable to explain the
experimental observations of this study. Hence, a constant value is chosen for urms. The lami-
nar flame speed sL is calculated from the equivalence ratio with the relation given by Abu-Orf
and Cant [1]:

sL = kϕb exp
(
−c (ϕ − d )2

)
. (3.13)

Here, k, b , c , and d are empirical constants determined to match the available experimental
data. The dependence of the heat of reaction ∆ℎ on the equivalence ratio is given by [78]:

∆ℎ =
2.9125 × 106 min(ϕ, 1)

1 + 0.05825ϕ

(
J

k g

)
. (3.14)
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For a stiff fuel injector, the following relation between equivalence ratio fluctuations and
velocity oscillations is valid in time domain:

ϕ

ϕ̄
=

a(
1 + u′

ū

) , (3.15)

which is obtained from the assumption that the fuel mass flow is constant. Dashes denote
perturbations in time domain, which are not necessarily assumed to be small. A very similar
version of this relation, was introduced by Peracchio and Proscia [102] and further investigated
by Lieuwen et al. [81]. It is based on the assumption that fuel and air are instantaneously mixed
at the fuel injector.

The formation of equivalence ratio perturbations is modeled by Equation (3.15). Turbulent
and diffusive mixing attenuates the amplitude of the equivalence ratio oscillations before they
reach the flame. This effect is taken into account by the attenuation factor a used in Equa-
tion (3.15). The governing variables of this turbulent mixing process are the turbulent diffusion
coefficient and the individual mixing distance of the fluid particle. Especially the turbulent
diffusion coefficient should be understood as a conceptional variable, which helps to handle
the turbulent mixing similar to the diffusional mixing. It is connected to the turbulent shear
stresses [107]. The damping of temporal equivalence ratio perturbations was recently investi-
gated in a related study at operating conditions similar to the currently investigated ones [14].
It was found that the attenuation between fuel injector and flame of the amplitude of the equiva-
lence ratio oscillations varies between 60% and 70% of the amplitude, increasing monotonically
between 100 Hz and 200 Hz.

Figure 3.4 depicts the flame describing function of the presented analytical model. The
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transfer function gain normalized with the linear gain is shown for various acoustic forcing
amplitudes. Three cases are considered: one without mixing effects (a=1), one with a constant
attenuation coefficient of 50% (a=0.5) and the last case illustrates the newly proposed saturation
mechanism with a variable attenuation factor decreasing exponentially from a=0.25 to 0.05, de-
fined by a = 0.027( |û/ū |)−0.7 for |û/ū | > 0.04. The flame describing function obtained from
the simple model with a constant attenuation coefficient of 50% starts to saturate for amplitudes
higher than |û/ū | = 0.3, while the case with increasing damping of equivalence ratio fluctua-
tions saturates immediately and much stronger. The third scenario without turbulent mixing
(a=1) is qualitatively similar to the case with a constant attenuation of 50% of the equivalence
ratio oscillation amplitude but starts to saturate earlier; however, the saturation is much weaker
compared to the simulation with an increasing attenuation coefficient. Neglecting turbulent
temporal mixing of equivalence ratio perturbations is unrealistic for technical turbulent flames.
Consequently, the case with a constant attenuation factor of a=0.5 represents the current un-
derstanding of saturation effects introduced by equivalence ratio fluctuations. It suggests that
chemical effects will saturate the flame response at higher amplitudes. In contrast to that, the
experiments conducted on this study suggest that the saturation of technically premixed flames
sets in at low amplitudes. As shown with the results in Figure 3.4, this observation can be ex-
plained with an increased mixing of equivalence ratio fluctuations at higher acoustic amplitudes.

3.4.1 Flow-Field–Flame Interaction Technically Premixed Flame

In order to justify the decomposition ansatz and to further investigate the mechanisms causing
the saturation of the technically premixed flame response, the flow field and flame dynamics
shown in Figures 3.5, 3.6 and 3.7 are analyzed. Here, only the results for one frequency are pre-
sented, but they are representative for other forcing frequencies at these operating conditions.

Figure 3.5 depicts the time-averaged flow field and the mean chemiluminescence distribution
at 110 Hz for the perfectly premixed and technically premixed flame with a fuel split ratio of
ε = 1. The color intensity represents the Abel-inverted OH∗-chemiluminescence intensity of
the flame. The arrows denote the mean flow field, and the solid black lines indicate zero axial
velocity. The center of gravity of the heat release rate distribution is indicated by a small cross.
The coordinates of the center of gravity, ( xc , yc ), are calculated as

xc =

∑
i, j x i j yi j IOH,i j∑

i, j yi j IOH,i j
(3.16)

yc =

∑
i, j yi j yi j IOH,i j∑

i, j yi j IOH,i j
, (3.17)
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Figure 3.5: Mean flow field and mean chemiluminescence distribution for various amplitudes
for perfectly (upper row) and technically premixed flame (lower row). Forcing amplitude at
110 Hz is increasing from left to right. Color denotes chemiluminescence intensity and solid
lines depict zero velocity. Arrows illustrate flow direction and relative velocity magnitude
based on axial and radial velocities.

where i and j are pixel indices, x i j and yi j the pixel coordinates, IOH,i j the measured OH∗

intensity, and summation is performed over one half of the measurement domain.

Generally, in terms of the velocity field and in particular regarding the location of the shear
layers, no significant differences between the two combustion modes were identified. However,
downstream of the flame the recirculation bubble is slightly narrower for the perfectly premixed
flame in case of high amplitude forcing.

High acoustic velocity amplitudes cause a significant decrease of the divergence of the jet at
110 Hz for the perfectly and technically premixed flame. Consequently, the flame opening angle
changes with increasing amplitude, too, and becomes narrower. The flame shape and the flow
field alter with increasing forcing amplitude significantly. The time-averaged flame shape is mod-
ified from the well-known V-shaped flame at small amplitudes in the way that combustion takes
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Figure 3.6: Normalized phase-averaged vorticity fluctuations and chemiluminescence distri-
bution at 110 Hz for an amplitude of |û/ū | = 0.15 for premixed (upper half, ε = 0) and
technically premixed flame (lower half, ε = 1) compared in one figure for different oscilla-
tion phases. Color map of vorticity indicates rotation direction and brightness of contour
lines represents Abel inverted chemiluminescence intensity. Symmetry line indicates border
between the different flame types. The normalization values are the same for all four phase
angles shown.

place directly behind the center body. The changes in the mean flow field are gradually increas-
ing with increasing acoustic forcing amplitudes. This observation is consistent with the slow
but continuous saturation observed for the perfectly premixed flame describing function. Com-
paring the mean flow field and the flame shape of the technically and perfectly premixed flame,
it is evident that the changes are very similar. Please note that the OH∗-chemiluminescence
intensity is normalized with the respective maximum at perfectly and technically premixed
conditions. Consequently, the increased intensity caused by the equivalence ratio fluctuations
is not shown. However, the center of gravity of heat release rate moves a little bit upstream due
to the increased local burning velocity at technically premixed conditions and the flame is less
distributed, too.

The local through-plane vorticity (Γ = ∂(v̄x + v c
x )/∂y − ∂(v̄y + v c

y )/∂x ) is depicted in Fig-
ure 3.6 in the linear forcing regime and the corresponding OH∗-chemiluminescence distribution
for four different phases of the oscillation at a forcing frequency of 110 Hz. Phase-averaged fields
were computed for 16 equally distributed phases. Figure 3.6 only shows results for four equidis-
tant phase angles to illustrate specific aspects within the oscillation cycle. Red and blue color
indicate the rotation direction of the vortices in this illustration. The upper part of each image
shows the premixed results and the lower one the technically premixed measurements. The
contour lines indicate the intensity of the heat release.

The heat release of the flame fluctuates around the center of gravity without strong changes
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Figure 3.7: Normalized phase-averaged vorticity fluctuations and chemiluminescence distribu-
tion at 110 Hz for an amplitude of |û/ū | = 0.8 for premixed (upper half, ε = 0) and technically
premixed flame (lower half, ε = 1) compared in one figure for different oscillation phases.
Color map of vorticity indicates rotation direction and brightness of contour lines represents
Abel-inverted chemiluminescence intensity. Symmetry line indicates border between the dif-
ferent flame types. The normalization values are the same for all four phase angles shown.

of the flame shape. The convection of the vortical structures can be observed following the
visualizations from left to right in the upper and lower row for the perfectly and technically
premixed case, respectively. Large-scale vortical structures are generated in the inner and outer
shear layer close to the combustor inlet. These coherent structures are amplified up to 3.5 Dℎ

downstream of the inlet. Further downstream the structures are attenuated. No major dif-
ferences in the structure or strength of the vortices between the two combustion modes are
evident. The area of significant heat release rate is also very similar between the two modes of
combustion across all phases of the oscillation.

Increasing forcing amplitudes are associated with larger wave lengths of the vortical struc-
tures and an increased zone of their extent, as can be seen in Figure 3.7, which shows the
corresponding visualizations for a higher amplitude. The vortices are clearly interacting with
the flame, which is evident from the corresponding position of the maximum of the chemilu-
minescence intensity and the vorticity for each phase. In contrast to the low-amplitude forcing,
the flame and the flow field are subject to large displacement. The strong decrease in velocity
causes the flame almost to extinguish as illustrated by the first three phases. Nearly no difference
concerning the flow field dynamics can be identified between the two combustion modes. How-
ever, some differences of the spatial chemiluminescence distribution are observed. For instance,
the phase relation between heat release and the flow field is different, which is in line with the
flame response measurements shown later. These observations support the assumption that the
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Figure 3.8: Flame describing function at perfectly premixed conditions. Flame describing
functions for various amplitudes and frequencies. The color of the circles indicates the forcing
amplitude at the flame. Solid line represents linear flame response.

contribution of the coherent structures to the heat release rate fluctuations remains unaltered
regardless of the additional mixing inhomogeneities.

3.4.2 Flame Describing Function Analysis

The flame response of the perfectly premixed flame in terms of transfer function gain and
phase is shown in Figure 3.8 for various frequencies. Each measurement point is associated
with a color, which indicates the acoustic forcing amplitude. The line, which connects 90
flame response measurement points at an amplitude of |û/ū | = 0.1, depicts the linear transfer
function, which is commonly measured at this acoustic forcing level. The upper plot shows the
gain of the flame describing function, and the lower one illustrates the phase response for various
frequencies. For some frequencies a forcing amplitudes of up to |û/ū | = 1.2 was achieved.

The flame has a gain of around 1.5 at 120 Hz, and is almost constant in the investigated
frequency regime. Coherent hydrodynamic structures and possibly swirl number fluctuations
are responsible for the perfectly premixed flame response as discussed in section 3.3. Since the
time lag calculated from the phase response corresponds well to the convective time lag of the
coherent structures, this mechanism is believed to be the dominant one. For all investigated
frequencies, strong nonlinear effects are observed for the transfer function gain, as it is the case
for 196 Hz, which was discussed in detail previously. Interestingly, an increased susceptibility of
the flame response to nonlinearities at low amplitudes is observed at higher frequencies. Some
nonlinear effects are present in the phase response, especially at higher frequencies. Since the
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Figure 3.9: Flame describing function at technically premixed conditions (ε = 1). Flame
describing functions for various amplitudes and frequencies. The color of the circles indicates
the forcing amplitude at the flame. Solid line represents linear flame response.

phase relation between heat release rate and velocity oscillations is of crucial importance for
the transfer of energy and the resulting feedback between the acoustic field and the flame, small
changes in the phase response can already affect linear stability and the limit-cycle amplitude.

For technically premixed conditions, the flame response is a combination of the perfectly
premixed flame response and the effects caused by the equivalence ratio fluctuations. The re-
spective gain and phase response of the technically premixed flame to velocity perturbations
is shown in Figure 3.9. The gain of the transfer function exhibits two frequency intervals of
high amplification and two frequency ranges with weak or no amplification. Around 140 Hz
the two mechanisms interfere destructively and consequently a local minimum is situated in
this frequency region. For frequencies higher than 230 Hz, the flame transfer function gain is
very small. Nonlinear effects are observed already for small amplitudes in the frequency range
around 200 Hz, which is characterized by a large linear transfer function gain. In contrast to
that, at relatively high forcing amplitudes of |û/ū | ≈ 0.2, the flame responds still without strong
nonlinear effects at frequencies around 100 Hz.

Figures 3.10a to 3.11b depict the amplitude dependence of the normalized heat release fluctu-
ation for different forcing frequencies and fuel split ratios. The degree of technical premixedness
was increased gradually in ∆ε = 0.2 steps from 0 to 1. The top part of each figure illustrates
the gain of the amplitude-dependent flame response in terms of the normalized heat release
rate. The lower plot shows the respective phase response. Each marker represents a measure-
ment point. The frequencies were chosen to represent certain expected interactions between
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Figure 3.10: Flame response at 110 Hz and 158 Hz for various amplitudes and fuel splits.

equivalence ratio fluctuations and velocity fluctuations.

Figure 3.10a depicts the normalized heat release fluctuation at 110 Hz. At perfectly premixed
conditions (ε = 0), the gain of the flame response features only very weak nonlinear effects.
The lower plot indicates a slightly decreasing phase response with increasing amplitude. As the
unmixedness of fuel and air increases, so does the linear normalized heat release fluctuation,
and a constant offset is added to the phase. Since the gain is seen to increase with ε, fuel flow
perturbations and velocity fluctuations interfere constructively at this frequency. The phase
response is not strongly affected by the forcing amplitude and the degree of unmixedness plays
only a role in case of strong changes in the degree of unmixedness. However, at ε = 0.4
the gain of the flame response starts to saturate significantly. The higher the unmixedness,
the lower is the amplitude where saturation effects appear first. This connection between the
degree of unmixedness and the onset of the saturation of the flame response has to be expected
if the equivalence ratio fluctuations cause the saturation through the nonlinear relation of the
burning velocity and the heat of reaction dependence. It is worth noting that no significant
difference between 80% and 100% technical premixedness is observed for the gain, while the
phase response is different.

As expected from the comparison between flame transfer functions for perfectly and tech-
nically premixed conditions, equivalence ratio and velocity oscillations interfere destructively
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Figure 3.11: Flame response at 166 Hz and 180 Hz for various amplitudes and fuel splits.

for 158 Hz, as shown in Figure 3.10b. Again, the flame response is almost linear for the per-
fectly premixed flame. However, with increasing injection of fuel in the mixing tube, the linear
gain first decreases and then increases again for values of ε > 0.4. The linear gain of the 100%
technically premixed case is even higher compared to the perfectly premixed flame, despite the
destructive interference. The investigated fuel split ratios have in common that the gain of the
heat release fluctuation decreases at high velocity perturbation levels and major saturation ef-
fects are observed. In addition, the phase response is affected for very high forcing amplitudes
and high degrees of unmixedness and hence strong equivalence ratio perturbations.

Similarly to the 158 Hz case, at 166 Hz the equivalence ratio fluctuations and the velocity
oscillations interfere destructively. The perfectly premixed flame response, as depicted in Fig-
ure 3.11a, shows an almost linear trend, indicating only relatively weak nonlinearities. How-
ever, with increasing unmixedness the linear gain first decreases and then for values of ε > 0.4
increases compared to the perfectly premixed case. In contrast to the 158 Hz case, the heat
release amplitude of the 166 Hz flame response is already higher for very small fuel split ratios
ε > 0.2. Again, for very high forcing amplitudes the heat release gain of the technically pre-
mixed flames is decreased below the gain of the perfectly premixed, although the initial gain
is higher. Saturation is observed for all technically premixed flame responses. The phase re-
sponse for all degrees of premixedness is essentially independent of the forcing level at 166 Hz.
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The phase response is shifted towards shorter time delays with increasing unmixedness. This is
probably due to a shift of the center of gravity of the flame that may result from locally higher
burning velocities caused by the spatial unmixedness with increasing ε.

Similar to forcing at 166 Hz, the 180 Hz case is characterized by an almost immediate satu-
ration of all technically premixed flames (Figure 3.11b). Nevertheless, with increasing mixing
inhomogeneities, the gain of the flame response is increased as well as the phase response, which
is shifted by an forcing amplitude independent offset. The flame response of the perfectly pre-
mixed flame is for very high amplitudes higher than for the technically premixed flame with
fuel split ratios smaller than ε < 0.4. In contrast to the 110 Hz case, where equivalence ratio
fluctuations and velocity oscillations also interfere constructively, the flame response at 180 Hz
saturates already at very low forcing amplitudes without an obvious relation between the degree
of unmixedness and amplitude of first saturation.

3.4.3 Flame Describing Function Decomposition

Applying Equation (3.6) to the discussed flame describing functions, reveals the scaled difference
between the perfectly and technically premixed flame, which is attributed to the contribution
of the equivalence ratio fluctuations to the flame response. Figures 3.12 to 3.15 show on the
respective left side the ϕ′ contribution for each technically premixed flame, as indicated by the
different markers, resulting from the decomposition of the respective flame describing function.
The right side depicts the transfer function gain and phase of the perfectly premixed and fully
technically premixed flame (ε = 1) as well as the contribution of the mixing inhomogeneities to
the technically premixed flame describing function. The purpose of the left figures is to empha-
size the strong resemblance of the scaled equivalence ratio contribution to the flame describing
function for each technically premixed flame forced at the same frequency. Collapsing markers
indicate that the assumptions made and the decomposition ansatz are correct. Please note that
the repeatability of a single flame describing function measurement is in the range of 5% and
the accuracy of each of the three mass flow meters is in the range of 2%. Both measurement
deviations directly affect the accuracy of the decomposition approach. The right-hand side of
the figures reveals the role of the mixing inhomogeneities for the transfer function saturation as
well as the phase relation between velocity oscillations and equivalence ratio perturbations.

The small sudden discontinuities at |û/ū | ≈ 0.6 and |û/ū | ≈ 1.2 in the measurements of
the premixed flame response (see, Fig. 3.10a), which are also present at other frequencies, were
smoothed before the decomposition ansatz was applied.

All ε=0.2 cases show a qualitatively similar trend for all investigated frequencies. They fea-
ture an additional significant offset for all amplitudes. It is assumed that the transition between
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|û/ū|
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Figure 3.12: Flame describing function decomposition at 110 Hz. (a) Equivalence ratio con-
tribution for the different premixed flames; solid line represents the average over all values of
ε. (b) Comparison of the contributions to fully technically premixed flame.

premixed and fully technically premixed flame response is linear and scales with the fuel ra-
tio. Although this seems to be the case for higher fuel split ratios, it is evidently not correct
for ε=0.2. The initial transition between perfectly premixed and technically premixed is not
smooth for the investigated burner. Adding only a small amount of fuel inside the burner affects
the flame response stronger than a fuel-split factor of 20% suggests. Since the decomposition
results revealed for ε = 0.2 poor results, this data is not included in the averaging. The poor
agreement probably stems from problems with the fuel supply stiffness, which vanishes for very
small fuel flows.

The gain of the equivalence ratio contribution shows the same trend for all degrees of partial
premixedness for forcing at 110 Hz except for the ε = 0.2 case. This is illustrated in Fig. 3.12a.
Especially for low amplitudes, the scattering of the gain data is relatively high. At higher am-
plitudes, the results collapse fairly well for the gain but show some significant differences in the
phase response. Without the ε = 0.2 case, the standard deviation between the single decomposi-
tion results and the average over all fuel split ratios of the gain features values of approximately
8% for higher amplitudes. For small amplitudes the standard deviation is around 18%. The
phase response features significant differences, up to 60◦ between the single measurements at
different fuel splits and the average phase response at higher forcing amplitudes.
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Figure 3.13: Flame describing function decomposition at 158 Hz. (a) Equivalence ratio con-
tribution for the different premixed flames; solid line represents the average over all values of
ε. (b) Comparison of the contributions to fully technically premixed flame.

Overall the gain of the decomposition at 110 Hz indicates trends, which suggest that satu-
ration at high amplitudes occurs. It is shown in Fig. 3.12b. The saturation is similar to the
model results discussed in section 3.4 for a constant mixing factor. However, the agreement of
the Fφ phase is poor, revealing nonlinear interaction. The mean phase difference between the
equivalence ratio perturbations and velocity oscillations changes by more than 40◦. Since the
scattering of the phase decomposition features higher differences, no conclusions can be drawn
from the phase relation. A possible explanation for the poor agreement at 110 Hz is the break
down of the MMM at small frequencies due to the increased wavelength. The decomposition
approach is sensitive to inaccuracies of the flame describing function measurements.

As shown in Fig. 3.13a, the various technically premixed flames with varying unmixedness
show all a qualitatively very similar contribution of the equivalence ratio perturbations for the
158 Hz forcing case. The scattering is for all amplitudes relatively small. Again, especially for
ε = 0.2 strong quantitative differences are present. Nevertheless, without the ε = 0.2 case,
the standard deviation between the single gain results and the average is in the range of 8–
15%. Taking into account the measurement uncertainty, the resulting agreement is good. The
maximum difference between the single phase response measurements and the average response
is 10◦.
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Figure 3.14: Flame describing function decomposition at 166 Hz. (a) Equivalence ratio con-
tribution for the different premixed flames; solid line represents the average over all values of
ε. (b) Comparison of the contributions to fully technically premixed flame response.

The transfer functions depicted in Fig. 3.13b give insight into the responsible interaction
mechanisms. As expected from the discussion of the flame response shown in Figure 3.10b and
from the flame describing functions shown in Figures 3.9 and 3.8, the mixing inhomogeneities
and the velocity oscillations interfere destructively at 158 Hz. The phase responses of both
contributions slightly increase with the forcing amplitude. Starting from a phase difference of
∆ψ = 147◦, the difference increases to ∆ψ = 164◦ for the highest amplitude, meaning that the
two mechanisms are even more out of phase at higher amplitudes. The contribution of the
equivalence ratio fluctuations to the gain of the flame describing function is quite high for small
amplitudes and monotonically decreases with a much higher rate than the contribution of the
velocity oscillations. At the highest forcing amplitude, both contributions have the same gain,
explaining why the heat release reaches almost zero for high amplitudes.

Figure 3.14a depicts the decomposition for the 166 Hz forcing case. The phase features again
only small difference and the gain contribution shows some minor differences, too. Similar to
the other results, the technically premixed flame with ε = 0.2 shows the largest deviation from
the mean gain. Without the ε = 0.2 case, the standard deviation of the measurements and the
mean gain is in the range of 6–15%.
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Figure 3.15: Flame describing function decomposition at 180 Hz. (a) Equivalence ratio con-
tribution for the different premixed flames; solid line represents the average over all values of
ε. (b) Comparison of the contributions to fully technically premixed flame.

Forcing at 166 Hz is also a case with destructive interference of the two mechanisms, as in-
dicated in Fig. 3.14b. The gain of both contributions saturates, but the gain of the equivalence
ratio fluctuations contribution does so much stronger and already at smaller forcing amplitudes.
Consequently, the resulting phase response of the technically premixed flame changes with in-
creasing amplitude, although the phase responses of the two contributions are almost constant.
The destructive interference and the strong saturation of the equivalence ratio contribution
explains the observed behavior of the associated flame response (see Fig. 3.11a). For a certain
degree of unmixedness, the linear flame response is higher than that of the perfectly premixed
flame response, despite the destructive interaction, due to the large gain of the equivalence ratio
contribution. However, this contribution saturates fast and consequently the resulting flame
response of the technically premixed flame can be smaller at higher amplitudes than that of the
perfectly premixed flame.

The proposed flame describing function decomposition method works almost perfectly for
the case of 180 Hz, as illustrated in Figure 3.15a. Both gain and phase are very similar for all
flames, except for the case with ε = 0.2, where again the gain deviates with a constant offset.
Without the ε = 0.2 case, the standard deviation between the single measurements and the
mean gain is in the range of 5–10%, which is in the range of the measurement accuracy.

55



Chapter 3. Flame Response Saturation

As can be seen from Fig. 3.15b, relatively strong changes can be observed in the phase re-
sponse of the equivalence ratio contribution. The phase response changes by 46◦ between the
small amplitude forcing and the higher amplitudes. The contribution of the velocity fluctua-
tions is almost constant in terms of the phase response. Consequently, the interaction between
the two mechanisms changes. At small amplitudes a phase difference of ∆ψ = 68◦ is observed,
which suggests a constructive interference. In contrast to that, at hihj amplitudes a phase dif-
ference of ∆ψ = 127◦ is observed, which suggests a destructive interference. This change of
interaction contributes to the saturation of the technically premixed flame response. The equiv-
alence ratio contribution decays immediately in terms of gain, while the perfectly premixed
flame describing function is almost constant for all forcing amplitudes.

The flame describing function analysis is summarized with the help of Figure 3.16a that
compares the flame transfer function contribution of the equivalence ratio perturbation for
three cases. The gain is normalized with the respective linear gain to emphasize the nonlinear
effects. With increasing forcing frequency, the saturation sets in at a smaller acoustic velocity
amplitude. Nonlinear effects are evident at small amplitudes in contrast to the late saturation
level, which can be expected by the two mechanisms: heat of reaction saturation and burning
velocity nonlinearity. The presented flow field and flame shape analysis have shown that the
mean flow field and flame shape are strongly modified. Significant flow field dynamics and a
strong movement of the reaction zone were observed, too. Comparing the perfectly and tech-
nically premixed flame describing functions suggests that the saturation of the flame transfer
function is caused by a decreased receptivity of the flame to equivalence ratio perturbations.
The excessive movement of the flame at high amplitudes, the modified mean flow field and the
altered reaction zone decrease the effect of the equivalence ratio perturbations due to changes in
the time delays and mixing quality. The proposed new saturation mechanism, which suggests
that the increased turbulence intensity and the changes in the flame shape and flow field increase
the mixing significantly, fits qualitatively well to the observed results. For higher frequencies,
mixing increases due to shorter wavelengths and thus higher spatial concentration gradients.
This increased damping of fuel–air ratio fluctuations can cause a significant saturation of the
flame response to equivalence ratio perturbations, especially for higher frequencies. The satu-
ration of the 110 Hz forcing case, however, appears to be mainly caused by the heat of reaction
and burning velocity nonlinearity.

The corresponding perfectly premixed flame describing functions are depicted in Figure 3.16b.
A weak trend of stronger nonlinearities at higher frequencies can be observed. The saturation
starts already at low amplitudes and shows an almost constant rate of decay. However, the
saturation seems to be limited to 60% of the linear flame describing function gain.
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|û/ū|
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Figure 3.16: (a) Normalized equivalence ratio oscillation contribution to the flame describ-
ing function for three different frequencies and various amplitudes. The gain is normalized
with the respective linear gain. (b) Normalized velocity oscillation contribution to the flame
describing function for three different frequencies and various amplitudes. The gain is normal-
ized with the respective linear gain.

The hypothesis of saturation due to increased mixing is supported by the results presented
in Figure 3.17. Here, normalized turbulence intensity Ω and the turbulent shear stress T, which
are integrated quantities over the flame and premixed zone in the combustor, are shown for
various frequencies at different forcing amplitudes. Both quantities feature qualitatively very
similar trends. 158 Hz and 212 Hz show a similar behavior in the linear regime, in contrast
to the results at 110 Hz. Forcing amplitudes smaller than |û/ū | < 0.1 do not affect the turbu-
lence level or the turbulent shear stresses. However, both quantities significantly increase with
higher forcing amplitudes. This is also the case for forcing at 110 Hz but they initially drop to
reach again the initial level at a acoustic forcing amplitude of |û/ū | ≈ 0.55. This decrease in
turbulence intensity and turbulent shear stress explains the initial increase of the equivalence
ratio fluctuation contribution since it leads to decreased mixing, which also increases the impact
of the equivalence ratio perturbations.The shear stresses are almost quadrupled and keeping in
mind that the shear stresses are responsible for turbulent diffusion, this supports the scenario
presented in Section 3.4, where the attenuation factor a is decreased by a factor of five. Addition-
ally, the coherent structures enhance the mixing most likely, too. However, a direct correlation
between simple model constants and the complicated flow field of a turbulent swirl flame is
very probably impossible to find.

For thermoacoustically stable flames, most of the turbulent mixing is generated in the shear
layers. This is, for instance, indicated in Figures 3.18a and 3.19a, which show the local turbulent

57



Chapter 3. Flame Response Saturation

 

 

110Hz ǫ = 1
212Hz ǫ = 1
158Hz ǫ = 1

Ω

|û/ū|
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Figure 3.17: (a) Normalized turbulence intensity integrated over the flame and premixed zone
in the combustor for three frequencies and various amplitudes. (b) Normalized turbulent shear
stress integrated over the flame and premixed zone in the combustor for three frequencies and
various amplitudes.

shear stresses and the turbulence intensity without acoustic excitation, respectively. The local
maxima are located in both cases in the shear layers. However, this is clearer for the turbulent
shear stresses. The shear layers amplify not only the naturally occurring eddies but also the co-
herent structures generated by the acoustic forcing. As indicated by Figure 3.18b, which shows
the local turbulent shear stresses for strong acoustic excitation at 110 Hz, the coherent forcing
generates stochastic velocity fluctuations, too. These generate strong turbulent shear stresses
especially in the shear layers. Additionally, due to the more distributed mean flame shape, the
area of mixing is significantly broader. At the same time, the turbulence intensity, shown in
Figure 3.19b, is significantly increased, too. However, the turbulence intensity is distributed
more uniformly compared to the turbulent shear stresses. This Figure clearly indicates that the
turbulence level is increased in the flame and premixed zone due to the acoustic forcing. From
the turbulent shear stresses and the turbulence intensity plots it can be concluded that the tur-
bulent mixing is significantly increased by the acoustic forcing. However, it is not clear how
strong the increased mixing affects the attenuation of equivalence ratio fluctuations.

It can be argued that a change of the fuel split ratio affects the flame describing function
since the mean quantities of the flame, like the flame position or shape, alter with the mode of
injection. Consequently, despite the very good agreement for the decomposition of the different
technically premixed flames, the results need some further justification. Thus, the equivalence
ratio fluctuations were increased artificially without changing the point of fuel injection or
changes in the fuel split ratio and the associated combustion mode. An injector was installed,
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Figure 3.18: (a) Turbulent shear stress in the flame and premixed zone without forcing. (b)
Turbulent shear stress in the flame and premixed zone with acoustic forcing at 110 Hz at an
forcing amplitude of |û/ū | ≈ 1.2.

which modulates the technically premixed part of the fuel injected in the mixing tube.

The injector causes an additional increase or decrease of the equivalence ratio fluctuations
depending on the phase relation between the forced equivalence ratio perturbation and the
one caused by the acoustic velocity according to Equation (3.15). The flame was operated
at technically premixed conditions with 40% of the gas injected through the injector in the
mixing tube and 60% far upstream of the burner at the same operating conditions and set-up
as used previously. The flame was forced with the loudspeakers to generate the air mass flow
fluctuations. The injector was simultaneously forcing in phase at the same frequency of 196 Hz.

Figure 3.20 illustrates the decomposition in terms of the perfectly premixed flame and the
contributions of the equivalence ratio fluctuations to the technically premixed describing func-
tions. Four curves are shown, one representing the flame describing function at 40% technically
premixed fuel and one at 55%, both without additional injector forcing. The third curve rep-
resents the 40% technically premixed fuel case with in-phase injector forcing and the last curve
depicts the perfectly premixed transfer function. The upper plot shows the gain of the respective
describing function and the lower plot illustrates the respective phase response. It is important
to note that the different Fϕ shown in Figure 3.20 have not been normalized with the specific
ε, in order to make them comparable.

All three technically premixed cases respond immediately nonlinearly, while the perfectly
premixed contribution to the describing function is only weakly nonlinear. The gain of the
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Figure 3.19: (a) Turbulence intensity in the flame and premixed zone without forcing. (b)
Turbulence intensity in the flame and premixed zone with acoustic forcing at 110 Hz at an
forcing amplitude of |û/ū | ≈ 1.2.

equivalence ratio contribution decreases almost to zero for very high acoustic velocity ampli-
tudes. The equivalence ratio contribution of the 40% technically premixed case with additional
injector forcing is very similar to the 55% case. This underlines that the gradual change of fuel
split mainly increases the unmixedness and affects the amplitude of the equivalence ratio fluc-
tuations, with less relevant secondary effects. The flame response of the injector forcing case is
in line with the findings of the decomposition approach applied at the different fuel split flame
response measurements.
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The phase responses of the technically premixed flames show a growing offset with increas-
ing initial equivalence ratio perturbations. The behavior of the phase response with increasing
acoustic velocity amplitude illustrates well the saturation mechanism associated with the change
in interference type between velocity and equivalence ratio oscillations. This is very clear espe-
cially for the case with additional injector forcing. The two contributions start with almost the
same phase delay (“F ” and “0.4+Injector” curves), beginning to drift apart at |û/ū | = 0.4, to
be almost 90◦ out of phase at an amplitude of |û/ū | = 0.85. However, the gain of the equiva-
lence ratio contribution is relatively small at high amplitudes and consequently the effect of the
change in interference type is relatively small. Similarly to the 180 Hz case, the type of interfer-
ence between the two mechanisms does not entirely change with increasing forcing amplitude.
Nevertheless, this can be an important saturation mechanism, which has not been considered
previously.

Neither the amplitude of the equivalence ratio oscillations nor the mixing process could
be measured, which could potentially provide direct verification of the assumption that strong
acoustic velocity perturbations affect the amplitude of temporal mixing inhomogeneities. How-
ever, other measurements fit very well to the presented hypothesis. For instance, the measure-
ments conducted at a very similar set-up, with the same burner at different operation conditions,
which deal with the nonlinear response to two-frequency forcing [28], show some indications;
the linear flame transfer function was measured for a technically premixed flame at a frequency
of 155 Hz, while simultaneously forcing acoustically at a different frequency. The results for
additional acoustic forcing at 50 Hz, 130 Hz, and 190 Hz are shown in Figure 3.21.

The linear flame transfer function gain at 155 Hz decreases monotonically with increasing
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forcing amplitude of the secondary frequency for all frequencies. Interpreting the results ac-
cording to the discussed hypothesis, leads to the explanation that the additional forcing creates
turbulence, which increases the mixing of the temporal inhomogeneities and accordingly atten-
uates the equivalence ratio fluctuations at 155 Hz, leading to a decreased flame transfer function
gain.

The flame describing function of perfectly and technically premixed flames were phenomeno-
logically investigated in this chapter. Justified hypotheses were presented to explain the observed
saturation processes of the practically relevant flames. While the perfectly premixed flame re-
sponse is driven by the amplification of coherent structures by the shear layers, the technically
premixed flame is influenced by an increased mixing at higher forcing amplitudes. The presented
investigations pave the way for a better understanding of the complex mechanisms featuring the
nonlinear flame response of partially premixed flames. However, for the prediction of instabili-
ties the nonlinear response of the acoustic dampers is needed, too. The next chapter deals with
the nonlinear effects that influence the acoustic response of dampers.
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Chapter 4

Acoustic Boundary Conditions

Though I speak with the tongues of men and of angels, and have not charity, I am become as
sounding brass1, or a tinkling cymbal. And though I have the gift of prophecy, and understand all
mysteries, and all knowledge; and though I have all faith, so that I could remove mountains, and
have not charity, I am nothing.

1. Corinthians 13, 1-2

2 The fundamental improvements in gas turbine combustion design of the last thirty years
lead to an increased susceptibility to thermoacoustic instabilities. Following the transition of
diffusion type jet flames to premixed swirl stabilized combustion was the transition from silo-
type combustors to very compact annular or can-annular type combustors [36]. These designs
increase the compactness, which is advantageous from an overall efficiency point of view be-
cause less cooling air is needed and the pressure drop is smaller. Additionally, the annular de-
sign provides the most uniform temperature distribution. While the premixed swirl-stabilized
combustion reduces the NOx and CO emissions, it is more prone to thermoacoustic instabil-
ities. At the same time, the compact annular and can-annular type combustors feature a ratio
of damping surface to combustor volume, which is inferior to the silo-type combustor design.
Hence, additional acoustic attenuators are necessary.

The employment of passive acoustic dampers is restricted due to space limitations in the
combustion chamber and the demand of high-pressure cooling air. Evidently, since acoustic
damping is either associated with pressure loss or with the utilization of cooling air, acoustic
dampers must be designed carefully to avoid either negative effects on the engine efficiency or
thermoacoustic instabilities.

1According to Harris [47], sounding brass refers to a device used in Greek theaters to cancel echoes. Today, this
device is called Helmholtz resonator.

2The work presented in this chapter is based on two journal publications [29] and [33]. The PIV measurements
and the post processing were conducted together with Steffen Terhaar. He mainly contributed to the final presenta-
tion of the PIV and QLS results shown in the figures of this chapter. Dominik Waßmer mainly contributed to the
determination of the virtual neck extension and the damping coefficients presented later in this chapter. Paragraphs
and phrases of this chapter are very similar or identical to text paragraphs published in the two articles. These
excerpts are written by me.
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A typical gas turbine combustor features an area jump at the exit of the circumferential
arranged burners. The area jump increases the flame stability and prevents flame flashback.
Vortices are generated at the area jump, which are one of the reasons for heat release fluctuations
but also for acoustic damping. The amount of acoustic damping generated by these vortices
depends on the mean flow velocity [5], the acoustic amplitude [25] and the geometry of the
edges [63]. The burner itself represents an acoustically compact body, which generates acoustic
losses due to eddy zones, area jumps and flow redirection within the burner. For stability
analyses these losses and the other acoustic characteristics of the burner are taken into account
by the acoustic burner transfer matrix. However, burners are generally optimized towards small
pressure losses to increase the overall engine efficiency, and burner with small pressure drops
tend to provide only limited acoustic damping.

Thermal barrier coating and ceramic shields protect the gas turbine housing from the com-
bustion heat and reduce heat losses, but they do not provide any acoustic damping. The first
turbine stages are also almost fully reflective to acoustic waves because the combustion chamber
exhaust flow is accelerated up to M ≈ 1.

Most of the damping needed for the attenuation of thermoacoustic instabilities is provided
by cooled liners and Helmholtz dampers. Compared to active control, dampers have the
striking advantage of their passive principle of work and, hence, high lifetime and reliabil-
ity. Acoustic liners can be adjusted to mitigate a broad frequency range or very effectively a
narrow frequency range [115]. They are used to cool the combustion chamber walls and to
provide damping. Helmholtz dampers, in contrast to that, are installed usually in the vicinity
of the burners [10, 18] but are also cooled with air from the last compressor stages. A single
Helmholtz damper can attenuate a narrow frequency range around the resonance frequency of
the device. Depending on the burner arrangement and external factors like the range of the fuel
quality and the load flexibility of the machine a combustion chamber can exhibit various types
of instabilities. They can differ in the mode shape, frequency, and amplitude. Considering that,
Helmholtz resonators, optimized for different frequency ranges, can be connected via one neck
and thereby provide broad-band damping [19].

Instabilities occur mainly at favorable operation points with low emissions. Consequently,
as pointed out by Bothien et al. [18], stationary gas turbine manufactures tolerate a certain
acoustic pressure amplitude in the combustion chamber as long as the materials in the combus-
tion chamber are not overburdened. To push the envelope in terms of operational flexibility,
low emissions and minimum usage of cooling air, the prediction of the acoustic dissipation is
of crucial importance. Based on isothermal data, this part of the thesis significantly extends the
current knowledge in terms of the reliable prediction of the acoustic dissipation of industrial
gas turbine combustors.
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First, a detailed Helmholtz damper model is introduced and the impact of the density field
is analyzed with the help of PIV, QLS, and microphone measurements. Subsequently, the
application of the model at various temperature differences is verified. Finally, an assessment
of the nonlinearities of the burner transfer matrix and the acoustic boundary conditions of the
flame is presented.

4.1 Helmholtz Resonator

A Helmholtz resonator consists of a cavity filled with compressible gas (resonator volume)
and a small tube (resonator neck), which connects the cavity to its surroundings (see, 2.14).
This acoustic oscillation system is in everyday life referred to as a “bottle” and acts similar to a
mechanical mass-spring-damper oscillator. Depending on the size of the volume, which is com-
parable to the spring-stiffness, acoustic pressure fluctuations in the enclosure might excite the
air-mass in the neck to oscillate. The damper corresponds to the acoustic dissipation generated
by vorticity and viscous forces, which limit the oscillation amplitude.

The mathematical approximation of the resonance frequency of the Helmholtz resonator
was found more than 100 years ago by its eponym Helmholtz [48]:

ωres = c

√
Sn

V (Ln + δ)
. (4.1)

where c, Sn, V, Ln denote the speed of sound, the cross-sectional area of the neck, the volume
of the cavity and the geometrical length of the neck, respectively. The virtual neck correction δ
represents the extension of the neck length due to the inertia of the air in the neck vicinity. As
will be shown later, this correlation is only valid for the theoretical limit of an isothermal loss-
free resonator at low amplitudes. It is especially difficult to predict the virtual neck correction
because it is very sensitive to the geometry of the neck, the acoustic amplitude, the mean flow
velocity in the neck, and the grazing flow velocity. Additionally, will be shown later in this
chapter, the cooling flow through the damper and the hot flows in the combustor affect not
only the resonance frequency but also the magnitude of the acoustic response.

The reminder of this section is structured as follows: first a detailed impedance model of the
Helmholtz resonator will be derived, which includes all relevant effects for the acoustic response
of Helmholtz dampers in combustion chambers. Subsequently, the amplitude-dependent flow
field in the resonator and its vicinity as well as concentration measurements in the resonator
are discussed. The influence of hot grazing flow and the acoustic amplitude on the virtual
neck extension is investigated, and an analytical model of the mean density in the neck at
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higher amplitudes is presented. Finally, measurements of the damping efficiency at elevated
temperatures are examined and properly incorporated into the model.

4.1.1 Prediction of Acoustic Response

The theoretical considerations are based upon the impedance model first of all published by
Keller and Zauner [63], which was later extended by Bellucci et al. [9, 10]. The original model
accounts for mean flow effects of the purging flow as well as effects of the secondary neck needed
for the purging flow supply and includes the nonlinear dissipation with a describing function
ansatz. For the sake of clarity, the effects of the secondary neck are neglected here. However,
it can be easily incorporated. The model is extended within this work to include the following
effects: hot-gas penetration, additional losses due to density stratification, and the respective
shift of the resonance frequency.

Assuming that the acoustic wavelengths are much larger than the dimensions of the neck,
the equation of motion of the neck can be written as:

ρ̄n (Ln + δ)
∂u
∂t
+ pcc − pv + ρ̄ j u

*.
,
ζvis + ζn + ζT (∆ϑ) +

i∑
ζΩi

|u |
2

+/
-
= 0 , (4.2)

where u, p, and δ denote the total axial velocity (u = ū + u ′), the total pressure (p =
p̄ + p ′), and the virtual neck extension, respectively. The mean spatial density of the neck
averaged over one oscillation cycle ρ̄n and the respective (index j = vis, n,T ,Ωi ) densities for
every loss-coefficient ρ̄ j are calculated as a function of the velocity. The function is derived
in Section 4.1.4. The loss-coefficients denoted by ζ include several loss mechanisms into the
model. ζvis represents the visco-thermal losses, which can be calculated a-priori and were already
determined quite accurately by Kirchhoff [69] in the late 19th century. For high shear numbers
(Sh = r

√
ω/ν � 1) and very low Helmholtz numbers (He = kr � 1) the damping coefficient

ζvis for visco-thermal losses at the walls in a quiescent fluid can be defined as [63, 103]:

ζvis = Lnω

(
1
√

2Sh

(
1 +

γ − 1
√

Pr

)
+

1
Sh2

(
1 +

γ − 1
√

Pr
−

1
2
γ
γ − 1

Pr

))
. (4.3)

In this equation γ represents the ratio of the specific heats and Pr is the Prandtl number.
The Sh−2 term in Eqn. (4.3) can in some cases attain values of 2% of the first term [103].
However, here it is neglected since it is assumed that visco-thermal dissipation at the walls is
much stronger than the influence of the visco-thermal losses in the bulk of the flow. Following
Peters et al. [103] this assumption is reasonable because losses in the bulk of the flow are of
lower order compared to the losses at the walls.
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The coefficient ζn accounts for the losses created by an asymmetrical flow profile and small
recirculation zones of the purging flow in the neck. It is obtained from cold measurements at
small amplitudes and was kept constant for all investigations with the same geometry. Non-
linear losses created by the vorticity produced at the area jumps are represented by ζΩi . The
coefficients are modeled with the help of correlations obtained for a steady contraction or ex-
pansion [58], which yield in case of the area jump between neck and combustion chamber:

ζ+
Ω
=

(
1 −

SN

Scc

)2

(4.4)

ζ−
Ω
=

1
2

(
1 −

SN

Scc

)
, (4.5)

where Sn and Scc are the cross sectional surfaces of the neck and the combustion chamber,
respectively. The correlations for ζ+

Ω
and ζ−

Ω
are opposed for the area jump between resonator

volume and neck. The effective area jump changes with increasing acoustic velocity amplitude,
as will be shown later.

The loss-coefficient ζT is a coefficient to account for the losses created by the temperature
gradients present at the entrance of the resonator neck. The physical background and the mag-
nitude of the losses caused by density stratification are discussed in Section 4.1.5.

The equation of motion of the resonator volume is used for the impedance model and for
the experimental determination of the acoustic velocity in the neck:

dρv

dt
V = −u ′ρv Sn , (4.6)

assuming the isentropic relation dpv
dt = c2 dρv

dt , with u ′ denoting the acoustic velocity fluctuation,
performing a transformation into the frequency domain the equation can be rewritten as:

p̂v =
û ρv Snc2

V ω
i . (4.7)

The acoustic pressure, which is measured with flush mounted microphones in the resonator
volume, is transformed into the acoustic velocity using this relation. Keller and Zauner [63]
modeled the nonlinear part of the pressure loss terms that accounts for the vortex shedding in
Equation (4.2) by only considering the fundamental harmonic. The validity of this assumption
can be confirmed by the results of Ingård’s and Ising’s hot-wire measurements [60]. Hence, a
Fourier analysis simplifies the nonlinear pressure losses to:

ζ ρωû |û |ℎ(X )iω (4.8)
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with X = |ūpf/û | and ūpf being the mean purging flow velocity

ℎ(X ) =



1
π

(
2X arcsin(X ) + 2

3

√
1 − X 2

(
2 + X 2

))
if 0 ≤ X ≤ 1

X if 1 < X
. (4.9)

With the differentiation of Equation (4.2) with respect to time and the relations from Equa-
tions (4.7) and (4.9) the following equation is obtained for the impedance (Z = p̂/û ) in the
frequency domain:

Z (ω, û, ϑ) = − ρ̄n (Ln + δ)ωi +
ρv Snc2

V ω
i − ρ̄ j

*.
,
ζvis + ζN + ζT (∆ϑ) + |û |ℎ(X )

i∑
ζΩi

+/
-

(4.10)

where the first term represents the oscillating mass in the neck and in its vicinity, the second
term the potential energy of the compressible gas in the volume and the third term the dissipa-
tion of energy, respectively. Here, ρ̄ j are functions of ω, û,Ln and ϑ. This detailed impedance
model can predict the acoustic response of Helmholtz dampers in the combustion chamber
based on a few isothermal measurements and one measurement at elevated temperatures, which
are needed for the determination of the pressure loss-coefficients.

Assessing the damper efficiency is done by means of the acoustic energy flux WJ = puSA

through the control area SA. This quantity is usually used with a normalization factor for an
assessment of the efficiency of liners (e.g., [73, 111]) and Helmholtz resonators (e.g., [10, 63,
138]). Here, it is employed normalized with the squared pressure amplitude:

Y =
WJ

p̂2 =
<(A)

2
SA , (4.11)

where Y is proportional to the real part of the admittance ( A = û/p̂ ), which is a measure of
the damping efficiency. It correlates the amount of acoustic energy flux to the acoustic pressure
amplitude, illustrating, for instance, that a resonator dissipates more energy at the resonance
frequency than at other frequencies for the same acoustic pressure amplitude. Furthermore,
it reproduces the characteristic narrow frequency response of the Helmholtz resonator very
well and is directly proportional to the damping efficiency. The net acoustic energy flux is
equivalent to the amount of energy converted from acoustic into hydrodynamic energy by
means of vortices and eventually is transferred to the smaller scales and dissipated into heat.
Here, it is referred to as normalized acoustic energy flux or damping efficiency and is usually
normalized to a linear isothermal reference state since the focus is on relative effects caused
by different impact factors. All frequency response data shown in the various figures were
carefully interpolated between two closely adjacent measured points to assure that the curves
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4.1. Helmholtz Resonator

always represent the same forcing amplitude.

4.1.2 Helmholtz Resonator Flow and Density Field

The governing parameter for the interaction between a steady jet in cross-flow was identified
by Smith and Mungal [127] as the momentum-flux ratio, which controls the trajectory of the
emanating jet and is defined as:

I =
ρgf

ρpf
·

ū2
gf

ū2
pf

. (4.12)

Here, the momentum-flux-ratio I is defined as the ratio between the momentum-flux of the
grazing flow and the nominal momentum-flux of the purging flow. This momentum-flux ratio
of the steady flow components is used as the control parameter to correctly assess the impact of
the grazing flow at isothermal and hot conditions.

The optical access was limited due to laser reflections caused by joints between the single
tubes (main tube, resonator neck and volume). These areas are left in white color without
streamlines in Figure 4.1 and all other figures.

For two different forcing amplitudes time-averaged flow fields of the emanating jet are de-
picted for the momentum-flux ratios of I =0.15 and I =0.75 in the Figures 4.1a to 4.1d . The
neck axis coordinates are for all figures normalized with the neck diameter. In the left column
the flow field for an acoustic velocity of |û/ūpf |=0.5 is illustrated, while the right column de-
picts the flow field at a higher amplitude of |û/ūpf |=5. The upper row shows the results for
a momentum-flux ratio of I =0.75 and the lower one for a momentum-flux ratio of I =0.15.
The acoustic excitation was forcing at 168 Hz, which is near the nominal resonance frequency.
The color represents the local time-averaged axial flow velocity normalized with the nominal
purging flow velocity ūpf in the neck of 4 m/s. Superimposed are arrows, indicating the flow
orientation in both directions.

For a momentum-flux-ratio of I =0.75 and a low forcing amplitude, the jet is deviating in the
grazing flow direction forming a curved trajectory and decaying within two hydraulic diameters
downstream of the resonator entrance to approximately 0.25|ūpf |. The jet velocity is close to
4 m/s, which is the nominal cooling flow velocity expected in the resonator neck. A smooth
transition between the axial jet and the crossing grazing flow is featured without strong velocity
gradients in the grazing flow direction. No significant axial component is observed in the
resonator cavity at low amplitudes. High amplitude forcing has a strong impact on the flow
field at both area jumps of the resonator neck. The jet emanating into the combustor is not
curved anymore and the jet axis does not deviate significantly from the neck axis within three
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ū
/|ū
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(d) |û/ūpf | = 5, I = 0.15

Figure 4.1: time-averaged flow fields of the emanating jet in the resonator and its vicinity for
two momentum-flux ratios and forcing amplitudes.

diameters away from the neck exit. The local time-averaged flow velocity of the emanating
jet exceeds three times the nominal mean flow velocity in the neck and is constant across the
whole jet diameter. Additionally, the jet diameter significantly increases. The increase of the
local mean flow velocity and the associated thickening of the jet is caused by the transition
from a static cross-flow to a pulsating (synthetic) jet behavior. The transition in the grazing
flow direction between the high axial velocities in the cross-flow jet and the grazing flow is very
rapid. At these high amplitudes a strong steady back-flow emanating from the vicinity of the
neck into the resonator volume is detected. This reverse flow is caused by the pulsating jet in
the resonator volume. The flow in the neck shows some asymmetries in the flow profile, which
may be caused by the recirculation zones at the resonator exit. Compared to the low amplitude
case, the mean flow velocity in the neck is slightly increased.

For a different momentum-flux ratio of I =0.15 the time-averaged flow field is depicted in
Figures 4.1c and 4.1d. The lowered velocity of the isothermal grazing flow has less impact
on the trajectory of the steady cross-flow emanating from the resonator compared to the case
with I =0.75. Within the measured range downstream of the resonator the jet velocity does
not decay. Again, the local time-averaged velocity is in the range of the nominal purging flow
velocity. Forcing at an amplitude of |û/ūpf |=5 results in a very similar flow field in the resonator
and in the vicinity of the neck as in the case with the higher momentum-flux ratio. The only
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4.1. Helmholtz Resonator

difference is observable around 2.5 hydraulic diameters downstream of the resonator entrance,
where the jet is not bended in contrast to the higher momentum-flux ratio case.

A higher grazing flow momentum-flux has a significant impact on the jet trajectory at low
forcing amplitudes while the influence at high forcing amplitudes is negligible.

To further analyze the interaction between grazing and oscillating cross flow, the time de-
pendent flow fields are decomposed in the framework of a triple decomposition according of
Equation (3.7) into the mean flow field v̄(x), the coherent fluctuations vc (x, t ) and the turbu-
lent fluctuations vs (x, t ). The axial component of the coherent fluctuation uc , obtained from
a phase-averaging, is depicted for two amplitudes and a momentum-flux ratio of I =0.75 in Fig-
ures 4.2a to 4.2h for different phases ψ of the oscillation. The superimposed streamlines depict
uc and v c normalized with the nominal mean flow velocity in the neck. The thick solid line at
the exit of the resonator represents the mean jet contour defined as the area where the mean jet
velocity is higher than 0.25 |ūpf | and for the higher amplitude case where the mean jet velocity
is higher than |ūpf |.

The formation of vortical structures is indicated by the streamlines for the low amplitude
case. They are formed and convected downstream along the bended jet. Since the acoustic
velocity fluctuation leads to a periodic change in the momentum-flux ratio, the jet trajectory
is oscillating. The emanating jet straightens at high axial velocities and bends at low acoustic
velocities, whereas the axial component is modulated by the acoustic velocity oscillation. As
indicated by the curved stream lines, this process generates vorticity that manifest in a periodic
perturbation of both velocity components.

The fluctuating flow field in the resonator neck indicates that it is not fully parallel, which
is probably caused by asymmetries of the purging flow. These secondary flow phenomena are
also responsible for acoustic energy losses in the linear regime. The same trend can be observed
in the resonator volume.

High amplitude forcing alters the flow field in the resonator cavity as well as in the neck
vicinity. Air from the vicinity of the neck is sucked into the resonator due to the high acoustic
velocity amplitude neck. This would cause hot-gas penetration at engine conditions. Two large
coherent structures are formed at the exit of the resonator neck. These are convected down-
stream along the emanating jet, creating a pulsating (synthetic) jet behavior, which explains the
steady flow in the resonator volume. Evidently, the vortices entrain a constant volume flow
from the vicinity of the area jumps into the jet, which is responsible for the increased mean
velocities illustrated in Figure 4.1b. This higher mean velocity shifts also the static momentum-
flux ratio and, consequently, straightens the jet trajectory. The steady jet, which is generated
by the two large vortical structures in the resonator volume, significantly decreases the effective
area jump and creates a steady back-flow.
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Figure 4.2: Phase-averaged fluctuating part of the flow field uc in the Helmholtz resonator
and its vicinity for two forcing amplitudes and four different phases at a momentum-flux ratio
of I =0.75.
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Figures 4.3c and 4.3d depict the time-averaged seeding particle density captured by the QLS
measurement technique for two forcing amplitudes at a momentum-flux ratio of I =0.15 at
isothermal conditions. The grazing flow was seeded, while the purging flow was free of seeding
particles. Although physical properties of the high temperature grazing flow set-up like thermal
losses and other differences like the diffusion between the flows cannot be reproduced by the
seeded isothermal flow, some valuable conclusions can be drawn from these measurements.
Qualitatively, a high seeding concentration corresponds virtually to high temperature in the
high-temperature resonator experiments.

In the linear regime, at an amplitude of |û/ūpf |=0.5, hot-gas does not enter the resonator
neck. However, the virtual neck is subject to turbulent and molecular diffusion and the emanat-
ing jet influences the density field in the vicinity of the neck. The particle density is decreased
downstream of the resonator entrance because the crossing purging-flow dilutes the grazing
flow. At a higher momentum-flux ratio of I =0.75, which is shown in Figures 4.3a and 4.3b, the
dilution of the grazing flow is much weaker. Besides the stronger deviation of the jet, which
was already evident in the PIV results, the upstream concentration profile of the grazing flow
is slightly different due to the higher inflow velocity at the increased momentum-flux ratio.
The non-zero values in the resonator volume and neck indicate measurement errors that are
probably caused by reflections and seeding deposition due to molecular diffusion during the
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Figure 4.3: Time-averaged seeding particle concentration captured by the QLS measurement
technique for two different momentum-flux ratios and two forcing amplitudes.
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measurement time as well as seeding transport by recirculation flows in the neck.

At higher amplitudes, which are depicted in Figures 4.3b and 4.3d, weaker density gradients
can be observed in the time-averaged grazing flow and the mean density in the neck is increased.
The concentration field is significantly changed compared to the low amplitude case. Contrary
to the low amplitude case, the density field is relatively homogeneous in the vicinity of the neck
and is not significantly influenced by the emanating cross flow. For the higher momentum-flux
ratio even a small ingestion of particles in the resonator volume is observed. Reverse flow in the
neck causes severe ingestion of particles into the resonator neck and influences the time-averaged
density in the neck.

The observed changes in the flow and density field have a substantial effect on the acoustic
response of the Helmholtz resonator. In the consecutive subsection the effect of density gradient
on the virtual neck extension will be discussed. Subsequently, the impact of density changes
in the neck at higher amplitudes is modeled and the effects of flow field changes and density
gradients on the energy dissipation are examined.

4.1.3 Neck-Correction

It is still not fully understood, how the virtual neck extension is influenced by the mean flow
velocity, the acoustic amplitude, and temperature differences. Addressing the problems of the
virtual neck extension and dissipation mechanisms, Ingård [59] suggested design guidelines for
acoustic resonators for various geometries. For several geometries, correlations as a function of
the neck diameter and similar geometrical dimensions are given. Like Ingård, Bies and Wil-
son [12] experimentally confirmed that the neck-correction is decreased by strong acoustic
velocity oscillations. An overview over the influence of the Mach number and the Strouhal
number is given by Peters [103]. However, a significant impact is only seen for higher Mach
numbers and low wave numbers. High Mach number grazing flows affect the virtual neck
extension because the trajectory of the emanating jet is influenced [131].

Highly relevant for gas turbine applications is the influence of temperature differences be-
tween the damper volume, purged with cooling air, and the plenum the resonator is flanged
to. The temperature difference between the grazing flow in a combustor and the purging flow
through the neck can be higher than 1000 K. The latter flow is taken from the last compressor
stages and can feature temperatures of 700 K [128].

To analyze the behavior of the virtual neck extension for different temperatures and ampli-
tudes, the measured temperatures at different axial positions in the neck were used to calculate
the virtual neck extension with the help of Equation (4.10). Figure 4.4a depicts the virtual neck
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Figure 4.4: (a) Behavior of neck correction for increasing acoustic velocity amplitudes and (b)
various temperature differences between grazing and purging flow. Values in (a) are normalized
with the end-correction at isothermal conditions and small forcing amplitudes. Values in (b)
are normalized with the end-correction at isothermal conditions and the respective forcing
amplitudes.

extension for different forcing amplitudes normalized with the virtual neck extension at isother-
mal conditions and small forcing amplitudes δ0. In line with the findings of Ingård [59] as well
as Bies and Wilson [12], the neck extension decreases with increasing acoustic amplitude due to
the increasing acoustic displacement. As shown by means of the flow field measurements, at low
amplitudes the flow field is characterized by small particle displacement and turbulent mixing
is of lower importance. At higher amplitudes turbulent mixing due to vortical structures causes
a nonlinear displacement of the mass in the vicinity of the neck preventing the neck extension
due to inertial forces.

Figure 4.4b illustrates the total virtual neck extension δ for various temperature differences
between grazing and purging flow, normalized with δi−0, which denotes the end correction at
isothermal conditions at the respective amplitude. The trend of a decreasing neck-correction
with increasing amplitude is preserved at higher temperatures. However, a weak temperature
dependence is observed. This probably stems from the inaccuracy of the temperature measure-
ments. Consequently, the frequency shift caused by hot-gas ingestion may not be correctly
reproduced by the fitted model. Nevertheless, a clear trend is identified for all amplitudes.

The mass end-correction is decreased anti proportionally to the temperature difference be-
tween purging and grazing flow. Furthermore, these results are consistent with the observation
made by Jörg et al. [61]. They numerically investigated the reflection coefficient of an open-end
pipe at different jet temperatures in a cold environment and compared the results to experi-
ments conducted by Rämmal and Lavrentjev [108]. It was found that the mass end-correction
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decreases with increasing temperature difference between the hot jet and the cold surrounding.
This observation and the current finding of a decrease of the mass end-correction with a cold
jet in a hot environment, support the note made by Bothien et al. [19], who suggested that
the mass end-correction has to be scaled with the density ratio. Howe also mentioned that the
mass end-correction is a function of the density ratio [53]. Following the findings of Bothien et
al. [17], who investigated the effects of density gradients with the help of Krypton as purging
gas, and assuming that the neck extensions on both sides are equal, one obtains:

δ (∆ϑ)
δ0

= 0.5 + 0.5
ρpf

ρc
. (4.13)

Scaling the cold flow neck-correction with the density ratio and using the mean purging
flow temperature as the cold gas density ρc is not in good agreement with the measured small
amplitude results, as illustrated in Figure 4.4b. The model fits well to higher amplitude results.
Applying the correlation with the mean density present in the virtual neck extension ( ρc =

ρδ ) results in a better agreement between theory and measurement. It must be noted that
it is unclear which density must be used as the effective grazing flow density. It is evident
with respect to the QLS measurement results shown in Figure 4.3 that the temperature field
in the vicinity of the neck is diluted at small amplitude conditions. Hence, applying a lower
grazing flow temperature to the correlation would further improve the agreement. However,
further experiments are needed to justify this approach. At the highest temperature difference
investigated, the total virtual neck length is decreased by 40% for linear forcing and by 100%
at very high amplitudes with respect to linear forcing at isothermal conditions. The main
limitation of the presented extraction of the mass end-correction out of the impedance model
is the limited accuracy of the temperature measurements (deviation up to 5% of the measured
value) in the neck. They are used to account for the effect of hot-gas ingestion into the neck,
hence, any measurement errors result in a higher or lower neck-correction and, thus, a shorter
or longer virtual neck-extension predicted by the model-fit. Especially at higher amplitudes and
temperatures with large amounts of hot gas in the neck this leads probably to some smaller
deviations.

Figure 4.5 depicts the normalized measured resonance frequency for various temperatures
and acoustic velocity amplitudes. The temperature difference was increased between 400 K and
1000 K at a fixed momentum-flux ratio of I =0.15. This was achieved by adjusting the grazing
flow velocity and temperature. A damper with a nominal resonance frequency of 168 Hz was
investigated.

Increasing the temperature leads to an increase in resonance frequency at very low forcing
amplitudes, which is linearly connected to the change in temperature of the grazing flow. In
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the linear regime at a temperature difference of 1000 K, the resonance frequency is increased by
5% compared to the isothermal case. At higher amplitudes the change is significantly stronger
and the frequency deviates for more than 9%. At small amplitudes, the shift of the resonance
frequency is caused by a modification of the virtual neck extension. At higher amplitude, the
resonance frequency is strongly shifted to higher frequencies, which is caused by additional
hot-gas penetration, which will be discussed in the next section.

4.1.4 Hot-Gas Penetration

The resonance frequency is not only affected by the end-correction but also by hot-gas ingestion
into the neck. Since the amount of cooling flow negatively influences the engine efficiency, the
design purging flow velocity in the neck is in the range of 1 m/s to 10 m/s, while the acoustic
velocities in the neck can be much higher. Additionally, the damping efficiency is also adversely
influenced by higher purging flow velocities. Instability amplitudes and frequencies can signif-
icantly change in the operational range of stationary gas turbines and are very dependent on
the fuel composition and quality. Consequently, reverse flow cannot be always avoided or the
problems associated to hot-gas penetration are even accepted to safe cooling air. While the safety
distance in terms of maximum material temperature is clear, the effects on the acoustic response
and, thus, the instability amplitude are more difficult to assess. Here, the effects of hot-gas pene-
tration are modeled in Equation (4.10) with the stationary component of the spatially averaged
density ρ̄ j in the neck (index n) and at both area jumps.

The impact of hot-gas intrusion can be nicely illustrated by analyzing the influence of the
neck density on the resonance frequency. Neglecting dissipation in Equation (4.2) and differen-
tiating with respect to time leads with the help of Equation (4.7) to the following homogeneous

77



Chapter 4. Acoustic Boundary Conditions

differential equation:

∂2u
∂t 2 +

Sn ρv c2
v

V Lρn
u = 0 . (4.14)

This equation represents the differential equation of a harmonic oscillator and the according
resonance frequency can be calculated by assuming ideal gas behavior (c =

√
γR sϑ, with R s

denoting the specific gas constant):

ωres = c

√
Sn

V L
ρv

ρn
=

√
γR s Sn

V L

√
1
ρn

. (4.15)

At isopycnic and isothermal conditions this equation simplifies to the well-known Helmholtz
resonator resonance frequency relation reproduced in Equation (4.1) at the beginning of this
chapter. It is evident that hot-gas penetration affects the density of the air in the neck and con-
sequently the density becomes smaller for regions of the neck, with hot-gas ingestion, which
causes a decreased time-averaged density. Hence, the resonance frequency is shifted towards
higher frequencies. If the purging flow velocity is small compared to the acoustic velocity am-
plitude, it becomes possible that the neck is exposed, in a worst-case scenario, to hot gas for half
of every oscillation period or it can even enter the cavity. The later case would lead to a further
decreased neck density, since it would affect the purging flow temperature.

Using the ideal gas law ρ = p/(RT ) and using a time-averaged density of the neck, the
relationship between the resonance frequency without (index c="cold") and with hot-gas pen-
etration (index ℎ="hot") becomes a sole function of the temperatures of the volume and the
combustion chamber:

ωℎ
ωc
=

√
ρv

ρn
=

√
2ρc

ρc + ρℎ
=

√
2

1 + ϑv/ϑcc
. (4.16)

Figure 4.6 illustrates the normalized resonance frequency deviation for hot-gas penetration
of the whole neck. The resonance frequency can be shifted by more than 20% for realistic
engine temperatures of, for instance, ϑgf ≈ 1800 K and ϑv ≈ 700 K [128] and high velocity
amplitudes in the neck or short necks, which are common due to the strict space limitations in
combustion chambers.

Assuming that the flow in the region of the neck extension behaves similarly to the flow in
the neck, the time dependent spatially averaged density of the air during reverse flow is modeled
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as:

ρn (t ) = ρv +
ρv − ρgf

L

�����

∫ t

c1

(ū + u ′) dt
�����

for c1 < t ≤ c2 . (4.17)

This equation implicitly neglects the effect of thermal diffusion in the neck. From a practical
point of view this is reasonable for most of the Helmholtz Resonator applications. The inte-
gration interval [c1, c2] is defined by the moments of total flow direction reversal in the neck
and exit of all hot gas out of the neck. These points in time are marked in the sketch shown in
Figure 4.7 together with the reverse point b , which marks the moment when the total flow is
again positive and moving towards the neck exit. The sketch illustrates the air velocity in the
neck and the assumed corresponding behavior of the spatially averaged density. The point c1 is
derived by solving ū+u = 0 and becomes c1 = (π+arcsin X )/ω. Whereas the upper integration
limit c2 is derived by solving the following condition, which implies that the distance covered
between the points c1−b is the same as b−c2, where b is the second zero-crossing of the velocity
(b = (2π − arcsin X )/ω): ∫ b

c1

X + sinωt dt = −
∫ c2

b
X + sinωt dt . (4.18)

It can be rewritten as:

X (π + arcsin X ) + cos(arcsin X ) = (Xω)c2 − cos(ωc2) , (4.19)

and it can only be solved iteratively. Finally, using the presented integration limits and
Equation (4.17), an expression for the air density in the neck, which corresponds to Figure 4.7,
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can be found:

ρn =




ρv + t X − cos(ωt )+
√

1−X 2−X (π+arcsin X )
ω û ρv−ρgf

L if c1 ≤ t ≤ c2

ρv if c2 ≤ t ≤ c1 + 2π.
(4.20)

Consequently, the density at the plane between neck and combustion chamber, which is needed
for the impedance model can be written as:

ρnc =



ρgf if c1 ≤ t ≤ c2

ρv if c2 ≤ t ≤ c1 + 2π .
(4.21)

These unsteady expressions for the different densities of neck and area jump can be included
into the proposed frequency space impedance model by performing a Fourier series decompo-
sition and considering the steady component only, which leads to:

ρ̄n = −
ω

2π
*
,

−2π ρpf

ω
+

c2
2 ūpf(ρgf − ρpf)

2L

+
c2u

√
(1 − X 2)(−ρgf + ρpf)

Lω
+

c2 ūpf(π + arcsin (X ))(−ρgf + ρpf)

Lω

+
u (X + sin(c2ω))(−ρgf + ρpf)

Lω2 +
u
√

(1 − (X )2)(π + arcsin (X ))(ρgf − ρpf)

Lω2

+
ūpf(π + arcsin (X ))2(ρgf − ρpf)

2Lω2
+
-

(4.22)

and for the density at the neck entrance:

ρ̄nc =
ω

2π

(
c2(ρgf − ρpf) −

ρgf(π + arcsin (X ))

ω
+
ρpf(3π + arcsin (X ))

ω

)
. (4.23)
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Figure 4.8: time-averaged temperature in the resonator neck at different axial positions in the
neck for various momentum-flux ratios and two forcing amplitudes at a frequency of 196 Hz.

Limiting the model to the steady component of the density function is advantageous in terms
of calculation time and still very accurate. The model can be used in the frequency domain and
the stability of the iterative solution procedure is improved. The model remains reliable because
the impact of the varying components is small compared to the other terms of the differential
equation.

Temperature measurements are used to verify the density model results. The temperature
in the resonator neck can be used to assess the time-averaged density in the neck. These were
measured with an ultra-thin thermocouple in the resonator neck for different amplitudes and
grazing flow velocities. The spatial temperature distribution in the neck was obtained by ad-
justing the thermocouple at different positions along the longitudinal axis of the neck and mea-
suring for at least eight seconds for every forcing amplitude and frequency. The influence of
heat radiation and convective effects on the detected temperature were not considered. Espe-
cially for higher temperatures in the range of approximately 1500 K, for which heat radiation
plays an important role, this may introduce an error of roughly 80 K [75]. It is difficult to cor-
rect the measured temperatures in the investigated unsteady temperature field. For the highest
temperatures observed, the error can be up to 5% of the measured value.

The normalized temperature difference along the neck axis is shown in Figures 4.8a and 4.8b.
Please note that the total length of the investigated resonator neck was Ln ≈ 2.6 dn. The tem-
perature profile for four different momentum-flux ratios at a linear amplitude of |û/ūpf |=0.75 is
depicted in Figure 4.8a. The same momentum-flux ratios are shown in Figure 4.8b at a nonlinear
forcing amplitude of |û/ūpf |=5, which features strong reverse flow in the neck.

In the linear regime, strong differences between the different momentum-flux ratios were
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observed for the temperature of the virtual neck extension and the vicinity of the neck, re-
spectively. The differences are caused by the increased turbulent mixing between grazing and
purging flow emanating out of the resonator neck. Although no reverse flow is caused by the
acoustic velocity at this amplitude level, the mean temperature in the neck is increased up to a
length of 1 dn in the neck. This increase of mean temperature in the physical neck is caused by a
recirculation zone created by the grazing flow [127]. Consequently, the temperature is increas-
ing with rising momentum-flux ratio. This effect is not captured by the presented time-averaged
spatial density approach. However, as shown in Figure 4.9, the effect on the acoustic response
is relatively small for a very similar geometry. These measurements were carried out as limited
preliminary investigations in the low amplitude and low Mach number regime. However, at
an increased difference between grazing and purging flow temperatures of 900 K, a shift of 2 Hz
of the resonance frequency is observed due to the increased temperature at the neck entrance.
Nevertheless, for configurations with very short necks and large cross sectional areas of the
neck this effect can become important. The strong temperature differences at the entrance of
the resonator are also an import information for the design of Helmholtz resonators and the
resulting component lifetime.

At very high amplitudes, the differences between various momentum-flux ratios in terms of
temperatures in the neck vanish. These measurement results are depicted in Figure 4.8b. Hot-
gas penetration significantly increases the mean temperature in the neck up to x/dn=1.5. As
shown in the phase-averaged fluctuating flow field for high amplitudes (Figures 4.2e –4.2h), the
flow field is dominated by the unsteady jet emanating from the Helmholtz resonator. In line
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|û/ūpf |=0.8;I=0.25

Y
/
Y

0

frequency in Hz
120 140 160 180 200
0

0.2

0.4

0.6

0.8

1

(a) ϑ = 0 K
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Figure 4.9: Normalized acoustic energy flux for different momentum-flux ratios in the linear
amplitude regime and two different grazing flow temperatures.
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Table 4.1: Comparison of measured and modeled spatially-averaged density in the neck for
forcing at 196 Hz for various amplitudes and a temperature of the grazing flow of ϑgf ≈ 1273 K.
Measured density derived from five point temperature measurements in the neck at I=0.75.

Velocity Measured Modeled Deviation
amplitude in |û/ū | ρ̄n in k g/m3 ρ̄n in k g/m3 in %

0.75 0.96 1.13 15
3 0.91 1.02 11
5 0.83 0.87 5
6 0.77 0.78 1

Table 4.2: Comparison of measured and modeled spatially-averaged density in the neck for
forcing at 196 Hz for various amplitudes and a temperature of the grazing flow of ≈ 1273 K.
Measured density derived from five point temperature measurements in the neck at I=0.05.

Velocity Measured Modeled Deviation
amplitude in |û/ū | ρ̄n in k g/m3 ρ̄n in k g/m3 in %

0.75 1.05 1.13 7
3 0.99 1.02 3
5 0.85 0.87 2
6 0.78 0.78 0

with this observation, at high amplitudes very little temperature differences in the neck can be
observed for different grazing flow velocities. The similarity of the flow fields at high amplitudes
for different static momentum-flux ratios is the reason for the vanishing differences between the
temperature profiles. The QLS-results, shown in Figure 4.3, are qualitatively similar to the trend
provided by the temperature profiles, although the concentration of hot-gas in the resonator was
overestimated up to 10% compared to the temperature measurement results.

To compare the model results to the measurements, the mean density in the neck is calcu-
lated using the thermocouple measurements in the neck. In Table 4.1 the results are compared
in a worst-case scenario to the measurements with a high momentum-flux ratio at ∆ϑ = 900 K ,
which feature relatively high temperatures already for small amplitudes due to the strong recir-
culation zone at the neck entrance.

The temperature in the resonator volume at the neck plane is assumed to be known, which
is from a practical point of view reasonable. Due to heat conduction and radiation the air
temperature at this plane is increased by 7 K at a temperature difference of 1000 K. An idealized
theoretical consideration of the heat conduction and radiation from the exhaust tube to the air
in the neck leads to an increase of 10 K.
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As expected, the deviation between model and measurement is relatively high at low ampli-
tudes, tending to small deviations for very strong forcing. The flow field in the neck and in the
vicinity of the neck features at high amplitudes obviously much more the model assumptions
of a clear separation between cold and hot flow streams. Since the model does not account for
hot-gas ingestion into the cavity, it is only valid for amplitudes smaller than |û/ū | < 6 for the
investigated geometry. The agreement seems reasonable, taking into account that the calcula-
tion of the mean density of the neck out of five measurement points in the neck features only a
limited accuracy.

Comparing the model results to measurements taken for a very small momentum-flux ratio
of I=0.04 at the same grazing flow temperature in Table 4.2, shows a better agreement for low
amplitudes. Evidently, the deviation at very low amplitudes stems from the hot-gas recirculation
zone at the neck entrance. Due to the square route correlation between resonance frequency
and mean density of the neck (see, Equation (4.15)), even the relatively high deviations at small
amplitudes in the range of 7% to 15% cause only single digit deviations in terms of the resonance
frequency.

The acoustic response of the Helmholtz resonator and the effect of temperature gradients
between grazing and purging flow on the damping performance and the resonance frequency
is illustrated in Figure 4.10. Four curves are shown, reproducing the normalized acoustic en-
ergy loss Y /Y0 for two amplitudes and two different grazing flow temperatures at the same
momentum-flux ratio of I =0.15. For low amplitude forcing, the resonance frequency is shifted
by 10 Hz with respect to the isothermal reference case due to the change of the virtual neck
length. At higher amplitudes the resonance frequency is shifted due to hot-gas penetration by
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additional 12 Hz with respect to the linear acoustic response at elevated temperatures. It is
worth noting that the resonance frequency is shifted between the linear and nonlinear response
by 2 Hz already in the isothermal case. This shift is apparently caused by a change of the vir-
tual neck extension at high amplitudes. Evidently, all three introduced effects, the amplitude
and temperature dependence of the length correction as well as the change of the resonance fre-
quency due to hot-gas penetration important, as shown with the presented hot-gas experiments.

However, increasing the temperature of the grazing flow by 1000 K leads to a decreased
normalized acoustic energy loss for the linear amplitude regime, which is about 25% lower
with respect to the isothermal case. For the nonlinear forcing amplitude, almost no difference
is observed in terms of the damping efficiency between the isothermal case and the measurement
results with hot grazing flow. Nevertheless, as expected, the normalized acoustic energy loss
is decreased at higher forcing amplitudes compared to the linear amplitude regime. The next
sub-section is focused on explaining the observed effects on the damping efficiency in the linear
and nonlinear regime.

4.1.5 Acoustic Dissipation at High Amplitudes and Density Stratification

High acoustic pressure oscillations cause very strong acoustic velocity oscillations in the neck of
the damper, especially at the resonance frequency. These fluctuations cause vortices, which are
responsible for the conversion of acoustic energy into vorticity and finally into heat. Although
it seems to be contradictory, the increased generation of vorticity and the associated dissipation
of acoustic energy decreases the damping efficiency of the Helmholtz resonator around the
resonance frequency because the quality factor of the oscillator is decreased. At the same time,
the damping can be increased at off-design frequencies [138]. Hence, additional dissipation will
always tend to decrease the normalized acoustic energy dissipation at the resonance frequency
while off-design frequencies can feature an increasing or decreasing damping efficiency, with an
optimum at a certain ratio of amplitude and dissipation.

For low amplitude forcing, the illustration of the ratio of the normalized acoustic energy
loss in Figure 4.11a reveals that the damping efficiency at the resonance frequency is decreased
linearly with increasing temperature compared to the isothermal case. However, at higher
amplitudes the effect becomes less pronounced and almost vanishes at a forcing amplitude of
|û/ūpf |=4. Hence, for industry relevant temperature differences between purging and grazing
flow the normalized acoustic energy loss can be up to 20% smaller for the investigated geometry
compared to isothermal conditions.
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Figure 4.11: (a) Impact of grazing flow temperature on the normalized acoustic energy loss at
the resonance frequency; additionally normalized with the respective values at the isothermal
resonance frequency at small forcing amplitudes. (b) Comparison of fitted data and empirical
modeling approach ζT .

To account for the losses created by the density stratification at the entrance of the resonator
the neck loss-coefficient ζT is introduced in the impedance model (see, Equation (4.10)). Al-
though not discussing the effect further, the additional losses were mathematically distinguished
already by Howe [53], who identified the acoustic energy flux as:

WJ =

∫
v′ρpf

(
(Ω × v) + p ′∇

1
ρi

)
dx i , (4.24)

with the cross product of the vorticity vector Ω and the velocity vector v representing the
dissipation created by vorticity and the term p ′∇ 1

ρi
denoting the losses generated by acceleration

in a stratified density field. The latter effect is taken into account by means of the proposed loss-
coefficient ζT , which is a linear function of the temperature difference between grazing and
purging flow ∆ϑ. For the investigated geometry and a momentum-flux ratio of I =0.15 the loss-
coefficient becomes ζT ≈ 0.003∆ϑ as depicted in Figure 4.11b. The fit of the impedance model
for small amplitudes and various temperatures of the grazing flow is shown, clearly revealing a
linear trend of the additional loss-coefficient. However, this is an empirical correlation strictly
valid for the investigated geometry, which requires further investigation. Nevertheless, with
respect to Equation (4.24) the proposed concept of a linear loss-coefficient should be generally
valid in the presence of density stratification.

The decreased damping efficiency is caused by the density gradients between grazing and
purging flow and the associated additional dissipation. Since this mechanism is linearly con-
nected to the acoustic velocity amplitude, it becomes less important for higher amplitudes,
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where the nonlinear vortex shedding mechanisms dominate the dissipation of acoustic energy.
At the same time, the density at the area jump between resonator and combustor decays due
to hot-gas penetration. This decreases the momentum-flux of the emanating jet and causes less
dissipation caused by the nonlinear vortex shedding at the edges of the neck exit. Consequently,
at extremely high amplitudes, the losses at the resonance frequency can also be smaller than at
isothermal conditions, leading to an increased normalized acoustic energy loss at the resonance
frequency compared to the isothermal acoustic response.

The nonlinear pressure loss-coefficients are functions of the effective area change (see, Equa-
tions (4.4) and (4.5)). As shown with the phase-averaged flow field measurements in Fig-
ures. 4.1c and 4.1d, the jet diameter increases with rising acoustic velocity amplitude. This
trend is also reflected in Figure 4.12, which illustrates the effective diameter as a function of the
normalized acoustic amplitude for different temperatures and for an isothermal case without
purging and grazing flow. The curves are obtained from a fitting between the impedance model
and the experimental data for various grazing flow temperatures at a constant momentum-flux
ratio of I =0.15. The effective diameter of the neck remains almost constant up to |û/ūpf |=2.
At this amplitude the curves for the different temperatures intersect the curve that represents
the virtual diameter for the response without purging and grazing flow. Without any mean
flow influence the response is immediately nonlinear, showing a change of the effective jet di-
ameter also for small amplitudes. At high amplitudes, the data show some scattering between
the experiments performed with different temperatures. This indicates that the losses produced
by the density gradient have also a nonlinear component, which is not covered in the current
modeling approach and affects the fitting of the model and the measurements. It probably stems
from the strong changes in the density field caused by the changed flow field in the vicinity of
the neck and the hot-gas penetration, as it is also shown qualitatively by the QLS results (see,
Figures 4.3).
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Figure 4.13: (a) Calibration procedure for the detailed impedance model. (b) Solution proce-
dure for the time-averaged mean spatial density.

Summarizing and reorganizing the presented findings, the subsequent sub-section gives guid-
ance for the application of the detailed impedance model and the associated derivation of the
hot-gas response of the Helmholtz resonator from isothermal experiments.

4.1.6 Application of the Detailed Impedance Model

The proposed detailed impedance model accounts for all effects observed in the hot-gas exper-
iments. Nevertheless, it depends on the experimental calibration of the loss-coefficients, the
amplitude dependency of the end-correction and the effective jet diameter. Additionally, at
least one measurement at elevated temperatures of the grazing flow is needed to incorporate
the impact of the density stratification at the vicinity of the neck. In the typically effective
frequency range of Helmholtz resonators, the frequency dependence of these quantities can be
neglected. Hence, isothermal single frequency measurements at several amplitudes levels and
one measurement at elevated temperature in the linear amplitude regime is sufficient for the
model calibration. Then, the model is applicable to resonators with different geometrical di-
mensions of the volume, grazing flow temperatures, instability amplitudes and operation points
of the combustor without further experiments.

Figure 4.13a illustrates the calibration procedure for the detailed impedance model. The
damper dimensions and purging flow properties can be taken from the geometry and instal-
lation set-up. Isothermal experiments at various amplitude levels are needed for the empirical
determination of the end-correction and the virtual jet diameter dependency on the acoustic ve-
locity amplitude. The losses due to flow asymmetries and so forth can only be incorporated by
experimental calibration. Additional acoustic response measurements at elevated temperatures
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(a) Isothermal acoustic response

 

 

|û/ūpf | = 6.3
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(b) Model verification at ∆ϑ = 450K

Figure 4.14: Normalized acoustic energy dissipation. Additionally normalized with isother-
mal linear response at the resonance frequency. Comparison of model and measurements for
temperature differences between grazing and purging flow of (a) ∆ϑ = 0K and (b) ∆ϑ = 450K .
Markers represent measurement points and lines depict model results.

can be used for the determination of the loss-coefficient ζT that accounts for the density stratifi-
cation. Furthermore, the measurements at elevated temperature can also be used for the model
verification step. The time-averaged flow temperature in the neck is of crucial importance for
the viscous loss-coefficient ζvis (see, Equation (4.3)). It depends on the angular frequency and
the Prandtl number, which is temperature dependent. The mean temperature in the neck can be
calculated from the time-averaged mean density in the neck ρ̄n. This quantity and the acoustic
velocity amplitude, which determines the actual end-correction and nonlinear loss-coefficients,
have to be found iteratively, as illustrated in Figure 4.13b.

The solution procedure for the determination of the time-averaged density in the neck for a
given pressure amplitude pcc generating reverse flow can be described as follows: In a first step,
û has to be estimated. The value is used in a second step for the solution of Equation (4.19) and
for obtaining the end-correction and nonlinear pressure loss-coefficient. In the next step, the
steady components of ρn and ρnc are obtained with the help of Equations 4.22 and 4.23. Using
the steady component of the density function and the ideal gas law (ϑ = p/(R s ρ)), the time-
averaged temperature in the neck can be calculated. This leads with the help of Equation (4.3)
to the viscous pressure loss-coefficient. By solving of Equation (4.10), a new guess for û can be
obtained. The procedure must be repeated, until the desired level of deviation is reached. It
was observed that the solution procedure is independent of the start values, as long as the start
value is physically meaningful, and the computational time is negligible for a strict convergence
criterion of 10−5.

89



Chapter 4. Acoustic Boundary Conditions
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(a) Model verification at ∆ϑ = 600K

 

 

|û/ūpf | = 6.3
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|û/ūpf | = 2.8
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(b) Model verification at ∆ϑ = 900K

Figure 4.15: Normalized acoustic energy dissipation. Additionally normalized with isother-
mal linear response at the resonance frequency. Comparison of model and measurements
for temperature differences between grazing and purging flow of (a) ∆ϑ = 600K and (b)
∆ϑ = 900K . Markers represent measurement points and lines depict model results.

The results of the isothermal model calibration for the investigated Helmholtz resonator are
depicted in Figure 4.14a. The markers depict the measurement results for various amplitudes
of the acoustic velocity in the resonator neck. An outstanding agreement between model and
measurements is achieved for all amplitudes. The damping efficiency decays rapidly at the
resonance frequency and the resonance frequency is slightly shifted to higher frequencies due
to the reduction of the virtual neck length. Off-design frequencies show an increasing damping
efficiency, while frequencies in between the resonance frequency and off-design frequencies have
an optimum damping efficiency at intermediate amplitudes. The very good agreement was
achieved with empirical correlations for the amplitude dependence of the virtual neck extension
and the virtual neck diameter that were discussed in the previous sections of this chapter.

As discussed in Section 4.1.3, the end-correction is a function of the acoustic amplitude and
the density ratio between grazing and purging flow. In the investigated amplitude range, the end-
correction is linearly decaying with increasing amplitude. Here, the value of δ = 8/(3π)0.84dn

is applied for small amplitudes up to |û/ūpf | < 1. It was found with the help of the isothermal
calibration measurements. For higher forcing amplitudes, the value decays linearly to a value
of δ = 8/(3π)0.64dn at an amplitude of |û/ūpf | = 8. At elevated grazing flow temperatures the
relation of Equation (4.13) is used.

The correlations given in Equations (4.4)-(4.5) are used for the determination of the nonlin-
ear loss-coefficients ζΩ. At small amplitudes, a total value of ζΩ−1 = 0.98 and ζΩ−2 = 0.47 can be
found for the two area jumps. Incorporating the findings presented in Figure 4.12, these values
are set to be constant for amplitudes up to |û/ūp f |=2. At very high amplitudes, the increased
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4.2. System Damping

effective jet diameter and the reverse flow have a strong impact on the loss-coefficient. These
effects are modeled by decreasing the loss-coefficients linearly to ζΩ−1 = 0.73 and ζΩ−2 = 0.36 at
a normalized amplitude of |û/ūp f |=10. This correlation is obtained by considering the effect of
the reverse flow by using again the correlations in Equations (4.4)-(4.5) and taking into account
the different flow direction. Additionally, it is assumed that ζΩ can be averaged at |û/ūp f |=10
between the respective values for backward and forward flow. The change of the effective jet
diameter was obtained from the isothermal measurements.

Additionally, the loss-coefficient ζT which accounts for the additional dissipation generated
by the density stratification is set to 0.003∆ϑ. Basically, a single frequency measurement at
moderately increased temperatures is sufficient to obtained this variable.

At an elevated temperature difference between grazing and purging flow of ∆ϑ = 450K ,
which is depicted in Figure 4.14b, a very good agreement between model and measurement
is obtained. The initial change in resonance frequency and damping efficiency as well as the
differences with increasing velocity amplitude are very good reproduced. At extremely high
amplitudes of |û/ūpf | > 6, the model overestimates the normalized acoustic energy loss towards
higher frequencies. This deviation is mainly caused by the temperature dependent spread of
the virtual neck diameter depicted in Figure 4.12 for very high amplitudes. Nevertheless, the
agreement is still acceptable.

Furthermore, Figures 4.15a and 4.15b illustrate the comparison of model and measurements
for various amplitudes at temperature differences of ∆ϑ = 600K and ∆ϑ = 900K . The agree-
ment is very good without significant deviations in terms of frequency or normalized damping
efficiency. It is interesting to compare the isothermal acoustic response to the response at an
elevated temperature of ∆ϑ = 900K . From a practical point of view it is worth noting that
neglecting the effects of density stratification and hot-gas penetration leads to an overestimation
of the normalized acoustic energy loss at the design resonance frequency by 40% at small ampli-
tudes and by 50% at very high amplitudes. Hence, taking the hot-gas effects into account, which
were found in this work, significantly improves the passive control of combustion instabilities.
However, damping is also provided by other elements of the gas turbine combustor. These are
discussed in the next section.

4.2 System Damping

All elements of the acoustic network model of the investigated set-up provide acoustic damping:
ducts, burner, and the terminations. However, the damping of the ducts is of lower order com-
pared to the other contributions and is consequently neglected. The other elements providing
damping in the investigated combustor are discussed subsequently.
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Chapter 4. Acoustic Boundary Conditions

Assessing the acoustic damping accurately is challenging because it depends on the tempera-
ture, flow field, and several other influence factors. For instance, Palies et al. [98] measured the
system response to acoustic excitation at reacting conditions and reconstructed a quality factor
of the measured oscillation. However, this approach is very vulnerable because it is difficult to
filter the contribution of the flame and the system boundary conditions. In contrast to that,
Krebs et al. [71] applied numerical Siemens in-house tools to incorporate the system damping.
However, the results of the limit-cycle analysis were very inaccurate.

Here, the Multi-Microphone-Method was employed. The upstream reflection coefficient is
obtained from the microphone array upstream of the burner with acoustic excitation from the
downstream end. Analogously, the acoustic boundary condition at the combustor outlet is de-
termined from the microphone signals on the downstream side when using excitation from the
upstream end. The burner transfer matrix is obtained from two excitation states, employing the
speakers on both sides. Mono-frequency excitation is used with records of 16–32 seconds length
for each frequency. A significant advantage of using these experimental response functions for
the network elements is that the damping effect is accurately incorporated into the model.

However, as pointed out by, e.g., Schuller et al. [124] the damping of the acoustic boundary
conditions can vary with the acoustic velocity amplitude. To assess the influence of this effect
measurements for various amplitudes and frequencies were conducted for the burner and open-
end reflections coefficient. Due to the limitations of the experimental set-up, the upstream
boundary conditions could be only measured in the linear regime.

4.2.1 Acoustic Burner Transfer Matrix

The burner transfer matrix connects the acoustic pressure and velocity at the inlet plane to the
quantities at the outlet. The burner can be treated as acoustically compact, which leads to an
analytical expression of the transfer matrix [9, 119]. The so-called l − ζ model treats the burner
as a compact acoustic discontinuity and is applicable if the wavelength is large compared to
the geometrical length. Similarly to the Helmholtz resonator neck, the burner features then
a virtual length l and acoustic dissipation incorporated by the pressure loss variable ζ . How-
ever, the model has some weaknesses. For instance, the virtual length is not identical to the
geometrical length augmented with the end-correction at the inlet and outlet of the burner as
it is the case with the Helmholtz resonator. Due to the complex stream lines of each particle
through the burner, the model input and output reference positions have to be adjusted to fit to
the model behavior. The loss-coefficient ζ is an additive combination of the nonlinear pressure
loss-coefficient ζΩ and the various losses created in the burner. In this modeling approach, the
losses are linearized. Hence, the analytical transfer matrix for an acoustically compact burner
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Figure 4.16: Four burner transfer matrix elements at the investigated operation point.

writes:

BTM(ω) = *.
,

1 iωρ̄l + ζ̄ ρ̄ ū
0 S1

S2

+/
-

, (4.25)

where the element B11 is one due to the assumption of acoustical compactness and B21 is zero
because the acoustic velocity is insensitive to the pressure as long as the assumption of mass
continuity holds, which means that no significant acoustic sources or sinks are present in the
burner. The continuity assumption is also the basis for the modeling of B22, which accounts
for the effective area jump between the inlet and outlet of the burner. Element B12 incorporates
the effective length and the acoustic dissipation, where ζ̄ and ρ̄ are averages between inlet and
outlet conditions and ū represents the mean flow component.

Figure 4.16 depicts the burner transfer matrix elements in terms of the real and the imaginary
part of the four transfer matrix elements of the investigated burner. Evidently, the agreement
between the l − ζ model and the measurement results is limited. Nevertheless, with respect
to the measurement accuracy the element B21 can be treated as zero and is in very good agree-
ment. On the other hand, the real part of B22 should be approximately 0.64, however, this
value is only in good agreement at very low frequencies. The same holds for the element B11,
which approaches unity for low frequencies. Adjusting the acoustic input- and output-planes
would improve the results for higher frequencies but would deteriorate the agreement at low
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Figure 4.17: (a) Real and (b) imaginary part of the burner transfer matrix element B12 for
various frequencies and amplitudes. The vertical axis shows the ratio between higher amplitude
values and the linear regime. The horizontal axis depicts the amplitude ratio at the burner
entrance. Frequencies are not distinguished

frequencies. Although the l − ζ model does not reproduce the characteristics of the investi-
gated burner for the whole frequency range at constant acoustic planes, some conclusion can
be drawn from the comparison. The losses due to the interaction of the hydrodynamic and the
acoustic field and the phase-shift due to the end-correction is mainly represented by the transfer
matrix element B12. For the exact assessment of the effect of higher velocity amplitudes, high
amplitude excitation with two linearly independent acoustic configurations is needed, which is
difficult to realize from a practical point of view. Assuming that B21 is still negligible at higher
amplitudes and that B22 is approximately constant, a single excitation setup is sufficient to assess
the development of B12 at higher amplitudes.

Figure 4.17a depicts the normalized real part of the burner transfer matrix element B12,
which represents the damping of the burner. Measurements are shown for various amplitudes
and frequencies, altogether 605 different measurement points for 55 frequencies between 50 Hz
and 300 Hz. The horizontal axis represents the normalized forcing amplitude and the vertical
axis the normalized real part of the burner transfer matrix element B12. Figure 4.17b shows
the normalized imaginary part of B12, which is responsible for the length correction. Both
values were normalized with the corresponding value of the respective frequency in the linear
regime ( |û/ū | < 0.1). The different frequencies are not distinguished because no frequency
dependent trend was identified. The ratio between the values measured at higher amplitudes
and in the linear regime is for both cases only weakly dependent on the excitation amplitude.
For self-excited instabilities, amplitudes of up to |û/ū | = 1 are expected. In this range a standard
deviation of ±2% from the linear value has to be expected for the real and imaginary part of

94



4.2. System Damping

B12. A deviation of 5% in the real and imaginary part of the B12-element affects the limit cycle
amplitude in the presented study by only approximately 1%. Hence, this effect is negligible for
the investigated set-up.

4.2.2 Upstream and Downstream Reflection Coefficients

The nonlinearity of the open-end reflection coefficient was examined since in case of a λ/4-mode
a velocity anti-node is situated at the open end of the combustion chamber causing acoustic
velocity amplitudes of up to |û/ū | ≈ 6.

As shown in Figure 4.18 the cold flow open end reflection coefficient of the combustion
chamber decreases with increasing frequency as expected by assuming a typical Levine and
Schwinger [77] correction of the open end termination. The Figure shows the isothermal re-
flection coefficient in the frequency range of 50–300 Hz for various amplitudes of the acoustic
velocity. However, around 90 Hz, 102 Hz, 180 Hz and 204 Hz the acoustic response deviates
from the typical open-end reflection coefficient. These deviations are related to an interaction
of the room acoustics and the combustion chamber exhaust tube. The change in the reflection
coefficient absolute value is relatively small. Consequently, the amplitude dependence can be
neglected. The same holds for the phase response, which features, as expected from an open-end,
a constant decay with increasing frequency.

As shown by Rämmal & Lavrentjev [108] and further investigated and modeled by Jörg et
al. [61], the damping may be significantly affected at the open end termination for the case of a
hot jet expanding into a cold environment. Consequently, the reflection coefficient used for the
stability analysis was measured in the linear regime at hot conditions. However, the results are
qualitatively very similar to the reflection coefficient shown in Figure 4.18.
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The reflection coefficient upstream of the burner, which characterizes the acoustic response
of the upstream tubing and the attached loudspeakers, is depicted in Figure 4.19. Since the test-
rig is not equipped with a high amplitude forcing device downstream of the burner, it is only
possible to measure the linear acoustic response. It was measured at cold flow conditions with
the burner installed.

The reflection coefficient features three nodes around 140 Hz, 160 Hz, and 240 Hz, respec-
tively. In these frequency regions, the reflection coefficient decreases almost to zero. The anti-
nodes feature a magnitude of the reflection coefficient between 1 and 0.5. The reflection coef-
ficient depends on the length of the variable upstream trombone, which is used to create the
high acoustic velocity amplitude forcing. For the stability measurement results in Chapter 5
the trombone was set to the shortest possible length, featuring the reflection coefficient as it is
shown in Figure 4.19. The length of the trombone basically affects the exact positions of the
nodes and, thus, is used to adjust the amplitude for the flame describing function measurements.

After the phenomenological investigation of the flame nonlinearities in Chapter 3 and the
detailed investigations of the nonlinear damping effects in this chapter, the next chapter of this
work will utilize the findings of the previous chapters in a nonlinear stability analysis of the
investigated combustor.
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Figure 4.19: Upstream reflection coef-
ficient for various frequencies at small
acoustic velocity amplitudes. The
trombone position was set to the short-
est possible length.
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Chapter 5

Nonlinear Stability Analysis

Prediction is difficult, especially when dealing with the future

Danish Proverb

1 In the 1950s, Merk [85] was one of the first, who applied a frequency-domain type anal-
ysis to determine the stability of thermoacoustic systems. By now, two approaches can be
distinguished for the determination of linear stability. Either the open-loop gain can be used
to assess the system stability via a generalized Nyquist stability criterion [114], or the disper-
sion relation of the system can be solved as an eigenvalue problem, which yields the unstable
frequencies [113]. Formally, the latter approach requires all sub elements in the model to be
evaluated at complex frequencies for the calculation of linear stability. But, if the transfer matrix
was obtained experimentally or numerically, it can be only evaluated at real frequencies. The
effect of the imaginary part of the frequency can be taken into account by using a physics-based
or a parametric model [118].

Linear instability is featured by an energy addition rate, which exceeds the damping. Subse-
quently, the initially small perturbations grow exponentially until the limit cycle amplitude is
reached. It is defined by an equilibrium of oscillation energy gain and acoustic losses. Depend-
ing on the source of acoustic damping the dissipation can be increased or decreased at higher
amplitudes. Since the acoustic pressure amplitude typically does not exceed 5% of the static
pressure in the combustion chamber, the acoustic field responds linearly and, hence, does not
change its behavior at higher amplitudes. However, due to various effects, already discussed in
chapter 3, the energy addition caused by the fluctuating flame saturates at higher amplitudes.
The nonlinear response of the flame can be modeled by an amplitude-dependent transfer func-
tion, here introduced as flame describing function. Incorporating the relevant nonlinearities in
the stability analysis, introduces an amplitude dependency, which allows for the determination
of the limit cycle amplitude.

1The work presented in this chapter is based on two publications [30] and [31]. Jonas Moeck mainly contributed
to the linear stability analysis presented later in this chapter. Paragraphs and phrases of this chapter are very similar
or identical to text paragraphs published in the two articles. These excerpts are written by me.
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The applicability of this approach was demonstrated with reasonable accuracy in recent
studies [21, 71, 93, 98]. Noiray et al. [93] observed the development of a linear instability
and investigated the established limit cycle amplitude. Different dynamic phenomena such as
triggering or mode switching were observed in a unconfined laminar Bunsen flame test rig.
These effects were successfully predicted by incorporating the nonlinear flame response in a
describing function framework. The approach was extended by the same research group to
confined laminar flames [21] and to turbulent perfectly premixed swirl flames at relatively low
Reynolds number [98].

Krebs et al. [71] investigated the limit cycle oscillations of a turbulent, technically premixed
and perfectly premixed swirl flame that were very similar to the one used in the present work.
They used experimental flame describing functions to validate numerical simulations. For the
technically premixed case, the flame describing function, which was measured on the basis of
OH*-chemiluminescence, was rescaled using the data from numerical simulations. The rela-
tively high deviation of the modeled limit cycle amplitude from the measured one was partly
attributed to the damping in the model, which was obtained numerically with an in-house code.
Additionally, only one geometrical configuration is discussed, which makes it generally difficult
to evaluate the accuracy of the method.

Due to the circumferential design of modern gas turbine combustion chambers azimuthal
modes are often dominant. However, numerical and experimental analyses of combustion insta-
bilities, manifested in azimuthal modes, indicate that the dominant heat release rate fluctuations
occur as a response to mass flow fluctuations through the burner, induced by the circumferen-
tial pressure field [22, 130, 137]. The annular combustion chamber and plenum design can be
considered by using the flame transfer function to longitudinal perturbations and incorporating
this information in an acoustic model, which accounts for the three-dimensional acoustic field.
For instance, Schuermans et al. [121] accurately predicted the instability spectrum in a gas tur-
bine by applying a flame transfer function, which was measured in a single-burner test-rig at
engine conditions.

Extending the works that were conducted on scientific burners, in this chapter the flame
describing function is used for the prediction of various limit cycle amplitudes experimentally
observed on an industrially relevant set-up. Additionally, the nonlinear Helmholtz resonator
response is coupled with the nonlinear flame response in a theoretical investigation.

The remainder of this chapter is structured as follows. First, the theoretical background of
the nonlinear stability analysis is explained. Consequently, the experimentally obtained flame
describing function is incorporated together with the acoustic boundary conditions, discussed
in the previous chapter 4, into a thermoacoustic modeling framework to calculate the stability
limits of the flame–combustor system. Although the operation point is slightly different than
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the one discussed in chapter 3, the dominant saturation mechanisms are the same. The measure-
ment results are then compared to the linear and nonlinear model predictions. An assessment of
the accuracy of the presented modeling methods and experimental approaches is made. Finally,
the nonlinear Helmholtz resonator model is coupled with the flame describing function. The
interaction of both nonlinearities is investigated.

5.1 Theory and Modeling

Acoustic network models can adequately represent the features of Thermoacoustic systems.
Such a network consists of several subsystems of acoustic transfer functions. Figure 5.1 illus-
trates the network model that is used to model the experimental combustor set-up.

Boundary conditions are included as single-input–single-output systems (see, Figures 4.18
and 4.19). The additional difficultly that the measured acoustic impedances of the system
boundary conditions are only real valued have been overcome through the analytic continu-
ation of the measured data based on models obtained from a system identification routine [46].
The models are in the form of rational transfer functions with orders sufficiently high to provide
a good match with the measurements. It is suitable to define the acoustic boundary condition
at a reference location, at which only plane waves propagate. To account for the variable length
tube downstream of the flame (see, Figure 2.3), an analytical tube transfer matrix TTM of a
loss free tube with low Mach number flow is included in the network model. The tube transfer
matrix can be easily derived from Eqn. (2.5) and (2.7) by applying the approach p̂4 = p̂3(x+L):



(
p̂
ρc

)
4

û4


=



cos(kL) −i sin(kL)

−i sin(kL) cos(kL)





(
p̂
ρc

)
3

û3


, (5.1)

with the wavenumber k = ω/c and length of the downstream tube segment L.

To model the flame, the transfer function model introduced by Schuermans et al. [120] for
technically premixed flames is used. It fits the experimental flame response data from the set-up
used in the present work reasonably well. The modified model writes:

F = g (e−iωτ1 e−ω
2σ2

1/2 − e−iωτ2 e−ω
2σ2

2/2), (5.2)

where τ1 and τ2 correspond to two time delays, associated with different response mechanisms,
and σ1 and σ2 are the corresponding standard deviations of the time delays. The complexity of
the model can be increased by introducing additional variables; however, it was not found that
the more complex models fit significantly better to the flame describing function measurements.

99



Chapter 5. Nonlinear Stability Analysis

𝑇𝑇𝑀 

𝑝 2 

BTM 

𝑢 2 

𝑍𝑢𝑠 

𝑝 1 

𝑢 1 

ℱ 

𝑝 3 

𝑢 3 

𝑝 4 

𝑢 4 

𝑍𝑑𝑠 

Figure 5.1: Network model used in the present work to represent thermoacoustic oscillations
observed in the experimental test-rig.

The gain of the original model yields a maximum gain of unity, which is not observed in the
experiments. Hence, Equation (5.2) is complemented with a scaling factor g to match the exper-
imental data. The application of the model enables the evaluation of the flame transfer function
at complex frequencies, allowing for the determination of correct growth rates at non-limit cy-
cle amplitudes and simplifying the numerical solution procedure. Equation (5.2) is extended
to the nonlinear regime of the flame response by modeling all parameters of the equation as
functions of the amplitude, which results basically in a decay of the empirical coefficient g with
increasing amplitude. Consequently, although the model is not capable of modeling physically
correctly the underlying mechanisms of the flame response saturation it is still used for the non-
linear stability analysis to analyze the growth rate of the eigenfrequencies better. Hence, the
flame describing function is modeled as a amplitude-dependent flame transfer function, which
is composed of two feedback mechanisms, where the flame response saturation is mainly re-
produced by scaling the transfer function gain with increasing amplitude. The approach fits
very well up to excitation amplitudes of |û/ū | = 0.85. Due to the physics based approach, the
measurement data is reasonably smoothed and filtered. This is especially at high acoustic ampli-
tude conditions useful since the flame response is relatively sensitive to external influences and
changes of the boundary conditions at high amplitudes.

Linking all subsystems and considering only the homogeneous part of the system matrix S
yields for the network depicted in Figure 5.1 the form



−1 Zus 0 0 0 0 0 0
B11 B12 −1 0 0 0 0 0
B21 B22 0 −1 0 0 0 0
0 0 1 0 −1 0 0 0
0 0 0 [1 + (ϑds/ϑus − 1)F (ω, |û |)] 0 −1 0 0
0 0 0 cos(kL) −i sin(kL) 0 −1 0
0 0 0 −i sin(kL) cos(kL) 0 0 −1
0 0 0 0 0 0 −1 Zds

︸                                                                                                  ︷︷                                                                                                  ︸
S



p̂1
ρ1c1

û1
p̂2
ρ1c2

û2
p̂3
ρ3c3

û3
p̂4
ρ4c4

û4



= 0, (5.3)

where Bi j and Zi j are the transfer matrix elements of the burner and the impedance of the
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upstream as well as downstream boundary conditions, respectively. The form of the flame
transfer matrix is taken from Equation (2.14). A solution of the system matrix exists only if the
determinant vanishes. This is the so-called dispersion relation:

det S(ω) = 0. (5.4)

The solutions of this relation are the eigenvalues of the system matrix, which can be interpreted
as the eigenfrequencies of the thermoacoustic system. Since a harmonic time dependence of e iωt

was assumed (see, Section 2.1) the real part of ω yields the frequency and the growth rate of
the eigenmode is represented by the imaginary part of ω, where =(ω) < 0 indicates an unstable
eigenfrequency. An initially small pressure perturbation at the linearly unstable eigenfrequency
will grow exponentially until finally a limit cycle amplitude is reached at which the growth rate
is zero. Hence, a thermoacoustic instability is characterized by a literally stable equilibrium of
acoustic dissipation and energy addition by the flame.

Employing the flame transfer function obtained at small forcing amplitudes gives informa-
tion about the initial mode stability. Nonlinear acoustic effects are not generated by gasdynamic
nonlinearities, as it is inherent in the Euler equations because the limit cycle amplitude is usu-
ally not high enough to produce significant wave steepening effects in the acoustic field. Thus,
the final pressure oscillation level, can only be calculated by taking into account the acoustic
response of the flame and dampers at higher amplitudes. The phenomenological explanation
and an appropriate modeling approach for the amplitude dependence of the acoustic response
functions of flame and damper were given in the previous chapters 3 and 4, respectively. Incor-
porating these describing functions, which are essentially transfer functions linearized at finite
amplitude levels, in the network model yields a dispersion relation that also depends on the
fluctuation amplitude [21, 93, 98]:

det S(ω, |û |) = 0 . (5.5)

This corresponds to oscillations with zero growth, thus the limit cycle. The stability of the
limit cycle furthermore requires ∂(Im(ω))/∂ |û | > 0.
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Figure 5.2: Linear flame transfer function measured with MMM and OH*-PMT. Models ob-
tained with n-tau model and system identification routine shown in addition, where n–τ-a and
n–τ-b illustrate two different fits of the same model.

5.2 Linear Stability Analysis

The gain and phase of the flame transfer function at a constant and small amplitude of the inves-
tigated operation point is illustrated in Figure 5.2. It was measured with the Multi-Microphone-
Method and the OH*-photomultiplier. For these measurements, the flame was forced acousti-
cally with the upstream loudspeakers at various frequencies with a normalized velocity ampli-
tude of |û/ū | = 0.1 approximately. Usually, the nonlinear effects are small at such low acoustic
amplitudes. Additionally, the results of the system identification routine, a rational model of
order 8, and two fits of the n–τ model (see, Equation (5.2)) are shown.

The transfer function gain indicates a strong amplification of velocity disturbances by the
flame around 100 Hz and in the range around 200 Hz . Although equivalence ratio fluctuations
tend to distort the transfer functions obtained with the photomultiplier, the results are in good
quantitative agreement to the microphone based results. However, especially at frequencies
around 100 Hz and in the range between 150 and 180 Hz some differences are present. Never-
theless, the phase response is almost identically acquired by both measurement techniques for
the whole frequency range. The three modeling approaches also show a very good agreement
in terms of the phase response. In contrast, only the system identification routine (SIR) re-
veals a perfect agreement in terms of the transfer function gain. It reproduces the gain of the
flame transfer function almost exactly, while the gain of the n–τ model either overestimates
or underestimates the response in some frequency ranges. Two fits are depicted in Figure 5.2.
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Figure 5.3: Comparison of linear FTF model results to microphone measurements down-
stream of the flame for various combustion chamber lengths. Only the dominant frequency
from the measurements and the frequency with the highest growth rate from the model are
shown.

The first one, labeled n–τ-a, fits good in the frequency range between 100 Hz and 200 Hz but
overestimates the response for higher frequencies very strongly. At the same time the second
fit, labeled n–τ-b, shows some deviations in the frequency range of 170 to 200 Hz and overes-
timates the response for very low frequencies, which are not in the focus of the investigation.
However, the accuracy of the model can be increased by introducing additional free model pa-
rameters. The current level of model complexity assumes two dominant mechanisms. The
averaged time delays identified by the phase response of τ1 = 0.01 s and τ2 = 0.003 s match
to the convective time needed from the injector to the flame and to the distance of the area
expansion at the combustor inlet to the center of gravity of the flame, respectively. Hence, the
mean time delays indicate that the two governing instability mechanisms are equivalence ratio
fluctuations and coherent flow structures generated at the area expansion. Although increasing
the model complexity improves the quality of the fit, it is omitted here. The third excitation
mechanism could be associated with the presence of swirl-number fluctuations[52]. However,
this approach is not pursued in this study because the improved agreement is mainly caused by
additional non-physics based scaling parameters and the agreement is at higher amplitudes again
worse. Consequently, the two-mechanisms based model, presented in Equation (5.2) , is used to
smooth the measured transfer function and to allow for an correct assessment of the dispersion
relation at non-limit-cycle amplitudes. The model is only used in frequency ranges with a very
good agreement.

For the assessment of the self-excited instabilities frequency and limit-cycle amplitude of
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different combustor volumina, the length of the variable downstream tube was gradually in-
creased from 0.6 m to 1.41 m. Two microphones were mounted in the combustion chamber
0.3 m downstream of the flame measuring the acoustic frequency spectrum and the limit cy-
cle amplitude at this position. The measurement and model results are depicted in Figure 5.3.
Here, the dominant frequency is defined as the frequency with the highest limit cycle am-
plitude. Additionally, the frequencies with the highest growth rates obtained with the linear
stability analysis using the system identification routine and the n–τ model are depicted. This
implies that the instability with the highest growth rate will always be the dominant instability.
This assumptions holds for the measurements and analyses conducted in this work. The com-
bustor is thermoacoustically unstable for lengths higher than 0.78 m. The instability oscillates
at this combustor length with 176 Hz and decreases down to 105 Hz at the maximum length
of 1.41 m. A constant decay of frequency with an almost constant amplitude in the range of
3500–4000 Pa was measured for lengths between 0.78 m and 0.94 m, associated with a λ/4-mode
downstream. For combustor lengths larger than 0.94 m, the instability frequency of 162 Hz
is constant. However, the limit-cycle amplitude decays and the mode becomes almost stable.
As will be discussed later, these operation points feature two unstable modes. At 1.1 m, the
dominant mode changes from a frequency of 162 Hz to 120 Hz. This mode again increases in
amplitude and decays in frequency for higher exhaust tube lengths.

The prediction quality of both modeling approaches is good. The models capture the dom-
inant self-excited instability frequency very accurately for smaller exhaust tube lengths. Espe-
cially the flame transfer function obtained by the n–τ model reveals some inaccuracies between
0.96 m and 1.07 m, where the frequency leveling at 162 Hz is not predicted. However, the model
correctly implies a change in the mode shape around 0.96 m, which is indicated by a jump in
frequency and is also present in the measurements. In contrast to that, the system identification
routine predicts for the same lengths a much smaller decay in frequency, with less deviation
from the measurements. This can be attributed to the accurate fit of the flame transfer function
gain. The low frequency range between 100 Hz and 120 Hz was predicted by both models with
an accuracy in terms of frequency deviation of approximately 10%.

Between 1.06 m and 1.1 m a double peak in the frequency spectrum was observed in the
experiments. The corresponding spectra are depicted in Figure 5.4. The pressure spectrum of
one of the upstream and one of the downstream microphones is depicted for various lengths.
Around a length of 1.07 m a hysteresis in the strength of the two modes was observed. De-
pending on the direction of the change in tube length, one or the other mode is dominant.
As shown in Figure 5.4a, at 1.06 m, the 162 Hz mode is dominant in the upstream and down-
stream plenum. Increasing the length in one step to 1.08 m results in an increased amplitude of
the 120 Hz mode (see, Figure 5.4b), which becomes the dominant frequency in the upstream
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Figure 5.4: Pressure spectra of downstream (blue) and upstream (red) microphone for different
combustion chamber lengths. The exhaust tube length was changed subsequently from (a) to
(d).

plenum but is still weaker downstream of the flame than the other mode. Finally, as depicted
in Figure 5.4c, at 1.09 m the 120 Hz mode is dominant upstream and downstream of the flame.
Once the 120 Hz mode is fully stabilized at larger lengths, the length can be decreased without
any evidence of the 160 Hz mode. For instance, the pressure spectrum illustrated in Figure 5.4d
shows no sign of a second mode at a length of 1.07 m in the upstream spectrum and only a small
bump in the downstream pressure signal at the frequency of 162 Hz.

Hysteresis in the oscillation mode is a natural phenomenon arising from two modes being
simultaneously linearly unstable [88]. Here, the hysteresis in the pressure spectrum is probably
caused by a temperature effect. The change of the exhaust tube length marginally affects the
downstream temperature field. If the growth rates of both instabilities are similar, the limit cycle
amplitude of the respective modes is highly susceptible to the temperature field. However, small
changes can affect the growth of the natural modes at initially small amplitudes. Eventually,
the temperature field varies the wavenumber in the downstream tube and this effect can be
reproduced by a linear stability analysis as shown in Figure 5.5. Based on the assumption that
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the mode with the initially higher growth rate will establish a higher limit cycle amplitude, the
dominant mode can be predicted. Figure 5.5 illustrates the jump in the dominant frequency
between the upstream and downstream mode for various downstream temperatures. The pure
downstream mode at 120 Hz becomes dominant already at shorter combustor lengths for lower
downstream temperatures. The upstream mode, on the other hand, remains dominant for larger
combustion chamber lengths if the downstream temperature is relatively high. In real engines,
such temperature changes can be induced by variations in the equivalence ratio ϕ or thermal
power and by frequency dependent nonlinear effects of the flame, such as the creation of rich
pockets. This induces additional difficulties for the prediction of the limit cycle amplitude if
two modes are linearly unstable.

To draw some more conclusions from the linear stability analysis on the limit cycle ampli-
tude, an empirical correlation between the growth rate and the limit cycle amplitude is needed.
For instance, Krebs et al. [71] suggest considering a relation between linear growth rates and
the limit-cycle amplitude. Figure 5.6 illustrates a similar correlation from the current investi-
gations. The linear growth rate is taken from the solution of the dispersion relation using the
flame transfer function modeled with the system identification routine. The ordinate shows the
measured acoustic velocity amplitude at the flame position. Evidently, high growth rates are re-
lated to strong limit cycle amplitudes, obtained with the Multi-Microphone-Method upstream
of the burner in conjunction with the burner transfer matrix. The correlation has a square-root
type trend up to growth rates of −11 s−1. For very high growth rates, the correlation is scattered
around a normalized amplitude of |û/ū | ≈ 0.6. Using such an empirical relation between linear
growth rates and nonlinear oscillation amplitudes allows the estimation of the limit-cycle from
the linear stability analysis. This is advantageous in many ways and in the first place it is much
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Figure 5.6: Correlation of linear growth rate
obtained by the system identification routine
and measured limit cycle amplitude.

easier to obtain the linear flame transfer function needed for the stability analysis. Addition-
ally, if engine data is available the limit cycle amplitude can be estimated for different operation
points. However, the relation is system specific, it cannot be predicted a priori, and depend-
ing on the correlation a lot of limit-cycle amplitudes are needed to estimate the correct trend
and shape of the correlation. In contrast, the flame describing function, which is needed for
the nonlinear stability analysis, can be measured at atmospheric conditions and can be used for
reliable prediction of instability modes, as discussed in the next section.

5.3 Amplitude Prediction

The response of the flame and the system boundary conditions at higher amplitudes is needed
to perform a linear stability analysis at a higher acoustic amplitude level. This correspondingly
called nonlinear stability analysis, yields the limit-cycle amplitude of the instability when zero
growth rate of the unstable mode is reached. The flame describing function is of crucial impor-
tance for the prediction of the limit cycle amplitude. Additionally, the experiments were not
conducted with a Helmholtz damper and, thus, no significant nonlinear damping was present
in the experimentally investigated system (see, Section 4.2). Consequently, the flame response
is the dominant system nonlinearity. The flame describing function applied in the nonlinear
stability analysis is presented in Figure 5.7. The gain is depicted in the upper part of the figure
and the corresponding phase response is illustrated in the lower part. The gain and phase re-
sponse are shown on the abscissa and the frequency on the ordinate. The normalized acoustic
velocity amplitude level at which the flame response was obtained is indicated by the color of
the respective markers. Commonly, an amplitude level of 10% is considered to be the limit
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/ū

|

Flin

F

ph
as

e
(F

)
in

ra
d

frequency in Hz

|F
|

100 150 200 250 300

100 150 200 250 300

0.2

0.4

0.6

0.8

1

1.2

1.4

−20

−15

−10

−5

0

0

1

2

3

4

Figure 5.7: Measured linear flame transfer function (blue stars) and flame describing function
for various amplitudes (circles). The color of the circles indicates the forcing amplitude at the
flame.

of linearity.This is accordingly represented by the blue line, measured at a frequency spacing
of 3 Hz. However, for frequencies around 200 Hz, nonlinear effects are observed at smaller
amplitudes already.

An amplitude dependence of the phase response is observed for frequencies around 160 Hz
and 340 Hz. Since equivalence ratio fluctuations and velocity perturbations are not in phase
around a frequency of 150 Hz, it is likely that the change in the phase response is caused by the
increasing equivalence ratio fluctuations. The change in the phase response around 340 Hz is
caused by a detachment of the flame at high forcing amplitudes.

Around 100 Hz and 200 Hz velocity perturbations are strongly amplified but these fre-
quency ranges show also major changes in the gain of the flame response. Due to the spe-
cific acoustic response of the upstream rig segment, the achievable forcing amplitudes are fre-
quency dependent. Around 100 Hz, the flame was forced with acoustic velocity amplitudes
up to |û/ū | = 1.4, while the realizable amplitudes for frequencies around 200 Hz were signif-
icantly lower, at approximately |û/ū | = 0.75 and for some frequencies amplitudes higher than
|û/ū | ≈ 0.1 were impossible to realize.

At low amplitudes the transfer function gain is approximately three for the two ranges of
high amplification. It decreases down to approximately unity for high amplitudes. The flame
responds linearly to forcing around 100 Hz up to an amplitude of |û/ū | = 0.2. In contrast to
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Figure 5.8: Comparison of FDF ob-
tained by MMM and PMT-OH∗ and
modeled FDF at an amplitude level of
|û/ū | = 0.63.

that, the response becomes nonlinear almost immediately for frequencies around 200 Hz and
small acoustic velocity amplitudes cause a significant reduction of the gain in this frequency
region. It is interesting to note that the transfer function gain is increased with the forcing am-
plitude for frequencies around 145 Hz, which is likely caused by changes in the flame shape and
the mean flow field. Although the presented flame describing function was obtained at slightly
different operation condition than the ones discussed in Chapter 3, the describing functions are
similar and the dominant saturation mechanism presented there are expected to be the same.
The excitation by the coherent structures saturates due to the limited amplification of the shear
layers. At the same time, increased attenuation of the equivalence ratio fluctuations at higher
amplitudes for higher frequencies and a decreased heat of reaction at lower frequencies lead to a
reduction of the transfer function gain.

As already explained, the parameters of the n–τ flame describing function model (see, Equa-
tion (5.2))were determined to match the results of the Multi-Microphone-Method in the fre-
quency range between 100 Hz and 200 Hz for all investigated amplitudes. This is the range
where the instabilities in the combustor test rig were observed. Figure 5.8 illustrates a compar-
ison between the flame describing function measured with the Multi-Microphone-Method, the
OH∗-photomultiplier results, and the n–τ model for a normalized acoustic velocity amplitude
of |û/ū | = 0.63. The modeling of the flame describing function is applied because there is only
a very limited number of measurement points for amplitudes higher than |û/ū | = 0.5 available.
The n–τ model smoothes the data, and it is ensured that the flame describing function preserves
a physically meaningful shape, which is lost when applying interpolation between widely scat-
tered measurement points. Additionally, it allows for a correct assessment of the growth rates
at all levels of amplitudes.
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The deviation of the chemiluminescence light emissions from the actual heat release rate at
technically premixed conditions is the supposed reason for the significant deviation of the OH∗-
photomultiplier obtained describing function for some frequencies. While the accurate micro-
phone measurements indicate a node of the transfer function gain at approximately 160 Hz,
the OH∗-photomultiplier results suggest a flat response at this amplitude level. Depending on
the phase relation between fluctuations in equivalence ratio and velocity, the flame response
can either be overestimated or underestimated by the photomultiplier measurements due to
the exponential dependency [51] on the equivalence ratio and the linear dependency on the
mass flow. A constructive phase relation of the two contributions to the chemiluminescence
intensity leads to an overestimated flame response while a destructive phase relation causes an
underestimation.

The n–τ model fits very well to the measurements. To quantify the quality of the chosen
model, the deviation to the measurements is depicted in the Figures 5.9a and 5.9b in terms
of gain and phase difference, respectively. The relative error of the n–τ model in terms of
the normalized difference between measurement and model (∆F /F0), is except for frequency
between 120 Hz and 160 Hz well below 20%. For most of the points even well below 10%.
The absolute deviation in terms of the phase response is below 50°, expect for the frequency
of 160 Hz. The poor agreement in the range between 120 Hz and 160 Hz is technically caused
by the relatively low values of the gain in this region. Hence, small absolute deviations in
terms of the gain cause a relatively strong mismatch. Additionally, only two measurement
points are available in this frequency range for higher forcing amplitudes. As pointed out in
section 2.3, the day to day variations of flame transfer function measurements can exceed ±5%
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/ū
|

ph
as

e
er

ro
r

in
o

frequency in Hz
100 120 140 160 180 200

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

−150

−100

−50

0

50

100

150

(b) Phase deviation

Figure 5.9: (a) Relative error of flame describing function approximation with n–τ model.
Here, relative error is defined as the normalized difference between the measurement results
and the model: ∆F /F0. (b) Depicts the absolute deviation of the n–τ model in terms of phase
response.
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Figure 5.10: Comparison of measured and calculated dominant limit cycle frequencies and
amplitudes for various combustion chamber lengths.

and additional variations introduced by the mass flow meters can also significantly affect the
flame response measurement results. Hence, deviations between 10-20% are in the range of the
effective measurement accuracy. Nevertheless, despite the punctually relatively high deviations
between measurements and nonlinear n–τ model, the modeling has some important advantages.
It simplifies the numerical solution of the dispersion relation and smooths and interpolates the
transfer function with a physics based approach. Especially the measurement of the nonlinear
transfer function is very sensitive to many operation parameters and susceptible to measurement
inaccuracies, hence a physics based interpolation and filtering is justified.

The comparison of the dominant limit cycle amplitudes at the flame, obtained with the
nonlinear stability analysis using the amplitude-dependent n–τ model, and the experimentally
measured dominant instability amplitudes is shown in Fig. 5.10. The dominant mode is here
again defined as the mode with the highest limit-cycle amplitude. For the cases with two modes
present in the combustor, it is important to note, that the modes were not simultaneously
oscillating but rather alternating in time. Hence, the system was not in limit-cycle state by
definition, when two modes were present. However, the time signals measured have a length of
32 to 64 seconds and were digitally filtered with a bandpass-filter centered around the respective
instability frequency. The resulting separation of the pressure signal of each mode was used to
obtain a representative amplitude. For both, simulation and experimental results, the color of
the markers indicate the limit cycle amplitude of the dominant instability frequency in terms
of normalized acoustic velocity at the flame.
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For the measurement of the self-excited instabilities, the length of the variable downstream
tube was gradually increased from 0.6 m to 1.41 m. The combustor becomes unstable at a length
of approximately 0.76 m with a frequency of 176 Hz and remains unstable up to the maximum
combustor length of 1.41 m. As expected from the discussion of the downstream acoustic pres-
sure measurements, the instability frequency decays with increasing combustor length and the
relative amplitude behaves similar to the pressure amplitudes shown in Figure 5.3. Nevertheless,
the relation between acoustic pressure and velocity is frequency dependent, which means that
some differences in the relative amplitude between the Figures 5.3 and 5.10 are present. The
acoustic velocity amplitude at the flame, which was obtained with the microphones upstream
of the burner in conjunction with the burner transfer matrix, is generally very high and in the
range of 0.5 < |û/ū | < 0.75. Around the combustor length of 1 m, where two modes were
observed, the amplitude decays to small amplitudes in the range of |û/ū | ≈ 0.1, which is close
to a thermoacoustically stable system. However, as pointed out with the spectra shown in the
Figure 5.4, clear instability peaks are still present in the pressure spectrum.

A very good quantitative agreement in terms of frequency and amplitude for the whole range
of investigated combustor lengths is obtained with the nonlinear stability analysis. Decaying
frequencies as well as the two mode jumps around 0.95 m and 1.1 m are predicted in good
agreement with the experimental results. In contrast to the measurements, the model predicts
a decaying frequency for combustor lengths between 0.97 m and 1.08 m. At 0.8 m and at 1.15 m
the model overestimates substantially the limit cycle amplitude compared to the measurements.
Especially the discontinuity in terms of amplitude at 0.8 m, where the amplitude level drops
from a |û/ū | ≈ 0.65 level to an amplitude of 0.4, seems to be a measurement outlier.

A systematic assessment of the modeling error is presented in Figure 5.11. The absolute
deviation of frequency and amplitude for the whole range of investigated combustor lengths
is shown. The absolute deviation in terms of frequency is generally in the range of -10 Hz
to +10 Hz with a peak deviation of 12 Hz. The median of the relative error ∆ f / f0 for all
measurement points is 3.5%. Generally, the absolute deviation in terms of velocity oscillation
amplitude is in the range of −0.1 < ∆|û/ū | < 0.1, with a peak deviation of ∆|û/ū | = 0.33. The
corresponding median of the relative error is 14.6% for all data points. Especially around the
mode jump at 1.1 m, the prediction deviates relatively strong from the measurement in terms
of frequency as well as amplitude.

The amplitudes of the secondary frequencies, which were observed around a combustion
chamber length of 1.06 m to 1.1 m are depicted in Figure 5.12. The amplitudes and the frequen-
cies were accurately predicted by the describing function analysis. However, an anticipated
secondary peak at 1.07 m, was not observed in the measurements due to the temperature hys-
teresis effects discussed in the previous chapter.
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Figure 5.13a depicts the growth rate and instability frequency at a combustor length of
1.335 m for various acoustic velocity amplitudes at the flame. The nonlinear stability analysis
predicts a limit cycle instability at a frequency of approximately 110 Hz. The frequency slightly
deviates from 111 Hz at very low amplitudes to 113 Hz at higher amplitudes and again back to
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Figure 5.12: Comparison of measured and calculated limit cycle amplitudes and frequencies
for two unstable modes for various combustor lengths.
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Figure 5.13: (a) Frequency and growth rate (real and imaginary part) of eigenfrequency at
combustor length of 1.335 m for various acoustic velocity amplitudes. (b) depicts the flame
describing function gain at 110 Hz.

110 Hz at limit cycle conditions, as indicated by the color painting. Hence, it is almost con-
stant. At low amplitudes, the linearly unstable system features a relatively high growth rate
of =(ω0/2π) ≈ −161/s . The growth rate decreases linearly with the increasing amplitude up
to |û/ū | ≈ 0.6, and it decreases stronger for higher amplitudes. A comparison between the
flame describing function gain at 110 Hz, which is depicted in Figure 5.13b, and the amplitude
dependency of the growth rate reveals the strong connection between the flame response satu-
ration and the establishment of the limit cycle amplitude. The trend of both curves is exactly
opposing to each other. This is to be expected, since the phase response of the flame describing
function changes only by less than 10° at this frequency. Additionally, linear damping was
assumed, consequently, only the transfer function gain can affect the growth rate of the unsta-
ble mode. A reduced amplification of the perturbations affecting the flame, causes a decreased
energy addition rate to the acoustic field and hence a reduced growth rate of the instability.

At a combustor length of 0.93 m a different evolution of the linearly unstable mode, which
is initially small in terms of amplitude, can be observed until the limit cycle is reached. The
corresponding illustration of the frequency and growth rate for various acoustic amplitudes is
shown in Figure 5.14. Here, initially very small perturbations at 161 Hz will cause a self-excited
instability, which eventually oscillates at a frequency of 173 Hz. This change of 12 Hz is caused
by the change of the acoustic response of the flame at higher amplitudes, which affects the
system acoustics and thereby the resonance frequencies of combustor. The growth rate decays
initially very fast up to an amplitude of |û/ū | ≈ 0.2 but eventually approaches the limit cycle
just before |û/ū | ≈ 0.6. At this operation point, the connection between the flame describing
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Figure 5.14: Frequency and growth rate (real and
imaginary part) of eigenfrequency at combustor
length of 0.93 m for various acoustic velocity ampli-
tudes.

function and the growth rate, determined by the nonlinear stability analysis, is not clear due
to the relatively strong shift in terms of frequency and because of the gradient of the flame
describing function in this frequency range (see also, Figure 5.7).

The magnitudes of the flame describing functions at the three measured frequencies in the
range of the discussed instability frequency are depicted in Figure 5.15a. Evidently, the lin-
ear gain at the three frequencies is qualitatively and quantitatively very different. At 174 Hz a
monotonic decay of the initially relatively high gain is observed. At the same time, at 166 Hz
the gain is constant up to an amplitude of |û/ū | ≈ 0.3, while the gain at 160 Hz is even increasing
slightly. For higher amplitudes, the three curves become relatively similar. The corresponding
phase responses, shown in Figure 5.15b, reveal comparatively strong gradients with increasing
amplitude and between the three frequencies. A clear correlation between the flame response
and the growth rate of the unstable mode is difficult, since the discussed instability evolves from
a perturbation at 160 Hz and eventually oscillates at 172 Hz. Accordingly, the phase response
relative to the acoustic velocity is almost constant during the evolution of the instability. Al-
though the gain increases initially due to the change in frequency, the growth rate decays very
strongly, especially at low amplitudes. However, the phase relation between the heat release
and the pressure field changes. While the initial oscillation at 160 Hz fits very good to a quarter
wave mode, higher frequencies feature an unfavorable eigenmode and will cause a decrease of
the acoustic pressure amplitude at the flame. Not only that the damping is higher at higher fre-
quencies, the energy addition rate is also determined by the amplitude-dependent phase relation
between the pressure field and the flame, both effects decrease the growth rate of the unstable
mode in this case and are responsible for the decay of the growth rate at small amplitudes. Even-
tually, the limit cycle is established due to the decrease of the flame describing function gain at
172 Hz at higher amplitudes.

The flame describing function gain at 160 Hz can potentially give rise to subcritical insta-
bilities [87, 89] because the gain slightly increases at lower amplitudes. Subcritical instabilities
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Figure 5.15: (a) Measured flame describing function gain and (b) phase at three frequencies.

or nonlinear instabilities, as they are called sometimes, are instabilities that do not evolve from
small perturbations but are rather manifested at higher amplitudes due to an increased gain or
decreases damping. However, small increases of the gain as in this case will cause subcritical
instabilities at special circumstances, only. As will be discussed in the next subsection, strong
nonlinear damping effects promote these kind of instabilities considerably.

5.4 Coupling of Nonlinear Damping and Flame response

As discussed, instabilities can be predicted in terms of frequency and amplitude quite accurately,
if all relevant acoustic responses are known as functions of frequency and amplitude. Conse-
quently, corrective measures can be taken to stabilize the system or to reduce the pulsation
amplitude. Increasing the system damping sufficiently leads to a linearly stable system. How-
ever, if the flame describing function gain increases with increasing amplitude, which is very
unusually, or if the damping decreases at the same time, the system can turn unstable at a higher
amplitude, although the system is linearly stable. This behavior was, for instance, discussed by
Culick et al. [35] for rocket combustors. It is often referred to as triggering [20], subcritical
instability [87, 89], or nonlinear instability [139]. In a gas turbine, pressure shocks can be in-
duced by the ignition or extraordinary events occurring in the compressor or turbine. These
shocks or high amplitude pressure waves can trigger subcritical thermoacoustic instability.

The effect of hot gas penetration (see, Section 4.1.4) into the damper causes a strong am-
plitude dependency of the damping efficiency, additionally to the nonlinearity caused by the
vorticity at the neck at higher acoustic velocity amplitudes. To investigate the interaction be-
tween this strong nonlinearity and the flame describing function theoretically, the acoustic
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Figure 5.16: Network model used for the theoretical assessment of the nonlinear interaction
between Helmholtz resonator and flame response.

network model used in the previous sub section is modified. It is illustrated in Figure 5.16.
The combustor is linearly stabilized at a combustion chamber length of 1.335 m with the help
of Helmholtz dampers attached virtually to the chamber at the location of the flame. The
flame describing function and the nonlinear Helmholtz resonator impedance are acoustically
connected by an infinitesimal small volume. This means that the acoustic pressures at this node
are equal ( p̂3 = p̂4 = p̂5) and the acoustic velocities are connected by the continuity equation
( û3A3 = û4A4 + û5A5). Due to the coupling of the heat release rate and the acoustic pressure
field, it is suitable to install the resonator near the flame. Hereby it is ensured that the resonator
is situated at a pressure anti node in case of a constructive feedback cycle between heat release
and the acoustic field, which is a necessity for a self-excited thermoacoustic instability. Placing
the resonator in a worst case at a pressure node would minimize the acoustic dissipation because
the resonator response is driven by the acoustic pressure. The exhaust tube transfer matrix is
lumped into the downstream impedance since only one combustor length is investigated.

The original instability frequency was experimentally observed at 105 Hz, at an instability
amplitude of |û/ū | ≈ 0.7. The respective simulation results were discussed with the help of the
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Figures 5.10 and 5.13. Both, frequency and amplitude were slightly overestimated by the model,
leading to a frequency of 110 Hz and an amplitude |û/ū | ≈ 0.78.

Increasing the acoustic dissipation with acoustic resonators alters the system acoustics and
can cause additional instabilities at other frequencies. Consequently, dampers were applied in
the frequency range of approximately 135 Hz and 100 Hz. Figure 5.17 illustrates the normalized
damper efficiency for the latter one. The amount of acoustic energy dissipation was carefully
adjusted to ensure linear stability at all frequencies. The frequency shift caused by the hot
gas penetration at higher amplitudes increases the damping at the former unstable frequency
of 110 Hz. However, at lower frequencies around 85 Hz the modified combustor system can
become unstable, which is the reason for centering the Helmholtz damper response between
85 Hz and 110 Hz. Please note that the presented resonator response is only valid for real
frequencies and thus limit-cycle conditions. The dissipation is decreased for linear unstable
systems and the associated negative imaginary values of the oscillation frequency.

The normalized acoustic energy dissipation at a constant frequency of 85 Hz is depicted
in Figure 5.18a as a function of the acoustic pressure amplitude in the combustion chamber
at the flame. The damping efficiency decays exponentially and approaches 30% of the linear
damping efficiency at an acoustic pressure amplitude of 450 Pa. In contrast to that, the flame
describing function gain, which is associated to the energy addition rate, is relatively constant
at low amplitudes. It is shown in Figure 5.18b as a function of the acoustic velocity amplitude
upstream of the flame. The flame response is taken from the amplitude-dependent n–τ model
and it starts to saturate slowly for amplitudes |û/ū | > 0.1. The nonlinear stability analysis
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of this artificial system is especially challenging due to the dependence of the flame describing
function on the acoustic velocity and the corresponding dependency of the resonator to the
acoustic pressure. The connection of both quantities depends on the system acoustics, which
are again amplitude-dependent due to dependency on the flame describing function and the
Helmholtz resonator impedance.

The growth rate of the initially stable eigenfrequency with the smallest growth rate is
depicted in Figure 5.19 as a function of the acoustic velocity amplitude at the flame. The
system is linearly stable and becomes unstable at an amplitude of |û/ū | ≈ 0.14 with a fre-
quency of 85 Hz, which slightly increases with increasing amplitude. At an acoustic velocity
amplitude of |û/ū | ≈ 0.17 a limit cycle is established with an acoustic pressure amplitude of
| p̂ | ≈ 300 Pa. Increasing the forcing amplitude even further leads to a second nonlinear insta-
bility at |û/ū | ≈ 0.21, which is associated to a limit cycle at an amplitude of |û/ū | ≈ 0.24 and
| p̂ | ≈ 350 Pa. For higher acoustic velocity amplitudes at the flame the system becomes again
unstable. However, the application of the damper model is limited to amplitudes, which do
not cause hot gas ingestion into the volume. Increasing the amplitude further would inquire a
resonator with an extremely long neck, which is from a practical point of view irrelevant.

The nonlinear instabilities are caused by the different decay rates of the damping efficiency
and the flame describing gain. A reduction of the normalized acoustic dissipation has a desta-
bilizing effect, while a reduced flame describing function gain stabilizes the thermoacoustic sys-
tem. Hence, single high amplitude pressure waves or temperature fluctuations in the resonator
neck can trigger a subcritical instability of a linearly stable system.
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Chapter 6

Summary and Outlook

Writing, at its best, is a lonely life. Organizations for writers palliate the writer’s loneliness but I
doubt if they improve his writing. He grows in public stature as he sheds his loneliness and often
his work deteriorates. For he does his work alone and if he is a good enough writer he must face
eternity, or the lack of it, each day. For a true writer each book should be a new beginning where
he tries again for something that is beyond attainment. He should always try for something that
has never been done or that others have tried and failed. Then sometimes, with great luck, he will
succeed.

Ernest Hemingway, Nobel Banquet at the City Hall in Stockholm, December 10, 1954,
the speech was read by John C. Cabot

Emissions of nitrogen oxides, which are harmful to the human health and the environment,
are strictly regulated. To satisfy these regulations, modern gas turbine manufacturers mostly
rely on the implementation of lean premixed combustion in their high efficiency gas turbines.
Unfortunately, lean premixed combustion is prone to thermoacoustic instabilities. These self-
excited high-amplitude pressure oscillations arise from the coupling of heat release fluctuations
in the flame and the acoustic field. Thermoacoustic instabilities negatively affect the emissions
of pollutants and restrict the operation regime of gas turbines, which ultimately has negative
effects on the engine efficiency and flexibility. They can reduce the lifetime of the engine or
even destroy parts of it. Improvement and further development of the understanding and the
modeling tools for premixed flames are needed to reduce the emissions and further increase the
gas turbine efficiency. This work contributed to this task in the following ways.

The design of the investigated generic burner is similar to the design applied in real engines.
The flame response investigations of the swirl stabilized turbulent flame were conducted for
perfectly and technically premixed conditions.

An extensive sensitivity analysis of the flame transfer function revealed that significant de-
viations and errors are introduced in the measurements even by very accurate mass flow meter
systems. It was also shown that nonlinearities at the acoustic boundary conditions introduce
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additional errors in the single digit range. More over, the comparison between the photomul-
tiplier and microphone measurements confirmed that the former is quantitatively wrong and
even may be qualitatively misleading in the case of a technically premixed flame. Unfortunately,
photomultiplier tubes are often used for flame response measurements because of the compact-
ness of this technique. It was also shown that inaccuracies caused by production tolerances of
the burner limit the prediction capabilities further. Unavoidable differences, between analytical
models and CFD on the one side and the experiment on the other side, in the degree of partial
premixedness and the temperature in the combustion chamber, limit the accuracy of prediction
tools, too.

It was empirically shown in this work that the flame response of the perfectly premixed swirl
flame is connected to the amplification of vortices in the shear layers of the flame. The maxi-
mum coherent fluctuation intensity measured in the flame area and the heat release fluctuation
feature the same trends with respect to different forcing amplitudes and the swirl numbers. The
flame response and the corresponding flow fields for three different swirl numbers indicate that
acoustic forcing causes significant changes in the time-averaged reacting flow fields and flame
shapes. A triple decomposition is applied to the time-resolved data, which reveals that coherent
velocity fluctuations at the forcing frequency are considerably stronger amplified in the shear
layers at low forcing amplitudes than at high amplitudes. This is an indicator for a nonlinear
saturation process. The strongest saturation is found for the lowest swirl number, where the
forcing additionally detached the flame. This is in line with the characteristics of the flame de-
scribing function at the investigated frequency for the different swirl numbers. Consequently,
the hypothesis of an interaction between the shear layer amplification of the vortical structures
and the perfectly premixed flame response is presented. The saturation of the growth of the
vortical structures causes a saturation of the heat release fluctuation of the perfectly premixed
flame. Hence, future investigations of the transfer function between vortical structures and the
flame response by means of numerical calculations could significantly improve the modeling of
flame transfer functions.

The influence of equivalence ratio fluctuations on the dynamic response of a swirl flame
was investigated, too. To separate the influences from the equivalence ratio perturbations and
the velocity fluctuations, the flame describing function was decomposed for several frequen-
cies. In this approach the difference between the perfectly premixed flame describing function
and the flame describing function for various degrees of technical premixedness is analyzed
and attributed to the influence of the mixture inhomogeneities. Detailed investigations of the
flow field and the flame dynamics of perfectly and technically premixed flames have justified
this approach because the mean flame shape and the flame and flow field dynamics are very
similar. The degree of unmixedness was gradually varied, and equivalence ratio fluctuations
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were artificially increased. The decomposition approach delivered consistent results for most of
the investigated frequencies for this combustor–flame arrangement. Applying this technique at
other combustors could significantly improve the development of these systems since it allows
for a simple assessment of the thermoacoustic impact of variations in the degree of unmixedness.
The time consuming experiments and numerical calculations, which are needed for the devel-
opment of a combustor, can be significantly reduced . However, the decomposition approach
still needs further validation at different burner types.

Two previously not considered saturation mechanisms were identified for the technically
premixed flame. Firstly, caused by the strong movement of the flame and due to significant ef-
fects in the mean flow field and the flame shape, the phase of the equivalence ratio contribution
to the flame response changes with increasing pulsation amplitude. The strong modifications
of the mean flow field and mean flame shape affect the respective time delays of velocity oscil-
lations and equivalence ratio fluctuations. This can have an impact on the interference between
velocity and air–fuel mixture oscillations; in case of an initially constructive interference, this
leads to saturation. Secondly, because of the increase of turbulent shear stresses and the tur-
bulence intensity with growing oscillation level, the interaction of coherent structures and the
changes in the mean flow field and the flame shape, the mixing of fuel and air varies with in-
creasing fluctuation amplitude. The increased attenuation of equivalence ratio fluctuations at
higher acoustic forcing amplitudes in the premixed section causes a significant saturation of the
flame response to equivalence ratio fluctuations and explains the saturation of the technically
premixed flame response at relatively small amplitudes. However, the mixing inhomogeneities
were not measured. An investigation addressing the verification of an increased damping of
equivalence ratio oscillations should be conducted in the future.

Helmholtz resonators are used in the gas turbine industry as acoustic dampers in the com-
bustion chamber. The precise knowledge of the acoustic damper response is as important as
the flame describing function for the correct prediction of thermoacoustic instabilities. The
dampers are subject to hot-grazing flow from the combustor and high amplitude pressure oscil-
lations. They are cooled by a constant purging flow taken from the compressor. Due to the
negative effect of cooling flows on the overall engine efficiency, the amount of purging flow is
limited. As a consequence, the ingestion of hot-gas cannot be avoided for every operation point.

The effect of hot grazing flow on the damping efficiency and resonance frequency was inves-
tigated in detail. Two different set-ups were subject to the investigation. High-speed PIV mea-
surements were conducted on the isothermal set-up to measure the flow field in the Helmholtz
resonator and in the vicinity of the resonator entrance for various amplitudes and momentum-
flux ratios between purging and grazing flow. Additionally, seeding was used as a tracer to
visualize the ingestion of the grazing flow into the resonator neck and volume. The second
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experimental set-up featured the possibility of investigating the effects of a hot grazing flow
acoustically. Comprehensive acoustic measurements were conducted for a variety of amplitudes
and temperature differences between grazing and purging flow of up to 1000 K. Furthermore,
the temperature in the neck was measured at different axial positions. The acoustic data were
also used in conjunction with a detailed impedance model for the calculation of the virtual neck
extension and the effective area jump.

Limited investigations in the very low Mach-number regime at momentum-flux ratios up
to unity revealed that the grazing flow has no significant influence on the acoustic response of
the Helmholtz resonator. Nevertheless, it was observed that the momentum-flux ratio influ-
ences the temperature at the Helmholtz resonator neck entrance for small amplitudes. The PIV
measurements revealed that a complex interaction between grazing flow and purging flow is
present at low amplitudes. Moreover, at high amplitudes the flow field is dominated by the jet
emanating out of the resonator. Independent of the momentum-flux ratio of the static purging
and grazing flow, a pulsating jet is generated at both area jumps of the resonator neck. Conse-
quently, the entrainment of the surrounding fluid increases the time averaged volume flow of
the purging flow strongly, similar to a synthetic jet. The mixing experiments illustrated very
well the change in the density field at high amplitudes in the resonator neck, which is in line
with the temperature measurements at reacting conditions. They also revealed that relatively
small changes in the momentum-flux ratio have an impact on the density field in the vicinity of
the resonator entrance.

It was shown for the first time that density gradients have a significant impact on the reso-
nance frequency and the damping performance. For a correct assessment of the acoustic energy
flux at reacting conditions, the density gradients in the vicinity of the resonator entrance have
to be taken into account. The reduction of the neck length correction, which is proportional
to the temperature difference between grazing and purging flow, has a strong impact regardless
of the amplitude. It influences the resonance frequency significantly. The impedance model of
the Helmholtz resonator is extended with an additional loss-coefficient, which takes the losses
generated by density gradients into account. Furthermore, the trend of the effective area change
is analyzed with the help of the impedance model in the linear and nonlinear regime and fits
qualitatively very well to the flow field analysis. Due to the synthetic jet, which is observed
at high amplitudes, the area jump ratios are decreased at higher velocity amplitudes due to the
thickening of the emanating jet. The effects on the air density in the neck caused by hot-gas pen-
etration were modeled analytically. The time-averaged value of the spatially-averaged density of
the air in the neck is incorporated into the detailed impedance model. It predicts a significant
shift of the resonance frequency already for small and moderate pressure amplitudes due to hot-
gas intrusion. The penetration depth depends on the purging flow velocity and the pressure
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oscillation amplitude in the combustion chamber at the entrance of the Helmholtz resonator.
It was found that a rough knowledge of the mean flow temperature in the exhaust tube is suf-
ficient to achieve accurate results with the nonlinear impedance model. The model is in very
good agreement with the obtained experimental data for all investigated cases. Additionally, a
very simple rule of thumb was introduced to assess the worst-case impact of hot-gas penetration
on the damper resonance frequency in a first step.

The presented results suggest that taking temperature gradients between purging and grazing
flow into account, significantly improves state of the art impedance models and allows for an
accurate prediction of the impedance with very few experiments at isothermal conditions and
at least one experiment at elevated temperature. A reliable a-priori impedance prediction of
new designs without any experiments remains a challenge and should be in the focus of future
work.

The investigated flame describing functions can be used in conjunction with the newly devel-
oped damper model to predict thermoacoustic instabilities in the engine. Until now, the accu-
rate prediction of limit cycle amplitudes has not been demonstrated for industry relevant com-
bustion systems. The flame response, the acoustic burner transfer matrix and the impedance
upstream and downstream of the burner were obtained with the Multi-Microphone-Method.
The acoustic responses of all subsystems were incorporated into a nonlinear thermoacoustic
modeling framework to determine frequency and amplitude of the self-excited limit cycle oscil-
lation. In order to verify the simulation results without the damper influence, measurements
were made for various lengths of the exhaust gas tube.

The results of the acoustic network model are in very good agreement for the entire range
of combustor lengths investigated. Frequencies and acoustic amplitudes of the instabilities were
accurately predicted. The flame describing function was also able to reproduce secondary peaks
in amplitude and frequency with good accuracy. For the first time, a detailed stability map for
a range of instabilities was predicted for an industry type burner including dynamic nonlinear
features such as the change of oscillation frequency or a temperature hysteresis. Additionally,
an empirical correlation between the linear growth rates and limit cycle amplitudes was found,
which should be investigated further.

The presented methodology is proven to be reliable for gas turbine relevant combustion
systems with a verified high degree of accuracy. At least for natural gas fired combustors, the
results can be scaled to high pressure conditions. However, the correct assessment of the system
damping for realistic geometries and engine conditions remains challenging. Additionally, the
interaction of the flame describing function and the enhanced nonlinear Helmholtz resonator
impedance model was investigated theoretically. It was found that the interaction promotes
subcritical instabilities. These need to be investigated experimentally in future work.
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[30] Ćosić, B., Moeck, J. P., & Paschereit, C. O. (2013). “Prediction of pressure ampli-
tudes of self-excited thermoacoustic instabilities for a partially premixed swirl-flame.” In:
Proceedings of ASME Turbo Expo 2013. doi:10.1115/GT2012-69774.
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