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Abstract

This thesis is concerned with the mathematical modelling, optimal control and parameter
identification of phase transformations in multiphase steels. The main focus is on hot-
rolled dual phase steels, which combine good formability properties with high strength.
Phase transformations in dual phase steels, which occur during the controlled cooling
after hot rolling, play an essential role in the formation of the final microstructure and
mechanical properties of the material.

Based on the Leblond–Devaux approach, a mathematical model for the austenite-
ferrite phase transformation during controlled cooling on the run out table is derived.
The ordinary differential equation for the growth of ferrite includes the factor that cou-
ples the influence of the austenite grain size and the retained strain before the cooling on
the formation of ferrite. The mathematical model for the austenite-martensite transfor-
mation incorporates the carbon enrichment during the ferrite formation, which influences
the martensite start temperature. The derived model has been validated by means of
deformation dilatometer experiments, simulating the hot rolling of dual phase steels.

Dilatometer experiments provide complementary information useful for the modelling
of phase transformations in steel. Usually, the data is only used to determine the start and
end temperatures of the phase transformation during cooling from the high-temperature
phase. In this thesis, an inverse problem is considered to identify the complete phase
transformation kinetics from the dilatometer measurements of the temperature and the
length change of the steel samples. The inverse problem under investigation is a parameter
identification problem for the one-dimensional thermo-elasticity system, which describes
the interaction of temperature, displacement and phase transformations in dilatometer
experiments. A global stability estimate for the inverse problem is derived using the tools
of semigroup theory. It is shown that, in the case of at most two product phases, the
complete phase transformation kinetics, including the final phase fractions, are uniquely
determined by the dilatometer data.

For the numerical implementation, the parameter identification problem is formulated
as an optimal control problem. The state system is discretized using a finite-difference
scheme and the unknown phase functions are approximated by cubic splines. The numeri-
cal results are presented for the Mo-Mn dual phase steel and compared with experimental
data.

An optimal control problem for the production of dual phase steel is investigated that
takes into account phase transformations in the steel slab. The state equations are a
semilinear heat equation coupled with the ordinary differential equation, that describes
the evolution of ferrite fraction. The time-dependent heat transfer coefficient serves as
a control function. This optimal control problem is analyzed. Moreover, the necessary
and sufficient optimality conditions are derived. For the numerical solution of the control
problem, a reduced sequential quadratic programming method with a primal-dual active
set strategy is applied. The numerical results are presented for the optimal control of a
cooling line in the production of hot-rolled Mo-Mn dual phase steel. The optimal control
approach has been verified in hot rolling experiments at the pilot hot rolling mill at the
Institute for Metal Forming of the TU Bergakademie Freiberg.
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Zusammenfassung

Das Thema dieser Arbeit ist die mathematische Modellierung, Optimalsteuerung und Pa-
rameteridentifikation für die Phasenumwandlungen in Mehrphasenstählen. Dabei liegt der
Schwerpunkt auf den Dualphasenstählen, die eine gute Umformbarkeit mit einer hohen
Festigkeit kombinieren. Phasenumwandlungen in Dualphasenstahl während einer kontrol-
lierten Abkühlung nach dem Warmwalzen spielen eine entscheidende Rolle für die Einstel-
lung der gewünschten Mikrostruktur und mechanischen Eigenschaften des Stahlblechs.

Basierend auf dem Ansatz von Leblond und Devaux, wurde ein mathematisches Mo-
dell für die Austenit-Ferrit-Phasenumwandlung entwickelt. Eine gewöhnliche Differenti-
algleichung für das Wachstum von Ferrit wurde um einen zusätzlichen Faktor erweitert,
der den Einfluss der Umformung und Austenitkonditionierung auf die Bildung von Ferrit
beschreibt. Das mathematische Modell zur Beschreibung der Austenit-Martensit-Phasen-
umwandlung berücksichtigt die Kohlenstoffanreicherung des Restaustenits während der
ferritischen Phasenumwandlung, was die Martensit-Starttemperatur beeinflusst. Das ent-
wickelte Modell wurde durch Experimente zur Prozesssimulation von Warmwalzvorgängen
am Umformdilatometer validiert.

Dilatometerexperimente liefern wichtige Informationen über die Phasenumwandlun-
gen, die für die Modellierung der Gefügekinetik benutzt werden können. Normalerweise
werden die Daten nur zur Bestimmung der Anfangs- und Endtemperatur der Phasenum-
wandlung nach Abkühlung von der Hochtemperaturphase genutzt. In dieser Arbeit wird
ein inverses Problem zur Identifikation der kompletten Kinetik der Phasenumwandlungen
in Stahl aus Dilatometerdaten untersucht. Ein Parameteridentifikationsproblem für ein
eindimensionales quasistationäres Modell der Thermoelastizität wird betrachtet und eine
globale Stabilitätsabschätzung für die Lösung des inversen Problems abgeleitet. Es wird
gezeigt, dass sich bei maximal zwei Produktphasen, als Funktionen der Zeit die komplette
Phasentransformationskinetik eindeutig durch die zeitabhängigen Längenänderungs- und
Temperaturmessungen bestimmen lassen. Die numerischen Ergebnisse werden für Mo-Mn-
Dualphasenstahl präsentiert und mit experimentellen Daten verglichen.

Ein Optimalsteuerungsproblem für die Kühlstreckensteuerung einer Warmbandstraße
zur Produktion von Dualphasenstahl wird untersucht, wobei die Phasenumwandlungen in
Stahl berücksichtigt werden. Die Zustandsgleichungen sind eine semilineare parabolische
Differentialgleichung für die Temperatur und eine gewöhnliche Differentialgleichung, die
die Austenit-Ferrit-Phasenumwandlung in Stahlblech beschreibt. Der zeitabhängige Wär-
meübergangskoeffizient trifft als Steuerungsgröße auf. Für dieses Randsteuerungsproblem
wird die Existenz einer Lösung gezeigt und die notwendigen und hinreichenden Optima-
litätsbedingungen abgeleitet.

Für die numerische Lösung des Optimalsteuerungsproblems wird ein reduziertes SQP-
Verfahren (sequential quadratic programming) mit der primal-dualen Aktive-Mengen-
Strategie implementiert. Die numerischen Ergebnisse werden für die optimale Steuerung
der Kühlstrecke zur Produktion der gewünschten Mikrostruktur für Mo-Mn-Dualpha-
senstahl präsentiert. Der Steuerungsansatz wurde an der Pilotwalzanlage im Institut für
Metallformung der TU Bergakademie Freiberg verifiziert.
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Chapter 1

Introduction

“In a way, the sense of quality has improved, the
status symbol of the small things is gone, and it
is acceptable to use stainless steel, even if the
neighbour uses silver.”

Arne Jacobsen

In recent years, numerous new functional materials have been developed. Nevertheless,
steel remains the most successful and cost-effective of all materials, with more than a
billion tonnes being consumed annually in improving the quality of life. In particular, the
increasing steel production has been triggered by the demands of automotive industry. In
1999, a group of 33 international steel producers formed the Ultra Light Steel Auto Body -
Advanced Vehicle Concepts (ULSAB-AVC) consortium to pursue a steel-intensive family
car, fit for the 21st century, that would be safe, affordable and fuel-efficient. According
to the results of the ULSAB-AVC Program, an automotive body could be constructed
by utilizing approximately 85% of so-called “Advanced High Strength Steels” (AHSS),
achieving a weight reduction of 25% compared to a benchmarked “average base model”
and without any increase of the manufacturing costs [81].

The AHSS are characterized by their multiphase structures. They have excellent me-
chanical, forming and even energy absorbing properties. The multiphase AHSS family
includes Dual Phase (DP), Transformation Induced Plasticity (TRIP) and complex mul-
tiphase steels. Of all currently available types of AHSS, the most commonly used in
automotive applications are dual phase steels. Applications of dual phase steels are, for
example, wheel disks, wheel webs, B-pillar and longitudinal structural members such as
beams and chassis in automobiles (cf. [2, 18]) as shown in Figure 1.1.

The critical part in the manufacturing process of multiphase steels is to control the
processing conditions so that the optimal microstructure and, hence, the optimal me-
chanical properties of the material are achieved. The essential industrial process route
for the production of multiphase steels, e.g., DP steel and TRIP steel, consists of the hot
rolling and subsequent controlled cooling on the run out table which is located behind
the finishing mill. The control of the cooling process allows to adjust the desired final
microstructure of steel. Therefore, the mathematical modelling and proper optimal con-
trol approaches for a run out table of hot rolling mills are of crucial importance for the
industrial production of multiphase steels.

1



2 1.1. Subject of the thesis

Figure 1.1: Wheel webs in car wheels fabricated by Hayes Lemmerz International, pro-
duced from hot-rolled dual phase steel [2] (left). Steel composition in Volvo S40 [18]
(right).

1.1 Subject of the thesis
This thesis presents the results that were obtained by research carried out within the
project “Simulation, optimization and control of microstructure evolution and mechanical
properties during hot rolling of multiphase steels”. The project is part of the German
Research Foundation program SPP1204 “Algorithms for fast, material specific process
chain design and analysis in metal forming”. The work on this project benefited from the
cooperation between mathematical and engineering institutions, the Weierstrass Institute
for Applied Analysis and Stochastics, Leibniz Institute in Forschungsverbund Berlin e. V.
and the Department of Ferrous Metallurgy of RWTH Aachen. This project aimed at
developing a model for the fast cooling control of a hot strip mill. It comprises the
modelling and efficient simulation of the structural transformation as well as the prediction
of the mechanical properties of the finish product. Accordingly, this thesis is application-
driven and combines mathematical analysis with numerical treatment of a practical task
from engineering.

The goal of the thesis is the investigation of multiphase steels from a mathematical
point of view, i.e., the modelling and analysis of the kinetics of phase transformations
and optimal control of the process parameters in a cooling line for the production of
multiphase steels. The main focus is on dual phase steels. The microstructure of these
steels which, in turn, defines the mechanical properties of a final product, strongly depends
on the phase transformations during the heat treatment. Therefore, studying the kinetics
of phase transformations is of crucial importance for the production of dual phase steels.

In this work, a mathematical model for the phase transformations in hot-rolled dual
phase steels is developed in close cooperation with the Department of Ferrous Metallurgy
of the RWTH Aachen. The model should be the basis for further simulations and the
optimal control of the process parameters for the adjustment of a desired dual phase
microstructure. Here, the most important impact factors of the hot rolling process on the
kinetics of phase transformations should be taken into account. The main focus is on the
austenite to ferrite phase transformation. The model involves the acceleration effect of
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the retained strain from the last finishing stand as well as of the austenite conditioning
before cooling on the austenite-ferrite transformation. It is based on the Leblond–Devaux
approach proposed for the first time in 1984 in [50], but is additionally extended by a
factor that couples the influence of the austenite grain size and the retained strain before
the cooling process on the formation of ferrite. The identification of parameters in the
model is carried out by using the data obtained from dilatometer experiments.

In engineering practice, dilatometer experiments are widely used to detect the kinetics
of solid-solid phase transformations in steel upon cooling from the high-temperature phase.
Usually, the data are only used for measuring the start and end temperatures of a phase
transformation. In the case of several coexisting product phases, expensive microscopic
investigations have to be performed to obtain the resulting fractions of the different phases.
One of the aims of this thesis is to extend the methodology of the evaluation of dilatometer
data in order to gain maximum information about the phase transformations. It will be
shown that in the case of at most two product phases the complete phase transformation
kinetics, including the final phase fractions, can be uniquely determined by the dilatometer
data.

The problem of identifying phase transformations from dilatometer measurements is
formulated as an inverse problem. It results in a parameter identification problem for the
thermo-elasticity system which describes the dilatometer experiment. The key point is
the mathematical investigation of the inverse problem. In particular, for the practical em-
ployment of the numerical computations, the crucial issue is to investigate the continuous
dependence of the solution of the inverse problem on the measurement data. To this end,
a global stability estimate for the inverse problem is derived. Numerical results obtained
by the solution of the inverse problem confirm the theoretical result.

Another focal point of the work is an optimal control of the process parameters in
a cooling line for production of dual phase steels. The standard process route for the
production of dual phase steels consists in hot rolling with subsequent controlled cooling
to adjust the desired dual phase mixture. Since the process window for the adjustment
of the phase composition is very tight, the computation of optimal process parameters
is an important task also in practice. Here the most important control parameters are
the flow-rate of water in cooling line and the feed velocity of the strip. The controlled
cooling of steel is a well-studied topic in engineering science and mathematics. However,
the existing optimal control approaches for run out tables up to now solely focus on the
evolution of temperature. In this thesis, an optimal control approach is proposed which
additionally takes the phase transformations into account.

The optimal control problem consists in obtaining the cooling strategy such that the
desired dual phase microstructure in steel is reached most accurately. This problem is
a nonlinear boundary control problem, in which the state system consists of a semilin-
ear heat equation coupled with an ordinary differential equation. The latter describes the
evolution of the ferrite phase fraction. The time-dependent heat transfer coefficient serves
as a control function. The mixed boundary condition and the control of the parameter
function, i.e., the heat transfer coefficient function, is challenging with respect to mathe-
matical analysis. The optimal control problem is analyzed and the first-order necessary
and second-order sufficient optimality conditions are derived. For the numerical solution
of the control problem, the reduced sequential quadratic programming method with a
primal-dual active set strategy is applied. The application of the proposed control ap-
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proach is validated by experiments performed at the pilot hot rolling mill at the Institute
for Metal Forming (IMF) of the TU Bergakademie Freiberg.

1.2 Outline
In Chapter 2, some important material properties of steel are introduced. Moreover, the
phase transformations in steel during a heat treatment are explained.

The modelling of the phase transformations in dual phase steel is addressed in Chap-
ter 3. In the beginning of this chapter, the introduction to multiphase steels and the brief
description of the production process for this steels are given. The main objective of this
chapter is to derive a mathematical model for austenite-ferrite and austenite-martensite
phase transformations. The model for the ferrite growth is based on the Leblond–Devaux
approach, modified by a factor which couples the effect of austenite grain size and retained
stress on the formation of ferrite. In the modelling of the martensite transformation, the
carbon enrichment during the ferrite formation is taken into account. In the last sec-
tion, the model verification by measurements from the hot deformation dilatometer is
discussed.

The aim of Chapter 4 is a mathematical investigation of dilatometer experiments.
Here, the inverse problem for the identification of the phase transformation kinetics by
two dilatometer measurements is studied. The interactions between temperature, me-
chanical behaviour and phase transformations in steel during the dilatometer experiment
are described by a one-dimensional thermo-elasticity system. The key point of this chap-
ter is the analysis of the direct and inverse problem. The main result is a global stability
estimate for the solution of the inverse problem, which is an important theoretical result
for the numerical computations. The numerical identification of two phase fractions from
dilatometer measurements is first carried out for the model data of the plain carbon steel
C1080. Then, the numerical results for the real dilatometer data of dual phase steel are
presented.

Chapter 5 is concerned with the mathematical analysis of the optimal control problem
of the heat transfer coefficient for a semilinear parabolic system. The formulation is
based on a concrete application, namely on the controlled cooling of dual phase steel in
a hot rolling mill. In this control problem, the state system consists of a semilinear heat
equation and an ordinary differential equation which describes the kinetics of the austenite
to ferrite phase transformation. The control function is a time-dependent heat transfer
coefficient. In the first part of this chapter, the state system is analyzed and the existence
of a solution of the optimal control problem is investigated. Moreover, the first-order
necessary and second-order sufficient optimality conditions are derived. The second part
of this chapter contains the description of the numerical implementation. The numerical
algorithm applied to the control problem is the reduced sequential quadratic programming
method with a primal-dual active set strategy. The numerical test demonstrates the
convergence of the applied numerical algorithm.

InChapter 6, the focus is on the optimal control of a cooling line for the production of
dual phase steel in a hot rolling process. The aim is to compute the optimal cooling strat-
egy such that the desired dual phase microstructure is achieved most accurately. At the
beginning of the chapter the hot rolling process for dual phase steels is introduced. Then,
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the modelling of heat transfer in a cooling line is considered. The problem of controlled
cooling is formulated as the optimal control problem which is discussed in Chapter 5.
Finally, the last section of this chapter is devoted to the numerical implementation of the
formulated control problem using the numerical algorithms introduced in Chapter 5. The
numerical results are presented for the Mo-Mn dual phase steel.

In the appendix, an overview of the notations and utilized theorems is given.

Remarks on the notation throughout this thesis

The variable c with or without index usually denotes a generic constant. This is the case
especially for inequality chains. The variable cp refers to the specific heat capacity of
steel.

Additional to subscripts, also superscript variables and superscript natural numbers
usually denote indices and determine the considered component. Superscript 2 and, e.g.,
p, q could also denote squaring or taking the respective power, but this will be clear from
the context.



Chapter 2

Basics of steel

2.1 Material properties
Steel is an alloy that consists mostly of iron and has a carbon content between 0.0002%
and 2.1% by weight. Carbon is the most common alloying material for iron, but various
other alloying elements are used, such as nickel, manganese, chromium, vanadium etc.
About 2000 steels are technically relevant and usually have several alloying elements along
with the element iron. Varying the amount of alloying elements and the form of their
presence in the steel controls qualities such as hardness, ductility, and tensile strength of
the resulting steel. Too little carbon content leaves (pure) iron quite soft, ductile, and
weak. Cast iron usually has a higher carbon content of around 2.0mass-% to 4.0mass-%,
and is further processed using casting techniques [8]. Cast iron is very resistant, but has
bad forming properties, it cannot be shaped and is prone to damages by breaking.

Heat treatments, i.e., processes of controlled heating and cooling, influence the grid
structure, in which iron and carbon atoms are arranged. Depending on temperature and
pressure, iron exists in a number of molecular forms (allotropes), where the atoms are
bonded together differently. At a temperature above 912 ◦C, iron possesses a face-centred
cubic (fcc) lattice and is called γ-iron. Below 912 ◦C, iron has a body-centered cubic (bcc)
crystal structure known as α-iron (see Figure 2.1).

In transforming between γ- and α-iron or vice versa, the iron passes through an al-
lotropic change, that is, a change in crystal structure. It is important to understand this
allotropic change because it is an important part of the foundation for phase transforma-
tions in steel. An important aspect of the allotropic change in iron is the accompanying
change in volume. For example, in transforming from γ-iron to α-iron, there is an expan-
sion upon cooling, and upon transforming back (heating), there is a contraction. This
volume change can be detected by sensitive instruments. In fact, the dilatometer, an
instrument found in most steel-related research laboratories, is based on measuring the
volume changes that take place during a phase transformation.

The physical properties of steel such as strength, toughness, ductility, hardness and
corrosion resistance are strongly influenced by its microstructure. The microstructure
of steel is composed of chemically and physically homogeneous microregions that are
separated by interfaces and called phases. The main phases and phase mixtures in steel
are the following:

6
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Figure 2.1: Crystal structures of pure iron, from Bleck [8].

• Austenite is a solution of carbon in a cubic face-centered iron crystal (γ-iron). The
solubility of carbon reaches a maximum of 2.1% at 1148 ◦C and decreases to 0.8% at
727 ◦C. The carbon atoms are dissolved interstitially, i.e., in the spaces (vacancies)
within the crystal lattice of iron, see, e.g., [8]. The term “austenite” is named after
Sir William Chandler Roberts-Austen, an early English metallurgist. In most steels,
austenite is a high-temperature phase and generally exists only above about 700 ◦C.
However, some steels, for example, the austenitic stainless steels are 100% austenite
at room temperature [12]. Austenite is soft and ductile.

• Ferrite (from Latin “ferrum”) is a solution of carbon in a body-centered iron crystal
(α-iron). The maximum carbon solubility in bcc iron is 0.02mass-% at 720 ◦C while
the carbon solubility in bbc iron at room temperature is very low (10−5 mass-%).
In its typical shape, it looks like a sequence of polyhedral-shaped surfaces in the
two-dimensional representation of flat metallographic sections, see Figure 2.2A. The
microstructure shown in Figure 2.2 is typical for a very low-carbon steel.

• Cementite also known as iron carbide (Fe3C), is a chemical compound of iron
and carbon. By weight, it is 6.67% carbon and 93.33% iron. The name cementite
comes from cementation steel, which was an early process used to produce high-
carbon steel through carburization, by which carbon is absorbed into the steel by
packing it in charcoal and heating to a high temperature. In steels, cementite is
never present as 100% of a microstructure. It is often associated with ferrite as a
constituent of pearlite and bainite. Cementite is extraordinarily hard, it has a lower
density than iron and is magnetic at room temperature.

• Pearlite is the ferrite-cementite phase mixture. The name “pearlite” comes from the
golden yellow sheen often appearing in light microscopy, which resembles mother-
of-pearl. The metallographic structure of pearlite is shown in Figure 2.2B. In com-
mercial steels, a fully pearlitic structure is sometimes desirable, as in rail steel and
piano wire, because of the hardness, wear resistance (rail), and high strength (piano
wire) imparted.
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• Martensite is a constituent that forms during rapid cooling (quenching) of steel.
It is a body-centered tetragonal crystal, hard and brittle. Martensite was named
after the German scientist A. Martens (1850–1914), who directed the Royal Materi-
als Testing Office, which was founded in 1904 and was a predecessor to the present
Institute for Materials Testing and Research in Berlin (Bundesanstalt für Material-
prüfung, BAM). The metallographic structure of martensite is presented in Figure
2.2C. One application of a martensitic steel is in razor blades. In this case, the
martensite imparts high strength and hardness, which allows the blade to maintain
a sharp cutting edge.

• Bainite is a mixture of ferrite and cementite. First described by E. S. Daven-
port and Edgar Bain, it is one of the decomposition products that may form when
austenite is cooled below a critical temperature of 727 ◦C. Bainite is an intermediate
of pearlite and martensite in terms of hardness. The metallographic structure of
bainite can be seen in Figure 2.2D.

Figure 2.2: Optical microscope photo of ferrite (A), pearlite (B), martensite (C), and
bainite (D) microstructure, from Bleck [8].

A study of the microstructure of all steels usually starts with the metastable iron-
iron carbide (Fe-Fe3C) diagram, see Figure 2.3. In this diagram, the correspondence of
temperature and carbon concentration to metastable steel phases is presented. For most
carbon steels the phase diagram up to 2.06mass-% carbon is adequate. If the influence
of other alloying elements and cooling rates are neglected, the phase diagram for up to
0.8mass-% carbon is sufficient to describe the near-equilibrium transformations for over
90% of the steels produced in Germany, cf. Bleck [8].

The iron-carbon phase diagram in Figure 2.3 only represents iron-carbon binary alloys
and does not apply to iron-carbon alloys containing other elements such as manganese,
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silicon, nickel, chromium, molybdenum, vanadium, and so on. Any of these elements, if
added to an iron-carbon alloy, would expand or contract the phase fields shown in Figure
2.3. Nevertheless, for all practical purposes, the iron-carbon diagram can be used as a
basic guide to the origin of the microstructure in steels. More information about material
properties of steel and iron-carbon phase diagrams can be found, e.g., in Bramfitt and
Benscoter [12] and Bleck [8].

Figure 2.3: Phase diagram of Fe-Fe3C (metastable equilibrium).

The great variety of properties in steels is primarily due to the possibility of adjusting
the microstructures of steels over a wide range. The heat treatment of steels intended
to establish a particular microstructure is usually started by heating it into the austenite
range, i.e., austenitization. Then, steels are often cooled from austenite to the room
temperature. The phase transformations occurring during cooling are discussed in the
next section.

2.2 Phase transformations
The phase transformations in steel can be divided into diffusion-controlled and diffusion-
less transformations. The phases ferrite and cementite, as well as the phase mixture
pearlite, are formed by diffusion-controlled processes [8]. During diffusionless phase trans-
formations, atoms move only over distances that are significantly smaller than the length
of one lattice space. Therefore, these transformations can also occur at lower tempera-
tures where diffusion is no longer possible. If the transformation occurs without diffusion
by means of a shearing process, then the martensitic phase, which forms at high cooling
rates below 500 ◦C, is created as a transformation product [8]. A combination of diffusion-
controlled and shear transformation can appear within a wide range of the cooling rate.
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Such transformations are called bainitic transformations.
Our main focus is on the phase transformations in multiphase low-carbon steels with

a carbon content of less than 0.3mass-%. The phase transformations that can appear
during cooling from the austenitic phase and the resulting microstructures are given in
Table 2.4. We consider these phase transformations in more detail.

Figure 2.4: Phase transformations while cooling from the austenitic state of an unalloyed
steel with approx. 0.08mass-% carbon. Source: Bleck [8].

Ferritic-pearlitic transformation

In many technological processes, the austenite-ferrite (γ → α) transformation is of great
importance because it occurs at temperatures used in heat treatments and hot deformation
processes. We consider a slow cooling from the austenite temperature region to the room
temperature. Figure 2.5 shows a part of the iron-carbide diagram and some stages of the
microstructural development along the cooling process.

At point a) the alloy is fully austenitic. The transformation of austenite begins when
the temperature is reached at point b). Ferrite nucleates on the grain boundaries of
austenite. As cooling continues, ferrite grows along the grain boundaries. The growth
process is characterized by the diffusion of carbon out of the ferrite into the austenite, since
a maximum of 0.02mass-% carbon is soluble in ferrite. It causes a respective increase in
the carbon content on the phase boundaries of the austenite. At point c) a microstructure
is present in which ferrite completely covers the austenite grain boundaries. At this point,
the microstructure consists of up to almost 40% ferrite. A further cooling below the
eutectoid temperature of 727 ◦C leads to a transformation of the remaining 60% austenite
into pearlite (point d) [8]. Thus, the final microstructure of the steel consists of ferrite
and pearlite.

There are some factors that influence the rate of nucleation and growth of ferrite. Some
of these factors are: the nature of the austenite under consideration, the temperature of
transformation and the presence of alloying elements. These factors should be taken into
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account when modelling the kinetics of the austenite-ferrite phase transformation. In
Chapter 3, we will discuss the effect of the austenite conditioning and the amount of
deformation on the modelling of ferrite growth in hot-rolled dual phase steels.

Figure 2.5: Section of the metastable iron-carbon diagram (top). Sketch of the mi-
crostructural development from austenite to pearlite for an alloy with 0.5mass-% carbon
(bottom), from Bleck [8].

Martensitic transformation

If the material is cooled down rapidly (quenched), carbon has no time to diffuse and is
trapped inbetween the reconfiguring lattice. This results in shifted body-centered tetrag-
onal cubic crystals of martensite. The austenite-martensite transformation is responsible
for the outstanding position of steel because it permits the extreme hardenability of the
material. This phase transformation has the following characteristic attributes:

• It usually occurs athermally at low temperatures. It begins suddenly when a cer-
tain temperature is reached during cooling and proceeds cascade-like in a fraction
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of a second when cooling continues. If the cooling is stopped, then the further
transformation also stops, although “para”-equilibrium has not yet been reached [8].

• Because of the low transformation temperature and the nevertheless high transfor-
mation velocity, the diffusion evidently does not determine the movements of the
atoms. Only the type of lattice is changed, by means of a strictly co-ordinated
movement of the atoms. The cubic face-centered lattice of austenite shears to the
cubic body-centered martensite [8].

• The martensite transformation of a given alloy cannot be suppressed, nor can the
martensite start temperature Ms be changed by changing the cooling rate. The
temperature range of the formation of martensite is characteristic of a given alloy.
Most alloying elements lower the martensite start temperature Ms, with the excep-
tion of cobalt and aluminium. The effect of carbon on both martensite startMs and
finish Mf temperatures is shown in Figure 2.6. Note that above 0.7 mass-% carbon
the Mf temperature is below room temperature and consequently higher carbon
steels quenched into water will normally contain substantial amounts of retained
austenite, cf. [12], Chapter 5.6.2.

Figure 2.6: The effect of carbon on Ms and Mf , from [12].

Many formulas have been experimentally determined for the dependency ofMs upon
composition of steels, cf. [8, 12, 84]. According to [12], one empirical formula is

Ms[K] = 539−423(%C)−30.4(%Mn)−17.7(%Ni)−12.1(%Cr)−7.5(%Mo). (2.1)

The equation applies to a limited class of steels. Thus, the gradient of the curve in
Figure 2.6 is different from that implied by the empirical relationship (2.1).

Bainitic transformation

The bainite transformation is intermediate between pearlite and martensite transforma-
tions. The kinetics of this transformation and the structures formed exhibit features of
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both, the diffusive pearlite transformation and the diffusionless martensite transforma-
tion. A mixture of the α-phase (ferrite) and carbide is formed as a result of the bainite
transformation. The bainite transformation mechanism involves (γ−α) rearrangement of
the lattice, redistribution of carbon, and precipitation of carbide. A distinction is drawn
between the upper and the lower bainite, which are formed in the upper and lower parts
of the intermediate temperature range 550 ◦C–250 ◦C. The difference in the structures of
upper and lower bainites is attributed to a different mobility of carbon in the upper and
lower parts of the bainite temperature range. In upper bainite, carbon-rich components,
such as carbide, martensite, and/or retained austenite, appear between the needles of the
bainitic ferrite. In the lower bainite, carbides precipitate out within the ferrite plates.
Both types of bainite can appear in the microstructure concurrently [78].

For more details on the kinetics and morphology of the phase transformations in steel
we refer to Bhadeshia and Honeycombe [6], Bleck [8].

We have seen, for the case of ferritic-pearlitic transformation, how the equilibrium
diagram iron-cementite can be used for the description of phase transformations in steel.
However, equilibrium diagrams are only valid for infinitely-slow heating or cooling rates.
During cooling or heating at rates normally applied in heat treatments, phases and ar-
rangements of phases may form, which do not correspond to the equilibrium diagram, as,
for instance, in the case of martensitic transformation. Information about the connec-
tion of the cooling rate and phase evolution can be drawn from the Continuous-Cooling-
Transformation diagrams described in the next section.

2.3 Time-Temperature-Transformation diagrams
The use of Time-Temperature-Transformation (TTT) diagrams followed the pioneering
work of Davenport and Bain (1930) in studying the isothermal transformation behaviour
of carbon steels. Davenport and Bain first introduced the isothermal transformation ap-
proach, and showed that by studying the reaction isothermally at a series of temperatures,
a characteristic time-temperature-transformation or TTT curve can be obtained for each
particular steel. In their simplest form, these transformation curves have a well-defined
“C” shape (see Figure 2.7), where the nose of the curve represents the temperature at
which the reaction proceeds most rapidly, slowing down both at higher and at lower
temperatures.

Isothermal transformation diagrams

One of the simplest examples of an isothermal transformation (IT) diagram is that for
an eutectoid carbon steel which contains 0.79mass-% carbon and therefore transforms
entirely to pearlite over a range of temperatures well below 727 ◦C. The IT diagram for
this steel is shown in Figure 2.7.

The region marked by “A” represents austenite, whereas “F” represents ferrite, and
“C” represents cementite. Here As and Ms denote the starting temperatures for the
formation of pearlite and of martensite, respectively. Figure 2.7 was produced by fast
quenching from the austenitizing temperature to a series of temperatures below 727 ◦C
and subsequent holding at those temperatures. For fixed temperatures, the bold lines
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Figure 2.7: The isothermal transformation diagram for the plain carbon steel C1080 (from
[3]).

indicate the beginning of the austenite-pearlite transformation, i.e., the time when 1%
of the austenite has been transformed, and the end of the transformation, i.e., the time
at which 99% of the austenite has been transformed. For example, if the steel is held at
400 ◦C, the austenite will start to transform to ferrite and cementite in about 3 seconds
and complete the transformation in about 100 seconds.

Continuous-Cooling-Transformation diagram

Many of the heat treatments performed on steel are carried out by continuous cooling
rather than by isothermal holding. As a result, diagrams that represent the transformation
of austenite for cooling at various rates have been developed. The latter type of the
diagram for a given steel is referred to as a Continuous-Cooling-Transformation (CCT)
diagram.

A CCT diagram is developed in the following way. Many small specimens are austen-
itized and cooled within a dilatometer with different cooling rates. The start and the
finish of the transformation of relevant phases with each cooling curve are recorded and
then these points are connected to obtain the regions of transformation for the relevant
phases (see Figure 2.8).

A CCT diagram can be read only in the way in which it was developed, i.e., along
the cooling curves. As can be seen from Figure 2.8, a single-phase structure occurs only
in cases of very high cooling rates (martensite) and very slow cooling rates (pearlite).
In all other cooling regimes, a mixture of martensite and pearlite phases results. When
comparing the curves for the start of transformation in CCT and IT diagrams (Figure 2.7
and Figure 2.8), we find that in the CCT diagram the curves are slightly shifted to longer
times and lower temperatures.
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Another example is the CCT diagram for Mo-Mn dual phase steel plotted in Figure 2.9.
Depending on the cooling rate, the product of ferrite, pearlite, bainite and martensite
can be present in the final microstructure of this steel. How much of each phase the
microstructure contains can be read in percentage from the numbers along the cooling
curve. The numbers at the end of each cooling curve denote the relevant hardness after
quenching. For example, as shown on the first cooling curve from the left, a mixture of
70% bainite and 30% martensite will result at room temperature, and the hardness after
quenching will be 296HV (Vickers Pyramid Number).

Figure 2.8: Continuous-Cooling-Transformation diagram for the plain carbon steel C1080
(from [86]).

It should be noted that the TTT diagrams are an important tool in the derivation
of the model equations for the kinetics of phase transformations in steel. Descriptions of
how the parameters of phase equations are derived from TTT diagrams, are given, e.g.,
in [33, 90].

In Chapter 4 we discuss the problem of how the kinetics of phase transformations
can be identified from the dilatometer measurements used for the derivation of the CCT
diagram.
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Figure 2.9: Continuous-Cooling-Transformation diagram for Mo-Mn dual phase steel (de-
veloped at IEHK Aachen).



Chapter 3

Modelling of phase transformations in
hot-rolled multiphase steels

Phase transformations in steel during heat treatment play an essential role in the forma-
tion of the final microstructure and the mechanical properties of steel. For this reason,
modelling of phase transformations in steel is of great importance for industrial applica-
tions and is a wide field of research.

This chapter is concerned with the modelling of phase transformations in multiphase
steels, in particular, in hot-rolled dual phase steels. The main focus lies on the evolution
of the soft and ductile phase ferrite during isothermal holding of the steel slab on the run
out table, and on the formation of hard and brittle phase martensite upon the subsequent
quenching. The mathematical model includes the main factors that influence the kinetics
of the phase transformations in hot-rolled dual phase steels. These factors are the austen-
ite grain size and the retained strain from the last deformation step before the cooling
line that affect the ferrite transformation on the run out table. At the same time, the
mathematical model for the austenite-martensite transformation incorporates the carbon
enrichment during the ferrite formation that influences the martensite start temperature.

This chapter begins with an introduction to multiphase steels and a brief description
of the production process of hot-rolled DP and TRIP steels. Then, in Section 3.2, the
mathematical model for austenite-ferrite and austenite-martensite phase transformations
is discussed. Finally, Section 3.3 is devoted to the comparison between the simulated and
the measured transformation data from deformation dilatometer experiments.

3.1 Multiphase steels
Multiphase steels are new Advanced High Strength Steels, which have been developed for
the automobile industry for the purpose of reducing car body weight. These steels contain
ferrite, martensite, bainite, and/or retained austenite in quantities sufficient to produce
unique mechanical properties. In particular, the multiphase steels offer an excellent com-
bination of high strength and large elongation due to the coexistence of harder and softer
phases in their microstructure. The most well-known multiphase steels are Dual Phase
(DP) steels and Transformation Induced Plasticity (TRIP) steels.

Figure 3.1 shows the strength and ductility properties for a number of different steel

17
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grades. While classical single phase steels either have good ductility (ferritic steels) or
strength (martensitic steels), modern multiphase steels like dual phase or TRIP steels
have shown high potential especially for automotive applications. This goes back to their
remarkable properties combining high strength and good ductility. As can be seen in
Figure 3.1, these steels are located in the middle of the diagram.

Figure 3.1: Typical combinations of strength and ductility exhibited by different steel
grades.

Remark 3.1.1. Tensile strength (or ultimate tensile strength) is defined as the measure-
ment of the amount of force necessary to tear a piece of steel apart. The amount of
strength is typically measured in megapascals (MPa). The % of strain shows how much
the metal will stretch before it fractures or breaks.

Dual phase steels are characterized by a microstructure consisting of a fine dispersion
of hard martensite particles in a continuous, soft, ductile ferrite matrix (see Figure 3.2).
These steels have been thoroughly studied after the early work of Rashid (1976, 1977) who
showed that a microstructure consisting of a dispersion of martensite grains in a ferrite
matrix can bring about enhanced mechanical properties. The soft ferrite phase is generally
continuous, giving these steels excellent ductility. When these steels deform, strain is
concentrated in the lower-strength ferrite phase surrounding the islands of martensite,
creating the unique high work-hardening rate exhibited by these steels.

DP steels are produced by controlled cooling from the austenite phase (in hot-rolled
products) or from the two-phase ferrite plus austenite phase (for continuously annealed
cold-rolled products) to transform some austenite to ferrite before a rapid cooling trans-
forms the remaining austenite to martensite. The processing routes are depicted in Fig-
ure 3.3.

With the addition of appropriate alloying elements, hardenability of the alloy is ad-
justed such that the austenite to martensite transformation occurs at cooling rates that
are achievable in modern continuous annealing lines for cold rolled products, or on the
run out table of a hot mill in the case of hot-rolled products [54].
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Figure 3.2: Typical microstructure of dual phase and TRIP steels. Source:
www.worldautosteel.org.

Figure 3.3: The cold rolling and hot rolling processing routes for the production of DP
steels. The green solid line shows the hot rolling process and the red dashed line shows
the cold rolling process [74].

The microstructure of Transformation Induced Plasticity, or TRIP steels consists of
ferrite with interdispersed hard phases of martensite and bainite, along with volume frac-
tions of austenite that are greater than 5%, cf. Figure 3.2. The primary benefit of TRIP
steels is their increased formability as compared with dual phase steels of similar strength.
This high level of formability is attributed to their extremely high work-hardening rate
and the presence of austenite in the matrix that, upon straining, changes into martensite.
This takes advantage of the soft ferrite matrix for enhanced formability with a very high
strain hardening rate provided by the transformation of austenite to martensite.

TRIP steels are produced in a similar manner to dual phase steels. In comparison to
DP steels, TRIP steels require a somewhat slower cooling rate and an isothermal hold at
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an intermediate temperature, which produces some bainite. The higher silicon and carbon
content of TRIP steels also results in significant volume fractions of retained austenite in
the final microstructure.

In this thesis the focus lies on the hot-rolled dual phase steels. The hot rolling process
for the production of DP steels will be considered in detail in Chapter 6. In this chapter,
we additionally discuss the problem of controlled cooling in the ferrite region to achieve
a desired DP microstructure.

3.2 Modelling of phase transformations in hot-rolled
dual phase steel

DP steels typically consist of 70%–90% ferrite transformed from austenite during isother-
mal holding at ferrite transformation region temperatures, and 30%–10% martensite
formed upon rapid quenching. Hence, the main modelling issue is to develop a suitable
mathematical austenite-ferrite and austenite-martensite transformation model.

In this work, we will not discuss micro- or mesoscopic models, but concentrate on the
development of a macroscopic, phenomenological model for the phase transformations in
dual phase steels. Before presenting the model itself, we have to formulate some important
assumptions. In the description of the phase transformations, we follow a phase mixture
approach and consider steel as a coexisting mixture of phases. We assume that in every
point x of our domain and time t the austenite, ferrite and martensite phases are given in
phase fractions a(x, t) ∈ [0, 1], f(x, t) ∈ [0, 1] and m(x, t) ∈ [0, 1], respectively. Moreover,
we assume that the general balance

a(x, t) + f(x, t) +m(x, t) = 1

at every time t is fulfilled. As this leads to one dependent variable, e.g., a = 1− f −m,
we restrict our consideration to the phase fractions of ferrite and martensite. Indeed,
in the case of controlled cooling after hot rolling, only phase transformations from the
high-temperature phase austenite to the low-temperature product phases are considered.
Starting with full austenization, the austenite fraction at initial time is 1 and the fractions
of the product phases are 0. Then, only the explicit description of the fractions of the
product phases is required.

The phase evolution occurs at each point independently from the neighbouring points
and phase diffusion is omitted (we do not consider spatial derivatives). As (macroscopic
spatial) diffusion of the phases is neglected, the spatial variable x only plays the role of
a parameter. Therefore, in the subsequent models for the ferrite and martensite growth,
it will be often suppressed in notation. An overview of the modelling of phase transfor-
mations in steel based on the phase mixture approach can be found in numerous research
works, e.g., Hömberg [34], Hömberg and Weiss [37], Wolff, Boettcher, and Böhm [90], and
the references therein.

The mathematical model for the phase transformations in Mo-Mn dual phase steel,
which is discussed in this section, was developed in close cooperation with engineers from
the Department of Ferrous Metallurgy of the RWTH Aachen. The modelling results have
already been reported in [76].



3.2. Modelling of phase transformations in hot-rolled dual phase steel 21

3.2.1 Austenite-ferrite phase transformation

The essential and, at the same time, very delicate part of the modelling of phase transfor-
mations in dual phase steel is the modelling of the austenite-ferrite phase transformation.
Here, the most important phenomena of the hot rolling process that affect the growth of
ferrite on the run out table have to be taken into account. During hot rolling, the re-
peated deformation and recrystallization provides progressively refined austenite grains.
It is a well-known fact that the austenite initial grain size plays an important role on the
kinetics of transformation, particularly on the nucleation rate of ferrite, cf. [4].

The mathematical models for the kinetics of ferrite transformation including the effect
of austenite grain size have been studied in many papers. The macroscopic model, based
on the Johnson–Mehl–Avrami–Kolmogorov equation and the additive rule, has been pro-
posed, e.g., in Donnay et al. [17] and Serajzadeh [67]. In the early work of Leblond and
Devaux [50], the mathematical model for anisothermal diffusion-controlled phase trans-
formations was studied, which also comprises the influence of the austenite grain size on
the phase kinetics.

In this work, we follow the Leblond–Devaux approach in the modelling of the ferrite
phase transformation, extended by an additional factor that couples the influence of the
austenite grain size and the retained strain before the cooling process on the formation of
ferrite.

Effect of the austenite grain size and the retained strain on the ferrite trans-
formation

The first step in the modelling of the austenite-ferrite phase transformation in hot-rolled
dual phase steels is to characterize the austenite conditioning, i.e. the austenite grain
size, before the phase transformation occurs on the run out table (ROT). There are some
phenomena in the hot rolling process that affect the austenite conditioning:

(1) Austenite formation and grain growth during slab reheating.

(2) Dynamic recrystallization, directly during rolling at high temperatures.

(3) Static recovery and recrystallization, between rolling passes at lower temperatures.

(4) Deformation in the non-recrystallization region.

We give here only a short description of the phenomena listed above. For more details, we
refer to, e.g., [4, 55, 74]. The austenitizing temperature determines the initial austenite
grain size of a slab. Then, the slab is hot worked at the recrystallization region to refine
the austenite grains by recrystallization.

Recrystallization can be defined as the process by which deformed grains are replaced
by a new set of undeformed grains that nucleate and grow until the original grains have
been entirely consumed. The process is divided into nucleation of new grains and growth
of the same. A schematic representation of the development of recrystallizing grains is
given in Figure 3.4. The recrystallized grain size is reduced when larger deformations are
applied. Larger deformations give smaller subgrains and thereby increase the number of
nuclei for recrystallization. The recrystallized grain size is also dependent on temperature.
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At lower temperatures, finer recrystallized grains are obtained due to the lower mobility
of the grain boundaries and consequently slower growth rate of the recrystallizing grains
[4].

Figure 3.4: A schematic picture of the development of recrystallizing grains, where the
initial grain size is large in comparison to the new recrystallized grains. The dotted
lines illustrate prior grain boundaries and the continuous lines show new recrystallized
grains [4].

In order to predict the recrystallized austenite grain size, different approaches can be
used. We will apply the model proposed by Sun et al. [73]:

Dγ = BD
1/3
0 φ−0.37e−

28000
RT , (3.1)

where D0 is the austenite grain size before recrystallization and Dγ is the newly recrys-
tallized austenite grain size, which must be recalculated for each deformation step. Here,
the degree of deformation is denoted by φ.

The effect of deformation in the non-recrystallization region can be explained as fol-
lows: under deformation, the austenite is flattened, and contains some irregularities at
the grain boundaries as well as at the deformation bands inside the grains. This feature
accelerates the ferritic phase transformation as the irregularities and deformation bands
can act as additional nucleation sites. It results in faster transformation kinetics.

Recrystallization and deformation must be taken into account to estimate the austenite
conditioning. In order to describe the state of austenite before phase transformation, we
introduce a function Sv. It determines the grain boundary surface area of austenite in
a unit volume and therefore has a unit of mm−1. In this work, Sv was taken from the
empirical equation of Kvackaj and Mamuzic [48] as shown in (3.2) and illustrated in
Figure 3.5

Sv = 429
1

Dγeε
+ 1571

eε

Dγ

+ [157.2(1− e−ε)− 59.47]+, (3.2)

where Dγ is the recrystallized austenite grain size. It can be calculated from (3.1), and
ε is a retained strain from the last deformation step defined by ε = − ln(1− φ), where φ
is a deformation degree. The quantity in the bracket comes from the deformation bands,
which are taken into account by Kvackaj only when the retained strain ε exceeds 0.475.

It can be observed that Sv increases sharply with small austenite grain size, and
increases more slowly with the deformation. In the following, this function will be used
for the modelling of the austenite-ferrite transformation.
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Figure 3.5: The function Sv(Dγ, ε).

A mathematical model

A well-known and widely used approach for the modelling of anisothermal diffusion-
controlled as well as martensitic phase transformations is the Leblond–Devaux model
first presented in 1984 [50]. To incorporate the effect of austenite grain size and retained
strain on the formation of ferrite, the Leblond–Devaux model is modified as follows:

ḟ(t) = [feq(θ)− f(t)]+g1(θ)g2(Dγ, ε),

f(0) = 0,
(3.3)

where f is the volume fraction of ferrite, and θ the temperature. The term feq(θ) de-
scribes the asymptotic equilibrium fraction of ferrite as a function of temperature θ after
isothermal holding. The function g1 relates to the isothermal transformation behaviour
of ferrite, starting from the homogeneous austenite state. The function g2 couples the in-
fluence of the austenite grain size Dγ and the effect of retained strain ε on the isothermal
ferrite transformation kinetics.

The factors g1 and g2 in (3.3) have to be identified by experimental data. The tem-
perature dependent function g1 can be identified from dilatometer experiments, see, e.g.,
[76]. The equilibrium volume fraction of ferrite feq can be predicted by the thermodynamic
calculation software ThermoCalcTM . The functions g1 and feq are plotted in Figure 3.6.

The function g2 in (3.3) describes the influence of austenite grain size and retained
strain coupled in the function Sv on the ferrite transformation, cf. (3.2). The simplest
choice of the appropriate model for this factor is to assume a linear relationship between
g2 and Sv, i.e.,

g2(Dγ, ε) = α1Sv(Dγ, ε) + α2,

where Sv is calculated from (3.2) and the parameters α1, α2 have to be fitted to the
experimental data.
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Figure 3.6: The functions feq (left) and g1 (right) for the Mo-Mn dual phase steel.

The unknown parameters α1, α2 are identified through experiments in the deformation
dilatometer that have been performed at the IEHK Aachen. In these experiments, the
process simulation of hot rolling for dual phase steel has been carried out. It is documented
in [76]. The ferrite fractions were obtained from dilatometer experiments with varying
process parameters like the retained strain ε as well as the temperature and the holding
time on ROT (TROT, thold). For the identification of the constants α1, α2, the least squares
approach for the data sets (εi, TROT, thold, fi) has been used. The calculated optimal values
are α1 = 0.2174 and α2 = 3.0436. It should be noted, that these parameters are fitted
using the austenite grain sizeDγ = 35 µm. It corresponds to the austenite grain size before
entering the last deformation step, which is considered to be a non-recrystallization zone.
More details on the parameter identification for the austenite-ferrite phase transformation
model can be found in [76].

The factors g1, g2 are now defined, and the model (3.3) for the ferrite growth can be
used for further simulations.

We note that (3.3) can be approximated as

ḟ(t) = (feq(θ)− f)H(feq(θ)− f)g1(θ)g2(Dγ, ε),

where H is a monotone approximation of the Heaviside function as proposed by Hömberg
and Volkwein in [38],

H(x) =


1, for δ ≤ x,

10(x
δ
)6 − 24(x

δ
)5 + 15(x

δ
)4, for 0 ≤ x < δ,

0, for x < 0.

Since H is a regularized Heaviside function, the term xH(x) is a regularization of the
positive part function [x]+. We will use this form of the model in our numerical calcula-
tions for the optimal control. The regularized Heaviside function H ∈ C2,1(R), which is
an important assumption for the analysis and numerical implementation of the optimal
control problem discussed in Chapter 5.

In order to validate our model, we compare the model results with additional exper-
imental data. The isothermal ferrite growth was simulated during the holding time on
ROT, tROT = 7 s, with holding temperature TROT = 680 ◦C, and for two different retained
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strains, ε = 0 and ε = 0.3. The simulation results and the experimental data are com-
pared in Figure 3.7. It shows a good agreement between calculated and measured ferrite
fractions for the degree of deformation ε = 0 (blue line). The prediction of the ferrite
transformation in the case of a degree of deformation of 0.3 (green line) shows deviations
from the experimental values in the early transformation stages. The reason for the big
deviation of the simulation results from the measurement for the end time t = 7 s is an
inaccuracy in experimental data, which shows a nonphysical decrease of ferrite fraction
at this time instant.

Figure 3.7: Comparison between the simulated and measured ferrite fraction.

With a mathematical model for the ferritic kinetics available, it is also possible to an-
alyze and predict the optimal process window on the run out table. As for the hot rolling
process, the final ferrite fraction after coiling is a function of three process parameters: ε
(the degree of last deformation), TROT (the isothermal holding temperature on ROT) and
tROT (the isothermal holding time on ROT). The contour lines of the simulated ferrite
fraction are plotted for one fixed parameter and two free parameters on the axes in Fig-
ure 3.8 and 3.9. Keeping in mind that a typical dual phase steel consists of approximately
80% ferrite, those process parameters have to be identified when this fraction can be
reached.

Figure 3.8 shows that for the isothermal holding time thold = 7 s, the optimal process
window concerning the temperature on the ROT becomes narrow with decreasing defor-
mation. As it can be seen in Figure 3.9, there is a stable process window in terms of a
holding time between 660 ◦C and 680 ◦C for the retained strain ε = 0.3. We can thus state
that the model allows for predicting the preferable degree of retained strain and holding
temperature on the run out table for the required ferrite fraction.
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Figure 3.8: Contours of the simulated transformed ferrite fraction represented as a
function of different retained strains and holding temperatures on ROT for a holding
time of 7 s.

Figure 3.9: Contours of the simulated transformed ferrite fraction represented as a
function of different holding times and temperatures on ROT for a retained strain of
ε = 0.3.
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3.2.2 Austenite-martensite phase transformation

We consider the austenite-martensite phase transformation that occurs during rapid cool-
ing after the isothermal ferritic transformation on the ROT. As it was discussed in Sec-
tion 2.2, the martensite transformation during continuous cooling is diffusion-less and
irreversible. It is temperature dependent in such a way that the fraction of martensite
only increases during nonisothermal stages of the cooling process. The formation of mar-
tensite during cooling begins at a well-defined temperature Ms and continues whilst the
temperature decreases until the martensite finish temperature Mf .

A key point in the modelling of the martensite phase transformation in hot-rolled
dual phase steels is that a carbon enrichment of the remaining austenite after the ferrite
transformation has to be taken into account. We assume that when ferrite forms, the
carbon forced out of ferrite is evenly distributed in the remaining austenite phase. Further,
the carbon content in the remaining austenite after the ferrite transformation is denoted
by Cγ. An easy way to take care of carbon partitioning between ferrite and austenite is
to define Cγ by

Cγ =
Ctotal − Cf · f

1− f
,

where Ctotal corresponds to the nominal carbon content of the respective steel, and Cf is
the total carbon content in ferrite, which decreases with decreasing temperature θ and
can be computed from the empirical formula, cf. [8]

Cf = 2.55e−
4850
θ[K] .

Then, Ms as a function of Cγ can be calculated from, e.g., [53]:

Ms(Cγ)[
◦C] = 506.6− 338.7(%Cγ)− 18.3(%Mn) + 1.3(%Si)− 14.5(%Cr).

Usually, exponential growth laws like the Koistinen and Marburger formula [44]

mKM(θ, Cγ) = 1− e−cKM(Ms(Cγ)−θ)

are used to model the kinetics of the austenite-martensite phase transformation. Here,
cKM is a constant that does not depend on the temperature, but only on the alloy com-
position. As it was reported by Hömberg [34] and Wolff, Frerichs, and Lysenko [91], the
drawback of these models is that they do not take the irreversibility of the austenite-
martensite phase transformation into account. In numerical simulations based on these
models, owing to the release of latent heat, usually a decrease in the martensite frac-
tion is observed. In order to avoid this adverse effect, the rate law model based on the
Leblond–Devaux ansatz has been proposed in [34]. It is appropriate to also follow this ap-
proach for the modelling of the kinetics of the austenite-martensite phase transformation
in dual phase steels. Therefore, we take Leblond–Devaux type differential equation with
an initial condition for the volume fraction of martensite m to describe the martensite
transformation

ṁ(t) =
1

τm
[m̄(θ, Cγ)−m]+,

m(0) = 0.
(3.4)
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Here, τm is a constant that has to be fitted to the experimental data. The bracket [·]+
denotes the positive part function [·]+ = max{·, 0}, the term m̄(θ, Cγ) represents the
maximal fraction that can be transformed to martensite. The function m̄ is defined by

m̄(θ, Cγ) = min{mKM(θ, Cγ), 1− f},

where mKM describes the volume fraction of martensite by the Koistinen–Marburger
formula, i.e.,

mKM(θ, Cγ) = 1− e−cKM(Ms(Cγ)−θ). (3.5)

Using the dilatometer data for the case of fast cooling, where only martensite is produced,
one can obtain the following values for the parameters cKM and τm in (3.5) and (3.4)

cKM = 0.0214, τm = 0.67.

Knowing the mathematical models for the ferrite and martensite phase transforma-
tions, one can simulate the phase evolutions in dual phase steel on the run out table.

3.3 Simulation results
Next, we show a numerical result for the simulation of phase transformations in dual phase
steel that we compare with experimental data from deformation dilatometer experiments.
In these experiments, the process of hot rolling for dual phase steel has been simulated.
For a detailed description of the deformation dilatometer experiments we refer to [76].

The phase transformation kinetics of ferrite and martensite are computed from (3.3)
and (3.4) with the process parameters in the hot rolling mill, namely, austenite condi-
tioning (Dγ), isothermal holding time and temperature (thold, TROT) as well as the final
quenching at the end of ROT. The numerical computations are carried out using Matlab
ODE solvers.

In Figure 3.10, the development of phases is shown along the processing time and tem-
perature curve and compared with those derived at the end of the dilatometer experiment.
The dashed line shows the temperature evolution taken from the experiment. The trans-
formation shown here starts after 1 s of the simulated process on ROT, at 690 ◦C. After
7.85 s, which includes the holding time on ROT thold = 7 s, the ferrite fraction reaches
0.81. The next cooling region simulates the cooling step to coiling temperature, in this
case with the average cooling rate of 61K/s, measured from 600 ◦C down to 200 ◦C. When
the temperature reaches the martensite start temperature Ms, which was calculated to
be 351.3 ◦C according to the carbon enrichment from the corresponding simulated ferrite
fraction, martensite starts to form and then finishes at 267.7 ◦C with the phase fraction
of 0.19.

The phase fraction analyzed from the dilatometer sample is revealed to be as follows:
ferrite 0.78, bainite 0.03 and martensite 0.19. The results of the numerical simulation are
in a good agreement with the measured ferrite and martensite fractions. The deviation
of the simulated ferrite fraction from the experimental one is less then 4%.
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Figure 3.10: Simulated evolution of phase fractions along the processing time and the
measured temperature profile, in comparison with the measured phase fraction at the
end of the dilatometer experiment. The elapsed time starts from the beginning of ROT.
The retained strain is 0.3, the holding temperature 690 ◦C and the holding time 7 s. The
average cooling rate in the following step, measured from 600 ◦C–200 ◦C, is 61K/s.



Chapter 4

Parameter identification for the phase
transformations in steel

Phase transformations during heat treatment are an important phenomenon in the mate-
rial behaviour of steel. Together with the thermal and mechanical behaviour of the steel
workpiece, phase transformations cause a change in volume and shape. Dilatometry is a
means to measure material properties that are related to a change in volume. A dilatom-
eter is able to measure this volumetric change of the workpiece in one dimension, which
is often related to the change in temperature. Even the small length changes that occur
during the heating and cooling of steel with respect to the change in its temperature can
be registered by a dilatometer and used to study the kinetics of phase transformations.
The temperature at which the phase transformation occurs, can be detected precisely by
correlating the temperature and the specimen’s change of length. While the determina-
tion of the start and end of a phase transformation is relatively simple, the determination
of the resulting phase fractions requires additional metallographic investigations, in which
the samples are ground, polished, etched and observed under a light optical microscope.
This procedure has some drawbacks. We discuss them in detail in Section 4.1, which is
devoted to the description of dilatometer experiments.

In this chapter, an inverse problem of identifying the phase transformation kinetics
by two dilatometer measurements is studied. These measurements are the length change
and the temperature evolution of a specimen at a single point of its surface. This problem
is considered as a parameter identification problem, i.e., the problem of reconstructing
unknown coefficients in partial differential equations from indirect measurements of the
solution. In Section 4.2, we give a formulation of the direct and inverse problem and derive
a thermo-elasticity system which describes interactions between temperature, mechanical
behaviour and phase transformations in steel during the dilatometer experiment.

The analysis of the direct problem is carried out in Section 4.3. The inverse problem
is investigated in Section 4.4. Our main result is a global stability estimate for the
solution of the inverse problem, which is an important theoretical result for the numerical
computations.

Finally, Section 4.5 is devoted to the numerical solution of the inverse problem. The
parameter identification problem, which is formulated as an optimal control problem, is
treated numerically applying the “first discretize, then optimize” approach. The numer-
ical approach is first tested using the so-called “model data”, that is, measurements of

30
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temperature and displacement generated by the solution of the direct problem with the
known kinetics of the phase transformations. In Section 4.5.4, the numerical results for
the real dilatometer data are presented.

4.1 Dilatometer experiments
A dilatometer is an instrument for magnifying and measuring expansion and contraction
of a solid during heating and subsequent cooling. It is often used in the determination
of phase transformations occurring with the change of temperature in heat treatment of
steels. Figure 4.1 depicts a typical measurement setup of a dilatometer and Figure 4.2
additionally shows the steel sample fixed in the inner part of a dilatometer device. The
steel specimen is contained in a heating device, which is usually an induction heating
device. Through a rod on its right-hand side, length changes λ(t) caused by compression
or expansion are measured as a function of time t. In addition, the temperature τ(t) is
measured on the surface of the steel sample.

Figure 4.1: Schematic illustration of a dilatometer Bähr DIL-805A/D.

Figure 4.2: Configuration of the driving rod system of the deformation dilatometer type
DIL-805A/D produced by the company Bähr Thermoanalyse GmbH. A cylindrical sample
is shown in this figure.
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Usually, the results are documented in a dilatometer curve, that depicts the length
change parameterized by the time t plotted versus the temperature. A typical dilatometer
curve for the cooling of a specimen made of eutectoid carbon steel is shown in Figure 4.3.
The part of the curve to the right of point A shows the normal contraction of the specimen
during slow cooling of steel in the austenitic phase. At point A, a phase transformation
(from austenite to pearlite) starts and it ends at point B. Then, again a period with a
linear contraction prevails followed by another phase transformation (austenite to mar-
tensite) between C and D, and finally another linear contraction period appears. There-
fore, the main information drawn from such a dilatometer experiment usually is the start
(θA, θC) and the end (θB, θD) temperatures of the occurring phase transformations. More-
over, one knows that above θA, the microstructure of steel is purely austenitic. Between
θB and θC , there is a constant mixture of austenite and pearlite and below θD we have
a mixture of the product phases pearlite and martensite. Usually, this data is used to
derive Continuous Cooling Transformation diagrams, which illustrate the beginning and
the end of a phase transformation during continuous cooling.

Figure 4.3: Dilatometer curve for steel C1080 exhibiting 2 phase transformations.

This approach has two drawbacks. First of all, depending on the curvature of the
respective dilatometer curve, it might become rather difficult and error-prone to identify
transformation points A, . . . , D. Secondly, in the case of two phase transformations as
illustrated in Figure 4.3, the actual phase fractions of the different product phases cannot
be inferred directly from the dilatometer curve. Therefore, usually costly polished micro-
graph sections have to be made and investigated under the microscope. The fractions of
the product phases are determined from the metallographs by a purely visual judgement of
the experimenter or with the help of image analysis software, which works under a pixel
based principle, i.e., different phases are distinguished according to their colours. The
precision of the predicted phase fractions then highly depends on the experience of the
respective experimenter. Moreover, the determination of the phase fraction depends also
on the homogeneity and the phase distribution in the sample as the metallographically
observed areas are not truly representative for the entire specimen.

In the following, it will be shown that one can uniquely identify the evolution of
two product phases from the measurements of temperature and length change of a steel
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sample. In the next section we formulate this problem as an inverse problem and derive
a mathematical model that describes a dilatometer experiment.

4.2 Problem formulation
The problem of identifying the evolution of phase fractions from the measurements of a
dilatometer experiment can be formulated as an inverse problem. Generally speaking,
to predict the result of a measurement, a model of the system under investigation is
required, and a physical theory linking the parameters of the model to the parameters
being measured. In the case of known values of the model parameters, the prediction
of observations constitutes the direct problem or, in terms of inverse problem theory, the
forward problem. The inverse problem consists in using the results of actual observations
to infer the values of the parameters characterizing the system under investigation. In
the case of the dilatometric investigations, the scheme presented in Figure 4.4 is valid.

Figure 4.4: Direct and inverse problem for a dilatometer experiment.

The inverse problem can be formulated as follows: Identify two phase fractions y(t), z(t)
as the parameters of the thermo-mechanical model from the measurements of the displace-
ment and the temperature in the dilatometer experiment. Hence, the first step is to derive
an appropriate mathematical model that describes the interplay between temperature,
displacement and phase transformations in steel during the cooling in the dilatometer.

Modelling the relevant interactions between temperature, mechanical behaviour and
phase transformations during the cooling of steel leads to a thermo-elasticity system. In
general, this is a system of coupled nonlinear partial and ordinary differential equations
for the time and space-dependent temperature, displacement and phase fractions. The
modelling of the thermo-elastic behaviour of steel under consideration of phase transfor-
mations is discussed, e.g., in Chelminski, Hömberg, and Kern [14], Hömberg [32], Kern
[42], Wolff and Böhm [89]. A thermo-elasto-plasticity model is considered in Boettcher
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[10]. In [10], the mathematical analysis is given for a coupled model for the material be-
haviour of steel which describes the phase transformations, the transformation-induced
and the classical plasticity in addition to the temperature and the deformation.

Here, we only give a brief description of the model which describes the thermo-elastic
behaviour of steel in a dilatometer experiment. For more details on the derivation of
equations of linearized thermo-elasticity, we refer to the literature cited above.

The standard shape for a dilatometer specimen is a cylinder as depicted in Figure 4.5.
In this work, we restrict ourselves to the consideration of a one-dimensional model for the
dilatometer experiment. We will neglect radial variations of the physical quantities and
just consider variations along the symmetry axis. For convenience, we define the domain

Ω = (0, 1)

and assume small deformations which will allow us to write down the equations in the
undeformed domain.

Figure 4.5: The dilatometer specimen.

Here, we are interested in a cooling process in the dilatometer experiment. There-
fore, we consider a steel sample of purely austenitic structure which is cooled from a
high temperature range of 1000 ◦C–1200 ◦C down to a lower temperature of about 100 ◦C.
Henceforth, we denote the initial temperature by θ0. We assume that at most two phase
transformations may occur during the cooling with phase fractions y(t) and z(t), respec-
tively, depending only on time t but not on space. In addition, they satisfy

y(0) = z(0) = 0, 0 ≤ y(t), 0 ≤ z(t), y(t) + z(t) ≤ 1, for all t ∈ [0, T ]. (4.1)

The simplest model to describe a thermal expansion as indicated in Figure 4.3 assumes
a mixture ansatz for the thermal strain

εth = yεth1 + zεth2 + (1− y − z)εth0 , (4.2)

where the thermal strain in each phase is given by the linear model

εthk = δk(θ − θkref ), k = 0, 1, 2. (4.3)

Here, the constants δk > 0 are the thermal expansion coefficients and θkref are the reference
temperatures. For convenience, we define

α1 = δ1 − δ0, α2 = δ2 − δ0, β1 = δ1θ
1
ref − δ0θ

0
ref , β2 = δ2θ

2
ref − δ0θ

0
ref .
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Setting w = (y, z) and

δ(w) = α1y + α2z + δ0, η(w) = β1y + β2z + δ0θ
0
ref , (4.4)

we can write the overall thermal strain as

εth = δ(w)θ − η(w).

Moreover, by (4.1) we observe that

δ(w(t)) ≥ min{δ0, δ1, δ2} > 0.

Assuming furthermore an additive partitioning of the total strain into a thermal and an
elastic parts, i.e., ε = εel + εth we obtain the following quasistatic linearized thermo-
elasticity system:(

ux − δ(w)θ + η(w)
)
x

= 0 in Ω× (0, T ), (4.5a)
ρcpθt − κθxx + Λδ(w)uxt − ρL1y

′ − ρL2z
′ = γ(θe − θ) in Ω× (0, T ), (4.5b)

u(0, t) = 0, ux(1, t)− δ(w)θ(1, t) + η(w) = 0 in (0, T ), (4.5c)
θx(0, t) = θx(1, t) = 0 in (0, T ), (4.5d)
θ(x, 0) = θ0 in Ω. (4.5e)

Here, θ denotes a temperature and u is a displacement. We set y′ = dy
dt
, z′ = dz

dt
. Moreover,

ρ refers to the density in the reference configuration, cp to the heat capacity, κ to the
thermal conductivity and L1 and L2 to the latent heats of the phase transformations and
are constants. The constant Λ is defined by Λ1 + 2Λ2 with the Lamé coefficients Λ1,Λ2.
All other constants have been normalized to one without loss of generality.

Since the cooling occurs all around the specimen, we choose a distributed Newton type
cooling law

h = γ(θe − θ),
where γ is the heat exchange coefficient and θe is the temperature of the coolant. In view
of Hooke’s law, the stress σ is given by

σ = (Λ1 + 2Λ2)(ux − δ(w)θ + η(w)).

The first boundary condition for u in (4.5c) indicates the fact that the sample is fixed
from the left-hand side in the dilatometer device. The second one just states that the
specimen is stress-free at x = 1. The heat flux on the boundary, i.e., at x = 0 and x = 1,
is zero. It is reflected in the boundary condition for θ in (4.5d).

The direct problem consists in finding the pair of functions (u, θ) that solve the thermo-
elasticity system (4.5a)–(4.5e), provided the parameter functions (y, z) are known. The
inverse problem amounts to finding the unknown functions (y, z) and (u, θ) satisfying the
thermo-elasticity system (4.5a)–(4.5e) and the relations

θ(x0, t) = λ(t), u(1, t) = τ(t),

where the functions λ, τ are the measurements from the dilatometer experiment. This
problem can be classified as an inverse problem with an evolution overdetermination at a
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fixed point in space, i.e., at x = x0 for the temperature and x = 1 for the displacement.
We refer, for example, to Prilepko, Orlovsky, and Vasin [60] as a source book concerning
similar inverse problems. There exists an extensive literature devoted to inverse problems
and their applications. A nice survey on inverse and ill-posed problems is given by Ka-
banikhin [40]. The mathematical theory of inverse problems and the mathematical theory
of regularization methods for ill-posed inverse problems are presented in the textbook of
Hofmann [31]. Inverse problems involving partial differential equations are discussed, e.g.,
in Isakov [39], Prilepko, Orlovsky, and Vasin [60].

4.3 Analysis of the direct problem
We are going to analyze the thermo-elasticity system (4.5a)–(4.5e) derived for the dilatom-
eter experiment. At the beginning, we make the following assumptions for the physical
parameters and functions y(t), z(t) in the equations (4.5a)–(4.5e).

Assumptions:

(A1) L1, L2, δ0, δ1, δ2, γ > 0,

(A2) θ0, θ
e ∈ C[0, 1] satisfying θ0(x) > θe(x) > 0 for all x ∈ [0, 1],

(A3) y, z ∈ C2[0, T ] such that y′, z′ ≥ 0 for all t ∈ [0, T ] and there exists a constant
M > 0 such that ‖y‖C2[0,T ], ‖z‖C2[0,T ] ≤M , and (4.1) is satisfied,

(A4) y′(t) = z′(t) = 0 for all temperatures θ ≤ θe.

Assumption (A2) reflects the fact that we consider a cooling experiment, i.e., we start
with a hot specimen, while (A4) rephrases that there are no phase transformations below
temperature θe.

Remark 4.3.1. As can be seen in Figure 4.3, the phase transformations are finished when
the temperature θD is reached. Hence, it is natural to assume that y′(t) = z′(t) = 0 for
θ ≤ θe, where θe < θD.

For the direct problem, we have the following result:

Theorem 4.3.1. Assume (A1)–(A3), then the thermo-elasticity system (4.5a)–(4.5e) ad-
mits a unique classical solution (u, θ). Moreover, it satisfies θ ≥ θe in Ω× (0, T ), if also
(A4) holds.

Proof. The existence of a unique weak solution of the thermo-elasticity system can be
proven in a similar way as it is done for the more general thermo-elasticity system in the
three-dimensional domain in Chelminski, Hömberg, and Kern [14]. With further regularity
analysis one can show that in this specially one-dimensional case one obtains a classical
solution.

To show the non-negativity of θ, we first note that (4.5a) implies the existence of a
function µ depending only on time such that

ux − δ(w)θ + η(w) = µ(t) in Ω̄× (0, T ).
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Regarding (4.5c), we see that µ ≡ 0. Hence, we have

ux = δ(w)θ − η(w) in Ω̄× (0, T ). (4.6)

Differentiating (4.6) formally with respect to t, we can infer

uxt = (α1y
′ + α2z

′)θ + δ(w)θt − β1y
′ − β2z

′. (4.7)

Inserting this into (4.5b), we obtain

(1 + νδ(w)2)θt − κ̂θxx + νδ(w)(α1y
′ + α2z

′)θ = L̂1(w)y′ + L̂2(w)z′ + γ̂(θe − θ), (4.8)

with
L̂1(w) =

L1

c
+ νδ(w)β1, L̂2(w) =

L2

c
+ νδ(w)β2 (4.9)

and
κ̂ =

κ

ρcp
, ν =

Λ

ρcp
, γ̂ =

γ

ρcp
.

To prove the lower bound for θ, we test (4.8) with θ− := min{θ − θe, 0}, integrate by
parts, and use the identity θ = θe + θ− + θ+ to obtain

t∫
0

∫
Ω

(1 + νδ(w)2)
1

2

∂

∂s
θ2
−dxdt+ κ̂

t∫
0

∫
Ω

θxθ−,xdxdt+

t∫
0

∫
Ω

νδ(w)(α1y
′ + α2z

′)θθ−dxdt

=
1

2

∫
Ω

(1 + νδ(w)2)θ2
−(t)dxdt+ κ̂

t∫
0

∫
Ω

θ2
−,xdxdt

=

t∫
0

∫
Ω

(L̂1(w)y′ + L̂2(w)z′)θ−dxdt+ γ̂

t∫
0

∫
Ω

(θe − θ)θ−dxdt

≤ 0.

The latter inequality holds in view of (A1)–(A4). From this we can infer θ− = 0.

4.4 A global stability estimate for the inverse problem
In this section we study the inverse problem of reconstructing the phase fractions of at
most two product phases from measured data u(1, t) and θ(x0, t) for t ∈ [0, T ], at some
point x0 ∈ (0, 1) as it was formulated in Section 4.2. We can expect the existence of (y, z)
satisfying the thermo-elasticity system (4.5a)–(4.5e) and realizing the given data u(1, ·)
and θ(x0, ·), but here we only prove the stability of the solution of the inverse problem,
which is an important theoretical issue for numerical computations.

For given w(t) = (y(t), z(t)) and λ(t), we set

L1(λ(t), w(t)) =
L1

c
+
λ(t) + η(w(t))

δ2(w(t))
α1 −

β1

δ(w(t))
,

L2(λ(t), w(t)) =
L2

c
+
λ(t) + η(w(t))

δ2(w(t))
α2 −

β2

δ(w(t))
.
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Recall that the functions L̂1(w) and L̂2(w) are defined by (4.9).
For our inverse problem, we have to enforce the additional assumption that will be

needed for the derivation of the global stability estimate:

(A5) For any w(t), θ, u satisfying (4.5a)–(4.5e), there holds

L1(u(1, t), w(t))(L̂2(w(t))− νδ(w(t))α2θ(x0, t))

−L2(u(1, t), w(t))(L̂1(w(t))− νδ(w(t))α1θ(x0, t)) 6= 0, 0 ≤ t ≤ T.

Remark 4.4.1. In Section 4.5.2 we will show that Assumption (A5) is indeed satisfied
for realistic physical data.

The main result of this section is the following global stability estimate, which has
already been published in [36]:

Theorem 4.4.1. Let (yi, zi), i = 1, 2, be two sets of phase fractions such that (A1)–(A5)
are satisfied and let (ui, θi), i = 1, 2, be the corresponding solutions to (4.5a)–(4.5e).

Then, there exists a constant C > 0 such that

‖y1 − y2‖C1[0,T ] + ‖z1 − z2‖C1[0,T ]

≤ C(‖(u1 − u2)(1, ·)‖C1[0,T ] + ‖(θ1 − θ2)(x0, ·)‖C1[0,T ]).

Proof. By (4.6), we have∫ x

0

∂xuj(ξ, t)dξ =

∫ x

0

δ(wj(t))θj(ξ, t)dξ −
∫ x

0

η(wj(t))dξ,

and by (4.5c), we obtain

uj(x, t) = δ(wj(t))

∫ x

0

θj(ξ, t)dξ − xη(wj(t)), t > 0.

Defining
λj(t) := uj(1, t),

we obtain

λj(t) = δ(wj(t))

∫ 1

0

θj(ξ, t)dξ − η(wj(t)), t > 0. (4.10)

Now, we integrate (4.8) over x ∈ (0, 1) and use (4.5d) and (4.10) to obtain

(1 + νδ(wj(t))
2)

(
λj(t) + η(wj(t))

δ(wj(t))

)′
+ ν(λj(t) + η(wj(t)))(α1y

′
j + α2z

′
j)

= L̂1(wj)y
′
j + L̂2(wj)z

′
j − γ̂

λj(t) + η(wj(t))

δ(wj(t))
+ γ̂θe, t > 0.

Rearranging terms yields

L1(λj(t), wj(t))y
′
j(t) + L2(λj(t), wj(t))z

′
j(t)

=
(
1 + νδ2(wj(t))

) λ′j(t)
δ(wj)

+ γ̂
λj(t) + η(wj(t))

δ(wj(t))
− γ̂θe, t > 0. (4.11)



4.4. A global stability estimate for the inverse problem 39

Now, we define λ̄ = λ1−λ2 and analogously ȳ and z̄, then we take the difference of (4.11)
for j = 1, 2:

L1(λ1, w1)ȳ′(t) + L2(λ1, w1)z̄′(t)

+(L1(λ1, w1)− L1(λ2, w2))y′2 + (L2(λ1, w1)− L2(λ2, w2))z′2

= (1 + νδ(w1)2)
λ′1

δ(w1)
− (1 + νδ(w2)2)

λ′2
δ(w2)

+γ̂
(
λ1+η(w1)
δ(w1)

− λ2+η(w2)
δ(w2)

)
.

We can rewrite this equation as

L1(λ1, w1)ȳ′(t) + L2(λ1, w1)z̄′(t) = K1(λ̄, λ̄′) +K2(ȳ, z̄), 0 < t < T. (4.12)

Here and henceforth,Ki, K̃i,K
(1)
i are linear functions in their arguments whose coefficients

are bounded in C[0, T ] by M . We set θ̄ = θ1 − θ2. Next, we take the difference of (4.8)
for j = 1, 2, leading to(

1 + νδ(w1)2
)
θ̄t − κ̂θ̄xx + ν(δ(w1) + δ(w2))∂tθ̄2(α1ȳ + α2z̄) + νδ(w2)(α1y

′
2 + α2z

′
2)θ̄

+ νδ(w1)θ1(α1ȳ
′ + α2z̄

′) + ν(α1y
′
2 + α2z

′
2)θ1(α1ȳ + α2z̄)

= L̂1(w1)ȳ′ + L̂2(w1)z̄′ + ν(β1y
′
2 + β2z

′
2)(α1ȳ + α2z̄)− γ̂θ̄.

We rewrite the latter as(
1 + νδ(w1)2

)
θ̄t − κ̂θ̄xx + ν(δ(w2)(α1y

′
2 + α2z

′
2) + γ̂)θ̄

= (L̂1(w1)− νδ(w1)α1θ1)ȳ′ + (L̂2(w1)− νδ(w1)α2θ1)z̄′

+K3(ȳ, z̄), 0 < x < 1, t > 0, (4.13)

and
θ̄(x, 0) = 0, θ̄x(0, t) = θ̄x(1, t) = 0, 0 < x < 1, t > 0. (4.14)

Henceforth, we define an operator

A(x, t) =
−1

1 + νδ(w1)2
(κ̂∂2

x − νδ(w2(t))(α1y
′
2 + α2z

′
2)− γ̂) for x ∈ (0, 1), t ∈ [0, T ].

With the family of operators A(x, t), t ∈ [0, T ], we associate a family of linear operators
A(t), t ∈ [0, T ], in L2(0, 1) such that

(A(t)θ)(x) = A(x, t)θ(x) for θ ∈ D(A(t)) = {η ∈ H2(0, 1) : ηx(0) = ηx(1) = 0}.

This allows us to recast (4.13) and (4.14) as an (abstract) initial value problem

θ̄′(t) = −A(t)θ̄(t) +
L̂1(w1)− νδ(w1)α1θ1

1 + νδ(w1)2
ȳ′

+
L̂2(w1)− νδ(w1)α2θ1

1 + νδ(w1)2
z̄′ +

K3(ȳ, z̄)(t)

1 + νδ(w1)2
, t > 0

and θ̄(0) = 0. Here, we write θ̄(t) = θ̄(·, t).
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Due to Assumption (A3), all coefficients of derivatives in operator A(x, t) are Lipschitz
continuous. Since the coefficient of the zeroth-order term is positive, i.e.,

νδ(w2(t))(α1y
′
2 + α2z

′
2) + γ̂ > 0

due to (A1) and (A3), the operator A(0)−1 exists (see, e.g., Theorem 2.6 in Tröltzsch [79,
p. 35]). Therefore, Assumption 5.1.1 and 5.2.1 in Chapter 5 in Tanabe [77] are satisfied
(see Example in Section 5.2 in Tanabe [77, p. 129] or Lemma 6.1 in Pazy [58, p. 227]).

We denote by U(t, s), 0 ≤ s ≤ t ≤ T , a fundamental solution, associated with the
family A(t), t ∈ [0, T ]. In particular, ∂sU(t, s) = U(t, s)A(s). By Theorem 5.2.2 in
Tanabe [77] we have

θ̄(t) =

∫ t

0

U(t, s)
L̂1(w1)− νδ(w1)α1θ1

1 + νδ(w1)2
ȳ′(s)ds

+

∫ t

0

U(t, s)
L̂2(w1)− νδ(w1)α2θ1

1 + νδ(w1)2
z̄′(s)ds+

∫ t

0

U(t, s)
K3(ȳ, z̄)(s)

1 + νδ(w1)2
ds

for 0 < t < T . Differentiating the both sides implies

θ̄′(t) =
L̂1(w1)− νδ(w1(t))α1θ1(t)

1 + νδ(w1(t))2
ȳ′(t) +

L̂2(w1)− νδ(w1(t))α2θ1(t)

1 + νδ(w1(t))2
z̄′(t)

+

∫ t

0

K̃4(ȳ′, z̄′)(s)ds+ K̃5(ȳ, z̄)(t) +

∫ t

0

K̃6(ȳ, z̄)(s)ds.

Defining τ̄(t) := θ̄(x0, t), we obtain

L̂1(w1)− νδ(w1(t))α1θ1(x0, t)

1 + νδ(w1(t))2
ȳ′(t) +

L̂2(w1)− νδ(w1(t))α2θ1(x0, t)

1 + νδ(w1(t))2
z̄′(t)

= τ̄ ′(t)−
∫ t

0

K4(ȳ′, z̄′)(s)ds−K5(ȳ, z̄)(t)−
∫ t

0

K6(ȳ, z̄)(s)ds. (4.15)

In view of (A5), we can solve (4.12) and (4.15) with respect to ȳ′ and z̄′, which yields

ȳ′(t) = K7(λ̄, λ̄′, τ̄ ′) +K8(ȳ, z̄)

+

∫ t

0

(K9(ȳ, z̄)(s) +K10(ȳ′, z̄′)(s))ds, 0 ≤ t ≤ T.

Noting that ȳ(0) = 0, we have

|K8(ȳ, z̄)(t)|, |K9(ȳ, z̄)(t)| ≤ C

∫ t

0

(|ȳ′(s)|+ |z̄′(s)|)ds.

Mutatis mutandis, the same reasoning holds for z̄(t)′. Altogether, we therefore obtain

|ȳ′(t)|+ |z̄′(t)|

≤ C(|λ̄(t)|+ |λ̄′(t)|+ |τ̄ ′(t)|) + C

∫ t

0

(|ȳ′(s)|+ |z̄′(s)|)ds, 0 ≤ t ≤ T.
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The Gronwall inequality finally gives

|ȳ′(t)|+ |z̄′(t)| ≤ C(‖λ̄‖C1[0,T ] + ‖τ̄‖C1[0,T ]), 0 ≤ t ≤ T.

This completes the proof.

The implication of this theorem is that the measurement data λ(t), τ(t) are sufficient
for the determination of the unknown functions y(t), y(z) if distinct functions y(t), y(z)
cannot produce the same response u(1, t), θ(x0, t) to identical input data.

Further, we continue with the numerical treatment of the inverse problem.

4.5 Numerical implementation
In this section we present some results for the numerical identification of the phase frac-
tions y(t), z(t) from dilatometer curves, or more precisely, from certain measurements λ̂ of
the overall displacement λ̂(t) = u(1, t), as well as measurements τ̂(t) of the temperature
at one point on the surface, τ̂(t) = θ(x0, t). To this end, we formulate the inverse problem
as the optimal control problem (P ): minimize

J(u, θ, y, z) = ω1

T∫
0

(u(1, t)− λ̂(t))2dt+ ω2

T∫
0

(θ(x0, t)− τ̂(t))2dt

subject to the state system

uxx − δ(w)θx = 0 in Ω× (0, T ), (4.16a)
ρcpθt − κθxx + Λδ(w)uxt − ρL1y

′ − ρL2z
′ = γ(θe − θ) in Ω× (0, T ), (4.16b)

u(0, t) = 0, ux(1, t)− δ(w)θ(1, t) + η(w) = 0 in (0, T ), (4.16c)
θx(0, t) = θx(1, t) = 0 in (0, T ), (4.16d)
θ(·, 0) = θ0 in Ω. (4.16e)

and the control constraints y, z ∈ Uad.
The set of admissible controls Uad can be defined as Uad = {y, z : 0 ≤ y, z ≤ 1}. It

reflects the fact that from the physical point of view, the phase fractions functions y, z
should be non-negative and should not exceed 1. To obtain useful results, an equilibrating
of the terms in the cost functional is indispensable. To this end, we set

ω1 = 104, ω2 =
1

(τ̂(0)− τ̂(T ))2

in further numerical computations.
To solve the control problem numerically, we apply the “first discretize, then optimize”

approach. It transforms the original continuous optimal control problem into a standard
finite dimensional optimization problem. For this purpose, the state system and the
objective functional are fully discretized. Then, the discretized optimization problem,
which is typically large, can be solved by the existing optimization solvers.
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4.5.1 The discretized problem

We first discuss the discretization of the state system of the optimal control problem (P ).
The solution of the state system (4.16b)–(4.16e) will be approximated using the finite-
difference technique. We begin with the initial boundary value problem (4.16b), (4.16d)–
(4.16e) for the temperature. We first partition the intervals [0, 1] and [0, T ] into respective
finite equidistant grids as follows

xi = i∆x, i = 0, 1, . . . ,M, where ∆x =
1

M
, (4.17)

tj = j∆t, j = 0, 1, . . . , N, where ∆t =
T

N
. (4.18)

Let θji and uji be an approximation of θ(xi, tj) and u(xi, tj), respectively, for 0 ≤ i ≤ M ,
0 ≤ j ≤ N . We consider a semi-implicit method, in which we treat the coupling terms
explicitly and use the Backward in Time Central in Space Scheme (BTCS) for the rest of
the terms. In BTCS, the time derivative in (4.16b) is replaced by a backward difference
scheme and a space derivative by the central difference scheme. This yields

ρcp
θj+1
i − θji

∆t
− κ

θj+1
i+1 − 2θj+1

i + θj+1
i−1

(∆x)2
+ Λδ(ω)

uj+1
i+1 − u

j+1
i − uji+1 + uji
∆x∆t

= ρL1yt + ρL2zt + γ(θe − θji ).
(4.19)

Next, we introduce the vectors θj,uj ∈ RM+1, such that θj = (θj0, θ
j
1, . . . , θ

j
M)T and uj =

(uj0, u
j
1, . . . , u

j
M)T . In order to implement the Neumann boundary condition (4.16d) we

consider the virtual grid points outside the domain Ω. Then, for the values of temperature
θ−1, θM+1 at this virtual grid points, it yields θ−1 = θ1 and θM+1 = θM−1. Analogously,
the Neumann boundary condition in (4.16c) for u can be treated. In particular, it implies
that

uM+1 = uM−1 + 2∆x(δ(w)θM − η(w)).

Further, we build up the corresponding matrices and rewrite (4.19) in the form

C1θ
j+1 =

(ρcp
∆t
− γ
)
C2θ

j − C3u
j+1 + C3u

j +D1 (4.20)

with matrices C1, C2, C3 ∈ R(M+1,M+1) and vector D1 ∈ RM+1.

C1 =



ρcp
∆t

+ 2κ
(∆x)2 − 2κ

(∆x)2 0

− κ
(∆x)2

ρcp
∆t

+ 2κ
(∆x)2 − κ

(∆x)2

. . .
− κ

(∆x)2

ρcp
∆t

+ 2κ
(∆x)2 − κ

(∆x)2

0 − 2κ
(∆x)2

ρcp
∆t

+ 2κ
(∆x)2 + Λδ(w)2

∆t

 ,

C2 =


1 0

1
. . .

1

0 1 + Λδ(w)2/∆t
ρcp
∆t
−γ

 , C3 =
Λδ(w)

∆x∆t


−1 1 0

−1 1
. . .
−1 1

0 0 0

 .
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D1 =

 ρL1yt + ρL2zt + γθe

...
ρL1yt + ρL2zt + γθe + Λδ(w)ηt(w)

 .

Analogously, we discretize equation (4.16a) for the displacement u. Using the same nota-
tions as before, we obtain

uji+1 − 2uji + uji−1

(∆x)2
− δ(w)

θji+1 − θ
j
i

∆x
= 0.

Incorporating the boundary conditions (4.16c), this equation can be written in matrix
form as

C4u
j = ∆xδ(w)C5θ

j +D2, (4.21)

where the matrices C4, C5 ∈ R(M+1,M+1) and vector D2 ∈ RM+1 are given by

C4 =


1 0 0
1 −2 1

. . .
1 −2 1

0 2 −2

 , C5 =


0 0 0
−1 1

. . .
−1 1

0 −2

 ,

D2 =


0
...
0

2∆xη(w)

 .

Then, in order to find a numerical solution to the state system (4.16b)–(4.16e), provided
the phase fraction functions (y, z) are known, in each time step j, j = 0, 1, . . . , N , we first
have to solve the linear system (4.21). After the solution uj is found, the linear system
(4.19) can be solved for θj+1.

Next, we specify the ansatz for the time dependent phase fraction functions (y, z),
which serve as the control functions in the control problem (P ) formulated above. The
phase fraction functions (y, z) to be determined are represented as cubic splines. Enforcing
the additional conditions

y(0) = z(0) = y′(0) = z′(0) = y′(T ) = z′(T ) = 0,

the remaining spline coefficients can be uniquely represented in terms of the values of
(y, z) in the temporal grid points t1, . . . , tn. Defining the parameter vector

p = (y(t1), . . . , y(tn), z(t1), . . . , z(tn))T ,

we consider the nonlinear optimization problem

(Pd) min
p

{
ω1

n∑
i=1

(u(1, ti, p)− λ̂(ti))
2dt+ ω2

n∑
i=1

(θ(x0, ti, p)− τ̂(ti))
2dt
}

subject to a discretized version of the state system (4.16a)–(4.16e)
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and the control constraint p ∈ Ũad.
The admissible control set Ũad is defined as Ũad = {p : 0 ≤ p ≤ 1}. In the following,
we will use the MATLAB routine lsqnonlin to solve the discretized optimization prob-
lem (Pd). It provides a choice of two optimization methods, the Trust-Region-Reflective
algorithm and the Levenberg–Marquardt method. It should be noted that the Levenberg–
Marquardt algorithm cannot handle bound constraints. We will apply this method for
the parameter identification from the model data, where we consider the optimal control
problem without control constraints. This case will be presented later in Section 4.5.3.
For the parameter identification from the real dilatometer data in Section 4.5.4, we
apply the Trust-Region-Reflective algorithm with respect to the admissible control set
Ũad = {p : 0 ≤ p ≤ 1}.

In the next section, we provide the physical parameters used in the numerical simula-
tions.

4.5.2 Physical parameters

In this thesis, numerical calculations are carried out for high carbon steel C1080 and
Mo-Mn dual phase steel. The chemical composition of these steels is shown in Tables 4.1,
4.2.

C Mn P S
0.75–0.88 0.6–0.9 0.04 0.05

Table 4.1: Chemical composition of C1080 steel in mass-%.

C Mn Mo Si Al
0.08 1.44 0.15 0.03 0.05

Table 4.2: Chemical composition of Mo-Mn dual phase steel in mass-%.

For both steels, the reference density at 20 ◦C are chosen to be ρ = 7.85 g/cm3. The
values for the heat conductivity κ and specific heat cp are set to

κ = 0.5 J/(s cmK), cp = 0.5 J/(gK).

These values only represent a rough approximation by a constant function for the temperature-
dependent factors κ(θ), cp(θ). More details on the thermal physical parameters can be
found, e.g., in [65, 69]. The latent heats L1, L2 of the austenite-pearlite and the austenite-
martensite phase transformations, respectively, are specified by the values from [28] as

L1 = 77 J/g, L2 = 84 J/g.

The latent heat of the austenite-bainite phase transformation is assumed to be equal to
the latent heat of the austenite-pearlite phase transformation, i.e., 77 J/g. The Lamé
parameters are chosen according to [69] as

Λ1 = 1.07 · 105 Pa, Λ2 = 7 · 104 Pa.
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The physical parameters for the thermal strain

Unfortunately, there are some difficulties in obtaining the data of the thermal expansion
coefficients and especially of the reference temperatures in the mixing rule of the thermal
strain. The data presented in the literature is not very extensive and usually corresponds
to steels of a special chemical composition (cf. [69, pp. 104–110]). If several dilatometer
curves corresponding to the different cooling rates are available, the thermal expansion
coefficients and the reference temperatures can be directly drawn from the dilatation
curves.

Figure 4.6: Measured dilatometer curve for the Mo-Mn dual phase steel.

As an example, we consider the dilatometer curve observed for the Mo-Mn dual phase
steel. It exhibits the austenite-bainite phase transformation in the temperature range
between θA and θB, see Figure 4.6. The resulting phase fraction of bainite is estimated
as 100%. Let λ̄ denote the relative displacement as a function of the temperature θ as
depicted in Figure 4.6. One knows that for any temperature above θA, the microstruc-
ture of steel is purely austenitic. As a result, the dilatation curve is linear in the high
temperature range above θA. Hence, the linear thermal expansion coefficient δ0 and the
reference temperature θ0

ref for austenite can be calculated from the ansatz for the thermal
strain (4.3) as

δ0 =
λ̄(θ2)− λ̄(θ1)

θ2 − θ1

, θ0
ref = θ1 −

λ̄(θ1)(θ2 − θ1)

λ̄(θ2)− λ̄(θ1)
.

Here, θ1, θ2 are two arbitrary temperatures above the temperature θA. Analogically, the
values of the linear thermal expansion coefficient δ1 and the reference temperature θ1

ref

for bainite can be drawn from the dilatometer curve below the temperature θB. In this
temperature range, the state is purely bainitic and the dilatation curve has again a linear
dependence on the temperature.

In the next step, the data for the martensitic phase transformation can be obtained
from the dilatometer curve, which exhibits, for instance, two phase transformations, from
austenite to bainite and from austenite to martensite. In this case, the values of the
thermal extension coefficient δ2 and the reference temperature θ2

ref can be calculated
from the mixture ansatz for the thermal strain:

λ̄ = δ1y(θ − θ1
ref ) + δ2z(θ − θ2

ref ) + δ0(1− y − z)(θ − θ0
ref ). (4.22)
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Here, y, z are the resulting phase fractions of bainite and martensite, respectively. Con-
sidering the part of the dilatation curve in the low temperature range, where the phase
transformations are completed, the values of δ2 and θ2

ref can be calculated in a similar
way as discussed above for austenite and bainite. All data obtained in such a way for
Mo-Mn dual phase steel is listed in Table 4.3.

Symbol Value Unit Symbol Value Unit
δ0 2.5 · 10−5 1/K θ0

ref 1272 K
δ1 1.59 · 10−5 1/K θ1

ref 1181 K
δ2 1.34 · 10−5 1/K θ2

ref 1300 K

Table 4.3: The values of the thermal expansion and the reference temperatures for Mo-Mn
dual phase steel. The constants δ1 and θ1

ref correspond to the austenite-bainite phase
transformation.

The thermal expansion coefficients and reference temperatures used in the numerical
computations for C1080 steel are summarized in Table 4.4.

Symbol Value Unit Symbol Value Unit
δ0 1.55 · 10−5 1/K θ0

ref 1473 K
δ1 1.7 · 10−5 1/K θ1

ref 1234 K
δ2 1.16 · 10−5 1/K θ2

ref 773 K

Table 4.4: The values of the thermal expansion and the reference temperatures for high
carbon steel C1080. The constants δ1 and θ1

ref correspond to the austenite-pearlite phase
transformation.

The heat transfer coefficient

There exist different cooling strategies in the dilatometer experiments. During the quench-
ing, which is characterized by the highest cooling rates, the coolant is blown onto the
specimens (forced convection). This is achieved in practice by cooling with helium gas.
Normally, the first cooling curves in the Continuous Cooling Transformation (CCT) di-
agram are produced in this way. The moderate cooling curves are regarded as natural
convection. Finally, in order to realize low cooling rates and to decelerate the cooling,
the specimens are heated by electromagnetic induction. All these aspects should be taken
into account when modelling the heat transfer in the dilatometer experiment. In this
thesis, the identification of the phase transformations from the dilatometer experiments
with a fast and a moderate cooling is considered. In the case of slow cooling, the effect of
electromagnetic induction has to be taken into account by including an additional source
term on the right-hand side of the energy balance (4.16b). A precise model of this effect
requires further studies but it is out of the scope of this thesis.

According to the experimental setup, the data for the Newton-type cooling model
on the right-hand side of heat equation (4.16b) have to be identified. An appropriate
measurable coolant temperature θe would be the temperature at the inner boundary of
the tube surrounding the specimens in the dilatometer (cf. Figures 4.1, 4.2). However,
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for preliminary technical reasons, θe is assumed to be constant and we set θe = 20 ◦C =
293.15K.

For the heat transfer coefficient, or its dimensionless form (the Nusselt number), a
lot of expressions exist depending on the exact geometrical configurations, e.g., [63, 83].
However, none of them fits well with the dilatometer being considered. Typically, the
Nusselt number is expressed as a product of further dimensionless characteristic numbers
with empirical exponents. The general relationship between the heat transfer coefficient α
and the Nusselt number Nu is the following

α =
κhNu
Lc

W/(m2 K) = 10−4κhNu
Lc

W/(cm2 K). (4.23)

Here, κh refers to the thermal conductivity of the fluid (in our case, helium) and Lc is a
characteristic length of the surface. The characteristic length should be selected in the
direction of the growth (or the thickness) of the boundary layer. For instance, for the
cross-flow over a horizontal cylinder, it is usually a diameter of the cylinder. In our case,
due to the restriction of the model to the one-dimensional case, the characteristic length
Lc will be chosen to be the length of the cylinder, i.e., Lc = L.

The heat transfer coefficient for the forced convection is a primary function of the fluid
velocity and the fluid properties, and it is a secondary function of the temperature because
the fluid properties are temperature-dependent. Considering the forced convection, the
average Nusselt number for the cross-flow over a horizontal cylinder can be found from
the correlation (cf. [88])

Nu = (0.4Re
1
2 + 0.06Re

2
3 )Pr0.4

(
η∞
η

) 1
4

, (4.24)

where Re and Pr denote the Reynolds and the Prandtl number, respectively. The factors
η∞ and η represent the dynamical viscosity of the coolant and are in general temperature-
dependent functions. For helium, they can be calculated from the correlation formula (cf.
[59])

η = 3.674 · 10−7θ0.7 kg/(m s), (4.25)
η∞ = η|θ=293.15 K = 1.96 · 10−5 kg/(m s), (4.26)

with θ in K. We recall that the length of the investigated cylinder is L = 0.01m. Hence,
the Reynolds number can be computed by

Re =
ρhvL

η
, (4.27)

where the density of helium ρh can be derived from the ideal gas law as

ρh =
48.78

θ
kg/m3,

with θ in K, and the dynamical viscosity η from (4.25). The velocity of helium v will first
be considered as an unknown parameter in the model. The Prandtl number for helium is
defined as Pr = 2

3
. On the other hand, according to the definition, we have

Pr =
ηch
κh

, (4.28)
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where ch = 5190 J/(kgK) and κh are the specific heat capacity and the thermal conduc-
tivity of helium, respectively. Hence, from (4.25) and (4.28), we obtain

κh =
3ηch

2
=

1.41 · 10−4θ7/6

(1 + 0.04 · θ2)1/4
W/(mK).

In the case of natural convection, the heat transfer coefficient is a primary function
of the fluid properties and of the temperature difference between the considered solid
component and the fluid. The Nusselt number for natural convection for the horizontal
cylinder is given in the following form [63]:

Nu = 0.59(Gr · Pr)0.25,

where Gr is a Grashof number which characterizes the natural convection effect. It is
defined by

Gr =
βg∆θρ2

hL
3

η2
,

where

g - the acceleration due to the gravity, m/s2,
∆θ = θs − θ∞ - the temperature difference between the surface and the fluid, K,

β - a coefficient of volumetric expansion, expressed for helium by
1
θ

= 2
θs+θ∞

1/K.

The parameters ρh, L, η are defined as before. Finally, according to (4.23), the heat
transfer coefficient in (4.16b) can be calculated by

γ = a · 10−4κh · Nu
L

+ bW/(cm2 K). (4.29)

The constants a, b are the parameters that have to be fitted to the experimental data. In
the case of forced convection, where the Nusselt number is given by (4.24), we have an
additional unknown parameter v (cf. (4.27)), the velocity of helium.

The first rough approximation for the heat transfer coefficient can be derived from
the dilatometer data. We consider the case of forced convection. For a given dilatometer
curve, i.e., if the displacement and the temperature data are known, γ, as a function of
temperature, can be identified from the heat equation (4.16b), assuming that no phase
transformations occur during cooling. Then, the triple of unknown parameters (a, b, v)
from the ansatz for the heat transfer coefficient (4.29) can be extracted from these ap-
proximate curves for γ. In the case of fast cooling, e.g., as in the first dilatometer curve
for Mo-Mn dual phase steel, the parameters in (4.29) are the following:

a = 0.097, b = 0.01W/(cm2 K), v = 568m/s = 5.68 · 104 cm/s.

Here, the Nusselt number was computed using (4.24). The heat transfer coefficient is
depicted in Figure 4.7. We note that the calculated value of v should not be interpreted
as the real velocity of helium in the dilatometer experiment. One possible reason for that
is the reduction of the model to the one-dimensional case. Thus, in our model v acts just
as the fitting parameter.
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Figure 4.7: The identification of the heat transfer coefficient for the first dilatometer curve
for Mo-Mn dual phase steel.

Remark 4.5.1. We are now able to check the validity of Assumption (A5) for high carbon
steel C1080 and Mo-Mn dual phase steel. In view of the data in Tables 4.3 and 4.4, we
can conclude that

δ2 ≤ δ(w) ≤ δ1.

Since we cool below Mf , we have indeed y′(t) = z′(t) = 0 for θ < θe. Hence, it holds

λ(t) + η(w(t)) ≥ |Ω|θe, δ2(w(t))θ(x0, t) ≥ δ2
2θ
e.

Inserting the data for L1,2, α1,2, β1,2, it can be easily seen that the complete expression
stays negative. Hence, we can verify that (A5) is satisfied.

4.5.3 Parameter identification from model data

We first validate our approach by using model data for the high carbon steel C1080. To
generate the model data, we solve the system of state equations (4.16a)–(4.16e) together
with two rate laws for pearlite fraction y and martensite fraction z:

y′ = (1− y − z)g(θ), (4.30)
z′ = 5[ẑ − z]+, (4.31)

with
ẑ = min {m̄, 1− y}

and m̄(θ) = 1 if θ < Mf , m̄(θ) = 0 if θ > Ms. In between, it is defined as the lin-
ear interpolation between 0 and 1. Here, Ms,Mf are the starting and finishing tem-
peratures for the martensitic growth. The corresponding values for C1080 steel are
Ms = 227 ◦C, Mf = 93 ◦C. As before, we denote [·]+ = max{·, 0}.

Equations (4.30)–(4.31) represent a simple rate law model. The growth rate y′ of
pearlite is assumed to be proportional to the remaining fraction of the high temperature
phase (austenite) and a function g depending only on the temperature (cf. Figure 4.8),
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while the second phase, martensite z, only grows as long as a certain temperature depen-
dent threshold value is not exceeded. The values of Ms,Mf as well as the factor g(θ) in
the model equations were calculated from the isothermal TTT-diagram for C1080 steel
taken from [3].

Figure 4.8: The data function g(θ) in (4.30).

Figure 4.9 and 4.10 show the resulting model dilatometer curves for the case of slow,
fast and moderate cooling, respectively. Figure 4.11 shows the results of the parameter
identification in the case of fast and slow cooling in comparison with the exact result. We
can conclude that indeed the identification was successful.

Figure 4.9: Model dilatometer curves for the slow (left) and the fast (right) cooling.
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Figure 4.10: Model dilatometer curve for the moderate cooling.

However, the really interesting case is the one with moderate cooling (see Figure
4.10), which exhibits two phase transformations. Figure 4.12 shows three iterations and
the final result of the optimization process in this case. Starting from the initial values
y0 = z0 ≡ 0, already after three iterations the correct final phase fraction was reached.
This is particularly important since, as it was mentioned before, the standard way of
obtaining the resulting phase fraction values in the case of several phase transformations
requires expensive and time consuming optical measurements.

Figure 4.11: Results of the identification process for slow (left) and fast (right) cooling.
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Figure 4.12: Three iterations and the final resulting phase fraction curves in the case of
moderate cooling.

In order to confirm the stability estimate derived in Section 4.4, we additionally iden-
tify the phase fractions from the noisy model data. We generate the measurements of the
displacement λ̂ and the temperature τ̂ disturbed with a noise level of 5%, i.e.,

τ̂(t) = τ(t) + 0.05 · (2 · rand(t)− 1) · τ(t),

λ̂(t) = λ(t) + 0.05 · (2 · rand(t)− 1) · λ(t).

Here, rand denotes the pseudorandom value drawn from the standard uniform distribution
on the open interval (0, 1) generated for the time t. The corresponding dilatometer curve is
depicted in Figure 4.13. The optimization procedure performed with the same parameter
set as in previous calculations provides the phase fractions of pearlite and martensite.
The optimal solution is presented in Figure 4.14. The phase fraction functions computed
for the dilatometer data without noise are considered as the exact solution. It can be
seen from Figure 4.14 that the deviation of the actual results from the exact values of the
phase fractions is within acceptable limits. This numerical result confirms our theoretical
stability estimate for the solution of the inverse problem.
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Figure 4.13: Model dilatometer curve for moderate cooling perturbed with a 5% noise.

Figure 4.14: Results for the identification process from the noisy dilatometer data in
comparison with the exact solution.

4.5.4 Parameter identification from real dilatometer data

To validate our numerical approach in praxis, we performed the parameter identification
of the phase transformations from the real dilatometer data. It was observed that the
results of the optimization procedure were significantly better when the cost functional
in problem (P ) additionally included some kind of regularization term, i.e.,

J(u, θ, y, z) = ω1

T∫
0

(u(1, t)− λ̂(t))2dt+ ω2

T∫
0

(θ(x0, t)− τ̂(t))2dt+ ω3

T∫
0

(yt(t)
2 + zt(t)

2)dt.

The last term in the cost functional is a so-called “smoothing term” which ensures addi-
tional smoothness of the control functions (y, z). For the numerical calculations we set
ω3 = 0.01.
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The used dilatometer data came from the dilatometer experiments that were carried
out at the IEHK Aachen. For the experiments Mo-Mn dual phase steel with the chemi-
cal composition shown in Table 4.2 was chosen. Cylindrical dilatometer samples with a
diameter of 5mm and length of 10mm were heated up to an austenitizing temperature
of 1200 ◦C at a heating rate of 200K/min, where the samples were austenitized for 10
minutes and then cooled down to room temperature with different cooling rates. The
phase transformation kinetics from the evaluation of the elongation curves, assisted by
metallographic results, is presented in the CCT-diagram shown in Figure 4.15. The red
points in the diagram correspond to the start and the end time of the phase transforma-
tions occurring during cooling. Here, we consider the parameter identification for the first
cooling curve highlighted in red in Figure 4.15.

Figure 4.15: Continuous cooling transformation diagram for Mo-Mn dual phase steel
(IEHK Aachen).

Figure 4.16 depicts the measurements of the dilatometer experiment, namely the sur-
face temperature at the middle of the sample and the displacement measured on the
right-hand side of the specimen. The corresponding dilatometer curve is presented in
Figure 4.17. The metallographic investigations in this case estimate 70% bainite and
30% martensite. In Figure 4.17 one phase transformation between 600 ◦C and 400 ◦C
(from austenite to bainite) can easily be seen, another one between 400 ◦C and 200 ◦C
(from austenite to martensite) is hardly visible. However, our parameter identification
procedure is indeed able to detect both phase transformations. Figure 4.18 shows four it-
erations of the optimization procedure for this case. The final phase fractions obtained by
the optimization procedure are 75% bainite and 25% martensite. From a physical point
of view, one would expect a monotone behaviour of the phase fraction curve which holds
only true for one of them. However, the final phase fractions for both phases correspond
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to the measured ones with a relative error of less than 8%. The start and end times of
the austenite-bainite phase transformation are 2 s and 4 s, respectively. The austenite-
martensite transformation starts after 3.2 s of the cooling process and ends when the
cooling time is approximately 6 s. These values have a good agreement with the experi-
mental ones when compared with the data from the CCT diagram.

Figure 4.16: The dilatometer measurements of the temperature and the relative displace-
ment for Mo-Mn dual phase steel (IEHK Aachen).

Figure 4.17: Measured dilatometer curve for the Mo-Mn dual phase steel (IEHK Aachen).

Further results for the parameter identification for the phase transformations in steel
from the dilatometer measurements can be found in [75]. In this article, the experimental
procedure is described in more detail and the numerical results for the medium carbon
steel 16MnCr5 are presented.
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Figure 4.18: Results of the identification of two product phases from dilatometer mea-
surements.



Chapter 5

Optimal control of the heat transfer
coefficient for a semilinear parabolic
system

The optimal control of heating and cooling processes belongs to the core of optimal control
theory of parabolic equations. There are many applications of control theory to the opti-
mal cooling of steel profiles, which have been discussed in a sequence of papers [25, 49, 51,
52, 82]. The control problems arising in these applications are parabolic boundary control
problems. The state system consists of the heat equation with a convective boundary
condition, in which the heat transfer coefficient serves as a control. The proposed optimal
control approaches are solely focused on the evaluation of temperature.

In the current work, an optimal control problem for the cooling line of a hot rolling mill
is considered, where the phase transformations in the steel slab are taken into account.
It leads to a nonlinear boundary control problem, where the state system consists of a
semilinear heat equation and an ordinary differential equation. The latter describes the
evolution of the ferrite phase fraction. The time-dependent heat transfer coefficient serves
as a control function. Due to the nonlinearity in the coupling term on the right-hand side
of the heat equation, the state system requires a detailed analysis, especially concerning
the regularity of the solutions, which is of crucial importance for the derivation of second-
order sufficient optimality conditions.

In the first section of this chapter, the optimal control problem is introduced and the
existence of an optimal solution is investigated. This section also includes the derivation
of first-order necessary and second-order sufficient optimality conditions. The essential
parts are the second-order optimality conditions, which form the basis for the successful
convergence of the second-order optimization algorithms such as the sequential quadratic
programming method. Second-order optimality conditions for control problems governed
by parabolic equations have been discussed, e.g., in Goldberg and Tröltzsch [21] and
Raymond and Tröltzsch [64]. In comparison to the very general and abstract setting of
the latter contribution, the focus in this thesis is on the mixed boundary conditions and
the control of the parameter function, e.g., the heat transfer coefficient function.

The second part of this chapter is devoted to the numerical implementation of the
control problem studied in Section 5.1. In Section 5.2, the reduced sequential quadratic
programming (rSQP) method is introduced. This method has proven to be very effective

57
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in many areas of application, such as optimal control. A successful numerical application
of the rSQP method to parabolic control problems has been reported by Hintermüller,
Volkwein, and Diwoky [29], Kupfer and Sachs [47].

In each iteration of the rSQP method, the quadratic optimal control problem (QP k)
with control constraints has to be solved. To treat the (QP k) problems, a primal-dual
active set strategy is applied as, for instance, proposed by Bergounioux, Ito, and Kunisch
[5] for control constrained optimal control problems. It is well-known that SQP methods
converge only locally. In order to globalize the convergence behaviour of the rSQP method,
first, a few steps of the projected gradient method are performed to find suitable initial
values for the rSQP method.

Finally, a numerical test is carried out. This test demonstrates the convergence of the
applied rSQP algorithm. The numerical results are presented in the last section of this
chapter.

5.1 The optimal control problem
In this section, the optimal control problem is specified and the existence of an opti-
mal solution is proven. Moreover, the first-order necessary and second-order sufficient
optimality conditions are studied.

5.1.1 Problem formulation and assumptions

We consider an optimal control problem for the controlled cooling of steel profiles in
order to obtain a desired temperature and phase distribution in the steel slab. The
cooling process is governed by the coupled system of semilinear heat equation and ordinary
differential equation for the phase growth of ferrite. To describe the evolution of ferrite,
we take a rate law model based on the Leblond–Devaux ansatz

ft = (feq(θ)− f)H(feq(θ)− f)g1(θ),

f(0) = 0.

Here, f denotes the volume fraction of ferrite, θ refers to the temperature and H is a
regularized Heaviside function. Thus, the term xH(x) is a regularization of the positive
part function [x]+. The temperature distribution in the steel slab is described by the heat
equation

ρcpθt − κ∆θ = ρLft.

The density ρ, the heat capacity cp, the heat conductivity κ and the latent heat L are
assumed to be positive constants. The term ρLft describes the release of heat due to the
phase transformation of ferrite. The boundary condition for the temperature imposed on
the top and the bottom boundary of the domain Ω is given as Newton’s law of cooling

− κ∂θ
∂n

= u(t)β(x)(θ − θw), (5.1)

where θw is the temperature of the coolant. The proportionality factor is the heat transfer
coefficient, which is split into two parts, one depending only on time and the other only
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on the space variable. The function β can describe, for instance, a profile of cooling
medium distribution on the surface of the steel slab, see Figure 5.1. The function u can
be expressed through a coolant flow-rate during the cooling and serves as the control
variable in our problem.

Figure 5.1: The scheme of the cooling of steel profiles.

We seek an optimal cooling strategy ū = ū(t) such that a desired final phase distri-
bution fd(x) is reached. At the same time, we want the temperature θd(x) to be realized
at the end time T . Thus, the control problem (P ) to obtain an optimal time-dependent
heat transfer coefficient u(t) can be formulated as follows: minimize

J(θ, f, u) =
α1

2

∫
Ω

(f(x, T )− fd(x))
2 dx+

α2

2

∫
Ω

(θ(x, T )− θd(x))
2 dx

+
α3

2

T∫
0

u2(t)dt

subject to

ft = G(θ, f) := (feq(θ)− f)H(feq(θ)− f)g1(θ) in Q, (5.2a)
f(0) = 0 in Ω, (5.2b)

ρcpθt − κΔθ = ρLft in Q, (5.2c)

−κ
∂θ

∂n
= u(t)β(x)(θ − θw) on Σ1, (5.2d)

−κ
∂θ

∂n
= 0 on Σ2, (5.2e)

θ(0) = θ0 in Ω (5.2f)

and
u ∈ Uad = {u ∈ L∞(0, T ) : ua ≤ u ≤ ub, ua, ub ≥ 0},

where Q = Ω × (0, T ), Γ1 denotes the top and the bottom boundary of the domain Ω,
and Σ1 = Γ1 × (0, T ), Σ2 = (∂Ω \ Γ1) × (0, T ). The factors αi, i = 1, . . . , 3, are positive
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constants. The third term in the cost functional represents a Tikhonov regularization
term that can also be interpreted as a measure of the costs of the control. The control is
bounded by two positive constants ua and ub since we consider only the cooling process
and due to the restrictions on the maximal amount of coolant.

Further, we make some assumptions on the quantities of the optimal control problem
that we need for the analysis.

Assumptions:

(A1) Ω ⊂ R3 denotes a bounded domain with Lipschitz boundary ∂Ω,

(A2) feq ∈ C2,1(R) and feq(x) ∈ [0, 1] for all x ∈ R,
H ∈ C2,1(R) is a monotone approximation of the Heaviside function satisfying
H(x) = 0 for x ≤ 0,
g1 ∈ C2,1(R) is non-negative and bounded,

(A3) β ∈ L∞(Ω) is non-negative, θw ∈ L∞(Σ1), θ0 ∈ C(Ω̄),

(A4) fd ∈ L∞(Ω), 0 ≤ fd ≤ 1 a.e. in Ω, θd ∈ C(Ω̄).

The Assumption (A2) is necessary for the analysis of the state system (5.2) and for the
twice Fréchet differentiability of the solution operator.

5.1.2 Analysis of the state system

In this section we will prove existence and uniqueness of a weak solution of the state
system (5.2). We divide the proof into two steps. The first part is a preliminary lemma
concerning only the ODE system (5.2a)–(5.2b), for θ prescribed. The second step is the
coupling of the ODE system with the temperature equation, which gives a solution f, θ
of the full state system.

Let us start with the discussion of the initial value problem (5.2a)–(5.2b) in the state
system. The following result for the kinetics of the phase transformations in steel has
already been discussed, e.g., by Hömberg [34], Hömberg and Volkwein [38], Kern [42] and
Panizzi [57].

Lemma 5.1.1. Suppose that (A2) holds true. Then, we have the following:

(a) Let θ ∈ Lp(0, T ;Lp(Ω)), 1 ≤ p ≤ ∞, be given. Then (5.2a)–(5.2b) has a unique
solution f ∈ W 1,∞(0, T ;L∞(Ω)) satisfying

‖f‖W 1,∞(0,T ;L∞(Ω)) ≤M1

with a constant independent of θ. Moreover, 0 ≤ f ≤ 1 for a.e. (x, t) ∈ Q.

(b) Let θ1, θ2 ∈ Lp(0, T ;Lp(Ω)), 1 ≤ p ≤ ∞, and let f1, f2 be the corresponding solutions
of (5.2a)–(5.2b). Then, there exists a constant M2 > 0 such that

‖f1 − f2‖W 1,p(0,T ;Lp(Ω)) ≤M2‖θ1 − θ2‖Lp(0,T ;Lp(Ω)).
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Proof. (a) Let θ̂ ∈ Lp(0, T ;Lp(Ω)) be a representative of θ. We consider the ordinary
differential equation given by

ζ̇(t) = Ĝ(t, ζ), ζ(0) = 0, (5.3)

where Ĝ(t, ζ) = G(θ̂(x, t), ζ). In view of Assumption (A2), the function Ĝ(t, ζ) satisfies
the Carathéodory conditions (see B.5 in Appendix):

• t 7→ Ĝ(t, ζ) is measurable for all ζ ∈ R,

• ζ 7→ Ĝ(t, ζ) is continuous for almost all t ∈ (0, T ).

The growth condition is also easily satisfied:

|Ĝ(t, ζ)| ≤ |feq(θ̂)− ζ||g1(θ̂)| ≤M +M |ζ| for a.e. t ∈ (0, T ), (5.4)

where M is given by the boundedness of g1 and feq according to Assumption (A2). Thus,
according to Carathéodory Theorem (B.5), system (5.3) has a global solution on the time
interval [0, T ].

Moreover, the solution is unique. This is deduced from the fact that Ĝ(t, ζ) is Lipschitz
continuous with respect to ζ ∈ [0, 1] for almost all t ∈ (0, T ), i.e.,

|Ĝ(t, ζ1)−Ĝ(t, ζ2)|
≤ |(feq(θ̂)− ζ1)H(feq(θ̂)− ζ1)g1(θ̂)− (feq(θ̂)− ζ2)H(feq(θ̂)− ζ2)g1(θ̂)|
≤ c|feq(θ̂)− ζ1||H(feq(θ̂)− ζ1)−H(feq(θ̂)− ζ2)|

+ |ζ1 − ζ2|H(feq(θ̂)− ζ2)

≤ c|ζ1 − ζ2|

∀ζ1, ζ2 ∈ [0, 1]. Here, we have used the boundedness of the functions feq, g1 and the
Lipschitz continuity of H. The constant c is generic. It only remains to show that
ζ ∈ [0, 1] for almost all t ∈ (0, T ). This can be done by means of the classical comparison
criterion for ODEs.

Due to the inequality

ζ̇(t) = (feq(θ̂)− ζ(t))H(feq(θ̂)− ζ(t))g1(θ̂)

≤ |feq(θ̂)− ζ(t)|g1(θ̂)

we obtain
ζ(t) ≤ feq(θ̂)(1− e−g1(θ̂)t).

We conclude that ζ(t) ≤ feq(θ̂) ≤ 1 almost everywhere in (0, T ). Since Ĝ(t, ζ) ≥ 0 and
ζ(0) = 0, we have ζ(t) ≥ 0. From 0 ≤ ζ(t) ≤ 1, we deduce that

‖f‖W 1,∞(0,T ;L∞(Ω)) ≤M1

with a constant M1 independent of θ. Thus, the proof of part (a) is finished.
(b) Let θi ∈ Lp(0, T ;Lp(Ω)), 1 ≤ p ≤ ∞, i = 1, 2, and define θ = θ1 − θ2. Then,

f = f1 − f2 solves
ft = G(θ1, f1)−G(θ2, f2). (5.5)
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The function G(θ, f) is Lipschitz continuous in both variables. Testing (5.5) with fp−1,
1 ≤ p <∞, we obtain∫ t

0

∫
Ω

ft(t)f
p−1(t)dxds =

∫ t

0

∫
Ω

(G(θ1, f1)−G(θ2, f2))fp−1(t)dxds,

1

p

∫
Ω

|f |pdx ≤ c1

∫ t

0

∫
Ω

|θ||f |p−1dxds+ c2

∫ t

0

∫
Ω

|f |pdxds (5.6)

for two constants c1, c2 > 0. To estimate the first additive term on the right-hand side of
(5.6), we apply Young’s inequality

ab ≤ aq

q
+
bq
′

q′
, where a, b ≥ 0 and

1

q
+

1

q′
= 1.

Choosing q = p, we have q′ = p/(p− 1). Hence, we arrive at∫ t

0

∫
Ω

|θ||f |p−1dxds ≤ 1

p

∫ t

0

∫
Ω

|θ|pdxds+
p− 1

p

∫ t

0

∫
Ω

|f |pdxds.

Inserting this bound into (5.6) gives∫
Ω

|f |pdx ≤ c1

∫ t

0

∫
Ω

|θ|pdxds+ (c1(p− 1) + c2p)

∫ t

0

∫
Ω

|f |pdxds.

By applying Gronwall’s lemma (Lemma B.1 in Appendix), we obtain∫
Ω

|f |pdx ≤ c1e
((c1+c2)p−c1)t

∫ t

0

∫
Ω

|θ|pdxds.

Taking the p-th root,

‖f‖Lp(Ω) ≤ c
1/p
1 ec1+c2e−c1t/p‖θ‖Lp(0,t;Lp(Ω)).

Letting p→∞, we arrive at the estimate for p =∞. Using (5.5) once again, part (b) of
the lemma follows.

Before considering the heat equation, we recall the following results from the theory
of linear parabolic equations. We consider the following linear parabolic problem

ρcpθt − κ∆θ = r in Q, (5.7a)

−κ∂θ
∂n

= u(t)β(x)θ + g on Σ1, (5.7b)

−κ∂θ
∂n

= 0 on Σ2, (5.7c)

θ(0) = θ0 in Ω. (5.7d)

It is well known that a suitable function space for the solution of linear parabolic partial
differential equations is

W (0, T ) = {θ ∈ L2(0, T ;H1(Ω)) : θt ∈ L2(0, T ;H1(Ω)∗)}.

Under additional assumptions on the data r, g, u, θ0, the following result can be obtained
from Theorem 5.5 in Tröltzsch [79]:
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Lemma 5.1.2. Suppose that (A3) holds, and r ∈ Ls1(Q), g ∈ Ls2(Q), u ∈ L∞(0, T ),
u ≥ 0. Let s1 > 5/2, s2 > 4, then the initial value problem (5.7a)–(5.7d) admits a unique
solution θ ∈ W (0, T ) ∩ C(Q̄) satisfying the a priori estimate with a constant C > 0

‖θ‖W (0,T ) + ‖θ‖C(Q̄) ≤ C(‖r‖Ls1 (Q) + ‖g‖Ls2 (Σ1) + ‖θ0‖C(Q̄)). (5.8)

We will use this result in order to show the continuity of the solution of the semilinear
heat equation in the state system (5.2). Moreover, this lemma will later be needed to
ensure the solvability of a number of linearized systems.

With Lemma 5.1.1 and 5.1.2 at hand, we are now able to prove the existence and
uniqueness of the solution of the state system (5.2).

Theorem 5.1.1. Let (A1)–(A4) be satisfied. Then, the state system (5.2) admits for
every control u ∈ Uad a unique solution

(θ, f) ∈ W (0, T ) ∩ C(Q̄)×W 1,∞(0, T ;L∞(Ω))

satisfying
‖θ‖W (0,T ) + ‖θ‖C(Q̄) + ‖f‖W 1,∞(0,T ;L∞(Ω)) ≤M3.

Proof. To prove the existence of a local unique solution of (5.2c)–(5.2f), we apply Banach’s
fixed point theorem. For that purpose, we define an operator

F : K ⊂ W (0, T )→ W (0, T )

that maps θ̂ ∈ W (0, T ) to the solution θ of

ρcpθt − κ∆θ = ρLf̂t in Q, (5.9a)

−κ∂θ
∂n

= u(t)β(x)(θ − θw) on Σ1, (5.9b)

−κ∂θ
∂n

= 0 on Σ2, (5.9c)

θ(0) = θ0 in Ω, (5.9d)

where f̂ solves (5.2a)–(5.2b) with θ̂.
From Lemma 5.1.1 we find that f̂ ∈ W 1,∞(0, T ;L∞(Ω)) is uniquely determined. More-

over, ‖f‖W 1,∞(0,T ;L∞(Ω)) ≤ M1. It follows from the theory of linear parabolic equations
that (5.9) possesses a unique solution in W (0, T ) (see, e.g. [79, Chap. 3.4.4]). Hence, we
can conclude that F is well-defined. Furthermore, the following a priori estimate with a
constant c > 0 is valid:

‖θ‖W (0,T ) ≤ c(‖f̂t‖L2(Q) + ‖uβθw‖L2(Σ1) + ‖θ0‖L2(Ω)). (5.10)

We show that F is a self-mapping on some

K = {η ∈ W (0, T ) : ‖η‖W (0,T ) ≤M}.

Utilizing the Assumptions (A2)–(A3) and the fact that u ∈ L∞(0, T ), we obtain from
(5.10)

‖θ‖W (0,T ) ≤ c,



64 5.1. The optimal control problem

where c depends on the constant M1 from Lemma 5.1.1. Hence, F (K) ⊂ K, provided M
has been chosen large enough.

Now, we want to show that F is a contraction. Let θ̂i ∈ K, i = 1, 2, θi = F (θ̂i), and
θ̂ = θ̂1 − θ̂2. Then, θ = θ1 − θ2 solves

ρcpθt − κ∆θ = ρL(G(θ̂1, f1)−G(θ̂2, f2)) in Q,

−κ∂θ
∂n

= u(t)β(x)θ on Σ1,

−κ∂θ
∂n

= 0 on Σ2,

θ(0) = 0 in Ω.

(5.11)

Here again, we use the a priori estimate

‖θ‖W (0,T ) ≤ c‖ρL(G(θ̂1, f1)−G(θ̂2, f2))‖L2(Q). (5.12)

Due to the Lipschitz continuity of G in both variables (Assumption (A2)) and Lemma
5.1.1 (b), we obtain

‖θ‖W (0,T ) ≤ c(‖θ̂‖L2(Q) + ‖f1 − f2‖L2(Q)) ≤ c‖θ̂‖L2(Q). (5.13)

Further, we use the fact that W (0, T ) ↪→ C(0, T ;L2(Ω))

‖θ‖W (0,T ) ≤ c‖θ̂‖L2(Q) ≤ cT 1/2‖θ̂‖L∞(0,T ;L2(Ω)) ≤ cT 1/2‖θ̂‖W (0,T ). (5.14)

Hence, choosing T+ < T small enough, we conclude that F is a contraction on W (0, T+).
Since F is also a self-mapping on K, we can apply Banach’s fixed point theorem to
conclude that F has a unique fixed point θ, which is a local solution to (5.2c)–(5.2f). By
a bootstrapping argument, the solution can be extended to the time interval [0, T ]. The
regularity of θ, i.e., θ ∈ C(Q̄), follows from Lemma 5.1.2, provided we take

r := ρLft ∈ L∞(Q), g := u(t)β(x)θw ∈ L∞(Σ1).

5.1.3 Existence of an optimal solution

Since the state system is nonlinear, we cannot expect uniqueness of an optimal control
and we have to deal with local optimal controls. We have the following result.

Theorem 5.1.2. Let Assumptions (A1)–(A4) be satisfied. Then, there exists at least one
solution of the optimal control problem (P ).

To prove Theorem 5.1.2, we need the following auxiliary result:

Lemma 5.1.3. Assume that {θk} is bounded in L2(0, T ;H1(Ω)) ∩ L∞(Q) and

θk → θ strongly in L2(0, T ;L2(Ω)) (5.15)
and weakly in L2(0, T ;H1(Ω)) . (5.16)

Then, it also holds

θk → θ strongly in L2(0, T ;L2(∂Ω)) .
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Proof. We define the operator A : L2(0, T ;H1(Ω))→ L2(0, T ) by

Aθ =

∫
∂Ω

θ(σ, t)dσ.

A is linear and also continuous, since the application of the trace theorem yields

‖Aθ‖2
L2(0,T ) =

∫ T

0

(∫
∂Ω

θ(σ, t)dσ

)2

dt

≤ |∂Ω|
∫ T

0

∫
∂Ω

θ2(σ, t)dσdt ≤ c‖θ‖2
L2(0,T ;H1(Ω)) .

In view of (5.16), we can infer

Aθk ⇀ Aθ in L2(0, T ) .

Utilizing the boundedness of {θk} in L∞(Q) ∩ L2(0, T ;H1(Ω)), we observe that

‖θ2
k‖2

L2(0,T ;H1(Ω)) =

∫ T

0

∫
Ω

θ4
kdxdt+ 2

∫ T

0

∫
Ω

|θk∇θk|2dxdt ≤ c . (5.17)

Now we take smooth functions ϕ(x) and χ(t), then∫ T

0

(∫
Ω

θ2
kϕdx

)
χ(t)dt+

∫ T

0

(∫
Ω

∇(θ2
k)∇ϕdx

)
χ(t)dt

=

∫ T

0

(∫
Ω

θ2
kϕdx

)
χ(t)dt+ 2

∫ T

0

(∫
Ω

θk∇θk∇ϕdx

)
χ(t) dt .

Since ϕ and χ are smooth, using (5.15) and (5.16) we deduce that

〈θ2
k, ϕχ〉L2(0,T ;H1(Ω)) → 〈θ2, ϕχ〉L2(0,T ;H1(Ω)) .

Together with (5.17), we have shown that

θ2
k ⇀ θ2 weakly in L2(0, T ;H1(Ω)) .

Since the limit does not depend on the extracted subsequence the whole sequence con-
verges. From this, we infer

Aθ2
k ⇀ Aθ2 which means

‖θk‖L2(0,T ;L2(∂Ω)) → ‖θ‖L2(0,T ;L2(∂Ω))

and thus θk → θ strongly in L2(0, T ;L2(∂Ω)).

With Lemma 5.1.3 at hand, we are now able to prove the existence of an optimal
solution of the control problem (P ).

Proof of Theorem 5.1.2: Due to Theorem 5.1.1, there exists a unique solution

(θ, f) ∈ W (0, T ) ∩ C(Q̄)×W 1,∞(0, T ;L∞(Ω))
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of the state system (5.2) for every control u ∈ Uad. Since the set of admissible controls is
bounded in L∞(0, T ), the set of respective solutions (θ, f) of the state system is bounded
in W (0, T ) ∩ C(Q̄)×W 1,∞(0, T ;L∞(Ω)), see Lemma 5.1.1 and Theorem 5.1.1.

By means of boundedness of the cost functional, there exists a minimizing sequence
{θk, fk, uk} such that

j = lim
k→∞

J(θk, fk, uk) = inf J(θ, f, u),

where (θk, fk) = S(uk) is the solution of the state system w.r.t. to the control uk.
Since Uad is bounded, closed and convex, there exists a subsequence {uk′} such that

(cf. Mazur’s Theorem B.11 in Appendix)

uk′ ⇀ ū weakly in L2(0, T ) .

In view of Theorem 5.1.1, extracting possibly a further subsequence still indexed by k′,
we have

θk′ ⇀ θ weakly in W (0, T ) (5.18)
strongly in L2(Q) . (5.19)

Applying Lemma 5.1.1 we obtain

fk′ → f strongly in W 1,2(0, T ;L2(Ω)) ,

where f is the solution corresponding to θ. We use test functions ϕ ∈ H1(Ω) and
χ ∈ C1[0, T ] such that χ(T ) = 0 and consider the weak formulation of (5.2c)–(5.2f)
for (θk′ , fk′ , uk′)

ρcp
∫ T

0

∫
Ω
θk′,tϕχdxdt+ κ

∫ T
0

∫
Ω
∇θk′∇ϕχdxdt+

∫ T
0

(∫
Γ1
θk′β(σ)ϕdσ

)
uk′(t)χdt

=
∫ T

0

(∫
Γ1
θwβ(σ)ϕdσ

)
uk′(t)χdt+ ρL

∫ T
0

∫
Ω
fk′,tϕχdxdt . (5.20)

Except of the third term in (5.20), we can pass to the limit by standard arguments. To
pass to the limit in the remaining term, we define

ξk(t) =

(∫
Γ1

θkβ(σ)ϕdσ

)
χ(t)

and estimate∫ T

0

(ξk′ − ξ)2dt =

∫ T

0

(∫
Γ1

(θk′ − θ)β(σ)ϕdσ

)2

χ2(t)dt ≤ c

∫ T

0

‖θk′ − θ‖2
L2(Γ1)dt .

Now we apply Lemma 5.1.3 and obtain

ξk′ → ξ strongly in L2(Γ1) ,
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which enables us to pass to the limit in the remaining term in (5.20). Since the solution
to the state equation is unique, we can infer

θ = θ(ū) =: θ̄ and f = f(θ̄) =: f̄ .

It only remains to show the optimality of (θ̄, f̄ , ū). To this end, we write

J(θ, f, u) = F (θ, f) +Q(u),

where

F (θ, f) =
α1

2

∫
Ω

(f(x, T )− fd(x))2 dx+
α2

2

∫
Ω

(θ(x, T )− θd(x, T ))2 dx,

Q(u) =
α3

2

∫ T

0

u2dt.

Due to θk′ → θ̄, fk′ → f̄ and the continuity of F (θ, f), we have F (θk′ , fk′) → F (θ̄, f̄).
The functional Q is continuous and convex, therefore weakly lower semicontinuous (see
Theorem B.12 in Appendix), i.e.,

uk′ ⇀ ū ⇒ lim
k′→∞

inf Q(uk′) ≥ Q(ū)

In conclusion, we have

j = lim
k′→∞

J(θk′ , fk′ , uk′) = lim
k′→∞

F (θk′ , fk′) + lim
k′→∞

Q(uk′)

= F (θ̄, f̄) + lim
k′→∞

inf Q(uk′) ≥ F (θ̄, f̄) +Q(ū) = J(θ̄, f̄ , ū).

This means that (θ̄, f̄ , ū) is optimal. �

5.1.4 Differentiability of the solution operator

For the derivation of second-order optimality conditions for the control problem (P ),
it is necessary to show that the control-to-state mapping is twice continuously Fréchet
differentiable. In this subsection we introduce the solution operator and show its Lipschitz
continuity. Then, we prove the existence of the first and second Fréchet derivatives of the
control-to-state mapping.

In view of the analysis of the state system, we define

Y = W (0, T ) ∩ C(Q̄)

and introduce the control-to-state mapping

S = (Sθ, Sf ) : L∞(0, T )→ Y ×W 1,∞(0, T ;L∞(Ω)), (5.21)

which assigns to every control u(t) ∈ L∞(0, T ) the solution of the state system (5.2).
Moreover, the mapping is Lipschitz continuous.
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Theorem 5.1.3. Suppose that (A1)–(A4) hold and let (θ1, f1), (θ2, f2) be the solutions
of (5.2) corresponding to u1, u2 ∈ L∞(0, T ). Then, there exists a constant C > 0 such
that

‖θ1 − θ2‖C(Q̄) + ‖f1 − f2‖W 1,∞(0,T ;L∞(Ω)) ≤ C‖u1 − u2‖L∞(0,T ).

Proof. Defining θ = θ1 − θ2 and f = f1 − f2, one finds that (θ, f) solves

ft = G(θ1, f1)−G(θ2, f2) in Q, (5.22a)
f(0) = 0 in Ω, (5.22b)

ρcpθt − κ∆θ = ρLft in Q, (5.22c)

−κ∂θ
∂n

= u1(t)β(x)θ + (u1 − u2)β(x)(θ2 − θw) on Σ1, (5.22d)

−κ∂θ
∂n

= 0 on Σ2, (5.22e)

θ(0) = 0 in Ω. (5.22f)

Further, we prove the Lipschitz continuity regarding the L∞(Q)-norm. The multiplication
of (5.22c) by θ2k−1, for an arbitrary k ∈ N, and integration over Ω and over (0, t) yields

ρcp
2k

∫
Ω

θ2k(t) dx+ κ(2k − 1)

t∫
0

∫
Ω

θ2k−2|∇θ|2 dxds+

t∫
0

∫
Σ1

u1(t)β(σ)θ2k dσds

= −
t∫

0

∫
Σ1

(u1 − u2)β(σ)(θ2 − θw)θ2k−1 dσds+

t∫
0

∫
Ω

ftθ
2k−1 dxds

(5.23)

Applying Lemma 5.1.1(b) and Hölder’s inequality gives

t∫
0

∫
Ω

|ftθ2k−1| dxds ≤ C1

t∫
0

∫
Ω

θ2k dxds. (5.24)

Using Young’s inequality

|ab| ≤ εp|a|p

p
+
ε−q|b|q

q
,

1

p
+

1

q
= 1,

with b = (θ2 − θw)(u1 − u2)β, a = θ2k−1, p = 2k
2k−1

, q = 2k, ε > 0
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and applying the trace theorem (see Theorem B.4 in Appendix), we obtain

t∫
0

∫
Σ1

|(u1 − u2)β(σ)(θ2 − θw)θ2k−1| dσds ≤ εp

p

t∫
0

∫
Σ1

θ2k dσds

+
ε−q

q

t∫
0

∫
Σ1

(u1 − u2)2kβ2k(θ2 − θw)2k dσds

≤ C2
εp

p

t∫
0

∫
Ω

θ2k dxds+ C2k
εp

p

t∫
0

∫
Ω

θ2k−2|∇θ|2 dxds

+ C3
ε−q

q
‖u1 − u2‖2k

L∞(0,T )‖β(θ2 − θw)‖2k
L∞(Σ1).

(5.25)

Choosing ε = ( pκ
2C2

)1/p, inequality (5.25) can be refined to

t∫
0

∫
Σ1

|(u1 − u2)β(θ2 − θw)θ2k−1| dσds ≤ κ

2

t∫
0

∫
Ω

θ2k dxds

+
κk

2

t∫
0

∫
Ω

θ2k−2|∇θ|2 dxds+
C5

2k
C2k

4 ‖u1 − u2‖2k
L∞(0,T ).

(5.26)

Inserting (5.24) and (5.26) into (5.23), we conclude that

∫
Ω

θ2k(t) dx ≤ C5C
2k
4 ‖u1 − u2‖2k

L∞(0,T ) + C62k

t∫
0

∫
Ω

θ2k dxds. (5.27)

Gronwall’s Lemma yields

‖θ(t)‖2k
L2k ≤ C5C

2k
4 ‖u1 − u2‖2k

L∞(0,T ) exp(C62kt), ∀t ∈ [0, T ].

Taking the (2k)-th root,

sup
0≤t≤T

‖θ(t)‖L2k ≤ C7‖u1 − u2‖L∞(0,T ).

Letting k → ∞, we obtain the Lipschitz continuity of the solution operator in the L∞-
norm. The coincidence of L∞(Q)- and C(Q̄)-norms implies the Lipschitz stability of the
solution operator in the space C(Q̄). The estimate for ‖f1− f2‖W 1,∞(0,T ;L∞(Ω)) is deduced
from Lemma 5.1.1 (b).

Now, let us discuss the differentiability of the solution operator. We have the following
result.

Theorem 5.1.4. Let Assumptions (A1)–(A4) be satisfied. Then, the solution opera-
tor S is twice Frechét-differentiable from L∞(0, T ) to Y ×W 1,∞(0, T ;L∞(Ω)). The first
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derivative (θh, fh) = S ′(u)h = (S ′θ(u)h, S ′f (u)h) at a point u ∈ L∞(0, T ) in a direction
h ∈ L∞(0, T ) is given by the solution of

(fh)t = Gθ(θ, f)θh +Gf (θ, f)fh in Q, (5.28a)
fh(0) = 0 in Ω, (5.28b)

ρcp(θh)t − κ∆θh = ρL(fh)t in Q, (5.28c)

−κ∂θh
∂n

= u(t)β(x)θh + h(t)β(x)(θ − θw), on Σ1, (5.28d)

−κ∂θh
∂n

= 0 on Σ2, (5.28e)

θh(0) = 0, in Ω (5.28f)

with (θ, f) = S(u). Furthermore, (θh1h2 , fh1h2) = S ′′(u)[h1, h2] is the solution of

(fh1h2)t = Gθ(θ, f)θh1h2 +Gf (θ, f)fh1h2 in Q, (5.29a)
+G′′(θ, f)[(θh1 , fh1), (θh2 , fh2)]

fh1h2(0) = 0 in Ω, (5.29b)
ρcp(θh1h2)t − κ∆θh1h2 = ρL(fh1h2)t in Q, (5.29c)

−κ∂θh1h2

∂n
= u(t)β(x)θh1h2 + h1(t)β(x)θh2 + h2(t)β(x)θh1 on Σ1, (5.29d)

−κ∂θh1h2

∂n
= 0 on Σ2, (5.29e)

θh1h2(0) = 0 in Ω (5.29f)

with (θh1 , fh1) = S ′(u)h1, (θh2 , fh2) = S ′(u)h2.

Proof.
1. The first derivative.
The existence of a unique solution (θh, fh) of the linearized state system (5.28) in
W (0, T ) × W 1,∞(0, T ;L10/3(Ω)) can be shown similarly to the proof of Theorem 5.1.1.
Moreover, the terms on the right-hand side of (5.28c), (5.28d) have enough regularity,
namely

h(t)β(x)(θ − θw) ∈ L∞(Σ1), Gf (θ, f)fh ∈ L∞(0, T ;L10/3(Ω)), Gθ(θ, f)θh ∈ L10/3(Q).

The latter is true due to the fact that Gθ(θ, f) ∈ L∞(Q), θh ∈ W (0, T ) and therefore
θh ∈ L10/3(Q) (see Lemma 6.7 in [35]). Then, the continuity of θh follows from Lemma 5.1.2.
It implies that fh ∈ W 1,∞(0, T ;L∞(Ω)), which can be shown along the lines of Lemma 5.1.1.

For a given control u ∈ L∞(0, T ) and a given direction h ∈ L∞(0, T ), we define
(θ, f) = S(u) and (θh, fh) = S(u + h), respectively. Furthermore, let (θh, fh) be the
unique solution of (5.28). Considering the remainder terms

ξθ = θh − θ − θh, ξf = fh − f − fh,

it remains to verify that

‖ξθ‖C(Q̄) + ‖ξf‖W 1,∞(0,T ;L∞(Ω)) = o(‖h‖L∞(0,T )).
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Due to Assumption (A2), the Nemytskii operator G(θ, f) is continuously Frechét differ-
entiable. We perform a Taylor expansion for the nonlinear term G(θ, f) on the right-hand
side of (5.2a):

G(θh, fh) = G(θ, f) +Gθ(θ, f)(θh − θ) +Gf (θ, f)(fh − f) + r1

with a remainder term r1. It is also known that

‖r1‖L∞(Q)

‖θh − θ‖C(Q̄)

→ 0 as ‖θh − θ‖C(Q̄) → 0. (5.30)

One can easily verify that (ξθ, ξf ) satisfies

ρcp(ξθ)t − κ∆ξθ = ρL(ξf )t in Q,

−κ∂ξθ
∂n

= u(t)β(x)ξθ + h(t)β(x)(θh − θ) on Σ1,

−κ∂ξθ
∂n

= 0 on Σ2,

ξθ(0) = 0 in Ω,

(ξf )t = Gθ(θ, f)ξθ +Gf (θ, f)ξf + r1 in Q,
ξf (0) = 0 in Ω.

It can be shown similarly to the estimates of Corollary 5.1.3 that

‖ξθ‖C(Q̄) + ‖ξf‖W 1,∞(0,T ;L∞(Ω)) ≤ C1(‖r1‖L∞(Q) + ‖hβ(θh − θ)‖L∞(Σ1)).

In view of Corollary 5.1.3, the solution operator S is Lipschitz continuous and

‖θh − θ‖C(Q̄) ≤ C2‖h‖L∞(0,T ). (5.32)

We consider

‖r1‖L∞(Q)

‖h‖L∞(0,T )

=
‖r1‖L∞(Q)

‖θh − θ‖C(Q̄)

·
‖θh − θ‖C(Q̄)

‖h‖L∞(0,T )

≤ C2

‖r1‖L∞(Q)

‖θh − θ‖C(Q̄)

.

Due to (5.30), we have ‖r1‖L∞(Q) = o(‖h‖L∞(0,T )). Taking (5.32) into account, we obtain
a similar property for ξθ and ξf :

‖ξθ‖C(Q̄) + ‖ξf‖W 1,p(0,T ;Lp(Ω)) = o(‖h‖L∞(0,T )).

Now, the differentiability of the solution operator is proven.
Additionally, it can be shown that the first Fréchet derivative of the solution operator S

is Lipschitz continuous, i.e., for all u1, u2, h ∈ L∞(0, T ), there exists a constant C3 > 0
such that

‖(S ′θ(u1)− S ′θ(u2))h‖C(Q̄) + ‖(S ′f (u1)− S ′f (u2))h‖W 1,∞(0,T ;L∞(Ω)) ≤ C3‖u1 − u2‖L∞(0,T )

holds true. One can obtain this estimate following the lines of Corollary 5.1.3.
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2. The second derivative.
The existence of a unique solution (θh1h2 , fh1h2) ∈ C(Q̄)×W 1,∞(0, T ;L∞(Ω)) to the system
(5.29) can be shown as before for the first derivative of the solution operator. In a similar
way, the second derivative of the solution operator can be derived.

Let a control u ∈ L∞(0, T ) and directions h1, h2 ∈ L∞(0, T ) be given. According to
the definition, the solution operator is twice Fréchet differentiable if

S ′(u+ h1) = S ′(u) + S ′′(u)h1 + ζ(u, h1),

‖ζ‖L(L∞(0,T ),C(Q̄))

‖h1‖L∞(0,T )

→ 0, ‖h1‖L∞(0,T ) → 0.
(5.33)

It is valid for the remainder term ζ(u, h1)

‖ζ‖L(L∞(0,T ),C(Q̄)) = ‖S ′(u+ h1)− S ′(u)− S ′′(u)h1‖L(L∞(0,T ),C(Q̄))

= sup
‖h2‖L∞(0,T )=1

‖S ′(u+ h1)h2 − S ′(u)h2 − S ′′(u)[h1, h2]‖C(Q̄). (5.34)

We define (θh2 , fh2) = S ′(u)h2 and (θ1
h2
, f 1
h1

) = S ′(u+ h1)h2. Furthermore, let
(θh1h2 , fh1h2) = S ′′(u)[h1, h2] be the solution of (5.29). We denote

ζθ = θ1
h2
− θh2 − θh1h2 , ζf = f 1

h2
− fh2 − fh1h2 . (5.35)

It remains to show that
sup‖h2‖L∞(0,T )=1 ‖ζθ‖C(Q̄)

‖h1‖L∞(0,T )

→ 0,
sup‖h2‖L∞(0,T )=1 ‖ζf‖C(Q̄)

‖h1‖L∞(0,T )

→ 0, ‖h1‖L∞(0,T ) → 0. (5.36)

In view of Assumption (A2), the Nemytskii operator G is twice Fréchet differentiable in
C(Q̄) (see Theorem B.13 in Appendix) and therefore

G′(θ1, f1)(θh2 , fh2) = G′(θ, f)(θh2 , fh2) +G′′(θ, f)[(θh1 , fh1), (θh2 , fh2)]

+ rG2 (θ, θ1 − θ)[(θh1 , fh1), (θh2 , fh2)],
(5.37)

where rG2 ∈ L(L∞(0, T ), C(Q̄)) is a remainder term. For simplicity we denote
rh1h2 := rG2 (θ, θ1 − θ)[(θh1 , fh1), (θh2 , fh2)] with the property

sup
θh2
∈C(Q̄),θh2

6=0

‖rh1h2‖C(Q̄)

‖θh2‖C(Q̄)

= o(‖θ1 − θ‖C(Q̄)). (5.38)

Here (θ, f) = S(u), (θ1, f1) = S(u+ h1) and (θh1 , fh1) = S ′(u)h1. We recall that
θ1 − θ = θh1 + ξθ and f1 − f = fh1 + ξf with remainders ξθ and ξf .

Now, invoking the explicit expressions for the quantities in (5.35) and (5.37), it is
easily seen that (ζθ, ζf ) is a solution of the system

ρcp(ζθ)t − κ∆ζθ = ρL(ζf )t in Q,

−κ∂ζθ
∂n

= u(t)β(x)ζθ + h1(t)β(x)(θ1
h2
− θh2) on Σ1,

−κ∂ζθ
∂n

= 0 on Σ2,

ζθ(0) = 0 in Ω,

(ζf )t = Gθ(θ, f)ζθ +Gf (θ, f)ζf + rh1h2 in Q,
ζf (0) = 0 in Ω.
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Applying the technique of the proof of Corollary 5.1.3, one can show that

‖ζθ‖L∞(Q) + ‖ζf‖W 1,∞(0,T ;L∞(Ω)) ≤ C4(‖rh1h2‖L∞(Q) + ‖h1β(θ1
h2
− θh2)‖L∞(Σ1)).

From the Lipschitz continuity of the solution operator and its first Fréchet derivative, we
have

‖θ1
h2
− θh2‖L∞(Q) ≤ C5‖h1‖L∞(0,T ),

‖θ1 − θ‖C(Q̄) ≤ C6‖h1‖L∞(0,T ).
(5.40)

Taking (5.38) and (5.40) into account, we obtain

‖ζθ‖L∞(Q)+‖ζf‖W 1,∞(0,T ;L∞(Ω)) ≤ C4(ε‖θ1 − θ‖C(Q̄)‖θh2‖C(Q̄) + C5‖h1‖2
L∞(0,T )‖h1‖L∞(Σ1))

≤ C4(C6ε‖h1‖L∞(0,T )‖θh2‖C(Q̄) + C5‖h1‖2
L∞(0,T )‖h1‖L∞(Σ1)).

This means that

sup
‖h2‖L∞(0,T )=1

‖ζθ‖C(Q̄) + sup
‖h2‖L∞(0,T )=1

‖ζf‖W 1,∞(0,T ;L∞(Ω)) = o(‖h1‖L∞(0,T )),

which concludes the proof of this theorem.

5.1.5 Necessary and sufficient optimality conditions

We are now able to derive the optimality conditions for the control problem (P ). In the
following theorem, first-order necessary optimality conditions are characterized by the
respective adjoint equations.

Theorem 5.1.5. Let ū ∈ Uad be an optimal control of problem (P ) and (θ̄, f̄) = S(ū)
the associated solution of the state system (5.2). Then, there exists a unique solution
(p̄, q̄) ∈ Y ×W 1,∞(0, T ;L∞(Ω)) such that

−q̄t = Gf (θ̄, f̄)(q̄ + ρLp̄) in Q, (5.41a)
q̄(T ) = α1(f̄(T )− fd) in Ω, (5.41b)

−ρcpp̄t − κ∆p̄ = Gθ(θ̄, f̄)(ρLp̄+ q̄) in Q, (5.41c)

−κ∂p̄
∂n

= ū(t)β(x)p̄ on Σ1, (5.41d)

−κ∂p̄
∂n

= 0 on Σ2, (5.41e)

p̄(T ) =
α2

ρcp
(θ̄(T )− θd) in Ω. (5.41f)

Moreover, the following variational inequality is valid∫∫
Σ1

(
−p̄β(θ̄ − θw) +

α3

|Γ1|
ū

)
(u− ū)dσdt ≥ 0 ∀u ∈ Uad. (5.42)
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Proof. First, observe that the system (5.41) is a linear backward-in-time system of the
parabolic equation and the ODE. After the time transformation t̃ 7→ T − t, one can
proceed as in the proof of Theorem 5.1.4 in order to prove the existence of a unique
solution (p̄, q̄) ∈ W (0, T ) ∩ C(Q̄)×W 1,∞(0, T ;L∞(Ω)) of the system (5.41).

Using the control-to-state mapping defined in (5.21), the reduced cost functional of
problem (P ) is given by

min
u∈Uad

j(u) = J(S(u), u) =
α1

2

∫
Ω

(Sf (u)(T )− fd)2 dx

+
α2

2

∫
Ω

(Sθ(u)(T )− θd)2 dx+
α3

2

T∫
0

u2dt.

By Theorem 5.1.4, j is differentiable and the set of admissible controls Uad bounded,
closed and convex. Hence, the first-order necessary optimality conditions for a (local)
optimal solution ū ∈ Uad is given by j′(ū)(u − ū) ≥ 0, ∀u ∈ Uad. For a given direction
h1 ∈ L∞(0, T ), we have

j′(ū)h1 = α1

∫
Ω

(Sf (ū)(T )− fd)S ′f (ū)h1 dx

+ α2

∫
Ω

(Sθ(ū)(T )− θd)S ′θ(ū)h1 dx+ α3

T∫
0

ūh1dt.

(5.43)

We will rewrite the directional derivative with the help of (p̄, q̄) which solves the adjoint
system (5.41). For notational simplicity, we introduce fh1 = S ′f (ū)h1 and θh1 = S ′θ(ū)h1

as the solution of the linearized system (5.28). We start by multiplying (5.28a) with q̄
and integrating over Q:

0 =

∫∫
Q

((fh1)t −Gθ(θ̄, f̄)θh1 −Gf (θ̄, f̄)fh1)q̄dx dt

=

∫∫
Q

−q̄tfh1 − q̄(Gθ(θ̄, f̄)θh1 +Gf (θ̄, f̄)fh1)dx dt+

∫
Ω

fh1(T )q̄(T )dx.

(5.44)

Due to the end-time condition for q̄, from (5.44) and (5.41a) we conclude that the first
term in (5.43) reads

α1

∫
Ω

(fh1(T )− fd)fh1(T ) dx =

∫∫
Q

q̄tfh1 + q̄(Gθ(θ̄, f̄)θh1 +Gf (θ̄, f̄)fh1)dx dt

=

∫∫
Q

−ρLGf (θ̄, f̄)p̄fh1 + q̄Gθ(θ̄, f̄)θh1 .

Next, we test (5.41c) with θh1 and integrate over Q. Integrating by parts and involving
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p̄(T ) = α2

ρcp
(θ̄(T )− θd) we obtain

α2

∫∫
Q

(θ̄ − θd)θh1dx dt = −
∫ T

0

ρcpp̄tθh1dt− κ
∫∫
Q

∆p̄θh1dx dt

−
∫∫
Q

Gθ(θ̄, f̄)(ρLp̄+ q̄)θh1dx dt

=

∫ T

0

ρcpp̄(θh1)tdt− κ
∫∫
Q

∆θh1 p̄dx dt

−
∫∫
Q

Gθ(θ̄, f̄)(ρLp̄+ q̄)θh1dx dt−
∫∫
Σ1

h1β(θ̄ − θw)p̄dσdt

= −
∫∫
Σ1

h1β(θ̄ − θw)p̄dσdt−
∫∫
Q

Gθ(θ̄, f̄)(ρLp̄+ q̄)θh1dx dt

+

∫∫
Q

ρL(Gθ(θ̄, f̄)θh1 +Gf (θ̄, f̄)fh1)p̄dxdt.

Summarizing, it is possible to replace (5.43) by

j′(ū)h1 = −
∫∫
Σ1

h1β(θ̄ − θw)p̄dσdt+ α3

T∫
0

ūh1dt.

Thus, the first-order optimality conditions for a (local) optimal solution ū are represented
by the variational inequality (5.42).

Since the control problem (P ) is non-convex, the first-order necessary optimality con-
ditions formulated above are not sufficient. However, it is of crucial importance, e.g.,
for the numerical solution of (P ), to derive sufficient optimality conditions. We will use
two different norms for the derivation of sufficient second-order optimality conditions,
namely, the L∞-norm for the differentiation and the L2-norm for the positive definiteness
of the second derivative of the reduced cost functional. This is motivated by the so-called
“two-norm” discrepancy, see e.g. Tröltzsch [79].

Next, we will formulate second-order sufficient optimality conditions regarding the
optimal control problem (P ). To this end, we provide the second derivative of the reduced
cost functional j(u) = J(S(u), u). According to Theorem 5.1.4, the solution operator S
is twice continuously Fréchet differentiable. Due to the chain rule, the reduced cost
functional j as a composite function is also twice Fréchet differentiable in L∞(0, T ). We
recall that

j′(u)h1 = α1

∫
Ω

(Sf (u)(T )− fd)S ′f (u)h1 dx

+ α2

∫
Ω

(Sθ(u)(T )− θd)S ′θ(u)h1 dx+ α3

T∫
0

uh1dt.

(5.45)
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Differentiating j̃(u) := j′(u)h1 in the direction h2 ∈ L∞(0, T ) gives

j′′(u)[h1, h2] = α1

∫
Ω

S ′f (u)h2(T )S ′f (u)h1 + (Sf (u)(T )− fd)S ′′f (u)[h1, h2] dx

+ α2

∫
Ω

S ′θ(u)h2(T )S ′θ(u)h1(T ) + (Sθ(u)(T )− θd)S ′′θ (u)[h1, h2] dx

+ α3

T∫
0

h1h2dt

= α1

∫
Ω

fh1(T )fh2(T )dx+ α2

∫
Ω

θh1(T )θh2(T )dx

+ α1

∫
Ω

(f(T )− fd)fh1h2(T ) dx+ α2

∫
Ω

(θ(T )− θd)θh1h2(T ) dx

+ α3

T∫
0

h1h2dt

(5.46)

with (θhi , fhi) = S ′(u)hi, i = 1, 2, and (θh1h2 , fh1h2) = S ′′(u)[h1, h2]. Further, we express
the second derivative in terms of adjoint variables (p, q) that solve the adjoint system
(5.41). To this end, we multiply (5.29c), (5.29a) with p and q, respectively. The integration
over Q and by parts yields

α1

∫
Ω

(f(T )− fd)fh1h2(T ) dx+ α2

∫
Ω

(θ(T )− θd)θh1h2(T ) dx =

∫∫
Q

G′′(θ(u), f(u))[(θh1 , fh1), (θh2 , fh2)](ρLp+ q)dxdt

−
∫∫
Σ1

(θh1h2 + θh2h1)pdσdt.

(5.47)

Hence, we conclude

j′′(u)[h1, h2] = α1

∫
Ω

fh1(T )fh2(T )dx+ α2

∫
Ω

θh1(T )θh2(T )dx

+ α3

T∫
0

h1h2dt−
∫∫
Σ1

(θh1h2 + θh2h1)pdσdt

+

∫∫
Q

G′′(θ(u), f(u))[(θh1 , fh1), (θh2 , fh2)](ρLp+ q)dxdt.

(5.48)

In all what follows, we denote by ū an admissible control of problem (P ) with an associated
solution (θ̄, f̄) = S(ū) of the state system (5.2). We suppose that the first-order optimality



5.1. The optimal control problem 77

conditions given in Theorem 5.1.5 are satisfied with respective adjoint states (p̄, q̄). Let
us define the strongly active set associated to ū. For fixed τ > 0, we set

Aτ (ū) =

t ∈ (0, T ) :

∣∣∣∣∣∣
∫
Γ1

−p̄(σ, t)β(σ)(θ̄(σ, t)− θw(σ, t))dσ + α3ū(t)

∣∣∣∣∣∣ > τ

 .

The set Aτ (ū) is fundamental for the introduction of the τ -critical cone. The τ -critical
cone Cτ (ū) can be defined as the set of all v ∈ L∞(0, T ) satisfying

v(t)


= 0 if t ∈ Aτ (ū),
≥ 0 if ū = ua and t 6∈ Aτ (ū),
≤ 0 if ū = ub and t 6∈ Aτ (ū).

Next, we shall assume a coercivity condition on the second derivative of the cost functional
for directions from the τ -critical cone Cτ (ū), henceforth called second-order sufficient
optimality conditions:

There exist τ > 0 and δ > 0 such that
j′′(ū)v2 ≥ δ‖v‖2

L2(0,T )

holds for all v ∈ Cτ (ū).

 (SSC)

Theorem 5.1.6. Let ū be an admissible control of problem (P ) with an associated state
(θ̄, f̄) = S(ū) satisfying the first-order necessary optimality conditions given in Theo-
rem 5.1.5 with associated adjoint states (p̄, q̄). Further, it is assumed that (SSC) holds for
ū. Then, there exist δ̃ > 0 and ε > 0 such that

J(θ, f, u) ≥ J(θ̄, f̄ , ū) + δ̃‖u− ū‖2
L2(0,T ) (5.49)

holds for all u ∈ Uad with ‖u− ū‖L∞(0,T ) ≤ ε with associated states (θ, f) = S(u).
In particular, ū is locally optimal in the sense of L∞(0, T ).

Proof. This proof closely resembles that of Theorem 5.17 in Tröltzsch [79, pp. 291–294].

(i) Preliminaries.
The crucial point in this proof is the fact that the quadratic form j′′(u)[h1, h2] has to
depend continuously on hi, i = 1, 2 in the L2-norm, i.e., we have to ensure the following
continuity estimate

| j′′(u)[h1, h2] |≤ c‖h1‖L2(0,T )‖h2‖L2(0,T ). (5.50)
The first two terms in j′′(u)[h1, h2] (see (5.48)) can be estimated with respect to the
L2-norm of hi, i = 1, 2, by applying standard a priori estimates and Lemma 5.1.1 (b),
e.g.,

‖θhi‖L∞(Q) ≤ c‖θ̄‖C(Q̄)‖hi‖L2(0,T ),

‖fhi‖L∞(Q) ≤ c‖θ̄‖C(Q̄)‖hi‖L2(0,T ).

The other terms are more delicate. Here we take advantage of the regularity of the adjoint
state discussed in Theorem 5.1.5. Using the trace theorem, we estimate∣∣∣ ∫∫

Σ1

θhihjpdσdt
∣∣∣ ≤ c‖p‖C(Q̄)‖θhi‖L2(0,T ;H1(Ω))‖hj‖L2(0,T )

≤ c‖p‖C(Q̄)‖θhi‖W (0,T )‖hj‖L2(0,T ) ≤ c‖p‖C(Q̄)‖hi‖L2(0,T )‖hj‖L2(0,T )
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for i, j = 1, 2, i 6= j. For the last term in (5.48) we need to estimate the second derivative
of G(θ, f)

|G′′(θ, f)[(θh1 , fh1), (θh2 , fh2)]| =
|Gθθ[θh1 , θh2 ] +Gθf [θh1 , fh2 ] +Gfθ[fh1 , θh2 ] +Gff [fh1 , fh2 ]|
≤ c(‖θh1‖C(Q̄)‖θh2‖C(Q̄) + ‖θh1‖C(Q̄)‖fh2‖C(Q̄)

+ ‖fh1‖C(Q̄)‖θh2‖C(Q̄) + ‖fh1‖C(Q̄)‖fh2‖C(Q̄)).

The last step of the estimation is valid due to the uniform boundedness of the partial
derivatives of G(θ, f) up to order 2 on bounded sets (it follows from Assumption (A2)).

Note also that f ′(ū) can be expressed with

g(t) :=

∫
Γ1

−p̄(σ, t)β(σ)(θ̄(σ, t)− θw(σ, t))dσ + α3ū(t)

in the form

f ′(ū)h =

T∫
0

g(t)h(t)dt.

(ii) Taylor expansion.
Let u ∈ Uad with ‖u − ū‖L∞(0,T ) ≤ ε be arbitrary. For almost every t ∈ [0, T ], we have
the pointwise variational inequality

g(t)(u(t)− ū(t)) ≥ 0 ∀u ∈ [ua, ub]. (5.51)

We denote h := u− ū. It follows from Taylor’s theorem with integral remainder (see, e.g.
Theorem 8.14.3 in [16, p. 186]) that

j(u) = j(ū) + j′(ū)h+
1

2
j′′(ū)h2 + rj2(ū, h)

with the remainder

rj2(ū, h) =

∫ 1

0

(1− s)(j′′(ū+ sh)− j′′(ū))h2ds.

In view of (5.51),

j(u)− j(ū) = j′(ū)h+
1

2
j′′(ū)h2 + rj2(ū, h)

≥
∫

Aτ (ū)

g(t)h(t)dt+
1

2
j′′(ū)h2 + rj2(ū, h)

≥ τ

∫
Aτ (ū)

|h(t)|dt+
1

2
j′′(ū)h2 + rj2(ū, h).
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We now make the decomposition h := h0 + h1, where

h0(t) :=

{
h(t) if t 6∈ Aτ ,
0 if t ∈ Aτ .

By construction, we have h0 ∈ Cτ (ū), since h0 satisfies the sign conditions of the critical
cone. With these functions, it follows that

j(u)− j(ū) ≥ τ

∫
Aτ (ū)

|h(t)|dt+
1

2
j′′(ū)(h0 + h1)2 + rj2(ū, h) (5.52)

(iii) Estimation of j′′(ū)(h0 + h1)2.
Invoking (SSC) and h0 ∈ Cτ (ū), we readily see that

1

2
j′′(ū)h2

0 ≥
δ

2
‖h0‖2

L2(0,T ).

Using Young’s inequality, we conclude from (5.50) that, with a generic constant c > 0,

| j′′(ū)[h0, h1] | ≤ c‖h0‖L2(0,T )‖h1‖L2(0,T ) ≤
δ

4
‖h0‖L2(0,T ) + c‖h1‖L2(0,T )

≤ δ

4
‖h0‖L2(0,T ) + c‖h1‖L1(0,T )‖h1‖L∞(0,T )

≤ δ

4
‖h0‖L2(0,T ) + c1ε‖h1‖L1(0,T ),

because ‖h‖L∞(0,T ) ≤ ε. By the same token,

| j′′(ū)h2
1 |≤ c‖h1‖2

L2(0,T ) ≤ c2ε‖h1‖L1(0,T ).

Summarizing, we obtain after combining the above inequalities that

1

2
j′′(ū)(h0 + h1)2 ≥ δ

2
‖h0‖L2(0,T ) −

[δ
4
‖h0‖L2(0,T ) + (c1 + c2)ε‖h1‖L1(0,T )

]
≥ δ

4
‖h0‖L2(0,T ) − (c1 + c2)ε‖h1‖L1(0,T ).

Now we choose ε > 0 so small that ε(c1 + c2) ≤ τ/2. Since h1 = 0 on Ω\Aτ we can infer
that

‖h1‖L1(0,T ) =

∫
Aτ (ū)

|h|dt.

Substituting the above estimates into (5.52) then yields

j(u)− j(ū) ≥ τ

∫
Aτ (ū)

|h(t)|dt− τ

2

∫
Aτ (ū)

|h(t)|dt+
δ

4
‖h0‖L2(0,T ) + rj2(ū, h)

≥ τ

2

∫
Aτ (ū)

|h(t)|dt+
δ

4
‖h0‖L2(0,T ) + rj2(ū, h).
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Now we choose ε ≤ 1, which can be done without loss of generality. Then, by the definition
of h, we have |h(t)| ≥ h2(t). Since

‖h0‖2
L2(0,T ) =

∫
[0,T ]\Aτ (ū)

h2dt,

we finally obtain that

j(u)− j(ū) ≥ τ

2

∫
Aτ (ū)

h2dt+
δ

4
‖h‖L2([0,T ]\Aτ ) + rj2(ū, h)

≥ min
{τ

2
,
δ

4

}
‖h‖L2(0,T ) + rj2(ū, h).

(iv) Estimation of the remainder term rj2(ū, h).
Let (θ̄, f̄) = S(ū), (θ, f) = S(ū + sh) and (θ̄h, f̄h) = S ′(ū)h, (θh, fh) = S ′(ū + sh)h.
Further, we consider

(j′′(ū+ sh)− j′′(ū))h2 = α1

∫
Ω

f 2
h(T )− f̄ 2

h(T )dx+ α2

∫
Ω

θ2
h(T )− θ̄2

h(T )dx

− 2

∫∫
Σ1

(θhp− θ̄hp̄)hdσdt+

∫∫
Q

G′′(θ, f)(θh, fh)
2(ρLp+ q)

−G′′(θ̄, f̄)(θ̄h, f̄h)
2(ρLp̄+ q̄)dxdt.

(5.53)

In order to estimate the terms in (5.53), we need the following estimates

‖fh − f̄h‖W 1,p(0,T ;Lp(Ω)) + ‖θh − θ̄h‖C(Q̄) ≤ cs‖h‖L∞(0,T )‖h‖L2(0,T ),

‖q − q̄‖W 1,p(0,T ;Lp(Ω)) + ‖p− p̄‖C(Q̄) ≤ cs‖h‖L∞(0,T ),
(5.54)

which can be obtained by standard a priori estimates and the Lipschitz continuity of the
solution operator. Using (5.54) and the Lipschitz continuity of G′′(θ, f), we can estimate
the remainder term rj2 as follows:

|rj2(ū, h)| ≤ c

∫ 1

0

(1− s)s‖h‖L∞(0,T )‖h‖2
L2(0,T )ds ≤ c‖h‖L∞(0,T )‖h‖2

L2(0,T ).

Hence, for sufficiently small ε > 0 we have the estimate

j(u)− j(ū) ≥ min
{τ

2
,
δ

4

}
‖h‖L2(0,T ) = δ̃‖h‖L2(0,T ),

which is the asserted quadratic growth of the cost functional.

Such kind of sufficient optimality conditions is an indispensable tool basis for car-
rying out numerical analysis of optimal control problems, e.g., convergence analysis of
the sequential quadratic programming method in order to solve optimal control problems
numerically.
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5.2 Numerical implementation
In this section, we introduce a numerical algorithm for the solution of the optimal control
problem (P ) analyzed in the previous section. Basically, there are two major approaches
to implement optimal control problems numerically, “first discretize then optimize” and
“first optimize then discretize”.

In the “first discretize then optimize” strategy, the state equation is first discretized
and then, using the discrete Lagrangian, a finite-dimensional optimality system is derived,
which can be solved by existing optimization solvers. There exist a variety of numerical
methods to solve the finite-dimensional optimization problems. These are well studied in
the literature, e.g., Alt [1], Nocedal and Wright [56], Spellucci [68]. Thus, this approach
can be successfully applied to the wide range of PDE constrained optimal control problems
with different inequality bounds and constraints. Unfortunately, discrete equations de-
rived from (coupled, instationary) partial differential equations usually have an immense
number of variables to approximate the continuous equations well enough. This requires
a big data storage and may lead to a large computational effort.

In the “first optimize then discretize” approach, one first finds the continuous necessary
optimality conditions analytically and then applies discretization techniques. The state
and adjoint system can be treated numerically separately. The need for working memory
does not increase too much even if one uses a simple algorithmic approach. The description
and comparison of both approaches can be found, e.g., in Hinze et al. [30].

In this thesis, the “first optimize then discretize” strategy is applied in the numerical
implementation of control problem (P ). We focus on the infinite-dimensional version of
the reduced SQP (rSQP) method, which has proven to be very effective in many areas
of application, such as optimal control. In this method, the reduction to the control
space takes place when solving linear quadratic subproblems, arising in each iteration
of the usual SQP method. An overview on reduced-Hessian SQP methods in finite-
dimensional spaces is presented, e.g., in Nocedal and Wright [56]. A prospective look at
SQP methods, in particular the rSQP for semilinear parabolic control problems is given by
Kupfer and Sachs [46]. A numerical application of the reduced SQP method to parabolic
control problems was considered by Hintermüller, Volkwein, and Diwoky [29], Kupfer
and Sachs [47]. To treat the control constraints, a primal-dual active set strategy will be
applied, which has proven to be an efficient numerical tool in the context of optimization
problems including inequality constraints, e.g., Bergounioux, Ito, and Kunisch [5]. For a
globalization of the rSQP method, we use a projected gradient algorithm (see, e.g., Kelley
[41]) with a line search according to the Armijo rule to find suitable initial values for the
rSQP method.

In Subsection 5.2.1, we will briefly describe the gradient projection method for the
optimal control problem (P ). The reduced SQP method and the primal-dual active set
strategy are introduced in Subsections 5.2.2 and 5.2.3, respectively. Subsection 5.2.4
includes a description of the CG method, used for the solution of the reduced Hessian
system. Some details on the discretization of the optimal control problem can be found in
Subsection 5.2.5. Finally, Subsection 5.2.6 is devoted to the illustration of the numerical
results.
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5.2.1 Gradient projection method

We begin with the gradient projection method. For convenience, we recall the control
problem (P ) introduced in Section 5.1: minimize

J(θ, f, u) =
α1

2

∫
Ω

(f(x, T )− fd(x))2 dx+
α2

2

∫
Ω

(θ(x, T )− θd(x))2 dx

+
α3

2

T∫
0

u2(t)dt

subject to

ft = G(θ, f) := (feq(θ)− f)H(feq(θ)− f)g1(θ)g2 in Q, (5.55a)
f(0) = 0 in Ω, (5.55b)

ρcpθt − κ∆θ = ρLft in Q, (5.55c)

−κ∂θ
∂n

= u(t)β(x)(θ − θw) on Σ1, (5.55d)

−κ∂θ
∂n

= 0 on Σ2, (5.55e)

θ(0) = θ0 in Ω (5.55f)

and
u ∈ Uad = {u ∈ L∞(0, T ) : ua ≤ u ≤ ub, ua, ub ≥ 0}.

In the following, we will also use the adjoint system of the control problem (P ) derived
in Section 5.1.5:

−q̄t = Gf (θ̄, f̄)(q̄ + ρLp̄) in Q, (5.56a)
q̄(T ) = α1(f̄(T )− fd) in Ω, (5.56b)

−ρcpp̄t − κ∆p̄ = Gθ(θ̄, f̄)(ρLp̄+ q̄) in Q, (5.56c)

−κ∂p̄
∂n

= ū(t)β(x)p̄ on Σ1, (5.56d)

−κ∂p̄
∂n

= 0 on Σ2, (5.56e)

p̄(T ) =
α2

ρcp
(θ̄(T )− θd) in Ω. (5.56f)

Using the control-to-state mapping

S = (Sθ, Sf ) : L∞(0, T )→ Y ×W 1,p(0, T ;Lp(Ω)), 1 ≤ p ≤ ∞,

the reduced cost functional of problem (P ) is given by

j(u) = J(S(u), u) =
α1

2

∫
Ω

(Sf (u)(T )− fd)2 dx

+
α2

2

∫
Ω

(Sθ(u)(T )− θd)2 dx+
α3

2

T∫
0

u2dt.
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The directional derivative of j at the point un in the direction h ∈ L∞(0, T ) is

j′(un)h = −
∫∫
Σ1

hβ(θn − θw)pndσdt+ α3

T∫
0

unhdt,

where pn solves an adjoint system to (P ). Thus, the gradient of the functional j can be
identified by the Riesz representation theorem as

j′(un) = −
∫

Γ1

pnβ(θn − θw)dσ + α3u
n.

According to the gradient projection algorithm (see, e.g., [41, pp. 91–96]) the actual iterate
for the control is

un(s) = PUad
(
un + svn

)
for s ≥ 0,

with gradient descent vn = −j′(un) and a steplength parameter s given by the Armijo
rule or some other line search scheme. PUad is the projection on the set of admissible
controls, i.e.,

PUad(u) =


ua if u ≤ ua,
u if ua < u ≤ ub,
ub if u > ub.

The general algorithmic description follows in Algorithm 1.

Algorithm 1 Gradient projection method.
1: Choose an initial iteration for the control u0 ∈ Uad
2: Set n := 0
3: while n < nmax do
4: Solve the state system for (θn, fn)
5: Evaluate (pn, qn) as the solution of the adjoint system of (P )
6: Calculate the gradient

j′(un) = −
∫

Γ1

pnβ(θn − θw)dσ + α3u
n

and set vn = −j′(un)
7: Identify the steplength sn

sn = argmin
s>0

j(PUad(un + svn))

8: Update the control
un(s) = PUad

(
un + svn

)
9: n := n+ 1

10: end while
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Remark 5.2.1. (i) The precise computation of the steplength in step 7 is not possible
in general. One of the possible ways to identify the parameter s approximately is a back-
tracking line search based on the sufficient decrease condition [41]

j(un(s))− j(un) ≤ −cs ‖un(s)− un‖2
L2(0,T ), (5.57)

with parameter c, which is typically set as 10−4.
The strategy is as follows: choose the initial step size s0 = 1 and then iterate si = si−1/2
for i ≥ 1 until the condition (5.57) is fulfilled.
(ii) For each new step size, the evaluation of the cost functional requires the solution
of a partial differential equation, which is costly. Therefore, one sometimes chooses to
work with a fixed, sufficiently small step size as long as a sufficiently large descent can be
maintained.

The projected gradient method exhibits fast converge at the beginning, but it then
becomes slow, which is a characteristic behaviour of gradient methods. The convergence
of this method in finite-dimensional spaces has been studied, e.g., by Gruver and Sachs
[26], Kelley [41], Nocedal and Wright [56]. The Hilbert space case is treated in, e.g., Hinze
et al. [30].

5.2.2 The reduced SQP method (outer loop)

Sequential quadratic programming methods have turned out to be one of the most suc-
cessful methods in nonlinear optimization [1, 56]. The principal idea is to linearize the
nonlinear equality constraints and to replace the cost functional by a quadratic approxi-
mation of the Lagrangian. The main idea of reduced SQP methods in contrast to usual
SQP methods is to use only an approximation of the projected Hessian of the Lagrangian
onto the kernel of the linearized constraint, instead of an approximation of the full Hessian
of the Lagrangian.

We introduce the Lagrange functional

L(θ, f, u, p, q) : Y ×W 1,∞(0, T ;L∞(Ω))× L∞(0, T )× Y ×W 1,∞(0, T ;L∞(Ω))→ R

with Y := W (0, T ) ∩ C(Q̄) and

L(θ, f, u, p, q) = J(θ, f, u)−

( T∫
0

ρcp〈θt, p〉H1(Ω)∗,H1(Ω)dt+ a(u)[θ, p]− (u(t)β(x)θw, p)Σ1

− (ρLG(θ, f), p)Q + (ft −G(θ, f), q)Q

)
,

with a bilinear form

a(u)[θ, v] :=

∫∫
Q

κ∇θ · ∇vdxdt+

∫∫
Σ1

uβθvdσdt.

Further, we denote x := (θ, f, u). At each iteration of the SQP method, the following
quadratic approximation of the Lagrangian is minimized under linearized constraints,
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where it is assumed that the current iterate xk = (θk, fk, uk) is sufficiently close to a local
optimal solution (θ̄, f̄ , ū):

min
1

2
L′′(xk, pk, qk)[δx, δx] + J ′(xk)δx

s.t.
δft = Gf (θ

k, fk)δf +Gθ(θ
k, fk)δθ

− fkt +G(θk, fk) in Q,
δf(0) = −fk(0) in Ω,

ρcpδθt − κ∆δθ = ρLδft − (ρcpθ
k
t − κ∆θk − ρLfkt ) in Q,

−κ∂δθ
∂n
− uk(t)β(x)δθ = δu(t)β(x)(θk − θw) + κ

∂θk

∂n
+ uk(t)β(x)(θk − θw) on Σ1,

−κ∂δθ
∂n

= κ
∂θk

∂n
on Σ2,

δθ(0) = θ0 − θk(0) in Ω,

ua ≤δu+ uk ≤ ub in (0, T ).

(QPk)

Note that

J ′(xk)δx = α1(fk(T )− fd, δf)Ω + α2(θk(T )− θd, δθ)Ω + α3(uk, δu)(0,T )

and

L′′(xk, pk, qk)[δx, δx] = α1(δf, δf)Ω + α2(δθ, δθ)Q + α3(δu, δu)(0,T )

− 2(βδuδθ, pk)Σ1 + (G′′(θk, fk)[δθ, δf ]2, ρLpk + qk)Q
(5.58)

In order to prescribe the resulting optimality system in a preferably compact way, we will
introduce an abstract description of the state equation and its linearization. The state
system can be written as a mapping

e : W (0, T )×W 1,∞(0, T ;L∞(Ω))× L∞(0, T )→ L2(0, T ;H1(Ω)∗)× Lr(Q),

e(θ, f, u) =

(
e1(θ, f, u)
e2(θ, f, u)

)
and

e(θ, f, u) = 0.

This mapping is defined by using test functions p ∈ L2(0, T ;H1(Ω)) and
q ∈ Ls(Q):

e1(θ, f, u)(p) :=

T∫
0

ρcp〈θt, p〉H1(Ω)∗,H1(Ω)dt+ a(u)[θ, p]− (ρLG(θ, f), p)Q

− (u(t)β(x)θw, p)Σ1 , (5.59)

e2(θ, f, u)(q) :=

∫∫
Q

ftq −G(θ, f)qdxdt. (5.60)
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Using this notation and that δx = (δθ, δf, δu), the linearized state system in problem
(QPk) is given by

ex(x
k)δx =

(
e1,θ(x

k)δθ + e1,f (x
k)δf + e1,u(x

k)δu
e2,θ(x

k)δθ + e2,f (x
k)δf

)
= −e(xk).

Note that e2,u(x
k) is zero. The partial derivatives are defined as follows:

(e1,θ(x
k)δθ)(p) =

T∫
0

ρcp〈δθt, p〉H1(Ω)∗,H1(Ω)dt+ a(uk)[δθ, p]

− (ρLGθ(θ
k, fk)δθ, p)Q,

(e1,f (x
k)δf)(p) = −(ρLGf (θ

k, fk)δf, p)Q,

(e1,u(x
k)δu)(p) = (δu(t)β(x)(θk − θw), p)Σ1 ,

(e2,θ(x
k)δθ)(q) = (−Gθ(θ

k, fk)δθ, q)Q,

(e2,f (x
k)δf)(q) = (δft −Gf (θ

k, fk)δf, q)Q.

(5.61)

Hence, problem (QPk) can be written as

min
1

2
L′′(xk, pk, qk)[δx, δx] + J ′(xk)δx

s.t. ex(x
k)δx = −e(xk)

δu ∈ Uad − {uk}.

(QPk)

Introducing adjoint variables with respect to the linearized state system and neglecting
the inequality constraints for a moment, the optimality system, also called Karush-Kuhn-
Tucker (KKT) system, is given in the following compact form

L′′θθ L′′θf L′′θu e∗1,θ e∗2,θ
L′′fθ L′′ff L′′fu e∗1,f e∗2,f
L′′uθ L′′uf L′′uu e∗1,u 0
e1,θ e1,f e1,u 0 0
e2,θ e2,f 0 0 0



δθ
δf
δu
p
q

 =


−Jθ
−Jf
−Ju
−e

 . (5.62)

For simplicity, function arguments are now omitted. Unless otherwise stated, all functions
are to be evaluated at the kth iterate. Introducing the notation L′′(θ,f), the second derivative
of the Lagrangian L with respect to the state pair variable (θ, f), we can rewrite the KKT
matrix as 3×3 block matrix. Since the linearized state system is uniquely solvable for every
right hand side (this can be shown along the lines of Theorem 5.1.1), we can derive the
following decomposition of the full KKT matrix in (5.62) by Gaussian block eliminationL′′(θ,f) L′′(θ,f)u e∗(θ,f)

L′′u(θ,f) L′′uu e∗u
e(θ,f) eu 0

 =

L′′(θ,f)e
−1
(θ,f) 0 I

L′′u(θ,f)e
−1
(θ,f) I e∗ue

−∗
(θ,f)

I 0 0

e(θ,f) eu 0
0 H 0
0 W e∗(θ,f)

 . (5.63)

The so-called reduced Hessian H is defined by

H = (−e∗ue−∗(θ,f) I)

(
L′′(θ,f) L′′(θ,f)u

L′′u(θ,f) L′′uu

)(
−e−1

(θ,f)eu
I

)
= L′′uu + e∗ue

−∗
(θ,f)(L

′′
(θ,f)e

−1
(θ,f)eu − L

′′
(θ,f)u)− L′′u(θ,f)e

−1
(θ,f)eu.

(5.64)
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Moreover, we have

W = (I 0)

(
L′′(θ,f) L′′(θ,f)u

L′′u(θ,f) L′′uu

)(
−e−1

(θ,f)eu
I

)
= −L′′(θ,f)e

−1
(θ,f)eu + L′′(θ,f)u.

Remark 5.2.2. The reduced Hessian approach is a null space approach to solve the saddle
point problem (5.62), see Nocedal and Wright [56], Ch. 16.2, Ch. 18.3. Here the advantage
is the splitting of variables into state variables (θ, f) and control variable u in optimal
control, which gives us the representation of the kernel of ex = (e(θ,f), eu). The elements
in the kernel of ex are of the form (

−e−1
(θ,f)eu
I

)
δu

with some δu ∈ Uad.
Using the decomposition (5.63), (5.62) can be treated by:

(i) Solve the reduced Hessian system:

Hδu = −Ju + e∗ue
−∗
(θ,f)(J(θ,f) − L′′(θ,f)e

−1
(θ,f)e) + L′′u(θ,f)e

−1
(θ,f)e︸ ︷︷ ︸

=:r

. (5.65)

(ii) Solve the linearized state system, i.e.,

e(θ,f)

(
δθ
δf

)
= −euδu− e.

(iii) Solve the adjoint state system, i.e.,

e∗(θ,f)

(
p
q

)
= −J(θ,f) − L′′(θ,f)

(
δθ
δf

)
− L′′(θ,f)uδu.

Based on these arguments and taking the control constraints into account, the reduced
optimality conditions of the linear quadratic problem (QPk) are given by

(H(xk, pk, qk)δu− r(xk, pk, qk), δv − δu)(0,T ) ≥ 0 ∀δv ∈ Uad − {uk}, (5.66)

where H is defined as in (5.64) and the residuum r in (5.65) has to be evaluated by

r := −Ju + e∗ue
−∗
(θ,f)(J(θ,f) − L′′(θ,f)e

−1
(θ,f)e) + L′′u(θ,f)e

−1
(θ,f)e.

The reduced SQP algorithm for solving problem (P ) is summarized in Algorithm 2.
It is well known that SQP methods exhibit local quadratic convergence in finite-

dimensional spaces. The convergence analysis for nonlinear parabolic boundary con-
trol problems in the infinite-dimensional case was presented in the works of Goldberg
and Tröltzsch [22], Tröltzsch [80]. It was shown that the SQP method converges locally
quadratically to the local minimizer in the sense of the L∞-norms of control, state and
adjoint variables, provided the second-order sufficient optimality conditions are fulfilled.
The convergence behaviour of the reduced SQP method in Hilbert spaces is studied, e.g.,
in Kupfer [45].

In a next step, we have to specify how to solve the linear quadratic optimal control
problems arising in the iterations of the above rSQP method. In the next section, we
introduce an active set strategy.
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Algorithm 2 Reduced SQP method (outer loop).
1: Choose initial variables x0 = (θ0, f 0, u0) sufficiently close to (θ̄, f̄ , ū) and set k := 0
2: Evaluate (pk, qk) as the solution of the adjoint system (5.56)
3: repeat
4: Primal-dual active set strategy (inner loop)

Solve (QPk), i.e., determine δu such that

(H(xk, pk, qk)δu− r(xk, pk, qk), δv − δu)(0,T ) ≥ 0 ∀δv ∈ Uad − {uk}

is satisfied
5: Solve the linearized state system

e(θ,f)(x
k)

(
δθ
δf

)
= −eu(xk)δu− e(xk)

6: Solve the adjoint state system of (QPk), i.e.,

e∗(θ,f)(x
k)

(
p
q

)
= −J(θ,f)(x

k)− L′′(θ,f)(x
k, pk, qk)

(
δθ
δf

)
− L′′(θ,f)u(x

k, pk, qk)δu

7: Update iterates

uk+1 := uk + δu, θk+1 := θk + δθ, fk+1 := fk + δf, pk+1 := p, qk+1 := q

8: Set k := k + 1
9: until

τrel =
1

5

(‖ uk+1 − uk ‖L2(0,T )

‖ uk ‖L2(0,T )

+
‖ θk+1 − θk ‖L2(Q)

‖ θk ‖L2(Q)

+
‖ fk+1 − fk ‖L2(Q)

‖ fk ‖L2(Q)

+
‖ pk+1 − pk ‖L2(Q)

‖ pk ‖L2(Q)

+
‖ qk+1 − qk ‖L2(Q)

‖ qk ‖L2(Q)

)
< tol

5.2.3 The primal-dual active set strategy (inner loop)

The primal-dual active set (PDAS) method has proven to be an efficient numerical tool in
the context of optimization problems including inequality constraints [5]. PDAS consists in
the application of both, primal and dual variables to obtain the solution of the inequality
constrained optimization problem. The idea of the active set strategy is to “iterate”
with respect to the active sets in which the control function takes either upper or lower
boundary values. If the active sets are known, the problem (QPk) (on p. 86) reduces to
a control problem that only has equality constraints. Thus, in each step of the iteration
method, a set of active constraints is defined, the associated parts of the control are
kept fixed, and its remaining parts are obtained by the solution of the respective free
optimal control problem. For control-constrained problems, the practical behaviour of
PDAS strategy is characterized by infeasible iterations. Often only the last iteration is
feasible. The algorithm stops at a feasible and optimal point. It is proven that the PDAS
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method has found the optimal solution whenever two subsequent active sets coincide, see
[5].

Now, we consider the application of the PDAS method to our control problem (QPk).
Let us assume that the active sets of the optimal solution of problem (QPk) are known,
i.e., we can define

A− = {t ∈ (0, T ) | δu = ua − uk},
A+ = {t ∈ (0, T ) | δu = ub − uk},
I = (0, T ) \ (A− ∪ A+).

Furthermore, let us decompose the control δu = δuI + δuA in an active part δuA and
inactive part δuI according to the previous sets:

δuA =


ua − uk, t ∈ A−,
ub − uk, t ∈ A+,

0, else
and δuI =


0, t ∈ A−,
0, t ∈ A+,

unknown, t ∈ I.

The problem (QPk) can be interpreted as a free optimal control problem, where δuI serves
as a control variable. For a given active part δuA, the variational inequality (5.66) then
simplifies to

H(xk, pk, qk)δuI = r(xk, pk, qk)−H(xk, pk, qk)δuA.

Now, the idea of the active set strategy is to iterate with respect to the active sets based on
initial sets A−0 , A

+
0 and I0. Suppose that for given active sets A−l and A+

l , the solution of
the respective free optimal control problem is denoted by δulI and we set δul = δulI + δulA.
Based on the variational inequality, an update of the active sets for a fixed constant c > 0
can be defined as follows:

A−l+1 := {t ∈ (0, T )|c(δulI − ua + uk)−H(xk, pk, qk)δulI + r(xk, pk, qk) < 0},
A+
l+1 := {t ∈ (0, T )|c(δulI − ub + uk)−H(xk, pk, qk)δulI + r(xk, pk, qk) > 0},

Il+1 = (0, T ) \ (A−l+1 ∪ A
+
l+1).

A usual stopping criterion of the PDAS algorithm is the coincidence of subsequent active
sets A−l+1 = A−l and A+

l+1 = A+
l . One can easily check that if the previous condition is

satisfied, the optimal active sets are determined such that the variational inequality (5.66)
is fulfilled and problem (QPk) is solved. Summarizing, the active set strategy for solving
the linear quadratic subproblems (QPk) of the rSQP method is presented in Algorithm 3.

In the following, we will explain steps 4–7 of Algorithm 3 in detail. Suppose that
(θk, fk, uk, pk, qk) denotes the current iterate of the SQP-loop. The linear system in step 4
will be treated by an iterative solver in particular the CG method, which is introduced in
the next section. According to (5.59), (5.61), in step 5, the following variational problem
has to be solved for given control δul and for all v ∈ L2(0, T ;H1(Ω)), w ∈ Ls(Q):

T∫
0

ρcp〈(δθl)t, v〉H1(Ω)∗,H1(Ω)dt+ a(uk)[δθl, v]− (ρL(δfl)t, v)Q

= (δul(t)β(x)(θw − θk), v)Σ1 − e1(θk, fk, uk)(v), (5.67)
((δfl)t −Gf (θ

k, fk)δfl −Gθ(θ
k, fk)δθl, w)Q = −e2(θ, f, u)(w). (5.68)
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Algorithm 3 Primal-dual active set strategy for solving (QPk) (inner loop).
1: Choose initial active sets according to the current iterate of the rSQP method, i.e.,

A−0 = {t |uk(t) = ua}, A+
0 = {t |uk(t) = ub}, I0 = (0, T ) \ (A−0 ∪ A+

0 )

2: Set l := 0 and

δu0,A =


ua − uk, t ∈ A−0 ,
ub − uk, t ∈ A+

0 ,

0, else

3: Define operators EIl : L∞(0, T )→ L∞(0, T ), u 7→ χIlu and EAl := I − EIl , where χIl
is the characteristic function w.r.t. Il

4: Determine δul,I by solving

(EIlH(xk, pk, qk)EIl + EAl)δul,I = EIl(r(x
k, pk, qk)−H(xk, pk, qk)δul,A)

and set δul = δul,I + δul,A
5: Determine the state variables (δθl, δfl) by

e(θ,f)(x
k, pk, qk)

(
δθl
δfl

)
= −eu(xk, pk, qk)δul − e(xk, pk, qk)

6: Evaluate the adjoint variables (pl, ql) by

e∗(θ,f)(x
k, pk, qk)

(
pl
ql

)
= − J(θ,f)(x

k, pk, qk)− L′′(θ,f)(x
k, pk, qk)

(
δθl
δfl

)
− L′′(θ,f)u(x

k, pk, qk)δul

7: Determine

λ− := δul − ua + uk −
(
L′′uδul + e∗1,upl + L′′u(θ,f)

(
δθl
δfl

)
+ Ju

)
λ+ := δul − ub + uk −

(
L′′uδul + e∗1,upl + L′′u(θ,f)

(
δθl
δfl

)
+ Ju

)
and update the active sets

A−l+1 = {t |λ−(t) < 0}, A+
l+1 = {t |λ+(t) > 0}, Il+1 = (0, T ) \ (A−0 ∪ A+

0 )

8: if A−l+1 = A−l and A+
l+1 = A+

l then
9: STOP

10: else
11:

δu(l+1),A =


ua − uk, t ∈ A−l+1,

ub − uk, t ∈ A+
l+1,

0, else

set l := l + 1 and GOTO 3
12: end if



5.2. Numerical implementation 91

Introducing formal adjoint operators to ex via the definitions in (5.61), step 6 is equivalent
to solving the variational problem

−
T∫

0

ρcp〈(pl)t, v〉H1(Ω)∗,H1(Ω)dt+ a(uk)[pl, v]− (Gθ(ρLpl + ql), v)Q = −(δul(t)β(x)pk, v)Σ1

+ ((Gθθδθl +Gθfδfl)(ρLp
k + qk), v)Q

(pl(T ), v(T ))Ω = (
α2

ρcp
δθl(T ) +

α2

ρcp
(θk(T )− θd), v(T ))Ω

(−(ql)t −Gf (ql + ρLpl), w)Q = ((Gfθδθl +Gffδfl)(ρLp
k + qk), w)Q

(ql(T ), w(T ))Ω = (α1δfl(T ) + α1(fk(T )− fd), w(T ))Ω

for all v ∈ L2(0, T ;H1(Ω)) and w ∈ Lp(Q) with w(0) = 0. According to definition (5.58)
of the second derivative, we find the respective terms in step 7:

L′′u(θk, fk)δul + L′′u(θ,f)(θ
k, fk)

(
δθl
δfl

)
= α3δul −

∫
Γ1

β(σ)pk(σ, t)δθl(σ, t)dσ.

Moreover, the formal adjoint e∗1,u of the operator e1,u is characterized as follows:

e∗1,u(θ
k, fk)pl =

∫
Γ1

βpl(θ
k − θw)dσ.

Summarizing, λ− is determined by

λ− = δul + uk − ua − (α3(δul + uk)−
∫

Γ1

βpkδθldσ +

∫
Γ1

βpl(θ
k − θw)dσ).

In a last step, we have to provide a method for solving the linear system of equations in
step 4 of the primal dual active set strategy. Due to the definition of the reduced Hessian
in (5.64), the system matrix H is not explicitly given after choosing a discretization
strategy for the underlying partial differential equations. Hence, an iterative solver has
to be established for treating the reduced Hessian system, e.g., the generalized minimal
residual (GMRES) method or the conjugate gradient (CG) method. The latter is discussed
in the next section.

5.2.4 CG method

The reduced Hessian system

H̃δul = (EIlHEIl + EAl)δul,I = EIl(r −Hδul,A) =: b (5.69)

can be solved iteratively using the CG method since the Hessian is symmetric and pos-
itive definite (near a solution that satisfies second order sufficient conditions). The CG
method is one of the most useful techniques for solving large linear systems of equations
with symmetric and positive definite matrix. This method can be also interpreted as a
technique for the minimization of convex quadratic functions. For more details on the CG
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method, we refer to, e.g., Nocedal and Wright [56] Chapter 5. The CG method applied
to (5.69) is presented in Algorithm 4.

Algorithm 4 CG algorithm for solving step 4 in the PDAS algorithm.
1: Choose δu0 ∈ L2(0, T ), tol > 0 and set r0 = H̃δu0 − b, d0 = −r0, n := 0
2: while ‖rn‖ ≥ tol do
3: Determine gn = H̃dn, i.e.:

Solve the state system forward in time

h1 = e−1
(θ,f)eu(EId

n)

Solve the adjoint system backward in time

h2 = e−∗(θ,f)(L
′′
(θ,f)h1 − L′′(θ,f)u(EId

n))

Evaluate
gn = EI(L′′uEIdn + e∗uh2 − L′′u(θ,f)h1) + EAd

n

4: Compute

tn =
(rn, rn)L2(0,T )

(dn, gn)L2(0,T )

δun+1 = δun + tndn, rn+1 = rn + tngn

5: Evaluate

βn =
(rn+1, rn+1)L2(0,T )

(rn, rn)L2(0,T )

dn+1 = −rn+1 + βn+1dn

6: Set n := n+ 1
7: end while

In the sequel, we neglect the indices k and l regarding the outer SQP-loop and the
inner PDAS-loop. Let us explain step 3 of the CG algorithm in detail, which is equivalent
to a matrix-vector multiplication. For given dn ∈ L2(0, T ) and operators EI and EA
(compare Algorithm 3, step 3), h1 = (h1,θ, h1,f )

T = e−1
(θ,f)eu(EId

n) is equivalent to solving
the following variational problem

T∫
0

ρcp〈(h1,θ)t, v〉H1(Ω)∗,H1(Ω)dt+ a(uk)[h1,θ, v]−(ρL(h1,f )t, v)Q

= (χId
n(t)β(x)(θk − θw), v)Σ1 ,

((h1,f )t −Gf (θ
k, fk)h1,f −Gθ(θ

k, fk)h1,θ, w)Q = 0.

Afterwards the adjoint problem h2 = (h2,p, h2,q)
T = e−∗(θ,f)(L′′(θ,f)h1 − L′′(θ,f)u(EId

n)) has to
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be solved, in particular

−
T∫

0

ρcp〈(h2,p)t, v〉H1(Ω)∗,H1(Ω)dt+a(uk)[h2,p, v]− (Gθ(ρLh2,p + h2,q), v)Q

= (χId
npkβ(x), v)Σ1 + ((Gθθδθl +Gθfδfl)(ρLp

k + qk), v)Q,

(h2,p(T ), v(T ))Ω =
α2

ρcp
(h1,θ(T ), v(T ))Ω,

(−(h2,q)t −Gf (h2,q + ρLh2,p), w)Q = ((Gfθh1,θ +Gffh1,f )(ρLp
k + qk), w)Q,

(h2,f (T ), w(T ))Ω = α1(h1,f (T ), w(T ))Ω.

Concluding, we have to evaluate gn = EI(L′′uEIdn + e∗uh2 − L′′u(θ,f)h1) + EAd
n, i.e.:

gn(t) = χI

(
α3d

n(t) +

∫
Γ1

β(σ)h2,p(σ, t)(θ
k − θw)(σ, t)dσ +

∫
Γ1

β(σ)pk(σ, t)h1,θ(σ, t)dσ

)
+ χAd

n(t).

By now, we introduced the infinite-dimensional optimization algorithms, namely, the
gradient projection method and the rSQP method with a primal-dual active set strategy,
to solve our control problem numerically. Next, we discuss the discretization techniques
used for the numerical implementation of these algorithms.

5.2.5 Discretization

Both optimization algorithms, the gradient projection method and the reduced SQP
method, require to solve the state and the adjoint equations several times. These are
partial and ordinary differential equations. Below, we describe the discretization schemes
used for the numerical treatment of these equations.

The control function u depends only on time and is chosen as a piecewise constant
function on the time grid.

The gradient projection method introduced in Section 5.2.1 requires to solve the state
system (5.55) and the corresponding adjoint system (5.56) at each iteration (steps 4, 5 in
Algorithm 1). The coupled system of nonlinear partial and ordinary differential equations
(5.55) is treated by alternately solving the single state equations in which the state values
of the other equations act as data.

For the numerical treatment of parabolic differential equations, we apply a semi-
discretization approach, namely the horizontal method of lines (Rothe’s method), see,
e.g., Knabner and Angermann [43]. Let us recall the weak formulation of the heat equa-
tion (5.55c): ∀ϕ ∈ H1(Ω), for almost every t ∈ [0, T ]∫

Ω

ρcpθ̇ϕds+

∫
Ω

κ∇θ∇ϕdx+

∫
Γ1

uβθϕds =

∫
Ω

ρLḟϕdx+

∫
Γ1

uβθwϕds,

θ(0) = θ0.

This equation is first discretized with respect to time. To this end, the time interval [0, T ]
is divided equidistantly by discretization points

t0, t1, . . . , tNT with tk = khT , hT =
T

NT

, k = 0, . . . , NT .
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Using an implicit time stepping scheme, we obtain∫
Ω

ρcp
θk+1 − θk

hT
ϕdx+

∫
Ω

κ∇θk+1∇ϕdx+

∫
Γ1

u(tk+1)βθk+1ϕds =

∫
Ω

ρLḟ(tk+1)ϕdx

+

∫
Γ1

u(tk+1)βθwϕds.

(5.70)
For the spatial discretization, we apply the finite element method. We want to compute
an approximate solution θk ∈ Vh to the exact solution θ(tk) ∈ V , where Vh ⊂ V := H1(Ω)
is a finite element space. Here, Vh is given as span(ϕ1, . . . , ϕN), where ϕi is the basis
function, e.g., the “hat function” belonging to mesh node i.

We set

θk =
N∑
i=1

θikϕi.

Then, the aim is to calculate the coefficient vector ~(θk)i = θik. Choosing ϕi, i = 1, . . . , N ,
as test functions in (5.70), we obtain the fully discretized heat equation. In this way, we
arrive at the following system of linear equations of dimension N ×N

(M +K +Ru( tk+1))~θk+1 = M~θk + F

with
Mij =

ρcp
hT

∫
Ω

ϕiϕjdx, Kij = κ

∫
Ω

∇ϕi∇ϕjdx, Rij =

∫
Γ1

βϕiϕjds,

Fj = ρL

∫
Ω

ḟ(tk)ϕjdx+ u(tk+1)

∫
Γ1

βθwϕjds,

i, j = 1, . . . , N.

The solution of the system ~θk+1 gives us the approximation of θ(tk+1).
For the discretization of the phase equation (5.55a), we use an explicit Euler method.

The ferrite fraction f can be updated explicitly by

fk+1 = fk + hTG(θk, fk), (5.71)

where fk+1 is an approximation of f(tk+1). Alternatively, an implicit scheme can be
applied. In this case, the implicit nonlinear equation for fk+1 has to be solved by a
Newton method or a successive approximation method. Both methods require more
computational effort.

The adjoint system (5.56) is solved backwards in time. The substitution of a new time
variable t̃ := T − t transforms the partial and ordinary differential equations into a system
of the same type as the state system (5.55) and can be treated numerically as described
above.

At each iteration of the reduced SQP method, the linear quadratic optimal control
problem has to be solved (see step 4 of Algorithm 2). This will be done with the primal-
dual active set strategy described in Algorithm 3. In this method, as well as in steps 5,
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6 of the rSQP algorithm, we are dealing with the linearized state system of the optimal
control problem (P ) and the corresponding adjoint equations. We will not explain in
detail how to solve the linear PDEs and ODEs arising in the rSQP algorithm. For the
solution of these equations, the discretization scheme described above is applied.

For more details on the numerical treatment of ordinary differential equations, we
refer, e.g., to Quarteroni, Sacco, and Saleri [62], Strehmel, Weiner, and Podhaisky [70].
A general overview on the numerical methods for partial differential equations, including
variant approaches besides the finite element method, namely, finite difference and finite
volume methods, can be found in Knabner and Angermann [43]. An extensive introduction
to the finite element method is also given in Braess [11].

The numerical calculations in this thesis are done with the finite element/finite volume
toolbox WIAS-pdelib developed at WIAS (see [20]). This software package is used to set
up and solve a numerical scheme based on linear finite elements.

5.2.6 A numerical test

In this subsection, we discuss the application of the optimization algorithms introduced
in the previous section to the semilinear parabolic boundary control problem. In order to
check the convergence of the reduced SQP method with a primal-dual active set strategy,
we construct a test control problem where the analytical optimal solution is known. For
this purpose, we use the following approach from Tröltzsch [79]: The optimal quantities
ū and θ̄ and the associated adjoint state p̄ are chosen a priori; Then certain parts of the
cost functional and terms in the initial-boundary value problem are fitted in such a way
that both the optimality system and the second-order optimality condition are satisfied.

Let Ω = (0, 1) × (0, 1), Γ denotes the boundary of Ω and T > 0. We consider the
semilinear parabolic boundary control problem: minimize

J(θ, u) =
1

2

∫ T

0

∫
Ω

(θ − θd,Ω)2dxdt+
1

2

∫ T

0

∫
Γ

(θ − θd,Γ)2dsdt+
1

2

∫ T

0

(u− ud)2dt

subject to

θt −∆θ = −θ5 + f(x, t) in Ω× (0, T ),

∂θ

∂ν
+ θ = (ũ(t)− u(t))g(x) on Γ× (0, T ),

θ(x, 0) = θ0(x) in Ω,

and ua ≤ u(t) ≤ ub a.e. in [0, T ],
where

f(x, t) = e−5t cos5 πx1 · cos5 πx2 + e−t(2π2 − 1) cosπx1 · cos πx2,

ũ(t) = ū+ e−t,

g(x) = cos πx1 · cos πx2,
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θd,Ω = −5e−4t(t− T ) cos5 πx1 · cos5 πx2 − (2π2(t− T )− e−t − 1) cosπx1 · cos πx2,

θd,Γ = (e−t − t+ T ) cosπx1 · cos πx2,

ud = −e−t − 2(t− T ),

θ0 = cosπx1 · cos πx2,

T = 1, ua = −0.85, ub = −0.4.

The optimal solution ū of this problem with corresponding state and adjoint variables θ̄, p̄
is given by

ū = Π[ua,ub](−e
−t),

θ̄ = e−t cos πx1 · cos πx2,

p̄ = (t− T ) cosπx1 · cos πx2.

The triple of functions (ū, θ̄, p̄) is chosen a priori, such that the first-order necessary
optimality conditions are fulfilled.

To prove local optimality, we show that the second-order sufficient optimality condi-
tions are satisfied. The formal Lagrange function is given by

L(θ, u, p) = J(θ, u)−
T∫

0

∫
Ω

(θt −∆θ + θ5 − f(x, t))pdxdt

−
T∫

0

∫
Γ

(
∂θ

∂ν
+ θ − (ũ− u)g)pdσdt−

∫
Ω

(θ(x, 0)− θ0)pdx

with

L′′(θ̄, ū, p̄)(θ, u) =

T∫
0

∫
Ω

θ2dxdt+

T∫
0

∫
Γ

θ2dσdt+

T∫
0

u2dt− 20

T∫
0

∫
Ω

θ̄3θ2p̄dxdt. (5.73)

The last term in (5.73) is non-negative due to θ̄3p̄ = (t − T ) cos4 πx1 cos4 πx2 ≤ 0 for all
t ∈ [0, T ]. Hence,

L′′(θ̄, ū, p̄)(θ, u) ≥ ‖u‖2
L2(0,T ).

The sufficient optimality condition holds even in the entire control-state space, i.e., it is
satisfied in a strong form. The local optimality of ū in the sense of L∞(0, T ) is deduced
from Theorem 5.18 in Tröltzsch [79, p. 300].

We choose the following initial point for the rSQP method:

u0(t) ≡ −0.8, θ0(x, t) ≡ 1, p0(x, t) ≡ 1.

The numerical solution of the parabolic problem is performed by the horizontal method of
lines (Rothe’s method), where the elliptic system in each time increment is solved by the
Finite Element Method (FEM). The controls are chosen as piecewise constant functions
on the time grid. The spatial domain is discretized with triangular finite elements with
a maximal edge length of h = 0.0125. The time interval is discretized uniformly with
stepsize ∆t = 0.001 in the time interval [0, 1].
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Figure 5.2: State variable θ̄ (left) and adjoint variable p̄ (right) at the end time T = 1.

The obtained solution is displayed in Figure 5.2. The sequence of controls uk produced
by the rSQP algorithm is depicted in Figure 5.3.

Figure 5.3: Controls uk(t).

Table 5.1 illustrates the convergence behaviour of the rSQP method. It contains the
value of the objective function Jk, the rate of convergence ek and the error τk that was
used for the termination criterion,

ek =
‖uk − ū‖L2(0,T ) + ‖θk − θ̄‖L2(Q) + ‖pk − p̄‖L2(Q)

‖uk−1 − ū‖2
L2(0,T ) + ‖θk−1 − θ̄‖2

L2(Q) + ‖pk−1 − p̄‖2
L2(Q)

,

τk = ‖uk − uk−1‖L2(0,T )

and the number of PDAS-Loops in k-th iteration of the rSQP method. The rSQP method
shows a good convergence to the exact optimal solution ū. Four iterations were needed
to get this result.
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Iter Jk ek τk #PDAS-Loops
1 21.8504 0.94 0.22 3
2 20.3691 0.45 0.33 4
3 20.3517 0.0085 0.0938 3
4 20.3515 140.7 5 · 10−4 1

Table 5.1: Iteration history of the rSQP method with the primal-dual active set strategy.

As reported in [22, 23], the quadratic convergence of the SQP method is assured, if
the quadratic subproblems (QP k) are solved with a quite high precision. The mesh size
h has to be proportional to the current accuracy of the SQP step. In our test example,
we observe that the speed of convergence of the rSQP method is limited after the third
iteration by the discretization error of FEM.



Chapter 6

Optimal control of a cooling line for
production of multiphase steels

The essential industrial process route for the production of multiphase steels, e.g., dual
phase (DP) steel and transformation induced plasticity (TRIP) steel, is by hot rolling and
subsequent controlled cooling in the cooling line located between the finishing mill and
the coiler of a hot strip mill. The controlled cooling of the strip after rolling is an essen-
tial prerequisite for achieving the desired mechanical/technological properties like tensile
strength, yield strength, elongation to fracture, ductility etc. These properties should be
as uniform as possible over the total width and length of the strip. During the cooling
process, the product undergoes various phase transformations, and the microstructure of
the resulting product is a function of the amount of various phases present in the product
which, in turn, depends on the temperature-time history of cooling.

Cooling systems usually employ multiple stages of either one or a combination of jet
impingement systems, such as, high-pressure spray nozzle arrays, laminar flow nozzle
arrays and planar water jets [7]. By regulating the water flow, it is possible to regulate
the temperature-time history of the strip during cooling and produce steel products with
desired mechanical and metallurgical properties.

The problem of controlled cooling of hot-rolled strip was a subject of research in many
papers [7, 27, 49, 52, 71, 87, 92]. There are variety of methods used for the control ap-
proaches. A method of model predictive control for the temperature of the strip has
been proposed by Hashimoto, Yoshioka, and Ohtsuka [27]. Wang et al. [87] presented the
method to calculate convective heat transfer coefficient in the control system of finish
cooling temperature combining traditional mathematical model with a Backpropagation
neural network. Lezius and Tröltzsch [52] formulated the problem of the controlled cool-
ing of steel profiles in cooling sections of hot rolling mill as a nonlinear optimal control
problem. The numerical implementation for the simplified linear control problem was
given there. An algorithm for the computation of optimal strategies for the cooling of
steel strips in hot strip mills was also proposed by Landl et al. [49]. The authors consid-
ered the problem of determination of suitable cooling strategy as a discrete optimization
problem and demonstrated the numerical results for the real hot rolling mill.

Most of the investigations of the controlled cooling in the hot strip mills are solely fo-
cused on the evaluation of the temperature. The direct control of the phase transformation
on the run out table (ROT) presented in the literature is not very extensive. Neverthe-
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less, the mathematical models that couple the thermal and metallurgical behaviour of the
strip on the run out table, are widely presented in the engineering literature. The model
which couples the temperature evolution and the phase transformations in steel occurring
on the run out table, has been investigated, e.g., by Chen, Zou, and Fu [15], Serajzadeh
[67], Sun et al. [72]. In the Nippon Steel technical report [71], the authors discussed the
model for the phase transformations in high-carbon steel and its application to the online
control on the hot strip mill.

In this chapter, the focus is on the optimal control of a cooling line for production
of dual phase steel in a hot rolling process. The aim is to compute the optimal cooling
strategy such that the desired dual phase microstructure is achieved most accurately.
This problem will be formulated as an optimal control problem and solved numerically
applying the optimization algorithms discussed in the previous chapter. The hot rolling
process for the production of dual phase steel is introduced in Section 6.1. The modelling
of the heat transfer in cooling line are considered in Section 6.2. Finally, Sections 6.3 and
6.4 are devoted to the set-up of the optimal control problem and its numerical realization.

6.1 Hot rolling of dual phase steels
Dual phase steel is one of the most important multiphase steels. It consists of a ferritic
matrix containing a hard martensitic second phase in the form of islands (see Chapter 3).
The soft phase of ferrite contributes to the good formability and the hard martensite to the
strength of material. The hot-rolled DP steels are produced by controlled cooling from the
austenite phase to transform some austenite to ferrite before a rapid cooling transforms
the remaining austenite to martensite. It provides good microstructure homogeneity with
an acceptable surface quality for many applications. The hot rolling process route for
the production of DP steel is illustrated in Figure 6.1. It consists of 4 steps as shown in
Figure 6.1:

(1) Rolling in roughing and finishing stands, which results in the refinement of austenite
grain size due to the repeated static recrystallization.

(2) Laminar cooling into two phase region.

(3) Isothermal holding at ferrite transformation region temperatures, where the tem-
peratures remain relatively constant.

(4) Finally, fast continuous cooling to the required coiling temperature, during which
martensite transformation takes place and bainite transformation can be avoided.

The controlled cooling of stages (2)-(4) happens on the run out table. The biggest chal-
lenge in producing DP steel in this way is that the process window is very tight as only
very short time of less than 10 s is allowed on the run out table according to its limited
length. Hence, there is a strong demand for the online control of the process parameters
such as the flow-rate of water in the cooling line (step 2 in Figure 6.1), the time and
temperature on ROT (step 3) as well as the cooling rate during cooling down to coiling
temperature (step 4).
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Figure 6.1: A sketch of the processing scheme for hot-rolled dual phase steel.

To simulate a real run out table, we consider the pilot hot rolling mill at the Institute
of Metal Forming (IMF) at the TU Bergakademie Freiberg. A rough sketch of the rolling
mill is presented in Figure 6.2.

Figure 6.2: Pilot hot rolling mill at the IMF of the TU Bergakademie Freiberg, Germany.

A standard hot rolling experiment performed at the pilot rolling mill at the IMF started
with an inductive heating of steel bars to the austenitization temperature, followed by the
rolling in the roughing mill and three stand finishing line, where the thickness of the slab
is reduced to the desired dimension. Then, the rolled strips are transported through the
cooling line which consists of the four sections. Each section has a length of 160 cm. The
cooling water only in the first cooling section is turned on. Therefore, the first section
will be mentioned as cooling line, while the other three sections correspond to the ROT.
After passing the ROT, the specimen is quenched by manually throwing it into a water
bath, where the austenite-martensite transformation occurs.

In a joint project with mechanical engineers from the IMF at the TU Bergakademie
Freiberg and the Department of Ferrous Metallurgy (abbreviated as IEHK) of the RWTH
Aachen University, we have identified the process parameter for the pilot hot rolling mill
at the IMF. Here, our focus is on the cooling line and ROT in order to control the phase
transformation, i.e., the growth of ferrite and the temperature evolution in the steel slab.
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6.2 Modelling of heat transfer in a cooling line
In this section, we discuss the modelling of heat transfer in the cooling line of the pilot hot
rolling mill at the IMF of the TU Bergakademie Freiberg. In the hot rolling process, after
the last deformation step the steel slabs are transported to the cooling segment, where
the laminar water spray cooling takes place on the top and bottom of the slab. Figure
6.3 shows the cooling line of the pilot plant at the IMF with a schematic representation
of water jets in the cooling segment. The cooling segment has a length of 160 cm and is
equipped with 12 flat jet water nozzles produced by the company Lechler.

Figure 6.3: Furnace and cooling segment, rolling direction form right to left (left) and
schematic representation of the cooling segment with flat jet nozzles (right) at the IMF
of the TU Bergakademie Freiberg.

In order to arrive at a reasonably simple mathematical model for the heat transfer in
the cooling line, we neglect heat conduction in the feeding direction of the specimen. This
reduces the spatial dimension of the model and thus the computational complexity. We
consider a cross section of a steel slab moving with the predefined strip speed v through
the cooling segment as it presented in Figure 6.4.

Figure 6.4: Schematic representation of the cross section of the steel slab during the water
spray cooling.

Here, x and y define space coordinates in the direction of the width and thickness of
the strip, respectively. The space coordinate in direction of the length of the cooling line
is denoted by z. The velocity of the strip remains constant throughout the duration of
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the process. The governing equation for the temperature distribution θ(x, y, t) in the 2D
cross section of the steel slab during cooling is given by

ρcpθt − κ∆θ = ρLft in Q = Ω× (0, T ), (6.1a)

−κ∂θ
∂n

= u(t)β(x)(θ − θw) on Σ1 = Γ1 × (0, T ), (6.1b)

−κ∂θ
∂n

= 0 on Σ2 = (∂Ω \ Γ1)× (0, T ), (6.1c)

θ(0) = θ0 in Ω. (6.1d)

Here, Ω denotes the rectangular cross section of the steel slab, and Γ1 corresponds to the
upper and lower boundaries of the domain Ω. The end-time T is calculated as a sum
of the time in cooling segment and holding time on ROT after the cooling. The term
on the right-hand side of (6.1a) represents the latent heat of the austenite-ferrite phase
transformation, described by initial value problem (3.3) in Chapter 3. The density ρ, the
heat capacity cp, the heat conductivity κ and the latent heat L from the austenite-ferrite
phase transformation are given as

ρ = 7.85 g/cm3, κ = 0.5 J/(s cmK), cp = 0.5 J/(gK), L = 77 J/g.

The heat transfer on the upper and lower boundary of the sample is described by
the Newton’s cooling law in the boundary condition (6.1b), where θw is the temperature
of the coolant water, the function β a water distribution over the surface of the steel
slab in direction x. The function u denotes a time-dependent heat transfer coefficient.
According to the special nozzle geometry described in Lechler documentation, the water
profile function β can be roughly approximated by the Gaussian function whose general
form is

β(x) = ae−
(x−b)2

2c2 + d,

where a, b, c and d are real constants.
In particular, as was investigated by the mechanical engineers at the IMF in a series

of cooling experiments at pilot plant, the water distribution over the surface of the steel
slab in direction x can be assumed as a constant, i.e., β ≡ const.

A common approach for the modelling of the heat transfer coefficient is to use various
functions whose parameters are to be determined through the fitting to the experimental
data. The influence factors on the heat transfer coefficient by the water spray cooling, such
as the surface temperature, water impact density and strip velocity, have been investigated
thoroughly in many studies (see, e.g., Puschmann [61], Sun et al. [72] and Viščorová [85]).
At the higher temperatures, above approximately 600 ◦C, it is well established that the
heat transfer coefficient becomes less temperature dependent.

To describe the heat transfer coefficient, the model proposed by Sun et al. [72] is
applied:

u(t) = ζ(z0 + vt)

(
v

v0

)λ(
w(t)

w0

)γ
, (6.2)

where v is a strip velocity, w(t) is a flow-rate of water and v0, w0 are the reference strip
velocity and flow-rate of water, respectively. The constants λ, γ define the effect of the
strip velocity and the flow-rate of water on the heat transfer coefficient. These factors can
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be determined by solving an inverse problem from the measurements of the temperature
during the water spray cooling. To this purpose, a series of experiments at the hot rolling
mill at the IMF have been carried out.

The heat transfer coefficients as a function of time were identified from the temperature
measurements in 9 experiments for the strip speeds of 0.85m/s, 1m/s, 2m/s and different
flow-rates of water in cooling line, namely, 100 l/min, 200 l/min, 300 l/min, 400 l/min. The
results of the identification process are shown in Figure 6.5.

Figure 6.5: Calculated heat transfer coefficients as a function of time for the experiments
with strip speed of 1m/s and 2m/s. The flow-rate of water varies from 100 l/min to
400 l/min.

Using the information about the strip velocity v in each experiment and the fact, that
z = vt , the heat transfer coefficients can be represented as a function of z , i.e. the space
coordinate along the cooling line (see Figure 6.6).

Figure 6.6: Heat transfer coefficients as a function of the space coordinate along the
cooling line.

It can be realized by observing Figures 6.5 and 6.6 that the lower the strip speed, the
higher the values of the heat transfer coefficients. Moreover, the maximum values of the
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heat transfer coefficients are directly proportional to the flow-rate of water in cooling line.
It also can be seen from Figure 6.6 that the heat transfer coefficients can be represented
by the Gaussian function. The optimal values for λ, γ in (6.2) fitted to the curves of heat
transfer coefficients are the following:

λ = −0.63, γ = 0.45.

At the end, we obtain a model for the heat transfer coefficient dependent on the process
parameters like strip velocity v and the flow-rate of water w(t) in cooling line:

u(t) = e−(1.48−0.28v2)(t·v−0.8)2
( v

0.05

)−0.63
(
w(t)

100

)0.45

(6.3)

More details about the identification of the heat transfer coefficients from the measure-
ments of temperature at IMF can be found in [24].

After the model for the heat transfer in the cooling line has been established, we are
able to formulate the optimal control problem for the production of dual phase steel.

6.3 Optimal control problem for dual phase steel
We will now set up an optimal control problem for the cooling line to produce a desired
dual phase microstructure. Our aim is to compute an optimal flow-rate of water for the
cooling line to achieve a desired distribution of ferrite fd in the steel slab at the end time
T . At the same time, we want to realize a desired end temperature θd. This will be
done in a two-stage approach. Firstly, we solve an optimal control problem to obtain an
optimal time-dependent heat transfer coefficient u(t) as it was discussed in the previous
chapter. Then, we use equation (6.3) to compute the corresponding optimal flow-rate
of water w(t), which serves as the control quantity at the pilot mill. For this purpose,
we consider an optimal boundary control problem (P ), which was analyzed in previous
chapter: minimize

J(θ, f, u) =
α1

2

∫
Ω

(f(x, T )− fd(x))2 dx+
α2

2

∫
Ω

(θ(x, T )− θd(x))2 dx+
α3

2

T∫
0

u2dt

subject to

ft = (feq(θ)− f)H(feq(θ)− f)g1(θ)g2(Dγ, ε) in Q, (6.4a)
f(0) = 0 in Ω, (6.4b)

ρcpθt − κ∆θ = ρLft in Q, (6.4c)

−κ∂θ
∂n

= u(t)β(x)(θ − θw) on Σ1, (6.4d)

−κ∂θ
∂n

= 0 on Σ2, (6.4e)

θ(0) = θ0 in Ω, (6.4f)
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and
u ∈ Uad = {u ∈ L∞(0, T ) : ua ≤ u ≤ ub, ua, ub ≥ 0},

where αi, i = 1, . . . , 3 are positive constants, Q = Ω× (0, T ), Σ1 = Γ1 × (0, T ),
Σ2 = (∂Ω \ Γ1)× (0, T ). Here again, the third term in the cost functional represents the
Tikhonov regularization term that can also be interpreted as an indicator for the costs of
the control. The control is bounded by two positive constants ua and ub since we consider
only cooling process and because of the restrictions on the maximal amount of coolant.
The ordinary differential equation (6.4a) with initial condition (6.4b) represents the model
for the kinetics of ferrite transformation, which was derived in Chapter 3, Section 3.2.1.

In the next section we present the numerical solution of the control problem formulated
above for the hot rolling of Mo-Mn dual phase steel.

6.4 Numerical results
We will consider two problems. In the first, denoted by (P1), the aim is to calculate an
optimal heat transfer coefficient for the water spray cooling such that, at the end of the
cooling line, the desired microstructure of the steel slab is realized. The second problem
(P2) is formulated according to the experimental set-up on the ROT of pilot hot rolling
mill at the IMF of the TU Bergakademie Freiberg. Here we consider two steps of the
entire process: water spray cooling into a ferrite transformation region and subsequent
isothermal holding on the ROT. These results were validated in the hot rolling experiments
and already discussed in the recent paper [9].

In order to solve the control problems (P1) and (P2) numerically, we apply the rSQP
method with active-set strategy discussed in Chapter 5. As mentioned before, for a
globalization of the rSQP method, we use a gradient projection algorithm introduced in
Section 5.2.1 of Chapter 5. We also note that the physical parameters necessary for the
numerical computations in this section are taken from Section 4.5.2.

6.4.1 Control problem (P1)

Let us choose a two-dimensional domain Ω = (0, 7.5) × (0, 0.69) cm2. This corresponds
to the vertical cross section of the steel slab moving through the cooling segment with a
fixed strip speed.

The aim is to compute the optimal cooling strategy for the DP steel with a desired
ferrite fraction fd(x) = 85% and a temperature θd(x) = 660 ◦C at the final time T = 7 s.
The cooling strategy is obtained by solving the optimal control problem (P ). In the model
for ferrite growth, H is chosen as the following monotone approximation of the Heaviside
function

H(x) =


1, for x ≥ δ,

10(x
δ
)6 − 24(x

δ
)5 + 15(x

δ
)4, for δ > x ≥ 0,

0, for x < 0.

with δ = 0.01.
The factor representing the effect of austenite conditioning and deformation is given

by g2 = 10. The initial condition for the temperature is θ0 = 860 ◦C and θw = 20 ◦C. The
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bounds for the control are taken as ua = 0 and ub = 0.3. The water profile in the cooling
segment is given by

β(x) = e−0.01(x−3.75)2

as depicted in Figure 6.7.

Figure 6.7: The water profile β(x).

It should be mentioned that the choice of weighting factors α1, α2, α3 in the cost
functional of optimal control problem (P ) is of crucial importance for the numerical com-
putations. The volume phase fraction f takes values in [0, 1], while the temperature θ is in
the range of 20 ◦C–1200 ◦C. Therefore, in order to obtain useful results, an equilibrating
of these two terms in cost functional is necessary. In the subsequent computations, we
set α1 = 1 and α2 = 5 · 10−6. The factor α3 is a Tikhonov regularization parameter and
is chosen as 0.1.

The finite element triangulation for the computational domain Ω is done by a uniform
mesh with N = 561 degrees of freedom. For the time step, we take ∆t = 0.0125. We
approximate the control function u with piecewise constant functions on the time grid.

As explained above, we use the gradient projection method for the globalization of
the rSQP algorithm. As an initial guess for the gradient projection method we take
u0 ≡ 0. The algorithm was terminated after 7 iterations, provided the relative error
‖uk+1 − uk‖L2(0,T )/‖uk‖L2(0,T ) is smaller than tol = 0.01. The obtained control function,
which is denoted by û, and corresponding state variables θ̂ and f̂ with adjoint variables
p̂, q̂ serve as the initial iteration of the rSQP method.

Table 6.1 shows the convergence history of the rSQP steps. It contains the value of
the objective function Jk, the relative error τk that was used for the termination criterion

τk =
1

5

(‖ uk+1 − uk ‖L2(0,T )

‖ uk ‖L2(0,T )

+
‖ θk+1 − θk ‖L2(Q)

‖ θk ‖L2(Q)

+
‖ fk+1 − fk ‖L2(Q)

‖ fk ‖L2(Q)

+
‖ pk+1 − pk ‖L2(Q)

‖ pk ‖L2(Q)

+
‖ qk+1 − qk ‖L2(Q)

‖ qk ‖L2(Q)

)
< tol
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and the number of PDAS-Loops in k iterations of rSQP method. As expected, the rSQP
method converges in a few steps to the optimal solution with tol = 10−3 in termination
condition.

Iter Jk τk # PDAS-Loops
1 0.01669 0.1350 8
2 0.01438 0.01077 4
3 0.01434 6 · 10−4 2

Table 6.1: Value of objective function Jk, relative error τk and number of PDAS loops in
kth-iteration of rSQP method.

In Figure 6.8, some iterations of the gradient projection algorithm and rSQP method
are represented.

Figure 6.8: Some iterations of optimization procedure.

The optimal control u is depicted in Figure 6.9. Closer to the end of the time interval,
the optimal control decreases to zero, which is the lower bound of the control. This fact
also reflects the presence of the box constraints and the functioning of the active set
method.

Figure 6.10 shows the simulated final temperature (left) and the phase distribution
(right) in the cross section of the steel slab in selected iterations of the optimization
procedure. At each iteration of the rSQP method, the temperature distribution in the
steel slab becomes more homogeneous and closer to the desired value θd = 660 ◦C. On
the other hand, the maximal difference of the ferrite values at the final time is about of
17%. However, at each iteration of the rSQP method, the ferrite phase fraction in the
largest part of the cross section is close to 85%.

We additionally plot the temperature and ferrite growth during the cooling in the mid-
dle of the cross section of the steel slab. The simulation results are shown in Figure 6.11.
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The desired temperature of 660 ◦C and ferrite fraction of 85% are reached very accurately
in the middle of the cross section.

Figure 6.9: Optimal control u(t).

Figure 6.10: The simulated final temperature (left) and phase distribution (right) in the
cross section of the steel slab in certain number of iterations of the optimization procedure.
In both pictures the 1st and 7th(final) iteration of the gradient projection method, and 1st

and 3rd(final) iterations of the rSQP method are depicted in order from top to bottom.
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Figure 6.11: The simulated temperature (left) and ferrite fraction evolution (right) in the
middle of the cross section of the steel slab.

In order to highlight the influence of the weighting factors α1, α2 in the cost functional
on the numerical solution of the optimal control problem, we solve the problem again
with the same parameter set as before, except for the values of the weighting factors. Let
α1, α3 remain the same, and let α2 be reduced by a factor of 10, i.e., α1 = 1, α2 = 5 · 10−7

and α3 = 0.1. In other words, the target condition for the temperature will be weakened
in the cost functional. As an initial guess for the optimization procedure, u0 ≡ 0 was
taken. After 7 iterations of the gradient projection method and subsequent 3 steps of the
rSQP method, the algorithm was terminated with relative error τk = 9.24 · 10−5. The
cost functional takes the value of 0.01637 in the third iteration.

Figure 6.12: The comparison of the optimal solutions of two control problems with
different values of weighting factors: 1) α1 = 1, α2 = 5 · 10−6, α3 = 0.1 and 2)
α1 = 1, α2 = 5 · 10−7, α3 = 0.1.

Figure 6.12 shows a comparison of the optimal control functions of two control prob-
lems with different values for the weighting factors. It can be seen from Figure 6.12 that
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the time interval in which the control is switched off at the end of the cooling is differ-
ent. In comparison to the red curve, which corresponds to the control problem with a
decreased weight of the temperature in the cost functional, the blue one has a longer time
interval where the control is equal to zero.

The corresponding temperature and phase distribution in the cross section of the steel
slab are depicted in Figure 6.13. From the left figure, we can observe that the temperature
distribution is more homogeneous in the first case. The same phenomenon can be seen
for the phase distribution, as the phase kinetic strongly depends on the temperature.
Moreover, the desired end temperature is reached more accurately in the first case, where
the factor α2 = 5 · 10−6 (which corresponds to the temperature) is greater as in the second
case with α2 = 5 · 10−7. These observations demonstrate the influence of weighting factors
in the cost functional on the results of optimization procedure.

Figure 6.13: The comparison of the optimal final temperature and phase distribution in
the cross section of the steel slab for two cases: 1) α1 = 1, α2 = 5 · 10−6, α3 = 0.1 and 2)
α1 = 1, α2 = 5 · 10−7, α3 = 0.1.

6.4.2 Control problem (P2)

Let us consider an optimal control problem for production of dual phase steel at the pilot
hot rolling mill at the IMF of the TU Bergakademie Freiberg. In order to follow up the
hot rolling process described in Section 6.1 as precisely as possible, some modification
have to be made to the optimal control problem (P ). As previously stated, we focus on a
two-stage process route which is depicted in Figure 6.14: The first step is the controlled
cooling into a ferrite transformation region; the second step is the subsequent isothermal
holding on the ROT.

The isothermal holding at ferrite transformation region temperatures is approximately
realized by keeping the steel sheets on the ROT for 7 s–10 s, where a natural convection
and radiation are entering into force. In contrast to the control problem (P1) from the
previous subsection, the isotherm holding in ferrite region is taken into account. Thus,
the time interval [0, T ] is split into two subintervals: [0, tcool] for the continuous water
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spray cooling and (tcool, T ] for the isotherm holding on the ROT. The boundary condition
for the heat equation (5.2d) must then be modified as follows

−κ
∂θ

∂n
= u(t)(χcool + χhold)β(x)(θ − θw) on Σ1 = Γ1 × (0, T ),

where

χcool =

{
1, 0 ≤ t ≤ tcool,

0, tcool < t ≤ T,
and χhold =

{
0, 0 ≤ t ≤ tcool,

0.005, tcool < t ≤ T.

The indicator function χcool turns off the control function u on the time interval (tcool, T ].
In its turn, the function χhold serves for the roughly approximation of the isothermal
holding of the steel slab on ROT.

Figure 6.14: Run out table of the pilot hot rolling mill at the IMF. Two-stage process
route.

In the control problem (P2), we consider a thin steel plate, which comes from the last
rolling mill with a thickness of 0.2 cm. Let the two-dimensional domain Ω be (0, 7.5) ×
(0, 0.2) cm2. As for the previous example, the aim is to compute the optimal cooling
strategy for a DP steel with a desired ferrite fraction fd(x) = 90% and a temperature
θd(x) = 680 ◦C at the final time T = 12 s. The strip velocity in the cooling line is fixed
by v = 0.85m/s. Thus, the time in the cooling segment has been calculated as 2 s. The
phase equation for the ferrite growth as well as the values θ0 and θw in the heat equation
remain the same as in control problem (P1).

The spatial domain Ω is discretized with triangular finite elements whose maximal
edge length h is equal to 0.05. The time interval [0, 12] is discretized uniformly with
step size Δt = 0.0125. For the globalization of the rSQP algorithm, we use again the
gradient projection method. As an initial guess for this method, we take u0 ≡ 0. After
10 iterations, the gradient projection method provides the initial iteration for the rSQP
algorithm. Table 6.2 shows the convergence history of the rSQP steps. Only 3 iterations
are needed to get the optimal solution.

The optimal control function ū is depicted in Figure 6.15. This function represents
the time dependent heat transfer coefficient and is nearly constant during the first 2 s in
the cooling line.

Figure 6.16 shows the evolution of the temperature and ferrite fraction in the middle
of the steel cross section. It can be seen, that the sample has been cooled down to the
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temperature of 680 ◦C in the cooling line during the first 2 seconds. Then, we observe
an increase in the temperature for the short time interval after water spray cooling is
switched off and u = 0.005. This effect can be explained by the fact that the latent
heat becomes free during the phase transformation. For the rest of the time interval,
the temperature has a decreasing behaviour due to the natural convection and radiation.
The austenite-ferrite phase transformation starts after 1 s of the cooling process at the
temperature of 760 ◦C. At the end time T = 12 s, the ferrite volume fraction reaches the
value of 91%, which approximates the desired value 90% quite precisely.

Iter Jk τk # PDAS-Loops
1 0.0010592 0.225716 2
2 0.0010213 0.009207 2
3 0.0010212 2.7 · 10−4 2

Table 6.2: Value of the objective function Jk, relative error τk and number of PDAS loops
in kth-iteration of the rSQP method.

Figure 6.15: Optimal control u.
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Figure 6.16: The optimal temperature (left) and phase evolution (right) simulated in the
middle of the steel cross section.

Experimental validation

To validate our approach, experiments have been carried out at the IMF. Here, the defining
control parameter is the flow-rate of cooling water w, which is related to the heat transfer
coefficient u via (6.3). We recall that the strip speed v = 0.85m/s is fixed during the
cooling. After the optimal control u has been determined, the flow-rate of water w can
be recalculated from equation (6.3) with a fixed strip speed v as follows

w(t) = 100u(t)2e2(1.48−0.28v2)(tv−0.8)2
( v

0.05

)1.4

. (6.5)

Figure 6.17 depicts the resulting optimal flow-rate of water. Due to the construction of
the cooling line at the IMF only a constant value of the flow-rate can be adjusted. Thus,
we derived the average amount of water

w̄(t) =
1

tcool

∫ tcool

0

w(t)dt = 70 l/min.

This quantity can be prescribed in the cooling line. This is of course only an average
of the optimal solution. Since the state system is nonlinear, the simulation result for this
quantity fed back into the state equation will differ from the optimal one as computed
before. Indeed, Figure 6.18 shows a resulting end temperature of 617 ◦C and a ferrite frac-
tion of 82.7%, respectively. These values differ from the computed ones in optimization
procedure, however, a ferrite fraction of this order is satisfactory for dual phase steel.

Further, we compare the numerical results with the experimental ones. To this end,
the samples have been investigated at the IEHK Aachen in terms of phase fractions by
means of light optical metallography. Here, the microsections of the processed sample have
been analyzed using automatic picture analysis system based on black-white contrast.
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Figure 6.17: Optimal flow-rate of water in the cooling line calculated from the optimal
heat transfer coefficient u.

Figure 6.18: The simulated final temperature and ferrite fraction in the cross section of
the slab.

Figure 6.19 shows a microsection of the sample for the Mo-Mn DP steel and the final
ferrite distribution in the cross section. The quantitative analysis yields a ferrite fraction
of 87% and 13% martensite. Hence, the difference between the experimentally achieved
ferrite fraction and the numerically predicted one of 82.7% is of order 5% which, in view
of many uncertainties in the semi-manual process guidance at the pilot plant, is a very
satisfactory result.
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Figure 6.19: Microsection of the sample for the Mo-Mn steel and the final phase distri-
bution in the cross section of the slab.



Chapter 7

Conclusions

In this thesis, we have considered several mathematical problems related to the production
of multiphase steels. The main focus was on the phase transformations in multiphase steels
since the microstructure of the final product strongly depends on the phase mixture in
steel.

For hot-rolled dual phase steel, a model for the austenite-ferrite and austenite-martensite
phase transformations which occur during controlled cooling on the run out table has been
derived. In this model, the factors that accelerate the growth of ferrite were taken into
account, namely, retained strain from the last finishing stand and austenite grain size
before cooling line. The derived model could be used for the simulations of ferrite and
martensite growth on the run out table of the hot rolling mill. Particularly, the model
allowed us to predict the preferable degree of retained strain and the holding temperature
on the run out table for the required ferrite fraction.

One of the problems investigated in this work was an inverse problem for identifying
the kinetics of the phase transformations from the dilatometer measurements. The math-
ematical analysis of the inverse problem has shown that in the case of at most two product
phases, the complete transformation kinetics of these phases should be uniquely deter-
mined by the two dilatometer measurements of length change and temperature evolution
at a single point on the specimen surface.

The parameter identification problem for the phase transformations in Mo-Mn dual
phase steel was solved numerically using the Matlab Optimization Toolbox. In the opti-
mization process, the phase fraction functions to be determined were represented as cubic
splines. The numerical results presented for the fast-cooling curve are in good agree-
ment with the experimental data, with a relative error of less than 8%. The results of
the parameter identification have clearly demonstrated that the dilatometer data contain
plenty of information in addition to the start and end temperatures of the related phase
transformations. In other words, the complete kinetics of the phase transformations can
be identified from the dilatometer curve. Moreover, the parameter identification proce-
dure provides a good alternative to the expensive and time-consuming metallographic
investigations.

The other problem concerned the optimal control of the cooling line in the hot rolling
mill in order to produce the desired dual phase microstructure. We have carried out the
mathematical analysis of the optimal control problem, formulated for this application. It is
the boundary optimal control problem governed by the semilinear parabolic system, where
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the heat transfer coefficient serves as a control function. We have proven the existence
of the optimal solution and derived necessary and sufficient optimality conditions, which
are the basis for the efficient application of second-order numerical algorithms such as
the SQP method. In order to solve the control problem numerically, we applied the
reduced SQP method with a primal-dual active set strategy. The numerical optimization
algorithm was implemented using the finite element/finite volume toolbox WIAS-pdelib.
The advantage of the discussed optimal control problem for the cooling line of the hot
rolling mill is that the phase transformations are taken into account and the final phase
distribution in steel can be optimized.

In order to validate our optimal control approach, we have considered an optimal con-
trol problem for the production of Mo-Mn dual phase steel related to the real process route
on the pilot hot rolling mill at the Institute for Metal Forming of the TU Bergakademie
Freiberg. For that purpose, it was necessary to investigate the heat transfer during the
water spray cooling at the pilot hot rolling mill. The plant-specific heat transfer coefficient
has been identified from the temperature measurements by solving an inverse problem.
The control quantity at the pilot mill at the IMF of the TU Bergakademie Freiberg, the
flow-rate of water, was computed by solving the control problem numerically. The numer-
ical results have been compared with experimental data. This comparison has shown that
the proposed optimal control approach could be used for the offline-controlled cooling on
the run out tables of hot rolling mills.

Future research
Naturally, there remain open problems and challenging directions of future research.

One interesting direction of research on the production of hot-rolled multiphase steels
is the modelling of bainitic phase transformation. This is particularly relevant for the hot
rolling of TRIP steels. In this case, the model for the phase transformations on the run
out table has to be complemented with an additional equation for the growth of bainite.
From a materials science perspective, it is important to account for the carbon enrichment
in the remaining austenite before the bainitic transformation. For the production of TRIP
steels, a second isothermal holding step or a controlled cooling strategy for the formation
of bainite has to be implemented in the run out table processing strategy (see Figure
7.1 below). This research direction requires further close cooperation with engineering
institutes.

Concerning the evaluation of dilatometer experiments, there are also some open ques-
tions. We have considered the identification of the phase transformations derived from
the dilatometer experiments with fast and moderate cooling. In the case of slow cooling,
further investigations are still needed. To decelerate the cooling in dilatometer experi-
ments, the specimens are heated by electromagnetic induction, and the electric power is
measured for each cooling curve. The induction heating complicates the identification
of phase transformations from dilatometer measurements of the temperature, since the
information about latent heats will be lost in this case. For the parameter identification,
the effect of electromagnetic induction has to be taken into account by possibly including
an additional source term on the right-hand side of the energy balance equation. A precise
model of this effect requires further study.
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Figure 7.1: Three steps of a production route for TRIP steel. The first step is austenite
conditining; the second step is isothermal ferritic phase transformation; the third step is
bainite formation.

Regarding the industrial employment, the development of real-time process control
strategies based on the control approach discussed in this thesis is a very important task.
Although the optimal control problem has only been considered for two-dimensional do-
mains, the calculation time needed for the numerical solution is within the range of hours.
For the reduction of computation time, recent developments in model reduction techniques
seem to be a promising tool. The application of the efficient model reduction methods,
such as the Proper Orthogonal Decomposition and the Discrete Empirical Interpolation
Method, allows us to significantly reduce the computational complexity of the proposed
optimization algorithms.
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Appendix A

Notations

Ω bounded open subset of Rn, n = 1, 2, 3
∂Ω boundary of Ω

Q := Ω× (0, T ) space-time cylinder
θ temperature
f volume fraction of ferrite
m volume fraction of martensite
Dγ austenite grain size
ε strain
w vector of phase fractions y, z, w = (y, z)T

u displacement
σ (Cauchy) stress tensor
δi thermal expansion coefficient for phase i
Li latent heat for evolution of phase i
θiref constant reference temperature for the expansion of phase i
ρ mass density
cp specific heat capacity (scalar constant)
κ heat conductivity (scalar constant)
θe temperature of coolant
Λ1 first Lamé parameter
Λ2 second Lamé parameter
Λ Λ := Λ1 + 2Λ2

λ dilatometer measurement of temperature
τ dilatometer measurement of displacement

[f ]+ positive part of function f , [f ]+ = max{f, 0}
X Banach space with norm ‖ · ‖X

Ck(0, T ) space of k-times continuously differentiable functions on [0, T ]
C(Q̄) space of uniformly continuous functions on Q̄ = Ω̄× [0, T ]
Lp(Ω) set of all measurable functions having finite norm

‖f‖Lp(Ω) =
( ∫

Ω

|f(x)|pdx
)1/p

L∞(Ω) set of all measurable functions for which
‖f‖L∞(Ω) = ess sup

x∈Ω
|f(x)| is finite

121



122 Appendix A. Notations

W k,p(Ω) Sobolev space W k,p(Ω) :=
{
f ∈ Lp(Ω) : Dαf ∈ Lp(Ω), |α| ≤ k

}
with norm ‖f‖Wk,p(Ω) =

( ∑
|α|≤k

∫
Ω

|Dαf |pdx
)1/p

H1(Ω) Sobolev space H1(Ω) := W 1,2(Ω)
H1(Ω)∗ dual space of H1(Ω), i.e., space of bounded linear functionals on H1(Ω)

(·, ·)Ω inner product in L2(Ω)
(·, ·)Q inner product in L2(0, T ;L2(Ω))

(·, ·)(0,T ) inner product in L2(0, T )
Lp(0, T ;X) Banach space of equivalence classes of Bochner integrable functions

f : [0, T ]→ X with norm ‖f‖Lp(0,T ;X) =
( T∫

0

‖f‖pXdt
)1/p

W k,p(0, T ;X) Sobolev space
W k,p(0, T ;X) =

{
f ∈ Lp(0, T ;X) : f (s) ∈ Lp(0, T ;X), s ≤ k

}
W (0, T ) Hilbert space W (0, T ) =

{
f ∈ L2(0, T ;H1(Ω)) : f ′ ∈ L2(0, T ;H1(Ω)∗)

}
L(X, Y ) space of linear bounded operators A : X → Y equipped with the operator

norm ‖A‖ = sup
‖x‖X=1

‖Ax‖Y

χΣ indicator function of the set Σ

o(h) f = o(h) as x→ x0 means that limx→x0

|f(x)|
|h(x)| = 0
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Utilized definitions and theorems

Definition B.1 (Bochner Integral). The space

Lp(0, T ;X)

consist of all measurable functions u : [0, T ]→ X with

(i)

‖u‖Lp(0,T ;X) :=

(∫ T

0

‖u(t)‖pXdt
)1/p

<∞

for 1 ≤ p <∞, and

(ii)
‖u‖L∞(0,T ;X) := ess sup

0≤t≤T
‖u(t)‖X <∞.

Definition B.2. The space
C([0, T ];X)

comprises all continuous functions u : [0, T ]→ X with

‖u‖C([0,T ];X) := max
0≤t≤T

‖u(t)‖X <∞.

Definition B.3. (i) The Sobolev space

W 1,p(0, T ;X)

consist of all functions u ∈ Lp(0, T ;X) such that u′ exists in the weak sense and belongs
to Lp(0, T ;X). Furthermore,

‖u‖W 1,p(0,T ;X) :=


(∫ T

0
‖u(t)‖pX + ‖u′(t)‖pXdt

)1/p

, 1 ≤ p <∞
ess sup
0≤t≤T

(‖u(t)‖X + ‖u′(t)‖X), p =∞.

(ii) We write H1(0, T ;X) = W 1,2(0, T ;X).
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Definition B.4. Let V be a Banach space and V ∗ be a dual space of V . We denote
by W (0, T ) the linear space of all y ∈ L2(0, T ;V ) having a (distributional) derivative
y′ ∈ L2(0, T ;V ∗), equipped with the norm

‖y‖W (0,T ) =

 T∫
0

(‖y(t)‖2
V + ‖y′(t)‖2

V ∗)dt

1/2

.

The space W (0, T ) =
{
y ∈ L2(0, T ;V ) : y′ ∈ L2(0, T ;V ∗)

}
is a Hilbert space with the

scalar product

(u, v)W (0,T ) =

T∫
0

(u(t), v(t))V dt+

T∫
0

(u′(t), v′(t))V ∗dt.

Theorem B.1 (Calculus in an abstract space). Let u ∈ W 1,p(0, T ;X) for some
0 ≤ p ≤ ∞. Then

(i) u ∈ C([0, T ];X) (after possibly being redefined on a set of measure zero), and

(ii) u(t) = u(s) +
∫ t
s
u′(τ)dτ for all 0 ≤ s ≤ t ≤ T

(iii) Furthermore, we have the estimate

max
0≤t≤T

‖u(t)‖ ≤ C‖u‖W 1,p(0,T ;X),

the constant C depending only on T .

Theorem B.2 (Sobolev embedding theorem). Let Ω ⊂ RN be a bounded Lipschitz do-
main, 1 < p < ∞, and m a non-negative integer. Then the following embeddings are
defined and continuous:

Wm,p(Ω) ↪→


Lq(Ω) for all 1 ≤ q ≤ Np

N−mp , if mp < N,

Lq(Ω) for all 1 ≤ q <∞, if mp = N,

C(Ω), if mp > N.

In particular, for H1(Ω) = W 1,2(Ω) we obtain

if Ω ⊂ R2 : H1(Ω) ↪→ Lq(Ω) for all 1 ≤ q <∞
if Ω ⊂ R3 : H1(Ω) ↪→ L6(Ω).

Theorem B.3. (Rellich–Kondrachov Compactness Theorem). Assume U is a bounded
open subset of Rn and ∂U is C1. Suppose 1 ≤ p < n. Then

W 1,p(U) ⊂⊂ Lq(U) (⊂⊂ denotes compact embedding)

for each 1 ≤ q < p∗ where p∗ = np
n−p is the Sobolev conjugate of p.

Since p∗ > p and p∗ →∞ as p→ n, we have in particular

W 1,p(U) ⊂⊂ Lp(U)
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for all 1 ≤ p ≤ ∞.
(If n < p ≤ ∞, this follows from Morrey’s inequality and the Arzela–Ascoli compactness
criterion.)

Even if ∂U is not assumed to be C1 one achieves

W 1,p
0 (U) ⊂⊂ Lp(U).

(See e.g. Evans [19].)

Theorem B.4. (Trace theorem). Assume U is bounded and ∂U is C1. Then there exists
a bounded linear operator

T : W 1,p(U)→ Lp(∂U)

such that
(i) the trace of u on ∂U is defined by Tu = u|∂U if u ∈ W 1,p(U) ∩ C(Ū)
(ii)

‖Tu‖Lp(∂U) ≤ C‖u‖W 1,p(U)

for each u ∈ W 1,p(U), with the constant C depending only on p and U .
(See e.g. Evans [19].)

Theorem B.5. (Carathéodory’s Theorem) Let I = [0, T ] for fixed T > 0 and
f : I × Rk → Rk satisfying the following conditions:

(Carathéodory mapping)

f(·, ζ) is measurable for all ζ ∈ Rk (B.1)
f(t, ·) is continuous for almost all t ∈ I (B.2)

(Growth condition)
|f(t, z)| ≤ γ(t) + C|z| with some γ ∈ L1(I). (B.3)

Then:

(i) The initial-value problem

dz

dt
= f(t, z(t)) for almost all t ∈ I, z(0) = z0 (B.4)

has a solution z ∈ W 1,1(I;Rk) on the interval I = [0, T ].

(ii) If f(t, ·) is also Lipschitz continuous in the sense

|f(t, z1)− f(t, z2)| ≤ L(t)|z1 − z2|

with L ∈ L1(I), then the solution is unique.

(This variant e.g. in Roubíček [66].)
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Lemma B.1. (Gronwall’s Lemma) Let c ∈ L∞(0, tE) and a ∈ L1(0, tE) denote non-
negative functions. If a function u ∈ L∞(0, tE) satisfies

0 ≤ u(t) ≤ c(t) +

∫ t

0

a(s)u(s)ds, t ∈ (0, tE)

then

0 ≤ u(t) ≤ c(t) +

∫ t

0

c(s)a(s) exp

(∫ t

s

a(τ)dτ

)
ds, t ∈ (0, tE).

In particular, if c(t) = c and a(t) = a for almost every t ∈ (0, tE), then

0 ≤ u(t) ≤ ceat, t ∈ (0, tE).

(This variant e.g. in Brokate and Sprekels [13].)

Theorem B.6 (Young’s inequality). Let 1 ≤ p, q ≤ ∞ with 1
p

+ 1
q

= 1. Then

ab ≤ εap + C(ε)bq, (a, b > 0, ε > 0)

for C(ε) = (εp)(−q/p)q−1.

Theorem B.7 (Hölder’s inequality). Let 1 ≤ p, q ≤ ∞ with 1
p
+ 1
q

= 1. Then if f ∈ Lp(U)

and g ∈ Lq(U) ∫
U

fgdx ≤ ‖f‖Lp(U)‖g‖Lq(U).

Theorem B.8 (Banach’s Fixed Point Theorem). Consider the nonlinear equation

x = Tx, x ∈M. (∗)

Suppose that

1. T : M ⊆ X →M , i.e. M is mapped into itself be an operator T ;

2. M is a closed non-empty set in a complete metric space (X, d);

3. T is k-contractive, i.e.
d(Tx, Ty) ≤ kd(x, y)

for all x, y ∈M and for a fixed k, 0 ≤ k < 1.

Then we may conclude the following:

• Existence and uniqueness: Equation (∗) has exactly one solution, i.e. T has exactly
one fixed point on M ;

• Convergence of the iteration: The sequence (xn) of successive approximations con-
verges to the solution x for an arbitrary choice of initial points x0 in M ;
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• Error estimates: For all n = 1, 2, 3, . . . we have the a priori error estimate

d(xn, x) ≤ kn(1− k)−1d(x0, x1),

and the a posteriori error estimate

d(xn+1, x) ≤ k(1− k)−1d(xn, xn+1);

• Rate of convergence: For all n = 1, 2, 3, . . . we have

d(xn+1, x) ≤ kd(xn, x).

Theorem B.9 (Riesz Representation Theorem). Let X be a real Hilbert space. X∗ can
be canonically identified with X. More precisely, for each φ ∈ X∗ there exists a unique
element u ∈ X such that

〈φ, v〉 = (u, v) for all v ∈ X∗.

The mapping φ→ u is a linear isomorphism of X∗ onto X.

Definition B.5. Let X and Y be two normed linear spaces, A ∈ L(X, Y ). There exists a
unique bounded linear operator A∗ ∈ L(Y ∗, X∗), named adjoint operator of A and defined
by

〈Au, v〉X,X∗ = 〈u,A∗v〉Y,Y ∗

for all u ∈ X and v ∈ Y ∗. Note A is symmetric if A∗ = A.
If X and Y are Hilbert spaces, then an adjoint operator of A can be defined using the

inner product
(Au, v)Y = (u,A∗v)X

for all u ∈ X and v ∈ Y .

Definition B.6. Let X be a real Banach space. We say a sequence {uk}∞k=1 ⊂ X converges
weakly to u ∈ X, written uk ⇀ u, if

〈φ, uk〉X∗,X → 〈φ, u〉X∗,X

for each bounded linear functional φ ∈ X∗.

Theorem B.10 (Weak compactness). Let X be a reflexive Banach space, i.e. X∗∗ = X,
and suppose the sequence {uk}∞k=1 ⊂ X is bounded. Then there exists a subsequence
{ukj}∞j=1 ⊂ {uk}∞k=1 and u ∈ X such that ukj ⇀ u.

Theorem B.11 (Mazur’s theorem). A convex, closed subset of the real Banach space X
is weakly closed.

Theorem B.12 (Weak lower semicontinuity). Let C be a Hilbert space and C ⊂ X be a
non-empty convex and closed subset of a normed space X and f : C → R be continuous
and convex. Then f is weakly lower semicontinuous, i.e. if un ⇀ u in C implies that
lim inf
n→∞

f(un) ≥ f(x).
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Definition B.7 (Nemytskii-operator). Let E ⊂ Rn be a bounded and measurable set, and
let φ = φ(x, y) : E × R→ R a real valued function. The mapping Φ defined by

Φ(y) := φ(·, y(·)),

which assigns to a function y = y(x) : E → R the function z : E → R, z(x) = φ(x, y(x)),
is called a Nemytskii-operator or superposition-operator.

Definition B.8. Let E ⊂ Rm, m ∈ N, be a bounded set, and let ϕ = ϕ(x, y) : E×R→ R
denote a function of the domain variable x and the function variable y. Let ϕ be k-
times differentiable with respect to y for almost every x ∈ E. We say that ϕ satisfies the
boundedness condition of order k if there exists some K > 0 such that∣∣Dl

yϕ(x, 0)
∣∣ ≤ K ∀0 ≤ l ≤ k, for a.e. x ∈ E.

We say that ϕ satisfies the local Lipschitz condition of order k if for every M > 0 there
is some (Lipschitz) constant L(M) > 0 such that∣∣Dk

yϕ(x, y1)−Dk
yϕ(x, y2)

∣∣ ≤ L(M) |y1 − y2|

for all yi ∈ R such that |yi| ≤M , i = 1, 2.

Theorem B.13 (Differentiability of Nemytskii operators). Suppose that function ϕ =
ϕ(x, y) : E × R → R is measurable with respect to x ∈ E for all y ∈ R and twice
differentiable with respect to y for almost every x ∈ E. Let ϕ satisfy the boundedness and
local Lipschitz condition of order k = 2 from Definition B.8. Then the Nemytskii operator
Φ generated by ϕ is twice continuously Fréchet differentiable in L∞(E), and the second
derivative can be evaluated through

(Φ′′(y)[y1, y2]) (x) = ϕyy
(
x, y(x)

)
y1(x)y2(x).
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