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Abstract

In multi-user wireless communication, the broadcast property of the channel leads to im-

portant models of interference and multicast networks. The performance of each user

can be then expressed in terms of the signal-to-interference ratio (SIR) at the receiver,

or more generally, using Quality-of-Service (QoS) measures. In this thesis, for a number

of specific scenarios, we study the performance achievable by appropriate resource allo-

cation techniques, including transmit power control and Multiple-Input-Multiple-Output

(MIMO) processing. Furthermore, we put emphasis on distributed implementation of the

resulting optimization schemes.

In the first part of the thesis, we consider the max-min SIR-balancing problem in linear

interference networks, under the assumption that the transmit power vector is constrained

to belong to an arbitrary convex polytope. This modeling is general enough to encompass

individual and sum power constraints as special cases. By using tools from the theory

of non-negative matrices, we characterize the optimal power vector as a solution to an

eigenvalue problem of the same dimension as the original problem (without power con-

straints). This also allows for determining the feasible SIR and QoS regions. Furthermore,

for a class of utility functions for which the inverse functions are log-convex, the resulting

strict convexity of the QoS region is used to establish the connection between the max-min

SIR-balancing problem and the utility-based power control. Without requiring differentia-

bility of the utility functions, we provide a complete characterization of the weight vectors

for which solving the corresponding weighted sum utility maximization problem results

in a max-min SIR-balancing power allocation. This result, together with a saddle-point

characterization of a class of irreducible matrices, is the basis for designing a distributed

power control algorithm converging to both optimal power and weight vectors.

By continuing the study of the linear interference network, we consider the case of

slow Rayleigh fading on the links. Aiming to determine the feasibility of the given QoS

targets, we introduce the notion of network outage probability, and define the QoS targets

to be feasible if this outage probability is below some predefined level. The essential

problem amounts to computing the probability that the spectral radius of a certain non-

negative random matrix does not exceed one. Then, by analyzing a number of bounds on

the spectral radius, sufficient and necessary conditions for feasibility are provided. The
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Abstract

results allow us also to conclude how the available resources should scale with the number

of users, if a constant QoS performance per user is required.

The admission control problem in interference networks arises when new users attempt

to join a set of already operating links. We analyze a distributed admission scheme in

which all users iteratively update their transmit powers based on their receive SIRs. The

key properties of the algorithm are proven under the axiomatic framework of standard

interference functions, which extends the linear interference case. This makes the scheme

applicable in a broad class of systems, including MIMO networks under optimal linear

reception or imperfect channel knowledge. Furthermore, we show that the protection of

already active users during the transient admission phase can also be maintained in the

case of individual power constraints on the links. In order to incorporate the optimization

of transmit beamformers of a MIMO interference network into the admission control algo-

rithm, we propose and evaluate an iterative “forward-backward” transceiver optimization

scheme.

In the final part of the thesis, we analyze the MIMO multicast networks and focus on the

transmitter-side optimization. By drawing analogies to the linear interference network, we

propose a utility-based optimization scheme for the scenario of multiple multicast groups.

Subsequently, we consider opportunistic multicast schemes with additional outer coding

as an efficient approach to maintaining an asymptotically constant performance per user

as the number of users is growing. The optimality of transmission strategies is analyzed

which, under a symmetry assumption among the users, results in a novel beamforming

problem depending only on the current channel realization. The proposed algorithms for

approximately solving the problem demonstrate that using outer coding, significant rate

improvements in multicast networks can be achieved.
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Zusammenfassung

Die Broadcast-Eigenschaft des Übertragungskanals führt im Kontext der Mehrnutzer-

Funkkommunikation zu den wichtigen Modellen die als Interferenz- und Multicast-Netz-

werke bekannt sind. Anhand dieser lässt sich die Performanz eines jeden Nutzers durch

das am Empfänger gemessene Signal-zu-Interferenz Verhältnis (SIR) ausdrücken, oder aber

durch allgemeinere Quality-of-Service (QoS) Maße. Angewendet auf einige konkrete Sze-

narien, untersuchen wir in dieser Arbeit welche Performanzsteigerungen sich durch eine

angemessene Ressourcenallokation (z. B. Sendeleistungskontrolle, Multiple-Input Multiple-

Output (MIMO) Signalverarbeitung) erzielen lassen. Ein besonderes Augenmerk wird da-

bei auf die verteilte Implementierung der resultierenden Optimierungs-Strategien gelegt.

Im ersten Teil der Arbeit betrachten wir das sogenannte max-min SIR-balancing Pro-

blem in linearen Interferenznetzen unter der Annahme, dass die Wahl der Sendeleistungs-

vektoren auf ein beliebiges aber konvexes Polytop beschränkt ist. Die Allgemeinheit dieser

Modellierung erlaubt uns die einheitliche Behandlung von sowohl individuellen, als auch

Summenleistungsbeschränkungen. Mit Hilfe der Theorie der nichtnegativen Matrizen sind

wir dann in der Lage den optimalen Leistungsvektor als Lösung eines Eigenwertproblems

zu charakterisieren, dessen Dimension exakt der Dimension des ursprünglichen Problems

ohne Leistungsbeschränkungen entspricht. Zudem erlaubt uns dieses Resultat die erreich-

baren SIR- und QoS-Regionen zu bestimmen. Darüber hinaus wird für eine Klasse von

Nutzenfunktionen für die die Inverse log-konvex ist, die resultierende strenge Konvexität

der QoS-Region ausgenutzt um eine Verbindung zwischen dem max-min SIR-balancing

Problem und der nutzenbasierten Leistungskontrolle herzustellen. Ohne explizit die Diffe-

renzierbarkeit der Nutzenfunktionen zu fordern, können wir so dann vollständig die Ge-

wichtsvektoren charakterisieren, für die die Lösung des korrespondierenden Problems der

Maximierung der gewichteten Summe von Nutzenfunktionen der Lösung des max-min

SIR-balancing Problems entspricht. Dieses Resultat bildet in Verbindung mit der Sattel-

punktcharakterisierung einer Klasse von irreduziblen Matrizen die Basis für die Entwick-

lung eines verteilten Algorithmus zur Leistungskontrolle, der zu den optimalen Leistungs-

und Gewichtsvektoren konvergiert.

Der zweite Teil der Arbeit erweitert die bisherigen Betrachtungen zum linearen In-

terferenznetzwerk auf den Fall, dass die einzelnen Verbindungen langsamem Rayleigh-
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Kanalschwund unterliegen. Mit dem Ziel die Erreichbarkeit gegebener QoS-Anforderungen

zu bestimmen, führen wir den Begriff der Netzausfallwahrscheinlichkeit ein und spezifizie-

ren die Menge der QoS-Anforderungen, die mit einer Netzausfallwahrscheinlichkeit unter-

halb einer festgelegten Schwelle erreichbar sind. Dabei besteht das Problem im Wesentli-

chen in der Berechnung der Wahrscheinlichkeit, dass der spektrale Radius einer gewissen

nichtnegativen Zufallsmatrix eins nicht überschreitet. Durch die Analyse einer Reihe von

Schranken für den spektralen Radius, sind wir dann in der Lage notwendige und hinrei-

chende Bedingungen für die Erreichbarkeit anzugeben. Die Resultate erlauben uns zudem

Schlussfolgerungen hinsichtlich der Skalierung der Ressourcen mit der Anzahl der Nutzer,

so dass die QoS pro Nutzer konstant bleibt.

Der dritte Teil der Arbeit widmet sich dem Problem der Zugangskontrolle in Interfe-

renznetzen, welches entsteht sobald neue Nutzer versuchen auf ein bereits bestehendes

Netz aus aktiven Verbindungen zuzugreifen. In diesem Zusammenhang untersuchen wir

einen verteilten Algorithmus zur Zugangskontrolle, in dem die Nutzer ihre Sendeleistun-

gen entsprechend ihrer SIRs iterativ anpassen. Mittels des Frameworks der Standardin-

terferenzfunktionen, werden die Schlüsseleigenschaften des Algorithmus nachgewiesen, was

gleichzeitig eine Verallgemeinerung des Falles der linearen Interferenz bedeutet. Auf Grund

dieser Tatsache ist der Algorithmus für eine große Klasse von Systemen geeignet, wie etwa

MIMO-Netzwerke mit optimalen linearen Empfängern oder imperfekter Kanalkenntnis.

Darüber hinaus zeigen wir, dass der Schutz von bereits aktiven Nutzern während der

Zugriffsphase neuer Nutzer auch dann gewährleistet werden kann, wenn die einzelnen Ver-

bindungen individuellen Leistungsbeschränkungen unterliegen. Um für die entsprechende

Zugangskontrolle in MIMO-Interferenznetzwerken auch die Optimierung der Sendefilter

mit einzubeziehen, schlagen wir eine iterative “forward-backward” Optimierung der Sende-

und Empfangssignalverarbeitung vor und bewerten deren Leistungsfähigkeit.

Im letzten Teil der Arbeit untersuchen wir MIMO-Multicast-Netzwerke, wobei der Fo-

kus auf die sendeseitige Optimierung gerichtet ist. Auf Grund der Analogie zu linearen

Interferenznetzwerken, schlagen wir für ein Szenario bestehend aus mehreren Multicast-

Gruppen ein Verfahren zur nutzenbasierten Optimierung vor. Anschließend betrachten wir

Verfahren des opportunistischen Multicast in Verbindung mit einer äußeren Kodierung,

da diese Kombination einen effizienten Ansatz bildet um für den Fall einer anwachsen-

den Nutzerzahl eine pro Nutzer asymptotisch konstante Performanz zu gewährleisten. Die

Optimalität der entsprechenden Sendestrategien wird analysiert, was unter der Annah-

me der Symmetrie zwischen Nutzern zu einem neuartigen Beamforming-Problem führt,

das lediglich von der aktuellen Realisierung des Kanals abhängt. Der Algorithmus, der zur

näherungsweisen Lösung des Problems vorgeschlagen wird, demonstriert, dass die Verwen-

dung einer äußeren Kodierung zu nennenswerten Verbesserungen der Rate führen kann.
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1 Introduction

1.1 Motivation and background

It is surprising to realize how recently it was when wireless communication was not an

almost omnipresent part of our life. The widespread usage of mobile telephony began

only in the mid-1990s, whereas the so-called smartphones, whose usage is so self-evident

today, were still almost unknown little more than five years ago. Similarly, the wireless

network access (WLAN) or personal area networks (e.g., in the form of various Bluetooth

devices) became popular only in the first years of the 21st century. This demonstrates

how rapidly the development of wireless communication technology has been advancing,

enabled by a considerable effort in terms of research and engineering. Yet, there is no

end in sight for this trend. The number of users of wireless systems increases incessantly,

as do the service requirements of most users: new multimedia and social networking

applications rely on high bitrates in order to deliver satisfactory performance. Moreover,

new applications emerge with the advent of wireless sensor networks and machine-to-

machine communication, which in the future may increase the number of simultaneously

active wireless devices even by several orders of magnitude.

Meeting those ever growing requirements is therefore still a serious engineering and re-

search challenge since, in contrast to the wired transmission where additional channels

may be created, for instance by installing new data cables, the resources of the wireless

transmission are limited. Moreover, a prominent characteristic of the wireless channel is

its broadcast property. It may on the one hand lead to undesired interference perceived

by other users, thus giving rise to an important model of wireless interference networks.

On the other hand, the broadcast property can be beneficially exploited in multicast sce-

narios, where a single transmission can be simultaneously received by a number of users

at no further cost. In the common modeling approach, with interference treated as noise

at the receivers, the performance in both of the above-mentioned cases can be consistently

expressed using the signal-to-interference ratio (SIR) on the links, or more generally, us-

ing Quality-of-Service (QoS) measures in the form of utility functions that depend on

the SIRs. Understanding the limits of performance achievable in interference and mul-

ticast networks is thus essential for making conscious design decisions, for instance for

1
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determining how many users can be supported in a system for some given rate require-

ments, or what regulatory solutions regarding bandwidth usage are necessary in view of

the predicted future traffic demand. An equally challenging issue is achieving the close-

to-optimal performance in real-life networks, which are highly dynamic and often lacking

a centralized controller. The availability of a distributed implementation of configuration

and optimization algorithms is highly desired or at times even indispensable. From the

research point of view, it is also interesting to notice that the resulting problems often

have an appealing mathematical structure.

In a single-antenna wireless interference network, the performance depends effectively

on the transmit powers of all active transmitters, collectively termed power allocation

or power vector. The resulting power control problem has been studied intensely, e.g.,

under the assumption of no transmit constraints on the links [Zan92a, HARW00] or in a

downlink channel constrained on total power [YX98]. Several optimization goals are pos-

sible, including maximizing the performance of the worst user [Aei73] (leading to max-min

fairness and max-min SIR-balancing problems), or maximizing aggregate utility function

in the network [Chi05]. The work on power control evolved towards distributed power

control algorithms (see for instance [FM93] and [Han95] for combined power control and

cell-site selection). The works on the subject usually assume a fixed channel realization

in the network, while extending the results to the fading channels is not straight-forward,

with possible approaches including “worst case” design or appropriate schemes to track

the channel changes.

A new perspective was opened by the advent of the so-called Multiple-Input-Multiple-

Output (MIMO) systems [Tel99], in which each device can be equipped with multiple

antennas. The techniques of appropriately weighting the signals transmitted and received

from the individual antenna elements are known as transmit and receive beamforming,

respectively. Thus, using transmit beamforming, the energy can be focused in the (ab-

stract) direction of the desired receiver and the interference caused at other receivers can

be limited. Analogically, the receive beamforming can filter out and amplify the desired

signal coming from a specified direction and diminish the disturbance caused by other

transmissions. In interference networks, it allows for incorporating the optimal linear re-

ception (see e.g., [TV05]) into the power control schemes. A more general perspective on

power control schemes is provided by axiomatic interference frameworks [Yat95, SB06a],

which encompass a broad class of systems and can capture single-antenna or multi-antenna

networks with receive-beamforming as special cases.

Another interesting issue arises when strict Quality of Service constraints are defined

for the users. In this case, only a limited number of users can be served in the system,

which results in a problem known as admission control [XSC01]. The objective is to
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determine whether new incoming users should be allowed to join the network, and how

to avoid unnecessary nuisances for the existing users during the admission process. This

problem formulation has also acquired additional importance in the context of cognitive

radio [III00]. The early works on power control in interference networks focused on global

performance limits as well as properties of iterative algorithms after achieving convergence.

One of the first attempts to provide certain performance guarantees during the transient

phase was the DPC/ALP algorithm proposed in [BCP00].

The multiple-antenna techniques also prove very useful in wireless multicast transmis-

sion [SDL06]. In particular, the transmit-side optimization leads to the so-called max-min

multicast precoding / beamforming, where the objective is to maximize the performance

of the weakest user. This approach has also been generalized to the case of multiple

multicast groups. Under this setting, a superposition of signals destined for all groups is

broadcast, so that in general each user also experiences interference resulting from signals

destined to other groups. This scenario thus exhibits a tight connection to the interfer-

ence network discussed above. The optimization criteria considered in the multi-group

case include transmit power minimization, max-min SIR-fairness among groups [KSL08]

and joint beamforming and admission control [MSLT08].

Even under optimal MIMO transmission, the achievable multicast rate decreases to zero

as the number of users grows to infinity [JL06]. This motivated development of techniques

known as opportunistic multicasting or opportunistic multicast scheduling [GG04]. Such

schemes prove especially interesting in conjunction with outer coding schemes and, in

particular, with modern rateless codes for the erasure channel [Lub02,Sho06]. These new

powerful coding techniques stand out due to their flexibility and low encoding and decod-

ing complexity, which makes them universally applicable and opens up new optimization

perspectives.

The goal of the present thesis is to provide contributions to a better understanding of

the performance limits in a number of specific scenarios discussed above, and to design

distributed optimization schemes. The next section presents a summary of the main results

together with the outline of the thesis.

1.2 Thesis outline and contributions

In Chapter 2 we present the modeling approach and formally introduce the various

scenarios considered in the subsequent chapters. In particular, starting from a single

wireless link, possibly with multiple antennas, we derive the models for linear interference

networks (by considering a number of simultaneously active point-to-point links) and

multicast networks (with several links originating from the same transmitter). From the
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viewpoint of a single user, the performance is consistently expressed in terms of its signal-

to-interference ratio (SIR), which can be treated as a generalization of the signal-to-noise

ratio. Motivated by the desire to provide this consistent description for more advanced

transmission techniques, e.g., optimal linear reception in a multi-antenna network, we

discuss the axiomatic framework of standard interference functions. Subsequently, we

introduce the concept of utility functions, which depend on the SIRs, as a measure for

Quality-of-Service (QoS) of individual users. This allows us to present the notions of SIR

and QoS targets and, finally, the concepts of feasible SIR and QoS regions.

The subject of study in Chapter 3 is the power allocation problem in linear inter-

ference networks in which the transmit powers are subject to general power constraints,

with emphasis on the max-min SIR-balancing policy. The assumed modeling allows for

an arbitrary number of linear transmit power constraints, each of them spanning an arbi-

trary subset of nodes, which thus constitutes a generalization of individual or sum power

constraints. The objective of the max-min SIR-balancing policy consists in maximizing

the minimum balanced SIR (i.e., the SIR divided by an arbitrary SIR target) among all

users. The channel states can be described by the so-called gain matrix, and the power

constraints can be incorporated accordingly into this model to obtain an extended gain

matrix (one per power constraint). Thus, in Section 3.3 we use tools from the theory of

non-negative matrices (Perron-Frobenius theory) to characterize the optimal solution in

the considered context. It is shown that the conditions for uniqueness of the solution can

be expressed in terms of irreducibility of the gain matrix or the extended gain matrices,

and a desired power allocation can be directly computed from an eigenvalue equation.

Since we are interested in distributed problem solving, we further investigate the possi-

bility of finding the desired power allocation by means of utility-based power control, for

which there exist efficient distributed algorithms. In this approach, the objective is to find

a power vector that maximizes a weighted sum of user utilities. Our results show how to

choose the weights and the utility functions so that by solving the sum utility maximiza-

tion problem, the max-min SIR-balancing power allocation is obtained. In particular, if

the utility functions are differentiable and only a single power constraint is active in opti-

mum, the corresponding weight vector is unique. In contrast, with non-differentiable (but

continuous) utility functions and/or multiple power constraints, the weight vector is not

unique in general and we provide a complete characterization of the set of valid weight

vectors. Furthermore, this allows us to determine the performance limits expressed as

regions of feasible SIR or QoS targets. These results are the basis for the corresponding

iterative algorithm and can be found in Section 3.4.

Finally, in order to avoid the necessity to compute the optimal weight vector in advance,

we provide a characterization of the optimal max-min SIR-balanced power allocation as
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the saddle point of a certain utility function, which depends both on power and weight

vectors. These results are enabled by a saddle-point characterization of the spectral radius

of a class of irreducible non-negative matrices with at least one positive row/column. We

formulate and evaluate two algorithms based on the saddle-point approach, thus achieving

the goal of distributed computation of the optimal power vector. The contents of Chapter

3 have been or will be partially published in [1, 9, 10, 18]. Please also note that a part of

the results, especially Section 3.3, has been included in the book [SWB09].

The analysis in Chapter 4 is a continuation of the study on the wireless linear interfer-

ence channel, under the additional assumption of Rayleigh fading on the links. The goal

is the characterization of the feasibility of given SIR or QoS targets. Since the feasibility

depends on the instantaneous channel states, and these are in turn realizations of random

variables, a stochastic description is necessary. We introduce the notion of network outage

probability, defined as the probability of an unfavorable channel realization, so that the

given QoS targets cannot be supported with any power allocation. In consequence, we

can define some given QoS targets to be feasible in the fading scenario if the network

outage probability is below a predefined level. A direct computation of the network out-

age probability seems difficult, therefore we provide a number of bounds, derived using

tools from the theory of non-negative matrices. This allows for presenting sufficient and

necessary conditions for (stochastic) feasibility. Furthermore, we study the behavior of

network outage probability when the available resources grow linearly and quadratically

with the number of users, and conclude that asymptotically a certain constant QoS target

can be supported only in the latter case. The results presented in this chapter have been

previously published in [4].

In real-life wireless interference networks, changes in effective network topology are a

common situation. Therefore, in Chapter 5 we consider the admission control problem

in interference networks, which arises when a set of wireless links is already operating and

new users attempt to join the network. The premise is that the operation of the existing

users remain effectively undisturbed during the transient admission phases and certain

QoS guarantees be maintained. We analyze a distributed iterative admission and power

control scheme, where users (both the already active ones and those who wish to be admit-

ted) update their transmit power based on the perceived SIR values. In the first part of

the chapter, we prove the properties of the scheme under an axiomatic framework of stan-

dard interference functions, thus demonstrating the usefulness of the scheme in a broad

class of systems. Subsequently we consider the case of individual power constraints, and

show that key properties of the algorithm are maintained, provided that the following two

conditions are fulfilled: the SIR targets of all users are feasible, and certain undesired tran-

sient power allocations are avoided. The latter condition can be verified in a distributed
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manner and a corresponding distress scheme is proposed. The focus in the last part of

the chapter lies on admission control in multiple-antenna networks. Since modifying the

transmit vectors (beamformers) is not covered by the axiomatic framework, we propose

an iterative transceiver optimization scheme which allows for joint optimization of power

transmit and receive beamformers as well as transmit powers. We study the performance

of the combined admission scheme that incorporates transceiver optimization and show

its potential for significant gains. The discussed results were in part published in [2, 3, 5].

Chapter 6 deals with multicast networks. The initial considerations are devoted to the

case of a single (fixed) channel realization, and we review the max-min transmit beamform-

ing problem and present a novel utility-based power control and beamforming framework

for the multiple groups scenario. Subsequently, motivated by the unfavorable scaling prop-

erties of the achievable multicast rate as the number of users grows, we turn our attention

to opportunistic multicast schemes with additional outer coding over a number of channel

realizations. At first, we focus on a single multicast group, and analyze optimality con-

ditions of transmit strategies. The analysis gives rise to a novel beamforming problem,

for which two algorithms are proposed and evaluated. The simulations confirm signifi-

cant improvements in terms of the effective rate for an increasing number of users, which

demonstrates the usefulness of the discussed approach for a broad class of multicast appli-

cations without stringent delay constraints, e.g., firmware distribution. In the final part

of the chapter, the multicast scheme with outer coding is extended to the multi-group

scenario, and the problem of maximizing the weighted sum rate is considered. Similarly

to the single-group case, the optimal transmission strategy is derived and the resulting

beamforming problem, depending only on the current channel state, is formulated. A

heuristic iterative algorithm is proposed by extending the utility-based power control and

beamforming framework, and the gains of outer coding are demonstrated. The results

included in Chapter 6 were published in [6, 7].

Further results that are not part of the thesis

Apart from the results mentioned above and presented in the thesis, several other re-

lated results were obtained in the course of the author’s work as a research assistant at

Fraunhofer MCI/HHI and TU Berlin.

• In [16] we investigated the problem of energy-efficient routing in wireless sensor net-

works. The wireless broadcast advantage allows for receiving a single transmission

by several potential “next hops”, and this observation gives rise to an opportunistic

routing scheme with probabilistic forwarding. Furthermore, intra-flow network cod-

ing is used to avoid duplicates, which effectively results in a rateless transmission
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scheme related to the one considered in Chapter 6 (Sections 6.3–6.4). We assumed a

simple model for energy consumption at the nodes, and aimed at maximizing network

lifetime, defined as the time until the battery of at least one of the nodes becomes

depleted. A joint optimization problem over the required transmission counts as

well as reception and forwarding probabilities was formulated, and significant gains

in terms of network lifetime were demonstrated.

• The works [11] and [12], co-authored with Jafar Mohammadi, were devoted to the

questions of information-theoretic security in multicast and relay networks. In par-

ticular, assuming multiple eavesdroppers, we studied the scaling of the achievable

multicast transmission rate when increasing key system parameters: the number of

transmit antennas as well as the number of legitimate users and eavesdroppers. The

results can be found in [11] , and they constitute one of the building blocks in the

cross-layer security scheme in a relay network with untrusted relays, considered in

[12]. The relays are assumed to be “nice but curious”, i.e., they are assisting in

forwarding information but should be unable to decode it. We proposed a scheme in

which parts of the entire data flow are inaccessible to each relay in the information-

theoretic sense, and an appropriate upper-layer scheme provides the required notion

of secrecy. It was shown that both decode-and-forward and amplify-and-forward

relaying can be applied, and several specific protocol designs were proposed and

evaluated.

• The results on max-min SIR-balancing power control presented in Chapter 3 were

a starting point for several further extensions and refinements. In the work [8] co-

authored with Angela Feistel we extended the power allocation scheme to the case

of multiple antenna networks. Specifically, we proposed a joint power control and

receive beamforming scheme, and analyzed its convergence properties. We also made

suggestions for incorporating transmitter-side optimization. This approach was also

used in [17], co-authored with Mario Goldenbaum, where we additionally proposed

to introduce a designated interference variable into the algorithm. This allows for

designing Newton-like iterations with improved convergence properties.

• Furthermore, we can mention briefly a number of co-authored contributions that, in

part, took a different perspective of wireless systems. In particular, in [14] (together

with Mario Goldenbaum) we exploited the superposition property of the wireless

channel for efficient function calculation of individual sensors’ readings (e.g., arith-

metic mean). We proposed a practical scheme that requires only rough synchro-

nization among the sending nodes, and allows for obtaining the desired function
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value based on the receive signal power at the aggregation node. Then, in [15], co-

authored with Qi Liao, we considered the application of rateless coding in the uplink

of a cellular network. The benefits of the proposed scheme are especially prominent

near the cell edge which makes the scheme suitable as a basis for soft-handover

methods. Finally, the subject under study in [13], co-authored with Daniel Tomecki,

was joint power control and beamforming in multi-group multicast scenarios. We

focused on optimization schemes with low computational complexity and studied

their performance.
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The purpose of this chapter is to introduce the modeling approach assumed throughout

this thesis. A number of scenarios is studied in the subsequent chapters, and the common

denominator is the fact that the basic performance measure for a user is its signal-to-noise

ratio (SNR) or, if interference is present, signal-to-interference ratio (SIR). We start with

the simplest possible configuration, consisting of a single transmitter-receiver pair, and use

it to derive models for interference and multicast networks. Moreover, we introduce the

important notions of utility functions and Quality-of-Service (QoS), and finally present

the concept of SIR and QoS targets and their feasibility. First, however, we present the

basic notation used in the thesis.

2.1 Notation

The sets of natural, real and complex numbers are denoted as N, R and C, respectively.

The natural numbers N are assumed to include 0, and we additionally use R+ for non-

negative reals and R++ for positive reals. The sets of N -tuples (N -fold Cartesian products)

are denoted by the superscript (·)N , e.g., RN is the N -dimensional space of real numbers.

Vectors are denoted in bold lower-case letters, e.g., x ∈ C
N is an complex vector with

N entries. Unless stated otherwise, we adhere to the convention that all vectors are

column vectors. We also use (x)n to denote the n-th entry of the vector, and the Lp-norm

of a vector x is denoted as ||x||p. The vector inequalities, e.g., x < y, are understood

entry-wise.

For matrices, bold upper-case letters are used, e.g., X ∈ R
N×M is a real-valued matrix

with N rows and M columns. For a matrix X, the rank and trace are written as rank(X)

and trace(X), respectively, and the notation X � 0 signifies that X is positive semidefi-

nite. The spectral radius of a matrix X (i.e., the maximum of the absolute values of its

eigenvalues) is denoted as ρ(X), and for the inverse matrix we write X−1. For any vector /

matrix, we use (·)T and (·)H to denote its transpose and conjugate transpose, respectively.

The symbol IN is the N ×N identity matrix, and 1N is the vector of N ones (subscripts

can be dropped if dimensions are clear from the context).

9



2 Modeling wireless networks

Additionally, a , b denotes equality by definition (a is defined to be equal to b). The

notation x ◦ y is used to denote the Hadamard (entry-wise) product of vectors x and y

(analogous notation applies for the entry-wise product of matrices). We also have 1{A}
as the indicator function so that 1{A} = 1 if the statement A is true, and 1{A} = 0

otherwise. For a random variable X, we use E{X} to denote its expected value. In terms

of terminology, we say that the set F ⊆ R
K
+ is downward comprehensive if q ∈ F and

q′ ∈ R
K
+ with q′ ≤ q implies q′ ∈ F.

2.2 Single transmitter-receiver pair

The most basic block in constructing the models in this thesis is the AWGN (Additive

White Gaussian Noise) channel. We consider the so-called equivalent baseband model

and frequency-flat channels, so that a path comprising, among others, the transmit and

receive filtering, modulator and demodulator, possibly spreading and de-spreading, and

the actual wireless channel at the passband frequency, can be represented by a complex-

valued channel coefficient h. This model is general enough to capture many possible system

designs, yet all the hardware details are “hidden” in the channel coefficient h. Thus, the

basic system equation takes the form

y = h · x+ n , (2.1)

where x ∈ C is the input signal (strictly speaking, we can also use the term input symbol

or input sample), y ∈ C is the output signal, and n ∈ C is noise. At any given time instant,

the noise sample n is assumed to be a realization of a circular-symmetric complex gaus-

sian random variable with variance σ2n, i.e., it is drawn from the distribution CN (0, σ2n).

Furthermore, the input signal is given by x =
√
Pd, where d ∈ C is the actual unit-power

information signal (i.e., E[|d|2] = 1) and
√
P is a scaling factor so that E[|x|2] = P . Thus,

P is the effective transmit power. Now, the essential measure for the quality of the re-

ceived signal is the ratio of the power of the intended signal to the power of the undesired

noise signal, commonly known as the signal-to-noise ratio:

SNR =
E[|hx|2]
E[|n|2] =

P

σ2n
|h|2 . (2.2)

The higher the SNR, the better the performance: the communication may take place

at a higher rate, with greater reliability etc. In particular, the theoretical limit for the

maximum rate of reliable communication over an AWGN channel is its capacity, given by

C = log(1+SNR). The practical schemes operate below this upper bound, modern coding
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techniques like turbo codes or LDPC (Low Density Parity Check) codes however allow for

achieving rates that are fairly close to the channel capacity. Furthermore, please note

that for a given channel realization and a given noise power, the performance in terms of

SNR depends solely on the transmit power – there are no other disturbing factors in the

system. In a practical realization, we usually have some kind of power constraints, due

to hardware or regulatory limitation, so that P ≤ Pt where Pt is the maximum available

transmit power. In such a case, the performance in the AWGN channel for some fixed h

is upper-bounded as SNR ≤ Pt|h|2/σ2n.

The simple AWGN model can be easily extended to the case of multiple transmit and

receive antennas. This setup is commonly referred to as Multiple-Input-Multiple-Output

(MIMO). Assuming a link with NT transmit antennas and NR receive antennas, the signal

yi at the i-th receive antenna is the sum of the signals originating from all the transmit

antennas and noise ni:

yi =

NT
∑

j=1

hi,jxj + ni, i = 1, · · · , NR ,

where xj is the transmit signal at the j-th transmit antenna, and hi,j denotes the effective

baseband channel coefficient between the j-th transmit and the i-th receive antenna. The

above can be compactly expressed in the vector notation

y = Hx + n , (2.3)

with y = (y1, y2, · · · , yNR
)T , n = (n1, n2, · · · , nNR

)T , x = (x1, x2, · · · , xNT
)T , and H being

the channel matrix H = [hi,j ], i = 1, · · · , NR, j = 1, · · · , NT . Please note that with multi-

ple antennas, we obtain a vector channel, and its capacity may be determined by decompos-

ing it into a number of parallel AWGN channels [TV05]. In particular, this decomposition

leads to the conclusion that multiple data streams can be transmitted concurrently over

this channel and the maximum number of such data streams is given by rank(H). In many

relevant cases, this maximum number of streams is equal to min(NT , NR). For example,

under the assumption of Rayleigh fading, we have rank(H) = min(NT , NR) with probabil-

ity one. Furthermore, in the fading MIMO channel, a higher number of data streams comes

at the expense of higher susceptibility of the effective channel of the given data stream to

undergo deep fades – this interdependence is known as the diversity-multiplexing tradeoff

[TV05].

The network models considered in this thesis can be most intuitively interpreted as

corresponding to the case of a single data stream per one MIMO link (2.3). In addition,

transmitting a single data stream has high practical relevance as it results in the optimal
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diversity (in the context of the above-mentioned diversity-multiplexing tradeoff) and does

not require excessive complexity in the hardware implementation. In such a setting, the

transmit signal vector x ∈ C
NT is equal to x = vx̃, where x̃ ∈ C is a scalar transmit signal,

and v ∈ V , with V = {v ∈ C
NT : ||v||2 = 1}, is the so-called transmit beamforming vector,

or simply transmit beamformer. It should be noted that we impose a norm on the transmit

beamformer in order to maintain consistent description of the transmit signals with respect

to the transmit power. Similarly, we process the output of the vector MIMO channel (2.3)

with the so-called receive beamforming vector u ∈ U ⊆ C
NR (receiver beamformer), and

obtain the effective output signal as ỹ = uHy. The usual convention, to which we adhere

in this thesis, is to assume that U = {u ∈ C
NR : ||u||2 = 1}. Combining these definitions

with (2.3) yields

ỹ = uHHvx̃+ uHn = h̃x̃+ ñ, (2.4)

so that h̃ = uHHv is the effective channel coefficient, which is a constant complex-valued

scalar if the channel matrix and beamformers are constant, and ñ = uHn is the effec-

tive noise. Please note that if we had n ∼ CN (0, σ2nI), then with ||u||2 = 1 we have

ñ ∼ CN (0, σ2n). The important insight is that the resulting channel has the same struc-

ture as the single antenna AWGN channel (2.1), so we can interpret it as the equivalent

SISO (Single-Input-Single-Output) channel. In particular, its performance can be again

measured in terms of the SNR given by (2.2).

2.3 Linear interference network

In this section, we present the linear interference network model, which plays a central role

in the analysis in this thesis. The model corresponds to a system in which a number of

links are concurrently active, whereas the activation of links may occur either due to some

deterministic scheduling policy, or as an effect of randomized channel access. Therefore,

examples of configurations covered by this model include: WCDMA (Wideband Code

Division Multiple Access) users transmitting on common resources in a single cell of a

cellular system, a number of WiFi networks coexisting in a given channel so that some

transmissions may occur simultaneously, or a GSM-like cellular system, where each user

is supposed to be scheduled on orthogonal resources in a cell, but in general there may be

transmissions from other cells which are present in a given resource unit.

The importance of this model stems from the fact that due to the broadcast nature of

the wireless medium, each transmission propagates not only to the intended receiver, but

also to every other receiver within range (where range can be understood as all potential

reception locations at which the transmitted signal is not too strongly attenuated by the
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Figure 2.1: Schematic depiction of a linear interference network.

wireless channel so that it is still “significant” when compared to the noise level). The key

observation is that each receiver will receive the sum of all the signals for which it is in

range of the corresponding transmitters, and noise. A link between any transmitter and

any receiver can be furthermore represented as an AWGN channel (2.1), while keeping

in mind that this simple model covers also, among others, the case of an effective SISO

channel (2.4) of a MIMO link. A schematic depiction of a linear interference network with

K transmitter-receiver pairs is presented in Fig. 2.1.

Now, the output signal y(k) at the k-th receiver is given as

y(k) =

K
∑

l=1

h(k,l)x(l) + n(k) = h(k,k)x(k) +

K
∑

l=1,l 6=k

h(k,l)x(l) + n(k) , (2.5)

where h(k,l) is the effective channel coefficient between the l-th transmitter and k-th re-

ceiver, x(l) is the transmit signal of the l-th transmitter, and n(k) ∼ CN (0, σ2k) is the

receiver noise.

Each receiver k is interested in reconstructing the information contained in the corre-

sponding transmit signal x(k), and the assessment of the quality of the receive signal (2.5)

may in general depend on the applied receiver-side processing / decoding of y(k). In this

thesis, we mostly assume that the interference caused by other transmitters and given

by the term
∑K

l=1,l 6=k h
(k,l)x(l), is treated as noise. However, this model is also valid for

instance under Successive Interference Cancellation (SIC) at the receivers, provided that

effective channel coefficients h(k,l) are set accordingly. Thus, with the assumption of treat-
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ing interference as noise, the quality of the received signal can be measured by the ratio of

the power of the desired signal and the total power of all undesired signals, i.e., interfer-

ence and noise. We refer to this ratio throughout the thesis as the signal-to-interference

ratio (SIR), where interference stands for the generalized interference comprising also

noise. Alternatively, a common equivalent term is the signal-to-interference-plus-noise

ratio (SINR). Now, for the signal-to-interference ratio SIRk at the k-th receiver we obtain

SIRk =
E[|h(k,k)x(k)|2]

E
[

|∑K
l=1,l 6=k h

(k,l)x(l) + n(k)|2
] =

pk|h(k,k)|2
∑K

l=1,l 6=k pl|h(k,l)|2 + σ2k
=

Gkkpk
∑K

l=1,l 6=kGklpl + σ2k
,

where the second equality holds under the assumptions that all transmit signals and noise

signal are pairwise independent, i.e., E[x(l)∗x(k)] = 0, k 6= l, and E[x(l)∗n(k)] = 0 for all k, l.

Furthermore, we used pk = E[|x(k)|2] to denote the transmit power at the k-th transmitter,

and Gkl , |h(k,l)|2 as the effective channel gain between the l-th transmitter and the k-th

receiver. The above formulation is the basis for a somewhat more formal description of

the model, which we present below.

Formal model description

We consider K > 1 transmitter-receiver pairs so that the set of all active links is denoted

as K = {1, . . . ,K}. We denote the transmit power at transmitter k as pk, and all transmit

powers are collected in the transmit power vector p , (p1, p2, . . . , pK)T . The transmit

power vector p (also referred to as the power allocation) is a non-negative vector so that

we have p ∈ P where the set of all available power allocations P ⊆ R
K
+ is a downward

comprehensive set. In the case P = R
K
+ we say that there are no power constraints in

the system (every non-negative vector is a possible power allocation), the opposite case

when P ⊂ R
K
+ implies some sort of power constraints. The latter, important case will be

analyzed in Chapter 3 when the vector p will be constrained to belong to an arbitrary

convex polytope.

Furthermore let the effective channel gain from the l-th transmitter to the k-th receiver

be denoted as Gkl, with Gkk denoting the signal gain and Gkl, l 6= k the interference gain,

respectively. Unless mentioned otherwise, the channel gains are assumed to be constant;

the case of random channel gains will be considered in Chapter 4. The above assumptions

lead to the linear interference model, in which the main figure of merit is the signal-to-

interference ratio (SIR) at the output of each receiver given by

SIRk(p) =
pk

∑

l∈K vk,l pl + zk
=

pk
(Vp + z)k

, k ∈ K . (2.6)
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The matrix V , (vk,l) ∈ R
K×K
+ , which fully and unambiguously describes the interference

structure in the network, is referred to as the gain matrix. The entries of the gain matrix

are given by vk,l , Gkl/Gkk if l 6= k and 0 if l = k so that we have trace(V) = 0. The

vector z , (z1, . . . , zK)T denotes the effective noise and its k-th entry is zk = σ2k/Gkk,

where σ2k > 0 is the noise variance at the output of receiver k ∈ K.

It should be noted that (2.6) holds for any linear system in which the effective gain from

the l-th transmitter to the k-th receiver can be denoted as Gkl. An important special case

is the case of MIMO links (2.4), for which the entries of the gain matrix are of the form

vk,l =
|uH

k H(k,l)vl|2
|uH

k H(k,k)vk|2
, (2.7)

with uk and vl denoting the receive beamformer at the k-th receiver and the transmit

beamformer at the l-th transmitter, respectively, and the matrix H(k,l) ∈ C
NR×NT de-

scribing the corresponding MIMO link.

2.4 Axiomatic interference model

In the linear interference network model presented in the previous section, the SIR at the

k-th receiver can be expressed as SIRk(p) = pk/Ik(p), where (generalized) interference is

given by Ik(p) = (Vp+z)k so that Ik : RK
+ → R++ is an affine function1 of the power vec-

tor p. However, as shown in [Yat95] and numerous contributions that followed, properties

of many algorithms operating with SIRs of the users are preserved for a much broader

class of interference functions Ik, k ∈ K. On the other hand, a suitably extended class

of interference functions may cover a wide range of system designs, including e.g., multi-

ple antenna receivers with (adaptive) optimal receive beamforming. In his seminal work

[Yat95], Yates proposed three axioms that define the framework of standard interference

functions. The application of this framework allows therefore for designing algorithms

which are valid in a large class of systems, of which the affine interference assumed in

Section 2.3 is only a special case, and frequently has also the advantage of simpler proof

techniques. This framework is formally described as the axiomatic interference model

below.

Formal model description

We consider K > 1 users (transmitter-receiver pairs) and K = {1, . . . ,K}. Let p =

(p1, . . . , pK)T ≥ 0 be the power vector (allocation), whose kth coordinate is the transmit

1 Strictly speaking, instead of “linear” we could thus also use the term affine interference network.
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2 Modeling wireless networks

power of user k at some time instant. The performance measure for each user is the

signal-to-interference ratio (SIR), defined as

SIRk(p) =
pk

Ik(p)
≥ 0, k ∈ K, (2.8)

where Ik(p) is the effective interference (+noise) power perceived by the k-th user, and

Ik : R
K
+ → R++ is a standard interference function fulfilling the following axiomatic

definition.

Definition 1 (Standard Interference Function [Yat95]). We say that Ik : RK
+ → R++, k ∈

K, is a standard interference function if each of the following holds:

A1 Ik(p) > 0 for all p ≥ 0 (positivity).

A2 Ik(µp) < µIk(p) for any p ≥ 0 and µ > 1 (scalability).

A3 Ik(p(1)) ≥ Ik(p(2)) if p(1) ≥ p(2) (monotonicity).

An important consequence of the above set of axioms is the fact that Ik(p) is continuous

for p > 0 [SB06a, Theorem 4.1].

We group the interference powers of all users into the vector I(p) , (I1(p), . . . , IK(p))

and say that the vector-valued interference function I , (I1, . . . , IK) is standard if Ik, k ∈
K, is a standard interference function.

Examples of standard interference functions

It may be easily verified that a constant interference function Ik(p) = zk, zk > 0 (cor-

responding to some constant noise level without additional interference, equivalent to a

collection of isolated interference-free links from Section 2.2) as well as an affine interfer-

ence function Ik(p) = (Vp+z)k assumed in Section 2.3 satisfy the above axioms. Another

important special case arises when assuming that the effective interference depends on an

adaptive receive strategy:

SIRk(p,uk) =
pk

Ĩk(p,uk)
, k ∈ K , (2.9)

where uk is a receive strategy chosen from some given compact set Uk so that uk ∈ Uk. It

is also assumed that Ĩk(p,uk) is a standard interference function (in the sense of Definition

1) for any fixed uk ∈ Uk. Now, we take the minimum of Ĩk(p,uk) over all receivers in Uk

and define it to be an interference function of user k:

Ik(p) = min
uk∈Uk

Ĩk(p,uk), k ∈ K . (2.10)
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2.4 Axiomatic interference model

It may be verified that this function satisfies the axioms of Definition 1, and therefore is

standard. Every minimizer in (2.10) is called an optimal receiver for user k as it maximizes

its SIR for a given power vector. In particular, this applies to the case of MIMO links as

in (2.7) where uk is the receive beamformer (and the transmit beamformers vk, k ∈ K are

constant) and Uk = {u ∈ R
NR : ||u||2 = 1} is a unit sphere. In such a case, the optimal

receiver can be explicitly calculated as [TV05]

u∗
k = Z−1

k h̃k,k , (2.11)

where h̃k,l , H(k,l)vl is the effective channel from the l-th transmitter to the k-th receiver

(for some fixed transmit beamformer vl), and Zk ,
∑K

l=1,l 6=k plh̃k,lh̃
H
k,l + σ2kIK . Thus, the

resulting interference function at user k is given by

Ik(p) =
(

h̃H
k,kZ

−1
k h̃k,k

)−1
, (2.12)

and the SIR of user k yields SIRk(p) = pkh̃
H
k,kZ

−1
k h̃k,k.

For other examples of standard interference functions, we refer to [JB04] where the

authors considered the worst-case beamforming design under imperfect channel knowledge.

Generalized interference functions

A slightly different axiomatic framework has been proposed in [SB06a]. In order to dis-

tinguish this framework from the “standard interference functions” in Definition 1, we use

the term general interference functions. The framework consists of three axioms provided

in the following definition.

Definition 2 (General Interference Function [SB06a]). We say that Jk : RK
+ → R+, k ∈ K,

is a general interference function if it satisfies the following three axioms.

Ã1 Jk(p) ≥ 0 (nonnegativity).

Ã2 Jk(µp) = µJk(p) for all µ > 0 (homogeneity).

Ã3 Jk(p(1)) ≥ Jk(p(2)) if p(1) ≥ p(2) (monotonicity).

By examining the above definition, it can be noted that general interference functions

correspond to the case of noiseless transmissions – there is no “residual” positive interfer-

ence in Ã1 for p = 0 which could be interpreted as noise, and scaling the power vector in

Ã2 results in linear scaling of interference. In particular, the affine interference function

Ik(p) = (Vp + z)k with z > 0 assumed in (2.6) is not a general interference function

in the sense of Definition 2, but it would satisfy the axioms Ã1-Ã3 in the noiseless case
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when zk = 0, k ∈ K. A suitable extension of the framework introduced in Definition 2,

also considered in [SB06a], involves a higher-dimensional power vector with noise power

as one of its entries, and under this extension it can be shown to encompass the standard

interference functions from Definition 1 as a special case.

2.5 Multicast transmission

Until now, we assumed that the system consists of a number of transmitter-receiver pairs.

However, in wireless networks we may take advantage of the broadcast property of the

channel and a single transmission can be simultaneously received by a number of receivers,

without incurring any additional cost. The receivers act independently from each other.

We refer to this configuration as the multicast transmission. We assume a common trans-

mitter, the base station, (BS), and a number of receivers, also called users. If all the users

are interested in the same transmission, the resulting configuration is called single-group

multicast. In general, we may however have multiple groups, so that the base station

transmits a number of data streams (signals) simultaneously. In this thesis, the focus is

on multiple antenna systems where the communication on a single link is described by

(2.3). The major design challenge is the transmitter-side optimization, the so-called mul-

ticast transmit beamforming. We assume that there is a single data stream per group so

that the transmit signal corresponding to the m-th group is given by

x(m) = vmxm =
√
pmvmdm , (2.13)

where xm, vm, pm and dm are the scalar input signal, the unit-norm transmit beamformer,

the transmit power and the actual unit-power scalar information signal in group m, re-

spectively. Furthermore, we denote wm =
√
pmvm with ||wm||22 = pm as the m-th effective

transmit vector. The base station transmits the sum of signals for M groups, so that the

effective transmit signal takes the form

x =
M
∑

m=1

x(m) =
M
∑

m=1

wmdm =
M
∑

m=1

√
pmvmdm . (2.14)

With Hk denoting the matrix channel from the (common) transmitter to the k-th receiver,

the received signal vector yk of user k ∈ K can be expressed as

yk =
M
∑

m=1

Hkwmdm + nk ,
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Figure 2.2: Example of a multicast system with three multiple groups.

where nk is a realization of additive white Gaussian noise. The above formulation is the

basis for determining the performance of the k-th user, expressed in terms of its SIR.

Formal model description

We consider a downlink multicast MIMO wireless network with K users in M multicast

groups. The set of all groups is denoted as M = {1, 2, ...,M} and the set of all users as

K = {1, 2, ...,K}. Each user k ∈ K belongs to exactly one multicast group Gm,m ∈ M, so

that Gm ∩ Gn = ∅ for m 6= n and
⋃

m∈M Gm = K. The transmitter (i.e., BS) is equipped

with NT antennas and each receiver (i.e., user) with NR antennas. The channel from

the transmitter to the k-th receiver is represented by the matrix Hk ∈ C
NR×NT , and for

notational convenience, all channels are collected in the matrix H̃ , [H1H2...HK ].

There are M data streams being broadcast simultaneously, one data stream per mul-

ticast group, and the transmit power assigned to stream m is equal to pm. The power

allocation vector p is thus defined as p = (p1, p2, . . . , pM )T , and the total transmit power

is limited by Pt so that the set P of all power allocations is given by P = {p ∈ R
M
+ :

∑M
m=1 pm ≤ Pt}. The transmit beamforming vector for the m-th multicast group, de-

noted as vm, satisfies vm ∈ V = {x ∈ C
NT : ||x||2 = 1}. Furthermore, we assume receive

beamformers uk ∈ C
NR with ||uk||2 = 1 for each k ∈ K. An example configuration of a

multicast network with three multicast groups is presented in Figure 2.2.

The performance measure at receiver k ∈ Gm is expressed using the Signal-to-Interfe-

rence-Ratio:

SIR
(m)
k =

pm
∣

∣uH
k Hkvm

∣

∣

2

∑

n∈M,n 6=m pn
∣

∣uH
k Hkvn

∣

∣

2
+ σ2k

, (2.15)
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where σ2k denotes the noise variance at the k-th receiver. The transmit powers as-

signed to each group can be directly incorporated into the beamforming vectors so that

wm =
√
pmvm with ||wm||22 = pm. All beamforming vectors wm,m ∈ M, are col-

lected in a matrix W , [w1,w2, . . . ,wM ], and the set of all valid matrices W for which
∑

m∈M ||wm||22 ≤ Pt is denoted as W.

In the case of a single multicast group (i.e., M = 1) and assuming transmission with

power P = Pt, the SIR considered above reduces to the signal-to-noise ratio (SNR) given

by

SNRk =
P

σ2k

∣

∣uH
k Hkv

∣

∣

2
, k ∈ K . (2.16)

2.6 Utility function as a measure for Quality of Service

The SIR (or SNR in the case of no interference) considered in Sections 2.2 – 2.5 is only

one possible measure for the quality of connection or Quality of Service on a given link.

A more general approach is the notion of utility functions so that the Quality of Service

on link k is given by φk(SIRk(p)). The motivation for using utility functions is twofold.

On the one hand, they can be interpreted as the measure for the degree of satisfaction

expressed as achievable data rate, link revenue or some other parameter that depends on

the SIR. On the other hand, by using some carefully chosen utility functions, new insights

into the problem structure can be obtained and thereby some results can be proven.

For the problems considered in this thesis (and for virtually all practically relevant

problems), only strictly positive SIRs are of interest so that we can focus on utility

functions φk : R++ → Q ⊆ R, k ∈ K. Similarly, this allows us to restrict our atten-

tion to p ∈ P+ = P ∩ R
K
++. It should be also noted that in contrast to some com-

mon formulations of the utility functions (e.g., [SB06b]), we consider the general case

of individual utility functions φk for each link k. In particular, this general formula-

tion allows the special cases of φk(SIRk(p)) = φ(SIRk(p)) (a common utility function

φ) and φk(SIRk(p)) = φ(SIRk(p)/γk) (a common utility function of the balanced SIRs

SIRk(p)/γk, see Section 2.7). For simplicity and without loss of generality, we assume

a common range Q across all functions φk (or, equivalently, we set Q =
⋃

k∈K Qk where

Qk ⊆ R is the range of the function φk). In terms of notation, please note that a utility

function can be equivalently denoted as φk and φk(x), x ∈ Q, and we also at times use

φk(x) if there is no risk of confusion with the value of the utility function φk at a given

point x.

For each k ∈ K, the utility function is assumed to satisfy the following assumption:

(A.1) φk : R++ → Q ⊆ R is a continuous and strictly increasing function.
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As each function φk satisfying (A.1) is invertible, it implies that gk(x) , φ−1
k (x), x ∈ R++

always exists. Furthermore, in many cases we will restrict our attention to utility functions

for which there holds:

(A.2) φk(ex), x ∈ R, is a concave function,

equivalently:

the inverse function gk(x) = φ−1
k (x), x ∈ Q is log-convex.

Please notice that the function gk(x) is log-convex if and only if log gk(x) is a convex

function. It should be also emphasized that (A.1) and (A.2) do not mention differentiabil-

ity, and many results in this thesis will constitute extensions of previously known results to

a class of continuous but not necessarily differentiable functions. At times, when explicitly

stated, we will however additionally assume that

(A.3) φk : R++ → Q ⊆ R is continuously differentiable.

Widely known examples of functions satisfying (A.1)–(A.3) are x 7→ log(x), x > 0, and

x 7→ −1/xn, n ≥ 1, x > 0. An example of a utility function for which (A.1) and (A.2)

hold, but (A.3) does not, is

φ(x) =

{

a1 log(x), x < 1

a2 log(x), x ≥ 1
,

with a1, a2 ∈ R++ and a1 > a2.

2.7 SIR and QoS targets

In a vast range of applications, for each user there exists a minimum required or desired

SIR value, and the user is satisfied with its performance if this SIR value is achieved or

surpassed. For instance, it may be the minimum SIR for a mobile cell phone user to be

able to communicate with the base station. Such a value is referred to throughout the

thesis as the SIR target.

The SIR target of user k ∈ K is denoted as γk > 0 and all the SIR targets in the network

are collected in a matrix Γ = diag(γ1, . . . , γK). In the context of a wireless interference

network, we say that the SIR targets are feasible if there exists a power vector p ∈ P (called

a valid power vector or, alternatively, valid power allocation) such that SIRk(p) ≥ γk for

all k ∈ K.

The feasibility of SIR targets is one of the key notions in this thesis. Let the balanced

SIR of user k be defined as SIRk(p)/γk. Then, the SIR targets collected in Γ are fea-

sible if and only if for some power allocation p ∈ P there holds SIRk(p)/γk ≥ 1 for all
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k ∈ K, or equivalently, mink∈K SIRk(p)/γk ≥ 1. This condition immediately leads to a

class of power control policies known as max-min SIR-balancing, which attempt to max-

imize, over all power allocations, the minimum balanced SIR in the network, therefore

guaranteeing achieving SIR targets whenever they are achievable. Moreover, we have

mink∈K SIRk(p)/γk ≥ 1 if and only if maxk∈K γk/SIRk(p) ≤ 1. In order to avoid infinite

values, and conforming to the notation used for instance in [SB06a] or [SWB09], we ad-

here to the latter expression as the basis for formally characterizing the feasibility of SIR

targets.

With the above, and considering the continuity of the standard interference functions

Ik(p) for p > 0, the SIR targets Γ in the case of unconstrained transmit powers (i.e.,

P = R
K
+ ) are feasible if and only if

0 ≤ C(Γ) , inf
p>0

max
k∈K

γkIk(p)

pk
< 1 . (2.17)

It can be noticed that for any standard interference function (See Definition 1), the infimum

is not attained due to axiom A2. Now, assuming some sort of power constraints so that

P ⊂ R
K
+ , the above expression can be interpreted as a sufficient, but not always necessary

condition for feasibility of Γ. The sufficient condition can be refined by introducing the

explicit dependence on the set P:

0 ≤ C(Γ; P) , inf
p∈P

max
k∈K

γkIk(p)

pk
< 1 . (2.18)

Please note that in general the infimum cannot be attained again, therefore the above

condition is always sufficient, but in some cases not necessary. However, if P is a compact

set, the infimum will always be attained, so that the feasibility condition

0 < C(Γ; P) = min
p∈P

max
k∈K

γkIk(p)

pk
≤ 1 (2.19)

is sufficient and necessary. The above expression is relevant for systems with transmit

power constraints and therefore for most practical systems designs.

In terms of notation, the balanced SIR of user k can be rewritten as

SIRk(p)

γk
=

pk
γkIk(p)

=
pk

Ik(p)
, (2.20)

where Ik(p) , γkIk(p) can be interpreted as the normalized interference of user k. We

also group the entries Ik(p) for all users in the vector-valued function I so that I(p) ,

(I1(p), . . . , IK(p)) = (γ1I1(p), . . . , γKIK(p)). Please note that if Ik, k ∈ K, are standard
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interference functions (in the sense of Definition 1), so are Ik, k ∈ K. Thus, also the

vector-valued function I is standard and I(p) = ΓI(p).

2.7.1 Feasibility of QoS targets

In addition to the feasibility of SIR targets, we often consider the feasibility of QoS targets,

where QoS of user k is expressed as φk(SIRk(p)), with φk a utility function satisfying (A.1).

A QoS target denotes minimum required (or desired) value of φk(SIRk(p)). By (A.1),

gk(x) = φ−1
k (x) always exists so that each vector q = (q1, q2, . . . , qK), qk , φk

(

SIRk(p)
)

,

can be associated with the corresponding matrix of SIR values:

Γ(q) , diag(g1(q1), g2(q2), . . . , gK(qK)). (2.21)

Thus, Γ(q) can be interpreted as the matrix of SIR targets that have to be achieved in

order to satisfy the QoS requirements given by q. Therefore, the QoS targets q are feasible

if and only if the SIR targets Γ(q) are feasible. It is important to notice that Γ(q) should

not be confused with the actual SIR targets Γ. In some parts of the thesis both are used,

with the latter being a given constant matrix, and the former a function of the vector of

QoS requirements q, so the values of Γ(q) and Γ are in general different.

2.7.2 Feasible SIR and QoS regions

In the analysis, we will often make use of the notion of the feasible QoS region, which is

defined as the set

F =
{

q ∈ QK : qk = φk
(

SIRk(p)
)

, k ∈ K,p ∈ P+

}

⊂ QK . (2.22)

Note that F is thus the set of all QoS values that can be achieved by means of power

control. At times, we use the notation F(P) to emphasize that the feasible QoS region

depends on the set of all available power allocations. In the case without power constraints,

the feasible QoS region F(RK
+ ) can be also denoted as F∞. Analogously to the feasible

QoS region, the feasible SIR region Fγ is the subset of RK
+ containing all achievable SIR

levels. F defined by (2.22) becomes the feasible SIR region if φk(x) = x, x ∈ R++, k ∈ K.

We would also like to point out to the reader that the notions of the set of available

power allocations P and the feasible SIR and QoS regions Fγ and F, respectively, are

demonstrated in Example 1 presented in Chapter 3 in the context of the max-min SIR-

balancing problem.
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transmit power constraints

The starting point for our study in this chapter is the linear interference network, which

can be seen as an abstraction of a wireless network consisting of several simultaneously

active links. We assume a fixed configuration of transmitters and receivers (fixed network

topology) as well as single antenna elements (or, equivalently, multiple antenna elements

with a single data stream per link and fixed linear processing at the transmitters and

receivers). In this setting, transmit power control on the individual links becomes the

main mechanism for resource allocation. Since the network can be fully characterized by

the gain matrix – a non-negative matrix that depends on the channel gains on the links,

we make extensive use of the theory of non-negative matrices (specifically, the Perron-

Frobenius theory) in order to characterize the power allocation strategies for the network.

The network model sketched above is especially relevant for the case of decentralized

wireless networks lacking a central controller. Implementing elaborate scheduling policies

for link activation is difficult or even impossible in such networks. A reasonable approach

is to avoid only strong interference from neighboring links and to use power control as the

main mechanism for resource allocation and managing the remaining interference. Fur-

thermore, another important usage scenario has been emerging recently in the form of

Coordinated Multi-Point systems (CoMP). During operation of such a system, multiple

transmissions, originating in general from multiple base stations, are intentionally sched-

uled on common resources. The transmissions are then coordinated using, among other

mechanisms, transmit power control.

The performance measure for each link is its signal-to-interference-ratio (SIR), where

interference is assumed to stand for the generalized interference including noise. Thus, the

SIR value is also essential for determining the maximum rate of a reliable communication.

Moreover, the overall performance in the network can be uniquely characterized by the

vector of all SIR values on the individual links. Now, the power control policy, whose task

is to determine the power allocation (power vector) at the transmitters, depends on the

desired optimization criterion, which in turn can be expressed as optimizing a function of

the vector of SIRs. These optimization criteria can be roughly classified into one of the two
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following categories:1 (i) average performance (e.g., maximizing the mean transmission

rate), and (ii) fairness throughout the network (e.g., minimizing the worst delay). In

this chapter, we will mainly focus on the max-min SIR balancing policy, which falls into

the latter category and attempts to maximize the worst (balanced) SIR throughout the

network. In addition to that, we will point out connections to policies based on sum (or,

equivalently, average) utility maximization.

The max-min SIR-balancing problem is a widely studied resource allocation prob-

lem for wireless networks (see, for instance, [Aei73, Mey74, AN82, Zan92a, Zan92b, FM93,

Yat95,YH95,Bam98,EE04,ZK01,YX98] as well as [SB06a, Sections 3.1 and 5.6], [BS06b],

[SWB09, Section 5.9]). This strategy is highly interesting due to several reasons. Its key

feature is that any given SIR targets are feasible if and only if they are satisfied under a

max-min SIR-balanced power allocation. If the SIR targets cannot be attained under any

power allocation, the discussed strategy leads to the minimization of the worst proportional

SIR violation. On the other hand, if the targets are feasible, the max-min SIR-balancing

power allocation results in the highest (proportional) SIR margin over the desired value

for each user, offering therefore the best possible protection on all links. Moreover, the

notion of max-min SIR-balancing is closely related to max-min fairness, which, together

with the proportional fairness [KMT98], is among the most common notions of fairness.

As already mentioned above, the max-min criterion is just one of many possible opti-

mization objectives. The choice of a particular criterion is made by the system designer

and depends on the system and application properties. The max-min criterion is partic-

ularly suitable for best-effort services, under the assumption that the utility of a user is

an increasing function of its rate (or in general its SIR), and this approach has been for

example adopted as the fairness criterion for ABR (available bit rate) service in ATM

[TS97]. On the other hand, the max-min approach is not immediately applicable in sys-

tems where a fixed rate is required for each user (e.g., voice services), unless it is combined

with additional QoS-provisioning mechanisms, which may include removing some users

from the system if the required rate cannot be achieved.

Finally, note that we focus on static or slow-fading networks, in which network dynamics

are low when compared to the time required for the power control algorithms to converge.

Under these assumptions, the transmit powers can be adjusted according to the current

channel state. In contrast, in highly dynamic wireless networks, one should consider

resource allocation schemes for stochastic wireless networks [KB02,PED05,PED06,BW03,

LMS06,Nee03,NLM05,Sto05].

1Other approaches, which do not fall into any of the above categories, could be potentially formulated,
but in most cases they are of no interest and therefore will not be considered.
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3.1 Background and contributions

In this chapter, we intend to answer the question how the optimal max-min SIR-balanced

power allocation can be characterized if the transmit powers of the users are subject to

general power constraints. Therefore, we assume that the transmit vector is constrained

to belong to an arbitrary convex polytope, and under this assumption we will provide

both analytic and algorithmic solutions. This model is general enough to represent sum

power constraints over any subset of active links, and in consequence includes as special

cases individual power constraints (e.g., in the uplink transmission of a cellular network),

sum power constraints over all nodes (e.g., in a downlink transmission from a base station

to multiple mobile users), as well as more complex networks in which we have per-node

power constraints limiting the sum of transmit powers on all the links outgoing from a

given node.

We proceed by summarizing the previously known results dealing with the character-

ization and computation of max-min SIR-balanced power allocation, and continue by

providing a more detailed overview of the contributions with respect to the existing work.

3.1.1 Related work

The noiseless case of the problem has been widely considered in the literature [Aei73,

Mey74, AN82, Zan92b, Zan92a, GP96, HWL97, HARW00] (an overview can be found in

[ZK01,MGS98]). In such a setting, regardless of the choice of transmit powers, the inter-

ference does not include a constant additive noise term, which is reasonable to assume in

interference-limited scenarios, where the impact of the background noise at each receiver

output can be neglected due to relatively large signal powers.

Under the noiseless assumption, it is widely known [ZK01], [SB06a, Section 3.1] that any

positive eigenvector of the gain matrix scaled by a diagonal matrix of given SIR targets is

a solution to the max-min SIR-balancing problem. Reference [YX98] extended the results

to a “noisy” downlink channel constrained on total power. The sum power constraint

was captured by an additional equation so that the optimal solution is characterized by

a unique eigenvector of a certain irreducible gain matrix of higher dimension (see also

[SB06a, pp. 111-113]). The main disadvantage of the eigenvector solutions is that they

are notoriously difficult to implement in a distributed manner.

A power control strategy which constitutes an alternative to the max-min SIR-balancing

is the utility-based power control [Chi05,SS05,PC06,SWB07,HRCW08,WSB08,HSAB09,

BLH02, CLCD06, CHLT08]. This approach aims at maximizing a given utility function,

which is defined as the weighted sum of utilities (QoS values) on the links. An advantage

of the utility-based approach is that there exist distributed power control schemes to
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3 Max-min SIR-balancing under general transmit power constraints

compute an optimal power vector (in the sense of maximizing aggregate utility functions)

for a given fixed set of weights [SWB07,HRCW08].

A connection between the utility-based approach and the max-min SIR-balancing ap-

proach is known in the noiseless case [BS06c] and constitutes the starting point for the

analysis in [BS06b]. The connection established in [BS06c] (see also [SWB09, Section 5.9])

states that the max-min SIR-balancing problem can be solved by maximizing a weighted

sum of certain utility functions, provided that the weights are chosen suitably. This

connection leads to a saddle-point characterization of the Perron roots of certain non-

negative matrices, which in turn opens up the door to the theory of saddle-point algo-

rithms [Roc71,Roc72]. An important ingredient in the proof of the saddle-point property

for two special choices of the utility function can be found in [FK75]. In particular, Theo-

rem 4 together with Corollary 3 in this thesis constitute an extension of [FK75, Equation

3.3 and Theorem 4.1] to a larger class of utility functions.

Several interesting results regarding the max-min SIR-balancing problem have been also

obtained by Tan with his common coauthors. Some of these results are similar to the ones

included in the present thesis, they have been however obtained independently and concur-

rently. In particular, in [TCS09] (presented at the Infocom’09 after the preliminary publi-

cation of the respective results of Sections 3.3 - 3.5 in the technical report [SKBW09]) the

authors considered a system with individual power constraints and under this assumption,

they characterized the max-min SIR-balanced power allocation. Furthermore, assuming a

logarithmic utility function, they showed the connection to the utility-maximization prob-

lem and proposed an algorithm in which both power and weight vectors are iteratively

updated. The authors published further extensions and generalizations of these results in

[TCS11, CQTL12]. In this thesis, we consider a more general problem formulation and a

larger class of utility functions, and we employ completely different proof techniques.

Finally, an alternative approach for computing the max-min SIR-balanced power alloca-

tion consists in using the scaled fixed-point iteration [VS11]. In the “original” fixed-point

iteration p(n + 1) = I(p(n)) as proposed by Foschini and Miljanic [FM93] or Yates

[Yat95] (with I(·) denoting the effective normalized interference so that SIRk(p)/γk =

pk/(I(p))k, k ∈ K, see Section 2.7), the transmit powers converge to a minimum-power

point corresponding to given required SIR targets whenever these targets are achievable.

Now, the scaled fixed-point iteration takes the form p(n + 1) = λ(n)I(p(n)), where λ(n)

is a scalar scaling factor for iteration n. This approach has been shown to converge to the

max-min SIR-balancing solution in certain cases of interest (e.g., under general interference

functions [VS11]).
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3.1 Background and contributions

3.1.2 Summary of contributions

In the context of the above-presented related work, the main contributions can be sum-

marized in the following three points, each one consisting of a theoretical result and an

algorithmic solution.

(a) Assuming an irreducible gain matrix, we obtain an elegant characterization of the

max-min SIR-balanced power vector.

In Section 3.3, we present the analysis of the problem in a higher dimension (as in

[YX98]) with an additional equation capturing a power constraint. Subsequently, we

characterize the max-min SIR-balanced power vector using an eigenvalue problem of the

same dimension as the original problem. The presented characterization allows for the

formulation of an algorithm for direct calculation of the optimal power allocation.

(b) We establish a connection between the max-min SIR-balancing problem and the

utility-based power control problem.

More precisely, we show how to choose the weight vector w and the aggregate util-

ity function F (p,w) such that solving the problem of maximizing the weighted sum of

the utilities of the SIRs leads to the max-min SIR-balancing solution p̄, i.e., we have

p̄ = arg maxp F (p,w). This constitutes an extension of previously known results to the

case of noisy channels as well as to a broader class of utility functions (continuous and

monotonous but not necessarily differentiable). The established connection provides the

basis for the algorithmic solution which finds the max-min SIR-balanced power allocation

by an iterative utility-based power control algorithm. The discussed results are presented

in Section 3.4.

(c) We point out a saddle point characterization of the Perron roots of some non-negative

matrices. This characterization provides a basis for efficient saddle point algorithms

converging to the max-min SIR-balanced power vector.

The downside of the utility-based approach mentioned above stems from the fact that

it still requires a weight vector, which depends on the global channel realization and

therefore is not known a priori at the nodes. This problem is addressed in Section 3.5.

We show a saddle point characterization of the Perron roots of some matrices: if an

aggregate utility function G(u,p) of positive weight vectors u and power vectors p is

suitably chosen, then the value of this function in its saddle point can be uniquely described

in terms of the Perron root of the extended gain matrix B, and the power vector p in

the saddle point is always equal to the max-min SIR-balanced power allocation. This
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3 Max-min SIR-balancing under general transmit power constraints

result is an extension of a previously-known characterization to the case of continuous but

not necessarily differentiable functions. Finally, based on this characterization we propose

efficient power control algorithms which converge to the max-min SIR-balanced power

vector and are amenable to distributed implementation.

Before starting with the analysis, we introduce additional definitions, review the proper-

ties of SIR and QoS regions, and state the max-min SIR-balancing problem in the studied

context.

3.2 Preliminaries and problem statement

The model under study in this chapter is a wireless network with a fixed topology, con-

sisting of a number of links sharing a common spectrum. This setup corresponds to the

linear interference network model introduced in Section 2.3.

3.2.1 Unconstrained transmit powers

First, we consider the so-called noiseless case, when the transmit powers are unconstrained

so that the influence of noise can be made arbitrarily small. Recall from Section 2.7 that

the SIR targets are feasible if there exists a power vector p ∈ P (called a valid power

vector) such that SIRk(p) ≥ γk > 0. Writing the last condition in the vector notation, we

obtain p ≥ Γ(Vp + z), or equivalently

(I− ΓV)p ≥ Γz . (3.1)

The formulation (3.1) provides the basis for determining the feasibility of given SIR targets

Γ in the noiseless case. The result follows immediately from Theorem 12 (see also Theorem

11, both in Appendix 3.7.1) which is an important consequence of the Perron-Frobenius

theory [Mey00,HJ85].

Lemma 1. For a given gain matrix V and with P = R
K
+ , the SIR targets Γ are feasible

if and only if

ρ(ΓV) < 1 , (3.2)

where ρ(X) denotes the spectral radius of matrix X.

Furthermore, since by (2.21) QoS requirements can be for the utility functions of interest

equivalently expressed in terms of SIR requirements as Γ(q), there immediately follows

the lemma characterizing the feasibility of a given QoS vector q.
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Lemma 2. Assume that (A.1) holds and let P+ = R
K
++. Then, q ∈ QK is feasible if and

only if

ξ(q) , ρ(Γ(q)V) < 1 . (3.3)

As an immediate consequence of Lemma 2, the set of all feasible QoS vectors F∞ is

F∞ = {q ∈ QK : ξ(q) < 1} (3.4)

so that F∞ is an open connected set in the Euclidean space R
K .

It can be noted that (2.22) describes also a map from P+ onto F so that the vector q(p)

is uniquely given as q(p) = (q1(p), . . . , qK(p)) with qk(p) = φk(SIRk(p)). An important

observation, presented below, is the existence of the inverse map.

Observation 1. There exists a map from F to P+ that is given by

p(q) = (I− Γ(q)V)−1Γ(q)z, q ∈ F, (3.5)

with Γ(q) defined in (2.21).

The existence of p(q) given by (3.5) follows immediately from the definition of F in

(2.22) together with the definition of SIR in (2.6). From Theorem 12 in Appendix 3.7.1

we know that ρ(Γ(q)V) < 1 and p(q) is unique so that p(q) defines a function (map)

from F into P+.

The following lemma summarizes several properties of the feasible QoS region F.

Lemma 3. Let (A.1) be satisfied. Then, F is a connected downward comprehensive set

and there is a bijective continuous map from F onto P+. If, in addition, (A.2) holds, then

F is a convex set.

Proof. See Appendix 3.7.2.

It is important to notice that the feasible QoS region F is convex for any Γ(q) such that

gk(x) = φ−1
k (x) are log-convex functions. The reader should also bear in mind that the

existence of a bijective map between P and F allows us to prove some results in F as this

set has, for utility functions satisfying both (A.1) and (A.2), some useful properties.

3.2.2 General power constraints

In order to account for general power constraints in the system, we refine the system model

discussed in Section 2.3 and specify the set P of available power allocations p ∈ P as

P = {p ∈ R
K
+ : Cp ≤ p̂,C ∈ {0, 1}N×K} (3.6)
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3 Max-min SIR-balancing under general transmit power constraints

for some given p̂ = (P1, . . . , PN ) > 0 and some C with at least one 1 in each column so

that P is a compact set. In the remainder of this chapter, we use N = {1, . . . , N} where N

is the number of power constraints. We also use the notation cn ∈ {0, 1}K for a (column)

vector equal to the nth row of the matrix C and thus the nth power constraint can be

expressed as cTnp ≤ Pn, n ∈ N .

In consequence, for the SIR targets Γ = diag(γ1, . . . , γK) to be feasible, we require

that there exists a vector p ∈ P with P defined by (3.6) such that SIRk(p) ≥ γk, ∀k∈K.

Analogically, only a vector p ∈ P can be called a valid power vector. Now, we recall from

Section 2.7 that the max-min SIR-balancing policy attempts to maximize the minimum

balanced SIR. Since P given by (3.6) is a compact set, such a maximum always exists, and

any maximizer is called a max-min SIR-balanced power vector. In order to proceed with

the analysis, we formalize this notion in the definition below.

Definition 3. Given any Γ, p̄ is said to be a max-min SIR-balanced power vector if

p̄ , arg max
p∈P

min
k∈K

(SIRk(p)/γk) . (3.7)

The existence of the maximum over a compact set P in (3.7) is guaranteed as SIRk(p)/γk

is a continuous function for each k ∈ K and the pointwise minimum preserves continuity.

Furthermore, we can observe that the above definition does not apply to the case when

the transmit power are unconstrained since in general the maximum is not attained. From

(3.7), there immediately follows an equivalent characterization of the vector p̄:

min
k∈K

(SIRk(p̄)/γk) = max
p∈P

min
k∈K

(SIRk(p)/γk) . (3.8)

Now, although the value of the maximum is unique, the argument of the maximum function

(i.e., the max-min SIR-balanced power vector p̄) is not always unique.

As the maximum exists regardless of the choice of γk, k ∈ K, the SIR targets are

not necessarily met under optimal power control (3.7). For this reason, γk may also be

interpreted as a desired SIR value of link k. Let t′ > 0 be the maximal common threshold

for the balanced SIRs:

t′ = max t s.t.







t ≤ mink∈K(SIRk(p)/γk)

p ∈ P
, (3.9)

or equivalently,

t′ = max
p∈P

min
k∈K

(SIRk(p)/γk) . (3.10)
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In other words, if t ≤ t′, then there exists p ∈ P such that t ≤ SIRk(p)/γk for each k ∈ K.

Conversely, if t ≤ mink∈K(SIRk(p)/γk) for some p ∈ P, then we have t ≤ t′. Consequently,

we can conclude that the SIR targets are feasible if and only if t′ ≥ 1. This is consistent

with the feasibility condition (2.19) in Section 2.7.

When characterizing the max-min SIR-balancing solution, we will frequently use the

notion of the QoS region (2.22), with utility functions of the form

φk(SIRk(p)) = φ(SIR(p)/γk), k ∈ K , (3.11)

where φ is a common utility function satisfying (A.1), and, where indicated, also (A.2).

By strict monotonicity of φ, one has φ(mink∈K SIRk(p)/γk) = mink∈K φ(SIRk(p)/γk) for

every p > 0. Thus, as p̄ ∈ P+,

p̄ = arg max
p∈P+

min
k∈K

φ(SIRk(p)/γk) , (3.12)

where p̄ is a max-min SIR-balanced power vector defined by (3.7).

In contrast to the case without power constraints, the boundary of the feasible QoS

region F always exists and is denoted by ∂F. Note that ∂F is the set of all points of F

such that if p is the corresponding power vector in (2.22), then Cp ≤ p̂ holds with at

least one equality.

Finally, we complete the definitions’ section by introducing the notion of max-min fair-

ness, which is closely related to the problem of max-min SIR-balancing. Max-min fairness

[BG92], [MW00] is one the most common notions of fairness. The basic idea behind this

approach is to treat all users as fairly as possible by making all rates as large as possible.

More precisely, among all rate allocation strategies saturating a network, the max-min fair

rate allocation makes the rates as equal as possible so that it is not possible to increase

any rate without deteriorating other rates that are smaller or equal. If the rate is a strictly

increasing function of the SIR, max-min fairness can be defined as follows.

Definition 4 (Max-min fair power allocation). p̌ ∈ P is said to be max-min fair power

allocation if any SIRk(p̌) cannot be increased without decreasing some SIRl(p̌), l 6= k,

which is smaller than or equal to SIRk(p̌).

Example 1 (2-user interference network with individual power constraints). This example

demonstrates in Fig. 3.1 some of the notions discussed in this section. Consider a network

with K = 2 users and with individual power constraints so that p1 ≤ p̂1 and p2 ≤ p̂2. The

set of all available power allocations is thus a rectangle depicted in Fig. 3.1a. Note that

without power constraints the set P would be equal to the first quadrant. The feasible SIR
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(p̂1, p̂2)

p2

p1

P+

p̂2

p̂1
0

(a) The set P+ of all available power allocations.

(SIR1, SIR2)

γ

SIR2

SIR1

Fγ

(b) The feasible SIR region Fγ .

F

q1 = φ
(

SIR1(p)/γ1

)

q1 = q2
∂F

q2 = φ
(

SIR2(p)/γ2

)

q̄

(c) The feasible QoS region F.

Figure 3.1: Example of a 2-user interference network with individual power constraints
p1 ≤ p̂1 and p2 ≤ p̂2.
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3.3 Optimal max-min SIR-balancing power allocation

region Fγ for the considered network is presented in Fig. 3.1b. The set Fγ is not convex

(regardless of the values of the channel gains, except for several “degenerate” cases). The

figure shows also the vector γ , (γ1, γ2) representing the SIR targets, as well as the

max-min SIR-balancing point (SIR1, SIR2), which corresponds to the power allocation p̄

given by Definition 3. It can be observed that this point constitutes the highest “over-

satisfaction” of the desired SIR targets. Without power constraints, assuming that all

channel gains are strictly positive, the feasible SIR region would be larger, but not infinite

(and also non-convex). Finally, Fig. 3.1c shows the corresponding QoS region F, with

utility functions of the form qk = φk(SIRk) = φ(SIRk/γk) for some φ satisfying (A.1)

and (A.2). The most important observation is that by using such a mapping the set F is

convex. The figure also shows the boundary of the QoS region denoted as ∂F, and the

point q̄, which corresponds to the point (SIR1, SIR2) from the feasible SIR region.

3.3 Optimal max-min SIR-balancing power allocation

3.3.1 Uniqueness of the optimal power allocation

We start the analysis by presenting some properties of a max-min SIR-balanced power

vector in terms of existence and uniqueness. As mentioned above, the max-min SIR-

balanced power vector is not necessarily unique. However, it will be first shown that a

specific solution always exists and it can be expressed in closed form if t′ defined by (3.10)

is known. Subsequently, we will provide conditions under which this specific solution

is unique. Finally, we will discuss in this context the connection between the max-min

SIR-balancing and the notion of max-min fairness.

We commence by stating the following lemma which deals with the existence and prop-

erties of a specific solution to the max-min SIR-balancing problem.

Lemma 4. There exists a power vector p̄′ ∈ P such that p̄′ > 0 is a (not necessarily

unique) solution to the max-min SIR-balancing problem (3.7), and for which there holds

SIRk(p̄′)/γk = SIRl(p̄
′)/γl for each k, l ∈ K. Moreover, we have

p̄′ =

(

1

t′
I− ΓV

)−1

Γz, p̄′ ∈ P , (3.13)

where t′ is defined by (3.9).

Proof. By Definition 3 and (3.9), we have t′ = mink∈K(SIRk(p)/γk),p ∈ P, if and only

if p is a max-min SIR-balanced power vector. Therefore, in matrix form, we have Γz ≤
( 1
t′ I − ΓV)p, p ∈ P if and only if p is a solution to (3.7). Since a solution exists and is
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positive, it follows from Theorem 12 that

ρ(ΓV) < 1/t′ . (3.14)

So, by Theorem 12 we know that there exists a unique positive vector p̄′ ∈ P given by

(3.13) and this vector is a solution to the max-min SIR-balancing problem (3.7). Writing

(3.13) as a system of K SIR equations we get SIRk(p̄′)/γk = t′ for each k ∈ K, which

completes the proof.

The above lemma proves the existence of a max-min SIR-balanced power vector given

by (3.13). Now, we would like to direct our attention to determining the conditions under

which this specific solution is unique. To this end, we will analyze the properties of the

solutions to the max-min SIR-balancing problem on the feasible QoS region F. We start

with the following observation that summarizes two important properties of the power

allocation p̄′ defined by (3.13). The observation is an immediate consequence of (3.9),

Lemma 4 and the properties of F proven in Lemma 3.

Observation 2. Vector p̄′ > 0 given by (3.13) is a unique power vector corresponding

to a point in the feasible SIR region that is farthest from the origin in a direction of the

unit vector γ/‖γ‖1 where γ = (γ1, · · · , γK). Moreover, it corresponds to a point on the

boundary ∂F of the QoS region F where q1 = . . . = qK with qk defined by (2.22).

The key property of the network which we will show to guarantee the uniqueness of

the solution given by (3.13) is the irreducibility of the gain matrix V [HJ85, Mey00] . In

short, if V is irreducible, then the network cannot be decomposed into a number of smaller

networks which can operate independently from each other. In consequence, all links in

the network are coupled by interference.

The implications of an irreducible matrix V on the mapping from F to P are given

by the following lemma. It can be noted that the utility functions (3.11) assumed in the

present analysis are included as a special case.

Lemma 5. Let φk : Q → R++, k ∈ K be utility functions satisfying (A.1) and (A.2) and

let the gain matrix V ≥ 0 be irreducible. Then, pk(q) in (3.5) is strictly log-convex on

F∞ for each k ∈ K. Furthermore, the feasible QoS region F(P) with P given by (3.6) is a

strictly convex set.

Proof. The proof is analogous to [SB06b, Theorem 4.3, Corollary 4.3], by observing that

the properties hold also for (in general different) utility functions φk.
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The next simple result deals with the state of the power constraints at any solution to

(3.7). First, define ηn(p) as

ηn(p) ,
1

Pn
cTnp, n ∈ N . (3.15)

Lemma 6. For any power vector p̄ satisfying (3.7), there holds maxn∈N ηn(p̄) = 1.

Proof. The proof follows from the fact that if we had ηn(p̄) < 1 for all n ∈ N for some max-

min SIR-balancing power vector, then it would be possible to increase mink∈K SIRk(p̄)/γk

by allocating the power vector cp̄ ∈ P+ with c = 1/maxn∈N ηn(p̄) > 1.

In words, the lemma states that at least one power constraint is active at the opti-

mum. Now, basing on the above intermediate results, the following proposition provides

a sufficient condition for the solution of the max-min SIR-balancing problem (3.7) to be

unique.

Proposition 1. If V ≥ 0 is irreducible, then p̄ is unique and equal to p̄′ defined by (3.13).

Proof. Let (A.2) be satisfied and let p̄ ∈ P+ be any solution to (3.7) or, equivalently, (3.12).

Let q̄k = φ(SIRk(p̄)/γk), k ∈ K. By Lemma 3, F is a convex downward comprehensive set

and, by (A.1), (3.12) and (2.22), q̄ = (q̄1, . . . , q̄K) ∈ ∂F is its boundary point since at least

one power constraint is active in the optimum (see Lemma 6). One particular solution to

(3.7) is p̄′ given by (3.13) with q̄′ = q(p̄′), and denote q̄ , mink q̄
′
k = q̄′1 = . . . q̄′K (see

Observation 2). Now assume that p̄′ is not unique so that there exists p̄′′ 6= p̄′ such that

q̄′′ = q(p̄′′) and mink q̄
′′ = q̄ since it is also a solution to the max-min SIR-balancing

problem. Furthermore, we also have q̄′′ ∈ ∂F. Consider a vector q̄(µ) , (1 − µ)q̄′ + µq̄′′

with 0 < µ < 1, which is a convex combination of q̄′ and q̄′′. It can be seen that

since mink [q̄k(µ)] = mink [(1 − µ)q̄ + µq̄′′k ] = (1 − µ)q̄ + µmink [q̄′′k ] = q̄, vector q̄(µ) also

corresponds to a max-min SIR-balancing power vector. But due to strict convexity of F,

we have q̄(µ) /∈ ∂F, and it cannot be a solution to (3.12). This leads to a contradiction

and in consequence we obtain p̄ = p̄′, which is unique by Theorem 12.

The above considerations are illustrated in Fig. 3.2. The plots show the feasible SIR

region under individual power constraints and two different gain matrices V ≥ 0. The

following notation is used: γ̄k = SIRk(p̄) and γ̄′k = SIRk(p̄′) where p̄ and p̄′ are defined by

(3.7) and (3.13), respectively. In both cases, the point (γ̄′1, γ̄
′
2) = (SIR1(p̄

′), SIR2(p̄
′)) is

the point at the intersection of the boundary of the feasible SIR region with the line defined

by the γ vector and is max-min SIR-balanced. It is however not the unique solution if

SIRs of some users can be increased without affecting the minimum. This is precisely the

case in the left subplot of Fig. 3.2, while in the right subplot we observe a configuration
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SIR1 SIR1

γ

SIR2

γ

SIR2

(γ̄′
1, γ̄

′
2)

(γ̄1, γ̄2)
(γ̌1, γ̌2)

(γ̄′
1, γ̄

′
2) = (γ̌1, γ̌2)

Figure 3.2: Two examples of feasible SIR regions in a system with two users. Left: V is
chosen such that SIR2(p) = p2/z1, in which case p̄ is not unique. Right: V is
irreducible, in which case p̄ is unique and equal to (3.13). The point (γ̌1, γ̌2)
corresponds to the max-min fair power allocation.

in which the power allocation p̄′ given by (3.13) is the unique max-min SIR-balancing

vector.

We complete this section by illustrating a connection between the max-min SIR-ba-

lancing problem and the notion of max-min fairness (see Definition 4). Assuming that

γk = γl, ∀k, l ∈ K, a max-min fair power allocation is also max-min SIR-balanced. The

converse is in general not true. However, if the max-min SIR-balancing problem has a

unique solution given by (3.13), this solution is also max-min fair and there are no other

max-min fair power allocations. These relations can be observed in Fig. 3.2, where both

max-min SIR-balanced points (γ̄1, γ̄2) and max-min fair points (γ̌1, γ̌2) are indicated.

3.3.2 Main result

In this section, we characterize p̄ ∈ P+ ⊂ P defined by (3.7), where P ⊂ R
K
+ is a convex

polytope given by (3.6). Now, using (3.15), the max-min SIR power vector p̄ defined by

(3.7) can be written as

p̄ = arg max
p≥0

min
k∈K

(SIRk(p)/γk) s.t. max
n∈N

ηn(p) ≤ 1 . (3.16)

where γk > 0, k ∈ K, is arbitrary but fixed.

Lemma 7. Let p̄ be any power vector that solves (3.16). Then, the following holds

(i) maxn∈N ηn(p̄) = 1.
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(ii) If V ≥ 0 is irreducible, then p̄ is unique and

∀k∈K γk/SIRk(p̄) = β, β > 0 . (3.17)

Proof. The proof follows immediately from Lemma 6 and Proposition 1, considering the

equivalence of (3.7) and (3.16).

Because p̄ maximizes mink∈K(SIRk(p)/γk) over P, it follows from (3.17) that 1/β > 0

is the corresponding maximum, with 1/β = t′ where t′ is given by (3.9). It must be

emphasized that (3.17) is not true for general non-negative matrices V ≥ 0. In the

lemma, we require that the gain matrix be irreducible, which is sufficient for (3.17) to

hold but not necessary. In the subsequent analysis, we focus on the case that V ≥ 0 is

an arbitrary irreducible matrix, which, due to (ii) of Lemma 7, implies that the max-min

SIR-balanced power vector is unique. The possible extensions to reducible matrices are

pointed out at the end of this section (Theorem 3 and Corollary 1).

Let us define the set

N0(p) ,
{

n0 ∈ N : n0 = arg max
n∈N

ηn(p) = 1
}

, (3.18)

which includes the indices of those nodes for which the power constraints are active under

the power vector p. By (i) of Lemma 7, we have |N0(p̄)| ≥ 1 where |N0(p̄)| denotes the

cardinality of N0(p̄). In what follows, let β > 0 be the constant in part (ii) of the lemma.

This together with part (i) implies that

βp̄ = ΓVp̄ + Γz ηn(p̄) = 1 . (3.19)

Now, substituting p̄ = 1
β (ΓVp̄ + Γz) from the first equation into the second one and

combining the two equations yields a set of K + 1 scalar equations. By writing them in a

matrix form, we obtain that if p̄ solves the max-min SIR-balancing problem, then there

is a constant β > 0 such that

β p̄ = A(n)p̄, β > 0, p̄ ∈ R
K+1
++ (3.20)

for each n ∈ N0(p̄) where p̄ = (p̄, 1) is the extended max-min SIR-balanced power vector

and the non-negative matrix A(n) ∈ R
(K+1)×(K+1)
+ is defined to be

A(n) =

(

ΓV Γz
1
Pn

cTnΓV
1
Pn

cTnΓz

)

, n ∈ N . (3.21)
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We point out that the above is only a slight generalization of the characterization presented

in [YX98] for the case of a single sum power constraint. Alternatively, we can write (3.19)

as βp̄ = ΓVp̄ + Γz · ηn(p̄), from which we obtain, for each n ∈ N0(p̄),

βp̄ = B(n)p̄, β > 0, p̄ ∈ R
K
++ , (3.22)

where B(n) ∈ R
K×K
+ is defined to be (for each n ∈ N )

B(n) , ΓV +
1

Pn
ΓzcTn = Γ

(

V +
1

Pn
zcTn

)

= ΓṼ(n) (3.23)

and Ṽ(n) , V + 1
Pn

zcTn , n ∈ N . So, given p̄ defined by (3.16), the equations (3.20) and

(3.22) hold for each n ∈ N0(p̄). In other words, the solution of (3.16) in a network entirely

coupled by interference must satisfy (3.20) and (3.22) for each node n ∈ N whose power

constraints are active at the maximum. This is summarized in the following lemma.

Lemma 8. If V ≥ 0 is irreducible and p̄ solves the max-min SIR-balancing problem

(3.16), then p̄ satisfies both (3.20) and (3.22) for some β > 0 and each n ∈ N0(p̄).

Note that the lemma is an immediate consequence of parts (i) and (ii) of Lemma 7,

from which (3.20) and (3.22) follow for an arbitrary n ∈ N0(p̄). Now we are in a position

to prove the following result.

Lemma 9. Suppose that V ≥ 0 is irreducible. Then, for any constants c1 > 0 and c2 > 0,

the following holds.

(i) For each n ∈ N , there is exactly one positive vector p = p(n) ∈ R
K
+ with ηn(p) = c1

satisfying β(n) p = B(n)p for some β(n) > 0. Moreover, β(n) is a simple eigenvalue

of B(n) and β(n) = ρ(B(n)).

(ii) For each n ∈ N , there is exactly one positive vector p = p(n) ∈ R
K+1
+ with p

K+1
= c2

satisfying β(n) p = A(n)p for some β(n) > 0. Moreover, β(n) is a simple eigenvalue

of A(n) and β(n) = ρ(A(n)).

Proof. The reader can find the proof in Appendix 3.7.3.

The lemma says that, for each n ∈ N , the matrix equation β(n) p = B(n)p with β(n) > 0

and p ∈ R
K
+ is satisfied if and only if p is a positive right eigenvector of B(n) associated with

β(n) = ρ(B(n)). Furthermore, if ηn(p) = 1, then p is unique. Similarly, β(n) p = A(n)p

with β(n) > 0 and p ∈ R
K+1
+ is satisfied if and only if p is a positive right eigenvector of

A(n) associated with β(n) = ρ(A(n)) and there is exactly one such an eigenvector whose

last entry is equal to one. Furthermore, for each n ∈ N , β(n) = ρ(A(n)) = ρ(B(n)). This is
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because if ρ(B(n))p = B(n)p holds for some n ∈ N , then we must have ρ(B(n))p = A(n)p

where p = (p, 1) ∈ R
K
++. Thus, by Lemma 9, we must have

ρ(A(n)) = ρ(B(n)), n ∈ N . (3.24)

Note that a solution to the max-min SIR-balancing problem is not necessarily obtained

for each n ∈ N since, in the optimum, some power constraints may be inactive. Indeed,

in general, the set N c
0 (p̄) = N \ N0(p̄) is not an empty set where p̄ defined by (3.16) is

unique due to (ii) of Lemma 7.

Now we combine Lemmas 8 and 9 to obtain the following.

Theorem 1. Let V ≥ 0 be irreducible and β be given by (3.17). Then, the following

statements are equivalent.

(i) p̄ ∈ P+ solves the max-min SIR-balancing problem (3.16).

(ii) For each n ∈ N0(p̄), p̄ is a unique positive right eigenvector of B(n) associated with

β = ρ(B(n)) > 0 such that ηn(p̄) = 1.

(iii) For each n ∈ N0(p̄), p̄ = (p̄, 1) is a unique positive right eigenvector of A(n) associ-

ated with β = ρ(A(n)) > 0 such that p̄
K+1

= 1.

Proof. (i) → (ii): By Lemma 8, p̄ ∈ P+ satisfies (3.22) for some β > 0. Thus, by Lemma

9, part (i) implies part (ii).

(ii) → (iii): Given any n ∈ N0(p̄), it follows from (3.22) that ρ(B(n))p̄ = B(n)p̄ with

gn(p̄) = 1 is equivalent to ρ(B(n))p̄ = ΓVp̄ + Γz, which in turn can be rewritten to give

(3.20) with β = ρ(B(n)) and p̄ = (p̄, 1). Since p̄ is positive, so is also p̄. Thus, p̄ with

p̄
K+1

= 1 is a positive right eigenvector of A(n) and the associated eigenvalue is equal

to ρ(B(n)) > 0. So, considering part (ii) of Lemma 9, p̄ is unique and therefore we can

conclude that (iii) follows from (ii).

(iii) → (i): The solution to the problem (3.16) always exists. By Lemma 8 and Proposition

1, the irreducibility of V implies that the unique solution p̄ satisfies (3.20) with p̄ = (p̄, 1)

for each n ∈ N0(p̄). On the other hand, the normalization p̄
K+1

= 1 guarantees, by Lemma

9, that for each n ∈ N0(p̄), there exists exactly one positive vector p̄ with p̄
K+1

= 1 such

that (3.20) is satisfied. It corresponds thus to the unique solution of (3.16) which proves

the last missing implication.

Theorem 1 implies that if V is irreducible, then p̄ > 0 is the (positive) right eigenvector

of B(n) associated with ρ(B(n)) ∈ σ(B(n)) for each n ∈ N0(p̄). Alternatively, p̄ can be

obtained from p̄ = (p̄, 1), which is the positive right eigenvector of A(n) associated with
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ρ(A(n)) for each n ∈ N0(p̄). The problem is, however, that N0(p̄) is not known as this

set is determined by the solution to the max-min SIR-balancing problem, and hence its

determination is itself a part of the problem. As the SIR targets are feasible if and only if

they are met under p̄, the following characterization of the set N0(p̄) immediately follows

from [MDEK07] and (3.24).

Theorem 2 ([MDEK07]). Suppose that V ≥ 0 is irreducible. Then,

N0(p̄) =
{

n0 ∈ N : n0 = arg maxn∈N ρ(B(n))
}

. (3.25)

Moreover, the feasible SIR region Fγ is characterized as

Fγ =
{

γ ∈ R
K
++ : max

n∈N
ρ(B(n)) = max

n∈N
ρ(A(n)) ≤ 1, Γ = diag(γ1, . . . , γK)

}

. (3.26)

The characterization of the feasible SIR region in (3.26) can be deduced directly from

[MDEK07] as the authors show that min
k∈K

(SIRk(p)/γk) ≤ min
n∈N

(1/ρ(Bn)), without charac-

terizing, however, the corresponding power allocation vector p.

In the following, we would like to briefly devote our attention to the case when the

gain matrix V is reducible. First, we point out that the main results presented in this

section, i.e., Theorems 1 and 2 as well as Algorithm 1 hold if B(n) is irreducible for each

n ∈ N , which may be satisfied even if V is reducible. This follows from the fact that

irreducibility of V is a sufficient but not necessary condition for the matrices B(n), n ∈ N
to be irreducible. Indeed, if V is irreducible, then B(n) is irreducible for each n ∈ N , no

matter how cn is chosen. On the other hand, if cn is positive for some n, then B(n) is

irreducible regardless of the choice of V ≥ 0. This is the case when users are subject to a

sum power constraint.

Now, the following theorem presents the generalization of the Theorem 1 under the

assumption that B(n) is irreducible only for some n ∈ N0(p̄).

Theorem 3. If B(n) ≥ 0 is irreducible for some n ∈ N0(p̄), then p̄ ∈ P+ solves the max-

min SIR-balancing problem (3.16) if and only if p̄ is a unique positive right eigenvector of

B(n) associated with β = ρ(B(n)) > 0 such that ηn(p̄) = 1.

Another consequence of the theorem is the following corollary.

Corollary 1. Suppose that B(n) ≥ 0 is irreducible for some n ∈ N0(p̄). Then, p̄ is the

unique max-min fair power vector.

It is worth pointing out that Theorem 3 constitutes a slight generalization of Theorem

1, as the assumption that V is irreducible in the setup of Theorem 1 implies that the
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conditions of Theorem 3 hold. The difference is that if the gain matrix V is irreducible,

then p̄ is the normalized positive right eigenvector of B(n) for each n ∈ N0(p̄), whereas

under the conditions of Theorem 3 this is ensured only for some n ∈ N0(p̄). Similar

generalization can be also obtained for the results concerning the connection to the utility

maximization problem and the saddle-point property which are presented in the further

sections.

3.3.3 Algorithm

An immediate consequence of Theorems 1 and 2 is the following procedure for directly

computing the max-min SIR power vector p̄ given by (3.7), summarized in Algorithm 1.

Algorithm 1 Direct computation of the max-min SIR-balanced power vector

Input: Γ = diag(γ1, . . . , γK).
Output: p̄ ∈ P+ ⊂ P .
1: Find an arbitrary index n0 ∈ N such that n0 = arg maxn∈N ρ(B(n)) where B(n) is

given by (3.23).
2: Let p̄ be given by ρ(B(n0))p̄ = B(n0)p̄ and normalized such that cTn0

p̄ = Pn0 .

Note that in order to determine the index n0 in step 1 of the above algorithm, in general

spectral radii ρ(B(n)) for all n ∈ N should be computed so that subsequently the maximum

can be found. However, in case there is some side information available in the system,

with respect to which constraints are potentially active under p̄, n0 can be known a priori

or can be determined by calculating only selected spectral radii ρ(B(n)).

Example 2 (Direct computation of the optimal power allocation according to Algorithm

1). Consider a wireless network comprising K = 7 links, with N = 4 power constraints.

The matrix C and the vector p̂ describing the structure of the power constraints are given

by:

C =













1 1 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 0 0 1













p̂ =













0.0340

0.1043

0.1310

0.0244













.

In words, the users k = 1, 2, 3 (the first row of matrix C) are subject to a sum power

constraint, with the maximum sum power given by the first entry of the vector p̂. Similarly,

users k = 5, 6 are also subject to a sum power constraint, whereas for user k = 4 and for

user k = 7 individual power constraints exist.
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The channel gains and the noise in the network are given by the following values of the

matrix V and vector z:

V =



























0 0.1483 0.2643 1.5357 0.1948 0.9600 0.2359

0.0663 0 0.0078 0.2208 0.3183 0.1090 0.0616

0.1096 1.4020 0 0.1015 0.0617 0.0952 1.4390

0.0371 0.0272 0.0086 0 0.0237 0.0202 0.0590

0.4560 2.3767 1.6185 1.4222 0 0.3273 3.5704

0.1031 0.0249 0.0359 0.0050 0.0141 0 0.0180

1.1035 0.0021 0.0883 0.4443 0.7725 0.2581 0



























z =



























0.0275

0.0116

0.0059

0.0082

0.1035

0.0189

0.0436



























.

Finally, the SIR targets are collected in the matrix

Γ = diag
(

0.2374 0.3913 0.1491 0.2473 0.0908 0.2050 0.2660
)

.

Now, by direct application of Algorithm 1, we construct matrices B(n) for N = 1, . . . , 4

using (3.23) and calculate their spectral radii. The obtained values are:

ρ(B(1)) = 0.8895 ,

ρ(B(2)) = 0.4489 ,

ρ(B(3)) = 0.5461 ,

ρ(B(4)) = 0.8895 .

Please note that the power constraint vector p̂ was chosen in such a way that the spectral

radii of B(n) for both n = 1 and n = 4 are equal and both attain the maximum over

n ∈ N . Therefore, for direct computation of the optimal power allocation we can choose

either the first or the fourth power constraint. We choose n = 1, and by calculating the

normalized eigenvector of B(1) corresponding to ρ(B(1)) we obtain

p̄ =



























0.0138

0.0102

0.0099

0.0031

0.0249

0.0050

0.0244



























. (3.27)

The correctness of the above result can be verified by calculating the SIRs as well as
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balanced SIRs on the links:









SIR1(p̄)
...

SIRK(p̄)









=



























0.2669

0.4400

0.1676

0.2781

0.1021

0.2305

0.2991



































SIR1(p̄)/γ1
...

SIRK(p̄)/γK









=



























1.1243

1.1243

1.1243

1.1243

1.1243

1.1243

1.1243



























. (3.28)

The power constraints can be verified by calculating Cp̄, which yields

Cp̄ =













0.0340

0.0031

0.0299

0.0244













. (3.29)

It can be observed that power constraints with indices n = 1 and n = 4 are satisfied

with equality, whereas the remaining two power constraints are not active. Finally, it can

be mentioned that if alternatively n = 4 is chosen and the power allocation is calculated

as the normalized eigenvector of B(4) corresponding to its spectral radius, the resulting

vector p̄ is identical.

3.4 Connection to utility-based power control

The previous section provided the complete characterization of the solution to the max-

min SIR-balancing problem. However, obtaining the optimal power vector required a

direct computation by solving the eigenvalue equation (3.20) or (3.22). In this section,

we discuss how the characterization can be applied to obtain an alternative computation

method based on the utility-based approach. In this discussion we assume that V ≥ 0

is an irreducible matrix, so that by Lemma 5, the feasible QoS region given by (2.22) is

strictly convex.

In more detail, in this section we will show that p̄ can be obtained by maximizing the

following aggregate utility function

F (p,w) ,
∑

k∈K
wkφ

(

SIRk(p)/γk
)

, (3.30)
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provided that the weight vector w = (w1, . . . , wK) > 0 is chosen appropriately and φ :

R++ → Q satisfies (A.1) and (A.2) (See Section 2.6). We restate here that the advantage

of the utility-based approach consists in the fact that, assuming that w is fixed and each

user k ∈ K knows its corresponding weight wk, there exist efficient distributed algorithms

for computing the optimal power allocation [SWB07,HRCW08].

3.4.1 Optimal weight vector

In order to compute the optimal weight vector w such that maximizing F (p,w) given by

(3.30) over p ∈ P+ results in the max-min SIR-balancing power vector, we first define

p∗(w) , arg max
p∈P+

F (p,w) . (3.31)

Although P+ is not compact, it can be shown [SWB09, Lemma 5.12] that the maximum

exists if (A.1) and (A.2) are fulfilled. Furthermore, it is obvious that in the maximum,

at least one power constraint is active, that is, Cp∗ ≤ p̂ holds at least with one equality.

Thus, we have q∗(w) = (q∗1(w), . . . , q∗K(w)) ∈ ∂F for

q∗k(w) = φ
(

SIRk(p∗(w))/γk
)

. (3.32)

In words, p∗ = p∗(w) corresponds to a boundary point of F defined by (2.22). Different

boundary points can be achieved by choosing different weight vectors in (3.30).

Sufficient condition for non-differentiable functions

In the further analysis, we will make use of the following lemma, which slightly strengthens

[SWB09, Theorem 1.7] for the class of matrices of interest.

Lemma 10. Let matrix B ≥ 0 be irreducible and let at least one column (one row) of B

be positive. Assume that w = y ◦ x with ||w||1 = 1 where y and x are positive left and

right eigenvectors of B. Then, for all p > 0,

log(ρ(B)) ≤
∑

k∈K
wk log

((Bp)k
pk

)

. (3.33)

Equality holds if and only if p = x.

Proof. See Appendix 3.7.4.

Using the above Lemma, we can show the following result, which, for irreducible matrices

with at least one positive row/column, extends previous results [SWB09] to a class of

continuous (but not necessarily differentiable) functions.
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Theorem 4. Assume that (A.1) and (A.2) hold. Let matrix B be irreducible, and let at

least one column (one row) of B be positive. Moreover, let w = y◦x with ||w||1 = 1 where

y and x are positive left and right eigenvectors of B. Then, for all p > 0,

φ
( 1

ρ(B)

)

≥
∑

k∈K
wkφ

( pk
(Bp)k

)

. (3.34)

Equality holds if and only if p = x.

Proof. By Lemma 10, we have

log
( 1

ρ(B)

)

≥
∑

k∈K
wk log

( pk
(Bp)k

)

for all p > 0 with equality if and only if p = x. By (A.1), φ(ex), x ∈ R, is strictly

increasing, and, by (A.2), it is concave. Thus, applying the function φ(ex) to the above

inequality yields

φ
(

e
log 1

ρ(B)
)

≥ φ
(

e
∑

k∈K
wk log

pk
(Bp)k

)

for all p > 0. As φ(ex) is strictly increasing in x, by Lemma 10 we have equality if and

only if p = x. On the other hand, since ‖w‖1 = 1,

φ
(

e
log 1

ρ(B)
)

= φ

(

1

ρ(B)

)

≥ φ
(

e
∑

k∈K
wk log

pk
(Bp)k

)

(a)

≥
∑

k∈K
wkφ

(

e
log

pk
(Bp)k

)

=
∑

k∈K
wkφ

(

pk
(Bp)k

)

,

where (a) results from the application of Jensen’s inequality and the concavity of φ(ex).

Equality holds if and only if p = x, which completes the proof.

Using the above result, we are in the position to establish the connection between the

max-min SIR-balancing problem and the utility-based power control.

Theorem 5. Let y and x be positive left and right eigenvectors of B(n0) associated with

ρ(B(n0)) for any n0 ∈ N0(p̄). If w = cy ◦ x, c > 0, then p̄ = p∗(w).

Proof. First, it can be observed that for any p ∈ P+

SIRk(p)

γk
=

pk
γk(Vp + z)k

≤ pk
γk(Vp + ηn0(p)z)k

=
pk

(B(n0)p)k
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with equality if and only if ηn0(p) = 1. Now, considering F (p,w) for w = cy ◦ x, c > 0,

and assuming first that ||w||1 = 1 we obtain

F (p,w) =
∑

k∈K
wkφ

(SIRk(p)

γk

) (a)

≤
∑

k∈K
wkφ

( pk
(B(n0)p)k

) (b)

≤ φ

(

1

ρ(B(n0))

)

,

where (b) results from Theorem 4 (please note that by the construction of matrices B(n)

in (3.23), for any n ∈ N at least one column of B(n) is positive). Equality in (b) holds if

and only if p is equal to p = c1x with c1 > 0 some constant. On the other hand, (a) is

satisified with equality if and only if ηn0(p) = 1. Now, by Theorem 1 we know that p̄ is the

unique power vector p̄ ∈ P+ such that ηn0(p̄) = 1 and p̄ is the right eigenvector of B(n0)

associated with ρ(B(n0)). This allows us to conclude that p̄ is the unique maximizer of

F (p,w) and the corresponding maximum is equal to F (p̄,w) = φ(1/ρ(B(n0))) if ||w||1 = 1.

Moreover, for any c2 > 0, p̄ is the unique maximizer of F (p, c2w) = c2F (p,w). Thus we

can conclude that the result holds for w = cy ◦ x for any c > 0, and the value in the

optimum is given by F (p̄,w) = ||w||1φ(1/ρ(B(n0))). In other words, we have p̄ = p∗(w)

and the proof is thus complete.

Remark 1. It is interesting to observe that choosing w as the entry-wise product of the left

and right eigenvectors as described in the setup of Theorem 5, regardless of the specific

choice of the utility function φ, leads to obtaining p̄ = p∗(w) as a unique maximizer of

F (p,w) over F(P). The sole requirements on φ are that (A.1) and (A.2) be satisfied.

Furthermore, even if (A.2) does not hold, but assuming differentiability of φ and the

uniqueness of n0 ∈ N0(p̄) it can be shown that w = cy ◦ x, c > 0, is normal to F(P) at

q = q̄. In such a case, however, this point cannot be obtained by maximizing F (p,w)

over F(P).

Differentiable utility functions

Please note that Theorem 5 establishes a connection between (3.7) and (3.31) in the

case when the utility function φ(x) is continuous but not necessarily differentiable. If we

additionally assume differentiability, we can show a more general connection. First, let us

state the following auxiliary result.

Lemma 11. Suppose that (A.1) and (A.2) hold, and let V be irreducible. Then, q ∈ ∂F

if and only if there exists w > 0 such that x = q maximizes wTx over F.

Proof. By convexity and downward comprehensivity of F, every boundary point of F is a

maximal point and it maximizes wTx over F for some w ≥ 0 [BV04, pp. 54–58]. Since V
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is irreducible, it follows from [SB06b, Theorem 4.3] (see also [SB06b, Corollary 4.3]) that

w > 0.

In particular, the above lemma implies that q ∈ ∂F if and only if q = q∗(w) for

some w > 0. For further analysis, it is important to recall that there is a map from F

onto P given by (3.5) and, by Lemma 3, this map is bijective and continuous. For the

case of utility functions given by (3.11), we have φ−1
k (qk) = γkφ

−1(qk). Thus, denoting

g(x) , φ−1(x) and G(q) , diag(g(q1), . . . , g(qK)), we have

Γ(q) = G(q)Γ . (3.35)

Considering the above along with (3.23), we can prove the following lemma.

Lemma 12. There holds q ∈ ∂F if and only if maxn∈N ξn(q) = 1 where ξn(q) ,

ρ(Γ(q)Ṽ(n)) = ρ(G(q)B(n)) > ρ(G(q)ΓV) > 0.

Proof. The proof is deferred to Appendix 3.7.4.

Now we have all the necessary auxiliary results to show the connection between the

max-min SIR-balancing and the utility-based power control in the case when the utility

function is differentiable. This connection is characterized by the following theorem.

Theorem 6. Suppose that (A.1), (A.2) and (A.3) hold, and let q ∈ ∂F. Then, we have

q = q∗(w) given by (3.32) if

w = c · u(q) ◦ y ◦ x, c > 0 , (3.36)

where u(q) = (g′(q1)/g(q1), . . . , g
′(qK)/g(qK)) > 0, y and x are positive left and right

eigenvectors of G(q)B(n0), associated with ξn0(q) for any n0 = arg maxn∈N ξn(q). Fur-

thermore, if n = n0 is the unique maximizer of ξn(q) we have q = q∗(w) if and only if

w = c · u(q) ◦ y ◦ x, c > 0.

Proof. The proof can be found in Appendix 3.7.4.

The above theorem provides the basis for determining the optimal weight vector w (in

the sense of p∗(w) = p̄) for differentiable utility functions. The result is given by the

following corollary.

Corollary 2. Suppose that (A.1), (A.2) and (A.3) hold. Let y and x be positive left and

right eigenvectors of B(n0) associated with ρ(B(n0)) for any n0 ∈ N0(p̄). If w = cy◦x, c >
0 then there holds p̄ = p∗(w). Furthermore, if |N0(p̄)| = 1 so that n0 ∈ N0(p̄) is unique

we have p̄ = p∗(w) if and only if w = cy ◦ x, c > 0.
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Proof. The proof can be found in Appendix 3.7.4.

Characterization of the set of optimal weight vectors

By comparing Theorem 5 and Corollary 2, the following can be observed: If there is only a

single power constraint that is active in the optimum (i.e., if |N0(p̄)| = 1 and n0 ∈ N0(p̄)

is unique) then, in contrast to the differentiable case, vector w = cy ◦x, c > 0, with y and

x the right and left Perron eigenvectors of the corresponding matrix B(n0), is in general

a sufficient but not necessary condition for p̄ = p∗(w) to hold. In particular, assuming

for simplicity of notation ||w||1 = 1, this implies that for utility functions satisfying (A.1)

and (A.2), but not (A.3), there might exist utility vectors w′ 6= w, ||w′||1 = 1 such that

p̄ = p∗(w′).

In the last part of this section, we will therefore analyze, without requiring differentiabil-

ity, how to characterize the set of weight vectors w so that solving the utility maximization

problem (3.31) leads to obtaining the optimal max-min SIR-balancing power allocation p̄.

Let us assume that (A.1) and (A.2) are satisfied, and that |N0(p̄)| = 1. By [SWB09, The-

orem B.34], we know that g(x) = φ−1(x) is a continuous, strictly increasing and strictly

convex function. Analogously, it can be easily shown that φ(x) is a continuous, strictly

increasing and strictly concave function. This implies that both g(x) and φ(x) are dif-

ferentiable “almost everywhere”, i.e., that the set on which they are not differentiable

has the Lebesgue measure 0. By Observation 2, we know that for q = q̄ = q(p̄), we

have q̄1 = · · · = q̄K = q̄. First, we present the following result for the case when g(x) is

differentiable in a local neighborhood of x = q̄.

Proposition 2. Suppose that (A.1) and (A.2) hold, and let |N0(p̄)| = 1. If there exists

ǫ > 0 such that the function g(x) = φ−1(x) is differentiable for all x ∈ Nǫ(q̄) , {x ∈ Q :

|x− q̄| < ǫ}, then we have p̄ = p∗(w) if and only if w = cy ◦ x, c > 0, where y and x are

the right and left Perron eigenvectors of the matrix B(n0).

Proof. The proof follows immediately from Theorem 6 and the strict convexity of the

feasible QoS region F.

The above proposition implies that the vector w such that p̄ = p∗(w) is (possibly)

not unique only if g(x) = φ−1(x) is not differentiable at x = q̄. By continuity, strict

increasingness and strict convexity of g(x) we know however that the unilateral derivatives

g′−(q̄), g′+(q̄) always exist at q̄ and g′−(q̄) ≤ g′+(q̄). Furthermore, the Lebesgue measure

of the set on which function g(x) is not differentiable is equal to 0, which leads us to the

observation stated below.
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Observation 3. There exists ǫ > 0 such that g(x) is differentiable on the interval (q̄−ǫ, q̄)
as well as on (q̄, q̄ + ǫ) so that the following limits exist and are given by

lim
q→q̄+

g′(q) = g′+(q̄) ,

lim
q→q̄−

g′(q) = g′−(q̄) .

Now, for convenience of notation, let us define a function σ : QK × QK → {−1, 0, 1}K
as the entry-wise sign function of (q(1) − q(2)):

σ(q(1),q(2)) , (sgn(q
(1)
1 − q

(2)
1 ), sgn(q

(1)
2 − q

(2)
2 ), . . . , sgn(q

(1)
K − q

(2)
K ))T .

We define also the set of all vectors from the boundary of the feasible QoS region that

differ in all entries from the vector q̄:

∂F̃(q̄) , {q ∈ ∂F : qk 6= q̄k, k ∈ K} . (3.37)

It can be easily observed that σ(q, q̄) ∈ {−1,+1}K for all q ∈ ∂F̃(q̄). In the further

analysis, we will make use of the following lemma that presents certain basic properties of

the set ∂F̃(q̄).

Lemma 13. Let (A.1) and (A.2) hold so that F is a strictly convex, downward compre-

hensive set. Then, the following holds:

(i) For each q ∈ ∂F̃(q̄), if s = σ(q, q̄), then there exist k, l ∈ K, k 6= l, such that sk 6= sl.

(ii) For each s ∈ {−1,+1}K with sk 6= sl for some k, l ∈ K, k 6= l, there exists q ∈ ∂F̃(q̄)

such that σ(q, q̄) = s.

Proof. The reader can find the proof in Appendix 3.7.4.

By the above lemma, we can conclude that the set ∂F̃(q̄) can be represented as

∂F̃(q̄) =
⋃

s∈S
∂F̃s(q̄) , (3.38)

where ∂F̃s(q̄) , {q ∈ ∂F̃(q̄) : σ(q, q̄) = s} and

S , {s ∈ {−1,+1}K : ∃k, l ∈ K, k 6= l : sk 6= sl} (3.39)

with |S| = 2K − 2.
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3 Max-min SIR-balancing under general transmit power constraints

The above results allow us to formulate the following proposition characterizing the

vectors w for which, assuming a single power constraint active in the optimum, solving

the utility maximization problem (3.31) leads to obtaining the max-min SIR-balancing

solution (3.7).

Proposition 3. Suppose that (A.1) and (A.2) hold, and let N0(p̄) = {n0}. We have

p̄ = p∗(w) if

w = ws = c · ũs ◦ y ◦ x, c > 0 (3.40)

for any s ∈ S where ũs =
(

d(s1), d(s2), . . . , d(sK)
)

> 0 with d(sk) , 1
2 [(1 + sk)g′+(q̄) +

(1 − sk)g′−(q̄)], and y and x are positive left and right eigenvectors of B(n0), respectively,

associated with the Perron root ρ(B(n0)).

Proof. By Theorem 6 and its proof, we may conclude that if the function g(x) = φ(x)

were continuously differentiable at x = q̄, we would have u(q̄) = limq→q̄ u(q) (with u(q)

defined as in Theorem 6). The function g(x) is in general however not differentiable at

x = q̄, but Observation 3 implies that there exists a certain neighborhood of q̄ given by

Nǫ(q̄) = {q ∈ ∂F : |qk − q̄k| < ǫ, k ∈ K} with ǫ > 0 so that for any q ∈ Nǫ(q̄) ∩ ∂F̃(q̄)

we have q = q∗(w) if and only if w = c · u(q) ◦ y ◦ x, c > 0 (and u(q) is guaranteed

to exist as the function g(x) is differentiable on (q̄ − ǫ, q̄) ∪ (q̄, q̄ + ǫ)). Now, with (3.38)

and connectivity of ∂F we can conclude that us = lim
q→q̄,q∈∂F̃s(q̄)

u(q) always exists and

is given by us = 1
g(q̄)

(

d(s1), d(s2), . . . , d(sK)
)

as we have d(sk) = g′+(q̄) for sk = 1 and

d(sk) = g′−(q̄) for sk = −1. Thus, q̄ = q∗(w) for w = c · us ◦ y ◦ x, c > 0 for any s ∈ S.

Now, denoting us = 1
g(q̄) ũs completes the proof.

The proposition provides a sufficient condition for a vector w > 0 so that p̄ = p∗(w)

holds. However, the condition is in general not necessary, and, in particular, by Theorem

5 one possible alternative choice is obviously given by w = cy◦x, c > 0 (which is different

from ws in (3.40) for any s ∈ S if g(x) is not differentiable at x = q̄). Specifically, any linear

combination of ws results in such a vector w > 0 for which p̄ = p∗(w). Furthermore, this

can be extended to the case |N0(p̄)| ≥ 1 with possibly multiple power constraints active

in the optimum. These considerations are presented in the following theorem.

Theorem 7. Assume that (A.1) and (A.2) hold. Then, p̄ = p∗(w) if and only if w ∈ W
where

W ,







w > 0 : w =
∑

n0∈N0(p̄)

αn0w
(n0), w(n0) ∈ W(n0), αn0 ≥ 0,

∑

n0∈N0(p̄)

αn0 > 0
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with

W(n0) ,
{

w > 0 : w =
∑

s∈S
βsw

(n0)
s , βs ≥ 0,

∑

s∈S
βs > 0

}

and

w
(n0)
s = c · ũs ◦ y(n0) ◦ x(n0), c > 0,

where ũs is specified as in Proposition 3, and y(n0) and x(n0) are positive left and right

eigenvectors of B(n0), respectively, associated with the Perron root ρ(B(n0)).

Proof. The proof can be found in Appendix 3.7.4.

Please note that the above theorem provides a complete characterization of the set

of weights for which solving the utility-maximizing problem (3.31) results in the max-

min SIR-balancing power allocation. However, since the Lebesgue measure of points at

which φ is not differentiable is equal to 0, the set W(n0) in almost all cases of practical

relevance is reduced to W(n0) = {cy(n0) ◦ x(n0)} (a single element if c > 0 is fixed). For

instance, with random channel coefficients under any common fading distribution and

assuming fixed power constraints, the probability that φ is not differentiable precisely

at x = q̄ is equal to 0. Similarly, the probability that more than one power constraint

is satisfied with equality would be again equal to 0, thus we can almost always expect

|N0(p̄)| = 1. From a practical point of view, the most relevant result is therefore Corollary

2 as it provides a sufficient condition for finding an appropriate weight vector w, without

requiring additional properties of the function φ other than (A.1) and (A.2). Moreover,

this sufficient condition is in almost all cases also necessary.

3.4.2 Algorithm

The connection between (3.7) and (3.31) established by Theorem 5 and Corollary 2 is

illustrated by Figure 3.3 and allows for formulating the procedure for finding the max-min

SIR-balanced power vector via utility-based power control, summarized in Algorithm 2.

This approach allows us to dispense with the direct computation required by Algorithm 1,

and use a suitable algorithm (possibly distributed) for computing p∗(w) given by (3.31)

instead. However, note that the corresponding weight vector w has to be determined

which in general requires centralized computation.

It can be furthermore observed that in Step 3 of Algorithm 2, any valid approach to

solving the utility maximization problem (3.31) is allowed. If φ(x) is not differentiable, one

possibility is given by sub-gradient methods. In the example provided below, we assume

however for simplicity that (A.3) holds as well, so that we can revert to the well-known

gradient-projection algorithm (see e.g., [SWB09, Section 6.5]). The implementation used
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ρ(G(q)B(2)) = 1
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(

SIR1(p)/γ1
)

q1 = q2

q̄ = q∗(w)

∂F

q2 = φ
(

SIR2(p)/γ2
)

Figure 3.3: An illustration of Theorem 5. The figure shows an example of the feasible QoS
region defined by (2.22) with 2 users subject to individual power constraints
(C = I). The point q̄ = q∗(w) with w = cy ◦ x, c > 0, corresponds to
the unique max-min SIR-balanced power allocation. The weight vector w is
normal to a hyperplane which supports the feasible QoS region at q̄ ∈ ∂F.

Algorithm 2 Computation of the max-min SIR-balanced power vector via utility-based
power control

Input: Γ = diag(γ1, . . . , γK).
Output: p̄ ∈ P+ ⊂ P.
1: Find an arbitrary index n0 ∈ N such that n0 = arg maxn∈N ρ(B(n)) where B(n) is

given by (3.23).
2: Compute w = y ◦ x where y and x are positive left and right eigenvectors of B(n0)

associated with ρ(B(n0)).
3: Let p̄ be given by p̄ = p∗(w) where p∗(w) is found by solving the utility maximization

problem (3.31).
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in numerical experiments is effectively equivalent to (3.57) from the subsequent section on

the saddle-point characterization.

Example 3 (Utility-based computation of the optimal power allocation according to Al-

gorithm 2). In the following, we consider again the network defined in Example 2 and

demonstrate the application of the utility-based approach. From the calculations in Ex-

ample 2 we know that N0(p̄) = {1, 4}, i.e., power constraints n = 1 and n = 4 are active

in the optimum. For n = 1, we obtain the weight vector w = w(1) as the normalized

Hadamard product of the right and left eigenvectors of B(1) associated with its spectral

radius which yields

w(1) =



























0.2420

0.1996

0.1592

0.0348

0.1416

0.0327

0.1901



























. (3.41)

Using the above weight vector, we apply the gradient-projection algorithm [SWB09, Sec-

tion 6.5] to iteratively solve the sum utility maximization problem (3.31). The utility

function φ(x) = log(x) is used in the definition of the sum utility (3.30) (it can be noted

that for this choice of function φ(x), assumptions (A.1)–(A.3) are satisfied). Under this

setting, the gradient projection algorithm converges and the resulting power vector p∗(w)

after converging is equal to

p∗(w) =



























0.0138

0.0102

0.0099

0.0031

0.0249

0.0050

0.0244



























. (3.42)

The comparison of the above values with the optimal power vector directly computed in

Example 2 shows that the two power allocations are identical (up to small differences

due to numeric artifacts). The evolution of the SIRs and the balanced SIRs is depicted

in Fig. 3.4. It can be observed that in the considered example, the algorithms requires

approximately 50 iterations to achieve convergence.

For the sake of completeness, we present also the convergence if the power constraint

n = 4 is chosen from the set of power constraints active in the optimum. This choice leads
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Figure 3.4: Convergence of the SIRs when applying Algorithm 2 to the network con-
sidered in Example 3 and selecting the index of the active power constraint
n ∈ N0(p̄) = {1, 4} to be n = 1.

to the following optimal weight vector w = w(4):

w(4) =



























0.1228

0.0273

0.0244

0.0256

0.1666

0.0233

0.6101



























, (3.43)

which, as it can be observed, is different from the weight vector obtained for n = 1 given

by (3.41). The application of the gradient-projection algorithm in this case leads however

to exactly the same (up to minor numerical differences) power vector as with n = 1 and

given by (3.42). The evolution of SIRs with n = 4 is presented in Fig. 3.5.

3.5 Computation via saddle-point property of the Perron roots

In the previous section, we provided a characterization of the max-min SIR-balanced power

vector based on the connection to the utility maximization problem so that the desired

solution can be found by maximizing the joint utility function (3.30), as indicated by

Algorithm 2. Although the utility maximization itself is fully amenable to distributed

implementation, the computation of the optimal weight vector in general is not.
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Figure 3.5: Convergence of the SIRs when applying Algorithm 2 to the network con-
sidered in Example 3 and selecting the index of the active power constraint
n ∈ N0(p̄) = {1, 4} to be n = 4.

Therefore, we will in this section present a saddle point characterization of the max-min

SIR-balanced power allocation. This characterization will show that the optimal power

allocation, which, as we know from the previous sections, is equal to the (normalized)

Perron root of the extended gain matrix, together with the optimal weight vector in the

sense of Theorem 5, correspond jointly to a saddle point of an adequate utility function.

This property will allow for designing fully distributed algorithms, redolent of the primal-

dual algorithms that converge to the saddle point of the associated Lagrange dual function.

In short, the algorithm will perform not only distributed updates of the power vector,

as in Algorithm 2, but also distributed updates of the weight vector, without requiring

its prior knowledge. For brevity, the we will prove our results for networks that are

entirely coupled by interference (i.e., with V being an irreducible matrix) but the result

can be easily extended to capture the more general case. Again, the presented results are

proven without requiring the differentiability of the utility functions and constitute thus

an extension of results previously known in the differentiable case. A key ingredient is the

saddle-point characterization of a class of irreducible matrices with at least one positive

row/column. Furthermore, we point out the differences between the differentiable and not

differentiable case.

We start by citing the definition of a saddle point after [SWB09].

Definition 5 (Saddle point). Consider a continuous function f : S × V → R. A pair

(s∗,v∗) ∈ S × V is said to be a saddle point of f if

f(s∗,v) ≤ f(s∗,v∗) ≤ f(s,v∗)
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for all (s,v) ∈ S × V.

For convenience, we recite here after [SWB09] also the following useful result.

Theorem 8. A pair (s∗,v∗) ∈ S × V is a saddle point of f if and only if

max
v∈V

f(s∗,v) = min
s∈S

max
v∈V

f(s,v) = max
v∈V

min
s∈S

f(s,v) = min
s∈S

f(s,v∗) . (3.44)

The subsequent analysis consists of two parts. First, we will provide a saddle point

characterization of a utility function GB(u,p), which is parametrized by a non-negative,

irreducible matrix B with at least one positive column. The usefulness of this result

consists in the fact that if matrix B is equal to B = B(n) for any n ∈ N0, then the

value of the utility function GB(u,p) in its saddle point (u∗,p∗) is equal to the value of

a certain utility function G(u,p), which depends on the actual SIRs at the users. Thus,

in the second part of the analysis it will be shown how the saddle point characterization

of GB(u,p) can be used to characterize the saddle point of G(u,p).

3.5.1 Saddle point characterization of a class of irreducible matrices

First we introduce the definition of the utility function GB(u,p) for any B ≥ 0. Let

ΠK , {x ∈ R
K
+ : ‖x‖1 = 1} and Π+

K = ΠK ∩ R
K
++. Let GB : Π+

K × R
K
++ → R be given as

GB(u,p) , −
∑

k∈K
ukφ

( pk
(Bp)k

)

=
∑

k∈K
ukθ
((Bp)k

pk

)

, (3.45)

where

θ(x) , −φ(1/x), x > 0 (3.46)

is a strictly increasing function. Furthermore, if (A.2) holds, we can conclude that θ(ex) is

a convex function (since φ(e−x) is concave). Please note that by introducing the function

θ(x), we obtain a formulation which is conform with some standard formulations for this

class of problems (e.g., previous results in [FK75]).

According to Theorem 8, the saddle point property is proven by showing that “max-min”

is equal to “min-max”. The “min-max” part is shown by the following lemma.

Lemma 14. Let (A.1) hold and assume that matrix B is irreducible, with its positive right

eigenvector be denoted by x. Then,

θ(ρ(B)) = min
p>0

max
u∈Π+

K

∑

k∈K
ukθ
((Bp)k

pk

)

(3.47)

with the minimum attained if and only if p = x > 0.
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Proof. For any u ∈ ΠK and all p > 0, and defining tk , θ
(

(Bp)k
pk

)

, one has
∑

k∈K uktk ≤
maxk∈K tk and thus sup

u∈Π+
K

∑

k∈K uktk = maxk∈K tk, with the supremum on the left-

hand side attained (i.e., maximum) if and only if tk = tl for all k, l ∈ K (the supremum is

always attained if we allow non-negative u ∈ ΠK). Therefore, we have

sup
u∈Π+

K

∑

k∈K
ukθ
((Bp)k

pk

)

= max
k∈K

θ
((Bp)k

pk

)

,

with the supremum attained if and only if p = x > 0. Applying the infimum operator

(over p) preserves the equality (note that the minimum does not necessarily exist) so that

we obtain

inf
p>0

sup
u∈Π+

K

∑

k∈K
ukθ
((Bp)k

pk

)

= inf
p>0

max
k∈K

θ
((Bp)k

pk

)

= θ
(

inf
p>0

max
k∈K

(Bp)k
pk

)

(a)
= θ

(

min
p>0

max
k∈K

(Bp)k
pk

)

(b)
= θ

(

ρ(B)
)

,

where (a) and (b) follow from Collatz-Wielandt formula (see Appendix 3.7.1) as B is

irreducible. By the same formula, the minimum in (a) is attained if and only if p =

x > 0. The vector p = x > 0 however also implies (by the considerations above) that

the supremum over u is attained so that “inf-sup” can be replaced by “min-max”. This

completes the proof.

In the proof of the “max-min” part, we will require the following corollary of Theorem

4 which is immediately obtained by using θ(x) = −φ(1/x).

Corollary 3. Assume that (A.1) and (A.2) hold. Let matrix B be irreducible, and let at

least one column (one row) of B be positive. Moreover, let w = y ◦ x ∈ Π+
K ⊂ ΠK where

y and x are positive left and right eigenvectors of B. Then, for all p > 0,

θ(ρ(B)) ≤
∑

k∈K
wkθ

((Bp)k
pk

)

. (3.48)

Equality holds if and only if p = x > 0.

An important ingredient in our analysis is the convexity property of the aggregate

utility function with respect to the so-called logarithmic power vector. First, consider the

following auxiliary lemma.

Lemma 15. Assume that (A.1) and (A.2) hold. Let B ≥ 0 be an irreducible matrix

such that at least one column (one row) is positive. For any p̂, p̌ > 0 with p̂ 6= p̌ and
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||p̂||1 = ||p̌||1 = c for some c > 0, define p(µ) as p(µ) , p̂(1−µ)p̌µ for some 0 < µ < 1.

Then, for any k ∈ K,

(Bp̂)1−µ
k (Bp̌)µk ≥ (Bp(µ))k (3.49)

and there exists k = k0 ∈ K such that the above inequality is sharp.

Proof. The reader can find the proof in Appendix 3.7.5.

Now we can show the strict convexity of GB(u,p) with respect to the logarithmic power

vector given by s = log(p). Please note that this vector exists for any p > 0.

Lemma 16. Assume that (A.1) and (A.2) hold. Let B ≥ 0 be an irreducible matrix such

that at least one column (one row) is positive, and let Sc = {s ∈ R
K : ||es||1 = c} for some

c > 0. Then, the function hu : Sc → R defined as

hu(s) , GB(u, es) =
∑

k∈K
ukθ
((Bes)k

pk

)

(3.50)

is strictly convex for any u ∈ Π+
K . Furthermore, we have p∗ = arg minp∈Pc GB(u,p) with

Pc = {p ∈ R
K : ||p||1 = c} if and only if s∗ = arg mins∈Sc hu(s) and p∗ = es

∗

.

Proof. Consider arbitrary ŝ, š with ŝ 6= š and ||eŝ||1 = ||eš||1 = c > 0, and let s(µ) =

(1 − µ)ŝ + µš. Denote p̂ = eŝ and p̌ = eš so that p̂ 6= p̌ and ||p̂||1 = ||p̌||1 = c > 0. We

also have p(µ) = es(µ) = p̂(1−µ)p̌µ. Then, for any k ∈ K

(1 − µ)θ
((Bp̂)k

p̂k

)

+ µθ
((Bp̌)k

p̌k

) (a)

≥ θ(exp
(

(1 − µ) log
((Bp̂)k

p̂k

)

+ µ log
((Bp̌)k

p̌k

)

)

)

= θ
(

((Bp̂)k
p̂k

)1−µ((Bp̌)k
p̌k

)µ
)

= θ
((Bp̂)1−µ

k (Bp̌)µk
pk(µ)

) (b)

≥ θ
((Bp(µ))k

pk(µ)

)

,

where (a) is due to the convexity of θ(ex) since (A.2) holds, and (b) is by Lemma 15.

Furthermore, from Lemma 15 we know that the inequality in (b) is sharp for at least one

k ∈ K. Now, by the above we obtain:

(1 − µ)hu(ŝ) + µhu(š) = (1 − µ)GB(u, p̂) + µGB(u, p̌) > GB(u,p(µ)) = hu(s(µ)) ,

and the strict inequality results from the fact that by construction of hu(s) in (3.50), there

will a sharp inequality for at least one k ∈ K. Now, since p = es is a bijective mapping from

Pc to Sc and the inverse mapping is given by s = log(p), we have s∗ = arg mins∈Sc hu(s)

if and only if p∗ = arg minp∈Pc hu(log(p)) = arg minp∈Pc GB(u,p). This completes the

proof.
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With the above auxiliary results in hand, we can present the following lemma which

shows the “max-min” part of the saddle-point characterization of GB(u,p).

Lemma 17. Let the conditions of Corollary 3 be satisfied. Then,

max
u∈ΠK

min
p>0

∑

k∈K
ukθ
((Bp)k

pk

)

= θ(ρ(B)) . (3.51)

A sufficient condition for the maximum to be attained is that u = w where w = y ◦ x.

Moreover, for any u ∈ ΠK such that the maximum in (3.51) is attained, we have p∗ =

arg minp>0
∑

k∈K ukθ
(

(Bp)k
pk

)

= c · x for some c > 0.

Proof. Proceeding as in the proof of Lemma 14 shows that, for any u ∈ ΠK , one has

E(u) , infp>0
∑

k∈K ukθ
( (Bp)k

pk

)

≤ infp>0 maxk∈K θ
( (Bp)k

pk

)

= θ
(

minp>0 maxk∈K
(Bp)k
pk

)

=

θ(ρ(B)) where the existence of the minimum and the last step follows from the Collatz-

Wielandt formula and irreducibility of B. Combining this with Corollary 3 allows us

to conclude that w = y ◦ x is a maximizer of E over ΠK and for u = w, we have

p = p∗ = c · x, c > 0.

On the other hand, in order to show that p = p∗ = c ·x for some c > 0 is the necessary

condition for the maximum in (3.51) to be attained, suppose there exists a vector u = u′

such that p′ = arg minp>0GB(u′,p), maximum in (3.51) is attained for u = u′, and

p′ 6= c·x with ||p′||1 = c||x||1 = c1. Please note that we have GB(u,p) = GB(u, αp) for all

u ∈ ΠK and all p > 0, α > 0 so we can norm the power vectors for uniqueness. By Lemma

16, we have p′ = arg minp∈Pc1
GB(u′,p) if and only if s′ = log(p′) = arg mins∈Sc1 hu′(s).

Moreover, hu′(s′) < hu′(s) for any s 6= s′, s ∈ Sc1 , and, in particular, hu′(s′) < hu′(log(c ·
x)) = GB(u′, c · x). Now, as GB(u′, c · x) = GB(u, c · x) for all u ∈ ΠK , we can conclude

that GB(u′, c · x) = GB(w, c · x) = minp>0GB(w,p). This would imply that

min
p>0

GB(u′,p) < min
p>0

GB(w,p).

Therefore, u = u′ cannot be a maximizer of minp>0GB(u,p). We obtain thus a contra-

diction which completes the proof.

Combining Lemma 14 and Lemma 17, we immediately obtain the following saddle-point

characterization of the Perron root of B and of the function GB(u,p).

Theorem 9. Suppose that (A.1) and (A.2) and the matrix B is irreducible. Moreover,

let at least one column (one row) of B be positive and let w = y ◦ x ∈ Π+
K ⊂ ΠK where y
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and x are positive left and right eigenvectors of B. Then,

θ(ρ(B)) = max
u∈Π+

K

min
p∈RK

++

GB(u,p) = min
p∈RK

++

max
u∈Π+

K

GB(u,p). (3.52)

Furthermore, there exists a set WB ⊂ Π+
K with w ∈ WB and (u∗,p∗) is a saddle point of

GB(u,p) if and only if u∗ ∈ WB and p∗ = c · x for c > 0.

In the above theorem, it should be noted that in a saddle point (u∗,p∗), we have p∗ = c·x
and thus p∗ is unique up to positive multiples. The set WB, on the other hand, may in

general contain elements other than w = y ◦x. By drawing analogies with the analysis in

Section 3.4 we may however conclude that we have WB = {y ◦ x} if (A.3) holds, or if at

least function θ(x) is locally differentiable at x = ρ(B).

Furthermore, we can observe that we have u ∈ WB if and only if minp∈RK
++
GB(u,p) =

θ(ρ(B)) or, equivalently, p∗ = arg minp∈RK
++
GB(u,p) = c · x. On the other hand,

p∗ = arg min
p∈RK

++

GB(u,p) = arg max
p∈RK

++

[

−GB(u,p)
]

= arg max
p∈RK

++

∑

k∈K
ukφ

( pk
(Bp)k

)

.

Considering that SIRk(p)/γk ≤ pk/(Bp)k with B = B(n) for any n ∈ N and any p ∈ P+,

and reasoning along similar lines as in Proposition 3 and Theorem 7, we can deduce the

following characterization of the set WB.

Proposition 4. Let the conditions of Theorem 10 be satisfied. Then, the set WB is given

by:

WB =
{

u ∈ Π+
K : u =

∑

s∈S
βsus, βs ≥ 0,

∑

s∈S
βs = 1

}

with S given by (3.39) and us = c · ũs ◦ y ◦ x, ||us||1 = 1. The vector ũs for any s ∈ S is

equal to ũs =
(

e(s1), e(s2), . . . , e(sK)
)

> 0 with e(sk) , 1
2 [(1 + sk)τ ′−(r̄) + (1 − sk)τ ′+(r̄)]

where τ(r) , θ−1(r) and r̄ = θ
(

ρ(B)
)

.

Please note that if the one-sided derivatives of g(x) = φ−1(x) are given by g′−(x) and

g′+(x), then we have g′−(x) =
τ ′+(−x)

τ2(−x)
and g′+(x) =

τ ′
−
(−x)

τ2(−x)
.

3.5.2 Saddle-point characterization of the aggregate utility function

The result in Proposition 4 concluded the first part of the analysis. Now, let us define the

utility function G : Π+
K × P+ → R as

G(u,p) , −
∑

k∈K
ukφ

(

SIRk(p)/γk
)

=
∑

k∈K
ukθ
( γk

SIRk(p)

)

.
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It can be immediately seen that any power vector minimizing G(u,p) with respect to

p ∈ P for some given weight vector u = w > 0 is optimal in the sense of the utility

maximization problem (3.30).

In the proof of the saddle-point characterization of G(u,p) we will make use of the

following auxiliary result.

Lemma 18. Let (A.1) hold. Then, with B = B(n) for any n ∈ N we have

G(u,p) ≥ GB(u,p) (3.53)

with equality if and only if ηn(p) = 1.

Proof. It can be observed that since ηn(p) ≤ 1, for any p ∈ P+

γk
SIRk(p)

=
γk(Vp + z)k

pk
≥ γk(Vp + ηn(p)z)k

pk
=

(B(n)p)k
pk

with equality if and only if ηn(p) = 1. In consequence,

G(u,p) =
∑

k∈K
ukθ
( γk

SIRk(p)

)

≥
∑

k∈K
ukθ
((B(n)p)k

pk

)

= GB(u,p)

for any (u,p) ∈ Π+
K × P+, with equality if and only if ηn(p) = 1. This completes the

proof.

Now, let us define the set N0 as

N0 , {n0 ∈ N : ρ(B(n0)) = max
n∈N

ρ(B(n))} . (3.54)

With all the necessary auxiliary results, the following theorem provides the saddle-point

characterization of the utility function G(u,p), extending thus previously known results

to non-differentiable functions.

Theorem 10. Suppose that (A.1) and (A.2) hold, and V is irreducible. Let w(n0) =

y(n0) ◦x(n0) > 0 where y(n0) and x(n0) are positive left and right eigenvectors of B(n0) such

that y(n0)Tx(n0) = 1. Then, for each n0 ∈ N0,

θ(ρ(B(n0))) = max
u∈Π+

K

min
p∈P+

G(u,p) = min
p∈P+

max
u∈Π+

K

G(u,p) (3.55)

and there exists a set W ⊂ Π+
K such that (u∗,p∗) ∈ Π+

K×P+ is the saddle point of G(u,p)

if and only if u ∈ W and p∗ = p̄. Furthermore, there exist sets W(n0) ⊂ Π+
K for each
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n0 ∈ N0 with w(n0) ∈ W(n0) so that W is given by

W =
{

u > 0 : u =
∑

n0∈N0

αn0u
(n0), u(n0) ∈ W(n0), αn0 ≥ 0,

∑

n0∈N0

αn0 = 1
}

.

Proof. The proof is deferred to Appendix 3.7.5.

Additionally, we can remark that each set W(n0) in general contains elements other than

w(n0), and the characterization of each set W(n0) can be obtained from Proposition 4 for

B = B(n0).

3.5.3 Algorithms

Now the goal is to use the characterization of Theorem 10 to design an iterative saddle-

point algorithm that simultaneously maximizes G(u,p) with respect to u ∈ ΠK and

minimizes this function over the feasible power region P. Due to Theorem 10, the algorithm

will converge to a saddle point (u∗,p∗) of G(u,p), where p∗ = p̄ is a unique power vector.

For brevity, we assume in this section that (A.3) holds so that φ and θ are continuously

differentiable and point out that the algorithms can be extended to incorporate non-

differentiable functions by considering sub-gradient methods.

The function G(u,p) is in general not convex in p ∈ P but, with S , {s ∈ R
K : s =

log(p),p ∈ P+}, the function Gs(u, s) , G(u, es) is well-defined on Π+
K×S, and proceeding

analogously as in the proof of Lemma 16 it can be easily shown that Gs(u, s) is strictly

convex in s ∈ S. Please note that for any irreducible matrix V ≥ 0 and any p ∈ P+, there

are at least two positive terms in the sum given by (Vp+z)k =
∑

l∈K vk,lpl +zk, therefore

the auxiliary inequality corresponding to the result in Lemma 15 obviously holds and is

sharp for any k ∈ K. So, Gs(u, s) is a concave-convex function on ΠK × S.

Due to the above considerations, instead of determining the saddle point of the function

G(u,p), we can find the saddle point (u∗, s∗) of the functionGs(u, s) and take p̄ = p∗ = es
∗

as the optimal power allocation. Because of the concave-convex property mentioned above,

we can use the straightforward approach which consists in applying the gradient projection

method. In this approach, we start at any feasible point (u, es) and iteratively update the

variable u in the direction of the fastest growth of the function Gs(u, s) with respect to u

(i.e., in the direction of the corresponding gradient), and similarly, we iteratively update

the variable s in the in the direction of the fastest decrease of Gs(u, s) with respect to s

(i.e., against the direction of the corresponding gradient). The gradients of Gs(u, s) can

be computed as follows:
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3.5 Computation via saddle-point property of the Perron roots

(∇uG(u, es))k = fk(s), k ∈ K , (3.56)

(∇sG(u, es))k = esk
∑

l 6=k

vl,k
gl(e

s)

Il(es)
− gk(es), k ∈ K , (3.57)

where fk, gk and Ik are

fk(s) , θ(γk/SIRk(es)), k ∈ K , (3.58)

gk(es) ,
ukγkθ

′(γk/SIRk(es))

SIRk(es)
, k ∈ K , (3.59)

Ik(es) = (Ves + z)k, k ∈ K . (3.60)

Furthermore, the algorithm requires specifying step sizes which govern the balance between

the initial convergence speed and the tendency to oscillate in the proximity of the optimal

point (if the step size is too big, the algorithm may fail to converge). A reasonable value

for the step size can be obtained empirically. In our implementation we assume δu to be

the step size with respect to the weights vector and δs as the step size with respect to the

logarithmic power vector. Finally, since after performing updates on u and s, the “new”

point may lie outside the set of allowable values, projections are required to ensure that

each iteration produces a feasible point (u, s). This approach is summarized as Algorithm

3.

Algorithm 3 Computation of the max-min SIR-balanced power vector via saddle-point
characterization using gradient projection

Input: Γ = diag(γ1, . . . , γK).
Output: p̄ ∈ P+ ⊂ P.
1: Find feasible initial u(0) > 0,p(0) > 0.
2: Set s(0) = log(p(0)) and n = 0.
3: repeat

4: u(n+ 1) = PΠK
[u(n) + δu∇uGs(u(n), s(n))] .

5: s(n+ 1) = PS[s(n) − δs∇sGs(u(n), s(n))] .
6: n = n+ 1 .
7: until termination condition is satisfied.
8: Let p̄ be given by p̄ = es(n).

Please note that the termination condition may be for instance given by a maximal

number of iterations or the relative improvement with respect to the preceding iteration

(in terms of the target function mink∈K SIRk(p/γk)) being under some small, predefined

value. In Algorithm 3, PΠK
[x] and PS[y] denote projections of x ∈ R

K on S and y ∈ R
K
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on ΠK , respectively. The projections are defined as: PΠK
[x] = arg minu∈ΠK

‖x − u‖2
and PS[y] = arg mins∈S‖y − s‖2. The second projection may be difficult to implement

in a distributed manner but still there are many cases of practical relevance, in which

the projection is amenable to distributed implementation. For instance, under individual

power constraints, we have P = {p ∈ R
K
+ : ∀k∈Kpk ≤ p̂k} so that the projection PS[y]

reduces to (PS[y])k = min(yk, p̂k), k ∈ K. In the case of per-node power constraints, the

projection can be performed locally for all links originating at a given node.

Algorithm 3 can be improved (in terms of facilitating distributed implementation) by

dualizing the constraint ‖u‖1 = 1 which yields a Lagrange function L : RK × S×R
2
+ → R

given by

L(u, s, λ) = G(u, es) + λ
(

∑

k∈K
uk − 1

)

.

Due to the concave-convex property, it follows that there is no dual gap and the saddle

point of G(u,p) can be found by maximizing the Lagrange function over the set S and

simultaneously minimizing it with respect to (s, λ) ∈ S × R. The algorithm is formally

stated as Algorithm 4.

Algorithm 4 Distributed computation of the max-min SIR-balanced power vector via
saddle-point characterization

Input: Γ = diag(γ1, . . . , γK).
Output: p̄ ∈ P+ ⊂ P.
1: Find feasible initial u(0) > 0,p(0) > 0.
2: Set s(0) = log(p(0)) and n = 0.
3: repeat

4: u(n+ 1) = max[u(n) + δu∇uL(u(n), s(n), λ(n)), 0] .
5: s(n+ 1) = PS[s(n) − δs∇sL(u(n), s(n), λ(n))] .
6: λ(n+ 1) = λ(n) − δλ∇λL(u(n), s(n), λ(n)) .
7: n = n+ 1 .
8: until termination condition is satisfied.
9: Let p̄ be given by p̄ = es(n).

The projection PS[y] in Algorithm 4 is defined as before, and we have

(∇uL(u, s, λ))k = fk(s) + λ, k ∈ K ,

(∇sL(u, s, λ))k = esk
∑

l 6=k
vl,k

gl(e
s)

Il(es)
− gk(es), k ∈ K ,

∇λL(u, s, λ) =
∑

k∈K
uk − 1 ,

with fk, gk and Ik given by (3.58), (3.59) and (3.60), respectively.

Compared with Algorithm 3, Algorithm 4 does not require the projection PΠK
[u] to be
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3.5 Computation via saddle-point property of the Perron roots

performed. In order for the Algorithm 4 to be implemented distributedly, it is however

necessary for each user to know the values of
∑

k∈K uk and λ. Obtaining this information

is in general a less complex task than computing the projection PΠK
[u], and can be

achieved using appropriate auxiliary protocols. An efficient distributed computation of

(∇sL(u, s, λ))k can be realized with the help of adjoint network [SWB09].

Example 4 (Computation of the optimal power allocation via the saddle-point property).

In order to demonstrate the behavior of the proposed saddle-based approach, we go back

to the network setup considered in Examples 2 and 3. In contrast to the Algorithms 1

and 2 used in these previous examples, however, this time it is not required to analyze in

advance which power constraints are active in the optimum and to select one of them. In

this example we first show the performance of Algorithm 3. The initial point is chosen

as p(0) = 0.01(maxk∈K p̂k)1 and u(0) = 1
K1, with 1 denoting the vector of all ones. The

utility function φ(x) = log(x) and in consequence θ(x) = −φ(1/x) = log(x). Figure 3.6

shows the evolution of the SIRk/γk and uk of each user k ∈ K. The power vector p̄

obtained as the output of the algorithm is equal to:

p̄ =



























0.0138

0.0102

0.0099

0.0031

0.0249

0.0050

0.0244



























, (3.61)

which is the same value as computed by Algorithms 1 and 2. Furthermore, as shown by

the left plot in Fig. 3.6 all users converge to the same balanced SIR value which confirms

the validity of Theorem 10. The right plot in Fig. 3.6 demonstrates also that the weight

vector converges and its value after last iteration is equal to:

u∗ =



























0.2338

0.1878

0.1500

0.0341

0.1433

0.0321

0.2189



























.

The examination of the above value shows that it is equal to a linear combination (1 −
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Figure 3.6: Convergence of the balanced SIRs and the weights when applying Algorithm
3 to the network considered in Example 4.

µ)w(1) + µw(4) with µ ≈ 0.069 of weight vectors w(1) and w(4), which are given by (3.41)

and (3.43) and which correspond to the first and the fourth power constraint, respectively.

Please note that these are precisely the two power constraints that, as we know from

Examples 2 and 3, are active in optimum, and vectors w(1) and w(4) have been normed

for uniqueness so that ||w(1)||1 = ||w(4)||1 = 1.

Finally, Figure 3.7 presents the convergence in the case when Algorithm 4 is used.

It should be emphasized that this algorithm can be implemented in a virtually entirely

distributed manner. Also this approach results in the convergence to the same optimal

power allocation p̄ as obtained with Algorith 3 above (and previously in Examples 2 and

3). The evolution of the balanced SIRs and the weights shows however that convergence

is slower than with Algorithm 3 (please note the changed scale on the axis of abscissas). A

possible improvement in practial implemenations could be the application of the variable

step size.

3.6 Conclusions

In this chapter, we have considered the power allocation problem in interference networks

under a linear interference model. This model arises if we have a number of simultaneously

active transmitter-receiver pairs, utilizing common frequency resources. It was further as-

sumed that all transmitters and receivers utilize single antennas (or equivalently, multiple

antennas with some fixed linear processing at the transmit and/or receive side). Under

these assumptions, for a given channel realization, the sole mean of influencing perfor-

mance on the individual links is by modifying transmit powers, or in other words, by
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Figure 3.7: Convergence of the balanced SIRs and the weights when applying Algorithm
4 to the network considered in Example 4.

choosing a suitable power allocation. Many power allocation strategies exist for such net-

works, depending on the desired optimization goal. In our considerations, we have mostly

focused on the max-min SIR-balancing, a power allocation strategy for wireless networks

with many interesting properties and high practical relevance.

Essentially, the contribution of this chapter is the characterization of the max-min SIR-

balanced power allocation when the power vector is subject to a number of linear power

constraints corresponding, among others, to the cases of individual, sum, or per-node

transmit power constraints. This characterization is an extension of the results known

previously for the noiseless case, in which the power constraints play no role. The pre-

sented results allow for a direct computation of the desired power vector assuming that

the channel states on all links in the network are known. It is obtained by introducing the

extended gain matrices, which jointly capture channel states, power constraints and noise.

The direct computation requires global knowledge of all channels, therefore we have pro-

ceeded by providing, for the case of the general power constraints, a connection between

the max-min SIR-balancing problem and the utility-based power allocation problem. Us-

ing this connection, it is possible to obtain the desired power allocation by maximizing

an appropriate utility function, assuming that the weight vector is suitably chosen. The

weights, however, are global variables, which renders this approach still not fully amenable

to distributed implementation. We have addressed this issue by discussing the saddle point

characterization of the extended gain matrices. A joint utility function is introduced, de-

pending both on the power allocation vector and on the weight vector, and the connection

between the saddle point of the utility function and the Perron root of an extended gain

matrix is shown. This result constitutes a basis for developing fully-distributed power

control algorithms.
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3.7 Appendix

3.7.1 Selected results from the theory of non-negative matrices

For completeness and reader’s convenience, we restate here several fundamental results

from the theory of non-negative matrices. The key result of which we make extensive use

in the analysis in this chapter is known as the Perron-Frobenius theorem for irreducible

matrices [HJ85,SWB09].

Theorem 11 (Perron–Frobenius theorem). Let matrix X ≥ 0 be irreducible. Then, there

exists an eigenvalue ξ ∈ σ(X) such that

(i) ξ = ρ(X) > 0, and hence ξ ≥ |λ| for any eigenvalue λ 6= ξ,

(ii) positive left and right eigenvectors can be associated with ξ,

(iii) the eigenvectors associated with ξ are unique up to positive multiples,

(iv) ξ is a simple root of the characteristic equation of X.

(v) If λ ∈ σ(X) and λu = Xu for some u ≥ 0,u 6= 0, then λ = ξ.

Furthermore, we restate below after [SWB09, Theorem A.51], [Sen81, Theorem 2.1] a

useful result dealing with the existence of a positive solution to the equation (αI−X)p = b.

Theorem 12. Let X be an arbitrary non-negative matrix, and let α > 0 be any scalar. A

necessary and sufficient condition for a solution p ≥ 0,p 6= 0, to

(αI−X)p = b (3.62)

to exist for any b > 0 is that α > r = ρ(X). In this case, there is only one solution p,

which is strictly positive and given by p = (αI−X)−1b.

The following lemma is known as the Collatz-Wielandt Characterization of the spectral

radius of non-negative matrices [Min88].

Lemma 19 (Collatz-Wielandt Characterization). For any non-negative matrix X, there

holds

ρ(X) = inf
p>0

max
k∈K

(Xp)k
pk

(3.63)

and

ρ(X) ≥ sup
p>0

min
k∈K

(Xp)k
pk

. (3.64)

Equality holds in (3.64) if X ≥ 0 is irreducible.
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3.7.2 Additional proofs for Section 3.2

Proof of Lemma 3

The existence of one-to-one correspondence between F and P+ follows immediately from

the definitions of the mapping in (2.22) and (3.5) which uniquely define q(p) and p(q) for

any p ∈ P+ and any q ∈ F. Furthermore, the Neumann series
∑∞

l=0(Γ(q)V)l exists and

converges (see for instance [Mey00, p. 618] and [SWB09, Theorem A.16]) so that

p(q) =
∞
∑

l=0

(Γ(q)V)lΓ(q)z . (3.65)

Now, considering strict monotonicity and continuity of φk(x) and gk(k) shows that there is

a continuous one-to-one bijection between F and P+ so, by [Rud76, Theorem 4.22], F is a

connected set. Moreover, as gk are strictly increasing, the right-hand side of (3.65) shows

that if q ∈ F and q′ ≤ q,q′ ∈ QK , then we must have q′ ∈ F, which implies downward

comprehensivity. Finally, with (A.2), the convexity property follows from [CIM04, Propo-

sition 5] as it is sufficient that the diagonal of Γ(q) consists of (not necessarily the same)

log-convex functions (see also [BS05, Theorem 1] or [SWB09, Section 5.3]).

3.7.3 Additional proofs for Section 3.3

Proof of Lemma 9

Let n ∈ N be arbitrary. First we prove part (i). Since 1/Pnzc
T
n ≥ 0 and V is ir-

reducible, we can conclude from (3.23) that B(n) ≥ 0 is irreducible as well. Thus, by

the Perron-Frobenius theorem for irreducible matrices [Mey00, HJ85], there exists a pos-

itive vector p which is an eigenvector of B(n) associated with ρ(B(n)), and there are no

non-negative eigenvectors of B(n) associated with ρ(B(n)) other than p and its positive

multiples. Among all the positive eigenvectors, there is exactly one eigenvector p > 0

such that gn(p) = c1. This proves part (i). In order to prove (ii), note that if A(n) was

irreducible, then we could invoke the Perron-Frobenius theorem and proceed essentially

as in part (i) to conclude (ii) (with the uniqueness property resulting from the normal-

ization of the eigenvector so that its last component is equal to c2 > 0). In order to show

that A(n) is irreducible, let G(A(n)) be the associated directed graph of {1, . . . ,K + 1}
nodes [Mey00]. Since ΓV is irreducible, it follows that the subgraph G(ΓV) is strongly

connected [Mey00]. Furthermore, as the vector Γz is positive, we can conclude from (3.21)

that there is a directed edge leading from node K + 1 to each node n < K + 1 belonging

to the subgraph G(ΓV). Finally, note that as ΓV is irreducible, each row of ΓV has at

least one positive entry. Hence, the vector 1/Pnc
T
nΓV has at least one positive entry as
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well, from which and (3.21) it follows that there is a directed edge leading from a node

belonging to G(ΓV) to node K + 1. So, G(A(n)) is strongly connected, and thus A(n) is

irreducible.

3.7.4 Additional proofs for Section 3.4

Proof of Lemma 10

From [SWB09, Theorem 1.7] we know that (3.33) holds and we have equality if p = x,

so it remains to show that p = x is also a necessary condition for equality in (3.33) to

hold. The proof is shown by contradiction. First we consider the case when a column of

B is strictly positive. Let m be the index of this column so that bk,m > 0, k ∈ K. Since

eigenvectors are unique up to scalar multiples, assume there exists p̃ 6= x with p̃m = xm

such that in (3.33) we have equality for p = p̃. From the proof of [SWB09, Theorem 1.7]

we can conclude that this implies, for each k ∈ K:

∑

l∈K

bk,lxl
ρ(B)xk

log
( p̃l
xl

)

= log
(

∑

l∈K

bk,lxl
ρ(B)xk

· p̃l
xl

)

, (3.66)

where, since
∑

l∈K
bk,lxl

ρ(B)xk
= 1, the above condition requires that equality in the corre-

sponding Jensen’s inequality hold. Now, observe that for each l 6= m there exists k0 ∈ K
such that bk0,l > 0 (otherwise, B would be clearly reducible). By assumption, we also

have bk0,m > 0, which implies that (3.66) can be satisfied only if

log
( p̃l
xl

)

= log
( p̃m
xm

)

= log
(xm
xm

)

= 0. (3.67)

The above results from the fact that the logarithm function is strictly concave so that, by

properties of Jensen’s inequality, for u, t ∈ R
L
++ with ||u||1 = 1 and L ≥ 2, equality in

∑

l ul log tl = log(
∑

l ultl) holds only if tl = tk for all k, l. Now, as (3.67) is satisfied for

each l 6= m, and by assumption we have p̃m = xm, we obtain that p̃ = x, which leads to

a contradiction and concludes the first part of the proof.

Now, let us assume that them-th row of B is positive so that bm,l > 0, l ∈ K. Considering

(3.66) for k = m shows that (3.67) must be satisfied for all l 6= m (please note that for

k = m we have bk,l > 0, l ∈ K). Therefore, we again obtain p̃ = x and the proof is thus

complete.
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Proof of Lemma 12

In order to prove the lemma, we first show that q ∈ F if and only if maxn∈N ξn(q) ≤ 1. By

(2.22) with (A.1), we have q ∈ F if and only if there is p ∈ P such that φ(SIRk(p)/γk) ≥ qk

for each k ∈ K. Thus, q ∈ F if and only if

max
p∈P

min
k∈K

(SIRk(p)/γkg(qk)) ≥ 1 , (3.68)

where the maximum always exists. Comparing the above with (3.10) and the subse-

quent discussion shows that (3.68) can be interpreted as feasibility condition with SIR

requirements given by γkg(qk) instead of γk, k ∈ K, or, equivalently and by (3.35), with

G(q)Γ = Γ(q) instead of Γ, and Γ(q) is a positive diagonal matrix as well. Thus, by

(3.17), Theorem 1 and Theorem 2, we have q ∈ F if and only if λ = maxn∈N ξn(q) ≤ 1.

This concludes the first part of the proof.

Now, it remains to show that q ∈ ∂F if and only if λ ≤ 1 is satisfied exactly with

equality. Considering mapping from F to P+ given by (3.5), we can conclude by from

(A.1) (see also the proof of Lemma 3) that p(q) is strictly increasing in each entry of q.

On the other hand, for any q′,q′′ ∈ F such that q′ > q′′ we have G(q′)B(n) ≥ G(q′′)B(n)

with equality possible only at entries that are equal 0, and in consequence it can be shown

that ξn(q′) > ξn(q′′), n ∈ N . Thus, as F is downward comprehensive and q /∈ ∂F holds if

and only if all power constraints are inactive, for every q ∈ int(F), there is q̃ ∈ ∂F such

that q̃ = q + u for some u > 0. This implies that ξn(q) < ξn(q + u) = ξn(q̃) ≤ 1 for

each n ∈ N . So, if maxn∈N ξn(q) = 1, then q ∈ ∂F. Conversely, if q ∈ ∂F, we must have

maxn∈N ξn(q) = 1 since otherwise there would exist q̃ /∈ F such that maxn∈N ξn(q̃) = 1,

which would contradict Theorem 2. This completes the proof.

Proof of Theorem 6

Let q̃ ∈ ∂F and n0 = arg maxn∈N ξn(q) be arbitrary and note that F is a convex set.

So, by Lemma 11, there is w > 0 such that q̃ maximizes q 7→ wTq over F. Lemma 12

implies that this convex problem can be stated as q̃ = arg maxqw
Tq subject to ξn0(q) =

1,q ∈ QK . Due to (A.1) and (A.3), the spectral radius is continuously differentiable on

QK . Thus, the Karush-Kuhn-Tucker conditions [BV04], which are necessary and sufficient

for optimality (due to the convexity property), imply that w is parallel with ∇ξn0(q).

Now, by [DN84], we have
∂ξn0 (q)

∂qk
= ykg

′(qk)
∑

l∈K b
(n0)
k,l xl = g′(qk)

g(qk)
yk
∑

l∈K g(qk)b
(n0)
k,l xl =

ξn0(q)g
′(qk)
g(qk)

ykxk = g′(qk)
g(qk)

ykxk for each k ∈ K where y and x are left and right positive

eigenvectors of G(q)B(n0) associated with ξn0(q), which, by irreducibility, are unique up

to positive multiples.
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Proof of Corollary 2

As V is irreducible, Observation 2 and Proposition 1 imply that p̄ corresponds to a point

q̄ ∈ ∂F. Since q∗(w) ∈ ∂F for any w > 0, it follows from Theorem 6 that q̄ = q∗(w)

if and only if w is has the form (3.36). Now by Observation 2, we have q̄1 = · · · = q̄K .

Thus, as both g and its derivative g′ are strictly monotonic (by (A.1) (A.2), , (A.3)), we

must have u(q̄) = a1, a > 0 and G(q̄) = 1/ρ(B(n0))I. Thus, the corollary follows from

Theorem 6.

Proof of Lemma 13

Part (i) states that there exist at least one entry k such that qk < q̄k, and at least one entry

l such that ql > q̄l. This can be shown easily by contradiction, as any vector q ∈ ∂F̃(q̄)

with qk > q̄k, ∀k ∈ K would be strictly larger than q̄ in all entries and thus cannot belong

to F. Similarly, for any vector q ∈ ∂F̃(q̄) with qk < q̄k, ∀k ∈ K we would have q < q̄ so

that q /∈ ∂F. This proves part (i).

As for part (ii), for any given s ∈ {−1,+1}K with sk 6= sl for some k, l ∈ K, k 6= l, let

K+(s) , {k ∈ K : sk = 1} so that 1 ≤ |K+(s)| ≤ K − 1. Now, by strict convexity and

downward comprehensivity of F, we can always find a feasible vector that in one given

entry is slightly larger than the corresponding entry of q̄, provided that it is sufficiently

smaller in at least one other entry. Therefore, for sufficiently small ǫ > 0 and sufficiently

big {δk}k/∈K+(s), the vector q̃(l) constructed as

q̃k(l) =











q̄k − δk, k /∈ K+(s)

q̄k, k ∈ K+(s), k 6= l

q̄k + ǫ, k = l

will belong to the QoS region and we will have q̃(l) ∈ F for all l ∈ K+(s) (please note that

this holds under the assumption that 1 ≤ |K+(s)| ≤ K − 1). Again, by strict convexity,

for the convex combination of vectors q̃(l) defined as q̃ =
∑

l∈K+(s) clq̃(l) with cl > 0 and
∑

l∈K+(s) cl = 1 there will hold q̃ ∈ F. Now, by sufficiently increasing q̃ in the entries

k ∈ K+(s) a point q̃′ ≥ q̃ such that q̃′ ∈ ∂F̃(q̄) can be obtained. By construction, we have

σ(q̃′, q̄) = s which completes the proof.
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Proof of Theorem 7

First assume we have w ∈ W so that w =
∑

n0∈N0(p̄)

∑

s∈S αn0βsw
(n0)
s . Now, considering

maxq∈FwTq we have

max
q∈F

wTq ≤
∑

n0∈N0(p̄)

∑

s∈S
αn0βs max

q∈F
w

(n0)T
s q .

From Proposition 3 we can conclude that q = q̄ maximizes w
(n0)T
s q for all N0(p̄) and all

s ∈ S. This implies that wTq reaches its upper bound for q = q̄ so that q̄ is a maximizer

of wTq, i.e., we have p̄ = p∗(w). That completes the first part of the proof.

On the other hand, assume a vector w > 0 such that p̄ = p∗(w) or, equivalently,

q̄ = q∗(w). Let N0(p̄) = {n0} first for simplicity. Since q̄ = q∗(w), we have wT (q−q̄) < 0

for all q ∈ F such that q 6= q̄. Now, let wT q̄ = t and consider a hyperplane given by wTq =

t − δ for some δ > 0. This hyperplane “slices off” from the utility region F a bulge-like

subset containing q = q̄. Consider the intersection of the hyperplane with the boundary

given by Iδ(∂F,w) = {q ∈ ∂F : wTq = t − δ}, and for any q′ ∈ Iδ(∂F,w) there exists

w′ = w′(q′) such that q′ maximizes w′(q′)Tq over F. It can be easily observed that vector

w, which is obviously normal to the hyperplane, can be represented as linear combination

of w′(q′) for q′ ∈ Iδ(∂F,w). For building the linear combination, it is also sufficient to

consider q′ ∈ Iδ(∂F,w) ∩ ∂F̃(q̄). Also, please note that the set Iδ(∂F,w) ∩ ∂F̃s(q̄) is not

empty for any s ∈ S. Now, by letting δ → 0 we have q′ → q̄ for all q ∈ Iδ(∂F,w).

Thus, by the construction in the proof of Proposition 3, we have w′(q′) → w
(n0)
s for all

q′ ∈ Iδ(∂F,w)∩ ∂F̃s(q̄) for any s ∈ S. This shows that in the limit, w can be represented

as a linear combination of w
(n0)
s , s ∈ S. By reasoning along similar lines, we can also show

that this results can be easily extended to |N0(p̄)| ≥ 1. The theorem is thus proven.

3.7.5 Additional proofs for Section 3.5

Proof of Lemma 15

The result is proven using Hölder’s inequality (see e.g., [SWB09, Theorem A.4]), which

we recite below for convenience.

(Hölder’s inequality.) Let u ∈ R
K
+ and v ∈ R

K
+ be arbitrary. Then,

〈u,v〉 ≤ ‖u‖p‖v‖q , (3.69)

where p, q > 1 are chosen so that 1/p + 1/q = 1. Equality holds if and only if vk =

c up−1
k , 1 ≤ k ≤ K, for some constant c > 0.
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With the above, for any k ∈ K we obtain

(Bp̂)1−µ
k (Bp̌)µk =

(

∑

l∈K
bk,lp̂l

)1−µ(∑

l∈K
bk,lp̌l

)µ

(a)

≥
∑

l∈K

(

bk,lp̂l
)1−µ(

bk,lp̌l
)µ

=
∑

l∈K
bk,lp̂

1−µ
l p̌µl

=
∑

l∈K
bk,lpl(µ) = (Bp(µ))k ,

where (a) is the application of Hölder’s inequality for ul = (bk,lp̂l)
1−µ and vl = (bk,lp̌l)

µ, l ∈
K with p = 1

1−µ and q = 1
µ . Now, assume that the lemma is false and we have equality

in (a) for all k ∈ K. This implies that vk = ck u
p−1
k , ck > 0, k ∈ K, and by some simple

algebra we equivalently obtain bk,lp̌l = c′kbk,lp̂l with c′k = c
1/µ
k .

Fist, let us consider the case when one column of matrix B is positive and let l = l0

be the index of this column so that bk,l0 > 0, k ∈ K. Now, we have bk,l0 p̌l0 = c′kbk,l0 p̂l0
if and only if p̌l0 = c′kp̂l0 , which, considering p̂, p̌ > 0 implies that c′k = c′ > 0 for all

k ∈ K. However, since, on the other hand, the matrix B has in each column at least one

positive entry (otherwise, it would be reducible), we know that for any l ∈ K, there exists

k = k0(l) such that bk0(l),l > 0. Thus, for any l we have bk0(l),lp̌l = c′bk0(l),lp̂l if and only if

p̌l = c′p̂l. Considering ||p̂||1 = ||p̌||1 this shows that p̂ = p̌, which leads to a contradiction

and concludes the first part of the proof.

For the case of a matrix B with one positive row, let k = k0 be the index of this row so

that bk0,l > 0 for all l ∈ K. Now, bk0,lp̌l = c′k0bk0,lp̂l implies that p̌l = c′k0 p̂l for all l ∈ K.

Thus, we obtain contradiction as in the case above and the proof is complete.

Proof of Theorem 10

For the “min-max” part, consider sup
u∈Π+

K
G(u,p) = max

u∈Π+
K
θ
(

γk
SIRk(p)

)

, where the

maximum is attained if and only if we have γk
SIRk(p)

= γl
SIRl(p)

for all k, l ∈ K. From

Lemma 7 and Theorem 1 follows that if p 6= p̄ then there exists k ∈ K such that γk
SIRk(p)

>

β = ρ(B(n0)) for any n0 ∈ N0. Thus, if p 6= p̄ we have sup
u∈Π+

K
G(u,p) > θ(ρ(B(n0))).

On the other hand, with p = p̄ and considering Lemma 18 and Lemma 14 we obtain

max
u∈Π+

K

G(u, p̄) = max
u∈Π+

K

GB(u, p̄) = θ(ρ(B(n0))) . (3.70)

Since for any p 6= p̄ we have max
u∈Π+

K
G(u,p) = sup

u∈Π+
K
G(u,p) > θ(ρ(B(n0))) (the

equality holds if the maximum is attained), we can conclude that p 6= p̄ cannot be a
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minimizer of max
u∈Π+

K
G(u,p). This shows that for any n0 ∈ N0,

min
p∈P+

max
u∈Π+

K

G(u,p) = θ(ρ(B(n0))) (3.71)

and p = p̄ is the unique minimizer, which completes the proof of the “min-max” part.

In order to show the “max-min” part, considering Lemma 18 yields

min
p∈P+

G(u,p) ≥ min
p∈P+

GB(n)(u,p), n ∈ N , (3.72)

since applying minimum operator preserves inequality. Now, it can be easily seen that

for any u ∈ Π+
K , if p∗ = arg minp∈P+ G(u,p), there exists at least one n ∈ N such that

ηn(p∗) = 1. By Lemma 18 this implies that there always exists n ∈ N for which (3.72)

is satisfied with equality, and we have minp∈P+ G(u,p) = maxn∈N minp∈P+ GB(n)(u,p).

Thus, by maximizing over u ∈ Π+
K we obtain

max
u∈Π+

K

min
p∈P+

G(u,p) = max
u∈Π+

K

max
n∈N

min
p∈P+

GB(n)(u,p)

(a)
= max

n∈N
max
u∈Π+

K

min
p∈P+

GB(n)(u,p)

(b)
= max

n∈N
θ
(

ρ(B(n))
)

= θ
(

max
n∈N

ρ(B(n))
)

,

(3.73)

where (a) is due to the fact that the maximum operators are interchangeable, and (b)

is given by Lemma 17. Moreover, by Lemma 17 and Theorem 9 we know that for any

n0 ∈ N0, (b) holds if and only if p = p∗ = c · x(n0), so that considering ηn0(p∗) = 1,

Theorem 1 implies that p = p̄ which a unique vector.

From Theorem 9 we also know that for any n0 ∈ N0, there exists a set W(n0) with

w(n0) ∈ W(n0) such that (b) in (3.73) holds if and only if u(n0) ∈ W(n0). Now, assuming

any u ∈ W so that u =
∑

n0∈N0
αn0u

(n0) with
∑

n0∈N0
αn0 = 1 yields

min
p∈P+

G(u,p)
(a)
= min

p∈P+

∑

n0∈N0

αn0G(u(n0),p)
(b)
=

∑

n0∈N0

αn0ρ(B(n0)) = ρ(B(n0)) (3.74)

for any n0 ∈ N0. In the above, (a) is by construction of the function G(u,p), and (b)

is due to the fact that p̄ is the common (and unique) minimizer of G(u(n0),p) for any

n0 ∈ N0 so it also minimizes
∑

n0∈N0
αn0G(u(n0),p) and is its unique minimizer (see also

proof of Theorem 7). This shows that u ∈ W is a sufficient condition to hold, and we have

p∗ = p̄. Furthermore, following the lines of the proof of Theorem 7 it can be easily shown

that p̄ = arg minp∈P+ G(u,p) implies that u is a linear combination of vectors u(n0) for
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n0 ∈ N0. Now, combining the above with (3.71) and (3.73) concludes the proof.
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4 Feasibility of QoS targets under channel

fading

Thus far, we focused on linear interference networks in which all the wireless links and,

implied by that, the gain matrix were constant. However, in real life the wireless channel

is subject to fading and random in nature, we will therefore devote this chapter to the

problem of power control and feasibility of given SIR targets in presence of fading. The

main question we intend to answer is: how to characterize the feasibility of certain SIR

targets (or in general, QoS targets) in a network in which the channel gains undergo fading

and are in consequence random variables. We restrict our attention to the case of slow

fading, so that the coherence time is relatively long compared to the time required for

channel estimation and execution of (distributed) power control algorithms. In this case,

it is reasonable to assume that for any channel realization, optimal power control can be

performed, so that the QoS targets are achieved if only they are feasible. As this chapter

constitutes the continuation of the study of the linear interference network, we derive the

results using, among others, tools from the theory of non-negative matrices.

In our analysis in this chapter, we assume for simplicity that the transmit powers at

the users are unconstrained. From our previous considerations in Sections 2.7 and 3.2.1,

and, in particular, from Lemma 1, we can conclude that for a given channel realization

(described by the gain matrix V), the feasibility of the SIR requirements given by Γ is

determined by the value of the spectral radius of ΓV. Under channel fading the gain matrix

is however random, therefore its spectral radius is also a random variable. The feasibility

of the QoS targets can be thus characterized only stochastically. To this end, we introduce

the notion of the network outage probability, whereas network outage is the event that

there is no power allocation such that each user achieves its QoS target. Equivalently,

the network is said to be in outage if the QoS targets are not achieved under max-min

SIR-balancing power control policy. By the previous results mentioned above, this can be

expressed as a condition on the spectral radius of ΓV. Moreover, we extend the notion

of the feasible QoS region given by (2.22) to the stochastic case by defining the feasible

QoS region as the set of all QoS vectors for which the network outage probability lies

below some predefined level. Since direct computation of the network outage probability
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seems infeasible, we prove some bounds and approximations under the assumption that

all channels are subject to Rayleigh fading. The obtained results allow for the formulation

of necessary and sufficient conditions for feasibility of the desired performance values in a

slow fading network.

It is worth emphasizing that the problem formulation is quite novel and thus the re-

lated work on this topic is limited. Reference [PED05] addressed the (stochastic) power

control problem with outage probability constraints on each user, and it mentioned that

the feasibility problem (with respect to network outage probability) is unsolved. Some

upper and lower bounds were also provided. Another related work is [WBS07] where the

authors provide asymptotically almost sure lower and upper bounds on the max-min fair

performance with arbitrary channel fading. Some preliminary results related to the ones

included in this thesis but limited to the case of a common SIR requirement were presented

in [SBW07].

For the further analysis, it is not directly required to specify how the SIR targets are

achieved (i.e., which power control algorithm is used). Note that by considerations in

Sections 2.7 and 3.2.1, any Γ is feasible if it is achieved under max-min SIR-balancing

policy. This policy results however in an “over-satisfaction” of the SIR and QoS targets and

increased transmit powers – in fact, without power constraints, transmit powers explode

to infinity. Therefore, a more suitable approach is provided by centralized and distributed

power control algorithms that achieve the SIR targets at the minimal total power [Yat95].

Further overview is provided by [BCP00] and references therein.

4.1 Assumptions and problem statement

The model under study, assuming first any random but fixed channel realization, is a linear

interference network described in Section 2.3. Recalling that we consider unconstrained

transmit power vectors p ∈ P = R
K
++, the feasibility of a vector of SIR targets Γ (as

defined by a condition on C(Γ) in (2.17)) is characterized by Lemma 1.

Moreover, we assume that in general the performance measure of interest on link k ∈ K
is some QoS function φk(SIRk(p)), with function φk satisfying (A.1). For the sake of

simplicity, we assume that there is a common QoS function φk(SIRk(p)) = φ(SIRk(p))

for all k ∈ K and the inverse function is denoted as γ(x) , φ−1(x). All the results in

this chapter can be however trivially extended to the case of different QoS functions by

replacing each γ(qk) with gk(qk) where gk(x) = φ−1
k (x). In addition, for the convenience of

notation, we denote Kk , K\ k = {1, . . . , k− 1, k+ 1, . . . ,K}, as well as Kk,l , Kk ∩Kl =

K \ {k, l} for k 6= l.
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4.1 Assumptions and problem statement

4.1.1 Random channel gains

Until the end of this chapter, slightly abusing notation, we consider all the channel gains

Gkl for k, l ∈ K to be random variables. In consequence, the gain matrix V and the noise

vector z are also assumed to be random variables (please note however that due to the

lack of power constraints the noise vector z does not influence the feasibility of the QoS

requirements).

To facilitate the analysis, we denote the channel gains on the signal paths as dk = Gkk,

with all the signal path gains collected in the signal matrix D = diag(d1, d2, . . . , dK).

As for the interference gains, we use the notation κgk,l = Gk,l for the interference path

from the l-th transmitter to the k-th receiver, with gk,k = 0, k ∈ K. Motivated, among

others, by the properties of CDMA systems, we introduce κ (sometimes referred to as the

orthogonality factor), which models the decrease of interference gains due to increasing

bandwidth as the number of users K grow. The advantage of this model is that we can

assume a certain probability distribution for the (normed) interference gains gk,l, which

is independent of the network size K, and take the decreasing averaged interference into

account by using an appropriate function κ = κ(K). Now, with all the interference gains

collected in the interference matrix κG = [κgk,l] with trace(G) = 0, we can represent the

gain matrix as V = κD−1G, and in consequence the feasibility condition (3.3) can be

equivalenty expressed as

ξ(q) = κρ
(

Γ(q)D−1G
)

< 1 . (4.1)

As mentioned above, the orthogonality factor κ = κ(K) is intended to model the decrease

of interference gains as the number of users K grow, and is therefore a positive non-

increasing function of K. The orthogonality factor κ is inversely proportional to the

available bandwidth. Thus, in the following, we will differentiate between two cases, which

model two possible scaling behaviors of the system bandwidth with the increasing number

of users. First, assuming a linear relationship between K and the available bandwidth

(see for instance [TH99]) we obtain

(A.4) κ = κ(K) = β/K,

where β > 0 denotes the load factor. Another relationship of interest between κ and K

is

(A.5) κ = κ(K) = β/K2,

which is equivalent to assuming that the number of users increases as the square root of

the bandwidth.

In our analysis, we focus on the Rayleigh fading. Thus, unless otherwise stated, it is

assumed that
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4 Feasibility of QoS targets under channel fading

(A.6) gk,l, l ∈ Kk, k ∈ K, are independent exponentially distributed random variables with

E{gk,l} = 1/λk,l and the variance being equal to 1/λ2k,l, where λk,l > 0 are given

parameters. This is denoted by gk,l ∼ E(λk,l).

The assumption of exponential distribution is the direct consequence of assuming Rayleigh

fading. In fact, for a wireless link in which both the transmitter and the receiver are

equipped with a single antenna element, under Rayleigh fading for the effective complex-

valued channel coefficient h we have h ∼ CN (0, σ2) (circular-symmetric complex normal

distribution with zero mean and variance σ2). From standard results in probability theory

we know that amplitude |h| follows the Rayleigh distribution and the effective channel

gain |h|2 follows the exponential distribution E(1/σ2). Similarly, we assume that

(A.7) the diagonal entries dk, 1 ≤ k ≤ K, are independent exponentially distributed ran-

dom variables with dk ∼ E(ηk), where ηk > 0 are given parameters.

With (A.6) and (A.7), the off-diagonal entries of the gain matrix V = κD−1G are

equal to κgk,l/dk, 1 ≤ k, l ≤ K, k 6= l, where dk is a positive random variable. Therefore,

we see that V is irreducible with probability one and each off-diagonal entry of V has

an absolutely continuous marginal distribution. In fact, if (A.6) and (A.7) hold, then

computing the marginal distribution function FV (z) of vk,l = κgk,l/dk, k 6= l for z > 0

yields

FV (z) = P (gk,l < zdk/κ)

=

∫ ∞

0

∫ zy/κ

0
fdk(y)fgk,l(x)dxdy =

∫ ∞

0
fdk(y)Fgk,l(zy/κ)dy

=
z

z + κηk/λk,l
=

z

z + κωk,l
,

(4.2)

where fdk(y) and fgk,l(x) are probability density functions of dk and gk,l, respectively,

Fgk,l(x) is the cumulative distribution function of gk,l, and

ωk,l , ηk/λk,l > 0 . (4.3)

The density function is fV (z) = ωk,l/(z/κ + ωk,l)
2 = ηkλk,l/(λk,lz/κ + ηk)2, z > 0. Note

that as the integral
∫∞
0 xfV (x)dx does not converge, the entries of V have no expectation.

4.1.2 Network outage probability

If dk and gk,l are random variables, so is the spectral radius ξ(q) = κρ
(

Γ(q)D−1G
)

.

Therefore, the definition of (deterministic) feasible QoS region in (3.4) is not sufficient

as it depends on the realization of random variables and is therefore itself random. In
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4.2 Characterization based on an inequality for Hadamard product of matrices

order to extend the concept of feasibility of given QoS targets provided in Section 3.2 (see

Lemmas 1 and 2) to the case of a random gain matrix, we introduce the notion of network

outage probability, which is defined as the probability that no power allocation exists so

that the QoS targets can be fulfilled. This is formalized in the following definition.

Definition 6 (Network outage probability). For a random gain matrix V and for a given

vector of QoS requirements q, the network outage probability is given by

Pout(q) , P (∀p ∈ P+, ∃k ∈ K : φk(SIRk(p)) < qk) . (4.4)

Now, using (3.4) and Lemma 2, the network outage probability Pout(q) can be expressed

as

Pout(q) = P (q /∈ F) = P (ξ(q) ≥ 1) . (4.5)

The basis for extending the notion of feasibility to the random case is the observation that

from the practical point of view, it is often reasonable to require that Pout(q) ≤ α for

some given constant α ∈ (0, 1]. Therefore, some given QoS targets q can be said to be

feasible if and only if Pout(q) ≤ α. So, in this case, the feasible QoS region (with respect

to the network outage probability) is

Fα ,
{

q ∈ QK : Pout(q) ≤ α ∈ (0, 1]
}

. (4.6)

To the best of our knowledge, a necessary and sufficient condition (expressed in terms of

the network parameter) is not known. The main difficulties in the analysis result from 1)

nonnegativity of V, 2) non-symmetry of V and 3) the fact that the entries of V are not

independent.

4.2 Characterization based on an inequality for Hadamard

product of matrices

In this section, we derive bounds and approximations for the network outage probability

by utilizing the following well-known result [HJ91, Observation 5.7.4]: For any A ≥ 0 and

B ≥ 0, there holds

ρ(A ◦B) ≤ ρ(A) ρ(B) , (4.7)

where A◦B denotes element-wise multiplication of A and B, which is called the Hadamard

product. In general, the bounds are poor under (A.6)–(A.7) (they become tight as the SIR

requirements tend to zero). However, they are of relatively simple form and can be applied
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4 Feasibility of QoS targets under channel fading

to any distribution of the entries of V. The techniques give rise to an approximation. The

results are obtained by utilizing specially constructed auxiliary matrices, for which the

spectral radius can be expressed in closed form.

4.2.1 Bounds on the network outage probability

Consider a matrix A(q) = (ak,l) ≥ 0, given by

ak,l =

{

γ(qk)
dk

, k 6= l

0, k = l

for 1 ≤ k, l ≤ K. Equivalently, ak,l can be compactly expressed as ak,l = γ(qk)
dk

(1 − δk−l),

where δl is used to denote the Kronecker symbol, thus trace(A(q)) = 0. Hence, for any

fixed D ≥ 0 and G ≥ 0, putting A = A(q) and B = G yields ξ(q) = κρ(A(q) ◦ G) ≤
κρ
(

A(q)
)

· ρ(G). This can be used to prove the following.

Proposition 5. For any given V ≥ 0, if there holds

∑

k∈K

κγ(qk)ρ(G)

dk + κγ(qk)ρ(G)
< 1 , (4.8)

then q ∈ F.

Proof. By construction of A(q), we have ξ(q) ≤ κρ
(

A(q)
)

· ρ(G) so that the sufficient

condition for feasibility of q is

ρ
(

A(q)
)

<
1

κρ(G)
. (4.9)

Let u > 0 be the right Perron eigenvector of A(q). Letting ‖u‖1 = 1, from the condition

Au = ρ(A)u we can compute u as

uk =
γ(qk)/dk

ρ(A(q)) + γ(qk)/dk
, k ∈ K .

Since ‖u‖1 =
∑

k∈K uk = 1, it follows that
∑

k∈K
γ(qk)/dk

ρ(A(q))+γ(qk)/dk
= 1. Now, it can

be observed that the function f : R++ → R++ given by f(x) ,
∑

k∈K
γ(qk)/dk

x+γ(qk)/dk
with

f
(

ρ(A(q))
)

= 1 is a strictly decreasing function. Therefore, (4.9) is equivalent to

f
( 1

κρ(G)

)

< f
(

ρ
(

A(q)
)

)

= 1 ,

from which immediately follows (4.8).
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4.2 Characterization based on an inequality for Hadamard product of matrices

Similarly, defining Ã(q) as (Ã(q))k,l = dk/γ(qk)(1 − δk−l), 1 ≤ k, l ≤ K > 0, we have

κρ(G) = κρ
(

A(1/q) ◦ Γ(q)D−1G
)

≤ ρ
(

Ã(q)
)

· ξ(q), leading us to the following.

Proposition 6. For any given V ≥ 0, if q ∈ F, then

1 <
∑

k∈K

dk
dk + κγ(qk)ρ(G)

. (4.10)

Proof. For any q ∈ F, there holds ξ(q) < 1 which by construction of Ã(q) implies the

following necessary condition for feasibility of q:

κρ(G) < ρ
(

Ã(q)
)

. (4.11)

Proceeding analogously as in the proof of Proposition 5, calculating the Perron eigenvector

of Ã(q) leads to the condition
∑

k∈K
dk

dk+γ(qk)ρ(Ã(q))
=1. Considering the fact that the

function f̃(x) ,
∑

k∈K
dk

dk+γ(qk)x
is strictly decreasing and combining with (4.11) yields

the result.

Now we use the above propositions to derive bounds on the network outage probability.

For large values of K, if V is random, ρ(G) is often approximately equal to some positive

number. In fact, in what follows, it is assumed that

(A.8) ρ(G) = K
λ ,K ≫ 1 for some λ > 0.

In words, we assume that ρ(G)/K is constant for large values of K. In addition to

numerical tests, the assumption is motivated by the fact that K/λ is the ”natural” con-

jecture for the limit of the spectral radius (as K → ∞) if, for instance, the variance

Var(gk,l) = 1/λ2, l 6= k. To see this, consider matrix 1
KGG. Its element in the k-th row

and l-th column is given by

[
1

K
G2]k,l =

1

K

K
∑

i=1

gk,igi,l

so that considering the expected value of the entries we obtain

E
{

[
1

K
G2]k,l

}

=
1

λ2
(1 − b

K
),

where b = 1 if k = l and b = 2 for k 6= l. Furthermore, we have

E
{

[
1

K
G2]2k,l

}

=
3(K − b)

K2λ4

Var
{

[
1

K
G2]k,l

}

=
1

K
· 3

λ4
(1 − b

K
) .

85



4 Feasibility of QoS targets under channel fading

Hence, for large values of K, 1
KG2 resembles the matrix 1/λ211T where 1 is the vector of

K ones. Since ρ(11T ) = K, we have ρ( 1
KG2) ≈ 1

λ2 ρ(11T ) = K
λ2 and ρ(G) ≈ K

λ .

Combining the above assumption with Propositions 5 and 6 leads us to the following

result.

Proposition 7. If (A.8) holds, then

P
(

∑

k∈K

dkλ

dkλ+ κγ(qk)K
≤ 1
)

≤ Pout(q) ≤ P
(

∑

k∈K

κγ(qk)K

dkλ+ κγ(qk)K
≥ 1
)

. (4.12)

Please note that assumption (A.6) in the case of equal λk,l for each k, l implies assump-

tion (A.8) for large K and with it also Proposition 7. The assumption of the exponential

distribution of gk,l stated in (A.6) is however not necessary for Proposition 7 to hold as

(A.8) is more general and can be satisfied for other distributions of interference channel

gains.

4.2.2 Approximation of the network outage probability

In this section, for brevity, we assume that

(A.9) gk,l ∼ E(λ), l ∈ Kk, dk ∼ E(η), k ∈ K and ω , η/λ.

Under this assumption, we exploit the central limit theorem [Shi96, pp. 321–348] to

approximate the network outage probability. In doing so, we make the following assump-

tion.

(A.10) Pout(q) = P (ξ(q) ≥ 1) = P (ρ(A(q)) ≥ λ/κ).

To motivate this assumption, apart from numerical tests we can reason along similar lines

as in the case of (A.8) to conclude that, for large values of K, and for any given realization

of the matrix D, VV resembles the matrix B = (bk,l) with bk,l = 1
λ2

γ(qk)
dk

∑

j 6=k,l
γ(qj)
dj

and

bk,k = 1
λ2

1
dk

∑

j 6=k
γ(qj)
dj

. So, the spectral radius of VV is then near to ρ(A(q))2/λ2 and

that of V near to ρ(A(q))/λ.

If (A.10) holds, we obtain

Pout(q) = P (SK ≥ 1) = 1 − FSK
(1) , (4.13)

where SK =
∑

k∈K Uk with Uk = γ(qk)/dk
λ/κ+γ(qk)/dk

∈ (0, 1]. The probability distribution of Uk

is (with x > 0)

P (Uk < x) = exp
(

−ck(x−1 − 1)
)

, ck , γ(qk)ηκ/λ .
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Since Uk are independent, K is large and the Lindberg condition [Shi96, p.329] is satisfied,

it is reasonable to approximate Pout(q) in (4.13) by assuming that

(A.11) (SK −mK)/sK has standard normal distribution,

where mK =
∑

k∈K µk and s2K =
∑

k∈K σ
2
k are the expected value and the variance of SK ,

respectively, and

µk = E(Uk) = cke
ck(−Ei(−ck))

σ2k = V (Uk) = ck + c2ke
ckEi(−ck) − c2ke

2ckEi2(−ck) .

Here and hereafter, Ei(x) = −
∫∞
−x

e−t

t dt denotes the exponential integral. Now the above

considerations are summarized in the following observation.

Observation 4. If (A.7) and (A.9)–(A.11) hold, then

Pout(q) = 1 − Φ
(1 −mK

sK

)

=
1

2
− 1

2
erf
(1 −mK

sK
√

2

)

, (4.14)

where erf(x) = 2/
√
π
∫ x
0 exp(−t2)dt and Φ(x) = 1/2 + erf(x)/2.

Figure 4.1 depicts a comparison of the above approximation with the network outage

probability.

0 20 40 60 80 100
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Outage Probability

Approximation

β = 0.1

κ = β/K
γk = 1

λ = η = 1

0 20 40 60 80 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Outage Probability

Approximation

λ = η = 1

κ = β/K2
γk = 1

β = 2

Figure 4.1: The network outage probability Pout(q) and its estimation given by (4.14)
based on 1000 generations of the gain matrices V for each K.

Finally, we point out that (4.14) can be used to estimate the asymptotic behavior of

the network outage probability as K → ∞. Indeed, as K → ∞, we have κ → 0, and

hence ck → 0 for each k ∈ K. Furthermore, Ei(−x) ≈ ln(x) for sufficiently small x > 0.
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4 Feasibility of QoS targets under channel fading

Therefore, for sufficiently large K, we have µk ≈ −ck ln(ck) and σ2k ≈ ck, which, with

κ = β/Kν , ν = 1, 2, yields

Pout(q) ≈ 1 − Φ
[

Θ
(√

Kν−1 − ln(Kν)/
√
Kν−1

)]

, K → ∞ .

For improved readability, we do not use in the above the rather cumbersome algebraic

expressions and use the resulting order terms instead. The notation f(K) = Θ(g(K))

with K → ∞ for some function f and g means that f have asymptotically the same

growth as g, that is, we have f(K) = O(g(K)) as well as g(K) = O(f(K)) where O is the

Landau symbol. Now, if ν = 1, Pout(q) → 1. In contrast, Pout(q) → 0 if ν = 2. Numerical

experiments confirm this observation.

4.3 Bounds derived from the Collatz-Wielandt characterization

In order to derive upper and lower bounds on the network outage probability (4.5), we

will utilize the Collatz-Wielandt type characterization of the spectral radius (see Lemma

19 in Appendix 3.7.1). The results presented below are a generalization of the case of a

common SIR requirement analyzed in [SBW07].

By (3.63), one obtains

ξ(q) ≤ ρ(q) = max
1≤k≤K

κγ(qk)
∑

l vk,lsl
sk

(4.15)

for all s > 0. Equality holds if s is a right positive eigenvector of Γ(q)V. Choosing

s = (γ(q1), . . . , γ(qK)) > 0 yields

ξ(q) ≤ ρ(q) = max
1≤k≤K

κ

dk

∑

l

gk,lγ(ql) . (4.16)

Analogously, by using (3.64), we can obtain the following lower bound:

ξ(q) ≥ ρ(q) = min
1≤k≤K

κ

dk

∑

l

gk,lγ(ql) . (4.17)

In the further analysis, we will characterize the term which is the argument of the maxi-

mum (minimum) operator in (4.16) and (4.17). For m ∈ K, let

Zm =
κ

dm

∑

l∈K
gm,lγ(ql) =

κ

dm

∑

l∈Km

gm,lγ(ql) (4.18)

be a random variable that depends only on the mth row of the matrix Γ(q)V (with the
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second equality resulting from gm,m = 0,m ∈ K. Therefore, Z1, . . . , ZK are independent

random variables and, by (4.16), (4.17) and (4.18), we have

min
m∈K

Zm = ρ(q) ≤ ξ(q) ≤ ρ(q) = max
m∈K

Zm .

Now we are going to find the distribution of Zm for some arbitrary but fixed m ∈ K. For

clarity of presentation, let us define Y , dm, Xl , κ gm,lγ(ql), l ∈ Km, n = |Km| = K−1,

Sm ,
∑

l∈Km
Xl and Z , Sm/Y . Hence, by the definitions, we have Z = Zm. Now note

that Sm is the sum of n independent exponentially distributed variables Xl, l ∈ Km, so

that Xl ∼ E(λl) and

λl ,
λm,l

κγ(ql)
, l ∈ Km . (4.19)

For the sake of simplicity, assume that

(A.12) λl 6= λk for any l, k ∈ Km .

The probability density function of Sm is given by [Kor97]

fSm(x) =
∑

k∈Km

∏

l∈Km,k

λl
λl − λk

fXl
(x), x ≥ 0

where fXl
(x) = λl exp(−λlx), x ≥ 0 and Km,k = K \ {m, k}. The cumulative probability

distribution of Sm can be calculated as

FSm(x) =
∑

k∈Km

∏

l∈Km,k

λl
λl − λk

(1 − exp(−λkx)), x ≥ 0 .

Using the above and the independence of Sm and Y , we can determine the cumulative

distribution function of Z:

FZ(z) = P (Z < z) = P (Sm < zY ) =

∫∫

x<zy
fSm,Y (x, y)dxdy

=

∫ ∞

0
fY (y)

∫ zy

0
fSm(x)dxdy =

∫ ∞

0
fY (y)FSm(zy)dy

=

∫ ∞

0
ηm exp(−ηmy)

∑

k∈Km

∏

l∈Km,k

λl
λl − λk

(1 − exp(−λkzy))dy

=
∑

k∈Km

∏

l∈Km,k

λl
λl − λk

λkz

ηm + λkz
.

(4.20)

Now we are in a position to prove the following result.
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4 Feasibility of QoS targets under channel fading

Proposition 8. Let m ∈ K and let (A.6)–(A.7) be satisfied. The distribution function of

Z = Zm defined by (4.18) is

FZ(z) =
zn
∏

j∈Km
λj

∏

j∈Km
(λjz + ηm)

=
∏

j∈Km

z

z + ηm
λj

, z > 0 , (4.21)

where n = |Km| = K − 1.

Proof. For simplicity, we prove the proposition under the assumption (A.12). The general

case λl ≤ λk, l, k ∈ Km, can be shown as a limiting case of the above by considering the

Fubini theorem and the Lebesgue dominance theorem.

By the above derivation, we have FZ(z) =
zn

∏
j∈Km

λj∏
j∈Km

(λjz+ηm)G(z), z > 0 where

G(z) =
∑

k∈Km

∏

j∈Km
(λjz + ηm)

zn−1

1

λkz + ηm
∏

l∈Km,k
(λl − λk)

=
∑

k∈Km

∏

j∈Km,k

(λj + ηm/z)
∏

l∈Km,k

1

λl − λk

=
∑

k∈Km

∏

l∈Km,k

λl + ηm/z

λl − λk
=
∑

k∈Km

∏

l∈Km,k

(−ηm/z) − λl
λk − λl

=
∑

k∈Km

∏

l∈Km,k

λ− λl
λk − λl

,

with λ = λ(z) = −η/z, z > 0. Now, from the Lagrange interpolation theory, we know

that
∑

k lk(x) = 1 with lk(x) =
∏

j 6=k(x− xj)/(xk − xj) for all x ∈ R. So, G(z) = 1 for all

z > 0.

Remark 2. By comparing (4.21) with (4.2), it is interesting to observe that

P (Sm/Y < z) = FZ(z) =
∏

j∈Km

FVj (z) = P (max
j∈Km

Vj < z), (4.22)

with Vj = Xj/Yj , Xj ∼ E(λj) and Yj ∼ E(ηm).

Now let us utilize the proposition to obtain bounds on the network outage probability.

Combining (4.16) and (4.18) with Proposition 8 shows that, for any k ∈ K,

FZk
(z) =

∏

j∈Kk

z

z + ωk,jκγ(qj)
. (4.23)

This gives rise to the following bounds on the network outage probability.
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4.3 Bounds derived from the Collatz-Wielandt characterization

Proposition 9. We have

Pout(q) ≤ Pout(q) , 1 −
∏

k∈K

∏

j∈Kk

1

1 + ωk,jκγ(qj)
(4.24)

Pout(q) ≥ Pout(q) ,
∏

k∈K

(

1 −
∏

j∈Kk

1

1 + ωk,jκγ(qj)

)

. (4.25)

Proof. First we prove the upper bound in (4.24). By (4.16), we obtain

Pout(q) = 1 − P (ξ(q) < 1) ≤ 1 − P (ρ(q) < 1) = 1 − P ( max
1≤k≤K

Zk < 1)

= 1 − P (∀1≤k≤KZk < 1)
(a)
= 1 −

∏

k∈K
P
(

Zk < 1
)

= 1 −
∏

k∈K
FZk

(1) ,

where (a) is due to the fact that Z1, . . . , ZK are independent. Now, considering (4.23)

shows the result. As for the lower bound, we similarly obtain

Pout(q) = P (ξ(q) ≥ 1) ≥ P ( min
1≤k≤K

Zk ≥ 1)

= P (∀1≤k≤KZk ≥ 1) =
∏

k∈K
P
(

Zk ≥ 1
)

=
∏

k∈K
FZk

(1),
(4.26)

which, again using (4.23), completes the proof.

In the following, we will show the asymptotic behavior of the above bounds for K → ∞,

under the assumption of equal channel gains stated in (A.9).

Proposition 10. Suppose that (A.9) holds and {γ(qj)}j∈N with γ(qj) > 0 is a bounded

sequence such that

γ̃ = lim
K→∞

1

K

∑

k∈K
γ(qk) . (4.27)

Then, as K → ∞,

Pout(q) →







1 κ = β/K

1 − exp(−ωβγ̃) κ = β/K2 ,

Pout(q) → 0, κ = β/Kν , ν = 1, 2 .

(4.28)
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4 Feasibility of QoS targets under channel fading

Proof. Consider first the upper bound Pout(q). Under (A.9), we have

Pout(q) = 1 −
(

K
∏

j=1

1

1 + ωκγ(qj)

)K−1

= 1 − exp
(

−(K − 1)
K
∑

j=1

log(1 + ωκγ(qj))
)

= 1 − exp
(

h(K,q)
)

, (4.29)

where h(K,q) , −(K − 1)
∑K

j=1 log(1 + ωκγ(qj)). Therefore, since κ→ 0 as K → ∞, by

using the Taylor series we have log(1 + x) = x+ O(x2) and we obtain for K → ∞:

h(K,q) =







−(K − 1)
∑K

j=1

{

ωβγ(qj)/K + O
[

(ωβγ(qj)/K)2
]}

, κ = β/K

−(K − 1)
∑K

j=1

{

ωβγ(qj)/K
2 + O

[

(ωβγ(qj)/K
2)2
]}

, κ = β/K2

→







−∞, κ = β/K

−ωβγ̃, κ = β/K2.

Now, plugging the above into (4.29) proves the upper bound part. For the lower bound,

under (A.9) we similarly obtain

Pout(q) =
∏

k∈K

(

1 −
∏

j∈Kk

1

1 + ωκγ(qj)

)

=
∏

k∈K

(

1 − exp
(

−
K
∑

j=1

log(1 + ωκγ(qj))
)

)

=
∏

k∈K

(

1 − exp
(

−
K
∑

j=1

{

ωκγ(qj) + O
[

(ωκγ(qj))
2
]})

)

.

Since for each k ∈ K, exp
(

−∑K
j=1

{

ωκγ(qj) + O
[

(ωκγ(qj))
2
]})

→ ck for some 0 < ck ≤ 1

(with ck < 1 for κ = β/K and ck = 1 for κ = β/K2, we can conclude that Pout(q) → 0 as

K → ∞.

The bounds derived from the Collatz-Wielandt characteriazation are in general rather

loose, and the above proposition shows that in most cases we asymptotically obtain trivial

bounds as K → ∞. However, based on the upper bound for the case of quadratic band-

width growth, the following asymptotic sufficient condition for the feasibility of q can be

presented.

Corollary 4. If, for sufficiently large K =
√

β/κ,

1

K

∑

k∈K
γ(qk) ≤

log 1
1−α

ωβ
(4.30)

92



4.4 Conclusions

holds, then q ∈ Fα where {γ(qj)}j∈N satisfy (4.27).

4.4 Conclusions

This chapter is devoted to analyzing the power allocation problem and the feasibility of

given performance targets on the links, expressed as QoS targets, in presence of channel

fading. We assumed slow fading so that for a given channel realization, QoS targets are

achieved (e.g., under max-min SIR-balancing) whenever the targets are feasible. We have

introduced the notion of the network outage, defined as a network state in which given QoS

targets cannot be fulfilled for any power allocation. Since the channel states are random

variables, feasibility and thus the network outage can be described only probabilistically.

We have therefore presented several bounds for the network outage probability, based

on deterministic bounds of the spectral radius. Furthermore, an approximation of the

outage probability has been derived. Finally, we analyzed the asymptotic behavior of

the presented bounds and approximations, when the number of users increases to infinity

and the available resources (system bandwidth) scales linearly and quadratically with the

number of users.
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5 Admission control in networks with

axiomatically-modeled interference

Admission control is an important element of wireless communication systems and its sig-

nificance stems from the nature of most applications, where arrivals of new users as well

as departures of existing ones occur on an irregular basis. Reallocating the available re-

sources from scratch after such arrivals or departures is at best highly inefficient, in many

cases simply infeasible. This necessitates the development of admission control schemes

(also termed channel access schemes) to decide whether a new user is allowed or not to

join the network, and how should the admission be organized so that the existing (active)

users are not disturbed. Recently, admission control has acquired additional importance

in the context of cognitive radio, where the necessary condition for allowing secondary

(unlicensed) users to access some given resources is that the operation or primary (li-

censed) users remains unhindered. A related problem is the emerging scenario of seamless

activation and deactivation of base stations in 5-th generation (5G) cellular networks.

An interesting contribution in the field of admission control is the work presented in

[BCP00], where the authors addressed the admission control problem in power-controlled

decentralized wireless networks. The main idea is the introduction of an active link protec-

tion (ALP) mechanism to sustain the SIR of active links above required thresholds, as new

links attempt to access the same channel by gradually increasing their transmit powers

(in a guarded manner). The active links are endowed with an SIR protection margin to

cushion the effect of increased interference.

The work of [BCP00] was preceded by extensive research in the area of power control. In

particular, References [FM93, Yat95] proposed a distributed asynchronous on-line power

control algorithm, which can satisfy user-specific SIR requirements at the minimum trans-

mitter powers. It converges geometrically fast to a global unique optimum, provided that

the users have feasible SIR requirements. Yates [Yat95] further showed that the conver-

gence result remains valid if the interference power at each receiver output is any standard

(interference) function of the transmit powers. The class of standard interference functions

is described by a simple axiomatic framework (presented as Definition 1 in Section 2.4)

which captures most practical receiver designs, including the worst-case receiver design
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and optimal linear reception in the sense of maximizing the SIR. It is also general enough

to incorporate cross-layer effects, and it serves as a theoretical basis for many algorithms.

The analysis in [BCP00] considered linear interference, which may also be viewed as a

special case of interference functions introduced in [Yat95].

5.1 Contribution and structure

In this chapter, we extend the work of [BCP00] in the following three directions:

(a) We incorporate the interference model of [Yat95] by assuming that the interference

perceived by any user/link satisfies the axiomatic definition of standard (interference)

functions. This model includes affine interference functions considered in [BCP00]

as a special case.

It was already pointed out by [Yat95, Sect. V.C] that the ALP property of the algorithm

in [BCP00], which is the ability to maintain the SIR values of the active links above a

given SIR targets at all times, carries over to standard interference functions. However, we

show that the algorithm preserves all its properties under standard interference functions.

All the results presented in [BCP00] can be therefore derived from the simple axiomatic

framework. These results are presented in Section 5.3.

(b) We take into consideration individual power constraints on each link and prove suffi-

cient conditions for the algorithm to provide the ALP.

As mentioned in [Yat95, Sect. V.C] and [BCP00, Sect. VII], the ALP is not preserved

when the limitations on transmit powers are taken into account. As a remedy, the authors

of [BCP00] suggested equipping the admission control scheme with a forced drop-out

mechanism which causes new/inactive links to drop out when they push active ones beyond

their maximum powers. In the present thesis, we provide novel conditions for the ALP

property to hold. Of particular interest may be “on-line” conditions that guarantee the

ALP, provided that the network is in a certain state, which is shown to be achieved in a

finite time; as long as such a state is not achieved, no users are allowed to increase their

transmit powers. These results can be found in Section 5.4.

(c) We assume a multi-antenna system with optimal linear receive beamforming [SB06a].

We investigate the impact of transmitter side optimization (in addition to the re-

ceiver side optimization) when the links are not fully admissible.

Based on the ideas of [UY04], transmitter optimization is performed alternately with

receiver optimization so as to generate a sequence of non-decreasing SIRs. The admission

96



5.1 Contribution and structure

control scheme is in this case extended so that when necessary, a number of iterations

of the transceiver optimization is carried out in order to achieve full admissibility of the

users. Numerical evaluations show that additional transmitter side optimization has a

potential for huge performance gains. The problem of linear transceiver optimization is

addressed in Section 5.5.

Further related work

The problem of power control in wireless networks has been an active research area for

more than the past two decades. Early works focused on centralized and distributed power

control, including the max-min SIR balancing problem and the QoS-based power control

aiming at satisfying given desired SIR levels (SIR targets) with a minimum total transmit

power. Both approaches have been extensively studied and are fairly well understood

[Aei73,Zan92a,FM93,Yat95,YH95,GP96,Bam98,Wu00,ZK01,EE04,CHLT08]. The work

evolved towards distributed power control algorithms (see for instance [FM93,Yat95] and

[Han95] for combined power control and cell-site selection). The axiomatic framework in

[Yat95] allowed for extracting more general properties of various power control algorithms.

A slightly different framework of general interference functions was proposed in [SB06a]

and was used as a basis for analysis of properties of selected classes of interference functions

[BS08b,BS08a].

The early works on power control focused on the convergence behavior of the algorithms.

The DPC/ALP algorithm proposed in [BCP00] and analyzed in this chapter was one of

the first attempts to provide certain performance guarantees during the transient phase,

before the algorithm converged. In [FGC06], the authors used tools from control theory

to analyze the behavior of the iterative power control algorithm with linear interference

[FM93]. This allows them to prove existence of invariant sets in the SIR domain and thus

provide conditions under which links are protected from dropping below the required SIR

target.

A framework for adapting the transmission power under varying system conditions so

that the perceived QoS is guaranteed is considered in [CM03]. The authors of [EE04]

present a cross-layer design framework for contention-based wireless networks with schedul-

ing and power control phases combined in an alternating way. Reference [AFB+08] con-

sidered power control in multi-cell networks as a team optimization problem and also

analyzed admission control for the presented model. A different approach is followed

in [NP06], where channel reservation is combined with power control to eliminate the

need for incremental power-up phase of the inactive users. Reference [BBK04] proposed

admission and congestion control scheme for large networks with homogeneous user dis-
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tribution, which takes both intra- and inter-cell interference into account as well as power

constraints. Admission control for the uplink of a multi-cell wireless network is considered

in [Wan09]. Two approaches were proposed based on admission criteria or connection

removal. Other interesting and related contributions on the subject include [MOG05],

[LZH04] and [CSO06].

The authors of [JDF05] approached the admission control problem for a network with

both multiple user classes and multiple service classes by formulating it as a homotopy

method. In [MS08], the authors suggested proportional reduction of SIR requirements as

a control mechanism in the case of overload. Several attempts have also been made to use

Game Theory for the considered problem. In [HBBH04], the authors presented auction-

based mechanisms for allocating power, which are capable of achieving a weighted max-

min fair SINR allocation or maximizing the total utility. Reference [HBH06] considered

a distributed power control scheme in which each user announces a price to be paid by

other users for the interference they cause. The authors of [XSC01] analyzed the case

of linear interference functions and introduced a system parameter called discriminant.

Two distributed protocols are considered, in which the value of the discriminant is used

to decide whether a new user can be admitted to the system. This work was extended

in [BCB07] to the power-constrained case. References [KG05] and [XSC03] proposed

distributed power control schemes in which some cost for each mobile is used. Finally, in

a recent publication [TPC07], the starting point for the analysis is the algorithm proposed

by [BCP00], which is also the starting point for our paper. The authors [TPC07] analyzed

the tradeoff between energy consumption and robustness. Some results concerning the

convergence behavior of the scheme proposed by [BCP00] can be also found in [SJJ08].

The basic idea of cognitive radio, proposed in [III00], is to identify highly underutilized

frequency bands of the radio spectrum and then allow unlicensed users to access these

bands. Various approaches to implementing cognitive radio networks have been consid-

ered ever since. These approaches include among others spectrum sensing and spectrum

sharing using centralized or decentralized cognitive MAC protocols; for an overview we

refer to [ALVM06]. There is a close connection between the concepts of cognitive radio

and admission control, as implementing a cognitive radio network in a distributed envi-

ronment requires an appropriate access scheme. This approach is followed by the authors

of [MSS08]. Primary users have a certain QoS requirements that cannot be violated. The

goal is to maximize the number of admitted secondary users, where each secondary user, if

admitted, also has a certain QoS requirement. The problem is NP-hard, and the authors

proposed a convex approximation algorithm.
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5.2 Assumptions and definitions

5.2.1 System model

We consider an arbitrary power controlled wireless network with K logical links (users),

and assume the axiomatic interference model for the effective interference perceived by any

user. This setup is in more detail introduced in Section 2.4. The performance measure of

interest for any user k ∈ K is its signal-to-interference ratio (SIR) given by

SIRk(p) = pk/Ik(p) ≥ 0 ,

where Ik(p) is the effective interference fulfilling the axioms A1-A3 of standard interference

functions [Yat95] provided in Definition 1 in Section 2.4.

In this chapter, we analyze a class of iterative power control algorithms and let n ∈ N

be the time index and p(n) the power vector at time n. Given a sequence of power vectors

{p(n)}n∈N = {(p1(n), . . . , pK(n))}n∈N, we use SIRk(n) , SIRk(p(n)) to denote the SIR of

user k at time n.

Moreover, in accordance with Section 2.7, the SIR target of user k is given by γk > 0

with Γ = diag(γ1, . . . , γK) and we say that user k is active at time n if its SIR target is

satisfied, i.e., if SIRk(n) ≥ γk. We denote the index set of active users at time n as An so

that

An = {k ∈ K : SIRk(n) ≥ γk} .

Furthermore, Bn = K \ An is the index set of inactive users, i.e., of users that at time n

fail to meet their SIR requirements. Each inactive user aims at becoming an active one.

Without loss of generality, it is assumed that An = {1, . . . ,Mn} and Bn = {Mn+1, . . . ,K}
for some 1 ≤Mn ≤ K.

By Section 2.7, an equivalent criterion for a user k to be active can formulated using

the normalized interference Ik(p) = γkIk(p) of user k as

SIRk(n)/γk = pk(n)/Ik(p(n)) ≥ 1 . (5.1)

Therefore, we have An = K if p(n) ≥ I(p(n)) with I(p) = (I1(p), . . . , IK(p)). We

further use p(a)(n) and p(i)(n) to denote the power vectors of the active and inactive users

at time n, respectively. Hence, p(n) = (p(a)(n),p(i)(n)) and, if the time index n can be

dropped, we have p = (p(a),p(i)). The corresponding interference functions are denoted

by I
(a)
n : R

|An|
+ → R

|An|
+ and I

(i)
n : R

|Bn|
+ → R

|Bn|
+ . Consequently, In(p) = (I

(a)
n (p),I

(i)
n (p))

and I(p) = (I(a)(p),I(i)(p)).

99



5 Admission control in networks with axiomatically-modeled interference

5.2.2 Admission control with active link protection

By [Yat95], we know that if the SIR targets are feasible, then there exists a unique power

vector p∗ > 0 such that

p∗ = I(p∗) . (5.2)

Furthermore, the point p∗ is the unique convergence point as n → ∞ of the fixed-point

iteration

p(n+ 1) = I(p(n)), n ∈ N0 (5.3)

regardless of the choice of p(0). In other words, if (2.17) is satisfied, then (5.3) converges

to the unique fixed point p∗ of the standard interference function I and for any k ∈ K,

we have SIRk(p∗) = γk.

A serious limitation of this algorithm is its inability to ensure that An ⊆ An+1 for all

n. In words, there is no protection of active users so that their SIR requirements can be

violated at some time point even if they are met asymptotically as n → ∞. As such a

transient fluctuation of the SIRk below γk may cause an inadvertent dropping of already

established connections, Reference [BCP00] proposed an admission control algorithm with

active link protection (ALP) for power-controlled networks, in which Ik(p), k ∈ K, is an

affine interference function of p. In this chapter, Ik is assumed to be an arbitrary standard

interference function so that the algorithm of [BCP00] takes the form

pk(n+ 1) =







δ Ik(p(n)) = δ γkIk(p(n)), k ∈ An ,

δ pk(n) = δn+1pk(0), k ∈ Bn ,
(5.4)

where δ ∈ (1,∞) is a given constant, pk(0) > 0, k ∈ B0, is arbitrary and Ik is any function

fulfilling axioms A1-A3 of Definition 1. Note that (5.4) is an admission control algorithm

as all users in Bn (inactive users) are seeking admission to the network by increasing their

transmit powers at a geometric rate. The role of the control parameter δ > 1 is to absorb

the resulting increase in interference powers and the value δ − 1 > 0 is called protection

margin [BCP00].

As k ∈ An if and only if pk(n) ≥ γkIk(p(n)), the iteration (5.4) can be equivalently

written as

p(n+ 1) = δT(p(n)) , (5.5)

where T = (T1, . . . , TK) : RK
+ → R

K
+ is given by

Tk(p) = min
{

pk, γkIk(p)
}

= min
{

pk, Ik(p)
}

. (5.6)
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It is important to notice that In 6= T, unless Bn = ∅ or, equivalently, unless all users are

admitted to the network. We point out that if Bn 6= ∅, T is not a standard interference

function as the axioms A1 and A2 are not satisfied. Thus, the convergence of (5.4) and

(5.5) does not follow from [Yat95].1

5.3 Properties under axiomatic interference model

In this section, we show that the admission control algorithm in (5.4) inherits all the

properties of its “affine version” that have been proven in [BCP00]. Using the sufficient

and necessary feasibility condition (2.17), we differentiate between the following three

cases:

(A.13) C(Γ) < C(δΓ) < 1: Both Γ and δΓ are feasible SIR targets. In consequence, the

users seeking admission to the network (inactive users) are fully admissible.

(A.14) C(Γ) < 1 and C(δΓ) ≥ 1: Although SIR targets Γ can be met, the increased SIR

targets δΓ cannot. The inactive users are fully admissible but δ-incompatible.

(A.15) C(Γ) ≥ 1: There does not exist a power allocation for which SIR targets of all the

users can be satisfied. The inactive users are inadmissible, i.e., not fully admissible.

5.3.1 Protection of active users

First we state a simple lemma showing that the increase of the interference power is upper

bounded by δ.

Lemma 20. Let δ > 1 be arbitrary. For any n ∈ N0 and k ∈ K, we have Ik(p(n+ 1)) <

δIk(p(n)).

Proof. Let n ∈ N0 be arbitrary. As pk(n) ≥ γkIk(p(n)), k ∈ An, examining the definition

of T in (5.6) shows that T(p(n)) ≤ p(n). So, by A2 and A3, Ik(p(n+1)) = Ik(δT(p(n))) <

δIk(T(p(n))) ≤ δIk(p(n)), k ∈ K.

The first proposition shows a key property of the algorithm, namely the protection of

active users or, in short, ALP. This property was already reported in [Yat95, Theorem 10]

under a slight modifications of the scheme.

Proposition 11. Let δ > 1. Then, An ⊆ An+1, n ∈ N0.

1Note that in [Yat95], the corresponding interference functions are slightly modified to make them stan-
dard.
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Proof. Since pk(n+ 1) = δγkIk(p(n)), n ∈ N0, Lemma 20 implies that for any n ∈ N0 and

k ∈ An, one has

SIRk(p(n+ 1)) =
pk(n+ 1)

Ik(p(n+ 1))
>
δγkIk(p(n))

δIk(p(n))
= γk .

Thus, k ∈ An+1 for any n ∈ N0.

Note that the proposition holds even if C(Γ) ≥ 1, that is, even if inactive users are not

fully admissible. Thus, the SIR targets of active users remain satisfied under the considered

admission control strategy regardless of whether inactive users are fully admissible or not.

This protection is achieved at the cost of increased transmit powers of the active users.

The increase of power in every iteration step is however bounded above by δ since, for any

k ∈ An, one has pk(n) ≥ γkIk(p(n)), and hence pk(n + 1) = δγkIk(p(n)) ≤ δpk(n). So,

for any k ∈ An and n ∈ N, we obtain

pk(n+ 1)/pk(n) ≤ δ . (5.7)

Moreover, it can be deduced from the proof of Proposition 11 that pk(n) ≥ γkIk(p(n))

implies pk(n+ 1) > γkIk(p(n+ 1)). Thus, there is at most a single step at which (5.7) is

satisfied with equality, and in consequence, for any k ∈ An, we have pk(m+ 1)/pk(m) < δ

for all m ≥ n+ 1.

Another application of Lemma 20 shows that the iteration (5.4) generates a strictly

increasing sequence of SIRs for each inactive user, which again holds for any value of

C(Γ).

Proposition 12. Let δ > 1 and k ∈ Bn 6= ∅ be arbitrary. Then, for every n ∈ N,

SIRk(p(n)) < SIRk(p(n+ 1)).

Proof. Let k ∈ Bn and n ∈ N0 be arbitrary. Then,

SIRk(p(n+ 1)) =
pk(n+ 1)

Ik(p(n+ 1))
=

δpk(n)

Ik(p(n+ 1))
.

By Lemma 20, we have Ik(p(n + 1)) < δIk(p(n)). Consequently, SIRk(p(n + 1)) >

SIRk(p(n)).

5.3.2 Asymptotic properties

Now let us consider properties of the scheme for n → ∞. In terms of notation, we use x

to denote the convergence point as n→ ∞ of any variable x(n). From Proposition 12, we

can only conclude that an inactive user either becomes an active one or its SIR converges
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to some value SIRk ≤ γk (with SIRk(n) < γk for any n ∈ N) as n → ∞, which is due to

the boundedness and strict increasingness of the SIR sequence. In what follows, we prove

the values that the SIRs and transmit powers converge to. In doing so, we assume the

following.

(A.16) If Bn 6= ∅ for some n ∈ N0, then, for each k ∈ An, there is l ∈ Bn such that Ik is

strictly increasing in pl.

The above condition means that no active user is orthogonal to all inactive users. It can

be noted that for the affine interference function Ik(p) = (Vp + z)k (see Section 2.3 and

Chapter 3), (A.16) is satisfied if the matrix V is irreducible. Thus, we exclude the trivial

cases when the inactive users have no impact on active ones.

First, we state two auxiliary results which, in the studied context, establish a relationship

between the standard interference functions satisfying the axioms of Definition 1, and the

general interference functions according to Definition 2.

Lemma 21. For each k ∈ K, we have limc→∞ Ik(cp)/c = Jk(p),p ≥ 0, for some function

Jk : RK
+ → R+ satisfying axioms Ã1 - Ã3 of Definition 2.

Proof. The proof can be found in Appendix 5.7.1

The above lemma states that Ik(cp)/c converges to a general interference function

[SB06a] as c tends to infinity. An intuition behind this result is that all terms that are

independent of transmit powers like the additive background noise can be neglected if the

power vector is scaled to infinity. An important consequence of the lemma is the fact that

the function Jk(p) = limc→∞ Ik(cp)/c is continuous for p > 0 [SB06a, Sect. 2.1.2]. Note

that assuming a strictly positive power vector p does not restrict generality since, by A1

and (5.4), we have pk(n) > 0 for all k ∈ K and n ≥ 0.

Furthermore, we state a simple auxiliary results dealing with the monotonicity of Ik(cp)
c

as a function of c > 0.

Lemma 22. The function fI : R++ → R
K
++ defined as fI(x) = I(xp)/x for any fixed

p > 0 is strictly decreasing and continuous in every component.

Proof. Assume arbitrary b > a > 0 and consider (fI(x))k = Ik(xp)/x for any k ∈ K:

Ik(bp)/b = Ik(
b

a
ap)/b

(a)
<

b

a
Ik(ap)/b = Ik(ap)/a = Ik(ap)/a ,

where (a) is by A2 and the fact that b
a > 1. Thus, we have (fI(b))k < (fI(a))k for any

k ∈ K and, in consequence, fI(b) < fI(a). The continuity follows from [SB06a, Theorem

4.1].
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5 Admission control in networks with axiomatically-modeled interference

The following lemma shows that if some entries of the power vector are kept constant,

the general interference function of the remaining entries can be interpreted as a standard

interference function of the thus reduced vector. The lemma can be also deduced from

[BS09].

Lemma 23. If (A.16) holds, then Jk((p(a),p(i))), k ∈ A, is a standard interference func-

tion of p(a) ≥ 0 for any fixed p(i) > 0.

Proof. The reader can find the proof in Appendix 5.7.1.

The above lemmas are essential in the cases (A.14) and (A.15), as the extended SIR

targets δΓ are infeasible so that the transmit powers grow to infinity. Therefore, asymp-

totically the effect of constant positive noise can be neglected and the convergence points

are expressed using non-standard interference functions, fulfilling the axioms Ã1-Ã3 of the

general interference functions (Definition 2 in Section 2.4). First, we present the result

for the case (A.15) when the users are inadmissible. In order to quantify the asymptotic

growth of transmit powers, we define πk(n) , pk(n)/δn. Furthermore, in analogy to the

power vector p(n), we use the following notation for π(n) (time index n is dropped for

simplicity): π =
(

π1, . . . , πK
)

= (π(a),π(i)) with π(a) = (πk)k∈A and π(i) = (πk)k∈B.

Proposition 13. Suppose that (A.15) and (A.16) are satisfied. Let A = ∪n∈N0An, B =

∩n∈N0Bn 6= ∅ be the sets of all users being eventually activated at some time point and

the set of all users that never become active, respectively. Then, as n → ∞, SIRk(n) →
SIRk ∈ (0,∞) and πk(n) = pk(n)/δn → πk ∈ (0,∞). If k ∈ B, then

SIRk ≤ γk ,

πk = pk(0) .

In contrast, for each k ∈ A we have

SIRk =
γkπk
Jk(π)

=
γkπk

Jk((π(a),p(i)(0)))
= γk ,

πk = Jk((π(a),p(i)(0))) ,

where, considering Lemma 21, Jk(π) = limc→∞ Ik(cπ)/c.

Proof. The proof is deferred to Appendix 5.7.1.

The main point of the proposition is that if inactive users are inadmissible, the SIR

requirements of active users are asymptotically met with equality as transmit powers of

all users tend to infinity. Now we replace the condition of inadmissibility (A.15) by full

admissibility (A.13) to show that the algorithm (5.4) does what it was designed to do.
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Proposition 14. Suppose that (A.13) and (A.16) hold. Then, there is a finite n0 ∈ N so

that An0 = K. Moreover, as n→ ∞, we have pk(n) → pk = δγkIk(p) = δIk(p), k ∈ K.

Proof. See Appendix 5.7.1.

The last result in this section considers the case (A.14), which allows all users to be

admitted in a finite time but only if their transmit powers are allowed to increase without

bound.

Proposition 15. Let (A.14) and (A.16) be satisfied. Then, there is a finite n0 ∈ N so

that An = K for all n ≥ n0. However, pk(n) → ∞ for each k ∈ K as n→ ∞.

Proof. Since C(Γ) < 1 is a necessary and sufficient condition for the existence of a unique

fixed point p > 0 such that p = I(p), an admission of all users to the network follows

from Proposition 14. However, once all the users are admitted, it follows from [Yat95] and

that fact that the SIR targets δΓ are not feasible (due to C(δΓ) ≥ 1) that the algorithm

(5.4) with Bn = ∅ diverges in the sense that each transmit power tends to infinity.

5.4 Interference networks under power constraints

Notice that all the properties and, in particular, the ALP property have been proven under

the assumption of unconstrained transmit powers. In this section, we incorporate transmit

power constraints into the control scheme and show which properties carry over to this

power-constrained case and under which conditions. This allows us to assess practical

relevance of the scheme. The main focus is guaranteeing the protection of active users.

Using our finding, we propose an algorithm using distress signaling that, whenever there

exists a valid power allocation, allows for admitting all inactive users while protecting the

active ones.

The transmit power constraints are modeled by restricting the power vector p ≥ 0 to

be a member of a compact and convex set P ⊂ R
K
+ with 0 ∈ P. This set imposes power

constraints so that the algorithm (5.4) or, equivalently, (5.5) with (5.6) must be modified

to incorporate them. This modification may involve the inclusion of projection of power

updates on the set P. For simplicity, however, we assume individual power constraints on

each link: P = {p ∈ R
K
+ : ∀k∈K pk ≤ p̂k} for some given p̂ , (p̂1, . . . , p̂K) > 0. In this

case, a power-constrained version of (5.5) yields

p(n+ 1) = δT(p(n), p̂), p(0) ∈ R
K
++ , (5.8)
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5 Admission control in networks with axiomatically-modeled interference

with T : RK
+ × R

K
++ → R

K
+ of the form

T(p, p̂) = min
{

p,I(p), p̂/δ
}

, (5.9)

where the minimum is taken component-wise.

Since P is a compact set, the sufficient and necessary condition for the feasibility of

the SIR targets Γ is given by (2.19) as 0 < C(Γ; P) ≤ 1, where the notation C(Γ; P)

emphasizes the dependence on set P. Obviously, as P ⊂ R
K
+ , we have C(Γ) ≤ C(Γ; P),

and thus C(Γ) < 1 does not necessarily imply C(Γ; P) ≤ 1. Therefore, it is the value of

C(Γ; P) that provides a basis for defining the notion of admissibility. In analogy to the

previous definitions, we can say that the inactive users are

(A.17) fully admissible if C(Γ; P) ≤ C(δΓ; P) ≤ 1,

(A.18) fully admissible but δ-incompatible if C(Γ; P) ≤ 1 < C(δΓ; P),

(A.19) inadmissible if C(Γ; P) > 1.

The following proposition is an extension of [Yat95, Corollary 1] to non-standard func-

tions of the form (5.6).

Proposition 16. Consider (5.8). As n → ∞, then SIRk(n) → SIRk ∈ (0,∞) and

pk(n) → pk ∈ (0, p̂k], k ∈ K. If (A.17) holds, then p = p◦ > 0 is the unique vector

satisfying

p◦ = δI(p◦) ≤ p̂ . (5.10)

Proof. The proof can be found in Appendix 5.7.2.

Thus, the algorithm (5.8) converges to the fixed point of Î(p) = min
{

δI(p), p̂
}

, which

is a valid power allocation provided that (A.17) is fulfilled. This fixed point however is

not necessarily a valid power allocation if we have (A.18) or (A.19), which stands in clear

contrast to the unconstrained case. Thus, Condition (A.17) is crucial for the algorithm

to be of any value, which also shows that δ should be chosen very carefully. An open

question that remains is to what extent the ALP property is preserved under (A.17) when

limitations on transmit powers are taken into account. We address this problem in the

remainder of this section. From [BCP00,Yat95], we know that the property of protecting

active users does not carry over in its full generality to the power-constrained case.

First we present a simple lemma which shows that the interference increase is bounded

(i.e., a power-constrained version of Lemma 20).

Lemma 24. For any n ∈ N0 and k ∈ K, under iteration (5.8) we have Ik(p(n + 1)) <

δIk(p(n)).
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5.4 Interference networks under power constraints

Proof. Considering (5.9) for every n ∈ N0 and k ∈ K yields

Ik(p(n+ 1)) = Ik(δT(p(n), p̂)) = Ik(δmin{p(n),I(p(n)), p̂/δ})

(a)
< δIk(min{p(n),I(p(n)), p̂/δ})

(b)

≤ δIk(p(n)) ,
(5.11)

where (a) is due to A2 and (b) by A3 of Definition 1, respectively.

Moreover, for any n ∈ N0 and k ∈ An, one has

SIRk(p(n+ 1)) ≥ min{p̂k, δγkIk(p(n))}
Ik(δmin{p(n),I(p(n)), p̂/δ})

(5.12)

>
min{p̂k, δγkIk(p(n))}

δIk(min{p(n),I(p(n)), p̂/δ})
, (5.13)

where in the first step we used the fact that δγkIk(p(n)) ≤ δpk(n) when user k is active

at time n, and the second step is by (a) in (5.11). The following proposition shows a

sufficient condition for the protection of active users to hold at all times.

Proposition 17. Let δ > 1, n ∈ N0, and k ∈ An be arbitrary. If p̂k ≥ Ik(p̂) = γkIk(p̂),

then we have k ∈ An+1. Thus, if p̂ is a valid power allocation, that is, if

p̂ ≥ I(p̂) , (5.14)

then An ⊆ An+1 for all n ∈ N0.

Proof. We consider two cases depending on whether the power constraint of an active

user at time n + 1 is potentially violated or not. First assume p̂k ≥ δγkIk(p(n)). An

examination of (5.13) shows that

SIRk(p(n+ 1)) >
δγkIk(p(n))

δIk(min{p(n),I(p(n)), p̂/δ})
≥ δγkIk(p(n))

δIk(p(n))
= γk .

Now assuming that p̂k < δγkIk(p(n)), k ∈ An, we see from (5.12) together with (5.14)

that

SIRk(p(n+ 1)) ≥ p̂k
Ik(δmin{p(n),I(p(n)), p̂/δ})

≥ p̂k
Ik(δp̂/δ)

=
γkp̂k
Ik(p̂)

≥ γk .

This completes the proof.
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5 Admission control in networks with axiomatically-modeled interference

The proposition allows for obtaining further conditions for providing the protection of

active users. In particular, consider the power allocation p′ given by

p′ , arg min
p∈P

max
k∈K

γkIk(p)

pk
. (5.15)

Such a power allocation is a minimizer in C(Γ; P) or C(δΓ; P) given by (2.19) and is

thus optimal in terms of (over-)satisfaction of the SIR targets Γ (or the scaled targets

δΓ)2. If (A.17) holds, then obviously p̂ ≥ p′ ≥ δI(p′). Similarly, in such a case we have

p̂ ≥ p◦ = δI(p◦) with p◦ given by (5.10) (note that p◦ is then independent of p̂). These

observations directly lead to the following corollary of Proposition 17.

Corollary 5. Assume that (A.17) is satisfied. If δI(p′) ≥ I(p̂) or δI(p◦) ≥ I(p̂), then

An ⊆ An+1 for all n ∈ N0.

Furthermore, by A2, the conditions of the corollary are satisfied if δp′ ≥ p̂ or δp◦ ≥ p̂.

All these conditions are more restrictive than (5.14) but they may be of interest when

Ik(p̂) is not known or difficult to determine.

5.4.1 Distress signaling

The foregoing conditions are independent of n ∈ N0, and thus, if they are satisfied, the

ALP property is guaranteed for all n ∈ N0, just as in the case of unconstrained transmit

powers. Now the question is how to protect active users when (5.14) and with it all the

subsequent conditions cannot be guaranteed. A possible remedy is to let active users send

distress signals (special tone in a control slot or some separate control channel) to prohibit

users from increasing their transmit powers. The basic idea was already mentioned in

[BCP00] where a distress signal is broadcast when an active user is about to exceed its

power limit at some time point, that is, when p̂k < δIk(p(n)) for some k ∈ K and n ∈ N0.

The major problem with this approach is that inactive users may be forced to drop out of

the system even if all users are fully admissible; in fact, no rules or conditions have been

specified under which all users are admitted to the network without violating both the

SIR targets of the active users and their power constraints.

In this subsection, we derive more general conditions under the assumption of standard

interference functions. First we slightly strengthen the condition δp′ ≥ p̂ mentioned

before.

2The power allocation p
′ is equivalent to the max-min SIR-balanced power allocation p̄ defined by (3.7)

and considered in Chapter 3.
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Proposition 18. Suppose that (A.17) is satisfied and p = p† is any power vector such

that

δI(p†) ≤ p† ≤ p̂ . (5.16)

Let λ = λ(δ,p†) be any constant for which I(λδp†) ≤ p̂. If

p(m) ≤ λδp† (5.17)

for some m ∈ N0, then An ⊆ An+1 for all n ≥ m.

Proof. We refer to Appendix 5.7.2.

Any power vector p† satisfying (5.16) is called a δ-valid power vector/allocation. Notice

that if (A.17) holds, a δ-valid power vector exists. Particular examples of such vectors are

p◦ and p′ defined by (5.10) and (5.15), respectively. Also note that due to A2 and the

continuity of Ik(p) for p > 0 [SB06a, Theorem 4.1], there exists λ strictly larger than 1.

By Proposition 18, we have the ALP property if the inactive users are fully admissible

and the transmit powers are sufficiently small so that (5.17) is fulfilled. A useful property

of this result is that once (5.17) is satisfied, there is no need to verify this condition again

(unless the system configuration changes due to, for instance, fading effects or arrival of

new inactive users so that (5.16) might be violated). The main problem with (5.17), how-

ever, is how to efficiently obtain a δ-valid power allocation in a distributed environment.

One possibility is to bound below the set of δ-valid power allocations under the worst-case

scenario. This problem is left open. Instead we consider the possibility of letting each user

compare its transmit power with the interference power. First, we use Proposition 18 to

prove the following result.

Proposition 19. Assume (A.17) and let λ ≥ 1 be defined as in Proposition 18. If

p(m)

λδ
≤ δI

(p(m)

λδ

)

(5.18)

for some m ∈ N0, then An ⊆ An+1 for all n ≥ m.

Proof. See Appendix 5.7.2.

Again, as mentioned below the definition of λ in Proposition 18, there exists λ > 1.

Choosing λ = 1 leads us to the following corollary.

Corollary 6. If (A.17) holds and

p(m) ≤ δ2I
(

p(m)/δ) (5.19)
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5 Admission control in networks with axiomatically-modeled interference

for some m ∈ N0, then An ⊆ An+1 for all n ≥ m.

We point out that Proposition 19 does not imply that (5.18), and with it (5.19), are

preserved in general. The results solely show that once (5.18) or (5.19) is satisfied, then

the ALP property is ensured for all time instances n ≥ m. It must be also emphasized

that (5.18) and (5.19) are less restrictive than p(m) ≤ δI(p(m)) as x 7→ xIk(p/x) is

strictly increasing for any p > 0 (since, by Lemma 22, Ik
(

1
xp
)

/( 1x) is a stricly decreasing

function of 1
x).

The main difficulty with Proposition 19 and Corollary 6 is that Ik(p(m)/(λδ)) and

Ik(p(m)/δ) may be not known to user k at time m even if Ik(p(m)) is known.3 The fol-

lowing proposition shows that the ALP property is guaranteed even if p(m) > δI(p(m)),

provided that the entries of p(m) are not too large. In other words, there is always some

margin around the value δI(p(m)) so that the protection is guaranteed whenever p(m)

belongs to this margin.

Proposition 20. Suppose that (A.17) is true and

p(m) ≤ βδI
(

p(m)) (5.20)

holds for some m ∈ N0 and β ∈ [1, βmax]. Then, there is βmax > 1 such that An ⊆ An+1

for all n ≥ m.

Proof. See Appendix 5.7.2.

By the proposition, we have the protection of active users for all n ≥ m if (5.20) holds

for some sufficiently small β ≥ 1. The main insight is that there is the possibility of

choosing β being strictly larger than one.

5.4.2 Algorithm

In the following, we use our findings to formulate a suitable power-constrained admission

control algorithm and make some suggestions as to what to do when (A.17) is not fulfilled.

For brevity, we focus on condition (5.20) but the subsequent discussion and algorithm

apply to the other conditions as well if (5.20) is substituted by (5.18) or (5.19).

Given some sufficiently small β > 1 and δ > 1, let P′ ⊆ P be the set of all power

allocations for which (5.20) is satisfied:

P′ =
{

p ∈ P : p ≤ βδI(p)
}

. (5.21)

3In some cases, e.g., when Ik is an affine interference function and the noise factor is known, the value
Ik(p(m)/δ) can be obtained from Ik(p(m))
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Further assume that (A.17) holds, meaning that there is an additional mechanism to ensure

full admissibility of all users. Then, using T defined by (5.9), Algorithm 5 summarizes the

admission control scheme with distress signaling.

Algorithm 5 Power-constrained admission control algorithm.

Input: β > 1 and δ > 1 (both sufficiently small), p(0) ∈ P.
Output: p ∈ P .
1: repeat

2:

p(n+ 1) =

{

min
{

p(n), δI(p(n))
}

, p(n) /∈ P′ ,

δT(p(n), p̂), p(n) ∈ P′ .
(5.22)

3: n = n+ 1 .
4: until convergence and all users are admitted.
5: p = p(n) .

Note that an active user k ∈ An broadcasts a distress signal on a common control

channel if and only if pk(n) > βδIk(p(n)) (which implies that p(n) /∈ P′) and it can be

checked locally without any coordination among different users. Therefore, the condition

p(n) ∈ P′ (and with it p(n) /∈ P′) can be verified by active users in a distributed fashion.

From (5.22), we see that if p(n) /∈ P′, then all users (including the inactive ones) are

prevented from increasing their powers at time n since then there is at least one active user

broadcasting a distress signal. Consequently, active users are protected as the interference

powers do not increase. Moreover, since the transmit power of active user k decreases as

long as pk(n) > δIk(p(n)) and other transmit powers are kept constant, there must be

a time point m ≥ n such that p(m) ∈ P′. Once this condition is satisfied, no distress

signal is broadcast and, by (5.22), the iteration (5.8) is resumed. Now the active users are

guaranteed to be protected for all n ≥ m, provided that (A.17) is satisfied.

Figure 5.1 illustrates the process of admitting users to a network under Algorithm 5.

For comparison, Fig. 5.2 depicts the corresponding admission process when Algorithm

(5.10) is applied, and therefore no distress signal is used. Also notice that the forced

drop-out (FDO) scheme of [BCP00] differs significantly from Algorithm 5 due to different

conditions for initiating a distress signal. Indeed, if the FDO mechanism was applied to

the example in Fig. 5.2, one of initially inactive users would drop out of the system since

the power-constrained user4, say user k, would broadcast a distress signal at n = 1, when

then its transmit power exceeds p̂k/δ.

For clarity and comparison purposes, Table 5.1 summarizes important properties of

Algorithm 5 under the three different conditions (A.17), (A.18) and (A.19), and compares

4This is the user that temporarily becomes inactive.
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Figure 5.1: Admission of one inactive user (dashed line) to a power-constrained system
with three active users (solid lines). ALP is materialized through Algorithm
5 with distress signaling. With γ = 1, δ = 1.2 and βmax ≈ 1.0026, Condition
(5.20) is not satisfied at time n = 0. Therefore, p(0) /∈ P′ and at least one user
broadcasts a distress signal. By Algorithm 5, the users are then prohibited from
increasing their transmit powers and, since the transmit powers of active users
decrease, the initially inactive user observes slowly decreasing interference and
becomes admitted to the network at n = 5, without causing any other user to
become inactive.
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Figure 5.2: The same parameters and initial situation as above except that now transmit
powers evolve according to (5.9) and no distress signal is broadcast although
one of the active users reaches its power constraint equal to 2.2 at n = 2.
As a result, this user becomes inactive for n = 2, 3, 4, 5, so that ALP is not
guaranteed. Yet the users are fully admissible: All users are admitted at n = 6
and their transmit powers decrease and eventually converge to the same values
as in Fig. 5.1.

.
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Table 5.1: Comparison of properties of admission control algorithms

Algorithm Properties

Proposed approach: Algo-
rithm 5

(A.17): All users are admitted and protection of active
users is guaranteed.
(A.18) : 2 possibilities: (a) converges with pk = p̂k for at
least one user k after convergence, protection is kept all the
time, some users may remain not admitted, (b) protection
is violated for some active user. Behaves as (A.17) is δ is
decreased accordingly.
(A.19): 2 possibilities: (a) converges without admitting
all users, with pk = p̂k for at least one user k after con-
vergence, protection is kept all the time, (b) protection is
violated for some active user. This behavior is observed
even as δ → 1.

Forced Drop-Out (FDO)
approach [BCP00]

(A.17): No guarantee that all users will be admitted, since
in the transient phase some active user may hit its power
constraint first. This leads to a potentially incorrect ad-
mission decision. Protection holds all the time.
(A.18): At least one inactive user remains not admitted,
either due to the distress signal (if an active user reached
its power constraint) or due to the inactive user unable to
reach the SIR target even at maximum transmit power.
Protection is kept all the time.
(A.19): As in case (A.18).

No distress signaling, pow-
ers updated according to
(5.8)

(A.17): All users will be admitted in the end, protection
of active users cannot be guaranteed.
(A.18): Converges with pk = p̂k for at least one user k af-
ter convergence, some users may remain not admitted, no
guarantee that the protection of active users holds. Admis-
sion of all users is achieved if δ is decreased accordingly.
(A.19): Converges with pk = p̂k for at least one user k after
convergence, some users remain not admitted, no protec-
tion guarantee for active users. Some users remain not
admitted even if δ → 1.
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these properties with those of (5.8) (no distress signaling) as well as with the FDO scheme

proposed in [BCP00]. We see that the main advantage of the proposed approach is the

absence of false admission rejection: If all users are fully admissible, inactive users will be

eventually admitted to a network while protecting active ones. The other two schemes do

not exhibit such a property since either ALP is not guaranteed or inactive users may be

forced to leave the system although all users are fully admissible.

If (A.17) is not satisfied, we have to differentiate between (A.18) and (A.19). In the

first case, Algorithm 5 applies, provided that δ > 1 is reduced so as to fulfill (A.17) at the

expense of extending the duration of the admission process. Reference [TPC09] proposed

an algorithm that adapts δ > 1 to provide full admissibility at a reasonable admission

time. In contrast, if (A.19) is true, then it is impossible to admit all users at the required

quality-of-service and some users must drop out of the system to satisfy (A.17).

5.5 Multi-antenna interference networks

In this section, we consider the admission problem in networks in which transmitters and

receivers are equipped with multiple antennas. In particular, we assume a set of MIMO

links as introduced in Section 2.3, so that the SIR of each link is given by (2.6) with entries

of the gain according to (2.7). As pointed out in Section 2.4, for fixed transmit and receive

beamformers {vk}k∈K, {uk}k∈K (also referred to simply as transmitters and receivers for

brevity), this model falls directly into the framework of standard interference functions

of Definition 1. Moreover, assuming optimal linear reception in the sense of (2.10), with

adaptive receive beamformers {uk}k∈K, the resulting interference function again satisfies

the axioms of Definition 1. Thus, in the above two cases, the admission control scheme

(5.4) (or, in the case of individual power constraints, Algorithm 5) can directly be applied.

Now, let us turn our attention to the transmit beamformers {vk}k∈K. Once determined

and initialized, they cannot be modified arbitrarily, as it would change the interference

structure in the network and this is not covered by the framework of standard interference

functions. In other words, a modification of transmit beamformers is not allowed under

scheme (5.4) or Algorithm 5 since they require a certain interference function I(p), in-

dependent of time index n, and only in such a setting protection of active users can be

guaranteed. On the other hand, the transmitters of active users may cause strong interfer-

ence to inactive users, and therefore prevent them from entering the network. Even among

active users, the lack of transmitter optimization potentially leads to excessive interference

and unnecessary high transmit powers.

Inspired by [UY04], we alleviate this problem by considering an iterative transceiver

optimization scheme, in which all transmitters (jointly with the transmit powers and
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receivers) are recalculated so as not to deteriorate the SIR performance of every user.

This scheme, presented in Section 5.5.1, can be used in a broad range of applications,

not limited to admission control, if only the underlying communication system is a multi-

antenna interference network. The main advantage of the proposed scheme is the fact that

for each user, it improves the SIR performance in every iteration.

Using the iterative transceiver optimization, in Section 5.5.2 we present a combined

admission control scheme and evaluate its performance. Assuming no transmit power

constraints for simplicity, we incorporate the recalculation of transmitters into the execu-

tion of the basic iteration (5.4).

5.5.1 Linear transceiver optimization

The basic idea is to carry out an iterative optimization of transmitters and receivers in an

alternating manner, with receivers and transmitters swapping their roles. The transmitters

are optimized in the reversed network, which is the network obtained by reversing the

direction of all links. We leverage the fact [UY04] that if any given SIR values are feasible,

they are also feasible in the reversed network (albeit with a different power allocation).

Every iteration of the algorithm consists of two steps in the primal network and two steps

in the reversed network. These two steps are power control and receiver optimization in

the corresponding network.

Reversed network

In the following, we refer to the network under study (i.e., the network in which the

admission process is carried out and the actual communication is taking place) as the

primal network. This network corresponds to the model introduced in Section 2.3 with

SIRs and the entries of the gain matrix V given by (2.6) and (2.7), respectively. Since

we consider optimization of receive vectors (receive beamformers) uk, k ∈ K while the

channels and the transmit vectors are constant (in the primal network), at times we

explicitly denote the SIR of the k-th user as SIRk(p,uk),

Now, consider the reversed network which is the network obtained by reversing the

direction of all links and swapping the roles of transmitters and receivers. In Fig. 2.1, this

setup would correspond to transmitting from right to left (instead of the usual “from left

to right”). In the reversed network, uk denotes the transmit beamformer of the (reversed)

transmitter k, and vk denotes the receive beamformer of user k. The effective link gains

Gk,l = |uH
k H(k,l)vl|2 are assumed to be independent of the direction of transmission and

thus equal in both primal and reversed network. Therefore, the interference structure

in the reversed network can be described by the gain matrix V′ , (v′k,l) ∈ R
K×K
+ with
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5 Admission control in networks with axiomatically-modeled interference

v′k,l = Gl,k/Gk,k. Moreover, denoting r , (r1, . . . , rK)T ≥ 0 and z′ , (z′1, . . . , z
′
K)T > 0 as

the power allocation and the noise vector, respectively, the SIR in the reversed network

can be expressed as

SIR′
k(r) = SIR′

k(r,vk) =
rk

(V′r + z′)k
, k ∈ K . (5.23)

In the above, the notation SIR′
k(r,vk) is again used to emphasize the dependence of the

SIR of user k on the (reversed) receive beamformer vk (please note that the choice of vk

influences only the k-th row of matrix V′).

With the above model of the reversed network, we can formulate the two key elements of

the transceiver optimization scheme: receiver-side optimization and reallocation of trans-

mit powers.

Receiver-side optimization

First consider the primal network. Given fixed transmitters vk, k ∈ K and fixed power

allocation p, each user k ∈ K is performing the optimization of its receive beamformer

uk. In particular, according to the modeling presented in Sections 2.3–2.4, the optimal

receiver u∗
k (the so-called Minimum Mean Square Error receive beamformer, or, in short,

MMSE receiver) can be uniquely determined using (2.11). Such optimization can be

performed in a distributed manner using either pilot-based or blind estimation methods

[Ver98]. Please note that with uk ∈ U where U = {u ∈ R
NR : ||u||2 = 1} we have

SIRk(p,u∗
k) > SIRk(p,uk) for any uk 6= u∗

k.

For the proposed scheme, however, it is not necessary that the specific MMSE receiver

(2.11) be calculated; it is sufficient to assume that if the receivers at time n ∈ N0 are equal

to uk(n) ∈ U , k ∈ K, then uk(n+ 1) is chosen such that

SIRk(p,uk(n+ 1)) ≥ SIRk(p,uk(n)), k ∈ K . (5.24)

Obviously, uk(n+ 1) = u∗
k with u∗

k given by (2.11) is a possible valid choice of uk(n+ 1).

In the reversed network, the receivers uk play the role of transmitters, whereas the actual

transmitters vk act as receivers. Therefore, the receiver-side optimization in this case can

be stated as the problem of choosing appropriate vectors vk, k ∈ K. Then, analogously

to (5.24), it is assumed that after the optimization step, the updated receivers (in the

reversed network) satisfy

SIR′
k(r,vk(n+ 1)) ≥ SIR′

k(r,vk(n)), k ∈ K . (5.25)
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Furthermore, both in (5.24) and (5.25), the actual improvement is achieved if the inequal-

ities are sharp, which is always possible if only uk(n) (or vk(n) in the case of the reversed

network) are not already optimal, i.e., if they are different from the MMSE receiver given

by (2.11).

Reallocation of transmit powers

In the following discussion, we assume that the transmit and receive beamformers are fixed

and under this setting, we optimize the power allocation. First, we state an important

auxiliary result linking the feasibility of SIR targets in the primal and reversed networks.

Lemma 25. Given fixed transmitters and receivers vk and uk, k ∈ K, the SIR targets Γ

are feasible in the primal network if and only if they are feasible in the reversed network.

Proof. By Lemma 1, ρ(ΓV) < 1 is the necessary and sufficient condition for feasibility

of SIR targets Γ in the primal network. Now, in the reversed network with SIRs given

by (5.23), we can immediately formulate the feasibility condition as ρ(ΓV′) < 1. By

construction of the gain matrix V, we have V = D−1E, where D = diag(G1,1, . . . , GK,K),

and E = (ek,l) = (Gk,l) with ek,k = 0. Furthermore, the gain matrix in the reversed

network can be expressed as V′ = D−1ET . Thus, we obtain

ρ(ΓV) = ρ(ΓD−1E)
(a)
= ρ(ΓD−1ET ) = ρ(ΓV′), (5.26)

where the equality in (a) is due to the fact that for any diagonal positive definite matrix

A and non-negative matrix B, we have ρ(AB) = ρ(BA) = ρ(ATBT ) = ρ(ABT ), and we

can set A = ΓD−1 and B = E. This completes the proof.

Therefore, given some p > 0, we can collect the SIRs in the primal network as Γ′(p) =

diag(SIR1(p), . . . ,SIRK(p)) and use them as SIR targets in the reversed network. In-

specting the definition of SIRs in the reversed network (5.23) (see also Observation 1), the

power allocation r > 0 is computed as

r = (I− Γ′(p)V′)−1Γ′(p)z′ . (5.27)

Lemma 26. For any p > 0 in the primal network, there exists in the reversed network

r > 0 given by (5.27), and there holds SIR′
k(r) = SIRk(p) for all k ∈ K.

Proof. From Lemma 25 we know that SIR targets Γ′(p) are feasible in the reversed net-

work, since they are achieved in the primal network. This implies that ρ(Γ′(p)V) =

ρ(Γ′(p)V′) < 1. Thus, by [SWB09, Sect. 5.3] and z′ > 0, r is the unique power vector for

which SIR′
k(r) = SIRk(p), k ∈ K.
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5 Admission control in networks with axiomatically-modeled interference

Analogously, given r > 0, the power allocation p > 0 in the primal network is given by

p = (I− Γ(r)V)−1Γ(r)z , (5.28)

where Γ(r) = diag(SIR′
1(r), . . . , SIR′

K(r)). Please note that Γ(r) is in general different

from the matrix Γ that collects the global SIR targets (see Sections 5.2 and 2.7). It

follows directly from Lemma 26 that p > 0 given by 5.28 exists (and is unique) for any

r > 0 and SIRk(p) = SIR′
k(r), k ∈ K.

Remark 3. In practice, power allocations r > 0 and p > 0 given by (5.27) and (5.27),

respectively, can be computed in a decentralized manner using the iteration (5.3), with

Γ′(p) (respectively, Γ(r)) as the corresponding SIR targets.

Iterative optimization scheme

Now we can combine the receiver-side optimization and power allocation described in the

preceding analysis into an iterative transceiver optimization scheme. The main steps of

the scheme are summarized as Algorithm 6. For clarity, the steps referring to the primal

network and to the reversed network are marked with PN and RN, respectively.

Algorithm 6 Transceiver Optimization

Input: vk(0),uk(0), k ∈ K,p(0), n = 0 .
Output: vk,uk, k ∈ K,p ∈ R

K
++ .

1: repeat

2: (PN) Compute uk(n+ 1) satisfying (5.24) given p(n) and vk(n), k ∈ K.
3: (RN) Compute r(n + 1) according to (5.27), with vk(n), uk(n + 1), k ∈ K, and

Γ′(p(n)).
4: (RN) Compute vk(n+ 1) satisfying (5.25) given r(n+ 1) and uk(n+ 1), k ∈ K.
5: (PN) Compute p(n + 1) equal to (5.28), with vk(n + 1), uk(n + 1), k ∈ K, and

Γ(r(n+ 1)).
6: n = n+ 1 .
7: until some given termination condition is satisfied.
8: vk = vk(n),uk = uk(n), k ∈ K,p = p(n) .

The termination condition can be for instance a predefined number of iterations or

sufficiently small relative improvement. By Lemma 26 and the above discussion, we can

conclude the following.

Proposition 21. If {SIR1(n), . . . , SIRK(n)}n∈N0 is the sequence of the SIRs generated by

Algorithm 6, then SIRk(n+ 1) ≥ SIRk(n), k ∈ K, for every n ∈ N0.

The above proposition shows the key property of the proposed scheme, i.e., the sequence

of SIRs generated in the primal network is non-decreasing. In consequence, execution
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5.5 Multi-antenna interference networks

of any number of iterations of Algorithm 6 in context of the admission control scheme

will not violate the protection of active links (ALP property is preserved). It should be

noted that Algorithm 6 is a heuristic and it does not necessarily converge to the global

optimum – in general, for n→ ∞, it may result in some transmit powers or SIRs growing

to infinity. However, as mentioned above, the algorithm is valid after any number of

iterations, which allows for a straight-forward incorporation of power constraints into the

termination condition.

Remark 4. A modified version of Algorithm 6 can be considered, in which, after performing

receiver optimization in the sense of (5.24) and (5.25), the corresponding power vector is

recalculated using previous SIR values (i.e., before receiver optimization) as SIR targets.

This approach leads to the sequence of constant SIRs on the links and non-increasing

transmit powers.

5.5.2 Performance of the combined admission scheme

By Proposition 21, the SIRs of all the users in the transceiver optimization scheme pre-

sented in Section 5.5.1 are non-decreasing, thus the protection of active users is guaranteed

and we can integrate an arbitrary number of iterations of Algorithm 6 into the admission

control scheme (5.4). A suggested approach is to perform the transceiver optimization on

a regular basis (periodically) or when such an optimization is necessary due to inadmissi-

bility of the users.

In the following, we demonstrate the performance of the combined admission control

scheme under the assumption of no transmit power constraints. The basic operation

mode is thus iteration (5.4), which is executed until achieving sufficient convergence (i.e.,

no significant change in terms of SIR). Afterwards, the transceiver optimization scheme is

performed: a constant number of iterations (10 iterations in our simulations) of Algorithm

6. Subsequently, the admission control scheme is resumed, and the cycle consisting of

iteration (5.4) and Algorithm 6 is repeated.

We assume a wireless network consisting of K = 10 users, in which each receiver and

transmitter is equipped with NR = 4 and NT = 4 antennas, respectively. The wireless

channel is random but constant throughout the simulation, and all the entries of complex-

valued channel matrices H(k,l) on each link are realizations of i.i.d. circular symmetric

normal distributed random variables with zero mean and unit variance CN (0, 1). For

brevity, there is a common SIR target for all users γ = 8. Five users are already admitted

at time n = 0 with their SIRs equal to δγ = 9.6, and their transmit and receive beam-

formers are already pre-optimized (a number of iterations of Algorithm 6 performed in

the set consisting of those five users). The remaining five users are inactive at time 0 and
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Figure 5.3: Performance of the combined admission scheme. The horizontal axis represents
the iterations, and the legend below the axis provides the information whether
these are the iterations of: A - admission and power control (5.4), or T -
transceiver optimization according to Algorithm 6.
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(a) Admission Control - phase A.1 in Fig. 5.3.
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(b) Admission Control - phase A.2 in Fig. 5.3.
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(c) Transceiver Optimization - phase T.2 in Fig. 5.3.
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(d) Admission Control - phase A.3 in Fig. 5.3.
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(e) Admission Control - phase A.4 in Fig. 5.3.

Figure 5.4: Selected optimization phases of the combined admission scheme.
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transmit at some low power. The transmit and receive beamformers of the inactive users

were initialized according to the singular value decomposition (SVD) of the corresponding

channel matrices, i.e., optimal single-stream beamforming if no interference is present.

Furthermore, in the transceiver optimization scheme (Alg. 6) optimal linear reception

is assumed so that receive beamformers in (5.24) and (5.25) are calculated according to

(2.11).

Figure 5.3 shows an overview of the evolution of the SIRs and transmit powers of the

individual users, when the combines scheme consisting of admission control (5.4) and

transceiver optimization (Algorithm 6) are carried out alternately. For better readability,

only four representative users were selected: two initially inactive ones and two initially

active ones (shown with solid and with dashed lines, respectively). The curves for the

remaining six users are not shown - they however evolve in a similar way to the presented

ones.

Figure 5.4 presents selected phases of the optimization in more detail. We will in the

following briefly comment the individual phases as the observed behavior demonstrates

several properties proven in Section 5.3. In particular, Fig. 5.4a shows the first admission

control phase. As mentioned above, the transceivers of the initially active users were

pre-optimized, but without taking the inactive users into account. This leads to high

interference for the inactive users, and in consequence none of them achieves the SIR

target and can be admitted to the network in this phase, although the transmit powers

tend to grow to infinity. It can be however seen that the SIRs of the initially active

users do not drop below the target value (the active links are protected). Afterwards,

the transceiver optimization scheme is performed (phase T.1) and clearly the SIRs are

non-decreasing.

The subsequent admission control phase (A.2) is depicted in Fig 5.4b. We see that one

of the previously inactive users can be admitted, but the other one still remains below

the SIR target. Thus, this phase (as well as phase A.1) corresponds to the case (A.15)

where the users are still inadmissible. Then, there follows again a transceiver optimization

phase according to Algorithm 6. This phase (T.2) is presented in more detail in Fig. 5.4c.

The SIRs of all users are increasing, and it can be observed that the transmit powers do

not have the tendency to fast (geometrical) growth. In the following admission control

phase A.3 (Fig. 5.4d), the remaining inactive user is eventually admitted to the network.

The transmit powers still tend to grow to infinity, though, and the SIRs converge to γ

instead of δγ. This indicates that the users are fully admissible, but δ-incompatible (case

(A.14)). However, after another transceiver optimization T.3 is performed, users finally

become both fully admissible and δ-compatible (case (A.13)). This is presented in Fig.

5.4e - the SIRs converge to δγ and transmit powers to some constant values (as opposed to
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growing to infinity in the previous phases). The transceiver optimization performed in the

following two cycles (T.4 and T.5) leads to significantly lowering the maximum transmit

power. It should be also noted that transmit powers in the final phase converge to much

lower values than during the intermediate phases.

In the presented example, all K = 10 users were able to reach the common SIR tar-

get γ = 8. Extensive simulations have shown that for this channel realization, the SIR

target of at least 24 can be achieved with finite powers, provided that a sufficiently high

number of transceiver optimization phases is performed. For comparison, for the same

channel realization, assume that both transmit and receive beamformers are fixed and set

according to the SVD decomposition of the channel matrices of the corresponding signal

links, which is the optimal strategy on an isolated single-stream MIMO link (without in-

teference). Then, the highest feasible common SIR target is approximately equal to 0.88.

If we additionally allow for optimal linear reception in the sense of (2.10) and (2.11),

highest observed common SIR target attained by all users was approximately 1.37. These

observations indicate a potential for significant performance gains of the transmitter side

optimization.

Remark 5. A distributed implementation of the entire scheme, consisting of admission

control and transceiver optimization, is more challenging than implementing the pure

admission control scheme presented in Sections 5.3-5.4. While the admission control al-

gorithm requires only local interference measurements and a common control channel for

broadcasting distress signals, the incorporation of the transceiver optimization part as-

sumes that the users are willing to suspend their normal operation and coordinately agree

to enter a different operation mode in which they jointly optimize their transmit powers,

transmitters and receivers. However, due to significant performance gains, as presented

above, some (possibly simplified) form of the proposed scheme seems to be worth consid-

ering in future research.

5.6 Conclusions

The subject of study in this chapter was a class of admission control algorithms in inter-

ference networks. The admission control problem arises if new users arrive and intend to

join an already operating network. We may distinguish two aspects of admission control.

The first one is the determination if the users can be admitted to the system, i.e., if there

is enough resources so that both existing (“active”) and arriving (“inactive”) users can

be served. The second aspect is how the admission process can be organized without

disturbing the operation of the already active users.
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5 Admission control in networks with axiomatically-modeled interference

We assumed an interference network in which the effective interference perceived at

each user is a so-called standard interference function of the transmit power vector. This

framework covers a broad range of system designs, including, as special cases, noisy but

interference-free transmissions any linear (affine) interference, optimal linear receivers,

worst case receivers and others. In the first part of this chapter, we analyzed an admission

control algorithm, previously proposed for linear interference networks. We showed that

all the relevant properties of the algorithm are preserved under the assumption of standard

interference functions. In particular, the algorithm allows for admission of all users in finite

time whenever they are admissible, and guarantees that the active users are protected –

their SIRs will never fall below their desired target values. In consequence, due to the

generality of the framework of standard interference function, the discussed admission

scheme is immediately applicable in a large number of systems.

Subsequently, we analyzed the behavior of the admission scheme under the assumption

of individual power constraints. Since the properties of the algorithm do not carry over in

full generality to the power-constrained case, we presented a number of conditions under

which the key property, the protection of active users, is preserved. Specifically, a condition

that can be verified on-line by the users by means of local interference measurements gave

rise to a distress-signaling scheme, in which users can temporarily prohibit other users to

increase transmit powers in order to protect all active links. Thus, whenever the users are

admissible, they will be admitted in finite time and the protection will be maintained.

In the last part of the chapter, the case of multi-antenna interference networks was con-

sidered. With constant transmit beamformers during its operation, such a network is a

special case in the framework of standard interference functions and the above-mentioned

schemes immediately apply. However, this does not hold if one attempts to modify the

transmit vectors, which in many cases may be necessary in order to avoid excessive interfer-

ence and allow the users to be admitted. Therefore, we propose a transceiver optimization

scheme, in which, by using the notion of the reversed network, the transmitters, together

with receivers and the power allocation, are iteratively recalculated and the SIRs on all

the links are non-descending. This transceiver optimization is then incorporated into a

combined admission scheme, which offers high performance gains in comparison to the

case of non-optimized transmitters, while still guaranteeing the protection of active users.
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5.7 Appendix

5.7.1 Additional proofs for Section 5.3

Proof of Lemma 21

Let p ≥ 0 and k ∈ K be arbitrary. By A1, Ik(cp)/c is positive, and hence bounded

below by 0 for all c > 0. Moreover, A2 implies that Ik(c1p)/c1 = (c2/c2) Ik(c1p)/c1 >

Ik(c2c1/c1p)/c2 = Ik(c2p)/c2 for any 0 < c1 < c2. Thus, Jk(p) = limc→∞ Ik(cp)/c

exists and is non-negative. This proves the existence of Jk and Ã1. The homogene-

ity property Ã2 holds since, for any µ > 0, one has Jk(µp) = limc→∞ Ik(cµp)/c =

limc→∞ µIk(cµp)/(µc) = µ limc′→∞ Ik(c′p)/c′ = µJk(p). Finally, by A3, for any p(1) ≥
p(2) ≥ 0 and c > 0, we have 0 ≤ Ik(cp(1))/c− Ik(cp(2))/c. So, 0 ≤ limc→∞(Ik(cp(1))/c−
Ik(cp(2))/c) = Jk(p(1)) − Jk(p(2)), from which Ã3 follows.

Proof of Lemma 23

Proof. A3 of Definition 1 follows directly from Ã3. Positivity A1 is due to (A.16) and the

fact that p(i) is positive. Indeed, if there was p = (p(a),p(i)) ≥ 0 with p(i) > 0 such that

Jk(p) = 0, then, by (A.16), we would obtain Jk(µp) < 0 for any µ ∈ (0, 1), which would

contradict Ã1. Scalability A2 is a consequence of Ã2 and (A.16): For any µ > 1, we have

Jk((µp(a),p(i))) = Jk(µ(p(a), 1/µp(i))) = µJk((p(a), 1/µp(i))) < µJk((p(a),p(i))) where

the last step is due to (A.16) and µ > 1.

Proof of Proposition 13

By (A.15), the network is not fully admissible so that B 6= ∅. By Proposition 12, we have

SIRk(n) < SIRk(n + 1) for each k ∈ Bn. As a consequence, there must be a (sufficiently

large) number N such that B = Bn 6= ∅ and A = An 6= ∅ for all n ≥ N . Note that

A ∩B = ∅. Unless otherwise stated, assume that n ≥ N . Since pk(n+ 1) = δn+1pk(0) for

each k ∈ B, we trivially obtain pk(n)/δn = pk(0) = πk, k ∈ B, for all n ∈ N0. Moreover, as

the sequence {SIRk(n)}n≥N is strictly increasing (Proposition 12) and bounded above by

γk, k ∈ B, it must converge to some SIRk ≤ γk. Now let us consider the active users k ∈ A.

Using p(n) = (p(a)(n),p(i)(n)
)

, π(a)(n) = p(a)(n)/δn and defining λ = p(i)(0) > 0, we

obtain for the effective interference perceived at the active users at time n:

I
(a)(p(n)) = I

(a)
(

δn
( 1

δn
p(a)(n),p(i)(0)

)

)

= I
(a)
(

δn
(

π(a)(n),λ
)

)

.
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Thus, at any n ≥ N , we can write

π(a)(n+ 1) = δI(a)(p(n))/δn+1 = I
(a)
(

δn
(

π(a)(n),λ
)

)

/δn, (5.29)

π(a)(n) ≥ I
(a)(p(n))/δn = I

(a)
(

δn
(

π(a)(n),λ
)

)

/δn , (5.30)

where the inequality in (5.30) follows from the fact that all users k ∈ A are active. Hence,

considering Lemma 21 and Lemma 22 yields (for all n ≥ N)

I
(a)(δn(π(a)(n),λ))/δn > J

(a)((π(a)(n),λ)) , (5.31)

where J (a)(π) , (Jk(π))k∈A. By Lemma 23, J (a)((π(a),λ)) is a standard interfer-

ence function of π(a). Thus, by [Yat95], the function has a unique fixed point π(a)∗ =

J (a)((π(a)∗,λ)) > 0 such that π(a)∗ ≤ π(a) for any π(a) ≥ J (a)((π(a),λ)). So, from

(5.30), (5.31) and Ã3, we obtain

π(a)(n) ≥ I
(a)(δn(π(a)(n),λ))/δn > J

(a)((π(a)(n),λ)) ≥ J
(a)((π(a)∗,λ)) = π(a)∗ .

Therefore, we have π(a)(n) > π(a)∗ > 0 and π(a)(n) < p(a)(0), where the last inequality

is an immediate consequence of (5.7). Thus, the entries of (π(a)(n),λ) are bounded and

bounded away from zero. This together with Lemma 21 implies that, for each k ∈ A and

any ǫ > 0, there is (a sufficiently large) Mk ≥ N such that

1 ≤ Ik(δn(π(a)(n),λ))/δn

Jk((π(a)(n),λ))
< 1 + ǫ

for all n ≥Mk. So, by (5.29), there is M = maxkMk ≥ N such that

1 ≤ max
k∈A

(π(a)(n+ 1))k
Jk((π(a)(n),λ))

< 1 + ǫ, n ≥M .

Now letting ǫ → 0 (n → ∞) shows that the sequence {π(a)(n)} generated by (5.29)

converges to π(a)∗ = J (a)((π(a)∗,λ). Thus, for any k ∈ A we obtain (as n→ ∞)

SIRk(n) =
γkpk(n)/δn

Ik(p(n))/δn
=

γk(π(a)(n))k

(I(a)(δn(π(a)(n),λ))/δn)k
→ γkπk

πk
= γk ,

where πk = limn→∞ pk(n)/δn = (π(a)∗)k = Jk((π(a)∗,λ)).
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Proof of Proposition 14

Let A 6= ∅ and B be defined as in Proposition 13. The first part is proven by contradiction,

and hence assume that there exists p(0) for which B 6= ∅. Thus, by Proposition 13, as

n→ ∞,

p(a)(n)/δn → π(a)∗ = J
(a)((π(a)∗,λ)) ,

p(i)(n)/δn = λ ≤ J
(i)((π(a)∗,λ)) ,

π(a)∗ = π(a) ,

λ = p(i)(0) ,
(5.32)

where J (i)(π) , (Jk(π))k∈B is the (vector-valued) interference function corresponding to

the inactive users. On the other hand, due to (A.13), we know from [Yat95] that there

exists q = (q(a),q(i)) > 0 such that q = I(q) > J (q) where the last inequality is due to

Lemmas 21 and 22. Furthermore, using Ã2 we have µq > J (µq) for any µ > 0, and thus

µq(a) > J
(a)((µq(a), µq(i))) ,

µq(i) > J
(i)((µq(a), µq(i))) .

(5.33)

Since q(i) > 0 and p(i) > 0, we can always choose the scaling factor µ > 0 such that

λ ≤ µq(i) with µql = λl for some index l ∈ B. So, with (A.16), (5.33) and our choice of µ,

we have

J
(a)((µq(a),λ)) ≤ J

(a)((µq(a), µq(i))) < µq(a) .

As J (a) is a standard interference function (Lemma 23), π(a)∗ is a unique fixed point (given

λ) for which π(a)∗ ≤ π(a) whenever J (a)((π(a),λ)) ≤ π(a). Thus, the above inequality

together with Ã3 and (5.32) implies that

π(a)∗ = J
(a)((π(a)∗,λ)) ≤ J

(a)((µq(a),λ) < µq(a) .

Hence, π(a)∗ < µq(a). Combining this with (5.32), (5.33) and Ã3 yields (for an index l

such that ql = λl)

λl ≤ Jl((π
(a)∗,λ)) ≤ Jl((µq

(a),λ)) ≤ Jl((µq
(a), µq(i))) < µq

(i)
l = λl ,

which is a contradiction. As a result, all users are admitted at some time point n0 and

Bn = ∅ for all n ≥ n0. If all users are admitted, the algorithm (5.4) becomes a pure fixed-

point power control algorithm, and therefore, by (A.13) and [Yat95], the power vector

converges to p = δI(p).
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5.7.2 Additional proofs for Section 5.4

Proof of Proposition 16

First we prove the following auxiliary result.

Lemma 27. Consider iteration (5.8). For each k ∈ K, there exists n0(k) such that for

all n ≥ n0(k) there holds:

pk(n+ 1) = min{p̂k, δIk(p(n))}. (5.34)

Proof. Consider an arbitrary k ∈ K. First, note that in the power-constrained case it is

not possible that pk(n+ 1) = δpk(n) for all n ≥ 0, since this would imply inifite transmit

power growth. Therefore, there must exists a certain n0 ≥ 0 when the power constraint

is hit (or the user is admitted). Thus, (5.34) is satisfied for some n0 ≥ 0. Now, we

can make an induction step and show that once (5.34) holds for for some n = n1, it

will hold for n = n1 + 1 as well. We consider two cases: min{p̂k, δIk(p(n1))} = p̂k and

min{p̂k, δIk(p(n1))} = δIk(p(n1)). First assume that pk(n1 + 1) = p̂k. We get pk(n1 +

2) = min{δp̂k, δIk(p(n1)), p̂k} = min{δIk(p(n1 + 1)), p̂k}. In the second case, we have

pk(n1 + 1) = δIk(p(n1)) which implies pk(n1 + 2) = min{δ2Ik(p(n1)), δIk(p(n1 + 1)), p̂k}.

By the bounded increase of transmit powers we have p(n1 + 1) ≤ δp(n1), so considering

A2 and A3 yields δIk(p(n1 + 1)) ≤ δIk(δp(n1)) < δ2Ik(p(n1)). This in turn results in

pk(n1 + 2) = min{δIk(p(n1 + 1)), p̂k} and the induction step is thus complete.

The lemma implies that there exists N0 = maxk∈K n0(k) such that for all n ≥ N0 the

iteration (5.8) is equivalent to p(n + 1) = Î(p(n)) with Î(p) , min
{

δI(p), p̂
}

. The

function Î(p) is a minimum of two standard interference functions and is therefore a

standard interference function itself, in the sense of Definition 1. Since p̂ ≥ Î(p) for all

p ∈ P, by [Yat95, Corollary 1] there exists a unique fixed point p and it is attained by

the iteration p(n+ 1) = Î(p(n)). Finally, if (A.17) holds, then there exists p◦ satisfying

(5.10), which is the unique fixed point. This completes the proof.

Proof of Proposition 18

Let p† be any power vector satisfying (5.16). Since (A.17) holds, such a vector exists

and I(δp†) < δI(p†) ≤ p† ≤ p̂. Thus, by continuity of I, there is λ > 1 such that

I(λδp†) ≤ p̂ with at least one equality.

Now suppose that p(n) ≤ λδp† holds for some n ∈ N0. As for any k ∈ An we have

pk(n + 1) = min{p̂k, δIk(p(n))}, and for k ∈ Bn there holds pk(n + 1) ≤ δpk(n) <
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δIk(p(n)), we then obtain

p(n+ 1) ≤ δI(p(n)) ≤ δI(λδp†) < λδ2I(p†) ≤ λδp† .

Since this is true for any n ∈ N0, we can conclude that if (5.17) is satisfied for some

m ∈ N0, then it holds for all n ≥ m.

Let n ≥ m be arbitrary. We are going to show that An ⊆ An+1. By the above and A2,

we have

(i) p(n) ≤ λδp† and

(ii) λδp† ≥ λδ2I(p†) > δI(λδp†), λ ≥ 1.

Let k ∈ An be arbitrary and assume that p̂k < δγkIk(p(n)), k ∈ An so that pk(n+1) = p̂k.

This does not impact the generality of the analysis since otherwise the protection of

user k follows immediately from the properties of the scheme without power constraints.

Inspecting SIRk(p(n+ 1)) we obtain

SIRk(p(n+ 1))
(a)

≥ p̂k
Ik(δI(p(n)))

(b)

≥ γkIk(λδp†)
Ik(δI(p(n)))

(c)

≥ γkIk(λδp†)
Ik(δI(λδp†))

(d)

≥ γkIk(λδp†)
Ik(λδp†)

= γk ,

where (a) is by p(n + 1) = δmin
{

p(n),I(p(n)), p̂/δ
}

≤ δI(p(n)), (b) results from p̂ ≥
I(λδp†), (c) is due to (i) and (d) due to (ii) and A3. Thus, we have SIRk(p(n+ 1)) > γk

or, equivalently, k ∈ An+1. Since this is true for any k ∈ An, we obtain An ⊆ An+1. By

the preservation of (5.17), we can finally conclude that An ⊆ An+1 for all n ≥ m.

Proof of Proposition 19

We first prove the following lemma.

Lemma 28. Suppose that (A.17) holds and p ≤ δI(p) for some p > 0. Then, p ≤ p◦,

where p◦ is defined by (5.10).

Proof. The proof is by contradiction. Thus, assume that pk > p◦k for some k ∈ K. But, as

p and p◦ are both positive vectors, this implies that there exists µ > 1 such that µp◦ ≥ p

and µp◦l = pl for some l ∈ K. Hence, by (5.10), A2 and A3, we have µp◦l = µIl(p◦) >

Il(µp◦) ≥ Il(p) ≥ pl, which contradicts µp◦l = pl.

Now, since (A.17) is assumed to hold, there exists p = p† with (5.16). By A2, we further

have I(λδp†) ≤ p̂ for some λ ≥ 1 (and, in fact, λ > 1). Let n = m ∈ N0 be any time point

for which (5.18) is fulfilled, and let k ∈ An be arbitrary. We can assume p̂k < δIk(p(n)),
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so it follows from (5.12) and A3 that

SIRk(p(n+ 1)) ≥ p̂k
Ik(p(n+ 1))

≥ γk
Ik(λδp†)

Ik(p(n+ 1))
. (5.35)

Now (5.18) together with Lemma 28 and [Yat95, Lemma 1] implies that

p(n)

λδ
≤ p◦ ≤ p† , (5.36)

where p◦ is defined by (5.10). From the above, Proposition 18 implies that p(n+1) ≤ λδp†

for some δ-valid power vector p†. Thus, by A3, we have I(p(n + 1)) ≤ I(λδp†), from

which, with (5.35), one obtains SIRk(p(n+ 1)) ≥ γk. Thus, k ∈ An+1 and An ⊆ An+1 as

k ∈ An is arbitrary.

Finally, Proposition 18 shows that (5.17) (or, equivalently, (5.36) with n = m) is pre-

served for all n ≥ m. Thus, An ⊆ An+1 for all n ≥ m, which completes the proof.

Proof of Proposition 20

First consider the following simple lemma.

Lemma 29. Let β ≥ 1 be arbitrary. If (5.20) holds for some m ∈ N0, then p(n) ≤
βδI

(

p(n)) for all n ≥ m.

Proof. Let n ∈ N0 be any natural number for which (5.20) holds with m = n. We are

going to show that (5.20) is satisfied for m = n+ 1. If (5.20) holds with m = n, then, by

(5.8) and pk(n) ≤ p̂k, one obtains

p(n+ 1) = min
{

δp(n), δI(p(n)), p̂
}

≥ min
{

p(n), δI(p(n)), p̂
}

≥ min
{

p(n), δI(p(n))
}

≥ p(n)/β .
(5.37)

On the other hand, it follows from (5.8) together with (5.9) that p(n + 1) ≤ δI(p(n)).

Combining the last inequality with A2 and (5.37), we obtain p(n+ 1) ≤ δI(βp(n+ 1)) <

βδI(p(n+ 1)).

Now we use the lemma to prove the proposition. To this end, let m ∈ N0 be any time

point for which (5.20) holds and define

βmax = min
k∈K

δλIk(p(m)/δλ)

Ik(p(m))
,

where λ > 1 is defined in Proposition 18. By (5.20), one has p(m) ≤ βδI(p(m)) ≤
λδ2I(p(m)/δλ) for all β ∈ [1, βmax]. Proposition 19 ensures the protection at time m.
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Moreover, by Lemma 29, the condition (5.20) is preserved for all n ≥ m so that An ⊆ An+1

for all n ≥ m. Finally, from Lemma 22 we can conclude that x 7→ xI(p(m)/x) is strictly

increasing and continuous in every component. Thus, we have βmax > 1 as δλ > 1, which

completes the proof.
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multiple-antenna multicast

The broadcast property of the wireless channel makes it naturally suitable for multicast

applications, since a single transmission may be simultaneously received by a number of

users. In view of a constantly increasing popularity of this class of applications, including

wireless distribution of multimedia contents or firmware updates, there has recently been

much interest in research on wireless multicast [SDL06, KSL08, MSLT08, Loz07, ZPR12,

SK09, XTW13]. The main challenge consists in providing a reliable multicast service

over the wireless channel, which in the majority of relevant situations is subject to fad-

ing. Therefore, multiple antenna techniques are used to combat the detrimental effects of

channel fading and improve multicast performance in the presence of interference. With a

single multicast group, i.e., assuming one data stream that is supposed to be received by

all users in the system, the analysis of the rate-optimality for a given channel realization

leads to max-min multicast beamforming, which aims at maximizing the performance

of the weakest link. This approach, although in general suboptimal, yields very good

results at moderate requirements [JL06]. The problem is shown to be NP-hard, how-

ever convex relaxation is possible [SDL06]. Assuming multicast applications with certain

fixed quality-of-service requirements leads to the joint beamforming and admission control

problem [MSLT07,Loz07], where the optimization includes additionally the selection of a

subset of active users that meet the given QoS target.

Recently, multiple antenna techniques have been also shown to achieve good results

in the scenario of wireless multicast to multiple co-channel groups [KSL08, SK09, GS05,

MSLT08, BP11], with each group being assigned a different data stream and the base

station broadcasting a superposition of signals intended for all groups. In such a setting,

the performance in a given group is determined by the lowest SIR among the group

members. The optimization criteria considered in the literature include minimizing the

sum power required for achieving certain (group) SIR targets and max-min SIR-fairness

[KSL08] as well as joint beamforming and admission control [MSLT08].

The fundamental limitation of the multicast transmission schemes in which the perfor-

mance in each group is determined by its weakest member is the poor scaling behavior
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when the number of users increases. In particular, under max-min transmit beamforming

the achievable rate decreases to zero as the number of users grows to infinity [JL06]. These

considerations led to developing techniques known as opportunistic multicasting or oppor-

tunistic multicast scheduling [GG04, GG05, LPHK10, LDLNH10], in which the multicast

transmission is coded over a number of channel realizations. Such a coding scheme is re-

ferred to as outer coding, since it is performed at a higher protocol layer (e.g., application

layer), and is in general entirely independent from any potential channel coding scheme

used at the physical layer (which constitutes then inner coding). The usage of outer coding

allows for relaxing the constraint that in every transmission slot, some given QoS target

has to be satisfied by each user in a given group, and only a subset of users is included in

the actual physical-layer multicast transmission at any time instant. In consequence, the

scaling behavior is improved, compared to the schemes without outer coding, although

obviously at the cost of a greater delay. On the other hand, adding outer coding at the

application layer requires only little or even no modification of the underlying physical

layer, which makes the scheme implementable in a broad class of existing systems.

The main contributions presented in this chapter can be summarized as follows.

(a) Assuming a fixed channel realization, we analyze the scaling properties of the achiev-

able multicast rate and present a utility-based power control and beamforming frame-

work.

After reviewing the derivation of the max-min multicast beamforming problem as well

as approaches to solving it, we show the resulting scaling properties as the number of users

increases. Subsequently, with multiple multicast groups, we extend the utility-based power

control (see Section 3.4) to the multicast scenario and formulate conditions for convexity

of the optimization problem so that it can be solved by applying the subgradient method.

Finally, we combine the multicast power control with beamforming optimization to obtain

an iterative utility-based joint power control and beamforming scheme. These results can

be found in Section 6.2.

(b) We analyze optimality conditions of transmission strategies in multicast with outer

coding and propose algorithms for solving the resulting beamforming problem.

In Section 6.3 we focus on the analysis of the single-group multicast transmission with

outer coding. Under the assumption of full symmetry between the users with respect

to the channel distribution and noise, it is shown that the optimal strategy consists in

maximizing, in each time step, the product of the multicast transmission rate times the

cardinality of the subset of users that are able to successfully decode transmission at this
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rate. This leads to a novel beamforming problem that depends only on the current channel

state, and two algorithms are proposed for solving the problem.

(c) The maximization of the weighted sum rate in multigroup multicast with outer coding

is analyzed and a heuristic iterative algorithm is proposed and evaluated.

The transmission scheme with outer coding is extended to the multigroup scenario and

the problem of maximizing the weighted sum of effective rates achieved in each group is in-

vestigated. Similarly to the single-group case, the optimal transmission strategy is derived

and the resulting beamforming problem, depending only on the current channel state, is

formulated. Following the approach of utility-based power control and beamforming, we

develop an iterative algorithm for finding an approximate solution of the problem. The

discussed results are presented in Section 6.4

6.1 System model and definitions

We consider a wireless multicast scenario with a single base station (BS) and K users. This

network corresponds to the model introduced in Section 2.5. We assume a block fading

channel model, so that the channel matrices Hk are constant for the entire duration of

a transmission block and change from block to block in an i.i.d. manner. The channel

matrix Hk is known to the transmitter and to the k-th receiver. Each channel is subject

to Rayleigh fading so that for each k, Hk is a matrix containing i.i.d. circular symmetric

Gaussian random variables with unit variance (i.e., entries are drawn from CN (0, 1)).

Moreover, in order to have full symmetry between the users, in some parts of this chapter

we will additionally assume that

(A.20) the noise variances σ2k at all users are equal (i.e., σ2k = σ2, k ∈ K).

We will mainly focus on the case NR = 1, i.e., a single receive antenna at each user,

and denote the (row) channel vector from the base station to the k-th user as hH
k . This

can be also interpreted as assuming arbitrary but fixed receive beamformers uk, k ∈ K, so

that the effective channel of user k ∈ K is hH
k = uH

k Hk. In such a setting, we can denote

the signal-to-noise ratio of the k-th user in the single group case as

SNRk =
P

σ2k
|hH

k v|2 . (6.1)
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Similarily, the signal-to-interference ratio of a user k ∈ Gm,m ∈ M, in the general multi-

group case takes the form

SIR
(m)
k =

pm
∣

∣hH
k vm

∣

∣

2

∑

n 6=m pn
∣

∣hH
k vn

∣

∣

2
+ σ2k

. (6.2)

Furthermore, throughout the chapter we will provide remarks concerning the extension of

the analysis to the case NR > 1.

6.2 Optimization under time-invariant channels

We first assume that the channels are random but constant, and consider the transmit-

side optimization for a given channel realization. The resulting premise is that the data

stream in each group is supposed to be received and successfully decoded by each member

of the appropriate group. In the case of a single multicast group, this leads us to the

well-known problem of max-min transmit multicast beamforming. We characterize briefly

the problem and provide approaches for solving it. We also give insights into the scaling

of the multicast transmit rate as the number of users increases.

Subsequently, we proceed to the case of several multicast groups, and consider the prob-

lem of weighted utility maximization, whereas the utility of each group depends on the

lowest SIR among its member users. The main idea consists in decoupling power control

from the computation of the (normalized) beamformers. Therefore, we first devote our

attention to the multicast power control problem (assuming fixed normalized beamform-

ers), and present a subgradient-based power control algorithm. On the other hand, the

optimization of transmit vectors can achieve a smaller sum power while maintaining the

value of the objective function. Therefore, we finally combine the power control scheme

with updates of the transmit beamformers to obtain an iterative joint power control and

beamforming scheme.

6.2.1 Max-min multicast beamforming

Assume a single-group transmission with M = 1 so that the SNR at each user k ∈ K
is given by (6.1). The max-min multicast beamforming arises when considering some

common utility function of the SNR at all users and attempting to maximize the lowest

value of that utility function among all the users. In particular, a utility function of

interest is the maximum instantaneous rate achievable by user k, which, assuming capacity-
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achieving signaling at the physical layer, can be expressed as

Ck(Hk,v) = log(1 + SNRk) . (6.3)

This choice of utility function allows us to consider the highest instantaneous multicast

rate that can be supported by all users and we will refer to it as the multicast beamforming

capacity Cmc for a given channel realization H̃:

Cmc(H̃) ,max
v∈V

min
k∈K

Ck(Hk,v)

= max
v∈V

min
k∈K

log
(

1 +
P

σ2k
|hH

k v|2
)

= log
(

1 + P max
v∈V

min
k∈K

1

σ2k
|hH

k v|2
)

.

(6.4)

The above formulation leads to the max-min transmit beamforming problem (it should be

however emphasized that the derivation would result in the same optimization problem

even if the instantaneous rate (6.3) was replaced by any utility function φ satisfying (A.1)).

The max-min multicast beamforming problem can be formally stated as

max
v∈CNT

min
k∈K

1

σ2k
|hH

k v|2

subject to ||v||22 ≤ 1 .

(6.5)

The problem defined above can be shown to be NP-hard [SDL06]. By using |hH
k v|2 =

hH
k vvHhk = hH

k Xhk with X , vvH so that X ∈ C
NT×NT , the max-min transmit beam-

forming problem can be thus equivalently reformulated as [LSTZ07]

max
X�0

min
k∈K

1

σ2k
hH
k Xhk

subject to trace(X) ≤ 1 ,

rank(X) = 1 .

(6.6)

Now, a convex relaxation can be obtained by dropping the rank constraint on the matrix

X, which leads to a semidefinite programming (SDP) problem that can be solved efficiently

using appropriate SDP solvers. An approximate rank-1 solution and therefore a (in general

suboptimal) solution with respect to the transmit beamformer v can be then calculated

using the so-called randomization technique [SDL06].

An alternative approach to solving (6.5), motivated, as stated by the author, “purely

by engineering intuition”, was proposed in [Loz07]. The underlying idea is the iterative
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adapting of the transmit beamformer v in such a manner that the performance of the

currently worst user (i.e., with the lowest SNR) is improved. In particular, the transmit

beamforming vector is updated in the direction of the steepest increase of the SNR for the

user of interest, and this direction is determined by the gradient of the SNR with respect

to the transmit beamformer v. Considering (6.1) and denoting the transmit beamformer

in the i-th iteration as v(i), this approach yields

v(i+ 1) = v(i) + µ
1

σ2k(i)
hk(i)h

H
k(i)v(i) (6.7)

with subsequent normalization v(i+ 1) = v(i+ 1)/||v(i+ 1)||2. In the above, µ > 0 is the

(sufficiently small) step size and k(i) ∈ K is the index of the user that is identified as the

weakest user in iteration i. Thus, if SNRk(v(i)), k ∈ K, are the corresponding SNR values

in iteration i, we have k(i) = arg mink∈K SNRk(v(i)) and, as demonstrated by numerical

experiments in [Loz07], (6.7) allows for finding good approximate solutions to the max-min

transmit beamforming problem (6.5). Furthermore, by introducing an additional minimum

SNR requirement and modifying the selection criterion of k(i) accordingly, iteration (6.7)

can be used to heuristically solve the joint beamforming and admission control problem.

Building upon the approaches to finding the optimal v in the sense of (6.5), algorithms

for the MIMO case (i.e., with NR > 1 and requiring additionally optimization of receive

beamformers uk, k ∈ K) were proposed in [13]. The basic idea is to combine the optimiza-

tion of transmit beamformer v for fixed uk, k ∈ K (which is equivalent to solving (6.5))

and the computation of the optimal receivers according to (2.10) for a fixed v into an

alternating iterative scheme.

Scaling of the multicast transmit rate under max-min beamforming

In the following discussion, we intend to investigate how the multicast beamforming capac-

ity scales when the number of users K grows to infinity. In [JL06], assuming that (A.20)

holds and all users experience equal noise power, scaling laws for several transmission

strategies were provided. The capacity in the case of multimode transmit beamforming

(precoding), which is less restrictive than solving (6.6), was shown to scale as O( 1
K1/NT

),

providing thus the upper bound for the multicast beamforming capacity. As for the multi-

cast beamforming in the sense of (6.4), it may be observed that the performance is at least

as good as the multicast transmission using a single transmit antenna (which, under the

assumed fading model is equivalent to setting v = 1√
NT

1NT
where 1NT

∈ C
NT is a vector

of all ones). Thus, we may conclude that the multicast beamforming capacity scales as
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O( 1
K ). Indeed, with K → ∞, the empirical distribution of the users’ channels converges

to CN (0, INT
) and the omnidirectional isotropic transmission is asymptotically optimal.

Moreover, the scaling of the multicast beamforming capacity does not essentially change

even if NR > 1. In fact, with the SNR given as in (2.16), we can trivially upper-bound

the maximum supportable rate of user k ∈ K as

Ck(Hk,v) ≤ log

(

1 +
P

σ2k
||Hk||2F

)

, (6.8)

where || · ||F donotes the Frobenius norm. Assuming for simplicity that (A.20) is satisfied,

the scaling of mink∈K log(1+ P
σ2
k
||Hk||2F ) depends on mink∈K ||Hk||2F . Now, since 2||Hk||2F is

a χ2-distributed random variable with 2NRNT degrees of freedom, following the reasoning

of [JL06] we obtain that the minimum of K such random variables with K → ∞ scales as

O( 1
K1/(NRNT ) ). This is also the scaling term for mink∈K log(1+ P

σ2
k
||Hk||2F ) since log(1+x) ≈

x for x→ 0 and the constants can be omitted.

In consequence, we may conclude that even under an optimal transmission scheme, the

maximum achievable instantaneous multicast rate scales as O( 1
Kα ) with α = α(NT , NR) >

0 some constant depending on the system parameters. The main insight is the fact that

when the number of users increases, the multicast rate for fixed NR, NT will inevitably

converge to 0. Furthermore, this observation holds also in the multigroup case in which,

considering the additional interference perceived by the users, the performance is bounded

by the one in the single-group case. Transmission schemes that are not subject to these

limitations by additionally coding over a number of channel realizations will be analyzed

in Sections 6.3 and 6.4.

6.2.2 Utility-based power control for multigroup multicast

In this section, we consider again the general setup consisting of multiple multicast groups,

i.e., M ≥ 1. Due to the requirement that in each group m ∈ M, every member k ∈ Gm

should be able to receive the current transmission, the effective SIR of the m-th group is

equal to

SIR(m) = min
k∈Gm

SIR
(m)
k . (6.9)

Thus, the Quality of Service in group m ∈ M can be expressed as φ(mink∈Gm SIR
(m)
k ),

where φ is the utility function of interest (see also Section 2.6). We aim at maximizing the

weighted sum utility over all groups, and in doing so, we first assume that the (normed)

transmit beamforming vectors vm,m ∈ M, are fixed. Therefore, the resource allocation

is uniquely determined by power vector p ∈ P+, where P+ = P∩R
M
++ and P = {p ∈ R

M
+ :

∑M
m=1 pm ≤ Pt}. Note that we restrict our attention to strictly positive power vectors
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6 Beamforming and outer coding for multiple-antenna multicast

(since it allows us to consider utility functions introduced in Section 2.6), however this

does not limit generality in the case of interest.

Therefore, in this setting, the utility-based power control problem can be formulated as

p∗ = arg max
p∈P+

M
∑

m=1

βmφ
(

SIR(m)
)

= arg max
p∈P+

M
∑

m=1

βmφ

(

min
k∈Gm

SIR
(m)
k

)

,

(6.10)

where βm > 0,m ∈ M, are constant weights and φ : R++ → Q ⊆ R is a utility function

satisfying (A.1). For simplicity, we assume a common utility function in all the groups,

the subsequent approach can be however easily extended to the case of different utility

functions φm.

Remark 6. When assuming the case of a single user in each multicast group, i.e., M = K

and Gm = {m}, |Gm| = 1 ∀m ∈ M, the resulting network consists of M transmitter-

receiver pairs and thus of M wireless links. In such a setting, the problem (6.10) reduces

to

p∗ = max
p∈P+

M
∑

m=1

βmφ(SIR(m)
m ) (6.11)

and thus it is equivalent to the problem (3.31) considered in Section 3.4.1.

In general, the problem (6.10) is non-convex, we will, however, restrict our attention to

functions φ for which assumption (A.2) is satisfied (i.e., we assume that the inverse function

φ−1 is log-convex). From the analysis in Section 3.4, we know that for the problem (6.11)

there consists a convex reformulation if (A.2) holds. Furthermore, the problem can be

then efficiently solved in a distributed manner using iterative algorithms, e.g., gradient-

based approaches (if we additionally assume differentiability of the utility function). In

the following, we will show that these statements can be extended to an arbitrary number

of users in each multicast group, i.e., to the problem (6.10).

Similarly to the approach followed when solving (3.31) (see also Sections 3.4.2 and 3.5.3

as well as [SWB09]), we reformulate the problem by introducing the logarithmic power

vector s = logp. Furthermore, we denote ψ(x) = −φ(x) and the set of all valid logarithmic

power vectors as S , {s ∈ R
M : es ∈ P+}. Now, the optimal power allocation in the sense

of solving problem (6.10) can be determined by finding the minimum over S of the function

Fe(s) given by

Fe(s) =
∑

m∈M
βmψ

(

min
k∈Gm

SIR
(m)
k (es)

)

. (6.12)
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6.2 Optimization under time-invariant channels

The notation SIR
(m)
k = SIR

(m)
k (p) = SIR

(m)
k (es) is used in order to emphasize that the

performance of each user depends solely on the power vector p (or, equivalently, on the

logarithmic power vector s).

Proposition 22. Assume that (A.1) and (A.2) are satisfied. The power control problem

s∗ = arg min
s∈S

∑

m∈M
βmψ

(

min
k∈Gm

SIR
(m)
k (es)

)

(6.13)

is a convex optimization problem.

Proof. The proof is conducted essentially as in [SWB09, Section 6.3]. The key element

is showing that Fe(s) is a convex function of the logarithmic power vector s. Let k ,

(k1, k2, . . . , kM ) denote a vector of users’ indices such that k1 ∈ G1, k2 ∈ G2, . . . , kM ∈ GM ,

and let SK denote the set of all valid vectors k. We have

Fe(s) =
∑

m∈M
βmψ

(

min
k∈Gm

SIR
(m)
k (es)

)

=
∑

m∈M
βm max

k∈Gm

ψ
(

SIR
(m)
k (es)

)

= max
k∈SK

∑

m∈M
βmψ

(

SIR
(m)
km

(es)
)

= max
k∈SK

Fe(s,k)

(6.14)

with Fe(s,k) =
∑

m∈M βmψ(SIR
(m)
km

(es)). For any choice of vector k, function Fe(s,k)

is a convex function of s [SWB09] (see also Lemma 16 and Section 3.5.3). Now Fe(s) is

a maximum of a number of convex functions and thus also convex. This concludes the

proof.

The above proposition is the basis for designing iterative algorithms for solving problem

(6.10), similarly to the schemes considered in Sections 3.4.2 and 3.5.3. For simplicity, we

assume that (A.3) holds, so that the utility function is differentiable. Now, the main diffi-

culty in extending the standard gradient-based power control algorithm to the multigroup

multicast case consists in the fact that even if (A.3) is satisfied, the function Fe(s) is not

differentiable (due to the maximum expressions). For this reason, we use the subgradient

method. The update of the logarithmic power vector s uses the iteration

s(i+ 1) = ΠS [s(i) − δir(i)] , s(0) ∈ S, i = 1, 2, . . . , (6.15)

where ΠS[s] is the projection of a vector s ∈ R
M
++ onto set S, δi is the i-th step size,

and r(i) is a subgradient of Fe(s) at s(i). The subgradient r(i) can be computed as the
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gradient of the appropriate function Fe(s,k) at s(i):

r(i) = ∇Fe(s(i),k
∗(i)) , (6.16)

where

k∗m(i) = arg max
k∈Gm

ψ
(

SIR
(m)
k (es(i))

)

= arg min
k∈Gm

SIR
(m)
k (es(i)), m ∈ M . (6.17)

Similarly to the derivation of the gain matrix in Section 2.3, we use the notation G
(m)
k ,

|hH
k vm|2 for the effective path gain from the base station to a user k ∈ Gm and also denote

v
(mn)
k , G

(n)
k /G

(m)
k . The m-th entry of the subgradient is therefore expressed as (see also

[SWB09, Section 6.5])

rm =
(

∇Fe(s,k
∗)
)

m
= esm



g
(m)
k∗m

(es) −
∑

n 6=m

v
(nm)
k∗n

SIR
(n)
k∗n

(es)g
(n)
k∗n

(es)



 , (6.18)

with

g
(m)
k (p) =

βmψ
′(SIR

(m)
k (p))

I
(m)
k (p)

. (6.19)

The expression I
(m)
k (p) denotes the equivalent interference experienced by user k ∈ Gm

so that SIR
(m)
k (p) = pm/I

(m)
k (p) and is given by I

(m)
k (p) ,

∑

n 6=m pnv
(mn)
k + z

(m)
k with

z
(m)
k , σ2k/G

(m)
k as the equivalent noise term.

Note that due to the convexity of the problem (6.13) and the standard convergence

results for the subgradient methods, the iteration (6.16) is guaranteed to converge to

the optimal solution, given that the step size δm satisfies certain conditions (e.g., the

convergence is guaranteed for the so-called diminishing step size).

6.2.3 Joint power control and beamforming

Building upon the power control algorithm introduced in Section 6.2.2, we propose in the

following a heuristic approach to solve the utility maximization problem (6.10) not only

over the space of all valid power vectors p ∈ P, but over the space of all valid transmit

beamforming vectors wm satisfying
∑

m∈M ||wm||22 ≤ Pt. The considered heuristic is

premised on the observation that using subgradient-based power iteration (6.15), in each

group there will be users whose SIR is (significantly) higher than the SIR of the worst

user in the group. On the other hand, the overall performance in terms of sum utility

depends solely on the minimum SIR of the groups. Therefore, the beamforming vectors
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6.2 Optimization under time-invariant channels

wm may be recomputed so that some users achieve lower SIRs, but the sum utility does

not change.

First, consider the following optimization problem:

min
{wm}Mm=1

∑

m∈M
||wm||22

subject to

∣

∣hH
k wm

∣

∣

2

∑

n 6=m

∣

∣hH
k wn

∣

∣

2
+ σ2k

≥ γk, ∀k ∈ Gm, ∀m ∈ M
∑

m∈M
||wm||22 ≤ Pt,

(6.20)

where {γk}k∈K are some SIR targets. This problem has been analyzed in [KSL08]. Al-

though it is computationally difficult (NP-hard), a convex semidefinite relaxation has been

proposed, which allows for efficient obtaining of good approximate solutions. It should

be also noted that the problem is not always feasible and the feasibility depends on the

channel realization, the SIR targets and the power constraint.

The proposed approach combines beamforming (6.20) with power control (6.15) and is

summarized as Algorithm 7.

Algorithm 7 Joint power control and beamforming

Input: i = 0,W(0) = [w1(0), . . . ,wM (0)] ∈ W with wm(0) =
√

Pt
MNT

1NT
,m ∈ M.

Output: W ∈ W.
1: repeat

2: Compute SIR
(m)
k (W(i)), k ∈ Gm,m ∈ M.

3: Compute waux
m by solving (6.20) using targets γk = minl∈Gm SIR

(m)
l (W(i)), k ∈

Gm,m ∈ M.
4: pauxm = ||waux

m ||22, sauxm = log(pauxm ),vaux
m = waux

m /
√
pauxm .

5: Compute p(i) = es(i) by performing an iteration of (6.15) at saux using vaux
m ,m ∈ M.

6: wm(i+ 1) =
√

pm(i)vaux
m , m ∈ M .

7: i = i+ 1 .
8: until termination condition is satisfied.
9: W = W(i) .

Observation 5. In the setup of Algorithm 7, problem (6.20) is always feasible.

The observation follows from the fact that the SIR targets for the beamforming algo-

rithm are smaller or equal than the SIR values already achieved by the users. Therefore,

the beamforming step leads to a more favorable distribution of resources while maintain-

ing the current value of the objective function. It cannot be guaranteed that the convex
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approximation approach always finds a solution for (6.20) (although it is always feasi-

ble). The chances of finding a good solution can be improved by increasing the number

of propositions generated using the randomization technique [KSL08]. Depending on the

given system parameters, performance of the proposed heuristic can be improved by choos-

ing an appropriate adaptive step size δi and by executing a number of iterations (6.15) at

a time in step 6 of Algorithm 7.

6.3 Multicast with outer coding

The beamforming schemes considered in Section 6.2 assume a fixed channel realization

and the transmit rates are determined by the weakest user in each respective group. The

main disadvantage of this approach is the fact that as the number of users grows, the

transmit rate decreases and, for K → ∞, the rate converges to 0 (see the discussion on

the scaling of the multicast beamforming capacity Cmc(H̃) in Section 6.2.1). This can be

alleviated by using an appropriate coding scheme on top of the physical layer (an outer-

coding scheme) so that it is not required anymore for the transmission rate to be adapted

to the SNR of the worst link. In this section, we will propose and analyze a multicast

transmission scheme with outer coding assuming M = 1, i.e., for a single multicast group.

The extension to the case of multiple groups will be considered in the next section.

In the following, we extend the model considered in Section 2.5 by adding the time

dimension, and instead of a single transmission block, we consider a sequence of T ∈ N+

transmission blocks. For each t ∈ {1, 2, . . . , T}, the channels are constant (but random)

and denoted H̃(t). Accordingly, this notation can be extended to all variables introduced

in Section 2.5, however the time index t will be omitted when this does not lead to

confusion. Please also note that this model differs from iterative schemes considered

in Chapter 5 (and, in particular, the modeling introducing in Section 5.2), since in the

present analysis we assume block-fading channel model so that for each t ∈ {1, 2, . . . , T},

the channel realization is different, whereas in Chapter 5 we analyzed iterative algorithms

for a constant channel realization. Furthermore, is addition to i.i.d. channel distributions,

we also assume until the end of this chapter that (A.20) is satisfied so that, since the noise

variances are equal, there is full symmetry among the users.

6.3.1 Transmission scheme

We consider delay-tolerant applications in the sense that the users are interested in maxi-

mizing throughput at the expense of delay. This corresponds in our model to the acceptable

delay in the order of T blocks. Such applications may include distribution of large amounts

of data, e.g., media content. We assume an ideal application-layer code (outer code) over
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T transmission blocks, used on top of the physical layer. This allows for relaxing the

requirement to adapt the transmission rate to the multicast user with the lowest SNR.

Since by (6.3), the maximum instantaneous rate supportable by user k ∈ K is given by

Ck(Hk,v) = log(1 + SNRk), we define the set of active users in block t as

A(t) , {k ∈ K : log(1 + SNRk(t)) ≥ R(t)} , (6.21)

where R(t) is the transmission rate during block t. Please note that the set of active users

can be equivalently expressed as A(t) = {k ∈ K : SNRk(t) ≥ γ(t)}, with γ(t) as the SNR

target required for successful reception. In particular, under capacity-achieving transmi-

sion scheme at the physical layer, we have R(t) = log(1+γ(t)). If log(1+SNRk(t)) < R(t),

the user k is inactive and no data is received (erasure). Effectively, users perceive the com-

munication to take place over an erasure channel. Therefore, an error-correcting code for

the erasure channel used on top of the existing physical layer is made responsible for re-

covering the original data. Since the code is implemented on the application layer, no

modifications to the physical layer are necessary which means that this scheme can be

applied to a broad class of systems.

A class of codes which is particularly suitable for the application in the considered

scenario are the rateless codes for the erasure channel. Important code designs belonging

to this class include LT-codes [Lub02] and Raptor codes [Sho06]. For instance a Raptor

code is within ε of the capacity of the erasure channel for any probability of erasure, where

ε > 0 may be made arbitrary small, and has a linear complexity of encoding and decoding

[Sho06]. This results in a greater flexibility, since the code rate does not have to be chosen

a priori (no efficiency-robustness tradeoff) and allows for practical implementations even

for large T .

6.3.2 Optimal transmission policy

In the system without outer coding scheme, the instantaneous transmission rate is bounded

by the capacity of the weakest link. In the considered scheme, however, the transmission

rate R(t) during the time block t ∈ N is an optimization variable, together with the

transmit beamformer v(t). In the following we derive the optimality criteria for choosing

R(t) and v(t).

Consider a sequence of variables {A(t)}Tt=1, where T is a number of time blocks. For

each t, assume that the transmit beamforming vector v(t) is set according to some strategy

and the resulting SNR values are SNRk(t). The amount of data decoded by user k during

block t is then equal to ρk(t) , 1{k∈A(t)}R(t), where 1{·} denotes the indicator function.

Thus, assuming a perfect erasure correction code, the average effective rate attained until
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time T is given by

R̄k(T ) =
1

T

T
∑

t=1

ρk(t) =
1

T

T
∑

t=1

1{k∈A(t)}R(t). (6.22)

Now, we define the coded multicast beamforming capacity to be the maximum average

rate R̄k(T ) achievable by any user as T → ∞:

Ccmc , lim inf
T→∞

max
{π(t)}Tt=1

min
k∈K

R̄k(T ), (6.23)

where π(t) , (R(t),v(t)) with v(t) ∈ V is the resource allocation decision (transmission

strategy) during block t.

Proposition 23. The optimal transmission strategy π∗ for achieving the coded multicast

beamforming capacity Ccmc is π∗(t) = arg maxπ(t) |A(t)|R(t) for every t ∈ N.

Proof. For any T ∈ N, we define C̄cmc(T ) = max{π(t)}Tt=1
mink∈K R̄k(T ) and

C̄avg(T ) , max
{π(t)}Tt=1

1

K

K
∑

k=1

R̄k(T )

= max
{π(t)}Tt=1

1

K

K
∑

k=1

1

T

T
∑

t=1

1{k∈A(t)}R(t)

= max
{π(t)}Tt=1

1

KT

T
∑

t=1

|A(t)|R(t)

=
1

KT

T
∑

t=1

max
π(t)

|A(t)|R(t) .

(6.24)

Hence π∗ maximizes 1
K

∑K
k=1 R̄k(T ) for an arbitrary T ∈ N. Clearly we have

min
k∈K

R̄k(T ) ≤ 1

K

K
∑

k=1

R̄k(T ), T ∈ N (6.25)

with equality for any T ∈ N if and only if F (T ) = 1, where

F (T ) , max
k∈K

R̄k(T )/min
k∈K

R̄k(T ) ≥ 1 .

Let π be any strategy that randomly chooses R(t) for any t ∈ N independent of its past

choices and let {R(t)}∞t=1 and {A(t)}∞t=1 be the corresponding sequences. Suppose that

P is the set of all such strategies and note that π∗ ∈ P. Since SNRk(t), t ∈ N, k ∈ K
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are identically distributed, it follows from the definition of A(t) that this is also true for

ρk(t), t ∈ N, k ∈ K regardless of the choice of R(t). Now since the choice of R(t) does not

depend on the past, the law of large numbers implies that R̄k(T ) = 1
T

∑T
t=1 ρk(t) converge

to the corresponding expected values E{ρk(t)} which are independent of k and t. It can be

noticed that the expected values E{ρk(t)} always exist (also in the general case NR ≥ 1)

since, considering (6.8), ρk(t) can be bounded by log(1 + P
σ2
k
||Hk(t)||2F ). This implies that

E{ρk(t)} is bounded by log(1 + P
σ2NTNR) for all k, t.

In consequence, we have F (T ) → 1 as T → ∞ for any π ∈ P implying equality in (6.25)

for T → ∞. So, since π∗ ∈ P and, by (6.25), C̄cmc(T ) ≤ C̄avg(T ) for all T , one obtains

Ccmc = lim inf
T→∞

C̄cmc(T ) = lim inf
T→∞

C̄avg(T ) , (6.26)

which concludes the proof.

Since the optimization is performed independently for each transmission block, we can

drop the time index t. We define thus the transmit beamforming problem for multicast

with outer coding to be

max
{v∈V,R∈R+}

R|A|

subject to A ⊆ K,

log(1 +
P

σ2k

∣

∣hH
k v
∣

∣

2
) ≥ R, ∀k ∈ A .

(6.27)

The problem can be shown to be NP-hard by establishing the connection to [MSLT07].

However, the problem of finding the maximum of R|A| simplifies greatly if the transmit

beamforming vector v is fixed. The problem is then reduced to finding the optimal trans-

mission rate R (and therefore the optimal subset A) and can be solved efficiently according

to the following proposition.

Proposition 24. Assume a fixed transmit beamforming vector v ∈ V. Let {kl}Kl=1 be the

ordering of users k ∈ K such that {SNRkl}Kl=1 is a non-increasing sequence of SNRs. The

optimal values of A and R, in the sense of maximizing the product |A|R, are given by

A = {k1, k2, ..., kl∗} ,
R = log(1 + SNRkl∗ ) ,

(6.28)

where

l∗ = arg max
l∈{1,2,...,K}

l · log(1 + SNRkl) .
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Proof. For a fixed sequence of SNRs, the choice of the multicast transmit rate R determines

the set of the active users and there exist K possible sets A(l) with A(l) = {k1, k2, . . . , kl}
(the empty set of active users is never optimal so it is not considered). Furthermore, there

holds and A(1) ⊆ A(2) ⊆ . . . ⊆ A(K). On the other hand, for a given subset A(l) we have

max
R

|A(l)|R = |A(l)| log(1 + min
k∈A(l)

SNRk)

= l · log(1 + SNRkl).

Now, the optimum can be easily found by considering the values of the above expression

for all l ∈ K and selecting the maximum. This completes the proof.

An important property of the multicast with outer coding consists in the fact that the

coded multicast beamforming capacity does not decrease to zero as the number of users

grows to infinity.

Proposition 25. The coded multicast capacity Ccmc is asymptotically constant in the

number of users K, i.e., we have Ccmc ∼ O(1) as K → ∞.

Proof. Consider transmission strategy π0 with a constant transmit beamformer v(t) =
1√
NT

1NT
and R(t) = arg maxR(t) |A(t)|R(t) for all k ∈ K and t ∈ N. Assume a fixed t so

that the time index can be omitted. We have SNRk = P
σ2
k
|h̃k|2 where h̃k , 1√

NT
1NT

hk

and, in consequence, h̃k ∼ CN (0, 1). By (A.20), σ2k = σ2, k ∈ K, and in consequence SNRk

for all k ∈ K are i.i.d. exponential random variables with mean P
σ2 . Ordering the SNRs

such that SNRk1 ≥ SNRk2 ≥ ... ≥ SNRkK it follows from Proposition 24 that

max
R

|A|R = K max
l∈{1,2,...,K}

l

K
log(1 + SNRkl) . (6.29)

Then, as K → ∞ while keeping l
K constant, we have l

K → P (X > γ) with γ = SNRkl ,

where X is an exponential random variable with mean P
σ2 . Thus, l

K log(1 + SNRkl) →
P (X > γ) log(1 + γ). The maximum of the latter expression (which corresponds to the

goodput maximization problem considered in [BS06a]) can be evaluated analytically:

max
γ≥0

P (X > γ) log(1 + γ) = ωπ0 exp
( 1

P
− 1

ωπ0

)

> 0 ,

where ωπ0 , W0(E{X}) = W0(
P
σ2 ) and W0 is the Lambert W function. Furthermore, for

the conveniece of notation we denote ρ(π0) , ωπ0 exp( 1
P − 1

ωπ0
).
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Now, similarly to the proof of Proposition 23, we define

C̄avg
π0

(T ) ,
1

KT

T
∑

t=1

max
R(t)

|A(t)|R(t) .

As the number of users grow to infinity, we obtain:

lim
K→∞

C̄avg
π0

(T ) = lim
K→∞

1

KT

T
∑

t=1

max
R(t)

|A(t)|R(t)

= lim
K→∞

1

T

T
∑

t=1

max
m∈{1,2,...,K}

l

K
log(1 + SNRkl(t))

=
1

T

T
∑

t=1

max
γ≥0

P (X > γ) log(1 + γ)

=
1

T

T
∑

t=1

ρ(π0) = ρ(π0) .

Now it can be shown (see proof of Proposition 23) that the coded multicast beamforming

capacity Ccmc
π0

under strategy π0 satisfies Ccmc
π0

= lim infT→∞ C̄avg
π0 (T ) which allows us to

conclude that

lim
K→∞

Ccmc
π0

= lim
K→∞

lim inf
T→∞

C̄avg
π0

(T )

= lim inf
T→∞

lim
K→∞

C̄avg
π0

(T ) = lim inf
T→∞

ρ(π0) = ρ(π0) > 0.

Note that necessary conditions for exchanging the order of limits are satisfied as both

inner limits exist and C̄avg
π0 (T ) converges uniformly to its limit (i.e., ρ(π0)) for any T . Since

the assumed beamforming strategy π0 is feasible and in general suboptimal we obtain

Ccmc ≥ ρ(π0) > 0. Furthermore, as K → ∞, Ccmc is also bounded from above by a

constant, since for any k ∈ K and any t ∈ N, ρk(t) has a finite expected value bounded by

log(1 + P
σ2NT ) (see proof of Proposition 23) so that for any T we have

C̄cmc(T ) ≤ 1

K

K
∑

k=1

1

T

T
∑

t=1

ρk(t) −−−−→
T→∞

E{ρk(t)} ≤ log(1 +
P

σ2
NT ) .

This shows that Ccmc is bounded from below and above by a constant, which completes

the proof.
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6.3.3 Algorithms

In this section, we propose algorithms for solving coded multicast beamforming problem

(6.27). Please notice that the algorithms can be extended to the MIMO case (i.e., with

NR > 1 and including optimization of receive beamformers) by incorporating propositions

from [13].

Subset search

The subset search is based on a direct reformulation of the problem. Note that under the

constraints of problem (6.27), we have

max
{v∈V,R∈R+}

R|A| = max
A⊆K

|A|max
v∈V

log(1 + min
k∈A

SNRk) .

In words, for a fixed subset of users, the optimal beamformer can be determined by solving

the max-min beamforming problem (6.6) over this subset. For the max-min beamforming

problem, the semidefinite relaxation approach proposed in [SDL06] is used. Note that

full subset search has a prohibitive complexity of O(2|K|). For this reason, we start with

the set of all users and proceed by excluding one user at a time: the least favorable user

in terms of the considered metric. This approach results in complexity O(|K|2) and is

formalized as Algorithm 8.

Algorithm 8 Subset search for single-group multicast

Input: hH
k , k ∈ K.

Output: v∗ ∈ V , R∗ > 0.
1: Compute v∗ = maxv∈V mink∈K SNRk by solving (6.5).
2: Compute L∗ = K log(1 + mink∈K SNRk(v∗)).
3: A = K, Aaux = A .
4: repeat

5: for all k ∈ A do

6: A−k = A \ {k} .
7: v(A−k) = maxv∈V mink∈A−k

SNRk by solving (6.5).
8: SNRmin(A−k) = mink∈A−k

SNRk(v(A−k)) .
9: end for

10: A = arg maxA−k
SNRmin(A−k) .

11: if |A| log(1 + SNRmin(A)) > L∗ then

12: v∗ = v(A), L∗ = |A| log(1 + SNRmin(A)),Aaux = A .
13: end if

14: until |A| = 1.
15: R∗ = log(1 + mink∈Aaux SNRk(v∗)).
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Gradient-based iterative optimization

In the following, we will consider an alternative approach to solving the coded multicast

problem (6.27). The starting point is the iteration (6.7) proposed by Lozano in [Loz07].

As mentioned in Section 6.2.1, it is in general a joint beamforming and admission control

scheme since it allows for selecting a subset of active users in each iteration. In this

selected subset, the weakest user (i.e., with the smallest SNR among all active users) is

then identified.

Now, we propose to modify this scheme in order to (approximately) solve problem (6.27).

Our algorithm is motivated by the following observation. Assume again that v(i) is the

transmit beamforming vector in the i-th iteration. The optimal transmission rate R(i)

and the optimal subset A(i) can be determined efficiently according to Proposition 24.

Informally speaking, three possibilities are identified for improving the performance in the

sense of increasing |A| log(1 + mink∈A SNRk): 1) attempt to increase the SNR of the best

user among the inactive users so that it becomes active and |A| is incremented, 2) increase

the SNR of the weakest user among the active users so that mink∈A SNRk increases,

3) improve the SNR of the second weakest user among the active users so that |A| is

decremented, but this is compensated for by the increase in mink∈A SNRk. Furthermore,

please note that because of (A.20), the gradient update in (6.7) can be slightly simplified.

This is summarized in Algorithm 9.

Algorithm 9 Gradient-based coded multicast beamforming

Input: hH
k , k ∈ K, select random v(0) ∈ V , i = 0.

Output: v∗ ∈ V , R∗ > 0.
1: Compute R(0) and A(0) using Proposition 24 for v(0).
2: repeat

3: Let {kl}Kl=1 be ordering of users such that
{

SNRkl(v(i))
}K

l=1
is a non-increasing

sequence of SNRs.
4: l′ = |A(i)| so that SNRkl′

(v(i)) = mink∈A(i) SNRk(v(i)).
5: K′ = {kl′−1, kl′ , kl′+1} (candidate users).
6: for all k ∈ K′ do
7: vaux

k = v(i) + µhkh
H
k v(i) with vaux

k = vaux
k /||vaux

k ||2.
8: Compute Raux

k and Aaux
k using Proposition 24 for vaux

k .
9: end for

10: k∗ = arg maxk∈K′ |Aaux
k |Raux

k .
11: v(i+ 1) = vaux

k∗ ,A(i+ 1) = Aaux
k∗ , R(i+ 1) = Raux

k∗ .
12: i = i+ 1.
13: until max. number of iterations reached.
14: v∗ = v(i), R∗ = R(i).
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Numerical results

The algorithms proposed in this section were evaluated using simulations. The parameters

used in the simulations were as follows: NT = 4, NR = 1, P = 1. The step size used in

the gradient-based scheme was equal to µ = 0.03. Fig. 6.1 demonstrates the convergence

behavior of Algorithm 9 for K = 20 users and for one selected channel realization. In

Fig. 6.2, the performance of the proposed algorithms: Algorithm 8 (SS) and Algorithm 9

(Modified Lozano’s gradient-based algorithm, ML) is compared with the max-min beam-

forming approach (6.5). We simulated T = 100 channel realizations and calculated the

average rate per user. It can be observed that both SS and ML eventually outperform

the max-min beamforming. The SS performs almost full search over all subsets of users

and can be considered nearly optimal for solving (6.27). In order to show more clearly

the point where coded multicast outperforms the max-min approach, the case A = K
was excluded from execution (note that otherwise SS is never worse than max-min). The

performance of the ML algorithm is within an almost constant gap to SS and is achieved

at a significantly smaller computational complexity.
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Figure 6.1: Example of convergence of Algorithm 9. The solid line represents |A(i)|R(i),
and for reference the level of |K| log(1 + mink∈K SNRk), obtained by solving
(6.6), is indicated as the dotted line. The number of active users |A(i)| is
represented as the dashed line, with the corresponding values indicated on the
Y-axis.

152



6.4 Maximum weighted sum rate under outer coding

5 10 15 20 25 30
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

number of users

A
v
e

ra
g

e
 r

a
te

 

 

SS

Max−Min

ML

Figure 6.2: Comparison of the average rate after T = 100 transmission blocks.

6.4 Maximum weighted sum rate under outer coding

In this section, we extend the multicast scheme with outer coding to the case of multiple

multicast groups (in the presence of interference). At each time step t, the transmission

mode is determined by choosing transmit beamformers wm,m ∈ M and by setting the

transmission rate for each group. The transmission rate for group Gm is denoted by Rm(t)

so that the set of all active users in group Gm at time t (defined as the set of all users

for which the instantaneous supportable transmission rate is not lower then the current

transmission rate) is given by

Am(t) ,{k ∈ Gm : log(1 + SIR
(m)
k (t)) ≥ Rm(t)}

={k ∈ Gm : SIR
(m)
k (t) ≥ γm(t)} .

In the above, γm(t) is the SIR target in group Gm at time t, and under capacity-achieving

transmission scheme (at the physical layer) we have Rm(t) = log(1 + γm(t)). Analogously

to the single-group case, if SIR
(m)
k (t) < γm(t), no data is received and user k ∈ Gm

experiences erasure. Thus, assuming a perfect erasure correction code, the average effective
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6 Beamforming and outer coding for multiple-antenna multicast

rate attained until time T by user k ∈ Gm is given by

R̄
(m)
k (T ) =

1

T

T
∑

t=1

1{k∈Am(t)}Rm(t), (6.30)

where 1{·} is the indicator function. Furthermore, for each group the performance is

determined by the lowest average rate among the members of the group, and we define

the average rate of a group m ∈ M to be

R̄(m)(T ) = min
k∈Gm

R̄
(m)
k (T ) . (6.31)

At any time step t, the resource allocation policy (decision) is π(t) = (R(t),W(t)) where

R(t) = (R1(t), R2(t), . . . , RM (t)) and W(t) ∈ W. It can be observed that analoguously

to the single-group case, the average rate R̄(m)(T ) achieved in group m until time T is

a function of all the decisions {π(t)}Tt=1 in the considered time period. Different global

performance goals may be striven for, depending on the required amount of fairness be-

tween the rates R̄(m)(T ). Performance goals often considered in such a context include

achieving max-min fair or proportional fair rate allocation. In general, the optimal policy

(in the sense of some given performance goal) should be determined jointly over all time

steps t = 1, . . . , T , which would require knowledge of all future channel states until time

T . However, in the following we focus on the problem of maximization of the weighted

sum of rates R̄(m)(T ), for which the optimal policy will be shown to depend, as T → ∞,

only on the current channel state.

6.4.1 Optimal transmission policy

Consider a positive weight vector α = (α1, α2, . . . , αM ) > 0. Now the problem of maxi-

mizing the weighted sum of average rates is defined for a given T ∈ N as

max
{π(t)}Tt=1

∑

m∈M
αmR̄

(m)(T ) . (6.32)

The next proposition presents the optimal transmission strategy as T → ∞.

Proposition 26. The optimal transmission strategy π∗
α

in the sense of solving problem

(6.32) as T → ∞ is given by

π∗
α

(t) = arg max
π(t)

∑

m∈M

αm

|Gm| |Am(t)|Rm(t) (6.33)

for every t ∈ N.
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Proof. The proof is conducted along similar lines as the proof of Proposition 23. Consid-

ering (6.32) and using (6.30) we obtain

max
{π(t)}Tt=1

∑

m∈M
αmR̄

(m)(T )

≤ max
{π(t)}Tt=1

∑

m∈M

αm

|Gm|
∑

k∈Gm

R̄
(m)
k (T )

= max
{π(t)}Tt=1

1

T

T
∑

t=1

∑

m∈M

αm

|Gm| |Am(t)|Rm(t)

=
1

T

T
∑

t=1

max
π(t)

∑

m∈M

αm

|Gm| |Am(t)|Rm(t),

(6.34)

where the inequality follows from

min
k∈Gm

R̄
(m)
k (T ) ≤ 1

|Gm|
∑

k∈Gm

R̄
(m)
k (T ), m ∈ M . (6.35)

Thus, policy π∗
α

maximizes an expression which is an upper bound for (6.32). On the other

hand, since π∗
α

allocates resources independently from its previous choices and considering

(A.20), it can be shown that (6.35) is satisfied with equality in the limit as T → ∞.

Therefore, the upper bound (6.34) is achieved under π∗
α

as T → ∞ which concludes the

proof.

Since the optimization under policy π∗
α

is performed independently for each transmission

block t, we can drop the time index. This allows us to rewrite the the optimization problem

for achieving the optimal performance in the sense of (6.32) as

max
{wm,Rm}Mm=1

∑

m∈M

αm

|Gm| |Am|Rm

subject to Am ⊆ Gm, ∀m ∈ M ,

log
(

1 +

∣

∣hH
k wm

∣

∣

2

∑

n 6=m

∣

∣hH
k wn

∣

∣

2
+ σ2k

)

≥ Rm, ∀k ∈ Am, ∀m ∈ M ,

∑

m∈M
||wm||22 ≤ Pt.

(6.36)

The above problem involves combinatorics and already for M = 1 can be shown to be

NP-hard (see Section 6.3). However, for fixed vectors wm,m ∈ M, the optimal subsets

Am and transmission rates Rm can be computed efficiently as stated by the following

proposition.
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Proposition 27. Consider problem (6.36) and assume that vectors wm,m ∈ M are fixed.

The optimal values of Am and Rm can be determined independently for each m ∈ M:

Am = {k1, k2, . . . , kl∗} ,

Rm = log
(

1 + SIR
(m)
kl∗

)

,
(6.37)

where

l∗ = l∗(m) = arg max
l∈{1,2,...,|Gm|}

l · log(1 + SIR
(m)
kl

)

and
{

SIR
(m)
kl

}|Gm|
l=1

is the sequence of SIRs of the users in group Gm sorted in the non-

increasing order.

The proposition results from the fact that once the vectors wm,m ∈ M are fixed, so

are the SIRs and rate allocations do not influence other groups. The optimal rates and

subsets are then computed as in the single-group case (see Proposition 24).

6.4.2 Algorithm

In this section we propose a heuristic algorithm for finding an approximate solution of the

problem (6.36). We employ the joint beamforming and power control scheme considered

in Section 6.2.3, and extend it so as to allow for selecting subsets Am ⊆ Gm of users in the

groups. The optimization goal is obviously the maximization of the weighted sum rate in

the sense of (6.36) (and, as T → ∞, (6.32)).

First, note that under the constraints of (6.36), the objective function can be equiva-

lently stated as

max
{wm}Mm=1

∑

m∈M

αm

|Gm| |Am| log(1 + min
k∈Am

SIR
(m)
k ) . (6.38)

For a fixed choice of subsets Am, the above problem can be restated as the utility

maximization problem (6.10) (over the set of all valid beamformers wm,m ∈ M) with

φ(x) = log(1 + x) and βm = αm
|Gm| |Am|. Unfortunately, this particular utility function does

not satisfy the condition (A.2). Therefore, we use the function φ(x) = log x which meets

assumptions (A.1) – (A.3) and is a good approximation of the rate function for high values

of x (i.e., high SIRs).

Now, as long as the subsets Am are fixed, the beamforming and power updates can be

performed only taking the active users k ∈ Am,m ∈ M into account. The properties of

Algorithm 7 discussed in Section 6.2.3 hold: the beamforming problem (6.20) is always

feasible and the sum transmit power is expected to decrease (in general: not to increase)

while maintaining the value of the global objective function. The computation of the sub-
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gradient r(i) in the power control iteration (6.15) is slightly modified in order to consider

the active users only and can be stated as

r(i) = ∇Fe

(

s(i),k∗(i)
)

, k∗m(i) = arg min
k∈Am

SIR
(m)
k (es(i)), m ∈ M . (6.39)

With this modification, the power control iteration (6.15) is intended to increase the value

of the objective function. On the other hand, the recalculation of the sets Am can be

done efficiently using Proposition 27 and always guarantees that the value of the objective

function (in the sense of (6.38)) improves or does not change, but never decreases.

These observations gave rise to an iterative algorithm which combines the updates of

beamforming vectors, power allocation and subsets of users. This approach is summarized

as Algorithm 10.

Algorithm 10 Weighted sum rate maximization under outer coding

Input: i = 0,W(0) = [w1(0), . . . ,wM (0)] ∈ W with wm(0) =
√

Pt
MNT

1NT
,m ∈ M.

Output: W ∈ W, Rm > 0,m ∈ M.
1: Compute Am(0) using Proposition 27, m ∈ M.
2: repeat

3: Compute SIR
(m)
k (W(i)), k ∈ Gm,m ∈ M.

4: Compute waux
m ,m ∈ M by solving (6.20) using targets

γk =

{

minl∈Am(i) SIR
(m)
l (W(i)), k ∈ Am(i)

γk = 0, k /∈ Am(i)
, k ∈ Gm.

5: pauxm = ||waux
m ||22, sauxm = log(pauxm ),vaux

m = waux
m /

√
pauxm .

6: Compute Aaux
m using Proposition 27 for waux

m ,m ∈ M.
7: Compute p(i) = es(i) by performing an iteration of (6.15) with (6.39) at saux using

vaux
m , Aaux

m and βm = αm|Aaux
m |/|Gm|, m ∈ M.

8: wm(i+ 1) =
√

pm(i)vaux
m , compute Am(i+ 1) and Rm(i+ 1) using Proposition 27,

m ∈ M.
9: i = i+ 1.

10: until termination condition is satisfied.
11: W = W(i), Rm = Rm(i),m ∈ M.

In order to evaluate the above algorithm, numerical experiments were performed, with

Algorithm 7, corresponding to the multi-group case without outer coding, included for

reference. The simulation parameters were M = 3, T = 300, αm = |Gm|,m ∈ M and

δi = 0.1. In Fig. 6.3, the average convergence of the weighted sum rate as considered

in problem (6.32) is presented for a network with |Gm| = 4,m ∈ M. Both Algorithm 7

and Algorithm 10 are shown, and it can be observed that while the algorithms perform

similarly, Algorithm 10 is slightly better. As expected, in the system with 8 transmit

antennas higher performance is achieved, but also more iterations are required.
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Figure 6.3: Averaged convergence of weighted sum rate with Algorithm 7 (dotted lines,
’no SS’, no subset selection) and Algorithm 10 (solid lines, ’with SS’).

The scaling of the performance with the increasing number of users is depicted in Fig.

6.4. The graph shows the normed rate 1
|Gm|R̄

(m)(T ) averaged over all M = 3 groups. For

each channel realization, 60 iterations of each algorithm were executed. It can be observed

that the performance of Algorithm 10 scales more favorably, especially for NT = 8, and

due to the insights in Section 6.3, it can be expected that the performance gains will be

even higher for larger number of users in the system.

6.5 Conclusions

The topic under study in this chapter was the optimization of wireless downlink multicast

transmission, assuming a base station equipped with multiple antennas. First, the case

of a fixed channel realization was analyzed and, in particular, the problem of maximizing

the weighted sum utility was considered. By generalizing the utility-based power con-

trol framework from interference networks to multigroup multicast networks, the power
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Figure 6.4: Comparison of average normed rates with Algorithm 7 (dotted lines, ’no SS’,
no subset selection) and Algorithm 10 (solid lines, ’with SS’).

allocation problem among the individual streams was shown to be a convex optimization

problem, provided that certain conditions on the utility functions are satisfied. This al-

lowed for formulating an iterative scheme combining the subgradient approach for power

updates with recalculation of beamforming vectors to arrive at a joint utility maximization

algorithm.

Furthermore, motivated by poor scaling properties of achievable transmission rates when

the number of user increases, a multicast scheme with additional outer coding over a

number of channel realizations was considered. The analysis showed that for outer codes

spanning a high number of time blocks, the optimal transmission strategy depends only on

the current channel realization. The resulting optimization problem aims at maximizing

the expression |A|R, where R is the common transmission rate and A is the subset of users

that are able to successfully decode transmission at rate R. Asymptotically, the average

effective transmission rate scales as O(1) with the number of users, which is a significant

improvement compared to the case of multicast without outer coding, achieved however
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at the expense of increased delay. Numerical simulations demonstrated that for a typical

setup with NT = 4 antennas, the gains of outer coding over the non-coded schemes become

significant when the number of users in the system is greater than 15-20.

In the final part of this chapter, the multicast scheme with outer coding was extended

to the multigroup case, with the prominent difference being interference. Focusing on

maximization of the weighted effective sum rate achieved in the groups, we derive the

optimal transmission strategy and propose a heuristic algorithm for solving the resulting

optimization problem. Simulations demonstrate that the gains obtained by using outer

coding increase with the number of users as well as with the number of transmit antennas.
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7.1 Summary of contributions

In this thesis, we analyzed wireless interference and multicast networks, and aimed at

describing the performance limits in a number of specific scenarios as well as designing ad-

equate algorithms for solving the arising optimization problems, with focus on distributed

implementation. The main contributions and the resulting conclusions can be summarized

as follows.

• In linear interference networks, the general power constraints can be incorporated

consistently into the network description by means of the extended gain matrices.

This characterization allows for direct computation of the max-min SIR-balancing

power vector by solving an eigenvalue equation. The extended gain matrices are

also the basis for determining the feasible SIR and QoS region, thus describing the

performance limits of the system. Furthermore, it is shown that even if the QoS

functions (utility functions) are not differentiable, we can precisely determine the

weight vector such that maximizing the weighted sum of utilities leads to the desired

max-min SIR-balancing solution. This result opens up the possibility of designing

fully distributed algorithms, since the optimal power allocation, together with the

optimal weight vector, constitute a saddle point of a joint sum utility function.

An important insight is that a broad class of utility functions, depending on the

objectives of the network designer and not necessarily differentiable, can be used.

• Assuming slow Rayleigh fading in linear interference networks, the feasibility of

some constant QoS targets can be expressed in terms of the requirement that the

network outage probability be lower than some predefined threshold. A number

of bounds on the network outage probability give rise to sufficient and necessary

conditions for given QoS targets to be feasible. In particular, the derived bounds

and approximations suggest that, as the number of users grows, the quadratic growth

of available resources allows for maintaining a constant per-user performance while,

on the other hand, letting the resources grow linearly with the number of users is

insufficient.
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• The performance of a broad class of systems, including linear interference functions

as a special case, can be described using the framework of standard interference

functions. Whenever this holds, an iterative power and admission control scheme

can be applied to gradually power up the new users wishing to join the system,

while protecting the existing ones, i.e., maintaining their desired performance. The

protection property carries over to the case of individual power constraint in the

system, provided that the scheme is extended by an adequate distress signaling

functionality. Since modifying the transmit vectors (e.g., transmit beamformers in a

multiple antenna interference network) is not encompassed by the above-mentioned

axiomatic framework, we propose a distributed transceiver optimization scheme. The

combined approach, consisting of admission control and transceiver optimization,

is shown to successfully admit users with significantly higher desired performance

targets than the lone admission scheme.

• The usage of multiple transmit antennas together with an adequate signal process-

ing (beamforming) is an efficient tool for improving the performance of multicast

transmissions. In particular, in the multigroup scenario, the proposed utility-based

power control and beamforming framework can be used to maximize the sum of

group utilities. However, since the rate is supposed to be adapted to the weakest

user in the group, the performance expressed as the effective multicast transmit rate

decreases to zero as the number of users increases. Therefore, especially in larger

multicast networks with number of users at the order of 20 and more, significant

improvements can be achieved by applying an outer coding scheme over multiple

channel realizations. We consider both the single-group case and the maximization

of the weighted sum rate in the multi-group case, and prove the optimality con-

ditions of the transmission strategies. The resulting optimization problems can be

approximately solved by the proposed algorithms.

7.2 Future work

It is not unusual, neither in research nor in life in general, that a solved problem gives rise

to a number of new unsolved ones. In the following, we present several potential future

research challenges in the field of wireless interference and multicast networks, identified

in the course of the work on the present thesis.

• An open problem is the convergence behavior of the “forward-backward” transceiver

optimization scheme proposed in Section 5.5.1. By the properties of the scheme,

the sequence of SIRs is non-decreasing, however the observed behavior of transmit
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powers is non-monotonous. Of particular interest appear issues of existence of con-

vergence points and the convergence speed. Moreover, further investigations could

be devoted to analyzing the scheme in a power-constrained setup, as well as the

modified scheme mentioned in Remark 4 at the end of Section 5.5.1, which results

in a constant sequence of SIRs.

• In this thesis, we focused on interference networks with fixed network topology.

However, this topology often arises as an effect of applying some link activation or

scheduling schemes, which are responsible for enforcing the half-duplex constraint

as well as for eliminating excessive interference. The complete view of the system

includes thus in general also multi-hop connections, established using appropriate

routing schemes. The insights on the wireless interference networks gained in Chap-

ters 3-5 can be therefore used in a combined optimization framework, incorporating

scheduling and routing schemes, effectively leading to a cross-layer design.

• The bounds on the network outage probability considered in Chapter 4, which con-

stitute the basis for determining feasibility of QoS targets in fading scenario, are

relatively loose and thus of limited usefulness. A potential approach to improving

these results is the application of concentration bounds, as well as considering the

class of stochastic bounds, which are not necessarily satisfied for every single chan-

nel realization. Furthermore, interesting research directions include extension of

the analysis to the case of power-constrained networks (possibly using insights from

Chapter 3) and to different probability distributions, thus modeling for instance

multi-antenna networks.

• Several interesting results concerning the opportunistic multicast scheme with outer

coding, presented in Chapter 6 (Sections 6.3–6.4), were obtained under the assump-

tion of symmetry among the users, with respect to channel distributions and noise

powers. A challenging question is how the analysis can be extended to more general

cases, reflecting the situation in which certain users, located for instance closer to

the base station, experience in average stronger channels than other users. A desired

outcome would be the derivation of optimization problems that again depend only

on the current channel realization, however a possible consequence of the lack of

symmetry in the system may be the necessity to consider transmit strategies that

take the past channel realizations into account.
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