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Abstract

What is the worst case scenario offshore structures are exposed to during their
lifetime – the highest rogue wave or a wave group of certain frequency?

The choice of such environmental design conditions, to be considered in the design
process, is a delicate question. Reliability criteria, such as operation in moderate
sea states as well as survival in extreme conditions, are typically linked with a
design wave (group), limiting characteristic sea state or a rogue wave. Thereby,
operational efficiency and survival are complementing characteristics for offshore
structures to be carefully balanced in the design process. The identification of
environmental design conditions for the assessment of offshore structures is still a
key issue.

In this thesis, two innovative concepts in the field of tailoring critical wave scenar-
ios for response-based design are presented. Intention of this work is to develop
efficient methods for the deterministic identification and evaluation of critical de-
sign conditions. The first concept comprises the application of analytical breather
solutions of the non-linear Schrödinger-type equation as innovative experimental
design freak waves. The second concept, a response-based identification tool, is de-
veloped as a new design wave concept for the deterministic identification of critical
wave sequences and responses, respectively.

The breather solutions offer the fast generation of freak waves of certain frequency
and are intended as “one for all” critical design wave sequence in terms of an
outstanding situation to be investigated for any kind of offshore structure. The
general applicability of breather solutions, the formation process and characteris-
tics are firstly determined and reviewed against the “New Year Wave”, a classical
real-world freak wave. The potential span of application is demonstrated by inte-
grating the breather solution into an irregular sea state, resulting in a freak wave
(at target location) within a random wave field. Hereupon, this new class of freak
waves is for the first time used in sea-keeping tests showing that the breather so-
lutions might provide new perspectives in the methodology of examining marine
structures against rogue waves.

The response-based identification tool offers the identification and evaluation of
critical design conditions addressing particular design questions of specific offshore
structures, i.e. the obtained wave sequences represent outstanding situations for
particular offshore structures and system responses. The basic principle of this pro-
cedure is characterized by deterministic tailoring of short wave sequences to obtain
a certain maximum response level. Two typical design examples are presented: The
first application addresses extreme ship response in terms of the maximum vertical
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wave bending moment of a chemical tanker and the second application deals with
a multi-body offshore operation in terms of an offshore LNG transfer system. The
objective of both applications is to identify wave sequences which lead to a critical
response value for a certain design sea state. The obtained results are reviewed
against classical design wave concepts and validated by experiments.
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Zusammenfassung

Ist die größte Welle die gefährlichste oder eine Wellengruppe in einem für die Struk-
tur ungünstigen Frequenzbereich? Die Identifizierung von Worst-Case-Szenarien
beim Entwurf von meerestechnischen Konstruktionen stellt eine große Heraus-
forderung dar und kann nicht global beantwortet werden, da verschiedene Entwurfs-
kriterien (limitierende Körperbewegungen, lokale oder globale Belastungen) und
Operationszustände (Transit, Operation, Survival) zu unterschiedlichen Ergebnis-
sen hinsichtlich der kritischen Wellensequenzen führen werden. Bereits in der Pla-
nungsphase sollten diese entwurfskritischen Wellensequenzen identifizierbar sein,
wobei numerische Simulationen durch maßgeschneiderte Modellversuche zu vali-
dieren sind.

Diese Arbeit präsentiert zwei innovative Entwurfswellenkonzepte für die determin-
istische Identifizierung und Evaluierung kritischer Seegangszustände, die eine ex-
treme Systemantwort der meerestechnischen Struktur zur Folge haben. Das erste
Konzept führt die sogenannten Breather-Lösungen der nichtlinearen Schrödinger
Gleichung als maßgeschneiderte Extremwellen im Entwurfsprozess ein. Das zweite
Entwurfswellenkonzept ist ein vollständig automatisierter antwortbasierter Identi-
fizierungsalgorithmus zur deterministischen Ermittlung kritischer Seegangs-
zustände.

Die Breather-Lösungen ermöglichen eine schnelle Erzeugung von Extremwellen
beliebiger Wellenlängen, wodurch sie auf die zu untersuchende meerestechnische
Struktur maßgeschneidert werden können. Gleichzeitig können beliebige maximale
Wellenhöhen bis zur physikalischen Wellenbrechgrenze justiert werden. Aufgrund
ihrer flexiblen Anwendbarkeit stellen die Breather-Lösungen eine universelle Ent-
wurfswelle für jegliche meerestechnische Konstruktion dar, um die Auswirkungen
von Extremwellen systematisch untersuchen zu können. Die versuchstechnische
Anwendbarkeit der analytischen Breather-Lösungen, deren Ausbreitungsverhal-
ten und kinematische bzw. dynamische Eigenschaften werden als erstes ermit-
telt und im Vergleich zur „New Year Wave“, einer im natürlichen Seegang re-
gistrierten Extremwelle, begutachtet. Das große versuchstechnische Potenzial der
Breather-Lösungen wird durch die Integration eines Breathers in einen zufälligen
irregulären Seegang herausgestellt. Abschließend werden mit dieser neuen Klasse
von Extremwellen zum ersten Mal Seegangsversuche zur systematischen Analyse
der Welle-Struktur-Wechselwirkung durchgeführt.

Der antwortbasierte Identifizierungsalgorithmus ermöglicht die deterministische
Identifizierung und Analyse von kritischen Seegangszuständen hinsichtlich spezi-
fischer Entwurfskriterien. Die ermittelten kritischen Wellensequenzen stellen somit
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ungünstige bzw. gefährliche Situationen für die zu untersuchende meerestechnische
Konstruktion und deren Strukturantwort dar. Das Grundprinzip der Methode be-
ruht auf der Kombination von (beliebigen) Welle-Struktur-Analyseprogrammen
mit einem Optimierungsalgorithmus, um maßgeschneidert die vordefinierte kri-
tische Systemantwort und somit die zugrunde liegende Wellensequenz zu ermitteln.
Um den großen Anwendungsbereich des Verfahrens zu demonstrieren, werden zwei
typische Anwendungsbeispiele präsentiert. Das erste Anwendungsbeispiel befasst
sich mit der maximalen Schiffsantwort am Beispiel des vertikalen Biegemomentes
eines Chemietankers. Das zweite Beispiel adressiert den LNG Transfer zwischen
einer Terminal Barge und einem LNG Tanker als Mehrkörperproblem. Die Ergeb-
nisse werden denen klassischer Entwurfsverfahren gegenübergestellt und kritisch
bewertet. Die Untersuchungen beinhalten umfassende numerische Analysen sowie
deren Validierung durch gezielte Modellversuche.
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1. Introduction

Offshore structures are exposed to harsh wave environments causing short-term
(e.g. peak loads in extreme conditions) as well as long-term effects (e.g. fatigue
during lifetime) to be considered in the design process. This thesis focusses exclu-
sively on short-term wave events leading to a critical situation in terms of structure
response. All aspects are affected – from efficient and economic operation in mod-
erate sea states to survival in extreme conditions. The precise identification of
such critical situations is indispensable for the complete evaluation of the design.
Main objective is the identification of the maximum response to be considered in
the design of the structure as well as the determination of the applicability and
annual downtime, respectively.

For the evaluation of offshore structures, simple and fast linear to fully non-linear
methods are available. The computational time needed per simulation increases
significantly with increasing complexity of the applied numerical method, limiting
a holistic application at an advanced level up to now. As a consequence, the most
commonly used methods are based on linear transfer functions as this is an efficient
procedure for the fast holistic evaluation of a design. In particular, the linear
stochastic analysis enables the fast evaluation of the operability of a design for
certain sea areas. This is an important benchmark for offshore structures which
are forced to work in defined sea areas without the possibility of bad weather
avoidance.

Design Wave Concepts

Extreme conditions such as critical wave sequences leading to an extreme response
value are particularly challenging. The fundamental question is the identification
of the underlying critical wave group to be considered for detailed investigation.

Different approaches are introduced for the deterministic identification of criti-
cal (design) wave sequences. Torhaug et al. (1998) introduced the Critical Wave
Episode (CWE) approach where the maximum linear response is determined for
a set of irregular sea states with random phase distributions. The wave sequences
which lead to the highest response within an irregular sea state are called CWE.
Afterwards, a set of CWE’s, the mean of several CWE’s or the CWE leading
to the maximum response are used for non-linear simulations for extreme value
estimation. More accurate and sophisticated methods are based on condition-
ing of the wave sequence and response, respectively, using probabilistic analysis.
These wave sequences are obtained by linear conditioning of short wave sequences
leading to a predefined maximum response which are also subsequently used for
detailed non-linear investigations. The predefined response is commonly inferred
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1. Introduction

from linear short-term or long-term statistics. These methods allow the estima-
tion of extremes of the non-linear response statistics by performing only short
non-linear simulations with the identified wave sequences. In doing so, the fun-
damental assumption is that the non-linear response is only a correction of the
linear response. Tromans et al. (1991) presented a New Wave model based on
the standard model of ocean waves, which has been extended by Friis-Hansen
and Nielsen (1995). The most probable wave crest elevation, also called Most
Likely storm Wave (MLW profile), is determined by conditioning the amplitudes
and phases based on probabilistic analysis. Applying the MLW approach on the
response spectra instead of wave spectra results in the Most Likely Extreme Re-
sponse (MLER) concept (Adegeest et al., 2000), leading to the underlying Most
Likely Response Wave (MLRW) (Adegeest et al., 2000; Dietz, 2004). Combining
the MLRW profile with an irregular random background wave will produce the
Conditional Random Response Wave (CRRW) (Dietz, 2004). Alford (2008) intro-
duced a different approach which basically manipulates the phases of the linear
response spectrum by means of optimizing procedures to obtain linear extreme
values in the early design stage.

However, the development of design wave concepts is still under research and the
introduced concepts based on linear theory should be validated under different
severe conditions when non-linear effects are significant (Drummen et al., 2009).

Freak Waves

Freak waves are outstanding events for any kind of offshore structure and are,
therefore, of particular interest. The most famous freak wave in history is the
so-called “New Year Wave” (NYW). The NYW was registered in the North Sea at
the Draupner jacket platform on January 1st, 1995 (Haver and Anderson, 2000).
The measurement of this extraordinarily high single wave, which had been dis-
missed as cock-and-bull story before, removed any doubt regarding the existence
of freak waves. This considerably attributed to its prominent position in the
ocean engineering community. Freak wave observation and occurrence, respec-
tively, had already been discussed before (Kjeldsen, 1990; Sand et al., 1990), but
the giant single wave, measured at the Draupner platform, with Hmax = 25.63m
(Hmax/Hs = 2.15) and a crest height of ζc = 18.5m (ζc/Hmax = 0.72) represented
an outstanding event and milestone for the ocean engineering community. The
increasing number of such extreme wave observations brought this phenomenon
into focus as occurrence, the formation process as well as the impact on offshore
structures remain widely unknown. As a consequence, offshore structures have
been equipped with wave sensors resulting in numerous freak wave observations
all over the world (e.g. Wolfram et al. (2000); Mori et al. (2000); Guedes Soares
et al. (2004a,b)). Real-world freak wave registrations and a general overview of
freak wave research is found in Kharif et al. (2009).

The classification of when a wave is a freak wave is a delicate question and various
definitions are proposed based on Rayleigh statistics. In particular, for the design
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of offshore structures, the choice of the maximum wave height to be considered
in the design process influences the efficiency and reliability significantly. In this
context, the maximum wave height is defined as a multiple of the significant wave
height. Based on Rayleigh statistics, the most probable maximum wave height
in a 1000 waves registration is Hmax = 1.86 · Hs which is commonly used for the
efficiency assessment of offshore structures in the design process. However, waves
higher than Hmax = 2 · Hs occur with a probability of 28% and even wave heights
higher than Hmax = 2.3·Hs have still a probability of an 2.5% exceedance. Wolfram
et al. (2000) analysed storm data recorded in the North Sea at North Alwyn from
1994 to 1998 and suggested that freak waves should be defined as Hmax/Hs > 2.3.
Faulkner (2000) reviewed design rules for ships and offshore structures exposed to
harsh wave environment proposing a freak wave value of Hmax/Hs > 2.4 to be con-
sidered for survival design criteria. In terms of structure response, the NORSOK
standards developed by the Norwegian petroleum industry define the maximum
wave height within a 100 year storm as Hmax = 1.9 · Hs at which an offshore
structures has to withstand undamaged. In addition, Hmax = 2.375 · Hs shall be
considered for the accidental limit state (10−4 annual exceedance probability) at
which an offshore structure should not suffer complete loss of integrity.

Formation Process of Freak Waves

The formation process of freak waves is still not completely solved due to the fact
that only single point registrations of real-world freak waves are available impeding
conclusions regarding the formation process around the measuring point. Different
physical mechanisms have already been identified – wave-current interaction, su-
perposition of (non-linear) component waves and/or modulation instability. The
phenomenon of freak waves occurring due to wave-current interaction as well as
superposition of component waves is well understood and explainable by linear
theory (e.g. Trulsen and Dysthe (1997)). More complex mechanisms are based
on non-linear dynamics which can be qualitatively modelled by the Non-Linear
Schrödinger-type (NLS) equation under suitable assumptions. In this context, the
discovery of the modulational instability of weakly non-linear deep water waves
represents a substantial progress in terms of sudden freak wave genesis due to
non-linear wave-wave interaction by coupling through the non-linear boundary
condition (Benjamin and Feir, 1967). Even if the NLS equation is limited to
weakly non-linear water waves and narrow-banded spectra it features many of the
dynamics of freak wave formation due to the self-focussing phenomenon (Onorato
et al., 2001a). Onorato et al. (2001b) have shown that the NLS equation is appli-
cable to numerical investigations of the influence of the spectral bandwidth on the
occurrence of freak waves in random sea states. It has theoretically been shown
that freak waves (Hmax > 2.2 · Hs) occur more often in sea states with narrow
bandwidth and higher enhancement factors, respectively, which is related to the
modulation instability. Consequently, the discovered Benjamin-Feir Index (BFI)
has been rearranged for (random) wave spectra by relating the spectral bandwidth
to the wave steepness (Janssen, 2003; Onorato et al., 2003). This influence of the

3



1. Introduction

spectral bandwidth and wave steepness of wave spectra on freak wave occurrence
has been verified by experiments (Onorato et al., 2005).

Based on these findings, numerous real-world freak wave registrations have been
investigated in order to draw conclusions regarding the formation process.
Kurkin and Pelinovsky (2004) estimated the BFI of the NYW. They stated that
the abnormal wave is strongly non-linear and showed that seven waves are sufficient
to manifest the modulation instability. Also Cherneva and Guedes-Soares (2008)
investigated the non-linearity and non-stationarity of the NYW using higher-order
time-frequency spectra. They also stated that the seven waves leading to the NYW
observed by Kurkin and Pelinovsky (2004) are enough for the evolution of the freak
wave due to the modulational instability. Based on the measured responses of the
Draupner platform published by Karunakaran et al. (1997), Trulsen (2001) as-
sumed that the NYW had occurred in a long crested sea state and simulated the
spatial development of the NYW using a model for weakly non-linear spatial evo-
lution of waves. The investigation showed that the real-world freak wave “did not
occurred suddenly and unexpectedly” as the NYW, he simulated, evolved from
a large wave group 500m in front of the measuring point. Numerical investiga-
tions on four freak waves, recorded in the North Sea at the North Alwyn in 1997
(Wolfram et al., 2000) and carried out by Slunyaev et al. (2005), demonstrated
that the lifetime of real-world freak waves “vary from several seconds up to 42s”,
in which “the freak waves travel up to 325m”.

However, freak wave investigations in wave tanks are an inevitable element for
a complete understanding of this phenomenon. Schmittner (2005) presented a
procedure for the generation of tailored extreme waves as well as real-world reg-
istrations in seakeeping basins based on experimental optimization of the wave
board motion. Based on this approach, Clauss and Klein (2011) reproduced the
NYW in a seakeeping basin scaled according to the actual water depth at the
Draupner platform and successively measured the spatial evolution of the extreme
sea state along the tank. The investigations focussed on a possible temporal and
spatial evolution of the NYW as well as on the underlying wave kinematics and
dynamics. The analysis revealed that freak waves occur at three different posi-
tions in the seakeeping basin, emerging from a wave group which was propagating
almost constantly along the wave tank. On the basis of this extensive measure-
ments, Petrova et al. (2011) showed that the quasi-determinism theory (Boccotti,
2000) can be applied to the prediction of such steep wave events. Buchner et al.
(2007) presented the evolution of an extreme wave at different positions in a wave
tank, revealing that the extreme wave develops from a relatively normal wave to
an extreme crest in less than half the wavelength.

Recently, exact solutions of the NLS equation, so-called breather solutions,
have been rediscovered as prototypes for freak waves (Dysthe and Trulsen 1999;
Osborne et al. 2000). These “Waves that appear from nowhere and disappear with-
out a trace” (Akhmediev et al., 2009) feature many similarities to real-world freak
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waves (Henderson et al., 1999). They serve as suitable analytic models simulating
steep wave events (Dysthe and Trulsen, 1999) and are promising candidates for
extreme wave modelling in wave tanks (Huijsmans et al., 2005; Andonowati et al.,
2006). Chabchoub et al. (2011) showed that the breather solutions, namely the
Akhmediev solution, lead to exaggerated amplitudes compared with the initial con-
dition. Clauss et al. (2011) presented an experimental study on the evolution of the
Kusnetzov-Ma breather solution. It has been demonstrated that the mechanism
of modulation instability of the Kusnetzov-Ma breather leads to extraordinarily
high waves in intermediate water depth – the formation of freak waves up to the
maximum physically possible wave height has been observed. Chabchoub et al.
(2012) investigated so-called higher-order breather solutions, presenting a success-
ful generation of the Akhmediev-Peregrine breather in a small wave tank.

Consequences for Offshore Structures

The consequences of freak wave impact on offshore structures may be disastrous.
There are many reports from cruise vessels encountering freak waves, some escaped
with no more than a fright whereas others suffered disastrous consequences (e.g.
Schulz (2001); Bertotti and Cavaleri (2008); Lemire (2005)). Of special interest
are the incidents of the cruise ships Voyager (February 2005) and Louis Majesty
(March 2010) in the Mediterranean Sea. Both ships encountered steep wave events
but not classical freak waves in terms of extraordinarily large wave height. These
incidents are characterised by the encountering of a critical wave group in terms
of structure response, i.e. the wave group builds up an unfavourable ship pitch re-
sponse resulting in a phase-delayed encountering of the following steep wave crests
at the bow of these ships. This shows that critical situations are not necessarily
related to the highest waves.

The consequences of extreme sea states and freak waves for offshore structures are
still under research. Ship losses such as the sinking of the single-hull tankers Erika
(1999) and Prestige (2002) as well as that of the double-hull tanker Ievoli Sun
(2000) confirm the need for systematic investigations. In contrast to cruise ships,
where the impact of steep waves at the bow will cause (dangerous) local damage
at the superstructure with potentially serious consequences, cargo vessels are more
affected by wave-induced global loads which may cause structural failure.

Systematic experimental and numerical investigations have been performed in or-
der to evaluate the impact of steep wave events on offshore structures. Gorf et al.
(2000) showed that the wave steepness is an important parameter for local loads by
analysing the bow damage of a floating production, storage and offloading vessel
(FPSO). The influence of the bow geometry on the vertical wave bending moment
has been investigated by Watanabe et al. (1989). Experiments with a container ves-
sel showed that the vertical wave bending moment becomes strongly non-linear for
large bow flares. The conclusion has been verified by Fonseca and Guedes Soares
(2002) comparing numerical and experimental results of wave-induced ship mo-
tions and loads. They showed that large bow flares in combination with steep
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1. Introduction

waves significantly influence the global loads. As a result, the sagging loads are
significantly higher than the hogging loads, which is associated with the “non-
linear geometry” of the hull (Fonseca and Guedes Soares, 2002). These non-linear
effects have been approved by Clauss et al. (2010a) for different ship types con-
firming the significant influence of block coefficient, bow flare and freeboard height
on the vertical wave bending moment.

Comprehensive studies of the freak wave impact on offshore structures have been
presented by Clauss et al. (2004, 2007), comparing numerical simulations and
model test results, including the generation of deterministic wave sequences with
embedded rogue waves as a critical prerequisite (Clauss, 2008). It has been shown
that freak wave events are outstanding situations for any offshore structure to be
investigated. The application of the breather solutions for the investigation of
offshore structures exposed to extreme waves has been demonstrated by Clauss
et al. (2012a).

Outline of the Thesis

This thesis discusses the fundamental question of tailoring short-term critical wave
sequences to be experienced by offshore structures for response-based design. The
aim of this work is to establish new procedures for the identification and evaluation
of critical wave scenarios. Therefore, two new concepts for tailoring critical wave
sequences for response-based design are introduced.

The general overview of the water wave problem is given in Sec. 2. The focus
lies on the standard model of ocean waves and its applicability to engineering
problems (Sec. 2.3). In addition, the NLS equation and its analytical solutions are
introduced in Sec. 2.4 as a basic principle for the subsequent experimental breather
solution investigations.

The first concept, the application of analytical breather solutions of the NLS equa-
tion as innovative experimental design freak waves, is presented in Sec. 3. The
breather solutions offer the fast generation of freak waves of certain frequency for
subsequent model tests. The general applicability of breather solutions as well as
the formation process is investigated in Sec. 3.2 and reviewed against the real-world
NYW reproduction (Sec. 3.1). The characteristics of breather-type freak waves in
terms of particle velocity and dynamic pressure are evaluated in Sec. 3.3 and com-
pared to measurements in the NYW. Afterwards, the applicability of breather
solutions for the generation of tailored irregular sea states with an embedded freak
wave is shown in Sec. 3.4. Finally, the applicability for wave-structure investiga-
tions is evaluated in Sec. 5.1. Therefore, the impact of the breather-type freak
waves on the vertical bending moment of a chemical tanker is analysed.

In Sec. 4.1, the basic principle of wave-structure interaction is introduced.
Numerical procedures, namely the potential code WAMIT (Sec. 4.2) and the non-
linear strip theory code from Instituto Superior Técnico (IST) of Technical Univer-
sity of Lisbon (Sec. 4.3), relevant for this thesis are briefly described. In addition,
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the standard model of ocean waves adopted to the wave-structure interaction prob-
lem is introduced in Sec. 4.4. At the end, established design wave concepts are
presented in Sec. 4.5.

Wave-structure interaction in terms of extreme response is addressed in Sec. 5. As
aforementioned, the applicability of breather-type freak waves for wave-structure
investigations is evaluated in Sec. 5.1. Afterwards, the second concept, a response-
based identification tool, is introduced in Sec. 5.2 as a new design wave concept.
This new tool tailors the response of an offshore structure straightforward to a spe-
cific extreme value revealing the underlying critical wave sequence. This method
enables the tailored identification of wave sequence which causes the most criti-
cal response for specific offshore structures. The scope of application lies on an
user-defined fully automated numerical identification of specific maximum system
responses and its underlying critical wave sequences as well as experimental verifi-
cation. Two typical design examples are applied for the verification of the general
applicability. The first application (Sec. 5.2.1) addresses extreme ship response
in terms of the maximum vertical wave bending moment of a chemical tanker.
Objective is to identify wave sequences which lead to the maximum vertical wave
bending moment in a certain design sea state. A multi-body offshore operation in
terms of an offshore LNG - transfer system is investigated as a second application
(Sec. 5.2.2). The objective is the identification of critical wave sequences which
lead to failure of the transfer pipes or collision of the involved vessels. The opti-
mization results are reviewed against classical design wave concepts and validated
by model tests.

Finally, general conclusions are provided in Sec. 6.
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2. Water Wave Problem

A precise knowledge of the genesis and evolution of waves as well as the associated
kinematics and dynamics is indispensable for the design and evaluation of offshore
structures. The physical mechanisms of sea waves are complex and based on
stochastic excluding a simple solution. In the majority of cases the water wave
problem is reduced to potential theory on a somehow simplified level. A historical
overview of “The Origin of Water Wave Theory” can be found in Craik (2004).

This chapter presents a brief description of the water wave problem without at-
tempting to be comprehensive – a holistic mathematical description can be found
in classical text books, e.g. Newman (1977); Chakrabarti (1987); Mei (1983);
Clauss et al. (1992). This chapter presents those solutions which are relevant
for this thesis, namely the derivations of the Laplace equation as it is the most
common theory for the engineering community. After a brief introduction of the
boundary value problem of potential flow theory (Sec. 2.1), the utilized methods
are presented in the order of complexity – from regular wave approaches via weakly
non-linear description of wave propagation in the narrow-band approximation to
fully non-linear simulations. It starts with Stokes wave theory (Sec. 2.2) as basis
for the standard model of ocean waves (Sec. 2.3). The standard model of ocean
waves offers a simple handling of the complex irregular sea. The frequency domain
analysis serves as a fast and holistic approach for the evaluation of wave-induced
loads and responses of offshore structures. Afterwards, particular attention is paid
to the NLS equation in Sec. 2.4 facilitating the quantitative description of freak
wave formation as well as the mathematical description of a class of freak waves
occurring at sea – the so-called breather solutions. At the end of this chapter the
fully non-linear numerical wave tank WAVETUB (Sec. 2.5) is introduced.

2.1. Potential Flow

Figure 2.1 presents the considered coordinate system showing the profile of the
x-z plane. The y-axis (direction) is neglected in the following as this thesis con-
centrates on uni-directional wave systems. Neglecting the y-direction results in a
significant mathematical simplification, but the general scheme of the derivation
of the water wave solutions will rest unaffected. The point of origin is at the still
water level, the positive z–axis faces upwards opposing the gravitational force. The
positive x–axis points to the direction of wave propagation.
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2. Water Wave Problem

Figure 2.1.: Definition of the coordinate system showing the profile of the x–z plane: The point
of origin is at the still water level, the positive z-axis faces upwards opposing the gravitational
force and the positive x–axis points to the direction of wave propagation assuming uni-directional
waves.

Assuming that the Newtonian fluid is incompressible, inviscid and irrotational,
the water wave problem can be mathematically described by the following (two-
dimensional) governing equations:

△Φ = 0; (2.1)

∂Φ

∂z
− ∂Φ

∂x

∂ζ

∂x
− ∂ζ

∂t
= 0 on z = ζ(x, t); (2.2)

ρgz +
ρ

2
·


(

∂Φ

∂x

)2

+

(
∂Φ

∂z

)2

+ ρ

∂Φ

∂t
= 0 on z = ζ(x, t); (2.3)

∂Φ

∂z
= 0 on z = −d. (2.4)

The fluid domain is bounded by the bottom and the unknown free surface. The
bottom of the fluid domain is considered to be level, rigid and impermeable
(Eq. 2.4). The dynamic pressure at the free surface is defined to be constant
equalling the atmospheric pressure (Eq. 2.3) and particles, which are elements of
the resting free surface, must not leave the free surface of the waves (Eq. 2.2).

The solution of the boundary value problem is significantly complicated by non-
linear terms in both surface boundary conditions and by the fact that these con-
ditions have to be fulfilled at the unknown free surface z = ζ(x, t) impeding an
analytical solution for the exact boundary value problem. Therefore, approximate
solutions are essential whereby different approaches lead to solutions with different
scope of applications.

On the one hand, the solution can be approximated via numerical procedures up to
fully non-linear simulations. Fully non-linear means that the numerical procedures
solve the Laplace equation with non-linear boundary conditions at the free surface
in spatial domain in combination with time-stepping schemes for wave evolution
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2.2. Stokes Wave Theory

in time domain. On the other hand, the problem can be reduced simplifying
the Cauchy problem in combination with perturbation theory and Taylor series
expansion to obtain analytical solutions to the problem. The solutions obtained
differ due to the expansion order and perturbation parameters. Depending on
the truncation order of the perturbation as well as on the utilized perturbation
parameter ǫ, different (common) wave theories are obtained:

• Stokes Wave Theory: the perturbation parameter is related to the wave
steepness ζak

• Non-Linear Schrödinger-type Equation: the perturbation parameter is re-
lated to the wave steepness ζak and bandwidth ∆k

• Shallow Water Wave Theory: the perturbation parameter is related to the
relative water depth d/L

2.2. Stokes Wave Theory

The genesis of the established wave theories is based on the comprehensive studies
of Stokes (1849). Stokes wave theory approximates the Cauchy problem by ap-
plying the perturbation method and relating the perturbation parameter to wave
steepness. The basic (first-order) solution of the Stokes expansion is the well-
known linear wave theory, also known as Airy wave theory (Airy, 1845). Expan-
sions of velocity potential and wave elevation are leading to higher-order solutions
taking into account non-linearities such as the increase of the crest-trough asym-
metry. The increase of the propagation speed due to wave steepness is only taken
into account by Stokes Third-Order (e.g. Kinsman (1965)) or higher solutions.
Skjelbreia and Hendrickson (1961) have solved the boundary value problem up to
the 5. Order explicitly.

The most widely utilized wave theory is the linear one as it is a rather simple
and fast method to calculate the wave field and its associated wave kinematics;
thus, serves as an all-purpose tool for the engineering community. Additional
simplifications are introduced for the determination of the linear solution affecting
the (theoretical) area of validity of the theory. Figure 2.2 illustrates the regions
of validity of various gravity water wave theories for regular waves with regard
to the wave profile, giving a general outline about which theory can be used for
different limiting parameters. The relative water depth is plotted on the abscissa
and the relative wave height on the ordinate. Figure 2.2 shows that the linear
wave theory is applicable to small amplitude waves, whereas for increasing wave
heights (and hence increasing crest/trough asymmetries), the higher-order Stokes
solutions apply.

However, Fig. 2.2 also shows that the linear theory can be applied to a large range
of relative water depths. In addition, the linear theory provides appropriate results
for wave steepness up to ζak < 0.05π (Hennig, 2005). The higher-order Stokes
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2. Water Wave Problem

Figure 2.2.: Breaking wave height and regions of validity of various gravity water waves theories
according to Clauss et al. (1992).

solutions are valid for relatively steep waves and are limited by the relative water
depth and wave breaking limit, respectively (Hennig, 2005). The area of validity
for deep or shallow water theory is defined by the Ursell parameter. Curves with
constant Ursell numbers mark the boundary between different theories.

The Stokes wave theory as well as the other theories illustrated in Fig. 2.2 are ap-
propriate for regular waves and the applicability is limited for natural seaways. For
the description of natural seaways, a standard model of ocean waves is commonly
used, which is introduced in the following section.

2.3. Standard Model of Ocean Waves

The natural seaway is complex, short crested and of stochastic nature resulting in
varying wave heights, periods and directions. Hence, time series of real-world water
waves are visually irregular and rarely feature regular wave behaviour. The desired
sea state is regarded as superposition of independent harmonic “component” waves,
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2.3. Standard Model of Ocean Waves

each having a particular direction, amplitude, frequency and phase based on linear
theory

ζ(x, y, t) =
∑

n

ζan cos(knx cos θn + kny sin θn − ωnt + φn), (2.5)

with ζan, kn, θn, ωn and φn as amplitude, directional wave number, direction,
angular frequency and phase of the nth component wave. Assuming long crested
irregular sea states, simplifies Eq. 2.5 to

ζ(x, t) =
∑

n

ζan cos(knx − ωnt + φn), (2.6)

where the angular frequency and wave number are coupled via the dispersion
relation

ωn =
√

kng tanh(knd). (2.7)

The linear description of the natural seaway enables a simple handling of a complex
process with widely acceptable results. Figure 2.3 shows the schematic represen-
tation of the standard model of ocean waves and its most relevant engineering
applications – spectral analysis in terms of statistics (Sec. 2.3.1), wave generation
(Sec. 2.3.2), analysis of wave-structure interaction (Sec. 4.4), stochastic frequency
domain analysis (Sec. 4.4.1) as well as design wave concepts (Sec. 4.5).

• The spectral analysis of sea states enables a fast and simple evaluation as
well as handling of complex sea states. The underlying wave kinematics can
be determined fast and the surface elevation can be easily shifted in time
and space (e.g. wave forecast, wave generation). In addition, the spectral
parameters and wave statistics are easily determined via Fourier analysis.
Empirical standard wave spectra for design purposes are also introduced and
indispensable, based on energy density spectra measured in real-world natural
seaways. Thus, this standard model is established in all relevant application
areas – wave characteristics, wave statistics, wave generation and stochastic
as well as deterministic wave-structure interaction.

• The spectral perspective of wave-structure interaction under the assumption
of linear motion behaviour offers plenty of possibilities for evaluating offshore
structures (Sec. 4.4): From direct calculation of the response in time domain
for particular irregular sea states to short and long term statistic of the
response (in terms of downtime or survivability of the offshore structure) as
well as design wave concepts (Sec. 4.5)

“The analytical basis of spectral analysis of a discrete and finite record ζ(t) is the
Fourier transform” (Sobey, 1999), which can be efficiently calculated by means
of the Fast Fourier transform (FFT) and inverse Fast Fourier transform (IFFT)
respectively, as presented and implemented by Cooley and Tukey (1965).
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2. Water Wave Problem

Figure 2.3.: Standard model of ocean waves – the irregular sea state is regarded as superposition
of independent harmonic “component” waves, each having a particular direction, amplitude,
frequency and phase based on linear theory.

Spectra of Field Variables

The Fourier transform pair in combination with Parseval’s theorem provide the re-
lation between the spectral description in frequency domain and the linear physics
of surface gravity waves. Based on the spectral description of the natural sea-
way, the linear field variables can be determined accordingly. Table 2.1 presents
the linear superposition solutions of the field variables and its Fourier transforms.
F̂ (ω) is the Hilbert transform of the surface elevation as the vertical velocity and
the horizontal acceleration are depending on sin(kx − ωt). The ω2 multiplier for
the Fourier transform of accelerations results in a ω4 multiplier for the variance
spectrum, which significantly overrate the contribution of the spectral tail and
should be used with caution. The Fourier-type analysis is a very fast and efficient
procedure for evaluating the kinematics under any irregular sea states. However,
the linear approach tends to result in significantly higher values near the surface
than observed in real sea states, in particular for high, steep waves. Using this
procedure for the calculation of wave kinematics above the still water level (outside
the mathematical scope) results in non-satisfying solutions up to “high frequency
contamination” (Sobey, 1997). On this account, approximation methods are ap-
propriate for improving the spectral approach on irregular sea states (e.g. Wheeler
(1970); Chakrabarti (1971); Gudmestad (1986)).
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Θn = knx − ωnt superposition Fourier transform

ζ(x, t)
∑

n
ζan cos Θn =

∑
n

ζn F (ω, x)

ζ̂(x, t)
∑

n
ζan sin Θn =

∑
n

ζ̂n F̂ (ω, x)

u(x, z, t)
∑

n
ωn

cosh(kn(z+d))
sinh(knd)

ζn(x, t) ω cosh(kn(z+d))
sinh(knd)

F (ω)

w(x, z, t)
∑

n
ωn

sinh(kn(z+d))
sinh(knd)

ζ̂n(x, t) ωn
sinh(kn(z+d))

sinh(knd)
F̂ (ω)

u̇(x, z, t) ω2
n

cosh(kn(z+d))
sinh(knd)

ζ̂n(x, t) ω2
n

cosh(kn(z+d))
sinh(knd)

F̂ (ω)

ẇ(x, z, t) −
∑

n
ω2

n
sinh(kn(z+d))

sinh(knd)
ζn(x, t) −ω2

n
sinh(kn(z+d))

sinh(knd)
F (ω)

pdyn(x, z, t) ρg cosh(kn(z+d))
cosh(knd)

ζn(x, t) ρg cosh(kn(z+d))
cosh(knd)

F (ω)

Table 2.1.: Linear superposition method of field variables for natural seaways (Sobey, 1999).

Spectral Parameters

The relation between the Fourier spectrum of a given wave registration and its
wave energy can be deduced by Parseval’s Theorem, resulting in

E(ωn) = Sζ(ωn)∆ω =
1

2
ζ2

an. (2.8)

Equation 2.8 corresponds to the total energy of a component wave (except ρ · g)
which results in a direct proportionality between the area under the variance spec-
trum (also called energy density spectrum – see left bottom diagram in Fig. 2.3)
of each component wave and the energy of the component wave per surface area.
On the basis of the variance spectrum, the spectral parameters of the sea state
can be determined describing its statistical characteristics. They are obtained by
the spectral moments of the variance spectrum

mj =
∫

∞

0
ωjSζ(ω)dω. (2.9)

The zeroth moment (j = 0) represents the variance σ2 of the sea state which is
equivalent to the total wave energy per surface area (normalized by ρ · g). For
discrete registrations, the integrals become summations up to the Nyquist fre-
quency

mj =
N/2−1∑

n=0

ωj
nSζ(ωn)∆ω. (2.10)

This can cause numerical inaccuracies for measured spectra as ωjE(ω) reaches
significant values for frequencies approaching ωN/2. “In practice, this is not a
problem for the m0, m1 and m2 spectral moments which appear frequently in
statistical theories” (Sobey, 1999), but for the m4 moment, the 4th power of ω
overrates the contribution of the spectral tail significantly. This can be avoided by
smart truncation of the spectral tail but the result for m4 is very sensitive to this
cutoff frequency.
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The spectral moments enable the determination of the following statistical prop-
erties

• Significant Wave Height
Hs = 4

√
m0 = 4σ (2.11)

• Modal Period
T1 = 2π

m0

m1

(2.12)

• Zero-upcrossing Period

T0 = 2π

√
m0

m2

(2.13)

• Peak Period

TP = 2π

∫
∞

0 SP
ζ (ω)dω

∫
∞

0 ωSP
ζ (ω)dω

. (2.14)

• Spectral Width

ǫ̃ =

√

1 − m2
2

m0m4

[0 ≤ ǫ̃ ≤ 1] (2.15)

ν =

√
m0m2

m2
1

− 1 (2.16)

Equations 2.15 (Cartwright and Longuet-Higgins, 1956) and 2.16
(Longuet-Higgins, 1975) present the most common formulas for spectral width.
Equation 2.16 is introduced to avoid high frequency inaccuracies regarding the m4

moment for measured spectra. The spectral width ǫ̃ describes the distribution of
the peak values of the sea state, e.g. ǫ̃ = 0 results in the Rayleigh distribution
and ǫ̃ = 1 in the Gauß distribution. The number of peak values below the process
average increases with expanding bandwidth ǫ̃, i.e the spectrum is distributed over
a larger frequency band. For determining the peak period, P is usually set to be
between 5 and 8 for common wave spectra (ωP < ω1 < ω0) to weight the result
strongly toward the visual peak of the spectrum (Sobey and Young, 1986; Mansard
and Funke, 1988).

2.3.1. Statistical Analysis

As aforementioned, the natural seaway is of stochastic nature resulting in varying
wave heights and periods. The assumed underlying Gaussian random wave model
denotes that the superimposed harmonic wave components feature a Gaussian
distributed irregular surface elevation with zero mean and standard deviation σ.
Supposing that the seaway is a narrow banded random process (stationary and
ergodic) and the waves are independent of each other, allows the application of
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Rayleigh statistics which yields the probability of occurrence as well as exceedance
of extreme values.

The Rayleigh distribution describes the probability density function of the wave
heights,

φR(H) =
H

4σ2
e−

H2

8σ2 . (2.17)

Including Eq. 2.11 gives

φR(H) =
4H

H2
s

e
−

2H2

H2
s . (2.18)

The probability of the wave height being less than or equal to H1 (cumulative
distribution function) is

ΦR(H1) =
∫ H1

0
φR(H)dH = 1 − e

−
2H2

1
H2

s . (2.19)

The associated probability of exceedance P (H > H1) = 1−ΦR(H1) for the highest
wave in a registration of N waves yields

P (H ≥ Hmax) = e
−2H2

max

H2
s =

1

N
, (2.20)

resulting in the well known relation

Hmax

Hs

=

√
ln N

2
. (2.21)

As the cumulative distribution function for one selected wave height is ΦR(H1), we
obtain Φ2

R(H1) for the height of two succeeding (independent) waves, and ΦN
R (H1)

for N succeeding waves, i.e.

ΦHmax
(H1) = ΦN

R (H1) =


1 − e

−
2H2

1
H2

s




N

. (2.22)

Differentiation of Eq. 2.22 with respect to the wave height leads to the probability
density function (PDF) of the maximum wave height:

φHmax
(H) =

∂ΦHmax

∂H
= N

[
1 − e

−
2H2

H2
s

]N−1
4H

H2
s

e
−

2H2

H2
s . (2.23)

This PDF is plotted in Fig. 2.4 for different numbers of waves
N = 1...10...103...105 (continuous lines). In addition, the associated cumulative
distribution of the maximum wave height ΦHmax

is shown (Eq. 2.22; dashed lines).
Note that for N = 1 the PDF is reduced to the underlying Rayleigh distribution.

The PDF reveals the statistical character of the maximum wave height. As a result
of these distributions it can be concluded, that in a 1000-waves registration a wave
higher than Hmax/Hs = 2 occurs with a probability of 28% (see Fig. 2.4). Even a
wave with Hmax/Hs = 2.3 has still a probability of an 2.5% exceedance.
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Figure 2.4.: Normalised probability density distribution of the maximum wave height φHmax

(maximum response φ(2s)max
) as well as its cumulative probability distribution ΦHmax

(Φ(2s)max
).

2.3.2. Wave Generation

For the generation of irregular sea states and tailored wave sequences, the standard
model of ocean waves is used. For this thesis only long crested waves have been
generated enabling the application of the simplified Eq. 2.6 – each component wave
is described by amplitude, frequency and phase.

Figure 2.3 displays the procedure used for wave generation. The component waves
(centre) are used to create the desired wave sequence. For that matter, two fun-
damental principles can be utilized – random or manipulated phases – resulting in
a set of different kind of deterministic wave sequences applied for model tests.

Regular waves are the basic application as only one component wave has to be
utilized (amplitude and frequency exclusively, the phase is non-relevant). Regular
waves are basically applied for determining hydrodynamic characteristics in terms
of linear response behaviour. Assuming linear response behaviour, the response
itself can be interpreted as superimposed linear components. Thus, the Response
Amplitude Operator (RAO) of a system can be determined by a multitude of
model tests with different wave frequencies.

Stochastic irregular sea states (Fig. 2.3 top left) represent the day-to-day busi-
ness of test facilities. The harmonic components are determined from variance
(standard) spectra and are combined with a random phase distribution. Stochas-
tic irregular sea states allow the lifelike representation of the chaotic natural sea.
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2.3. Standard Model of Ocean Waves

Objective is the evaluation of the system response in terms of short-term and long-
term statistics. Typically, a set of sea states with different phase distributions is
investigated to reduce statistical uncertainties.

Transient wave packets (Fig. 2.3 top centre) are synthesized wave groups with
manipulated phases. The phases are manipulated in such way that all component
waves are in-phase superimposed at a so-called concentration point resulting in a
single high wave peak. This technique is based on the dispersion relation of water
waves. The associated width of the amplitude spectrum can be adjusted to the
relevant frequency range of the investigated offshore structure. Transient wave
groups can be applied as design wave groups as well as very high “freak” waves
(Clauss and Kühnlein, 1997), representing an efficient procedure for seakeeping
tests. Compared to regular waves, transient wave groups with small steepness
(Fig. 2.3 top centre left) offer the determination of the RAOs of a system by only
one single test run, significantly reducing the cost-intensive tank time (Clauss and
Kühnlein, 1995). Steep (breaking) wave packets (Fig. 2.3 top centre right) can be
used for the evaluation of design wave loads on offshore structures.

Tailored wave sequences are complex structures of wave sequences. They comprise
a multitude of different kind of wave sequences – from short critical wave groups
obtained by previous numerical simulations via irregular sea states with embedded
critical wave sequences (single high waves or dangerous steep wave groups) to exact
reproductions of real-world registrations. A basic method of generating extreme
waves within irregular sea states is illustrated in Fig. 2.3 top right. The very high
“freak” wave obtained by the transient wave package technique is superimposed
with an irregular sea state (with random phases). More complex and tailored sea
states require more sophisticated reproduction procedures.

Basically, all presented methods (except regular waves) provide wave sequences for
a specific location in the tank (so-called target location), which is usually not the
position of the wave maker. Thus, wave trains which are not related to the position
of the wave maker, have to be transformed upstream back to this position. The
state of the art method is to transform the wave train by means of linear theory in
frequency domain. The wave spectrum at the wave board will then be multiplied
with the wave maker RAO and subsequently transformed back into time domain in
order to determine the wave maker control signal. Typically, the wave maker RAO
consists of two independent transfer functions – one represents the hydrodynamic
relation between the wave board motion and the corresponding wave at the wave
board (hydrodynamic RAO); the other represents the mechanical or hydraulic re-
lation between the electrical control signal and corresponding wave board motion
(electrical RAO). Both RAOs can be determined by experiments. The hydrody-
namic RAO can also be modelled using an analytical function proposed by Biésel
and Suquet (1951). Details regarding the water wave problem at the moving wave
board can be found in Biésel and Suquet (1951); Svendsen (1985) and Schäffer
(1996).
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2. Water Wave Problem

The generation of higher and steeper deterministic wave sequences, in particular
the reproduction of real-world extreme wave events and critical sea states, require a
more sophisticated approach. This is due to the fact that steep wave trains do not
obey linear dispersion, i.e. the wave celerity is not only a function of frequency and
water depth but also of wave height. Consequently, it is not possible to calculate
the wave train linearly upstream back to the wave maker to determine the control
signal of the wave board as the associated wave sequence will show substantial
deviations at the target position due to non-linear propagation.

In the following, a brief description of two established experimental procedures
is presented which have been applied in this thesis for tailoring extreme wave
sequences in physical wave tanks.

Tailoring Extreme Wave Sequences

In contrast to the standard procedure of generating irregular sea states, where
the phase shift of the variance spectrum is supposed to be random, the phase
spectrum of tailored wave sequences is an important deterministic quantity. The
phase spectrum is responsible for all local wave characteristics at the target loca-
tion. Consequently, the aim is to determine a control signal for the wave maker by
manipulating amplitudes and phases which results in the desired wave sequence
at target location. As aforementioned, this is a delicate problem as linear theory
fails. As a consequence, experimental optimization schemes for the generation
of tailored steep wave sequences have been developed which are briefly described
below. The following two methods differ mainly regarding the grade of accu-
racy of the reproduction. The phase-amplitude iteration scheme (Chaplin, 1996;
Schmittner et al., 2009; Schmittner and Hennig, 2012) offers a fast generation of
tailored wave sequences with sufficient accuracy. The experimental optimization
procedure (Schmittner, 2005) allows the exact reproduction of the wave sequence
including several specific wave characteristics of the target wave at the expense of
time as the procedure is time consuming.

• Phase-Amplitude Iteration Procedure

For the fast reproduction of critical wave sequences with sufficient accu-
racy, a phase-amplitude iteration procedure can be applied (Chaplin, 1996;
Schmittner, 2005; Schmittner and Hennig, 2012). At first, the predefined
wave sequence is transformed back from the target location to the position of
the wave maker by means of linear wave theory. By multiplication with the
electrical and hydrodynamic RAO in the frequency domain and subsequent
IFFT, a first control signal is obtained. The wave sequence is then generated
in a physical wave tank and recorded at the target position. Since non-linear
effects like wave-wave interaction may occur during the experiment, the mea-
sured wave train differs from the target parameters. To improve the accuracy
of the reproduced wave sequence at the target location, the control signal is
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2.3. Standard Model of Ocean Waves

iteratively improved. The basic idea is to set up the rule of proportion be-
tween target and measured wave sequence in relation to target and utilized
control signal. The ratio between the target and the measured wave sequence
is determined in the frequency domain (amplitudes and phases separately)
and multiplied with the used control signal to obtain the new (optimized)
control signal. The procedure iteratively improves the control signal and
reaches the optimum usually fast after 3 to 5 iteration steps. Afterwards no
further improvement can be achieved. Strong non-linear wave-wave interac-
tions such as modulation instability define the limitation of the procedure
due to the fact that the rule of proportion provides only a simple linear rela-
tion between target and measured wave sequence. In addition, the procedure
is limited to non-breaking short wave sequences. However, it has been shown
that the procedure is capable of the fast generation of tailored wave sequences
(Schmittner et al., 2009; Clauss et al., 2010b; Schmittner and Hennig, 2012;
Clauss et al., 2013; Clauss and Klein, 2013).

• Experimental Optimization Procedure

It has been generally observed that wave tank registrations at target location
show substantial differences if a linearly utilized control signal is applied to
the generation of tailored extreme wave sequences. Clauss (2001) showed
that the main deviation is only localized within a small range proving that
optimizing only a short segment of the control signal is adequate for tailoring
extreme wave sequences. In other words, only the part of the control signal
related to the wave environment close to the embedded target waves at the
target location needs to be modified. Schmittner (2005) developed an exper-
imental optimization procedure for the generation of tailored wave sequences
with predefined characteristics taking this concept into account.

The fully automated optimization procedure is conducted in a physical wave
tank taking all non-linear wave effects inherently into account. The proce-
dure comprises the control and operation of the wave maker, measuring and
analysing the wave sequence as well as modifying the control signal resulting
in a self-validating process. The optimization process starts with the deter-
mination of the preliminary control signal. This signal is based upon the
predefined wave sequence transformed linearly back to the position of the
wave maker, neglecting wave-wave interaction and wave breaking. Thus, the
first wave sequence will deviate from the target wave sequence. Objective
of the optimization scheme is to improve the control signal with special em-
phasis on exact reproduction of the target wave in terms of wave height and
period as well as vertical and horizontal asymmetry. As only a short tem-
porally limited section of the control signal has to be modified, the discrete
wavelet transform is applied (Gonzales Sanches et al., 1996) which enables
local changes of the signal in time domain. The wavelet transformation con-
verts the signal into several decomposition levels and each level comprises
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2. Water Wave Problem

a set of coefficients which describe the wave in specific time ranges. The
Subplex optimization method (Rowan, 1990) is applied to adapt the control
signal. The wavelet coefficients, which correspond to the wave environment
close to the embedded target waves at the target location, are used as free
variables to be modified by the Subplex optimization. The fully automated
optimization scheme operates until convergence is achieved or the maximum
number of iterations is reached.

Since the fully automated optimization process is time consuming, the opti-
mization may be carried out in a small wave tank. Afterwards, the optimized
control signal can be transferred to the seakeeping basin for investigations
of wave-structure interaction. Sample applications of the experimental op-
timization procedure have been published by Clauss and Schmittner (2005);
Schmittner (2005); Clauss et al. (2006) and Clauss and Klein (2009).

Both procedures are efficient in terms of generating tailored critical wave sequences,
in particular, if the desired wave train is defined far away from the wave maker.
In addition to this class of tailored wave sequences where the solution at the wave
board is not known, a new class of tailored critical wave sequences, breather solu-
tions of the NLS equation, has also been investigated for this thesis. The applied
breather solutions provide the surface elevations at the wave maker (see Sec. 2.4
and 3.2) and the control signal is obtained immediately. Deviations between mea-
sured and target waves may occur and are related to the simplifications of the
underlying wave theory.

2.4. Non-Linear Schrödinger-Type Equation

Weakly non-linear wave models have been introduced to take some important
aspects of non-linearity into account. A substantial progress in the sense of the
non-linear wave-wave interaction is the discovery of the modulational instability
of weakly non-linear deep water waves, which has been independently discovered
by Benjamin and Feir (1967) as well as Zakharov (1968). A historical review
on this subject can be found in Zakharov and Ostrovsky (2009). It has been
shown that weakly non-linear deep water wave trains are unstable to modulational
perturbations due to migration of energy to adjacent side band frequencies. As a
result, the self-focusing effect of the monochromatic wave causes a local exponential
growth of the wave amplitude. The monochromatic wave train is unstable if the
wave steepness kζa exceeds the perturbation wave frequency δ, 0 < δ ≤

√
2kζa.

The instability condition, also known as BFI, has been rearranged by Janssen
(2003) and Onorato et al. (2003) for (random) wave spectra by relating the spectral
bandwidth with the wave steepness,

BFI =

√
2ǫ

∆ω/ωc

ν

√
β

α
=

2
√

2ǫ

∆k/kc

√
β

α
. (2.24)
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2.4. Non-Linear Schrödinger-Type Equation

The term
√

β/α, introduced by Onorato et al. (2003), takes the influence of the
water depth on the modulational instability into account.

Further investigations showed that the space and time evolution of weakly
non-linear deep water waves obeys the NLS equations (Zakharov, 1968; Hasimoto
and Ono, 1972). Yuen and Lake (1980) pointed out that all weakly non-linear
methods lead to the same NLS equation by implementation of the same assump-
tions.

The NLS equation can be deduced from the potential equations. Assuming small
amplitude waves and a narrow bandwidth spectrum, the boundary value problem
is approximated by perturbation expansions. The perturbation parameters are the
wave steepness ǫ = kcζa and the relative bandwidth µ = ∆k/kc << 1 (assuming
µ2 ∝ ǫ). In addition, the surface boundary conditions are simplified by introducing
Taylor series expansions about still water level. Afterwards, the boundary value
problem is separated into the different orders O(ǫ(n)) and each order is solved
sequentially, starting from the lowest to the highest order. Truncation of the
perturbation expansion at order O(ǫ2) leads to the NLS equation (Serio et al.,
2005),

∂A

∂t
+

1

2

ωc

kc

ν
∂A

∂x
+ i

1

8

ωc

k2
c

α
∂2A

∂x2
+ i

1

2
ωck

2
c β|A|2A = 0. (2.25)

The second and third terms take the dispersive behaviour of the waves into ac-
count, whereas the last term is related to non-linear wave-wave interaction. The
coefficients α and β are depending on the carrier wave number kc, the correspond-
ing angular frequency ωc and the water depth d and read for arbitrary depth
according to Serio et al. (2005) (the derivation of the coefficients can be found in
Mei (1989))

α = −ν2 + 2 + 8(kcd)2 cosh(2kcd)

sinh2(2kcd)
, (2.26)

β =
cosh(4kcd) + 8 − 2 tanh2(kcd)

8 sinh4(kcd)
− (2 cosh2(kcd) + 0.5ν)2

sinh2(2kcd)
[

kcd
tanh(kcd)

− (ν
2
)2
] . (2.27)

The coefficient ν represents the correction term for the group velocity in finite
water depth,

ν = 1 + 2
kcd

sinh(2kcd)
. (2.28)

A remarkable feature of the coefficients α and β is that their ratio β/α converges to
one as kcd goes to infinity, decreases for decreasing water depth and becomes nega-
tive for kcd < 1.36. The ratio kcd = 1.36 marks a physically important property –
for kcd > 1.36 Eq. 2.25 has focusing properties, i.e. energy can be focused through
modulational instability, which is impossible for kcd < 1.36. Consequently, in wa-
ter shallower than kcd = 1.36, the modulation instability disappears. A detailed
derivation of the NLS equation is presented in Annex B.
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2. Water Wave Problem

Equation 2.25 describes the evolution of wave groups in time of a space series. For
wave tank applications, it is necessary to transform the leading order approxima-
tion (Eq. 2.25) to handle time series in space, as time series at specific locations
in space are required and available, respectively, e.g. at the wave board as well as
at every measuring point in the wave tank. The TNLS, where T stands for time,
can be derived by an iterative procedure exchanging the derivatives in space with
derivatives in time and vice versa (see e.g. Mei (1989)), resulting in

∂A

∂x
+

1

Cg

∂A

∂t
+ i

(
α′

∂2A

∂t2
+ β′|A|2A

)
= 0, (2.29)

with

α′ =
1

8

ωc

k2
c

α
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2
ωck

2
c

β

Cg

, (2.30)

and with Cg as the group velocity. In the following, TNLS will be named NLS
only for brevity reasons. The NLS can be solved exactly for initial conditions that
decay sufficiently rapid by using the inverse scattering transform (Gardner et al.,
1967). Otherwise, the wave propagation can be simulated by means of numerical
procedures.

The simplest solution of the NLS is the plane wave solution. A small amplitude
perturbation of this plane wave solution will lead to exponential growth of the
amplitude during propagation which is specified as modulational instability. In
addition, envelope soliton solutions as well as breather solutions have been identi-
fied as exact solutions of the NLS.

2.4.1. Envelope Soliton Solution

Zakharov and Shabat (1971) solved the NLS exactly via inverse scattering trans-
form predicting the existence of envelope solitons, which has been verified by ex-
periments (Yuen and Lake, 1975). Envelope solitons constitute a stable wave group
by balancing the wave dispersion and non-linearity of the system. Hence, the enve-
lope propagates with permanent form as the “soliton is constituted by interacting
coherent wave harmonics that prevents dispersion of the group” (Slunyaev et al.,
2013). An interesting feature of envelope solitons is that the form will survive
interactions with other solitons or wave packets. The envelope soliton solution of
Eq. 2.29 describing the evolution of the envelope in space, of a time series, reads

AS(x, t) = ac
e(−i 1

2
a2

cβ′x)

cosh
(

ac

√
β′

2α′
t
) , (2.31)

where ac is the soliton amplitude. Equation 2.31 is suitable for wave tank experi-
ments as the wave can be defined at fixed locations (wave board, measuring point,
etc.).
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2.4. Non-Linear Schrödinger-Type Equation

2.4.2. Breather Solutions

Breather solutions are characterized by slightly perturbed quasi-monochromatic
waves in time or space. The perturbation of the breather envelope increases during
evolution due to modulational instability resulting in large amplifications of the
initial amplitude. In principle, each breather solution of the NLS can be built
with arbitrary steepness, but it has to be considered that NLS theory does not
predict the breaking or overturning of the waves. In nature, steepness hardly
reaches values larger than 0.4 (Toffoli et al., 2010) because of wave breaking.
Modulational instability theory described only the growth of a small amplitude
perturbation of a plane wave solution; however, it has become common practice
to discuss modulational instability also for large amplitude perturbations as the
ocean waves are characterized by wave packets (Onorato et al., 2003; Onorato
et al., 2005, 2006).

The following breather solutions are derived from the NLS equation (Eq. 2.29) and
feature the following general form

AB(x, t) = Ac(x)[G(x, t)e(iφ(x)) − 1], (2.32)

where G, φ are real functions to be determined and

Ac = ace
(−iβ′a2

cx). (2.33)

A detailed discussion on the derivation of the three different solutions can be found
in van Groesen et al. (2006) as well as in Karjanto and van Groesen (2007). At
the end, the three known exact solutions of the NLS are obtained, namely the
Kusnetzov-Ma breather, the Akhmediev breather and the Peregrine breather.

i) The Akhmediev Breather

The Akhmediev breather (Akhmediev et al., 1985; Akhmediev and Korneev, 1986;
Akhmediev et al., 1987), also known as Soliton on Finite Background (SFB), de-
scribes the modulational instability process in space and is periodic in time. The
breather shows an exponential behaviour in its non-linear regime resulting in large
envelope waves due to modulational instability. For large negative and positive
space variables, the solution corresponds to a perturbed Stokes wave. The corre-
sponding analytical solution is

AB(x, t) = Ac(x)


 υ̃2 cosh(σx) − iσ̃ sinh(σx)

cosh(σx) −
√

1 − 1
2
υ̃2 cos(υt)

− 1


 , (2.34)

with υ̃ = υ/ac

√
α′/β′, σ̃ = υ̃

√
2 + υ̃2 and σ = β′a2

c σ̃ (Karjanto and van Groesen,
2007). Note that there exist several different ways of presenting the analytical
expression of the solution (for details see Karjanto (2006)).

25



2. Water Wave Problem

Figure 2.5.: Envelope of the Akhmediev breather in time and space. The amplitude amplifi-
cation factor is defined as AAF = 2.8 of the surrounding plane wave, resulting in a normalized
modulation frequency of υ̃2 = 0.38

Figure 2.5 presents the envelope solution of the Akhmediev breather in time and
space. In order to determine the breather envelope, three parameters have to be
predefined – the plane-wave amplitude ac, the normalized modulation frequency
υ̃ as well as the carrier frequency ωc. The periodicity in time of the solution is
T = 2π/υ. The maximum amplification of the breather – the ratio of maximum
amplitude and the plane-wave amplitude – can be illustrated by the amplitude
amplification factor (AAF), which depends only on the normalized modulation
frequency υ̃. The AAF (υ̃) reads

AAF (υ̃) = 1 +
√

4 − 2υ̃2, (2.35)

with 0 < υ̃ <
√

2 (Onorato et al., 2000; Karjanto, 2006). The AAF of the Akhme-
diev breather ranges between 1 and 3. For υ̃ >

√
2, the Akhmediev breather does

not exist (AAF = 1 → plane wave solution) and for υ̃ = 0, the Akhmediev breather
turns into the Peregrine solution (AAF = 3). For practical reasons, the AAF can
be directly used as input parameter for wave tank experiments, as the AAF is
exclusively related to the modulation frequency υ. This denotes that the AAF,
steepness ǫ = ackc and carrier frequency ωc define the breather characteristics by
plain physical parameters.

ii) Kusnetzov-Ma Breather

The Kusnetzov-Ma breather (Kuznetsov, 1977; Ma, 1979) is periodic in space and
decreases exponentially in time. In contrast to the Akhmediev breather, where
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Figure 2.6.: Envelope of the Kusnetzov-Ma breather in time and space. The modulation length
is L = 60 m (xt = 30 m → η = 0.1047) and the amplitude amplification factor is AAF = 3.44.

the solution corresponds to a perturbed Stokes wave (plane wave plus a small per-
turbation) for the large positive or negative space limit, the modulation for the
Kusnetzov-Ma breather is never small as the solution oscillates while propagat-
ing. Therefore, this solution does not correspond to the classical Benjamin-Feir
instability. The corresponding analytical solution of the NLS is

AB(x, t) = Ac(x)


−

√
2ϑ̃2 cos(ηx) + i

√
2η̃ sin(ηx)

√
2 cos(ηx) −

√
2 + ϑ̃2 cosh(ϑt)

− 1


 , (2.36)

with ϑ̃ = ϑ/ac

√
α′/β′, η̃ = ϑ̃

√
2 + ϑ̃2 and η = β′a2

c η̃ (Karjanto and van Groesen,
2007).

Figure 2.6 presents the envelope solution of the Kusnetzov-Ma breather in time
and space. Again, three parameters have to be predefined in order to determine the
breather envelope – the plane-wave amplitude ac, the normalized modulation wave
number η̃ as well as the carrier frequency ωc. The periodicity in space is L = 2π/η.
The AAF (ϑ̃) of this solution depends only on the normalized modulation wave
number ϑ̃ (Karjanto, 2006),

AAF (υ̃) = 1 +
√

4 + 2ϑ̃2, (2.37)

with ϑ̃ ≥ 0. For ϑ̃ = 0, the Kusnetzov-Ma breather transforms into the Peregrine
solution (AAF = 3) and for ϑ̃ → ∞, the Kusnetzov-Ma solution results in the
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Figure 2.7.: Envelope of the Peregrine breather in time and space.

single soliton solution. By substituting υ = i · ϑ into Eq. 2.36, the Kusnetzov-
Ma breather turns into the Akhmediev solution. In contrast to the Akhmediev
solution, where the AAF can be directly utilized for wave tank experiments, it is
more convenient to apply the modulation length η of the Kusnetzov-Ma breather,
by what the AAF is determined indirectly. Thus, the modulation length can be
adjusted to the conditions of the wave tank. As a result, the three plain physical
parameters essential for the determination of the Kusnetzov-Ma breather are the
target location (xt = π/η), the steepness ǫ = ackc and the carrier frequency ωc.

iii) Peregrine Breather

The Peregrine solution, also known as rational solution, has been originally derived
by Peregrine (1983). The Peregrine breather represents the limiting case of the
time-periodic Kusnetzov-Ma breather and the space-periodic Akhmediev breather.
It has the peculiarity of being not periodic in time and in space: it is a wave that
“appears from nowhere and disappears without trace” (Akhmediev et al., 2009)
and has been considered as special prototype of freak wave (Shrira and Geogjaev,
2010). Its analytical form is (Karjanto and van Groesen, 2007)

AB(x, t) = Ac(x)

(
4α′(1 − i2β′a2

cx)

α′ + α′(2β′a2
cx)2 + 2β′a2

ct
2

− 1

)
. (2.38)

Figure 2.7 presents the envelope solution of the Peregrine breather in time and
space. In contrast to the other two solutions, only the plane-wave amplitude ac as
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Figure 2.8.: Envelope of the higher-order Akhmediev-Peregrine breather in time and space.

well as the carrier frequency ωc (i.e. the initial steepness) have to be predefined to
fully determine the Peregrine solution. The AAF is always equal to three and only
the shape of the largest wave group changes depending on the initial steepness.

iv) Higher-order Akhmediev-Peregrine Breather

The Peregrine solution is the (simplest) “first-order” form of a hierarchy of rational
solutions (Akhmediev et al., 2009). The basic structure of these rational solutions
is

AB(x, t) = Ac(x)
[
G − iH

D
− 1

]
, (2.39)

which results for G = 4, H = 8χ̃ and D = 1 + 4τ̃ 2 + 4χ̃2 in the “first-order”

Peregrine solution for χ̃ = a2
cβ

′x and τ̃ =
√

β′/2α′act (Akhmediev et al., 2009). In
addition, there is also a lesser known higher-order solution available which has the
same form of Eq. 2.39 with (Akhmediev et al., 2009)

G = (τ̃ 2 + χ̃2 +
3

4
)(τ̃ 2 + 5χ̃2 +

3

4
) − 3

4
, (2.40)

H = χ̃(χ̃2 − 3τ̃ 2 + 2(τ̃ 2 + χ̃2)2 − 15

8
), (2.41)

and

D =
1

3
(τ̃ 2 + χ̃2)3 +

1

4
(τ̃ 2 − 3χ̃2)2 +

3

64
(12τ̃ 2 + 44χ̃2 + 1). (2.42)
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This higher-order solution is called Akhmediev-Peregrine breather (Chabchoub
et al., 2012). Figure 2.8 presents the envelope solution of the Akhmediev-Peregrine
breather in time and space. The AAF of the higher-order solution is also constant
independently on the input but the maximum amplification is significantly in-
creased to five times the background. Again, only the shape of the largest wave
group changes depending on the initial steepness. For wave tank experiments,
only the plane-wave amplitude ac as well as the carrier frequency ωc (i.e. the ini-
tial steepness) have to be predefined to fully determine the Akhmediev-Peregrine
breather solution.

2.5. WAVETUB

Several numerical methods have been developed for simulating freely propagating,
non-linear water waves. Numerical methods denote discretization methods for the
approximated solutions of the differential equations including the boundary con-
ditions in space and time. Therefore, the numerical solution is usually related
to a discretized finite spatial domain and provides results at discrete time steps.
The methods to solve the free surface flow can be categorized by the discretiza-
tion scheme used – fixed grid methods, grid-free methods or moving-grid methods
(Scardovelli and Zaleski, 1999). Classical non-linear numerical wave tanks are in
the majority of cases based on potential flow theory as its assumptions result in
significant simplifications of the equations and computing time reduction with high
accuracy at the same time. However, most of the codes are not able to handle
wave breaking or similar effects. A review on non-linear free surface flow simula-
tion techniques can be found in Westhuis (2001) as well as in the references therein.
A more general overview of numerical methods to solve the class of problems in
fluid dynamics can be found in Ferziger and Peric (2002).

For this thesis, the well-established and validated fully non-linear wave tank
WAVETUB (WAVE simulation tool developed at Technische Universität Berlin;
Steinhagen (2001)) has been utilized for evaluation purposes of experimental re-
sults as well as thereby emerging questions related to the water wave problem.
The following section briefly describes the basic principle of WAVETUB.

Figure 2.9 presents the mathematical model of the numerical wave tank developed
by Steinhagen (2001). The two-dimensional, non-linear surface flow problem is
solved with potential flow theory (cf. Sec. 2.1) in time domain which results in the
following boundary value problem:

△Φ = 0 in Ω(t); (2.43)

Φxζx + ζt − Φz = 0 on z = ζ(x, t); (2.44)

gζ +
1

2
·
(
Φ2

x + Φ2
z

)
+ Φt = 0 on z = ζ(x, t); (2.45)
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Figure 2.9.: Illustration of the mathematical model of WAVETUB (Steinhagen, 2001).

Φz = 0 on z = −d; (2.46)

Φx = 0 on x = l; (2.47)

Φn + ẋB(t) = 0 on x = xB(t). (2.48)

On top and bottom of the numerical wave tank, the already introduced (non-
linear) boundary conditions are taken into account – kinematic, dynamic as well
as bottom boundary conditions (cf. Eqs. (2.2 – 2.4)). In addition, two further
boundaries are introduced to define the complete two-dimensional fluid domain Ω
– a wall on each side. The wall on the left side is defined to be movable to be able
to generate waves within the numerical wave tank. Consequently as a boundary
condition, the normal velocity of the fluid at the moving wall needs to equal the
moving wall velocity,

∂Φ

∂n
= −ẋB(t), (2.49)

whereby xB(t) presents the wave board motion. The moving wall is implemented
in such a way to simulate different types of wave makers – piston-type, flap-type
and double flap-type wave boards. Hence, the wave board motion obtained in a
physical wave tank can be directly used as input for the numerical calculations.
On the right side, the wall is defined to be fixed and impermeable. To suppress
wall reflections at long term simulations, a numerical beach is implemented at the
end of the wave tank by adding artificial damping terms to the kinematic and
dynamic free surface boundary condition.
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2. Water Wave Problem

For the calculation of the velocity potential in the entire fluid domain, the finite
element method (FEM) is implemented, and at each time step, the potential for
the current boundary conditions is calculated. On the basis of this solution, the
velocities at the free surface are determined by second-order differences updating
the potential, surface elevation as well as the position of the wave board. The
classical fourth-order Runge-Kutta formula is used to develop the solution in time
domain. At each time step a new boundary fitted mesh is created. The procedure
is repeated until the desired time step is reached or the waves become unstable
and break.

A detailed discussion on the theoretical background, on numerical verifications of
spatial and temporal resolutions as well as on validation with experimental results
can be found in Steinhagen (2001).
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3. Extreme Waves

The following chapter focuses on the propagation, kinematics and dynamics of
high steep waves exclusively. The formation process of steep wave groups and
extraordinarily high waves in space and time is investigated at first:

• New Year Wave – this real-world freak wave is reproduced in the seakeeping
basin and the spatial evolution has been measured at 520 positions.

• Breather-Type Freak Waves – the three known breather solutions of
the NLS equation, i.e. Kusnetzov-Ma breather, Akhmediev breather and
Peregrine breather, have been generated in the seakeeping basin for the first
time. The spatial evolution of the Kusnetzov-Ma breather is measured at
several positions and the measurements are compared with numerical results
obtained with WAVETUB.

The objective of these investigations is to draw conclusions regarding the forma-
tion process of high, steep waves. On the one hand, a real-world freak wave is
investigated, exploring the wave-wave interaction of a freak wave embedded in an
irregular wave sequence (Sec. 3.1). On the other hand, breather-type freak waves
are studied, investigating non-linear and dispersive waves in the narrow band ap-
proximation to validate the theoretical background as well as to evaluate their
relevance for wave-structure investigations (Sec. 3.2).

Afterwards, the kinematics and dynamics of high, steep wave events are compared
in Sec. 3.3. Namely, the NYW and a Peregrine breather with similar extreme wave
characteristics are investigated. The dynamic pressure field as well as the particle
velocities have been measured at different vertical positions up to the wave crest
at the target position, i.e. at the position of maximum wave height and wave
breaking, respectively.

The last part of this chapter (Sec. 3.4) presents the potential of breather solutions
for the generation of tailored extreme wave sequences. It is shown that breather
solutions can be used for the generation of irregular sea states with embedded
freak waves. Moreover, the breather solution is tailored in such a way that the
obtained freak wave embedded within the irregular sea state will finally be similar
to the NYW.
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3. Extreme Waves

Figure 3.1.: Comparison of tailored model wave train measured in the seakeeping basin at target
location (xt = 3213m full scale) and the NYW sequence recorded at the Draupner platform (all
data full scale; Clauss and Klein (2011)).

3.1. New Year Wave

The scaled NYW has been reproduced in the seakeeping basin at Technische Uni-
versität Berlin (see Annex A for test facility details) at scale 1 : 70. For the
reproduction of this real-world freak wave, the experimental optimization proce-
dure is applied (see p. 21). Figure 3.1 presents a comparison between the real-world
registration (red curve) and the reproduction in the seakeeping basin (blue curve)
in full scale.

The surface elevation is successively measured along the basin, in a range from
2163m (full scale) ahead to 1470m behind the target position – altogether at 520
locations. The focus lies on the detailed description of a possible evolution of the
NYW over a large area and time interval. Following results incorporate revised
excerpts from the pre-release of Clauss and Klein (2011).

Experimental Setup

The experiments have been performed in the seakeeping basin at Technische Uni-
versität Berlin. The model scale is 1:70 depicting the exact representation of
the actual water depth at the Draupner jacket platform. The towing carriage
is equipped with thirteen surface piercing resistance-type wave gauges, installed
at an interval of 0.2m. The seakeeping basin is subdivided into 20 measurement
sections. To achieve a resolution of ∆x = 0.1m, two measurements per section
are carried out – at position x and x + ∆x, respectively. The positioning of the
probe array in the basin has been adjusted using a laser distance measuring device.
The wave board serves as a reference point (x = 0m) for the positioning of the
array. Figure 3.2 schematically shows the experimental setup, with a side view of
the setup (top) describing the order of measurements as well as a top view of the
arrangement of the wave gauges installed on the towing carriage (bottom).
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3.1. New Year Wave

Figure 3.2.: Schematic sketch of the experimental setup (Clauss and Klein, 2011).

Wave Propagation

Figure 3.3 presents the general overview of the experimental results in time and
space. The horizontal axis indicates the spatial domain and the vertical axis
the time domain. Each curve represents surface elevation snapshots for selected
time steps – top to bottom from the beginning to the end of the evolution of the
extreme wave sequence within the measuring range. The wave propagates from
left to right.

The red curve in Fig. 3.3 shows the snapshot of the NYW at target time – the
black highlighted segment marks the zero-downcrossing freak wave. Surprisingly,
two further freak waves have been discovered during the analysis of the registra-
tions indicated by the bold blue curves. The zero-downcrossing freak waves are
additionally marked in light blue and green. The observed freak waves are devel-
oping from a wave group of three waves (black encircled in Fig. 3.3). The first
conclusion is that a large wave group evolves along the seakeeping basin up to the
target location to form the NYW. This is in accordance with the numerical results
presented by Trulsen (2001) and Slunyaev et al. (2005).

Tracking the three individual waves of that wave group in space and time – the
dashed straight lines in Fig. 3.3 – reveals that the waves propagate in parallel with
nearly constant celerity (blue dashed line for the first, green dashed line for the
second and black dashed line for the target wave). In addition, each wave grows up
to the size of a freak wave and subsequently shrinking to a moderate wave height
during propagation along the seakeeping basin.

Analysing the progress of the wave heights of the individual waves at each time
step along the basin confirms that the three waves feature almost the same genesis,
which is illustrated in the top diagram in Fig. 3.4. The wave height increases
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3. Extreme Waves

Figure 3.3.: Spatial development of the NYW for selected time steps (full scale).
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3.1. New Year Wave

Figure 3.4.: Progress of the wave heights along the seakeeping basin and velocity-dependent
development of the wave crests in time and space (Clauss and Klein, 2011).

continuously over a range of 550m ˜ 630m. In addition, the first two extreme
waves (H/Hs > 2) are propagating over a wide range (280m ˜ 360m) whereas the
target wave (H/Hs > 2) propagates the shortest distance. This is due to the fact
that the NYW (in contrast to the first two freak waves) is breaking as a plunging
breaker behind the target location.

The distance between the locations of the maximum wave height is almost con-
stant (≈ 550m), the first wave reaches its maximum height at 2110m, the second
at 2624m and the target wave at 3213m. A similar constant distance (≈ 500m)
between the locations of the maximum wave height is featured by two waves pre-
ceding the wave group, which are temporarily high waves on their own (H = 19.6m
and 23.1m).

Following the dashed straight lines in Fig. 3.3 results in time and space coherence
of the three wave crests along the basin. The lower diagram in Fig. 3.4 presents
the corresponding velocity-dependent development of the wave crests in time and
space. This diagram shows – similar to the dashed straight lines in Fig. 3.3 –
that the wave crests propagate almost parallel and at constant speed when travel-
ing through the seakeeping basin. Linear regression results in the following crest
velocities: Ccrest1 = 21.34m/s, Ccrest2 = 21.42m/s and Ccresttarget

= 21.31m/s.

The red straight line in Figure 3.3 illustrates the propagation of the highest wave
elevation which is attributed to the three (subsequent) individual waves. Evaluat-
ing the propagation speed of the highest elevation results in Ccrestfreak

≈ 13m/s.

Summarizing the findings, it is revealed that the wave group features identical
characteristics (see Tab. 3.1) and each wave emerges alternately to a freak wave.
The first freak wave seems to accrue from energy contributions of the two waves
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3. Extreme Waves

wave 1 wave 2 target wave

Hmax 26.82m 26.46m 27.41m

Hmax/Hs 2.25 2.22 2.29

ζcmax 17.28m 17.22m 18.15m

ζcmax /Hs 1.45 1.44 1.52

Ccrest 21.34m/s 21.42m/s 21.31m/s

Table 3.1.: Summary of the main characteristics of the three freak waves.

in front of the wave group. The following freak waves, again, develop from these
energy contributions as well as due to the parallel propagation of the three indi-
vidual waves within the wave group. Finally, the energy contributions focus to a
plunging breaker at the target location.

Energy Flux

This section looks at the energy flux in detail to prove the supposed freak wave
mechanism mentioned before. At first, the group velocity is determined describing
the energy propagation of the sea state. The upper three diagrams in Fig. 3.5
illustrate the procedure for three registrations exemplarily. The centroid cmed(t, x)
(red dots in Fig. 3.5) of the mean energy distribution Ē(t, x) ∝ ζ2,

cmed(t, x) =

∑
i E(ti, x) · cmed(ti, x)

∑
i E(ti, x)

, (3.1)

with

E(ti, x) =
1

2
ρgζ2

i , (3.2)

is determined by means of numerical integration (E(ti) energy and cmed(ti) cen-
troid of segment i) for each registration along the basin. Subsequently, plotting all
calculated centroids cmed(t, x) as a scatter plot (bottom diagram in Fig. 3.5) yields
the space and time dependent progress of the centroid cmed(t, x) of the mean en-
ergy distribution Ē(t, x). Linear regression of the scatter plot results in the mean
velocity of energy propagation CE = 11.73m/s.

Based on this result, the energy of the wave group is investigated in detail. Using
the time-varying energy envelope concept (Stansberg, 1997) – the energy envelope
EH(t) of the wave group ζW G can be described using the Hilbert transformation
technique,

EH(x, t) =
1

2
|ζ̂(x, t)|2 =

1

2
[ζ2

W G(x, t) + ζ2
H(x, t)], (3.3)

where ζH is the real part of the Hilbert transformation of ζW G and ζ̂(x, t) is the
complex analytical signal of the real elevation ζW G. Figure 3.6 illustrates the
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3.1. New Year Wave

Figure 3.5.: Progress of the centroid of the mean energy distribution Ē(t, x) for all registrations
(Clauss and Klein, 2011).

energy envelopes at the three locations of freak wave occurrence. Similar to the
mean velocity of energy propagation and the velocity of the highest elevation, the
energy of the wave group propagates with Cgr ≈ Ccrest/2, i.e. with half of the
celerity.

Finally, the supposed freak wave mechanism is verified – Fig. 3.6 shows that

• the energy of the (first) freak wave benefits from the two waves in front of
the wave group,

• the following freak waves develop from these energy contributions due to the
group velocity,

• the energy beneath the wave group focuses at the target location to the
tailored NYW.

39



3. Extreme Waves

Figure 3.6.: Energy envelope of the wave group (time domain) at the locations of freak wave
occurrence (Clauss and Klein, 2011).

3.2. Breather Solutions

The breather solutions are introduced as a new approach for the deterministic
generation of freak wave events. This section presents systematic investigations
of the evolution of the Kusnetzov-Ma breather solution exclusively. Figure 3.7
illustrates the theoretical Kusnetzov-Ma breather development based on Eq. 2.36
(cf. Fig. 2.6). The top diagram presents envelope (black curves) as well as as-
sociated surface elevation (blue curves) profiles of the Kusnetzov-Ma breather in
time domain for different positions in space according to Fig. 2.6. The breather
solution evolves from bottom to top (maximum amplification). Theoretically, as
can be seen in Fig. 3.7, the perturbed wave sequence changes its shape due to
modulational instability and results in an exaggerated high single wave at half of
the modulation length (x/L = 0 in Fig. 3.7), i.e. the wave sequence is unstable
in terms of modulational instability. The dashed black curve in the top diagram
of Fig. 3.7 indicates the course of the maximum breather amplitude in space and
time. The associated Maximum Temporal Amplitude (MTA), which represents
the maximum surface elevation of the propagating wave field in space over time,
is shown in the bottom diagram. In this example, the maximum amplitude of the
highest wave is AAF = 3.44 higher than the surrounding carrier amplitude.
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3.2. Breather Solutions

Figure 3.7.: Theoretical Kusnetzov-Ma breather development in time and space. The top
diagram present envelope (black curves) as well as associated surface elevation (blue curves)
profiles of the Kusnetzov-Ma breather in time domain for different positions in space. The
breather evolves from bottom to top (maximum amplification). The dashed black curve indicates
the course of the maximum breather amplitude in space and time resulting in the MTA. The
bottom diagram presents the associated MTA in space.

The objective of the following study is to verify if the breather solutions are also
unstable in terms of modulational instability in a physical wave tank, i.e. are the
breather solutions applicable for the generation of extreme waves for test facilities.
The focus lies on the deterministic generation of freak waves up to the maximum
physically possible wave height. The second objective is to gain a deeper under-
standing on the formation process of freak waves in intermediate water depth such
as at the location of the Draupner jacket platform, where the NYW occurred.
Physics changes significantly for kcd < 1.36 whereby the waves become stable
in terms of modulational instability (cf. Sec. 2.4). Hence, different carrier wave
lengths and steepness are systematically investigated in the seakeeping basin to
obtain conclusions regarding the influence of the water depth on the modulational
instability. In addition, numerical simulations are conducted using WAVETUB.
This allows a systematic adjustment of the wave tank geometry as the physical
wave tank has limited scope regarding length and water depth. Following results
incorporate revised excerpts from the pre-release of Clauss et al. (2011).
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3. Extreme Waves

Table 3.2.: Overview of the investigated parameters of the Kusnetzov-Ma breather solution.

Tc [s] 1.25 1.4 1.5

kcac 0.1135/0.136/0.1475 0.1135/0.1475/0.17 0.1135/0.1475/0.17/0.1816

d/Lc 0.41 0.33 0.28

kcd 2.58 2.05 1.79

Experimental Setup

The experiments have been performed in the seakeeping basin at Technische Uni-
versität Berlin (see Annex A for details). The test setup consists of 10 surface
piercing resistance-type wave probes installed in an interval of 5m starting at 15m
and ending at 60m in front of the wave maker. Table 3.2 presents the main pa-
rameters of the investigated waves. The first row shows the investigated carrier
periods Tc and the second row the associated initial wave steepness kcac. The
wave steepness has been varied for each wave period to analyse its influence on
the formation of the modulational instability. The carrier wave length Lc has been
chosen in such a way that the ratio of water depth to carrier wave length fulfils
the intermediate water depth condition (d/Lc < 0.5; third row). The last row
presents the product between carrier wave number and water depth describing the
influence of the water depth on the modulational instability.

Experimental Procedure

Equation 2.36 has been utilized for transferring the theoretical Kusnetzov-Ma
breather solution with the smallest initial steepness for each carrier frequency
into the seakeeping basin. Therefore, the surface elevation at the beginning of the
modulation length (e.g. x/L = −0.5 in Fig. 3.7) is used as initial condition at the
wave board in order to determine the control signal. The subsequently investigated
breathers with higher initial steepness are obtained by scaling the original wave
sequence (with the smallest initial steepness). Consequently, the carrier amplitude
as well as the amplitudes of the sidebands are increased equally; thus, not rep-
resenting the exact Kusnetzov-Ma breather solution any more. This procedure is
mainly applied due to the fact, that changing the initial steepness in Eq. 2.36 would
result in significant differences regarding the AAF and the modulation length as
the shape of the initial envelope at the wave board will change significantly. How-
ever, the objective of this study is to keep the shape of the breather at the wave
board constant (except amplification) to ensure that the steepness is modified
exclusively. This allows to associate the observed characteristics with the initial
steepness.
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3.2. Breather Solutions

Figure 3.8.: Formation of the highest wave – comparison between time series measured at the
beginning of the evolution (15m in front of the wave board) and the location of highest waves’
occurrence (50m in front of the wave board) (Clauss et al., 2011). The time series measured at
15m is shifted in time domain for better comparability.

Wave Propagation

Figure 3.8 presents the evolution of a Kusnetzov-Ma breather measured in the
seakeeping basin comparing time series registered at the beginning of the measuring
section (15m) and the location of occurrence of the highest waves (50m) for run
Tc = 1.25s with ǫinitial = 0.1475 (see also Fig. 3.10). Figure 3.8 proves that
the Kusnetzov-Ma breather solution can be transferred into the seakeeping basin
resulting also in an exaggerated high single wave due to modulational instability.
The energy transfer of the surrounding waves to the freak wave can be basically
observed in front of the freak wave.

Following, all Kusnetzov-Ma breathers presented in Tab. 3.2 are investigated in
detail. For the evaluation of the breather propagation along the basin, the two
main parameters – maximum wave height and maximum crest height – of each
breather are investigated at each registration. The course of maximum wave height
and maximum crest height represents the MTA of the breather indicating the
existence of modulational instability. Increasing wave heights and, in particular,
an increase in horizontal asymmetry illustrate the unstable behaviour of the wave
sequence due to energy transfer between the carrier and the sideband frequencies,
resulting in a single high wave within the wave train. Since the investigated wave
trains comprise several breathers in a row, the mean value of both parameters has
been evaluated at each registration.

Figure 3.9 presents the wave and crest height development along the basin for
the investigated waves. The diagram is arranged as follows: the three carrier
wave periods are illustrated separately, the top diagram of each block presents the
maximum wave height and the bottom diagram the maximum crest height of the
breathers. Each diagram compares the results for different initial steepnesses.
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Table 3.3.: Properties of the measured breather-type freak waves.

Period Initial Steepness Location Horizontal Asymmetry Max. Steepness

Tc kcac Hcrest/H π · H/L

1.25 s 0.1475 50 m 0.64 0.438

1.4 s 0.17 45 m 0.6 0.37

1.5 s 0.1816 60 m 0.65 0.436

The following findings can be directly deduced from the diagrams:

• The shape of the breathers with the smallest initial steepness does not change
significantly during the development along the measuring section.

• The breathers begin to show an unstable behaviour within the measuring
section with increasing initial steepness.

• The highest initial steepness leads to maximum wave heights as well as max-
imum wave crest heights within the measuring section.

• The smaller the relative water depth kcd, the higher the initial steepness to
obtain the maximum wave and crest height within the measuring section.

Table 3.3 illustrates the properties of these highest waves. The modulational insta-
bility leads to high steep waves with a large horizontal asymmetry. The maximum
steepness values show that the highest wave reaches almost the physically possible
maximum wave steepness (wave breaking criterion: (πH/L)max ≈ 0.45 tanh(kd)) at
the measuring point. This corresponds to observations during the experiments,
where plunging breakers have been observed for the highest waves. Please note
that the observed wave breaking locations are not exactly identical to the positions
of the wave probes, particularly for run Tc = 1.4s with ǫinitial = 0.17, where the
wave breaking was located at approximately 42m.

So far, the experiments show that modulational instability can be detected in
limited water depth (kcd > 1.36). In addition, it has been observed that only
higher initial steepness causes an unstable behaviour of the wave group within the
measuring section. The instability condition of the Kusnetzov-Ma breather, which
is exclusively affected by the water depth limit, is also fulfilled for the smaller initial
steepness (cf. Tab. 3.2). The theoretical limiting case ϑ̃ → ∞, resulting in the
stable soliton solution, can be neglected and is excluded in this discussion. Hence,
the smaller initial steepness breathers are to be unstable too (cf. Eq. 2.37). As a
consequence, the distance the breathers (with the smaller initial steepness) have
to pass before the perturbation grows is much longer than the measuring section.
Thus, the main dimensions of the seakeeping basin in terms of measuring section
as well as water depth limit the systematic investigations of the breather solutions
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Figure 3.9.: Wave and crest height development of different Kusnetzov-Ma breathers along the
seakeeping basin (Clauss et al., 2011). The three carrier wave periods are illustrated separately
(black rectangle - top for Tc = 1.25s, centre for Tc = 1.4s and bottom for Tc = 1.5s), the top
diagram of each block presents the maximum wave height and the bottom diagram the maximum
crest height of the envelope. Each diagram compares the result for different initial steepness.
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with smaller initial steepness. These limitations are conquered by using the non-
linear numerical wave tank WAVETUB in the following as its main dimensions
can be easily adapted to meet particular issues.

WAVETUB

The non-linear numerical wave tank WAVETUB (see Sec. 2.5) is utilized for
systematic numerical investigations of the water depth influence on the modula-
tional instability. WAVETUB is initially validated against experimental results to
prove its general applicability. Afterwards, two fundamental questions have to be
answered:

• What is the distance the breathers with the smallest initial steepness have
to pass to reach the maximum wave height?

• What is the influence of the water depth on this distance?

Firstly, the propagation of the above presented breather solutions with the smallest
initial steepness is simulated in order to determine the distance each breather has
to pass to reach the maximum wave height. Secondly, the relative water depth
kcd is systematically varied to evaluate the influence of the water depth on this
distance.

Validation

For validation purposes, a worst case wave sequence regarding non-linear wave
propagation is chosen. Run Tc = 1.25s is preset with ǫ = 0.1475 due to the
high initial steepness and the registered freak waves at x = 50m. Figure 3.10
compares experimental results (black dashed curves) against numerical calculations
(red curves) at different positions up to the location where wave breaking occurs.
The overall agreement is good, only the maximum wave heights at the bottom
diagram (x = 50m) differ slightly due to the fact that WAVETUB does not take
wave breaking into account. The results obtained with WAVETUB have been
shifted in time domain with a constant ∆t = +0.2s due to an identified delay
between the experimental results and the numerical calculations. The delay arises
from a phase delay caused by a low-pass filter inserted between the control unit
and the wave maker. However, it is clearly identifiable that WAVETUB reproduces
the formation process of non-linear waves accurately.

Numerical Results for the Smallest Initial Steepness

For the simulation of the breather solutions with the smallest initial steepness,
the numerical wave tank geometry is elongated in such a way that the highest
wave height of the propagating breather is detected before the first wave of the
breather reaches the numerical beach. Figure 3.11 presents the results of the
numerical simulations. The three different carrier wave periods are illustrated
separately – top for Tc = 1.25s, centre for Tc = 1.4s and bottom for Tc = 1.5s.

46



3.2. Breather Solutions

Figure 3.10.: WAVETUB vs. Experiment: Comparison between experimental results and
numerical calculations at different positions in the basin up to the location where the wave
breaks (x = 50m) for Tc = 1.25s and ǫinitial = 0.1475 (cf. Tab. 3.3).

The top diagram in each block presents the surface elevation at x = 60m and
the bottom diagram the surface elevation at the location of the maximum wave
height occurrence. The calculated surface elevations at x = 60m are additionally
compared to the experimental results to evaluate the quality of the numerical
calculations. The numerical simulations prove that the breathers with the smallest
initial steepness are also unstable. However, it is also obvious that the three
breathers need a comparatively large distance to reach the maximum amplification.
Thereby, the results indicate a dependency between the relative water depth and
the maximum amplification distance – the smaller the relative water depth kcd,
the longer the maximum amplification distance. The experimental results support
this finding: for the longer carrier wave lengths the initial steepness needed to
be further increased in order to obtain the maximum amplification within the
measuring section (cf. Fig. 3.9).

47



3. Extreme Waves

Figure 3.11.: WAVETUB results for the three carrier frequencies with the smallest initial
steepness ǫ = 0.1135 (cf. Tab. 3.3).

Variation of Water Depth

Next, WAVETUB is used for a systematic variation of the water depth to verify
the dependency between the relative water depth and the maximum amplification
distance. Therefore, numerical calculations are performed in different water depths
for a given Kusnetzov-Ma breather. The above investigated breather solution with
the carrier frequency Tc = 1.4s and the smallest initial steepness (ǫ = 0.1135) is
chosen. The numerical wave board motion for the different water depths has been
adjusted using the Biésel function (Biésel and Suquet, 1951), to ensure that the
wave sequences at the wave board are identical for the different water depths.
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Figure 3.12 presents surface elevation snapshots at the time of occurrence of the
first maximum wave height for the investigated water depths – the water depth
increases from top to bottom. The initial and the termination ramp of the wave
sequence are excluded in the evaluations, i.e. the three breathers inside the wave
sequence are considered. For the determination of the location of the maximum
wave height occurrence, the maximum temporary crest amplitude has been tracked
during the spatial development along the numerical wave tank up to the position
where the wave crest reaches its maximum and breaks. In this context, it should
be noted again that the wave breaking phenomenon cannot be simulated using
WAVETUB and that the simulation of the steepest waves prior to the breaking
point is delicate – a smoothing function for the FEM grid is implemented to avoid
a program termination due to wave breaking which influences the wave profile and
propagation after the wave breaking event. However, the quantitative detection of
the location of the maximum wave height is unaffected.

Figure 3.12 clearly demonstrates that the distance the envelope has to pass before
reaching its maximum wave height is strongly depending on the water depth. In
intermediate water depth (d ≤ 1.5m) the distance increases significantly with
decreasing water depth and approaches infinity probably at kcd < 1.36 where the
waves become stable as the non-linear term in the NLS equation changes its sign.

Finally, the following results are discovered:

• The mechanism of modulational instability leads to extraordinarily high
waves in intermediate water depths (kcd > 1.36) – the formation of freak
waves up to the physically possible maximum wave height has been observed
(cf. Tab. 3.3).

• The higher the initial steepness, the shorter the distances the wave train has
to pass to reach the maximum amplification.

• The limited water depth influences the formation process significantly – the
smaller the relative water depth kcd, the longer the maximum amplification
distance.

• The NLS equation provides the basis for the generation of
breather-type freak waves (i.e. boundary condition at the wave board), but
deviations from its predictions will be observed (especially for large steepness)
in the course of wave propagation.

• The non-linear numerical wave tank WAVETUB is applicable to the simula-
tion of non-linear wave propagation, in particular to the simulation of long
distances and varying water depths which cannot be covered by test facilities.

The obtained results are exclusively related to the steepness since the shape of
the wave group envelopes is kept constant (except amplification). Therefore, the
investigated exaggerated breathers are not representing exact solutions. However,
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Figure 3.12.: WAVETUB results for the Tc = 1.4s breather with the smallest initial steepness:
surface elevation snapshots at the time of occurrence of the first maximum wave height for the
different investigated water depths – the water depth increases from top to bottom (Clauss et al.,
2011).
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Figure 3.13.: New Year Wave vs. Peregrine breather – measured registrations at target location.

general conclusions can be derived regarding the formation process of unstable
wave groups in limited water depth as well as regarding the influence of the steep-
ness on it. The breather solution equations themselves take the water depth in-
fluence into account and will provide different solutions at the wave board if the
water depth and target location varies.

3.3. New Year Wave vs. Breather Solution

So far, the spatial evolution of extreme waves has been evaluated. In the next step,
the characteristics of such freak waves in terms of kinematics and dynamics are
subject to investigation. The objective is to draw conclusions on the differences
or similarities between the real-world NYW and the somehow artificial breather-
type freak waves. The following investigations are inspired by the fact that one
Peregrine breather generated for the wave-structure interaction investigations (see
Sec. 5.1) features similar characteristics at target location in terms of wave and
crest height as well as crest front steepness compared to the NYW (cf. Fig. 5.1, top
diagram in the bottom black rectangle). In addition, the Peregrine breather has
been considered as special prototype of freak wave (Shrira and Geogjaev, 2010)
which “appears from nowhere and disappears without trace” (Akhmediev et al.,
2009).

Figure 3.13 compares the measured registrations of the NYW and the Peregrine
breather at target location. The blue curve shows the NYW and the red curve the
Peregrine breather. The Peregrine breather is shifted in time domain for a better
comparability. As shown in the diagram, this Peregrine breather has been chosen
due to the fact that the freak wave at target location features almost the same
extraordinarily high wave crest height. However, the Peregrine breather is also
characterized by deeper preceding and succeeding troughs as well as shorter up-
and downcrossing wave periods, i.e. the Peregrine breather is higher and steeper
compared to the NYW. The resulting consequence on wave-structure interaction
is presented in Sec. 5.1.

The test campaign addresses the investigation of the pressure and velocity field.
The combined pressure and velocity measurements have been conducted in the
seakeeping basin at Technische Universität Berlin (see Annex A for details). The
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3. Extreme Waves

dynamic pressure as well as the particle velocities (horizontal and vertical) of the
NYW and the Peregrine breather are systematically measured at different vertical
positions up to the still water level and for some cases also above, up to the wave
crest. The choice of the target location is obvious as both wave sequences feature
breaking extreme waves at the same position.

The pressure measurements are conducted with a pressure transducer (Bell & How-
ell, type BHL 4104-00-05110). Simultaneously, the particle velocities are measured
by an ultrasonic flow meter featuring the measurement of the particles’ velocity
in three orthogonal planes (Denshi Kogyo Co. LTD, type DS-102S). Both sensors
are mounted on a vertical semi-beam which is adjustable in height for the inves-
tigation of different water depths. The sensors are mounted, therefore, in such a
way that the vertical measuring plane is identical and the measuring points are
far enough from each other for unaffected operation. However, the geometry and
measurement principle of the utilized sensors limit the operational range of the in-
vestigations. The ultrasonic flow meter cannot be used above still water level due
to the measurement principle. In addition, only a short emerging in wave troughs
can be compensated. The pressure sensor on the other side can be utilized above
the still water level, but needs a minimum impact time interval of the wave crest
to produce reasonable and trustworthy data. Both sensors can not be utilized near
the bottom of the seakeeping basin due to the geometry of the sensors, whith the
pressure sensor being far less applicable in this respect.

Figure 3.14 presents coloured parametric surface plots of the measured horizontal
velocities under the NYW (Fig. 3.14(a)) and the Peregrine breather (Fig. 3.14(b)).
The axis of abscissae illustrates the time domain – only a short interval around
the target wave is presented. The axis of ordinate illustrates the vertical position,
where zero indicates the still water level. The velocities are illustrated in different
colours according to their values as assigned in the colour bar on the right side.
Additionally, the corresponding surface elevation is plotted for clarity reasons.
Both diagrams show the same trend – the highest horizontal particle velocities are
observed under the deepest wave troughs and highest wave crests, respectively.
The velocity under the target wave crest reaches the highest values for both wave
sequences.

Figure 3.15 displays the associated coloured parametric surface plots of the mea-
sured dynamic pressure under the NYW (Fig. 3.15(a)) and the Peregrine breather
(Fig. 3.15(b)). The diagram is arranged just like the previous one and the dynamic
pressure is illustrated in different colours according to their values as assigned in
the colour bar on the right side. Comparing the dynamic pressure reveals the same
trend – the highest/lowest dynamic pressures are observed under the highest wave
crests and deepest wave troughs, respectively. Again, the dynamic pressure under
the target wave crest reaches the highest values for both wave sequences.

In the next step, the characteristics under the wave crests are evaluated in detail.
Therefore, the horizontal velocity as well as dynamic pressure under the extreme
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3.3. New Year Wave vs. Breather Solution

(a) Horizontal particle velocity [m/s] under the NYW in full scale.

(b) Horizontal particle velocity [m/s] under the Peregrine breather in full scale.

Figure 3.14.: Comparison of the horizontal particle velocity between NYW and Peregrine
breather.
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(a) Dynamic pressure [P a] under the NYW in full scale.

(b) Dynamic pressure [P a] under the Peregrine breather in full scale.

Figure 3.15.: Comparison of the dynamic pressure between NYW and Peregrine breather.
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3.3. New Year Wave vs. Breather Solution

Figure 3.16.: Horizontal velocity and dynamic pressure profile under NYW crest and Peregrine
breather wave crest (full scale).

wave crest is determined at every measured vertical position to obtain the corre-
sponding vertical profiles. The temporal position of the vertical profile under the
wave crest is chosen according to the highest measured quantity. The left diagram
in Fig. 3.16 presents the horizontal velocity profiles under the NYW crest (blue
dots) and the Peregrine breather wave crest (red dots). The right diagram presents
the corresponding dynamic pressure profiles. The axes of abscissa indicates the
measured particle velocity (left) and dynamic pressure (right), respectively. The
axis of ordinate indicates the vertical position. Again, zero defines the still water
level. The water depth of the basin is illustrated completely.

A comparison against the course of the velocity profiles on the left diagram reveals
that the first conclusions based on the previous diagrams are confirmed. The veloc-
ity profiles are almost identical in the upper half. Afterwards, the profiles diverge
steadily up to the deepest measured position, i.e. the Peregrine breather reaches
lower horizontal velocities near the bottom compared to the NYW. This trend
becomes even more distinctive for the dynamic pressure. Here, the discrepancy at
the deepest position is more significant, and both profiles do not overlap in the
course of the upper half. The reason for this difference lies in the wave character-
istics discussed before (cf. Fig. 3.13) – the effect of the kinematics and dynamics
decreasing faster for the Peregrine breather with increasing water depth is due to
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3. Extreme Waves

the shorter up- and down crossing wave periods. Both diagrams show clearly that
the wave crests feature almost the same characteristics near the surface area (up
to z ≈ −30m).

So far, the characteristics of breather solutions are evaluated and compared to
the real-world NYW in terms of kinematics and dynamics of the largest wave.
Their impact on offshore structures in terms of forces and motions relevant for the
design is addressed in Sec. 5.1. Again, deterministic model tests in the Peregrine
breather presented above are compared to results in the NYW allowing conclusions
regarding the applicability as well as relevance of breather solutions for wave-
structure investigations.

3.4. Tailored Breather Solution

The previous sections showed that the breather solutions are applicable for the de-
terministic generation of tailored extreme waves. In addition, it becomes apparent
that the breather solutions feature similar characteristics compared to real-world
reproductions. This denotes that the breather solutions represent a promising
alternative to real-world freak wave investigations in terms of model tests. In
particular, due to the fact that real-world reproductions are very time-consuming
regarding the generation process in contrast to the availability of an analytical
breather solution at the wave board.

Naturally, the next step is to exploit the chances of the breather solutions in terms
of tailoring irregular sea states, i.e. integration of the breather solution into an
irregular sea state to obtain a single high wave embedded into a random wave
field. For this purpose, experiments have been performed in the seakeeping basin
at CEHIPAR (see Annex A for details). There, an extract of a Peregrine breather
solution (at the wave board) is integrated into an irregular sea state with random
phases in such a way that the irregular waves surround the breather. Afterwards,
the tailored surface elevation at the wave board is multiplied with the wave maker
RAO in frequency domain and subsequently transformed back into time domain
for the determination of the wave maker control signal. Figure 3.17 top shows the
determined wave maker motion. The extract of the Peregrine breather between
t = 300s and t = 500s is obviously. This extract has been selected by preceding
experimental investigations in order to ensure that the highest wave of the Pere-
grine breather occurs at the target location (x = 50m). The centre and bottom
diagram in Fig. 3.17 presents the experimental results. The centre diagram shows
the registration at x = 10m and the bottom diagram at x = 50m. The Peregrine
solution provides already a high single wave within the breather sequence at the
wave board due to the short distance between wave maker and target location. At
target location, the high single wave reaches its maximum wave height and the
surrounding waves merge to an irregular wave shape.
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3.4. Tailored Breather Solution

Figure 3.17.: Generation of a tailored Peregrine Breather – integration of a Peregrine Breather
into an irregular sea state. The top diagram presents the wave board motion, the centre diagram
the surface elevation at x = 10m in front of the wave maker and the bottom diagram the surface
elevation at target location (x = 50m).

Again, similar to the investigations presented in Sec. 3.2, the integrated Peregrine
breather is preselected in such a way as to obtain a single high wave at the target
location which features an almost identical characteristic compared to the NYW.
Figure 3.18 presents comparison between the registrations of the tailored Peregrine
breather and the NYW at target location showing a good agreement regarding the
target freak wave. Again, the Peregrine breather related freak wave is characterized
by deeper preceding and following troughs as well as shorter up- and downcrossing
wave periods, i.e. the tailored Peregrine breather is higher and steeper compared
to the NYW (cf. Sec. 3.3).

Figure 3.18 proves that the breather solutions are capable to tailor irregular sea
states including a high single wave as well as that the solutions can be applied for
the deterministic reproduction of real-world scenarios.

Figure 3.18.: Comparison between the real-world New Year Wave and the tailored Peregrine
breather at target location.
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The determination of the behaviour of offshore structures in waves is in a similar
vein complex as the description of the waves itself. The oscillating loads of the
waves acting on the submerged part have to be determined in order to obtain the
associated response. Thus, an analytical solution is, analogue to the water wave
problem, not available. Different approaches are applied for the evaluation of
offshore structures – from simple and fast linear methods to fully non-linear calcu-
lations. Thereby, the selection of appropriate wave-structure interaction analysis
tools depends on the level of non-linearity to be reached as well as on the com-
putational time available. Highly non-linear CFD methods allow sophisticated
simulations at advanced level but due to the high computational effort, only se-
lected cases can be analysed limiting a holistic application in the design process.
Similar to the water wave problem, the approaches used for the determination of
the exciting wave forces are in the majority of cases based on potential flow theory.
Thereby, the most commonly used linear solution results in RAOs applying the
standard model of ocean waves (cf. Sec. 2.3) which offers an efficient procedure for
the fast holistic evaluation of a design. In particular, the evaluation of the appli-
cability of a design for certain sea areas can be done very fast by linear stochastic
analysis.

This chapter starts with a brief introduction of the theoretical background of the
wave-structure interaction analysis relevant for this thesis (Sec. 4.1) – a holistic
mathematical description of the wave-structure interaction problem can be found
in classical text books, e.g. Newman (1977). Afterwards, the numerical meth-
ods used in this thesis are presented. The numerical investigations are conducted
in frequency and time domain. For frequency domain calculations the radiation-
diffraction code WAMIT (Wave Analysis at Massachusetts Institute of Technology,
WAMIT (1994)) is applied (Sec. 4.2), which is a well established linear potential
theory approach (see Newman (1977)). The second application is the non-linear
time-domain strip theory code from IST (Instituto Superior Tecnico Lisbon, Fon-
seca and Guedes Soares (1998a,b), Sec. 4.3). The standard model of ocean waves
adapted to offshore structure dynamics is introduced in Sec. 4.4 enabling stochastic
frequency domain investigations (Sec. 4.4.1) as well as deterministic time domain
investigations (Sec. 4.4.2). This chapter ends with a brief review of the state of
the art design wave concepts (Sec. 4.5).
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4.1. Hydrodynamic Analysis

The basic principle for calculating the response of a structure is Newtonian me-
chanics – the sum of all forces (internal and external) is directly proportional
to, and in the same direction as, the acceleration of the body – resulting in six
differential equations of motion for stable, linear systems (Lewis, 1989),

(M + A) · s̈ + B · ṡ + C · s = Fe. (4.1)

The underline marks a vector with six components according to the six degrees of
freedom, M is the mass matrix, A the hydrodynamic mass matrix, B the damping
matrix, C the restoring forces matrix and F the excitation forces and moments
matrix. The system matrices are of dimension [6 × 6] according to the number of
modes of motion. The total force acting on an offshore structure in waves results
from the integration of the dynamic pressure on the wetted surface of a submerged
body Sb,

Fdyn =
∫∫

Sb

pdynn∗ dSb. (4.2)

The main force components are

Froude-Krylov force – due to the pressure field within the undisturbed
wave field

hydrodynamic mass force – arousing from the pressure field due to relative
acceleration between water particles and structural components

potential damping force – arousing from the pressure field due to relative
velocity between water particles and structural components

viscous drag force – arousing from the pressure field due to wake on the
downstream side caused by relative velocity between water particle and struc-
tural components

Once the exciting forces and hydrodynamic coefficients of the floating structure
are known, the response can be determined. Thereby, offshore structures can
be classified in hydrodynamic transparent (D/L < 0.2) or hydrodynamic compact
structures (D/L > 0.2), i.e. if the characteristic dimension D of the structure is
greater than 20% of the wave length L the structure is hydrodynamic compact.
In this thesis hydrodynamic compact structures are exclusively considered, but
for the sake of completeness also the theoretical background for hydrodynamic
transparent structures is briefly described below.
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4.1. Hydrodynamic Analysis

4.1.1. Hydrodynamic Transparent Structures

Transparent structures are not affecting the encountering wave field, i.e. the struc-
ture response to the waves generate no or only small waves. In that case, the forces
acting on the submerged body can be calculated using the Morison equation (Mori-
son et al., 1950). This empirical formula has been introduced originally for fixed,
vertical cylinders,

dFx = (fm + fd)dz = Cm
πD2

4
dz

∂u

∂t
+ Cd

ρ

2
Ddz|u|u, (4.3)

and has been generalized by Clauss et al. (1992) for arbitrary orientated structural
components

dFN = ρ
πD2

4
ds

∂νN

∂t︸ ︷︷ ︸
F roude−Krylov force

+ Caρ
πD2

4
ds

∂uRN

∂t︸ ︷︷ ︸
Hydrodynamic mass force

+ Cd
ρ

2
ds|uRN |uRN

︸ ︷︷ ︸
V iscous drag force

. (4.4)

The Morison equation consist of an inertia term (Froude-Krylov-force and hydro-
dynamic mass force) and a non-linear drag force term. The forces depend on
inertia and drag coefficients, which can be determined experimentally (cf. Clauss
et al. (1992)). Drag effects are only relevant for larger values of KC = πH/D

(deep water), and dominate at values greater than 40 (Clauss et al., 1992). The
Keulegan-Carpenter-Coefficient KC gives the ratio of the circumference of the or-
bital path of a water particle to cylinder diameter at still water level. This shows
that the inertia forces are dominant for many offshore structure, particularly, for
relatively large structures.

4.1.2. Hydrodynamic Compact Structures

Compact structures are significantly affecting the encountering wave field. Two
effects can be observed, scattering and radiation of the waves, which are both
generally called diffraction. Scattering means that due to presence of a compact
structure the incident wave field will be deflected and reflected. The second effect,
radiation, comes from the fact that a moving compact structure will generate waves
which propagate away circularly from the structure. The energy, required for the
generation of the radiation wave field, is extracted from the kinetic energy of the
moving structure. Thus, the body motion is damped, which is called potential
damping. Drag forces on compact structures have only marginal impact and can
be neglected (except for the damping of roll motions).

Analogue to the water wave problem, the flow around the structure (cf. Eq. 4.2)
can be describeb by superposition of independent potentials (linearisation of the
problem) assuming an ideal fluid,

Φ = Φ0 +
6∑

j=1

Φj + Φ7, (4.5)
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with Φ0 the incident wave field potential, Φj the radiation wave field potential due
to motion j and Φ7 the scattering wave field potential.

The boundary value problem of the unknown potentials (Eq. 4.5) has to be de-
termined by numerical procedures. Different potential flow procedures have been
introduced mainly based on boundary element methods. They offer the exclusive
discretization of the boundary of the domain (surface and hull of offshore struc-
ture), which significantly reduces the computational time. The different meth-
ods can be distinguished as two-dimensional and three-dimensional methods. The
two-dimensional methods, also called 2-D strip theory methods, subdivide the sub-
merged three-dimensional body into a finite number of rigidly connected transverse
slices at which the hydrodynamic coefficients are determined. The three-dimen-
sional methods, also called 3-D panel methods, discretize the submerged three-
dimensional body into a finite number of N panels at which the unknown potentials
are assumed to be constant.

A detailed overview on the different methods as well as its mathematical back-
ground is beyond the scope of this thesis, details can be found for instance in
Newman (1977) as well as Journée and Massie (2000). For this thesis two different
numerical methods have been applied – the 3-D panel code WAMIT (Sec. 4.2) and
the 2-D strip theory code from IST (Sec. 4.3). The target of all methods is to
solve the equation of motion (Eq. 4.1) by determining the hydrodynamic forces,
damping and added mass numerically resulting in the motion of the structure.

4.2. WAMIT

WAMIT is a radiation/diffraction program for the evaluation of wave-structure
interaction at zero speed in frequency domain (Newman, 1977; WAMIT, 1994;
Lee, 1995). It is assumed for the 3-D panel method that the wave heights as
well as the ship response are small; thus, the boundary value problem can be
linearised. In addition, this assumption allows the discretization of the submerged
body exclusively, reducing the computational effort.

WAMIT can simulate single or multi-body problems for arbitrary water depths,
where the structures can be arbitrarily located within the entire fluid domain –
from free surface to submerged and bottom mounted bodies. Dynamic analysis
can be conducted with freely floating, restrained or for fixed bodies.

The radiation and diffraction potentials on the submerged hull are computed by
applying Green’s second identity, with the free surface source-potential represented
by Green’s function (Newman, 1985, 1986). The submerged hull is discretized into
a finite number of low-order panels (flat quadrilateral elements) and the boundary
value problem has to be solved at each panel. The centre of each panel is the
collocation point and the potentials are assumed to be constant over the whole
panel.
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WAMIT offers to determine several quantities for the 6 degrees of freedom rigid
body motion such as hydrostatic, damping and added mass coefficients, motion
amplitudes and phases, hydrodynamic pressure and fluid velocity on the body
surface and the fluid domain as well as drift forces. In addition, WAMIT allows
the analysis of generalized modes. One application is the definition of flexural
ship bending modes, by what the associated structural deformations due to the
wave-structure interaction can be calculated.

Generally, WAMIT is a widely accepted, validated numerical tool for hydrody-
namic analysis and proven to be suitable for a multitude of applications.

4.3. IST Code

The IST Code is a non-linear time domain strip theory solver developed for the
evaluation of the wave-structure interaction of ships advancing in waves with con-
stant speed (Fonseca and Guedes Soares, 1998a,b). The cruising vessels can be
investigated in regular and irregular sea states. In addition, Fonseca et al. (2006,
2008) applied a method to investigate the ship response in predefined, deterministic
wave sequences. This enables the investigation of tailored critical wave sequences
as well as real-world registrations of extreme waves.

The strip theory hypothesis is applied for the determination of the rigid body
motions and associated global structural loads, i.e. the longitudinal hydrodynamic
unsteady forces are negligible. Additionally, only heave and pitch motions are
considered. It is assumed that heave and pitch are relatively small, but the relative
motions between the ship and the wave elevation can lead to large variations of the
submerged volume with associated non-linear effects. For this purpose the ship
hull is discretized into rigidly connected transverse slices up to the weather deck
taking non-linear hydrodynamic effects on the hull structure above mean water
level into account.

Assuming a slender hull at slow forward speed and sufficiently small amplitudes
of the unsteady motions and incident waves, the potential results in

Φ = −Ux + ΦS + Φ0 +
6∑

j=1

Φj + Φ7. (4.6)

In comparison to Eq. 4.5, two new terms are introduced due to the advancing ship.
The first two terms in Eq. 4.6 represent the steady flow due to the presence of the
ship advancing through the free surface, with U being the forward speed of the ship
and ΦS the steady perturbation potential. The non-linear effects on the vertical
motions and global structural loads are assumed to be dominated by buoyancy
effects, therefore Froude-Krylov (exciting forces) and hydrostatic forces (restoring
forces) are non-linear, while the radiation and diffraction forces are kept linear.
The radiation forces are derived with impulse response functions (Cummins, 1962)

63



4. Wave-Structure-Interaction

which take memory effects into account. The memory functions and radiation
restoring coefficients are determined via Fourier analysis. The frequency dependent
added mass and damping coefficients are calculated with a strip theory method
(Salvesen et al., 1970). The wave potential is decomposed into harmonic wave
components and the associated exciting forces are divided into diffraction and
Froude-Krylov forces. The diffraction forces are handled linearly in frequency
domain. The Froude-Krylov forces and the hydrostatic forces (restoring forces)
are calculated over the “exact” wetted surface at each time step accounting for the
non-linear effects of the waves acting on the ship.

The difference between the inertia forces and the sum of the hydrodynamic forces
acting on the hull ahead of a cross section results in the dynamic global structural
loads at this cross section in terms of vertical wave shear forces and vertical wave
bending moment. Forces due to green water on deck, contributing to motions and
structural loads (Buchner, 1995), are taken into account. Further details can be
found in Fonseca and Guedes Soares (1998a,b).

The IST code is well established and validated; proven to be suitable for investiga-
tions on extreme waves and responses (Fonseca and Guedes Soares, 2002; Clauss
et al., 2004; Rajendran et al., 2011).

4.4. Standard Model of Offshore Structure Response

The application of spectral analysis in ship dynamics started with the fundamental
publication of St. Denis and Pierson (1953). Assuming a steady state system, the
sea state as well as the response is interpreted as a superposition of an infinite
number of harmonic elementary components. As a consequence, the system be-
haviour of offshore structures is describable by a set of RAOs. RAOs describe the
ratio between response and excitation,

RAO(ωj) =
saj(ωj)

ζaj(ωj)
· eiφ̂j(ωj), (4.7)

assuming a linear response behaviour of the system – the harmonic excitation of a
structure due to a wave of frequency ωj yields a phase shifted harmonic response
of the same frequency. RAO(ωj) is the response amplitude operator, sja(ωj) the
amplitude of the response, ζja(ωj) the amplitude of the excitation and φ̂j is the
phase shift between excitation and response.

Fig. 4.1 illustrates the application spectrum of the standard model of offshore
structure response (cf. Fig. 2.3) – left represents frequency domain and right rep-
resents time domain. The analytical basis, as aforementioned, is the Fourier trans-
form which provides the link between frequency domain and time domain. The
application of RAOs enables a fast, efficient and complete description of the hy-
drodynamic characteristics of offshore structures. Frequency domain investigations
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Figure 4.1.: Standard model of offshore structure response: sea state as well as response are
interpreted as superposition of harmonic component waves enabling investigations in frequency
as well as time domain. Source: Jacobsen (2005), modified.

offer a holistic evaluation of offshore structures including short-term and long-term
statistics as well as annual downtime. Time domain investigations are essential
for task-related evaluations of cause-reaction effects in deterministic tailored wave
sequences. Both approaches are briefly described in the following paragraphs.

4.4.1. Stochastic Frequency Domain Investigations

The spectral density Sζ(ω) (Fig. 4.1, top left) represents the energy distribution
of a sea state as a function of wave frequency ω. In analogy to the wave spectrum
Sζ(ω), the response spectrum SS(ω) (Fig. 4.1, bottom left) represents the energy
distribution of the output signal. Accordingly, the spectral approach introduced
for the sea state description can also be directly applied for the response spectrum
(cf. Sec. 2.3). Wave and response spectra are related by

SS(ω) = |RAO(ω)|2 · Sζ(ω). (4.8)

Similar to the significant wave height Hs, a significant force or motion double
amplitude (2s)s follows from the response spectrum related to certain values of Hs

and T0:

(2s)s(Hs, T0) = 4

√√√√√
∞∫

0

SS(ω)dω. (4.9)
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Relating the significant double amplitude with Hs yields the significant RAO,

RAOs(T0) =
(2s)s(Hs, T0)

Hs

, (4.10)

which is a function of zero-upcrossing period only.

Supposing that the response is a narrow banded random process (stationary and
ergodic) allows the application of Rayleigh statistics – analogue to the sea state
statistics. The statistical properties introduced for the seaway (p. 16–17) are
directly transferable to the response by replacing H with (2s), Hs with (2s)s and
Hmax with (2s)max.

Thus, the operability of an offshore structure can be determined by utilizing the
extreme value statistics to the spectral approach of the response. Firstly, the most
probable maximum double amplitude can be determined,

(2s)max(Hs, T0) = 1.86 · (2s)s(Hs, T0), (4.11)

choosing a statistical parameter of Hmax/Hs = 1.86 exemplary. The suitable selec-
tion of this parameter is a delicate problem as it should be balance safety and
efficiency (cf. Fig. 2.4). The significant double amplitudes are appropriate hydro-
dynamic measures of merit criteria for the design process, whereby (2s)max(Hs, T0)
is only a statistical magnitude and expresses the most probable value.

Equation 4.11 is used to take long term statistics into account for the determination
of the operational range of the offshore structure. Based on known limiting values
(2s)max of the design, the tolerable significant double amplitude (2s)s,tol can be
determined from the following statistical relation (adapted from Eq. 4.11)

(2s)max

(2s)s,tol

= 1.86. (4.12)

Again, the statistical probability of 1.86 between maximum and significant value
is chosen exemplary, other values may be more appropriate depending on the
investigated problem. However, the tolerable significant wave heights Hs,tol(T0)
are obtained on the basis of the tolerable significant double amplitude,

Hs,tol(T0) =
(2s)s,tol

RAOs

. (4.13)

The tolerable significant wave heights can be directly included into a wave scatter
diagram for a defined sea area in order to highlight feasible and unfeasible sea
states for operation. From this, the downtime of the structure is calculated by
summation of all relevant probabilities over the infeasible region.
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4.4.2. Deterministic Time Domain Investigations

Deterministic time domain investigations are essential for the evaluation of tailored
extreme sea states, critical wave groups and extreme response in terms of design
wave concepts. Following Fig. 4.1, the deterministic wave sequence in time domain
(top right) can be transformed by means of FFT to arrive at the spectral density
Sζ(ω) of the wave sequence (top left) in frequency domain. Applying Eq. 4.8, the
spectral density of the response SS(ω) (bottom left) can be re-transformed into
time domain by means of IFFT obtaining the corresponding response (bottom
right).

A more sophisticated approach is the direct calculation of the corresponding re-
sponse in time domain (Fig. 4.1 right) by applying impulse response functions
(Cummins, 1962). The impulse response function K(t) takes memory effects of
the moving vessel into account and represents the inverse Fourier transform of the
RAO (Fig. 4.1 centre right),

K(t) =
1

2π

∞∫

−∞

RAO(ω) · eiωtdω. (4.14)

The time dependent response (Fig. 4.1 bottom right) is calculated by convolution
of the impulse response function with arbitrary, tailored wave trains,

s(t) =

∞∫

τ̂=−∞

K(t − τ̂) · ζ(τ̂)dτ̂ , (4.15)

yielding the so-called F2T+ approach (Jacobsen, 2005). Jacobsen (2005) presented
this advanced F2T+ approach showing by means of a hydrodynamically coupled
multi-body offshore crane operation that the method allows fast and effective time
domain simulations including memory effects.

4.5. Design Wave Concepts

In critical wave conditions, the linear model implies uncertainties due to non-linear
response behaviour. In this case, non-linear simulations become crucial to obtain
reliable limiting values. Non-linear simulations at advanced level are (up to now)
not practical for holistic design approaches due to the computational time needed
per simulation. Hence, it is difficult to obtain accurate extreme value estimates
by long-term extreme value statistics as sufficiently long simulations are necessary
(but impractical) to reduce statistical uncertainties. Contrary, reducing the level of
accuracy of the non-linear simulations enables very long simulation durations in an
adequate time span resulting in very small statistical uncertainties, but increases
the numerical model and extreme value uncertainties, respectively.
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Tailored wave sequences of short duration can be applied to avoid statistical un-
certainties and impractical simulation time spans. These critical wave sequences,
also called critical wave episodes, correspond to a specific extreme wave event the
structure will experience during its lifetime. The deterministic identification of
such critical (design) wave sequences leading to a certain maximum response is
still a key issue.

The application of Regular Design Waves is the simplest design wave concept.
Long-term extreme values based on linear theory are used as input. By selecting
a certain wave period (e.g. peak of the linear transfer function), the amplitude
of the regular wave can be determined by division of the long-term extreme value
with the linear transfer function (e.g. Adegeest et al. (2000)). This kind of design
wave is quite questionable as the real-world wave leading to an extreme response
will significantly differ from such a regular design wave.

Critical Wave Episodes (CWE) (Torhaug et al., 1998) are determined by very long
realizations of the ship response combining linear transfer functions and irregular
sea states. Wave sequences within the realization which lead to extraordinarily
large responses are defined as critical wave episodes. By randomly varying the
phase distribution of the input sea state, a multitude of different CWE’s can be
identified. Afterwards, a number of identified CWE’s, the average of all CWE’s or
the CWE leading to the maximum response can be used for non-linear simulations
to obtain conclusions on extreme values.

Advanced methods are based on probabilistic conditioning of critical wave se-
quences and responses, respectively. The idea is to tailor a short encountering
wave sequence in such a way that the obtained wave group represents a most
probable critical surface elevation or predefined maximum response. The target of
such conditioning is to estimate the extremes of the non-linear response statistics
by performing only short non-linear simulations with the identified wave sequences.
The main assumption is that the linear theory gives a good indication for extreme
events: a wave train that creates a large (non-linear) response in reality is similar
to a calculated wave train that creates a large linear response.

The New Wave model has been introduced as “A new model for the kinematics of
large oceans waves” by Tromans et al. (1991). The New Wave model is based on
the standard model of ocean waves and determines the most probable maximum
wave crest elevation by conditioning of amplitudes using probabilistic analysis. At
the end, the method provides the most probable maximum surface elevation and
its associated kinematics for a given sea state. The method assumes a constant
mean frequency of the input spectrum independently of the real frequencies of the
amplitudes. This simplification can only be seen as a first approximation model
(Friis-Hansen and Nielsen, 1995) as the assumption is only adequate for narrow-
banded wave processes. Friis-Hansen and Nielsen (1995) extended the New Wave
model by also introducing random frequencies in the conditioning process.
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This Most Likely storm Wave (MLW profile), obtained by conditioning amplitude
and frequencies, is subsequently used as a design wave for wave-structure analysis.
The basis of such a MLW profile is the definition of a design wave spectrum
including the calculation of a set of random wave components representing the
spectral properties. The design wave spectrum represents the sea state which
gives the most probable linear extreme value. To arrive at the MLW profile, a
specific crest amplitude of the critical wave has to be defined and the mean of
a set of infinite number of possible realizations is calculated (Friis-Hansen and
Nielsen, 1995). Adegeest et al. (2000) pointed out that the “mean response to a
set of random realizations will in general not be equal to the response to the mean,
or Most Likely, realization”. In addition, memory effects on the response are not
taken into account. This denotes that for each selected design study one should
evaluate whether the CWE’s, one particular conditioned wave or the MLW profile
is applicable.

The Most Likely Extreme Response (MLER) can be derived by applying the MLW
theory on the response. This denotes that the response spectrum of the structure is
used as input instead of the wave spectrum (Adegeest et al., 2000), resulting in the
MLER profile. The basic idea is to search for an unfavourable response condition
instead for a wave condition, as the MLW must not be the worst case wave regard-
ing extreme responses. Based on the derived response profile the underlying wave
sequence can be calculated resulting in the Most Likely Response Wave (MLRW)
(Adegeest et al., 2000; Dietz, 2004). Combining the MLRW profile with an ir-
regular random background wave yields the Conditional Random Response Wave
(CRRW), which is particularly suitable for investigations of responses with contri-
butions of transient effects like whipping (Dietz, 2004; Drummen et al., 2009).

A different approach has been presented by Alford (2008) for extreme response
estimation. This approach manipulates the phase of the response spectrum by
means of an optimization algorithm to obtain a certain maximum response. This
tool has been developed for the fast evaluation of a new design in the early design
stage.

All these approaches have in common, that using RAOs results in a major ad-
vantage, as a critical wave sequence can be determined quickly for subsequent
non-linear simulations or model tests. At the same time, the linearity of these
procedures is also a drawback since it implies uncertainties due to non-linear re-
sponse behaviour. The fundamental assumption, that the non-linear response is a
correction of the linear response, should be validated under different severe condi-
tions, when non-linear effects are significant (Drummen et al., 2009). In addition,
all methods require the definition of response levels to be reached (commonly taken
from linear short or long-term statistics) and the resulting wave sequence is directly
proportional to this level. This can lead to physically impossible wave sequences
regarding wave height and steepness (as Rayleigh statistics are not considering any
physical limitation regarding response or excitation).
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Figure 4.2.: Examples of design wave concepts. The top diagram presents the New Wave
profile. The centre diagram shows one thousand realizations of Critical Wave Episodes (black
curves), the mean of all Critical Wave Episodes (red curve) and the most Critical Wave Episode
(green curve). The bottom diagram presents the Most Likely Response Wave profile.

Figure 4.2 presents examples of design wave concepts. The underlying sea state
is a JONSWAP spectrum with a significant wave height of Hs = 14.5m, a peak
period of Tp = 12.2s and an enhancement factor of γ = 3.3. The supposed critical
response is the vertical bending moment of a LNG carrier. The top diagram shows
the New Wave profile. The centre diagram shows one thousand realizations of
Critical Wave Episodes (black curves), the mean of all Critical Wave Episodes (red
curve) and the most Critical Wave Episode (green curve). The bottom diagram
presents the Most Likely Response Wave profile. The obtained wave profiles feature
a very similar characteristic – a steep wave group of short duration.
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The following chapter addresses the complex problem of tailoring critical wave
sequences for response-based design. At the beginning, tailored wave events in
terms of freak waves, which are generally critical for all kind of offshore structures,
are experimentally investigated. Therefore, the breather solutions introduced in
Sec. 3.2 are applied to model tests in Sec. 5.1. For this purpose, a chemical
tanker is investigated in breather solutions addressing the vertical wave bending
moment amidships. The impact of this new class of freak waves is reviewed against
results obtained in the classical real-world NYW to evaluate their relevance for test
facilities in terms of experimental design waves.

Tailoring the structure response to arrive at extreme values, which are critical for a
specific offshore structure, is a more straightforward approach in terms of identify-
ing critical wave events. In this context, a new design wave concept is introduced in
Sec. 5.2. The broad scope of the new response-based identification tool is demon-
strated on two typical design examples – one addresses the survivability in terms
of maximum vertical bending moment a chemical tanker can experience at amid-
ships (Sec. 5.2.1) and the other the question on the utilisability of a multi-body
offshore operation (Sec. 5.2.2). The identified underlying critical wave sequences
are experimentally validated and evaluated against design wave concepts as well
as breather-type freak waves.

5.1. Breather-Type Freak Waves as Experimental Design Waves

Model tests are indispensable for the evaluation of offshore structures due to the
fact that the numerical methods available comprise simplifications on different
levels (which have to be validated). The scope of application ranges from the
determination of the RAOs in frequency domain via time domain investigations in
stochastic irregular sea states to tailored wave sequences.

Tailored wave sequences are an important component in the evaluation of a design
as they generally represent specific events in terms of structure response. On one
hand, these events can be identified by numerical investigation such as design wave
concepts, which addresses particular questions. On the other hand, these critical
wave events can be of a more general nature such as freak waves embedded in
irregular sea states or real-world reproductions. Freak wave events are of particular
interest as they are outstanding situations relevant for all offshore structures.
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5. Extreme Responses

Consequential, the new classes of extreme waves – breather-type freak waves –
presented in Sec. 3.2 are promising candidates for new experimental design waves
as they feature important characteristics in terms of wave-structure interaction
investigations:

• The existence of an analytical solution offers a fast and simple generation of
the wave maker control signal.

• The small frequency bandwidth offers the tailored investigation of critical
wave lengths in terms of structure response.

• The wave group steepness is variable up to very steep wave groups.

The special feature of the breather-type freak waves is the fact that these solutions
offer the possibility to generate extreme wave events at arbitrary wave lengths up
to wave breaking at deterministic positions in the basin. This denotes that the
wave length of the extreme wave can be adjusted in order to meet a critical length
in terms of structure response. Moreover, the breaking breather solution represents
the maximum possible wave height at a certain wave length to be suffered by an
offshore structure.

Consequently, the breather solutions are applied to wave-structure investigations
in the seakeeping basin at Technische Universität Berlin. The investigations are
conducted for a chemical tanker at zero speed in head waves and the vertical
wave bending moment amidships is addressed. In addition, the chemical tanker
is investigated in the real-world NYW for direct comparison between the different
classes of freak waves. Table A.2 presents the main dimensions of the chemical
tanker and Fig. A.3 the model test setup. Details on the equipped model, the test
setup and the suspension system can be found in Annex A.

The following study comprises the generation of the three breather solutions intro-
duced in Sec. 2.4.2 – the Kusnetzov-Ma breather, Akhmediev breather and Pere-
grine breather. Each solution is used to generate a set of high, steep single waves
of different discrete carrier wave lengths. The carrier wave lengths are chosen in
order to cover the range of interest in frequency domain in terms of wave-structure
interaction – from T0 = 10.5s to T0 = 12.5s full scale. The breather solutions are
generated in such a way that the high single wave at target location is as high
as physically possible for the defined wave lengths. Target location denotes the
location of the subsequent wave-structure investigations, which is approximately
x = 45m in front of the wave maker. The model is placed in such a way that the
target wave reaches its maximum wave height at the forward perpendicular.

Figure 5.1 presents the results of these investigations. Altogether, three different
carrier periods are investigated. The individual results of each carrier wave period
are labelled with a black rectangle – from top, the shortest, to bottom the longest
wave length. The measured surface elevations are shown in the top diagram of each
block. The three breather solutions for the same carrier period are compared in
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5.1. Breather-Type Freak Waves as Experimental Design Waves

Figure 5.1.: Model test results of the breather-type freak wave investigations. The three
solutions are investigated with three carrier periods – each block presents one carrier period.
The surface elevation is shown in the top diagram of each block, followed by the corresponding
vertical wave bending moment. The bottom diagram of each block presents the green water
column height at the forward perpendicular.
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5. Extreme Responses

the same diagram – the blue curves denote the results for the Peregrine breather,
the red curves for the Akhmediev breather and the green curves the Kuznetsov-Ma
breather. The Peregrine solution is exclusively applied for the longest wave period.
The ordinates are equally scaled for all diagrams to simplify the overall picture of
the results. The corresponding vertical wave bending moment is presented in the
centre diagram of each block. In addition, the green water column height on deck
is shown in the bottom diagram of each block.

The overall picture of the presented results shows that all breathers evolved to
high, steep single waves at the measuring point. In addition, the surface elevations
of the different breather solutions with the same carrier wave length feature an
almost identical shape, only the Akhmediev breather shows a slightly different wave
propagation in front of the target wave. The height of the presented freak waves
increases with increasing carrier wave period, independently of the used breather
solution as all waves represent the highest physically possible wave height, i.e. close
to the target location all freak waves are plunging breakers. In this context, it is
interesting to note that the upcrossing wave periods of the individual freak waves
are ≈ 1s shorter than the (input) carrier periods of the surrounding waves.

The corresponding vertical bending moment reaches maximum values at the mo-
ment of the freak wave impact. Even if the shortest carrier wave length (T0 =
10.5s) represents the worst case in terms of structure response per metre wave
height (maximum of the RAO), the highest sagging moment is measured for the
longest carrier wave length, as period as well as wave height contribute to the
vertical bending moment. The freak wave with the longest carrier wave length
reaches a significantly higher maximum wave height before breaking – this freak
wave is ≈ 10m higher than the shortest one. However, the two longer carrier
periods reaches almost the same level of maximum sagging values.

Altogether, the experiments show that the breather-type freak waves are outstand-
ing critical events resulting in severe impact on offshore structures. This conclusion
is confirmed by the measured green water column heights at the forward perpen-
dicular, which reach impressive values – up to 10m high wave fronts have been
detected, which is as high as a three story building.

New Year Wave vs. Breather-Type Freak Wave

So far, the impact of the breather solutions are evaluated by means of model
tests. Next, the results are compared to experiments performed in the NYW (cf.
Sec. 3.1). The model test setup is identical with the experiments performed for the
breather-type freak waves and the target location of the NYW is also at forward
perpendicular.

The Peregrine breather shown in the top diagram of the bottom black rectangle
in Fig. 5.1 is chosen for this comparison due to the fact that this breather fea-
tures similar characteristics regarding crest height as well as wave front steepness
compared to the NYW. In Sec. 3.3 it has already been shown that this Peregrine
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5.1. Breather-Type Freak Waves as Experimental Design Waves

Figure 5.2.: Comparison of the experimental results in breather-type freak waves (red curves)
and the NYW (blue curves). The top diagram displays the surface elevation, the centre diagram
the corresponding vertical wave bending moment and the bottom diagram the green water column
height at forward perpendicular.

breather features similar characteristics in terms of kinematics and dynamics under
the wave crest. However, the Peregrine breather is also characterised by deeper
preceding and following troughs as well as shorter up- and downcrossing wave
periods, i.e. the Peregrine breather is higher and steeper.

Figure 5.2 compares the experimental results of the two freak waves – red curves for
the Peregrine breather and blue curves for the NYW. The top diagram presents the
surface elevation, followed by the corresponding vertical wave bending moment in
the centre diagram and the bottom diagram shows the green water on deck column
height at forward perpendicular.

Comparing the measured vertical wave bending moment and green water column
on deck reveals that the impact of both freak waves is severe, but the impact of
the Peregrine breather is significantly more dangerous. The main reason for this
observation is the aforementioned difference of the wave characteristics in front of
and behind the extraordinarily high wave crest. The Peregrine breather features
a more critical characteristic in terms of wave length and height particularly in
front of the freak wave crest. In addition, breather solutions feature a symmetrical
shape around the freak wave crest resulting in an experimental design freak wave
whose critical wave length can be adjusted precisely. This proves that breather
solutions represent outstanding critical events in terms of structure response.
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Figure 5.3.: General scheme of the new critical design wave concept. The fully automated
procedure combines wave-structure interaction analysis programs with an optimization algorithm
to find a most critical wave sequence.

5.2. Response-Based Identification Tool

So far, the problem of identifying and evaluating extreme responses has been
exclusively employed to tailored extreme wave events being of general nature for
wave-structure interaction investigations. Now, this problem is examined by a
new response-based optimization procedure tailoring the response of an offshore
structure (instead of the wave event) straightforward to a specific extreme value.
At the end, this response-based identification tool reveals the underlying critical
wave sequence leading to this extreme response value. This method enables the
tailored identification of a wave sequence which causes a predefined most critical
response for specific offshore structures.

Figure 5.3 presents the general scheme of the new design wave concept based on
response-based optimization procedures. The general idea is to combine any wave-
structure interaction analysis program with an optimization algorithm to find a
most critical wave sequence with respect to predefined response levels. The core
of the procedure is the selected program where the hydrodynamic problem is ade-
quately analysed. In general, the procedure can be adapted to any hydrodynamic
problem by selecting appropriate wave-structure interaction analysis tools. The
level of non-linearity, to be reached, depends on the selected program as well as on
the computational time available. The general functionality of the procedure as
well as capability to find a global worst case wave sequence has successfully been
shown by Clauss et al. (2010b, 2012b, 2013); Clauss and Klein (2013), from what
revised parts are incorporated in the following.
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5.2. Response-Based Identification Tool

At the beginning of the fully automated procedure the following parameters have
to be defined:

• the input parameter(s) for the wave-structure interaction analysis program,

• the characteristic(s) to be considered during the optimization process,

• the target value(s) to be reached,

• the free variable(s) to be modified.

The input parameters are specified by the selected program, which also specifies
the free variables. The free variables are part of the input and can be adjusted by
the optimization algorithm to reach the predefined response level. The characteris-
tics define the hydrodynamic problem to be investigated such as motion(s), global
loads, local loads and so on. The target value, representing the limiting design
value, defines the response level to be reached by the optimization algorithm. At
each iteration step the result of the hydrodynamic calculation is evaluated regard-
ing the target value to arrive at the worst response. Afterwards, the optimization
algorithm modifies the free variables (target: worst combination) and restarts the
wave-structure simulation. The optimization loop stops once the desired target
value or the maximum number of iterations is reached.

The Subplex optimization method is utilized as local optimization algorithm
(Rowan, 1990). This method is a generalization of the Nelder–Mead Simplex
(NMS) method for unconstrained minimization. It can solve high dimensional
problems by decomposing them into low dimensional subspaces. These low di-
mensional subspaces on the other hand can then easily be handled by NMS, pre-
serving the advantage of NMS on noisy functions. In addition, the method is able
to handle optimization constraints. Constraints are rejected as infeasible points
by automatic restart which avoids a permanent collapse of the optimization.

The following sections present the application of the new concept on two typical
design examples:

1. The maximum vertical bending moment a ship can experience in a certain
sea state. The investigated limiting parameter is the vertical wave bending
moment amidships.

2. An innovative offshore LNG transfer system consisting of a turret moored
terminal barge and a shuttle carrier in tandem configuration. The investi-
gated limiting parameter is the relative vertical motion of the coupling points
of the transfer pipes between LNG carrier and barge.
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5.2.1. Extreme Ship Response

Following, extreme ship responses to be considered in the design process are inves-
tigated. Objective of this investigation is to find a critical design wave sequence
which leads to a maximum vertical wave bending moment a ship can experience
in a certain sea state, as this is still a open question. In particular, due to the fact
that the vertical bending moment shows a strong non-linear behaviour which can-
not be covered by linear RAOs. For this purpose, the non-linear strip theory solver
developed by IST (see Sec. 4.3) has been included into the optimization scheme to
determine the non-linear ship response. Again, the chemical tanker investigated in
Sec. 5.1 is used and the vertical wave bending moment at amidships is addressed.
Thus, the results obtained are comparable to the impact of the breather-type freak
waves determined in Sec. 5.1.

Response-Based Identification Tool

For the determination of maximum vertical wave bending moment the general
scheme presented in Sec. 5.2 (cf. Fig. 5.3) has been adapted in such a way that a
non-linear strip theory solver is combined with the Subplex optimization method.

The non-linear strip theory solver (see Sec. 4.3) has been chosen as Wave-Structure
Interaction Analysis Tool in order to balance accuracy and computational time.
In particular, the addressed response – the vertical wave bending moment – will
show a strong non-linear behaviour in steep waves, which has to be considered for
the investigation.

Input of the wave-structure interaction analysis tool is a sea state spectrum in
terms of amplitudes and phase. Afterwards the associated surface elevation is
transformed into time domain and the wave propagation is assumed to be linear.
As initial Input a JONSWAP spectrum with an enhancement factor of γ = 3.3 is
chosen. The peak period of the investigated spectrum is identified from the linear
vertical wave bending moment RAO. Tp = 10.5s is selected as this represents
the wave length at the maximum magnitude of the RAO. The significant wave
height is defined as Hs = 10m and the first phases are randomly distributed. Each
wave spectrum realization is defined for a certain frequency bandwidth (ωs ≤ ω ≤
ωe) of relevant energy contributions, in order to reduce the number of individual
waves (see Tab. 5.1 top). Figure 5.4 illustrates the Input (spectrum (top) and the
associated phases (bottom)) used for this investigation. The simulation time is
set to t = 100s to reduce the computational time needed for each iteration step.
Table 5.1 (top) presents an overview of the applied sea state parameter.

The Free Variables, to be modified by the optimization procedure, are the phases
of the input spectrum. Only the phases in the relevant bandwidth (ω1 ≤ ω ≤ ω2)
of significant energy contributions are selected reducing the overall number of Free
Variables n significantly. Figure 5.4 bottom illustrates the Free Variables used for
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Figure 5.4.: Initial input: JONSWAP energy density spectrum (Clauss et al., 2012b).

the investigation (indicated in red). Table 5.1 (bottom) presents an overview of
the applied optimization parameter and results.

The Target Parameter of the optimization is the vertical wave bending moment
(worst response) of the chemical tanker in the chosen JONSWAP spectrum.

Objective Function, to be minimized by the Subplex optimization, reads

f =

(
max|vbm(t)| − vbmt

vbmt

)2

, (5.1)

with max|vbm(t)| being the maximum vertical wave bending moment of the actual
realization. The target value vbmt, to be reached by the optimization, is chosen in
such a way that it marks an ultimate, exaggeratedly high value. For this purpose,
the target value is set to vbmt = 2.5 · 106kNm which is 2.5 times higher than the
design vertical wave bending moment according the IACS Common Rules (GL,
2009). In addition to the above introduced target parameter and objective func-
tion, an inequality constraint regarding the maximum wave steepness is defined,

(
πH
L

)
up

≤ 0.4
(

πH
L

)
down

≤ 0.4,
(5.2)

due to the underlying simplified wave model. The theoretical wave height limit is
πH/L = 0.446 (Miche, 1944), but πH/L = 0.4 represents a more realistic, empirical
limit (Toffoli et al., 2010). Thus, the maximum allowable wave steepness is set
according to Eq. 5.2, independently of zero up- or down-crossing analysis. This
ensures that the optimized critical wave sequence displays a realistic shape which
can be reproduced in the seakeeping basin.

In summary (cf. Fig. 5.3), the optimization starts with the initial wave spectrum
using random phases. The response is calculated with the non-linear strip the-
ory solver and the global loads as well as the wave sequence characteristics are
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Table 5.1.: Overview of the parameter used for the optimization procedure.

name
sea state simulation parameter

Tp [s] Hs [m] γ ωs [rad/s] ωe [rad/s]

run 1 10.5 10 3.3 0.2 4

run 2 10.5 10 3.3 0.2 4

run 3 10.5 10 3.3 0.2 4.5

run 4 10.5 10 3.3 0.2 4

run 5 10.5 10 3.3 0.2 4

name
optimization parameter & results

vbmt [kNm] ω1 [rad/s] ω2 [rad/s] n max |vbm| [kNm]

run 1 2.5 · 106 0.35 1.5 147 1.648 · 106

run 2 2.5 · 106 0.35 3 253 1.638 · 106

run 3 2.5 · 106 0.35 2.5 206 1.569 · 106

run 4 2.5 · 106 0.35 3 253 1.75 · 106

run 5 2.5 · 106 0.35 1.5 147 1.732 · 106

evaluated by the Subplex algorithm (in terms of objective function and inequality
constraints). Afterwards, the free variables (phases of the spectrum) are modified
and the next iteration step starts. The optimization runs until either a threshold of
the measure of merit (f ≤ 10−3) or the maximum number of iteration steps (1200)
is reached. Altogether five independent optimization runs have been performed.

Figure 5.5 illustrates the progress of the objective functions. A significant change
of the residuals of the objective functions can be observed within the first 200
iteration steps showing that the Subplex algorithm quickly found an optimization
strategy. After 300 iteration steps the five independent optimization runs reach
an almost identical optimization level after what no significant changes can be
observed. At the end, all runs result at the same response level and not one
optimization reached the measure of merit. This indicates that the obtained critical
wave sequences illustrate a global worst case for the defined sea state and wave
steepness constraint.

Figure 5.5.: Progress of the objective function.
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The results of the optimization runs are presented in Fig. 5.6. The three top dia-
grams present the surface elevations at forward perpendicular, amidships and aft
perpendicular. Afterwards, the heave and pitch motion is shown. The second dia-
gram from bottom presents the relative surface elevation at forward perpendicular.
The horizontal black dashed line represents the foredeck height above mean water
level, i.e. values above denote green water on deck. The bottom diagram shows
the corresponding vertical wave bending moment. The zero-downcrossing wave
sequence leading to the worst response is indicated by the red rectangle and the
time of maximum vertical wave bending moment is marked by the vertical black
dashed line.

At first, the excellent agreement between the (maximum) vertical bending moment
of each separate optimization run is remarkable. This indicates that the identified
wave sequences are a global worst case for the defined input parameter. This is
also reflected in the course of the critical wave sequence as well as motions.

As expected, the identified critical wave sequence is characterized by a deep wave
trough neighbouring huge wave crests. The wave length almost equals the ship
lengths – the classical sagging condition. The wave height of the critical wave ex-
pands to an extreme (Hmax/Hs ≈ 2). However, the implemented maximum wave
steepness limitation as well as green water on deck effects constrained the opti-
mization in terms of encountering wave height and steepness. The effect of green
water on deck results in a counteracting moment (Buchner, 1995), whereby the
sagging loads are reduced or “cutted”. This effect can result in misinterpretation
by the Subplex algorithm.

Figure 5.7 compares one selected optimized critical wave sequence (run 1) with
its MLER/MLRW concept pendant. The target value for the vertical bending
moment to be defined to calculate the MLER is chosen in such a way that the
underlying MLRW results in a similar wave height compared to the critical wave
sequence of run 1 focusing on the exact reproduction of the wave trough deepness.
The top diagram presents the surface elevation at the main frame, whereas the bot-
tom diagram shows the corresponding vertical bending moment. Comparing the
optimization result with the classical MLER/MLRW concept reveals that critical
wave sequences based on linear RAOs are significantly underestimating the verti-
cal sagging bending moment (the hogging moments are even more overestimated),
i.e. the vertical sagging bending moment is ≈ 15% higher for the non-linear sim-
ulations. It also means that the MLER/MLRW concept will lead to significant
larger MLRW compared to the optimized critical wave sequences considering the
same limiting response level. Optimization run 1 represents a best fit case, the
other four cases feature a significantly larger discrepancy in terms of vertical sag-
ging bending moment (up to ≈ 30%). This proves that non-linear simulations are
essential for the accurate determination of the worst case wave sequence in terms
of vertical wave bending moment.
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Figure 5.6.: Results of the optimization for the five independent realizations. The three top
diagrams present the surface elevation at forward perpendicular, amidships and aft perpendic-
ular. Afterwards, the heave and pitch motions are shown. The second diagram from bottom
presents the relative surface elevation at forward perpendicular. The bottom diagram shows the
corresponding vertical wave bending moment.
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Figure 5.7.: Comparison between one optimized critical wave sequence and its classical
MLER/MLRW concept pendant.

To prove the assumption that the identified wave sequences are worst case scenarios
for the selected sea state, extensive numerical simulations are performed using the
non-linear strip theory code. Thereby, 1000 random phase realizations of the
above defined JONSWAP spectrum (Hs = 10m, Tp = 10.5s and γ = 3.3) are
investigated, each represents an 800s registration.

The simulations have been performed in order to evaluate the maximum vertical
wave bending moment and its underlying wave sequence in relation to the opti-
mized critical wave sequence. As a result, the quality of the optimization result
can be reviewed. Therefore, the maximum vertical wave bending moment as well
as the corresponding wave characteristics in terms of upcrossing wave period and
wave height are determined for each simulation.

Figure 5.8 presents the critical wave sequences (similar to the linear CWE’s con-
cept) which lead to the highest vertical bending moment for each random phase re-
alization. For clarity, only CWEs which result in loads larger than 1.1·106kNm are
shown. In addition, the inequality constraint regarding the maximum wave steep-
ness (Eq. 5.2) is also applied for consistency reasons, i.e. steeper wave sequences
are not considered. The red curve denotes the mean CWE and the green curve de-
notes the worst CWE of the non-linear simulations. The worst CWE reveals that
the identified maximum vertical bending moment is max|vbmRP | ≤ 1.48·106kNm,
which is significantly smaller compared to the optimized critical wave sequences.

Analysing the individual results in detail, Fig. 5.9 presents the identified maximum
vertical bending moments per simulation in relation to its corresponding wave
period and wave height. The abscissa represents the upcrossing to peak period
ratio and the ordinate the upcrossing to significant wave height ratio of the critical
wave sequence which causes the maximum vertical bending moment – indicated
by black crosses. For the evaluation of the maximum vertical bending moments,
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Figure 5.8.: Results of the 1000 random phase realizations: The black curves represent
the wave sequences of all realizations which lead to the highest vertical bending moment
(vbm ≥ 1.1 · 106kNm). The top diagram shows the surface elevation and the bottom dia-
gram the corresponding response. The red curve represents the mean CWE and the green curve
the most critical CWE of the non-linear simulations.

values exceeding 1.1 ·106kNm are illustrated in different colours as assigned in the
colour bar below. The five optimization results are also illustrated and marked by
red circles.

The diagram confirms the results obtained by the optimization runs – the criti-
cal wave length focuses around the peak period with tendency to slightly shorter
waves. This denotes that also in the random phase simulations the critical wave
length is close to the ship length between perpendicular. In addition, the results
show an expected characteristic, the maximum vertical bending moment increases
with increasing wave height. However, comparing the maximum vertical bending
moment values from the random phase simulations (max|vbmRP | ≤ 1.48·106kNm)
with the optimization results (max|vbmNM | ≥ 1.57 ·106kNm) reveals that the op-
timized critical wave sequences represent outstanding critical events. This proves
that the optimization procedure is capable of the systematic search for critical
wave sequences.

Experimental Validation

The optimization results are validated in the seakeeping basin at Technische Uni-
versität Berlin. The test setup is identical with the one in Sec. 5.1. Figure A.3
shows the model test setup and Tab. A.2 the corresponding main dimensions. De-
tails on the equipped model, the test setup and the suspension system can be
found in Annex A.
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Figure 5.9.: Results of the 1000 random phase realizations compared to the optimization results
(Clauss et al., 2012b).

The reproduction of such steep wave sequences in the seakeeping basin is a delicate
issue as their propagation behaviour is characterized by strong non-linear wave-
wave interactions. The almost symmetric shape in terms of crest/trough height
ratio in combination with this extraordinarily high wave steepness (πH/L ≈ 0.39)
is an almost infeasible task. As a consequence, the initial wave group at the
wave board is exposed to non-linear effects during the propagation to the target
location which may result in wave breaking (wave focussing effects), radiation
and structural transformation. In particular, wave focussing effects of such steep
wave groups (with small frequency bandwidth due to modulational instability) are
the main problem depending on the propagation distance, i.e. target location.
Consequently, the target location is set closer to the wave maker (xt = 25m)
to avoid strong radiation as well as focussing effects of such steep wave group.
For the reproduction of the critical wave sequences, the phase-amplitude iteration
scheme is utilized (cf. Sec. 2.3.2). The fact that the five identified critical wave
sequences are almost identical enabled the generation of one representative critical
wave sequence in the seakeeping basin.

Figure 5.10 presents the results of the experimental validation. The top diagram
compares the numerical surface elevations at the main frame with the reproduced
surface elevation (black curve). The bottom diagram shows the corresponding
vertical wave bending moment.
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Figure 5.10.: Comparison of model test results and numerical simulations. The top diagram
presents the surface elevation at the main frame of the chemical tanker and the bottom diagram
the corresponding vertical wave bending moment.

The agreement between reproduced and numerical wave sequences is satisfactory.
The differences arouse from the fact that the identified numerical wave sequences
are based on linear theory. Hence, in reality these very steep wave groups (πH/L ≈
0.39) show deviations with respect to crest/trough asymmetry. The reproduced
wave formed an asymmetric shape in comparison to the numerical wave sequences
–resulting in shorter, steeper wave crests and longer, shallower wave troughs.

The corresponding vertical bending moment features a similar agreement due to
the difference between calculated and reproduced waves. In addition and in con-
trast to the numerical simulations, the surge motions are only restricted and not
eliminated. However, the overall agreement is satisfactory, the measured large
sagging loads are close to the predicted ones and confirm the numerical results. It
shows that the impact of the identified wave sequence is severe and a limiting case
for the investigated chemical tanker.

Comparing the identified extreme response with the results obtained in the breather-
type freak waves in Sec. 5.1 reveals that the measured maximum vertical bending
moment during the impact of the breather-type freak waves are also outstanding
values. In particular, the two longer carrier periods reach almost the same level
of maximum sagging values showing that the breather-type freak waves represent
limiting cases for the vertical bending moment as well. However, this conclusion
is only proved by the excellence of the new response-based identification tool in
identifying global worst case critical wave sequences.

5.2.2. Multi-Body Offshore Operation

The functional principle of the response-based identification tool is introduced and
verified with a chosen example of practical relevance. Now, a multi-body offshore
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Figure 5.11.: The MPLS20 concept: Illustration of the investigated tandem configuration of a
turret moored terminal barge and a shuttle carrier. The top picture presents a general overview.
The details of the transfer system in the red dashed rectangle of the top picture are additionally
presented in the bottom picture indicating the connection points for the LNG transfer pipe.

operation in terms of LNG transfer between a turret moored terminal barge and a
shuttle carrier is investigated to demonstrate the broad scope of application of the
new method. The design concept proposes that both vessels operate in tandem
configuration during transfer, being connected via flexible transfer pipes. This
concept has been developed within the framework of the joint research project
MPLS20 – Maritime Pipe Loading System 20" (Clauss et al., 2009; Hoog et al.,
2009). Figure 5.11 provides a general overview of the LNG transfer concept.

Objective of the following investigation is an evaluation of the operability of the
LNG transfer system. The limiting parameters for a safe unloading process (avoid-
ing failure of the transfer pipe or collision) are the relative motions of the coupling
points of the transfer pipes between the two vessels (see red dots in Fig. 5.11 bot-
tom). Therefore, the target of the following investigations is the evaluation of the
operational limit of the LNG transfer system in terms of operational range based
on maximum tolerable relative motions. Table A.1 presents the main dimensions of
the two vessels considered for the subsequent investigations. In addition, the cargo
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tanks are assumed to be completely filled and the transfer distance between termi-
nal stern and carrier bow is 10m. The site of operation chosen for this investigation
is Haltenbanken in the Norwegian Sea and the long crested waves are approaching
from θ = 180◦. The maximum tolerable double amplitude of the vertical relative
motion between the connection points is specified as (2sz,rel)tol = 10m.

The investigations starts with a linear stochastic analysis to provide the basis
for the subsequent application of the new critical design wave concept in terms of
design sea state parameters. The results obtained by the new method are reviewed
against classical methods – time domain investigations based on the realization of
a multitude of different very long sea states (with random phases) similar to the
CWE concept as well as conditioning of the phase distribution of the sea state by
means of optimization procedure. At the end of the investigation all results are
validated by model tests.

Downtime Analysis

The annual downtime of the multi-body system is determined according to the
method presented in Sec. 4.4.1. Starting point is the calculation of the response in
terms of linear transfer functions. Therefore, WAMIT (see Sec. 4.2) has been ap-
plied to determine the RAOs for the hydrodynamically coupled multi-body prob-
lem in frequency domain. Afterwards, the characteristic RAOs for heave and
pitch motion of the individual vessels are transformed to the connection points
(red dots in Fig. 5.11) and combined to obtain the RAO of the relative vertical
motion between these two connection points, which is the measure of merit of this
investigation.

Figure 5.12 (top) presents the calculated RAO of the relative vertical motion of
the connection points which is crucial for the bending behaviour of the pipes.
The course of the RAO is characterised by several local maxima. These maxima,
which are associated to the individual heave and pitch motions of both vessels, are
primarily affected by the interaction of the individual pitch motions in amplitude
and phase.

The determined RAO of the relative vertical motion of the connection points is
the basis for the following downtime analysis. Applying Eqs. 4.9 and 4.10 yields
the significant RAO for the relative vertical motion, which is shown in the bottom
diagram in Fig. 5.12. The significant RAO is a function of the zero-upcrossing pe-
riod of the surrounding sea state and specifies the significant response for arbitrary
combinations of Hs and T0. Based on the calculated significant RAO the tolerable
significant wave heights Hs,tol(T0) are determined (Eq. 4.13). Thereby, the corre-
sponding tolerable significant vertical relative motion (2sz,rel)s,tol is obtained by
relating maximum to significant values (Eq. 4.11): (2sz,rel)max/(2sz,rel)s,tol = 1.86
(most probable maximum) ...2.0...2.3...2.4 results in (2sz,rel)s,tol = 5.38m...5m...
4.35m...4.17m, respectively.
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Figure 5.12.: The top diagram presents the RAO of the relative vertical motion between the
two connection points (black curve) as well as the underlying individual pitch motion RAOs of
the shuttle tanker (red curve) and the terminal barge (blue curve). The bottom diagram shows
the significant RAO for the relative vertical motion between the connection points (Clauss and
Klein, 2013).

Figure 5.13 presents the corresponding tolerable significant wave heights trans-
ferred into the scatter diagram for the location Haltenbanken. The unfeasible re-
gions are indicated by the red area and the feasible sea states by the green area. For
lower tolerable significant vertical relative motion (2sz,rel)s,tol the unfeasible region
increases (orange for (2sz,rel)max/(2sz,rel)s,tol = 2, yellow for (2sz,rel)max/(2sz,rel)s,tol = 2.3
and blue for (2sz,rel)max/(2sz,rel)s,tol = 2.4). The corresponding downtime results in
1.39% (5 days) for 1.86, 1.76% (6.5 days) for 2.0, 3.11% (11 days) for 2.3 and
3.56% (13 days) for 2.4 confirming that the maximum double amplitude values
selected in the frequency domain analysis influences the operational range of the
system directly. The suitable selection of this parameter is a delicate problem as
it affects contrariwise safety and economy.

The scatter diagram enables a fast evaluation of a design from a statistical point
of view. The next step is to conduct time domain investigations to identify the
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Figure 5.13.: Operational range for the multi-body offshore system at the location
Haltenbanken (Norwegian Sea). The red area indicates the unfeasible sea states for
(2sz,rel)max/(2sz,rel)s,tol = 1.86. The additional unfeasible regions for (2sz,rel)max/(2sz,rel)s,tol = 2 are
indicated in orange, for (2sz,rel)max/(2sz,rel)s,tol = 2.3 in yellow and for (2sz,rel)max/(2sz,rel)s,tol = 2.4
in blue (Clauss and Klein, 2013).

underlying critical wave sequences. For these investigations, the defined limiting
operational significant wave height (Hs = 5.5m) of the MPLS20 system is selected.
From Fig. 5.13 follows that T0 = 9s represents a sea state of interest (black circle
in Fig. 5.13) for the following investigations due to the location at the boundary
between feasible and unfeasible sea states.

Critical Wave Episode

Figure 5.14 presents the results of the investigated sea state (JONSWAP: Hs =
5.5m, T0 = 9s and γ = 3.3). The theoretical approach of the CWE concept is
illustrated in the three top left diagrams. The top left diagram presents the inves-
tigated wave spectrum, the centre diagram the relative vertical motion RAO and
the bottom diagram the respective response spectrum (cf. Eq. 4.8). The signifi-
cant double amplitude of the relative vertical motion is (2sz,rel)s = 4.18. To arrive
at CWEs, the response spectrum is combined with 10000 random phase distribu-
tions and transformed into time domain resulting in 10000 different realizations.
Afterwards, each realization is evaluated regarding the maximum response and
maximum wave height. The results are illustrated in the three top right diagrams
in Fig. 5.14. The top diagram presents the PDF of the 10000 individual maximum
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Figure 5.14.: Critical Wave Episode: The three top left diagrams present the general procedure.
The three top right diagrams the PDF of maximum wave heights (top) and response (bottom) as
well as the respective maximum wave height and response for each sea state realization (centre).
The three bottom diagrams show the result of the random phase approach in detail: the maximum
relative z-motion per evaluation step (top), the surface elevation of the worst wave sequence at
the terminal mainframe (centre) and the associated relative z-motion at the connection points
(bottom) (Clauss and Klein, 2013).
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wave heights and the bottom diagram the PDF of the 10000 individual maximum
relative vertical motion. The centre diagram compares the maximum to significant
values for the response and wave height. This diagram illustrates that a great
number of realizations (63%) exceeds the “most probable” limit of maximum to
significant value of 1.86. In addition, it can be seen that the worst response (red
encircled) is not associated with the maximum wave height.

The three bottom diagrams in Fig. 5.14 show the results in detail. The top diagram
presents the maximum relative vertical motion per evaluation step. The worst
response is indicated by the red dot. The most critical sea state realization at
the terminal mainframe leading to this extraordinary response is illustrated in the
centre diagram. The bottom diagram presents the associated response. The most
critical wave episode is highlighted in black.

Phase Distribution Optimization

So far, the multi-body system is analysed in frequency and time domain by random
technique. Following, a procedure similar to the one presented by Alford (2008)
is applied for comparison with the new method as it features the same basic idea:
The sought-after critical wave sequence is determined by tailoring the encountering
wave sequence by means of an optimization procedure.

In this case the phase distribution of the wave spectrum is manipulated in fre-
quency domain to obtain the worst response. The response spectrum is determined
via linear RAOs and subsequently transferred into time domain to evaluate the
maximum response (of each realization). For this purpose the Subplex optimiza-
tion method is utilized. The optimization algorithm manipulates the phases of
the wave spectrum and evaluates the corresponding response based on target pa-
rameters. As aforementioned, the target is to find the maximum relative z-motion
amplitude (sz,rel)maxP D

for the multi-body offshore operation. The objective func-
tion to be minimized reads

f =

(
(sz,rel)maxP D

− max|(sz,rel)(t)|
(sz,rel)maxP D

)2

, (5.3)

with max|(sz,rel)(t)| as the maximum relative vertical motion of the actual real-
ization. Based on the random phase approach result – see red dot in Fig. 5.14
(third from bottom) – this value is set to (sz,rel)maxP D

= 7m. To exclude that the
optimization ends with the simplest solution (all component waves are in phase),
which would result in non-physical wave heights, the most probable maximum
wave height Hmax/Hs ≤ 1.86 is defined as inequality constraint.

Figure 5.15 presents the results of the phase distribution optimization. The most
critical sea state obtained by the previous random variation of phase distribution
(Fig. 5.14 – second from bottom) has been used as starting point of the optimiza-
tion (initial input sea state). The top diagram presents the objective function.
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Figure 5.15.: Result of the phase distribution optimization. The top diagram presents the
objective function, the centre diagram the (optimized) most critical wave sequence at the terminal
mainframe (black highlighted) and the bottom diagram the corresponding worst response (Clauss
et al., 2010b).

The exit value for the objective function has been set to f ≤ 10−6 with a maxi-
mum number of 2500 iterations. The course of the objective function reveals that
the optimization algorithm found an optimization strategy and improves the ob-
jective function until approximately 2250 iteration steps are reached. Afterwards,
the objective function fluctuates around the optimum but does not reach the set
threshold within the maximum number of iterations. The centre diagram presents
the optimized sea state at the terminal mainframe. The critical wave sequence
leading to the worst response is highlighted in black. The corresponding response
is illustrated in the bottom diagram. The response due to the critical wave se-
quence is also highlighted in black. The maximum response is indicated by the
red dot. The maximum relative vertical motion has been increased by ≈ 15%
resulting in |(sz,rel)maxP D

| = 6.20m (compared to the random phase approach
|(sz,rel)maxRP

| = 5.41m).
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Response-Based Identification Tool

Now, the new design wave concept is adapted to this multi-body offshore system
(cf. Fig. 5.3). The fundamental questions to be answered by this investigation
are:

1. Is the new method able to detect similar extreme responses?

2. Are even more critical wave sequences (higher maximum response) possible
within the selected sea state?

For the determination of the structure response a hybrid Wave-Structure Interac-
tion Analysis Tool has been developed. The tool combines the non-linear wave tank
WAVETUB (Sec. 2.5), for the accurate description of the waves, and the spectral
approach for the determination of the corresponding multi-body response. The ap-
plication of a non-linear numerical wave tank enables a accurate representation of
the water waves in terms of wave propagation, steepening and shape of steep wave
groups. In particular, the accurate representation of the shape of steep waves in
terms of crest/trough asymmetry produces significant more realistic results com-
pared to the linear wave approach. In addition, non-physical waves with regard to
wave steepness are not considered by WAVETUB and excluded from the sample
space. Furthermore, the numerical wave tank can be adjusted to the geometry of
the physical wave tank including the wave board enabling a fast transformation
of the detected critical wave sequence to the physical wave tank for validation
purposes. Altogether, applying a non-linear numerical wave tank for the encoun-
tering wave field represents an improvement compared to the classical methods.
The second part of the Wave-Structure Interaction Analysis Tool, the calculation
of the multi-body response is again based on the linear RAO approach introduced
above (Eq. 4.8). The application of the linear approach for the determination
of the response is an adequate compromise between accuracy and computational
time as in head seas only heave and pitch motions contribute to the relative verti-
cal motion. At each iteration step the wave sequence calculated by WAVETUB is
transformed in frequency domain to determine the response spectrum. Afterwards,
the response spectrum is transformed back in time domain to evaluate the result
in terms of the objective function (maximization of the relative vertical motion)
as well as inequality constraints.

Input for the wave-structure interaction analysis tool is the surface elevation at the
wave board of the numerical wave tank. The surface elevation at the wave board is
transformed into frequency domain (FFT), multiplied with the wave maker RAO
and subsequently transformed back into time domain obtaining the wave board
motion (see Sec. 2.3.2). The initial Input is the critical wave sequence detected
by the random phase approach (see Fig. 5.14 second from bottom). For this
investigation, only the short interval around the maximum response is used – the
black highlighted curve in Fig. 5.14 second from top – to reduce the computational
time per iteration step.
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The wave board stroke is used as a Free Variable, i.e. it is optimized in order to
modify the surface elevation at the wave board leading to a critical wave sequence
in the course of propagation to the (virtual) location of the multi-body system.
Therefore, the discrete wavelet transform (Daubechies, 1988) is introduced for the
modification of the wave board stroke. In contrast to the phase optimization ap-
proach, where the phases of the spectrum are modified via FFT, affecting the whole
time series, the discrete wavelet transform offers the punctual change of the wave
board stroke in time domain. The discrete wavelet transform samples the signal
into several decomposition levels and each coefficient describes the wave within
a specific time range and frequency bandwidth. Consequently, the optimization
algorithm can focus on a short part of the control signal changing the wave board
stroke locally, close to the embedded critical wave group. For this investigation,
the three scale wavelet transform is applied. To reduce the number of free variables
(the wavelet coefficients), only the first two decomposition levels are modified.

The Target Parameter of the optimization is still the maximization of the relative
vertical motion (sz,rel)maxNM

of the multi-body system for the given JONSWAP
spectrum.

The Objective Function to be minimized reads

f =

(
(sz,rel)maxNM

− max|(sz,rel)(t)|
(sz,rel)maxNM

)2

, (5.4)

with max|(sz,rel)(t)| as the maximum relative vertical motion of the actual realiza-
tion. Again, based on the random phase approach result (Fig. 5.14 – bottom) as
well as the phase optimization result (Fig. 5.15 – bottom) the target value is still
set to (sz,rel)maxP D

= 7m. In addition to the above target parameter, the following
inequality constraints are defined to ensure a smooth operation:

• most probable maximum wave height Hmax/Hs ≤ 1.86;

• maximum wave board velocity;

• maximum wave board acceleration and

• termination condition due to instabilities of the numerical calculation (wave
breaking).

Based on Fig. 5.3, the optimization starts with the calculation of the initial wave
board motion, followed by the calculation of the encountering wave sequences as
well as the respective response. The Subplex algorithm is used for the optimization,
which evaluates the results at each iteration step in terms of objective function as
well as inequality constraints. Afterwards, the free variables are modified before
starting the next iteration step. Again, this procedure is repeated until either the
measure of merit (f ≤ 10−6) or the maximum number of iteration steps (2500) is
reached.
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Figure 5.16.: Result of the response-based identification tool (Clauss et al., 2010b). The top
diagram presents the course of the objective function, the centre diagram the (optimized) most
critical wave sequence at the terminal mainframe and the bottom diagram the corresponding
worst response.

Figure 5.16 illustrates the results of the new response-based identification tool. The
top diagram presents the course of the objective function. The measure of merit
decreases very fast and reaches the threshold (f ≤ 10−6) after approximately 350
iteration steps. The gaps in the course of the objective function are associated with
inequality constraints (f = 9). The centre diagram presents the (optimized) worst
critical wave sequence and the bottom diagram the corresponding response. The
maximum relative vertical motion |(sz,rel)maxNM

| = 7m has been further increased
compared to the phase optimization approach (|(sz,rel)maxP D

| = 6.2m) and random
phase approach (|(sz,rel)maxRP

| = 5.41m). This shows that the new method not
only found a similar extreme response level compared to classical methods, but
also even significantly higher responses.

Next, the identified critical wave sequences obtained by the three different meth-
ods are compared to each other. Figure 5.17 presents the three identified wave
groups leading to a maximum response (black encircled). All wave sequences show
a similar trend – the dominating frequency of the three critical wave groups is
ω = 0.57rad/s which is related to the secondary peak in the relative vertical mo-
tion RAO in Fig. 5.12. A particular remarkable result is that marginal changes
of the wave sequences obtained by the random phase approach (blue curve) cause
significant changes of the response (≈ 30%) as the worst wave sequence obtained
by the response-based identification tool (red curve) does not differ significantly.
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Figure 5.17.: Comparison of the three identified critical wave sequences. The wave groups
leading the the maximum response are black encircled.

Experimental Validation

So far, the three methods identified critical wave sequences leading to higher max-
imum relative vertical motions than predicted by the stochastic analysis. In par-
ticular, the worst critical wave sequence, which is identified with the new intro-
duced method, exceeds the tolerable value by 23% within the “feasible” region in
Fig. 5.13. As this alarming result follows from numerical analysis the identified
critical wave sequences are reproduced in the wave tank to validate the results by
model tests.

The experiments have been performed in the seakeeping basin at Technische Uni-
versität Berlin. Figure A.2 shows the model test setup – LNG carrier and terminal
in tandem configuration where the carrier model is soft-moored. A detailed de-
scription of the seakeeping basin, the test setup and equipment can be found in
Annex A.

For the reproduction of the waves, different procedures are available as summarized
in Sec. 2.3.2. This case focuses on the fast reproduction of wave groups, hence,
the phase-amplitude iteration scheme is utilized.

Figure 5.18 presents the model test results. The top black rectangle presents the
results for the random phase approach, the centre black rectangle the results for
the phase distribution optimization and the bottom black rectangle the results for
the new response-based identification tool. Each block comprises two diagrams,
the top diagram presents the surface elevation at the terminal mainframe and the
bottom digram the corresponding relative vertical motion. The theoretical results
are illustrated in black and the model test results in red. The diagrams reveal that
the overall agreement for the reproduction of the wave sequences as well as the
respective response is excellent in phase and magnitude. The identified maximum
relative vertical motions are confirmed for all three methods. It can be seen that
for each case the model test even slightly exceeds the numerical maxima.

Altogether, it has been shown that the introduced response-based identification
tool is generally applicable for systematic identification and evaluation of critical
wave scenarios.

97



5. Extreme Responses

Figure 5.18.: Comparison between numerical calculations and measurements. The top black
rectangle presents the results for the random phase approach, the centre black rectangle the
results for the phase distribution optimization and the bottom black rectangle the results for
the new response-based identification tool. Each block comprises two diagrams, the top diagram
presents the surface elevation at the terminal mainframe and the bottom digram the correspond-
ing relative vertical motion. The theoretical results are illustrated in black and the model test
results in red.
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This thesis presents two innovative concepts in the field of tailoring critical wave
sequences for response-based design:

• Analytical breather solutions of the NLS equation are applied as new exper-
imental design freak waves;

• A response-based identification tool is introduced as new design wave concept.

The general applicability of breather solutions is addressed in Sec. 3. In this
context the propagation, kinematics and dynamics of extreme wave events is in-
vestigated. Therefore, one real-world freak wave reproduction, namely the NYW,
as well as the Kusnetzov-Ma breather are systematically investigated in the wave
tank. The results obtained are compared in terms of wave propagation, kinemat-
ics and dynamics to conclude if breather solutions are a realistic representation of
extreme wave events.

The experiments verify that the theoretical model of the breather solutions can be
transferred into the wave tank, i.e. freak waves up to the maximum possible wave
height have been generated. In addition, it has been shown that the modulation
instability leads to extraordinarily large waves even in intermediate water depth
(k0d > 1.36) but influences the non-linear wave evolution significantly. In this con-
text it has been shown that the fully non-linear numerical wave tank WAVETUB is
applicable for accurate simulation as well as systematic investigation of such steep
wave events which cannot be covered by weakly non-linear wave models. Weakly
non-linear wave models such as NLS equation and its analytical breather solutions
offers a fast qualitatively evaluation of non-linear wave propagation at the expense
of accuracy (in particular for steeper wave sequences).

The breather-type freak waves show a very similar freak wave characteristic com-
pared to the NYW. The potential span of application has been demonstrated
by integrating a breather solution into an irregular sea state resulting in a freak
wave within a random wave field. Altogether, this investigation revealed that
the breather solutions are applicable for the deterministic generation of tailored
extreme waves. Consequently, breather solutions are a efficient alternative for
wave-structure investigations.

The application of breather solutions to model tests is presented in Sec. 5.1. For
this purpose, a chemical tanker is investigated in three known breather solutions,
namely the Kusnetzov-Ma breather, Akhmediev breather and Peregrine breather,
as well as in the NYW. Evaluating the structure response reveals that the impact of
the breather-type freak waves is severe resulting in outstanding extreme values for
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the vertical wave bending moment. This is confirmed by the measured green water
column heights at the forward perpendicular which also reaches impressive values.
Comparing the structure response in the breather-type freak waves with the results
obtained in the NYW demonstrated that the impact of the breather is significantly
more dangerous. This result does not denote that real-world reproductions are
useless for the evaluation of wave-structure interaction as they represent abnormal
wave events which happened on sea, excluding any doubt regarding discussions
on possible unrealistic, artificial wave sequences. Thus, real-world freak wave
investigations are indispensable for a complete understanding of wave-structure
interactions.

However, the investigations prove that the breather-type freak waves are experi-
mental design waves to be considered for wave-structure investigations on differ-
ent subjects, e.g. local and global loads, green water effects as well as air gap
investigations. The major benefits are the potential to generate freak waves of cer-
tain frequency up to the physically possible wave height, the symmetrical shape
of the freak wave and the availability of an analytical solution. Altogether, the
breather solutions are an invaluable tool for the portfolio of test facilities dealing
with wave-structure investigations in tailored critical wave sequences and should
be established as standard procedure perspectively.

The response-based identification tool is introduced as a new design wave concept
in Sec. 5.2. The general applicability for finding global worst case wave sequences
is shown for two typical design examples. The first application addresses extreme
ship response to be considered in the design process: the critical parameter is
the maximum vertical wave bending moment of a chemical tanker. The second
application examines a multi-body offshore operation in terms of an innovative
LNG transfer system: the relevant limiting parameter is the maximum relative
vertical motion between a turret moored terminal barge and a shuttle carrier.
In both cases, the implemented wave-structure interaction tools are chosen in
such a way that the task is in balance between the need of sufficient accuracy,
simple transformation to the physical wave tank and least amount of computational
time.

The chemical tanker is investigated in terms of extreme ship response with the
objective to identify a critical design wave sequence leading to a maximum ver-
tical wave bending moment. The design sea state parameters are chosen from
the linear vertical bending moment RAO, whereby the selected peak period rep-
resents the wave length of the maximum of the RAO. However, a non-linear strip
theory solver has been introduced into the optimization scheme considering non-
linear effects on the vertical wave bending moment. In addition, the maximum
allowable wave steepness has been restricted to ensure that the optimized critical
wave sequence displays a realistic shape. The critical wave sequences identified
by the response-based identification tool result in the classical sagging condition
– a deep wave trough surrounded by huge wave crests. The results are reviewed
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against a multitude of random realizations of the design sea state, revealing that
the optimized wave sequences are global worst cases. The optimized (worst case)
maximum vertical wave bending moments are between 6% and 18% higher than
the worst response of 1000 non-linear simulations of the design sea state with ran-
dom phase realizations. Comparison with the classical MLER/MLRW concepts
show that the adaption of the level of non-linearity is essential for the accurate
description of the investigated wave-structure interaction problem.

For the multi-body offshore operation investigation the results obtained are re-
viewed against two classical design wave concepts. All three methods identify
critical wave sequences within the feasible sea state resulting in higher motions
than the tolerable value with regard to the linear stochastic analysis. It has been
shown that the highest response must not be related to the highest wave. Contrari-
wise, the identified underlying wave sequences fulfil the (stochastic) most probable
maximum wave height limit. This denotes that focussing on wave height only may
not result in detecting the worst wave sequence.

Comparing the three different critical wave sequences reveal that the new response-
based identification tool identifies the worst critical wave sequence resulting in
23% higher relative vertical motions (double amplitude) compared to the tolerable
value. In addition, it is remarkable that marginal changes of the wave sequences
can cause significant changes of the response. The worst wave sequence obtained
by the response-based identification tool does not differ significantly from the CWE
concept wave sequence but the response is ≈ 30% higher.

Altogether, the excellence and general applicability of the introduced
response-based identification tool has been verified. The new response-based iden-
tification tool offers the systematic identification and evaluation of critical wave
scenarios. Thereby, the level of non-linearity of the analysis can be adapted by
selecting the appropriate tools inevitable for an accurate description of the inves-
tigated wave-structure problem. By means of this procedure, the identification
and evaluation of critical design conditions can be conducted more systematically,
accurately and efficiently.

Perspectively, the new tool is predestined for investigations of non-linear processes
in terms of structure response. In particular, effects in steeper wave sequences
which can not be covered by spectral analysis such as effects due to the existing
hull structure above still water level as well as local effects. In particular, the
alternate changing of the submerged part of the moving vessel causes significant
changes of the response characteristics. This thesis demonstrates that the exist-
ing hull structure above still water level contributes significantly to the vertical
bending moment which has to be taken into account. In this respect, a further
prominent and dangerous aspect, which can be examined with the response-based
identification tool, is the impact of waves on the stability of ships resulting in large
(parametric) roll motions up to capsizing.
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6. Conclusions

Summing up, this thesis presented two innovative design wave concepts. All ver-
ifications show that both methods are not only suitable but also essential for the
evaluation of offshore structures.
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CRRW Conditional Random Response Wave

CWE Critical Wave Episode

FEM Finite Element Method

FFT Fast Fourier Transform

FPSO Floating Production, Storage and Offloading

F2T+ Improved Frequency to Time Domain

GRP Glass-fibre Reinforced Plastic

IFFT Inverse Fast Fourier Transform

IST Instituto Superior Técnico

JONSWAP Joint North Sea Wave Observation Project

LNG Liquefied Natural Gas

MLER Most Likely Extreme Response

MLRW Most Likely Response Wave

MLW Most Likely Wave

MPLS20 Maritime Pipe Loading System 20"

MTA Maximum Temporal Amplitude

NLS Non-Linear Schrödinger-type

NM New Method

NYW New Year Wave

PD Phase Distribution
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RAO Response Amplitude Operator

RP RandomPhases
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Nomenclature

(2s)s Significant double amplitude

(2s)max Probable maximum double amplitude

(2s)s,tol Tolerable significant double amplitude

(2sz,rel)max Probable maximum double amplitude of the vertical
relative motion [m]

(2sz,rel)s,tol Tolerable significant double amplitude of the vertical
relative motion [m]

(2sz,rel)tol Maximum tolerable double amplitude of the vertical
relative motion [m]

(sz,rel) Amplitude of the vertical relative motion [m]

A Matrix of added masses

AB Breather envelope [m]

AS Envelope Soliton [m]

Ac Carrier wave envelope [m]

B Matrix of potential damping

C Matrix of restoring forces

Cg Group velocity [m
s

]

Cp Wave celerity [m
s

]

CE Celerity of mean energy propagation [m
s

]

Ca Hydrodynamic mass coefficient [−]

Ccrest Wave crest celerity [m
s

]

Cd Drag coefficient [−]
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Nomenclature

Cm Mass coefficient [−]

D Characteristic dimension of a structure [m]

E Wave energy [m2]

EH Energy envelope [m2]

F Fourier transform [ms]

FN Normal force [N ]

Fdyn Force due to dynamic pressure [N ]

Fx Horizontal force [N ]

H Wave height [s]

Hs Significant wave height [m]

Hmax Maximum wave height [m]

Hs,tol Tolerable significant wave height [m]

K Impulse response function

KC Keulegan-Carpenter-Coefficient [−]

L Wave length [m]

Lc Carrier wave length [m]

Lpp Length between perpendicular [m]

M Matrix of rigid body masses

N Number of waves [−]

RAO Response amplitude operator

RAOs Significant response amplitude operator

SS Response spectrum [m2s; rad2s]

Sζ Energy density spectrum [m2s]

Sb Wetted surface of submerged body [m2]

T Period [s]
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Nomenclature

T0 Zero-upcrossing wave period [s]

T1 Modal wave period [s]

TP Zero-upcrossing period [s]

Tc Carrier wave period [s]

U Velocity [m2

s
]

Φ Flow potential [m2

s
]

Φ0 Incident wave field potential [m2

s
]

Φ7 Scattering wave field potential [m2

s
]

ΦR Cumulative Rayleigh distribution function [−]

ΦS Steady perturbation potential [m2

s
]

Φj Radiation wave field potential [m2

s
]

Φ(2s)max
Cumulative Rayleigh density function of
maximum response

ΦHmax
Cumulative Rayleigh density function of
maximum wave heights [m−1]

α NLS coefficient for finite water depth
in space domain [−]

α′ NLS coefficient for finite water depth
in time domain [ s2

m
]

β NLS coefficient for finite water depth
in space domain [−]

β′ NLS coefficient for finite water depth
in time domain [m−3]

χ Space variable [−]

δ Perturbation parameter [−]

δ Shallowness parameter [−]

u̇ Horizontal particle acceleration [ m
s2 ]
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Nomenclature

ẇ Vertical particle acceleration [ m
s2 ]

ǫ Wave steepness [−]

η Modulation wave number [ 1
m

]

γ Spectrum enhancement factor [−]

F̂ Hilbert transform [ms]

α̂ NLS coefficient for finite water depth
in space domain [−]

β̂ NLS coefficient for finite water depth
in space domain [−]

ǫ̂ Amplitude parameter [−]

φ̂ Phase shift between response and excitation [rad]

τ̂ Time variable [s]

µ Relative spectral bandwidth [−]

ν Group velocity correction term in finite water depth [−]

ω Wave frequency [ rad
s

]

ω1 Modal wave frequency [ rad
s

]

ωP Peak wave frequency [ rad
s

]

ωc Carrier wave frequency [ rad
s

]

E Mean energy distribution [kg
s2 ]

∂ Partial derivative

φ Wave phase angle [rad]

φR Rayleigh distribution [m−1]

φ(2s)max
PDF of maximum response

φHmax
PDF of maximum wave heights [m−1]

ρ Density of the fluid [ kg
m3 ]
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Nomenclature

σ Modulation wave number [ 1
m

]

σ Standard deviation [m]

σ2 Variance of the sea state [m2]

τ Time variable [−]

θ Wave direction [rad]

Φ̃ Non-dimensional potential [−]

ǫ̃ Spectral Width [−]

η̃ Normalized modulation wave number [−]

ν̃ Normalized modulation frequency [−]

ν̃ Spectral Width [−]

σ̃ Normalized modulation wave number [−]

ϑ̃ Normalized modulation frequency [−]

ζ̃ Non-dimensional surface elevation [−]

t̃ Non-dimensional time [−]

x̃, ẑ Non-dimensional cartesian coordinates [−]

△k Spectral bandwidth [ rad
m

]

△k Wave number shift [ rad
s

]

△t Time shift [s]

△ Laplace operator

△ω Frequency shift [ rad
s

]

F e Vector of excitation forces

s̈ Vector of body accelerations

ṡ Vector of body velocities

s Vector of body motions

υ Modulation frequency [1
s
]
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Nomenclature

ϑ Modulation frequency [1
s
]

ζ̂ Complex analytical signal [m]

ξ Space variable [−]

ζ Surface elevation [m]

ζH Real part of the Hilbert transformation [m]

ζa Wave amplitude [m]

ζc Wave crest height [m]

ζW G Wave group elevation [m]

ac Carrier wave amplitude [m]

cmed Mean energy distribution centroid [s]

d Water depth [m]

fd Viscous force [N ]

fm Inertia force [N ]

g Acceleration of gravity [ m
s2 ]

k Wave number [ rad
m

]

kc Carrier wave number [ rad
m

]

mj Spectral moment

pdyn Dynamic pressure [Pa]

s Structure response [m]

sa Response amplitude [m]

t Time [s]

u Horizontal particle velocity [m
s

]

vbm Vertical wave bending moment [kNm]

w Vertical particle velocity [m
s

]
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Nomenclature

x, y, z Cartesian coordinates [m]

xB Wave board motion [m]

xt target location [m]
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A. Test Facilities

The experiments performed for this thesis are conducted in the seakeeping basin at
Technische Universität Berlin (TUB) and at Canal de Experiencias Hidrodinámicas
de El Pardo (CEHIPAR).

A.1. Seakeeping Basin at TUB

The seakeeping basin (Fig. A.1) at TUB is 110m long, with a measuring range of
90m. The width is 8m and the water depth is 1m. On the one side an electrically
driven wave generator is installed which can be utilized in flap-type and piston-type
mode. The wave generator is fully computer controlled and a software is imple-
mented which enables the generation of regular waves, transient wave packages,
deterministic irregular sea states with defined characteristics as well as tailored
critical wave sequences. On the opposite side, a wave damping slope is installed
to suppress disturbing wave reflections.

A.1.1. Multi-Body Offshore Operation

Figure A.2 presents the test setup of the investigated multi-body offshore operation
addressing the LNG transfer between a turret moored terminal barge and a shuttle
carrier. Table A.1 presents the main dimensions of the investigated multi-body
offshore system. For the model tests glass-fibre reinforced plastic (GRP) models
of the LNG carrier and the terminal barge are built at a scale of 1 : 100 (see
Fig. A.2). The carrier model is soft-moored and both vessels are equipped with
four wireless, individually pulsed infrared sensors each. The body motions in six
degrees of freedom are tracked by five cameras mounted on a carriage above the
basin with a tracking range of 8m × 10m.

A.1.2. Chemical Tanker

The investigated chemical tanker model is made of glass-fibre reinforced plastic
(GRP) at a scale of 1 : 70 (see Fig. A.3). Figure A.3 shows the model test setup
and Tab. A.2 the corresponding main dimensions. The model is segmented at Lpp/2

and connected with three force transducers. Two are mounted on deck; one on
each side, the third one is mounted underneath the keel. The force transducers
register the longitudinal forces during the model tests. Based on the measured
forces and the given geometrical arrangement of the three force transducers, the
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A. Test Facilities

Figure A.1.: TUB seakeeping basin.

resulting vertical wave bending moment at water line level and the longitudinal
forces are obtained. The strain gauges feature a nominal load of 200kg and a
protection class of IP68 (100h at 1m water column). In addition, the model is
equipped with pressure transducers at bow and stern. Furthermore, two wave
gauges are installed on deck at the forecastle to detect the green water impact
on deck - absolute, measurable green water height on deck is approx. 13m (front
gauge) and 9m (rear gauge) at full scale (cf. Fig. A.3). The ship motions are
recorded by an optical tracking system consisting of five cameras with a tracking
range of 8m × 10m.

During the tests, the chemical tanker is towed with an elastic suspension system
using a triangular towing arrangement. The longitudinal motions are restricted by
a spring in front of and a counter weight behind the model. The suspension system
is connected with the ship model by a thin elastic cross bar, which is mounted on
deck of the aft segment (centre of gravity in x-direction). With this arrangement,
heave and pitch motions remain unrestrained.

For the evaluation of the suspension system, i.e. to ensure that the measurements
are unaffected, the chemical tanker is investigated with different suspension system
configurations. Thereby, the model is tested in regular and irregular waves in four
different configurations – suspension system mounted at the fore ship, at the aft
ship, rigid suspension (without spring) and free floating. Firstly, the chemical
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A.1. Seakeeping Basin at TUB

Figure A.2.: Model test setup of the multi-body offshore system.

tanker is investigated in a high, steep regular wave (H = 13m) with a wave
length of Lw/Lpp = 1.1 to select a worst case wave length regarding maximum
vertical bending moment as well as asymmetry of the vertical bending moment.
Afterwards, the suspension system is checked in irregular sea states as well as in
the NYW.

Figure A.4 illustrates the measured vertical bending moment at Lpp/2 with (blue
curve) and without the suspension system (red curve). Comparing the mean values
between t = 85s and t = 130s reveal a variance of less than 2% for the absolute
vertical bending moment.

Figure A.3.: Model test setup of the chemical tanker model.
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A. Test Facilities

Table A.1.: Main Dimensions of the LNG Carrier and the Terminal.

Parameter Terminal Carrier

Length over all 360m (+ 40m mooring wings) 282m

Breadth 65m 42m

Draught 12m 12m

Height 33m 26m

Displacement 275087m3 103921m3

Table A.2.: Main Dimensions of the Chemical Tanker.

Chemical Tanker

Length [m] Lpp 161

Breadth [m] BW L 28

Draught [m] Dms 9

Displacement [t] ∆ 30666

Block coefficient [-] cB 0.75

Figure A.5 presents the results in irregular waves. This diagram compares results
obtained with rigid suspension (without spring), with suspension mounted at fore
and aft ship as well as free floating. The two top diagrams compare the results
for the spring suspension system and the rigid suspension system for the cruising
vessel. The next two diagrams compare the vertical bending moment with spring
suspension system mounted at fore and aft ship for the cruising vessel and the
last two diagrams present the results for fore ship mounted suspension system
with the free floating ship at stationary conditions. The diagrams reveal that all
configurations lead to the same result, i.e. the type of suspension system does not
influence the vertical bending moment results significantly. Phase shifts and slight
deviations are explainable with slightly different encountering wave fields due to
small differences of the ship’s position during the different tests. Altogether, this
investigations proof that the influence of the suspension system is negligible.
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A.1. Seakeeping Basin at TUB

Figure A.4.: Test of the suspension system in regular waves.

Figure A.5.: Test of the suspension system with different configurations in irregular sea states.
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A. Test Facilities

Figure A.6.: CEHIPAR seakeeping basin.

A.2. Seakeeping Basin at CEHIPAR

The seakeeping basin at CEHIPAR (Fig. A.6) is 150m long, 30m wide and the
water depth is 5m. For very deep water experiments such as testing of fixed
platforms, a pit of 10m × 10m and 10m water depth is located near the wave
maker. The flap-type wave maker is located on one of the smaller sides, feature
the same wide (30m) and consist of 60 individual flaps, which enables also the
generation of short-crested sea states. On the opposite side, a wave damping slope
is installed. The wave generator is fully computer controlled and the installed
software enables the generation of regular and irregular waves.
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B. Derivation of the Non-Linear Schrödinger-Type Equation

This chapter presents a detailed derivation of the NLS equation following the
procedure presented by Johnson (1997). The NLS equation can be formally derived
from the potential water wave equations under the hypothesis of small amplitudes
and quasi-monochromatic waves. The starting point is potential theory under the
assumption that the Newtonian fluid is incompressible, inviscid and irrotational
resulting in the following governing equations for the two-dimensional water wave
problem

Φxx + Φzz = 0,

Φz = Φxζx + ζt, z = ζ(x, t)

gζ + 1
2

[
(Φx)2 + (Φz)2

]
+ Φt = 0, z = ζ(x, t)

Φz = 0. z = −d

(B.1)

The bottom of the fluid domain is considered to be level, rigid and impermeable.

At the beginning, the following non-dimensionalisations are introduced

x → 1
k

· x̃; z → d · z̃; t → 1
ω

· t̃; ζ = a · ζ̃; Φ = a ω
k2d

Φ̃; (B.2)

where a is a typical amplitude, k defines a typical wave length and ω/k is the
characteristic speed with ω = k

√
gd for the speed scale. The choice of the shallow

water speed scale “is still useful even if we do not study, specifically, long gravity
waves” (Johnson, 1997).

The following transformations are now used

ζx = ∂
∂x̃

aζ̃ ∂x̃
∂x

= akζ̃x̃;

ζt = ∂
∂t̃

aζ̃ ∂t̃
∂t

= aωζ̃t̃.

Φx = ∂
∂x̃

aω
k
Φ̃∂x̃

∂x
= a ω

kd
Φ̃x̃;

Φz = ∂
∂z̃

aω
k
Φ̃∂z̃

∂z
= a ω

k2d2 Φ̃z̃;

Φt = ∂
∂t̃

aω
k
Φ̃ ∂t̃

∂z
= a ω2

k2d
Φ̃t̃;

Φxx = ∂
∂x̃

(
∂

∂x̃
ω
k
aΦ̃∂x̃

∂x

)
∂x̃
∂x

= aω
d
Φ̃x̃x̃;

Φzz = ∂
∂z̃

(
∂
∂z̃

ω
k
aΦ̃∂z̃

∂z

)
∂z̃
∂z

= a ω
k2d3 kΦ̃z̃z̃;

(B.3)
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B. Derivation of the Non-Linear Schrödinger-Type Equation

to arrive at the non-dimensional governing equations

Φ̃z̃z̃ + δ2Φ̃x̃x̃ = 0,

Φ̃z̃ = δ2
(
ζ̃t̃ + ǫ̂Φ̃x̃ζ̃x̃

)
, z̃ = ǫ̂ζ̃(x̃, t̃)

ζ̃ + Φ̃t̃ + 1
2
ǫ̂
(
Φ̃2

x̃ + 1
δ2 Φ̃2

z̃

)
= 0, z̃ = ǫ̂ζ̃(x̃, t̃)

Φ̃z̃ = 0, z̃ = −1

(B.4)

with δ = kd as “shallowness” parameter and ǫ̂ = ka/kd = a/d as amplitude parameter
for fixed water depth d (Johnson, 1997).

The so far unknown solution is allowed to evolve slowly on scales determined by ǫ̂
(Johnson, 1997). The following relevant scales are introduced

ξ = x̃ − Cpt̃; χ = ǫ̂(x̃ − Cg t̃); τ = ǫ̂2t̃ (B.5)

resulting in the following transformations

ζ̃x̃ = ζ̃ξ + ǫ̂ζ̃χ,

ζ̃t̃ = ǫ̂2ζ̃τ − Cpζ̃ξ − ǫ̂Cg ζ̃χ,

Φ̃x̃ = Φ̃ξ + ǫ̂Φ̃χ,

Φ̃t̃ = ǫ̂2Φ̃τ − CpΦ̃ξ − ǫ̂CgΦ̃χ,

Φ̃x̃x̃ = Φ̃ξξ + 2ǫ̂Φ̃ξχ + ǫ̂2Φ̃χχ.

(B.6)

Thus, the governing equations become

Φ̃z̃z̃ + δ2
(
Φ̃ξξ + 2ǫ̂Φ̃ξχ + ǫ̂2Φ̃χχ

)
= 0,

Φ̃z̃ = δ2
[
ǫ̂2ζ̃τ − Cpζ̃ξ − ǫ̂Cg ζ̃χ + ǫ̂

(
Φ̃ξ + ǫ̂Φ̃χ

) (
ζ̃ξ + ǫ̂ζ̃χ

)]
,

ζ̃ + ǫ̂2Φ̃τ − CpΦ̃ξ − ǫ̂CgΦ̃χ + 1
2
ǫ̂
((

Φ̃ξ + ǫ̂Φ̃χ

)2
+ 1

δ2 Φ̃2
z̃

)
= 0,

Φ̃z̃ = 0,

(B.7)

with z̃ = ǫ̂ζ̃ for the surface boundary conditions and z̃ = −1 for the bottom
boundary condition. The unknown potential Φ̃ and surface elevation ζ̃ can be
approximated by asymptotic perturbation expansions

Φ̃ ≈
∞∑

n=0

ǫ̂nΦ̃(n)(ξ, χ, τ, z̃); ζ̃ ≈
∞∑

n=0

ǫ̂nζ̃(n)(ξ, χ, τ, z̃). (B.8)

Applying the perturbation expansions in the governing equations (B.7) and trun-
cation at order O(ǫ̂2) gives:

Laplace Equation

Φ̃(0)
z̃z̃ + ǫ̂Φ̃(1)

z̃z̃ + ǫ̂2Φ̃(2)
z̃z̃ + δ2

[
Φ̃(0)

ξξ + ǫ̂Φ̃(1)
ξξ + ǫ̂2Φ̃(2)

ξξ

+2ǫ̂
(
Φ̃(0)

ξχ + ǫ̂Φ̃(1)
ξχ + ǫ̂2Φ̃(2)

ξχ

)
+ ǫ̂2

(
Φ̃(0)

χχ + ǫ̂Φ̃(1)
χχ + ǫ̂2Φ̃(2)

χχ

)]
= 0 (B.9)
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Kinematic Boundary Condition

Φ̃(0)
z̃ + ǫ̂Φ̃(1)

z̃ + ǫ̂2Φ̃(2)
z̃ = δ2

[
ǫ̂2
(
ζ̃(0)

τ + ǫ̂ζ̃(1)
τ + ǫ̂2ζ̃(2)

τ

)

−Cp

(
ζ̃

(0)
ξ + ǫ̂ζ̃

(1)
ξ + ǫ̂2ζ̃

(2)
ξ

)
− ǫ̂Cg

(
ζ̃(0)

χ + ǫ̂ζ̃(1)
χ + ǫ̂2ζ̃(2)

χ

)

+ǫ̂
(
Φ̃(0)

ξ + ǫ̂Φ̃(1)
ξ + ǫ̂2Φ̃(2)

ξ + ǫ̂
(
Φ̃(0)

χ + ǫ̂Φ̃(1)
χ + ǫ̂2Φ̃(2)

χ

))

·
(
ζ̃

(0)
ξ + ǫ̂ζ̃

(1)
ξ + ǫ̂2ζ̃

(2)
ξ + ǫ̂

(
ζ̃(0)

χ + ǫ̂ζ̃(1)
χ + ǫ̂2ζ̃(2)

χ

))]

(B.10)

Dynamic Boundary Condition

ζ̃(0) + ǫ̂ζ̃(1) + ǫ̂2ζ̃(2) + ǫ̂2
(
Φ̃(0)

τ + ǫ̂Φ̃(1)
τ + ǫ̂2Φ̃(2)

τ

)

−Cp

(
Φ̃(0)

ξ + ǫ̂Φ̃(1)
ξ + ǫ̂2Φ̃(2)

ξ

)
− ǫ̂Cg

(
Φ̃(0)

χ + ǫ̂Φ̃(1)
χ + ǫ̂2Φ̃(2)

χ

)

+1
2
ǫ̂
[(

Φ̃(0)
ξ + ǫ̂Φ̃(1)

ξ + ǫ̂2Φ̃(2)
ξ + ǫ̂

(
Φ̃(0)

χ + ǫ̂Φ̃(1)
χ + ǫ̂2Φ̃(2)

χ

))2

+ 1
δ2 (Φ̃(0)

z̃ + ǫ̂Φ̃(1)
z̃ + ǫ̂2Φ̃(2)

z̃

)2
]

= 0

(B.11)

In addition, the boundary conditions at the unknown free surface z̃ = ǫ̂ζ̃(ξ, χ, τ)
are simplified by Taylor series expansions about z̃ = 0,

f(ξ, χ, ζ̃, τ) =
∞∑

n=0

(ǫ̂ζ̃)n

n!

∂(n)f

∂z̃(n)
|0 . (B.12)

Applying Eq. B.12 in the two surface boundary conditions (Eq. B.10 and Eq.
B.11) and truncation at order O(ǫ̂(2)) gives for z̃ = 0:

Kinematic Boundary Condition

Φ̃(0)
z̃ + ǫ̂ζ̃(0)Φ̃(0)

z̃z̃ + ǫ̂2ζ̃(1)Φ̃(0)
z̃z̃ + 1

2
ǫ̂2(ζ̃(0))2Φ̃(0)

z̃z̃z̃ + ǫ̂Φ̃(1)
z̃

+ǫ̂2ζ̃(0)Φ̃(1)
z̃z̃ + ǫ̂2Φ̃(2)

z̃ = δ2
[
ǫ̂2ζ̃(0)

τ − Cpζ̃
(0)
ξ − Cpǫ̂ζ̃

(1)
ξ

−Cpǫ̂2ζ̃
(2)
ξ − Cg ǫ̂ζ̃(0)

χ − Cg ǫ̂2ζ̃(1)
χ + ǫ̂ζ̃

(0)
ξ Φ̃(0)

ξ + ǫ̂2ζ̃
(1)
ξ Φ̃(0)

ξ

+ǫ̂2ζ̃(0)
χ Φ̃(0)

ξ + ǫ̂2ζ̃(0)ζ̃
(0)
ξ Φ̃(0)

ξz̃ + ǫ̂2ζ̃
(0)
ξ Φ̃(1)

ξ + ǫ̂2ζ̃
(0)
ξ Φ̃(0)

χ

]

(B.13)

Dynamic Boundary Condition

ζ̃(0) + ǫ̂ζ̃(1) + ǫ̂2ζ̃(2) + ǫ̂2Φ̃(0)
τ − Cp

(
Φ̃(0)

ξ + ǫ̂ζ̃(0)Φ̃(0)
ξz̃

+ǫ̂2ζ̃(1)Φ̃(0)
ξz̃ + 1

2
ǫ̂2
(
ζ̃(0)

)2
Φ̃(0)

ξz̃z̃ + ǫ̂Φ̃(1)
ξ + ǫ̂2ζ̃(0)Φ̃(1)

ξz̃ + ǫ̂2Φ̃(2)
ξ

)

−Cg

(
ǫ̂Φ̃(0)

χ + ǫ̂2ζ̃(0)Φ̃(0)
χz̃ + ǫ̂2Φ̃(1)

χ

)
+ 1

2
ǫ̂
(
Φ̃(0)

ξ

)2

+ǫ̂2Φ̃(0)
ξ

(
ζ̃(0)Φ̃(0)

ξz̃ + Φ̃(1)
ξ + Φ̃(0)

χ

)

+ 1
δ2 Φ̃(0)

z̃

(
1
2
ǫ̂Φ̃(0)

z̃ + ǫ̂2ζ̃(0)Φ̃(0)
z̃z̃ + ǫ̂2Φ̃(1)

z̃

)
= 0

(B.14)
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B. Derivation of the Non-Linear Schrödinger-Type Equation

The above boundary value problem can be separated into the different orders
O(ǫ̂(n)) and solved sequentially from the lowest order to the highest order. The
procedure for solving the boundary value problem is similar at each order. At the
beginning ansatz functions are defined and introduced into the Laplace equation
and bottom boundary condition resulting in general solutions for the boundary
value problem. Afterwards, this general solutions are introduced into the surface
boundary conditions to determine the exact solution (for each order).

The leading order problem (O(ǫ̂(0)) summarizes as:

Laplace equation

Φ̃(0)
z̃z̃ + δ2Φ̃(0)

ξξ = 0 (B.15)

Kinematic Boundary Condition (z̃ = 0)

Φ̃(0)
z̃ = −δ2Cpζ̃

(0)
ξ (B.16)

Dynamic Boundary Conditions (z̃ = 0)

ζ̃(0) − CpΦ̃(0)
ξ = 0 (B.17)

Bottom Boundary Condition (z̃ = −1)

Φ̃0z̃ = 0 (B.18)

The following functions are introduced in order to determine the leading order
solution,

ζ̃(0) = A(0)E + c.c; Φ̃(0) = f (0) + F (0)E + c.c, (B.19)

with E = eikξ, A(0) = A(0)(χ, τ), F (0) = F (0)(z, χ, τ), f (0) = f (0)(χ, τ) and c.c.
denotes the complex conjugate. The term f (0)(χ, τ) represents the mean drift
component. Insertion of Eq. B.19 in Eq. B.15 results in

F
(0)
z̃z̃ E1 + F

∗(0)
z̃z̃ E−1 − δ2k2

(
F (0)E1 + F ∗(0)E−1

)
= 0, (B.20)

where asterisk denote the complex conjugate. Separating the E1 and E−1 terms
yields for E1 (Eq. B.20)

E1 : F
(0)
z̃z̃ − δ2k2F (0) = 0, (B.21)

which is fulfilled with the following function

F (0) = G(0)(χ, τ) cosh(δk(z̃ + 1)), (B.22)

satisfying the bottom boundary condition (Eq. B.18). Insertion of Eq. B.19 and
Eq. B.22 into the two surface boundary conditions (Eqs. B.16 & B.17, z̃ = 0)
yield

δkG(0) sinh(δk)E1 + δkG∗sinh(δk)E−1 =

− ikδ2Cp

(
A(0)E1 − A∗(0)E−1

)
(B.23)
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and

Cp

(
ikG(0) cosh(δk)E1−

ikG∗(0) cosh(δk)E−1
)

= A(0)E1 + A(0)E−1. (B.24)

Again, separating the E1 term results in:

Kinematic Boundary Condition

E1 : δkG(0) sinh(δk) = −ikδ2CpA(0) (B.25)

Dynamic Boundary Condition

E1 : ikCpG(0) cosh(δk) = A(0), (B.26)

from which Cp and G(0) can be determined

G(0) = − iA(0)

kCp
sech(δk); C2

p = tanh(δk)
δk

(B.27)

resulting in

F (0) = −iδCpA(0) cosh(δk(z + 1))

sinh(δk)
. (B.28)

So far, the amplitude function A(0) is unknown and the next step is to proceed
with the next order (O(ǫ̂)).

The O(ǫ̂) order problem is:

Laplace equation

Φ̃(1)
z̃z̃ + δ2

[
Φ̃(1)

ξξ + 2Φ̃(0)
ξχ

]
= 0 (B.29)

Kinematic Boundary Condition (z̃ = 0)

ζ̃(0)Φ̃(0)
z̃z̃ + Φ̃(1)

z̃ = δ2
[
−Cpζ̃

(1)
ξ − Cg ζ̃(0)

χ + ζ̃
(0)
ξ Φ̃(0)

ξ

]
(B.30)

Dynamic Boundary Conditions (z̃ = 0)

ζ̃(1) − Cp

(
ζ̃(0)Φ̃(0)

ξz̃ + Φ̃(1)
ξ

)
− CgΦ̃(0)

χ +

1

2

((
Φ̃(0)

ξ

)2
+

1

δ2

(
Φ̃(0)

z̃

)2
)

= 0 (B.31)

Bottom Boundary Condition (z̃ = −1)

Φ̃1z̃ = 0 (B.32)

Based on the procedure presented above, it is clear that these equations will pro-
duce the additional terms E2, E−2 and E0 (from E1E−1). The terms E2 and E−2
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B. Derivation of the Non-Linear Schrödinger-Type Equation

(conjugate complex) are the first of the higher harmonics which are created by the
non-linear interaction. The fundamental term E1 (with E−1) is already introduced
(Eq. B.19). The term E0 is not a harmonic (oscillatory) function, but does not
destroy the periodicity in ξ (Johnson, 1997).

For the higher-order problem the following periodic structures are introduced

Φ̃(n) =
n+1∑

m=0

F (n)
m Em + c.c; ζ(n) =

n+1∑

m=0

A(n)
m Em + c.c. (B.33)

where F (n)
m and A(n)

m are to be determined and m represents the harmonic compo-
nent. From Eq. B.33 follows

Φ̃(1) = F
(1)
0 E0 + F

(1)
1 E1 + F

∗(1)
1 E−1 + F

(1)
2 E2 + F

∗(1)
2 E−2,

ζ(1) = A
(1)
0 E0 + A

(1)
1 E1 + A

∗(1)
1 E−1 + A

(1)
2 E2 + A

∗(1)
2 E−2.

(B.34)

Insertion of Eqs. B.34 in the Laplace equation (B.29) results in

F
(1)
0z̃z̃E0 + F

(1)
1z̃z̃E1 + F

∗(1)
1z̃z̃ E−1 + F

(1)
2z̃z̃E2 + F

∗(1)
1z̃z̃ E−2

− δ2
[
k2
(
F

(1)
1 E1 + F

∗(1)
1 E−1 + 4F

(1)
2 E2 + 4F

∗(1)
2 E−2

)

+2ik
(
F (0)

χ E1 − F ∗(0)
χ E−1

)]
= 0. (B.35)

Separation of the E(n) terms gives:

E0 : F
(1)
0z̃z̃ = 0,

E1 : F
(1)
1z̃z̃ − δ2k2F

(1)
1 + 2iδ2kF (0)

χ = 0,

E2 : F
(1)
2z̃z̃ − 4δ2k2F

(1)
2 = 0.

(B.36)

General solutions for these equations, satisfying the bottom boundary condition
(Eq. B.32), are

F
(1)
0 = G

(1)
0 , F

(1)
2 = G

(1)
2 cosh(2δk(z + 1))

F
(1)
1 = G

(1)
1 cosh(δk(z + 1)) − iδG(0)

χ (z + 1) sinh(δk(z + 1)).
(B.37)

At this stage G(1)
m are arbitrary functions. The results are now incorporated into

the two surface boundary conditions (Eq. B.30 and Eq. B.31),

Kinematic Boundary Condition:

A(0)F
(0)
z̃z̃ E2 + A(0)F

∗(0)
z̃z̃ + A∗(0)F

(0)
z̃z̃ + A∗(0)F

∗(0)
z̃z̃ E−2

+F
(1)
1z̃ E1 + F

∗(1)
1z̃ E−1 + F

(1)
2z̃ E2 + F

∗(1)
2z̃ E−2

= δ2
[
−ikCp

(
A

(1)
1 E1 − A

∗(1)
1 E−1 + A

(1)
2 E2 − A

∗(1)
2 E−2

)

−Cg

(
A(0)

χ E1 + A∗(0)
χ E−1

)
+ k2

(
−A(0)F (0)E2 + A(0)F ∗(0)

+A∗(0)F (0) − A∗(0)F ∗(0)E−2
)]

(B.38)
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Dynamic Boundary Condition:

A
(1)
0 + A

(1)
1 E1 + A

∗(1)
1 E−1 + A

(1)
2 E2 + A

∗(1)
2 E−2

−ikCp

(
A(0)F

(0)
z̃ E2 − A(0)F

∗(0)
z̃ + A∗(0)F

(0)
z̃

−A∗(0)F
∗(0)
z̃ E−2

)
− ikCp

(
F

(1)
1 E1 − F

∗(1)
1 E−1 + 2F

(1)
2 E2

−2F
∗(1)
2 E−2

)
− Cg

(
f (0)

χ + F (0)
χ E1 + F ∗(0)

χ E−1
)

+1
2

[
−k2

(
F (0)

)2
E2 + 2k2F (0)F ∗(0) − k2

(
F ∗(0)

)2
E−2

+ 1
δ2

((
F

(0)
z̃

)2
E2 + 2F

(0)
z̃ F

∗(0)
z̃ +

(
F

∗(0)
z̃

)2
E−2

)]
= 0

(B.39)

Separating the different E(n) terms and inserting the corresponding F (n)
m (Eq. B.22

and B.37) and its derivatives, respectively, results in six equations for the two
boundary conditions:

Dynamic Boundary Condition

E0 : δ2k2
(
A(0)G∗(0) + A∗(0)G(0)

)
cosh(δk)

= δ2k2
(
A(0)G∗(0) + A∗(0)G(0)

)
cosh(δk) (B.40)

E1 : δkG
(1)
1 sinh(δk) − iδG(0)

χ (sinh(δk) − δk cosh(δk))

= −iδ2kCpA
(1)
1 − δ2CgA(0)

χ (B.41)

E2 : δ2k2A(0)G(0) cosh(δk) + 2δkG
(1)
2 sinh(2δk)

= −2iδ2kCpA
(1)
2 − δ2k2A(0)G(0) cosh(δk) (B.42)

Kinematic Boundary Condition

E0 : A
(1)
0 + iδk2Cp

(
A(0)G∗(0) − A∗(0)G(0)

)
sinh(δk)

− Cgf (0)
χ + k2G(0)G∗(0)

(
cosh2(δk) + sinh2(δk)

)
= 0 (B.43)

E1 : −CgG(0)
χ cosh(δk) − ikCp

(
G

(1)
1 cosh(δk)

−iδG(0)
χ sinh(δk)

)
+ A

(1)
1 = 0 (B.44)

E2 : −ikCp

(
2G

(1)
2 cosh(2δk) + δkA(0)G(0) sinh(δk)

)

+ A
(1)
2 − 1

2
k2(G(0))2 = 0. (B.45)
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B. Derivation of the Non-Linear Schrödinger-Type Equation

Equation B.40 is identically satisfied and from Eqs. B.43 & B.44 follows directly

A
(1)
0 = − 2δk

sinh(2δk)
A(0)A∗(0) + Cgf (0)

χ (B.46)

and

A
(1)
1 = CgG(0)

χ cosh(δk)

+ ikCp

(
G

(1)
1 cosh(δk) − iδG(0)

χ sinh(δk)
)

. (B.47)

Invoking Eq. B.47 in Eq. B.41 yields that G
(1)
1 cancels identically and that

A(0)
χ (6= 0) cancels also. At the end, the group speed for gravity waves is ob-

tained,

Cg =
1

2
Cp (1 + 2δk cosech(2δk)) (B.48)

Finally, G
(1)
2 (Eq. B.42) and A

(1)
2 (Eq. B.45) are solved resulting in

G
(1)
2 = −3i

4

δ2kCp(A(0))2

sinh4(δk)
(B.49)

and

A
(1)
2 =

δk cosh(δk)

2 sinh3(δk)
(2 cosh2(δk) + 1)(A(0))2. (B.50)

The amplitude function A(0)(χ, τ) is still undetermined. Thus, the next step is to
deduce the O(ǫ̂(2)) order and to determine the equation for A(0)(χ, τ).

The O(ǫ̂(2)) order problem is:

Laplace equation

Φ̃(2)
z̃z̃ + δ2Φ̃(2)

ξξ + 2δ2Φ̃(1)
ξχ + δ2Φ̃(0)

χχ = 0 (B.51)

Kinematic Boundary Condition (z̃ = 0)

ζ̃(1)Φ̃(0)
z̃z̃ +

1

2
(ζ̃(0))2Φ̃(0)

z̃z̃z̃ + ζ̃(0)Φ̃(1)
z̃z̃ + Φ̃(2)

z̃

= δ2
[
ζ̃(0)

τ − Cpζ̃
(2)
ξ − Cg ζ̃(1)

χ + Φ̃(0)
ξ

(
ζ̃

(1)
ξ + ζ̃(0)

χ

)

+ζ̃
(0)
ξ

(
ζ̃(0)Φ̃(0)

ξz̃ + Φ̃(1)
ξ + Φ̃(0)

χ

)]
(B.52)

Dynamic Boundary Conditions (z̃ = 0)

ζ̃(2) + Φ̃(0)
τ − Cp

(
ζ̃(1)Φ̃(0)

ξz̃ +
1

2

(
ζ̃(0)

)2
Φ̃(0)

ξz̃z̃ + ζ̃(0)Φ̃(1)
ξz̃

+Φ̃(2)
ξ

)
− Cg

(
ζ̃(0)Φ̃(0)

χz̃ + Φ̃(1)
χ

)
+ Φ̃(0)

ξ

(
ζ̃(0)Φ̃(0)

ξz̃ + Φ̃(1)
ξ

+Φ̃(0)
χ

)
+

1

δ2
Φ̃(0)

z̃

(
ζ̃(0)Φ̃(0)

z̃z̃ + Φ̃(1)
z̃

)
= 0 (B.53)
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Bottom Boundary Condition (z̃ = −1)

Φ̃2z̃ = 0 (B.54)

The periodic functions (Eq. B.33) are now used for n = 2, whereby the higher
harmonic E3 term appears for the first time. From Eq. B.33 follows

Φ̃(2) = F
(2)
0 E0 + F

(2)
1 E1 + F

∗(2)
1 E−1 + F

(2)
2 E2 + F

∗(2)
2 E−2

+ F
(2)
3 E3 + F

∗(2)
3 E−3 (B.55)

and

ζ(2) = A
(2)
0 E0 + A

(2)
1 E1 + A

∗(2)
1 E−1 + A

(2)
2 E2 + A

∗(2)
2 E−2

+ A
(2)
3 E3 + A

∗(2)
3 E−3. (B.56)

Insertion of Eq. B.55 and Eq. B.56 in the Laplace equation (B.51) results in

F
(2)
0z̃z̃E0 + F

(2)
1z̃z̃E1 + F

∗(2)
1z̃z̃ E−1 + F

(2)
2z̃z̃E2 + F

∗(2)
2z̃z̃ E−2

+F
(2)
3z̃z̃E3 + F

∗(2)
3z̃z̃ E−3 + δ2

(
−k2F

(2)
1 E1 − k2F

∗(2)
1 E−1

−4k2F
(2)
2 E2 − 4k2F

∗(2)
2 E−2 − 9k2F

(2)
3 E3 − 9k2F

∗(2)
3 E−3

)

+2δ2
(
ikF

(1)
1χ E1 − ikF

∗(1)
1χ E−1 + 2ikF

(1)
2χ E2 − 2ikF

∗(1)
2χ E−2

)

+δ2
(
f (0)

χχ + F (0)
χχ E1 + F (0)

χχ E−1
)

= 0.

(B.57)

Separation of the E(n) terms yields:

E0 : F
(2)
0z̃z̃ + δ2f (0)

χχ = 0,

E1 : F
(2)
1z̃z̃ − δ2k2F

(2)
1 + 2iδ2kF

(1)
1χ + δ2F (0)

χχ = 0,

E2 : F
(2)
2z̃z̃ − 4δ2k2F

(2)
2 + 4iδ2kF

(1)
2χ = 0,

E3 : F
(2)
3z̃z̃ − 9δ2k2F

(2)
3 = 0.

(B.58)

The target of this derivation is to arrive at a equation for A(0), which “appears at
this stage from the terms that arises at E1” (Johnson, 1997). Hence, only the E1

terms are examined in detail in the following. The solution for F
(2)
1 (Eq. B.58),

satisfying the bottom boundary condition (Eq. B.54), reads (Johnson, 1997)

F
(2)
1 = G

(2)
1 cosh(δk(z + 1))

−
(

iδG
(1)
1χ +

δ

2k
G(0)

χχ

)
(z + 1) sinh(δk(z + 1))

+
1

2
δ2G(0)

χχ

(
1

δk
(z + 1) sinh(δk(z + 1))

−(z + 1)2 cosh(δk(z + 1))
)

. (B.59)
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B. Derivation of the Non-Linear Schrödinger-Type Equation

This result is now incorporated into the two surface boundary conditions (Eqs. B.52
& B.53) and separated only for the E1 term resulting in two equations,

F
(2)
1z̃ + A∗(0)F

(1)
2z̃z̃ + 1

2

(
(A(0))2F

∗(0)
z̃z̃z̃ + 2A(0)A∗(0)F

(0)
z̃z̃z̃

)

+A
(1)
0 F

(0)
z̃z̃ + A

(1)
2 F

∗(0)
z̃z̃ = δ2

[
A(0)

τ − CgA
(1)
1χ − ikCpA

(2)
1

+2k2A
(1)
2 F ∗(0) − k2A(0)

(
A∗(0)F

(0)
z̃ − A(0)F

∗(0)
z̃

)

+k2A∗(0)
(
A(0)F

(0)
z̃ + 2F

(1)
2

)]

(B.60)

and
F (0)

τ − CgF
(1)
1χ − ikCpF

(2)
1 − 2ikCpA∗(0)F

(1)
2z̃

−ikCp

(
A

(1)
0 F

(0)
z̃ − A

(1)
2 F

∗(0)
z̃

)
− 1

2
ikCp

(
2A(0)A∗(0)F

(0)
z̃z̃

−(A(0))2F
∗(0)
z̃z̃

)
+ A

(2)
1 + 1

δ2

[(
A(0)F

∗(0)
z̃z̃ + A∗(0)F

(0)
z̃z̃

)
F

(0)
z̃

+
(
A(0)F

(0)
z̃z̃ + F

(1)
2z̃

)
F

∗(0)
z̃

]
− k2

(
A∗(0)F

(0)
z̃

−A(0)F
∗(0)
z̃

)
F (0) + k2

(
A(0)F

(0)
z̃ + 2F

(1)
2

)
F ∗(0) = 0.

(B.61)

The following steps are to be performed to obtain the equation for A(0)(χ, τ),

• eliminate A
(1)
2 between Eqs B.60 and Eq. B.61

• introduction and simplification of the already identified functions

• introduction of Cp (Eq. B.27) and Cg (Eq. B.48) whereby G
(2)
1 and A

(1)
1

cancels,

which results in the Non-linear Schrödinger-type equation,

− 2ikCpA(0)
τ + α̂A(0)

χχ + β̂A(0)|A(0)|2 = 0, (B.62)

for finite depth and moving coordinate system. Eq. 2.25 is obtained by retrans-
forming Eq. B.62 to its dimensional form applying Eq. B.2 and Eq. B.5.

140


	Abstract
	Zusammenfassung
	List of Figures
	List of Tables
	Introduction
	Water Wave Problem
	Potential Flow
	Stokes Wave Theory
	Standard Model of Ocean Waves
	Statistical Analysis
	Wave Generation

	Non-Linear Schrödinger-Type Equation
	Envelope Soliton Solution
	Breather Solutions

	WAVETUB

	Extreme Waves
	New Year Wave
	Breather Solutions 
	New Year Wave vs. Breather Solution
	Tailored Breather Solution

	Wave-Structure-Interaction 
	Hydrodynamic Analysis
	Hydrodynamic Transparent Structures
	Hydrodynamic Compact Structures

	WAMIT
	IST Code
	Standard Model of Offshore Structure Response
	Stochastic Frequency Domain Investigations
	Deterministic Time Domain Investigations

	Design Wave Concepts

	Extreme Responses
	Breather-Type Freak Waves as Experimental Design Waves
	Response-Based Identification Tool
	Extreme Ship Response
	Multi-Body Offshore Operation


	Conclusions
	Bibliography
	List of Abbreviations
	Nomenclature
	Test Facilities
	Seakeeping Basin at TUB
	Multi-Body Offshore Operation
	Chemical Tanker

	Seakeeping Basin at CEHIPAR

	Derivation of the Non-Linear Schrödinger-Type Equation

