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Abstract

Time series can be found in domains as diverse as medicine, astronomy,
geophysics, engineering, and quantitative finance. In general, a time series is
a sequence of data points, measured at successive points in time and spaced
at uniform time intervals. This thesis is concerned with time series mining,
including segmentation, classification, and clustering of temporal data. Many
algorithms for these tasks depend upon pairwise (dis)similarity comparisons
of (sub)sequences, which accounts for the continued research on time series
distance measures as an important subroutine.

In the course of this work we introduce several novel distance measures,
which describe time series characteristics that may distinguish the individual
classes contained in the data. Our proposed time series distance measures
address frequently encountered issues, such as the processing of multivariate
data, the computational complexity of pairwise (dis)similarity comparisons,
the invariance required for temporal data with distortions, the separation of
mixed signals, and the analysis of nonlinear systems.

Our work contributes to the time series community by introducing novel
approaches to pattern recognition in temporal data, presenting miscellaneous
sensor fusion techniques for multivariate measurements, offering efficient and
robust distance measures for fast time series classification, introducing pre-
viously disregarded invariance and proposing corresponding distance mea-
sures, comparing various machine learning algorithms for signal separation,
and providing nonlinear models for time series mining.

In addition to our theoretical contributions, we furthermore demonstrate
that our proposed time series distance measures are beneficial in real-world
applications, including the optimization of vehicle engines with regard to ex-
haust emission and the optimization of heating control in terms of energy
efficiency. Furthermore, we present several specifically developed time series
mining tools, which implement our introduced distance measures and pro-
vide graphical user interfaces for straightforward parameter setting as well
as exploratory data analysis.
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Zusammenfassung

Zeitreihen kommen unter anderem in vielzähligen Bereichen der Medizin,
Astronomie, Geophysik, Konstruktion, und Finanzwirtschaft vor. Im All-
gemeinen bezeichnet man eine Zeitreihe als Sequenz von Datenpunkten die
mit fortlaufender Zeit in gleichmäßigen Zeitabständen gemessen wurde. Diese
These beschäftigt sich hauptsächlich mit der Auswertung von Zeitreihen, was
die Segmentierung, Klassifikation, und Gruppierung von temporalen Daten
beinhaltet. Viele Algorithmen die diese Aufgaben lösen bedingen den paar-
weisen Vergleich von Sequenzen, was das fortwährende Forschungsinteresse
an Distanzmaßen als entscheidende Subroutine begründet.

Im Verlauf dieser Arbeit führen wir mehrere neue Distanzmaße ein welche
die wesentlichen Charakteristiken von Zeitreihen erfassen und die Unter-
scheidung von verschiedenen, in einem Datensatz vorkommenden, Klassen
ermöglichen. Unsere vorgeschlagenen Distanzmaße adressieren häufige, bei
der Auswertung von Zeitreichen auftretende, Herausforderung. Dazu gehören
die Untersuchung von multivariaten Daten, der Rechenaufwand von paar-
weisen Ähnlichkeitsberechnungen, die Messstörungen und Verzerrungen von
temporalen Daten, das Trennen von gemischten Signalen, sowie die Analyse
von nicht linearen Systemen.

Unsere Arbeit leistet einen Betrag im Gebiet der Zeitreihenanalyse in-
dem wir neue Ansätze zur Erkennung von Mustern in temporalen Daten
einführen, robuste Distanzmaße für die effiziente Klassifikation von Zeitreihen
bereitstellen, zuvor unbeachtete Invarianz betrachten und entsprechende Dis-
tanzberechnungen vorschlagen, unterschiedliche Methoden des Maschinellen
Lernens für die Trennung von Signalen vergleichen, und nicht lineare Model
für die Untersuchung von Zeitreichen adaptieren.

Des Weiteren demonstrieren wir die Einsetzbarkeit unserer vorgeschlagen
Distanzmaße in praktischen Anwendungen, wie z.B. bei der Optimierung von
Fahrzeugmotoren in Bezug auf den Schadstoffausstoß sowie die Optimierung
von Heizplänen unter Betrachtung des Energieverbrauches. Darüber hinaus
präsentieren wir mehrere eigens entwickelte Zeitreihenanalysewerkzeuge die
unsere eingeführten Distanzmaße anwenden.
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Chapter 1

Introduction

People like us, who believe in physics, know that
the distinction between past, present, and future
is only a stubbornly persistent illusion.

The only reason for time is
so that everything doesn’t happen at once.

- Albert Einstein

From physics point of view, time is a dimension and measure in which
events can be ordered from the past through the present into the future,
and also the measure of durations of events and the intervals between them
[35]. Modern philosophy and neuroscience widely agrees that the sequential
ordering of events can be explained by the way of human perception [47, 58,
72, 108, 141]. The same chronological ordering can be found in man made
computer models that are used for the analysis and processing of temporal
data [16, 34, 50, 61].

In computer science, a time series is a sequence of data points, mea-
sured typically at successive points in time spaced at uniform time intervals
[16, 32, 42, 61]. The collection of time series is usually performed by sensors
that measure physical quantities and convert them into a signal, which can be
interpreted by humans or machines. Since sensors are becoming increasingly
inexpensive and pervasive [12, 26, 73, 102, 144], vast quantifies of temporal
data can be found in domains as diverse as medicine [30, 106, 135], astron-
omy [158, 190], geophysics [18, 52, 78, 134], engineering [64, 70, 195], and
quantitative finance [68, 197]. Furthermore, it has been shown that other
data formats such as images [21, 71, 91, 215], videos [17, 75, 76], and audio
signals [65, 55, 208] can be represented and interpreted as time series.

1
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Time series analysis is mainly concerned with the extraction of meaningful
statistics and other characteristics of data sequences [36, 45, 161]. Due to
the natural temporal ordering of the data, time series analysis is distinct
from other data analysis problems [9, 36, 69, 88, 157, 161]. In the context of
data mining, pattern recognition and machine learning time series analysis
is primarily used for classification [32], clustering [112], and segmentation
[85]. Many algorithms for these tasks depend upon pairwise (dis)similarity
comparisons of (sub)sequences by means of a distance measure [36, 42, 154,
161]. Hence, many scientific endeavors in time series mining aim at studying
the properties of distance measures in consideration of their importance as
essential subroutine [93, 154, 159, 160, 201, 221].

The distance between time series need to be carefully defined in order to
reflect the underlying (dis)similarity of such data [8, 9]. To determine the
(dis)similarity between time series a distance measure can compare either the
raw data, extracted features, or model parameters [32, 36, 42, 112, 149, 161].
However, it usually requires domain knowledge to understand the character-
istics which discriminate different classes of time series [24, 146, 149, 176].

(a) (b)

Figure 1.1: (a) Euclidean distance of data points in two-dimensional space.
(b) Distance of high-dimensional time series data with multiple distortions.

Figure 1.1 illustrates (a) the Euclidean distance (ED) for data points in
two-dimensional space and (b) the problems that arise when measuring the
distance for high-dimensional time series with multiple distortions [49, 36, 42,
161]. Our human eye is able to recognize the shape-based similarity between
time series X = {x1, . . . , x9} and Y = {y1, . . . , y8}, even though time series
Y has different offset, amplitude, length, scaling, phase, and exhibits missing
values [119, 115]. In order to measure the ‘true’ underlying distance between
time series X and Y we necessarily need to allow a non-linear alignment of
the measurements, such as performed by the popular Dynamic Time Warping
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(DTW) distance [93, 155, 160]. In general, the choice of distance measure
depends on the signal distortions or rather the invariance required by the
domain [8, 9].

1.1 Motivation

Although time series analysis has a long tradition, there still remain unsolved
problems that spur further research. According to our literature survey the
following issues are worth investigating:

1.1.1 Multivariate Data

In order to understand the properties and behavior of complex systems it is
often necessary to measure and observe multiple physical quantities. These
measurements can be described as multivariate time series, which usually re-
quire special handling [1, 2, 53, 70, 79, 195, 201]. We aim at developing time
series distance measures, which are able to consider multiple parameters in
a sensor fusion approach. More precisely, we intent to segment multivariate
time series according to changes in correlation structure [182, 184] and clas-
sify/cluster time series regarding their co-occurring multivariate patterns or
subsequences [51, 179, 185, 187].

1.1.2 Computational Complexity

With an ever more increasing size of data collections, the computational
complexity of time series distance measures has gained particular impor-
tance [20, 83, 89, 91, 93, 98, 125, 154, 155, 166, 167, 211, 221]. Although
lower bounding with pruning has been shown to reduce the number of ex-
pensive similarity computations, the efficiency gain depends strongly on the
pruning power and varies with the data under study [183]. Instead of ap-
plying additional speed-up techniques, we aim at developing robust distance
measures with low computational complexity that maintain or even improve
classification accuracy [183].

1.1.3 Invariance to Distortions

The choice of time series distance measure depends on the invariance required
by the domain [8, 9]. Recent work has introduced techniques to efficiently
measure similarity between time series with invariance to (various combina-
tions of) the distortions of warping, uniform scaling, offset, amplitude scaling,
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phase, occlusion, uncertainty and wandering baseline [44, 84, 94, 201]. How-
ever, there are time series with other kind of invariance that have been missed
by the community. In this work we aim to design distance measures which
are able to determine the (dis)similarity of time series that exhibit similar
subsequences in arbitrary order [179, 185, 187].

1.1.4 Superimposed Signals

The application of traditional shape-based distance measures on superim-
posed signals is generally without success, because the shape of such time
series is an overlay of several individual patterns that are out of alignment
[6, 48, 209, 220, 222]. Recent studies have shown that probabilistic mod-
els are well-suited to infer the individual components of a mixed signal
[60, 97, 99, 100, 111, 114, 120, 162, 164, 192]. Therefore, we aim at eval-
uating models that are based on or adapted to a theory of probability and
can be used to define time series distance measures [180, 189].

1.1.5 Nonlinear Systems

The output of a nonlinear system is not directly proportional to the input,
meaning that it does not satisfy the superposition principle [128, 131, 132].
This phenomenon can be observed in complex systems such as the human
heart or brain [106, 135]. When studying such complex systems we are unable
to determine all the factors that influence the measured signal or time series.
However, nonlinear analysis is able to explain dynamic effects like chaos,
bifurcations, and harmonics [28, 45, 129, 130, 133, 134, 202, 204]. We aim
to adopt nonlinear analysis to measure the distance between time series that
exhibit distinct recurrent behavior [51, 179, 185, 187].

1.2 Outline of Thesis

Throughout this thesis, all our investigations are devoted the pairwise sim-
ilarity comparison of time series. We propose time series distance measures
that work either on raw data, extracted features, or model parameters. In
the course of our work, we evaluate the proposed distance measures on vari-
ous data mining tasks including, segmentation, classification, and clustering
of time series. An outline of the thesis and a categorization of the individual
chapters can be found in Figure 1.2(a). An overview of the research aspects
that motivate the individual chapters of this thesis is shown in Figure 1.2(b).
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(a)

(b)

Figure 1.2: (a) Outline of thesis with a categorization of each individual
chapter according to the performed time series mining task and employed
time series distance measure. (b) Overview of research aspects that motivate
the individual chapters of this thesis. Chapter 2 and 7 cover all considered
aspects, since they introduce background/notation and present applied time
series distances respectively. Apart from Chapter 5, which is motivated by
several aspects, all main chapters touch on one subject only. Details on the
motivation are presented in Section 1.2(b).
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1.2.1 Background and Notation

Chapter 2 provides necessary background for following and understanding
the main section (Chapter 3-6) of this thesis. We present a general notion of
time series and discuss several state-of-the-art techniques that relate to time
series mining. Furthermore, we illuminate the disadvantages and limitations
of existing time series distance measures, which eventually motivated our
own scientific endeavor.

1.2.2 Factorization-based Distance

In Chapter 3 we propose a generic three-step approach to the recognition
of contextual patterns in multivariate time series which involves features
extraction, segmentation, and clustering. The crux of our approach is a
SVD-based bottom-up algorithm that identifies internally homogeneous time
series segments, which are subsequently grouped and assigned to higher-level
context. According to Figure 1.2(a), we categorize the subject matter of
Chapter 3 as a time series segmentation task which uses a feature-based
distance measure. The presented material summarizes our initial work on
multivariate time series analysis [182, 184].

1.2.3 Lucky Time Warping Distance

Chapter 4 is concerned with the classification of time series by means of their
shape drawn from the raw data, as shown in Figure 1.2(a). We propose a
novel distance, with linear space and time complexity, which uses a greedy
algorithm to accelerate distance calculations for nearest neighbor classifica-
tion. Although our proposed time series distance is an approximation of the
‘hard-to-beat’ DTW distance, our approach is able to achieve higher classifi-
cation accuracy on certain datasets. The presented material is based on our
recent findings [183].

1.2.4 Recurrence Plot-based Distance

In Chapter 5 we propose a novel time series distance measure, based on
the theoretical foundation of recurrence plots, which enables us to deter-
mine the (dis)similarity of multivariate time series that contain segments of
similar trajectories at arbitrary positions. We use recurrence quantification
analysis to measure the structures observed in recurrence plots and to inves-
tigate dynamical properties, such as determinism, which reflect the pairwise
(dis)similarity of time series. As shown in Figure 1.2(a), Chapter 5 is mainly



1.3. MAIN CONTRIBUTION 7

concerned with clustering of time series by means of raw data from multiple
sensors or data sources. This chapter has grown from our preliminary work
on invariance [179] and our recent article about recurrences [185].

1.2.5 Model-based Distance

Chapter 6 gives attention to superimposed time series, in particular, ag-
gregated energy signals such as coming from smart meters. We investigate
energy disaggregation techniques to infer appliance states and consequently
derive higher-level context about household occupancy. Since we identify the
individual appliances with the help of probabilistic inference, Figure 1.2(a)
categorizes the content of this chapter as a time series classification task
which uses a model-based distance measure. Our comparison of energy dis-
aggregation techniques has been described an earlier work [180].

1.2.6 Applied Time Series Distances

In Chapter 7 we present several of our software prototypes which were de-
signed to solve real-world time series mining task by means of the previously
introduced distance measures. Due to the broad spectrum of mining tasks
and distance measures that are covered by this division of our thesis, we
consider Chapter 7 as an overview about possible applications related to
the above discussed problem settings. The presented software prototypes
were already demonstrated to and appraised by an international audience
[51, 187, 189] before.

1.2.7 Conclusion and Perspectives

Finally Chapter 8 concludes this thesis, discusses the relevance of our find-
ings, and gives an outlook on future work. Our main contributions are sum-
marized in the following section, described in part at the end of each chapter,
and put into a global perspective in Chapter 8.

1.3 Main Contribution

Since we studied various time series mining tasks and proposed several novel
distance measures, our contribution is manifold. The most important findings
are summarized below.
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1.3.1 Pattern Recognition

Although the sensory perception of humans is designed to recognizing pat-
terns within our natural environment, we usually have difficulties to com-
prehend huge amounts of data as generated by sensors. In recent years, an
increasing number of applications have employed data mining and machine
learning techniques to find patterns in big amounts of data. Patterns may
describe certain events, situations, or other high-level context, which is used
by machines or humans for further decision making. In Chapter 3 we intro-
duce a three-step approach for segmenting vehicular sensor data [182, 184].
In our case the resulting segments represent complex drive maneuvers, which
are used for analysis of exhaust emission, but the proposed approach can
also applied to other problem domains. In Chapter 6 we evaluate various
probabilistic machine learning models which may be employed to recognize
patterns in superimposed signals [180, 189]. Although we use these models
to infer appliance states from aggregates energy signals, they can be used for
other time series with similar properties as well. Therefore, we contribute to
the time series community in that we present several possible ways how to
recognize patterns in different kind of sensor data.

1.3.2 Sensor Fusion

In some domains we are confronted with measurements from multiple sen-
sors, which observe various physical quantities of one and the same system.
In order to understand the properties and behaviors of such complex system
we need to process all measurements jointly in a sensor fusion approach. In
Chapter 3 we present a sensor fusion approach for multivariate time series
which is based on singular value decomposition [182, 184]. We consider each
measurement or individual time series as a vector in the matrix that is sub-
sequently factorized. In Chapter 5 we propose a novel formalization which
allows us to analyze multivariate time series by joining multiple cross recur-
rence plots [51, 179, 185, 187]. Our formalization is very convenient, since it
allows us to analyze different physical quantities simultaneously. Both sensor
fusion approaches were applied to vehicular sensor data recording during car
drives. However, both models are applicable to other domains with multi-
variate time series that were measured simultaneously and exhibit the same
sample rate. We made a contribution by presenting various sensor fusion
techniques and introducing novel ways for multivariate time series analysis.
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1.3.3 Fast Classification

In time series classification, the combination of 1-Nearest-Neighbor (1NN)
classifier with Dynamic Time Warping (DTW) distance has been shown to
achieve high accuracy. However, if naively implemented, the 1NN-DTW
approach is computationally demanding, because 1NN classification usually
involves a great number of quadratic DTW calculations. In Chapter 4 we
propose a novel Lucky Time Warping (LTW) distance, with linear time and
space complexity, which uses a greedy algorithm to accelerate distance cal-
culations [183]. The results show that, compared to constrained DTW with
lower bounding, our LTW distance trades classification accuracy against com-
putation time reasonably well, and therefore can be used as a fast alternative
for nearest neighbor time series classification. We contribute to the time se-
ries community not only by providing an efficient and robust new distance,
but also by correcting erroneous beliefs and opening new avenues regarding
time series analysis.

1.3.4 Nonlinear Modeling

Recurrence plots aim to visualize and investigate recurrent states of nonlin-
ear dynamical systems. Recurrence quantification analysis is used to quantify
the structures observed in recurrence plots. In Chapter 5 we adopt recur-
rence plots and corresponding recurrence quantification analysis to measure
the (dis)similarity of time series [51, 179, 185, 187]. In particular, we investi-
gate dynamical properties like the determinism, which accounts for recurring
subsequences of predetermined minimum length. Based on the formalization
of cross recurrence plots and the denotation of determinism, we define a novel
recurrence plot-based (RRR) distance. Given a set of time series, we employ
the introduced RRR distance to find representatives which best comprehend
the recurring temporal patterns contained in the data. Although Chapter
5 primarily focuses on clustering, our proposed RRR distance measure can
also be used as a subroutine for other time series mining task. To the best of
our knowledge, this is the first attempt to solve time series mining problems
with nonlinear data analysis and modeling techniques commonly used by
theoretical physicist. Our contribution bridges the gaps between time series
analysis and nonlinear analysis by providing new nonlinear models for time
series mining.
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1.3.5 Order-Invariance

The choice of time series distance measure depends on the invariance required
by the domain. Recent work has introduced techniques designed to efficiently
measure similarity between time series with invariance to (various combina-
tions of) the distortions of warping, uniform scaling, offset, amplitude scaling,
phase, occlusions, uncertainty and wandering baseline. In Chapter 5 we pro-
pose a novel order-invariant distance measure which is able to determine the
(dis)similarity of time series that exhibit similar subsequences at arbitrary
positions [51, 179, 185, 187]. Order invariance is an important consideration
for many real-life data mining applications, where sensors record contextual
patterns in their naturally occurring order and the resulting time series are
compared according to their co-occurring contextual patterns regardless of
order or location. However, relevant literature is lacking a time series distance
measure which is able to determine the (dis)similarity of signals that con-
tain multiple similar events at arbitrary positions in time. Commonly used
distance measures like ED and DTW are not designed to deal with order
invariance, because they discriminate time series according to their shapes
and fail to recognize cross-alignments between unordered subsequences. We
made a contribution by introducing order invariance for time series, which
has, to our knowledge, been missed by the community.

1.3.6 Source Separation

In certain applications, such as audio scene analysis and non-intrusive load
monitoring, we are confronted with the problem that several signals have
been mixed together into a combined signal and the objective is to recover
the original component signals from the combined signal. The classical ex-
ample of source separation is the ‘cocktail party problem’, where a number
of people are talking simultaneously in a room, and a listener is trying to
follow one of the discussions. The human brain can handle this sort of au-
dio source separation problem, but it is a difficult problem in digital signal
processing. In Chapter 6 we evaluate the performance of various machine
learning models in the context of non-intrusive load monitoring, where an
aggregated energy signal, such as coming from a smart meter, is analyzed
to deduce what appliances are used in a household [180, 189]. Although
the investigated models were merely used to solve the energy disaggregation
problem, they can also be employed to separate the individual sources of
mixed signals found in other domains. Our comprehensive comparison of
different machine learning models contributes to the decision making process
in similar source separation problems.
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1.3.7 Applications

Although this doctoral thesis is primarily concerned with theoretical prob-
lems in time series analysis, our entire scientific endeavor is motivated by
practical applications.

One important application area of our work is the optimization of vehicle
engines with regard to exhaust emission [51, 179, 182, 184, 185, 187], which
we address in Chapter 3, 5, and 7.2. Our work on engine optimization is a
cooperation with researchers and engineers from one of the leading car man-
ufacturers, who aim to run emission simulations based on operational profiles
that characterize recurring driving behavior. To obtain real-life operational
profiles the automotive engineers collect sensor data from test drives for var-
ious combinations of driver, vehicle and route. In Chapter 3 we propose a
generic three-step approach to recognition of contextual patterns in multi-
variate time series which can be used to identify complex driving maneu-
vers in real-life vehicular sensor data [182, 184]. Chapter 5 presents another
approach which identifies time series prototypes/representatives that best
comprehend the recurring temporal patterns contained in a corresponding
dataset [185]. We apply this approach to determine operational profiles that
comprise frequently recurring driving behavior patterns, but our proposed
model can also be used for time series dataset from other domains. Fur-
thermore, Chapter 7.2 introduces BestTime, a platform-independent Matlab
application with graphical user interface, which enables our collaborators to
identify time series prototypes/representative in large datasets, allows for
easy parameter setting, and provides visual results for straightforward anal-
ysis [187].

Another environmentally beneficial application that spurred our scientific
endeavor is heating control [180, 189], since heating accounts for the biggest
amount of total residential energy consumption. Smart heating strategies al-
low reducing such energy consumption by automatically turning off the heat-
ing when the occupants are sleeping or away from home. The present context
or occupancy state of a household can be deduced from the appliances that
are currently in use. In Chapter 6 we investigate energy disaggregation tech-
niques to infer appliance states from an aggregated energy signal measured
by smart meters, which are installed in a rapidly increasing number of house-
holds [180]. The main advantage of our proposed approach is its simplicity
in that we refrain from implementing new sensor infrastructure in residential
homes, which will eventually lead to higher acceptance rates among resi-
dents and provides alternative avenues for novel strategies in heating control
and scheduling. In Chapter 7.1 we demonstrate SOE, a prototypical heating
control system, which recommends optimized heating schedules that aim to
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reduce the residential energy consumption [189]. SOE computes the opti-
mized heating schedules based on manual adjustments of the residents and
automatically determined occupancy states that were inferred by means of
energy disaggregation techniques. In addition, SOE enables the residents to
monitor and control their heating from remote using mobile devices. Our
implementation of the SOE heating control system provides insights into
practicality and usability, which are valuable for the intended deployment in
real estates.

In this manner our scientific achievements contribute to important envi-
ronmental issues, namely emission reduction [51, 179, 182, 184, 185, 187] and
energy efficiency [180, 189].

1.4 Out of Scope

This thesis considers time series analysis in the context of data mining, ma-
chine learning, and pattern recognition. Our main purpose is to use time
series analysis for the segmentation, classification, and clustering of tem-
poral data. However, there are other motivations available for time series
analysis, which are not covered by this thesis.

1.4.1 Forecasting and Prediction

In the context of statistics the primary goal of time series analysis is fore-
casting. Statistical models are able to predict the likely outcome of a time
series in immediate future, given knowledge of the most recent observations.
Regression analysis is one method to estimate future values of a signal based
on its previous behavior, where predictions are usually based on statistical in-
terpretation of time series properties in time domain. Other methods for the
prediction of future values in time series are autoregressive (AR), fractional
(F), integrated (I), and moving average (MA) models. Combinations of these
ideas are known as ARMA, ARIMA, and ARFIMA models. Other types of
nonlinear time series models represent the changes of variance or variability
over time, also known as heteroskedasticity. These models comprise a wide
variety of representations such as autoregressive conditional heteroskedastic-
ity (ARCH) and related variations, including GARCH, TARCH, and others.
Although our work does not focus on forecasting and prediction, there exists
a huge body of literature on this topic [16, 57, 168].
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1.4.2 Signal Estimation

In the context of signal processing the purpose of time series analysis is signal
detection and estimation, which is based on harmonic analysis and filtering
of signals in frequency domain. Most signal estimation techniques, such as
the Fourier Transform and Kalman filter, aim at filtering signals from noise
and predicting signal values at a certain points in time. Although there are
difference in terminology between signal processing and time series analy-
sis, both terms are often confused and used ambiguously. In general, signal
processing is considered as the mathematical manipulation of an information
signal to modify or improve it in some way, and, therefore it differs signifi-
cantly from the research problems addressed in our work. This thesis gives
no attention to traditional signal processing, but concentrates on pairwise
similarity comparisons of time series by means of distance measures. How-
ever, interested readers which want to know more about signal detection and
estimation may refer to the following publications [81, 152, 196].

1.5 In Summary

The research focus of this thesis is on time series distance measures, since the
pairwise comparison of temporal (sub)sequences is an essential subroutine for
many time series mining tasks. Our work introduces several novel time series
measures that work either on raw data, extracted features, or model param-
eters. We employ the proposed distance measures to solve time series mining
tasks as diverse as segmentation, classification, and clustering. In doing so
we address important research issues such as the analysis of multivariate
time series, the computational complexity of time series distance measures,
the invariance required for temporal sequences with distortions, the sepa-
ration of mixed signals, and the analysis of nonlinear systems. Our work
contributes to the time series community by introducing novel approaches to
pattern recognition in time series, presenting various sensor fusion techniques
for multivariate time series, providing efficient and robust distance measures
for fast time series classification, providing nonlinear models for time series
mining, introducing previously disregarded invariance and proposing corre-
sponding distance measures, comparing various machine learning model for
signal separation, and relating our developments to real-world applications.
In general, we consider time series analysis in the context of data mining,
machine learning, and pattern recognition, wherefore time series forecast-
ing/prediction and signal estimation are out of scope for this thesis.
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Chapter 2

Background and Notation

At this point we introduce the mathematical notation of time series that
is used throughout the following chapters. Furthermore, we present some
theoretical background on time series mining and related concepts, which
lay the foundation of our own work.

At first we give a general introduction to time series as well as distance
measurements in high-dimensional real vector space, before explaining the
principles of time series distance measures. Subsequently we discuss related
problems such as the design of distance measures that are invariant to time
series distortions and the computational complexity of pairwise similarity
comparisons. Furthermore we briefly describe the most common time series
mining tasks, including segmentation, classification, and clustering of tem-
poral data sequences. In addition, we give some background on recurrence
plots and corresponding recurrence quantification analysis, which we employ
to differentiate the behavior and properties of time series.

2.1 Time Series

In general, a time series X = {x1, . . . , xn} is an ordered set of n real-valued
numbers. The sequence of numbers (xi for 1 ≤ i ≤ n) is usually a temporal
ordering, but other well-defined orderings, such as handwritten text or shapes
[214], can also be fruitfully considered as time series [142].

Depending on the context we sometimes find alternative notations for
time series in related literature. For instance, in the context of time series
mining researchers typically speak about a query Q and candidate C time
series [154], whereas in reference to nonlinear analysis theoretical physicists
traditionally refer to a dynamical system x or y [132]. For the sake of con-
sistency we use the symbols X and Y (written in capital letters) to denote

15
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temporal data sequences within this thesis.
A lot of time series mining algorithms do not consider global properties,

but evaluate local subsequences [142]. Given a time series X = {x1, . . . , xn},
a subsequence of length l is defined as S = {xi, . . . , xi+l−1} for 1 ≤ i ≤
n − l + 1. Accordingly, X contains n − l + 1 subsequences of length l.
Depending on the discussed problem setting, we also refer to a subsequence
as time series segment or temporal pattern.

In many time series applications we have to deal with multivariate time
series, which consist of synchronously recorded (unambiguous) variables that
where measured over the same time interval with the same sample rate.
Such multivariate time series X = {xi, . . . , xn} are generally represented as
a sequence 1 ≤ i ≤ n of d-dimensional measurements, so that xi ∈ Rd.
Typical examples for multivariate time series are gyroscope or acceleration
data, but also audio signals (e.g. represented as acoustic features) [70].

2.2 Distance Measures

Distance is a numerical description of how far apart objects are. In everyday
usage, distance may refer to a physical length, e.g. a signpost saying that
from your current location in Berlin its ‘500 meters to the Museum Island’
and ‘2.5 kilometers to the New National Gallery’.

In mathematics, a distance function or metric is a generalization of the
concept of physical distance. More formally, a metric is a function that
behaves according to a specific set of conditions (non-negativity, identity
of indiscernibles, symmetry, triangle inequality), and is a concrete way of
describing what it means for elements of some space to be ‘close to’ or ‘far
away from’ each other. These conditions express intuitive notions about the
concept of distance. For example, that the distance between distinct points
is positive and the distance from x to y is the same as the distance from y
to x. The triangle inequality means that the distance from x to z via y is at
least as great as from x to z directly. A semi-metric is a distance function
that satisfies all conditions except for the triangle inequality.

Euclidean metric is the ‘ordinary’ distance between two points that one
would measure with a ruler, and is given by the Pythagorean formula. How-
ever there exists a multitude of metrics, including the Manhattan distance
that measures distance following only the axis-aligned directions and the
Chebyshev distance that measures distance assuming only the most signifi-
cant dimension is relevant.

The Minkowski distance is a generalization that unifies Manhattan, Eu-
clidean, and Chebyshev distance. Assuming two n-dimensional data points,
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x and y, the Minkowski distance is defined as:

 n
i=1

|xi − yi|p
 1

p

(2.1)

The Minkowski distance typically uses p being 1 or 2, which corresponds
to Manhattan distance or Euclidean distance respectively. In the limiting
case of p reaching infinity, we obtain the Chebyshev distance:

lim
p→∞

 n
i=1

|xi − yi|p
 1

p

(2.2)

In everyday life, we usually measure distances in 3-dimensional space,
which is how we perceive our world. However, the discussed metrics also
allow distance measurements in high-dimensional space. This property is
important for determining the distance between high-dimensional time series,
where the dimensionality generally corresponds to the time series length. The
representation of time series as real-valued vectors X ∈ Rn in n-dimensional
Euclidean space allows the application of a wide range of data mining and
machine learning algorithms that use gradient-based methods. However, as
mentioned in Section 2.4, the Euclidean space is not suitable for time series
with local scaling invariance or other distortions.

Similarity measures are in some sense the inverse of distance metrics,
since they take large values for similar objects and either zero or negative
value for very dissimilar objects. In information retrieval, cosine similarity
is a commonly used similarity measure, defined on vectors arising from the
bag of words model. In machine learning, common kernel functions such as
the RBF kernel can be viewed as similarity functions [200].

2.3 Time Series Distance Measures

The distance between time series needs to be carefully defined in order to
reflect the underlying (dis)similarity of such data [36]. This is particularly de-
sirable for segmentation, classification, clustering, similarity-based retrieval
and other mining procedures of time series [63].

Suppose we have two time series, X = {x1, . . . , xn} and Y = {y1, . . . , yn},
of length n. To measure their similarity, we can use, for instance, the Eu-
clidean Distance (ED):
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ED(X, Y ) = 2

 n
i=1

(xi − yi)2 (2.3)

Although ED is a simple measure, it is competitive for many problems
[36]. For this reason, ED has been suggested as a baseline measure for time
series data mining benchmarks [87], which we considered for our empirical
evaluation when introducing novel time series distances. Nevertheless, in
many domains the time series data is distorted in some way, and either the
distortion must be removed before using ED, or a more robust measure must
be used instead [9].

Dynamic Time Warping (DTW) allows a more intuitive distance measure
for time series that have similar shape, but are not aligned in time [93]. Given
two time series X = {x1, x2, . . . , xi, . . . , xn} and Y = {y1, y2, . . . , yj, . . . , ym}
of length n and m respectively, we can align these sequences using DTW
by constructing an n-by-m matrix where element (i, j) contains the distance
d(xi, yj) = (xi − yj)

2 between the two points xi and yj. Consequently, a
warping path W = {w1 . . . wK} is a contiguous set of matrix elements (as
stated in Eqn. 2.4) that defines a mapping between X and Y under several
constrains (such as boundary condition, continuity, monotonicity) [93]:

DTW (X, Y ) = min


2

 K
k=1

wk (2.4)

This path can be found using dynamic programming to evaluate the fol-
lowing recurrence which defines the cumulative distance γ(i, j) as the distance
d(i, j) found in the current cell and the minimum of the cumulative distances
of the adjacent elements [93]:

γ(i, j) = d(xi, yj) + min{γ(i− 1, j − 1),

γ(i− 1, j),

γ(i, j − 1)}
(2.5)

The Euclidean Distance between two sequences can be seen as a special
case of DTW where both time series have same length and the warping
path complies with the main diagonal of the distance matrix. Although
DTW exhibits quadratic time and space complexity O(mn), it has been
demonstrated to outperform ED in terms of accuracy for almost all time
series mining task [36, 83]. To justify the introduction of novel distance
measures, we always compare to DTW in our experiments.
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Although there exists a plethora of time series similarity functions, we
have already introduced the two most widely-used distance measures [95],
namely ED and DTW . In general, time series distance measures can be
categorized into Lp-norms and elastic measures that handle local time shift-
ing [23]. ED, as stated in Eqn. 2.3, is associated with the L2-norm and
considers time series as points in n-dimensional space. The DTW distance,
as formalized in Eqn. 2.4 and 2.5, belongs to the group of elastic measures
that handle local scaling invariance. Following the guidelines for time series
data mining benchmarks [87], we consider ED as a baseline measure and
DTW distance as the state-of-the-art approach when evaluating our newly
introduced distance measures.

2.4 Invariance to Distortions

The choice of time series distance measure depends on the invariance required
by the domain [9]. Recent work has introduced techniques designed to ef-
ficiently measure similarity between time series with invariance to (various
combinations of) the distortions of warping, uniform scaling, offset, ampli-
tude scaling, phase, occlusions, uncertainty and wandering baseline [9]. Some
of these time series distortions and their corresponding implications for dis-
tance measures are explained below.

Important considerations regarding time series distance measures include
amplitude invariance and offset invariance [9]. If we try to compare two time
series measured on different scales they will not match well, even if they have
similar shapes. Similarly, even if two time series have identical amplitudes,
they may have different offsets. To measure the true underlying similarity
we must first center and scale the time series (by z-normalization).

Furthermore, local scaling invariance or rather warping invariance [9]
should be taken into account when comparing time series. This invariance
is necessary in almost all biological signals, which match only when one is
locally warped to align with the other. Recent empirical evidence strongly
suggests that Dynamic Time Warping is a robust distance measure which
works exceptionally well [36].

In contrast to the localized scaling that DTW deals with, in many datasets
we must account for uniform scaling invariance [9], where we try to match
a shorter time series against the prefix of a longer one. The main difficulty
in creating uniform scaling invariance is that we typically do not know the
scaling factor in advance, and are thus condemned to testing all possibilities
within a given range [83].

Phase invariance [9] is important when matching periodic time series
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such as heart beats. By holding one time series fixed, and testing all circular
shifts of the other, we can achieve phase invariance.

In domains where a small subsequence of a time series may be missing
we must consider occlusion invariance [9]. This form of invariance can be
achieved by selectively declining to match subsections of a time series. How-
ever, most real-life problems require multiple invariance.

2.5 Computational Complexity

The focus of computational complexity theory is to classify computational
problems according their inherit difficulty, and relating those classes to each
other. In time series mining, we are mainly concerned with the computational
complexity of distance measures, which determine the pairwise similarity
of temporal data sequences. The computational complexity of a distance
measure generally depends on the length of the compared time series. For
instance, using Euclidean distance a similarity comparison of two time series
of length n requires linear O(n) time and space [183]. In contrast, DTW
constructs a similarity matrix of size n × n and subsequently traverses all
entries to find the minimum cost warping path, resulting in quadratic O(n2)
time and space complexity [93, 159, 167].

In general, we are aiming to reduce the computational complexity of
time series distance measures without compromising classification accuracy.
Chapter 4 discusses techniques like numerosity reduction, warping constraints,
abstraction, lower bounding and approximation methods that were designed
to accelerate distance calculations for nearest neighbor classification of time
series with local scaling invariance [183]. However, most of these techniques
are also applicable to other time series mining tasks.

2.6 Time Series Segmentation

Time series segmentation algorithms can be grouped into three different
strategies, including sliding window, top-town, and bottom-up [85]. In the
sliding window approach a segment is grown until it exceeds some error
bound, repeating the process with the next data point not included in the
newly approximated segment. Using the top-town or bottom-up strategy,
a segmentation is accomplished either by recursively partitioning the given
time series or gradually merging initially fine-grained sections until some
stopping criteria is met. The stopping criteria for the time series segmen-
tation can be formulated in such a way that the task is completed when a
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certain number of segments is produced, the maximum error for any segment
exceeds a user-specified threshold, or the combined error of all segments is
higher than a predefined limit [86].

In Chapter 3 we solve the time series segmentation tasks with the bottom-
up strategy using the combined error of segments as stopping criteria, which
generally can be formalized as followed. Given a (multivariate) time series
X = {x1, . . . , xn} with xi ∈ Rd for 1 ≤ i ≤ n, and defining a subsequence
of X as a set of consecutive time points S(a, b) = {xa, . . . , xb} for 1 ≤
a ≤ b ≤ n, the segmentation of X into s non-overlapping subsequences
can be formulated as S = {Se(ae, be)|1 ≤ e ≤ s}, where a1 = 1, bs = n and
ae = be−1+1. In order to evaluate a segmentation S we compute the combined
error of all segments

s
e=1 cost(Se(ae, be)) by means of a cost function, which

returns the approximation error for a corresponding subsequence using our
underlying model. The employed bottom-up algorithm initially establishes
a fine-grained segmentation, e.g. S = {S(1, 2), S(3, 4), . . . , S(n − 1, n)}, of
the time series X = {x1, . . . , xn} and iteratively merges the lowest cost pair
of segments, e.g. S(1, 4) = min{cost(Se(ae, be+1))|1 ≤ e ≤ s}, until the
combined error of all segments exceeds a predefined threshold h, e.g. h <
cost(S(1, 4)) + . . .+ cost(S(n− 1, n)).

In general, the evaluation of a segment involves two steps. First of all we
require a function, which takes in a time series and returns an approximation
of it. Commonly used models include linear interpolation, linear regression,
and piecewise linear approximation [85, 86]. In the second step we need a
function, which takes in a time series and returns the approximation error of
the utilized model. For instance, the approximation error in linear regression
is the sum of the squares of all the vertical differences between the best-fit line
and the actual data points. In Chapter 3 we adopt the SVD model, which
is not only employed for approximating (multivariate) time series segments,
but also for measuring the distance between established segments.

2.7 Time Series Classification

In the terminology of machine learning [5], classification is considered as
an instance of supervised learning, that is learning where a training set of
correctly identified observations is available. More precisely, given a training
set of observations whose category is known, classification is the problem
of identifying to which category a new observation belongs. An algorithm
that implements classification, using a mathematical function that maps new
input data to a category, is known as a classifier. The performance of a
classifier is usually evaluated by its classification error, which is formalized
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in the following paragraph.
Given a set of labeled observations D we can split the data into a test X

and training set Y, for instance, by using k-fold cross validation. For each
round of cross-validation, we use the training set Y to predict the class labels
of all instances X ∈ X in the test set. The classification error is consequently
defined as e = FP/|X|, the number of false predictions FP over the size of
the test set |X|, see Algorithm 2.1. The lower the average classification error
over all rounds 1

k

k
i=1 ek the better.

Algorithm 2.1 Classification Error

Input: X . . . test set; Y . . . training set; C class labels
Output: e . . . classification error

1: FP ← 0 {number of false predictions}
2: for all X ∈ X do
3: a← C(X) {actual class label}
4: p← classify(X,Y, C) {predicted class label, e.g. by 1NN classifier}
5: if a ̸= p then
6: FP ← FP + 1
7: end if
8: end for
9: e = FP/|X|

Algorithm 2.2 1NN – One-Nearest-Neighbor Classifier

Input: X . . . test instance; Y . . . training set; C class labels
Output: p . . . predicted class

1: bsf ←∞ {best so far}
2: for all Y ∈ Y do
3: d← distance(X, Y ) {e.g. Euclidean distance:


(X − Y )2 }

4: if d ≤ bsf then
5: p← C(Y )
6: bsf ← d
7: end if
8: end for

There is a wide range of classification algorithms that can be applied to
time series, but recent work suggests that simple nearest neighbor classifi-
cation is difficult to beat [36, 95]. Since the one nearest neighbor (1NN)
classifier is parameter free, its performance directly reflects the effectiveness
of the underlying similarity metric, allowing a fair comparison of different
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time series distance measures. In Chapter 4 we employ the 1NN classifier to
compare the exceptionally difficult to beat DTW distance [93, 155] with our
own LTW distance [183]. Algorithm 2.2 presents the basic procedure of 1NN
classification, exemplifying the embedding of the Euclidean distance.

It has been proven that the error ratio of 1NN classifier is at most twice
the Bayes error ratio [37]. Although there have been attempts to classify
time series with decision trees, neural networks, Bayesian networks, support
vector machines etc., the best published results (by a large margin) come
from simple nearest neighbor methods [211].

2.8 Time Series Clustering

In machine learning, the problem of unsupervised learning is that of trying to
find hidden structure in unlabeled data [37]. Since the examples given to the
learner are unlabeled, there is no error or reward to evaluate a potential solu-
tion. Approaches to unsupervised learning include clustering (e.g. k-means,
mixture models, and hierarchical clustering), hidden Markov models, as well
as dimensionality reduction methods (e.g. principal component analysis and
singular value decomposition).

Clustering is the task of grouping a set of objects in such a way that
objects in the same group are more similar to each other than to those in
other groups or clusters [37]. Due to the fact that clustering is an ill-defined
problem, the notion of a cluster can not be precisely defined, which is one of
the reasons why there are so many clustering algorithms [43]. Furthermore, it
was noted that there is no objectively ’correct’ clustering algorithm, because
clustering is in the eye of the beholder [43].

However, there have been several suggestions for a measure, which can
be used to compare how well different clustering algorithms perform on a
dataset. Internal evaluation methods, like the Davies-Bouldin and Dunn
index, assign the best score to the algorithm that produces clusters with
high similarity within a cluster and low similarity between clusters [39, 137].
In contrast, external evaluation methods, such as the Rand measure and F-
measure, use known class labels or external benchmarks to score clustering
results [46, 126].

In the context of time series, many applications use k-means clustering
with Euclidean distance (ED) as (dis)similarity function and arithmetic mean
as averaging method [138]. However, k-means with ED is not suitable for
time series where time shifting occurs among data sequences in the same class.
Although the Dynamic Time Warping (DTW) distance has been proved to
give more accurate results for data sequences with local scaling invariance,
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k-means clustering with DTW is not practical, because the corresponding
averaging function does not return cluster centers that reflect the time series
characteristics [138]. The basic intuition behind k-means (and a more general
class of clustering algorithms known as iterative refinement algorithms) is
shown in Table 2.1.

Table 2.1: An outline of the k-means algorithm [88].
Algorithm k-means

1. Decide on a value for k.
2. Initialize the k cluster centers (randomly, if necessary).
3. Decide the class memberships of the objects by assigning

them to the nearest cluster center.
4. Re-estimate the k cluster centers by assuming the member-

ships found above are correct.
5. If none of the objects changed membership in the last iter-

ation, exit. Otherwise, to to 3.

Table 2.2: An outline of the hierarchical clustering algorithm [88].
Algorithm Hierarchical Clustering

1. Calculate the distance between all objects. Store results in
a distance matrix.

2. Search through the distance matrix and find the two most
similar clusters/objects.

3. Join the two clusters/objects to produce a cluster that has
now at least two objects.

4. Update the matrix by calculating the distances between
this new cluster and all other clusters.

5. Repeat step 2 until all objects are in one cluster.

In contrast, hierarchical clustering does not depend on an averaging func-
tion, but produces a nested hierarchy of similar groups of objects (e.g. time
series) according to a pairwise distance matrix [88]. The main advantages
of hierarchical clustering are its great visualization power (by means of a
dendrogram) and its free choice of metric (e.g. ED or DTW), making it an
useful tool for time series analysis [87]. Unlike k-means, most hierarchical
algorithms are deterministic and do not require us to specify the number of
clusters beforehand. However, its application is limited to only small datasets
due to its quadratic computational complexity. Table 2.2 outlines the basic
hierarchical clustering algorithm.
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2.9 Recurrence Plots

Time series analysis is often concerned with temporal data sequences that
exhibit distinct recurrent behavior, e.g. rhythmic activities that appear in
electrocardiogram (ECG) and electroencephalography (EEG) measurements,
but also recurring states that can be found in financial and climate data. The
recurrence of states is a fundamental property of deterministic dynamical
systems and is typical for nonlinear and chaotic systems [128].

The analysis of a dynamical system is usually performed using the phase
space, which represents all possible states of the system. Given a sequence
of observations of states of a dynamical system, the phase space can be
reconstructed by delay embedding, e.g using to Takens’ theorem [193].

Eckmann et al. [40] have introduced Recurrence Plots (RPs) to visualize
and investigate high-dimensional phase space trajectories through a two-
dimensional representation. Given a system X = {x1, . . . , xn} with n states
that is embedded in d-dimensional phase space, a recurrence plot of X can
be mathematically expressed as:

Rd,ϵ
i,j = Θ(ϵ− ||xi − xj||), xi ∈ Rd, i, j = 1 . . . n (2.6)

where ϵ is a threshold distance, || · || is a norm, and Θ(·) is the Heaviside
step function. According to this definition, a recurrence of a state at time
i at a different time j is pictured within a two-dimensional squared matrix
with black and white dots, where black dots mark a recurrence [128].

Since Ri,i = 1 (for i = 1 . . . n) by definition, the RP generally exhibits a
black line at the main diagonal or line of identify (LOI). Although the LOI
does not contain any information about the recurrent states at times i and
j, the totality of all recurrence points gives information about the dynamical
properties of the system under study.

In practice it is not useful and largely impossible to find complete re-
currences in the sense xi ≡ xj, because a state of a chaotic system would
not recur exactly to the initial state but approaches the initial state arbi-
trarily close [128]. Therefore, a recurrence is defined as a state xj that is
sufficiently close to xi in consideration of the ϵ-threshold. Related literature
have suggested to choose the ϵ-threshold so that it does not exceed 10% of
the maximum phase space diameter [218] and the recurrence point density
is approximately 1% [219].

In order to compute an RP, a norm has to be chosen [128]. The most
widely used norms are the L1-norm (that corresponds to the Manhattan dis-
tance), the L2-norm (Euclidean norm) and the L∞-norm (Supremum norm).
Assuming a fixed similarity threshold ϵ, the amount of recurring states grows
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with increasing p (referring to Lp-norm) as the neighborhood of the phase
space is getting bigger. The L∞-norm is most commonly applied, because it
is independent of the phase space dimension and easier to compute than any
other norm [128].

The initial purpose of RPs was the visual inspection of higher dimensional
phase space trajectories [128]. In general, RPs exhibit characteristic large
scale and small scale patterns [40]. The large scale patterns typology offers a
global impression which can be characterized as homogeneous, periodic, drift
and disrupted. The closer inspection reveals small scale structures texture
which are single dots, diagonal lines as well as vertical and horizontal lines
[128, 132]. These small scale structures are the base of a quantitative analysis
of the RPs, which is discussed at full length in the following section.

2.10 Recurrence Quantification Analysis

In order to go beyond the visual impressions yielded by RPs, several measures
of complexity which quantify the above mentioned small scale structures have
been introduced and are (collectively) known as Recurrence Quantification
Analysis (RQA) measures [205, 218]. Commonly used RQAmeasures include
recurrence rate, determinism, divergence, entropy as well as trend ; each of
which uses the recurrence point density and/or line structures found in a
recurrence plot [128, 129, 132].

A computation of these RQA measures in small windows (sub-matrices)
of the RP moving along the LOI yields the time-dependent behavior of these
variables [128]. Recent studies have shown that these time-dependent varia-
tions of RQA measures can be used to investigate changing dynamics, such
as chaos-order and chaos-chaos transitions [133].

According to the RP definition in Equation 2.6, the recurrence rate (RR)
can be formalized as:

RR =
1

n

n
i,j=1

Rd,ϵ
i,j , i, j = 1 . . . n (2.7)

where n × n is the size of the recurrence matrix. The RR measures the
density of the recurrence points by simply counting the non-zero entries (or
black dots) in the RP [128]. In the limit this measure becomes the probability
that a state will recur.

Other measures consider the diagonal lines. The frequency distribution
(or histogram) of the lengths l of the diagonal structures in the RP for a
certain ϵ-threshold is P ϵ(l) = {li; i = 1 . . . Nl}, where Nl is the number of
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diagonal lines with length l (each line is counted only once) [128]. In general,
processes with stochastic behavior cause none or short diagonals, whereas
deterministic processes cause longer diagonals and less isolated recurrence
points. Therefore, the ratio of recurrence points that form diagonal structures
of minimum length lmin to all recurrence points is introduced as a measure
for the determinism (or predictability) of the system under study [128].

DET =

n
l=lmin

l · P ϵ(l)n
i,j=1R

d,ϵ
i,j

(2.8)

The threshold lmin allows to exclude the diagonal lines formed by tangen-
tial motion of the phase space trajectory, but too large lmin can worsen the
reliability of theDET measure [128]. When computing theDET measure we
usually specify a Theiler window [194], which excludes the recurrence points
in a small corridor around the LOI that merely correspond to the tangential
motion of the phase space trajectory.

Having defined the RR and DET measure, one can easily derive another
RQA measure which expresses the relationship between both. The so-called
RATIO can be computed from the frequency distribution of the diagonal
line lengths [128].

RATIO = n2

n
l=lmin

l · P ϵ(l)n
l=1 l · P ϵ(l)

2 (2.9)

Heuristic studies have revealed that the RATIO can be used to discover
transitions, where the RR decreases but the DET does not change [205].

In general, the (diagonal and vertical) line structures found in RPs are
used to define various other RQA measures, including divergence (the inverse
of the maximal length of diagonal lines), the entropy (complexity of deter-
ministic structure in the system) and many more. Since RQA is a broad
research area that simply goes beyond the scope of this thesis, we refer the
interested reader to the relevant literature [128, 129, 130, 132, 133].
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Chapter 3

Factorization-based Distance
for Time Series Segmentation

Nowadays researchers in many domains are faced with high dimensional,
temporally variable data, such as coming from sensors, which is represented
as a sequence of observations. A common problem in the data mining and
machine learning community is the recognition of recurring patterns within
such time series or data streams.

This work aims at developing and investigating efficient methods for the
recognition of contextual patterns in multivariate time series from different
application domains based on machine learning techniques. To this end, we
propose a generic three-step approach that involves (1) feature extraction
to build robust learning models based on significant time series characteris-
tics, (2) segmentation to identify internally homogeneous time intervals and
change points, as well as (3) clustering and/or classification to group the
time series (segments) into the sub-population to which they belong to.

To support our proposed approach, we present and discuss experiments
on real-life vehicular sensor data. Furthermore we describe a number of
applications, where pattern recognition in multivariate time series is practical
or rather necessary.

3.1 Introduction

Due to the fact that most electronic components have gotten substantially
smaller and cheaper to produce, an increasing number of everyday electronic
devices are equipped with smart sensors. Recent mobile phones have in-
tegrated location and acceleration sensors [22], modern vehicles are able
to measure ambient temperature and average fuel consumption [182], and

29
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twenty-first-century smart homes monitor user activities as well as consump-
tion of resources [163]. There is a significant trend in using these integrated
sensors to simplify human-computer-interaction by means of automatic adap-
tation of user interfaces or even machine behavior according to the recognized
context [53, 66, 139].

According to the Oxford Dictionary the term “context” is defined as “the
circumstances that form the setting for an event, statement, or idea, and in
terms of which it can be fully understood and assessed”. Although this term
has been used in many ways in different areas of computer science [22, 53],
we only focus on the context that can be discovered from sensor data, which
are basically patterns that represent rare events (anomalies) or recurring
situations.

Recently, there has been done a lot of research in the field of context-aware
systems, ranging from adaptive applications for (mobile) electronic devices
and ubiquitous applications in smart home environments to advanced driver
assistance systems (ADAS) and event detection in video sequences. Context-
aware applications take advantage of environmental characteristics to adapt
to user needs without consuming user attention [22, 53, 139]. Smart envi-
ronments make it possible to build ubiquitous applications that assist users
during their everyday life, at any time, in any context [109, 163, 172]. Lead-
ing car manufacturers like the Volkswagen AG aim to identify characteristic
drive(r) profiles from abnormal and recurring context (i.e. motor behavior
and drive maneuvers) by analyzing vehicular sensor data recorded during car
drives [182]. Media and entertainment companies like Technicolor push vio-
lent scene detection in videos [7, 55, 56] to help users to choose movies that
are suitable for their children of different age; where corresponding context
or rather events are discovered from audio and video features represented as
changing signals equal to sensor data.

All these application examples involve large amounts of high dimensional
data with significant between-sensor/signal correlations that are corrupted by
non-uniform noise. To deal with these problems, we adopt a machine learning
approach for detecting contextual patterns in multivariate time series [182].
With regard to sensor data, the term multivariate implies the exploration of
multiple signals in parallel. We especially focus on multivariate time series
analysis, because almost all real-life applications employ multiple sensors
to retrieve contextual patterns, which describe environmental situations or
system states.

Our research goal follows a dual agenda: First, we develop efficient meth-
ods for detecting contextual patterns in multivariate time series based on
state-of-the-art and recent machine learning techniques. Second, we focus on
developing methods that are not tailored to solutions of specific application
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areas, but that will be applicable to other domains as well. To achieve this,
we suggest a generic approach for contextual pattern detection in sensor data
consisting of the following three steps: feature extraction, segmentation and
clustering/classification.

Since multi-sensor data is often too complex and highly redundant [86],
we transform the raw input data into a reduced representation in the feature
extraction step. The challenge consists in extracting features in such a way
that the reduced data contains all or most of the relevant information [121] for
the underlying task of detecting contextual patterns. Based on the selected
signal features we can partition a time series into segments or situations
[1, 2], which might be classified or clustered to high-level context in a second
step. This work introduces straightforward signal processing features as well
as more sophisticated feature extraction algorithms to measure similarity
between two time series (segments).

Given a feature representation of the input data, segmentation aims at
partitioning the time series into internally homogeneous intervals of constant
correlation. Our underlying assumptions are that contextual patterns arise
from correlations of the given sensor data [182].

With regard to sensor signals, context or events are usually described
as segments of multivariate time series, which are internally homogeneous.
In the domain of time series analysis the term homogeneous refers to an
unchanging correlation between the observed variables over a specified period
of time. Due to the fact that most situations have different length and are
often overlapping, it is a non-trivial task to determine clear borders between
individual time series segments [1, 2].

Depending on the application and the examined dataset, we either want
to group the retrieved time series segments into clusters of similar objects or
we aim to classify the identified contextual patterns according to predefined
labels. Usually, researchers apply machine learning techniques for automatic
segmentation and clustering/classification of time series [1, 2, 7, 9, 55, 56,
86, 103, 159, 182], because it is not visible to the naked eye at which point
in time a specific contextual pattern starts and ends, or even how similar
two events are to each other; especially if we consider multiple signals at the
same time (see Figure 3.1).

We applied the proposed three-step approach to the problem of recog-
nizing recurring contextual patterns in vehicular sensor data [182] using a
method proposed by Abonyi [2]. The results justify that PCA-based time se-
ries segmentation and hierarchical clustering according straight-forward sig-
nal processing features enables us to identify complex drive maneuvers, such
as stop and go at traffic lights or overland drives, which consist of multiple
consecutive time series segments.
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Figure 3.1: Progression of speed and accelerator signal during a car drive.
In order to compare both signals against each other the time series data was
z-normalized (the unnormalized speed signal ranges from 0 to 130 km/h, and
the original accelerator measurements vary between 0 to 100 degrees).

We expect that machine learning methods may have a strong influence
on detection of contextual patterns in multivariate time series analysis such
that it may serve as a competitive alternative to existing state-of-the-art tech-
niques [1, 2, 9, 103, 159]. Therefore, we want to gain insight in how selected
machine learning methods cooperate in a multi-step approach to achieve a
common goal, which in our case is restricted to detection of contextual pat-
terns in multivariate time series. The expected result of this study will be
a on-the-fly segmentation and classification algorithm that can be used to
simultaneously identify and classify contextual patterns in multivariate time
series.

Figure 3.1 shows the progression of speed and accelerator signal during
a car drive and illustrates the necessity of machine learning techniques for
automatic recognition and classification of time series segments or situations
respectively. Although speed and accelerator signal are highly correlated, it
is not visible to the naked eye at which point in time a specific situation
starts or ends (e.g. stop and go at a traffic light). Due to the fact that we
normally consider multiple signals at the same time, it is advisable to apply
machine learning techniques for automatic recognition and classification of
recurring patterns [86].

3.2 Problem Statement

“Intelligence is the ability to adapt to change” - Stephen Hawking. With
regard to machine intelligence, one could argue that a machine needs to be
aware of its operating context to adapt to change and to be considered as
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intelligent. Most intelligent systems employ smart sensors to infer context,
which can be used to adapt to the (environmental or system) changes at hand.
Our goal is to recognize contextual patterns in multivariate time series, which
can be used as an information source for intelligent systems to adapt to their
ever-changing environment.

For further problem discussion we represent sensor data as a multivariate
time series X = {x1, . . . , xn} with xi ∈ Rd for 1 ≤ i ≤ n, where d is the
number of measurements and n is the number of discrete time points at which
the measurements are taken. A contextual pattern (i.e. event or situation)
of X is a tuple T = (S,C) consisting of a segment S = {xi, . . . xi+l−1}
of l consecutive columns of X together with a class label C from some set
C = {C1, . . . , Ck}. A segment S describes the characteristic features of a
contextual pattern and determines its period. The class label C describes
the nature of the contextual pattern. Detecting contextual patterns amounts
in finding a column-wise segmentation S = {S1, . . . , Ss} of the matrix X
together with a labeling function c : S→ C, Si →→ c(Si) that assigns a class
label to each segment. Here, we demand that a segmentation of X consists of
a nonempty set of consecutive columns that form a partition of the column
set of X, e.g. S = {S1, S2} = {{x1, . . . , xi}, {xi+1, . . . , xn}}.

It is important to note that C can be unknown and therefore constitutes
a part of the learning problem. Thus, detecting contextual patterns in mul-
tivariate time series amounts in learning both, the data (segments) we want
to classify as well as the class labels (contexts) we want to assign to the data.
This is in contrast to traditional machine learning, where the class labels as
well as the data we want to learn on are usually given.

3.3 Three-Step Approach

The proposed three-step approach for contextual pattern recognition in mul-
tivariate time series involves feature extraction, segmentation and cluster-
ing/classification. Each of the three sub-tasks can be fulfilled by different
techniques, were some of them are discussed in the following sections. This
survey also includes own contributions which we scrutinize in the subsequent
case study (see Chapter 3.4).

3.3.1 Feature Extraction

A time series is a collection of observations made sequentially in time. Peo-
ple measure things, and things (with rare exception) change. In most cases,
patterns, and not individual points, are of interest [86]. Time series collec-
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tions are often huge and mining them requires a high-level representation
of the data. Due to the fact that time series analysis aims to be time and
space efficient, data mining researchers usually extract significant features or
characteristics which given an approximation of the original data.

Feature extraction involves simplifying the amount of resources required
to describe a large set of data accurately. When performing analysis of com-
plex data one of the major problems stems from the number of variables
involved. Feature extraction is a general term for methods of constructing
combinations of the variables to get around these problems while still de-
scribing the data with sufficient accuracy [79].

In machine learning and statistics, feature selection is the technique of se-
lecting a subset of relevant characteristics for building robust learning models.
From a theoretical perspective, it can be shown that optimal feature selec-
tion for (un)-supervised learning problems requires an exhaustive search of
all possible subsets of features [121]. For practical learning algorithms, the
search is for a satisfactory set of features instead of an optimal set.

In the following we discuss several well-known signal processing features
that are employed to describe time series. Furthermore we go into differ-
ent similarity measures that are used to discriminate time series, which is
necessary for clustering and classification.

Fourier Transform (FT) is on of the most popular signal processing fea-
tures and a measure of how much of each frequency is existing in the signal
[105]. If the time domain of a signal is given and the frequency amplitude is
searched then the Fourier Transform is used. In general, FT is only valid for
periodical signals. A special case of the continuous FT is the Discrete Fourier
Transform (DFT), which requires a discrete periodical spectrum defined on
a certain area. Therefore a sample rate needs to be defined.

Sometimes it is necessary to have both time and frequency information
simultaneously, so a time localization of the spectral components is needed.
Discrete Wavelet Transform (DWT) is a technique that decomposes a sig-
nal into several groups (vectors) of coefficients. Different coefficient vectors
contain information about characteristics of the sequence at different scales
[59].

Mel Frequency Cepstral Coefficients (MFCCs) are the dominant feature
in speech recognition [122]. MFCCs are short-term spectral features that
are calculated in several steps. First the signal is divided into frames. For
each frame, the algorithm obtains the amplitude spectrum, which in turn is
converted to Mel (a perceptually-based) spectrum, so called Mel scale. This
transformation emphasizes lower frequencies, which are perceptually more
meaningful for speech. It is possible however that the Mel scale may not be
optimal for music as there may be more information in say higher frequencies.
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Finally the algorithm takes the discrete cosine transform (DCT) to decor-
relate the components of the feature vectors. MFCC’s might be relevant for
event detection in video sequences as well.

Principal Component Analysis (PCA) is a matrix factorization technique,
which is used to reduce the dimensionality of the input space and/or to
retrieve latent relations between variables of the observed dataset. PCA can
be found in many applications, such as recommender systems [101, 169, 186],
semantic analysis of textual information [38] and link prediction in complex
networks [3, 113, 181]. Furthermore, PCA is a common feature extraction
method in signal processing, which is employed for time series segmentation
and clustering [1, 2, 182]. The sensor fusion algorithm developed by Abonyi
et al. [1, 2] is able to segment a multivariate time series in a bottom-up
manner. Adjacent segments are merged iteratively if their combined model
does not exceed a predefined reconstruction error, which is computed by
means of principal component analysis. One major advantage of the proposed
segmentation algorithm is that it allows one to reuse the PCA model to
define a distance measure to compare multivariate time series segments for
clustering or classification [2, 175]. Note that PCA-based algorithms are able
to detect changes in the mean, variance and correlation structure among
multiple variables or signals [182].

In the context of pattern recognition in multivariate time series, feature
extraction can be considered as a preprocessing step for further data mining
and machine learning algorithms. However, for the clustering and classifica-
tion task it is necessary to define a distance measure to compare time series
(segments). Usually the established feature vectors are compared by means
of cosine similarity or other metrics that conform to the euclidean space.
Apart from that, there exist distance measures that work on the raw sensor
data or time series measurements.

The Dynamic Time Warping (DTW) distance measure is a technique
that has long been known in speech recognition community [92]. It allows
a non-linear mapping of one signal to another by minimizing the distance
between the two. A decade ago, DTW was introduced to the data mining
community as a utility for various tasks for time series problems including
clustering, classification, and anomaly detection [13]. Although, DTW is su-
perior to Euclidean Distance (ED) for clustering and classification of time
series, most research has utilized ED because it is more efficiently calculated
[159]. Lower bounding (LB) that greatly mitigates DTWs demanding CPU
time has sparked a flurry of research activity. However, LB and its appli-
cations still only allow DTW to be applied to moderate large datasets. In
addition, almost all research on DTW has focused on speeding up calcula-
tions; there has been little work done on improving its accuracy.
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3.3.2 Time Series Segmentation

Segmentation is a frequently used subroutine in clustering and classification
of time series. It is used to locate stable periods of time or alternatively to
identify change points [2]. There already exist different heuristic approaches
to extract internally homogeneous segments. Some primitive algorithms
search for inflection points to locate episodes [191]. Other algorithms de-
termine segment borders by the Sliding Window technique, where a segment
is grown until it exceeds some error bound [86].

In this work [182] we propose a bottom-up segmentation approach, which
begins creating a fine approximation of the time series, and iteratively merges
the lowest cost pair of segments until some stopping criteria is met. The
cost of merging two adjacent segments is evaluated by the Singular Value
Decomposition (SVD) model of the new segment. SVD-based algorithms are
able to detect changes in the mean, variance and correlation structure among
several variables [181, 182, 186]. The proposed approach can be considered
as an extension of the sensor fusion algorithm developed by Abonyi [1, 2].

For the purpose of finding internally homogeneous segments from a given
time series, we need to formalize a cost function for the individual time
intervals. In most cases, the cost function is based on the distance between
the actual values of the time series and a simple function (linear function, or
polynomial of higher degree) fitted to the data of each segment [2]. Since our
approach aims at detecting changes in the correlation structure among several
variables, the cost function of the segmentation is based on the Singular Value
Decomposition of the segment matrices, where each row is an observation,
and each column is a variable. Before applying SVD, the observed variables
need to be centered and scaled, in such a way as to make them comparable.
Hence, we compute the z-scores using mean and standard deviation along
each individual variable of the time series.

The SVD model projects the correlated high-dimensional data onto a
lower-dimensional hyperplane, which is useful for the analysis of multivariate
data. The distance of the original data from the hyperplane is a significant
indicator for anomalies or unsteadiness in the progression of the observed
variables. Hence, it is useful to analyze the reconstruction error of the SVD
model to get information about the homogeneity of the factorized time series
segments. In the proposed approach the reconstruction error is determined
by the Q-measure [2, 182], which is commonly used for the monitoring of
multivariate systems and for the exploration of the errors. The crux of the
proposed time series segmentation is to use the Q-measure as an indicator
for the homogeneity of individual or rather merged segments.

The sensor fusion algorithm developed by Abonyi [2] merges segments
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bottom-up, whereas the initial fine-grain segmentation of the time series is
determined manually. In case of a periodic signal and an odd initial seg-
mentation it is highly probable that the bottom-up algorithm will not find
recurring segments, because the time series was partitioned into internal in-
homogeneous time intervals. Therefore, we propose to perform an initial
fine-grain segmentation of the time series according to the critical points of
the individual signals. Critical points of great interest are extrema as well as
inflection and saddle points [191]. In order to determine the critical points
of a curve or signal we need to calculate the first, second or third derivative
respectively.

Due to the fact that sensors often produce extremely noisy and fluctu-
ate signals, it is very likely that the examined time series exhibit dozens
of critical points. Hence, we need to smooth the signal with a low-pass or
base-band-pass filter that reduces the number of critical points, but does
not substantially change the coordinates of the segmentation borders. We
propose to employ the Savitzky-Golay filter [147], which is typically used to
smooth out a noisy signal whose frequency span is large. Savitzky-Golay
smoothing filters perform much better than standard averaging FIR (Finite
Impulse Respond) filters, which tend to filter out a significant portion of the
signal’s high frequency content along with the noise. Although Savitzky-
Golay filters are more effective at preserving the pertinent high frequency
components of the signal, they are less successful than standard averaging
FIR filters at rejecting noise. Savitzky-Golay filters are optimal in the sense
that they minimize the least-squares error in fitting a higher-order polyno-
mial to frames of noisy data [147]. The introduced critical point approach
can be employed as a preprocessing step for the proposed bottom-up seg-
mentation, but can also be considered as a segmentation technique by its
own.

3.3.3 Clustering and Classification

Depending on the way of looking at the stated pattern recognition problem
we either want to classify or cluster the time series (segments). Classification
is a supervised learning technique, which employs labeled training data to
gradually adjust model parameters until the classifier fits the presented data.
The trained model can then be employed to predict labels for previously
unseen input or time series (segments) respectively. In contrast, clustering
is a method of unsupervised learning, which is used to group similar objects
without training the mathematical model. Cluster analysis gives information
about the underlying structure of the examined data and can be employed
to identify recurring time series segments that fall into the same group and
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unique time intervals that are represented as outliers.
Hierarchical clustering methods find successive groups using previously

established ones. Agglomerative hierarchical clustering algorithms begin with
each element as a separate cluster and merge them into successively larger
clusters. Merges and splits are determined in a greedy manner. The results
of hierarchical clustering are usually presented as a dendrogram. Hierarchical
clustering has the distinct advantage that any valid measure of distance can
be used. In fact, the observations themselves are not required; all that is
used is a matrix of distances.

The choice of an appropriate metric does influence the shape of the clus-
ters, as some elements might be close to each other according to one distance
and farther away according to another. Some commonly used metrics for
hierarchical clustering are Euclidean distance, cosine similarity, Mahalanobis
distance (covariance matrix) and Pearson’s correlation. For text or other non-
numeric data, metrics such as the Hamming distance or Levenshtein distance
are often used. Given an appropriate metric, an agglomerative hierarchical
cluster tree can be created by several different methods, which differ from one
another in how they measure the distance between the clusters. Available
methods are single and complete linkage, also known as shortest and furthest
distance, as well as average, centroid and inner-squared distance.

In the following we want to give a brief introduction to several pop-
ular classification techniques, which can be used to categorize time series
(segments). The k-nearest neighbor (k-NN) algorithm [31] is amongst the
simplest of all machine learning approaches. An object is classified by a ma-
jority vote of its neighbors, with the object being assigned to the class most
common amongst its k-nearest neighbors. If k = 1, then the object is simply
assigned to the class of its nearest neighbor (also known as 1-NN classifier).

Another popular classification technique in the machine learning com-
munity are decision trees, which are tree-like graphs of decisions and their
possible consequences [153]. In data mining, trees can be described as the
combination of mathematical and computational techniques to aid the de-
scription, categorization and generalization of a given set of data. They are
used as a predictive model which maps observations about an item to con-
clusions about the item’s target value. A tree can be learned by splitting the
source set into subsets based on an attribute value test.

In addition, there also exist probabilistic models like Bayesian networks,
which represent a set of random variables and their conditional dependencies
via a directed acyclic graph [77]. For example, a Bayesian network could
represent the probabilistic relationships between complex situations and cor-
responding sensor data. One advantage of Bayesian networks is that it is
intuitively easier for a human to understand direct dependencies and local
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distributions than complete joint distribution. Furthermore, Bayesian Net-
works can save considerable amount of memory compared to naive matrix
based storing of conditional dependencies, if the dependencies in the joint
distribution are sparse.

Recently, there has been done a lot of research in the field of kernel
methods, especially Support Vector Machines (SVM) [82, 151]. Given a set
of training samples, each labeled as belonging to one of two categories, a SVM
training algorithm builds a model that predicts whether a new sample falls
into one category or the other. Intuitively, a SVMmodel is a representation of
the samples as points in space, mapped so that the samples of the separate
categories are divided by a clear margin that is as wide as possible. New
samples are then mapped into that same space and predicted to belong to
a category based on which side of the margin they fall. More formally, a
SVM constructs a hyperplane or set of hyperplanes in a high or infinite
dimensional space, which can be used for classification, regression or other
tasks. In general, the effectiveness of a SVM lies in the selection of the soft
margin parameters and the kernel, which is a weighted function, used in
non-parametric estimation techniques.

3.4 Case Study

The above survey presents several possible ways how to implement our pro-
posed three-step approach for contextual pattern recognition in multivariate
time series. In the following we describe how to apply the presented three-
step approach in practice.

This case study exemplifies the recognition of contextual patterns, or
rather situations, in vehicular sensor data recorded during car drive. To
identify recurring situations we suggest to group the identified segments ac-
cording their similarity. Although the proposed time series segmentation and
segment clustering is discussed in terms of vehicular sensor data, it is also
applicable to time series of other domains.

3.4.1 Bottom-Up Segmentation

The bottom-up time series segmentation, described below, is mainly inspired
by the sensor fusion algorithm developed by Abonyi [2]. However, we ex-
tended the original algorithm by several features, such as automatic deter-
mination of model rank and merge threshold, as well as initial fine-grain
segmentation according to critical points of individual signals [147]. Further-
more, we evaluate the extended segmentation algorithm (Chapter 3.4.3) on
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both synthetic time series data and real-life multivariate sensor signals which
comprise information about the progression of motor parameters during car
drive. In case of motor signals, a time series segment may represent a critical
situation that appeared during acceleration or loss of speed.

Our approach employs Singular Value Decomposition (SVD) [2, 181, 186]
to find segment borders at those points in time where the correlation struc-
ture of the observed variables fulfill a significant change. We rely on the
fact that SVD gives a close approximation of our time series data, whenever
the observed variables exhibit a linear correlation. In other words, the SVD
model is expected to give a high reconstruction error, if and only if the de-
composed time series data fulfills a significant change in correlation structure
[2]. We suggest a bottom-up segmentation algorithm that is based on the as-
sumption that two adjacent time series segments can only be merged in case
of a low reconstruction error, implying that the correlation structure among
the observed variables does not considerably change within the two contigu-
ous segments. Figure 3.2 exemplifies the segmentation of a multivariate time
series via singular value decomposition.

The adopted bottom-up approach initially establishes a fine-grained seg-
mentation of the time series, and iteratively merges the lowest cost pair of
segments until some stopping criteria is met [86]. The cost of merging two
adjacent segments is evaluated by the Singular Value Decomposition (SVD)
model of the newly formed segment. SVD-based algorithms are able to de-
tect changes in the mean, variance and correlation structure among several
variables. In the following, we describe the mathematical foundations of time
series segmentation in more detail.

For further problem discussion we represent a multivariate time series
as X = {xi, . . . , xn} with xi ∈ Rd for 1 ≤ i ≤ n, where d is the num-
ber of measurements and n is the number of discrete time points. Con-
sequently, a segment of X is defined as a set of consecutive time points
S(a, b) = {xa, xa+1, . . . , xb−1, xb} or rather columns, with 1 ≤ a < b ≤ n.
The segmentation of time series X into s non-overlapping time intervals can
thus be formulated as S = {Se(ae, be)|1 ≤ e ≤ s}, where a1 = 1, bs = n and
ae = be−1 + 1 for 1 ≤ e ≤ s.

For the purpose of finding internally homogeneous segments from a given
time series, we need to formalize the cost function for the individual time
intervals. In most cases, the cost function cost(S(a, b)) is based on the dis-
tance between the actual values of the time series and a simple function
(linear function, or polynomial of higher degree) fitted to the data of each
segment [2]. Since our approach aims at detecting changes in the correlation
structure among several variables, the cost function of the segmentation is
based on the Singular Value Decomposition of the segment matrices, where
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Figure 3.2: Segmentation of Multivariate Time Series via Singular Value De-
composition. The first two plots illustrate the progression of two synthetic
signals, which are linearly independent. Assuming that the time series was
initially segmented at predetermined inflection points of the first signal (seg-
ment borders are highlighted in red color), we are faced with the decision
whether to merge the depicted segments or not. Our approach relies on the
fact that we only merge contiguous segments, if the correlation structure
among the signals does not fulfill a significant change. Meaning that the re-
construction error of the employed SVD model does not exceed a predefined
threshold. In case of two observed parameters the correlation structure of a
segment can be expressed as a position vector (two-dimensional hyperplane),
which gives an approximation of the original segment data. The scatter plots
of the individual segments show the distribution of the data points (marked
in blue color) together with the largest singular-vector (highlighted in green
color), which was determined via singular value decomposition and describes
the correlation structure among the examined signals. Furthermore, the area
highlighted in red color can be considered as the reconstruction error, which
is the distance between the original segment data and the approximation
given by singular value decomposition. Note that the scatter plots of the in-
dividual segments illustrate the data points situated in time interval [250,300]
and [300,350] respectively. In the last plot, we can see that the reconstruc-
tion error grows if we merge the examined segments. Beside the error of
the individual segments (red color), we get an additional error highlighted in
gray color. The growth of the reconstruction error accounts for the fact that
the SVD model gives a less precise approximation of the merged segments,
implying a significant change in correlation structure among the examined
signals. Hence our model would not merge the segments.
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each row is an observation, and each column is a variable. Before applying
SVD, the observed variables need to be centered and scaled, in such a way
as to make them comparable. Hence, we compute the z-scores using mean
and standard deviation along each individual variable of the time series.

The singular value decomposition of a segment matrixX can be described
as an factorization Xd×n ≈ Ud×nΣr×rV

T
r×n into a matrix Σ which includes the

singular values of X in its diagonal in decreasing order, and into the matri-
ces U and V which include the corresponding left-singular and right-singular
vectors. With the use of the first few r singular values and the corresponding
singular vectors, the SVD model projects the correlated high-dimensional
data onto a hyperplane which is useful for the analysis of multivariate data.
When the SVD model has an adequate number of dimensions r, the distance
of the original data from the hyperplane is a significant indicator for anoma-
lies or unsteadiness in the progression of the observed variables. Hence, it
is useful to analyze the reconstruction error of the SVD model to get infor-
mation about the homogeneity of the factorized time series segments. In the
proposed approach the reconstruction error is determined by the Q-measure
[2], which is commonly used for the monitoring of multivariate systems and
for the exploration of the errors. The Q-measure is defined as the mean
squared deviation between the original segment data X and its projection
P , which is an approximation given by the Singular Value Decomposition
of rank r. Due to the fact that we are mainly interested in the correlation
structure among the observed variables, the projection P just considers the
singular-vectors given by factor matrix V and neglect the hidden structure
among the observations held in factor matrix U . The crux of the proposed
time series segmentation is to use the Q-measure as an indicator for the
homogeneity of individual or rather merged segments. Equation 2.1 - 2.3
formulate the derivation of the cost function:

Pd×n = Xd×nVn×rV
T
r×n (3.1)

Q =
1

d · n

d
i=1

n
j=1

(Xi,j − Pi,j)
2 (3.2)

costQ(Se(ae, be)) =
1

be − ae + 1

be
j=ae

Qj (3.3)

The introduced bottom-up segmentation approach iteratively merges the
cheapest pair of adjacent segments until a predetermined number of segments
are reached or a specific threshold is exceeded. By the time the proposed
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bottom-up algorithm terminates we expect that optimal time series segmen-
tation was found. Figure 3.2 illustrates the growth of the reconstruction
error, when two contiguous segments are merged. One possible way how to
determine an appropriate merge threshold will be discussed in Chapter 3.4.3
(also refer to Figure 3.5).

The accuracy of the SVD model strongly depends on the rank of the
decomposition. However, in most cases it is hard to determine the optimal
rank in terms of model accuracy and computational complexity. Abonyi et al.
[2] suggest to infer an appropriate rank from the scree-plot of the eigenvalues.
Since this method is very imprecise and only works for variables with the same
scale, we suggest to choose the model rank according the desired accuracy.
In other words, we consider the r-largest singular values of matrix Σn×n that
hold the required energy [Ek = (sumr

i=1Σi,i)/(sum
n
i=1Σi,i)]. Note, that the

calculation of the required model rank is based on the size of the final coarse
segmentation. This derives from the fact that the approximation of large
segments usually requires a high model rank, which most certainly also fits
smaller segments.

The sensor fusion algorithm developed by Abonyi [2] merges segments
bottom-up, whereas the initial fine-grain segmentation of the time series is
determined manually. In case of a periodic signal and an odd initial seg-
mentation it is highly probable that the bottom-up algorithm will not find
recurring segments, because the time series was partitioned into internal in-
homogeneous time intervals. Therefore, we propose to perform the initial
fine-grain segmentation of a time series according to the critical points of
the individual signals. Critical points of great interest are extrema as well
as inflection and saddle points. In order to calculate the critical points of
a curve or signal we need to calculate the first, second or third derivative
respectively.

Due to the fact that sensors often produce extremely noisy and fluctu-
ate signals, it is very likely that the examined time series exhibit dozens
of critical points. Hence, we need to smooth the signal with a low-pass or
base-band-pass filter that reduces the number of critical points, but does not
substantially change the coordinates of the retrieved segmentation borders
(refer to Figure 3.3.

In our critical point (CP) approach, we employ the Savitzky-Golay filter,
which is typically used to smooth out a noisy signal whose frequency span
is large. Savitzky-Golay smoothing filters perform much better than stan-
dard averaging FIR (Finite Impulse Respond) filters, which tend to filter out
a significant portion of the signal’s high frequency content along with the
noise. Although Savitzky-Golay filters are more effective at preserving the
pertinent high frequency components of the signal, they are less successful
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Figure 3.3: Time Series Segmentation based on Critical Points of Synthetic
and Real-Life Signals. The first plot shows two synthetic signals, which are
segmented according to their local extrema. Here the blue dots illustrate
extrema and the blue dotted lines depict segment borders. In contrast to
the common bottom-up segmentation approach, the critical point (CP) al-
gorithm is able to find recurring time intervals for initial segmentation in
periodic signals. Consequently all merged segments will also contain recur-
ring subpatterns, which is absolutely necessary for segment classification or
clustering. As illustrated in the second plot the critical point algorithm also
gives satisfying results for real-life data. The plot shows the progression of
the accelerator during a car drive as unvarnished and idealized signal (func-
tion plotted in black and red color respectively). For the smoothing of the
accelerator signal we used the Savitzky-Golay filter with a second-order poly-
nomial and a frame size of 30 data points. To eliminate residual noise we
furthermore applied a moving average low-pass filter with the same frame
size. For most signals the frame size has to be adjusted according the degree
of noise and variance.
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than standard averaging FIR filters at rejecting noise. Savitzky-Golay filters
are optimal in the sense that they minimize the least-squares error in fitting
a higher-order polynomial to frames of noisy data [147].

The introduced critical point (CP) approach can be employed as a pre-
processing step for the proposed bottom-up segmentation (BU), but can also
be considered as a segmentation technique by its own. In Section 4 we eval-
uate the mixed approach (BUCP) as well as both segmentation techniques
separately.

3.4.2 Distance-based Segment Clustering

One major advantage of the proposed segmentation algorithm is that it al-
lows one to reuse the SVD model to define a distance measure to compare
multivariate time series segments [17,18]. Consider two segments Si and Sj

with data matrices Xi and Xj that hold the same d variables, and whose sin-
gular value decomposition transforms the original data into a r-dimensional
subspace, denoted by UiΣiV

T
i and UjΣjV

T
j respectively. Then the similarity

between these subspaces can be defined as the sum of the squares of the
cosines of the angles between each vector of matrix Wi and Wj, which are
composed by multiplying the respective singular values and right-singular
vectors (Wi = ΣiVi and Wj = ΣjVj). This similarity measure is formalized
by the following equation:

dSV D(Xi, Xj) =
1

r
trace((W T

i Wj)(W
T
j Wi)) (3.4)

Due to the fact that subspaces Wi and Wj contain the r most important
singular vectors that account for most of the variance in their corresponding
dataset, dSV D is furthermore a measure of similarity between the segments
Si and Sj or their matrices Xi and Xj respectively.

Cluster analysis is the assignment of a set of observations into subsets
(called clusters) so that observations in the same cluster are similar in some
sense. It is a method of unsupervised learning, and a common technique
for statistical data analysis used in fields like machine learning, data min-
ing and information retrieval. Hierarchical methods find successive clusters
using previously established ones. Agglomerative hierarchical clustering al-
gorithms begin with each element as a separate cluster and merge them into
successively larger clusters. The merges and splits are determined in a greedy
manner. The results of hierarchical clustering are usually presented as a den-
drogram. Figure 3.4 illustrates the dendrogram for a sample of time series
segments.
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Figure 3.4: Dendrogram for Cluster Analysis of Time Series Segments. In
general, the x-axis of a dendrogram identifies the indexes of the items (e.g.
time series segments) that were grouped together, and the y-axis denotes the
distance at which the single items were merged. Cutting a hierarchical cluster
tree (dendrogram) at a specific height will give a clustering (highlighted in
red color) for the selected precision or rather distance.

Hierarchical clustering has the distinct advantage that any valid distance
measure can be used. In fact, the observations themselves are not required;
all that is needed is a matrix of distances. The choice of an appropriate
metric does influence the shape of the clusters, as some elements may be
close to one another according to one distance and farther away according
to another. Some commonly used metrics for hierarchical clustering are Eu-
clidean distance, cosine similarity, Mahalanobis distance (covariance matrix)
and Pearson’s correlation. For text or other non-numeric data, metrics such
as the Hamming distance or Levenshtein distance are often used. Given an
appropriate metric, an agglomerative hierarchical cluster tree can be created
by several different methods, which differ from one another in how they mea-
sure the distance between the clusters. Available methods are single and
complete linkage, also known as shortest and furthest distance, as well as
average, centroid and inner-squared distance. In our proposed approach we
employ cosine distance (refer to Equation 3.6) to calculate the similarities
between two feature vectors F1 and F2 as well as average linkage to compute
average distance between all pairs of objects in any two clusters C1 and C2

(see Equation 3.5):

link(C1, C2) =
1

|C1||C2|

c1∈C1


c2∈C2

cos(c1, c2) (3.5)

cos(F1, F2) = 1− F1F
T
2

(F1F T
1 )(F2F T

2 )
(3.6)

where all objects of a cluster are feature vectors, i.e. c1=F1 and F1∈C1.
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Although distance metric and cluster measure directly influence the group-
ing of items or rather segments, meaningful clustering always depends on the
selection of expressive features. In machine learning and statistics, feature
selection is the technique of selecting a subset of relevant characteristics for
building robust learning models. From a theoretical perspective, it can be
shown that optimal feature selection for (un)-supervised learning problems
requires an exhaustive search of all possible subsets of features. For practical
learning algorithms, the search is for a satisfactory set of features instead of
an optimal set. Beside the previously introduced feature extraction via SVD,
we furthermore examine common signal processing features like standard de-
viation, local maxima and minima as well as the increase or decrease of the
individual signals within a segment. The evaluation of the proposed time
series segmentation and segment clustering is discussed in the following.

3.4.3 Evaluation on Vehicular Data

Having explained our three-step approach in detail we are now in the position
to evaluate its performance on the recognition of complex drive maneuvers
in real-life vehicular sensor data recorded during car drives. Although many
different environmental and motor parameters were measured, we merely con-
sider the progressing of speed, revolution, gear and accelerator signal, which
are highly correlated and provide sufficient informative value to perform a
preliminary evaluation.

In supervised learning, one usually has a training dataset of input and
target values, which is used to adjust the parameters of the learning algorithm
until it is able to model the underlying structure of the presented data.
The trained model can then be used to predict target values for previously
unseen input. However, in unsupervised learning one aims to discover the
underlying structure of the presented data without having any target values
for validation.

In case of our time series segmentation, we do not know what makes up
a “good” segment and at which point of our bottom-up algorithm we should
stop to merge adjacent segments. Nonetheless we are able to determine a
merge threshold by means of the applied cost function [2, 182]. Figure 3.5
illustrates the growth of the Q-measure (sum over all segments) for each
iteration of our bottom-up algorithm. A possible termination criterion for
merging time series segments could be a steep ascent of the cost function. Be-
sides automatically determining the number of segments (merge threshold),
we furthermore compare different approaches of time series segmentation by
evaluating the overall cost of the established segments. Figure 3.6 shows a
comparison of our proposed bottom-up segmentation (BU), the introduced
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Figure 3.5: The Q-measure indicates how well our SVD-based model fits the
segmentation of a time series. In the case that the segmentation cost (sum
of Q-measures over all segments) exceeds a certain limit or the cost func-
tion exhibits a steep ascent, the bottom-up algorithm should stop to merge
adjacent segments. The above plot shows the evolution of the segmentation
cost for four different car drives of same length (8000 ms). All time series
were initially partitioned into 800 segments of equal length, which then were
iteratively merged to a final number of 50 segments by our bottom-up algo-
rithm (doing 750 merge operations). The above plot illustrates that for all
car drives the segmentation costs increases rapidly after about 700 iterations.
Under these conditions, it would be advisable to terminate the bottom-up
algorithm after a total number of 100 segments were established, which is
furthermore used as a threshold for the following performance evaluation.
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Figure 3.6: This plot shows the performance of three different segmentation
algorithms in terms of the employed cost-function. For our evaluation we as-
sume that the total cost of time series segmentation is the sum of Q-measures
over all segments. Due to the fact that the Q-measure is an indicator for the
homogeneity of individual segments, it also gives us an idea about how ac-
curate our SVD-based model fits the underlying structure of the examined
time series. As a general rule, the lower the sum of Q-measures for a given
segmentation the better. In order to compare the bottom-up (BU), critical
point (CP) and mixed BUCP approach, we evaluate all algorithms with the
same parameter settings and on the same time series datasets. The compar-
ison shows that for all examined car drives the straightforward bottom-up
algorithm performed best. To our surprise, both CP algorithm and mixed
BUCP approach achieved similar results. This can be explained by the fact
that the CP algorithm segments a time series according local extrema of indi-
vidual signals, which might not have a noticeable effect on the Q-measure of
the overall model (considering all examined signals), even if the established
segments are merged by means of the introduced BU approach in a second
step. The performance of (BU-)CP might vary slightly for each individual
signal.
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critical point (CP) approach and a mixed BUCP segmentation for several
different car drives.

Clustering falls into the category of unsupervised learning algorithm as
well, and therefore exhibits the common problem of validation. Similar to
the segmentation task we do not know for which threshold we should stop
to merge single items or rather clusters. However, it is possible to validate
the established clusters based on their intra and/or inter cluster similarity.
In other words, similar to community detection in complex networks [110],
we want to find groups of nodes or items that are more densely connected
internally then with the rest of the network.

Due to the fact that we employ average linkage as cluster measure, both
internal and external item distance grow monotonically with an increasing
number of clusters. For the evaluation we take account of the external cluster
distance, which can be retrieved from the hierarchical cluster tree generated
during segment grouping (also refer to the dendrogram in Figure 3.4). The
cost function for several different sample datasets and the determination of
a reasonable number of clusters can be inferred from Figure 3.7. We found
that the slope of the distance function is a useful indicator for determining a
reasonable number of clusters with sufficient differentiation. However, cluster
quantity always depends on the underlying structure of the time series and
might vary from dataset to dataset.

For a better understanding of time series segmentation and clustering,
we present an evaluated time series dataset in Figure 3.8. As mentioned
previously, we are mainly interested in the recognition of complex drive ma-
neuvers in sensor data recorded from vehicles. To identify complex drive
maneuvers, we first of all employ time series segmentation and clustering as
introduced before, and subsequently retrieve recurring patterns of segment
sequences. In our case, sequences are regarded as sets of grouped segments,
which exhibit a distinct order of cluster labels. If the determined time series
segments are considered as individual situations in car driving, then segment
sequences can be viewed as complex drive maneuvers, like stop and go at a
traffic light. Figure 3.8 illustrates several recurring sequences, which denote
complex drive maneuvers of a predefined length.

Drive maneuvers might differ from person to person, and also depend on
the motorization of the vehicles. Therefore it is interesting to analyze the
patterns that characterize individuals or vehicles respectively. In our future
work, we plan to identify sequences that describe normal drives or rather
drivers, as well as sequences that can be regarded as critical drive maneuvers
or abnormalities. This knowledge is especially valuable for the motor vehicle
industry, because it allows for performance optimization of an engine based
on the understanding of frequent or abnormal situations.
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Figure 3.7: Cost Function of Hierarchical Cluster Tree. This plot illustrates
the growth of distance between clusters for a decreasing number of groups.
In other words, the graphs show at which cost the groups are merged by
the agglomerative hierarchical clustering algorithm. Due to the fact that the
cost function grows exponentially, the agglomerative hierarchical clustering
should terminate at a certain point. If we assume a threshold of 0.1 dis-
tance (dashed black line), a number of 9 to 15 clusters would be appropriate
to group the segments of the examined datasets. A threshold could be ei-
ther predefined by an expert or learned by the clustering algorithm. For
unsupervised learning the slope of the cost function is a useful indicator for
determining a reasonable number of clusters with sufficient discrimination.

To sum up, our proposed pattern recognition approach extends the sensor
fusion algorithm developed by Abonyi [2]. We use bottom-up segmentation
to partition the time series data into homogeneous intervals that can be
viewed as situations, and subsequently group the recognized segments by
means of agglomerative clustering using straight-forward statistical features,
such as standard deviation, local extrema as well as the slope of the individual
signals within a segment. For the clustering task we employ cosine similarity
to calculate the distances between feature vectors and average linkage to
compute average distance between all pairs of objects (i.e. segments) in any
two groups.

Although this paper discusses context recognition in terms of sensor data
recorded from vehicles, the proposed time series analysis is also applicable to
datasets from other domains. The following section gives some examples of
related work.
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Figure 3.8: Time series segmentation and clustering of vehicular sensor data,
in our case speed and accelerator signal. This plot combines the results of
time series segmentation, segment clustering and sequence analysis. In the
first step we employed the bottom-up (BU) segmentation approach to iden-
tify internally homogeneous time intervals. Whereas the merge threshold
was determined according the growth of the segmentation cost (refer to Fig-
ure 3.5). The determined segments are unequally distributed and represent
individual situations that occur during a car drive (illustrated by vertical
broken lines). In a second step we grouped the identified segments by means
of agglomerative hierarchical clustering. To measure the similarity of the
individual segments we extracted different signal features like standard de-
viation, minimum and maximum value, as well as ascent. The established
feature vectors were compared by means of cosine similarity. For the ex-
amined time series data we decided to group the individual segments into 5
clusters (according to the cost function of the cluster tree; also refer to Figure
3.7). The cluster labels (highlighted in red color) are shown at the top of the
respective segment borders. In the final step we retrieved cluster sequences
that occur in regular time intervals. The cluster sequences are illustrated by
horizontal bars, whereas identical sequences are plotted at the same height
(highlighted in dark gray). In case of vehicular sensor data, sequences of
segments can be regarded as complex drive maneuvers, such as stop and go
at traffic lights or overland drives.
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3.5 Related Work

The sensor fusion algorithm developed by Abonyi et al. [2] is able to seg-
ment a multivariate time series in a bottom-up manner. Adjacent segments
are merged iteratively if their combined model does not exceed a predefined
reconstruction error, which is computed by means of principal component
analysis. The PCA model is used to measure the homogeneity of the seg-
ment according the change of correlation among the variables. Since the
PCA model defines linear hyperplanes, the proposed segmentation algorithm
can be considered as the multivariate extension of piecewise linear approxi-
mation. Our own work can be considered as an extension of the sensor fusion
algorithm and has been evaluated on several real-life datasets.

In a following paper [1] Abonyi introduces a modified time series segmen-
tation approach, which is able to group overlapping and vague segments by
means of fuzzy clustering. The proposed algorithm favors contiguous clusters
in time and is capable to detect changes in the hidden structure of multivari-
ate time-series, where local probabilistic PCA models are used to represent
the segments. The evaluation results suggest that the proposed approach
can be applied to extract useful information from temporal databases. In
our future work we plan to employ fuzzy clustering to model overlapping
situation in car driving.

A group of researchers from the University of California (Keogh et al. [86])
reviewed the three major segmentation approaches in the literature (Sliding
Windows, Top-Down & Bottom-Up) and provided an extensive empirical
evaluation on a heterogeneous collection of datasets. In order to evaluate
the segmentation algorithms, all datasets are represented as piecewise linear
approximation (PLA), which refers to an approximation of a time series.
Among all segmentation algorithms the bottom-up approach performed best,
which corresponds to our own evaluation. Furthermore, they introduce a
novel on-line algorithm for segmenting time series that scales linearly to the
size of the data and produces high quality approximations.

In a survey about time series abstraction methods, Hoeppner [67] dis-
cusses data representations that have been used in literature. The author
states that an abstracted data representation is necessary to account for the
human way of perceiving time series. Moreover, the paper suggests to use
multi-scale methods or rather multi-resolution analysis, which only considers
features that persist over a broad range of scale and compensate disloca-
tion effects. We aim to extend our work to multi-scale methods to capture
features from segments or situations of different scales.

Most segmentation algorithms belong to the supervised learning family,
where a labeled corpus is available to the algorithm in the learning phase.
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An unsupervised learning algorithm for segmenting sequences of symbols or
categorical events is presented by Shani et al. [173], where the algorithm
never sees examples of successful segmentation, but still discovers mean-
ingful segments. The proposed algorithm computes a maximum likelihood
segmentation, which is most appropriate to hierarchical sequences, where
smaller segments are grouped into larger segments. One advantage of this
probabilistic approach is that it allows one to suggest conditional entropy
as quality measurement of segmentation in absence of labeled data. The
idea of measuring the quality of segmentation inspired our own performance
evaluation on the basis of the employed cost function.

In many cases time series segmentation is used to recognize context from
sensor data. For instance, recognizing the context of use is important in
making mobile devices as simple to use as possible. The awareness of a
user’s situation can help the device and underlying services in providing
an adaptive and personalized user interface. Himberg et al. [66] present
a randomized variation of dynamic programming that minimizes the intra-
segment variances and gives approximately optimal results. Although their
approach is interesting, we are more fascinated by the idea of integrating
our own segmentation and clustering algorithm into a real-life context-aware
application.

The use of context in mobile devices is receiving increasing attention in
mobile and ubiquitous computing research. Gellersen et al. [53] have in-
vestigated multi-sensor context-awareness in a series of projects and report
experience from development of a number of device prototypes. In order
to design context-aware systems, raw sensor data is transformed into ‘cues’
that incorporate various features based on simple statistics (e.g., standard
deviation, quartile distance, etc.). The mapping from cues to context may be
explicit, for instance when certain cues are known to be relevant indicators
of a specific context, or implicit in the result of a supervised or unsupervised
learning technique. Based on several software prototypes, Gellersen et al. [53]
have shown that the integration of diverse sensors is a practical approach to
obtain context representing real-life situations. This paper describes an inter-
esting use case of multi-sensor context-awareness and approves the relevance
and topicality of our own foundational research.

Another considerable context-aware application is CenceMe [139], which
infers the presence of individuals using sensor-enabled mobile phones and
shares this information through social network applications (such as Face-
book and MySpace). The CenceMe framework contributes to the design of
light-weight classifiers, running on mobile phones, which realize a split-level
classification paradigm. To infer the presence of individuals, audio data is
classified using the unsupervised learning technique of discriminant analysis,
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where the feature vectors are composed of the mean and standard deviation
of the DFT (Discrete Fourier Transform) power. In case of context-inference
from accelerometer readings the mean, standard deviation, and the number
of peaks per unit time are accurate feature vector components, providing
high classification accuracy. Classification of accelerometer data is based on
a decision tree technique (J48 algorithm of WEKA data mining workbench1).

3.6 Conclusion

This chapter is concerned with time series segmentation, segment clustering,
and segment sequence discovery. We have proposed a SVD-based bottom-
up algorithm that identifies internally homogeneous time series segments.
To recognize recurring patterns, the established time series segments were
grouped via agglomerative hierarchical clustering. Subsequently we retrieved
recurring sequences of grouped segments, which can be considered as complex
situations or higher-level context.

The proposed bottom-up segmentation extends the introduced sensor fu-
sion algorithm [2] by several features, such as automatic determination of
model rank and merge threshold. Furthermore, we evaluated the extended
segmentation algorithm on several real-life datasets, which comprise the pro-
gression of motor parameters during a car drive.

Our evaluation demonstrated that the proposed bottom-up (BU) ap-
proach performs better than the straightforward critical point (CP) segmen-
tation. Additionally, we suggested to employ the segmentation cost to de-
termine the merge threshold. Based on further experiments we have showed
how to choose a suitable number of clusters for grouping established time
series segments.

Although this paper discusses time series segmentation and clustering in
terms of multivariate sensor data recorded from vehicles, we have explained
that our approach is suitable for other domains, such as sensor data collected
from smart phones. In Appendix A 3.8 we describe different real-life use cases
and applications, where time series analysis may be applied to recognize
higher-level context or complex situations.

3.7 Future Work

In our future work, we plan further analysis of vehicular sensor data to cat-
egorize drives and drivers. Usually, drive maneuvers differ from person to

1http://www.cs.waikato.ac.nz/~ml/weka/

http://www.cs.waikato.ac.nz/~ml/weka/
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person, and also depend on the motorization of the car. Therefore, it is
interesting to analyze the patterns that characterize individuals or vehicles
respectively. This knowledge is especially valuable for car manufacturers
like the Volkswagen AG, because it allows more efficient testing of recently
developed engines [182].

For the classification of contextual patterns in car driving we plan to em-
ploy the Dynamic Time Warping (DTW) distance measure [92, 159], because
it is able to handle local scaling (warping) invariance [9]. Kroschel et al. [103]
describe an advanced DTW segmentation and classification approach, which
detects change points and categorizes time series segments simultaneously.
We aim to extend this approach to cope with the task of multivariate time
series analysis.

Since our goal is to design solutions for diverse application scenarios, our
long-term perspective consists in exploring feature extraction, segmentation
and clustering/classification methods for contextual pattern recognition in
sensor data from other domains, such as smart home environments and mo-
bile electronic devices. We expect to gain insight in how selected machine
learning methods cooperate in multi-step approaches for solving the problem
of detecting contextual patterns in multivariate time series.

3.8 Appendix A - Applications

This section describes some practical use-cases for our proposed time series
analysis [182]. In the following we introduce various domains, where segmen-
tation and/or classification of multivariate time series is needed or necessary.

3.8.1 Recurring Situations in Car Driving

Our proposed pattern recognition and classification for multivariate time se-
ries [182] was developed in cooperation with the Volkswagen AG, Wolfsburg.
In order to optimize their engines and to comply with emission regulations,
VW aims to identify abnormal and recurring situations that take place dur-
ing car drives. In general, significant situations are acceleration or loss of
speed, and complex drive maneuvers that are a sequence of both.

The developed algorithm first separates the motor signals or rather time
series into segments that can be considered as situations, and then clusters
the recognized segments into groups of similar context. The time series seg-
mentation is established in a bottom-up manner according the correlation of
the individual signals. Recognized segments are grouped in terms of statis-
tical features using agglomerative hierarchical clustering. Subsequently we
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retrieved sequences of grouped segments, which exhibit a distinct order of
cluster labels and can be considered as complex situations or higher-level
context. If the determined time series segments are regarded as individual
situations in car driving, then segment sequences can be viewed as com-
plex drive maneuvers, like stop and go at a traffic light. Drive maneuvers
might differ from person to person, and also depend on the motorization of
the vehicles. Therefore it would be interesting to analyze the patterns that
characterize individuals or vehicles respectively.

Our proposed segmentation and classification approach was evaluated
on the basis of real-life sensor data from different vehicles recorded during
test drives. According to our evaluation it is feasible to recognize recurring
patterns in time series by means of bottom-up segmentation and hierarchical
clustering. Although the proposed pattern recognition and classification for
multivariate time series is discussed in terms of vehicular sensors, it is also
applicable to time series data of other domains. In the following we describe
further real-life applications for time series analysis that might be of interest
for our future research.

3.8.2 Event Detection in Video Sequences

Event detection in video sequences is one of the active research areas nowa-
days. It is related to many application domains, ranging from semantic
indexing and retrieval to intelligent video surveillance. Various approaches
to detect video events have been proposed in the literature, most of which
rely on supervised learning methods [7, 55, 56]. For these supervised learning
approaches, large-scale training data is required to model video events and
to train classifiers adapted to detect them. However, the training data is
poorly available.

Semi-supervised machine learning approaches seem appropriate for video
domains in which labeled data is limited, whereas unlabeled data abounds.
Unlabeled data may be relatively easy to collect, for example by using video
search engines (e.g. Google Videos, You Tube). Labeled data, however, is
often expensive or time consuming to obtain, as it requires efforts of expert
human annotators. Additionally, in security, surveillance and monitoring
contexts (labeled and/or unlabeled) data is difficult to collect because of pri-
vacy issues. Semi-supervised learning addresses building improved classifiers
by using large amounts of unlabeled data (which does not necessarily need
to be collected beforehand), together with limited amounts of labeled one.

Aiming to avoid such issues, we propose a generic multi-modal video
event detection system using a semi-supervised learning approach [4]. In
our future work, we plan to investigate different semi-supervised machine
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learning techniques and intend to build a framework for event detection in
videos. The content of the video data will be described by combined visual
and audio features.

As a matter of course, both audio and visual data will be evaluated by
means of time series analysis. In case of event detection in video sequences,
time series can be used to analyze temporal trends, data variation, as well
as cyclical irregularity. A robust distance or similarity measure for time
series is Dynamic Time Warping (DTW), which allows non-linear alignments
[9, 92, 159]. As a result, the probability of the existence of a pre-defined event
will be provided by the multi-modal classifier.

3.8.3 Context-Awareness of Mobile Devices

Context awareness of mobile devices is a paradigm in which applications can
discover and take advantage of user activity and device status. Recently an
increasing number of smart phones and tablet computers integrate sensors,
which enable researchers to study user behavior and corresponding environ-
mental conditions [22].

The vision of context-aware computing was influenced by ubiquitous com-
puting, where computers provide value-added services throughout the phys-
ical environment without being visible to the user. Likewise, context-aware
applications take advantage of environmental characteristics to adapt to user
needs without consuming user attention [22].

A general motivation for context-awareness in mobile applications are
fast changing environments and increasingly complex situations [53]. Con-
text at system level can be exploited for resource and power management.
At application level, context-awareness enables both adaptive applications
and explicit context-based services. And at the user interface level, the use
of context facilitates a shift from explicit to implicit human-computer inter-
action.

Gellersen et al. [53] have investigated multi-sensor context-awareness in a
series of projects and report experience from development of a number of de-
vice prototypes. In order to design context-aware systems, raw sensor data
is transformed into cues that incorporate various statistical features. The
mapping from cues to context may be explicit, for instance when certain
cues are known to be relevant indicators of a specific context, or implicit
in the result of a supervised or unsupervised learning technique. Based on
several software prototypes, Gellerson et al. [53] have shown that the integra-
tion of diverse sensors is a practical approach to obtain context representing
real-life situations. Their paper describes an interesting use-case of multi-
sensor context-awareness and approves the relevance and topicality of our
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own fundamental research.
Another considerable context-aware application is CenceMe [139], which

infers the presence of individuals using sensor-enabled mobile phones and
shares this information through social network applications (such as Face-
book and MySpace). The CenceMe framework contributes to the design of
light-weight classifiers, running on mobile phones, which realize a split-level
classification paradigm.

We believe that our proposed pattern recognition approach for multi-
variate time series [182] can be used to enable context-awareness of mobile
devices, where sensor signals or rather time series are segmented into complex
situations, which in turn are classified according domain knowledge.

3.8.4 Ambient Assisted Living

Smart environments make it possible to build ubiquitous applications that
assist users during their everyday life, at any time, in any context [163].
This requires the applications to adapt themselves to the current context
and provide a usable and suitable interaction at all times. Lehmann et al.
[109, 163, 172] propose a model-based approach, which allows adapting the
user interface at runtime to numerous contexts-of-use (user, platform and
environment). Their multi-access service platform (MASP) provides auto-
matic distribution and layout algorithms for adapting the applications also
to contexts unforeseen at design time.

Developers of applications for smart environments must cope with a mul-
titude of sensors, devices, users and thus contexts [109]. Applications in
smart environments are required to monitor themselves and their environ-
ment and provide appropriate reactions to monitored changes before they
lead to a disruption of operation. The required context information must be
well defined and properly modeled.

Context or rather situations are stored in the context-model, which ag-
gregates environmental informations measured by integrated device sensors
as well as system-states given by interactions between users and interface
[172]. Our proposed pattern recognition approach for multivariate time se-
ries [182] could be employed to identify recurring and/or abnormal situations
in smart environments, which in turn could be used to automatically adapt
user interfaces.
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Chapter 4

Lucky Time Warping Distance
for Time Series Classification

In time series mining, the Dynamic Time Warping (DTW) distance is a com-
monly and widely used similarity measure. Since the computational complex-
ity of the DTW distance is quadratic, various kinds of warping constraints,
lower bounds and abstractions have been developed to speed up time series
mining under DTW distance.

In this chapter, we propose a novel Lucky Time Warping (LTW) distance,
with linear time and space complexity, which uses a greedy algorithm to
accelerate distance calculations for pairwise similarity comparisons of time
series. Our evaluation on 1-Nearest-Neighbor (1NN) time series classification
shows that, compared to constrained DTW with lower bounding, our LTW
distance trades classification accuracy against computational cost reasonably
well, and therefore can also be considered as a fast alternative for other time
series mining tasks.

4.1 Introduction

The Dynamic Time Warping (DTW) distance was first introduced to the
data mining community almost two decades ago [13], and since then has been
used as a utility for various time series mining tasks; including classification,
clustering, and indexing of (sub)sequences [36]. Its current popularity and
widespread use is owing to the fact that, in contrast to the Euclidean distance,
the DTW distance works well for time series with various distortions and
multiple invariance [9, 179]. But the ‘brute-force’ dynamic programming
approach of DTW leads to quadratic space and time complexity [14].

In time series classification, the combination of 1-Nearest-Neighbor (1NN)
classifier with DTW has been proven exceptionally difficult to beat [211].
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Figure 4.1: Warping matrix of two randomly generated time series, exem-
plifying the spread of the cumulative warping cost. The optimal (minimum
cost) warping path computed by the dynamic programming approach of the
DTW distance is shown in red color, and the lucky warping path found by
the greedy approach of the LTW distance is shown in white color. Both
paths pass through low cost regions (ranging from dark to light blue) and
avoid high cost regions (displayed in shades of yellow and red). Note that a
warping path is required to start and finish in diagonal opposite corners of
the matrix and has to be continuous as well as monotonous, also see 4.2.1.

Nevertheless, if naively implemented, the 1NN-DTW approach is compu-
tationally demanding, because 1NN classification usually involves a great
number of quadratic DTW calculations [160].

Hitherto existing approaches that aim to reduce the computational com-
plexity of 1NN-DTW time series classification fall into the categories of al-
gorithms [166, 167] which use (1) numerosity reduction to discard a large
fraction of training data [20, 150, 211], (2) constraints to limit the number
of cells that are evaluated in the cost/similarity matrix [74, 159, 160, 165],
(3) abstraction to perform DTW on a reduced representation of the data
[29, 90] or (4) lower bounding to reduce the number of times DTW must run
[93, 98, 154, 216].
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We propose a novel Lucky Time Warping (LTW) distance, with linear
time and space complexity, which uses a greedy algorithm to accelerate dis-
tance calculations for pairwise similarity comparisons of time series. Our
evaluation on 1NN time series classification shows that, compared to state-
of-the-art distance measures like constrained DTW with lower bounding, our
LTW distance trades classification accuracy against computation time rea-
sonably well, and therefore can also be considered as a fast alternative for
other time series mining tasks. Figure 4.1 allows a geometric intuition for
the optimal/minimum cost and lucky warping path returned by the DTW
and LTW distance function respectively.

Our work was inspired by other alternative procedures for implementing
a DTW algorithm with substantially reduced computation, including early
techniques for a directed graph search through a grid to find the best warping
path [19] and recently proposed greedy approximate solutions [125]. But, to
the best of our knowledge, there is no study that thoroughly compares the
performance of the traditional DTW distance (with/out constraint and lower
bound) to an alternative greedy approximate solution, like our proposed LTW
distance, in respect of classification accuracy and computation complexity,
on an extensive time series archive [95], as presented in this work.

The rest of the paper is organized as followed: Section 4.2 introduces
notation and background to allow a formal definition of our LTW distance
in Section 4.3. Experimental results on classification accuracy and computa-
tional cost of our proposed LTW distance are presented in Section 4.4. We
conclude with a discussion of future work in Section 4.5.

4.2 Notation and Background

The 1NN-DTW approach for time series classification has been shown to
achieve high classification accuracy, and its computational demand has been
mitigated by warping constraints and pruning techniques. Hence, we want
to give some background on DTW and related speedup techniques, before
we introduce and compare our own LTW distance.

4.2.1 Dynamic Time Warping

The DTW algorithm aims to find the optimal warping path with minimum
cost to describe the similarity of two time series. In case that the optimal
warping path amounts to a relatively low cost the examined time series are
considered to be similar, whereas high cost or distance implies dissimilarity
[13]. To determine the (dis)similarity of two time series or rather to find the
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optimal warping path the DTW algorithm uses a brute-force dynamic pro-
gramming approach which tests all possible paths within the defined warping
window, leading to quadratic complexity [14].

Since many of the subsequent explanations are based on DTW, we present
a formal definition of the DTW distance as introduced by Keogh et al. [90,
92]. Suppose we have two time seriesX and Y , of length n andm respectively,
where:

X = {x1, x2, . . . , xi, . . . , xn}
Y = {y1, y2, . . . , yj, . . . , ym} (4.1)

To align these two sequences, the DTW algorithm first constructs a n-by-
m matrix, where the (i, j)th element of the matrix corresponds to the squared
distance, d(xi, yj) = (xi− yj)

2, which is the alignment between points xi and
yj. To find the best match between these two sequences, the DTW algorithm
retrieves a path through the matrix that minimizes the total cumulative
distance between them. In particular, the optimal path is the path that
minimizes the warping cost:

DTW (X, Y ) = min
K

k=1
wk


(4.2)

where wk is the matrix element (i, j)k that also belongs to kth element
of a warping path W , a contiguous set of matrix elements that represent a
mapping between Q and C. This warping path can be found using dynamic
programming to evaluate the following recurrence.

γ(i, j) = d(xi, yj) + min{γ(i-1, j-1), γ(i-1, j), γ(i, j-1)} (4.3)

where d(xi, yj) is the distance found in the current cell, and γ(i, j) is the
cumulative distance of d(xi, yj) and the minimum cumulative distances from
the three adjacent cells. Moreover, the warping path is typically subject to
several constraints.

• The Boundary conditions require the warping path start and finish
in diagonally opposite corner cells of the matrix, with w1 = (1, 1) and
wK = (m,n).

• The Continuity conditions restrict the allowed steps in the warping
path to adjacent cells, including diagonally adjacent cells. Given wk =
(i, j) then wk−1 = (i′, j′) where i− i′ ≤ 1 and j − j′ ≤ 1.

• The Monotonicity conditions force the points in W to be mono-
tonically spaced in time. Given wk = (i, j) then wk−1 = (i′, j′) where
i− i′ ≥ 0 and j − j′ ≥ 0.
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4.2.2 Numerosity Reduction

One way to reduce the classification time of the 1NN-DTW approach is to
discard a large fraction of the training data by means of numerosity reduction
algorithms [20, 211], which choose the objects that maintain or even improve
the accuracy. Other work on dissimilarity-based classifiers even suggests that
by using a few, but well chosen prototypes, it is possible to achieve a better
classification performance in both speed and accuracy than by using all the
training samples [150].

4.2.3 Warping Constraints

Constraints work well in domains where time series have only a small vari-
ance, but perform poorly if time series are of events that start and stop at
radically different times [167]. The two most commonly used constraints are
the Sakoe-Chiba Band [165] and the Itakura Parallelogram [74], which both
speed up DTW by a constant factor, but still lead to quadratic complexity
if the window size is a linear function of the time series length [160, 167].
Given the formal definition of DTW in Section 4.2.1, the Sakoe-Chiba Band
[165] is an:

Adjustment Window condition which corresponds to the fact that
time-axis fluctuation in usual cases never causes a too excessive timing
difference. Given wk = (i, j) then |i− j| ≤ r where r is the size of the
warping window.

Recent work has shown that learned constraints are able to boost classi-
fication accuracy and outperform any uniform band [159]. Although optimal
band shape allows tighter lower bounds and thus more effective pruning, the
Euclidean distance is still orders of magnitude faster than DTW with learned
constraints [159].

4.2.4 Abstraction

Early work on time series representation introduces a modification of DTW
which operates on a higher level abstraction, and produces one to two orders
of magnitude speedup with no decrease in accuracy [29, 90].

Although abstraction speeds up DTW by operating on a reduced presen-
tation of the data, the calculated warp path becomes increasingly inaccurate
as the level of abstraction increases [167], and projecting the low resolution
warp path to the full resolution usually gives a result far from optimal, be-
cause significant local variations are ignored.
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4.2.5 Lower Bounding

Another way to mitigate the high computational complexity of 1NN-DTW
time series classification is to prune similarity calculations by lower bound-
ing the DTW distance measure. Recent studies on large-scale time series
data have shown that DTW in combination with certain lower bounds lead
to quasi-linear complexity for indexing problems [154, 160], leading to the
widespread belief that there is no need for further improvements in speed.
However, pruning does not effect the intrinsic quadratic complexity of the
actual DTW calculation [167].

There are two desirable properties of a lower bounding measure; it must
(1) be fast to compute and (2) return a relatively close approximation of
the true distance[93, 159, 160]. Since the aim of lower bounding is to prune
computational expensive similarity calculations, an approximation is required
to be faster than the original measure and should be at most linear in the
length of the sequences.

Known approaches to lower-bound the DTW distance include approxi-
mations that involve the difference between minimum and maximum points
[98, 216] and more sophisticated techniques that employ global constraints
to create warping-envelopes [93].

For further explanations and experiments we consider the lower bound
introduced by Keogh and Ratanamahatana [93], denoted as LB Keogh, which
compares each candidate time series Y to the upper U and lower L sequence
of the bounding envelope that encloses the time series query X. In case of
the Sakoe-Chiba band with an window size r the two new sequences can be
defined as:

Ui = max(xi−r : xi+r)

Li = min(xi−r : xi+r) (4.4)

where ∀ Ui ≥ xi ≥ Li. Having defined U and L, the lower bounding
measure for DTW can be formulated as:

LB Keogh(X, Y ) =

 n
i=1


(yi − Ui)

2 if yi > Ui

(yi − Li)
2 if yi < Li

0 otherwise
(4.5)

For any two sequences X and Y of the same length n, for any global
constraint on the warping path of the form j − r ≤ i ≤ j + r, the following
inequality holds:

LB Keogh(X, Y ) ≤ DTW (X, Y ) (4.6)
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4.2.6 Amortized Computational Cost

Since execution time is a poor choice for evaluating the performance gain
achieved by lower bounds, recent work [92, 93] suggest to compute the average
or amortized percentage of warping matrix that need to be accessed for each
individual DTW distance calculation.

In order to compare the computational efficiency of 1NN time series clas-
sification in relation to arbitrary distance measures and pruning techniques,
we propose to compute the amortized computational cost (ACC) by account-
ing the basic similarity operations of the classification task with regard to
the time series length. We define a basic similarity operation as the squared
distance between a pair of time points, which corresponds to the calculation
of exactly one entry in the time warping matrix:

d(xi, yj) = (xi − yj)
2 (4.7)

Assuming two time series of length n and a warping constraint of r time
points (Sakoe-Chiba band), we can compute the number of similarity op-
erations or rather matrix elements E that are involved in a single cDTW
(constrained Dynamic Time Warping) distance calculation by the following
equation:

EcDTW (n, r) = (2r + 1)n− r(r + 1) (4.8)

In case that cDTW is combined with lower bounding (LB) techniques,
we can reduce the number of expensive cDTW similarity calculations at the
ratio of all 1NN comparisons to p percent. Due to the fact that a lower bound
approximation is computed for every similarity comparison, no matter if an
expensive similarity calculation follows or not, one may assume an additional
computational cost that is constant. The computational cost for LB Keogh
[93] equates to:

ELB-Keogh(n) = 2n (4.9)

since each candidate time series is compared to the upper and lower se-
quence of the bounding envelope that encloses the time series query. The
comparison between candidate time series and bounding envelope is based
on the Euclidean distance which involves 2n squared distance computations
or basic similarity operations. Consequently, one can compute the amortized
computational cost of cDTW with LB Keogh as follows:
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EcDTW-LB(n, r) = ELB-Keogh(n) + p ∗ EcDTW (n, r)

= 2n+ p ∗

(2r + 1)n− r(r + 1)


(4.10)

In Section 4.4.4 we evaluate the ACC of 1NN classification in combination
with DTW and LB Keogh (1NN-DTW-LB approach) for a variety of time
series datasets.

4.3 Lucky Time Warping Distance

In this section we introduce a novel Lucky Time Warping (LTW) distance,
explain its underlying algorithm to find a warping path, and analyze its
theoretical minimum and maximum computational cost.

The LTW distance finds a warping path that is constrained by the same
(Boundary, Continuity, and Monotonicity) conditions that apply to the DTW
distance. But, unlike the DTW distance, which computes all elements within
the warping matrix or rather warping window to find the minimum cost
warping path, the LTW distance uses a greedy approach that only evaluates
matrix elements which most likely contribute to the actual warping path.
According to the formalization in Section 4.2.1, the LTW distance between
two time series X and Y is defined as:

LTW (X, Y ) =

K

k=1
wk (4.11)

where wk is the k
th element of a warping pathW . Given wk with k = (i, j)

then the warping path can be found using the following recurrence.

wk+1 = min{d(xi+1, yj+1), d(xi+1, yj), d(xi, yj+1)} (4.12)

where ties are resolved in the order as given in the list of arguments.
Imposing an order on picking the next warping wk+1 ensures that the LTW
distance is well defined. Since

LTW (X, Y ) = LTW (Y,X) (4.13)

only holds if there are no ties, i.e. ddia ̸= dup ̸= dright (see Algorithm
4.1), we find that the LTW distance is not symmetric, and consequently not
a metric. From

LTW (X, Y ), LTW (Y,X) ≥ DTW (X, Y ) (4.14)
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follows that the LTW distance is an upper bound of the DTW distance.
Since global constraints such as the Sakoe-Chiba band and the Itakura par-
allelogram can be imposed on the LTW distance in the usual way, the upper
bounding property holds true in the constrained case. We deliberately refrain
of discussing the tightness of LTW in respect to DTW, as will be explained
in Section 4.4.5.

4.3.1 Lucky Warping Path

In contrast to DTW’s brute-force approach, our LTW distance determines
the warping path in a greedy manner, performing a variation of best-first
search within the defined warping window. Consequently, the warping path
computed by LTW is contained in the set of paths examined by DTW, just
like the Euclidean distance is a special case of DTW where no warping takes
place. Since DTW always finds the optimal warping path with minimum
cost, our proposed LTW distance is supposed to return a suboptimal path
with higher or equal cost/distance.

Figure 4.2: The shortest and longest possible warping path, constructed by
the greedy algorithm of our LTW distance, highlighted in green and orange
color respectively. The warping window is shown in blue.
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Figure 4.1 illustrates the optimal and lucky warping path corresponding
to the DTW and LTW distance of two randomly generated time series. Fur-
thermore, Figure 4.1 exemplifies the spread of the cumulative warping cost,
and shows that both optimal and lucky warping path only pass through low
cost regions and avoid high cost regions. The observation of Figure 4.1, and
other experiments on random data which we omit for sake of brevity, give
reason to expect the lucky warping path to be close to the optimal warping
path, or even to overlap with the minimum cost path in some time intervals.
Nevertheless, as will be explained in Section 4.4.5, we refrain of discussing
the tightness of LTW in respect to DTW.

4.3.2 Greedy Algorithm

In contrast to the brute-force dynamic programming approach of DTW, our
LTW distance determines the warping path in a greedy manner, performing
a kind of best-first search through the similarity matrix.

Algorithm 4.1 LTW Distance Measure

Input: X, Y . . . time series; r . . . warping window
Output: d . . . lucky distance

1: i, j ← 1
2: d← (xi − yj)

2 {xi, yj equals X(i), Y (j)}
3: n← length of X
4: m← length of Y
5: while (i ≤ n) and (j ≤ m) do
6: if (i+ 1 ≤ n) and (j + 1 ≤ m) then
7: ddia ← (xi+1 − yj+1)

2

8: end if
9: if (i+ 1 ≤ n) and (|i+ 1− j| ≤ r) then
10: dup ← (xi+1 − yj)

2

11: end if
12: if (j + 1 ≤ m) and (|j + 1− i| ≤ r) then
13: dright ← (xi − yj+1)

2

14: end if
15: dmin = min(ddia, dup, dright)
16: d← d+ dmin

17: i, j ← index(dmin) {update position}
18: end while

As described in Algorithm 4.1, the LTW approach constructs a warping
path by iteratively moving from one corner to the opposite corner of the sim-
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ilarity matrix (Line 5 ), repeatedly evaluating the cost of adjacent cells (Line
7,10, and 13 ) - going one step diagonal, up and right (Line 6, 9, and 12 ).
Since a warping path must be monotonically spaced in time, the direction
of the iterative moves through the similarity matrix is restricted, prevent-
ing backward movement. In fact, our LTW distance meets the Boundary,
Continuity, and Monotonicity condition as formalized in Section 4.2.6.

4.3.3 Computational Cost

In the following section, we examine the computational cost of our proposed
LTW distance measure from a theoretical perspective.

The introduced greedy algorithm constructs a warping path in an iterative
manner, where each iteration involves the cost evaluation of three adjacent
cells in the similarity matrix, one for each direction of the next possible
move. Algorithm 4.1 demonstrates that the evaluation of an individual cell
is associated with one call of the squared distance function (Line 7, 10, and
13 ), which represents our basic similarity operation (see Equation 4.7).

Consequently, the theoretical computational cost of one LTW distance
calculation is three times the length of the corresponding warping path. But
it is important to understand that with zero warping the cost degrades to
one times the length of the warping path, because our LTW distance only
needs to evaluate the cells on the main diagonal, essentially returning the
Euclidean distance.

Figure 4.2 gives an intuition for the minimum and maximum computa-
tional cost with and without warping constraint. Assuming that we want to
measure the distance between two time series of length n, and knowing that
the shortest possible warping path corresponds to the main diagonal of the
similarity matrix, we expect LTW’s greedy algorithm to take at least n iter-
ative steps to compute the lucky warping path, leading to a minimum com-
putational cost of ELTW (n) = 3n with warping window and ELTW (n) = n
with zero warping.

Furthermore, Figure 4.2 illustrates that the longest possible warping path
(that starts and finishes in diagonally opposite corner cells of the similarity
matrix) equals the sum of the time series lengths, meaning the LTW algo-
rithm exhibits a maximum computation cost of ELTW (n) = 3(n + n) = 6n,
which is essentially linear. Nevertheless, the worst case is likely to happen
with and without warping window, since ELTW (n) = EcLTW (n) as illustrated
in Figure 4.2.
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4.4 Empirical Evaluation

The goal of our comparative evaluation is twofold: (i) we investigate how
well the LTW distance is suited for 1NN classification; and (ii) we assess the
average amortized computational cost of the greedy algorithm for computing
the LTW distance.

4.4.1 UCR Time Series

For our empirical evaluation we consider 43 datasets of UCR time series [95]
with different length and number of classes, as well as different properties of
noise, auto-correlation and stationarity. Each dataset is split into a training
and test set, which is used for distance/parameter learning and evaluation
respectively. A list of the examined UCR time series datasets and the corre-
sponding classification results can be found in Figure 4.5.

4.4.2 Experimental Protocol

For the sake of comparison, all our experiments on classification performance
involved the 1NN classifier. We compared the classification accuracy of the
1NN approach applying the following distance measures:

• cLTW - Lucky Time Warping distance with warping constraint (Sakoe-
Chiba band)

• ED - Euclidean distance - baseline measure [87]

• DTW - Dynamic Time Warping distance without warping constraint
(100% warping window)

• cDTW - Dynamic Time Warping distance with warping constraint
(Sakoe-Chiba band) - state-of-the-art approach [154]

To compute the distances, we applied the greedy algorithm for cLTW and
dynamic programming for DTW and cDTW. We learned the bandwidth of
the Sakoe-Chiba band for cLTW and cDTW by leave-one-out cross validation
on the training set of the respective dataset. We chose the warping window
size that gives the highest classification accuracy.

Moreover, we compared the ACC of cLTW and cDTW LB - constrained
Dynamic Time Warping with lower bounding, in particular LB Keogh [93]
as formulated Section in 4.2.5. We considered ACCs instead of clock times
to avoid implementation bias, caused by the disparity of algorithmic design
of the competing approaches.
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4.4.3 Classification Accuracy

Figure 4.3 illustrates the classification accuracy of cLTW in comparison to
ED, DTW and cDTW. Each scatter plot in Figure 4.3 summarizes the clas-
sification results of two contrasted measures, where each data point demon-
strates the achieved accuracy for one individual time series dataset. Data
points that lie on the upper side of the main diagonal (highlighted in red)
illustrate a superior classification accuracy of the LTW algorithm, whereas
data points on the lower side of the main diagonal indicate better performance
of the compared distance measure. In case that a data point is plotted on
or very close to the main diagonal, we can infer that both measures achieved
the same or similar results on the corresponding dataset.

As we can see in the first scatter plot of Figure 4.3, the majority of data
points (37/43) lie on the upper side of the main diagonal, meaning cLTW
outperforms ED in terms of classification accuracy. From the second plot
in Figure 4.3 we can infer that cLTW performs slightly better than DTW
without warping constraint, because almost all data points are arranged close
to the main diagonal, some lie on the diagonal, and half of them (21/43)
lie on the upper side. That cLTW is superior to DTW can be confirmed
by the summary given in Table 4.1, which shows that cLTW has a lower
average classification error. From the third plot in Figure 4.3 we can observe
that more data points indicate superior performance of cDTW, although
cLTW achieves better classification results on a considerable number (16/43
excluding ties) of the examined datasets.

The detailed classification results of the considered distance measures on
all examined datasets can be found in Figure 4.5. A summary is presented
in the following Table 4.1.

min max avg std
ED 0.0050 0.6580 0.2541 0.1510
DTW 0.0000 0.6230 0.2113 0.1550
cDTW 0.0015 0.6130 0.1911 0.1453
cLTW 0.0020 0.6299 0.2033 0.1550

Table 4.1: Minimum, maximum, average, and standard deviation of classifi-
cation errors for all four considered measures.
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Figure 4.3: Classification accuracy of our introduced cLTW distance measure
on all 43 considered time series datasets, listed in Figure 4.5, compared to ED,
DTW and cDTW. In summary, cLTW achieved higher accuracy in 37/43,
21/43, and 16/43 cases, excluding ties that lie on the diagonal.
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4.4.4 Amortized Computation Cost

Figure 4.4 shows the amortized computational cost (ACC) ratio of cDTW LB
to cLTW, where each data point compares the efficiency on one individual
time series dataset. An ACC ratio of 1, indicated by the black solid line in
Figure 4.4, means that both distance measures achieved the same efficiency
or average amortized computational cost. Data points that lie above this
baseline denote a higher efficiency or rather lower amortized computational
cost of our cLTW distance. Figure 4.4 reveals that in some cases cLTW
achieves an efficiency gain by one order of magnitude. On average cLTW is
about 3.2 times faster than cDTW LB, indicated by the black dashed line in
Figure 4.4.
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Figure 4.4: ACC ratio of cDTW LB to LTW. Each data point demonstrates
the contrasted efficiency on one time series dataset. The vertical axis shows
how much LTW is faster than cDTW LB. Results are arranged in ascending
order along the horizontal axis. The black solid line indicates an ACC ratio
of 1 or rather same efficiency. The average ACC ratio or speed-up of 3.2 is
shown by the black dashed line.
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Detailed results on the average ACC of cLTW and cDTW LB on all
examined time series datasets are listed in Figure 4.5. A summary of the
ACC results is presented in Table 4.2.

min max avg std
cDTW LB 2.02n 92.75n 10.89n 15.69n
cLTW 0.96n 4.94n 3.29n 1.39n

Table 4.2: Minimum, maximum, average, and standard deviation of ACC
results for cDTW LB and cLTW in E(n) = f × n notation, where n is the
time series length and f is the respective constant factor.

The ACC results for cLTW are within the range of n ≤ EcLTW (n) ≤ 5n,
which corresponds to our theoretical minimum and maximum computational
cost derived in Section 4.3.3. In contrast, the ACC results of cDTW LB are
within the range of 2n ≤ EcDTW-LB(n) ≤ 93n, depending on the size of the
warping window and the amount of pruned DTW calculations (as stated in
Equation 4.10).

Based on the presented ACC results we can infer that the efficiency of
cDTW LB varies strongly with the data under study, whereas cLTW is more
robust in terms of required similarity operations. Due to the fact that the
computational cost of cLTW does not depend on warping constraints or
pruning power, it is an excellent choice for 1NN classification of arbitrary
time series.



4.4. EMPIRICAL EVALUATION 77

UCR	  DATASET 1NN-‐ED 1NN-‐DTW 1NN-‐cDTW (x%) 1NN-‐cLTW (x%)
50words	   0,3690 0,3100 0,2420 (6) 0,2681 (3) 4,85 n 3,82 n
Adiac	   0,3890 0,3960 0,3910 (3) 0,4015 (3) 7,27 n 3,46 n
Beef	   0,4670 0,5000 0,4670 (0) 0,4667 (0) 2,15 n 1,00 n
CBF	   0,1480 0,0030 0,0040 (11) 0,0556 (3) 19,98 n 4,53 n
ChlorineConcentration	   0,3500 0,3520 0,3500 (0) 0,3458 (2) 2,02 n 4,28 n
CinC_ECG_torso	   0,1030 0,3490 0,0700 (1) 0,0848 (2) 10,12 n 4,71 n
Coffee	   0,2500 0,1790 0,1790 (3) 0,1429 (2) 7,22 n 4,01 n
Cricket_X	   0,4260 0,2230 0,2360 (7) 0,2949 (3) 7,60 n 4,87 n
Cricket_Y	   0,3560 0,2080 0,1970 (17) 0,2487 (2) 26,19 n 4,71 n
Cricket_Z	   0,3800 0,2080 0,1800 (7) 0,2667 (4) 7,78 n 4,94 n
DiatomSizeReduction	   0,0650 0,0330 0,0650 (0) 0,0654 (0) 2,23 n 1,00 n
ECG200	   0,1200 0,2300 0,1200 (0) 0,0800 (2) 2,05 n 3,84 n
ECGFiveDays	   0,2030 0,2320 0,2030 (0) 0,2033 (0) 2,15 n 0,99 n
FaceAll	   0,2860 0,1920 0,1920 (3) 0,2166 (1) 5,88 n 3,65 n
FaceFour	   0,2160 0,1700 0,1140 (2) 0,1250 (1) 11,05 n 3,74 n
FacesUCR	   0,2310 0,0951 0,0880 (12) 0,1059 (3) 24,45 n 4,04 n
FISH	   0,2170 0,1670 0,1600 (4) 0,2286 (2) 12,00 n 3,41 n
Gun_Point	   0,0870 0,0930 0,0870 (0) 0,0867 (0) 2,11 n 0,99 n
Haptics	   0,6300 0,6230 0,5880 (2) 0,6299 (0) 5,80 n 1,00 n
InlineSkate	   0,6580 0,6160 0,6130 (14) 0,6273 (1) 92,75 n 4,92 n
ItalyPowerDemand	   0,0450 0,0500 0,0450 (0) 0,0447 (0) 2,07 n 0,96 n
Lighting2	   0,2460 0,1310 0,1310 (6) 0,1967 (4) 31,39 n 4,58 n
Lighting7	   0,4250 0,2740 0,2880 (5) 0,3151 (4) 11,75 n 4,49 n
MALLAT	   0,0860 0,0660 0,0860 (0) 0,0857 (0) 2,08 n 1,00 n
MedicalImages	   0,3160 0,2630 0,2530 20 0,2908 (2) 16,05 n 3,41 n
MoteStrain	   0,1210 0,1650 0,1340 (1) 0,1254 (1) 3,19 n 2,99 n
OliveOil	   0,1330 0,1330 0,1670 (1) 0,1333 (0) 13,03 n 1,00 n
OSULeaf	   0,4830 0,4090 0,3840 (7) 0,4545 (3) 14,54 n 4,14 n
SonyAIBORobotSurface	   0,3050 0,2750 0,3050 (0) 0,3045 (0) 2,14 n 0,99 n
SonyAIBORobotSurfaceII	   0,1410 0,1690 0,1410 (0) 0,1406 (0) 2,13 n 0,98 n
StarLightCurves	   0,1510 0,0930 0,0950 (16) 0,0681 (23) 41,42 n 4,73 n
SwedishLeaf	   0,2130 0,2100 0,1570 (2) 0,1632 (1) 2,81 n 3,28 n
Symbols	   0,1000 0,0500 0,0620 (8) 0,0332 (9) 26,35 n 3,85 n
synthetic_control	   0,1200 0,0070 0,0170 (6) 0,0133 (11) 7,26 n 4,43 n
Trace	   0,2400 0,0000 0,0100 (3) 0,0100 (3) 3,98 n 4,82 n
Two_Patterns	   0,0900 0,0000 0,0015 (4) 0,0020 (7) 2,93 n 4,11 n
TwoLeadECG	   0,2530 0,0960 0,1320 (5) 0,0992 (7) 7,37 n 4,02 n
uWaveGestureLibrary_X	   0,2610 0,2730 0,2270 (4) 0,2317 (3) 3,07 n 3,40 n
uWaveGestureLibrary_Y	   0,3380 0,3660 0,3010 (4) 0,3057 (3) 2,80 n 3,39 n
uWaveGestureLibrary_Z	   0,3500 0,3420 0,3220 (6) 0,3294 (1) 3,85 n 2,93 n
wafer	   0,0050 0,0200 0,0050 (1) 0,0047 (1) 2,08 n 2,97 n
WordsSynonyms	   0,3820 0,3510 0,2520 (8) 0,2837 (4) 7,60 n 3,81 n
Yoga	   0,1700 0,1640 0,1550 (2) 0,1613 (1) 2,68 n 3,20 n

Classification	  Error	  in	  Percent	  of	  Misclassified	  Time	  Series
1NN-‐cDTW-‐LB 1NN-‐cLTW

ACC	  in	  E(n)=f*n	  Notation

Figure 4.5: Detailed experimental results on classification error and amor-
tized computational cost (ACC) for our proposed LTW distance on all ex-
amined datasets. For the sake of completeness, we list the classification
errors of ED, DTW and cDTW published on the UCR Time Series Classifica-
tion/Clustering Page [95]. Still, all prior results were verified and reproduced
by our own implementation. For each dataset the lowest achieved classifica-
tion error and amortized computational cost are printed in bold font. Rows
with gray background indicate the datasets were LTW achieved both lower
classification error and lower average ACC. Please note that the respective
best/learned warping window size for each dataset is listed in brackets be-
hind the classification accuracies. The ACC results assume the same window
size for each approach respectively.
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4.4.5 Discussion

Our empirical evaluation reveals that in some cases LTW achieved higher
classification accuracy than DTW and/or cDTW, meaning that an optimal
warping path strategy may lead to suboptimal classification results. In other
words, an optimal warping path, as returned by DTW, does not necessarily
lead to a low classification error, and an approximate suboptimal warping
path, as returned by LTW, may contribute to overall higher classification
accuracy. Intuitively this statement can be justified by the fact that an
optimal warping path does not necessarily minimize the classification error.
Practically this statement can be confirmed by the finding [95] that ED
is able to achieve higher classification accuracy than DTW and/or cDTW
(see results for Adiac and MoteStrain dataset in Figure 4.5). Due to this
statement, there is no point in computing the tightness of LTW in respect
to DTW.

In addition to classification accuracy, computational complexity is a cru-
cial decision criterion for choosing an appropriate time series distance mea-
sure. Our theoretical and empirical evaluation demonstrate that LTW is
linear in respect to time series length, and furthermore performs pairwise
distance calculations orders of magnitudes faster than DTW and cDTW,
which exhibit quadratic complexity. Although cDTW in combination with
lower bounding leads to quasi-linear complexity for querying large time se-
ries databases [154, 160], we have shown that this approach causes compar-
atively high ACCs for 1NN classification, where a multitude of unlabeled
time series is compared against a set of unordered prototypes. Our empirical
results on average amortized computational cost (ACC) demonstrate that
our straightforward LTW approach without pruning is advantageous to 1NN
classification for almost all examined time series datasets.

4.5 Conclusion and Future Work

To speed up 1NN classification of time series, we proposed the Lucky Time
Warping (LTW) distance, which determines the warping path in a greedy
manner. In this work we showed that LTW:

• calculates the similarity between a pair of time series in linear time and
space,

• trades classification accuracy against computational cost reasonably
well,

• is able to cope with time series that exhibit warping invariance,
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• is straightforward and easy to implement,

• is unaffected by warping constraints,

• does not depend on the pruning power of lower bounding techniques;

making LTW not only a good choice for 1NN classification of arbitrary
time series, but also an appropriate distance for other mining tasks.

Since this work only discusses a naive implementation of the LTW algo-
rithm, there is potential for further improvements in speed, for instance by
adopting early abandoning and online normalization techniques [154]. For
instance, we can early abandon the computation of the lucky time warping
distance if the current sum of the squared differences between each pair of
data points that contribute the warping path exceeds the distance to the
best-so-far neighbor.

Further improvements in classification accuracy might be achieved by
learning a warping path that minimizes the classification problem, and not
the time series distance function.
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Chapter 5

Recurrence Plot-based Distance
for Time Series Clustering

Given a set of time series, our goal is to identify prototypes that cover the
maximum possible amount of occurring subsequences regardless of their or-
der. This scenario appears in the context of the automotive industry, where
the objective is to determine operational profiles that comprise frequently
recurring driving behavior patterns. This problem can be solved by cluster-
ing, however, standard distance measures such as the dynamic time warping
distance might not be suitable for this task, because they aim at capturing
the cost of aligning two time series rather than rewarding pairwise occurring
patterns.

In this chapter, we propose a novel time series distance measure, based
on the theoretical foundation of recurrence plots, which enables us to deter-
mine the (dis)similarity of multivariate time series that contain segments of
similar trajectories at arbitrary positions. We use recurrence quantification
analysis to measure the structures observed in recurrence plots and to inves-
tigate dynamical properties, such as determinism, which reflect the pairwise
(dis)similarity of time series. In experiments on real-life test drives from
Volkswagen, we demonstrate that clustering multivariate time series using
the proposed recurrence plot-based distance measure results in prototypical
test drives that cover significantly more recurring patterns than using the
same clustering algorithm with dynamic time warping distance.

5.1 Introduction

Clustering of times series data is of pivotal importance in various applica-
tions [95] such as, for example, seasonality patterns in retail [104], electricity

81



82 CHAPTER 5. RECURRENCE PLOT-BASED DISTANCE

usage profiles [120], DNA microarrays [140], and fMRI brain activity map-
pings [210]. A crucial design decision of any clustering algorithm is the choice
of (dis)similarity function [9, 112]. In many clustering applications, the un-
derlying (dis)similarity function measures the cost of aligning time series to
one another. Typical examples of such functions include the DTW and the
Euclidean distance [36, 87, 154].

Alignment-based (dis)similarity functions, however, seem not to be jus-
tified for applications, where two time series are considered to be similar, if
they share common or similar subsequences of variable length at arbitrary
positions [27, 117, 156, 217]. A real-life example for such an application comes
from the automotive industry, where test drives of vehicles are considered to
be similar, if they share similar driving behavior patterns, i.e. engine behav-
ior or drive maneuvers, which are described by the progression of multiple
vehicle parameters over a certain period of time [182, 184]. In this scenario,
the order of the driving behavior patterns does not matter [179], but the
frequency with which the patterns occur in the contrasted time series.

Recent work [69] on time series distance measures suggests to neglect ir-
relevant and redundant time series segments, and to retrieve subsequences
that best characterize the real-life data. Although subsequence clustering is
a tricky endeavor [88], several studies [27, 89, 117, 156, 217] have demon-
strated that in certain circumstances ignoring sections of extraneous data
and keeping intervals with high discriminative power contributes to cluster
centers that preserve the characteristics of the data sequences. Related con-
cepts that have been shown to improve clustering results include time series
motifs [27, 117], shapelets [156, 217], and discords [89].

In this contribution, we propose to adopt recurrence plots (RPs) [128,
129, 132] and related recurrence quantification analysis (RQA) [130, 131,
133] to measure the similarity between multivariate time series that contain
segments of similar trajectories at arbitrary positions in time [179]. We
introduce the concept of joint cross recurrence plots (JCRPs), an extension
of traditional RPs, to visualize and investigate multivariate patterns that
(re)occur in pairwise compared time series. In dependence on JCRPs and
known RQA measures, such as determinism, we define a RecuRRence plot-
based (RRR) distance measure, which reflects the proportion of time series
segments with similar trajectories or recurring patterns respectively.

In order to demonstrate the practicability of our proposed recurrence
plot-based distance measure, we conduct experiments on both synthetic time
series and real-life vehicular sensor data [179, 182, 184]. The results show
that, unlike commonly used (dis)similarity functions, our proposed distance
measure is able to (i) determine cluster centers that preserve the character-
istics of the data sequences and, furthermore, (ii) identify prototypical time
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series that cover a high amount of recurring patterns.
The rest of the paper is organized as follows. In Section 5.2 we state the

general problem being investigated. Subsequently we introduce traditional
recurrence plots as well as various extensions in Section 5.4. Recurrence
quantification analysis and corresponding measures are discussed in Section
5.5. Our proposed recurrence plot-based distance measure and respective
evaluation criteria are introduced in Section 5.6. The experiments results
are presented and discussed in Section 5.8. Finally we conclude with future
work in Section 5.9.

5.2 Problem Statement

Car manufacturers aim to optimize the performance of newly developed en-
gines according to operational profiles that characterize recurring driving
behavior. To obtain real-life operational profiles for exhaust simulations,
Volkswagen (VW) collects data from test drives for various combinations of
driver, vehicle and route.

Given a set X = {X1, X2, . . . , Xt} of t test drives, the challenge is to
find a subset of k prototypical time series Y = {Y1, . . . , Yk} ∈ X that best
comprehend the recurring (driving behavior) patterns found in set X. Test
drives are represented as multivariate time series X = {x1, . . . , xn} of vary-
ing length n, where xi ∈ Rd is a d-dimensional feature vector summariz-
ing the observed measurements at time i. A pattern S = {xi, . . . , xi+l−1}
of X = {x1, . . . , xn} is a subsequence of l consecutive time points from
X, where l ≤ n and 1 ≤ i < i + l − 1 ≤ n. Assuming two time series
X = {x1, ..., xn} and Y = {y1, . . . , ym} with patterns Sx = {xi, . . . , xi+l−1}
and Sy = {yj, . . . , yj+l−1} of length l, we say that Sx and Sy are recurring
patterns of X and Y if d(Sx, Sy) ≤ ϵ, where and d : S × S → R+ is a
(dis)similarity function and ϵ is a certain similarity threshold. Note that re-
curring patterns of X and Y may occur at arbitrary positions and in different
order.

Since we aim to identify k prototypical time series that (i) best represent
the set X and (ii) are members of the set X, one can employ the k-medoid
clustering algorithm.

5.3 Related Work

The main goal of clustering is to organize unlabeled data into homogeneous
groups that are clearly separated from each other. In general, clustering
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involves the clustering algorithm, the similarity or rather distance measure,
and the evaluation criterion. Clustering algorithms are categorized into par-
titioning, hierarchical, density-based, grid-based, and model-based methods.
All of these clustering algorithms can be applied for static and temporal data
[112]. In the following we discuss important considerations, common pitfalls,
successful applications, and recent developments in time series clustering.

Time Series Clustering: Unlike static data, temporal data evolves
over time and therefore requires special handling. One could either modify
the existing clustering algorithms to handle time series data or convert the
time series into a form that can be directly clustered. The former approach
works with the raw time series, and the major modification lies in replacing
the distance/similarity measure. The latter approach converts the raw time
series either into feature vectors or model parameters, and then applies con-
ventional clustering algorithms. Thus time series clustering approaches can
be categorized into raw-data-based, feature-based, and model-based methods
[112].

Time Series Representation: In this study we mainly focus on clus-
tering methods that work with raw data, in particular multivariate time
series with same sample rate. Clustering time series only differs from conven-
tional clustering in how to compute the similarity between data objects [112].
Therefore, the key is to understand the unique characteristics of the time se-
ries and then to design an appropriate similarity measure accordingly. For
instance, Meesrikamolkul et al. [138] have proposed a novel method which
combines the widely used k-means clustering algorithm with the Dynamic
Time Warping distance measure, instead of the traditional Euclidean dis-
tance, to study sequences with time shifts. Unlike before, the new method
determines cluster centers that preserve the characteristics of the data se-
quences.

Distance/Similarity Measures: Besides Euclidean distance and Dy-
namic Time Warping distance, commonly used similarity measures include
Minkowski distance, Levenshtein distance, Short Time Series distance, Pear-
son correlation coefficient, cross-correlation-based distances, probability-based
distance functions, and many others. The choice of similarity measure de-
pends on whether the time series is discrete-valued or real-valued, uniform
or non-uniform sampled, univariate or multivariate, and whether the data
sequences are of equal or unequal length [112].
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Distortions and Invariance: Furthermore, the choice of the time se-
ries distance measure depends on the invariance required by the domain.
The literature [9] has introduced techniques designed to efficiently mea-
sure similarity between time series with invariance to (various combinations
of) the distortions of warping, uniform scaling, offset, amplitude scaling,
phase, occlusions, uncertainty and wandering baseline. Recent work [179]
has proposed an order-invariant distance which is able to determine the
(dis)similarity of time series that exhibit similar subsequences at arbitrary
positions. The authors demonstrate that order invariance is an important
consideration for domains such as automotive engineering and smart home
environments [182, 184], where multiple sensors observe contextual patterns
in their naturally occurring order, and time series are compared according
the occurrence of these multivariate patterns.

Evaluation Criterion: Evaluation criteria for clustering are distin-
guished between known ground truth and unknown ground truth [112]. In
case of known ground truth, the similarity between known clusters and ob-
tained clusters can be measured. The most commonly used clustering quality
measure for known ground truth is the Rand Index or minor variants of it
[217]. In contrast, without prior knowledge the clusters are usually eval-
uated according their within-cluster similarity and between-cluster dissimi-
larity [112]. Various validity indices have been proposed to determine the
number of clusters and their goodness. For instance, the index I has been
found to be consistent and reliable, irrespective of the underlying clustering
technique and data dimensionality, and furthermore has been shown to out-
perform the Dunn and David-Bouldin index [137].

Realistic Assumptions: The majority of publicly available time se-
ries datasets were preprocessed and cleaned before publishing. For instance,
the UCR archive [95] contains only time series with equal length, which are
mostly snippets of the original data that were retrieved manually. The pub-
lication of perfectly aligned pattens of equal length has lead to huge amount
of time series classification and clustering algorithms that are not able to
deal with real-world data, which contains irrelevant sections. Hu et al. [69]
suggest to automatically build a data dictionary, which contains only a small
subset of the training data and neglects irrelevant sections and redundancies.
The evaluations shows that using a data dictionary with a set of retrieved
subsequences for each class leads to higher classification accuracy and is sev-
eral time faster than the compared strawman algorithms. However, one needs
to be careful about how to retrieve subsequences, for reasons explained in
the following.
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Subsequence Clustering: Keogh and Lin [88] state that the cluster-
ing of time series subsequences is meaningless, referring to the finding that
the output does not depend on input, and the resulting cluster centers are
close to random ones. In almost all cases the subsequences are extracted with
a sliding window, which is assumed to the quirk in clustering. To produce
meaningful results the authors suggest to adopt time series motifs, a concept
highly related to clusters. Their experiments demonstrate that motif-based
clustering is able to preserve the patterns found in the original time series
data [88].

Time Series Motifs: Motifs are previously unknown, frequently oc-
curring patterns, which are useful for various time series mining tasks: such
as summarization, visualization, clustering and classification of time series
[27, 117]. According to the definition [117] a time series motif is a sub-
sequence that comprises all non-trivial matches within a given range. Since
the naive (brute-force) approach to motif discovery has quadratic complexity,
Lin et al. [117] introduce a new motif discovery algorithm that provides fast
exact answers, and faster approximate answers, achieving a speedup of one
to two orders of magnitude. In order to reduce the number of possible can-
didates of motifs, Chiu et al. [27] propose to omit consecutive subsequences
that resemble each other. Furthermore, the set of subsequences in each motif
should be mutually exclusive, because otherwise the motifs would be essen-
tially the same. Although normalization techniques are commonly applied to
compare time series with different offset and amplitude, Chiu et al. [27] state
that these are important characteristics that might proof to be useful to dis-
tinguish motifs, because after normalization most subsequences correspond
to almost the same upward or downward trend and become indistinguishable.

Time Series Shapelets: Most existing methods for time series clus-
tering rely on distances calculated on the shape of the signals. However,
time series usually contain a great amount of measurements that do not con-
tribute to the differentiation task or even decrease cluster accuracy. Hence,
to cluster time series, we are generally better off ignoring large sections of ex-
traneous data and keeping intervals with high discriminative power. Recent
work [156, 217] proposes to use local patterns, so called shapelets, to cluster
time series databases. According to the definition [217], a shapelet is a time
series snippet that can separate and remove a subset of the data from the rest
of the database while maximizing the separation gap or rather information
gain. Although the experiments demonstrate that shapelet-based clustering
gives better results than statistical-based clustering of the entire time series,
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finding optimal shapelets is a nontrivial task, and almost certainly harder
than the clustering itself [217]. However, the results underline the impor-
tance of ignoring some data to cluster time series in real world applications
under realistic settings.

Time Series Discords: Different from motifs or shapelets, time se-
ries discords are subsequences of longer time series that are most unusual
or rather maximally different to all the rest of the time series subsequences.
Keogh et al. [89] have shown that time series discords are particularly attrac-
tive as anomaly detectors because they only require one intuitive parameter,
namely the length of the subsequences. Furthermore, discords have implica-
tions for the time series clustering, cleaning and summarization.

Time Series Prototypes: To sum up, the concepts that may possibly
be adapted to identify time series prototypes (as described in our problem
statement in Section 5.2) include motifs [27, 117] and shapelets [156, 217].
However, in both cases this would require major modifications of the exist-
ing algorithm. A straightforward approach to solve the stated problem is
presented in the following sections.

5.4 Recurrence Plots

Recurrence plots (RPs) are used to visualize and investigate recurrent states
of dynamical systems or rather time series [130, 170]. Even though RPs
give very vivid and impressive images of dynamical system trajectories, their
implicit mathematical foundation is deceptively simple [128]:

Rd,ϵ
i,j = Θ(ϵ− ||xi − xj||) xi ∈ Rd, i, j = 1 . . . n (5.1)

where X = {x1, . . . , xn} is a d-dimensional time series of length n, || · ||
a norm and Θ the Heaviside function. One of the most crucial parameters
of RPs is the recurrence threshold ϵ, which influences the formation of line
structures [132]. In general, the recurrence threshold should be chosen in
a way that noise corrupted observations are filtered out, but at the same
time a sufficient number of recurrence structures are preserved. As a rule of
thumb, the recurrence rate should be approximately one percent with respect
to the size of the plot. For quasi-periodic processes, it has been suggested
to use the diagonal line structures to find the optimal recurrence threshold.
However, changing the threshold does not preserve the important distribution
of recurrence structures [130].
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A general problem with standard thresholding methods is that an in-
appropriate threshold or laminar states cause thick diagonal lines, which
basically corresponds to redundant information. Schultz et al. [170] have
proposed a local minima-based thresholding approach, which can be per-
formed without choosing any particular threshold and yields in clean RPs of
minimized line thickness. But this approach comes with some side effects,
e.g., bowed lines instead of straight diagonal lines.

Furthermore, it is important discuss the definition of recurrences, because
distances can be calculated using different norms [128]. Although the L2-
norm is used in most cases, the L∞-norm is sometimes preferred for relatively
large time series with high computational demand [130].

Although traditional RPs only regard one trajectory, we can extend the
concept in a way that allows us to study the dynamics of two trajectories in
parallel [129]. A cross recurrence plot (CRP) shows all those times at which
a state in one dynamical system occurs in a second dynamical system. In
other words, the CRP reveals all the times when the trajectories of the first
and second time series, X and Y , visits roughly the same area in the phase
space. The data length, n and m, of both systems can differ, leading to a
non-square CRP matrix [131, 132].

CRd,ϵ
i,j = Θ(ϵ− ||xi − yj||) xi, yj ∈ Rd, i = 1 . . . n, j = 1 . . .m (5.2)

For the creation of a CRP both trajectories, X = {x1, . . . , xn} and Y =
{y1, . . . , ym}, have to present the same dynamical system with equal state
variables because they are in the same phase space. The application of
CRPs to absolutely different measurements, which are not observations of
the same dynamical system, is rather problematic and requires some data
preprocessing with utmost carefulness [132].

In order to test for simultaneously occurring recurrences in different sys-
tems, another multivariate extension of RPs was introduced [129]. A joint
recurrence plot (JRP) shows all those times at which a recurrence in one
dynamical system occurs simultaneously with a recurrence in a second dy-
namical system. With other words, the JRP is the Hadamard product of
the RP of the first system and the RP of the second system. JRPs can be
computed from more than two systems. The data length of the considered
systems has to be the same. [131, 132].

JRd,ϵ
i,j = Θ(ϵx − ||xi − xj||) ·Θ(ϵy − ||yi − yj||) (5.3)

ϵ = {ϵx, ϵy}, xi ∈ Rd1, yj ∈ Rd2, i, j = 1 . . . n
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Such joint recurrence plots have the advantage, that the individual mea-
surements can present different observables with different magnitudes or
range. They are often used for the detection of phase synchronization [131,
132].

Since this work aims at clustering test drives, which involves pairwise
(dis)similarity comparisons of multivariate time series, we propose a combi-
nation of joint and cross recurrence plot, namely (JCRP) joint cross recur-
rence plot. A JCRP shows all those times at which a multivariate state in
one dynamical system occurs simultaneously in a second dynamical system.

JCRd,ϵ
i,j = Θ(ϵ1 − ||x1

i − y1j ||) · . . . ·Θ(ϵd − ||xd
i − ydj ||) (5.4)

ϵ, xi, yj ∈ Rd, i = 1 . . . n, j = 1 . . .m

For the creation of a JRCP both trajectories, X = {x1, . . . , xn} and Y =
{y1, . . . , ym}, need to have the same dimensionality or number of parameters
d, but can have different length, n and m. We shall see that JCRPs are very
useful, because they enable us to compare two multivariate systems with
the same set of variables, each having different amplitude. In other words,
the introduced JCR notation allows us to determine an ϵ-threshold for each
individual parameter, which is advantageous if we want to analyze different
physical quantities within there natural unit or scope. A toy example for
JCRPs is given in the following:

X =


dfcghGATHERSPEEDlmknhDECELERATEghfkd

rsqtpACCELERATORxywzvBRAKEPEDALtvswr

Y =


kdhfSLOWDOWNglbkchdgfGATHERSPEEDnkml

tpsBRAKEPEDALzrysxtwvACCELERATORxtwv

Assume two multivariate time series X and Y which comprise the speed
and accelerator signal recorded during different car drives. Both time series
contain multivariate states or rather string sequences that occur in both sys-
tems, as demonstrated in Figure 5.1(a). The corresponding JCRP of X and
Y , as illustrated in Figure 5.1(b), shows the times at which a multivariate
state occurs simultaneously in both systems. Furthermore, the diagonal line
structure in Figure 5.1(b) reveals that both trajectories run through a similar
region in phase space for a certain time interval. With other words, both sys-
tems contain the same multivariate pattern, which represents that the driver
hits the ‘ACCELERATOR’ pedal and the vehicle simultaneously ‘GATHER-
SPEED’. In Section 5.5 we discuss how to interpret single recurrence points
and diagonal line structures, and explain how to use them to define a distance
measure for time series with certain distortions or invariance.
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Figure 5.1: (a) ASCii decimal encoding of two multivariate time series X and
Y which contain the same pattern or string sequence at different positions
in time. (b) Joint cross recurrence plot (JCRP) of time series X and Y ,
introduced in Figure 5.1(a), with ϵ = 0. The diagonal line structure in
the recurrence plot indicates the existence and position of a co-occurring
multivariate pattern. The single recurrence points can be considered as noise.
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5.5 Recurrence Quantification

Recurrence quantification analysis (RQA) is used to quantify the structures
observed in recurrence plots [132]. RQA is grounded in theory, but possesses
statistical utility in dissecting and diagnosing nonlinear dynamic systems
across multiple fields of science [204]. The explicit mathematical definition
to distinct features in recurrence plots enables us to analyze signals that are
multivariate, nonlinear, non-stationary and noisy.

The global (large-scale) appearance of a RP can give hints on stationarity
and regularity, whereas local (small-scale) patterns are related to dynamical
properties, such as determinism [204]. Recent studies have shown that de-
terminism, the percentage of recurrence points that form lines parallel to the
main diagonal, reflects the predictability of a dynamical system [132].

Given a recurrence matrix Rd,ϵ with n×n entries generated by any of the
introduced recurrence plot variations, such as our proposed JCRP, we can
compute the determinism DET for a predefined ϵ-threshold and a minimum
diagonal line length lmin as followed [131, 132]:

DET =

n
l=lmin

l · P ϵ(l)n
i,j=1R

d,ϵ
i,j

(5.5)

where P ϵ(l) is the histogram of diagonal lines of length l with respect to
a certain ϵ neighborhood.

P ϵ(l) =
n

i,j=1

 
1−Rd,ϵ

i−1,j−1


·


1−Rd,ϵ

i+l,j+l


(5.6)

·
l−1
k=0

Rd,ϵ
i+k,j+k


In general, processes with chaotic behavior cause none or short diagonals,

whereas deterministic processes cause relatively long diagonals and less sin-
gle, isolated recurrence points [132, 202]. In respect to JCRPs, diagonal lines
usually occur when the trajectory of two multivariate time series segments is
similar according to a certain threshold. Since we aim to measure the sim-
ilarity between time series that contain segments of similar trajectories at
arbitrary positions, which in turn cause diagonal line structures, we propose
to use determinism as a similarity measure. According to the introduced
JCRP approach, a high DET value indicates high similarity or rather a high
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percentage of multivariate segments with similar trajectory, whereas a rela-
tively low DET value suggests dissimilarity or rather the absence of similar
multivariate patterns.

However, data preprocessing like smoothing can introduce spurious line
structures in a recurrence plot that cause high determinism value. In this
case, further criteria like the directionality of the trajectory should be con-
sidered to determine the determinism of a dynamic system, e.g. by using
iso-directional and perpendicular RPs [130, 131, 132]. In contrast to tradi-
tional recurrence plots, perpendicular recurrence plots (PRPs) consider the
dynamical evolution of only the neighborhoods in the perpendicular direction
to each phase flow, resulting in plots with lines of the similar width without
spreading out in various directions. Removing spurious widths makes it more
reasonable to define line-based quantification measures, such as divergence
and determinism [28]. Another solution is to estimate the entropy by look-
ing at the distribution of the diagonal lines [130]. The entropy is based on
the probability pϵ(l) that diagonal lines structures with certain length l and
ϵ-similarity occur in the recurrence matrix [131, 132], and can be computed
as follows:

ENTR = −
n

l=lmin

pϵ(l) ln pϵ(l) (5.7)

Recurrence plots (RPs) and corresponding recurrence quantification anal-
ysis (RQA) measures have been used to detect transitions and temporal de-
viations in the dynamics of time series. Since detected variations in RQA
measures can easily be misinterpreted, Marwan et al. [133] have proposed
to calculate a confidence level to study significant changes. They formulated
the hypothesis that the dynamics of a system do not change over times, and
therefore the RQA measures obtained by the sliding window technique will
be normally distributed. Consequently, if the RQA measures are out of a pre-
defined interquantile range, an observation can be considered significantly.
Detecting changes in dynamics by means of RQA measures obtained from a
sliding window have been proven to be useful in real-life applications such as
comparing traffic flow time series under fine and adverse weather conditions
[202].

Since recurrence plot based techniques are still a rather young field in
nonlinear time series analysis, systematic research is necessary to define re-
liable criteria for the selection of parameters, and the estimation of RQA
measures [130].
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5.6 Recurrence Plot-based Distance

According to our formalization of joint cross recurrence (JCR) in Equation
5.4 and the denotation of the determinism (DET) in Equation 5.5, we can
define our RecuRRence Plot-based (RRR) distance measure as follows:

RRR = 1−DET (5.8)

In theory the DET value ranges from 0 to 1, depending on the proportion
of diagonal line structures found in the corresponding JCR plot. However, in
practice a JCR plot typically exhibits noise or individual recurrence points
that do not contribute the diagonal lines. Consequently, the RRR distance
is only close to 0 or 1, if the trajectories are similar or dissimilar respectively,
and does not satisfy the conditions of a metric.

Although our proposed RRR distance measure can be used as a sub-
routine for various time series mining tasks, this work primarily focuses
on clustering. Our aim is to group a set of t unlabeled time series X =
{X1, . . . , Xt} into k clusters C = {C1, . . . , Ck} with corresponding centroids
Z = {Z1, . . . , Zk}. In order to evaluate the performance of the time series
clustering with respect to our RRR distance, we suggest to quantify the num-
ber of similar patterns that recur within the established clusters. Therefore,
we define our cost function as the following cluster validation index:

E(k) =
1

t− k


Z∈Z


X∈{Cz\Z}

RRR(X,Z) (5.9)

According to our problem setting, the more patterns occur jointly when
comparing each centroid Z ∈ Z with all objects X ∈ {Cz \ Z} of the cor-
responding cluster, the lower E, the better our clustering, and the more
characteristic are the corresponding prototypes.

Furthermore we are going to evaluate the clustering of time series accord-
ing to the index I [137], whose value is maximized for the optimal number
of clusters:

I(k) = (
1

k
· E(1)

E(k)
·Dk)

ρ (5.10)

The index I is a composition of three factors [137], namely 1/k, E(1)/E(k),
and Dk. The first factor will try to reduce index I as the number of clusters
k increases. The second factor consists of the ratio of E(1), which is constant
for a given dataset, and E(k), which decreases with increase in k. Conse-
quently, index I increases as E(k) decreases, encouraging more clusters that
are compact in nature. Finally, the third factor, Dk (which measures the
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maximum separation between two clusters over all possible pairs of clusters),
will increase with the value of k, but is bounded by the maximum separation
between two points in the dataset.

Dk =
k

max
i,j=1
||Zi − Zj|| (5.11)

Thus, the three factors are found to compete with and balance each other
critically. The power ρ is used to control the contrast between the different
cluster configurations. Previous work [137] suggests to choose ρ = 2.

The index I has been found to be consistent and reliable, irrespective of
the underlying clustering technique and data dimensionality, and furthermore
has been shown to outperform the Dunn and David-Bouldin index [137].

5.7 Dimensionality Reduction

As with most problems in computer science, the suitable choice of represen-
tation greatly affects the ease and efficiency of time series data mining [116].
Piecewise Aggregate Approximation (PAA), a popular windowed averaging
technique, reduces a time series X of length n to length n/r by dividing the
data into r equal sized frames. The mean value of the data falling within a
frame is calculated and a vector or time series Y of these values becomes the
data-reduced representation.

Yj =
r

n

n
r
j

i=n
r
(j−1)+1

Xi (5.12)

i = 1 . . . n, j = 1 . . . r

The PAA dimensionality reduction is intuitive and simple, yet has been
shown to rival more sophisticated dimensionality reduction techniques like
Fourier transforms and wavelets [116]. Having transformed a time series
database into PAA, we can apply our proposed recurrence plot-based time
series distance measure on the reduced representation. Since the computa-
tional complexity of our RRR distance measure is quadratic in the length
n of the time series, reducing the original time series to r dimensions leads
to a performance improvement of factor (n/r)2. In our experiments on the
real-life vehicular data we use a compression rate of n/r = 10, which cor-
respond to a speedup of two orders of magnitude or rather 100 times less
matrix entries to compute. However, this approach comes with the cost of
missing recurrences [130].
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Another approach to reduce the computational complexity of our pro-
posed recurrence plot-based (RRR) time series distance measure is to con-
strain the number of cells that are evaluated in the distance matrix [167].
Constraints have been successfully applied to the Dynamic Time Warping
(DTW) distance to create tight lower bounds which allow to prune similar-
ity calculations [92, 93]. The two most commonly used constraints are the
Itakura Parallelogram [74] and the Sakoe-Chiba Band [165], which both speed
up calculations by a constant factor, but still lead to quadratic complexity if
the window size r is a linear function of the time series.

Given the formal definition of (joint) cross recurrence (see Equation 5.2
and 5.4), the Sakoe-Chiba Band is an adjustment window condition which
corresponds to the fact that time-axis fluctuations in usual cases never causes
a too excessive timing difference [165]:

|i− j| ≤ r (5.13)

∀ xi, yj ∈ Rd, i = 1 . . . n, j = 1 . . .m

In general, constraints work well in domains where time series have only
a small variance, but perform poorly if time series are of events that start
and stop at radically different times [167]. Since this study considers time
series that exhibit recurring patterns at arbitrary positions, we refrain from
applying constraints for the data under study.

5.8 Evaluation

The goal of our evaluation is to assess how well the RRR distance is suited
for: (i) calculating the similarity between time series with order-invariance
(in Section 5.8.1), (ii) clustering time series that contain similar trajectories
at arbitrary positions (in Section 5.8.2), and (ii) identifying prototypical
time series that cover as much as possible patterns which co-occur in other
sequences of the dataset (in Section 5.8.3).

5.8.1 Order-Invariance

In this section we demonstrate the practicality of our proposed RRR distance
on a sample dataset of synthetic time series. As illustrated in Figure 5.2(a),
we consider four different normally distributed pseudo-random time series
with artificially implanted sinus patterns. The first two time series comprise
the same subsequences in reverse order, whereas the last two time series
contain a subset of the artificially implanted signals.
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Figure 5.2: (a) Sample dataset of normally distributed pseudo-random time
series (named as ABCD, DCBA, A**D and *BC*, illustrated left) with arti-
ficially implanted sinus patterns (labeled as A to D, presented in their occur-
ring order on the right). (b) Cross Recurrence Plot (CRP) of synthetic time
series ABCD and DCBA (left) as well as ABCD and A**D (right) introduced
in Fig. 5.2(a). Note that the main diagonal runs from upper left to bottom
right. (c) Agglomerative hierarchical cluster tree (dendrogram) of synthetic
time series data (introduced in Fig. 5.2(a)) according to the DTW distance
(left) and our proposed RRR distance (right), where the x-axis reveals the
distance between the time series being merged and the y-axis illustrates the
corresponding name and shape of the signal.
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Figure 5.3: Univariate (a) and multivariate (b) synthetic time series with
artificially implanted patterns (red color) at arbitrary positions, where each
time series belongs to one of three groups (Wave, YoYo, and Peak).
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Figure 5.4: Cluster tree (dendrogram) of univariate (a) and multivariate (b)
synthetic time series (introduced in Figure 5.3) according to the DTW and
RRR distance. The x-axis reveals the distance between the time series being
merged and the y-axis illustrates the corresponding name and shape of the
time series.
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Figure 5.2(b) illustrates the cross recurrence plot (CRP ) of time series
ABCD and DCBA as well as ABCD and A**D introduced in Figure 5.2(a).
Lines parallel to the main diagonal (from upper left to bottom right corner)
indicate similar subsequences in both time series. The percentage of recur-
rence points that form diagonal lines is much higher in the CRP of the time
series ABCD and DCBA than in the CRP of the pair ABCD and A**D. As
discussed in Section 5.6, we quantify the local small-scale structures in the
recurrence plots by means of the determinism DET (refer to Equation 5.5).

Figure 5.2(c) shows a direct comparison of Dynamic Time Warping and
our introduced RRR distance measure. As expected, the hierarchical cluster
tree generated by means of DTW indicates a relatively small distance be-
tween the time series ABCD, A**D and *BC*, because they exhibit similar
subsequences at the same positions. However, DTW treats the time series
DCBA as an outlier, because the artificially implanted patterns occur in re-
verse order and cross-alignment is prevented. In contrast, the RRR measure
considers the time series ABCD and DCBA as most similar, as the order
of the matched patterns is disregarded. Furthermore, the dendrogram gen-
erated by means of RRR reveals that the time series A**D and *BC* are
dissimilar to ABCD and DCBA, which is due to the fact that the overlap of
same or similar subsequences is relatively small (≤ 50%).

The results presented in Figure 5.2 serve to demonstrate that the proposed
RRR distance measure is able to handle time series with order-invariance.
In the following we investigate the capability of our RRR measure to cluster
time series which exhibit same or similar subsequences at arbitrary positions
in time.

5.8.2 Synthetic Data

This controlled experiment aims at visualizing the clustering results of the
proposed RRR distance measure compared to the DTW distance.

We generated a labeled dataset, which consists of nine time series from
three different categories, called Wave, YoYo and Peak. Each category com-
prises three time series characterized by multiple occurrence of the same
artificial patterns at arbitrary positions. The dataset consists of univariate
time series of equal length, as shown in Figure 5.3. To visualize the clustering
results of the RRR and DTW distance, we applied agglomerative hierarchical
clustering with complete linkage on the synthetic dataset.

Figure 5.4 illustrates the generated hierarchical cluster trees for both ex-
amined distance measures on the synthetic time series. The first observation
to be made is that RRR perfectly recovers the cluster structure provided by
the ground truth, given our knowledge that there are three categories. In
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contrast, the DTW distance fails and assigns time series of different cate-
gories to the same cluster at an early stage. The second observation to be
made is that RRR is able to recover the ground truth even if a large portion
of the time series is noisy. The DTW distance, however, groups time series
into the same clusters, if they have globally a similar shape. Therefore, the
noisy parts of the time series supersede or superimpose the relevant recurring
patterns.

5.8.3 Real-Life Data

This experiment aims at assessing the time series prototypes identified by
the proposed RRR distance measure compared to the DTW distance.

For our evaluation we consider the VW DRIVE dataset, which consists
of 124 real-life test drives recorded by one vehicle operated by seven dif-
ferent individuals. Test drives are represented as multivariate time series
of varying length and comprise vehicular sensor data of the same observed
measurements. Since we aim to identify operations profiles that character-
ize recurring driving behavior, we exclusively consider accelerator, speed,
and revolution measurements, which are more or less directly influenced by
the driver. The complete VW DRIVE dataset contains various other mea-
surements, such as airflow and engine temperature, and can be obtained by
mailing the first author of this paper.

To measure the (dis)similarity of the VW DRIVE time series using our
proposed RRR distance, we first need to determine the optimal similarity
threshold ϵ and pattern length lmin for each of the considered measurements,
such that a considerable amount of the recurring patterns is preserved.

Figure 5.5 shows the determinism value for the accelerator, speed, and
revolution signal, in regard to different parameters settings. We can ob-
serve that for all considered signals the DET value decreases with increasing
pattern length lmin and decreasing similarity threshold ϵ. Furthermore, Fig-
ure 5.5 reveals that the speed signal is highly deterministic, meaning that
the same patterns occur frequently, whereas the acceleration and revolution
signal are less predictable and show more chaotic behavior.

Since we aim to analyze all signals jointly by means of the proposed joint
cross recurrence plot (JCRP) approach, we have to choose a pattern length
or rather minimum diagonal line length lmin that is suitable for all signals.
In general, we are looking for relatively long patterns with high similarity. In
other words, we aim to find a parameter setting with preferably large lmin and
small ϵ which results in a DET value that is above a certain threshold. To
preserve the underlying characteristics or rather recurring patterns contained
in examined data, at least 20% of the recurrence points should form diagonal
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Figure 5.5: Determinism (DET) value for changing similarity threshold ϵ
and minimum diagonal line length lmin for accelerator, speed and revolution
signal; based on the cross recurrence plots (CRPs) of 10 randomly selected
pairs of tours from our DRIVE dataset. Note that the DET was averaged.
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line structures, which corresponds to DET ≥ 0.2. Based on this criterion we
choose lmin = 5 and ϵ = 14/2/40 for the accelerator, speed, and revolution
signal respectively. Note that the individual signals were not normalized,
wherefore the ϵ-threshold represents the accelerator pedal angle, kilometers
per hour, and rotations per minute.

To identify prototypical time series using RRR and DTW distance re-
spectively, we applied k-medoids clustering with random initialization. For
evaluation purpose we computed index I and E for a varying number of k
prototypes. The results of index I were normalized in a way that the high-
est value, which indicates the optimal number of clusters, equals one. Since
index E is a sum of RRR values (see Equation 5.9) and RRR = 1 −DET ,
the lower E, the higher the average DET value, and the more recurring
(driving behavior) patterns are comprised of the prototypes identified by the
respective distance measure.

Figure 5.6 shows the empirical results for clustering univariate and multi-
variate time series of the VW DRIVE dataset using RRR and DTW distance
respectively. Since the VW DRIVE dataset consists of ‘only’ 124 test drives
recorded by one and the same vehicle, the optimal number of clusters for
both RRR and DTW distance is rather small. However, the proposed RRR
distance is able to find cluster configurations with lower index E values or
rather prototypes with higher amount of recurring patterns than the DTW
distance. In case of univariate time series (a), in particular speed measure-
ments, RRR and DTW achieved an index E value of around 0.52 and 0.65
for the optimal number of clusters, which corresponds to a determinism value
of 0.48 and 0.35 respectively. In the multivariate case (b), RRR and DTW
reached an index E value of around 0.74 and 0.84 for the optimal number
of clusters, which corresponds to determinism value of 0.26 and 0.16 re-
spectively. As might be expected, the results for the univariate time series
are better than for the multivariate case, because the search space expands
and the probability of recurring patterns decreases with an increasing num-
ber of dimensions or measurements respectively. In both cases, however, our
RRR distance performs about 10% better than the compared DTW distance,
meaning that the identified prototypes contain 10% more recurring (driving
behavior) patterns.

Figure 5.7 shows the prototype or rather medoid time series of the biggest
cluster found by the k-medoids algorithm (for k = 2) in combination with our
RRR distance measure. In the univariate case (a) the medoid contains a high
amount of patterns that recur in the time series objects of the corresponding
cluster, making it an excellent prototype. As expected, in the multivariate
case (b) the medoid time series contains less and shorter intervals of recurring
patterns.
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Figure 5.6: Evaluation of RRR and DTW distance for clustering a) univari-
ate and b) multivariate time series of our DRIVE dataset. We compare the
index E for the number of clusters k where the (normalized) index I reaches
its maximum. The results are based on 1000 runs of k-medoids clustering
with random initialization.

5.9 Conclusion and Future Work

This work is a first attempt to solve time series clustering with nonlinear data
analysis and modeling techniques commonly used by theoretical physicists.
We adopted recurrence plots (RPs) and recurrence quantification analysis
(RQA) to measure the (dis)similarity of multivariate time series that contain
segments of similar trajectories at arbitrary positions and in different order.

Strictly speaking, we introduced the concept of joint cross recurrence
plots (JCRPs), a multivariate extension of traditional RPs, to visualize and
investigate recurring patterns in pairwise compared time series. Furthermore,
we defined a recurrence plot-based (RRR) distance measure to cluster time
series with order invariance.

The proposed RRR distance was evaluated on both synthetic and real-life
time series, and compared with the DTW distance. Our evaluation on syn-
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Figure 5.7: Medoid time series of biggest cluster (with k = 2) found by
our RRR distance measure for a) univariate and b) multivariate case. The
intervals highlighted in red color indicate patterns that frequently recur in
the time series objects of the corresponding cluster, whereas intervals in blue
indicate low recurrence.
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thetic data demonstrates that the RRR distance is able to establish cluster
centers that preserve the characteristics of the time series. The results on
real-life vehicular data show that, in terms of our cost function, RRR per-
forms about 10% better than DTW, meaning that the determined prototypes
contain 10% more recurring driving behavior patterns.

Worthwhile future work includes 1) the investigation of RQA measures
which quantify recurring patterns with uniform scaling, 2) the application of
speed-up techniques for RP computations, and 3) the formalization/analysis
of a RP-based distance metric.
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Chapter 6

Model-based Distance
for Superimposed Time Series

Superimposed time series pose a problem for traditional shape-based distance
measures such as dynamic time warping. For instance, the superposition of
several known time series patterns usually creates unfamiliar shapes, which
are hard to classify. Model-based approaches that rely on statistical inference,
such as the Hidden Markov Model (HMM), have been shown to perform
well on aggregated or mixed signals. In general, a model-based time series
distance can either be understood in terms of residuals (that are obtained
by comparing individual time series against a trained model) or in terms of
parameters (estimated by training a model for each individual time series).
This works demonstrates a practical application of model-based distances for
superimposed time series, namely heating control.

Heating control is of particular importance, since heating accounts for
the biggest amount of total residential energy consumption. Smart heating
strategies allow to reduce such energy consumption by automatically turning
off the heating when the occupants are sleeping or away from home. The
present context or occupancy state of a household can be deduced from the
appliances that are currently in use.

In this chapter we investigate energy disaggregation techniques to infer
appliance states from an aggregated energy signal measured by a smart me-
ter. Since most household devices have predictable energy consumption, we
propose to use the changes in aggregated energy consumption as features for
the appliance/occupancy state classification task. We evaluate our approach
on real-life energy consumption data from several households, compare the
classification accuracy of various machine learning techniques, and explain
how to use the inferred appliance states to optimize heating schedules.

107
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6.1 Introduction

The main goal of our study is to provide a framework for heating control
and scheduling which considers the occupancy states of residential homes.
Since most solutions for occupancy state identification involve complex sensor
infrastructure and costly hardware which cause high usage barrier [15, 99,
123, 148], we aim to use given information from available electricity smart
meters. We propose to employ energy disaggregation to infer appliance usage,
which is, as we will show, beneficial to occupancy state identification. In the
following we briefly introduce the value of appliance usage information, before
we explain how we use this information for the purpose of heating control.

In the context of domestic environments, consumers vastly underestimate
the energy used for heating and overestimate the energy used for appliances
that replace manual labor tasks [48]. Numerous studies have identified that
consumers get a better understanding of their energy use by clear, concise,
and direct feedback about appliance-specific consumption information [120,
164, 222].

In regard to power grid operators and power suppliers, knowledge about
the energy consumption on appliance level is critical to the development of
power system planning, load forecasting, billing procedures, and pricing mod-
els [48, 164]. In addition, the identification of electric appliances in domestic
environments is important, because the increasing number of renewable en-
ergy sources in the power grid requires electric utilities to be able to quickly
react to changes in supply and demand [162].

The growing need for accurate and specific information about domestic
energy consumption on device level has led to numerous studies on appli-
ance load monitoring [6, 48, 100, 220, 222]. Existing solutions for appliance
load monitoring can be classified into two primary techniques [48, 209]: dis-
tributed direct sensing and single-point sensing.

Distributed direct sensing typically requires a current sensor to be in-
stalled in-line with every device and is therefore often referred to as intrusive
load monitoring. Although intrusive load monitoring easily achieves a con-
sumption breakdown, deploying a large number of sensors in the residential
environment quickly leads to high cost and discouraging high usage barrier
[209].

Single-point sensor systems are easier to deploy and are typically sub-
sumed under the concept of non-intrusive load monitoring (NILM) [209].
Energy disaggregation is the task of using an aggregated energy signal, such
as that coming from a single-point sensor or rather whole-home power mon-
itor, to make inferences about the different loads of individual appliances
[100]. However, single-point sensor systems require knowledge about the
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household devices and their electrical characteristics [209]. The challenges
in energy disaggregation are mainly due to appliances with similar energy
consumption, appliances with multiple settings, parallel appliance activity,
and environmental noise [164]. Recent studies [97, 100, 111, 114, 120, 192]
have shown that machine learning techniques represent a suitable solution to
recognize appliances in such dynamic and unpredictable environments.

In this work we consider energy disaggregation techniques to derive oc-
cupancy states from appliance usage data in order to use this information
in smart heating control strategies [99]. Heating control is of particular im-
portance, since heating accounts for the biggest amount of total residential
energy consumption and recent studies have shown that up to 30% of the
total energy can be saved by turning the heating off when the occupants
are asleep or away [123]. Existing work on the inference of occupancy states
in residential environments includes statistical classification of aggregated
energy data [99], hot water usage [15] as well as human motion and activ-
ity [148]. Our own approach to infer occupancy states differs in that we
consider appliance usage, which gives more detailed information about the
present context in a household and the devices that suggest user activity.
Furthermore, our proposed framework does not require any additional in-
frastructure, and, therefore, is more likely to be accepted by residents.

For the evaluation of our approach we consider the REDD dataset [100],
which consists of whole-home and device specific electricity consumption for
a number of real houses over the period of several month. In our experiments
we compare the performance of different models for the appliance/occupancy
state classification task. We use cross-validation (training on all houses and
leave-one-out for testing) to evaluate how well the different models general-
ize. Our results suggest that the Naive Bayes classifier is suitable for the
prediction of occupancy/appliance states and fits the problem of real-time
heating control.

The rest of the paper is structured as follows. In Section 6.2 we give
some background on recent advances in energy disaggregation. Section 6.3
introduces the formal notation of our appliance state classification task. Our
proposed framework for heating control and scheduling by means of energy
disaggregation techniques is described in Section 6.4. The experimental de-
sign and results on our approach are presented in Section 6.5. Eventually,
we conclude our study and give an outlook on future work in Section 6.6.
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6.2 Background

Energy disaggregation, also referred as non-intrusive load monitoring, is the
task of using an aggregated energy signal, such as that coming from a whole-
home power monitor, to make inferences about the different individual loads
of the system [100]. This approach is seen as an intermediate between existing
electricity meters (which merely record whole-home power usage) and fully
energy-aware home appliance networks, where each individual device reports
its own consumption [162].

For a thorough evaluation of various energy disaggregation mechanisms
under real-world conditions, a comprehensive collection of power consump-
tion data is needed [162]. Most approaches to energy disaggregation have
been supervised, in that the model is trained on individual device power sig-
nals [222]. The vast majority of supervised disaggregation approaches have
evaluated the trained models on the same devices but in new conditions [6].

Research on energy disaggregation has been encouraged by publicly avail-
able datasets such as REDD [100], which contains information about the
power consumption of several different homes on device level, and, therefore,
allows cross-validation for individual appliances. Experiments on the REDD
dataset have shown that the Factorial Hidden Markov Model (FHMM) is
able to disaggregate the power data reasonably well [100]. In that case, the
disaggregation task is framed as an inference problem and the performance
of energy disaggregation is evaluated considering the percentage of energy
correctly classified.

Although FHMMs have shown to be a powerful tool [54] for learning
probabilistic models of multivariate time series, the combinatorial nature of
distributed state representation makes an exact algorithm for inferring the
posterior probabilities of the hidden state variables intractable. Approximate
inference can be carried out using Gibbs sampling or variational methods
[54]. Recent work [97] on energy disaggregation presents different FHMM
variants which incorporate additional features and better fit the probability
distribution of the state occupancy durations of the appliances.

Another work [164] proposes Artificial Neural Networks (ANNs) for ap-
pliance recognition, because they (i) do not require prior understanding of
appliance behavior, (ii) are capable of handling multiple states, and (iii) are
able to learn while running. The results show that after training the ANN
with generated appliance signatures, the proposed system is able to recog-
nize the previously learned appliances with relatively high accuracy, even in
demanding scenarios. To tune the ANN, the authors suggest to use the gener-
ated signatures to create a training dataset with all possible combinations of
appliance activity. Comparing the disaggregation performance for different
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ANN algorithms, additional work [111] suggests to employ back-propagation
rather than the radial-base-function.

In another study [209] the authors propose a disaggregation algorithm
that consists of several consecutive steps including normalization, edge de-
tection via thresholding and smoothing techniques, extraction of power level
and delta level consumption, matching of known appliances from a signature
database with extracted delta vectors, and labeling of recognized devices.
The proposed system does not require setup or training, because the user is
able to label appliance signatures via her smart phone. In that case, the ap-
pliance signatures are based on apparent, reactive, real, and distortion power
measured by the smart meter.

The classification of household items based on their electricity usage pro-
file over a fixed time interval is discussed in yet another study [120]. The
authors consider the time series classification problem of identifying device
types through daily or weekly demand profiles. The proposed approach con-
centrates on bespoken features such as mean, variance, kurtosis, skewness,
slope, and run measures. The experiments show that classification using
the bespoken features performs better than classification using the raw data.
However, the nature of similarity captured strongly depends on the features
extracted.

In a similar work [162] the authors present an appliance identification
approach based on characteristic features of traces collected during the 24
hours of a day. The extracted features include temporal appliance behavior,
power consumption levels, shape of the consumption, active phase statistics,
and noise level characteristics. Each resulting feature vector is annotated by
the actual device class and used to train the underlying model of the selected
classifier. Among various tested classifiers the Random Committee algorithm
perform best in categorizing new and yet unseen feature vectors into one
of the previously trained device types. Additional work [111] demonstrates
that the solution from any single-feature, single-algorithm disaggregation ap-
proach could be combined under a committee decision mechanism to render
the best solution.

Yet another work [192] presents a non-intrusive appliance load monitoring
technique based on integer programming. Since the overall load current is
expressed as a superposition of each current of the operating appliance, the
monitoring problem can be formulated as an integer quadratic programming
problem by expressing the operating conditions as integer variables. Besides
that the proposed method does not require relearning when a new appliance
is installed in the house, it is furthermore able to distinguish between different
device modes and some-type appliances that operate simultaneously.

To monitor the states of multiple appliances via electricity consump-
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tion measurements, another work [114] introduces the Bayes filter approach,
which computes the posterior distribution over the current state given all ob-
servations to date. Since the state transition of an appliance is a continuous
process, the authors employ a sliding window to take the temporal factor
into consideration and extract the past records of data to be features. The
estimated states are represented as binary strings, where each bit denotes
the on/off state of one individual appliance. According to the results, the
Bayes filter outperforms the KNN, Naive Bayes, and SVM classifier.

Leveraging recent advances in device and appliance power supplies, an-
other series of studies [48, 60] extends the energy disaggregation approach by
using high-frequency sampling of voltage noise, which provides an additional
feature vector that can be used to distinguish more accurately between en-
ergy usage signatures. Appliances conduct a variety of noise voltage back
onto the home’s power wiring, yielding measurable noise signatures that are
easily detectable using appropriate hardware. An important advantage of
voltage noise signatures is that any electrical outlet inside the home can be
used as a single installation point.

6.3 Notation

Since different devices tend to draw different amounts of power, which are
consistent over time, total power is a reasonable feature to use for classi-
fication [48]. Most devices have predictable current consumption and can
be categorized according to the magnitude of real/reactive power. Assum-
ing a household with d devices, the power consumption of an individual
appliance i = 1, . . . , d over a period of m time points can be expressed as:
Y (i) = {y(i)1 , . . . , y

(i)
j , . . . , y

(i)
m }. Usually we only observe the sum of all power

outputs at each time: ȳj =
d

i=1 y
(i)
j , with j = 1, . . . ,m.

Given the aggregated power signal most research on energy disaggrega-
tion [6, 220, 222] aims at inferring the individual device consumption. Since
we aim to infer the context or rather occupancy states in residential environ-
ments in order to optimize heating control, we are mainly interested in the
on/off states of individual appliances S(i) = {s(i)1 , . . . , s

(i)
j , . . . , s

(i)
m }, where

s
(i)
j = 1 if device i is turned ‘on’ at time point j, and s

(i)
j = 0 otherwise. The

appliance state identification task can be framed as an inference problem.
Given an aggregated power signal Ȳ = ȳ1, . . . , ȳm, we intend to compute
the posterior probability p(s

(i)
j |ȳj) of individual appliance states s

(i)
j for each

device i = 1, ..., d and each time point j = 1, . . . ,m.
Due to the fact that the aggregated power signal is super-imposed and

unnormalized, and, therefore, unsuitable for the appliance state identifica-
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tion, we consider the changes in power consumption as features, which can
be derived by the first-order difference of the power signal: ∆y

(i)
j = y

(i)
j −y

(i)
j−1

for j = 2, . . . ,m. Thus the appliance state identification task could also
be formulated as a classification problem, where a certain change in power
consumption categorizes a device into either ‘on’ or ‘ off’ state.

6.4 Framework and Algorithms

Figure 6.1 shows a flowchart of our proposed framework for heating control
and scheduling by means of energy disaggregation. The input for our heat-
ing control framework is an aggregated energy signal, such as that coming
from a smart meter in a residential home. In the first step (i) we extract
features from the energy signal, i.e. changes in consumption, which can be
used to categorize the individual electrical devices. Subsequently (ii) we use
the extracted features as input for the appliance state classification. For the
sake of simplicity, Figure 6.1 assumes that the individual appliance mod-
els were trained on other households prior to the classification task. Given
the classified on/off states for each appliance, we can eventually (iii) infer
the occupancy state of the respective household and recommend optimized
heating schedules.

In the following subsections we describe the (i) feature extraction, (ii)
appliance state classification and (iii) inference of occupancy in more detail.

Figure 6.1: Framework for Heating Control and Scheduling by means of
Energy Disaggregation Techniques.

6.4.1 Feature Extraction

Given the overall energy consumption of a household and the energy con-
sumption of the individual appliances in this household, we aim to build a
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Figure 6.2: Energy consumption of (a) House1 and (b) its Refrigerator over
an interval of 8 hours (on May 21st, 2011). Plot (c) and (d) show the changes
in power consumption for House1 and its Refrigerator. The distribution of
power changes that classify the Refrigerator’s on/off states are illustrated
in Plot (e) and (f).

model for each appliance in order to estimate its on/off states in a previ-
ously unknown environment or household. Since an appliance can be either
turned on or off, the device state identification can be formalized as a two
class problem. For the training of an individual appliance model we consider
the changes in power consumption that classify the respective device states.
In our approach the input for the classification model are two distributions
of power changes, which represent the features that characterize one or the
other class.

Figure 6.2 illustrates the feature extraction process on the basis of real-life
measurements from the REDD dataset, in particular the energy consump-
tion of (a) House1 and (b) its Refrigerator for a sample time frame of 8
hours. We can see that (a) the overall energy consumption is the sum of (b)
the Refrigerator’s energy consumption and the energy consumption of other
appliances. Given this information, we can derive the changes in energy con-
sumption by the first-order difference of the power signals. This step is often
referred to as edge detection, since the stable periods in the signal are filtered
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out. The edges or changes in power consumption of the overall energy signal
and the Refrigerator signal are shown in Figure 6.2 (c) and (d) respectively.
Knowing which edges specify (d) the activity of the Refrigerator, we can eas-
ily separate the changes in energy consumption that categorize other devices
by considering all the edges in (c) the overall energy signal which do not
belong to the Refrigerator. The distribution of the edges that classify the
Refrigerator’s on/off states are illustrated in Figure 6.2 (e) and (f). These
distributions can serve as training input for most probabilistic models.

6.4.2 Appliance State Classification

In this study we aim at evaluating the appliance state classification task
by means of various machine learning techniques, including Naive Bayes
(NB) classifier, Factorial Hidden Markov Model (FHMM), Classification Tree
(CT), and One-Nearest-Neighbor (1NN) classifier.

We selected these models based on their complementary characteristics
and degree of popularity regarding the energy disaggregation task. Table 6.1
shows typical characteristics of the considered machine learning techniques
[136], although the characteristics strongly depend on the underlying algo-
rithm and the problem. Therefore, Table 6.1 should be considered as a guide
for an initial choice of models.

NB FHMM CT 1NN
Fitting Speed Fast Fast Fast Fast
Prediction Speed Fast Fast Fast Medium
Memory Usage Low Low Low High
Easy to Interpret Yes No Yes No

Table 6.1: Characteristics of Algorithms.

The NB classifier is a simple probabilistic model based on applying Bayes’
theorem with strong independence assumptions, which has been applied for
appliance and occupancy recognition in various studies [99, 114, 120, 162].
Speed and memory usage of the NB classifier are good for simple distribu-
tions, but can be poor for large datasets [136].

The FHMM is a statistical model in which the system under study is
assumed to be a Markov process with unobserved or hidden states. FHMMs
have been successfully applied to the energy disaggregation problem [97, 100,
222], however their complexity increases with the number of states and the
length of the Markov chain [54, 97].

CTs map observations about an item to conclusions about the item’s
target value, meaning the predicted outcome is the class to which the data
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belongs. Decision tree learning has been proven to be applicable to appliance
identification on metering data in a couple of recent studies [6, 162].

The 1NN classifier is often regarded as the simplest straw man or baseline
approach [87], and has been considered for the energy disaggregation task in
several studies [114, 120, 222]. 1NN usually has good performance in low
dimensions, but can have poor predictions in high dimensions. For linear
search, 1NN does not perform any fitting [136].

6.4.3 Inference of Occupancy

We assume that there exists a direct relationship between appliance usage
and occupancy states in residential homes. For instance, if the lighting is
turned on we usually know that the residents are at home, unless someone
forgot to turn off the lighting. Hence, lighting may be a straightforward in-
dicator for occupancy states, enabling us to verify manually adjusted heating
schemes and recommend optimized heating schedules.

However, heating control is much more complex, because the usage of
certain appliance actually requires to decrease the temperature. For example,
when residents turn on the oven or stove the temperature in the kitchen
rises automatically, and we can reduce heating to save energy, instead of
just opening the window. In case the heating control system would have
knowledge about the installation points of all devices, one could even use the
appliance states to control the temperature in individual rooms.

The knowledge of individual appliance states furthermore allows us to
infer devices that are unrelated to occupancy. For instance, the refrigerator
automatically switches between on and off state every few minutes, no
matter if the residents are at home or not. The same is true for devices
in standby mode or appliances such as the smoke alarm or electronic panels
which are constantly drawing power. Therefore, by just looking at the overall
energy consumption of a household it is impossible to distinguish between
occupancy states.

The accuracy of the appliance state classification and the implications for
heating control will be scrutinized in the following section.

6.5 Empirical Evaluation

The goal of our evaluation is twofold: (i) we investigate which of the con-
sidered machine learning models is most accurate for the the appliance state
classification task; and (ii) we assess the use of the identified appliance or
rather occupancy states for heating control.
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6.5.1 Energy Data

We consider the REDD dataset [100], which comprises electricity consump-
tion measurements from six household at the granularity level of individual
devices, and represents to date one of the largest and richest publicly avail-
able collections of power consumption data [10]. There are approximately 20
consecutive days of measurements available for each house, providing data
from the two main phases and each individual circuit at 1Hz frequency rate.
Measured appliances include main consumers such as Air Conditioning, Dish-
washer, Disposal, Electrical Heating, Microwave, Oven, Refrigerator, Stove,
Washer/Dryer as well as other miscellaneous electronics and outlets (see Ta-
ble 6.2).

6.5.2 Experimental Design

In our empirical evaluation we compare the classification accuracy of the
introduced machine learning models (see Table 6.1) on the REDD dataset.
Strictly speaking, we assess the appliance state classification accuracy for all
considered models on a granularity level of individual devices. The training
of the respective models is done on appliance-specific consumption measure-
ments of one particular device for all households but one. The aggregated
electricity consumption signal of the left-out household is then used for test-
ing the performance of the trained models for each individual device. This
evaluation principle is also commonly known as cross-validation with leave-
one-out.

6.5.3 Classification Accuracy

Table 6.2 illustrates the classification accuracy per (a) household and (b) ap-
pliance for all examined models, including Naive Bayes (NB), Factorial Hid-
den Markov Model (FHMM), Classification Trees (CT), and One-Nearest-
Neighbor (1NN) classifier. The classification results present the performance
of the trained models in an unknown environment or rather before unseen
household.

The results in Table 6.2 (a) show the classification accuracy of device
states per household averaged over all appliances. For instance, the NB
model achieved an accuracy of 0.8429 for House1, meaning that the model
was trained on House2-6 and tested on the previously unknown House1,
where 84.29% of all device states were classified correctly. However, as illus-
trated in Table 6.2 (a) the classification accuracy of each model varies with
the household, which is due to the fact that the examined households use
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(a) Classification Accuracy of Device States per Household
averaged over all Appliances

NB FHMM CT 1NN
House 1 0.8429 0.8414 0.8319 0.7615
House 2 0.9310 0.9300 0.9224 0.8062
House 3 0.9275 0.9200 0.8908 0.7213
House 4 0.8645 0.8616 0.8746 0.7038
House 5 0.9864 0.9854 0.9839 0.7638
House 6 0.8131 0.7873 0.7752 0.6050
MEAN 0.8942 0.8876 0.8798 0.7269

(b) Classification Accuracy of Device States per Appliance
averaged over all Households

NB FHMM CT 1NN
Air Conditioning 0.9315 0.9248 0.9300 0.9138
Bathroom GFI 0.9328 0.9275 0.9324 0.9134
Dishwasher 0.9541 0.9493 0.9551 0.9134
Disposal 0.9955 0.9818 0.9970 0.9918
Electrical Heating 0.8863 0.8856 0.8620 0.8895
Electronics 0.8875 0.7970 0.7404 0.0991
Furnace 0.8216 0.8211 0.7294 0.5216
Kitchen Outlets 0.7902 0.7915 0.7070 0.1775
Lighting 0.7751 0.7737 0.8006 0.7611
Microwave 0.9516 0.9473 0.9526 0.9279
Miscellaneous 0.9242 0.9295 0.9296 0.7237
Outdoor Outlets 0.9982 0.9995 0.9997 0.9996
Oven 0.9754 0.9804 0.9815 0.9811
Refrigerator 0.7834 0.7872 0.7952 0.7898
Smoke Alarm 0.9729 0.9629 0.9738 0.6234
Stove 0.9346 0.9288 0.9363 0.8330
Subpanel 0.9808 0.9807 0.9815 0.9811
Unknown Outlets 0.9578 0.9558 0.9555 0.3432
Washer Dryer 0.9287 0.9256 0.9297 0.8763
MEAN 0.9148 0.9079 0.8994 0.7505

Table 6.2: Cross-validation of trained models.
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appliances of different manufacturers with dissimilar energy profiles.
Table 6.2 (b) presents the classification accuracy of device states per

appliance averaged over all households. For example, the results show that
the NB model is able to classify the device states of the Air-Conditioning with
an average accuracy of 93.15%, taking the mean of House1-6. In general, all
models achieved a relatively high classification accuracy for appliances with
distinctive energy profiles, such as the Dishwasher or Oven, but performed
less well on appliances with changes in consumption that can be easily be
confused with other devices, like the Refrigerator or Lighting.

By taking the mean over all results for (a) each household and (b) each
appliance per model, shown in the bottom row of Table 6.2 (a) and (b)
respectively, we can easily see that on average the NB model achieved the
highest classification accuracy, closely followed by FHMM and CT. Although
the 1NN classifier shows relatively high classification accuracy for several
individual appliances, it is unable to correctly classify the device states of
others, and, therefore, achieved the lowest average classification performance.
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Figure 6.3: Observed and estimated on/off states for the Washer/Dryer
in House1 averaged over the period of 4 weeks, illustrating the actual and
predicted device activities in the time from April 25th to May 15th 2011,
where every quarter of an hour aggregates the activities that occurred during
the same weekday and time of day. The transition from blue, to yellow, to
red colored areas illustrates low, moderate, and high device activity.
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6.5.4 Heating Control

In this subsection we discuss how the classified on/off device states can
be used for heating control and scheduling. Since the Naive Bayes (NB)
model achieved the highest average accuracy on classifying device states of
appliances in an unknown household (see Table 6.2), we will consider the NB
approach in our following exemplification.

Figure 6.3 shows the (a) observed and (b) estimated on/off states for the
Washer/Dryer in House1 over a period of four weeks, where every quarter
of an hour aggregates the device activities that occurred during the same
weekday and time of day. By illustrating the (a) observed activity of the
Washer/Dryer, which constitutes our ground truth, we see that this appliance
is mostly used on Fridays and weekends. The (b) estimated activity of the
Washer/Dryer, inferred from the overall energy consumption of House1 by
the trained NB model, shows similar behavior patterns for weekends, but
predicts false on states for Mondays.

By taking a closer look at the confusion matrix of observed and estimated
on/off device states for the Washer/Dryer in House1, shown in Table 6.3,
we are able to gain a better understanding of the estimated appliance activity.
Table 6.3 reveals the percentage of true positives (TP) or true on states, true
negatives (TN) or true off states, false positives (FP) or false on states, and
false negatives (FN) or false off states. Although the NB model achieves
a high classification accuracy [(TP+TN)/(TP+TN+FP+FN)=96.83%], the
percentage of falsely classified states [FP+FN=3.17%] in not negligible, ex-
plaining the mistaken Washer/Dryer activity estimated for Mondays (see
Figure 6.3(b)). The FP and FN estimates imply heating during absence and
cooling during occupancy respectively.

Observed on Observed off
Estimated True Positive False Positive

on (TP) = 0.59% (FP) = 1.14%
Estimated False Negative True Negative

off (FN) = 2.03% (TN) = 96.24%

Table 6.3: Confusion matrix of observed and estimated on/off device states
for the Washer/Dryer in House1, where Accuracy=TP+TN=96.83%.

The cause of falsely classified states can also be explained with help of
Figure 6.2. By examining the distribution of on and off states of the Re-
frigerator in House1, shown in Figure 6.2 (e) and (f) respectively, we can
see there is a significant overlap of changes in power consumption that are
caused by both the Refrigerator and other devices. According to Figure 6.2
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(e) and (f), changes in power consumption that range from around 1 to 50
Watt occur at times when the Refrigerator is turned on as well as when its
is turned off, leading to an inaccurate appliance model.

In order to decrease the number of FP and FN device states one could
orchestrate the trained appliance models or consider additional features that
distinguish the appliances more accurate. However, this goes beyond the
scope of this study, but could be part of future work.

A more thorough evaluation of the heating schedules would require datasets
that comprise information about actual occupancy states in the residential
homes and preferences of the residents in regard of temperature settings.

6.6 Conclusion and Future Work

In this work we reviewed recent advances in energy disaggregation and adopted
established appliance identification strategies to infer occupancy states for
smart heating control and scheduling. Our proposed approach to appliances
state identification considers the changes in power consumption as charac-
teristic to classify the individual devices. In our evaluation we have shown
that the Naive Bayes classifier is able to achieve relatively high accuracy
on the appliance state identification task, even in unknown environments or
households. Furthermore, we explained how to use the information about
identified appliances to infer occupancy states in residential homes. We ex-
emplified the idea of occupancy-based heating schedules and discussed the
problem of falsely identified appliance states.

The main advantage of our proposed framework for heating control and
scheduling is its simplicity in that we refrain from implementing new in-
frastructure in residential homes, but use given information from available
electricity smart meters. This approach will eventually lead to higher ac-
ceptance rates among residents and provides alternative avenues for novel
heating control strategies.

Since our appliance state identification strategy can replace sensing in-
frastructure that is used to identify occupancy states in residential homes,
it would also be interesting to compare the energy savings provided by our
approach with the performance of existing frameworks, such as the smart
thermostat [123]. However, this would require datasets that comprise infor-
mation about actual occupancy states in the residential homes and prefer-
ences of the residents in regard of temperature settings.

Our proposed approach to appliance state identification can furthermore
be beneficial for other applications. Recent studies [10] have shown that the
availability of smart meter data alone is often not sufficient to achieve high
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load disaggregation accuracies. Future work could combine the knowledge
of total energy consumption with additional information about sequences of
events, such as on/off states for each individual appliance, to improve the
accuracy of certain disaggregation algorithms [10] that use such events along
with smart meter data.



Chapter 7

Applied Time Series Distances

In the previous chapters (3-6) we introduced several different time series dis-
tance measures, discussed their theoretical properties, and evaluated their
actual performance on datasets from various domains. Certainly all pro-
posed time series distance measures were designed with a particular purpose
in mind. The development of the introduced distance measures was mainly
funded by industrial partners (see acknowledgement in front matter), which
have a general interest in using the distance measure to solve real-world time
series mining tasks. In general, the industry partners require an easy-to-use
software prototype with an intuitive graphical user interface, which enables
them to load data, select parameters, and visualize results in a straightfor-
ward manner.

In this chapter we present several software prototypes, which were de-
signed on behalf of our industry partners for the purpose of mining time
series datasets. In the following we introduce three time series analysis tools,
including SOE, BestTime, and MatArcs.

SOE analyzes aggregated energy consumption signals, such as coming
from smart meters, in order to generate optimized heating schedules. The
mathematical foundation and applied algorithm of SOE are discussed in
Chapter 5. The corresponding software prototype and application context
are explained in Chapter 7.1.

BestTime is a tool that allows to identify time series representatives,
which best comprehend the recurring temporal patterns in a given dataset.
The underlying problem and our proposed solution are discussed in Chapter
4. The graphical user interface and functionality of BestTime are presented
in Chapter 7.2.

MatArcs visualizes recurring patterns in time series and is, therefore,
somehow related to the BestTime tool. The software architecture and applied
mathematical concepts of MatArcs are explained in Chapter 7.3.

123
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7.1 SOE
Heating Control via Energy Disaggregation

A large part of the residential energy consumption attributes to heating. We
propose to reduce this consumption by automatically generating optimized
heating schedules based on actual presence and preferences of the residents
using aggregated energy signals. To demonstrate this, this work introduces
SOE - a single-agent smart heating control system. SOE integrates energy
disaggregation algorithms using a Naive Bayes classifier to infer appliances
states that indicate presence.

7.1.1 Introduction

Smart heating strategies enable us to reduce residential energy consumption
by a significant amount [123]. Heating control systems can be optimized ac-
cording to various parameters, including outside temperature, current energy
price, and actual presence of the residents. This work demonstrates how to
use an aggregated energy signal, measured by a smart meter, to identify the
habits of the residents in terms of presence. We propose to employ energy dis-
aggregation techniques to make inference about the use of certain household
appliances, which indicate physical presence of the occupants. This approach
is also referred as non-intrusive load monitoring [100, 222] and has the bene-
fit that, unlike other systems [123, 148], it does not require additional sensor
infrastructure.

In a previous study [180], we evaluated various machine learning algo-
rithms on the appliance state identification task using the REDD dataset [100],
which provides both device-specific and aggregated energy consumption for
a number of houses over a period of several weeks. Our empirical evaluation
has shown that the Naive Bayes (NB) classifier was able to achieve a relative
high accuracy on estimating individual appliance states [180].

This demonstration presents SOE, a single-agent heating control system,
that proposes optimized heating schedules that aim to reduce the residential
energy consumption. SOE computes the optimized heating schedules based
on manual adjustments of the residents and automatically determined occu-
pancy states. In addition, SOE enables the residents to monitor and control
their heating from remote using mobile devices.

7.1.2 Main Purpose

Our approach is based on the assumption that the present occupancy state
of a household can be inferred from the appliances that are currently in use.
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Figure 7.1: Aggregated energy consumption of REDD House1 (blue line)
and its fridge (red line) [100]. Although the fridge is not suited to determine
physical presence in a household, this plot illustrates the superposition of the
individual appliance signals and the changes in consumption that we use as
features for the devices state identification.

Since an appliance can be either turned on or off, we formalized the appli-
ance state identification as a two class classification problem. The aggregated
energy signal derived from smart meters is usually superimposed and unnor-
malized and, therefore, unsuitable for the appliance state identification task.
However, the signal can be used to derive the appliance state by considering
changes in power consumption as features for the appliance state identifica-
tion. The changes in power consumption can be derived by the first-order
difference of the aggregated energy signal.

Given these features we aim at building an appliance model that con-
siders the distribution of the on and off appliances states. Our approach
comprises three steps, including (1) feature extraction from the aggregated
energy signal, (2) identification of individual appliance states based on the
extracted features, and (3) inference of household occupancy from the iden-
tified appliance use [180].

Most appliances have predictable energy consumption, which is consistent
over time, and can be categorized according to the magnitude of real/reactive
power [222]. Figure 7.1 illustrates the aggregated energy consumption of an
individual household and its refrigerator.

Taking this observation into account, we used the REDD dataset to com-
pare the classification accuracy of four different machine learning models,
Naive Bayes (NB) classifier, Factorial Hidden Markov Model (FHMM), Clas-
sification Tree (CT), and One-Nearest-Neighbor (1NN) classifier. The con-
sidered models were cross-validated over all six houses of the REDD dataset
for each of the measured appliances, such as air conditioning, microwave
oven, washing machine, and others. Our evaluation [180] shows that aver-
aged over all six household the NB classifier is able to achieve comparatively
high accuracy of about 91.5% on the appliance state identification task, even
in unknown environments or households. To deduce the presence in a house-
hold, the inferred appliance states are subsequently weighted according their
significance or information value.
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In order to build a practical application we embedded the implementa-
tion of our trained appliance model in our SOE agent using the Matlab to
Java compiler.1 The SOE agent [124] is responsible for the heating control
in a home and has access to the aggregated energy signal using SML (Smart
Message Language)2 and the MUC (Multi Utility Communication)2 inter-
face. For further information about the machine learning part of the heating
control system the interested reader is referred to Spiegel and Albayrak [180].

7.1.3 Demonstration

The SOE heating control system aims at integrating the user as an essen-
tial part of the heating control process. At this point we want to address
questions concerning various aspects of human computer interaction. This
includes the usability and acceptance of the developed system with regard
to different user groups and/or environments. Users are able to access the
system using mobile devices and control the heating process in a fine-grained
manner (refer to Figure 7.3).

Figure 7.2 illustrates the overall architecture of a SOE agent [124]. The
residents are enabled to adjust the thermostat and create heating schedules
for each individual room (refer to Figure 7.3). Given the aggregated power
consumption of the household our implemented energy disaggregation com-
ponent is able to classify individual appliance states. The inferred appliance
use is subsequently employed to infer presence and to propose optimized
heating schedules to the residents.

In case that the manually created and automatically optimized heating
schedules differ from each other, the SOE agent will provide recommenda-
tions for possible adaptations. These suggestions are shown as notifications,
whereas the user can either accept the recommended adaptations or reject
the automatically generated heating schedule to manually conduct changes.
This is of utter importance, because the number of falsely classified appli-
ance states is not negligible. False estimates imply heating during absence
or cooling during presence, and are, therefore, undesired.

In our future work, we intend to reduce the number of false estimates
and in consequence to improve the appliance classification by using accep-
tance/rejection as reward/punishment signal for reinforcement learning strate-
gies. In order to demonstrate the system outside of our showroom, we use
a common notebook to simulate the smart home and an iPad to show the
SOE application.

1http://www.mathworks.de/products/javabuilder/
2http://www.vde.com/en/fnn/extras/sym2/Infomaterial/Pages/default.aspx

http://www.mathworks.de/products/javabuilder/
http://www.vde.com/en/fnn/extras/sym2/Infomaterial/Pages/default.aspx
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Figure 7.2: Overall architecture of SOE heating control system. The aggre-
gated energy signal is disaggregated using a Naive Bayes classifier to infer
appliance usages. From such usage the occupants’ presence is estimated and
used to optimize the heating schedule. The whole system can be controlled
by the residents using tablets and smart-phones.

7.1.4 Conclusion

This work demonstrates the machine learning algorithms employed for the
SOE (System for Optimization of in-house Energy demand) project. We
explained how to derive the present occupancy state of a household by infer-
ring the use of individual appliances. The main advantage of our approach
is that it merely requires an aggregated energy signal measured by a com-
mercial smart meters, without the need for additional sensor infrastructure.
Our implementation of the SOE heating control system provides insights into
practicality and usability, which are valuable for the intended deployment in
real estates.



128 CHAPTER 7. APPLIED TIME SERIES DISTANCES

(a) (b)

(c) (d)

Figure 7.3: Graphical user interface (GUI) of SOE heating control system,
showing the temperature settings for (a) all rooms at current time, (b) one
individual room for a specific weekday, (c) a single room for all workdays, and
(d) one individual room for the entire week. The manually created heating
schedules are compared against the automatically optimized scheme in order
to give recommendations for possible energy savings at idle time intervals.
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7.2 BestTime
Finding Representatives in Time Series Datasets

Given a set of time series, we aim at finding representatives which best com-
prehend the recurring temporal patterns contained in the data. We demon-
strate BestTime, a Matlab application that uses recurrence quantification
analysis to find time series representatives.

7.2.1 Introduction

This work presents BestTime, a platform-independent Matlab application
with graphical user interface, which enables us to find representatives that
best comprehend the recurring temporal patterns contained in a certain time
series dataset. Although BestTime was originally designed to analyze vehic-
ular sensor data and identify characteristic operational profiles that comprise
frequent behavior patterns [179], our extended version [188] can be used to
find representatives in arbitrary sets of single- or multi-dimensional time se-
ries of variable length.

Our approach to find representatives in time series datasets is based on
agglomerative hierarchical clustering [112]. We define a representative as
the time series that is closest to the corresponding cluster center of gravity
[138]. Since we want a representative to comprehend the recurring temporal
patterns contained in the time series of the respective cluster, we need a
distance measure that accounts for similar subsequences regardless of their
position in time [179].

However, traditional time series distance measures, such as the Euclidean
distance (ED) and Dynamic TimeWarping (DTW), are not suitable to match
similar subsequences that occur in arbitrary order [9, 36]. Hence, we propose
to employ Recurrence Plots (RPs) and corresponding Recurrence Quantifi-
cation Analysis (RQA) [132, 204] to measure the pairwise (dis)similarity of
time series with similar patterns at arbitrary positions. In earlier work [185]
we introduced a novel Recurrence Plot-based distance measure, which is used
by our BestTime tool to cluster time series and find representatives.

We formalize the introduced problem in Section 7.2.2. Our proposed
solution is presented in Section 7.2.3. The operation of our BestTime tool is
described in Section 7.2.4 and illustrated in Figure 7.4 - 7.5. Supplementary
material, including the executable Matlab code of BestTime, real-life data for
testing, and a video demonstration, can be found online [188]. We conclude
with future work in Section 7.2.5.
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7.2.2 Problem Statement

Given a time series X = {x1, ..., xn} of length n with xi ∈ Rd, a pattern
S of X is a subsequence S = {xi, . . . , xi+l−1} of l < n consecutive values,
for 1 ≤ i ≤ n − l + 1. Assuming a set X = {X1, . . . , Xt} of d-dimensional
time series of variable length, the goal is to find k << t representatives
Z = {Z1, . . . , Zk} ⊆ X that comprise as much patterns from X\Z as possible.

7.2.3 Finding Representatives

Our approach consists of three consecutive steps including 1.) the calculation
of a distance matrix that stores the pairwise distances between all time series
objects in the considered database, 2.) the clustering of all time series objects
according the precomputed distances, and 3.) the selection of representatives
that are in close proximity to the found cluster centers.

1. Calculating Distance Matrix.
Let X = {x1, . . . , xn} and Y = {y1, . . . , ym} be two d-dimensional time
series of length n and m respectively, then for the similarity thresholds
ϵ1, . . . , ϵd ≥ 0, we define a recurrence matrix Rd,ϵ as follows:

Rd,ϵ
i,j :=

d
k=1

Θ(ϵk − |xk
i − ykj |) (7.1)

i = 1 . . . n, j = 1 . . .m, Θ(·) Heaviside function.

Note that Rd,ϵ
i,j = 1, if |xk

i −ykj | ≤ ϵk holds for all k = 1 . . . d dimensions,

and Rd,ϵ
i,j = 0 otherwise. That means Rd,ϵ

i,j = 1, if X at time i is similar

to Y at time j. Furthermore, note that diagonal lines of ‘ones’ in Rd,ϵ

indicate that X and Y are similar over a certain time interval, and,
thus, reveal patterns that co-occur in X and Y [132].

Since we aim at finding representatives which comprehend patterns
that co-occur in other time series, we propose to quantify the diagonal
line structures in Rd,ϵ by means of the determinism DET [132, 204]:

DET =

min(n,m)
l=lmin

l · P ϵ(l)
i=1,...,n
j=1,...,m

Rd,ϵ
i,j

(7.2)
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where P ϵ is the histogram of the lengths of diagonal lines in Rd,ϵ, i.e.
P ϵ(l) is the number of diagonal lines of length l. Consequently, the de-
terminism (DET ) reflects the percentage of recurrence points or entries
in Rd,ϵ that form diagonal lines of minimum length lmin [132].

Having quantified the minimum length patterns, we are finally in the
position to define our time series distance measure as:

d(X, Y ) := 1−DET (7.3)

Note that d(·, ·) ∈ [0, 1], where high values correspond to low similarity,
and vice versa. Given a set X = {X1, . . . , Xt} of t time series, we store
the pairwise distances in a matrix D of size t×t, where Di,j = d(Xi, Xj)
for i, j = 1, . . . , t.

2. Clustering Time Series.
Given a desired number of representatives k and the predetermined
distance matrix D, we employ hierarchical clustering with complete
linkage to map each time series of our dataset X = {X1, . . . , Xt} to
a corresponding class C = {C1, . . . , Ck}, so that c : X → C. The
linkage criterion determines the distance between sets of observations
as a function of pairwise distances between observations:

max{Di,j = d(Xi, Xj) : c(Xi) ̸= c(Xj)} (7.4)

Although we propose to use hierarchical clustering on account of its de-
terministic behavior, one could also employ any other cluster algorithm
for this step.

3. Selecting Representatives.
Having split our dataset X = {X1, . . . ,Xk} into k disjoint subsets, so
that c(Xi) = i for 1 ≤ i ≤ k, we are eventually able to select a time
series representative Zi ∈ Xi for each cluster in the following manner:

Zi := argmin
X∈Xi


Y ∈Xi

d(X, Y ) (7.5)

According to our definition, a representative is the object most sim-
ilar to all other objects in the respective cluster. In regard to our
proposed distance measure, a representative is therefore the time se-
ries that comprehends as many as possible patterns contained in the
considered dataset or subset.
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Figure 7.4: Given a set of time series with previously unknown patterns, we
aim to cluster the data and find a representative (highlighted) for each group.

7.2.4 BestTime

BestTime is a platform-independent Matlab application, which provides an
user-friendly interface. It enables a user to find representatives in arbi-
trary time series datasets by clustering the data sequences according to co-
occurring patterns. In the following we briefly describe the operation of our
BestTime application and illustrate the data processing for a small set of
sample time series in Figure 7.4 and 7.5. Please feel free to download our
BestTime tool [188] to follow the stepwise operating instructions given below.

Input Data. BestTime is able to analyze multivariate time series with same
dimensionality and of variable length. Each individual time series needs
to be stored in an independent csv (comma separated values) file, where
rows correspond to observations and columns correspond to variables.
Optionally, the first row may specify the names of the variables. The
user selects an input folder that should contain all time series in speci-
fied csv format. A small set of sample time series that we use as input
is illustrated in Figure 7.4.

Minimum Number of Observations. Depending on the application, the
user can optionally reduce the size of the dataset by specifying the
minimum length of the time series which should be consider for further
processing.



7.2. BESTTIME 133

(a)

(b)

(c)

10 20 30 40 50 60 70 80 90 100 110 120
−0.5

0

0.5

V
a

r 
1

Time

Representative:   Peak01.csv   (Cluster No. 2 of 3)

 

 

10 20 30 40 50 60 70 80 90 100 110 120
0

1

2

3

R
e

c
u

rr
e

n
c
e

Time

Figure 7.5: BestTime operation and data processing for finding representa-
tives in time series datasets, exemplified on sample time series introduced in
Figure 7.4. (a) Visualization of computed distance matrix and distance dis-
tribution, which are used to ensure both appropriate parameter settings and
clusters that preserve the time series characteristics. (b) Clustering results,
which show various validation indexes for a changing number of clusters, the
list of identified representatives for a selected number of clusters, and the
cardinality of the individual clusters. (c) Detailed view of a representative
and its corresponding pattern frequency with regard to the selected cluster.
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Data Reduction Rate. Since the cost of our pairwise distance calculations
is quadratic in the length of the time series, we offer the possibility to
reduce the length via piecewise aggregate approximation [36]. Given a
time series of length n and a reduction rate r, the approximate time
series is of length n/r.

Minimum Pattern Length. As described in Sec. 7.2.3, the predetermined
minimum pattern length lmin directly influences the time series simi-
larity. This parameter strongly depends on the application and needs
to be chosen by a domain expert.

Variable Selection. In case of time series datasets with multiple dimen-
sions, the user interface of our tool offers the possibility to select the
variables that should be considered for further analysis.

Similarity Threshold. This parameter is usually very sensitive and di-
rectly influences the clustering result. Since it may be challenging to
determine an appropriate similarity threshold ϵ for each variable, our
tool can alternatively recommend (estimated) thresholds.

Parallel Computing. Calculating the distance matrix is costly for large
datasets. However, this step is fully parallelized and runs almost nCPU -
times faster than serial processing. Up to twelve parallel workers are
supported.

Quality Control. Our tool presents a colored plot of the computed distance
matrix and a histogram of the distance distribution in order to ensure
appropriate parameter settings as well as clusters that preserve the time
series characteristics. Since both plots are updated iteratively during
distance calculations, we can abort computation anytime the preview
suggests undesired results. For the distance matrix, a high variance in
the distances/colors indicates an appropriate parameter setting, and a
low variance in the distances/colors may result in poor clustering. In
general, good clustering results can be achieved when the distances do
not accumulate at either end of the interval (all close to zero or one).
Figure 7.5(a) shows the quality control for our sample dataset.

Clustering Validation. To support the user in choosing an optimal num-
ber of k clusters or representatives, our tool validates the cluster good-
ness for changing k according to three cluster validation indexes. Figure
7.5(b) shows the cluster validation for our sample dataset.
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Cluster Distribution. The clustering may result in groups of different size.
Our tools illustrates the cluster distribution to identify outliers and
emphasize prominent groups with expressive representatives. For our
sample dataset all clusters have the same size, see Figure 7.5(b).

List of Representatives. Since we aim at finding representatives, our tool
does not only show a list of identified candidates as illustrated in Figure
7.5(b), but also allows to visualize the time intervals or patterns that
co-occur in other time series of the same cluster, see Figure 7.5(c).

7.2.5 Conclusion and Future Work

We have introduced BestTime, a Matlab tool, which implements a recurrence-
plot based approach to find time series representatives that best comprehend
the recurring temporal patterns in a corresponding dataset. Furthermore, we
provide supplementary online material [188], which includes our BestTime
tool, real-life testing data, a video demonstration, and a technical report.
In future work we plan to reduce the computational complexity of pairwise
(dis)similarity comparisons by means of an approximate distance measure.
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7.3 MatArcs
Visualization of Recurring Patterns in Time Series

In statistics, exploratory data analysis (EDA) is an approach to analyzing
datasets to summarize their main characteristics, often with visual methods.
A statistical model can be used or not, but primarily EDA is for seeing what
the data can tell us beyond the formal modeling or hypothesis testing task.

We developed MatArcs, a novel EDA technique which allows to identify
recurring patterns in time series that merit further study. The main advan-
tages ofMatArcs are the compact visualization of multivariate time series and
the localization of recurring subsequences with variable length. Our proposed
algorithm is able to fulfill the multi-layered task of exploratory data analysis,
which includes i) the processing of multivariate and high-dimensional time
series (even with noise and distortions), ii) the identification of recurring
subsequences or patterns that describe the underlying structure of the data,
and iii) the visualization of the extracted structure in a comprehensive way.

7.3.1 Introduction

Data visualization techniques are very important for data analysis, since
the human eye has been frequently advocated as the ultimate data mining
tool [115]. However, there has been surprisingly little work on visualizing
multivariate and high-dimensional time series in an intuitive way, so that the
human eye can easily recognize the underlying structure of the data.

In case of time series the underlying structure can be described by recur-
ring subsequences or patterns that represent certain events or behavior (e.g.
periodicities and irregular cyclicities in climate data). Identified patterns
cannot only be used to understand the structure of an individual time series,
but also to compare the structure of different temporal measurements.

Our proposed MatArcs approach is able to visualize the patterns of mul-
tivariate time series (that consist of multiple temporal data sequences of
same length with measurements taken at identical time points) in an two-
dimensional plot. The basic idea of our novel visualization approach is exem-
plified in Figure 7.6, where the recurring patterns of an univariate time series
are illustrated. In general, we use arcs to visualize the connections between
recurring time series patterns and semicircles of different size to indicate the
relative frequency of the identified patterns. The main purpose of this visual-
ization technique is to make complex time series data accessible to the human
eye, depicting recurring patterns that describe the time series structure. We
employ Euclidean distance to find similar time series subsequences, although
any other distance measure could be used to identify recurring patterns.
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Figure 7.6: The proposed MatArcs tool uses arcs to visualize the connec-
tions between recurring time series patterns and semicircles of different size
to indicate the relative frequency of the identified patterns. If we consider
individual measurements as subsequences of length one, the most frequent
pattern in the illustrated sample time series is value 4, which occurs at time
point 2, 5 and 6 respectively.

The introduced MatArcs visualization technique meets the objectives of
exploratory data analysis (EDA) [198], due to the fact that it is able to: i)
suggest hypothesis about the causes and of observed phenomena, ii) assess
assumptions on which statistical inference will be based, iii) support the
selection of appropriate statistical tools and techniques, and iv) provides a
basis for further data collection. Moreover MatArcs is novel in that it i)
uses arc diagrams to visualize recurring time series patterns, ii) differentiates
patterns by semicircles of different size and color, iii) allows to illustrate
multivariate states with help of joint recurrence plots, which are explain in
detail in Section 7.3.3.

The rest of this work is structured as follows. Section 7.3.2 provides
background on related work. In Section 7.3.3 we introduce our MatArcs
approach and visualization framework. A case study on Google Trends data
is presented in Section 7.3.4. We conclude with future work in Section 7.3.5.

7.3.2 Related Work

In exploratory data analysis (EDA) literature there exist a wide range of
visualization approaches, including graphical techniques such as histograms
and scatter plots. However, most traditional EDA techniques do not con-
sider the chronological ordering of observations or produce ambiguous time
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series visualizations [62, 203]. Although the performance of existing EDA
approaches is hard to measure, common sense tells us that an applicable
visualization techniques should contribute to the understanding of the data
and illustrate underlying patterns in their natural occurring order. Given
the limitations of the human eye in regard to spatial perception, it is often
challenging to comprehend the immense information of large datasets in an
individual visualization.

Scatter plots, for instance, are a type of mathematical diagram using
Cartesian coordinates to display values for two variables for a set of data.
However, they are not suitable to visualize multiple variables and temporal
correlations such as existent in multivariate time series. This limitation not
only based on the fact that the scatter plots are restricted to three space
dimensions and the color spectrum, but also arise from the loss of temporal
dependence.

Arc diagrams [145], in contrast, address the before mentioned shortcom-
ings of illustrating recurring temporal patterns. They were first introduced
in the field of music theory as a technique to visualize complex coherent
structures, which promote deeper understanding.

For example in tonal analysis, arc diagrams were successfully used to ex-
amine repeating structures [203]. The input data (of the implemented tonal
analysis algorithm) is represented as strings, which are subsequently inter-
preted as univariate time series. Although this approach keeps the identified
temporal patterns in a suffix tree, it does not interpret the significance of the
repeating sequences and merely reflects the complexity of a dataset. More-
over, the described tonal analysis algorithm was not designed to identify
multivariate patterns such as found in time series with multiple variables.

Another use case of arc diagrams is the visualization of threads found
in email, where thread arcs combine the chronology of messages [96]. Al-
though thread arcs have been shown to produce compact visualizations that
reveal relevant messages, the approach does not meet the requirements of
recognizing recurring multivariate patterns of arbitrary length.

Since traditional EDA techniques generally neglect the visualization of
temporal aspects and existing arc diagrams are unable to illustrate multivari-
ate patterns, there is a practical necessity for new visualization techniques
that allow to depict recurring temporal patterns in multivariate time series.
The main challenge is how to represent the multivariate pattern in a two-
dimensional visualization in order to make the data easily accessible to the
human eye. Furthermore, an applicable time series visualization technique
should not only except strings (sequences of symbols) as an input[62, 203],
but also other types of temporal measurements with/out time reference.
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7.3.3 MatArcs Visualization

This section presents our proposed MatArcs visualization framework, which
is implemented in Matlab and based on Arc diagrams. In the following we
introduce the mathematical notion of the problem and describe the system
architecture of the framework, as shown in Figure 7.7.

Notation

Assume a time series X = {x1, . . . , xn} with xj ∈ Rd for 1 ≤ j ≤ n. We can
also consider X as a matrix of size d×n, where xij corresponds to the element
of row i and column j, for 1 ≤ i ≤ d and 1 ≤ j ≤ n respectively. Given X,
we can define a pattern S(a, b) = {xa, . . . , xb} of length l = b − a + 1 as a
subsequence of l consecutive multivariate states xj = {x1j, x2j. . . . , xdj} ∈ Rd

for 1 ≤ a ≤ j ≤ b ≤ n.
Furthermore, suppose that d : S(a1, b1) × S(a2, b2) → R+ is a distance

function that determines the pairwise (dis)similarity between subsequences
S(a1, b1), S(a2, b2) ∈ X of same length b1 − a1 = b2 − a2. We regard two
subsequences S(a1, b1) and S(a2, b2) as a recurrent pattern in X if they are
(i) non-overlapping, i.e. 1 ≤ a1 ≤ b1 < a2 ≤ b2 ≤ n, and (ii) similar, i.e.
d(S(a1, b1), S(a2, b2)) ≤ ϵ, where ϵ ≥ 0 is a threshold.

For the pairwise (dis)similarity comparison of (sub)sequences we use the
L2-norm (∥X − Y ∥2), although any other (dis)similarity function can be
chosen. In case of multivariate time series with many variables (large d) the
L∞-norm might be more computational efficient.

In order to visualize recurring patterns or time series subsequences we
employ recurrence plots [132]. A recurrence plot of a univariate time series
X = {x1, . . . , xn} (with d = 1) can be formalized by the following equation:

Rd,ϵ
i,j = Θ(ϵ− ||xi − xj||) (7.6)

where xi, xj ∈ R1 are univariate states at times i and j (for i, j = 1 . . . n),
and Θ(·) is the Heaviside step function (Θ(z) = {1|z > 0; 0|z ≤ 0}).

The recurring patterns of a multivariate time series X = {x1, . . . , xn}
(with xj ∈ Rd for 1 ≤ j ≤ n) can be visualized by a joint recurrence plot,
which is formalized in the following equation:

JRd,ϵ
i,j =

d
k=1

Θ(ϵk − ||xk
i − xk

j ||), (7.7)

where ϵ = {ϵ1, . . . , ϵd} is chosen for each variable, and xi
j can also be

expressed as xij. The joint recurrence plot is an extension of the traditional
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recurrence plot, in that it simultaneously computes d recurrence plots which
are subsequently joint by logical conjunction. Note, that the individual di-
mensions or variables are allowed to describe different physical quantities,
but are required to have the same number of measurements. For example,
we can compute a joint recurrence plot for weather data containing humidity
and temperature measurements of each minute for one and the same day.

In the following section we describe the individual step of processing
multivariate time series for the proposed visualization.

Architecture

The proposed MatArcs framework consists of three main components, namely
i) input, ii) solver, and iii) visualization. These components and the data
processing pipeline are illustrated in Figure 7.7. The functionality of the
individual components is discussed in the following paragraphs.

Figure 7.7: MatArcs architecture, illustrating the data processing pipeline.

Input: As with most data mining problems, our time series visualization
requires a specific data format, which typically involves data preprocessing.
For instance, if one aims to provide a visualization of an input that consists of
multiple univariate time series with heterogeneous time scales. Our MatArcs
framework addresses this issue by combining the input set of univariate time
series to one multivariate time series. In case of heterogeneous time scales
or unequal length, the univariate time series need to be aligned prior to
combination. The combination of d univariate time series Y1 . . . Yd of length
n to one multivariate time series X ∈ Rd×n is carried out by the input
component, as illustrated in Figure 7.7.
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The filtering or smoothing of the univariate time series is unnecessary
and even undesired, because rectified outliers should not contribute to recur-
ring patterns. Consequently NaN-values (which might possibly correspond
to measurements errors) are simply ignored.

Solver: The identification of recurring patterns in multivariate time
series requires the pairwise similarity comparison of all non-overlapping sub-
sequences of same length. Our MatArcs visualization just requires to com-
pare all multivariate patterns of length one, since patterns of higher length
are illustrated by several successive arcs (see following paragraph on visu-
alization component). In general, two multivariate patterns of same length
l are considered to be similar if each multivariate state 1, . . . , l is similar.
In turn, a multivariate state is similar if the distance (i.e. L2-norm) of the
individual variables does not exceed the respective threshold. In case that
we aim to identify recurring patterns that are absolute identical (ϵ = 0 for
all variables), Equation 7.7 can be simplified as followed:

JRd,ϵ
i,j =

d
k=1

Θ(0− ||xk
i − xk

j ||2) = Θ(−||xi − xj||∞) xi, xj ∈ Rd

According to the above formalization, the joint recurrence can be either
understood in terms of the L∞ norm or interpreted as a logical conjunction of
individual recurrence plots (one for each variable). In case of an univariate
time series the recurrence plot can be directly derived from the distance
matrix. A toy example for the sample time series X = {2, 4, 3, 5, 2, 4} and
the similarity threshold ϵ = 0 is shown in Figure 7.8.

Figure 7.8: Distance Matrix and Recurrence Plot of Sample Time Series.
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As illustrated in Figure 7.8 a distance matrix can generally be regarded as
an unthresholded recurrence plot. Applying a similarity threshold to the dis-
tance matrix, as formalized in Equation 7.7, reveals structures that indicate
recurring patterns (i.e. non-zero entries within the recurrence plot).

Note that recurrence plots are usually symmetric and their main diagonal
always exhibits non-zero entries, since it reflects the line of identity. There-
fore, we merely consider the upper triangle of the recurrence plot for further
processing, thus cutting the computational effort in half. For example, the
recurrence plot in Figure 7.8 reveals that the measurements taken at time
point one and five (x1 = 2 = x5) as well as two and six (x2 = 4 = x6) are
similar to each other.

In general, a relatively small similarity threshold might lead to few or no
recurrences, whereas a comparatively high similarity threshold often causes
noisy recurrence plots. As a rule of thumb, the similarity threshold should
not exceed 10% of the maximum phase space diameter and the recurrence
point density should be approximately 1%. However, the selection of this pa-
rameter strongly depends on the application and examined data. Although
it is possible to clean the recurrence plot before visualizing the identified
patterns, for instance by removing redundant or spurious information, this
is out of scope for our use case.

Visualization:
Given a (multivariate) time series, our MatArc visualization aims at illus-

trating the recurring patterns identified in the previous step. The MatArcs
visualization consists of three steps, including the presentation of i) arcs that
connect recurring patterns, ii) semicircles that indicate the frequency of pat-
terns, and iii) colors that differentiate between patterns.

In our visualization approach the size of the arcs corresponds to the tem-
poral distance between recurring patterns, where the height of an arc is half
the distance. For example, the recurring pattern x1 = 2 = x5 in Figure 7.8
has a temporal distance of |1− 5| = 4 time units.

The radius of the semicircles is proportional to the frequency of the pat-
terns and is calculated by the ratio between the number of non-zero elements

in the corresponding row and the entire recurrence plot: ri =
n

j=1 JRi,jn
i,j=1 JRi,j

.

Finally all arcs and semicircles that belong to one recurring pattern are
highlighted in the same color, which makes our MatArcs visualization more
accessible to the human eye and simplifies the interpretation.
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7.3.4 Case Study

Although the introduced MatArcs visualization is applicable to time series
from arbitrary domains, we want to demonstrate the practicality of our ap-
proach for some real-life data. In the following we present a case study on
Google Trends data, which is publicly available on the internet. A Google
Trend generally contains the number of searches for a specific search request
over a certain period of time. The data is available as .csv-file and normalized
according the average number of requests for the corresponding search term3.
In particular, we consider the search term renewable energy for two different
countries, namely Germany and the United States. We choose 01/Jan/2004
to 26/Mar/2012 as time interval, which consists of around 400 measurements
(one for each week).

Given the described trend data for renewable energy, we want to identify
recurring patterns (e.g interest or disinterest in that topic) which occur jointly
in both countries. In the first step, the input component of our visualization
framework merges the two univariate time series into one multivariate time
series, since we are interested in multivariate patterns. Secondly, the solver
component computes the joint recurrence plot of the multivariate trend time
series and thereby identifies multivariate patterns that recur within the spec-
ified time interval. Eventually, the visualization component is able to plot
the identified patterns, using the proposed arc and semicircles representa-
tion. The input time series and the visualization result is illustrate in Figure
7.9(a) and 7.9(b) in detail.

In our case study we determine the similarity threshold for both time se-
ries to be 5% of the standard deviation. Although we can affect the number
of identified patterns by changing the similarity threshold, we should bear
in mind that the visualization needs to be clear and concise. Furthermore,
it is important to mention that the similarity threshold directly influences
the computation effort needed to plot the patterns. Figure 7.9(b) shows an
excellent example of a visualization that is neither to crowded with informa-
tion nor misses any details. Since an inappropriate setting of the similarity
threshold can easily cause noisy recurrence plots, we only take patterns into
consideration that recur at least three times. This constraint ensures concise
results and prevents computational expensive visualizations.

Figure 7.9(a) and 7.9(b) illustrate the described Google Trends data that
is used as input as well as the MatArcs visualization result. The trend data
indicates the number of search requests for the Renewable Energy term, where
the x-axis represents the time domain and the y-axis depicts the frequency
of the search term. Note that the frequency values are continuous, but the

3www.google.com/intl/en/trends/about.html, Chapter 7. How is the data scaled

www.google.com/intl/en/trends/about.html
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(a)

(b)

Figure 7.9: (a) MatArcs visualization of Google Trends data, which consists
of two time series that describe the frequency of the search term Renewable
Energy for two countries (Germany and the United States) over a period of
more than 8 years (01/Jan/2004 to 26/Mar/2012) on a weekly basis. (b)
Detailed view of above plot, showing the exact positions of the recurring
patterns. Note that the color of the most frequent pattern coincides with
the color of the text which states the number of recurrences. In this example
the multivariate state with the values 1.42 and 1.05 occurs 7 times and is
highlighted in purple color.
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time points are discrete. For instance in our sample trend data for Germany,
at time point 217 the search frequency for Renewable Energy is 4.36 times
higher than the average recording of all search requests handled by Google
during the considered time interval.

The MatArcs visualization in Figure 7.9(a) reveals that the multivariate
state with values 1.42 and 1.05 (for Germany and US respectively) occurs 7
times within the examined time interval. Semicircles and arcs (that indicate
the positions and connect the instances) of the most frequent pattern are
highlighted in purple color. Figure 7.9(b) shows only small part of the data
presented in Figure 7.9(a), which allows us a more detailed view on the
identified patterns. For instance, the magnified visualization emphasizes a
frequently recurring pattern (highlighted in light green color) that occurs for
the first time in 2011 and then recurs in irregular time intervals.

In case of the described trend data, the multivariate patterns can be inter-
preted as events in which the international interest (represented by Germany
and the US) in the Renewable Energy issue is repeatedly the same. The
frequency and time span of the patterns generally give information about
the significance and life cycle of an event. For example in Figure 7.9(a), the
purple and yellow pattern indicate a long-term trends, whereas the green
and brown pattern specify short-term trends. However, the purple pattern
occurs more frequently than the yellow one, making it a more promising
candidate for a significant motif or topic. Furthermore, an arc with a big
radius tells us that a pattern reemerges after a long period of time, whereas
several consecutive arcs with small radii are evidence of temporal patterns.
Although the recurrence of multivariate patterns indicates an interrelation
between the individual variables, it should not be confused with correlation
or dependence as known from statistics.

As mentioned in Section 7.3.2, scatter plots are typically employed in
exploratory data analysis in order to visualize the correlation or dependence
of variables. Figure 7.10 shows the scatter plot of our two variables (or
time series) for the search term Renewable Energy, as discussed above. In
comparison to our MatArcs visualization in Figure 7.9(a) and 7.9(b), we can
see that the scatter plot fails to reveal any structure. This is due to the fact
that scatter plots lack the ability to identify temporal relationships in time
series. Beyond that, scatter plots are incapable to visualize multivariate data,
which contains more than three variables. Since our MatArcs visualization
allows the visual examination of multivariate time series, it contributes to
the exploratory data analysis community in providing new visual insights.
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Figure 7.10: Scatter plot of Google Trends data for the search term Renewable
Energy, comparing Germany and the United States. An alignment of the data
points, which might indicate a correlation or dependence, is not observable.

7.3.5 Conclusion and Future Work

In this work we have proposed MatArcs, a novel visualization techniques,
which enables us to identify recurring patterns in multivariate time series.
Depending on the examined data, recurring pattern can represent events or
situation that closely resemble each other and occur at several positions in
time. Usually the recurring patterns are hidden in the data and are previously
unknown, but can be uncovered by means of our MatArcs approach.

Unlike traditional techniques in exploratory data analysis, such as scatter
plots, our MatArcs approach is able to visualize temporal data with multiple
variables. In particular, MatArcs is designed to identify multivariate patterns
in time series from arbitrary domains. To identify multivariate patterns we
employ joint recurrence plots, which can be imagined as a superposition of
several thresholded distance matrices - one for each variable. The introduced
mathematical notation of joint recurrence allows us to visualize multivariate
patterns in a clear and concise manner. In particular our MatArcs approach
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illustrates the information contained in the recurrence plots by means of arcs
and semicircles, which connect recurring patterns and indicate their relative
frequency. We explained how to clean noisy recurrence plots and determine
an appropriate similarity threshold prior visualization.

In our case study, we discussed an example of our MatArcs visualiza-
tion using Google Trends data. In particular, we illustrated the multivariate
patterns that recur jointly in the trend data for the search term Renewable
Energy for both Germany and United States. Our case study showed that
our MatArcs approach is able to identify long-term and short-term behavior
with statistical significance.

Future work includes the visual examination of time series from other
domains, such as vehicular sensor data, motion data, and gene sequences.
Furthermore, we want to enable our MatArcs visualization to identify re-
curring patterns of variable length. In addition, we plan to implement an
extension that allows interactive data exploration, so that changes made by
the user are incorporated into the visualization in real-time.

7.3.6 Appendix: Explorative Data Analysis

In order to encourage the data mining community to use our proposed
MatArcs visualization, we have developed a web framework that implements
the introduced approach. Our MatArcs web tool is publicly available at
http://www.anytime.dai-labor.de and can be used to visually explore
multivariate time series from arbitrary domains. Some screen shots of the
web interface are shown in the following:

Figure 7.11: The ANYTIME web framework includes our MatArcs approach
and other time series visualization techniques, which aim at identifying and
illustrating recurring patterns in multivariate temporal data sequences.

http://www.anytime.dai-labor.de
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Figure 7.12: Web interface of MatArcs visualization tool, explaining data
input, parameter selection, and result interpretation in an intuitive manner.
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Figure 7.13: Web interface of MatArcs tool, showing multivariate input data,
arc representation of underlying structure, and top most frequent patterns.
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Chapter 8

Conclusion

This thesis considered time series analysis in the context of data mining,
machine learning, and pattern recognition. The emphasis was on time series
distance measures, since the pairwise (dis)similarity comparison of temporal
data sequences is an essential subroutine in all time series mining tasks. We
discussed the weak points of existing methods and proposed several novel
distance measures for time series segmentation, classification, and cluster-
ing. Our newly introduced distance measures addressed several time series
mining problems such as the distortion of temporal measurements, the pro-
cessing of superimposed signals, the computational complexity of pairwise
(dis)similarity comparisons, the handling of multivariate time series, and the
analysis of nonlinear systems. Furthermore we demonstrated that our pro-
posed time series distance measures are beneficial in real-world applications,
including the optimization of vehicle engines in regard to exhaust emission
and the optimization of heating control in terms of energy efficiency.

In Chapter 3 we proposed a generic three-step approach to the recognition
of contextual patterns in multivariate time series. The crux of our approach
is a factorization-based distance measure, which allows for the identification
of internally homogeneous time series segments. Although we illustrated
the practicability of our approach on vehicular sensor data, recognition of
patterns in (multivariate) time series is an important issue in many other
context-aware applications.

Chapter 4 focused on the fast classification of time series that exhibit
local scaling. We introduced a novel lucky time warping distance with linear
space/time complexity, which uses a greedy algorithm to accelerate distance
calculations for nearest neighbor classification. Our experiments on a large
variety of time series with different properties showed that the proposed lucky
time warping distance trades classification accuracy against computational
cost reasonably well.

151
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In Chapter 5 we introduced another novel time series distance measure,
based on the theoretical foundations of recurrence plots, which allows to
determine the (dis)similarity of (multivariate) time series that contain seg-
ments of similar trajectories at arbitrary positions. We employed recurrence
quantification analysis to measure the structures observed in cross recur-
rence plots and to investigate dynamical properties, which reflect the pair-
wise (dis)similarity of time series. This work was the first attempt to solve
time series clustering with nonlinear data analysis and modeling techniques
commonly used by theoretical physicists.

Chapter 6 gave attention to superimposed time series, in particular, ag-
gregated energy signals such as coming from smart meters. We investigated
energy disaggregation techniques to infer appliances states and consequently
derive higher-level context about household occupancy. Although this chap-
ter merely investigated energy consumption data, our literature survey and
empirical evaluation of different disaggregation techniques provides a solid
basis for decision making in other applications where mixed signals need to
be separated into their individual sources.

In Chapter 7 we presented several of our software prototypes which were
designed to solve real-world time series mining tasks. The demonstrated
time series mining tools implement our introduced distance measures and
provide graphical user interfaces for straightforward parameter setting and
exploratory time series analysis. All of our software prototypes were devel-
oped in cooperation with industry partners and address problems that arise
in domains such as car manufacturing and home automatization.

8.1 Contributions

Our work contributed to the time series community by introducing several
novel distance measures, which have been shown to be useful for various
time series mining tasks, such as segmentation, classification, and clustering
of temporal data. The proposed time series distance measures addressed
various important research problems regarding the analysis of distorted data,
multivariate measurements, superimposed signals, and nonlinear systems.
We not only made a contribution by improving classification accuracy and/or
reducing computational complexity of existing distance measures, but we also
explored and created new avenues for pattern recognition, sensor fusion, fast
classification, nonlinear modeling, and other scientific aspects of time series
analysis. In the following paragraphs we comment on the particular relevance
of our most important findings.



8.1. CONTRIBUTIONS 153

8.1.1 Pattern Recognition

Pattern recognition is used in many fields, including medicine, astronomy,
geophysics, engineering, and quantitative finance. In these fields many of
today’s applications utilize sensors to measure and observe various physical
quantities. The measurements are typically represented as sequences of data
points, and the recognition of certain patterns in such time series is important
to retrieve higher-level information and consequently derive knowledge that is
necessary for further decision-making. In this work we presented several novel
strategies to model time series and find relevant patterns, which describe
certain events, situations, or other higher-level context (refer to Chapter 3,
5 and 6). We demonstrated the practicability of our pattern recognition
strategies on sensor data recorded by vehicles and smart meters, but our
generic models also allow for the recognition of patterns in time series from
other domains.

8.1.2 Sensor Fusion

Sensor fusion is the combining of sensory data from disparate sources such
that the resulting information is in some sense better (more accurate, more
complete, or more dependable) than would be possible when these sources
would be used individually [33, 41, 212]. In conjunction with time series
analysis the concept of sensor fusion involves the processing and analysis of
multivariate measurements. In this work we proposed two different models
that allow for combined processing and analysis of multivariate time series.
Our first approach (see Chapter 3) is based on singular value decomposition,
where each measurement or individual time series is represented as one vector
in a matrix which is subsequently factorized to determine significant changes
in correlation and identify internally homogeneous time series segments. Our
second approach (see Chapter 5) is based on joint cross recurrence plots, an
extension of traditional recurrence plots, which enables us to pairwise com-
pare multivariate time series according to co-occurring patterns or segments
of similar trajectory. In the context of sensor fusion both of our models are
very convenient, because they allow us to process and analyze multivariate
sensory data of different physical quantities simultaneously.

8.1.3 Fast Classification

Fast time series classification, which involves efficient and effective pairwise
similarity comparisons as an essential subroutine, is of paramount importance
when processing ever increasing amounts of temporal data. In this work we
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introduced a novel lucky time warping distance, with linear space and time
complexity, which uses a greedy algorithm to accelerate distance calculations
(refer to Chapter 4). Our empirical results have proven that, compared to
state-of-the-art techniques such as constrained dynamic time warping with
lower bounding, the proposed lucky time warping distance trades classifi-
cation accuracy against computational cost reasonably well. Furthermore,
we have shown that our lucky time warping distance is straightforward and
easy to implement, can cope with time series that exhibit warping invariance,
and, therefore, is an excellent choice for one-nearest-neighbor classification
of arbitrary time series. Moreover, our work on fast classification contributes
to the time series community by correction erroneous believes and opening
new avenues regarding optimal warping path strategies.

8.1.4 Nonlinear Modeling

In some time series applications we are confronted with complex systems,
such as the human heart and brain or even vehicle engines, where indepen-
dent variables affecting the system can show complex synergistic nonlinear
effects and phenomena are not well expressed in traditional mathematical
terms. Contrary to traditional (phenomenological) modeling, which describes
a system in terms of laws of nature, nonlinear modeling can be utilized in
processes or systems where there is a lack of fundamental understanding on
the root causes of most crucial factors. In this work we employed recurrence
plots and corresponding recurrence quantification analysis to model complex
situations where relationships of different variables or measurements are not
known (see Chapter 5 and 7.2). More precisely, we investigated dynamical
properties like the determinism, which accounts for recurring subsequences
of predetermined minimum length, to model complex drive maneuvers in ve-
hicular sensor data. Based on the formalization of cross recurrence plots and
the denotation of determinism, we defined a novel distance measure which
allows us to determine the pairwise (dis)similarity of multivariate time series
that contain segments of similar trajectory at arbitrary positions. Further-
more, we have demonstrated that given a set of arbitrary time series, our
proposed recurrence plot-based distance measure is able to identify represen-
tatives which best comprehend the recurring temporal patterns contained in
the data, which is regarded as a common time series mining task with high
practical relevance.
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8.1.5 Invariance

In the majority of real-life time series applications we have to deal with sen-
sor data that exhibits different kind of distortions as well as measuring errors
or inaccuracies. The choice of distance measure for solving a particular time
series mining tasks usually depends on the invariance required by the do-
main. Recent work has introduced techniques designed to efficiently measure
similarity between time series with invariance to the distortions of warping,
uniform scaling, offset, amplitude scaling, phase, occlusions, uncertainty and
wandering baseline. In this work we proposed a novel order-invariant distance
measure which is able to determine the (dis)similarity of time series that ex-
hibit similar subsequences at arbitrary positions (refer to Chapter 5). Order
invariance is an important consideration for many real-life data mining appli-
cations, where sensors record contextual patterns in their naturally occurring
order and the resulting time series are compared according to co-occurring
contextual patterns regardless of their order or location (see Chapter 7.2).
To the best of our knowledge, order invariance has so far been missed by
the community, and relevant literature is lacking of an order-invariant time
series distance measure.

8.1.6 Signal Separation

In other time series applications we are confronted with the problem that
several individual sources have been mixed together into a combined signal
and the objective is to recover the original components or sources. A typical
example of source separation is energy disaggregation, where an aggregated
energy signal coming from a smart meter is disaggregated to deduce what
appliances are used in a household and/or how much energy the individual
appliances consume. In this work we evaluated various machine learning
models with regard to their performance in classifying appliance states and
inferring household occupancy (see Chapter 6). Our goal was to reduce the
residential energy consumption by automatically optimizing heating sched-
ules base on the deduced physical presence and learned behavioral patterns
(see Chapter 7.1). Although the investigated models were merely used to
solve the energy disaggregation problem, they can also be employed for to
separate the sources of mixed signals found in other domains. Our literature
survey and empirical evaluation of different machine learning techniques,
which fit the energy disaggregation task, contributes to the decision making
process in similar source separation problems.
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8.1.7 Applications

All of the above stated contributions are of rather theoretical nature, but
we also demonstrated the practical relevance of our newly developed time
series distance measures. One main application area of our work is the op-
timization of vehicle engines with regard to exhaust emission, which is an
important issue for car manufacturers. On behalf of the Volkswagen AG we
developed several different time series distance measures, which were used
to identify characteristic operational profiles from large amounts of sensor
data recorded during test drives. Our factorization-based distance measure
introduced in Chapter 3 was designed to discover complex drive maneuvers
in vehicular sensor data, or more generally speaking, to identify internally
homogeneous segments in multivariate time series. Furthermore, our recur-
rence plot-based distance measure introduced in Chapter 5 was devised to
identify time series representatives that best comprehend the recurring tem-
poral patterns contained in a corresponding dataset, or strictly speaking, to
determine operational profiles that comprise frequently recurring driving be-
havior patterns. In addition, we have developed a software tool (see Chapter
7.2) which enables our clients to use the proposed recurrence plot-based time
series distance measure in an easy and straightforward manner by providing
an user interface for loading data, setting parameters, and analyzing results.

Another important application that motivated our scientific endeavor is
heating control, since heating accounts for the biggest amount of total res-
idential energy consumption. Therefore, we have introduced a new heating
strategy, where the physical presence or activity of residents is deduced from
certain appliance usage patterns and the heating is consequently turned off
when the residents are definitely sleeping or away from home. In Chapter
6 we investigated various energy disaggregation techniques to infer appli-
ance/occupancy states from aggregated energy signals measured by smart
meters, which are installed in an increasing number of households and ob-
viate additional sensor infrastructure. Furthermore, we have developed a
prototypical heating control system (refer to Chapter 7.1) that recommends
optimized heating schedules based on automatically determined occupancy
states, which were inferred by means of energy disaggregation techniques.

8.1.8 Summary

Summing up, our introduced distance measure and developed time series
mining tools have contributed to important environmental issues, such as
emission reduction and energy efficiency, but also find application in various
other domains. In addition, our work explored and created new avenues for
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time series analysis in issues as diverse as pattern recognition, sensor fusion,
fast classification, nonlinear modeling, source separation, and invariance.

8.2 Perspectives

In this section we illuminate current trends, new frontiers, and resulting
perspectives in time series mining with regard to our own research.

8.2.1 Online Processing

This thesis considers time series analysis for different scenarios where the data
is processed offline, meaning the whole input data is given from the beginning
and an output is computed based on the problem data at hand. However,
an increasing number of context-aware applications make decisions based
on higher-level information that is derived from sensors data in real-time.
Therefore, recent work has introduced a wide variety of online algorithms
for real-time analysis of sensor or time series streams [25, 64, 70, 80, 86,
116, 118, 143, 157, 174, 199, 207]. Online algorithms generally process the
input data piece-by-piece in a serial fashion, without having the entire input
available from the start. In the context of time series streams a serialization
of the input data is usually achieved by the sliding window technique, where
the current window contains a certain amount of the most recent sensor
measurements.

The online analysis of data streams brings about certain challenges, in-
cluding the learning of new (or drifting) concepts [64], the development of
algorithms that operate in time sensitive and computationally constrained en-
vironments [174], the handling of high-dimensional time series coming from
multiple sensors [70], the implementation of efficient models which can be
updated in constant time and space in the face of very high data arrival
rates [80, 86], the introduction of new representations that allow dimension-
ality/numerosity reduction and lower bounding [116, 207], the reformulation
of traditional time series mining problems for streaming data [118], the intro-
duction of data-editing techniques for very fast streams and resource limited
sensors [143], the development of models that ignore time intervals that do
not represent a discrete underlying behavior [157], and the formulation of
anytime algorithms that achieve high accuracy even if interrupted after see-
ing only a small fraction of the data [199].

In future work we plan to implement our proposed lucky time warping
distance (see Chapter 4) in an online algorithm. We believe that the linear
time and space complexity of our introduced lucky time warping distance
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makes it an excellent choice for the real-time processing of time series streams
with local scaling. Furthermore, we aim to reduce the computational cost of
our proposed recurrence plot-based distance measure (see Chapter 5) in order
to allow fast (dis)similarity comparisons for the online processing of sensors
streams which are affected by unknown variables that cause nonlinear effects.
In particular, we intend to eliminate the quadratic complexity of recurrence
plot calculations by directly approximating recurrence quantification analysis
measures without computing the actual recurrence matrix.

8.2.2 Semi-supervised Learning

The time series mining tasks examined in this work can be categorized into
supervised and unsupervised learning problems or classification and cluster-
ing respectively. Contrary to supervised and unsupervised learning, which
either requires labeled data that is difficult to obtain or utilizes unlabeled
examples that lead to an ill-defined problem, semi-supervised learning al-
gorithms are useful in application domains in which labeled data is limited
and unlabeled data is plentiful. Hence, recent work on time series mining
has introduced various semi-supervised learning techniques, including algo-
rithms which use a surprisingly small set of human annotated examples to
perform accurate classification [11], gradually learn new positive examples
from the unlabeled data by using only as few as one labeled example [24],
build accurate time series classifiers when only a handful of labeled examples
is available [127, 206], exploit the commonality among labeled examples to
allow monitoring at high bandwidths [207].

Since human experts may only review or label a small portion of the in-
creasing amount of temporal data collected by widespread sensors, we plan
to investigate semi-supervised learning algorithms in our future work. We
intend to adopt our proposed lucky time warping and recurrence plot-based
distance (see Chapter 4 and 5) to online algorithms, where a small set of
labeled examples are sufficient to perform accurate classification of contex-
tual patterns and new positive examples are learned from a continuous data
streams to gradually build more robust models.

8.2.3 Distance and Feature Learning

All of the time series distance measures proposed in this work were designed
for specific domains. However, the main problem with specifically designed
distances is that they might not perform as well in other domains, since other
datasets may require the selection/extraction of different features that are
necessary to distinguish the individual classes. Recent work has introduced



8.3. CLOSING REMARKS 159

techniques that could possibly be used to learn a distance metric for the input
space from a given collection of (dis)similar points that preserves the distance
relations [213], although the distance metric learning problem has not been
well addressed so far. Other work has proposed deep learning algorithms
to automatically learn feature representations (often from unlabeled data)
thus avoiding a lot of time-consuming engineering [107]. But deep learning
methods are often looked at as a black box, with most confirmations done
empirically, rather than theoretically. Nonetheless, we believe that distance
and feature learning will eventually eliminate the need for hand-designing
time series features.

In future work we plan to investigate machine learning techniques, such
as distance learning and deep learning, to automatically learn time series
distance measure without selecting features manually. One promising idea
might be to learn weights for Euclidean distance in order to minimize the
error in time series classification. In case of time series with local scaling, one
could possibly learn a warping path that maximizes the overall classification
accuracy, as briefly mentioned in Chapter 4.

8.3 Closing Remarks

Our work on distance measures contributes to the time series community in
that we presented new strategies for pattern recognition, proposed advanced
sensor fusion methods for multivariate measurements, developed approxi-
mate algorithms for fast classification, built advanced models for nonlinear
analysis, introduced novel analysis techniques for temporal data with order
invariance, evaluated various machine learning models on their performance
to separate mixed signals, and discussed real-life time series mining problems.

In addition to our own contribution we emphasized current trends and
new perspectives in time series mining. For instance, we pointed out that a
multitude of online algorithms has emerged, because an increasing number of
time series mining tasks involve the processing of continuous sensor streams
in real-time. Furthermore, we asserted that semi-supervised learning gains
more importance, since human experts may only review or label a very small
portion of the growing amount of temporal data collected by widespread
sensors. Moreover, we underlined the great potential of distance learning
and deep learning, which might be employed to automatically learn time
series distance measures in near future.

All in all, we strongly believe in the future of time series mining, as
temporal data occurs in an ever increasing number of practical applications
and many scientific challenges still remain unsolved.
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