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Abstract

This thesis describes the experimental investigation of the two magnetic

insulators Ca10Cr7O28 and (NO)[Cu(NO3)3]. The magnetic properties are

based on the spin-1/2 3d transition metals Cr5+ and Cu2+ which feature

quenched orbitals leading to spin-only magnetic moments. The first part of

the thesis deals with the two-dimensional, frustrated magnet Ca10Cr7O28.

Detailed analysis of the crystal structure and magnetic properties was per-

formed revealing the absence of long-range magnetic order down to the lowest

accessible temperatures and the presence of slow dynamics. The magnetic ex-

citations are diffuse and gapless at base temperature and zero-field consistent

with a spin-liquid ground state. In the long-range ordered high-field phase

the excitations however form sharp spin wave modes and the exchange pa-

rameters were obtained by fitting the spectra using linear spin wave theory.

The resulting exchange constants yield a new type of frustrated structure

based on ferromagnetic and antiferromagnetic bi-triangles coupled in a two-

dimensional kagome lattice.

(NO)[Cu(NO3)3] is a one-dimensional spin-1/2 Heisenberg antiferromag-

netic chain compound with frustrated interchain coupling consistent with

the Nersesyan-Tsvelik model. Competing nearest and next-nearest neigh-

bor interchain interactions effectively decouple the chains and enhance the

low-dimensionality as verified by the ideal one-dimensional behavior observed

down to low energies and temperatures. (NO)[Cu(NO3)3] develops long-range

magnetic order with an incommensurate spin density wave structure at a

highly suppressed Néel temperature consistent with the presence of frustra-

tion. The phase transition is analyzed and the magnetic excitation spectrum

is compared to recent theoretical models of the spin-1/2 Heisenberg antifer-

romagnetic chain. Together these two compounds show how frustration and

low-dimensionality lead to complex magnetic behavior and unconventional

magnetic ground states.
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Zusammenfassung

Die vorliegende Doktorarbeit beschäftigt sich mit der experimentellen Un-

tersuchung zweier magnetischer Isolatoren Ca10Cr7O28 und (NO)[Cu(NO3)3].

Die magnetischen Eigenschaften basieren auf den Spin-1/2 3d Übergangsme-

tallen Cr5+ und Cu2+, welche ein ausgelöschtes Bahnmoment aufweisen, was

magnetisch zu einem reinen Spinmoment führt. Der erste Teil dieser Arbeit

handelt von dem zweidimensionalen und frustrierten Magnet Ca10Cr7O28.

Die detaillierte Analyse der Kristallstruktur und der magnetischen Eigen-

schaften zeigen die Abwesenheit von langreichweitiger magnetischer Ordnung

bis zu den tiefsten erreichbaren Temperaturen und die Präsenz von langsa-

men Fluktuationen. Die magnetischen Anregungen sind diffus und auch bei

tiefster Temperatur und im Nullfeld ohne Energielücke, was konsistent mit

einem Spinflüssigkeits-Grundzustand ist. In der langreichweitig geordneten

Phase unter externem Magnetfeld bilden die Anregungen jedoch definierte

Spinwellen, woraus die Wechselwirkungsparameter durch Fitten der Spektra

mit linearer Spinwellen-Theorie extrahiert werden konnten. Die resultieren-

den Wechselwirkungen ergeben eine neuartige, frustrierte Struktur basierend

auf ferromagnetischen und antiferromagnetischen Doppeldreiecken, welche in

einem zweidimensionalen Kagomegitter gekoppelt sind.

(NO)[Cu(NO3)3] ist eine eindimensionale, antiferromagnetisch gekoppelte

Spin-1/2 Heisenberg-Kette mit frustrierten Wechselwirkungen zwischen den

Ketten, was dem Nersesyan-Tsvelik Modell entspricht. Konkurrierende nächs-

te und übernächste Nachbar-Wechselwirkungen zwischen den Ketten entkop-

peln diese und verstärken die niedrige Dimensionalität. Dies wird bestätigt

durch das ideale eindimensionale Verhalten, welches hinunter bis zu niedrigen

Energien und Temperaturen beobachtet wurde. (NO)[Cu(NO3)3] entwickelt

langreichweitige magnetische Ordnung mit einer inkommensurablen Struktur

in Form einer Spindichtewelle bei einer stark unterdrückten Néel-Temperatur,

was mit der Präsenz von Frustration zu erklären ist. Der Phasenübergang

wird analysiert und das magnetische Anregungsspektrum wird mit aktuellen

theoretischen Modellen für antiferromagnetische Spin-1/2 Heisenberg-Ketten

verglichen. Zusammen zeigen diese beiden Materialien, wie Frustration und

niedrige Dimensionalität zu komplexem magnetischen Verhalten, sowie zu

unkonventionellen magnetischen Grundzuständen führen können.
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1 Introduction

"People need trouble - a little frustration to sharpen the spirit on, toughen it.

Artists do; I don’t mean you need to live in a rat hole or gutter,

but you have to learn fortitude, endurance.

Only vegetables are happy."

William Faulkner, Nobel Prize laureate in literature

The term "frustration" is borrowed from psychology where it describes an emotional

response to opposition which may arises e.g. from conflict of competing goals that in-

terfere with one another [1]. In magnetism this term was introduced by G. Toulouse in

1977 where by analogy it denotes the inability to find states that simultaneously mini-

mize all interaction energy terms [2]. Unlike conventional magnets, frustrated systems do

not order in a unique ground state and whilst remaining disordered, they often develop

non-trivial correlations that lead to new and unexpected properties. Frustrated spin

systems have been found to exhibit exotic ground states including spin liquid and spin

glass phases as well as novel types of excitations. Low dimensional magnets on the other

hand are materials with magnetic coupling much stronger in one or two spatial directions

than in the remaining ones. This includes layered magnetic structures (2D magnets),

magnetic chains (1D magnets) and molecular magnetic clusters (0D magnets). It is well

established that long-range magnetic order is suppressed in magnetic systems whose in-

teractions are low-dimensional and the Mermin-Wagner theorem predicts the complete

absence of long-range order at finite temperature in 1D and 2D magnetic models with

isotropic and sufficiently short range Heisenberg interactions [3]. The combination of

frustration and low-dimensionality together with magnetic ions of low spin value en-

hance quantum fluctuations which destroy collective long-range ordered ground states.

There has been a long search for experimental realizations of quantum magnets since the

study of the Ising model on the triangular lattice by G. H. Wannier in 1950 [4]. More

recently this search had a revival in the context of high-temperature superconductivity

concerning the role of magnetic fluctuations in the cuprate superconductors [5].

In this thesis two new quantum magnets will be investigated which incorporate the

above-mentioned phenomena. Ca10Cr7O28 exhibits two-dimensional magnetic coupling

with a frustrated motif based on opposite-sign bi-triangles while (NO)[Cu(NO3)3] is a

quasi-1D chain compound with frustrated interchain coupling. The respective magnetic
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1 Introduction

ions Cr5+ and Cu2+ are spin-1/2 3d transition metals which, as a result of orbital quench-

ing, carry spin-only magnetic moment.

In Ca10Cr7O28, long-range magnetic order is absent over the entire investigated tem-

perature range down to 19 mK while the excitations are diffuse and gapless as shown by

inelastic neutron scattering. Muon spin relaxation and AC susceptibility measurements

confirm the absence of static magnetism and reveal that the ground state is fully dy-

namical. However, due to its low energy scale, Ca10Cr7O28 can be driven towards long

range ferromagnetic order by applying an external magnetic field of 12 T. In contrast to

the zero-field excitations, the excitations in the saturated state resemble sharp magnon

modes, and by fitting their dispersions to linear spin wave theory the exchange constants

were extracted. A mixture of ferromagnetic (FM) and antiferromagnetic (AFM) interac-

tions were found where the FM interactions are stronger than the AFM interactions. The

coupling scheme consists of bi-triangles where ferromagnetic triangles lie directly over

antiferromagnetic triangles and the intertriangle coupling is ferromagnetic. The frustra-

tion arises from the opposite sign of the coupling within the two triangles and neither

triangle can realize its intrinsic spin arrangement due to the intertriangle coupling. This

motif forms a 2D bilayer structure where the bi-triangles are coupled via their corners

in a kagome like arrangement and in each layer FM and AFM triangles alternate.

The compound (NO)[Cu(NO3)3] shows strong suppression of order, too. Inelastic neu-

tron scattering reveals by the presence of the typical spinon excitation continuum that

(NO)[Cu(NO3)3] can be described as a 1D spin-1/2 Heisenberg Antiferromagnetic Chain

(S-1/2 HAFC). Furthermore (NO)[Cu(NO3)3] has competing interchain interactions based

on the pattern of the two-dimensional Nersesyan-Tsvelik model [6]. In this model an an-

tiferromagnetic nearest-neighbor interchain coupling (J ′) and a diagonal next-nearest

neighbor-interchain coupling (J2) give rise to frustration. The interchain couplings pre-

sumably lie close to the special ratio J ′ = 2J2 which corresponds to the Nersesyan-Tsvelik

point where the interchain interactions effectively cancel completely. A transition to

long-range magnetic order takes places at a temperature much smaller compared to

the magnetic energy scale and the magnetic structure is found to be an incommensurate

spin density wave. The suppression of order together with the incommensurate magnetic

structure are consistent with the presence of frustration in (NO)[Cu(NO3)3].

The structure of this thesis is as follows:: The necessary theoretical background of

quantum magnetism is developed in Chapter 2. The origins of magnetism and mag-

netic interactions are explained with emphasis on the topics and theories relevant for

the two materials studied in this thesis. In chapter 3 the experimental methods used

later in the thesis such as bulk property measurements and muon spin spectroscopy are

explained. The main experimental technique of this thesis is inelastic neutron scattering

which enables the investigation of magnetic excitations over a large energy range and

throughout the whole Brillouin zone. Thus the theory of neutron scattering is outlined

2



in conjunction with the description of the different neutron scattering instruments.

After these two introductory chapters the main part of the thesis follows, which com-

prises the presentation of the experimental results, the analysis, and the discussion for

both compounds. In chapter 4 the structural and magnetic properties of Ca10Cr7O28 are

presented. The crystal structure is analyzed carefully combined with the investigation

of the magnetic properties using in particular AC susceptibility and muon spin spec-

troscopy. The magnetic excitations from the zero field ground state as well as from the

fully polarized ferromagnetic phase at 11 T are introduced in chapter 5. Spin wave anal-

ysis of the magnetic excitations from the ordered phase is used to extract the exchange

constants which reveal the origin of the frustration. In chapter 6 the magnetic properties

of (NO)[Cu(NO3)3] are described including the transition to long-range magnetic order

which is investigated using muon spin spectroscopy and heat capacity. In chapter 7 the

magnetic excitations which confirm that (NO)[Cu(NO3)3] is a S-1/2 HAFC are presented

and compared to different theoretical approaches. Deviations from one-dimensional be-

havior at low energies are discussed utilizing linear spin wave theory.

In the last chapter the main results from the investigation of the two compounds

Ca10Cr7O28 and (NO)[Cu(NO3)3] are summarized and perspectives for future research

directions are given.
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2 Magnetic properties and interactions

This chapter gives the fundamental physical concepts needed to understand the magnetic

behavior of Ca10Cr7O28 and (NO)[Cu(NO3)3]. There are three ingredients for the mag-

netic properties of magnetic insulators which will be explained in the following sections;

the single ion properties, the effect of a crystal field and the interatomic magnetic ex-

change interactions. Strong correlations between electrons from magnetic ions in crystal

structures lead to collective magnetic behavior giving rise to a wide variety of magnetic

orders and excitations. Selected topics important for this thesis are explained in this

chapter. A more detailed description of magnetism in condensed matter can be found in

the following textbooks [7–9].

2.1 Magnetic ions

2.1.1 Free ion

The magnetic properties of a free ion are defined by the electrons in partially filled shells

which can combine to give non-zero spin and orbital angular momentum. The orbital

motion together with the spin angular momentum of the unpaired electrons gives rise to

the magnetic moment of the ion. The Pauli exclusion principle states that two electrons

cannot occupy the same quantum state simultaneously which results in the elaborate

electron shell structure where the electronic states are labeled by a well-defined angular

momentum [11]. Summing up all electron spins si and orbital angular momenta li yields

the total spin S =
∑

i si and total angular momentum L =
∑

i li of the ion. The vector

sum for completely filled shells is zero and therefore only partially filled shells contribute

to the magnetic moment. The energy levels of the electrons are further affected by

an interaction between the spin and the orbital angular momentum called spin-orbit

coupling. This is a relativistic effect that arises from the the motion of the nucleus in

the frame of the electron. The total angular momentum J = L+S is defined to account

for this interaction. The energetically most favorable combination of L and S is given

by the Hund’s rules [12]. These allow the electron configuration in the ground state to

be determined based on the minimization of the Coulomb repulsion between electrons.

First the total spin S and second the total orbital angular momentum L have to be

maximized. The total angular moment for the outermost shell is found to be J = |L−S|

5



2 Magnetic properties and interactions

Figure 2.1: The five 3d orbitals. The surfaces indicate the electron probability density
while the color indicates the phase of the wave functions (orange for positive
and blue for negative). Figure taken from [10].

if it is less than half-filled and J = |L + S| if it is more than half-filled. The magnetic

moment of a free ion is defined as

µeff = gJµB

√

J(J + 1) (2.1)

with the Landé g-factor

gJ =
3
2

+
S(S + 1) − L(L + 1)

2J(J + 1)
. (2.2)

Each shell is further divided into one or more atomic orbitals. In the absence of a

crystal field the atomic orbitals are the wave function of the electron in the field of the

nucleus. Since the potential of the nucleus is spherically symmetric the eigenfunctions are

spherical harmonics which describe the pronounced angular dependence of the orbitals

and are labeled by the component of the orbital angular momentum Lz. The magnetic

ions considered in this thesis are Cu2+ and Cr5+ which are transition metal ions that

both feature an unpaired electron in the 3d shell. Cu2+ has 9 electrons in the unfilled 3d

shell. The ground state according to Hund’s rules has 5 electrons with spin-up and 4 with

spin-down which leads to S = 1
2 . The 5 spin-up electrons have no net orbital angular

momentum therefore only the orbital contribution of the 4 spin-down electrons has to

be maximized which yields L = 2. The shell is more than half-filled so J = |2 + 1
2 | = 5

2 .

6



2.1 Magnetic ions

Figure 2.2: d-orbital splittings for octahedral, distorted octahedral and square planar
complexes. Moving the two axial ligands away from the magnetic ion along
the z axis initially gives an elongated octahedral complex and eventually
produces a square planar complex. Below the structures the energy levels of
the five 3d orbitals are shown. The electron configuration for Cu2+ (3d9) is
shown for the square planar complex. Figure taken from [10].

In the case of Cr5+ which has a single electron in the 3d shell Hund’s rules give S = 1
2 ,

L = 2 and, since the shell is less than half-filled, J = |2 − 1
2 | = 3

2 .

2.1.2 Crystal field

If a free ion is embedded in a crystal lattice this mixes the electronic states and removes

the degeneracy. The five 3d orbitals are degenerate in the free ion except for the spin-

orbit coupling. This changes when the magnetic ion is embedded in a crystal lattice

which has the effect of mixing the ±Lz states of the outermost shell. In the case of

transition metal ions the orbital states commonly take the form of the t2g and eg levels

which are illustrated in figure 2.1. The t2g orbitals 3dxy, 3dxz and 3dyz have in common

that their electron probability density points between the axis while in the eg orbitals

3dx2−y2 and 3dz2 it points along the axis of a Cartesian coordinate system.

Transition metal ions are often coordinated by an octahedral environment where the

nearest neighbor anions (often O2−) are located on the corners of an octahedron. This

situation is shown on the left side of figure 2.2 for the ideal case. The degeneracy of the

3d orbitals is partially lifted because the electron probability density of two eg orbitals

lies close to the negatively charged ions on the corners of the octahedron and experiences

7



2 Magnetic properties and interactions

Figure 2.3: (a) The tetrahedral complex. (b) d-orbital splittings for the tetrahedral com-
plex as compared to the octahedral complex. The electron configuration
for Cr5+ (3d1) is shown assuming a distorted tetrahedral complex similar to
Sr3Cr2O8. Figure taken from [10].

strong Coulomb repulsion. The three t2g orbitals point in between the axis and are less

effected by Coulomb repulsion. This leads to the lowering in energy of the t2g levels.

In real materials distortions of the octahedral environment are often encountered which

lead to further lifting of the degeneracy. As shown in the middle of figure 2.2, an

elongation along the z axis causes the orbitals extended in z direction dz2 , dxz and dyz

to decrease in energy and the dx2−y2 and dxy orbitals to increase in energy. However, the

t2g degeneracy is only partially lifted, since the dxz and dyz levels are equally effected by

the distortion. The z axis ligands can be moved even further away so that they can be

considered as being completely absent. This leads to the square planar complex shown

on the right side of figure 2.2. The energy of the dz2 orbital decreases so much that the

order of the dz2 and dxy orbitals is reversed. This is the situation for the Cu2+ ions in

(NO)[Cu(NO3)3] which are coordinated by four NO−
3 anions in a square planar complex.

The electron configuration for Cu2+ in this crystal field leads to an unpaired electron in

the dx2−y2 orbital.

Another possible coordination for transition metal ions is the tetrahedral environment

shown in figure 2.3(a). In this scenario the ligands on the corners of the tetrahedron are

located in between the axis of the coordinate system which causes the energy levels of

the eg and t2g to invert in comparison to the octahedral coordination. The Cr5+ ions in

Ca10Cr7O28 have tetrahedral oxygen environment. Cr5+ contains one 3d electron only

which in principle can occupy one of the two degenerate eg orbitals with equal probability.

This ground state would be orbitally degenerate. However, the tetrahedral environment

in Ca10Cr7O28 is distorted by four slightly different Cr-O bond lengths lifting the eg

orbital degeneracy. The distortion can be understood within the Jahn-Teller theorem

which states that an ion in a crystal field with an orbitally degenerate ground state will

undergo a geometrical distortion that removes that degeneracy if the distortion lowers

8



2.2 Magnetic coupling and magnetic order

the overall energy [13]. Therefore, it is energetically favorable to distort the tetrahedron

if the electronic energy gained by lowering one of the two eg levels is larger than the

elastic energy needed for the distortion. This structural distortion occurs at 285 K in

the related compound Sr3Cr2O8 where the single 3d electron was found to occupy the dz2

orbital [14]. Since the CrO4 tetrahedra in Ca10Cr7O28 are already distorted well above

room temperature it can be assumed that the geometrical distortion is intrinsic to this

compound.

The complete removal of orbitals labeled in terms of the Lz quantum number for the

unpaired electrons is called orbital quenching. The result of orbital quenching is that the

expectation value of the Lz orbital angular momentum operator is zero which means that

the orbital contribution to the magnetic moment is fluctuating and undefined. Therefore

the ground state electron configuration is labeled only by S and Sz yielding J = S and

the magnetic moment can be calculated from

µeff = gsµB

√

S(S + 1) (2.3)

where gs ≈ 2 for the electron spin. An incomplete quenching of the orbital angular

momentum can result in values differing from gs = 2 and also in a slightly anisotropic

g-factor. Since the effective moment is only based on the spin angular moment, it implies

that the moment is isotropic and no single-ion anisotropy is present. This is the situation

in Ca10Cr7O28 and (NO)[Cu(NO3)3] where the effect of a strong and distorted crystal

field quenches the orbital angular momentum resulting in isotropic spin-only magnetic

moments in both compounds.

2.2 Magnetic coupling and magnetic order

Electrostatic interactions between the electrons from neighboring magnetic ions can lead

to interatomic magnetic exchange interactions. The interactions can be understood in

the framework of Pauli’s exclusion principle which also holds for electrons from different

ions and requires the wave-functions for two electrons to be antisymmetric if their orbitals

overlap. The electrostatic interactions can be described by an effective spin Hamiltonian

which for two electrons with spin Sa and Sb is given by

H = E0 + JSa · Sb (2.4)

with a constant energy term E0 and the exchange integral over the electrostatic inter-

action J . The exchange integral J can be either positive or negative which leads to a

preferred antiparallel or parallel spin alignment in order to minimize the energy.

9



2 Magnetic properties and interactions

2.2.1 Heisenberg interaction

Extending equation (2.4) to more than two spins and omitting the constant energy term

yields the Heisenberg Hamiltonian [15]

H = Jij

∑

ij

Si · Sj . (2.5)

Si describes the ith spin and Jij the exchange interaction between the two spins i and

j. The sum is over all two-spin interactions. This rather simple equation which only

includes two-spin interactions can already describe many magnetic phenomena such as

the common ferromagnetic or antiferromagnetic long-range order.

Two possibilities for the exchange interaction between spins are the direct exchange

and the (indirect) superexchange. Direct exchange is the simplest type of exchange in-

teraction and arises due to the direct overlap of orbitals from neighboring magnetic ions.

Due to the crystallographic geometry a sufficiently direct overlap between orbitals from

neighboring ions is however not present in most real materials which results in a weak

direct exchange. Therefore most exchange interactions are indirect. If the exchange

process is mediated through a non-magnetic ion the interaction is called superexchange

[16]. This exchange is dominant for many transition metal ions. A simple example is the

coupling of two transition metal ions with an half filled 3d orbital via an O2− oxygen

ion with a completely filled 2p bonding orbital as shown in figure 2.4. This system can

minimize its energy if the electrons are allowed to spread into the orbitals of neighboring

ions [17]. Since the O2− ion has a completely filled 2p orbital with one spin up and

one spin down this is only allowed if the spins of the transition metal ions are antipar-

allel because of the Pauli exclusion principle. For this reason superexchange typically

yields antiferromagnetic exchange interactions although ferromagnetic interactions are

also possible. The semi-empirical Goodenough-Kanamori rules allow the prediction of

the strength and sign of the superexchange interaction based on orbital overlap and bond

angles [18, 19]. If the bond angle between the transition metal ions via the O2− is close

to 180° and the orbital overlap is reasonably large the exchange is predicted to be strong

and antiferromagnetic. Weak ferromagnetic exchange is on the other hand predicted

when the bond angle approaches 90°. In real materials the bond angles can take any

values and these rules can only provide an estimation of the most likely strength and

sign of the exchange interaction.

The Goodenough-Kanamori rule can be applied to (NO)[Cu(NO3)3] where Cu2+ ions

are coupled via NO−
3 anions with a bond angle of 152° along the b axis. The orbital

overlap is large because the dx2−y2 orbitals which are responsible for the coupling lie

in the plane of the NO−
3 anions. Therefore a strong antiferromagnetic exchange in this

direction is assumed which is indeed realized in (NO)[Cu(NO3)3]. In contrast the su-

10



2.2 Magnetic coupling and magnetic order

TM TMO

AFM

FM

Figure 2.4: Schematic diagram of the atomic orbitals involved in the superexchange in-
teraction. The 3d orbitals from two transition metals (TM) overlap with the
2p bonding orbital of an oxygen atom (O). The possible spin configurations
of the electrons involved in the bond are shown below.

perexchange paths in Ca10Cr7O28 are more complex and no path is obviously dominant.

As will be shown later, both ferromagnetic and antiferromagnetic interactions are found

in this compound where the ferromagnetic interactions are stronger than the antifer-

romagnetic interactions. Both the Cu2+ ion in (NO)[Cu(NO3)3] and the Cr5+ ion in

Ca10Cr7O28 have no orbital degeneracy due to the crystal field splitting. Therefore the

only electronic degree of freedom is the direction of the spin and the single-ion anisotropy

is weak. This justifies the description of the magnetic interactions in these compounds

with the Heisenberg Hamiltonian. Heisenberg exchange interactions define the orienta-

tion of neighboring spins with respect to each other but do not differentiate between the

possible directions of collinear spins with respect to the crystal lattice.

2.2.2 Dzyaloshinsky-Moriya interaction

Besides single-ion anisotropy, anisotropy can also be caused by direction-dependent ex-

change interactions which is known as exchange anisotropy. These depend on the de-

tails of the bonds which may favor stronger exchange between one spatial spin com-

ponent over the others. The scalar exchange interaction Jij becomes a vector quan-

tity Jij = (Jx
ij , Jy

ij , Jz
ij) when the alignment of the spins parallel to a specific direc-

tion is favored. An important example is the antisymmetric exchange interaction or

Dzyaloshinsky-Moriya (DM) interaction [20, 21]. It can be written as

HDM = Dij · (Si × Sj) (2.6)

which in combination with Heisenberg interactions favors spin canting of otherwise paral-

lel or antiparallel aligned spins. DM interactions are possible when the midpoint between
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2 Magnetic properties and interactions

the magnetic ions is not a center of inversion symmetry. The orientation of Dij is thereby

constrained by symmetry and lies perpendicular to the plane spanned by the two mag-

netic ions and the intermediate ion of the superexchange. DM interaction has been found

to be present in (NO)[Cu(NO3)3] where it leads to a staggered magnetization.

2.2.3 Long-range magnetic order

The interactions described in the last sections lead to correlated electrons on neighboring

magnetic ions resulting in collective magnetic phenomena beyond the diamagnetism and

paramagnetism typical of isolated magnetic moments. The correlated behavior usually

results in long-range magnetic order below a certain temperature. At high enough tem-

peratures thermal fluctuations lead to disordered spins and vanishing spin expectation

values 〈Ŝ〉i = 0. However, below a critical temperature the spins can order magnetically

so that on average they point in a well-defined direction and 〈Ŝ〉i 6= 0. The occurrence of

long-range magnetic order depends on the type of lattice and its dimensionality as well

as the type of interactions. Recalling the Heisenberg Hamiltonian from equation 2.5 it

follows that for J < 0 the ground state energy is minimized when all spins align parallel

to their neighbors which leads to a ferromagnetic state. For J > 0 the ground state

is therefore antiferromagnetic. Perfect antiparallel spin alignment (known as the Néel

state) is however not the true ground state of an antiferromagnet and not an eigenstate of

the Hamiltonian. The ground state of the antiferromagnetic Heisenberg model exhibits

quantum fluctuations from the Néel order which are weak in a three-dimensional system

but become stronger if the dimensionality is reduced. The critical temperature below

which the order sets in is called the Curie temperature (TC) in ferromagnets and Néel

temperature (TN ) in antiferromagnets.

There are a number of more complex types of magnetic order that can occur in real

materials. These include the ferrimagnetic order which is similar to the antiferromagnet

but with a non-zero net magnetic moment because opposite aligned magnetic moments

have different magnitude. Other possibilities are non-collinear helical order where con-

secutive magnetic moments are rotated by a constant angle with respect to each other

and spiral order where ferromagnetic and helical order coincide forming a non-collinear

and non-coplanar spin spiral. The periodicity of these orders is often incommensurate

which means that the magnetic unit cell does not correspond to an integer multiple of

the crystallographic unit cell. Incommensurate order typically arises from competing

interactions and is characterized by a non-integer magnetic ordering wavevector.

The magnetic ordering wavevector k, which is the point where the magnetic Bragg

peaks appear, can be used to distinguish between the different magnetic structures.

In the case of a ferromagnetic ground state the magnetic unit cell corresponds to the

crystallographic one and the ordering wavevector is simply k = [0, 0, 0]. Due to the
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2.3 Magnetic excitations

doubling in real space of the antiferromagnetic Néel state compared to the ferromagnetic

ground state the magnetic Brillouin zone has only half the volume of the atomic Brillouin

zone. One possibility for the ordering wavevector of a simple antiferromagnet with one

magnetic ion per cell is therefore k = [1
2 , 1

2 , 1
2 ]. Incommensurate structures yield ordering

wavevectors slightly away from integer values. These structures can be identified from

magnetic satellite peaks on either side of the nuclear Bragg peaks in neutron diffraction

or from a distinct oscillation signal in muon spin spectroscopy, both techniques will be

explained in the next chapter.

In (NO)[Cu(NO3)3] a sinusoidal magnetic structure has been found which is related to

the antiferromagnetic structure with collinear spins however their amplitude and sign are

modulated by a sine wave. The periodicity of the order is furthermore incommensurate

in (NO)[Cu(NO3)3]. This type of incommensurate order is typical of a system with

competing interactions and a small amount of single-ion anisotropy. The possibilities for

long-range order on the triangular and the J1-J2 square lattice which are the underlying

structures in Ca10Cr7O28 and (NO)[Cu(NO3)3] will be studied in section 2.4.1.

2.3 Magnetic excitations

Perfect long-range magnetic order can only exist at T = 0 but even then quantum

fluctuations cause the order to be not completely static. At non-zero temperature the

order is furthermore perturbed by thermal fluctuations around the average value. In

magnetically ordered materials these collective fluctuations are called spin waves. Spin

waves are quantized as magnons and described by a dispersion relation analogous to

lattice excitations quantized as phonons and described by optical and acoustic dispersion

relations. Spin waves can be imagined as flipped spins propagating through the lattice

in a wave-like manner.

2.3.1 Linear spin wave theory

The dispersion of the spin wave depends on the interactions between the spins and can

therefore be calculated from the spin Hamiltonian. The Hamiltonian has to be diago-

nalized to obtain its energy eigenvalues which describe the dispersion. This approach

is called linear spin wave theory. An instructive example is the S-1/2 ferromagnetic

Heisenberg chain where one spin can be flipped to create a spin wave excitation. In the

case S = 1/2 flipping one spin changes the total spin of the system by ∆S = 1 which

corresponds to a magnon. This example is of course simplified because a perfectly one-

dimensional chain would not order. The Heisenberg Hamiltonian of equation (2.5) for a
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2 Magnetic properties and interactions

Table 2.1: Spin states of the S-1/2 ferromagnetic chain. |a〉 is the ground state with all
spins aligned along one direction. |b〉 is the excited state with spin j flipped
in the opposite direction. This results in a spin wave with ∆S = 1.

|a〉 = ↑ ↑ ↑ . . . ↑ ↑
1 2 3 . . . N − 1 N

|b〉 = ↑ ↑ . . . ↑ ↓ ↑ . . . ↑ ↑
1 2 . . . j − 1 j j + 1 . . . N − 1 N

spin chain becomes

H = J
∑

i

Si · Si+1. (2.7)

Assuming that the spins point along z in the ground state, the dot product can be

rewritten with the help of the spin ladder operators S±
i = Sx

i ± Sy
i and yields

H = J
∑

i

[

Sz
i Sz

i+1 +
1
2

(

S+
i S−

i+1 + S−
i S+

i+1

)

]

(2.8)

If the ground state where all spins point along z is labeled |a〉 then the ground state energy

is defined by Hamiltonian acting on that state H |a〉=Ea |a〉. The term containing the

ladder operators S±
i in equation (2.8) describes the fluctuations around the z axis while

the ground state energy is given by the first term only. Thus the energy simply calculates

to Ea = −NS2J where N denotes the numbers of lattice sites which is a result of the

summation over i and the definition S = |Sz
i | will be used from now on. An excitation

is now created by flipping the spin labeled j which gives the excited state |b〉 = S−
j |a〉

as illustrated in table 2.1. Applying the Hamiltonian (2.8) to the excited state results in

H |b〉 =
[

(−NS2J + 2SJ) |b〉 − SJ |b + 1〉 − SJ |b − 1〉
]

. (2.9)

To obtain the dispersion of a spin wave the Hamiltonian must be defined in terms of the

wave vector q along the chain direction which can be done using the Fourier transform

|q〉 =
1√
N

∑

j

eiq·Rj |b〉 . (2.10)

The state |q〉 describes a delocalized spin flip smeared out across the spins j where Rj

is the position of spin j. This essentially is the definition of a spin wave. Applying the

Hamiltonian (2.8) to this state H |q〉=Eq |q〉 yields

Eq = −NS2J − 2JS(1 − cos(qa)) (2.11)

14



2.3 Magnetic excitations

where Ea = −NS2J is the ground state energy and

~ωF M = −2JS (1 − cos(qa)) = −4JS sin2
(

qa

2

)

(2.12)

is the spin wave dispersion with a being the lattice spacing. The same calculation

can be done for the antiferromagnetic case which can be considered to consist of two

interpenetrating sublattices with opposite ferromagnetic order. The spin wave dispersion

in this case yields

~ωAF M = 2|JS sin(qa)|. (2.13)

This is however not the exact solution since the antiparallel spin alignment assumed here

is not an eigenstate of the Hamiltonian as mentioned before. In fact, the true excitations

of the S-1/2 Heisenberg antiferromagnetic chain are not spin waves but spinons as will

be discussed in section 2.4.2. When comparing the ferromagnetic and antiferromagnetic

spin wave dispersions two important differences are evident. For a ferromagnet ω ∼ q2

at low energies whereas for an antiferromagnet ω ∼ |q|. In addition, the periodicity of

the ferromagnetic dispersion is twice as large as the one of the antiferromagnet. This is

due to the doubling in real space of the Néel state compared to the ferromagnetic ground

state as discussed in section 2.2.3.

In these examples the diagonalization of the Hamiltonian is straightforward but for

more complex Hamiltonians in higher dimensions and with further neighbor couplings the

analytical calculation quickly becomes complicated. For simulating the spin waves in the

ordered phases of Ca10Cr7O28 and (NO)[Cu(NO3)3] the SpinW Matlab library developed

by Dr. Sandor Toth was used which employs a series of transformations of spin operators

to obtain numerical solutions for the spin Hamiltonians [22, 23]. Besides the spin wave

dispersion linear spin wave theory can also calculate the spin-spin correlation function

which is the Fourier transform of the dynamical structure factor giving the wave vector

dependent intensity distribution. This is an important direct link to magnetic neutron

scattering as will be shown in the next chapter. In this thesis linear spin wave theory

was applied to obtain the spin Hamiltonian of Ca10Cr7O28 by fitting the observed disper-

sion in the ferromagnetic high-magnetic-field phase while in (NO)[Cu(NO3)3] different

scenarios for the interchain coupling were simulated using linear spin-wave theory.

One should remember that linear spin wave theory is a semi-classical method. It is as-

sumed that the spins behave as harmonic oscillators which is most appropriate for large

spin values but it can give an adequate description of long-range ordered spin-1/2 sys-

tems as well. However, besides thermal fluctuations, magnetic systems exhibit quantum

fluctuations which are not covered by linear spin wave theory. Quantum fluctuations can

lead to excitations that are broadened and renormalized with respect to spin-wave theory
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2 Magnetic properties and interactions

Figure 2.5: Antiferromagnetically interacting spins in a triangular arrangement. Due to
frustration the third spin cannot satisfy both antiferromagnetic couplings.
This leads to a compromise arrangement where the moments are oriented
120° from each other.

and may be characterized by different quantum numbers. They arise from frustration

and low-dimensional interactions and are particular enhanced for spin-1/2 systems. This

will be the topic of the next section.

2.4 Low-dimensional and frustrated magnetism

Long-range magnetic order can be suppressed or completely absent in systems were

exchange interactions are competing and/or the magnetic coupling is low dimensional.

This can lead to complex magnetic behavior, new magnetic ground states and excitations

beyond spin waves where low spin values in particular foster these effects. It is important

to distinguish between the dimensionality of the spin lattice and the dimensionality of

the spins themselves. The single ion anisotropy due to the crystal field can lead to

magnetic moments behaving as Ising spins (d = 1), XY spins (d = 2) or Heisenberg

spins (d = 3). For the Heisenberg model the spin dimensionality is d = 3 because

the spins are three-dimensional vectors, however, they can be arranged on 1, 2 or 3

dimensional lattices. According to the Mermin-Wagner theorem long-range magnetic

order is absent at finite temperature in Heisenberg spin systems with sufficiently short

range interactions in (lattice) dimensions less than three [3, 24].

Frustration refers to the situation where the magnetic interactions compete, each one

favoring a different structure, leading to a number of possible distinct ground states at

zero temperature. This is due to the inability to simultaneously minimize the competing

exchange energy between the different interactions which suppresses ordering. A simple

example in 2D is sketched in figure 2.5 where three magnetic ions are arranged on the

corners of a triangle coupled by antiferromagnetic interactions. Once the first two spins

align antiparallel, the third one has two possible orientations which result in the same

ground state energy - it is frustrated. The ground state of such a system is a compromise

where the moments align in such a way that any two spins on the triangle are 120° apart.

The competing interactions can be caused by specific lattice structures with antiferro-

magnetic interactions such as the triangular lattice discussed above or by site disorder.
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2.4 Low-dimensional and frustrated magnetism

Table 2.2: Ground states of insulating magnets as a function of the parameters site dis-
order and frustration. The spin-liquid ground state associated with the class
of geometrically frustrated magnets is still under debate.

Frustration ->

<
-

D
is

o
r
d

e
r ferromagnetism geometrical

anti-ferromagnetism frustration,
ferrimagnetism spin-liquid

...
random fields spin
percolation glass

Thus frustration can be divided into two categories. The first category describes geo-

metrical frustrated spins on ordered lattice structures while the second one describes the

group of so-called spin-glasses which have both disorder in the structure and competing

interactions (cf. table 2.2). Spin glasses are frustrated because the interaction between

spins generally depends on the bonding of the magnetic ions. Due to the lattice dis-

order the interactions are partially random in a spin glass and inequivalent spin pairs

experience different couplings and thus have different preferred spin alignments. Hence

the main difference between geometrical frustration and spin glasses is that the former

arises in stoichiometric and periodic systems as an intrinsic effect from the competition

between interaction pathways while the spin glass compounds show additional disorder.

The spin glass compounds are named after their ground state which reveals a frozen

disorder without any kind of uniform or periodic pattern as found in conventional mag-

nets. This ground state can be produced with classical spins. The ground state of a

geometrically frustrated magnet is predicted to be a spin-liquid in the case of maximal

frustration [25]. A spin-liquid is a strongly-correlated state of spins where the magnetic

moments show slow fluctuations and no long-range order, even at lowest temperature.

This ground state is only possible when quantum fluctuations play a major role thus low

spin values are required. Besides strong correlations between the spins these two ground

states are not associated with broken symmetries in contrast to conventional long-range

ordered ground states.

2.4.1 Geometrical frustration

Geometrical frustration usually refers to lattice structures comprised of many frustrated

units like e.g. the one shown in figure 2.5. A few more examples of lattice structures which

foster frustrated interactions are shown in figure 2.6. Frustration in one-dimensional spin

chains as shown in figure 2.6(a) can be caused by next-nearest neighbor interactions if

both nearest and next-nearest neighbor interactions are antiferromagnetic. Examples
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2 Magnetic properties and interactions

Figure 2.6: Different lattices with geometric frustration in one, two and three dimen-
sions. The dotted lines mark next-nearest neighbor interactions. (a) Chain
with next-nearest neighbor interactions, (b) square lattice with next-nearest
neighbor interactions (also called J1-J2 square lattice), (c) triangular lat-
tice, (d) kagome lattice and (e) pyrochlore lattice. The magnetic ions in the
kagome and pyrochlore lattice are located on the corners of the triangles and
tetrahedra.

for frustrated lattices in two dimensions include the square lattice with diagonal next-

nearest neighbor interactions (J1-J2 square lattice), the triangular lattice and the kagome

lattice assuming that all bonds are antiferromagnetic. A three dimensional example is the

pyrochlore lattice shown in figure 2.6(e) which consists of corner-sharing tetrahedra. Here

frustration arises if the nearest-neighbor coupling is again antiferromagnetic. However,

frustration is also possible when anisotropy competes with the magnetic interactions.

This is the case in the class of spin-ice compounds which form the pyrochlore structure.

Here anisotropy favors a spin alignment along the easy axis of the tetrahedron (directly

towards or away from the center of the tetrahedron) which is different for each spin and

thus non-collinear. This competes with a ferromagnetic interaction between the spins

suppressing long-range order and gives rise to monopole excitations [26].

A square lattice of spins with nearest-neighbor coupling only is not frustrated be-

cause the classical Néel ground state satisfies all couplings in the system. Frustration

is introduced by an antiferromagnetic next-nearest neighbor interaction as shown in fig-

ure 2.6(b) which is independent of the sign of the nearest-neighbor exchange interaction.

The Hamiltonian in such a case becomes

H = J1
∑

ij

Si · Sj + J2
∑

ik

Si · Sk (2.14)
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2.4 Low-dimensional and frustrated magnetism

Figure 2.7: Ground states of the antiferromagnetic J1-J2 square lattice. (a) Néel order.
(b) Columnar order.

where J1 is the coupling between nearest and J2 the coupling between next-nearest

neighbors. If both J1 and J2 are antiferromagnetic the spin-1/2 J1-J2 square lattice

has two long-range ordered ground states at T = 0 depending on the ratio of J1/J2

[27]. If the nearest-neighbor coupling J1 is dominant the ground states is a regular Néel

antiferromagnet. If the diagonal next-nearest-neighbor J2 dominates the ground state

is a columnar antiferromagnet. In this structure the spins along one axis are ordered

antiferromagnetically while they build ferromagnetic columns along the second axis as

shown in figure 2.7. A spin liquid region is predicted in the vicinity of the point J1 = 2J2

where the frustration is maximal [28].

Depending on the ground state antiferromagnetic or a ferromagnetic order is observed

in the column direction. These can be distinguished by the magnetic ordering wavevector

which yields k = [1
2 , 1

2 , 0] for the Néel order and k = [1
2 , 0, 0] for the columnar order if

the columnar axis is taken as [0, 1, 0]. At the point J1 = 2J2 the order is destroyed as

a result of the frustration. The J1-J2 square lattice is a special case of the Nersesyan-

Tsvelik model realized in (NO)[Cu(NO3)3]. In this model J1 is split so that it is much

stronger along one axis than perpendicular to it resulting in a reduction of symmetry

from 2D to quasi-1D. Nevertheless the spin wave analysis of the interchain coupling

revealed properties comparable to the J1-J2 square lattice.

The triangular lattice with antiferromagnetic nearest-neighbor interactions shown in

figure 2.6(c) is frustrated because all three bonds on the triangle cannot be satisfied simul-

taneously. The ground state of the antiferromagnetic triangular lattice with Heisenberg

or XY spins will be a state where the three spins on any triangle are 120° apart. In this

situation every bond is partially satisfied and the frustration is reduced as compared to

the triangular lattice with Ising interactions. For a 120° spin alignment long-range mag-

netic order is found at a suppressed ordering temperature with an ordering wavevector

of k = [1
3 , 1

3 , 0]. If the structure is further frustrated due to different coupling strengths

in the triangular lattice or by additional interactions the order can be driven incommen-

surate which yields ordering wavevectors slightly away from k = [1
3 , 1

3 , 0].
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A special geometrically frustrated system is the kagome antiferromagnet which is

characterized by spins on a lattice of corner-sharing equilateral triangles as shown in

figure 2.6(d). The ground state and excitations of this system are still under debate but

it is thought to have a gapless spin-liquid ground state in the case of S = 1/2 character-

ized by the absence of long-range magnetic order down to T = 0 accompanied by diffuse

excitations [25, 29]. In the triangular lattice the triangles are edge-sharing and a 120°

order in a single triangle will immediately select the ground state of the whole lattice.

This is not the case for the kagome lattice with corner-sharing triangles where a 120°

order in one triangle still allows two equal energy planar configurations for the adjacent

triangles. This leads to a higher degree of degeneracy for the ground state.

The spin lattice in Ca10Cr7O28 first motivated a description as a kagome compound,

however, the discovery of ferromagnetic and antiferromagnetic triangles in the kagome

plane promotes the description as an effective triangular lattice. Furthermore Ca10Cr7O28

consists of bilayers where each triangle in one layer is always coupled to a triangle in a

second layer which has opposite magnetic interactions (i.e. ferromagnetic triangles are

coupled to antiferromagnetic triangles and vice versa). This additional coupling is able

to destroy the 120° order resulting in a dynamical ground state.

2.4.2 S-1/2 Heisenberg antiferromagnetic chain

A well-known example for low-dimensional magnetism is the one-dimensional spin-1/2

Heisenberg antiferromagnetic chain (S-1/2 HAFC). It can develop short range Néel order

but quantum fluctuations will always prevent long-range order even at T = 0 K [30].

Nevertheless, long-range order is observed in most physical realizations of the S-1/2 HAFC

since they exhibit weak nearest neighbor interchain coupling that gives rise to order at a

suppressed but finite temperature. A slightly more complex example, (NO)[Cu(NO3)3],

is studied in this thesis which in addition to strong one-dimensionality exhibits frustration

through the interchain coupling.

A quantitative illustration of an excitation in a S-1/2 HAFC is shown in figure 2.8.

A S = 1 magnetic excitation (e.g. created in a neutron scattering process) reverses

a single spin in the chain. This single spin can be thought of as forming a second

antiferromagnetic domain within the chain with opposite staggered magnetization. This

second domain is separated from the rest of the chain by two domain walls which becomes

clearer if one flips more than one consecutive spin which causes the domain walls to

spread. It can be seen that each domain wall carries half a spin flip (S=1/2) and these

quantized domain walls are called spinons. The flipping of more than one consecutive

spin will always cost the same energy in an isolated chain since there are no further

neighbors perpendicular to the chain and there remain only two domain walls. This

leads to so-called deconfined spinon excitations which can move freely along the chain
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2.4 Low-dimensional and frustrated magnetism

Figure 2.8: Illustration of an excitation in a S-1/2 HAFC. (a) Ordered chain. (b) A single
S = 1 spin-flip excitation. (c) The spin flip is spatially separated into two
domain wall boundaries (=spinons) that each carry half a spin-flip S = 1/2.
(d) Further separation of the domain walls costs no energy.

since the separation costs no energy. This is in contrast to e.g. the Heisenberg spin ladder

where the spinons are confined due to the energy cost through the interchain interaction

(rung of the ladder) which is proportional to the number of spin-flips [31]. In real S-
1/2 HAFC materials however spinons always have a finite spatial extend at low energies

since any small interchain coupling partially binds the spinons. In this case spinons

attract each other because the separation costs energy. Thus, spin wave excitations can

be observed at low energies although free spinons remain at higher energies.

As described in section 2.3 a three dimensional magnet shows magnon excitations

which carry S=1 each and can therefore individually interact with a neutron. Magnons

are coherent spin wave excitations which result in sharp sinusoidal modes through the

(Q, ω) space. In a S-1/2 HAFC the excitations are spinons with S = 1/2. Spinon excita-

tions are gapless as for the 3D case but since a neutron scattering experiment involves a

change of spin ∆S = 1 it implies a creation or annihilation of two spinons for each scat-

tering process (or multiples of two spinons). The experimentally measured momentum

along the chain direction q and energy ~ω are the sums of the momenta and energies of

the two spinons

q = q1 + q2 (2.15)

~ω = ~ω1 + ~ω2. (2.16)

This results in a continuum of excitations in the (q, ω) plane. The ground state of the

one-dimensional S-1/2 HAFC was solved exactly by H. Bethe [32] and the excitation of a
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Figure 2.9: The excitation spectrum of the S-1/2 HAFC. (a) Single spinon dispersion.
One spinon pair is marked by the circles and another one by the diamonds.
(b) Two-spinon continuum. The signal positions corresponding to the two
spinon pairs of (a) are indicated.

single spinon is described by the Cloizeaux-Pearson dispersion [33]

~ωl =
π

2
|J sin(2πq)| (2.17)

where J is the antiferromagnetic exchange coupling along the chain. This dispersion is

similar to the spin wave result in equation (2.13) assuming S=1/2 except for a renormal-

ization factor of π/2. It should be noted that an individual spinon only exists over half

of the Brillouin zone. Since the ∆S=1 neutron scattering process creates two spinons

simultaneously, the measured spectrum is only sensitive to the sum of their energies and

momenta as shown in figure 2.9. All possible two-particle scattering processes fall in the

area between the lower boundary defined by the dispersion of a single spinon (2.17) and

the upper boundary given by

~ωu = π|J sin(πq)|. (2.18)

The resulting spinon continuum is very different from the sharp spin wave excitations

observed in conventional 3D magnets and is a signature of 1D antiferromagnetic inter-

actions.
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3 Experimental methods

Since there is no single experimental feature which identifies a material as a quantum

magnet several experiments always have to be conducted to gain information on different

properties which can reveal fluctuations due to low-dimensionality or frustration. An in-

dication is for example given by a large value of the frustration parameter f = |θCW |/TN

where θCW is the Curie-Weiss temperature which gives the energy scale of the magnetic

interactions and TN is the Néel temperature below which magnetic order develops [25].

However, this value has to be treated with care since both low-dimensionality and frus-

tration play an important role in the suppression of order. An experimental quantity

which is often used to reveal frustrated or low-dimensional magnetism is the temperature

dependence of the magnetic susceptibility. From a single measurement the Curie-Weiss

temperature can be obtained together with the Néel temperature. Without frustration

or low-dimensional interactions, the Néel temperature is usually found to be similar to

the Curie-Weiss temperature (TN ≈ TCW ). Low-dimensional and/or frustrated magnets

typically develop long-range order only far below the Curie-Weiss temperature if at all.

One of the most sensitive measurements to detect the presence of magnetic order is muon

spin spectroscopy (µSR). If a static local magnetic field is present the muon spin precesses

around it which is observed as oscillations in the muon spin polarization function. Of

equal importance are neutron scattering investigations which, while of lower sensitivity,

yield information about the nature of excitations and correlations which characterize the

ground state.

Regarding the measurement of magnetic fluctuations, neutron scattering and µSR

together with NMR and AC-susceptibility are complementary techniques because they

probe different time windows of the magnetic correlation time τ = 1/ν as shown in fig-

ure 3.1. The fluctuation rate ν is thereby proportion to the energy of the fluctuations

where 1012 Hz roughly corresponds to 1 meV. µSR and neutron scattering further com-

plement each other because the former technique provides information about the local

magnetic environment in real space whereas the latter is sensitive to reciprocal space

and can map out the whole Brillouin zone.

This chapter provides a description of the physical concepts of the experimental tech-

niques used for the investigation of Ca10Cr7O28 and (NO)[Cu(NO3)3]. For both com-

pounds the investigation started with bulk property measurements such as magnetic

susceptibility and specific heat studies. In the case of Ca10Cr7O28 several different types
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Figure 3.1: Comparison of the time windows covered by different experimental tech-
niques. Each horizontal line gives the range of magnetic fluctuations which
can be probed. Figure taken from [34].

of neutron and X-ray diffraction techniques were used to determine the crystal structure

while the structure of (NO)[Cu(NO3)3] was already known. To study the magnetism on

a microscopic level muon spin spectroscopy and inelastic neutron scattering studies were

performed on each compound.

3.1 Bulk properties

Bulk properties measurements provide important information about the macroscopic

magnetic behavior of a material. Only with this knowledge it is possible to choose and

plan further spectroscopic measurements intended to obtain information about mag-

netic interactions on a microscopic level. For the investigation of Ca10Cr7O28 and

(NO)[Cu(NO3)3] measurements of the magnetization, DC susceptibility, AC suscepti-

bility and heat capacity were performed.

3.1.1 Magnetization and DC susceptibility

The field dependent magnetization and the temperature dependent magnetic suscepti-

bility were measured to identify phase transitions and the nature of the magnetic inter-

actions. To measure the magnetization in a sample it is placed in an external magnetic

field which is varied. The magnetic moment of the sample is measured by a special

pick-up coil which filters out the uniform external field while it is able to measure the

inhomogeneous field of the sample. A device which is able to perform these tasks is the

vibrating sample magnetometer (VSM) which is sketched in figure 3.2(a). It consists of

an electromagnet which produces the uniform magnetic field and a set of pick-up coils
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3.1 Bulk properties

Figure 3.2: (a) Setup of a vibrating sample magnetometer. The sample is vibrated si-
nusoidally in between the pick-up coils. (b) Diagram of a superconducting
DC SQUID loop. The current I splits into two paths Ia and Ib and has to
pass Josephson junctions on each path which separate the superconducting
regions. Φ is the magnetic flux which threads through the SQUID loop.

which are wound in opposite directions. The spatially homogenous external field induces

opposite electric fields in the two pick-up coils which thus cancel out. A small sample

which becomes magnetized however induces different magnetic flux in the two coils. The

sample is mounted on a sampleholder on which it is vibrated vertically in a sinusoidal

motion. The induced voltage in the pick-up coils is proportional to the sample’s magnetic

moment but does not depend on the on the strength of the applied magnetic field. This

voltage is measured with a lock-in amplifier.

For high-resolution DC susceptibility measurements this technique is combined with a

superconducting quantum interference device (SQUID) in order to measure very subtle

magnetic fields. A SQUID can be coupled inductively to the pick-up coil. It consists

of a superconducting ring with two Josephson junctions in the two arms as shown in

figure 3.2(b). A biasing current is driven through the loop and the voltage drop is

measured. If the magnetic flux which penetrates the loop changes, a screening current

circulating in the loop is generated. Since the Josephson junctions can be tunneled by

Cooper pairs the voltage oscillation in the superconducting ring is periodic with the

change in magnetic flux by multiples of the flux quantum Φ0 = h/2e = 2.07 · 10−15 Vs.

This makes the SQUID the most sensitive detector of magnetic flux.

The magnetic susceptibility of Ca10Cr7O28 was measured using a Quantum Design

MPMS-3 VSM-SQUID magnetometer and its magnetization was measured on a PPMS

VSM magnetometer also built by Quantum Design. The susceptibility and magnetization

of (NO)[Cu(NO3)3] were measured on the predecessor model MPMS-XL SQUID which
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sample 

Figure 3.3: Schematic of the AC susceptibility setup. The outer coil (excitation coil)
generates the AC field and the resulting change of the sample magnetization
induces a voltage in the compensated pick-up coils.

uses a one-shot extraction method for obtaining the magnetization. In this case the

sample is slowly moved through the pick-up coils instead of being vibrated in between

them.

3.1.2 AC susceptibility

AC susceptibility measurements can provide additional information because the induced

sample moment is time-dependent revealing information about the magnetization dy-

namics which are not obtained in DC measurements. For AC susceptibility measure-

ments a small AC drive field is superimposed to the DC field causing a time-dependent

magnetic moment in the sample. The field of the time-dependent moment is measured as

an induced voltage in a pick-up coil. Therefore no sample motion is necessary. The AC

susceptibility was measured using a compensated pick-up coil system as sketched in fig-

ure 3.3. Due to the compensation the induced background voltage is mainly suppressed

while the sample signal becomes dominant. A lock in amplifier is used to generate the

AC field with the excitation coil and to detect the induced voltage in the pick up coil.

The lock in amplifier is able to detect the in phase (X) and the 90° phase-shifted (Y )

component of the induced voltage. The setup as shown in figure 3.3 was inserted in the

bore of an Oxford Instruments 14 T superconducting magnet to allow measurements of

the AC susceptibility as a function of a DC field bias.

AC measurements yield similar results compared to DC magnetization at low frequen-
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3.1 Bulk properties

cies. In this limit the induced magnetic moment of the sample is

Mac =
dM

dH
Hac sin(ωt) (3.1)

where Hac is the amplitude of the driving field, ω is the driving frequency, and χ =

dM/dH is comparable to the DC susceptibility. At higher frequencies the AC moment

of the sample does not follow the DC magnetization due to dynamic effects in the sample.

As a result the magnetization of the sample can lag behind the drive field. Thus two

quantities are of interest in the AC method, the magnitude of the susceptibility χac and

the phase shift φ relative to the drive signal. In the experiment the in-phase component

χ′ ∝ X/ω and the out-of phase component χ′′ ∝ Y/ω of the susceptibility are measured

(X and Y are the induced voltages as described before). These components are related

to the magnitude and the phase of the AC susceptibility by

χ′ = χ cos φ χac =
√

χ′2 + χ′′2 (3.2)

χ′′ = χ sin φ φ = tan−1 χ′′

χ′

In the limit of low frequencies (φ → 0) χ′ corresponds to the DC susceptibility. At higher

frequencies the out of phase component χ′′ indicates dissipative processes in the sample

due to e.g. relaxation processes. The AC susceptibility down to dilution temperatures

was measured in Ca10Cr7O28 to check this temperature range for magnetic phase tran-

sitions. In addition, the magnetic dynamics were studied employing a range of different

measurements including χac vs. temperature, χac vs. AC frequency and χac vs. DC field

bias measurements.

3.1.3 Heat capacity

Heat capacity measurements provide information on the structural, electronic and mag-

netic properties of a material. They give useful information about the presence of any

type of phase transitions which appear as anomalies in the heat capacity from which the

nature of the phase transitions usually can be identified. Moreover, the heat capacity

is related to the entropy by the second law of thermodynamics providing information

about the entropy evolution as a function of temperature or magnetic field. The heat

capacity data presented in this thesis were measured using a relaxation method. In this

technique the sample is glued to a calorimeter platform which consists of a heater and

a thermometer. This platform has a well known thermal link to the heat bath and is

otherwise thermally isolated by a high vacuum. The starting point for the measurement

is a sample thermalized at bath temperature. Then the heater is switched on and heats

the sample for a short time. After the heater is switched off the sample together with
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the calorimeter platform relaxes back to thermal equilibrium and the relaxation time

constant is measured. From this relaxation time constant and from the known thermal

link to the heat bath, the heat capacity of the system sample + calorimeter can be cal-

culated. The heat capacity of the sample is obtained by measuring the heat capacity of

the empty calorimeter and subtracting this contribution from the total heat capacity.

The heat capacity of Ca10Cr7O28 and (NO)[Cu(NO3)3] was measured as a function of

temperature and external magnetic field down to temperatures of 0.3 K and up to fields

of 14.5 T to obtain a broad overview of their B −T phase diagram. For the measurement

of Ca10Cr7O28 an in-house built calorimeter was attached to a 3He cryostat which was

inserted in a Oxford Instruments 14.5 T magnet. For (NO)[Cu(NO3)3] the heat capacity

option of a Quantum Design 9T PPMS was used. The PPMS was modified with a 3He

cryostat so to be able to reach temperatures down to 0.3 K.

3.2 Muon spin spectroscopy

Muon spin spectroscopy is an experimental technique which probes the electronic and

magnetic properties of a material on a microscopic level. Spin polarized muons are im-

planted in the material under investigation and the time evolution of their spin is detected

which depends on the local environment of the muons. This technique is extremely sen-

sitive to weak magnetic moments and has a unique time window for dynamical processes.

The abbreviation µSR is often used to describe the technique which stands for muon spin

rotation, or relaxation, or resonance. In this thesis only the former two methods were

used and will be described here. The emphasis is on aspects relevant for the discussion

of the experimental observations in the two studied compounds. On (NO)[Cu(NO3)3]

µSR measurements were performed to investigate the transition into incommensurate

long-range magnetic order while in Ca10Cr7O28 the magnetic fluctuations, which persist

down to lowest temperatures, were characterized. Besides the study of magnetism, µSR

has been used successfully in the investigations of high-TC superconductors. A compre-

hensive description of the applications of µSR in condensed matter physics together with

the necessary theoretical background is given in [35].

3.2.1 Experimental setup

Muons in the right energy range for condensed matter research are available from the

two-body pion decay. The pions are produced from collisions of high-energy protons with

the nuclei of a target made of light elements such as carbon or beryllium to maximize

pion production while minimizing multiple scattering of the proton beam. The produced

pions are extremely short-lived (τπ = 26 ns) and decay into a muon and muon neutrino

as given in (3.3). Because the pions are so short-lived, the muon beam stems from pions
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a=1/3

a=1μ
+

Figure 3.4: Angular distribution of the positrons from the muon decay. The energy
dependent asymmetry parameter a is 1/3 when averaged over all positron
energies (Ēe+ = 26 MeV) and a = 1 for the most energetic positrons with
Ee+,max = 53 MeV. Figure taken from [34].

decaying at rest in the surface layer of the target and is emitted with a well defined

kinetic energy of Eμ = 4.1 MeV. The maximum parity violation in the weak-interaction

decay of the pions yields muons which are 100 % spin polarized with the spin direction

opposite to their momenta.

The spin-polarized muons are implanted into the sample where they thermalize quickly

without loss of polarization and generally come to rest at a high symmetry site. If they

do not form Muonium (see below) they will sit at an interstitial site and in Oxygen

containing compounds the muon will generally sit close to the Oxygen (about 1Å) as

it has a high electronegativity. Once inside the sample, the muon as a spin-1/2 particle

can couple to the local magnetic environment via its spin. Since the muon’s magnetic

moment is ∼ 9 times larger than the magnetic moment of the neutron it is extremely

sensitive to magnetism. Due to the local magnetic field at the muon site the muon spin

starts to precess until the muon decays into a positron and two neutrinos after a mean

lifetime of τμ = 2.2 μs as described in (3.4). The decay positrons are counted as a

function of time and position by scintillator detectors positioned around the sample. To

assign the positron to a specific stopping time only one muon at a time can be implanted

in the sample which limits the muon stopping rate for continuous muon beams.

π+ −−→ μ+ + νμ (muon production) (3.3)

μ+ −−→ e+ + ν e+ ν̄μ (muon decay) (3.4)

In certain materials (especially insulators) the muon can pick up an electron to form

the so called Muonium which has properties comparable to hydrogen except a mass

that is 9 times smaller. In this situation, the electron acts as a sensitive probe of the
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Figure 3.5: The geometry of a µSR experiment. The spin polarized µ+ is implanted into
the sample. Two positron detectors are placed in forward (F) and backward
(B) position. The direction of applied field (H ) is shown for the longitudinal
field (LF) and the transverse field (TF) configurations.

local environment that is coupled to the muon via its hyperfine coupling. Furthermore,

Muonium can be added to double bonds in organic molecules resulting in free radicals

which can be in return investigated by µSR.

The µSR technique is made possible because the muon emits the decay positron pref-

erentially along the direction of its spin due to parity violation in the weak-interaction

muon decay. Because it is a three-body decay, the positrons are created in a range of

energies up to Ee+ = 53 MeV and the preferred direction of the positron emission is

energy dependent. It is described by

W (E, θ) = 1 + a(E) cos(θ) (3.5)

where a(E) = (2E − 1)/(3 − 2E) is the asymmetry parameter, E is the positron energy

normalized to Emax and W (E, θ) is the number of positrons with energy E emitted at an

angle θ with respect to the muon spin direction. This angular distribution is visualized

in figure 3.4. By measuring the anisotropic distribution of the decay positrons of many

muons deposited in the sample, the average direction of the muon spin at the time of

decay can be obtained.

In a µSR experiment the time evolution of the spin polarization is recorded, which

depends sensitively on the spatial distribution and dynamical fluctuations of the magnetic

environment of the muon. As shown in figure 3.5, a simplified experimental setup includes

two detectors in the forward and backward position relative to the sample. The time

dependence of the number of positrons counted in either of the detectors is given by

NF,B(t) = N0 e−t/τµ [1 + A(t)] + BF,B. (3.6)
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3.2 Muon spin spectroscopy

N0 is a normalization constant, the exponential function describes the decay of the muon

and A(t) is the polarization function (or asymmetry function) due to the precession of the

muon spins in the internal magnetic field of the sample. BF,B is a constant background

in the forward and backward detector respectively that needs to be corrected for. The

exponential muon decay can be removed from the counted spectrum by calculating the

normalized difference between the signals from the forward and backward detector

A(t) =
[NF (t) − BF ] − α[NB(t) − BB]
[NF (t) − BF ] + α[NB(t) − BB]

(3.7)

where α is a correction parameter which accounts for different detector efficiencies. Since

muons are a local probe quantitative information on coexisting phases in a material can

be obtained. The volume fraction of a particular phase is proportional to the amplitude

of the corresponding polarization function A(t).

A variation of the µSR technique is the so-called Avoided Level Crossing Resonance.

Here, the muon Zeeman splitting is tuned with a magnetic field to match the Zeeman

splitting of the spin environment. The muon loses polarization at the resonance which is

seen as a dip in the polarization as the field is changed. These resonances can be studied

to obtain further information about the muon’s environment.

3.2.2 Polarization functions

As explained in the last section all information are contained in the polarization function

A(t) which reflects the magnetic properties of the sample under investigation. More

precise, A(t) observes the muon spin precession frequency due to the field at the muon

site which is given by

ω = γBloc (3.8)

where ω is the Larmor frequency, γ is the gyromagnetic ratio of the muon and Bloc is the

local magnetic field at the muon site. The field at the muon site is a superposition of static

and dynamic fields from electronic moments, nuclear moments and external magnetic

fields. Normally rather than a single value of Bloc there is a distribution of fields at the

muon site and A(t) will depend on this distribution. Three experimental configurations

are routinely used for performing muon spin spectroscopy, zero-field (ZF), transversal-

field (TF) and longitudinal-field (LF) µSR. These techniques will be explained in the next

paragraphs together with the polarization functions relevant for the field distributions

in the materials of this thesis.
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Figure 3.6: Polarization functions (left) and corresponding local magnetic field distri-
butions (right). (a,b) Delta function field distribution and cosine polariza-
tion function. (c,d) Gaussian field distribution centered at zero field and
Gaussian-Kubo-Toyabe polarization function. (e,f) Gaussian field distribu-
tion centered at non-zero average field and damped cosine polarization func-
tion. (g,h) Overhauser field distribution and Bessel polarization function.
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Zero field

The capability of studying materials without external field is a big advantage of the µSR

technique compared to ESR and NMR. The ZF µSR geometry is as follows. The initial

muon spin direction is defined as the z axis and the muon spin is assumed to experience a

local field Bloc at an angle θ with respect to the spin direction. The most simple case is a

δ-function field distribution. As a result the spin will precess with the Larmor frequency

ω in the plane perpendicular to the local field. The time dependent muon spin projection

on the z axis is given by

Az(t) = cos2(θ) + sin2(θ) cos(ωt) (3.9)

Long-range magnetic order is easily identifiable in a ZF µSR experiment. Due to the

static field at the muon site it appears as discrete oscillation frequencies. The simplest

case is a powder sample where the powder average over all angles in equation 3.9 yields

the following polarization function

Az(t) =
1
3

+
2
3

cos ωt. (3.10)

The oscillating term is caused by the muon spin components perpendicular to the local

field and the first term is due to the muon spin component parallel to the local field.

This polarization function is plotted in figure 3.6(a). In real materials the local field

distribution has a finite width described for example by a Gaussian function. If the local

magnetic moments are randomly oriented, as it is the case for nuclear moments, the

muons sitting at magnetically inequivalent sites see a Gaussian field distribution with a

zero average in each component P (Bi) = 0 with i = x, y, z. Assuming the variance of

the field distribution to be ∆/γµ the time evolution of the polarization is described by

the so-called Gaussian-Kubo-Toyabe function [36]

Az(t) =
1
3

+
2
3

(1 − ∆2t2)e− ∆2t2

2 . (3.11)

The Kubo-Toyabe polarization function describes the dephasing of the muon spins due

to the random fields. It is characterized by a Gaussian decay at early times with a

minimum at t =
√

3/∆ and the recovery of the 1/3 tail at long times due to the muon

spin component parallel to Bloc. The Kubo-Toyabe function is shown in figure 3.6(c).

Combining the field distributions described by equations 3.10 and 3.11 one obtains a

Gaussian distribution with non-zero average field. This distribution is often found in

long-range magnetically ordered materials where the local field is smeared out due to
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small temporal or spatial variations. It yields the a damped cosine polarization function

Az(t) =
1
3

+
2
3

e− ∆2t2

2 cos ωt. (3.12)

This function is plotted in figure 3.6(e). The zero field spectra of many materials are ana-

lyzed with the Gaussian envelope replaced by a Lorentzian envelope. Whilst a Gaussian

envelope is appropriate for concentrated magnetic moments, the field distribution for

diluted magnetic moments is better described by the Lorentzian envelope. For the case

of an incommensurate magnetic order the magnetic unit cell has a different periodicity

compared to the crystallographic one which leads to a broad distribution of local fields

at the muon site. A single-k incommensurate structure yields a field at the muon site

that can be described with an Overhauser distribution [37]

f(B) =
1
π

1
√

B2
max − B2

. (3.13)

Based on this distribution the following polarization function is calculated

Az(t) =
1
3

+
2
3

J0(γBmaxt) (3.14)

where J0 is a 0th order Bessel function. The Overhauser distribution and the corre-

sponding Bessel function are visualized in figures 3.6(h) and 3.6(g). The polarization

experiences a fast decay at short times followed by an oscillating signal. This type of

polarization function has been found in the ordered phase of (NO)[Cu(NO3)3]. A dis-

tribution of local fields can also lead to a superposition of different relaxation functions

which can be attributed for by a stretched exponential polarization function

Az(t) =
1
3

+
2
3

e−(λt)β

(3.15)

with the stretching exponent β. This polarization function was found in Ca10Cr7O28

where the field distribution is however caused by dynamic fields as will be discussed

below.

Transverse field

For this type of measurement the external magnetic field is applied perpendicular (trans-

verse) to the initial muon spin direction. The muon spin senses a superposition of the

internal and external fields and precesses with a frequency that is proportional to the

size of the field at the muon site. For a non-magnetic sample the polarization would be

a simple cosine function with an oscillation frequency proportional to the external field.

In a magnetic sample however the frequency is shifted due to the internal field. This can
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be best seen in the Fourier transform of the polarization function. In the case of static

magnetism the time evolution of the polarization is given by the Fourier transform of the

external field plus internal magnetic field distribution. Thus an inverse Fourier transform

of the polarization function is performed to reobtain the field distribution. Transverse

field µSR was measured on (NO)[Cu(NO3)3] which together with single crystal samples

enabled the determination of the field direction at the muon site.

Longitudinal field

So far the field distribution at the muon site was assumed to be static in the muon

time scale. However µSR can also probe fluctuating magnetic correlations. The polar-

ization function for dynamical processes can be calculated by assuming that they are

of Markovian nature. This means that the change of the local field is assumed to be

completely random and does not depend on the state of the system before the change.

The fluctuation rate is labeled ν while the field distribution is labeled ∆ as above and

consequently ν ≫ ∆ specifies the fast fluctuation limit. In the fast fluctuation limit, the

static Gaussian Kubo-Toyabe polarization function (equation (3.11)) changes to

Az(t) = e− 2∆2

ν
t. (3.16)

This function shows remarkable difference to the static polarization function because

the sum of the 1/3 and 2/3 terms is now replaced by a single Gaussian decay. For

dynamic electronic spins above the magnetic ordering temperature an exponential decay

of the polarization instead of a Gaussian one is expected. Furthermore a different local

environment of each spin can lead to deviations from the simple exponential shape to the

so-called stretched-exponential shape. Magnetic dynamics characterized by a stretched

exponential relaxation are often found in frustrated magnets as well as in spin glasses

above the freezing temperature [38–40]. The absence of the characteristic 1/3 tail in

principle allows to distinguish between static and dynamic magnetism in powder samples

from ZF experiments. However, due to background contributions the 1/3 tail is often

difficult to observe and is completely absent for single crystal samples. Also the loss

of oscillations cannot unambiguously be ascribed to dynamic magnetism because a very

broad static field distribution can also cancel out the oscillations.

Therefore longitudinal field µSR measurements are used to distinguish between static

and dynamic field distributions. To study the longitudinal field µSR spectra, the external

magnetic field is applied parallel to the initial muon spin direction and the time evolution

of the muon polarization along its original direction is measured. In the presence of static

magnetism, a magnetic field applied longitudinal to the initial muon spin direction shifts

the polarization function to higher values in a parallel way because of the vector sum of

external and internal fields. At longitudinal fields ∼10 times the internal field the muon
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spin is fully polarized and constant as a function of time with complete loss of oscillations.

This effect is also called decoupling of the muon spin [35]. If the magnetic system is

dynamic it is not possible to fully regain the polarization with longitudinal fields since

dynamic processes continue to depolarize the muon spins which is observed as a decay

of the LF polarization. In this thesis, longitudinal field µSR was used to demonstrate

the absence of static magnetism in the ground state of Ca10Cr7O28 in contrast to the

ground state of (NO)[Cu(NO3)3] which was found to be completely static in the muon

time window.

3.3 Scattering theory

In this section the basic concepts of scattering theory will be explained for the example

of neutron scattering which was the main technique used in this thesis. In particular, the

neutron scattering cross sections for nuclear and magnetic scattering will be presented.

The derivation of these cross sections from basic concepts of quantum mechanics can

be found in [41]. In this thesis neutron scattering was employed for nuclear structure

determination and the study of magnetic excitations. Crystal structure analysis was also

performed via X-ray diffraction which is complementary to neutron diffraction and in

particular helpful for the investigation of elements for which neutron diffraction is less

sensitive.

3.3.1 Neutron scattering

For several reasons neutron scattering is one of the most effective ways to obtain infor-

mation on both the structure and the dynamics of condensed matter. Because of the

particular mass of the neutron the corresponding de Broglie wavelength is of the same or-

der of magnitude as the interatomic distances in solids. Therefore neutrons scattered on a

crystal lattice can show interference effects making the structure determination possible.

Furthermore the kinetic energy of thermal and cold neutrons matches typical motional

energies in condensed matter and hence enables the study of excitations. Since neutrons

have no electric charge they do not experience coulomb repulsion and can interact di-

rectly with the nuclei of the atoms. Although being electrically neutral the neutron has a

magnetic moment and thus interacts with effective magnetic fields produced by the spin

and orbital angular momentum of unpaired electrons via the dipole-dipole interaction.

The scattering process consists of neutrons with a known momentum ~ki and energy

Ei = ~
2k2

i

2m incident on a sample. The interaction with the sample causes the neutrons

to scatter under a certain angle 2θ with a momentum ~kf and an energy Ef =
~2k2

f

2m .
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Figure 3.7: Neutron scattering process. ki, kf and Q form the so-called scattering tri-
angle. The scattered neutrons are detected within a solid angle dΩ.

Conservation of the total energy and momentum yields

Q = ki − kf Q2 = k2
i + k2

f − 2kikf cos 2θ (3.17)

~ω = Ei − Ef =
~

2(k2
i − k2

f )

2m
(3.18)

where Q is the wave vector transfer, ~ω is the energy transfer and the neutron mass

is m. The scattering process is illustrated in figure 3.7. A distinction is made between

elastic and inelastic scattering processes. In the elastic case no energy is transferred from

the neutron to the sample and thus |ki| = |kf |. In this case the wavevector transfer is

simplified to Q = 2|ki|sin(θ). In the inelastic case however the neutron either looses or

gains energy through the scattering process and therefore |ki| 6= |kf |.

The interaction of the neutron with the sample can be described with an interaction

potential V and since the neutron interaction with the sample is in general weak this

potential can be treated as a perturbation. Thus Fermi’s golden rule can be used to

calculate the transition probability between the initial state before the scattering event

and the final state of the system neutron + sample. This simplifies the expressions for

neutron scattering cross sections which therefore can be related to theoretical models

relatively easy. The measurable quantity in a neutron scattering experiment is the flux

of scattered neutrons in a solid angle dΩ with an energy dEf . This quantity is called the

double differential cross section and is given by

d2σ

dΩdEf
=

kf

ki

(

m

2π~2

)2

| 〈kf sf λf |V̂ |kisiλi〉 |2δ(Eλi
− Eλf

+ ~ω). (3.19)

Here, si is the initial spin state of the neutron, λi the state of the sample before the

scattering process and Eλi
the energy of the state λi. The same quantities denoted by

f are the final states of the neutron and the sample after the scattering process. The

δ function ensures the conservation of energy and follows from equation (3.18). V̂ is
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the operator corresponding to the interaction potential V which contains all information

about the scattering process. The neutron can interact with the sample via the nuclear

force and the dipole-dipole interaction. The former interaction is called nuclear scattering

since it occurs with the atomic nuclei of the sample. The latter interaction is called

magnetic scattering since it occurs between the magnetic moment of the neutron and

the spin and orbital angular momenta of the unpaired electrons in the sample.

Nuclear scattering cross section

Nuclear scattering dominates the neutron scattering cross section. The scattering of a

neutron by a nucleus l of the sample can be described with the Fermi pseudopotential

Vl(r) =
2π~2

m
blδ(r − Rl) (3.20)

where r is the position of the neutron, Rl is the position of the nucleus and the neutron

scattering length is bl. The scattering length depends on the type of nucleus and its

isotope as well as on the relative orientation of the neutron and the nuclear spin. In

contrast to X-ray scattering, where the scattering amplitude is proportional to the atomic

number, the neutron scattering lengths are distributed seemingly random across the

periodic table of elements. The δ-function arises because the range of the nuclear force

is much smaller than the wavelength of the neutron and thus can be approximated as

highly local and spherically symmetric. By inserting equation (3.20) into (3.19) and

summing over all nuclei of the sample one obtains the nuclear scattering cross section

which consists of a coherent and an incoherent part

d2σ

dΩdEf
=

d2σcoh

dΩdEf
+

d2σinc

dΩdEf
=

kf

ki
[Scoh(Q, ω) + Sinc(Q, ω)] . (3.21)

Scoh(Q, ω) and Sinc(Q, ω) are called the dynamical correlation functions and are given

by

Scoh(Q, ω) =
σcoh

2π~

∑

l,l′

∞
∫

−∞

〈exp {−iQ · Rl′(0)} exp {iQ · Rl(t)}〉 exp {−iωt}dt

(3.22)

and Sinc(Q, ω) =
σinc

2π~

∑

l

∞
∫

−∞

〈exp {−iQ · Rl(0)} exp {iQ · Rl(t)}〉 exp {−iωt}dt

(3.23)
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where the total coherent and incoherent cross sections are

σcoh = 4π(b̄)2, σinc = 4π
[

b2 − (b̄)2
]

. (3.24)

The bars in equation (3.24) indicate the average over all nuclei in the sample. Equations

(3.22) - (3.24) are valid for one type of element only. These equations describe two

different contributions to the nuclear scattering cross section. The coherent scattering

arises from the correlation of the same nucleus at different times and from interference

between different nuclei at different times. The latter contribution is able to produce

the well known Bragg scattering in the elastic case and can create cooperative lattice

excitations in the inelastic case. The incoherent part arises only from the correlation

of the same nucleus at different times which cannot yield interference effects and thus

results in an isotropic background scattering.

The coherent nuclear scattering of a periodic crystal lattice is dominated by the elastic

contribution. According to Bragg’s law, the scattered neutrons interfere constructively

if the wavevector transfer Q = ki − kf corresponds to a reciprocal lattice vector τ . The

nuclear elastic cross section is given by

(

dσ

dΩ

)

nuc. el.
=

N(2π)3

V0
|FN (Q)|2δ(Q − τ )δ(~ω). (3.25)

N is the number of unit cells in the volume V0 contributing to the cross section. FN is

the nuclear structure factor defined as

FN (Q) =
∑

l

bl exp (iQ · Rl) exp (−Wl(Q, T )). (3.26)

The sum runs over all atoms l located at positions Rl with scattering lengths bl in one unit

cell and exp (−Wl(Q, T )) is the Debye-Waller factor which describes the attenuation of

coherent neutron scattering with increasing temperature because of thermal fluctuations

of the atoms about their equilibrium positions. Equations (3.25) and (3.26) yield the

direction of nuclear elastic scattering together with its intensity.

Magnetic scattering cross section

Concerning magnetic scattering, the scattering process can again be considered as a

perturbation of the magnetic system. The response of the system is described by the

dynamic correlation function which in the magnetic case is the Fourier transform of the

spin-spin correlation function. Since spin-spin correlation functions can be calculated

by various theoretical approaches, there is a straightforward link between theory and

magnetic neutron scattering.

All information about the scattering process is again contained in the magnetic inter-
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action potential Vm. Magnetic scattering results from the interaction of the neutron’s

magnetic moment with the magnetic field which arises from the spin and orbital mo-

mentum of unpaired electrons of an atom. The interaction potential can be written

as

V̂m(Q) = r0 σ · M̂⊥ (3.27)

with M̂⊥ = Q̃ ×
(

− 1
2µB

M̂ × Q̃

)

(3.28)

where r0 is the classical electron radius, σ is the magnetic dipole moment of the neutron,

M̂ is the Fourier transform of the magnetic field distribution in the sample and Q̃ is the

unit vector in direction of the scattering vector Q. In magnetic neutron scattering only

the magnetic field distribution perpendicular to the scattering vector contributes to the

interaction potential hence the term M⊥ appears in the interaction potential. In line

with nuclear scattering the magnetic interaction potential can be inserted into equation

(3.19) to obtain the magnetic cross section. Assuming only one type of magnetic ion

which further has quenched orbital angular momentum as is the case for the materials

investigated in this thesis one obtains

d2σ

dΩdEf
=

kf

ki

(

γr0

2

)2

(gf(Q))2 exp (−2W (Q, T ))
∑

αβ

(

δαβ − Q̂αQ̂β

)

Sαβ(Q, ω) (3.29)

where γ is the gyromagnetic ratio, g is the Landé g-factor, f(Q) is the magnetic form

factor and Sαβ(Q, ω) is the dynamic correlation function. The term (δαβ −QαQβ) makes

sure that only spin components perpendicular to the scattering vector Q contribute to

the cross section. The magnetic form factor is

f(Q) =
∫

s(r)eiQ·rdr (3.30)

where s(r) is the spatial density of unpaired electrons and r is the radial coordinate from

the nucleus. The form factor arises because the density of unpaired electrons cannot be

approximated by a point scatterer as in the case for nuclear scattering. Since f(Q)

decreases rapidly with Q the magnetic scattering is limited to low momentum transfer.

The dynamical correlation function is

Sαβ(Q, ω) =
∑

l,l′

exp(−iQ · (rl′ − rl))

∞
∫

−∞

〈Sα
l (0)Sβ

l′ (t)〉 exp(−iωt)dt (3.31)

where Sα
l is the time-dependent α component of the spin of atom l. Sαβ(Q, ω) is the

Fourier transform in space and time of the spin-spin correlation function 〈Sα
l (0)Sβ

l′ (t)〉. It

describes the response of the sample due to the perturbation by the neutron and reveals
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information about its magnetic structure and dynamics.

In the magnetic case the field distribution M(Q) can be assumed to be a periodic

function, too, which then gives rise to magnetic Bragg scattering if two conditions are

satisfied: The wave vector transfer Q must correspond to a magnetic reciprocal lattice

vector τm and must have a component perpendicular to the direction of the ordered

spins. The magnetic elastic cross section is given by

(

dσ

dΩ

)

mag. el.
=

Nm(2π)3

V0

(

γr0

2

)

∑

αβ

(

δαβ − Q̂αQ̂β

)

F α
m(Q)F β

m(Q)δ(Q − τm)δ(~ω)

(3.32)

where Nm is the number of magnetic ions contributing. Fm is the magnetic structure

factor defined as

F α
m(Q) = f(Q)

∑

l

µα
l exp (iQ · Rl) exp (−Wl(Q, T )) (3.33)

where µα
l is the α component of the magnetic moment of atom l. By analogy with

nuclear elastic scattering equations (3.32) and (3.33) yield the direction of magnetic

elastic scattering together with its intensity.

3.3.2 X-ray diffraction

X-rays can also be used as a scattering probe in order to study the nuclear structure

of materials and serve as a complementary technique to neutron diffraction. X-rays

are electromagnetic waves with an energy range of 0.1 − 100 keV which corresponds to

wavelengths of 130−0.13 Å covering the typical atomic distances in solids. X-rays scatter

from the electron cloud via electromagnetic forces which can be described in analogy by

magnetic neutron scattering by an atomic form factor

f(Q) =
∫

ρ(r)eiQ·rdr (3.34)

where ρ(r) is the spatial density of electrons around the nucleus. The X-ray structure

factor F (Q) has similar form as the nuclear structure factor described in equation (3.26).

Since the electron cloud cannot be considered as a point scatterer the scattering length bl

has to be replaced by the atomic from factor f(Q) in equation (3.26). For the simplified

case of a spherical electron distribution the atomic form factor only depends on the

modulus of the wavevector transfer

f(Q) =
∫

ρ(r)
sin(Qr)

Qr
dr. (3.35)
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From equation (3.35) it follows that the scattering is maximal for low Q. Furthermore

since X-rays scatter from electrons the X-ray scattering amplitude is proportional to the

atomic number [42]. Thus, in contrast to nuclear neutron scattering, X-ray scattering is

weak for light elements like hydrogen and oxygen.

3.4 Scattering experiments

Neutrons for condensed matter research can be produced in research reactors or spallation

sources. In research reactors the neutrons are a product of the nuclear fission of uranium-

235 as shown in (3.36). In spallation sources they are produced by spallation processes

when high-energy protons are shot at great speed on targets made of heavy elements

containing many protons and neutrons. X-rays can be either produced in laboratory

X-ray tubes or at synchrotron light sources. The advantage of X-rays produced at a

synchrotron is the higher intensity and the lower divergence compared to laboratory

X-rays. Furthermore since synchrotron X-rays are produced in a continuous range of

energies it is possible to choose the wavelength best suited for the individual diffraction

experiment. For this thesis a broad range of diffraction as well as inelastic scattering

experiments at different facilities were performed. This section gives a survey of the

different scattering techniques that were used to study Ca10Cr7O28 and (NO)[Cu(NO3)3].

1
0n + 235

92U −−→ 141
56Ba + 92

36Kr + 3 1
0n (3.36)

3.4.1 Diffractometers

Diffraction is a powerful method to determine crystal and magnetic structures. For this

purpose the nuclear or magnetic cross section is measured while the wavevector transfer

Q is varied. Whenever the condition for elastic Bragg scattering

Q = ki − kf = τ (3.37)

Q = 2ki sin θ = τ (3.38)

is fulfilled scattered intensity can be detected. The integrated intensity of a Bragg peak

is proportional to the square of the nuclear or magnetic structure factor |F (Q)|2 as

shown in equations (3.25) and (3.32). To determine this intensity either the incoming

wavevector ki or the sample angle ω has to be varied to scan through a Bragg peak. This

is the purpose of a diffractometer. Three different methods of measuring diffraction have

been employed in this thesis.
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Laue diffraction

In the Laue method a continuous range of wavelengths (white beam) is incident on a

single crystal sample and the scattered neutrons or X-rays are recorded on a large two-

dimensional position-sensitive detector. Because of the many different incident wave-

lengths there is always the correct ki to fulfill the scattering law for a particular 2θ

Bragg peak. However it is not straightforward to ascribe a Bragg reflection to a cer-

tain reciprocal lattice vector since many reflections are recorded at the same time. This

technique was used to check the quality of the single crystals studied in this thesis and

for determining their orientation. For this purpose a laboratory X-ray Laue diffractome-

ter was used as well as the OrientExpress neutron Laue diffractometer at the Institut

Laue-Langevin (ILL).

Single-crystal diffraction

For single-crystal diffraction a single incident wavelength is used. The detector is placed

at the 2θ position for a specific Bragg peak and the sample is rotated about an axis

perpendicular to the scattering plane in order to scan through the Bragg peak. This

process is repeated for a large number of Bragg peaks to obtain their integrated inten-

sities. A dedicated instrument for this purpose is the 4-circle diffractometer. Here the

crystal is mounted on an Eulerian cradle which allows its rotation in three dimensions.

The 4-circle single crystal neutron diffractometer E5 at the Helmholtz-Zentrum Berlin

(HZB) was used to determine the crystal structure of Ca10Cr7O28. For this purpose the

intensities of more than 3000 Bragg peaks were determined by successively scanning the

sample angle ω at the particular 2θ positions.

Powder diffraction

In powder diffraction a monochromatic beam is scattered from a polycrystalline sample.

For a specific reciprocal lattice vector τ the scattered wavevectors lie on coaxial cones of

constant 2θ (Debye-Scherrer cones) with the direction of the incident wavevector being

the cone axis. At a specific 2θ angle only those microcrystals contribute to the scattered

intensity whose τ vectors lie on a cone with axis along ki with an angle between τ and ki

of 2θ. Thus by scanning 2θ one subsequently intersects through many cones and observes

an intensity pattern as a function of scattering angle which only depends on the reciprocal

lattice vectors and corresponding structure factors present in the sample. Synchrotron

X-ray powder diffraction was measured for Ca10Cr7O28 on the MS-powder beamline

at the Paul-Scherrer-Institut (PSI) as well as laboratory X-ray powder diffraction was

performed using a Bruker D8 diffractometer.

A variation of the powder diffraction method is neutron time-of-flight powder diffrac-
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tion where the neutrons arrive at the powder sample in form pulses, each pulse consisting

of a range of wavelengths. In this case the time of arrival of the scattered neutrons is

measured at a fixed scattering angle. Together with t0 which is known because of the

pulsed structure of the neutron beam, the time-of-flight for each neutron can be cal-

culated. The corresponding neutron wavelength can be derived using the de Broglie

relation

λ =
h

mv
=

h

m

TOF

L
(3.39)

where TOF is the calculated time-of-flight over the known flight path L of the neutron.

Using Bragg’s law λ = 2d sin θ one obtains a relation between the time-of-flight and the

d spacing of the diffracting lattice planes

h

m

TOF

L
= 2d sin θ. (3.40)

Since the neutron pulse covers a range of wavelengths it is possible to measure a trajectory

in reciprocal space at a fixed scattering angle. Furthermore large pixelated area detectors

are used covering a large range of 2θ angles which are able to measure the neutrons as a

function of time-of-flight for a large region of reciprocal space. This technique was used

to measure the neutron powder diffraction pattern of Ca10Cr7O28 at the V15 neutron

time-of-flight powder diffractometer at HZB.

3.4.2 Neutron triple-axis spectrometer

In addition to neutron diffraction, inelastic neutron scattering (INS) has been performed

where the energy transfer of the neutron to the sample is measured. This enables the

study of elementary excitations such as phonons and magnons. An instrument suitable

for measuring INS is the triple-axis spectrometer (TAS) [43]. It allows the scattering

function in a broad range of energy and momentum space to be measured.

The main components of a TAS are a monochromator, a sample and an analyzer each

capable of rotating about a vertical axis as shown in figure 3.8. With the monochro-

mator it is possible to select the initial wavevector and energy via Bragg reflection at

the monochromator crystals. Then the monochromated neutron beam is guided to the

sample position where it scatters at the single crystal sample. After the sample the final

energy of the neutrons is analyzed by another Bragg reflection at the analyzer crystals.

The analyzer is placed at a specific 2θ angle of interest with respect to the incident beam.

Finally the intensity of the scattered neutrons with well defined energy and wavevector

transfer at the sample is measured in the detector. To obtain quantitative values the

measured intensity is normalized to the count rates of a monitor which is placed before

the sample. Several collimators can be placed in the beam path to reduce the diver-
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Figure 3.8: The layout of a triple-axis spectrometer. The eponymous three axes are the
monochromator, the sample and the analyzer. Figure taken from [44].

gence of the neutron beam and improve the resolution. To suppress the contribution

from higher order scattering at the monochromator and analyzer crystals, filter elements

with appropriate cut-off wavelengths can be placed in the beam path. The neutron

background can be reduced by variable slits before and after the sample.

In a conventional TAS experiment either ki or kf has to be varied to scan the desired

range in energy and momentum transfer. Scans can be performed by variation of the

wavevector transfer Q at a constant energy or by variation of the energy transfer �ω at

constant wavevector. The conventional TAS spectrometer only measures one point in

(Q, �ω) space at a time. It is however possible to combine a TAS with a set of multiple

analyzers and detectors to map out a substantial region in reciprocal space simultane-

ously. For this thesis the TAS spectrometers FLEXX at HZB, IN14 at the ILL and

MACS II at the NIST center for neutron research have been used. FLEXX is a con-

ventional TAS with a single detector. IN14 was used in combination with the FlatCone

detector consisting of 31 analyzers and detectors which simultaneously collect a large

reciprocal space region at a fixed final energy in the horizontal scattering plane. MACS

II is an even more sophisticated TAS with a permanently installed kidney detector. The

detection system for MACS II consists of twenty independent channels with variable final

energy which enables either an extended region in reciprocal space or energy transfer to

be mapped out in one measurement.
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Figure 3.9: Sketch of the two types of time-of-flight spectrometers. (left) The direct
geometry TOF spectrometer and (right) the indirect geometry TOF spec-
trometer. The distance vs. time plots of the neutron velocity distributions
are shown above. Figure taken from [45].

3.4.3 Neutron time-of-flight spectrometer

Another instrument for measuring inelastic neutron scattering is the time-of-flight (TOF)

spectrometer. This technique requires pulsed neutrons and is therefore ideally suited

for spallation sources because of their pulsed beam structure. However, it can also be

performed at research reactors by chopping the continuous neutron beam into pulses.

Due to the pulsed structure, the time t0 and position r0 of the neutrons are known and

their scattering angle 2θ is measured together with their time of arrival by an array

of detectors. By the principle of conservation of the total momentum, these pairs of

coordinates can be transformed into momentum and energy of the neutrons and thus

the momentum and energy transferred to the sample can be calculated. There are

two possible setups for TOF spectrometers, the direct and the indirect geometry TOF

spectrometer, which are sketched in figure 3.9.

In the direct geometry TOF spectrometer the incident neutron beam is monochro-

mated by a chopper. This chopper is phased with respect to the creation of the neutron

pulse to select a specific initial neutron energy. The monochromatic neutron beam is

scattered at the sample and detected by a time and position sensitive detector array.

From the time of arrival the energy transfer is obtained while the combination of time

and detector position yields the wavevector transfer. Indirect geometry spectrometers

are also possible where the final 2θ position and energy are fixed using Bragg scatter-
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ing from an array of analyzer and detector pairs. This technique uses incident neutrons

within a band of wavelengths. From the time of arrival of each detected neutron together

with its known final energy, the incident energy and the energy transfer to the sample

can be calculated. The wavevector transfer is obtained from the measured scattering

angle and the calculated incident and final wavevectors.

Due to the absence of any moving parts TOF spectrometers can be equipped with

a large two-dimensional array of detectors. If these detectors are position sensitive the

obtained dataset from a single measurement is three-dimensional (two-dimensional in

wavevector transfer plus energy transfer). In addition, the sample can be rotated about

the vertical axis like in a TAS experiment which allows the third dimension in wavevector

transfer to also be measured. Thus from a single beamtime of typically a few days

the complete four-dimensional dynamical correlation function S(Q, ω) can be obtained.

The direct geometry TOF spectrometers Merlin and LET located at the ISIS pulsed

neutron source feature this kind of detector array and have been used for measuring the

magnetic excitations in Ca10Cr7O28 and (NO)[Cu(NO3)3]. In addition the indirect TOF

spectrometer OSIRIS (also at ISIS) which uses a combination 42 analyzers and detectors

in the horizontal plane has been used to study the field dependence of the magnetic

excitations in Ca10Cr7O28.
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Ca10Cr7O28

In this chapter a new low dimensional and frustrated magnet, Ca10Cr7O28, will be intro-

duced. The interest in Ca10Cr7O28, which at the time of the beginning of this thesis was

thought to have the chemical formula Ca3Cr2O8, resided in its similarity to Sr3Cr2O8 and

Ba3Cr2O8 to which it was thought to be almost isostructural. The latter two compounds

are well described as dimer antiferromagnets. At room temperature the Chromium ions

which are in the rare valence state of Cr+5 (S = 1/2) form hexagonal bilayers where the

dominant antiferromagnetic intrabilayer interaction couples them into dimers. Both com-

pounds undergo a Jahn-Teller distortion below room temperature leading to a symmetry

reduction from hexagonal to monoclinic. This creates spatially anisotropic interdimer

exchange interactions which lifts the otherwise frustrated couplings between the dimers.

Magnetic excitations consistent with weakly-coupled S = 1/2 dimers with a singlet

ground state and a gapped excited triplet have been observed for Sr3Cr2O8 and Ba3Cr2O8.

The antiferromagnetic dimer coupling is responsible for the gap in the excitation spectra

of 3.5 meV for the Strontium and 1.38 meV for the Barium compound. In both cases

the exchange interactions could be extracted from inelastic neutron scattering data. For

Sr3Cr2O8 the dimer coupling is found to be J0 = 5.551(9) meV while the ratio of inter-

dimer to intradimer exchange constants is J ′/J0 = 0.64(2) [46]. In the case of Ba3Cr2O8,

a dimer coupling of J0 = 2.38(2) meV and weak interdimer interactions of |J ′| ≤ 0.52(2)

meV were extracted [47]. The difference in the coupling between the two compounds is

ascribed to the different intradimer distances which are 3.842 Å for Sr3Cr2O8 and 3.934 Å

for Ba3Cr2O8. The smaller distance in the Strontium compound may allow for better

overlap of the orbitals responsible for the Cr-O-Cr superexchange.

Particular interest in Sr3Cr2O8 arose because it is the first three dimensional mag-

net where asymmetric thermal line shape broadening of the magnetic excitations was

observed [48]. Typically the line shape of magnetic excitations is believed to broaden

with a symmetric Lorentzian lineshape as the temperature increases due to increasing

decoherence and a reduction in lifetime. The asymmetry observed in Sr3Cr2O8 suggests

that far from becoming incoherent the magnons strongly interact with each other and

behave like a correlated gas of magnetic excitations.

Although Ca10Cr7O28 was thought to be similar to Sr3Cr2O8 and Ba3Cr2O8 with the
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same Cr5+ bilayer structure it was known to have a slightly different space group and

a larger unit cell. When starting this thesis only two papers were published about this

compound. A first investigation of the crystal structure showed that there are three

inequivalent Cr sites in the unit cell of Ca10Cr7O28 unlike Sr3Cr2O8 and Ba3Cr2O8

which have only one unique Cr site [49]. Furthermore the Calcium compound turned

out to be Jahn-Teller distorted well above room temperature leading to four different

bond lengths in the CrO4 tetrahedra. The nearest-neighbor intrabilayer Cr-Cr distance

for this compound was found to be 3.884 Å which is comparable to the Strontium and

Barium compounds. Therefore dimerization leading to a singlet ground state and gapped

triplet excitations with a similar gap size were expected. The results of X-ray absorption

near-edge structure spectroscopy (XANES) of Ca10Cr7O28 however suggested that the

Chromium ions exhibit a mixed valence of Cr5+ (S = 1/2) and Cr6+ (non-magnetic) with

the ratio 6:1 although the location of the non-magnetic Cr6+ could not be determined

[50].

This chapter describes a thorough investigation of the structural and magnetic prop-

erties of this new compound. The structure is found to be very different from initial

expectations resulting in unexpected magnetic properties. By using a combination of

muon spin spectroscopy and bulk properties measurements, in particular AC suscepti-

bility, it is shown that Ca10Cr7O28 is a candidate compound for a spin liquid ground

state.

4.1 Sample preparation

The powder and single crystal samples of Ca10Cr7O28 were prepared from high purity

powder of CaCO3 (99.95%, Alfa Aesar) and Cr2O3 (99.97% Alfa Aesar) following a solid

state reaction route. The starting materials were mixed in the molar ration 3:1 to obtain

a powder of stoichiometric composition which was then calcined in an alumina crucible

in air at 1000°C for 24 hours. The single crystal growth was carried out in an optical

image furnace (Crystal Systems Corp., Japan) equipped with four 300 W Tungsten halide

lamps focused by four ellipsoidal mirrors. For the crystal growth the powder was again

pulverized and packed into a cylindrical rubber tube and pressed hydrostatically up to

3000 bar in a cold-isostatic-pressure (CIP) machine. A cylindrical rod with a diameter of

6 mm and length 7-8 cm prepared in this process was then sintered in air at 1010°C for 12

hours. Both the powder and feed rod sintering were followed by rapid quenching to room

temperature in air. A dense and crack-free feed rod could be obtained in this process.

Since this compound is known to decompose at 959°C below melting temperature [51] (see

figure 4.1 for the phase diagram) the crystal growth with the traveling-solvent-floating-

zone (TSFZ) technique was done using an off-stoichiometric solvent. The solvent with the

composition of 28.5mol% Cr2O3 - 71.5mol% CaO was prepared using the same process
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Figure 4.1: Phase diagram for the system CaO - Cr2O3 in air. The regions I-VI are: I
= Ca5Cr3O12 + Liquid; II = Ca5Cr3O12 + Ca3(CrO4)2; III = Ca3(CrO4)2

+ Liquid; IV = Ca5Cr3O12O0.5 + Ca3(CrO4)2; V = CaCrO4 + Liquid; VI
= Ca3(CrO4)2 + CaCrO4. Ca3(CrO4)2 is thermodynamically stable above
959°C and coexists with CaO [51].

as the feed rod and about 0.5 g of solvent was attached to the tip of the feed rod to start

the growth. The feed rod was suspended from the upper shaft using nickel wire, while

another small feed rod was fixed to the lower shaft to support the melt. Crystal growths

were performed under different atmospheres of flowing air, argon, a mixture of argon and

oxygen, and pure oxygen. A stable growth was achieved under an oxygen atmosphere of

0.2 MPa at a growth rate of 1 mm/h. Two single crystalline pieces each about 14 mm

in length and 6 mm in diameter could be obtained in this process (see figure 4.2(a)).

After the growth a piece of the crystal was ground and checked with X-ray powder
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4 Structural and magnetic properties of Ca10Cr7O28

(a)

(b)

Figure 4.2: (a) Picture of a Ca10Cr7O28 single crystal. (b) Neutron Laue backscatter-
ing diffraction picture which confirms the single crystallinity of the sample.
Shown is the diffraction along the hexagonal c axis.

diffraction (Bruker D8) to confirm the phase purity. Another piece of the crystal was pol-

ished and the absence of any residual phase, grain boundaries or inclusions was checked

with a polarized light microscope. The single crystals of Ca10Cr7O28 were also checked

with both X-ray and neutron Laue diffraction. Neutron Laue diffraction is able to ob-

serve the bulk of the crystal compared to X-ray Laue diffraction which can only probe

the surface. Figure 4.2(b) shows a neutron Laue image taken with the c axis aligned

parallel to the incident beam. The picture was taken at the OrientExpress instrument at

the Institut Laue-Langevin, Grenoble. It nicely shows the expected three-fold symmetry

along the c axis given by the space group R3c. Since no peak splitting of the Laue

reflections is visible the single grain composition of the sample can be confirmed.

4.2 Nuclear structure

In order to be able to understand the magnetic behavior of Ca10Cr7O28 the crystal

structure needs to be determined accurately so that possible magnetic interactions can be

identified. This is why a detailed diffraction study was performed which added significant

new insights into the structure and magnetism of Ca10Cr7O28 compared to previous

results.

The first reported diffraction study of this compound was published in 1981 by D.

Gyepesová et al. [49] where the space group is determined to be trigonal R3c and

the chemical composition is given as Ca3(CrO4)2. Positional disorder with vacancies in

one Calcium and one Oxygen position lead to an empirical formula of Ca2.88Cr2O7.88

which does not preserve charge balance. This proposed crystal structure model gave an
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unsatisfactory result and suggested the need for further investigation. The first time the

chemical formula appeared as written in the title of this chapter, Ca10(CrV O4)6(CrV IO4)

(=Ca10Cr7O28), was in 1998 in a publication by I. Arčon et al. [50]. Their X-ray

absorption near-edge structure spectroscopy (XANES) data suggested an average valence

state of the Chromium ions of 5.3(1). A solution is given by splitting the Cr ions into Cr5+

and Cr6+ in the ratio 6:1 which gives an average Cr valence of 5.14 close to the observed

value. A mixed valence should be ordered for electrical insulators which supports the idea

to attribute the observed valence to Cr5+ and Cr6+ ions. The location of the Cr6+ could

not be determined from the XANES measurement since the technique is only sensitive

to the average Chromium valence. Recently in 2013 D. Gyepesová et al. published a

more detailed diffraction study drawing the conclusion that the stoichiometry of this

Calcium Chromate is indeed Ca10(CrV O4)6(CrV IO4) where the CrV IO4 tetrahedron is

disordered over two possible sites [52] (see Fig. 4.3 and Fig. 4.4). This model is more

meaningful compared to their previous refinement since the partial occupancies of the

two possibilities for the disordered group sum up to full occupancy.

The results of D. Gyepesová et al. were unpublished at the time of starting this thesis

work. The motivation for investigating the structure was to resolve the problems of dis-

order and non-stoichiometry implied by the earlier refinement so that an understanding

of the magnetism in this potentially interesting compound could be gained. The conclu-

sion on the structure described here were therefore reached independently of the 2013

paper.

4.2.1 Diffraction experiments

The crystal structure was investigated using three different diffractometers. The Time-

of-flight (TOF) neutron powder diffractometer V15 at the Helmholtz-Zentrum Berlin

(HZB) was used to collect datasets at 300 K, 30 K and 2 K. Additional data at room

temperature was collected on the neutron single crystal diffractometer E5 (HZB) and at

the high resolution X-ray beamline MS-Powder at the Paul-Scherrer-Institute, Villigen.

The refinements were carried out using the FullProf software package [53].

For all measurements on V15 the powder was put in a 12 mm Vanadium sample

can. A wavelength band of 0.6 < λ < 7.8 Å was used and the detector bank was

placed in backscattering geometry centered at 2θ = 151.72°. The detector bank con-

sists of 48 detector tubes of 90 cm effective length and 1.27 cm diameter. The ad-

vantage of the backscattering geometry is that it has an inherently higher resolution

than the forward scattering mode. In addition, the resolution is nearly independent

of the d spacing. The low temperature datasets were measured in a cryostat, and

an empty cryostat measurement was used for background subtraction while the room

temperature data was measured without cryostat. In the refinement the FullProf
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4 Structural and magnetic properties of Ca10Cr7O28

Figure 4.3: Crystal structure of Ca10Cr7O28 as given by the best model (model 3 ) de-
scribed in section 4.2.2. Red spheres are Oxygen, gray spheres are Calcium,
green tetrahedra are Cr5+O4, blue and light blue tetrahedra are Cr6+O4.
Striped green bonds are nearest neighbor dimer bonds between spin-1/2 Cr5+

ions.

peak shape function no. 9 was used which is a convolution of a pseudo-Voigt func-

tion with a pair of back-to-back exponential functions. The starting values for the

peak shape and the instrument parameters were taken from the refinement of a Y2O3

standard sample. For Ca10Cr7O28 the peak shape at room temperature was refined

to σ1 = 941.032 µsec/Å2 and σ2 = 30.966 (µsec/Å2)2 for the variance of the Gaussian

component and γ1 = 7.676 µsec/Å and γ2 = 0.100 µsec/Å2 for the FWHM parameters

of the Lorentzian component. The back-to-back exponential decay functions yield the

parameters α0 = 0.063 and β0 = 0.131.

At the 4-circle diffractometer E5 a neutron wavelength of λ = 0.89930 Å obtained

from the (222) reflection of a Cu-monochromator was used. The instrument is equipped

with a two-dimensional position sensitive 3He-detector which covers an area of 90 x
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4.2 Nuclear structure

90 mm2 with 32 x 32 pixels. In order to refine the crystal structure of Ca10Cr7O28

a full set of 3430 (1863 unique) reflections was collected at room temperature using a

rod shaped single crystal with the dimensions d = 6 mm and h = 10 mm. The seed-

skewness integration method was applied to determine the Bragg intensities [54]. The

data was corrected for absorption effects by the program Xtal 3.4 [55] using a Gaussian

integration with the absorption coefficient µ = 0.32 cm−1 . In the FullProf refinement,

the extinction model no. 4 which uses anisotropic Becker-Coppens extinction coefficients

qi was applied for extinction correction [56]. All coefficients qi refined to very small values

which indicates that extinction is negligible in Ca10Cr7O28. The refinements of a total

of 148 parameters (the overall scale factor, 6 extinction parameters, 47 positional and

93 anisotropic thermal parameters, as well as one constrained population parameter)

resulted in an residual of RF = 0.053.

On the MS-Powder beamline, the sample was measured at room temperature in a

0.2 mm diameter glass capillary. The solid-state silicon microstrip detector MYTHEN

II with a resolution of 3.7 mdeg in 2θ and a simultaneous coverage of 120° in 2θ was

used [57]. The capillary was mounted on a spinner for good statistical averaging. The

refinement of the diffraction pattern of a corundum (Al2O3) standard sample was used

to determine the X-ray wavelength. At the nominal energy of 16.0 keV a wavelength

of 0.775392 Å was obtained. A split pseudo-Voigt function was used for calculating the

slightly asymmetric peak profile (no. 11 in FullProf) allowing different peak shape

parameters for the left and right sides of a reflection. The starting parameters were taken

from the instrument resolution file of the MYTHEN II detector obtained from a LaB6

standard sample. In the refinement, the half-width parameters yield UL = 0.001156,

VL = 0.000969 for the left and UR = 0.002344, VR = 0.000605 for the right side. The

ratio between Lorentzian and Gaussian contribution yields η = 0.979. This means that

the peak shape is almost completely Lorentzian owing to the high intensity and resolution

of the synchrotron data.

4.2.2 Rietveld refinement

The most contentious part of the 1981 Gyepesová et al. paper occurs at the Wyckoff

position 6a(0, 0, z) located on the 3-fold axis parallel to the c axis. It was decided to

test 4 models which differ in this region to refine all available data and compare the

goodness of their refinements (see figure 4.4). The first model which was tested was the

original model from 1981 where Ca5 and O3A show partial occupancies [49]. Starting

from this model but fixing the former almost unoccupied Ca5 ( 7(2)% ) to Occ. = 0%

and the former approximately half occupied O3A ( 58(7)% ) to Occ. = 100% one obtains

model 1. The advantage of this model is that it avoids partial occupancies and is now

stoichiometric giving the chemical formula Ca10(CrV O4)6(CrV IO4) consistent with the
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Figure 4.4: Detail of the crystal structure around the 6a(0, 0, z) position. In the original
model from 1981 [49] Ca5 was refined to Occ. = 7(2)% and O3A to Occ. =
58(7)%. In model 1 and 2 all positions are fully occupied. In model 3 the
minor component of the disordered chromate group Cr3B/O3B is shown in
light colors.

observed ratio of Cr5+ to Cr6+ of 6:1 found by XANES [50]. However, from differential

fourier analysis the scattering density inside the unit cell was calculated which now

showed a rest density around the position (0,0,0.05) which cannot be described by model

1. This is approximately the position were Ca5 was located in the original model. To

solve this problem, the rest density was ascribed to two new crystallographic positions

labeled Cr3B and O3B. They make up a new CrO4 tetrahedron which shares the three

symmetry-related O9 atoms in the ab plane with the Cr3A tetrahedron. In model 2,

which is the opposite of model 1, the new positions Cr3B and O3B are fully occupied

while Cr3A and O3A are empty. Finally, in model 3 the CrO4 group is split into two sites.

The second CrO4 tetrahedron an inversion twin of he Cr3A tetrahedron and as a result

both share their former full occupancy so that the combined occupancy is constraint to

100%.

To compare the different models, the crystal structure of Ca10Cr7O28 has been refined

from the synchrotron X-ray powder-, neutron time-of-flight powder- and neutron con-

stant wavelength single crystal diffraction data. The refinements are shown in figure 4.5

and 4.6. A different batch of powder was used for the neutron TOF measurement which

contained a CaO impurity phase. A strong peak caused by this impurity is indicated

by the black arrow in figure 4.6(a). The weight percentage of the impurity phase was

refined to 13%. The lattice parameters of Ca10Cr7O28 were refined from the synchrotron

data and fixed in the neutron data refinements while the atomic positions were refined

from the single crystal data and then likewise fixed in the powder refinements. The ther-

mal parameters depend on the experimental technique and were refined for all datasets

individually. The single crystal data allowed all the anisotropic thermal parameters to

be refined while the synchrotron powder data allowed the refinement of the isotropic

thermal parameters only. For the neutron powder refinement the isotropic thermal pa-
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Figure 4.5: (a) The observed (red circles) and calculated (black lines) X-ray synchrotron
powder diffraction pattern for Ca10Cr7O28 using the best model (model 3 )
described in the text. The difference between observed and calculated in-
tensities is shown by the blue line at the bottom of the panel. The green
vertical bars show the Bragg peak positions. (b) Comparison between the
observed and calculated structural peak amplitudes for the E5 single crystal
refinement.

rameters have been refined in groups to reduce the number of fitted parameters. The

metal atoms were put into one group and two groups were used for the oxygen atoms.

The synchrotron measurement had about the same sensitivity for the atomic position

of the metal atoms as the single crystal neutron measurement while the Oxygen atoms

were measured more accurately in the latter case.

The comparison of the RF -factors from the 4 models in table 4.1 shows that model 3

agrees best with the data from all measurements. This confirms that the true chemical

formula of what was formerly known as Ca3(CrO4)2 is indeed Ca10Cr7O28. The trigonal

space group R3c reported in literature [49, 52] could be confirmed. The refined atomic

positions, thermal parameters and lattice parameters for model 3 are presented in table

4.2. The crystal structure of Ca10Cr7O28 as refined with model 3 is shown in figure

4.3. Since the Cr3B tetrahedron (light blue) is an inversion twin of the Cr3A tetrahe-

dron (blue) only one of them is occupied at a given site and their ratio was refined to

Cr3A/Cr3B=0.726(12)/0.276(12) from the single crystal data. The same ratio applies

to O3A/O3B. In the final refinement the occupancies of all other positions were fixed to

100%. Their full occupancy was confirmed beforehand by allowing partial occupancies

which all refined to full occupancies within the errorbar.

The neutron TOF powder diffraction patterns recorded at 300 K, 30 K and 2 K were

used to check for any phase transition or lattice distortion below room temperature.

Overplotting the observed patterns in figure 4.7 shows that no new peaks, peak splitting
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Figure 4.6: The observed (red circles) and calculated (black lines) neutron TOF diffrac-
tion pattern for Ca10Cr7O28 at (a) 300 K, (b) 30 K and (c) 2 K. The difference
between observed and calculated intensities is shown by the blue line at the
bottom of the panel. The green vertical bars show the Bragg peak positions.
The second row of the peak markers shows the CaO impurity phase which
has an intense peak at 2.4 Å.
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4.2 Nuclear structure

Table 4.1: Comparison between the refinements of the 4 different models for the crystal
structure of the new Calcium Chromium Oxide. The models are described in
the text.

E5 MS Powder V15 300 K V15 30 K V15 2 K z(Cr3A/Cr3B) z(O3A/O3B)

original RF = 6.39 RF = 4.75 RF = 4.21 RF = 3.45 RF = 3.53 0.00550(6) -0.03768(10)
model 1 RF = 6.44 RF = 4.81 RF = 4.19 RF = 3.40 RF = 3.40 0.00565(6) -0.03754(5)
model 2 RF = 9.10 RF = 6.01 RF = 4.18 RF = 3.80 RF = 3.80 0.03335(10) 0.07759(9)
model 3 RF = 5.28 RF = 3.98 RF = 3.79 RF = 3.14 RF = 3.13 0.00446(10)/ -0.03863(9)/

0.02961(23) 0.07192(26)

or significant shift in intensity occur. This implies the absence of a structural distortion

in Ca10Cr7O28. The refined lattice parameters and fractional coordinates are given in

tables 4.3 and 4.4. The room temperature lattice parameters refined from the V15 data

are systematically smaller by about 1% compared to those derived from the synchrotron

data (cf. table 4.2). This is an experimental effect due to uncertainties in the time-

of-flight experiment. K. Prokes et al. recently performed an experiment on V15 and

observed a similar mismatch between the V15 refinement and the parameters obtained

from constant wavelength neutron powder diffraction [58]. Besides the uncertainty of the

absolute values, the V15 refinement gives reliable information about the relative change

of the lattice parameters due to thermal expansion between 2 K and 300 K. This change

turns out to be less than 0.5% between 2 K and 300 K. Furthermore, the fractional

coordinates were not found to change significantly with temperature. They appear to be

constant within the error bar.

Although most of the measurements in the upcoming sections are performed at low

temperatures, the room temperature lattice parameters from the synchrotron refinement

will be used to analyze the data due to the uncertainty of the lattice parameters derived

from the low temperature TOF data. The refinements of the TOF data at different

temperatures have shown that the expected difference of the lattice parameters at low

temperature is less than 0.5%. Concerning the fractional coordinates, their variation

with temperature was beyond the resolution of the TOF data. From all available data,

the single crystal measurement had the highest sensitivity for determining the atomic

positions (the positional error is almost 2 orders of magnitude smaller compared to the

TOF powder data). Since no change of the fractional coordinates with temperature was

observed, the coordinates derived from the room temperature single crystal data will be

used in the following.

4.2.3 Supergroup structure

As discussed in the previous section, the CrO4 group on the threefold axis is disordered

over two possible orientations. The refined occupancies of Cr3A and O3A were given as
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Table 4.2: Result of the crystal structure refinement of Ca10Cr7O28 at 300 K using the best model (model 3 ) described in the text.
The refinement was carried out in the tetragonal space group R3c. The lattice parameters were obtained from the X-ray
synchrotron powder refinement and used in the neutron single crystal refinement. The fractional x-, y- and z-parameters
were taken from the single crystal refinement and used in the neutron and X-ray powder refinements. The anisotropic
thermal parameters Bij [Å2] were obtained from the single crystal data. They were multiplied by ×104 to improve legibility.
For symmetry reasons B11 and B22 of the atoms Ca4, Cr3, and O3 are identical. Furthermore, for these atoms B13 and
B23 are equal to zero. The occupancies were refined from the single crystal data to 0.726(12) for Cr3A and 0.276(12) for
Cr3B. The same ratio applies to O3A and O3B.

Lattice Parameters
a 10.76892(3)Å
c 38.09646(12)Å

Atom x y z B11(×104) B22(×104) B33(×104) B12(×104) B13(×104) B23(×104) BX−ray
iso

[Å2] BN
iso[Å2]

Ca1 0.28548(17) 0.15745(16) -0.05744(3) 71.4(1.6) 49.3(1.6) 2.3(0.1) 41.2(1.4) -5.5(0.3) -5.3(0.3) 1.661(38) 1.101(479)
Ca2 0.19737(17) -0.19624(18) 0.00371(0) 23.4(1.2) 29.5(1.4) 1.4(0) 11.0(1.0) -0.4(0.2) -1.4(0.2) 0.754(18) 1.101(479)
Ca3 0.38806(16) 0.18233(17) 0.03747(2) 27.7(1.3) 26.8(1.3) 1.4(0) 11.7(1.1) -1.7(0.2) -0.8(0.2) 0.754(18) 1.101(479)
Ca4 2/3 1/3 0.10343(7) 41.1(1.5) 41.1(1.5) 1.0(0.1) 20.6(0.7) 0 0 0.794(42) 1.101(479)
Cr1 0.31133(19) 0.14053(21) 0.13588(4) 22.0(1.5) 30.8(1.8) 1.1(0.1) 15.8(1.3) 0.7(0.2) -0.1(0.3) 0.564(12) 1.101(479)
Cr2 0.17771(18) -0.13669(19) -0.09600(4) 24.8(1.5) 22.9(1.6) 1.0(0.1) 15.6(1.3) -0.1(0.2) 0.4(0.2) 0.564(12) 1.101(479)

Cr3A 0 0 0.00446(10) 23.0(3.7) 23.0(3.7) 2.0(0.2) 11.5(1.8) 0 0 0.564(12) 1.101(479)
Cr3B 0 0 0.02961(23) 25.9(9.9) 25.9(9.9) 1.7(0.5) 12.9(4.9) 0 0 0.564(12) 1.101(479)
O3A 0 0 -0.03863(9) 79.4(4.7) 79.4(4.7) 2.8(0.2) 39.7(2.4) 0 0 2.254(55) 2.094(577)
O3B 0 0 0.07192(26) 105.0(15.2) 105.0(15.2) 2.7(0.5) 52.5(7.6) 0 0 2.254(55) 2.094(577)
O1 0.28286(18) 0.08966(16) 0.09384(3) 88.8(1.8) 73.3(1.7) 1.1(0) 47.7(1.5) -0.6(0.2) -0.1(0.2) 2.254(55) 2.094(577)
O2 0.23570(17) 0.23520(18) 0.14947(3) 57.1(1.4) 65.5(1.5) 2.2(0) 50.0(1.3) 3.2(0.2) 1.7(0.2) 2.254(55) 2.094(577)
O3 0.27626(12) -0.01602(12) 0.15721(3) 26.2(1.0) 23.6(0.9) 1.5(0.0) 6.2(0.8) 0.8(0.2) 0.6(0.2) 0.872(49) 1.163(404)
O4 0.49099(14) 0.24584(15) 0.14533(3) 19.9(1.0) 21.7(1.1) 3.1(0.1) 6.9(0.9) 1.1(0.2) 0.3(0.2) 0.872(49) 1.163(404)
O5 0.14995(20) -0.12682(19) -0.05274(3) 84.6(1.9) 77.2(1.8) 0.9(0) 12.9(1.5) 0.5(0.2) -1.0(0.2) 2.254(55) 2.094(577)
O6 0.25594(15) -0.23730(15) -0.10634(4) 29.8(1.1) 27.7(1.1) 2.9(0.1) 19.6(1.0) 0.6(0.2) 0.9(0.2) 0.872(49) 1.163(404)
O7 0.29992(15) 0.03281(12) -0.10850(4) 52.9(1.2) 25.5(1.0) 1.7(0) 16.8(0.9) 0.7(0.2) 1.1(0.2) 0.872(49) 1.163(404)
O8 0.01423(15) -0.22258(1) -0.11430(4) 26.9(1.2) 93.2(2.0) 2.2(0.1) 20.6(1.3) -2.8(0.2) 1.1(0.3) 2.254(55) 2.094(577)
O9 -0.00401(22) 0.14481(14) 0.01693(5) 49.8(1.1) 32.8(1.3) 4.6(0.1) 26.2(1.2) 6.1(0.3) 2.5(0.3) 2.254(55) 2.094(577)
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Figure 4.7: Observed neutron TOF powder diffraction patterns for Ca10Cr7O28 at 3 dif-
ferent temperatures. The patterns have been shifted vertically for compar-
ison. No additional peaks and no peak broadening appear between room
temperature and 2 K. The 300 K data has an inherently higher signal to
background ratio since no cryostat was used for this measurement.

Table 4.3: Refinement of the lattice parameters from the V15 neutron TOF powder data
at 3 different temperatures using model 3.

a c

300 K 10.68873(239) 37.80577(973)
30 K 10.65156(135) 37.70086(561)
2 K 10.65167(137) 37.70106(568)

0.695(6), those of Cr3B and O3B as 0.305(6) in the 2013 publication by Gyepesová et al.

[52]. In the single-crystal neutron diffraction study presented here the refinements showed

a significantly higher occupancy of 0.726(12) for Cr3A and O3A, and correspondingly

for Cr3B and O3B a lower occupancy of 0.276(12). Interestingly, these values are very

close to the ideal values of 3/4 and 1/4.

In order to find a crystal structure model where the atomic sites of Cr3 and O3 are

fully occupied, an enlarged unit cell was used where the lattice parameters a and b

of the hexagonal plane are doubled. Group-subgroup relations showed that this new

structure can also be described in the trigonal space group R3c, where the new basis

vectors of the direct lattice are a′ = −2a, b′ = −2b, and c′ = c. In the new setting

the h′k′l′ values of a reflection are changed to (−2h, −2k, l) in relation to the old ones.

The Cr3B and O3B atoms with the population 1/4 can be placed at the Wyckoff position

6a(0, 0, z′). Accordingly, the Cr3A and O3A atoms with the population 3/4 can be placed
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4 Structural and magnetic properties of Ca10Cr7O28

Table 4.4: Refinement of the fractional coordinates and the isotropic thermal parameters
from the V15 neutron TOF powder data at 3 different temperatures using
model 3. The occupancies were taken from the single crystal data and have
been fixed in the refinements.

Atom Temperature x y z Biso Occ. (< 1)
300 K 0.28854(749) 0.16113(817) -0.06047(307) 1.101(479)

Ca1 30 K 0.28862(426) 0.16113(443) -0.06045(165) 0.448(274)
2 K 0.28862(433) 0.16113(452) -0.06024(169) 0.541(285)

300 K 0.19473(1100) -0.19566(1070) 0.00046(0) 1.101(479)
Ca2 30 K 0.19383(548) -0.19774(523) 0.00015(0) 0.448(274)

2 K 0.19577(574) -0.19659(545) 0.00015(0) 0.541(285)
300 K 0.39273(1070) 0.18752(1013) 0.03466(210) 1.101(479)

Ca3 30 K 0.39070(527) 0.18270(492) 0.03484(123) 0.448(274)
2 K 0.39066(541) 0.18357(511) 0.03488(126) 0.541(285)

300 K 2/3 1/3 0.10168(672) 1.101(479)
Ca4 30 K 2/3 1/3 0.10323(300) 0.448(274)

2 K 2/3 1/3 0.10346(300) 0.541(285)
300 K 0.31029(1187) 0.14510(1246) 0.13264(485) 1.101(479)

Cr1(5+) 30 K 0.31007(634) 0.14180(670) 0.13367(246) 0.448(274)
2 K 0.31115(659) 0.14211(694) 0.13346(251) 0.541(285)

300 K 0.17778(1123) -0.13866(1225) -0.09878(497) 1.101(479)
Cr2(5+) 30 K 0.17780(603) -0.13682(650) -0.09801(249) 0.448(274)

2 K 0.17740(621) -0.13650(676) -0.09810(254) 0.541(285)
300 K 0 0 0.00034(909) 1.101(479)

Cr3A(6+) 30 K 0 0 0.00277(487) 0.448(274) 0.726
2 K 0 0 0.00288(491) 0.541(285)

300 K 0 0 0.02826(1770) 1.101(479)
Cr3B(6+) 30 K 0 0 0.03181(980) 0.448(274) 0.276

2 K 0 0 0.03219(993) 0.541(285)
300 K 0 0 -0.04142(740) 2.094(577)

O3A 30 K 0 0 -0.04165(332) 0.994(265) 0.726
2 K 0 0 -0.04175(329) 0.979(261)

300 K 0 0 0.07340(1622) 2.094(577)
O3B 30 K 0 0 0.07109(732) 0.994(265) 0.276

2 K 0 0 0.07064(720) 0.979(261)
300 K 0.29022(930) 0.09570(879) 0.08974(355) 2.094(577)

O1 30 K 0.28439(464) 0.08924(432) 0.09046(180) 0.994(265)
2 K 0.28454(466) 0.08838(433) 0.09055(183) 0.979(261)

300 K 0.23526(1053) 0.23597(980) 0.14813(404) 2.094(577)
O2 30 K 0.23454(503) 0.23801(472) 0.14844(197) 0.994(265)

2 K 0.23424(509) 0.23722(481) 0.14840(200) 0.979(261)
300 K 0.27625(790) -0.01484(726) 0.15393(377) 1.163(404)

O3 30 K 0.27655(426) -0.01759(390) 0.15532(191) 0.577(231)
2 K 0.27720(435) -0.01691(394) 0.15534(194) 0.600(232)

300 K 0.49042( 889) 0.24212(894) 0.14160(350) 1.163(404)
O4 30 K 0.48882(467) 0.24210(457) 0.14201(183) 0.577(231)

2 K 0.48946(477) 0.24206(469) 0.14180(186) 0.600(232)
300 K 0.14987(760) -0.12439(858) -0.05622(317) 2.094(577)

O5 30 K 0.15064(397) -0.12412(416) -0.05541(161) 0.994(265)
2 K 0.15005(397) -0.12400(416) -0.05530(164) 0.979(261)

300 K 0.25534(856) -0.23622(818) -0.11020(366) 1.163(404)
O6 30 K 0.25484(451) -0.23785(421) -0.10960(183) 0.577(231)

2 K 0.25456(463) -0.23811(430) -0.10982(186) 0.600(232)
300 K 0.30060(793) 0.03315(721) -0.11175(377) 1.163(404)

O7 30 K 0.30500(410) 0.03610(372) -0.11078(183) 0.577(231)
2 K 0.30474(415) 0.03567(376) -0.11094(188) 0.600(232)

300 K 0.01424(1009) -0.21812(946) -0.11687(404) 2.094(577)
O8 30 K 0.01565(491) -0.21595(455) -0.11641(195) 0.994(265)

2 K 0.01557(500) -0.21604(464) -0.11644(198) 0.979(261)
300 K -0.00348(1198) 0.14403(821) 0.01373(419) 2.094(577)

O9 30 K -0.00601(522) 0.14363(373) 0.01812(307) 0.795(128)
2 K -0.00355(619) 0.14465(423) 0.01503(221) 0.979(261)
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4.2 Nuclear structure

at the position 18b(x′, y′, z′) where the positional parameters are x′=y′=1/4. This new

representation finally leads to full occupancies at all sites (see figure 4.8). The Ca4

atoms which also occupy the position 6a(0, 0, z) in the old setting split into the two

positions 6a(0, 0, z′) and 18b(x′, y′, z′) and are now labeled as Ca4A and Ca4B. The

x′ and y′ parameters of the atoms Ca4B, Cr3B, and O3B were not allowed to vary

during the refinement with the new setting. For the Cr3 and O3 atoms, the constraints

z(Cr3A) = − z(Cr3B) and z(O3A) = − z(O3B) were used. The other atoms Ca1 -

Ca3, Cr1, Cr2, and O1 - O9 which are located at 18b(x, y, z) in the old setting now split

into four sites all at 18b(x′, y′, z′). In the new setting these atoms are labeled as Ca1A,

Ca1B, Ca1C, Ca1D, etc.. The coordinates of the atomic positions are transformed as

follows: x′ = (1 − x)/2, y′ = (1 − y)/2, and z′ = z. Due to the fact that the number

of parameters is strongly enlarged the following constraints were used for the atoms

located at 18b(x′, y′, z′): Atoms labeled with A get the coordinates (x′, y′, z′), atoms

B (x′ + 1
2 , y′, z′), atoms C (x′, y′ + 1

2 , z′), and atoms D (x′ + 1
2 , y′ + 1

2 , z′). Further the

anisotropic thermal parameters of each set (A,B,C,D) were constrained to be equal during

the refinements. These constraints are justified because they prevent the appearance

of additional superlattice peaks which are clearly absent from the data. In the end

the number of refineable parameters could be reduced to the same number as for the

refinement of model 3. The refinement of this supergroup structure resulted in the same

residuals as found for model 3. Thus it is not possible to distinguish between these models.

Nevertheless the supergroup is aesthetically pleasing because it allows full occupancy of

all sites.

4.2.4 Bond Valence Sum

To understand the consequences of the arrangement of Chromium ions in Ca10Cr7O28

on the magnetic properties their oxidation states were calculated via the Bond Valence

Sum (BVS). In this method the individual bond valences are calculated from the refined

interatomic distances and then summed up to obtain the valence of the corresponding

ions. The calculation of the BVS for the four different Chromium positions was performed

using the tabulated BVS constants for Chromium from I. D. Brown et al. [59]. The result

is shown in table 4.5. The BVS values of Cr3A and Cr3B are close to 6+ while those of

Cr1 and Cr2 are close to 5+. However, it can be seen that the experimentally obtained

values for the oxidation states are slightly smaller than the expected values. The BVS

result confirms the results of previous XANES measurements which found an average Cr

valence of 5.3(1) [50]. Since the Cr1 and Cr2 sites account for 3 Cr5+ ions each while

the Cr3A/Cr3B sites together account for only 1 Cr6+ ion the average valence from the

BVS calculation is 36/7 = 5.143. The formula of this compound can now be written as

Ca10(CrV O4)6(CrV IO4).

63



4 Structural and magnetic properties of Ca10Cr7O28

Cr3a

Cr3a Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3a

Cr3bCr3b

Cr3b Cr3b

 

Figure 4.8: Structural ordering of the CrO4 tetrahedra in the hexagonal ab plane of
Ca10Cr7O28 using the supergroup structure. The enlarged a′b′ plane is
marked by solid black lines. The Cr3A (green) and O3A are shifted out
of the a′b′ plane in the -z direction, whereas the Cr3B (red) and O3B are
shifted in the opposite direction towards +z. The O9 atoms (blue) form
triangles lying exactly on the ab plane.

Table 4.5: Bond Valence Sum calculation for the four different Cr ions using the bond
lengths from the E5 single crystal refinement.

Ion BVS nominal Ion BVS nominal
Cr3A 5.89+ 6+ Cr2 4.85+ 5+
Cr3B 6.00+ 6+ Cr3 4.90+ 5+

The BVS result has exciting implications for the magnetic properties of this compound.

Cr3A and Cr3B are diamagnetic having the oxidation state +6 while Cr1 and Cr2 have

the oxidation state +5 containing one unpaired electron. Thus Cr3A and Cr3B have spin

0 and are non-magnetic whereas Cr1 and Cr2 have spin 1/2 and are responsible for the

magnetic properties of Ca10Cr7O28. From the point of view of the magnetic behavior,

the removal of Cr3A and Cr3B from consideration changes Ca10Cr7O28 from a structure

of distorted triangular bilayers to a distorted kagome bilayer structure, with the bilayers

stacked in an ABC type arrangement along the c axis (see the next section). There is

no difference concerning the magnetic Cr5+ ions between the reduced and the enlarged

unit cell since the supergroup only affects the disordered non-magnetic Cr6+ ions. For

the sake of simplicity the reduced unit cell will be used in the following.
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4.2 Nuclear structure

d0, J0

d1, J1

d2, J2

d3, J3

Figure 4.9: The four nearest neighbor distances and exchange interactions between Cr5+

ions in the unit cell of Ca10Cr7O28. Dark green spheres represent Cr2 posi-
tions and light green spheres Cr1 positions as given in table 4.2. Blue and
light blue spheres are Cr6+ ions which are non-magnetic. The content of the
solid blue box, the dashed green box and the dotted black box is shown in
detail in figures 4.10(a), 4.10(b) and 4.11.

4.2.5 Magnetic models

The model to describe the crystal structure of Ca10Cr7O28 derived in section 4.2.2 pro-

vides important information about the magnetic behavior. Since 1 out of 7 Cr ions turned

out to be non-magnetic Cr6+ these are excluded from the study of exchange paths. For

understanding the exchange interactions, the bond distances between the Cr5+ ions have

been determined. The four shortest Cr-Cr distances in Ca10Cr7O28 are shown in figure

4.9 and are listed in table 4.6, they range from 3.883 to 5.750 Å. The next largest distance

would be 6.605 Å coupling two triangles from the same bilayer diagonally. Because Cr5+

occupies two crystallographic sites in Ca10Cr7O28 there is one 1st neighbor distance (d0)

but two slightly different 2nd (d′
1 and d′′

1), 3rd (d′
2 and d′′

2) and 4th (d′
3 and d′′

3) neighbor

distances. The difference between d′
i and d′′

i is <2% and table 4.6 also gives the average

distances labeled d̄1, d̄2 and d̄3. There is a distinct exchange interaction associated with

each individual distance. However, the electronic environment and ionic separation as

well as the bond angles are very similar within each pair.
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4 Structural and magnetic properties of Ca10Cr7O28

Table 4.6: The four shortest Cr-Cr bond lengths and exchange interactions given by the
room temperature atomic positions derived from the single crystal refinement.

bond exchange coupling
label interaction d′ (Å) d′′ (Å) d̄ (Å) type
d0 J0 - - 3.883 intrabilayer
d1 J1 4.103 4.167 4.135 interbilayer
d2 J2 5.033 5.095 5.064 in-plane
d3 J3 5.697 5.750 5.724 in-plane

The magnetic model suggested by the related compounds Sr3Cr2O8 and Ba3Cr2O8 is

the dimer antiferromagnet which would be realized if the exchange coupling J0 (striped

green bonds in Fig. 4.9) were dominant and antiferromagnetic. The dimers are slightly

canted away from the c axis in Ca10Cr7O28. They are isolated unless one of the other

couplings becomes significant as well. The exchange couplings J2 and J3 couple the

dimers in a 2D lattice in the ab plane as would J1. If J1, J2 and J3 are all nonzero the

dimers would be coupled in three dimensions.

In order to find further possible models for the magnetic coupling of Ca10Cr7O28

different regions of the unit cell shown in figure 4.9 have been examined. Two slices of

the crystal structure perpendicular to the c axis are shown in figure 4.10 highlighting

the different Cr-Cr bonds. Figure 4.10(a) shows the arrangement of the Cr ions in a

kagome singlelayer. The kagome planes in Ca10Cr7O28 are distorted because there are

two different bond lengths d2 and d3 in each layer. In addition there are two different

kagome layers in Ca10Cr7O28. The layers formed by the Cr1 ions (light green in Fig 4.9)

and the layers formed by Cr2 (dark green) have slightly different bond distances as shown

in table 4.6. Ca10Cr7O28 can only be described as a frustrated kagome compound if the

interactions J2 and J3 are antiferromagnetic and of similar strength while J0 and J1,

which give rise to coupling between the kagome planes, are negligibly small. If either J2

or J3 is strong but not both, while J0 and J1 are weak, the structure resembles isolated

triangles which become frustrated if J2 or J3 are antiferromagnetic.

Another magnetic model in the ab plane is shown in figure 4.10(b). This model assumes

that the intrabilayer interaction J0 is weak so that the bilayers are decoupled while the

interbilayer interaction J1 is strong. The model consists of two kagome planes from

neighboring bilayers coupled by J1. If J1 is the dominant magnetic exchange path the

magnetic structure is zero-dimensional and consists of isolated hexagons in the ab plane.

The J1 interaction in fact alternates between J ′
1 and J ′′

1 around the hexagon which can

lead to dimerization if J ′
1 and J ′′

1 have different strength. The corresponding bonds d′
1 and

d′′
1 are tilted 45° out of the ab plane which creates a zig-zag-pattern around the hexagon.

A 2D magnetic structure can be formed if the exchange J2 becomes significant and an

antiferromagnetic J2 would couple nearest neighbor hexagons in a frustrated triangular
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Figure 4.10: Two possible magnetic models in the ab plane. (a) [corresponds to the solid
blue box in figure 4.9] Assuming the interactions J2 and J3 are the dominant
ones the magnetic structure forms a distorted kagome singlelayer in the ab
plane. If only one of these interactions is strong while the other is weak
the magnetic behavior is based on isolated triangles. (b) [corresponds to
the dashed green box in figure 4.9] If J1 is the dominant exchange path
the magnetic structure resembles buckled hexagons in the ab plane. These
hexagons are isolated unless the exchange J2 becomes significant. If the
exchange J3 is strong as well the Cr ions experience an additional coupling
within each hexagon.

arrangement. A sizable exchange J3 would create an additional coupling within the

hexagons. If J3 is antiferromagnetic this additional bond has the potential to create

frustration within the hexagons.

Figure 4.11 shows the magnetic model which results from strong J0, J2 and J3 in-

teractions. The structure can be described as kagome bilayers in the ab plane. If the

interactions J2 and J3 are antiferromagnetic and of similar value this structure corre-

sponds to the frustrated kagome lattice and J0 would couple the two kagome layers into

bilayers. This is an exciting model because such a kagome bilayer structure has not been

studied previously. Note that in Ca10Cr7O28 J0 couples the larger J3 triangles in one

layer with the smaller J2 triangles in the other layer. Again there are two slightly dif-

ferent bond distances for d2 and d3 present which means that the exchange interactions

J2 and J3 can be different in the upper and in the lower layer. If J0 is weak the system

would behave as a singlelayer kagome lattice with an additional degree of freedom due

to the J0 interaction. If J0 is strong and antiferromagnetic the system would be gapped,

but if J0 is strong and ferromagnetic the situation is again different. A ferromagnetic

coupling would create a spin-1 object from the two spin-1/2 Cr5+ ions connected by J0.

This spin-1 object would then be coupled by J2 and J3 into a kagome lattice. Since the

small and large triangles alternate between the two layers the effective distance between

the spin-1 objects in the ab plane would be constant and equal to the average of d2 and d3

thus resulting in a perfect spin-1 kagome lattice except for the small difference between
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J3

J2

J0

Figure 4.11: [corresponds to the dotted black box in figure 4.9] Including the J0 inter-
action in the magnetic structure of the kagome singlelayer leads to kagome
bilayers of Cr5+ ions in the ab plane where J0 is the intrabilayer coupling.
Note that the triangles formed of J2 and J3 alternate in the ab plane as well
as along the c axis. The bilayers are stacked along the c axis in an ABC
type arrangement.

the two versions of d2 and d3.

Finally, a possible 3D magnetic structure in Ca10Cr7O28 is presented in figure 4.12.

This would be realized if the interactions J0 and J1 were strong while J2 and J3 were

weak. The structure consists of irregular decagons with their largest elongation along the

c axis. The interactions J0 and J1 alternate around the decagon while J1 also alternates

between J ′
1 and J ′′

1 . Individual decagons are connected at the d0 bond forming a dense

network in three dimensions. If J0 and only one of the J1 interactions is strong the

structure would resemble 1D chains extending along the c axis.

4.3 Bulk properties

In order to learn more about the magnetic properties of Ca10Cr7O28 and to distinguish

between possible magnetic models this compound was further characterized by measuring

the magnetic and thermodynamic bulk properties. The results from measurements of

the DC susceptibility, the magnetization, the heat capacity and the AC susceptibility

will be presented in this section.

4.3.1 Experiments

The DC susceptibility of Ca10Cr7O28 was measured with a Magnetic Properties Mea-

surement System (MPMS) from Quantum Design using a SQUID sensor in combination

with a vibrating sample magnetometer. A plate-like sample with both the a and c axes

in-plane and a mass of m = 49.0 mg was used. Magnetic fields in the range 50 to 1000 Oe
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Figure 4.12: Assuming the couplings J0 and J1 are the dominant ones the magnetic
structure forms irregular decagons extending along the c axis. One decagon
is highlighted in red.

were applied parallel to the a and c axis. Both orientations were measured in the range

from 1.8 to 400 K using the standard quartz sample holder. Additionally they were also

measured performed in the temperature range from 300 to 900 K on a dedicated heated

sample holder allowing local temperature control directly at the sample.

The magnetization was measured with a Physical Properties Measurement System

(PPMS) from Quantum Design at a temperature of 1.8 K for H||c and at 3 K for H ⊥ c.

The sample had a mass of m = 14.8 mg. A vibrating sample magnetometer insert was

used to measure the magnetization up to magnetic fields of 14 T.

The low temperature heat capacity was measured for the temperature range 0.3 -

23.3 K in an Oxford Instruments 14.5 T magnet equipped with a 3He insert by using an

in-house built calorimeter. For this measurement a very small sample of m = 0.91 mg

was used. The surface of this plate-like sample was polished to obtain a good thermal

link to the sample holder. In order to check for the magnetic field dependence, fields in

the range 0.1-14.5 T were applied within and perpendicular to the ab plane. The heat

capacity from 1.8 to 50 K at a few selected fields between 0 and 9 T was measured using

the heat capacity option of the PPMS.

The AC susceptibility experiment was carried out at the Helmholtz Zentrum Dres-

den Rossendorf. A home-made compensated coil system was mounted on a dilution

refrigerator which was inserted in an Oxford Instruments 14 T superconducting mag-
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4 Structural and magnetic properties of Ca10Cr7O28

net. Measurements were performed in the temperature range of 0.05 - 4.2 K and the

frequency range of 158 Hz - 20 kHz. The amplitude of the AC field was approximately

30 µT. The same single crystal sample of m = 49 mg used for the DC susceptibility was

also used for this experiment with the in-plane a axis aligned parallel to the AC and DC

magnetic fields. The temperature and frequency dependance of the AC susceptibility

was measured at true zero field (without remanent field in the superconducting magnet).

4.3.2 DC susceptibility

The DC susceptibility measurements of Ca10Cr7O28 presented in figure 4.13 show no

difference when the field is applied in the plane of the Cr5+ bilayers or perpendicular to

it. This indicates the absence of magnetic anisotropy. The measurements also show no

magnetic- or structural phase transition down to 1.8 K. The temperature dependence of

the inverse susceptibility shows Curie behavior between 50−250 K (cf. Fig. 4.13(b)). In

the inset the deviation from Curie behavior at low temperatures is shown. The measured

susceptibility for different field directions and field strengths was individually fitted to

the Curie-Weiss law

χ =
C

T − θ
(4.1)

and the resulting Curie-Weiss temperatures θCW are shown in table 4.7. Only measure-

ments performed at low fields were used for determining the Curie-Weiss temperature

since AC susceptibility and µSR measurements have shown that this compound is very

sensitive to external magnetic field (see sections 4.3.5 and 4.4). Excluding the two mea-

surements at 50 Oe because of the weak signal at very low applied fields, the Curie-Weiss

temperature lies in the range −2.36 < θCW < 3.05 K. The Curie-Weiss temperature is

very small and can be either positive or negative suggesting either very weak ferromag-

netic or very weak antiferromagnetic interactions in Ca10Cr7O28. Since the Curie-Weiss

temperature measures the sum of the magnetic exchange interactions |ΣJ |, the small

Curie-Weiss temperature could also indicate a mixture of ferromagnetic and antiferro-

magnetic interactions which partly cancel each other.

From the Curie constant C obtained from the paramagnetic region the effective mo-

ment given by µeff =
√

8C µB yields µeff = 1.74 µB if one assumes 6 Cr5+ ions per for-

mula unit. This is very close to the expected theoretical value for the spin-only moment

µeff = g
√

S(S + 1) = 2
√

1/2(1/2 + 1) = 1.73 µB. Therefore the ratio of 6:1 between

spin-1/2 Cr5+ and spin-0 Cr6+ ions in Ca10Cr7O28 could be confirmed.
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Figure 4.13: (a) Susceptibility measured with a magnetic field of H = 1000 Oe applied
parallel and perpendicular to the out-of-plane c axis. (b) Inverse suscepti-
bility. The red line is a fit to the Curie-Weiss law for H||a in the shaded
region. The inset shows the deviations at low temperature.

Table 4.7: Curie-Weiss fits of the inverse susceptibility of Ca10Cr7O28 in the temperature
range 50-250 K for different field directions and strengths.

Field direction Field strength θCW

H||a 1000 Oe 2.35 K
H||a 500 Oe 3.05 K
H||a 100 Oe 1.84 K
H||a 50 Oe 0.56 K
H||c 1000 Oe -0.45 K
H||c 500 Oe -0.96 K
H||c 100 Oe -2.36 K
H||c 50 Oe -5.68 K

4.3.3 Magnetization

The magnetization measurements presented in figure 4.14 show no obvious anisotropy

between the in-plane and out-of-plane magnetization. The observed difference can be

attributed to the higher temperature of the measurement perpendicular to c which results

in a smoother magnetization curve. No hysteresis was observed for either direction.

There are further no clear plateaus and no transitions visible in the magnetization.

However, distinct changes of the slope are visible at 1 T and at 10 T (green arrows in

figure 4.14) which become more pronounced when the temperature is lowered. Saturation

occurs at 12 T which indicates magnetic interactions of ∼ 1.4 meV. The magnetization

saturates at a value of 6/7 µB per Cr ion instead of the 1 µB expected for Cr5+ with

spin-1/2. This is again consistent with the mixed valence of Chromium in Ca10Cr7O28

where every 7th Cr ion is in the valence state 6+ and has spin-0. The shape of the

magnetization curve is neither of a typical antiferromagnet nor of a typical ferromagnet.
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Figure 4.14: Magnetization at 1.8 K (3 K) with the magnetic field applied along the c
axis (perpendicular to the c axis). Green arrows show characteristic fields
were the slope of M vs H changes significantly.

It starts with a steep increase which turns into a gradual approach to the saturation

value indicating a mixture of FM and AFM interactions.

4.3.4 Heat capacity

The zero field low temperature specific heat data given in figure 4.15 shows no structural

or magnetic transition down to 300 mK. Additional data at higher temperatures reveals

that the specific heat varies smoothly up to 50 K and is of purely phononic origin above

20 K (see inset of figure 4.16). The heat capacity exhibits a broad peak centered at

T ∗ = 3.1 K which could be due to the onset of short range magnetic correlations. In

addition, a kink in the data is observed at T + = 0.46 K which is however too small and

broad to indicate a transition to long-range magnetic order. A second order transition

would be visible as a pronounced λ anomaly in the specific heat data.

Assuming the broad feature is of magnetic origin the magnetic entropy release is calcu-

lated. First the phonon contribution was subtracted. A Debye like phonon contribution

(Cp = α · T 3) was fitted to the data points above 20 K. The fitted curve was then sub-

tracted from the data and the specific heat after phonon subtraction is shown as blue

triangles in figure 4.15. The magnetic entropy from 0.3 to 23.3 K sums up to

S =
∫ 23.3

0.3

Cp

T
dT = (30.56 ± 1)J/molK. (4.2)

This accounts to 90% of the spin entropy R ln 2 for a formula unit mole of 6 Cr5+ ions.
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Figure 4.15: Low temperature heat capacity before (purple circles) and after (blue trian-
gles) phonon subtraction. The center of the broad peak at T ∗ = 3.1 K and
the kink position T + = 0.46 K are indicated by the arrows.

If a phase transition to long-range magnetic order occurs below the base temperature

of 0.3 K there are only 10% of the full spin entropy left. Hence the ordered magnetic

moment would be strongly reduced.

The magnetic field dependence of the heat capacity is shown in figure 4.16 plotted

as C/T vs. T with the field applied parallel to the c axis. The measurements with

the field applied perpendicular to the c axis produced the exact same curves. Hence

isotropic magnetic interactions can be confirmed. Even under external field no clear

signature of magnetic order is observed although a range of features can be seen. At 1 T

a crossover is visible as a pronounced cusp at 0.4 K. The trend of the curves at smaller

fields indicate that they might also run through a cusp but at lower temperatures than

measured. Interestingly the crossover feature at 1 T disappears again at higher fields but

a broad maximum at higher temperature remains. It is centered at 1.5 K at a field of 1 T

and shifts to higher temperatures with increasing field. A second crossover-like feature

appears at a field of 5 T and remains visible up to 9 T. This crossover is centered at a

temperature of 0.7 K. Above 12 T there is no magnetic contribution to the heat capacity

left and the measured curves simply follow a Debye T 3 behavior. Therefore the heat

capacity data under external field can confirm the saturation of the spins in Ca10Cr7O28

at 12 T as found in the magnetization measurement. The inset of figure 4.16 shows the

measurements extended to higher temperature. Above 20 K the curves for different fields

essentially lie on top of each other. In this region the heat capacity is dominated by the

lattice contribution and no magnetic contribution is visible anymore.

The specific heat as a function of external magnetic field can be compared to the

magnetization measurement although one has to remember that the magnetization data
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Figure 4.16: Low temperature heat capacity measured under various external fields H||c
up to 14.5 T plotted as C/T vs T . Inset: C/T vs T for selected fields up to
50 K.

was collected at a higher temperature of 1.8 - 3 K. The cusp at 1 T seems to be related to

the first bend of the magnetization curve. After this change of slope the magnetization

curve is almost straight up to a field of 10 T where it experiences a second bend. At this

field the second cusp in the specific heat data disappears and merges into a rather flat

behavior down to lowest temperatures. Both techniques together reveal that there are

several characteristic field regions for Ca10Cr7O28 up to a saturation field of 12 T.

4.3.5 AC susceptibility

AC susceptibility was measured at dilution temperatures to extend the measured range

to lower temperatures. Of primary interest is whether a phase transition to magnetic

long-range order can be observed below 0.3 K. Further, AC susceptibility has proven to

be highly successful in discriminating between frozen and dynamic ground states [60].

In the case of no long-range magnetic order, AC susceptibility measurements would be

able to distinguish between a spin glass or spin liquid type ground state.

Temperature scans at constant frequency were recorded for a range of frequencies

between 158 Hz and 20 kHz. The AC susceptibility signal down to 50 mK is shown

in figure 4.17 where the definition χac =
√

χ′2 + χ′′2 is used. The data shows a broad

maximum around T = 0.33 K which slightly shifts to higher temperatures with increasing

frequency of the AC field. The maximum is too broad to account for a transition into
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Figure 4.17: Temperature dependence of the magnitude of the AC susceptibility for a
range of frequencies measured with µ0Hdc = 0 T and µ0Hac = 30 µT. The
jumps around 0.6 K are artifacts from the temperature control and can be
ignored. The frequency-dependent shift of the scaled maxima is shown in
the inset.

long range magnetic order which would be visible as a sharp λ-like peak. Measurements

at higher temperatures up to 4.2 K showed no additional features and the AC response

of the sample has effectively disappeared at 4.2 K. Due to the fact that the amplitude of

the AC field decreases with increasing frequency one has to normalize the susceptibility.

This is done in the inset of figure 4.17 which shows the frequency-dependent shift of

the maximum. The total shift is 15 mK between f = 150 Hz and 20 kHz. To obtain the

Mydosh parameter φ which characterizes a spin-glass transition the shift of ∆T = 15 mK

is inserted in

φ =
1

Tf

∆T

∆ log10 f
(4.3)

where Tf is the temperature corresponding to the observed maximum for the lowest

frequency. Equation (4.3) yields a Mydosh parameter of φ = 0.022 for Ca10Cr7O28. Such

a shift could indicate either weak spin-glass behavior or the presence of slow dynamics

consistent with a spin liquid ground state.

Using the external DC field in addition to the AC field the magnetic field dependence

of the maximum at T = 0.33 K was probed. It could be easily suppressed by application

of a small external DC magnetic field as shown in figure 4.18. At 0.1 T the signal
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Figure 4.18: Magnetic field dependence of the AC susceptibility temperature scans with
fac = 314.3 Hz. The DC field is applied parallel to the a axis.

has completely disappeared. The rapid drop of the susceptibility signal with increasing

field might be explained by a weak intrinsic exchange field. In that case the spins would

already be polarized by a small DC field and would not respond to the AC field anymore.

However this would contradict the magnetization and heat capacity measurements which

show that saturation occurs at a much larger field of 12 T.

Frequency scans at constant temperature were performed to probe the dependence of

both components of χac on the frequency of the AC field (figure 4.19). The spin relaxation

time may be determined from the relation between real and imaginary components of χac.

To remove the frequency dependent background signal, especially at higher frequencies,

a similar χ(f) scan was performed at 4.2 K where the sample signal has shown to be

negligible. This scan was then subtracted from the low temperature χ(f) scans and

the resulting curves are shown in figure 4.19. The frequency scan at 200 mK is not

reliable below 30 Hz because of a malfunction of the lock-in amplifier. The frequency

dependence shows the usual behavior, χ′ is constant for low frequencies and goes to

zero for f → ∞, while χ′′ goes through a maximum. The spin relaxation time τ for an

average spin relaxation process is defined by the frequency where χ′′ reaches a maximum

as τ = 1/ωmax (ωmax = 2πfmax) [61]. The calculated values for τ from χ′′ are similar to

the ones obtained from the Cole-Cole plot which are shown in figure 4.20(b) (see next

paragraph).

Another way of plotting the frequency scans is the so-called Cole-Cole plot [62] where

the out-of-phase susceptibility is plotted against the in-phase susceptibility for all fre-

quencies at different fixed temperatures (Fig. 4.20(a)). In the case of one characteristic
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Figure 4.19: Real (χ′) and imaginary (χ′′) part of the AC susceptibility vs. frequency at
different temperatures and µ0Hdc = 0 T.

spin relaxation time (Debye relaxation) the Cole-Cole plot is symmetric and describes

a perfect semicircle [61]. For a distribution of relaxation times the χ′′ vs. χ′ plot is a

flattened arc. The plots for Ca10Cr7O28 in figure 4.20(a) describe symmetric semicircles

at all temperatures. The size of the relaxation time distribution is quantified by fitting

the data to the Cole-Cole equation and extracting the Cole-Cole parameter α which

can take values from 0 to 1. For Ca10Cr7O28 the Cole-Cole parameter α is fitted to

0.11, 0.06, 0.05 and 0.05 for 50 mK, 200 mK, 440 mK and 730 mK respectively which

is consistent with a single relaxation time, whereas for a typical spin glass it is greater

than 0.75 [60]. Therefore spin-glass behavior is ruled out for Ca10Cr7O28 and a single

coherent relaxation process is evident. Furthermore the characteristic spin relaxation

time τ can be extracted from the maximum of χ′′(χ′). The temperature dependence

of τ is shown in figure 4.20(b). It shows that in Ca10Cr7O28 typical relaxation times

lie between τ = 2.55 − 3.15 ms and that the spin dynamics slow down with decreasing

temperature by about 10 % between 0.73 and 0.05 K.

In conclusion, AC susceptibility does not show any sign of order and suggests no

spin freezing down to 50 mK. The occurrence of long-range magnetic order would be

visible as a sharp λ like transition which is absent in the data. The broad maximum at

330 mK seems to be connected with a crossover into a coherent dynamic state consistent

with the definition of a spin liquid. In addition, a slowing down of the spin dynamics

around the crossover is observed. The increase of the relaxation time τ with decreasing
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Figure 4.20: (a) Cole-Cole plot (χ′′ vs. χ′) for different temperatures. Each temperature
is fitted individually to the Cole-Cole equation given in the figure. At the
maximum of χ′′ vs. χ′ the relation ωτ = 1 holds. (b) Temperature depen-
dence of the AC spin relaxation time τ . The datapoints are obtained from
(a) and the line is a guide to the eye.

temperature is comparable to other frustrated magnets like for example the spin ice

compound Dy2Ti2O7 [63]. The characteristic spin relaxation time of Dy2Ti2O7 is slowing

down from τ ≈ 5 ms to τ ≈ 50 ms in the temperature interval from 15 K to 2.5 K where

this rather slow relaxation time is ascribed to frustrated interactions [64, 65]. Since the

relaxation time in Ca10Cr7O28 is slowing down in a comparable way, the AC susceptibility

result likewise suggests the presence of frustrated interactions in this new compound.

4.3.6 Discussion

The main result from the bulk properties measurements is the absence of magnetic order

down to 50 mK despite sizable magnetic interactions in Ca10Cr7O28. The absence of

magnetic order is a sign of frustration and/or low-dimensionality of the magnetic in-

teractions. Long-range order can also be suppressed by dimerization where there is a

dominant antiferromagnetic interaction which couples the spin-1/2 ions in singlets result-

ing in a spin-singlet ground state and gapped excitations. However, a large spin-gap can

be ruled out as this would be visible as an exponentially activated behavior (thermal

activation) in the DC susceptibility and heat capacity data. The DC susceptibility was

not measured to very low temperatures and is further contaminated by a large Curie

tail but the heat capacity of Ca10Cr7O28 was measured down to 0.3 K and is evidently

not exponential above 0.46 K (cf. figure 4.15). Fitted to the data below 0.46 K to the
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expression for the specific heat of a gapped dimer magnet

Cdimer = R ·
(

∆
T

)2

· e(−∆/T ) (4.4)

allows the upper limit of the energy gap to be estimated as ∆ = 0.09 meV making a

spin-singlet ground state in Ca10Cr7O28 unlikely.

Another result obtained from the bulk properties measurements is the energy scale

of the interactions. Both the magnetization and the specific heat reveal saturation at

12 T suggesting magnetic interactions of an energy scale
∑

J ≈ 1.4 meV. On the other

hand the low value of the Curie-Weiss temperature obtained from the DC susceptibility

−2.36 < θCW < 3.05 K (−0.20 < θCW < 0.26 meV) implies the presence of both fer-

romagnetic and antiferromagnetic interactions which partly cancel each other. This is

supported by the shape of the magnetization curve which is not typical of either a simple

ferromagnet or an antiferromagnet. The magnetization together with the DC suscepti-

bility measurements could also confirm the two oxidation states for Chromium. Finally

AC susceptibility measurements were able to rule out spin-glass behavior and showed

that Ca10Cr7O28 is extremely sensitive to external magnetic field. The measurement

also revealed spin relaxation behavior consistent with a spin-liquid ground state.

Now the results from the bulk properties measurements will be used to evaluate the

magnetic models for Ca10Cr7O28 introduced in section 4.2.5. The absence of a large spin-

gap suggests that a strong antiferromagnetic intrabilayer coupling J0 which would lead

to dimerization as in Sr3Cr2O8 and Ba3Cr2O8 is unlikely. Therefore frustration and/or

low-dimensionality of the magnetic interactions are required to explain the absence of

magnetic order. A three-dimensional unfrustrated structure like the decagon structure

can be ruled out immediately. Remaining are thus the model of 1D chains along the

c axis and the 2D magnetic models in the ab plane. The kagome singlelayer model

exhibits intrinsic frustration if J2 and J3 are antiferromagnetic and of similar strength.

However, this combination of couplings would not comply with the required mixture of

FM and AFM interactions. This can be realized if one of the interactions is ferromagnetic

which results in an effective triangular lattice type coupling. The required frustration as

well as the mixture of FM and AFM interactions can be readily realized in the kagome

bilayer model shown in figure 4.11 and the coupled hexagons model shown in figure

4.10(b). In the former model a ferromagnetic intrabilayer exchange J0 which couples two

antiferromagnetic kagome layers would fulfill the criteria. In the latter model frustrated

bonds arise within the hexagons if J3 is antiferromagnetic or between the hexagons if

J2 is antiferromagnetic. The coupling around the hexagons J1 can be ferromagnetic to

achieve the required mixture of interactions. Thus the last two magnetic models seem

to be the most promising candidates to describe the magnetic behavior of Ca10Cr7O28.
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4.4 µSR

With the aim to further clarify the magnetic ground state in Ca10Cr7O28 muon spin

rotation/relaxation (µSR) measurements were performed in zero field (ZF) and in a

longitudinal magnetic field (LF). µSR is highly sensitive to magnetic order and was used

to confirm the absence of long-range magnetic order and to distinguish between static

and dynamic correlations at the lowest temperatures.

4.4.1 Experimental details

The measurements were performed on the LTF and the GPS spectrometers at the Labo-

ratory for Muon Spin Spectroscopy at the Paul Scherrer Institut in Villigen, Switzerland.

For the LTF measurement 200 mg of powder were spread on a silver backing plate and

mixed with a small drop of alcohol diluted GE Varnish for better thermal conductivity.

The powder was then covered with a 32 µm silvered polyester foil and a 12.5 µm silver

attenuation foil. The measurements were done in the temperature range 19 mK - 4.2 K

using a top-loading 3He-4He dilution refrigerator cryostat. The measurement on GPS

was performed on a 300 mg powder sample in a thin Ag foil packet mounted between

the two prongs of a copper fork. The fork was then attached to a continuous-flow 4He

evaporation cryostat and the measurements were done in the temperature range between

1.55 K and 210 K. The data were analyzed using the musrfit software package [66].

At GPS the positron counts in the forward F (t) and backward B(t) detectors were

used to calculate the asymmetry spectrum A(t) which after correction for a constant

background of uncorrelated events becomes (see chapter 3.2.1):

A(t) =
F (t) − αB(t)
F (t) + αB(t)

(4.5)

The parameter α accounts for the different detector efficiencies and solid angles of

the forward and backward detectors and is obtained experimentally by performing a

calibration experiment at a high enough temperature in the paramagnetic phase of the

sample.

At LTF single histogram plots from the forward detector only were used to calculate

A(t). The backward detector was not used because spurious features were observed in

the LTF spectra at short times where the detector is known to have efficiency problems.

The asymmetry in the single histogram mode is calculated as

A(t) =
F (t) − B

N0e−t/τµ
− 1 (4.6)
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where τµ is the muon lifetime. The normalization constant N0 which corrects for the

muon lifetime and the background parameter B which describes a constant background

of uncorrelated events are fitted individually for each spectra.

The data were converted into background corrected polarization data in the following

way: At GPS the sampleholder design together with an active veto detector gave very

low background. Therefore no background correction was necessary for the GPS spectra

and A(t) was just divided by the initial asymmetry A0 to obtain P (t). At LTF the

background of muons landing on the sampleholder or elsewhere was determined from

the non-relaxing signal fraction. At 19 mK the background asymmetry was determined

as 8.31% which was then fixed for all temperatures. Hence, the LTF spectra have been

normalized by

P (t) =
(

A(t)
A0

− 0.0831
)

/ 0.9169. (4.7)

The initial asymmetry A0 depends in the instrument and was found to be 0.2035 for

LTF and 0.2156 for GPS at zero field.

4.4.2 ZF results

ZF-µSR measurements were performed to identify the magnetic ground state and to

check for a phase transition at low temperatures. The main goal was to distinguish

between a magnetically long-range ordered and a disordered/dynamical ground state.

The ZF muon spin relaxation signal measured at different temperatures is shown in

figure 4.21.

From the absence of oscillations of the polarization due to a well defined internal field,

long-range magnetic order can be excluded from the ZF raw data already. The question

remains if the observed ground state is static (e.g. a spin-glass) or dynamic (e.g. a spin-

liquid). Static magnetism should produce an increase of the polarization at long times

which should reach a value of P (t → ∞, T → 0) = 1/3 in the powder average below

the temperature where static magnetism develops. This is not seen in the spectra of

Ca10Cr7O28 either, which indicates a dynamic ground state. Nuclear magnetism is ruled

out as a source for the relaxation as well since Ca, Cr and O have very small nuclear

moments.

Over the whole temperature range the corrected ZF spectra were fitted to the following

equation:

P (t) = fP0 exp[−(λ1t)β1 ] + (1 − f)P0 exp[−(λ2t)] (4.8)

81



4 Structural and magnetic properties of Ca10Cr7O28

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

2.6 K GPS

800 mK LTF

+
P

ol
ar

iz
at

io
n 

P
(t)

Time t ( s)

10 K GPS
4.2 K LTF

1.55 K GPS

19 mK LTF

Figure 4.21: Time dependent muon spin polarization of Ca10Cr7O28 at selected temper-
atures measured in zero field. Solid lines are fits to the data using equation
(4.8). The dashed and dotted gray lines are fits to the 19 mK data with β1

fixed to 2 and 0.5 respectively.

Here, f describes a fast relaxing signal fraction while (1 − f) describes a slow relaxing

signal fraction The parameters λ1 and λ2 are the relaxation rates of the fast and slow

relaxing fractions respectively and β1 is the stretching component of the fast relaxation.

A fast and a slow relaxing signal fraction were necessary since the data show a steep

decrease at short times and a more gradual one at longer times. While the slow relaxing

fraction could be well described by a simple exponential, the fit of the fast relaxing signal

could be significantly improved by using a stretched exponential fitting function. The

two fractions appear to be constant as a function of temperature and their ratio was

fitted to f = 0.74. Two constant fractions indicate two muons sites which observe the

same physics from two different perspectives.

Figure 4.22 shows the temperature dependence of the spin depolarization rate λ1 and

the stretching component β1 of the fast relaxing fraction as well as λ2 of the slow relaxing

fraction. Upon cooling λ1 experiences a moderate increase around 3 K and reaches a

plateau at ∼300 mK, while β1 and λ2 follow a similar temperature dependence. The

increase of λ1 and λ2 indicates a slowing down of the electronic spin dynamics. λ2 is

essentially 0 above 3 K which means the second fraction is non-relaxing at higher tem-

peratures. The stretching exponent β increases from 0.9 to 1.3 in the same temperature

interval where the increase of the relaxation rates λ1 and λ2 is observed. For dynamical

magnetism the spectra are expected to be exponential, i.e. β = 1. The exponent β = 2

is expected for static or quasi-static magnetism. Therefore the increase of β towards the

value of 2 can be understood as an additional signature of the slowing down of the spin
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Figure 4.22: The temperature dependence of (a) the ZF muon spin depolarization rate
λ1 and (b) the stretching component β1 of the fast relaxing fraction. (c)
The temperature dependence of the ZF muon spin depolarization rate λ2 of
the slow relaxing fraction. The color code is the same for all three figures.

dynamics [67].

The ratio between the two muon stopping sites was fitted to f = 0.74 which lies close

to the ideal value of 3/4 which provides valuable information concerning possible muon

stopping sites. In figure 4.23 two neighboring Cr5+ ions of Ca10Cr7O28 are shown. The

Chromium ions are surrounded by distorted Oxygen tetrahedra and are separated by

d0 = 3.89 Å along the c axis. The next-nearest neighbor Chromium ions lie at a distance

of d1 = 4.14 Å away from the ones shown here and are shifted diagonally (cf. Fig. 4.3 for

the complete unit cell). The muons will typically come to rest at an interstitial position

within the crystal structure approximately 1 Å away from an Oxygen position. Since

the Cr5+O4 tetrahedra feature 3 in-plane and 1 out-of-plane Oxygens it is intuitive to

ascribe the 3/4 signal fraction to muon sites close to the in-plane Oxygens and the 1/4

fraction to the muon site close to the out-of-plane Oxygen. Different relaxation rates

have been observed for the two muon sites. Technically speaking, different muon sites

lead to different hyperfine coupling tensors between the magnetic moments and the muon
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Figure 4.23: Two Cr5+O4 tetrahedra of Ca10Cr7O28 connected by the shortest bond dis-
tance d0.

spin. As a result muons at different sites experience different magnetic fields leading to

different relaxation rates. The 1/4 fraction experiences a weaker relaxation rate. This

seems to be connected with its special geometric position close to the out-of-plane Oxygen

while the three muons sites close to the in-plane corners of the tetrahedron experience a

faster relaxation rate.

4.4.3 LF results

Longitudinal field µSR measurements were performed to further distinguish between

static and dynamic magnetism. Figure 4.24 shows the LF measurements at 19 mK at

relatively low fields. From the raw data it is already evident that Ca10Cr7O28 exhibits

magnetic dynamics down to lowest temperatures. If the observed ZF relaxation would

be static in nature the application of a small field of 0.02 T would have already led

to a complete suppression of the muon spin relaxation. This is shown by fitting the

data of figure 4.24 to static and dynamic exponential Kubo-Toyabe functions [40, 68]

to check for the agreement of the data to either of these theories. The reason for using

the Kubo-Toyabe functions rather than the function used in zero field (eq. 4.8) is that

this function can take account of an external magnetic field. There is essentially no field

dependence of the low field relaxation up to 200 G observed which is nicely reproduced by

the fits to the dynamic Kubo-Toyabe functions. This is a clear signature of a relaxation

due to fluctuating fields. In fact, if the observed relaxation at T = 19 mK were due

to static random fields, one should have observed a decoupling in the longitudinal field

measurements as illustrated by the dashed lines in figure 4.24. Here the zero-field data

was fitted to the static Kubo-Toyabe function and this function was then used to simulate

the behavior in non-zero field. As shown a longitudinal field of 200 G would already

be enough to decouple static magnetism completely. In the static case a longitudinal

field simply adds to the field component parallel to the muon spin and the polarization

function is shifted to higher values. This happens even at small fields and when the

external field reaches ∼10 times the internal field the muon spin remains fully polarized

over the whole time window (P (t) = 1). In the dynamic case it is not possible to regain
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Figure 4.24: Time dependence of the longitudinal field muon spin polarization at base
temperature. The solid lines represent fits to a dynamic exponential Kubo-
Toyabe Function. The dashed lines represent the expected decoupling due
to static fields. The color code of the fits corresponds to the color code of
the data.

the polarization with small fields since dynamic processes still lead to a depolarization of

the muon spin. The obvious discrepancy between the relaxation data and the expected

decoupling due to static internal fields rules out spin freezing in Ca10Cr7O28 down to

19 mK precluding any possibility of static magnetism in this compound.

The LF measurements at 19 mK up to a higher magnetic field of 1.5 T are shown

in figure 4.25(a). To obtain the muon relaxation rates for the fast and slow relaxing

fractions as a function of longitudinal field the data were again fitted to equation (4.8).

In the fits of the LF spectra the stretching exponent approaches β1 = 1 at a field of

50 G and the curves at fields above 50 G are well described by exponential relaxations.

Therefore β1 is fixed to 1 above 50 G. The relaxation of the second fraction is fitted to

λ2 = 0 for fields higher than 500 G. It is expected that the muon site with the weaker

relaxation rate is decoupled more easily by the external field and becomes non relaxing

(λ2 = 0) at intermediate fields. LF measurements at two even higher fields of 2 T and

2.5 T were also performed but the depolarization curves are almost flat at these fields

and stable fits using equation (4.8) were not possible.

The variation of 1/λ1 as a function of external field squared at 19 mK is shown in

figure 4.25(b). At low fields the relaxation time 1/λ1 of the fast relaxing fraction increases

rapidly with applied field up to H2 = 0.1 T2 before revealing a roughly linear dependence

on H2. The peculiar field dependence of 1/λ1 was found to be best described by the sum

of 2 Redfield formulas:
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Figure 4.25: (a) Time dependent muon spin polarization of Ca10Cr7O28 at 19 mK with
different applied longitudinal fields. Solid lines are fits to the data using
equation (4.8). (b) Inverse of the relaxation rate (=relaxation time) of the
fast relaxing fraction versus field square. The solid line represents a fit to
equation (4.9) over the whole field range from H2 = 0 − 2.25 T2.
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ν2
f + γ2

µH2
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(4.9)

Here γµ is the gyromagnetic ratio of the muon, ∆ is the width of the field distribution at

the muon site, ν is the fluctuation rate and HLF is the external longitudinal field. A field

dependence of the relaxation described by a single Redfield equation would be linear in

the parameters 1/λ1 vs H2
LF . The Redfield formula is valid in the fast fluctuation regime

ν ≫ ∆ where the depolarization of the muon spin is caused solely by dynamical processes

[69]. The exponential relaxation of P (t) up to 1.5 T justifies the analysis of the LF data

within the fast fluctuating regime. This formula describes the depolarization of the muon

spin due to dynamic fluctuations with a single relaxation channel and a characteristic

fluctuation rate for simple spin dynamics of the form 〈S(t)S(0)〉 ∼ exp(−νt) [70, 71].

Using the Redfield formula one can calculate the fluctuation rate ν and the field distri-

bution at the muon site ∆ from the field dependence of the relaxation rate. Ascribing the

relaxation rate λ1 to two Redfield terms implies two independent relaxation processes at

the same muon site where s and f represent a slow and a fast relaxing process in equation

(4.9). Fitting this equation to the observed relaxation rates shown in figure 4.25(b) yields

∆s = 56(3) G and νs = 75(8) MHz, and ∆f = 86(4) G and νf = 1036(209) MHz. The

rather narrow distribution of local fields ∆ at the muon site suggests small internal fields

only. The fluctuation rates ν are drastically slower than the fluctuation rate of Cr5+

in the paramagnetic limit in the THz region indicating the presence of sizable magnetic

correlations in Ca10Cr7O28.
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4.4.4 Discussion

The temperature dependence of the ZF spin relaxation rate shown in Fig. 4.22 shows a

moderate increase below 3 K. This increase is due to a slowing down of the electronic spin

dynamics rather than static magnetism since the LF data reveals that even at 19 mK

the relaxation is purely dynamical. The overall dynamics slow down until the relaxation

rate λ1 levels off at 0.57 µs−1 below ∼300 mK. The plateau is a clear indication of

persistent spin dynamics down to the lowest temperatures. Essentially the same behavior

is observed for λ2. β1 does not deviate much from β1 = 1 which indicates that the

relaxation process is mostly exponential. Exponential dynamic relaxation processes are

observed for underlying Gaussian field distributions at the muon site as it is the case

for a dense spin arrangement [72]. This effect is called "motional narrowing" of the field

distribution [73]. A spin glass would reveal an even stronger relaxation process given

by a root-exponential relaxation function with β1 = 0.5 (see the dashed gray line in

Fig. 4.21) [40]. This is due to the Lorentzian field distribution in diluted systems. The

observed exponential dynamic relaxation suggests that the vast majority of Cr moments

are responsible for the muon spin depolarization over the whole temperature range and

a spin glass behavior can be excluded. Figure 4.21 also shows that fitting the data

with a Gaussian relaxation function (β1 = 2) cannot reproduce the data very well. If

a relaxation process is Gaussian the underlying field distribution must be even broader

than Gaussian. This can only be realized by a field distribution in space and time

which would essentially mean that the muon experiences the magnetic field only during

a fraction of residence time in the sample [74]. The disagreement between the data and

the Gaussian relaxation function excludes these processes in Ca10Cr7O28.

The slow and a fast relaxing processes at muon site 1 found by the Redfield analysis

can be compared to the two regions seen in ZF at high and low temperature. At low

temperature in ZF a slow relaxation with λ1 = 0.57 µs−1 has been observed while at

high temperatures the relaxation rate was found to be λ1 = 0.20 µs−1. One can also

estimate the relaxation rates connected to the two independent relaxation processes at

muon site 1. For zero field the Redfield equation becomes

λ =
2γ2

µ∆2

ν
. (4.10)

At 19 mK both relaxation processes were found to be present which together yield an

overall relaxation of

λ1, both Redfield =
2γ2

µ∆2
s

νs
+

2γ2
µ∆2

f

νf
= 0.71 ± 0.15 µs−1. (4.11)
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The sum of the two relaxation rates at 19 mK is motivated by the Redfield analysis

of the LF data at this temperature which could be best fitted by two Redfield terms.

Adding two relaxation rates is the same as multiplying two depolarization functions

(because the relaxation rate λ is in the exponent). From a physical point of view this

describes two independent relaxation processes at the same muon site.

Assuming that at higher temperature only the fast relaxation process is present yields

λ1, fast Redfield =
2γ2

µ∆2
f

νf
= 0.10 ± 0.03 µs−1. (4.12)

These values are close to the relaxation rates in the two temperature regions in ZF

although they point to an even larger difference between the low and high temperature

relaxation rate. This might indicate that above ∼3 K only the fast relaxation process

is activated while at low temperatures below ∼300 mK both processes contribute. The

temperature region in between senses the crossover from fast to both slow and fast

relaxation processes. It is likely that the second muon site experiences the same two

independent relaxation processes.

In conclusion, static magnetism is ruled out down to the lowest temperatures and the

µSR data reveals a dynamical ground state in Ca10Cr7O28 which is a prerequisite for a

spin liquid phase. In particular, the LF measurement reveals that the depolarization of

the muon spin is solely due to spin fluctuations. Further, the muon spin depolarization

rate increases around 3 K indicating a slowing down of the overall spin dynamics and

becomes constant below 300 mK. This has been observed in numerous frustrated magnets

and is associated with persistent fluctuations (see e.g. [74–76]). The strong dynamics

which remain at very low temperatures are characteristic of a spin liquid state. At the

same time a spin glass state can be excluded. A spin glass would also show a slowing

down of spin fluctuations but in addition it would develop a static component of the local

field below the freezing temperature. Furthermore, the shape of the relaxation would be

different in a spin glass as shown by the dotted gray line in figure 4.21 [77].

Comparing the µSR result to the results obtained earlier in this chapter for Ca10Cr7O28

shows that the temperature below which the depolarization rate levels off coincides to

the temperature where the AC susceptibility data shows a frequency independent cusp.

In addition the specific heat data goes through a kink-like feature at this temperature.

These different techniques all sense the spins entering a slowly dynamic regime which

seems to remain constant down to T = 0. The fast fluctuation process is not seen by

the AC susceptibility and the heat capacity measurements because they probe a slower

time window of magnetic fluctuations compared to the µSR technique. It is interesting

to note that Ca10Cr7O28 is very sensitive to small external magnetic fields as shown by

the steep increase of the LF relaxation time below 0.3 T. A result which has also been
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found in the AC susceptibility which shows complete suppression by DC magnetic fields

above 0.1 T and in the low temperature heat capacity which experiences strong changes

with field already below 0.5 T.

4.5 Conclusion

In this chapter a detailed investigation of the crystal structure and the magnetic bulk

properties of Ca10Cr7O28 was presented. The crystal structure consists of kagome bilay-

ers of magnetic Cr5+ ions in a distorted tetrahedral oxygen environment, stacked along

the c axis in an ABC arrangement. There are also Cr6+ ions in the structure which are

non-magnetic. The model of the crystal structure described here was found indepen-

dently of the 2013 publication by D. Gyepesová et al. [52]. It is however fully consistent

with their result which was not published when the conclusions presented in this chapter

were reached.

No magnetic order has been found in Ca10Cr7O28 down to 19 mK despite an energy

scale of 17.4 K for the magnetic exchange interactions probed by the magnetization mea-

surements. A mixture of FM and AFM interactions are expected while dimerization due

to a dominant AFM interaction can be excluded due to the absence of a spin gap as

revealed by the low temperature specific heat data. This makes Ca10Cr7O28 magneti-

cally very different from the related compounds Sr3Cr2O8 and Ba3Cr2O8. In addition,

Ca10Cr7O28 shows a peculiar behavior under external field with a series of crossovers

revealed by the heat capacity and saturation at a field of 12 T.

Potential models for the magnetic coupling in Ca10Cr7O28 including the first four

nearest neighbor Cr distances were presented. A particularly interesting model is the

kagome bilayer model where two kagome layers are coupled together without any inter-

stitial layer. Physical realizations of kagome antiferromagnets usually feature kagome

planes which are separated by non-magnetic layers to stabilize the disordered ground

state. Examples are the Jarosites [78] or Herbertsmithite [79]. An example compound

where kagome layers are linked by triangular layers is DQVOF (Diammonium Quinu-

clidinium Vanadium OxyFluoride). Here, spin-1/2 V4+ ions form the kagome layers and

spin-1 V3+ form triangular layers which are stacked in an alternating way [80]. The two

layers in Ca10Cr7O28 are not well separated and one would expect this system being

less frustrated. The kagome bilayer model is further interesting because the intrabilayer

coupling J0 might help to stabilize a resonating valence bond ground state due to sponta-

neous dimerization. Evidence for spontaneous dimerization has been found for example

in the hyperkagome compound Na4Ir3O8 [81]. This is in contrast to the ideal kagome

antiferromagnet where dimerization is thought to be unlikely [82].

The properties of the ground state of Ca10Cr7O28 were investigated using AC sus-

ceptibility and µSR measurements. The complete absence of long-range magnetic order
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was confirmed and the ground state was unambiguously identified as dynamical while a

glassy ground state could be excluded. The symmetric Cole-Cole plots, as well as the

Redfield behavior of the longitudinal field muon spin relaxation rate, indicate simple spin

dynamics with one slow spin relaxation process in Ca10Cr7O28. The two techniques both

have their unique time window for the study of magnetic fluctuations. The relaxation

rates of 0.35 kHz from AC susceptibility and 0.57 MHz from µSR are both slow rates

in the respective time window and can be understood as different parts of the same

relaxation process.

The observed spin dynamics are caused by coherent and macroscopic magnetic behav-

ior in contrast to a broad distribution of relaxation rates observed in disordered systems

like spin-glasses. In addition, a slowing down of the spin dynamics with decreasing tem-

perature is revealed by AC susceptibility and zero-field µSR measurements which is a

characteristic of many spin liquid candidate compounds [74–76, 83–87].

90



5 Magnetic excitations in Ca10Cr7O28

The previous chapter described the crystal structural and magnetic bulk properties of

Ca10Cr7O28. A careful diffraction study using X-ray and neutron diffraction techniques

has shown that magnetic Cr5+ ions form kagome bilayers and that there are additional

Cr6+ ions present which are non-magnetic. On that basis possible models for the mag-

netic coupling were introduced based on the first four nearest neighbor Cr-Cr distances.

From measurements of the magnetic bulk properties and µSR data, long range magnetic

order can be excluded down to 19 mK. Nevertheless sizable magnetic interactions are

present and a combination of FM and AFM interactions is expected. The excitations

are likely to be not gapped and a spin liquid type ground state with slow dynamics has

been detected suggesting the presence of frustration and/or low-dimensionality.

The aim of this chapter is to learn more about the magnetic interactions and magnetic

behavior of Ca10Cr7O28 by measuring the excitation spectrum. The magnetic excitations

of a frustrated quantum magnet are expected to be broadened and renormalized com-

pared to the spin wave excitations from a long-range magnetically ordered ground state.

It has been however shown that frustrated quantum magnets can be driven towards

long-range ferromagnetic order by applying an external magnetic field large enough to

saturate the spin system [88]. This is the route which will be followed for Ca10Cr7O28.

In this context the saturation field of 12 T allows excitations from the ordered phase to

be studied using standard sample environment which can then be compared to linear

spin wave theory.

To investigate the excitation spectra in zero field as well as in the fully polarized

state, inelastic neutron scattering was performed on powder and single crystal samples

of Ca10Cr7O28 at 0 and 11 T. The saturation field was found to be 12 T from the mag-

netization data. It was however not possible to measure at that field and the 11 T data

will be used to examine the polarized state while keeping in mind that discrepancies can

occur due to the slightly lower field. Additional measurements were performed at inter-

mediate fields to study the crossover between these two regimes. The results and analysis

of the data from a whole range of inelastic neutron scattering experiments is presented in

this chapter. As expected diffuse and gapless magnetic excitations are observed in zero

field while sharp magnetic excitations are observed in the fully polarized phase which can

be modeled with linear spin wave theory to extract the exchange constants. A mixture

of FM and AFM interactions are found with dominant FM interactions. The extracted
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exchange constants lead to a novel magnetic coupling motif based on opposite-sign bi-

triangles. These bi-triangles are coupled ferromagnetically and frustration arises due

the opposite sign of the magnetic coupling within the triangles. The diffuse zero-field

excitations are very similar to those of the kagome lattice compound Herbertsmithite

[29] but are based on a different periodicity in agreement with the larger magnetic unit

cell of Ca10Cr7O28.

Theoretical modeling which includes quantum fluctuations via the Functional Renor-

malization Group method [89] can reproduce the zero-field ground state. In addition the

comparison to theory shows that the absence of long-range order in Ca10Cr7O28 is stable

against variation of the magnetic coupling.

5.1 Experimental details

Powder and single crystal samples of Ca10Cr7O28 were used to perform inelastic neutron

scattering experiments at various instruments to measure the magnetic excitation spec-

trum. An overview of the instruments and the sample environments which were used is

given in table 5.1. The powder sample had a mass of 8.14 g. It is the same powder as

used for the synchrotron diffraction experiment from which the high quality of this batch

was confirmed. The single crystal specimen used for most of the experiments consists

of two co-aligned rod-shaped samples with a total mass of 1.71 g (see Fig. 5.1). The

misalignment among them was less than 2° as confirmed by X-ray Laue diffraction.

Powder inelastic neutron scattering was measured at the direct geometry time-of-

flight spectrometer TOFTOF at the FRM II, Munich, Germany. Using a 3He cryostat

a base temperature of 430 mK was reached where all measurements were performed.

The powder was put into a bag made of aluminum foil which was folded to form a

hollow double-walled cylinder and placed in an aluminum sample can. An empty can

measurement was used for background subtraction and a Vanadium measurement was

used to correct for detector efficiency. Data was collected at incident energies of Ei =

6.67 meV, Ei = 3.27 meV, Ei = 2.27 meV and Ei = 1.28 meV for 2 hours, 7 hours,

9 hours and 2.5 hours respectively. The corresponding chopper rotational frequencies

and elastic resolutions were 22000 rpm and 160 µeV for Ei = 6.67 meV, 15000 rpm and

78 µeV or Ei = 3.27 meV, 16000 rpm and 42 µeV for Ei = 2.27 meV and 12000 rpm and

25 µeV for Ei = 1.28 meV.

Single crystal inelastic neutron scattering was measured at the IN14 triple-axis spec-

trometer at the ILL, Grenoble, France using the FlatCone multi-analyzer and detector.

For this experiment the two rod-shaped samples with masses of 0.97 g and 0.74 g re-

spectively were used separately. The 0.97 g sample was oriented with the (h0l) plane

horizontal and the 0.74 g sample was oriented with the (hk0) plane horizontal. From

these two complementary scattering planes a large fraction of the magnetic excitation
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Table 5.1: The different instruments, sample environments and scattering planes used
for measuring the magnetic excitations in Ca10Cr7O28.

Instrument H||c [T] Orientation T [K] Energy Transfer [meV]
TOFTOF - powder 0.43 0 - 5

IN14 - [h, k, 0], [h, 0, l] 1.60 0.175, 0.25, 0.35, 0.5, 0.9
V2 - [h, k, 0] 0.04 0.25

MACS II 0 [h, k, 0] 0.09 0.25, 0.65, 0.90, 1.05
MACS II 11 [h, k, 0] 0.09 0.8 - 3

LET 9 3D dataset 2.00 0 - 10
OSIRIS 0 - 7.5 [h, k, 0] < 0.22 0 - 2

Figure 5.1: Two Ca10Cr7O28 single crystals co-aligned on a copper sample holder. The
ab plane is horizontal.

spectrum was mapped out with the FlatCone detector. A vertically curved (002) py-

rolytic graphite (PG) monochromator was used and a beryllium filter was placed between

monochromator and sample to suppress higher order scattering. The final energy of the

Si (111) FlatCone analyzers is fixed to Ef = 4.06 meV giving an elastic resolution of

∆E = 0.12 meV. The incident energy Ei was varied to collect data at energy transfers of

0.175, 0.25, 0.35, 0.5 and 0.9 meV and the sample was rotated around the vertical axis

over 160° in 1° steps at each energy. Each measurement took between 11.5 and 17 hours.

All data were taken at a temperature of 1.6 K.

To check the temperature dependence of the magnetic scattering a few constant energy

scans were performed on the triple-axis spectrometer V2/FLEXX at HZB in combination

with a 3He/4He dilution refrigerator. Only the larger crystal with m = 0.97 g was used

for this experiment and it was oriented with the (hk0) plane horizontal on a copper

sample mount. A vertically and horizontally focusing PG (002) monochromator and a

horizontally focusing PG (002) analyzer were used. A Be-filter was used between sample

and analyzer. The fixed final wavevector kf = 1.2 Å−1 provided an energy resolution at

the elastic line of ∆E = 0.09 meV. The temperature for all scans was 40 mK.

Data similar to those collected on IN14 but with higher intensity and at lower tem-
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perature were collected at the MACS II spectrometer at NIST, Gaithersburg, USA. The

Multi Axis Crystal Spectrometer (MACS) operates 20 vertically focusing PG (002) ana-

lyzer/ detector channels simultaneously to measure a large region of reciprocal space at

the same time. For this experiment both crystals were co-aligned on a copper sample-

holder with the (hk0) plane horizontal as shown in figure 5.1. With a dilution refrigerator

a temperature of 90 mK could be reached. The final energy was fixed to Ef = 3.7 meV

which led to the best compromise between energy resolution and reciprocal space cover-

age. Using an open collimation to trade off resolution for intensity data were collected

at energy transfers of 0.25, 0.65, 0.9 and 1.05 meV by varying the incident energy with

a PG (002) monochromator. The energy resolution was between 0.25 and 0.4 meV and

a BeO filter was placed before the analyzers to suppress higher harmonics. The sample

was rotated around the vertical (00l) axis over 70° in 2° steps and the counting time

for each energy was 5 hours. An empty cryostat measurement was used for background

subtraction.

In the second part of the MACS II experiment a magnetic field of 11 T was applied

vertically, i.e. along the (00l) direction. Since the goal was to map out the spin wave

dispersion in the (h, k, 0) plane, data was collected in steps of 0.1 or 0.2 meV for energy

transfers Et = 0.8 − 3 meV. Each energy was counted for 4 hours. Incident energies

of Ei = 4.5 − 6.7 meV yield an energy resolution from 0.35 to 0.65 meV. The data was

combined into a 3D dataset (2D in reciprocal space and energy) with the DAVE software

package [90].

A 3D map in reciprocal space of the spin wave dispersion was obtained from a brief

single crystal INS measurement at the LET direct time-of-flight spectrometer at ISIS,

Harwell Oxford, UK. The Repetition Rate Multiplication technique was used which

provides a set of several monochromatic wavelengths at the same time. Most spectral

weight was chosen for the incoming wavelength of Ei = 3.63 meV and Ei = 11.59 meV.

The sample arrangement was the same as for the MACS II experiment with the (hk0)

plane horizontal. A magnetic field of 9 T was applied vertically and the sample was

rotated for 66° around the vertical l axis. The first half was covered in 1° steps and the

second half in 2° steps. A standard 4He cryostat was used where a base temperature of

2 K could be achieved for the measurement. The data were analyzed using the Horace

software suite [91].

Single crystal INS studies at a range of magnetic fields between 0 and 7.5 T were

performed at the indirect-geometry time-of-flight spectrometer OSIRIS at ISIS. Again

the sample arrangement shown in figure 5.1 was used which allowed the horizontal (hk0)

scattering plane to be accessed. PG (002) analyzers cooled to 10 K together with the

relative chopper frequencies of θChop1 = 6569 µs and θChop2 = 10861 µs resulted in

an accessible energy transfer of Et = −0.05 to 2.0 meV at an energy resolution at the

elastic line of ∆E = 0.025 meV. A Be filter was used between the sample and analyzers.
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Magnetic fields of 0, 1, 2, 3, 4, 5 and 7.5 T were applied and at each field the sample was

rotated around the vertical l axis in 1° steps over an angular range of 110°. Every step

was counted for 40 µAmps of proton beam current on the ISIS spallation target which

corresponds to a counting time of 15 minutes. The sample was kept at a temperature

below 220 mK by using a dilution refrigerator.

5.2 Powder spectra

Powder spectra were measured to obtain an overview of the magnetic excitations in

Ca10Cr7O28 in zero field. Figures 5.2(a) and 5.2(b) show two powder INS datasets

collected on TOFTOF at T = 430 mK. They are plotted as a function of wavevector

transfer |Q| and energy transfer E with incident energies of 3.27 meV and 2.27 meV

respectively. The excitations appear gapless and two distinct bands over the energy

ranges 0 < E < 0.6 meV and 0.7 < E < 1.5 meV are visible. The purely magnetic

nature of the excitations is apparent from the measured neutron scattering intensity

which decreases with increasing |Q|, thus following the magnetic form factor. The two

bands of excitations are most likely caused by different exchange interactions where

the low energy band can be related to weaker and the high energy band to stronger

exchange interactions. Figure 5.2(a) shows the complete absence of magnetic scattering

above 1.5 meV. An even higher incident energy dataset (Ei = 6.67 meV) was used to

confirm that there are no further bands of excitations above 1.5 meV. Additionally, a very

low incident energy dataset (Ei = 1.28 meV) was used to check for the absence of the

gap. Since any signs of a gap are still absent in that dataset, the upper limit of a possible

gap can be confidently given as 0.1 meV. Furthermore, the energy scale of the magnetic

interactions (∼1.5 meV) first observed with the magnetization measurement shown in

chapter 4.3.3 can be confirmed from the INS data. The energy widths of 0.6 meV for

the lower and 0.8 meV for the upper band are substantially larger than the instrumental

resolution implying broad and diffuse or weakly dispersive excitations, although it is

difficult to determine this from powder data. However, the measurement does not show

evidence for the strongly dispersive excitations like e.g. spin waves.

The powder inelastic scattering comes down to the elastic line at a well defined range of

|Q| values. From constant |Q| cuts just above the elastic line in the Ei = 3.27 meV, Ei =

2.27 meV and Ei = 1.28 meV datasets, this range was found to be |Q| = 0.231−0.304 Å−1.

5.3 Single crystal spectra

Single crystal inelastic neutron scattering was measured to get a deeper insight into the

excitations. With a combination of triple-axis spectrometers with multi-detector arrays

and time-of-flight instruments an extended volume in reciprocal space was explored in
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(a) (b)

Figure 5.2: Time-of-flight INS data for a powder sample of Ca10Cr7O28 at T = 430 mK in
zero field using incident energies of (a) Ei = 3.27 meV and (b) Ei = 2.27 meV.
The range of the Ei = 2.27 meV data is shown as a dashed gray box in (a).
In (b) the energies where the zero field single crystal measurements at MACS
II were performed are indicated as dashed gray lines, the energies of the IN14
measurements as dotted blue lines.

zero field and applied field. By use of external magnetic field the magnetic excitations in

Ca10Cr7O28 were driven from broad diffuse scattering into sharp resolution limited spin

wave modes.

5.3.1 Zero field excitations

In figure 5.3 some characteristic FlatCone maps from IN14 are shown. Broad and diffuse

magnetic scattering is visible at all energies. The sharp spots of high intensity outside

the range of the colorscale are phonons coming out of Bragg reflections. A powder line

of unknown origin at 1.8 Å−1 has been removed from both datasets at 0.25 meV. Figure

5.3(d) and (e) clearly show that the magnetic scattering is fundamentally different for

the (h0l) and the (hk0) planes. While in (d) the magnetic scattering seems to be almost

invariant along the l direction but modulated along h, (e) shows identical modulations

along h and k with a six fold symmetry in the (hk0) plane. Around the Bragg peak

positions the magnetic scattering is less intense than elsewhere at this energy. In both

orientations there is a clear change in the diffuse scattering between 0.25 meV and 0.5 meV

visible. The scattering gets significantly weaker and broader although its basic structure

remains the same. At 0.9 meV the intensity is stronger again but the distribution has

changed in the (h0l) plane. The stripe pattern found at lower energy has disappeared

and the intensity is now accumulated at low |Q|. Constant energy maps measured at

E = 0.175 meV and E = 0.35 meV for both orientations show the same features as the

E = 0.25 meV slices. Due to lack of beam time the E = 0.9 meV map was not repeated

in the (hk0) plane.

Since the dispersion shows no structure along the l axis but just a modulation of in-
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(a)

(b) (c)

(d) (e)

Figure 5.3: Ca10Cr7O28 inelastic FlatCone maps from IN14 at T = 1.6 K and H = 0 T.
Left: (h0l) plane (a) 0.9 meV with 11.5h counting time, (b) 0.5 meV with
17h counting time and (d) 0.25 meV with 11.5h counting time. Right: (hk0)
plane (c) 0.5 meV with 17h counting time and (e) 0.25 meV with 17h counting
time. All maps are plotted on the same colorscale.
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Figure 5.4: Comparison of an A3 scan of ±30° at (2,-2,0) from V2/FLEXX and a cut
through IN14 data over the same Q-range. The energy transfer was 0.25 meV
and the temperature was 0.04 K at V2 and 1.6 K at IN14.

tensity the magnetic coupling along this axis seems to be negligible compared to the

coupling in the (hk0) plane. The observed scattering patterns in the (hk0) plane at low

energies show a six fold symmetry consistent with the kagome arrangement of Cr5+ ions.

The coupling responsible for the low energy excitations is probably antiferromagnetic

because of the observed lack of scattered intensity around the Bragg peak positions. A

change is observed in the excitations above 0.5 meV where magnetic intensity is also

visible around the nuclear Bragg peak positions suggesting additional ferromagnetic in-

teractions in Ca10Cr7O28.

The measurements on IN14 were performed at 1.6 K. Given the low energy scale of the

excitations (< 1.5 meV) the question remains whether the diffuse excitations observed

are due to the relatively high temperature and whether they become sharper at lower

temperatures. To test this idea, a brief measurement was performed at the V2 triple-

axis spectrometer at a temperature of 40 mK. A comparison between a scan at V2 and

a cut through the IN14 data is shown in figure 5.4. The cut direction is shown by the

black arrow in figure 5.3(e). It cuts through two broad lines of magnetic scattering.

The comparison shows that the scattering remains diffuse and unchanged even down to

40 mK. This suggests that the interactions are frustrated and the spins remain fluctuating

in the ground state.

The zero field excitations were also measured on the MACS II instrument, this time

at a temperature of 0.09 K. Constant energy maps within the (hk0) plane at 4 discrete

energies are shown in figure 5.5. To obtain the datasets of figure 5.5 six-fold symmetry

of the magnetic excitations was assumed and the raw data was folded along the [h, h, 0]

axis through [0, 0, 0]. This is justified from the comparison to the IN14 data of figure 5.3

which was measured over a wider angular range. In addition the spin wave calculations

in chapter 5.5 will confirm the six fold symmetry of the excitations about the c axis.
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5.3 Single crystal spectra

(a) (b)

(c) (d)

Figure 5.5: Inelastic magnetic scattering from MACS II at T = 90 mK and H = 0 T in
the (hk0) plane. The slices are ordered by ascending energy transfer. The
red points of high intensity are phonons dispersing from Bragg peaks.

For comparison, the energy of the slices is shown as gray dashed lines in the powder

excitation spectra in figure 5.2. The first slice at 0.25 meV lies in the low energy band

at the same energy transfer as the slice of the IN14 data. The same ring-like scattering

between the crystallographic Bragg peaks is visible. The next slice at 0.65 meV is located

in between the two bands were there is almost no intensity in the powder data. And

indeed the single crystal scattering shows very little intensity which is limited to very

low |Q| values only. The last two slices at 0.9 meV and 1.05 meV lie in the upper energy

band. They show an intensity distribution which is fundamentally different compared

to the low energy band. The same effect was already observed in the IN14 data for the

excitations in the (h0l) plane. The scattering in the slices at 0.9 meV and 1.05 meV is

essentially the same while at 1.05 meV the overall intensity is less in agreement with

the powder data. In the upper band the intensity is accumulated around the nuclear

Bragg peak positions which could mean that this band corresponds to ferromagnetic

interactions while the lower band corresponds to antiferromagnetic interactions.
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5 Magnetic excitations in Ca10Cr7O28

5.3.2 Excitations under external magnetic field

Single crystal INS was also measured under an external magnetic field. The specific

heat data which reveals a rich phase diagram as a function of magnetic field (cf. chap-

ter 4.3.4) as well as the low energy scale of the magnetic interactions in Ca10Cr7O28

provided the motivation to perform these measurements. The low energy scale allows

the spins of Ca10Cr7O28 to be fully polarized using standard sample environment like

superconducting magnets. In the fully polarized state the magnetic order resembles a

simple ferromagnet which should result in sharp spin wave excitations rather than the

diffuse scattering observed in zero field.

The data from the second part of the experiment on MACS II using an external field

of H = 11 T is presented in figure 5.6. A constant energy slice which corresponds to

a single measurement at E = 1.4 meV, where the sample is rotated around the [0, 0, l]

axis to collect data at different points in Q-space, is shown in figure 5.6(a). The raw

data was folded along the [h, −h, 0] axis through [0, 0, 0] to produce this slice. It is clear

that the magnetic scattering becomes sharper compared to the zero field scattering (cf.

figure 5.5). Several points of strong intensity are visible which belong to dispersions

cutting through the 1.4 meV slice at these positions.

Fig. 5.6(c) is the plot of the [h, −h, 0] direction integrated along the perpendicular

direction [h, h, 0] between −0.1 < h < 0.1. It shows three bands of excitations the lowest

of which is gapped by about 1.25 meV. This gap corresponds to the Zeeman energy of

the external field of 11 T. The bands correspond to spin wave modes where the width

of the modes suggests that there is more than one spin wave mode per band. The two

lowest bands join at (2,-2,0) which is visible as a knot in the plot while the upper mode

remains well separated and shows the same dispersion as the middle mode. In general the

modes are not very dispersive. Fig. 5.6(d) shows the [h, h, 0] reciprocal space direction

integrated along [h, −h, 0] in the range 1.9 < h < 2.1. Again three modes are visible and

the dispersion around the knot position (2, −2, 0) looks the same as in the [h, −h, 0] plot.

This means that the modes exhibit a cone-shaped dispersion around the knot position in

(h, k, E) space. Apart from the knot the bands are rather flat in this direction. The two

lowest bands probably connect again at (1, −3, 0) but this region is affected by the dark

angle of the magnet and the scattered intensity is strongly reduced here. Fig. 5.6(b) is a

constant Q cut through the data at (1.5, −1.5, 0). A fit to a sum of three Gaussians and a

constant background is overplotted which shows that the three modes are well separated

in energy. Cuts at other Q-positions were fitted in the same way and the extracted peak

positions are indicated by black points in the plots of Fig. 5.6(c) and (d).

The dispersions along all three directions in reciprocal space measured 2 K and at 9 T

on the LET instrument are shown in figure 5.7. An incident energy of Ei = 3.63 meV

was chosen to measure the full range of the excitations. Fig. 5.7(a) shows the elastic
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Figure 5.6: (a) One exemplary constant energy plane measured at an energy transfer of
E = 1.4 meV on the MACS II spectrometer at a field of H = 11 T and a
temperature of T = 90 mK. The two lines indicate the positions of the slices
shown in (c) and (d). (b) Constant Q cut through the data fitted by a sum of
three Gaussians and a constant background. The positions of the maxima of
the Gaussian fits at different Q-positions are indicated by black points in (c)
and (d). (c) Slice along the [h, −h, 0] axis (d) Slice along the [h, h, 0] axis. In
the shaded region the dark angle of the magnet interferes with the scattered
beam and the measured intensity is artificially low.
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5 Magnetic excitations in Ca10Cr7O28

(a) (b)

(c) (d)

Figure 5.7: LET data at 9 T and 2 K. (a) Slice of the data in the (h, k, 0) plane integrated
around the elastic line between −0.2 < E < 0.2 meV. (b) Slice along l
integrated over the perpendicular directions [h, h, 0] and [h, −h, 0] between
0.75 < h < 1.25. (c) Slice along [h, −h, 0] integrated along [h, h, 0] in the
range −0.25 < h < 0.25. (d) Slice along [h, h, 0] integrated along [h, −h, 0] in
the range 1.75 < h < 2.25. In addition (a), (c) and (d) are integrated along
l between −2.5 < l < 2.5.

scattering in the (h, k, 0) plane. The expected crystallographic Bragg peaks are visible as

red points of very high intensity and the range of reciprocal space measured is indicated

by the blue region. Fig. 5.7(c) and (d) show that at 2 K and 9 T the 3 bands were

found to have approximately the same width as in the MACS II data with a similar

weak dispersion in the (h, k, 0) plane. The gap is reduced to ∼1 meV consistent with

the Zeeman energy of the magnetic field of 9 T. The dispersion along the out-of-plane l

axis is completely flat and no significant modulation in intensity was observed over the

measured range (see Fig. 5.7(b)). Therefore the 2D nature of the magnetic coupling can

be confirmed and the plots of the in-plane dispersion were integrated along l between

−2.5 < l < 2.5. No magnetic signal was observed below the lowest mode confirming the

gapped nature of the excitations. With the Ei = 11.59 meV dataset from LET it could

be confirmed that there are no excitations above 2.5 meV which means that the band
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5.3 Single crystal spectra

centered around 2.2 meV at 9 T is the top of the dispersion.

Comparing the data from MACS II and LET one has to take into account that the

slice along [h, −h, 0] is taken at a smaller wave vector transfer on the LET instrument

due to its different detector arrangement. The slice along [h, h, 0] is taken at the same

wave vector transfer but with a reduced range and less statistics because it is located at

the maximum of the detector coverage of the LET instrument.

To gain more insight into the magnetic field dependence of the excitations, the spec-

trum in the (h, k, 0) plane was measured for a range of fields between 0−7.5 T and below

220 mK on the OSIRIS spectrometer. Figures 5.8 and 5.9 show the evolution from diffuse

zero field excitations to sharpened modes at 7.5 T. The slices along the [h, h, 0] direction

cover a limited range at fields of 0, 4 and 7.5 T because the data has been measured over

a reduced angular range at these fields. The zero field spectrum basically agrees with the

powder data displayed in figure 5.2. The powder measurement integrates over all direc-

tions in reciprocal space and hence appears even broader compared to the single crystal

excitations. At OSIRIS in zero field, intensity is found up to an energy of 1.7 meV while

the spectral weight is divided into two broad bands, one between 0 < E < 0.5 meV and

the other between 0.5 < E < 1.7 meV. No spin wave like features are found confirming

the absence of long-range magnetic order in zero field.

The scattering changes drastically in an external magnetic field of 1 T. The spectral

weight shifts and becomes more well-defined revealing a mode dispersing out of the

elastic line at the (2,-2,0) position which goes up to an energy of ∼0.5 meV. Further

diffuse scattering remains at higher energies centered at about 1 meV. Comparison to

the developments at higher fields reveals this low energy mode becomes the middle mode

at high field and the diffuse intensity at higher energy develops into the upper band.

The lowest band starts to emerge from the ground state at 2 T where it is still merged

with the elastic scattering but visible at the (2,-2,0) position. This is the position of the

characteristic knot observed at high field where the two lowest bands join. The intensity

at higher energy becomes sharper and a clear gap develops between the middle and

the highest band. Further increasing the field shifts all three bands to higher energies

according to the Zeeman energy of the external field while the modes become increasingly

sharper.

The lowest mode cannot be separated well from the elastic scattering until the highest

field of 7.5 T, where a distinct gap becomes visible. At lower fields there is still some

diffuse scattering below the lowest mode smearing over the gap. Even at 7.5 T the three

bands are still wider than the instrumental resolution showing that at intermediate fields

the excitations cannot be described by pure spin waves. At 7.5 T the upper band has

partly moved out of the measured energy range but at 5 T, where it is completely

contained in the measured range, it is still rather weak and diffuse reminiscent of a

continuum. Nevertheless, at 7.5 T one can observe the same characteristic features as
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(a)

(b) (c)

(d) (e)

(f) (g)

Figure 5.8: First part of the spectra measured on OSIRIS for various applied fields. (a)
Constant energy slice integrated around the elastic scattering between −0.1 <
E < 0.1. (b), (d), (f) Slices along the [h, −h, 0] direction integrated between
−0.2 < [h, h, 0] < 0.2. (c), (e), (g) slices along the [h, h, 0] direction integrated
between 1.8 < [h, −h, 0] < 2.2. The applied magnetic fields are given in the
figure titles.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.9: Second part of the spectra measured on OSIRIS. The slices are taken in the
same way as in figure 5.8. The applied magnetic fields are given in the figure
titles.
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5 Magnetic excitations in Ca10Cr7O28

observed at higher fields on LET and MACS II like the knot where the two lower bands

join at (2,-2,0) and the small amount of dispersion of all bands.

The development of the excitations under external field can be compared to the field

dependence of the heat capacity shown in figure 4.16. The temperature of the neutron

measurement was kept below 220 mK which is lower than the lowest data point of the

heat capacity which was taken at 300 mK. The broad peak visible in the heat capacity

at 1 T can be related to the change of spectral weight in the magnetic excitations. No

clear features are observed in the heat capacity up to 5 T just as the excitation spectrum

shifts gradually upwards in energy without any dramatic change in its shape. The second

broad maximum develops in the heat capacity between 5 and 7.5 T and might be related

to the opening of the gap in the single crystal excitation spectrum.

5.4 First Moment Sum Rule analysis

To get a first overview of which interactions are relevant for the magnetic behavior of

Ca10Cr7O28 a First Moment Sum Rule analysis of the zero field powder INS data was

performed. Here the variation of the dynamical correlation function S(Q, E) with wave

vector transfer is studied. The powder average of the first moment is given as

< E >=
∫

E · S(|Q|, E)dE =
∑

i

Aif(|Q|)2
(

1 − sin(|Q|di)
|Q|di

)

(5.1)

with Ai = Ji < S0 · Sdi
>

where f(Q) is the magnetic form factor. This equation describes the modulation of

the first moment due to the sum of every coupling Ji between two spins separated by

di which have a two spin correlation function < S0 · Sdi
>. Each coupling constant Ji

produces a modulation in the first moment with a periodicity depending only on the

separation di of the two spins. Ai gives the exchange bond energies. By fitting the sum

of the correlation functions to the first moment derived from the powder INS data the

dominant exchange interactions can be identified in a model free analysis. The only

assumption is that the exchange interactions are of Heisenberg type which is justified

in Ca10Cr7O28 since the measurements of the magnetic properties showed no anisotropy

(see chapter 4.3).

As shown in section 4.2.5 the bond distances d1, d2 and d3 are always split into two

slightly different distances. Since the difference is <2% it is not possible to distinguish

between them from the first moment data and they therefore have been replaced by the

respective average distances (see table 4.6) for the first moment analysis.

Figure 5.10 shows the first moment as a function of wave vector calculated from the
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Figure 5.10: Wave vector dependence of the first moment < E >=
∫

E · S(Q, E)dE
of Ca10Cr7O28 obtained from the powder INS data with Ei = 6.67 meV,
Ei = 3.27 meV and Ei = 2.27 meV. This quantity can be fitted to the right
hand side of equation 5.1. The fits correspond to the models discussed in
the text. For clarity half of the fits are overplotted to the data (a) and the
second half in (b).

powder INS data with Ei = 6.67 meV, Ei = 3.27 meV and Ei = 2.27 meV. The data were

multiplied by energy transfer and integrated over the energy range 0.3 < E < 2.5 meV

for Ei = 6.67 meV, 0.15 < E < 2 meV for Ei = 3.27 meV and 0.1 < E < 1.5 meV

for Ei = 2.27 meV respectively. The right hand side of equation 5.1 was fitted to the

data for different combinations of exchange interactions. The fit parameters are the

amplitudes Ai which are used to weight the contribution from different Cr-Cr distances.

For the fitting the error bars of the datapoints above |Q| = 2 Å−1, which come from

the Ei = 6.67 meV dataset, were divided by a factor of 3 to put more weight on these

datapoints. At lower |Q| there is an excess of data because all three datasets overlap.

In Fig. 5.10 the real error bars are shown. The fit results for the different models of

magnetic coupling presented in the previous chapter are plotted over to the data in figure

5.10 and summarized in table 5.2.

First of all it is clear that the wave vector dependence of the first moment is incon-

sistent with the dimer model, which predicts a global maximum in the first moment at

|Q| = 1.1 Å−1 if the J0 interaction is the dominant one. This is in agreement with the

absence of a sizable gap in INS data at zero field which shows that J0 cannot be strongly

antiferromagnetic, however this also rules out a dominant ferromagnetic J0. The fitting

of the data revealed that there need to be at least two dominant exchange interactions

to describe the wave vector dependence reasonably well (χ2 < 22.08). Beyond that, the

exchange bond energies Ai calculated for the different combinations of the four mag-

netic exchange interactions according to the possible models give a rather inconclusive
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5 Magnetic excitations in Ca10Cr7O28

Table 5.2: Contribution of each spin pair to the first moment in different models described
in the text. The last column gives the goodness of fit for each model.

model A0 A1 A2 A3 χ2

all interactions -12.32 22.51 -7.549 5.799 3.774
dimer 8.497 51.61
J2 triangle 8.383 40.10
kagome singlelayer (Fig. 4.10(a)) 10.85 -2.463 37.48
kagome bilayer (Fig. 4.11) 4.054 3.748 0.701 11.30
hexagon Fig. (4.10(b)) 8.495 22.08
hexagon + J2 5.202 3.290 9.55
hexagon + J3 6.015 2.480 8.00
hexagon + J2 + J3 5.867 0.432 2.196 7.97
decagon Fig. (4.12) -8.297 16.75 12.56

result. There is no unique model which can describe the data significantly better than

the others. When several interactions are included in a fit, the fitted amplitudes Ai yield

values in the same order of magnitude. In that case it is not possible to identify one of

the exchange interactions as the dominant one. The best fit is achieved when all four

interactions were used which is simply due to the larger number of free parameters. It

has to be mentioned that positive values for the exchange bond energies Ai imply an un-

frustrated correlation between two spins while negative terms indicate a frustrated bond.

The model including all interactions yields a negative A0 corresponding to a frustrated

J0 interaction which gives already a hint to the magnetic model realized in Ca10Cr7O28

as will be shown during the spin wave analysis in section 5.5.

The fit which corresponds to the kagome bilayer model gives a positive correlation for

all three interactions J0, J2 and J3 and a rather good χ2 although in cannot reproduce

the bump in the data at 2.5 Å−1. The fit of the kagome singlelayer model results in a

considerably worse χ2 as does the model of isolated triangles. Both their fitted curves

show a bump at 2 Å−1 instead of 2.5 Å−1. The model of the isolated hexagons yields

the best fit for a model with only one magnetic interaction. This fit nicely follows all

features of the data although it has a constant shift to higher values of |Q|. The decagon

model describes the features of the data rather well, too, with a small overestimation

of the bump at 2.5 Å−1. The fit of the hexagon model can be improved by including

further interactions like J2 and J3. The fit of J1, J2 and J3 together which yields the

model of coupled hexagons has the lowest χ2 value of all fits except the one with all four

interactions. However the fit with J1 and J2 and the fit which includes only J1 and J3

show good agreement with the data, too.

To conclude, the results of fitting the first moment are rather inconclusive. In each

model the size of the exchange bond energies Ai is of the same order of magnitude for

108



5.5 Spin Wave analysis

all couplings making it impossible to identify a main interaction. Since several models

gave similar goodness of fit it was not possible to identify the correct model to describe

the magnetism in Ca10Cr7O28. However, the First Moment Sum Rule analysis suggests

that there are several exchange interactions of comparable strength rather than a single

dominant one.

5.5 Spin Wave analysis

The goal in this section is to determine the magnetic Hamiltonian (or in other words

the magnetic exchange parameters Jij) from the single crystal INS data. Sharp and

dispersive excitations indicative of long range magnetic order have been observed for

Ca10Cr7O28 in the experiments under an external magnetic field of 11 T. Spin waves are

stabilized by the magnetic field and the excitations can be described by linear spin wave

theory. Since Ca10Cr7O28 does not show long-range magnetic order in zero field down

to the lowest temperatures an external magnetic field was used to drive this compound

through a crossover region at intermediate fields into the long-range ordered phase. In

this compound the low energy scale of the magnetic interactions is beneficial allowing the

almost fully polarized ferromagnetic phase to be achieved at 11 T. With the knowledge

of the Hamiltonian, the classical ground state in zero field will be identified, although

spin wave theory does not take into account quantum fluctuations which are present in

Ca10Cr7O28 suppressing long range order at H = 0 T.

For the spin wave analysis, the SpinW Matlab library developed by Dr. Sandor Toth

was used [22]. The workflow within SpinW is the following: Based on a magnetic lattice

defined by the crystallographic space group the bond lengths between magnetic ions are

calculated and used to sort the exchange couplings in the Hamiltonian in ascending bond

distance. In most cases the Hamiltonian is roughly known and can be implemented in

SpinW. From there two different routes can be followed: The magnetic structure can

either be defined by the user or calculated from the interactions using an optimization

algorithm to determine the lowest energy per spin for a given Hamiltonian. Then the

spin-spin correlation function can be calculated and compared to the inelastic neutron

scattering cross-section. In the case where the spin Hamiltonian is not known but the

crystal structure, the magnetic structure and the spin wave spectrum are, the former can

be obtained by fitting the spin wave spectrum. This is the route which will be followed

in this section. Here the magnetic structure is a simple ferromagnet with all spins fully

aligned parallel to the external field.
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5.5.1 Ferromagnetic phase at H = 11 T

In this chapter the procedure of fitting the low temperature inelastic data at H = 11 T

to linear spin wave theory to understand the microscopic Hamiltonian will be discussed

in detail. All analysis is based on the fact that at H||c = 11 T all the spins order

ferromagnetically along the c axis. Based on the experimental data described in the

previous chapter a set of constraints for the magnetic interactions Jij is developed:

1. All the magnetic interactions are assumed to be of isotropic Heisenberg type since

no anisotropy was observed in the magnetization, susceptibility or specific heat

measurements.

2. |Jij | ≤ 1.5 meV: The maximum of the low temperature powder excitation spectra

measured at the TOFTOF instrument lies at E = 1.5 meV (cf. Fig 5.2). This

suggests that no individual interaction can be greater than 1.5 meV.

3. |∑Jij | ≤ 3 K: This follows from the Curie Weiss temperature which is in the range

-3 K ≤ θCW ≤ 3 K and implies the presence of both FM and AFM interactions.

(This constraint was not used for the fitting routine.)

In addition the magnetic coupling is 2D in the ab plane as discussed above which

justifies the consideration of only 2D spin Hamiltonians. Using the seven shortest Cr-Cr

distances the following models for the magnetic interactions can be described:

• Kagome singlelayer model with the exchange couplings J21, J22, J31, J32.

• Kagome bilayer model with the exchange couplings J0, J21, J22, J31, J32.

• Coupled hexagons model with the exchange couplings J11, J12, J21, J22, J31, J32.

The models are depicted in figure 5.11. Note that for the Spin Wave analysis it will

be discriminated between the two slightly different versions of the J1, J2 and J3 bonds.

The model of the coupled decagons (J0 and both J1 couplings) as well as the model of

the 1D chains along the c axis (J0 and one of the two J1 couplings) discussed in the last

chapter are neglected because they both exhibit finite coupling along the c axis.

For fitting the data to linear spin wave theory the spin-wave dispersions were first

extracted from the data. Constant Q cuts were taken through the 2 dispersion directions

shown in Fig. 5.6 at every 0.1 step in r.l.u. and the obtained intensity vs. energy cuts

were fitted to a sum of Gaussians functions and a constant background. The stepsize

in energy was given by the interval between the measured constant energy slices (0.1-

0.2 meV). From these fits the energy position and the intensity of the spin wave modes

was obtained as shown by the black datapoints in figure 5.6(c) and (d). In addition
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(a) (b)

Figure 5.11: The models of the magnetic coupling used for fitting the spin wave dis-
persions. (a) The kagome bilayer model with 5 Js. If J0 = 0 this model
corresponds to the kagome singlelayer model. (b) The coupled hexagons
model with 6 Js. The c axis points out of plane.

at every Q point the modes were weighted by 1/width of the mode where the sharpest

mode was normalized to have weight=1. In this way more weight was given to peaks

which were better defined. The obtained energies, intensities and weights for the two

dispersions are shown in figure 5.12 together with the fit results.

The fitting procedure itself was performed as follows: The Hamiltonian was set up

according to the respective model and random starting parameters were generated for

the Js within the constraint of |Jij | ≤ 1.5 meV. The Hamiltonian was then diagonalized

and a total of 6 spin-wave modes were found. This is expected since the number of

spin-wave excitations equals the number of magnetic atoms in the unit cell which is 6 for

the 2D magnetic structures of Ca10Cr7O28. It should be noted that since a maximum of

3 modes are observed in the data some of the spin-wave branches must be degenerate or

have no intensity. The energies and neutron scattering cross-sections for each mode were

calculated at the selected wavevectors. In order to compare them to the data the modes

were binned in energy steps of 0.15 meV which corresponds to the minimum observed

FWHM in the data. The spin wave intensity from the simulation was used to select the

bins with the largest intensity which were kept up to the number of modes observed in

the data at the respective Q position (maximum 3 for Ca10Cr7O28) and the remaining

ones were thrown out. No modes needed to be thrown out in the case of Ca10Cr7O28 since

after convolution with the energy resolution the simulation gave only 3 modes as found

in the data (cf. Fig. 5.13). The modes were then sorted according to their energy and

a goodness of fit was calculated for each Q position from the difference between energy

of the observed peak and position of the calculated energy bin. The slices along the two

different directions were fitted simultaneously. These goodness of fit values were weighted

by 1/width and their sum was minimized using a simplex algorithm allowing all Js of

the model to vary within the constraints. Having reached a minimum, the values for the
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Figure 5.12: Graphical representation of the best fit of the kagome bilayer (a) and the
coupled hexagons model (b) to the data. The modes extracted from the
two slices presented in figure 5.6 were used and the two different directions
are separated by the vertical blue line. The data is presented in black and
the fit result in red. The circles show the center of the spin wave modes
and the ellipsoids indicate their intensity. In addition, the width of the
modes in the data is given by the vertical black lines. The boundaries of
the energy scans are shown in green. The fitted exchange constants are
x = [J0, J11, J12, J21, J22, J31, J32] and Rw is the weighted R-Factor of
the fit.
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5.5 Spin Wave analysis

Table 5.3: The exchange coupling parameters for the best fit of the kagome bilayer and
the coupled hexagons model. The parameters J22 and J31 approximately
swap their values from the kagome to the hexagon model while J21 and J32
remain almost unchanged.

Exchange coupling Cr-Cr distance kagome bilayer coupled hexagons
[Å] [meV] [meV]

J0 3.883 -0.0794 0
J11 4.103 0 0.0239
J12 4.167 0 -0.0420
J21 5.033 -0.7615 -0.7757
J22 5.095 -0.2696 0.0860
J31 5.697 0.0876 -0.2484
J32 5.750 0.1072 0.0768
∑

J -0.9158 -0.8795

Js were saved together with the corresponding weighted R-Factor. The same procedure

was repeated for the next set of random starting parameters. In this way approximately

1000 runs with random starting parameters could be performed in 12 hours and the best

fits, sorted according to their weighted R-Factors, could be investigated afterwards.

The best fits for the kagome bilayer model and the coupled hexagons model are pre-

sented in figure 5.12 and table 5.3. Since the fitting procedure focuses on the dispersion

relation alone, the overall intensity of the calculated spin waves is scaled to agree with

the experiment at the wave vector [2,-2,0] for the lowest energy mode. The kagome

singlelayer with J0 = 0 did not give a good fit, the main difficulty was to reproduce the

dispersion of the lowest energy mode. The energy of the highest mode is given by the

size of the strong ferromagnetic triangles while the energy of the middle mode is given

by the weaker ferromagnetic triangles. The energy of the lowest mode is given by the

Zeeman energy and J0 or J1 while the two antiferromagnetic triangles are responsible

for the width of the dispersion of the modes. Since J0 and J1 are both absent in the

kagome singlelayer structure it was not possible to match the energy of the lowest mode

with this model.

Parameters similar to the best fit parameters for the kagome bilayer model were also

obtained by estimating good starting parameters by eye and letting the SpinW fitting

routine run without constraints to optimize these parameters. For the coupled hexagons

model guessing good starting parameters was not successful because the coupling in this

model is very complex. A good set of parameters was only found after running the fit

routine with random starting parameters many times to obtain good statistics and then

manually analyzing the best results afterwards.

The hexagon model with 6 fitted parameters is at the limits of what can be achieved

by the SpinW code. Tests allowing all 7 exchange parameters to be optimized at the
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5 Magnetic excitations in Ca10Cr7O28

same time showed that depending on the random starting parameters the nonlinear

optimization routine could easily get trapped in a local minimum and produce erroneous

results. Using all 7 Js should not be necessary because the presence of J0 and J1 at the

same time would create a nonzero coupling along the out-of-plane c axis. The INS data

has however shown that the excitations are two-dimensional in the ab plane.

The comparison between the simulation for the best fits for each model and the data is

shown in figure 5.13. The spurious region where the dark angle of the magnet shields the

scattered beam was excluded from the fitting routine but is used again for overplotting

the fit results to visually compare the excitations in a wider range. One has to remember

that the simulated and measured intensities in this region do not agree well.

The energy of the modes is nicely reproduced by the two models (Fig. 5.13 first row).

The maximum number of spin wave modes is equal to the number of magnetic atoms

in the unit cell which is six for the 2D magnetic structures of Ca10Cr7O28. Here, the

two lowest modes are almost degenerate and the two flat modes do not have intensity

resulting in the three well-separated modes observed in the data. For the convolved

spectra showing the intensity of the spin wave calculations an instrumental resolution

with a FWHM of 0.15 meV was assumed (Fig. 5.13 second and third row). In addition

the magnetic form factor of Chromium is included in the simulations to get a result

comparable to the experiment.

There is some discrepancy in the intensity distribution along the modes visible for both

models. This could mean that either further neighbor interactions are necessary in the

Hamiltonian or that linear spin wave theory is not adequate and quantum fluctuations

due to frustration still affect the dispersion at H = 11 T. Quantum fluctuations are

known to alter the intensity distribution compared to linear spin wave theory but at

H = 11 T these fluctuations are expected to be mostly overcome by the external field.

Both models will now be used to reproduce the constant energy slice shown in figure

5.6(a). A slice centered at an energy transfer of 1.4 meV was chosen as a benchmark test

for the goodness of the models because at this energy the two lowest modes converge

which is visible as a knot in the dispersions shown figure 5.13. This knot is an outstanding

feature of the observed spin wave spectrum and can serve as indicator for the agreement

between simulation and data. Looking at a constant energy slice at this energy, the knot

should be visible as a point of strong intensity at the Q-position (2, 2, 0) and equivalent.

There are further Q-points were the two lowest modes converge with reduced intensity

like (3, 3, 0) or (1, 3, 0) which should be visible in the simulation as well. The comparison

between the data and the spin wave calculations for the two models is shown in figure 5.14.

For the simulation a grid in Q-space of 100x100 points is defined and the spin wave

spectrum is calculated at every Q-point as a function of energy. A simulated instru-

mental energy resolution is applied to obtain a constant energy plane comparable to

the experimental data. Then a slice centered at the desired energy is extracted. The
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5.5 Spin Wave analysis

Figure 5.13: (first row) INS data from MACS at H = 11 T and T = 90 mK. The disper-
sions obtained from the fitting procedure are plotted over the data: Grey
line = kagome bilayer model, blue line = hexagon model. The shaded region
indicates the dark angle of the magnet. The second and third row show the
calculated spectra convolved with the resolution giving the simulated in-
tensity distribution for the kagome bilayer (second row) and the hexagon
model (third row) respectively.
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(a)

(b) (c)

Figure 5.14: (a) Constant energy plane at E = 1.4 meV from MACS at H = 11 T. (b) and
(c) Simulations at E = 1.4 meV using linear spin wave theory with the best
parameters for the (b) kagome bilayer and (c) coupled hexagons models.
The simulations are convolved with an energy resolution of ∆E = 0.4 meV.

six-fold symmetry of the data could be confirmed by the simulation of the spin-wave

excitations. In a six fold symmetry the vectors pointing to the two points of strong

intensity at [0,2,0] and [2,2,0] must be equivalent which is evident from the simulated

intensity maps. Comparing the simulations to the data shows that both models can

nicely reproduce the constant energy slice although they show a slightly different inten-

sity distribution. The coupled hexagons model shows more intensity at low |Q| values

while the intensity distribution is more uniform in the kagome bilayer model.

Another test for the models was to compare them to data measured on the LET

instrument at ISIS in Oxford at H = 9 T and T = 1.9 K (figure 5.15 first row). The

measured excitation spectra from LET showed well defined spin wave modes despite the

fact that the magnetic field was below the saturation value and the temperature was

relatively high. Hence it was attempted to reproduced this data within the long range

ordered ferromagnetic phase as well. The calculated spin wave dispersion according

to the Hamiltonian obtained from fitting the 11 T data is shown in figure 5.15. The

agreement is comparable to the MACS II data discussed above. Again the energy of the
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5.5 Spin Wave analysis

Figure 5.15: (first row) INS data from LET at H = 9 T. The dispersions obtained using
the exchange constants that were fitted at 11 T are plotted over the data:
Grey line = kagome bilayer model, blue line = hexagon model. The second
and third row show the convolved spectra giving the simulated intensity
distribution for the kagome bilayer (second row) and the hexagon model
(third row).

dispersion curves is well matched while the intensity distribution shows some discrepancy

between data and calculation. The slice along [h, h, 0] is taken at a smaller wave vector

transfer on the LET instrument due to its different detector arrangement.
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5 Magnetic excitations in Ca10Cr7O28

5.5.2 Classical ground state in zero field

The ground state magnetic structure in zero field can be calculated using the exchange

parameters obtained from the H = 11 T data and setting the external magnetic field

term in the Hamiltonian to 0. The spins are assumed to be classical and the spin-

spin energy is minimized using a non-linear optimization algorithm within the SpinW

program. Calculating the classical ground state is usually a very complex problem. For

simplification a single-k magnetic structure and Heisenberg interactions are assumed.

That Ca10Cr7O28 can be described within the Heisenberg model has been shown by the

absence of anisotropy in the magnetic exchange interactions. In addition the single-

ion anisotropy for 3d transition metals is weak due to the quenched orbitals. As a

precondition for the formation of multi-k structures at least one of the anisotropies has

to be strong [92] and therefore an analysis assuming a single-k magnetic structure for

Ca10Cr7O28 is justified.

The magnetic structures were calculated assuming long-range magnetic order as re-

quired by linear spin wave theory which is of course not realized in Ca10Cr7O28 in zero

field as described before. Nevertheless these hypothetical structures can still give insight

into the diffuse excitations from the ground state of Ca10Cr7O28. Linear spin wave theory

is used in the absence of a microscopic theory to model INS data that can take account

of quantum fluctuations.

The optimized ground state magnetic structures are shown in figure 5.16. For both

models the individual kagome planes show a very similar order. It consists of almost

parallel spin alignment around the FM triangles and ∼120° alignment around the AFM

triangles. Departures from the 120° order are caused by the intrabilayer interaction

which directly couples FM triangles in one layer to AFM triangles in the other layer.

This gives rise to an incommensurate ordering wavevector of k = [0.3024, 0.3024, 0] in the

kagome bilayer case and k = [0.6872, 0.6448, 0] for the coupled hexagons. As expected

due to the deviation from the perfect triangular lattice the order wavevectors slightly

differ from k = [1
3 , 1

3 , 0] (or k = [2
3 , 2

3 , 0] which is equivalent) of the 120° structure.

The direct coupling of two layers results in the particular feature that adjacent spins

from the two halves of the bilayer are either exactly parallel or ∼90◦ with respect to each

other. This is easily visible in the kagome bilayer model where the adjacent spins sit

directly on top of each other. The parallel spins have a lower binding energy since the

ferromagnetic J0 interaction is satisfied for them. In each of the coupled triangles there

is one pair of parallel spins and two pairs of ∼90◦ spins. The magnetic structure of the

coupled hexagons model shows the same features as the kagome bilayer structure. Here

the adjacent spins from the two layers are coupled diagonally by J11 and J12.

Using these two magnetic structures and the Hamiltonian obtained from fitting the

data at 11 T, the spin wave dispersions and spin-spin correlation functions can be cal-
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(a)

(b)

Figure 5.16: Ground state magnetic structure for the (a) kagome bilayer model and (b)
coupled hexagons model at H = 0 T. In both models the spins are aligned co-
planar in the ab plane. In the ferromagnetic triangles the spins are aligned
almost parallel while in the antiferromagnetic ones they exhibit an order
almost 120◦ like. The magnetic unit cell is given by the dashed black lines.

119



5 Magnetic excitations in Ca10Cr7O28

culated for the classical ground state and compared to the measured neutron scattering

cross sections. Two examples are shown in figures 5.17 and 5.18 where the observed

diffuse scattering at two different constant energies in the [h, k, 0] and [h, 0, l] planes is

compared to the linear spin wave theory result for the zero field ground state.

It is striking how well the calculations agree with the measured data although the

ground state is obviously not correct because it assumes long range magnetic order. The

left side of figure 5.17 shows the excitations in the kagome plane at an energy transfer of

0.25 meV. The ring like scattering could be reproduced by the simulations. Holes appear

in the intensity of the ring at every 60◦ which are due to the low energy spin wave mode

becoming imaginary at these positions. Imaginary spin wave energies are another hint

that spin wave theory is actually not valid in the zero field phase of Ca10Cr7O28. The

right side of figure 5.17 shows that the simulation can nicely reproduce the stripe like

excitations along the out-of-plane l axis. These stripes are due to the absence of magnetic

coupling along that direction. The intensity modulation along l arises from the structure

factor and high intensity is visible at l = 0 r.l.u. which is due to the ferromagnetic nature

of the J0 or J1 coupling (the J1 coupling actually splits into a FM and an AFM coupling

where the FM one is dominant and responsible for the intensity modulation). It should

be noted that the temperature at which the data at the IN14 instrument was measured

was around 1.6 K. This temperature equals to 0.14 meV which is in the energy range

of the couplings and can alter the scattering measured in an INS experiment. However

in Ca10Cr7O28 this was not the case as shown by the comparison of the IN14 data to a

scan taken at the V2 instrument at dilution temperatures (cf. Fig. 5.4).

On the left side of figure 5.18 the excitations in the kagome plane at a higher energy

transfer of 0.9 meV are shown. The diffuse scattering looks fundamentally different

compared to the same plane at a lower energy transfer. The intensity is now accumulated

around the nuclear Bragg peaks while at lower energy it was centered in between the

Bragg peaks. Nonetheless the simulation can nicely reproduce these features. On the

right side of figure 5.18 there seems to be an obvious discrepancy between data and

simulation in the [h, 0, l] plane at 0.9 meV. While the data shows diffuse scattering the

simulation shows stripes of intensity along [0, 0, l]. The reason for this can be understood

by looking at the [h, k, 0] plane. The vector [h, 0, 0] points along the diagonal in this

plane (indicated by the gray line) and one can see that the data is more diffuse along

that direction than the simulation. The sharpness of the simulation along [h, 0, 0] results

in the stripe like intensity in the [h, 0, l] plane. Of course linear spin wave theory does

not take into account any quantum fluctuations that can broaden the excitations which

might explain the difference between data and simulation in this particular case.

In the last part of this section linear spin wave theory will be used to calculate the

powder averaged spin wave spectrum in zero filed and to compare it to the powder INS

dataset obtained at the TOFTOF spectrometer. To obtain the powder average the spin
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5.5 Spin Wave analysis

Figure 5.17: (first row) Diffuse scattering in the [h, k, 0] and [h, 0, l] planes at an energy
transfer of E = 0.25 meV measured in zero field on IN14. (second row and
third row) Simulated spin wave intensity in the same planes and at the same
energy transfer as above for the two models (row 2: kagome bilayer, row 3:
coupled hexagons).
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5 Magnetic excitations in Ca10Cr7O28

Figure 5.18: (first row) Diffuse scattering in the [h, k, 0] and [h, 0, l] planes at an energy
transfer of E = 0.9 meV measured in zero field at MACS II and IN14.
Simulated spin wave intensity in the same planes and at the same energy
transfer as above for the kagome bilayer model (second row) and the coupled
hexagons model (third row).
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(a)

(b) (c)

Figure 5.19: Comparison of the powder inelastic neutron scattering (a) at T = 430 mK
and Ei = 3.27 meV to the simulation of the powder averaged spin wave
spectrum for the ground states of the kagome bilayer (b) and the coupled
hexagons model (c). The data is contaminated by an elastic scattering
background which is not included in the simulations.

wave intensity was calculated on a grid of energy transfer and |Q| for 1000 random

orientations. Then the average intensity was taken for every grid position and convolved

with an energy resolution of ∆E = 0.6 meV to make the simulation comparable to

experimental data. The result of this procedure is shown in figure 5.19.

The prominent feature of the powder INS data which is the splitting of the spectra

into two bands of excitations separated at ∼0.65 meV can be reproduced with linear

spin wave theory for both models. However the energy where the bands are separated is

given at a slightly higher value of 0.8 meV in the simulations. The two distinct regions of

inelastic signal are consistent with the different in-plane excitations of the single crystal

data observed at E = 0.25 and E = 0.9 meV.
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5 Magnetic excitations in Ca10Cr7O28

Table 5.4: Evolution of the spin components under the influence of the external magnetic
field H||c for both models. These values apply for the spin of the first Cr5+

ion which is constrained to rotate in the ac plane only. All the other spins are
allowed to rotate without constraints.

Kagome Bilayer Model Coupled Hexagons Model
spin projection spin projection spin projection spin projection

H (T) along a along c along a along c

0 0.5 0 0.5 0
0.01 0.5 0.0048 0.5 0.0054
0.05 0.4994 0.0248 0.4993 0.0268
0.1 0.4976 0.0485 0.4971 0.0537
0.5 0.4344 0.2476 0.4224 0.2676
0.75 0.3393 0.3672 0.3008 0.3994
0.9 0.2389 0.4392 0.1489 0.4773
1 0.1560 0.4751 0 0.5

1.05 0.0792 0.4937 0 0.5
1.1 0 0.5 0 0.5

5.5.3 Intermediate field states

Since inelastic neutron scattering experiments at intermediate fields between 0 - 9 T

were also performed (cf. Fig. 5.20(a)) spin wave theory was also used to calculate the

magnetic structures and the neutron scattering cross sections at these fields. First the

magnetic structure was calculated for a range of rather low external fields to follow the

spin alignment from being fully co-planar in the ab plane at zero field to being fully

aligned parallel to the external field. For that purpose the Hamiltonian obtained at 11 T

was used while the external field term was changed for each calculation. The evolution

of the spin projection as a function of magnetic field is shown in table 5.4. The spin

projection of the first Cr5+ spin is described in table 5.4 however the ratio between the

spin component lying in the kagome plane and perpendicular to it is the same for all

spins.

From table 5.4 it looks like the two models are less frustrated than expected because

the spin aligns parallel to the external magnetic field already at very low field values.

But this finding can also in part be due to the fact that spin wave theory assumes that

the spins are fully ordered at each field without quantum fluctuations which is not true

in Ca10Cr7O28 below 11 T as all the measurements on this compound consistently show.

Comparing the two models it looks like the kagome bilayer model is a bit more frustrated

since a slightly larger field is needed to fully align the spins parallel to the external field.

The spin component along the c axis can be directly compared to the magnetization

vs. field curve since both quantities probe the effect of external magnetic field on the

spin polarization (see Fig. 5.20(b)). One has to remember that the magnetization mea-
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Figure 5.20: (a) Magnetization measurement of Ca10Cr7O28 highlighting the fields where
inelastic neutron scattering experiments under external magnetic field were
performed. (b) Zoom into the low field magnetization. The spin component
along c is overplotted as a function of external field calculated for the kagome
bilayer model. In addition, the second derivative ∂2M

∂H2 for H||c is shown.

surement was performed at T ≥ 1.8 K and therefore may not truly be in the ground

state, whereas the spin-wave calculation is performed at T = 0 K. Lower temperature

magnetization data may show greater agreement with the calculation. For the kagome

bilayer model the spin component along the c axis increases linearly until saturation at

the spin-1/2 value for Cr5+ appears. The saturation happens at 1 T and above that field

the spin wave calculation predicts that the spins are fully aligned parallel to the external

field. The behavior of the spin projection for the coupled hexagon model looks similar,

also showing a linear increase to saturation with the only difference that the saturation

happens at a slightly smaller field. Although this strong change of slope is not observed

in the magnetization data, there is nevertheless a distinct change of slope around 1 T

which is highlighted by taking the second derivative ∂2M
∂H2 . The second derivative shows a

behavior similar to the spin polarization with a steep increase below 1 T where it levels

off to a mostly flat line. This indicates that the slope changes rather unevenly below 1 T

while above the increase of the slope of the magnetization curve is constant. Altogether,

this indicates a crossover into a new phase as a function of external field at 1 T.

Single crystal INS was also measured at several magnetic fields up to 7.5 T on the

OSIRIS spectrometer at ISIS, Oxford. Figures 5.21 and 5.22 show the magnetic ex-

citations as a function of wave vector transfer along the two perpendicular directions

[h, −h, 0] and [h, h, 0] and energy transfer plotted alongside the corresponding spin wave

calculations. The rich features in the excitations at intermediate fields are described

in section 5.3.2. The INS data essentially shows the transition between broad diffuse

excitations at zero field and sharpened spin wave like excitations at 7.5 T. The cal-

culated neutron scattering cross section from spin wave theory shows the formation of
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Figure 5.21: (first row) OSIRIS spectra plotted as a function of wave vector transfer along [h, −h, 0] and energy transfer. The data was
taken at various magnetic fields H||c = 0 − 7.5 T and at a temperature of T ≤ 220 mK. (second row) The corresponding
intensity maps calculated with spin wave theory for the kagome bilayer model convolved with an energy resolution of
∆E = 0.25 meV to make them comparable to the data. (third row) The same calculations for the coupled hexagons
model.

126



5.5
S
p
in

W
av

e
an

aly
sis

Figure 5.22: The OSIRIS spectra (first row) and the spin wave theory simulations for the [h, h, 0] direction. (Second row) Kagome
bilayer model simulations. (Third row) Coupled hexagons model simulations.
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5 Magnetic excitations in Ca10Cr7O28

well defined modes at H = 1 T. Further it is evident that the simulations are already

gapped at a field of 2 T. This was not observed in the INS data where the broadened

excitations overlap with the elastic scattering background up to a field of 5 T and are

clearly gapped only at 7.5 T. As expected, spin wave theory fails to model the diffuse

excitations at H = 0 T but as the field is increased the agreement between the spin wave

theory simulation and the data continuously improves. In particular the knot observed

at (2,-2,0) which moves upwards with increasing field according to the Zeeman term in

the Hamiltonian is nicely reproduced.

5.5.4 Discussion

Since the kagome bilayer and the coupled hexagon models fit all the data with comparable

accuracy their differences and similarities have to be discussed in detail. Comparing the

two models it seems reasonable that they can both describe the data well since their basic

structure is the same. To demonstrate this first an individual kagome layer as shown

in figure 5.23 will be described and then it will be shown how these layers are coupled

together in both cases.

An individual kagome layer consists of AFM triangles which are coupled via their

corners to FM triangles in the ab plane. It should be noted that the FM coupling is

always stronger than the AFM coupling. Without further couplings the 3 spins per FM

triangle point in the same direction forming an effective S-3/2 object (three Cr5+ ions

each carrying S-1/2). The resulting 2D magnetic structure is an AFM triangular lattice

of S-3/2 objects. The S-3/2 triangular lattice with Heisenberg interactions is not very

frustrated and if it were realized in Ca10Cr7O28, long range magnetic order in zero field

should have been observed within the measured temperature range [93].

The additional frustration which prevents this compound from ordering is only realized

through the couplings J0 or J11 and J12 respectively. Figure 5.16 shows that in both

models there is always a FM triangle coupled to an AFM triangle in the adjacent layer.

In the kagome bilayer model this is realized through the intrabilayer coupling J0 while

in the coupled hexagons model the FM and AFM triangles are coupled via J11 and

J12 which form the sides of the hexagon. Because of this additional coupling neither

the FM nor the AFM triangles can realize their intrinsic spin arrangement which causes

additional frustration of the magnetic coupling.

Although the absolute values of the exchange couplings in the two models are quite

similar, the arrangement of which Js are AFM and which are FM has to be different

for the two models. The reason is that the triangles which sit on top of each other are

different in the two models. In the hexagon model J31 is placed on top of J32 but in

the kagome model J31 is placed on top of J21 (and J22 on top of J32 respectively).

Only with the Js given in table 5.3 can the common theme in the two models (which
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Figure 5.23: The underlying kagome singlelayer structure found in both the kagome bi-
layer and the coupled hexagons model where the green bonds are ferromag-
netic and the blue dashed bonds are antiferromagnetic. The c axis points
out of plane. The orange triangles and the black arrows show the 120° order
of the effective S-3/2 triangular lattice.

is FM triangles coupled to AFM triangles) be realized. The bond lengths of the two J2

and the two J3 couplings are similar within 2%. The Cr-O-Cr bond angles along the

superexchange paths are very similar for the J21 and J22 (J31 and J32) bonds, too,

but clearly different for the J21 and J31 (J22 and J32) bonds. The very similar bond

distances and angles for the bonds labeled J21 and J22 (J31 and 32) point to a similar

magnetic coupling along these bonds. This is true for the fitted Js of the kagome bilayer

model but not for the ones of the coupled hexagons model. In the latter model a strong

FM coupling and a weak AFM coupling were obtained for the two versions of J2 which

is unlikely for such a similar bond. Thus, it seems more likely that the kagome bilayer

coupling model is realized in Ca10Cr7O28.

Other models which were used to fit the spin waves include the coupled hexagon model

with a single J1 parameter (J1 = J11 = J12) and a 3D coupling model built from the

parameters of the kagome bilayer model and non-zero J11/J12. In the coupled hexagons

model with a single J1 the lowest energy mode at 11 T is not degenerate anymore. This

leads to considerably worse agreement between the fit and the data. The simulated

ground state in zero field of this model is also different. The 120° structure in the AFM

triangles is not stable against the single J1 coupling which was fitted to a ferromagnetic

value. This ferromagnetic J1 results in a ferromagnetic alignment of all spins within the

hexagon which cannot reproduce the observed magnetic excitations. The 3D model was

ruled out earlier because of the dispersionless magnetic excitations observed along the l

direction but it can still be tried to fit the in-plane dispersion with this model. In the

3D model J11 and J12 are fitted to comparable values to those of the coupled hexagons
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model, one being FM and the other AFM. In this model the AFM and FM interaction

can be swapped between J11 and J12 without changing the spin wave spectra because

the frustration is anyway created within the kagome bilayer. The goodness of fit of

the 3D model is the same as for the kagome bilayer model when fitting the in-plane

dispersions. Therefore one cannot exclude a small finite coupling along the c axis from

the spin wave fitting alone.

Altogether it seems that the kagome bilayer model is the only one which agrees in

all details with the observed properties of Ca10Cr7O28. It should be mentioned that

the fitted exchange constants Jij for both this model as well as the coupled hexagons

model are in good agreement with the constraint |Ji| ≤ 1.5 meV, but not with the Curie-

Weiss temperature of θCW ≤ ±3 K. The sum of the exchange interactions calculates to

|∑ JKagome| = 10.62 K and |∑JHexagon| = 10.20 K respectively. This either questions

the accuracy of the determination of the Curie-Weiss temperature, or if linear spin wave

theory is appropriate to describe the excitations in the 11 T phase which might not

be fully polarized yet. Furthermore, linear spin wave theory is only valid if the spin

deviations in the ordered phase are much smaller than the total spin (n ≪ S). For Cr5+

with spin-1/2 this might not be true and could explain the observed differences between

spin wave calculations and experimental results.

5.6 Functional Renormalization Group

An alternative theoretical method that does not rely on the presence of long-range mag-

netic order and which can handle quantum fluctuations is the Functional Renormaliza-

tion Group (FRG) method [89, 94–96]. This method was applied to Ca10Cr7O28 by

Prof. Johannes Reuther to provide further insight into the ground state. In particular

the question is why Ca10Cr7O28 fails to develop long-range order in spite of the presence

of substantial FM interactions.

The FRG method for spin-1/2 systems may be applied to general two-body spin Hamil-

tonians of the form

H =
∑

i,j,µ

Jµ
ijSµ

i Sµ
j (5.2)

where Sµ
i (with µ = x, y, z) is the µ-component of a spin operator acting on site i. The

exchange couplings are denoted by Jµ
ij . In the FRG approach the spin operators are first

rewritten in terms of fermion operators,

Sµ
i =

1
2

∑

αβ

f †
iασµ

αβfiβ , with α, β =↑, ↓ . (5.3)
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...

Figure 5.24: Rows 1 to 3 show the flow of the self-energy, the two-particle vertex and the
three-particle vertex. The flow of the self-energy couples to the two-particle
vertex. The flow of the two-particle vertex couples to itself in a number of
terms and to the three-particle vertex. The flow of the three-particle vertex
in turn couples to higher vertices (not shown). The approximation consists
of setting the three-particle vertex to zero.

Here f
(†)
iα is a fermionic operator annihilating (creating) a fermion with spin α on site i and

σµ are the Pauli matrices. This representation fulfills the correct commutation relations

of spin operators, i.e., [Sµ
i , Sµ′

j ] = iδijǫµµ′µ′′Sµ′′

i . The advantage of expressing the spin

operators in terms of fermions is that one can now make use of the simpler fermionic

anticommutation relations {fiα, f †
jβ} = δijδαβ . Inserting Eq. (5.3) into Eq. (5.2) yields a

Hamiltonian consisting of terms with four fermion operators. This Hamiltonian can now

be treated using Feynman manybody techniques. In particular, each physical observable

such as the spin-spin correlator 〈~Si
~Sj〉 can be expanded as an infinite series of Feynman

diagrams, where each diagram describes the amplitude of a certain scattering process of

the fermions fiα. The remaining task is to sum up as many diagrammatic contributions

as possible to capture the physical properties of a spin system. In that context, the FRG

provides an efficient way to perform such summations.

The FRG first introduces an energy (or frequency) cutoff Λ (note that even though

Λ is an artificial cutoff scale, it shares many properties with the temperature T ). This

way a certain Feynman diagram only contains contributions to a fermionic scattering

process with energies larger than Λ. The analogy with temperature is that at a given

T you can only observe excitations with an energy larger than T . Excitations with

an energy smaller than T are smeared out by the temperature. As a consequence, all

many-particle scattering amplitudes acquire a Λ dependence such as the one-particle

scattering vertex (or self-energy), the two-particle vertex, the three particle vertex, etc.

(see figure 5.24). The FRG now takes the form of differential equations for all amplitudes

under the evolution of Λ. In practice, this yields an infinite set of differential equations

which are strongly coupled among each other. In order to solve these equations, one
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5 Magnetic excitations in Ca10Cr7O28

Figure 5.25: (a) In-plane inelastic neutron scattering intensity at E = 0.25 meV plot-
ted on isotropically scaled axes. The Brillouin zone boundaries are drawn
in the figure for clarity (black lines). They correspond to the conventional
unit cell. In addition the extended (4th) Brillouin zone is shown (red dashed
lines). The red points of high intensity outside the color scale are phonons
dispersing from Bragg peaks. (b) Q-space resolved FRG susceptibility pro-
file at Λ = 0. Small maxima can be seen at the corners of the Brillouin zone
indicated by the yellow arrow.

needs to perform approximations. Most commonly, one neglects all three-particle (and

higher) scattering vertices. Types of orders involving three spin operators such as chiral

order 〈(~Si × ~Sj)~Sk〉 are therefore excluded by this method. On the other hand, one-

and two-particle scattering processes are not further approximated. This allows one

to investigate magnetic properties of a given spin system. As the central outcome, the

FRG computes spin-spin correlations and static susceptibilities which determine whether

a model exhibits magnetic order or not. In particular, this method goes far beyond mean-

field approaches such that the competition between magnetic ordering tendencies and

quantum fluctuations can be studied in an unbiased way.

The FRG susceptibility and the dynamical structure factor measured by the neutron

scattering cross section are proportional. The main difference is that the susceptibility

is calculated at E = 0 but the magnetic excitations are measure at finite and positive

energy transfer. To minimize this mismatch, the susceptibility is compared to the low

energy transfer neutron scattering signal in the zero field ground state. Figure 5.25 shows

the E = 0.25 meV INS data from MACS II alongside with the susceptibility calculated
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Figure 5.26: (a) Flow of the largest Q component of the magnetic susceptibility. The
flow behavior is smooth to Λ = 0. Small oscillations below Λ ≈ 0.1 are
due the frequency discretization. (b) χmax position as a function of Λ. The
corresponding maximum is marked with a yellow arrow in Fig. 5.25

for the kagome bilayer Hamiltonian at Λ = 0.

The calculated susceptibility profile nicely matches the ring like scattering in between

the nuclear Bragg peaks. The intensity is periodic within the 4th Brillouin zone which

corresponds to the unit cell of the effective triangular lattice in real space. The sus-

ceptibility around the ring is modulated with small maxima at the corners of the 1st

Brillouin zone. The maxima of χ correspond to the positions where the 120° order of the

triangular lattice would exhibit sharp peaks. In Ca10Cr7O28 the magnetic structure is

based on the triangular lattice (see section 5.5.4) but with further intrabilayer interac-

tions destroying the long-range ordered state. This is reflected in the broad and diffuse

signal both in the INS data as well as in the FRG susceptibility. There is some excess

intensity visible around the (2,1,-1) nuclear Bragg peak in the INS data. This might

be due to some non-magnetic scattering from the sample or sample environment (elastic

and/or inelastic).

The flow of the maximum of the susceptibility χmax as a function of the RG parameter

Λ is plotted in figure 5.26(a). It can be compared to the susceptibility measurement

of Ca10Cr7O28 in Fig. 4.13. The FRG susceptibility clearly shows the absence of any

long-range order phase transition. The curve for χmax is smooth in the whole range of

the RG parameter Λ with small oscillations observed below Λ ≈ 0.1. These are caused

by the frequency discretization which is irrelevant for the interpretation of the results.

Magnetic order would show up as a pronounced kink at finite Λ. Since χmax does not

order the susceptibility will not show order anywhere else either in agreement with the

experimental data.

The [h, h, 0] and [h, −h, 0] components of the χmax position as a function of Λ are
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5 Magnetic excitations in Ca10Cr7O28

plotted in figure 5.26(b). They correspond to the maximum position marked with a

yellow arrow in the susceptibility profile lying roughly on the corner of the 1st Brillouin

zone. At Λ = 0 the maximum position is already shifted inwards. This is caused by the

additional FM intrabilayer interaction creating the frustration and driving the system

incommensurate. In the ideal triangular lattice the maxima would lie exactly on the cor-

ners of the 1st Brillouin zone (h = 4/3). The RG parameter Λ behaves like a temperature

and it is scaled with the largest exchange coupling parameter J21. With increasing Λ

the maximum position moves toward the center of the hexagon up to Λ ≈ 0.5 where it

reaches the center and remains stable at this position. Hence, Fig. 5.26(b) suggests that

the magnetic correlations become increasingly ferromagnetic at higher temperatures.

The magnetically disordered ground state is stable over a large region in the J0−J21−
J22 − J31 − J32 parameter space. In a simplified model (J21 = J22 = −1, J31 = J32)

the J0/J2 − J3/J2 phase diagram has been calculated which still reveals the absence of

magnetic order everywhere although a general tendency towards order can be observed

in this simplified model. It seems that the asymmetry in the magnetic coupling due

to the splitting of J2 and J3 into two different couplings each stabilizes the disordered

ground state.

Since the FRG result nicely matches the INS data, the magnetic Hamiltonian for

Ca10Cr7O28 as described by the kagome bilayer model could be confirmed. For the

coupled hexagons model which is unlikely to be realized in Ca10Cr7O28 as described in

section 5.5.4 it would not be straightforward to repeat the same calculations. The two

different J1 couplings break the point symmetry within in the kagome plane which is

used to calculate the spin-spin correlations.

5.7 Conclusion

The magnetic excitation spectra of Ca10Cr7O28 were presented in this chapter which at

base temperature range from broad and diffuse scattering in zero field to weakly disper-

sive spin waves in the polarized state at 11 T. Analyzing the zero field powder spectra

by applying the First Moment Sum Rule has shown that there are several magnetic ex-

change paths in Ca10Cr7O28 which are potentially competing with each other. In the

long-range ordered phase at H = 11 T the single crystal excitation spectra could be

successfully fitted with linear spin wave theory and the magnetic exchange interactions

have been extracted. The best agreement was achieved for the kagome bilayer model.

The coupled hexagons model, which could reproduce the experimental data equally well,

is unlikely to be realized on Ca10Cr7O28 since it ascribes opposite sign interactions to

otherwise very similar bonds.

The magnetic coupling in Ca10Cr7O28 turned out to be rather complex. The complex-

ity partly stems from the large unit cell with two different Cr5+ positions which leads to
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Figure 5.27: Frustrated motif in Ca10Cr7O28. Shown are two adjacent opposite-sign tri-
angles of Cr5+ ions and their intrinsic spin arrangements. The couplings J0
(red) and J2 (green) are ferromagnetic while J3 (blue) is antiferromagnetic.

a splitting of the Cr-Cr distances into pairs with slightly different bond lengths. For the

spin wave fitting the 7 shortest Cr-Cr distances were used. Despite this complexity, the

source of the frustration in Ca10Cr7O28 can be attributed to a simple motif. It occurs

when an AFM triangle is coupled to a FM triangle via a weak ferromagnetic interaction

as shown in figure 5.27. In this arrangement neither of the triangles can realize their

intrinsic spin arrangement which destroys the long-range magnetic order as well as sharp

magnon modes in Ca10Cr7O28 and leads to broad and diffuse excitations. As shown in

this chapter this motif forms a 2D bilayer structure where an individual layer consist of

AFM triangles which are coupled via their corners to FM triangles in a kagome-like ar-

rangement. The two layers that form the bilayer are then arranged so that FM triangles

lie above AFM triangles and vice versa.

Based on the Hamiltonian obtained at 11 T the classical ground state for Ca10Cr7O28

was calculated which yields a distorted magnetic structure that is close to 120° order in

the kagome planes characterized by the ordering wavevector k = [0.3024, 0.3024, 0]. The

FM triangles can be thought of as effective S-3/2 spins which are coupled by the AFM

interactions into an AFM triangular lattice in an individual layer (cf. figure 5.23). The

S-3/2 triangular lattice has been studied extensively and two examples are the ideal trian-

gular lattice CuCrO2 and the distorted triangular lattice α-CaCr2O4 which has slightly

different bond lengths in the triangular plane. Both compounds show commensurate

120° order below TN = 24.0 K (θCW = −202 K) for CuCrO2 [97] and TN = 42.6 K

(θCW = −564 K) for α-CaCr2O4 [98] respectively and fairly sharp spin-wave excita-

tions. They are both well described by linear spin wave theory at zero-field. Since the

S-3/2 triangular lattice is expected to develop long-range order, the absence of order

in Ca10Cr7O28 can be ascribed to the additional frustration from the FM intrabilayer

coupling J0. To compare the amount of frustration between these compounds their

frustration parameters f will be calculated. Here f will be derived from the ratio of

the energy scale probed by inelastic neutron scattering and the ordering temperature

(f = Emax/TN ). This allows f to be obtained even for compounds which exhibit a mix-

135



5 Magnetic excitations in Ca10Cr7O28

ture of FM and AFM interactions. Using the Curie-Weiss temperature as an indication

for the energy scale would produce erroneous values for f since opposite sign interactions

cancel out each other in the susceptibility. For CuCrO2, excitations were observed up to

9 meV which results in f = 4.6 [99]. For α-CaCr2O4 the excitations reached up to 37 meV

and the frustration parameter yields f = 10.1 [100]. Since in Ca10Cr7O28 no order was

observed down to the lowest measured temperature of 19 mK, only a lower limit for the

frustration parameter can be given. Using Emax=1.5 meV=17.4 K from the powder INS

data, the frustration parameter yields f > 916 which reveals that Ca10Cr7O28 is highly

frustrated.

Further confirmation of the magnetic Hamiltonian of Ca10Cr7O28 is given by the re-

markable agreement of the ground state to Functional Renormalization Group simula-

tions based on the experimentally obtained magnetic couplings. In addition, the FRG

calculations could show that the absence of long-range order is stable against moderate

variations of the exchange interaction parameters within this model and that the asym-

metry in the interactions between the two kagome layers further stabilizes the disordered

ground state in comparison to a symmetric model.

The |Q| range where the powder intensity comes down to the elastic line which was

found in section 5.2 to be |Q| = 0.231−0.304 Å−1 can be compared with the |Q| range of

the ring-like scattering seen in the single-crystal data. In the (h, k, 0) plane at 0.25 meV

the diffuse scattering lies in the range |Q| = 0.225 − 0.421 Å−1 (cf. Fig. 5.25(a)). This

intensity distribution was reproduced by FRG calculations and its range in reciprocal

angstrom yields |Q| = 0.252 − 0.357 Å−1 (cf. Fig. 5.25(b)). These values deviate from

the ideal triangular lattice with the ordering vector k = [1/3, 1/3, 0] and |Q| = 0.389 Å−1

using the lattice parameters of Ca10Cr7O28. The incommensurate ordering vector de-

duced from simulating the classical ground state with Linear Spin-Wave Theory was

obtained as k = [0.3024, 0.3024, 0]. This corresponds to a length of |Q| = 0.353 Å−1.

Both experimental results from single-crystal and powder data together with the FRG

simulation consistently point to a smaller |Q| value compared to the 120° order of the

triangular lattice. This is in agreement with the incommensurate magnetic structure

suggested by the linear spin wave theory calculation for the classical ground state.

Ring like scattering comparable to the E = 0.25 meV excitations in Ca10Cr7O28 has

also been observed in the spin-1/2 kagome compound Herbertsmithite [29] at low energy

transfers around 6 meV. The nearest-neighbor Heisenberg coupling in Herbertsmithite

was found to be J = 17 meV thus the constant energy scattering at 6 meV in Her-

bertsmithite can be compared to the excitations at 0.25 meV in Ca10Cr7O28 where the

dominant coupling is -0.76 meV. Both probe similar low energy excitations at approxi-

mately 1/3rd of the magnetic energy scale. Interestingly, the ring like scattering shows a

different periodicity in Herbertsmithite which is based on the unit cell of the kagome lat-

tice whereas the periodicity in Ca10Cr7O28 is given by the larger effective S-3/2 triangular
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lattice. The diffuse low energy excitations in Herbertsmithite could also be modeled by

FRG calculations [82].

The question remains why despite the strong FM interactions and the absence of

anisotropy there was no long range magnetic order observed in Ca10Cr7O28 down to

19 mK. To understand how frustration and diffuse scattering arise in Ca10Cr7O28 it is

interesting to make the comparison to other frustrated magnets. In the last 30 years

kagome arrangements of magnetic ions were found in a number of minerals, of which the

most well-known are Herbertsmithite [29, 79, 101] and the Jarosite family [102]. Further

minerals containing kagome lattices are Kapellasite [103], Vesignieite [86] and Volbor-

thite [104]. These compounds show no anisotropy in the magnetic coupling either, but

are based on only nearest neighbor AFM interactions and unlike Ca10Cr7O28 do not

have FM interactions. A class of frustrated magnets featuring FM interactions are the

spin ice compounds based on the pyrochlore lattice [105]. Examples include dyspro-

sium titanate Dy2Ti2O7 [26], holmium titanate Ho2Ti2O7 [106] and holmium stannate

Ho2Sn2O7 [107]. The magnetic coupling in these compounds is based on FM (dipo-

lar) interactions. The frustration arises from the competition between the ferromagnetic

coupling and the strong, easy-axis (Ising-like) anisotropies. Ca10Cr7O28 can be placed

somewhere between the spin ice and the kagome compounds. Ferromagnetic interactions

do usually not compete in the absence of anisotropy therefore the source of frustration

in Ca10Cr7O28 must be due to the AFM interactions. Although they are weaker than

the FM interactions, the peculiar coupling of AFM and FM triangles from neighboring

layers seems to be enough to prevent this compound from ordering and to destroy sharp

magnon excitations.
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6 Magnetic properties of (NO)[Cu(NO3)3]

In this chapter a new quantum spin chain, (NO)[Cu(NO3)3], will be introduced which is

a potential realization of Nersesyan-Tsvelik model [6]. This model is interesting because

it approaches the ideal one-dimensional quantum magnet from a new perspective based

on highly frustrated interchain coupling.

The magnetic properties of the one-dimensional spin-1/2 Heisenberg antiferromagnetic

chain (S-1/2 HAFC) are described by the simple Hamiltonian

H1D = J
∑

i

Si · Si+1. (6.1)

Here i is the site index along the chain and J is the antiferromagnetic nearest-neighbor

exchange interaction in chain direction. The absence of long-range magnetic order for

T > 0 was postulated by H. Bethe in 1931 who constructed the eigenstates of the S-
1/2 HAFC with what is nowadays called the "Bethe Ansatz" [32]. Further, this model

lies at the Luttinger Liquid quantum critical point where the long-range magnetic order

is destroyed by quantum critical fluctuations which give rise to algebraically decaying

correlations [108, 109]. Despite the simple Hamiltonian the one-dimensionality implies

the possibility of complex excitations. The fundamental excitations are spinons, which

unlike conventional spin-waves, possess a fractional spin quantum number (S-1/2) and

are restricted to creation in multiple pairs [110].

The main question is the extent to which such a non-classical ground state can survive

in higher dimensions, since real materials always exhibit finite magnetic coupling along

further directions. It turns out that even an infinitesimal interchain coupling gives rise to

long-range magnetic order at suppressed but finite temperatures. The interchain coupling

also affects the excitation spectrum and below TN the spinons become confined resulting

in spin-waves and a longitudinal mode at low energies [111, 112]. A well-studied quasi 1D

model material showing the effects of weak interchain coupling is KCuF3 (see e.g. [113–

115]). On the other hand it is well established that frustration suppresses long-range

magnetic order and can often drive it incommensurate. An example is the Nersesyan-

Tsvelik model [6] where S-1/2 HAFCs are coupled in a plane by a frustrated combination

of antiferromagnetic nearest-neighbor (J ′) and antiferromagnetic next-nearest neighbor

(J2) interchain interactions as shown in figure 6.1. This model is particularly interesting
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Figure 6.1: Schematic representation of the Nersesyan-Tsvelik model with the chain cou-
pling J . The interchain coupling J ′ is perpendicular to the chains while J2

couples two chains along the diagonals. A similar spin model is realized in
the bc plane of (NO)[Cu(NO3)3]

for the limit of weakly coupled chains with the special ratio of the interchain couplings

of J ≫ J ′ = 2J2 known as the Nersesyan-Tsvelik point. Due to the diagonal coupling

the two antiferromagnetic exchange paths cannot be satisfied simultaneously and the

bonds between neighboring chains are maximally frustrated. Therefore the interchain

interactions effectively cancel completely suppressing long-range order. Technically, the

condition J ′ = 2J2 removes the effective mean field of the interchain coupling and sup-

presses the long-range Néel order at lowest temperatures [116]. The ground state at the

Nersesyan-Tsvelik point has variously been predicted to be a resonating valence bond

[117], a valence bond crystal [118] or a gapless spin liquid [119]. Calculating the phase

diagram of the Nersesyan-Tsvelik model shows that close to the special ratio J ′ = 2J2

dimerized phases might also exist [120].

The well-studied J1 − J2 antiferromagnetic square lattice is a special case of the

Nersesyan-Tsvelik model where the horizontal and vertical couplings J and J ′ are both

equal to the nearest-neighbor coupling J1, which coexists with the diagonal next-nearest-

neighbor coupling J2. Depending on the ratio between J1 and J2, the J1 − J2 square

lattice exhibits a variety of Néel ground states with different degrees of frustration. There

is a narrow region between the ordered phases in the range 0.4 < J2/J1 < 0.6 where

magnetic order is suppressed and a spin liquid ground state is expected [121]. However,

the experimental realization of this model is still lacking.

The motivation to investigate the Nersesyan-Tsvelik model is the prediction of a sim-

ilar spin-liquid ground state for this coupling scheme. The special geometry of the

Nersesyan-Tsvelik model results in decoupled chains at the special point J ′ = 2J2 where

the interchain coupling is highly frustrated. At first glance it may seem unlikely to find

a material which realizes this peculiar fine tuning of magnetic exchange couplings but

the topology of the magnetic interactions in (NO)[Cu(NO3)3] suggests that it could in-

deed be a realization of the frustrated Nersesyan-Tsvelik model which lies close to the
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Figure 6.2: (a) Crystal structure of (NO)[Cu(NO3)3] in the bc plane: orange plaquettes
represent CuO4, blue triangles NO−

3 and dumbbells NO+. The exchange
paths are indicated. (b) Crystal structure in the ab plane. The thin black
lines outline the elongated CuO6 octahedra.

Nersesyan-Tsvelik point.

The crystal structure of (NO)[Cu(NO3)3] was determined from a single-crystal X-ray

diffraction study to be monoclinic with the space group P21/m. The lattice parameters

are a = 4.658(1) Å, b = 11.102(3) Å and c = 7.009(2) Å while the monoclinic angle is

β = 100.83(2)° [122]. (NO)[Cu(NO3)3] is an unusual chemical composition because the

nitrosonium cation NO+ forms a mixed salt with the magnetic Cu2+ cation. Charge

neutrality is only achieved with the nitrate anions NO−
3 . The Cu2+ ions are coordinated

by a strongly elongated octahedral complex which effectively yields a distorted square

planar environment for Copper shown in figure 6.2. Copper is coordinated by four

Oxygen atoms, one from four different NO−
3 groups each. These CuO4 plaquettes lie

predominantly in the bc plane with their normal vector in the ac plane pointing 20°

off from the a axis. In addition, these plaquettes are staggered along the b axis with

the ac plane in between two plaquettes being a mirror plane. Therefore the average

b component of the normal vector is 0. The in-plane Cu-O distance varies between

1.943 − 1.985 Å and the Cu-O distance to the apical oxygen is significantly larger at

2.539 Å. The crystallographic unit cell includes two Cu2+ ions along the b axis and one

along a and c respectively (this results in 2 formula units per unit cell).

Concerning its magnetic properties, (NO)[Cu(NO3)3] can be described by layers in the

bc plane which are only weakly coupled along the a axis. The structure of one layer is

shown in figure 6.2(a). Along the horizontal b axis there exists a presumably strong anti-

ferromagnetic superexchange path J between S-1/2 Cu2+ ions via nitrate groups (NO−
3 )

forming infinite chains of CuO4 plaquettes. Strong magnetic exchange interactions are

assumed along this direction because neighboring Cu plaquettes are directly connected
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via planar NO−
3 groups. Furthermore the unpaired electron in the square planar configu-

ration of Cu2+ is expected to appear in the dx2−y2 orbital which lies in the bc plane. The

chains of Cu2+ plaquettes are weakly coupled in the bc plane via NO+ units which are

located between the chains in c direction. The J2 exchange path runs diagonally from

one chain to another via a single NO+ group. The J ′ exchange coupling runs parallel

to the c axis and consists of contributions from two equivalent superexchange paths via

NO+ units. It turns out that the bond angles and bond distances are equivalent for J ′

and J2 with the difference that for the diagonal exchange J2 there is a contribution from

only one exchange path via NO+ which is equivalent to either of the two J ′ exchange

paths. Therefore the two interchain exchange paths should have the ratio J ′ = 2J2,

assuming that the interchain coupling is proportional to the number of NO+ units. This

assumption is based on the rationale that the interchain couplings run exclusively via

NO+ groups and not via the out-of-plane NO−
3 groups which appear less favorable but

can however contribute to the exchange along J ′. These out-of-plane NO−
3 groups point

in different directions and their centers are therefore rather far away from each other

(∼7 Å). Thus the coupling along this path is expected to be weak.

The crystal structure in the ab plane is shown in figure 6.2(b). The interlayer coupling

Ja along the a axis runs through two equivalent NO−
3 groups which include the apical

Oxygen at the tip of the CuO6 octahedra with a large Cu-O distance of 2.539 Å. In

comparison, the NO−
3 groups for the exchange along b include the Oxygen from the in-

plane CuO4 plaquette at a much shorter Cu-O distance of 1.985 Å. These connect two

neighboring plaquettes along b, while the nitrate groups in a direction are connected

to one plaquette only. Further the the dz2 orbital which is oriented along the apical

a axis is magnetically inactive in the square planar geometry of Cu2+. Therefore the

interlayer coupling along the a axis is assumed to be very weak. Putting it all together,

the topology of the magnetic coupling in (NO)[Cu(NO3)3] is able to include the condition

J ≫ J ′ = 2J2, Ja = 0 of the Nersesyan-Tsvelik model. However, exchange interactions

are in general a very complex problem especially regarding the geometry of superexchange

paths and the assumptions made here have to be handled with care. On the other hand

the experimental findings presented in this chapter concur with (NO)[Cu(NO3)3] having

frustrated interchain interactions in agreement with J ′ ≈ 2J2.

At the beginning of this study there were only 2 papers published about the mag-

netic properties of (NO)[Cu(NO3)3]. The first characterization of (NO)[Cu(NO3)3] was

performed by O. Volkova et al. in 2010 [123]. The specific heat was measured down to

2 K which revealed no transition to long-range magnetic order in the measured temper-

ature range. An upturn at low temperature was observed which could be moderately

suppressed by an external magnetic field. Because of the magnetic field dependence, this

upturn was believed to be the shoulder of a Schottky anomaly centered at an even lower

temperature. Fitting the specific heat data to a two level Schottky system yields a gap
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Figure 6.3: Temperature dependence of the magnetic susceptibility of (NO)[Cu(NO3)3]
measured at H = 0.1 T. The data is taken from Ref. [123].

value of ∆ ≈ 5 K. Since the anomaly was not fully covered in the measured tempera-

ture range it was not further investigated at that time and no indication of its intrinsic

origin was given. The temperature dependence of the magnetic susceptibility between

1.8 - 300 K with an applied field of 0.1 T oriented in the bc plane was also measured.

The susceptibility of (NO)[Cu(NO3)3] which is reproduced in figure 6.3 goes through a

broad and weak maximum at 100 K and exhibits a pronounced Curie-type upturn below

25 K. The upturn at low temperatures could not be explained but the broad maximum

was ascribed to short-range magnetic correlations typical for a one-dimensional magnetic

system. Again no transition to long-range magnetic order was observed

Furthermore, electron spin resonance (ESR) data were presented in the temperature

range 3.4 - 300 K at a fixed frequency of ν = 9.5 GHz for two field orientations. Measure-

ments were performed with the external magnetic field parallel and perpendicular to the

average CuO4 plaquette orientation. The g-factors calculated from the resonance field

yielded g|| = 2.06 and g⊥ = 2.36 for the two orientations, which are typical values for

Cu2+ ions in square planar configuration [124]. In (NO)[Cu(NO3)3] the direction perpen-

dicular to the CuO4 plaquettes where g is maximal lies in the ac plane 20° from the a axis

and 59° from the c axis which together make up the monoclinic angle β = 100.8°. The

intrinsic spin susceptibility could be calculated from the integrated intensity of the ESR

signal. For both field directions the ESR intensity versus temperature shows very similar

behavior. A broad maximum at 100 K comparable to the magnetic susceptibility was

observed while the Curie-type increase below 25 K is absent in the ESR data. However,

after subtraction of a Curie contribution from the magnetic susceptibility it resembles

the spin susceptibility derived from ESR spectra reasonably well. Assuming J ′ = 2J2
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the spin susceptibility was calculated by exact diagonalization for different ratios of in-

terchain to intrachain coupling (J ′/J) reaching best agreement with the ESR data for

−0.05 < J ′/J < 0.09. This places (NO)[Cu(NO3)3] in the weak-coupling regime and it

also implies that the interchain coupling can be either ferromagnetic or antiferromag-

netic. Using the Bonner-Fisher result for the perfect Heisenberg chain [125] the coupling

along the chain direction was calculated to be J = 170 K from ESR data. To recon-

cile the large antiferromagnetic J with the absence of long-range magnetic order it was

claimed that (NO)[Cu(NO3)3] is strongly frustrated and realizes the Nersesyan-Tsvelik

model.

In the second publication by O. Janson et al. [126] density-functional-theory band-

structure calculations were presented which support the picture of (NO)[Cu(NO3)3] being

a 1D S-1/2 HAFC compound with an even higher intrachain exchange coupling of J ≈
230 K along the b axis. These calculations however suggest weak but non-frustrated

interchain couplings J ′ < 3 K and J2 ≪ J ′ which are furthermore likely to run along

the a instead of the c axis. They propose a model of weakly-coupled uniform chains

however they admit that it does not agree well with the the spin susceptibility below

80 K obtained from ESR. From the comparison of the obtained coupling parameters

J ′/J of (NO)[Cu(NO3)3] to other 1D chains they propose that (NO)[Cu(NO3)3] will

show long-range magnetic order at TN < 5 K, possibly below the temperature range

investigated so far. Both O. Janson et al. and O. Volkova et al. mention the possibility

of a staggered anisotropy in (NO)[Cu(NO3)3] because of the staggered orientation of the

Cu plaquettes along the chain.

During the investigation of (NO)[Cu(NO3)3] described in this thesis a third article

was published exploring the magnetism in (NO)[Cu(NO3)3] by means of Raman scatter-

ing [127]. The Raman data show a broad scattering continuum in addition to phonon

modes which was attributed to magnetic scattering. In a 1D chain compound this kind

of broad maximum may be due to Raman scattering on free spinon excitations [128].

The exchange coupling along the chain was calculated from the maximum position of

the broad scattering as J ≈ 150 K. The Raman data is interpreted as supporting a

frustrated scenario in (NO)[Cu(NO3)3] but hints at possible dynamic dimerization were

found as well. Strong phonon anomalies together with an observed suppression of mag-

netic scattering below T ∗ ≈ 100 K were attributed to the dynamical interplay of spin

and lattice degrees of freedom that might lead to an instability at low temperatures.

These incomplete and somewhat inconsistent results call for further characterization

of the magnetic properties of (NO)[Cu(NO3)3]. In this chapter a detailed investigation

via magnetization, susceptibility, heat capacity, neutron diffraction and muon spin spec-

troscopy (µSR) measurements is presented. Fitting the susceptibility data to the S-1/2

HAFC model yields J = 149(1) K, whereas specific heat and µSR reveal a transition to

long-range magnetic order at the highly suppressed Néel temperature of TN = 585(5) mK.
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6.1 Bulk properties

The magnetic order is found to be sinusoidally modulated with a reduced ordered moment

suggesting the presence of frustrated interactions consistent with the Nersesyan-Tsvelik

model close to the special ratio J ′ = 2J2.

6.1 Bulk properties

The bulk properties measurements presented in this section were performed to extend

the previously reported examination of (NO)[Cu(NO3)3]. The magnetization curve was

recorded to check for the behavior of (NO)[Cu(NO3)3] under magnetic field. The mag-

netic susceptibility was remeasured with higher resolution and under rotation in the ac

plane to look for the presence of a staggered anisotropy as discussed in Refs. [123] and

[126]. The heat capacity measurement was extended down to lower temperatures and its

magnetic field dependence up to 9 T was explored.

6.1.1 Sample preparation

Single crystals of (NO)[Cu(NO3)3] were obtained by means of wet chemistry. The crystals

were grown from a solution of metallic copper which was dissolved at 80°C in water-free

HNO3 enriched with N2O4 and N2O5. The obtained mixture was sealed in evacuated

glass ampoules and the crystallization took place in the ampoules via a slow cooling

process from 80°C to 0°C over two weeks. During that time the amount of the liquid

phase decreased continuously until it completely disappeared and, at the same time,

bluish crystals were formed. The ampoules were opened after 2 weeks and the grown

crystals were decanted and dried in an evacuated desiccator filled with phosphorous

anhydride (P2O5) which acts as a strong desiccant. The dried crystals were preselected

in a glove box under nitrogen atmosphere and the ones with the best single-crystallinity

were packed into glass capillaries to protect them from air. Plate-like crystals with

dimensions (0.5 − 7) × (1 − 10) × (5 − 15) mm3 and masses between 10 and 800 mg were

obtained via that procedure (see figure 6.4(a)). The crystals are extremely hygroscopic

(the hydration process starts after a few seconds in contact with moisture) and contact

with air was prevented wherever possible. When contact with air was unavoidable efforts

were made to reduced it to a minimum.

During contact with moisture from the air the decomposition of (NO)[Cu(NO3)3] takes

places via the following chemical reaction:

(NO)[Cu(NO3)3] + H2O −−→ Cu(NO3)2 · H2O + 2 NO2 ↑ (6.2)

In the presence of water copper nitrate monohydrate (Cu(NO3)2·H2O) is formed to-

gether with gaseous nitrogen dioxide (NO2). Copper nitrate monohydrate is itself highly
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(a)

(b)

Figure 6.4: (a) Picture of a (NO)[Cu(NO3)3] single-crystal with a mass of 433 mg
and dimensions 4 × 7 × 13 mm3 in a glass capillary. The yellowish gas
is nitrogen dioxide (NO2) from the disintegration of (NO)[Cu(NO3)3] into
Cu(NO3)2·2.5H2O at the surface of the crystal. (NO)[Cu(NO3)3] crystals
have a intense blue color and the pale blue spots on the surface are due to
the decomposition. (b) X-ray Laue picture along the b axis. The c axis
is vertical and the a axis is tilted ∼11° from the horizontal because of the
monoclinic angle β = 100.8°.

hygroscopic and further decomposes to copper nitrate trihydrate (Cu(NO3)2 · 2.5H2O)

under the absorption of more water [129]. This phase is again only stable in air above

26°C and below this temperature it transforms into Cu(NO3)2 · 6H2O absorbing even

more water [130].

For each batch a few crystals were ground to powder in the nitrogen glove box which

was spread on a sampleholder and covered with polystyrene film to avoid hydration.

The phase purity of the batch was verified by X-ray powder diffraction. In addition, the

single-crystallinity of the samples was checked using X-ray Laue diffraction. Since only

the surface of the crystals is probed by the X-ray Laue technique the Laue patterns were

recorded from all sides of the crystal. The obtained patterns were checked for twinned

reflections and consistency to make sure that the crystals consist of a single crystallite

only. An example Laue picture of a good crystal with the b axis aligned parallel to the

incident beam is shown in figure 6.4(b).

Since the (NO)[Cu(NO3)3] crystals had to be exposed to air for an extended period of

time during the X-ray Laue diffraction measurement they had to be protected against

moisture. For that purpose a rather sophisticated procedure was developed based on

several protective layers. Inside a glove box the crystals were first dipped in Cytop (an
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amorphous fluoropolymer coating liquid [131]) and left drying for at least three days.

Afterwards the crystals were wrapped in a thin layer of aluminum foil and dipped again

in Cytop. After another drying period they were ready to be taken outside the glove box.

The (NO)[Cu(NO3)3] crystals treated with this procedure are stable at air for several

hours as confirmed by X-ray Laue diffraction which could produce diffraction patterns of

constant quality for at least 3 hours. This represents a huge improvement as compared

to unprotected crystals for which the hydration process starts after a few seconds in

air. Both the coating liquid and the wrapping material were carefully chosen. Cytop

contains no Hydrogen which would give a very high incoherent background in a neutron

scattering experiment and is therefore preferable to other coating liquids. Aluminum

has a relatively small neutron cross section, a good thermal conductivity and is further

sufficiently transparent for X-rays. It has to be mentioned that pure Aluminum becomes

superconducting below 1.2 K [132]. The Aluminum foil is however made out of an

Aluminum alloy AlMn3 which contains 3% of Manganese. Tests with this alloy have

shown that temperatures down to 0.1 K can be achieved.

The above procedure was performed with the (NO)[Cu(NO3)3] crystals for all measure-

ments presented in this thesis except for the samples used for the specific heat and the

µSR measurements. In the specific heat measurement a good thermal contact between

sample and calorimeter is of utmost importance which would not be given through the

protective layers. For the µSR experiment the (NO)[Cu(NO3)3] crystals were put in a

sealed container eliminating the need for coating the crystals. This is important because

some muons might stop very close to the surface of the samples and could therefore be

influenced by the coating material.

6.1.2 Experimental details

The magnetization of (NO)[Cu(NO3)3] was investigated in a Quantum Design MPMS-5T

SQUID magnetometer at the base temperature of 1.8 K. The measurement was performed

with a small single crystal mounted in a sealed glass ampoule. The magnetic field was

oriented in the bc plane. Magnetization and magnetic susceptibility measurements were

also performed using a sample rotator which allows the sample to be automatically ro-

tated around a horizontal axis during the measurement. Since the magnetic field is along

the vertical axis the magnetization can be measured as a function of field orientation in

the sample. A base temperature of 5 K was reached with the rotator and the suscepti-

bility was measured up to 300 K with the field in the ac plane. A single crystal with a

mass of 52.37 mg was used for this experiment. It was protected against moisture from

the air by the procedure described in the previous section. The sample was attached to

the rotator using a small amount of silver glue. It was oriented with the b axis parallel

to the rotation axis in order to perform scans with the field direction in the ac plane.
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Figure 6.5: Magnetization versus applied field. The AFM contribution is ascribed to
(NO)[Cu(NO3)3] and the paramagnetic contribution to an impurity phase.

Low temperature specific heat measurements were performed in a Quantum Design

Physical Properties Measurement System (PPMS) by using a 3He cooling system. A

small single crystal with a mass of m = 5.1 mg was attached to the calorimeter puck

with a tiny amount of Apiezon N grease. The crystal was not protected by the Cytop

coating since Cytop has its own heat capacity which would influence the measurement.

The heat capacity was measured using a relaxation technique from 0.4 to 65 K and

external magnetic fields up to 9 T were applied.

6.1.3 Magnetization

The magnetization of (NO)[Cu(NO3)3] as a function of external field at 1.8 K is shown

by the filled symbols in figure 6.5. The curve increases rapidly at low fields until it

turns into a linear region above ∼ 1.5 T. Its slope is very small, consistent with the

expected magnetization curve of an antiferromagnet. No further change of the magneti-

zation curve is visible up to the highest measured field of 5 T. No saturation is observed

consistent with the strong antiferromagnetic coupling along the chain of J = 170 K

≈ 126 T as determined by O. Volkova et al. [123]. The shape of the magnetization curve

can be described by two contributions, a linear function typical of an antiferromagnet

and a Brillouin function typical of a paramagnetic impurity. The linear contribution

was fitted to match the slope of the data above 1.5 T and was fixed to pass through

the origin as given by the dashed black line. After subtraction of the linear term the

remaining magnetization (open symbols) can be well described by a Brillouin function

of a paramagnet as shown by the red line. The Brillouin function saturates at a value of

M = 0.0075 µB per formula unit of (NO)[Cu(NO3)3]. The saturation magnetization of

the Brillouin function is defined as

148



6.1 Bulk properties

M = NgµBS (6.3)

where N is the number of contributing spins per unit volume, g is the g-factor and

S the spin value [133]. Using g = 2 and S = 1/2 directly yields N = 0.0075. The

amount of impurity Cu-spins estimated from the magnetization is therefore 0.75 %. This

is in agreement although somewhat smaller than the amount of impurity estimated by

assuming the Curie tail of the susceptibility data presented in figure 6.3 is caused by an

impurity contribution. Fitting the tail to the paramagnetic Curie law χ = χ0 + C/T

yields an impurity estimate of 2 %.

6.1.4 Susceptibility

To study the susceptibility as a function of field orientation first a rotation of the sample

with the applied field in the ac plane was performed at 300 K. Figure 6.6(a) shows that the

observed angular dependence of the susceptibility can be described by a cos2 modulation.

The rotation was started with the field roughly oriented parallel to the a axis. The

maximum of the magnetization is expected to occur for the direction perpendicular

to the CuO4 plaquettes where the g factor was found to be maximal by ESR. This

can be determined from the crystal structure to be 20° from the a axis and 59° from

the c axis because of the monoclinic angle β = 100.8°. The minimum is given by the

direction parallel to the CuO4 plaquettes where the g factor is minimal. The observed

modulation of the magnetization nicely matches the expected behavior. The maximum

of the magnetization is indeed found ∼20° away from the a axis and the minimum is

found another 90° away corresponding to the field direction parallel to the plane of the

plaquettes. The same rotation was repeated at the base temperature of 5 K. Again a

similar cos2 angular dependence is observed as shown in figure 6.6(b). The maxima

and minima positions are comparable to the 300 K data while the amplitude of the

modulation is 1.5 times larger at 5 K.

The temperature dependence of the magnetic susceptibility was first measured for the

direction of maximum magnetization determined by the rotation of the crystal described

above. The data is shown by the black squares in figure 6.7. The susceptibility curve is

comparable to the measurement by O. Volkova et al. [123] presented in figure 6.3 with a

broad maximum at 100 K and a pronounced upturn below 25 K. The broad maximum

observed at 100 K roughly characterizes the energy scale of the dominant spin exchange

interaction in (NO)[Cu(NO3)3]. The origin of the upturn at low temperatures will be

discussed in detail below.

The susceptibility of (NO)[Cu(NO3)3] was fitted by the following expression:
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Figure 6.6: (a) Angular dependence of the magnetization in the ac plane at room tem-
perature. The red curve is a fit to a cos2 function. (b) The same rotation
performed at 5 K. The blue curve is a fit to the same cos2 function with
an amplitude 1.5 times larger than at 300 K. The external magnetic field is
H = 0.5 T for both temperatures.
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Figure 6.7: Temperature dependence of the magnetic susceptibility for the field direction
corresponding to the maximum position of M with H = 0.5 T. The fits
are explained in the text. A small temperature independent background χ0

(∼ 10−4 emu/mol) has been subtracted already.

χ(T ) = χ0 +
Ci

T + θCW
+ χchain(T ) (6.4)

In this expression χ0 describes a small temperature independent background which

sums up all contributions from diamagnetism and Van Vleck paramagnetism of the sam-

ple and the sampleholder. The second term describes an impurity contribution which was

found to be best described by a weakly ferromagnetic Curie-Weiss law with θCW 6= 0.

This term is responsible for the low-temperature tail which is usually described by a

paramagnetic Curie contribution with θCW = 0. Here the tail was found to rise steeper

than 1/T expected for a Curie term and the Curie-Weiss fit resulted in significantly bet-

ter agreement with the data. The last term of equation (6.4) describes the temperature

dependence of the magnetic susceptibility of the ideal S-1/2 HAFC. This was calculated

to a high accuracy by S. Eggert et al. [134] using the Bethe Ansatz. Their result differs

significantly from the Bonner-Fisher result [125] at temperatures of T < 0.25J . Accord-

ing to S. Eggert et al. the susceptibility of the ideal Heisenberg chain can be written

as
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(
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Here C is the Curie constant of the Heisenberg chain and F (x = J/kBT ) is an empirical

rational function defined as:

F (x) =
1 + 0.08516x + 0.23351x2

1 + 0.73382x + 0.13696x2 + 0.53568x3 (6.6)

To fit equation (6.4) to the data the g value obtained by ESR for the direction per-

pendicular to the CuO4 plaquettes, g⊥ = 2.36, was used. Hence 5 fit parameters remain:

The temperature independent contribution χ0, the Curie constant of the impurity Ci,

the Curie-Weiss temperature of the impurity θCW , the Curie constant of the chain C and

the antiferromagnetic intrachain exchange coupling J . The fit (blue line in figure 6.7)

shows nice agreement with the data. The red dashed and the green dotted line illustrate

the contributions from the Heisenberg chain and the Curie-Weiss term respectively. The

fitted parameters yield: χ0 = 1.62 · 10−4 emu/mol, Ci = 0.0089(2), θCW = 2.08(4) K,

C = 0.52(1) and J = 149(1) K. The measurement of the temperature-dependent sus-

ceptibility was repeated for the direction of minimum magnetization. A comparison

of both temperature dependencies is shown in figure 6.8. The curve for χ(T)||gmin

is only shifted downwards by a constant factor due to the smaller g value parallel to

the CuO4 plaquettes. Fitting χ(T)||gmin to equation (6.4) using g|| = 2.06 from ESR

yields: χ0 = 5.77 · 10−5 emu/mol, Ci = 0.0084(1), θCW = 2.08(4) K, C = 0.40(1) and

J = 149(1) K. Notably, the fits for both directions yield the same values for the coupling

along the chain of J = 149(1) K and the ferromagnetic Curie-Weiss temperature of the

impurity θCW = 2.08(4) K showing the high quality of the data.

The impurity fraction of Cu moments responsible for the increase of χ at low tempera-

tures is calculated from the ratio of the Curie constants of the impurity and the 1D chain

as Imp = Ci/(C + Ci). It amounts to 1.7 % for χ(T)||gmax and 2.1 % for χ(T)||gmin.

As already discussed in Ref. [123] and [126], it is however assumed that the 1/T tail

stems from a superposition of an impurity contribution and a staggered susceptibility

due to an effective staggered magnetic field at the Cu ions intrinsic to this 1D chain.

A staggered magnetic field can be produced by the alternating g tensor together with

an alternating Dzyaloshinsky-Moriya (DM) interaction [135]. An alternating g tensor

in (NO)[Cu(NO3)3] is expected due to the staggered orientation of the Cu-plaquettes

along the chain as shown in figure 6.2. Further, the crystal structure of (NO)[Cu(NO3)3]

suggest the presence of (DM) interactions between the spins along the chain direction

due to the lack of inversion symmetry on the bond connecting Si and Si+1. However,
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Figure 6.8: Temperature scans of the magnetic susceptibility for field directions corre-
sponding to the maximum and minimum positions of M with H = 0.5 T.
For the fits the g-factors obtained from ESR [123] have been used.

the Cu ion lies at an inversion center and thus the D vector will be staggered from bond

to bond. Because the ac plane in the middle of a Cu-Cu bond is a mirror plane, the D

vector will lie in that plane.

An interesting consequence of an internal staggered magnetic field in addition to the

(uniform) external magnetic field is the formation of a field induced spin excitation gap

and a contribution to the susceptibility approximately proportional to 1/T . Both these

effects depend on the magnitude and the orientation of the external magnetic field and

it has been found that the field-induced gap and the 1/T contribution are largest for

the same field direction. For the field direction where the staggered field is minimal

the 1/T contribution to the susceptibility has been found to vanish almost completely

in the absence of an impurity contribution (see for example data on Cu-benzoate [136]

or Cu-pyrimidine [137]). This is clearly not the case in (NO)[Cu(NO3)3] where the size

of the tail is almost constant with only a small angular dependence which points to a

dominant contribution from impurities. Comparing the susceptibility curves for both

measured directions after subtraction of the Heisenberg chain contribution reveals that

∼5% of the tail is due to the staggered field contribution and the remaining part is due

to the direction independent impurity contribution.

It should be emphasized that the Curie-Weiss fit of the tail gives a small ferromagnetic

Curie-Weiss temperature of 2 K. To confirm that the impurity exhibits some ferromag-

netic coupling between the Cu-moments, the susceptibility of a strongly deteriorated
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Figure 6.9: (left axis) Temperature dependence of the susceptibility of a fully deteriorated
sample. (right axis) Inverse susceptibility together with a Curie-Weiss fit.

sample was measured. The crystal was left unprotected at air for several hours until

its color completely turned into light blue (the non-deteriorated crystals have a intense

dark blue color). The susceptibility data of the deteriorated sample is shown in fig-

ure 6.9. The broad maximum intrinsic to the 1D chain contribution of (NO)[Cu(NO3)3]

has completely disappeared and the susceptibility is well describe by a Curie-Weiss be-

havior. Interestingly, the Curie-Weiss fit of the inverse susceptibility gives an even larger

Curie-Weiss temperature of 7 K for this sample. Therefore, the finding of a ferromag-

netic Curie-Weiss temperature in the susceptibility measurements of (NO)[Cu(NO3)3] as

discussed above appears to be related to an impurity with weak ferromagnetic coupling

between the Cu moments.

6.1.5 Heat capacity

The heat capacity of (NO)[Cu(NO3)3] down to low temperatures is shown in figure 6.10

plotted as Cp/T vs. T and is consistent with the heat capacity data down to 2 K presented

in Ref. [123] which showed an upturn below 5 K. This upturn is found to be due to a broad

peak centered at 1.44 K. Interestingly, a small but pronounced λ anomaly is found on the

left side of the broad peak at a temperature of 0.58 K indicative of a transition into long-

range magnetic order. This is the first indication for a transition into an ordered state in

(NO)[Cu(NO3)3]. The transition is very weak and the transition temperature is highly

suppressed as compared to the dominant antiferromagnetic coupling of J = 149(1) K.

Above 5 K the heat capacity shows the expected behavior for phononic heat capacity

and no magnetic contribution is visible anymore.

The heat capacity was also measured under external fields up to 9 T. The low temper-
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Figure 6.10: Heat capacity of (NO)[Cu(NO3)3]. The upper left inset gives an enlarged
view of the broad peak centered at 1.44 K. The lower right inset shows a
zoom into the left shoulder of the broad peak revealing a sharp λ anomaly
at 0.58 K.

ature region for each field is plotted as Cp vs. T in figure 6.11(a). At higher temperatures

the datapoints for different fields lie almost exactly on top of each other. The two fea-

tures observed in zero field show a peculiar field dependence. First, there is the sharp

λ anomaly at 0.58 K which slightly moves upwards with applied field. The magnetic

field dependence of this anomaly confirms the magnetic nature of the underlying phase

transition. However, the observed increase of the transition temperature is in contrast to

the field-induced reduction of TN in conventional antiferromagnets [138]. It suggests that

in (NO)[Cu(NO3)3] a field reduces the quantum fluctuations due to low-dimensionality

or frustration that destabilize the order. This is a common behavior among S-1/2 HAFC

compounds and can be compared to the ordering temperatures of α-Cu2As2O7 [139]

and Y2BaCuO5 [140], which also increase under external magnetic field. The transi-

tion into long-range magnetic order is superimposed over a wide Schottky-type anomaly

centered at 1.82 K in zero field. Under increasing field this broad feature goes through

pronounced changes. It first gets weaker and moves to lower temperatures up to a field

of 3 T. Between 3 T and 5 T the broad peak seems to be completely absent but at 6 T

this feature appears again although with weaker intensity compared to low fields. The

broad maximum now shifts to higher temperatures with increasing field while it becomes

even weaker and is hardly identifiable at the highest measured field of 9 T.

The overall shape of the heat capacity with a broad peak at 1.82 K in zero field and

an exponential decrease towards zero at low temperatures is reminiscent of the mag-

netic heat capacity of a spin-dimer compound and suggests the presence of a spin gap in

(NO)[Cu(NO3)3] (cf. black points in figure 6.11(a)) [142]. There is however no indica-
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Figure 6.11: (a) Raw specific heat data vs. temperature measured for magnetic fields
of 0 - 9 T. For clarity, the Cp(T ) dependencies are shifted vertically with
respect to each other by 0.1 J/molK. (b) The simulation of the Schottky-
type anomaly behavior of Cu(NO3)2·2.5H2O for the same magnetic fields
(solid, dashed and dotted lines). The experimental data for B = 0 T (black
symbols) are taken from [141]. For clarity, the Cp(T ) dependencies are
shifted vertically with respect to each other by 1 J/molK.
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6.1 Bulk properties

tion for a formation of dimers in (NO)[Cu(NO3)3] which could produce such a spin-gap.

The field dependence of the broad maximum is very similar to the field dependence of a

Schottky-type anomaly observed in the alternating chain compound copper nitrate tri-

hydrate (Cu(NO3)2·2.5H2O) [141]. Cu(NO3)2·2.5H2O exhibits a gapped singlet ground

state separated from a low-lying triplet of finite band width due to dimerization. The

application of a magnetic field splits the triplet state into its three constituents. At the

first critical field Bc1 = 2.8 T the lower triplet mode starts to collapse into the ground

state and the gap is closed. At the second critical field Bc2 = 4.2 T the lowest triplet

state has completely shifted below the singlet, the magnetization is fully saturated, and

the gap reopens [143]. These three field regions can nicely explain the behavior of the

broad anomaly observed in the raw heat capacity data. In fact, a Cu(NO3)2·2.5H2O

impurity may arise when the highly hygroscopic (NO)[Cu(NO3)3] crystals absorb water

causing parts of the surface to transform into Cu(NO3)2·2.5H2O (see section 6.1.1 for

details). This inevitably happens when the sample is mounted in air for the specific heat

measurement. Therefore, the observed broad feature in the heat capacity can be ascribed

to a copper nitrate trihydrate (Cu(NO3)2·2.5H2O) impurity. Because it is not intrinsic

to (NO)[Cu(NO3)3] and distorts the analysis of the specific heat data its subtraction will

be described in the following.

The properties of Cu(NO3)2·2.5H2O are well studied and data from literature (see

Refs. [141, 143, 144]) can be used to estimate the size of this impurity phase. The

heat capacity of Cu(NO3)2·2.5H2O, as measured in [141], is shown as black symbols in

figure 6.11(b). Comparing this measurement to the zero field data of (NO)[Cu(NO3)3]

shown by the black symbols in figure 6.11(a) gives best agreement for a copper nitrate

contribution of 8 %. In figure 6.11(b) it is also shown how the specific heat data of

Cu(NO3)2·2.5H2O under applied magnetic fields up to 9 T is modeled using a spin-1/2

isolated dimer model with

Cdimer = R ·
(

∆
T

)2

· e(−∆/T ) (6.7)

which is valid in the low temperature approximation [145]. The spin gap ∆ is field

dependent and defined as ∆ = |∆0 − gµBH|. A g-factor of g = 2.13 and a zero field

spin gap value of ∆0 = 5.175 K for copper nitrate trihydrate taken from Ref. [141] were

used for the calculation of the dimer heat capacity. The simulated curves weighted by

the ratio of 8 % have been used to subtract the impurity contribution from the specific

heat of (NO)[Cu(NO3)3] and the corrected data is shown in figure 6.12.

As discussed above, at B = 0 T a phase transition to long-range magnetic order is

visible at TN = 0.58(1) K. TN is very small compared to J suggesting that the ordered

moment m in the ground state is also suppressed. Integrating C(T )/T from 0 to 0.58 K
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Figure 6.12: Temperature dependence of the corrected specific heat of (NO)[Cu(NO3)3]
for magnetic fields of 0 - 9 T. For clarity, the measurements are shifted verti-
cally with respect to each other. The gray line denotes the phase boundary
to long-range magnetic order.

in the corrected data gives an upper estimate for the entropy released at TN of Smag =

0.020 J/mol K which is only 0.34 % of the total entropy S = R ln 2. From this entropy

release the ordered fraction of the Cu spins (spin-1/2) can be calculated via

∆Smag = R ln(2〈S〉 + 1) (6.8)

which in turn yields the ordered moment using

m = gµB〈S〉. (6.9)

Using the average of the two direction dependent g values, g = 2.26, determined by

ESR [123] the ordered moment is calculated to m ≈ 0.0027 µB. It has to be mentioned

that this estimation of the reduced ordered moment is not justified by any theoretical

model. Equation (6.8) is a simple transfer of a standard expression for any magnetic

system and has its restrictions in low-dimensional and frustrated systems. It has been

found, for example, that in another model system for a S-1/2 HAFC, SrCu2O3, there

is no significant magnetic entropy released below the Néel temperature of TN = 5 K

[146]. At the same time it is claimed from neutron scattering measurements that the
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Figure 6.13: Cp/T vs. T for B = 0 T. The inset shows the low temperature region
for B = 9 T. Regions contaminated by the Cu(NO3)2·2.5H2O impurity are
excluded. A fit to Cp/T = γ + βT 2 is represented by the red line in the
main figure and in the inset with the same fit parameters.

ordered moment is m = 0.06(3) µB [147]. A similar discrepancy was found for the low

dimensional antiferromagnet Y2BaCuO5. The ordered magnetic moment obtained from

neutron scattering yields m = 0.87(2) µB [148] while the entropy release at the magnetic

transition TN = 15 K is only 0.4 % of the total magnetic entropy and the estimation

of the ordered moment using equation (6.8) leads to an ordered moment that is much

too small [140]. Therefore it seems that this estimation of the ordered moment is not

applicable to all quantum systems. Nevertheless, the weakness of the transition anomaly

in (NO)[Cu(NO3)3] is a natural consequence of TN ≪ J which leaves only a small amount

of entropy release for the transition at TN . Comparing several S-1/2 HAFC compounds it

has been observed that with vanishing interchain coupling the ordered moment decreases

continuously [147].

For a one-dimensional quantum magnet at low temperatures the specific heat is ex-

pected to take the form

C = γT + βT 3 (6.10)

above the ordering temperature where the linear term is the Luttinger Liquid contri-

bution for the S-1/2 HAFC and the cubic term is due to phonons according to the Debye

model [149]. In order to fit this expression to the data, the region between 4 K and 10 K

at B = 0 T was chosen because it is not influenced by the Cu(NO3)2·2.5H2O impurity.

The fitted curve is shown by the red line in figure 6.13. The magnetic contribution is

expected to dominate at low temperature where it gives a constant dependence in a plot
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of C/T vs. T . This is best represented by the 9 T data because the impurity contribution

to the specific heat is heavily suppressed under a high magnetic field (see inset of figure

6.13). The fit yields the magnetic contribution γ = 0.043(1) J/mol K2 and the phononic

contribution β = 0.0017(1) J/mol K4. The Bonner-Fisher model [125] relates the γ coef-

ficient to the exchange parameter J of a one-dimensional homogeneous antiferromagnet

by

γ =
2NAk2

B

3J
. (6.11)

Thus the magnetic exchange interaction along the chain J can be estimated as J =

130(3) K from the heat capacity above the ordering temperature. This value roughly

agrees with J = 149(1) K obtained from fitting the susceptibility data, although it is

somewhat smaller.

6.1.6 Discussion

The susceptibility data of (NO)[Cu(NO3)3] could be accurately described by an ideal

S-1/2 HAFC model together with a weakly ferromagnetic impurity. In contrast to earlier

studies using the susceptibility derived from ESR [126], the intrinsic susceptibility of

(NO)[Cu(NO3)3] is well described by the ideal chain model even below 80 K. Further-

more, the intrachain coupling yields J = 149(1) K which is significantly smaller than

the value of J = 170 K obtained earlier [123]. This questions the accuracy of the indi-

rect determination of the susceptibility from the integrated ESR intensities, especially

at lower temperatures. The analysis of the magnetization and susceptibility data yields

comparable impurity fractions of the Cu-moments in (NO)[Cu(NO3)3] of 0.75 % and 1.7

- 2.1 % respectively.

It was found that the strong 1/T contribution to the susceptibility data cannot be

ascribed to the staggered magnetic field intrinsic to 1D magnets. Almost the entire

Curie tail is caused by the impurity fraction which also yields a 1/T contribution to the

susceptibility while only 5% of it could be ascribed to staggered field effects. Another

experimental method to probe the staggered field effect in (NO)[Cu(NO3)3] would be

the measurement of the heat capacity under an external field as a function of field

direction in the ac plane (see e.g. R. Feyerherm et al. [137]). At the direction of the

maximum staggered field a gap opens up which would be visible in the heat capacity as

an exponential type activation behavior at lowest temperatures. Above the exponential

increase the heat capacity would pass through a broad maximum intrinsic to a two-

level system. However an angular dependence of the heat capacity of (NO)[Cu(NO3)3]

would be difficult to observe because of the comparatively large contribution from the
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Cu(NO3)2 · 2.5H2O impurity which is a product from the reaction of (NO)[Cu(NO3)3]

with moisture from the air. Using a sample in a sealed glass ampule for the heat capacity

measurement would bypass this problem but creates other problems. It would be difficult

to orient the sample in the glass ampoule and the ampoule would furthermore prevent

direct thermal contact between calorimeter and sample.

The formation of impurities is almost unavoidable in highly hygroscopic materials like

(NO)[Cu(NO3)3]. However, the preparation technique in evacuated desiccators excludes

the presence of any cations except for Cu2+ and NO+ and any anions except for NO−
3 .

As discussed in section 6.1.1 possible impurity phases after the absorption of water are

Cu(NO3)2·H2O, Cu(NO3)2 ·2.5H2O and Cu(NO3)2 ·6H2O. In the susceptibility measure-

ments a weakly ferromagnetic impurity was found while in the heat capacity an impurity

contribution from copper nitrate trihydrate was detected which has antiferromagnetic

interactions. Below 26°C Cu(NO3)2 · 2.5H2O is converted to Cu(NO3)2 · 6H2O which has

not been investigated so far and might be responsible for the ferromagnetic contribution

to the susceptibility. Furthermore, the impurity fraction in the specific heat measure-

ment was found to be significantly larger compared to the magnetic measurements. The

sample for the heat capacity investigation was exposed to air during mounting for a

short period of time where it was not protected against decomposition by coating with

Cytop in order to obtain a good thermal contact between sample and calorimeter puck.

In addition, a very small crystal of only 5.1 mg was used for this measurement where

the surface to bulk ratio was worse than in the larger samples used for the magnetic

measurements.

6.2 Neutron diffraction

Neutron diffraction was measured to investigate the phase of (NO)[Cu(NO3)3] below

TN = 0.58(1) K. The heat capacity analysis suggested a very small ordered magnetic

moment of m ≈ 0.0027 µB by estimating the entropy release at the transition temper-

ature. However, it has been shown for other compounds (see e.g. [147, 148]) that this

simple calculation from heat capacity data can be wrong and that a sizable ordered

moment is often found by neutron diffraction. The estimation of the ordered moment

from the entropy release at the phase transition can strictly speaking only be applied

for classical spins. Once quantum effects play a major role it can lead to wrong values.

Therefore a careful neutron diffraction study was performed in order to find the mag-

netic Bragg peaks belonging to the ordered phase of (NO)[Cu(NO3)3] and to identify the

ordering wavevector of the magnetic structure. It is of special interest if the ordering

wavevector k is commensurate or incommensurate because an incommensurate k vector

suggests frustration. For (NO)[Cu(NO3)3] the value of k can be furthermore related

to the ratio of the competing interchain exchange interactions J ′/J2 and the nature of
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Figure 6.14: The (NO)[Cu(NO3)3] single crystal used for the neutron diffraction exper-
iment on a copper sample holder. The picture was taken inside the glove
box.

the magnetic structure, whether it is e.g. an amplitude-modulated or a spiral structure,

could provide additional information on the nature of these couplings.

6.2.1 Experimental details

For the magnetic neutron diffraction experiment the 2-axis diffractometer E4 at the

BER II reactor of the Helmholtz-Zentrum Berlin was used. The setup consisted of a

PG (002) monochromator and a PG filter. A 40’ collimator was placed in front of the

monochromator, while between monochromator and sample no collimation was used.

A radial collimator was placed between sample and detector. The incident wavelength

selected by the PG monochromator was 2.44 Å. The E4 instrument is equipped with a 2D

detector covering an area of 200×200 mm2 at a variable sample-detector distance between

74.5 and 90.0 cm. A dilution fridge was used to reach temperatures down to 30 mK. A

single crystal sample with a mass of m = 775 mg and a volume of V = 7 × 8 × 10 mm3

was used for the diffraction experiment. The crystal was protected against moisture

from air by the procedure described in section 6.1.1. The sample was then mounted on a

copper sample holder as shown in figure 6.14 which ensures good thermal contact. The

mounting was done in the glove box and the sample on the holder was again covered in

aluminum foil for protection during the subsequent alignment on the X-ray Laue camera

and the mounting on the neutron diffractometer.

Surveys of the reciprocal space in the (hk0) and (0kl) planes were performed in order

to find the magnetic Bragg peaks. In particular the h and l axis were scanned from 0 to 1

with the k axis being at the antiferromagnetic point k = 1. The search was concentrated

on k = 1 because the spectrum of the S-1/2 HAFC is expected to be gapless there. The

frustration is assumed perpendicular to the chain direction and therefore the ordering

wavevector might be incommensurate in the (h, 1, l) plane. For this purpose ω scans
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Figure 6.15: The (-1 1 0) nuclear reflection of (NO)[Cu(NO3)3] measured on E4 at 30 mK.
The red line is a fit to a Voigt function.

with a step size of 2° were performed at fixed scattering angles 10° < 2θ < 40°. Since

the possibility of an extremely small ordered moment and very weak magnetic Bragg

peaks had to be taken into account, the counting time was chosen to be unusually long,

∼ 1 hour per sample angle ω, to obtain good statistics. Similar surveys were performed

both above (800 mK) and below (30 mK) the transition temperature TN .

6.2.2 Diffraction results

The extensive search using single crystal neutron diffraction unfortunately failed to find

magnetic Bragg peaks. The difference patterns of the data taken at 800 mK and 30 mK

for the two independent planes in reciprocal space do not reveal any magnetic Bragg

peaks. Therefore it is assumed that the ordered moment is too weak to be detected

in this experiment. Since no magnetic peaks were found the magnetic order could not

be further explored at this point. However, from this null result the upper limit of the

ordered moment in (NO)[Cu(NO3)3] can be calculated.

First, the signal-to-background ratio of a weak nuclear Bragg peak in the measured

range of the E4 experiment is examined. A weak Bragg peak is chosen to avoid extinction

effects which alter the diffracted intensity. Due to extinction the incoming neutron beam

loses intensity each time Bragg reflection occurs and only the crystal volume within the

extinction length contributes to the diffracted intensity. Since the extinction lengths

are in general not known, a weak nuclear Bragg peak is chosen where extinction can be

neglected. The (-1 1 0) reflection as shown in figure 6.15 is weak (∼ 1 % of the maximum

intensity in (NO)[Cu(NO3)3]) and yields 35,000 counts in the peak position while the
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average background has 425 counts. Now the theoretical nuclear structure factor FN(Q)

at this position is calculated and compared to the magnetic structure factor Fm(Q) at

the same position. In the absence of detailed knowledge about the magnetic structure

of (NO)[Cu(NO3)3], a commensurate antiferromagnetic structure along k with a powder

averaged spin direction is assumed. For a fully ordered moment (m = 1µB) it turns

out that the scattering cross-section (=intensity) calculated from the magnetic structure

factor would be approximately twice as large as the nuclear intensity, Im/IN = 2.10. The

magnetic intensity is furthermore proportional to the square of the ordered magnetic

moment. Hence, from the ratio of the intensities, the ordered moment which would yield

a magnetic peak just disappearing in the background can be calculated to m = 0.08 µB.

Therefore, an upper limit of m ≤ 0.08 µB, which is strongly reduced from the fully

ordered value of 1 µB/Cu2+, can be given for (NO)[Cu(NO3)3]. The value is more realistic

compared to the estimate from heat capacity. It also agrees well with the ordered moment

observed in other very one-dimensional compounds found to be in the range 0.01−0.1 µB

[147, 150].

6.3 µSR

Muon spin spectroscopy (µSR) measurements were performed to investigate the magnetic

phase transition found in the heat capacity measurements. Because of the extreme

sensitivity of the muon spin to internal static and dynamic fields it is possible to identify

long-range magnetic order even if neutron diffraction fails to sense the ordered moment.

In fact it has been shown that static moments as low as 0.001 µB can be detected by

µSR [35].

6.3.1 Experimental details

The µSR measurements were performed on the LTF spectrometer at the Paul Scherrer

Institut, Switzerland. Five single crystals of (NO)[Cu(NO3)3] with dimensions (0.8 −
2) × (1.5 − 4) × (2 − 6) mm3 were checked by X-ray Laue diffraction and glued in a

co-aligned arrangement on a silver cell using a small amount of Dow Corning Vacuum

Grease. They were oriented such that their c axes are parallel to the muon beam and

their b axes are parallel to the long side of the silver cell which will be vertical during the

measurement (see figure 6.16). The total mass of this sample arrangement was 133 mg.

The silver cell was closed with a 50 µm Kapton foil and a 42 µm silvered polyester foil

which were used to seal the cell and at the same time act as a window for the incoming

muon beam. Since the (NO)[Cu(NO3)3] crystals were in a sealed cell no Cytop coating

was used. This is important because some muons might stop very close to the surface of

the samples and could therefore be influenced by the coating material. Both instruments
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Figure 6.16: The sample arrangement for the µSR experiment. The muon beam direction
is out of the paper plane parallel to the c axis. The picture was taken inside
the glove box.

are located on the πM3 beam line which provides muons with an energy of Eµ = 4.1 MeV.

For these muons the penetration range is 150 ± 30 mg/cm2 [151]. Using the density of

(NO)[Cu(NO3)3] which is 2608 mg/cm3 the muon implantation depth is calculated to

0.58 ± 0.12 mm. Zero (ZF), longitudinal (LF) and transverse field (TF) measurements

were performed for temperatures from 19 to 800 mK and the data were analyzed using

the musrfit software package [66].

The muon beam spot with 14×8 mm is larger than the actual sample size of 10×6 mm.

Hence a significant amount of µSR signal contribution from the silver sample cell is

expected. From the area covered by the sample, a sample to silver signal ratio of roughly

f = 0.5 can be expected (cf. figure 6.16). Therefore the total µSR signal is given by

Ptotal(t) = fP (t) + (1 − f)PAg(t) (6.12)

where P (t) is the sample contribution and PAg(t) the silver contribution. Silver is

known to give a non relaxing signal contribution to the total µSR signal [152] and hence

PAg(t) = 1 holds because the silver signal is time independent. Unfortunately it turned

out that the sample also showed a non-relaxing signal contribution which could not be

distinguished from the silver signal. Therefore the rough estimate of f = 0.5 for the

silver signal contribution was used which gave good fit results for all measurements.

6.3.2 ZF results

Zero field (ZF) µSR spectra for selected temperatures are shown in figure 6.17. Above

the phase transition the spectra are characterized by weak exponential relaxation as it is

expected for a magnetic system above the ordering temperature. At 580 mK the influence

of electronic moments is revealed by an increased relaxation, while oscillations due to

spontaneous muon spin precession are observed below this temperature. The observation

of spontaneous muon spin precession indicates the presence of long-range magnetic order
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Figure 6.17: Zero-field µSR spectra at selected temperatures. The lines are fits described
in the text. Inset: Field distribution at 19 mK shown by the real part of the
Fast Fourier transform.

which produces an internal magnetic field Bi at the muon site. This confirms that the

transition observed by specific heat measurements indeed leads to long-range magnetic

order in (NO)[Cu(NO3)3]. From the beating pattern of the oscillations it is clear that

there are at least two dominant fields present in the field distribution. A single smooth

field distribution could not produce this beating. Since the crystals were oriented with

their c axis parallel to the muon beam, the observation of a clear oscillation signal

excludes internal fields which point entirely along the c axis at the muon site. In this

situation no oscillation of the muon spin would be observed.

The data above TN were fitted by a simple exponential relaxation function

P (t) = e−λt (6.13)

where λ is the zero field relaxation rate. Below TN the data had to be fitted by the sum

of two signals

P (t) = g(T )PLRO(t) + (1 − g(T ))PSRO(t) (6.14)

PLRO(t) =
2
∑

n=1

f(n)e−0.5σ(n)2t2

J0(γµBmax(n)t)

PSRO(t) = e−0.5σ2
SRO

t2

.
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Figure 6.18: (a) Magnetic order parameter: Temperature dependence of the local mag-
netic fields Bmax1 and Bmax2, which are proportional to the ordered mag-
netic moment. The red line is a fit to Bmax2 = B0(1−T/TN )β for T ≥ 0.5 K
(shaded region). The blue and green lines are guide to the eye. (b) Temper-
ature evolution of the purely relaxing signal fraction due to disorder/short
range order.

Here g(T ) gives the fraction of the precessing signal due to long-range magnetic order

(LRO), while (1−g(T )) gives the relaxing signal due to disorder/short range order (SRO).

J0 is a zero-order Bessel function, γµ is the gyromagnetic ratio of the muon and Bmax is

the maximum of the field distribution at the muon site [35]. Both LRO and SRO were

simultaneously fitted by allowing the LRO fraction g(T ) to increase below TN as shown in

figure 6.18(b). The SRO was modeled with a Gaussian relaxation function and accounts

for ∼30 % of the signal at the lowest temperature. The Gaussian relaxation indicates a

broad distribution of local fields possibly due to frustration, grain boundaries or magnetic

domain walls although the origin of the short range ordered fraction in (NO)[Cu(NO3)3]

is unknown. The LRO fraction could be fitted at all temperatures by a sum of two

Bessel functions with different internal field distributions indicating the presence of two

inequivalent muon sites in the crystallographic lattice. These two sites were found to

contribute equally (f(1) = f(2)) and to have exactly the same temperature dependence

indicating that they observe the magnetic order from two different perspectives. The

ratio between the maximum fields of the two distributions was obtained as Bmax2 =

1.23 Bmax1.

The temperature dependence of the maximum internal magnetic field at both muon

sites is shown in figure 6.18(a). This property is equivalent to the magnetic order

parameter probed by e.g. neutron diffraction. Fitting both fields to the power law

Bmax = B0(1 − T/TN )β for T ≥0.5 K gives the Néel temperature, TN = 585(5) mK,

in good agreement with the value of TN = 580(10) mK obtained from the λ anomaly in
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Figure 6.19: (c) Field distribution at 19 mK given in ZF and a TF of 102 G. For com-
parison the ZF dataset is also plotted with a shift of 102 G and divided by
a factor of 2.

the specific heat.

The field distribution in the ordered state at 19 mK given by the real part of the Fast

Fourier transform of the corresponding time-spectra is shown in the inset of figure 6.17.

It is broad and asymmetric with two strong peaks at 44 G and 57 G and a pronounced tail

to small fields. The weak internal fields at the muon sites suggest a small ordered mag-

netic moment in qualitative agreement with the neutron diffraction, although it should

be emphasized that the muon sites are unknown. In another S-1/2 HAFC, Cu(py)2Cl2,

similarly weak internal fields have been measured and a neutron diffraction study gave

a reduced ordered moment of m = 0.15 µB [153]. The broad and asymmetric field

distribution shows that the magnetic unit cell is rather large most likely due to a compli-

cated magnetic structure. The distribution is reminiscent of an Overhauser distribution

(the Fourier transform of the Bessel function) which is typical of incommensurate mag-

netic order [35]. This is an important result because incommensurate magnetism usually

arises from frustrated interactions. Since the order along the chains is expected to be

commensurate due to the dominant intrachain interaction, the order perpendicular to

the chains must be incommensurate. This suggests that the interchain interactions are

indeed frustrated causing an incommensurate magnetic structure perpendicular to the

chains.

6.3.3 TF results

The effect of a transverse magnetic field (TF) on the time dependence of the muon

polarization in (NO)[Cu(NO3)3] was also investigated. Figure 6.19 shows the field distri-

butions at the two muon sites extracted from the TF-µSR measurement at base temper-
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ature plotted together with the ZF distributions. A transverse field of 102 G was applied

vertically i.e. parallel to the b axis of (NO)[Cu(NO3)3]. The strong peak around 0 and

102 G is due to the non-relaxing silver background. The Fourier transform of the TF

data yields a field distribution centered around 102 G. On the left side are internal fields

which point essentially in the opposite direction of the external field and on the right

side internal fields which point essentially in the same direction. For comparing the TF

and ZF distributions the external field is added to the ZF distribution and the amplitude

is divided by 2 to correct for the summation of positive and negative field contributions

which happens automatically in a ZF experiment. This modified ZF distribution is shown

by the blue line in figure 6.19. After correction, the distribution of the ZF measurement

is surprisingly similar to the TF distribution. The peak describing the maximum field

of muon site 1 appears at the same position (44 G+102 G=146 G) with almost the same

intensity for the ZF and TF data. The external field simply shifts it leaving its shape

unaffected, indicating that the internal fields at this site are all parallel to the external

field, i.e. pointing along the crystallographic b axis. The peak describing the maximum

field of muon site 2 is not visible in the TF data anymore and must have shifted to lower

fields. This suggests a substantial angle between the internal and external fields at this

muon site reducing the modulus of the vector sum.

The spatially constant spin direction found at muon site 1 implies that the magnetic

order must be collinear. Together with the result that the magnetic order is incommen-

surate this suggests a sinusoidally modulated magnetic structure and rules out spiral

order. In an incommensurate spiral structure the fields at crystallographically equiva-

lent muon sites point in different directions and an applied TF would change the shape of

the field distribution. A sinusoidal rather than spiral structure may indicate anisotropic

interactions in (NO)[Cu(NO3)3].

6.3.4 LF results

Longitudinal (LF) µSR measurements were performed to check for magnetic dynamics

at low temperatures and near TN . In the presence of static magnetism, a magnetic field

applied longitudinal to the initial muon spin direction shifts the polarization function to

higher values (vector sum of internal and external field) [35]. At fields ∼10 times the

internal field the muon spin is fully polarized and constant as a function of time with

complete loss of oscillations. If the magnetic system were dynamic it would be impossible

to fully regain the polarization since spin flip processes would continue to depolarize the

muon spins which would be observed as a slow decay of the LF-µSR spectra.

The LF-µSR spectra at 19 mK reveal the expected behavior for static magnetism

(figure 6.20). The lines through the LF data are fits to a static Gaussian-Kubo-Toyabe

function [35]. This function was used as a rough approximation of the LF data in the
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Figure 6.20: Longitudinal field µSR spectra at 19 mK. The lines are fits described in the
text. For B > 0 G a static Gaussian-Kubo-Toyabe function was used to
approximate the LF data.

absence of an accurate function for the field dependence of two Bessel functions plus

a Gaussian relaxation term which was used in zero field. The polarization is almost

constant for a LF of 400 G. Thus 400 G is sufficient to decouple the muons from the

internal fields implying that the transverse components of the internal fields are ∼40 G

which is consistent with the ZF results.

The LF-µSR measurements around the phase transition temperature also reveal com-

pletely static magnetism as shown in figure 6.21. For fitting the LF data at 580 mK

again the static Gaussian-Kubo-Toyabe function was used. An even weaker longitudinal

field is necessary to decouple the muon spin from the relaxation due to the internal fields

consistent with the reduced static fields at the muon site at 580 mK (cf. figure 6.18(a)).

The LF data at 600 mK was modeled with a Lorentz-Kubo-Toyabe function consistent

with the exponential spectrum in the ZF measurement above the phase transition.

From the LF measurements no critical spin dynamics near the phase transition nor any

persistent spin dynamics at low temperatures were observed. The muon spin relaxation is

solely caused by static magnetism. However, quantum fluctuations must be present since

they reduce the ordered moment even at lowest temperatures as observed by neutron

diffraction. Therefore they must be too fast for the muon time window which lies in

the MHz regime. This is reasonable given the large intrachain exchange constant J =

149 K = 3.11 THz. Fluctuations outside the muon time window can also explain the fact

that even above the phase transition the muon spin can be easily decoupled from its

environment.
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Figure 6.21: Longitudinal field µSR spectra around the phase transition recorded at
580 mK and 600 mK. The lines are fits described in the text.

6.4 Conclusion

In this chapter the new quantum magnet (NO)[Cu(NO3)3] was investigated. The mag-

netic susceptibility gives good agreement to the 1D model by S. Eggert et al. [134],

showing that (NO)[Cu(NO3)3] is a S-1/2 HAFC with J = 149(1) K. Long-range magnetic

order was found by both specific heat and µSR measurements to occur at the highly

reduced Néel temperature TN = 585(5) mK. Furthermore, specific heat and µSR imply

a small ordered magnetic moment while the comparison of the nuclear- and magnetic

structure factors gives an upper limit of m ≤ 0.08 µB. Evidence that the interchain inter-

actions in (NO)[Cu(NO3)3] are competing comes from µSR, which was able to shed light

on the low temperature phase below TN = 585(5) mK. In this phase, (NO)[Cu(NO3)3]

exhibits incommensurate long-range magnetic order consistent with a sinusoidally modu-

lated magnetic structure. Since the magnetic structure is expected to be commensurate

along the chain, the order must be incommensurate perpendicular to the chains. For

insulating magnets, incommensurate magnetic order is a signature of frustration, and

therefore this result reveals that the interchain interactions are frustrated. The ratio of

J ′/J2 could not be obtained but it is clear that both interactions are similar enough

to be competing and to drive the magnetic order incommensurate, thus suggesting that

(NO)[Cu(NO3)3] can be described by the Nersesyan-Tsvelik model and may lie close to

the special point J ′ = 2J2.

The significance of the strongly reduced ordering temperature of (NO)[Cu(NO3)3] can

be discussed in a broader context. The reduction is primary caused by the low dimen-

sionality of the magnetic interactions. For one-dimensional magnets each magnetic ion

has only two neighbors while for a three-dimensional magnet there are often six neighbors

per ion. Since neighboring ions stabilize long-range order and reduce fluctuations, quasi

one-dimensional magnets only show ordering at a Néel temperature which is strongly re-
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duced compared to the energy scale of the magnetic interactions. The Mermin-Wagner

theorem states that an ideal one-dimensional magnet can never develop long-range mag-

netic order since two neighbors are not enough to stabilize a mean field. The occurrence

of long-range magnetic order is therefore caused by weak but finite interchain couplings

which are unavoidable in real materials. If these interchain couplings are frustrated fur-

ther suppression of the long-range order occurs since the spins will fluctuate between the

different competing ground state configurations.

The suppression of the ordering temperature compared to the Curie-Weiss temperature

f = |θCW |/TN is an important quantity for quantum magnets where a large value of f

indicates a strong suppression of order [154]. This quantity has to be treated with care

when comparing different materials since both dimensionality and frustration play an

important role in the suppression of order as described above. Therefore only materials

of the same magnetic dimensionality should be compared. In the absence of values of

the Curie-Weiss temperature for many S-1/2 HAFC compounds which exhibit a very

strong coupling along one spatial direction and therefore hold a large energy scale of

magnetic interactions, the parameter f will be calculated from the ratio of the intrachain

interaction J to the ordering temperature f = J/TN . Another important quantity is

the size of the ordered moment m at lowest temperatures because this also reflects the

dimensionality and frustration.

For the calculation of f in (NO)[Cu(NO3)3] the average of the intrachain coupling as

determined by fitting the magnetic susceptibility and the heat capacity data to models

of the ideal S-1/2 HAFC will be used. Magnetic susceptibility gave J = 149(1) K while

fitting the heat capacity above the transition resulted in J = 130(3) K. Thus J̄ = 139.5 K

and f = 139.5K/0.585K = 238 is calculated for (NO)[Cu(NO3)3]. The ordered moment

in (NO)[Cu(NO3)3] was determined as m ≤ 0.08 µB from neutron diffraction. These two

values can be compared to other S-1/2 HAFCs to get a feeling for the weakness and/or

frustration of the interchain coupling in (NO)[Cu(NO3)3]. The most extensively studied

spin chain, KCuF3, has a relatively large interchain coupling (J ′/J ≈ 0.01) yielding an

ordered moment of m = 0.49(7) µB and f = 390K/39K = 10 [155, 156]. A more 1D

example is Sr2CuO3 with a very small interchain interaction (J ′/J ≈ 10−5), giving an

ordered moment of only m = 0.06(3) µB and f = 2200K/5K = 440 [147, 157]. The

1D chain compound SrCuO2 is frustrated because it consists of staggered linear chains

that are coupled in a zig-zag fashion and it undergoes a transition into incommensurate

magnetic order with m = 0.033(7) µB. Even though the interchain exchange is larger

(J ′/J ≈ 0.1) compared to the other compounds, the order in SrCuO2 is even more

suppressed as demonstrated by f = 2600K/5K = 520 [150, 158]. The relatively large

parameter f = 238 obtained for (NO)[Cu(NO3)3] places this compound among others

which are highly one-dimensional with an interchain coupling that is either negligible or

alternatively frustrated thus suppressing the long-range order. Since the magnetic order
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was found to be incommensurate in (NO)[Cu(NO3)3] indicating frustrated interactions,

this new compound seems to belong to the latter class of quasi 1D materials.
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(NO)[Cu(NO3)3]

In the previous chapter the examination of the thermodynamic and magnetic properties

of (NO)[Cu(NO3)3] was presented. Magnetic susceptibility and specific heat data show

a behavior typical for a 1D S-1/2 HAFC, while a phase transition to long range mag-

netic order was thoroughly investigated by µSR. The properties of the ordered phase are

in agreement with an incommensurate amplitude-modulated magnetic structure which

is likely to be caused by frustrated interchain coupling in (NO)[Cu(NO3)3]. Thus the

proposal by O. Volkova et al. [123] that (NO)[Cu(NO3)3] can be described by the frus-

trated Nersesyan-Tsvelik model close to the special ratio J ′ = 2J2 is consistent with the

presented measurements.

In this chapter the magnetic excitations of (NO)[Cu(NO3)3] probed by inelastic neu-

tron scattering (INS) using thermal as well as cold neutrons will be presented. If this new

compound is indeed a 1D S-1/2 HAFC it should display the typical spinon excitations.

Since spinons are fractional particles with a spin quantum number of S = 1/2 they must

be created in multiple pairs and are observed as a multispinon continuum in a neutron

scattering experiment. Because the intrachain coupling was determined as J = 149(1) K

from susceptibility data the two-spinon continuum is expected to extend up to an en-

ergy of Emax = πJ = 40.6(3) meV. The presumably very weak or weak and frustrated

interchain coupling is expected to be observable as deviations from 1D excitations at

low energies due to the confinement of spinons. The interchain coupling can lead to

dispersive spin-wave modes with well-defined energy as a function of wavevector parallel

and perpendicular to the chain direction at small energy transfers in the ordered phase.

The dynamical structure factor of the S-1/2 HAFC which is directly measured by

INS has been tackled using several theoretical approaches since the problem was first

postulated by H. Bethe in 1931 [32]. The existence of excitations carrying spin-1/2 in

one-dimensional antiferromagnets was suggested by L. Faddeev and L. Takhtajan in

1981 [110]. Subsequently G. Müller et al. calculated an approximation of the dynamical

structure factor for the 2-spinon continuum of the 1D S-1/2 HAFC at T = 0 K based

on finite-size exact diagonalization results and sum rules [159]. Furthermore, the S-1/2

HAFC lies at the Luttinger liquid quantum critical point and the dynamical structure

factor at the antiferromagnetic zone center (Q = π) can be described by the Luttinger liq-
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Figure 7.1: The co-aligned single crystals attached to the sample holders. (a) Specimen
for the experiment on Merlin. (b) Specimen for the LET experiment. In both
configurations the ab planes of the single-crystals are horizontal.

uid theory and shows the expected energy/temperature (E/T ) scaling [108, 109]. Major

advances occurred in 2005 when two near-exact calculations which included higher order

spinon processes were published. One method exploited an emergent quantum group

symmetry and is known as the Vertex Operator Approach [160, 161]. The equally suc-

cessful algebraic Bethe Ansatz was solved using exact finite-size matrix elements of spin

operators which were re-summed over arbitrary numbers of spinons [162–164]. Both

methods are valid only at lowest temperatures. Finite temperatures can however be

treated by time-dependent density matrix renormalization group methods which are

able to describe spectral functions of one-dimensional quantum magnets at arbitrary

temperature [156, 165]. In this chapter the experimental dynamical structure factor of

(NO)[Cu(NO3)3] will be carefully compared to these theories to check for the agreement.

Any observable deviations are discussed within the picture of the quasi 1D S-1/2 HAFC.

7.1 Experimental details

The dynamical structure factor was measured using inelastic neutron scattering . The

first experiment was intended to obtain an overview of the excitation spectrum and was

therefore performed using thermal neutrons which are typically available in the energy

range of En,thermal = 5 − 100 meV. In a second experiment, the low energy part of

the excitations was studied with high resolution using cold neutrons which have typical

energies of En,cold = 0.1−10 meV. This energy range is suitable for providing information

about the weak interchain coupling. The neutron time-of-flight technique was chosen for

both experiments since it allows the dynamical structure factor S(Q, E) to be obtained

simultaneously for a broad range of energy and reciprocal space.

Since the available samples of (NO)[Cu(NO3)3] were rather small and the magnetic

scattering is expected to be weak, several single crystals were co-aligned for both exper-
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iments. For the thermal INS experiment two samples with masses of 99 mg and 117 mg

were used. Their quality and their orientation was checked by X-ray Laue diffraction.

For the co-alignment it was beneficial that the crystals grow in plates where the plate

axes largely correspond to the crystal axes. The a and b axes lie in the plane of the plate

where the shorter side corresponds to the b axis while the c axis points out of the plane.

The samples were aligned on an aluminum sample holder with their ab plane horizontal

and their co-alignment was fine-tuned using X-ray Laue diffraction. The sample arrange-

ment for the thermal INS experiment with a total mass of 216 g is shown in figure 7.1(a),

the misalignment of the two samples was determined to be less than 2°. For the cold INS

experiment a new batch of crystals was available from which three crystals with masses

of 433 mg, 231 mg and 174 mg were selected (total mass 848 mg). They were again

co-aligned on an Aluminum sample holder with their ab planes horizontal as shown in

figure 7.1(b) and their misalignment was less than 3°. The highly hygroscopic samples

were protected against decomposition by the procedure described in section 6.1.1 except

that the wrapping in Aluminum foil was omitted for the thermal INS measurement.

The thermal INS experiment was performed on the Merlin time-of-flight spectrometer

at the ISIS Facility, Rutherford Appleton Laboratory, UK. The samples were aligned

with the chain direction (b axis) horizontal and perpendicular to the incident neutron

beam while the c axis was vertical. With this setup the dynamical structure factor along

the chain axis as well as the vertical [0, 0, ql] axis could be investigated. A Fermi chopper

was used to select incident energies of 31, 56 and 125 meV. Corresponding frequencies

of 150, 200 and 300 Hz were chosen to yield an energy resolution at the elastic line of

1.8, 3.2 and 7.2 meV respectively. Measurements took place at temperatures of 5.5, 18

and 49 K which were reached using a closed cycle cryostat. The counting times were

typically between 2440 − 5250 µAmp of proton beam current on the spallation target

which corresponds to 15−33 hours of counting time. The data were corrected for detector

efficiency using a neutron scattering measurement of a Vanadium standard sample and

were visualized using the Mslice program [166].

For the cold INS experiment the LET time-of-flight spectrometer, also located at

the ISIS Facility, was used. The crystals were aligned with their b axis horizontal and

their c axis vertical. The sampleholder was rotated about the c axis in 1° steps for

90° in total. The individual datasets collected at each rotation step were combined

using the Horace software suite to obtain the dynamical structure factor S(Q, E) as a 4

dimensional dataset (3 dimensional Q space and energy transfer) [91]. Incident energies

of 10.2, 4.01, 2.13 and 1.32 meV were used at the same time. The LET instrument

exploits the repetition rate multiplication (RRM) technique which involves chopping

each neutron pulse several times to give several different incident neutron energies at the

same time. The scattering events from neutrons with different incident energies are then

separated by the detector electronics allowing measurements at several incident energies
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to be performed simultaneously. Chopper frequencies of 100 Hz were used for the two

resolution-defining double disk choppers which yields resolutions at the elastic line of

0.4, 0.1, 0.04 and 0.02 meV respectively. Data were collected in the long-range ordered

phase at 100 mK and above the phase transition at 900 mK using a dilution refrigerator.

Each rotation step was counted for 40 µAmp at 100 mK and 20 µAmp at 900 mK where

the current of 20 µAmp equals a counting time of 30 minutes.

7.2 Experimental results

7.2.1 High energy excitations

Figure 7.2(a) shows the raw experimental data as a function of momentum along the

chain and energy measured at a temperature of 5.5 K on the Merlin instrument. It

reveals highly dispersive V-shaped modes coming down to the elastic line at odd integer

values of wavevector transfer along the chain qchain = 1 and 3 r.l.u.. These modes are

superimposed over a strong phononic background which becomes stronger with increasing

wavevector transfer according to the phonon form factor. At first glance, the dispersion is

consistent with the spin waves of a classical long-range ordered antiferromagnet following

E ∼ | sin(πqchain)| and the intensity is modulated by an antiferromagnetic structure factor

so that most intensity lies at odd integer values of qchain, while at even integer values

it is zero. The periodicity of the dispersion is modified because there are two magnetic

ions per unit cell in the chain direction (in comparison to a simple antiferromagnet

with one magnetic ion per cell which would have minima at half-integer positions and a

dispersion of E ∼ | sin(2πqchain)|). There is no clear continuum scattering visible in the

raw data. However, the width in energy of the dispersion branches is much broader than

the instrumental resolution which was 3.2, 2.6 and 2.1 meV at energy transfers of 0, 10

and 20 meV respectively. In addition, the asymmetric shape of the dispersion especially

near qchain = 1 and 3 r.l.u. with more weight in between the V-shaped branches than

outside hints at spinon excitations.

A background subtraction was performed by extrapolating the intensity measured in

the energy and wavevector regions where the magnetic scattering is expected to be ap-

proximately zero over the regions where there is finite magnetic signal and subtracting

this modeled background from the raw data. The background regions were chosen suf-

ficiently far away from the expected signal regions by adding an energy shift to the

theoretical boundaries of the 2-spinon continuum as shown by the dotted black lines in

figure 7.2(a). This is especially important at higher temperatures where the excitations

become thermally broadened. For qchain = 0, 2, 4 r.l.u., where the antiferromagnetic

structure factor is zero, data at all energies down to the elastic line were used as back-

ground. The intensity outside the black lines in figure 7.2(a) was smoothed over energy
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Figure 7.2: (a) Raw INS data measured at 5.5 K and Ei = 56.1 meV plotted as a func-
tion of wavevector parallel to the chain direction and energy. The data are
integrated over the perpendicular wavevectors. (b) Background calculated
by interpolating the intensities outside the black lines in (a) over the signal
region. (c) The background-subtracted INS data. The black dashed lines
denote the upper and lower boundary of the 2-spinon continuum. (d) Back-
ground subtracted INS data at the same temperature but at a lower incident
energy of Ei = 31.0 meV.

and wavevector and interpolated over the signal region. This modeled background is

shown in figure 7.2(b).

The INS data of (NO)[Cu(NO3)3] at 5.5 K after subtraction of the background is shown

in figure 7.2(c). The corrected data clearly show the expected multispinon continuum

of a S-1/2 HAFC lying predominantly between upper and lower boundaries for 2-spinon

processes which are indicated by the black dashed lines for J = 142 K. The apparent

antiferromagnetic dispersion observed in the raw data actually forms the lower boundary

for two-spinon processes where the spinon scattering is most intense. The excitation

energies are renormalized by a factor of π/2 compared to the conventional spin wave

dispersion of an antiferromagnet and are much broader than the instrumental resolution
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Figure 7.3: Background corrected INS data collected for Ei = 56.1 meV parallel to the
chain direction for temperatures of (a) 18 K and (b) 49 K. The black dashed
lines indicate where the two-spinon continuum is predicted at T = 0 K.

Above the lower boundary the intensity decreases continuously until it disappears near

the upper boundary. This decrease was predicted by G. Müller et al. [159] to follow

S(Q, E) ∼ 1√
E2−E2

l
(Q)

where El(Q) is the lower boundary for two-spinon processes. The

overall decrease in intensity with increasing wavevector transfer is due to the magnetic

form factor of copper. The presence of the spinon continuum is the first direct proof that

(NO)[Cu(NO3)3] can be described as a one-dimensional S-1/2 HAFC. The excitations

appear to be gapless at integer values of qchain showing that the magnetic structure is

commensurate along the chain and that the interactions do not compete in this direction.

Figure 7.2(d) shows the background corrected data taken with a lower incident energy of

Ei = 31 meV. It confirms that the scattering predominately occurs inside the boundaries

for two-spinon processes given by the dashed black lines.

To investigate the temperature dependence of the spinon continuum the same spec-

trum was also collected at 18 K and 49 K. The background corrected data for these

temperatures are shown in figure 7.3. With increasing temperature the expected thermal

broadening together with an overall decrease of scattering intensity is observed. Notably,

the excitations spread below the lower boundary of the T = 0 K theoretical two-spinon

continuum because spinons are already thermally excited before the scattering process

and thus less energy transfer from the neutron is need to create an excitation. This

agrees with the temperature dependence of the spinon continuum in the archetypical

S-1/2 HAFC KCuF3 as studied in [115]. At 49 K and 2 < qchain < 4 r.l.u. a phonon con-

tribution around 20 meV is visible which could not be subtracted completely. Therefore

the intensity is artificially high in this region.

An additional measurement was performed with an incident energy of Ei = 125 meV

at 5.5 K to confirm the absence of significant magnetic scattering above the upper two-
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(a) (b)

(c) (d)

Figure 7.4: (a) Raw INS data measured at T = 100 mK and Ei = 10.2 meV as a function
of energy and wavevector parallel to the chain direction. The data is inte-
grated over the perpendicular directions. The scattering outside the black
dashed lines is treated as background. (b) INS background interpolated over
the signal regions. (c) Background subtracted INS data. (d) Slice of the INS
data in the (qh, qchain, 0) plane integrated between −1 < ql < +1 r.l.u. and
2 < E < 4 meV providing an overview over the Q space coverage. Some data
points at large wavevector transfers are missing due to a gap in the detector
array.

spinon boundary. At each incident energy and each temperature the magnetic excitation

spectrum along the vertical ql axis was also recorded. Slices plotted as a function of

wavevector along ql and energy do not show any modulation of intensity indicating ideal

1D behavior in the energy and temperature range covered on the Merlin instrument.

7.2.2 Low energy excitations

While the experiment on Merlin revealed the clear presence of a spinon continuum con-

firming the 1D nature of the magnetic excitations in (NO)[Cu(NO3)3], the resolution at

low energies was not sufficient to investigate the lower part of the excitations in detail.
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However, the low energy excitations are most interesting because here deviations from

the ideal 1D behavior are predicted for weak interchain coupling. To investigate effects

of interchain coupling on the dispersion along the chain as well as to look for dispersions

perpendicular to the chain another INS experiment on the cold neutron spectrometer

LET was performed. For this experiment the sample was rotated about the vertical axis

over 90° so that dispersions along all three crystallographic directions could be obtained.

The range in horizontal reciprocal space covered by this experiment is shown in figure

7.4(d). Here, only the (qh, qchain, 0) plane is shown but additional data along the [0, 0, ql]

axis between −1 < ql < +1 for every combination of qh and qchain was obtained via the

vertical detector coverage. In the (qh, qchain, 0) plane the low energy part of the spinon

continuum appears as stripes centered at qchain = 1 and 3 with no modulation along qh.

Figure 7.4(a) shows the raw data of the dispersion along the chain with Ei = 10.2 meV

and T = 100 mK as measured on LET. The data are integrated over both perpendicular

directions. All data along the chain direction were corrected for background by defining

a region around integer values of qchain where magnetic intensity is expected. This signal

region is given by the V-shaped area defined by the function E0 + πJ
2 |sin(π(qchain − n))|

with n integer and E0 = −5 which provides an energy shift to ensure that no signal is

excluded. This function is plotted over the data in figure 7.4(a) as black dashed lines.

Intensity outside this region is treated as background and is smoothed and interpolated

over the signal region. The background is shown in figure 7.4(b) and the background

subtracted data is shown in figure 7.4(c). The raw data is contaminated by a phonon

contribution at ∼3 meV which is nicely subtracted.

The data is fully consistent with the result from Merlin (cf. figure 7.2) and extends

the measured spectrum down to lower energy transfers. Strong intensity at the lower

boundary for two-spinon processes is visible at odd integer values of qchain. In addition,

highly reduced intensity is visible at even integer values, e.g. at qchain = 2 r.l.u.. Exactly

at qchain = 2 r.l.u. the magnetic intensity should be zero because of the antiferromagnetic

structure factor, but slightly away from this position the intensity is expected to be finite

although very weak. The overall decrease in intensity with qchain is due to the magnetic

form factor of copper.

In figure 7.5 the dispersions along the two interchain directions qh and ql at the position

of magnetic intensity 0.9 < qchain < 1.1 r.l.u. for T = 100 mK are shown. These have

been corrected for non-magnetic background by subtracting the average of two similar

slices that are slightly shifted in qchain so that they lie outside the region of magnetic

signal (0.7 < qchain < 0.8 r.l.u. and 1.2 < qchain < 1.3 r.l.u.). Both perpendicular slices

show no significant modulation of magnetic intensity or indication of a dispersion over

the whole wavevector and energy range suggesting ideal 1D behavior in (NO)[Cu(NO3)3]

over the energy range shown here. The reduction of intensity with increasing energy

transfer is due to the 1/E dependence of the dynamical structure factor and the weak

182



7.2 Experimental results

[qh, 1, 0] (r.l.u.)

E
ne

rg
y 

(m
eV

)

 

 

(a)

−2 −1 0 1
1

2

3

4

5

6

7

8

S
(Q

,E
) (

ar
bi

tra
ry

 u
ni

ts
)

0

5

10

15

20

25

30

[0, 1, ql] (r.l.u.)

E
ne

rg
y 

(m
eV

)

 

 

(b)

−1.5 −1 −0.5 0 0.5 1 1.5
1

2

3

4

5

6

7

8

S
(Q

,E
) (

ar
bi

tra
ry

 u
ni

ts
)

0

5

10

15

20

25

30

Figure 7.5: Background corrected INS data perpendicular to the chain direction at T =
100 mK and Ei = 10.2 meV. (a) Slice along qh integrated between 0.9 <
qchain < 1.1 and −1.5 < ql < 1.5 and (b) slice along ql integrated between
0.9 < qchain < 1.1 and −2 < qh < 1. The background is taken as the average
of the slices between 0.7 < qchain < 0.8 and 1.2 < qchain < 1.3, with the same
integration range along qh and ql respectively, and is subtracted from the
data.

wavevector-dependent decrease in intensity is explained by the magnetic form factor of

copper.

The background corrected spectra for all the different incident energies at T = 100 mK

are shown in figure 7.6. These have been normalized to each other by comparing the

intensity in the regions where they overlap in energy transfer. Figure 7.6(a) gives the

same data as shown in figure 7.4(c) but at a reduced range in wavevector transfer centered

around qchain = 1 r.l.u.. All spectra show the onset of magnetic scattering at the lower

boundary of the two-spinon continuum El(Q) which is symmetric around qchain = 1 .

For Ei = 2.13 meV and Ei = 1.32 meV the steep dispersion of the two branches is

not resolved due to the limited Q resolution caused by the small misalignment among

the three crystals and the mosaic intrinsic to each crystal. As a result the scattering is

concentrated on a rod centered at qchain = 1. Two separate branches only become visible

above 2 meV (figure 7.6(b)) and are apparent in Ei = 10.2 meV data (figure 7.6(a)).

The lowest energy dataset reveals a gap below 0.2 meV which may be caused by a weak

anisotropy. A small instrumental error causes the center of the rod-like scattering to be

shifted to qchain = 0.99 instead of 1 where it is expected. This small shift is independent

of the incident energy and found in all 4 spectra.

Cuts through the slices presented in figure 7.6 are compared for both measured tem-

peratures T = 100 mK and 900 mK in figure 7.7. The cuts are centered around the

wavevector of the rod-like scattering which comes down to the elastic line at qchain = 0.99.
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Figure 7.6: Comparison of background corrected INS data along the chain at T = 100 mK
with different incident energies. The data are integrated over the perpen-
dicular directions. The datasets with different incident energies have been
normalized to the same intensity. (a) Ei = 10.2 meV, (b) Ei = 4.01 meV, (c)
Ei = 2.13 meV, and (d) Ei = 1.32 meV.

The overall scaling factors applied to the lower incident energy data to match the

Ei = 10.2 meV intensity have been the same for T = 100 mK and 900 mK. There is no

significant difference between the two temperatures, within the error bar the intensity is

comparable at all energies. A deviation at the lowest energies of the Ei = 2.13 meV data

in figure 7.6(c) is attributed to a problem of the background subtraction of the 900 mK

data since the difference is not reproduced by the Ei = 1.32 meV data in figure 7.6(d)

which overlaps in this energy range. The observation that there is no difference in the

excitations between the measurements above and below the long-range order transition

seems reasonable given the different energy scales of the 3D order and the 1D coupling.

The energy scale of the Néel temperature TN = 585(5) mK is much smaller than the

energy scale characterizing the individual chains with J = 149(1) K and therefore does

not significantly affect the excitations in (NO)[Cu(NO3)3]. Furthermore, the small size
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Figure 7.7: Comparison of constant-Q cuts through the corrected INS data for the two
measured temperatures of 100 mK and 900 mK. For all incident energies the
data are integrated between 0.97 < qchain < 1.01 and over both perpendicular
directions. The incident energies are (a) Ei = 10.2 meV, (b) Ei = 4.01 meV,
(c) Ei = 2.13 meV, and (d) Ei = 1.32 meV.
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Figure 7.8: INS data at 5.5 K compared to the simulation of the theoretical spinon con-
tinuum. The data is shown in (a) and (c) with incident energies of 56 meV
and 31 meV respectively. (b) and (d) show the resolution corrected dynamical
structure factor calculated via the algebraic Bethe-Ansatz for J = 142 K.

of the ordered moment, m < 0.08 µB, suggests that the rearrangement of spectral weight

below TN is small. Therefore the continuum scattering is still present below TN . Never-

theless it is clear that the behavior at lowest energy transfers cannot be explained with

a pure 1D S-1/2 HAFC model anymore. Since the dynamical structure factor of the S-1/2

HAFC is expected to roughly follow a 1/E dependence, the flattening of the data below

1.5 meV indicates deviations from this model. In figure 7.6(d) the opening of a gap below

0.2 meV is visible which cannot be explained by an isotropic Heisenberg model either.

These apparent deviations from the 1D behavior will be investigated in more detail in

section 7.3.2.

7.3 Analysis

7.3.1 High energy excitations

In this section the measured dynamical structure factor S(Q, E) of (NO)[Cu(NO3)3] will

be compared to different theoretical approaches to describe the 1D S-1/2 HAFC at zero
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and finite temperature. More precisely the Bethe Ansatz [162], Müller Ansatz [159] and

Luttinger liquid theory [109] will be used to investigate the excitations at lowest temper-

ature while finite temperature data will be compared to the Luttinger liquid theory and a

novel time-dependent density matrix renormalization group (tDMRG) method [165, 167].

For the purpose of comparing these theories to the experimental data, simulations of the

expected dynamical structure factor for each theory were performed. The theoretical

S(Q, E) was calculated for every detector position and energy of the experimentally ob-

tained spectra using the ms_simulate function in Mslice. Since the theories describe a

perfect one-dimensional system, the simulations were only projected onto the (qchain, E)

plane. The theoretical dynamical structure factor obtained in this way is, however, still

far from comparable to the experimental result. It basically accounts for a point like

sample with an infinite number of unit cells and a neutron spectrometer with perfect

resolution. Therefore a number of corrections were applied to the theoretical S(Q, E)

before it was compared to the data.

First, the theoretical S(Q, E) was multiplied with the square of the anisotropic mag-

netic form factor of copper according to the CuO4 plaquette orientation in the bc plane

to account correctly for the decreasing magnetic intensity with increasing |Q|. Second, it

was convolved with a Gaussian along the energy axis to model the finite energy resolution

of the spectrometer. Since the resolution is energy-dependent the width of the Gaussian

was given as a function of energy transfer obtained from the mchop program. Third,

the Q resolution was modeled. The theoretical S(Q, E) was calculated for both crystals,

which have been found to be misaligned by 2°, and weighted according to their masses.

The misalignment was determined from a white beam measurement. By directly look-

ing at the diffraction pattern on the detector array using the Mantid software package

[168] the white beam measurement provides information comparable to forward Laue

diffraction. For the same Bragg reflection the two crystals appear as individual spots

on the detectors. Besides the misalignment, the intrinsic mosaic spread of each crystal

could be determined from the broadening of the individual spots to be ∼0.5°. To mimic

the intrinsic mosaic spread the theoretical S(Q, E) was convolved with another set of

two Gaussians with a width of 0.5° along the horizontal and vertical scattering angle.

Because the dynamical structure factor is not in absolute units an overall scale factor

had to be multiplied to the simulations for comparison. This scale factor was the same

for all theoretical approaches. After performing these corrections, similar cuts and slices

through the simulated and measured spectra could be taken using the Mslice program.

In figure 7.8 the excitation spectrum at base temperature is compared to the theoretical

S(Q, E) calculated via the Bethe Ansatz solution from J.S. Caux et al. for the S-
1/2 HAFC at T = 0 K [164]. This integrability based solution of the Bethe Ansatz

provides the so far most accurate calculation of the ground-state dynamical structure

factor of the S-1/2 HAFC because it accounts for higher order spinon processes. The
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Figure 7.9: Comparison of a cut through the 5.5 K INS data at qchain = 1 to the the-
oretical structure factors calculated via the Luttinger liquid theory, Müller
Ansatz and Bethe Ansatz. The difference between the theories is largest near
the 2-spinon upper threshold (dashed vertical black line)

experimental S(Q, E) was measured at 5.5 K which is almost negligible compared to the

energy scale of the coupling along the chain, which justifies the comparison to the exact

solution at T = 0 K. The agreement between data and theory is excellent. Both data

and simulation consistently show the spinon continuum with the low-lying excitations

carrying the dominant spectral weight. The sharp onset of the zone-boundary excitations

at qchain = 0.5 and 1.5 which occurs theoretically at E = πJ/2 was used to extract the

intrachain coupling J . The lower boundary is almost flat in this region and therefore

constant Q cuts with qchain = [0.45, 0.55] and [1.45, 1.55] were fitted to similar cuts

through the simulation. The value for the intrachain coupling in (NO)[Cu(NO3)3] yields

J = 142(3) K. This value is comparable to those obtained from susceptibility (J =

149(1) K) and heat capacity (J = 130(3) K). INS however gives the most reliable value

because it directly measures the energy of the magnetic coupling. The lower and upper

boundary for two-spinon processes calculated for the intrachain coupling of J = 142(3) K

are indicated as dashed black lines in figure 7.8. The excellent agreement to the Bethe

Ansatz confirms that the excitations in (NO)[Cu(NO3)3] are dominated by 1D behavior

in the measured energy range.

Figure 7.9 shows a cut through the experimental S(Q, E) compared to similar cuts

through simulated spectra for the different theoretical approaches. The measured inten-

sity roughly follows S(Q, E) ∼ 1/E as expected for spinon excitations and agrees within
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the error bar with all simulations. In addition to the Bethe Ansatz, the data were also

compared to the Luttinger liquid theory. At qchain = 1, 3, . . . the S-1/2 HAFC lies at the

Luttinger liquid quantum critical point [109, 169]. The description using the Luttinger

liquid theory has the advantage that it can be applied at finite temperatures. Here the

dynamical structure factor in a narrow region around qchain = 1 ± δQ can be calculated

using

SLL(1 ± δQ, E, T ) =
e(E/kBT )

e(E/kBT ) − 1
· ALL

T
· Im

[

ρ

(

E + vF δQ

4πT

)

ρ

(

E − vF δQ

4πT

)]

(7.1)

with ρ(x) =
Γ(1/4 − ix)
Γ(3/4 − ix)

and vF =
π

2
J

where ALL is the scaling factor, Γ is the factorial function for complex numbers and

vF is the Fermi velocity. For completeness the experimental S(Q, E) is also compared

to the phenomenological Müller Ansatz [159] which was previously used to describe the

spinon excitations of S-1/2 HAFC compounds in the absence of more accurate theoretical

models. It is calculated via

SMA(Q, E) =
AMA

2π
· Θ(E − El(Q))Θ(Eu(Q) − E)

√

E2 − E2
l (Q)

(7.2)

where AMA is the scaling factor and Θ is the Heaviside step function.

From figure 7.9 it is evident that differences between the theories exist at lowest and

at highest energies. At low energy all theories can describe the energy dependence of

S(Q, E) qualitatively correct, although the best agreement is found for the exact solution

of the Bethe Ansatz, while the Müller Ansatz and Luttinger liquid theory underestimate

the intensity. The discrepancies are, however, more pronounced at high energies. Near

the 2-spinon upper boundary the Luttinger liquid shows distinct deviations from the

data. The Luttinger liquid is a continuum field theory that does not include the upper

boundary for 2-spinon excitations and thus becomes less and less precise with increasing

energy transfer. Within the error bar both Bethe and Müller Ansatz can describe the

data near the upper boundary reasonably well. The Müller Ansatz predicts a stepwise

upper cutoff which has been found to be inaccurate in the comparison to high resolution

INS data of KCuF3 [156]. At the upper boundary S(Q, E) follows a square-root cusp

which is correctly reproduced by the algebraic Bethe Ansatz.

The dynamical structure factor at finite temperature is inaccessible for the integra-

bility based solution of the Bethe Ansatz. It is however possible to use a novel time-

dependent density matrix renormalization group (tDMRG) approach to obtain the dy-

namical structure factor as the Fourier transformation of a sequence of imaginary and
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Figure 7.10: INS data parallel to the chain direction at (a) 18 K and (c) 49 K compared
to tDMRG simulations at the same temperature.

real time evolutions of many-body operators which are approximated as matrix prod-

uct states [165, 170]. Before performing the Fourier-transformation, the obtained data

in a finite time-interval is extrapolated to infinity by the use of a linear prediction to

obtain very precise structure factors [171]. The simulations used here were performed

by Dr. Thomas Barthel and Prof. Ulrich Schollwöck using a system of 129 sites and a

DMRG truncation weight of 10−10 to minimize finite-size effects and truncation errors

[172]. Figure 7.10 shows that the tDMRG simulations accurately describe the finite tem-

perature behavior of the spinon continuum. The simulations provide a good description

of the experimental data at all energies and wavevectors within the accuracy of the data.

They reproduce the thermal broadening which in particular causes the excitations to

spread below the lower boundary of the spinon continuum as well as the overall decrease

of intensity. Furthermore the spectral weight, which is mostly carried by the low-lying

excitations at low temperatures, gets shifted to higher energy transfers with increasing

temperature which is nicely reproduced by the simulations. The data at 49 K is contam-

inated by a phonon contribution at 2 < qchain < 4 and E = 20 meV which explains the
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Figure 7.11: Temperature dependence of the INS intensity at qchain = 1. Cuts through
the INS data at (a) 18 K and (b) 49 K are compared to the Luttinger liquid
theory and the tDMRG simulations at the same temperature.

discrepancy in this region.

To obtain a quantitative comparison, constant Q cuts at qchain = 1 through the experi-

mental data at finite temperature were compared to similar cuts through the simulations

performed at the same temperatures. Figure 7.11 shows the comparison of the data to

the Luttinger Liquid theory an to the tDMRG simulations. The Luttinger liquid the-

ory agrees with the data at low energies but deviations increase with energy transfer

as already found for the 5.5 K data in figure 7.9. This is due to the assumption of a

linear dispersion which is only valid at low energies and low temperatures. In contrast,

the tDMRG simulations can nicely describe the data at all energies up to the upper

two-spinon boundary for both investigated temperatures. The tDMRG method provides

a more accurate description of the finite temperature data than the Luttinger liquid at

qchain = 1, as well as providing the full wavevector dependence of the spectrum as seen

in figure 7.10.

7.3.2 Low energy excitations

To investigate whether the dynamical structure factor of (NO)[Cu(NO3)3] deviates from

ideal 1D behavior at low energies and temperatures the LET data were also compared

to simulations of the Luttinger liquid theory. At low energies and temperatures the

Luttinger liquid description is accurate in the region qchain = 1±δQ. The same corrections

were applied to the theoretical S(Q, E) as described in the previous section for the Merlin

data. Since the data from LET is four-dimensional (3D in Q plus energy) all corrections

as well as the cuts through data and theory were performed using the Horace software

package [91].
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Figure 7.12: Constant energy cuts through the background subtracted S(Q, E) measured
for Ei = 10.2 meV shown in figure 7.4(c). The intensity in each cut is
combined within the energy range shown on the right. Solid black lines
are the simulated S(Q, E) for the Luttinger liquid theory with J = 142 K
and the same cut range. The dashed blue lines are the calculated 2-spinon
continuum boundaries for the same J .
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Figure 7.12 shows a series of constant energy cuts through the experimental S(Q, E)

measured for Ei = 10.2 meV which was presented in figure 7.4(c). At lowest energies

the two branches of the lower boundary excitations at qchain = 1 and 3 are not resolved

but above 3 meV they are clearly visible. The continuum scattering in between these

branches is also visible. Weak intensity maxima are also observed close to qchain = 2

where the dispersion comes down to the elastic line with highly reduced intensity due

to the modulation with the antiferromagnetic structure factor. Between these maxima

no continuum is observed since this region lies beyond the upper boundary for 2-spinon

excitations which approaches E = 0 close to qchain = 2.

The constant energy cuts were used to extract the intrachain coupling from the LET

data. For this purpose the experimental S(Q, E) was compared to the Luttinger liquid

simulation in the region around qchain = 1 and 3. The value for the intrachain coupling

could be obtained best from constant energy cuts since the dispersion is very steep at

the low energies covered in this experiment. The experimental S(Q, E) was divided into

a series of constant energy cuts as shown in figure 7.12 which were compared to the

Luttinger liquid cross section calculated for similar cuts. The value for the intrachain

coupling yields J = 142(12) K consistent with the result from the experiment on Merlin

although with a larger error bar. The Luttinger liquid cross sections for J = 142 K are

plotted over the data in figure 7.12. In the energy range 1.5 < E < 8 meV nice agreement

between data and theory is observed showing that the excitations of (NO)[Cu(NO3)3]

are consistent with the 1D S-1/2 HAFC even down to 1.5 meV. The lower incident energy

datasets were not included in the determination of J as the dispersion of the lower spinon

continuum boundary is unresolved at low energies (cf. figure 7.6).

Figure 7.13 shows constant Q cuts through the LET data with different incident en-

ergies which were also investigated by comparison to the Luttinger liquid theory. The

cuts were performed in a slightly offset range 0.97 < qchain < 1.01 because of a small

instrumental error (see section 7.2.2). For the comparison, the data collected at 100 mK

and 900 mK were added together because no difference was observed between the two

temperatures (cf. figure 7.7). To obtain the scale factor the simulation was fitted to

the Ei = 10.2 meV data over the whole energy range. From the comparison of the

Ei = 10.2 meV data to the Luttinger liquid simulation shown in figure 7.13(a) deviations

are visible below 1.5 meV. Fitting the data in the reduced range 1.5 < E < 8.25 meV

does however not change the fitted scale factor. The simulated Luttinger liquid cross

sections for the lower incident energy datasets using the same scale factor are plotted

over the experimental data in figures 7.13(b-d).

The measured energy dependence of S(Q, E) is consistent with free spinon excitations

down to 1.5 meV. There are two main departures from the expected behavior of the

ideal S-1/2 HAFC visible below that energy. First, the intensity levels off below 1.5 meV

entering an almost flat regime in contrast to the predicted ∼ 1/E type increase of
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Figure 7.13: The constant-Q cuts through the LET data are compared to the Luttinger
Liquid theory. The data are integrated between 0.97 < qchain < 1.01 and
over both perpendicular directions. Data measured at temperatures of
100 mK and 900 mK are added together to improve statistics. The theory
is individually convolved with the instrumental resolution for each incident
energy.
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Figure 7.14: Corrected INS data perpendicular to the chain direction for an incident
energy of Ei = 2.13 meV and T = 100 mK. (a) Slice along qh integrated
between 0.95 < qchain < 1.05 and over all ql. (b) Slice along ql integrated
between 0.95 < qchain < 1.05 and over all qh. The background is taken
between 0.85 < qchain < 0.95 and 1.05 < qchain < 1.15 with the same
integration ranges along qh and ql respectively and subtracted from the
data.

S(Q, E) in a S-1/2 HAFC. Second, the rapid loss of intensity below 0.2 meV which

indicates the opening of a gap at that energy possibly due to weak anisotropy. Deviations

from 1D behavior are intuitively ascribed to interchain coupling. Modifications due to

interchain coupling are not surprising in real materials where arbitrary weak interchain

interactions will modify the excitation spectra at low but finite energies. Interchain

coupling is of course also responsible for restoring the long-range magnetic order observed

in (NO)[Cu(NO3)3] below TN = 585(5) mK. Nevertheless, as long as the 3D order

parameter remains small the excitation spectra is expected to remain purely 1D above

a certain energy even below the phase transition. At low enough energy, however, the

diffuse spinon continuum will be replaced by long-lived single magnon excitations (spin

waves) propagating perpendicular to the chain direction [111, 173].

The dynamical structure factor measured perpendicular to the chain direction is shown

in figure 7.14 for the Ei = 2.13 meV dataset at T = 100 mK. The slices are taken

at a narrow range around qchain = 1, where magnetic intensity is present along the

chain direction, and are plotted as a function of energy and one of the perpendicular

wavevectors while being integrated over the second perpendicular direction. The white

pixels at qh = −0.5 are missing detector pixels and the intensity around this area is

unreliable because of edge effects. Ignoring this area, there is no modulation of intensity

and in particular no sharp spin wave mode observable for energies below 1.5 meV where

derivations from 1D behavior were found. The 3D excitations in (NO)[Cu(NO3)3] might

be too weak for the sensitivity of this time-of-flight data which is reasonable giving the
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strongly reduced ordered moment of m < 0.08 µB.

7.3.3 Linear spin wave theory

Even though it was not possible to observe the effects of interchain coupling directly, it

is still possible to estimate their size from the observed deviations from 1D excitations.

From theoretical studies of quasi-1D S-1/2 HAFCs in their ordered phase using random-

phase-approximation analysis it was predicted that free spinon excitations appear at

energies greater than twice the maximum energy of the dispersion perpendicular to the

chain [174]. This could be confirmed experimentally for KCuF3, where the perpendicular

dispersion has a maximum energy of 14.5 meV [175] while for energies above ∼30 meV

the behavior of KCuF3 has been found to be entirely 1D [156]. The dynamical structure

factor below this threshold energy of the spinon continuum is dominated by single-particle

magnon excitations and thus deviates from the S-1/2 HAFC [173]. Since deviations have

been observed in (NO)[Cu(NO3)3] below 1.5 meV, a maximum energy of 0.75 meV for

the perpendicular dispersion can be estimated.

The perpendicular excitations are assumed to be magnons and therefore their disper-

sion can be modeled using linear spin-wave theory. The two-dimensional Hamiltonian of

the Nersesyan-Tsvelik model can be written as

HNT =
∑

m

∑

l

[JSl,m · Sl+1,m + J ′
Sl,m · Sl,m+1 + J2(Sl,m · Sl+1,m+1 + Sl,m · Sl+1,m−1)]

(7.3)

where the index m denotes the spin chain and l labels the individual spins within this

chain. All exchange interactions are assumed to be positive and describe isotropic anti-

ferromagnetic couplings. The exchange J couples nearest neighbor pairs of spins along

the chains, exchange J ′ couples nearest neighbor spins in the perpendicular direction,

and J2 couples next-nearest neighbor pairs along the diagonals. This Hamiltonian can

be solved in a semi classical approximation using linear spin-wave theory. A numerical

solution can be obtained using the SpinW Matlab library [22].

It is known that the lower boundary of the spinon continuum of the 1D S-1/2 HAFC

is renormalized upwards with respect to the dispersion obtained from linear spin wave

theory by a factor of π/2 [33]. The spin wave result

E(qchain) = J‖| sin(πqchain)| (7.4)

can be used if the intrachain coupling J is replaced by J‖ = πJ/2. The interchain

dispersion of the quasi-1D S-1/2 HAFC is not renormalized but is well described by a
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(a) (b)

(c) (d)

Figure 7.15: Spin wave theory simulation of the dispersions in (NO)[Cu(NO3)3]. (a) and
(c) show the dispersion along the chain multiplied by π/2. (b) and (d) show
the perpendicular dispersion at qchain = 1 for two different coupling models
which are illustrated in the insets. Note that the intensity scale for the
dispersions along qchain and qc is different.

semi-classical spin wave dispersion.

For (NO)[Cu(NO3)3] the coupling along the chain is J = 12.2 meV (=142 K) as

obtained in section 7.3.1 by comparing the data to the Bethe Ansatz solution of the

multi-spinon continuum. Therefore the value of the intrachain coupling used in linear

spin wave theory was fixed to J‖ = 12.2π/2 = 19.15 meV. For the spin-wave calculation

perpendicular to the chain direction the maximum of the dispersion was fixed to 0.75 meV

while J ′ and J2 were varied to obtain this value.

In the first calculation the diagonal coupling was fixed to J2 = 0. An antiferromagnetic

structure was obtained with the spin direction reversed in successive chains following a

Néel order. The simulated dispersions of (NO)[Cu(NO3)3] according to linear spin wave

theory are shown in figures 7.15(a) and (b). The simulation perpendicular to the chain

direction at qchain = 1 yields an AFM dispersion coming down to the elastic line at

half-integer values of qc. For this model the interchain coupling yields J ′ = 0.0072 meV.
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(a) (b)

Figure 7.16: Spin wave theory simulation of the dispersions in (NO)[Cu(NO3)3] for J ′ =
2J2. (a) Dispersion along qchain. (b) Perpendicular dispersion at qchain = 1.
The incommensurate ordering wavevector of the spin arrangement shown
in the inset is k = [0, 1, 0.12]. Due to the incommensurate wavevector the
dispersion splits up into three modes.

This is a very small interchain coupling compared to the coupling along the chain of

J = 12.2 meV. For the next model the perpendicular coupling J ′ was set to 0 so that

only the diagonal interchain coupling remains. Figure 7.15(c) shows that the dispersion

along the chain is unaffected while the perpendicular dispersion shown in figure 7.15(d)

resembles the dispersion of a ferromagnet. This is understandable because J2 aligns

diagonal spins in the bc plane antiferromagnetically so that nearest-neighbor spins along

the c axis are aligned ferromagnetically to give a columnar AFM order. The interchain

coupling yields J2 = 0.0032 meV which corresponds to half of the value obtained for J ′

because of the two exchange paths per Cu2+ ion contributing to J2.

The crystal structure of (NO)[Cu(NO3)3] however suggests that both interchain cou-

plings are present with a ratio close to J ′ = 2J2 which corresponds to the frustrated

Nersesyan-Tsvelik point. Figure 7.16 gives the result of calculating the spin wave disper-

sions for the condition J ′ = 2J2. The dispersion along the chain is not altered but the

perpendicular dispersion breaks down completely. At J ′ = 2J2 the chains are effectively

decoupled and the spins in one chain can rotate with respect to the neighboring chains

without energy cost. For the ordering wave vector perpendicular to the chains all incom-

mensurate values result in the same ground state energy. As a consequence the modes

along qc have zero energy.

Figure 7.17 shows the spin wave simulation of the dispersion perpendicular to the

chains for interchain couplings close to, but not exactly at, the frustrated Nersesyan-

Tsvelik point. The dispersions have been calculated for deviations of 1 % from J ′ = 2J2,

i.e. J ′ = 1.98J2 and J ′ = 2.02J2. Interestingly in this semi-classical model a small

deviation from the Nersesyan-Tsvelik point forces the spins to order commensurately in
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(a) (b)

Figure 7.17: Spin wave theory simulation of the perpendicular dispersions in
(NO)[Cu(NO3)3] close to the Nersesyan-Tsvelik point with (a) J ′ = 1.98 J2

and (b) J ′ = 2.02 J2. The resulting magnetic structures are given in the
insets.

either of the two collinear models, i.e. Néel order for J ′ = 2.02J2 and columnar order

for J ′ = 1.98J2. Incommensurate order is not predicted in the vicinity of the Nersesyan-

Tsvelik point according to linear spin wave theory. At a deviation from J ′ = 2J2 of 1 %

and with the maximum of the perpendicular dispersion fixed to 0.75 meV the calculated

interchain coupling in (NO)[Cu(NO3)3] is significantly enlarged to J ′ ≈ 2J2 ≈ 0.72 meV.

This yields a ratio J ′/J = 6 % which is large compared to the unfrustrated models which

gave very low interchain couplings of J ′/J = 0.06 % and J2/J = 0.03 % respectively. The

interchain dispersion in the case of relatively strong interchain couplings is suppressed

to very low energies if these couplings are competing. This confirms that the interchain

couplings can enhance the low-dimensionality in (NO)[Cu(NO3)3] if they are frustrated.

To check the spin wave analysis for consistency, the SpinW Matlab library is also

used to solve the Hamiltonian for KCuF3 and the results are compared to readily avail-

able literature data. The Hamiltonian in KCuF3 includes interchain coupling between

neighboring chains along both perpendicular directions and can be written as

Hquasi 1D = J
∑

i,r

Si,r · Si+1,r + J ′
∑

i,r

(Si,r · Si,r±a + Si,r · Si,r±c) (7.5)

where i is the site index along the chain and r is a lattice vector in the plane perpen-

dicular to the chains. In KCuF3 J is antiferromagnetic while J ′ is ferromagnetic and of

the same size for both perpendicular directions. As for (NO)[Cu(NO3)3], the spin-wave

dispersion along the chain is correctly calculated to
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E(qchain) = J‖| sin(2πqchain)| with J‖ = Jπ/2. (7.6)

The periodicity is modified since in KCuF3 there is only one magnetic ion in the unit

cell along the chain direction. The coupling along the chains is J = 33.5 meV [176]

and the maximum of the spin-wave dispersion perpendicular to the chains was found to

be E⊥,max = 14.5 meV for KCuF3 [175]. From these values the interchain coupling is

calculated to J ′ = −0.50 meV by solving the Hamiltonian (7.5) numerically. This yields

a ratio of interchain to intrachain coupling J ′/J = 1.5 %. This result completely agrees

with the analytical solution of Hamiltonian (7.5) presented in Refs. [175, 177] which

gave J ′/J = 1.6(1) %.

7.4 Conclusion

In this chapter inelastic neutron scattering has unambiguously shown by the presence of

the spinon continuum that (NO)[Cu(NO3)3] is a highly one-dimensional S-1/2 HAFC. An

accurate value for the coupling along the chains of J = 142(3) K could be extracted from

the inelastic neutron scattering data. Good agreement to the exact solution of the Bethe

Ansatz by J.-S. Caux et al. [162] has been found for the low temperature excitations.

The accuracy of the Bethe Ansatz solution has been recently demonstrated on Sr2CuO3

[178], KCuF3 [156] and CuSO4·5D2O [179]. The spinon continuum of (NO)[Cu(NO3)3]

at finite temperatures can be described with high accuracy using tDMRG simulations

[165].

The detailed measurement of the low energy excitations reveals deconfined spinons

down to rather low temperatures (100 mK) and energies (1.5 meV). A gap in the INS

data below 0.2 meV together with the sinusoidal magnetic structure found by µSR signify

a finite but very weak anisotropy in the magnetism of (NO)[Cu(NO3)3]. The excitation

spectrum is unaffected by the onset long-range magnetic order below TN and no spin-

wave dispersion perpendicular to the chain was found in the ordered phase. This is

in contradiction to many other quasi-1D compounds where single-particle excitations

due to long-range order coexist with the spinon continuum below a certain energy and

temperature. Prominent examples are KCuF3, BaCu2Si2O7 and Copper benzoate which

show a rich spectrum of transverse (spin wave) and longitudinal modes at low energies

together with continuum scattering above a well defined threshold energy [111, 180–183].

The strongly reduced ordered moment in (NO)[Cu(NO3)3] of m ≤ 0.08 µB describes a

fragile magnetic order whose excitations might be too weak to be observable via inelastic

neutron scattering or alternatively they might be obscured by frustration.

Departures from the dynamical structure factor of the S-1/2 HAFC have been found
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below 1.5 meV which can be ascribed to a frustrated interchain coupling of J ′/J ≈ 6 %

assuming J ′ = (2±0.02)J2 as suggested by the topology of the magnetic exchange paths

in (NO)[Cu(NO3)3]. Since it was not possible to measure the interchain coupling di-

rectly, the possibility of a very weak but unfrustrated coupling with either J ′ = 0 or

J2 = 0 cannot be excluded definitely. In the latter case the interchain coupling was

found to be J ′/J or 2J2/J = 0.06 %. The ratio of interchain to intrachain coupling can

be compared to other frustrated and non-frustrated S-1/2 HAFC compounds to get a

feeling for the size and level of frustration of the interchain coupling in (NO)[Cu(NO3)3].

The same three compounds already used for comparison in section 6.4 will be utilized

here. The well-studied KCuF3 has three-dimensional interchain coupling of J ′/J ≈ 1 %

which is unfrustrated leading to long-range order at the relatively high temperature of

TN = 39 K (compared to J = 390 K) [156, 175]. Sr2CuO3 in contrast has a very small

two-dimensional interchain coupling J ′/J ≈ 0.001 % which is also unfrustrated [147, 157].

The ordering transition is suppressed to just TN = 5 K (J = 2200 K) presumably due

to very weak interplane coupling or anisotropy while no spin-wave dispersion was ob-

served in the ordered state [178]. The material SrCuO2 is a S-1/2 HAFC with frustrated

two-dimensional zig-zag interchain coupling of J ′/J ≈ 10 % and a highly suppressed

ordering temperature of TN = 5 K (J = 2600 K) [157]. A weak antiferromagnetic per-

pendicular dispersion was observed in SrCuO2 below the ordering temperature which

was ascribed to short-range correlations between the chains [150]. The ordering temper-

ature of (NO)[Cu(NO3)3] is also suppressed with TN = 0.585 K (J = 142 K) and the

interchain coupling yields J ′/J ≈ 6 % assuming frustration and J ′/J < 0.1 % in the un-

frustrated scenario respectively. Assuming the former situation, (NO)[Cu(NO3)3] seems

to be comparable to the frustrated chain SrCuO2 although the nature of the frustration is

different. In both compounds competing interchain couplings enhance one-dimensionality

since they effectively cancel each other. Indeed ideal frustration would result in a total

deconfinement of the spinons at all energy and temperature scales leading to a purely

one-dimensional magnetic coupling within the mean-field approximation. If the latter

scenario should be realized, (NO)[Cu(NO3)3] can be compared to Sr2CuO3 which also

possesses very weak but unfrustrated interchain couplings which have been shown to

suppress the interchain dispersion completely. It should be mentioned that the ordering

temperature in these compounds is also reduced due to the reduction from 3D to 2D

Heisenberg models which for ideal systems would prevent order at finite temperatures

completely according to the Mermin-Wagner theorem [3].

The topology of the exchange paths perpendicular to the chains and the incommensu-

rate magnetic order in (NO)[Cu(NO3)3] do indeed support the possibility of frustrated

interchain interactions. Interestingly, spin wave simulations do predict commensurate

order for any combination of J ′ and J2 unless exactly at the Nersesyan-Tsvelik point.

Linear spin-wave theory however does not account for quantum fluctuations and the
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ground state close to J ′ = 2J2 cannot be obtained correctly using this theory. There-

fore all findings in (NO)[Cu(NO3)3] are consistent with a frustrated interchain coupling

close to the special point J ′ = 2J2. To conclude, it is very likely that the highly one-

dimensional magnetic properties of (NO)[Cu(NO3)3] originate from frustration due to

the special ratio of interchain couplings close to the Nersesyan-Tsvelik point as originally

proposed by O. Volkova et al. in 2010 [123].
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In this thesis two new quantum magnets with intriguing properties were investigated

experimentally. The main focus was on understanding the magnetic ground states, the

magnetic interactions and the excitations. Besides being interesting for basic research

and for the understanding of high-TC superconductivity, materials supporting quantum

magnetism may have applications in future data storage [184] and quantum computing

[185]. Research was carried out at large scale research facilities for neutron scattering

(HZB, FRM II, ISIS, ILL, NIST), for synchrotron X-ray experiments (PSI) and for muon

spin spectroscopy (PSI). These techniques were complemented by thermodynamic and

magnetic bulk properties measurements. In addition to performing experiments the

results were compared to state-of-the-art theoretical models.

The first investigated material was Ca10Cr7O28 whose magnetic properties are based

on spin-1/2 Cr5+ ions. Large single crystals of this compound were grown for the first

time which allowed the thoroughly investigation of its structural and magnetic properties

using neutron scattering. The crystal structure could be solved revealing the coupling

of Cr5+ ions in kagome bilayers while there are also non-magnetic Cr6+ ions in the

structure. The Cr5+ orbitals are quenched due to a distorted tetrahedral environment

leading to spin-only magnetic moments and Heisenberg interactions. Initially it was

unclear whether Ca10Cr7O28 was best described as a dimer compound, a kagome lattice

or a triangular lattice. Eventually spin wave analysis of the inelastic neutron scattering

data at 11 T, where the spin lattice is fully polarized due to the low energy scale in

Ca10Cr7O28, was able to solve this controversy. A new model of magnetic coupling has

been found based on frustrated opposite-sign bi-triangles coupled in a kagome lattice.

Along the inequivalent exchange paths a mixture of ferromagnetic and antiferromagnetic

interactions was found with the exchange constants ranging from -0.76 to 0.11 meV.

The coupling scheme is frustrated because FM and AFM triangles which lie on top of

each other cannot simultaneously realize their intrinsic spin arrangements due to the

intertriangle coupling.

In zero field it was found that long-range magnetic order is absent down to 19 mK

and the magnetic excitations are diffuse and gapless everywhere consistent with a spin-

liquid ground state. This is supported by AC susceptibility and µSR data which reveal a

dynamical behavior typical for a spin-liquid while a spin-glass ground state could be ex-

cluded. In addition, Functional Renormalization Group (FRG) calculations confirm the
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absence of long-range order and the spin-liquid correlations in this new type of frustrated

coupling scheme. Therefore Ca10Cr7O28 is one of only a few spin-liquid candidates where

the magnetic Hamiltonian is quantitatively known [88].

All experimental results of Ca10Cr7O28 could be explained consistently. However dis-

crepancies in the magnetic energy scale given by linear spin wave theory and magnetic

susceptibility may reveal quantum effects even in the ordered phase. Quantum fluctu-

ation are known to renormalize the dispersion and might affect the extracted coupling

constants. The effect of renormalization on the spin-wave excitations which is beyond

the scope of linear spin wave theory has to be further investigated. Density functional

theory (DFT) calculations are currently taking place to check whether the band structure

supports the same set of exchange coupling constants for Ca10Cr7O28 as determined by

linear spin wave theory. Furthermore the magnetic interactions may be tunable by pres-

sure and it would be interesting to study the pressure - magnetic field phase diagram

at base temperature. Since the new frustration mechanism found in Ca10Cr7O28 has

never been investigated before, it would be enlightening to search for other compounds

realizing a similar coupling of opposite-sign bi-triangles to see whether similar ground

states and excitations arise.

The second compound, (NO)[Cu(NO3)3], features one-dimensional magnetism. The

magnetism stems from Cu2+ ions which also possess spin-1/2 Heisenberg spins. The

arrangement of the CuO4 plaquettes leads to strong magnetic coupling along one spa-

tial direction and the topology of the exchange paths moreover suggests a frustrated

interchain coupling. The combination of strong one-dimensional antiferromagnetism

with frustrated interchain couplings where the chains are coupled in a plane by com-

peting AFM nearest (J ′) and next-nearest neighbor (J2) interactions is known as the

Nersesyan-Tsvelik model [6]. For the special ratio J ′ = 2J2 which corresponds to the

Nersesyan-Tsvelik point, the interchain interactions effectively cancel completely leading

to decoupled spin chains and suppressed long-range order. A similar effect of decoupling

has been observed in the kagome lattice where zero energy excitations can occur when

either a whole hexagon of spins or a whole chain of spins along one of the three possible

directions rotates independently with respect to the remaining spins [25].

(NO)[Cu(NO3)3] is an extremely hygroscopic material which made experimental in-

vestigation challenging and required the development of new techniques for protecting

unstable single-crystals during neutron scattering experiments where low background is

crucial. The inelastic neutron scattering data show the typical spinon continuum and

the extracted intrachain exchange constant is J = 142(3) K. Below TN = 0.585 K long-

range magnetic order develops with an incommensurate sinusoidally modulated magnetic

structure and a reduced ordered moment of m ≤ 0.08 µB. The suppressed ordering tem-

perature with respect to the intrachain coupling (TN /J = 0.4 %) as well as the small

ordered moment imply that (NO)[Cu(NO3)3] is highly one-dimensional and/or frustrated
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[186]. The analysis of inelastic neutron scattering data perpendicular to the chain direc-

tion using linear spin wave theory is consistent with a frustrated interchain coupling of

J ′/J ≈ 6 %. It seems likely that the interchain interactions in (NO)[Cu(NO3)3] are com-

peting in agreement with the Nersesyan-Tsvelik model close to the special ratio J ′ = 2J2.

It was however not possible to ultimately distinguish between the two scenarios of either

a very weak or a frustrated interchain coupling. For this purpose it is planned to re-

measure the interchain dispersion. To observe the perpendicular spin-wave excitations,

which possibly have highly reduced intensity due to the weak ordered moment, larger

single-crystals than currently available are necessary which would enable measurements

on a triple-axis spectrometer optimized for the detection of sharp spin-wave modes.

The ground state of the Nersesyan-Tsvelik model at the special point J ′ = 2J2 has

controversially been predicted to be a resonating valence bond [117], a valence bond

crystal [118], or a gapless spin liquid [119]. Future research requires the calculation of the

dynamical structure factor for the different theoretical approaches and their comparison

to the experimental data to find out which ground state is favored at the Nersesyan-

Tsvelik point. Further theoretical investigation is also planned using the FRG method

which was already successfully applied to calculate the ground state of Ca10Cr7O28.
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