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Abstract

Cognitive processing is linked to the activation of neurons in the brain, and specific cognitive tasks are

often correlated with certain activity patterns of individual neurons and neuronal networks. Of major

relevance are the temporal relationships between successive neuronal spikes and, in particular, the

concerted spiking activity across small groups and large populations of coupled neurons, which often

exhibit oscillatory overall dynamics due to synchronization. It is therefore important to understand the

mechanisms which underlie and control the spiking activity of individual neurons and their collective

dynamics in networks.

A prominent mechanism which alters neuronal excitability involves adaptation currents through specific

types of potassium channels in the neuronal membrane. These currents cause spike rate adaptation in

many types of neurons and are regulated by neuromodulators such as acetylcholine. In this thesis, we

employ computational models and mathematical methods to shed light on the role of that mechanism in

controlling neuronal dynamics at different spatial levels, ranging from single neurons to large networks.

Specifically, we characterize how distinct types of adaptation currents affect (i) spike rates, interspike

interval variability and phase response properties of single neurons, (ii) spike synchronization and

spike-to-spike locking in small networks, and (iii) the dynamics of spike rates across large populations of

coupled neurons.

We take a bottom-up approach based on an experimentally validated neuron model of the integrate-and-

fire type, effectively covering spikes, the fast subthreshold membrane voltage and slow adaptation current

dynamics. We use this model across the three spatial levels, which facilitates to relate the respective

findings. To obtain robust results in an efficient way we extend different suitable methods from statistical

physics and nonlinear dynamics – including mean-field, phase reduction and master stability function

techniques – for that model class, and complement them by (stochastic) numerical simulations. This

approach allows to examine the relationships between microscopic interactions (neuron biophysics) and

macroscopic features (network dynamics) in a direct way and simplifies bridging scales.

Applying these tools we demonstrate that at the level of single cells adaptation currents change threshold,

gain and variability of spiking, as well as the neuronal phase responses to transient inputs, in type-

dependent ways. At the network level adaptation currents engage in mechanisms that generate low-

frequency oscillations for excitation dominated synaptic interaction, stabilizing spike synchrony (small

networks) or promoting sparse synchronization (large networks), and they can facilitate and modulate

faster rhythms which heavily rely on synaptic inhibition. Thereby, we show that neuromodulatory

regulation of adaptation currents allows to stabilize biologically relevant synchronized and asynchronous

network states and switch between them, by changing the neuronal spiking characteristics in particular

ways. This work demonstrates the benefits of unified mathematical bottom-up modeling and analyses in

contributing to our understanding of neuronal dynamics across different scales.
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Zusammenfassung

Kognitive Verarbeitungsprozesse stehen mit neuronaler Aktivierung im Gehirn in engem Zusammenhang,

und bestimmte kognitive Aufgaben werden häufig mit spezifischen Aktivitätsmustern von einzelnen

Neuronen und neuronalen Netzwerken assoziiert. Die zeitlichen Beziehungen zwischen aufeinander-

folgenden neuronalen elektrischen Pulsen (Spikes) und insbesondere die konzertierte Spike-Aktivität

von kleinen sowie großen Populationen gekoppelter Neurone sind dabei von großer Bedeutung. Os-

zillatorische Gesamtdynamik von neuronalen Populationen aufgrund von Synchronisation spielt hier

eine wesentliche Rolle. Aus diesem Grund ist es wichtig die Mechanismen zu verstehen, welche der

Spike-Aktivität einzelner Neurone und deren kollektiven Dynamik in Netzwerken zugrunde liegen und

diese kontrollieren.

Ein bedeutender Mechanismus, der die neuronale Erregbarkeit verändert, beruht auf sogenannten Adap-

tationsströmen durch bestimmte Arten von Kaliumkanälen in der Neuronenmembran. Diese Ströme

verursachen das Phänomen der Spikeraten-Adaptation in vielen Neuronenarten und werden von Neuro-

modulatoren wie Acetylcholin reguliert. In der vorliegenden Arbeit nutzen wir Computermodelle und

mathematische Methoden, um die Rolle dieses Mechanismus für die Kontrolle neuronaler Dynamik auf

unterschiedlichen räumlichen Ebenen – von einzelnen Neuronen bis zu großen Netzwerken – näher zu

untersuchen. Konkret charakterisieren wir, wie verschiedene Arten von Adaptationsströme (i) Spikeraten,

Interspike-Intervall Variabilität und Phasenantwort Eigenschaften einzelner Neurone verändern, (ii)

Spike-Synchronisation sowie Phasen-Locking in kleinen Netzwerken und (iii) die Dynamik der Spikeraten

über große Populationen gekoppelter Neurone beeinflussen.

Wir nutzen einen Bottom-Up-Ansatz, basierend auf einem experimentell validierten Neuronenmodell

vom Integrate-and-Fire Typ, welches Spikes, die schnelle unterschwellige Membranspannungs-Dynamik

und langsame Adaptationsstrom-Dynamik effektiv beschreibt. Wir verwenden dieses Modell auf den drei

räumlichen Ebenen, wodurch Zusammenhänge zwischen den jeweiligen Ergebnissen hergestellt werden

können. Um robuste Ergebnisse auf effiziente Weise zu bekommen erweitern wir geeignete Methoden

aus der statistischen Physik und nichtlinearen Dynamik – einschließlich Mean-Field-, Phasenreduktions-

und Master-Stability-Function-Verfahren – für diese Modellklasse, und ergänzen die gewählten Me-

thoden durch (stochastische) numerische Simulationen. Dieser Ansatz erlaubt es, die Beziehungen

zwischen mikroskopischen Wechselwirkungen (Neuronale Biophysik) und makroskopischen Merkmalen

(Netzwerk-Dynamik) auf direktem Weg zu untersuchen, und vereinfacht es, die unterschiedlichen Skalen

zu überbrücken.

Durch Anwendung dieser Methoden zeigen wir, dass auf der Ebene einzelner Zellen Adaptationsströme

den Schwellwert, die Verstärkung und Variabilität des Spikeverhaltens, sowie die neuronalen Phasenant-

worten auf transiente Inputs in typabhängiger Weise verändern. Auf Netzwerkebene sind Adaptationsströ-

me maßgeblich an Mechanismen beteiligt, welche niederfrequente Oszillationen für vorwiegend exzitato-

rische synaptische Interaktion generieren. Dies geschieht durch Stabilisierung von Spike-Synchronisation

(kleine Netzwerke) und Förderung sogenannter spärlicher Synchronisation (große Netzwerke). Weiters

können sie schnellere Rhythmen, die stark auf synaptischer Inhibition beruhen, erleichtern und modulie-

ren. Hierbei zeigen wir, dass neuromodulatorische Regulierung von Adaptationsströmen es ermöglicht –

durch spezifische Änderungen neuronalen Spikeverhaltens – biologisch relevante synchronisierte und

asynchrone Netzwerkzustände zu stabilisieren und zwischen ihnen zu wechseln. Diese Arbeit demon-

striert den Nutzen vereinheitlichter mathematischer Bottom-Up-Modellierung und -Analysen um zum

Verständnis neuronaler Dynamik auf verschiedenen Skalen beizutragen.
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1 Introduction

1.1 General introduction and motivation

Neurons communicate by action potentials – stereotyped membrane voltage pulses called spikes – which

rapidly travel along neuronal fibers and trigger changes in the membrane voltage of their target cells.

The information (about a particular stimulus for example) can be contained in one or several features of

neuronal spike sequences, such as the average number of spikes across a population of neurons within

a short time interval, second and higher statistical moments of the neuronal interspike interval (ISI)

distribution, the precise relative spike timing of multiple neurons (in a network), or the timing of neuronal

spikes with respect to ongoing oscillatory brain activity, as reviewed in (Rieke et al. 1997, chapter 2.1.2),

(Dayan and Abbott 2001, chapter 1.5) and (Gerstner et al. 2014, chapter 7.6).

In particular, synchronized spiking of neurons in networks which gives rise to oscillatory overall activity

plays an important role for information processing (Buzsáki and Draguhn 2004; Sejnowski and Paulsen

2006; Wang 2010). These oscillations are shown in brain signals recorded, for example, by electroen-

cephalography on a large spatial scale, or using electrodes that are inserted into or close to the brain

tissue, measuring the activity of local neuronal populations. Neuronal network oscillations serve to bias

input selection during attention (Fries et al. 2001) and temporally link neurons into assemblies, thereby

providing a potential mechanism for perceptual binding (Singer 2007); they constitute an important

component of the code for spatial information (Buzsáki 2011) and are involved in learning and memory

(Herrmann et al. 2004; Lengyel et al. 2005). On the other hand, synchronous oscillatory neuronal activ-

ity is also correlated with brain diseases, such as epileptic seizures, during which abnormal excessive

or synchronous neuronal activity is measured (Zijlmans et al. 2009), or Parkinson’s disease, which is

characterized by a high level of neuronal synchrony in certain brain areas (Hammond et al. 2007). The ex-

ploitation of neuronal synchronization and oscillations in the brain may have evolved to minimize energy

expenditure since spike generation is energetically expensive (Laughlin and Sejnowski 2003),which might

also explain why it is phylogenetically preserved from mollusks to humans. It is therefore important to

understand the mechanisms which underlie and shape the spiking activity of neurons and their collective

dynamics in networks.

An important phenomenon in this context, shown by many types of neurons – including pyramidal

cells, the most abundant excitatory cell type in the cortex – is spike rate adaptation. Experimentally

this can be observed by a gradual change in spiking activity following an immediate response upon

an abrupt change of input strength (Fig. 1.1A). This behavior is typically mediated by slowly decaying

potassium (K+) currents through specific types of ion channels in the neuronal membrane (out of the

cell), which rapidly accumulate when the membrane voltage increases. These currents, also termed

adaptation currents, effectively reduce spiking activity by counteracting currents that depolarize the cell,

such as the sodium (Na+) current (into the cell). A number of slowly deactivating K+ channel types with

different activation characteristics have been identified (Schwindt et al. 1989, 1992; Brown and Adams

1980). Some channel types are already activated at membrane voltage values below those leading to a

spike (that is, subthreshold voltage values), while others activate at higher (suprathreshold) values and

are therefore effectively driven by spikes. The properties of these K+ channels, hence adaptation currents

and consequently neuronal excitability, are changed by the neuromodulatory systems of the brain. In

particular, the well-known neuromodulator acetylcholine has been shown to inhibit adaptation currents

in type-dependent ways (McCormick 1992), see Fig. 1.1B. Supported by experimental results (Golmayo

et al. 2003; Fournier et al. 2004; Lee and Dan 2012) we hypothesize that this mechanism is used by the

brain to control neuronal spiking and network dynamics (Ladenbauer et al. 2015).
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Chapter 1. Introduction

To gain insight into a brain intrinsic control mechanism of that kind and to assess its potential we

characterize in this thesis how different types of adaptation currents affect neuronal spiking activity and

synchronization phenomena. In particular, we focus on the role of adaptation currents for (i) spike rates

and ISI variability of single neurons, (ii) spike synchronization and locking in groups of coupled neurons

– small networks of up to hundreds of neurons, for which the precise temporal relationships between

spikes are relevant – and (iii) the population spike rate dynamics in large networks – at least several

thousands of coupled neurons, where the temporal patterns of subpopulation-averaged activities relate

to the dynamics of experimentally widely applied neuronal mass signals (such as local field potentials or

electroencephalograms (Buzsáki et al. 2012)) and are thus of major interest. We address these questions

using computational models which effectively describe the basic cellular processes that determine the

activity of neurons and their interaction (cf. section 1.2). In a unified bottom-up approach we apply these

models and extend different methods to efficiently describe and analyze their behavior at the single cell,

the small network, and the large network levels. That is, we examine the various dynamical aspects of

collective neuronal activity at these levels in silico and through mathematical analyses. We would like to

note beforehand that the methods presented in this thesis are well suited to study spiking dynamics and

synchronization at the different levels on the basis of a popular class of model neurons (cf. section 1.2),

and not limited to the analysis of phenomena linked to adaptation currents.

Figure 1.1 – Spike rate adaptation, neuromodulatory effects on adaptation currents, example of the aEIF model
dynamics and prediction performance. A: Membrane voltage of pyramidal neurons from rat hippocampus, showing
spike rate adaptation, in response to step current injections. Adapted from (Madison and Nicoll 1984). B: Sensitivity
of adaptation currents in rat hippocampal pyramidal neurons to acetylcholine agonist charbachol. Proportion
of slowly decaying spike-dependent K+ current (so-called afterhyperpolarization current, red) and subthreshold
voltage-dependent muscarine-sensitive K+ current (known as M-type current, blue) that could be elicited by spikes
and subthreshold voltage steps, respectively, for different concentrations of carbachol. We would like to note that the
M current is predominantly driven by the subthreshold voltage but can also be activated by spikes to some extent
(see chapter 2). Adapted from (Madison et al. 1987). C: Membrane voltage (V ) and adaptation current (w) time series
of an aEIF neuron in response to an input current step, with indicated parameters Vs, Vr, Tref, and b. D: Overlayed
membrane voltage traces of a (real) fast-spiking interneuron (gray) and as produced by the aEIF model (orange) in
response to the same input current. The model parameter values were calibrated in a preceding training phase using
a different input current. The spike times as well as the subthreshold voltage (inset) are predicted by the model to an
impressive degree of accuracy. The reproduction performance is close to optimal, considering that a real neuron
does not reproduce exactly the same spike times across repetitions of the same stimulus (not shown). Adapted from
(Naud 2011), with permission.
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1.2. The central model of neuronal activity

1.2 The central model of neuronal activity

The model of single neuron activity represents the methodological core of this thesis. To facilitate bridging

the gaps between the different spatial levels (cf. section 1.1) we use the same neuron model throughout

the thesis. The requirements for such a model are that it should be sufficiently complex to reproduce the

membrane voltage dynamics and spike patterns of real neurons yet as simple as possible for convenient

calibration using experimental data and to gain insights through mathematical analysis.

Over the last two decades substantial efforts have been exerted to develop single neuron models of

reduced complexity that can reproduce a large repertoire of observed neuronal behavior, while being

computationally less demanding and, more importantly, easier to understand and analyze than detailed

biophysical models. A prominent example that is used in the following is the adaptive exponential

integrate-and-fire (aEIF)1 model (Brette and Gerstner 2005; Gerstner and Brette 2009), which is a single-

compartment spiking neuron model given by a two-variable differential equation system with a reset

condition. Specifically, for each neuron (identified by subscript i = 1, . . . , N ) of a population of N neurons,

the dynamics of the membrane voltage Vi is described by

C
dVi

d t
= Iion(Vi )+ Isyn,i (t ), (1.1)

where the capacitive current through the membrane with capacitance C equals the sum of ionic currents

Iion and the synaptic current Isyn. Three ionic currents are taken into account,

Iion(Vi ) :=−gL(Vi −EL)+ gL∆T exp


Vi −VT

∆T


−wi . (1.2)

The first term on the right-hand side describes the leak current with conductance gL and reversal potential

EL. The exponential term with threshold slope factor ∆T and effective threshold voltage VT approximates

the rapidly increasing Na+ current at spike initiation, assuming instantaneous activation of Na+ channels

(Fourcaud-Trocmé et al. 2003). wi is the adaptation current which reflects a slowly deactivating K+

current. It evolves according to

τw
d wi

d t
= a(Vi −Ew )−wi , (1.3)

with adaptation time constant τw . Its strength depends on the subthreshold membrane voltage via

conductance a. Ew denotes its reversal potential. When Vi increases beyond VT, it diverges to infinity in

finite time due to the exponential term in Eq. (1.2), which defines a spike. However, often in practice the

spike is said to occur when Vi reaches a given value Vs ≥VT. The downswing of the spike is not explicitly

modeled; instead, when Vi ≥Vs, the membrane voltage is reset to a lower value Vr. At the same time, the

adaptation current wi is incremented by a value of b, which implements suprathreshold (spike-triggered)

activation of the adaptation current. Immediately after the reset, Vi and wi are clamped for a short

refractory period Tref, and subsequently governed again by Eqs. (1.1)–(1.3). For an example, visualizing

the piecewise smooth dynamics of the model variables in response to an input current step as well as

some of the parameters, see Fig. 1.1C.

Notably, there are well established complex neuron models available, based on the seminal work of

Alan Hodgkin and Andrew Huxley (Hodgkin and Huxley 1952), which include a detailed biophysical

description of the fast ion channel kinetics (for Na+ and K+ ions) required to reproduce the short-lasting

spike shape more accurately; see, for example, (Dayan and Abbott 2001, chapter 5) or (Izhikevich 2007,

chapter 2). In the aEIF model the actual spike shape is neglected for the sake of reduced model complexity,

which is justified by the observation that neuronal spike shapes are stereotyped and their duration is

very short (about 1 ms). The timing of spikes contains most information, as compared to the spike

shapes, and the aEIF model can accurately reproduce the spike times (up to 96%) of Hodgkin-Huxley-type

models (Brette and Gerstner 2005). Nevertheless, in section 4.2 we describe how a spike shape that better

1Also referred to as AdEx in the literature.
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Chapter 1. Introduction

approximates the voltage time course during the refractory period can be included in the model at a low

computational cost.

The assets of the aEIF model are that it exhibits rich subthreshold dynamics (Touboul and Brette 2008),

a variety of biologically relevant spike patterns (Naud et al. 2008), and it can be easily calibrated using

well established electrophysiological measurements (Brette and Gerstner 2005). The model parameters

are physiologically relevant and – importantly – they can be tuned such that the model reproduces

subthreshold properties (Badel et al. 2008a,b) and predicts spiking activity of real (cortical) neurons

(Jolivet et al. 2008a,b; Pospischil et al. 2011) to a high degree of accuracy, see Fig. 1.1D. Notably, it is

the contribution of the adaptation current variable in the aEIF model, which boosts its reproduction

performance (as compared to a one-dimensional version of the model without adaptation – the EIF

model) (Jolivet et al. 2008a). These benefits of the aEIF model have strongly promoted its popularity for

application in neuronal network models (see, for example, Destexhe 2009; Ko et al. 2013) as well as in

neuromorphic hardware systems (Jo et al. 2010; Brüderle et al. 2011). Furthermore, the model allows us to

study the effects of adaptation currents with subthreshold and spike-dependent activation in separation

(via parameters a and b).

It is worth noting that the aEIF model is similar to the two-variable model proposed by Eugene Izhike-

vich (Izhikevich 2003), which also includes a subthreshold and spike-driven adaptation variable. The

advantages of the aEIF model (as opposed to the model by Izhikevich) are that its parameters are physio-

logically relevant and, importantly, the exponential description of spike initiation instead of a quadratic

nonlinearity. The exponential term better captures the spike rate response to high-frequency inputs

(Fourcaud-Trocmé et al. 2003) and the relationship between input current and membrane voltage (Badel

et al. 2008a,b).

To complete the model of the N aEIF neurons we need to specify the total synaptic current Isyn for

each cell [cf. Eq. (1.1)]. It consists of excitatory (E) and inhibitory (I) synaptic inputs IE , II received

from neurons of the network (if a network is considered) and an input current Iext generated from

network-external neurons,2

Isyn,i (t ) := IE ,i (t )+ II,i (t )+ Iext,i (t ). (1.4)

These currents are described in effective ways often encountered in neuronal network modeling studies

and differ slightly across the different levels considered in this thesis (cf. section 1.1). Here, we consider

interaction through chemical synapses, which are by far the most abundant type of connections between

neurons in the vertebrate brain. At the chemical synapse the presynaptic and postsynaptic cell mem-

branes are only separated by a small gap. The arrival of a spike at the presynaptic terminal leads to a

release of neurotransmitter into the gap, which shortly afterwards binds to specialized receptors at the

postsynaptic membrane. This causes an opening of specific ion channels and subsequently an excitatory

(depolarizing, “towards the membrane voltage threshold”) or inhibitory (hyperpolarizing, “away from

the threshold”) synaptic current, depending on the type of neurotransmitter and receptor. We consider

synaptic inputs through AMPA receptor-gated ion channels for excitatory presynaptic neurons, and

GABAA receptor-gated ion channels for inhibitory presynaptic neurons.3 These two types of postsynaptic

receptors are the most abundant ones for excitatory and inhibitory interaction in the brain. Effectively,

every neuronal spike triggers a synaptic current for each of its target neurons, which causes an excursion

of the membrane voltage at their somas after a short time delay has passed. The delay accounts for the

duration of spike propagation along the axon, biochemical processes at the synapse, and, potentially, the

traveling time for the voltage excursion along the dendrite to the soma.

We model the postsynaptic effects by (delayed) membrane voltage “jumps” (chapter 2, section 4.1) or,

using postsynaptic variables that follow (bi)exponential time courses triggered by presynaptic spikes and

produce rather smooth membrane voltage excursions (chapter 3, section 4.2). The synaptic currents are

described directly (chapter 2, sections 3.2 and 4.2) or via the underlying conductances, in which case

2To distinguish between these synaptic currents we may call IE , II recurrent synaptic currents.
3AMPA and GABA are abbreviations for α-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid and for γ-aminobutyric acid,

respectively.

4



1.3. The structure of the thesis

Isyn,i also depends on Vi (sections 3.1 and 4.1). The external input current is described using stochastic

processes (chapters 2 and 4) or deterministic (constant and step) functions (chapter 3). It should be

noted that the effects of adaptation currents at the three levels covered in this thesis do not depend on a

particular choice of model for (chemical) synaptic interaction, the presence (absence) of certain model

features, however, simplifies the respective methodology.

1.3 The structure of the thesis

In the following chapters we extend different methods to effectively describe and analyze the collective

dynamics of aEIF neurons [cf. Eqs. (1.1)–(1.4)] at the single cell, small network, and large scale levels.

This allows us to account for various aspects, such as ISI variability, spike synchronization, and spike rate

oscillations, which are strongly affected by the presence of adaptation currents. We then apply these tools

– complemented by numerical simulations – to specifically examine the effects of subthreshold-driven

and spike-triggered adaptation currents, considering different inputs and synaptic coupling scenarios

across the chapters. Biophysically detailed Hodgkin-Huxley type neuron models are used for validation

purposes.

In chapter 2 we study neuronal spike rates and ISI variability considering in vivo like fluctuating inputs,

with focus on how the relationships between inputs and neuronal output properties are changed by

(the cell-intrinsic) adaptation currents, as compared to the effects of network-based synaptic inhibition.

The input fluctuations are described by a stochastic process. We extend an approach based on the

Fokker-Planck equation (Ostojic 2011) for the resulting stochastic aEIF system to efficiently calculate

spike rates and ISI distributions for a range of input statistics, adaptation and synaptic coupling strengths.

Using Hodgkin-Huxley model neurons we further elucidate how the adaptation current in the aEIF model

can reflect specific types of K+ currents, depending on the parameter values. This chapter is based on

(Ladenbauer et al. 2014a).

In chapter 3 we turn our focus to spike synchrony and locking in small networks, considering first pairs

of coupled neurons (section 3.1) followed by networks with various connection patterns (section 3.2).

To study synchronization phenomena in pairs of aEIF neurons we extend a phase reduction approach

based on the phase response curve (PRC) (see, e.g., Schwemmer and Lewis 2012), which quantitatively

describes the effect of transient inputs on spike timing for a periodically spiking neuron. We analyze

how the PRC is altered by adaptation currents and how those changes affect the stability of synchronized

and spike-to-spike locking states for different types of coupling (excitatory or inhibitory) and a range

of synaptic delays and external input strengths. We further demonstrate under which conditions and

how the locking behavior in pairs carries over to small all-to-all networks. Then, we extend the master

stability function technique (Pecora and Carroll 1998) for aEIF networks, which allows us to predict

how synchronized and locking states are stabilized by the interplay of adaptation currents and synaptic

coupling properties for many different connection patterns. Chapter 3 is based on (Ladenbauer et al.

2012) and (Ladenbauer et al. 2013).

In chapter 4 we examine asynchronous states and population spike rate oscillations in large networks

of aEIF neurons receiving fluctuating inputs. To effectively analyze the relationships between these

collective dynamics and the properties of neuronal adaptation and synaptic coupling we extend mean-

field methods using the Fokker-Planck equation (see, e.g., Brunel 2000; Ostojic and Brunel 2011), which

relates to the approach in chapter 2. First, in section 4.1, we consider a two-population network of

excitatory and inhibitory neurons for which we derive a suitable model that we use to analyze resonance

properties and the emergence of oscillations. Then, in section 4.2, we reduce this type of mean-field

model to a low-dimensional description, which we evaluate in terms of reproduction accuracy and apply

to further analyze the dynamics of the two-population network. In the outlook, we present how the

methods from chapter 3 (master stability functions and phase reduction) can be used to examine the

stability of asynchronous states, synchronized and phase locked spike rate oscillations for networks of

neuronal networks. Chapter 4 is based on (Augustin et al. 2013) and ongoing work.
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Chapter 1. Introduction

The following chapters include the manuscripts of the published original articles (Ladenbauer et al. 2014a,

2012, 2013; Augustin et al. 2013) with a small number of additional helpful comments in footnotes. The

overall bibliography is presented at the end of the thesis.
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2 Spike rates and spiking variability of adaptive
neurons

Here, we examine how adaptation currents shape the relationship between driving input, spike rate

output and ISI variability, and how these effects compare to those of inhibitory inputs from other neurons

within a network. We consider aEIF neurons exposed to fluctuating inputs which are described by a

Gaussian white noise process, mimicking synaptic bombardment as observed in vivo. To effectively

characterize spike rates and ISI distributions for a wide range of input statistics we extend an approach

based on the Fokker-Planck equation (Ostojic 2011). We further highlight our main computational

results mathematically by deriving analytical expressions for spike rates and ISI variability as a function

of adaptation parameters and the strengths of synaptic inputs, upon a small model simplification.

For validation purposes we also consider a Hodgkin-Huxley type neuron model, which implements

adaptation by a biophysically detailed description of the underlying slowly decaying K+ currents. We

quantitatively compare this detailed adaptation mechanisms with that of the aEIF model and show to

which extent specific, biophysically described K+ (adaptation) currents are driven by the subthreshold

membrane voltage and spikes, respectively.

We find that an adaptation current which is primarily driven by the subthreshold membrane voltage

increases the threshold for spiking and leads to an increase of ISI variability for a broad range of input

statistics, by subtracting from the mean input to the neuron. A spike-dependent adaptation current, on

the other hand, always reduces the spike rate gain while leaving the threshold for spiking unaffected by

predominantly dividing the mean input, and decreases ISI variability for fluctuation-dominated inputs.

For comparison, an increase of external synaptic inhibition leads to an increased threshold while an

increase of recurrent synaptic inhibition reduces the gain. Spiking variability, however, is increased by

both types of synaptic inhibition. The distinct effects of the two adaptation mechanisms are reproduced

by different types of K+ currents in a biophysically detailed Hodgkin-Huxley neuron model.
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Chapter 2. Spike rates and spiking variability of adaptive neurons

How adaptation currents change threshold, gain, and
variability of neuronal spiking
Josef Ladenbauer1,2,⋆, Moritz Augustin1,2, Klaus Obermayer1,2

1 Department of Software Engineering and Theoretical Computer Science, Technische Universität Berlin, Berlin, Germany

2 Bernstein Center for Computational Neuroscience Berlin, Berlin, Germany
⋆ Correspondence via e-mail: jl@ni.tu-berlin.de

Published in Journal of Neurophysiology 111: 939–953, 2014.

Many types of neurons exhibit spike rate adaptation, mediated by intrinsic slow K+ currents, which

effectively inhibit neuronal responses. How these adaptation currents change the relationship between in

vivo like fluctuating synaptic input, spike rate output and the spike train statistics, however, is not well

understood. In this computational study we show that an adaptation current which primarily depends

on the subthreshold membrane voltage changes the neuronal input-output relationship (I-O curve)

subtractively, thereby increasing the response threshold, and decreases its slope (response gain) for

low spike rates. A spike-dependent adaptation current alters the I-O curve divisively, thus reducing the

response gain. Both types of adaptation currents naturally increase the mean inter-spike interval (ISI),

but they can affect ISI variability in opposite ways. A subthreshold current always causes an increase of

variability while a spike-triggered current decreases high variability caused by fluctuation-dominated

inputs and increases low variability when the average input is large. The effects on I-O curves match

those caused by synaptic inhibition in networks with asynchronous irregular activity, for which we find

subtractive and divisive changes caused by external and recurrent inhibition, respectively. Synaptic

inhibition, however, always increases the ISI variability. We analytically derive expressions for the I-O

curve and ISI variability, which demonstrate the robustness of our results. Furthermore, we show how

the biophysical parameters of slow K+ conductances contribute to the two different types of adaptation

currents and find that Ca2+-activated K+ currents are effectively captured by a simple spike-dependent

description, while muscarine-sensitive or Na+-activated K+ currents show a dominant subthreshold

component.

Introduction

Adaptation is a widespread phenomenon in nervous systems,

providing flexibility to function under varying external con-

ditions. At the single neuron level this can be observed as

spike rate adaptation, a gradual decrease in spiking activity

following a sudden increase in stimulus intensity. This type of

intrinsic inhibition, in contrast to the one caused by synaptic

interaction, is typically mediated by slowly decaying somatic

K+ currents, which accumulate when the membrane volt-

age increases. A number of slow K+ currents with different

activation characteristics have been identified. Muscarine-

sensitive (Brown and Adams 1980; Adams et al. 1982) or Na+-

dependent K+-channels activate at subthreshold voltage val-

ues (Schwindt et al. 1989; Kim and McCormick 1998), whereas

Ca2+-dependent K+-channels activate at higher, suprathresh-

old values (Brown and Griffith 1983; Madison and Nicoll 1984;

Schwindt et al. 1992). Such adaptation currents, for exam-

ple, mediate frequency selectivity of neurons (Fuhrmann

et al. 2002; Benda et al. 2005; Ellis et al. 2007), where the pre-

ferred frequency depends on the current activation type (Dee-

myad et al. 2012). They promote network synchronization

(Sanchez-Vives and McCormick 2000; Augustin et al. 2013;

Ladenbauer et al. 2013) and are likely involved in the atten-

tional modulation of neuronal response properties by acetyl-

choline (Herrero et al. 2008; Soma et al. 2012; McCormick

1992). It has been hypothesized that these complex effects

are produced by changing the relationship between synaptic

input and spike rate output (I-O curve) (Deemyad et al. 2012;

Benda and Herz 2003; Soma et al. 2012; Reynolds and Heeger

2009). For example, changing the I-O curve of a neuron sub-

tractively sharpens stimulus selectivity, whereas a divisive

change downscales the neuronal response but preserves se-

lectivity (see (Wilson et al. 2012) in the context of synaptic

inhibition). It was also suggested, that adaptation currents af-

fect the neural code via their effect on the interspike interval

(ISI) statistics (Prescott and Sejnowski 2008). So far, the effects

of adaptation currents on I-O curves have been studied con-

sidering constant current inputs disregarding input fluctua-

tions (Prescott and Sejnowski 2008; Deemyad et al. 2012) and

it has remained unclear how different types of adaptation cur-

rents affect ISI variability. Therefore, in this contribution we

systematically examine how voltage-dependent subthreshold

and spike-dependent adaptation currents change neuronal
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I-O curves as well as the ISI distribution for typical in vivo like

input statistics and how the biophysical parameters of slow

K+ conductances contribute to the two types of adaptation

currents.

We address these questions by studying spike rates and ISI

distributions of model neurons with subthreshold and spike-

triggered adaptation currents, subject to fluctuating in vivo

like inputs, and we compare the results to those induced by

synaptic inhibition. Specifically, we use the adaptive expo-

nential integrate-and-fire (aEIF) neuron model (Brette and

Gerstner 2005), which has been shown to perform well in pre-

dicting the subthreshold properties (Badel et al. 2008a) and

spiking activity (Jolivet et al. 2008a; Pospischil et al. 2011) of

cortical neurons. To analytically demonstrate the changes of

I-O curves and ISI variability we derive explicit expressions for

these properties based on the simpler perfect integrate-and-

fire neuron model (see, e.g., (Gerstein and Mandelbrot 1964))

with adaptation (aPIF). Finally, using a detailed conductance-

based neuron model we quantify the subthreshold and spike-

triggered components of various slow K+ currents and com-

pare the effects of specific K+ channels on the I-O curve and

ISI variability.

Materials and Methods

aEIF neuron with noisy input current

We consider an aEIF model neuron receiving synaptic input

currents. The subthreshold dynamics of the membrane volt-

age V is given by

C
dV

d t
= Iion(V )+ Isyn(t ), (2.1)

where the capacitive current through the membrane with

capacitance C equals the sum of ionic currents Iion and the

synaptic current Isyn. Three ionic currents are taken into

account,

Iion(V ) :=−gL(V −EL)+ gL∆T exp


V −VT

∆T


−w. (2.2)

The first term on the right-hand side describes the leak cur-

rent with conductance gL and reversal potential EL. The ex-

ponential term with threshold slope factor ∆T and effective

threshold voltage VT approximates the fast Na+ current at

spike initiation, assuming instantaneous activation of Na+

channels (Fourcaud-Trocmé et al. 2003). w is the adaptation

current which reflects a slow K+ current. It evolves according

to

τw
d w

d t
= a(V −Ew )−w, (2.3)

with adaptation time constant τw . Its strength depends on

the subthreshold membrane voltage via conductance a. Ew

denotes its reversal potential. When V increases beyond VT,

a spike is generated due to the exponential term in Eq. (2.2).

The downswing of the spike is not explicitly modeled, instead,

when V reaches a value Vs ≥ VT, the membrane voltage is

reset to a lower value Vr. At the same time, the adaptation

current w is incremented by a value of b, implementing the

mechanism of spike-triggered adaptation. Immediately after

the reset, V and w are clamped for a refractory period Tref,

and subsequently governed again by Eqs. (2.1)–(2.3).

The aEIF model can reproduce a wide range of neu-

ronal subthreshold dynamics (Touboul and Brette 2008)

and spike patterns (Naud et al. 2008). We selected

the following parameter values to model cortical neu-

rons: C = 1µF/cm2, gL = 0.05mS/cm2, EL =−65mV,

∆T = 1.5mV, VT =−50mV, τw = 200ms, Ew =−80mV,

Vs =−40mV, Vr =−70mV and Tref = 1.5ms (Badel et al.

2008a; Destexhe 2009; Wang et al. 2003). The adaptation

parameters a and b were varied within reasonable ranges,

a ∈ [0, 0.06] mS/cm2, b ∈ [0, 0.3] µA/cm2.

The synaptic input consists of a mean µ(t) and a fluctuat-

ing part given by a Gaussian white noise process η(t) with

δ-autocorrelation and standard deviation σ(t ),

Isyn(t ) :=C

µ(t )+σ(t )η(t )


. (2.4)

Equation (2.4) describes the total synaptic current received by

KE excitatory and KI inhibitory neurons, which produce in-

stantaneous postsynaptic potentials (PSPs) JE > 0 and JI < 0,

respectively. For synaptic events (i.e., presynaptic spike times)

generated by independent Poisson processes with rates rE (t )

and rI (t), the infinitesimal moments µ(t) and σ(t) are ex-

pressed as

µ(t ) = JEKE rE (t )+ JIKIrI (t ), (2.5)

σ(t )2 = J 2
EKE rE (t )+ J 2

IKIrI (t ), (2.6)

assuming large numbers KE , KI and small magnitudes of JE ,

JI (Tuckwell 1988; Renart et al. 2004; Destexhe and Rudolph-

Lilith 2012). This diffusion approximation well describes

the activity in many cortical areas (Shadlen and Newsome

1998; Destexhe et al. 2003; Compte et al. 2003; Maimon

and Assad 2009). The parameter values were JE = 0.15 mV,

JI =−0.45 mV, KE = 2000, KI = 500, and rE , rI were varied

in [0, 50] Hz. In addition, we directly varied µ and σ over a

wide range of biologically plausible values.

Membrane voltage distribution and spike rate

In the following we describe how we obtain the distribution

of the membrane voltage p(V , t ) and the instantaneous spike

rate r (t ) of a single neuron at time t for a large number N of

independent trials. Note that by trial we refer to a solution

trajectory of the system of stochastic differential equations

(2.1)–(2.4) for a realization of η(t ).

9



Chapter 2. Spike rates and spiking variability of adaptive neurons

First, to reduce computational demands and enable further

analysis, we replace the adaptation current w in Eqs. (2.2)

and (2.3) by its average over trials, w̄(t) := 1/N
N

i=1 wi (t),

where i is the trial index (Gigante et al. 2007a). Neglecting

the variance of w across trials is valid under the assumption

that the dynamics of the adaptation current is substantially

slower than that of the membrane voltage, which is supported

by empirical observations (Brown and Adams 1980; Sanchez-

Vives and McCormick 2000; Sanchez-Vives et al. 2000; Stocker

2004). The instantaneous spike rate at time t can be esti-

mated by the average number of spikes in a small interval

[t , t +∆t ],

r∆t (t ) := 1

N∆t

N
i=1

 t+∆t

t


k

δ(s − t k
i )d s, (2.7)

where δ is the delta function and t k
i denotes the k-th spike

time in trial i . In the limit N →∞, ∆t → 0, the probability den-

sity p(V , t) obeys the Fokker-Planck equation (Risken 1996;

Tuckwell 1988; Renart et al. 2004),

∂

∂t
p(V , t )+ ∂

∂V
q(V , t ) = 0, (2.8)

with probability flux q(V , t ) given by

q(V , t ) :=


Iion(V ; w̄)

C
+µ(t )


p(V , t )−σ(t )2

2

∂

∂V
p(V , t ). (2.9)

Iion(V ; w̄) denotes the sum of ionic currents (cf. Eq. (2.2))

where w is replaced by the average adaptation current w̄ ,

which evolves according to

τw
d w̄

d t
= a(〈V 〉p(V ,t ) −Ew )− w̄ +τw b r (t ). (2.10)

〈·〉p indicates the average with respect to the probability den-

sity p (Brunel et al. 2003; Gigante et al. 2007b). To account for

the reset of the membrane voltage, the probability flux at Vs

is reinjected at Vr after the refractory period has passed, i.e.,

lim
V ↘Vr

q(V , t )− lim
V ↗Vr

q(V , t ) = q(Vs, t −Tref). (2.11)

The boundary conditions for this system are reflecting for

V →−∞ and absorbing for V =Vs,

lim
V →−∞

q(V , t ) = 0, p(Vs, t ) = 0, (2.12)

and the (instantaneous) spike rate is obtained by the proba-

bility flux at Vs,

r (t ) = q(Vs, t ). (2.13)

Note that p(V , t) only reflects the proportion of trials where

the neuron is not refractory at time t , given by P (t) =

 Vs
−∞ p(v, t)d v [< 1 for Tref > 0 and r (t) > 0]. The total prob-

ability density that the membrane voltage is V at time t is

given by p(V , t )+pref(V , t ), with refractory density pref(V , t ) =
[1−P (t )]δ(V −Vr). Since p(V , t ) does not integrate to unity in

general, the average in Eq. (2.10) is calculated as 〈V 〉p(V ,t ) = Vs
−∞ v p(v, t)d v/P (t). The dynamics of the average adapta-

tion current w̄(t ) reflecting the nonrefractory proportion of

trials is well captured by Eq. (2.10) as long as Tref is small com-

pared to τw . In this (physiologically plausible) case w̄(t ) can

be considered equal to the average adaptation current over

the refractory proportion of trials.

Steady-state spike rate

We consider the membrane voltage distribution of an

aEIF neuron with noisy synaptic input, described by the

Eqs. (2.8)–(2.13), has reached its steady-state p∞. p∞ obeys

∂p∞(V )/∂t = 0 or equivalently,

∂

∂V
q∞(V ) = 0, (2.14)

with steady-state probability flux q∞ given by

q∞(V ) =


Iion(V ; w̄)

C
+µ


p∞(V )− σ2

2

∂

∂V
p∞(V ), (2.15)

subject to the reset condition,

lim
V ↘Vr

q∞(V )− lim
V ↗Vr

q∞(V ) = q∞(Vs), (2.16)

and the boundary conditions,

lim
V →−∞

q∞(V ) = 0, p∞(Vs) = 0 (2.17)

The steady-state spike rate is given by r∞ = q∞(Vs)

and the steady-state mean adaptation current reads

w̄∞ = a(〈V 〉∞−Ew )+τw br∞. We multiply both sides of

Eq. (2.14) by V and integrate over the interval (−∞,Vs], as-

suming that p∞(V ) tends sufficiently quickly toward zero

for V →−∞ (Brunel 2000; Brunel et al. 2003), to obtain an

equation which relates the steady-state spike rate and mean

membrane voltage,

r∞ =
µa − gL


〈V 〉∞−EL+∆T


exp


V −VT
∆T


∞


/C

∆V +τw b/C
, (2.18)

where µa :=µ−a(〈V 〉∞−Ew )/C , ∆V := Vs −Vr (here and in

the following) and 〈·〉∞ denotes the average with respect to

the density p∞(V ). The spike rate r∞ is given by Eq. (2.18)

only for nonnegative values of the numerator (i.e., µa −
gL[. . . ]/C ≥ 0); otherwise, r∞ is defined to be zero. For sim-

plicity, the refractory period Tref is omitted here. Note, that

the steady-state spike rate for Tref ̸= 0 can be calculated as

1It should be noted that p∞(V ) can be evaluated using an efficient numerical method presented in (Richardson 2007). Since p∞(V ) depends on w̄∞,
which in turn depends on 〈V 〉∞ and r∞, the system of equations for p∞(V ), r∞ and w̄∞ needs to be solved self-consistently. This can be done, for example,
using an iterative method, as suggested in (Richardson 2009).
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r∞/(1+ r∞Tref). We cannot express p∞(V ) explicitly and thus

the expressions for the averages with respect to p∞(V ) in

Eq. (2.18) are not known1. However, in the case gL = 0, which

simplifies the aEIF model to the aPIF model, an explicit ex-

pression for 〈V 〉∞ can be derived. We multiply Eq. (2.14) by

V 2 and integrate over (−∞,Vs] on both sides [assuming again

that p∞(V ) quickly tends to zero for V →−∞] to obtain

〈V 〉∞ = 1

2a

A+a
Vs +Vr

2
−


A−a

Vs +Vr

2

2

+B

 ,

(2.19)

where A =µC +aEw and B = 2aσ2C [1+τw b/(C∆V )].

I-O curve

The I-O curve is specified by the spike rate as a function of

input strength. Here we consider two types of I-O curves: a

time-varying (adapting) I-O curve and the steady-state I-O

curve. In particular, we obtain the adapting I-O curve as the

instantaneous spike rate response to a sustained input step

(with a small baseline input) as a function of step size. This

curve changes (adapts) over time, and it eventually converges

to the steady-state I-O curve. As arguments of these (adapt-

ing and steady-state) I-O functions we consider presynaptic

spike rates (see Figs. 2.2C, 2.4B and Eq. (2.38)), input mean

and standard deviation2 (see Figs. 2.2D, 2.4B and Eq. (2.36))

and input mean for fixed values of input standard deviation

(see Fig. 2.8A).

ISI distribution

We calculate the ISI distribution for an aEIF neuron which

has reached a steady-state spike rate r∞ := limt→∞ r (t) by

solving the so-called first passage time problem (Risken

1996; Tuckwell 1988). Consider an initial condition where

the neuron has just emitted a spike and the refractory pe-

riod has passed. That is, the membrane voltage is at the

reset value Vr and the adaptation current, which we have

replaced by its trial average (see above), takes the value w̄0,

where w̄0 will be determined self-consistently (see below).

In each of N (simultaneous) trials, we follow the dynam-

ics of the neuron given by dVi /d t = 
Iion(Vi ; w̄)+ Isyn(t )


/C ,

d w̄/d t = 
a


1/N

N
i=1 Vi −Ew

− w̄


/τw , until its membrane

voltage crosses the value Vs and record that spike time Ti . The

set of times Ti +Tref then gives the ISI distribution. Finally, we

determine w̄0 by imposing that the mean ISI matches with

the known steady-state spike rate, i.e., 1/N
N

i=1 Ti+Tref = r−1∞ .

According to this calculation scheme, the ISI distribution can

be obtained in the limit N →∞ by solving the Fokker-Planck

system Eqs. (2.8) and (2.9) with mean adaptation current gov-

erned by

τw
d w̄

d t
= a

〈V 〉p(V ,t ) −Ew
− w̄ , (2.20)

subject to the boundary conditions (2.12) and initial condi-

tions p(V ,0) = δ(V −Vr), w̄(0) = w̄0. Note that the reinjection

condition Eq. (2.11) is omitted (see also the difference be-

tween Eqs. (2.10) and (2.20)) because here each trial i ends

once Vi (t ) crosses the value Vs. The ISI distribution is given

by the probability flux at Vs (Tuckwell 1988; Ostojic 2011),

taking into account the refractory period,

pISI(T ) =


q(Vs,T −Tref) for T ≥ Tref

0 for T < Tref.
(2.21)

Finally, w̄0 is determined self-consistently by requiring

〈T 〉pISI = r−1∞ . The coefficient of variation (CV) of ISIs is then

calculated as

CV :=

〈T 2〉pISI −〈T 〉2

pISI

〈T 〉pISI

. (2.22)

An ISI CV value of 0 indicates regular, clock-like spiking,

whereas for spike times generated by a Poisson process the

ISI CV assumes a value of 1. For a demonstration of the ISI

calculation scheme described above, see Fig. 2.1. The results

based on the Fokker-Planck equation and numerical simula-

tions of the aEIF model with fluctuating input are presented

for an increased subthreshold and spike-triggered adaptation

current in separation.

ISI CV for the aPIF model

To calculate the ISI CV we need the first two ISI moments,

cf. Eq. (2.22). The mean ISI for the aPIF neuron model is

simply calculated by the inverse of the steady-state spike rate,

cf. Eq. (2.18), derived in the previous section,

〈T 〉pISI = r−1
∞ = ∆V +τw b/C

µa
, (2.23)

where we consider µa > 0 (here and in the following). We ap-

proximate the second ISI moment by solving the first passage

time problem for the Langevin equation

dV

d t
=µa − w̄0

C
exp(−t/τw )+ση(t ), (2.24)

with initial membrane voltage Vr and boundary voltage Vs.

That is, we replace 〈V 〉p(V ,t ) by its steady-state value 〈V 〉∞
in Eq. (2.20), which is justified by large τw (as already as-

sumed). The first passage time density (which is equivalent

to pISI) and the associated first two moments for this type of

Langevin equation can be calculated as power series in the

limit of small w̄0 (Urdapilleta 2011). w̄0 is then determined

self-consistently by imposing Eq. (2.23). Here we approxi-

mate the second ISI moment by using only the most domi-

nant term of the power series, which yields (the zeroth order

2Note that because of two arguments we obtain a surface instead of a curve in this case.
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Chapter 2. Spike rates and spiking variability of adaptive neurons

Figure 2.1 – Steady-state spike rates and ISI distributions of single neurons. A, top to bottom: Spike times, instantaneous spike rate
(r∆t ) histogram, membrane voltage (Vi ), membrane voltage histogram, and adaptation current (wi ) of an (adapted) aEIF neuron with
a = 0.06 mS/cm2, b = 0 (left) and a = 0, b = 0.18 µA/cm2 (right) driven by a fluctuating input current with µ= 2.5 mV/ms, σ= 2 mV/

p
ms

for N = 5000 trials. Spike times and adaptation current are shown for a subset of 10 trials, the membrane voltage is shown for one trial.
Results from numerical simulations are shown in grey. Results obtained using the Fokker-Planck equation are indicated by orange lines
and include the instantaneous spike rate (r ), the membrane potential distribution (p) and the mean adaptation current (w̄). r , p, and w̄
were calculated from the Eqs. (2.13), (2.8), and (2.10), respectively. These quantities have reached their steady state here. The time bin for
r∆t was ∆t = 2 ms; for the other parameter values see Materials and Methods. B, top: ISI histogram corresponding to the N trials in A and
ISI distribution (pISI, orange line) calculated via the first passage time problem (Eq. (2.21)). B, middle and bottom: Membrane voltage and
adaptation current trajectories from one trial in A but rearranged such that just after each spike the time is set to zero. Histograms for the
adaptation current just after the spike times are included. The time-varying mean adaptation current from the first passage time problem
(Eq. (2.20)) and the steady-state mean adaptation current from A (Eq. (2.10)) are indicated by solid and dashed orange lines, respectively.
All histograms (in A and B) represent the data from all N trials.

approximation) (Urdapilleta 2011),

〈T 2〉pISI =
σ2∆V +µa∆V 2

µ3
a

. (2.25)

Including terms of higher order leads to a complicated ex-

pression for 〈T 2〉pISI which has to be evaluated numerically.

We additionally considered the first order term (not shown)

and compared the results of both approximations (see Re-

sults). Effectively, the approximation above, Eq. (2.25), is

valid for small levels of spike-triggered adaptation current

and mean input, since w̄0 increases with b and µ. Combining

Eqs. (2.22),(2.23) and (2.25) the ISI CV reads

CV =


σ2∆V /µa −τ2
w b2/C 2 −2τw b∆V /C

∆V +τw b/C
. (2.26)

Neuronal network

To investigate the effects of recurrent (inhibitory) synaptic

inputs on the neuronal response properties (spike rates and

ISIs), we consider a network instead of a single neuron, con-

sisting of NE excitatory and NI inhibitory aEIF neurons (with

separate parameter sets). The two populations are recurrently

coupled in the following way (see Fig. 2.4A). Each excitatory

neuron receives inputs from K ext
EE external excitatory neurons

which produce instantaneous PSPs of magnitude J ext
EE with

Poisson rate r ext
EE (t). Analogously, each inhibitory neuron

receives inputs from K ext
IE external excitatory neurons pro-

ducing instantaneous PSPs of magnitude J ext
IE with Poisson

rate r ext
IE (t). In addition, each excitatory neuron receives in-

puts from K rec
EI randomly selected inhibitory neurons of the

network with synaptic strength (i.e., instantaneous PSP mag-

nitude) J rec
EI and each inhibitory neuron receives inputs from

K rec
IE randomly selected excitatory neurons of the network

with synaptic strength J rec
IE . This network setup was chosen

to examine the effects caused by recurrent inhibition and
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compare them to the effects produced by external inhibition

for single neurons described above. To reduce the parameter

space, recurrent connections within the two populations in

the network were therefore omitted. The total synaptic cur-

rent for each neuron of the network can be described using

Eq. (2.4), where the parameters µ(t) and σ(t) for excitatory

neurons are given by

µ(t ) = J ext
EEK ext

EE r ext
EE (t )+ J rec

EIK rec
EI r pop

I (t ), (2.27)

σ(t )2 = 
J ext
EE

2
K ext
EE r ext

EE (t )+ 
J rec
EI

2 K rec
EI r pop

I (t ) (2.28)

and for inhibitory neurons,

µ(t ) = J ext
IEK ext

IE r ext
IE (t )+ J rec

IEK rec
IE r pop

E (t ), (2.29)

σ(t )2 = 
J ext
IE

2
K ext
IE r ext

IE (t )+ 
J rec
IE

2 K rec
IE r pop

E (t ) (2.30)

(Brunel 2000; Augustin et al. 2013). r pop
E (t) and r pop

I (t) are

the spike rates of the excitatory and inhibitory neurons of the

network, respectively. Here we consider large populations of

neurons instead of a large number of trials. In fact, averaging

over a large number of trials in this setting is equivalent to av-

eraging over large populations due to the random and sparse

connectivity. In the limit NE , NI →∞ we obtain a system two

coupled Fokker-Planck equations, one for the excitatory pop-

ulation, described by Eqs. (2.8)–(2.13), (2.27), and (2.28), and

one for the inhibitory population, given by Eqs. (2.8)–(2.13),

(2.29), and (2.30). Note that r (t) in Eqs. (2.10) and (2.13) is

replaced by the spike rates of the excitatory and inhibitory

populations, r pop
E (t) and r pop

I (t), respectively. We solve this

system to obtain the steady-state spike rate for each popu-

lation, r pop
E ,∞ and r pop

I,∞. Once these quantities are known, we

calculate the ISI distribution, cf. Eq. (2.21), for the excita-

tory population (i.e. for any neuron of that population) as

described above, using Eqs. (2.27) and (2.28) for the (steady-

state) moments of the synaptic current. The neuron model

parameter values were as above for the single neuron, with

a = 0.015 mS/cm2, b = 0.1 µA/cm2 for excitatory neurons and

a = b = 0 for inhibitory neurons, since adaptation was found

to be weak in fast-spiking interneurons compared to pyrami-

dal neurons (La Camera et al. 2006). The network parameter

values were J ext
EE = J ext

IE = 0.15 mV, K ext
EE = K ext

IE = 800, constant

r ext
EE ∈ [0, 80] Hz, J rec

EI ∈ [−0.75, −0.45] mV, K rec
EI = 100, constant

r ext
IE ∈ [6, 14] Hz, J rec

IE ∈ [0.05, 0.2] mV, and K rec
IE = 400.

Numerical solution

We treated the Fokker-Planck equations for the aPIF model

analytically. In case of the aEIF model, we solved these equa-

tions forward in time using a first-order finite volume method

on a nonuniform grid with 512 grid points in the interval

[−200 mV, Vs] and the implicit Euler integration method with

a time step of 0.1 ms for the temporal domain. For more de-

tails on the numerical solution, we refer to (Augustin et al.

2013).

Detailed conductance-based neuron model

For validation purposes we used a biophysical Hodgkin-

Huxley-type neuron model with different types of slow K+

currents. The membrane voltage V of this neuron model

obeys the current balance equation

C
dV

d t
= I − IL − INa − IK − ICa − IKs, (2.31)

where C = 1 µF/cm2 is the membrane capacitance and I de-

notes the injected current. The ionic currents consist of a

leak current, IL = gL(V − EL), a spike-generating Na+ cur-

rent, INa = gNa(V )(V −ENa), a delayed rectifier K+ current,

IK = gK(V )(V − EK), a high-threshold Ca2+ current, ICa =
gCa(V )(V −ECa), and a slow K+ current IKs. gx denote the

conductances of the respective ion channels and Ex are the

reversal potentials. We separately considered three types of

slow K+ current: a Ca2+-activated current (IKs ≡ IKCa) which

is associated with the slow afterhyperpolarization following

a burst of spikes (Brown and Griffith 1983), a Na+-activated

current (IKs ≡ IKNa) (Schwindt et al. 1989), and the voltage-

dependent muscarine-sensitive (M type) current (IKs ≡ IM)

(Brown and Adams 1980). The leak current depends linearly

on the membrane potential. All other ionic currents depend

on V in a nonlinear way as described by the Hodgkin-Huxley

formalism. We adopted the somatic model from (Wang et al.

2003) and included the M current with dynamics described

(for the soma) by (Mainen and Sejnowski 1996). The con-

ductances underlying the currents INa, IK, ICa, and IM are

given by gNa = ḡNam3∞h, gK = ḡKn4, gCa = ḡCas2∞ and gM =
ḡMu, respectively, with steady-state gating variables m∞ =
αm/(αm +βm), αm = −0.4(V + 33)/{exp[−(V + 33)/10]− 1},

βm = 16exp[−(V +58)/12] and s∞ = 1/{1+exp[−(V +20)/9]}.

The dynamic gating variables x ∈ {h,n,u} are governed by

d x

d t
=αx (1−x)−βx x, (2.32)

where αh = 0.28exp[−(V + 50)/10], βh = 4/{1 + exp[−(V +
20)/10]}, αn = −0.04(V + 34)/{exp[−(V + 34)/10]− 1}, βn =
0.5exp[−(V +44)/25], αu = 3.209·10−4(V +30)/{1−exp[−(V +
30)/9]} and βu = −3.209 ·10−4(V +30)/{1−exp[(V +30)/9]}.

The channel opening and closing rates αx and βx are speci-

fied in ms−1 and the membrane voltage V in the equations

above is replaced by its value in mV. The conductance for

the Ca2+-activated slow K+ current IKCa is given by gKCa =
ḡKCa[Ca]/([Ca]+κ), where the intracellular Ca2+ concentra-

tion [Ca] satisfies

d [Ca]

d t
=−αCaICa − [Ca]

τCa
(2.33)

with αCa = 6.67 ·10−4 µM · cm2/(µA ·ms), τCa = 240 ms, and

κ= 0.03mM. The conductance for the Na+-activated slow K+

current IKNa is described by gKNa = ḡKNa 0.37/{1+ (ϱ/[Na])3.5}

where ϱ= 38.7mM and the intracellular Na+ concentration
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Chapter 2. Spike rates and spiking variability of adaptive neurons

[Na] is governed by

d [Na]

d t
=−αNa −3ϕ


[Na]3

[Na]3 +ϑ3 −γ


(2.34)

with αNa = 0.3 µM · cm2/(µA · ms), ϕ = 0.6µM/ms, ϑ =
15mM, and γ = 0.132. We varied the peak conductances

of the three slow K+ currents IKCa, IKNa, IM in the ranges

ḡKCa ∈ [2, 8] mS/cm2, ḡKNa ∈ [2, 8] mS/cm2 (Wang et al.

2003), and ḡM ∈ [0.1, 0.4] mS/cm2 (Mainen and Sejnowski

1996). The remaining parameter values were C = 1 µF/cm2,

gL = 0.1mS/cm2, EL = −65mV, ENa = 55mV, EK = −80mV,

ECa = 120mV, ḡNa = 45mS/cm2, ḡK = 18mS/cm2, and ḡCa =
1mS/cm2(Wang et al. 2003).

The differences of the slow K+ currents (IKCa, IKNa, and IM)

is effectively expressed by their steady-state voltage depen-

dence and time constants. Therefore, we further considered

a range of biologically plausible steady-state conductance-

voltage relationships and timescales using the generic de-

scription of a slow K+ current, IKs = ḡKs ω(V )(V −EK), with

peak conductance ḡKs and gating variable ω(V ) given by

τω
dω

d t
=ω∞(V )−ω, (2.35)

where ω∞(V ) = 1/[1+ exp(−(V −α)/β)]. The shape of the

steady-state curve ω∞(V ) was changed by the parameters

α ∈ [−40, −10] mV (half-activation voltage), β ∈ [6, 12] mV

(inverse steepness), and the time constant τω was varied in

[100, 300] ms. The model equations were solved using a sec-

ond order Runge-Kutta integration method with a time step

of 10 µs.

To examine the effects of slow K+ currents on the I-O curve

and ISI variability for noisy input, we additionally considered

the synaptic current described by Eq. (2.4) for the detailed

neuron model, i.e., we used I ≡ Isyn in Eq. (2.31).

Subthreshold and spike-triggered components
of biophysical slow K+ currents

To assess how the relative levels of subthreshold adaptation

conductance (parameter a) and spike-triggered adaptation

current increments (parameter b) in the aEIF model reflect

different types of slow K+ currents, we quantified their sub-

threshold and spike-triggered components using the detailed

conductance-based neuron model. First, we fit the steady-

state adaptation current w∞ = a(V −Ew ) from the aEIF model

to the respective K+ current IKs of the Hodgkin-Huxley-type

model in steady-state over a range of subthreshold values

for the membrane voltage, V ∈ [−70, −60] mV. Thereby we

obtained an estimate for a. In the second step, we measured

the absolute and relative change of IKs elicited by one spike.

This was done by injecting a slowly increasing current ramp

into the detailed model neuron and measuring IKs just be-

fore and after the first spike that occurred. Specifically, the

absolute change of current caused by a spike was given by

∆IKs := IKs(t post
s )− IKs(t pre

s ), where the time points t pre
s and

t post
s were defined by the times at which the membrane po-

tential crosses a value close to threshold (we chose −50 mV)

during the upswing and downswing of the spike, respectively.

∆IKs provides an estimate for b. The relative change of K+

current was ∆I rel
Ks := ∆IKs/IKs(t pre

s ). Here we only fitted the

parameters a and b of the aEIF model. For an alternative

fitting procedure which comprises all model parameters, we

refer to (Brette and Gerstner 2005).

Results

Spike rate adaptation, gain, and threshold mod-
ulation in single neurons

We first examine the responses of single aEIF neurons with

and without an adaptation current, receiving inputs from

stochastically spiking presynaptic excitatory and inhibitory

neurons. The compound effect of the individual synaptic

inputs is represented by an ongoing fluctuating input cur-

rent whose mean and standard deviation depend on the

synaptic strengths and spike rates of the presynaptic cells (cf.

Eqs. (2.4)–(2.6) in Materials and Methods and Fig. 2.2A). The

neurons naturally respond to a sudden increase in spike rate

of the presynaptic neurons (an input step) with an abrupt

increase in spike rate and mean membrane voltage (see

Fig. 2.2B). Without an adaptation current, both quantities

remain unchanged after that increase. In case of a purely

subthreshold adaptation current (a > 0, b = 0 in the aEIF

model), which is present already in absence of spiking, the

rapid increase of mean membrane voltage causes the mean

adaptation current to build up slowly, which in turn leads to

a gradual decrease in spike rate and mean membrane voltage.

Note that the mean membrane voltage is decreased in the

absence of spiking (before the increase of input) compared

to the neuron without adaptation. In case of a purely spike-

triggered adaptation current (a = 0, b > 0 in the aEIF model),

the sudden increase in spike rate leads to an increase of mean

adaptation current, which again causes the spike rate and

mean membrane voltage to decrease gradually.

The adapting I-O curve of neurons with and without an adap-

tation current, that is, the time-varying spike rate response to

a step in presynaptic spike rates as a function of the step size,

is shown in Fig. 2.2C. Interestingly, the two types of adapta-

tion current affect the spike rate response in different ways.

A subthreshold adaptation current shifts the I-O curve sub-

tractively and thus increases the threshold for spiking. In

addition, it decreases the response gain for low (output) spike

rates. If the adaptation current is driven by spikes on the

other hand, the I-O curve changes divisively, that is, the re-

sponse gain is reduced over the whole range of spike rate

values but the response threshold remains unchanged. It can
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be recognized that for a given type of adaptation current the

adapting I-O curve evaluated shortly after the input steps

and the steady-state I-O curve are changed qualitatively in

the same way. Thus, for the following parameter exploration

and analytical derivation we focus on (changes of) the steady-

state I-O relationship.

We next explore the effects of an adaptation current on the

steady-state spike rate for a wide range of input statistics, that

is, different values of the mean µ and the standard deviation

σ of the fluctuating total synaptic input (see Fig. 2.2D). If ex-

citatory and inhibitory inputs are approximately balanced,

the standard deviation σ of the compound input is large com-

pared to its mean µ. The spike rate increases with an increase

of either µ or σ or both. A subthreshold adaptation current

increases the threshold for spiking in terms of µ as well as σ. A

spike-triggered adaptation current, however, does not change

the threshold for spiking but reduces the gain of the spike rate

as a function of µ or σ. Thus, the differential effects of both

types of adaptation current are robust across different input

configurations. Note that the I-O curve as a function of mean

input µ changes additively for increased levels of standard

deviation σ while its slope (i.e., gain) decreases, particularly

for small values of µ. This can be recognized by the contour

lines in Fig. 2.2D and is most prominent for increased sub-

threshold adaptation. Consequently, this type of adaptation

current increases the sensitivity of the steady-state spike rate

to noise intensity for low spike rates.

To analytically demonstrate the differential effects of sub-

Figure 2.2 – Spike rate adaptation, gain and threshold modulation in single neurons. A: Cartoon of a single neuron visualizing the
input parameters and output quantities. B: Instantaneous spike rate r (top), mean membrane voltage 〈V 〉p (middle, squares), and mean
adaptation current w̄ (middle, solid lines) of an aEIF neuron without adaptation, a = b = 0 (left), and with either a purely subthreshold
adaptation current, a = 0.06 mS/cm2, b = 0 (middle), or a spike-triggered adaptation current, a = 0, b = 0.3 µA/cm2 (right), in response to
a sudden increase in synaptic drive (bottom). C: I-O curves of the neurons in B, i.e., spike rate r as a function of presynaptic spike rates rE ,
rI . Here, rE = rI , but excitation is stronger than inhibition, due to the coupling parameter values (see Materials and Methods). The I-O
curves represent the spike rate response of the neurons to a sudden increase of rE and rI , measured in steps of 50 ms after that increase
(light to dark colors). Dots indicate the evolution of the spike rate corresponding to the input in B. D: Steady-state spike rate r∞ as a
function of the mean µ and standard deviation σ of the fluctuating input. Note that µ and σ are determined by the number of presynaptic
neurons, their (Poisson) spike rates and synaptic strengths, cf. Eqs. (2.5) and (2.6). Dashed lines in D indicate the values of µ and σ that
correspond to the presynaptic spike rates in C, and circles mark the values of the moments corresponding to the increased input in B.

15



Chapter 2. Spike rates and spiking variability of adaptive neurons

threshold and spike-triggered adaptation currents on the

(steady-state) I-O curve, we consider the aPIF neuron model,

which is obtained by neglecting the leak conductance (gL = 0)

in the aEIF model. This allows to derive an explicit expression

for the steady-state spike rate,

r∞ = µ−a
〈V 〉∞−Ew


/C

∆V +τw b/C
, (2.36)

where the mean membrane voltage 〈V 〉∞ with respect to the

steady-state distribution p∞(V ) is given by Eq. (2.19) and

∆V :=Vs−Vr is the difference between spike and reset voltage;

r∞ = 0 for µ< a
〈V 〉∞−Ew


/C (see Materials and Methods).

Equation (2.36) mathematically demonstrates the subtractive

component of the effect a subthreshold adaptation current

(a > 0) produces when the mean membrane voltage is larger

than the reversal potential Ew of the (K+) adaptation current.

Taking the derivative of Eq. (2.36) with respect to µ further

reveals that an increase of a reduces the gain when the input

fluctuations (σ) are large compared to the mean (µ). A spike-

triggered adaptation current (b > 0), however, produces a

purely divisive effect which can be pronounced even for small

current increments b if the adaptation timescale τw is large.

Differential effects of adaptation currents on
spiking variability

We next investigate how adaptation currents affect ISIs for

different input statistics. For that reason we calculate the dis-

tribution of times at which the membrane voltage of an aEIF

neuron crosses the threshold Vs for the first time, which is

equivalent to the distribution of ISIs (see Materials and Meth-

ods). These ISI distributions are shown in Fig. 2.3A for neu-

rons with different levels of subthreshold or spike-triggered

adaptation and a given input. An increase of either type

of adaptation current (via parameters a and b) naturally in-

creases the mean ISI. Interestingly, while subthreshold adap-

tation leads to ISI distributions with long tails, spike-triggered

adaptation causes ISI distributions with bulky shapes. These

differential effects on the shape of the ISI distribution lead to

opposite changes of the CV (cf. Eq. (2.22)), which quantifies

the variability of ISIs. An increase of subthreshold adaptation

current produces an increase of CV, whereas an increase of

spike-triggered adaptation current leads to a decreased ISI

variability. How these effects on the CV of ISIs depend on

the statistics (µ and σ) of the fluctuating input is shown in

Fig. 2.3, B and C. With or without an adaptation current, if the

mean µ is large, that is, far above threshold, and the standard

deviation σ is comparatively small, the neuronal dynamics is

close to deterministic and the firing is almost periodic; hence,

the CV is small. In contrast, if µ is close to the threshold and

σ is large (enough), the ISI distribution will be broad as in-

dicated by the large CV. A subthreshold adaptation current

either leads to an increased CV or leaves the ISI variability

Figure 2.3 – Changes of spiking variability in single neurons. A: ISI distribution (pISI) of a single aEIF neuron in response to a fluctu-
ating input with mean µ = 0.75 mV/ms and standard deviation σ = 3.25 mV/

p
ms, for a = 0,0.03,0.06 mS/cm2, b = 0 (top) and a = 0,

b = 0,0.15,0.3 µA/cm2 (bottom). B: ISI coefficient of variation (CV) as a function of µ and σ, for a neuron without adaptation, a = b = 0
(left), and with either a subthreshold adaptation current, a = 0.06 mS/cm2, b = 0 (middle), or a spike-triggered adaptation current, a = 0,
b = 0.3 µA/cm2 (right). Circles indicate the values of µ and σ used in A. C: Change of ISI CV caused by a subthreshold (left) or spike-triggered
(right) adaptation current as a function of µ and σ. White regions in B and C indicate the parameter values for which the ISI CV was not
computed, because r∞ < 1 Hz.
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unchanged. In case of a spike-triggered adaptation current

the effect on the CV depends on the input statistics. This

type of adaptation current causes a decrease of the high ISI

variability in the region (of the µ,σ-plane) where the mean

input µ is small and an increase of the low ISI variability for

larger values of µ.

We analytically derived an approximation of the ISI CV for

the aPIF model, which emphasizes the opposite effects of the

two types of adaptation current. It is obtained as

CV =


σ2∆V /µa −τ2
w b2/C 2 −2τw b∆V /C

∆V +τw b/C
(2.37)

(same as Eq. (2.26)), where µa :=µ−a[〈V 〉∞−Ew ]/C is the ef-

fective mean input which is again assumed to be positive and

takes into account the counteracting subthreshold adapta-

tion current. The steady-state mean membrane voltage 〈V 〉∞
is given by Eq. (2.19) (see Materials and Methods). Equa-

tion (2.37) mathematically demonstrates that an increase of

subthreshold adaptation current (a > 0) causes an increase

of CV as long as 〈V 〉∞ is larger than Ew , that is, the mean

membrane voltage is not too hyperpolarized. An increase of

spike-triggered adaptation current (b > 0) on the other hand

leads to a reduction of ISI variability. Note that this approx-

imation is only valid for small values of mean input (µ) and

adaptation current increment (b). It does not account for the

increase of CV caused by spike-triggered adaptation for large

levels µ (cf. Fig. 2.3C). Both (input dependent) effects of spike-

triggered adaptation on the ISI variability can be captured

by a refined approximation of the CV compared to Eq. (2.37)

(not shown, see Materials and Methods for an outline), which

requires numerical evaluation.

Differential effects of synaptic inhibition on I-O
curves

Here we examine how synaptic input received from a pop-

ulation of inhibitory neurons affect gain and threshold of

spiking. We consider that the neuron we monitor belongs to

a population of excitatory neurons which are recurrently cou-

pled to neurons from an inhibitory population, as depicted

in Fig. 2.4A: Each neuron of the network receives excitatory

synaptic input from external neurons and additional synap-

tic input from a number of neurons of the other population.

The specific choice of the monitored excitatory neuron does

not matter because of identical model parameters within

each population and sparse random connectivity (see Mate-

rials and Methods). Figure 2.4B shows how the steady-state

I-O curve of excitatory neurons, i.e., the spike rate r pop
E ,∞ as a

function of the external (input) spike rate r ext
EE , is changed by

external excitation to the inhibitory neurons (via r ext
IE ) and

by the strengths of the recurrent excitatory and inhibitory

synapses (J rec
IE and J rec

EI ), respectively. An increase of external

excitation to the inhibitory population (via r ext
IE ) changes the

I-O curve subtractively, thus increasing the response thresh-

old, while an increase of recurrent excitation to the inhibitory

neurons (via J rec
IE ) has a purely divisive effect, that is, the gain

is reduced. On the other hand, an increase of recurrent inhi-

bition to the excitatory neurons (via J rec
EI ) affects the I-O curve

in both ways.

We demonstrate these effects analytically for a network of per-

fect integrate-and-fire (PIF) model neurons (instead of aEIF

neurons). That is, we disregard the adaptation current here

for simplicity (a = b = 0), since it does not change the results

qualitatively. An explicit expression for the steady-state spike

rate of the excitatory neurons, r pop
E ,∞, can be derived using

Eq. (2.36) for all the neurons in the network with mean input

µ given by Eq. (2.27) for excitatory neurons and by Eq. (2.29)

for inhibitory neurons. We solve for r pop
E ,∞ self-consistently to

obtain,

r pop
E ,∞ =

J ext
EEK ext

EE r ext
EE∆V + J rec

EIK rec
EI J ext

IEK ext
IE r ext

IE
∆V 2 − J rec

IEK rec
IE J rec

EIK rec
EI

. (2.38)

The equation above states that r pop
E ,∞ is directly proportional

to the strength of external excitation to the excitatory popula-

tion, negatively proportional to the strength of external excita-

tion to the inhibitory population (since J rec
EI < 0) and inversely

proportional to the strength of recurrent excitation, where

all proportionalities include an offset. Equation (2.38) clearly

shows that the effect of external excitation to the inhibitory

population is purely subtractive (since J rec
EI < 0), the effect of

recurrent excitation (to the inhibitory population) is purely

divisive, and the effect of recurrent inhibition (to the excita-

tory population) includes both components. For comparison,

consider a single (non-adapting) PIF neuron receiving (ex-

ternal) excitatory and inhibitory input. Using Eq. (2.36) with

mean input µ given by Eq. (2.5), the steady-state spike rate

of this neuron reads r∞ = (JEKE rE + JIKIrI )/∆V . Thus, an

increase of external inhibition affects the I-O curve of an exci-

tatory neuron in the same way (subtractively) as an increase

of external excitation to the inhibitory population within a

recurrent network as described above.

Effects of synaptic inhibition on spiking variabil-
ity

We next investigate how inhibitory synaptic input changes the

ISI variability of the neurons (from the excitatory population)

in the network described above. An increase of external exci-

tation to the inhibitory neurons (via r ext
IE ), and the strengths

of the recurrent synapses (J rec
IE and J rec

EI ) individually, leads to

an increase of the mean ISI and an increased tail of the ISI

distribution, as shown in Fig. 2.5A. Furthermore, an increase

of r ext
IE or the magnitude of J rec

IE or J rec
EI , each causes the coef-

ficient of variation of ISIs (CVpop
E ) to increase (see Fig. 2.5B).

Thus, an increase of inhibition always leads to an increase of

spiking variability. An increase of external excitation to the
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Chapter 2. Spike rates and spiking variability of adaptive neurons

Figure 2.4 – Gain and threshold mod-
ulation caused by network interac-
tion. A: Cartoon of the network vi-
sualizing the coupling parameters. B,
top: Steady-state spike rate of excita-
tory aEIF neurons, r

pop
E ,∞ (solid lines)

and inhibitory aEIF neurons, r
pop
I,∞

(dashed lines), as a function of r ext
EE ,

for r ext
IE = 6,10,14 Hz (left), J rec

IE =
0.05,0.1,0.2 mV (middle), and J rec

EI =
−0.45,−0.6,−0.75 mV (right). Insets:
Cartoons visualize the varied parame-
ters as specified on the top left. If not
indicated otherwise, J rec

EI = −0.6 mV,

r ext
IE = 10 Hz, and J rec

IE = 0.1 mV. For the
other parameter values see Materials
and Methods. B, bottom: Steady-state
spike rate r

pop
E ,∞ as a function of the in-

put parameters µ and σ for the excita-
tory neurons. Solid lines and dots at
top correspond to those of equal color
at bottom.

Figure 2.5 – Changes of spiking
variability caused by network
interaction. A: ISI distributions
(pISI) of excitatory aEIF neurons
for r ext

EE = 50 Hz. J rec
EI =−0.6 mV,

r ext
IE = 10 Hz, and J rec

IE = 0.1 mV
if not indicated otherwise. B:
ISI CV for excitatory neurons
(CV

pop
E ) as a function of r ext

EE .
Color code as in A. Dots indicate
the input and ISI CV values for
the ISI distributions in A. Insets:
ISI CV as a function of the input
parameters µ and σ for the exci-
tatory neurons. Lines and dots
(insets) correspond to those of
equal color in B.

18



Figure 2.6 – Subthreshold and spike-triggered components of IKCa, IKNa, and IM. A: Conductances for the slow K+ currents INa, IKCa,
IKNa, and IM in steady state as a function of the membrane voltage, normalized to a peak value of 1 mS/cm2. B and C: Subthreshold conduc-
tance a and spike-triggered absolute increment ∆IKs (B) and relative increment ∆I rel

Ks (C) obtained from the fitting procedure (see Materials

and Methods) for the conductance-based model neurons with ḡKCa ∈ [2, 8] mS/cm2 and ḡKNa = ḡM = 0 (dots), ḡKNa ∈ [2, 8] mS/cm2 and
ḡKCa = ḡM = 0 (squares), ḡM ∈ [0.1, 0.4] mS/cm2 and ḡKCa = ḡKNa = 0 (diamonds). Darker symbols indicate larger conductance values.

excitatory neurons (via r ext
EE ), on the other hand, leads to a

decrease of CVpop
E .

To demonstrate these effects analytically we derived CVpop
E

for a network of PIF model neurons using Eqs. (2.26)–(2.28),

where we obtained the steady-state spike rate of the in-

hibitory neurons, r pop
I,∞, analogously to r pop

E ,∞ (as described

above). Below, we express CVpop
E as a function of either r ext

IE ,

J rec
IE , or J rec

EI , and lump together all other fixed parameters in

a number of constants,

CVpop
E =



c1r ext

IE +c2

/

c3 − c4r ext

IE


c5 J rec
IE + c6

c7


J rec
EI

2 − c8 J rec
EI


/

c9 + c10 J rec

EI

.

(2.39)

The constants c1, . . . ,c10 in Eq. (2.39) are non-negative func-

tions of the fixed parameters. Clearly, an increase of r ext
IE or

the magnitudes of J rec
IE and J rec

EI each produce an increase of

CVpop
E (since J rec

EI < 0). Considering a single PIF neuron receiv-

ing (external) excitatory and inhibitory input for comparison,

we use Eq. (2.37) with mean µ and standard deviation σ of

Figure 2.7 – Subthreshold and spike-triggered components of a range of slow K+ currents. A: Steady-state K+ conductance gKs,∞(V ) =
ḡKsω∞(V ) as a function of the membrane voltage, for the generic Hodgkin-Huxley-type description of a slow K+ current (see Materials and
Methods), with half-activation voltage α=−40 mV (left curves), α=−10 mV (right curves), inverse steepness β= 6,9,12 mV, and peak
conductance ḡKs = 1 mS/cm2. The dashed curve indicates the Na+ conductance gNa,∞(V ) of the conductance-based model, normalized to
a maximum value of 1 mS/cm2. B: Subthreshold conductance a obtained from the fitting procedure for different values of the parameters
α and β. C: Absolute and relative spike-triggered increments ∆IKs (top) and ∆I rel

Ks (bottom), respectively, as a function of α, for τω = 100 ms
(left) and τω = 300 ms (right).
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Chapter 2. Spike rates and spiking variability of adaptive neurons

Figure 2.8 – Effects of IKCa, IKNa, and IM on I-
O curve and ISI variability. A: Spike rate of a
conductance-based model neuron without slow K+
currents, ḡKCa = ḡKNa = ḡM = 0 (black), and with
either type of slow K+ current included, ḡKCa =
8 mS/cm2 (red), ḡKNa = 8 mS/cm2 (blue), ḡM =
0.4 mS/cm2 (green), in response to a sudden in-
crease of mean input µ, measured in four subsequent
time intervals of 250 ms after that increase (light
to dark colors). The baseline mean input was µ =
0.05 mV/ms and the input standard deviation was
σ = 0.5 mV/

p
ms. Average values over 50 indepen-

dent trials are shown. The adapting I-O curve of the
neuron with increased IKNa (ḡKNa = 8 mS/cm2) con-
verges very slowly to the steady-state curve (dashed
blue) measured 20 s after the increase in µ. B: ISI
CV of the neurons in A as a function of mean input
µ for low (left), medium (middle), and high (right)
noise intensity (σ = 1,1.5,2 mV/

p
ms), respectively.

The ISIs were collected over an interval of 10 s af-
ter the steady-state spike rates were reached, in 50
independent trials.

the input given by Eqs. (2.5) and (2.6), respectively, to express

the CV as

CV =


J 2
EKE rE + J 2

IKIrI
∆V (JEKE rE + JIKIrI )

. (2.40)

Note that Eq. (2.40) is only valid for positive mean input

(JEKE rE + JIKIrI > 0). Again, ISI variability increases with

inhibition. The effect of inhibition on spiking variability can

be understood intuitively as follows. Inhibitory synaptic in-

put reduces the mean total synaptic input µ and increases

its standard deviation σ for the target neuron (population),

which in turn causes an increase of ISI variability.

Subthreshold and spike-triggered components
of slow K+ currents

Here we examine how the two types of an adaptation current

in the aEIF model reflect different slow K+ currents in a de-

tailed conductance-based neuron model. First, we consider

three prominent slow K+ currents: a Ca2+-activated afterhy-

perpolarization current (IKCa), a Na+-activated current (IKNa)

and the voltage-dependent M current (IM). Figure 2.6A shows

how the conductances associated with these K+ currents de-

pend on the membrane voltage in the steady state, compared

to the steady-state spike-generating Na+ conductance. The

threshold membrane voltage at which a spike is elicited in

response to a slowly increasing input current is primarily de-

termined by the conductance-voltage relationship for Na+.

The threshold value lies in the interval where this curve has a

positive slope (the precise value depends on the peak conduc-

tances of all currents and on the input). The curve gNa,∞(V )

thus indicates the subthreshold and suprathreshold mem-

brane voltage ranges. In the subthreshold voltage range the

conductance gKCa,∞ is almost zero, while the conductances

gKNa,∞ and gM,∞ reach significant values close to the voltage

threshold. Thus, the curves in Fig. 2.6A indicate that IKCa

is activated by spikes, while IM and particularly IKNa can be

increased in the absence of spiking.

The results of the fitting procedure in Fig. 2.6, B and C, show

the absolute and relative amounts of current triggered by

a spike versus its subthreshold level quantified by the volt-

age independent conductance a. IKCa has a dominant spike-

triggered component as expected, while IKNa shows a very

small increment caused by a spike compared to the sub-

threshold component. IM, on the other hand, shows sig-

nificant levels of both components. Note, however, that the

amount of IM elicited by a spike is smaller compared to the

level of IM that can be caused by subthreshold membrane

depolarization without spiking (since ∆I rel
Ks < 1 for IKs ≡ IM,

see Fig. 2.6C).

We further considered a range of biologically plausible slow

K+ currents. That is, we varied the steady-state conductance-

voltage relationship for K+, gKs,∞(V ), within a realistic range,

as shown in Fig. 2.7A, and quantified the subthreshold and

spike-triggered components for each of these K+ currents (see

Fig. 2.7, B and C). The value of subthreshold conductance

a naturally increases with the fraction of K+ conductance

present at subthreshold voltage values. For the quantification

of spike-triggered current increments we also considered dif-

ferent K+ time constants τω. The absolute value of current in-

crement ∆IKs decreases with increasing τω and changes only

slightly with changes of the shape of the conductance-voltage

curve gKs,∞(V ) (via the parameters α, β). However, the cur-

rent increment caused by a spike relative to the amount of

current already present in the absence of spiking (∆I rel
Ks ) is
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strongly determined by gKs(V ). ∆I rel
Ks increases with an in-

crease of half-activation voltage (parameter α), steepness (via

parameter β) and with decreasing time constant (τω).

Effects of slow K+ currents on I-O curve and ISI
variability

Here we examine how the different types of slow K+ cur-

rent affect the I-O curve and spiking variability of uncoupled

conductance-based model neurons subject to noisy inputs

and compare the effects to those caused by subthreshold and

spike-triggered adaptation in aEIF neurons. Without a slow

K+ current, the spike rate I-O curve does not change over

time (see Fig. 2.8A). An increase of IKCa has a purely divisive

effect on the I-O curve while an increase of IM changes this

curve in a mostly subtractive and slightly divisive way. For

both types of slow K+ current the adapting spike rates reach

their steady-state values in < 500 ms. These effects are consis-

tent with our results based on the aEIF model, given that IKCa

predominantly depends on spikes and IM includes both, sub-

threhold as well as spike-triggered, components (Fig. 2.6B).

In case of increased IKNa, on the other hand, the steady-state

I-O curve is significantly altered in both ways (subtractively

and divisively), and the spike rates adapts very slowly, that is,

steady-state rates are reached after several seconds. At first

sight, this seems contradictory to the effect predicted above

for subthreshold adaptation, considering that the amount of

IKNa triggered by a spike is small compared to its subthreshold

level. Since the timescale of IKNa is very large (Fig. 2.8A and

(Wang et al. 2003)) even a small spike-triggered component

leads to a significant divisive change of the steady-state I-O

curve, cf. Eq. (2.36). This divisive effect is caused by K+ cur-

rent building up slowly because of small current increments

triggered repeatedly by repetitive spiking and very slow decay

between spikes due to the large timescale of the current.

Considering ISI variability, an increase of IKCa reduces the

CV for small values of mean input µ and increases the CV

for larger values of µ (see Fig. 2.8B). An increase of each

of the other slow K+ currents, IKNa and IM, leads to an in-

crease of ISI CV in general. These effects are consistent with

those caused by subthreshold and spike-triggered adapta-

tion currents in the aEIF model, considering the subthresh-

old and spike-triggered components of IKCa, IKNa, and IM,

respectively (Fig. 2.6). Thus, the results from the detailed

conductance-based neuron model are in agreement with the

results based on the adaptive integrate-and-fire models pre-

sented above.

Discussion

In this study, we have systematically examined how adapta-

tion currents and synaptic inhibition modulate the threshold

and gain of spiking as well as ISI variability in response to

fluctuating inputs resulting from stochastic synaptic events.

Based on a simple neuron model with subthreshold and

spike-triggered adaptation components we used analytical

and numerical tools to describe spike rates and ISIs for a wide

range of input statistics. We then measured subthreshold and

spike-triggered components of different types of slow K+ cur-

rents using detailed conductance-based model neurons and

we validated our (analytical) results from the simple neuron

model by numerical simulations of the detailed model.

We have shown that a purely subthreshold voltage-dependent

adaptation current increases the threshold for spiking and

reduces the gain at low spike rates in the presence of input

fluctuations. This type of current produces a long-tailed ISI

distribution and thus leads to an increase of variability for a

broad range of input statistics. A spike-triggered adaptation

current, on the other hand, causes a divisive change of the

I-O curve, thereby reducing the response gain but leaving

the response threshold unaffected, irrespective of the input

noise intensity. This type of current decreases the ISI CV for

fluctuation-dominated inputs but increases the CV when the

mean input is strong, i.e., it reduces the sensitivity of spiking

variability to the mean input. For comparison, an increase

of external inhibition leads to a subtractive shift of the I-O

curve while an increase of recurrent inhibition changes it

divisively. The ISI variability, however, is increased by both

types of synaptic inhibition.

We have further demonstrated that the Ca2+-activated af-

terhyperpolarization K+ current is effectively captured by

a simple description based on spike-triggered increments,

while the muscarine-sensitive and Na+-activated K+ cur-

rents, respectively, have dominant subthreshold compo-

nents. Despite its small spike-triggered component, the Na+-

dependent K+ current also substantially affects the neuronal

gain, due to its large timescale.

Methodological aspects

Our approach involves the diffusion approximation and

Fokker-Planck equation, both of which have been widely

applied to analyze the spike rates of scalar IF type neurons

in a noisy setting, see e.g. (Amit and Brunel 1997; Brunel

2000; Fourcaud-Trocmé et al. 2003; Burkitt 2006; Roxin et al.

2011). Our assumption of separated timescales between slow

adaptation and fast membrane voltage dynamics has also

been frequently used in such a setting (Brunel et al. 2003; La

Camera et al. 2004; Gigante et al. 2007b; Richardson 2009;

Augustin et al. 2013). While most of these previous studies

concentrated on spike rate dynamics, here we focused on

asynchronous (non-oscillatory) activity. To examine ISI dis-

tributions we extended the method described previously for

scalar IF models, which is based on the first passage time

problem (Tuckwell 1988; Ostojic 2011), to the aEIF model, ac-

counting for the dynamics of the adaptation current between

spikes. Furthermore, we analytically derived an expression
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Chapter 2. Spike rates and spiking variability of adaptive neurons

for the steady-state spike rate (i.e., steady-state I-O relation-

ship) based on (Brunel et al. 2003) and an approximation of

the ISI CV using recent results from (Urdapilleta 2011) for

the perfect IF model with two types of adaptation current

(aPIF model). The I-O functions we calculated can be used to

relate (adaptive) spiking neuron models to linear-nonlinear

cascade models, which describe the instantaneous spike rate

of a neuron by applying to the stimulus signal successively a

linear temporal filter and a static nonlinear function (Ostojic

and Brunel 2011). Such cascade models have proven valu-

able for studying how sensory inputs are mapped to neuronal

activity (see, e.g., (Schwartz et al. 2006; Pillow et al. 2008)).

It is worth noting that our approach further allows to easily

calculate the power spectrum P and (normalized) autocor-

relation function A of the neuronal spike train once the ISI

distribution has been obtained, via the relation

P(ω) = Â(ω) = r∞Re


1+ p̂ISI(ω)

1− p̂ISI(ω)


, (2.41)

where Â and p̂ISI denote the Fourier transforms of the auto-

correlation function and ISI distribution, respectively, see

(Gerstner and Kistler 2002). Eq. (2.41) strictly applies to

memoryless (so-called renewal) stochastic processes and an

adaptation mechanism usually leads to a violation of this re-

quirement for a model neuron subject to fluctuating input.

Here we have derived a renewal process (Vi (t ), w̄(t )) from the

original non-renewal process (Vi (t ), wi (t )) by averaging the

adaptation current and self-consistently determining its reset

value (see section ISI distribution in Materials and Methods).

An alternative approach that allows for the application of the

above relationship Eq. (2.41) to adapting model neurons has

recently been described in (Naud and Gerstner 2012).

Modulation of spike rate threshold and gain

Purely subtractive and divisive changes of the I-O curve by

subthreshold and spike-triggered adaptation, respectively,

have previously been shown for model neurons consider-

ing constant current inputs but neglecting input fluctuations

(Prescott and Sejnowski 2008; Ladenbauer et al. 2012). These

theoretical results describe the effects shown in recent in vitro

experiments which involved blocking the low-threshold M

current and a Ca2+-activated K+ current separately (Deemyad

et al. 2012) (Fig. 3); see also (Alaburda et al. 2002) (Fig. 3),

(Smith et al. 2002) and (Miles et al. 2005) (Fig. 1) for experi-

mental evidence of either effect. Here we have shown that a

subthreshold adaptation current also causes a reduction of

response gain (in addition to an increase of response thresh-

old) when the fluctuations of the input are strong compared

to its mean. On the other hand, a spike-triggered adaptation

current decreases the response gain over the whole input

range, irrespective of the level of input fluctuations. These re-

sults apply for adapting as well as the adapted (steady) states3.

When considering the onset I-O curve, i.e., the immediate

response to a sudden increase of input, an increased level of

spike-triggered adaptation current due to preadaptation has

been shown to produce a rather subtractive change (Benda

et al. 2010). This, however, does not contradict our results. On

the contrary, either type of adaptation current (subthreshold

or spike-triggered) naturally leads to a subtractive change of

the onset I-O curve for neurons which are preadapted to an

increased input (not shown).

Notably, when considering conductance based noisy synaptic

inputs, an increase in balanced synaptic background activity

can also reduce the spike rate gain (Chance et al. 2002; Burkitt

et al. 2003) and external inhibition can reduce the gain and in-

crease the response threshold at the same time (Mitchell and

Silver 2003). This means, the response gain can change due to

external inputs that are independent of the activity of the tar-

get neuron, which can be understood as follows. An increase

of noisy (excitatory or inhibitory) synaptic conductance leads

to an increase of total membrane conductance, which causes

a purely subtractive change of the I-O curve, and an increase

in synaptic current noise, which causes an additive change of

the I-O curve and decreases its slope (particularly for small

input strengths) (Chance et al. 2002) (Fig. 3). Both effects

combined lead to the observed change of response gain. The

two separate components are included in our results. An

increase of membrane conductance (represented by gL in

the aEIF model) subtracts from the spike rate response, see

Eq. (2.18), and the abovementioned effects of an increase of

noise intensity σ have been described in the section Results

(see Fig. 2.2D).

Modulation of response gain is an important phenomenon,

particularly in sensory neurons, because neuronal sensitivity

to changes in the input is amplified or downscaled without

changing input selectivity. A spike-dependent adaptation

current thus represents a cellular mechanism by which this is

achieved. For example, neuronal response gain increases dur-

ing selective attention (McAdams and Maunsell 1999). It has

been shown in vivo that the neuromodulator acetylcholine

(ACh) contributes substantially to attentional upregulation

of spike rates (Herrero et al. 2008). Cholinergic changes of

neuronal excitability and response gain (Soma et al. 2012)

in turn are likely produced via downregulation of slow K+

currents (Madison et al. 1987; McCormick 1992; Sripati and

Johnson 2006). Together with our results, these observations

suggest that excitability and response gain of cortical neu-

rons are controlled by neuromodulatory substances through

(de)activation of subthreshold and spike-triggered K+ cur-

rents, respectively.

We have further shown that external inhibitory synaptic in-

3Note that in case of a very large adaptation timescale a (small) spike-triggered adaptation current has a negligible effect on the adapting I-O curve,
evaluated shortly after the input steps, but a significant effect on the steady-state I-O curve (see Fig. 2.8A).
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puts change the I-O curve subtractively, which is consistent

with the results of a previous numerical study using a conduc-

tance based neuron model without consideration of noise

(Capaday 2002). Recurrent synaptic (feedback) inhibition,

which is a function of the neuron’s spike rate, on the other

hand, reduces the response gain. This is in agreement with

the results obtained by (Sutherland et al. 2009) based on IF

type neurons subject to noisy inputs. Recent in vivo record-

ings from mouse visual cortex have shown that distinct types

of inhibitory neurons produce these differential effects (i.e.,

subtractive and divisive changes of I-O curves) at their target

neurons (Wilson et al. 2012). Functional connectivity analysis

suggests that the inhibitory neurons which changed the I-O

curve of their target neurons subtractively were less likely con-

nected recurrently to the recorded targets than the inhibitory

neurons which changed their targets’ responses divisively

(Wilson et al. 2012). Applying our results based on the simple

network model the observed differential effects caused by the

two types of inhibitory cells can thus be explained by their

patterns of connectivity with the target cells.

Effects on ISI variability

We have shown that a spike-triggered adaptation current re-

duces high ISI variability at low spike rates (when input fluctu-

ations are strong compared to the mean) and increases low ISI

variability at high spike rates (caused by a large mean input).

This result is in agreement with a previous numerical simu-

lation study (Liu and Wang 2001) but seems to disagree with

other theoretical work (Wang 1998; Prescott and Sejnowski

2008; Schwalger et al. 2010) at first sight. Wang (1998) and

later Prescott & Sejnowski (2008) showed that spike-driven

adaptation reduces the ISI CV at low spike rates but they did

not find an increase of ISI CV at higher spike rates in their

simulation studies. The reason for this is that the ISI CVs

of adapting and non-adapting neurons were compared at

equal spike rates (i.e., at equal mean ISIs) but different input

statistics. That is, the input to the adapting neurons was ad-

justed to compensate for the change of spike rate (or mean

ISI) caused by the adaptation currents. Increasing the mean

input to the adapting neurons to achieve equal mean ISIs,

however, decreases its ISI CV (cf. Eq. (2.37)). Here we com-

pare the ISI statistics across different neurons for equal inputs.

On the other hand, Schwalger et al. (2010) analyzed the ISI

statistics of perfect IF model neurons with spike-triggered

adaptation and found that this type of adaptation always

leads to an increase of ISI CV in response to a noisy input cur-

rent. Their approach is similar to the one presented here but

differs in that the dynamics of the adaptation current was ne-

glected in (Schwalger et al. 2010), see Fig. 2.1B (bottom panel)

for a visualization of that difference. Assuming a stationary

adaptation current leads to a reduced effective mean input

to the neuron, leaving the input variance unchanged, which

always causes increased ISI variability, cf. Eq. (2.37). Together

with theoretical work showing that a spike-dependent adap-

tation current causes negative serial ISI correlations (Prescott

and Sejnowski 2008; Farkhooi et al. 2011) our results suggest

that spike rate coding is improved by such a current for low-

frequency inputs (Prescott and Sejnowski 2008; Farkhooi et al.

2011).

In contrast, an adaptation current which is predominantly

driven by the subthreshold membrane voltage usually leads

to an increase of ISI CV, as we have demonstrated. This seems

to be not consistent with a previous study (Prescott and Se-

jnowski 2008) where subthreshold adaptation was found to

produce a small decrease of ISI variability. The apparent dis-

crepancy is caused by differences in the presentation of the

data: Prescott & Sejnowski (2008) compared the ISI CVs for

equal spike rates as explained above. That is, the mean in-

put was adjusted to obtain equal mean ISIs for adapting and

non-adapting neurons but the input variance remained un-

changed. However, increasing the mean input (µ in Eq. (2.37))

to the adapting neuron counteracts the effect of subthresh-

old adaptation on the effective mean input (µa in Eq. (2.37)).

Consequently, one cannot observe an increased ISI CV in neu-

rons with subthreshold adaptation currents when the mean

input to these neurons is increased. Note that our results do

not contradict those in (Prescott and Sejnowski 2008), but

instead reveal that an increase of a subthreshold adaptation

current always causes an increase of ISI CV for given input

statistics and an increase of a spike-dependent adaptation

current leads to an increase of ISI CV if the mean input is

large.

Finally, we have shown that an increase in synaptic inhibi-

tion increases the ISI variability, regardless of whether this

inhibition originates from an external population of neurons

or from recurrently coupled ones. An intuitive explanation

for this effect is that increased inhibitory input reduces the

mean input but increases the input variance, see Eqs. (2.5)–

(2.6). The reason why recurrent synaptic inhibition and spike-

triggered adaptation change the ISI variability in opposite

ways in a fluctuation-dominated input regime could be the

different timescales. Synaptic inhibition usually acts on a

much faster timescale than adaptation currents whose time

constants range from about one hundred milliseconds to

seconds. Thus, recurrent synaptic inhibition in contrast to

spike-triggered adaptation cannot provide a memory trace of

past spiking activity (over a duration of several ISIs) that could

shape the ISI distribution. Notably, our results on ISIs in a net-

work setting strictly apply to networks in asynchronous states.

Recurrent synaptic inhibition, however, can also mediate os-

cillatory activity (Brunel 2000; Brunel et al. 2003; Isaacson

and Scanziani 2011; Augustin et al. 2013) where the variability

of ISIs might be affected differently.
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3 Spike synchrony and locking of coupled adap-
tive neurons

Here, we characterize how adaptation currents affect spike-to-spike synchronization and locking of

synaptically coupled neurons driven to periodic (so-called regular) spiking. This type of spiking activity is

exhibited by some classes of excitatory and inhibitory neurons, such as spiny stellate cells of the entorhinal

cortex, interneurons in the hippocampus, or cerebellar Purkinje cells (Netoff et al. 2005a; Klausberger et al.

2003; De Schutter and Steuber 2009). For other classes of neurons, whose interspike intervals show a high

degree of variability – even during rhythmic overall network activity – such as hippocampal pyramidal

cells, spike synchronization phenomena are preferentially treated in a probabilistic manner. This setting

is considered in chapter 4.

First, in section 3.1, we consider pairs of coupled neurons and employ a phase reduction method that

allows us to predict their spike synchronization and locking behavior based on a characteristic of single

neurons – the phase response curve. We then examine how the behavior of pairs can explain the activity

in larger networks of up to hundreds of all-to-all coupled neurons, before we move to networks with

different connection patterns in section 3.2. There, we analyze synchrony and locking with synchronized

subpopulations (so-called cluster states) using master stability functions – a powerful method to predict

the stability of these states for a large range of connection patterns. In the present chapter, we extend

the phase reduction and master stability function techniques for aEIF neurons, and piecewise smooth

systems in general.
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Chapter 3. Spike synchrony and locking of coupled adaptive neurons

3.1 Pairs of coupled neurons

To effectively analyze the stability of synchronized and locking states for neuronal pairs we use a phase

reduction approach based on the phase response curve (PRC) (see, e.g., Smeal et al. 2010; Schwemmer

and Lewis 2012). The PRC quantifies the effects of transient inputs on spike timing of a periodically

spiking neuron and provides insight into the neuron’s synchronization tendencies. We calculate the

PRCs of aEIF neurons using the adjoint method (Schwemmer and Lewis 2012), which we first extend

to piecewise smooth systems. We then characterize how the PRC is shaped by the adaptation current,

dependent on the spike frequency, and how these changes affect synchronization and locking for pairs

of weakly coupled neurons in presence of synaptic heterogeneities. Specifically, we consider different

types of coupling (excitation, inhibition), synaptic delays and strengths. Using numerical simulations

we further show under which conditions and how synchrony and locking in pairs carry over to larger

networks. To validate our results we use a biophysically detailed Hodgkin-Huxley neuron model.

We find that a subthreshold voltage driven adaptation current can change the PRC of an aEIF neuron

from type I (only phase advances for excitatory perturbations) to type II (phase advances and delays) by

altering the rest-spiking transition from a saddle-node to a Hopf bifurcation. A purely spike-triggered

adaptation current, on the other hand, does not change the bifurcation type and thus leaves the type

of PRC unaffected, but changes its skew. These effects translate, for coupled excitatory neurons, into

stabilization of synchrony by subthreshold adaptation, and locking with a small phase difference due to

spike-driven adaptation, as long as the external inputs are weak and the synaptic strengths and delays are

small. For inhibitory pairs, synchrony is stable and robust to changes in delay and input strength, but

(either type of) an adaptation current can mediate bistability of in-phase and anti-phase locking. We also

demonstrate how the stability of synchrony and anti-phase locking can be “read off” the PRC without

additional calculations. The locking behavior which we observe for excitatory pairs and inhibitory pairs

is reflected by the dynamics of corresponding larger (excitatory or inhibitory) networks with all-to-all

connectivity. Stable synchrony in pairs of coupled neurons is a good indicator for stable synchrony

in larger networks, and bistability often predicts the emergence of cluster states. Applying a detailed

Hodgkin-Huxley neuron model as an alternative to the (computationally much simpler) aEIF model leads

to the same conclusions.
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The ability of spiking neurons to synchronize their activity in a network depends on the response behavior

of these neurons as quantified by the phase response curve (PRC) and on coupling properties. The PRC

characterizes the effects of transient inputs on spike timing and can be measured experimentally. Here

we use the adaptive exponential integrate-and-fire (aEIF) neuron model to determine how subthreshold

and spike-triggered slow adaptation currents shape the PRC. Based on that, we predict how synchrony

and phase locked states of coupled neurons change in presence of synaptic delays and unequal coupling

strengths. We find that increased subthreshold adaptation currents cause a transition of the PRC from

only phase advances to phase advances and delays in response to excitatory perturbations. Increased

spike-triggered adaptation currents on the other hand predominantly skew the PRC to the right. Both

adaptation induced changes of the PRC are modulated by spike frequency, being more prominent at lower

frequencies. Applying phase reduction theory, we show that subthreshold adaptation stabilizes synchrony

for pairs of coupled excitatory neurons, while spike-triggered adaptation causes locking with a small phase

difference, as long as synaptic heterogeneities are negligible. For inhibitory pairs synchrony is stable and

robust against conduction delays, and adaptation can mediate bistability of in-phase and anti-phase

locking. We further demonstrate that stable synchrony and bistable in/anti-phase locking of pairs carry

over to synchronization and clustering of larger networks. The effects of adaptation in aEIF neurons on

PRCs and network dynamics qualitatively reflect those of biophysical adaptation currents in detailed

Hodgkin-Huxley-based neurons, which underscores the utility of the aEIF model for investigating the

dynamical behavior of networks. Our results suggest neuronal spike frequency adaptation as a mechanism

synchronizing low frequency oscillations in local excitatory networks, but indicate that inhibition rather

than excitation generates coherent rhythms at higher frequencies.

Introduction

Synchronized oscillating neural activity has been shown to be

involved in a variety of cognitive functions (Singer 1999; Wang

2010) such as multisensory integration (Roelfsema et al. 1997;

Ghazanfar et al. 2008), conscious perception (Melloni et al.

2007; Hipp et al. 2011), selective attention (Fries et al. 2001;

Doesburg et al. 2008) and memory (Herrmann et al. 2004;

Lengyel et al. 2005), as well as in pathological states includ-

ing Parkinson’s disease (Hammond et al. 2007), schizophre-

nia (Uhlhaas and Singer 2010), and epilepsy (Zijlmans et al.

2009). These observations have led to a great interest in un-

derstanding the mechanisms of neuronal synchronization,

how synchronous oscillations are initiated, maintained, and

destabilized.

The phase response curve (PRC) provides a powerful tool to

study neuronal synchronization (Smeal et al. 2010). The PRC

is an experimentally obtainable measure that characterizes

the effects of transient inputs to a periodically spiking neuron

on the timing of its subsequent spike. PRC based techniques

have been applied widely to analyze rhythms of neuronal

populations and have yielded valuable insights into, for ex-

ample, motor pattern generation (Ermentrout and Kopell

1994), the hippocampal theta rhythm (Netoff et al. 2005a),

and memory retrieval (Lengyel et al. 2005). The shape of

the PRC is strongly affected by ionic currents that mediate

spike frequency adaptation (SFA) (Crook et al. 1998; Ermen-

trout et al. 2012), a prominent feature of neuronal dynamics

shown by a decrease in instantaneous spike rate during a

sustained current injection (McCormick et al. 1985; Connors

and Gutnick 1990; La Camera et al. 2006). These adapta-

tion currents modify the PRC in distinct ways, depending on

whether they operate near rest or during the spike (Ermen-

trout et al. 2012). Using biophysical neuron models, it has

been shown that a low threshold outward current, such as the

muscarinic voltage-dependent K+ current (Im), can produce

a type II PRC, characterized by phase advances and delays

in response to excitatory stimuli, in contrast to only phase
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advances, defining a type I PRC. A high threshold outward

current on the other hand, such as the Ca2+-dependent af-

terhyperpolarization K+ current (Iahp ), flattens the PRC at

early phases and skews its peak towards the end of the pe-

riod (Ermentrout et al. 2001; Stiefel et al. 2009; Ermentrout

et al. 2012). Both changes of the PRC indicate an increased

propensity for synchronization of coupled excitatory cells

(Ermentrout et al. 2001), and can be controlled selectively

through cholinergic neuromodulation. In particular, Im and

Iahp are reduced by acetylcholine with different sensitivities,

which modifies the PRC shape (Madison et al. 1987; Stiefel

et al. 2008, 2009).

Author Summary

Synchronization of neuronal spiking in the brain is related to

cognitive functions, such as perception, attention, and mem-

ory. It is therefore important to determine which properties

of neurons influence their collective behavior in a network

and to understand how. A prominent feature of many corti-

cal neurons is spike frequency adaptation, which is caused

by slow transmembrane currents. We investigated how these

adaptation currents affect the synchronization tendency of

coupled model neurons. Using the efficient adaptive expo-

nential integrate-and-fire (aEIF) model and a biophysically

detailed neuron model for validation, we found that increased

adaptation currents promote synchronization of coupled ex-

citatory neurons at lower spike frequencies, as long as the

conduction delays between the neurons are negligible. In-

hibitory neurons on the other hand synchronize in presence of

conduction delays, with or without adaptation currents. Our

results emphasize the utility of the aEIF model for computa-

tional studies of neuronal network dynamics. We conclude

that adaptation currents provide a mechanism to generate low

frequency oscillations in local populations of excitatory neu-

rons, while faster rhythms seem to be caused by inhibition

rather than excitation.

In recent years substantial efforts have been exerted to de-

velop single neuron models of reduced complexity that can

reproduce a large repertoire of observed neuronal behavior,

while being computationally less demanding and, more im-

portantly, easier to understand and analyze than detailed

biophysical models. Two-dimensional variants of the leaky

integrate-and-fire neuron model have been proposed which

take into consideration an adaptation mechanism that is

spike triggered (Treves 1993) or subthreshold, capturing res-

onance properties (Richardson et al. 2003), as well as an im-

proved description of spike initiation by an exponential term

(Fourcaud-Trocmé et al. 2003). A popular example is the

adaptive exponential leaky integrate-and-fire (aEIF) model by

Brette and Gerstner (Brette and Gerstner 2005; Gerstner and

Brette 2009). The aEIF model is similar to the two-variable

model of Izhikevich (Izhikevich 2003), such that both models

include a sub-threshold as well as a spike-triggered adapta-

tion component in one adaptation current. The advantages

of the aEIF model, as opposed to the Izhikevich model, are

the exponential description of spike initiation instead of a

quadratic nonlinearity, and more importantly, that its param-

eters are of physiological relevance. Despite their simplicity,

these two models (aEIF and Izhikevich) can capture a broad

range of neuronal dynamics (Izhikevich 2004; Touboul and

Brette 2008; Naud et al. 2008) which renders them appropri-

ate for application in large-scale network models (Izhikevich

and Edelman 2008; Destexhe 2009). Furthermore, the aEIF

model has been successfully fit to Hodgkin-Huxley-type neu-

rons as well as to recordings from cortical neurons (Brette

and Gerstner 2005; Clopath et al. 2007; Jolivet et al. 2008a).

Since lately, this model is also implemented in neuromorphic

hardware systems (Brüderle et al. 2011).

Because of subthreshold and spike-triggered contributions to

the adaptation current, the aEIF model exhibits a rich dynam-

ical structure (Touboul and Brette 2008), and can be tuned

to reproduce the behavior of all major classes of neurons,

as defined electrophysiologically in vitro (Naud et al. 2008).

Here, we use the aEIF model to study the influence of adap-

tation on network dynamics, particularly synchronization

and phase locking, taking into account conduction delays

and unequal synaptic strengths. First, we show how both

subthreshold and spike-triggered adaptation affect the PRC

as a function of spike frequency. Then, we apply phase re-

duction theory, assuming weak coupling, to explain how the

changes in phase response behavior determine phase locking

of neuronal pairs, considering conduction delays and het-

erogeneous synaptic strengths. We next present numerical

simulations of networks which support the findings from our

analysis of phase locking in neuronal pairs, and show their

robustness against heterogeneities. Finally, to validate the

biophysical implication of the adaptation parameters in the

aEIF model, we relate and compare the results using this

model to the effects of Im and Iahp on synchronization in

Hodgkin-Huxley-type conductance based neurons. Thereby,

we demonstrate that the basic description of an adaptation

current in the low-dimensional aEIF model suffices to cap-

ture the characteristic changes of PRCs, and consequently the

effects on phase locking and network behavior, mediated by

biophysical adaptation currents in a complex neuron model.

The aEIF model thus represents a useful and efficient tool to

examine the dynamical behavior of neuronal networks.

Methods

aEIF neuron model

The aEIF model consists of two differential equations and a
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3.1. Pairs of coupled neurons

reset condition,

C
dV

d t
=−gL(V −EL)+ gL∆T e

V −VT
∆T −w + I (3.1)

τw
d w

d t
= a(V −EL)−w (3.2)

if V ≥Vs then


V :=Vr

w := w +b.
(3.3)

The first equation (3.1) is the membrane equation, where the

capacitive current through the membrane with capacitance

C equals the sum of ionic currents, the adaptation current w ,

and the input current I . The ionic currents are given by an

ohmic leak current, determined by the leak conductance gL

and the leak reversal potential EL, and a Na+-current which

is responsible for the generation of spikes. The Na+ current

is approximated by the exponential term, where ∆T is the

threshold slope factor and VT is the threshold potential, as-

suming that the activation of Na+ channels is instantaneous

and neglecting their inactivation (Fourcaud-Trocmé et al.

2003). The membrane time constant is τm :=C /gL. When I

drives the membrane potential V beyond VT, the exponential

term actuates a positive feedback and leads to a spike, which

is said to occur at the time when V diverges towards infinity.

In practice, integration of the model equations is stopped

when V reaches a finite “cutoff” value Vs, and V is reset to

Vr (3.3). Equation (3.2) governs the dynamics of w , with the

adaptation time constant τw . a quantifies a conductance that

mediates subthreshold adaptation. Spike-triggered adapta-

tion is included through the increment b (3.3).

The dynamics of the model relevant to our study is outlined

as follows. When the input current I to the neuron at rest is

slowly increased, at some critical current the resting state

is destabilized which leads to repetitive spiking for large

regions in parameter space (Naud et al. 2008). This onset

of spiking corresponds to a saddle-node (SN) bifurcation if

aτw < gLτm, and a subcritical Andronov-Hopf (AH) bifurca-

tion if aτw > gLτm at current values ISN and I AH respectively

which can be calculated explicitly (Touboul and Brette 2008).

In the former case a stable fixed point (the neuronal resting

state) and an unstable fixed point (the saddle) merge and

disappear, in the latter case the stable fixed point becomes

unstable before merging with the saddle. In the limiting case

aτw = gLτm, both bifurcations (SN and AH) meet and the

system undergoes a Bogdanov-Takens (BT) bifurcation. The

sets of points with dV /d t = 0 and d w/d t = 0 are called V -

nullcline and w-nullcline, respectively. It is obvious that all

fixed points in the two-dimensional state space can be identi-

fied as intersections of these two nullclines. Spiking can occur

at a constant input current lower than ISN or I AH depending

on whether the sequence of reset points lies exterior to the

basin of attraction of the stable fixed point. This means, the

system just below the bifurcation current can be bistable; pe-

riodic spiking and constant membrane potential are possible

at the same input current. Thus, periodic spiking trajectories

do not necessarily emerge from a SN or AH bifurcation. We

determined the lowest input current that produces repetitive

spiking (the rheobase current, Irh) numerically by delivering

long-lasting rectangular current pulses to the model neurons

at rest. Note that in general Irh depends on Vr, such that

in case of bistability, Irh can be reduced by decreasing Vr

(Touboul and Brette 2008).

We selected realistic values for the model parameters (C =
0.1 nF, gL = 0.01 µS, EL =−70 mV, ∆T = 2 mV, VT =−50 mV,

τw = 100 ms, Vr =−60 mV) and varied the adaptation param-

eters within reasonable ranges (a ∈ [0,0.1] µS, b ∈ [0,0.2] nA).

All model parametrizations in this study lead to periodic spik-

ing for sufficiently large I , possibly including transient adap-

tation. Parameter regions which lead to bursting and irregular

spiking (Naud et al. 2008) are not considered in this study. Vs

was set to −30 mV, since from this value, even without an

input current, V would rise to a typical peak value of the

action potential (< 50 mV) within less than 1 µs while w es-

sentially does not change due to its large time constant. Only

in Fig. 3.1A-C we used Vs = 20 mV to demonstrate the steep

increase of V past VT.

Traub neuron model

In order to compare the effects of adaptation in the aEIF

model with those of Im and Iahp in a biophysically detailed

model and with previously published results (Ermentrout

et al. 2001; Jeong and Gutkin 2007; Ermentrout et al. 2012)

we used a variant of the conductance based neuron model

described by Traub et al. (Traub et al. 1991). The current-

balance equation of this model is given by

C
dV

d t
= I − IL − INa − IK − ICa − Im − Iahp , (3.4)

where the ionic currents consist of a leak current IL = gL(V −
EL), a Na+ current INa = gNam3h(V −ENa), a delayed recti-

fying K+ current IK = gKn4(V −EK), a high-threshold Ca2+

current ICa = gCam∞(V −ECa) with m∞ = 1/{1+exp[−(V +
25)/2.5]}, and the slow K+ currents Im = gmω(V −EK), and

Iahp = gahp {[Ca]/([Ca]+1)}(V −EK). The gating variables m,

h and n satisfy first-order kinetics

dm

d t
=αm(1−m)−βmm (3.5)

dh

d t
=αh(1−h)−βhh (3.6)

dn

d t
=αn(1−n)−βnn, (3.7)

with αm = 0.32(V + 54)/{1 − exp[−(V + 54)/4]} and βm =
0.28(V +27)/{exp[(V +27)/5]−1}, αh = 0.128exp[−(V +50)/18]

and βh = 4/{1+ exp[−(V + 27)/5]}, αn = 0.032(V + 52)/{1−
exp[−(V +52)/5]} and βn = 0.5exp[−(V +57)/40]. The frac-
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tion ω of open K+ channels is governed by

dω

d t
= ω∞−ω

τω
, (3.8)

where ω∞ = 1/{1+exp[−(V +35)/10]}, τω = 100/{3.3exp[(V +
35)/20]+exp[−(V +35)/20]}, and the intracellular Ca2+ con-

centration [Ca] is described by

d [Ca]

d t
=−γICa − [Ca]

τCa
. (3.9)

Units are mV for the membrane potential and ms for time.

Note that the state space of the Traub model Eqs. (3.4)–(3.9)

is six-dimensional.

The dynamics of interest is described below. Starting from

a resting state, as I is increased, the model goes to repeti-

tive spiking. Depending on the level of Im , this (rest-spiking)

transition occurs through a SN bifurcation for low values of

Im or a subcritical AH bifurcation for high values of Im , at

input currents ISN and I AH , respectively. The SN bifurcation

gives rise to a branch of stable periodic solutions (limit cycles)

with arbitrarily low frequency. Larger values of Im cause the

stable fixed point to lose its stability by an AH bifurcation

(at I AH < ISN ). In this case, a branch of unstable periodic

orbits emerges, which collides with a branch of stable limit

cycles with finite frequency in a fold limit cycle bifurcation at

current IF LC < I AH . The branch of stable periodic spiking tra-

jectories extends for currents larger than I AH and ISN . This

means that in the AH bifurcation regime, the model exhibits

hysteresis. That is, for an input current between IF LC and

I AH a stable equilibrium point and a stable limit cycle coexist.

On the contrary, Iahp does not affect the bifurcation of the

equilibria, since it is essentially nonexistent at rest.

We used parameter values as in (Ermentrout et al. 2001). As-

suming a cell surface area of 0.02 mm2, the membrane capaci-

tance was C = 0.2 nF, the conductances (in µS) were gL = 0.04,

gNa = 20, gK = 16, gCa = 0.2, gm ∈ [0,0.1], gahp ∈ [0,0.2], and

the reversal potentials (in mV) were EL =−67, ENa = 50, EK =
−100, ECa = 120; γ= 0.01 µM (ms nA)−1 and τCa = 80 ms.

Network simulations

We considered networks of N coupled neurons with identi-

cal properties using both models (aEIF and Traub), driven to

repetitive spiking with period T ,

dxi

d t
= f(xi )+

N
j=1

hi j (xi ,x j ), (3.10)

where the vector xi consists of the state variables of

neuron i [xi = (Vi , wi )T for the aEIF model, or xi =
(Vi ,mi ,hi ,ni ,ωi , [Ca]i )T for the Traub model], f governs the

dynamics of the uncoupled neuron (according to either neu-

ron model) and the coupling function hi j contains the synap-

tic current Isyn (received by postsynaptic neuron i from presy-

naptic neuron j ) in the first component and all other com-

ponents are zero. Isyn was modeled using a bi-exponential

description of the synaptic conductance,

Isyn(Vi ,V j ) := gi j s(t −di j )(Esyn −Vi ) (3.11)

s(t ) := c


t j ≤t


e
− t−t j

τd −e
− t−t j

τr


, (3.12)

where gi j denotes the peak conductance, s the fraction of

open ion channels, di j the conduction delay which includes

axonal as well as dendritic contributions, and Esyn the synap-

tic reversal potential. c is a normalization factor which was

chosen such that the peak of s equals one. The spike times t j

of neuron j (at the soma) correspond to the times at which

the membrane potential reaches Vs (in the aEIF model) or

the peak of the action potential (in the Traub model). τr and

τd are the rise and decay time constants, respectively. For

excitatory synapses the parameters were chosen to model an

AMPA-mediated current (Esyn = 0 mV, τr = 0.1 ms, τd = 1 ms),

the parameters for inhbitory synapses we set to describe

a GABAA-mediated current (Esyn = −80 mV, τr = 0.5 ms,

τd = 5 ms). 1

We simulated the aEIF and Traub neuron networks, respec-

tively, taking F := T −1 = 40 Hz, homogeneous all-to-all con-

nectivity without self-feedback (gi i = 0), and neglecting con-

duction delays (di j = 0). We further introduced hetero-

geneities of several degrees w.r.t. synaptic strengths and con-

duction delays to the computationally less demanding aEIF

network. Specifically, gi j (i ̸= j ) and di j were sampled from a

uniform distribution over various value ranges. The neurons

were weakly coupled, in the sense that the total synaptic input

received by a neuron from all other neurons in the network

(assuming they spike synchronously) resulted in a maximal

change of ISI (T ) of less than 5%, which was determined by

simulations. As initial conditions we used points of the spik-

ing trajectory at times that were uniformly sampled from

the interval [0,T ], i.e., the initial states were asynchronous.

Simulation time was 20 s for each configuration of the aEIF

networks and 10 s for the Traub neuron networks. All net-

work simulations were done with BRIAN 1.3 (Goodman and

Brette 2008) applying the second-order Runge-Kutta integra-

tion method with a time step of 1 µs for coupled pairs and

10 µs for larger networks.

We measured the degree of spike synchronization in the sim-

ulated networks using averaged pairwise cross-correlations

1Relating this aEIF network to the description, Eqs. (1.1)–(1.4), introduced in section 1.2, here Ew = EL and Tref = 0. Note, that the synaptic current
depends on Vi in the conductance-based description, Eq. (3.11). Its (natural) dependence on the presynaptic spike times is indicated by V j in Eq. (3.11).
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between the neurons (Wang and Buzsáki 1996),

κ :=
 

k sk
i sk

j
k sk

i


k sk

j


, (3.13)

where sk
i = 1 if neuron i spikes in time interval k, otherwise

sk
i = 0, for k = 1, . . . ,Tκ/τ. 〈.〉 indicates the average over all

neuronal pairs (i , j ) in the network. Calculation period Tκ

was 1 s and time bin τ was 2.5 ms. κ assumes a value of 0 for

asynchronous spiking and approaches 1 for perfect synchro-

nization.

In order to quantify the degree of phase locking of neurons in

the network we applied the mean phase coherence measure

σ (Mormann 2000; Fink et al. 2011) defined by

σ :=
 1

K

K
k=1

e
iϕk

i j




, (3.14)

where ϕk
i j is the phase difference between neurons i and j

at the time of the k-th spike t k
i of neuron i , ϕk

i j = 2π(t k
i −

t k
j )/(t k+1

j − t k
j ). t k

j is the largest spike time of neuron j that

precedes t k
i , t k+1

j is the smallest spike time of neuron j that

succeeds t k
i . K is the number of spikes of neuron i in the cal-

culation period TK . |l e iϕl | =


(


l cosϕl )2 + (


l sinϕl )2

and 〈.〉 denotes the average over all pairs (i , j ). σ= 0 means

no neuronal pair phase locks, σ= 1 indicates complete phase

locking. σ was calculated using for TK the last 10 s (aEIF

networks) or 5 s (Traub networks) of each simulation.

PRC calculation

The PRC can be obtained (experimentally or in simulations)

by delivering small perturbations to the membrane potential

of a neuron oscillating with period T at different phases ϑ and

calculating the changes of its phase. The change of the phase

can be calculated by the change of spike timing, measured

within the current cycle or, as considered here, several cy-

cles after the perturbation to exclude transients which yields

an asymptotic type of PRC. The asymptotic2 PRC is then ex-

pressed as a function of phase as PRC(ϑ) = t k
s (ϑ)− t k

s,pert(ϑ),

for large k, where t k
s , t k

s,pert are the k-th spike times of the un-

perturbed neuron and the perturbed one, respectively, after

the perturbation at ϑ. Positive (negative) values of PRC(ϑ)

represent phase advances (delays). An alternative technique

of determining the PRC is to solve the linearized adjoint equa-

tion (Ermentrout 1996; Ermentrout et al. 2001; Brown et al.

2004; Ermentrout and Terman 2010; Schwemmer and Lewis

2012)

dq

d t
=−Dxf(x̄(t ))T q, (3.15)

subject to the normalization condition q(0)T f(x̄(0)) = 1 (see

Appendix A). x, f are as described above (cf. Eq. (3.10)) and

Dxf is the Jacobian matrix of f. x̄ denotes the asymptotically

stable T -periodic spiking trajectory as a solution of the sys-

tem

dx

d t
= f(x), (3.16)

of differential equations and a reset condition in case of the

aEIF model. Eq. (3.16) together with the reset condition de-

scribe the dynamics of an uncoupled neuron. x̄ is an attractor

of this dynamical system and nearby trajectories will con-

verge to it. To obtain x̄, we integrated the neuron model equa-

tions for a given set of parameters and adjusted the input

current I , such that the period was T . Analysis was restricted

to the regular spiking regime (cf. (Naud et al. 2008) for the

aEIF model). Parameter regions where bursting and chaotic

spiking occurs were avoided.

For Traub model trajectories, the peak of the action poten-

tial is identified with phase ϑ= 0, for aEIF trajectories ϑ= 0

corresponds to the point of reset. The first component qV of

the normalized T -periodic solution q of Eq. (3.15) represents

the PRC, also called infinitesimal PRC, which characterizes

the response of the oscillator to a vanishingly small pertur-

bation (cf. Appendix A). For continuous limit cycles x̄, as

produced by the Traub model, q can be obtained by solving

Eq. (3.15) backward in time over several periods with arbi-

trary initial conditions. Since x̄ is asymptotically stable, the

T -periodic solution of the adjoint system, Eq. (3.15), is un-

stable. Thus, backward integration damps out the transients

and we arrive at the periodic solution of Eq. (3.15) (Hoppen-

staedt and Izhikevich 1997; Ermentrout and Terman 2010;

Schwemmer and Lewis 2012). In case of the aEIF model with

an asymptotically stable T -periodic solution x̄, that involves a

discontinuity in both variables V̄ (t ), w̄(t ) at integer multiples

of T , we treated the adjoint equations as a boundary value

problem (Ermentrout et al. 2012). Specifically, we solved the

adjoint system

d qV

d t
= gL

C


1−e

V̄ (t )−VT
∆T


qV − a

τw
q w (3.17)

d q w

d t
= qV

C
+ q w

τw
, (3.18)

subject to the conditions

qV (0)
dV̄

d t
(0)+q w (0)

d w̄

d t
(0) = 1 (3.19)

q w (0) = q w (T −), (3.20)

where qV , q w denote the two components of q, and

q w (T −) := limt↗T q w (t) is the left-sided limit. Eq. (3.19) is

the normalization condition. Eq. (3.20) is the continuity con-

dition, which ensures T -periodicity of the solution (see Ap-

2In the following we omit the term “asymptotic” and just call it PRC.
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pendix A, derivation based on (Mueller 1995; Samoilenko

and Perestyuk 1995; Akhmet 2010)). From the fact, that

the end points of T -periodic aEIF trajectories differ, i.e.,

V̄ (0) = Vr, V̄ (T −) = Vs and w̄(0) = w̄(T −)+b, it follows that

f(x̄(0)) ̸= f(x̄(T −)), which in turn leads to q(0) ̸= q(T −). Per-

turbations of the same strength, which are applied to V just

before and after the spike, have therefore a different effect on

the phase, leading to a discontinuity in the PRC.

The PRCs presented in this study were calculated using the

adjoint method. For validation purposes, we also simulated

a number of PRCs by directly applying small perturbations

to the membrane potential V̄ of the oscillating neuron at dif-

ferent phases and measuring the change in phase after many

cycles – to ensure, that the perturbed trajectory had returned

to the attractor x̄ (see Figs. 3.2A,B, 3.10C). The results are in

good agreement with the results of the adjoint method.

Phase reduction

In the limit of weak synaptic interaction, which guarantees

that a perturbed spiking trajectory remains close to the at-

tracting (unperturbed) trajectory x̄, we can reduce the net-

work model (3.10) to a lower dimensional network model

where neuron i is described by its phase ϑi (Ermentrout and

Terman 2010; Schwemmer and Lewis 2012; Hoppenstaedt

and Izhikevich 1997; Ermentrout and Kopell 1991; Kuramoto

1984) as follows.

dϑi

d t
= 1+

N
j=1

1

T

 T

0
qV

i (s)Isyn

V̄i (s),V̄ j (s +ϑ j −ϑi )


d s

(3.21)

=: 1+
N

j=1
H d

i j (ϑ j −ϑi ), (3.22)

where qV
i is the PRC of neuron i and V̄i the first component

(membrane potential) of the spiking trajectory x̄i (see previ-

ous section and Appendix B). H d
i j is the T -periodic averaged

interaction function calculated using Isyn with conduction

delay di j (3.11). Note that di j simply causes a shift in the

interaction function: H d
i j (ϑ j −ϑi ) = H 0

i j (ϑ j −ϑi −di j ). H d
i j

only depends on the difference of the phases (in the argu-

ment) which is a useful property when analyzing the stability

of phase locked states of coupled neuronal pairs. In this case

(without self-feedback as already assumed) the phase differ-

ence ϕ :=ϑ2 −ϑ1 evolves according to the scalar differential

equation

dϕ

d t
= H d

21(−ϕ)−H d
12(ϕ) =: H∆(ϕ), (3.23)

whose stable fixed points are given by the zero crossings ϕ̂ of

H∆ for which limε↘0 d H∆(ϕ̂−ε)/dϕ< 0 and limε↘0 d H∆(ϕ̂+
ε)/dϕ < 0. If H∆ is differentiable at ϕ̂, these left and right

sided limits are equal and represent the slope. Note however

that H∆ is continuous, but not necessarily differentiable due

to the discontinuity of the PRC of an aEIF neuron. Therefore,

the limits might not be equal in this case. The case where

H∆ is discontinuous at ϕ̂, which can be caused by δ-pulse

coupling, i.e., Isyn is replaced by a δ-function, is addressed in

the Results section. We calculated these stable fixed points,

which correspond to stable phase locked states, for pairs of

identical cells coupled with equal or heterogeneous synaptic

strengths and symmetric conduction delays, d := d12 = d21,

using PRCs derived from the aEIF and Traub neuron models,

driven to 40 Hz periodic spiking. Periodic spiking trajectories

of both models and PRCs of Traub neurons were computed

using variable order multistep integration methods, for PRCs

of aEIF neurons a fifth-order collocation method was used

to solve Eqs. (3.17)–(3.20). These integration methods are im-

plemented in MATLAB (2010a, The MathWorks). Bifurcation

currents of the Traub model were calculated using MATCONT

(Dhooge and Govaerts 2003; Govaerts et al. 2006).

Results

PRC characteristics of aEIF neurons

We first examine the effects of the adaptation components a

and b, respectively, on spiking behavior of aEIF neurons at

rest in response to (suprathreshold) current pulses (Fig. 3.1A-

C). Without adaptation (a = b = 0) the model produces tonic

spiking (Fig. 3.1A). Increasing a or b leads to SFA as shown

by a gradual increase of the inter spike intervals (ISI) until a

steady-state spike frequency F is reached. Adaptation current

w builds up and saturates slowly when only conductance a

is considered (Fig. 3.1B) in comparison to spike-triggered in-

crements b (Fig. 3.1C). Fig. 3.1D,E depicts the relationship

between F and the injected current I for various fixed val-

ues of a and b. Increased subthreshold adaptation causes

the minimum spike frequency to jump from zero to a posi-

tive value, producing a discontinuous F -I curve (Fig. 3.1D).

A continuous (discontinuous) F -I curve indicates class I (II)

membrane excitability which is typical for a SN (AH) bifur-

cation at the onset of spiking respectively. An increase of

a causes this bifurcation to switch from SN to AH, thereby

changing the membrane excitability from class I to II, shown

by the F -I curves. An increase of b on the other hand does not

produce a discontinuity in the F -I curve, i.e., the membrane

excitability remains class I (Fig. 3.1E). Furthermore, increas-

ing a shifts the F -I curve to larger current values without

affecting its slope, while an increase of b decreases the slope

of the F -I curve in a divisive manner. When b is large, the

neuron is desensitized in the sense that spike frequency is

much less affected by changes in the driving input.

In Fig. 3.2A,B we show how a and b differentially affect the

shape of the PRC of an aEIF neuron driven to periodic spiking.

The PRCs calculated using the adjoint method (solid curves)

match well with those obtained from simulations (circles).
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3.1. Pairs of coupled neurons

Figure 3.1 – Influence of adaptation on spiking be-
havior and F -I curves of aEIF neurons. A-C: Mem-
brane potential V and adaptation current w of aEIF
neurons without adaptation (A), with subthresh-
old adaptation (B) and with spike-triggered adapta-
tion (C), in response to step currents I . To demon-
strate the steep increase of V past VT, Vs was set to
20 mV. Note that the neuron in C has not reached
its steady state frequency by the end of the rect-
angular current pulse. D, E: F -I relationships for
a = 0,0.005,0.01,0.015,0.02 µS, b = 0 nA (black – blue,
D) and a = 0 µS, b = 0,0.01,0.02,0.03,0.04 nA (black
– red, E). All other model parameters used for this
figure are provided in the Methods section.

While non-adapting neurons have monophasic (type I) PRCs,

which indicate only advancing effects of excitatory perturba-

tions, increased levels of a produce biphasic (type II) PRCs

with larger magnitudes, which predict a delaying effect of

excitatory perturbations received early in the oscillation cy-

cle. An increase of b on the other hand flattens the PRC at

early phases, shifts its peak towards the end of the period

and reduces its magnitude. The type of the PRC however

remains unchanged (type I). Indeed, if a = 0 the PRC must

be type I, since in this case the component qV of the solu-

tion of the adjoint system, Eqs. (3.17)–(3.20), can be written

as qV (t) = qV (0) exp
 t

0 γ(s)d s

, where γ(s) is given by the

right-hand side of Eq. (3.17). Thus, qV cannot switch sign.

To provide an intuitive explanation for the effects of adap-

tation on the PRC, we show the vector fields, V - and w-

nullclines, and periodic spiking trajectories of four aEIF neu-

rons (Fig. 3.2C-F). One neuron does not have an adaptation

current (a = b = 0), two neurons possess only one adaptation

mechanism (a = 0.1 µS, b = 0 nA and a = 0 µS, b = 0.2 nA,

respectively) and for one both adaptation parameters are

increased (a = 0.1 µS, b = 0.2 nA). An excitatory perturba-

tion to the non-adapting neuron at any point of its trajec-

tory, i.e., at any phase, shifts this point closer to Vs along

the trajectory, which means the phase is shifted closer to T ,

hence the advancing effect (Fig. 3.2C). The phase advance is

strongest if the perturbing input is received at the position

along the trajectory around which the vector field has the

smallest magnitude, i.e., where the trajectory is “slowest”. In

case of subthreshold adaptation (Fig. 3.2D), the adapted pe-

riodic spiking trajectory starts at a certain level of w which

decreases during the early part of the oscillation cycle and

increases again during the late part, after the trajectory has

passed the w-nullcline. A small transient excitatory input at

an early phase pushes the respective point of the trajectory to

the right (along the V -axis) causing the perturbed trajectory

to pass through a region above the unperturbed trajectory,

somewhat closer to the fixed point around which the vector

field is almost null. Consequently, the neuron is slowed down

and the subsequent spike delayed. An excitatory perturba-

tion received at a later phase (to the right of the dashed arrow)

causes phase advances, since the perturbed trajectory either

remains nearly unchanged, however with a shorter path to

the end of the cycle, compared to the unperturbed trajectory,

or it passes below the unperturbed one where the magnitude

of the vector field (pointing to the right) is larger. Note that

for the parametrization in Fig. 3.2D, both, the resting state as

well as the spiking trajectory are stable. In this case, a strong

depolarizing input at an early phase can push the correspond-

ing trajectory point into the domain of attraction of the fixed

point, encircled by the dashed line in the figure, which would

cause the resulting trajectory to spiral towards the fixed point

and the neuron would stop spiking. On the other hand, in-

creasing I would shrink the domain of attraction of the fixed

point and at I = I AH , it would be destabilized by a subcritical

AH bifurcation. When a = 0 and b > 0, we obtain a type I PRC

(Fig. 3.2E), as explained above. The advancing effect of an ex-

citatory perturbation is strongest late in the oscillation cycle,

indicated by the red arrow, where the perturbation pushes a

trajectory point from a “slow” towards a “fast” region closer

to the end of the cycle, as shown by the vector field. When

a as well as b are increased, the PRC exhibits both adapta-
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Figure 3.2 – Effects of adaptation on PRCs of aEIF neurons. A, B: PRCs associated with adaptation parameters as in Fig. 3.1D,E. Solid
curves are PRCs calculated with the adjoint method and scaled by 0.1 mV, circles denote PRC points that were obtained from numerical
simulations of Eqs. (3.1)–(3.3), using 0.1 mV perturbations at various phases ϑ (see Methods and Appendix A). The input currents I were
chosen to ensure 40 Hz spiking. Note that the discontinuity of the PRCs at ϑ= 0 is caused by the reset of the spiking trajectories. C-F Top:
PRCs for adaptation parameters as indicated and I = 0.217 nA (C), I = 2.039 nA (D), I = 1.003 nA (E), I = 2.530 nA (F). C-F Bottom: Vector
field, V - and w-nullclines, and periodic spiking trajectory in the respective state space. The reset point (solid square) of the trajectory
corresponds to the phase ϑ= 0. A solid arrow marks the location along the trajectory where the PRC (shown above) has its maximum.
Dashed arrows in D, F mark the trajectory points that correspond to the zero crossings of the PRCs. Trajectory points change slowly in
regions where the vector field magnitudes are small. The dashed blue curve in D denotes the boundary of the domain of attraction of the
fixed point, which is located at the intersection of the nullclines. Note that differences in the vector fields and V -nullclines between C and
E as well as D and F, are due to the changes in I .

tion mediated features (type II and skewness), see Fig. 3.2F. A

push to the right along the corresponding trajectory experi-

enced early in the cycle brings the perturbed trajectory closer

to the fixed point and causes a delayed next spike. Such an

effect persists even if the fixed point has disappeared due to

a larger input current. In this case, the region where the fixed

point used to be prior to the bifurcation, known as “ghost”

of the fixed point, the vector field is still very small. This

means that type II PRCs can exist for larger input currents

I > ISN . Note that differences of the vector fields and the shift

of the nullclines relative to each other in Fig. 3.2C,D as well

as Fig. 3.2E,F are due to different input current values (as an

increase of I moves the V -nullcline upwards). The maximal

phase advances, indicated by solid arrows in Fig. 3.2A,B, are

close to the threshold potential VT (where the V -nullcline has

its minimum) in all four cases.

We next investigate how the changes in PRCs caused by either

adaptation component are affected by the spike frequency.

Bifurcation currents, rheobase currents and corresponding
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3.1. Pairs of coupled neurons

Figure 3.3 – Bifurcation currents of the aEIF model and dependence of PRC type on the input current. A, B: Rheobase current (solid
black), SN and AH bifurcation currents ISN , I AH (dashed grey, dashed black) respectively, as well as input current (green) which separates
type I (blue) and type II (yellow) PRC regions, as a function of a, for b = 0 nA (A) and b = 0.2 nA (B). At a = 0.001 µS a BT bifurcation occurs
at IBT (where the SN and the AH bifurcations meet) marked by the red dot. The region around IBT is displayed in a zoomed view. If
a < 0.001 µS the system undergoes a SN bifurcation at ISN , if a > 0.001 µS an AH bifurcation occurs at I AH < ISN . C, D: Spike frequencies F
corresponding to the input currents in A and B. Note that the region in I -a space where the PRCs are type II is very shallow in A compared
to B, the corresponding regions in F -a space shown in C and D however are rather similar. This is due to the steep (flat) F -I relationship
for b = 0 nA (b = 0.2 nA) respectively (see Fig. 3.1D,E). E, F: PRCs with locations in F -a space as indicated, scaled to the same period T .

frequencies, in dependence of a and b, as well as regions in

parameter space where PRCs are type I and II, are displayed

in Fig. 3.3A-D. Fig. 3.3E,F shows how individual PRCs are

modulated by spike frequency (input current). Both PRC

characteristics, caused by a and b, respectively, are more pro-

nounced at low frequencies. Increasing I changes a type II

PRC to type I and shifts its peak towards an earlier phase. The

input current which separates type I and type II PRC regions

(in parameter space) increases with both, a and b (Fig. 3.3A,B).

That is, an increase of b can also turn a type I into a type II

PRC, by bringing the spiking trajectory closer to the fixed

point or its “ghost”. This is however only possible if the sys-

tem is in the AH bifurcation regime (a >C /τw ) or close to it.

Spike-triggered adaptation thereby considerably influences

the range of input currents for which the PRCs are type II.

The spike frequency according to the input current, at which

a type II PRC turns into type I increases substantially with in-

creasing a, but only slighly with an increase of b (Fig. 3.3C,D).

The latter can be recognized by the similarity of the respective

(green) curves in the subfigures C and D. Type II PRCs thus

only exist in the lower frequency band whose width increases

with increasing subthreshold adaptation.

Phase locking of coupled aEIF pairs

In this section, we examine how the changes in phase re-

sponse properties due to adaptation affects phase locking of

coupled pairs of periodically spiking aEIF neurons. Specifi-

cally, we first analyze how the shape of the PRC determines

the fixed points of Eq. (3.23) and their stability, and then show

how the modifications of the PRC mediated by the adapta-

tion components a and b change those fixed points. Finally,

we investigate the effects of conduction delays and heteroge-

neous coupling strengths on phase locking in dependence of

adaptation.

Relation between phase locking and the PRC

In case of identical cell pairs and symmetric synaptic

strengths, g12 = g21, the interaction functions in Eq. (3.23) are

identical, H d
12 = H d

21 =: H d , where d is the conduction delay.

H∆(ϕ) = H d (−ϕ)−H d (ϕ) then becomes an odd, T -periodic

function, which has roots at ϕ= 0 and ϕ= T /2. Thus, the in-

phase and anti-phase locked states always exist. The stability

of these two states can be “read off” the PRC even without

having to calculate H d , as is explained below. Let ϕ̂ ∈ {0,T /2}

in the following. The fixed point ϕ̂ of Eq. (3.23) is stable if

limε↘0 d H d (ϕ̂− ε)/dϕ > 0 and limε↘0 d H d (ϕ̂+ ε)/dϕ > 0.
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Note that the left and right sided limits are not equal if H d is

not differentiable at ϕ̂, due to the discontinuity of the PRC of

an aEIF neuron.

First, consider a synaptic current with infinitely fast rise and

decay. In this case we use a positive (or negative) δ-function

in Eq. (3.21) instead of Isyn to describe the transient excitatory

(or inhibitory) pulse. H d (ϕ) is then given by

H d (ϕ) =± 1

T

 T

0
qV (s)δ(s +ϕ−d mod T ) d s

=± 1

T
qV (d −ϕ), (3.24)

that is, H d (ϕ) becomes the PRC, mirrored at ϑ= T /2, right-

wards shifted by the delay d and scaled by ±1/T . The sign

of the slope of H d (ϕ̂) is thus given by the negative (posi-

tive) sign of the PRC slope at ϑ = d − ϕ̂, d ̸= ϕ̂, for excita-

tory (inhibitory) synapses respectively. For the aEIF model,

the case d = ϕ̂ requires a distinction, because H d and H∆

are discontinuous at ϕ̂. Let ∆ϕ> 0 be the distance between

ϕ̂ and the closest root of H∆(ϕ). Since H∆(ϕ) is odd and

T -periodic, H∆(ϕ̂−) > H∆(ϕ̂+) implies stability of ϕ̂, in the

sense that ϕ increases on the interval (ϕ̂−∆ϕ,ϕ̂) and de-

creases over (ϕ̂,ϕ̂+∆ϕ). Thus, ϕ̂ can be considered an at-

tractor. H∆(ϕ̂−) > H∆(ϕ̂+) is equivalent to H d (ϕ̂−) < H d (ϕ̂+)

which in turn is equivalent to PRC(T −) > PRC(0) for excita-

tory coupling and PRC(T −) < PRC(0) for inhibitory coupling.

Hence, it is the discontinuity of the PRC which determines

the stability of ϕ̂ in this case.

A synaptic current with finite rise and decay times causes an

additional rightwards shift and a smoothing of the interaction

function. The stability of the fixed point ϕ̂ is then determined

by the slope of the PRC and its discontinuity on the interval

(d − ϕ̂, d − ϕ̂+ε), where ε> 0 is on the order of the synaptic

timescale (see Appendix C). If the PRC slope is negative on

this interval and its discontinuity (if occurring in the interval)

is also negative, i.e., PRC(T −) > PRC(0), then ϕ̂ is stable for

excitatory coupling and unstable for inhibitory coupling. In

Fig. 3.4A we show the effect of the synaptic timescale, i.e., τr

and τd , on the interaction function for a given PRC. Fig. 3.4B,C

illustrates how the stability of the synchronous state of a neu-

ronal pair is given by the slope of the PRC, for three different

delays. The slope of the PRC is positive at ϑ= d+
1 , ϑ= d2 and

negative at ϑ= d3 and remains positive (negative) until Isyn

has decayed to a small value. Therefore, synchrony is unsta-

ble for delays d1, d2 and stable for d3, indicated by the slope

of H d at ϕ= 0, which is negative for the first two and positive

for the third delay.

Effects of adaptation on phase locking of coupled aEIF
pairs

First, consider pairs of identical aEIF neurons with the PRCs

shown in Fig. 3.2A,B, symmetrically coupled through instan-

taneous synapses (τr ↘ 0 and τd ↘ 0) and without con-

duction delays (d = 0). When the coupling is excitatory,

the in-phase locked state (synchrony) is unstable in case of

type I PRCs, since they have a positive “jump" at ϑ = 0, i.e.,

PRC(T −) < PRC(0). Synchrony is stable for pairs with type II

PRCs however, as PRC(T −) > PRC(0). The anti-phase locked

state on the other hand is unstable because of the positive

PRC slopes at ϑ = T /2. In case of inhibitory coupling, syn-

chrony is stable for type I pairs and the anti-phase locked

state is stable for all pairs. This means, bistability of in-phase

and anti-phase locking occurs for inhibitory neurons with

type I PRCs.

Figure 3.4 – Relationship between the PRC and the interaction
function. A: PRC of an aEIF neuron (top) spiking at 40 Hz and
interaction functions H0(ϕ) (bottom) obtained for synaptic con-
ductances with three different sets of synaptic time constants:
τr = 0.01 ms, τd = 0.1 ms (blue), τr = 0.25 ms, τd = 2.5 ms (green);
τr = 0.75 ms, τd = 7.5 ms (magenta), and d = 0. The synaptic current
Isyn associated with each pair of time constants (center) illustrates
the three synaptic timescales relative to the period T = 25 ms. Note
that Isyn shown here is received by the neuron at the beginning of
its ISI. B: PRC (solid black) of an aEIF neuron spiking at 40 Hz and
excitatory synaptic currents Isyn with τr = 0.1 ms, τd = 1 ms (dashed
blue) received at three different phases. Assuming the input comes
from a second, synchronous neuron, these phases represent three
different conduction delays d1 = 0 ms, d2 = 10 ms, and d3 = 20 ms.
Note that synaptic input received at an earlier phase causes a larger
peak of Isyn, due to the smaller value V of the membrane potential
which leads to a larger difference Esyn −V to the synapse’s reversal

potential Esyn. C: Interaction functions Hdi (ϕ) for pairs of neu-
rons with the PRC shown in B, coupled by excitatory synapses with
τr = 0.1 ms, τd = 1 ms, and delays d1,d2 and d3. The values of
Hdi (ϕ) at ϕ= 0 are highlighted by blue circles. The slopes of Hdi (0),
in terms of both left and right sided limits limε↘0 d Hdi (−ε)/dϕ and

limε↘0 d Hd (ε)/dϕ, indicate whether the synchronous states are
stable or unstable (see main text).

Next, we consider pairs that are coupled through synaptic

currents Isyn with finite rise and decay times, as described in

the Methods section. In Fig. 3.5 we show how the stable (and
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Figure 3.5 – Effects of adaptation on phase
locked states of coupled aEIF pairs. Stable
(solid black) and unstable (dashed grey) phase
locked states of pairs of aEIF neurons spiking
at 40 Hz with identical PRCs as a function of
adaptation parameters. These phase locked
states were obtained by evaluating the inter-
action function. Circles denote the steady-
state phase differences by numerically sim-
ulating pairs of aEIF neurons according to
Eqs. (3.1)–(3.3). To detect bistability, the simu-
lations were run multiple times and the pairs
initialized either near in-phase or anti-phase
with values of the periodic spiking trajectory.
In A and B the neurons are coupled through
excitatory, in C and D through inhibitory
synapses, as indicated by the diagrams on
the left. Synaptic conductances are equal
(g12 = g21) and conduction delays are not con-
sidered here (d12 = d21 =: d = 0). Synaptic
time constants were τr = 0.1 ms, τd = 1 ms
for excitatory and τr = 0.5 ms, τd = 5 ms for
inhibitory connections. In A and C, a varies
from 0 to 0.1 µS with b = 0 nA, whereas in B
and D, a = 0 µS while b varies from 0 to 0.2 nA.
All other model parameters are given in the
Methods section. The corresponding changes
in PRCs are indicated in the top row.

unstable) phase locked states of pairs of neurons with sym-

metric excitatory (A, B) and inhibitory (C, D) synaptic interac-

tions and without conduction delays change, when the PRCs

are modified by the adaptation components a and b. For

excitatory pairs, stable fixed points shift towards synchrony,

when a or b is increased. The phase differences become van-

ishingly small, when the PRCs switch from type I to type II

due to subthreshold adaptation. Perfect synchrony is stabi-

lized, where the PRC slopes at ϑ= ε for small ε> 0 become

negative, due to even larger values of a (not shown) or lower

spike frequency (see Fig. 3.3C–F). Neurons that have type I

PRCs with a pronounced skew, as caused by spike-triggered

adaptation, lock almost but not completely in-phase, if the

adaptation is sufficiently strong. Inhibitory pairs on the other

hand show stable synchrony independent of PRC type and

skewness. Larger values of a or b lead to additional stabi-

lization of the anti-phase locked state (through a subcritical

pitchfork bifurcation). That is, strong adaptation in inhibitory

pairs mediates bistability of in-phase and anti-phase locking.

All phase locking predictions from the phase reduction ap-

proach are in good agreement with the results of numerically

simulated coupled aEIF pairs.

Phase locking of aEIF pairs coupled with delays

We next investigate how phase locked states of excitatory and

inhibitory pairs are affected by synaptic currents that involve

conduction delays, considering the PRC of a neuron without

adaptation, and two PRCs that represent adaptation induced

by either a or b. Neurons symmetrically coupled through ex-

citatory synapses with a conduction delay do not synchronize

irrespective of whether adaptation is present or not (Fig. 3.6A-

C). Instead, stable states shift towards anti-phase locking

with increasing mutual delays (where the anti-phase locked

state eventually stabilizes by a supercritical pitchfork bifur-

cation). Inhibitory pairs on the other hand synchronize for

all conduction delays (Fig. 3.6D-F), but the anti-phase locked

states of coupled inhibitory neurons with type II PRCs or

skewed type I PRCs are destabilized by the delays (by a sub-

critical pitchfork bifurcation). The bistable region is larger in

case of spike-triggered adaptation compared to subthreshold

adaptation (Fig. 3.6E,F). Again, all stable phase locked states

obtained using phase reduction are verified by numerical

simulations. Fig. 3.7 illustrates the phenomenon that syn-

chronous spiking of excitatory pairs is destabilized by the de-

lay, while synchrony remains stable for inhibitory pairs. Con-

sider two neurons oscillating with a small phase difference

ϕ=ϑ1 −ϑ2 > 0 (neuron 1 slightly ahead of neuron 2). Then, a

synaptic input received by neuron 2 at a delay ϕ< d < T /2 af-

ter neuron 1 has spiked, arrives at an earlier phase (ϑ2 = d−ϕ)

compared to the phase at which neuron 1 receives its input

(ϑ1 = d +ϕ). Consequently, if the synapses are excitatory and

the PRCs type I, the leader neuron 1 advances its next spike

by a larger amount than the follower neuron 2 (Fig. 3.7A).

In case of excitatory neurons and type II PRCs, depending

on ϕ and d , the phase of neuron 1 is advanced by a larger

amount or delayed by a smaller amount than the phase of

neuron 2, the latter of which is shown by the changed spike

times in Fig. 3.7B. It is also possible that the phase of the
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Figure 3.6 – Phase locking of
coupled aEIF pairs with con-
duction delays. Stable (solid
black) and unstable (dashed
grey) phase locked states of aEIF
pairs without adaptation, a =
b = 0 (A and D), and with adap-
tation, a = 0.1 µS, b = 0 nA (B
and E), a = 0 µS, b = 0.2 nA (C
and F), as a function of the con-
duction delay d . The neurons
are coupled through excitatory
(A-C) or inhibitory synapses
(D-F) with equal conductances
(g12 = g21). Synaptic time con-
stants are as in Fig. 3.5. Circles
denote steady-state phase differ-
ences of numerically simulated
pairs of aEIF neurons. The cor-
responding PRCs are shown in
the top row. T was 25 ms.

Figure 3.7 – Effects of conduction de-
lays on the stability of synchrony in
coupled pairs. Spike times (solid
bars) of two neurons oscillating with
a small phase difference ϕ and cou-
pled through excitatory (A and B) or
inhibitory synapses (C and D) with a
symmetric conduction delay d . The
PRCs of the neurons that make up each
pair are displayed below. In A and C the
neurons have type I PRCs, in B and D
the PRCs are type II. The time (phase)
at which each neuron receives a synap-
tic current is shown along the spike
trace. Phase advances or delays, con-
sidering the time of input arrival and
the shape of the PRC, are indicated
by advanced or delayed subsequent
spike times. Dashed bars indicate spike
times without synaptic inputs. The con-
sequent changes in ϕ are highlighted.
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leader neuron is advanced while that of the follower neuron

is delayed. Hence, for either PRC type, ϕ increases due to

delayed excitatory coupling, that is, synchrony is destabilized.

For inhibitory synapses and type I PRCs, the leader neuron

1 delays its subsequent spike by a larger amount than the

follower neuron 2 (Fig. 3.7C). In case of type II PRCs, neuron

1 experiences a weaker phase advance or stronger phase de-

lay than neuron 1, or else the phase of neuron 1 is delayed

while that of neuron 1 is advanced, depending on ϕ and d

(Fig. 3.7D). Thus, delayed inhibitory coupling causes ϕ to

decrease towards zero for either PRC type, that is, synchrony

is stabilized.

Phase locking of aEIF pairs coupled with delays and un-
equal synaptic strengths

In the following we analyze phase locking of neuronal pairs

with unequal synaptic peak conductances g12 ̸= g21. Due to

the linearity of the integral in Eq. (3.21) we can substitute

H d
i j =: gi j H̃ d

i j in Eq. (3.23), which yields

dϕ

d t
= g21H̃ d

21(−ϕ)− g12H̃ d
12(ϕ). (3.25)

By setting Eq. (3.25) to zero, we obtain the condition Eq. (3.26)

Figure 3.8 – Phase locking of aEIF pairs coupled with delays and heterogeneous synaptic strengths. A-C: Change of phase difference
ϕ′ := dϕ/d t given by equation (3.25), as a function of ϕ for pairs of excitatory aEIF neurons coupled with different ratios of synaptic
conductances g12/g21 (d = 0). Zero crossings with a negative slope indicate stable phase locking and are marked by black dots. Adaptation
parameters of the neurons and PRCs are shown in the top row. D-I: Stable phase locked states of excitatory (D-F) and inhibitory (G-I) pairs
as a function of the synaptic conductance ratio, for three different conduction delays d = 0, 3 and 6 ms (black, brown, green). Unstable
states are not shown for improved clarity. Dashed lines denote equal synaptic strengths, grey arrows indicate a continuous increase or
decrease of ϕ (mod T ) for ratios g12/g21 at which phase locked states do not exist (see main text).
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for the existence of phase locked states,

g12

g21
= H̃ d

21(−ϕ)

H̃ d
12(ϕ)

. (3.26)

Phase locked states therefore only exist if the ratio of con-

ductances g12/g21 is not larger than the maximum of the pe-

riodic function R(ϕ) := H̃ d
21(−ϕ)/H̃ d

12(ϕ). This upper bound

primarily depends on the type of the PRCs and the synap-

tic time constants. In case of type I PRCs, maxϕ R(ϕ) is lim-

ited because the minimum of |H̃ d
i j (ϕ)| is positive. H̃ d

i j (ϕ)

is either positive (for excitatory synapses) or negative (for

inhibitory synapses) for all ϕ. maxϕ R(ϕ) is small for slow

synapses, since the slower the synaptic rise and decay times,

the larger minϕ |H̃ d
i j (ϕ)|, see Fig. 3.4A. For a type II PRC on

the other hand, this minimum is zero (unless the negative

lobe of the PRC is small and the synapse slow), from which

follows that maxϕ R(ϕ) →∞. The effects of heterogeneous

synaptic strengths on phase locking of neuronal pairs without

adaptation, as well as either adaptation parameter increased,

are shown in Fig. 3.8. For excitatory pairs coupled without a

conduction delay it is illustrated, how the right hand side of

Eq. (3.25) changes when the coupling strengths are varied (A-

C). In addition, stable phase locked states of excitatory and in-

hibitory pairs coupled through synapses with various mutual

conduction delays (d = 0, 3, or 6 ms) are displayed as a func-

tion of g12/g21 (D-I). When the ratio of conductances g12/g21

is increased, the zero crossings of dϕ/d t given by Eq. (3.25),

i.e., phase locked states, disappear for neurons with type I

PRCs (through a SN bifurcation). ϕ then continuously in-

creases (or decreases) (mod T ) as shown by the dashed curves

(without roots) in Fig. 3.8A,C and indicated by the arrows in

Fig. 3.8D,F,G,I. This means, the spike frequency of one neu-

ron becomes faster than that of the other neuron. Neurons

with type II PRCs on the other hand have stable phase locked

states even for diverging coupling strengths. Bistability of

two phase locked states can occur for a ratio g12/g21 close to

one (equal coupling strengths), depending on the PRC and

the delay. Synchronization of excitatory-inhibitory pairs is

not considered in this paper. It should be noted however,

that if both neurons have type I PRCs, phase locking is not

possible, irrespective of the ratio of coupling strengths. In

this case, one interaction function is strictly positive and the

other strictly negative and thus, the condition (3.26) for fixed

points of Eq. (3.25) cannot be fulfilled.

Synchronization and clustering in aEIF networks

In order to examine how the behavior of pairs of coupled

phase neurons relates to networks of spiking neurons, we

performed numerical simulations of networks of oscillating

aEIF neurons without adaptation and with either a subthresh-

old or a spike-triggered adaptation current, respectively, and

analyzed the network activity. The neurons were all either ex-

citatory or inhibitory and weakly coupled. Fig. 3.9 shows the

degree of synchronization κ (A, C) and the degree of phase

locking σ (B) for these networks considering equal as well

as heterogeneous conduction delays and synaptic conduc-

tances. An increase of either adaptation parameter (a or b)

leads to increased κ in networks of excitatory neurons with

short delays. It can be recognized however, that κ increases

to larger values and this high degree of synchrony seems to

be more robust against heterogeneous synaptic strengths,

when the neurons are equipped with a subthreshold adap-

tation current (Fig. 3.9A,C). These effects correspond well to

those of the adaptation components a and b on synchroniza-

tion of pairs, presented in the previous section. Parameter

regimes (w.r.t. a,b,di j and gi j ) that cause stable in-phase or

near in-phase locking of pairs, such as subthreshold adap-

tation in case of short delays or spike-triggered adaptation

for short delays and coupling strength ratios close to one

(Fig. 3.6A-C and Fig. 3.8D-F), lead to synchronization, indi-

cated by large κ values, in the respective networks. Networks

of non-adapting excitatory neurons remain asynchronous

as shown by the low κ values. For equal synaptic strengths,

these networks settle into splay states where the neurons

are pairwise phase locked, with uniformly distributed phases

(Fig. 3.9B,D). When the delays are large enough and the synap-

tic strengths equal, splay states also occur in networks of

neurons with large b, indicated by low κ and high σ values

in Fig. 3.9A,B. As far as inhibitory networks are concerned,

non-adapting neurons synchronize, without delays or with

random delays of up to 10 ms. Furthermore, synchrony in

these networks is largely robust against heterogeneities in the

coupling strengths (Fig. 3.9A). Networks of inhibitory neurons

with subthreshold adaptation only show synchronization and

pairwise locking for larger delays (i.e., di j random in [0,5 ms]

or larger). Spike-triggered adaptation promotes clustering

of the network into two clusters, where the neurons within a

cluster are in synchrony, as long as the delays are small. These

cluster states seem to be most robust against heterogeneous

synaptic strengths when the delays are small but not zero.

For larger delays, inhibitory neurons of all three types (with

or without adaptation) synchronize, in a robust way against

unequal synaptic strengths. The behaviors of inhibitory net-

works are consistent with the phase locked states found in

pairs of inhibitory neurons (Fig. 3.6D-F). Particularly, stable

synchronization of pairs with larger conduction delays and

the bistability of in-phase and anti-phase locking of pairs with

spike-triggered adaptation for smaller delays, nicely carry

over to networks. In the former case, synchrony of pairs re-

lates to network synchrony, in the latter case, bistability of

in-phase and anti-phase locking of individual pairs can ex-

plain the observed two cluster states. Note that bistability of

in-phase and anti-phase locking is also shown for inhibitory

pairs with subthreshold adaptation and d = 0 ms. In this

case however, the slope of H∆(ϕ) at ϕ = T /2 is almost zero

(not shown), which might explain why the corresponding net-

works do not develop two-cluster states. The behavior of all
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Figure 3.9 – Impact of adaptation on the behavior of aEIF networks. Degree of network synchronization κ (A) and phase locking σ

(B) of N = 100 aEIF neurons without adaptation, a = b = 0 (black frame) and either adaptation component, respectively, a = 0.1 µS,
b = 0 nA (blue frame), a = 0 µS, b = 0.2 nA (red frame), driven to 40 Hz spiking, all-to-all coupled without self-feedback, for various
conduction delays and synaptic conductances. di j and gi j are random (uniformly distributed) in the indicated intervals. Specifically,
di j = 0, di j ∈ [0,2.5], [0,5], [0,7.5], [0,10] and gi j = 0.5, gi j ∈ [0.2,1], [0.1,1], [0.02,1], [0,1], with units in parenthesis. The PRCs of the three
neuron types described above are shown in the top row. C: Time course of κ for networks without delays and equal synaptic strengths,
as indicated by the symbols in A. Each κ and σ value represents an average over three simulation runs. D: Raster plots for neuron and
network parameters as indicated by the symbols in B, where the neurons in the columns are sorted according to their last spike time.

simulated networks does not critically depend on the number

of neurons in the network, as we obtain qualitatively similar

results for network sizes changed to N = 50 and N = 200 (not

shown). The numerical simulations demonstrate that stable

phase locked states of neural pairs can be used to predict the

behavior of larger networks.

Synchronization properties of Traub neurons
with adaptation currents Im , Iahp

To understand the biophysical relevance of the subthreshold

and spike-triggered adaptation parameters, a and b, in the

aEIF model, we compare them with the adaptation currents

Im and Iahp in a variant of the Hodgkin-Huxley type Traub

model neuron. Specifically, in this section we investigate the

effects of the low- and high-threshold currents Im and Iahp ,

respectively, on spiking behavior, F -I curves and PRCs of sin-

gle neurons, and on synchronization of pairs and networks,

using the Traub model, and compare the results with those of

the previous two sections. It should be stressed, that the aEIF

model was not fit to the Traub model in this study. Therefore,

the comparison of how adaptation currents affect SFA, PRCs

and synchronization in both models, are rather qualitative

than quantitative.
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Figure 3.10 – Effects of adaptation on spiking dynamics, F -I curves, PRCs and bifurcation currents of Traub model neurons. A: Mem-
brane potential V of Traub model neurons without adaptation, gm = gahp = 0 µS (black), Im -mediated, gm = 0.1 µS (blue) and Iahp -
mediated adaptation, gahp = 0.1 µS (red), in response to step currents I , B: the corresponding F -I curves, and C: the corresponding PRCs.
Solid lines in C denote the PRCs, calculated with the adjoint method and scaled by 0.2 mV. Open circles denote the results of numerical
simulations of Eqs. (3.4)–(3.9) with 0.2 mV perturbations at various phases. D, E: Rheobase current IF LC (solid black), ISN (dashed grey)
and I AH (dashed black), as a function of gm , for gahp = 0 µS (left) and gahp = 0.2 µS (right). ISN and I AH converge at IBT marked by the
red dot. The input current indicated by the green curve separates type I and type II PRC regions (blue and yellow, respectively). F, G: Spike
frequencies F according to the input currents I in D and E. H, I: PRCs for parametrizations as indicated in F and G (with I corresponding
to F ), scaled to the same period T . All other model parameters are provided in the Methods section.

PRC characteristics of Traub neurons

Without adaptation, gm = gahp = 0 (hence Im = Iahp = 0),

the model exhibits tonic spiking in response to a rectangular

current pulse (Fig. 3.10A). When either adaptation current

is present, that is the conductance gm or gahp is increased

to 0.1 µS, the membrane voltage trace reveals SFA. Note that

Iahp causes stronger differences in subsequent ISIs after stim-

ulus onset, when comparing the V -traces of neurons with

either adaptation conductance set to 0.1 µS. The F -I curves

in Fig. 3.10B indicate that the presence of Im predominantly

has a subtractive effect on the neuron’s F -I curve and gives

rise to class II excitability. The presence of Iahp on the other

hand flattens the F -I curve, in other words its effect is divi-

sive. Furthermore, an increase of Im changes a type I PRC to

type II, whereas increased Iahp reduces its amplitude at early

phases and skews its peak to the right (Fig. 3.10C). Evidently,

the effects of Im and Iahp on SFA, F -I curves and PRCs of

Traub neurons are consistent with the effects of the adapta-

tion parameters a and b in aEIF neurons (Figs. 3.1, 3.2).

We further show how the PRC characteristics caused by the

adaptation currents depend on the injected current I , hence

the spike frequency F , and the bifurcation type of the rest-

spiking transition (Fig. 3.10D-I). An increase of I reduces the

effects of Im and Iahp on the PRC. That means, at higher fre-

quencies F , larger levels of Im and Iahp are required to obtain

type II and skewed PRCs, respectively. This frequency depen-

dence of adaptation current-mediated changes of the PRC is

similar in both neuron models (Figs. 3.3, 3.10D-I). As far as

the bifurcation structures of both models are concerned, an

increase of the low-threshold adaptation parameters gm and
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3.1. Pairs of coupled neurons

Figure 3.11 – Influence of adaptation on synchronization properties of Traub model neurons. A-D: Stable (solid black) and unstable
(dashed grey) phase locked states of coupled pairs of Traub neurons with identical PRCs, as a function of conductances gm and gahp ,
respectively. Corresponding changes in PRCs are displayed in the top row. The neurons are coupled through excitatory or inhibitory
synapses as indicated by the diagrams on the left, with equal synaptic strengths, g12 = g21 and d = 0. E: Network synchronization κ over
time, of N = 50 coupled excitatory (solid) and inhibitory (dashed) Traub neurons without, gm = gahp = 0 µS (black) or with adaptation,
gm = 0.1 µS, gahp = 0 µS (blue) and gm = 0 µS, gahp = 0.2 µS (red), driven to 40 Hz spiking. The neurons are all-to-all coupled with equal
synaptic conductances, gi j = 0.06 nS (black and blue), gi j = 0.18 nS (red), but without self-feedback, gi i = 0, and conduction delays,
di j = 0. F: Raster plots showing the spike times during the last 200 ms for the three excitatory networks and the network of inhibitory
neurons without adaptation (bottom). The neurons in the columns are sorted according to their last spike time.

a has a comparable effect in the Traub and the aEIF models,

respectively, changing the transition from rest to spiking from

a SN via a BT to an AH bifurcation. The exact conductance

values at which this change, i.e., the BT bifurcation, occurs,

differ (gm = 0.02 µS for the Traub model and a = 0.001 µS for

the aEIF model).

Synchronization of coupled Traub neurons

We show the effects of the adaptation currents Im and Iahp on

phase locked states of pairs of Traub neurons symmetrically

coupled without conduction delays in Fig. 3.11A-D. Excitatory

pairs of neurons without adaptation phase lock with a small

phase difference. Low levels of Im are sufficient to stabilize in-

phase locking, by turning the PRC from type I to II (Fig. 3.11A),

while an increase of Iahp reduces the locked phase difference

to almost but not exactly zero, that is, near in-phase locking,

by skewing the PRC (Fig. 3.11B). Inhibitory synaptic coupling

produces bistability of in-phase (synchrony) and anti-phase

locking (anti-synchrony) for pairs of neurons without adap-

tation or either adaptation current increased (Fig. 3.11C,D).

Note that the domain of attraction of the anti-synchronous

state grows with increasing Im or Iahp , while that of the syn-

chronous state shrinks. In contrast to the aEIF model, this

bistability also occurs for neurons without an adaptation cur-

rent (compare Figs. 3.5C,D, 3.11C,D).

The effects of Im or Iahp on synchronization of networks of

Traub neurons coupled without conduction delays and equal
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synaptic strengths, are shown in Fig. 3.11E,F. In correspon-

dence with the effects on pairs, Im and Iahp promote syn-

chronization of excitatory networks, shown by the course of

network synchronization measure κ over time (Fig. 3.11E).

The mean values of phase locking measure σ are 0.26 for

nonadapting neurons and 0.98 for networks where either

adaptation current is increased. An increased adaptation cur-

rent Im leads to larger κ values, compared to an increase of

Iahp , which is similar to the aEIF networks where increased

a causes larger κ values than an increase of b (compare

Figs. 3.9C, 3.11E). In contrast to networks of excitatory aEIF

neurons without adaptation, which develop splay states, κ

values of nonadapting excitatory Traub neuron networks in-

crease to about 0.5, while low σ values indicate poor phase

locking, hence splay states do not occur (Fig. 3.11F). Networks

of inhibitory neurons organize into clusters, indicated by κ

values that converge to 0.5 (Fig. 3.11E) and large σ values

(0.96 without adaptation, 0.94 for either Im or Iahp increased).

Particularly, clustering into two clusters was revealed by the

raster plots, see Fig. 3.11F. These two-cluster states of net-

works can be explained by the bistability of synchrony and

anti-synchrony of individual pairs. Clustering emerges for all

three types of Traub neurons, with and without adaptation,

as opposed to networks of inhibitory aEIF neurons, where

cluster states only occur in case of spike-triggered adaptation

(Fig. 3.9). Considering the collective behavior of coupled ex-

citatory neurons, the synchronizing effects of Im and Iahp in

the Traub model are comparable to those of the adaptation

components a and b in the aEIF model.

Discussion

In this work we studied the role of adaptation in the aEIF

model as an endogenous neuronal mechanism that controls

network dynamics. We described the effects of subthresh-

old and spike-triggered adaptation currents on the PRC in

dependence of spike frequency. To provide insight into the

synchronization tendencies of coupled neurons, we applied a

common phase reduction technique and used the PRC to de-

scribe neuronal interaction (Kuramoto 1984; Ermentrout and

Terman 2010). For pairs of coupled oscillating neurons we

analyzed synchrony and phase locking under consideration

of conduction delays and heterogeneous synaptic strengths.

We then performed numerical simulations of aEIF networks

to examine whether the predicted behavior of coupled pairs

relates to the activity of larger networks. Finally, to express

the biophysical relevance of the elementary subthreshold and

spike-triggered adaptation mechanisms in the aEIF model,

we compared their effects with those of the adaptation cur-

rents Im and Iahp in the high-dimensional Traub neuron

model, on single neuron as well as network behavior.

Conductance a, which mostly determines the amount of

adaptation current in absence of spikes, that is, subthreshold,

qualitatively changes the rest-spiking transition of an aEIF

neuron, from a SN to an AH via a BT bifurcation as a increases.

Thereby the neuron’s excitability, as defined by the F -I curve,

and its PRC, are turned from class I to class II, and type I to

type II, respectively. A similar effect of a slow outward cur-

rent that acts in the subthreshold regime on the PRC has

recently been shown for a two-dimensional quadratic non-

leaky integrate-and-fire (QIF) model derived from a normal

form of a dynamical model that undergoes a BT bifurcation

(Ermentrout and Terman 2010; Ermentrout et al. 2012). The

relation between the PRC and the bifurcation types has fur-

ther been emphasized by Brown et al. (Brown et al. 2004) who

analytically determined PRCs for bifurcation normal forms

and found type I and II PRC characteristics for the SN and AH

bifurcations, respectively. A spike-triggered increment b of

adaptation current does not affect the bifurcation structure

of the aEIF model and leaves the excitability class unchanged.

When a is small such that the model is in the SN bifurcation

regime, an increase of b cannot change the PRC type. In the

AH bifurcation regime, b substantially affects the range of

input current for which the PRC is type II but causes only

a small change in the corresponding frequency range. Fur-

thermore, spike-triggered adaptation strongly influences the

skew of the PRC, shifting its peak towards the end of the ISI

for larger values of b. Such a right-skewed PRC implies that

the neuron is most sensitive to synaptic inputs that are re-

ceived just before it spikes. Similar effects of spike-triggered

negative feedback with slow decay on the skew of the PRC

have been reported for an extended QIF model (Ermentrout

et al. 2001; Gutkin et al. 2005; Ermentrout and Terman 2010;

Ermentrout et al. 2012).

PRCs determine synchronization properties of coupled oscil-

lating neurons. When the synapses are fast compared to the

oscillation period, the stability of the in-phase and anti-phase

locked states (which always exist for pairs of identical neu-

rons) can be “read off” the PRC for any mutual conduction

delay, as we have demonstrated. A similar stability criterion

that depends on the slopes of the PRCs at the phases at which

the inputs are received has recently been derived for pairs

of pulse-coupled oscillators (Woodman and Canavier 2011).

Under the assumption of pulsatile coupling, the effect of a

synaptic input is required to dissipate before the next input

is received. In principle, the synaptic current can be strong,

but it must be brief such that the perturbed trajectory returns

to the limit cycle before the next perturbation occurs (Smeal

et al. 2010).

We have shown that, as long as synaptic delays are negligible

and synaptic strengths equal, excitatory pairs synchronize

if their PRCs are type II, as caused by a, and lock almost in-

phase if their PRCs are type I with a strong skew, as mediated

by b. Inhibitory pairs synchronize in presence of conduc-

tion delays and show bistability of in-phase and anti-phase

locking for small delays, particularly in case of skewed PRCs.
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Conduction delays and synaptic time constants can affect

the stability of synchrony in a similar way, by producing a

lateral shift of the interaction function H d (ϕ), as shown in

Fig. 3.4. Note however, that the synaptic timescale has an ad-

ditional effect on the shape of H d (ϕ), smoothing it for slower

synaptic rise and decay times. We have further demonstrated

that heterogeneity in synaptic strengths desynchronizes ex-

citatory and inhibitory pairs and leads to phase locking with

a small phase difference in case of type II PRCs and small

delays. While neurons with type II PRCs have stable phase

locked states even for large differences in synaptic strengths,

pairs of coupled neurons with type I PRCs are only guaran-

teed to phase lock when the synaptic strengths are equal.

Similar effects of heterogeneous synaptic conductances have

recently been observed in a computational study of weakly

coupled Wang-Buszaki and Hodgkin-Huxley neurons (with

class I and II excitability, respectively) (Bradley et al. 2011).

It should be noted that the synaptic (rise and decay) time

constants alter the shape of the interaction function, while

the conduction delay produces a lateral shift of the function.

Both, synaptic timescale as well as delays however, affect the

stability of the synchronous state in a similar way.

The activity of larger aEIF networks, simulated numerically,

is consistent with the predictions of the behavior of pairs. In

fact, knowledge on phase locking of coupled pairs helps to ex-

plain the observed network states. Both adaptation mediated

PRC characteristics, i.e., a negative lobe or a pronounced right

skew, favor synchronization in networks of excitatory neu-

rons, in agreement with previous findings (Hansel et al. 1995;

Crook et al. 1998; Ermentrout et al. 2001). This phenomenon

only occurs when the conduction delays are negligible. It

has been shown previously that synchrony in networks of

excitatory oscillators becomes unstable when considering

coupling with delays (Ernst et al. 1995; Ermentrout and Ko

2009). We have demonstrated that increased conduction

delays promote asynchrony in excitatory networks, with or

without adaptation currents. Inhibitory neurons on the other

hand are able to synchronize spiking in larger networks for

a range of conduction delays. This provides support to the

hypothesis that inhibitory networks play an essential role in

generating coherent brain rhythms, as has been proposed

earlier (Wang and Buzsáki 1996; Bartos et al. 2007), (Wang

2010) for review. Inhibition rather than excitation has been

found to generate neuronal synchrony particularly in case of

slow synaptic rise and decay (Van Vreeswijk et al. 1994; Hansel

et al. 1995; Jeong and Gutkin 2007), and in the presence of

conduction delays as has recently been shown experimen-

tally (Wang et al. 2012). In regimes that lead to bistability of

in-phase and anti-phase locking according to our analysis

of pairs, the simulated networks break up into two clusters

of synchronized neurons. Recently it has been shown that

a stable two cluster state of pulse coupled neural oscillators

can exist even when synchrony of individual pairs is unsta-

ble (Chandrasekaran et al. 2011). Such cluster states have

been invoked to explain population rhythms measured in

vitro, where the involved neurons spike at about half of the

population frequency (Pervouchine et al. 2006).

Spike frequency has been shown to affect the skewness of

PRCs, using type I integrate-and-fire neurons with adapta-

tion (Gutkin et al. 2005), and to modulate the negative lobe in

type II PRCs of conductance based model neurons (Fink et al.

2011). Using the aEIF model we have demonstrated that the

spike frequency strongly attenuates the effect of either adap-

tation mechanism on the PRC. At high frequency, unphysio-

logically large adaptation parameter values are necessary to

produce a negative lobe or a significant right-skew in the PRC.

This means, for a given degree of adaptation in excitatory

neurons, synchronization is possible at frequencies up to a

certain value. The stronger the adaptation, the larger this

upper frequency limit. It has been previously suggested that

the degree of adaptation can determine a preferred frequency

range for synchronization of excitatory neurons, based on

the observation (in vitro and in silico) that the neurons tend

to spike in phase with injected currents oscillating at certain

frequencies (Fuhrmann et al. 2002). This preferred oscillation

frequency increases with increasing degree of SFA. According

to our results, at low frequencies synchronization of local cir-

cuits through excitatory synapses is possible, provided that

the neurons are adapting and delays are short. At higher fre-

quencies, adaptation much less affects the synchronization

tendency of excitatory neurons and inhibition may play the

dominant role in generating coherent rhythms (Wang and

Buzsáki 1996; Bartos et al. 2007).

The adaptation currents Im and Iahp have previously been

found to influence the phase response characteristics of the

biophysical Traub neuron model, turning a type I PRC to

type II (through Im) and modulating its skew (through Iahp )

(Ermentrout et al. 2001, 2012). We have shown that these

changes of the PRC are reflected in the aEIF model by its two

adaptation parameters and that in both models (aEIF and

Traub) these changes are modulated by the spike frequency.

As a consequence, the adaptation induced effects on syn-

chronization of pairs and networks of oscillating neurons are

qualitatively similar in both models. Quantitative differences

with respect to these effects may well be reduced by fitting

the aEIF model parameters to Traub neuron features.

Our analysis of phase locked states is based on the assump-

tion that synaptic interactions are weak. Experimental work

lending support to this assumption has been reviewed in

(Hoppenstaedt and Izhikevich 1997; Smeal et al. 2010). Par-

ticularly for stellate cells of the entorhinal cortex, synaptic

coupling has been found to be weak (Netoff et al. 2005b). An-

other assumption in this study is that the neurons spike with

the same frequency. Considering a pair of neurons spiking at

different frequencies, equation (3.23) needs to be augmented
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Chapter 3. Spike synchrony and locking of coupled adaptive neurons

by a scalar ω, which accounts for the constant frequency mis-

match between the two neurons (Izhikevich 2007): dϕ/d t =
ω+H d

21(−ϕ)−H d
12(ϕ). In this case, the condition for the exis-

tence of phase locked states is D(ϕ) := H d
21(−ϕ)−H d

12(ϕ) =ω.

Due to the assumption of weak synaptic strengths however,

maxϕ |D(ϕ)| must be small, which means that the above con-

dition can only be met if ω is small. In other words, in the limit

of weak coupling phase locking is only possible if the spike

frequencies are identical or differ only slightly. The phase

reduction technique considered here, and PRCs in general,

are of limited applicability for studying network dynamics

in a regime where individual neurons spike at different fre-

quencies, or even irregularly. How adaptation currents affect

network synchronization and rhythm in such a regime nev-

ertheless remains an interesting question to be addressed in

the future.
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Appendix

A) Calculation of the PRC using the adjoint
method

Let x ∈Rn , f : Rn →Rn , and let x̄(t ) be the T -periodic asymp-

totically stable spiking trajectory as a solution of the system

of differential equations

dx

d t
= f(x), (3.27)

which describes an uncoupled neuron (cf. Methods). In case

of the aEIF model, Eq. (3.27) is extended by a reset condi-

tion, leading to discontinuities of x̄(t) at t ̸= kT, k ∈ Z. We

define the phase ϑ ∈ [0,T ) of x̄(t), by a differentiable 1:1-

mapping Θ between the points on the periodic spiking tra-

jectory {x̄(t ) : t ∈R} and the interval [0,T ), Θ(x̄(ϑ)) =ϑ, where

ϑ = 0 corresponds to the spike time. Next, we extend the

domain of Θ to points in the neighborhood of x̄(t ). Suppose

x0 is a point on the trajectory x̄(t ), y0 is a point within its do-

main of attraction, and x(t ), y(t ) are the solutions of Eq. (3.27)

plus the reset condition in case of the aEIF model with initial

conditions x0, y0. The phase of y0, Θ(y0), is then defined by

Θ(x0) =Θ(y0) if limt→∞ ||x(t )−y(t )|| = 0.

Let p ∈Rn be a small perturbation at phase ϑ which changes

the phase of the neuron to ϑpert. This causes an asymptotic

change in spike timing of the value ϑpert −ϑ, where positive

values indicate advances and negative values indicate de-

lays (relative to the unperturbed oscillator). Specifically, the

change of phase ϑpert−ϑ can be calculated by t k
s (ϑ)−t k

s,pert(ϑ),

where t k
s , t k

s,pert are the k-th spike times of the unperturbed

model neuron and the perturbed one, respectively, after the

perturbation at ϑ. k should be large to exclude transients,

i.e., the change of phase is measured several cycles after the

perturbation3. We then obtain for the phase response curve,

defined as PRC(ϑ) :=ϑpert −ϑ,

PRC(ϑ) = t k
s (ϑ)− t k

s,pert(ϑ) =ϑpert −ϑ

=Θ(x̄(ϑ)+p)−Θ(x̄(ϑ))

=∇Θ(x̄(ϑ))T p+O(||p||2), (3.28)

for large values of k, where we have applied Taylor expansion

of Θ(x̄(ϑ)+p) around x̄(ϑ). As Θ(x̄(t )+p) is rather difficult to

calculate, we instead compute ∇Θ(x̄(t )), as explained in the

following.

Let x̄(t )+z(t ) be a solution of Eq. (3.27) with initial condition

x̄(ϑ)+z(ϑ) = x̄(ϑ)+p close to the periodic spiking trajectory,

i.e., z(t ) is the deviation from x̄(t ) for t ≥ϑ. According to the

definition of the phase function Θ, the difference of the per-

turbed trajectory’s phase and that of the periodic attractor

x̄(t ) is independent of time, that is

Θ(x̄(t )+z(t ))−Θ(x̄(t )) = c ∈R ∀t ≥ϑ, (3.29)

which can be rewritten as ∇Θ(x̄(t))T z(t)+O(||z(t)||2) = c us-

ing Taylor expansion, since Θ is differentiable. We neglect

terms of second and higher order and define q(t ) :=∇Θ(x̄(t ))

to obtain

q(t )T z(t ) = c ∀t ≥ϑ. (3.30)

For ϑ< t < T , Eq. (3.30) implies

d

d t


q(t )T z(t )

= dq(t )T

d t
z(t )+q(t )T Dxf(x̄(t ))z(t )

=


dq(t )T

d t
+Dxf(x̄(t ))T q(t )

T

z(t ) = 0,

(3.31)

where we have used the chain rule and the fact that z(t ) satis-

fies the variational equation

dz(t )

d t
= Dxf(x̄(t ))z(t ) (3.32)

up to an error of O(||z(t )||2), which can be neglected. Since p
and thus z(t ) are arbitrary, q(t ) satisfies the linearized adjoint

equation

dq(t )

d t
=−Dxf(x̄(t ))T q(t ). (3.33)

In case of the aEIF model we have a discontinuity in x̄(t ) for

t = T . At this point, the displacement z(t) of x̄(t) changes

3This part is slightly modified from (Ladenbauer et al. 2012) for improved clarity.
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discontinuously according to z(T ) = Az(T −), where

A =


dV̄

d t
(T −)

−1


dV̄

d t
(0) 0

d w̄

d t
(0)− d w̄

d t
(T −)

dV̄

d t
(T −)

 . (3.34)

A derivation is provided in (Mueller 1995). The correspond-

ing transition for the adjoint, q(T ) = Bq(T −) can be obtained

using Eq. (3.30),

q(T )T z(T ) = q(T )T Az(T −) = 
Bq(T −)

T Az(T −)

= q(T −)T BT Az(T −) = q(T −)T z(T −). (3.35)

That is, matrix B, which accounts for the jump of q(t ) is given

by B = A−T , see e.g. (Samoilenko and Perestyuk 1995; Akhmet

2010). Note that for a continuous neuron model such as the

Traub model, A = B = I, where I is the identity matrix.

For T < ϑ ≤ T + ϑ, q(t) satisfies the linearized adjoint

Eq. (3.33), which follows again from Eq. (3.30). As q(t) is T -

periodic, it solves Eq. (3.33) for t ̸= kT, k ∈Z, and the transi-

tion at t = kT is given by q(kT ) = Bq(kT −). By differentiating

Θ(x̄(ϑ)) =ϑ with respect to ϑ, we obtain

q(ϑ)T d x̄(ϑ)

dϑ
= q(ϑ)T f(x̄(ϑ)) = 1 ∀ϑ ∈ (0,T ), (3.36)

and q(t )T f(x̄(t )) = 1 ∀t ∈R, (3.37)

using Eq. (3.35), the T -periodicity of q(t), and the fact that

f(x̄) solves the variational Eq. (3.32) with transition f(x̄(kT )) =
Af(x̄(kT −)). We applied Eq. (3.37) as a normalization con-

dition to determine the appropriate solution of the adjoint

system as explained below.

Any T -periodic q̃(t ) that solves the adjoint system Eq. (3.33)

for t ̸= kT and fulfills q̃(kT ) = Bq̃(kT −) for t = kT , can be

written as q̃(t) =αq(t), α ∈ R. This follows from the asymp-

totic stability of x̄(t ), which implies that T -periodic solutions

of the variational equation (3.32) with transition z(kT ) =
Az(kT −) at the discontinuities, are multiples of f(x̄(t )). Thus

the space of T -periodic solutions of the adjoint system is one-

dimensional (Akhmet 2010; Ermentrout and Terman 2010).

The factor α can be determined by requiring that q̃(t ) satisfies

the normalization condition Eq. (3.37) for one t . This implies

that q̃(t ) fulfills Eq. (3.37) for all t ∈R, as can be seen from

d

d t


q̃(t )T f(x̄(t ))

=− 
Dxf(x̄(t ))T q̃

T
f(x̄(t ))

+ q̃(t )T Dxf(x̄(t )) f(x̄(t )) = 0 (3.38)

for t ̸= kT and q(kT )T f(x̄(kT )) = q(kT −)T f(x̄(kT −)).

In case of the continuous Traub model, we solve the lin-

earized adjoint Eq. (3.33) numerically backwards in time over

several cycles with initial value q(0) = f(x̄(0)) to obtain a T -

periodic solution q̃(t ) =αq(t ), and apply the normalization

condition Eq. (3.37) at t = 0 to fix α, i.e. α= q̃(0)T f(x̄(0)). For

details, see e.g. (Ermentrout and Terman 2010).

In case of the aEIF model, q(t) is the unique solution to the

linearized adjoint Eq. (3.33), subject to the normalization

condition Eq. (3.37) at t = 0,

q(0)T f(x̄(0)) = 1, (3.39)

and the condition

q(0) = Bq(T −), with (3.40)

B =


dV̄

d t
(0)

−1


dV̄

d t
(T −)

d w̄

d t
(T −)− d w̄

d t
(0)

0
dV̄

d t
(0)

 , (3.41)

which takes account of the discontinuity and guarantees that

q(t) is T -periodic. One of the two scalar equations of the

latter condition Eq. (3.40) can be omitted as explained below.

Eq. (3.39) implies that the normalization condition, Eq. (3.37),

is satisfied for all t ∈ [0,T ) (cf. Eq. (3.38)), including t = T −.

We then obtain

q(0)T f(x̄(0)) = q(T −)T f(x̄(T −)) (3.42)

⇐⇒ qV (0)
dV̄

d t
(0)+q w (0)

d w̄

d t
(0)

= qV (T −)
dV̄

d t
(T −)+q w (T −)

d w̄

d t
(T −) (3.43)

⇐⇒ qV (0)
dV̄

d t
(0) = dV̄

d t
(T −)qV (T −)

+


d w̄

d t
(T −)− d w̄

d t
(0)


q w (T −), (3.44)

where Eq. (3.44) is the first scalar equation of Eq. (3.40) multi-

plied with dV̄ /d t(0). In Eq. (3.44) we have used the second

scalar equation of Eq. (3.40),

q w (0) = q w (T −). (3.45)

It follows that if Eqs. (3.39) and (3.45) are satisfied, Eq. (3.44)

and thus the first scalar equation of Eq. (3.40) hold as well. It

is therefore sufficient to solve Eq. (3.33) for t ∈ (0,T ) using

conditions (3.39) and (3.45). This is equivalent the boundary

value problem, Eqs. (3.17)–(3.20) from the Methods section

of the main paper.

As the synaptic current only perturbs the membrane poten-

tial, the perturbation p = (p1,0, . . . ,0)T considered here is

nonzero only in the first component. Thus, the PRC reduces

to qV (ϑ) p1, where qV denotes the first component of q. Since

p1 is only a scaling factor, in this study we identify qV with

the PRC.

B) Phase reduction

In the following we describe how the full network model

47



Chapter 3. Spike synchrony and locking of coupled adaptive neurons

Eq. (3.10) is reduced to a lower dimensional network model

where each neuron is represented by its phase ϑi . This

phase reduction requires weak coupling between each pair

of neurons which we emphasize by rewriting Isyn(Vi ,V j ) =
εĨsyn(Vi ,V j ), where Isyn is the synaptic current introduced in

Eq. (3.11) and ε> 0 is small (due to small conductance gi j ).

By applying a change of variables ϑi := Θ(xi ) in Eq. (3.10),

with phase function Θ as defined in the previous section, the

network equation for neuron i becomes

dϑi

d t
= dΘ(xi )

d t
=∇Θ(xi )T dxi

d t
(3.46)

=∇Θ(xi )T f(xi )+∇Θ(xi )T
N

j=1
hi j (xi ,x j ) (3.47)

= 1+ε
∂Θ(xi )

∂x1

N
j=1

Ĩsyn(xi ,x j ). (3.48)

In Eqs. (3.46)–(3.48) we have used the chain rule, the rela-

tion ∇Θ(xi )T f(xi ) = 1 which is evident when considering the

uncoupled system, and the fact that the coupling function

hi j (xi ,x j ) is nonzero only in the first component where it

consists of εĨsyn(xi ,x j ). Next, to get rid of the state variables

xi in Eq. (3.48), we first approximate xi using the periodic

spiking trajectories parametrized by the phase x̄i (ϑi ). This

approximation causes an error of O(ε), which becomes O(ε2)

due to the factor ε,

dϑi

d t
= 1+ε

∂Θ(x̄i (ϑi ))

∂x1

N
j=1

Ĩsyn

x̄i (ϑi ), x̄ j (ϑ j )

+O(ε2). (3.49)

We neglect second order terms in ε and apply another change

of variables ψi :=ϑi − t ,

dψi

d t
= ε

∂Θ(x̄i (t +ψi ))

∂x1

N
j=1

Ĩsyn

x̄i (t +ψi ), x̄ j (t +ψ j )


, (3.50)

to obtain an equation to which we can apply the method of

averaging, see e.g. (Hoppenstaedt and Izhikevich 1997), that

leads to

dψ̄i

d t
= ε

T

 T

0

∂Θ(x̄i (s + ψ̄i ))

∂x1

N
j=1

Ĩsyn

x̄i (s + ψ̄i ), x̄ j (s + ψ̄ j )


d s

(3.51)

= ε
N

j=1

1

T

 T

0

∂Θ(x̄i (s))

∂x1
Ĩsyn


x̄i (s), x̄ j (s + ψ̄ j − ψ̄i )


d s,

(3.52)

where we have used in Eq. (3.52) that the spiking trajecto-

ries are T -periodic. Changing the variables one more time

ϑ̄i := t + ψ̄i we arrive at

d ϑ̄i

d t
= 1+ε

N
j=1

1

T

 T

0

∂Θ(x̄i (s))

∂x1
Ĩsyn


x̄i (s), x̄ j (s + ϑ̄ j − ϑ̄i )


d s,

(3.53)

which is identical to Eq. (3.21), recognizing that

∂Θ(x̄i (s))/∂x1 = qV
i (s) and εĨsyn(Vi ,V j ) = Isyn(Vi ,V j ). Note

that the phases ϑi in Eqs. (3.21) and (3.22) are averaged

phases ϑ̄i .

C) Relation between the PRC and the slope of the
interaction function

Let the interaction function H d (ϕ) be

H d (ϕ) = 1

T

 T

0
qV (ϑ) g s(ϑ+ϕ−d)


Esyn − V̄ (ϑ)


dϑ, (3.54)

according to Eqs. (3.11), (3.12), (3.21), (3.22) of the main pa-

per, for a pair of identical neurons with symmetric synaptic

strengths g and equal conduction delays d . Phase locked

states, i.e., the roots ϕ0 of H∆(ϕ) = H d (−ϕ) − H d (ϕ) (cf.

Eq. (3.23)), are stable if limε↘0 d H d (ϕ0 − ε)/dϕ > 0 and

limε↘0 d H d (ϕ0 + ε)/dϕ > 0 (see the section Results). The

left and right sided limits differ for ϕ0 = d in case of aEIF

neurons, and are equal otherwise. Below, we explain how the

sign of these limits are determined by the PRC (qV ).

Consider ϕ0 ̸= d . Then

limε↘0
d

dϕ
H d (ϕ0−ε) = limε↘0

d

dϕ
H d (ϕ0+ε) = d

dϕ
H d (ϕ0),

(3.55)

sgn
d

dϕ
H d (ϕ0)

= sgn
d

dϕ

 T

0
qV (ϑ) s(ϑ+ϕ0 −d)


Esyn − V̄ (ϑ)


dϑ

(3.56)

=±sgn
d

dϕ

 T+ϕ0−d

ϕ0−d
qV (t −ϕ0 +d) s(t )d t (3.57)

=∓sgn

 T+ϕ0−d

ϕ0−d

d

dϕ
qV (t −ϕ0 +d) s(t )d t

+ 
qV (0)−qV (T −)


s(ϕ0 −d)


. (3.58)

In Eq. (3.57) we have replace the factor

Esyn − V̄ (ϑ)


by +1 for

excitatory synapses and −1 for inhibitory synapses before ap-

plying a change of variables t =ϑ+ϕ0 −d . The replacement

is justified, as in the former case

Esyn − V̄ (ϑ)


is positive over

the period T except for a very brief interval during the spike

and in the latter case

Esyn − V̄ (ϑ)


is negative except for a

possible transient interval of hyperpolarization (below Esyn)

just after the spike. In Eq. (3.58) we have used the Leibniz

integral rule. Note that in Eqs. (3.56)–(3.58) the integral are

over half-open intervals and that qV (ϑ) is differentiable for

ϑ ∈ (0,T ). Since s(t) is a continuous T -periodic function,

Eq. (3.58) also holds for ϕ0 = d , and therefore the sign of the

limits in Eq. (3.55) is given by Eq. (3.58).

We assume that s(t) has finite rise and decay times, such

that at some time point t = εsyn > 0, s(t) has decayed to
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3.1. Pairs of coupled neurons

a sufficiently small value. It becomes evident that if the

sign of qV (ϑ) remains unchanged over the interval ϑ ∈
(d −ϕ0,d −ϕ0 + εsyn) and, in case the interval contains 0

or T , sgn

qV (ϑ)

 = sgn

qV (0)−qV (T −)


, then the sign in

Eq. (3.58) and thus the stability of ϕ0 is determined.
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Chapter 3. Spike synchrony and locking of coupled adaptive neurons

3.2 Networks with diverse connection patterns

We next analyze spike synchrony and cluster states (with synchronized subpopulations) in networks of

excitatory and inhibitory aEIF neurons, considering a range of biologically plausible connection patterns.

For that purpose, we extend the master stability function approach (Pecora and Carroll 1998) to coupled

piecewise smooth systems, which allows us to predict the stability of these states for large classes of

network topologies in an efficient way. Notably, analyzing the class of randomly connected networks is

particularly convenient due to random matrix theory.

Using this method we show that a subthreshold voltage driven adaptation current stabilizes or destabilizes

synchrony in a homogeneous population of coupled aEIF neurons, depending on whether the recurrent

excitatory or inhibitory synaptic couplings dominate. This is consistent with the corresponding result for

pairs of coupled neurons in section 3.1, and generalizes that result for larger networks. We further find that

synchrony is always unstable for homogeneous networks with balanced recurrent synaptic inputs, that is,

where excitatory and inhibitory synaptic inputs cancel each other. Interestingly, these synchronization

properties are similar for networks with qualitatively different patterns of connections, including random

and spatially structured connectivity, as long as the synaptic couplings are not too strong. We also

consider more heterogeneous networks of excitatory and inhibitory neuronal subpopulations with

distinct dynamical properties, for which we demonstrate that adaptation currents provide a mechanism

to control the stability of different cluster states, independent of a particular connection pattern.
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We analyze zero-lag and cluster synchrony of delay-coupled nonsmooth dynamical systems by extending

the master stability approach, and apply this to networks of adaptive threshold-model neurons. For a

homogeneous population of excitatory and inhibitory neurons we find (i) that subthreshold adaptation

stabilizes or destabilizes synchrony depending on whether the recurrent synaptic excitatory or inhibitory

couplings dominate, and (ii) that synchrony is always unstable for networks with balanced recurrent

synaptic inputs. If couplings are not too strong, synchronization properties are similar for very differ-

ent coupling topologies, i.e., random connections or spatial networks with localized connectivity. We

generalize our approach for two subpopulations of neurons with nonidentical local dynamics, including

bursting, for which activity-based adaptation controls the stability of cluster states, independent of a

specific coupling topology.

Introduction

Synchronization and cluster states in complex networks have

been in the focus of intense research in physics, biology, neu-

roscience, and technology (Strogatz 2001; Boccaletti et al.

2006; Arenas et al. 2008; Engel et al. 2001; Schnitzler and

Gross 2005; Uhlhaas and Singer 2010; Wang 2010). The key

question is how the properties of the individual elements,

the type of the coupling, and the topology of connections

determine the collective dynamics.

A powerful technique to address this question is the master

stability function (MSF) formalism (Pecora and Carroll 1998),

which has been developed for smooth coupled dynamical sys-

tems to analyze full synchrony (Barahona and Pecora 2002;

Nishikawa et al. 2003; Chavez et al. 2005; Dhamala et al. 2004)

and cluster states with synchronized groups of elements (Sor-

rentino and Ott 2007; Choe et al. 2010; Selivanov et al. 2012;

Williams et al. 2013; Dahms et al. 2012). In various appli-

cations, however, nonsmooth dynamical systems arise (Di

Bernardo et al. 2008). Examples include electronic circuits

(Di Bernardo et al. 1998; Banerjee and Verghese 2001), hy-

brid control systems (Ye et al. 1998; Cassandras et al. 2001),

and biological networks (Battogtokh et al. 2006; Aihara and

Suzuki 2010; Izhikevich 2007). Specifically in neuroscience,

theoretical investigations of neuronal network activity often

involve neuron models of the integrate-and-fire (IF) type,

which include a discontinuity and nonsmooth models of

synaptic couplings between them. IF models are commonly

used in computational studies of network activity (Izhikevich

and Edelman 2008; Vogels and Abbott 2009; Litwin-Kumar

and Doiron 2012; Destexhe 2009; Brunel 2000; Gigante et al.

2007b; Augustin et al. 2013), and form the hardware elements

of neuromorphic systems designed for spike-based, brain-

style computations (Indiveri et al. 2006; Jo et al. 2010). In this

contribution we develop an MSF formalism for delay-coupled

nonsmooth dynamical systems, and we demonstrate its po-

tential by studying synchrony and cluster states for recurrent

networks of adaptive IF model neurons.

Network model

Consider a network of N IF neurons which are coupled by de-

layed synaptic currents. We choose the adaptive exponential

integrate-and-fire (aEIF) model (Brette and Gerstner 2005),

which is a two-variable neuron model that can well repro-

duce a variety of subthreshold dynamics and spike patterns

observed in cortical neurons (Touboul and Brette 2008; Naud

et al. 2008; Jolivet et al. 2008a).4 The subthreshold dynamics

of each aEIF neuron is given by (i = 1, . . . , N ):

V̇i =−Vi +exp(Vi )−wi + I +λ
N

j=1
ci j s j (t −τ), (3.59)

ẇi = aVi −wi

τw
, ṡi =− si

τs
, (3.60)

4The aEIF neuron model employed here uses dimensionless variables. It is a rescaled variant of the original model, but with fewer parameters, see
(Touboul and Brette 2008).
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Chapter 3. Spike synchrony and locking of coupled adaptive neurons

where Vi is the membrane voltage, wi is the strength of

the adaptation current, and si is the strength of an effec-

tive synaptic (output) current. Equation (3.59) effectively de-

scribes the change of the membrane voltage of each neuron

in reaction to the ionic currents which flow through its mem-

brane. Five currents are taken into account [Eq. (3.59), left to

right]: The leak current, the fast sodium current at spike initi-

ation,5 an adaptation current, which reflects slowly varying,

activity-dependent potassium currents, an external driving

input I , and the weighted sum of time-delayed synaptic in-

put currents caused by the other neurons in the network with

overall strength λ, weights ci j , and delay τ. Equation (3.60),

left, quantifies, how the strength of the adaptation current

depends on the membrane potential, where a ≥ 0 and τw is

the adaptation time constant. If a neuron is activated, the

adaptation current increases, counteracting this activation.

Equation (3.60), right, describes the dynamics of the synaptic

current. The activation of a model synapse decays exponen-

tially with relaxation time τs . 6

Author Summary

How synchronous states of complex networks depend on prop-

erties of the network nodes, their coupling, and the pattern

of connections is of great interest across several sciences; ap-

plications range from coupled lasers to biological networks. A

powerful method to address this question is the master stabil-

ity function formalism, which can be used to efficiently pre-

dict the stability of zero-lag and cluster synchrony for a wide

range of connection patterns. Here we extend this formalism

to coupled nonsmooth dynamical systems, which, for example,

occur in electronic circuits, hybrid control systems, biology,

and particularly in neuroscience, where nonsmooth network

models have a long history. Applying our formalism to corti-

cal network models we identify activity-driven adaptation (a

node property) as a key factor which determines the stability of

synchrony largely independent of the specific pattern of con-

nections. In particular, if couplings are not too strong, the level

of adaptation that guarantees stability of synchrony in a model

of a local cortical column (random connectivity) also predicts

stability of global synchronous activity in a model of a cortical

region (spatially structured connectivity) and vice versa. This is

interesting because the adaptation properties of neurons can

be changed by the neuromodulatory systems of the brain and

thus provide a mechanism to control the dynamics of cortical

networks.

When the membrane potential increases beyond a threshold

value Vs, an action potential (spike) is generated. IF models

do not describe the dynamics of the action potential explic-

itly. Instead, the synaptic output current is incremented by 1

(indicating the spike) and the membrane potential is instan-

taneously reset to a lower value Vr. For the aEIF neuron, the

strength of the adaptation current is also changed after the

spike has occurred. It is increased by a value of b ≥ 0 imple-

menting the mechanism of spike-based adaptation. There-

fore, the aEIF model takes two mechanisms for activity-based

adaptation into account, both of which are common to real

cortical neurons: A subthreshold mechanism, driven by the

increase of the membrane potential, and a spike-based mech-

anism, which is activated every time a spike has occurred.

It has been shown that subthreshold adaptation can induce

synchrony for pairs of symmetrically coupled excitatory neu-

rons (Ermentrout et al. 2001; Ladenbauer et al. 2012) and

spike-dependent adaptation can cause networks to split up

into phase locked clusters (Kilpatrick and Ermentrout 2011).

Here we examine under what conditions the two adaptation

mechanisms can (de)stabilize synchrony and different cluster

states for a wide range of biologically plausible patterns of

connections.

The network of aEIF model neurons, which we have intro-

duced above, is a typical example of a network of nonsmooth

dynamical systems with time delays. These networks can be

described in general by two sets of equations, one for the dy-

namics of the network elements between the discontinuities,

ẋi = f(xi )+
N

j=1
ci j h(x j ,τ) if ϕ(xi ) ̸= 0, (3.61)

and one for the jumps,

x+i = g(xi ) if ϕ(xi ) = 0, (3.62)

i = 1, . . . , N , xi ∈Rm and xi ,τ ≡ xi (t −τ). We assume that xi (t )

is piecewise continuous and that f, g, h are differentiable

vector functions.7 ϕ is a scalar-valued, differentiable func-

tion that indicates the occurrence of a discontinuity, and

x+i (t ) ≡ lims↘t xi (s) denotes a right-sided limit.

Master stability function for full syn-
chrony

We now extend the MSF formalism to nonsmooth dynamical

systems as described by Eqs. (3.61) and (3.62). We assume

constant row sum of the coupling matrix,
N

j=1 ci j = c̄ ∀i .

Then a zero-lag synchronous state exists, in which every ele-

ment of the network evolves according to the same equation

ẋ = f(x)+ c̄ h(xτ) ≡ F(x,xτ). We denote this solution by xs and

the set of times at which xs changes discontinuously by {ts }.

We next assess the stability of the fully synchronous solution

5The fast sodium current of the aEIF model includes the effect of the sodium current, which is responsible for the generation of spikes.
6Relating this system to the network description, Eqs. (1.1)–(1.4), introduced in section 1.2, here we use a rescaled aEIF variant (Touboul and Brette 2008)

with Ew = EL and Tref = 0.
7Note that h does not depend on xi in Eq. (3.61). The following derivation, however, can be extended to coupling functions h(xi ,x j ,τ) in a straightforward

way.
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Figure 3.12 – Stability of synchrony for a ho-
mogeneous population of coupled aEIF neu-
rons. The maximum Lyapunov exponent
(color bar) is plotted as a function of the real
(α) and imaginary (β) parts of the eigenval-
ues of the coupling matrix C. Different pan-
els show the results for weak (top) and strong
(bottom) subthreshold adaptation, and for the
excitation-dominated (left), balanced (cen-
ter), and inhibition-dominated (right) regimes.
Parameters were selected such that the dy-
namics of the aEIF model closely matches
the regular spiking dynamics of cortical neu-
rons (Naud et al. 2008; Destexhe 2009): λ= 5,
τ = 0.3, τw = 10, τs = 0.3, Vs = 5, Vr = −5,
b = 2.5. The external input I was chosen such
that the oscillation period was always equal to
5. Circles indicate the unit disc in the eigen-
value plane (insets show blowup).

xs by linearizing Eqs. (3.61) and (3.62) around xs . Between

the discontinuities at t ∈ {ts } and the corresponding kinks of

xs at t−τ ∈ {ts }, we obtain the variational equation

ξ̇= [IN ⊗Df(xs )]ξ+ [C⊗Dh(xs,τ)]ξ
τ

(3.63)

for the perturbations ξ ≡ (ξ1, . . . ,ξN )T ∈ RN m from the syn-

chronous solution (cf. (Dhamala et al. 2004)), where ξ
τ
≡

ξ(t −τ), IN is the N -dimensional unity matrix, C is the cou-

pling matrix, and ⊗ denotes the Kronecker product. For nons-

mooth dynamical systems, however, the variational equation

must be complemented by the appropriate linearized tran-

sition conditions at the times t , t −τ ∈ {ts }. Using first order

approximations of the times at which ϕ(xs +ξi ) = 0 and using

Taylor expansions of f(xi )+N
j=1 ci j h(x j ,τ) around xs and x+s ,

at both ts and ts +τ we finally obtain (see Appendix I for a

derivation):

ξ+ = [IN ⊗A]ξ t ∈ {ts }, (3.64)

ξ+ = ξ+ [C⊗B]ξ
τ

t−τ ∈ {ts }. (3.65)

The matrices A and B are given by

A ≡ Dg(xs )+ [F(x+s ,xs,τ)−Dg(xs )F(xs ,xs,τ)]Dϕ(xs )

Dϕ(xs )F(xs ,xs,τ)
(3.66)

B ≡ [F(xs ,x+s,τ)−F(xs ,xs,τ)]Dϕ(xs,τ)

Dϕ(xs,τ)F(xs,τ,xs,2τ)
. (3.67)

Block diagonalization of Eqs. (3.63)–(3.65) then leads to the

master stability equations

ζ̇= Df(xs )ζ+(α+iβ)Dh(xs,τ)ζτ t , t−τ ∉ {ts }, (3.68)

ζ+ = Aζ t ∈ {ts }, (3.69)

ζ+ = ζ+ (α+iβ)Bζτ t−τ ∈ {ts }, (3.70)

where ζ≡ (zT ⊗Im)ξ, and z is the normalized eigenvector of C
that corresponds to the eigenvalue α+iβ. Hereby we separate

the variational equation for perturbations in the longitudinal

direction (α+ iβ= c̄) from those in the transverse directions.

We can now calculate the largest Lyapunov exponent for the

solution ζ≡ 0 as a function of α and β, which defines the MSF.

Here we apply the numerical scheme proposed in (Farmer

1982) to obtain the Lyapunov exponents for Eqs. (3.68)–(3.70).

Stability of full synchrony for networks
of adaptive neurons

Let us first apply our MSF formalism to a homogeneous popu-

lation of coupled aEIF neurons which are driven by a constant

external input I . Figure 3.12 shows the result for six differ-

ent sets of parameters. The three columns from left to right

show the MSF for networks with dominant excitatory cou-

plings (row sum c̄ = 1), balanced excitation and inhibition

(c̄ = 0), and dominant inhibitory couplings (c̄ =−1), respec-

tively. The two rows show the MSF for neurons whose sub-

threshold adaptation is weak (top) and strong (bottom), re-

spectively. If the eigenvalues of the coupling matrix lie within

the unit circle (highlighted by insets in Fig. 3.12), stable zero-

lag synchrony is predicted for excitation dominated networks

of neurons with strong subthreshold adaptation and for inhi-

bition dominated networks of neurons with weak subthresh-

old adaptation. An increase of spike-triggered adaptation

(larger b) on the other hand does not stabilize synchrony in

excitation dominated networks (not shown). For balanced

networks synchrony remains unstable independently of the

choice of adaptation parameters, because there are negative

and positive values of the largest Lyapunov exponent in any

small neighborhood of the origin.8 In summary, we identify

neuronal adaptation, which in real cortex is under top-down

8We observed this behavior for a wide range of model parameters.
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Figure 3.13 – Eigenvalue spectra of coupling matrices for two biologically relevant connectivity schemes. (a) Cartoon of the network:
two subpopulations of NE excitatory (light orange) and NI inhibitory (dark green) neurons. (b) Circle radius r computed from Eq. (3.71)
for the random connectivity scheme. Lines of equal radius (r = 1) are plotted in the (p,cE )-plane for c̄ = 1,0,−1 (solid green, dashed
violet, dotted orange lines). Parameters: NE = 400, NI = 100. (c) Largest absolute value r of all transverse eigenvalues, averaged over 100
sample matrices each representing a Mexican hat (left) or inverse Mexican hat (right) spatial map connectivity scheme: Excitatory and
inhibitory neurons lie uniformly distributed on a two-dimensional sheet with unity edge length and periodic boundary conditions. The
probability densities for excitatory and inhibitory connections are normalized Gaussian functions of the spatial distance between neurons
with standard deviations σE and σI , respectively. Lines of equal absolute value (r = 1) are plotted with color code as in (b). Parameters:
NE = 400, NI = 100, p = 0.2; σE = 0.07, σI ∈ [0.07,0.35] (left) and σE ∈ [0.07,0.35], σI = 0.07 (right). cI in (b) and (c) via constant row sum
condition.

control of the brain’s neuromodulatory systems (McCormick

1992; Abbott and Nelson 2000; Destexhe and Marder 2004),

as one of the key factors for stabilizing or destabilizing syn-

chrony in recurrent networks.

The MSF provides general information about the stability of

the synchronous state for many different coupling matrices.

We now evaluate the results shown in Fig. 3.12 for two qualita-

tively different and biologically important classes of coupling

matrices. For both classes, the homogeneous population of

aEIF neurons is split into two subpopulations which make

excitatory (cE > 0) and inhibitory (cI < 0) connections only,

cf. Fig. 3.13(a). For one class of coupling matrices (random)

the connections are otherwise random, i.e., connections be-

tween any two neurons in the network are chosen with equal

probability. For the other class of coupling matrices (spatial

maps) neurons lie on a two-dimensional sheet and the con-

nection probability between two neurons depends on the

spatial distance between them.

Figure 3.13(b) shows the results of the eigenvalue spectrum

for the random connectivity scheme. One eigenvalue of the

connection matrix is real and equal to the row sum c̄. The

other eigenvalues lie within a circle with radius

r =


p(1−p)

NEc2

E +NIc2
I


(3.71)

centered at the origin of the eigenvalue plane (Gray and

Robinson 2009; Rajan and Abbott 2006). p is the connec-

tion probability, NE , NI are the number of neurons in the

two different subpopulations and cE > 0, cI < 0 are the exci-

tatory and inhibitory coupling strengths, respectively. The

curves separate the parameter regimes with r < 1 and r > 1.

Figure 3.13(c) shows the corresponding results for the spa-

tial map scheme, which were calculated numerically for both

Mexican hat (range of excitatory couplings on average smaller

than range of inhibitory couplings) and inverse Mexican hat

(range of excitatory couplings on average larger than range

of inhibitory couplings) connection matrices. The maximum

size of the eigenvalues depends on the absolute values of the

coupling strengths. If they are not too strong, the eigenvalues

of all three types of coupling matrices lie within the unit disc

in the eigenvalue plane (highlighted in Fig. 3.12). We con-

clude that if synchrony is stable in a random network with

sparse couplings, it is also stable in a spatially structured net-

work with local couplings only. This has interesting implica-

tions for network models of cortical areas, because it implies

that the stability of synchrony in a model of a local cortical

column can predict the stability of global synchronous activ-

ity in a model of a spatially structured cortical map and vice

versa.

Master stability function for cluster
states

Complete synchronization in a large network is a special phe-

nomenon. Often cluster states emerge, for which the network

splits into subgroups of elements that show isochronous syn-

chrony internally, but there may be a phase lag or different

dynamics between them (Choe et al. 2010; Selivanov et al.

2012; Williams et al. 2013). The stability of cluster states can

also be analyzed using the MSF formalism (Sorrentino and

Ott 2007; Dahms et al. 2012), which we now formulate for

nonsmooth dynamical systems.

Consider a network which consists of two groups (E , I) of el-

ements which may differ in their local dynamics [Fig. 3.14(a)].

The connections of elements within and between the groups

are given by the four coupling matrices CEE , CII , CEI , and
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3.2. Networks with diverse connection patterns

Figure 3.14 – Stability of cluster states in networks with two groups of excitatory, E , and inhibitory, I, neurons which differ in their
local dynamics. (a) Scheme of the network, according to Eqs. (3.72)–(3.73). (b) Evolution of the membrane voltage V of synchronized
excitatory (light orange) and inhibitory neurons (dark green) in the network for three different parameter sets: excitatory neurons: Vr =−5,
I = 3.725 (left and center), Vr = 2, I = 25 (right); inhibitory neurons: I = 0 (left and right), I = 1.5 (center). λEE =λIE = 5, λEI =λII =−5
(left and center); λEE =λIE = 25, λEI =λII =−25 (right). Other parameters: a = 0.5, b = 2.5, τw = 10, τs = 0.2, Vs = 5 for the excitatory,
and a = 0.1, b = 0.25, τw = 10, τs = 0.5, Vr =−5, Vs = 5 for the inhibitory neurons; τ= 0.1. (c) MSF for each of the three scenarios in (b).
The maximum Lyapunov exponent is shown as a function of the real eigenvalues γ1,γ2. White rectangles indicate the unit square in the
eigenvalue plane. (d) MSF of the unit square as in (c), but with a = 0.1,0.2,0.3,0.4,0.5 (top, left to right) and b = 0.5,1,1.5,2,2.5 (bottom) for
the excitatory neurons.

CIE , for which we assume unity row sum. The dynamics of

the network is given by:

ẋk
i = fk (xk

i )+λkk
Nk
j=1

ckk
i j hkk (xk

j ,τ)

+λkl
Nl
j=1

ckl
i j hkl (xl

j ,τ) if ϕk (xk
i ) ̸= 0, (3.72)

xk,+
i = gk (xk

i ) if ϕk (xk
i ) = 0, (3.73)

where k, l ∈ {E ,I} and k ̸= l . The coupling strengths of

the intra- and inter-group connections are scaled by factors

λkk ,λkl ∈ R, respectively. In order to simplify notation, the

propagation delay τ is assumed constant.

In a cluster state, all elements which belong to a group of

the network are synchronized and follow the same trajectory

xk
s ≡ xk

i , i = 1, . . . , Nk . Trajectories of elements which belong

to different groups, however, may be different. The varia-

tional equations for the perturbations from the synchronous

solution, i.e., the master stability equations, are then given by

[cf. Eq. (3.68) for the homogeneous case]:

ζ̇
k = Dfk (xk

s )ζk +λkkγ1Dhkk (xk
s,τ)ζk

τ

+λklγ2Dhkl (xl
s,τ)ζl

τ, (3.74)

for t , t−τ ∉ {t k
s } and t−τ ∉ {t l

s }. γ1 and γ2 are the eigenval-

ues of the block matrices Q1 =


CEE 0
0 CII


and Q2 =


0 CEI

CIE 0


,

respectively (Sorrentino and Ott 2007; Dahms et al. 2012).

The variational equations – one for each group – must again

be complemented by the linearized transition conditions [cf.

Eqs. (3.69)–(3.70) for the homogeneous case]:

ζk,+ = Akζk t ∈ {t k
s }, (3.75)

ζk,+ = ζk +λkkγ1Bkζk
τ t−τ ∈ {t k

s }, (3.76)

ζl ,+ = ζl +λlkγ2Bkζk
τ t−τ ∈ {t k

s }. (3.77)

Ak and Bk only depend on xk
s just before and after the discon-

tinuity, see Appendix II. However, we have to require that the

matrices Q1 and Q2 commute, because only then a common

set of eigenvectors exists and the pairs (γ1,γ2) of eigenvalues

are well defined (Dahms et al. 2012). In order to assess the sta-

bility of a particular cluster state, the MSF is then evaluated

for those pairs.

Stability of cluster states for networks of
adaptive neurons

We apply our MSF formalism to a network of aEIF neurons,

where the excitatory and the inhibitory subpopulations now

have different local dynamics [cf. Fig. 3.14(a)]. The aEIF

neurons of the inhibitory subpopulation are weakly adap-
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Chapter 3. Spike synchrony and locking of coupled adaptive neurons

tive, and parameters are chosen such that they mimic the

dynamics of the fast spiking inhibitory interneurons in the

neocortex (Destexhe 2009). The aEIF neurons of the excita-

tory subpopulation are strongly adaptive, and parameters

are chosen such that they either mimic the dynamics of the

pyramidal neurons in the neocortex [Fig. 3.14(b),(c), left and

center] or the dynamics of intrinsically bursting neurons

[Fig. 3.14(b),(c), right], which, when activated, produce re-

peated events of rapid spiking. Bursting dynamics is medi-

ated by spike-based adaptation for neurons with an increased

reset membrane potential (Naud et al. 2008). Figure 3.14(c)

shows the MSF for real eigenvalues γ1,γ2 of the intra- and

inter-group coupling matrices. If connections are symmet-

ric (ckl
i j = ckl

j i , k, l ∈ {E ,I}) and no autapses (ckk
i i = 0) exist, the

eigenvalues γ1,γ2 are real and lie within the unit square of the

eigenvalue plane.9 The corresponding Lyapunov exponents

are all negative [Fig. 3.14(c)]. However, they can become pos-

itive when subthreshold or spike-based adaptation for the

excitatory neurons is decreased [Fig. 3.14(d)], indicating a

potential loss of stability for the particular cluster states. We

conclude that the stability of many qualitatively different clus-

ter states is controlled by neuronal adaptation: Oscillatory

activity of excitatory and inhibitory neurons with a phase

lag between the two groups [Fig. 3.14(b),(c), left], inhibitory

neurons spiking repetitively at a higher rate than excitatory

neurons [Fig. 3.14(b),(c), center], and (3) bursting behavior

[Fig. 3.14(b),(c), right]. These results hold for qualitatively dif-

ferent classes of coupling matrices: Networks with constant

all-to-all intragroup and random (but symmetric, ckl
i j = c l k

j i )

intergroup connections, for example, show the same synchro-

nization behavior as one-dimensional spatial networks with

local (symmetric) connectivity (NE = NI ).

Conclusion

In summary, we have presented an MSF formalism to study

synchrony and cluster states in networks of nonsmooth dy-

namical systems. Using our formalism we have shown that

neuronal adaptation controls the stability of such network

states for many qualitatively different classes of coupling ma-

trices. Hence, our approach provides a powerful method to

analyze biologically relevant dynamical states of typical corti-

cal network models in a general setting. For example, it could

be used to examine the stability of synchronous and clustered

network states under influence of structural plasticity (i.e.,

activity-dependent changes of coupling strengths) (Câteau

et al. 2008; Lubenov and Siapas 2008), irrespective of a spe-

cific coupling topology. Another interesting application of

our approach in neuroscience is pulsed brain stimulation,

such as transcranial magnetic stimulation (Hallett 2000) or

deep brain stimulation (Kringelbach et al. 2007), where our

method could provide general results, e.g., when using mod-

els of coupled neuronal populations and pulse-like forcing

(Esser et al. 2005; Tass 2003). Our formalism is, however,

not limited to the neuronal network level, but may be ap-

plied to a variety of diverse networks, e.g., coupled eukaryotic

model cells (Battogtokh et al. 2006), hybrid models of genetic

networks (Perkins et al. 2010; Zhang et al. 2011), electronic

circuits such as networks of Chua’s circuits (De Lellis et al.

2008), hybrid switching systems in production technology

(Amann et al. 2003), or delay-coupled semiconductor lasers

with challenging perspectives towards reservoir computing

(Soriano et al. 2013). Promising applications are also antic-

ipated for networks of interacting oscillators in the context

of cognitive processing (Deco et al. 2011). Here, the MSF can

provide valuable information about the robustness of syn-

chrony and locking dynamics against perturbations of the

brain’s connectivity patterns.
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Appendix I: Variational equation for full
synchrony

Here we derive the transition conditions (Eqs. (3.64)–(3.67)

of the paper) which complete the variational equation (3.63),

i.e., the linearization of the network system Eqs. (3.61)–(3.62)

around the synchronous solution. The derivation builds

upon previous work on dynamical systems with disconti-

nuities (Mueller 1995) and extends the case of uncoupled

systems (Ladenbauer et al. 2012).

Let xs (t) with xs ≡ (xs , . . . ,xs )T : R → RN m denote the syn-

chronous solution of Eqs. (3.61)–(3.62), i.e., the components

xs solve ẋ = f(x)+ c̄ h(xτ). Furthermore, let ξ be the solution of

the linearized system Eq. (3.63) for small initial perturbations,

ξ ≡ ξ
0

: [t0 −τ, t0]→RN m , ||ξ
0
(s)|| < ϵ, and let ts be the first

time point > t0 at which ϕ(xs ) = 0. We define x̃ ≡ xs +ξ and

denote by ti the time point (closest to ts ) at which ϕ(x̃i ) = 0.

A. Transition condition at the discontinuities

In the following we provide the linear relationship between

ξ(ts ) and ξ+(ts ), the perturbations just before and after the

discontinuity in xs . Starting from x̃i (ts ) we estimate x̃i (ti ),

apply the discontinuous transition Eq. (3.62) and then ap-

proximate x̃+i (ts ), as illustrated in Fig. 3.15:

x̃+i (ts ) ≈ g(xs (ts )+ξi (ts )+ F̃i (ts )d ti )− F̃+
i (ti )d ti , (A.1)

≈ x+s (ts )+Dg(xs (ts ))[ξi (ts )+ F̃i (ts )d ti ]

− F̃+
i (ti )d ti , (A.2)

9This follows from Gershgorin’s circle theorem, because the coupling matrices Ckl (k, l ∈ {E ,I}) all have non-negative entries with unity row sum.
Excitatory and inhibitory interactions are generated via the overall coupling parameters λkE > 0 and λkI < 0.
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Figure 3.15 – Approximation scheme for the perturbation ξ+i (ts ) just after the discontinuity of xs , illustrated for scalar-valued func-
tions xi (m = 1). Evolution of x̃i ≡ xs +ξi (dashed dark blue lines), where xs (solid grey lines) is a component of the synchronous solution
of the system Eqs. (3.61) and (3.62) and ξi is a solution component of Eq. (3.63) with initial condition ξ≡ ξ

0
, for d ti < 0 (left) and d ti > 0

(right). Note that x̃i is not discontinuous at ti ̸= ts , because it is not a solution component of Eqs. (3.61) and (3.62). The i -th solution com-
ponent of Eqs. (3.61) and (3.62) with initial trajectory xs +ξ

0
is indicated (solid light blue lines). Dashed grey lines mark the set {x |ϕ(x) = 0}

which constitutes the threshold hyperplane here. If a solution x of Eq. (3.61) reaches this hyperplane from below, a discontinuity occurs:
x+ = g(x), cf. Eq. (3.62). Solid red arrows indicate the vectors F(ts )d ti and F+(ts )d ti used in the approximation of ξ+i (ts ). The vectors F(ts )

and F+(ts ) are indicated by dotted red arrows.

where we have used the definitions d ti ≡ ti − ts ,

F̃i (ts ) ≡ f(x̃i (ts ))+
N

j=1
ci j h(x̃ j (ts −τ)), (A.3)

F̃+
i (ti ) ≡ f(x̃+i (ti ))+

N
j=1

ci j h(x̃+j (ti −τ)), (A.4)

and Taylor expansion. Since d ti , F̃i (ts ) and F̃+
i (ti ) are un-

known we use the following approximations. First we expand

F̃i (ts ),

F̃i (ts ) ≈ f(xs (ts ))+ c̄ h(xs (ts −τ)) ≡ F(ts ). (A.5)

In order to describe d ti we approximate x̃i (ti ) as

x̃i (ti ) ≈ x̃i (ts )+ F̃i (ts )d ti (A.6)

≈ xs (ts )+ξi (ts )+F(ts )d ti (A.7)

and apply ϕ on both sides, which leads to

0 ≈ϕ(xs (ts )+ξi (ts )+F(ts )d ti ) (A.8)

≈ Dϕ(xs (ts ))(ξi (ts )+F(ts )d ti ) (A.9)

We obtain a first order estimation for d ti ,

d ti ≈−Dϕ(xs (ts ))ξi (ts )

Dϕ(xs (ts ))F(ts )
. (A.10)

Next we expand F̃+
i (ti ),

F̃+
i (ti ) = f(g[x̃i (ti )])+

N
j=1

ci j h(x̃+j (ti −τ)) (A.11)

≈ f(g[x̃i (ts )])+
N

j=1
ci j h(x̃+j (ts −τ)) (A.12)

≈ f(x+s (ts ))+ c̄ h(x+s (ts −τ)) ≡ F+(ts ). (A.13)

We substitute d ti , F̃i (ts ), F̃+
i (ti ) in Eq. (A.2) and subtract x+s (ts )

on both sides to obtain the first-order approximation

ξ+i ≈ Aξi (ts ) (A.14)

A ≡ Dg(xs (ts ))+

F+(ts )−Dg(xs (ts ))F(ts )


Dϕ(xs (ts ))

Dϕ(xs (ts ))F(ts )
.

(A.15)

The transition Eqs. (A.14)–(A.15) holds at all times ts ∈ {ts } at

which xs changes discontinuously.

B. Transition condition at the kinks

Next we derive the linear relationship between ξ(ts +τ) and

ξ+(ts +τ), the perturbations just before and after the kink in

xs caused by the delayed coupling. We assume without loss of

generality that the time points ti are ordered t1 ≤ t2 ≤ ·· · ≤ tN .

Starting from x̃i (ts +τ) we estimate first x̃+i (t1 +τ), then it-

eratively x̃+i (t2 + τ), . . . , x̃+i (tN + τ) and finally x̃+i (ts + τ), see
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Fig. 3.16 for an illustration:

x̃+i (t1 +τ) ≈ x̃i (ts +τ)+ F̃i (ts +τ)d t1 (A.16)

≈ x̃i (ts +τ)+F(ts +τ)d t1, (A.17)

where we have applied Eqs. (A.3) and (A.5). Using the defini-

tion (A.4) we approximate iteratively (to first order)

x̃+i (tk+1 +τ) ≈ x̃i (tk +τ)+ F̃+
i (tk +τ)(d tk+1 −d tk )

(A.18)

for k = 1, . . . , N −1. Since we do not know F̃+
i (tk +τ), we ap-

proximate it as

F̃+
i (tk +τ) ≈ f(xs (ts +τ))+

k
j=1

ci j h(x+s (ts ))

+
N

j=k+1
ci j h(xs (ts )), (A.19)

where we have used that

h(x̃ j (tk )) ≈


h(x+s (ts )) for k ≥ j

h(xs (ts )) for k < j ,
(A.20)

and that xs is continuous at ts+τ, assuming ts+τ ∉ {ts }. Using

Eq. (A.18) we can now estimate x̃+i (tN +τ),

x̃+i (tN +τ) ≈ x̃i (t1 +τ)+
N−1
k=1

F̃+
i (tk +τ)(d tk+1 −d tk )

≈ x̃i (ts +τ)+F+(ts +τ)d tN

+ [h(xs (ts ))−h(x+s (ts ))]
N

j=1
ci j d t j , (A.21)

where in Eq. (A.21) we have applied Eqs. (A.17) and (A.19),

the definitions (A.5) and (A.13) and telescopic canceling. We

use the fact that x̃+i (tN +τ) can also be expressed as

x̃+i (tN +τ) ≈ x̃+i (ts +τ)+F+(ts +τ)d tN , (A.22)

and subtract F+(ts + τ)d tN and xs (ts + τ) on both sides of

Eq. (A.21), which yields

ξ+i (ts +τ) ≈ ξi (ts +τ)+ [h(xs (ts ))−h(x+s (ts ))]

·
N

j=1
ci j d t j . (A.23)

Note that Eqs. (A.21) and (A.22) are first-order approxima-

tions. Finally we substitute d t j in Eq. (A.23) using Eq. (A.10)

to obtain

ξ+(ts +τ) ≈ ξ(ts +τ)+


IN ⊗ h(x+s (ts ))−h(xs (ts ))

Dϕ(xs (ts ))F(ts )


· [C⊗Dϕ(xs (ts ))]ξ(ts ) (A.24)

= ξ(ts +τ)+ [C⊗B]ξ(ts ), (A.25)

with B given by

B ≡ [h(x+s (ts ))−h(xs (ts ))]Dϕ(xs (ts ))

Dϕ(xs (ts ))f(xs (ts ))+ c̄ h(xs (ts −τ))
. (A.26)

The transition Eq. (A.25) holds at all times ts +τ for ts ∈ {ts }.

Figure 3.16 – Approximation scheme for the perturbation ξ+i (ts +
τ) just after the kink in xs , illustrated for scalar-valued functions
xi (m = 1). Evolution of the synchronous solution component xs
(solid grey line), x̃i ≡ xs +ξi (dashed dark blue lines) and the i -th
solution component of Eqs. (3.61) and (3.62) with initial trajectory
xs +ξ

0
(solid light blue lines). Solid red arrows indicate vectors that

are used in the approximation, as explained in the text. The solid
green arrow represents the difference between ξ+i (ts +τ) (dashed
green arrow) and ξi (ts +τ) (solid dark blue arrow).

It should be noted that the solution ξ of the complete lin-

earized system, Eq. (3.63) with transition conditions (A.14),

(A.15), (A.25), approximates the evolving true perturbation

given by the solution of Eqs. (3.61) and (3.62) with the small

initial perturbation ξ≡ ξ
0

. The true perturbation is approxi-

mated to first order at all times except for small time intervals

around ts , ts +τ for ts ∈ {ts } (with duration of the same order

as the magnitude of the perturbation). During these short in-

tervals the true perturbation can be large in magnitude since

generally ti ̸= ts . The transition conditions guarantee that

immediately after each of these intervals (which contain the

instants of discontinuities and kinks) the true perturbation is

approximated to first order again.

Appendix II: Variational equation for
cluster states

The transition conditions which complete the variational

equation for synchronized groups of elements, i.e., the lin-

earization of the system Eqs. (3.72) and (3.73) around the

cluster state, are derived analogously to the previous section.

This analogy is demonstrated by the results presented below.

58



3.2. Networks with diverse connection patterns

The variational equation, which governs the dynamics of the

perturbations ξ≡ (ξE1 , . . . ,ξENE
,ξI1 , . . . ,ξINI

)T : R→R(NE+NI )m

is given by

ξ̇=


INE ⊗DfE (xEs ) 0

0 INI ⊗DfI (xIs )


ξ

+


CEE ⊗DhEE (xEs,τ) CEI ⊗DhEI (xIs,τ)

CIE ⊗DhIE (xEs,τ) CII ⊗DhII (xIs,τ)


ξ
τ

(A.27)

for t , t−τ ∉ {tEs } and t , t−τ ∉ {tIs }. The transition conditions

for the time points, at which the synchronized elements of

each group change discontinuously, are expressed as

ξ+ =


INE ⊗AE 0

0 0


ξ t ∈ {tEs }, (A.28)

ξ+ =


0 0

0 INI ⊗AI


ξ t ∈ {tIs }, (A.29)

and the transition conditions for the time points at which the

delay period has passed since these (discontinuous) events,

read

ξ+ = ξ+


CEE ⊗BE 0

CIE ⊗BE 0


ξ
τ

t−τ ∈ {tEs } (A.30)

ξ+ = ξ+


0 CEI ⊗BI

0 CII ⊗BI


ξ
τ

t−τ ∈ {tIs }. (A.31)

The matrices Ak and Bk for k, l ∈ {E ,I}, k ̸= l , in Eqs. (A.28)–

(A.31) are given by

Ak ≡ Dgk (xk
s )

+


Fk (xk,+
s ,xk

s,τ,xl
s,τ)−Dgk (xk

s )Fk (xk
s ,xk

s,τ,xl
s,τ)


Dϕk (xk

s )

Dϕk (xk
s )Fk (xk

s ,xk
s,τ,xl

s,τ)

(A.32)

Bk ≡

Fk (xk

s ,xk
s,τ+,xl

s,τ)−Fk (xk
s ,xk

s,τ,xl
s,τ)


Dϕk (xk

s,τ)

Dϕk (xk
s,τ)Fk (xk

s,τ,xk
s,2τ,xl

s,2τ)
, (A.33)

where we have used the definition

Fk (xk ,xk
τ ,xl

τ) ≡ fk (xk )+λkk h(xk
τ )+λkl h(xl

τ). (A.34)

Note that the transition condition Eqs. (A.30) and (A.31) are

caused by the delayed coupling between the elements.
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4 Asynchronous states and spike rate oscillations
in networks of adaptive neurons

Here, we are interested in the collective dynamics of large networks that consist of at least several

thousands of neurons, whose spike times and the temporal relationships between them are subject

to variability because of fluctuations in the synaptic inputs.1 For example, pyramidal neurons (the

largest class of excitatory neurons in the brain) have been shown to exhibit highly irregular spiking

during overall oscillatory network activity in hippocampus (see, e.g., Wang 2010, for a comprehensive

review). In this case, the collective dynamics is often described by an instantaneous spike rate which

quantifies the time-varying mean spiking activity across the population. Oscillations of the spike rate

then correspond to rhythmic modulation of the spiking probability within the population, which reflects

so-called sparse synchronization – since neuronal spike times are stochastic and sparse (that is, cycles

may be skipped) – as frequently observed (Wang 2010). The collective behavior quantified in this way

is particularly relevant, given that widely applied brain measurement techniques, such as local field

potentials, electroencephalography or functional magnetic resonance imaging, provide data that reflect

the averaged activity of a large number of neurons.

To effectively study how adaptation currents shape asynchronous states and sparse synchronization

in networks of aEIF neurons we extend mean-field methods based on the Fokker-Planck equation

(Brunel 2000; Ostojic and Brunel 2011). This approach allows for convenient analyses of network states

while having the properties of single neurons retained by the variables and parameters of the aEIF

model. In section 4.1, we use that approach to examine the dynamics of networks consisting of one

excitatory and one inhibitory population of coupled aEIF neurons. Then, in section 4.2, we present

recent methodological developments towards more effective analyses of collective aEIF population

dynamics, and apply them for the two-population network. Furthermore, we explain in that section how

the powerful techniques from chapter 3 to analyze spike synchronization and locking can be applied to

examine sparse synchronization phenomena for networks of neuronal networks. It should be noted that

the methodology in the present chapter is related to that applied in chapter 2, which allows to compare

with and build upon the results at the single cell level (see section 4.2).

1Other potential sources of noise, such as ion channel noise (Faisal et al. 2008), are not considered here. Notably, synaptic noise
is the by far largest-amplitude noise source in neurons of the central nervous system (Destexhe and Rudolph-Lilith 2012).
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4.1 Two-population neuronal networks

We consider a network that consists of two coupled populations of aEIF neurons, one excitatory and

one inhibitory population, which are sparsely and randomly connected, and exposed to fluctuating

inputs. Synaptic delays and connection probabilities are chosen to describe a local cortical network.2

Using the Fokker-Planck equation we derive from this high-dimensional stochastic network description

(large numbers of aEIF neurons) a mean-field model given by a compact system of partial and ordinary

differential equations. This system allows for an efficient calculation of the network activity in time

and thus enables exhaustive explorations of the parameter space. We then use the mean-field model to

examine how the neuronal adaptation current dynamics affect the resonance properties of the network

and the emergence of spike rate oscillations.

We show that spike-driven adaptation currents together with sufficiently strong recurrent excitatory

inputs provide a mechanism to generate slow oscillations (α frequency range and below). Faster rhythmic

activity (β frequency range and above) can be mediated by a feedback loop that involves recurrent

excitatory and inhibitory inputs with distinct delay times for excitation and inhibition. Oscillation

frequencies increase with the strengths of inhibition and external drive, and adaptation currents (of either

type) play a facilitating role in stabilizing these spike rate rhythms. In parameter regimes for which the

population spike rates are constant (asynchronous state), the network shows resonance properties when

oscillating external inputs are considered. Increased adaptation currents produce amplified network

activity within a narrow frequency band and cause phase advances at low and phase delays at high

frequencies.

2Random connectivity simplifies the connection pattern of a local cortical network. The detailed cortical spatial structure is not
considered here.
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Neural mass signals from in vivo recordings often show oscillations with frequencies ranging from < 1 Hz

to 100 Hz. Fast rhythmic activity in the beta and gamma range can be generated by network-based

mechanisms such as recurrent synaptic excitation-inhibition loops. Slower oscillations might instead

depend on neuronal adaptation currents whose timescales range from tens of milliseconds to seconds.

Here we investigate how the dynamics of such adaptation currents contribute to spike rate oscillations

and resonance properties in recurrent networks of excitatory and inhibitory neurons. Based on a network

of sparsely coupled spiking model neurons with two types of adaptation current and conductance-based

synapses with heterogeneous strengths and delays we use a mean-field approach to analyze oscillatory

network activity. For constant external input, we find that spike-triggered adaptation currents provide a

mechanism to generate slow oscillations over a wide range of adaptation timescales as long as recurrent

synaptic excitation is sufficiently strong. Faster rhythms occur when recurrent inhibition is slower than

excitation and oscillation frequency increases with the strength of inhibition. Adaptation facilitates such

network-based oscillations for fast synaptic inhibition and leads to decreased frequencies. For oscillatory

external input, adaptation currents amplify a narrow band of frequencies and cause phase advances

for low frequencies in addition to phase delays at higher frequencies. Our results therefore identify the

different key roles of neuronal adaptation dynamics for rhythmogenesis and selective signal propagation

in recurrent networks.

Introduction

A prominent characteristic of cortical activity is its rhythmic-

ity as shown by electroencephalography or the local field

potential. Dominant oscillation frequencies in these signals

range from < 1 Hz to 100 Hz and reflect synchronous activity

of populations of neurons. Such oscillations are linked to

behavioral states (Wang 2010) and involved in a variety of

cognitive functions (Fries et al. 2001; Ghazanfar et al. 2008;

Melloni et al. 2007; Engel et al. 2001; Wang 2010) as well as

pathological conditions (Hammond et al. 2007; Uhlhaas and

Singer 2010; Zijlmans et al. 2009). It is therefore important

to understand the mechanisms of oscillations in neuronal

networks, how they are initiated and terminated, and how

their frequency is determined.

Fast rhythmic activity in the beta and gamma band (> 20 Hz)

can be generated by network-based mechanisms, such as

synaptic excitation-inhibition loops or by feedback inhibition

alone (Isaacson and Scanziani 2011). In these scenarios the

oscillation frequency is largely determined by the inhibitory

decay time constant (Brunel and Wang 2003; Tiesinga and Se-

jnowski 2009). Low-frequency oscillations, on the other hand,

could depend on slow transmembrane outward currents

(Compte et al. 2003; Destexhe 2009; Gigante et al. 2007b),

which are mediated by low-threshold voltage-dependent

muscarinic (M) and high-threshold calcium-gated afterhy-

perpolarization (AHP) K+ channels, respectively (Brown and

Adams 1980; Connors et al. 1982; Stocker 2004). These cur-

rents cause spike frequency adaptation and are typically more

pronounced in cortical regular spiking pyramidal (excita-

tory) neurons compared to fast spiking (inhibitory) interneu-

rons (La Camera et al. 2006). Both, the M and AHP type

K+ currents, are are susceptible to cholinergic modulation

(McCormick1992). Their kinetic time constants range from

milliseconds to seconds (Manuel et al. 2005; Abel et al. 2004)

and can be pharmacologically manipulated (Pedarzani et al.

2001).

Here we study the interplay of the dynamics of such adapta-

tion currents with synaptic excitation and inhibition in recur-

rent networks of excitatory and inhibitory neurons. Specifi-

cally, we ask (i) how adaptation can generate slow oscillations,

(ii) how it modulates faster rhythms based on synaptic inter-

action, and (iii) how adaptation affects resonance properties

of the network.

In vivo recordings from behaving animals have revealed that
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even when the population activity oscillates, the spike trains

of the constituent neurons are rather irregular and display

Poisson-like characteristics (Fries et al. 2001; Wang 2010).

This stochasticity in neuronal responses allows us to derive

a mean-field model from a recurrent network of adaptive

spiking model neurons coupled through conductance-based

synapses with heterogeneous strengths and delays. Our ap-

proach is based on the Fokker-Planck (FP) formalism (Brunel

2000; Deco et al. 2008) and efficiently describes the activity of

large networks where the features of the spiking neurons (i.e.,

the model parameters) are retained. Using this method we

analyze network responses to constant as well as rhythmic ex-

ternal input. In particular we describe asynchronous irregular

states with constant steady-state activity as well as oscillatory

states and their properties. We validate our mean-field results

qualitatively by large-scale network simulations.

Methods

We first describe our network model containing two popula-

tions (excitatory and inhibitory) of adaptive spiking neurons

with delayed conductance-based synaptic coupling. Based

on that model we then derive mean-field model equations

and solve them numerically to obtain distributions of the

membrane potentials and instantaneous spike rates.

Network model

We consider a network of N = NE +NI adaptive exponen-

tial integrate-and-fire neurons (aEIF) proposed by (Brette

and Gerstner 2005), where NE and NI are the numbers of

excitatory and inhibitory neurons, respectively. We assume

NE = qNI with fixed q . The dynamics of the i -th neuron of

population α ∈ {E ,I} is described by

C
dV α

i

d t
= Iion(V α

i )−wα
i + Iα

syn,i (V α
i , t ) (4.1)

τw
d wα

i

d t
= a(V α

i −EL)−wα
i (4.2)

with reset condition

if V α
i >Vs then


V α

i :=Vr

wα
i := wα

i +b.
(4.3)

The first equation (4.1) is for the membrane potential V α
i ,

where the capacitive current through the membrane with

capacitance C equals the sum of ionic currents Iion, the adap-

tation current wα
i and the synaptic current Iα

syn,i . The ionic

currents are given by

Iion(V ) := gL(EL −V )+ gL∆Te
V −VT
∆T , (4.4)

where the first term on the right-hand side describes an

ohmic leak current with conductance gL and reversal po-

tential EL. The exponential term with threshold slope factor

∆T and threshold potential VT approximates the Na+ cur-

rent which is responsible for the generation of spikes, assum-

ing that the activation of Na+ channels is instantaneous and

neglecting their inactivation (Fourcaud-Trocmé et al. 2003).

Equation (4.2) governs the dynamics of the adaptation cur-

rent wα
i , where τw denotes the adaptation time constant and

a quantifies a conductance that mediates subthreshold adap-

tation. A spike is said to occur at the time when V α
i diverges

to infinity, but in practice a finite “cutoff” value Vs is chosen.

When V α
i crosses Vs from below, V α

i is set to the reset poten-

tial Vr and wα
i is incremented by b, cf. condition (4.3). In

this way spike-triggered adaptation is included in the model.

Immediately after the reset, V α
i and wα

i are clamped for a

refractory period Tref.

The aEIF model has been shown to reproduce a broad range

of subthreshold dynamics (Touboul and Brette 2008) and

spike patterns of cortical neurons (Naud et al. 2008) and

can well predict their spike times (Jolivet et al. 2008a) and

post-stimulus time histograms (Pospischil et al. 2011). Im-

portantly, the subthreshold and spike-triggered adaptation

components of this model have been shown to capture the

effects of the M and AHP currents in a detailed biophysical

neuron model, respectively (Ladenbauer et al. 2012).

Neuron i of population α receives total synaptic current

Iα
syn,i (V α

i , t ) :=
j

Iα,ext
i j +

j
Iα,E

i j +
j

Iα,I
i j , (4.5)

which is the superposition of synaptic inputs Iα,ext
i j from Kext

external excitatory neurons, Iα,E
i j from KE excitatory neurons

of the network and Iα,E
i j from KI inhibitory neurons of the

network. j is the index of the respective presynaptic neuron.

The synaptic current Iα,γ
i j caused by neuron j of population

γ ∈ {ext,E ,I} is modeled using delta functions,

Iα,ext
i j (V α

i , t ) :=C Jα,ext
i j


k

δ(t − t k
j )


EE −V α

i


(4.6)

Iα,β
i j (V α

i , t ) :=C Jα,β
i j


k

δ(t − t k
j −dα,β

i j )

Eβ−V α

i


, (4.7)

where β ∈ {E ,I} denotes the presynaptic population. Jα,γ
i j are

dimensionless synaptic efficacies drawn from a Gaussian dis-

tribution with mean Jα,γ and standard deviation ∆Jα,γ. Here

we consider that Jα,γ ≡ Jγ and ∆Jα,γ ≡∆Jγ depend only on

the presynaptic population γ. t k
j is the k-th spike time of neu-

ron j from the respective population. EE and EI denote the

excitatory and inhibitory reversal potentials, respectively.3

dα,β
i j is the synaptic delay, sampled using a bi-exponential

3Relating this aEIF network to the description, Eqs. (1.1)–(1.4), introduced in section 1.2, here Ew = EL. Note, that the synaptic current depends on Vi
due to the conductance-based description in Eqs. (4.6)–(4.7).
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probability density

pα,β
d (d) := 1

τd −τr


e
−d−d0

τd −e
−d−d0

τr


(4.8)

for positive delays d , where d0 is the minimal delay and τr , τd

are the rise and decay time constants, for each pair of popu-

lations. In the model we use two different delay distributions

pE
d and pI

d which do not depend on the postsynaptic popula-

tion as for the synaptic weights. For a schematic diagram of

the network, see Fig. 4.1.

Figure 4.1 – Network architecture. Each of NE excitatory and NI
inhibitory neurons receives excitatory input from Kext external neu-
rons with mean synaptic strength Jext as well as synaptic input from
KE (KI ) excitatory (inhibitory) neurons of the network with mean

strength JE (JI ) and delays distributed according to pE
d (pI

d ).

We assume the neurons from the external population gen-

erate spike times according to Poisson processes with rates

r α
ext(t). The spike rate of each population α ∈ {E ,I} at time t

is given by the average number of spikes of neurons from the

corresponding population in the interval [t , t +∆t ],

r∆t
α (t ) := 1

Nα∆t

Nα
j=1

 t+∆t

t


k

δ(s − t k
j )d s. (4.9)

In the mean-field limit N →∞, ∆t → 0 we obtain a continu-

ous population spike rate rα(t ) (see below).

We selected the following parameters for the neuron

model: C = 200pF, gL = 10nS, EL =−70mV, ∆T = 1mV,

VT =−50mV, Vr =−70mV, Vs =−40mV, and Tref = 1.4ms

(Badel et al. 2008a; Destexhe 2009). For excitatory neurons

the adaptation parameters were varied within reasonable

ranges: τw ∈ [5, 1000] ms, a ∈ [0, 10] nS, b ∈ [0, 50] pA. For in-

hibitory neurons adaptation was neglected (a = b = 0) since it

was found to be weak in fast spiking interneurons compared

to pyramidal cells (La Camera et al. 2006).

The network parameter values were NE = 40000, NI = 10000,

q = 4, Kext = 1600, KE = 1600, KI = 400, EE = 0mV,

EI =−80mV, Jext = 0.003, JE = 0.003 and ∆Jγ = 0.1Jγ with

γ ∈ {ext,E ,I} (Brunel and Wang 2003). To adjust the balance

of recurrent synaptic excitation and inhibition we introduce

the parameter

g := JI |EL −EI |
JE |EL −EE |

, (4.10)

which is the ratio of total charges induced at rest (Kumar

et al. 2008). g determines JI and thus ∆JI for fixed JE and

was varied in [0.8, 4] which yields a physiological range of

inhibitory postsynaptic potential amplitudes (Tamas et al.

1997). Note that the value of g that corresponds to balanced

mean recurrent excitatory and inhibitory synaptic currents

depends on the mean membrane potential for each pop-

ulation. The effect of a spike of presynaptic neuron j on

neuron i is mediated by a delayed instantaneous increment

or decrement of the postsynaptic membrane potential, cf.

Eqs. (4.1), (4.5), and (4.7). This implies that dα,β
i j reflects the

conduction delay as well as delays in the synaptic kinetics.

We therefore chose the parameter values of pE
d and pI

d such

that conduction delays as well as typical time courses of ex-

citatory AMPA and inhibitory GABAA synaptic receptors are

taken into account. The values we selected were τ0 = 1ms,

τEr ∈ [1.25, 1.5] ms, τEd ∈ [1.5, 2] ms, τIr ∈ [0.55, 1.25] ms, and

τId ∈ [1.5, 5] ms. The input rate of the excitatory population

rEext was varied in [1, 12.5] Hz. rIext was chosen such that

rE = rI in case of uncoupled populations of neurons, i.e.,

JE = JI = 0.

Mean-field model

We reduce the two-population network of aEIF neurons to

the mean-field model in three steps. First, we replace the

synaptic current by white noise with time-varying amplitude

by applying diffusion approximation. Next, we take a mean-

field limit to formulate the stochastic network model in terms

of two coupled deterministic scalar partial differential equa-

tions (PDE). Finally, to allow for efficient numerical compu-

tation we reduce the number of variables in these equations

using an adiabatic approximation.

Diffusion approximation

We approximate the total synaptic current Iα
syn,i of Eq. (4.5)

by its mean plus a fluctuating Gaussian part, which

is justified by the following physiologically plausible as-

sumptions: (i) The number of synaptic inputs to a

neuron is large, i.e., Kext,KE ,KI ≫ 1 (Destexhe et al.

2003) and (ii) the postsynaptic potential amplitudes

elicited by individual presynaptic spikes are small, i.e.,

Jext|EE −V |, JE |EE −V |, JI |EI −V |≪Vs −Vr (Williams and

Stuart 2002). We further assume that (iii) the network connec-

tivity is random and sparse, i.e., Kext,KE ,KI ≪ N , and that

(iv) presynaptic spike times are represented by Poisson pro-

cesses which are homogeneous in each small time interval.

The total synaptic current can then be written as (Renart et al.

2004; Brunel 2000; Nykamp and Tranchina 2000; Richardson

65



Chapter 4. Asynchronous states and spike rate oscillations in networks of adaptive neurons

2004; Gigante et al. 2007b)

Iα
syn,i ≈µα,i (V α

i , t )+σα,i (V α
i , t )ηi (t ), (4.11)

where µα,i and σα,i are the infinitesimal mean and standard

deviation of Iα
syn,i , respectively, and ηi is a Gaussian white

noise process with δ-autocorrelation. The infinitesimal mean

is given by

µα,i := lim
∆t→0

 t+∆t
t Iα

syn,i (s)d s


∆t

= µext
α,i +µEα,i +µIα,i

(4.12)

with

µext
α,i =C (EE −V α

i )JextKextr
α
ext(t ) (4.13)

µ
β

α,i =C (Eβ−V α
i )JβKβ(rβ∗pβ)(t ), (4.14)

where 〈·〉 denotes the expectation operator. The infinitesimal

variance is

σ2
α,i := lim

∆t→0

 t+∆t
t Iα

syn,i (s)d s
2


+O(∆t 2)

∆t

= (σext
α,i )2 + (σE

α,i )2 + (σI
α,i )2

(4.15)

with

σext
α,i =C (EE −V α

i )


J 2
ext +∆J 2

ext


Kextrext(t ) (4.16)

σ
β

α,i =C (Eβ−V α
i )


J 2
β
+∆J 2

β


Kβ(rβ∗pβ)(t ), (4.17)

where β ∈ {E ,I} and ∗ denotes convolution. In Eqs. (4.13),

(4.14), (4.16), and (4.17) we have used that the presynaptic

Poisson processes, the synaptic weights and delays are inde-

pendent.

Mean-field limit

We analyze networks of sparsely coupled neurons, i.e., the

probability for a connection between any pair of neurons

is low, cf. assumption (iii) above. For large N correlations

between the fluctuations of synaptic currents of different

neurons become negligible, i.e., 〈ηi (t)η j (t)〉 = 0 for i ̸= j . In

the mean-field limit N →∞ the network model Eqs. (4.1)–

(4.4) and (4.11)–(4.17) can be described by two Fokker-Planck

equations – one for each population α – which are delay-

coupled by the population spike rates rE and rI ,

∂pα

∂t
+ ∂SV

α

∂V
+ ∂Sw

α

∂w
= 0 (4.18)

SV
α :=


Iion(V )−w +µα

C
− σα

2C 2

∂σα

∂V


pα− σ2

α

2C 2

∂pα

∂V
(4.19)

Sw
α := a(V −EL)−w

τw
pα. (4.20)

pα(V , w, t ) is the probability density to find a neuron of

population α in the state (V , w) at time t . SV
α (V , w, t ) and

Sw
α (V , w, t ) are the probability fluxes in positive V and w di-

rection, respectively. Note that we used the Stratonovich inter-

pretation of the underlying stochastic equations (Richardson

2004; Risken 1996). To account for the reset condition (4.3)

the flux through the cutoff voltage Vs at w is re-injected after

the refractory period Tref at Vr, w +b, i.e.,

lim
V ↓Vr

SV
α (V , w +b, t )− lim

V ↑Vr
SV
α (V , w +b, t )

= SV
α (Vs, w, t −Tref) ∀w ∈R.

(4.21)

This implies that in general pα is not differentiable at the

line V =Vr. The boundary conditions are reflecting for

w →±∞,V →−∞ and absorbing for V =Vs,

lim
w→±∞Sw

α (V , w) = 0 ∀V ∈ (−∞,Vs] (4.22)

lim
V →−∞

SV
α (V , w) = 0 ∀w ∈R (4.23)

pα(Vs, w) = 0 ∀w ∈R (4.24)

The spike rate of population α is given by the integral of the

cutoff fluxes,

rα(t ) =

R

SV
α (Vs, w, t )d w. (4.25)

At any timepoint t the histogram of the membrane potentials

of neurons in population α can be seen as a sample drawn

from the probability density pα(V , t) which is governed by

the Fokker-Planck equation.

Adiabatic approximation

Solving the 2+1 dimensional PDE (4.18)–(4.20) with corre-

sponding reset and boundary conditions (4.21)–(4.24) nu-

merically is possible but computationally demanding. We

therefore reduce the dimensionality of the Fokker-Planck sys-

tem Eqs. (4.18)–(4.20) assuming the timescales of membrane

voltage and adaptation current dynamics are separable. This

is justified by the observation that the dynamics of neuronal

adaptation is significantly slower than the other in the model

system such as membrane time constant and average inter-

spike interval (Stocker 2004; Womble and Moises 1992). Un-

der this assumption, the adaptation current of each neuron

can be seen as an efficient integrator that filters the fluctu-

ations in the neuronal activity. We approximate wα
i (t) in

Eq. (4.2) by its population average wα(t), which evolves ac-

cording to

τw
d wα

d t
= a(〈V 〉pα(V ,t ) −EL)−wα+τw b rα(t ), (4.26)

where 〈·〉p denotes the average over the density p (Brunel et al.

2003; Gigante et al. 2007b). The probability density pα(V , t)
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then satisfies the 1+1 dimensional Fokker-Planck equation

∂pα

∂t
+ ∂SV

α

∂V
= 0, (4.27)

where again SV
α is the probability flux defined in Eq. (4.19)

and w := wα(t) appears as a system parameter. The reset

condition is

lim
V ↓Vr

SV
α (V , t )− lim

V ↑Vr
SV
α (V , t ) = SV

α (Vs, t −Tref). (4.28)

and the boundary conditions (4.23)–(4.24) become

lim
V →−∞

SV
α (V ) = 0, (4.29)

pα(Vs) = 0. (4.30)

The population spike rates are given by the corresponding

fluxes through the cutoff voltage,

rα(t ) = SV
α (Vs, t ). (4.31)

Note that the adiabatic approximation described above could

be applied repeatedly for additional slow variables.

Numerical solution

We solved the reduced Fokker-Planck Eq. (4.27) subject to

conditions (4.28)–(4.30) and mean adaptation current dy-

namics [Eq. (4.26)] forward in time until either steady states

r∞
E ,r∞

I with r∞
α := limt→∞ rα(t ) or stable oscillatory states

were reached. The probability densities pE , pI were initial-

ized using normalized Gaussians with mean 0.5 · (Vr +VT)

and standard deviation 0.2 · (VT −Vr). We applied a first-

order finite volume method on a finite and non-uniform grid

V0 <V1 < ·· · <VNV using numerical upwind-fluxes to stabi-

lize the numerical solution (LeVeque 2002). Time was dis-

cretized using the implicit Euler method on an equidistant

grid, i.e., tn+1 − tn ≡∆t . The resulting linear equation systems

were solved with a preconditioned Krylov subspace method

in each time step. Specifically, BiCGSTAB (Van der Vorst 1992)

was used in combination with an incomplete LU decomposi-

tion preconditioner (Saad 2003) that strongly improved the

convergence speed.

wE was initialized with values wE (0) ∈ [0,500] pA (and wI ≡
0). The other parameters were ∆t = 50µs, minm ∆Vm = 1µV

with ∆Vm :=Vm+1 −Vm , V0 :=−100mV, VNV =Vs and NV =
256.

We complemented the mean-field results with numerical

simulations of the network model Eqs. (4.1)–(4.4) using a

Runge-Kutta second order method implemented in Brian 1.4

(Goodman and Brette 2009) with a time step of 50µs.

In case of stable periodic population spike rates the oscilla-

tion frequency was determined by the dominant frequency

of the Fourier spectrum of rE over the last 2 s of runtime.

Results

Adaptation mediates oscillations

To examine how the interplay of adaptation and recurrent

Figure 4.2 – Population bursts caused by spike-triggered adaptation. A, top: Spike rate rE of the excitatory population as a function
of the strength of inhibition g for networks without spike-triggered adaptation (b = 0, black) and with increased levels of b (0.025 nA,
brown and 0.05 nA, red). In case of stable oscillatory states the maxima and minima of the periodic rE are shown by dashed lines.
Solid lines represent asynchronous states. Arrows indicate balance of recurrent excitation and inhibition for both populations. Bottom:
Corresponding oscillation frequencies f . τw = 200 ms, a = 0 and rEext = 6.25 Hz. The parameter values for both delay distributions pE

d , pI
d

were τr = 1.5 ms and τd = 2 ms. For other model parameters see the section Methods. B, top: Time-dependent spike rates rE (t ) (green)
and rI (t ) (orange, dashed) for the parameter values b = 0.05 nA and g = 1, as indicated in A by red dots. Center: Corresponding membrane
potential density pE (V , t ). Bottom: Corresponding mean adaptation current wE (t ). C: Raster plots of simulated networks of N = 50000
aEIF neurons for b = 0.05 nA, g = 0.85 (top), b = 0, g = 1 (center) and b = 0.05 nA, g = 1.05 (bottom). The spike times of 200 excitatory
neurons and 50 inhibitory neurons, all randomly selected, are shown by green and orange dots, respectively. τw = 200 ms, a = 0 and
rEext = 3.75 Hz. Other parameter values as in A.
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Chapter 4. Asynchronous states and spike rate oscillations in networks of adaptive neurons

Figure 4.3 – Effects of subthreshold adaptation, ex-
ternal input and adaptation timescale on population
bursts. A, top: Spike rate rE depending on the external

input rEext for networks without subthreshold adaptation
(a = 0, red) and with increased levels of a (5 nS, violet
and 10 nS, dark blue). Maxima and minima of oscillating
rE are shown by dashed lines. Bottom: Corresponding
frequencies f . b = 0.05 nA, τw = 200 ms, g = 1 and other
parameter values as in Fig. 4.2A. B: Maxima and minima
of rE (top) and oscillation frequency as a function of the

adaptation time constant τw . a = 0, rEext = 6.25 Hz and
other parameter values as in A.

synaptic input shapes network dynamics we vary the type,

strength and timescale (parameters a, b and τw ) of adaptation

for excitatory neurons as well as the strength of synaptic in-

hibition (parameter g ) across networks. Adaptation currents

are disregarded for inhibitory neurons, which is supported by

experimental observations, see the section Methods. We con-

sider constant rates rEext, rIext for the external Poisson-inputs

and identical delay distributions pE
d ≡ pI

d . First, we examine

steady-state spike rates, oscillation amplitudes and frequen-

cies for networks with different values of spike-triggered adap-

tation b and inhibition strength g , see Fig. 4.2A. All networks

without adaptation (a = b = 0) settle into asynchronous states

with constant population rates that decrease with increasing

g . For networks with increased b slow oscillatory states be-

come stable if recurrent excitation is sufficiently strong. The

larger b is, the less recurrent excitation is necessary for sus-

tained oscillations. Amplitude and period of the oscillatory

rate decrease with an increase of b and g , respectively. Thus,

in networks where recurrent synaptic excitation dominates

inhibition at least slightly, spike-triggered adaptation b gen-

erates spike rate oscillations. The dynamics of an example

network is shown in Fig. 4.2B. The evolution of the population

spike rates rE , rI , membrane potential probability densities

pE , pI and adaptation current wE display periodic bursts

of population activity. As a validation of the findings above

using the mean-field model the activity of simulated large

networks of spiking neurons is shown in 4.2C. The raster plots

reveal population bursts when b is increased and g is small.

An asynchronous state with low population activity occurs if

g is increased. If in addition adaptation is removed (a = b = 0)

the network settles into an asynchronous state with increased

spike rates.

The mechanism that generates these oscillations is a loop of

recurrent excitation, build up and decay of adaptation cur-

rent as indicated in Fig. 4.2B. A low level of population activity

is initiated by the external input rEext and recurrent synaptic

excitation boosts the activity, thereby increasing the adapta-

tion current wE through b in a spike rate dependent way. The

adaptation current in turn acts as a negative feedback which

eventually outweighs the recurrent excitation. The popula-

tion activity drops rapidly and the adaptation current decays

slowly. Upon recovery from the adaptation current the cycle

starts again.

Next, we investigate how these oscillations are affected by the

external input rEext, the subthreshold adaptation conductance

a and the adaptation timescale τw , see Fig. 4.3. The existence

of adaptation induced oscillations is quite sensitive to the

level of rEext (Fig. 4.3A). Periodic activity is stable for small val-

ues of rEext (above threshold). While oscillation frequencies

increase monotonically with increasing rEext, oscillation am-

plitudes increase initially for a small interval of rEext values

and decrease over the following interval. For larger values

of rEext oscillatory activity is destabilized and asynchronous

states occur. Interestingly, an increase in a does not lead to

oscillations. On the contrary, periodic population bursts are

destabilized by a. The dependence of oscillation amplitude

and frequency on τw is shown in Fig. 4.3B. Stable oscillations

exist for a large range of values of τw , where the frequencies

decrease with increasing τw . Oscillations are unstable for

small adaptation timescales in the range of the membrane

time constant and for very large values of τw .

Adaptation modulates frequencies of network-
based oscillations

Here we study the influence of adaptation on oscillations

generated by recurrent synaptic excitation-inhibition (E-I)
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Figure 4.4 – Influence of synaptic inhibition and adaptation on network-based oscillations. A–D: Existence of oscillatory states (OSC)
and corresponding frequencies f as a function of the strength g and timescale τId of synaptic inhibition for networks with adaptation
parameters and external input strengths as specified. Asynchronous states (ASYN) are indicated by white regions in the parameter space.
Arrows mark balance of recurrent excitation and inhibition. On the left pE

d (green) and pI
d (orange) are shown for τId = 1.5 ms, τId = 5 ms.

τIr was chosen such that the peaks of pE
d and pI

d occur at the same delay value. τw = 200 ms, τEr = 1.25 ms and τEd = 1.5 ms. For other
parameter values see the Methods section.

loops. The pace of such oscillations is believed to be largely

determined by the decay of inhibition. To describe their de-

pendence on the timescale of inhibition for various recurrent

network regimes (from excitation dominated to inhibition

dominated) we first consider networks of neurons without

an adaptation current (a = b = 0), see Fig. 4.4A,B. By varying

the decay τId of inhibition and its strength (by parameter g )

across networks we find that stable oscillatory states occur

if inhibition is sufficiently slow in comparison to excitation.

The oscillation frequencies increase with increasing external

input spike rate rEext, increasing g and decreasing τId , respec-

tively. A low value of rEext leads to frequencies in the low beta

band (Fig. 4.4A), for a higher value of rEext the frequencies

span the beta and low gamma bands (Fig. 4.4B). Note that

the network parameters can be adjusted to obtain higher

oscillation frequencies. The generating mechanism underly-

ing the oscillations is a loop of recurrent synaptic excitation

and inhibition, initiated by the excitatory external input. We

verified this by removing the recurrent excitatory input to

the inhibitory population, which lead to a destabilization of

the oscillations. For larger values of g as the ones used in

Fig. 4.4, the E-I-loop mechanism is replaced by an I-I-loop

that does not depend on recurrent excitation (not shown).

Since adaptation is only exhibited by excitatory neurons, we

disregard the parameter space where I-I-loop based rhyth-

mic activity occurs and focus on E-I-loop based oscillations

instead.

An increase of spike-triggered adaptation or subthreshold

current stabilizes oscillatory states also for faster recurrent in-

hibition, see Fig. 4.4C,D. This change in single neuron dynam-

ics causes oscillations in large parts of explored (g ,τId )-space.

In particular, for spike-triggered adaptation asynchronous

states only occur in a small region of the parameter space.

Interestingly, the oscillation frequencies are significantly re-

duced by either type of adaptation.

Next, we investigate how the timescale of adaptation τw af-

fects oscillations mediated by an E-I-loop. In Fig. 4.5A we

show the dependence of amplitude and frequency of such

oscillations on τw for networks with both adaptation compo-

nents increased (a = 5 nS, b = 0.05 nA) and either dominant

recurrent excitation (g = 1.05) or inhibition (g = 1.5). In both

cases, stable oscillatory states exist for a large range of time

constants. As τw increases the oscillation frequencies de-

crease while the amplitudes first increase abruptly and then

decrease. The networks settle into asynchronous states for

small τw (in the order of the membrane time constant) or

large τw (several hundreds of ms). Note that these effects of

τw are similar if either a or b is increased individually (not

shown). We validated these effects by simulations of aEIF

neuron networks, see Fig. 4.5B. The raster plots show that an

increase in τw leads to a decrease in oscillation frequencies

and amplitude.

Adaptation promotes periodic signal propaga-
tion

To analyze how the resonance properties of recurrent net-

works in asynchronous states are influenced by adaptation

currents, we here consider external Poisson-inputs with os-

cillatory rates with frequency f . Gain of input spike rate and

phase difference between network and input spike rates as a

function of input frequency for networks without (a = b = 0)

and with adaptation (a = 5 nS, b = 0.05 nA) considering two

adaptation time constants are presented in Fig. 4.6A,B. Excita-

tion dominated networks without adaptation do not exhibit

resonance at any frequency and show only phase delays. The

presence of an adaptation current leads to a significant am-

plification of oscillations in the input which is particularly

strong at lower frequencies (of the beta band). This effect is
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Figure 4.5 – Effects of adaptation timescale on
network-based oscillations. A, top: Spike rate rE
as a function of the adaptation time constant τw for
networks with dominant recurrent excitation (g =
1.05, violet) and inhibition (g = 1.5, blue). Dashed
lines indicate maxima and minima of oscillating rE ,
solid lines represent constant rE . Bottom: Corre-
sponding oscillation frequencies f . a = 5 nS and
b = 0.05 nA. rEext = 7.5 Hz, τEr = 1.25 ms, τEd = 1.55 ms,

τIr = 0.98 ms and τId = 2 ms. Other parameters as in
Fig. 4.4. B: Raster plots of simulated networks of size
N = 50000 with g = 1.5 and τw = 100 ms (top) as well
as τw = 400 ms (bottom), showing the spike times of
200 excitatory and 50 inhibitory aEIF neurons. Other
parameter values as in A.

pronounced for an increased adaptation timescale. In addi-

tion, adaptation causes a phase advance for low oscillation

frequencies.

In networks where recurrent inhibition dominates excitation

on the other hand even in the absence of adaptation currents

resonance is shown for a high frequency band and phase ad-

vances for lower frequencies. Adaptation greatly enhances

resonance and shifts the preferred frequency band to the

high gamma range. The resonance effect is even stronger if

the adaptation current is slower, i.e., τw increased. Although

these effects of adaptation on resonance properties of recur-

rent networks are similar when either the subthreshold (a) or

spike-triggered adaptation component (b) is increased indi-

vidually, the dominant contribution to the frequency amplifi-

cations comes from b (not shown). We additionally examined

the response of single neurons to oscillatory noisy inputs

using our mean-field model and found that adaptation me-

diates resonance even in the absence of recurrent input (not

shown). These results emphasize the importance of adapta-

tion for the amplification and thus propagation of oscillatory

signals in neuronal networks.

Discussion

In this work we have investigated the role of neuronal adapta-

tion currents in shaping spike rate oscillations in large recur-

rent networks of excitatory and inhibitory neurons. Based on

a network of aEIF model neurons sparsely coupled through

conductance-based synapses with heterogeneous delays and

strengths driven by noisy external input, we used a mean-

field method taking advantage of the Fokker-Planck equation.

We simplified the problem by applying an adiabatic approxi-

mation and solved the resulting equations numerically. Using

this method we obtain membrane potential distributions and

population averages of spike rates and adaptation currents.

At the same time, the dynamical properties of single neurons,

i.e., the neuron model parameters, are retained in the derived

mean-field network model.

Alternative mean-field methods have been developed for

conductance-based model neurons (Robinson et al. 2008)

and recurrent networks thereof in asynchronous states (Shriki

et al. 2003), where spike rates are obtained without having to

solve a PDE. Our approach based on the Fokker-Planck equa-

tion on the other hand treats noise in the synaptic inputs

in more detail and allows for the calculation of membrane

potential distributions in addition to spike rates.

We chose the aEIF model because it provides a rich yet low-

dimensional description of neuronal dynamics and includes

a proper phenomenological description of the M and AHP

adaptation currents. The effects of subthreshold (a) and

spike-triggered adaptation (b) on response properties of aEIF

neurons (measured by spike rate-input current relationships

and phase response curves) match those of M and AHP adap-

tation currents in a Hodgkin-Huxley type neuron model, re-

spectively (Ladenbauer et al. 2012). Furthermore, fitting the

aEIF model parameters to a detailed biophysical model us-

ing standard electrophysiological paradigms revealed a clear

relationship between parameter a and the conductance for

the M current as well as between parameter b and the AHP

current (not shown).

Our method is based on several assumptions which allow to

derive the mean-field equations. The Poisson approximation

of spike train statistics is justified by experimental findings

(McAdams and Maunsell 1999; Tolhurst et al. 1983) although

spiking seems to be more regular in some cortical areas (Mai-

mon and Assad 2009). The sparse random connectivity im-

plies vanishing noise correlations between neurons in the

large network limit and an experimental study in primary vi-

sual cortex of awake monkeys has reported almost zero noise
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Figure 4.6 – Effects of adaptation on resonance
properties of recurrent networks. Gain (top) and
phase shift (bottom) of the spike rate rE for net-
works with dominant recurrent excitation (g = 1.05,
A) and inhibition (g = 1.5, B) as a function of the
input frequency f . The gain is defined as the quo-
tient of the oscillation amplitude in rE for the input
with frequency f and the amplitude for the lowest
frequency ( fmi n = 0.5 Hz). Adaptation parameter
values are a = b = 0 (black), a = 5 nS, b = 0.05 nA,
τw = 100 ms (dark red) and a = 5 nS, b = 0.05 nA,
τw = 400 ms (orange). Delay distributions are identi-
cally parametrized (pE

d ≡ pI
d ) with τr = 1.25 ms and

τd = 1.5 ms. The Poisson-input rates rEext, rIext each
consist of a baseline rate plus a sinusoidal compo-
nent of small amplitude (1/1000th of the baseline)
with frequency f . The baseline of rEext is chosen to
yield a steady-state spike rate r∞E of 50 Hz with con-

stant input rate. The baseline rate of rIext is chosen as
explained in the Methods section.

correlations (Ecker et al. 2010). However, there is an ongoing

debate about the the strength of correlations in experimen-

tal data (Cohen and Kohn 2011). We have used an adiabatic

approximation, which relies on separable time scales of adap-

tation current and membrane voltage. Although this assump-

tion is violated for small values of τw , numerically solving the

unreduced Fokker-Planck system, Eqs. (4.18)–(4.24), showed

that our results are robust regarding the violation of this as-

sumption. The results we obtained by simulations of aEIF

networks and the mean-field results show quantitative dif-

ferences. However, the presented effects described using the

mean-field model are validated qualitatively by the network

simulations.

We have shown that spike-triggered adaptation provides a

mechanism to generate spike rate oscillations in a low fre-

quency range (alpha band and lower) if recurrent excitation

is sufficiently strong. Increased subthreshold adaptation on

the other hand does not contribute to this mechanism but

rather dampens such oscillations. The type of adaptation cur-

rent therefore strongly determines rhythmic activity in excita-

tion dominated networks. The importance of activity-driven

adaptation for slow oscillations is consistent with results from

simulations of detailed (thalamo-)cortical spiking neuron net-

work models (Destexhe 2009; Compte et al. 2003; Bazhenov

et al. 2002), mean-field studies based on networks of exci-

tatory neurons under the assumption sparse (Gigante et al.

2007b) and all-to-all connectivity (Nesse et al. 2008), as well

as phenomenological rate models (Latham et al. 2000). We

have further shown that reducing inhibitory synaptic strength

leads to a reduction on oscillation frequency, which is in

agreement with similar experimental findings (Sanchez-Vives

et al. 2010).

The M and AHP K+ currents, which mediate spike frequency

adaptation in pyramidal neurons, are known to be deac-

tivated by acetylcholine (McCormick 1992), with the AHP

current showing higher sensitivity. Since the adaptation pa-

rameter b is strongly related to AHP type adaptation, our

results support the hypothesis that the cholinergically in-

duced activating transition from slow-wave oscillations to

asynchronous irregular states (Lee and Dan 2012) is mediated

(at least in part) by a reduction of spike-triggered adaptation

(Destexhe 2009).

We have demonstrated that an increase of either type of adap-

tation current leads to a reduction in the frequency of oscil-

lations generated by a loop of recurrent excitation and inhi-

bition. This shows that the dynamical properties of neurons

in addition to coupling characteristics strongly affect the net-

work frequency. Also the passive (integrative) membrane

properties significantly influence such networks oscillations

as has been described previously (Geisler et al. 2005). Our ad-

ditional finding of decreased frequencies for increased adap-

tation time constants is consistent with the results from a

computational study on clustering effects of spike-triggered

adaptation in gamma oscillations (Kilpatrick and Ermentrout

2011).

Low input frequencies have been shown to be suppressed in

the output of single excitatory neurons with increased spike-

triggered (Gigante et al. 2007a) or subthreshold adaptation

(Prescott and Sejnowski 2008; Richardson et al. 2003), which

we confirmed using our aEIF based mean-field model. Such

a high pass property of single neurons has also been found

using a more general model of adaptation (Benda and Herz

2003). We have demonstrated that both adaptation currents

cause spike rate resonance in excitation dominated recurrent
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networks. Inhibition dominated networks, on the other hand,

exhibit resonance without adaptation and we have shown

that increased adaptation of excitatory neurons strongly am-

plifies this resonance. A similar effect has been described

for purely inhibitory networks (Richardson 2009). In addi-

tion, our results show that adaptation shifts the resonance

frequency to lower values.

In excitation dominated networks, adaptation further leads

to phase advances for low input frequencies in addition to

phase delays for higher frequencies as observed in previous

studies on single excitatory neurons (Fuhrmann et al. 2002;

Gigante et al. 2007a). These adaptation-induced phase ad-

vances enable synchronization of periodic activity between

distant neurons (and populations of neurons) in different

areas of the brain if the strength of adaptation is controlled

appropriately, e.g., through cholinergic neuromodulation.

Here we have considered one adaptation current for each

neuron of the excitatory population. To account for the mul-

timodal distribution of adaptation timescales found experi-

mentally (La Camera et al. 2006) our approach can be easily

extended to include multiple adaptation currents.
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4.2 Towards networks of neuronal networks

Here, we present a (recently developed) bottom-up model reduction technique based on large populations

of aEIF neurons, which extends the methodology used in section 4.1 and substantially facilitates analyses

of the collective dynamics – for local two-population networks (as considered in section 4.1) but also on a

larger spatial scale, where multiple populations interact. Specifically, we use the Fokker-Planck equation

to derive a mean-field model given by a low-dimensional system of ordinary differential equations (ODE),

where the network activity is described in terms of (instantaneous) population spike rates, population-

averaged membrane voltages and adaptation currents. This approach allows for fast numerical calculation

of the population activity time series, and convenient stability analyses of attractors – as compared to

numerically solving the high-dimensional stochastic system of large numbers of coupled aEIF neurons

and analyzing its solutions.4 Importantly, the approach retains a direct link between macroscopic

quantities (network activity: the output of the model) and microscopic properties (neuron biophysics:

the variables and parameters of aEIF neurons), in contrast to low-dimensional phenomenological models

of population activity (Wilson and Cowan 1972; Latham et al. 2000). The reduced description is therefore

well suited for the application in mean-field (neural mass) based brain network models.

We then use this low-dimensional model to analyze the stability of the dynamical states of a local two-

population network. We show how subthreshold voltage driven and spike driven adaptation currents lead

to the (de)stabilization of asynchronous states and oscillatory activity generated by different mechanisms.

Finally, we present master stability function and phase reduction techniques to effectively examine the

stability of asynchronous states and sparse synchronization phenomena for networks of aEIF networks,

which methodologically relates to chapter 3. This section includes the results of ongoing work.

Deriving a low-dimensional spike rate model of coupled adaptive neu-
rons

Let us consider a network of N aEIF neurons, specified by Eqs. (1.1)–(1.4) and repeated below for conve-

nience,

C
dVi

d t
= Iion(Vi )+ Isyn,i (t ), Iion(Vi ) :=−gL(Vi −EL)+ gL∆T exp


Vi −VT

∆T


−wi , (4.32)

τw
d wi

d t
= a(Vi −Ew )−wi , Isyn,i (t ) := IE ,i (t )+ II,i (t )+ Iext,i (t ), (4.33)

together with the reset condition Vi := Vr, wi := wi +b whenever Vi ≥ Vs, after which Vi and wi are

clamped at those values for the refractory period Tref (cf. section 1.2). The network consists of one or

multiple homogeneous populations, where the values of the neuron model parameters are identical

within but may differ between populations. The parameter values of the synaptic coupling model can

differ between populations, as described below. To simplify the notation we omit an index for populations

here. The generalized equations with additional indices are presented in Multiple populations of coupled

aEIF neurons further below. Each neuron i of a given population receives inputs from network-external

neurons which generate a compound fluctuating current

Iext,i (t ) :=C

µext +σextξext,i (t )


, (4.34)

with mean Cµext and standard deviation Cσext. ξext,i is a Gaussian white noise process, with mean
ξext,i (t )

= 0, autocorrelation

ξext,i (τ)ξext,i (τ+ t )

= δ(t ), and cross-correlation

ξext,i (τ)ξext, j (τ+ t )

= 0

for i ̸= j , where 〈·〉 denotes the expectation operator. That is, the fluctuating external inputs for different

neurons are uncorrelated. The recurrent synaptic inputs are described by

Iα,i (t ) :=C Jαsα,i (t ), (4.35)

4Note that the dynamical behavior of the high-dimensional system, which includes stochastic processes describing fluctuating
inputs, can only be sampled.
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for α ∈ {E ,I}, where the (post)synaptic variable sα,i represents the fraction of maximal synaptic current

generated by the excitatory (α= E) or inhibitory (α= I) neurons of the network, and Jα determines its

strength (JE > 0, JI < 0). The dynamics of sα,i is given by

d sα,i

d t
=− sα,i

τα
+c(1− sα,i )


j

Gi j

k

δ(t − t k
j −di j ), (4.36)

where τα is the synaptic time constant, the parameter 0 < c < 1 controls the strength of synaptic current

(and thus the magnitude of the postsynaptic potential) generated by a single presynaptic spike, and

Gi j ∈ {0,1} indicates the presence (absence) of a connection from neuron j to neuron i . All neurons of a

population receive an equal number of connections from any other population. These numbers do not

need to be the same for different presynaptic populations. δ is the delta function, t k
j denotes the k-th

spike time of neuron j and di j is the propagation delay which is sampled using the probability density

pd . An exponential or bi-exponential probability density can be used,

pd (d ′) = 1

τd
exp


−d ′

τd


or pd (d ′) = 1

τd −τr


exp


−d ′

τd


−exp


−d ′

τr


, (4.37)

where τr and τd are the rise and decay time constants, respectively. Alternatively, identical delays may

be chosen, pd (d ′) = δ(d ′−d). The value of c and the parameters of the probability density pd may differ

across populations.

This model of synaptic interaction is based on a typical kinetic model of postsynaptic receptor binding,

which underlies synaptic currents (Destexhe et al. 1994). A major advantage of this model, as opposed to

the models of synaptic coupling used in the previous chapters, is that unphysiologically large amounts of

synaptic current in case of high presynaptic spiking activity are prevented. An alternative model variant

that is frequently used in computational studies is given by Eq. (4.35), where sα,i evolves according to

d sα,i

d t
=− sα,i

τα
+c


j

Gi j

k

δ(t − t k
j −di j ), (4.38)

that is, the factor (1− sα,i ) in Eq. (4.36) is replaced by 1. That model variant, however, does not limit the

amount of synaptic input and can therefore easily generate unrealistic behavior unless the parameters

governing the synaptic strength are carefully adjusted. The same holds true for the corresponding

conductance-based model variant, Iα,i (t ) := Jαsα,i (t ) (Eα−Vi ), where Jαsα,i is the synaptic conductance

with sα,i given by Eq. (4.38) and Eα denotes the reversal potential (see Fig. 4.7). This is also shown

mathematically below, where we calculate (under certain assumptions) the steady-state mean and

variance of sα,i for the bounded and unbounded current-based descriptions as a function of presynaptic

drive, cf. Eqs. (4.60) and (4.64). An advantage of the unbounded (current-based) model of synaptic

coupling [using Eq. (4.38)], as opposed to the one using Eq. (4.36), is that the superposition principle

applies, that is, the dynamics of sα,i as given by Eq. (4.38) are equivalent to that of


j Gi j sα
i j , where

the synaptic variable sα
i j (one for each connection between two neurons i , j ) evolves according to

d sα
i j /d t =−sα

i j /τα+c


k δ(t − t k
j −di j ). The reduction method presented here includes this alternative

(unbounded) model as a special case, as explained below.

The parameter values are selected to model cortical neurons: C = 200 pF, gL = 10 nS, EL =−65 mV, ∆T =
1.5 mV, VT =−50 mV, τw = 200 ms, Ew =−80 mV, Vr =−70 mV, Vs =−40 mV, Tref = 1.5 ms, if not indicated

otherwise. The parameter values for the strength of the adaptation current and the external input are

varied within reasonable ranges, a ∈ [0,10] nS, b ∈ [0,80] pA, µext ∈ [0,4] mV/ms, σext ∈ [0,4] mV/
p

ms

(cf. chapters 2 and 3 as well as section 4.1). The parameter values of the synaptic coupling model are

indicated in the figure captions.

In the following we derive from the network model given by Eqs. (4.32)–(4.36) plus reset condition (for

each of the N neurons) a reduced mean-field model in terms of a low-dimensional ODE system in a few

steps: For each population, we first replace the adaptation current of each neuron by its (time-varying)

population average using an adiabatic approximation. Then, we replace the fluctuating synaptic input by

its mean and a Gaussian white noise process with appropriate variance via the diffusion approximation
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Figure 4.7 – Bounded versus unbounded models of synaptic current. Three aEIF neurons without adaptation
(a = b = 0), each receiving fluctuating external input, µext = 0, σext = 1 mV/

p
ms, and synaptic inputs from 800

excitatory neurons, whose spike times are modeled by independent Poisson processes with a constant rate of 30 Hz.
The three neurons differ only with respect to the synaptic current model. The bounded model of synaptic current
which involves Eq. (4.36) (black traces), the unbounded model involving Eq. (4.38) (red lines) and its conductance-
based variant with EE = 0 mV (brown lines, see text) are used. A: Membrane voltage traces. B: Synaptic current
traces. C: Enlarged view of the initial phase in B. The parameters JE and c are adjusted so that a single presynaptic
spike after a period of rest (i.e., sα,i = 0) causes a maximal postsynatic current of 65 pA (Brunel and Wang 2003) at
Vi = EL for the three models. τE = 2 ms and the initial condition is Vi = EL. The maximal amount of current IE for
the bounded model is set to a biological plausible value (500 pA) which is strongly exceeded by the other two models,
leading to unphysiological spiking activity.

and a white noise approximation. This allows us to formulate the population activity model in terms of a

Fokker-Planck equation (i.e., PDE) for the membrane voltage distribution and spike rate dynamics, to-

gether with a small set of ODEs for the dynamics of the mean adaptation current and variables describing

synaptic interaction (taking into account propagation delays) in the next step. Finally, we systematically

reduce this PDE-ODE system to a low-dimensional ODE system via a cascade approach.

Adiabatic approximation

In order to reduce the dimensionality of the model system and enable the next steps of this derivation (see

below) we approximate the adaptation current wi of each neuron (in Eqs. (4.32)–(4.33)) by its population

average 〈w〉.5 Neglecting its variance across the population is justified by the assumption (A1) that

the dynamics of the adaptation current is substantially slower than that of the membrane voltage, i.e.,

τw ≫ τm :=C /gL, which is supported by empirical observations (cf. chapter 2). For each population, the

average adaptation current then evolves according to

d〈w〉
d t

= a
〈V 〉−Ew

−〈w〉
τw

+b r (t ), (4.39)

where the average membrane voltage 〈V 〉 is calculated using the proportion of neurons which are not

refractory at time t and r is the population spike rate given by r (t ) = 
k δ(t − t k

i )


. r (t ) can be estimated

by the average number of spikes in a small time interval [t , t +∆t ],

r∆t (t ) := 1

N∆t

N
i=1

 t+∆t

t


k

δ(s − t k
i )d s, (4.40)

where the integral yields the spike count of neuron i in that time interval.

In our simulations we use ∆t = 0.05 ms, equal to the numerical integration time step.6 The dynamics of

the average adaptation current 〈w〉 reflecting the nonrefractory proportion of neurons is well described

5Note that population averaged variables 〈x〉 vary over time in general. To simplify the notation we do not indicate the time
dependence explicitly: 〈x〉 := 〈x〉(t ).

6To slightly smooth the aEIF population spike rates shown in Figs. 4.8–4.10 and 4.13–4.15 we re-calculated them using ∆t = 0.5 ms
after the simulations.
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by Eq. (4.39) as long as Tref ≪ τw . In this case 〈w〉 is approximately equal to the average adaptation

current over the refractory proportion of neurons. For an evaluation of this adiabatic approximation in

terms of reproduction accuracy using step inputs see Fig. 4.8. The reproduction error does not increase

noticeably for larger strength of adaptation, that is, increased values of a and b (not shown). However, it

should be noted that for large b the variance of w does not vanish as τw /τm grows large.

Figure 4.8 – Reproduction
accuracy of the adiabatic
approximation. From top
to bottom: Average mem-
brane voltage ± its standard
deviation and average adap-
tation current ± its standard
deviation of a population of
N = 20,000 uncoupled aEIF
neurons with a = 5 nS, b = 20 pA
(black) subject to fluctuating
external input, Isyn,i (t) =
C


µext(t )+σextξext,i (t )


, to-

gether with V - and w-traces of
a single neuron (gray), and for
the same population (i.e., same
initial conditions and noise
realizations) but using the adia-
batic approximation, Eq. (4.39)
(magenta). Below: Spike times
of 50 randomly chosen neurons
from the aEIF population,
estimated instantaneous spike
rates, and time-evolution of µext.
σext = 2.5 mV/

p
ms.

Diffusion and white noise approximation

Next, we approximate the recurrent excitatory and inhibitory synaptic currents by their means plus

Gaussian white noise processes with appropriate standard deviations in two steps. The following physi-

ologically plausible assumptions justify the approximation: (A2) The number of synaptic connections

between any two coupled populations is large (Destexhe et al. 2003), (A3) the postsynaptic potential

amplitudes generated by individual presynaptic spikes are small, i.e., c ≪ 1 (Williams and Stuart 2002).

We further assume that (A4) the connectivity between coupled populations is random and sparse,7

(A5) presynaptic spike times can be represented by Poisson processes which are homogeneous in each

small time interval and (A6) the synaptic timescales are smaller than the other timescales of the system,

i.e., τE ,τI ≪ τm (= C /gL), which is plausible for AMPA and GABAA mediated synaptic interaction, as

considered here.

One population of coupled aEIF neurons

It is instructive to consider only one recurrently coupled population of N excitatory or inhibitory neurons,

which allows us to use a simplified notation. That is, α= E or α= I in the following. Each neuron receives

synaptic inputs from K neurons of the network, where K ≫ 1 and K ≪ N according to the assumptions

(A2) and (A4). In the first step we use the assumptions (A2)–(A5) to write the recurrent synaptic current

[Eqs. (4.35) and (4.36)] as (diffusion approximation, cf. section 4.1)

Iα,i (t ) ≈C Jαsi (t ), (4.41)

d si

d t
=− si

τα
+ c (1− si )


K rd (t )+


K rd (t )ξs,i (t )


, (4.42)

7Electrophysiological recordings from neuronal pairs have shown that the connection probability in cortical networks is often
very low (see, e.g., Holmgren et al. 2003; Laughlin and Sejnowski 2003). Random connectivity, on the other hand, is a simplifying
assumption.
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where rd is the delayed (or filtered) spike rate of the (presynaptic) population, rd (t) := pd ∗ r (t) = ∞
0 pd (τ)r (t − τ)dτ (convolving r with the delay distribution pd ), and ξs,i is a Gaussian white noise

process with zero mean, δ-autocorrelation, and

ξs,i (τ)ξs, j (τ+t )

= 0 for i ̸= j (cf. the process ξext,i ). Here

we have used that the correlations between the fluctuations of the synaptic inputs of different neurons

are negligible due to assumption (A4). Notably, for a (bi-)exponential probability density pd the delayed

spike rate rd can be calculated by solving a simple ODE system instead of the convolution for which the

entire spike rate history is required. In particular, when using Eq. (4.37), left, rd is obtained as the solution

of

drd

d t
= r − rd

τd
, (4.43)

and when using Eq. (4.37), right, rd is obtained by solving the system

drd

d t
= rd ′ − rd

τd
,

drd ′

d t
= r − rd ′

τr
. (4.44)

In case of identical delays, we have rd (t ) := r (t −d).

In the second step, we approximate the stochastic process si by its mean plus a Gaussian white noise

process ξα,i (with the same properties as ξext,i ) with suitable variance (white noise approximation), which

is valid under the assumption (A6). That is, we replace

Iα,i (t ) ≈C

µα(t )+σα(t )ξα,i (t )


, (4.45)

and we determine the parameters µα and σα by requiring that both approximations of the synaptic

current, (4.41) and (4.45), lead to equal means and variances of the membrane voltage across the popula-

tion. In order to calculate µα and σα explicitly, we assume here that the membrane voltage of the aEIF

population is distributed significantly below the threshold voltage. Under this assumption we can neglect

the nonlinear part of Iion as a function of the membrane voltage (i.e., the exponential term) and omit

the reset condition, since the spike rate is vanishingly small. Although that assumption seems strong,

numerical simulations – using typical model parameter values and different input statistics – presented

below reveal that the approximation works surprisingly well even when the assumption clearly does not

hold.

Let us consider two model systems adapted according to these assumptions, one system using the

approximation (4.41) and the other one using the approximation (4.45), with identical initial conditions.

The membrane voltages Vi , Ṽi in the two models are described by

dVi

d t
= Iion(Vi ;〈w〉)

C
+ Jαsi (t )+µext +σextξext,i (t ), (4.46)

dṼi

d t
= Iion(Ṽi ;〈w̃〉)

C
+µα(t )+µext +σα(t )ξα,i (t )+σextξext,i (t ), (4.47)

with Vi (0) = Ṽi (0) and 〈w〉(0) = 〈w̃〉(0). Here, Iion(Vi ;〈w〉) denotes the sum of ionic currents [cf. Eq. (4.32),

right] where wi is replaced by the average adaptation current. 〈w〉 and 〈w̃〉 are both given by Eq. (4.39),

and si is described by Eq. (4.42). First, we apply the expectation operator on both sides of Eqs. (4.46) and

(4.47) to obtain

d〈V 〉
d t

=


Iion(V ;〈w〉)
C

+ Jα〈s〉+µext, (4.48)

d〈Ṽ 〉
d t

=


Iion(Ṽ ;〈w̃〉)
C

+µα(t )+µext, (4.49)

where


Iion(V ;〈w〉) = gL

EL −〈V 〉−〈w〉. It follows, that, if σα is chosen such that 〈V 2〉 = 〈Ṽ 2〉 holds,

then

µα(t ) = Jα〈s〉 (4.50)

77



Chapter 4. Asynchronous states and spike rate oscillations in networks of adaptive neurons

in order to guarantee 〈V 〉 = 〈Ṽ 〉. Next, we use Ito’s product rule on dV 2 and dṼ 2, and apply the expectation

operator to obtain the moment equations (see, e.g., Grigoriu 2002; Movellan 2011)

d〈V 2〉
d t

= 2


V Iion(V ;〈w〉)

C
+ Jα〈V s〉+µext〈V 〉


+σ2

ext, (4.51)

d〈Ṽ 2〉
d t

= 2


Ṽ Iion(Ṽ ;〈w̃〉)

C
+µα(t )〈Ṽ 〉+µext〈Ṽ 〉


+σ2

α(t )+σ2
ext. (4.52)

Using Eq. (4.50) and


V Iion(V ;〈w〉)= gL
〈V 〉EL −〈V 2〉−〈V 〉〈w〉 it follows that

σ2
α(t ) = 2Jα

〈V s〉−〈V 〉〈s〉 (4.53)

in order to guarantee 〈V 2〉 = 〈Ṽ 2〉. Now, we formulate an ODE for 〈V s〉, by applying Ito’s product rule on

d(V s), together with the substitution z(t ) := cταK rd (t ) (which is used repeatedly below):

d〈V s〉
d t

= z(t )

τα
〈V 〉−


z(t )+1

τα
+ gL

C


〈V s〉+


gLEL −〈w〉

C
+µext


〈s〉+ Jα〈s2〉. (4.54)

Taking time derivatives on both sides of Eq. (4.53) and using Eqs. (4.54), (4.48) and (4.53), we obtain

dσ2
α

d t
= 2J 2

α Var(s)−


z(t )+1

τα
+ 1

τm


σ2

α. (4.55)

Since the timescale of Eq. (4.55) is very short – its time constant is substantially smaller than τα – we

approximate σ2
α using the steady state,

σ2
α(t ) = 2J 2

ατmταVar(s)

(z(t )+1)τm +τα
. (4.56)

Finally, we calculate 〈s〉 and Var(s) by solving the moment equations

d〈s〉
d t

= (1−〈s〉) z(t )−〈s〉
τα

, (4.57)

d Var(s)

d t
= (1−〈s〉)2 cz(t )

τα
+ cz(t )−2(z(t )+1)

τα
Var(s), (4.58)

where Eq. (4.58) is obtained using again Ito calculus.

The total synaptic current is thus given by

Isyn,i (t ) =C

µsyn(t )+σsyn(t )ξi (t )


, (4.59)

with µsyn(t) = µα(t)+µext and σ2
syn(t) = σ2

α(t)+σ2
ext, together with Eqs. (4.50), (4.57) for µα and (4.56)–

(4.58) for σα, and Gaussian white noise process ξi (same properties as ξext,i ) The overall network activity

can be well reproduced using this approximation, as shown in Fig. 4.9 for a network of excitatory and a

network of inhibitory neurons with typical model parameter values and different input statistics.

Remarks

Note that the standard deviation σα of the recurrent synaptic input is substantially smaller than its mean

µα (Fig. 4.9 bottom). From Eqs. (4.57) and (4.58) it can be recognized that for small recurrent inputs (i.e.,

z ≪ 1) as well as for large inputs (i.e., z ≫ 1) the variance of s is small (≪ 1). To see this more clearly it is

instructive to consider the steady-state equations,

〈s〉∞ = z

z +1
, Var(s)∞ = (1−〈s〉∞)2cz

2(z +1)− cz
, (4.60)

with recurrent drive z = cταK r . Consequently, σα is small in these cases, if Jα is not too large. An upper

bound for the steady state of Var(s) can be calculated, Var(s)∞ < c/6 [recall that c ≪ 1, cf. assumption
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Figure 4.9 – Reproduction accuracy of the white noise approximation. From top to bottom: Average membrane
voltage ± its standard deviation, average adaptation current, estimated spike rate, average and variance of the
synaptic variable for a network of N = 20,000 excitatory (A) and inhibitory (B) aEIF neurons using the adiabatic
approximation (black), and for the same networks, but using the diffusion and white noise approximation, Eqs. (4.50),
(4.56)–(4.58), in addition (green). Below: Mean and standard deviation of the recurrent synaptic input, and time-
evolution of µext. The parameter values are a = 3 nS, b = 20 pA, JE = 1.5 mV/ms, τE = 2 ms, c = 0.05, K = 800 (A)
and a = 0.5 nS, b = 3 pA, JI = −1.5 mV/ms, τI = 5 ms, c = 0.08, K = 200 (B). σext = 2.5 mV/

p
ms and identical

propagation delays, d = 1 ms, are used.

(A3)]. This does not occur when using as an alternative the unbounded synaptic model variant [Eq. (4.38)

instead of Eq. (4.36)]. In that case, following the steps above [Eqs. (4.41)–(4.58)] we obtain

µα(t ) = Jα〈s〉, d〈s〉
d t

= z(t )−〈s〉
τα

, (4.61)

dσ2
α

d t
= 2J 2

α Var(s)−


1

τα
+ 1

τm


σ2

α,
d Var(s)

d t
= cz(t )

τα
− 2

τα
Var(s), (4.62)

where we can approximate σ2
α using the steady state, similarly as in Eq. (4.56), because the timescale of

Eq. (4.62), left, is smaller than τα,

σ2
α(t ) = 2J 2

ατmταVar(s)

τm +τα
. (4.63)

Considering the steady-state equations from Eqs. (4.61) and (4.62) (right),

〈s〉∞ = z = cταK r, Var(s)∞ = cz

2
= c2ταK r

2
, (4.64)

it can be clearly seen that both, 〈s〉 and Var(s), and hence σα [cf. Eq. (4.63)] are not limited as the recurrent

input (i.e., z) increases. This approximation [Eqs. (4.61)–(4.63)] based on unbounded synaptic model

variant also works well (not shown), as it is a special case of the bounded model. Notably, when c is very

small (c → 0), Eqs. (4.61)–(4.62) compared with Eqs. (4.50), (4.55), (4.57)–(4.58) yield very similar results.

Particularly, the solution of the bounded model converges to the that of the unbounded model if we use

cb = J u
αcu/J b

α and large J b
α (J b

α →∞), where the superscripts b and u indicate parameters of the bounded

and unbounded models, respectively. In the following we continue using the bounded model of synaptic

coupling.

79



Chapter 4. Asynchronous states and spike rate oscillations in networks of adaptive neurons

Multiple populations of coupled aEIF neurons

The approximation of the synaptic current can be generalized for several populations with different

neuron model parameter values, coupling strengths, and delay distributions across populations in

a straightforward way. This general setting requires a slightly expanded notation. We consider M

populations and any population m ∈ {1, . . . , M } consists of Nm = γm N neurons which are either all

excitatory or all inhibitory. 0 < γm < 1 and


m Nm = N . The recurrent synaptic inputs to neuron im are

described by Iα,im (t ) =C J m
α sα,im (t ), for α ∈ {E ,I}, with (post)synaptic variable sα,im given by

d sα,im

d t
=− sα,im

τα
+ 

1− sα,im


l

cml


jl

Gim jl


k

δ

t − t k

jl
−dim jl


, (4.65)

where the first sum (from left) is over all (presynaptic) populations of type α. cml controls the strength

of synaptic inputs from population l to population m and Gim jl indicates the presence or absence of a

connection from neuron jl to neuron im . Each neuron of population m receives inputs from Kml neurons

of population l . The propagation delay dim jl from neuron jl to neuron im is either sampled using an

exponential or bi-exponential probability density pdml
, or takes the value dml . Note that in general the

parameters C , τE , τI , and τm (see below) may also take different values across different populations.

Here, we consider equal values of these parameters without loss of generality.

Proceeding analogously as for the single population scenario above we obtain the following approxi-

mation of the total recurrent excitatory or inhibitory synaptic current for the neurons of population m:

Iα,im (t ) ≈C

µm

α (t )+σm
α (t )ξα,im (t )


, (4.66)

with parameters µm
α and σm

α given by

µm
α (t ) = J m

α 〈sm
α 〉, (4.67)


σm

α

2 (t ) = 2


J m
α

2
τmταVar(sm

α )

(z1(t )+1)τm +τα
, (4.68)

d〈sm
α 〉

d t
=


1−〈sm

α 〉z1(t )−〈sm
α 〉

τα
, (4.69)

d Var(sm
α )

d t
=


1−〈sm

α 〉2 z2(t )

τα
+ z2(t )−2(z1(t )+1)

τα
Var(sm

α ), (4.70)

where we use the substitutions z1(t) := τα


l cml Kml rdml
(t) and z2(t) := τα


l c2

ml Kml rdml
(t). rdml

(t) :=
pdml

∗ r l (t ), and ξα,im is a Gaussian white noise process (same properties as ξext,i ).

Combining the external and recurrent fluctuating input currents we obtain for the total synaptic current

for the neurons of population m,

Isyn,im (t ) =C

µm(t )+σm(t )ξim (t )


, (4.71)

where µm(t) = µm
E (t)+µm

I (t)+µm
ext and σ2

m(t) = 
σm
E

2(t)+ 
σm
I

2(t)+ 
σm

ext

2, and µm
α , σm

α are given by

Eqs. (4.67)–(4.70).8 ξim is a Gaussian white noise process with the same properties as ξext,i .

Mean-field limit

Now, we express the stochastic model in terms of a deterministic system. In the limit N →∞ and ∆t → 0

the probability density p(V , t) for each population9 obeys the Fokker-Planck equation (Risken 1996;

Renart et al. 2004),

∂

∂t
p(V , t )+ ∂

∂V
q(V , t ) = 0, (4.72)

8Note, that µm and σm here correspond to µsyn and σsyn in the one-population scenario above.
9To simplify the notation we again omit a population index here.
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formulated as continuity equation, with probability flux q(V , t ) given by

q(V , t ) =


Iion(V ;〈w〉)
C

+µsyn(t )


p(V , t )−

σ2
syn(t )

2

∂

∂V
p(V , t ), (4.73)

where Iion(V ;〈w〉) denotes the sum of ionic currents [cf. Eq. (4.32), right] with wi replaced by 〈w〉, which

evolves according to Eq. (4.39) (cf. chapter 2). To account for the reset of the membrane voltage, the

probability flux at Vs is reinjected at Vr after the refractory period has passed, i.e.,

lim
V ↘Vr

q(V , t )− lim
V ↗Vr

q(V , t ) = q(Vs, t −Tref). (4.74)

The boundary conditions for this system are reflecting for V →−∞ and absorbing for V =Vs,

lim
V →−∞

q(V , t ) = 0, p(Vs, t ) = 0, (4.75)

and the (instantaneous) spike rate is obtained by the probability flux at Vs,

r (t ) = q(Vs, t ). (4.76)

For a visualization of the boundary (and reinjection) conditions see Fig. 4.10A. p(V , t ) only reflects the

proportion of neurons which are not refractory at time t , given by P (t) =  Vs
−∞ p(v, t)d v (< 1 for Tref > 0

and r (t ) > 0, and equal to 1 otherwise). The total probability density is given by p +pref, with refractory

density pref(V , t) = [1−P (t)]δ(V −Vr). The average membrane voltage in Eq. (4.39) is calculated with

respect to p as 〈V 〉 =  Vs
−∞ v p(v, t )d v/P (t ) (cf. chapter 2).

Note that the mean adaptation current subtracts from the input mean but does not affect the input

standard deviation (cf. adiabatic approximation above). This model is basically the Fokker-Planck

description for a population of EIF neurons (i.e., aEIF without adaptation) in response to an input that

consists of µsyn −〈w〉/C (mean part) plus Gaussian white noise with standard deviation σsyn (fluctuating

part), where 〈w〉 appears as a (time-varying) parameter whose dynamics in turn depends on output

quantities (〈V 〉 and r ) of the EIF population.

To summarize the Fokker-Planck model, the entire network is now described by the set of equations

(4.72)–(4.76), together with Eq. (4.32), right, and Eq. (4.39) – for each population. The coupling between

the populations is implemented by the parameters µsyn and σsyn which describe the first two moments

of the synaptic inputs. These are calculated using Eqs. (4.50), (4.56)–(4.58) for a recurrently coupled

one-population network, and Eqs. (4.67)–(4.70) for a multi-population network. This PDE-ODE system

can be solved numerically using, for example, the method described in section 4.1, which is significantly

faster compared to numerical simulations of the underlying stochastic system for large numbers of

neurons. In addition, the steady-state solution can be obtained very efficiently (cf. chapter 2). We would

like to note that interspike interval distributions and spike train power spectra can also be calculated

using this approach (Ladenbauer et al. 2014a). For an evaluation of this Fokker-Planck model in terms of

reproduction accuracy see Fig. 4.10B,C.

Adaptive linear-nonlinear cascade

We next reduce the Fokker-Planck based PDE-ODE model system to a low-dimensional ODE system that

can be numerically solved much faster (using standard ODE solvers) and conveniently analyzed. The

reduction approach we present is based on a Linear-Nonlinear (LN) cascade, in which the population

spike rate is generated by applying to the time-varying moments of the synaptic input, µsyn and σsyn,

separately a linear temporal filter, Dµ and Dσ, followed by a common nonlinear function F . That is, for

each population,

r (t ) = F

Dµ∗µsyn(t ),Dσ∗σsyn(t )


. (4.77)

LN cascade models of neuronal activity have become a popular model class (Chichilnisky 2001; Pillow
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Figure 4.10 – Boundary conditions and reproduction accuracy of the Fokker-Planck model. A: Visualization of the
boundary and reinjection conditions for the Fokker-Planck model. The solid black arrow represents the probability
flux at membrane voltage Vs at time t −Tref, which is added to the probability flux at membrane voltage Vr at time
t , indicated by the blue arrow. B, from top to bottom: Mean membrane voltage, mean adaptation current, spike
times of 50 randomly chosen neurons, spike rate, input mean and standard deviation for a population of N = 20,000
uncoupled aEIF neurons with a = 3 nS, b = 20 pA (black), in comparison to the corresponding quantities of the
Fokker-Planck model (magenta). Note, that a step in σext leads to a jump in the spike rate r , cf. Eqs. (4.73), (4.75) and
(4.76). C, from top to bottom: Mean membrane voltage, mean adaptation current, spike rate, and mean external
input for a network of N = 20,000 excitatory (black) and inhibitory (grey) aEIF neurons, and the corresponding
quantities of the Fokker-Planck model (orange and green). The parameter values are as in Fig. 4.9.

et al. 2008), because they are simple and efficient, and the model components can be estimated using

well established experimental procedures (Chichilnisky 2001; Ostojic and Brunel 2011). For example, the

linear filter components can be obtained (experimentally with a real neuron or computationally using

a model neuron) by applying a reverse correlation method (see, e.g., Dayan and Abbott 2001, chapter

2.2). Specifically, one applies an input current Isyn(t ) =C

µsyn(t )+σsyn(t )ξ(t )


to the neuron (prototype

of a population) with white-noise temporal statistics10 for the independent processes µsyn, σsyn, and ξ,

and computes the spike triggered averages of µsyn and σsyn separately, which correspond to Dµ and Dσ,

respectively. Once the linear filter components are obtained the associated nonlinear function F can be

determined in a straightforward way, using a range of constant input parameters µsyn and σsyn. Here, we

determine the components of the LN model from the underlying Fokker-Planck model, similarly as in

(Ostojic and Brunel 2011). In particular, the components Dµ, Dσ, and F are derived in the linear limit

of vanishing amplitude variations of µsyn, σsyn around baseline values µ0, σ0, and for a slowly varying

adaptation current [cf. assumption (A1)]. We extend the results obtained for (uncoupled) EIF neurons in

(Ostojic and Brunel 2011) to networks of aEIF neurons, and derive two low-dimensional model variants by

approximating the linear filter components in suitable ways such that the convolutions can be expressed

in terms of simple ODEs.

Deriving the components of the cascade

To determine the components of the cascade we first expand F in Eq. (4.77) around a baseline (µ0,σ0) to

10In practice, white-noise temporal statistics are approximated using processes with minimal autocorrelation times.
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linear order, assuming that the amplitudes of µsyn(t )−µ0 and σsyn(t )−σ0 are small,

r (t ) ≈ F (µ0,σ0)+Dµ∗

µsyn(t )−µ0

 ∂

∂µ
F (µ0,σ0)+Dσ∗ 

σsyn(t )−σ0
 ∂

∂σ
F (µ0,σ0). (4.78)

In the same linear limit and for a slowly varying adaptation current the spike rate (output) from the

Fokker-Planck model can be approximated as

r (t ) ≈ r∞

µ0 −〈w〉/C ,σ0

+Rµ∗

µsyn(t )−µ0

+Rσ∗ 
σsyn(t )−σ0


, (4.79)

d〈w〉
d t

≈ a
〈V 〉∞−Ew

−〈w〉
τw

+b r (t ), (4.80)

where r∞ and 〈V 〉∞ are the steady-state spike rate and mean membrane voltage of a population of EIF

neurons in response to an input of mean µ0 −〈w〉/C plus Gaussian white noise with standard deviation

σ0. In particular, 〈V 〉∞ reflects the mean over all nonrefractory neurons (cf. Adiabatic approximation)

and is calculated as

〈V 〉∞ =
 Vs
−∞ v p∞(v)d v Vs
−∞ p∞(v)d v

. (4.81)

Rµ and Rσ are the so-called linear rate response functions of the same population for weak modulations

of the input mean and standard deviation around µ0−〈w〉/C and σ0, respectively (Fourcaud-Trocmé et al.

2003; Richardson 2007; Ostojic and Brunel 2011). Fortunately, the functions r∞, 〈V 〉∞, Rµ, and Rσ can

be calculated using an efficient numerical method that has been developed based on the Fokker-Planck

equation (Richardson 2007). It follows that the linear filters Dµ, Dσ, and the nonlinearity F are given by

Dµ(t ) = Rµ(t )
∂
∂µ r∞


µ0 −〈w〉/C ,σ0

 , Dσ(t ) = Rσ(t )
∂
∂σ r∞


µ0 −〈w〉/C ,σ0

 , F (µ,σ) = r∞

µ−〈w〉/C ,σ


.

(4.82)

where 〈w〉 evolves according to Eq. (4.80).

Approximating the filter components

To express the spike rate model, Eqs. (4.77), (4.80) and (4.82), in terms of an ODE system which is easier

to solve and analyze, we next approximate the linear filters Dµ and Dσ using suitable functions. The

shapes of the true filters (obtained by computing Rµ and Rσ) for different (baseline) input parameter

values are shown in Fig. 4.11. We first consider the linear filter Dµ and apply the approximation Dµ(t ) ≈
Aµ exp

−t/τµ


(see Ostojic and Brunel 2011). The scaling parameter Aµ and the effective timescale τµ

can be determined analytically using asymptotic results for the Fourier transform R̂µ of the linear rate

response for vanishing and very large frequencies, respectively (Fourcaud-Trocmé et al. 2003),

lim
f →0

R̂µ( f ) = ∂

∂µ
r∞


µ0 −〈w〉/C ,σ0


, lim

f →∞
R̂µ( f ) = r∞


µ0 −〈w〉/C ,σ0


i 2π f τm∆T

. (4.83)

To guarantee that these asymptotics are matched by the Fourier transform Aµτµ/

1+ i 2π f τµ


of the

exponential, taking into account the scaling factor in Eq. (4.82), left, we obtain

Aµ = 1

τµ
, τµ = τm∆T

r∞

µ0 −〈w〉/C ,σ0

 ∂

∂µ
r∞


µ0 −〈w〉/C ,σ0


. (4.84)

Note that matching the zero frequency limit in the Fourier domain is equivalent to the natural require-

ment that the time integral
 ∞

0 Dµ(τ)dτ of the linear filter is reproduced, that is, the approximation is

normalized appropriately. An advantage of this approximation is that it is no longer required to calculate

the linear rate response function Rµ explicitly. On the other hand, as only the limit f →∞ is used for

fitting in addition to the normalization constraint, the approximation of the linear filter can be poor

for a range of intermediate frequencies (in the Fourier domain), in particular for small µ0 and σ0 [see
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Fig. 4.11A here, and Fig. 4B,C in (Ostojic and Brunel 2011)]. To improve the approximation for intermedi-

ate frequencies we use the same the normalization condition, which fixes the parameter Aµ = 1/τµ, and

we determine τµ by a least-squares fit of D̂µ over the range of frequencies f ∈ [0,1] kHz. In both cases,

using this approximation the linear filter application is equivalent to solving the simple scalar ODE,

dµf

d t
= µsyn −µf

τµ
, (4.85)

where µf(t ) = Dµ∗µsyn(t ) represents the filtered mean input.

A shortcoming of this approximation is that it cannot reproduce damped oscillations exhibited by the true

linear filter, in particular for large µ0 and small σ0 (see Fig. 4.11A). Therefore, we introduce an alternative

approximation using a damped oscillator function, Dµ(t) ≈ Bµ exp(−t/τ̃)cos(2π f̃ t ). We fix the scaling

parameter Bµ by (again) requiring that the approximation is normalized to reproduce the time integral

of the true linear filter, which yields Bµ = 
1+ (2π f̃ τ̃)2


/τ̃. The remaining two parameters τ̃ and f̃ are

determined such that the dominant oscillation frequency is reproduced. Specifically, the approximation

should match D̂µ at the frequencies fR = argmax f

Re

D̂µ( f )

 and fI = argmax f

Im
D̂µ( f )

 in the

Fourier domain as close as possible.11 Here, the linear filter application is equivalent to solving the ODE

d µ̃f

d t
= τ̃z2µsyn + zµ̃f, µf(t ) = Re


µ̃f(t )


, (4.86)

where z :=−1/τ̃+ i 2π f̃ , and µf(t ) = Dµ∗µsyn(t ) is the filtered mean input.

Considering the linear filter Dσ, we use the approximation Dσ(t ) ≈ Aσ exp(−t/τσ), with Aσ = 1/τσ and τσ

determined by a least-squares fit of D̂σ for frequencies f ∈ [0,1] kHz, as long as ∂
∂σ r∞


µ0 −〈w〉/C ,σ0

> 0.

When this condition is not fulfilled, which occurs for large µ0 and small σ0, the full linear filter cannot be

fit by an exponential function, since (Fourcaud-Trocmé and Brunel 2005)

lim
f →0

R̂σ( f ) = ∂

∂σ
r∞


µ0 −〈w〉/C ,σ0


, lim

f →∞
R̂σ( f ) = σ0r∞


µ0 −〈w〉/C ,σ0


i 2π f τm∆2

T

(4.87)

and both asymptotics cannot be matched at the same time. In this case, we we use τσ → 0 which

effectively yields Dσ(t ) ≈ δ(t ), justified by the observation that the full filter rapidly relaxes to zero (see

Fig. 4.11B). The linear filter application can be implemented by solving

dσf

d t
= σsyn −σf

τσ
, (4.88)

where σf(t ) = Dσ∗σsyn(t ) is the filtered input standard deviation.

Extending the cascade model to the full input parameter space

Finally, to extend the LN cascade model to inputs characterized by large deviations of µsyn and σsyn

from their baseline values µ0 and σ0, we evaluate the estimate 〈V 〉∞ of the mean membrane voltage

in Eq. (4.80) as a function of µf −〈w〉/C and σf (instead of µ0 −〈w〉/C and σ0), corresponding to the

instantaneous spike rate estimate of the model. In addition, we let the linear filter components adapt to a

changing input baseline by evaluating the parameters τµ, f̃ , τ̃, and τσ as a function of µf −〈w〉/C and σf

in every timestep, with µf given by Eq. (4.85), extending the suggestion in (Ostojic and Brunel 2011).12

To summarize the LN cascade model, the population spike rate is described by

r (t ) = r∞

µf −〈w〉/C ,σf


, (4.89)

11We would like to note that using the method of least-squares over a range of frequencies instead can generate approximated
filters which decay to zero instantly, particularly for large µ0 and small σ0 values (not shown). For such inputs a damped oscillator
with only one sinusoidal component is too simple to fit the complex linear filter shape.

12The parameters f̃ and τ̃ of the damped oscillator cannot be adapted using µf given by Eq. (4.86), since that can lead to stable
oscillations (for an uncoupled population) and thus decreased reproduction performance. Note also that the adaptive rate model
in this reference does not refer to spike rate adaptation but to the self-adjustment of the filter parameter τµ to a time-varying input.
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4.2. Towards networks of neuronal networks

Figure 4.11 – Linear rate response functions of EIF neurons subject to white noise input. Linear rate response
functions for weak modulations of the input mean around µ with constant σ: Rµ(t ;µ,σ) in kHz/mV (A, black) and
for weak modulations of the input standard deviation around σ with constant µ: Rσ(t ;µ,σ) in kHz/(mV·pms) (B,
black). These functions are calculated in the Fourier domain for a range of modulation frequencies [R̂µ( f ;µ,σ) in
1/mV and R̂σ( f ;µ,σ) in 1/(mV·pms)] (insets, black; absolute values are shown), which are fit using an exponential
function in a semi-analytical way exploiting asymptotic results for R̂µ (A, blue dashed), and numerically (A and B,
light blue). In addition, R̂µ is fit using a damped oscillator function (A, red). The details of the fitting procedures are
described in the text.

[cf. Eqs. (4.77) and (4.82)], with filtered mean input µf governed by Eq. (4.85) (exponential approximation)

or using Eq. (4.86) (damped oscillator approximation), which yields two model variants we refer to as

aLNexp and aLNdosc, respectively. For both variants the filtered input standard deviation σf is given by

Eq. (4.88) and the mean adaptation current 〈w〉 evolves according to Eq. (4.80). The mean membrane

voltage 〈V 〉∞ as well as the parameters τµ, f̃ , τ̃, and τσ are evaluated as a function of µf −〈w〉/C with µf

from Eq. (4.85) and as a function of σf [from Eq. (4.88)] in every timestep.

Figure 4.12 – Functions of
the aLN cascade model.
Population spike rate r∞
and mean membrane volt-
age 〈V 〉∞ as well as the pa-
rameters τµ, τσ, f̃ , and τ̃

of the linear filter approx-
imations in the aLNexp
and aLNdosc model vari-
ants [cf. Eqs. (4.85), (4.86),
and (4.88)], as a function
of the effective input mean
µ and standard deviation
σ for a population of EIF
neurons.

Remarks

Note that the functions 〈V 〉∞, τµ, f̃ , τ̃, and τσ depend on the strengths of synaptic input and adaptation

current only via the effective input mean µf −〈w〉/C and its standard deviation σf. To reduce the com-
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Chapter 4. Asynchronous states and spike rate oscillations in networks of adaptive neurons

putational complexity when numerically solving the LN model forward in time one can conveniently

pre-compute these functions, together with r∞, for a range of values for effective input mean and input

standard deviation (see Fig. 4.12) and use look-up tables during time integration. Changing any parame-

ter value of the external input, the recurrent synaptic input or the adaptation current does not require

renewed pre-computations, but a change of any of the following (neuron model) parameters does: C , gL,

EL, ∆T, VT, Vr, Vs, Tref.

In order to obtain initial values for the variables of the LN model (aLNexp and aLNdosc variants) that

correspond to a given initial distribution of membrane voltage and adaptation current values Vi (0), wi (0)

of a population of N aEIF neurons, we calculate 〈w〉(0) = 1/N


i wi (0), and determine µf(0), σf(0) by

requiring that the initial membrane voltage distribution of the LN model p∞

V ; µf(0)−〈w〉(0)/C ,σf(0)


matches the initial voltage distribution from the aEIF neurons as close as possible (e.g., using the Kol-

mogorov–Smirnov statistic). Additionally, for the aLNdosc model variant, we obtain the imaginary part of

µ̃f(0) as Im

µ̃f(0)

= 2π f̃ τ̃µf(0), using the steady-state solution of Eq. (4.86). This means, we assume that

the input history (in terms of µsyn and σsyn) which underlies the initial membrane voltage distribution

and filter parameters (τµ, f̃ , τ̃, τσ) in the LN model is constant.

Figure 4.13 – Reproduction accuracy of the aLN cascade for a population of uncoupled aEIF neurons. A, from top
to bottom: Spike rate, spike times of 50 randomly chosen neurons, mean membrane voltage, mean adaptation
current, input mean and standard deviation for a population of N = 20,000 uncoupled aEIF neurons with a = 3 nS,
b = 20 pA (black), in comparison to the corresponding quantities, together with the filtered input mean and standard
deviation, of the aLNexp (light blue) and aLNdosc (red) model variants. B: Membrane voltage distribution of the aEIF
population (grey), and from the aLNexp (light blue) and aLNdosc (red dashed) models at indicated time points.

The components of the LN model are derived in the limit of small amplitude variations of µsyn and

σsyn. However, the approximation also provides an exact description of the population dynamics for

very slow variations of µsyn and σsyn, where the spike rate, mean membrane voltage and adaptation

current are well approximated by their steady-state values in each time step, cf. (Ostojic and Brunel

2011). For EIF populations (i.e., without adaptation currents) and constant input standard deviation it

has been shown that the LN cascade approximation performs surprisingly well for physiological ranges

of amplitude and timescale of mean input variations (far from those limits) [see Figs. 5 and 6 in (Ostojic

and Brunel 2011)]. For an evaluation of the LN cascade model presented here see Figs. 4.13 and 4.14.

Both model variants perform surprisingly well in reproducing the population dynamics in terms of spike

rate, mean membrane voltage and mean adaptation current, for uncoupled populations (Fig. 4.13) and

networks (Fig. 4.14) – even when the input statistics exhibit abrupt changes of large magnitudes. In
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Figure 4.14 – Reproduction accuracy of the aLN model for networks aEIF neurons. From top to bottom: Spike rate,
mean membrane voltage, mean adaptation current, and mean external input for a network of N = 20,000 excitatory
(A) and inhibitory (B) aEIF neurons (black), and the corresponding quantities of the aLNexp (light blue) and aLNdosc
(red) model variants. The parameter values are as in Fig. 4.9. C and D: Spike rates for the networks from A and B,
respectively, with the parameter values a = 3 nS, b = 60 pA, µext = 0.5 mV/ms, σext = 1.7 mV/

p
ms, JE = 1.5 mV/ms,

τE = 2 ms, c = 0.05, K = 800, d = 0.5 ms (C), and a = 0.5 nS, b = 3 pA, µext = 3.5 mV/ms, σext = 1.5 mV/
p

ms,
JI = −8 mV/ms, τI = 5 ms, c = 0.08, K = 200, d = 3 ms (D), which lead to slow stable oscillations caused by the
interplay of recurrent excitation and neuronal adaptation (C), and fast stable oscillations mediated by strong delayed
recurrent inhibition (D).

comparison with the aLNexp model variant, the aLNdosc variant is capable to reproduce “overshoots” (and

“undershoots”) of the population activity in response to large amplitude steps of the mean input. In some

cases, however, these reproduced transients are too strong. Even stable oscillations, due to sufficiently

strong recurrent excitation and spike-driven adaptation (Fig. 4.14C) or due to strong, delayed recurrent

inhibition (Fig. 4.14D) can be quantitatively reproduced. Interestingly, oscillatory activity caused by

the former mechanism is better reproduced by the aLNdosc variant, whereas for the latter oscillation

mechanism the aLNexp variant yields a better match.

With regards to computational cost, summarizing the results of different implementations (using Matlab,

Python, and C codes), the duration to generate population activity time series using each of the aLN

model variants can be several orders of magnitude smaller compared to numerical simulation of the

original aEIF network system. For example, considering a population of 20,000 coupled neurons with

4% connection probability, a single simulation run (i.e., one noise realization) and the same integration

time step across models and implementations, the difference in computation time amounts to 3 orders

of magnitude. This time difference substantially increases with number of neurons and connections,

and with spiking activity within the network. In comparison to the Fokker-Planck model the speedup

amounts to 2 orders of magnitude (time difference) for one population and it becomes more pronounced

with increasing number of populations.

An alternative approach to reduce the Fokker-Planck model to a description in terms of a low-dimensional

ODE system is based on the spectral decomposition of the Fokker-Planck operator (Mattia and Del Giudice

2002; Schaffer et al. 2013), which seems more direct from a theoretical perspective. This approach is

currently being extended to aEIF neurons [first results shown in (Augustin et al. 2015; Ladenbauer et al.

2014c)]. An advantage of the LN approach is that it enables to calibrate an aEIF-based spike rate model

using neurophysiological data from established experimental protocols (such as white noise current
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injections, see above) – in addition to the possibility of fitting the aEIF model directly to (other types of)

neurophysiological recordings (see Brette and Gerstner 2005). Furthermore, it relates to existing cascade

models frequently used to describe neuronal activity in the literature. We are currently comparing

the performance of several low-dimensional ODE model variants from the two different reduction

approaches in terms of computational cost and reproduction accuracy for various input scenarios

(ongoing collaboration with Moritz Augustin).

Notably, different mean-field methods based on populations of aEIF neurons have been proposed

in recent times (Nicola and Campbell 2013; Nicola et al. 2014; Hertaeg et al. 2014). The scenarios

and methods differ from the work presented here in that either all-to-all connectivity is assumed and

input fluctuations are disregarded (Nicola and Campbell 2013), the mean-field models are restricted

to describing the steady-state activity of neurons with spike-driven adaptation only (a = 0 assumed)

(Hertaeg et al. 2014), or they are expressed in terms of PDEs (Nicola et al. 2014) which are (by far) not as

fast to solve and convenient to analyze as the ODE systems presented here.

The mean-field models presented here can well reproduce the dynamics of population-averaged quan-

tities (that is, spike rate, mean membrane voltage, and adaptation current) for very large populations

(N →∞). Fluctuations of those average quantities due to the finite size of neuronal populations, however,

are not captured (see, e.g., Figs. 4.10 and 4.14). Hence, it would be interesting to extend the mean-field

models as to reproduce these (so-called) finite size effects, for example, by incorporating an appropriate

stochastic process (Mattia and Del Giudice 2002).

Figure 4.15 – Reproduction accu-
racy of the aLN model for aEIF
neurons with a spike shape. From
top to bottom: Spike rate, spike
times of 50 randomly chosen neu-
rons, mean membrane voltage,
mean adaptation current, and
mean external input for a popula-
tion of N = 20,000 uncoupled aEIF
neurons with a = 3 nS, b = 20 pA
(black) for which the spike shape
is modeled explicitly (Vs = 0 mV;
details described in the text), to-
gether with V - and w-traces of
a single neuron (gray), as well as
the corresponding quantities of the
aLNexp (light blue) and aLNdosc
(red) model variants.

Spike shape extension

So far, the membrane voltage spike shape has been neglected (typical for IF type neuron models) by

clamping Vi and wi during the refractory period, justified by the observation that it is rather stereotyped

and its duration is very brief. Furthermore, the spike shape is believed to contain little information

compared to the time at which the spike occurs. Nevertheless, it can be incorporated in the aEIF model

in a straight-forward way using the following reset condition, as suggested in (Richardson 2009): When

Vi reaches Vs from below, we let Vi decrease linearly from Vs to Vr during the refractory period and

increment the adaptation current wi := wi +b at the onset of that period. That is, Vi and wi are not

clamped during the refractory period, instead, Vi has a fixed time course and wi is incremented by b

and then governed again by Eq. (4.33), left. This modification implies for the adiabatic approximation

presented above that the average membrane voltage 〈V 〉 in Eq. (4.39) needs to be calculated over all

neurons (and not only the nonrefractory ones). The same applies to Eqs. (4.73) and (4.80), that is, 〈V 〉
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is calculated with respect to p +pref, where pref(V , t ) =  Tref
0 r (t − s)δ


V −Vsp(s)


d s with spike trajectory

Vsp(t ) =Vs + (Vr −Vs)t/Tref, cf. (Richardson 2009). 〈V 〉∞ is then given by

〈V 〉∞ =
 Vs

−∞
v p∞(v)d v +


1−

 Vs

−∞
p∞(v)d v


Vr +Vs

2
. (4.90)

Notably, the accuracy of the adiabatic approximation does not depend on the refractory period Tref in

this case. For an evaluation of the spike shape extension in terms of reproduction accuracy of the LN

approximation see Fig. 4.15.

Analyzing the collective spike rate dynamics

Here, we apply the reduced model of aEIF population activity derived above to analyze network dynamics.

Considering local networks of excitatory and inhibitory aEIF neurons, and a range of external input and

recurrent coupling strengths, we demonstrate how changes of the adaptation current – including those

that mimic the effects of the neuromodulator acetylcholine – alter the collective spike rate dynamics,

which complements our results from section 4.1. Finally, as an outlook we present two effective techniques

– master stability functions and phase reduction – to analyze the stability of asynchronous states and

spike rate oscillations as well as phase locking for networks of local neuronal networks. These methods

are used in chapter 3 to examine spike synchronization phenomena; here, we formulate them here to

study states of global asynchrony and sparse synchrony.

Local neuronal networks

We consider a network of an excitatory (E) and an inhibitory (I) population of coupled aEIF neurons

(without spike shape extension) as specified in the previous section, with propagation delays sampled

from an exponential distribution. Using the aLNexp model variant for each population together with

the (bounded) synaptic coupling model described above we obtain an ODE system given by Eqs. (4.43),

(4.67)–(4.71), (4.80), (4.85), (4.88) and (4.89), which comprises the following state variables: µf,E , σf,E ,

〈sEE 〉, 〈sEI〉, Var(sEE ), Var(sEI ), rd ,E , and 〈w〉 for the E-population as well as µf,I , σf,I , 〈sIE 〉, 〈sII〉,
Var(sIE ), Var(sII ), and rd ,I for the I-population. An adaptation current for the I-population is omitted

since adaptation was experimentally found to be weak in fast spiking interneurons (La Camera et al.

2006), which are the main type of inhibitory cells in the cerebral cortex, cf. section 4.1. Regarding the

recurrent coupling strengths two scenarios are considered: dominant self-excitation (that is, JEE is larger

compared to JIE , |JEI |, and |JII |) and dominant E −I interaction (that is, JIE and |JEI | are both larger

than JEE and |JII |).

We explore the stable network states across different levels and types of an adaptation current and a

range of external input strength to the E-population for both recurrent coupling scenarios (see Fig. 4.16).

We find that an increased adaptation current promotes oscillatory network activity in general. More

specifically, an increased spike-driven adaptation current (parameter b) enables slow oscillations (here

ranging from 1.4 to 2.9 Hz) in networks where recurrent excitation is sufficiently strong, by stabilizing

an excitation-adaptation loop, which is consistent with our results from section 4.1. An increased

subthreshold adaptation current (parameter a), on the other hand, subtracts from the input to the

E-population (cf. chapter 2), and thereby enables oscillations for stronger external inputs, but it does

not actively contribute to rhythmogenesis.13 Furthermore, we observe that an increase of (either type

of) adaptation current leads to a decrease of oscillation frequency. Note also that for networks where

recurrent excitation dominates and the spike-triggered contribution to adaptation is weak, bistability of

low-activity (almost zero) and high-activity asynchronous states can occur. Linking these results with the

experimentally measured effects of acetylcholine on adaptation currents (see section 1.1) we expect that

an increase in the local acetylcholine concentration promotes asynchronous network states and leads to

increased network activity.

13Note that this effect of a is occluded in section 4.1, where we compensate an increase of a in the excitatory population by a
reduction of external input to the inhibitory population to achieve equal spike rates for both populations in isolation. Here we omit
such a compensating adjustment.
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Figure 4.16 – Dynamics of a two-population network using the aLN model: effects of neuronal adaptation. Stable
spike rate of the E-population (rd ,E ) as a function of its mean external input µEext for networks with dominant
recurrent excitation (JEE = 8 mV/ms, JEI = JII = −4 mV/ms, and JIE = 4 mV/ms, brown), dominant E −I
interaction (JEE = 4 mV/ms, JEI = −8 mV/ms, JIE = 8 mV/ms, and JII = −4 mV/ms, dark blue) and different
levels of adaptation: a = 1 nS, b = 5 pA (top left), a = 12 nS, b = 5 pA (top right), a = 1 nS, b = 60 pA (bottom left),
and a = 12 nS, b = 60 pA (bottom right). In case of oscillatory activity the maxima and minima of the periodic
rd ,E are plotted. Oscillation frequencies are shown below. The parameter values are σEext = σIext = 1.5 mV/

p
ms,

µIext = 1 mV/ms, KEE = KIE = 800, KEI = KII = 200, τE = 2 ms (for E → E and E → I connections), τI = 5 ms (for
I → E and I → I connections) and τd = 1 ms for all four types of connections. cEE , cIE , cEI , and cII are chosen
such that a single presynaptic spike after a period without spiking causes a peak (post)synaptic current magnitude of
60 pA for excitatory connections and 100 pA for inhibitory connections (Brunel and Wang 2003). The dashed arrow
indicates the expected effect of increased local acetylcholine concentration (cf. Fig. 1.1B).

Networks of local networks

As an outlook, we next present two analysis methods, the master stability function formalism and a

phase reduction technique, both of which we have extended for aEIF neurons and applied to analyze

spike synchronization in chapter 3. Here, we explain how they can be used to examine synchronization

phenomena at the population spike rate level for networks of local aEIF networks. In particular, master

stability functions are well suited to assess the stability of global asynchronous activity (represented by

a fixed point) and sparse synchrony, that is, spike rate oscillations (represented by a limit cycle) for a

wide range of global connection patterns. The phase reduction technique presented below, on the other

hand, is well suited to analyze phase locking for pairs of coupled local networks exhibiting spike rate

oscillations.

We consider M local networks, each of which consists of two coupled populations (E and I) of aEIF

neurons. The local networks interact via synaptic connections between the neurons of the E-populations.

Such a coupling scenario is frequently considered in models of interacting brain areas (Deco and Jirsa

2012; Nakagawa et al. 2014; Hansen et al. 2015). Using the reduced ODE description for a population of
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coupled aEIF neurons (aLNexp version) the dynamics of local network m ∈ {1, . . . , M } is governed by

dµm
f,E

d t
=

µm
E −µm

f,E
τm
µ,E

,
dµm

f,I
d t

=
µm
I −µm

f,I
τm
µ,I

, (4.91)

µm
E (t ) = JEE 〈sm

EE 〉+ JEI〈sm
EI〉+µEext, µm

I (t ) = JIE 〈sm
IE 〉+ JII〈sm

II〉+µIext, (4.92)

d〈sm
EE 〉

d t
= 

1−〈sm
EE 〉


cEKE r m

d ,E + zm

−
〈sm
EE 〉
τE

,
d〈sm

IE 〉
d t

= 
1−〈sm

IE 〉


cEKE r m
d ,E −

〈sm
IE 〉
τE

, (4.93)

d〈sm
EI〉

d t
= 

1−〈sm
EI〉


cIKIr m

d ,I −
〈sm
EI〉
τI

,
d〈sm

II〉
d t

= 
1−〈sm

II〉


cIKIr m
d ,I −

〈sm
II〉
τI

, (4.94)

dr m
d ,E

d t
=

r m
E − r m

d ,E
τd

,
dr m

d ,I
d t

=
r m
I − r m

d ,I
τd

, (4.95)

d〈wm〉
d t

=
a


〈V m

E 〉∞−Ew


−〈wm〉

τw
+b r m

E , zm :=
M

l=1
cml
E K ml

E r l
E (t −d), (4.96)

where τm
µ,E , r m

E , and 〈V m
E 〉∞ are functions of µm

f,E −〈wm〉 with constant parameter σE
ext, and τm

µ,I , r m
I ,

and 〈V m
I 〉∞ are functions of µm

f,I with constant parameter σI
ext. Here we have used the approximation

σf =σsyn ≈σext, which is justified by the fact that the standard deviation of the synaptic input is strongly

dominated by the external input component if the magnitudes of the coupling strengths Jαβ for α,β ∈
{E ,I} are not too large, as pointed out above. This simplifies the model system and the stability analyses

below. d is the propagation delay between neurons of different local networks. We consider identical

parameter values for different local networks For the numbers of local recurrent connections we consider

KE := KEE = KIE and KI := KEI = KII .14 All local networks are parametrized in the same way.

For the analyses below it is convenient to express the system (4.91)–(4.96) in compact form,

dxm

d t
= f(xm)+

M
l=1

Gml h(xm ,xl ,d ), xm :=

µm

f,E ,〈sm
EE 〉,〈sm

EI〉,r m
d ,E ,〈wm〉,µm

f,I ,〈sm
IE 〉,〈sm

II〉,r m
d ,I

T
(4.97)

for m = 1, . . . , M , where the global coupling matrix G has entries Gml = cml
E K ml

E and zeros in the leading

diagonal. xm,d := xm(t −d).

Master stability function method

To guarantee the existence of a synchronous state, where all local networks exhibit the same asynchronous

activity (fixed point) or oscillatory activity (limit cycle), we assume that G has constant row sum ḡ , that

is, all populations have the same total incoming synaptic weights. In the synchronous state each local

network evolves according to the equation dx/d t = f(x)+ ḡ h(x,xd ). We denote this solution by xs . By

linearizing Eq. (4.97), left, around xs we obtain the variational equation

dξ

d t
= 

IM ⊗ 
Dxf(xs )+ ḡ Dxh(xs ,xs,d )


ξ+ 

G⊗Dxd h(xs ,xs,d )

ξ

d
(4.98)

for the perturbations ξ := (ξ1, . . . ,ξM )T from (xs , . . . ,xs )T , cf. section 3.2. IM is the M-dimensional identity

matrix, Dxf(x) denotes the Jacobian matrix of f(x), and Dxh(x,y) = 
∂h(x,y)/∂x1, . . . ,∂h(x,y)/∂xL


for

x = (x1, . . . , xL)T. L is the number of variables of x (here L = 9).

Block-diagonalization of Eq. (4.98) then leads to the master stability equation

dζ

d t
= 

Dxf(xs )+ ḡ Dxh(xs ,xs,d )

ζ+γDxd h(xs ,xs,d )ζd , (4.99)

where ζ := 
zT ⊗ IL


ξ, and z is the normalized eigenvector of G which corresponds to the eigenvalue

γ ∈C. In this way, we separate the variational equation for perturbations in the longitudinal direction

(γ= ḡ , which is always an eigenvalue) from those in the transverse directions. We can now determine

14In principle, different values of KEE , KEI , KIE , and KII are possible for the analyses presented here.
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the stability of the trivial solution ζ= 0 (which corresponds to the synchronized state) by calculating the

largest Lyapunov exponent as a function of (arbitrary) γ ∈ C. This yields the master stability function,

which provides general information about the stability of the synchronous state for many different

coupling matrices G. To assess the stability for a particular matrix G one only needs to determine whether

or not all of its eigenvalues are contained in the region of stability as indicated by the master stability

function in the complex plane, cf. section 3.2.

Phase reduction method

Here, we consider that each local network in isolation exhibits spike rate oscillations with period T . That

is, the system (4.97) without global coupling, dx/d t = f(x), has a stable limit cycle solution we denote by x̄.

Assuming that the interactions between different local networks are weak (i.e., the entries of matrix G are

of small magnitude) we proceed as in section 3.1 (Appendix) to obtain the phase network description,

dϑm

d t
= 1+

M
l=1

Gml

T

 T

0
q(s)Th


x̄(s), x̄(s +ϑl −ϑm −d)


d s =: 1+

M
l=1

Gml Hd (ϑl −ϑm), (4.100)

where ϑm ∈ [0,T ) represents the phase of the local network m, for which the zero phase (ϑm = 0) can

be defined by any point of the limit cycle. The function q is given by the linearized adjoint equation of

dx/d t = f(x):

dq

d t
=−Dxf(x̄)Tq, (4.101)

subject to the normalization condition q(0)Tf(x̄(0)) = 1, and Hd is the interaction function for the phase

network. It should be noted that q determines the phase response curve (PRC), which quantifies the

effect of a transient input on the phase of the oscillating local network, as a function of phase at which

the input is received. Since the function h has only one non-zero component, the PRC is given by the

corresponding component of q.

Using this phase network model, phase locking of two interacting local networks can be conveniently

analyzed. Defining the phase difference ϕ := ϑ2 −ϑ1 one only needs to assess the stability of the fixed

point solutions ϕ ∈ {ϕ∗} of the scalar ODE,

dϕ

d t
=G21Hd (−ϕ)−G12Hd (ϕ), (4.102)

where any fixed point ϕ∗ satisfies the equation G12Hd (ϕ∗) = G21Hd (−ϕ∗). Based on our results in

section 3.1 we anticipate that the phase locking behavior of pairs of networks provides insights into the

synchronization tendencies of larger networks of networks.
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Most neurons in the brain are equipped with adaptation mechanisms which gradually change their

excitability in activity-dependent ways. This feature is often mediated by specific types of potassium

channels, generating so-called adaptation currents across the neuronal membrane. Neuromodulators

such as acetylcholine have been shown to regulate these currents, which raises the hypothesis that this

mechanism is used by the brain to stabilize and switch between different dynamical states of neurons

and their networks, depending on cognitive demands. In this thesis, we applied computational models

and extended mathematical methods to further our understanding of how adaptation currents shape

various aspects of neuronal dynamics at different spatial levels, from single cells to small groups and

large populations of coupled neurons.

Since the adaptation mechanism operates at the neuronal level and network phenomena result from

the interaction of individual neurons via synapses, we based our studies across the different levels on

an experimentally validated model of single neuron activity (the aEIF model, see section 1.2). This

model implements an adaptation current with two driving mechanisms (subthreshold voltage-based

and spike-based activation), which enables to effectively reflect various types of potassium channels

for different parametrizations (cf. chapter 2). We also used biophysically detailed single neuron models

to test the robustness of our results. This bottom-up approach allowed us to uncover how neuronal

adaptation currents affect network dynamics in a direct way, and facilitated bridging scales (see below).

To effectively describe and analyze the diverse aspects of neuronal dynamics at the respective levels we

extended powerful methods for application to the aEIF model, and the popular class of two-dimensional

integrate-and-fire models in general. These models involve discontinuities (reset condition), different

timescales (fast membrane voltage and slow adaptation dynamics) and often stochastic processes (chap-

ters 2 and 4) as well as delays (chapters 3 and 4), which imposed significant challenges. The extended

methods are not restricted to adaptive neurons and their networks; they are also well suited to examine,

for example, the collective dynamics of bursting cells which can be described by that model class.

At the level of single cells we characterized the effects on spike rates and interspike interval variability

of neurons exposed to fluctuating inputs, representing in vivo like synaptic bombardment (chapter 2).

To analyze the stochastic dynamics of the model we extended an approach based on the Fokker-Planck

equation and derived mathematical expressions, which demonstrate distinct effects that depend on the

type of adaptation current. A subthreshold adaptation current increases the spike rate threshold and

generally leads to an increase of ISI variability, by subtracting from the mean input to the neuron. A

spike-driven adaptation current, on the other hand, reduces the spike rate gain by basically dividing the

mean input and decreases ISI variability for inputs characterized by large fluctuations and small mean

amplitude. We showed that these effects – except for the latter one – resemble those caused by changing

the strengths of synaptic excitation and inhibition in networks with asynchronous and irregular spiking

activity, in particular ways. The reducing effect of a spike-driven adaptation current on ISI variability,

however, could not be mimicked by network interaction, where the synaptic currents triggered by a single

presynaptic spike are typically weak and do not directly cause postsynaptic spikes. To resemble that effect

would require spike-triggered immediate and long-lasting synaptic inhibition.

We then focused on the synchronization properties of coupled neurons in small networks, employing two

effective analysis methods complemented by numerical simulations: phase response curves (section 3.1)

and master stability functions (section 3.2). The former allow to predict spike synchronization and locking

tendencies of neurons driven to periodic spiking, in particular, for pairs of weakly coupled cells. The

latter can be used to indicate the stability of synchrony and locking for many different network topologies

at once. Both methods were extended for the application to aEIF neurons, and for piecewise smooth
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dynamical systems in general. We showed that the two types of adaptation currents alter neuronal phase

response curves in different ways, which promote synchrony or locking with small phase shifts for local

excitatory networks and clustering into synchronized subpopulations for inhibitory networks. These

results hold true for a wide range of network topologies as long as the couplings are not too strong.

For example, subthreshold adaptation stabilizes or destabilizes synchrony depending on whether the

recurrent excitatory or inhibitory couplings dominate but independent of a specific connection pattern.

To summarize, adaptation currents produce characteristic changes of neuronal phase response properties

and can thereby stabilize synchronization and clustering in networks with diverse connection patterns.

Using a complex neuron model which describes adaptation currents in a biophysically detailed way for

validation purposes we showed that the effective description in the aEIF model suffices to capture these

effects.

At the level of large networks we were interested in asynchronous states and sparse synchronization as

revealed by the population spike rate dynamics in the presence of input fluctuations. To examine these

collective dynamics we derived a mean-field network model, extending an established technique based

on the Fokker-Planck equation for aEIF neurons (section 4.1), which relates to the methodology used

in section 2. The resulting system can be efficiently solved using numerical discretization methods for

partial differential equations; mathematically analyzing its dynamical states, however, can be tedious.

Through systematic model reduction we obtained a low-dimensional system of ordinary differential

equations which can be rapidly solved, conveniently analyzed, and well reproduce the overall dynamics

of the underlying high-dimensional stochastic system (chapter 4.2). This reduced model is well suited

for networks of (local) neuronal networks (e.g., large-scale brain network models) which involve large

numbers of neurons, and allows for the application of powerful techniques, such as phase reduction and

master stability functions, to examine the collective spike rate dynamics. Importantly, the dynamical

properties of single neurons, that is, the variables and parameters of the neuron model, are represented

in the reduced mean-field description. Applying this model framework to a two-population network

of excitatory and inhibitory neurons, we showed that spike-driven adaptation currents together with

sufficiently strong recurrent excitation mediate slow oscillations, and both adaptation current types

promote and modulate faster oscillations caused by an excitatory-inhibitory interaction loop. Knowing

how adaptation currents affect the spike rates of single neurons (cf. chapter 2) facilitate the understanding

of these effects at the network level.

We conclude that neuronal adaptation currents provide mechanisms to generate low-frequency oscilla-

tions in excitation dominated local networks, by stabilizing spike synchrony (subthreshold adaptation,

small networks) or sparse synchrony (spike-driven adaptation, large networks). Both current types facili-

tate and modulate faster rhythms (in small and large networks), which require a substantial contribution

of synaptic inhibition. Since acetylcholine substantially reduces the strength of adaptation currents

(cf. section 1.1) our results give insights into the potential of acetylcholine-based neuromodulatory

control of the collective neuronal dynamics. Finally, our bottom-up model reduction and analyses have

proven successful to reveal the causal relationships between microscopic (neuronal adaptation, synaptic

excitation/inhibition) and macroscopic (network) dynamics at different spatial scales.
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Contributions

This section delineates my contribution to each of the preceding chapters.

Chapter 1 I wrote the introduction chapter and produced Fig. 1.1.

Chapter 2 This chapter is based on the publication (Ladenbauer et al. 2014a), which is authored

by myself (JL), Moritz Augustin (MA) and Klaus Obermayer (KO). Conceived and designed the work:

mainly JL, with strong contribution of MA and KO. Developed the analysis methods: JL and MA. Derived

analytical expressions: JL. Developed code and performed the computational experiments: JL (codes for

Figs. 2.2–2.8) and MA (numerical solution of the Fokker-Planck equation used for Figs. 2.1–2.5, codes for

Figs. 2.1 and 2.8). Wrote the paper: mainly JL, with strong help of MA and KO.

Section 3.1 This section is based on the publication (Ladenbauer et al. 2012), authored by myself (JL),

Moritz Augustin (MA), LieJune Shiau (LS) and Klaus Obermayer (KO). Conceived and designed the work:

JL, LS and KO. Developed the analysis methods: mainly JL, with strong contribution of MA. Developed

code and performed the computational experiments: JL (codes for Figs. 3.1–3.8, 3.10 and 3.11) and MA

(numerical simulation and continuation codes for Figs. 3.2, 3.5, 3.6 and 3.9–3.11). Wrote the paper: mainly

JL, with strong help of MA and KO.

Section 3.2 This section is based on the publication (Ladenbauer et al. 2013), authored by myself

(JL), Judith Lehnert (JLE), Hadi Rankoohi (HR), Thomas Dahms (TD), Eckehard Schöll (ES) and Klaus

Obermayer (KO). Conceived and designed the work: JL, ES and KO. Developed the analysis methods:

JL, HR, with substantial contribution of JLE and TD. Developed code and performed the computational

experiments: JL (all figures), with great help of HR (code contribution for Fig. 3.13) and Douglas Sterling

(student assistant at that time, efficient implementation of codes for graphics processor units). Wrote the

paper: mainly JL, in collaboration with JLE, ES and KO.

Section 4.1 This section is based on the publication (Augustin et al. 2013), which is authored by

Moritz Augustin (MA), myself (JL) and Klaus Obermayer (KO). MA and JL contributed equally to this

paper. Conceived and designed the work: MA and JL, in collaboration with KO. Developed the mean-

field method: mainly MA, with substantial contribution of JL. Developed code and performed the

computational experiments: MA (numerical solution of the Fokker-Planck model, codes for Figs. 4.2–4.6)

and JL (numerical simulation of aEIF networks for Figs. 4.2 and 4.5). Wrote the paper: MA and JL, with

the help of KO.

Section 4.2 The conceptual and technical work for this section was done mainly by myself. The first part

“Deriving a low-dimensional spike rate model of coupled adaptive neurons” is the result of an ongoing

collaborative project with Moritz Augustin, where we evaluate and compare low-dimensional spike rate

models derived from aEIF neurons using the Fokker-Planck equation. I developed the model reduction

and analysis methods presented in this section, and the codes for Figs. 4.7–4.16. The numerical solution

of the Fokker-Planck model in Fig. 4.10 is based on code from Moritz Augustin. I wrote this section. Parts

of the section were presented at recent (computational) neuroscience conferences (Augustin et al. 2014;

Ladenbauer et al. 2014b,c; Augustin et al. 2015) and are included in a manuscript being prepared for

publication.

Chapter 5 I wrote the conclusions chapter.
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