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Abstract

Some time ago, an enhanced concentration of the radionuclide 60Fe was discovered in a
deep-sea ferromanganese crust, isolated in layers dating from about 2.2 Myr ago. Since 60Fe
(whose half-life is about 2.6 Myr) is not naturally produced on Earth, such an excess can
only be attributed to extraterrestrial sources, particularly one or several nearby supernovae
in the recent past. It has been speculated that these supernovae might have been involved
in the formation of the Local Bubble, a soft X-ray emitting region in the local interstellar
medium that is deficient of H i gas and houses our solar system. The aim of this thesis is
to provide a quantitative evidence for this scenario. For that purpose we perform hydrody-
namical adaptive mesh refinement simulations (with resolutions down to subparsec scale) of
the Local Bubble and the neighboring Loop I superbubble in different environments, namely
two homogeneous self-gravitating background media, and a medium designed to mimic more
realistic conditions in the local Galaxy. The latter are achieved by exposing an initial in-
terstellar gas distribution, derived from observations, for 180 Myr to the combined effects
of the Galactic gravitational field, various heating and cooling processes, winds of massive
stars (which are numerically treated as particles forming at Galactic rate in cold and dense
interstellar clouds), and supernovae. Gas in the resulting Galactic disk expresses typical
features of a compressible medium subject to supersonic explosion-driven turbulence, where
also the thermal properties are found to be in satisfactory agreement with observations and
predictions from similar models. For the modeling of the Local and Loop I superbubble, we
take into account the time sequence and locations of the generating core-collapse supernova
explosions, which are derived from the mass spectrum of the perished members of certain,
carefully preselected stellar moving groups. The release of 60Fe and its subsequent turbulent
mixing process inside the superbubble cavities is followed via so-called passive scalars, where
the yields of the decaying radioisotope were adjusted according to recent stellar evolution
calculations. All our models are able to reproduce both the timing and the intensity of the
60Fe excess observed with rather high precision. We however find that 60Fe (which is con-
densed on dust grains) can be delivered to Earth via two possible mechanisms: either through
individual fast-paced supernova blast waves, which cross the Earth’s orbit sometimes even
twice as a result of reflection from the Local Bubble’s outer shell, or, alternatively, through
the supershell of the Local Bubble itself, injecting the 60Fe content of all previous supernovae
at once, but over a longer time range. The extension of the Local Bubble as well as its gas-
dynamical properties are best matched by observations in the model with the inhomogeneous
background medium.





Zusammenfassung

Vor einiger Zeit entdeckte man eine erhöhte Konzentration des Radionuklids 60Fe in einzel-
nen Schichten einer Eisen-Mangan-Kruste aus der Tiefsee, deren Alter auf 2.2 Myr datiert
wurde. Da 60Fe (dessen Halbwertszeit etwa 2.6 Myr beträgt) nicht auf natürlichem Wege auf
der Erde erzeugt wird, kann dieser Überschuss nur extraterrestrischen Quellen zugeschrieben
werden, vorzugsweise einer oder mehreren nahegelegenen Supernovae in jüngster Vergangen-
heit. Es wird vermutet, dass diese Supernovae an der Bildung der Lokalen Blase (einer Region
im lokalen interstellaren Medium, die weiche Röntgenstrahlung emittiert, kaum H i Gas ent-
hält und unser Sonnensystem beherbergt) beteiligt gewesen sein könnten. Das Ziel dieser
Arbeit ist es, einen quantitativen Nachweis für dieses Szenario zu erbringen. Dazu führen
wir hydrodynamische Simulationen der Lokalen Blase und der benachbarten Loop I Super-
blase in verschiedenen Umgebungen durch, wobei adaptive Gitter verwendet werden deren
Auflösung bis hinunter zur Subparsec Skala reicht. Im Speziellen untersuchen wir die Ent-
wicklung in zwei homogenen, selbstgravitierenden Hintergrundmedien, sowie in einem Me-
dium das darauf abzielt, realistischere Bedingungen in der lokalen Galaxis widerzuspiegeln.
Letzteres erreichen wir, indem wir eine aus Beobachtungen abgeleitete Anfangsverteilung
des interstellaren Gases für 180 Myr den gemeinsamen Einflüssen des galaktischen Gravi-
tationsfeldes, verschiedener Heiz- und Kühlprozesse, Winden massereicher Sterne (welche
numerisch als Teilchen behandelt werden, die sich der galaktischen Sternentstehungsrate fol-
gend in kalten und dichten interstellaren Wolken bilden) und Supernovae aussetzen. Das Gas
in der sich daraus ergebenden galaktischen Scheibe zeigt typische Eigenschaften eines kom-
pressiblen Mediums, welches unter dem Einfluss von supersonischer explosionsgetriebener
Turbulenz steht, wobei auch dessen thermische Eigenschaften hinreichend mit Beobachtun-
gen und Vorhersagen ähnlicher Modelle übereinstimmen. Für die Modellierung der Lokalen
und der Loop I Superblase berücksichtigen wir die zeitliche Aufeinanderfolge und Positio-
nen der erzeugenden Kernkollaps-Supernovae, welche vom Massespektrum der “gestorbenen”
Mitglieder bestimmter, sogfältig vorausgewählter Bewegungssternhaufen abgeleitet werden.
Die Freisetzung von 60Fe, sowie dessen anschließender turbulenter Mischprozess im Inneren
der Superblasen, wird mittels sogenannter passiver Skalare verfolgt, wobei die Ausbeute des
radioaktiv zerfallenden Isotops an aktuelle Sternentwicklungsrechnungen angepasst wurde.
Alle unsere Modelle sind in der Lage mit recht hoher Genauigkeit sowohl Timing als auch
Intensität des beobachteten 60Fe Überschusses zu reproduzieren. Wir finden allerdings, dass
60Fe (welches an Staubkörnern kondensiert ist) mittels zweier möglicher Mechanismen zur
Erde gelangen kann: Entweder durch einzelne schnelle Supernova-Detonationswellen, die die
Umlaufbahn der Erde manchmal sogar zweimal kreuzen, sofern sie an der äußeren Schale der
Lokalen Blase reflektiert wurden, oder, alternativ, durch die Superschale der Lokalen Blase
selbst, die den 60Fe Gehalt aller früheren Supernovae auf einmal, allerdings über einen län-
geren Zeitbereich, einspeist. Die Ausdehnung der Lokalen Blase, sowie deren gasdynamische
Eigenschaften stimmen am besten mit Beobachtungen überein, sofern man das Modell mit
inhomogenem Hintergrundmedium heranzieht.
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Chapter 1Introduction

1.1 The interstellar medium in a nutshell

Looking with the naked eye at the sky on a starry night, one might be persuaded that
the space between the twinkling stars is empty. As we know today this is far from true,
although one might speak of an excellent vacuum in earthly terms. In fact, the matter
filling interstellar space is composed of gas in atomic, ionic, and molecular forms, extremely
energetic and electrically charged particles called cosmic rays, and small solid dust grains.
This dilute mixture, which is influenced by radiation and mass loss of stars, stellar explosions,
magnetic fields, and gravitational effects, is commonly known as InterStellar Medium (ISM).
Its importance for the evolution of galaxies like our Milky Way is enormous since it is the
environment where stars are born. Additionally, it harbors the building blocks from which
planets and life may later emerge.
The first observational evidence for the existence of interstellar gas came from studies

of spectroscopic binaries in the early 20th century. These are stars whose spectral lines
undergo a periodically varying Doppler shift as a result of their orbiting motion. Hartmann
(1904) found that the narrow H and K absorption lines of single-ionized calcium (Ca ii) in
the spectrum of the (multiple) star δOri did not however show the aforementioned behavior
and could therefore not arise from δOri itself, but from matter located somewhere along
the line-of-sight toward the star system. It was not until the early 1930’s that it became
clear that such stationary lines are not of circumstellar origin but arise from a gaseous and
dusty medium that pervades the entire Galactic disk and also partakes in its differential
rotation (Plaskett & Pearce 1933). A few years earlier, Bowen (1927) had succeeded in
identifying the alleged ‘nebulium’ line, which appeared in the spectra of gaseous nebulae,
as ‘forbidden’ (i.e., highly improbable) transitions of ionized oxygen and nitrogen in the
low-density gas. Simultaneously, Zanstra (1927) developed a theory for nebula luminosities.
While interstellar gas was initially believed to be homogeneously distributed, high-resolution
spectroscopic studies of bright stars in the late 1930’s revealed that stationary lines can be
resolved into many narrower line components with different radial velocities, implying that
the ISM is actually clumpy and organized into ‘clouds’. Furthermore, it was recognized that
hydrogen is by far the most abundant element in the interstellar gas. Struve & Elvey (1938)
observed that many early-type stars are surrounded by rather sharply bounded regions that
radiate in the red recombination line of hydrogen (λ = 6563 Å) caused by the so-called

1



2 Introduction

Hα transition between the electronic energy levels n = 3 and n = 2. Strömgren (1939)
developed a theory for these H ii regions and showed that the continuous strong UltraViolet
(UV) radiation emitted by young O and B stars (the hottest and most massive stars in the
Milky Way) establish spherical regions, so-called Strömgren spheres, within which hydrogen
is (almost) fully ionized.
Regions of neutral hydrogen, instead, were for a long time inaccessible to direct observa-

tions until van de Hulst (1945) predicted that a ‘spin-flip’ transition between the two hyper-
fine levels of hydrogen’s 1s ground state, resulting from the interaction between the magnetic
moments of electron and proton, produces a radio frequency emission line (λ = 21 cm) of
measurable intensity. This forbidden 21-cm line was eventually detected in 1951 by three
independent teams (Ewen & Purcell 1951; Muller & Oort 1951; Christiansen & Hindman
1952), and, since it arrives at the Earth almost undamped, allowed new insights not only
into structure and dynamics of the interstellar hydrogen in our Milky Way, but also of other
galaxies (Unsöld & Baschek 1999).
The first global model of the Galactic ISM was proposed by Field et al. (1969). In their so-

called 2-phase model the interstellar gas was assumed to be in equilibrium between heating
and cooling; while low-energy (a few MeV) cosmic rays represented the dominant energy
source, the system was allowed to lose energy due to collisional excitation and subsequent
line cooling. Under these assumptions two combinations of temperature and density could
be identified that were stable against pressure perturbations, namely a cold neutral phase∗

(T ' 30 K, n ' 100 cm−3) and a warm weakly ionized phase (T ' 104 K, n ' 0.3 cm−3). It
did not last long for this simple picture to be challenged by the detection of an ubiquitous Ovi
absorption line with the Copernicus satellite, indicating a widespread, hot (5.4 . log T (K) .
6.3) interstellar medium (Jenkins & Meloy 1974; York 1974). Just a few years earlier, Bowyer
et al. (1968) had unveiled the presence of diffuse soft X-ray emission in the energy range below
1 keV, the so-called Soft X-Ray (SXR) background, by using sounding rockets. Attempts,
however, to link its spectral characteristics to the hot medium detected with Copernicus
remained unsuccessful, so that it seemed as if both observations were sampling gas of different
kinds.
Soon it became clear that one was observing another phase of the ISM, which was expected

to be mainly powered by SuperNova (SN) explosions (violent, stellar outbursts that come
essentially in two sorts: Type Ia SNe are a result of the thermonuclear instability of old, de-
generate, low-mass stars that have accreted a critical amount of mass from their companion,
while Type II SNe (divided into Ib, Ic, and II) are triggered when the cores of very massive
stars (& 8 M�

†) undergo gravitational collapse as soon as their nuclear fuel is exhausted).
Shock waves driven by these explosions sweep up the ambient ISM into circumstellar shells
that expand rapidly due to the hot rarified gas in their interior. The compressed swept-
up material radiates efficiently, cools down, and collapses, so that the shells soon become
cold and dense (Chevalier 1977). Collisions with interstellar clouds and/or sufficiently long
evolution times cause the shells to break apart and merge with their surroundings. Being
freed from confinement, the hot rarified gas mixes with the ambient interstellar gas and cools
down to temperatures of approximately 104 K. In order to test this picture, Cox & Smith
(1974) performed Monte-Carlo simulations of randomly occurring SNe in a homogeneous
ISM (nISM ' 1 cm−3) and followed them until their dispersal. Taking a Galactic SN rate
of 1/50 yr−1 and an average explosion energy of ESN ' 4 × 1050 erg, they ended up with

∗This somewhat misleading term refers to the stable regions in the pressure-temperature diagram.
†1 solar mass (M�) ' 1.989× 1033 g



1.1 The interstellar medium in a nutshell 3

a tunnel network of hot bubbles (T ' 106 K, n . 10−2 cm−3) with a volume filling factor
of fVHIM ' 0.5. Based on these findings, McKee & Ostriker (1977) developed their famous
3-phase ISM model. This model is less characterized by a static equilibrium than by con-
tinuous exchange processes between the different phases, so that on average a dynamical
equilibrium, regulated by SNe, arises. The major part of the volume (fVHIM ' 0.7–0.8) is
thus occupied by a Hot Intercloud Medium (HIM), made up of old SuperNova Remnants
(SNRs). Embedded therein are cold, dense, neutral clouds (Cold Neutral Medium; CNM),
filling only a fraction of the volume but containing most of the mass. The cold cloud cores
are themselves coated by warm matter, which has a very low degree of ionization since it is
effectively shielded from external influences, the so-called Warm Neutral Medium (WNM).
However, the surfaces of these clouds are fully exposed to UV and X-ray radiation or thermal
conduction from the HIM and thus represent the Warm Ionized Medium (WIM). Like before
in the 2-phase model, a pressure equilibrium between the phases was assumed, implying that
interaction processes (e.g., cloud evaporation, condensation of hot material upon cool clouds,
mixing of phases due to large-scale gas flows, cloud collisions, thermal instabilities, stellar
winds and SNRs, compression due to shock waves) are well-balanced. Although the 3-phase
model neglects important aspects, such as the spatially inhomogeneous distribution of SNRs,
galactic winds, and the influence of magnetic fields and cosmic rays, it could nevertheless
reproduce some observed quantities like the average pressure and electron density fairly well.
Hence it was celebrated as a huge success at the time of its invention and established the
basis for ISM research for almost three decades.
Over time, however, problems accumulated. For instance, H i observations of the Milky

Way band (Heiles 1980) and nearby galaxies (Brinks & Shane 1984) revealed supershells and
distinct holes in H i, respectively, pointing toward HIM filling factors as small as 0.2. A pos-
sible reason for these features is that most O and B stars are not isolated but rather reside
in loosely organized groups, called OB associations. Initially, the total energy output of such
associations is dominated by cumulative heavy mass loss from early-type stars that are in
the hydrogen-burning (main-sequence) phase of their lives (Castor et al. 1975; Weaver et al.
1977). These wind bubbles merge and form a single expanding cavity, termed SuperBubble
(SB; Bruhweiler et al. 1980). After a minimum of 3 Myr, the association’s most massive
members have already reached the end of their evolution and undergo SN explosions, grad-
ually followed by their less-massive siblings. The majority of these explosions occurs within
the SB interior since progenitors are in general not gravitationally bound, but drift apart at
rather low relative speeds. The highly over-pressured volumes which are thereby created, are
concentrated to the Galactic disk, a flattened gaseous region (with radius ' 25–30 kpc‡ and
effective thickness ' 400–600 pc) that is organized in a spiral pattern, and represents the
main site of star formation. Beside the disk, there are two additional (spherical) components,
namely a bulge with radius ' 2–3 kpc and a halo that extends out to more than 30 kpc from
the center. Our nearest star, the Sun, belongs to the disk, resides roughly 15 pc above the
midplane and about 8.5 kpc away from the center, and participates in the disk’s differential
rotation, with a circular velocity of ' 220 km s−1 (Ferrière 2001). Since pressure and den-
sity fall off away from the Galactic midplane, SBs expand preferably in vertical direction
and usually reach diameters of at least 100 pc. Providing that their time-integrated energy
content is high enough (typically 1052–1053 erg), they can even break out of the Galactic

‡A parsec (pc) is defined as the distance at which the mean separation between Earth and Sun (corresponding
to one astronomical unit; 1 au ' 1.496× 1013 cm) subtends an angle of 1′′. Its numerical value is given by
1 pc ' 3.086× 1018 cm.
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disk and channel mass, momentum, and energy through the excavated ‘chimney’ into the
lower halo. Once elevated in the course of its buoyant motion, the hot SB gas cools down,
condenses into cold neutral clouds, and, subsequently, falls back ballistically onto the disk.
This so-called chimney model (Ikeuchi 1988; Norman & Ikeuchi 1989) and its variants are
summarized under the general term ‘Galactic fountains’, first introduced by Shapiro & Field
(1976). Common to all these models is that interstellar matter is circulated between the
disk, the halo, and/or a galactic wind (Breitschwerdt et al. 1991, 1993), thus leading to a
reduced HIM filling factor in the disk.
Another contradiction to the 3-phase model arose from studying signals from pulsars

(rapidly spinning magnetized neutron stars that emit regularly spaced pulses of electromag-
netic radiation). The principle concept of those studies is the following: Due to the ISM’s
dispersive nature (see below), lower-frequency radio waves pass slower through interstellar
space than their high-frequency counterparts. The resulting spread in the arrival time of
the pulses is measurable and depends on the column density of free electrons between pul-
sar and observer. Provided that distances for a large sample of pulsars are available, this
so-called dispersion measure can be used to construct models of the free electron distribu-
tion in the Milky Way. By taking advantage of this technique, Reynolds (1991) inferred the
presence of Diffuse Ionized Gas (DIG) that occupies a volume fraction of roughly 0.2, with
an exponential vertical scale height of Hz ' 1 kpc (measured from the Galactic midplane).
In summary, there are many observational evidences that the ISM is far more disordered

than suggested by its onion skin-like appearance in the 3-phase model. In fact, radio obser-
vations of interstellar scintillation had revealed correlated structures (Rickett 1970), which
were speculated to be related to turbulent motions (Little & Matheson 1973) in the ionized
gas at scales down to 109 cm or lower (Salpeter 1969), already well before McKee & Ostriker
(1977) published their famous paper. On larger scales, however, the importance of turbulence
had long been questioned, even after Larson (1981), and other authors (Myers 1983; Dame
et al. 1986; Solomon et al. 1987), showed that characteristic power-low correlations between
molecular cloud sizes and line widths exist. The situation began to change when Crovisier
& Dickey (1983) discovered that the power spectrum for widespread H i emission strongly
resembles that for velocities in incompressible, turbulent media. Scalo (1984) and Stenholm
(1984) came to similar conclusions for CO velocities. All doubts were however dispelled as
100µm maps of diffuse and molecular clouds (Low et al. 1984; Bally et al. 1987), which
were obtained with the InfraRed Astronomical Satellite (IRAS ), indicated filamentary and
criss-crossed structures that had almost nothing in common with their well-ordered counter-
parts in the classical 3-phase scenario. Hence, it is fair to state that the model of McKee &
Ostriker (1977) should rather be seen today as a snapshot of a complicated nonlinear system,
for which the role of turbulence goes far beyond that of an additional pressure force; indeed,
it largely controls the dynamical and thermal state of the ISM. In spite of this paradigm
shift, the basic idea of the 3-phase model is still believed to be correct, namely that SNe
represent the primary energy source for the ISM.
Long before the discovery of interstellar gas, it was interstellar dust that attracted the

attention of astronomers, even though, as we know today, it makes up only about 1 % of the
total ISM by mass. The discovery of the dust component dates back to the late eighteenth
century, when William Herschel reported on ‘holes in the heavens’ while referring to starless
regions in the sky, occurring especially along the faint band of the Milky Way. Their true
nature became evident a good century later, when Barnard (1919), one of the pioneers of
Galactic photography, presented a catalog of 182 ‘dark markings of the sky’. In his view, most
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Figure 1.1 The Trifid Nebula, a textbook example for an H II region, as seen in visible light. This object is
a rare combination of an open cluster, an emission nebula (left red heart-like region), a reflection nebula
(right blue region), and a dark nebula (dark dust lanes crisscrossing the emitting regions). [Credit: Adam
Block, Mt. Lemmon SkyCenter, University of Arizona]

apparent holes in the stellar distribution were manifestations of large accumulations of opaque
material (called ‘dark clouds’) which attenuates the background starlight due to absorption
and scattering (later summarized under the term interstellar extinction). In the course of
an extensive study of open clusters (loosely bound collections of up to a few thousand stars
that are confined to the Galactic disk), Trumpler (1930) provided the observational proof
that extinction is not only a feature of single dark clouds but of the whole Milky Way. He
discovered that stars of more distant clusters were, regardless of the considered direction, less
bright than expected and also appeared to be more red in color. The physical reason for this
behavior is that photon scattering on dust particles is more effective at shorter wavelengths
so that blue light is more severely attenuated than red. In other words, light passing through
a dusty medium appears redder than that corresponding to the actual spectral type of the
star (Savage & Mathis 1979). By the same token, light of a hot star that is being reflected
by dust clouds in the star’s vicinity appears bluish. Evidence for this principle on the night
sky is the eerie blue glow of so-called reflection nebulae.
Dust grains are usually paramagnetic and irregularly shaped. They are also subject to

radiative forces exerted by stellar radiation fields due to the effective absorption of photon
momentum. As a consequence, they are forced to rotate about their short axis, while their
long axis is aligned perpendicular to the Galactic magnetic field. In this way, they assume the
role of ‘polarizing filters’ for starlight (Davis & Greenstein 1951). The first investigators who
indeed measured linear polarized radiation from stars were Hall (1949) and Hiltner (1949),
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proving, by implication, the existence of interstellar magnetic fields. Another interesting
aspect of dust grains is that they absorb UV radiation emitted by young stars and re-radiate
it at longer wavelengths. The ‘Trifid Nebula’, shown in Fig. 1.1, represents an impressive
combination of all the effects just described upon the night sky.
As a matter of fact, interstellar dust dominates the emission of the Galactic disk over a

wavelength range of 10–100µm and must therefore cover a significant range of temperatures;
being only a few Kelvin on average, the interstellar dust temperature can rise to a few 100 K
and above in the vicinity of stars, until, eventually evaporation sets in at about 1000–2000 K
(details depend on the dust composition). Common dust ingredients are silicates (especially
olivine and pyroxene), graphite, silicon carbide, PAHs (Polycyclic Aromatic Hydrocarbons),
and ice (predominantly water and carbon dioxide ice). Average particle radii are ' 0.3µm,
however, with large deviations (Dyson & Williams 1997).
Dust grains play moreover the role of a catalyst for the formation of interstellar molecules

since atoms and molecules are adsorbed onto their surfaces where they can migrate, combine
with other species, and, finally, return to the ISM. The list of already discovered interstellar
molecules is long and growing: In addition to H2 and CO, some of the most important are
water (H2O), the hydroxyl radical (OH), hydrogen cyanide (HCN), ammonia (NH3), and
formaldehyde (CH2O). Even complex organic molecules such as acetamide (C2H5NO) have
been detected in some very dense regions of molecular clouds. First evidences that dust and
gas are by and large highly intermixed in the ISM came from color excess§ measurements
of stars, revealing quite closely correlated dust and hydrogen column densities (Jenkins &
Savage 1974; Bohlin 1975). Subsequent surveys of the entire sky at infrared wavelengths
carried out with IRAS and the COsmic Background Explorer (COBE ) confirmed this over-
all picture. Probably the most important sites of dust formation in the present universe are
the pulsating, cool, extended atmospheres of carbon-rich and oxygen-rich Asymptotic Gi-
ant Branch (AGB) stars (luminous, evolved stars of low or intermediate mass that develop
massive, but slow, stellar winds). Also SNRs may have contributed significantly to dust pro-
duction, particularly in the early universe. However, this mechanism is not well-constrained
by models and observations. Subsequent stages in the eventful life of dust grains are aptly
summarized by Dwek (2006):

“Following their production, interstellar dust grains are injected into the diffuse
ISM where they are subject to a host of changes. Expanding SN blast waves sweep
up the grains, subjecting them to various destructive processes, including ther-
mal sputtering, vaporizing grain-grain collisions, and collisions that shatter large
grains into smaller fragments. As the shocked gas cools, the surviving grains may
find themselves inside the relative protective environment of the denser molecular
clouds, where chemical reactions, accretion from gas, and coagulating collisions
reconstitute the grains, permeating and coating them with complex refractory or-
ganic compounds and more volatile ices. This period of reconstitution is abruptly
halted with the formation of massive stars that rip the molecular cloud apart, dis-
persing its contents into the more hostile environment of the diffuse ISM, where
they are again subjected to the destructive forces of interstellar shock waves.”

We now turn to two equally important constituents of the ISM that have been mentioned
only briefly so far: interstellar magnetic fields and cosmic rays.

§A star’s color excess is defined as the difference between its measured color index and the intrinsic color
index determined by its spectral type (Ferrière 2001).
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The Galactic magnetic field is composed of an ordered large-scale component (L '
1 kpc) as well as a smaller scale ‘turbulent’ one (1 pc . L . 100 pc). In the solar vicin-
ity, the regular, ordered (regular + anisotropic random), and total magnetic field strengths
are Breg ' 1.5µG, Bord ' 3µG, and B ' 5µG, respectively. Both Breg and B increase
(decrease) toward the Galactic center (halo). Near the Sun, Breg is horizontal and nearly az-
imuthal, running clockwise with a pitch angle of approximately −8◦. In other words, the field
lines roughly follow the Galactic spiral pattern. This behavior is encountered everywhere in
the Galactic disk. In some regions also a counterclockwise orientation has been detected. In
the Galactic halo, Breg possesses both horizontal and vertical components with the horizon-
tal component being clockwise oriented above and counterclockwise oriented below the disk
inside the solar circle. However, outside the solar circle the horizontal component appears
to be clockwise oriented above and below the disk. Inferring these properties requires the
combination of different observational techniques: While measurements of dust polarization
and synchrotron emission from relativistic cosmic ray electrons provide information on the
perpendicular field component, Faraday rotation of linearly polarized radio signals (either
from pulsars or extragalactic sources) and Zeemann splitting of the H i 21-cm line samples
the longitudinal field component. Note that the last two methods are naturally restricted to
warm ionized and cold regions, respectively (see, e.g., Ferrière 2011, and references therein).
It is widely accepted nowadays that the Galactic magnetic field is maintained against resistive
decay by means of a hydromagnetic Galactic dynamo. The functionality of such a dynamo
requires two mechanisms operating hand in hand: Firstly, large-scale Galactic differential
rotation that stretches magnetic field lines in the azimuthal direction and thus amplifies the
azimuthal large-scale field (‘omega effect’), and, secondly, small-scale turbulent motions that
generate magnetic loops, which are preferentially twisted in a given sense due to the Coriolis
force and therefore create a mean magnetic field component in the direction perpendicular to
the prevailing field (‘alpha effect’). The latter effect is mainly driven by SBs. The search for
the origin of the seed field, which is required for the Galactic dynamo to operate on, is still a
matter of ongoing research. Among plausible candidates are, as outlined by Ferrière (2001),
an extragalactic magnetic field that was already present in the Universe prior to galaxy
formation, a protogalactic field generated as a result of charge separation due to electrons
interacting with photons of the Cosmic Microwave Background (CMB), or fields that had
initially belonged to the first generation of stars but that were expelled into the ISM by their
winds and/or SN explosions. We end this paragraph by noting that interstellar magnetic
fields are not only responsible for the deflection and confinement of cosmic ray particles (see
below) but also crucially influence the spatial distribution, dynamics, and energetics of the
ISM.

The discovery of cosmic ray particles dates back to balloon experiments carried out
by the Austrian physicist and Nobel laureate Victor Hess in 1912, who inferred their exis-
tence from their ionizing effect on the Earth’s upper atmosphere. Their widespread, almost
isotropic distribution in the Galaxy remained however unknown until progress made in radio
and gamma astronomy allowed measuring their interaction with the ISM directly. As we
know today, about 98% of the cosmic ray particles are protons and nuclei (87% protons,
12% helium nuclei, 1% heavy nuclei) while about 2% are electrons (see, e.g., Longair 2011).
It is remarkable that all these components have approximately the same power law energy
distribution within a range of 109 to 1020 eV. This nonthermal energy spectrum features two
breaks, one at 1015 eV (the so-called knee) and another at 1018 eV (‘ankle’), which strongly
constrain possible acceleration mechanisms. Relevant in this respect is that cosmic rays are
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(unlike photons) electrically charged and therefore tightly coupled to interstellar magnetic
fields. As a result, they experience Lorentz forces in the plane perpendicular to the direction
of the magnetic field, causing them to gyrate around the field lines. Parallel to the direc-
tion of the field, on the other hand, cosmic rays are scattered off by self-excited resonant
Alfvén waves. Taking these effects into account, Fermi (1949, 1954) introduced an acceler-
ation mechanism capable of explaining parts of the observed cosmic ray energy spectrum.
The main idea is that cosmic rays get reflected by moving interstellar magnetic fields and
either lose or gain energy, depending on whether the ‘magnetic mirrors’ are moving away or
toward the particles. An analogous picture is that of a tennis player striking an idealized
tennis ball against a stationary wall, while receding or approaching the wall with the racket.
In the former case the velocity of the tennis ball would decrease, while it would increase
in the latter. Fermi estimated that head-on collisions are more probable in a typical inter-
stellar environment than head-tail collisions (note that the same would be experienced by a
person who runs through a crowd of randomly moving people). Consequently, cosmic rays
get, on average, accelerated. Today this process is commonly known as second-order Fermi
acceleration since the mean energy gain per bounce is proportional to the mirror velocity
squared.

As was independently shown by Krimsky (1977), Axford et al. (1977), Bell (1978), and
Blandford & Ostriker (1978), Fermi acceleration occurring at the shock waves of SNRs is
particularly effective since these motions are not random but rather systematic. This is be-
cause converging upstream and downstream flows scatter cosmic rays back and forth across
the collisionless shock front, increasing thereby their energies per passage. The energy gain
depends only linearly on the mirror velocity, which is the reason why this process is referred
to as first-order Fermi acceleration. Cosmic rays thus propagate through the Galaxy via
diffusion-advection with a typical escape time of about 10 Myr. On arrival at Earth, they
have totally lost their directional information, which makes it impossible to assign them to
particular sources. However, taking into account their elemental composition, two sites of
production appear particularly probable, namely either coronal mass ejection of unevolved
late-type stars or Type II SNe (Simpson 1983). Interestingly, the energy densities of cosmic
rays, interstellar gas, and magnetic fields are comparable, namely about 1 eV cm−3. This
implies an almost perfectly orchestrated interplay between the different ISM components,
which is hardly surprising since cosmic rays strongly interact with the magnetic field and the
latter is in turn tightly coupled to the interstellar gas – so tightly in fact that it is usually
referred to as being ‘frozen’ into it. Accordingly, cosmic ray scattering can induce momen-
tum transfer to the plasma via the frozen-in MagnetoHydroDynamical (MHD) waves as a
mediator, which can ultimately lead to a cosmic-ray-driven galactic outflow (Breitschwerdt
1998). Pressure waves that are introduced via spurious increases of the star formation rate
at the base of these galactic winds steepen into long-lived shock waves, which are capable
of post-accelerating cosmic rays (propagating together with outflowing gas from the disk) to
energies between the ‘knee’ and the ‘ankle’, as was recently shown by Dorfi & Breitschwerdt
(2012).

In essence, interstellar matter is steadily consumed in the course of star formation while
it is, at the same time, replenished through feedback processes. The latter operate either
in a continuous manner (stellar winds, infall of intergalactic gas) or instantaneously (SNe,
planetary nebulae, novae etc.), and always go hand in hand with large releases of energy. A
fraction of this energy is consumed by inducing turbulent motions, which act together with
magnetic and radiation fields to maintain the heterogeneous structure of the ISM and thereby
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Figure 1.2 The cosmic cycle of matter. The mass exchange rates shown are taken from Draine (2011).
[Credits for used images: Pleiades – NASA/ESA/AURA/Caltech; Firework Nebula – Adam Block, Univ. of
Arizona; Bubble Nebula – Larry Van Vleet; Hourglass Nebula – HST/WFPC2; Crab Nebula – ESO; Central
Milky Way – Matt BenDaniel; NGC 602 – NASA/ESA/Hubble Heritage Team; Artist’s representation of an
X-ray nova – ESA]

promotes the formation of new generations of stars (see, e.g., Weigert et al. 2010). Figure 1.2
illustrates this recycling process, commonly referred to as the cosmic cycle of matter, in a
schematic fashion. Young, massive O and B stars play the central regulatory role in this cycle,
even though they represent only a minor fraction of the Galactic stellar population. This is
because their feedback processes are much more vigorous than those of lower mass stars, so
that their parent cloud is rapidly disrupted and local star formation is stopped (Franco &
Shore 1984). Otherwise, interstellar gas would be converted completely into stars and the
whole cycle would stall. The global mass balance in our Milky Way appears to be more or
less fulfilled; yet, the actual turnover is only crudely known (' 1 M� yr−1). Extrapolated to
cosmological timescales (' 10 Gyr) this implies that most of the atoms present have been
part of a star at least once. When locked in the stellar interior, Galactic matter goes through
a succession of thermonuclear reactions and eventually returns chemically enriched to the
interstellar space. In particular, all chemical elements heavier than helium (by astrophysicists
casually referred to as ‘metals’) are formed by fusion processes in stars, some of them form
only during the SN explosion (‘explosive nucleosynthesis’). As a result, the proportion of
metals grows at the expense of hydrogen and helium, and, over time, chemical gradients are
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established because of the higher star formation activity (and thus ‘rate of return’) in the
Galaxy’s inner parts (see, e.g., Draine 2011).

With the rapid advancement in computer capabilities over the last two decades it has
become possible to follow the three-dimensional nonlinear evolution of the ISM directly by
means of increasingly sophisticated numerical simulations. Early global models in two di-
mensions date back to Rosen et al. (1993), who investigated the impact of stellar heating and
star formation on the hydrodynamical turbulent structure of the ISM. Studying turbulence
in its true complexity, however, required the inclusion of the third dimension. For example,
Tomisaka (1998) analyzed the vertical expansion of SBs in a magnetized galactic disk in
three dimensions. Even today, physically realistic models of the ISM are very costly and de-
mand not only the distribution of the workload over several processors but also to adjust the
numerical resolution dynamically in order to follow the evolution of even the smallest scales
without wasting computing time on accurately calculating comparatively quiescent regions
of the flow (for details see § 2.6). By taking advantage of these techniques, de Avillez & Bre-
itschwerdt (2004, 2005) ran meso-scale simulations of the SN-driven ISM in a cuboid-shaped
region of 0 ≤ (x, y) ≤ 1 kpc size in the Galactic plane, and −10 ≤ z ≤ 10 kpc perpendicular
to it, centered at the solar circle. Over the years they have gradually extended their model
by including additional physics, such as magnetic fields, a Galactic gravitational field by
stars, self-gravity, winds of massive stars, detailed interstellar heating and cooling processes,
as well as SNe Types Ia, b, c and Type II with appropriate scale heights from observations.
Star formation has been set up in a self-consistent manner by applying realistic mass spectra
in Jeans-unstable regions (see § 4.5) with the condition that the Galactic SN rate is met on
average, and, in addition, 60% of the explosions take place in clusters while the rest occurs
randomly in the field. Recently, de Avillez & Breitschwerdt (2010) coupled their model to a
self-developed plasma emission code in order to account for the fact that cooling in the ISM
depends on the history and dynamics of the plasma (see § 1.2). The evolution time for each
simulation was chosen to be sufficiently large (typically about 200 Myr) in order to erase
memory effects of initial conditions, establish a disk-halo fountain flow cycle, and, finally,
generate converging solutions with increasing numerical resolution.

Among the impressive array of structures brought to light by all these recent simulations
were, as so aptly described by Elmegreen & Scalo (2004), a thin cold disk extruding vertical
‘worms’ and a thick frothy disk of warm neutral gas, thin sheets representing SB interactions
connected by tunnel-like structures, small clouds resulting from the interaction and breakup
of worms and sheets, networks of hot gas, and ‘chimneys’ rising high above the plane. This
general appearance of the ISM was confirmed by recent sensitive observations (see, e.g., the
beautiful mosaic of the Large Magellanic Cloud obtained with the Spitzer Space Telescope;
Meixner et al. 2006). Another simulation result was that global pressure equilibrium does
in general not exist, and that the distribution of the ISM into stable phases is a dangerous
oversimplification. Actually about 50% of the mass of the warm H i gas was found to reside in
the unstable temperature regime between 500 and 5000 K, which fits nicely to observations
by Heiles & Troland (2003) and is possibly due to the stabilizing effect of turbulence on
local condensation modes (de Avillez & Breitschwerdt 2004, 2005). Models which included
magnetic fields by the same authors revealed furthermore that an initially parallel field will
be tangled and drawn out of the Galactic disk, forming loop structures that can open up at
large heights. Thus for typical total field strengths of about 5µG, blow-out of the disk cannot
be inhibited, and mixing of chemical elements in the Galactic halo will be promoted. For the
volume filling factor of hot gas they derived numerically values of 17 and 21% for Galactic SN
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rates in a magnetized and unmagnetized ISM, respectively, which is in any case far below the
value envisaged by McKee & Ostriker (1977) but perfectly understandable in the framework
of the fountain model. Measurements of the Ovi column density along different lines of sights
through the simulation box were demonstrated to be in excellent agreement with FUSE (Far
Ultraviolet Spectroscopic Explorer ) and Copernicus observations (Oegerle et al. 2005; Savage
& Lehner 2006). Also the computed electron density distribution up to a distance of 8 kpc
in the disk turned out to be consistent with pulsar dispersion measurements by Berkhuijsen
& Fletcher (2008), provided, however, that the electron and ionization structure are not in
equilibrium, as discussed in de Avillez et al. (2012). We return to this up-to-date picture of
a turbulent ISM in § 3.6, where we also discuss recent numerical studies in more detail.

1.2 The Local Bubble

The ISM that is closest to the Sun is dominated by a region of comparatively low gas density,
known as the Local Bubble (LB). Such large cavities are common in the Milky Way as well
as in other star-forming galaxies and are an impressive testimony to the powerful role played
by massive stars in shaping the ISM in their vicinity through stellar winds and multiple
SN explosions. This is also illustrated by the existence of several nearby bubbles, like the
Eridanus bubble or the Gum nebula, and, possibly, Radio Loop II and III. Note, moreover,
that without the LB we would perceive significantly fewer stars on the night sky and, as a
consequence, our knowledge of the cosmos would certainly be less developed.
The idea of the LB originated from color excess measurements, indicating a hole in the

interstellar dust around the Sun with an extension of about 50×100 pc in the Galactic plane
(Fitzgerald 1968), in conjunction with observations of the local Galactic X-ray component
conducted in the course of sounding rocket flights in the 1980s, like the University of Wiscon-
sin Survey (McCammon & Sanders 1990). Equipped with proportional counters and narrow
bandpass filters these experiments mapped the diffuse SXR emission from a large fraction
of the sky. Photons in this energy range (between 0.1 and 2 keV) interact with matter pre-
dominantly via photoelectric absorption. The absorption cross section scales approximately
as E−3 and thus increases rapidly at lower energies (cf. Trümper & Hasinger 2008). Hence
it was very surprising that the intensity of different ultra-soft X-ray bands (E ≤ 0.3 keV)
showed no significant variation on large angular scales (Bloch et al. 1986), hinting that all
the plasma which creates this emission is contained within the LB cavity. Another observa-
tional constraint came from the distribution of H i in the immediate vicinity of the Sun. The
primary tracer for H i is the Lyman α line, which lies in the UV (λ = 1216 Å) and arises from
the electronic transition between the atom’s ground (n = 0) and first excited state (n = 1).
In order to draw conclusions about H i column density in our region of the Galaxy, analysis
of the spectra of nearby hot stars is required. If the Lyman α line is observed in absorption,
the presence of H i between stars and observer is unambiguous. Previous surveys based on
this technique (Savage & Jenkins 1972; Jenkins & Savage 1974) had already indicated a de-
ficiency of H i in the Local InterStellar Medium (LISM). It was exactly this anti-correlation
between SXR and H i that paved the way for the so-called displacement model (Sanders et al.
1977) and Local Hot Bubble model (Tanaka & Bleeker 1977).
According to these models, our solar system is situated within a cavity filled with plasma,

at an approximate temperature of 106 K (McCammon & Sanders 1990), which locally dis-
places the H i gas as far as 100 pc. The actual SXR emitting volume seemed to have an
even greater extent toward the Galactic poles because the observed photon flux increased
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Figure 1.3 Observationally derived Local Bubble dimensions. The three thin contour lines correspond to
the Na I absorption line equivalent widths measured in the spectra of background stars at known distances
from different lines of sight (thin black solid line: 50 mÅ; gray solid line: 20 mÅ; gray dashed line: 10 mÅ).
The extension of the X-ray emitting bubble, as derived from ROSAT data, is indicated by the bold contour
line (dashed line parts refer to regions that are contaminated by discrete X-ray sources). In the depicted
coordinate system the x , y , and z-axes point toward the Galactic center (GC; ` = 0◦), into the direction of
the Galactic rotation (` = 90◦), and toward the North Galactic Pole (NGP), respectively. The three panels
show the following Galactic projections: (a) viewed from above the Galactic plane, (b) in the meridian
plane, and (c) in the rotation plane. [Credit: Sfeir et al. (1999)]

from plane to pole by a factor of 2 to 3. More detailed studies of the LB’s dimensions were
conducted by Sfeir et al. (1999) and Lallement et al. (2003), using the optical Na i D-line
doublet (λ = 5890 Å), which is another indicator for neutral atomic gas. By observing the
equivalent width of the Na i lines toward hundreds of stars for which accurate HIPPARCOS
(HIgh-Precision PARallax COllecting Satellite) parallaxes were available, they were able to
reconstruct possible locations of the LB’s outer wall. These were then projected onto differ-
ent Galactic planes of reference to create three-dimensional maps. As can be seen in those
maps by Sfeir et al. (thin contour lines in Fig. 1.3), the bubble is asymmetrically shaped
and tilted about 20◦ to the direction of the Galactic poles, and possibly related to Gould’s
belt (a ring of early-type stars and star-forming regions around the Sun with a diameter
of about 1 kpc), to which it is perpendicularly oriented. While the radius of the bubble
varies between ' 60 pc and ' 250 pc within the Galactic plane, it is generally elongated in
the vertical direction, and possibly even open-ended toward the Galactic north pole so that
Welsh et al. (1999) concluded that it has effectively become a chimney.

A fundamental contribution to the present picture of the LISM in general and the LB
in particular was made by ROSAT (ROentgenSATellit ; Trümper 1983). Owing to its fast
X-ray resolving optics (Aschenbach 1988) and low noise detector, it allowed for the first time
to construct detailed all-sky maps of the diffuse SXR background in several energy bands
(Snowden et al. 1997). Figure 1.4 shows a composite color image derived from this survey,
in which ‘red’ indicates soft emission, ‘blue’ either hard emission or strong absorption (e.g.,
in the Galactic plane), and ‘green’ emission related to SNe or SBs. Up to now, the ROSAT
All-Sky Survey (RASS) database is still unique. This is because the X-ray satellites currently
observing the X-ray sky were designed for pointed observations. The spatial and spectral
resolutions of today’s X-ray telescopes XMM-Newton and Chandra are far superior than
those of ROSAT, however, these telescopes will only cover a small fraction of the sky. A
major improvement with respect to the RASS is not expected until the launch of eROSITA
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Figure 1.4 The soft X-ray background mapped during the ROSAT All-Sky Survey. The image is a com-
posite of three X-ray energy bands (red : 0.25 keV; green: 0.75 keV; blue: 1.5 keV), shown in Galactic
coordinates (the Galactic center is located in the middle and the Galactic length increases to the left).
Prominent sources are labeled. [Credit: MPE]

(extended ROentgen Survey with an Imaging Telescope Array) in 2017, which will extend
the all-sky survey to energies up to 10 keV.
ROSAT also paved the way for the discovery of X-ray shadows. These observations are

based on the same principle as medical X-ray examinations except that the X-ray source
is represented by the SXR background, the patient by a cloud, and the X-ray screen by
ROSAT ’s proportional counter. Accordingly, the intensity detected for a line of sight passing
through the cloud corresponds to the sum of the foreground and background emission. The
latter is attenuated proportional to the column density of hydrogen contained in the cloud.
The method was for instance successfully applied to the Draco nebula, which is located in
the Galactic halo at a distance of about 600 pc (Snowden et al. 1991). The detected flux
was anti-correlated with the cloud content as traced by the 21 cm line and IRAS 100µm
maps, just as expected for photoelectric absorption by heavy elements associated with H i
gas. Using a simple extinction law it was revealed that more than 50% of the emission stems
from beyond the nebula (and thus the LB), which was the first observational evidence for
the existence of gas with a temperature of several million degrees Kelvin in the Galactic
halo, as previously pointed out by Spitzer (1956). Observing heavy absorbers, such as the
nearby (d ' 65 pc) high-latitude molecular cloud MBM 12, for which the surface distribution
of hydrogen gas is known, samples the foreground emission. Off-cloud measurements, on
the other hand, provide both local and distant emission components. A comparison yields
information about the distribution along the line of sight (cf. Trümper & Hasinger 2008).
Using this technique, Snowden et al. (1993) determined the cloud’s foreground intensity and
from this the hydrogen density within the LB (nH ' 0.0065 cm−3). Under the assumption
that the bubble is filled homogeneously with hot gas, the intensity was calibrated with
distance, and three-dimensional maps of the LB (now based on the SXR emission) could
be constructed (bold contour lines in Fig. 1.3; Snowden et al. 1998). It turned out that
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Figure 1.5 Differential color excess in the Galactic plane, as derived by inversion of line-of-sight data (map
from Lallement et al. 2014). The color-coding ranges from red for low volume opacity (cavities that are
probably filled with hot, X-ray emitting gas) to purple for high volume opacity (dense interstellar clouds).
Due to the limited number of target stars, a smoothing length had to be applied in the inversion process,
with the effect that structures smaller than 15 pc are not mapped at their actual sizes. The Sun is at
(0, 0) and the Galactic center direction is to the right. The black contour line represents the unabsorbed
0.25 keV diffuse background derived from shadowing by Snowden et al. (1998), while the dashed blue
contour line indicates the estimated average heliospheric contribution to this signal. [Credit: Puspitarini
et al. (2014)]

the hot X-ray emitting gas does not fill the H i void completely in all directions. Hence it
was argued that the LB contains some warm rather than hot gas, and/or is inhomogeneous
(see, e.g., Breitschwerdt et al. 2012). Meanwhile, more extended and higher resolved three-
dimensional maps of the LISM have become available, which result from inverting roughly
23 0000 reddening measurements toward nearby stars (Lallement et al. 2014): Figure 1.5
shows as an example the color-coded differential opacity distribution in the Galactic plane.
Superimposed is the ROSAT unabsorbed 0.25 keV surface brightness derived by Snowden
et al. (1998), as well as the averaged estimated heliospheric contribution to the signal (see
also below), which was computed using the ROSAT observing conditions (Puspitarini et al.
2014).

The high temperature of the plasma inside the LB was deduced from the spectral distribu-
tion of X-ray photons, however, under the assumption that the gas is in Collisional Ionization
Equilibrium (CIE). This implies that the rate of ionization as a result of collisions between
electrons and atoms or ions is exactly compensated by the rate of recombinations. For an
optically thin plasma, such as in the interior of the LB, this assumption is generally not
met because radiative recombinations on the one hand, being the dominant cooling process,
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and collisional ionization on the other hand, are not inverse processes. Hence, substantial
deviations from equilibrium arise and increase with time, if the initially hot plasma in CIE
is allowed to cool (Breitschwerdt et al. 1996, and references therein). Observational evidence
for a NonEquilibrium Ionization (NEI) plasma came from spectroscopic measurements with
the Diffuse X-ray Spectrometer (DXS ) and the Extreme UltraViolet Explorer (EUVE ; both
had higher spectral resolution than ROSAT ) as the spectrum could not be brought into ac-
cordance with that of a gas at a temperature of 106 K, although it was clear by this time that
the SXR background originates from the emission of thermal X-ray plasma. Attempts to
explain the spectra by proposing depleted elemental abundances were not successful, unless
different values were ascribed to each element, which is, however, hardly justified physically
(Breitschwerdt 2001). Dropping the assumption of CIE eliminates these issues since the tight
coupling between the dynamical and thermal evolution of the plasma does not allow for as-
signing a unique temperature to the spectral information available. In the context of the
turbulent ISM there are essentially two extreme situations, namely if the plasma undergoes
fast compression or fast adiabatic expansion. In the first case, very efficient heating of inter-
stellar plasma on short timescales (e.g., due to a shock wave) causes the heavy species to have
lower ionization states than the plasma at the same temperature at CIE. The consequence of
this ‘delayed ionization’ is that the plasma, when observed spectroscopically, appears cooler
than it actually is (see, e.g., Cox & Anderson 1982). The completely complementary case
can occur in expanding SBs; here, since gas expansion happens on much shorter timescales
than radiative recombination, the high ionization stages of the previously heated plasma are
preserved. This is often referred to as ‘delayed recombination’; the plasma appears hotter
to observers than it actually is. Breitschwerdt & Schmutzler (1994, 1999) proposed a self-
consistent evolution model for the LB based on the latter process. In their view, the LB is
the relic of an old SB, created by about 20 early type stars that injected an energy of approx-
imately 1052 erg into a compact molecular cloud with an approximate density of 104 cm−3.
Driven by SN explosions (the most recent occurred in the model roughly 1.5 Myr ago), the
SB eventually broke out of the cloud and underwent fast adiabatic expansion. According
to Breitschwerdt & Schmutzler (1994, 1999), this should have happened after about 10 Myr.
For the present day, they derived a plasma temperature in the LB of 4.2×104 K and a density
of 2.4× 10−2 cm−3. These values correspond to a thermal pressure of Pth/kB ' 2000 K cm−3

(kB ' 1.381 × 10−16 erg K−1 denotes Boltzmann’s constant), which is in agreement with
observations. The resulting emission spectra lack moreover extreme UV lines due to the low
kinetic temperature, which also closely resembles observations carried out with the EUVE
satellite.

The LB appears to interact with a neighboring, almost equally old SB, termed Loop I
(Fig. 1.6, left). Egger & Aschenbach (1995) came to this conclusion by detecting an SXR
shadow on the periphery of the Loop I supershell in maps of the RASS (Fig. 1.6, right).
From the discovery of a neutral gas wall residing at the very same position in the sky at an
approximate distance of 40 pc, as deduced from ROSAT extreme UV observations (Diamond
et al. 1995) and optical and UV spectral analysis of stars in Loop I (Centurion & Vladilo
1991), and the finding of an even denser ring in the Galactic H i distribution, enclosing the
wall (Fruscione et al. 1994), it appeared reasonable to attribute these structures to collisions
between expanding curved shock waves (similar to the ones predicted earlier by Yoshioka
& Ikeuchi (1990) in numerical simulations). Accordingly, the detected wall may just be
part of the penetration zone, held in pressure equilibrium by the two colliding bubbles,
and bounded by the ring. Loop I, whose most prominent manifestation is the X-ray bright
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Figure 1.6 Interaction between the Local and Loop I superbubble (left), and the soft X-ray shadow which
presumably originates from it (right ; white dashed lines). The white solid circle in the shown 0.1–0.4 keV
map marks the radio continuum Loop I. [Credits: Breitschwerdt et al. (2000) and Egger & Aschenbach
(1995)]

North Polar Spur (NPS; see Fig. 1.4), represents a site of past and ongoing collective winds
and consecutive SN events in the nearby Sco-Cen OB (or Sco OB2) association; roughly 40
SNe are believed to have already occurred and another ' 40 are expected (Weaver 1979;
Egger & Aschenbach 1995). As a natural consequence the plasma within Loop I is hotter
(T ' 4× 106 K), less dense (n ' 2.5× 10−3 cm−3), and the pressure is therefore higher than
in the LB. This picture is in total agreement with the finding that the LB’s extension is
lower in the direction of the Sco-Cen associations (Sfeir et al. 1999) as well as data from the
Leiden-Dwingeloo Survey indicating a motion of the wall toward the Sun at a velocity of
about 5 km s−1 (Freyberg et al. 1999). Breitschwerdt et al. (2000) argued that the pressure
imbalance between the bubbles could have a direct influence on the Very Local InterStellar
Medium (VLISM), i.e., the ISM in the neighborhood of the Sun, within a radius on the order
of tens of pc (see Frisch et al. 2011, for a recent review), since the compressed interaction
zone should be subject to hydromagnetic Rayleigh-Taylor instabilities. The latter occur
when a fluid with high density rests above one with lower density, and both fluids reside
in a gravitational field, or, alternatively, if the low-density fluid accelerates the high-density
fluid. This triggers exponentially growing irregularities at the interface, which are, however,
not randomly distributed across the surface. Instead, periodic patterns of wave peaks and
troughs arise, whose wavelengths are determined by the surface tension of the fluid, and
which subsequently grow to mushroom-like protrusions.
In the current astrophysical problem, the pressure difference between the Local and Loop I

SB assumes the role of gravitational acceleration; the interaction zone and the hot gas of
Loop I correspond to the denser and less-dense fluid, respectively. The interstellar magnetic
field, which has been compressed in the dense wall together with interstellar gas, acts as
surface tension and limits the mean diameter of the protrusions to about 2.2 pc. After a
growth time of about 105–106 yr (depending on the magnetic field structure) the instability
has become fully nonlinear and magnetized neutral cloudlets are eventually pinched off from
the interaction zone, mediated by magnetic reconnection that acts across converging, bent-
up, antiparallel field lines. Driven by the overpressure, the cloudlets move ballistically with
a velocity of about 22 km s−1 through the LB, in the direction of the solar neighborhood.
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Objects with consistent sizes and velocity vectors have indeed been observed (see Lallement
1998; Frisch et al. 2011). In fact, our solar system sits in the midst of such a region, known as
the Local InterStellar Cloud (LISC), with a density of about 0.1 cm−3 (Lallement et al. 1994;
Lallement & Ferlet 1997) and a temperature of about 7000 K (Linsky 1996). However, the
corresponding thermal pressure Pth/kB ' 2500 K cm−3 would not be sufficient to support the
cloud against the conditions within the LB interior. This was a long-standing discrepancy
until the magnetic field strength of the LISC could be constrained from using data from the
two NASA spacecraft Voyager 1 and 2 launched in 1977. Both probes have already passed
the solar termination shock, where the solar wind (i.e., the stream of charged particles
ejected from the upper atmosphere of the Sun) is decelerated from supersonic to subsonic
velocities: Voyager 1 in December 2004 at a distance of 94 au and Voyager 2 in August
2007 at 84 au indicated that the shock’s actual location strongly depends on interactions of
the temporally varying solar wind with its surroundings. At the time of writing, the two
probes are flying through the heliosheath, the outermost region of the heliosphere, which is
delimited by the heliopause (i.e., the contact discontinuity between the subsonic wind plasma
and the inflowing ISM). As found by Opher et al. (2009), the magnetic field strength in the
heliosheath is unexpectedly high, between 3.7 and 5.5µG. This corresponds to a magnetic
pressure as large as PB/kB ' 4500 K cm−3 and would explain, when added to the LISC’s
alleged thermal pressure, how the cloud managed to escape its own destruction up to now.
Until recently it was widely believed that even further out, where the solar wind hits the ISM,
a standing bow shock wave exists. Its presence was, however, challenged by measurements
made with the Interstellar Boundary EXplorer (IBEX ) from which McComas et al. (2012)
concluded that the velocity of the Sun through the LISM is too low for it to form. However,
this study neglects the He+ component of the LISM and, if this were to be taken into account,
the original bow shock scenario would then be restored, as was demonstrated by Scherer &
Fichtner (2014).

Also, doubts were raised as to whether the SXR background is due to the LB at all.
Emission could be readily produced instead within the solar system by heavy solar-wind
ions exchanging electrons with neutral H and He in interplanetary space. Galeazzi et al.
(2014) investigated this theory by analyzing the helium focusing cone, a ‘breeze’ flowing into
the solar system as it passes through the LISC that is focused into a cone shape by the Sun’s
gravity. Neutral gas is relatively abundant in this cone, making it a good place to probe the
solar wind’s X-ray production efficiency. For that purpose, Galeazzi et al. combined RASS
data with observations from the DXL (Diffuse X-rays from the Local galaxy) rocket mission
launched in 2012. They found that actually both sources, the hot LB gas and the solar wind,
are required to produce the 0.25 keV flux in the Galactic plane, with the total solar-wind
charge exchange accounting only for about 40%, which is a strong confirmation of the LB’s
existence.

The exact origin of the LB is still heavily debated in the literature. Although it is essen-
tially agreed upon that it is the product of local SNe, which occurred probably 107 or more
years ago, there are still ambiguities concerning the origin of the X-ray emission. Models
come essentially in two sorts: (i) in which the emission arises from reheating of the plasma
by a single SN blast wave that occurred about 105 yr ago (e.g., Cox & Anderson 1982),
or (ii) considering slowly recombining gas of an extinct SB, which has been excavated by
collective core-collapse SNe from roughly 4 Myr ago (Innes & Hartquist 1984; Smith & Cox
1998). The aforementioned model of Breitschwerdt & Schmutzler (1994, 1999) represents
the second scenario. All these models have in common that the LB is considered to be an
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Figure 1.7 Paths of the Local Bubble progenitor stars over the last 20 Myr projected onto the Galactic
plane at different times (color coding). The observed contour of the Local Bubble is dash-dotted. [Credit:
Breitschwerdt et al. (2012)]

individual object. A contrary scenario was proposed by Bochkarev (1987) and Frisch (1995),
who degraded the LB to an ‘appendix’ of Loop I that had expanded into the low-density
inter-arm region. In this picture, the X-ray emitting volume is assumed to be the result
of the overall gas expansion induced by a previous epoch of star formation in the Sco-Cen
association, and local clouds surrounding the solar system are fragments of the expanding
SB shell. Although this would explain why the H i cavity is filled only partially with hot gas,
that model does not account for the neutral H i wall between Loop I and the LB.
Returning to the idea that the LB represents a dying SB, there is still the question about

the ‘smoking gun’, i.e., the OB association that might have harbored the SN progenitors
ultimately responsible for its creation. Unfortunately there is no simple solution to this
problem since the present LB territory lacks such an association (Fuchs et al. 2009). The
next obvious step was therefore to scan the solar neighborhood for moving groups of stars
that might have once crossed the path of the LB and, additionally, provided an adequate
number of SN explosions in order to explain both the present SB extent and the detected
SXR emission. Berghöfer & Breitschwerdt (2002) calculated stellar trajectories of the nearby
(d ' 135 pc) Pleiades subgroup B1 backward in time. Using an Initial Mass Function (IMF;
for a definition see § 4.5) that is divided in such a way that each integer mass bin contains at
least one star, Berghöfer & Breitschwerdt inferred the number of SNe in the past (NSN = 19),
determined their explosion sites from the trajectory, and their explosion times (10 to 20 Myr
before present) from their main-sequence life time (assuming here that all stars in the cluster
were born coevally); all remaining stars of B1 belong today to the Sco-Cen OB association.
In a similar study, Maíz-Apellániz (2001) analyzed the Sco-Cen subgroups as identified by
de Zeeuw et al. (1999), namely Upper Scorpius (US), Upper Centaurus-Lupus (UCL), and
Lower Centaurus-Crux (LCC). They concluded that about 6 SNe, which occurred 7 to 9 Myr
ago in LCC, would be appropriate to explain the LB’s existence. With the aim to improve
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Figure 1.8 The hydrogenetic ferromanganese crust in its natural deep-sea environment (left) and a piece
of the crust 237KD used by Knie et al. (2004) for dating nearby SN explosions (right). [Credits from left to
right: oceanexplorer.noaa.gov; Poutivtsev (2007)]

and bring together previous studies, Fuchs et al. (2006) performed an ab initio search in
which they scrutinized all stars that reside in a volume of 400 pc in diameter, with the Sun
at the center. Using data from the HIPPARCOS and Arivel catalogs, Fuchs et al. selected
only those 79 B stars that are concentrated in both real and velocity space, and followed
back their paths in time. They found that the association had entered the present LB volume
rather off-center 10 to 15 Myr ago (see Fig. 1.7). Since then, 14 to 20 SN explosions should
have occurred, the last one only about 0.5 Myr ago. The corresponding energy input into the
surrounding ISM was shown to be consistent with the current size of the LB. From inspecting
the main-sequence turn-off point in the (extinction-corrected) color-magnitude diagram they
moreover confirmed that UCL and LCC are, together with the US subgroup, the youngest
OB associations in the solar neighborhood, with ages ranging from 20 to 30 Myr.

1.3 Relics of the ‘blasts from the past’

A very promising way to validate evolution models for the LB is to look for traces of the
involved SNe on Earth. As already pointed out by Ellis et al. (1996) and Korschinek et al.
(1996), the radioisotope 60Fe, which is produced during the late shell-burning phase in mas-
sive stars and predominantly released by Type II SNe, is particularly useful in this context
because of its low terrestrial background and comparatively long lifetime. Using accelerator
mass spectrometry¶, Knie et al. (1999) analyzed the isotopic content of a so-called hydroge-
netic ferromanganese crust. Crusts of that type contain, as the name suggests, large amounts
of Mn (& 20 %) and Fe (' 15 %), but also other elements, such as Ti, Co, and Ni (Poutivtsev
2007). They are found on the bottom of the ocean, mainly on sea-mountains and plateaus,
deep-sea volcanoes, or the mid-ocean ridges, at depths between 400 and 5000 m (Poutivtsev
2007, see left panel of Fig. 1.8). Furthermore, they grow very slowly (< 10 mm Myr−1) via
extraction of material from the ambient water, and are thus ideal candidates for studying
the enrichment with extraterrestrial radionuclides over astronomical timescales. The afore-
mentioned sample was recovered from the bottom of the South Pacific Ocean near French
Polynesia and showed a clear 60Fe excess in the outer two of three millimeter-thick layers,

¶This is an ultrasensitive technique that uses a particle accelerator (usually a tandem van de Graaff accel-
erator) for directly counting long-lived radioisotopes and stable isotopes at very low abundances (10−12–
10−15).
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Figure 1.9 Ferromanganese crust measurements showing the concentration of 60Fe relative to stable
iron as a function of the age of the crust layer. Filled circles correspond to measurements by Knie et al.
(2004), empty squares to a confirming follow-up study by Fitoussi et al. (2008). The dashed horizontal
line indicates the instrumental background. All data shown here is based on the latest 10Be dating.
[Reproduced from Feige et al. (2012)]

corresponding to a time span of 0–2.8 Myr and 3.7–5.9 Myr, respectively. Knie et al. (1999)
considered this signature as a strong hint for at least one close SN event in the recent past.
The poor time resolution led Knie et al. to repeat the study in 2004 with another sample

of better quality. The crust used this time stemmed from the north equatorial Pacific and
featured not only a much flatter and more uniform surface but also no indications of inhomo-
geneous growth (see right panel of Fig. 1.8). Hence, a much better time resolution of a few
0.1 Myr could be achieved. In accordance with their previous study, they found a definitive
peak for the concentration of 60Fe 2.8 Myr ago. The required age of the crust was determined
through measurements of 10Be by Segl et al. (1984), who used a value of (1.51 ± 0.06) Myr
for the 10Be half-life (Hofmann et al. 1987). Newer measurements, however, point toward
a slightly lower half-life value; while Nishiizumi et al. (2007) suggested (1.36 ± 0.07) Myr,
latest measurements by Chmeleff et al. (2010) and Korschinek et al. (2010) converged to
(1.387±0.012) Myr. Using the latter value clearly changes the crust’s age and shifts the 60Fe
peak to about 2.2 Myr, as reported by Feige et al. (2012). Figure 1.9 shows the corrected
measurements of Knie et al. (2004, filled circles), and, additionally, a confirmation of the data
made by Fitoussi et al. (2008), who used another drill hole of the same sample but applied
different chemical separation schemes (empty squares). The instrumental 60Fe background
(dashed horizontal line) was determined to be about 2.4× 10−16.
In an attempt to link these measurements to the aforementioned LB formation scenario,

Feige (2010) resorted to the data of Fuchs et al. (2006) to analytically compute the time
it takes the SNRs to hit Earth, as well as the amount of 60Fe which is thereby deposited.
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The basis of these calculations was the SN model by Kahn (1998), which does not assume
a homogeneous density distribution for the blast wave to expand in, but rather a medium
which had already been stratified by a previous SN event. In particular it was assumed that
the first SN runs into a homogeneous ISM, whereas all subsequent SNe occur at the center
of the spherical region excavated by the first SN, with a radial density profile of the form
ρ(R) ∼ R9/2. By taking the 60Fe yields as a function of the massive progenitor stars’ initial
masses, as derived from stellar evolution models, the measured 60Fe profile (both amplitude
and timing) could be reproduced with surprisingly high accuracy for the range of external
densities considered (0.01–10 cm−3).

Also by means of analytical computations, Fry et al. (2015) tested whether besides the
already discussed core-collapse SNe also other progenitors would be capable of producing
the 60Fe signal. The authors concluded that also electron-capture SNe and super-AGB stars
would be feasible.
Results of such analytical models should however be treated with some caution, since

the similarity solutions applied have a number of serious deficiencies. Firstly, the ambient
medium is required to be either homogeneously distributed or to follow a power-law density
distribution, implying that possible dense obstacles (particularly the LB’s outer shell) are
not taken into account. In addition, the pressure must be small compared to the pressure
in the expanding bubble. This poses no strong limitations for the modeling of a second or
subsequent SN event, whose blast wave takes only little time to move through the hot and
thin pre-stratified medium. However, the situation is totally different for a single SN or
the very first one in a series, which must penetrate through a totally inhomogeneous LISM
and thus would soon undergo strong distortions. Secondly, the external medium is taken to
be constant over time. In reality, however, the density profile changes after each SN. Feige
(2010) at least switched from a homogeneous to a power-law background medium after the
first SN went off. Nevertheless, they assumed that all subsequent explosions occur in the
same environment. Continuing the iterative approach would be certainly an improvement
here, i.e., using the medium created by the second SN as an initial condition for the third
one, and so on. Last but not least, turbulent mixing and mass loading, as present in real
SBs, are hard to incorporate without further assumptions (Dyson et al. 2002).
For realistic modeling of the LB it is therefore required to solve the full-blown set of gas-

dynamical equations by performing three-dimensional high-resolution numerical simulations.
A first study of that kind was carried out by Breitschwerdt & de Avillez (2006), which was
based on the older and less detailed formation scenario from Berghöfer & Breitschwerdt
(2002). In these simulations, the two SBs, LB and Loop I, were placed into a realistic
background-ISM that already had time to evolve for 200 Myr by means of an ongoing SN
feedback. After about 14.5 Myr, the properties of the LB showed striking agreement with
H i and UV absorption line data. Moreover the simulation predicted that LB and Loop I
will merge in about 3 Myr from now, as soon as the interaction shell starts to fragment
(Breitschwerdt et al. 2009). An upgrade to this model was presented in Fuchs et al. (2006)
which included not only LB progenitors from their more systematic selection procedure, but
also improvements in the SN rate.
One might now object that, for astronomical standards, ejected radioisotopes are only a

temporary evidence for a recent Type II SN event, whereas the certainly more durable relic
is the neutron star, whose birth place could be traced back from its motion. Using this
technique, Neuhäuser et al. (2012) and Tetzlaff et al. (2013) were actually able to identify
two neutron stars that were created relatively close to the solar system, namely at a distance
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of 110–150 pc. But since their progenitor stars exploded only about 1–1.5 Myr ago, these
‘zombie stars’ cannot have originated from the alleged SN event that placed the 60Fe signal
on Earth 2–3 Myr ago.
The goal of the present work is to establish by means of high-resolution hydrodynamical

simulations that the 60Fe excess observed is a natural byproduct of the LB formation scenario
originally proposed by Berghöfer & Breitschwerdt (2002). For this purpose, we combine
the parameter set for the LB-generating SNe derived and applied by Feige (2010), with
the general methodology presented in Breitschwerdt & de Avillez (2006). Hence, we not
only consider the LB evolution in two representative homogeneous background media, but
also in a medium that aims to mimic the turbulent state of the real, inhomogeneous, SN-
driven LISM. The dynamics of 60Fe is followed via so-called passive scalars or tracers, which
are quantities that behave like a drop of ink when dispersed in a liquid. All simulations
are executed on massively parallel computers using our extensively modified version of the
Eulerian grid code Ramses (“Raffinement Adaptatif de Maillage Sans Effort Suhumain” or
“Adaptive mesh refinement without too much effort”), which was originally developed by
Teyssier (2002) for the study of large-scale structure and galaxy formation, but has evolved
over the years to a quite flexible package for general purpose simulations in self-gravitating
astrophysical fluid dynamics. The code is written in Fortran 90, makes extensive use
of the Message Passing Interface (MPI) library, and is available for free download online‖.
Its current version solves the equations of hydrodynamics and MHD in the presence of
self-gravity and radiative cooling. More recently, Commerçon et al. (2011) implemented a
full radiation MHD solver based on the gray flux-limited diffusion approximation (Minerbo
1978). This additional module takes advantage of the computing power offered by Graphics
Processing Units (GPUs), which have already become part of almost any modern notebook
or desktop computer.
The thesis is organized as follows: In § 2, we outline the framework for the numerical

computations done in this work and also present our code benchmarks. § 3 aims to draw
a condensed, self-contained picture of the physics of turbulence, including a brief discussion
of the specialities of interstellar turbulence. Our meso-scale model for the LISM is then
thoroughly described in § 4. In § 5, simulation results are presented and discussed, espe-
cially with regard to the ferromanganese crust measurements. Finally, § 6 closes with our
conclusions.

‖https://bitbucket.org/rteyssie/ramses

https://bitbucket.org/rteyssie/ramses


Chapter 2Numerical framework

2.1 Governing equations of hydrodynamics

Mass conservation

We consider a fluid with mass
M =

∫
V0

ρdV , (2.1)

where ρ = ρ(x, t) is the mass density. The total fluid mass crossing a volume V0 (that is
bounded by the surface F0 = ∂V0) per unit time with velocity u = u(x, t) is then given by∮

∂V0

ρu · df , (2.2)

where the magnitude of df = n̂df equals the area of the surface element df and its direction
is along the surface normal n̂. The orientation of df is defined to be positive if the fluid exits
the volume. Thus if (2.2) is positive, the fluid mass within the volume V0 decreases per unit
time, i.e.,

− ∂M

∂t
= − ∂

∂t

∫
V0

ρdV . (2.3)

Providing that sources and sinks are absent in V0, the expressions (2.2) and (2.3) can be
equated. Applying further the divergence theorem yields∮

∂V0

n̂ · (ρu)df =

∫
V0

∇ · (ρu)dV !
= − ∂

∂t

∫
V0

ρdV = −
∫
V0

∂ρ

∂t
dV . (2.4)

The last equality sign is only valid if the volume V0 does not change with time. Hence,∫
V0

[
∂ρ

∂t
+ ∇ · (ρu)

]
dV = 0 . (2.5)

Since our considerations are independent of the actual volume V0, the integrand must vanish
and we end up with the continuity equation (see, e.g., Landau & Lifshitz 1987)

∂ρ

∂t
+ ∇ · (ρu) = 0 . (2.6)

23
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Momentum conservation

We next transfer the Newtonian equation of motion to fluids. Since the total surface force
acting on the fluid volume V0 is given by (P denotes the pressure)

−
∮
∂V0

Pdf ≡ −
∫
V0

∇PdV , (2.7)

each fluid element obeys an equation of motion of the form

ρ
Du
Dt

= −∇P , (2.8)

where the time derivative denotes the acceleration a single fluid particle experiences at a
certain point x = (x(t), y(t), z(t))T (co-moving Lagrangian frame). We can express this
derivative analogously to the total derivative with respect to time in terms of quantities
referring to fixed points in space (fixed Eulerian frame);

du =
∂u
∂x

dx+
∂u
∂y

dy +
∂u
∂z

dz +
∂u
∂t

dt

⇒ du
dt

=
∂u
∂x

dx
dt

+
∂u
∂y

dy
dt

+
∂u
∂z

dz
dt

+
∂u
∂t

=

(
u
∂

∂x
+ v

∂

∂y
+ w

∂

∂z

)
u +

∂u
∂t

= (u ·∇)u +
∂u
∂t

=:
Du
Dt

,

(2.9)

with the local flow velocity u(x, t) = (u, v,w)T. Hence, the so-called substantial derivative
D/Dt can be identified as the sum of the local derivative (time rate of change at a fixed point)
and the convective derivative (time rate of change due to movement of the fluid particle in
the flow field). Substituting Eq. (2.9) into (2.8) finally gives the Euler equation

∂u
∂t

+ (u ·∇)u = −1

ρ
∇P . (2.10)

Here, the nonlinear advection operator (u · ∇)u deserves particular attention since it is
capable of creating severe distortions in the velocity field by, e.g., stretching and folding
fluid elements. Therefore, it is ultimately responsible for the generation of hydrodynamical
turbulence (see § 3).
Usually, cosmic matter is influenced by gravitational fields of various magnitudes. We

can account for this by adding an external force term of the form ρg (g is the gravitational
acceleration) to the right-hand side of Eq. (2.8). The Euler equation thus becomes (see, e.g.,
Landau & Lifshitz 1987)

∂u
∂t

+ (u ·∇)u = −1

ρ
∇P + g . (2.11)

It is an easy task to show via tensor calculus using Eq. (2.6) that an equivalent formulation
of Eq. (2.11) is the conservation law of momentum (I denotes the unity tensor)

∂

∂t
(ρu) + ∇ · (ρu⊗ u + P I) = ρg , (2.12)
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which may be integrated over the control volume V0 to become

∂

∂t

∫
V0

(ρu)dV = −
∮
∂V0

[u(n̂ · ρu) + P n̂]df +

∫
V0

ρgdV . (2.13)

It is important to note that all these relations only hold for fluids that do not feature
energy dissipation processes, such as viscosity or heat conduction. In other words, we have
just described the adiabatic motion of a perfect fluid (i.e., zero heat transfer; δQ = 0). We
know from the first and second law of thermodynamics that for a closed reversible system

dε+ Pdτ = δQ = Tds ≡ 0⇒ s = const. , (2.14)

or
Ds
Dt

= 0 , (2.15)

where ε is the specific internal energy (i.e., the internal energy per unit mass), τ ≡ 1/ρ is the
specific volume, T is the temperature, and s is the specific entropy. According to Eq. (2.9),
this condition is equivalent to

∂s

∂t
+ (u ·∇)s = 0 . (2.16)

In other words, if a fluid particle moves adiabatically, its entropy remains constant (isentropic
motion).

Energy conservation

We now want to determine how the fluid energy changes with time inside the volume V0.
The total energy density is the sum of the kinetic and thermal energy density, i.e.,

E =
1

2
ρ|u|2 + ρε . (2.17)

As such,
∂E

∂t
=

1

2
|u|2∂ρ

∂t
+ ρu · ∂u

∂t
+
∂

∂t
(ρε) . (2.18)

The first and second terms on the right-hand side of Eq. (2.18) can be rewritten by substi-
tuting Eqs. (2.6) and (2.10), respectively, while the third term can be evaluated using the
first and second law of thermodynamics. After a little algebra we thus obtain the compact
relation (see, e.g., Landau & Lifshitz 1987)

∂

∂t

(
1

2
ρ|u|2 + ρε

)
= −∇ ·

[
ρu
(

1

2
|u|2 + h

)]
, (2.19)

where h = ε + Pτ = ε + P/ρ is the specific enthalpy. Adding a gravitational field and
integrating over V0 yields

∂

∂t

∫
V0

(
1

2
ρ|u|2 + ρε

)
dV = −

∮
∂V0

[n̂ · (Eu + Pu)]df +

∫
V0

ρ(u · g)dV . (2.20)

Equations (2.4), (2.13), and (2.20) are the so-called integral forms of the hydrodynamic
conservation equations. Note that the volume integrals describe the change of the conserved
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quantities per unit time within the considered volume. The surface integrals, on the other
hand, represent the amount of conserved quantities leaving the control volume per unit time.
This integral form has two main advantages: Firstly, it does not require smooth flow variables
and thus admits discontinuous solutions, and, secondly, it quite naturally lends itself to be
utilized by numerical schemes relying on finite volumes (so-called Finite Volume Methods,
or FVMs), i.e., computational cells (Toro 2009). For completeness, it may be noted that,
beside the macrophysical derivation given above, there also exists a more elegant (albeit
slightly less intuitive) microphysical derivation based on the Boltzmann equation (see, e.g.,
Padmanabhan 2000).
So far, we have five equations for six unknowns. Closing the system thus requires an

additional equation, represented by the equation of state. In the case of very rarefied plasmas
usually studied in astrophysics it is sufficient to consider the adiabatic evolution of a perfect
gas. Then, the internal energy is a function of temperature alone and our missing equation
takes the form

P = (γ − 1)ρε , (2.21)

with

P =
ρkBT

µmH
, (2.22)

where γ is the adiabatic index (γ = 5/3 for an ideal monoatomic gas), µ is the mean molecular
weight, and mH ' 1.67× 10−24 g is the mass of a hydrogen atom.
Owing to their similar structure, the governing conservation equations (2.6), (2.10), and

(2.19), which are called hereafter the Euler system, can be expressed in a very compact form.
In three dimensions we have

∂U
∂t

+
∂F(U)

∂x
+
∂G(U)

∂y
+
∂H(U)

∂z
= S(U) , (2.23)

where the state vector U contains the conserved flow variables,

U =


ρ
ρu
ρv
ρw
E

 , (2.24)

and the vectors F(U), G(U), H(U) the fluxes,

F =


ρu

P + ρu2

ρuv
ρuw

u(E + P )

 , G =


ρv
ρuv

P + ρv2

ρvw
v(E + P )

 , H =


ρw
ρuw
ρvw

P + ρw2

w(E + P )

 . (2.25)

S(U) is the source term vector. It represents sources and/or sinks of mass, momentum,
and energy due to gravity, ionization, or reactions of chemical species, radiative transfer,
geometrical effects, etc.
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For a perfect gas the Jacobian matrices J(x)(U), J(y)(U), J(z)(U) that correspond to the
flux vectors F(U), G(U), H(U) are given by (cf. Laney 1998)

J(x)(U) ≡ ∂F
∂U

=


0 1 0 0 0

γ̂H − u2 − a2 (3− γ)u −γ̂v −γ̂w γ̂
−uv v u 0 0
−uw w 0 u 0

u[(γ − 2)H − a2] H − γ̂u2 −γ̂uv −γ̂uw γu

 , (2.26)

J(y)(U) ≡ ∂G
∂U

=


0 0 1 0 0
−uv v u 0 0

γ̂H − v2 − a2 −γ̂u (3− γ)v −γ̂w γ̂
−vw 0 w v 0

v[(γ − 2)H − a2] −γ̂uv H − γ̂v2 −γ̂vw γv

 , (2.27)

J(z)(U) ≡ ∂H
∂U

=


0 0 0 1 0
−uw w 0 u 0
−vw 0 w v 0

γ̂H − w2 − a2 −γ̂u −γ̂v (3− γ)w γ̂
w[(γ − 2)H − a2] −γ̂uw −γ̂vw H − γ̂w2 γw

 , (2.28)

where a =
√
γP/ρ is the (adiabatic) speed of sound, H = (E + P )/ρ = 1

2(u2 + v2 + w2) +
a2/(γ − 1) is the total enthalpy, and γ̂ := γ − 1.
It can be shown that each flux Jacobian has five real eigenvalues, namely λ(i) = {ui −

a, ui, ui + a, ui, ui} for i = x, y, z if ux := u, uy := v, uz := w. Note that three eigenvalues
are distinct and two are repeated. For each spatial direction the matrix of the corresponding
five right eigenvectors (which can be shown to be linearly independent) are

K(x) =


1 1 1 0 0

u− a u u+ a 0 0
v v v −1 0
w w w 0 1

H − au H − a2

γ̂ H + au −v w

 , (2.29)

K(y) =


1 1 1 0 0
u u u 1 0

v − a v v + a 0 0
w w w 0 0

H − av H − a2

γ̂ H + av u 0

 , (2.30)

K(z) =


1 1 1 0 0
u u u 0 −1
v v v 0 0

w − a w w + a 0 0

H − aw H − a2

γ̂ H + aw 0 −u

 . (2.31)

System (2.23) is therefore hyperbolic. It can be rewritten for smooth flows in terms of so-
called primitive or physical variables,W = (ρ,u, v,w,P )T, by expanding the flux derivatives.
Neglecting for now sources and sinks, we end up with the nonconservative, quasi-linear form

∂W
∂t

+ A(x)(W)
∂W
∂x

+ A(y)(W)
∂W
∂y

+ A(z)(W)
∂W
∂z

= 0 , (2.32)
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where the coefficient matrices are given by

A(x)(W) =


u ρ 0 0 0
0 u 0 0 1/ρ
0 0 u 0 0
0 0 0 u 0
0 ρa2 0 0 u

 , (2.33)

A(y)(W) =


v ρ 0 0 0
0 v 0 0 0
0 0 v 0 1/ρ
0 0 0 v 0
0 0 ρa2 0 v

 , (2.34)

A(z)(W) =


w ρ 0 0 0
0 w 0 0 0
0 0 w 0 0
0 0 0 w 1/ρ
0 0 0 ρa2 w

 . (2.35)

These result from A(i) = PJ(i)P−1 (i = x, y, z), where P = ∂W/∂U is the Jacobian of the
transformation. Also this system fulfills all requirements to be termed ‘hyperbolic’.

2.2 The Riemann problem

For any nonlinear system of hyperbolic conservation laws, the Riemann problem (which is
in fact a whole class of problems) denotes a situation where piecewise constant data occurs
on an infinite spatial domain, featuring initially a single jump discontinuity. In the case of
the one-dimensional time-dependent Euler system, it is

U(x, t0) =

{
UL x < 0 ,

UR x > 0 ,
(2.36)

where UL and UR are constant state vectors left and right of the discontinuity. For reasons
of simplicity let t0 = 0, x0 = 0. The Riemann problem for the Euler system has no exact
closed-form solution, not even for the case of a perfect gas. Nevertheless, there exist iterative
schemes which allow the solution to be calculated numerically to any desired degree of
accuracy which could then serve as a reference test in the development of computational
fluid dynamics codes.
Solutions of the Riemann problem have the convenient property of being self-similar,

implying that they depend only on the single variable x/t rather than x and t separately.
In other words, the solution stretches uniformly in space as time increases, but otherwise
retains its shape.
There are four possible combinations of waves as solution to the Riemann problem, de-

pending on the initial states (Toro 2009). However, only two of them are of particular interest
when it comes to utilizing the solutions in numerical methods, namely when the left or right
wave is a sonic rarefaction wave. In these ‘wave capturing’ schemes (one representative is
discussed in § 2.3) the Riemann problem is solved locally many times to obtain a single
solution. Correspondingly, evaluating the Riemann problem is the most demanding task in
such schemes.
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Figure 2.1 The wave pattern generated in a shock tube on the (x , t)-plane. Three waves separate four
constant states: Initial data on the left-hand side (WL), the states in the ‘star’ region (W∗L and W∗R),
and initial data on the right-hand side (WR). The grayscaling corresponds to the density (dark gray: high
density; white: low density). [Reproduced from Courant & Friedrichs (1948)]

One famous example is the physically well-studied ‘Sod shock tube problem’. This consists
of an infinite one-dimensional tube filled with two gases initially at rest and at different
pressures, separated by a diaphragm. The pressure in the left chamber is assumed to be
higher than in the right and viscosity is neglected. If the diaphragm is now instantaneously
removed, a pressure imbalance arises that causes the gas at high pressure to quickly fall
over the low pressure gas, resulting in the quite sophisticated flow pattern shown in Fig. 2.1.
Main features are a shock wave and a contact discontinuity steadily moving to the right,
with the latter always lagging behind the shock, and a rarefaction wave steadily moving to
the left. A detailed mathematical analysis of the problem can, e.g., be found in Courant
& Friedrichs (1948). Figure 2.2 depicts profiles of a few (dimensionless) fluid variables at
time t = 0.245 after the removal of an imaginary membrane. The solutions were obtained
analytically (lines) as well as numerically (symbols). Clearly visible is the refined numerical
grid (143 cells in total) along the contact discontinuity and the shock wave, allowing for the
discontinuities to be reproduced almost vertically.

2.3 The Godunov method

In 1959 Godunov proposed a conservative numerical scheme for solving partial differential
equations with solutions of the Riemann problem as an essential ingredient (Toro 2009). In
this section we demonstrate how Godunov’s method can be used to solve initial boundary
value problems, like the one represented by the (homogeneous) Euler system. For reasons
of clarity we restrict ourselves to a one-dimensional domain [0,L] on which our problem
simplifies to: 

Euler system:
∂U
∂t

+
∂F(U)

∂x
= 0

Initial conditions: U(x, 0) = U(0)(x)

Boundary conditions: U(0, t) = UL(t), U(L, t) = UR(t) ,

(2.37)
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Figure 2.2 The Sod shock tube problem after time t = 0.245. Shown is a comparison of the ‘exact’ (black
lines) and the numerical solution (blue symbols) computed with the RAMSES code. The profiles are as
follows: density (solid line, squares), velocity (dashed line, circles), and pressure (dotted line, triangles).
The initial conditions of this Riemann problem are (ρ, u, P)L = (1, 0, 1) and (ρ, u, P)R = (1/8, 0, 1/10) with
γ = 1.4. In the beginning, the two fluids were separated at x = 0.5. States introduced in Fig. 2.1 are
labeled and indicated by the same grayscaling. All numbers are in code units.

where U(0)(x) is the initial data at time t = 0. Provided that a solution to (2.37) exists, the
basic idea consists of integrating the Euler system in a control volume [x1,x2]× [t1, t2], i.e.,∫ x2

x1

U(x, t2)dx =

∫ x2

x1

U(x, t1)dx+

∫ t2

t1

F(U(x1, t))dt−
∫ t2

t1

F(U(x2, t))dt . (2.38)

For the following steps, the spatial domain [0,L] is subdivided into N regular finite volumes,
i.e., cells with centers indexed as i, so that the size of the i-th cell is ∆x = xi+1/2− xi−1/2 =
L/N , with i = 1, . . . ,N . The temporal domain [0,T ] is also discretized into time steps ∆t,
which are however of variable size. On the resulting grid the continuous initial data Ũ(x, tn)
may be represented by a piecewise constant distribution with cell averages of the form

U(x, tn) =: Un
i =

1

∆x

xi+1/2∫
xi−1/2

Ũ(x, tn)dx , (2.39)

for x in each cell Vi = [xi−1/2,xi+1/2]. Using Eq. (2.38), the temporal evolution of cell Vi is
given by∫ xi+1/2

xi−1/2

Ũ(x, tn+1)dx =

∫ xi+1/2

xi−1/2

Ũ(x, tn)dx

+

∫ tn+1

tn
F(Ũ(xi−1/2, t))dt−

∫ tn+1

tn
F(Ũ(xi+1/2, t))dt ,

(2.40)

where tn+1 = tn+∆t. It took the genius of Godunov to realize that adjacent initial statesUn
i

and Un
i+1 constitute local Riemann problems RP(Un

i ,Un
i+1) at intercell boundary positions
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(i.e., cell faces) xi+1/2. Local similarity solutions are represented by Ui+1/2(x̄/t̄), with (x̄, t̄)

as local coordinates. The global solution Ũ(x, t) within the domain [0,L]× [tn, tn+1] directly
follows from the local solution,

Ũ(x, t) = Ui+1/2(x̄/t̄) , (2.41)

when using the transformations
x̄ = x− xi+1/2 , t̄ = t− tn ,

x ∈ [xi,xi+1] , t ∈ [tn, tn+1] ,

x̄ ∈ [−∆x
2 , ∆x

2 ], t̄ ∈ [0, ∆t] .

(2.42)

Providing that ∆t is small (see below), it is valid to assume that

Ũ(xi±1/2, t) = Ui±1/2(0) = const. , (2.43)

where Ui−1/2(0) and Ui+1/2(0) are the solutions of the (self-similar) Riemann problems
RP(Un

i−1,Un
i ) and RP(Un

i ,Un
i+1) along the intercell boundaries (i.e., x/t = 0, which cor-

responds to the t-axis in the local frame), respectively. The conservative update, Eq. (2.40),
thus becomes (after division through ∆x)

1

∆x

∫ xi+1/2

xi−1/2

Ũ(x, tn+1)dx =
1

∆x

∫ xi+1/2

xi−1/2

Ũ(x, tn)dx

+
∆t

∆x
[F(Ui−1/2(0))− F(Ui+1/2(0))] ,

(2.44)

or, equivalently,

Un+1
i = Un

i +
∆t

∆x
[Fi−1/2 − Fi+1/2] , (2.45)

where

Fi±1/2 = F(Ui±1/2(0)) =
1

∆t

∫ tn+1

tn
F(Ũ(xi±1/2, t))dt (2.46)

denotes the intercell fluxes.
A time step restriction is necessary in order to avoid wave interactions within Vi (i.e.,

overlapping Riemann solutions) and thus to guarantee the stability of the numerical scheme.
Particularly it must hold that

∆t ≤ ∆x

max
i
{|uni |+ ani }

, (2.47)

where the denominator represents the maximum wave velocity at time tn within the whole
domain. In practice, it is more convenient to work with the so-called Courant-Friedrichs-
Lewy (CFL) number Ccfl, satisfying 0 < Ccfl ≤ 1. Hence,

∆t = Ccfl
∆x

max
i
{|uni |+ ani }

. (2.48)

In summary, the Godunov method consists of three straightforward steps: First, the piecewise
constant data is taken as the left and right initial state of a local Riemann problem. Next,
the Riemann problem is solved to obtain the intercell fluxes, which are finally used to update
the conservative variables.
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2.4 The MUSCL-Hancock scheme

The basic Godunov method presented in the previous section is stable but very diffusive and
thus too inaccurate to be of practical interest. Simply switching to higher-order methods
is however not an option since only first-order linear schemes prove to be monotonicity
preserving∗ (Godunov’s theorem; Godunov 1959), i.e.,

Uni ≥ Uni+1 for all i ⇒ Un+1
i ≥ Un+1

i+1 for all i . (2.49)

This issue was first circumvented by van Leer (1977) who introduced a scheme that is second-
order accurate in space and time, and yet features no spurious oscillations in the vicinity of
strong gradients as higher order versions of the classical Godunov scheme would show. The
basic ingredient of this so-called MUSCL-Hancock method (the acronym ‘MUSCL’ stands
for Monotone Upstream-centered Scheme for Conservation Laws) is piecewise linear states
that replace Godunov’s piecewise constant ones, providing higher accuracy in smooth regions
while avoiding under- and overshoots of the numerical solution through limiting slopes near
discontinuities (Toro 2009). One can quantify these oscillations by introducing the (discrete)
total variation of a grid function Un,

TV (Un) =
∞∑

i=−∞
|Uni+1 − Uni | for fixed n . (2.50)

According to Harten’s theorem (Harten 1983), solutions remain monotone for all future time
steps if the scheme is Total Variation Diminishing (TVD), i.e.,

TV (Un+1) ≤ TV (Un) for all n . (2.51)

There exists a variety of functions for comparing specifically defined numerical slopes. Once
such a ‘slope limiter’ is chosen, it has to be multiplied by the jump in the cell averages to
guarantee a TVD scheme (see also LeVeque 1992).
The MinMod slope limiter, for instance, analyzes the left and right slope and chooses the

one with the smaller magnitude if both are of the same sign. Otherwise, and this holds for
all limiter functions, it sets the net slope to zero. This approach leads to maximum possible
limiting of the scheme to remain TVD and ensures minimum steepening. The limiter is quite
dissipative though and tends to smear out discontinuities, but, on the other hand, ensures
the positivity of the solution in multiple spatial dimensions. Most importantly, it is the only
monotone limiter and is therefore widely used (also in this work) despite its shortcomings.
Complementary in many respects is the Superbee slope limiter. By ensuring that the

predicted states are bounded by the initial average states, it limits the slope as little as
possible. Unfortunately it is unable to handle nonlinear systems (Teyssier 2010).
Certain nonlinear setups permit to use at least a compromise between MinMod and Super-

bee, namely the so-called Monotonized Central-difference (MonCen) limiter. To construct
this limiter function, the central difference is compared with twice the one-sided slope to
either side (LeVeque et al. 1998). In this way it is guaranteed that the initial reconstructed
states are bounded by the initial average states.
It is important to note that the Riemann problem’s self-similarity breaks down for higher

order methods, even in one spatial dimension. This is because gradients across cells introduce
∗A scheme is called monotonicity preserving if (i) no new local extrema are introduced in the solution, and
(ii) a local minimum (maximum) is a non decreasing (non increasing) function of time.
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Figure 2.3 Schematic representation of the predictor step in the MUSCL-Hancock method. Left: Data
reconstruction. Boundary extrapolated states, e.g., Wn

i+1/2,L and Wn
i+1/2,R, are derived for the piecewise

constant data {Wn
i }. Right: Evolution of Wn

i+1/2,L and Wn
i+1/2,R by a time ∆t/2. The resulting piecewise-

constant states, Wn+1/2
i+1/2,L and Wn+1/2

i+1/2,R, serve as an input for a conventional Riemann problem at the cell
interface at xi+1/2. [Inspired by Toro (2009)]

a length scale. The one-dimensional Riemann solver is therefore fed with predicted states,
i.e., states that were advanced half a time step into the future (Fig. 2.3). A recipe of the
MUSCL-Hancock method, as it is implemented in the Ramses code, could read as follows
(cf. Toro 2009):

1. Provide boundary conditions by defining appropriate states in ‘ghost cells’ adjacent
to the left and right end of the computation domain (see § 4.2).

2. Compute the time step according to the scheme prescribed in § 2.3. Thereby, the
Courant number, Ccfl, is a free parameter that has to be be chosen carefully at the
beginning of the computation.

3. Predictor step. Predict future states using a Taylor expansion of the nonconservative
Euler system in space and time, based on one of the previously discussed TVD slopes;

Wn+1/2
i+1/2,L = Wn

i +
∆t

2

(
∂W
∂t

)
i

+
∆x

2

(
∂W
∂x

)
i

, (2.52)

Wn+1/2
i+1/2,R = Wn

i+1 +
∆t

2

(
∂W
∂t

)
i+1

− ∆x

2

(
∂W
∂x

)
i+1

, (2.53)

or

Wn+1/2
i+1/2,L = Wn

i +
∆x

2
[I− ∆t

∆x
A(Wn

i )]

(
∂W
∂x

)
i

, (2.54)

Wn+1/2
i+1/2,R = Wn

i+1 −
∆x

2
[I +

∆t

∆x
A(Wn

i+1)]

(
∂W
∂x

)
i+1

. (2.55)
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Note that only spatial derivatives and known states at the cell centers are used. The
reason for switching to primitive variables is that they lead to a more robust numerical
scheme.

4. Flux calculation step. Compute intercell fluxes by solving the Riemann problem
between two (left and right) second-order predicted states (Wn+1/2

i+1/2,L,Wn+1/2
i+1/2,R):

Fn+1/2
i+1/2 = F(Wn+1/2

i+1/2 (0)) . (2.56)

Either exact or approximative Riemann solvers may be applied here (see § 2.5).

5. Corrector step. Use computed Godunov fluxes to conservatively update the volume-
averaged variables U:

Un+1
i = Un

i +
∆t

∆x
[Fn+1/2
i−1/2 − Fn+1/2

i+1/2 ] . (2.57)

6. Next time level. Start over with step 1.

Generalized to three dimensions, Ramses solves the unsplit conservative form of the Euler
system

Un+1
i,j,k = Un

i,j,k +
∆t

∆x
[Fn+1/2
i−1/2,j,k − Fn+1/2

i+1/2,j,k]

+
∆t

∆y
[Gn+1/2

i,j−1/2,k −Gn+1/2
i,j+1/2,k] +

∆t

∆z
[Hn+1/2

i,j,k−1/2 −Hn+1/2
i,j,k+1/2] ,

(2.58)

with the flux functions being now time and space averages, e.g.,

Fn+1/2
i+1/2,j,k =

1

∆t∆y∆z

∫ tn+1

tn

∫ yj+1/2

yj−1/2

∫ zk+1/2

zk−1/2

F(Ũ(xi+1/2, y, z, t))dz dy dt . (2.59)

The two remaining (Godunov) fluxes, Gn+1/2
i,j+1/2,k and Hn+1/2

i,j,k+1/2 are defined in a similar fash-
ion. For their calculation, the corresponding one-dimensional Riemann problems are evalu-
ated in each spatial direction.

2.5 Approximate Riemann solvers

Finding ‘exact’ solutions for the Riemann problem across all cell interfaces at each time step
is a very computationally intensive task since it involves many Newton-Raphson iterations
and complicated nonlinear functions (see § 2.2). A common way to circumvent this issue is
to solve instead the Riemann problem approximately, leading to a dramatic enhancement of
the efficiency of the numerical scheme. In the following we briefly discuss some approximate
Riemann solvers which are all supported by the Ramses code.
By restricting themselves to a solution structure that only includes the fastest and slowest

waves, Harten, Lax, & van Leer (1983) proposed the so-called HLL Riemann solver. Its
basic idea is the integration of conservation laws in the volume [TSL,TSR]× [0,T ] using the
three state vectors
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Figure 2.4 Comparison of the two-wave HLL (left) and the three-wave HLLC Riemann solver (right) in
the (x , t)-plane. The dashed rectangle represents the control volume over which the conservation laws
are integrated.

Ũ(x, t) =


UL if x/t ≤ SL ,

Uhll = SRUR−SLUL+FL−FR
SR−SL

if SL ≤ x/t ≤ SR ,

UR if x/t ≥ SR .

(2.60)

Here, all states between the two considered waves (‘star’ states), as they would occur in the
exact solution, are merged into a single constant state Uhll (see left panel of Fig. 2.4). The
wave speeds SL and SR are assumed to be known, derived, e.g., with the scheme presented
below. The corresponding HLL flux may then be shown to be (Toro 2009)

Fhll
i+1/2 =


FL if 0 ≤ SL ,

Fhll = SRFL−SLFR+SRSL(UR−UL)
SR−SL

if SL ≤ 0 ≤ SR ,

FR if 0 ≥ SR .

(2.61)

Note, however, that due to the lack of the intermediate wave, the very robust HLL method
tends to extensively smooth contact waves and vortices.
A variant of the HLL flux, used in this thesis, can be derived by enforcing the positive

wave speed
S+ = SR = −SL = max(|uL|+ aL, |uR|+ aR) . (2.62)

Substituting Eq. (2.62) into (2.61) yields the so-called Local Lax-Friedrichs (or Rusanov)
flux

Fllf =
FL + FR

2
− S+UR −UL

2
. (2.63)

A modification of HLL was introduced by Toro et al. (1994) and is known as the HLLC
Riemann solver. In this approximate Riemann solver the intermediate wave of speed S∗,
which is missing in the HLL scheme, re-enters the eigenstructure and separates the ‘star’
region into two sub-regions (see right panel of Fig. 2.4). Note that the ‘C’ in HLLC stands
for ‘Contact’.

Ũ(x, t) =


UL if x/t ≤ SL ,

U∗L if SL ≤ x/t ≤ S∗ ,

U∗R if S∗ ≤ x/t ≤ SR ,

UR if x/t ≥ SR .

(2.64)
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The HLLC flux is computed by

Fhllc
i+1/2 =


FL if 0 ≤ SL ,

F∗L if SL ≤ 0 ≤ S∗ ,

F∗R if S∗ ≤ 0 ≤ SR ,

FR if 0 ≥ SR ,

(2.65)

with
F∗K = FK + SK(U∗K −UK) , (2.66)

where K = L,R. Imposing conditions that are consistent with the exact solution of the
Riemann problem, it is readily confirmed (see Toro 2009) that

U∗K = ρK

(
SK − uK
SK − S∗

)


1
S∗
vK
wK

EK
ρK

+ (S∗ − uK)
[
S∗ + PK

ρK(SK−uK)

]

 , (2.67)

where
S∗ =

PR − PL + ρLuL(SL − uL)− ρRuR(SR − uR)

ρL(SL − uL)− ρR(SR − uR)
. (2.68)

A possible estimate for the required wave speeds SL and SR is

SL = uL − aLqL , SR = uR + aRqR , (2.69)

with

qK =

1 if P∗ ≤ PK Rarefaction wave ,√
1 + γ+1

2γ

(
P∗
PK
− 1
)

if P∗ > PK Shock wave .
(2.70)

Also derived from exact wave relations, the pressure in the ‘star’ region takes the form

P∗ =
1

2
(PL + PR) +

1

2
(uL − uR)ρ̂â , (2.71)

where ρ̂ = (ρL+ρR)/2 and â = (aL+aR)/2. This three-wave method is far less diffusive than
HLL-type schemes but, unfortunately, also less stable in complex simulations. An elaborate
comparison of approximate Riemann solvers can be found in Toro (2009).
How the numerical methods described above can be extended to treating flows with a

magnetic field is explained in Appendix A.

2.6 Adaptive mesh refinement

Numerical simulations of the interstellar medium in star-forming galaxies involve long-time
evolutions of structures that are many orders of magnitude smaller than the computational
box. Unfortunately, it is impossible at the present time to achieve these high spatial resolu-
tions with uniform Eulerian grids since this would lead to unacceptable computational costs,
even on supercomputers (Bodenheimer et al. 2007). One way to overcome this problem is a
method that has become quite popular in astrophysics nowadays, known as Adaptive Mesh
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Refinement (AMR). Its basic idea is to adapt the local grid resolution to the actual require-
ments prescribed by the flow. In contrast to the technique of nested grids, where the refined
mesh remains static during the whole simulation, AMR grids are dynamically adjusted to
keep track of regions requiring higher resolution which change their position over time. In
astrophysics, there are actually two main types of AMR to which we refer in the following
as ‘patch-based’ and ’tree-based’ (Fig. 2.5), like Teyssier (2002).

Figure 2.5 Comparison of a patch-based
(left) and tree-based (right) adaptive grid
tracing the same bow shock wave (blue
line). [Credit: Teyssier (2010)]

Patch-based AMR, as introduced by Berger &
Oliger (1984) and Berger & Colella (1989), covers
high-resolution regions of the flow by applying a hi-
erarchy of nested grids of various sizes in a patch-
like manner. Their position and extent are optimized
with respect to flow speed, flow geometry, and mem-
ory constraints. In the scope of parallel computing
one can take advantage of the fact that the grids are
large in size but comparatively small in number.
Tree-based AMR, on the other hand, refines each

cell of the grid individually, leading to a recursive
tree structure that follows complicated flow geome-
tries much closer than the patch-based approach (con-
sider the blue bow shock wave in Fig. 2.5). However, the grid’s complexity is also its downside
since it requires quite sophisticated data management strategies, especially, when it comes
to parallelizing the algorithm (Kravtsov et al. 1997).
The latter scheme is the heart of the Ramses code. Actually, the fundamental data

structure of Ramses is the so-called graded octree (Khokhlov 1998; Teyssier 2002): The
cartesian grid is not composed of single cells but of groups of 2dim sibling cells called octs
(‘dim’ is the number of dimensions), where each oct (i.e., small grid) belongs to a certain
level of refinement `. Adjacent octs which differ by only one level of refinement guarantee
the absence of sharp changes in resolution. The first level of refinement covers the whole
computational domain with 2, 4, or 8 cells in 1, 2, or 3 spatial dimensions. A (regular)
coarse grid is created by further refining the grid up to `min with the corresponding mesh
spacing nx = 2`min . The refinement is then continued up to the maximum desired level `max.
Choosing `min equal to `max produces a uniform cartesian grid. Consequently, the maximum
number of octs (cells) in each level ` equals 2`−1 (2`), 4`−1 (4`), or 8`−1 (8`) for 1, 2, or 3
spatial dimensions, respectively. Octs are sorted in a double linked list: Each oct at level `
is not only linked to the previous and next oct in the level linked list, but also to the parent
cell at level ` − 1, to the 2 × dim neighboring parent cells at level ` − 1, and to the 2dim

child octs at level `+ 1 (see Fig. 2.6). Cells without children are called ‘leaf’ or ‘active’ cells.
Otherwise, they are called ‘split’ or ‘inactive’ cells. Sharing this particular tree structure
requires 2 integers per cell. The fluid dynamical equations are solved on active, not on the
inactive cells because the latter encapsulate averages of finer grained information.
The CPU overhead of a graded octree compared to a uniform grid can be as large as 50%.

Ramses builds the refinement map for a given mesh by ensuring the following three criteria
that must hold in each level, starting from the finest grid and proceeding to the coarsest one
(Teyssier 2002):

1. Physical criteria. If any cell satisfies the imposed physical refinement criteria, then
it is marked for refinement. In this work we restrict ourselves to criteria based on
gradients of the flow variables: A cell i is refined if the product of this gradient and
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Level 1

Level 2

Level 3

Figure 2.6 RAMSES graded octree for 3 levels of refinement in two dimensions. Octs (cells) are delimited
by solid (dashed) lines with decreasing thickness per level. Leaf cells are marked in gray and split cells in
white. As demonstrated for the left oct at level 2, red, blue, and green arrows point to the corresponding
single parent cell, 2 neighboring parent cells, and 4 children octs, respectively. [Adapted from Teyssier
(2010)]

the local mesh spacing exceeds a fraction of the central cell variable, i.e.,

∇qi ≥ (∇q)`max = Cq
qi

∆x`
, (2.72)

where Cq is a free parameter, which is set in our simulations to 0.8.

2. Mesh consistency. If a split cell contains at least one split cell or one cell marked
for refinement, the cell and its (3dim − 1) neighbors are marked for refinement. This
rule enforces that the mesh is graded, i.e., that neighboring cells do not differ by more
than one level of refinement.

3. Mesh smoothing. A certain ‘smoothing operator’ is applied to the regions marked
for refinement in order to prevent the grid from becoming too noisy. This implies the
building of several cubic buffer layers around cells flagged for refinement. The free
parameter nexpand, which controls how frequently the smoothing operator is applied
on the refinement map, is set in our simulations to 1.

The resulting AMR grid is an unstructured mesh composed of cells of various sizes, where
only leaf cells are used to solve the prognostic equations. The mesh’s reorganization is
handled by two fundamental (and CPU time-consuming) operations that are performed at
each time step:

1. Prolongation. If a leaf cell is marked for refinement, children octs are created that
contain states derived from the interpolation of the coarse solutions to finer grid levels.
This operation utilizes so-called buffer cells, i.e., temporary cells which are filled with
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1 2 4 5
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7

Figure 2.7 The level sub-cycling of the RAMSES code. Shown is the hierarchy of time steps for a sequence
of levels of the adaptive grid. The arrows represent a full update at a given level. The levels are updated
in the order specified by the numbers in the blue circles. [Reproduced from Guillet (2010)]

boundary conditions required for the flux-computation at coarse-fine interfaces. They
are discarded as soon as prolongation is completed and their number depends on the
kernel of the chosen numerical method (Teyssier 2010). For a second order Godunov
scheme, such as the MUSCL-Hancock method (and for the simple octree-AMR in the
Ramses code), two buffer cells are needed in each direction.

2. Restriction. If a split cell is not marked for refinement, its children octs are destroyed.
Fine solutions are degraded to the coarser grid by averaging.

Apart from the state vectors, updating the Godunov solver also requires fluxes. In order to
truly fulfill the physical conservation laws, fine fluxes are calculated once more from buffer
cells, while coarse fluxes are replaced by an average of the fine fluxes computed at higher
levels. In two dimensions this ‘flux correction’ looks as follows:

(Fn+1/2,`
i+1/2,j ) =

(Fn+1/2,`+1
i+1/2,j−1/4) + (Fn+1/2,`+1

i+1/2,j+1/4)

2
. (2.73)

In all these operations the choice of the interpolation variables (conservative or not) as well
as the interpolation strategy strongly depends on the actual problem. Furthermore, it should
be highlighted that the mesh structure is not rebuilt from scratch at each time step (which
would be extremely expensive), but is only marginally modified with respect to the flow field.
In the regime of AMR, solutions should be advanced in time using an adaptive time

stepping algorithm. For two successive AMR levels the procedure is as follows: First, the
fine level ` is advanced for two time steps, ∆t`1 and ∆t`2, while the coarse level `−1 is ‘frozen’.
Note that at both times in the fine update, t = 0 (present) and t = ∆t`1, buffer cells created
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from conditions in level ` − 1 at t = 0 are used, which results in the loss of one order of
accuracy in this step. After a timespan of ∆t`+1

1 + ∆t`+1
2 the coarse step of equal length is

performed (synchronization). In two dimensions, the coarse flux is calculated by averaging
a total of four fine fluxes (two for each sub-step):

(Fn+1/2,`−1
i+1/2,j ) =

1

∆t`1 + ∆t`2

∆t`1
(Fn+1/4,`

i+1/2,j−1/4) + (Fn+1/4,`
i+1/2,j+1/4)

2

+∆t`2
(Fn+3/4,`

i+1/2,j−1/4) + (Fn+3/4,`
i+1/2,j+1/4)

2

 .

(2.74)

When adding additional levels of refinement this leads to a recursive scheme in which the
number of sub-steps in a certain level is always twice as large as the number of sub-steps in
the next coarser one (see Fig. 2.7).

2.7 Numerical treatment of high-Mach-number flows

In certain cases, the extreme conditions in astrophysical fluid flows make strong demands
on the numerical schemes imposed. One particular situation is when the kinetic energy of
the fluid greatly exceeds its internal energy e = ρε, as is typical for flows with high Mach
numbers. Then, truncation errors in the velocity field can dominate the fluid pressure (and
thus the temperature). A common way out of this dilemma lies in applying a hybrid scheme,
i.e., to switch between the following two types of energy equations (Rasera & Teyssier 2006),

∂E

∂t
+ ∇ · [u(E + P )] = 0 with P = (γ − 1)

(
E − 1

2
ρ|u|2

)
, (2.75)

∂e

∂t
+ ∇ · (eu) = −P∇ · u with P = (γ − 1)e . (2.76)

Equation (2.75) represents the standard conservative formulation, already discussed in § 2.1,
featuring the total energy flux and a pressure evaluation based on subtracting kinetic from
total energy. Equation (2.76), on the other hand, is a nonconservative formulation, containing
the flux of internal energy and a pressure calculation directly based on the internal energy.
The decision of which formulation to choose is made on the basis of comparing, in runtime,
the conservative speed of sound a to an estimate of the local velocity truncation error,
∆x|∇ · u|. If, namely,

a ≥ β∆x|∇ · u| , (2.77)

the total energy update is applied; otherwise, the code switches to the internal energy for-
mulation. In this selection procedure, β is a free dimensionless parameter of the order unity.
As a fair compromise, we set β = 0.5 in all our simulations.

2.8 The Ramses Poisson solver

Apart from regarding gravity as an external force term in the momentum equation, gravita-
tional acceleration, g, may also arise due to the system’s self-gravity. According to Newton’s
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law of gravity, the gravitational field per unit mass at position x due to a continuous mass
distribution, ρ, is given by (see, e.g., Binney & Tremaine 1987)

g(x) = G

∫
x′ − x
|x′ − x|3

ρ(x′) d3x′ , (2.78)

where G ' 6.673× 10−8 dyn cm2 g−2 denotes the gravitational constant.
Applying the divergence operator on Eq. (2.78) yields

∇ · g(x) = G

∫
∇ ·

(
x′ − x
|x′ − x|3

)
ρ(x′) d3x′ , (2.79)

where almost all contribution to the integral comes from the point x′ = x. Therefore, one
may restrict the volume of integration to an ε-neighborhood of x. Inside this volume, it is
justified to set ρ(x′) ≡ ρ(x) = const. and hence to take the density out of the integral. The
remaining integral can then be evaluated using the divergence theorem. Thus,

∇ · g(x) = −4πGρ(x) . (2.80)

Since gravitational fields are conservative (i.e., the work done by gravity from one position
to another is path-independent), there must be a gravitational potential field, Φ(x), such
that

g(x) = −∇Φ(x) . (2.81)

Combining Eqs. (2.80) and (2.81) finally gives the Poisson equation

∇2Φ(x) = 4πGρ(x) , (2.82)

an elliptic partial differential equation which adds to the previously discussed set of governing
equations. Two different approaches are widely used to solve Eq. (2.82) numerically (so-called
Poisson solvers):

• Direct methods: These rely on Fourier space to solve the discretized Poisson equation
directly via evaluating Green’s function on the predefined grid. For this task one
usually takes advantage of Fast Fourier Transform (FFT). Although the cost of FFT
is O(N logN) for a domain consisting of N = NxNyNz cells, the method is almost
useless if complicated, nonrectangular boundaries or nonuniform grids are involved.

• Iterative methods: These are based on a successive improvement of the initial solu-
tion estimate by damping the residual iteratively. Classical representatives are Gauss-
Seidel, Successive Over-Relaxation (SOR), or Conjugate Gradient (CG). Such methods
are inexpensive on complex grid geometries but can become very time consuming for
large grid sizes.

Since the AMR scheme of Ramses is based on a graded-octree data structure (§ 2.6), a
suitable solution technique for Eq. (2.82) must cope with arbitrarily shaped domains on a
given level of refinement, featuring irregular boundaries and even holes. For this purpose
Guillet & Teyssier (2011) designed and implemented a simple but efficient multigrid Poisson
solver, a method which combines a secondary hierarchy of multiple grids for each AMR
level with a standard iterative scheme, such as Gauss-Seidel. The basic idea is to iteratively
improve the solution on the fine grid (the actual AMR level of the initial problem) by
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Figure 2.8 The multigrid V-cycle scheme. Blue circles indicate relaxation/correction steps, red arrows
restriction operations, and green arrows prolongation operations.

subtracting corrections obtained from coarser grids. This approach takes advantage of two
aspects: Firstly, standard iterative schemes rapidly eliminate high-frequency error modes
while leaving low-frequency ones relatively unchanged (‘smoothing’), and, secondly, low-
frequency error modes on a fine grid correspond to high-frequency error modes on a coarse
grid. Hence, as soon as the relaxation scheme on a fine grid begins to stall due to low-
frequency error modes, coarsening is performed. Owing to this trick, the convergence rate
of multigrid not only exceeds by far that one of classical iterative schemes, but also does not
depend on the grid size nor on the quality of the first guess (Hackbusch 1985). Since the
Poisson equation is solved on a level-by-level basis, boundary values on the finer AMR levels
are interpolated from previous coarse AMR level solutions. This implies that the coarse-
fine interface is crossed only once, which is the reason why such methods are usually called
one-way interface Poisson solvers.
Considering now the discretized Poisson problem on an arbitrary AMR level, i.e. on a fine

multigrid domain Ωf
†,

∇2
f Φf = ρf on Ωf , (2.83)

Dirichlet boundary conditions on ∂Ωf , (2.84)

the procedure for a single multi grid iteration is as follows (cf. Guillet & Teyssier 2011):

1. Perform some Gauß-Seidel iterations to obtain an approximate Φf to the solution.

†Note that in this section, the subscripts ‘f’ and ‘c’ refer to fine and coarse multigrid levels, respectively.
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2. Compute the residual of the current approximation on the fine grid

rf ←− ∇2
f Φf − ρf . (2.85)

3. Transfer the approximate solution and the residual to the coarse grid via restriction
operations

Φc ←− R(Φf) , (2.86)
rc ←− R(rf) . (2.87)

In Ramses this downsampling is achieved via simple averaging.

4. Define a coarsened domain Ωc and boundaries ∂Ωc from Ωf by taking advantage of a
certain ‘coloring scheme’, which ensures that the location of the boundary is preserved
up to second-order accuracy in space.

5. Calculate a coarse correction δΦc by performing one (‘V-cycle’) or more (‘W-cycle’,
etc.) multigrid iterations for

∇2
c(δΦc) = −rc on Ωc , (2.88)

δΦc = 0 on ∂Ωc . (2.89)

6. Transfer the coarse correction δΦc to the fine grid via prolongation operations

δΦf ←− P (δΦc) . (2.90)

Ramses performs trilinear interpolations in this step.

7. Correct the approximate solution obtained on the fine grid with the coarse grid error
approximation

Φf ←− Φf + δΦf . (2.91)

8. Finalize with some Gauß-Seidel iterations on Φf.

This multigrid iteration is repeated on the fine grid until the norm of the fine residual, ‖rf‖,
reaches a predefined tolerance. A schematic visualization of the scheme is shown in Fig. 2.8.
For details on its implementation into the Ramses code we refer to Guillet & Teyssier (2011).

2.9 Remarks on parallel computing

Parallel computations with the Ramses code are based on domain-decomposing the com-
putational volume and assigning each domain (or subvolume) to a different processor. To
achieve this, each cell receives an index associated with a Peano-Hilbert space-filling curve
(Peano 1890; Hilbert 1891), i.e., a one-dimensional line filling up the three-dimensional space
by obeying certain ‘grammar rules’ (see, e.g., Sagan 1994). All AMR cells are sorted accord-
ing to these indices and the resulting list of cells is dissected into equally sized partitions.
Owing to the Hilbert curve’s mathematical properties, one ends up with compact parti-
tions, allowing for good load-balancing and minimized communication between the domains
(Fig. 2.9). Information is communicated across processors using the MPI library.
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Figure 2.9 A computational cube that has been domain-decomposed for parallel computing. The Peano-
Hilbert space filling curve is shown as a continuous line (or twisted pipe). Segments of the curve which
lie on different processors are indicated by distinct colors. Color gradients, on the other hand, indicate
parts of the domain that simultaneously lie on two processors in order to supply the required boundary
conditions.

Each processor octree is surrounded by a local copy of distant processor octrees (locally
essential trees). These auxiliary cells encapsulate information needed to update the hydro-
dynamics. After a certain number of coarse time steps (defined by the parameter nremap),
the Hilbert ordering is computed and the number of cells on each processor is estimated.
Since these numbers can vary considerably it might sometimes be the case that only a few
processors are operating while many others are waiting. Then, the computing load is equili-
brated by redistributing the mesh across all processors (dynamical partitioning). This step
is however rather expensive (roughly as expensive as one coarse time step) so that the corre-
sponding remap frequency should thus be chosen wisely. In this work we take nexpand=50.

2.10 Assessing the code performance of Ramses

We scrutinize the code’s performance by means of strong and weak scaling tests. A strong
scaling test consists of measuring the wallclock time of simulations performed on an increasing
number of processors while keeping the problem size fixed. In a weak scaling test, on the other
hand, the number of processors is simultaneously increased with the size of the problem. All
tests are performed on the computer cluster of our working group (specifications are given
in Table 2.1).
We perform simple hydrodynamical and MHD simulations of standard test problems with-

out refinement (cartesian grid) and compiler optimization. In the strong scaling test case
these are the classical Sedov blast wave evolved till t = 1.5 on a three-dimensional domain
(N = 1383 cells), and two simulations of the two-dimensional Orszag-Tang (OT) vortex
(t = 0.5), with 10242 and 5122 cells, respectively. While the Sedov blast is ideally suited to
probe the algorithm’s ability to handle large Mach number flows, the Orszag-Tang vortex
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Table 2.1 Technical specifications for our working group’s computer cluster (status of 2015)

Number of nodes 23
Processors (per node) 2×HexaCore-Xeon X5650 (2.67 GHz)
Memory (per node) 24 GB

Internal network QDR-Infiniband & Gigabit Ethernet
Bandwidth ' 2500 MB/s

Outgoing network Gigabit Ethernet
Local disk (/scratch) ' 260 GB

Compiler & MPI library Intel Fortran Compiler with Open MPI 1.4.2

provides an easy way to create MHD turbulence and MHD shocks. All these phenomena
are ubiquitous in realistic ISM simulations. Starting with a single core, the number of pro-
cessors, p, was increased up to 128. Test results are given in Fig. 2.10. For any value of
p ∈ N, the wall-clock time increases as N3/2, roughly as N5/2 for large N . On using be-
tween 4 and 8 cores (or processors), a deviation from perfect scaling becomes evident for all
test cases. Then, after this initial, rather weak performance downturn the measured values
remain almost parallel to the line of perfect scaling.
Figure 2.11 shows the corresponding speedup and efficiency. The speedup shows how much

faster a parallel algorithm performs in comparison to its serial counterpart. For N grid cells
and p processors it is defined by

sN ,p =
wN ,1

wN ,p
, (2.92)

where wN ,1 refers to the execution time of the sequential algorithm, and wN ,p to the execution
time of the parallel algorithm with p processors. Ideal speedup is obtained when sN ,p = p.
The efficiency, on the other hand, is an estimator for how well-utilized the processors are in
solving the problem compared to the effort placed into communication and synchronization.
Formally,

eN ,p =
sN ,p

p
=

wN ,1

pwN ,p
. (2.93)

As shown in Fig. 2.11, the speedup for a given number of grid cells is roughly proportional to
p for small p, and never becomes a decreasing function in the interval of processor numbers
tested. The efficiency remains above 60% in all cases considered; when 4 processors are used,
it even exceeds 100 % for the Sedov blast test. The reason for this super-linear speedup is
the increased cache size that becomes available when computations are performed in parallel
rather than in serial mode. As a result, more or even all of the problem’s working set can
fit into caches and the memory access time is drastically reduced. Unfortunately, this effect
is usually restricted to a very low number of cores.
For our weak scaling test, we have to restrict ourselves to two-dimensional simulations

(again Sedov blast and OT vortex, both evolved till t = 10) due the limited amount of
computational resources totally available. Starting with 1 core and 1282 cells, we quadruple
those numbers in each subsequent experiment until we reach 64 cores and 10242 cells. The
number of cells per processor hence remains constant (16 384). Results of this study are
plotted in Fig. 2.12. The scaling is promising for the range considered, with the overall trend
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suggesting that still good performance should be achieved when using 240 processors for our
actual simulation runs.
Recently, Kritsuk et al. (2011) compared the performance of nine popular astrophysical

Eulerian MHD codes, including Ramses, Flash, and Zeus. These comprehensive bench-
marks were based on the simulation of supersonic super-Alfvénic turbulence decay. Although
these codes employ a large spectrum of numerical algorithms, it fortunately turned out that
all of them provided qualitatively the same results. Nevertheless, the best overall performers
(Ppml, Flash, Pluto, and Ramses) featured “a consistently high order of accuracy for
spatial reconstruction of evolved fields, transverse gradient interpolation, conservation law
update step, and Lorentz force computation” (Kritsuk et al. 2011). Furthermore, the absence
of artificial viscosity and the divergence-free evolution of the magnetic field was demonstrated
to be crucial for obtaining accurate results. We note in passing that the hydro module of
Ramses was demonstrated to be less diffusive than the MHD module. The reverse proved
to be true, e.g., for the Flash code.
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Chapter 3A brief introduction to
turbulence

3.1 The Reynolds number

Turbulence could be considered as the natural state of fluid motion: While laminar flow
regimes only exist if viscous dissipation is sufficiently high, instabilities inherent to every
flow manifest themselves as soon as viscosity decreases. The resulting velocity field is highly
disordered in space, fluctuates randomly in time, and shows extreme sensitivities to initial
and boundary conditions.
A general problem associated with turbulence is that it involves too many degrees of

freedom to be describable within the framework of chaos theory, but, on the other hand, too
few in order to deal with it in a statistical mechanical sense. Nevertheless, one can make
a quantitative estimate as to whether a flow is in a laminar or a turbulent state. Consider
for that purpose the Navier-Stokes equation, a generalization of Euler’s equation which also
accounts for viscous forces arising from momentum diffusion through molecular collisions. It
reads

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ρ

∂P

∂xi
+

1

ρ

∂τij
∂xj

, (3.1)

where τij denotes the viscous stress tensor. Taking the ratio of the inertial term to the
viscous term (let ν denote the kinematic viscosity) gives the desired dimensionless parameter,
commonly known as Reynolds number, Re:

uj
∂ui
∂xj

1

ρ

∂τij
∂xj

∼
U UL
ν
U
L2

=
UL
ν

=: Re . (3.2)

Experiments have shown that turbulence typically starts to develop at Re ' 3000. In the
ISM, the velocities and especially the length scales under consideration are usually large,
and thus Re can reach values as high as 105–107 (Elmegreen & Scalo 2004). The physical
state of the ISM is therefore mainly determined by turbulence.

49
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3.2 Vorticity dynamics

For the description of turbulent flows it is useful to introduce the circulation of the velocity
field u along a closed curve encircling the area F :

Γ =

∮
∂F

u · d` . (3.3)

A flow is called irrotational if the circulation around the contour curve of every arbitrary
surface in the flow vanishes. Another fundamental quantity is the vorticity vector, ω = ∇×u.
In order to illustrate its meaning, let us consider the circulation around a small area element,
∆F , in a two-dimensional flow, u(x, y) = (u, v, 0)T, ω = (0, 0,ω)T. Without loss of generality,
let the element be instantaneously circular with radius r and bounding curve ∂(∆F ). We
then have from Stoke’s theorem

Γ =

∮
∂(∆F )

u · d` =

∫
∆F

(∇× u) · df ' ω ·∆F ≡ ωπr2 . (3.4)

We see that vorticity is always perpendicularly oriented to the surface of maximal circulation,
represented by (see, e.g., Wagner et al. 2010)

|ω| = Γ

∆F
. (3.5)

Suppose that the element has an angular velocity of Ω, defined as the average rate of rotation
of two mutually perpendicular lines embedded in the element. From Eq. (3.4) we find

ωπr2 =

∮
u · d` ≡ (Ωr)2πr , (3.6)

implying Ω = ω/2. Vorticity is hence some measure for the local rotation (spin) of fluid
elements. The vector ω is solenoidal since ∇ · (∇× u) = 0. Analogous to the velocity field,
one can define vortex lines as the tangential lines of the vorticity field, and vortex tubes
as bundles of vortex lines. A vortex filament, on the other hand, is a vortex tube with
infinitesimal cross-section. Vortex filaments cannot end at arbitrary locations in the fluid,
but must be either closed (vortex rings) or terminate at the flow boundaries. For infinite
domains the relationship ω = ∇× u can be inverted using the Biot-Savart law:

u(x) =
1

4π

∫
ω(x′)× (x− x′)
|x− x′|3 d3x′ . (3.7)

Hence, just as in electrodynamics, where current loops induce poloidal magnetic fields, vor-
ticity rings induce poloidal velocity fields.
The flux of vorticity through the surface F (or, in other words, the circulation) can change

with time due to two reasons: (i) intrinsic variations of ω, and (ii) motion of the surface F .
Formally, we have

d
dt

∫
F
ω · df =

∫
F

∂ω

∂t
· df +

∫
F
ω · d

dt
(df) . (3.8)

Figure 3.1 illustrates the change of an area element as it moves a small distance u∆t in
the flow. This change comes from the parts swept up or left behind by the motion of the
bounding curve ∂F (see, e.g., Shu 1992). Each line element d` on ∂F contributes u× d` to
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Figure 3.1 Displacement of a surface element due to fluid motions. [Adapted from Bittencourt (2004)]

the time rate of change of the area, as indicated by the shaded blue strip in Fig. 3.1. Hence,
the last term in Eq. (3.8) becomes∫

F
ω · d

dt
(df) =

∮
∂F

ω · (u× d�) . (3.9)

Noting that
ω · (u× d�) = (ω × u) · d� , (3.10)

while using Stokes’ theorem, Eq. (3.8) can be rewritten as follows:

dΓ
dt

=

∫
F

[
∂ω

∂t
+∇× (ω × u)

]
· n̂df . (3.11)

Identifying the integrand in Eq. (3.11) requires inspection of the Navier-Stokes equation in
the form

∂u
∂t

+∇
(
1

2
|u|2

)
+ (∇× u)× u = −1

ρ
∇P +

1

ρ
∇ · τ . (3.12)

Taking the curl of Eq. (3.12) and substituting ω gives

∂ω

∂t
+∇× (ω × u) =

∇ρ×∇P

ρ2
+∇×

(
∇ · τ
ρ

)
. (3.13)

By restricting ourselves for the moment to barotropic flows, for which P = P (ρ), we can
replace ∇P by P ′(ρ)∇ρ and hence the first term on the right-hand side of Eq. (3.13) becomes
zero. Also the second right-hand-side term vanishes when the Reynolds number of the flow
is assumed to be high. Thus we end up with

dΓ
dt

= 0 , (3.14)
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i.e., the number of vortex lines threading any area element that moves with the fluid remains
constant in time for inviscid barotropic flows (Kelvin’s circulation theorem).
Returning to the more general case of compressible media with non-zero viscosity we make

use of the vector identity

∇× (ω × u) = (u ·∇)ω + ω(∇ · u)− u(∇ · ω)− (ω ·∇)u

≡ Dω
Dt
− ∂ω

∂t
+ ω(∇ · u)− (ω ·∇)u

(3.15)

to cast Eq. (3.13) into the form

Dω
Dt

= (ω ·∇)u− ω(∇ · u) +
∇ρ×∇P

ρ2
+ ∇×

(
∇ · τ
ρ

)
. (3.16)

A change of vorticity of a fluid element over time (Lagrangian view) can therefore take place
due to the following four aspects: (i) stretching of the fluid element, e.g., in a converging flow
field, leading to an increase of vorticity, (ii) sources/sinks in the flow field (vorticity becomes
larger if the fluid is compressed, i.e., ∇ · u < 0), (iii) baroclinic generation of vorticity as a
result of misaligned density and pressure gradients (typical for curved shock waves), and (iv)
viscous effects (which might be prominent in shear flows), leading to diffusion of vorticity.
Following Davidson (2004) we may hence define turbulence as a spatially complex distri-

bution of vortex tubes (and ribbons) which mutually advect themselves in a chaotic fashion
via self-induced velocity fields.

3.3 Statistical description of turbulent flows

Although flow variables of turbulent media taken by themselves appear highly disorganized
and unpredictable, their statistical properties are in fact well reproducible. A quantitative
treatment of turbulent flows therefore requires the abandonment of the deterministic descrip-
tion of flow quantities and to switch instead to a statistical analysis (Lumley 2007). This
short section serves as a recap of some concepts of elementary statistics that are commonly
used when dealing with turbulent flows.
The probability for a random variable U to lie in the range a → b, usually written as

P{a ≤ U < b}, is related to the Probability Density Function (PDF) by

P{a ≤ U < b} = P{U < b} − P{U < a} =

∫ b

a
f(u)du . (3.17)

One can think of f(u)du as being the relative number of times that U falls within the
infinitesimal interval [u,u+ du]. A PDF thus represents the probability per unit distance in
the sample space. It has the following properties (Lumley 2007):

(i) f(u) ≥ 0 for all u ∈ (−∞,∞) ,

(ii)
∫∞
−∞ f(u)du = 1 .

Two or more random variables that possess the same PDF are called statistically identical.
The mean (or expectation) of U is defined as the probability-weighted average of all possible
values of U , i.e.,

µ =

∫ ∞
−∞

uf(u)du ≡ 〈U〉 , (3.18)
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while the variance, a measure of the spread of f(u) about the expected value, is given by

σ2 =

∫ ∞
−∞

(u− µ)2f(u)du , (3.19)

and is equivalent to the PDF’s second ‘central’ moment. Note that angle brackets, 〈. . . 〉,
always denote ensemble averages. Further note that calculating the true value of an ensemble
average is practically almost impossible since this would require the generation of an infinite
(or at least very high) number of independent realizations. Fortunately, in certain situations
the ensemble average can be replaced by other, more accessible averages: In the case of flows
which are steady on average, ensemble averages reduce to time averages (. . . ). Otherwise
for homogeneous turbulence, i.e., turbulence in which statistical properties do not depend
on position, ensemble averages are equivalent to volume averages (. . . )VA (Davidson 2004).

For random variables with zero mean, 〈U〉 = 0, as commonly assumed in turbulence theory,
the variance becomes

σ2 =

∫ ∞
−∞

u2f(u)du ≡
〈
U2
〉

. (3.20)

The variable σ =
√
〈U2〉 represents of course the standard deviation, or root mean square, of

U . Likewise, one can construct (normalized) higher order moments of f(u) about the origin,
such as the skewness (third moment) and kurtosis (fourth moment) factor:

S =
1

σ3

∫ ∞
−∞

u3f(u)du ≡
〈
U3
〉

〈U2〉3/2
, (3.21)

δ =
1

σ4

∫ ∞
−∞

u4f(u)du ≡
〈
U4
〉

〈U2〉2
. (3.22)

These dimensionless parameters describe the degree of symmetry in the variable distribution
and the relative sharpness or flatness of the peak of the PDF, respectively (Lumley 2007).

3.4 Reynolds stresses and the closure problem of turbulence

In this section we briefly cover two aspects that have accompanied the search for a unifying
theory of turbulence from the very beginning: Reynolds stresses and the closure problem of
turbulence.
Restricting ourselves to incompressible fluids with so-called Newtonian viscosity, the Navier-

Stokes equation reads

ρ

[
∂ui
∂t

+ uj
∂ui
∂xj

]
= − ∂P

∂xi
+
∂τij
∂xj

, (3.23)

where the tensor of viscous stresses, τij , is given by

τij = 2ρνSij , (3.24)

with
Sij =

1

2

[
∂ui
∂xj

+
∂uj
∂xi

]
(3.25)

denoting the strain-rate tensor. Performing Reynolds decompositions, e.g.,

ui(x, t) = ui(x) + u′i(x, t) , (3.26)
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that is, splitting an instantaneous quantity into a time-averaged and a fluctuating part, gives

ρ

[
∂(ui + u′i)

∂t
+
∂(ui + u′i)(uj + u′j)

∂xj
− (ui + u′i)

∂(uj + u′j)

∂xj

]
= −∂(P + P ′)

∂xi
+
∂(τij + τ ′ij)

∂xj
.

(3.27)
Here the last left-hand-side term vanishes according to the continuity equation, ∇·u = 0. We
now take the temporal mean and make use of the fact that means of fluctuating quantities
equal zero (u′ = 0). We obtain

ρ

[
∂ui
∂t

+
∂ui uj
∂xj

+
∂u′iu

′
j

∂xj

]
= − ∂P

∂xi
+
∂τij
∂xj

. (3.28)

The second term in the bracket of Eq. (3.28) can be expanded using the chain rule:

∂ui uj
∂xj

= ui
∂uj
∂xj

+ uj
∂ui
∂xj

!
= uj

∂ui
∂xj

. (3.29)

Note that we have again taken advantage of the (time-averaged) continuity equation in the
last step. We end up with the so-called Reynolds-averaged Navier-Stokes equation,

ρ

[
∂ui
∂t

+ uj
∂ui
∂xj

]
= − ∂P

∂xi
+

∂

∂xj

[
τij + τRij

]
. (3.30)

In contrast to its nonaveraged counterpart, Eq. (3.30) contains an additional term represented
by the time average of a product of the fluctuating velocity components, τRij = −ρu′iu′j .
This symmetric, positive semi-definite, second-order tensor accounts for the transport of
momentum caused by turbulent fluctuations and affects the flow as an effective stress (Pope
2000). It is therefore referred to as ‘Reynolds stress’.
What would be needed next is an evolution equation for τRij . According to Davidson

(2004), one could approach this as follows: First, the Reynolds-averaged Navier-Stokes equa-
tion, Eq. (3.30), is subtracted from the equation for the instantaneous motion, Eq. (3.23),
giving relations that govern the fluctuations u′i and u

′
j . In further steps, these equations are

multiplied by u′j and u
′
i, respectively, added together, and, finally, averaged in time to yield:

∂ρu′iu
′
j

∂t
+ uk

∂ρu′iu
′
j

∂xk
= τRik

∂uj
∂xk

+ τRjk
∂ui
∂xk

+
∂

∂xk

[
−ρu′iu′ju′k

]
− ∂

∂xi

[
P ′u′j

]
− ∂

∂xj

[
P ′u′i

]
+ 2P ′S′ij

+ ν∇2
[
ρu′iu

′
j

]
− 2νρ

[
∂u′i
∂xk

∂u′j
∂xk

]
.

(3.31)

Unfortunately, the number of unknowns has not decreased. On the contrary, new quantities
of the form u′iu

′
ju
′
k have been introduced. The attempt to derive an equation for the triple

correlation function in an analogous manner would, again, lead to the introduction of an
additional unknown, this time, however, a fourth-order correlation function, and so on. In
other words, no matter how many new equations we derive, the number of newly introduced
unknowns always grow faster than the number of equations available to us. The impossibility
of writing down a closed set of rigorous statistical equations has remained one of the unsolved
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grand problems of physics for over a century and is called the closure problem of turbulence.
A common (but rather unsatisfactory) way to overcome this issue lies in the development of
closure models, i.e., to postulate the behavior of the nonlinear terms based on experimental
observations or physical intuition in order to supplement Eq. (3.30), thus closing the system.
However, until now no satisfactory closure model has been found which comprises both large
and small scales of turbulence (Davidson 2004). It hence seems appropriate to end this
section with the alleged final words of Werner Heisenberg, who actually started his scientific
career not with quantum mechanics, but with the study of turbulence:

“When I meet God, I am going to ask him two questions: Why relativity? And
why turbulence? I really believe he will have an answer for the first.”

3.5 Scales of turbulent motion

Figure 3.2 A sketch of a free water jet issuing
from a square hole into a pool by Leonardo da
Vinci, who pioneered the visualization of turbulent
flows about 500 years ago.

Fully turbulent flows at high Reynolds number
can be considered, at any instant, to be com-
posed of eddies of different sizes (see Fig. 3.2).
Even though “an ‘eddy’ eludes precise defini-
tion” (Pope 2000), it can be thought of as
“a coherent blob of vorticity” (Davidson 2004).
The eddies in the largest size range, which
are continually created by instabilities in the
mean flow, are themselves subject to inertial
instabilities and break-up, i.e., they transfer
their kinetic energy to somewhat smaller ed-
dies. These smaller eddies become themselves
unstable and, in turn, pass their energy to
even smaller eddies, and so on. This energy
cascade, from the large scales down to the
small (Richardson 1922), continues until the
Reynolds number for the small-scale structures becomes sufficiently small so that the eddy
motion is stable and molecular viscosity, which has not influenced the cascade until now, is
effective in dissipating the kinetic energy (Pope 2000).
Eddies in the largest and smallest size range are characterized by the length scales ` and η,

and possess the characteristic velocities u and v, respectively. Since the lifespan of a typical
eddy equals approximately its turn-over time (for large eddies τ` ∼ `/u), the rate at which
energy per unit mass is transferred down the cascade is

Π ∼ u2

`/u
=
u3

`
. (3.32)

On the other hand, the energy dissipation rate per unit mass at the smallest scales is

ε ∼ νSijSij , (3.33)

where Sij denotes the rate of strain associated with the smallest eddies, Sij ∼ v/η. Thus,

ε ∼ ν
(
v
η

)2

∼ ν

τ2
η

, (3.34)
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where τη ∼ η/v is the decay time of the smallest eddies.
In an isolated turbulent flow the total kinetic energy decreases with time as a result of

viscous dissipation. The only possibility to hence maintain a turbulent fluid in a steady
state is to continuously feed it with energy at a rate equal to the energy dissipation rate
(Choudhuri 1998):

u3

`
∼ ν

(
v
η

)2

. (3.35)

Naturally, the Reynolds number of the largest eddies, Re ∼ u`/ν, is (very) high while it is
of the order unity for the smallest eddies, vη/ν ∼ 1. Therefore, the ratios of the smallest to
the largest scales are given by (Kolmogorov 1941, hereafter K41)

η

`
∼ Re−3/4 ,

v
u
∼ Re−1/4 ,

τη
τ`
∼ Re−1/2 , (3.36)

where the smallest scales are universal and uniquely determined by ν and ε (Kolmogorov’s
first similarity hypothesis), namely,

η ∼
(
ν3

ε

)1/4

, v ∼ (νε)1/4 , τη ∼
(ν
ε

)1/2
. (3.37)

The term ‘universal’ is especially important here. It can namely be argued that the statistical
state of the small scales is similar in any high-Reynolds-number flow because all directional
biases of the large scales have become lost in the course of the chaotic scale-reduction process
(Kolmogorov’s hypothesis of local isotropy). Together with the above results this implies
that turbulent incompressible fluids (to which we have always restricted ourselves in this
section) feature very fine small-scale structures and therefore strongly elongated vortex tubes.
Comparing the timescales yields further that the smallest eddies decay fastest, explaining
why vorticity is concentrated to the small scales. Otherwise, eddies at small scales barely
contribute to the net kinetic energy due to their size and random orientation (Davidson
2004). The scales η, v, and τη establish the so-called Kolmogorov microscale of turbulence,
while `, u, and τ` define the integral scale.
Let us now turn to eddies of intermediate size r, i.e., eddies which are small enough to

interact with the large scales only to the extent that they supply the cascade with kinetic
energy (i.e., r � `), but, on the other hand, are large enough to be unaffected by shear
stresses present in the small scales (i.e., r � η); in other words, eddies that are in statistical
equilibrium. Eddies of this size might propagate with a typical velocity vr, and hence will
break up on a timescale comparable to their turn-over time r/vr. Accordingly, the rate at
which energy is passed down the cascade amounts to Π(r) ∼ v3

r/r. However, statistical
equilibrium requires that Π(r) = ε and therefore

v2
r ∼ ε2/3r2/3 . (3.38)

In order to obtain a clearer view on the physical meaning of this relation, we next introduce
two quantities which are useful for describing the state of a turbulent flow:
The first such quantity is the so-called (second-order) velocity correlation tensor, Qij .

Assuming that the turbulence under consideration is both homogeneous and isotropic, such
a tensor only depends on the distance , |r| = r, between two locations at which velocities
are evaluated and is hence independent of the actual location of the measuring point, x. We
write

Qij =
〈
u′i(x)u′j(x + r)

〉
. (3.39)
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The quantity Qij provides information to which degree and in which manner velocity com-
ponents at different locations in the flow are correlated with each other; it is zero if the two
considered points are statistically independent (which might be the case if they lie far apart),
and nonzero if they are statistically dependent (and are probably only separated by a typi-
cally large-eddy size or less). Hence, for the special case of r = 0, Qij is proportional to the
Reynolds stress, i.e., Qij(0) = −τRij /ρ. With respect to the assumption of incompressibility,
∇ · u = 0, it must moreover hold that

∂Qij
∂ri

≡ ∂Qij
∂rj

= 0 . (3.40)

Isotropic turbulence implies that also Qij is an isotropic tensor, having the most general
form

Qij = A(r)rirj +B(r)δij , (3.41)

where A(r) and B(r) are both scalar functions. Choosing the longitudinal and transversal
component of r to be r and zero, respectively, the diagonal components of Qij become

Qxx(rêx) =
〈
u′x(x)u′x(x + rêx)

〉
≡ u2f(r) , (3.42)

Qyy(rêx) =
〈
u′y(x)u′y(x + rêx)

〉
≡ u2g(r) , (3.43)

with u2 := 1
3

〈
|u′|2

〉
=
〈
u′2x
〉

=
〈
u′2y
〉

=
〈
u′2z
〉
. The dimensionless functions f(r) and g(r) are

known as the longitudinal and transversal velocity correlation functions, respectively. They
share the properties f(0) = g(0) = 1 and f(r), g(r) ≤ 1. By convention, the integral scale
of turbulence is defined as ` =

∫∞
0 f(r)dr. Substituting Eqs. (3.42) and (3.43) into (3.41)

yields

Qij = u2

[
f(r)− g(r)

r2
rirj + g(r)δij

]
. (3.44)

Using Eq. (3.40) it is readily shown that f(r) and g(r) are connected via

g(r) = f(r) +
1

2
r
df
dr

. (3.45)

Thus,
1

2
Qii ≡

1

2

〈
u′(x) · u′(x + r)

〉
=

1

2

〈
|u′|2

〉 [
f(r) +

1

3
r
df
dr

]
=: R(r) , (3.46)

and the kinetic energy density must be represented by

1

2

〈
|u′|2

〉
=

1

2
Qii(0) . (3.47)

The second quantity, which can be used to characterize the statistical state of a turbulent
velocity field is by means of structure functions. As an example, the second-order longitudinal
structure function is defined in terms of the longitudinal velocity increment, ∆v = u′x(x +
rêx)− u′x(x): 〈

[∆v]2
〉

=
〈
[u′x(x + rêx)− u′x(x)]2

〉
. (3.48)

Obviously,
〈
[∆v]2

〉
and f(r) are related by〈

[∆v]2
〉

= 2u2[1− f(r)] , (3.49)
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and so for large r 〈
[∆v]2

〉
→ 4

3

〈
1

2
|u′|2

〉
, (3.50)

since f(r → ∞) → 0 and g(r → ∞) → 0. The general form of the second-order structure
function is defined as 〈

[∆v]2
〉

=
〈
[u′(x + r)− u′(x)]2

〉
, (3.51)

which is related to Eq. (3.48) via〈
[∆v]2

〉
=

1

r2

d
dr

[r3
〈
[∆v]2

〉
] . (3.52)

This expression is derived from substituting Eqs. (3.46) and (3.49) into the expanded right-
hand side of Eq. (3.51),〈

[∆v]2
〉

= 2
[〈
|u′|2

〉
−
〈
u′(x) · u′(x + r)

〉]
≡ 2

[
3u2 − 2R(r)

]
. (3.53)

An alternate view on turbulence may be obtained from inspecting the distribution of
energy among spatial scales in wave number space, E(k). This so-called energy spectrum is
represented by the Fourier transform of the correlation tensor and has the following reciprocal
relations with R(r):

E(k) =
2

π

∫ ∞
0

R(r)kr sin(kr)dr , (3.54)

R(r) =

∫ ∞
0

E(k)
sin(kr)

kr
dk . (3.55)

Advantages of this approach are the nonlocal property of the Fourier transform and the fact
that differential operators in real space transform to multiplicative operators in wave number
space. On the downside, the Fourier representation offers not much insight into the transfer
of energy between eddies of different sizes. However, a relationship between E and

〈
[∆v]2

〉
can be readily established by combining Eqs. (3.55) and (3.46), leading to

u2

2r2

d
dr

[r3f(r)] =

∫ ∞
0

E(k)
sin(kr)

kr
dk . (3.56)

Integrating this equation once to express f(r), while using Eq. (3.49) to relate f to
〈
[∆v]2

〉
,

gives 〈
[∆v]2

〉
=

4

3

∫ ∞
0

E(k)H(kr)dk , (3.57)

where
H(x) = 1 +

3 cos(x)

x2
− 3 sin(x)

x3
. (3.58)

Using the approximations

H(x) '
{

(x/π)2 , x < π

1 , x > π
(3.59)

we obtain from Eq. (3.57):

〈
[∆v]2

〉
' 4

3

∫ ∞
π/r

E(k)dk +
4r2

3π2

∫ π/r

0
k2E(k)dk . (3.60)
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For an interpretation of this result it must first be realized that eddies greater than r tend
to have similar velocities at the positions x and x + r and thus contribute to

〈
[∆v]2

〉
only

to a minor degree. Yet the opposite is true for eddies of size r or smaller. Noting that in the
limit r → 0, Eq. (3.56) becomes ∫ ∞

0
E(k)dk =

1

2

〈
|u′|2

〉
, (3.61)

we deduce that the first integral in Eq. (3.60) is a representation of the total kinetic energy
per unit mass in eddies of sizes smaller or equal to r. The second integral in Eq. (3.60),
on the other hand, represents the total enstrophy (or mean square vorticity,

〈
|ω′|2

〉
/2) of

eddies with size r or greater, as it can be shown (see, e.g., Davidson 2004) that∫ ∞
0

k2E(k)dk =
1

2

〈
|ω′|2

〉
. (3.62)

We are now prepared to return to our discussion of the intermediate range. Since we have
seen that

〈
[∆v]2

〉
is on the order of the energy of eddies with size r (maximal energy) or

less, we can identify the square of the typical eddy velocity in this range as v2
r ∼

〈
[∆v]2

〉
,

implying that 〈
[∆v]2

〉
= βε2/3r2/3 (η � r � `) , (3.63)

where β ' 2 is a universal constant. Relation (3.63) is one of the most celebrated results in
turbulence theory and is commonly known as Kolmogorov’s two-thirds law. Formulated in
terms of the energy spectrum function it becomes Kolmogorov’s five-thirds law,

E(k) = αε2/3k−5/3 , (3.64)

with α ' 0.76β for very large Reynolds numbers. It should be emphasized that the statistics
for motions of scale r can be expressed in a universal form that is independent of viscosity but
uniquely determined by ε (Kolmogorov’s second similarity hypothesis). This sole dependence
on inertial effects is the reason why the intermediate scale is also called the inertial subrange.
Yet for certain kinds of turbulent flows, dissipation can act in an extremely inhomogeneous

manner. Due to this behavior, which is accounted for by the advection term’s stretching
property, adopting a globally averaged dissipation term is not the best choice. Aware of
that issue, Kolmogorov (1962) proposed a refined similarity hypothesis based on log-normal
statistics for the local energy flux, and ended up with a corrected structure function of order
p of the form

〈[∆v]p〉 = Cp(εr)
p/3

(
`

r

)µp(p−3)/18

. (3.65)

In this model, the so-called intermittency exponent µ ' 0.2 is taken to be a universal con-
stant, but not the Cp’s, since they depend on the actual type of turbulence. One exception,
however, is if p = 3 and turbulence behaves homogeneous and isotropic. Then, as we will
show next,

〈
[∆v]3

〉
= C3εr, with C3 being a universal constant. One way to determine

this constant analytically is to derive a relation that connects the second- and third-order
structure functions by using the Navier-Stokes equation. It can be proven in a straightfor-
ward but somewhat tedious manner (see, e.g., Landau & Lifshitz 1987) that this dynamical
equation due to von Kármán & Howarth (1938) is given by

− 2

3
r4ε− r4

2

∂

∂t

〈
[∆v]2

〉
=

∂

∂r

[
r4

6

〈
[∆v]3

〉]
− ν ∂

∂r

[
r4 ∂

∂r

〈
[∆v]2

〉]
. (3.66)
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Figure 3.3 Schematic representation of the turbulent energy spectrum and the energy cascade. [Credit:
Davidson (2004)]

While the second term on the right-hand side of Eq. (3.66) describes viscous processes, the
removal of kinetic energy from the large scales as well as its depletion at the small scales
is reflected by the first right-hand-side term. Since

〈
[∆v]2

〉
only changes considerably on

timescales corresponding to the integral scale of turbulence (∼ `/u), it is likely justified to
neglect the time derivative in Eq. (3.66) as long as r � `. Integrating the remaining equation
yields 〈

[∆v]3
〉

= −4

5
εr + 6ν

d
〈
[∆v]2

〉
dr

(r � `) . (3.67)

As a further simplification we might restrict ourselves to the inertial subrange, where we can
neglect the influence of viscosity. Thus,

〈
[∆v]3

〉
= −4

5
εr (η � r � `) , (3.68)

and, evidently, C3 = −4/5. The universal result above, which is by the way well-supported
by experimental data, is known as Kolmogorov’s four-fifths law. Attempts to obtain a closed
system by using the Navier-Stokes equation to evaluate the time derivative of

〈
[∆v]3

〉
are

doomed to failure because they lead to an evolution equation that contains fourth-order
structure functions: The closure problem of turbulence rears its ugly head.
In summary, the energy spectrum of incompressible turbulence can be divided into three

ranges: the inertial subrange (η � r � `) and the dissipation range (r ∼ η), which together
make up the universal equilibrium range (r � `), and, on the opposite, high-energy end of
the spectrum, the so-called energy-containing range (r ∼ `). The universal equilibrium range
is populated by smaller-scale isotropic eddies that together have a lower fraction of the total
kinetic energy. The energy-containing range, on the other hand, features anisotropic eddies
of the size of the characteristic geometric length scale of the mean flow, which make up the
bulk of kinetic energy. The full energy spectrum is sketched in Fig. 3.3. For a random array
of simple eddies of fixed size r it is positive and peaks at around k ∼ π/r (Davidson 2004).
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The PDF derived from several measurements of a single random velocity component, say
u′x, at a particular point in a turbulent flow turns out to be approximately Gaussian. This
is because the velocity at any point in space is determined by neighboring turbulent eddies,
where u′x and the surrounding vorticity are connected via the Biot-Savart law. Providing
that these vortices are large in number and randomly distributed, it follows from the central
limit theorem that the random variable u′x (which is itself the sum of independent random
variables) obeys a normal distribution (Davidson 2004).
The PDF of ∆v, on the other hand, is found to be non-Gaussian, although deviations

from a normal distribution become less and less pronounced as r increases. This result
is understandable in light of the fact that remote points have a higher chance of being
statistically independent. However, for r → 0, the kurtosis exceeds the Gaussian value of 3,
which corresponds to a PDF that features a high central peak and broad skirts, i.e., very
small and very large values of ∆v are both more common than in a Gaussian distribution
with the same variance. Distributions of this kind are characteristic of intermittent signals,
i.e., signals which are dormant much of the time but occasionally show some activity. Crucial
for the kurtosis and hence for the degree of intermittency in a flow is the Reynolds number:
Higher values of Re cause the function δ(r) to grow.
All those properties of the velocity gradients (note that ∆v/r ∼ ∂u′x/∂x in the limit r → 0)

fit perfectly into the picture of a ‘spotty’ vorticity distribution at small scales, as put forward
by Richardson and Kolmogorov. Additional support comes from the skewness of ∆v, which
lies below the Gaussian value, S = 0, for small values of r: Using only results derived in this
section it is readily confirmed that, in the inertial subrange,

S =

〈
[∆v]3

〉
〈[∆v]2〉3/2

= −4

5
β−3/2 ' −0.3 (η � r � `) . (3.69)

One may therefore conclude that the non-Gaussian statistics of small scales lies particularly
hidden in the higher-order moments of the velocity structure function.

3.6 Turbulence in the interstellar medium

Results presented so far in this chapter do not necessarily apply to interstellar turbulence.
This is because certain assumptions (incompressibility, statistical homogeneity, isotropy, sta-
tionarity, etc.) are in general not met in the ISM. It therefore seems appropriate to address
some aspects that are especially characteristic of interstellar turbulence.
First of all, energy is injected into the ISM over a wide range of scales: From kilopar-

sec disturbances in spiral density waves, shear instabilities, and SBs, through parsec-sized
SN explosions, winds of massive stars, and H ii regions, down to subparsec perturbations
caused by low-mass stellar winds and stellar gravitational wakes, and, finally, fluctuations
on scales comparable to an astronomical unit that are driven by cosmic ray streaming in-
stabilities (see Elmegreen & Scalo 2004). Although there is clear evidence that SNe (and
especially SBs) contribute the largest amounts of energy on injection scales of ' 50–500 pc
(Mac Low & Klessen 2004), this does not mean that the remaining sources are unimportant
on other scales. Measurements of the interstellar scintillation (probing fluctuations in the
amplitude and phase of radio waves that are caused by scattering in the ISM) have revealed
that electron density fluctuations in the ISM exhibit an omnidirectional K41-like power spec-
trum [E(k) ∼ k−11/3 in three dimensions] over a range of 106 to 1013 m (Armstrong et al.
1995).



62 A brief introduction to turbulence

Figure 3.4 The Big Power Law in the Sky. The spectrum of interstel-
lar turbulence observed is almost perfectly matched by a Kolmogorov
(1941) power law (dotted line). [Credit: Chepurnov & Lazarian
(2010)]

Recently, this so-called Big
Power Law in the Sky (Fig. 3.4)
was found to extend even fur-
ther, up to 1017 m (Chep-
urnov & Lazarian 2010), when
taking into account data of
the Wisconsin Hα Mapper
(WHAM ). There is hence no
doubt that the dynamical and
thermal state of the ISM is
largely determined by turbu-
lence, as was first pointed
out by von Weizsäcker (1951).
As gas motions can be both
supersonic and superalfvénic,
the direction of energy cas-
cade in interstellar turbulence
must not necessarily coin-
cide with that of Richard-
son’s classical picture, hence
opening the possibility for in-
verse cascades, i.e., flows of
energy from smaller to larger
scales, or cascades that op-
erate in both directions si-
multaneously (see Elmegreen
& Scalo 2004, and references
therein).

By the same token, the
scale at which energy dis-
sipation dominates advection
varies with position. Phenomena such as shock fronts, ambipolar and Ohmic diffusion,
Landau wave damping, and viscosity in vortex tubes may all play a role in this context
(Elmegreen & Scalo 2004). Interstellar turbulence is also of central importance for the
smoothing of chemical gradients that arise from SNe and other stellar sources. The under-
lying mechanism is chaotic advection that successively stretches and folds the contaminated
gas until the gradient length has been reduced to the collisional mean free path. Then,
atomic diffusion takes over and accounts for the final step of interatomic mixing. Actually,
many everyday actions take advantage of this principle (e.g., think of stirring milk into coffee
when preparing a Wiener Melange). The resulting elemental abundance distribution in the
ISM usually appears to be fairly narrow, with a dispersion of approximately 10%, but may
also have an enhanced tail owing to the impact of occasional stars and diffuse clouds with
very different abundances. PDFs with such ‘fat’, nearly exponential tails are not unusual for
turbulent flows and are an indicator of intermittency. As a result, the process of elemental
homogenization might act rather irregularly, allowing for the existence of regions that can
preserve their elemental composition over considerable time periods. For a detailed account
on this topic we refer to the extensive review by Scalo & Elmegreen (2004).
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Yet another distinguishing feature of interstellar turbulence is the influence of self-gravity:
While dense regions are generally believed to form via intersecting shock waves and oblique
stream collisions, it is the collapse of individual clumps within these regions that ultimately
initiates the creation of stars. Support for this picture comes from the discovery that the
mass spectrum of collapsing cores shares strong similarities with the form of the stellar
IMF (Klessen 2001). However, the importance of self-gravity for the global ISM should not
be overestimated: While it is certainly true that it plays a key role for the densest cores,
numerical calculations have shown that larger-scale clouds and clumps could arise even if self-
gravity is absent. The reason for this could be related to a characteristic feature of supersonic
turbulence, known as ‘turbulent fragmentation’: Larger structures become immune to global
collapse because they effectively transfer gravitational and turbulent energy to smaller and
smaller scales, driving in this way the motion of substructures. As a result, gravitational
collapse is more or less restricted to the very dense and local regions (see Elmegreen & Scalo
2004, and references therein).
A complete description of interstellar turbulence can also not ignore the impact of mag-

netic fields because they imbue forces with preferred directions. As a consequence, angular
momentum is removed on small and large scales, which leads to reduced local collapse rates
and density contrasts of protostellar cores. On the other hand, magnetic fields may not be
capable of preventing a local gravitational collapse (unless they are strong) or of postponing
energy dissipation in supersonic turbulence. Also the suggestion that magnetic fluctuations
could act as an effective pressure at high Mach numbers has to be dismissed since no one-
to-one correspondence with density was found (see Elmegreen & Scalo 2004, and references
therein). Simplified models suggested intermittency properties identical to hydrodynamical
turbulence in the direction transverse to the mean field, and even a K41 energy spectrum
for cases in which the magnetic energy density does not greatly exceed the kinetic energy
density. For increasing magnetic field strengths, turbulence is expected to become more and
more restricted to transverse dimensions; the slope of the energy spectrum should hence
decline.
A classical model for three-dimensional compressible turbulence was introduced by von

Weizsäcker (1951) and is based on an intermittent, self-similar hierarchy of density fluctu-
ations (‘clouds’). He assumed that two successive levels of hierarchy are connected by the
relation

ρi
ρi−1

=

(
ri
ri−1

)−3α

, (3.70)

where ρi is the average mass density at level i, ri is the corresponding scale, and α is a
measure of the degree of compression at each level, ranging from 0 for no compression up to
1 for isotropic compression.
A couple of years later, Lighthill (1955) recognized the significance of the rate of energy

dissipation per unit volume for compressible turbulence, pointing out that the volume energy
transfer rate, εV , is constant in a statistically steady state, i.e.,

εV ≡ ρε ∼ ρ
v2
r

r/vr
= ρ

v3
r

r
= const . (3.71)

By combining Eqs. (3.70) and (3.71), while assuming mass conservation at each level, Fleck
(1996) derived the following set of scaling relations for a three-dimensional compressible
turbulence in the absence of self-gravity and magnetic fields:

ρ ∼ r−3α , (3.72)
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Σr ∼ ρr ∼ r1−3α , (3.73)

Mr ∼ ρr3 ∼ r3−3α , (3.74)

vr ∼ (r/ρ)1/3 ∼ r1/3+α , (3.75)

where Σr and Mr denote the column density and mass of fluctuations with scale r, respec-
tively. Note that, as required, K41 scaling is recovered in the incompressible limit (α = 0).
Building upon these results, Kritsuk et al. (2007) demonstrated that K41 scaling also holds

for (forced) supersonic isothermal turbulence if the pure velocity statistics are replaced by
statistics of a new mixed quantity, the density-weighted velocity w ≡ ρ1/3u. In particular,
the associated structure function,

Sp(r) ≡
〈
|w′(x + r)−w′(x)|p

〉
∼ (ρ1/3vr)p ∼ rp/3 , (3.76)

scales linearly with separation for the case p = 3, and the slope of the power spectrum of w
is close to −5/3.
In the same year, Kowal & Lazarian (2007) showed that the model by Fleck (1996) is even

applicable to compressible isothermal turbulence in the presence of a strong magnetic field.
They also found that the density-weighted velocity intermittency, as characterized by the
higher order moments of Sp(r) ∼ rζp , is nicely described by the turbulence model of She
& Lévêque (1994), which incorporates a hierarchical structure for the moments of the local
energy dissipation rate, satisfying log-Poisson statistics (Dubrulle 1994). In incompressible
nonmagnetic turbulence, for which the model was originally invented, energy dissipation is
assumed to act mainly along one-dimensional vortex filaments. Boldyrev (2002) proposed an
extension of the model to the case of supersonic turbulence, where two-dimensional sheets or
shocks are the most dissipative structures. The fact that this theory is compatible with the
observational Larson law,

〈
[∆v]2

〉
∼ r0.74...0.76, as derived from molecular cloud data (Larson

1981), renders it particularly interesting for the study of interstellar turbulence.
When expressing the (normalized) scaling exponent in the generalized form given by Poli-

tano & Pouquet (1995),

ζp
ζ3

=
p

g
(1− x) + (3−D)

[
1−

(
1− x

3−D

)p/g]
, (3.77)

where g is related to the scaling of the eddy velocity, vr ∼ r1/g, x is linked to the eddy
turnover time, tr ∼ rx, and D is the fractal dimension of the most dissipative structures, the
models by She & Lévêque (1994) and Boldyrev (2002) are recovered for D = 1 and D = 2,
respectively. Both models take g = 3 and x = 2/3. Note that the compression parameter
α from Eq. (3.70) is related to the fractal (or rather mass) dimension by (cf. Fleck 1996;
Kritsuk et al. 2007)

D = 3− 3α . (3.78)

Computer-based numerical experiments have contributed significantly to expanding
our knowledge of turbulent flows in general, and interstellar turbulence in particular. As a
matter of fact, they are the only way to actually ‘see’ the ISM in action. First developments in
this direction date back almost 25 years to simulations of nonmagnetic transonic turbulence
without self-gravity, performed by Passot et al. (1988). With the advance of computing
power, these studies could be extended to higher resolutions (Porter et al. 1999, 2002),
demonstrating that the overall vorticity field is filamentary and that sheet-like structures
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occurred in the compressible parts of the flow where the filaments tend to cluster. Beginning
with the works by Léorat et al. (1990) and Yue et al. (1993), who studied the impact of
gravity and magnetic field on interstellar turbulence, respectively (albeit on very coarse two-
dimensional grids), a plethora of physical processes were implemented in subsequent years
with the aim of creating more and more realistic representations of the complex dynamics
in the ISM. Among these processes were heating and cooling, stellar feedback, and galactic
shear. Albeit restricted to two dimensions at that time, relatively large-scale regions ('
1 kpc) of the diffuse neutral ISM were simulated (e.g., Vázquez-Semadeni et al. 1996). The
leap into the third dimension was eventually taken in the late 1990s: Several groups, among
them Mac Low et al. (1998), Stone et al. (1998), and Padoan & Nordlund (1999), performed
three-dimensional MHD simulations of isothermal molecular clouds in the absence of self-
gravity. At the same time, the dynamical range of the simulations became large enough
to analyze the impact of SN explosions on the ISM (Gazol-Patiño & Passot 1999; Korpi
et al. 1999a,b; de Avillez 2000; de Avillez & Berry 2001; Kim et al. 2001). It was found that
turbulence plays not only a crucial role in maintaining the hot phase (e.g., Wada & Norman
2001), but that it also promotes the breakout of SBs from the Galactic disk (e.g., Korpi
et al. 1999b). The latter effect can be reduced, if highly ordered magnetic fields are present
(Shukurov et al. 2004).
Today, a physically realistic three-dimensional model which covers all dynamical ranges of

an entire galaxy is still beyond computational capabilities. Over the last few years, however,
much effort has been put into the detailed modeling of individual hierarchies of galactic
structures. The following short overview is partly based on a recent article on this topic by
Gent (2012).
By restricting themselves to smaller domains (2003 pc3), and therefore neglecting large-

scale features (e.g., density stratification or spiral waves), Balsara et al. (2004) and Piontek
& Ostriker (2007) achieved resolutions that were sufficient for studying turbulence driven by
SNe or magnetic instabilities (' 0.78–1.56 pc). Both models solved the ideal MHD equations
and incorporated cooling and heating processes. It was shown that certain fluid dynamical
instabilities can significantly contribute to turbulent motions in the Galaxy, particularly
in the outer regions where the SN activity is low, and that cold and dense filaments are
not closely correlated to the dynamics of SNR, but rather seem to arise from generalized
turbulence and gravitational instabilities. Furthermore, the growth rate of the magnetic
field was demonstrated to be sensitive to the SN rate: If a critical value, which was found
to lie between 12 and 40 times the galactic rate, was exceeded, the computational volume
became saturated by hot gas. As a consequence, the production of helicity from SN shocks
interacting with the warm ISM stalled.
Simulations on intermediate-scale were performed by de Avillez & Breitschwerdt (2007),

Slyz et al. (2005), Joung et al. (2009), and Gressel et al. (2008a,b). By taking advantage of
larger computational domains, these models could include the density stratification of the
ISM in the vicinity of the Galactic midplane, allowing for the disk to expand as the SN rate
varied in space and time. Saturation never occurred and thus the effect of dynamo quenching
was weakened in models with magnetic fields. Gressel et al., for example, applied resistive
(i.e., nonideal) MHD on a 0.82 × 4 kpc3 domain (2–8 pc resolution) and included realistic
cooling, thermal conductivity, kinematic viscosity, and rotational shear. They found the
Galactic dynamo to be insensitive to the SN rates considered (1, 2, and 4 times the observed
rates in the solar neighborhood). Enhanced field growth was actually only encountered if
their models included rotational shear, for rotation rates 2 and 4 times larger than observed.
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The direction of turbulent pumping was determined to be toward the Galactic midplane, but
balanced by an outward wind of comparable magnitude. Owing to the large vertical extent
of their simulation box (12 ×±10 kpc), de Avillez & Breitschwerdt (2007) could incorporate
the complete large disk-halo-disk circulation flow. They started with a coarse grid resolution
of 10 pc, which was adaptively increased to 1.25 pc and 0.625 pc in the disk region (|z| ≤
500 pc) and to 2.5 pc in the remaining computational box. The model setup has already been
discussed in § 1.1. Here, we only note that their results are generally in good agreement with
those of Gressel et al. (2008b), who also found in their simulations cold, warm, and hot gas
existing simultaneously at different scale heights: While the cold medium only occurred in
thin irregular stripes around the midplane (resembling the fragments of SNR), regions above
1.5 kpc and below 0.5 kpc were dominated by hot and warm gas, respectively. By evolving
their cube for 400 Myr, de Avillez & Breitschwerdt found about 15% of the initial gas mass
was lost via galactic winds, translating into a rate of about 0.25 M� yr−1 (about 25% of the
star formation rate in the Milky Way∗). Apart from acting as a pressure release valve for the
disk, this effect is also crucial for the chemical evolution of the Galaxy since large amounts
of the blown-away material are chemically enriched.
On galactic scales, Hanasz et al. (2009) investigated the dynamical evolution of a magne-

tized galactic disk via nonideal MHD. Using a domain of 502×10 kpc3 with 100 pc resolution,
they started with an isothermal, unmagnetized, vertically and radially stratified density field,
including a gravity potential and rotational shear, but excluding the central bulge. In the
course of the simulation, stars exploded and deposited small-scale, randomly oriented, dipo-
lar magnetic fields into the differentially rotating ISM. In addition, and contrary to most
other studies, the model contained a feedback involving cosmic rays. Over a total simulation
time of 4.8 Myr, a characteristic spiral pattern arose, which depended on the actual cosmic
ray diffusion coefficients. The injected dipolar magnetic fields were exponentially amplified
by cosmic-ray-driven dynamo actions to present equipartition values, and simultaneously
transformed to large galactic scales. In the end, the field structure resembled the spiral
arms in the face-on view, and featured an X-shaped structure in the edge-on view. Another
isolated-galactic-disk model was published by Dobbs et al. (2011), who used, however, a
completely different, mesh-free, Lagrangian method, based on the assumption that the inter-
stellar gas can be split into a set of particles (in this case 106) over which fluid properties are
smoothed (so-called Smoothed-Particle Hydrodynamics, or SPH). Owing to its self-adaptive
formalism, the SPH method is known for providing good accuracy in high-density regions.
Dobbs et al. performed their simulations on a computational domain of 102 × 2 kpc3, ne-
glected magnetic fields and cosmic rays, but included a galactic potential, self-gravity of
the gas, cooling and heating processes, and stellar feedback. Particles accumulated to form
giant molecular clouds that displayed mass spectra similar to observations. In studies where
a spiral potential was included, even more massive clouds were created, and almost half of
the clouds featured retrograde rotation as a consequence of the enhanced probability for
collisions. The measured star formation rates were in good agreement with the observed
Kennicut-Schmidt relation (Schmidt 1959; Kennicutt, Jr. 1998) and were shown to be not
strongly dependent on the assumed efficiency parameter. Statements made on the ISM fill-
ing factors should be nevertheless considered with some skepticism as the method of SPH
only poorly resolves diffuse low-density regions and has difficulties in handling steep density
gradients. Responsible for the latter are spuriously introduced pressure forces that lead to

∗This estimate is based on a value of 0.68–1.45M� yr−1 for the Galactic star formation rate, which was
derived by Robitaille & Whitney (2010) from Spitzer data.
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a boundary gap at the size of an SPH smoothing kernel radius over which interactions are
severely damped, as shown by Agertz et al. (2007). For obvious reasons, Eulerian grid codes
do not suffer from those shortcomings.
The method that currently comes closest to a fully self-consistent simulation of an entire

star-forming galaxy, while being still realizable with high end computing resources available,
is the so-called zoom-in or re-simulation technique. The concept is as follows: First, a
‘low’ resolution simulation of the spiral arms is carried out, covering several hundreds Myr of
evolution. In the subsequent zoom-in step, an interesting sub-region of the disk (e.g., a single
star-forming region) is simulated again for the last few tens Myr of the first simulation, this
time, however, with a much higher resolution, where the first simulation provides the initial
and boundary conditions. This scheme can then be repeated several times for resolving
sub-regions of even smaller scale. In each step, additionally, an adaptive grid is applied
to save further computing time. Using this method, Renaud et al. (2013) were able to
resolve the structure of the ISM of a Milky Way-like galaxy (placed in a 1003 kpc3 box)
at subparsec resolution for a few cloud lifetimes, and at 0.05 pc for about a cloud crossing
time. Their pure-hydrodynamic model includes star formation and a new implementation
of stellar feedback through photoionization, radiation pressure, and SNe. Owing to the
numerical approach, gravitation and the turbulent cascade from the kpc scale are de facto
included in smaller structures like molecular clouds, which form along the spiral arms in a
regularly spaced fashion (termed by the authors beads on the strings and spurs), as a result
of the gravitational and Kelvin-Helmholtz instability.
Nevertheless, we should not conclude this section without highlighting that all ISM simula-

tions that have been described here share a fundamental problem well-known from industrial
turbulence modeling: They cannot resolve the viscous scale, where energy dissipation takes
place. One could now argue that they still feature numerical dissipation which should have
a similar impact on the flow as viscous dissipation. However, there is no guarantee that
this recovers the true energy spectrum. Some groups have hence proceeded to use turbulent
forcing, which is a mixture of solenoidal and dilatational energy input rates. But, also for
this approach it is doubtful whether the applied models (which are provided by terrestrial
laboratory measurements) are able to mimic the energy drainage out of the turbulent cascade
as it occurs under interstellar conditions, especially in the view of the fact that the aforemen-
tioned effect is highly time-dependent. In addition, such simple driving mechanisms cannot
take into account that turbulence is actually characterized by a large number of degrees of
freedom. A satisfactory solution to these shortcomings is currently not foreseeable.
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Chapter 4A meso-scale model for
the local interstellar
medium

4.1 Initial setup

Finding initial conditions for a system from which only the as is state is known actually
requires solving the full inverse problem. In the case of the ISM this is however not an
option due to the large number of nonlinear processes involved, whose details are not fully
understood. In order to start our simulations nevertheless from meaningful initial conditions
we make use of analytical functions derived with respect to observational data of the Galaxy.
Ferrière (1998) constructed a large-scale axisymmetric model in which the ISM is consid-

ered to be composed of a Molecular Medium (MM), CNM, WNM, WIM, and HIM (denoted
by the subscripts ‘m’, ‘c’, ‘w’, ‘i’, and ‘h’, respectively). Hydrogen is taken to be neutral in
the CNM and WNM, and fully ionized in the WIM and HIM. Helium, on the other hand,
is assumed to be doubly ionized only in the HIM, and neutral everywhere else. The ratio
between helium and hydrogen atoms is set to 9%.
Using the variables R and z to denote the Galactocentric radius and height, respectively,

and adopting R� = 8.5 kpc for the radius of the solar circle, the space-averaged atomic
hydrogen number densities of the various media are given by

〈nm(R, z)〉 = (0.58 cm−3)

× exp

[
−(R− 4.5 kpc)2 − (R� − 4.5 kpc)2

(2.9 kpc)2

]
×
(
R

R�

)−0.58

exp

{
−
[

z

Hm(R)

]2
}

,

(4.1)

with

Hm(R) = (81 pc)

(
R

R�

)0.58

, (4.2)
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〈nc(R, z)〉 =
(0.340 cm−3)

α2(R)

(
0.859 exp

{
−
[

z

H1(R)

]2
}

+ 0.047 exp

{
−
[

z

H2(R)

]2
}

+ 0.094 exp

[
− |z|
H3(R)

])
,

(4.3)

〈nw(R, z)〉 =
(0.226 cm−3)

α(R)

×
([

1.745− 1.289

α(R)

]
exp

{
−
[

z

H1(R)

]2
}

+

[
0.473− 0.070

α(R)

]
exp

{
−
[

z

H2(R)

]2
}

+

[
0.283− 0.142

α(R)

]
exp

[
− |z|
H3(R)

])
,

(4.4)

with

α(R) =

{
1 , 3.5 kpc ≤ R ≤ R�,
R
R�

, R� ≤ R ≤ 20 kpc,
(4.5)

H1(R) = (127 pc)α(R) ,

H2(R) = (318 pc)α(R) ,

H3(R) = (403 pc)α(R) ,

(4.6)

〈ni(R, z)〉 = (0.0237 cm−3) exp

[
−R

2 −R2
�

(37 kpc)2

]
× exp

(
− |z|

1 kpc

)
+ (0.0013 cm−3)

× exp

[
−(R− 4 kpc)2 − (R� − 4 kpc)2

(2 kpc)2

]
× exp

(
− |z|

150 pc

)
,

(4.7)

and

〈nh(R, z)〉 = (4.8× 10−4 cm−3)

{
0.12 exp

(
−R−R�

4.9 kpc

)
+0.88 exp

[
−(R− 4.5 kpc)2 − (R� − 4.5 kpc)2

(2.9 kpc)2

]}
×
(
R

R�

)−1.65

exp

[
− |z|
Hh(R)

]
,

(4.8)

with

Hh(R) = (1.5 kpc)

(
R

R�

)1.65

. (4.9)
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Summing over the partial densities yields the space-averaged total interstellar mass density,

ρ0 = 1.36mp(〈nm〉+ 〈nc〉+ 〈nw〉+ 〈ni〉+ 〈nh〉) . (4.10)

The space-averaged interstellar thermal pressure is defined in an analogous manner as the
sum of four partial thermal pressures (with no contribution from the MM),

Pg = 〈Pc〉+ 〈Pw〉+ 〈Pi〉+ 〈Ph〉 , (4.11)

where

〈Pc〉 = 1.09 〈nc〉 kBTc , (4.12)
〈Pw〉 = 1.09 〈nw〉 kBTw , (4.13)
〈Pi〉 = 2.09 〈ni〉 kBTi , (4.14)
〈Ph〉 = 2.27 〈nh〉 kBTh , (4.15)

with the standard temperatures Tc = 80K, Tw = Ti = 8000K, and Th = 106 K.
The space-averaged interstellar turbulent pressure is assumed to simply arise from random

bulk motions in the MM and CNM,

Pt = 1.36mp(〈nm〉 v2
rms,m + 〈nc〉 v2

rms,c) , (4.16)

with the one-dimensional turbulent velocities vrms,m = 4.5 km s−1 and vrms,c = 6.9 km s−1.
Note that the numerical coefficients in Eqs. (4.10) and (4.12)–(4.16) account for the adopted
helium abundance and ionization fractions.
The interstellar cosmic-ray and magnetic pressures, as deduced from synchrotron emis-

sivity measurements (for details see Ferrière 1999, and references therein), can be written
as

PCR(R, z) = (9.6× 10−13 erg cm−3)

×
[

0.46 exp

(
−R−R�

2.8 kpc

)(
sech

z

255 pc

)n(R)

+ 0.54 exp

(
−R−R�

3.3 kpc

)(
sech

z

255 pc

)b(R)
]1/1.875

,

(4.17)

and

PM(R, z) = (10.3× 10−13 erg s−3)

×
[

0.46 exp

(
−R−R�

2.8 kpc

)(
sech

z

255 pc

)n(R)

+ 0.54 exp

(
−R−R�

3.3 kpc

)(
sech

z

255 pc

)b(R)
]1/1.875

,

(4.18)

respectively, where the exponents n(R) and b(R) are implicitly defined by∫ ∞
0

(sechx)n(R) dx = 0.617 exp
R−R�
8.5 kpc

, (4.19)
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and ∫ ∞
0

(sechx)b(R) dx = 6.0 exp
R−R�
8.5 kpc

. (4.20)

For the solar circle, these exponents are n(R = R�) = 4.5966 and b(R = R�) = 0.1874. The
space-averaged total interstellar pressure is then given by

P0 = Pg + Pt + PCR + PM . (4.21)

In our model of the LISM we neglect any initial radial gradients by taking R = R� for
the entire (x, y)-plane. This should be justified by the comparatively small side length of
the cubic computational domain (L = 3 kpc). Furthermore, the initial distribution changes
anyway dramatically during the first few Myr of the simulation, as will be shown in § 5.2.1.
Were radial gradients to be included before that phase, one would in any case be confronted
with unphysical effects (in particular shocks) arising due to the boundary conditions applied
at the vertical faces of the simulation box (see the next section).

4.2 Boundary conditions

Updating the outermost cells of the simulation box requires information about the numerical
fluxes through its boundaries. A widely used strategy in this context is to introduce fictitious
zones outside of the computational domain (called ghost zones), in which the flow variables
are carefully specified to mimic the desired boundary effect (Laney 1998). The number of
ghost cells needed depends on the kernel of the numerical method chosen, i.e., the ensemble of
grid cells on which the solution depends. The second-order Godunov scheme implemented in
the Ramses code requires 2 adjacent ghost cells on each side and in each direction (including
diagonal directions), giving a total of 3dim − 1 ghost octs (Teyssier 2002). In the following
we briefly describe the types of boundary conditions currently supported by Ramses:

• Periodic. When waves pass through this boundary, they reappear on the opposite
end of the domain with the same velocity, density, pressure, etc., just as if the space
were mapped onto a three-dimensional torus. Since in this topology no cell actually
‘sees’ boundaries in any direction, periodic boundary conditions are commonly used to
simulate a large system by modeling only a smaller part of it that is far away from its
edge.

• Reflective. Waves hitting this boundary are reflected and conserve energy and mass,
just as if they had hit a solid wall. This behavior is realized by choosing states in the
ghost zones with equal density and pressure, but equal and opposite velocities when
compared to the zones approaching the boundary.

• Outflow (or zero gradient). This boundary condition mimics the effect of dis-
turbances leaving the simulation box. Numerically this can be achieved by setting
the derivatives of the flow variables to zero along the boundary. In other words, the
values in the ghost zones equal those of the zones closest to the boundary. If mate-
rial approaches this boundary supersonically, no problems arise since information from
the boundary can generally not propagate back onto the grid. Subsonic outflow, on
the other hand, turns out to be more problematic: Material flowing off the grid can
bounce into the boundary zone, and waves might propagate back into the simulation
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Figure 4.1 Measurements of the Galactic rotation based on a Galactocentric distance of 8.5 kpc and a
mean local rotation velocity about the Galactic center of 220 kms−1, as compiled by Fich & Tremaine
(1991).

box leading to artificial structures in the vicinity of the outer edge of the grid (Laney
1998).

• Inflow. Material entering the computational box (e.g., intra-cluster gas falling into a
galaxy) can be modeled with this type of boundary condition. The choice of the values
in the ghost zones fully depends on the physical problem at hand.

In our LISM simulation we take the boundary conditions to be periodic along the four vertical
faces of the computational box, whereas we assume outflow boundary conditions at the top
and bottom boundaries.

4.3 Galactic gravitational field

Following Ferrière (1998), we adopt a global axisymmetric mass model of the Galaxy, first
introduced by Kuijken & Gilmore (1989a,b). This model includes an exponential disk, a
central bulge, and a halo contribution, and fits both the observed Galactic rotation curve
(see Fig. 4.1) as well as the measured distributions of a sample of K dwarfs. When neglecting
the influence of the bulge, the vertical component of the Galactic gravitational acceleration
reads as

−gz(R, z) = (4.4× 10−9 cm s−2) exp

(
−R−R�

4.9 kpc

)
z√

z2 + (0.2 kpc)2

+ (1.7× 10−9 cm s−2)
R2

� + (2.2 kpc)2

R2 + (2.2 kpc)2

(
z

1 kpc

)
− 2Ω(Ω + Σ)z ,

(4.22)

where Ω and Σ = RdΩ/dR are the large-scale rotation and shear rates, respectively. Above
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Figure 4.2 Modeled gravitational potential when assuming that R = R� for the entire (x , y )-plane
considered. Left: Vectors of gravitational acceleration. Magnitudes range from 0 (|z| = 0 pc) to
6.91× 10−9 cm s−2 (|z| = 1500 pc). Right: Associated density field as a function of Galactic height.

the radius of 5 kpc, the Galactic rotation curve is almost flat (see Fig. 4.1). There, the last
term in Eq. (4.22) vanishes.
When setting R = R�, we arrive at the vector field depicted in the left panel of Fig. 4.2.

Using Eq. (2.80), one can now calculate the corresponding vertical external density distri-
bution,

ρext(z) = (6.6×10−25 g cm−3)− (5.2× 10−3 g cm−2)z2

[(3.8× 1041 cm2) + z2]3/2
+

(5.2× 10−3 g cm−2)√
(3.8× 1041 cm2) + z2

, (4.23)

which is plotted in the right panel of Fig. 4.2. Expression (4.23) adds to the fluid density on
the right-hand side of the Poisson equation, i.e.,

∇2Φ = 4πG(ρ+ ρext) . (4.24)

In order to ensure that we start our simulations from a hydrostatically stable configuration,
we check whether the equation for hydrostatic equilibrium,

dP0

dz
= −ρ0gz , (4.25)

is fulfilled: Both sides of Eq. (4.25) are plotted against Galactic height in Fig. 4.3, showing
good agreement for the considered range.
For all our models we assume that the entire simulation box corotates with the Local

Standard of Rest (LSR)∗ around the Galactic center, which is justified by the usually small
peculiar motions of interstellar gas. In addition, we ignore shear due to the differential
rotation of the Galaxy. While this effect is undoubtedly important for interstellar turbulence

∗This is a fictitious reference frame whose origin is set to be the current location of the Sun. This point
is assumed to move with the average velocity of the stars in the solar neighborhood, executing a perfect
circular motion within the Galactic disk around its center.
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Figure 4.3 Comparison of the initial vertical pressure gradient (blue line) and the initial compression due
to gravity (black line).

in general (and should hence be included in a future iteration of the model), its impact on
the LB formation scenario specifically considered in this work is likely to be negligible. This
is because the path of the stellar association that hosted the SNe responsible for the LB’s
existence lies almost parallel to the direction of Galactic rotation (as represented by the y-
axis in Fig. 1.7). As a consequence, all explosions that have occurred since then (along that
path) should have experienced only very little shear due to Galactic differential rotation.

4.4 Cooling and heating

Optically thin plasmas cool via various processes by converting kinetic particle energies
into photons capable of leaving the volume. The dominant cooling process at temperatures
between 5 × 103 K and 105 K is spontaneous emission due to electron transitions from a
metastable state to a state with lower energies. Actually, such transitions are ‘forbidden’ by
electron dipole selection rules, which is the reason why this process is referred to as forbidden-
line cooling. It covers the optical and infrared part of the spectrum. As long as neutral
hydrogen is contained within the gas, energy can be also released via collisional excitation
or ionization of hydrogen atoms, becoming especially significant at electron temperatures of
about 105 K. This leads to radiation in the optical and UV regions of the spectrum. On
moving to higher temperatures (105 K . T . 108 K), ions with metastable levels in their
ground state (e.g., Oii, Oiii) become less abundant, while the amount of highly ionized
species (e.g., Civ, Ov) grows. The latter have very high transition probabilities so that
cooling via ‘resonance’ lines, which appear in the far UV and SXR spectral range, becomes
important. Above these temperatures (i.e., T & 108 K), where the gas essentially consists of
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Figure 4.4 Standard interstellar cooling functions (left) and absolute, net cooling functions (right) for
gases with solar elemental abundances computed with the CLOUDY code. Each color corresponds to a
certain density, as indicated in the legend. The gas is heated in all our models by exposing it to a typical
UV/X-ray background as present in the Galactic disk.

electrons, protons, and bare nuclei of, e.g., O and C, cooling is dominated by bremsstrahlung
emission in the radio range (Dyson & Williams 1997).
All these complicated microphysical processes are typically summarized in a so-called

cooling function Λ, which, when multiplied by the square of the number density (i.e. n2Λ),
equals the volumetric energy loss due to radiation. The cooling function does not only depend
on the temperature of the gas, but also on its chemical composition. For the calculation of
cooling and heating rates, ionization fractions, and electron densities, we used version 08.01
of the freely-available spectral synthesis code called Cloudy, which was last described in
Ferland et al. (1998) but receives updates on a regular basis. The isotropic interstellar
radiation field to which the gas is exposed is modeled based on observations and includes
absorption through the Galactic plane as well as the CMB. For the chemical composition
of the gas, which is considered to be dust-free, solar metallicity is assumed in the whole
computational volume (see below). Results are plotted in Fig. 4.4. As can be seen in the left
panel, the increase of density in the lower temperature range (T . 104 K) is accompanied
by a successive suppression of the cooling rate. The reason is collisional de-excitation of
excited states. At higher densities and temperatures (nH & 10−2 cm−3, T & 104 K), on the
other hand, the cooling rate becomes a function of temperature alone. In the right panel of
Fig. 4.4, we present the absolute, net cooling function, i.e., heating subtracted from cooling.
Let the cooling function be, for the moment, represented by a piecewise power law of the
form Λi(T ) ∼ T βi . Then, gas is thermally unstable where βi < 1.
Using this data for our simulations with the Ramses code required a drastic re-writing of
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the default cooling routines (hydro/cooling_module.f90 and hydro/cooling_fine.f90).
We have also created an interface, called Cloudses, that allows conversion of generic
Cloudy output to a format readable by the Ramses cooling module. Its source code
can be found in Appendix C. Also included in this conversion is the following procedure
for computing the mean molecular weight, µ, which is defined as the mass per unit mole of
material, or, alternatively, the mean mass of a particle in atomic mass units.
Let xi denote the mass fraction of species i in a volume of gas with density ρ. Then, its

number density is given by

ni =
xiρNA

Ai
, (4.26)

where Ai is the molar mass of the species, and NA ' 6.022 × 1023 mol−1 is the Avogadro
constant. Therefore, we have for the number density of all ions

nI =
∑
i

ni = ρNA
∑
i

xi
Ai
≡ ρNA

µI
with µI =

(∑
i

xi
Ai

)−1

, (4.27)

whereas the number density of electrons is

ne =
ρNA

µe
with µe =

(∑
i

Zixifi
Ai

)−1

, (4.28)

where Zi denotes the atomic number of species i, and fi the species’ ionization fraction, i.e.,
the fraction of electrons of i that are free. The total number density of particles is therefore

n = nI + ne =
ρNA

µ
with µ =

(
1

µI
+

1

µe

)−1

. (4.29)

If metals are included, it must hold that X + Y + Z = 1, where X := xH, Y := xHe, and
Z := xmetals. Accordingly, nI = nH + nHe + nmetals, and thus

µ =
ρNA

nH + nHe + nmetals + ne
. (4.30)

Substitution of Eq. (4.26) in the form

ρNA =
nHAH

X
, (4.31)

where AH = 1 g mol−1, finally yields

µ =
nHAH

(1− Y − Z)(nH + nHe + nmetals + ne)
. (4.32)

In essence, the current chemical composition of the ISM represents H and He remnants
from the Big Bang, with small reduced (increased) H (He) fractions, and, additionally, traces
of heavy elements from nucleosynthesis and feedback processes (ranging from C to U). Note,
however, that these ‘impurities’ play a crucial role for the chemistry, ionization state, and
temperature of the gas. The metal fraction decreases with growing distance from the Galactic
center. In the solar neighborhood, the abundance has already dropped to about half the value
of the Galactic center region and almost mimics the composition of the Sun (see, e.g., Weigert
et al. 2010).
Following Wiersma et al. (2009), we adopt nHe/nH = 0.1 and nmetal/nH = 0.001 for our gas

with solar composition (for details see Table 4.1), which corresponds to the mass fractions
X = 0.7065, Y = 0.2806, and Z = 1− 0.2806− 0.7065 = 0.0129.
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Table 4.1 Default CLOUDY solar elemental abundances [GS98 = Grevesse & Sauval (1998); GS98* =
Grevesse & Sauval (1998), but with mean of photospheric and meteoric abundances; H01 = Holweger
(2001); AP01, AP02 = Allende Prieto et al. (2001, 2002). The helium abundance is a typical value for
nebulae with near-solar compositions.]

Element ni/nH Mass fraction Ref.

H 1.0 0.7065 GS98
He 0.1 0.2806 see description above
C 2.46× 10−4 2.07× 10−3 AP02
N 8.51× 10−5 8.36× 10−4 H01
O 4.90× 10−4 5.49× 10−3 AP01
Ne 1.00× 10−4 1.41× 10−3 H01
Mg 3.47× 10−5 5.91× 10−4 H01
Si 3.47× 10−5 5.91× 10−4 H01
S 1.86× 10−5 4.09× 10−4 GS98*
Ca 2.29× 10−6 6.44× 10−5 GS98
Fe 2.82× 10−5 1.10× 10−3 H01

4.5 Star formation

Stars are born in interstellar clouds if the self-gravity of the gas exceeds disruptive forces,
such as gas pressure, magnetic pressure, or rotation. In order to derive some simple relations
let us consider a single, isolated, spherically symmetric cloud that is in equilibrium between
internal pressure, on the one hand, and self-gravity and external surface pressure, on the other
hand. A stable configuration hence requires the inwards gravitational force on a spherical
shell with thickness dr located at radius r within the cloud to be balanced by the pressure
gradient across the shell,

4πr2dP (r) = −GM(r)

r2
dM(r) , (4.33)

where dM(r) = 4πr2ρ(r)dr is the mass of the shell. In terms of the enclosed volume V (r) =
4
3πr

3, and integrated from the center of the cloud (r = 0) to its edge (r = Rc), Eq. (4.33)
becomes

3

∫ Pext

Pc,0

V dP = −
∫ Mc

0

GM

r
dM , (4.34)

where Pc,0 and Pext denote the central and external pressure, respectively, and Mc the total
mass of the cloud. The left-hand side of Eq. (4.34) can be evaluated via integration by parts,

3

∫ Pext

Pc,0

V dP = 3VcPext − 3

∫ Vc

0
PdV ≡ 3VcPext − 2

∫ Vc

0
edV , (4.35)
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where Vc = 4
3πR

3
c is the total volume of the cloud, and e = 3

2P is the internal energy per
unit volume for a perfect monoatomic gas. Substitution into Eq. (4.34) yields

3VcPext = 2

∫ Vc

0
edV −

∫ Mc

0

GM

r
dM ≡ 2T + V . (4.36)

In the last step, the two integrals have been identified as the cloud’s thermal energy content
T and gravitational self-energy V. In order to understand the significance of this expression,
let us neglect for the moment the influence of the external surface pressure Pext, so that

2T + V = 0 , (4.37)

which is known as the virial theorem. It is clear that the equilibrium state breaks down if
either 2T > −V or 2T < −V is satisfied. While the former case corresponds to expansion,
the latter corresponds to contraction.
As demonstrated in Appendix B, one can estimate the degree of departure from the equi-

librium state and determine the free-fall time of the cloud to be

tff =

√
3π

32Gρc
, (4.38)

where ρc is the density of the cloud. If tff is smaller than the cloud’s sound-crossing time,
i.e., if the collapse energy cannot be dissipated via pressure waves, the cloud collapses into
a proto-star [see Eq. (B.3)]. Since the sound-crossing time depends on the size of the cloud,
and the free-fall time on its density, one can isolate a critical mass, the so-called Jeans mass,
which determines whether or not the cloud undergoes a collapse. After a little algebra, we
arrive at the criterion for instability,

M &MJ =

(
3π5

32

)1/2

a3
cG
−3/2ρ−1/2

c . (4.39)

Cool molecular clouds are known to have a typical temperature of 20 K and a number density
of 5 × 103 cm−3. According to Eq. (4.39), their Jeans masses are roughly 30 M� (taking
2mH for the mean particle mass), and their associated Jeans radii amount to about 0.3 pc.
However, this is only half of the story: During the collapse, the average density rises while
the Jeans mass (and radius) decrease (providing that the speed of sound in the cloud remains
constant or decreases with increasing density). Therefore, smaller and smaller portions of
a cloud can become unstable independent from each other. This so-called fragmentation is
the physical reason why stars form usually not individually, but rather in groups or clusters.
It stalls if the cloud becomes too opaque and heat generated by compression of the gas
can no longer be radiated away efficiently. Detailed studies revealed that the process of
fragmentation is capable of forming stellar masses as low as 0.01 M� (Dyson & Williams
1997).
Taking also into account the interstellar pressure Pext it follows from Eq. (4.36) that

Pext =
A

R3
c
− B

R4
c

, (4.40)

where A = 3kBTcMc/(4πµmH) and B = 3GM2
c /(20π) are constants for a given cloud mass

and temperature. The function is plotted in Fig. 4.5. As shown there, two stable cloud
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Figure 4.5 Pressure-radius relationship for an isothermal cloud with an external surface pressure.

configurations (points D and E) exist for a specific external pressure P0. If the ISM pressure
rises to P0+∆P , say due to SN explosions, stellar winds, or photoionization, the cloud radius
should theoretically evolve along the blue curve, tending to the values at points D′ and E′,
respectively. In the former case, the cloud contracts and raises its internal pressure in order
to withstand the pressure from the outside. The transition from E to E′, on the other hand,
cannot occur in nature because it would imply that the cloud expands although the external
pressure is rising. Hence, all configuration situated on the left of the maximum M [having a
smaller radial extent than 4B/(3A)] are prone to become unstable.
‘Violent’ processes in the ISM can act as a sort of catalyst for the cloud to collapse into

protostellar cores. Note, however, that this picture of ‘induced’ star formation is still a
gross oversimplification since neither the cloud’s internal structure nor the influence of its
rotation or magnetic field have been taken into account. Collapsing clouds that spin should
gain rotational speed via momentum conservation. The resulting centrifugal forces could
stabilize the cloud even if its Jeans mass has already been exceeded. Also neglected here is
that the accretion disk, which is formed in the course of the collapse, is weakly magnetized.
Rotation is not rigid but occurs differentially, so that plasma particles lying closer to the
rotation axis move faster than particles at larger radii. As a consequence, magnetic field
lines, which are coupled to the particles, are stretched, and magnetic tension forces acting
along the field lines attempt to restore the initial relative particle positions. The magnetic
field withstands the shearing motion in the tangential direction by accelerating the outer
particles and slowing down the inner ones. The latter is a run-away process because it favors
the fall of the inner particles onto the central mass, and, at the same time, transfers angular
momentum from the inner particles in the accretion flow to the outer ones. As a consequence
of this so-called Magneto-Rotational Instability (MRI; Balbus & Hawley 1991), the collapse
can be kept up and magnetic turbulence is introduced to the accretion flow (Choudhuri
1998).
After this brief introduction we are now in the position to discuss the recipe of star

formation which we adopt in our simulation. Due to resolution limitations and the ne-
glect of self-gravity, we are not able to follow the fragmentation process and thus can-
not infer the initial stellar mass spectrum in a self-consistent manner. Instead, we follow
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Rasera & Teyssier (2006) and Dubois & Teyssier (2008) and adopt a ‘sub-cell approach’, i.e.,
we mimic the complex star-formation physics at least in a statistical sense: If the gas density
ρ (temperature T ) in a leaf cell exceeds (falls below) a certain threshold ρ0 (T0), stars are
spawned at the rate

dρ∗
dt

=
ρ

t∗
, (4.41)

where t∗ is the local star formation timescale. The latter is assumed to be proportional to
the local free-fall time of the gas, i.e.,

t∗ =
tff
ε

, (4.42)

where ε is the star formation efficiency. Since tff ∼ ρ−1/2, it follows from combining
Eqs. (4.41) and (4.42) that the local star formation rate scales with ρ1.5, which is consistent
with surface density laws observed for galaxies (Schmidt 1959; Kennicutt, Jr. 1998). For the
numerical treatment the equal but opposite rate of star formation rate is incorporated in the
continuity equation as a sink term, i.e.,

Dρ
Dt

= −ερ
tff

. (4.43)

The number of new-born stars is determined by a random Poisson process whose probability
distribution is given by

Pλ(N) =
λN

N !
exp(−λ) . (4.44)

Poisson distributions make a statement about the rate N at which rare, random, and inde-
pendent events occur within a certain interval, provided one knows from previous inspections
how many events can be expected on average for the interval λ. Due to the over-abundance
of low-mass stars (see below), we take for the expected value of star formation events

λ =

(
ρ∆x3

m∗

)
∆t

t∗
, (4.45)

where ∆x denotes the local cell size, m∗ the smallest resolvable stellar mass, and ∆t the
local time step. By this approach, m∗ is defined by the product of the highest spatial
resolution achievable and the density threshold chosen, i.e., m∗ = ρ0∆x3

min: The higher the
density in a cell, the more mass can be converted into star particles. Restricting ourselves
to stars that end their lives as Type II SNe, it is adequate to consider an initial stellar mass
range of 10 ≤ M/M� ≤ 30. However, a large number of lower-mass stars would be missed
if we were to stop there (see Fig. 4.6). We therefore work with a broader mass range of
0.5 ≤ M/M� ≤ 150, but convert only candidates for Type II SNe into star particles (see
below).
Choosing `max = 10, we obtain for the smallest cell size ∆xmin = 2.93 pc. In order to

arrive at a minimum stellar mass of 0.5 M�, we have to take n0 = ρ0/mH = 0.804 cm−3

for the star-formation threshold, which corresponds to a free-fall time of 57.42 Myr. As
a further criterion to form new stars, the temperature in a cell has to fall below 100 K.
The star formation efficiency is then tuned in runtime to meet the Galactic star formation
rate observed, scaled down to the simulated patch of the Galaxy. Using the estimate given
by Robitaille & Whitney (2010), 0.68–1.45 M� yr−1, we derive for our simulation volume a
corresponding rate of ' 0.014 M� yr−1.
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Figure 4.6 Initial mass function for a stellar mass range of 0.5 to 150 M�. The total mass of 106 M� has
been spread over 50 bins.

Also required is a suitable prescription of how the cloud’s total mass is distributed into
single stars. This issue is addressed by the IMF, ξ(M): Providing that the net mass to be
converted into new stars is ∆S, the number of new stars in the mass interval [M ,M + dM ]
is given by

NMdM = ∆S ξ(M)dM , (4.46)

where ξ(M) is normalized such that
∫Mmax
Mmin

ξ(M)MdM = 1. A widely-used approximation
is the Salpeter-IMF (Salpeter 1955),

ξ(M) = kM−α with α = 2.35 , (4.47)

which applies to a mass range from the highest masses down to about 0.5–1.0 M� (k is a
constant). However, this relation is only a rough observational fit and individual systems,
such as young clusters, can show substantial deviation from Eq. (4.47) due to statistical or
dynamical effects (Kroupa 2001). Nevertheless it should be noted that the IMF seems to
vary very little from one star formation region to the other, and might therefore be universal.
Details of the physical processes responsible for this finding are a matter of ongoing research.
For a recent account on this rapidly evolving subject the reader is referred to Bodenheimer
(2011). In our simulations we assume Eq. (4.47) to be constant in space and time. The
corresponding probability density is p(M) = kpM

−α. If we specify that a star in the mass
interval 0.5 ≤M/M� ≤ 150 is generated with a probability of 100 % (if the aforementioned
criteria are fulfilled), the normalization factor kp can be determined to be∫ 150

0.5
p(M) dM = kp

1501−α − 0.51−α

1− α
!

= 1⇒ kp = 0.53 . (4.48)
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Figure 4.7 Area weighting in the cloud-in-cell method.

The probability for creating a star in the mass range [m∗,M ] is therefore

X =

∫ M

0.5
p(M ′) dM ′ = kp

M1−α − 0.51−α

1− α . (4.49)

Rearranging Eq. (4.49) finally yields the generating function for stellar masses

M(X) =

[
X

1− α
kp

+ 0.51−α
] 1

1−α
. (4.50)

The quantity X is obtained numerically from a random number generator. Figure 4.6 was,
e.g., generated by this way.
Massive stars are treated in our simulations as collisionless particles that only couple to

the gas dynamics through gravity. This is achieved using a numerical technique known as
the Particle-Mesh Method (PMM), which combines the grid-based Poisson solver with an
N -body integrator. The organization of the particle within the AMR hierarchy via linked
lists is inspired by a scheme originally developed by Kravtsov et al. (1997). Here, we only
outline its basic procedure and refer to Teyssier (2002) for an extensive description.
Firstly, the total mass density on the mesh is computed by projecting the particle masses

onto the grid: Applying the classical Cloud-In-Cell (CIC) scheme (see Hockney & Eastwood
1981), fractions fi of each stellar massm are distributed into four (in two dimensions) or eight
(in three dimensions) nearest cell centers. These fractions, or weights, are defined by the
overlap areas of a cell-sized square (in two dimensions) or cube (in three dimensions), centered
around the particle of consideration, and the respective neighboring cells (see Fig. 4.7). The
resulting density field is fed into the Poisson solver, giving the total gravitational potential
Φn at the current time tn. The gravitational force then follows from differentiating Φn with a
5-point finite difference scheme, and is interpolated at the particle positions xnp by applying
again the aforementioned CIC projections kernel. As a last step, particle positions and
velocities (note that each massive star receives a randomly directed initial drift velocity of
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magnitude 5 km s−1) are updated using a second-order symplectic integrator (leapfrog-type
scheme):

vn+1/2
p = vnp + gn∆t/2 , (4.51)

xn+1
p = xnp + vn+1/2

p ∆t , (4.52)

vn+1
p = vn+1/2

p + gn+1∆t/2 . (4.53)

Star formation is considered here to be an isothermal process since neither the gas velocity
nor the speed of sound in the star-spawning cell is altered. In addition, each of the star-
forming cells is checked for whether the total mass of newly created particles exceeds 50%
of the gas mass contained in the cell. If this is the case, a mean particle mass is calculated
which is taken as a basis for determining the corrected number of new particles (whose
masses are however taken to be equal for the respective cell). The mass ‘lost’ in all cells as
a result of this security criterion is recorded for statistical reasons. In order to save memory,
the sizes of arrays which contain important information, such as stellar masses, depleted
mass densities, as well as locations and identification numbers of star-spawning cells, are
dynamically adapted to actual requirements.

4.6 Supernovae feedback

Stars whose initial mass exceeds about 8 M� end their lives as Type II SN explosions, re-
leasing about half of their mass and large amounts of energy. The expelled material collides
with the ambient ISM at supersonic speed and forms a shock wave ahead of the swept-up
gas shell. Assuming that a typical explosion energy of ESN = 1

2Mejv
2
ej ' 1051 erg (see, e.g.,

Chevalier 1977) is liberated instantaneously in a point that is surrounded by a static, homo-
geneous medium with density ρ0 and negligible thermal pressure, the shape of the expanding
volume of gas remains spherical. Observed SNRs, however, sometimes greatly differ from a
perfectly spherical shape since the true ISM is actually clumpy, plane-stratified, magnetized,
and rotating (cf. § 1.1).
The evolution of SNRs can be split into several distinct phases, where in each phase the

blast wave radius follows a power law in time, R(t) ∼ tη, with varying exponent η (see, e.g.,
Longair 2011).
In the beginning, the ejected mass greatly exceeds the swept up mass so that the shell

expands ballistically, R(t) = vejt, with a maximal speed of vej = (2ESN/Mej)
1/2. This ‘free

expansion’ occurs in a self-similar fashion, with a linear velocity profile u = r/t. Hence as
time proceeds, an initial density distribution ρ(r, t0) is geometrically rarefied. Taking the
continuity equation in spherical symmetry,

∂ρ

∂t
= − 1

r2

∂(r2ρu)

∂r
= −3ρ

t
− r

t

∂ρ

∂r
, (4.54)

the density distribution at time t can be calculated using the ansatz

ρ(r, t) = At−3f
(r
t

)
, (4.55)

where the constant A and the function f(u) depend on the initial conditions. However, this
simple pattern changes when the mass of the ejected material becomes comparable to the
mass of the swept-up ISM, corresponding to a typical sweep-up time of tsw = Rsw/vej '
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Figure 4.8 Left: Modeled total mass ejected due to a supernova explosion (squares) and stellar winds
(circles) as a function of the star’s initial mass. Right: Estimated net mass loss rate due to stellar winds
over the entire life of a star with initial mass M. [Credit: Woosley & Heger (2007)]

210 yr, where Rsw = (3Mej/4πρ0)1/3 ' 2.6 pc is the sweep-up radius. The reason is a reverse
shock that moves through the ejected material inwards, heating it up to high temperatures.
The evolution of this hot, high-pressure bubble, which is separated from the swept-up mate-
rial through a contact discontinuity, can be described by an adiabatic blast-wave similarity
solution, as independently found by Taylor (1950a,b) and Sedov (1959): Considering the
available quantities, ESN, ρ0, R, and t, the only possible combination to obtain a similar-
ity variable is R(ρ0/ESN)1/5t−2/5. Therefore, the shock wave radius and velocity evolves as
R(t) ∼ (ESN/ρ0)1/5t2/5 and v(t) = Ṙ ∼ (ESN/ρ0)1/5t−3/5, respectively. During this ‘Sedov-
Taylor phase’, the blast wave conserves energy, ρ0R

3v2 = const. (about 30% of the total
energy is converted into kinetic energy, the remainder into thermal energy), and the tem-
perature profile drops as T (t) ∼ v(t)2 ∼ t−6/5. As the remnant’s expansion proceeds, the
temperature in the region behind the shock front drops below 106 K so that cooling due to line
emission of heavy ions becomes important (see § 4.4). Eventually, the dynamical timescale,
Rsh/ush, approaches the cooling timescale, ' 2.1× 104 yr, and the SNR forms a thin, dense,
and cool outer shell, thus preserving pressure balance at the shock front. The bubble grows
to a typical size of 20 pc. In the subsequent evolution, energy is no longer conserved by the
remnant and the motion of the shell is mainly due to momentum conservation. This stage
(aptly termed the ‘snowplow phase’), can be approximated by an even shallower power law
of the form R(t) ∼ t2/7. While the gas in the shell was previously mainly visible in the far
UV/SXR spectral range, it is now a copious emitter of collisionally excited lines, such as
Oiii. Finally, after the bubble radius has grown to about 64 pc, which corresponds to a total
evolution time of t ' 1.26 × 106 yr, the expansion becomes subsonic (v ≤ 20 km s−1), and
the SNR loses its identity in the ISM, i.e., it is dispersed by random motions.
For our numerical implementation we proceed as follows: Massive stars undergo an SN

explosion if their (main-sequence) lifetime, τ , has expired. The latter is assumed to only
depend on the star’s initial mass, M , and is approximated by a power law of the form (Fuchs
et al. 2006)

τ = τ0M
−β for 2 ≤ M

M�
≤ 67 , (4.56)
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➀ ➁➂ ➃

Figure 4.9 Structure of an idealized stellar wind bubble. Stellar material is separated from the ISM through
a contact discontinuity (C). The kinetic energy of the wind is thermalized in the terminal shock (S1). A
strong shock wave (S2) expands into the ISM. See the text for a further description. [Reproduced from
Dyson & Williams (1997)]

where τ0 = 1.6×108 yr and β = 0.932. At this point it should be noted that each massive star
in our simulations is actually made up of two particles, namely a star particle and a debris
particle. Both are created simultaneously, reside at exactly the same position of the grid, but
differ by the sign of their linked-list index number. Star particles have a positive index and
are used to store the lifetime of the massive star and the mass it has after the explosion, i.e.,
the mass of the remaining neutron star. Debris particles, on the other hand, have a negative
index and are directly subject to the feedback processes. While their mass is initially equal
to the difference of M and the mass of their ‘twin’ star particle, it is successively reduced
over time due to the action of the stellar wind (see § 4.7). The remaining mass is derived
from the star’s initial mass, as indicated by the dashed line in the left panel of Fig. 4.8.
Each SN is initialized right at the beginning of the Sedov-Taylor phase with the coordinates,
velocities, and metallicities of its corresponding ‘aged’ debris particle. This implies that the
mass swept up by the blast wave must be equal to the mass fraction ejected. Assuming a
constant density of the surrounding medium, ρ0, during the blast wave’s free expansion, the
initial radius of each SN explosion is exactly its local sweep-up radius, which is represented
by at least two of the finest grid cells. We adopt for ρ0 the density in the cell that contains
the corresponding ‘aged’ debris particle. Debris particles that initiated SN explosions are
deleted immediately thereafter in order to fulfill mass conservation.

4.7 Stellar wind feedback

During their lifetime, stars interact with the surrounding medium through both ionizing
radiation and a continuous stream of material from their surfaces. These stellar winds have a
profound impact on the ISM, especially if the stars are massive. This is because massive stars



4.7 Stellar wind feedback 87

have considerable mass loss rates and, in addition, are hot enough to accelerate material to
high velocities. In fact, it has been shown (Abbott 1982) that the amount of energy released
by the wind of a single very massive star integrated over its entire lifetime can be as large as
the explosion energy of an SN. The structure of a stellar wind bubble is, as noted in Dyson
& Williams (1997), similar in many respects to that of an SNR. Exceptions are the lower
ejection velocity and that the ambient medium is continuously supplied with energy, leading
to an almost stationary appearance. A schematic representation is given in Fig. 4.9. The
innermost region around the star (denoted by region À) is occupied by unshocked stellar wind
gas at a typical velocity of v∗ ' 2000 km s−1. Since v∗ is high, thermal energy is negligible
in this region. The gas enters an inner shock wave (S1) where it is heated, and compressed
by a factor of about 4. The shocked wind material accumulates in region Á. Due to its high
temperature (Ts ' 4× 107 K immediately behind S1) there is no significant radiative cooling
in that region (see § 4.4) and the total energy is hence determined by the rate at which energy
is fed through S1, and the rate at which the gas performs work on its surroundings. Another
consequence of the low cooling rate is the comparatively large spatial extent of that layer.
Since motions are subsonic, the energy is almost entirely thermal. Region Â, on the other
hand, contains the swept up gas that has passed through the outer shock S2. Unlike S1, the
shock S2 is crossed by comparatively high-density gas at rather low speed, stemming from
the surrounding, ‘undisturbed’ ISM (region Ã). The immediate post-shock temperature is
hence lower than that behind S1 (approximately 106 K), which allows for extremely effective
radiative cooling in region Â. Mass conservation in combination with the fact that radiative
cooling drastically increases the compression behind a shock front requires that the spatial
extent of region Â is rather small. Since this favors short sound crossing times, the pressure
should be almost constant and equal to that in region Â. As a consequence, there will be
no matter exchange across the dashed interface C, which must therefore represent a contact
discontinuity. The cooling of region Â can be balanced at about 104 K if it is reached by
the ionization front that is triggered by the star’s UV radiation field. Note also that, unlike
in SNRs, S2 is rather a termination than a reverse shock since it is hindered from moving
inwards by the continuous energy release in the wind bubble (Dyson & Williams 1997).
In the simplest approximation, one considers regions À and Á as a single volume with

uniform pressure and thus neglects S1. What then remains is region Â, which is treated
as a very thin shell. For this case it can be shown (see, e.g., Dyson & Williams 1997)
that the radius and the velocity of the wind bubble evolves as R(t) ∼ (Ė∗/ρ0)1/5t3/5 and
v(t) ∼ (Ė∗/ρ0)1/5t−2/5, where Ė∗ is the rate at which energy is ejected into the region
represented by À and Á. Moreover, only about 20% of the star’s time-integrated mechanical
energy, Ė∗t, is converted into kinetic energy of the interstellar gas. It should be added,
however, that these estimates require that the thermal pressure of the surrounding medium
is comparatively small.
Stellar winds are implemented in our model as continuously occurring, relatively low-

energy SNe, centered on the location of massive stars, with a canonical wind velocity of
2000 km s−1. The mass loss rate, Ṁ = dM/dt, is assumed to be constant but yet depends
on the initial mass of the star (see right panel of Fig. 4.8). We therefore simply have for the
total mass loss due to the stellar wind

Mej = Ṁ

∫ τ

0
dt = Ṁτ . (4.57)

The solid line in the left panel of Fig. 4.8 shows how the value of Mej depends on the
star’s initial mass. Actually, Mej should also depend on the star’s luminosity, effective
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temperature, terminal velocity, and metal content, as demonstrated by Vink et al. (2001).
In the context of our meso-scale LISM simulation, however, we consider the proposed linear
fit as an acceptable way to go. Both SN and stellar wind feedback is now included in the
Ramses file pm/feedback.f90.

4.8 Treating 60Fe as a passive scalar

As motivated in § 1.2, the radioactive isotope 60Fe can be used for drawing conclusions
about the origin of the LB. It should be noted that the value for the half-life of 60Fe has
been significantly revised upwards, from (1.49± 0.27) Myr (Kutschera et al. 1984) to (2.62±
0.04) Myr, as a result of recent high-precision measurements by Rugel et al. (2009). Stellar
nucleosynthesis models (e.g., Timmes et al. 1995; Limongi & Chieffi 2006) suggest that 60Fe
is produced inside massive stars via successive neutron capture on other Fe isotopes, both
before and during the SN explosion, and destroyed mainly through 60Ni(n,γ) reactions. The
resulting 59Fe is unstable as well (half-life ' 44 days) and prone to undergo a β− decay in
the absence of external influences. Hence, temperatures of at least 4 × 108 K are required
to provide a sufficient amount of neutrons (nn & 3× 1010 cm−3) for the 59Fe(n,γ) process to
operate and to thereby ensure efficient synthesis of 60Fe. However, the temperature should
not exceed 2 × 109 K since otherwise both 60Fe and 59Fe are effectively destroyed by (γ,n)
and (γ,p) photodisintegration processes. As a consequence, the production of 60Fe does not
fall within the phase of central He and C burning, but rather within He and C shell burning,
where the 22Ne(α,n)25Mg process serves as the main neutron source. The final contribution
to the synthesis of 60Fe comes from the SN explosion itself, namely when the blast wave
moves through the star and increases the temperature locally up to 2.2×109 K. Usually this
is reached either at the base of or within the C convective shell.
There are also other known sources of 60Fe: AGB stars (see e.g., Busso et al. 2003) and

a rare subclass of Type Ia SNe, called carbon deflagration SNe (Woosley 1997). The 60Fe
production rates of these sources are ' 3 % (Lugaro & Karakas 2008) and 67 %, respectively,
relative to that of core-collapse SNe. The latter value takes into account that a single
carbon deflagration SN releases typically 100 times more 60Fe than a single core-collapse
SN† (Woosley 1997). Provided that we have not missed any relevant 60Fe source it might
hence be concluded that AGB stars, Type Ia SNe, and Type II SNe account for ' 2 %, 39 %,
and 59 % of the live 60Fe in the Milky Way, respectively.
The 60Fe content of a star seems to be deeply connected to its mass. Corresponding 60Fe

yields for several stellar mass ranges have been published, e.g., by Woosley & Weaver (1995),
Rauscher et al. (2002), Limongi & Chieffi (2006), and Woosley & Heger (2007). They are
shown in Fig. 4.10 as filled circles, diamonds, upward triangles, and downward triangles,
respectively. The large scatter in the data is due to the sensitivity of nucleosynthesis to a
variety of factors. So it is for example crucial whether the stellar evolution model applied
includes processes such as mass loss due to winds, neutrino loss, mixing (e.g., due to Rayleigh-
Taylor instabilities), and rotation, or whether the evolution is followed only partially, or
completely from the end of the main sequence to the explosion (Limongi & Chieffi 2006).
There are also uncertainties concerning details of the explosion mechanism. One example is
the so-called mass cut, i.e., the amount of mass ejected into space compared to the amount
falling back onto the star. Further aspects influencing the production of 60Fe are the cross

†The Galactic rates of carbon deflagration and core-collapse SNe are about 10−4 yr−1 (Woosley 1997) and
1.5× 10−2 yr−1 (Cappellaro et al. 1999; Cappellaro & Turatto 2001), respectively.
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Figure 4.10 Comparison of 60Fe yield computations of several authors for the stellar mass range of 11 to
25 M�. [Credit: Feige (priv. comm.)]

sections of neutron capture and β− decay, which are both derived from theoretical models
and not from experiments (Wang et al. 2007).
Especially interesting in Fig. 4.10 are the 60Fe yields by Woosley & Heger (2007) and

Limongi & Chieffi (2006), since they are to our knowledge, at the time of writing, the most
recent. More than that, they seem to represent a rough upper and lower limit of the currently
available data. We hence fit both data sets exponentially (blue and brown solid line) and
apply the average of the two fit functions (red dashed line) in all our models.
Following the chemical evolution of the ISM implies the study of the influence of the (tur-

bulent) velocity field on the distribution of chemical elements. Let Z denote the metallicity
of the gas, i.e., the mass of the metals, Mmetal, divided by the total mass of the gas, Mtot,

Z =
Mmetal

Mtot
. (4.58)

We refer to Z as a passive scalar because metals are present in such a low concentration that
they should have no dynamical effect (e.g., buoyancy) on the fluid motion itself. Passive
scalars obey an advection-diffusion equation of the form (see, e.g., Davidson 2004)

∂Z

∂t
+ (u ·∇)Z = α∇2Z , (4.59)

where α is the diffusivity of the contaminant, which is assumed here to be isotropic. Naively
one would expect that the characteristics of the passive scalar field should not be too different
from those of the advecting velocity field since the dynamics of Z is uniquely described by a
linear evolution equation. But this is a fallacy, as emphasized in an excellent review article
by Warhaft (2000). In fact, even if the velocity field were perfectly Gaussian, the scalar field
could be still intermittent.
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A useful dimensionless number for estimating the relative importance of advection and
diffusion within a flow is the Peclet number,

Pe :=
(u ·∇)Z

α∇2Z
∼
U ZL
α
Z

L2

∼ U L
α

, (4.60)

where U and L denote characteristic velocity and length scales, respectively. In the case of
the ISM, U and especially L are usually large, implying that diffusive effects are restricted
to the microscale of turbulence (cf. § 3.5). At larger scales, the right-hand side of Eq. (4.59)
can hence be neglected. However, there is still a need for some diffusive process ultimately
operating at small scales, even though its exact value is quite insignificant for the turbulent
mixing at the larger scales, as demonstrated by de Avillez & Mac Low (2002) in ISM simula-
tions with different resolutions. Like them we do not implement any physical diffusion term,
but rather leave the mixing to numerical diffusion, which is generally faster and operates
on a larger scale than physical diffusion. As a consequence, the timescale of mixing in our
simulations rather poses a lower limit to the mixing time resulting from physical diffusion.
Numerically treating the spatiotemporal evolution of, in general, m species (or markers)

with concentration Zi (i = 1, . . . ,m) therefore reduces to the problem of augmenting the
state and flux vectors with additional components (Toro 2009);

U =



ρ
ρu
ρv
ρw
E
ρZ1

. . .
ρZm


, F =



ρu
P + ρu2

ρuv
ρuw

u(E + P )
ρuZ1

. . .
ρuZm


, G =



ρv
ρuv

P + ρv2

ρvw
v(E + P )
ρvZ1

. . .
ρvZm


, H =



ρw
ρuw
ρvw

P + ρw2

w(E + P )
ρwZ1

. . .
ρwZm


. (4.61)

Ejected 60Fe survives long enough not only to travel significant distances (a few hundred
pc) through the ISM, but also to be detectable by its β− decay via 60Co and gamma-
ray emission at 1173 and 1333 keV (Wang et al. 2007). The latest measurements with the
INTEGRAL (INTErnational Gamma-Ray Astrophysics Laboratory) satellite (Wang et al.
2007) gave an average photon flux per gamma-ray line of (4.4± 0.9)× 10−5 cm−2 s−1 rad−1

for the diffuse, extended ISM, which might be translated into a steady-state Galactic 60Fe
mass of 1–1.5 M� (R. Diehl, priv. comm.).
As is well known, radioactive decay obeys a law of the form

Z(t) = Z0 exp(−λt) with λ =
ln(2)

τ1/2
, (4.62)

where Z(t) is the abundance of the radioactive substance at a certain location that has not
yet decayed after time t, Z0 is the initial abundance at the same point, and τ1/2 is the half-life
of the isotope. In terms of the half-life, the following equivalent relation holds:

Z(t) = Z0 exp[− ln(2) t/τ1/2] ≡ Z0

(
1

2

) t
τ1/2

. (4.63)

For Ramses, we have written an additional subroutine (pm/decay.f90) that determines the
concentration of 60Fe in each cell and modifies it according to Eq. (4.63) at each time step
(and which clearly uses the latest available half-life value for 60Fe).
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Figure 4.11 Locus of the solar sys-
tem (size exaggerated) at the point of
contact of eight maximal refined grid
cells (blue). The cell shown in red is
virtual and its content is made up of
the average of the cells it pervades.

In order to allow comparisons of our model results with
measurements of the deep-sea ferromanganese crust, one
has to determine first the local interstellar fluence, i.e.,
the flux of the contaminant at the Earth’s position in-
tegrated over time. In our simulations, the locus of the
Earth (or Sun; the separation between the two objects,
' 1 au, is neglected because it is many orders of magni-
tude below our highest numerical resolution) marks the
origin of coordinates, which is represented by the point of
contact of eight grid cells. We estimate the mass flux of
gas containing 60Fe, ρ|u|Z, at that point by refining the
cells in its neighborhood to the highest level, and then tak-
ing the average of the fluxes in the eight innermost cells
(Fig. 4.11). It is clear that this approach is only accurate
if the fluxes, which are defined at the cell centers, neither
vary too strongly within each cell, nor from cell to cell.
Assuming that this is the case for the considered volume,
the local interstellar fluence is given by

F =
(ρ|u|Z)VA
Amp

∆t , (4.64)

where (. . . )VA denotes a volume average, A = 60 g mol−1 the molar mass of 60Fe, mp '
1.673 × 10−24 g the proton mass, and ∆t the last simulation time step. We have included
these computations in the Ramses subroutine amr/amr_step.f90. Under the assumption of
isotropic fall-out on Earth, the surface density of atoms deposited at time t before present in
the deep-sea ferromanganese crust (sometimes called in the literature the observed fluence)
can then be written as (cf. Fields & Ellis 1999)

Σ(t) =
U

4
F exp(−λt) , (4.65)

where the factor 1/4 stems from relating Earth’s cross-section (R2
⊕π) to its surface area

(4R2
⊕π), the exponential term describes the decay of radionuclide while being enclosed in the

deep-sea ferromanganese crust, and U is the so-called uptake factor, a parameter accounting
for the fact that only a certain fraction of 60Fe spread over Earth’s surface actually finds
its way into the crust. The underlying chemical selection process is only poorly understood,
implying that values for U are very uncertain. Knie et al. (2004) estimated U using the
relative concentrations of Fe and Mn in water and the ferromanganese crust, and the uptake
of Mn (4%). They found U = 0.006.
The number density of 60Fe for each crust layer is now obtained by summing Σ(t) in the

time bins lying within the corresponding time intervals and dividing through the thickness
of the layer. Using Eq. (4.26), we can finally relate this density to the one of stable iron, i.e.,
n60Fe/nFe, or, in short, 60Fe/Fe. Given a mass fraction of stable iron (AFe = 55.845 g mol−1)
of 15.27% and a crust density of 1.5 g cm−3, we have nFe = 2.470× 1021 cm−3.

4.9 Solar wind

Gas ejected from an SN explosion can only reach Earth if the ram pressure of the SN blast
wave exceeds that of the solar wind at the Earth’s orbit. Fields et al. (2008) showed through
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two-dimensional hydrodynamical simulations that a blast wave originating from a distance
of 20 pc can penetrate the heliosphere to within a few au, and that the SN must occur closer
than 10 pc in order to dent the solar wind bubble to 1 au or more. Such an event would not
only allow for a direct deposit of radioisotope debris upon Earth’s surface, but would also
pose a direct kinetic disruption threat to Earth’s atmosphere.
The critical distance below which an SN would cause discernible damage via the temporar-

ily boosted photon and cosmic-ray flux is actually not much larger, possibly about 15–30 pc
(Beech 2011).
An SN event that close would not only lead to a transient burst of UV light (‘UV flash’),

as a result of atmospheric irradiation and reemission, but would also change the chemistry of
the Earth’s atmosphere (Dartnell 2011). On breaking the strong chemical bond of N2 (which
composes about 78% of the atmosphere), all kinds of nitrogen oxides can form (mainly NO
and NO2). These compounds would set up catalytic cycles in which stratospheric ozone (O3)
is converted into molecular oxygen (O2). With the ozone shield weakened, larger amounts
of solar UV photons can reach the ground. UV radiation with wavelengths between 290
and 320 nm (designated as UVB) is particularly hazardous to both DNA and photosynthetic
pigments, and a flux enhancement of only 10–20% would be lethal to many terrestrial organ-
isms such as phytoplankton, which forms the base of many food chains and is responsible for
half of the oxygen production on Earth (Thomas & Melott 2006; Melott & Thomas 2011).
Another effect might arise from the increased abundance of nitrogen dioxide (NO2) in the
atmosphere. Since this gas is known to effectively absorb visible light, elevated levels of it
are expected to significantly reduce solar insolation that reaches the ground, thus triggering
global cooling. Such a ‘cosmic-ray winter’ might last thousands of years (Fields & Ellis 1999).
Apart from creating such extinction-level disruptions to the Earth’s biosphere, the burst

of ionizing radiation of a nearby SN could prove beneficial for a population. Increasing the
mutation rate of the organisms exposed might have the potential to enhance evolution (see
Dartnell 2011, and references therein).
The SNe that presumably formed the LB, i.e., the former members of a moving group that

now belongs to the Sco-Cen association, should have yet occurred at distances of roughly
90 pc and more (see Table 5.2). This seems to be in contradiction with the above statements,
although these are, strictly speaking, only valid for isolated and not for cumulative SNe. In
the next chapter we will however discuss a mechanism that even allows for a deposition of
60Fe if the SNR does not penetrate all the way to the Earth’s orbit.
The solar wind bubble in our simulations is represented by a ‘point’-shaped region (think

of an approximated delta function) at the origin of the coordinate system applied. During
the whole simulation time, this region injects constant amounts of mass, momentum, and
energy into the surrounding flow. The required values are chosen to match, on average,
measurements of the Voyager space probes‡, i.e., 400 km s−1 for the velocity of the solar
wind, and 10−14 M� yr−1 for the mean solar mass loss rate. Hence, our solar wind model is
purely hydrodynamic, i.e., we neglect the effect of ionizing radiation. The path to the newly
created subroutine is pm/solarwind.f90.

‡A regularly updated compilation of Voyager data is provided by the MIT Space Plasma Group through
their web page: http://web.mit.edu/afs/athena/org/s/space/www/voyager/voyager_data/voyager_
data.html.

http://web.mit.edu/afs/athena/org/s/space/www/voyager/voyager_data/voyager_data.html
http://web.mit.edu/afs/athena/org/s/space/www/voyager/voyager_data/voyager_data.html


Chapter 5Results and discussion

5.1 Simulations with homogeneous background media

As a starting point, we neglect the turbulent multiphase nature of the ISM and study in-
stead the evolution of the LB in two different static ambient media with constant densities,
temperatures, and metallicities. Table 5.1 provides the properties, which are by the way
comparable to the classical WIM (model A) and WNM (model B), respectively. The com-
putational domain is cubic, with an extension of −1.5 ≤ (x, y, z) ≤ 1.5 kpc. We allow for
12 levels of AMR in total, corresponding to a theoretical resolution of 0.7 pc, or a uniform
cartesian grid of 40963 cells. The self-gravity of the gas as well as the heating and cooling
effects described in § 4.4 are included. No external gravitational field is however taken into
account here because the ambient medium should remain homogeneous for the whole simu-
lation time. Boundaries are formally periodic, but are actually never reached by expanding
shells during the time frame considered. As a further ‘boundary condition’, we set up a
neighboring SB, intended to represent Loop I (see the next section).

5.1.1 Modeling the Loop I superbubble

For identifying possible SN progenitor stars of Loop I, Ch. Dettbarn (priv. comm.) performed
a search for B stars exactly analogous to the one of the LB (Fuchs et al. 2006), but for a
spherical search volume of twice the size (800 instead of 400 pc) with the Sun at the center.
He found that two star clusters, Tr 10 and the association Vel OB2, have recently passed

Table 5.1 Properties of the homogeneous interstellar background media. The first column gives the model
identifier. Columns 2–4 indicate the medium’s particle density n, temperature T , and metallicity in solar
units Z/Z�.

Model n T Z/Z�

(cm−3) (K)

A 0.1 10 000 1

B 0.3 6800 1
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through the present volume of Loop I. Given a sample of 80 stars that might have entered
this volume about 12.3 Myr ago, we first need to estimate how many have already exploded.
For that purpose, we fit an IMF that is typical for young massive stars,

dN
dM

=
dN
dM

∣∣∣∣
0

MΓ−1 , (5.1)

with Γ = −1.1 ± 0.1 (Massey et al. 1995; Berghöfer & Breitschwerdt 2002; Fuchs et al.
2006). The lower and upper limit of the relevant mass range is defined by A0 and B0 stars,
respectively, i.e., M` = 2.6 M� and Mu = 8.2 M�. Then, the normalization constant follows
from integrating Eq. (5.1);

dN
dM

∣∣∣∣
0

= N
[∫ 8.2

2.6
M−2.1 dM

]−1

= 80

[
2.6−1.1 − 8.2−1.1

1.1

]−1

= 351 .

(5.2)

Noting that τM∆τ
= τu −∆τ represents the lifetime of the first and most massive star that

exploded in Loop I, with τu being the lifetime of a star of mass Mu, and ∆τ being the time
at which the association entered the present volume of Loop I, one can use the previously
introduced fit of the main sequence lifetime, Eq. (4.56), to determine the masses of the most
massive stars that have already exploded,

M∆τ =

(
M−βu − ∆τ

τ0

)−1/β

. (5.3)

With the estimate ∆τ = 12.3 Myr, we obtain M∆τ = 19.2 M�. Finally, we are able to
calculate the number of missing stars,

NSN =

∫ 19.2

8.2

dN
dM

∣∣∣∣
0

M−2.1 dM

= 351

[
8.2−1.1 − 19.2−1.1

1.1

]
= 19 .

(5.4)

Of course, the masses of these 19 SN progenitor stars should be based on the IMF introduced
above. In order to obtain the statistically most probable distribution (Maíz Apellániz &
Úbeda 2005), we perform the mass binning by assigning exactly one star to each mass
interval of the IMF, where the actual stellar masses are taken to be the average mass in each
bin. Analogously, Feige (2010) derived the initial masses of the LB progenitor stars, which
we also apply in this work.
Using Eq. (5.1), we hence have for the mass of a particular star lying in the mass bin

between M1 and M2 (M1 < M2),

M∗ =
1

2
(M1 +M2)

=
1

2

M1 +

[
M−1.1

1 − 1.1

(
dN
dM

∣∣∣∣
0

)−1
]−1/1.1

 .
(5.5)

From this, we can now determine the total ejected mass, Mej, and the 60Fe mass fraction,
Z, using the fit functions plotted as dashed lines in Figs. 4.8 and 4.10, respectively. The
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Table 5.2 Local Bubble model parameters. The first column gives the SN identification number. Column
2 indicates the time of the explosion texp (counted backward from today). In columns 3–6, we give the
SN position in cartesian coordinates (x , y , z) with the Sun at the origin, and the resulting distance of the
SN from the Sun d . Columns 7–9 give the mass of the progenitor star M∗, the mass ejected in the SN
explosion Mej, and the 60Fe mass fraction Z . Column 10 lists the parent subgroup of each SN progenitor
star.

# texp x y z d M∗ Mej Z subgroup
(Myr) (pc) (pc) (pc) (pc) (M�) (M�) (10−6)

01 −12.60 277.0 75.0 89.0 300.46 19.86 14.08 4.459 UCL
02 −12.00 223.0 99.0 71.0 254.11 18.61 13.30 4.207 LCC
03 −11.30 251.0 67.0 87.0 273.97 17.34 12.52 3.980 UCL
04 −10.00 227.0 57.0 83.0 248.33 15.41 11.33 3.690 UCL
05 −9.97 185.0 77.0 67.0 211.29 15.36 11.30 3.684 LCC
06 −8.74 203.0 45.0 79.0 222.43 13.89 10.39 3.506 UCL
07 −7.99 151.0 49.0 57.0 168.67 13.12 9.92 3.427 LCC
08 −7.48 181.0 31.0 75.0 198.36 12.65 9.63 3.384 UCL
09 −6.25 163.0 11.0 73.0 178.94 11.62 8.99 3.302 UCL
10 −6.05 121.0 19.0 47.0 131.19 11.48 8.91 3.293 LCC
11 −5.03 145.0 −5.0 69.0 160.66 10.76 8.46 3.249 UCL
12 −4.16 97.0 −15.0 33.0 103.55 10.21 8.12 3.222 LCC
13 −3.83 125.0 1.0 51.0 135.01 10.02 8.01 3.214 UCL
14 −2.64 95.0 −9.0 47.0 106.37 9.37 7.61 3.192 UCL
15 −2.31 75.0 −49.0 17.0 91.19 9.21 7.51 3.188 LCC
16 −1.47 83.0 −25.0 41.0 95.89 8.81 7.26 3.180 UCL

explosion times are given by texp = τ − τc, where τ is defined by Eq. (4.56) and τc is the age
of the cluster, which should be comparable to the lifespan of a 8.2 M� star, i.e., τc = 23 Myr.
For arranging the explosion centers of the SB-producing SNe in space, we use the progenitor
stars’ most probable (pseudo-)trajectories as provided by Ch. Dettbarn (priv. comm.). The
computation of these stellar paths (which is performed in the reference frame of the LSR) is
based on HIPPARCOS positions and proper motions, and on radial velocities taken from the
literature. Their probabilities take into account the errors of the corresponding individual
input velocities. From the set of trajectories of Loop I progenitor stars we select only those
that lie closest to the present center of the LB, in order to provoke an interaction between
the two SBs. Parameters for all SB-producing SNe are listed in Tables 5.2 and 5.3 for the
LB and Loop I, respectively. The data is read and processed by our newly written Ramses
subroutine pm/localbubble.f90 and applied in all simulations presented in this work.

5.1.2 Evolution and properties of the Local and Loop I superbubbles

The SN explosions generate coherent bubble structures whose evolution is followed over
12.6 Myr (age of the LB) until the present time. In Figs. 5.1–5.3 and Figs. 5.4–5.6 we present
snapshots of the atomic hydrogen number density, gas column density, and gas temperature
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Table 5.3 As for Table 5.2, but for Loop I superbubble model parameters.

# texp x y z d M∗ Mej Z subgroup
(Myr) (pc) (pc) (pc) (pc) (M�) (M�) (10−6)

01 −11.93 308.7 −229.0 17.3 384.8 18.42 13.19 4.171 Vel OB2
02 −11.19 274.7 −237.4 16.6 363.4 17.14 12.40 3.947 Vel OB2
03 −10.51 244.9 −255.2 17.4 354.1 16.10 11.75 3.786 Vel OB2
04 −9.83 225.7 −311.6 8.4 384.8 15.18 11.19 3.660 Vel OB2
05 −9.16 202.1 −334.2 −13.9 390.8 14.37 10.69 3.560 Vel OB2
06 −8.50 194.2 −341.9 9.9 393.3 13.64 10.24 3.479 Vel OB2
07 −7.84 195.8 −312.9 −45.0 371.8 12.98 9.83 3.414 Vel OB2
08 −7.19 134.2 −342.8 12.4 368.3 12.39 9.47 3.362 Vel OB2
09 −6.55 136.6 −348.0 71.7 380.7 11.86 9.14 3.320 Tr 10
10 −5.90 80.0 −221.8 −4.0 235.8 11.36 8.84 3.285 Vel OB2
11 −5.27 97.1 −237.9 −24.9 258.2 10.91 8.56 3.257 Vel OB2
12 −4.63 83.9 −278.6 −17.8 291.5 10.50 8.30 3.235 Vel OB2
13 −4.01 73.1 −326.7 42.0 337.4 10.12 8.07 3.218 Tr 10
14 −3.38 67.4 −325.1 36.1 334.0 9.76 7.85 3.204 Tr 10
15 −2.76 60.1 −310.1 −25.5 316.9 9.43 7.64 3.194 Vel OB2
16 −2.14 9.2 −281.7 −26.9 283.1 9.13 7.46 3.186 Vel OB2
17 −1.53 −19.6 −262.2 −19.0 263.6 8.84 7.28 3.181 Vel OB2
18 −0.92 −10.8 −272.6 −48.1 277.0 8.57 7.11 3.178 Vel OB2
19 −0.31 −15.3 −279.3 7.4 279.8 8.32 6.96 3.176 Tr 10

distribution in the region of the two SBs for models A and B, respectively. Note that in
these, as well as in maps which follow, the x, y, and z-axes point toward the Galactic center,
into the direction of the Galactic rotation, and toward the Galactic north pole, respectively.

After their almost coeval formation, the two SBs evolve initially completely independent
from each other. The shocked ambient medium cools very quickly and gets compressed
into thin shells. These supershells are subject to thermal and fluid dynamical instabilities,
which give rise to the formation of cold and dense clumps (best seen in the surface density
maps of Figs. 5.2 and 5.5). In particular, the Rayleigh-Taylor instability develops at the
contact discontinuity that separates the swept-up ambient medium from the cooler and
denser shocked SN ejecta, however, only during the phases of strong acceleration after an
SN∗. Most affected by the instability are those parts of the supershell that lie closest to an
SN explosion center, since these experience the strongest acceleration (see also Krause et al.
2013). The thus created filaments of dense gas grow into the cavity where they can mix
with the hot bubble gas. Otherwise, when the thin supershell decelerates, an overstability
sets in that arises from a mismatch between thermal and ram pressure at the shell surface.
This so-called Vishniac instability (Ryu & Vishniac 1987; Vishniac 1983; Ryu & Vishniac

∗Only then acceleration and density gradient are oriented antiparallel to each other
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Figure 5.1 Color-coded maps of the logarithmic atomic hydrogen number density in model A at the times
(a) t = 8.4 Myr, (b) 4.2 Myr, and (c) 0 Myr before present. Horizontal (z = 0) and vertical (y = 0) cuts
through the three-dimensional computational box are shown in the left and right column, respectively.
Earth’s projected position is marked by a cross. Circles indicate the projected centers of supernova
explosions that occurred before the time the snapshot was taken. The sizes of the circles correspond to
the initial masses of the progenitor stars.
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Figure 5.2 Color-coded maps of the logarithmic gas column density in model A for the same times as
shown in Fig. 5.1. Integrations along the z- and y -axis are shown in the left and right column, respectively.
Symbols are as in Fig. 5.1.
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Figure 5.3 As for Fig. 5.1, but for the logarithmic gas temperature.
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Figure 5.4 As for Fig. 5.1, but for model B.
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Figure 5.5 As for Fig. 5.2, but for model B.
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Figure 5.6 As for Fig. 5.3, but for model B.
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1991) can cause growing, oscillating ripples on that surface. Although such structures are
particularly prominent for extinct SBs, whose shell motion has stalled due to the lack of
energy sources (i.e. stellar winds and SNe), they are already visible at the late stages of
the simulations presented in this work [see the spike protruding from the shell of Loop I at
(x, y) = (240,−600) pc in the bottom left panel of Fig. 5.5].

While being irregular on small scales, the supershells still retain their spherical shape on
large scales, which is due to the homogeneity of the background medium applied. After
about 3.0 Myr (model A) and 4.6 Myr (model B) the shells collide, giving rise to an even
denser and cooler interaction layer. Also this interface becomes eventually Rayleigh-Taylor-
unstable, since the pressure in the two SB volumes is not equal. This leads to the formation
of cold and dense cloudlets that travel into the direction of lower pressure (i.e the LB interior)
as soon as the instability becomes fully nonlinear (cf. Breitschwerdt et al. 2000, best seen in
the left panels of Fig. 5.4–5.6). In model A, the interaction shell breaks up after an evolution
time of about 6.5 Myr, allowing for immediate exchange of hot gas between the SBs. In
model B, on the other hand, no break-up occurs during the whole evolution time considered.
The final size of the LB is about 800 by 600 pc (model A) and 580 by 480 pc (model B)
in the (x, y)-plane, and about 760 pc (model A) and 540 pc (model B) perpendicular to it.
The atomic hydrogen number density and temperature of the LB interior, particularly in the
solar neighborhood, is about 10−4.2–10−3.9 cm−3 and 106.9–107.1 K in model A, and about
10−4.2–10−3 cm−3 and 105.8–107 K in model B. If the ambient medium is homogeneous, it
is generally the very first SN that determines the final appearance of the SB most, which
is because its progenitor star is also the most massive. The center of the final SB should
consequently lie very close to the explosion center of the earliest SN. That this is indeed
the case, also in our models, can be seen in the bottom panels of Figs. 5.1–5.4 (the largest
black circle marks the locations of the earliest explosion). Furthermore, since we use the
same SN data for both models, the relative arrangement of the two SBs does not change
either. This can be seen especially in the three-dimensional volume renderings presented in
Fig. 5.7, which provide a stunning view of the wrinkled supershells, density variations in the
SB interiors, and the interaction layers.
As a side note to the temperature maps of Figs. 5.3 and 5.6 we hint at the obvious fact

that the ambient medium of model B cools more efficiently than that of model A. This is
because in model B, the ambient gas no longer resides on the thermally stable branch of the
cooling function used (see Fig. 4.4).
We note that the calculated final x- and y-extensions only poorly match the sizes de-

rived from observations. Also the elongation in z-direction is highly underestimated. This
is because the background medium is assumed to be homogeneous, which is certainly an
oversimplification of the actual conditions in the LISM. As shown in Fig. 1.5, the LB is
bound today by a series of dense clouds located in the first and fourth quadrants, as well as
in the anti-center region of the horizontal cut depicted through the Galactic plane. These
clouds, which also possess non-negligible vertical extensions, as additional cuts in Lallement
et al. (2014) demonstrate, are known to be part of Gould’s belt. Moreover, there is a 500–
1000 pc wide cavity in the third quadrant, as well as a small, elongated cavity in the opposite
direction. The larger cavity is centered below the Galactic plane and was identified as the
counterpart of the so-called GSH 238+00+09 supershell, which is visible in radio wavelengths
(Heiles 1998; Puspitarini et al. 2014). Assuming that these structures were present in a simi-
lar fashion as observed today throughout the entire evolution time, then the LB’s outer shell
would have experienced early on a greater ‘resistance’ in the second, fourth, and (partly) the
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Figure 5.7 Volume renderings of the density distribution associated with the Local and Loop I super-
bubbles at present time in models A (left) and B (right), seen from the same point above the Galactic
midplane. The Local Bubble is always the object in the foreground. The color-coding is violet (red) for
high (low) densities, analogous to Figs. 5.1 and 5.4. [All volume renderings in this thesis are produced
with VAPOR (www.vapor.ucar.edu), a product of the Computational Information Systems Laboratory at
the National Center for Atmospheric Research.]

first quadrant, and would thus not have grown to such a great extent in those directions.
This should particularly hold for model A, in which the SBs expand more rapidly. The
evolution in the third quadrant is more difficult to predict since in our models, this region
is partly occupied by Loop I. The presence of the dense interstellar cloud at a distance of
' 200 pc and longitude 240◦ might nevertheless restrict the LB growth in a similar fashion
as the developing interaction layer in our simulations. The combined effect of all these struc-
tures might also ‘shift’ the solar system closer to the center of the then smaller LB. Further
knowledge, however, can be gained from additional simulations whose initial conditions are
tailored to match these new observations.
Results suggest that the exact size and shape of the LB does not play a great role for

modeling the 60Fe amount that arrives on Earth. It is only necessary that the solar system
lies within the LB so that it can be reached by the expanding SNRs. For this, the gas-
dynamical properties of the medium between the SN explosion centers and the locus of the
Earth are crucial, since they determine the arrival time of the LB’s outer shell and hence set
the date for the earliest possible 60Fe signal in the terrestrial record.
We further note that the relative locations of the Local and the Loop I SB are not the

same as in the joint-evolution model by Breitschwerdt et al. (2009). This is because they
used different stellar trajectories for the LB progenitors, and, more importantly, a different
formation scenario for Loop I, based on other moving group stars from the Sco-Cen cluster
for which they assumed a single explosion center that is somewhat arbitrarily shifted 200 pc
relative to the center of the LB in positive x-direction. Therefore, and contrary to our model,
their LB is generated by 17 SNe, and their Loop I SB by 39 SNe. Apart from that there is
some discussion in the literature whether the NPS (and hence the Loop I SB) is part of the
LISM at all or rather belongs to the Galactic center region (see Puspitarini et al. 2014, and
references therein).
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Figure 5.8 As for Fig. 5.1, but for the logarithmic 60Fe mass density.
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Figure 5.9 As for Fig. 5.4, but for the logarithmic 60Fe mass density.
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Using a passive scalar as discussed in § 4.8, we also follow the spatiotemporal evolution
of the SN-released 60Fe. Corresponding simulation snapshots are shown in Fig. 5.8 and
5.9 for models A and B, respectively. From these maps it is seen that inhomogeneities in
the 60Fe distribution, arising from recent SNe, are smoothed out over time. Responsible
for this mixing process are turbulent shear flows resulting from SN blast waves that run
into the surrounding supershell and thus generate asymmetric reflected shocks†. With a
characteristic large-eddy size of ` ' 100 pc and an average sound speed after an SN on the
order of 102 km s−1, we obtain for the mixing timescale within the SB cavity, τm ∼ `/a, a
value of about 1 Myr. Considering that the last SN occurred about 1.5 Myr ago, it is therefore
not surprising that the 60Fe mass is distributed quite uniformly in the LB cavity at present
time.

5.1.3 Comparison with crust measurements

At each simulation time step, we apply Eq. (4.64) to determine the local interstellar fluence of
60Fe atoms. In Fig. 5.10 the resulting profiles are shown for both models. A closer inspection
reveals that signals come in three different types, which are all embedded in a ‘background
noise’ whose amplitude is roughly 105 cm−2.
The first type are sharp sawtooth waves of high amplitude (F ' 0.3–2.4× 106 cm−2) that

occur seven times in model A, but only once in model B. Such a wave form is characteristic of
the density profile of an SNR in the Sedov-Taylor phase. Hence, these signals must originate
from the shells of individual SNRs that cross the Earth’s orbit while expanding into the LB
volume. The time of direct deposition of the SN ejecta on Earth, given by the (scale) width
of the signal, is a measure of the remnant’s shell thickness. The time range of direct exposure
in our models, ∆t ' 70–130 kyr, roughly lies between the values proposed by Fields et al.
(2005) and Bishop & Egli (2011), but almost perfectly matches the predictions given in Feige
(2014), which are based on the SN model by Kahn (1998).
The second type (which appears to be unique to model A) are signals that occur after

almost every sawtooth wave (recall that the time axis is from left to right), while being
always more extended and weaker than the waves they succeed, almost as if they were the
SN explosions’ ‘echoes’. Remarkably, the time lag between the two signals increases the
closer the present time is approached.
The third type is a joint feature of both profiles, occurring only once and right at the

beginning (t ' 6.13 Myr and 2.19 Myr in model A and B, respectively). Here, the signals
are quite broad (∆t ' 300 kyr and 450 kyr in model A and B, respectively) and possess
intermediate amplitudes of F ' 2.9× 105 cm−2 (model A) and 9.6× 105 cm−2 (model B).
Using Eq. (4.65) and the binning procedure described at the end of § 4.8, we can now

determine the 60Fe/Fe ratios for each layer of the ferromanganese crust. Figure 5.11 shows
a comparison of the resulting histograms (two cases are considered here; see below) and the
crust measurements by Knie et al. (2004) and Fitoussi et al. (2008).
We note that repeating the simulations with the solar wind switched off yields only negli-

gible differences (of the order of a few thousand cm−2 when summed over the whole fluence
profile). The reason is certainly a resolution effect: The solar wind bubble is smeared over
too few, too large grid cells in order to pose enough resistance against arriving material.
Taking the size of the heliopause as derived from Voyager 1 data (Gurnett et al. 2013), it

†Note that their equally strong and simultaneously generated counterparts, the so-called transmitted shocks,
play no role here since their velocity vectors point away from the SB cavity.
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Figure 5.10 Local interstellar fluence of 60Fe atoms as a function of time before present in model A (top)
and B (bottom).
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Figure 5.11 Comparison of the measured (symbols with error bars) and simulated (histogram) 60Fe/Fe
ratio as a function of the crust-layer age for model A (top) and B (bottom). Simulation data is set upon the
background, which is indicated by the dashed line. The combined factor fU accounts for fractional dust
condensation and uptake of 60Fe, respectively.
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follows that a spatial resolution of at least 121 au is required to fit the solar wind bubble into
eight grid cells. This, however, exceeds our current theoretical resolution by three orders of
magnitude!
Most heavy elements produced in SNe, including long-lived radioisotopes like 60Fe, are

nevertheless refractory and rapidly condense from the gas phase onto dust grains that are
entrained by the SNR until it reaches the heliosphere (Benítez et al. 2002). Then, at the
SNR-solar wind shock, the grains are expected to decouple from the gas and to travel almost
ballistically through the solar system (Athanassiadou & Fields 2011). The Earth’s orbit is
finally reached only by those grains that are able to overcome the Sun’s radiation pressure.
Corresponding detections date back to Grün et al. (1994). Taking into account all these
filtering processes, Fry et al. (2015) estimated that only about 1% of SN-released 60Fe
reaches Earth via dust particles with grain sizes not larger than 0.2µm. This estimate might
be included in Eq. (4.65) as an additional multiplicative factor, say f . When combined with
the uptake given by Knie et al. (2004), i.e., fU = 6×10−5, while using the binning procedure
described at the end of § 4.8, we would arrive at 60Fe/Fe ratios that lie, without exception,
far below the background level (indicated by the dashed lines in Fig. 5.11). Fortunately,
recent studies rather suggest that U = 0.5–1 (Bishop & Egli 2011; Feige et al. 2012). Hence
by taking U = 0.6 and f as derived by Fry et al. (2015), we retain the numerical values
used by Knie et al. (2004) for their calculations, but still add (simplistic) dust physics to the
problem. And since our solar wind model applied does only insignificantly affect the local
interstellar fluence, we can implement a suitable subgrid model by multiplying our results
yet uncorrected for dust condensation and uptake by fU = 0.006. The gray histogram in
Fig. 5.11 corresponds to this parameter choice. In order to illustrate the results’ sensitivity
to these parameters we also include a (blue) histogram for fU = 0.005, corresponding to a
combination of the dust fraction f = 0.01 with the newly derived lower limit for U .
As can be seen, measurements are best matched if the slightly lower uptake factor is applied

in both models. This is particularly true for the (global) maximum in the crust layer corre-
sponding to t ' 2.17 Myr, which is perfectly reproduced by both model A [max(60Fe/Fe) '
2.33 × 10−15] and B [max(60Fe/Fe) ' 2.24 × 10−15]. Model A suggests contributions in
five more layers than model B. Two of those, namely t ' 3.05 Myr and 5.69 Myr, also lie
within the error bars of the measurements. The local maximum suggested for t ' 3.93 Myr
is however totally absent in the crustal data available.
We next explore the exact origin of each signal in the fluence profiles, which implies

studying the shock wave dynamics of our simulations. A good indicator for shocks is the
entropy. This is because shocks are irreversible processes and, as such, lead to steep increases
of entropy in the medium in which they are propagating. The entropy change of a system is
defined by the fundamental equation

ds =
dε+ Pdρ−1

T
. (5.6)

Since we are dealing with a perfect gas, we can assume the (specific) internal energy to be a
function of temperature only, i.e.,

ε = cVT , (5.7)

where the constant cV represents the specific heat capacity at constant volume. Equation
(5.6) then takes the form

ds =
cV
ε

(
dε− P

ρ2
dρ
)

, (5.8)
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which can be further simplified by substituting Eq. (2.21), the appropriate equation of state.
Thus,

ds = cV d ln
(
Pρ−γ

)
. (5.9)

Integration yields
s = cV ln

(
Pρ−γ

)
+ const. , (5.10)

from which we conclude that the dimensionless quantity ln(Pρ−γ) is a suitable measure for
specific entropy in the flow.
Figures 5.12 and 5.13 show for both models corresponding entropy maps for times immedi-

ately after an SN event. In order to enhance the visibility of shocks, a grayscale representation
is chosen and values of ln(Pρ−γ) smaller than 66 are filtered out. Since the gas content of
the SBs is hot and rarified, sound velocities are very high and the Mach numbers of shock
waves are correspondingly low. In such an environment, the evolution of an SNR cannot be
analytically described by the self-similar Sedov-Taylor solution, as it assumes a cool ambient
medium and neglects the SN ejecta.
A modification of the Sedov-Taylor law that accounts for the energy content of the swept-

up material, and effectively describes the whole blast wave evolution in a low-density, hot
medium (neglecting the brief free-expansion phase) was presented by Tang & Wang (2005):

vs(t) = a

(
tc
t

+ 1

)3/5

(5.11)

where a is the sound speed of the ambient medium and tc is a characteristic time that follows
from equating the Sedov solution,

vSedov(t) =
2

5
ξ

(
ESN

ρ0t3

)1/5

, (5.12)

with vs, which then leads to

tc =

[(
2

5
ξ

)5 ESN

ρ0a5

]1/3

, (5.13)

when t� tc. The value of the parameter ξ is 1.14 for a gas with γ = 5/3. It was shown by
Tang & Wang (2005) that tc characterizes the time after which the swept-up thermal energy
is about twice the explosion energy. Time integration of Eq. (5.11) yields the blast wave
radius,

Rs(t) =

∫ t

0
a

(
tc
t′

+ 1

)3/5

dt′ (5.14)

=
5

2
atc

(
t

tc

)2/5

F

(
−3

5
,

2

5
;

7

5
;− t

tc

)
, (5.15)

where F is the generalized hypergeometric function.
In order to compare our numerical results with predictions from these approximation

formulae, we determine radius and velocity of typical SNRs in the LB (SN #15 in model A,
and SN #16 in model B) at various times by analyzing consecutive simulation snapshots.
For the regions of interest, the time-averaged ambient gas density and sound speed is ρ0 =
1.8 × 10−28 g cm−3 and a = 512 km s−1 for model A, and ρ0 = 1.6 × 10−28 g cm−3 and
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Figure 5.13 As for Fig. 5.12, but for model B at the times (a) t = 2.2 Myr, (b) 1.4 Myr, and (c) 0.6 Myr
before present.
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Figure 5.14 Radius (top) and velocity (bottom) of a supernova blast wave in the Local Bubble volume as
a function of time in model A. The solid curves represent the generalized analytic approximation to the
standard Sedov relations (dashed lines). Squares mark values extracted from simulation snapshots. The
horizontal dotted line in the bottom panel indicates the typical sound speed in the Local Bubble volume.
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Figure 5.15 As for Fig. 5.14, but for model B.
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a = 219 km s−1 for model B. Figures 5.14 and 5.15 show the resulting analytical profiles co-
plotted with output from models A and B. The agreement is satisfactory. Small deviations
naturally occur since the density and sound speed in the LB volume are, in contrast to the
analytical assumption, neither spatially nor temporally constant. A testimony of this fact is
the deformed blast waves seen throughout Figs. 5.12 and 5.13. Furthermore, at each time
only one cut through the three-dimensional data cube is taken into account for the blast
wave analysis.
It turns out that the expansion of the SNR within the LB interior quickly deviates from

the standard Sedov-Taylor solution and asymptotically approaches the ambient sound speed
as soon as the swept-up thermal energy becomes important. As a consequence, the explosion
energy can be spread over a wider radius much faster (recall that R(t) ∼ t for sound waves,
while R(t) ∼ t2/5 for a classical Sedov-Taylor explosion). Furthermore, since the remnant
never attains a snowplow phase, radiative cooling is generally negligible (Tang &Wang 2005).
Not shown here is that the sound wave eventually reaches the surrounding supershell, and
thus steepens again into a blast wave. Using the analytical profiles, we can easily estimate
the velocity at which the SNRs are passing over the solar system. Since this corresponds to
the situation Rs ≡ d, we read off from Fig. 5.14 that for model A, t = 0.01257 Myr when
Rs = 91.19 pc, and from Fig. 5.15 that for model B, t = 0.01364 Myr when Rs = 95.89 pc.
Using Eq. (5.11) we obtain vs = 2913 km s−1 for model A, and 2773 km s−1 for model B,
which translates to the Mach numbers M = vs/a = 5.7 and 12.7, respectively.

The contribution of each SN to the total local interstellar fluence is presented in Fig. 5.16
for both models. Generating these plots requires repeating the setups with all parameters
unchanged, except that we now assign a passive scalar to each individual SN event. The
system of evolution equations to be solved is then given by Eq. (4.61), where m = 17.

Inspecting Fig. 5.16 [together with Figs. 5.12 (a) and 5.13 (a)] reveals that the earliest
signals of both models, i.e., the quite broad peaks of intermediate amplitude already known
from Fig. 5.10, are produced when the LB’s supershell runs over the solar system. Separated
from the shocked ambient medium by a contact discontinuity (cf. the stellar wind bubble in
Fig. 4.9), the shell harbors a large amount of 60Fe atoms that have by then been expelled
in previous SN events (SNe #01–08 and #01–15 in model A and B, respectively) and that
have not yet decayed (see also the inlays of Fig. 5.16). Since the supershell of model B
arrives later at the Earth’s orbit, it could already accumulate more SN ejecta (and thus
enriched material), which is the reason why the profile of the total local interstellar fluence
(Fig. 5.10) has a first signal that is both broader and higher than in model A. Also note that
the first signals do not set in abruptly but in a smooth, ramp-like manner. This is due to the
combined effects of numerical diffusion present in all Godunov-like advection schemes and
the Rayleigh-Taylor instability operating at the contact discontinuity inside the supershell
(see § 5.1.2), allowing for mixing across the discontinuity.
Even the pulses generated by single SNRs actually entrain fractions of previously released

60Fe, since the average time between successive explosions is short in comparison to the half-
life of 60Fe. This is nicely confirmed by Fig. 5.16, showing that the high peaks associated
with recent SN events indeed superpose a series of peaks with lower amplitudes. The same
can be observed for the weaker follow-up signals, which are produced when the SN blast
waves return after being reflected from the surrounding supershell (so in this sense they are
indeed SN ‘echoes’). Finally, since the supershell moves away from us, the time lag between
an explosion and its ‘echo’ becomes greater for later times.
Putting all this information together, we are now in a position to provide a full interpre-
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volume as a function of time before present in model A (top) and B (bottom). Letters correspond to the
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of the regions marked as ‘(a)’.



5.2 Simulation with an inhomogeneous background medium 119

tation for Fig. 5.11. Starting with the most prominent feature, the (global) maximum in the
layer for t ' 2.17 Myr, we can now say with certainty that, in model A, it is produced by SN
#14 and 15 and their reflected shocks, whereas in model B, it is due to yet undecayed ma-
terial from SNe #01–15 arriving us almost simultaneously while being gathered within the
LB’s supershell. The additional local maximum at t ' 3.93 Myr, which is unique to model
A, is mainly due to SN #12 and 13. The upper crust layers (corresponding to t . 1.74 Myr)
obtain their 60Fe content almost exclusively from SN #16. There is at first the arrival of the
SN blast wave itself [see Figs. 5.12 (g) and 5.13 (b) for model A and B, respectively] that
generates the enhancement in the layer for t ' 1.29 Myr‡. Later on, turbulent motions in-
duced by the blast wave of the last SN lead to the enhancement in the layer for t ' 0.44 Myr.
Actually all the ‘background noise’ in the fluence profiles is due to turbulence inside the LB
cavity.
We thus conclude that the measured 60Fe excess in the ferromanganese crust could be

either due to one or more passages of the dust-loaded shells from nearby SNRs over the
Earth’s orbit, sweeping up also enriched material, which was present at that time in the
LB volume (model A), or, alternatively, due to the arrival of the supershell of the LB that
incorporates the material from several previous SN events (model B). We consider the LB
formation scenario of model B to be physically more probable than that of A. Not only are
the derived and measured 60Fe/Fe ratios in better agreement (and in particular, there is no
second maximum), but also the size and (more importantly for simulations that are based
on homogeneous background media) the gas-dynamical properties of the fully developed SB
are a better fit to observations.

5.2 Simulation with an inhomogeneous background medium

5.2.1 Global evolution of the background medium

In order to provide the SBs with a more realistic environment of evolution, we next run the
meso-scale ISM model already described in § 4. Due to the high computational demands of
such a model, on the one hand, and the time constraints of this project, on the other hand,
we can present here only a single simulation run in which self-gravity is switched off. The
computational domain has the same size as in the previous models (33 kpc3), yet the origin
of the coordinate system (which is intended to become later again the locus of the Earth)
is shifted along the (x, y)-plane, so that −810 ≤ x ≤ 2190 pc, −1350 ≤ y ≤ 1650 pc, and
−1500 ≤ z ≤ 1500 pc. AMR (with four levels of refinement) is now restricted to the layer
|z| ≤ 500 pc, yielding there a finest resolution of ∆xmin ' 2.9 pc. For |z| > 500 pc, a constant
grid resolution of ∆xmax ' 46.9 pc (corresponding to `min = 6) is applied instead.

The global evolution of our simulated patch of the LISM can be nicely followed from
the snapshots in Fig. 5.17 and 5.18, showing the logarithmic column density distribution
as derived from integrating mass densities along the y- and z-axis, respectively. It is seen
that the initial distribution collapses within the first few tens of Myr of the simulation,
which is due to an imbalance between heating and cooling. In an attempt to ‘cushion’ the
collapse, i.e., in order to lower the excess of radiative cooling over heating, we launch right
at the start of the simulation several (300), with respect to the z-axis normally distributed

‡Note that in model B, the corresponding peak also contains the contribution of the reflected shock, which
could already return due to the supershell’s close proximity, making clear why the signal has such a high
amplitude. In contrast, there is a time lag of about 230 kyr in model A.



120 Results and discussion

Figure 5.17 Color-coded maps of the vertical logarithmic gas column density distribution in the inho-
mogeneous supernova-driven background medium, as derived from integration along the y -axis of the
three-dimensional computational box. Each snapshot is taken after a constant time interval of 15 Myr,
until an evolution time of t = 180 Myr is reached.



5.2 Simulation with an inhomogeneous background medium 121

Figure 5.18 As for Fig. 5.17, but for the horizontal logarithmic gas column density distribution (i.e., inte-
gration along the z-axis).
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SNe (whose masses also obey an IMF), with a predominance at z = 0. Despite this, gas
originally located in the upper and lower parts of the grid collapses toward the midplane
where it collides with the gas falling from the opposite side of the plane, while leaving behind
material of low density. The thus created slab with thickness 100–150 pc therefore comprises
a major fraction of the initial mass. Density inhomogeneities within the slab, as introduced
by the initially launched SNe, cool and compact further due to thermal instabilities, and
eventually give birth to the first generation of massive stars. The continuous winds and SN
feedback of these stars then provide the pressure support needed by the gas in the slab to
overcome the gravitational pull and thus to expand upwards. Meanwhile, SBs formed by
multiple spatially correlated SN events compress the surrounding gas into thin shells. When
these supershells meet other expanding hot cavities, they break up and create small tunnels
or pathways between adjacent hot chimneys. SBs launched with z-velocities high enough
break out of the disk and evacuate their high-pressure interior at greater absolute latitudes.
By this, matter and energy are redistributed over the whole computational domain. What
lies now in the midplane, between the established fountain flows in both hemispheres, is a
quite extended clumpy disk of cold dense clouds. There, gas with highest densities is usually
confined to shock-compressed layers, arising in regions where several large scale streams of
convergent flow (driven by SNe) occur (cf. Breitschwerdt & de Avillez 2006). These structures
are quite transient entities, with average lifetimes of 10–15 Myr, and prone to form new stars.
Since unintegrated quantities deliver an even better impression of the wealth of structures

present in such a simulation, we display in Fig. 5.19 again slices through the computational
box, specifically at y = 0 (upper panels) and z = 0 (lower panels). Shown are distributions
for number density (left column), pressure (middle column), and temperature (right column)
after an evolution time of t = 180 Myr. The vertical cuts reveal prominent arks of dense,
already cooled gas that testify the continuously seething state of the medium near the mid-
plane. The creators of those structures, SNe and SBs, are best observed in the horizontal
cuts. Depending on their evolutionary state, their interiors clearly appear as orange and red
regions in the density and temperature maps. In between lie the shock-compressed layers, as
a complex network of cold gas at high pressure, which is hence best discerned in the middle
column of Fig. 5.19. Violent gas flows, triggered by a large number of spatially correlated
SNe, are able to tear large ‘holes’ in this filamentary layer. The fragments of the dense
walls that once enclosed such chimneys are the only left overs of these spectacular events,
as the hot gas has already escaped in the vertical direction, thus making room for the warm
medium.
Note that the evolution time for which the snapshots in Fig. 5.19 are taken is roughly the

time needed to establish the duty cycle of warm and hot gas and its circulation between the
disk and halo, as shown by de Avillez & Breitschwerdt (2004). A measure for this duration
is the flow time, τf, which is the time required for communicating information back to the
source in a thermally driven stationary flow. For spherical symmetry,

τf ∼
rc
a
' GMgal

2a3
' 180 Myr , (5.16)

where a ' 1.67 × 107 cm s−1 is the isothermal (i.e., γ = 1) sound speed associated with gas
at a typical temperature T = 2 × 106 K, Mgal ' 4 × 1011 M� is the Milky Way mass, and
rc ' GMgal/(2a

2) ' 31.3 kpc is the ‘critical distance’ representing the maximum extent of
the fountain. It was moreover shown by de Avillez & Breitschwerdt (2004) that the flow time
is of the same order as the radiative cooling time, τc, of a gas with an appropriate density
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Figure 5.19 Color-coded maps of the logarithmic atomic hydrogen number density (left column), gas
pressure (middle column), and gas temperature (right column) in the inhomogeneous supernova-driven
background medium, taken after an evolution time of t = 180 Myr. Vertical (y = 0) and horizontal (z = 0)
cuts through the three-dimensional computational box are shown in the upper and lower panels, respec-
tively.

(n = 2× 10−3 cm−3),

τc '
3kBT

nΛ
' 155 Myr , (5.17)

where standard CIE cooling for a gas with cosmic composition, Λ = 8.5×10−23 erg cm3 s−1, is
assumed. The flow will hence not only cool by adiabatic expansion, but also radiatively, thus
giving rise to the fountain return flow, which is the part of the outflow that loses pressure
support from below and is therefore unable to escape.
It should yet be emphasized that the critical distance estimated above considerably exceeds

the height of the computational domain in our model, and also moderately in the model
of de Avillez & Breitschwerdt (2004). In view of the fact that the total volume of our
simulation box is actually greater than that of de Avillez & Breitschwerdt (2004), it is
this missing extent in the z-direction which we attribute to the fact that our model does
not reach a dynamically steady state in the sense that the volume filling factors of the
various temperature regimes in the Galactic disk (here and in the next section defined as
the layer where |z| ≤ 250 pc) converge to a certain value, even after a total evolution time of
t = 300 Myr. Although this was to be expected (the reason is the gas loss through the cap
boundaries as a result of SN activity driving strong vertical outflows, which increase with
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time; see the discussion in de Avillez & Breitschwerdt 2004), the choice of our simulation
volume is a necessary compromise between the limited computational resources available on
the one hand, and a limitation of the tree-based AMR implementation in the Ramses code
on the other hand, requiring the grid to be regular. Currently, the only workaround would be
to use a computational domain with a side length as large as the extension in the z-direction
needed, and then to refine only a, say cuboid-shaped, subvolume that spans the entire z-
axis, but only a comparatively small area in the (x, y)-plane. It is however not clear whether
such a setup would be beneficial for the total computation time of the simulation: Besides
the workload imposed by the additional coarse grid cells, the coarse-fine grid interface is
not sharp but must obey the refinement rules described in § 2.6, which will certainly also
generate some overhead. If this is yet not that significant, such an approach would actually
elegantly rule out possible unintended effects of the periodic boundaries conditions applied
along the four vertical boundary faces. These would then surround the regions of the domain
that are not considered by the AMR scheme. We will leave this testing to future work.

Using the same, somewhat arbitrary, classification of temperature regimes as de Avillez
& Breitschwerdt (2004), namely ‘cold’ (T ≤ 103 K), ‘cool’ (103 < T ≤ 104 K), ‘warm’
(104 < T ≤ 105.5 K), and ‘hot’ (T > 105.5 K), we obtain the best agreement with their
(converged) occupation fractions (' 19, 39, 25, and 17 %, respectively) after an evolution
time of 193 Myr. Then, also in our model, the largest space in the Galactic disk is filled
by the cool medium (' 42 %). The cold and warm medium, on the other hand, occupy
almost the same volume fractions (' 26 and 28 %, respectively), whereas the hot medium
takes up only about 4 %. It should be stressed that the latter value is considerably smaller
than predictions from the classical three-phase model by McKee & Ostriker (1977), and
lies even below the value given by de Avillez & Breitschwerdt (2004). While noting as an
aside that particularly the volume filling factor of hot gas (representing mainly the interiors
of young SNRs and active SBs) is only very poorly constrained by observations [Dettmar
(1992) estimated ' 0.5, but also smaller values are possible if external galaxies are considered
(Brinks & Bajaja 1986)], we attribute this result to the following two aspects.

The first is the location and frequency of SN events in our computational domain. As
already described in § 4.5, we treat feedback via SNe in a rather different way than other
authors (e.g., Joung & Mac Low 2006; Gressel 2008; de Avillez & Breitschwerdt 2005),
who tackle the problem directly by launching SNe according to their measured rates within
predefined layers of the Galactic disk that are also motivated from scale heights of SN events
observed. We believe that our indirect approach is more realistic in the sense that the correct
SN rate should automatically arise as long as we ensure that the star formation rate observed
is met on average, which is achieved by adjusting on the efficiency parameter ε. Owing to the
particle-in-cell algorithm of the Ramses code we create in our simulation ‘real’ star particles
(representing massive stars), which not only naturally form associations if their parental
interstellar cloud is massive enough, but which also generate winds (whose strengths add
up if they reside in an association), while moving through the Galaxy in agreement with
Newton’s law of gravity. The downside of such an approach however is that we have no
real control over the exact explosion sites of the SNe, because after their birth within a
cool and dense region of the Galaxy, stars are more or less left to themselves and hence end
their lives on rather arbitrary locations as soon as their main sequence lifetime has run out.
This implies that we might underestimate the frequency of correlated explosions, which is
additionally flawed by the lack of self-gravity in the current setup, as well as by the limited
numerical resolution that prevents regions from becoming as dense and cold as they should
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Figure 5.20 Vertical profiles of the atomic hydrogen number density (left), gas pressure (middle), and gas
temperature (right) at t = 180 Myr averaged over (x , y )-planes at constant height for the inhomogeneous
supernova-driven background medium (blue lines). The black lines represents the initial distributions,
modeled after observations. Note that the transition to step-like functions starting at z = 500 pc is due to
the adaptive grid applied.

in reality, resulting in the formation of less stars. Actually, even SN-driven turbulence itself
rather tends to globally inhibit star formation than to promote it (Mac Low & Klessen 2004).
In order to compensate for all these effects implies choosing star formation efficiencies that
exceed by far the canonical value of ε = 0.3 (i.e., 30 % of gravitationally collapsing cloud
mass is converted into stars; see Li et al. 2005, and references therein). In addition we
currently only consider Type II SNe, and hence neglect the yet less frequently occurring and
in reality also spatially less correlated Type Ia SNe. All this has, beyond doubt, a reducing
effect on the hot regime, thus enhancing the remaining regimes, particularly the cold and
cool regimes.
The second aspect is the heating field applied, which in our model is isotropic and hence

not z-dependent. Although it could be argued that the comparatively small vertical extent
of our simulation box should still justify this assumption, we might nevertheless miss a non-
negligible steady source of energy input, even if only close to the top and bottom boundaries.
Figure 5.20 displays the space-averaged vertical variations of the atomic hydrogen number

density, gas pressure, and gas temperature at t = 180 Myr (blue lines). For comparison, we
also show the initial distributions (black lines). It turns out that the density in the midplane
has virtually not changed, being nH ' 1.4 cm−3. Yet for larger values of z, densities are
usually higher than at simulation start (on average by a factor of about 4), which could be
generally explained by the presence of the Galactic fountain flow. Notably, and in contrast
to the simulations of de Avillez & Breitschwerdt (2005), no thin disk (Hz ' 100–150 pc)
of exclusively cold gas appears in our model. This is certainly an effect of the isotropic
heating field applied, which smoothes out such local variations. The exponential scale height
of our central disk is about 375 pc, which resembles the so-called Lockman layer of H i gas
observed for the Galaxy (Dickey & Lockman 1990). In this layer we measure, on average,
nH ' 1.0 cm−3, P/kB ' 2500 K cm−3, and T ' 2.5× 104 K. In fact, even when averaged up
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to the maximum height of z = 1500 pc, which is by the way considered to be roughly the
location of the disk-halo interface (de Avillez 2000), the mean gas temperature still remains in
the warm temperature regime (see the right panel of Fig. 5.20). The deviation of pressure and
temperature from the initial hydrostatic-equilibrium configuration is due to vertical outflows
(acceleration of gas out from the gravitational field, accompanied by adiabatic cooling).

5.2.2 Probability density functions for the Galactic disk

The thermal structure of the ISM in the Galactic disk can be nicely described by the PDFs
of gas-dynamical quantities. In Fig. 5.21 we therefore present time-averaged volume- and
mass-weighted PDFs§ of the density and pressure distribution, respectively. The full volume-
weighted density PDF (dashed line in the left panel of Fig. 5.21) spans roughly seven orders
of magnitude for volume fractions of dV/V ≥ 10−6. It has a sharp and a broad maximum
at ' 10−2.1 and 10−0.6 cm−3, respectively, as well as a bump at ' 10−1.7 cm−3, which are all
associated with the cool regime (green line). There is also a hump at ' 100.3 cm−3, which
can be traced back to the cold regime (blue line). The warm and hot regimes (orange and
red line, respectively) are instead responsible for the plateau in the range 10−3.1 . nH .
10−2.1 cm−3. Even more dominated by the cold and cool regimes is the mass-weighted density
PDF (Fig. 5.21, right panel). The full distribution is also more narrow (spanning only about
five orders of magnitude) and peaks at a higher density (' 100.7 cm−3). There is again a
spike at ' 10−2.1 cm−3.
The sharp cutoff of the cold regime’s density PDFs at ' 101.1 cm−3 marks the resolution

limit of our simulation. Why this manifests itself so obviously in the cold regime becomes
clear when one considers that the latter is particularly represented by the small-scale, dense
(and therefore massive) structures of the ISM, and is thus affected most directly by smoothing
effects of the numerical grid. These structures owe their low temperatures to the fact that
cooling is most efficient for dense gas (see also de Avillez & Breitschwerdt 2004). The
truncation of the cold regime at that point causes the (artificial) jump of the cool regime,
which then dominates the total density up to ' 101.8 (by volume) and 102.0 cm−3 (by mass).
An analogous behavior can be observed for the pressure PDFs, to which we turn next.
In Fig. 5.22, one is now confronted with gas regimes whose PDFs are almost parallel to each

other. The full distributions have almost zero skewness, span about seven (volume-weighted)
and six (volume-weighted) orders of magnitude, and peak at about 103.2 (volume-weighted)
and 103.5 K cm−3 (mass-weighted). Even if this were to indicate a pressure equilibrium, this
only holds for the disk as a whole. Locally, any such prospects for maintaining equilibrium
are ruled out by SN activity and thermal instabilities, as indicated by the structure-rich
pressure map in the lower middle panel of Fig. 5.19.
The volume- and mass-weighted temperature PDFs, which we present in the left panel

of Fig. 5.23 (black and blue line, respectively), are best interpreted in conjunction with the
cooling function in Fig. 4.4. It is then obvious that pronounced peaks generally arise for
temperatures at which the cooling function possesses a stable branch (most prominently
for T ' 104 K). Nevertheless the largest amount of gas resides in the classical thermally
unstable regime 200 < T ≤ 103.9 K (' 80 % by volume and ' 90 % by mass, for the time
interval considered here), which might due to both the stabilizing effect of turbulence on
local condensation modes and the heating field applied. Responsible for the PDFs’ strongly

§ Volume- and mass-weighted PDFs make a statement about the probability to find gas with certain prop-
erties within volume- and mass-space, respectively.
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Figure 5.21 Volume- (left) and mass-weighted (right) probability density functions of the logarithmic
atomic hydrogen number density in the Galactic disk, computed from 14 snapshots that evenly span
a time range of 13 Myr (from t = 180 to 193 Myr).
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Figure 5.22 Same as Fig. 5.21, but for the logarithmic gas pressure in the Galactic disk.
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Figure 5.23 Same as Fig. 5.21, but for the logarithmic gas temperature (left) and vertical gas velocity
(right) in the Galactic disk.

differing right-hand side is the fact that in the Galactic disk, high-temperature regimes are
usually associated with regions of lower density (cf. Fig. 5.21).
Finally, we take a look at the PDFs for the vertical velocities (Fig. 5.23, right panel). Given

that the bulk of the gas in the disk moves at absolute z-velocities smaller than ' 200 km s−1

(89, % by volume; 99 % by mass), there are also two prominent peaks at uz ' ±400 km s−1,
corresponding to typical base velocities of SBs able to break out of the disk (see, e.g., Joung
& Mac Low 2006). Depending on the number of SNe involved, in some cases even higher
vertical velocities are possible. This explains the broadening of the volume-weighted PDF
for lower probabilities. And since only low-density gas can be accelerated that efficiently,
such wings are absent in the mass-weighted PDF, which is also generally more elongated.

5.2.3 Turbulence properties of the Galactic disk

Insight into the turbulent nature of the inhomogeneous background medium can be gained
from inspecting correlation and structure functions. As the medium we are dealing with
is compressible, we apply the model by Fleck (1996, see § 3.6) and particularly consider
density-weighted velocity correlation and structure functions in their respective forms

Qii(rj) ≡
〈
w′i(x + rêj)w′i(x)

〉
, (5.18)

and
Sip(rj) ≡

〈
|w′i(x + rêj)− w′i(x)|p

〉
, (5.19)

with i, j = x, y, z and p = 1, . . . , 8.
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Figure 5.24 Normalized density-weighted velocity correlation functions for the inhomogeneous
supernova-driven background medium at t = 193 Myr plotted against the correlation length in units of
the smallest cell size. The main-diagonal and off-diagonal panels represent the longitudinal and transver-
sal correlation functions, respectively.

Figure 5.24 shows all components of the tensor Qii computed for an upper Galactic disk
volume of 2700 × 2700 × 375 pc3 (i.e., at least 300 pc away from the edges of the computa-
tional domain to avoid boundary condition effects), using the same 14 snapshots the PDFs
of § 5.2.2 are based on. The plots are arranged in such a way that the spatial direction of the
correlation length r varies along the rows, and the component of density-weighted velocity
vector w′ along the columns. We can now determine the integral scale of the turbulence,
i.e., the extension of the region within which density-weighted velocity fluctuations are ap-
preciably correlated, by integrating the longitudinal correlation functions f(r) for the range
of correlation lengths available, i.e.,

` =

∫ ∞
0

Qii(ri)〈
w′2i
〉 dr ≡

∫ ∞
0

f(u)dr . (5.20)

We obtain, on average, ` & 74 pc, which corresponds to the typical size of an SB that breaks
up due to density inhomogeneities in the ISM. As one might have already expected, SNe
and SBs are therefore the main drivers of turbulence in our simulation, feeding mechanical
energy into the system on large scales. The inequality sign comes from the fact that Qzz
has not yet converged to zero for the range of r considered, implying that correlations are
maintained over at least 293 pc in the z-direction, which suggests extensive vertical outflows
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Figure 5.25 Analogous to Fig. 5.24, but showing the normalized density-weighted velocity structure func-
tions varying in order from p = 1–8 (points joined by lines, in each panel from bottom to top).

from the disk. Note that de Avillez & Breitschwerdt (2007) derived a very similar integral
scale for their ISM simulations.
For the same region and snapshots we compute in an analogous manner the first eight

moments of Sp(r). Results are displayed in Fig. 5.25. For a further analysis we take advantage
of a discovery made by Benzi et al. (1993), which was inspired by a relation that directly
arises from Kolmogorov’s four-fifths law of homogeneous and isotropic turbulence [Eq. (3.68)],
namely

〈|∆v|p〉 ∼
〈
|∆v|3

〉ζp/ζ3 , (5.21)

or, equivalently,

log 〈|∆v|p〉 ∼ ζp
ζ3

log
〈
|∆v|3

〉
. (5.22)

Benzi et al. found that the power-law character of a structure function of arbitrary order
emerges more clearly when it is plotted against the third-order structure function. They also
showed that the range of scales exhibiting self-similar scaling can be extended toward the
dissipation scale, hence terming the technique Extended Self-Similarity (ESS). The reason
for this is that dissipation seems to affect all moments of the structure function in the same
manner, implying that the particular choice of

〈
|∆v|3

〉
is to some extent arbitrary (cf. Gressel

2008).
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Figure 5.26 As for Fig. 5.25, but plotted against the third-order density-weighted velocity structure func-
tion. Dotted lines mark the interval used for fitting the logarithmic slopes ζp/ζ3.

When looking at Eq. (5.21), one might wonder why the normalized exponent ζp/ζ3 is used
instead of ζp. This is because various simulations and experiments have shown that, unlike
ζ3, the ratio ζp/ζ3 exhibits robust universal scaling, which is a requirement for the empirical
concept of ESS (Benzi et al. 1996).
Assuming now that ESS equally holds for the density-weighted velocity structure functions,

i.e.,

logSp(r) ∼
ζp
ζ3

logS3(r) , (5.23)

we derive the normalized scaling exponents for our simulation by fitting the resulting curves
depicted in Fig. 5.26. While the lower order structure functions represent almost always
perfect power laws, moments with p > 5 tend to flatten out at large S3(r). To account for
this aspect, we do not fit the whole data range, but restrict ourselves to a subinterval in
which the power-law scaling behavior is ensured (indicated by the dotted lines).
So how do the derived slopes compare to predictions from analytical turbulence models?

This question is addressed on inspecting Fig. 5.27. Note that the (tiny) error bars correspond
to the standard deviation of the previous fitting procedure. As can be seen, scalings are most
consistent with the model for supersonic turbulence by Boldyrev (2002).
The values of ζp/ζ3 can be finally inserted into Eq. (3.77) to determine D, the dimension

of the most intermittent structures. As shown in Fig. 5.28, the average of D varies between
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Figure 5.27 Scaling exponents (blue dots) derived for the density-weighted velocity structure functions of
Fig. 5.26 plotted against the structure function order. The curves represent the theoretical scaling laws
by Kolmogorov (1941, dash-dotted line), She & Lévêque (1994, solid line), and Boldyrev (2002, dashed
line).

1.95 and 2.27, which translates into a compression factor of α ' 0.24–0.35, when Eq. (3.78)
is applied. These numbers suggest that the energy SNe inject into the turbulent medium is
preferentially dissipated through two-dimensional structures, identifiable as shock surfaces.
This finding is consistent with the simulation results by de Avillez & Breitschwerdt (2007).

5.2.4 Evolution and properties of the Local and Loop I superbubble

As already mentioned, our final analysis uses the global ISM simulation discussed in the
last few sections as a typical background medium for our joint evolution model of the Local
and Loop I SB. Decisive for the selection of an appropriate snapshot is that it contains an
extended region that remains sufficiently thin (n . 0.3 cm−3), at least for a few Myr, but
which still features not too strong vertical gas flows, in order to allow for efficient SB growth,
bound to the Galactic disk. Additionally, there should be enough cold gas available for star
formation in the surrounding area, to give the star clusters a plausible origin. We track down
an environment fulfilling all these requirements (at least for the LB formation, see below),
while being still sufficiently evolved, in the snapshot taken at 180 Myr (see the last panel
of Fig. 5.17 and 5.18, as well as Fig. 5.19). The thus-established setup is hereafter termed
model C.
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Figure 5.28 Fractal dimensions of the most intermittent structures as a function of the normalized scaling
exponents ζp/ζ3 with p = 1, 2, 4, . . . , 8. Least-square means are indicated by dashed horizontal lines.

The forced locally enhanced SN activity creates again a coherent LB structure within
the highly disturbed background medium that is still evolving as star formation goes on.
While being heated and pressurized by the explosions along the cluster trajectory, the cavity
presents itself in the beginning almost as smooth and spherical as in model A and B, but
develops internal structure after about 8 Myr of evolution due to the increasing influence
of density and pressure gradients in the ambient medium. After 12.6 Myr (i.e., the present
time), 16 explosions have occurred inside the LB volume, which has become asymmetrical
in shape, reaching maximum dimensions of about 280 by 260 pc in the Galactic midplane.
Vertically, the supershell extends up to at least 500 pc in both directions. Its northern half
even resembles a Galactic chimney, i.e., the supershell is broken up at several places so that
enriched material can escape and rise high (z > 1 kpc) above the plane. The atomic hydrogen
number density and gas temperature in the LB volume can thus vary between about 10−4.1

and 10−2.2 cm−3, and 104.5 and 106.5 K, respectively, which covers observational results.
The Loop I SB, on the other hand, remains underdeveloped for the evolution time con-

sidered, since its expansion is unfortunately hindered by the presence of transient dense
interstellar clouds in its domain. Thus, a buildup of an interaction shell between the two
SBs does not occur. Note, however, that this result is sensitive to the particular background
medium applied. Therefore, it could be possible to find in an earlier or later snapshot more
appropriate locations for initialization of the two SBs. In fact, some of our tests (not pre-
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Figure 5.29 Color-coded maps of the logarithmic atomic hydrogen number density in model C at the
times (a) t = 9.6 Myr, (b) 6.6 Myr, (c) 3.6 Myr, and (d) 0 Myr before present. Vertical (y = 0) and horizontal
(z = 0) cuts through the three-dimensional computational box are shown in the upper and lower panels,
respectively. Earth’s projected position is marked by a cross. Circles indicate the projected centers
of supernova explosions that occurred before the time the snapshot is taken. The sizes of the circles
correspond to the initial masses of the progenitor stars.

sented here) also show the inverse result in the sense that the Loop I SB evolves as intended
but the LB growth is restricted by some obstacle, thus not reaching the Earth in time, which
is consistent with the claim that the background medium plays a strong role in the evolution
of SBs. However, since the main concern of this thesis lies on the LB and its influence on
the location of the solar system we have to make sure that at least its expansion proceeds
sufficiently undisturbed.
Several snapshots of the atomic hydrogen number density, gas column density, gas temper-

ature, and 60Fe mass density in the region of the two SBs are presented in Figs. 5.29–5.31. It
should be emphasized that we only consider the 60Fe distribution associated with the Local
and Loop I SB, which is ensured by the fact that only their SNe are actually allowed to
contribute to the passive scalar fields in the simulations. The models presented here thus
rather calculate the lower limit of the 60Fe content of the LISM.
An even better impression of the LB’s three-dimensional structure can be gained from
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Figure 5.30 As for Fig. 5.29, but for the logarithmic gas temperature.

Fig. 5.32, which shows a volume rendering of the density distribution in the subvolume
−400 ≤ x ≤ 800 pc, −700 ≤ y ≤ 500 pc, |z| ≤ 1.5 kpc. Note that the transparency of the
frothy, dense gas (violet color coding) has been artificially increased to enable an unobscured
view of the LB’s interior (structure in the middle).

5.2.5 Comparison with crust measurements

Like in the models with homogeneous background medium, we first consider the temporal
variation of the local interstellar fluence. Note that due to the high computational demands
of the background medium evolution and the fact that it is not possible to add further passive
scalars in a simulation that has already advanced, we only consider here the total fluence.
Nevertheless, the experience gained from our previous multi-passive-scalar models should aid
us in correctly interpreting the corresponding time profile shown in Fig. 5.33.
The earliest signal, a mild (F ' 5.4× 105 cm−2) bump at t ' 3.48 Myr, is again produced

by the LB’s supershell passing over the Earth’s orbit [see also Fig. 5.31 (c)]. It is made up
of the contributions of SNe #01–13 (cf. Table 5.2) and has a scale width of ∆t ' 1.17 Myr.
The following more intense pulses at t ' 2.60, 2.22, and 1.46 Myr are instead associated with
individual SN events (#14, 15, and 16, respectively). Although these signals appear to be
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Figure 5.31 As for Fig. 5.29, but for the logarithmic 60Fe mass density.

broader than their counterparts in model A and B, their scale widths are almost the same
(∆t ' 50–120 Myr). This broadening is certainly an effect of the four times lower numerical
resolution, which spread discontinuities in the solution over four times larger computing cells.
Likewise the size of the time steps grows, on average, by the same factor, as is immediately
seen from Eq. (2.48). The fact that we thus miss several brief episodes in which the signal
drops to the LB’s background fluence level is nicely illustrated by the ‘fat’ tails of the signals
associated with SN #14 and 15. These extended tails are actually pulses created by the
reflected shocks, which appear this way due to the limited numerical resolution.

Comparing the profiles of all models presented in this work, one might conclude that
model C is a hybrid of model A and B, since it features less signals due to individual SNe
than model A, but more than model B. This can be understood when it is considered that
although the region the LB expands into is highly disturbed, it still features an average
particle density of n ' 0.2 cm−3, which lies exactly between the ambient density values of
model A and B. As a result, the supershell arrives later than in model A, but earlier than in
model B. Remarkably, however, is the consequence, namely that self-gravity, which is only
absent in model C, seems to play a rather subordinate role in the LB evolution.
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Figure 5.32 Volume rendering of
the present-time density distribu-
tion in the region that contains
the Local Bubble (large object al-
most in the center) in model C.
The color-coding is violet (red) for
high (low) densities, analogous to
Fig. 5.29.

In Fig. 5.34 we plot the calculated 60Fe/Fe ratios over
the crust data from Knie et al. (2004) and Fitoussi et al.
(2008). Despite the limited numerical resolution, the overall
agreement is quite remarkable. The maximum occurs again
correctly in the layer corresponding to t ' 2.17 Myr, but is
slightly overestimated. In numbers we have max(60Fe/Fe) '
3.22 × 10−15 and 3.81 × 10−15 for fU = 0.005 and 0.006,
respectively. Like in model A, material stemming from SN
#14 and 15 is mainly responsible for the maximum. Also the
second highest enhancement, contained within the layer for
t ' 1.29 Myr, lies only marginally above the crust measure-
ments by Fitoussi et al. (2008). As in every model applied,
this is due to SN #16. A perfect match of the measurements
is achieved for the remaining lower enhancements at t ' 3.93
and 3.05 Myr, and at t ' 0.44 Myr, which arise due to the
arrival of the LB’s supershell and turbulent motions in the
LB volume, respectively.
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Figure 5.33 As for Fig. 5.10, but for model C.
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Chapter 6Conclusions

In this work we have presented three-dimensional hydrodynamic adaptive mesh refinement
simulations (with resolutions down to subparsec scale) aiming to reproduce an 60Fe excess
observed in a deep-sea ferromanganese crust in the context of the formation of the LB.
Parameters for the LB-generating SNe are based on an IMF normalized to still existing low
mass stars of the parent stellar moving group identified by Fuchs et al. (2006). Like in
the analytical model by Feige (2010), ejected masses, lifetimes and thus explosion times are
derived from the initial masses of the progenitor stars, whereas computations of the most
probable paths for the individual perished members of the moving group (Ch. Dettbarn,
priv. comm.) provide feasible explosion sites. For estimating the particular 60Fe mass ejecta,
we resort to predictions from recent stellar evolution models (Woosley & Heger 2007; Limongi
& Chieffi 2006). The formation of the LB, as well as the neighboring Loop I SB, is studied in
different environments, namely two homogeneous self-gravitating background media, sharing
similarities with the classical WIM (model A) and WNM (model B), as well as a medium
designed to mimic realistic conditions of the local Galaxy (model C). These are achieved
by exposing an initial distribution, derived from observations, for 180 Myr to the combined
effects of the Galactic gravitational field, various heating and cooling processes, winds of
massive stars (which are numerically treated as particles forming at Galactic rate in cool
and dense interstellar clouds), and SNe. Even though this simulation has a lower theoretical
resolution than our other two (2.9 pc instead of 0.7 pc), covers a rather small vertical extent
(|z| < 1.5 kpc) when compared to similar meso-scale ISM models (but yet features a quite
large total volume of 33 kpc3), and either neglects (e.g., Type Ia SNe, self-gravity, magnetic
fields, heat conduction, Galactic rotation) or simplifies (e.g., isotropic heating field, cooling
function independent on space and time) several processes, it still delivers a Galactic disk
structure with reasonable properties, as stated by filling factors and PDFs. The value derived
for the hot gas occupation fraction, fVhot ' 0.04 might seem rather low, however, Spitzer
(1990) quotes fVhot ' 0.1 for the solar neighborhood, which is only insignificantly larger.
Using further Fleck’s model for non self-gravitating compressible turbulence, we also analyze
the turbulence properties of the simulated Galactic disk and find (i) that structures are
correlated up to at least 74 pc, representing the scale of turbulent energy injection, and (ii)
that the density-weighted velocity structure function of orders up to 8 are nicely matched
by the turbulence model by Boldyrev (2002), where the dimension of the most dissipative
(or intermittent) structures is about 2, as one would expect for a compressible medium
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into which supersonic turbulence is introduced via explosive events. These findings make us
confident that our inhomogeneous medium represents a suitable environment for studying the
LB formation under conditions representative for the LISM. Using passive scalars for tagging
the 60Fe enriched gas released into the SB cavity, we measure the flux of 60Fe atoms at the
Earth’s orbit (usually termed local interstellar fluence) over the whole simulation time, and
then apply a rebinning procedure to allow for comparison with actual crust measurements
(Knie et al. 2004; Fitoussi et al. 2008). All our models are able to reproduce both the
timing and the intensity of the 60Fe excess observed with rather high precision. Yet, the
underlying process is not always the same. In model A and C the signal arises due to
the fast-paced blast waves of two individual SNRs (#14 and 15 out of 16 in total), which
cross the Earth’s orbit twice as a result of reflection from the LB’s outer shell. In model
B, on the other hand, it is the supershell of the LB itself that injects the yet undecayed
60Fe content of all previous SNe (#01–15 in this case) at once, but yet over a longer time
range. It is important to note that in all scenarios, 60Fe does not reach Earth in gaseous
form, but is condensed onto dust grains that have to survive a variety of filtering processes
throughout their entire journey. Since a hydrodynamical model for the solar wind proves to
be futile due to currently insurmountable resolution constraints in the context of our meso-
scale simulations, we summarize these filtering processes into a combined multiplicative factor
fU , where we find a better agreement with the crust data if fU = 0.005 rather than 0.006.
Both values occur in the current literature. The observed extension of the Local Bubble as
well as its gas-dynamical properties are matched best by model C. However, since transient
interstellar clouds in the background medium chosen restrict the growth of Loop I, there
is no interaction between the two SBs, which can be yet observed in model A and B. The
age of the LB that is derivable from the present novel approach is 12.6 Myr, which is about
1.9 Myr younger than the value estimated by Breitschwerdt & de Avillez (2006) from fitting
Ovi data. This however, is no contradiction since their simulations are based on a different
set of input parameters, particularly they assumed a larger number (19) of LB progenitor
stars.
Although our simulations draw a quite conclusive picture of the LB formation scenario,

there are nevertheless some caveats that have to be addressed.
Firstly, the production and expulsion of 60Fe is a complicated process that strongly depends

on the mixing processes in the interiors of massive stars, and the depth of their convection
zones. Predictions of the 60Fe yields can thus vary by a factor of a few, even for the same
stellar masses, depending on which stellar evolution model is used (Tur et al. 2010).
Secondly, the uptake factor, quantifying the sedimentation through the Earth’s atmo-

sphere onto the ocean floor, is only loosely constrained. More precise estimates, either from
measuring 60Fe at other sites, or the analysis of other radioisotopes (see below), are therefore
highly welcome, since its value has a profound effect on results.
Thirdly, since the solar wind prevents any isotope that is not condensed onto dust grains

from reaching the Earth (provided that the SN occurs not closer than ' 10 pc; see Fields
et al. 2008), a comprehensive description of the formation and survival of SN dust at different
compositions and sizes is desirous, as it is questionable whether the single factor applied in
this thesis can fully account for all processes involved. In principle similar arguments apply
for the previous two points. However, clearly the advantage of employing simple input
parameters lies in the fact that they can be easily adapted when the underlying physics is
better understood or measurements have become more precise.
Fourthly, there is the dependence on the background medium, as well as on the explosion
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sites in the stellar moving group. For the former we can say from our numerical studies with
a homogeneous background medium that the external density may not exceed ' 0.3 cm−3.
Otherwise, the LB supershell would arrive later and the 60Fe overabundance would no longer
occur in the crust layer in which it was discovered. Yet strictly speaking, this is only true
for the SN explosion centers chosen for this work (and left unchanged in all our simulations).
Fortunately, Feige (2010) showed in her analytical parameter study that there exists a wide
range of combinations of external densities and probable stellar trajectories (i.e., explosion
centers) which satisfactorily reproduce the 60Fe excess measured. Additional simulations
would be required to further explore this aspect.
Finally, and also left for future work, is to study the impact of the Galactic magnetic

field. It is safe to assume that the overall shape of the LB will change in the presence of an
interstellar magnetic field, as the expanding supershell will have to perform mechanical work
against the magnetic tension forces, giving the expansion a preferred direction. This implies
that the LB supershell, which then incorporates the swept-up field lines, might cross the solar
orbit later than in a model without magnetic field (but with the same ambient medium),
leading to a delayed first signal in the profiles of 60Fe flux. But unlike its supershell, the
interior of the LB should be almost field-free, suggesting that the SN blast wave propagation
and thus the time of occurrence of signals relative to the very first signal will be probably
almost equal to the one presented in this work. By the same token, we do not expect
great changes of the mixing timescale of 60Fe, as interactions between the magnetic and the
vorticity field should be negligible in the LB volume.
Before closing this work we would like to point out that, besides the ferromanganese crusts

throughly discussed here, other terrestrial and even lunar reservoirs have also been analyzed
in the search for 60Fe signals.
One example is marine sediments, which grow about a thousand times faster than ferro-

manganese crusts and thus have a far better time resolution, although the isotopic concen-
tration of each layer is lower. A further advantage is that their formation process is well
understood, implying that their uptake factor is easily derivable (it might be up to 1; see,
e.g., Feige et al. 2012). Fitoussi et al. (2008) analyzed a sediment core that spans the same
time interval as the crust 237KD, but found no comparable 60Fe signal. As possible reasons
they mentioned, among others, differences in uptake and divergences in the sediment from
the global background. An additional issue was highlighted by Fry et al. (2015): Fluence cal-
culations commonly assume that the SN-released 60Fe is evenly distributed over the Earth’s
surface. Yet, neither the wind patterns on Earth are uniform nor is its precessional axis nec-
essarily orthogonal to the SN’s position. Considering that the sediment core of Fitoussi et al.
stems from the North Atlantic Ocean and hence from a higher latitude than the crust 237KD,
it might not have been within the arrival angle of the signal if the SN event had occured
more southerly. Support for this scenario comes from measurements originally announced
by Feige et al. (2012), who use two marine sediment cores from the southern hemisphere,
namely the South Australian Basin. All their analyzed samples showed a signal consistent
with the expected time from the ferromanganese crust study, with 60Fe/Fe ' 2 × 10−15

on average (Feige 2014). The signal is however broader (> 1.4 Myr), increasing sharply at
' 3 Myr, then decreasing toward younger ages over 700–800 kyr, with a maximum between
2.4 and 2.8 Myr. Realizing that such a behavior cannot be explained by a single SN event,
the authors concluded that this rather points toward an accumulation of SNe, which nicely
agrees with the models developed in this work.
Marine sediments are also the home of so-called magnetotactic bacteria, which gather iron
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from their environment to create nano-sized crystals of magnetite (Fe3O4). These are used
by the microbes to orient themselves within Earth’s magnetic field, and thus to navigate
to their preferred conditions, a behavior known as magnetotaxis. Bishop & Egli (2011)
speculated that a nearby SN event should have left its mark also in the fossilized remains of
such bacteria. In order to prove this hypothesis, they analyzed magnetofossils of a sediment
core from the eastern equatorial Pacific. Their preliminary results indeed show a possible
60Fe signal in layers dated to around 2.2 Myr ago (Witze 2013, Nature interview).
Turning next to lunar reservoirs, one would expect that the surface of the Moon provides a

pristine source of deposits, as it is unaffected by erosion due to wind or water. But, our cosmic
neighbor is regularly hit by a broad range of impactors (Langevin & Arnold 1977), which
continually churn up its surface and mix different levels. Besides this so-called gardening,
there is almost no sedimentation on the Moon, which renders time-resolved measurements
futile. Lunar samples can hence only provide a first hint for the existence of a signature.
Cook et al. (2009) and Fimiani et al. (2012, 2014) analyzed samples obtained during the
Apollo missions and discovered an 60Fe signal above the background in several cores. Their
observed fluence of 60Fe atoms lies in the range between 107 and 5×107 cm−2. We can test our
numerical models against these measurements through summing Σ(t) [Eq. (4.65)] in all time
bins available, spanning a total time range of 12.6 Myr. When setting U = f = 1, we obtain
fluences of 6.1 × 108 cm−2 for model A, 3.3 × 108 cm−2 for model B, and 5.7 × 108 cm−2

for model C. While it is almost certain that f < 1 (see discussion in § 5.1.3), assuming
an uptake of 100% for the Moon might also be incorrect as it would neglect a possibility
discussed in Fry et al. (2015): High-velocity SN dust grains, which experience almost no
deceleration when passing through the Moon’s tenuous atmosphere, could instantly vaporize
at their impact on the lunar surface, thus escaping the Moon in gaseous form. This would
imply that also for the Moon U � 1. Taking our simulations as a basis, we estimate a range
of 0.016 and 0.152 for the combined factor fU . The lower limit would actually hint at an
uptake of 100%, if f is only slightly higher than estimated by Fry et al. (2015), namely
f = 0.016 instead of 0.010.
Also other radioisotopes can serve as tracers for close SN events in the recent past. A very

promising example is 26Al, although its half-life (τ1/2 = 7.17×105 yr) is only about a quarter
of 60Fe, whereas its natural background is much higher. The production of 26Al happens
mainly in three different environments in massive stars via the 25Mg(p,γ)26Al reaction: first,
during the central core burning in main sequence stars; second, in the C and Ne burning
shell during the later stages of the star, and third, during explosive Ne burning (Limongi
& Chieffi 2006). Like 60Fe, 26Al is also released via stellar winds (Lugaro & Karakas 2008;
Doherty et al. 2013). All-sky surveys of the diffuse gamma-ray emission at 1809 keV, which
is associated with 26Al, showed that it originates predominantly from the inner parts of the
Galaxy and a few nearby star-forming regions, including the Cygnus complex (Prantzos &
Diehl 1996; del Rio et al. 1996; Plüschke et al. 2001; Diehl et al. 2006; Wang et al. 2009).
The Galactic 60Fe/26Al gamma-ray line flux ratio was last measured to be 0.148 ± 0.06
(Wang et al. 2007). Feige (2014) analyzed the 26Al content of the same marine cores they
used for their 60Fe measurements and found no equivalent signal in the whole time range of
1.7–3.1 Myr before present. The authors explain this non-detection by the high natural 26Al
background, due to which a low-intensity broad extraterrestrial signal would have easily be
overlooked.
In the light of all these exciting new developments it is anticipated that the rather young

subject of deep-sea astrophysics will remain a hot topic in the years to come, since it holds
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the fascinating opportunity to link measurements on Earth to specific events outside the
solar system.
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Appendix AExtension to the
system of ideal
magnetohydrodynamics

Possible interactions between the interstellar gas and the magnetic field can be taken into
account when coupling the equations of hydrodynamics with Maxwell’s equations, leading
to the governing equations of MHD.
If the flows under consideration are nonrelativistic, one can neglect Maxwell’s displacement

current and simply apply Ampère’s law in the form (LeVeque 1998)

je =
c

4π
∇×B , (A.1)

where je represents the current density and B the magnetic flux density. Taking the curl of
Eq. (A.1) and substituting Ohm’s law (σ is the electric conductivity, which is assumed here
to be constant),

je = σ(E +
u
c
×B), (A.2)

as well as Faraday’s law of induction (E is the electric field strength),

∇× E = −1

c

∂B
∂t

, (A.3)

one obtains

∂B
∂t

= ∇× (u×B) +
c2

4πσ
∇2B . (A.4)

The above assumes the solenoidality constraint, i.e., the divergence of the magnetic field
vanishes everywhere at all times, ∇ · B = 0. Equation (A.4) is the well-known induction
equation. It states that the temporal evolution of the magnetic field is determined by both
field advection through the fluid and diffusion (see, e.g., Clarke & Carswell 2007). In the
case of the ISM, relevant length scales are usually large and the timescale of magnetic decay
is much longer than the typical flow timescale. Still, field diffusion is only negligible in the
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absence of the chaotic scale-reduction process induced by turbulent motions. By restricting
ourselves here to regions for which this applies, we might switch to the regime of ideal MHD,
i.e.,

∂B
∂t

= ∇× (u×B) . (A.5)

Note that magnetic field lines in such a perfectly conducting plasma behave as if they were
moving with the fluid, or, figuratively speaking, as if they were frozen into it (‘frozen-flux
theorem’). As a result, shear motions distorting the field lines cause a force acting back on
the fluid. This statement is an electromagnetic analog of Kelvin’s circulation theorem, a
concept discussed in § 3.2.
It is a general approach to couple Eq. (A.5) with a modified version of the previously

derived Euler system (2.23): The magnetic force term is added to the equations of mo-
tion and the Ohmic heating term is added to the energy equation. Hence the full set of
ideal hydromagnetic equations is completely described by the following state vector and flux
functions:

U = (ρ, ρu, ρv, ρw,Etot,Bx,By,Bz)
T , (A.6)

(F(U),G(U),H(U)) = (A.7)

=



ρu ρv ρw
Ptot + ρu2 −B2

x ρuv −BxBy ρuw −BxBz
ρuv −BxBy Ptot + ρv2 −B2

y ρvw −ByBz
ρuw −BxBz ρuw −ByBz Ptot + ρw2 −B2

z

u(Etot + Ptot)−Bx(B · u) v(Etot + Ptot)−By(B · u) w(Etot + Ptot)−Bz(B · u)
0 uBy − vBx uBz − wBx

vBx − uBy 0 vBz − wBy
wBx − uBz wBy − vBz 0


,

where Ptot = P + 1
2 |B|2 denotes the total pressure, i.e., the sum of thermal and magnetic

pressure, and Etot = ρε+ 1
2ρ|u|2 + 1

2 |B|2 the total energy of the fluid. Note that we have set
c = 1 and B has been rescaled to incorporate the factor 1/

√
4π. Note further that the above

equations are only valid under the assumption of local fluid neutrality (i.e., identical density
of positive and negative charges) and negligible inertia of the electrons (see Shu 1992). New
forces and fluxes imply new waves in the regime of MHD, namely, the (longitudinal) slow
and fast magnetosonic waves, as well as the (transverse) Alfvén waves. The magnetosonic
waves arise from the coupling between the Lorentz force and the thermal pressure; the fast
modes represent the case when B and ρ are correlated, while an anticorrelation results in
the slow modes. The Alfvén waves, on the other hand, can be thought of as similar to the
vibrations caused by plucking a string, only that the string is represented by magnetic field
lines (for an extensive discussion see Choudhuri 1998).
The MHD solver in the Ramses code (Teyssier et al. 2006; Fromang et al. 2006) com-

bines the MUSCL-Hancock scheme with the so-called Constrained Transport (CT) algorithm
(Yee 1966; Evans & Hawley 1988) to enforce the solenoidality constraint down to machine
accuracy. One might ask why we have to bother about this condition at all, when the con-
servation of ∇ ·B = 0 is anyway an inherent property of the induction equation [to see this,
simply take the divergence of Eq. (A.5)]. Numerical computations are however based on
discrete and not on continuous divergences, so that the solenoidality constraint can indeed
be violated (Tóth 2000). In order to still guarantee the absence of magnetic monopoles, the
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CT approach requires the magnetic field components to be defined at the cell faces, while the
other hydrodynamical variables are, as before, defined at the cell centers (staggered mesh
discretization). In fact, this choice is physically motivated as can be seen from integrating
Eq. (A.5) while using Stokes’ theorem,∫∫

∂B
∂t
· df =

∫∫
[∇× (u×B)] · df ,

∂Φm

∂t
=

∮
(u×B) · d` ≡

∮
E · d` .

(A.8)

Equation (A.8) states that the circulation of the ElectroMotive Force (EMF), E = u × B,
around a closed circuit equals the time rate of change of the magnetic flux Φm =

∫∫
B · df

through the circuit. As an example, let us consider the field component Bx averaged over the
finite surface Si−1/2,j,k = [yj−1/2, yj+1/2] × [zk−1/2, zk+1/2] located at xi−1/2, which is given
by

(Bx)i−1/2,j,k =
1

∆y∆z

∫ yj+1/2

yj−1/2

∫ zk+1/2

zk−1/2

Bx(xi−1/2, y, z)dydz . (A.9)

The other components are defined likewise on their corresponding control surfaces. For the
following description of the algorithm it is useful, as outlined by Londrillo & Del Zanna
(2000), to split the system of MHD equations into two sub-systems, namely a so-called Euler
sub-system, which is represented by the first 5 entries of vector (A.6) and flux functions
(A.7), and, on the other hand, an induction sub-system given by the last 3 entries of these
vectors. The induction sub-system can be brought into discrete form by integrating Eq. (A.8)
in time, i.e.,

(Bx)n+1
i−1/2,j,k = (Bx)ni−1/2,j,k +

∆t

∆y
[(Ez)

n+1/2
i−1/2,j+1/2,k − (Ez)

n+1/2
i−1/2,j−1/2,k]

− ∆t

∆z
[(Ey)

n+1/2
i−1/2,j,k+1/2 − (Ey)

n+1/2
i−1/2,j,k−1/2] ,

(A.10)

(By)
n+1
i,j−1/2,k = (By)

n
i,j−1/2,k +

∆t

∆z
[(Ex)

n+1/2
i,j−1/2,k+1/2 − (Ex)

n+1/2
i,j−1/2,k−1/2]

− ∆t

∆x
[(Ez)

n+1/2
i+1/2,j−1/2,k − (Ez)

n+1/2
i−1/2,j−1/2,k] ,

(A.11)

(Bz)
n+1
i,j,k−1/2 = (Bz)

n
i,j,k−1/2 +

∆t

∆x
[(Ey)

n+1/2
i+1/2,j,k−1/2 − (Ey)

n+1/2
i−1/2,j,k−1/2]

− ∆t

∆y
[(Ex)

n+1/2
i,j+1/2,k−1/2 − (Ex)

n+1/2
i,j−1/2,k−1/2] ,

(A.12)

where the time- and edge-averaged EMFs are defined as

(Ex)
n+1/2
i,j−1/2,k−1/2 =

1

∆t∆x

∫ tn+1

tn

∫ xi+1/2

xi−1/2

Ex(x, yj−1/2, zk−1/2, t)dt dx . (A.13)

Note that these EMFs are the analog of the flux functions in the Euler system. Figure A.1
illustrates the locations of the components of E and B for a cell centered on (xi, yj , zk).
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Figure A.1 Staggered mesh approach in the Constrained Transport scheme. While Euler-type variables
are defined at cell centers, components of the magnetic field and the EMF are located at the centers of
cell faces and edges, respectively. By balancing the EMF contributions, the total flux across the surface of
the cell is always zero. The direction of the closed contour integrals is indicated by arrows. [Credit: Evans
& Hawley (1988)]

Due to the finite-surface representation of the magnetic field, each field component is spa-
tially reconstructed using only its corresponding two transverse slopes (e.g., Bx requires the
computation of ∂Bx/∂y and ∂Bx/∂z).
For the Euler sub-system, the MUSCL predictor step remains exactly as described in

§ 2.4. For the induction sub-system, on the other hand, TVD slopes can be avoided during
the spatial interpolation of the EMFs on the cell edges at time tn. Without sacrificing second-
order accuracy, one can take instead arithmetic averages of the velocity and magnetic field
components:

(Ez)
n
i−1/2,j−1/2,k = ūB̄y − v̄B̄x (A.14)

with

ū =
1

4
[uni,j,k + uni−1,j,k + uni,j−1,k + uni−1,j−1,k] , (A.15)

v̄ =
1

4
[vni,j,k + vni−1,j,k + vni,j−1,k + vni−1,j−1,k] , (A.16)

B̄x =
1

2
[(Bx)ni−1/2,j,k + (Bx)ni−1/2,j−1,k] , (A.17)

B̄y =
1

2
[(By)

n
i,j−1/2,k + (By)

n
i−1,j−1/2,k] . (A.18)

Analogous expressions hold for (Ex)ni,j−1/2,k−1/2 and (Ey)
n
i−1/2,j,k−1/2.

Returning to Eqs. (A.10)–(A.12), these EMFs can now be used to update the face-centered
magnetic field components from tn to tn+1/2 (simply replace ∆t by ∆t/2 and n+1 by n+1/2).
The predicted field components satisfy the solenoidality constraint exactly since only one
EMF is calculated per cell edge (Conservative- or C-MUSCL scheme). The price for this
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Figure A.2 Interfaces in the two-dimensional Riemann solver. The blue cell (left) inspected from above is
displayed in the right cartoon, together with all neighboring (white) cells that border on the edge marked
in green. These cells are labeled by the geographic directions NE, SE, SW, and NW.

very efficient approach is, however, a slightly more restrictive condition on the time step to
remain stable; i.e., the Courant factor must be less than 2/(

√
2 + 1) ' 0.828, in contrast to 1

in the pure hydrodynamics case (Teyssier et al. 2006). Finally, the predicted magnetic field
components can be calculated at the cell centers by averaging the corresponding face-centered
values, i.e.,

(Bx)
n+1/2
i,j,k =

1

2
[(Bx)

n+1/2
i−1/2,j,k + (Bx)

n+1/2
i+1/2,j,k] , (A.19)

and likewise for (By)
n+1/2
i,j,k and (Bz)

n+1/2
i,j,k .

The next step in the standard MUSCL methodology involves the spatial reconstruction of
all states at each cell-edge. This produces four different states in the four cells adjacent to
the edge. For the sake of clarity, we attribute the geographic locations N, S, W, and E to
the four boundaries separating these cells, and NE, SE, SW, and NW to the cells themselves
(Fig. A.2). Using the TVD slopes computed at time tn we thus obtain

Wn+1/2,NE
i−1/2,j−1/2,k = Wn

i,j,k −A(x)(Wn
i,j,k)

(
∂W
∂x

)n
i,j,k

∆t

2

−A(y)(Wn
i,j,k)

(
∂W
∂y

)n
i,j,k

∆t

2
−A(z)(Wn

i,j,k)

(
∂W
∂z

)n
i,j,k

∆t

2

−
(
∂W
∂x

)n
i,j,k

∆x

2
−
(
∂W
∂y

)n
i,j,k

∆y

2
,

(A.20)

where corresponding relations hold for Wn+1/2,SE
i−1/2,j−1/2,k, W

n+1/2,SW
i−1/2,j−1/2,k, and Wn+1/2,NW

i−1/2,j−1/2,k.
Excluded from this procedure are, however, the 2 longitudinal magnetic field components,
B
n+1/2
x and Bn+1/2

y , because their predicted values are already known at the four adjacent
interfaces. Reconstructing them along the boundaries does not therefore require the time
step ∆t, but the face-centered TVD slopes instead:

(Bx)
n+1/2,S
i−1/2,j−1/2,k = (Bx)

n+1/2
i−1/2,j−1,k +

(
∂Bx
∂y

)n
i−1/2,j−1,k

∆y

2
, (A.21)

(By)
n+1/2,W
i−1/2,j−1/2,k = (By)

n+1/2
i−1,j−1/2,k +

(
∂By
∂x

)n
i−1,j−1/2,k

∆x

2
, (A.22)
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with similar relations for (Bx)
n+1/2,N
i−1/2,j−1/2,k and (By)

n+1/2,E
i−1/2,j−1/2,k. One ends up with a two-

dimensional Riemann problem defined by four corner states, with six variables each, and the
four longitudinal magnetic field components. As proposed by (Balsara & Spicer 1999; Ziegler
2004), this two-dimensional Riemann problem can be solved approximately by averaging the
fluxes given by the four adjacent one-dimensional Riemann problems. In that case, the
solution of the two-dimensional Riemann problem for the EMF, E2D

z , reads

E2D
z (WNE,WSE,WSW,WNW) =

1

4
[E1D

z (WNW,WNE) + E1D
z (WSW,WSE)

+E1D
z (WSW,WNW) + E1D

z (WSE,WNE)] .
(A.23)

Computing the solution nevertheless turns out to be quite costly due to the extensive use of
Riemann solvers at each cell edge.
However, one can reduce the workload when adopting linear approximate Riemann solvers,

such as the Roe solver, which estimates the intercell flux using a constant matrix that satisfies
certain properties (see Roe 1981). The flux function can then be expressed in the form

FRoe(WL,WR) =
1

2
(FL + FR)− 1

2

7∑
α=1

Rα|λα|Lα · (UR −UL) , (A.24)

where Rα and Lα are the right and left eigenmatrices of the aforementioned so-called Roe
matrix, respectively, and the λα are its eigenvalues (for more details consult Cargo & Gallice
1997). In practice, the Roe matrix is constructed by introducing ‘parameter vectors’ that
considerably simplify the structure of the conservation laws (Roe 1981). Using for example
only two (Roe) matrices (one for each direction), instead of four, yields for the EMF function

E2D
z (WNE,WSE,WSW,WNW) =

1

4
[Ez(WNE) + Ez(WSE)

+ Ez(WSW) + Ez(WNW)]− 1

2

7∑
α=1

Rx
α|λx

α|Lx
α · (UE + UW)

+
1

2

7∑
α=1

Ry
α|λy

α|Ly
α · (UN −US) ,

(A.25)

where UE, UW, UN, and US represent averaged conservative variables defined at the cor-
responding interfaces. In the case of highly nonlinear problems, however, the linearization
constraint of the Roe solver is an over-simplification, which might lead to unphysical results
and numerical problems. No matter which solver is chosen, the calculated EMF is used to
perform the final conservative update of the magnetic field components, in agreement with
Eqs. (A.10)–(A.12). The Euler sub-system is updated in an analogous manner (see § 2.4).
Note that solving the system of MHD equations on an AMR grid adds an additional level of

complexity to the numerical treatment: Beside the requirement of a compact stencil, one has
to account for proper fluxes and EMF corrections between different levels of refinement, and
suitable prolongation/restriction operators in order to prevent the generation of magnetic
monopoles. For more information on these aspects one could consult Teyssier et al. (2006)
and Teyssier (2007).



Appendix BDerivation of the
free-fall time

For reasons of simplicity we restrict ourselves in the following analysis (e.g., based on Dyson
& Williams 1997) to a spherically shaped interstellar gas cloud of uniform density ρc and
pressure Pc. The integrals in Eq. (4.36) can then be immediately evaluated and the criterion
of contraction becomes

4πR3
cPc .

3

5

GM2
c

Rc
, (B.1)

or, equivalently,
kBTc
µmH

.
GMc

5Rc
, (B.2)

where Tc denotes the cloud temperature. If the gas is assumed to behave isothermally, the
sound speed within the cloud is given by a2

c = kBTc/µmH, whereas the characteristic time
require by sound waves to propagate through the cloud is ts ' Rc/ac. We thus obtain the
following equivalent formulation of criterion (B.2):

ts &

√
15

4πGρc
. (B.3)

In order to describe the motion of a mass shell in the contracting cloud (located initially at
r0), we take the Euler equation in the Lagrangian frame, i.e.,

du
dt

=
1

ρc
Fext , (B.4)

with gravity as the only considered external force,

Fext = −GM(r)ρc
r2

êr . (B.5)

Multiplication of Eq. (B.4) with êr yields

d2r

dt2
= −4

3

πGr3
0ρc

r2
. (B.6)
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Switching now to normalized quantities,

x := r/r0 , τ := t/tff , tff :=
√

3π/32Gρc , (B.7)

we have for Eq. (B.6)
d
dx
ẋ2 = − π2

4x2
. (B.8)

Using the initial conditions x(τ = 0) = 1 and ẋ(τ = 0) = 0, Eq. (B.8) can be integrated to
yield

ẋ = −π
2

(
1

x
− 1

)1/2

. (B.9)

Note the minus sign, which has been chosen to indicate the collapse. When substituting
x = cos2 θ, the equation simplifies further to

cos2 θ θ̇ =
π

4
, (B.10)

which is straightforward to integrate, using the corresponding initial condition θ(τ = 0) = 0 ,

θ

2
+

1

4
sin 2θ =

πτ

4
. (B.11)

The shell reaches the center when x = 0, or, equivalently, when θ = π/2. Equation (B.11)
states that this is fulfilled (for all r0) if τ = 1. According to Eq. (B.7), the duration of the
collapse is therefore exactly given by

tff =

√
3π

32Gρc
, (4.38)

the so-called free-fall time. Equation (B.3) now tells us that collapse sets in when the sound-
crossing time is of the order of the free-fall time or larger, namely

ts &
2
√

10

π
tff ' 2tff . (B.12)



Appendix CSource code of the
Cloudy-Ramses
interface Cloudses

1 program read_cloudy
2 implicit none
3
4 integer : : nbin_T_cloudy , nbin_nH_cloudy , nbin_T2_ramses , nbin_nH_ramses
5 integer : : i , j , k , l , ii , ihx , ihy
6 real ( kind =8) : : nH_min_cloudy , nH_max_cloudy , T_min_cloudy , T_max_cloudy
7 real ( kind =8) : : nH_min_ramses , nH_max_ramses , T2_min_ramses , T2_max_ramses
8 real ( kind =8) : : Y , binsize_T2_ramses , Z , binsize_nH_ramses
9 real ( kind =8) : : cool_eps , heat_eps , T2_eps

10 real ( kind =8) : : zz , nHE_cloudy , nHE , nMetal_cloudy , nMetal
11 real ( kind =8) : : wxa , wxb , wya , wyb , yy , dyy
12
13 real ( kind=8) , dimension ( : , : ) , allocatable : : cool_cloudy , heat_cloudy , ne_cloudy
14 real ( kind=8) , dimension ( : , : ) , allocatable : : ion1_cloudy , ion2_cloudy , ion3_cloudy
15 real ( kind=8) , dimension ( : , : ) , allocatable : : ion4_cloudy , ion5_cloudy
16 real ( kind=8) , dimension ( : , : ) , allocatable : : mu_cloudy , T2_cloudy
17 real ( kind=8) , dimension ( : ) , allocatable : : T_cloudy , nH_cloudy , var
18
19 real ( kind=8) , dimension ( : , : ) , allocatable : : cool_ramses , heat_ramses , mu_ramses
20 real ( kind=8) , dimension ( : , : ) , allocatable : : cool_prime_ramses , heat_prime_ramses
21 real ( kind=8) , dimension ( : , : , : ) , allocatable : : spec_ramses
22 real ( kind=8) , dimension ( : ) , allocatable : : T2_ramses
23 character ( len=128) : : fname
24 integer : : ierr
25
26
27 ! Header and input file selection
28 write (6 , ’(a)’ ) ’::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ’
29 write (6 , ’(a)’ ) ’::: Welcome to CloudSES -- A Cloudy -RAMSES interface ::: ’
30 write (6 , ’(a)’ ) ’::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ’
31 ! ==============================
32
33 do
34 write (6 , ’(a)’ , advance=’no’ ) ’Please enter the full path of your Cloudy output file: ’
35 read (5 ,∗ ) fname
36 open (99 , file=fname , status=’unknown ’ , form=’formatted ’ )
37 rewind 99
38 !read readshift , metal , Y
39 read (99 ,∗ , iostat=ierr ) zz , zz , zz
40 if ( ierr . ne . 0 ) then
41 write (∗ ,∗ ) ’*** File does not exist *** ’
42 cycle
43 else
44 exit
45 endif
46 enddo
47
48
49 read (99 ,∗ ) nbin_nH_cloudy , nH_min_cloudy , nH_max_cloudy
50 read (99 ,∗ ) nbin_T_cloudy , T_min_cloudy , T_max_cloudy
51 print ∗ , nbin_nH_cloudy , nH_min_cloudy , nH_max_cloudy
52 print ∗ , nbin_T_cloudy , T_min_cloudy , T_max_cloudy

153
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53
54 allocate ( T_cloudy ( nbin_T_cloudy ) , nH_cloudy ( nbin_nH_cloudy ) )
55 allocate ( cool_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) , heat_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) )
56 allocate ( ion1_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) , ion2_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) )
57 allocate ( ion3_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) , ion4_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) )
58 allocate ( ion5_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) , ne_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) )
59
60 read (99 ,∗ ) ( T_cloudy ( ii ) , ii=1, nbin_T_cloudy )
61 print ’(2(1x,1 pe10 .4)) ’ , T_cloudy ( 1 ) , T_cloudy ( nbin_T_cloudy )
62 print ∗
63
64 ! allocate carrier variable var
65 allocate ( var ( nbin_T_cloudy ) )
66 do i=1, nbin_nH_cloudy
67 read (99 ,∗ ) nH_cloudy ( i )
68 print ∗ , ’nH ’ ,i , nH_cloudy ( i )
69 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
70 cool_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
71 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
72 heat_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
73 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
74 ion1_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
75 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
76 ion2_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
77 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
78 ion3_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
79 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
80 ion4_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
81 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
82 ion5_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
83 read (99 ,∗ ) ( var ( ii ) , ii=1, nbin_T_cloudy )
84 ne_cloudy (i , : nbin_T_cloudy)=var ( : nbin_T_cloudy )
85 enddo
86 close (99)
87
88
89 !! T_cloudy and nH_cloudy are already in log
90 cool_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( cool_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
91 heat_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( heat_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
92 ion1_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( ion1_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
93 ion2_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( ion2_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
94 ion3_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( ion3_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
95 ion4_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( ion4_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
96 ion5_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy)=log10 ( ion5_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
97 ne_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) =log10 ( ne_cloudy ( : nbin_nH_cloudy , : nbin_T_cloudy ) )
98
99

100
101 ! ==============================
102 Y=0.2806 d0
103 Z=0.0129 d0
104 nHE_cloudy=0.1d0
105 ! summed from Sect. 7.1, Table 9 in Cloudy manual :
106 nMetal_cloudy=0.001 d0
107 ! ==============================
108
109
110 allocate ( mu_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) )
111 allocate ( T2_cloudy ( nbin_nH_cloudy , nbin_T_cloudy ) )
112
113
114 ! Compute molecular weight for each density and temperature combination
115 do i=1, nbin_nH_cloudy
116 do j=1, nbin_T_cloudy
117 nHE =nHE_cloudy ∗10 . d0∗∗ nH_cloudy ( i )
118 nMetal=nMetal_cloudy ∗10 . d0∗∗ nH_cloudy ( i )
119 mu_cloudy (i , j )=10. d0∗∗ nH_cloudy ( i ) / ( 1 . d0−Y−Z)/&
120 & (10 . d0∗∗ ne_cloudy (i , j )+10. d0∗∗ nH_cloudy ( i)+nHE+nMetal )
121 ! convert temperature to 2D array; as in RAMSES , T2=T/mu!
122 T2_cloudy (i , j)=log10 ( 10 . d0∗∗ T_cloudy ( j )/ mu_cloudy (i , j ) )
123 end do
124 end do
125
126 ! ==============================
127 nbin_T2_ramses=nbin_T_cloudy
128 nbin_nH_ramses=nbin_nH_cloudy
129 nH_min_ramses=10.d0∗∗ nH_min_cloudy
130 nH_max_ramses=10.d0∗∗ nH_max_cloudy
131 T2_min_ramses=10.d0 ∗∗( minval ( T2_cloudy ) )
132 T2_max_ramses=10.d0 ∗∗( maxval ( T2_cloudy ) )
133 ! ===============================
134
135 allocate ( T2_ramses ( nbin_T2_ramses ) , cool_ramses ( nbin_nH_ramses , nbin_T2_ramses ) )
136 allocate ( heat_ramses ( nbin_nH_ramses , nbin_T2_ramses ) , spec_ramses ( nbin_nH_ramses , nbin_T2_ramses , 6 ) )
137 allocate ( mu_ramses ( nbin_nH_ramses , nbin_T2_ramses ) )
138
139 allocate ( cool_prime_ramses ( nbin_nH_ramses , nbin_T2_ramses ) )
140 allocate ( heat_prime_ramses ( nbin_nH_ramses , nbin_T2_ramses ) )
141
142
143 ! Compute binning size of RAMSES T2 data (log space)
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144 binsize_T2_ramses=(log10 ( T2_max_ramses)−log10 ( T2_min_ramses ) )/ dble ( nbin_T2_ramses−1)
145 binsize_nH_ramses=(log10 ( T2_max_ramses)−log10 ( T2_min_ramses ) )/ dble ( nbin_T2_ramses−1)
146 write (∗ ,∗ ) "I suggest to choose the following parameters in RAMSES ( linear and log ): "
147 write (∗ ,∗ ) " nH_min_fix = " , nH_min_ramses , log10 ( nH_min_ramses )
148 write (∗ ,∗ ) " nH_max_fix = " , nH_max_ramses , log10 ( nH_max_ramses )
149 write (∗ ,∗ ) " nbin_n_fix = " , nbin_nH_ramses
150 ! write (* ,*) " binsize_nH =" ,10. d0** binsize_nH_ramses , binsize_nH_ramses
151 write (∗ ,∗ ) " T2_min_fix = " , T2_min_ramses , log10 ( T2_min_ramses )
152 write (∗ ,∗ ) " T2_max_fix = " , T2_max_ramses , log10 ( T2_max_ramses )
153 write (∗ ,∗ ) " nbin_T_fix = " , nbin_T2_ramses
154 ! write (* ,*) " binsize_T2 =" ,10. d0** binsize_T2_ramses , binsize_T2_ramses
155 do l=1, nbin_T2_ramses
156 T2_ramses ( l)=log10 ( T2_min_ramses)+dble (l−1)∗binsize_T2_ramses
157 end do
158
159
160
161 ! ==============================
162 ! Interpolate Cloudy values on Ramses cooling grid
163 do k=1, nbin_nH_ramses
164 do l=1, nbin_T2_ramses
165
166 ihx=k
167
168 yy=T2_ramses ( l )
169 dyy=yy−T2_cloudy ( ihx , 1 )
170 dyy=dyy /( T2_cloudy ( ihx , nbin_T_cloudy)−T2_cloudy ( ihx , 1 ) )
171 dyy=dyy∗dble ( nbin_T_cloudy−1)
172 ihy=int ( dyy)+1
173 ihy=MAX ( ihy , 1 )
174 ihy=MIN ( ihy , nbin_T_cloudy−1)
175
176 wya=(yy−T2_cloudy ( ihx , ihy ) ) /( T2_cloudy ( ihx , ihy+1)−T2_cloudy ( ihx , ihy ) )
177 wyb=(T2_cloudy ( ihx , ihy+1)−yy )/ ( T2_cloudy ( ihx , ihy+1)−T2_cloudy ( ihx , ihy ) )
178
179 cool_ramses (k , l)=cool_cloudy ( ihx , ihy )∗ wyb + cool_cloudy ( ihx , ihy+1)∗wya
180 heat_ramses (k , l)=heat_cloudy ( ihx , ihy )∗ wyb + heat_cloudy ( ihx , ihy+1)∗wya
181
182 mu_ramses (k , l)=mu_cloudy ( ihx , ihy )∗ wyb + mu_cloudy ( ihx , ihy+1)∗wya
183
184 spec_ramses (k , l ,1)= ne_cloudy ( ihx , ihy )∗ wyb + ne_cloudy ( ihx , ihy+1)∗wya
185 spec_ramses (k , l , 1 )=10. d0∗∗ spec_ramses (k , l , 1 ) ∗ 1 0 . d0∗∗ nH_cloudy ( k )
186 spec_ramses (k , l ,2)= ion1_cloudy ( ihx , ihy )∗ wyb + ion1_cloudy ( ihx , ihy+1)∗wya
187 spec_ramses (k , l , 2 )=10. d0∗∗ spec_ramses (k , l , 2 ) ∗ 1 0 . d0∗∗ nH_cloudy ( k )
188 spec_ramses (k , l ,3)= ion2_cloudy ( ihx , ihy )∗ wyb + ion2_cloudy ( ihx , ihy+1)∗wya
189 spec_ramses (k , l , 3 )=10. d0∗∗ spec_ramses (k , l , 3 ) ∗ 1 0 . d0∗∗ nH_cloudy ( k )
190
191 nHE=nHE_cloudy ∗10 . d0∗∗ nH_cloudy ( k )
192 spec_ramses (k , l ,4)= ion3_cloudy ( ihx , ihy )∗ wyb + ion3_cloudy ( ihx , ihy+1)∗wya
193 spec_ramses (k , l , 4 )=10. d0∗∗ spec_ramses (k , l , 4 )∗ nHE
194 spec_ramses (k , l ,5)= ion4_cloudy ( ihx , ihy )∗ wyb + ion4_cloudy ( ihx , ihy+1)∗wya
195 spec_ramses (k , l , 5 )=10. d0∗∗ spec_ramses (k , l , 5 )∗ nHE
196 spec_ramses (k , l ,6)= ion5_cloudy ( ihx , ihy )∗ wyb + ion5_cloudy ( ihx , ihy+1)∗wya
197 spec_ramses (k , l , 6 )=10. d0∗∗ spec_ramses (k , l , 6 )∗ nHE
198 end do
199 end do
200
201
202 ! first , interpolate cooling and heating to T2_eps , then ,
203 ! calculate derivatives of cooling and heating
204 do k=1, nbin_nH_ramses
205 do l=1, nbin_T2_ramses
206
207 T2_eps=T2_ramses ( l )+0.01 d0 ! <<< since T2_ramses (l) already in log
208
209 ihx=k
210 yy=T2_eps
211 dyy=yy−T2_cloudy ( ihx , 1 )
212 dyy=dyy /( T2_cloudy ( ihx , nbin_T_cloudy)−T2_cloudy ( ihx , 1 ) )
213 dyy=dyy∗dble ( nbin_T_cloudy−1)
214 ihy=int ( dyy)+1
215 ihy=MAX ( ihy , 1 )
216 ihy=MIN ( ihy , nbin_T_cloudy−1)
217
218 wya=(yy−T2_cloudy ( ihx , ihy ) ) /( T2_cloudy ( ihx , ihy+1)−T2_cloudy ( ihx , ihy ) )
219 wyb=(T2_cloudy ( ihx , ihy+1)−yy )/ ( T2_cloudy ( ihx , ihy+1)−T2_cloudy ( ihx , ihy ) )
220
221 cool_eps=cool_cloudy ( ihx , ihy )∗ wyb + cool_cloudy ( ihx , ihy+1)∗wya
222 cool_prime_ramses (k , l)=( cool_eps − cool_ramses (k , l ) ) /0 . 01 d0
223
224 heat_eps=heat_cloudy ( ihx , ihy )∗ wyb + heat_cloudy ( ihx , ihy+1)∗wya
225 heat_prime_ramses (k , l)=( heat_eps − heat_ramses (k , l ) ) /0 . 01 d0
226 end do
227 end do
228
229
230 ! ==============================
231 ! create compatible input file for RAMSES
232 ! All tables in log except mu and spec
233 open (50 , file=’cooling -table.dat ’ , status=’new ’ , form=’unformatted ’ )
234 write (50) nbin_nH_ramses , nbin_T2_ramses
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235 write (50) nH_min_ramses , nH_max_ramses
236 write (50) T2_min_ramses , T2_max_ramses
237 write (50) nH_cloudy
238 write (50) T2_ramses
239 write (50) cool_ramses
240 write (50) heat_ramses
241 ! write (50) metal_ramses
242 write (50) spec_ramses
243 write (50) mu_ramses
244 write (50) cool_prime_ramses
245 write (50) heat_prime_ramses
246 ! write (50) metal_prime_ramses
247 close (50)
248
249
250 deallocate ( T_cloudy , nH_cloudy , cool_cloudy , heat_cloudy , ion1_cloudy , ion2_cloudy , ion3_cloudy )
251 deallocate ( ion4_cloudy , ion5_cloudy , ne_cloudy , mu_cloudy , T2_cloudy )
252 deallocate ( T2_ramses , cool_ramses , heat_ramses , spec_ramses , mu_ramses , cool_prime_ramses )
253 deallocate ( heat_prime_ramses , var )
254
255 end program read_cloudy
256 ! ##############################################################################################



Acronyms

In the following list, the numbers in parantheses correspond to the pages on which the
acronyms are introduced.

AGB Asymptotic Giant Branch (6)
AMR Adaptive Mesh Refinement (37)
CFL Courant-Friedrichs-Lewy (31)
CG Conjugate Gradient (41)
CIC Cloud-In-Cell (83)
CIE Collisional Ionization Equilibrium (14)
CMB Cosmic Microwave Background (7)
CNM Cold Neutral Medium (3)
COBE COsmic Background Explorer (6)
CT Constrained Transport (146)
DIG Diffuse Ionized Gas (4)
DXL Diffuse X-rays from the Local galaxy (17)
DXS Diffuse X-ray Spectrometer (15)
EMF ElectroMotive Force (147)
eROSITA extended ROentgen Survey with an Imaging Telescope Array (13)
ESS Extended Self-Similarity (130)
EUVE Extreme UltraViolet Explorer (15)
FFT Fast Fourier Transform (41)
FUSE Far Ultraviolet Spectroscopic Explorer (11)
FVM Finite Volume Method (26)
GPU Graphics Processing Unit (22)
HIM Hot Intercloud Medium (3)
HIPPARCOS HIgh-Precision PARallax COllecting Satellite (12)
HLL Harten, Lax, van Leer (34)
HLLC Harten, Lax, van Leer, Contact (35)
IBEX Interstellar Boundary EXplorer (17)
IMF Initial Mass Function (18)
INTEGRAL INTErnational Gamma-Ray Astrophysics Laboratory (90)
IRAS InfraRed Astronomical Satellite (4)
ISM InterStellar Medium (1)
LB Local Bubble (11)
LCC Lower Centaurus-Crux (18)
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LISC Local InterStellar Cloud (17)
LISM Local InterStellar Medium (11)
LSR Local Standard of Rest (74)
MHD MagnetoHydroDynamics (8)
MM Molecular Medium (69)
MPI Message Passing Interface (22)
MRI Magneto-Rotational Instability (80)
MUSCL Monotone Upstream-centered Scheme for Conservation Laws (32)
NEI NonEquilibrium Ionization (15)
NPS North Polar Spur (16)
OT Orszag-Tang (44)
PAH Polycyclic Aromatic Hydrocarbons (6)
PDF Probability Density Function (52)
PMM Particle-Mesh Method (83)
Ramses Raffinement Adaptatif de Maillage Sans Effort Suhumain (22)

(in English: Adaptive mesh refinement without too much effort)
RASS ROSAT All-Sky Survey (12)
ROSAT ROentgen SATellit (12)
SB SuperBubble (3)
SN SuperNova (2)
SNR SuperNova Remnant (3)
SOR Successive Over-Relaxation (83)
SPH Smoothed-Particle Hydrodynamics (66)
SXR Soft X-ray (2)
TVD Total Variation Diminishing (32)
UCL Upper Centaurus-Lupus (18)
US Upper Scorpius (18)
UV UltraViolet (2)
VLISM Very Local InterStellar Medium (16)
WHAM Wisconsin Hα Mapper (62)
WIM Warm Ionized Medium (3)
WNM Warm Neutral Medium (3)
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