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Zusammenfassung
Die Analyse komplexer strömungsmechanischer Phänomene basiert auf
experimentellen und numerischen Untersuchungen. Beide Ansätze liefern
nutzbare Ergebnisse, jedoch kein vollständiges, exakt übereinstimmendes
Bild einer zu untersuchenden Strömung. Experimentelle Daten sind meist
unvollständig, da nicht alle Zustandsgrößen zugänglich sind, während
die Ergebnisse von Simulationen von Rand- und Anfangsbedingungen
abhängen, die üblicherweise nicht mit den realen Strömungsbedingungen
übereinstimmen. Um ein vollständiges Bild eines realen Strömungszu-
standes zu erhalten, können beide Ansätze in Form einer Datenassimila-
tion kombiniert werden.
Der Fokus der vorliegenden Arbeit liegt in der Herleitung und der Imple-
mentierung eines auf adjungierten Gleichungen basierenden Rahmenpro-
gramms zur Datenassimilation in kompressiblen Strömungen. Numerische
Simulationen sollen an experimentelle Daten angepasst werden, um nicht
gemessene Größen und weitere Informationen aus dem numerischen Ergeb-
nis zu gewinnen.
Die Herleitung der adjungierten Gleichungen, deren Implementierung und
Anwendung sowie einige einführende Beispiele werden präsentiert. Das
Rahmenprogramm wird validiert und auf ein aktuelles Problem der Ström-
ungsmechanik, der Druckbestimmung aus Geschwindigkeitsdaten, ange-
wandt. Die Arbeit schließt mit der experimentellen Untersuchung eines
Freistrahls mittels particle image velocimetry und der Anwendung des
Datenassimilationsprogramms zur Bestimmung des Drucks aus den ge-
wonnenen Geschwindigkeitsfeldern.
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Abstract
The analysis of complex fluid mechanical phenomena is based on exper-
imental and numerical analysis. Both approaches provide suitable data,
but no complete and exactly matching picture of a flow, which is to be
examined. Experimental data are usually incomplete, because not every
state variable is accessible by measurements and numerical solutions are
often affected by initial and boundary conditions which do not match to
the real flow conditions. To obtain a complete set of information of a real
flow state, both approaches can be combined by means of data assimila-
tion.
The focus of the present thesis is the derivation and the implementation
of an adjoint based data assimilation framework for compressible flows.
Numerical simulations are adapted to experimental data, in order to ob-
tain not measured quantities and other information out of the numerical
solution.
The derivation of the adjoint equations, their implementation and appli-
cation as well as several introductory examples are presented. The data
assimilation framework is validated and applied to a current problem in
the field of fluid mechanics, the pressure determination from velocity data.
The thesis concludes with the experimental investigation of a free jet us-
ing particle image velocimetry and the application of the data assimilation
framework to determine the instantaneous pressure based on the obtained
velocity fields.
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To provide a quick overview on the computational setups of the various
data assimilation computations a table summarises the most import set-
tings for each case:
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In the first columns the resolution of the employed computational grid is
stated. The fourth entry provides information on the order of the em-
ployed spatial discretisation scheme. The following three columns contain
information on the time step, their overall number and the order of the
time integration scheme. In the last columns the measurement variables σ
and the quantities which are assimilated θ are specified. The indices Ω and
dΩ indicate whether volumetric data or boundary terms are mentioned.
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General Objectives of this Thesis

Fluid mechanical analysis is based on three pillars: theory, experiment
and numerical simulation. Each provides advantages and disadvantages
for certain applications. For complex fluid dynamic problems experiments
and numerical analyses are used side by side. Their interaction is usually
limited to the comparison of the results and the numerical post-processing
of experimental data. Generally, both approaches provide not perfectly
matching results. Agreement is found only in an integral or averaged
sense.

In experiments no modelling and simplifying assumptions apart from
re-scaling are necessary, as a real flow is analysed. However, experiments
suffer from measurement noise and influences of the measurement tech-
nique on the flow field, e.g. by probes. There are also strong restrictions
on measurable quantities. Generally, only a subset of quantities is exper-
imentally accessible.

Numerical studies on the other hand provide complete state informa-
tion, not affected by noise or other interferences. The quality of the results
depends on the employed mathematical models and the chosen discreti-
sation. Current computational resources and methods allow appropriate
simulations of real flows, at least for small subsystems. However, the
computational fluid dynamic often suffers from complex and unknown
boundary/initial conditions, e.g. a turbulent inflow.

For a full and reliable analysis of instantaneous flow phenomena the
combination of both methods by means of data assimilation is required.
Thus the objective of this thesis is the

Combination of experimental and numerical analysis to obtain reliable
and complete information of a real flow.

The considerations in this thesis are focused on compressible flows.
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Specific Objectives and Outline

The goals of this thesis can be summarised in short as:

1. The derivation of a data assimilation framework for compressible
flows

2. The application to a current problem in the field of fluid mechanics,
here the pressure determination from PIV data, including

• validation on synthetic data

• application on experimental data

To achieve the goals the thesis is split into two parts.

In the first part a data assimilation framework for compressible flows is
derived. After discussion and choice of a suitable approach the governing
equations are presented. Afterwards the corresponding adjoint equations
are derived and implemented in the framework. The part closes with three
basic examples allowing an assessment of the technique.

In the second part the framework is applied for pressure determination
from particle image velocimetry data. The state of the art is discussed
and the data assimilation technique is put into context. After an extensive
validation the derived framework is applied to real experimental data of
a compressible flow configuration.

Numerical validations and descriptions of carried out experiments are
stated in the appendix.

2



Part I.

Data Assimilation in
Compressible Flows
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1. Introduction

1.1. Data Assimilation

The process of incorporating observations into a mathematical model of a
real system is known as data assimilation. It aims to find a state among
all possible states of a considered model that matches observations in an
optimal sense. Applications are known from many fields, e.g. meteorology,
climatology, oceanography, geography and control engineering. Among
these the best known is weather forecasting. Sparse observations from
measuring stations are used to predict the state of the atmosphere at
a location where no measurements are available. Starting from such an
optimal state, usually referred as analysis, the change of the weather is
estimated based on the physical understanding of the governing processes.
Also common are the parameter estimation for creation of realistic models
and reconstruction purposes. The latter aims at an advanced analysis of
a real system by means of a mathematical model, which matches the
objective of this work.

For data assimilation two main approaches can be identified: stochastic
filtering and variational methods. Both involve different techniques:

• Stochastic filtering (estimation theory)

– Best linear unbiased estimator (BLUE)

– Kalman filter (various types)

– Non-linear filters

• Variational approaches (control theory)

– 3DVar

– 4DVar

4



1.1. Data Assimilation

(a) (b)

Figure 1.1.: (a): Sequential data assimilation procedure. The correction
of the model state (analysis step) is determined based on the
observations.
(b): Temporal data assimilation procedure. The model itself
is adapted in order to match the observations.

Also simple interpolations, Baysian priors and complex semi-empirical
models, like RANS or LES, can be considered as data assimilation tech-
niques.

In stochastic filtering approaches the system state is estimated in a se-
quential manner, meaning time step by time step. The correction is com-
puted based on the observations and statistical considerations. Variational
approaches estimate the system state in a temporal manner. Parameters
of the system are chosen that the distance between the system state and
the observations is minimal. See Fig. 1.1 for explanatory sketches.

1.1.1. Kalman Filter

The best known method in the field of stochastic filtering is the Kalman
filter [Kal60]. It addresses the problem of estimating the state q of a
system governed by a linear stochastic equation like

q(ti) =M(ti−1)q(ti−1) + η(ti−1), M ∈ Rn×n, q, η ∈ Rn. (1.1)

5



1.1. Data Assimilation

The operator M denotes the model operator and η the model error. Ob-
servations y of the system are represented by

y(ti) = H(ti)q
t(ti) + ϵ(ti), H ∈ Rm×n, ϵ ∈ Rm, (1.2)

with H as observation operator and ϵ as observation error. The index
t denotes the true state of the system. It is assumed that all errors are
uncorrelated, independent and Gaussian distributed.

The estimation of the system state can be divided in two parts, the
time update and the measurement update. Within the first (propagation
step), the current state and the error covariance are propagated forward
in time.

qb(ti) =M(ti−1)q
a(ti−1) (1.3)

Bb(ti) =M(ti−1)B
a(ti−1)M

T (ti−1) +Q(ti−1), B,Q ∈ Rn×n (1.4)

In the equations b denotes the background state, an a priori estimate of
q based on the model. The process noise covariance is denoted as Q and
the background (state estimate) error covariance as Ba. For the sake of
clarity the choice of initial values for qa and Ba is not discussed.

In the subsequent measurement update (analysis step) the current es-
timate is improved.

K(ti) = Bb(ti)H
T (ti)


H(ti)B

b(ti)H
T (ti) +R(ti)

−1

, R ∈ Rm×m (1.5)

qa(ti) = qb(ti) +K(ti)

y(ti)−H(ti)q

b(ti)


  
update

(1.6)

Ba(ti) = (I −K(ti)H(ti))B
b(ti) (1.7)

Firstly the Kalman gain K is computed. Equation (1.5) shows a common
formulation. Therein R denotes the measurement noise covariance. In the
next step an a posteriori state estimate qa is computed by incorporating
the measurement, also B is updated.

After each update pair the estimation process is repeated in an iterative
manner. In this way a ’good’ estimate of qt on the basis of the considered
model, observations and information about the related errors is found.

All enhancements of the Kalman filter are generally based on the above
procedure. The extended Kalman filter (EKF) generalises the approach

6



1.1. Data Assimilation

to non-linear systems. Model and observation operator are linearised.
The Ensemble Kalman Filter (EnKF) uses an empirical estimation of the
error covariance. Model and observation operator are non-linear. See
[Eve09,GA11] for details.

1.1.2. 4D Var

The 4DVar technique is a common variational approach. It determines
the model trajectory that fits best to observations in time by minimising
the integral formulation

J(q) =
1

2
(q − qb)TB−1(q − qb) (1.8)

+
1

2

 t1

t0

(y(t)−H(q(t)))TR−1(y(t)−H(q(t)))dt,

usually referred to as cost or objective function, by the assimilation of
parameters of the considered model. Within the cost function q(t) corre-
sponds to the mentioned model in a continuous manner, analogue to (1.1)
and y(t) to real observations. For the minimisation an adjoint model is
used to compute the necessary gradient. Details on theoretical aspects of
the approach can be found, for example in [LDT86,BP05]. Its concrete
implementation is stated in detail in Sec. 3.1 as the variational approach
is the method of choice in this work.

A combination of 4D Var and ensemble Kalman filtering was recently
presented in [YRHM15].

1.1.3. Method of Choice

In general, both, the Ensemble Kalman Filter as well as the 4D Var tech-
nique, can be used for data assimilation tasks in compressible flows.
However, in this work the variational approach is employed, because it
offers several advantages for the intended application of pressure deter-
mination from velocity data. It provides a simultaneous assimilation of
all mentioned observations and has no need for statistical models as the
Kalman Filter approach. The more complex implementation issues due to

7



1.1. Data Assimilation

Approach 4DVar EnKF
analysis method simultaneous

assimilation of all
observations

sequential
assimilation of
observations

estimation
method

minimisation of an
objective function

explicit estimation
based on Kalman
gain

statistical model not needed needed (Gaussian)
adjoint method needed not needed

Table 1.1.: Comparison between 4DVar and Ensemble Kalman-Filter.

the need of an adjoint model counts little as good experiences have been
made with the technique at the department, in particular in the thesis of
Schulze [Sch13]. A short tabular comparison of both methods is stated in
Tbl. 1.1. A detailed comparison in the context of weather forecasts can
be found e.g. in [Lor03].

The adjoint technique can also be used for optimisation purposes, ac-
tive flow control, sensitivity analysis and model reduction. Thus its im-
plementation and application promises more analysis options compared
to the filtering approach.

8



2. Computation of
Compressible Flows

2.1. Navier-Stokes Equations

The motion of compressible fluids can be described by the compressible
Navier-Stokes equations. They consist of three non-linear coupled equa-
tions for mass (2.1), momentum (2.2) and energy conservation (2.3) and
are derived by applying Newton’s law to the motion of fluids, see [Sch82]
for details.

In the equations ϱ denotes the density, ui the velocity in direction xi, p
the pressure, es the energy (sensible), λ the heat diffusion coefficient and
T the temperature. The nomenclature is based on [PV05]. The summing
convention applies throughout this work with i, j, k = [1, 2, 3], if not stated
otherwise.

∂ϱ

∂t
+
∂ϱui
∂xi

= 0 (2.1)

∂ϱuj
∂t

+
∂ϱuiuj
∂xi

=
∂σij
∂xi

(2.2)

∂ϱes
∂t

+
∂ϱuies
∂xi

=
∂

∂xi


λ
∂T

∂xi


+ σij

∂ui
∂xj

(2.3)

The term σij in (2.2) and (2.3) corresponds to

σij = −pδij + τij , (2.4)

9



2.2. Numerical Methods

with µ as dynamic viscosity and the stress tensor τij .

τij =


µd −

2

3
µ


∂uk
∂xk

δij +µ


∂ui
∂xj

+
∂uj
∂xi


(2.5)

= −2

3
µ
∂uk
∂xk

δij +µ


∂ui
∂xj

+
∂uj
∂xi


(2.6)

The bulk viscosity is neglected, as µd = 0, since no high frequency phe-
nomena will be discussed, see [GA99] for details. The energy equation
(2.3) is written in terms of sensible (inner) energy, derived from the con-
servation of the total energy et = es +

ujuj

2 by separation of the kinetic
energy, see [PV05].

The set of equations is closed with the ideal gas law

p = ϱ
R

W
T (2.7)

and the molecular mass of air W = 28.96 g/mol, a relation for the Prandtl
number [PV05]

Pr =
µcp
λ

(2.8)

and Sutherland’s law [Sch82] for the viscosity

µ(T ) = µ0


T

T0

 3
2 T0 + S1

T + S1
, (2.9)

with S1 = 110.4 K and µ0 = µ(T0).

2.2. Numerical Methods

This section provides an overview of the applied numerical methods and
implementation issues. In the context of this work two in-house flow
solvers, called PIVR and NSF, are employed.

The PIVR code is based on a straight-forward two-dimensional MatLab
implementation of the aforementioned formulation of the Navier-Stokes
equations and focuses on practical applicability. The NSF solver employs

10



2.2. Numerical Methods

a characteristic decomposition of the Navier-Stokes equations [Ses01], see
Sec. A.2 for more details, and is coded in Fortran. Providing high accuracy
schemes, it is used for validation purposes. The code is subject of constant
monitoring. Therefore, a validation is omitted.

2.2.1. Space Discretisation

The spatial discretisation in both codes is realised by means of finite
difference schemes. In the PIVR code central schemes of second, fourth
and sixth order are implemented. They differ in their stencil width, using
3, 5 or 7 points. See [SK09] for details and Fig. 2.1 for an evaluation. The
NSF code makes use of implicit so called compact schemes. The hyperbolic
parts of the Navier-Stokes equations are discretised by an upwind scheme
of fifth order [AS96], while friction and dissipation terms are discretised
by a central scheme of sixth order.

The implicit schemes aim for high accuracy using a small stencil, see
[Lel92]. Usually they provide lower dissipation rates and a better cap-
turing of short length scales in comparison to standard schemes. The
spectral like properties are obtained in return for a slightly larger demand
on computational resources. In general compact schemes can be written
as

d
r=−c

βj+qq
′
j+r =

b
p=−a

αj+pqj+p, (2.10)

where an approximation of the derivation q′j at point j is added. q′j+r is
obtained by the differentiation of the corresponding Taylor series. Choice
of parameters α and β is based on the consistency condition and the
desired order.

2.2.2. Time Discretisation

The time integration scheme is crucial for accuracy and performance of
the flow solvers. In both codes a one step procedure is employed. The
Runge-Kutta scheme of fourth order is used, as it provides good stability

11



2.2. Numerical Methods

(a) (b)

Figure 2.1.: (a): Order of convergence in space for the implemented
derivatives of second, fourth and sixth order in the PIVR
code.
(b): Order of convergence in time for the employed Runge-
Kutta time integration scheme of fourth order.

properties [SK09] in combination with a small stencil. For the PIVR code
a standard formulation is chosen

qn+1 = qn +
∆t

6
(k1 + 2k2 + 2k3 + k4) (2.11)

k1 = f (tn, qn)

k2 = f


tn +

∆t

2
, qn +

∆t

2
k1


k3 = f


tn +

∆t

2
, qn +

∆t

2
k2


k4 = f (tn +∆t, qn +∆tk3)

with q as quantity to be integrated in time and f as the right hand side.
An assessment of the implementation is shown in Fig. 2.1. The NSF
code makes use of an optimised low-storage five-stage implementation,
see [KCL00].
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2.3. Parallelisation

2.2.3. Filter

In particular on under-resolved grids numerical instabilities can occur,
even if dissipative schemes are used. To avoid this artificial damping can
be added, either by modification of the governing equations or by the ap-
plication of non-central derivation schemes. Also spatial filter schemes are
applicable. Implicit filters, analogous to the compact derivative schemes,
are employed in both codes to filter the primitive variables.

The PIVR code makes use of schemes presented in [VG02],

αq̄j−1 + q̄j + αq̄j+1 =

N
n=0

an
2

(qj+n + qj−n) , (2.12)

with q̄ as the filtered variable. The coefficients an are stated in the refer-
ence, also for the boundary points. The free parameter α controls the dis-
sipation of the scheme and is chosen as 0.35, if not stated otherwise. The
compact filtering schemes employed in the NSF code are based on [Lel92].

2.3. Parallelisation

In the NSF code the computational domain can be decomposed into sub-
domains for parallelisation purposes. Each sub-domain, usually handled
on one separate processor, contains a part of the full Navier-Stokes system
to be solved. The necessary inter-process communication is realised by
means of MPI (message passage interface). Scaling tests are shown in
[Sch13].

The use of implicit finite difference schemes requires the availability of
the data in the mentioned direction on one process. Therefore a special
treatment is applied, called transpose. The required data are re-sorted
between the processes in order to enable an effective computation of the
derivatives. See [Sch13] for details.

The PIVR code is not parallelised.
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2.4. I/O-Performance

2.4. I/O-Performance

The realised numerical implementations of an adjoint based data assimi-
lation places high demands on the I/O-performance of the employed com-
puter systems. Thus particular attention is paid to this point.

On the software side different methods are present to reduce the I/O-
requirements. A simple and efficient method is to store the required data
with a reduced accuracy, while using high accuracy in the computation.
Additionally required fields can be interpolated from stored underresolved
data in time and space. Also check-pointing approaches are common,
which are not pursued in this work. Here, only the first method is applied.

On the hardware side, the I/O-performance is restricted by the storage
system. Modern workstations equipped with SSD drives provide transfer
rates up to 150 MB/s for writing and 500 MB/s for reading. Standard
hard disk drives provide less. Supercomputing centres usually make use
of a shared file systems, like Lustre or BeeGFS. Numerous drives are
combined virtually to one large disk, providing an improved performance
in reading, with up to 5 GB/s in reading. File meta information are
often stored on separate disks. However, these file system are found to be
slow in production, providing transfer rates of about 200 MB/s (HLRN-II
complex), as no exclusive access is possible. For MPI parallelised codes,
special MPI routines can be used, allowing all processes to write in and
read from the same file. Corresponding functions are implemented in the
NSF code, but are not found to improve the transfer rates.

During the work on this thesis two computing cluster were acquired
taking particular account on the I/O performance. Two approaches have
been followed. First a shared file system (FhgFs) is installed and assessed,
showing good performance of up to 1.5 Gb/s transfer rate in reading and
writing. Unfortunately, the file system was found to be unstable, meaning
loss or corruption of data. Thus, a more low level approach is employed.
The clusters are composed of numerous nodes, each equipped with a sep-
arate software RAID 5 system providing transfer rates of about 150 MB/s
and 300 MB/s for writing and reading. Due to the parallelisation of the
employed NSF code a multiplier is found. Depending on the number of
used nodes higher transfer rates can be achieved.

The PIVR code makes no use of disk storage. It is designed to store all
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2.4. I/O-Performance

required values in the random-access memory of the employed computer.
Due to its concrete implementation, explained in Sec. 6.3.1, the resulting
restrictions in space and time resolution are found to be acceptable.
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3. Adjoint Based Data
Assimilation

3.1. Adjoint Approach

Adjoint equations can be defined in a continuous or discrete manner. For
the sake of simplicity they are introduced discrete, as in [GP00]. The
adjoint Navier-Stokes equations, used for the data assimilation framework,
will be derived in continuous form. The section follows in parts [LRS14].

The adjoint equations arise by a so called objective function J . It is
defined by the product between a geometric weight g and the system state
q.

J = gT q, g, q ∈ Rn (3.1)

The system state corresponds to the solution of equation

Aq = f, A ∈ Rn×n, f ∈ Rn (3.2)

with A as governing operator and f as source terms on the right hand side.
In terms of an optimisation/minimisation of J with help of f the equation
has to be solved for every different f . To reduce the computational effort,
the adjoint equation can be used

AT q∗ = g, (3.3)

with the adjoint variable q∗. With

J = gT q =

AT q∗

T
q = q∗TAq = q∗T f (3.4)

an expression is found, which enables the computation of J without the
need to solve the system for every discrete f . By defining the adjoint and
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3.2. Adjoint Navier-Stokes Equations

solution of the corresponding equation the objective can be determined
by a simple and computationally cheap scalar product. Thus, it enables
an efficient determination of global impacts of different forcings f .

If the objective function is non-linear a linearised formulation can be
derived by linearisation around a given base state q = q0 + δq.

J + δJ = gT (q0 + δq) (3.5)

Since the base state is a solution of the considered system

δJ = gT δq (3.6)

is obtained, with change of state δq as solution of Aδq = δf .

3.2. Adjoint Navier-Stokes Equations

The considerations above can be applied to the linearised Navier-Stokes
equations derived from (2.1), (2.2), (2.3) and written as

Nlinδq = δf, Nlin ∈ Rn×n. (3.7)

The adjoint equations arise by adding (3.7) to the linearised objective
function in a Lagrangian manner, with q∗ as Lagrangian multiplier.

δJ = gT δq − q∗T (Nlinδq − δf)  
=0

(3.8)

= q∗T δf + δqT

g −NT

linq
∗ (3.9)

By defining the adjoint state as the solution of

g −NT
linq

∗ = 0 (3.10)

the change of the objective is given by

δJ = q∗T δf. (3.11)

Again the linear change of the objective function becomes independent
from the change of state δq.

17
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Figure 3.1.: Different approaches for the derivation of discrete adjoint
equations. The employed continuous approach of this work is
emphasised by thicker lines. The image bases on [GP00].

3.3. Continuous and Discrete Adjoint
Approach

The discrete version of (3.10) can be derived in different ways. In the so
called discrete approach the partial differential equations are discretised
in a first step. Then, the resulting equations (or operators) are trans-
posed, which end up as the adjoint equations. In the continuous approach
the discretisation is the last step. Before, the differential equations are
linearised and employed to derive the corresponding adjoint. Also a mid-
dle way is possible by linearisation of the direct equations, discretisation
and subsequent formation of the adjoint. The different approaches are
sketched in Fig. 3.1.
Despite the discretisation errors all approaches are consistent and appli-

cable for an adjoint based data assimilation. However, implemented in a
solver, both will deliver different results. Each approach has its advan-
tages, as discussed in [GP00,CTO+13].

The main advantage of the discrete approach is that the resulting oper-
ator has the same eigenvalues as the governing system, which has benefits
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3.4. Continuous Derivation of Adjoint Navier-Stokes Equations

for iterative solvers. Furthermore, the exact gradient of the discrete direct
equations is obtained, irrespective of implementation issues or necessary
procedures, like flux limiters.

The continuous approach on the other hand provides a clearer inter-
pretation of the adjoint variables and corresponding boundary conditions.
Every resulting term can be traced individually. The approach also re-
quires less memory, as no operator has to be stored and transposed. The
latter is favourable in particular for compressible flow solvers, which often
make use of matrix-/operator-free implementation, where no operators are
available. Implementation issues can be handled easily, as the structure
of the adjoint equations corresponds to the governing direct equations.
No special discretisation and parallelisation procedures have to be imple-
mented.

In this work the continuous approach is used to derive the discrete
adjoint Navier-Stokes equations. Matrix-free codes will be employed.

3.4. Continuous Derivation of Adjoint
Navier-Stokes Equations

To follow the continuous adjoint approach the Navier-Stokes equations
have to be linearised. Therefore the set of equations (2.1), (2.2) and (2.3)
is rewritten

∂t

 ϱ
ϱuj
p

γ−1

+ ∂xi

 ϱui
ϱuiuj + pδij

uipγ
γ−1

− ui∂xi

0
0
p

 =

 fϱ
fϱuj

fp

 (3.12)

and abbreviated as
∂ta+ ∂xi

bi + Ci∂xi
c = f. (3.13)

The energy equation is formulated in terms of pressure, assuming cv is
not temperature-dependent, see [LRS14]. Ci is Ci

αβ = −uiδα,d+2δβ,d+2.
For the sake of clarity diffusion and friction terms are neglected. The
treatment of these terms is shown in Sec. A.1.1. The set of equations acts
on space and time. The forcing f is defined for each time step. Thus, it
is also a function in space and time.
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3.4. Continuous Derivation of Adjoint Navier-Stokes Equations

Linearisation with respect to the actual system state q = [ϱ, uj , p] lead
to equation

∂t
∂aα
∂qβ
A

δqβ + ∂xi

∂bα
∂qβ
Bi

δqβ + Ci∂xi
δqβ + δCi∂xi

cβ = δf (3.14)

with δq = [δϱ, δuj , δp] as solution. The resulting matrices are listed in
Sec. A.1.1.

To derive the adjoint equations the linearised Navier-Stokes equations
are added to the integral objective with a multiplier q∗ in a Lagrangian
manner. dΩ = Vdt = dxidt is the space-time measure. The integration
limits are t0 and tend in time and xi = x0 and xi = Li in space, corre-
sponding to the considered time-span and the spatial boundaries of the
mentioned problem.

δJdΩ =


gT δqdΩ (3.15)

−


q∗T

∂tAδq + ∂xiB

iδq + Ci∂xiδq + δCi∂xic− δf
  

=0

dΩ

To make the change of the objective function δJ independent of δq as
above, the equations are integrated by parts

δJdΩ =


δqT gdΩ (3.16)

+


δqTAT∂tq

∗dΩ −


δqTAT q∗dxi

t=tend

t=t0

+


δqTBiT∂xi

q∗dΩ −


δqTBiT q∗dt

xi=Li

xi=xi,0

+


δqT∂xi

CiT q∗dΩ −


δqTCiT q∗dt

xi=Li

xi=xi,0

−


δqT C̃i∂xi
c

+


q∗T δfdΩ.
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3.4. Continuous Derivation of Adjoint Navier-Stokes Equations

Therein C̃i corresponds to the resorting q∗αδCi
αβ∂xicβ = q∗αδqκ

∂Ci
αβ

∂qκ
∂xicβ ,

which is abbreviated as δqκC̃i
κβ∂xi

cβ .
δJdΩ =


q∗T δfdΩ (3.17)

+


δqT


g +AT∂tq

∗ +BiT∂xiq
∗ + ∂xiC

iT q∗ − C̃i∂xic


  
I

dΩ

−


δqTAT q∗dxi

t=tend

t=t0  
II

−


δqTBiT q∗dt

xi=Li

xi=xi,0

−


δqTCiT q∗dt

xi=Li

xi=xi,0  
III

The dependence of δq is removed by demanding I = 0. This gives rise to
the adjoint equations

∂tq
∗ = −AT−1

BiT∂xiq
∗−AT−1

∂xiC
iT q∗+AT−1

C̃i∂xic−AT−1
g, (3.18)

which are structurally identical to the governing direct equations. The
Terms II and III correspond to the adjoint initial- and boundary condi-
tions and also have to vanish, which will be discussed below.

Finally, the change of the objective function is given by
δJdΩ =


q∗T δfdΩ, (3.19)

which can be interpreted as a gradient or sensitivity information. More
details are given in Sec. 3.6.

An extension of the adjoint equations for reactive flows is shown in
[LRS13,LRS14]. The adjoint equations for the Navier-Stokes formulation
employed in the NSF code are derived in [LSS11, LS13, LSS14, LS]. The
implementation is based on [Sch13] and adapted in this work. Details are
given in Sec. A.2.
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3.4. Continuous Derivation of Adjoint Navier-Stokes Equations

3.4.1. Initial Conditions

The adjoint system is well-posed only if the adjoint initial state is de-
fined at the end of the considered time span and the system is integrated
backwards in time, see [GP00]. This can be comprehended by demanding
expression II to be zero.

II = −


δqTAT q∗dxi


t=tend

+


δqTAT q∗dxi


t=t0

!
= 0 (3.20)

The right term vanishes as the initial condition of the direct system is
fixed and δq(xi, t = t0) = 0 holds. In the left expression the change of
state δq(xi, t = tend) is arbitrary. To vanish the term, the adjoint state
has to be chosen as q∗(t = tend) = 0. Thus the temporal (initial) condition
of the adjoint system is given at final time.

3.4.2. Boundary Conditions

The derivation of adjoint boundary conditions depends on the correspond-
ing conditions of the direct problem. In this work two cases will be dis-
cussed: a slip wall and a non-reflecting boundary condition, as both con-
vey an adequate understanding of the general procedure. For a detailed
discussion see [GP97,GP00].

Slip wall In the direct problem a slip wall condition is defined by the
wall normal velocity un = 0.

The corresponding adjoint condition results from demanding term III
to be zero.

III = −


δqT

BiT + CiT


q∗dt


xi=Li

(3.21)

+


δqT


BiT + CiT


q∗dt


xi=xi,0

!
= 0
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3.4. Continuous Derivation of Adjoint Navier-Stokes Equations

For the sake of clarity a one-dimensional setup is considered in the follow-
ing. The integral expression δqT


BiT + CiT


q∗ simplifies to


δϱ, 0, δp

0 0 0

ϱ 0
p

γ − 1
0 1 0


ϱ∗u∗
p∗

 = δp · u∗ (3.22)

using u = 0 and δu = 0. The remaining term vanishes by setting u∗ = 0,
which defines the adjoint boundary condition. The derivation in more
dimensions is straight forward.

Non-reflecting The adjoint equivalent for a non-reflecting boundary con-
dition is a non-reflecting condition for the adjoint variables. Otherwise
reflections of the adjoint variables would predict sensitivities on the ob-
jective function, which the direct system does not provide.

Adjoint non-reflecting boundary conditions can be derived in the same
manner as for the direct equations, where characteristic formulations are
common [Tho87,Ses01,SS06]. In general, those conditions are based on a
decomposition of the flow field and projection onto characteristics. While
outgoing waves are given by the computational domain, incoming waves
are chosen to introduce no additional disturbances. See [Tho87,PL92] for
details. Other approaches like the perfect matched layer (PML) will not
be discussed.

For the derivation of an adjoint non-reflecting boundary condition the
adjoint equation (3.18) is rewritten in linear form

∂tq
∗ +AT−1

BiT∂xi
q∗ +AT−1

CiT∂xi
q∗  

=Zi∂xi
q∗

= 0. (3.23)

The inhomogeneous parts are dropped. The eigenvalues of the resulting
operators Zi are

eig

Zi

= diag (Λ) =

ui + c : 1
ui − c : 1
ui : d

 . (3.24)
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3.4. Continuous Derivation of Adjoint Navier-Stokes Equations

They are equal to the governing operators of the direct system. Behind
the colons the multiplicity of the eigenvalues is stated.

For the sake of simplicity the problem is reduced to one dimension for
the following considerations. Comments on more dimension are stated
below.

An eigendecomposition of Z leads to

∂tq
∗ +

e+ e− es


  

=T

u+ c 0 0
0 u− c 0
0 0 u


  

=Λ

 e+e−
es


  
=T−1

∂xq
∗ = 0. (3.25)

The matrices T and T−1 contain the right ej and the left ej eigenvectors of
Z, corresponding to the acoustic (+,–) and the entropy (s) characteristics.
Due to scaling bi-orthonormality ej · ei = δij holds.

The perturbation of the adjoint state ∆q∗ = q∗ − q∗0 with respect to a
reference q∗0 is projected onto the resulting characteristic eigenvector base,
see [BT82]. For the adjoint the reference state corresponds to the initial
condition q∗0 = 0.

∆q∗ = ej∆q∗  
=rj

ej (3.26)

According to the desired boundary condition the factors rj can be chosen
depending on the direction of the corresponding waves. For outgoing
waves rj remain unchanged. To avoid incoming waves rj = 0 is chosen.
The modified adjoint state

q̃∗ = q∗0 +∆q∗ (3.27)

contains no more incoming disturbances in a linearised sense. Thus, a
non-reflecting condition is obtained.

The extension to more dimensions is analogous to direct non-reflecting
conditions, see [Hir90]. As the Zi do not have common eigenvalues the
governing equations have to be simplified at the boundaries by introducing
a certain direction k ∈ Rd.

∂tq
∗ + kZi

=K

∂xiq
∗ = 0 (3.28)
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3.5. Adjoint Forcing/Objective Function

Thus, the equations are reduced to a one-dimensional problem. The eigen-
values of K are

eig (K) = diag (Λ) =

u · k + c : 1
u · k − c : 1
u · k : d

 (3.29)

and the boundaries can be handled as stated before. However, the choice
of k is crucial. In this work it is chosen in boundary normal direction.
Implementing k in flow direction is also a common choice.

Sponge layer As well as their direct equivalent, the adjoint non-reflecting
boundary conditions do not provide a perfect non-reflecting behaviour,
in particular for non-linear effects. See [PL92] for a detailed discussion.
Therefore, they are usually combined with a sponge layer.

In this thesis, the sponge layers used for the direct and the adjoint
equations are implemented as an additional forcing term on the right
hand side of the governing equations, e.g. for the adjoint

∂tq
∗ = . . .+ (q∗ − q∗0)σsl(xi). (3.30)

It forces the adjoint system towards a certain reference state q∗0 . Corre-
sponding to the discussion above q∗0 = 0 is chosen. For the direct equa-
tions the initial state is applied as reference q0. The weight σsl controls
the shape and the spatial extent of the sponge, e.g. a quadratic function.
Different power law based functions are discussed in [Man12].

A further discussion on adjoint non-reflecting boundary conditions with
focus on optimisation/data assimilation is given in Sec. 3.7.

3.5. Adjoint Forcing/Objective Function

The adjoint equations are driven by means of an objective function. For
derivation of the corresponding weights g a general formulation of J is
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chosen

J =
1

2


V

tend
t0

(ψ − ψexp)
2
σxi

(xi)σt(t)dΩ (3.31)

≈ 1

2


V

tend
t0

(ψ − ψexp)
2
σxi

(xi)σt(t)∆xi∆t.

The functional is to be evaluated discretely by means of summation.
Therein ψ denotes a fluid mechanical quantity like pressure, velocity or
temperature. ψexp corresponds to desired values given by an experimental
measurement. The numerical simulation is adapted towards these values.
If measurements for multiple quantities are considered, the corresponding
functions are summed.

The spatial weight σxi
defines where J is evaluated. If experimental

data are available σxi
= 1 holds. Outside σxi

is zero. The same holds for
the temporal weight σt. For discrete measurements the weight is chosen
as Dirac delta σxi = δxi,xiexp

. However, to avoid discontinuous excitation
of the adjoint equations, σxi

should be defined by a smooth function, e.g.
a Gaussian distribution. From experience this restriction is not necessary
for σt. The objective function (3.31) is not restricted to be quadratic. By
increasing the power larger deviations are more pronounced.

In general the weight g for the objective function (3.31) can be calcu-
lated by

δJ =
∂J

∂q
δq =


(ψ − ψexp)

∂ψ

∂q
σxi(xi)σt(t)  

=g

δq dΩ. (3.32)

It is defined by the sum of partial derivatives of J with respect to every
primitive computational variable q.

In the following, weights g will be derived for different types of objectives
functions.
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Pressure Since the pressure is used as a computational variable g results
in

∂J

∂p
δp =


(p− ptar)σxi

(xi)σt(t)  
=gp

δpdΩ. (3.33)

Velocity A corresponding formula is obtained for a velocity based ob-
jective. The summing convention does not apply.

∂J

∂uj
δuj =


(uj − uj,tar)σxi(xi)σt(t)  

=guj

δuj dΩ (3.34)

Temperature Also a temperature based objective function can be con-
sidered. It demonstrates the derivation of g, if the objective function
depends on several primitive computational variables. As the tempera-
ture depends on density ϱ and pressure p, defined by the law of ideal gas,
two adjoint forcing terms result.

∂J

∂ϱ
δϱ = −


(T − Ttar)

pW

Rϱ2
σxi

(xi)σt(t)  
=gTϱ

δϱdΩ (3.35)

∂J

∂p
δp =


(T − Ttar)

W

Rϱ
σxi

(xi)σt(t)  
=gTp

δpdΩ (3.36)

The general objective function (3.31) can be extended by means of a
so called regularisation term, see [Bew01]. The forcing f is added as cost
and weighted with respect to the actual objective by the parameter l.

J = J +
l2

2


(f)

2
dΩ (3.37)

In principal, the regularisation aims to reduce the cost needed for the
minimisation of the objective. However, for the indented application no
physical representation of f is required. First of all, the costs are therefore
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3.6. Adjoint Based Data Assimilation Framework

not important. On the other hand the regularisation leads to a smoother
solution space and therefore to a better convergence behaviour. The regu-
larisation term results in a damping and smoothing of the adjoint solution
and the resulting gradient. Therefore, it prevents strong forcings and in
the end unstable computations.

A corresponding analysis within the framework of a data assimilation
application is shown in Sec. 6.2.9. No significant impact of the regular-
isation is found. The numerical treatment of the adjoint equations by
means of discretisation and filtering, cf. Sec. 2.2, acts like an implicit
regularisation.

3.6. Adjoint Based Data Assimilation
Framework

3.6.1. Adjoint Based Gradient

The adjoint formalism can be used for an efficient determination of high
dimensional gradients, required for the data assimilation procedure. As
stated in Sec. 3.4 the integral change of the objective function δJ and the
change of f are related by the adjoint solution. Evaluation of (3.19) by
means of a pointwise division by δfi leads to

lim
δfi→0

δJ

δfi
= q∗ = ∇fJ = gr, (3.38)

considering infinitesimal small changes. The gradient gr of the objective
function J with respect to the forcing f is given by the adjoint solution. It
provides an optimal direction d to minimise or even maximise the objec-
tive. Therefore it allows an optimal assimilation of f , under the restriction
of the linear governing system.

The gradient is determined for the entire computational domain. To
ensure that flow field inside the measurement region fulfils the Navier-
Stokes equations, f is only adapted outside. Thus, the gradient evaluation
is restricted to a region defined by a weight θ = θxi(xi)θt(t), similar to
the weight σ. Due to this restriction, the present framework is limited to
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3.6. Adjoint Based Data Assimilation Framework

convective flows. The adapted sources f or boundary values must have
an impact on the objective function respectively the measurement region,
see Sec. 4.3 for details. For configurations without such dependencies the
initial condition can be assimilated, see Sec. 3.7.

In general, the gradient can be employed in any useful way. However,
two different procedures are common in the field, as discussed in [GP00].
The first is a simple steepest descent algorithm

fn+1 = fn + αdn (3.39)

with direction d, given by
dn = −grn. (3.40)

Thus, the actual forcing fn is simply updated with a scaled adjoint so-
lution. The parameter α corresponds to the step width, which has to be
chosen carefully in order to ensure a good convergence behaviour. The
parameter n implies an iterative procedure, see Sec. 3.6.2 for a correspond-
ing discussion. The second procedure applies the gradient in combination
with Newton-like methods, e.g. the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm. It makes use of higher order gradient information
obtained from corresponding adjoint calculations.

As the calculation of higher derivatives demands more computational
effort the steepest descent approach is used. The application and improve-
ment of the approach is discussed in the following.

3.6.2. Iterative Framework

The assimilation of f is not restricted to one single step. In particular if
the governing equations are highly non-linear multiple steps are necessary
to reduce the objective function until a minimum is reached. Therefore,
an iterative procedure lends itself.

Starting with an initial guess the compressible Navier-Stokes equations
are solved forward in time. Afterwards the corresponding adjoint equa-
tions, linearised around the direct solution, are solved backward in time
using the weight g related to the objective function. The adjoint solu-
tion is used to determine the gradient, which is used to update the actual
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1. Initial Guess f0

2. Solution of the Navier–Stokes equations N (q, fn) (model)

3. Solution of the adjoint Navier–Stokes equations N∗ (q, q∗, fn)

4. Computation of the gradient ∇fJ(q, q
∗, fn)

5. Update fn+1 = fn − α∇fJ(q, q
∗, fn)

6. Repeat steps 2 – 5, until objective function is deemed sufficiently
small

Sequence 3.1: Iterative sequence of the data assimilation procedure. An
overview is shown in Fig. 3.2. Details are given in the text.

forcing fn. After updating the loop is repeated with fn+1 until a con-
vergence criterion is reached, e.g. number of loops, value or change of J .
The iterative framework is listed in Seq. 3.1 and illustrated in Fig. 3.2.

To improve the convergence behaviour of the framework a line search
algorithm is applied and non-linear conjugated gradients are used. Both
techniques are shortly discussed in the following sections.

Irrespective of the concrete implementation it must be stated, that the
framework minimises towards local minima. The detection of a global
minima is not ensured. Furthermore, depending on the mentioned setup,
the resulting solution is by no means unique.

3.6.3. Line Search

As stated before the choice of the step width α is essential for the con-
vergence behaviour of the steepest descent approach. To minimise the
computational effort the step width is to be determined in an optimal
sense, by minimising the function

ι(αn) = J (fn + αndn) (3.41)
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initial guess
f 0=0

direct
solution
N(q, f n) 

target
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adjoint
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N*(q,q*,Δ q)
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update f n+1

 - line search
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Δ q = q - qtarget

optimal
f

co
nv

er
ge

nc
e

5

1 2

3

4

Figure 3.2.: Iterative data assimilation procedure. Expensive operations
are marked by a grey box. Details are given in Seq. 3.1 and
in the text.

by means of an optimal choice for α. Various so called line search meth-
ods exist, distinguishing by treatment of the optimisation problem (3.41).
They either solve

ια′(αn) = 0 (3.42)

directly or search the minimum by computing values of J with differ-
ent αk in search direction dn. As the explicit solution is often too ex-
pensive searching techniques are common. Its particular implementation
can be done in different ways, e.g. by using Wolfes condition, trust re-
gion approaches or by assuming a certain shape of the objective function.
Also combinations are possible. The methods differ in effort, e.g. Wolfes
method needs more than five evaluations of J . Recalling Sec. 3.5, the
shape based method offers itself, as it is relatively cheap and the objective
is known to be quadratic (or other).

To determine an optimal step width for a quadratic shaped objective
three evaluations of the direct problem with different αk are necessary.
Based on the computed values a quadratic polynomial Jpoly(αk) is defined.
Its analytic minimum J ′

poly(αopt) = 0 serves as optimal step width α.
Note, that only two additional computations of the direct problem are
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necessary as for αk=0 = 0 a solution is already available. For αk=1 =
0.5αk=2 holds. Within the proposed iterative framework the value for
αk=2 can be reused from the previous loop or reset to a fixed value.

As the governing system is non-linear a quadratic shape of the objective
function is not ensured, even if it is of that type. Therefore, the application
of the line search might lead to a worse convergence behaviour with respect
to a constant step width or unstable calculations. However, experience
has shown that the method leads to a convergence acceleration and will
therefore be used.

3.6.4. Non-linear Conjugate Gradient Methods

The non-linear conjugate gradient method generalises the conjugate gradi-
ent technique to non-linear optimisation. It aims at improving the steepest
descent approach, which provides only a poor convergence behaviour for
ill-conditioned objective functions. Therefore, it applies not only the ac-
tual gradient, but also previously used gradients and search directions.
See [NW06,HZ06] for details.

In general, the search direction (3.40) is modified by means of a linear
combination of all previously used directions d.

dn = −grn + βndn−1 (3.43)

Various formulations exist distinguishing by the choice of βn. The most
common variants are Fletcher–Reeves [FR64]

βn
FR =

grnT grn

grn−1T grn−1
, (3.44)

Polak–Ribière [Pol12]

βn
PR =

grnT

grn − grn−1


grn−1T grn−1

, (3.45)

and Hestenes–Stiefel [NW06]

βn
HS =

grnT

grn − grn−1


dn−1T (grn − grn−1)

. (3.46)
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1. d̃n = −∇fJ(q, f
n)

2. Compute βn

3. dn = d̃n + βndn−1

4. Determine α by line search

5. fn+1 = fn + αdn

Sequence 3.2: General sequence for update of the actual forcing. Details
are given in the text.

In case of a quadratic objective all variants are equivalent. For non-
linear problems the variant to be chosen is a matter of heuristics. To
ensure stability the methods are implemented with a direction reset βn =
max(0, βn).

The common test on Rosenbrocks function [Ros60]

J(x1, x2) = 100(x2 − x21)
2 + (1− x1)

2, (3.47)

with its analytic minimum at x⃗min = [1, 1] points to the suitability of
the method, c.f. Fig. 3.3a. In comparison to the pure steepest descent
approach all applied CG-methods converged within at least one hundred
steps, while the former fails. For the test the aforementioned quadratic
line search is used and the direction reset is disabled. It is found, that the
non-linear conjugated gradient methods provide a more direct path to the
minimum, c.f. Fig. 3.3b, whereas, the pure steepest descent approach lead
to a jumping between the valley flanks and therefore to a poor convergence
behaviour (see Fig. 3.3b, sub-plot). As the HS-variant leads to unwanted
large steps and strong overshooting in the objective function, the variants
of Polak–Ribière and Fletcher–Reeves will be favoured. In Sec. 6.2.1 a
comparative study of the methods applied to the intended application is
shown.

The resulting update procedure, a combination between line search and
conjugated gradient method, is listed in Seq. 3.2. It is found to be a
suitable procedure for convergence acceleration.
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(a) (b)

Figure 3.3.: (a): Evolution of the objective function normalised to the
first iteration for different gradient methods applied to Rosen-
brocks function 3.47. In comparison to the pure steepest de-
scent approach the convergence is significantly improved.
(b): The visualisation shows, that the CG-methods lead to a
more direct path to the minimum ◦ from starting point • at
x⃗0 = [3 1

3 , 3
1
3 ]. The subplot highlights the course in case of a

pure steepest descent approach, leading to a jumping between
the valley flanks.

3.7. Adjoint based Assimilation of Initial and
Boundary Conditions

The adjoint approach is not restricted to assimilation of forcing terms in
the computational domain. Also initial and boundary conditions can be
assimilated, as shown e.g. in [GHM13] for incompressible flows.

3.7.1. Initial Condition

In general, the initial flow state is defined by a function in space as

q(xi, t = 0) = s(xi). (3.48)

For assimilation its linearised form δq(xi, t = 0) = δs(xi) is added to the
Lagrangian formulation (3.16) with a separate Lagrangian multiplier s∗.
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By this expansion the following expression results.

δJ = . . .− s∗T (xi) (δq(xi, t = 0)− δs(xi)) (3.49)

The integrals are omitted for readability. The variation δq(xi, t = 0)
corresponds to the temporal boundary term

II = −


δqTAT q∗dxi

t=tend

t=t0

(3.50)

in (3.20). The combination of the variations δq(xi, t = 0) leads to

δqT (xi, t = 0)

AT q∗(xi, t = 0)− s∗(xi)


= 0. (3.51)

In contrast to (3.20) this term has to vanish by demanding the term in
brackets to be zero as the initial state is to be assimilated and δq(xi, t =
0)T ̸= 0 holds. The gradient follows from the product of s∗T and δs(xi)
in (3.49) and results in

δJ

δs
= s∗(xi) = AT q∗(xi, t = 0) ≈ ∇sJ. (3.52)

Therefore, the grade in which the initial condition is to be adapted, in
order to minimise the objective function, is defined by the last time step
of the adjoint solution as it is solved backwards in time.

3.7.2. Boundary Conditions

Corresponding to the intended application the assimilation of boundary
conditions for compressible flows is discussed. For the sake of clarity the
derivation is reduced to a one-dimensional problem.

In general, boundary conditions can be formulated as

q(x = x0, t) = l(t) (3.53)
q(x = L, t) = r(t).

The system state at the boundaries is defined by functions in time. To
assimilate l(t) and r(t) in order to minimise a certain objective J the
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Lagrangian equation (3.16) is extended by the following linearised con-
straints

δq(x = x0, t) = δl(t) (3.54)
δq(x = L, t) = δr(t),

implied by (3.53). Again separate Lagrangian multipliers are introduced
for every condition. For readability the time dependence of δq is not
shown. The same holds for the integrals.

δJ = . . .− l∗T (t) (δq(x = x0)− δl(t)) (3.55)

− r∗T (t) (δq(x = L)− δr(t))

The variational expressions correspond to the boundary terms in (3.21).
Combination of independent variations lead to

δqT

−

BT + CT


q∗ − l∗


x=x0

= 0 (3.56)
δqT


+

BT + CT


q∗ − r∗


x=Lx

= 0,

for the boundary terms. As discussed in Sec. 3.4 both terms have to
vanish. Thus the sensitivities of the boundary functions l(t) and r(t) are
given by the adjoint solution except for coefficients defined by the matrices
B and C.

δJ

δl
= l∗(t) = −


BT + CT


q∗(0, t) ≈ ∇lJ (3.57)

δJ

δr
= r∗(t) = +


BT + CT


q∗(L, t) ≈ ∇rJ (3.58)

Again the sensitivity can be interpreted as gradient information. The
derivation is universal and holds for all boundary conditions of type (3.53).

The results above can also be used for flux formulations and character-
istic based techniques. For the latter, in particular for the perturbation
approach [BT82] discussed in Sec. 3.4.2, the state reference values serve as
assimilation target. The application to non-reflecting boundary conditions
is shown in Secs. 4.2 and 6.3.

However, a drawback arises. The gradient of the direct boundary con-
dition corresponds, besides from the multipliers in


BT + CT


, to the
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adjoint solution. As stated in Sec. 3.4.2 adjoint non-reflecting boundaries
cannot handle every flow condition. Therefore, a sponge layer has to be
applied, also for the adjoint computation. Thus, as the adjoint solution is
corrupted, also the gradient information are possibly distorted.

3.8. Adjoint Based Observability Analysis

The use of the derived adjoint framework is not limited to gradient com-
putations. In fact, it can be used for further flow analysis. It enables a
whole set of numerical tools, e.g. non-modal growth analysis [BBS08] or
sensitivity analysis for incompressible flows [MSJ08]. In the following an
adjoint based approach for the assessment of measurements is discussed.
The section is based in parts on [LSS14].

As the quality of a data assimilation depends directly on the used mea-
surement data, it is necessary to assess it in the context of the mentioned
system. Incomplete data does not allow a suitable assimilation of system
parameters. In simple terms, only what is measured or rather observed
can be reconstructed by means of the data assimilation procedure. Miss-
ing experimental information result in a worse representation of the target
state, leading to a worse solvability of the assimilation problem.

The following observability analysis is based on a spectral decomposi-
tion of the observability Gramian [Row05]. The method is strictly defined
only for linear and stable problems. However, the application to non-linear
problems is common, see [LMG99,LMG02]. An application in context of
the compressible Navier-Stokes equations is shown in [LSS14].

Assuming a real-valued system, the observability Gramian is defined as

Wo :=

∞
0

eN
T tCTCeNt dt, (3.59)

in context of a standard input-output-system

q̇ = Nq +Bι, (3.60)
y = Cq
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with q as system state, ι as input vector, y as vector of outputs. The op-
erator N corresponds to the linearised Navier-Stokes equations governing
the system. The matrices B and C weigh its in- and outputs [Moo81].
The Gramian Wo measures the degree to which each system state influ-
ences the outputs [Row05]. An eigenvalue analysis of it should lead to the
observable modes of the considered system.

In general, the Gramian is computed by solving Lyaponov equations. As
this procedure is computational expensive an approximation will be used
instead. The so called empirical Gramian, is based on impulse responses
of the adjoint system

q̇∗ = NT q∗i + CT eiδ(t), (3.61)

with q∗ as adjoint variable and ei as unit vector. For a system with
i = [1, . . . , k] outputs it is:

Wo =

∞
0

q∗i q
∗
i
T dt. (3.62)

As the integral can not be solved directly by numerical means an addi-
tional approximation is applied. According to [Row05], it can be substi-
tuted by

Wo = Y Y T , (3.63)

wherein Y represents m snapshots of the adjoint system

Y = [q∗
1(t1) ...q

∗
1(tm) ...q∗

k(t1) ...q
∗
k(tm)], (3.64)

initially excited by impulses at the outputs. A modal decomposition of
(3.63) results in the observable modes of the system.

For the non-linear Navier-Stokes equations the Gramian can be com-
puted by means of solving the adjoint system (3.18). As mentioned before
it has to be solved k times, initially exited in the adjoint representation of
the measurement quantity by normalised impulses at the corresponding
measurement position in space and time.

However, even if the number of outputs is small, the decomposition
of Wo needs a large amount of computational resources, if the system is
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represented by a large number of grid points N , enclosing the degrees of
freedom N = Nx1 × Nx2 × Nx3 × 5 (density, velocity components and
pressure, based on the chosen discretisation).

Wo = Y (N×(m·k))Y T ((m·k)×N) (3.65)

The eigenvalue decomposition can be avoided by using a singular value
decomposition of Y = UΣV , as

Wo = Y Y T = UΣV V TΣUT = UΣ2UT (3.66)

holds. The singular modes U are equivalent to the eigenmodes of Y Y T

and the singular values are the square of the corresponding eigenvalues.

The obtained information can be used to assess the measurement config-
uration used for the data assimilation procedure. By a simple projection
of an assumed disturbance onto the modes a norm can be computed evalu-
ating the observability of the measurement setup. Exemplary applications
are shown in Sec. 4.3.

The mentioned approach can be used to design optimal measurement
setups, avoiding high costs.
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4. Basic Examples

4.1. Assimilation of Acoustic Sources

This example proves, that the derived adjoint equations provide usable
information for data assimilation tasks in compressible flows. Parts of
this section are presented and published in context of 41. Jahrestagung
für Akustik (DAGA 2015), [LWRS15].

4.1.1. Setup

The example considers a simple compressible, acoustic setup. It aims at
the assimilation of sound sources from pressure transducer measurements.
The analysed setup consists of a speaker surrounded by eight microphones,
see Fig. 4.1. Speaker and microphones are located in a common plane.
More details on the setup are stated in Sec. A.4.1.

Two different cases will be analysed. In case (1) the setup is represented
by a numerical simulation of the Euler equations (3.12). The solution is
excited by a centered reference forcing fp,ref (energy source, monopol)
with a harmonic signal at 5 kHz, to mimic a speaker. The microphone
measurements are extracted from the simulation. Case (2) is the experi-
mental counterpart of case (1). In contrast to the latter background noise
and measurement errors are present. The experimental setup is shown in
Fig. A.3.

To assimilate the source from the synthetic and experimental micro-
phone measurements the previously derived data assimilation framework
is used. The NSF code is employed. Therein only the Euler equations
are considered, since the problem is purely acoustic. Friction and heat
conduction terms are neglected in the direct and adjoint equations. The
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Figure 4.1.: Drawing of the numerical and experimental setup. The mi-
crophones are arranged around the source, experimentally re-
alised by a speaker. The computational domain is indicated
by the dashed line.

Nx1 Nx2 Nx3 type ∆t NT type σ θ
256 256 16 O(5) 5.9 · 10−6 2500 O(4) pΩ p, uiΩ

Table 4.1.: Overview of computational parameters for the acoustic assim-
ilation example.

three-dimensional computational domain of 0.8 × 0.8 × 0.0875 m3 is re-
solved by 256× 256× 16 points, with equidistant points in x1 and x2. In
x3 direction a grid refinement towards the common plane of speaker and
microphones at x3 = 0.04375 m is applied. All boundaries are treated
as non-reflecting. To avoid unwanted reflections a sponge layer is added.
A CFL-number of 0.9 is employed. Table 4.1 gives an overview of the
computational parameters. The objective function is formulated in terms
of pressure as only microphone measurements are available in the experi-
ment. Therefore, the adjoint forcing g is given by the difference between
the numerical pressure distribution p and the measured data pexp, see
(3.33). The spatial weight σx corresponds to the microphone positions,
smoothed by Gaussian distributions. For the temporal weight σt = 1
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holds, if a measurement is available. The initial guess is f0 = 0, no source
is assumed.

4.1.2. Source Identification

In context of the mentioned acoustic example the analysis of the first
adjoint solution is sufficient. For an initial guess of f0 = 0 it contains the
required information for identification of sound sources in position and
signal, but not in amplitude.

By the point and component wise summation of the absolute adjoint
sensitivities over all computed time steps

q̂ =

tn=end
tn=0

|q∗|, (4.1)

the positions of maximum impact on the objective function can be identi-
fied by maxima of q̂. These correspond to the most likely source positions.
Where the accumulated sensitivity remains zero no source is located or at
least cannot be captured by the measurements. The analysis is restricted
to the computational domain.

Synthetic case (1) In Fig. 4.2a the resulting sensitivity for p∗ is shown.
The beamforming [BK76,Mös09] like result shows a maximum in the cen-
tre of the domain corresponding to the reference source position. Also the
shape of the reference forcing is recaptured. Occurring side maxima are
caused by interference effects in the adjoint solution. If the measured sig-
nals are non-coherent, the solution is less ambiguous. A unique solution
can not be identified.

Once a position is identified the source signal can be obtained, as the
adjoint solution provides the information on how to change the initial forc-
ing f0 = 0. Thus, it contains the signal in phase for the mentioned linear
acoustic setup. For non-linear problems the adjoint framework has to be
applied in an iterative manner. A frequency analysis of the adjoint signal
p∗ shows, that the harmonic reference signal is recovered, see Fig. 4.2b.
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(a) (b)

Figure 4.2.: (a): Summed and normalised sensitivity for p∗ of case (1),
synthetic. The maximum value corresponds to the source po-
sition. Multiple side maxima are visible.
(b): Fourier based analysis of the adjoint signal at the cen-
tral source position. The adjoint solution corresponds to the
harmonic signal of the reference source.

Experimental case (2) The experimental case is carried out in an ane-
choic room facility at the Technische Universität Berlin. As reference
source a small speaker mounted on a rope is employed. For the measure-
ments eight pre-polarised condenser microphones at a sampling rate of
48 kHz are used. The weight σt is chosen accordingly. The supporting
structure is covered with convoluted foam in order to avoid reflections not
captured by the mentioned model. Details on the setup and procedure of
the experiment are stated in Sec. A.4.1.

The resulting accumulated sensitivities for p∗ are shown in Fig. 4.3a.
Again the centre (point A) is found to be a potential source location.
Analysis of the adjoint solution at this location also recaptures the ref-
erence signal. According signals are found for the other maxima. These
occur at the same positions as in the synthetic case (1), e.g. point B
located at x1 = 0.48 m and x2 = 0.31 m. See Fig. 4.3b for a frequency
analysis of the adjoint signal for both locations. The global maximum
occurs near the microphones 4 and 5. This is caused by the orientation
and directivity of the speaker.
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(a) (b)

Figure 4.3.: (a): Summed and normalised sensitivity for p∗ of case (2),
experimental. At the reference source position a maxima is
found.
(b): Fourier based analysis of the adjoint signal at positions
(A) and (B). Also for the experimental case the adjoint signal
corresponds to the reference source.

4.1.3. Source Assimilation

For a complete identification of the source, including its amplitude, the
adjoint framework has to be applied iteratively. The framework fails for
the experimental case (2), if only fp (energy source) is assimilated. This
is clear as the speaker is no monopol. Its directivity is already visible
in the accumulated sensitivity plot, see Fig. 4.3a. Additional assimila-
tion of momentum sources fui

enables the minimisation of the objective
function. Its decreasing progress is shown in Fig. 4.4a. The framework
is not converged within 30 iterative loops. No acceleration methods are
used. A detailed analysis of a time sample for one microphone is shown
in Fig. 4.4b. After five iterations a phase shift is visible as well as a non
sinusoidal signal. In iteration loop 30 the shift does not longer occur and
the obtained signal is nearly harmonic. However, the obtained solution
fulfils the discrete Euler equation, while the microphone signals do not,
due to measurement noise.

It can be concluded, that the framework is able to assimilate sources
f from experimental measurements, at least in context of the mentioned
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(a) (b)

Figure 4.4.: (a): Progress of the objective function for the data assimila-
tion framework for case (2), point (A).
(b): Assimilated pressure field at microphone position 2 of
case (2), experimental, in a certain time interval for differ-
ent iteration loops. The numerical pressure field converges
towards the experimental data.

acoustic setup governed by the Euler equations. Furthermore, it becomes
clear, that the adjoint approach can be used for further analysis of ex-
perimental data. In particular the adjoint based source identification and
characterisation might be of interest as well as the use of the framework
in context of sound field synthesis.

4.2. Assimilation of Boundary Conditions

In this section a purely numerical example is examined. The findings of
Sec. 3.7 are applied to assimilate non-reflecting characteristic boundary
conditions by adaption of their reference values. Parts of these section
were carried out during a research visit at the University of Salerno in 2014
and are published in [LRS]. After introducing the simple data assimilation
setup the results are presented and discussed.
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X+X-

Y-

Y+
wall
non-reflecting
condition

Figure 4.5.: Drawing of the data assimilation setup. The two-dimensional
domain is bounded by a slip-wall (X+) and three non-
reflecting conditions. The location of the desired pressure
pulse is indicated by the circles.

4.2.1. Setup

A two-dimensional setup is defined, bounded by three characteristic non-
reflecting boundaries and a reflecting wall on the right, see Fig. 4.5. Gov-
erned by the Euler equations the framework aims at assimilating the ref-
erence values of the characteristic boundary conditions to form a centered
pressure pulse in the domain at the end of the computational time. The
PIVR code is employed. The computational domain of 2π × 2π m2 is
resolved with 256 × 256 equidistantly distributed points. In space the
standard six-order spatial difference scheme is used. The time wise dis-
cretisation is implemented by a Runge-Kutta scheme of fourth order and
a time step of 5e−5 s. An overview of the computational parameters is
given in Tbl. 4.2.

For the mentioned setup the objective function is given by

J =
1

2


(p− ptar)

2σxi
(xi)σt(t)dΩ (4.2)
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4.2. Assimilation of Boundary Conditions

Nx1 Nx2 Nx3 type ∆t NT type σ θ
256 256 1 O(6) 5e−5s 800 O(4) pΩ pdΩ

Table 4.2.: Overview of computational parameters for the boundary con-
dition assimilation setup.

aiming at the target pressure distribution ptar, which is

ptar = p∞


1 +

1

100
exp


−


2

i=1


xi −

1

2
Lxi

2

/ (5h1)

2


. (4.3)

The weight σt is defined by a discrete Dirac delta function, evaluating
the last time step t = tend. The weight σxi

is shown in Fig. 4.7b. The
assimilation of the characteristic boundary conditions is restricted to the
pressure reference values. As initial guess p∞ = 105 Pa is assumed. All
other reference quantities remain unchanged. The non-reflection property
of the modified boundary conditions is not affected. 35 iterative loops
are applied. No convergence acceleration techniques like line search or
non-linear conjugated gradient are used. The step width is α0 = 50,000.

4.2.2. Results

The adjoint framework is able to assimilate the open boundary condi-
tions. In Figs. 4.6 it is shown, that the desired pressure pulse is obtained.
The presented results correspond to the solution after 35 iteration steps.
Starting from the left boundary X− a pressure wave enters the domain,
Figs. 4.6a – 4.6b. After moving through, it is reflected at the wall X+,
Fig. 4.6c – 4.6d. At the same time three additional waves in inward di-
rection are created by the modified boundary conditions X−, Y− and Y+.
The superposition of all four waves lead to the formation of the target
pressure distribution, Fig. 4.6e – 4.6f.

In Fig. 4.7a a cut of the two-dimensional pressure distribution at t =
tend is shown. The values correspond to grid points nearest to x2 = 0.5Lx2

,
see Fig. 4.8a. No difference between the target and the resulting pressure
field is visible. For further quantification the difference of both is shown
in 4.7b. The error amounts to about 0.01% with respect to the target
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6.: Evolution of the pressure field after 35 iterative loops. A wave
from the boundary X− enters the domain and is reflected at
the wall X+. In combination with additional waves from X−,
Y− and Y+ the target pressure distribution is reached.
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4.2. Assimilation of Boundary Conditions

(a) (b)

Figure 4.7.: (a): Resulting pressure distribution after 35 loops. No differ-
ence between solution and target is visible.
(b): Normalised pressure difference between assimilated so-
lution and the target distribution. Within the measurement
region the maximum absolute deviation is about 0.01% with
respect to the target amplitude of 1,000 Pa. For the sake of
clarity the weight σm is scaled.

amplitude of 1,000 Pa within the measurement region defined by σm.
The small oscillations in the measurement region are correlated to the
boundary conditions. A two-dimensional time wise analysis shows, that
reflections occur in both, direct and adjoint, computations. Thus, acoustic
perturbations contaminating the domain, cf. Fig. 4.8a.

The adjoint framework converges, as shown in Fig. 4.8b. The objec-
tive function is reduced by more than five orders of magnitude after 11
iteration loops. Additional steps, until 35, lead only to small decreases of
the objective function. The convergence behaviour is very good, in par-
ticular in comparison to the optimisation of volume terms f . This may
be explained by the reduction of possible solutions, employing only the
boundary reference values as control parameter.

Results for other assimilation setups are similar: An extension of the
objective function with an additional velocity target u1 = u2 = 0 (case b)
has no significant effect. The velocity target is reached with a maximum
absolute error in the aforementioned slice of ∆u1 ≈ 0.009 m/s. Also the
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(a) (b)

Figure 4.8.: (a): Resulting pressure deviation after 35 loops. The pres-
sure target is reached. Spurious perturbations, caused by
non-perfect boundary conditions, contaminate the domain.
Largest deviations occur outside the measurement region.
(b): Evolution of the objective function, which is reduced by
more then five orders of magnitude.

assimilation of all boundary condition reference values (case c) and the
presence of a base flow, exemplarily investigated for u1 = 50 m/s and u2 =
25 m/s (case d) do not lead to significantly different results. A comparison
between the mentioned assimilation setups by means of evolution of the
objective functions and the resulting pressure distributions after 35 loops
is shown in Figs. 4.9a and 4.9b.

It can be concluded, that the derived framework is able to assimilate the
reference values of characteristic boundary conditions. In the investigated
context of a pure acoustic setup very good results are obtained.

An application in context of a fluid dynamical problem in presented in
Sec. 6.3.

4.3. Adjoint Observability Analysis

This section provides numerical examples of the adjoint based observabil-
ity analysis, discussed in Sec. 3.8. The technique is applied to simple
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(a) (b)

Figure 4.9.: (a): Evolution of the objective function for different assim-
ilation configurations. All setups are converged. The worse
rate of case (b) is caused by a different α0. The convergence
behaviour for the case with base flow is slightly worse with
respect to the reference case.
(b): Pressure deviations in the centre slice. No significant
difference between the setups is found. For cases (b) and (c)
larger deviations outside the dominant measurement region
can be observed. For the sake of clarity σm is scaled.

compressible flow configurations in order to illustrate the concept of ob-
servability and observable modes. The applicability of the method in
context of data assimilation tasks is discussed.

Single microphone As first example the observability modes of a micro-
phone in a planar flow are determined. In terms of gas dynamics, these
should correspond to the domain of dependence. For supersonic condi-
tions a Mach cone shaped domain should arise, analogue to the sound
field of a travelling source, see Fig. 4.10.

The following analysis is based on two-dimensional simulations. The
NSF code is employed. Three different flow speeds given by Mach numbers
of 0.0, 1.0 and 1.5 are investigated. The microphone is assumed to be
centred in the computational domain, which is defined with Lx1=2 m
and Lx2 = 1 m. For the approximation of the observability Gramian
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(a) (b) (c)

Figure 4.10.: The images illustrates the sound propagation of a travelling
monopol source • at Ma = 0.0, 1.0 and 1.5 (from left to
right). The additional lines in Fig. 4.10c indicate the result-
ing Mach cone. An analogous property can be found for the
region of dependence of a fixed microphone in a supersonic
flow.

Nx1 Nx2 Nx3 type ∆t NT type σ
256 128 1 O(5) 8.8 · 10−6 300 O(4) p (point wise)

Table 4.3.: Overview of computational parameters for the acoustic observ-
ability analysis example.

299 snapshots of the adjoint computation are used. The overall time
corresponds to a convective length of an acoustic disturbance. Further
parameters are stated in Tbl. 4.3.

In fact the adjoint observability analysis provides results analogue to
the domain of dependence, see Fig. 4.11. The observable modes in case of
the rested flow are symmetric. All sound sources are equally measurable.
For the flow at Ma = 1 the observable modes contain no parts behind the
measurement position with respect to the flow direction. This is expected
as sound generated downstream can not reach the microphone. For the
supersonic inflow the observable region is given by a cone with a Mach
angle of ϕ = sin−1(1/Ma) ≈ 42◦ corresponding to Fig. 4.10c. Further
it is found, that the most observable modes (largest singular values) are
located near the measurement position. The evolution of the singular
values is shown in Fig. 4.12. For all mentioned cases approximately 150
modes are sufficient to represent the observable structures.
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(a) (b)

(c) (d)

Figure 4.11.: (a)-(b): Observability modes for the rested flow. No domi-
nant direction is found. All sound signals are equally observ-
able. The non-circular structures in Fig. 4.11b are caused by
non-perfect boundary conditions. An arbitrary colour scale
is used.
(c)-(d): Observability modes for sonic and supersonic inflow.
Downstream the microphone no structures are observable.
The resulting cone for the supersonic case is defined by the
Mach angle. An arbitrary colour scale is used.
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(a) (b) (c)

Figure 4.12.: Resulting evolution of the singular values for the observabil-
ity analysis at Ma = 0.0, 1.0 and 1.5 (from left to right).
For all cases about 150 modes are necessary to represent the
observable structures.

Nx1 Nx2 Nx3 type ∆t NT type σ
256 128 1 O(5) 6.1 · 10−6 1600 O(4) u1 (point wise)

Table 4.4.: Overview of computational parameters for the convective ob-
servability analysis example.

Laser Doppler velocimetry In the second example point wise velocity
measurements, e.g. provided by laser Doppler velocimetry, are analysed.
The computed modes are used to quantify the observability of velocity
disturbances.

Within the example the base flow is assumed to be in x1-direction at
a Mach number of 0.3. The computational parameters correspond to
the previous example, except the downsized extent of the computational
domain, with Lx1=1 m and Lx2 = 0.5 m. The number of time steps is
increased. See Tbl. 4.4 for more details. The most observable modes for
three different measurement positions are computed, see Sec. 3.8. 1,600
adjoint time steps are computed, in accordance to one convective length.
The observability Gramian is approximated by 320 snapshots.

The resulting observability modes for the centred measurement are
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(a) (b) (c) (d) (e)

Figure 4.13.: Observability modes 1-5 (u1) based on a single velocity mea-
surement. The plane base flow is oriented from top to bot-
tom (here, the x1 direction). Only structures in front of the
measurement are observable, corresponding to the region of
dependence. The axes are omitted for clarity. An arbitrary
colour scale is used.

shown in Fig. 4.13. For other positions the modes are identical in struc-
ture, only shifted in position, due to the simple base flow. Most observable
are structures in front of the measurements. As in the previous example
the modes give rise to the region of dependence.

The projection of a certain disturbance onto the basis formed by the
modes leads to the observable part of it. Figure 4.14a shows the recon-
struction of a sinusoidal signal in u1. The presented slice corresponds to
the x2 coordinate of the measurement probe. The determination of the
observable part uses 284 modes according to a threshold of 1−10 for the
corresponding singular values. The reconstruction of the reference distur-
bance is poor. Deviations up to 40% occur. The largest deviations are
found near the measurement location. However, the general features of
the disturbance are recovered.

For an error analysis, in first place, the adjoint solution has to be dis-
cussed. Corresponding to [Row05], the adjoint equations have to be ini-
tially excited by a Dirac delta, which is not possible by numerical means
for stability reasons. The approximation of the pulse by a Gaussian ex-
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(a) (b)

Figure 4.14.: (a): Sinusoidal velocity disturbance (u1). The projection
based on the obtained observability modes shows large devi-
ations, which can be reduced by filtering (filt). If the modes
base on the adjoint solution for a Dirac delta peak excitation
(δ) a perfect reconstruction is obtained.
(b): Evolution of the singular values for a Gaussian and a
Dirac delta excitation of the adjoint system. It the latter
case a top-hat curve results as every mode is important.

citation, as performed here, leads to errors in the analysis. As a simple
convective flow is analysed, an analytic solution of the adjoint system
excited by a Dirac delta can be calculated for validation. The correspond-
ing results provide a perfect observability of the disturbance, see Fig. 4.14.
However, the Gaussian excitation might be an estimate for uncertainties
of a measurement device, e.g. resolution effects caused by its own extent.
In particular here additional examinations are needed.

The application of the technique to a more complex flow configuration
is presented in [LSS14].

It can be concluded, that the observability approach works in principle.
For the analysis of measurement configurations the accuracy is found to
be insufficient. However, the aforementioned results imply, that the ap-
proach is useful for data assimilation tasks. It provides information on
the region of dependence with respect to the objective function. Thus, it
can be employed to define the control region Θ, if necessary.
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Part II.

Adjoint Based Pressure
Determination from PIV
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5. Introduction

In this part the derived framework is applied for data assimilation tasks in
complex flow configurations. The aim is to complete a data set obtained
from experiments by numerical analysis, here for the example of pressure
determination from velocity measurements. The state of the art is briefly
described and the adjoint technique is placed into context. After a com-
prehensive assessment based on synthetic data the method is applied to
a high speed free jet flow configuration. The overall applicability of the
method is discussed.

5.1. Pressure Determination from PIV Data

This section gives a general survey with notes on recent research efforts
and is based on the recent topical review of van Oudheusden [vO13].

Particle image velocimetry (PIV) is the major tool for non-instrusive
measurements of fluid flow velocities [RWK98, AW11]. It is established
in research as well as in industrial applications. In the last decade the
technique has been significantly enhanced. Advances in PIV hardware
(CMOS cameras, diode-pumped laser) and software algorithms made it
into a reliable three-dimensional time-resolved method. Today it allows
an extensive analysis of physical processes in unsteady and in particular
turbulent flows.

Despite the velocity also the fluid-dynamic pressure defines the kine-
matic characteristic of a flow. It is a key quantity for turbulence phenom-
ena and the surface loading of objects. Usually the pressure is determined
by measurements on object walls, either by sensors or pressure sensitive
paint. Measurements in free flow are realised by pointwise probes, not pro-
viding planar or volumetric information. However, the major drawback is
the intrusive character of corresponding techniques.
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5.1. Pressure Determination from PIV Data

To overcome these problems different methods have been investigated to
derive the pressure from PIV data. All techniques base on the combination
of the experimental data and the governing flow equations.

The work of Schwabe in 1935 [Sch35] was the first approach to deter-
mine the pressure from image based velocity measurements. Records of
particle traces in the flow around a cylinder were analysed and related
to the fluid velocity. The pressure is calculated by the analytic applica-
tion of the unsteady Bernoulli relation. In 1983 Imaichi and Ohmi [IO83]
analysed similar data by means of a numerical integration of the steady
incompressible momentum equations neglecting friction terms.

With the emergence of digital PIV [WG91] and data processing in the
1990s pressure determination from PIV becomes more and more applica-
ble. During the last years corresponding techniques found extensive ap-
plication. The reader is referred to [vO13] for a comprehensive overview.

In general most methods make use of the incompressible momentum
equation, assuming constant density and viscosity

∂xi
p = −ϱDui

Dt
+ µ∂2xj

ui (5.1)

with Dui/Dt = ∂tui + uj∂xjui as the material derivative in an Eulerian
perspective.

The pressure is usually determined by its direct spatial integration. Two
general approaches have been reported. Within the space-marching inte-
gration [BK99] the pressure is determined on a structured grid. Starting
from a boundary index, where the pressure is known, e.g. by wall bounded
measurements, the next indices are computed by integration of the ma-
terial acceleration index by index. Already evaluated neighbour points
are used to advance the solution. Within the omni-directional integra-
tion [LK06] initially the pressure values on the boundaries are computed
similarly. The internal values are determined by integration from each
boundary point. Resulting values for all integration paths are stored and
averaged. Recently a procedure for choice of the integration paths based
on a Voronoi tessellation is published by [NR15].

An alternative approach to determine the pressure from velocity data is
the solution of the Poisson equation. It is derived by taking the divergence
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5.1. Pressure Determination from PIV Data

∂xi
of (5.1) under the assumption of a divergence free velocity field and

results in
∂2xi

p = −ϱ∂xi


∂xjuiuj − µ∂2xj

ui


. (5.2)

An application in context of the mentioned problem is found e.g. in
[FTS05,DKVO12]. Usually standard solver implementations, known from
computational fluid dynamics and other physical problems, are used.

By analytic means both approaches are nearly equivalent. However,
the concrete implementations differ significantly. While the spatial inte-
gration techniques need proper boundary conditions at least at a single
point, the Poisson solver approach requires appropriate conditions on the
entire boundaries. Usually Dirichlet conditions are set where the pres-
sure is known. Other boundary points are treated as gradient (Neumann)
conditions, usually even if there is no corresponding information.

The results of the direct integration approach depend on the material
derivative. Thus, its accurate determination is crucial. Particle trac-
ing and Eulerian techniques are common. In the latter the acceleration
is directly computed from the obtained velocities data by finite differ-
ences. As this implies strong requirements on the temporal resolution
of the measurement setup, currently multi-pulse PIV systems are exam-
ined [DDAG13, LS14]. Due to the measurement effort and acquisition
costs they might be reserved for academic research.

To improve the quality of the Eulerian approach in context of convective
flows recently the application of Taylor’s hypothesis

Du′i
Dt

= ∂tu
′
i + uc,j∂xj

u′i = 0, (5.3)

with ui = uc,i + u′i, is discussed by [dKG13]. The basic idea is to replace
the temporal term in the material derivative

∂xi
p = −ϱ


∂tu+ ∂xj

uiuj


(5.4)

= −ϱ

u′j∂xj

ui + (uj − uc,j)∂xj
u′i

.

Friction terms are neglected. It is assumed that the application of the
hypothesis is less sensitive to velocity errors than time-resolved techniques.
However, the determination of the correct convective velocity uc is crucial
for the approach, in particular in turbulent flows.
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Compressible flows Similar techniques have also been developed for
compressible flows. The governing momentum equations are applied under
the additional assumption of adiabatic flow conditions [vO08,RAvOS09].
In combination with the ideal gas law one finds

1

p
∂xi

p = ∂xi
ln


p

p∞


= −


γM2

∞

v2∞ + γ−1
2 M2

∞ (v2∞ − v2)


Dui
Dt

(5.5)

with v∞ and M∞ as velocity and Mach number of the free stream. To
determine the pressure the equation is integrated with the aforementioned
techniques without any special adaption. It is found, that the resulting
pressure fields have large errors, if the assumed adiabatic conditions are
not fulfilled.

PIV-CFD synthesis All previously presented methods can be seen as
post processing. Current efforts concentrate on the direct connection of
computational fluid dynamics and experiments. In particular the possi-
bilities of CFD to regularise measured data is subject of interest. Usually
standard solver implementations like SIMPLE are applied.

In [HMTT03] the SOLA algorithm is used to determine the pressure
around single bubbles in an incompressible flow from planar PIV. The
procedure allows to assess the measured velocities by comparison to the
model based solution. In [SDS14] a vortex formulation of the incom-
pressible Navier-Stokes equations is applied to super-time sample missing
information. By assuming the absence of friction the governing equations
are solved forward and backwards in time starting from two ensuing mea-
surements. The average of both numerical solutions is assumed to be a
proper solution for the time in between, used to calculate the material
derivative.

Data assimilation To determine additional quantities from PIV data
also data assimilation techniques have been applied, either based on the
particle images itself [OSN00] or based on the obtained velocity vectors
[GHM13], both for incompressible flows. Stochastic filtering [CGMH11]
and variational approaches can be found [GHM13]. In the latter work
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initial and boundary conditions of numerical simulations are assimilated
in order to match with PIV measurements. It does not aim directly to the
pressure determination, rather to reliable conditions for direct numerical
simulation, but yields to corresponding data. An extension to compress-
ible flows was presented in [LS13], which is related to this thesis.

In context of the variational approaches usually adjoint methods are
applied. To the authors knowledge all published studies are restricted to
two dimensions, due to the high computational costs. Recently a research
group at INRIA/IRESTA carried out three-dimensional assimilation com-
putations. In [OSN00] a genetic algorithm is used, not providing a more
applicable alternative.

In Europe, the research efforts on the topic are concentrated in the
NIOPLEX consortium1. Numerous parts of this work contribute to it.

The accuracy of the mentioned methods depends on the quality of the
employed experimental data. For the sake of clarity no discussion on the
accuracy of the particle image velocimetry technique is given here. The
reader is referred to [RWK98,AW11] for details.

1Project in context of the 7th framework program (2013-2016) of the European Com-
mission headed by B. van Oudheusden, TU Delft, Netherlands
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6. Pressure from Synthetic
Particle Image Velocimetry

In this section the adjoint framework is validated by means of synthetic
particle image velocimetry data. The assessment is conducted for differ-
ent configurations, concerning several points for a further evaluation of
the technique. The application of different non-linear conjugated gradient
variants is investigated, such as the effect of measurement noise, regular-
isation issues, the stability of the data assimilation framework, the use
of more than velocity information and involvement of multiple time wise
velocity snapshots.

6.1. Setup

The widely studied two-dimensional compressible mixing layer combines a
simple flow setup with complex physical phenomena, like sound generation
by vortex pairing [CLM97, BBJ00] and instability mechanisms [Mic64,
Mic65]. So it serves as a substitute for the technically important class of
compressible shear flows and is used for characterising the properties of
the derived method. In the following the NSF code is employed.

6.1.1. Flow Configuration

In the considered setup the base flow is defined by a hyperbolic-tangent
velocity profile, cf. Fig. 6.1, analogous to [BBJ00]. The computational
domain covers a range of Lx1

=1 m and Lx2
= 0.375 m resolved with

1024× 384 points, refined in x2 direction. The minimum grid size h2,min

in radial direction is approximately one fifteenth of the initial vorticity
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Figure 6.1.: Investigated compressible mixing layer configuration. On the
left (inlet) the flow state is fixed in time. The other bound-
aries are treated by characteristic boundary conditions as non-
reflecting. Details are given below.

thickness, which is resolved with more than 24 points. 7,500 to 10,000
time steps are performed with a time step corresponding to a CFL-number
of 0.9. On the left boundary the state is fixed in time. For the velocity

u1(x1 = 0, x2) =
(U2 − U1)

2
tanh


x̃2
δm


+

(U1 + U2)

2
(6.1)

holds, with U1 = 0.2c and U2 = 0.4c as velocities of the lower and upper
part of the flow. The mixing layer thickness is controlled by the parameter
δω, set to 0.009375 m. The variable x̃2 corresponds to a shifted coordinate,
which centres the largest velocity gradient in x2 direction. The pressure is
chosen to ambient conditions p = p∞ = 105 Pa. For the density/entropy
an adiabatic stream tube is assumed [Zie72] and therefore

s = −cvγ log

1/

p 1
γ
∞


1 +

γ − 1

2


u1
c∞

2
 1

γ−1

 (6.2)

holds. To close the system T∞ is chosen as 300 K. The lower and up-
per boundaries are treated as non-reflecting. Also for the right outlet a
characteristic non-reflecting condition is applied. To reduce acoustic per-
turbations, caused by convected vortices, these boundary conditions are
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6.1. Setup

combined with a sponge layer. As initial condition a fully developed flow
from a corresponding simulation is used. The Reynolds number is 5,000
with respect to δω and U2.

6.1.2. Reference Data Computation

To assess the adjoint based data assimilation framework a reference data
set, different to the initial guess, is needed. Out of the reference solu-
tion the velocity components are extracted serving as target. To create
the data set, the aforementioned configuration is excited by momentum
sources fui , leading to a defined occurrence of an instability. The forc-
ing is located at the inflection point of the shear layer near the inlet, see
Fig. 6.3. Two different reference forcing settings are applied, both defined
analogous to [BBJ00] as

fu1,ref = +α1ψ(x1, x2) sin (ω0t)


x2 − x2,0

σ


(6.3)

fu2,ref = −α2ψ(x1, x2) sin (ω0t)


x1 − x1,0

σ


(6.4)

distinguishing by the choice of α. Therein ψ describes the spatial Gaussian
weight

ψ(x1, x2) = Uc exp


− log(2)


(x1 − x1,0)

2 + (x2 − x2,0)
2


σ2


, (6.5)

with xi,0 as median and σ as variance. The flow is excited at two fre-
quencies: the fundamental ω, which bases on stability analysis findings
with

ω = 2πf = 2π
0.132

Uc/δω
, (6.6)

see [BBJ00,Mic64,Mic65] and the first subharmonic with a phase shift of
−π/2. For the velocity Uc =

U1+U2

2 holds. The resulting flow field for the
initial guess f0 = 0 is characterised by a natural instability.

Setting (S1) For the first setup α1 = α2 = 1 holds for the fundamental
and the subharmonic frequency excitation. As can be seen in Fig. 6.2 the
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Figure 6.2.: Entropy s distribution at time step 7,450 of setting (S1),
which serves as target. Due to the excitation (6.3) a harmonic
vortex pairing occurs, cf. [BBJ00]. The vortex breakdown at
the right boundary is caused by the sponge layer.

forcing leads to a harmonic vortex pairing in the domain. The sponge
layer configuration for this setting is shown in Fig. 6.3a. At the upper
and lower bounds a hyperbolic tangent sponge function is applied. At the
right boundary a quadratic sponge, analogous to [BBJ00,Man12] is used.

Setting (S2) To prove that the derived framework can be applied to
different flow configurations a second setting is mentioned. Therein α1 = 1
holds only for the fundamental frequency, whereas α2 = 1 holds only for
the subharmonic. At all boundaries, except of the left, tanh type sponge
layers are applied, see Fig. 6.3b.

For the validation and assessment of the adjoint framework the har-
monic excitation is disabled, leading to substantially different flows and
therefore to different pressure distributions, cf. Figs. 6.4 and 6.5. Aim of
the adjoint based data assimilation framework is to recover the reference
excitation fref or at least an excitation f , which minimises the objective
function, cf. Sec. 3.5

J =
1

2

 2
j=1

(uj − uj,ref)
2
σxi

(xi)σt(t) dΩ, (6.7)
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6.1. Setup

(a) (b)

Figure 6.3.: Sponge layer amplitudes for setting (S1,a) and (S2,b) nor-
malised by its absolute maximum. In both the sponge serves
avoiding acoustic perturbations caused by vortices leaving the
domain.

1. Computation of a reference flow field with excitation fref

2. Application of the data assimilation technique using snapshots
from the previous step as target with f0 = 0 as initial guess

3. Comparison between reference (step 1) and recovered flow field
(step 2).

Sequence 6.1: General validation procedure for the adjoint based data as-
similation framework by means of the comparison with a
numerical reference experiment.

as the resulting excitation is of no significance. By minimising the inte-
gral difference between the computed and the reference velocity field also
the pressure is recovered, certainly within the mentioned limitations re-
lated to the uniqueness of the solution. However, a comparison between
reconstruction and reference state enables a quantitative validation of the
adjoint data assimilation framework. The validation outline is summarised
in Seq. 6.1.

Data assimilation tasks for setting (S1) includes an explicit regularisa-
tion, using l2 = 1−8. See Seqs. 3.5 and 6.2.9 for details.
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(a) (b)

(c) (d)

Figure 6.4.: Deviations of the system state between reference computation
with fref , serving as target, and the initial guess f0 = 0 at
time step 7,450 for setting (S1). The reference forcing leads
to a substantially different flow field in comparison to the
solution for the initial guess with the occurrence of a natural
instability. In particular in Fig. 6.4d can be seen, that the
harmonic vortex pairing does not occur for the initial guess.
See Tbl. 6.1 for quantitative details.

∆p [Pa] ∆u1 [m/s] ∆u2 [m/s] ∆s [J/K]
setting (S1) ∆min -2129 -47.24 -62.73 -63.4

∆max 2462 38.10 52.87 63.0
setting (S2) ∆min -1434 -18.41 -31.47 -62.0

∆max 1172 21.05 27.67 63.3

Table 6.1.: Deviations between initial guess f0 = 0 and reference compu-
tation with excitation 6.3 for both settings (S1) and (S2). The
values refer to absolute deviations in the entire computational
domain.
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(a) (b)

(c) (d)

Figure 6.5.: Deviations of the system state between reference computation
with fref and the initial guess f0 = 0 at time step 7,250 for
setting (S2). Again the reference forcing lead to a substan-
tially different flow field. See Tbl. 6.1 for quantitative details.

6.1.3. Data Assimilation Settings

To complete the data assimilation setup, definitions for the weights σxi

and θxi
, discussed in Secs. 3.5 and 3.6, are necessary. They are defined

by hyperbolic tangent functions in order to avoid discontinuous excitation
of the direct and adjoint computations, cf. Fig. 6.6. In both settings θxi

is chosen to capture the extend of the reference excitation defined by its
weight ψ, see (6.5). For the temporal weight θt = 1 holds, meaning the
forcing fn is assimilated for every time step. As the reference forcing
is given by momentum sources the assimilation is restricted to the same.
The framework provides gradient information for the entire computational
domain, but here its evaluation is restricted to the region defined by θxi

.
Thus, about 747.5 (S1) and 335.6 (S2) million degrees of freedom are as-
similated by the adjoint framework as 10,000 respectively 7,500 time steps
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(a) (b)

Figure 6.6.: (a): Spatial extent of σxi
(3.31) and θxi

for setting (S1) as
overlay to the velocity component u1.
(b): Weights for setting (S2), also as overlay to u1.
In both cases the control region θxi

covers the spatial extent
of the reference forcing.

are computed. Approximately 62,500 and 21,800 values are considered in
the objective function by using only velocity information of a single snap-
shot. The weight σt is a matter of further validation. See Sec. 6.2.7 for
details.

6.2. Validation and Assessment

Parts of the following results, in particular for setting (S2), are published
in [LS13] and [LS].

6.2.1. Settings for Optimal Convergence

In this section the optimal settings for the data assimilation framework
in terms of line search and non-linear conjugated gradient methods are
examined.

The data assimilation framework demands a large amount of computa-
tional resources, thus a convergence acceleration is needed. As discussed
in Secs. 3.6.3 and 3.6.4, this can be done by application of a line search
technique and the use of non-linear conjugated gradients. In particular
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(a) (b)

Figure 6.7.: (a): Progress of the objective function for setting (S1) by ap-
plying a steepest descent algorithm with different constant α.
The convergence depends strongly on the choice of α.
(b): Step width α normalised by the initial value α0 for dif-
ferent conjugated gradient methods applied to setting (S1).

for the latter, the concrete implementation depends highly on the men-
tioned problem. To determine the optimal methods corresponding tests
are carried out.

The assimilation task for setting (S1) is performed for three loops with
a constant α, which means a simple steepest descent approach is applied.
Figure 6.7a shows, as expected, that the choice of α is important for the
convergence of the framework. While too small values lead to a worse
convergence behaviour, too large values lead to an increasing value of the
objective function. Consequently, α has to be determined in an optimal
sense. To ensure a good convergence the step width is to be determined
for every iteration step. The application of a shape based line search
algorithm is highly recommended.

Figure 6.7b shows the values of α with the iteration, using a quadratic
line search (3.42) in combination with different conjugated gradient meth-
ods. The values covers a wide range with respect to the initial step width,
emphasising the importance of a line search method. Thus, in the follow-
ing a quadratic line search is applied for all tasks, if not stated otherwise.
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(a) (b)

Figure 6.8.: (a): Progress of the objective function for different non-linear
conjugated gradient variants on a simplified setting (S2). The
variants (PR) and (FR) lead to an improved convergence.
(b): Application of (PR) and (FR) variant on settings (S1)
and (S2) shows the applicability of both methods. In all men-
tioned cases the objective function is clearly reduced.

The initial step width for setting (S1) is chosen to be 4,500 and 10,000 for
setting (S2).

To identify the optimal non-linear conjugated gradient method, differ-
ent formulations are examined for setting (S1) and (S2). The analysis
demands high computational costs, because numerous iteration steps are
necessary to compare the variants to each other. To reduce the effort the
tests are performed firstly on setting (S2), simplified by the reduction of
the number of grid points. As result Fig. 6.8a shows, that the variants
(PR) and (FR) improves the convergence with respect to non-use of a
conjugated gradient method (SD). The variant of Hestenes–Stiefel (HS)
is not appropriate for the intended application.

Fig. 6.8b visualises the analysis on the full settings (S1) and (S2). It is
found, that the variants (PR) and (FR) are both applicable. The slightly
worse convergence of setting (S1) in comparison to (S2) is caused by ad-
dition of the regularisation term, see Sec. 6.2.9. Hereinafter, the method
of Polak–Ribière is preferred and used, if not stated otherwise.
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6.2.2. Adjoint Solution

Usually the adjoint solution of the first iteration indicates the resulting
structure of the optimal forcing. Therefore, this section presents the ad-
joint solution of the initial loop for setting (S1).

The temporal evolution of the adjoint solution is shown in Fig. 6.9. As
a reminder, the adjoint equations are solved backwards in time. Start-
ing with all zero values, as discussed in Sec. 3.4.1, the adjoint remains
zero until the system is excited by means of the weight guj

, defined by
the objective function. For the analysed setting (S1) this reduces to an
excitation of the adjoint quantities u∗1 and u∗2 at time step 7,450, defined
by the difference between the actual velocity field and the reference. See
the subsequent Sec. 6.2.3 for more details. After excitation the adjoint
solution evolves based on the direct solution in reverse direction. It starts
with an adjoint acoustic caused by discrete temporal disturbance of the
adjoint equations. The resulting sensitivities are found to have no impact
on the data assimilation results. However, a smoothing may be applied.
Defined by the convective velocity the disturbance reaches and goes trough
the control region θxi

, providing the information on which the gradient is
computed later on. The required time corresponds to a convective length
from the control to the measurement region. The disturbance leaves the
domain damped by the applied sponge layer. Remaining spurious distur-
bances caused by a non-perfect boundary treatment are of small ampli-
tude. As for the initial acoustic, they have no significant impact on the
data assimilation. The increasing sensitivity of the flow with respect to
the spatial-temporal distance between forcing and measurement expresses
in increasing values of the adjoint quantities.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.9.: Adjoint solution of the initial iteration for setting (S1).
(Left column): Temporal evolution of the adjoint quantity u∗1.
The disturbance caused by the excitation at time step 7,450
is convected by means of the base flow (direct solution).
(Right column): Temporal evolution of the adjoint quantity
p∗. An acoustic disturbance starting from the measurement
region is visible.
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6.2.3. Use of Single Snapshots

This section presents results of the data assimilation framework for both
previously described settings using a single velocity snapshot of the refer-
ence computations as target.

The temporal weight in the objective function is chosen as σt = δn,ns .
For setting (S1) ns = 7,450 and for setting (S2) ns = 7,250 holds. In both
cases the chosen time step s corresponds to a bulk convection length of
more than the length of the considered computational domain.

Setting (S1) In Fig. 6.10a it is shown, that the velocity deviation within
the mentioned region is reduced. Outside, where σ ≪ 1 holds, the devia-
tion is also reduced, but significantly less. This is expected, because there
a minimisation is not aimed by the objective function. Figure 6.10b shows
the evolution of J with the iteration step of the data assimilation frame-
work. The integral velocity difference (6.7) is reduced by nearly three
orders of magnitude with respect to the initial guess within 64 iterative
loops. The framework converged by meeting the criteria

∆J =
Jn+1 − Jn

Jn
< 0.001, (6.8)

which is used for all subsequent tasks, if not stated otherwise.

A detailed examination of the velocity deviations in the measurement
region is shown in Fig. 6.11. The velocity deviations are reduced to ap-
proximately 1% with respect to the velocity range of the reference field in
the measurement region. The general structure of the flow field charac-
terised by the pairing vortices is recovered. Remaining deviations relate
mainly to regions, where large velocity gradients occur.

According to the data assimilation approach, also an instantaneous pres-
sure distribution is determined in an optimal sense. Figure 6.11f shows,
that the obtained pressure field corresponds to the reference computation
as desired. The deviation between converged solution and the reference
ranges from -58 to 20 Pa. A quantification in form of maximum deviations
is given in Tbl. 6.2.

For further analysis the evolution of the corresponding values with re-
spect to the iteration steps are shown in Figs. 6.12a and 6.12b. While the
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(a) (b)

Figure 6.10.: (a): Resulting u1 velocity deviation for setting (S1) at time
step 7,450 after 64 iterations of the adjoint data assimilation
framework. In comparison to Fig. 6.4a the deviation is re-
duced. The reduction is limited to the region defined by σxi ,
indicated by the rectangle.
(b): Evolution of the objective normalised by J1. The objec-
tive function is reduced by nearly three orders of magnitude
within 64 loops, until the convergence criteria is reached.

integral velocity deviation decreases almost continuously the maximum
deviations show a widely fluctuating behaviour. If this is disadvantageous
for the intended application, it can be considered in the objective function
by choosing a higher order norm. The maximum deviations in pressure
are put into perspective by examination of the integral pressure deviation
evaluated by means of point wise summation. It results in approximately
1%, cf. Fig. 6.12b and has no strong fluctuations since iteration step 45.

Setting (S2) The aforementioned analysis is conducted also for setting
(S2). Fig. 6.13a shows, that the velocity deviation in the mentioned region
is clearly reduced. Outside the deviations correspond again to the initial
ones, in terms of magnitude. The framework converged within 40 loops.
The objective function is reduced by nearly four orders of magnitude,
cf. Fig. 6.13b. In comparison to setting (S1) the convergence behaviour
is improved. This is may be caused by the reduction of the degrees of
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(a) (b)

(c) (d)

(e) (f)

Figure 6.11.: Comparative results for setting (S1).
(Left column): Deviation between initial guess and reference
within the measurement area σxi at time step 7,450.
(Right column): Deviation between adapted flow and refer-
ence after 64 iteration loops within the same σ. The devia-
tions are reduced. See Tbl. 6.2 for quantification.
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∆u1 [m/s] |∆u1| ∆u2 [m/s] |∆u2| ∆p [Pa] |∆p|
∆− -0.54 < 0.01 -0.76 < 0.01 -58 0.02
∆+ 0.59 < 0.01 0.53 < 0.01 20 < 0.01

Table 6.2.: Deviations between adapted flow after 64 loops and the refer-
ence computation for setting (S1). The values correspond to
maximum positive and negative deviations in the measurement
region.

∆u1 [m/s] |∆u1| ∆u2 [m/s] |∆u2| ∆p [Pa] |∆p|
∆− -0.25 < 0.01 -0.31 < 0.01 -12 < 0.01
∆+ 0.39 < 0.01 0.28 < 0.01 13 < 0.01

Table 6.3.: Deviations between adapted flow after 40 loops and the refer-
ence computation for setting (S2). The values correspond to
maximum positive and negative deviations in the measurement
region.

freedom to be assimilated and by abnegation of the regularisation terms.
Further details on this are given in Sec. 6.2.9.

A detailed analysis of the mentioned region is shown in Fig. 6.14. The
velocity deviations are reduced to less than 1%, thus the flow structure
is recovered in terms of velocity. The largest deviations are found again
where large gradients occur. A detailed analysis of the resulting pressure
field is shown in Figs. 6.14e and 6.14f. The pressure deviation covers a
range smaller than ±1%. Table 6.3 quantifies the maximum deviations in
the considered region. The results are similar to setting (S1), even if they
are slightly better.

Also the evolution of maximum deviations for velocities and pressure
are similar to the results of setting (S1), as they are characterised by
fluctuations. In comparison, the integral pressure deviation converges
better. Since iteration 32 no strong fluctuations are present in its progress.
The integral pressure deviation is reduced by three orders of magnitude.

In conclusion, it can be stated that the derived framework is capable of
recovering the instantaneous pressure from a synthetic velocity snapshot
within the stated limits of accuracy. Further iteration by means of a more
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(a) (b)

Figure 6.12.: Quantifying results for setting (S1).
(a): Evolution of the normalised maximum velocity devia-
tions in the measurement region with the iteration step.
(b): Corresponding evolution of the pressure deviations. The
integral value stagnates (approximately) from loop 45.

exigent convergence criteria would improve the results. However, these
would stand in no suitable relation to the computational costs. Therefore
the applicability of the method depends on the intended application. For
fluid dynamics purposes like load determination the accuracy is maybe
sufficient, while acoustic applications are inconceivable.

A further analysis of the obtained results is necessary. First of all the
structure of the optimal forcing has to be examined and compared to the
reference forcing. It has to be clarified, if the use of multiple snapshots
improves the results. Furthermore, it has to be considered, that in com-
pressible flows two thermodynamic quantities are required to identify the
system state and how the results are affected by involvement of further
quantities, as discussed in Sec. 3.5. Also the effect of noise, as always
present in real experiments, has to be considered. Besides these physical
considerations also further aspects must be examined, e.g. stability of the
framework and impact of the grid resolution. For all mentioned points
corresponding analyses are carried out in the following sections.

79



6.2. Validation and Assessment

(a) (b)

Figure 6.13.: (a): Resulting u1 velocity deviation for setting (S2) at time
step 7,250 after 40 iterative applications of the adjoint data
assimilation framework. The deviation is clearly reduced,
cf. Fig. 6.5a. The measurement region is indicated by the
rectangle.
(b): Progress of the objective normalised by J1. The objec-
tive function is reduced by nearly four orders of magnitude.
In comparison to setting (S1) a better convergence behaviour
is found.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.14.: Comparative results for setting (S2).
(Left column): Deviation between initial guess and reference
within the measurement area σxi at time step 7,250.
(Right column): Deviation between adapted flow and refer-
ence after 40 iteration loops. Also for this setting the devi-
ations are reduced. See Tbl. 6.3 for quantification.
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(a) (b)

Figure 6.15.: Quantifying results for setting (S2).
(a): Evolution of the normalised maximum velocity devia-
tions in the measurement region with the iteration step.
(b): Corresponding progress of the pressure deviation. The
integral pressure deviation converges after 32 iteration steps.
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6.2.4. Structure of the Resulting Forcing

In this section the reference forcing fref and the resulting forcing fn=64

(see Sec. 6.2.3) for setting (S1) are compared. By means of a modal
decomposition it is analysed, if the framework is capable of recovering the
reference excitation or at least its structure.

For the analysis the matrix A, containing S snapshots of the mentioned
forcing f , is defined as

A =

f

tn(s=1)


, . . . , f


tn(s)


, . . . , f


tn(s=S)


. (6.9)

Therein f(tn(s)) corresponds to the forcing at time step s reshaped to a
vector of length N , according to the number of grid points multiplied by
the number of forced quantities. As the forcing is applied only for the
momentum terms, fu1

and fu2
are combined and reshaped. The singular

value decomposition [GK65] of A leads to

A = UΣV T . (6.10)

The matrix is decomposed into modes U with weights Σ and V . The
forcing can be approximated (and compared) by means of the modes with
the largest singular values, given by the diagonal entries of Σ.

The decomposition of the reference forcing for setting (S1) is shown in
Fig. 6.16. The singular values decay very fast. A single dominant value can
be identified. Only the corresponding mode is needed for representation
of fu1,ref and fu2,ref . The rotating reference excitation is identified by the
use of 150 snapshots using each fiftieth time step.

The singular value decomposition of the assimilated forcing is shown in
Fig. 6.17. No dominant mode can be identified as only a weak decay of the
singular values is discovered. No modes corresponding to the reference are
found. Rather, the resulting structure corresponds to the adjoint solution
shown in Fig. 6.9. As before 150 snapshots in steps of 50 ∆tn are used.

For setting (S2) similar results are found.

Thus, it can be stated, that the derived framework is capable to recover
the velocity field in the measurement region, but not the reference excita-
tion or at least its structure, using a single snapshot. However, this is not
necessary.
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(a) (b) (c)

Figure 6.16.: Results of the singular value decomposition of the reference
excitation (S1). A single dominant singular value is found.
The corresponding mode, shown for fu1

and fu2
, reveals the

rotating reference excitation. The image section is restricted
to the control region defined by θxi .
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 6.17.: Results of the singular value decomposition of the resulting
excitation for setting (S1). No dominant mode can be iden-
tified. The course of the singular values is characterised by
a weak decay. The modes do not match the reference.
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6.2.5. Use of Synthetic PIV Images

In this section the impact of measurement errors associated to particle
image velocimetry analysis is assessed. Based on setting (S2) a more
realistic measurement chain is reproduced by use of synthetic particle
images and application of a standard PIV analysis software.

Experiments always include systematic and random errors. Both have
to be considered for validation and assessment of the derived framework.
While the latter type can be approximated by adding random noise to
the reference data set, the systematic errors are difficult to reproduce by
numerical means. The use of experimental reference data is not feasible
as the validation presupposes simultaneous availability of velocity and
pressure data.

A suitable option in context of the intended application is the use of syn-
thetic particle images. Based on particle positions and diameters PIV like
images are created. Here the synthetic image generator (S.I.G.) program
is used. See [LW04] for a detailed description. The program considers op-
tical issues as well as laser sheet shape and positioning. Also CCD (charge-
coupled device) sensor related effects like noise are respected. Thus, in
combination with a standard PIV analysis, systematic errors are consid-
ered.

The following analysis makes no use of additional information related to
the PIV analysis, e.g. size of the interrogation windows. The inclusion of
these information might lead to improved data assimilation results, but is
omitted, as it requires a corresponding adaption of the adjoint equations.
In context of this thesis, only the resulting velocity information are used
as target.

Particle Simulation For the following validation a particle simulation
based on the reference computation for setting (S2) is carried out. Details
are stated in Sec. A.5. Approximately 1.3 million particles are simulated.
The particle diameters dp are normally distributed around 1 · 10−6m with
a standard variation of 2.5 · 10−7m and a maximum deviation of 10%, cf.
Fig. 6.18a. The particle density is chosen to 912 kg/m3 (Di-Ethyl-Hexyl-
Sebacat).
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(a) (b)

Figure 6.18.: (a): Particle diameter distribution of the particle simulation
used for the synthetic PIV analysis. The diameters dp are
normally distributed.
(b): Velocity magnitude deviation between particle and flow
velocity in the region of interest. The particles do not fol-
low the flow exactly in region where high velocity gradient
appears (particle slip).

Due to the higher density and the strong acceleration effects in the shear
layer the particles do not follow the flow exactly, see [AW11]. The slip
occurs in regions where high velocity gradients appear. In Fig. 6.18b the
resulting velocity magnitude deviations are shown for the section covered
by the PIV image (see below). They ranges up to 0.26 m/s. To interpo-
late the particle velocities on the computational grid a natural neighbour
interpolation (Voronoi tessellation) is used.

Synthetic Image Analysis Based on the particle simulation synthetic
images are created. The quadratic image section surrounds the measure-
ment region σxi

, see Fig. 6.6b, and is resolved by 2048×2048 pixels. Table
6.4 gives an overview on the most relevant S.I.G. settings. In particular
two different noise levels are considered. The same image pair is chosen
for both providing a particle displacement of 5.3-10.5 pixels. A montage
of two resulting images is shown in Fig. 6.19.

Subsequent evaluation by means of the MATLAB tool PIVlab [TS14]
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p_dimX 2048 [pixels]
p_dimY 2048 [pixels]
r_xmin 0.5375 [m]
r_xmax 0.7625 [m]
r_ymin 0.0750 [m]
r_ymax 0.3000 [m]
ccd_background_type Gaussian
ccd_background_mean_level (Ξ) 0.0 / 25.0
ccd_background_std_noise 0.0 / 12.5
ccd_pixel_horizontal_pitch 134736.842105
ccd_pixel_vertical_pitch 134736.842105

Table 6.4.: Applied S.I.G. settings. The image section (region of interest,
ROI) is defined by the r_ values.

Figure 6.19.: Montage of two synthetic particle image in a sector of the
region of interest. On the right additional background noise
is added via S.I.G.

in version 1.32 leads to the velocity field used as reference target later
on. As the validation aims at inclusion of systematic errors in general the
default settings are used, see Tbl. 6.5. No additional image pre-processing
procedures are applied. The size of the interrogation windows is chosen
according to the ’one-quarter rule’ [AW11]. The differences between the
reference computation and the PIV analysis are shown in Fig. 6.20. In
particular in the shear layer, where strong velocity gradients occur, large
deviations are found. Details are stated in Tbl. 6.6.
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PIV algorithm FFT window deformation
Pass 1 64 × 64
Pass 2 32 × 32
Pass 3 32 × 32
window deformation spline
Sub-pixel Gauss 2 × 3 point

Table 6.5.: Applied PIVlab settings. The interrogation window overlap is
chosen to 50%.

(a) (b)

Figure 6.20.: (a): Resulting velocity magnitude deviation between the ref-
erence computation and the PIV analysis in the region of
interest. Largest deviations are found at the shear layer.
(b): Consideration of additional background noise within the
synthetic images results in larger errors. Also apart from the
shear layer large deviations occur. The measurement region
is indicated by the rectangles.
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Ξ ∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1]
∆− -1.39 0.02 -1.44 0.02

0
%

∆+ 1.12 0.01 1.49 0.02
∆− -1.90 0.02 -1.96 0.02

2
5
%

∆+ 1.94 0.02 2.07 0.02

Table 6.6.: Maximum positive and negative deviations between PIV anal-
ysis and reference velocity field in the measurement region.
The addition of background noise Ξ results in larger errors.
From the PIV analysis no pressure information are present.

Ξ ∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1] ∆p [Pa] |∆p| [1]
∆− -1.11 0.01 -1.36 0.01 -58 0.03

0
%

∆+ 1.50 0.02 1.34 0.01 63 0.03
∆− -1.08 0.01 -1.47 0.02 -64 0.04

2
5
%

∆+ 1.60 0.02 1.37 0.01 64 0.04

Table 6.7.: Maximum positive and negative deviations between assimi-
lated and reference flow field in the measurement region. The
addition of noise to the synthetic PIV images has no significant
effect on the data assimilation.

Data Assimilation The resulting assimilated velocity fields are shown in
Fig. 6.21. No significant differences between both mentioned noise levels
are found. The obtained velocity fields match the reference better than
the PIV analysis. This can be explained by the fact, that in contrast to
the PIV analysis, the assimilated fields fulfil the (discrete) Navier-Stokes
equations. The framework can be interpreted as low entropy filter. A
further analysis on this is given in Sec. 6.2.6. Details of the resulting
assimilated velocity fields are stated in Tbl. 6.7.

The resulting pressure fields for both noise levels are shown in Figs. 6.22
and 6.23. The addition of background noise has no significant impact on
the results. However, in comparison to Sec. 6.2.3, the pressure results are
worse, but still in the same order of magnitude. The integral pressure
deviation for both cases is found to be approximately 1%.

It can be concluded, that the framework can handle realistic PIV data
within the obtained accuracy limits. The systematic errors lead to larger

90



6.2. Validation and Assessment

(a) (b)

Figure 6.21.: (a): Resulting velocity magnitude deviation between the as-
similated flow and the reference computation based on syn-
thetic particle image velocimetry analysis without addition
of additional background noise after 40 iterative loops.
(b): Use of the noisified data sets shows no significant wors-
ening. Deviation structure and magnitude are similar.

deviations, but the main flow features are captured. Furthermore, the
framework can be interpreted as a model based filter. Usually a PIV analy-
sis provides velocities not fulfilling the Navier-Stokes equations whereas the
assimilated fields do discretely, matching the measurements in an optimal
sense. Thus, the framework is applicable for an improvement of particle
image velocimetry measurements, in the sense of a post-processing.
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(a) (b)

Figure 6.22.: Analysis without additional background noise.
(a): Assimilated pressure field. The deviations ranges ±3%
with respect to the pressure range of the reference flow.
(b): The framework converged within 40 loops. In compar-
ison to the use of synthetic data directly from the reference
simulation the convergence is slightly affected. The absolute
integral error is larger, due to the presence of the systematic
errors.
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(a) (b)

Figure 6.23.: Analysis with additional background noise.
(a): Assimilated pressure field. The deviations ranges ±4%.
The results are similar to the aforementioned case without
additional noise.
(b): The framework converged within 40 loops. In compar-
ison to the previous case, the integral value is larger due to
the background noise in the target velocity data.
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6.2.6. Stability of the Framework

In this section the stability of the derived framework is analysed. Two
different aspects are considered. The impact of noisy reference data is
examined as well as the use of noisy initial guesses for f0.

Measurement Noise As shown in the previous Sec. 6.2.5 the derived
framework is capable of handling noisy velocity data. Here, again setting
(S2) is used for a further quantification. The single target snapshot is
overlaid with white noise of different amplitudes covering a range of 1%
to 5% with respect to the local velocity magnitude. In order not to distort
the evolution of the objective function, the framework is applied using a
simple steepest descent approach. The line search is disabled as well as
non-linear conjugated gradient methods.

Figure 6.24a shows the resulting curves. The absolute values of the
objective functions increase with larger noise amplitudes. This is expected
as the noise is mentioned within J . Figure 6.24b shows the resulting (loop
10) integral velocity and pressure deviations in the measurement region
normalised to the data with no additional noise. They are hardly affected
by the presence of noise in the target velocity field.

The noise is filtered by two effects. First, the adjoint computation
applies a filter to avoid grid oscillations. Therefore, noisy excitation by
means of the objective function are removed to a large extent. Secondly,
the remaining parts are filtered by the framework itself as the Navier-
Stokes equations hold as constraint, not providing noise as solution. The
latter applies in particular for systematic errors in the case of PIV image
based data.

Initial Guess Noise Different initial guesses may lead to different opti-
mal solutions fn as the derived framework converges only towards a local
minimum. To asses the framework in this context, results for noisified
initial guesses f0uj

are compared to each other. Four different cases are
considered. Starting with all zero values, as performed for all other val-
idations and data assimilation tasks, noise with different amplitudes is
added.
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(a) (b)

Figure 6.24.: (a): Evolution of the objective function for different noise
levels in the velocity target normalised to the initial loop.
The convergence worsens with larger noise amplitudes.
(b): Resulting integral deviations between assimilated flow
and the reference normalised to the no noise setup after ten
iterative loops. The resulting assimilated flow field is only
hardly affected by the presents of noise in the target velocity
data set.

In Fig. 6.25 the results are presented. The differences of the normalised
objective function show a negligible effect of noisy f0uj

. Also for the re-
sulting deviations in the measurement region after ten loops the impact
is very small. However, larger noise amplitudes or the use of large scale
structures, e.g. f0uj

= f(xi, t), would lead to a different resulting forcing
fn.

It can be concluded, that the framework is stable with respect to the
mentioned noise levels in the target data and the initial guess.
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(a) (b)

Figure 6.25.: (a): Evolution of the objective function for different initial
noise levels normalised to the initial loop, shown as difference
with respect to the no noise case f0 = 0.
(b): Resulting integral deviations normalised to the no noise
setup after ten iterative loops. The resulting assimilated flow
field is only hardly affected by the presents of noise in the
initial guess for f .
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6.2.7. Use of Multiple Snapshots

In this section the use of multiple PIV snapshots within the objective
function is discussed. Based on settings (S1) and (S2) it is shown, that
the derived framework is capable of handling high-speed PIV like data.

The use of only one single velocity field in the objective function neglects
dynamic effects. For example, the acceleration of a homogeneous flow
field would not be captured. As well as two plane acoustic waves of same
amplitude propagating in opposite directions. At a certain location the
particle velocities cancel, thus the resulting pressure peak would not be
recognised by the analysis. If more snapshots are available in a suitable
time span the acceleration and the waves are captured.

To include multiple snapshots the temporal weight σt is defined by a
series of delta functions.

σt(tn) =

N
i

aiδn,ni
(6.11)

In general, different weights ai are possible, but here every snapshot is
equally weighted with ai = 1. For both analysed settings (S1) and (S2)
three snapshots are used. For setting (S1) n = [7.150, 7.300, 7.450] holds.
For setting (S2) n = [7.100, 7.250, 7.400] is chosen.

Setting (S1) The obtained results for setting (S1) are worse in compar-
ison to the single snapshot analysis. The resulting maximum positive and
negative deviations are stated in Tbl. 6.8. The integral pressure devia-
tion for time step 7,450 is about 2%. A detailed analysis shows, that the
maximum velocity error occurs again where strong velocity gradients are
present. In particular in the contact area of two pairing vortices a larger
error is found, see Fig. 6.26 for the velocity deviation for time step 7,150.

The resulting pressure deviations for all mentioned time steps are shown
in Fig. 6.27. Largest deviations are found near the boundary of the mea-
surement region. The generally poor results can be explained by exam-
ination of the objective function. In Fig. 6.27d it can be seen that the
framework converged within 96 loops, but with a large residual. The
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n ∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1] ∆p [Pa] |∆p| [1]
∆− -3.08 0.03 -2.59 0.02 -130 0.06

7
1
5
0

∆+ 3.02 0.03 2.74 0.03 29 0.01
∆− 2.81 0.03 -2.76 0.03 -157 0.08

7
3
0
0

∆+ 2.13 0.02 1.10 0.01 14 < 0.01
∆− -1.21 0.01 -1.12 0.01 -133 0.06

7
4
5
0

∆+ 1.46 0.01 1.21 0.01 19 < 0.01

Table 6.8.: Maximum positive and negative deviations for setting (S1) in
the measurement region for all mentioned time steps. The
marked time step corresponds to the single snapshot analysis.

shown results indicate, that the framework is not capable of depicting a
forcing leading to exactly the same vortex pairing. As the corresponding
stability mechanism is known to be very sensitive this is might serve as
an explanation. However, the major flow features are recovered for every
snapshot.

Setting (S2) For the second setting the quality of the results corre-
spond to the single snapshot analysis. The maximum deviations after 75
iterations are stated in Tbl. 6.9. Particularly noteworthy are the small
integral pressure deviations, which are smaller than 1% for all mentioned
time steps. Again the largest velocity deviations are found where large
velocity gradients appear.

n ∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1] ∆p [Pa] |∆p| [1]
∆− -0.70 < 0.01 -0.44 < 0.01 -23 0.01

7
1
0
0

∆+ 0.59 < 0.01 0.83 < 0.01 10 < 0.01
∆− -0.54 < 0.01 -0.44 < 0.01 -4 < 0.01

7
2
5
0

∆+ 0.59 < 0.01 0.68 < 0.01 29 0.02
∆− -0.38 < 0.01 -0.37 < 0.01 -23 0.01

7
4
0
0

∆+ 0.68 < 0.01 0.50 < 0.01 13 < 0.01

Table 6.9.: Maximum positive and negative deviations for setting (S2) in
the measurement region for all mentioned time steps. The
marked time step corresponds to the single snapshot analysis.
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(a) (b)

Figure 6.26.: Velocity deviations after 96 iterative loops for time step 7,150
in setting (S1). Large deviations occurs at the contact plane
of the pairing vortices. The general flow features are recov-
ered.

In Fig. 6.28 the resulting pressure deviations are shown. Its structure
as well as the amplitudes equals the single snapshot analysis. All flow
features are recovered in better quality than for setting (S1). The evo-
lution of the objective function shows convergence with a small residual,
see Fig. 6.28d. The integral value of the objective function is reduced by
more than three orders of magnitude.

It can be concluded, that the derived framework is capable of handling
high-speed PIV data. Thus, dynamic effects can be taken into account. In
comparison to the single snapshot analysis a worse convergence behaviour
is found. Setting (S1) provides also worse results. For setting (S2) a
comparable quality of the reconstruction is found. In no case the use of
multiple snapshots improves the results. However, in both cases the flow
features are recovered. The usability of the approach is thus again a matter
of the intended application. If the reconstruction of acceleration quantities
is needed one might add them to the objective function. However, this
requires the availability of corresponding measurements.
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(a) (b)

(c) (d)

Figure 6.27.: Resulting pressure deviations in the measurement region for
setting (S1). The image sequence corresponds to the tempo-
ral sequence of the used snapshots. In 6.27d the evolution
of the objective function is shown. Its value is reduced by
more than two orders of magnitude within 96 loops. In com-
parison to the single snapshot analysis the results are worse.
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(a) (b)

(c) (d)

Figure 6.28.: Resulting pressure deviations in the measurement region for
setting (S2). Again the image sequence corresponds to the
temporal sequence of the used snapshots. Fig. 6.28d shows
the evolution of the objective function. Within 75 loops its
value is reduced by more than three orders of magnitude.
The second curve corresponds to the single snapshot analy-
sis.
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6.2.8. Use of Additional Quantities

In this section the use of additional temperature information, provided
e.g. by thermographic particle image velocimetry, is examined.

The state of a compressible flow is defined by five quantities, three
velocity components and two thermodynamic variables. The extension of
the objective function by one of the latter might improves the quality of
the assimilation results by reducing the solution diversity.

For the analysis the multiple snapshot setting (S1) described in the
previous Sec. 6.2.7 is revisited. The objective function is extended with
temperature information from the reference computation

J =
1

2

  2
j=1

(uj − uj,exp)
2
+ (T − Texp)

2

σxi
(xi)σt(t)dΩ. (6.12)

In Tbl. 6.10 the resulting maximum deviations in the measurement region
are stated. The magnitudes correspond to the aforementioned results.
The integral pressure deviations ranges from 1 to 3%. As previously, the
largest velocity deviations occur at the flanks of the pairing vortices.

Details are shown in Figs. 6.29 and 6.30. The temperature deviations
cover a range from -6 to 10 K. In comparison to the aforementioned setup
without inclusion of temperature measurements the decay of the objective
function is worse. However, the mentioned convergence criteria is reached.
The objective is reduced by more then two orders of magnitude within 120
iteration steps.

In summary, it can be stated that the framework is capable to include
additional thermodynamic quantities. However, in the mentioned case the
pressure results are not improved. This might be different, if a setup with
strong thermodynamic effects, e.g. shocks or hot spots in reactive flows,
is analysed.

In general, also the addition of acoustic measurements is possible, as
shown in Sec. 4.1. Therefore a different configuration is required. In the
current setup the acoustic fluctuations caused by the vortex pairing are in
the range of unwanted acoustic perturbations at the boundary conditions,
even if a sponge is applied. Thus, a corresponding analysis is omitted.
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(a) (b)

(c) (d)

Figure 6.29.: Resulting pressure deviations in the measurement region for
setting (S1) by use of additional temperature measurements.
The image sequence corresponds to the temporal sequence of
the used snapshots. In 6.29d the evolution of the objective
function is shown. Its value is reduced by more than two
orders of magnitude within 120 loops. In comparison to the
multiple snapshot analysis without inclusion of temperature
information the decay is worse.
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(a) (b)

(c)

Figure 6.30.: Resulting temperature deviations in the measurement region
for setting (S1). Again the image sequence corresponds to
the temporal sequence of the snapshots. The maximum de-
viations occur where strong gradients are present, analogous
to the velocity.
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time step ∆p [Pa] |∆p| [1] ∆T [K]
n = 7,150 ∆− -167 0.07 -6

∆+ 132 0.06 10
n = 7,300 ∆− -167 0.07 -6

∆+ 2 < 0.01 9
n = 7,450 ∆− -155 0.07 -2

∆+ 4 < 0.01 1

Table 6.10.: Maximum positive and negative deviations for setting (S1)
in the measurement region for all mentioned time steps using
additional temperature measurements. The marked time step
corresponds to the single snapshot analysis.
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6.2.9. Regularisation

In this section the effect of regularisation in context of the intended ap-
plication is examined. Results for setting (S1) without regularisation are
compared to the results presented in Sec. 6.2.3.

At first, the general impact of regularisation on the course of the ob-
jective function is analysed. Four different values of the coefficient l2 are
examined. In order to not distort the results, the adjoint framework is
applied without line search. Furthermore no conjugated gradient method
is used. The evolution of the effective objective functions

Jeff = J − Jreg (6.13)

= J − l2

2


(f)

2
dΩ

is shown in Fig. 6.31a. It is found that, at least for the mentioned small
values, the choice of l2 has no significant effect.

To examine the impact on the assimilation results two cases, l2 = 0 and
l2 = 1−8, of setting (S1) are computed until convergence is reached. In
Fig. 6.31b the progress of Jeff can be seen. The regularised case converged
within less time steps, at loop 64. At this loop the effective objective is
slightly smaller than in the non-regularised case. However, the latter is
not converged at this point. Further iterations up to loop 120 lead to a
smaller effective objective function. In Fig. 6.32 the resulting u1 and p
fields are shown. The velocity deviations are slightly smaller. However,
the pressure deviation is not reduced in comparison to the regularised
case, not even in an integral sense. As expected regularisation lead to a
smoothing of the solution space. For the not regularised case the objective
function shows volatile increases, assignable to changes of the minimum
currently aimed at. The regularisation reduces this characteristic.

In optimisation related discussions the costs of control are often men-
tioned. The optimum shall be reached without putting too much effort
in the control, in the sense, that its costs shall not exceed the gain from
the optimisation. In context of the mentioned framework the argument
can be omitted, because the control is applied only numerically. Only
that the forcing f does not lead to an unstable computation has to be
ensured. For that, the regularisation is a suitable technique. However, for
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(a) (b)

Figure 6.31.: (a): Evolution of the effective objective function (6.13) for
setting (S1) with different choices for the regularisation co-
efficient l2. No significant impact is found.
(b): Comparison between l2 = 0 and l2 = 1−8 in context of
setting (S1). The regularisation part of J for the latter case
is implied by the triangles. Further discussion on the curves
are stated in the text.

the analysed setup it is not needed, as the numerical treatment is found
to act as implicit regularisation to a sufficient extent.

It can be concluded, that for the considered setup the application of the
regularisation is a matter of choice. In general, the use is recommended,
in particular if experimental data containing noise serve as target in the
objective function.
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(a) (b)

Figure 6.32.: (a): Resulting u1-velocity deviation at time step 7,450 after
120 iterative loops of the adjoint data assimilation frame-
work. No regularisation is applied. The deviation is slightly
smaller in comparison to the regularised case.
(b): Resulting pressure deviation with respect to the ref-
erence. No significant difference to the regularised case is
found.
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6.2.10. Effect of Grid Resolution

In this section the effect of the grid resolution on the assimilation process
is analysed. Based on setting (S1) for a single snapshot, results on a
coarser grid are presented and compared to the results of Sec. 6.2.3.

For the analysis a grid with 768 × 256 points is chosen, corresponding
to [LS13]. Despite of the spatial discretisation the setup equals the setting
(S1) in Sec. 6.2.3. Due to a fixed CFL-condition also the time step is
changed. As reference data a corresponding simulation is used.

The results of the reconstruction of the flow field are shown in Fig. 6.33.
Details are given in Tbl. 6.11. The velocity deviations cover a range of
±2%. Largest deviations are found where large gradients occur. The
results are similar to the results on the finer grid. However, this does not
hold for the pressure field. The deviation covers a range from less than
-1% to 5%. The progress of the objective function shows no significant
different behaviour in comparison to the high resolution case. Here, the
framework converged after 77 iterative loops.

In Fig. 6.34 the maximum negative and positive normalised deviations
in the measurement region are shown with respect to the iteration loop.
The progress of the deviations is not affected significantly by the use of
the coarser grid. Less outliers are noticed for velocities and pressure. The
integral pressure deviation is reduced to less than 1%.

No significant impact of the coarser grid on the data assimilation is
found. However, the applied grid must be able to resolve the mentioned
fluid dynamic effects. Underresolved computations might lead to unac-
ceptable filtering effects or unstable computations. On the other hand it
should be avoided to increase the resolution more than necessary as the

∆u1 [m/s] |∆u1| ∆u2 [m/s] |∆u2| ∆p [Pa] |∆p|
∆− -0.52 < 0.01 -0.81 < 0.01 -98 0.05
∆+ 0.61 < 0.01 0.33 < 0.01 5 < 0.01

Table 6.11.: Maximum positive and negative deviations for setting (S1) on
the coarser grid. In terms of magnitude the results correspond
to the solution on the finer grid.
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(a) (b)

(c) (d)

Figure 6.33.: Resulting velocity and pressure deviations in the measure-
ment region after 77 iterations. The main flow features of
the pairing vortices are recovered. Also the progress of the
objective function shows no significant impact of the coarser
grid.
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(a) (b)

Figure 6.34.: (a): Progress of the normalised absolute velocity deviations
in the measurement region on the coarser grid.
(b): Normalised pressure deviations with respect to the iter-
ation step. After 30 loops no significant outliers occur. The
integral pressure deviation is reduced to less than 1%.

computational cost are large. This holds especially if more time steps are
needed, that must be stored for computation of the adjoint equations.

6.2.11. Further Remarks

Computational requirements The data assimilation procedure demands
high computational costs. For the mentioned configuration one complete
loop, including one solution of the direct equations, one solution of the
corresponding adjoint system and application of the quadratic line search
algorithm, needs about 300 CPUh. The solution of the adjoint equations
needs twice the computational time as the solution of the direct equations.
All validations are carried out parallelised on 64 cores distributed to six
cluster nodes. Thus, one loop demands effectively 4.75 hours.

A large part of the computational effort is caused by I/O-operations.
The adjoint equations are linearised with respect to the solution of the
direct problem. Thus, it must be stored and loaded for each time step.
Furthermore, all computed gradient information must be stored, since
they can not be kept in the random access memory. Overall about 410
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GB scratch storage is required, using single precision for the stored files.
About one quarter of the total computation time is related to I/O opera-
tions.

Application in three dimensions The derived framework was also ap-
plied to a three-dimensional test case. A turbulent jet at Ma=0.6 in a
co-flow of Ma=0.3 at a Reynolds number of 7,500 was mentioned. Tar-
get of the framework was to reconstruct the volumetric turbulent velocity
field of a similar jet with a different velocity inlet profile. For the first it-
erations the framework reduced the objective function, until it stagnated,
with an integral velocity deviation of about 90%.

A subsequent analysis showed, that the in-field forcing was not able
to modify the flow field sufficiently. It was restricted by means of grid
resolution and the applied spatial filter. To improve the solution the em-
ployed mesh should be refined. Due to restrictions on the computational
resources this was not possible. The setup was resolved by 480×160×160
grid points and parallelised by means of 128 cores on 16 nodes. One iter-
ative loop demands about 5,000 CPUh and 8 TB scratch memory.

Thus, the present implementation, using infield source terms f , is re-
stricted to two dimensions, due to the high computational costs. An
amendment in the form of a boundary driven data assimilation is dis-
cussed in Sec. 6.3.

To the authors knowledge currently only one other research group at
INRIA/IRESTA carries out three-dimensional data assimilation tasks us-
ing PIV data. An incompressible wake flow at a Reynolds number of 300
is studied. The small Reynolds number may highlight the difficulties of
three-dimensional data assimilation tasks.

6.2.12. Conclusions

The derived adjoint framework is capable of reconstructing instantaneous
pressure fields from PIV data in two-dimensional compressible flows.

The framework provides good results with low deviations between the
assimilated flow field and the reference. However, a pressure reconstruc-
tion on an acoustic level is not possible. Thus, the applicability depends

112



6.3. Use of Boundary Driven Data Assimilation

on the intended application. The framework is capable of handling mul-
tiple snapshots and additional measurement quantities, but in no case
the quality of the reconstruction is improved by use of more information.
Particularly noteworthy is the filter property of the framework. It can be
used to improve noisy measurements.

However, considering the required computational resources it must be
stated that additional effort is needed to make the framework applica-
ble in context of lab-scale or industrial applications. A corresponding
improvement is discussed in the following.

6.3. Use of Boundary Driven Data
Assimilation

In this section the use of a boundary driven data assimilation for pres-
sure determination from PIV data is discussed. Parts of the results are
published in [LRS].

In general, only the measurement region is of interest for the data as-
similation procedure. Thus, the computational domain should be reduced
to its extent. Consequently the boundary conditions must be adapted to
modify the flow field, until it matches the target velocity field, analogous
to [GHM13].

6.3.1. Implementation

Here, in the context of a compressible flow, characteristic boundary condi-
tions are employed. The corresponding reference values are used to adapt
the numerical solution. To avoid unwanted perturbations the boundary
conditions are combined with a thin sponge layer, which is also adapted
within the framework. Thus, the data assimilation procedure includes the
assimilation of the sponge layer reference values b defined by

∂t

 ϱ
ϱuj
p

γ−1

+∂xi

 ϱui
ϱuiuj + pδij

uipγ
γ−1

−ui∂xi

0
0
p

 =

 ϱ− bϱ
ϱuj − buj

p− bp

 θxi
, (6.14)
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Nx1 Nx2 Nx3 type ∆t NT type σm σc

256 256 1 O(4) 3e−6s 1500 O(4) ui,Ω ui,(d)Ω

Table 6.12.: Overview of computational parameters for the boundary
driven data assimilation for pressure determination from syn-
thetic PIV data.

similar to f and the boundary reference values. Based on the previous
findings, in particular of the Secs. 3.7 (S1) and 4.2 (S2), the required
gradients are determined by means of the adjoint solution. Due to the
chosen sponge layer formulation an additional damping term AT−1

q∗θxi

arises in the right hand side of the adjoint equations. It damps the adjoint
solution and reduces unwanted perturbations, also occurring at the adjoint
boundary conditions. Thus, no additional sponge layer is required.

As the sponge layer can be interpreted as forcing, similar to f , the
findings of the previous sections apply. Here, the forcing in the domain is
simply cut by the boundary conditions to be modified. In the following the
PIVR code with a two-dimensional implementation of the above approach
is employed.

6.3.2. Validation and Assessment

To asses the implementation the single snapshot analyses previously pre-
sented in the Secs. 6.2.3 and 6.2.5 are revisited. Here, the computational
domain is restricted to an area slightly larger than the measurement re-
gions mentioned before. It is resolved equidistantly with 256 × 256 points.
Further details are stated in Tbl. 6.12.

The employed sponge layer spans 7.5% of the computational domain on
each boundary, see Fig. 6.35. The measurement region σxi is centred in
the domain and resolved by 121 × 121 points. For the temporal weight
σt = δn,nend

holds. As initial condition a tanh-velocity profile, smoother
than before, for u1 is applied. The pressure is set to ambient conditions
and u2 to zero velocity. The density is computed assuming an adiabatic
flow, cf. (6.2). These conditions are used as initial guess for the boundary
conditions and the sponge layer reference values b. Within the iterative
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(a) (b)

Figure 6.35.: (a): Initial u1 velocity field for the data assimilation compu-
tations on the mixing layer setup. Details of the full state
are given in the text.
(b): Spatial distribution θxi of the sponge layer employed for
the adaption of the flow field to the target velocities. The
rectangle indicates the measurement region defined by σxi

.

data assimilation procedure a quadratic line search is applied. The frame-
work is applied until no more improvement of the results is found. No
conjugated gradient method is used.

Setting (S1) - synthetic data In Fig. 6.36 the resulting velocity field
is shown. It matches the reference with a maximal deviation of about
±3 m/s. The pressure is determined with an accuracy of ±127 Pa. The
integral pressure deviation is about 3%. Details are stated in Tbl. 6.13.
The absolute deviations are larger than in the previous analyses. However,
the general flow features of the pairing vortices are recovered. The results
are obtained within 30 iterative loops. The objective function is reduced
by nearly three orders of magnitude, see Fig. 6.36d.

The increased velocity deviation distribution is found to be partly an
artefact of the reduced grid resolution. The reference is computed with
the NSF code on a highly resolved grid including grid stretching using an
high-order scheme. For the data assimilation procedure it is interpolated
on the coarse grid of the PIVR code implementation by means of a natural
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(a) (b)

(c) (d)

Figure 6.36.: Resulting velocity and pressure deviations for setting (S1) in
the measurement region after 30 iterations. The main flow
features of the pairing vortices are recovered. The objective
is reduced by nearly three orders of magnitude.
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N2 ∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1] ∆p [Pa] |∆p| [1]
∆− -2.21 0.02 -2.85 0.03 -104 0.04

1
2
8
2

∆+ 2.48 0.02 3.03 0.03 359 0.17
∆− -2.88 0.03 -1.70 0.02 -127 0.06

2
5
6
2

∆+ 2.75 0.03 2.08 0.02 127 0.06
∆− -2.57 0.02 -1.64 0.02 -152 0.07

3
0
0
2

∆+ 2.49 0.02 2.01 0.02 119 0.06

Table 6.13.: Deviations between the adapted flow after 30 loops and the
reference computation for setting (S1) using a boundary
driven data assimilation. The values correspond to maximum
positive and negative deviations in the measurement region.

neighbour (Voronoi tessellation) interpolation. A vice versa interpolation
from the coarse grid on the fine mesh enables a qualitative comparison
between the proper reference field and the resulting target used in the
PIVR Code. The deviations correspond to the resulting error structure
of the assimilated field.

As previously stated in Sec. 6.2.10, the applied grid must be able to
resolve the mentioned fluid dynamic effects. Here, the numerical solution
on the coarse grid is not able to recover the strong gradients of the refer-
ence. However, in practice no high resolved reference data are available.
Usually PIV analysis data, with a lower resolution as the employed grid,
will be used as reference. If necessary, the grid could be refined. Here
256 × 256 points are used, as the resulting error is similar to the PIV
analysis accuracy, cf. Sec. 6.2.5. For a comparison results for 128 × 128
and 300× 300 grid points are stated in Tbl. 6.13.

Considering the resulting fields one tends to render the boundary driven
approach useless. However, it must be considered that one loop of the
aforementioned PIVR framework demands only 0.25 CPUh, in comparison
to about 300 CPUh of the NSF framework. For the calculation about
15GB random access memory and no scratch storage are required. Thus,
by using a boundary driven approach, the adjoint based data assimilation
becomes applicable on a lab-scale level, meaning for research application.

Setting (S2) - synthetic PIV analysis For a further assessment of the
boundary driven approach also the synthetic PIV analysis discussed in
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Ξ ∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1] ∆p [Pa] |∆p| [1]
∆− -2.54 0.03 -2.02 0.02 -151 0.07

0
%

∆+ 2.65 0.03 2.70 0.03 141 0.07
∆− -2.32 0.03 -1.72 0.02 -173 0.09

2
5
%

∆+ 2.27 0.02 2.37 0.03 189 0.09

Table 6.14.: Deviations between the adapted flow after 30 loops and the
reference computation for setting (S2, synthetic PIV analy-
sis) using a boundary driven data assimilation. The values
correspond to maximum positive and negative deviations in
the measurement region.

Sec. 6.2.5 is used as target in the objective function. The employed ve-
locity field is based on the images with additional background noise. In
Fig. 6.37 the resulting flow field is shown. It matches the reference with
a maximal deviation is ±2.30 m/s. The pressure is determined with an
accuracy of -173 – 189 Pa. The integral pressure deviation is about 4%.
Details are stated in Tbl. 6.14, also for an analysis based on the particle
images without additional noise

The assimilated field recovers the general flow features of the reference
flow. Largest deviations are found where large velocity gradients appear.
However, in contrast to the results of Sec. 6.2.5, the assimilated flow field
contains deviations related to the noisy reference data. Due to the missing
regularisation, in form of a certain distance between control (boundary
and sponge layer) and measurement region governed by the Navier-Stokes
equations, the filter property of the data assimilation approach is limited.

It can be concluded, that the boundary driven approach provide suitable
results, while the computational requirements for the data assimilation
task are reduced considerably. The evaluation can be limited to a section
of the measurement region. There is no need to compute large parts of the
examined flow configuration as before. Despite of the increased errors, the
approach is found to be applicable.
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(a) (b)

(c) (d)

Figure 6.37.: Resulting velocity and pressure deviations for setting (S2,
synthetic PIV analysis) in the measurement region after 30
iterations. The main flow features are recovered. The re-
sulting fields show deviations, related to the noise in the
employed velocity data. Main errors are located where large
gradient occurs. The objective function is clearly reduced.
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7. Pressure from Experimental
Particle Image Velocimetry

In this section the adjoint framework is applied to experimental data.
The examined compressible flow configuration of a free jet is described
and particle image velocimetry results are presented. Assimilated flow
fields based on the experimental data are shown.

7.1. Experimental Setup

For creation of suitable reference data an open wind tunnel (Eiffel type)
driven by compressed air is designed and built. Its modal composition
consists of a nozzle, distance modules, a diffusor and two modules for flow
straightening, see Fig. 7.1. Aluminium plates with a thickness of 12 mm
are used for the construction.

The nozzle with an overall length of 60.2 mm is designed purely con-
vergent, in particular to avoid Görtler vortices. The nozzle exit measures
168.5×11 mm2, while the initial cross section is 168.5×50.8 mm2. The
aim is a two-dimensional flow. The connected distance modules combines
to a length of 400 mm. No grids or flow straighteners are installed here,
as the flow quality was found to be appropriate. The diffusor enlarges the
cross section from 50.8×50.8 mm2, using angles of aperture less then 4%
on both sides, in order to avoid separation. In the subsequent module a
grid is installed to homogenise the velocity distribution. The last module
is designed for a smooth transition from the round pressure supply line
with a diameter of 50.8 mm to the quadratic wind tunnel cross section.
In the sintered element no aperture angles larger than 3.5% are present.
More details on the test setup are given in Sec. A.4.2.
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7.1. Experimental Setup

Figure 7.1.: Drawing of the employed wind tunnel. The modular construc-
tion consists of 1○ a convergent nozzle, 2○ distance modules,
3○ a shock-less diffusor, 4○ a module for flow alignment con-
taining one grid and 5○ a sintered module for smooth flow
transition from a circular to the rectangular cross section.
Flow direction from right to left.

The wind tunnel is connected to a two inch pressure line driven by a
compressor and a pressure tank of 3 m3 at 10 bar. To control the flow
velocities a pressure reducer is employed. For the following analysis the
wind tunnel is operated with a velocity of about 100 m/s at the nozzle exit.
The resulting Mach number of 0.29 implies a slightly compressible flow.
The Reynolds number with respect to the nozzle height is estimated to be
65,000. In this configuration the system provides about 10 s of maximum
mass flow, until the pressure reservoir runs empty. No stationary flow
is possible. However, in terms of bulk convection lengths, the flow is
(quasi-)stationary.

The measurements are realised by a standard particle image velocimetry
system. Two components are measured within a two-dimensional plane
(2D-2C). The laser sheet is positioned at the centre of the nozzle exit,
perpendicular to the long side. Particle double images are taken by a
CCD camera with a resolution of 2,048×2,048 pixels. The visual axis is
perpendicular to the laser sheet. The field of view is clipped in order to
remove overexposed areas near the nozzle exit caused by reflections. Thus,
it results in about 160×137 mm2 resolved with 2,048×1,750 pixels. The
system is synchronised at a repetition rate of 7.5 Hz. The pulse distance
for the double images is 7 µs. See Fig. A.4 in Sec. A.4.2 for an overview
of the experimental setup.

In addition to the PIV system the nozzle is instrumented with a pres-
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7.2. Experimental Results

PIV algorithm FFT window deformation
Pass 1 64 × 64
Pass 2 32 × 32
Pass 3 24 × 24
window deformation spline
Sub-pixel Gauss 2 × 3 point

Table 7.1.: Applied PIVlab settings. The interrogation window overlap is
chosen to 50%.

sure sensor. Also temperature sensors are employed. Details are given in
Sec. A.4.2.

7.2. Experimental Results

A fully turbulent jet flow is found, see Fig. 7.2. The flow velocity mag-
nitude ranges up to 130 m/s. Initially the main flow characteristics are
two-dimensional. Near the nozzle exit Kelvin-Helmholtz like instabilities
occur. In the image pair, employed for the data assimilation, the jet is
in a flapping mode. Further downstream the flow becomes fully three-
dimensional.

To assess the lateral component of the flow the laser sheet and cam-
era position are switched. Near the nozzle the flow is found to be two-
dimensional to a sufficient extent. Up to a distance of four nozzle diam-
eters the lateral component is less than 5% with respect to the velocity
magnitude.

For the analysis of the obtained particle images the MATLAB toolbox
PIVlab [TS14] in Version 1.4 is used. In contrast to the previous analyses
image pre- and post-processing options are used. The histogram equali-
sation (CLAHE) and an intensity capping are applied. Resulting velocity
vectors are filtered by means of the standard deviation, using the default
settings of PIVlab. Corresponding vectors are replaced by interpolated
ones. Further details are stated in the Tbl. 7.1. The recommendation of
the quarter rule is disregarded in favour of a higher resolution. In the jet
core the particle displacement is about 9 pixels.
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7.2. Experimental Results

(a) (b)

(c) (d)

Figure 7.2.: Sector of the jet flow, from left to right, captured by particle
image velocimetry. The shown flow field is used as reference
for the data assimilation procedure. The measurement re-
gion is indicated by the rectangle. Within the flow is found
to be two-dimensional to a sufficient extent. The nozzle is
located at x1 = −2.8 mm with respect to the shown coordi-
nate system. For presentation the interrogation windows size
is reduced to a reasonable limit, in order to give an impres-
sion of the turbulent flow field. The settings used for creation
of the reference velocity field are stated in the text. Single
discontinuities correspond to faulty velocity vectors from the
correlation analysis. Fig. 7.2d shows the vorticity within the
measurement plane. Strong vortices near the nozzle are visi-
ble.
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7.3. Data Assimilation

(a) (b)

Figure 7.3.: (a): Velocity magnitude field in the region of interest using
the PIV analysis settings stated in the text. The data serves
as target for the data assimilation. A shifted coordinate sys-
tem, corresponding to the employed computational domain,
is shown.
(b): Histogram of the occurring velocity magnitudes. No peak
locking is found.

Limitations The experiments are not repeatable as the pressure reducer
does not deliver constant pressure levels and mass flows. Furthermore,
the mentioned flow configuration is only hardly accessible for particle im-
age velocimetry measurements, due to occurring high velocity gradients.
Additionally, the flow is affected by secondary flow effects in the lab. The
obtained data can be used only for a single snapshot data assimilation.
For a multi snapshot analysis the repetition rate of the system is to slow.

However, within the stated limits of accuracy, the experimental setup
provides useful two-dimensional velocity data of a compressible flow con-
figuration.

7.3. Data Assimilation

To determine the pressure based on the velocity field shown in Fig. 7.3a,
the boundary driven data assimilation approach is employed. The PIVR
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7.3. Data Assimilation

Nx1 Nx2 Nx3 type ∆t NT type σm σc

256 256 1 O(4) 4.16e−7s 1500 O(4) ui,Ω ui,(d)Ω

Table 7.2.: Overview of computational parameters for the boundary
driven data assimilation for pressure determination from ex-
perimental PIV data.

code is used.

The computational domain, indicated in Fig. 7.2c, is resolved equidis-
tantly with 256 × 256 points. The nozzle exit is located 2.8 mm outside, on
the left. The measurement region σxi

is centred in the domain analogous
to Sec. 6.3, see Fig. 7.4. For the temporal weight σt = δn,nend

holds. The
sponge layer spans 7.5% of the computational domain on each boundary.
More details on the computational settings are stated in Tbl. 7.2.

The reference PIV vectors are interpolated on the computational grid
by means of a natural neighbour interpolation. A filtered cut of the data
is used as initial guess for the sponge and boundary reference values. The
density and the pressure are set to ambient conditions, measured by the
corresponding sensors. The final initial condition for the system state and
all reference values result from a numerical simulation of the above system.
A quadratic line search is used, but no conjugated gradient method. The
iterative framework is applied until no more improvement of the results is
found.

In Fig. 7.4 the assimilated flow field is shown in comparison to the
reference. While the latter contains a certain level of noise the numerical
solution fulfils the two-dimensional Navier-Stokes equations. The main
flow features, vortices in the shear layer, are recovered.

However, large deviations occur. See Fig. 7.5 and Tbl. 7.3 for details.
The data assimilation framework is not able to reconstruct the velocity
with the same accuracy as in the validation cases. It reduces the objective
function within 180 loops to about 12% with respect to the first iteration,
see Fig. 7.6a.

The overall poor performance of the framework results from the applied
constraint. The reference field contains turbulence and three-dimensional
portions, which can not be recovered correctly by the two-dimensional
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7.3. Data Assimilation

(a) (b)

(c) (d)

Figure 7.4.: Comparative results. The rectangle indicates the measure-
ment region σxi

.
(Left column): Reference velocity field serving as target in
the objective function. The velocity data contain noise.
(Right column): Reconstructed velocity field. The main flow
features are recovered. The numerical solution contains no
noise. Outside the measurement region large deviations oc-
cur.
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7.3. Data Assimilation

(a) (b)

Figure 7.5.: Resulting velocity deviations ∆u1 (a) and ∆u2 (b) in the mea-
surement region. The data assimilation framework is not able
to reconstruct the velocity field in the same accuracy as in the
validation cases, due to the applied constraint. The largest
deviations are found in the shear layer. The velocity in the
jet core is recovered correctly.

(a) (b)

Figure 7.6.: (a): Evolution of the objective function. The integral velocity
deviation is reduced to 12%.
(b): Resulting pressure field in the measurement region. The
pressure p− p∞ ranges from -4,150 to 1,480 Pa. The minima
correspond to the vortices visible in the velocity reference
data.
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7.3. Data Assimilation

∆u1 [m/s] |∆u1| [1] ∆u2 [m/s] |∆u2| [1]
∆− -21.60 0.17 -34.56 0.28
∆+ 28.60 0.23 30.11 0.24

Table 7.3.: Deviations between the resulting velocity field after 180 loops
and the reference data. The values correspond to maximum
positive and negative deviations in the measurement region.

Navier-Stokes equations. Only the major flow features without these parts
can be reconstructed. In this limits, also the pressure is determined based
on the reference velocities. The resulting field is shown in Fig. 7.6.

Similar results are found using the NSF framework for the data assim-
ilation task.

In conclusion, it can be stated that the framework is capable to adapt
a numerical simulation to real experimental data. Here, the accuracy is
limited by the chosen constraints. For the considered turbulent flow field
only an approximate two-dimensional solution is found.
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8. Conclusions

The connection between experimental and numerical analysis improves
our capabilities to examine flows. In this thesis an adjoint based data
assimilation approach for compressible flows is applied successfully.

In the first part an adjoint based data assimilation framework for com-
pressible flows governed by the Navier-Stokes equations is derived. It al-
lows an optimal adaption of numerical simulations to incomplete and noisy
measurement data. Thus, not measured or not reliable data of the experi-
mental state can be obtained from the numerical solution. The conducted
basic examples verify, that the data assimilation approach enhances the
possibilities of experimental measurements. Thus, a new method for the
identification of sound sources is derived based on the framework. Further-
more, it is shown, that the adjoint approach can be employed in principle
for the assessment of measurement configurations.

In the second part the implemented framework is applied to a current
problem in the field of fluid mechanics: the non-intrusive determination
of pressure fields by means of PIV measurements. In comparison to com-
mon methods the present approach enables the determination without
employing strong assumptions, e.g. replacing the energy equation. Its ap-
plicability is verified by means of extensive assessments and validations,
including synthetic PIV data. For the mentioned compressible mixing
layer configuration very good results are found. The experimental analy-
sis of a free jet at Mach 0.29, carried out to demonstrate the practicality
of the technique, also provides reliable results. In particular noteworthy
is the filter property of the framework. It is found to be applicable for a
model based improvement of noisy measurement data as the assimilated
solution fulfils the Navier-Stokes equations, while the PIV analysis does
not.

However, the framework is actually restricted to two dimensions, due
to restrictions on computational resources. The proposed amendment of
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7.3. Data Assimilation

a boundary driven data assimilation might reduce the costs, so that the
approach is more applicable in the future. Its implementation for three
dimensions is recommended.

The adjoint data assimilation is a very general approach. An applica-
tion of the method to incompressible flow would lead to more application
possibilities, in particular for engineering applications. In context of com-
pressible flows, the present framework could be extended to complex reac-
tive processes. It might be helpful for the analysis of the thermo-acoustic
coupling or flame dynamics.
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A. Appendix

A.1. Continuous Adjoint Derivation

A.1.1. Linearised Navier-Stokes Equations

For the derivation of the linearised Navier-Stokes equations the Euler
equations (3.12) are supplemented by friction and diffusion terms, cf.
Sec. 2.1. Linearisation of the resulting equations around a given base
state q0 with q = q0 + δq results in

∂tAδq + ∂xi
Biδq + Ci∂xi

δq + δCi∂xi
c = (A.1)

δf + ∂xiDij∂xjδq + ∂xiE
iδq + ∂xiF

I∂xiF
IIδq +Gi∂xiδq +Hδq.

The matrices are stated below. The summation convention applies with
i, j, k = [1, 2, 3].

By considering friction and diffusion the viscosity arises as an additional
variation δµ. As it depends on temperature (2.9) and therefore on density
and pressure by means of the ideal gas law (2.7), δµ can be written as

δµ =
∂µ(T )

∂T
δT =

∂µ(T )

∂T


Wp

ϱ2R
δϱ+

W

ϱR
δp


. (A.2)

Thus, the resulting linearised terms are expressed within the formulation
δq = [δϱ, δuj , δp]. Corresponding to the direct equations the Prandtl
number Pr is assumed to be constant, so that λ = µcp/Pr holds [PV05].

To simplify the linearised equations the friction terms in the energy
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equation are rewritten according to [LL91] as

∂t


p

γ − 1


= . . .+ τij∂xj

ui (A.3)

= . . .+ µ

∂xj

ui + ∂xi
uj

∂xj

ui −
2

3
µ (∂xk

uk) δij∂xj
ui

= . . .+
µ

2


∂xj

ui + ∂xi
uj
2 − 2µ

3
(∂xi

ui)
2
.

Convective terms

A =

 1 0 0 0 0
u1 ϱ 0 0 0
u2 0 ϱ 0 0
u3 0 0 ϱ 0

0 0 0 0 1
γ−1

 (A.4)

B1 =


u1 ϱ 0 0 0

u2
1 2ϱu1 0 0 1

u1u2 ϱu2 ϱu1 0 0
u1u3 ϱu3 0 ϱu1 0

0 γp
γ−1 0 0

γu1
γ−1

B2 =


u2 0 ϱ 0 0

u1u2 ϱu2 ϱu1 0 0

u2
2 0 2ϱu2 0 1

u2u3 0 ϱu3 ϱu2 0

0 0 γp
γ−1 0

γu2
γ−1

 (A.5)

B3 =


u3 0 0 ϱ 0

u1u3 ϱu3 0 ϱu1 0
u2u3 0 ϱu3 ϱu2 0

u2
3 0 0 2ϱu3 1

0 0 0 γp
γ−1

γu3
γ−1



Ci =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 −ui


δCi =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 −δui


(A.6)

Friction and heat diffusion terms

D11 =

 0 0 0 0 0
0 4

3µ 0 0 0
0 0 µ 0 0
0 0 0 µ 0
0 0 0 0 0

D22 =

 0 0 0 0 0
0 µ 0 0 0

0 0 4
3µ 0 0

0 0 0 µ 0
0 0 0 0 0

D33 =

 0 0 0 0 0
0 µ 0 0 0
0 0 µ 0 0

0 0 0 4
3µ 0

0 0 0 0 0

 (A.7)

D12 =

 0 0 0 0 0
0 0 − 2

3µ 0 0
0 µ 0 0 0
0 0 0 0 0
0 0 0 0 0

D13 =

 0 0 0 0 0
0 0 0 − 2

3µ 0
0 0 0 0 0
0 µ 0 0 0
0 0 0 0 0

D23 =

 0 0 0 0 0
0 0 0 0 0
0 0 0 − 2

3µ 0
0 0 µ 0 0
0 0 0 0 0
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D21 = DT
12, D31 = DT

13 and D32 = DT
23 hold.

F I =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 λ


F II =

 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

− Wp

Rϱ2
0 0 0 W

Rϱ

 (A.8)

H =
W

R

∂µ(T )

∂T

 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

p

ϱ2


1
2 (Sij)

2− 2
3 (∂xk

uk)
2


0 0 0 1
ϱ


1
2 (Sij)

2− 2
3 (∂xk

uk)
2



(A.9)

with Sij = ∂xj
ui + ∂xi

uj .

E1 =
W

R

∂µ(T )

∂T


0 0 0 0 0

2p(+2∂x1u1−∂x2u2−∂x3u3)

3ϱ2
0 0 0

2(+2∂x1u1−∂x2u2−∂x3u3)
3ϱ

p(∂x2u1+∂x1u2)

ϱ2
0 0 0

∂x2u1+∂x1u2
ϱ

p(∂x3u1+∂x1u3)

ϱ2
0 0 0

∂x3u1+∂x1u3
ϱ

cpp∂x1(Wp
Rϱ )

Prϱ2
0 0 0

cp∂x1(Wp
Rϱ )

Prϱ



E2 =
W

R

∂µ(T )

∂T


0 0 0 0 0

p(∂x2u1+∂x1u2)

ϱ2
0 0 0

∂x2u1+∂x1u2
ϱ

2p(−∂x1u1+2∂x2u2−∂x3u3)

3ϱ2
0 0 0

2(−∂x1u1+2∂x2u2−∂x3u3)
3ϱ

p(∂x3u2+∂x2u3)

ϱ2
0 0 0

∂x3u2+∂x2u3
ϱ

cpp∂x2(Wp
Rϱ )

Prϱ2
0 0 0

cp∂x2(Wp
Rϱ )

Prϱ



E3 =
W

R

∂µ(T )

∂T


0 0 0 0 0

p(∂x3u1+∂x1u3)

ϱ2
0 0 0

∂x3u1+∂x1u3
ϱ

p(∂x3u2+∂x2u3)

ϱ2
0 0 0

∂x3u2+∂x2u3
ϱ

2p(−∂x1u1−∂x2u2+2∂x3u3)

3ϱ2
0 0 0

2(−∂x1u1−∂x2u2+2∂x3u3)
3ϱ

cpp∂x3(Wp
Rϱ )

Prϱ2
0 0 0

cp∂x3(Wp
Rϱ )

Prϱ


(A.10)
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G1 = 2µ

 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 − 2

3 (∂xk
uk)+2∂x1u1 ∂x2u1+∂x1u2 ∂x3u1+∂x1u3 0


G2 = 2µ

 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 ∂x2u1+∂x1u2 − 2

3 (∂xk
uk)+2∂x2u2 ∂x3u2+∂x2u3 0

 (A.11)

G3 = 2µ

 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 ∂x3u1+∂x1u3 ∂x3u2+∂x2u3 − 2

3 (∂xk
uk)+2∂x3u3 0



A.1.2. Adjoint Navier-Stokes Equations

The adjoint Navier-Stokes equations results from integration by parts as
in Sec. 3.4 and demanding, that the change of the objective function δJ
is independent from δq. Thus, the adjoint Navier-Stokes equations result
in

−AT∂tq
∗ −BiT∂xi

q∗ − ∂xi
CiT q∗ + C̃i∂xi

c = (A.12)

+ ∂xjD
T∂xiq

∗ − EiT∂xiq
∗

+ F IIT∂xiF
IT∂xiq

∗ − ∂xiG
iT q∗ +HT q∗ + g.

A.2. Navier-Stokes Equations – Characteristic
Waves Formulation

In this section details on the implementation of the employed NSF code
are given. The in-house code is developed in collaboration with numerous
colleagues. In context of this thesis the code is adapted. The adjoint
implementation is based on [Sch13].
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A.2.1. Direct Equations

Within the code the following formulation of the compressible Navier-
Stokes equations is used

∂p

∂t
+ ϱc2

∂ui
∂xi

=
p

cv


∂s

∂t
+ ui

∂s

∂xi


(A.13)

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ϱ

∂p

∂xi
+

1

ϱ

∂τij
∂xj

(A.14)

∂s

∂t
+ uj

∂s

∂xj
= − 1

ϱT


∂

∂xj


λ
∂T

∂xj


+Φ


. (A.15)

Therein s denotes the entropy and Φ the dissipation function

Φ = τijsij (A.16)

sij =
1

2


∂ui
∂xj

− ∂uj
∂xi


. (A.17)

For the implementation this set of equations is rewritten in a characteris-
tic formulation, see [Ses01] for details. The reformulation provides several
advantages. Among these are a simple boundary treatment and the pos-
sibility to discretise the waves by up-/downwind schemes, providing a
controllable dissipation. The gain in numerical stability allows us to re-
duce the applications of filters, leading to a reduction of the computational
costs.

A.2.2. Adjoint Equations

The derivation of the adjoint system for the above equations is shown
in [LSS11,LSS14] and bases on [Sch13]. In the resulting set of equations
the adjoint state is represent by q∗ = [p∗, u∗i , s

∗].

∂p∗

∂t
= −ui

∂p∗

∂xi
− 1

ϱ

∂u∗i
∂xi

+Θp (A.18)

∂u∗i
∂t

= −uj
∂u∗i
∂xj

− γp
∂p∗

∂xi
+Θui (A.19)

∂s∗

∂t
= −ui

∂s∗

∂xi
+

p

Cv


∂p∗

∂t
+ ui

∂p∗

∂xi


+Θs. (A.20)
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The term Θ can be split into three parts Θ = ΘE + ΘF + ΘO. An Euler
part ΘE

Θp∗

E =


1

ϱ2
∂ϱ

∂xj


u∗j (A.21)

−

(1− γ)

∂uj
∂xj


p∗

−


1

Cv


∂s

∂t
+ uj

∂s

∂xj


p∗

Θ
u∗
i

E = −

(γ − 1)

∂p

∂xi
+

p

Cv

∂s

∂xi


p∗ (A.22)

−∂uj
∂xj

u∗i +
∂uj
∂xi

u∗j +
∂s

∂xi
s∗

Θs∗

E =
1

Cv


∂p

∂t
+
∂(puj)

∂xj


p∗ − ∂uj

∂xj
s∗, (A.23)

a friction part ΘF, related to friction terms in the direct equations,

Θp∗

F = − 1

c2
ϱ∗ − 1

ϱR
T ∗ (A.24)

Θ
u∗
i

F = 2
∂

∂xj


τ∗ij
ϱ


− ∂2

∂x2j


µ

ϱ
u∗i


(A.25)

− ∂2

∂xi∂xj


1

3

µ

ϱ
u∗j


+ 2

∂

∂xj


τij
ϱT

s∗


Θs∗

F =
p

c2Cv
ϱ∗ (A.26)

and ΘO which depends on the objective function, according to Sec. 3.5.
In the equations the following abbreviations hold

τ∗ij = 2


s∗ij −

1

3
s∗kkδij


(A.27)

s∗ij =
1

2


∂µ

∂xi
u∗j +

∂µ

∂xj
u∗i


. (A.28)
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The system is closed with

ϱ∗ = − 1

ϱ2


− ∂p

∂xi
+
∂τij
∂xj


u∗i (A.29)

− 1

ϱ2T


∂

∂xj


λ
∂T

∂xj


+Φ


s∗ − T

ϱ
T ∗,

T ∗ =
∂

∂xk


− 1

ϱT

∂λ

∂xk
s∗

− ∂2

∂x2j


− λ

ϱT
s∗


(A.30)

+
dµ(T )

dT
µ∗ − 1

ϱT 2


∂

∂xj


λ
∂T

∂xj


+Φ


s∗

and

µ∗ =
∂

∂xi


−τij
µϱ
u∗j


+

∂

∂xi


− cp
PrϱT

∂T

∂xi
s∗


(A.31)

+
1

ϱ


∂

∂xj


τij
µ


u∗i


+


Cp

PrϱT

∂2T

∂x2j
+

Φ

ϱTµ


s∗.

Also for this set of equations a characteristic formulation can be derived.
The implementation in the NSF code is done in the thesis [Sch13] and
modified in this work.

A.3. Validation of Adjoint Equations

For the validation the resulting adjoint based gradients of both employed
codes are compared to finite difference approximations.

∇fJfd =
J(N(q, f + ϵ(x, t)))− J(N(q, f − ϵ(x, t)))

ϵ
(A.32)

To reduce the numerical effort only a one-dimensional setup with non-
reflecting boundaries on both sides and a base flow of u = 0.3c is consid-
ered. An overview is given in table A.1.
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Nx1 Nx2 Nx3 type ∆t NT type σ θ
512 1 1 O(5; 6) 3.33e−6s 700 O(4) u, pΩ u, pΩ

Table A.1.: Overview of computational parameters for the validation of
the adjoint based gradients.

The adjoint framework aims at increasing the velocity in the measure-
ment region at the last time step of the computation, similar to the in-
tended application in part II. The objective function is defined as

J =


(u− (0.3c+ 0.01c)  

=utar

)2σx(x)σt(t)dΩ. (A.33)

The extent of the measurement region is indicated in Fig. A.1a.

The adjoint based gradients computed by the PIVR code for a velocity
target and forcing in u and p are visualised by Hovmöller diagrams in
Figs. A.1a and A.1b. It can be seen, that the gradient is defined by two
acoustic waves starting from the measurement. The characteristic slopes
are given by u±c. The corresponding entropy wave is small in comparison
to the acoustic ones and can not be seen in the figures.

For the finite difference computation only every second point in the
time-space-plane is analysed, in order to reduce the numerical effort, as at
each point one solution of the governing equations has to be computed. In
comparison, the adjoint based gradient needs only one direct (3.12) and a
corresponding adjoint (3.18) solution. To avoid unstable computations by
singular ϵ(x, t) the perturbations are modelled by a Gaussian distribution
(spatial) with a standard deviation of 5∆x.

For the validation the adjoint and the finite differences gradients, nor-
malised with respect their corresponding maxima, are compared.

∆|∇fJ | =
q∗

|q∗|max

− ∇fJfd
|∇fJfd|max

(A.34)

In Fig. A.2a it can be seen, that the adjoint gradient resulting from the
PIVR code matches the finite difference based gradient within the accu-
racy of the employed scheme. The deviation results mainly from the error
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(a) (b)

Figure A.1.: (a): Normalised adjoint based gradient for fu. The slopes
of the gradient correspond to the characteristic values u± c.
The skewness is caused by the base flow. The upper line and
the semi-transparent patch correspond to the weights σt and
σx.
(b): Normalised adjoint based gradient for fp. The change
of sign is expected as a velocity target is applied.

of the finite differences and the smoothed disturbance ϵ, as the flanks are
smeared out. For a pressure based objective similar results are found.

In Fig A.2b a corresponding analysis is evaluated for the adjoint imple-
mentation of the NSF code. Again the aforementioned one-dimensional
setup is considered, but here with friction terms. As the computational
costs are higher with respect to the previous analysis, only every fifth
point in the time-space-plane is analysed. Furthermore a first order finite
difference approximation is used. The results correspond to the findings
before as the adjoint based gradient matches within the accuracy of the
used finite difference scheme. The higher deviation is caused by the choice
of the less accurate scheme. For a pressure based objective corresponding
results are found.

In the context of the mentioned limiting factors the derived adjoint
equations are found to be correct for both formulations/codes.
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(a) (b)

Figure A.2.: (a): Normalised difference between adjoint based and finite
difference gradient for a velocity source fu. Only small devi-
ations occur at the characteristics flanks. The PIVR code is
used.
(b): Also for the NSF implementation deviations occur at the
flanks. The strong deviations at the boundaries are caused by
a sponge layer in the adjoint solution used to ensure stability.

A.4. Experimental Procedures

A.4.1. Acoustic Example – Sound Source Detection

The experimental part of the example is carried out at the anechoic room
facility of the institute of fluid dynamics and technical acoustic of the
Technical University of Berlin. In the room with a free volume of 1070 m3

and a lower frequency limit of 63 Hz acoustic reflections are minimised in
all directions.
The experimental build-up is mounted on an aluminium frame construc-
tion, see Fig. A.3. The sound source, which is to be assimilated by
the adjoint based framework, is a small 32 Ω speaker of type EKULIT
LSF-27M/SC/G. It is fixed at a wire rope to avoid reflections from the
mounting. The speaker is controlled by a 8-channel sound card of type
ESI Gigaport HD+. As pressure transmitters seven 1/2" pre-polarised
free-field condenser microphones PCB-3780B02 (short PCB) from PCB
Piezotronics with a dynamic range of 3.15 Hz to 20 kHz (±2dB) and an
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Figure A.3.: Experimental setup for the acoustic example – sound source
detection. The microphones, mounted at an aluminium
frame, are arranged around the speaker. In the background
the damping elements of the anechoic room are visible.

ICP preamplifier (426E01) are used. In addition a type 40AZ condenser
microphone from G.R.A.S Tippkemper (short GRAS) with a dynamic
range of 0.5 Hz to 20 kHz and an ICP compatible preamplifier is em-
ployed. The microphones are located at the following positions by pipe

microphone 1 2 3 4 5 6 7 8
type PCB PCB PCB PCB PCB GRAS PCB PCB

x1 (mm) 233 467 632 633 467 233 67 68
x2 (mm) 69 68 233 467 631 637 467 233

Table A.2.: Measurement positions of the acoustic example – sound source
detection.

clamps. To decouple the microphones from the aluminium frame cellular
foam is employed. The microphone signals are captured by two synchro-
nised DT 9837B measuring boxes from DATA TRANSLATION. A sample
rate of 48 kHz is used. The microphones are calibrated by a class 1 cali-
brator Brül & Kjaer Typ 4230 to 94 dB at 1 kHz. The ambient conditions
are measured by a hygro–/thermometer from TFA Dostmann GmbH &
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Co. KG. To avoid unwanted reflections the aluminium structure is encased
with convoluted foam.

A.4.2. Pressure from Experimental Particle Image
Velocimetry

The particle image velocimetry experiments are carried out at Technische
Universität Berlin. The used lab is reconditioned and equipped to provide
suitable conditions for PIV experiments. In particular a compressed air
system is installed. To avoid an ambient pressure increase in the lab by
the incoming air driving the wind-tunnel, the room provides numerous
vents.

Wind Tunnel The wind tunnel is designed in a modular fashion, see
Fig. A.4. The modules are connected via screwed flanges. Thus, differ-
ent flow configurations can be realised. All elements are mounted on an
aluminium frame construction, analogous to the acoustic setup.

The contour c(x) of the nozzle is defined by the cubic function

c(x) = −0.00021532x3 + 0.029206x2 − 1.3204x+ 25.4 [mm]. (A.35)

and results from numerical analyses in OpenFOAM1. The chosen purely
concave/convergent shape is known to provide clean flows. In particular
Görtler vortices are avoided. Towards the nozzle exit the contour is ex-
tended by 15 mm. At the nozzle exit a wooden plate is added to reduce
secondary flow effects.

The grid module is equipped with a mesh of an open area ratio of
64% and a ridge width of 2 mm. It is installed to homogenise the flow,
by breaking up large flow pattern. Also one distance module provides
the possibility to include up to four grids. However, for the mentioned
experiments the modules between nozzle and diffusor are used as distance
modules only.

The engineering drawings of all modules are archived at the department
of numerical fluid dynamics at Technische Universität Berlin.
1Different nozzle geometries are examined by Christian Westphal as part of his

diploma thesis (2014).
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Figure A.4.: Experimental particle image velocimetry setup. The CCD
camera is mounted top of the nozzle perpendicular to the
laser sheet, that is centred with respect to the nozzle width.
The wind tunnel is driven by pressured air and built up as
follows: nozzle, distance modules, shock-less diffusor, a grid
module for flow straightening and a module for flow transition
to the rectangular cross section.

The installed pressure line provides a cross section with a diameter of
two inches. A pressure reducer of type 637.203 from Riegler & Co. is
employed. Due to its hysteresis and not repeatable behaviour the experi-
ments can not be assessed statistically in a reasonable manner.

PIV System A planar two component (2D-2C) PIV system is employed.
The CCD camera, type PCO.2000 from PCO, is mounted top of the noz-
zle. It provides a maximum resolution of 2048×2048, which is used in all
experiments. To enhance the image quality the camera is equipped with
an optical filter. A NIKON mount lens is used (50 mm focal length).

The laser sheet perpendicular to the nozzle and centred with respect to
its width, see Fig. A.4, is generated by a dual pulsed laser, type Evergreen
145 from Quantel SA. It provides pulse energies up to 145 mJ and emits
coherent light with a wavelength of 532 nm (green). The employed light

152



A.4. Experimental Procedures

(a) (b)

Figure A.5.: (a): Grid module for homogenisation of the flow behind the
transfer module from pressure supply to quadratic cross sec-
tion. For the mentioned experiments only one grid is em-
ployed.
(b): Pressure supply installation. The small port is used to
supply the seeding generator. Behind the pressure reducer
a motorised ball valve is installed to control the flow. Seed-
ing particles are added to the flow within the Y manifold.
The flanges can be used to realise a constant mass flow by
installing orifices of different diameters, if a pressure ratio
above 1.893 (assuming γ=1.4) is applied.
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sheet optic expands the beam to a sheet with 50◦. The focus line of the
sheet is positioned behind the nozzle exit.

Both camera and laser are controlled by a synchroniser from ILA (in-
telligent laser application GmbH).

The seeding generator from PIVTEC GmbH, creating the particles, is
also operated with pressurised air. The emerging particles have diameters
of about 10−6 m. Di-Ethyl-Hexyl-Sebacat (DEHS) is used as seeding
material.

Further Sensors To assess the flow the nozzle is equipped with a pressure
tap of 0.7 mm diameter. It is located at one third of the span of the nozzle
and 7.5 mm from the nozzle exit. The tap is connected to a absolute pres-
sure sensor of type PUM50.2.1.08G.A70.0 from PKB Prozessmesstechnik
GmbH via a short tube. The sensor supports a pressure range from 0 - 2.5
bar with an accuracy of 1% with respect to the maximum output signal.

The temperature measurements are realised with digital temperature
sensors of type TSIC 306 TO92 from B+B Thermo-Technik. They cap-
ture temperatures from -50 to 150◦ with an accuracy of ±0.3 K. For the
temperature measurements one sensor is mounted on a rack and posi-
tioned in the jet core, centred with respect to the long side of the nozzle.
The stagnation temperature corresponds to ambient conditions.

A.5. Particle Simulation

For the validation of the derived framework by means of synthetic particle
image velocimetry a particle simulation based on the mentioned flow is
required. The section is based on [LS13].

In context of computational fluid dynamics two methods for modelling
particle motion are established, the Eulerian and the Lagrangian. Within
the first the particle phase is treated as continuum, described by corre-
sponding partial differential equations. As for the synthetic PIV image
framework the motion of individual particles is needed the Lagrangian
approach is applied. It tracks the particle motion by solving a transient
momentum equation for each particle.
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Different implementations distinguishing by its complexity are estab-
lished. While one-way coupling schemes model only the impact of the
flow on the particles, a two-way coupling scheme takes also the corre-
sponding feedback into account. For dense particle-laden flows the use of
a four-way coupling scheme is required, extending the two-way scheme by
treatment of particle collisions.

For the validation an one-way-coupling scheme is used, even if the ap-
proximated volume fraction with the particle surface Ap and the surface
of the computational area A

Φp ≈ 2

3

Ap

A
= 1.8 · 10−6, (A.36)

is slightly in the region, where a two-way scheme is necessary [Elg94]. The
simplification is reasonable since the turbulence structure is not considered
in particular. Furthermore, for particle image velocimetry one assumes in
general, that the seeding particles have no impact on the flow field and
can follow the fluid acceleration [AW11].

Thus, the particle positions xp,i and velocities up,i are governed by the
following differential equations, wherein quantities related to the particles
are marked by a subscript p and flow quantities by f .

dxp,i
dt

= up,i, (A.37)

dup,i
dt

=
1

τp
(uf,i − up,i) , (A.38)

with the particle response time

τp =
4

3

ϱpd
2
p

µfCDRep
(A.39)

containing ϱp as particle density and dp as particle diameter. The coeffi-
cients Rep (particle Reynolds number) and CD (drag coefficient) [Hin82]
are given by

Rep =
|u⃗p−u⃗f |dp

νf
, (A.40)

CD =


1 +

Re2/3p

6


24
Rep

. (A.41)
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A.5. Particle Simulation

For the latter, it is assumed that the particles are spherical.

The aforementioned equations are implemented as an OpenMP paral-
lelised program (nsf_piv). The flow velocity uf,i and the viscosity µf , νf
at the particle positions are determined from the governing flow field by
a Lagrange interpolation of first order. Particles were added to the com-
putational domain randomly distributed and then integrated in time. To
avoid discrete slices of particles entering the domain a randomised shift
is applied based on the chosen time step and the actual fluid velocity.
Particles leaving the computational domain at open boundary conditions
are simply dropped. Other boundary conditions, like particle reflection at
a wall are implemented, but not used corresponding to the mentioned se-
tups. For creation of normally distributed particle diameters distributions
the Box-Muller transform method2 is used.

2Box-Muller transform method implementation by Jan F. Hagen as part of his master
thesis (2014).
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