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Abstract

Hybrid systems are generally capable of combining the advantages of both constituents to
overcome the limitations of the single constituents. For an efficient development of new hybrid
systems, a fundamental understanding of these systems is necessary. Therefore, we investigate
in this thesis two types of hybrid systems: First, a hybrid system consisting of a metal sphere
coupled to quantum dots is under investigation. By the combination of metal structures and
quantum dots one can utilize the advantages of both constituents to their needs. For example,
metal structures are capable of focusing light into the sub-wavelength regime, which is useful
in the sense of miniaturization, and can provide strongly localized electric fields, called plas-
mons. These plasmons can interact with the excitons build up by external optical excitation
in the quantum dots. Second, we introduce a theoretical description of the coupling between
a semiconductor quantum well and a molecular layer. In such hybrid systems one can inco-
herently pump the quantum well and use the coupling to the molecular layer to transfer energy
to the molecules. The combination of a medium which can be pumped electrically, the semi-
conductor quantum well, and a system which resonance energy can be modeled, the molecular
layer, opens promising paths for high efficient light emitting systems.

We calculate the temporal evolution and spectra for the hybrid system consisting of a silver
sphere and two quantum dots. Beside the coupling between the plasmons and excitons, we
additionally include the coupling between the quantum dots, the so called Förster interaction.
We investigate the influence of the Förster interaction on our observables of interest, the system
polarization and the second order correlation function, in time and frequency domain. While
the Rayleigh signal in time and spectra are barely influenced by the Förster interaction between
the quantum dots, the second order correlation function is changed by up to three orders of
magnitude. We found that the Förster interaction is capable of changing the emission statistics
of the hybrid system from one regime to another. Although the Förster interaction is at least
one order of magnitude smaller than the coupling between the plasmons and excitons, it is
capable of tuning the emission statistic over a wide range. We are able to trace this back to
redistributions of dipole-moments and resonances of the coupled hybrid system by the Förster
interaction between the quantum dots. These energy shifts and asymmetric redistributions
of dipole-moments give rise of asymmetric second order correlation functions with different
kinds of emission statistics. We show that increasing the Förster interaction allows us to tune
the emission statistic of the hybrid system from antibunched to coherent and further into the
bunched regime while all other system parameters are kept constant. Furthermore, we model
a whole ensemble of hybrid systems, one quantum dot coupled to a gold sphere, and compare
our ensemble results with experiments primarily done in the group of H. Lange at Hamburg
University. We found the same trends as observed in the experiments for the single constituents
as well as for the coupled hybrid systems without adapting free parameters. Within a certain
parameter range, the quantitative agreement is pretty striking, too.

For the molecular layer on top of a semiconductor quantum well, we develop a theory for
the coupling beyond the dipole approximation. This is done by introducing transition charges
to model the molecules as well as the semiconductor quantum well. These transition charges
are provided by the Fritz Haber Institute Berlin using Density Functional Theory (DFT). With
certain approximations, we derive an energy transfer from the semiconductor quantum well to
the molecular layer and vice versa.





Zusammenfassung

Im Allgemeinen sind Hybrid-Systeme in der Lage die Vorteile ihrer Bestandteile zu kombinie-
ren und so deren Anwendungsmöglichkeiten zu erweitern. Zur effizienten Entwicklung neu-
er Hybrid-Systeme ist deren fundamentales Verständnis nötig. In dieser Arbeit untersuchen
wir zwei unterschiedliche Typen von Hybrid-Systemen: Das erste System bestehend aus einer
Metallkugel gekoppelt an ein bzw. zwei Quantenpunkte. Durch die Kombination von Metall-
strukturen und Quantenpunkten kann man die Vorteile beider Einzelsysteme zu seinen Gunsten
nutzen. Metallstrukturen können zum Beispiel Licht in Bereiche fokussieren die kleiner als die
Wellenlänge des verwendeten Lichtes sind, dies kann genutzt werden um optische Geräte kom-
pakter zu bauen. Außerdem kann es in Metallen stark lokalisierte elektrische Felder geben, so
genannte Plasmonen. Diese Plasmonen können mit den Exzitonen, optischen Anregungen im
Quantenpunkt, wechselwirken. Als zweites Hybrid-System betrachten wir eine Molekülschicht
auf einem Quanten-Well und leiten die Rate für den Energietransfer zwischen beiden her. Die
Vorteile der einzelnen Systeme sind zum einen die Möglichkeit einen Quanten-Well elektrisch
zu pumpen und zum anderen die Modelierbarkeit der optischen Übergangsfrequenz der Mole-
küle, was solche Hybrid-Systeme zu hoch effizienten Lichtquellen machen könnte.
Für eine Silberkugel gekoppelt an zwei Quantenpunkte berechnen wir die zeitliche Entwick-
lung sowie Spektren für die interessanten Systemobservablen von Interesse. Neben der Kopp-
lung zwischen den Exzitonen und Plasmonen berücksichtigen wir zusätzlich die Kopplung zwi-
schen den Quantenpunkte, die sogenannte Förster-Wechselwirkung. Den Einfluss dieser auf die
Polarisation und auf die Emissionsstatistik des Hybrid-Systems untersuchen wir im Zeit- und
Frequenzraum. Das Rayleigh-Spektrum wird kaum durch die Förster-Wechselwirkung beein-
flusst. Die Emissionsstatistik hingegen verändert sich um drei Größenordnungen. Die Förster-
Wechselwirkung ändert die Statistik auch qualitativ, z. B. von einer anti-gebunchten zu einer
kohärenten bis hin zu einer gebunchten. Dies geschieht obwohl die Förster-Wechselwirkung
zwischen den Quantenpunkten mindestens eine Größenordnung kleiner als die zwischen Plas-
monen und Exzitonen ist. Grund für den dennoch starken Einfluss ist die Umverteilung von
Dipolmomenten und die Verschiebung von Übergangsenergien in dem gekoppelten Hybrid-
System. Diese führen zu asymmetrischen Spektren der Emissionsstatistik mit unterschiedli-
chen Statistiken. Wir zeigen, dass man durch Erhöhen der Förster-Wechselwirkung zwischen
den Quantenpunkten die Emissionsstatistik von einer anti-gebunchten über eine kohärente bis
zu einer gebunchten Statistik verändern kann, wobei alle anderen Systemparameter konstant
gelassen werden. Zusätzlich modellieren wir ein ganzes Ensemble von Hybrid-Systemen, be-
stehend aus jeweils einer Goldkugel und einem Quantenpunkt, und vergleichen unsere Theorie
mit Messungen, welche hauptsächlich in der Gruppe von H. Lange an der Universität Hamburg
durchgeführt wurden. Theorie und Experiment zeigen die selben Trends für die einzelnen Sy-
steme und die gekoppelten Hybrid-Systeme. Innerhalb eines bestimmten Parameterbereiches
gibt es zudem eine überzeugende quantitative Übereinstimmung.
Für die Kopplung zwischen einer Molekülschicht und einen Quantum-Well entwickeln wir eine
Theorie jenseits der Dipolnäherung. Dies wird möglich durch die Einführung von sogenann-
ten transition charges die das elektrische Feld des Moleküls und das des Quantum-Wells im
Außenraum beschreiben. Diese transition charges werden im Fritz Haber Institut Berlin mit-
tels Dichte Funktional Theorie (DFT) berechnet. Mit einigen Näherungen berechnen wir die
Energietransferrate vom Quanten-Well zur Molekülschicht und umgekehrt.
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Chapter 1

Introduction

The phrase hybrid system describes generally the combination of two or more systems with
different properties. In this thesis we focus on two different types of hybrid systems: The
first type is composed of a metal sphere coupled to one or two semiconductor quantum dots.
The second type consists of a molecular layer on top of a semiconductor quantum well. Both
of these hybrid systems are intensively studied experimentally as well as theoretically to gain
new insights in the occurring physical processes. This could allows for an efficient develop-
ment of new devices. The use of metal structures was found to be very powerful for different
kinds of sensing due to their ability to strongly enhance electric fields into the sub-wavelength
regime [LD13, GG09, NHL+08]. These strong fields can be localized propagate and are called
plasmons [BP51, PB52, BP53, Pin53]. The combination of metal structures with, e.g., quan-
tum dots or other two level systems give rise of a variety of physical effects. Devices suitable
for processing quantum information [FLKA14, TMO+13, CSHL06] or the equivalent to the
laser, the so called Spaser (surface plasmon amplification by stimulated emission of radiation)
[BS03, NZB+09, RGTK15] are intensively studied and only two examples. We focus on metal
spheres coupled to two level system, in our case semiconductor quantum dots. It was previ-
ously found that the interaction between the excitons and the plasmons alter the emission statics
of the hybrid [RDSF+10]. We demonstrate a hybrid system with one metal sphere coupled to
two quantum dots in which the emission can be tuned over a wide range by only changing
the interaction strength between the semiconductor quantum dots [TCRK13]. Furthermore, we
compare our theoretical results with experimental ones and find convincing qualitative agree-
ment (in submission).

The second type of hybrid system investigated in this thesis consists of a molecular layer
on top of a semiconductor quantum well. These systems are promising candidates for highly
efficient light sources. The aim is to, e.g., pump the quantum well electrically and to transfer
this energy to the molecules which than emit light [VKR+14, FKS+15, BSX+06, SBB+15].
Since the distance between the molecular layer and the semiconductor quantum well might
be small, we introduce a theory beyond the dipole approximation by using transition charges
[MAR06, CMW09, CSSJ10]. The transition charges are provided by the Fritz Haber Institute
derived using density functional theory (DFT).

13



1 INTRODUCTION

1.1 Structure of the thesis

This thesis is divided in five parts:
The first part is the Prologue with an introduction and informations about the structure of the
thesis.
The second one is a theory part where some of the used theories are introduced. This part is
divided in a classical and a quantum mechanical theory part.
In the third part a model is introduced to describe a hybrid system consisting of a metal sphere
and one/two semiconductor quantum dots. For the hybrid system consisting of one metal sphere
coupled to two quantum dots, we investigate the temporal evolution and the spectra of the ob-
servables of interest. Furthermore, we describe the temporal evolution after pulse excitation
of an ensemble of coupled hybrid systems in the third part. Our theoretical results for the en-
semble of coupled hybrid systems are compared to measurements. In the end we discuss and
compare the theoretical and experimental results.
In the forth part the coupling between a molecular layer on top of a quantum well is investi-
gated. We derive an energy transfer rate between the molecular layer and the quantum well
beyond the dipole approximation. We achieve this by using transition charges to model the
electric field of the molecules and the quantum well in their outer region.
The fifth and last part consists of the Danksagung and the Appendices.
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Chapter 2

Properties of metal spheres

In this chapter, we give an overview over the theoretical concepts used to determine the prop-
erties of the metal spheres, which are constituent of the hybrid systems under investigation.
First, two fits for the dielectric function of metals are introduced and discussed. Namely, the
Drude model and a more complex multi Lorentzian fit. Using this analytical expression for
the dielectric function of the metal, a comparison of two different approaches to calculate the
resonance energy of the dipole transition and the corresponding damping rate of a metal sphere
is given. It turns out, that the Drude fit is pretty good for surroundings of the metal sphere with
a high permittivity (above 4), which leads to lower dipole transition energies. Comparing the
Drude model, the multi Lorentzian fit and the values measured by Johnson & Christy [JC72],
we found that the Drude model is good for energies below 2eV. We use this properties of the
metal spheres to include them into our quantized theory for hybrid systems. In Chapter 4, we
couple two quantum dots to a silver sphere and investigate the emission statistics of this hybrid
system. Later, in Chapter 5, we model an ensemble of hybrid systems and compare our results
to experiments carried out in the group of Holger Lange (Universität Hamburg). In this case,
gold spheres and two different kinds of quantum dots build a hybrid system and are investigated
by, e.g., time resolved photoluminescence measurements.

2.1 Resonance energy and damping of MNPs calculated from

diffraction index

There are two approaches widely used to calculate the resonance energy of spherical MNPs
and the corresponding damping rates using only measured data of the refractive index of the
metal involved.

The first one starts with the Laplace equation in the quasi-static approach and derives by
using continuity relations the resonance energy and damping of the surface plasmon modes
[RDSF+10, BS03]. Within the used approximations, this approach is able to calculate the
resonance energy and damping rate of the surface plasmon dipole mode.Nevertheless, this
quite simple method is not able to include the size dependency of the metal sphere.

The second one starts with the Helmholtz equation, obtained from Maxwell equations in
the time harmonic approximation, and formulates continuity conditions at the surface of the
sphere. This approach is more complex than the first one, but in contrast, it is able to include
the size of the metal sphere. This will be especially important when we compare our theory
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2 PROPERTIES OF METAL SPHERES

with experiments, which clearly show the dependency of the resonance energies on the size of
the metal sphere.

Before taking a closer look at two possible calculations for the properties of the metal
sphere, we give a few remarks concerning the dielectric function of metals. Usually the dielec-
tric function ε(ω) of a metal is approximated by a Drude (Drude-Sommerfeld) approximation

ε(ω) = ε0 −
ω2
p,bulk

ω2 + iγp,bulkω
, (2.1)

which is in great agreement with the measurements [JC72] for small energies, cp. Figure
2.1. ωp,bulk is the bulk plasma frequency and γp,bulk the corresponding damping term. A
more precise approximation of the dielectric function can be achieved by fitting the function
introduced by Etchegoin et. al. [ELRM06] to the measured data of Johnson and Christy. The
main idea is to fit the dielectric function with more than one pole, as it is the case in the Drude
limit.The fit function reads [ELRM06]:

εAu = ε∞ − 1

λ2p


1
λ2 + i

γp,bulkλ

 +


i=1,2

Ai

λi



eiφi

1
λi

− 1
λ − i

γi

+
e−iφi

1
λi

+ 1
λ + i

γi



. (2.2)
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Figure 2.1 | Comparison of the Drude fit and a more advanced fit to the measurements

of Johnson and Christy for gold (Au) [JC72]. On the left, the real part of the dielectric

function is plotted and on the right side for the imaginary part.

The determined fit parameters are given in the Appendix A. In Figure 2.1 it becomes ob-
viously, that the fit with multiple poles has a way more striking agreement with the dielectric
function of gold than the Drude model, especially for higher energies.

In the following, the different results for the resonance energies and the damping rates of
the plasmon modes (usual the dipole mode l = 1) will be discussed. It is possible to include an
additional damping term to the fit of the dielectric function of the bulk metal. This additional
term account for surface scattering and becomes important for decreasing size of the sphere
(R < 10nm). Usually, the surface scattering is introduced by replacing the ordinary damping
rate of the bulk material γp,bulk by

γ(R) = γp,bulk +A
vF
R

(2.3)
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with the Fermi velocity vF and a phenomenological factor A. This factor needs to be fit to the
experiment and is between 1 and 10. This surface scattering is due to the limitation of the mean
free path of the electrons in small spheres [KF69] and results in scattering of the electrons with
the surface. Sometimes this type of surface scattering is named Kreibig damping after Uwe
Kreibig, who introduced and measured the phenomenological parameter A [KG85].

It is straight forward to include the surface scattering into the Drude approximation. How-
ever, it is not clear how to include the surface scattering into the more elaborated multi
Lorentzian approach (2.2), since several damping rates are involved. One would need to find
an accurate A for every damping rate included. Furthermore, A is usually fit to experimental
data under the assumptions that a Drude model is used [NGPJ+06]. This can lead to unphysical
behavior for the damping rates if surface scattering is include for the multi Lorentzian fit. For
instance, it leads to a smaller damping in the case of very small spheres instead of a larger on.
Therefore, surface scattering is only discussed for the Drude model, but always neglected for
the multi Lorentzian approach. A more detailed discussion is given in Section 2.1.2.

With the analytical expression of the dielectric function, it is possible to calculate the re-
quired resonance energies and damping rates for the plasmon modes in dependency of the
surrounding material and later also in dependency of the radius of the metal sphere.

2.1.1 Resonance energies and damping rates of metal spheres within the quasi

static approach

A metal sphere in an constant electric field (Ez), which has only an non-vanishing z component,
can be described by the Laplace equation ∆Φ = 0. The excitation field can be approximated as
constant over the sphere, as long as the exciting wavelength is at least one order of magnitude
larger than the diameter of the sphere. If this holds, one can assume a constant electric field
over the whole volume of the sphere. The solution for the electric field E(r) is [Jac99]:

E(r, ω) = Ez,ext
εout − ε(ω)

2εout + ε(ω)
G(r), (2.4)

with the Green’s function

G(r) =



êz r < R
R3

r3
[3 (êz · êr) êr − êz] r > R

(2.5)

for the inside of the sphere (r < R) and the outside (r > R). êr and êz are basis vectors in
cylindrical coordinates. The polarizability β of the metal sphere

β =
εout − ε(ω)

2εout + ε(ω)
(2.6)

shows the strongest enhancement for vanishing denominator 2εout + ε(ω) = 0, this is the so
called Fröhlich condition [FZS14]. That yields the well known condition −2εout = ε(ωsp) for
the surface plasmon resonance ωsp (valid as long as the damping γsp of the surface plasmons
is way smaller than their resonance energies ωsp).

To obtain the damping rate, a first order Taylor expansion of ε(ω) = Re [ε(ω)]+Im [ε(ω)]
is performed and the result is insert in the polarizability β. This yields

β =
εout − ε(ω)

2εout + ε(ω)
≈ 3iεoutη

i (ωsp − ω) +
γsp
2

, (2.7)
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which results in a damping γsp = 2ηIm [ε(ω)] with η−1 = dRe[ε(ω)]
dω




ω=ωsp

[RDSF+10]. Some

results using the quasi static approximation are given in Tabular 2.1.1. The resonance energies
and the damping rates strongly depend on the permittivity of the medium surrounding the metal
sphere. For gold as well as for the silver spheres the resonance energy of the dipole mode and
their damping decreases for increasing permittivity of the surrounding medium. Since silver
has a higher conductivity than gold, the damping of the dipole mode is much smaller in silver
spheres than in gold spheres.

gold sphere silver sphere

εout resonance energy ℏωsp damping rate γsp resonance energy ℏωsp damping rate γsp

1 2.5 eV 548 meV 3.5 eV 98 meV

1.77 2.4 eV 371 meV 3.1 eV 62 meV

3 2.2 eV 240 meV 2.8 eV 53 meV

5 2 eV 130 meV 2.5 eV 50 meV

Table 2.1 | Results for the resonances of the dipole mode and damping rates of gold

and silver metal spheres for different dielectric backgrounds.

We used this approach, e.g., in [TCRK13], but needed a more elaborated approach do
compare with experiments (see Chapter 5). Therefore, an approach considering also the size of
the metal sphere is presented in the following.

2.1.2 Calculation of resonance energies and damping rates of metal spheres by

using the Helmholtz equation

Now we follow an approach from Kolwas et al. and use a Helmholtz equation to obtain the
damping rates and resonances of the plasmonic modes [KDD06, KD13]. Similar to the ap-
proach in the previous section, we start with the source free Maxwell equations. They read in
the absence of free charges ρfree and currents jfree:

∇×H = ∂D
∂t ∇ ·B = 0

∇×D = −∂B
∂t ∇ ·E = 0

(2.8)

B and E are the magnetic and electric field, respectively. j and ρ are the induced currents and
charge densities. Assuming a linear material response of the sphere on the electric-magnetic
fields yields to the standard relations between the electric field and the electric displacement

D(r, ω) = E(r, ω) +
i

ω
j(r, ω) (2.9)

in frequency space. Since the metal sphere is a conductor, the relation between the induced
current and the electric field is given by Ohm’s law j(r, ω) = σ(ω)E(r, ω). Using Ohm’s law,
we can rewrite the electric displacement field

D(r, ω) = ε0



1 +
iσ(ω)

ε0ω



E(r, ω) = ε0ε(ω)E(r, ω) (2.10)
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with material and frequency depending dielectric function ε(ω) of the metal sphere. It is as-
sumed, that the surrounding media is nonconducting and nonmagnetic (σout = 0) and its
dielectric function is independent of the frequency (ε(ω) = εout). For the metal sphere the
same dielectric function as for the bulk material is used. Assuming only time harmonic fields
E(r, ω) = E(r)eiωt, it is possible to obtain the Helmholtz equation for a metal sphere sur-
rounded by a dielectric host material. Using Maxwell’s equations (2.8) and the relation be-
tween the electric field and the electric displacement (2.10), it is possible to reduce the system
of equations to the Helmholtz equation

∆E(r) + k2E(r) = 0, (2.11)

here only transversal modes (∇E = 0) are considered. k0 = ω
c is the wave vector in vac-

uum, the actual wave vector depends on whether the Helmholtz equation is formulated for
the inside of the sphere kin = k0

√
εin, or outside the sphere (for the surrounding medium)

kout = k0
√
εout. The solution of the scalar Helmholtz equation

∆ψ(r, θ,Φ) + k2ψ(r, θ,Φ) = 0 (2.12)

in spherical coordinates is given by spherical harmonics Ylm(θ,Φ) and spherical Bessel func-
tions jl(kin · r) for the inside of the sphere and spherical Hankel functions hl(kout · r) for the
surrounding material of the sphere [Jac99]. Now the solution for the vectorial Helmholtz equa-
tion (2.11) can be constructed by the use of the scalar solutions, considering only the solution
with no radial component of the magnetic field [KDD06]:

E(r) = Blm
1

k
∇×∇× (rψlm(r, θ,Ψ))

B(r) = Blm
k

ik0
∇× (rψlm(r, θ,Ψ))

with ψlm(r, θ,Ψ) = jl(kinr)Ylm(θ,Φ) for the inside of the sphere

and ψlm(r, θ,Ψ) = hl(koutr)Ylm(θ,Φ) for the outside of the sphere.

(2.13)

Kolwas et al. rewrite the solution with the same terminology as in [BW80], since there is
no standard definition of the spherical Hankel and Bessel functions. The solutions inside the
sphere are:

Er(r, θ,Φ) = Bin
lm

l(l + 1)

kinr
Jl(kinr)

Eθ(r, θ,Φ) = Bin
lm

[kinrJl(kinr)]
′

kinr

∂Ylm(θ,Φ)

∂θ

EΦ(r, θ,Φ) = Bin
lm

im

kinr sin θ
[kinrJl(kinr)]

Hr(r, θ,Φ)) = 0

Hθ(r, θ,Φ) = Bin
lm

√
εin

m

sin θ
Jl(kinr)Ylm(θ,Φ)

HΦ(r, θ,Φ) = iBin
lm

√
εinJl(kinr)

∂Ylm
∂θ

.
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For the solution outside the sphere follows:

Er(r, θ,Φ) = Bout
lm

l(l + 1)

koutr
hl(koutr)

Eθ(r, θ,Φ) = Bout
lm

[koutrhl(koutr)]
′

koutr

∂Ylm(θ,Φ)

∂θ

EΦ(r, θ,Φ) = Bout
lm

im

koutr sin θ
[koutrhl(koutr)]

Hr(r, θ,Φ) = 0

Hθ(r, θ,Φ) = Bout
lm

√
εout

m

sin θ
hl(koutr)Ylm(θ,Φ)

HΦ(r, θ,Φ) = iBout
lm

√
εouthl(koutr)

∂Ylm
∂θ

.

The ′ denotes the derivation with respect to the argument of the function (qin/outr). The
continuity condition for the tangential component of the electric field at the surface of the metal
sphere (Eθ, EΦ) leads to

Bin
lm

[kinRJl(kinr)]
′

kinR
= Bout

lm

[koutRhl(koutR)]
′

koutR
(2.14)

and the continuity condition for the tangential component of the magnetic field Hθ, HΦ to

Bin
lm

√
εinJl(kinR) = Bout

lm

√
εouthl(koutR) . (2.15)

Due to the rotational symmetry, the continuity equations are independent of m. The combina-
tion of the continuity equations (2.14) and (2.15) only gives nontrivial solutions for the field
amplitudes Blm if

[kinRJl(kinR)]
′

kinR
√
εinJl(kinR)

− [koutRhl(koutR)]
′

koutR
√
εouthl(koutR)

= 0 (2.16)

holds. The roots Ωl of the continuity equation (2.16) need to be calculated numerically and are
in principle complex Ωl = ωsp+iγsp, with the surface plasmon frequency ωsp and the damping
of the surface plasmon γsp for a given mode l. These attributes depend on the size of the metal
sphere (radius R) and on the dielectric function of the surrounding medium. Furthermore, they
depend on the used dielectric function of the metal sphere, whether one uses a single Lorentzian
approximation, e.g., Drude model, or a more accurate fit to the experimental data like a multi
Lorentzian approximation [ELRM06].

In Figure 2.2 (left) the resonance energies of the dipole mode versus the radius of the metal
sphere is shown. It is obviously, that different fit functions for the dielectric function ε(ω) ,
namely Drude model (2.1), Drude model with surface scattering (2.3) and multi Lorentzian
fit (2.2), result in different resonance energies. While the Drude models, with and without
surface scattering, only show small derivations for very small spheres, their discrepancy to the
multi pole fit is quite large for the resonance energy of the dipole transition (Figure 2.2, left).
All three fits lead to decreasing resonance energies for increasing radius of the metal sphere
[SKD12].

22



2.1 RESONANCE ENERGY AND DAMPING OF MNPS CALCULATED FROM DIFFRACTION

INDEX

2.1
2.15

2.2
2.25

2.3
2.35

2.4
2.45

2.5

0 5 10 15 20 25 30 35 40 45 50

ω
sp

[e
V

]

R [nm]

0 5 10 15 20 25 30 35 40 45 50
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
0.2
0.22

γ
sp
[e
V
]

R [nm]

Drude model
Drude with surface scattering

multi Lorentzian fit

Figure 2.2 | Comparison of the resonance energy ωsp of the dipole mode versus the

radius R of the sphere (left) and the damping rate γsp versus the radius (right) for

different dielectric functions to model the bulk material (Au). The sphere is embedded

in a dielectric medium with εout = 1.77, valid, e.g., for water.

The results for the damping rates vary way more than for the energies. The Drude fits,
with and without surface scattering, become equal for larger radii of the sphere. For small
spheres the included surface scattering plays an important role and increases the scattering
significantly in the case of the Drude fit with surface scattering. Although there is no surface
scattering included phenomenologically in the multi Lorentzian fit, the damping rate slightly
increase for decreasing radius of the metal sphere. This behavior is more pronounced for a
lower permittivity εout. Comparing the theoretical results with the experiments done in the
group of Holger Lange (in submission), the spectra calculated using the multi Lorentzian fit
show a way more striking agreement with the experimental ones, than the ones with the Drude
or Drude model with surface scattering. This is caused by the disagreement of the Drude fit
to the real/measured dielectric function of gold in the range from 2eV up to 2.5eV. For dipole
transition energies above 2eV, one should use a multi Lorentzian fit to obtain descent results.

For a higher permittivity of the surrounding medium εout = 5, the results for the dipole
transition energy and the corresponding damping rate of the three used fits approach the same
values (c.p. Figure 2.4). Higher permittivity of the surrounding medium leads to lower energies
of the dipole transition. The Drude fit is pretty good for dipole transitions below 2eV (c.p.
Figure 2.1), as well as the multi Lorentzian. Therefore, the Drude and the multi Lorentzian
fit yield the same result. Only the Drude fit with a phenomenological surface scattering rate
included, results in different values of the damping rate especially for small spheres, smaller
than 10nm (c.p. Figure 2.4 right).

Considering Equation 2.16, it is easy to calculate resonance energies and damping rates
for higher l modes (l > 1), corresponding to the quadrupole mode, octopole mode and so on
and so forth. A discussion for higher modes can be found in [KDD06], where they used a
Drude model with surface scattering to describe the dielectric function of the metal. In this
work, we do not include higher order modes. This is possible since two approximations holds:
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Figure 2.3 | Comparison of the resonance energy ωsp of the dipole mode versus the

radius R of the sphere (left) and the damping rate γsp versus the radius (right) for

different dielectric functions to model the bulk material (Au). The sphere is embedded

in a dielectric medium with εout = 3.
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Figure 2.4 | Comparison of the resonance energy ωsp of the dipole mode versus the

radius R of the sphere (left) and the damping rate γsp versus the radius (right) for

different dielectric functions to model the bulk material (Au). The sphere is embedded

in a dielectric medium with εout = 5.

First, the quasi static approach. As long as the metal spheres are way smaller, only the dipole
mode is excited by the external optical field. Thus, only the dipole mode couples to the far
field and is detected, all higher modes are dark. Second, due to the quasi static approach the
only way to excite higher order modes is via the near field of the quantum dots used to build
the hybrid systems investigated later in this work (Chapter 4 and 5). It was shown, that this
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near field excitation of higher order plasmon modes is only important, if the distance between
the quantum dots and the metal sphere is smaller than the diameter of the metal spheres. We
ensure, that this distance is always at least the diameter and therefore, the dipole approximation
holds.

Beside the approaches discussed above, more elaborated approaches exist using, e.g., den-
sity functional theory [LK70] or a hydrodynamic model for the free electrons in the metal
[Boa82]. It was shown experimentally and using a nonlocal hydrodynamic model for the free
electrons that silver spheres with a diameter smaller than ≈ 10 nm exhibit a blue shift of about
0.5 eV compared to larger spheres (25 nm) [RYS+13, RSK+13]. Furthermore, the hydrody-
namical model can be used to quantize plasmons [RW69], e.g., in spheres [CR68]. However,
we describe systems where the blue shift does not play an important role since the sphere
diameter is too large.
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Chapter 3

Quantum mechanical theory

In this chapter, we briefly introduce some of the quantum mechanical concepts used within
this thesis. We introduce the source field expression used to connect the microscopic system
operator with the far field detected by a detector far away from the system. Under certain ap-
proximations, the detected signal is directly proportional to the system operators with a certain
time delay. Furthermore, we give a general introduction to the Fano effect for a classical and
quantum mechanical system.

3.1 Source field expression

In the following part, we describe different systems within the formalism of second quantiza-
tion. To do so, we use operators to describe, e.g., the excitons and plasmons, which are excited
in the quantum dots and the metal spheres. This operators describe the dynamics within the
particles involved, but this dynamics cannot be measured directly. Therefore, some theory is
needed to connect the quasi-particle operators of the considered hybrid systems to the free
modes, which can for instance travel to a detector and be measured. This connection is granted
by the so called source field expression.

We apply the source field expression to the plasmons, which represent the dipole excitation
of the metal sphere. We mainly follow [Lou83], a similar approach of a source field expression
for cavities can be found in [Car93].

We assume the metal sphere is at the origin of our coordinate system and in vacuum or at
least in a medium, which has an dielectric function independent of the frequency in the range
of interest. Furthermore, we expect the external electric field to be in the vacuum state. Without
loss of generality, we assume the detector is somewhere on the z-axes. Therefore we are only
interest in the electric field on the z-axes. The field outside the metal sphere is expressed via
Heisenberg operators for the electric field operator E(z, t), which are usually split in a positive
E+(z, t) and a negative E−(z, t) frequency part [Mil94]

E(z, t) = E+(z, t) +E−(z, t) (3.1)

with

E+(z, t) =


k



λ

ieλ,k



ℏωk

2ε0V
ck,λ(t)e

ik·r. (3.2)
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The negative frequency part is given by hermitian adjoining the positive frequency part

E−(z, t) =

E+(z, t)

†
. The field outside the metal sphere is modeled as a reservoir of several

modes with wave vector k and polarization direction eλ,k. The operator ck,λ destroys a photon
with wave vector k and polarization λ. ℏωk is the energy of the photon annihilated and V the
quantization volume.

To bridge between the dynamics of the plasmons and the photons of the reservoir, we need
to calculate the equation of motion for the reservoir operator ck,λ(t). Therefore, we introduce
the free Hamiltonian of the reservoir and of the dipole plasmon mode

H0 =


k,λ

ℏωk,λc
†
k,λck,λ + ℏωspa

†a (3.3)

with the photon energy ℏωk,λ for the photonic reservoir modes. a† and a are the creation
and annihilation operator for the plasmonic dipole mode of a metal sphere, respectively. The
interaction Hamiltonian between the plasmonic dipole mode and the reservoir results from a
canonical mode quantization of the free electric field [Lou83] as

Hint =


k,λ

ℏ



g∗k,λac
†
k,λ + gk,λa

†ck,λ



(3.4)

with the coupling parameter between the electrical field and the dipole

gk,λ = e


ωk

2ε0ℏV
ek,λ · D. Here, D denotes the vectorial dipole moment of the plas-

mons.
The equation of motion for the reservoir photons follows by using the Heisenberg equation

of motion and the Hamiltonians ((3.3) - (3.4)) as

ċk,λ = −iωk,λck,λ − ig∗k,λa. (3.5)

This equation of motion can be integrated formally using the formalism of constant coefficient
to

ck,λ(t) = ck,λ(0)e
−iωkt − e


ωk

2ε0ℏV
ek,λ ·D

t

0

dt′a(t′)eik·R+iωkt
′

(3.6)

with the initial condition for the electric field operator ck,λ(0).

Now we insert the formal solution ck,λ(t) into Equation 3.2 and express the sum over k

as an integral


k

→ V
(2π)3


dk [HK09]. The k integral is written in spherical coordinates.

We omit the k(0) term, since it only describes the free propagation of the electric field. The
equation for the source field reads:

E+(z, t) = − ie

2(2π)3ε0



λ



dkωkek,λ (ek,λ ·D)

t

0

dt′a(t′)e−ik·(r−R)+iωk(t
′−t). (3.7)

To solve the angular integrals, the dipole should be orientated in the x-z-plane with the
angel Θ to the z-axis

D = D(sinΘ, 0, cosΘ) (3.8)
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and the distance between the detector at r and the dipole at R on the z-axis is assumed to be
very large. Thus, it is ensured that k |r −R| >> 1 holds. Using this assumptions and the
fact that at this large distance the polarization of the transfers dipole field is parallel to the x-
axis, the angular integration results in several e-functions with arguments of |r −R| inverse in
first, second and third order. Since k |r −R| >> 1 holds, only the first order is kept. These
two remaining e-functions result in two delta-functions by integrating over k. In the end, after
the delta-functions has been evaluated, the final result for the positive electric field operator is
[Lou83]:

E+(r, t) = −
eω2

spD sinΘ

4πε0c2 |r −R|ia


t− |r −R|
c



. (3.9)

Obviously, this result for the electric field at, e.g., the position of the detector is direct
proportional to the creation (a†) and annihilation (a) operators of the plasmonic dipole mode.
Therefore, it is convenient to describe the system by the operators of the single constituents,
namely the exciton and plasmon operators. In the same manner a source field expression for the
excitonic operators can be introduced. This is possible, since the coupling between the external
electric field and the excitons is of the form of a dipole-dipole coupling. Again, one need to
ensure that the same assumptions hold. The resulting electric field operator (3.9) shows retar-
dation due to the distance between the dipole and the detector. This retardation effects does not
play a role, e.g., in the steady state spectra we are interested in (cp. Chapter 4). Furthermore,
the retardation only shifts the time dynamics of the pumped hybrid system investigated in, e.g.,
Section 5.4. This offset does not change the physical interpretation of our results.

3.2 Fano effect

In this section we introduce the Fano effect. This effect is named after Ugo Fano, who was
the first giving a theoretical description [Fan35, Fan61]. He explained the occurrence of asym-
metric peaks in the spectra of noble gases [Beu35]. Typical for this effect is the occurring
of asymmetrical line shapes in the spectra. This asymmetry can be traced back to the inter-
ference of two different excitations. The Fano effect has been found in several systems, e.g.,
quantum dots [CWB01, GGGH+00, GZL+08], in photonic crystal cavities [CY03, GPB+09]
and quantum wells [AAGG07]. It has additionally been investigated in doped semiconduc-
tors [BCC+97], semiconductors in magnetic fields [BAKM+97] and has been used to prove
the forming of quasi particles in semiconductors [LIH06]. It also occurs in carbon nan-
otubes [HYYD06, BS04]. The most interesting case for this thesis is the occurrence of the
Fano effect in metal nanoparticles dimers [BRAB+08], aggregates [MBN09] and hybrid sys-
tems [ZG11, ZGB06, RDSF+10]. Furthermore, the Fano effect occurs in coupled nanoplas-
monic structures [VSS+09] and is tunable by symmetry breaking in plasmonic nanostructures
[HSD+08].

In the following, we explain the generation of this asymmetry generally for a system of
two classical oscillators and a coupled quantum mechanical system. For the classical system
we use two pendulums, where the first one is driven by an external force [JSK06]. We explain
the Fano effect for the quantum mechanical system using a hybrid system consisting of a metal
sphere and a quantum dot. In Chapter 4, we discuss Fano effect for a realistic system. There, we
determine the coupling strength, the parameters of the constituents of the hybrid and investigate
the influence of several quantities on the Fano effect.
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3 QUANTUM MECHANICAL THEORY

3.2.1 Classical Fano effect

We start with a mechanical analogy to the Fano effect [JSK06]. We consider two pendulums
coupled by a weak spring to each other, the left pendulum is driven by an external force (c.p.
Figure 3.1 left). Assuming only small amplitudes of the pendulum elongation, the equations of
motions for the amplitudes x1 and x2 reads [JSK06]:

d2

dt2
x1 +

d

dt
γ1x1 + ω2

1x1 + gx2 = deiωt

d2

dt2
x2 +

d

dt
γ2x2 + ω2

2x2 + gx1 = 0

(3.10)

with the damping γ, the resonance frequency ω and the coupling between the pendulums g.
We solve this equations of motions numerically into the steady state for several excitation
frequencies of the driving force and obtain the spectrum shown in Figure 3.1 on the right. We
choose resonance energies ω1 = 1 for the driven pendulum and ω2 = 1.2 for the right one.
For the damping of the pendulum we chose γ1 = 0.025 and γ2 = 0.01, the coupling between
both is set to g = 0.5 and for the coupling of the first pendulum to the external force we use
d = 0.5.
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Figure 3.1 | Left: Sketch of the mechanical system. Right: Spectrum of the pendulum

amplitudes |x1| and |x2| versus the frequency of the driving force acting on the first

pendulum.

Due to the coupling between both pendulums, the eigenfrequencies of the uncoupled pen-
dulum are shifted away from each other. This shift scales with the coupling strength between
the pendulum. We discuss these coupling induced shifts in more detail in, e.g., Section 4.5.2
and 4.5.3 for quantum mechanical systems. While the amplitude of the right pendulum, the
non driven one, has a symmetric spectrum (Fig. 3.1 green curve), the spectrum of the driven
pendulum shows a asymmetry at ω = 1.2fs−1, the resonance frequency of the right pendulum,
which is not driven by an external force. This asymmetry can be understood as Fano resonance.
It is possible to give an intuitive explanation for this resonance in the case of a mechanical sys-
tem. While increasing the frequency of the driving force towards the resonance energy of the
left pendulum (ω = 1fs−1), the amplitudes increases. For frequencies higher than the reso-
nance frequency of pendulum 1, the amplitude decrease. It is worth to mention, that the phase
of the amplitude is turned by π above the eigenfrequency of pendulum 1 [JSK06]. Increas-
ing the driving frequency further excites swinging of the second pendulum. Due to the phase
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3.2 FANO EFFECT

shift of the oscillation from the first pendulum, the oscillations between the eigenfrequencies
(1fs−1 < ω < 1.2fs−1) are phase shifted by π. Therefore, both oscillations, from pendulum
1 and pendulum 2, interfere destructively causing the Fano resonance at ω = 1.2fs−1. This
resonance is clearly visible in Figure 3.1 on the right for the amplitude of the first pendulum
|x1| (red curve). Increasing the driving frequency further starts to drive the second pendulum
and the amplitude rise at the shifted frequency of pendulum 2, second peak in the spectrum for
|x1|. After the shifted resonance, the amplitude decreases again.

3.2.2 Quantum mechanical Fano effect

We investigate a quantum mechanical system consisting of a continuous system (metal sphere)
and a two level system (quantum dot) sketched in Figure 3.2 on the left. We describe both
within the dipole approximation, which results in a dipole-dipole coupling between both con-
stituents of the hybrid system. In contrast to the two level system, the excited state of the metal
sphere is broadened by a huge damping. Therefore, the broadened excited state behaves like
a continuous system with several states. In Chapter 4 we discuss the Fano effect in a system
consisting of two quantum dots coupled to a metal sphere. There, we will also investigate the
influence of the system parameters on the Fano effect in more detail. Here, we will give a
general overview of the Fano effect in quantum mechanical systems and an explanation why it
occurs.

To calculate a spectra similar to the classical one in Figure 3.1, we start with the derivation
of the equations of motions for a metal sphere coupled to a quantum dot. We use the Hamilton
operator and Lindblad terms introduced in Section 4.2 with the operator equation 4.19 to obtain
the equations of motion. For the plasmon probability ⟨|n⟩⟨p|⟩ we find:

∂t ⟨|n⟩⟨p|⟩ =


i (n− p)ωsp −
γsp
2

(p+ n)


⟨|n⟩⟨p|⟩+ γsp


p+ 1
√
n+ 1 ⟨|n+ 1⟩⟨p+ 1|⟩

− ig
√
n+ 1 ⟨ρvc|n+ 1⟩⟨p|⟩+ ig∗



p+ 1 ⟨ρvc|p+ 1⟩⟨n|⟩∗

+ ig
√
p ⟨ρvc|n⟩⟨p− 1|⟩ − ig∗

√
n ⟨ρvc|p⟩⟨n− 1|⟩∗

− i

ℏ
χE (t)

√
n+ 1 ⟨|n+ 1⟩⟨p|⟩+ i

ℏ
χ∗E (t)∗



p+ 1 ⟨|n⟩⟨p+ 1|⟩

+
i

ℏ
χE (t)

√
p ⟨|n⟩⟨p− 1|⟩ − i

ℏ
χ∗E (t)∗

√
n ⟨|n− 1⟩⟨p|⟩ .

(3.11)

The first lines originates from the free Hamiltonian and the Lindblad terms. This line
accounts for the free evolution of the system with the plasma frequency ωsp and damping by
γsp. Energy relaxation is included by the last term in the first line, which is a pump term driven
by the higher (+1) excited plasmonic state. The second and third line couples the plasmon
probability to the quantum dot, or more precisely to the polarization ρvc of the quantum dot.
The coupling strength between the metal sphere and the quantum dot is denoted by g. In the last
two lines the interaction with the external optical field E(t) is included. The external optical
field couples via the plasmonic dipole moment χ to the plasmonic system.

Beside the plasmon probability we need additional equations of motions for the excitonic
quantities, namely the polarization ρvc and the conduction band density nc. We write both
quantities as plasmon assisted polarization and plasmon assisted density. Therefore, higher
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3 QUANTUM MECHANICAL THEORY

order excitonic and plasmonic correlations are included. This yields for the plasmon assisted
polarization:

∂t ⟨ρvc|n⟩⟨p|⟩ =


i (n− p)ωsp − iωg1 −
γsp
2

(p+ n)− γg
2



⟨ρvc|n⟩⟨p|⟩

− i

ℏ
µE (t) (⟨nc|n⟩⟨p|⟩ − ⟨nv|n⟩⟨p|⟩) + γsp



p+ 1
√
n+ 1 ⟨ρvc|n+ 1⟩⟨p+ 1|⟩

− ig∗
√
n ⟨nc|n− 1⟩⟨p|⟩+ ig∗



p+ 1 ⟨nv|n⟩⟨p+ 1|⟩

− i

ℏ
χ∗E (t)∗

√
n ⟨ρvc|n− 1⟩⟨p|⟩+ i

ℏ
χE (t)

√
p ⟨ρvc|n⟩⟨p− 1|⟩

+
i

ℏ
χ∗E (t)∗



p+ 1 ⟨ρvc|n⟩⟨p+ 1|⟩ − i

ℏ
χE (t)

√
n+ 1 ⟨ρvc|n+ 1⟩⟨p|⟩ .

(3.12)
Since the excitonic polarization is plasmon assisted, damping and driving terms occur due to
the Lindblad terms for the plasmonic system. Nevertheless, for the special case of n = p = 0
all these terms cancel out and the equation of motion for the excitonic polarization remains. The
assisted excitonic polarization is coupled via the excitonic dipole moment µ and the electric
field to the conduction and valence band. The coupling g between the quantum dot and the
metal sphere couples the assisted excitonic polarization to plasmonic transition (third line).
The last two lines describe the interaction of the plasmons (|n⟩⟨p|) with the external optical
field. Since the equation of motion for the conduction band density is pretty the same as for the
polarization, we regard it to the Appendix B.1.
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Figure 3.2 | Left: Energy scheme of the hybrid system consisting of a metal sphere

and a quantum dot. Both are coupled via g. Right: Spectra of the steady state for

different excitations energies. Plotted are the absolute values of the plasmonic

a†



and the excitonic |ρvc| polarization. The metal sphere diameter is 10nm as well as the

distance between the constituents. The metal sphere resonance is at ∆ω = 0meV

and the quantum dot one at ∆ω = 20meV. Note, the excitonic polarization is multiplied

by 20.

We solve the equations of motions into the steady state for several detunings ∆ω to obtain
the spectra in Figure 3.2 on the right. ∆ω is the detuning between the excitation frequency
of the external optical field (E(t)) and the plasmonic resonance. Therefore, the plasmonic
resonance is consequently at ∆ω = 0meV. The excitonic transition energy is detuned with
respect to the plasmonic one and appears at ∆ω = 20meV. The peaks apparent in the spectra
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are pushed apart from each other by the interaction between the quantum dot and the metal
sphere, due to the newly formed eigenstates in the hybrid system. These states are discussed in
Section 4.5.1 - 4.5.3 in more detail for a hybrid system consisting of a metal sphere and one or
two quantum dots.

The spectrum plotted in Figure 3.2 on the right shows the absolute value of the plasmonic

a†

 and excitonic |ρvc| polarization versus the detuning of the plasmonic resonance and the

external optical field. While the excitonic polarization shows symmetric peaks, the plasmonic
polarization exhibits an asymmetric dip at the resonance frequency of the uncoupled excitonic
system (∆ = 20meV). This dip is caused by the Fano effect, which occurs due to destructive
interference between two possible excitation channels. In this case, the excitation from the
ground state to the excited plasmonic state and from the ground state into the excited exciton
state. Between the resonances of both constituents of the system, these two possible excitations
interfere destructively at ∆ = 20meV giving rise to the asymmetric dip. Similar to the classic
case one could argue, that the mainly driven system is the plasmonic one, since the dipole
is orders of magnitude larger (at least one) than the excitonic one. Therefore, the plasmonic
transition is driven strongly and excites the excitonic transition for excitations frequencies of
the external optical field above the plasmonic resonance. Above this resonance, the plasmonic
and excitonic excitation interfere destructively and thus give rise of the asymmetric dip at
∆ = 20meV.
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Chapter 4

Two quantum dots coupled to a metal

nanoparticle

In this chapter, we develop a model for a hybrid system consisting of quantum dots and a metal
sphere. These hybrid systems are intensively studied experimentally and theoretically, since
they are capable of combining the advantages of both constituents. The metal particles, for
instance, are capable of focusing light into the sub-wavelength scale. This can be used for
miniaturization of light based technologies [KAP15], e.g., of on chip sensing [LD13] and in
fiber optics [Sla98]. The quasi-particles of these strongly focused electric fields are named
plasmons [Sto11, SKD12]. Plasmons can be spatially localized [CRBSP15, CSG14] or prop-
agate along a surface [GJH+15]. In the following we focus on localized plasmons which are
excited on a metal sphere. The combination of metal particles and quantum dots for exam-
ple, opens new possibilities for applications. Promising applications are, e.g., ultra-sensitive
[GG09] and biosensing [NHL+08]. Furthermore, it is possible to enhance the efficiency of light
harvesting complexes [ZLPW+15, LKL+15, DQK+13, ALA+10]. Also devices for quantum
information processing with plasmons are possible [FLKA14, TMO+13, CSHL06]. Another
interesting field is the use of plasmons as a cavity for the amplification of stimulated emission of
radiation, or short Spaser (surface plasmon amplification of stimulated emission of radiation).
This Spaser was proposed theoretically by Bergman and Stockman [BS03]. In 2009 Noginov
et. al. claimed the demonstration of such a laser device [NZB+09]. However, it is discussed
very controversially whether such a device is possible or not. Using semi-classical theories the
existences of a Spaser is found to be very unlikely or even unattainable [KS14, KS12, ZL13].
Similar results are found using full quantized theories with different assumptions and simplifi-
cations [RGTK15, Pro12, VAP+12, PV14].

This chapter is organized as follows: We start with a brief introduction of the system (Sec-
tion 4.1) and set up a Hamiltonian in second quantization (Section 4.2). We derive the required
parameters of the Hamiltonians, i.e. the coupling parameters and the plasmon properties ac-
cording to Chapter 2. Using an operator equation and the Hamilton operators, we evaluate
the equation of motion and define our observables of interest (Section 4.3). The equations of
motions are solved numerically for certain cases: We considered pulsed and continuous wave
excitations of the hybrid system and investigate the Rayleigh scattering (Section 4.4.1) and the
emission statistics (Section 4.4.2). Furthermore, we investigate the τ -dynamics of the second
order correlation function in Section 4.4.2.
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Beside the temporal behavior, we analyze the spectra of the statistics and the Rayleigh
scattering. One focus is on the influence of the Förster interaction on both spectra. While the
Rayleigh scattering spectra are barely influenced (Section 4.5.1 ff.), the emission statistics are
very sensitive to changes of the Förster interaction between the quantum dots (Section 4.7). The
statistics can be changed, e.g., from antibunched, to coherent and finally to a bunched statistic
by only increasing the Förster interaction and keeping all other parameters constant. We trace
this back to the newly formed states in the hybrid system due to the interactions between the
constituents. The Förster interaction between the quantum dots shifts the new eigenenergies
and redistributes the dipole moments for certain transitions between excitation manifolds. This
leads to the huge changes in the emission statistics of the hybrid system although the Förster
interaction is quite weak between the quantum dots (<1 meV) compared to the, e.g., damping
rates (21 meV) and coupling strength between the excitons and plasmons (up to 38 meV).

4.1 Introduction

We investigate a hybrid system consisting of a silver sphere and two quantum dots. We include
coupling between the quantum dots and coupling between the excitons, formed in the quantum
dots, and the plasmons, excited on the silver sphere. This dipole-dipole coupling is mediated
by the Coulomb force and called Förster interaction. To avoid confusion, we will only name
the interaction between the quantum dots Förster interaction but not the interaction between
the plasmons and excitons.

The observables of interest are the Rayleigh scattering and the second order correlation
function, also named g(2)-function. We investigate these observables in time domain, where
we consider different excitation of the system, and in frequency domain.

A sketch of the system is shown in Figure 4.1. The distance between the two quantum dots
and the silver sphere is D and the angle between the system axis and the incident field is θ.

silver sphere

QD2

c

v

QD1

c

v

g1 g2

V12

D E(t)
θ

Figure 4.1 | Sketch

of the system

including the cou-

pling between

the quantum dots

V12, between the

quantum dots and

silver silver sphere

g1/2 and the exter-

nal electrical field

E(t). θ denotes

the angle between

the system axis

and the external

electrical field.

We describe the coupled system within the formalism of second quantization. The quantum
dots are modeled by their dominant exciton and the silver sphere is described by the lowest
plasmon mode, the dipole mode. Thus, we can model the whole system and the occurring
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interactions between constituents within the dipole approximation. It has been shown that this
approximation yields the same result as an theory incorporating higher order plasmon modes, as
long as the diameter of the silver sphere is equal or smaller than the distance between the silver
sphere and the quantum dots [VVKH12]. This ensure that no higher order plasmon modes are
excited due to the interaction between quantum dot and silver sphere. Another possible way to
excite higher order plasmon modes is by excitation of the external optical field. This is, e.g.,
included in the Mie theory [Mie08, KCZ+03]. To avoid this, the size of the silver sphere needs
to be much smaller than the wavelength of the incident light field to ensure the validity of the
quasi static approach [YZD+08]. Considering the dominant exciton only, the possible states
for an electron are in the valence band v or the conduction band c, as depicted in Figure 4.1.

We assume the same distance of both quantum dots to the silver sphere and similar angels.
Therefore, both quantum dots couple with the same strength to the plasmonic modes. Since the
Förster interaction is mediated by the Coulomb force, we can alter their strength by varying the
distance between the two QDs. We ensure that the wavelength of the exciting external optical
field is way larger than the diameter of the silver sphere, thus the quasi static approach holds
[ZGB06]. Furthermore, the distance between the quantum dots and between the quantum dots
and the silver sphere should not undergo 1 nm. If this is the case, processes requiring spatial
overlap of the electron wave functions like tunneling and Dexter transfer [SKR15] becomes
very unlikely and can be neglected. Therefore, we concentrate on the Coulomb induced energy
transfer between the two quantum dots (V12) and the Coulomb induced Dipole-Dipole energy
transfer between the quantum dots and the silver sphere (g1/2).

4.2 Hamilton operators

In this section we introduce the Hamilton operators and Lindblad terms used to calculate the
equation of motion. The equation of motions to determine the observables of interest are intro-
duced in the next section.

Within the formalism of second quantization we use the compound system Hamiltonian
[TCRK13]

H = H0 +Hint +Hext +HF , (4.1)

with the free Hamiltonian of the quantum dot and the silver sphere H0 the Hamiltonian for
the interaction between the quantum dot and the silver sphere Hint [RDSF+10, WS10], the
Hamiltonian for the interaction between the hybrid system and the external optical field Hext

[RDSF+10, WS10] and the Förster interaction between the quantum dots (i-th and j-th) HF

[DAFK06]. We formulate the Hamiltonians generally for a hybrid system consisting of one
metal sphere and N QDs. Later we will restricted the equations to only two QDs.

The Hamiltonian for the noninteracting system

H0 = Hpl +Hexc = ℏωspa
†a+ ℏ



i

ωexia
†
ciaci (4.2)

consists of the plasmonic and excitonic contributions, with the plasmon resonance frequency
ωsp, the creation a† and annihilation operator a for the plasmonic dipole mode. We ensure,
by choosing an appropriate distance between the quantum dots and the silver sphere, that we
need only to include the plasmonic dipole mode of the sphere. It was shown that as long as
the distance between the quantum dot and the silver sphere is at least the diameter of the silver
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sphere, higher plasmonic modes can be neglected [VVKH12] for the near field interaction.
Furthermore, we assume the quantum dots and the plasmonic dipole mode to be almost in
resonance, thus, higher plasmonic modes would couple less efficient to the quantum dots, since
their resonance energy is higher than the one of the dipole mode [SKY09, SK11]. This detuning
reduces the spectral overlap between the dipole modes and higher order modes, which than
results in a less efficient coupling. As long as the quasi static approach holds (size of the
silver sphere is way smaller than the wavelength of the external optical field) higher plasmon
modes (l > 1) do not coupled to the optical far field and are not populated by the external field
[SKY09]. Therefore, higher order plasmon modes only couple via the near field, but they do
not influence the far field signal, in which we are interested in, directly [GVVY+13]. Due to
all this reasons, we neglect higher order plasmon modes in our calculations.

The quantum dot is described by the dominant excitonic transition ωgi of the i-th quantum

dot and the creation a†ci and annihilation aci operators for an electron in the conduction band of
the i-th QD. Without loss of generality, we set the energy of the valence band to zero and can
neglect its contribution.

We introduce the interaction Hamiltonian

Hint = −


i

gia
†
viacia

† + h.a. (4.3)

in the rotating wave approximation. This approximation neglects non-energy conserving terms,
e.g., a†ciavia

†, which describes the creation of an plasmon and exciton. These processes are
in principle possible due to the time-energy uncertain relation, but they are only important,
if the resonance energies of the constituents are strongly detuned. Considering only a small
detuning between quantum dots and the silver sphere, non-energy conserving terms cancel
out by evaluating the expectation value of the observables. The non-energy conserving terms
oscillate with the frequency ωsp + ωexi , while the energy conserving terms oscillate with the
difference of the transition frequencies ∆ = ωsp − ωexi . Due to the fast oscillation of the non
energy conserving terms, their influence on the expectation value is very small compared to the
energy conserving terms. Therefore, averaging over time cancels out the influence of the fast
oscillating/non energy conserving terms.

The interaction Hamiltonian with the external optical field

Hext = −Etχa
† −



i

µiEta
†
ciavi + h.a. (4.4)

describes creation and annihilation of plasmons and excitons by the external optical field, re-
spectively. Again, we applied a rotating wave approximation to reduce the complexity of the
Hamiltonian. The rotating wave approximation holds, since we ensure excitation of the hy-
brid system near resonance by the external optical field. χ denotes the dipole moment of the
plasmonic mode and µi the dipole moment of the i-th quantum dot. The external optical field
Et = E0e

iωextt is given by the amplitude E0 and the excitation frequency ωext of the optical
field. The amplitude of the external optical field E0 = Ω

2µi
is defined through the Rabi energy

Ω and the i-th excitonic dipole moment µi. For the considered CdSe quantum dots the dipole
moment is 1.84 enm [EB97].

The coupling parameters of the metal sphere, dipole moment χ and the coupling to the
dipole of the quantum dot g, are calculated following [RDSF+10, WS10]. Their approach to
estimate the dipole-dipole coupling strength between a metal sphere and a quantum dot starts
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with the calculation of the classical dipole fields of both constituents. Using the Clausius-
Mossotti relation to connect the polarizability of a medium with its permittivity, they calculate
the classical polarization field of the metal sphere at the position of the quantum dot. After
deriving the formal solution of the equations of motion for the plasmon polarization ⟨a⟩ and
the quantum dot polarization ρvc via a Fourier transformation, the classical and quantum me-
chanical expression are compared with each other. The comparison of both equations yields
for the coupling

gi = i
sαµi
R3

m



3ℏηR3
m

4πε0
(4.5)

and
χ = −εout



12πℏηε0R3
m (4.6)

for the dipole moment of lowest plasmon mode of the metal sphere, the dipole mode. Here,Rm

is the radius of the metal sphere, εout die permittivity of the medium surrounding the sphere
and sα = 3 cos2 θ − 1 accounts for the angle dependency of the coupling strength, where θ
is the angle between the system axis and the external optical field. Since the dipole moment
of the metal sphere is induced by the external optical field, the field determines directly the
angle of the plasmonic dipole moment. Therefore, the angle between the quantum dot dipole
moment and the external optical field sα directly influences the coupling strength between the
two dipoles. µi is the dipole moment of the i-th molecule and

η =


d (Re[ε(ω)])

dω




ω=ωsp

−1

(4.7)

the inverse of the gradient of the dielectric function of the metal at the surface plasmon fre-
quency ωsp.

The last part in the system Hamiltonian H is the Förster interaction between the two quan-
tum dot HF [För48]. The interaction Hamiltonian

HF =


i,j
i ̸=j



Vija
†
cia

†
vjacjavi + h.a.



(4.8)

describes the energy transfer from the j-th quantum dot to the i-th quantum dot (first term)
and the process vice versa (h.a. term). The coupling strength is given by the matrix element
Vij with a strength of up to 0.45 meV [LRNB03]. There are several cases where the Förster
interaction plays an important role, e.g., for energy transfer on the nanometer scale [RAK+06]
and in fluorescence resonance energy transfer microscopy [ND05] widely used in medicine
and biology. In these fields the Förster interaction is used to investigate molecular interaction
in cells [SP03] or for concentration measurements inside cells [MLH+97]. Furthermore, it was
found that the Förster energy transfer rate between quantum dots can be enhanced by plasmons
[GLK07, SZZ+10, KBR+08].

Using only the Hamilton operators mentioned above, the system energy would only in-
crease since the system is permanently pumped by the external optical field. To describe a
physical and realistic case, we introduce losses in the quantum dots and the silver sphere. These
losses are caused, e.g., by electron-phonon coupling, radiative losses, pure dephasing and in-
teraction with other electron reservoirs. In the silver sphere the main losses are due to ohmic
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damping of the electrons. In the quantum dots coherent and incoherent quantities are damped
by radiative losses. In addition, coherent quantities, like the polarization, are also damped by
pure dephasing [Tak93]. We incorporate all damping mechanism by the use of Lindblad terms
[BP02, WM08]. The Lindblad super-operator describing spontaneous emission reads

Lsp =
γsp
2



2aρa† − a†aρ− ρa†a


and Lg =
γg
2


2ρvciρρ

∗
vci − ρ∗vciρvciρ− ρρ∗vciρvci

 (4.9)

for the plasmons (Lsp) and for the excitons (Lg), respectively. ρvci = a†viaci is the polarization
operator of the i-th QD. Furthermore, we included Lindblad terms for thermal emission

Lemi =
γsp
2
nq



2aρa† − a†aρ− ρa†a


(4.10)

and absorption

Labs =
γsp
2
nq



2a†ρa− aa†ρ− ρaa†


(4.11)

for the plasmonic mode with the Bose-Einstein statistics nq. This is regarded to the finite
temperature of silver sphere, which enables thermal emission and absorption of plasmons.
However, it turned out that the thermal emission and absorption of plasmons do not play a role
at reasonable temperatures if the system is excited optically. Even very weak optical excitations
dominate the plasmon and system dynamics. Thus, we omit the terms in the equations of
motions in (B.2) - (B.10) to increase readability .

In Chapter 5 we will compare our theory to optical experiments. Therefore, we need to
distinguish between pure and radiative dephasing. We regard this discussion to Chapter 5.

4.3 Observables of interest and equation of motion of the hybrid

system

In this section, the observables of interest are introduced and their quantum mechanical equa-
tions of motion are derived. The observables of interest are the Rayleigh scattering and the
second order correlation function (g(2)-function) of the hybrid system. In principle both of
this observables are constructed by using the macroscopic polarization operator of the hybrid
system

Pmac = P †
mic + h.a. = χa† +



i

µia
†
ciavi + h.a. (4.12)

which is given by the sum over the microscopic polarization operator of the system (Pmic).
The microscopic polarization constitutes of the sum over the single polarizations of the con-
stituents of the hybrid system.

The far field signal Ifar for a hybrid system, using the source field expression (Section 3.1)
for the emitted field [Lou83, Car93], reads

Ifar =


P †
macPmac



(4.13)

We will show later, that this quantity shows nonlinear behavior, e.g., the spectra depend on
the field amplitude of the external optical field. Therefore, the far field signal is not factorized
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in the case of a strong external optical pump field. Besides, a factorization would only be
valid in the case of low excitation, for negligible plasmon density


a†a


and conduction band

density a†ciaci . It is worth to mention that the far field spectra look the same with or without
considering the dipole moment µi of the i-th quantum dot [TCRK13]. This is due to the fact
that the plasmonic dipole moment is at least one order of magnitude larger than the excitonic
one. Therefore, the Rayleigh spectra for the full polarization Pmic = χa† +



i µia
†
ciavi are

the same as for P = χa†, only considering the plasmonic polarization.
The second observable of interest is the second order correlation function

g(2) =



P †
macP

†
macPmacPmac





P †
macPmac

2 . (4.14)

Similar to the far field spectra, the second order correlation function is given by the macro-
scopic polarization operator of the hybrid system. Nevertheless it turned out that the excitonic
contribution does not influence the g(2)-function, since the excitonic dipole moment is very
small compared to the plasmonic one [RGTK15]. Without the excitonic contribution the g(2)-
function

g(2) =


a†a†aa



⟨a†a⟩2
(4.15)

is defined as the ration of the plasmon correlation function

a†a†aa


divided by the square

of the plasmon density

a†a

. The second order correlation function is used to determine the

emission statistics of the hybrid system. Therefore, the steady state g(2)(tstat) of the correlation
function is calculated for different frequencies ωext of the external optical field. Furthermore,
the two time correlation function

g(2)(t, τ) =


a†(t)a†(t+ τ)a(t+ τ)a(t)



⟨a†a⟩2 (t)
(4.16)

for the plasmons will be investigated. Beside the informations about the emission statistics of
the hybrid system for τ = 0, this function additionally gives informations about the correlation
time of the hybrid system for τ ̸= 0. We investigate the τ -dynamics in Section 4.4.2 for
continuous wave excitation.

We assume that the constituents of the hybrid system are uncorrelated for t = 0. Therefore,
we assume as initial conditions for the quantum dots the electron in the valence band. For the
plasmons we use a thermal distribution for the plasmon probability [Fox06]

Pn = ⟨|n⟩⟨n|⟩ = 1

n̄+ 1


n̄

n̄+ 1

n

. (4.17)

n̄ is the mean value of the thermal excitation and n the number of plasmons. The mean value
for the plasmons excited thermally

n̄ =
1

e
ℏωsp
kbT − 1

(4.18)

is given by the Bose-Einstein distribution. Starting with these initial conditions the time dy-
namics of the observables are calculated. It is worth to mention that these initial conditions
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only influence the results for the time dynamics. For the spectra the initial values of the sys-
tem do not play a role since the results are calculated for the steady state of the system under
continuous wave excitation. This steady state is independent of the initial conditions.

The quantum mechanical dynamics for the observables are calculated via an operator equa-
tion [SZ97]

d

dt
ρ =

i

ℏ
[ρ,H] + Lsp + Lg (4.19)

for the density matrix ρ of the system. The observables of interest like, e.g., the plasmon density
correlation


a†a†aa


is calculated by tracing over the density matrix


a†a†aa


= tr(a†a†aaρ).

As simple example, we calculate the equation of motion for the plasmon density

a†a


by using
the operator equation (4.19), the Lindblad terms (4.9) and the system Hamiltonian (4.2) - (4.8):

d

dt



a†a


= −γsp


a†a


− 2


i

Im



gi



a†viacia
†


− 2

ℏ
χIm



Et



a†


. (4.20)

The plasmon density is damped by γsp, coupled via gi to the excitonic system and via the
plasmonic dipole moment χ to the external optical field. The coupling via gi to the excitonic

system involves excitonic assisted plasmonic transition


a†viacia
†


, to close the system of

differential equation one could calculate the equation of motion for


a†viacia
†


. This equation

couples to higher terms which themselves couple to even higher terms and so on and so forth.
So the coupling gi between the excitonic two level system and the plasmonic system, which
can in principle have an infinite number of excitations, introduce a so called hierarchy problem
in the plasmonic states. This well known hierarchy problem can approximately be solved, e.g.,
by factorization schemes like the cluster expansion [KK06, KK08]. But it was shown that the
cluster expansion can result in unphysical behavior for only a few quantum dots interacting
with a bosonic mode [RCSK09]. Therefore we introduce number states |n⟩ for the plasmons
and truncate the hierarchy numerically by calculating up to the order where the values of the
observables converge. The number states are eigenstates of the bosonic system, thus

Hpl|n⟩ = ℏωspn|n⟩ and
∞

n=0

|n⟩⟨n| = 1 (4.21)

holds. n represents the number of plasmons in the system. Since the eigenstates |n⟩ form a
complete set of eigenvectors, all observables can be expressed through the number states. As
an example, we express the expectation value of the macroscopic polarization

Pmac =



χ
∞

n=0



a†|n⟩⟨n|


+


i

µi



a†ciaci |n⟩⟨n|



+ h.a.

=



χ

∞

n=0

√
n+ 1 ⟨|n⟩⟨n|⟩+



i

µi



a†ciaci |n⟩⟨n|



+ h.a.

(4.22)

and of the second order correlation function

g(2) =

∞

n=0


a†a†aa|n⟩⟨n|




∞

n=0
⟨a†a|n⟩⟨n|⟩

 =

∞

n=0
n (n− 1) |n⟩⟨n|


∞

n=0
n ⟨|n⟩⟨n|⟩

 (4.23)
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through the number states. Especially for the macroscopic polarization, off-diagonal elements
such as |n⟩⟨m| with n ̸= m are needed to calculate all observables of interest. We derive the
equations of motion for the hybrid system in a biexitonic basis for the two quantum dots

ρn,mopqr =


a†oja
†
piaqiarj |n⟩⟨m|



, (4.24)

where i and j label the i-th and j-th quantum dot, respectively, and o, p, q, r ∈ c, v label the
conduction and valence band, respectively. Using the conservation of charges for the excitonic
system (nv + nc = 1) a general plasmon probability

pn,m = nn,mv1 + nn,mc1 = ρn,mvvvv + ρn,mvccv + ρn,mcvvc + ρn,mcccc (4.25)

can be written in the biexcitonic basis. This general plasmon probability does not only include
the probability to find n plasmons in the system (diagonal elements n = m) but additionally the
probabilities for higher plasmon transitions (off-diagonal elements n ̸= m). Now, we restrict
the system to two quantum dots. With only two quantum dots the hierarchy of the excitonic
system is closed at the level of four excitonic operators. As mentioned before, the hierarchy in
the plasmonic system will be truncated numerically. Here, we only state the equation of motion
for ρn,mcccc:

∂tρ
n,m
cccc = (i(n−m)ωsp −

γsp
2

(n+m)− 2γg)ρ
n,m
cccc + γsp

√
n+ 1

√
m+ 1ρn+1,m+1

cccc

− i

√
n+ 1

g1
ℏ
ρm,n+1∗
cccv +

g2
ℏ
ρm,n+1∗
ccvc



+ i

√
m+ 1


g∗1
ℏ
ρn,m+1
cccv +

g∗2
ℏ
ρn,m+1
ccvc



− i
µ1
ℏ
(E∗

t ρ
m,n∗
cccv − Etρ

n,m
cccv)− i

µ2
ℏ
(E∗

t ρ
m,n∗
ccvc − Etρ

n,m
ccvc)

+
i

ℏ
E∗

t χ
∗
√
m+ 1ρn,m+1

cccc −
√
nρn−1,m

cccc


+

i

ℏ
Etχ

√
mρn,m−1

cccc −
√
n+ 1ρn+1,m

cccc


,

(4.26)
where the first line is the result of the free Hamiltonian (4.2) and Lindblad super-operators
for spontaneous emission (4.9). The oscillation i(n − m)ωspρ

n,m
cccc originates from the free

Hamiltonian of the plasmons. We have the decay of ρn,mcccc due to spontaneous emission of
the plasmonic and excitonic systems, and the driving of ρn,mcccc by the higher state ρn+1,m+1

cccc .
This process accounts for energy relaxation, since it provides a path for the energy to decay
from a plasmonic state n,m into a plasmonic state n′,m′ with n > n′ and m > m′. The
second line describes the interaction between the plasmons and excitons. ρn,mcccc couples to
excitonic transition in either quantum dot 1 or 2 assisted by plasmonic transition m,n + 1
or m + 1, n. In the third line the plasmonic states n,m remain unchanged, since this line
describe the interaction between the excitons and the external optical pump field. The last line
occur due to the interaction between the plasmons and the external optical field. Therefore,
the excitonic states in this line remain unchanged. The rest of the needed equations of motions
are given in Appendix B. With these equations the hierarchy for the excitonic system is closed,
considering one electron in each quantum dot. A sketch of the coupled equations of motion is
given in Figure 4.2, were the red arrows indicate definitions and the black ones coupling of the
dynamical quantities.

For the plasmonic system states up to the 4-th order are incorporated since for weak exci-
tation (Ω = 10−5eV ) ρ5,5opqr ≈ 0 holds. Therefore, the hierarchy of the plasmonic system can
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⟨|n⟩⟨m|⟩ g(2)

ρn,mcccvρn,mvvvc ρn,mccvc ρn,mvvcv

ρn,mcvvc ρn,mcvcv ρn,mccvv ρn,mvccv ρn,mcccc

ρn,mvvvv

def.

def. def. def.
def.

Figure 4.2 | Sketch of the equations of motion for two quantum dots coupled to a

metal sphere and to each other by the Förster interaction. The quantum dots has one

electron each. Red arrows accounts for definitions and the black ones for coupling of

the dynamical quantities. Note, the hierarchy in the excitonic quantities is closed for

the case of two quantum dots at this stage.

be truncated numerically and, in this case, higher order plasmonic correlations do not change
the results. For a stronger external optical pump field, higher states need to be included for
converging results of the observables of interest.

With the equations of motions (4.26), (B.2) - (B.10) for the hybrid system, the Lindblad
terms including damping of the single systems (4.9) and the operator equation to calculate the
dynamics (4.19) we are able to calculate the dynamics. In the next sections, we will discuss
the temporal evolution of the coupled hybrid system, the Rayleigh spectra (4.13) and the sec-
ond order correlation function. Especially, we will investigate their behavior on changes of
the system parameters like the distance between the constituents and influence of the Förster
interaction between the two quantum dots.

4.4 Temporal evolution of the coupled hybrid system for different

excitations

To gain first insights into the dynamics and characteristics of the coupled hybrid system, we
will start with the temporal evolution of the observables of interest. For a pulsed excitation the
observable of interest is the polarization of the coupled hybrid system, which will be important
when comparing theory and experiment in Chapter 5.

In the case of continues wave excitation, we will focus on the second order correlation
function to investigate the emission statistics of the coupled hybrid system (see Section 4.4.2),
since the second order correlation function of our system is not defined for pulsed excitation.
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EXCITATIONS

4.4.1 Temporal evolution of the system polarization after excitation with an

Gaussian pulse

After setting up the theory in the last sections we now start to solve the equations of motions
numerically for certain situations. Here, we start with the coupled hybrid system under pulsed
excitation. As excitation pulse we used a Gaussian pulse resonantly to the excitons and plas-
mons. We found that the Förster interaction between the quantum dots do not play a role for
the observables of interest here and therefore, we set it 0.

In Figure 4.3 we plot the Rayleigh signal of two quantum dots coupled resonantly to a metal
sphere. The hybrid system is excited resonantly by a Gaussian pulse. By varying the distance
between quantum dots and metal sphere, different behaviors occur. It is worth to mention that
similar curves can be obtained for one quantum dot coupled to a metal sphere, hybrid systems
with detuning between the constituents of the hybrid and for excitation with a delta pulse. If the
system is excited by a delta pulse, one need to focus on the factorized Rayleigh signal in this
particular case since density like terms are not driven by a delta pulse. Furthermore, the curves
are shaped very similar if one compares the different parts in the Rayleigh signal (excitonic,
mixed and plasmonic part).
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Figure 4.3 | Temporal evolution of the Rayleigh scattering of the hybrid system. The

excitonic resonance of both quantum dots and the plasmon resonance are equal. The

system is excited on resonance by a Gaussian pump pulse. Note, the y-axis is on a

logarithmic scale.

One clear trend visible in Figure 4.3 is the decreased lifetime of the hybrid system for
smaller inter particle distances. This is due to a stronger coupling and a resulting higher energy
transfer from the excitonic system to the plasmonic one. In the plasmonic system the energy
dissipates due to the large losses. Similar shaped curves have been investigated analytically for
δ-pulse excitation and numerically for Gaussian pulse excitation in [MTK07]. The different
shapes of the curves are related to the ratio of the damping to the coupling strength between
excitons and plasmons. By changing the distance R, the coupling strength varies over one
order of magnitude (compare legend of plot). The beatings in the strongly coupled case (c.p.
red curve in Figure 4.3) are called quantum beats. These beats occur if a hybrid system is
excited coherently by a short pulse and has also been found in [MST+95]. There, they referred
to the different cases as under damped, critical and over damped case. In the under damped
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case, the coupling is strong compared to the damping (red curve in Figure 4.3). In the critical
case, the damping and the coupling strength are in the same range (green curve) and in the over
damped case, the coupling is way weaker than the damping of the system (yellow curve).

This quantum beats does not only occur in hybrid system but can additionally occur gener-
ally in three level systems. They are apparent in V -type three level systems but not in Λ-type
ones. A sketch of the level structure of V-type and Λ-type three level systems is given in Figure
4.4. In a V -type system two excited states 3 and 2 share the same ground state. Our hybrid
system of a metal sphere and quantum dots is approximately a V -type three level system. Sim-
ilar to the Fano effect discussed in Section 3.2, the quantum beats occur due to interference of
different quantum mechanical paths. Therefore, they occur in V type three level systems and
hybrid systems but not in Λ-type systems [SZ97, MST+95]. Considering a V-type three level
system excited coherently, the decay of the excited states leads to the same ground state under
the emission of a photon with energy E12 or E13.

1ground state

exited state

2

3 3

2

1

Figure 4.4 | Sketch of the energy levels of a V -type three level system (left) and for a

Λ-type one (right).

Quantum beats in hybrid systems can be used for, e.g., coherent laser spectroscopy, the
quantum beat spectroscopy [KFvP+92]. This technique is used to determine the energetic
structure in atoms [DKW64] or more complex systems like molecules [LHZK87, LWK76,
BFB+89] by measuring the frequency of the quantum beats of a certain transition. This can
be used in time domain but also for spectroscopy techniques like, e.g., four-wave-mixing
[AMO+97]. Furthermore, it is important to ensure, that the beats occur due to interference
within a system and not due to interference of the far field signal of different systems at the
detector. Since the linear spectra show no difference, one possibility is using four-wave-mixing
and compare the third-order polarization between the coupled systems and the uncoupled one
[KFvP+92]. The the third-order polarization maxima appear at different times depending
where the quantum interference takes place. So it is possible to ambiguous distinguish between
interference between quantum mechanically coupled systems and several systems where only
the far field signal interfere at the detector [KFvP+92].

4.4.2 Second order correlation function of the hybrid system for optical contin-

uous wave excitation

In this section we investigate the hybrid system under continues wave excitation. We focus on
the second order correlation function of the plasmons (4.15) since this observable describes the
emission statistics of the system. A value smaller than 1 for the second order correlation func-
tion indicates a single photon like source, a purely non-classical emission. Coherent emission
takes place for a value of 1, which is emitted, e.g., from laser like sources. All values above
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Figure 4.6 | Second order correlation function for resonantly coupled hybrid systems

on logarithmic scale. The hybrid system is driven by weak continues wave excitation.

The diameter of the silver sphere is 10nm and we plot two different distances be-

tween the constituents (R =10nm and R =16nm) with and without Förster interaction

between the quantum dots.
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Figure 4.7 | Second order correlation function for resonantly coupled hybrid systems

on logarithmic scale excited slightly off-resonant. The hybrid system is driven by weak

continues wave excitation. The diameter of the silver sphere is 10nm and we plot

two different distances between the constituents (R =10nm and R =16nm) with and

without Förster interaction between the quantum dots.

So far we plotted the dynamics of the second order correlation function in time t (4.15). In
Figure 4.8 we plot the g(2)-function in τ (4.16) for the resonantly coupled and pumped case. To
calculate the τ -dynamics, we calculate the steady state in t and use this steady state as initial
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condition for the τ -dynamics. This procedure follows from the quantum regression theorem
[SZ97, Car93]. Additionally, one need to shift the number state n to n+1 and need to take the
factor

√
n+ 1 into account.

Figure 4.8 shows the dynamic of the hybrid system in τ . All curves reach 1 for
τ → ∞, since the correlation between two plasmons vanishes and 1 is the value for coher-
ent/uncorrelated emission.
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Figure 4.8 | τ -dynamics of the second order correlation function. The hybrid system

is excited resonantly by the external optical field.

4.5 Optical emission spectra of the hybrid system

To characterize the hybrid system consisting of two quantum dots and a silver sphere in more
detail we calculate the optical emission spectra and vary several system parameters.

It will become apparent in the optical spectra that, due to the interaction between the quan-
tum dots and the metal sphere, new eigenstates are formed in the system. This hybridization of
system states is investigated by changing the distance between the quantum dots and the metal
sphere, directly changing the coupling strength, changing the Förster interaction between the
quantum dots and changing the detuning between the constituents of the system.

Furthermore, the influence of the intensity of the external optical field on the emission
spectra is under investigation. Since the emission spectra can be calculated for the weak as well
as for strong external optical pumping without factorizations, it shows nonlinear behavior, e.g.,
scaling with the external optical pump intensity. For higher optical pumping the interaction
between the plasmons and the excitons decrease due to saturation of the excitonic transition
[RDSF+10].

First, we calculate the Rayleigh spectra in the limit of weak excitation (Ω = 1 · 10−5eV),
since in this limit the impact of the coupling on the Rayleigh spectra is the strongest. In the
weak field limit, the unfactorized Rayleigh spectra (4.13)

Ifar(ωext) =


P †
macPmac



(ωext) (4.27)
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and a factorized Rayleigh spectra

Ifar(ωext) ≈


P †
mac



(ωext) ⟨Pmac⟩ (ωext) = |⟨Pmac⟩ (ωext)|2 (4.28)

yield the same results. This is due to the fact that the excitation by the external optical field is
to weak to excite plasmon densities a†a ≈ 0 or excitonic densities a†ciaci ≈ 0.

4.5.1 Rayleigh spectra of the uncoupled constituents of the hybrid system

We start with the single constituents of the hybrid without coupling between them. We only
investigate the Förster interaction between the quantum dots but no interactions between the
plasmonic and excitonic system. The spectra in Figure 4.9 are plotted versus the detuning of
the transition energies and the optical external field (∆ωext = ωext − ωg1/2 = ωext − ωsp).
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Figure 4.9 | Rayleigh picture of the uncoupled constituents of the hybrid system ver-

sus the detuning to the external optical field. Left: Two quantum dots with identical

parameter but different excitonic transition energies. The detuning is 2 meV. Shown

are the spectra with (V12 = 0.45meV) and without (V12 = 0meV) the Förster interaction

between the two quantum dots. Right: Bare metal sphere with its broad resonance

and two identical quantum dots with and without the Förster interaction between them.

As long as not stated otherwise the dipole moment of the excitons is set to µi = 1.84enm
[EB97], and the Förster interaction between the quantum dots does not exceed V12 = 0.45meV
valid for, e.g., CdSe quantum dots [LRNB03, CHTK02]. The damping rate of the excitons is
set to γgi = 1meV.

On the left side of Figure 4.9 the Rayleigh spectra of two identical quantum dots are shown
with a detuning of ∆ = ℏ (ωg1 − ωg2) = 2meV, all other parameters are equal. Including the
Förster interaction between the quantum dots, their dipole moments are redistributed, indicated
by the changes in the hight of the peaks, and their resonances are slightly shifted. Due to the
Förster coupling between the two quantum dots, the lower resonance is shifted to lower energies
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and the energetic higher resonance to higher energies. The Förster induced energy shift and the
change in the dipole moments can be evaluated by setting up the system matrix

S =


−∆/2 V12
V21 ∆/2



(4.29)

and calculate the corresponding eigenvalues. These eigenvalues of the system matrix are the
new eigenenergies of the two coupled quantum dots. Due to the interaction a hybridization
takes place and the new eigenenergies of the coupled system are shifted:

Enew = ±1

2



4V 2
12 +∆2 (4.30)

with the detuning between the quantum dots ∆ = ℏ(ωg1 − ωg2). This result is similar to
the one given in [DAFK06]. Obviously, the energy needed to create an exciton changes due to
the Förster interaction between the quantum dots.

The optical dipole moments of the possible transitions in the coupled quantum dot - quan-
tum dot system are calculated by using the eigenvalues and eigenvectors of the system matrix
S to

µnew = µ−
µ


∆±


4V 2
12 +∆2



2V12
. (4.31)

The Rayleigh spectra for the case of two identical quantum dots is shown in Figure 4.9 on
the right. In this case the Förster interaction shifts the new energy to higher energies. In fact
there is also a new state at lower energies but this one is a so called dark state, which are not
optically excitable. For identical quantum dots the new energies due to hybridization of the
states simplify to ℏωg ± V12, cp. (4.30). For two identical quantum dots (∆ = 0meV) coupled
via the Förster interaction, the dipole moments (4.31) simplify to 0enm, corresponding to the
dark state, and 2µ, the optical excitable state and usually named bright state.

Beside the spectra of the quantum dots we show the spectra of the silver sphere (Figure
4.9, right). We assume εout = 5 for the medium surrounding the meta sphere. This yields
according to Section 2.1.2 a resonance energy ℏωsp = 2.43eV and a corresponding damping
rate γsp = 210meV for a silver sphere with a radius of 5nm. The dipole moment of the
silver sphere under these conditions is χ = 24.1enm. Due to high losses in the silver, the
plasmonic spectrum is way broadener than the excitonic one (cp. Figure 4.9 right). Quite
small spheres and a quantum dot at a distance twice the radius of the silver sphere ensure the
validity of the dipole approximation [VVKH12] and yield the strongest interaction between
the constituents of the system. As long as not stated otherwise, we will use the plasmonic
parameter as mentioned above.

4.5.2 Rayleigh spectra of the resonantly coupled hybrid system

Now, we investigate the Rayleigh spectra of the silver sphere coupled to the quantum dots.
Furthermore, we investigate the influence of the Förster interaction between the two quantum
dots and the influence of the coupling between the quantum dots and the silver sphere (g) on
the spectra.

In Figure 4.10 the Rayleigh spectra of the coupled hybrid system are shown versus
the detuning of the plasmonic resonance frequency (ωpl) and the external optical field
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Figure 4.10 | Rayleigh spectra for two quantum dots resonantly coupled to the silver

sphere versus the detuning to the external optical pump field. Left: Spectra for a

silver sphere of rm = 5nm radius and several distances between the quantum dots

and the silver sphere. Right: Rayleigh spectra for a 5nm silver sphere and a distance

of 10nm between the quantum dots and the silver sphere with and without the Förster

interaction between the quantum dots.

∆ωext = ωext − ωpl. Here, the excitons and the plasmons are resonantly coupled. On the
left side of Figure 4.10 the spectra of the coupled hybrid system is shown for different dis-
tances between the constituents. A larger distance D decreases the coupling between plas-
mons and excitons. Similar to the Förster coupling, discussed earlier, the interaction between
the plasmonic and excitonic system results in new eigenenergies of the system. These newly
formed eigenstates are observed as single peaks in the Rayleigh spectra for quantum dots and
silver sphere near to each other. With increasing coupling strength between the plasmons and
excitons the peaks move further apart. In the case of quite weak coupling (R = 30nm corre-
sponding to g = 0.9meV) the single spectra of the constituents of the hybrid system simply
add up. We can calculate the the new eigenenergies of the coupled system by calculating the
eigenvalues of the system matrix

S =





E V12 g
V21 E g
g g E



 , (4.32)
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with the interaction between the excitons and plasmons g and for the same resonance frequency
(Eg1/2 = Esp = E) for all constituents of the hybrid. This yields for the eigenenergies of the
coupled hybrid system

E − V12 and
1

2



2E + V12 ±


8g2 + V 2
12



. (4.33)

The new resonances of the coupled hybrid system depend on the strength of the interactions.
Usually the Förster interaction between the quantum dots (0.45meV) is at least one order of
magnitude smaller than the interaction between plasmons and excitons, we can neglect the in-
fluence of the Förster interaction on the new eigenenergies. Also easy to see in the Rayleigh
spectra for two quantum dots coupled to the plasmonic system with and without Förster inter-
action between the two quantum dots (Figure 4.10, right). In this case the Rayleigh spectra
exhibits almost no changes due to variation of the Förster interaction between the excitons.
Therefore, the eigenenergies simplifies to:

E and E ±
√
2g , (4.34)

which are valid for the Rayleigh spectra shown in 4.10 on the left. It is worth to mention that
the energy splitting in the case of two quantum dots coupled to a silver sphere is different by
a factor of

√
2 with respect to the energy splitting in a system of one quantum dot coupled to

silver sphere, where the energy splitting in the coupled system is given by E ± g [RDSF+10].
Therefore, the splitting in Figure 4.10 is not the same as the coupling strength between the
constituents, but rather

√
2g. The two visible peaks in the spectra already indicate that one of

the new formed energies has a vanishing optical dipole moment. Without the Förster interaction
between the two quantum dots, the dipole moments of the coupled system are 0 and χ/

√
2±µ.

So their is no optical excitable transition for the resonance energy E. Therefore, only two
peaks are visible in the Rayleigh spectra. Calculating the dipole moments including the Förster
interaction between the quantum dots is straight forward but, due to the length of the formulas,
not given here. Nevertheless, it is worth to mention that even the Förster interaction between
the quantum dots does not allow the optical transition at energy E, the optical dipole moment
is still vanishing.

To gain a deeper insight into the interactions within the hybrid system, we adapt a the-
ory original developed by Ugo Fano for the interference of a discrete autoionized state and a
continuum [Fan35]. This interaction between a discrete two level system and a continuum of
states give rise of the Fano effect [Fan61]. Ugo Fano originally described the Fano effect math-
ematically for inelastic scattering of electrons in a Helium gas [Fan61]. Later, the Fano effect
has been found in several systems were a discrete level system interacts with a continuum of
states. Examples can be found in several nanostructures [MFK10]. The Fano effect appears if
two optical path ways compete with each other. This quantum interference between the two
possible paths, ground state to discrete state and ground state to continuum state, give rise of
the Fano effect. Beside Fano’s theory for the weak field limit, there are also extensions to the
nonlinear regime were the excitonic and photonic states hybridize and the Fano effect strongly
depend on the field intensity [KGR+08, RDSF+10]. We investigate the nonlinear regime in
Section 4.6.

Here, in the regime of linear optics, the Fano effect does not depend on the strength of the
external optical field. According to the energy splitting in the coupled system of two quantum

55



4 TWO QUANTUM DOTS COUPLED TO A METAL NANOPARTICLE

dots and a silver sphere (4.34) three energies occur due to the hybridization of the excitonic and
plasmonic states. With respect to the corresponding dipole moments (0enm and χ/

√
2± µ) it

turn out that the state at E has no dipole moment, thus it is not optical excitable. Since only
two optical path way can interfere with each other (at the energies E ±

√
2g). In between

both new resonances the interference of both path ways is destructive and cause the dip in the
spectra, which drops for certain interaction strength between the quantum dots and the silver
sphere to zero. This phenomena is also known as induced transparency, due to the absence
of absorption for a certain frequency. This transparency has been achieved in several systems,
e.g., two detuned electrical dipoles [BEP+11] or via plasmon induced transparency [LMH+11,
ZLL+13, ZGW+08].

Comparing the results for the strongest coupling (R = 10nm) and the weakest (R = 30nm)
in Figure 4.10, show how huge the change is. While the absorption is very high for the very
weakly coupled case (R = 30nm), the system is transparent in the strongly coupled case
(R = 10nm) at zero detuning ∆ωext = 0 meV. In the next section we will show that this
induced transparency can be tuned by changing the detuning between the excitonic system and
the plasmonic one.

4.5.3 Rayleigh spectra of the off-resonantly coupled hybrid system

After we investigated the Rayleigh spectra for resonantly coupled hybrid systems in the last
section, we now take a closer look at off-resonantly coupled hybrids. Again, we explore the
influence of the coupling strength between the excitonic and plasmonic system on the Rayleigh
spectra. Furthermore, we show that the influence of the Förster interaction between the two
quantum dots does not effect the shape of the Rayleigh spectra.

In Figure 4.11 on the right the Rayleigh spectra for a silver sphere with a diameter of 5 nm
coupled to two quantum dots are shown. The distance between the quantum dots and the silver
sphere is 10 nm which corresponds to a coupling strength of 25.5 meV. Due to the coupling
between the excitonic system and the plasmonic system new energy eigenstates are formed,
indicated by the two peaks in the spectrum. As in the resonantly coupled case in the last
section, the Förster interaction between the quantum dots does not effect the Rayleigh spectra.
Therefore we will restrict our calculations concerning the new eigenenergies of the system and
the corresponding dipole moments to the case without Förster interaction. In the equations for
the new eigenenergies and the new dipole moments it represents the limit V12 → 0.

In Figure 4.11 on left we plot the Rayleigh spectra of a system of two quantum dots cou-
pled to a silver sphere for various distances between the constituents. The detuning between the
excitonic transition and the plasmonic one is 20 meV. The occurring interference at the energy
of the excitonic transition (20 meV) exhibits a asymmetrical line shape. For energy slightly
smaller than the excitonic transition, the Rayleigh intensity decrease (induced transparency).
For energies slightly above the excitonic transition, the Rayleigh intensity is enhanced. De-
creasing the distance between the constituents increases this effect since the coupling strength
between the constituents of the hybrid is stronger. For small distances between the quantum
dots and the silver sphere (10 nm) the splitting between the new eigenenergies of the system is
so strong that no asymmetry is recognizable any more.
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Figure 4.11 | Rayleigh spectra for two quantum dots coupled to the silver sphere

versus the detuning of the surface plasmon frequency to the external optical pump

field (∆ωext = ωext − ωpl). Left: Spectra for a silver sphere of rm = 5 nm radius and

several distances between the quantum dots and the silver sphere. Right: Rayleigh

spectra for a 5 nm silver sphere and a distance of 10 nm between the quantum dots

and the silver sphere with and without the Förster interaction between the quantum

dots.

The system matrix of the coupled hybrid without the Förster interaction

S =





Eg 0 g
0 Eg g
g g Esp



 (4.35)

now includes the excitonic transition Eg and the plasmonic one Esp. The new eigenenergies of
the coupled system are Eg and

1

2



Eg + Esp ±


E2
g − 2EgEsp + E2

sp + 8g2


. (4.36)

The corresponding dipole moments show that the transition at Eg is optically not excitable,
even the Förster interaction between the quantum dots does not allow this transition. The
remaining transition dipole moments are

χ± 4gµ

Eg − Esp +


E2
g − 2EgEsp + E2

sp + 8g2
, (4.37)

which are now, in contrast to the dipole moments for the case off a resonantly coupled hybrid,
depending on the resonance energies of the single constituents.
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The asymmetric line shape at the energy of the excitonic transition in Figure 4.11 on the
left is often called Fano resonance [Fan35, Fan61, RDSF+10]. It occurs due to quantum in-
terference of to competing optical path ways. One optical excitable path connects the ground
state with a discrete state and the other path the ground state with a continuum state. Both, the
continuum state and the discrete state, need to be in the same energy regime. Due to the cou-
pling between the constituents of the hybrid system an excitation from the ground state to an
excited state can debouch one of both possible paths. This results in destructive interference of
both paths in the energetic regime between the resonance energies of the quantum dots and the
silver sphere. On the other hand, constructive interference occurs above the excitonic transition
energy. Furthermore, the maxima of the Fano resonance shifts to higher energies for increasing
coupling strength (cp. Figure 4.11). This shift is typical for the Fano effect in quantum dot and
silver hybrid systems and was also found, e.g., in [ZGW+08].

In conclusion, we show that the Förster interaction does not change the shape of the
Rayleigh spectra. All interesting interference effects are due to the interaction between the plas-
monic and excitonic system. In general the effects increase with decreasing distance (higher
coupling strength) between the constituents of the hybrid system.

4.6 Rayleigh spectra for different pump intensities of the external

optical field

In the last section we discussed the Rayleigh spectra for the weak field limit. Now we inves-
tigate the influence of the pump intensity of the external optical field on the Rayleigh spec-
tra. This pump dependent effect is sometimes called the nonlinear Fano effect [ZGW+08,
KGR+08, ZG11]. It is worth to mention that the high pump intensity decreases the numer-
ical stability. Therefore, higher order number states need to be taken into account to ensure
numerical convergence.

In Figure 4.12 we show the Rayleigh spectra of two quantum dots coupled to a silver sphere
(peak normalized). On the left all constituents are coupled resonantly and on the right the
detuning is 20 meV between the quantum dots and the silver sphere. As already discussed the
Förster interaction between the quantum dots does not change the spectra significantly. Similar
to the previous section, we observe a Fano resonance in the Rayleigh spectra at the resonance
frequency of the quantum dots (∆ωext = 0 meV and ∆ωext = 20 meV). In the resonantly
coupled case as well as in the off-resonantly coupled case the Fano resonance vanishes for
higher intensities of the external optical field and the shape approaches the one of the bare silver
sphere. This reduction is due to saturation of the excitonic transition [RDSF+10]. For high
pump intensities of the external optical field, the transition starts to saturated since the electron
is most likely in the conduction band. Therefore, the electron is incapable of interacting with
the plasmonic system any more. This is due to the fact that the interaction between the excitonic
system and the plasmonic one is driven by coherent quantities like, e.g., polarizations. Or in
other words, the incoherent quantities grow faster for increasing pump intensities than the
coherent quantities. This causes the reduction of the dip in the spectra. For weak intensities of
the external pump field, coherent quantities dominate the system and the Fano effect arises in
the spectra.
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Figure 4.12 | Rayleigh spectra of a resonantly (left) and off-resonantly coupled hybrid

system for different pump intensities of the external optical field. Shown is the Rayleigh

spectra for a distance of 15nm (g = 11.5meV) between the two quantum dots and the

silver sphere (rm = 5nm). There is no Förster interaction between the quantum dots.

4.7 Second order correlation function of the hybrid system in fre-

quency domain

In the last section it became obvious that the Förster interaction between the quantum dots
barely change the emission spectra. Only very small shifts in the order of the Förster interaction
strength has been observed. In this section the second order correlation function g(2) of the
plasmons

g(2) =


a†a†aa



⟨a†a⟩2
(4.38)

is under investigation. It turns out that the Förster interaction has a quite huge impact on the
emission statistics of the hybrid system. Furthermore, the Förster interaction is capable of
tuning the emission statistics. We found a strong increase of bunching for a certain excita-
tion energy of the external optical field. However, also increased anti-bunching for a slightly
detuned external optical field. For certain parameters of the hybrid system it is also possible
to tune the emission statistics qualitatively from bunching, to a coherent and in the end to a
bunched statistic by changing the Förster interaction from 0 meV up to 0.45 meV [TCRK13].
We calculate the g(2)-function similar to the Rayleigh spectra. The hybrid system is continu-
ously pumped by the external optical field and calculated in time domain until the observables
of interest reached a steady state. This is repeated for several excitation frequencies of the
external optical pump field to obtain the spectra of interest. In order to get the largest changes
in the spectra of the second order correlation function, the external optical pump field is weak
(Ω = 1 ·10−5 eV). For weak excitation we avoid saturation effects of the excitonic transition as
we discussed already in 4.6. These saturation effects would weaken the influence of the Förster
interaction between the two quantum dots on the spectra of the second order correlation func-
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tion. In the following we will restrict our discussion to case of a resonantly coupled hybrid
system (ωsp = ωg1/2). In principal, similar effects are observed for a detuned hybrid system,
but less pronounced. It is worth to mention that our explanation is valid for the resonantly
coupled case and for the off-resonantly coupled case, too.
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Figure 4.13 | Second order correlation function (g(2)(ωext)) versus detuning of the

plasmon frequency to the external pump field (∆ωext = ωext − ωsp). The results are

for different distances R and strengths of the Förster interaction between the quantum

dots V12. The distance 10 nm between the quantum dots and the silver sphere cor-

responds to a coupling strength g = 38.8 meV, 16 nm corresponds to g = 9.5 meV.

In Figure 4.13 we plot the second order correlation function for two quantum dots coupled
resonantly to a silver sphere. We observe a symmetrical line-shape of the g(2)-function without
Förster interaction between the quantum dots (red curve in Figure 4.13). For resonant excitation
the statistic shows antibunching (∆ωext = 0 meV). For a detuning of ≈ 3 meV with respect
to the external optical field the g(2)-function shows strong bunching and emits like a single
photon source. For a large detuning between the resonances of the system and the external
optical field the second order correlation function reaches 1, the coherent case. Far away from
the resonances, the resonances do not play a role anymore and the statistic is the same as the
one of the external optical pump field (coherent).

Including the Förster interaction between the quantum dots, the shape of the second order
function changes drastically. First of all, we note that the shape becomes asymmetric. Later, we
will show that this is related to redistributions of the transition dipole moments and the newly
formed energies in the coupled hybrid system induced by the Förster interaction between the
quantum dots. For a distance of R = 10 nm (g = 38.8 meV, yellow curve in Figure 4.13) the
g(2)-function shows very huge bunching (≈ 110) for a detuning of +3 meV. At a detuning of -3
meV the bunching is a bit lower, approximately around 20. Note, the yellow curve is divided by
20 and does not show antibunching. Comparing to the case without Förster interaction between
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the quantum dots, bunching is greatly enhanced for a detuning of +3 meV. We will stress this
fact later in more detail in Plot 4.19 and 4.20, were we plot the second order correlation function
versus the Förster interaction between the two quantum dots.

In the second case with Förster interaction between the quantum dots (green curve in Figure
4.13) the distance between the quantum dots and the silver sphere is 16 nm (g = 9.5meV). The
raise of bunching is seen at a detuning of ≈ +3 meV compared to the case without Förster
interaction (red curve in Figure 4.13). This can been seen in more detail in Figure 4.19 and
4.20.

To gain a deeper insight into the system and the reasons for the certain line-shapes of the
second order correlation function, we need to discuss how the function is calculated. The
g(2)-function is given by the density correlation function divided by the square of the plasmon
density (4.39). Therefore, we take a closer look at these observables in Figure 4.14:

For the case with a distance of R = 15 nm and without Förster interaction between the
two quantum dots, we observe symmetrical line-shapes as it is the case for the second order
correlation function (cp. Figure 4.13). The dip of the plasmon density correlation, green curve,
under the square of the plasmon density, red curve, gives rise of the antibunching in the g(2)-
function for resonant excitation. For a larger detuning ∆ωext the square of the plasmon density
correlation is larger than the density correlation giving rise of bunching. Considering a quite
large detuning of the external optical field with respect to the surface plasmon resonance, both

quantities are equal (

a†a†aa


≈

a†a
2

) and the hybrid system shows a coherent statistic.

For a distance of R = 10 nm and a Förster interaction of V12 = 0.45 meV between the
quantum dots, a asymmetric line-shape of the plasmon density and density correlation occur.
Interestingly, the density correlation is way more shifted than the plasmon density. This is
regarded to the fact that the excitation of density correlations are in a higher order of excitation
from the ground state by the external optical field. Due to this higher order the induced changes
of the dipole moments by the Förster interaction between the quantum dots enters in a higher
order for higher quantities, this enhances the asymmetry in the spectrum. We will discuss
this in more detail during the investigation of the plasmon probabilities ⟨|n⟩⟨n|⟩. Since the
square of the plasmon density is always smaller than the density correlation, the system show
bunching over the whole spectral range under investigation. It is worth to mention that for a
large detuning the system adopt the coherent statistic of the external optical field.

If the distance between the quantum dots and the silver sphere is increased to R = 16
nm and the Förster interaction between the quantum dots is included, the line-shapes of the
square of the plasmon density and density correlation changes. Compared to the case with
stronger interaction (R = 10 nm) especially the square of the plasmon density is way narrower.
Again, we observe the asymmetry induced by the Förster interaction for the density correlation

function

a†a†aa


. This induced dip,


a†a
2

is smaller than

a†a†aa


, give rise to bunching

at ≈ 3meV. For larger detuning both observables are almost equal (

a†a†aa


≈

a†a
2

) and
the statistic of the hybrid system is coherent.

In the following, the occurrence of the asymmetry and in general the shape of the squared

plasmon density

a†a
2

and the plasmon density correlation

a†a†aa


is discussed. Since

we are using number states for the plasmons, the density

a†a


and the density correlation
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Figure 4.14 | Plasmon density correlation (

a†a†aa


) and the square of the plasmon

density (

a†a
2
) versus the detuning to the external optical field. The parameters for

the single plots correspond to the one chosen for the second order correlation function

in Figure 4.13


a†a†aa


are calculated by using the probabilities to find a certain plasmon number in the

system (|n⟩⟨n|). The g(2)-function written with the plasmon probabilities reads

g(2) =

∞

n=0


a†a†aa|n⟩⟨n|




∞

n=0
⟨a†a|n⟩⟨n|⟩

2 =

∞

n=2
n(n− 1) ⟨|n⟩⟨n|⟩


∞

n=1
n ⟨|n⟩⟨n|⟩

2 . (4.39)

In the last step we used the fact that the density correlation function

a†a†aa


lowest order

is n = 2 and for the plasmon density

a†a


the lowest order is n = 1, respectively.
In Figure 4.15 we plot the first 5 orders (n=0-4) for the coupled system. Note, beside

the 0-th order (⟨|0⟩⟨0|⟩) all plots are on a logarithmic scale. Between one order and the next
higher one are approximately three orders of magnitude difference, due to the fact that the
external optical field is weak. Since we are in the weak field limit, the lower the plasmon
order n, the higher the corresponding probability. Therefore, the lowest order entering the
observable will dominate the observable. For the plasmon density it will be ⟨|1⟩⟨1|⟩ and for
the plasmon density correlation ⟨|2⟩⟨2|⟩, due to the occurring prefactors in (4.39). Similar
to the g(2)-function, without Förster interaction between the quantum dots the line-shape is
symmetric (red curve in Figure 4.15). The curve of ⟨|1⟩⟨1|⟩ is almost like the one of


a†a


and
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Figure 4.15 | First lowest order of the coupled hybrid system with and without Förster

interaction between the quantum dots. Besides the Förster interaction the distance R
between the quantum dots and the silver sphere is varied. The orders 1 up to 4 are

plotted on a logarithmic scale.

⟨|2⟩⟨2|⟩ almost as the plasmon density correlation

a†a†aa


in Figure 4.14, showing that the

lowest order entering the observable of interest dominate its behavior. The same is valid for the
cases including the Förster interaction between the quantum dots. To understand the occurring
asymmetries in more detail, we calculate the eigenenergies and corresponding transition dipole
moments for excitations from the ground state to one excitation in the hybrid system. Since
we are now interested in the occurring asymmetries, we need to include the Förster interaction
between the quantum dots. This is in contrast to the calculations done in Section 4.5.2 and
4.5.3 for the Rayleigh spectra were the Förster interaction does not play a role. For a hybrid
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system consisting of two quantum dots coupled to each other by the Förster interaction and
both coupled to a metal sphere the system matrix reads

S =





Eg1 V12 g
V21 Eg2 g
g g Esp



 (4.40)

for one excitation in the system, either one exciton or one plasmon is excited. We assume
the same coupling between quantum dot 1/2 to the plasmonic system g. Furthermore all con-
stituents of the hybrid system should be in resonance (Eg1 = Eg2 = Esp). The newly formed
eigenenergies of the coupled system are

ℏωsp − V12 and 1/2(2ℏωsp + V12 ±


8g2 + V 2
12). (4.41)

As in the cases before, the new energies depend on the interaction between the constituents of
the hybrid system. In the same manner we find the transition dipole moments from the ground
state to a state with one excitation µtot in the system to be

µtot = 0enm and µtot =



2± 2V12


8g2 + V 2
12




χ

2
+ µ

V12
4g

∓ µ



1

2
+

V 2
12

16g2



 .

(4.42)
Comparing this result to the one without Förster interaction (µtot = χ/

√
2±µ) it is obvious

that including the Förster interaction between the two quantum dots causes a coupling strength
g dependency of the transition dipole moments. Therefore, one can expect different asymme-
tries for different coupling strengths due to their influence on the transition dipole moments. A
higher coupling strength reduces the redistribution of the dipole moments by the Förster inter-
action between the quantum dots. This behavior is shown in Figure 4.16 for different strengths
of the Förster interaction between the quantum dots. Without the Förster interaction, the to-
tal transition dipole moment is independent of the coupling strength g between the excitonic
and plasmonic system (red curve). For a small coupling strength g, the total dipole transition
is enhanced and equal for different Förster interactions V12. It is worth to mention that the
case g = 0meV and V12 =0 meV is not defined since in this case the dipole transition does
not exists, no new states are formed. Only the interactions within the hybrid system allows
these new transition dipole moments calculated in (4.42). For a higher coupling strength g in
Figure 4.16 the influence of the Förster interaction V12 on the total transition dipole moment
decreases. This behavior can also bee seen by taking a closer look at Figure 4.15 for the dif-
ferent plasmon order, it is clear that the case for weaker coupling (R = 19 nm) shows way
stronger asymmetries than the one for stronger coupling (R = 10nm). Which is in good agree-
ment with Equation (4.42) and Figure 4.16. It is important to keep in mind that the calculated
eigenenergies and transition dipole moments of the coupled hybrid system are only valid for
one excitation in the system. To calculate the corresponding eigenenergies and transition dipole
moments for higher excitations in the system is straightforward but leads to large expressions
which are only evaluated numerically. Not only the equations are way larger, additionally a
lot more transitions are allowed between different excitations in the hybrid system. But they
explain why the transition dipole moments are redistributed to higher energies, like for ⟨|2⟩⟨2|⟩
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yellow curve in Figure 4.15, or to lower energies, like for ⟨|3⟩⟨3|⟩ and ⟨|4⟩⟨4|⟩ yellow curve in
Figure 4.15.

To understand the spectra of differ-
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Figure 4.16 | Total transition dipole moment

(Equation 4.42) for different Förster interaction

strength between the two quantum dots versus

the coupling strength between excitonic and

plasmonic system.

ent orders n in Figure 4.15 in more de-
tail we need to take a closer look at the
polariton states formed in the system.
These states are formed by the interac-
tion between the excitonic system and
the plasmonic one. In the uncoupled
system g = 0 meV the four excitonic
states, two valance and two conduction
band states, as well as the multiple ex-
citations of the plasmonic system are
present (top of Figure 4.17). The transi-
tion energies are chosen to be resonant
(Egi = Esp). The plasmonic system is
represented by an in principal infinite
number of states. If the coupling be-
tween the constituents is taken into ac-
count, hybridization of the energies take place and plasmon polaritons are formed. We show
these newly formed eigenenergies schematically in the bottom of Figure 4.17. In the coupled
system one ground state is present. The electrons in the quantum dots are in the valence band
and no plasmon is excited. For one excitation in the coupled hybrid system three states are
possible. First, the one electron in either one of the quantum dots is in the valence band or
second, on plasmon on the silver sphere is excited.

For all higher excitations (n ≥ 2) four possible states exists. Both quantum dots could be
excited and n−2 plasmons, either one of the quantum dots and n−1 plasmons or n plasmons.
All these possible states are depicted in Figure 4.17. Transitions from one of these manifolds
to another one may occur. Without interactions between the constituents these states are proper
eigenstates of the system.

Including the Förster interaction between the quantum dots V12 and the coupling between
the excitons and the plasmons g, new eigenstates, polaritons, are formed, see bottom of Figure
4.17. The newly formed polariton states determine the dynamics of all observables of interest.
In principle, these states correspond to a Jaynes-Cummings ladder with multiple states on each
step. It is possible to calculate the eigenenergies and corresponding transition dipole moments
via diagonalization of the system matrix. Nevertheless, the resulting equations are quite large
and aggravating to handle. Therefore, to gain deeper insight into the new eigenenergies we
calculate the spectra for transitions from one manifold to the next higher one in Figure 4.18. We
plot the spectra for the plasmon density


a†a


and the excitonic polarization ρvc, respectively.
Beside the transitions between a coupled of manifolds, we additionally vary the damping of the
plasmonic system. This variation enables us to make the new resonances visible in the coupled
hybrid system. Beside the new eigenenergies some basic trends are also visible. For both cases,
without and with the Förster interaction between the two quantum dots, decreasing the damping
of the plasmon strongly decrease the linewidth of the resonances in the spectra. Furthermore,
the number of excited plasmons is increased, recognizable in the large area underneath the

65



4 TWO QUANTUM DOTS COUPLED TO A METAL NANOPARTICLE

Figure 4.17 | Sketch of the system states. Top: System states for the case without

interaction between the excitons and plasmons. Bottom: System states (polaritons)

for the case with coupling between the constituents of the hybrid. In both cases exci-

tonic and plasmonic transition are in resonance (Egi = Esp). The picture is taken from

[TCRK13].

spectra. Even the excitonic polarization is increased for decreasing plasmon damping (second
and fourth row in Figure 4.18).

Necessary for basic insights into the results of the g(2)-function is the understanding of
the asymmetries occurring in the spectra. As mentioned already earlier, these asymmetries are
introduced by the Förster interaction between the quantum dots. Since this interaction shifts
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eigenenergies and redistributes the transition dipole moments for certain transition. To make
this shifts and redistribution visible, we calculated the plasmon density


a†a


and the excitonic
polarization ρvc versus the detuning to the external optical pump field (Figure 4.16). Due to the
large damping of the plasmonic system, the spectra are spectrally very broadened, which makes
it impossible to recognize the proper eigenenergies in the system. Even the redistribution of the
dipole moments can be barely seen for a realistic plasmon damping of 21 meV. For a plasmonic
damping rate of 10 meV, it starts to become obvious that some single peaks consist of several
peaks. This can be nicely seen in Figure 4.16. If we now decrease the plasmon damping
further to a unrealistic value of only 1 meV, the new eigenenergies are nicely visible in the
spectra. One can easy see how the number of transitions increases for increasing excitations in
the hybrid system. For a small damping of the plasmonic system it is also possible to observe
the redistribution of the transition dipole moments due to the Förster interaction between the
quantum dots. Clearly recognizable in the different heights of several peaks when comparing
the case without Förster interaction with the case with Förster interaction.

In the case without Förster interaction (upper two rows) all the spectra of the plasmon
density


a†a


and the excitonic polarization ρvc are symmetric. The two optical resonances are
clearly visible for transitions from the ground state to the state with one excitation in the system
(manifold 0 → 1). The transition at ωext = 0meV has no optical transition dipole moment,
thus this transition is forbidden. With increasing excitations in the system, the number of
possible transitions increases. This can be seen by the raising number of peaks in the spectra for
higher manifolds. The maximum number of possible transitions from manifold n to manifold
n + 1 is eight. It is worth to mention that some of the transitions may be dipole forbidden or
degenerated, which leads to a smaller number of peaks in the spectra than eight.

Finally, we plot the second order correlation function for two different hybrid systems
versus the Förster interaction between the quantum dots. Again, we consider the distances
10nm and 16nm between the quantum dots and the silver sphere. The plasmons and excitons
are resonantly coupled and we assume excitation on resonance and by a detuning of 0.9meV.
Changing the Förster interaction strength between 0meV and 0.45meV changes the emission
statistic of the hybrid system drastically.

Figure 4.19 shows the g(2)-function versus the Förster interaction. For a distance of 10nm
between the constituents of the hybrid system bunching is increased. The more interesting
case is the one with a distance of 16nm between the quantum dots and the silver sphere. In
this case the emission statistic is antibunched without Förster interaction between the quantum
dots. With increasing Förster interaction the emission statistics changes to the coherent and
finally to a bunched statistic for a strong interaction between the quantum dots.

The second case is shown in Figure 4.20. The hybrid system is excited off-resonantly, the
detuning between the external optical field and the resonances of the hybrid system is 0.9meV.
In this case, the bunching is strongly enhanced by the Förster interaction between the quantum
dots for a distances of 10nm (38.8meV) between the quantum dots and the silver sphere. For
a distance of 16nm the emission statistics change from bunched over coherent and finally to a
bunched statistic.

67



4 TWO QUANTUM DOTS COUPLED TO A METAL NANOPARTICLE


a
†
a


a.
u.

manifold 0 → 1 manifold 1 → 2 manifold 2 → 3 manifold 3 → 4

ρ
v
c

a.
u.


a
†
a


a.
u.

-40-20 0 20 40

ρ
v
c

a.
u.

∆ωext [meV]

-40 -20 0 20 40

∆ωext [meV]

-40 -20 0 20 40

∆ωext [meV]

-40-20 0 20 40

∆ωext [meV]

γx = 1meV
γx = 10meV
γx = 21meV

V
1
2
=

0
m

eV
V
1
2
=

0
.4
5
m

eV

Figure 4.18 | Hybrid system restricted to transitions from one manifold to the next

higher one. The distance between the quantum dots and the silver sphere is R = 15
nm, corresponding to an interaction strength of g = 11.5 meV. We show the spectra for

the plasmon density

a†a


and the excitonic polarization ρvc without the Förster inter-

action (V12 = 0 meV) between the quantum dots (upper two rows) and with the Förster

interaction (V12 = 0.45 meV) between the quantum dots (two lower rows). Further-

more, we varied the damping of the plasmons to make the newly formed resonances

visible in the coupled hybrid system. The spectra are normed.
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Chapter 5

Ensemble of coupled quantum dot and

gold sphere hybrid systems

In this chapter we use our theory to compare with experiments. First, the experimental setup
and the wet chemical synthesis are briefly explained. Second, we will introduce our theoreti-
cal system. After setting up a parameter free theory, we calculate the absorption spectra and
compare the theoretical results with the experiments. After reproducing all qualitative trends
as observed in the experiment, we investigate the temporal evolution of the coupled hybrid
system. For the coupled case we compare weakly and strongly coupled hybrids and discuss
the influence of the coupling between the constituents on the temporal dynamics of the far
field. We found that hybrids with a strong coupling decay temporally way faster than weakly
coupled hybrid system. This can be traced back to excitation transfer between the constituents
and the huge damping in the plasmonic system mostly due to Ohmic losses and surface scat-
tering. In the end, to finally compare our theoretical calculations with the experimental data,
we introduce the averaging process used to model the ensemble of many hybrid systems mea-
sured in the experiments. We find great qualitative agreement and for small gold spheres the
quantitative agreement is pretty striking, too.

5.1 Introduction to the hybrid system and experimental setup

The hybrid systems were synthesized in the group of Horst Weller (Institut für Physikalische
Chemie, Universität Hamburg and The Hamburg Center for Ultrafast Imaging, Hamburg). The
optical measurements were carried out in the group of Tony Heinz (Department of applied
Physics, Stanford University and SLAC, National Accelerator Laboratory, Menlo Park) and
in the group of Holger Lange (Institut für Physikalische Chemie, Universität Hamburg and
The Hamburg Center for Ultrafast Imaging, Hamburg). A sketch of the system is shown in
Figure 5.1. The Cd/Se quantum dots are surrounded by a polymer shell to ensure a certain
distance to the metal sphere and to attach the lipoic acid needed for the connection to the metal
sphere. With this lipoic group it is possible to connect the metal spheres and quantum dots
by simply mixing the two water-based solutions. Details for the chemical preparation of the
systems are given, e.g., in [PSF+12]. The minimum distance between quantum dots and metal
sphere is at least 5nm to ensure coupling between both constituents of the hybrid system, but
to avoid direct electron transfer from the quantum dots to the metal sphere and vice versa.
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E(t, ω) =
n

τ
exp



−1

2


t− toff

τ

2

− iωt+ i
k

2
(t− toff )

2



(5.1)

where τ is the width of the pulse, toff the time offset and ω the frequency. Important is
additionally the quadratic chirp of the pulse k. This chirp needs to be included to fit the exper-
imental pulse in frequency domain. The pulse used in the experiment is not Fourier limited.
Consequently, it contains more than one frequency. Without the quadratic chirp in Equation
(5.1) the Fourier transform of the pulse in time domain would be extremely narrow in frequency
domain. Including the chirp allows us to obtain a good fit.

exciting pulse

MNP

QD

c
v

g

far field signal

pure/radiative dephasing

ohmic losses

Figure 5.2 | Sketch of the theoretical framework employed to model the experiments.

The system is excited with a chirped pump pulse. The excitons in the quantum dots

interacts via Coulomb coupling with the plasmons on the metal sphere. Both sub-

systems, the excitonic one as well as the plasmonic one are damped. The damping for

the plasmons is mostly due to ohmic losses and the excitonic one to pure dephasing,

nevertheless we also include radiative dephasing for incoherent quantities to describe

the fluorescence lifetime properly. Including all these parameters, we calculate the far

field signal/fluorescence signal.

After modeling the excitation pulse we proceed with a proper description of the exper-
iment. To model the quantum dot we include the dominant exciton. This allows us to de-
scribe the quantum dot as a two level system. For the metal spheres we take the dipole mode
into account [RDSF+10]. We neglect higher order modes in the quantum mechanical calcula-
tions, since their resonances are detuned with respect to the dipole resonance of the plasmon
[SK11, BSSB06]. The resonance energy

ωl = ωsp


ωl

l + (l + 1)εout
(5.2)

of the l-th plasmon mode is determined by the resonance energy of the dipole mode ωsp and
the dielectric function of the environment εout of the metal sphere. This spectral shift of the
resonance energies for higher order modes drastically decrease the spectral overlap between the
excitons and plasmons. Due to the resulting small overlap, we do not expect strong coupling
and thus no deviations in the dynamics if higher order plasmon modes are included. Further-
more, higher order plasmonic modes are not excitable by the external optical field as long as
the wavelength of the external field is way larger than the diameter of the metal sphere. This
assumption holds in all cases we investigate. Therefore, we neglect all higher plasmonic modes
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equation 4.19 to obtain the equations of motions including pure and radiative dephasing. The
pure dephasing strength is extracted from [Tak93]. To determine the strength of the radiative
dephasing we fit the far field signal of a single quantum dot to the experimental results of an
ensemble of quantum dots (Figure 5.4). We assumed a mono-exponential decay of the far field
signal for quantum dots only.
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Figure 5.4 | Mono-exponential fit to determine the radiative dephasing of the quan-

tum dots. Left: Measurement of the green quantum dots and fit to the data. Right:

Comparison between experiment and fit to the data for the red quantum dots.

Considering only the relaxation of the quantum dot after an arbitrary excitation, the far field
signal is given by

Ifar(t) = e−γradt − b (5.5)

with the radiative dephasing γrad and an offset parameter b. This implies that the conduction
band density decays mono-exponentially after an arbitrary excitation when no interactions are
present. We find the best fit for a radiative dephasing of γrad = 2 · 10−8fs−1 for the green
quantum dots and γrad = 6 · 10−8fs−1 for the red quantum dots. The offset parameter b is of
no physical interest. Obviously, the fit for the red quantum dots is more striking than the one
for the green. The green quantum dots show especially for short times a stronger decay. This
may be related to defects within the quantum dots. The radiative decay rate, we are interested
in, is given by the decay for larger times (t > 2ns). In this regime the fit to data of the green
quantum dots is pretty striking.

Since the experimental measurement of pure dephasing is challenging, we use the theoret-
ical results of Takagahara [Tak93]. We obtain 0.053fs−1 as pure dephasing for CdSe quantum
dots at room temperature. The dipole moment of the quantum dots µ = 1.84 enm was taken
from [EB97]. The resonance of the quantum dots are taken from the measured spectra and the
size of the gold spheres as well as the distances between the quantum dots and the gold spheres
are extracted from TEM images. Resonances and damping rates for the plasmons are derived
from the material parameter of gold and the dielectric function of the environment using the
theory introduced in Section 2.1.2.
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A table summarizing all parameters used to model the measurements and about their deriva-
tion or references is given in Appendix C.

5.2 Characterization of the uncoupled hybrid system constituents

and introducing observables of interest

After all parameters for the system are fixed, we start with the single constituents of the system.
Without any interaction between the plasmons and the excitons, we compare our theory with
the experimental measurements. We start with the absorption spectra of the uncoupled quantum
dots and gold spheres shown in Figure 5.5. The green quantum dots are close to the plasmonic
resonances (green curve). In contrast, the red quantum dots are detuned to the plasmonic reso-
nances by roughly 300-400 meV (red curve). The plasmonic resonance energy shifts for larger
spheres towards lower energies [CSW89, KDD06]. To calculate the shown theoretical spectra
we only extract the resonance energies of the quantum dots from experimental spectra. All
other parameters are calculated theoretically or obtained from independent experiments. The
quantum dot spectra are broadened mainly by pure dephasing. Concerning the experimental
spectra in Figure 5.6 it is worth to mention that the spectra of the metal spheres are measured
as absorption spectra and the ones of the quantum dots as photoluminescence spectra. Due to
the very weak absorption of quantum dots in solution it is hard to measure their spectrum in
absorption.

0

0.2

0.4

0.6

0.8

1

1.8 1.9 2 2.1 2.2 2.3 2.4 2.5 2.6

A
bs

or
pt

io
n

[a
.u

.]

Energy [eV]

red QDs
green QDs

DAu = 12 nm
DAu = 20 nm
DAu = 40 nm

Figure 5.5 | Linear spectra of the uncoupled single constituents of the hybrid system

(quantum dots and metal spheres with different diameter DAu). Note, the resonance

energy of the quantum dots was determined by spectral measurements, all other pa-

rameters are obtained theoretically or by independent measurements.

To investigate the temporal evolution of the hybrid system and to calculate the spectra
afterwards, we focus on the far field emission of the system (Section 4.4.1):

Ifar(t) =


P †P


=


µa†cav + χa†


µa†vac + χa


= χ2


a†a


+ 2χµRe


a†cava


+ µ2


a†cac

 (5.6)
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THE DIPOLE-DIPOLE INTERACTION AND A FULL CLASSICAL CALCULATION
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Figure 5.6 | Measured spectra of the uncoupled constituents of the hybrid system.

The spectra of the green and red quantum dots are fluorescence spectra. The gold

spheres are measured in absorption.

which is given by the product of the polarization operators P of the hybrid system. The far field
intensity is an incoherent quantity since it comprises of density like terms, i.e. the plasmon

density

a†a


and the conduction band density


a†cac


. One could think about factorizing the

far field intensity on the level of classical polarizations, but this would lead to false results. The
major point is for example the polarization of the quantum dot: In the case of a factorized far
field intensity, the occurring quantum dot polarizations are mainly damped by pure dephasing.
In the case of the unfactorized far field signal, the occurring density are damped by radiative
dephasing only. Since the pure dephasing is orders of magnitude larger than the radiative
dephasing a factorized far field intensity would decay much faster than an unfactorized one.
Therefore, the unfactorized far field signal is of major interest when we compare theory and
experiments.

The measured spectra are plotted in Figure 5.6. Comparing the theoretical results with the
measurements, one clearly recognize the quantitative agreement. The size dependent shifts
within the theoretical spectra are the same as in the experimental ones. The plasmon res-
onances shift for larger sphere diameters to lower energies. It is worth to mention that the
measured spectra are spectrally broadened in comparison to the theoretically ones. This is due
to inhomogeneous broadening, which is the result of different metal sphere diameters in the
ensemble. Different metal sphere diameters result in slightly different resonance frequencies
and averaging over all broadens the peak in the spectrum. A similar explanation holds for the
quantum dots. Again, inaccuracies during the synthesis results in a number of resonance fre-
quencies in the ensemble of quantum dots, which broadens the spectrum. It is worth to mention
that this inhomogeneous broadening is not included in our theory.

In Figure 5.7 the spectra of the red quantum dots (red curve) and the spectra of the red
quantum dots coupled to gold spheres with different diameters are plotted. For the coupled
hybrid system, a filter is used to block the laser excitation and the scattering of the gold spheres.
Therefore, only the excitonic part is detected. The pump pulse excites the system at an energy
of 2.1 eV, indicated by the arrow in Figure 5.7.
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Figure 5.7 | Spectra of the red quantum dots only (red curve) and the red quantum

dots coupled to gold spheres with different diameters. For the coupled systems the

spectra are recorded with the used spectral filter to block the laser pulse and the light

scattered by the gold.

5.3 Coupling between the constituents of the hybrid: Comparison

between the dipole-dipole interaction and a full classical calcu-

lation

In the following we will discuss the coupling between the constituents of the hybrid system.
The coupling between the plasmons and the excitons is modeled as in Chapter 4 as a dipole-
dipole coupling in the quantum mechanical calculations. Nevertheless, to ensure the validity
of the dipole approximation in the range of interest, classical calculations were performed by
Ziliang Ye (Group of Tony Heinz). In this classical calculations the electric field distribution
of an electric dipole in front of a gold sphere is calculated by solving the Maxwell equations
numerically [ABN06]. To obtain the losses of the electric dipole due to the presence of the
metal sphere, the field inside the sphere, induced by the electric dipole, is calculated and a
volume integration over the sphere is performed [Rup82]. It is worth to mention that the results
are the induced losses of the excited electric dipole into the metal sphere and not the coupling
between excitons and plasmons. This calculation is repeated for several diameters of the metal
sphere and different spacer thicknesses. A comparison of both theories is shown in Figure 5.8.

For spacer thicknesses of 10 nm and 15 nm both, the coupling strength and the losses
induced by the metal sphere, show the same trends (cp. Figure 5.8). As one would expect,
for small distances between the quantum dot and the metal sphere, the results starts to deviate.
The deviation becomes quite strong when the radius of the metal sphere is larger than the
distance (spacer thickness) to the quantum dot. If the metal sphere is large compared to the
distance to the quantum dot, higher modes start to influence the coupling between excitons and
plasmons. The effect is a near field effect and is not driven by the external field. The higher
modes act as additional loss channels for the excitation of the quantum dot. Therefore, the
losses calculated classically do not show a pronounced weakening for larger diameters as it is
the case for the dipole-dipole coupling strength for, e.g., a 5 nm spacer (red curve in Figure
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Figure 5.8 | Coupling strength between the excitons and plasmons (solid lines, left

scale) versus the diameter of the metal sphere according to Equation 4.5 and the

results for the losses of an excited electric dipole nearby a metal sphere (dots, right

scale) versus the diameter of the metal sphere. The classical calculation of the losses

was done by Ziliang Ye from the group of Tony Heinz.

5.8). The weakening of the coupling strength for larger diameters of the metal sphere is due to
two competing terms occurring in the formula of the coupling strength

g = i
sα

ℏ



dsp + rQD + DAu
2

3




6ℏη


DAu
2

3

πε0
. (5.7)

The first one represents the dipole moment of the gold sphere

DAu
2

3/2
entering the cou-

pling strength. This term increases for larger metal sphere diameter, so it leads to a larger
coupling strength. On the other hand, the second term (dsp + rQD + DAu

2 )3 represents the
distance between quantum dot and metal sphere and causes a decrease of coupling strength for
larger metal sphere diameters. Due to these competing terms the coupling strength is maxi-
mized for a certain gold sphere diameter.

It is worth to stress that classical calculations only describe the losses of the quantum dot
due to the presence of the metal sphere. However, the calculations are not capable of describing
certain optical excitation nor give deeper insights into the microscopic processes occurring
in the coupled hybrid system. Therefore, we choose a microscopic model using the dipole
approximation to describe the hybrid system. This enables us, for instance, to include proper
decay channels for the quantum dot, like pure and radiative dephasing and an exact description
of the excitation by the external optical field.
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5.4 Temporal evolution of single hybrid systems

We start to investigate the temporal evolution of single hybrid systems first. These single
hybrids are needed to calculate the ensemble average in the next section, which will model the
measurements performed on the ensemble of hybrid systems. We will determine a lower limit
and upper limit for the coupling strengths within a certain ensemble of hybrid systems. The
minimum and maximum of the coupling strength is due to variations in the spacer thickness
and diameter of the gold metal spheres. Beside their importance for the ensemble averaging,
the temporal evolution of single hybrid systems additionally enables us a deeper insight into
the physical processes taking place. Therefore, we calculate the temporal evolution for weakly
and strongly coupled hybrids. These two extreme systems mark the lower and upper limit of
the coupling strength range for the calculation of the ensemble average done later.
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Figure 5.9 | Temporal evolution of single hybrid systems consisting of a red quantum

dot and a gold sphere with a diameter of 12 nm. The distance between both con-

stituents is ensured by a 15 nm spacer. a) uncoupled hybrid system with a very fast

plasmonic decay, within pulse duration, and a very slow excitonic decay due to small

radiative dephasing. b-d) coupled single hybrid systems for weak and strong coupling

between the constituents. Due to the coupling the plasmonic and excitonic parts show

the same decay.

We start with the hybrid system consisting of red quantum dots coupled to gold spheres.
This system turned out to be the most promising for comparing theory and experiment. The
hybrid system with the green quantum dots, which are coupled resonantly to the gold sphere
(compare single spectra of the constituents in Figure 5.5), show such a fast decay that it cannot
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5.4 TEMPORAL EVOLUTION OF SINGLE HYBRID SYSTEMS

be resolved with the experimental setup used. We will show later that the hybrid systems with
the green quantum dots decay at least 3 orders of magnitude within only a few picoseconds.

In Figure 5.9 we plot the temporal evolution of the plasmonic and excitonic part of the
far field signal Equation 5.6 for single hybrid systems. Displayed is the situation with the red
quantum dots, a 12 nm gold sphere diameter and a spacer thickness of 15 nm. The weak Gaus-
sian pulse has a pulse duration of 300 fs and is slightly shifted in time. In the case without
coupling between the constituents (Figure 5.9 a) the plasmonic part decays within the fem-
tosecond pulse duration, the curve of the pulse and the plasmonic one lie on top of each other.
On the other hand, the excitonic part, given by the conduction band density, shows barely any
decay within 1 ns. This is due to the small radiative dephasing of the conduction band den-
sity. It is worth to mention, that these result could not be obtained if one would express the
far field signal (5.6) on the level of classical polarizations by using a factorization scheme. In
this uncoupled case, this is due to the large pure dephasing of the polarization of the quan-
tum dot excitation. One could try to avoid this behavior by neglecting the pure dephasing of
the polarization which would increase their lifetime drastically. Nevertheless this would be
an unphysical and unnecessary approximation, since it can be avoided by a fully quantized
theory without factorizations, as it is discussed here. Furthermore, even neglecting the pure
dephasing of the quantum dot polarizations would fail when considering coupling between the
excitons and plasmons. Polarizations, even without pure dephasing, decay much faster than
the incoherent quantities, like the conduction band density, since they couple in first order to
the plasmonic system. In contrast, incoherent quantities couple via coherent assisted quantities
to the plasmonic system which need to build up first, so the coupling is in second order of the
external field.

The temporal evolutions in Figure 5.9 b-d are for 3 selected couplings used later to calcu-
late the ensemble average. It is obvious that the decay of both parts of the far field signal, the
plasmonic and the excitonic one, decay faster for increasing coupling between the constituents
of the hybrid system. This is due to the large damping of the plasmons. With increasing cou-
pling strength, excitation is more likely transfered from the quantum dots to the gold sphere and
in general vice versa. However, because of the large plasmon damping, an excitation transfer
from the plasmonic system to the excitonic system is very unlikely since the excitation usually
dissipates within the plasmonic system. Therefore, the coupling between the constituents of
the coupled hybrid system induces an additional decay channel for the excitonic quantities.
This energy transfer highly increases the decay of the excitonic part of the far field signal. On
the other hand, this transfer slows down the plasmonic decay (only compared to the uncou-
pled case!). The height of the kink between the fast decay and the slower long time decay of
the plasmonic part is determined by the coupling strength, too. A stronger coupling causes a
higher transfer of excitation from the excitonic system to the plasmonic one. Therefore, this
transfered energy supports the plasmonic signal earlier than in the case of weak coupling. This
can be seen by a higher kink for stronger coupling in the plasmonic part of the signal for an
ensemble of hybrid systems.

We also show the results for the hybrid system with the resonantly coupled green quantum
dots in Figure 5.10. Note the picosecond timescale in contrast to the nanosecond timescale for
the hybrid system with the red quantum dots. For the green quantum dots a system with a 5nm
spacer was experimentally realized. Again, the hybrid system is excited by a weak Gaussian
pulse with a pulse width of 300fs and the diameter of the gold sphere is 12nm. In the uncoupled
case (a in Figure 5.10) the plasmonic part decays instantaneously with the pulse while the
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Figure 5.10 | Excitonic and plasmonic part of the far field signal versus time for the

hybrid system with green quantum dots and gold sphere with 12nm diameter. a) un-

coupled constituents, the plasmonic part follows the pulse. b-c) coupled hybrid system

for different coupling strengths used to calculate the ensemble average.

excitonic part and in consequence the (full) far field signal exhibit a very slow decay. For the
coupled hybrid systems (b-d in Figure 5.10) the decay on the long timescale is for all parts of
the far field signal and the full signal the same due to the coupling. Similar to the case with
the red quantum dots, the decay increases for increasing coupling between the constituents.
Additionally, different behaviors during pulse excitation are recognizable. For instance, the
excitonic part shows some dips during pulse excitation in c and d in Figure 5.10. These dips
are related to the different dipole moments of the excitons and plasmons, which couple these
subsystems to the external optical field. Since the dipole moment of the plasmons is way
larger than the excitonic ones, energy transfer from the plasmons to the excitons takes place
during pulse excitation. For stronger coupling the excitons gain energy from the plasmonic
one causing a faster rise time of the excitation. This effect is more pronounced for stronger
coupling. In Figure 5.10 d the excitonic part rises almost instantaneously with the plasmonic
one, while it is slower for weaker coupling. Since these features take place on a picosecond
or femtosecond timescale, they are hard to observe experimentally. Another important point
is that any kind of inhomogeneous broadening, due to size variation etc., would smear out the
features in the time evolution of the signal.

In the end we can state that the coupling in the hybrid system mixes the damping rates of
both constituents with respect to the coupling strength and gives rise to the same decay rates of
the plasmonic and excitonic part of the far field for times longer than the pulse duration. The

82



5.5 TEMPORAL EVOLUTION OF AN ENSEMBLE OF COUPLED HYBRID SYSTEMS

collective decay is stronger for increasing coupling, which will be important for the discussion
of the experimental results. After we have understood the single system, we need to consider
several hybrid systems to model the ensemble of hybrid systems measured in the experiment.
In the next section we additionally include the measuring process itself by the convolution of
the theoretical results with the measured instrumental response.

5.5 Temporal evolution of an ensemble of coupled hybrid systems

In this section we model the ensemble of hybrid systems measured experimentally by calculat-
ing a minimal and maximal coupling between the constituents. This variation in the coupling
strength is due to variations in the spacer thickness and gold sphere diameter caused by manu-
facturing fluctuations. Furthermore, we include the measuring process itself into the theoretical
description via a convolution of calculated and averaged theory curves with the instrumental
response function of the experimental setup. We find good agreement for the red quantum dots
and reproduce all trends observed in the experiments. But we will also show that the decay for
the resonantly coupled hybrid system, the one with the green quantum dots, is decaying way to
fast to resolve with the used experimental setup. The hybrid system of the green quantum dot
coupled to a gold sphere decays at least three orders of magnitude within a few picoseconds
and can only be investigated theoretically at the moment.

To model the ensemble of hybrid system that is measured in the experiments we need to
make a rough estimation of the coupling strengths present in the ensemble. To get an educated
guess we take manufacturing fluctuations and angle mismatches between the excitonic and
plasmonic dipole into account. As manufacturing errors we assume fluctuations in the gold
sphere diameter and the spacer thickness which results together in a center to center distance
variation between the constituents of the hybrid system of ± 2 nm. This has been verified by
TEM images. The angle dependent factor in the coupling strength (4.5) sα varies from 2/3
to 2 for the randomly orientated quantum dot dipole moments. The range does not go down
to zero (could be expected since sα = 3 cos2 (θ) − 1) since the dipole mode is degenerated
three times due to rotational symmetry. Therefore, the gold sphere has three dipole modes and
the least efficient coupling is 2/3 and not 0 for varying angles θ between the hybrid axis and
the external optical field. Using these angle and distance variations, we calculate the weakest
and strongest coupling for ensembles produced and measured in the experiments. We assume
that the coupling strengths follow a Gaussian distribution. We weight the computed curves
according to this Gaussian distribution and sum over all curves with the certain weight. It
is worth to mention that changing the width of this Gaussian distribution over one order of
magnitude does not change the results quantitatively. Thereby we ensure that our results are
not made up by the average process itself rather than by the ensemble of hybrid systems.

In Figure 5.11 we plot one example illustrating how the average over the ensemble of hy-
brid systems is calculated. We plot the different temporal evolutions for a system of a gold
sphere with a diameter of 40 nm and a spacer thickness of 15 nm. This results, incorporat-
ing the manufacturing variations, in a lowest coupling strength of about 2 meV between both
constituents of the hybrid system and a strongest coupling of about 5 meV. Shown are the re-
sulting curves for the single hybrid systems and the color code on the right corresponds to the
respective coupling used in the calculation of the temporal evolution. The stronger the coupling
the stronger the decay of the far field signal, which can be traced back to the huge damping
of the plasmons (see Section 5.4 for the single hybrid systems). Beside all the single hybrid
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Figure 5.11 | Far field signal for 50 hybrid systems to compute the ensemble average

(solid lines). The coupling strength between the constituents of the single hybrid sys-

tems is given by the color code on the right. For comparison we additionally plot the

curve for uncoupled red quantum dots (red dashed). The averaged curve of the hybrid

system ensemble (black dashed) and the averaged curve convolved with the instru-

mental response function (purple dashed) are shown, too. The systems are excited by

a 300fs chirped Gaussian pulse.

systems used, we also show the calculated ensemble average (black dashed curve). This curve
incorporates all curves weighted by a Gaussian distribution. Since the experimental setup does
not respond instantaneously we need to consider the measuring process itself by convolving
the average curve with the instrumental response function. The resulting curve (purple dashed)
now includes all necessary information to model the experiment properly, namely the ensem-
ble average and the measuring process. Due to the instrumental response of the experimental
setup, e.g., the pump pulse appears way larger in the measurement than it actually is (pulse
duration 300 fs).

In Figure 5.12 we plot the different parts of the far field signal (5.6) and the full signal. The
curves are for several diameters of gold spheres, for a fixed spacer thickness of 15 nm and for
gold spheres coupled to the red quantum dots. Additionally, the time evolution of the uncoupled
red quantum dots is plotted for comparison. Similar to the single hybrid systems investigated in
Section 5.4, the decay of the signal increases for increasing coupling between the constituents.
Experimentally the coupling is adjusted by the spacer thickness and the diameter of the gold
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Figure 5.12 | Theoretical curves averaged over an ensemble of 50 single hybrid sys-

tems and convolved with the instrumental response function. Shown in a-d are the

different parts of the far field signal (5.6) for a spacer thickness of 15nm and for several

diameters of the gold spheres. In c) the complete signal of the hybrid system is shown.

sphere. For a spacer thickness of 15 nm the coupling strength increases for increasing gold
sphere diameter (cp. Figure 5.8). Therefore, the systems with the 40 nm gold spheres exhibit
the fastest decay. Note, this is no longer valid if the spacer thickness changes due to the
competing trends in the coupling strength (4.5): Increasing the gold sphere diameter increases
the dipole moment of the gold sphere, this enhances the coupling to the excitons. But on
the other hand, increasing the sphere diameter increases also the distance to the quantum dot
which reduces the coupling between both constituents of the hybrid system (cp. maxima in
Figure 5.8). Nevertheless, for a spacer thickness of 15 nm the trend is monotonic. As one
could expect, the plasmonic part shows the fastest decay due to the large losses in the metal.
The mixed part is only plotted for sake of completeness, usually it is very small and does not
play a role. The excitonic part shows a similar behavior to the one of the single systems in
Section 5.4. Increasing the coupling strength between excitons and plasmons increases the
decay. We will use this signal to compare the theoretical calculations with the experiments
since the plasmonic part is filtered out in the measurements. The last plot in Figure 5.12
shows the full signal. This plot shows clearly which part dominates the full far field signal:
For smaller gold spheres (12 nm and 20 nm) the full signal is dominated by the excitonic part,
since the excitation of plasmons is too low and they are damped very strong. But, for large gold
sphere diameters (40 nm) the huge resulting dipole moment plays a role and more plasmons are
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excited. Furthermore, a higher plasmonic dipole moment increases the plasmonic contribution
to the far field signal (5.6). Therefore, the full signal is rather dominated by the plasmonic part
than the excitonic one. The corresponding plots for a 5 nm and 10 nm spacer are given in the
Appendix D.

To compare our results with the experiment we focus on the excitonic part of the far field
signal only. This is possible since the elastically scattered plasmonic part is filtered out. We
compare our result with the experiment in two different ways: First, we compare the curves for
constant sphere diameter and varying spacer thickness (c.p. Figure 5.13) and second, different
gold sphere diameters at a constant spacer thickness in one plot (c.p. Figure 5.14).

The explanation for the first case, different spacer thicknesses with a fixed sphere diameter,
is pretty simple: Reducing the spacer thickness increases the coupling strength between the
excitons and plasmons, this increases the decay strongly which is clearly recognizable in Figure
5.13. Additionally, one can see that the decay becomes faster for larger metal sphere diameters,
since larger metal spheres have a higher dipole moment. Therefore, they exhibit a stronger
coupling (cp. Equation (4.5)) and stronger decay. The second case, plotted in Figure 5.14,
is a bit more complex. Carefully comparing the different plots it becomes obvious that the
sequential arrangement of the curves changes: For a 5 nm spacer, the smallest gold sphere
(DAu=12 nm) shows the fastest decay and the 40 nm metal sphere the slowest. In contrast, for
the case with a 15 nm spacer the order is inverse. The 40 nm gold sphere hybrid system exhibits
the fastest decay and the ones with 12 nm gold spheres the slowest. Here, two competing
mechanisms which determine the coupling strength mix: The first one scales with the gold
sphere diameter. Increasing the diameter increases the dipole moment and the coupling strength
between the excitons and plasmons leading to a faster decay. On the other hand, increasing
the gold sphere diameter also increases the distance between the quantum dots and the gold
sphere, which reduces the coupling strength between both constituents of the hybrid system.
This interplay provokes the changes in the sequential arrangement of the different curves in
Figure 5.14. This behavior can additionally be seen in Figure 5.8 were the coupling strength is
displayed versus the diameter of the sphere.

For sake of completeness we show the results for the green quantum dots coupled reso-
nantly to gold spheres, too. As mentioned earlier, this type of hybrid system decays very fast
due to the strong coupling between the constituents. In Figure 5.15 we plot the averaged curve
and the curve convoluted with the instrumental response function for a system of green quan-
tum dots with a 5 nm spacer. The quantum dots are coupled to gold spheres with different
diameters. In the left plot of Figure 5.15 the average over the ensemble is already calculated
but not convolved with the instrumental response function. One can recognize small differ-
ences between the differently sized gold spheres. Furthermore, the very short pulse is visible
as sharp line. The right plot in Figure 5.15 shows the averaged curves of the hybrid system
convolved with the instrumental response function. Due to convolution, the fast dynamics of
the ensemble of hybrid systems are no longer resolved temporally. This result is the same as in
the experiments, where the measurements of the green quantum dots coupled to gold spheres
results in the instrumental response function.

In conclusion, we find good agreement between the theoretical results and the experimental
ones. For the red quantum dots coupled to gold spheres, both, theory and experiments, show
the same trends. We reproduce the dependency on the spacer thickness for the decay of the
far field signal, small spacer thickness results in a faster decay of the far field signal. Further-
more, we explained the changes in the sequence of the curves for a constant spacer thickness
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Figure 5.13 | Comparison between the theoretical calculations (left column) and the

experimental results (right column). Each plot shows the temporal evolution of the far

field signal for a certain gold sphere diameter and different spacer thicknesses. The

plots are on a logarithmic scale and normed.

and differently sized gold spheres. For small gold spheres and larger spacer thicknesses even
the qualitative agreement is pretty striking. From a theoretical point of view we are able to
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experimental results (right column). Each plot shows the temporal evolution of the far
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investigate the hybrid system consisting of green quantum dots and gold spheres. Due to the
large spectral overlap, these hybrid systems exhibits an enormously fast decay. On very short
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Figure 5.15 | Temporal evolution of the far field signal for hybrid systems consisting of

green quantum dots coupled to gold spheres. Left: The ensemble average is shown

for different gold sphere diameters. Right: Far field signal convolved with the instru-

mental response function.

time scales, the time needed to build up excitations within the hybrid system changes due to the
diameter of the gold spheres attached to the quantum dots. However, the dynamics are so fast
that they cannot be resolved experimentally, which we also show by investigating the theory
curves convolved with the experimental response functions. All these curves share the same
slope and cannot be distinguished.
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Part IV

Hybrid inorganic organic systems
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Chapter 6

Molecules coupled to a semiconductor

quantum well

In this chapter we develop a model to describe the energy transfer between a semiconductor
substrate and a molecular layer beyond the dipole approximation. These hybrid systems are in
the focus of current research since their combination allows them to overcome the limitations of
their single constituents. On the one hand, the semiconductor substrate provides high charge-
carrier mobility [VKR+14] and can be pumped, e.g., electrically. On the other hand, one can
design, e.g., the molecules’ transition energy according to the required needs. Non radiative
energy transfer between the semiconductor substrate and the molecular layer has been inves-
tigated theoretically within the point dipole approximation [VKR+14, BLRBA99, BLRBA02]
and using transition charges [PZMM15]. Such an energy transfer is also found experimentally
between a ZnO layer and a molecular monolayer [FKS+15, BSX+06] and in light-emitting
inorganic-organic systems [NCCP08]. Recently it was found that these hybrid systems are ca-
pable of exhibiting efficient light emission compared to the organic molecules alone [SBB+15].
The theoretical calculations on this subject were started by Eike Verdenhalven, continued by T.
Sverre Theuerholz and will be proceeded by Judith Specht.

6.1 Coupling elements of hybrid inorganic/organic systems

In the following we derive the coupling elements between the semiconductor substrate and
the molecular layer. Therefore, we use spatial charges, provided by the Fritz-Haber-Institut
Berlin, to derive the Coulomb interaction between the molecular layer and the semiconductor
substrate. The main idea of this technique is to arrange point charges at the atomic positions
in such a way that the complex field distribution of, e.g., a molecule is reproduced. It is worth
to mention that the point charges only reproduce the electric field outside the molecule. For
our purpose, spatial charges are computed for the molecule (L4P) and the semiconductor layer
(ZnO). This technique is very powerful if the electric potential is already known from DFT
calculations.
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Following [MAR06], we start with the general coupling element V a,b
a′,b′ for the coupling of

two molecules. The coupling element is composed of the electron - electron, the electron -
nuclei and the nuclei - nuclei coupling.

V a,b
a′,b′ =

e2

4πε0



dr1...drN



dr̄1...dr̄Nψ
∗
a(r1, ..., rN )ψ∗

b (r̄1, ..., r̄N )


N

i,j

1

|ri − r̄j |
  

el-el

−
N

i,J

ZJ

ri − R̄J



−

N

I,j

ZI

|RI − r̄j |
  

el-nucl

+
N

IJ

ZIZJ

RI − R̄J




  

nucl-nucl



ψ∗
a′(r1, ..., rN )ψ∗

b′(r̄1, ..., r̄N )

(6.1)

The coordinates of electrons are denoted by the lowercase letters (i, j) and the nuclei ones by
the capital letters I and J . ZI/J is the atomic number fo the I−th, J−th nucleus of molecule a
and b, respectively. To simplify the coupling element, they use that electrons are indistinguish-
able and thus it is possible to reduce the summation to only two electrons at r1 and r̄1 times
N2 for the coupling between the electrons of molecule a and the electrons of molecule b. They
reduce the complexity of the electron - nuclei coupling in the same way.

V a,b
a′,b′ =

e2

4πε0



dr1...drN



dr̄1...dr̄Nψ
∗
a(r1, ..., rN )ψ∗

b (r̄1, ..., r̄N )



N2 1

|r1 − r̄1|
−N



J

ZJ

r1 − R̄J



−N



I

ZI

|RI − r̄1|
+

N

IJ

ZIZJ

RI − R̄J






ψ∗
a′(r1, ..., rN )ψ∗

b′(r̄1, ..., r̄N )

(6.2)

They introduce the single particle density ρa,a′(r1) for molecule A

ρa,a′(r1) = N



dr2...drNψ
∗
a(r2, ..., rN )ψ∗

a′(r2, ..., rN ) (6.3)

and in the same manner for the density of molecule B. Due to the orthogonality of the wave
functions ψ, the single particle densities fulfill the relation



dr1ρa,a′(r1) = Nδa,a′ (6.4)

with the normalization constant N [Sch03]. Using the single particle density and the orthogo-
nality relation, one can rewrite the Coulomb coupling element V a,b

a′,b′ to

V a,b
a′,b′ =

e2

4πε0



dr1



dr̄1ρa,a′(r1)
1

|r1 − r̄1|
ρb,b′(r̄1)−

e2

4πε0



J



dr1
ZJ


r1 − R̄J



ρa,a′(r1)δb,b′

− e2

4πε0



I



dr̄1
ZI

|RI − r̄1|
ρb,b′(r̄1)δa,a′ +

e2

4πε0



IJ

ZIZJ

RI − R̄J



δb,b′δa,a′

(6.5)
By introducing the potential Φb,b′(r), they rewrite the coupling element

V a,b
a′,b′ = −e



dr1ρa,a′(r1)Φb,b′(r1) +


I

ZIΦb,b′(RI)δa,a′ (6.6)
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with the potential for molecule B

Φb,b′(r) = − e2

4πε0



dr̄1
1

|r− r̄1|
ρb,b′(r̄1) +



J

ZJ

r− R̄J



δb,b′ . (6.7)

The potential for the molecule A Φa,a′(r) is defined in the same way. The main idea is to
approximate this potential by atomic charges, since there exist standard programs to fit the
electrostatic potential by atomic charges [MAR06]. With this approximation

Φb,b′(r) ≈
1

4πε0



J

qJ(b, b
′)


r− R̄J




(6.8)

they rewrite the coupling element

V a,b
a′,b′ =



J

qJ(b, b
′)



− e

4πε0



dr1
1


R̄J − r1



ρa,a′(r1) +



I

ZI
1


R̄J −RI



δa,a′



=


J

qJ(b, b
′)Φa,a′(R̄J)

(6.9)

with the definition of the electrostatic potential Φa,a′(r) of molecule A, analog to (6.7). By
inserting the same atomic charges approximation of the electro static potential of molecule A,
as for the molecule of B, they derive the final form of the Coulomb coupling element in terms
of atomic charges

V a,b
a′,b′ =

1

4πε0



I,J

qI(a, a
′)qJ(b, b

′)

RI − R̄J




(6.10)

In the strict sense this approach is only valid for the interaction between two molecules, but
it can be generalized to periodic structures [CMW09, CSSJ10]

Now we start to use the formalism of atomic charges for our hybrid inorganic organic
systems. Therefore, we calculate the coupling elements between the molecular layer and the
semiconductor substrate. First, we need to transform the coupling element from real space
into the reciprocal space. Second , we neglect the interaction between the molecules of the
molecular layer in a first approach, similar to the case in [VKR+14]. Without this interaction,
the matrix of the Eigenvectors cq

ll′
is equal the identity matrix 1.

6.2 Band structure of the semiconductor

To describe the band structure of the semiconductor properly, we use the effective mass approx-
imation [Czy04]. This approximation includes the momentum dependency of the conduction
and valence band by using parabolic bands with a band gap Egap. As commonly used, we use
a positive mass for the conduction band (mc > 0) and a negative one for the valence band
(mv < 0).

Ekk′ = Egap −
ℏ
2k2

2mv
+

ℏ
2k′2

2mc
(6.11)

The effective masses as well as the gap energy are calculated by the Fritz-Haber-Institut Berlin
by using an ab-intio framework [VKR+14].
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|k|

E|k|

Egap

ℏ|k′|2

2mc

ℏ|k|2

2mv

Figure 6.1 | Sketch of the band structure of the substrate using the effective mass

approximation.

6.3 Hamilton Operator of the HIOS

The Hamiltonian of the HIOS is given by the free Hamiltonians of the molecular layer, the
semiconductor substrate and the coupling between both constituents

H =


α,Rν

Eαa
†
α,Rν

aα,Rν

  

molecular layer

+


β,k

Ek
βa

†
β,kaβ,k

  

semiconductor substrate

+
e20

4πε0



α,α′,Rν



β,β′,k,k′



V β,k α,Rν

β′,k′ α′,Rν
a†β,ka

†
α,Rν

aα′,Rν
a
β′,k′ + h.a.



  

substrate-molecular layer interaction

(6.12)

with the energies E of the excitons and the coupling matrix element V β,k α,Rν

β′,k′ α′,Rν
. α repre-

sents the states of the molecules (only HOMO and LUMO in the following), Rν the position of
the ν-th molecule and β the band of the semiconductor (in the following only conduction c and
valence band v). As commonly used, we describe the semiconductor substrate using a Bloch
basis representation with the wave vector k. For a consistent description of the molecular layer
and the semiconductor substrate in one theory, we need to transform the Hamiltonian of the
molecules to a Bloch basis, too. This is possible if we assume a regular and infinitely extended
arrangement of molecules on top of the semiconductor substrate. We transform the electronic
operators of the molecules using

aα,Rν =


l

1√
Nm

e−il·Rνaα,l and aα,l =

Nm

Rν

1√
Nm

eil·Rνaα,Rν
(6.13)
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, respectively. The reciprocal space vectors l and k are restricted to the first Brillouin zone
of the molecular layer and substrate, and Nm(Nuc) is the number of molecules and unit cells,
respectively. The Hamiltonian in Bloch basis

H =


l



α∈{H,L}

Eαa†α,laα,l +


k



β∈{v,c}

Eka
†
kak

+
e20

4πε0

1

NmNuc



ll′



kk′



Rν



V c,k H,Rν

v,k′ L,Rν
ei(k−k′)Rνa†c,ka

†
H,laL,l′av,k′ + h.a.

 (6.14)

now treats the electrons of the semiconductor substrate as well as the electrons of the molecular
layer in the same manner.

We employ some calculation on the coupling element

V c,k HRν

v,k′ LRν
=

1

NmNuc



Rν

V c,k H,Rν

v,k L,Rν
ei(k−k′)Rν (6.15)

to reduce the numerical costs.
We express the coupling element via atomic charges using Equation (6.10):

V c,k H,Rν

v,k′ L,Rν
=


Iuc,Jν

qIuc(c, v)qJν (H,L)

|Rν +RJν −Ruc −RIuc |
. (6.16)

Here, we divided the vector pointing to the atomic charges in one vector pointing to the unit
cell of the semiconductor substrate/molecular layer (Ruc/Rν) and one vector pointing from
the origin of the unit cell to the position of the atomic charge of the substrate/ molecular layer
(RIuc /RJν ). The charges qIuc labels the I-th atomic charge in the unit cell of the substrate
and the charges qJν to the J-th atomic charge in the unit cell at Rν of the molecular layer,
respectively.
Since the sum over Ruc is infinite and Ruc ∗ n = Rν for n ∈ Z holds (we assume only
whole-number ratios of the coverage), we can make the replacement Ruc → Ruc +Rν . With
this replacement, the sum over the atomic charges is independent of Rν and we can apply the
discrete Fourier transformation

Nm

Rν

1

Nm
ei(k−k′+l−l′)Rν =



Gν

δk−k′+l−l′,Gν
(6.17)

with the reciprocal unit cell vector of the molecular layer Gν .

e20
4πε0

1

NmNuc



Rν

V c,Ruc H,Rν

v,Ruc L,Rν
ei(l−l′)Rν

=
1

4πε0

1

Nuc



Gν

δk−k′+l−l′,Gν



Iuc,Jν

qIucqJν
|RJν −Ruc −RIuc |

≡ V k,c l,L
k′,v l′,H

(6.18)

This yields for the interaction Hamiltonian between the semiconductor substrate and the
molecular layer:

Hsub−mol =


ll′



kk′

V k,c l,L
k′,v l′,H

a†c,ka
†
H,laL,l′av,k′ + h.a. (6.19)
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6.4 Equation of motion for the HIOS

After calculating the desired Hamiltonians for the hybrid inorganic organic system, we calcu-
late the equations of motions via the Von-Neumann-Equation to obtain the dynamics of the
system

∂t ⟨O|ρ|O⟩ = −i

ℏ
⟨O| [H, ρ] |O⟩ (6.20)

for a given state O and the density matrix ρ. We find for the exciton density in the molecular
layer

∂t ⟨Xq|ρ|Xq⟩ = −2

ℏ



kk′

Im



V k,c H
k′,v L


Xq|ρ|k′k



(6.21)

where we use the definition of the state |Xq⟩ =


l1,l2

cql1,l2 |l1l2⟩ and define the matrix element

V k,c H
k′,v L

as

V k,c H
k′,v L

=


l,l′

cq
ll′
V k,c l,H
k′,v l′,L

. (6.22)

To calculate the exciton density in the semiconductor substrate, we use the completeness rela-
tion of the coefficients



q

cq∗l1l2c
q

l′
1
l′
2

= δl1,l′1δl2,l′2 and end up with

∂t

kk′|ρ|k′k


= −2

ℏ



q

Im



V k,c H
k′,v L


Xq|ρ|k′k



. (6.23)

The polarization like term

Xq|ρ|k′k


is calculated with the use of the above mentioned

relations and we only consider the diagonal elements

kk′|ρ|k′k


.

∂t

Xq|ρ|k′k


=
i

ℏ
(Ekk′ − Eq)


Xq|ρ|k′k



− i

ℏ



V k,c H
k′,v L


kk′|ρ|k′k


−


V k,c H
k′,v L

∗
⟨Xq|ρ|Xq⟩

 (6.24)

We solve this equation by using the Markov approximation and later insert the solution into
the exciton densities of the semiconductor substrate and the molecular layer, respectively.
First, we solve the inhomogeneous ordinary differential equation for the polarization term

Xq|ρ|k′k


with constant coefficients of first order by variation of parameters. To obtain con-

vergence, we introduce a factor iγ (this is equivalent to include damping phenomenologically).
Formal integration of (6.24) and the substitution t′ = t− s yields:
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Xq|ρ|k′k


(t) =− i

ℏ

t

−∞

dt′e
i

ℏ
(Ekk′−Eq+iγ)(t−t′)

×


V k,c H
k′,v L


kk′|ρ|k′k


(t′)−



V k,c H
k′,v L

∗
⟨Xq|ρ|Xq⟩ (t′)



=− i

ℏ

∞

0

dse
i

ℏ
(Ekk′−Eq+iγ)(s)

×


V k,c H
k′,v L


kk|ρ|k′k


(t− s)−



V k,c H
k′,v L

∗
⟨Xq|ρ|Xq⟩ (t− s)



(6.25)

The Markov approximation neglects the s dependency of the densities

kk′|ρ|k′k


and

⟨Xq|ρ|Xq⟩. This is the same as to neglect memory effects, since the integration over t − s
integrates over all times before t. From a more mathematically point of view one can argue,
that the Markov approximation is valid as long as the exponential function oscillates much
faster than the function with time argument t − s. If this is the case, we can neglect the s
dependency and take the terms out of the integral.
In our case we neglect the parameter s in the densities for the substrate and molecular layer
excitation, respectively. These quantities vary way slower than i.e. the polarizations between
the substrate and the molecular layer


Xq|ρ|k′k


as long as the energy gap |Ekk′ − Eq|

is way larger than the coupling between the excitons in the semiconductor substrate and the
excitons in the molecular layer V k,c H

k′,v L
.

Integration of the e-function and use of Dirac’s identity [HK09] yields

iℏ

Ekk′ − Eq + iγ
= P


ℏ

Ekk′ − Eq



+ πℏδ(Ekk′ − Eq). (6.26)

In the following, we neglect the principle value P and find the solution for the polarization


Xq|ρ|k′k


= ℏπδ(Ekk′ − Eq)



V k,c H
k′,v L


kk|ρ|k′k


−


V k,c H
k′,v L

∗
⟨Xq|ρ|Xq⟩



(6.27)

with the energy conserving delta function δ (Ekk′ − Eq). In order to calculate the energy
transfer rate between the semiconductor substrate and the molecular layer, we will eliminate
the polarization in the equations of motions of the densities.

6.5 Transfer rates

Now we calculate the energy transfer between a molecular layer and a semiconductor substrate
by using spatial charges for the unit cells of both constituents in real space. Using different
Fermi-Dirac distributions for the electrons and holes in the semiconductor substrate accounts
for electrical pumping of the substrate.
We use the previous results from Section 6.4, i.e. the solution for the polarization obtained
via Markov approximation, and insert this solution (6.27) into the equation of motion of the
densities for the molecular layer (6.21) and the semiconductor substrate (6.23).
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∂t ⟨Xq|ρ|Xq⟩ =
2π

ℏ



k,k′,q



V

k,c H
k′,v L





2
⟨Xq|ρ|Xq⟩ δ(Ekk′ − Eq)

− 2π

ℏ



k,k′



V

k,c H
k′,v L





2 
kk′|ρ|k′k


δ(Ekk′ − Eq)

(6.28)

∂t

kk′|ρ|k′k


=
2π

ℏ



q



V

k,c H
k′,v L





2
⟨Xq|ρ|Xq⟩ δ(Ekk′ − Eq)

− 2π

ℏ



kk′q



V

k,c H
k′,v L





2 
kk′|ρ|k′k


δ(Ekk′ − Eq)

(6.29)

Assuming an electrically pumped semiconductor, we identify the term

Γ = −2π

ℏ



k,k′



V

k,c H
k′,v L





2 
kk′|ρ|k′k


δ(Ekk′ − Eq) (6.30)

as energy transfer rate between both constituents of the HIOS. We further simplify this en-
ergy rate by evaluating the delta functions caused by the Markov approximation. We start by
rewriting the k-sums as integrals, suitable for quasi discrete systems,



k

=


k

(∆k)D

(∆k)D
→

L

2π

D 

dkD (6.31)

with the size in real space L and the dimension D [HK09].
We use the property of the delta function:



dxf(x)δ(g(x)) =


ni



dxf(x)
δ(x− ni)

|g′(ni)|
=


ni

f(ni)

|g′(ni)|
(6.32)

with the sum over the zeros of g(x) ni. The delta distribution is fulfilled for Ekk′ = Eq which
leads, in Cartesian coordinates and solved for kxi , to

kxi =



−k2y + k′2mv

mc
+ 2

mv

ℏ2
(Egap − Eq) (6.33)

with the gap energy of the semiconductor Egap and the transition energy of the molecular layer
Eq (cf. 6.2), which can depend on the momentum vector q. Note, we neglect the negative
solution of the square root, since negative k-vectors are senseless in reciprocal space.

Evaluating the delta function using the above mentioned relations, we find for the energy
transfer rate

Γ =
2πmv

ℏ4N2
m



dky



dk′


V

kxiky ,c H

k′,v L





2 
k′k|ρ|kk′

 1

kxi

(6.34)

To account for electrical pumping of the semiconductor substrate, we approximate the ex-
citon density in the semiconductor substrate


kk′|ρ|k′k


by two Fermidistributions, one for

the electrons fe and one for the holes fh

f =
1

e
E−µ
kBT + 1

. (6.35)
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Since the numerical calculations scaled with the discretization of the l and k wave vectors,
we regard numerical solutions for the energy transfer rate to further investigations.

In conclusion, we introduce spatial charges to describe the interaction between the semi-
conductor substrate and the molecular layer beyond the dipole approximation. We derive the
equations of motions for the coupled hybrid system and apply the Markov approximation to the
polarization between the semiconductor substrate and the molecular layer. Therefore, we are
able to formulate the energy transfer rate between molecules and the semiconductor substrate.
Understanding the basic mechanism of energy transfer in the system is crucial to design and
optimize hybrid organic inorganic systems, since the transfer rate depends on the molecular
coverage and distance.
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Chapter 7

Conclusion and Outlook

We investigate a hybrid system consisting of two quantum dots coupled to a metal sphere. For
such a device, we theoretically propose a tunable emission statistic by only changing one sys-
tem parameter, the Förster interaction between the two quantum dots. We explain the huge
impact of this interaction on the emission statistic via redistribution of dipole-moments and
shifts in the eigenenergies of the coupled hybrid system.
For one quantum dot coupled to a metal sphere, we compare our theory with experimental
results and find good qualitative agreement in time and frequency domain. For small metal
spheres and a large distance between the constituents, the quantitative agreement is pretty strik-
ing, too. The quantitative mismatch might be related to higher order plasmon modes which are
not included in our theory. Including these modes could open paths to the rich variety of plas-
monic physics. For instance, the quadrupole mode usually does not coupled to the far-field and
is thus not effected by radiative decay. This could be an useful feature if one would use it as
a resonator for a spaser. Beside higher order modes of metal spheres, one could also change
the shape of the metal structure to achieve certain properties. This could include guiding of
plasmons or focusing of electric fields. While these feature are often included in classical cal-
culations based on Maxwell’s equations, there are no quantum mechanical calculations dealing
with all these features. The quantization of plasmons within irregular shaped metal structures
or of higher order modes is an interesting and challenging field for theoretical physicists.
In the last part, we derive the energy transfer rate between a semiconductor quantum well and
a molecular layer. These systems are promising candidates for high efficient light sources and
have been recently reported experimentally [SBB+15]. Nevertheless, a fundamental theoretical
understanding is crucial for an efficient development and improvement of such optical devices.
Beside the interaction between the molecular layer and the semiconductor quantum well, one
could additionally include disorder within the molecular layer and the interaction between the
molecules in the molecular layer for a more realistic model of the system.
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Appendix A

Parameter for fit of the dielectric

function

The following table gives an overview over the parameters obtained by fitting the function
[ELRM06]

εAu = ε∞ − 1

λ2p


1
λ2 + i

γpλ

 +


i=1,2

Ai

λi



eiφi

1
λi

− 1
λ − i

γi

+
e−iφi

1
λi

+ 1
λ + i

γi



. (A.1)

to the dielectric function measured by Johnson and Christy [JC72] for gold Table A.1 and silver
A.2.

variable fit value variable fit value variable fit value variable fit value

ωpl 10.3392 Γpl 0.24668508 A1 2.66641 A2 243.705
ω1 2.38613 ω2 0.278584 Φ1 -1.33841 Φ2 -3.09254
γ1 0.906995 γ2 0.30894 ε∞ 0.920894

Table A.1 | Fit parameter for gold.

variable fit value variable fit value variable fit value variable fit value

ωpl 9.12988 Γpl 0.0218872 A1 4.64428 A2 0.401092
ω1 2.16392 ω2 4.01371 Φ1 -1.97191 Φ2 -1.65356
γ1 2.98446 γ2 0.504812 ε∞ 0.0080116

Table A.2 | Fit parameter for silver.
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Appendix B

Equations of motion for the hybrid

system

B.1 One quantum dot coupled to a metal sphere

For sake of completeness, we give the equation of motion for the plasmon assisted conduction
band density for a hybrid system consisting of one quantum dot coupled to a metal sphere. The
equation reads:

∂t ⟨nc|n⟩⟨p|⟩ =


i (n− p)ωsp −
γsp
2

(p+ n)− γg



⟨nc|n⟩⟨p|⟩

+ γsp


p+ 1
√
n+ 1 ⟨nc|n+ 1⟩⟨p+ 1|⟩

− i

ℏ
µ (E (t)∗ ⟨ρvc|n⟩⟨p|⟩ − E (t) ⟨ρvc|p⟩⟨n|⟩)

+
i

ℏ
χE (t)

√
p ⟨nc|n⟩⟨p− 1|⟩ − i

ℏ
χ∗E (t)∗

√
n ⟨nc|n− 1⟩⟨p|⟩

+
i

ℏ
χ∗E (t)∗



p+ 1 ⟨nc|n⟩⟨p+ 1|⟩ − i

ℏ
χE (t)

√
n+ 1 ⟨nc|n+ 1⟩⟨p|⟩

− ig1
√
n+ 1 ⟨ρvc|n+ 1⟩⟨p|⟩+ ig∗1



p+ 1 ⟨ρvc|p+ 1⟩⟨n|⟩ .

(B.1)

Plasmonic oscillations ωsp and damping γsp occur in the first and second line since the
conduction band density is plasmon assisted by the plasmonic eigenstates |n⟩⟨p|. The third
line couples the conduction band density via the external optical field E(t) to the excitonic
polarization. The fourth and fifth line account for the interaction between the plasmons and the
external optical field. In the last line the interaction between the excitons and the plasmons is
included.

B.2 Two quantum dot coupled to a metal sphere

For the sake of completeness we give the equation of motion for the ρijkl terms. Here for the
case of two quantum dots coupled to a metal sphere in the biexcitonic basis including FÃPrster
interaction between the quantum dots.
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(B.2)
The density like term ρn,mvvvv representing the electron ground state correlation has no decay

term but is driven by in scattering terms from upper excitonic levels through ρn,mcvvc and ρn,mvccv

which ensurer energy relaxations in the system. The interaction between plasmons and exter-
nal optical field couples ρn,mvvvv to other plasmon number states. The plasmon excitation and
absorption terms appear at all quantities ρn,mopqr with o, p, q, r ∈ c, v (c: conduction, v: valence
band).
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(B.3)
ρn,mcvcv is a pure polarization operator for quantum dot 1 and quantum dot 2. Therefore, it is

damped by γg (γg/2 for each transition). On the one hand, the Förster interaction couples ρn,mcvcv

to pure density like expectation values ρn,mvccv and ρn,mcvvc. On the other hand, the interaction with
the external optical field and the interaction between the excitons and plasmons g1/2 couple
ρn,mcvcv to excitonic polarization and density like expectation values.
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(B.4)
ρn,mcccv is a mixed operator, density like for quantum dot 2 and polarization like for quantum

dot 1, thus damped by 3/2γg (γg/2 for the transition and γg for the density). Via the conduction
band density like contribution in ρn,mcccv it drives the valence band density term in ρn,mvvvc (cf. Eq.
(B.6)). The Förster interaction couples the density like part of ρn,mcccv to a polarization like part
and vice versa the polarization like part to a density like part, this contributes to the formation
of plasmon polariton excitations.
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(B.5)
ρn,mccvc is similar to the last term. But in contrast to ρn,mcccv the contributions of quantum dot 1

and quantum dot 2 are swapped.
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(B.6)
Similar to the last to terms ρn,mvvcv is a mixed operator, but now the density like part belongs

to the valence band. This affects the damping and give rise of the driving term +γspρ
n,m
cccv in

the second line. Again the Förster interaction couples the density like part to a polarization like
part and the polarization part to a density part.

∂tρ
n,m
vvcv = (i(n−m)ωsp − iω g2

ℏ

− γsp
2

(n+m)− 1/2γg)ρ
n,m
vvcv + γsp

√
n+ 1

√
m+ 1ρn+1,m+1

vvcv

+ i
µ1
ℏ
(E∗

t ρ
m,n∗
ccvv − Etρ

n,m
cvcv) + i

µ2
ℏ
Et(ρ

n,m
vvvv − ρn,mvccv)− i

V12
ℏ
ρn,mvvvc + γgρ

m,n∗
ccvc

+
i

ℏ
E∗

t χ
∗
√
m+ 1ρn,m+1

vvcv −
√
nρn−1,m

vvcv


+

i

ℏ
Etχ

√
mρn,m−1

vvcv −
√
n+ 1ρn+1,m

vvcv



+ i
g1
ℏ

√
mρm−1,n∗

ccvv − i
g∗1
ℏ

√
nρn−1,m

cvcv + i
g∗2
ℏ

√
m+ 1ρn,m+1

vvvv − i
g∗2
ℏ

√
nρn−1,m

vccv

(B.7)
ρn,mvvcv behaves like the last term ρn,mvvvc with swapped semiconductor quantum dots (1 ↔ 2).

Therefore again the Förster interaction couples both terms leading to the new plasmon polariton
excitations.
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(B.8)

115



B EQUATIONS OF MOTION FOR THE HYBRID SYSTEM

The pure polarization like term ρn,mccvv is damped by γg since it involves the polarization of
both quantum dots and does not couple via the Förster interaction, since all quantum dots are
simultaneously either excited or unexcited.
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(B.9)
In the pure density like term ρn,mvccv we can again see the driving of the valance band like

part through the corresponding conduction band part of ρn,mcccc. Via the Förster interaction ρn,mvccv

is coupled to the pure polarization like term ρn,mcvcv.
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(B.10)
The term ρn,mcvvc behaves in the same way as the last one (ρn,mvccv) with swapped quantum dot

1 and quantum dot 2.
Restricting ourself to two quantum dots and assuming only one electron per quantum dot in
Equation (B.2)-(B.10) , the hierarchy of the electron operators is closed at the level of expec-
tation values with four operators. With this assumption higher orders of electron operators do
not exist.
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Appendix C

Parameters used to model the optical

experiments

In the following we summarize the parameter used to model the optical experiments carried
out in the group of Holger Lange and Tony Heinz. In table C.1 we give all parameters used
and how they were determined. The parameters for the quantum dot are mostly determined
by independent experiments and fits to the resulting data, like for the radiative dephasing,
resonance energies and the distance between the quantum dots and the gold sphere. The dipole
moment and the rate for the pure dephasing are taken from the named references.

The diameter of the gold spheres are determined by transmission electron microscopy. The
resonances and and the damping of the plasmons are calculated according to Section 2.1.2 by
solving a continuity relation (Equation (2.16)) set up by using the Helmholtz equation.

Parameter Symbol Value

dipole moment QD d 1.84enm[EB97]
radiative dephasing γx 2 · 10−8fs−1 (green), 6 · 10−8fs−1 (red) (Fit)

pure dephasing γpure 0.053fs−1[Tak93]
resonance QD ℏωx 2.37eV (green), 2.08eV(red) (Spectrum)

distance QD-AuNP R 12, 5nm up to 36, 5nm depending on spacer (TEM)
diameter AuNP dm 12nm, 20nm, 40nm (TEM)
resonance AuNP ℏωpl 2.45eV (12nm), 2.45eV (20nm), 2.42eV (40nm)[KD13]
damping AuNP γpl 0.093fs−1(12nm) 0.079fs−1(20nm), 0.082fs−1(40nm)[KD13]

dipole moment AuNP χ 8.17enm (12nm), 17.58enm (20nm), 49.72enm (40nm)
pulse duration τ 300fs (laser manual)

time offset toff 90ps (IRF)
excitation frequency ℏω 2.37eV (green), 2.08eV (red)

n 1
quadratic chirp k 5 · 10−4fs−1 (spectra)

Table C.1 | Parameters used to model the optical measurements in Chapter 5 and

how they are determined.

We determine the laser parameter from measurements of the instrumental response function
(IRF) like for the time offset. The pulse duration is taken from the laser manual since it is to
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short to be totally resolved by the experimental setup. Excitation frequency and the quadratic
chirp are determined via measurements of the spectra.

118



Appendix D

Different contributions to the far field

signal for the red quantum dots

coupled to a gold sphere

For sake of completeness we plot the contributions to the far field signal for the remaining
spacer thicknesses of 5nm in Figure D.1 and 10nm in Figure D.1.
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Figure D.1 | Theoretical curves averaged over an ensemble of 50 single hybrid sys-

tems and convolved with the instrumental response function. Shown in a-c are the

different parts of the far field signal (5.6) for a spacer thickness of 5nm and for several

diameters of the gold spheres. In c) the complete signal of the hybrid system is shown.
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Figure D.2 | Theoretical curves averaged over an ensemble of 50 single hybrid sys-

tems and convolved with the instrumental response function. Shown in a-c are the

different parts of the far field signal (5.6) for a spacer thickness of 10nm and for several

diameters of the gold spheres. In c) the complete signal of the hybrid system is shown.
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