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Zusammenfassung

Gegenstand der Arbeit ist zum einen eine Vertiefung des Verständnisses des
Begriffs intensionaler Gleichheit im Bereich von Prozeßkalkülen, der kom-
plementär zum Begriff der extensionalen Gleichheit ist, und zum zweiten
die Definition einer denotationellen Semantik für Prozesse in ε-Strukturen,
die nicht wohl-fundierte Mengen zur Modellierung von Selbstbezüglichkeit
zulassen. Die intensionale Gleichheit erlaubt Prozesse aufgrund ihrer (syn-
taktischen) Definition zu unterscheiden, selbst wenn ihr beobachtbares Ver-
halten, d.h. ihre Extension, gleich ist. Dadurch kann z.B. erfolgreiches Ter-
minieren von blockierendem Verhalten unterschieden werden. Intensionale
Aspekte können durch zusätzliche Sortierung von Prozessen kodiert wer-
den. Die operationelle Semantik von sortierten Prozessen wird dann durch
sortierte LTS (labelled transition systems) dargestellt. Die abstrakte deno-
tationelle Semantik ist durch eine Interpretation von LTS in ε-Strukturen
definiert, die einerseits die Sortierung aufheben und andererseits rekursive
Prozesse ohne zusätzliche topologische Konstruktionen modellieren können.
Als exemplarische Anwendung wird die allgemeine Semantikdefinition von
LTS in ε-Strukturen für den dyadischen Interaktionskalkül nach Honda und
Abramskys lazy λ-Theorie vorgestellt und dadurch in einen einheitlichen
Rahmen gebracht.
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Abstract

The subject of the thesis is firstly to add to the understanding of the notion
of intensional equality in process setting which is a complementary notion
to the extensional equality and secondly to give an intensional set-theoretic
semantics for processes in ε-structures which allows non-well-founded sets
for modelling self-reference. The intensional equality allows to distinguish
processes by their (syntactic) definition even if their observable behavior; i.e.
their extension is equal. As a result, one can distinguish for example a well-
terminating process from a deadlock one. Intensional aspects can be encoded
by an additional sorting discipline. The operational semantic of sorted pro-
cesses is given in terms of sorted labelled transition systems (LTS’s). The
abstract denotational semantics is defined by an interpretation of LTS’s in
ε-structures which on one hand respect the sorting and on the other hand
model recursive processes without any additional topological constructions.
The general semantic definition of LTS’s in ε-structures is introduced into
the dyadic interaction calculus of Honda and Abramsky’s lazy λ-calculus as
two exemplary applications in order to get an unified framework.
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1 Introduction

Description, analysis, and modelling of concurrent systems is one of the most
challenging areas in computer science. A concurrent system is a composition
of independent entities called processes which may interact or run concur-
rently. In general, giving a semantics to concurrent systems to describe and
to analyze their behavior is a difficult task. The reason is that the behavior
of such a system is the result of the interactions of its processes and their pos-
sible evolutions. Besides, such interactions may not be deterministically pre-
dictable and different interactions may occur simultaneously. In particular,
giving a set-theoretic semantics to concurrent systems is more complicated.
In addition to the complex behavior of the system the processes can have an
infinite behavior; i.e. they can be circular. In process setting the circularity
occurs in the form of recursion. If we adopt the natural way to modelling
processes in set theory given by Rutten [82] and say that the set-theoretic
meaning of a process is the set of all its successor processes we shall run up
against difficulties as soon as we try to model the recursive processes. The
reason is that this straightforward and natural way to modelling processes
in classical set theory is blocked by the axiom of foundation. It is the same
situation as giving set-theoretic semantics to the circular phenomena like the
Liar paradox in mathematical logic, self-applicable functions in λ-calculus;
e. g. λx.xx corresponding to f(x) := x(x), and the constituent of relation in
situation theory. It is well-known that these can not be adequately modelled
in traditional set theory since the axiom of foundation again bans the exis-
tence of circular sets which are sets that can be members of themselves. To
sidestep this problem, we either have to give up the powerful and accustomed
tools of set theory, or we have to refine our notion about sets and enrich the
concept of sets, finding one which at least admits of circular sets. The the-
ory of non-well-founded-sets is an elegant attempt to allow the existence of
circular sets and overcomes the problem of modelling circular phenomena
generally and processes particularly [82]. There are many approaches to
presenting non-well-founded sets. Non-well-founded set theory presented by
Aczel [4] and the theory of ε-structures introduced by Mahr [54] are two ex-
amples of the works on this field with a wide application in computer science,
semantics, and type theory (see[80], [81], [82], [76], [34], [54], [88], and [92]).
But in this work we solely focus on the theory of ε-structures.
In giving set-theoretic semantics to calculi allowing circularity we should
tackle not only the problem of modelling circularity, but also the question
of equality. Before we deal with the notion of equality for processes, we
will study how the conditions of equality for Aczel’s sets and ε-structures as
two possible candidates for giving set-theoretic semantics for processes are
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stated. The answer to the question of an equality criterion for well-founded
sets is given by the extensionality criterion of classical set theory which says
two sets are equal if they have the same elements. For non-well-founded
sets the answer is given by development of many approaches which range
from keeping to the extensionality criterion of classical set theory as the sole
criterion where nothing further is stipulated to a strengthening of it (see [4]
for a detailed discussion). Aczel determines the criterion for set equality by
means of the maximal bisimulation relation which was first presented by Park
[69] in the early 80’s and is a strengthening of the extensionality criterion of
classical set theory. The maximal bisimulation relation says a relation R on
sets is a bisimulation if for all sets a and b with aRb the following holds: For
every element x ∈ a there exists an element y ∈ b such that xRy and vice
versa. Aczel’s theory obeys an extensionality principle called the principle
of strong extensionality: Two sets are equal if they are bisimilar. In other
words, as soon as the bisimulation relation between two sets has been fixed,
the principle of strong extensionality determines the conditions of equality for
the two non-well-founded sets. By contrast, ε-theory obeys an intensionality
principle which says two sets might even be distinct if they have the same
members. This principle is justified by the fact that in ε-theory a set is not
identified with the collection of its elements.
One further remark is in order before we leave this subject. Since Aczel’s
criterion for set equality is a strengthening of the extensionality criterion,
the resulting notion of equality for non-well-founded sets is extensional in
the same sense that the notion of equality we are familiar with like the
equality for well-founded sets or functions. As Aczel has found that there
is a striking analogy between the notion of non-terminating processes, also
called circular processes, where one can take a successor of a successor of
. . . a process ad infinitum, and the notion of non-well-founded sets where
one can take a member of a member of . . . a set ad infinitum, there is also
a striking analogy between the notion of equality for processes and that for
non-well-founded sets. The behavioral equivalence between processes is de-
termined by a bisimulation equivalence relation which is induced by a labelled
transition system, LTS. An LTS is given by a set of states, a set of labels
and a transition relation. Following Plotkin [75] the possible evolutions of a
process are given in terms of a labelled transition system in which the rules
are defined inductively on the structure of a process term. Intuitively, the
bisimulation relation requires that any action performed by a process during
its possible evolutions should be matched by the other one and vice versa.
Here two processes are behaviorally equivalent if they are bisimilar. Now,
it is not hard to see that the equality criterion for processes is very close to
that for Aczel’s sets and by similar reasoning the notion of process equality
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is extensional. An interesting deliberation arising in this context goes as
follows: If the extensional equality is sufficient to determine the criterion of
equality between the objects of mathematics then it may well seem natural
to leave out of consideration the attempt of stipulating further aspects con-
cerning a weaker criterion for equality which we call an intensional criterion
for equality. But sometimes a stronger view is expressed. In mathematics
and computer science there are examples for justifying this attempt. An ele-
gant example supporting this claim is [3]. This work deals with the sensible
theory of the λ-calculus, also known as the standard theory introduced by
Barendregt [13]. The standard theory is the commonly accepted foundation
for lazy functional programming languages like in Miranda, LML, Lispkit,
Orwell, Ponder, and Tale. It is well-known that in the standard theory the
meaning of λ-terms is based on head normal forms via the notion of Böhm
trees and all unsolvable terms (without head normal form) are identified.
This brings us to the question of whether the languages mentioned above
also evaluate λ-terms to head normal form? The answer is no. Instead they
evaluate them to weak head normal form; i.e. they do not evaluate under
abstractions. This fact gives rise to a fundamental mismatch between theory
and practice. Since current practice is well motivated by efficiency consider-
ations, it makes sense to search for the reason of the mismatch in theory and
to develop a modified theory which overcomes this problem. The reason for
the mismatch between the theory and practice originates in the fact that the
standard theory is under-discriminating; i.e. it identifies those terms which
are not necessarily identical. To see this consider the following example from
[3]:

Example 1.1 Let Ω ≡ (λx.xx)(λx.xx) be the standard unsolvable term
(without head normal form). Then

λx.Ω = Ω

in the standard theory, since λx.Ω is also unsolvable; but λx.Ω is in weak
head normal form, hence it should be distinguished from Ω in the modified
theory.

To avoid such identifications in the modified theory the notion of order of
insolvability is presented in [3]. This notion is the core of what we need for
having a finer equality test for λ-terms. In other words, a qualitative aspect
of insolvability, namely its order, is stipulated to test the equality of λ-terms
more accurately. This results in an intensional equality criterion for λ-terms.
Another example to show that the extensionality criterion is not in all circum-
stances sufficient to determine the equality between entities is the following:
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In classical set theory functions are represented as sets of input–output pairs
and two functions are equal if they have the same input–output behavior.
Consider two functions

f, g : N → N

f(x) = x + x

g(x) = 2x.

Then f = g by the extensionality criterion. Now consider two λ-terms
λx. + xx corresponding to the function f(x) = x + x and λx. ∗ 2x corre-
sponding to the function g(x) = 2 ∗ x. Clearly, f and g represented as two
λ-terms are not equal any more since they have different term representa-
tions. Furthermore, consider the implementation codes of f and g in any
computer system. Apparently, f and g are not equal any more since the
operations + and ∗ have different implementations in any system and as a
consequence f and g are differently implemented. These considerations lead
to the fact that an additional aspect to input–output behavior of functions
like their term representations or their implementation codes should be stip-
ulated to determine function equality when one works on their applications
in some fields like in computer science.
The next example is from process setting. Consider two processes P =√

.(0 | ā.F )\a and Q =
√

.0 given in CCS-notation. Since the port name a is
restricted, the process (0 | ā.F )\a will never find a partner to communicate
with. It is therefore a deadlock process and as such semantically the same
as the inactive process 0. Hence P and Q give rise to the same interactions;
i.e. they are bisimilar, and accordingly, should be considered equivalent. But
concerning the sequential composition ‘;’ it turns out that they do not always
behave in the same way and hence should be distinguished. Intuitively, the
process R;U is a system in which U begins when and only when R has
finished. But what does ‘R has finished’ mean? It means that R is well-
terminating; i.e. whenever R performs a special action

√
, pronounced ‘tick’

then it terminates. More precisely, if R
√
→ then R =

√
.0. Formally, the

sequential composition ‘;’ is given by the following inference rules:

(1)
E

α−→E ′

E;F
α−→E ′;F

(2)
E

√
−→0

E;F
τ−→F

Now consider two composed processes P ;U and Q;U . According to the
rule (1), P performs the action

√
and the composed process behaves like
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(0 | ā.F )\a;U . Here U can never proceed since (0 | ā.F )\a is a deadlock,
whereas U in Q;U according to the rule (2) immediately proceeds because
Q is a well-terminating process. As a consequence, P and Q must be dis-
tinguished. Obviously, the extensional equality criterion for processes, ‘per-
forming the same actions’, is in some circumstances too strong and identifies
those processes which must be indeed distinguished and therefore should be
replaced by an intensional one.
The purpose of this thesis is firstly to add to the understanding of the notion
of intensional equality in process setting which is a complementary notion
to the extensional equality and secondly to give an intensional set-theoretic
semantics for processes. To the first purpose, a general sorting discipline for
process states of an arbitrary LTS is presented. This is a suitable framework
to determine the intensional process equality criterion which stipulates the
condition of ‘having the same sort’ for processes as an additional criterion
to the usual one, ‘performing the same actions’. That means that the sorted
processes are equated by a sorted version of bisimulation called controlled
bisimulation. The equality test for sorted processes is thus precise and con-
sequently, undesired process identification is avoided. Moreover, it is shown
that any sorted LTS can be transformed by an encoding function into an un-
sorted one. To the second purpose, a denotational semantics for an arbitrary
process calculus by interpreting the process states of its associated LTS in an
appropriate ε-structure is given. Defining the semantic domain in ε-theory
has the following advantages:

• Since this theory pursues an intensionality principle, it respects the
intensional equality; i.e. it allows modelling sorted process states in a
direct way and without any sorting or type concept for the semantic
domain in order to distinguish the intensionally distinct processes.

• From the previous statement and the fact that any sorted LTS can be
transformed in an unsorted one it follows that once an ε -model for the
corresponding unsorted LTS has been given the model for the sorted
LTS is automatically defined.

• It allows modelling recursive processes in a direct way and without any
topological construction.

Since the operational semantics of process calculi is given in terms of LTS’s
and we define a denotational semantics for an arbitrary process calculi by
interpreting the process states of its associated LTS in an appropriate ε-
structure, it seems to be natural to focus on LTS’s in this work instead of a
concrete calculus as the initial point to present our sorting discipline and the

10



ε-semantics. But as a concrete example to justify the intensional approach
in process setting, Honda’s dyadic calculus and its type discipline [47] is con-
sidered. In this calculus the type of processes guarantees the deadlock-free
behavior of them. Consequently, a deadlock process and the inactive process
are distinguished, since the latter is typeable but the former not. As the
conceptual and notational framework for this thesis, we take category theory
into account. Since this theory is already an important tool and a standard
language in some parts of theoretical computer science like domain theory
and semantics of computation on one hand and on the other hand it unifies
and simplifies many properties and underlying principles of divers mathe-
matical systems.But before we begin with the detailed work, it is necessary
to give a general and brief introduction into the notion of non-well-founded-
sets, extension/intension doctrine, process calculi, and sorting concepts for
processes.

1.1 Non-Well-Founded Sets and Set Equality Criterion

There are many approaches to introducing non-well-founded sets. An ax-
iomatic one is non-well-founded set theory presented by Aczel [4] which
has a wide application in computer science. Aczel’s work was motivated
by work of Milner on modelling concurrent processes. The axiom system of
Aczel (ZFC−+AFA) is based on an extremely natural extension of Zermelo-
Fraenkel’s conception. It consists of the usual axioms of Zermelo-Fraenkel
(ZFC ) without the foundation axiom (FA ) expressed as (ZFC−) and of the
Anti-Foundation axiom (AFA ) which is a negation of (FA ) and expresses
the existence of every possible non-well-founded set in a particular way. To
make it clear, consider that in Aczel’s non-well-founded set theory every set
is viewed as a pointed graph whose nodes are the transitive closure of the
set and whose directed edges are all pairs (m,n) with m ∈ n. The converse
of this observation is what the AFA roughly says: Every graph is associated
with a unique set. Formally, this axiom says: Every graph has a unique dec-
oration. A decoration d for a graph is a function which assigns to every node
n the set of the decorations of its children m; i.e. d(n) = {d(m) | m ∈ n}.
The extensionality axiom of classical set theory says two sets are equal if
they have the same elements. In other words, as soon as the equality re-
lation between the elements of two sets has been fixed, the extensionality
axiom determines the conditions of equality for the two well-founded sets.
But considering the equation x = {x} and asking the question of whether
there are distinct sets which satisfy it, lead us to the fact that the extension-
ality axiom does not help us in giving an answer to this question whereas
AFA allows a unique solution for this equation in the realm of non-well-
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founded sets, namely the set Ω = {Ω}. This is the unique decoration of the
one node graph with one edge leading from this node to itself. As already
mentioned, Aczel gives the condition of equality for non-well-founded sets by
means of the maximal bisimulation relation which is a strengthening of the
extensionality axiom. This relation determines the most generous criterion
for set equality which roughly states that two sets are equal whenever pos-
sible, keeping in mind that if two sets are equal then any element of one set
must be equal to an element of the other one. Furthermore, this relation gives
rise to the formulation of AFA . Since there is more than one criterion for
equality between non-well-founded sets there exists more than one approach
to expressing that every possible non-well-founded set exists (See [4]).
The theory of ε-structures, also called ε-theory, developed by Mahr [54] is a
theory of non-well-founded sets. Mahr’s work was motivated by dealing with
a general calculus of declarations and does not intend to be a new axiomatic
foundation of more general sets, though one can imagine carrying its basic
idea into foundational questions. Originally, this theory intended to serve as
a basis for a uniform treatment of structures and as the appropriate notion
of giving meaning to declarations. But since the concept of ε-structures gives
rise to non-well-founded sets this theory is applied to other fields than type
disciplines and declaration formalisms like semantic model of λ-calculus [76],
semantics of computation [77] and [34], logic [88], and semantics [92].
In ε-theory when we consider a set, we consider only the names of its elements
and not necessarily the items for which the names stand. In other words, the
elements of a set are temporarily considered as atomic objects. Let M be a
set and m elements of this set and m′ elements of these elements. According
to the above deliberations, when we deal with m as elements of M, we deal
only with the names and not with the entities m′, for which the names stand.
At this moment the m′ are hidden and we do not concern about them. Thus
in ε-theory sets are

... abstract concepts which have no physical ontological meaning but appear as an
entity of thought and can be referred to by making statements of membership.2

and a set is given by a set of judgments being statements of membership;
e. g. the set of natural numbers N is given by the set of judgements

0 ε N 1 ε N · · ·

But this definition is impredicative. To avoid this, Mahr [54] gives the fol-
lowing formulation: A given set is called a structure and its elements as well

2see [54].
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as the set itself are called objects. The membership relation is represented
by a binary relation, designated by ε, on a set of objects. Obviously, every
ε-structure can be represented by a graph whose set of nodes is the set of
objects of the ε-structure and whose set of the directed edges is the ε-relation.
In contrast to classical set theory which identifies a set with its extension,
ε-theory distinguishes between a set and its extension and as already said,
obeys an intensionality principle. Here two sets are equal if they have the
same names and the same members. The intensionality principle of ε-theory
guarantees that the individuals — those objects whose extension is the empty
set — are distinct. Hence the intensionality principle rules out the case
that the object sets of ε-structures can only have one individual. Besides,
this principle gives rise to an elegant denotational semantic, an ε-model, for
untyped λ-calculus ([76]). In this model the semantic domain is defined as
a reflexive ε-structure in order to interpret λ-terms as functions. A reflexive
ε-structure is an ε-structure structure with the property that every object
in the structure has a child. But the graph representation of a reflexive
structure in Aczel’s theory is, by [4], a picture of the Ω. This implies that
replacing reflexive structures by the corresponding Aczel’s sets results in a
trivial model whereas the intensionality principle of ε-theory avoids such an
interpretation.
In the previous discussion about the establishment of the equality criterion
for non-well-founded sets it turned out that the extensionality axiom does not
serve for all axiomatic systems of set theory as a suitable equality criterion.
Thus either the extensionality criterion should be modified or the objects of a
system should be considered in such a way that they can no more be identified
as equal by this criterion. But this fact is not surprising and has been stated
before in the course of the development of set theory. The first example to
support this has already been mentioned. This is Aczel’s non-well-founded
set theory for which the extensionality criterion is not sufficient to stipulate
an equality condition for non-well-founded sets and is therefore modified.
Another example is the type-theoretic construction of set theory. Here a dif-
ferentiation from the extensionality axiom towards the extensionality axioms
of the various types or hierarchies is required such that a multitude of the ex-
tensionality axioms results. The last example shows that the extensionality
axiom leads to genuine problems in systems of von Neumann-Bernays-Gödel-
Type (NBG-set theories) unless a new content interpretation of some objects
is achieved. In these systems individuals are, in contrast to sets and classes,
those objects which have no elements. But it follows from the extensionality
axiom that there is only one set which has no element, namely the empty
set. Thus all individuals are by the extensionality axiom equal and the ob-
ject domain of systems of set theory can only have one individual. This is
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obviously an undesired result. To overcome this, Quine [79] has proposed
that individuals should not be seen as objects without elements, but as those
classes which are identical to their one-point class.

1.2 Extension/Intension Doctrine

The word ‘extension’ is derived from the substantive ‘extensio’ which has its
origin in a form of the past participle of the verb ‘extender’. Analogously,
the word ‘intension’ is derived, which is finally based on the verb ‘intender’.
The complementary of the two words is also preserved in scientific use.
The doctrine of extension/intension was already presented by Aristotle [36].
The first precise work in modern times is followed by A. Arnauld [9] in
Port–Royal 1622: The distinguishing of ‘comprehension’ and ‘extension’ was
the core of his doctrine. The logic of Port–Royal mainly determined the de-
velopment of the logic of notions in Germany in the 18th and 19th centuries
and the latin/french word ‘comprehension’ became ‘Begriffsinhalt’ and ‘ex-
tension’ ‘Begriffsumfang’. In England 1860, W. Hamilton [39] distinguished
between intensive and extensive quality of notions and replaced the word
‘comprehension’ by ‘intension’.
The extension of a notion is the collection or the class of all and only those
objects to which the notion applies and its intension is the set of charac-
teristics or properties common to all and only those objects which make up
a notion’s extension. Alternatively, the intension of a notion is the set of
all predicates which hold for it. The example from [32] clarifies the doc-
trine of extension/intension: The extension of the notion of ‘triangular’ is
the collection of all varying sorts of triangular and the intension of it is the
characteristics of dimension, figure, three sides, three angles, and the angle
sum of 180◦. G. Frege suggested to assign to every proper name a sense
(Frege’s ‘Sinn’) in addition to its extension (Frege’s ‘Bedeutung’); i.e. the
object which it bears. R. Carnap [19] seized this suggestion and assigned
to every proper name an intension which is its individual notion. To know
the intension of a proper name is to know the criterion for identifying any
given object as the extension of that name. With this in mind, Frege insisted
that two proper names may have different intensions (Frege’s ‘Sinn’) but the
same extension (Frege’s ‘Bedeutung’): The same object is the bearer of both
names, although the criterion for identifying an object as the bearer of one
name differs from that for identifying it as the bearer for the other. Thus
the difference in intension between two proper names which bear the same
object is a difference in the criteria for recognizing that object as the exten-
sion. Frege’s example of ‘morning star’ and ‘evening star’ serves as the best
explanation to clarify this. Two proper names ‘morning star’ and ‘evening
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star’ bear the same object namely planet Venus as their extension but they
have different intension. The reason is that the criterion for identifying the
planet venus as the bearer of the morning star differs from that for identify-
ing it as the bearer of the evening star. When planet Venus is in the west
elongation it rises before the sun and is therefore called the morning star and
when it is in the east elongation at the sunset it is one of the first celestial
bodies which is visible and is therefore called the evening star.
The general distinction between syntax and semantics is also extended to
formal model and language setting. Considering programming languages,
there are different methodologies for presenting the semantics to them. One
methodology which is solely of our interest is denotational semantics. In this
approach a program is directly mapped to its meaning, called its denotation.
The denotation is a mathematical object, such as a function or a number.
With the denotational semantics in mind, we state that extension is a seman-
tic notion whereas intension is a syntactic one since the extension of a notion
is the collection of all and only those objects to which the notion applies
and its intension is the set of all predicates which hold for it. Besides, in
formal model and language setting the question of which predicates can be
formulated at all and can be checked for validity w.r.t. a given notion is a
matter of the expressiveness power of the language concerned which belongs
to syntactic level. Depending on the given predicates, qualitative aspects can
be taken into account as distinctive features of objects (functions, programs,
processes, etc). Recall that the functions f and g given in the previous
section were distinguished in an intensional approach which allowed to in-
corporate further aspects of them like their algorithmic properties than their
input-output behavior or their extensions. In view of our earlier remarks that
difference in intension consists in the different way in which the extension is
assigned and intension is a syntactic notion we claim that the intension of
an object depends crucially on the context in which it is given or on the way
in which it is presented. Thus any possibility of distinguishing of objects
can principally be considered as an intensional aspect: If two objects can be
distinguished then the reason for that has to be delivered by the presentation
of the objects themselves.
In the following, on one hand, we will justify by examples the claim that the
intensional aspects depends on the context in which the objects are given or
on the way in which they are presented, and on the other hand we will show
how an intensional approach avoids overlooking of essential aspects which
could even lead to genuine wrong conclusions.
Suppose there are two different and correctly implemented sorting programs
P1 and P2 which take unsorted lists and supply sorted ones. In denotational
semantics the meaning of a program is conceived as a function. Taking the
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extension or the input–output behavior of two functions denoting P1 and
P2 into account yields that they are equal. But considering the algorithmic
properties of P1 and P2 like the implementation of their algorithms and the
time and storage requirements results in the fact that they are undoubtedly
distinguishable. The algorithmic properties of programs are seen as their
intensional aspects since they depend on the way in which the programs are
implemented. Thus, in the intensional approach P1 and P2 are distinguish-
able by their presentations. This approach additionally reflects an essential
aspect in the practice namely the view of a user to choose one of them.
In the modern logical semantics of Frege the general distinguishing between
extension and intension of a notion is also extended to all expressions of a
formal language such that one assigns to every expression an extension and an
intension. In the formal logic the propositions are conceived as elementary
expressions. Thus one assigns to every proposition an extension and an
intension. The extension of a proposition is its truth value and the intension
of it is its sense. Hence, in the formal logic two propositions have the same
extension if they have the same truth values. Now, consider the following
propositions:

1. This thesis has more than five pages.

2. Berlin is the capital of Germany.

Apparently, these propositions have different intension (Sinn). But, surpris-
ingly, both of them have the same extension (Bedeutung) since they have
the same truth value. Before we leave this subject, it is worth mentioning
that although in formal science the extensional way of definition of notions
is preferred and in empirical science the intensional way, the investigation
acquires the possibilities for intensification of extensional and intensional
vagueness of notions. Furthermore, the extensional and intensional theories
are complementary and not contrary.

1.3 Concurrent Systems and Process Calculi

A concurrent or a parallel system is a composition of independent entities
called processes which may interact to accomplish one or more tasks or run
concurrently. In the late 1950s, long before the first programming language
for concurrent or parallel processing was proposed, the computers were con-
figured to comprise an I/O processor dedicated to input and output, for
instance to read punched cards or to print results, and a central processor
dedicated to controlling other computations. Interaction takes place in such a
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system whenever the central processor needs input data for, or should output
the results of its computation. That was the first concurrent system.
In the early 1960s, the importance of study of problems concerning concur-
rency, for example mutual exclusion was realized and formal methods for
describing them and to verify the correctness of their algorithms were devel-
oped. One successful approach was proposed by E. Dijkstra [25]. In [26] he
explains his view of a concurrent system as a collection of interacting sequen-
tial systems in which every sequential part of the activity would correspond
to a processor and interaction would be achieved by means of well-defined in-
terfaces, namely Dijkstra’s semaphore operations Passeren, P and Vrijgeven,
V. Nowadays, this view of systems is generally accepted and widely adopted
even for a one-processor computer. That is, this system is designed in terms
of a set of interacting sequential programs. The sequential parts of such a
system correspond to different functionalities of a single processor. Since
only one processor is available, the sequential programs are not indeed exe-
cuted simultaneously. Rather, the processor switches very rapidly between
performing one of its many sequential functions and therefore gives the ap-
pearance of simultaneous execution. This mode of execution is known as
quasi-simultaneity or quasi-parallelism and its formalization is known as in-
terleaving. The quasi-simultaneity can be viewed as the activity of a teacher
(processor) in a classroom who simultaneously supervises the calculation of
a mathematical exercise (sequential functionalities, or processes) of many
children. The other mode of the simultaneous execution is called disjoint
parallelism and its formalization is called true concurrency. Here, there is
more than one processor which execute their tasks as a sequence of steps
which are not, apparently, related to each other, unless one takes something
like a clock between two processors into account. To combine two or more
processors, there is a spectrum of hardware configurations which is not based
on Dijkstra’s semaphore operations P and V . One possible hardware con-
figuration allows two or more processors to access common memory while
the other hardware configuration allows no shared memory access at all. In
the former, several processors are placed closely together in space such as
in a multiprocessor workstation whereas in the latter several processors are
placed at more distance such as in a cluster of workstations, or in the extreme
case, in a wide area network. Here, interactions among different processors
take place by means of exchange of messages or of broadcasting among them.
There are numerous approaches to describing, studying, reasoning, and veri-
fication of concurrent systems. The work of C. Petri, called Petri net theory,
was the first general theory of concurrency and dates from the early 1960s.
Net theory is a generalization of the theory of automata [70] and some ideas
originate in physics [72] and allow for the occurrence of several actions (state-
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transitions) independently. A Petri net consists basically of local states called
places and locally defined atomic actions called transitions. In contrast to
sequential programs, where the notion of a global state plays an elementary
role, in Petri net theory global states and transitions between global states
are derived rather than basic notions. This results in the fact that partially
rather than totally ordered sets should be used to describe the behavior of
a truly concurrent (not just quasi-parallel) system. Since a Petri net is a
graph and partially ordered sets are also graphs, it is apparently true that
Petri net theory serves as an especially adequate formalism to describe true
concurrency by means of partially ordered sets.
Another approach to reasoning about concurrent system is process algebra
in which both the analysis and the description of a system are carried out
in an algebraic setting. One of the most successful works on this field is
Milner’s Calculus of Communicating Systems, CCS, published in 1980 [56],
however, its basic ideas originates in 1972. At that time the notion of a
concurrent program was established as a generalization of the notion of a
sequential program (consider that a sequential program is trivially a concur-
rent program with a single sequential component) and it was well natural
to seek corresponding generalization of analysis and verification methods al-
ready available for sequential programs and applying semantic ideas known
from work on sequential programming to a concurrent programming lan-
guage. Following this idea, in 1972 Milner tried to apply a natural method
for understanding a sequential program, namely considering the program as
a mathematical function over memory states, to a concurrent program and
stated that this ‘functional’ method is insufficient. The reason is that the
functional view assumed that the program concerned has the sole control
of the memory which is not the case if other programs are running which
may interfere and change the values stored in memory. This deliberation
led him to seeking a semantic theory which considers interaction and com-
munication as the central idea. This theory was recorded in CCS and in a
more refined version of it [58], published in 1989. Despite the fact that CCS
is inspired by λ-calculus in the sense that it is based on the selection of a
few primitive constructors each embodying a distinct and intuitive idea, it
studies processes and their interaction and communication; i.e. it essentially
aims at parallel computations whereas λ-calculus studies functions and their
applicative behavior; i.e. it essentially describes sequential computations.
CCS is based on operational semantics where the behavioral equivalence of
processes is captured by the notion of bisimulation. It is worth noticing that
although CCS is generally accepted as initiator of process algebra, in [58]
Milner makes no claim that everything can be done by algebra, and so he
prefers the more generous term ‘process calculus’ for the theory presented in
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[58] which may include the use of logic and other mathematical disciplines
and which may be extended. CCS has been worked out and extended in [41],
[42], [40], [35], and [18]. After CCS, Milner developed the calculus SCCS
[57] which has synchronous cooperation.
In the sequel, we give references to some important works developed in the
course of the study of the concurrent systems with a special emphasis on those
works which are more or less algebraic and so they can be classified as process
calculi in the sense of Milner. The reason is, as we said, in this thesis we
will give a set-theoretic semantics to process calculi. So we do not consider
a concrete process calculus and instead we consider the general notion of
labelled transition systems in terms of which the operational semantics of
process calculi is traditionally given. Thus, it is well natural to focus on
process calculi here.
The work of S. Owicki and D. Gries in 1976 [67] and [68] is another attempt
of a direct application of semantic ideas known from sequential programming
to concurrent programming. This work is not only the first but also the most
successful axiomatic semantics for parallel programs which is a generalization
of Hoare’s inference rules.
A very important theory for concurrent systems is the work of T. Hoare on
Communicating Sequential Processes, CSP [45] developed in 1978. CSP is
based on the selection of the same primitive constructors as in CCS with
the idea of indivisible interaction but for a strikingly different reason: One
can derive from these primitive constructors many others such as semaphores
which has previously taken as a primitive constructor itself. CSP is based on
trace semantics. Later on, CSP was replaced by TCSP , Theoretical CSP ,
[46] which is based on failure semantics.
In 1982 the Dutch researchers J. Bergstra and J. Klop started with a very
closely related approach to CCS called process algebra [15] and [16]. They
study the concurrent communicating processes exclusively in an algebraic
setting. An extensive treatment and extension of their work is in [10]. There
are further works which study relations between process algebra and logics;
e. g. [66] and [40]. There are also formulations of process semantics in terms
of testing instead of trace semantics in algebraic setting [1], [64], [43], and
[50].
The application of logics to concurrent systems gives rise to other concurrency
theory called temporal logic. This is predicate logic enriched with operators
in order to be able to talk about points of time and time periods [87] (see
[35] for further literature about this subject).
In 1989, Milner, J. Parrow, and D. Walker introduced π-Calculus [59] and
[60] which is in fact the process calculus CCS enriched with the possibility of
mobility; i.e. the possibility of dynamically changing communication topol-
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ogy. There are two approaches to expressing the mobility in process calculi
namely first order paradigm and higher order paradigm. In the former the
mobility is achieved by allowing channels to be transmitted as values in a
communication; e. g. π-Calculus whereas in the latter the mobility is achieved
by allowing processes or parametrized processes to be passed as values in a
communication; e. g. plain CHOCS [90], CHOCS [91], and Higher-Order
π-calculus (HOπ) [85].
There are other topics of research in the field of concurrent systems such
as probabilistic processes, real time, real space, algebraic approaches to true
concurrency that we leave out of consideration, since we are concerned in a
general study of set-theoretic semantics for process calculi. For this purpose,
we work on an abstract level rather than on a concrete formalism and we
consider the general notion of LTS’s which gives the operational semantics
of process calculi.

1.4 Sorting

It is essential in both parallel and sequential programming that programs are
correct: A program written with a particular specification runs and meets
that specification. In most cases the program does not perform as it should.
Testing can not ensure the absence of errors. Only a formal proof of cor-
rectness can guarantee that a program meets its specification and a sort or
type discipline can ensure that the possibility of occurrence of certain errors
is banned. If we use a typed programming language, we are prevented by the
rules of syntax from forming an expression which will lead to a type error
when the program is executed. Moreover, a sorting or a type discipline helps
programmers in writing a program in a principled and clear way. Concur-
rent programming, however, has long lacked such a discipline, in contrast to
sequential one.
In the sequel, we firstly review the underlying idea for introduction of sorting
or type disciplines into concurrent systems and secondly present our intention
to use sorts for such systems.
One of the first attempts to give a sorting concept in concurrent setting is
Milner’s sorting for CCS [58]. Informally, the sort of a process is just the set
of all actions which it performs. A process P has sort L, written P : L, if all
the actions which P may perform at any time in the future are the elements
of L. By means of sorts in CCS, one can establish that the behavior of a
process is exactly the same as that of the other one if one can replace the
action of one process by the action of the other one. In this case, the two
processes can be presented as instances of one and the same process. In
other words, the two processes have the same sort. Clearly, This concept of
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sorting is closely related to the concept of behavioral equivalence. Another
reason for the importance of sorts in CCS is that the certain equational laws
depend on the sorts of the process expressions concerned. An example from
[58] justifies this claim:

(E|F ) \ b = (E \ b)|F

provided that b, b̄ /∈ sort(F ), where sort(F ) is the set of all actions which
F performs. Intuitively, this says that if the restriction b is irrelevant for F ,
then we can move it inside the composition E|F without change of behavior.
Following Milner [62], all realistic systems which have been described with
π-calculus seem to obey some discipline in the use of names. The under-
lying idea of the introduction of sorts into π-calculus is making this name
discipline explicit. This sorting discipline is simple while it allows a kind
of self-reference; i.e. a name can carry another name ‘of the same kind’ as
itself. In the polyadic π-calculus [62], sorts are also essential to avoid dis-
agreement in the arities of tuples carried by a given name, or be used by a
given constant.
Sorts in π-calculus [59] and [60] as like as the sorts in CCS preserve some
algebraic laws. For example consider two processes P = x | ȳ and Q =
x.ȳ + ȳ.x. Here P and Q are bisimilar, P ∼ Q, since every action of P can
be matched by Q and vice versa. However, it holds that

(3) a(x).P �∼ a(x).Q,

since P
a(y)−→ τ−→0, which a(x).Q can not match. More precisely, considering

the input operator, the bisimulation relation is not full congruent. But in a
sorted version of π-calculus the algebraic law a(x).P ∼ a(x).Q holds: Sup-
pose that x has the sort s, written x : s and y has the sort t �= s; i.e. y : t.
Here x can never be instantiated by y and therefore

a(x).P ∼ a(x).Q

holds.
Nielson’s Typed Parallel Language (TPL) [63] is another attempt of giving a
type discipline to processes. In this work, he intends to combine λ-calculus
and process algebra in order to give a theoretical framework for the study
of functional and communication aspects as a whole. Here types are used as
a means of ensuring more reliable programs. Thus the typed λ-calculus is
considered rather than its untyped version. Here processes have also types
which record their communication possibilities.
The next type discipline which we consider is the work of Honda [47]. In this
work the motivation behind of introduction of types into processes differs
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from the other type disciplines we have already mentioned. Here types serve
as a discriminating tool to characterize the behavioral properties of processes.
Concretely, certain typeable processes have deadlock-free behavior. Honda’s
type discipline is essentially Milner’s sorting in [62]; i.e. the types are ini-
tially assigned to names. Since Honda considers concurrent computation as
a collection of interaction structures and the types as their mathematical
encapsulation; i.e. types denote freely composed structure of dyadic inter-
actions, his formalism can be regarded as a typed reconstruction of name
passing calculi like [30], [48], [49], [59], [60]. In [47] two systems with explicit
and implicit typing are introduced which coincide with each other.
As already said, we aim at introducing a sort or type discipline into processes
in order to define an intensional criterion for process equality which guaran-
tees a precise equality test for processes and avoids undesired identification
of them. For this purpose, a sorted discipline for LTS’s is presented. To give
a brief presentation of our sorting concept, the example from [77] serves as
an appropriate start point.
Consider an automaton, a chocolate bar slot-machine, which outputs a choco-
late bar if one inserts 1 DM. The machine accepts 1, 2, and 5 DM coins and
casually returns the correct amount of change. If all chocolate bars are
sold out or something else goes wrong, the slot-machine transitions into an
out-of-order state and displays the appropriate message. In the sequel the
description of the automaton is in CCS-notation. Note that the value ex-
pressions like 1 DM(coin) occur as a condition in a conditional expression
and the function sell-choc from coins to objects represents the act of selling
an object for a coin.
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V
def
= in(coin).Start(coin)

Start(coin)
def
=



if 1DM(coin) then out().S1(coin)

else if 2DM(coin) then out().S2(coin)

else if 5DM(coin) then out().S3(coin)

else out(coin).S4

S1(coin)
def
=

{
if exists(choc) then out(sell − choc(coin)).S11

else out(no −more − choc).S12(coin)

S11
def
= out(ready).V

S12
def
= out(coin).out − of − order 1

out − of − order 1
def
= out(out − of − order).0

S2(coin)
def
=

{
if exists(choc) then out(sell − choc(coin)).S21

else out(no −more − choc).S22(coin)

S21(coin)
def
= out(coin− 1).S211

s211
def
= out(ready).V

S22(coin)
def
= out(coin).out − of − order 2

out − of − order 2
def
= out(out − of − order).0

S3(coin)
def
=

{
if exists(choc) then out(sell − choc(coin)).S31

else out(no −more − choc).S32(coin)

S31(coin)
def
= out(coin− 1).S311

s311
def
= out(ready).V
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S32(coin)
def
= out(coin).out − of − order 3

out − of − order 3
def
= out(out − of − order).0

S4
def
= out(ready).V

Clearly, this automaton is not optimized and is too concrete and hence it has
to be optimized by an equivalence relation, a bisimulation relation, which
abstracts from unwanted and unnecessary details. But by the definition of
the bisimulation relation the out-of-order states are bisimilar and therefore
equal. Now suppose that a customer inserted a right coin but there is no more
chocolate bar in the machine. Thus the machine has to return the coin. But
suppose again that at the same moment something goes wrong. Causally, the
slot-machine transitions into the out-of-order state and displays the proper
message ‘out of order’. Now, if the customer complains that he or she inserted
some money but received neither the chocolate bar nor the money, the person
operating the machine will wish to know for sure how much money needs to
be returned to the customer. Thus, the slot-machine must keep track of which
coins have last been inserted. But this means firstly an additional machin-
ery to keep track of the states which the slot-machine reaches and secondly
an extra time and storage requirement to implement the slot-machine. Our
solution to overcome this problem is banning the possibility of equating the
out-of-order states, each reflecting a different possible situation we have to be
aware of by means of a sorting concept for LTS’s. A sorted LTS is an LTS in
which process states have sorts and are equated by a sorted variant of bisim-
ulation relation called controlled bisimulation or c-bisimulation. This sorting
concept may be classified as a generalization of the value-passing approach.
By the term generalization, we mean that the values are not only the entities
which can be accepted or delivered by the processes as in the value-passing
approach but also they can carry information about the processes. To justify
this, consider the following deliberation: To overcome the previous problem,
one may say that the process out-of-order must also be parametrized such
that its parameter determines the amount of money which must be returned
to the customer. Hence, the parametrized version of the out-of-order-process

may be the process out − of − order(coin)
def
= out(out − of − order).0. But

the parameter coin is not consumed by the process out-of-order in the sense
of the value-passing approach and is therefore nothing else than an additional
information about the process state which we call the sort of the process state
out-of-order.
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1.5 Outline of the Thesis

In section 2 the notion of labelled transition systems is introduced. Moreover,
LTSYS, the category of unsorted labelled transition system, is defined and
some categorical facts and results are stated.
Section 3 is dedicated to ε-structures. Firs of all, by avoiding the founda-
tional problem of self-reference in the definition of sets, our understanding
of the notion of sets is presented. Then the notion of membership for ε-
structures is discussed. Besides, ε-STRUCT, the category of ε-structures, is
defined and some categorical facts are shown. Furthermore, ε-sets, a special
kind of ε-structures which are generally used to define semantic domains, are
introduced and the relationship between them and Aczel’s accessible pointed
graphs (apg) is discussed. Finally, ε-SET, the category of ε-sets, is defined
and some categorical properties for ε-sets are proved.
Section 4 presents ε-semantics and coalgebra semantics as two denotational
semantics for labelled transition systems. To define an ε -model, the notion
of reflexive ε-sets, which are ε-sets with an additional property to model-
ing recursion, is introduced. In order to give a categorical representation of
reflexive ε-sets and to show some standard categorical facts, the definition
of reflexive ε-sets is slightly changed. Furthermore, ε -models are classified
as intensional and extensional ones and it is shown that every ε -model is
intensional unless it is factorized by a suitable relation. Then modg(t), the
category of generated ε -models for a given labelled transition T , is defined
and it is shown that in this category the extensional models are terminal. Fi-
nally, the relationship between the category of labelled transition systems and
their model categories in terms of specification logic is studied. To present the
coalgebra semantic for labelled transition systems, the required categorical
definitions, facts, and results are given. Then the notions of F -Bisimulation
and F -Simulation for a given functor F are defined. It is shown that there is
a one-to-one correspondence between a special kind of LTS-homomorphisms
and P(A × −)-Simulation relations. Finally, it is proved that for a given
labelled transition T , the semantic domain of an extensional ε -model is
equivalent to the semantic domain obtained as the final coalgebra of the
functor P(A×−) defined in Aczel’s set theory.
Section 5 is a short treatment of the sorting disciplines for different process
calculi.
Section 6 deals with the concept of sorting and intensional equality. Firstly, a
general sorting discipline for process states of an arbitrary LTS by presenting
sorted labelled transition systems is given. Moreover, a sorted variant of the
bisimilarity relation, called controlled bisimulation , its properties and its
relationship to strong bisimulation relation are introduced. A category for
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sorted labelled transition systems , called SLTSYS, is defined. It is shown
that there is an encoding functor which transforms every sorted labelled
transition system in an unsorted one. This gives rise to the fact that once
an ε -model for an unsorted LTS has been defined the model for the corre-
sponding sorted LTS is automatically defined. Furthermore, some categorical
facts results for SLTSYS and the encoding functor are stated. Secondly, the
sorting concept for dyadic interaction as a concrete example to justify the
intensional approach in process setting is studied. Furthermore, two systems
with explicit and implicit typing are considered. For the first system a reduc-
tion system is presented and for the second one the basic language and the
type inference system. In addition to the syntactic properties like simplicity
and name completeness the behavioral property like deadlock-free property
of process are studied. It is shown that satisfying these syntactic properties
results in the deadlock-free property. Finally, the operational semantics for
untyped and typed processes, and processes with deadlock-free behavior is
defined.
In section 7 by presenting the standard theory of λ-calculus and its term
evaluation strategy, the relationship between order of unsolvable λ-terms
and intensional equality criterion is stated. Furthermore, based on them
standard theory, a mismatch between theory and practice is discussed and
as a proper solution, Abramsky’s lazy λ-theory λl, a modified theory of
λ-calculus, is considered. Then quasi-applicative transition systems are pre-
sented and their associated labelled transition systems are defined. Moreover,
it is shown that two elements of a quasi-applicative transition system are ap-
plicative bisimilar iff they are also bisimilar in the corresponding LTS and
vice versa. Finally, λlST , the corresponding sorted labelled transition sys-
tem for Abramsky’s lazy λ-theoryλl and a variant of controlled bisimulation,
called λlc-bisimulation are defined. Besides, it is shown that two λ-terms
are equal in λl iff they are λlc-bisimilar in the corresponding sorted labelled
transition.
Section 8 contains the comments on the results obtained and compares fur-
ther related approaches with the approach presented here.
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2 Labelled Transition Systems

Traditionally, the operational semantics of a process calculus is given in terms
of a labelled transition system in which the rules are defined inductively on
the structure of a process term. Every LTs induced a (strong) bisimula-
tion equivalence relation. Intuitively, the bisimulation relation requires that
any action performed by a process during its possible evolutions should be
matched by the other one and vice versa. In thesis we consider LTS’s, sine
we define a denotational semantics for an arbitrary process calculus by inter-
preting the process states of its associated LTS in an appropriate semantic
domain.
In the following, we give some basic definitions and categorical results for
LTS’s. Finally, we compare LTS’s with infinite nondeterministic automata.

2.1 Basic Definitions

We give the definition of a labelled transition system in the style of Plotkin’s
structural operational semantics (SOS) [75].

Definition 2.1 (Labelled Transition Systems) A labelled transition sys-
tem (LTS) is a triple (S,A,−→

T
), consisting of a set S of states, a set A of

transition labels, and a transition relation →⊆ S × A × S. We shall write
s
a−→s′ for (s, a, s′) ∈−→

T
.

Following Park [69], every LTS induces a (strong) bisimulation equivalence
relation on the set of states.

Definition 2.2 (Bisimulation) Let T = (S,A,→) be an LTS. A relation
R ⊆ S × S is called a strong bisimulation if for all a ∈ A and s, t ∈ S with
sRt:

s
a−→s′ ⇒ ∃t′ : t a−→t′ ∧ s′Rt′ and

t
a−→t′ ⇒ ∃s′ : s a−→s′ ∧ s′Rt′.

Two states are bisimular in T , denoted s ∼
T

t, if there exists a bisimulation

relation R with sRt.

To show that bisimularity itself is a bisimulation relation (the largest) and
it is also an equivalence relation on states, we firstly define the converse R−1

of a binary relation and the composition R1R2 of two binary relations and
secondly repeat two propositions of [58].
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R−1 = {(y, x) | (x, y) ∈ R}
R1R2 = {(x, z) | (x, y) ∈ R1 ∧ (y, z) ∈ R2}

Proposition 2.3 Let each Ri(i = 1, 2, 3, · · · ) be a bisimulation relation.
Then the following relations are all bisimulations:

1. ids

2. Ri
−1

3. R1R2

4. ∪i∈IRi

Proof 1.
√

2. Let us suppose that (t, s) ∈ R−1. Then (s, t) ∈ R. But it follows from
Definition 2.2 that for some s′ ∈ S:

s
a−→s′ ⇒ ∃t′ : t a−→t′ ∧ s′Rt′ and

t
a−→t′ ⇒ ∃s′ : s a−→s′ ∧ s′Rt′

In addition, we get that (t′, s′) ∈ R−1. Therefore, R−1 is a bisimulation.

3. Let us suppose that (s, u) ∈ R1R2. Then for some t ∈ S we have
(s, t) ∈ R1 and (t, u) ∈ R2. Now let s

a−→s′. Then for some t′ we have,
since (s, t) ∈ R1, t

a−→t′ and (s′, t′) ∈ R1. Also since (t, u) ∈ R2, we
have for some u′, that u

a−→u′ and (t′, u′) ∈ R2. Hence (s′, u′) ∈ R1R2.
By similar reasoning if u

a−→u′ then we can find s′ such that s
a−→s′ and

(s′, u′) ∈ R1R2.

4.
√

✷

Proposition 2.4 Let ST = ((S,A,−→
ST

),Γ, sort)be a SLTS. Then the follow-

ing claims are true:

1. ∼ST is the largest c-bisimulation.

2. ∼ST is an equivalence relation.

Proof
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1. By Proposition 2.3(4), ∼T is a bisimulation and induces any other such.

2. (a) (Reflexivity) For any s, s∼
T
s by Proposition 2.3(1).

(b) (Symmetry) If s∼
T
t then (s, t) ∈ R for some bisimulation R. Hence

(t, s) ∈ R−1 and so t∼
T
s by Proposition 2.3(2).

(c) (Transivity) If s∼
T
t and t∼

T
u then (s, t) ∈ R1 and (t, u) ∈ R2 for

bisimulations R1, R2. So (s, u) ∈ R1R2, and so s∼
T
u by Proposition

2.3(3).

✷

Definition and Fact 2.5 (Factorized Labelled Transition System) Let
T = (S,A,−→

T
) be an LTS and ∼

T
be the bisimilarity relation on S induced

by T. Then T/∼
T

= (S/∼
T

, A,−→
T/∼
T

) with

S/∼
T

:= {[s] | s ∈ S}, where

[s] = {t ∈ S | s∼
T
t}

−→
/∼
T

:= {([s], a, [t]) | (s, a, t) ∈−→
T
}

is called the factorization of T w. r. t. ∼
T
. In order to show that the notion of

factorized LTS’s is well-defined, we prove that this definition is representative
independent and T/∼

T

is also an LTS. Since ∼
T

is a bisimulation relation we

can easily see that this definition is representative independent. Moreover,
from Definition 2.1 in mind, we can easily see that T/∼

T

is an LTS.

In the following, we define the notion of LTS-homomorphism which serves as
a building block to give a categorical definition of labelled transition systems.

Definition 2.6 (LTS-Homomorphism) Let T = (S,A,−→
T

) and T ′ = (S ′, A′,−→
T ′

)

be two labelled transition systems. A mapping f = (fS, fA)

f : T → T ′ with

fS : S → S ′

fA : A → A′
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is an LTS-homomorphism if (s, a, t) ∈−→
T

implies (fS(s), fA(a), fS(t)) ∈ −→
T ′

Remark 2.7 An LTS-homomorphism maps the states of one LTS to the
states of the other one in a way that the transition relations are preserved.
Obviously, the identity function id : T → T is also a LTS-homomorphism.

Proposition 2.8 Let T = (S,A,−→
T

) , T ′ = (S ′, A′,−→
T ′

) and T ′′ = (S ′′, A′′,−→
T ′′

) be

labelled transition systems. Then the composition of LTS-homomorphisms
f = (fS, fA) : T → T ′ and g = (gS, gA) : T

′ → T ′′ defined by

g ◦ f : T → T ′′

is also a LTS-homomorphism.

Proof We have to show that the composition of two total transition relation
preserving functions is also a total function which preserves the transition
relation. But it is clear that the composition of two total functions f : T → T ′

and g : T ′ → T ′′ is also a total function g ◦ f from T to T ′′. It remains to
be shown that g ◦ f preserves the transition relation. Let (s, a, t) ∈→, since
f is a LTS-homomorphism,(fS(s), fA(a), fS(t)) ∈ −→

T ′
and since g is a LTS-

homomorphism, (gS(fS(s)), gA(fA(a)), gS(fS(t))) ∈ −→
T ′′

, so g ◦ f preserves

the transition relation.

✷

Proposition 2.9 The composition of LTS-homomorphisms is associative.

Proof We know that an LTS-homomorphism is just a function which maps
states and labels of labelled Transition systems to each other in a way that
the transition relations are preserved. But the sets of states and of labels are
just classical set-theoretic sets and it is well-known that the composition of
functions on such sets is associative.

✷

Definition 2.10 (Reflecting LTS-Homomorphism) Let T = (S,A,−→
T

) and

T ′ = (S ′, A′,−→
T ′

) be two labelled transition systems. A mapping f = (fS, fA) :

T → T ′ is a reflecting LTS-homomorphism if f is an LTS-homomorphism
and satisfies the following:

(fS(s), b
′, t′) ∈ −→

T ′
⇒ ∃b ∈ A, t ∈ S : b′ = fA(b) ∧ t′ = fS(t) ∧ (s, b, t) ∈ −→

T
.
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Proposition 2.11 Reflecting LTS-homomorphisms preserve the bisimula-
tion relation.

Proof Let f = (fS, fA) : T1 → T2 be a reflecting LTS-homomorphism.
Suppose s1∼

T1

t1. This implies that all transitions from s1 in T1 can be simulated

by t1 and vice versa. Since f is an LTS-homomorphism all transitions in T1

are preserved and since f is reflecting there is no additional transition from
f(s1) to f(t1) or f(t1) to f(s1) which have no counterpart in −→

T1

. Thus

f(s1)∼
T2

f(t1).

✷

2.2 LTSYS the Category of Labelled Transition Sys-

tems

We now define labelled transition systems in terms of categories.

Definition and Fact 2.12 (LTSYS) The category LTSYS has LTS’s as
objects and LTS-homomorphisms as arrows. To see that LTSYS is a category,
let us restate its definition in the same format as Definition 3.15 and check
that the laws hold : Following Definition 3.15, LTSYS is the category of
labelled transition systems:

1. An object in LTSYS is an LTS, T = (S,A,−→
T

) .

2. An arrow f : T → T ′ in LTSYS is a LTS-homomorphism from the
LTS, T to the LTS, T ′.

3. For each LTS-homomorphism f with domain T and codomain T ′, dom f =
T, cod f = T ′, and f ∈ LTSY S(T, T ′).

4. The composition of two LTS-homomorphisms f : T → T ′ and g : T ′ →
T ′′ is by Proposition 2.8 a LTS-homomorphism g ◦ f from T to T ′′ and
by Proposition 2.9 associative.

5. For each LTS T = (S,A,−→
T

) , idT : T → T is by Remark 2.7 an

LTS-homomorphism and satisfies the equations of the identity law.

We are now in a position to show the special property of a factorized LTS in
the category of labelled transition systems.
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Theorem 2.13 Let T = (S,A,−→
T

) be an object in LTSYS. Let ∼
T

be the

induced bisimulation relation and T/∼ = (S/∼, A,−→
T/∼

) be the factorization

of T w.r.t. ∼. Then h = (hS, hA) : T → T/∼ defined by

∀s ∈ S : hS(s) := [s] and

∀a ∈ A : hA(a) := a

is an LTS-homomorphism and has the following universal property: Let T ′

be an LTSYS-object and f = (fS, fA) : T → T ′ be an LTS-homomorphism
such that

∀s, t ∈ S : s∼
T
t ⇒ fS(s) = f(t) and

∀a ∈ A : fA(a) := a

then there is a unique f̄ such that the following diagram

f

�f

T

T 0T=
�

h

commutes- that is, such that f̄ ◦ h = f .

Proof We prove this in two steps:

• Firstly, we show that h is a LTS-homomorphism; i .e. (s, a, t) ∈−→
T

im-

plies (hS(s), hA(a), hS(t)) ∈−→
/∼
T

. But by the definition of h, (hS(s), hA(a), hS(t)) =

([s], a, [t]) and by Definition 2.5 ([s], a, [t]) ∈−→
/∼
T

.

• Secondly, we show that h has the universal property:
Let f̄ = (f̄S, f̄A) : T/∼ → T ′ be defined as follows:

∀[s] ∈ S/∼ : f̄S([s]) := fS(s) and
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∀a ∈ A : f̄A(a) := fA(a).

Then we have to prove that f̄ is firstly well-defined, secondly a LTS-
homomorphism, thirdly unique and that the previous diagram com-
mutes.

– Let s ∈ [t]. This means s∼
T
t which implies fS(s) = fS(t). But from

the definition of f̄ we get

f̄S([s]) = f̄S([t]).

Thus, f̄ is well-defined.

– To show that f̄ is a LTS-homomorphism, we reason as follows: Let
([s], a, [t]) ∈ →/∼

T

. But by the definition of f̄ , (f̄S([s]), f̄A(a), f̄S([t])) =

(fS(s), fA(a), fS(t)) = (fS(s), a, fS(t)). Since f is a LTS-homomorphism,
(fS(s), a, fS(t)) ∈−→

T ′
.

– It follows from the definitions of h and f̄ that the above diagram
commutes; i .e.

∀s ∈ S : f̄S(hS(s)) = fS(s) and

∀a ∈ A : f̄A(hA(a)) = fA(a).

– Finally, we show that f̄ is unique. Let ḡ be another LTS-homomorphism
making the diagram commute. Due to the following equations, we
get

∀s ∈ S : ḡS(hS(s)) = fS(s) = f̄S(hS(s)) and

∀a ∈ A : ḡA(hA(a)) = fA(a) = f̄A(hA(a)).

Obviously, h is surjective and with that ḡ = f̄ .

✷

In the following, we give the binary product of labelled transition systems
in the categorical sense. A product of two labelled transition systems is the
product of their sets of states, the product of their sets of labels, and an
indexed transition relation equipped with two projection functions.
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Proposition 2.14 (Binary Products of Labelled Transition Systems)
The category LTSYS has binary products.

Proof we prove this in three steps:

• Firstly, we define the binary product of two labelled transition sys-
tems and show that this is also a labelled transition system. Let
T1 = (S1, A1,−→

1
) and T2 = (S2, A2,−→

2
) be two objects in the LT-

SYS. Then the product of T1 and T2 is T1 × T2 = (S1 × S2, A1 ×A2,−→
1×2

)

where S1 × S2 and A1 × A2 are just the product of two sets as usual
and −→

1×2
is an indexed transition relation on (S1 × S2) × (A1 × A2) ×

(S1 × S2) and is defined as follows: −→
1×2

= {((s1, s2), (a1, a2), (t1, t2)) |
(s1, a1, t1) ∈−→

1
∧(s2, a2, t2) ∈−→

2
} equipped with two projection func-

tions defined as follows:

π̂1 = (π̂1S, π̂1A) : T1 × T2 → T1 such that

π̂1S((s1, s2)) = s1

π̂1A((a1, a2)) = a1

and

π̂2 = (π̂2S, π̂2A) : T1 × T2 → T2 such that

π̂2S((s1, s2)) = s2

π̂2A((a1, a2)) = a2

With Definition 2.1 it is not hard to see that T1 × T2 is a labelled
transition system.

• Secondly, we prove that the projection functions are LTS-homomorphisms.
Due to Definition 2.6 we have to show that the project functions pre-
serve transition relations. Let ((s1, s2), (a1, a2), (t1, t2)) ∈−→

1×2
. From

the definition of π̂1, we get that (π̂1S(s1, s2), π̂1A(a1, a2), π̂1S(t1, t2)) =
(s1, a1, t1) and from the definition of −→

1×2
that (s1, a1, t1) ∈ −→

1
. By

similar reasoning, we show that π̂2 is also a LTS-homomorphism.
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• Thirdly, we show the universal property of the product; i .e. given
any other LTSYS-object T3 = (S3, A3,−→

3
) and pair of arrows f =

(fS, fA) : T3 → T1 and g = (gS, gA) : T3 → T2 there is exactly one
mediating arrow

< f, g >= (< fS, gS >,< fA, gA >) : T3 → T1 × T2

making the diagram

< f; g >

f g

T3

T1 T2T1 � T2
�̂1 �̂2

commute– that is, such that π̂1◦ < f, g >= f and π̂2◦ < f, g >= g.
Let < f, g > be defined as follows:

∀s3 ∈ S3 : < fS, gS > (s3) = (fS(s3), gS(s3))

∀a3 ∈ A3 : < fA, gA > (a3) = (fA(a3), gA(a3))

We prove the claim in the following steps:

– < f, g > is a LTS-homomorphism. Let (s3, a3, t3) ∈ −→
3

. Since

f and g are LTS-homomorphisms; (fS(s3), fA(a3), fS(t3)) ∈ −→
1

and (gS(s3), gA(a3), gS(t3)) ∈ −→
2

and by definition of −→
1×2

, we get

((fS(s3), gS(s3)), (fA(a3), gA(a3)), (fS(t3), gS(t3)))

∈ −→
1×2

.
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– < f, g > is unique. Let k be another LTS-homomorphism from T3

to T1 × T2 such that the above diagram commutes; i.e.

∀s ∈ S3 : π̂1S(kS(s3)) = fS(s3)

∀a3 ∈ A : π̂1A(kA(a3)) = fA(a3) and

∀s ∈ S3 : π̂2S(kS(s3)) = gS(s3)

∀a3 ∈ A : π̂2A(kA(a3)) = gA(a3)

but since < f, g > also makes the diagram commutes, so

fS(s3) = π̂1S(fS(s3), gS(s3))

= π̂1S◦ < fS, gS > (s3)

fA(a3) = π̂1A(fA(a3), gA(a3))

= π̂1A◦ < fA, gA > (a3)

and

gS(s3) = π̂2S(fS(s3), gS(s3))

= π̂2S◦ < fS, gS > (s3)

gA(a3) = π̂2A(fA(a3), gA(a3))

= π̂2A◦ < fA, gA > (a3)

Considering above equations, we state that for all s3 ∈ S3 and for
all a3 ∈ A :

π̂1S(kS(s3)) = π̂1S◦ < fS, gS > (s3) = fS(s3)
π̂1A(kA(a3)) = π̂1A◦ < fA, gA > (a3) = fA(a3)
π̂2S(kS(s3)) = π̂2S◦ < fS, gS > (s3) = gS(s3)
π̂2A(kA(a3)) = π̂2A◦ < fA, gA > (a3) = gA(a3)

On one hand we know that two pairs are equal if their components
are equal; also kS(s3) = (fS(s3), gS(s3)) =< fS, gS > (s3) and
kA(a3) = (fA(a3), gA(a3)) =< fA, gA > (a3) and on the other
hand we know that two functions are equal if they supply for
every argument the same value. Therefore, k =< f, g > .

✷

At this stage, we note that we can form products of arbitrary collections of
labelled transition systems, even infinite collections.
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Proposition 2.15 (Products of a Family of Labelled Transition Systems)
The category LTSYS has (small) products.

Proof We prove this in three steps:

• Firstly, we define the product of the family of labelled transition sys-
tems and show that this is also a labelled transition system. The prod-
uct of the family (Ti)i∈I = (Si, Ai,−→

i
)
i∈I

of labelled transition systems

is ∏
i∈I

Ti = (
∏
i∈I

Si,
∏
i∈I

Ai,
∏
i∈I

−→
i
) where

∏
i∈I Si is the product of the family (Si)i∈I ,

∏
i∈I Ai = is the product

of the family (A)i∈I , and
∏
i∈I −→i ⊆

∏
i∈I Si×

∏
i∈I Ai×

∏
i∈I Si is the

transition relation defined as∏
i∈I

−→
i

= {
(
(si)i∈I , (ai)i∈I , (ti)i∈I

)
| (si, ai, ti) ∈ −→

i
, i ∈ I}

equipped with the projection functions defined as follows:

π̂j = (π̂jS, π̂jA) :
∏
i∈I

Ti → Tj with

π̂jS((si)i∈I) = sj

π̂jA((ai)i∈I) = aj

We have to show that
∏
i∈I Ti = (

∏
i∈I Si,

∏
i∈I Ai,

∏
i∈I −→i ) is also an

LTS. But by Definition 2.1, we have to show that
∏
i∈I Si and

∏
i∈I A

are sets and
∏
i∈I −→i is the corresponding transition relation. But we

know that
∏
i∈I Si and

∏
i∈I Ai are just the product of the family of

classical set-theoretic sets which is also a set. Moreover, it is not hard
to see by the definition of the indexed transition that

∏
i∈I −→i is the

corresponding transition relation.

• Secondly, we have to prove that projection functions π̂j are LTS-homo-
morphisms . Let ((si), (ai), (ti))i∈I ∈

∏
i∈I −→i . But by the definition

of π̂j , we get that
(
π̂jS((si)i∈I), π̂jA((ai)i∈I), π̂jS((ti)i∈I)

)
= (sj, aj , tj)

and it follows from the definition of
∏
i∈I −→i that (sj, aj , tj) ∈ −→

j
.
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• Thirdly, we show the universal property of the product; i.e. given any
LTSYS-object T and a family of arrows (fi : T → Ti)i∈I there is exactly
one mediating arrow

(fi)i∈I = ((fSi
), (fAi

))i∈I : T →
∏
i∈I

Ti

making the diagram

Q
i2I Ti

�̂i Ti

fi

T

(fi)i2I

commute– that is, such that for all i ∈ I : π̂i ◦ (fi)i∈I = fi. Let (fi)i∈I
be defined as follows:

(fSi
)i∈I(s) := (fi(s))i∈I

(fAi
)i∈I(a) := (fi(a))i∈I .

Then by similar reasoning to Proposition 2.14 we show the truth of this
claim.

✷

Proposition 2.16 The category LTSYS has equalizers.

Proof Let T2 = (S2, A2,−→
2
) , and T3 = (S3, A3,−→

3
) be LTSYS-objects

and h2 = (h2S, h2A) : T2 → T3 and h3 = (h3S , h3A) : T2 → T3 be two paral-
lel LTS-homomorphisms from T2 = (S2, A2,−→

2
) to T3 = (S3, A3,−→

3
) . In

order to prove that h2 and h3 have an equalizer, we reason as follows: Let

S1 = {s2 ∈ S2 | h2S(s2) = h3S(s2)}
A1 = {a2 ∈ A2 | h2A(a2) = h3A(a2)} and

−→
1

= {(s1, a1, t1) | s1, t1 ∈ S1, a1 ∈ A1 ∧ (s1, a1, t1) ∈ −→
2
}.
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Clearly, T1 = (S1, A1,−→
1
) is an LTS. Now, we will show that h1 = (h1S, h1A) :

T1 → T2 with h1S(s1) = s1 and h1A(a1) = a1 is the equalizer of h2 and h3;
i. e. h2 ◦ h1 = h3 ◦ h1.

h2; h3h1

h4k

T1

T4

T2 T3

We prove this in three steps:

• h1 is an LTS-homomorphism. By the definition of h1 it is not hard to
see that it holds.

• h2 ◦ h1 = h3 ◦ h1. This holds by the definition of S1 and A1, and by the
fact that h1 is the inclusion function.

• We verify the universal property of h1. Let h4 = (h4S, h4A) : T4 → T2

be an LTS-homomorphism such that h2 ◦ h4 = h3 ◦ h4; i .e. for every
s4 ∈ S4 : h2S(h4S(s4)) = h3S(h4S(s4)) which implies h4S(s4) ∈ S1

and for every a4 ∈ A4 : h2A(h4A(a4)) = h3A(h4A(a4)) which implies
h4A(a4) ∈ A1. Thus we can take kS(s4) = h4S(s4) and kA(a4) = h4A(a4)
for every s4 ∈ S4 and a4 ∈ A. It is clear that the choice of k is unique
since h1S(s1) = s1 and h1A(a1) = a1.

✷

Proposition 2.17 Every diagram D in LTSYS has a limit.

Proof By Proposition 2.15 we know that every family of objects in LTSYS
has a product. Furthermore, we know from Proposition 2.16 that every pair
of arrows in LTSYS has an equalizer. Thus following [52] chapter V and [8]
chapter 2, every diagram D in LTSYS has a limit.

✷
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2.3 LTSYS and Infinite Nondeterministic Automata

Despite the fact that LTS’s are in general no more than infinite nondeter-
ministic automata and that in the 1970s automata theory has been studied
categorically, our categorical treatment of LTS’s nevertheless has a different
starting point and aims at different results. The earlier applications of cate-
gorical concepts to study of automata theory deal with the general questions
arising in automata theory like decomposition, reduction, minimalization,
realization [7], [11], and structure theory [27]. A standard reference on this
subject is the book of [28] with which we compare our approach. As a main
goal in this book a unified description of a theory of automata, including au-
tomata of the deterministic type (e. g. deterministic, partial, linear, bilinear,
and topological automata) and automata of the nondeterministic type (e. g.
nondeterministic, stochastic, relational, and relational topological automata)
in a common categorical framework is presented and the basic questions of
automata and system theory are studied.In this book the notion of an au-
tomaton is defined as a 5-tuple in a monoidal category (K,⊗). This definition
gives rise to a unified representation of the automata since all the different
types of automata can be regarded as special cases of automata in monodial
categories. Moreover, based on monodial categories, a general structure the-
ory of automata is developed and the existence of categorical constructions
is discussed. Our last remark on the book of [28] is of semantic nature. The
behavioral and operational intuition of automata is captured by means of
input-output behavior of their states; i. e. in this book, the input-output se-
mantics is considered. In contrast to [28], we take LTS’s into account which
generally correspond to one kind of the automata, namely infinite nondeter-
ministic ones. Secondly, we define the category of LTS’s, in the standard
way and prove that certain categorical constructions exist. Thirdly, we de-
fine a denotational semantics based on ε-structures for LTS’s and deal with
semantic questions. To be more precise, our work is not focused on dealing
with the arising questions in automata theory; instead it is rather focused on
considering LTSYS as a framework for giving and studying the semantics for
LTS’s. A further difference between [28] and our approach will be established
as far as we consider a criterion to state equivalence for an automaton and in
an LTS. As already announced, the behavioral intuition of automata in [28]
is captured by means of input-output behavior of their states which serves as
the building block to define the equivalence criterion for automata. To make
precise the notion of input-output behavior of states, a formal definition of
automata and a small amount of basic notation from the formal language
theory are needed. A deterministic automaton is a 5-tuple A = (I, O, S, d, l)
consisting of a set S of states, a set I of input symbols, a set O of output
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symbols, a state transition function d : S × I → S, and an output func-
tion l : S × I → O. A nondeterministic automaton is an automaton whose
state transition and output functions are nondeterministic. Let I+ be the
set of all finite strings over I and I∗ be the set of all finite (possibly empty)
strings over I and let vw denote the usual concatenation of the strings. The
symbol ε here denotes the empty string. In order to get processing of input
strings instead of input symbols, we define the following functions: For all
s ∈ S, x ∈ I, and w ∈ I∗ :

d∗ : S × I∗ → S

d∗(s, ε) = s

d∗(s, xw) = d∗(d(s, x), w)

l+ : S × I+ → O

l+(s, x) = l(s, x)

l+(s, xw) = l+(d(s, x), w)

Let < I+, O > be the set of all functions from I+ to O. Following [28], we
define the machine function of an automaton A, M(A) : S →< I+, O > by,
for any s ∈ S,w ∈ I+,

M(A)(s)(w) = l+(s, w).

Then two states s, s′ are equivalent if M(A)(s) = M(A)(s′). Since M(A)
obviously assigns to each state s ∈ S the corresponding input-output be-
havior M(A)(s) = l+(s,−) : I+ → O we may alternatively say that two
states s, s′ are equivalent if they have the same input-output behavior; i. e.
M(A)(s) = M(A)(s′). Moreover, the image E(A) of M(A); i. e.

E(A) = {M(A)(s) : I+ → O | s ∈ S}

is called the input-output behavior of the automaton A. Then two automata
A and A′ are equivalent if they have the same input-output behavior; i. e.
E(A) = E(A′). If we throw a glance at the definition of M(A), we can
easily see that the notion of state transition does not play an evident role
in giving the equivalence criterion for automata. Consequently, for a given
nondeterministic automaton A there is more than one equivalent automaton
which are not isomorphic because they have different state transitions. In
contrast to this, the notion of state transition, called bisimulation relation
in the LTS setting, is the core of the state equivalence criterion for LTS’s.
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To find out whether two states s, t from two different LTS’s are bisimilar,
it is sufficient to join the LTS’s such that s, t become the direct children of
a new state and define a suitable relation R on the new set of states and
check this against the definition of the bisimilarity. With this in mind, we
consider the corresponding LTS’s of those equivalent automata which have
different state transitions. Clearly, the states equivalent automata are not
in general bisimilar in the corresponding LTS. In this sense, we say that the
state equivalence criterion of automata is under-discriminating in comparison
with that of LTS’s.
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3 ε-Structures

In this section we introduce the theory of ε-structures which is a theory of
non-well-founded sets. For this purpose, we firstly review our understanding
of the notion of sets by avoiding the foundational problem of self-reference
in the definition of sets. Then we present ε-structures and ε-sets, a special
kind of ε-structures, and define their categorical representation. Finally, we
state some categorical facts and results showing that the both categories are
small-complete.
We say, a given set is a structure and its elements, as well as the set itself, are
objects and we represent the membership relation by a binary relation ε on
the set of objects. Our intuition about a set M is, that M is a set of names
[76]. Thus ε is an element-relation between these names. We can now clearly
say that M is a set in the metatheory. Because of the complete investigation
of Zermelo and Fraenkel set theory we consider it as our the metatheory. This
deliberation leads us to the conclusion that there is a difference between the
notion of membership in the meta- and object theory. We use “in” to express
the membership for the the metatheory; i.e. m is a member of M , written

m in M

and we use “ε” to express the membership for the object theory in one of the
following forms:

m ε n or (m, n) in ε.

This is read as a statement of membership in the terminology of the ε-theory
or as m is an element of n. An ε-structure is a particular first order structure,
where ε does not express membership in M, but a relation on it.

3.1 Basic Definitions

Definition 3.1 (ε-Structures) An ε-structure is a pair of

M = (M, ε), where

M is any nonempty set of objects and ε is a binary relation on M. We call
M the carrier of the ε-structure, M.

Example 3.2 We consider the following ε-structures:

43



M1 = (M1, ε1), where
M1 = {a, b, c}
ε1 = {a ε b, a ε c, b ε c}
M2 = (M2, ε2), where
M2 = {A}
ε2 = {A ε A}
M3 = (M3, ε3), where
M3 = {c, d}
ε3 = ∅

Classical set theory identifies a set with the collection of its members, which
we call its extension; i. e. classical set theory obeys an extensionality prin-
ciple. In ε-theory we do distinguish between a set and its extension and
through this we obey an intensionality principle. We define the extension of
an object within an ε-structure as follows:

Definition 3.3 (Extension of an Object) LetM = (M, ε) be an ε-structure
and n a member of M called an object. The extension of n is defined by

extM(n) := {m | m in M, m ε n}.

The object n is an individual in M, if extM(n) = ∅.

The extension of an object is a subset of M and therefore a metatheoretic
set; i.e. it is a set in the sense of ZF-set theory.

Example 3.4 The extension of c in the ε-structureM1 is extM1(c) = {a, b},
the extension of A in the ε-structure M2 is extM2(A) = {A} and the exten-
sion of c in the ε-structure M3 is extM3(c) = ∅. Note that the object c has
two distinct extension sets in two ε-structures M1 and M3. For this reason,
we indicated this by an index: extM.

Definition 3.5 (Paths in an ε-Structure) LetM = (M, ε) be an ε-structure.
Then a path is a finite or infinite sequence of objects m0, m1, m2, · · · such that
m1εm0, m2εm1, · · · .

In the introduction, it is mentioned that we intend to make use of the ε-
structures for giving semantics to concurrent processes. We shall see later
that the meaning of a given process is an object whose extension is a set of
ordered pairs consisting of labels and processes which are reachable via these
labels (Definition 4.19). Since the notion of ordered pairs plays a significant
role in the semantics of processes we define it in the ε-theory explicitly.
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Definition 3.6 (Ordered Pairs in an ε-Structure) LetM = (M, ε) be an
ε-structure and p, a, b in M. Then p is the ordered pair of a and b in M, writ-
ten p = (a, b)M, if there are precisely two objects C1(p), C2(p) in M such that

extM(p) = {C1(p), C2(p)}
extM(C1(p)) = {a}
extM(C2(p)) = {a, b}.

Remark 3.7 Note that C1(p), C2(p) in M are two objects denoting the first
and second component of an ordered pair in the sense of Kuratowski. It is
worth being mentioned that the idea of encoding of pairs is a direct conse-
quence of our way of observing sets. When we consider a set, we consider
only the names of its elements and not necessarily the items, which the names
stand for at this moment. We can briefly say that we consider the elements
of a set temporarily as atomic objects. In the rest of paper, if we know from
the context that p = (a, b)M is a pair in the ε-structure, M = (M, ε) we will
omit the subscription M.

In the following, we define the notion of ε-homomorphism which serves as a
building block to give a categorical definition of ε-structures.

Definition 3.8 (ε-Homomorphism) Let M = (M, ε) and M′ = (M ′, ε′)
be two ε-structures. A mapping h from M to M ′ is an ε-homomorphism

h :M→M′

if

∀m1, m2 in M : m1 ε m2 =⇒ h(m1)
′ ε′ h(m2)

′

Remark 3.9 It is obvious that the identity function idM : M → M is ε-
preserving and with that is an ε-homomorphism from M to M .

Now, let us consider some properties of ε-homomorphisms.

Proposition 3.10 Let M = (M, ε), M′ = (M ′, ε′), and M′′ = (M ′′, ε′′) be
ε-structures. Then the composition of ε-homomorphisms f : M → M′ and
g :M′ →M′′ defined by

g ◦ f :M→M′′

is an ε-homomorphism.
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Proof We have to show that the composition of two ε-preserving functions
also preserves the ε-relation. If mεn then, since f preserves ε, f(m)ε′f(n);
and since g preserves ε′, g(f(m))ε′′g(f(n)), so g ◦ f is ε-preserving.

✷

Proposition 3.11 The composition of ε-homomorphisms is associative.

Proof This claim is true since each ε-homomorphism is just an ε-preserving
function on the carrier of an ε-structure which is a set in classical set theory.
But it is well-known that the composition of functions on sets is associative
and with that the composition of ε-homomorphisms.

✷

Next, we are interested to characterize the ε-homomorphisms; i.e we are in-
terested to investigate properties like universal property in the categorical
sense. This embodies the idea of consideration of some algebraic concepts
like factorization. By the term factorized ε-structure, we mean an ε-structure
whose carrier consists of equivalence classes modulo a given equivalence rela-
tion, provided that this relation is congruent. Let us make it more precisely.
We define according to [89]:

Definition 3.12 (Extension Conformity) An equivalence relation on an
ε-structure M = (M, ε) is called extension conform iff for all A,A′ in M
holds:

A ∼ A′ ⇒ ∀aεA.∃a′εA′.a ∼ a′ and

∀a′εA′.∃aεA : a′ ∼ a.

We may express this in a different way: A ∼ A′ ⇒ extM(A) ∼
ex

extM(A′),

where extM(A) ∼
ex

extM(A′) means ∀a in extM(A)∃a′ in extM(A′) such that

a ∼ a′ and vice versa.

Definition 3.13 (Factorized ε-Structures) LetM = (M, ε) be an ε-structure
and R be an extension conform equivalence relation on M. The structure
M/R = (M/R, ε/R) with

M/R
:= {[a] | a in M}

ε/R
:= {([a], [A]) | there exists a′Ra with a′εA}
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is called the factorization of M w. r. t. R. In order to show that the notion
of factorized ε-structures is well-defined, we prove that this definition is rep-
resentative independent. To do so, we reason as follows: Let aRb,ARB and
[a]ε/R

[A]. Then there exists a′Ra with a′ ε A. From extension conformity of
R and from ARB, we get that there exists b′Ra′ with b′ ε B. Since b′Ra′ and
a′Ra and aRb we get b′Rb and with that [b]ε/R

[B].

Proposition 3.14 Let M = (M, ε) be an ε-structure and R be an extension
conform equivalence relation. Then M/R, the factorization of M w. r. t. R
is also an ε-structure.

Proof To show thatM/R = (M/R, ε/R) is an ε-structure, we have to justify
that M/R

is a set and ε/R
is a relation on it. But by Definition 3.13, we can

easily see that M/R is an ε-structure.

✷

We defer to show that a factorized ε-structure has the same properties as
a factorized set in the category of sets until we have given the categorical
definition of ε-structures in the next section.

3.2 ε-STRUCT the Category of ε-Structures

Following [73] which gives a well-structured formulation of a mathematical
definition of a category, we say:

Definition 3.15 (Category) A category C comprises:

1. a collection of objects;

2. a collection of arrows (morphisms)

3. operations assigning to each arrow f an object dom f, its domain, and
an object cod f, its codomain. We write f : A → B to show that
A = dom f and B = cod f ; the collection of all arrows with domain A
and codomain B is written C(A,B);

4. a composition operator assigning to each pair of arrows f and g, with
dom g = cod f, a composite arrow g◦f : dom f → cod g, such that the
following associative law holds: for any arrows f : A → B, g : B → C,
and h : C → D, h ◦ (g ◦ f) = (h ◦ g) ◦ f ;

5. for each object A, an identity arrow idA : A → A, such that the fol-
lowing identity law holds: for any arrow f : A → B, idB ◦ f = f and
f ◦ idA = f.
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Definition 3.16 (Isomorphism) An arrow f : A → B is an isomorphism
if there is an arrow f−1 : B → A, called the inverse of f such that f ◦ f−1 =
idB and f−1◦f = idA. The objects A and B are said to be isomorphic, written
A ∼= B , if there is an isomorphism between them.

Following Definition 6.4, we introduce ε-structures in the category setting:

Definition and Fact 3.17 (ε-STRUCT) The category ε-STRUCT has ε-
structures as objects and ε-homomorphisms as arrows. To see that ε-STRUCT
is a category, let us restate its definition in the same format as Definition
3.15 and check that the laws hold :

1. An object in ε-STRUCT is an ε-structure M = (M, ε).

2. An arrow f :M→M′ in ε-STRUCT is an ε-homomorphism from M
to M′.

3. For each ε-homomorphism f with domain M and codomain M ′, dom f =
M, cod f =M′, and f in ε− STRUCT (M,M′).

4. The composition of of two ε-homomorphisms f : M → M′ and g :
M′ → M′′ is by Proposition 3.10 an ε-homomorphism g ◦ f from M
to M′′ and by Proposition 3.11 associative.

5. For each ε-structure M = (M, ε), idM :M→M is by Remark 3.9 an
ε-homomorphism and satisfies the equations of the identity law.

We are now in a position to show the special property of a factorized ε-
structure in the category of ε-structures.

Theorem 3.18 Let M = (M, ε) be an object in ε-STRUCT. Let ∼ be an
extension conform eqivalence relation on M and M/∼ = (M/∼, ε/∼) be the
factorization of M w.r.t. ∼. Then h :M→M/∼ defined by

∀m in M : h(m) := [m]

is an ε-homomorphism and has the following universal property: Let M′ be
an object in ε-STRUCT and f :M→M′ be an ε-homomorphism such that

∀m,n in M : m ∼ n ⇒ f(m) = f(n),

then there is a unique f̄ such that the following diagram
commutes- that is, such that f̄ ◦ h = f.

Proof We prove this in two steps:
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f

�f M0

M

M= �

h

• Firstly, we show that h is an ε-homomorphism; i.e.

m ε n ⇒ h(m) ε/∼ h(n)

This holds by Definition 3.13.

• Secondly, we show that h has the universal property:
Let f̄ :M/∼ →M′ be defined as follows:

∀[m] in M/∼ : f̄([m]) := f(m).

Then we have to prove that f̄ is a well-defined and unique ε-homomorphism
such that the previous diagram commutes.

– Let m ∈ [n]. This means m ∼ n which implies f(m) = f(n). But
from the definition of f̄ we get

f̄([m]) = f̄([n]).

Thus, f̄ is well-defined.

– To show that f̄ is an ε-homomorphism, we reason as follows: Let
[m] ε/∼ [n]. From Definition 3.13 it follows that there is n̂ in M
such that m ∼ n̂ with n̂ ε n. Since f is an ε-homomorphism we get
f(n̂) ε′ f(n). From the definition of f and the fact that m ∼ n̂,
we get f(m) = f(n̂) which implies f(m) ε′ f(n). But we know
from the definition of f̄ that

f(m) = f̄([m]) and f(n) = f̄([n])

and with that f̄([m]) ε′ f̄([n]). Therefore, f̄ is an ε-homomorphism.

– By the definitions of h and f̄ we can easily see that the above
diagram commutes; i. e.

∀m in M : f̄(h(m)) = f(m).
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– The fact that any other ε-homomorphism ḡ :M/∼ →M′ makes
the diagram commutative- ∀m in M : ḡ(h(m)) = f(m)- implies
that ḡ ◦ h = f̄ ◦ h. Clearly, h is surjective and with that f̄ = ḡ.

✷

In the following, we give the binary product of ε-structures in the categorical
sense. A product of two ε-structures is the binary product of their cariers;
i.e. the product of two sets with an indexed ε-relation equipped with two
projection maps.

Proposition 3.19 (Binary Products of ε-Structures) The category ε-STRUCT
has binary products.

Proof we prove this in three steps:

• Firstly, we define the binary product of two ε-structures and show that
this is also an ε-structure. Let M1 = (M1, ε1) and M2 = (M2, ε2)
be two objects in ε-STRUCT. Then the product of M1 and M2 is
M1 ×M2 = ((M1 ×M2), (ε1 × ε2)) where M1 × M2 is the cartesian
product of the carriers M1 and M2 as usual and ε1× ε2 is a relation on
M1 ×M2 and is defined as follows:

ε1 × ε2 = {((a1, a2), (b1, b2)) | a1ε1b1 ∧ a2ε2b2}

equipped with two projection functions defined as follows:

π1 : M1 ×M2 → M1

π1(a1, a2) = a1 and

π2 : M1 ×M2 → M2

π2(a1, a2) = a2

With Definition 3.1 in mind, we can easily see that M1 ×M2 is also
an ε-structure.

• Secondly, we prove that the projection functions are ε-homomorphisms.
Due to Definition 3.8 we have to show that the projection functions are
ε-preserving. Let ((a, c), (b, d)) in ε1 × ε2

(a, c) ε1 × ε2 (b, d)⇒ aε1b ⇒ π1(a, c) ε1 π1(b, d) and

(a, c) ε1 × ε2 (b, d)⇒ cε2d ⇒ π2(a, c) ε2 π2(b, d).
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• Thirdly, we show the universal property of the product; i.e. given any
other ε-STRUCT-object M3 and pair of arrows f : M3 → M1 and
g :M3 →M2 there is exactly one mediating arrow

< f, g >:M3 →M1 ×M2

making the diagram

�1 �2

< f; g >

f g

M1 M1 �M2 M2

M3

commute– that is, such that π1◦ < f, g >= f and π2◦ < f, g >= g. Let
for all m3 in M3 :< f, g > (m3) = (f(m3), g(m3)). We prove the claim
in the following steps:

– < f, g > is an ε-homomorphism. Let m3ε3n3. Since f and g are
ε-homomorphisms, f(m3)ε1f(n3) and g(m3)ε2(n3). By definition
of ε1 × ε2 we get (f(m3), g(m3)) ε1 × ε2 (f(n3), g(n3)).

– < f, g > is unique. Let k be another ε-homomorphism from M3

to M1 ×M2 such that the diagram commutes; i.e.

∀m3 in M3 : π1(k(m3)) = f(m3) and

π2(k(m3)) = g(m3)

but since < f, g > also makes the diagram commute, so

f(m3) = π1◦ < f, g > (m3) and

g(m3) = π2◦ < f, g > (m3).

On one hand we know that two pairs are equal if their components
are equal; also k(m3) = (f(m3), g(m3)) =< f, g > (m3) and on
the other hand we know that two functions are equal if they supply
for every argument the same value. Therefore, k =< f, g > .

✷
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Remark 3.20 It is worth mentioning that we differ between pairs (a, b) in
the metatheory and (a, b)M in an ε-structure M = (M, ε). As we defined in
Definition 3.6, an ordered pair in an ε-structure was encoded by Kuratowski’s
coding, whereas the ordered pairs given in the definition of binary products
of ε-structures are just ordered pairs in classical set theory and they will not
be encoded any more.

At this stage, we note that we can form products of arbitrary collections of
ε-structures, even infinite collections.

Proposition 3.21 (Products of a Family of ε-Structures) The category
ε-STRUCT has (small) products.

Proof We prove this in three steps:

• Firstly, we define the product of the family of ε-structures and show
that this is also an ε-structure. The product of the family (Mi)i∈I =(
(Mi)i∈I , (εi)i∈I

)
of ε-structures is∏

i∈I
Mi = (

∏
i∈I

Mi,
∏
i∈I

εi) where

∏
i∈I Mi is a product of the sets of obejcts which is also a set and∏
i∈I εi = {((ai)i∈I , (bi)i∈I) | ∀i ∈ I : aiεibi} is an indexed ε-relation

defined on
∏
i∈I Mi equipped with a family of projection functions

πj :
∏
i∈I

Mi → Mj with

πj((ai)i∈I) = aj .

Following Definition 3.1
∏
i∈IMi = (

∏
i∈I Mi,

∏
i∈I εi) is also an ε-

structure.

• Secondly, we prove that projection functions πj are ε-homomorphisms.
Due to the definition of

∏
i∈I εi and the definition of projection func-

tions, this claim is certainly true.

• Thirdly, we show the universal property of the product; i.e. given any
ε-STRUCT-object N and a family of arrows (fi : N →Mi)i∈I there is
exactly one mediating arrow

(fi)i∈I : N →
∏
i∈I

Mi

making the diagram
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Q
i2IMi

�i Mi

fi

N

(fi)i2I

commute– that is, such that for all i ∈ I : πi ◦ (fi)i∈I = fi. Let for all
n in M (fi)i∈I be defined

as follows: (fi)i∈I(n) := (fi(n))i∈I . Then by similar reasoning to Propo-
sition 3.19 we show the truth of this claim.

✷

Proposition 3.22 The category ε-STRUCT has equalizers.

Proof Let M2 = (M2, ε2), and M3 = (M3, ε3) be ε-STRUCT-objects and
h2, h3 :
M2 → M3 be two parallel ε-homomorphisms from M2 to M3. In order
to prove that h2 and h3 have an equalizer, we reason as follows: Let

M1 = {m2 in M2 | h2(m2) = h3(m2)} and

ε1 = ε2 M1
.

Clearly, M1 = (M1, ε1) is an ε-structure. Now, we will show that h1 :
M1 = (M1, ε1) → M2 = (M2, ε2) with h1(m1) = m1 is the equalizer of h2

and h3; i. e. h2 ◦ h1 = h3 ◦ h1.
We prove this in three steps:

• h1 is an ε-homomorphism. This holds by Remark 3.9.

• h2 ◦ h1 = h3 ◦ h1. This holds by the definition of M1 and by the fact
that h1 is the inclusion function.

• We verify the universal property of h1. Let h4 :M4 →M2 be an ε-
homomor-phism such that h2 ◦ h4 = h3 ◦ h4; i.e. for every m4 in M4 :
h2(h4(m4)) = h3(h4(m4)) and so h4(m4) in M1. Thus we can take
k(m4) = h4(m4) for every m4 in M4. It is clear that the choice of k is
unique since h1(m1) = m1.
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h2; h3h1

h4k

M1

M4

M3M2

✷

Proposition 3.23 Every diagram D in ε-STRUCT has a limit.

Proof By Proposition 3.21 we know that every family of objects in ε-
STRUCT has a product. Furthermore, we know from Proposition 3.22 that
every pair of arrows in ε-STRUCT has an equalizer. Thus following [52]
chapter V and [8] chapter 2, every diagram D in ε-STRUCT has a limit.

✷

3.3 ε-Sets

If we define a system in the sense of [4]; i.e. as a class of nodes together
with a class of edges consisting of ordered pairs of nodes then we say that
ε-structures are generally systems of sets . But by using ε-structures to
model λ-calculus [76] or applicative λ-calculus [34], we consider a special
kind of them , namely those ε-structures whose carrier consists of a set, of
all its elements, of their elements etc., and nothing else. We call such an ε-
structure an ε-set. Following [89] an ε-structure is an ε-set if there is d in M
such that no proper substructure contains d. Due to this definition ε-sets
are the general form of Aczel’s accessible pointed graphs (apg)3. Following
Aczel [4]: A graph consists of a set of nodes and a set of edges which are
ordered pairs (n0, n1) of nodes. A path is a finite or infinite sequence of
nodes n0, n1, n2, · · · linked by edges (n0, n1), (n1, n2) · · · . A pointed graph
is a graph with a distinguished node called its point. A pointed graph is
accessible if for every node n there is a path n0, n1, n2, · · ·n from the point
n0 to the node n. According to the definition of ε-sets given in [89] even an
ε-structures like M = ({a, b}, {(a, b), (b, a)})

3For a detailed discussion, see[89].

54



a b

is an ε-set. But the existence of such ε-sets make it impossible to give a
categorical definition of their product since the product of two ε-sets is not
necessarily an ε-set. For a further categorical treatment, we are forced to
confine ourselves to a subset of ε-sets corresponding to Aczel’s apgs.

3.3.1 Basic Definitions

Definition 3.24 (ε-Sets) An ε-structure S = (M, ε) is an ε-set if there is a
distinguished object d in M such that �m in M : m �= d ∧ dεm and for every
m in M there is a path m,m0, m1, · · · , mn, d. We call d the point of the ε-set
S and we designate the ε-set S as S = ((M, ε), d).

Remark 3.25 The definition of ε-sets embodies the idea that the point d of
an ε-set S = ((M, ε), d) is the name of the set.

Example 3.26 Due to the previous definition we can easily see that

a

d

is an ε-set.

Definition 3.27 (ε-Set Relation) Let S = ((M, ε), d) be an ε-set and R be
an extension conform equivalence relation on M . Then R is an ε-set relation
if for all m in M dRm then d = m.

Definition 3.28 (Factorized ε-Sets) Let S = ((M, ε), d) be an ε-set and
R be an ε-set relation on M. The structure S/R = ((M/R, ε/R), d/R) with

M/R
:= {[a] | a in M}

ε/R
:= {([a], [A]) | there exists a′Ra with a′εA}

d/R
:= {d} = [d]

is called the factorization of S w. r. t. R. In order to show that the notion of
factorized ε-sets is well-defined, we prove that this definition is representative
independent. We justify this claim by similar reasoning to Definition 3.13.
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Proposition 3.29 Let S = ((M, ε), d) be an ε-set and R be an ε-set relation.
Then S/R = ((M/R, ε/R), d/R), the factorization of S w. r. t. R is also an
ε-set.

Proof To show that S/R = ((M/R, ε/R), d/R) is an ε-set, we have to prove
firstly that (M/R, ε/R) is an ε-structure which holds by Proposition 3.14.
Secondly, we have to prove that d/R

is the point of S/R. Assume that
∃[m] in M/R

: [m] �= [d] ∧ [d]ε/R
[m]. But it follows from the definition of

ε/R
that there exists d′Rd with d′εm. Since R is a ε-set relation we get d′ = d

and with that dεm. But we assumed that S is an ε-set which guarantees that
there is no object m in M with m �= d ∧ dεm.

✷

In the following, we define the notion of P -homomorphism which serves as
a building block to give a categorical definition of ε-sets.

Definition 3.30 (P -Homomorphism) Let S = ((M, ε), d) and S ′ =
((M ′, ε′), d′) be two ε-sets. An ε-homomorphism h : (M, ε)→ (M ′, ε′) is called
a P -homomorphism, written

h : ((M, ε), d)→ ((M ′, ε′), d′)

if h(d) = d′.

Remark 3.31 A P -homomorphism is an ε-homomorphism which in addi-
tion preserves the distinguished object of the ε-sets; i.e. it maps the point of
one ε-set to the point of the other one. Furthermore, it is obvious that the
identity function idM : M → M is a P -homomorphism from S to S.
Proposition 3.32 Let S = ((M, ε), d), S ′ = ((M ′, ε′), d′), and S ′′ =
((M ′′, ε′′), d′′) be ε-sets. Then the composition of P -homomorphisms f :
S → S ′ and g : S ′ → S ′′ defined by

g ◦ f : S → S ′′

is also a P -homomorphism.

Proof We have to show that g ◦ f is ε-preserving and g ◦ f(d) = d′′. Since
f and g are P -homomorphisms, they are also ε-homomorphisms and by
Proposition 3.10 we get g ◦ f is ε-preserving. It remains to be shown that
g ◦ f(d) = d′′. Since f and g are P -homomorphisms, we have f(d) = d′ and
g(d′) = g(f(d)) = d′′. So g ◦ f(d) = d′′.

✷

Proposition 3.33 The composition of P -homomorphisms is associative.

Proof The reasoning is analogous to that of Proposition 3.11.
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3.3.2 ε-SET the Category of ε-Sets

We now define ε-sets in terms of categories.

Definition and Fact 3.34 (ε-SET) The Category ε-SET has ε-sets as ob-
jects and P -homomorphisms as arrows. To see that ε-STRUCT is a category,
let us restate its definition in the same format as Definition 3.15 and check
that the laws hold :

1. An object in ε-SET is an ε-set S = ((M, ε), d).

2. An arrow f : S → S ′ in ε-SET is a P -homomorphism from the ε-set S
to the ε-set S ′.

3. For each P -homomorphism f with domain M and codomain M ′, dom f =
S, cod f = S ′, and f in ε− SET (S,S ′).

4. The composition of two P -homomorphisms f : S → S ′ and g : S ′ → S ′′

is by Proposition 3.32 a P -homomorphism g ◦ f from S to S ′′ and by
Proposition 3.33 associative.

5. For each ε-set S = ((M, ε), d), idS : S → S is by Remark 3.31 a P -
homomorphism and satisfies the equations of the identity law.

We are now in a position to show the special property of a factorized ε-set
in the category of ε-sets.

Theorem 3.35 Let S = ((M, ε), d) be an object in ε-SET. Let ∼ be an ε-set
relation on M and S/∼ = ((M/∼, ε/∼), d/∼) be the factorization of S w.r.t.
∼. Then h : S → S/∼ defined by

∀m in M : h(m) := [m]

is a P -homomorphism and has the following universal property: Let S ′ be an
object in ε-SET and f : S → S ′ be a P -homomorphism such that

∀m,n in M : m ∼ n ⇒ f(m) = f(n),

then there is a unique f̄ such that the following diagram
commutes-that is, such that f̄ ◦ h = f.

Proof We prove this in two steps:

• Firstly, we show that h is a P -homomorphism. By Theorem 3.18, h is
a ε-homomorphism and it remains to be shown that h(d) = d/∼. But
it holds because of Definition 3.28.
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• Secondly, we show that h has the universal property:
Let f̄ : S/∼ → S ′ be defined as follows:

∀[m] in M/∼ : f̄([m]) := f(m)

Then we have to prove that f̄ is a well-defined and unique P -homomorphism
such that the previous diagram commutes.

– By similar reasoning to Theorem 3.18 f̄ is well-defined.

– By Theorem 3.18 f̄ is a P -homomorphism and it remains to be
shown that f̄(d/∼) = d′. By Definition 3.28 f̄(d/∼) = [d]; and by
definition of f̄ we get f̄([d]) = f(d), since f is a P -homomorphism;
f(d) = d′. Thus f̄(d/∼) = d′.

– Due to the definitions of h and f̄ we can easily see that the above
diagram commutes; i. e.

∀m in M : f̄(h(m)) = f(m).

– By similar reasoning to Theorem 3.18 we show that f̄ is unique.

✷

In the following, we give the binary product of ε-sets in the categorical sense.
A product of two ε-sets is the product of their carriers, the product of their ε-
relations, and a tuple consisting of their points equipped with two projection
maps.

Proposition 3.36 (Binary Products of ε-Sets) The category ε-SET has
binary products.

Proof we prove this in three steps:
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• Firstly, we define the binary product of two ε-sets and show that this
is also an ε-set. Let S1 = ((M1, ε1), d1) and S2 = ((M2, ε2), d2) be two
objects in the ε-SET. Then the product of S1 and S2 is S1 × S2 =
((M1 ×M2, ε1 × ε2), (d1, d2)) where ((M1 ×M2), (ε1 × ε2)) is the prod-
uct of two ε-structures and (d1, d2) in M1 × M2 is an ordered pair
as usual consisting of points of two ε-sets S1 and S2 equipped with
two projection functions π1 and π2 defined as in Proposition 3.19. To
see that S1 × S2 is an ε-set, we have to show that M1 ×M2 is an
ε-structure and (d1, d2) satisfies the property of points of the ε-sets.
But we know from Proposition 3.19 that M1 ×M2 is an ε-structure.
Thus it remains to be shown that (d1, d2) is the point of S1 × S2; i. e.
� ∃(m1, m2) in M1 × M2 : (d1, d2) ε1 × ε2 (m1, m2). Assume that
(d1, d2) ε1× ε2 (m1, m2) . But by Proposition 3.19, it can be the case if
d1 ε1 m1 and d2 ε2 m2 and this can not happen since we assumed that
S1 and S2 are ε-sets.

• Secondly, we prove that the projection functions are P -homomorphisms.
Due to Definition 3.30 we have to show that the projection functions are
ε-preserving and point preserving. By similar reasoning to Proposition
3.19, we show that π1 and π2 are ε-homomorphisms. But by the defini-
tion of projection functions we get π1(d1, d2) = d1 and π2(d1, d2) = d2.
Thus they are also point preserving.

• Thirdly, we show the universal property of the product; i.e. given any
other ε-SET-object S3 = ((M3, ε3), d3) and pair of arrows f : S3 → S1
and g : S3 → S2 there is exactly one mediating arrow

< f, g >: S3 → S1 × S2

making the diagram

�1 �2

< f; g >

f g

S3

S1 S2S1 � S2

commute– that is, such that π1◦ < f, g >= f and π2◦ < f, g >= g. Let
for all m3 in M3 :< f, g > (m3) = (f(m3), g(m3)). We proof this claim
in the following steps:
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– < f, g > is a P -homomorphism. We reason analogously to Propo-
sition 3.19 and state that < f, g > is an ε-homomorphism. It
remains to be shown that it is also point preserving. According
to the definition of the mediating arrow we get < f, g > (d3) =
(f(d3), g(d3)). Since f and g are P -homomorphisms; f(d3) = d1
and g(d3) = d2, we get

< f, g > (d3) = (d1, d2);

i.e. the point of S3 is mapped to the point of S1 × S2.
– < f, g > is unique. Let k be another P -homomorphism from S3

to S1 × S2 such that the diagram commutes; i.e.

π1(k(d3)) = f(d3)

∀m3inM3 : π1(k(m3)) = f(m3) and

π2(k(d3)) = g(d3)

∀m3inM3 : π2(k(m3)) = g(m3)

but since < f, g > also makes the diagram commutes, so

f(d3) = d1

= π1(d1, d2)

= π1(f(d3), g(d3))

= π1◦ < f, g > (d3)

f(m3) = π1(f(m3), g(m3))

= π1◦ < f, g > (m3)

and

g(d3) = d2

= π2(d1, d2)

= π2(f(d3), g(d3))

= π2◦ < f, g > (d3)

g(m3) = π2(f(m3), g(m3))

= π2◦ < f, g > (m3)

Considering above equations, we state that for all m3 in M3 :

π1(k(m3)) = π1◦ < f, g > (m3) = f(m3)
π2(k(m3)) = π2◦ < f, g > (m3) = g(m3)
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On one hand we know that two pairs are equal if their components
are equal; also k(m3) = (f(m3), g(m3)) =< f, g > (m3) and on
the other hand we know that two functions are equal if they supply
for every argument the same value. Therefore, k =< f, g > .

✷

At this stage, we note that we can form products of arbitrary collections of
ε-sets, even infinite collections.

Proposition 3.37 (Products of a Family of ε-Sets) The category ε-SET
has (small) products.

Proof We prove this in three steps:

• Firstly, we define the product of the family of ε-sets and show that this

is also an ε-set. The product of the family (Si)i∈I =
((

Mi, εi
)
, di

)
i∈I

of ε-sets is∏
i∈I

Si =
(( ∏

i∈I
Mi,

∏
i∈I

εi
)
, (di)i∈I

)
where

∏
i∈I Mi is the product of the family of object sets which is also a set

and
∏
i∈I εi = {

(
(ai)i∈I , (bi)i∈I

)
| aiεibi ∧ i ∈ I} an indexed ε-relation

defined on
∏
i∈I Mi equipped with a family of projection functions

πj :
∏
i∈I

Mi → Mj with

πj((ai)i∈I) = aj

πj((di)i∈I) = dj.

To see that∏
i∈I

Si =
(( ∏

i∈I
Mi,

∏
i∈I

εi
)
, (di)i∈I

)

is also an ε-set, we have to show that
(∏

i∈I Mi,
∏
i∈I εi

)
is an ε-

structure and (di)i∈I is its point. But by Proposition 3.21,
(∏

i∈I Mi,
∏
i∈I εi

)
is an ε-structure and by the definition of

∏
i∈I εi, it is guaranteed that

there is no object (mi)i∈I in
∏
i∈I Mi such that (di)i∈I in

∏
i∈I Mi. There-

fore, (di)i∈I is the point of
∏
i∈I Si.
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• Secondly, we have to prove that projection functions πj are P -ho-
momorphisms. By similar reasoning to Proposition 3.21, they are ε-
homomorphisms and by the definition of projection functions, they are
obviously point preserving.

• Thirdly, we show the universal property of the product; i.e. given any
ε-SET-object T and a family of arrows (fi : T → Si)i∈I there is exactly
one mediating arrow

(fi)i∈I : T →
∏
i∈I

Si

making the diagram

Q
i2I Si

�i Si

fi

T

(fi)i2I

commute– that is, such that for all i ∈ I : πi ◦ (fi)i∈I = fi. Let for all
n in M (fi)i∈I be defined as follows: (fi)i∈I(n) := (fi(n))i∈I . Then by
similar reasoning to Proposition 3.36 we show the truth of this claim.

✷

Proposition 3.38 The category ε-SET has equalizers.

Proof Let S2 = ((M2, ε2), d2), and S3 = ((M3, ε3), d3) be ε-SET-objects
and h2, h3 : S2 → S3 be two parallel P -homomorphisms from S2 = ((M2, ε2), d2)
to S3 = ((M3, ε3), d3). In order to prove that h2 and h3 have an equalizer,
we reason as follows: Let

M1 = {m2 in M2 | h2(m2) = h3(m2)} and

ε1 = ε2 M1
.

Since h2 and h3 are P -homomorphisms; h2(d2) = d3 = h3(d2). It follows from
the definition of M1 that d2 in M1. We take d1 = d2 and can easily see that
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h2; h3h1

h4k

S1

S4

S3S2

S1 = ((M1, ε1), d1) is an ε-set. Now, we will show that h1 : S1 → S2 with
h1(m1) = m1 is the equalizer of h2 and h3; i. e. h2 ◦ h1 = h3 ◦ h1.
We prove this in three steps:

• h1 is an P -homomorphism. This holds by Remark 3.31.

• h2 ◦ h1 = h3 ◦ h1. This holds by the definition of M1 and by the fact
that h1 is the inclusion function.

• We verify the universal property of h1. Let h4 : S4 → S2 be an P−ho-
momorphism such that h2 ◦ h4 = h3 ◦ h4; i.e. for every m4 in M4 :
h2(h4(m4)) = h3(h4(m4)) and so h4(m4)) lies in M1. Thus we can take
k(m4) = h4(m4) for every m4 in M4. It is clear that the choice of k is
unique since h1(m1) = m1.

✷

Proposition 3.39 Every diagram D in ε-SET has a limit.

Proof By Proposition 3.37 we know that every family of objects in ε-SET
has a product. Furthermore, we know from Proposition 3.38 that every pair
of arrows in ε-SET has an equalizer. Thus following [52] chapter V and [8]
chapter 2, every diagram D in ε-SET has a limit.

✷

3.3.3 ε-SET the Subcategory ofε-STRUCT

If we compare Definitions 3.17 and 3.34 we shall suppose that the category
ε-SET is a subcategory of the category ε-STRUCT . To see this, some pre-
liminary definitions are needed. First of all, we say what a subcategory is.
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Definition 3.40 (Subcategory) A category C is a subcategory of D if

1. each object of C is an object of D,

2. for all C-objects A and B, C(A,B) ⊆ D(A,B), and

3. composites and identity arrows are the same in C and D.

To show that ε-SET is a subcategory of ε-STRUCT, we have to go through
the process of checking this against Definition 3.40. We do it in the following
way: We define an inclusion function between this categories and show that it
satisfies the functor properties. Let us define the notion of functor according
to [73] in advance.

Definition 3.41 (Functor) Let C and D be categories. A functor F : C → D
is a map taking each C-object A to a D-object F (A) and each C-arrow
f : A → B to a D-arrow F (f) : F (A)→ F (B), such that for all C-objects
A and composable C-arrows f and g

1. F (idA) = idF (A),

2. F (g ◦ f) = F (g) ◦ F (f).

Lemma 3.42 Let C and D be categories. A map i : C ↪→ D defined by

∀ C-objects A : i(A) := A

∀ C-arrows f : i(f) := f

is a functor.

Proof Let f and g be two composable C-arrows and A be a C-object. We
prove that i satisfies the functor properties given in Definition 3.41. Due to
the definition of i, we have

i(idA) = idA = idi(A)
i(g ◦ f) = g ◦ f = i(g) ◦ i(f)

✷

Proposition 3.43 The category ε-SET is a subcategory of the category ε-
STRUCT.
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Proof Let i : ε − SET ↪→ ε − STRUCT be a map such that for all
ε-SET-object S = (M, d) and for all ε-SET-arrows f :

i(S) := S
i(f) := f

Since i by Lemma 3.42 is a functor, we can easily see that the conditions in
Definition 3.40 are fulfilled ; i.e. ε-SET is a subcategory of ε-STRUCT.

✷
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4 Denotational Semantics for LTS’s

In this section two denotational models for LTS’s based on non-well-founded
sets are presented. The first model is an ε -model defined in ε-theory which
firstly offers the possibility of modelling intensionally distinct process states
in a direct way and without any sorting or type concept for the semantic
domain and secondly models the processes with an infinite behavior without
using any topological construction. The second model is a coalgebra semantic
presented by Rutten and Turi [83] which is defined in Aczel’s set theory.
An ε -model for an LTS, following Rutten [82], is a pair of a reflexive ε-
set as the semantic domain and an interpretation function which assigns to
every process state the set of all its successor process states. The coalgebra
semantic for an LTS based on Aczel’s sets is a particular instance of a genaral
semantic framework called final semantics given in [83]. By the term final
semantics, the authors mean that depending on the choice of a proper functor,
semantic domains based on partial orders, metric spaces, or non-well-founded
sets are final colagebras in a categorical sense. A coalgebra is dual to the
more familiar notion of an algebra relative to an endofunctor. Given an
endofunctor F : C → C on a category C, an F -coalgebra is a pair (A, α)
such that α : A → FA is a map in the category C. In the rest of this section,
we state some basic categorical results and facts for both models, however for
coalgebra semantics we only repeat the results worked out in [83]. Moreover,
we introduce the notion of (bi)-simulation in a categorical sense. Finally, we
study the relationship between ε -models and coalgebra semantics.

4.1 Denotational Semantics for LTS’s in ε-Structures

Following [82], we firstly define a general denotational model for LTS’s. In
order to define an ε -model, we are forced to deal with the reflexive ε-sets
which are ε-sets with an additional property to modeling recursion. In this
context, we present the category of reflexive ε-sets. Since ε-theory obeys
an intensionality principal the ε -models for a given LTS are intensional
unless we factorize them by a suitable relation. The factorized models are
extensional in the sense that they characterize the bisimilarity induced by
the LTS considered so that the same meaning is assigned to bisimilar states
whereas in the intensional models different meanings are assigned to bisimilar
states.
We close this section with the introduction of the notion of specification
logic in [29] to accomplish our study of the category of LTS’s and their
model categories and show that a change from one LTS to another one can
be carried by their corresponding model categories. The term specification
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logic was firstly presented, however, in a restricted sense in [53] for classi-
fying different kinds of first order logical specifications and later presented
in [29] to develop a structural theory of parameterized specifications in a
suitable categorical setting and to give a general conception of functorial
semantics for parameterized specifications. Here we need very little of this
theory and mainly use the definition of the specification logic to state the
relationship between LTS’s and their corresponding model categories. Due to
[29] a specification logic is a pair consisting of an arbitrary category ASPEC
on the syntactic level, called the category of abstract specifications, and a
functor Cat : ASPECop → CATCAT which associates to each abstract
specification SPEC a category Cat(SPEC), called category of models for
SPEC, and to each specification morphism f : SPEC1 → SPEC2 a func-
tor Cat(f) : Cat(SPEC2) → Cat(SPEC1), called forgetful functor, on the
semantic level.

Definition 4.1 Let T = (S,A,−→
T

) be an arbitrary LTS. A denotational

model for T is a pair (P, [[ ]]P ) such that P is a semantic domain whose
elements are unfoldings, called processes, and that [[ ]]P : S → P is an in-
terpretation function which assigns the corresponding unfolding to each state
s ∈ S such that [[s]]P = {(a, [[s′]]P ) | s →a s′}.

A simple example T = (S = {s, s′}, A = {a, b},−→
T

= {(s, a, s′), (s, b, s)})
motivates our semantics. The transition tree of T represents an infinite
behavior with a choice at every node between doing a and going to state s′

or doing b and going back to the state s. Obviously, the way of giving a set
theoretic meaning to the state s is banned by the axiom of foundation. To
sidestep this problem, we are forced to consider those semantic domains which
contain non-well-founded elements. As already mentioned, we define the
semantic domain in ε-theory which allows the existence of non-well-founded
objects. To be more precise, the semantic domain P is defined as an ε-sets
which allows self-reference. Such ε-sets are called reflexive ε-sets.

4.1.1 Reflexive ε-Sets as Special ε-Sets

Definition 4.2 (Reflexive Points) Let S = ((M, ε), D) be an ε-set. Then
D is a reflexive point if the elements in the extension of each d ε D are pairs
such that their first components are individuals and their second components
are elements of D; i.e.

p ε d ε D ⇒ ∃dx, dy in M : p = (dx, dy) ∧ extS(dx) = ∅ ∧ dy ε D
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Definition 4.3 (Reflexive ε-Sets) An ε-set R = ((M, ε), D) is a reflexive
ε-set if the point D of the ε-set R is a reflexive point.

In order to have a well-structured way to prove some properties of reflexive
ε-sets, we introduce the notion of layers.

Definition 4.4 (Layers) Let R = ((M, ε), D) be a reflexive ε-set. Then a
layer of R is a set of objects m in M whose paths have the same length.

Proposition 4.5 Every reflexive ε-set consists of five layers.

Proof Let R = ((M, ε), D) be a reflexive ε-set. From Definition 4.2 it fol-
lows that D is the point of R and with that D is the solely object with a
path of the length zero. Therefore, the first layer is the one-point set con-
sisting of D. Again by Definition 4.2, we get that the second layer is the
extension of D since every d in extR(D) has a path of the length one. By
the same Definition, we state that the third layer is the set consisting of the
pairs p = (dx, dy) which are elements of the extension of each d in extR(D).
Clearly, these objects have paths of the length two. Since every reflexive
ε-set is an ε-structure and every pair in an ε-structure is encoded according
to Kuratowski’s coding we can clearly see that the fourth layer is the set con-
sisting of objects C1(p), C2(p) in M with paths of the length three. Finally,
the fifth layer is the set consisting of objects dx in M which are elements of
the extension of C1(p) and C2(p). These objects have paths of the length
four.

✷

Proposition 4.6 P -Homomorphisms preserve layers.

Proof Let R = ((M, ε), D) and R′ = ((M ′, ε′), D′) be two reflexive ε-sets
and h : R → R′ be a P -homomorphism. We know that D is the reflexive
point ofR. Since h is a P -homomorphism; h(D) = D′. But D′ is the reflexive
point of R′. Thus the solely element of the first layer of R is assigned to
the solely element of the first layer of R′. Let d in M be an element of the
second layer of R which implies that d ε D. Since h is a P -homomorphism;
h(d)′ ε′ h(D)′ and sinceR′ is a reflexive ε-set we get that h(d) is an element
of the second layer of R′ and with that the elements of the second layer of R
are assigned to the elements of the second layer of R′. By similar reasoning
we show that h preserves the further three layers.

✷
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Proposition 4.7 Let R = ((M, ε), D) and R′ = ((M ′, ε′), D′) be two re-
flexive ε-sets and h : R → R′ be a P -homomorphism. Then for all pairs
p = (a, b) with C1(p) = a and C2(p) = b :

1. h(C1(p) = C1(h(p)), h(C2(p) = C2(h(p)), and

2. h(a, b) = (h(a), h(b)).

Proof

1. Since R is a reflexive ε-set C1(p) and C2(p) belong to the fourth layer
of R and since h is a P -homomorphism h(C1(p)) and h(C2(p)) also
belong to the fourth layer of R′. But we know that the fourth layer of
every reflexive ε-set consists of those objects which denote the first and
second component of an ordered pair encoded by Kuratowski’s coding.
Hence h(C1(p)) is the object which denotes the first component of h(p)
and h(C2(p)) is the object which denotes the second component of h(p);
i. e. h(C1(p)) = C1(h(p) and h(C2(p)) = C2(h(p)).

2. Since R is a reflexive ε-set p = (a, b) belongs to the third layer of
R and since P -homomorphisms preserve the layers; h(p) = h(a, b)
also belongs to the third layer of the reflexive ε-set R′. Again since
R is a reflexive ε-set there are objects C1(a, b) and C2(a, b) in the
fourth layer and a and b in the fifth and second layer respectively
such that aεC1(a, b), aεC2(a, b), and bεC2(a, b). It follows from the
fact that h is P -homomorphism; h(a)ε′h(C1(a, b)), h(a)ε′h(C2(a, b)),
and h(b)ε′h(C2(a, b)). But by part (1), we get h(a)ε′C1(h(a, b)), h(a)ε′

C2(h(a, b)), and h(b)ε′C2(h(a, b)). This means that the first component
of h(a, b) is h(a) and second component h(a, b) is h(b). Furthermore,
((h(a), h(b)) inM ′ also denotes a pair whose first and second compo-
nent are h(a) and h(b) respectively. But we know that two pairs are
equal if their components are equal. Therefore, h(a, b) = (h(a), h(b)).

✷

Definition 4.8 (Reflexive ε-Set Relation) Let R = ((M, ε), D) be a re-
flexive ε-set and R be an ε-set relation. Then R is a reflexive ε-set relation
if R preserves the layers of R and the extension of the objects in M ; i. e. if
(a, b) ∈ R then a and b belong to the same layer and either both of them are
individuals or none of them is an individual. Formally,

(a, b) ∈ R ⇒
{

a,b belong to the same layer and
(extR(a) = extR(b) = ∅) ∨ (extR(a) �= ∅ ∧ extR(b) �= ∅)

Two objects a, b in M with aRb are called reflexive extensionally conform
equivalent, if R is a reflexive ε-set relation.
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Definition 4.9 (Factorized Reflexive ε-Sets) Let R = ((M, ε), D) be a
reflexive ε-set and R be a reflexive ε-set relation. The structure R/R =
((M/R, ε/R),
D/R) with

M/R
:= {[a] | a in M}

ε/R
:= {([a], [A]) | there exists a′Ra with a′εA}

D/R
:= {D} = [D]

is called the factorization of R w. r. t. R. In order to show that the notion
of factorized reflexive ε-sets is well-defined, we prove that this definition is
representative independent. But we justify this claim by similar reasoning to
Definition 3.28.

Proposition 4.10 Let R = ((M, ε), D) be an ε-set and R be an ε-set rela-
tion. Then R/R = ((M/R, ε/R), D/R), the factorization of R w. r. t. R is
also a reflexive ε-set.

Proof To show that R/R = ((M/R, ε/R), D/R) is a reflexive ε-set, we have
to prove firstly thatR/R = ((M/R, ε/R), D/R) is an ε-set which holds by Def-
inition 3.28. Secondly, we have to prove that D/R

is the reflexive point ofR/R.

Assume that either there exists [(dx, dy)] in M/R
such that ¬

(
[dy]ε/R

[D]
)
or

there exists [dx] in M/R
such that extR([dx]) �= ∅. But since R is a reflexive

ε-set and R is a reflexive ε-set relation and preserves the layers none of both
assumptions can be true.

✷

In the sequel, we define the category of reflexive ε-sets and show that this
category is a subcategory of ε-SET.

4.1.2 REF-ε-SET the Category of Reflexive ε-Sets

Definition and Fact 4.11 (REF-ε-SET) The Category REF-ε-SET has
reflexive ε-sets as objects and P -homomorphisms as arrows. To see that
REF-ε-SET is a category, let us restate its definition in the same format as
Definition 3.15 and check that the laws hold :

1. An object in REF-ε-SET is a reflexive ε-set R = ((M, ε), D).
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2. An arrow f : R → R′ in REF-ε-SET is a P -homomorphism from the
reflexive ε-set R to the reflexive ε-set R′.

3. For each P -homomorphism f with domain M and codomain M ′, dom f =
R, cod f = R′, and f in REF − ε− STRUCT (R,R′).

4. The composition of two P -homomorphisms f : R → R′ and g : R′ →
R′′ is a P -homomorphism g ◦f from R to R′′ which is associative. We
reason in the same way as in Definition 3.34.

5. For each reflexive ε-set R = ((M, ε), D), idM : M → M is by Remark
3.31 a P -homomorphism and for any function f : M → M ′, the identity
functions idM and idM ′ satisfy the equations of the identity law:

idM ′ ◦ f = f and f ◦ idM = f.

We are now in a position to show the special property of a factorized reflexive
ε-set in the category of reflexive ε-sets.

Theorem 4.12 Let R = ((M, ε), D) be an object in REF-ε-SET. Let ∼ be
an reflexive ε-set relation on M and R/∼ = ((M/∼, ε/∼), D/∼) be the fac-
torization of R w.r.t. ∼. Then h : R → R/∼ defined by

∀m in M : h(m) := [m]

is a P -homomorphism and has the following universal property: Let S ′ be an
object in REF-ε-SETand f : R→ R′ be a P -homomorphism such that

∀m,n in M : m ∼ n ⇒ f(m) = f(n),

then there is a unique f̄ such that the following diagram

f

�f

R

R
0

R= �

h

commutes- that is, such that f̄ ◦ h = f.
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Proof By similar reasoning to Theorem 3.35, we show the truth of this
claim.

In the following, we give the binary product of reflexive ε-sets in the cate-
gorical sense.

Proposition 4.13 (Binary Product of Reflexive ε-Sets) The category REF-
ε-SET has binary products.

Proof we prove this in three steps:

• Firstly, we construct the binary product of two reflexive ε-sets and show
that this is also an reflexive ε-set. Let R1 = ((M1, ε1), D1) and R2 =
((M2, ε2), D2) be two reflexive ε-sets. The product of R1 and R2 is
R1 !R2 = ((M1 !M2, ε1 ! ε2), (D1, D2)) where

M1 !M2 = {(D1, D2)}
∪ extR1(D1)× extR2(D2)
∪{

(
(a1, a2), (b1, b2)

)
| (a1, b1) ε1 d1∧

(a2, b2) ε2 d2
∪{C1,2

(
(a1, a2), (b1, b2)

)
| (a1, b1) ε1 d1 ∧ (a2, b2) ε2 d2

∧d1 ε1 D1 ∧ d2 ε2 D2}
∪{(a1, a2) | ∃b1 in M1 ∧ ∃b2 in M2 ∧ ∃d1 ε1 D1

∧d2 ε2 D2 : (a1, b1) ε1 d1 ∧ (a2, b2) ε2 d2}
∪{(b1, b2) | ∃a1 in M1 ∧ ∃a2 in M2 ∧ ∃d1 ε1 D1

∧d2 ε2 D2 : (a1, b1) ε1 d1 ∧ (a2, b2) ε2 d2}

ε1 ! ε2 = {
(
(d1, d2), (D1, D2)

)
| d1 ε1 D1 ∧ d2 ε2 D2}

∪{
((

(a1, a2), (b1, b2)
)
, (d1, d2)

)
| (a1, b1) ε1 d1 ε1D1∧

b1 ε1 D1 ∧ (a2, b2) ε2 d2 ε2D2 ∧ b2 ε2 D2}
∪{

(
C1

(
(a1, a2), (b1, b2)

)
,
(
(a1, a2), (b1, b2)

))
|

(a1, b1) ε1 d1 ∧ (a2, b2) ε2 d2 ∧ d1 ε1 D1 ∧ d2 ε2 D2}
∪{

(
C2

(
(a1, a2), (b1, b2)

)
,
(
(a1, a2), (b1, b2)

))
|

(a1, b1) ε1 d1 ∧ (a2, b2) ε2 d2 ∧ d1 ε1 D1 ∧ d2 ε2 D2}
∪{

(
(a1, a2), C1

(
(a1, a2), (b1, b2)

))
| (a1, b1) ε1 d1∧

(a2, b2) ε2 d2 ∧ d1 ε1 D1 ∧ d2 ε2 D2}
∪{

(
(a1, a2), C2

(
(a1, a2), (b1, b2)

))
| (a1, b1) ε1 d1∧

(a2, b2) ε2 d2 ∧ d1 ε1 D1 ∧ d2 ε2 D2}
∪{

(
(b1, b2), C2

(
(a1, a2), (b1, b2)

))
| (a1, b1) ε1 d1∧

(a2, b2) ε2 d2 ∧ d1 ε1 D1 ∧ d2 ε2 D2}
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equipped with two projection functions π̇1 and π̇2 defined as follows:

π̇1 : M1 !M2 → M1 such that

π̇1(D1, D2) := D1

π̇1(d1, d2) := d1

π̇1

(
(a1, a2), (b1, b2)

)
:= (a1, b1)

π̇1

(
C1,2

(
(a1, a2), (b1, b2)

))
:= C1,2(a1, b1)

π̇1(a1, b1) := a1

π̇2 is defined analogously. Due to our construction we state thatR1 !R2

satisfy Definition 4.3 and is a reflexive ε-set.

• Secondly, we prove in two steps that the projection functions are P -
homomorphisms. Since the proof steps for π̇2 is as the same as for π̇1

we confine ourselves to prove the assertion only for π̇1:

– Next, we show that π̇1 is ε-preserving; i.e. m1 ε1 ! ε2 m2 ⇒
π̇1(m1)ε1π̇1(m2).

∗ Let m1 = (d1, d2) such that d1ε1D1 and d2ε2D2. By our con-
struction, m2 = (D1, D2). But

π̇1(m1) = π̇1(d1, d2)

= d1 and

π̇1(m2) = π̇1(D1, D2)

= D1.

Since R1 is a reflexive ε-set; d1ε1D1.

∗ Let m1 = ((a1, a2), (b1, b2)) with (a1, b1)ε1d1ε1D1, b1ε1D1 and
(a2, b2)ε2 d2ε2D2, b2ε2D2. By our construction, m2 = (d1, d2)
. But

π̇1(m1) = π̇1((a1, a2), (b1, b2))

= (a1, b1) and

π̇1(m2) = π̇1(d1, d2)

= d1.

By our assumption, (a1, b1)ε1d1.
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∗ Let m1 = C1,2((a1, a2), (b1, b2)). By our construction, m2 =
((a1, a2), b(b1, b2)).

π̇1(m1) = π̇1

(
C1,2((a1, a2), (b1, b2))

)
= C1,2(a1, b1) and

π̇1(m2) = π̇1((a1, a2), (b1, b2))

= (a1, b1)

Since every pair in R1 is encoded due to the Kuratowski’s
coding we get C1,2(a1, b1)ε1(a1, b1).

∗ Let m1 = (a1, a2) with ∃b1 in M1, ∃b2 in M2 such that (a1, b1)ε1
d1ε1D1, b1ε1D1 and (a2, b2)ε2d2ε2D2, b2ε2D2. By our construc-
tion,

m2 = C1,2((a1, a2), (b1, b2)) with C1,2((a1, a2), (b1, b2)) ε1 ! ε2

((a1, a2), (b1, b2)) ε1 ! ε2 (d1, d2).

π̇1(m1) = π̇1((a1, a2))

= a1

π̇1(m2) = π̇1

(
C1,2((a1, a2), (b1, b2))

)
= C1,2(a1, b1)

Since every pair in R1 is encoded due to the Kuratowski’s
coding we get a1ε1C1,2(a1, b1).

∗ Let m1 = (b1, b2) with ∃a1 in M1, ∃a2 in M2 such that

(a1, b1)ε1d1ε1D1, b1ε1D1 and (a2, b2)ε2d2ε2D2, b2ε2D2.

By our construction, m2 = C2((a1, a2), (b1, b2)) with

C2((a1, a2), (b1, b2)) ε1 ! ε2 ((a1, a2), (b1, b2)) ε1 ! ε2 (d1, d2).

π̇1(m1) = π̇1((b1, b2))

= b1

π̇1(m2) = π̇1

(
C2((a1, a2), (b1, b2))

)
= C2(a1, b1)

Since every pair in R1 is encoded due to Kuratowski’s coding,
we get b1ε1C2(a1, b1).
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– We now show that π̇1 is point-preserving; i. e. π̇1((D1, D2)) = D1.
But it holds because of the definition of projection functions and
with that π̇1 is a P -homomorphism.

• Thirdly, we show the universal property of the binary product; i.e.
given any REF-ε-SET-object R3 = ((M3, ε3), D3) and pair of arrows
f : R3 →R1 and g : R3 →R2 there is exactly one mediating arrow

< f, g >: R3 →R1 !R2

making the diagram

< f; g >

f g

R3

R1
_�1 _�2 R2R1 �R2

commute– that is, such that π̇1◦ < f, g >= f and π̇2◦ < f, g >= g.
Let < f, g > be defined as follows:

< f, g > (D3) := (f(D3), g(D3))

< f, g > (d3) := (f(d3), g(d3))

< f, g > ((a3, b3)) :=
(
(f(a3), g(a3)), (f(b3), g(b3))

)
< f, g >

(
C1,2(a3, b3)

)
:= C1,2

(
(f(a3), g(a3)), (f(b3), g(b3))

)
< f, g > (a3) := (f(a3), g(a3))

We proof the claim in the following two steps:

– To see that < f, g > is a P -homomorphism, we have to show that
< f, g > is ε- and point-preserving.

∗ To show that < f, g > is ε-preserving; i.e.

∀m3, n3 in M3 : m3ε3n3 ⇒< f, g > (m3) ε1 ! ε2 < f, g > (n3),

we study the following cases:
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· Let n3 = D3. Since R3 is a reflexive ε-set , m3 = d3 such
that there exists a pair (a3, b3) in M3 with b3ε3D3.

< f, g > (n3) = (f(n3), g(n3))

= (f(D3), g(D3))

< f, g > (m3) = (f(m3), g(m3))

= (f(d3), g(d3))

Since f and g are P -homomorphisms, f(d3)ε1f(D3) and
g(d3)ε2g(D3). But following our construction of ε1!ε2 we
can surely state,

(f(d3), g(d3)) ε1 ! ε2 (f(D3), g(D3)).

· Let n3 = d3 in extR3(D3). Since R3 is a reflexive ε-set ,
m3 = (a3, b3) with b3ε3D3.

< f, g > (n3) = (f(n3), g(n3))

= (f(d3), g(d3))

< f, g > (m3) = < f, g > ((a3, b3))

= ((f(a3), g(a3)), (f(b3), g(b3)))

Since f and g are P -homomorphisms, f((a3, b3))ε1f(d3)
and

g((a3, b3))ε2g(d3).

But following the construction of ε1 ! ε2 we can surely
state,

((f(a3), g(a3)), (f(b3), g(b3))) ε1 ! ε2 (f(d3), g(d3)).

· Let n3 = (a3, b3). SinceR3 is a reflexive ε-set and pairs are
encoded due to the Kuratowski’s coding, m3 = C1,2(a3, b3).

< f, g > (n3) = < f, g > ((a3, b3))

= ((f(a3), g(a3)), (f(b3), g(b3)))

< f, g > (m3) = < f, g >
(
C1,2(a3, b3)

)
= C1,2

(
(f(a3), g(a3)), (f(b3), g(b3))

)
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On one hand we know from the assumption that f and
g are P -homomorphisms and on the other hand we state
by the construction of ε1 ! ε2 that

C1,2

(
(f(a3), g(a3)), (f(b3), g(b3))

)
ε1 ! ε2

((f(a3), g(a3)), (f(b3), g(b3)))

· Let n3 = C1(a3, b3) or n3 = C2(a3, b3). Since R3 is a
reflexive ε-set and pairs are encoded due to the Kura-
towski’s coding, either m3 = a3 or m3 = b3. For the
reasons of simplicity, we confine ourselves to the case that
n3 = C1(a3, b3) which implies that m3 = a3.

< f, g > (n3) = < f, g >
(
C1(a3, b3)

)
= C1

(
(f(a3), g(a3)), (f(b3), g(b3))

)
< f, g > (m3) = (f(m3), g(m3))

= (f(a3), g(a3))

On one hand we know from the assumption that f and g
are P -homomorphisms and on the other hand , we state
by the construction of ε1 ! ε2, that

(f(a3), g(a3)) ε1 ! ε2 C1

(
(f(a3), g(a3)),

(f(b3), g(b3))
)
.

∗ To show that < f, g > is point preserving, we reason as
follows: by the definition of the mediating arrow, < f, g >
(D3) = (f(D3), g(D3)). But since f and g are P -homomorphisms;
i.e. f(D3) = D1 and g(D3) = D2, we get

< f, g > (D3) = (D1, D2).

This means that the point of R3 is mapped to the point of
R1 !R2.

– < f, g > is unique. Let k be another P -homomorphism from R3
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to R1 !R2 such that the diagram commutes; i.e.

π̇1(k(D3)) = f(D3)
∀d3 in M3 π̇1(k(d3)) = f(d3)
∀(a3, b3) in M3 π̇1(k((a3, b3))) = f((a3, b3))

= (f(a3), f(b3))
by Proposition 4.7

∀C1,2(a3, b3) in M3 π̇1(k(C1,2(a3, b3))) = f(C1,2(a3, b3))
= C1,2(f(a3), f(b3))

by Proposition 4.7

and

π̇2(k(D3)) = g(D3)
∀d3 in M3 π̇2(k(d3)) = g(d3)
∀(a3, b3) in M3 π̇2(k((a3, b3))) = g((a3, b3))

= (g(a3), g(b3))
by Proposition 4.7

∀C1,2(a3, b3) in M3 π̇2(k(C1,2(a3, b3))) = g(C1,2(a3, b3))
= C1,2(g(a3), g(b3))

by Proposition 4.7

but since < f, g > also makes the diagram commute, so

f(D3) = D1

= π̇1(D1, D2)
= π̇1(f(D3), g(D3))
= π̇1◦ < f, g > (D3)

∀d3 in M3 f(d3) = π̇1(f(d3), g(d3))
= π̇1◦ < f, g > (d3)

∀(a3, b3) in M3 f(a3, b3) = (f(a3), f(b3))
by Proposition 4.7

= π̇1

(
(f(a3), g(a3)),

(f(b3), g(b3))
)

= π̇1◦ < f, g > (a3, b3)
∀C1,2(a3, b3) in M3 f(C1,2(a3, b3)) = C1,2(f(a3), f(b3))

by Proposition 4.7
= π̇1(C1,2((f(a3), g(a3)),

(f(b3), g(b3))))
= π̇1◦ < f, g > (C1,2(a3, b3))
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and

g(D3) = D2

= π̇2(D1, D2)
= π̇2(f(D3), g(D3))
= π̇2◦ < f, g > (D3)

∀d3 in M3 g(d3) = π̇2(f(d3), g(d3))
= π̇2◦ < f, g > (d3)

∀(a3, b3) in M3 g(a3, b3) = (g(a3), g(b3))
by Proposition 4.7

= π̇2

(
(f(a3), g(a3)),

(f(b3), g(b3))
)

= π̇2◦ < f, g > (a3, b3)
∀C1,2(a3, b3) in M3 g(C1,2(a3, b3)) = C1,2(g(a3), g(b3))

by Proposition 4.7
= π̇2(C1,2((f(a3), g(a3)),

(f(b3), g(b3))))
= π̇2◦ < f, g >

(C1,2(a3, b3))

Considering above equations, we state that for all m3 in M3 :

π̇1(k(m3)) = π̇1◦ < f, g > (m3) = f(m3)
π̇2(k(m3)) = π̇2◦ < f, g > (m3) = g(m3)

On one hand we know that two pairs are equal if their compo-
nents are equal; also for all m3 in M3 : k(m3) = (f(m3), g(m3)) =
< f, g > (m3) and on the other hand we know that two func-
tions are equal if they supply for every argument the same value.
Therefore, k =< f, g > .

✷

Example 4.14 Let R1 = ((M1, ε1), D1) with

M1 = {D1, d11, (a, d11), C1(a, d11), C2(a, d11), a}
ε1 = {(d11, D1), ((a, d11), d11),

(C1(a, d11), (a, d11)),

(C2(a, d11), (a, d11)),

(a, C1(a, d11)), (a, C2(a, d11)), (d11, C2(a, d11))}
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and R2 = ((M2, ε2), D2) with

M2 = {D2, d21, d22, (a, d22), (b, d21), C1(a, d22), C2(a, d22), C1(b, d21),

C2(b, d21), a, b}
ε1 = {(d21, D2), (d22, D2), ((a, d22), d21), ((b, d21), d22), (C1(a, d22),

(a, d22)), (C2(a, d22), (a, d22)), (C1(b, d21), (b, d21)), (C2(b, d21),

(b, d21)), (a, C1(a, d22)), (a, C2(a, d22)), (d22, C2(a, d22)),

(b, C1(b, d21)), (b, C2(b, d21)), (d21, C2(b, d21))}

be two reflexive ε-sets. Then by the previous theorem the binary product of
them is R1 !R2 = ((M1 !M2, ε1 ! ε2), (D1, D2)) where

M1 !M2 = {(D1, D2), (d11, d21), (d11, d22),

((a, a), (d11, d22)), ((a, b), (d11, d21)), C1((a, a), (d11, d22)),

C2((a, a), (d11, d22)), C1((a, b), (d11, d22)),

C2((a, b), (d11, d21))}
ε1 ! ε2 = {((d11, d21), (D1, D2)),

((d11, d22), (D1, D2)), (((a, a), (d11, d22)), (d11, d21)),

(((a, b), (d11, d21)), (d11, d21)),

(C1((a, a), (d11, d22)), ((a, a), (d11, d22))),

(C2((a, a), (d11, d22)), ((a, a), (d11, d22))),

(C1((a, b), (d11, d21)), ((a, b), (d11, d21))),

(C2((a, b), (d11, d21)), ((a, b), (d11, d21))),

((a, a), C1((a, a), (d11, d22))), ((a, a), C2((a, a), (d11, d22))),

((d11, d22), C2((a, a), (d11, d22))),

((a, b), C1((a, b), (d11, d22))), ((a, b), C2((a, b), (d11, d21))),

((d11, d21), C2((a, b), (d11, d21)))}

Graphically:
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C1 C2

a d11

R1 = ((M1; �1); D1)

(a; d11)

D1

d11

C2C1C1 C2

ba

R2 = ((M2; �2); D2)

(a; d22) (b; d21)

d11

d21d22

D2

d22
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C2C1C1 C2

(a; b)

(d11; d21)

((a; a); (d11; d22)) ((a; b); (d11; d21))

(d11; d22)(a; a) (d11; d21)

(D1;D2)

(d11; d22)

R1 �R2 = ((M1 �M2; �1 � �2); (D1;D2))
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At this stage, we note that we can form products of arbitrary collections of
reflexive ε-sets, even infinite collections.

Proposition 4.15 (Products of a Family of Reflexive ε-Sets) The cat-
egory REF-ε-SET has (small) products.

Proof We prove this in three steps:

• Firstly, we define the product of the family of reflexive ε-sets

(Ri)i∈I =
((

Mi, εi
)
, Di

)
i∈I

and show that this is also a reflexive ε-set. For reasons of readability,
we firstly define the following five layers:

(I) (Di)i∈I
(II)

∏
i∈I extRi

(Di) = {(d1, d2, d3, · · · ) | di εi Di}
(III) {

(
(ai)i∈I , (bi)i∈I

)
| (ai, bi) in extRi

(di), i ∈ I ∧ di, bi in extRi
(Di)}

(IV ) {C1,2

(
(ai)i∈I , (bi)i∈I

)
| (ai, bi) in extRi

(di), ∧di, bi in extRi
(Di)}

(V ) {(ai)i∈I}
⋃
{(bi)i∈I}

The product of the family (Ri)i∈I =
((

Mi, εi
)
, Di

)
i∈I

of reflexive ε-sets

is ∏
i∈I

Ri =
((
⊗Mi,⊗εi

)
, (Di)i∈I

)
where

⊗Mi = I∪, · · · ,∪V
⊗εi = {(a, b) | a occurs in the layer k ∈ (II, · · · , V ) ∧ b occurs in the

layer k − 1 ∈ (II, · · · , V )} and

(Di)i∈I is the family of the reflexive points equipped with a family of
projection functions defined as follows:

π̇j : ⊗Mi → Mj

π̇j(Di)i∈I := Dj

π̇j((di)i∈I) := dj

π̇j
(
(ai)i∈I , (bi)i∈I

)
:= (aj , bj)

π̇j

(
C1,2

(
(ai)i∈I , (bi)i∈I

))
:= C1,2(aj , bj)

π̇j(ai)i∈I := aj

π̇j(bi)i∈I := bj .
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To see that
∏
i∈I Ri is also a reflexive ε-set, we have to show that((

⊗ Mi,⊗εi
)
, (Di)i∈I

)
is an ε-set and (Di)i∈I is its reflexive point.

But our construction clearly shows that
((
⊗Mi,⊗εi

)
, (Di)i∈I

)
is by

Definition 4.3 an ε-set and the construction of ⊗εi guarantees that
(Di)i∈I is its reflexive point.

• Secondly, we prove that projection functions π̇j are P -homomorphisms.
But it holds by similar reasoning to Proposition 4.13.

• Thirdly, we show the universal property of the product of the family of
the reflexive ε-sets; i.e. given any REF-ε-SET-object R and a family
of arrows (fi : R→ Ri)i∈I there is exactly one mediating arrow

(fi)i∈I : R→
∏
i∈I

Ri

making the diagram

Q
i2I Ri

_�i Ri

fi

R

(fi)i2I

commute– that is, such that for all i ∈ I : π̇i ◦ (fi)i∈I = fi. Let for all
m in M (fi)i∈I be defined as follows: (fi)i∈I(m) := (fi(m))i∈I . Then by
similar reasoning to Proposition 4.13 we show the truth of the claim.

✷

Proposition 4.16 The category ε-SET has equalizers.

Proof Let R2 = ((M2, ε2), D2), and R3 = ((M3, ε3), D3) be REF-ε-SET-
objects and h2, h3 : R2 →R3 be two parallel P -homomorphisms from R2 to
R3. In order to prove that h2 and h3 have an equalizer, we reason as follows:
Let
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M1 = {m2 in M2 | h2(m2) = h3(m2)} and

ε1 = ε2 M1
.

Since h2 and h3 are P -homomorphisms; h2(D2) = D3 = h3(D2) and by the
definition of M1;D2 in M1. Thus we take D1 = D2 and we can easily see that
S1 = ((M1, ε1), D1) is a reflexive ε-set. Now, we will show that h1 : R1 →R2

with h1(m1) = m1 is the equalizer of h2 and h3;i. e. h2 ◦ h1 = h3 ◦ h1.

h2; h3h1

h4k

R1

R4

R3R2

We prove this in three steps:

• h1 is a P -homomorphism. By the definition of h1 it is not hard to see
that it holds.

• h2 ◦ h1 = h3 ◦ h1. This holds by the definition of M1 and by the fact
that h1 is the inclusion function.

• We verify the universal property of h1. Let h4 : R4 → R2 be a P−ho-
momorphism such that h2 ◦ h4 = h1 ◦ h4; i.e. for every m4 in M4 :
h2(h4(m4)) = h1(h4(m4)) and so h4(m4) in M1. Thus we can take
k(m4) = h4(m4) for every m4 in M4. It is clear that the choice of k is
unique since h1(m2) = m2.

✷

Proposition 4.17 Every diagram D in REF-ε-SET has a limit.

Proof By Proposition 4.15 we know that every family of objects in REF-ε-
SET has a product. Furthermore, we know from Proposition 4.16 that every
pair of arrows in REF-ε-SET has an equalizer. Thus following [52] chapter
V and [8] chapter 2, every diagram D in REF-ε-SET has a limit.
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✷

If we compare Definitions 4.11 and 3.34 we shall suppose that the category
REF-ε-SET is a subcategory of the category REF-ε-SET .

Proposition 4.18 The category REF-ε-SET is a subcategory of the category
ε-SET.

Proof We reason analogously to Proposition 3.43.

✷

Now, we have enough material to define ε -models precisely and state that
the generated ε -models form a category which is small-complete.

4.1.3 ε− LTS-Models

Definition 4.19 (ε -Models) An ε -model for a LTS, T = (S,A,−→
T

) is

a pair Tε = (((M, ε), D), [[ ]]D), where ((M, ε), D) is a reflexive ε-set and
[[ ]]D : S → ext(D) is an interpretation function which assigns to every sate
s ∈ S an element of the extension of the reflexive point D such that

ext([[s]]D) = {(a, [[s′]]D) | s
a−→ s′}.

Such an element [[s]]D in ext(D) is called a process.

Definition 4.20 (Generated Models) A model for a given LTS is gener-
ated if the interpretation function is surjective.

Remark 4.21 Since ε-theory obeys an intensionality principal, then the ε
-models for a LTS are generally intensional. This implies that the interpre-
tation function of a generated ε -model is not unique.

Definition 4.22 (ε− LTS-Relation) Let R = ((M, ε), D) be a reflexive ε-
set and R be a reflexive ε-set relation. Then R is an ε− LTS-relation if for
all a, b ∈ M with a, b belong to the fifth layer of R :

(a, b) ∈ R ⇒ a = b.

Two objects a, b in M with aRb are called ε-LTS-equivalent, if R is a ε−LTS-
relation.
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Definition 4.23 (Factorized ε -Models) Let T = (S,A,−→
T

) be a LTS and

Tε = (((M, ε), D), [[ ]]D) be an ε -model for T. Let R be an ε−LTS-relation
on M . Then Tε/R

= (((M/R
, ε/R

), D/R
), [[ ]]D/R

) with

M/R
:= {[a] | a in M},

ε/R
:= {([a], [A]) | there exists a′Ra with a′εA},

D/R
:= {D} = [D],

[[ ]]D/R
: S → ext(D/R

) with

[[s]]D/R
:=

[
[[s]]D

]
R
.

is called the factorization of Tε w.r.t. R. By similar reasoning to Definition
4.9 we can show that this definition is representative independent.

Proposition 4.24 Let T = (S,A,−→
T

) be a LTS and Tε = (((M, ε), D), [[ ]]D)

be a model for T. Let R be an ε − LTS-relation on M . Then Tε/R
=

(((M/R
, ε/R

), D/R
), [[]]D/R

), the factorization of Tε w.r.t. R is also an ε -

model for T.

Proof Due to Definition 4.19 we have to prove the followings:

• ((M/R, ε/R), D/R) is a reflexive ε-set . Since every ε−LTS-relation is a
reflexive ε-set relation we apply Proposition 4.10 and get ((M/R, ε/R), D/R)
is a reflexive ε-set.

• [[ ]]D/R
is an interpretation function; i. e. it assigns to every state s an

object [[s]]D/R
of extR/R

(D/R
) such that ext([[s]]D/R

) = {([a]R, [[s′]]D/R
) | s a−→s′}.

We know that the extension of the object
[
[[s]]D

]
R
in the factorized

reflexive ε-set R/R is

ext
([

[[s]]D

]
R

)
= {

[
(a, [[s′]]D)

]
R
| s a−→s′}.

With Definition 4.23 in mind, we state that every object
[
(a, [[s′]]D)

]
R

in the reflexive ε-set R/R denotes a pair which has the individual
[
a
]
R

as its first component and the object
[
[[s′]]D

]
R
as its second component;

i. e.

ext
([

[[s]]D

]
R

)
= {([a]R ,

[
[[s′]]D

]
R
) | s a−→s′}.
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But by Definition 4.23 we get [[s]]D/R
=

[
[[s]]D

]
R
and with that

ext([[s]]D/R
) = {([a]R ,

[
[[s′]]D

]
R
) | s a−→s′}.

This means that the function [[ ]]D/R
satisfies the required condition in

Definition 4.19 and therefore is an interpretation function and we are
done.

✷

We know that term models are just a reflection of the syntax so they are in
a sense trivial. But in fact this very triviality makes them one of the tests
for a good definition of “model”; if the term model for a given LTS does not
satisfy the condition of Definition 4.19, this condition should be changed.
Another interesting point by considering a term model is its specific status
within the category of ε -models for a given LTS. We will show later on that
every term model is an initial object in the given category of ε -models. To
define term models, we need to introduce some notion in advance.

Theorem 4.25 (Construction of a Reflexive ε-Set w. r. t. a given LTS)
Let T = (S,A,−→

T
) be a LTS. Then, there exists a reflexive ε-set such that

the elements of the reflexive point are unfolding trees under the transition
relation → for T .

Proof Let D be an object. In the following, We construct a reflexive ε-set
R = ((M, ε), D) in a way that M is the set of objects, ε is the binary relation
on M , and D is the reflexive point.

M = {D} ∪ A ∪ S ∪
⋃
s∈S
{(a, s′) | s →a s′}

∪{C1(a, s
′) | s →a s′}

∪{C2(a, s
′) | s →a s′}

ε = {(s,D) | s ∈ S} ∪ {((a, s′), s) | s →a s′}
∪{

(
C1(a, s

′), (a, s′)
)
| s →a s′}

∪{
(
C2(a, s

′), (a, s′)
)
| s →a s′}

∪{
(
a, C1(a, s

′)
)
| s →a s′}

∪{
(
a, C2(a, s

′)
)
| s →a s′}

∪{
(
s′, C2(a, s

′)
)
| s →a s′}.
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By our construction, we can easily see that R = ((M, ε), D) satisfies the
conditions of Definiton 4.3 and with that R = ((M, ε), D) is a reflexive ε-set.

✷

Definition 4.26 Let T = (S,A,−→
T

) be a LTS. Following Theorem 4.25 the

reflexive ε-set constructed w.r.t. T is designated by R(T ) = ((M, ε), D).

Remark 4.27 Let us consider T = (S,A,−→
T

) . We state for R(T ) that:

• extR(D) = S,

• s →a s′ ⇐⇒ (a, s′)εs.

Theorem 4.28 Let T = (S,A,−→
T

) be a LTS and R(T ) = ((M, ε), D) be

the reflexive ε-set constructed w.r.t. T . Let [[ ]]D : S → extR(D) be a function

with [[s]]D := s. Then Termε = (R(T ), [[ ]]D) is an ε -model for T .

Proof Following Definition 4.19, we show this claim in tow steps:

• R(T ) = ((M, ε), D) is a reflexive ε-set. It holds by the construction of
R(T ), Theorem 4.25.

• [[ ]]D is an interpretation function; i.e. it assigns to every state s one

object [[s]]D of extR(D) such hat ext([[s]]D) = {(a, [[s′]]D) | s
a−→s′}.

But the construction of R(T ) = ((M, ε), D) guarantees that

s →a s′ ⇔ (a, [[s′]]D)ε[[s]]D

and with that the function [[ ]]D satisfies the required condition in Defi-
nition 4.19 and therefore is an interpretation function and we are done.

✷

Definition 4.29 Let T = (S,A,−→
T

) be a LTS and R(T ) = ((M, ε), D) be

the reflexive ε-set constructed w.r.t. T . Then the ε -model, Termε = (R(T ), [[ ]]D)
given by Theorem 4.28 is called the term model for T .

Remark 4.30 Clearly, term models are due to the construction of their
reflexive ε-sets generated.

Now, we are able to define a homomorphism, called an ε-LTS-homomorphism,
between generated ε -models which serves as a building block to define the
category of generated ε -models whose arrows are the ε-LTS-homomorphisms.
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Definition 4.31 (ε-LTS-Homomorphism) Let T = (S,A,−→
T

) be an ar-

bitrary LTS and Tε and T ′
ε be two generated ε -models for T . A P -homomorphism

h : ((M, ε), D)→ ((M ′, ε′), D′)

is called ε-LTS-homomorphism, written

h : Tε → T ′
ε

if the following equation holds.

∀s ∈ S : h([[s]]D) = [[s]]D′

Remark 4.32 An ε-LTS-homomorphism is a P -homomorphism which in
addition preserves the interpretations of the states of a given LTS; i.e. it
maps the interpretation of a state in the first model to the interpretation of
the same state in the second model. Furthermore, it is clear that the identity
function idM : M → M is an ε-LTS-homomorphism from Tε to Tε.

Proposition 4.33 Let T = (S,A,−→
T

) be a LTS and Tε = (((M, ε), D), [[ ]]D),

T ′
ε = (((M ′, ε′), D′), [[ ]]D′), and T ′′

ε = (((M ′′, ε′′), D′′), [[ ]]D′′) be three gen-
erated ε -models for T. Then the composition of ε-LTS-homomorphisms f :
Tε → T ′

ε and g : T ′
ε → T ′′

ε defined by

g ◦ f : T ′
ε → T ′′

ε

is also an ε-LTS-homomorphism.

Proof Since f and g are P -homomorphisms; g ◦ f is also by Proposition
3.32 a P -homomorphism. Thus it only remains to be shown that

∀s ∈ S : g ◦ f([[s]]D) = [[s]]D′′ .

Since f and g are ε-LTS-homomorphisms, f([[s]]D) = [[s]]D′ and g([[s]]D′) =
[[s]]D′′, hence we get g(f([[s]]D)) = [[s]]D′′.

✷

Proposition 4.34 The composition of ε-LTS-homomorphisms is associa-
tive.

Proof The reasoning is analogous to that of Proposition 3.33.

90



4.1.4 modg(T ) the Category of Generated ε− LTS-Models

Definition and Fact 4.35 (modg(T )) Let T be a LTS. The category modg(T )
has generated ε -models as objects and ε-LTS-homomorphisms as arrows. To
see that ε-STRUCT is a category, let us restate its definition in the same
format as Definition 3.15 and check that the laws hold : category of the gen-
erated ε -models for T :

1. An object in modg(T ) is a generated ε -model Tε = (((M, ε), D), [[ ]]D)
.

2. An arrow f : Tε → T ′
ε in modg(T ) is an ε-LTS-homomorphism from

the generated ε -model Tε to the generated ε -model T ′
ε.

3. For each ε-LTS-homomorphism f with domain M and codomain M ′,
dom f = Tε, cod f = T ′

ε , and f in modg(T )(Tε, T
′
ε).

4. The composition of two ε-LTS-homomorphisms f : Tε → T ′
ε and g :

T ′
ε → T ′′

ε is by Proposition 4.33 an ε-LTS-homomorphism g ◦ f from Tε
to T ′′

ε and by Proposition 4.34 associative.

5. For each generated ε -model Tε = (((M, ε), D), [[ ]]D), idM : M → M
is by Remark 4.32 an ε-LTS-homomorphism and satisfies the equations
of the identity law.

Proposition 4.36 Let T be a LTS and modg(T ) be its associated ε -models
category. Then the arrows in modg(T ) are unique; i.e. if h : Tε → T ′

ε is an
ε-LTS-homomorphism, then it is unique.

Proof Let f be another ε-LTS-homomorphism from Tε to T ′
ε . Then f ◦

[[ ]]D = [[ ]]D′. Since h is also an ε-LTS-homomorphism, h ◦ [[ ]]D = [[ ]]D′.
Therefore, f ◦ [[ ]]D = h ◦ [[ ]]D which implies that f = h, since [[]]D is
surjective.

✷

We are now in a position to show the special property of a factorized ε -model
in the category of generated ε -models.

Theorem 4.37 Let T = (S,A,−→
T

) be a LTS and modg(T ) be the category

of its generated models. Let Tε = (((M, ε), D), [[ ]]D) be an object of modg(T )
and ∼ be an ε−LTS-relation on M and Tε/∼ = (((M/∼ , ε/∼), D/∼), [[ ]]D/∼

)

be the factorization of Tε w.r.t. ∼. Then h : Tε → Tε/∼ defined by

∀m in M : h(m) := [m]
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is an ε-LTS-homomorphism and has the following universal property: Let T ′
ε

be another object of modg(T ) and f : Tε → T ′
ε be an ε-LTS-homomorphism

such that

∀m,n in M : m ∼ n ⇒ f(m) = f(n),

then there is a unique f̄ such that the following diagram is commutative:

h

f

�fT�=
�

T 0

�

T�

Proof We prove this in two steps:

• Firstly, we show that h is an ε-LTS-homomorphism. By Theorem 3.35
h is a P -homomorphism and it remains to be shown that

∀s ∈ S : h([[s]]D) = [[s]]D/∼.

But by the definition of h; h([[s]]D) =
[
[[s]]D

]
and by Definition 4.23,[

[[s]]D

]
= [[s]]D/∼ .

• Secondly, we show that h has the universal property:
Let f̄ : Tε/∼ → T ′

ε be defined as follows:

∀[m] in M/∼ : f̄([m]) := f(m)

In the following three steps we prove that f̄ is firstly well-defined, sec-
ondly an ε-LTS-homomorphism, and thirdly unique.

– By similar reasoning to Proposition 3.35 f̄ is well-defined.

– By Proposition 3.35 f̄ is a P -homomorphism and it remains to
be proved that ∀s ∈ S : f̄([[s]]D∼) = [[s]]D′ . By Definition 4.23;

f̄([[s]]D̃) = f̄(
[
[[s]]D

]
); and by the definition of f̄ ; f̄(

[
[[s]]D

]
) =

f([[s]]D). Since f is an ε-LTS-homomorphism, f([[s]]D) = [[s]]D′.

Thus f̄(
[
[[s]]D

]
) = [[s]]D′ .

92



– By Proposition 4.36; f̄ is unique.

✷

Now, we can study the specific status of the term model within the category
of ε -models for an arbitrary T.

Theorem 4.38 (Initialization) Let T = (S,A,−→
T

) be a LTS and T ′
ε be

an object in modg(T ). Then Termε = (R(T ), [[ ]]DS
), the term model for T

is initial; i. e. for all objects T ′
ε in modg(T ) there exists a unique ε-LTS-

homomorphism from R(T ) to T ′
ε .

Proof To prove this claim, we do the following three steps: First of all, we
define for all T ′

ε in modg(T ) the function f : R(T ) → T ′
ε and show that f

is well-defined. Secondly, we prove that f is an ε-LTS-homomorphism, and
finally, we show that f is unique. For reasons of readability, we denote the
first and the second component of a pair (a, b) with C1 and C2 instead of
C1(a, b) and C2(a, b).

1. Now let us define f : R(T )→ T ′
ε as follows:

(a) The reflexive points of two ε -models are mapped to each other:

f(DS) := D′

(b) The elements of the extensions of the reflexive points are mapped
to each other such that their extensions are preserved:

i. ∀[[s]]DS
in extR(DS) with extR([[s]]DS

) = ∅ :

f([[s]]DS
) := [[s]]D′ , where

[[s]]D′ in extR′(D′) ∧ extR′([[s]]D′) = ∅
ii. ∀[[s]]DS

in extR(DS) with extR([[s]]DS
) �= ∅, i. e. there exists

a pair pa in M such that pa ε[[s]]DS
:

f([[s]]DS
) := [[s]]D′ , where

[[s]]D′ in extR′(D′) ∧ f(pa) ε′ [[s]]D′

(c) The pairs in M are mapped to the pairs in M ′ such that their
extensions are preserved :

∀(a, [[s′]]DS
) in M ∃C1, C2 in M∃[[s]]DS

in M with (a, [[s′]]DS
)ε[[s]]DS

∧
C1ε(a, [[s′]]DS

∧ C2ε(a, [[s′]]DS
∧ aεC1 ∧ aεC2 ∧ [[s′]]DS

εC2 :

f(a, [[s′]]DS
) := (a, [[s′]]D′) where

(a, [[s′]]D′) in M ′ ∧ (a, [[s′]]D′) ε′ f([[s]]D′) ∧ f(C1) ε′ (a, [[s′]]D′)

∧f(C2) ε′ (a, [[s′]]D′)∧f(a) ε′ f(C1)∧f(a) ε′ f(C2)∧f([[s′]]DS
) ε′ f(C2)
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(d) The objects C1 and C2 denoting the first and second components
of the ordered pairs are mapped to each other such that their
extensions are preserved :

∀C1 in M∃pa in M∃a in M with C1εpa ∧ aεC1 :
f(C1) := C ′

1 where
C ′
1 in M ′ ∧ C ′

1 ε′ f(pa) ∧ f(a) ε′ C ′
1

and ∀C2 in M∃pa in M∃a in M∃[[s]]DS

in extR(DS) with C2εpa ∧ aεC2 ∧ [[s]]DS
εC2 :

f(C2) := C ′
2 where

C ′
2 in M ′ ∧ C ′

2 ε′ f(pa) ∧ f(a) ε′ C ′
2 ∧ f([[s]]DS

) ε′ C ′
2

(e) The labels are mapped to each other such that their extensions
are preserved :

∀a in M with extR(a) = ∅∃pa in M∃C1 in M with C1εpa ∧ aεC1 :
f(a) := a′, where
a′ in M ′ ∧ extR(a′) = ∅ ∧ f(C1) ε′ f(pa) ∧ f(a) ε′ f(C1).

In the following we prove that f is well-defined: Let [[s]]DS
= [[t]]DS

. By

the definition of [[ ]] we get s = t which implies [[s]]D′ = [[t]]D′. But by

the definition of f we get f([[s]]DS
) = f([[t]]DS

). Thus f is well-defined.

2. We now reason that f is an ε-LTS-homomorphism:

(a) Firstly, we show that f is ε-preserving, i. e.

∀m,n in M : mεn ⇒ f(m) ε′ f(n).

For this proof we consider the following five cases:

i. Let n be the reflexive object DS. Since R(T ) is generated
we can assume that there exists a state s ∈ S such that
m = [[s]]DS

with [[s]]DS
εDS . But by the definition of f we

get f([[s]]DS
) = [[s]]D′ and f(DS) = D′ with f([[s]]DS

) ε′ D′.

ii. Let n be an element of the extension of DS; i. e. n = [[s]]DS
.

Then since R(T ) is an ε -model of T, m is a pair (a, [[s′]]DS
)

with (a, [[s′]]DS
)ε[[s]]DS

. By the definition of f we get f(a, [[s′]]DS
)ε′

f([[s]]DS
).

iii. Let n be an element of the extension of dεDS; i. e. n is
an object pa which represents a Kuratowski pair. Then, by
Definition 3.6 there are precisely two components C1, C2 in M
such that C1, C2εpa and hence m = C1 or m = C2. Assume
m = C1, then by the definition of f , f(C1) ε′ f(pa). For
m = C2 we reason analogously.
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iv. Let n be C1 denoting the first component of a pair pa =
(a, [[s]]DS

) Then, by Definition 3.6 m = a and by the definition
of f , f(a) ε′ f(C1).

v. Let n be C2 denoting the second component of a pair pa =
(a, [[s]]DS

) Then, by definition 3.6 either m = a or m = [[s]]DS
.

By similar reasoning to the previous case, we get f(a) ε′

f(C2) or f([[s]]DS
) ε′ f(C2).

(b) Secondly, we show that f is point preserving. But by the definition
of f, we get f(DS) := D′.

(c) Thirdly, by the definition of f, we can easily see that f interpre-
tation preserving, i. e.

∀s ∈ S : f ◦ [[s]]DS
= [[s]]D′ .

3. Finally, it remains to be proved that f is unique. But this is the case
by Proposition 4.36 and we are done.

✷

The binary product of two generated ε -models of a given LTS T is the
product of the reflexive ε-sets and a tuple of their interpretation functions
equipped with two projection functions.

Proposition 4.39 (Binary Product of ε -Models) Let T = (S,A,−→
T

)

be a LTS and modg(T ) be its associated category of the generated models of
T . Then the category modg(T ) has binary products.

Proof we prove this in three steps:

• Firstly, we define the binary product of two ε -models and show that
this is also a ε -model. Let Tε1 = (((M1, ε1), D1), [[ ]]D1

) and Tε2 =
(((M2, ε2), D2), [[ ]]D2

) be two ε -models. Then the product of Tε1 and
Tε2 is Tε1!Tε2 = (((M1!M2, ε1!ε2), (D1, D2)), < [[ ]]D1

, [[ ]]D2
>) where

((M1 !M2, ε1 ! ε2), (D1, D2)) is the binary product of ((M1, ε1), D1)
and ((M2, ε2), D2) and < [[ ]]D1

, [[ ]]D2
> is the function from S to D1×2

a subset of ext(D1 ×D2) where

D1×2 = {(d1, d2) | ∃s ∈ S : d1 = [[s]]D1
, d2 = [[s]]D2

}
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with < [[ ]]D1
, [[ ]]D2

> (s) := ([[s]]D1
, [[s]]D2

) equipped with projection
functions π̇1 and π̇2 defined as follows:

π̇1 : M1 !M2 → M1 such that

π̇1(D1, D2) = D1

π̇1(d1, d2) = a1

π̇1

(
(a1, a2), (b1, b2)

)
= (a1, b1)

π̇1

(
C1,2

(
(a1, a2), (b1, b2)

))
= C1,2(a1, b1)

π̇1(a1, a2) = a1 and

π̇2 is defined analogously. To see that Tε1 ! Tε2 is also a generated ε
-model, we have to show the following two steps:

– (M1 ×M2, (D1, D2)) is a reflexive ε-set. Since Tε1 and Tε2 are
objects in the category modg(T ), ((M1, ε1), D1) and ((M2, ε2), D2)
are reflexive ε-sets and due to Proposition 4.13 their product is also
a reflexive ε-set.

– < [[ ]]D1
, [[ ]]D2

> is an interpretation function; i.e. it assigns to
every state s one object (d1, d2) in ext(D1 ×D2) such that its ex-
tension is a set of pairs whose first components are individuals and
whose second components are those objects which are reachable
from (d1, d2) via these individuals; i. e. ext( ([[s]]D1

, [[s]]D2
) ) =

{((a, b), ([[s′]]D1
, [[s′]]D2

)) | s (a,b)−→s′}. But by Definition of < [[ ]]D1
,

[[ ]]D2
> we can easily see that the function assigns to every state

s an object of the extension of D1 ×D2. Moreover, since Tε1 and
Tε2 are ε -models for T we get ext([[s]]D1

) = {(a, [[s′]]D1
) | s a−→s′}

and ext([[s]]D2
) = {(a, [[s′]]D2

) | s
a−→s′ and due to Proposition

4.13 we can surely state

ext(([[s]]D1
, [[s]]D2

)) = {((a, a), ([[s′]]D1
, [[s′]]D2

)) | s(a,a)−→s′}.

It remains to be proved that Tε1 ! Tε2is generated. Since [[ ]]D1
and

[[ ]]D2
are surjective, we get < [[ ]]D1

, [[ ]]D2
> is also surjective,

and with that Tε1 ! Tε2 is generated.

• Secondly, we prove in two steps that the projection functions are ε-
LTS-homomorphisms. Since the proof steps for π̇2 is as the same as
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for the π̇1 we confine ourselves to prove the claim only for π̇1. By
Proposition 4.13 π̇1 is a P -homomorphism and it remains to be shown
that it preserves the interpretation of states; i.e.

∀s ∈ S : π̇1

(
([[s]]D1

, [[s]]D2
)
)
= [[s]]D1

But it holds by the definition of π̇1. Moreover, we can easily see that
π̇1 and π̇2 are surjective.

• Thirdly, we show the universal property of the binary product of ε -
models; i. e. given any object of modg(T ) , Tε3 = (((M3, ε3), D3), [[ ]]D3

)
and pair of arrows f : Tε3 → Tε1 and g : Tε3 → Tε2 there is exactly one
mediating arrow

< f, g >: Tε3 → Tε1 ! Tε2

making the diagram

< f; g >

f g

_�1 _�2

T�3

T�2
T�1

T�1
� T�2

commute– that is, such that π̇1◦ < f, g >= f and π̇2◦ < f, g >= g.
Let < f, g > be defined as follows:

< f, g > (D3) = (f(D3), g(D3))

< f, g > (d3) = (f(d3), g(d3))

< f, g > ((a3, b3)) =
(
(f(a3), g(a3)), (f(b3), g(b3))

)
< f, g >

(
C1,2(a3, b3)

)
= C1,2

(
(f(a3), g(a3)), (f(b3), g(b3))

)
< f, g > (a3) := (f(a3), g(a3))

We proof this claim in the following two steps:
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– < f, g > is an ε-LTS-homomorphism. But by Proposition 4.13,
< f, g > is a P -homomorphism and it remains to be proved that

∀s ∈ S : < f, g > ([[s]]D3
) = ([[s]]D1

, [[s]]D2
).

But

< f, g > ([[s]]D3
) = (f([[s]]D3

), g([[s]]D3
))

by definition of < f, g >

= ([[s]]D1
, [[s]]D2

)

since f and g are ε-LTS-homomorphisms

= < [[ ]]D1
, [[ ]]D2

> (s)

– < f, g > is unique. It holds by similar reasoning to Proposition
4.13.

✷

At this stage, we note that we can form products of arbitrary collections of
ε -models, even infinite collections.

Proposition 4.40 (Products of a Family of ε -Models) Let
T = (S,A,−→

T
) be an arbitrary LTS and modg(T ) be the associated category

of its generated models. Then the category modg(T ) has (small) products.

Proof We prove this in three steps:

• Firstly, we define the product of the family of ε -models and show that
this is also an ε -model. The product of the family

(Tεi)i∈I =
(((

Mi, εi
)
, Di

)
, [[ ]]Di

)
i∈I

of ε -models is∏
i∈I

Tεi =
(((

⊗Mi,⊗εi
)
, (Di)i∈I

)
, ([[ ]]Di

)
i∈I

)
where

((
⊗Mi,⊗εi

)
, (Di)i∈I

)
is the product of the family of reflexive ε-sets((

Mi, εi
)
, Di

)
i∈I

and ([[ ]]Di
)
i∈I , the function from S to

∏
i∈I extRi

(Di)

with ([[ ]]Di
)
i∈I(s) = ([[]]Di

(s))
i∈I equipped with projection functions

defined as follows:
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π̇j : ⊗Mi → Mj

π̇j(Di)i∈I := Dj

π̇j((di)i∈I) := dj

π̇j
(
(ai)i∈I , (bi)i∈I

)
:= (aj , bj)

π̇j

(
C1,2

(
(ai)i∈I , (bi)i∈I

))
:= C1,2(aj , bj)

π̇j(ai)i∈I := aj

π̇j(bi)i∈I := bj .

To see that
∏
i∈I Tεi is also an ε -model, we have to prove the following

steps:

–
((

⊗ Mi,⊗εi
)
, (Di)i∈I

)
is a reflexive ε-set. It follows from the

fact that Tεi are ε -models for T and their first components; i. e.
((Mi, εi), Di), are reflexive ε-sets. Furthermore, we know from
Proposition 4.15 that the product of the family of reflexive ε-sets
is also a reflexive ε-set.

– ([[ ]]Di
)
i∈I is an interpretation function; i.e. it assigns to every

state s one object of
∏
i∈I extRi

(Di) such that

ext(([[s]]Di
)
i∈I) = {((ai)i∈I , ([[s′]]Di

)
i∈I) | s

(ai)i∈I−→ s′}.

But by Definition of ([[ ]]Di
)
i∈I we can easily see that the function

assigns to every state s an object of the extension of
∏
i∈I Di. Since

every Tεi is a model for T we get ext([[s]]Di
) = {(a, [[s′]]Di

) | s a−→s′}.
But due to Proposition 4.15 we can surely state

ext(([[s]]Di
)
i∈I) = {((ai)i∈I , ([[s′]]Di

)
i∈I) | s

(ai)i∈I−→ s′}.

It remains to be proved that
∏
i∈I Tεi is generated. Since every [[ ]]Di

is
surjective we get ([[ ]]Di

)
i∈I is also surjective and with that Tε1 ! Tε2 is

generated.

• Secondly, we have to prove that projection functions π̇j are ε-LTS-ho-
momorphisms. By similar reasoning to Proposition 4.39, projection
functions are ε-LTS-homomorphisms.
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• Thirdly, we show the universal property of the product of the family
of ε -models; i.e. given any modg(T ) -object Tε and a family of arrows
(fi : Tε → Tεi)i∈I there is exactly one mediating arrow

f : Tε →
∏
i∈I

Tεi

making the diagram

_�i

fi

T�

Q
i2I T�i T�i

(fi)i2I

commute– that is, such that ∀i ∈ I : π̇i◦(fi)i∈I = fi. Let for all m in M
: f(m) := (fi(m))i∈I . Then by similar reasoning to Proposition 4.15 we
show the truth of the claim.

✷

Proposition 4.41 Let T = (S,A,−→
T

) be an arbitrary LTS and modg(T ) be

the associated category of its generated models. Then the category modg(T )
has equalizers.

Proof Let Tε1 = (((M1, ε1), D1), [[ ]]D1
), and Tε2 = (((M2, ε2), D2), [[ ]]D2

)
be modg(T ) -objects and h1, h2 : Tε1 → Tε2 be two parallel ε-LTS-homomorphisms
from Tε1 to Tε2. We will then show that idTε1

: Tε1 → Tε1 is the equalizer of
h1 and h2. First of all, we state that by Proposition 4.36, h1 = h2.
We prove the claim in the following three steps:

• idTε1
is a ε-LTS-homomorphism. By the definition of h1 it is not hard

to see that it holds.

• h1 ◦ idTε1
= h2 ◦ idTε1

. Since h1 = h2 this claim holds obviously.

• We verify the universal property of idTε1
. Let h3 : Tε3 → Tε1 be an

ε-LTS-homomorphism. Again since h1 = h2 we state that h2 ◦ h3 =
h1 ◦ h3. Thus we can take k(m3) = h3(m3) for every m3 in M3. Since
idTε1

(m1) = m1 the choice of k is unique.
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h1; h2

k

T�1 T�1 T�2

T�3

h3

id
�1

✷

Proposition 4.42 Let T = (S,A,−→
T

) be an arbitrary LTS and modg(T )

be the associated category of its generated models. Then every diagram D in
modg(T ) has a limit.

Proof By Proposition 4.40 we know that every family of objects in modg(T )
has a product. Furthermore, we know from Proposition 4.41 that every pair
of morphisms in modg(T ) has an equalizer. Thus following [52] chapter V
and [8] chapter 2, every diagram D in modg(T ) has a limit.

✷

4.1.5 Classification of ε− LTS-Models

In the sequel, we classify our ε -models according to the fact of how they char-
acterize the bisimilarity induced by an LTS. An ε -model which characterizes
the bisimilarity induced by an LTS so that different meanings are assigned to
bisimilar states is called intensional whereas an ε -model which characterizes
the bisimilarity so that the same meaning is assigned to bisimilar states is
called extensional. Since ε-theory obeys an intensionality principal, our mod-
els are in general intensional unless we factorize them maximally. This means
that, the extensional ε -models correspond to the models based on Aczel’s
sets. Moreover, they are terminal objects in the category of generated ε
-models for a given LTS.

4.1.5.1 Intensional ε -Models The fact that in the intensional ε -
models different meanings are assigned to bisimilar states, leads us to the
question: Is there any relationship between meanings of bisimilar states in
an intensional ε -model? To answer this question we need to define a new
relation on ε -models.
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Definition 4.43 (∼
T
-Induced Relations) Let T = (S,A,−→

T
) be a LTS and

∼
T
⊆ S×S denote the bisimilarity relation induced by T . Let Tε = (((M, ε), D),

[[ ]]D) be an object in modg(T ). Then the relation R = R1∪R2∪R3∪R4∪R5 ⊆
M ×M with

R1 := {([[s]]D, [[t]]D) | s∼T t} and

R2 := {((a, [[s′]]D), (a, [[t′]]D)) | s′∼T t′, a ∈ A}

R3 := {(C1(a, [[s
′]]D), C1(a, [[t

′]]D)) | (a, [[s′]]D)R2(a, [[t
′]]D) a ∈ A}

R4 := {(C2(a, [[s
′]]D), C2(a, [[t

′]]D)) | (a, [[s′]]D)R2(a, [[t
′]]D) a ∈ A}

R5 := {(a, a) | a ∈ A}

is called the ∼
T
-induced relation on M.

With the following theorem we show that every ∼
T
-induced relation defined

on the carrier of a given ε -model is an ε− LTS-relation.

Theorem 4.44 Let T = (S,A,−→
T

) be a LTS and ∼
T
⊆ S × S denote the

bisimilarity relation induced by T . Let Tε be an object in modg(T ). Then ∼,
the ∼

T
-induced relation on M, is an ε− LTS-relation.

Proof We show this claim in four steps:

• ∼ is an equivalence relation:

– Reflexivity. Since ∼
T
is an equivalence relation we get s∼

T
s for all

s ∈ S. By the definition of ∼ we get

[[s]]D ∼ [[s]]D,

(a, [[s]]D) ∼ (a, [[s]]D),

C1(a, [[s]]D) ∼ C1(a, [[s]]D),

C2(a, [[s]]D) ∼ C2(a, [[s]]D), and

a ∼ a.

– Symmetry. It follows from [[s]]D ∼ [[s]]D that s∼
T
t. Since ∼

T
is an

equivalence relation we get t∼
T
s. By the definition of ∼ we get
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[[t]]D ∼ [[s]]D,

(a, [[t]]D) ∼ (a, [[s]]D),

C1(a, [[t]]D) ∼ C1(a, [[s]]D),

C2(a, [[t]]D) ∼ C2(a, [[s]]D), and

a ∼ a.

– Transivity. It follows from [[s]]D ∼ [[t]]D and [[t]]D ∼ [[r]]D that
s∼
T
t and t∼

T
r. Since ∼

T
is an equivalence relation we get s∼

T
r. By

the definition of ∼ we get

[[s]]D ∼ [[r]]D,

(a, [[s]]D) ∼ (a, [[r]]D),

C1(a, [[s]]D) ∼ C1(a, [[r]]D),

C2(a, [[s]]D) ∼ C2(a, [[r]]D), and

a ∼ a.

• ∼ is extension conform; i .e. for all [[s]]D, [[t]]D in extR(D) :

[[s]]D ∼ [[t]]D ⇒ ∀(a, [[s′]]D) ε [[s]]D ∃(a, [[t′]]D) ε [[t]]D :

(a, [[s′]]D) ∼ (a, [[t′]]D) and vice versa.

Since the proof steps are analogous we confine ourselves to show

∀(a, [[s′]]D)ε[[s]]D∃(a, [[t′]]D)ε[[t]]D : (a, [[s′]]D) ∼ (a, [[t′]]D).

Let [[s]]D ∼ [[t]]D and (a, [[s′]]D)ε[[s]]D. By assumption ∼ is the ∼
T
-

induced relation and we get s∼
T
t which implies that there exists a

bisimulation relation R ⊆ S × S with sRt. Since Tε is an ε -model
for T ; and (a, [[s′]]D)ε[[s]]D we state that there is a transition from s

to s′ via a, s
a−→s′. It follows from sRt that there exists t′ ∈ S such

that t
a−→t′ with s′Rt′. As ∼

T
is the largest bisimulation we get s′∼

T
t′.

Due to the definition of ∼ we get (a, [[s′]]D) ∼ (a, [[t′]]D). It remains
to be shown (a, [[t′]]D)ε[[t]]D. But this is a direct consequence of the
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fact that Tε is an ε -model for T. Let C1(a, [[s
′]]D)ε(a, [[s

′]]D). On one
hand it follows from the fact that pairs are encoded in any ε-structure,
C1(a, [[t

′]]D)ε(a, [[t
′]]D) and on the other hand it follows from the def-

inition of ∼, C1(a, [[s
′]]D) ∼ C1(a, [[t

′]]D). By similar reasoning to this
case we prove C2(a, [[s

′]]D) ∼ C2(a, [[t
′]]D). For the last case we reason

as follows: Let aεC1(a, [[s
′]]D). On one hand it follows from the fact

that pairs are encoded in any ε-structure, aεC1(a, [[t
′]]D) and on the

other hand it follows from the definition of ∼, a ∼ a.

• ∼ preserves the layers of the reflexive ε-set R and the extension of
objects in M. By the definition of ∼ we can easily see that it preserves
the layers of the reflexive ε-set R and the extension of objects in M.

• The relation R5 guarantees that every object of the fifth layer is in the
∼-relation with itself.

✷

Proposition 4.45 Let ∼
T
⊆ S × S denote the bisimilarity relation induced

by T = (S,A,−→
T

) and Tε = (((M, ε), D), [[ ]]D) and T ′
ε = (((M ′, ε), D′), [[ ]]D′)

be two objects in modg(T ). Furthermore, Let ∼ and ∼́ be two ∼
T
-induced

relations on M and on M ′, respectively and f : Tε → T ′
ε be an ε-LTS-

homomorphism. Then f preserves epsilon-LTS-relations. Formally,

[[s]]D ∼ [[t]]D ⇒ f([[s]]D)∼́f([[t]]D).

Proof Since f is an ε-LTS-homomorphism it preserves the interpretation
of states; f([[s]]D) = [[s]]D′ and f([[t]]D) = [[t]]D′. But it follows from the
assumption, [[s]]D ∼ [[t]]D, that s∼

T
t and since ∼́ is a ∼

T
-induced relation we

get, [[s]]D′∼́[[t]]D′. Thus f([[s]]D)∼́f([[t]]D).

✷

We show in the following theorem that the intensional ε-models characterize
the bisimilarity induced by a LTS in the sense that it assigns ε-LTS-equivalent
meanings to bisimilar states.

Theorem 4.46 Let ∼
T
⊆ S × S denote the bisimilarity relation induced by

T = (S,A,−→
T

) and Tε in modg(T ). Let ∼ be the ∼
T
-induced relation on M.

Two states are bisimilar iff their interpretation in Tε are ε-LTS-equivalent;
i .e.

∀s, t ∈ S : s∼
T
t ⇔ [[s]]D ∼ [[t]]D.
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Proof Let s, t ∈ S.
”⇒” Suppose s∼

T
t. From Definition 4.43 it follows that [[s]]D ∼ [[t]]D and

from Theorem 4.44 it follows that ∼ is an ε − LTS-relation. Therefore, by
Definition 4.22 [[s]]D and [[t]]D are ε-LTS-equivalent.
”⇐” Suppose [[s]]D ∼ [[t]]D. We define the relation R = R1 ∪R2 ⊆ S × S
with

R1 := {(s′, t′) | [[s′]]D ∼ [[t′]]D} and

R2 := {(s′′, t′′) | (a, [[s′′]]D) ∼ (a, [[t′′]]D)}

We now show that R is a bisimulation relation on S. Let sR1t. Hence sRt.
From the definition of [[]]D we get

extR([[s]]D) = {(a, [[s′]]D) | s
a−→s′} and

extR([[t]]D) = {(a, [[t′]]D) | t
a−→t′}

Since ∼ is a reflexive ε-set relation we get from [[s]]D ∼ [[t]]D that (a, [[s′]]D) ∼
(a, [[t′]]D) which implies that s′R2t

′ and in particular s′Rt′. After a short
consideration on the definition of the bisimulation relation we can easily see
that R is a bisimulation relation on S and that sRt. Thus s∼

T
t.

✷

4.1.5.2 Extensional ε -Models Sträter proves in [89] that every Aczel’s
set is a proper ε-structure maximally factorized by an extension conform
equivalence relation. With this in mind we factorize the ε -models w.r.t.
an ε− LTS-relation in order to get those ε -models which correspond to the
models based on Aczel’s sets. Besides, we expect that the factorized ε -models
for a given LTS, T, are terminal objects in modg(T ) and are extensional; i.e.
they characterize the bisimilarity induced by T so that the same meaning is
assigned to bisimilar states.

Theorem 4.47 (Extensionality) Let ∼
T
⊆ S × S denote the bisimilarity

relation induced by T and Tε = (((M, ε), D), [[ ]]D) be an object in modg(T ).
Let ∼ be the ∼

T
-induced relation on M . Then T̃ε = (((M̃, ε̃), D̃), [[ ]]D̃), the

factorization of Tε w. r. t. ∼, is extensional; i.e.

∀s ∈ S : s∼
T
t ⇔ [[s]]D̃ = [[t]]D̃.
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Proof Let s, t ∈ S.
”⇒” Suppose s∼

T
t. By Theorem 4.46 we get that [[s]]D ∼ [[t]]D. It is not hard

to see that

[[s]]D ∼ [[t]]D ⇔
[
[[s]]D

]
∼
=

[
[[t]]D

]
∼

But from the definition of factorized models, Definition 4.23, we get
[
[[s]]D

]
∼
=

[[s]]D̃ and
[
[[t]]D̃

]
∼
= [[t]]D̃. Thus [[s]]D̃ = [[t]]D̃.

”⇐” Consider s, t with [[s]]D̃ = [[t]]D̃. We define a relation R ⊆ S × S
by R = {(s′, t′) | [[s′]]D̃ = [[t′]]D̃}. It follows from the definition of [[ ]]D̃
immediately that R is a bisimulation relation on S and that sRt. Thus s∼

T
t.

✷

The next theorem states our main result which says that the factorized ε
-model for a given LTS, T is terminal in modg(T ). This theorem corresponds
to the result of [83].

Theorem 4.48 (Terminal) Let T = (S,A,−→
T

) be a LTS and Tε be an

object in modg(T ). Let ∼ be the ∼
T
-induced relation on M . Then T̃ε, the

factorization of Tε w. r. t. ∼, is terminal; i. e. for all objects T ′
ε in modg(T )

there exists a unique ε-LTS-homomorphism from T ′
ε to T̃ε.

Proof To prove this claim, we do the following three steps: First of all, we
define for all objects T ′

ε in modg(T ) the function f : T ′
ε → T̃ε and prove that

f is well-defined. Secondly, we prove that f is an ε-LTS-homomorphism, and
thirdly, we show that f is unique. For reasons of readability, we denote the
first and the second component of a pair (a, b) with C1 and C2 instead of
C1(a, b) and C2(a, b).

1. Now let us define f : T ′
ε → T̃ε as follows:

(a) The reflexive points of two ε -models are mapped to each other:

f(D′) := D̃

(b) The elements of the extensions of the reflexive points are mapped
to each other such that their extensions are preserved:
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i. ∀[[s]]D′ in extR′(D′) with extŔ([[s]]D′) = ∅ :

f([[s]]D′) :=
[
[[s]]D

]
∼
, where[

[[s]]D

]
∼

in extR̃(D̃) ∧ extR̃(
[
[[s]]D

]
∼
) = ∅

ii. ∀[[s]]D′ in extR′(D′) with extŔ([[s]]D′) �= ∅, i. e. there exists a
pair pa in M ′ such that pa ε′[[s]]D′ :

f([[s]]D′) :=
[
[[s]]D

]
∼
, where[

[[s]]D

]
∼

in extR̃(D̃) ∧ f(pa) ε̃
[
[[s]]D

]
∼

(c) The pairs in M ′ are mapped to the pairs in M̃ such that their
extensions are preserved :

∀(a, [[s′]]D′) in M ′ ∃C1, C2 in M ′∃[[s]]D′ in M ′ with (a, [[s′]]D′)ε′[[s]]D′∧
C1ε

′(a, [[s′]]D′ ∧ C2ε
′(a, [[s′]]D′ ∧ aε′C1 ∧ aε′C2 ∧ [[s′]]D′ε′C2 :

f(a, [[s′]]D′) :=
[
(a, [[s′]]D)

]
∼
where[

(a, [[s′]]D)
]
∼

in M̃∧
[
(a, [[s′]]D)

]
∼

ε̃ f([[s]]D′)∧f(C1) ε̃
[
(a, [[s′]]D)

]
∼

∧f(C2) ε̃
[
(a, [[s′]]D)

]
∼
∧f(a) ε̃ f(C1)∧f(a) ε̃ f(C2)∧f([[s′]]D′) ε̃ f(C2)

(d) The objects C1 and C2 denoting the first and second components
of the ordered pairs are mapped to each other such that their
extensions are preserved :

∀C1 in M ′∃pa in M ′∃a in M ′ with C1ε
′pa ∧ aε′C1 :

f(C1) :=
[
C1

]
∼
where[

C1

]
∼

in M̃ ∧
[
C1

]
∼

ε̃ f(pa) ∧ f(a) ε̃
[
C1

]
∼
and

∀C2 in M ′∃pa in M ′∃a in M ′∃[[s]]D′ in extR′(D′) with C2ε
′pa∧aε′C2∧

[[s]]D′ε′C2 :

f(C2) :=
[
C2

]
∼
where[

C2

]
∼

in M̃ ∧
[
C2

]
∼

ε̃ f(pa) ∧ f(a) ε̃
[
C2

]
∼
∧ f([[s]]D′) ε̃

[
C2

]
∼

(e) The labels are mapped to each other such that their extensions
are preserved :

∀a in M ′withextR̃(a) = ∅∃pa in M ′∃C1 in M ′ with C1ε
′pa∧aε′C1 :

f(a) := b, where
b in M̃ ∧ extR̃(b) = ∅ ∧ f(C1) ε̃ f(pa) ∧ f(a) ε̃ f(C1).

In the following we prove that f is well-defined: Let [[s]]D′ = [[t]]D′.
Since ∼′, the ∼

T
-induced relation on M ′ is an equivalence relation we

get [[s]]D′ ∼′ [[t]]D′ which implies by the definition of ∼′ that s∼
T
t.
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But since ∼ is the ∼
T
-induced relation on M we get [[s]]D ∼ [[t]]D

and with that
[
[[s]]D

]
∼

=
[
[[t]]D

]
∼
. By the definition of f we get

f([[s]]D′) = f([[t]]D′). Thus f is well-defined.

2. We now reason that f is an ε-LTS-homomorphism:

(a) Firstly, we show that f is ε-preserving, i. e.

∀m,n in M ′ : mε′n ⇒ f(m)ε̃f(n).

For this proof we consider the following five cases:

i. Let n be the reflexive object D′. since T ′
ε is generated we can

assume that there exists a state s ∈ S such that m = [[s]]D′

with [[s]]D′ ε′ D′. But by the definition of f we get f([[s]]D′) =[
[[s]]D

]
∼
and f(D′) = D̃ with f([[s]]D′) ε̃ f(D′).

ii. Let n be an element of the extension of D′; i. e. n = [[s]]D′.
Then since T ′

ε is an ε -model of T, m is a pair (a, [[s′]]D′) with
(a, [[s′]]D′)ε′[[s]]D′. By the definition of f we get f(a, [[s′]]D′) ε̃
f([[s]]D′).

iii. Let n be an element of the extension of dε′D′; i. e. n is
an object pa which represents a Kuratowski pair. Then, by
Definition 3.6 there are precisely two components C1, C2 in M ′

such that C1, C2ε
′pa and hence m = C1 or m = C2. Assume

m = C1, then by the definition of f , f(C1) ε̃ f(pa). For
m = C2 we reason analogously.

iv. Let n be C1 denoting the first component of a pair pa =
(a, [[s]]D′) Then, by Definition 3.6 m = a and by the definition
of f , f(a) ε̃ f(C1).

v. Let n be C2 denoting the second component of a pair pa =
(a, [[s]]D′) Then, by definition 3.6 either m = a or m =
[[s]]D′. By similar reasoning to the previous case, we show
that f(a) ε̃ f(C2) or f([[s]]D′) ε̃ f(C2).

(b) Secondly, we show that f is point preserving. But by the definition
of f we get f(D′) := D̃.

(c) Thirdly, we prove that f is interpretation preserving, i. e.

∀s ∈ S : f ◦ [[s]]D′ = [[s]]D̃.

It follows from the definition of f ;

∀s ∈ S f([[s]]D′) =
[
[[s]]D

]
∼

108



and from Definition 4.23;
[
[[s]]D

]
∼
= [[s]]D̃. Hence f([[s]]D′) =

[[s]]D̃.

3. Finally, it remains to be shown that f is unique. But this is the case
by Proposition 4.36 and we are done.

✷

4.1.6 Specification Logic

In the previous sections we defined ε -models for LTS’s and studied them
categorically. Moreover, we classified them as intensional and extensional
ones. Now, we are interested in studying a further point. Suppose T and T ′

are two objects in the category LTSYS and f is a LTS-homomorphism from
T to T ′. Let modg(T ) and modg(T

′) be their associated categories of gener-
ated ε -models, respectively. Now the question is whether a change from one
LTS to another one can be carried by their corresponding model categories.
In other words, what is the relationship between modg(T ) and modg(T

′)?
To answer this question we make use of the framework of specification logic
introduced in [29]. The term specification logic was firstly presented, how-
ever, in a restricted sense in [53] for classifying different kinds of first order
logical specifications and later introduced in [29] to develop a structural the-
ory of parameterized specifications in a suitable categorical setting and to
give a general conception of functorial semantics for parameterized specifi-
cations. By such a structural theory, the authors mean concepts for struc-
turing, correctness and composition of specifications in the wide sense of
specification and programming but not operational semantics, proof theory
and corresponding tools for algebraic specifications. With this in mind, the
concepts like pushouts, free constructions, amalgamation, and extension are
essential for the axiomatic introduction of the theory of specification logic.
Since these concepts are not essential for our categorical work, as already
mentioned, we need very little of this theory and mainly use the definition
of the specification logic, however with a slightly different view of seman-
tic and syntactical levels which are evident for this definition. Due to [29],
a specification logic is a pair consisting of an arbitrary category ASPEC
on the syntactical level, called the category of abstract specifications, and
a functor Cat : ASPECop → CATCAT which associates to each abstract
specification SPEC a category Cat(SPEC), called category of models for
SPEC, and to each specification morphism f : SPEC1 → SPEC2 a func-
tor Cat(f) : Cat(SPEC2) → cat(SPEC1), called forgetful functor, on the
semantic level. It is worth noticing at this stage that the category of LTS’s
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is not a category on the syntactic level and we have a slightly different view
of semantic and syntactic levels. But this fact does not prevent us from ap-
plying the definition of specification logic to our approach in order to state
the relationship between LTS’s and their corresponding model categories.
Following [29], we define:

Definition 4.49 (Specification Logic) A specification logic SL is a pair
(ASPEC,Cat) where ASPEC is a category of abstract specifications and Cat :
ASPECop → CATCAT is a functor, that associates to every specification
SPEC in ASPEC its category of models Cat(SPEC) which is an object in the
‘quasi-category’ CATCAT of all categories.

Theorem 4.50 Let T and T ′ be two LTSYS-objects and f = (fS, fA) : T → T ′

be a LTS-homomorphism. Then the pair (LTSY S , model) is a specification
logic, where

model : LTSY S → CATCAT with

∀T ∈ object(LTSY S) : model(T ) = modg(T ) and

∀f ∈ LTSY S(T, T ′) : model(f) : modg(T
′)→ modg(T ) with

model(f)
(
(((M ′, ε′), D′), [[ ]]D′)

)
= (((M ′, ε′), D′), [[ ]]D′ ◦ fs),

∀h′ in modg(T
′)(T ′

ε1, T
′
ε2) : model(f)(h′) : Tε1 → Tε2 with

model(f)(h′) = h′

Proof To show that (LTSY S , model) is a specification logic, we have to
prove that LTSYS is a category and model is a functor. Since LTSYS is due
to Definition 2.12 a category it remains to be shown that model is a functor.
But to prove this, we have to prove that for all f ∈ LTSY S(T, T ′), model(f)
is also a functor. Before we begin to check the functor properties for model(f)
we show the following: Let h′ in modg(T

′)(T ′
ε1
, T ′
ε2
) then model(f)(h′) is also

an ε-LTS-homomorphism in modg(T ). Due to Definition 3.30 we reason as
follows:

• model(f)(h′) is ε-preserving. But by the definition of model(f)(h′), we
can easily see that model(f)(h′) preserves the ε-relationship.
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• model(f)(h′) is point preserving. But by the definition of model(f)(h′);
model(f)(h′)(D′

1) = h′(D′
1). Since h′ is a ε-LTS-homomorphism; h′(D′

1) =
D′

2.

• model(f)(h′) preserves the interpretation of states; i.e. model(f)(h′) ◦
[[]]D′

1
◦fS = [[]]D′

2
◦fS. But by the definition of model(f); model(f)(h′)◦

[[ ]]D′
1
◦ fS = h′ ◦ [[ ]]D′

1
◦ fS. Since h′ is a ε-LTS-homomorphism; h′ ◦

[[ ]]D′
1
◦ fS = [[ ]]D′

2
◦ fS. Hence model(f)(h′) ◦ [[]]D′

1
◦ fS = [[]]D′

2
◦ fS.

We now verify the functor properties for model(f) :

• It is not hard to see that for all objects T ′
ε in modg(T

′); model(f)(idT ′
ε
) =

idmodel(f)(T ′
ε).

• Let g : Tε → T ′
ε and h : T ′

ε → T ′′
ε be two ε-LTS-homomorphisms. Then

we have to show that model(f)(h ◦ g) = model(f)(h) ◦model(f)(g).

model(f)(h ◦ g) = h ◦ g

by the definition of model(f)

= model(f)(h) ◦model(f)(g)

by the definition of model(f)

Now, we are in a position to verify the functor properties for model :

• Let T be a LTSYS-object and idT : T → T . We have to show

model(idT ) = idmodel(T ).

Let Tε = (((M, ε), D), [[ ]]D) be an object in the category modg(T ).
Then

model(idT )(Tε) = (((M, ε), D), [[ ]]D ◦ idT )
= (((M, ε), D), [[ ]]D)
= idmodg(T )

((((M, ε), D), [[ ]]D))

= idmodg(T )
(Tε)

• Let f : T → T ′ and g : T ′ → T ′′ be two LTS-homomorphisms. We have
to show

model(g ◦ f) = model(f) ◦ model(g).
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Let T ′′
ε = (((M ′′, ε′′), D′′), [[ ]]D′′) be an object in the category modg(T

′′).
Then

model(g ◦ f)(Tε
′′) = (((M ′′, ε′′), D′′), [[ ]]D′′ ◦ g ◦ f)

= model(f)((((M ′′, ε′′), D′′), [[ ]]D′′ ◦ g))
= model(f) ◦model(g)((((M ′′, ε′′), D′′), [[ ]]D′′))
= model(f) ◦model(g)(Tε

′′).

✷

4.2 Colagebra Semantics for LTS’s

In this section, we deal with the coalgebra semantics for LTS’s presented
by Rutten and Turi in [83]. This work is the result of an investigation to
determine the common feature of partial orders, metric spaces, and Aczel’s
sets which make them proper for defining semantic domains for concurrent
programming language. As an interesting fact, the authors state that

... regardless of the fact one is working with partial orders, metric spaces, or non-
standard sets, domains are final objects in a suitable category of coalgebras. 4

The finality of semantic domains in a suitable category naturally depends
on the choice of a proper functor and has the characterizing property that
for any object A of the category there is a unique map from A to the final
object. This is an interesting property in a denotational semantic approach
where a meaning, a denotation, is given to program expressions by mapping
them onto the objects of the semantic domain. The underlying idea of this
approach goes as follows: In order to use the final sematic domains for a
particular programming language it is necessary to represent the program
expressions as objects in the same category; i.e. coalgebras of the same
functor used for the semantic domain. Once this has been done the semantic
mapping between program expressions and semantic domain is immediately
determined as the unique map between them. A coalgebra is dual to the
more familiar notion of an algebra relative to an endofunctor. Given an
endofunctor F : C → C on a category C, a coalgebra of F is a pair (A, α)
such that α : A → FA is a map in the category C. An algebra of F is a pair
(α,A) such that α : FA → A is a map in the category C. The coalgebras of
a given functor F over a category C form a category CF whose arrows are
those mappings of C which preserve the coalgebra structure.

4see [83].

112



Semantic domains are usually solutions of recursive domain equations of the
form X = F (X). There might be more than one solution to such an equation.
But for large classes of functors a canonical one is considered. It seems
naturally to interpret a solution to the equation given above as a coalgebra
(D, i), with i being an isomorphism between D and F (D). It is shown in
[4] that within a category of classes over non-well-founded sets the canonical
solution of a domain equation is a final coalgebra. This is the well-known final
coalgebra theorem. In [83] the final coalgebra theorem is repeated, however
in a more transparent way, and is proved for the categories of partial orders
and metric spaces. Moreover, it is shown that final coalgebras are strongly
extensional in the sense that two elements of a final F -colagebra are equal
if and only if they are F -bisimilar and other considerable results are stated.
Since, as already mentioned, we are only interested in set-theoretic semantics
for process calculi, we need very little of this study here and therefore, we
confine ourselves to the final semantic based on Aczel’s non-well-founded
sets. In the sequel, we firstly repeat some basic categorical definitions and
general facts and results for coalgebras in Aczel’s set-theory in order to show
that LTS’s and non-well-founded sets can be formulated as the coalgebras of
the same functor and that the canonical solution of the domain equation is
a final coalgebra. Secondly, we introduce the notion of (bi)-simulation in a
categorical sense and show that there is a one-to-one correspondence between
a special kind of LTS-homomorphisms and P(A × −)-simulation relations.
Finally, we study the relationship between ε -models and coalgebra semantics
for LTS’s and state that for a given labelled transition T , the semantic domain
of an extensional ε -model is equivalent to the semantic domain obtained as
the final coalgebra of the functor P(A×−) defined in Aczel’s set theory. In
the following the definitions, examples, and results are from [83].

4.2.1 Basic Definitions

Following [83] we define:

Definition 4.51 (Coalgebras of Functors) Let C be a category and let
F : C → C be an endofunctor. Then a coalgebra of F , called an F -coalgebra,
is a pair (A, α), with A an object in C and α : A → F (A) an arrow in C.

Example 4.52 (Preorders as Coalgebras) Let (C,≤) be a preorder. This
can be interpreted as a category: the objects are the elements of C, and be-
tween any two objects c, d ∈ C there is an arrow if and only if c ≤ d. Any
monotonic function F : C → C is then an endofunctor on C. Thus an F -
coalgebra is a post-fixed point x ∈ C with x ≤ F (x), and an F -algebra is a
pre-fixed point c ∈ C with F (x) ≤ x.
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Example 4.53 (Graphs as Coalgebras) A graph is a pair (N,→) con-
sisting of a set N of nodes and a collection →⊆ N × N of arcs between
nodes. A graph can be regarded as a coalgebra of the powerset functor P on
the category Set of sets as follows: Let child : N → P(N) be defined for all
n ∈ N by

child(n) ≡ {m | n → m}.

Then the P-coalgebra (N, child) represents the graph (N,→).

Example 4.54 (LTS’s as Coalgebras) Let T = (S,A,−→
T

) be an LTS. Then

every LTS can be represented as a coalgebra as follows: Let the functor

P(A×−) : Set → Set

be defined, for any set X, by

P(A×X) ≡ {U | U ⊆ A×X}.

Then T can be represented as a coalgebra (S, α) of the functor P(A×−) by
defining α : S → P(A× S), for all s, s′ ∈ S, a ∈ A, by

(a, s′) ∈ α(s)⇐⇒ s
a−→s′.

Definition 4.55 (Coalgebra Homomorphisms) Let C be a category and
let F : C → C be an endofunctor. Let (A, α) and (A′, α′) be two F-coalgebras.
Then an arrow f : A → A′ in C is a coalgebra homomorphism if the equation
α′ ◦ f = F (f) ◦ α holds.

Definition 4.56 (Category of Coalgebras ) F-coalgebras form a category,
denoted by CF , by taking as arrows between coalgebras (A, α) and (A′, α′) the
coalgebra homomorphisms f : A → A′.

Definition 4.57 (Final Objects) An object A in the category C is called
final if for any other object B in C there exists a unique arrow from B to A.

In the sequel, the notion of fixed point is generalized to functors and the
standard result which says that final coalgebras are fixed points, is stated.

Definition 4.58 (Fixed Points) An F -coalgebra (A, α) is a fixed point for
F , written A ∼= F (A), if α is an isomorphism between A and F (A). That
is, there exists an arrow α−1 : F (A) → A such that α ◦ α−1 = idF (A) and
α−1 ◦ α = idA.
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Proposition 4.59 (Finality of Fixed Points) A final F-coalgebra is a fixed
point of F .

Dually, an initial F -algebra is also a fixed point of F . Notice that a fixed
point of a functor F can be regarded both as an F -coalgebra and as an
F -algebra.

Example 4.60 Consider again (C,≤) a preorder (viewed as a category) and
a monotonic function F : C → C. A final F -coalgebra is simply the greatest
post-fixed point of F , which by a standard result is also the greatest fixed
point. Dually, an initial F -algebra is the least (pre-)fixed point of F .

4.2.2 Final Coalgebra Theorem for Non-Well-Founded Sets

In the following, the final coalgebra theorem for the category Class∗ given in
[83] is presented. In Class∗ objects are classes possibly containing non-well-
founded sets of Aczel and arrows are functions between classes. The final
coalgebra theorem for this category says: Consider an endofunctor F over
Class∗ which has a greatest fixed point JF = F (JF ). Then, if this functor
preserves inclusions and is uniform on maps, the fixed point JF , together
with its identity mapping, is a final F -coalgebra.

Definition 4.61 A fixed point of an endofunctor F in a category of sets (or
classes) is a set (or a class) X satisfying the equality X = F (X). That is,
X is a fixed point of F w.r.t. set inclusion.

The following definitions and results are from [4].

Definition 4.62 Let F be a class function and let A and B be classes. More-
over, let a be a set. Then:

1. F is set-based if

∀A ∀x ∈ F (A)⇒ ∃a ⊆ A. x ∈ F (a).

2. F is monotone if

∀A,B : a ⊆ B ⇒ F (A) ⊆ F (B).

F is set-continuous if it is both monotone and set-based.

Theorem 4.63 If a class function F is set-continuous then:
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1. There exists a class IF which is the least pre-fixed point of F . As usual,
it can be shown that IF is also the least fixed point of F .

2. There exists a class JF which is the greatest post-fixed point of F . It
can be shown that JF is also the greatest fixed point of F .

In [83] a characterization of least and greatest fixed points in terms of iter-
ations is also given. Let the class On of all ordinals be given. An ordinal is
a transitive set (a set x is transitive if every element y of x is also a subset
of x) x which is well-ordered by ∈, that is, ∈ totally ordered x and every
non-empty subset of x has a least element w.r.t. ∈. If α and β are two
ordinals such that β ∈ α, one usually write β < α. The first ordinals are:
∅, s(∅), s2(∅), etc. The first limit ordinal is ω ≡ (

⋃
n∈N

sn(∅), which, by the

infinity axiom, is indeed a set.

Corollary 4.64 If a class function F is set-continuous the the following
definitions are sound:
F ↑ α ≡ F (

⋃
β<α

F ↑ β) and F ↓ α ≡ F (
⋂
β<α

F ↓ β). Moreover, IF ≡
⋃
α∈On

F ↑ α

and JF ≡
⋂
α∈On

F ↓ α.

Definition 4.65 The category of classes of (sets defined in terms of) basic
set theory is denoted by Class. Notice that to every set theory a different
category of classes is associated. The powerset constructor can be turned
into a functor from Class to Class as follows: for every class A,

P(A) ≡ {x | x is a set ∧ x ⊆ A},

for every function f : A → B and every set x ⊆ A,

P(f)(x) ≡ {f(y) | y ∈ x}.

The powerset functor is easily provable to be set-continuous. In stead of
proving this, we show that the functor P(A×−) is set-continuous.

Proposition 4.66 The functor P(A×−) is set-continuous

Proof The functor P(A × −) : Class → Class is defined as follows: for
every class X,

P(A×X) ≡ {u | u is a set ∧ u ⊆ A×X},
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for every function f : X → Y and every set x ⊆ X,

P(A× f)(x) ≡ {(a, f(y)) | a ∈ A ∧ y ∈ x}.

By the behavior of the functor P(A × −) on objects one can easily state
that the functor is set-based. To show that it is monotone we reason as
follows: Let X and Y be two classes such that X ⊆ Y . Furthermore, let
x ∈ P(A×X). This implies that there exists a set xX ⊆ X such that

x = {(a, x̄) | a ∈ A ∧ x̄ ∈ xX}.

Since by assumption X ⊆ Y , we get xX ⊆ Y and with that x = A × xX ∈
P(A × Y ). Thus P(A ×X) ⊆ P(A × Y ). Since P(A × −) is set-based and
monotone, it is by Definition 4.62 set-continuous.

✷

In Definition 4.65 only subsets are taken into account. This makes possible
that V , the universe of sets given by V ≡ {x | x = x},be a fixed point of the
powerset functor. Notice that this, by cardinality reasons, would not be the
case if one would consider the collection of all subclasses of a given class.

Proposition 4.67

V = P(V ).

Corollary 4.68 The universe V is the greatest fixed point of the powerset
functor.

Since the powerset functor is set-continuous, by Corollary 4.64, V = JP .

Corollary 4.69 (V, idV ) is both a P-algebra and a P-coalgebra.

Now, we define according to [83]the notion of expanded universe. This will
be used to show that the functor P(A×−) is uniform on maps.

Definition 4.70 Given a class X, the expanded universe w.r.t. X, denoted
by VX, is defined as the greatest fixed point of the set-continuous functor
P(X +−). Thus VX = P(X + VX).

We present the following lemma given in [83] since it is here needed in the
definition of uniformity on maps, whereas it was originally presented in [83]
to prove Aczel’s Solution Lemma formulated in terms of coalgebras.
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Lemma 4.71 For every function f : X → V there exists a unique function
f̂ : VX → V such that, for every v ∈ VX,

f̂(v) = {f(x) | x ∈ v ∩X} ∪ {f̂(v′) | v′ ∈ v ∩ VX}.

Before we introduce the final coalgebra theorem, it is necessary to define the
inclusion mappings, the functors which preserve inclusion mappings, and the
functors which are uniform on maps. Following [83], an inclusion mapping is
a function associated with two classes A and B such that A ⊆ B. It has A as
domain, B as codomain and maps every element a of A in the same a which,
by inclusion, is also in B. It is denoted by ıA,B. An endofunctor F on Class
preservers inclusion mappings when, for all classes A and B with A ⊆ B,
if F (A) ⊆ F (B) then F (ıA,B) = ıF (A),F (B). Loosely speaking, a functor is
uniform on maps if it behaves on maps as it behaves on objects. Formally,

Definition 4.72 An endofunctor F : Class∗ → Class∗ is uniform on maps
if for every class A there exists a VA-transition for F , that is, a mapping
φA : F (A) → VA such that, for every function f : A → V , the following
equation, for all σ ∈ F (A), holds:

F (f)(σ) = f̂ ◦ φA(σ).

In [83] it is shown that the powerset functor is uniform on maps. Here,
we repeat the same proof steps to show that the functor P(A × −) is also
uniform on maps: Recall that P(A×−) has a greatest fixed point since it is
set-continuous. Let the class P , the process domain, be this fixed point. Then
for any function f : X → P and any {(a, x) | a ∈ A, x ∈ X} ∈ P(A×X),

P(A× f)({(a, x) | a ∈ A, x ∈ X}) = {(a, f(x)) | a ∈ A, f(x) ∈ P}.

Regard now X as a class of indeterminates and {(a, x) | a ∈ A, x ∈ X} as
a set in PX , that is, associate to X the obvious embedding function φX :
P(A×X)→ PX . Then:

{(a, f(x)) | a ∈ A, f(x) ∈ P} = f̂ ◦ φA({(a, x) | a ∈ A, x ∈ X}).

Loosely speaking, this shows that the functor P(A×−) behaves on maps as
it behaves on objects.

Theorem 4.73 (Final Coalgebra Theorem) Let F : Class∗ → Class∗

be a functor uniform on maps and inclusion preserving. If, w.r.t. set-
inclusion, F has the greatest fixed (as well as postfixed) point JF then (JF , id)
is a final F -coalgebra.
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Lemma 4.74 The greatest fixed point of a set-continuous functor which is
uniform on maps and inclusion preserving, is together with the identity map-
ping, a final coalgebra.

Now, we are in a position to state that the functor P(A × −) has P as its
greatest fixed point and is uniform on maps and that by the final coalgebra
theorem (P, id) is its final coalgebra.

4.3 Colagebras and (Bi)-Simulation

4.3.1 F -Bisimulation

The notion of strong bisimulation relation was firstly presented by Park in
[69]. But the idea that coalgebras can be used for a natural generalization
of this notion was firstly mentioned in [6]. By the term generalization, we
mean that for every functor F on the category of classes, a relation on F -
coalgebras, called F -bisimulation, is defined. In [83] this definition is repeated
and expanded to other categories. Furthermore, some of its properties are
analyzed. As already said, we need very little of this here and therefore, we
confine ourselves to the definition and facts given for the category of classes
over non-well-founded sets.

Definition 4.75 (F -Bisimulation) Let F : C → C be an endofunctor. Let
(A, α) be an F -coalgebra. Let R be a relation on A. Then R is called an F -
bisimulation on (A, α) if there exists an arrow β : R → F (R) such that the
projections π1, π2 : R → A are arrows in CF from (R, β) to (A, α). That is,
both squares of the diagram

R
π1 ��

β
��

A

α
��

R
π2��

β
��

F (R)
F (π1)

�� F (A) F (R)
F (π2)
��

commute– that is, such that F (π1) ◦ β = α ◦ π1 and F (π2) ◦ β = α ◦ π2. Two

elements a and a′ in A are called F -bisimilar, denoted a
F∼ a′ if there exists

a bisimulation relation R on (A, α) with (aRa′); thus

F∼≡ {R ⊆ A× A | R is an F -bisimulation on (A, α)}.

119



It is shown in [83] that there is a one-to-one correspondence between the
strong bisimulations and the P(A ×X)-bisimulations on S: Let R ⊆ S × S
be a strong bisimulation on S: Define β : R → P(A×R) by, for all sRt,

β(s, t) ≡ {(a, (s′, t′)) | s a−→s′ ∧ t
a−→t′ ∧ s′Rt′}

It is straightforward to check that (R, β) satisfies the conditions of Definition
4.61. Conversely, let R be an P(A × −)-bisimulation , with corresponding
coalgebra (R, β). Consider s and t such that sRt. By symmetry, it suffices
to prove that, for all s′ ∈ S, a ∈ A,

s
a−→s′ ⇒ ∃t′ ∈ S, s′Rt′ ∧ t

a−→t′.

That is, for all s′ ∈ S, a ∈ A,

(a, s′) ∈ α(s)⇒ ∃t′ ∈ S, s′Rt′ ∧ (a, t′) ∈ α(t).

One further remark is in order before we describe some properties of F -
bisimulation. The above definition of F -bisimulation generalizes the standard
notion of bisimulation and allows a uniform treatment of different kinds of
observational equivalence. Other observational equivalences can be described
by choosing a different functor. In the sequel, some semantically interesting
properties of F -bisimulation, given in [83], will be presented. It is shown in
[83] that final coalgebras are strongly extensional, that is, any two elements
of a final F -coalgebra are equivalent if and only if they are F -bisimilar.
Moreover, arrows between F -coalgebras preserve F -bisimulation. These facts
imply that F -bisimilar elements of an F -coalgebra are semantically mapped
into the same object of the final F -coalgebra. The converse is also shown in
[83] for those functors which weakly preserve kernel pairs. Applying this to
the coalgebra representation of LTS’s, one state: P(A × −)-bisimilar states
are semantically mapped into the same process by the final semantics given
in 4.54.

Theorem 4.76 (Strong Extensionality) Any final F-coalgebra (A, α) is
strongly extensional; i.e. for all a1, a2 ∈ A:

a1 = a2 ⇐⇒ a1
F∼ a2

Theorem 4.77 Let (B, β) be an F-coalgebra and (A, α) a final F-coalgebra.
Let (B, β) → (A, α) be the unique arrow from (B, β) to (A, α). For all
b1, b2 ∈ B:

b1
F∼ b2 ⇒ [[b1]] = [[b2]].
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Theorem 4.78 Let f : (A, α) → (A′, α′) be an arrow in CF with a right
inverse. For all a, a′ ∈ A,

a
F∼ a′ ⇒ f(a)

F∼ f(a′).

To verify the converse of Theorem 4.77, it is sufficient to prove that the
functor F weakly preserves kernel pairs (for a detailed verification, see [83]).

Definition 4.79 (Kernel Pairs for Arrows) Let f : b → c be an arrow
in a category C. A kernel pair for f is an object a and arrows h : a → b and
k : a → b in C such that f ◦h = f ◦k, and such that for any other such triple
(a′, h′, k′) there exists a unique arrow e from a′ to a such that h′ = h ◦ e and
k′ = k ◦ e. The object a, with arrows h and k is called a weak kernel pair if
the requirement of uniqueness of the arrow e is dropped.

Let the relation Rf be defined, for any arrow f between any two F -coalgebras
(A, α) and (A′, α′), by

Rf ≡ {(a, a′) ∈ A×A | f(a) = f(a′)}.

Theorem 4.80 Let F be a functor weakly preserving kernel pairs. That is,
the image under F of a Kernel pair for an arrow f is a weak kernel pair for
the arrow F (f). For every arrow f between any two F -coalgebras (A, α) and
(A′, α′), the kernel pair Rf of f is an F -bisimulation on (A, α).

Corollary 4.81 Let F be a functor weakly preserving kernel pairs. Let
(B, β) be an F -coalgebra and (A, α) a final F -coalgebra. Let [[·]] : (B, β) →
(A, α) be the unique arrow from (B, β) to (A, α). For all b1, b2 ∈ B:

b1
F∼ b2 ⇐⇒ [[b1]] = [[b2]].

The preceding corollary from [83] generalizes the following fact mentioned
earlier: Two states are P(A × −)-bisimilar if and only if they are mapped
into the same process. To show this we reason as follows: Recall that the
functor P(A × −) has a greatest fixed point since it is set-continuous and
that P , the process domain, is its greatest fixed point. Then by the final
coalgebra theorem (P, id) is a final P(A × −)- coalgebra. Let (S, α) be the
corresponding P(A×−)-coalgebra for T = (S,A,−→

T
) . Let s, t ∈ S be two

P(A × −)-bisimilar states and let [[·]] : (S, α) → (P, id) be the unique map
from (S, α) to (P, id). To prove

s
P∼t ⇐⇒ [[s]] = [[t]],
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it is sufficient, by Corollary, 4.81 to prove that the functor P(A×−) weakly
preserves kernel pairs. That is firstly, (Rf , π1, π2) form a weak kernel pair for
[[·]] and secondly, the triple (P(A×Rf ),P(A× π1),P(A× π2)) with

P(A× π1) : P(A× Rf) → P(A× S) and
P(A× π2) : P(A× Rf) → P(A× S)

forms a weak kernel pair for P(A× [[·]]) too. Let

Rf = {(s, t) ∈ S × S | [[s]] = [[t]]}

be a relation on (S, α) and let π1, π2 : Rf → S be its projections. Then
P(A×−) weakly preserves kernel pairs if whenever (Rf , π1, π2) forms a weakly
kernel pairs for [[·]] then (P(A × Rf),P(A × π1),P(A × π2)) forms a weak
kernel pair for P(A× [[·]]); i.e.

1. P(A× [[·]]) ◦ P(A× π1) = P(A× [[·]]) ◦ P(A× π2)

2. there is an arrow β : Rf → P(A× Rf) such that

α ◦ π1 = P(A× π1) ◦ β

α ◦ π2 = P(A× π2) ◦ β.

Rf

α◦π1

��

∃β
������������ α◦π2

��
P(A×Rf )

P(A×π2) ��

P(A×π1)

��

P(A× S)

P(A×[[ ]])

��
P(A× S) P(A×[[ ]])

�� P(A× P )

By the definition of Rf , (Rf , π1, π2) forms a weakly kernel pairs for [[·]]; i.e.

[[·]] ◦ π1 = [[·]] ◦ π2

and by functorality of P(A× [[·]]) it is immediate

P(A× [[·]]) ◦ P(A× π1) = P(A× [[·]]) ◦ P(A× π2).
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Rf
π2 ��

π1

�����������������

∃!β

��

S

α

��

[[·]]

�����������������

S

α

��

[[·]] �� P

id

��

P(A× Rf)
P(A×π2) ��

P(A×π1) �������������
P(A× S)

P(A×[[·]])
�������������

P(A× S) P(A×[[·]])
�� P(A× P )

Observe that the front and the right squares are equal and commute because
[[·]] is an arrow between co-algebras. the top square also commutes, thus, by
functorality, the bottom one as well. Further observes that

P(A× [[·]]) ◦ α ◦ π1 = id ◦ [[·]] ◦ π1

[[·]] is an arrow between coalgebras

= id ◦ [[·]] ◦ π2

(Rf , π1, π2) forms a kernel for [[·]]
= P(A× [[·]]) ◦ α ◦ π2

[[·]] is an arrow between coalgebras.

For the existence of such an arrow β , it is sufficient that Rf is an F -
bisimulation; i.e. both the back and the left squares of the cube commute.
Let β : Rf → P(A× Rf ) be defined by, for all (s, t) ∈ Rf :

β(s, t) = {(a, (s′, t′) | s a−→s′ ∧ t
a−→t′ ∧ s′, t′ ∈ Rf}

α ◦ π1(s, t) = α(s)

= {(a, s′) | s a−→s′}
= P(A× π1)({(a, (s′, t′)) | s a−→s′ ∧ t

a−→t′})
= P(A× π1) ◦ β(s, t).

By similar reasoning the truth of α ◦ π2 = P(A× π2) ◦ β can be shown and
we are done.

4.3.2 F -Simulation

In the sequel we define the notion of F -simulation relation on F -coalgebras
firstly. Secondly, we show that there is a relationship between an LTS-
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homomorphism given for two LTS’s and the P(A × −)-simulation relation
defined on their corresponding P(A×−)-coalgebras.

Definition 4.82 (F -Simulation) F : C → C be an endofunctor. Let
(A, α) be an F -coalgebra. Let R be a relation on A. Then R is called an
F -simulation on (A, α) if there exists an arrow β : R → F (R) with two pro-
jections π1, π2 : R → A which are arrows in CF , such that the left square
of the following diagram commutes and the right square of the diagram com-
mutes up to inclusion:

R
π1 ��

β
��

=

A

α
��

R
π2��

β
��

⊇

F (R)
F (π1)

�� F (A) F (R)
F (π2)
��

Definition 4.83 The graph of a function f : A → B, denoted Gf , is defined
by, for a ∈ A:

Gf = {(a, f(a)) | a ∈ A}.

Theorem 4.84 Let T1 = (S1, A1,−→
1
) and T2 = (S2, A2,−→

2
) be two LTS’s

and let (S1, α) and (S2, β) be the corresponding P(A × −)-coalgebras for T1

and T2, respectively. Furthermore, let fS : S1 → S2 be a mapping from S1 to
S2. Then the following claims are equivalent:

1. f = (fS, idA) is an LTS-homomorphism from T1 to T2.

2. The diagram

S1
fS ��

α
��

⊆

S2

β
��

P(A× S1)P(A×fS)
�� P(A× S2)

commutes up to inclusion.

3. Gf is a simulation.
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Proof ”1 ⇒ 2)” Let s1 ∈ S1 and (s1, a, s
′
1) ∈ −→

1
. Since f is an LTS-

homomorphism; we get (fS(s1), idA(a), fS(s
′
1)) = (fS(s1), a, fS(s

′
1)) ∈ −→

2

and with that fS(s1), fS(s
′
1) ∈ S2. Now, consider

β(fS(s1)) = {(a, t′2) | fS(s1)
a−→t′2 ∧ t′2 ∈ S2}.

Again consider,

α(s1) = {(a, s1) | s1 a−→s′1 ∧ s′1 ∈ S1}

and

P(A× fS)(α(s1)) = P(A× fS)({(a, s′1 | s1 a−→s′1})
= {(a, fS(s′1)) | s1 a−→s′1}.

Then it is immediate that (a, fS(s
′
1)) ∈ β(fS(s1)) and therefore, for all s1 ∈

S1:

P(A× fS) ◦ α(s1) ⊆ β ◦ fS(s1).

”2⇒ 1)” Let (s1, a, s
′
1) ∈ −→

1
. By assumption

P(A× fS)(α(s1)) = P(A× fS)({(a, s′1) | s1
a−→s′1})

= {(a, fS(s′1)) | s1 a−→s′1}
⊆ {(a, t′2) | fS(s1)

a−→t′2 ∧ t′2 ∈ S2}

But {(a, t′2) | fS(s1)
a−→t′2 ∧ t′2 ∈ S2} ⊆ −→

2
. By transivity, {(a, fS(s′1)) |

s1
a−→s′1} ⊆ −→

2
and with that {(fS(s1), a, fS(s′1))}subseteq−→

2
and in par-

ticular (fS(s1), a, fS(s
′
1)) ∈ −→

2
. Thus, by Definition 2.6 in chapter 2, f is

an LTS-homomorphism.
”2⇒ 3)” Suppose the left hand side of the diagram commutes up to inclusion–
that is, such that P(A× fS) ◦ α ⊆ β ◦ fS. To show that Gf is a simulation,
we firstly define γ : Gf → P(A×Gf), for all (s1, fS(s1)) ∈ Gf , by

γ(s1, fS(s1)) = {(a, (s′1, fS(s′1))) | s1
a−→s′1 ∧ fS(s1)

a−→fS(s
′
1)}

and secondly show that (Gf , γ) satisfies Definition 4.82.
Let (s1, f(s1)) ∈ Gf .

β(π2(s1, fS(s1))) = β(fS(s1))

= {(a, t′2) | fS(s1) a−→t′2 ∧ t′2 ∈ S2}
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and

P(A× π2)(γ(s1, fS(s1))) = P(A× π2)({(a, (s′1, fS(s′1))) | s1
a−→s′1

∧ fS(s1)
a−→fS(s

′
1)})

= {(a, fS(s′1)) | fS(s1)
a−→fS(s

′
1)}

= P(A× fS) ◦ α(s1)

⊆ β(fS(s1))

= β(π2(s1, fS(s1))).

Now, it remains to be shown that for all (s1, fS(s1)) ∈ Gf ,

P(A× π1) ◦ γ(s1, fS(s1)) = α ◦ π1(s1, fS(s1)).

P(A× π1)(γ(s1, fS(s1))) = P(A× π1)({(a, (s′1, fS(s′1))) | s1 a−→s′1 ∧
fS(s1)

a−→fS(s
′
1)})

= {(a, s′1) | s1
a−→s′1}

= α(π1(s1, fS(s1))).

”3⇒ 2)” Let s1 ∈ S1.

P(A× fS)(α(s1)) = P(A× fS)({(a, s1 | s1 a−→s′1})
= {(a, fS(s′1)) | s1 a−→s′1}
= P(A× π2)(γ(s1, fS(s1)))

⊆ β(π2(s1, fS(s1)))

= β(fS(s1)).

But β(π2(s1, fS(s1))) = β(fS(s1)) for all s1 ∈ S1. Thus P(A× fS)(α(s1)) ⊆
β(fS(s1)). Finally, by the transivity, we get ”1⇔ 3” and we are done.

✷

4.4 Colagebras and ε -Models

As already seen, ε -models for a given LTS are generally intensional unless
we factorize them by a suitable relation. The factorized models are exten-
sional in the sense that they characterize the bisimilarity induced by the LTS
considered so that the same meaning is assigned to bisimilar states. Thus it
seems natural to try verifying formally:
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Theorem 4.85 Let T = (S,A,−→
T

) be an LTS and let T̃ε = (((M̃, ε̃), D̃),

[[ ]]∼) be a terminal ε − LTS-model in the category modg(T ). Let (S, α) be
the corresponding P(A×−)-coalgebra for T and (P, idP ) be the greatest fixed
point for P(A×−). Then the following claims hold:

1. The extension of the reflexive point D̃, denoted ext(D̃), is isomorphic
to P .

2. Let (ext(D̃), γ) be the corresponding P(A × −)-coalgebra for ext(D̃),
where

γ : ext(D̃)→ P(A× ext(D̃)) such that

(a, [[s′]]D̃) ∈ γ([[s]]D̃)⇐⇒ s
a−→s′.

Then the equation idP ◦ f = P(A× f) ◦ γ holds.

Proof

1. By the final coalgebra theorem, (P, idP ) is a final coalgebra in the
category of P(A × −)-coalgebras. Thus there is a unique semantic
mapping [[·]]P : S → P from S to P , called the semantic domain such
that

[[s]]P = {(a, [[s′]]P ) | s
a−→s′}.

Let Tε = (((M, ε), D), [[ ]]D) be an object in modg(T ) and let ∼ be the
∼
T
-induced relation on M such that T̃ε = (((M̃, ε̃), D̃), [[ ]]D̃) is the

factorization of Tε w. r. t. ∼. Therefore, by Theorem 4.37, there is a
natural ε-LTS-homomorphism nat : Tε → T̃ε defined, for all [[s]]D ∈
ext(D), by

nat([[s]]D) =
[
[[s]]D

]
∼
.

Furthermore, let f : ext(D̃)→ P be defined, for all [[s]]D̃ ∈ ext(D̃), by

f([[s]]D̃) = [[s]]P

and f−1 : P → ext(D̃) be defined, for all [[s]]P ∈ P , by

f−1([[s]]P ) = nat([[s]]D).

To show that ext(D̃) is isomorphic to P it has to be proved that

f ◦ f−1 = idP and f−1 ◦ f = idext(D̃).
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For all [[s]]P ∈ P :

f ◦ f−1([[s]]P ) = f(nat([[s]]D)) by the definition of f−1

= f(
[
[[s]]D

]
∼
) by the definition of nat

= f([[s]]D̃) since nat ◦ [[]]D = [[]]D̃
= [[s]]P by the definition of f

= idP ([[s]]P )

and for all [[s]]D̃ ∈ ext(D̃):

f−1 ◦ f([[s]]D̃) = f−1([[s]]P ) by the definition of f

= nat([[s]]D) by the definition of f−1

=
[
[[s]]D

]
∼
by the definition of nat

= [[s]]D̃ since nat ◦ [[]]D = [[]]D̃
= idext(D)([[s]]D̃)

2. Let [[s]]D̃ ∈ ext(D̃):

P(A× f) ◦ γ([[s]]D̃) = {(a, f([[s′]]D̃)) | ∃[[s′]]D̃ ∈ ext(D̃) ∧
(a, [[s′]]D̃) ∈ γ([[s]]D̃)}

= {(a, f([[s′]]D̃)) | ∃[[s′]]D̃ ∈ ext(D̃) ∧
s
a−→s′} by the definition of γ

= {(a, [[s′]]P ) | s
a−→s′} by the definition of f

= idP{(a, [[s′]]P ) | s
a−→s′}

= idP ([[s]]P ) by the definition of [[]]P
= idP ◦ f([[s]]D̃)

✷
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5 Sorting Discipline for Process Calculi

It is essential in both parallel and sequential programming that programs are
correct: A program written with a particular specification runs and meets
that specification. In most cases the program does not perform as it should.
Testing can not ensure the absence of errors. Only a formal proof of cor-
rectness can guarantee that a program meets its specification and a sort or
type discipline can ensure that the possibility of occurrence of certain errors
is banned. If we use a typed programming language, we are prevented by the
rules of syntax from forming an expression which will lead to a type error
when the program is executed. Moreover, a sorting or a type discipline helps
programmers in writing a program in a principled and clear way. Concur-
rent programming, however, has long lacked such a discipline, in contrast to
sequential one.
In this section, we review the underlying idea for introduction of sorting
or type disciplines into concurrent systems by presenting Milner’s sorting
concept for CCS [58] and π-calculus [59], [62], Nielson’s TPL (Typed Parallel
Language) [63] and Honda’s type discipline for dyadic interaction [47].

5.1 Sorting Concept for CCS

One of the first attempts to give a sorting concept in concurrent setting is
Milner’s sorting for CCS [58]. Informally, the sort of a process is just the set
of all actions which it performs. A process P has sort L, written P : L, if all
the actions which P may perform at any time in the future are the elements
of L. By means of sorts in CCS, one can establish that the behavior of a
process is exactly the same as that of the other one if one can replace the
action of one process by the action of the other one. In this case, the two
processes can be presented as instances of one and the same process. In other
words, the two processes have the same sort. Clearly, This concept of sorting
is closely related to the concept of behavioral equivalence. To illustrate this,
consider the example the job shop from [58].
There are two tools, hammer and mallet which are shared by two people,
jobber, to manufacture jobs. We regard a Hammer as a resource which may
just be acquired or released:

Hammer
def
= geth.Busyhammer

Busyhammer
def
= puth.Hammer

An equivalent definition would be Hammer
def
= geth.puth.Hammer. Thus

the behavior of a Hammer is just an infinite alternating sequence of the ac-
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tions geth (for acquiring the hammer) and puth (for releasing the hammer).
For a Mallet we have similarly

Mallet
def
= getm.Busymallet

Busymallet
def
= putm.mallet

It is not hard to state that the behavior of a Mallet is exactly the same as
that of a Hammer, if we replace geth, puth by getm, putm. Let us consider
the semaphore example of [58].

sem
def
= get.put.sem

Now, Hammer and Mallet can be presented as instances of one and the same
agent, namely sem.
An agent P has the sort L, written P : L, if all actions which P may perform
at any time in the future have labels in L. Thus

Hammer : {geth, puth}
Mallet : {getm, putm}

sem : {get, put}

and apparently, the sorts of these tools are the instances of one and the same
sort, namely the sort of sem.
As already shown, another reason for the importance of sorts in CCS is that
the certain equational laws depend on the sorts of the process expressions
concerned.

5.2 TPL

To study properties of programming languages it is usual to define and study
small theoretical languages, also called models, which exhibit certain aspects
of properties. For example λ-calculus is used to study functional aspects of
programming languages and CCS and CSP are used to study communica-
tion aspects of programming languages with communication. Nielson intends
in [63] to combine the insights obtained by studying functional languages
and processes in order to define a richer theoretical language which allows to
study functional and communication aspects as a whole in a unique frame-
work. The result of this attempt is TPL (Typed Parallel Language) which is
an extension of the typed λ-calculus with CCS- or CSP -like processes.
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Types in TPL contain useful information about functions and tuples as in
the typed λ-calculus. The possibility of communication is in TPL expressed
by recording the channels over which communication can take place together
with the types of the entities which may be communicated over these. This
gives rise to generalizing the notion of the sort of a CCS-process.
Functions in λ-calculus can be arguments of functions. Despite the fact that
CCS was motivated by λ-calculus , sending or receiving of processes by
processes in CCS is not allowed . The interesting question which now arises
is just can the processes in TPL, be sent or received? The answer is no.
Since the sort of a process may dynamically be changed during the execution
whereas the notion of type is normally considered as static. Types in TPL
are as a means of ensuring more reliable programs; i.e. as means of detecting
statically the possibility of certain dynamic errors. Consequently, the errors
like ‘type mismatching’ can not occur in a well-typed TPL-process. But the
type does not prevent the behavioral errors like deadlocks.

5.3 Sorting Concept for Polyadic π-Calculus

Following Milner [62], all realistic systems which have been described with
π-calculus seem to obey some discipline in the use of names. The under-
lying idea of the introduction of sorts into π-calculus is making this name
discipline explicit. This sorting discipline is simple while it allows a kind
of self-reference; i.e. a name can carry another name ‘of the same kind’ as
itself. In the polyadic π-calculus [62], sorts are also essential to avoid dis-
agreement in the arities of tuples carried by a given name, or be used by a
given constant.
Let S be a basic collection of subject sorts. Assume that for each S ∈ S there
is an infinity of names with subject sort S. We write x : S to mean that
x belongs to the subject sort S. We write also x : y to mean that x and y
belong to the same subject sort S. Then object sorts are just sequences over
S; that is ob(S) = S∗. Some examples for object sorts are (S1, · · · , Sn), (S)
() the empty object sort. A sorting over S is a non-empty partial function

ōb : S → ob (S);

i.e. ōb maps each subject sort to a finite object sort. If ōb is finite, a sorting
is written as {S1 (→ ōb(S1), · · · , Sn (→ ōb(Sn)}. Intuitively, a sorting just
describes, for any name x : S, the sort of name-vector which the subject sort
S can carry. For instance, by assigning the object sort (S ′, S ′′) to the subject
sort S, we force that any name which belongs to S must be a pair whose
first component is a name is a name of S ′ and whose second component is a
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name of S ′′. Thus CCS and the monadic unsorted π-calculus can derived by
imposing the sorting {Name (→ ()} and {Name (→ (Name)} respectively, in
which all names belong to the same subject sort Name. By extending this
sort discipline Sangiorgi derives the Higher–Order
π-calculus (HOπ) in which not only names, but also processes and abstrac-
tion over processes of an arbitrary order, can be exchanged. Furthermore, as
already shown, the sorting discipline for π-calculus preserves some algebraic
laws.

5.4 Sorting Concept for Dyadic Interaction

Honda’s ‘dyadic interaction’ [47] is of our interest since not only it is a result
of introducing a type discipline into processes but also it serves as a good
concrete example for justifying the intensional approach in process setting.
For the first reason, we close this section by giving a brief presentation of
this work and for the second reason we will give a detailed presentation of it
in the next section.
The motivation behind of introducing types into processes in [47] differs from
the other type disciplines we have already mentioned. Here types serve as
a discriminating tool to characterize the behavioral properties of processes.
Concretely, certain typable processes have deadlock-free behavior. Honda’s
type discipline is essentially Milner’s sorting in [62]; i.e. the types are initially
assigned to names. Honda considers concurrent computation as a collection
of interaction structures and the types as their mathematical encapsulation.
Furthermore, two systems with explicit and implicit typing are introduced
which coincide with each other and in which types form a simple hierarchy.
We will deal with the implicitly typed system more closely which is given by
a basic language for dyadic interactions and a type inference system. This
approach allows the reconstruction of the typed process terms from the un-
typed ones which is generally an interesting attempt from a practical point of
view. Besides, such a construction enlightens the syntactic difference between
typable and untypable terms especially. More precisely, it will be shown that
the type of processes is characterized by a syntactic property for processes
called simplicity. The definition of simplicity property is based on the defi-
nition of the name reference relation in a term given by Abramsky [2]. For a
subset of terms with a certain regular condition, simplicity ensures one im-
portant property in concurrent systems, namely the deadlock-free property.
To give the certain regular condition mentioned above, Honda introduces
the notion of name completeness and states the fundamental result that the
simplicity property for the name complete process ensures the deadlock-free
behavior of them.
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6 Sorting and Intensional Equality

6.1 Sorting Concept for LTS and Intensional Equality

In this section, a general sorting discipline for process states of an arbitrary
LTS is presented as an attempt of adding to the understanding of the notion
of intensional equality in process setting which is a complementary notion
to the extensional one . The resulted labelled transition system is called a
Sorted labelled transition system. To motivate this approach, we gave some
examples in the introduction of this thesis. Sorted LTS’s serve as a suit-
able framework to determine an intensional process equality criterion which
stipulates the condition of ‘having the same sort’ for processes as an addi-
tional criterion to the usual one, ‘performing the same actions’. That is that
the sorted processes are equated by a sorted version of bisimulation called
controlled bisimulation. Consequently, the equality test for sorted processes
is precise and the undesired process identification is avoided. Then some
properties of c-bisimulation relations are studied. Moreover, it is shown that
any sorted LTS can be transformed by a encoding function in an unsorted
one. This gives rise to the fact that once an ε -model for an unsorted LTS
has been given the model for the associated sorted LTS is automatically de-
fined. Finally, some categorical facts and results for the encoding function
are stated.
As a concrete example to justify the intensional approach in process setting,
Honda’s dyadic calculus and its type discipline [47] is considered. In this
calculus the type of processes guarantees the deadlock-free behavior of them.
Consequently, a deadlock process and the inactive process are distinguished,
since the latter is typable but the former not.
Furthermore, Honda’s type systems with explicit and implicit typing is pre-
sented. These systems coincide with each other and form a simple type hier-
archy. But we will deal with the implicitly typed system more closely. This
system is given by a basic language for dyadic interactions and a type infer-
ence system which allows the reconstruction of the typed process terms from
the untyped ones which is generally an interesting attempt from a practical
point of view. Besides, such a construction enlightens the syntactic differ-
ence between typable and untypable terms especially. More precisely, it will
be shown that the type of processes is characterized by a syntactic property
for processes called simplicity. In other words, the simplicity property for a
certain subset of process ensures their deadlock-free behavior.
Finally, we close this section by giving the operational semantics for untyped
and implicitly typed processes, and processes with deadlock-free behavior.
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6.1.1 Sorted Labelled Transition Systems

Definition 6.1 (Sorted Labelled Transition Systems) A sorted labelled
transition system (SLTS) is a triple ST = ((S,A,−→

ST
),Γ, sort), consisting of

an unsorted labelled transition system, a set of sorts Γ, and a sorting function
sort : S → Γ which assigns to each state s a sort α ∈ Γ.

Following Park [69], every SLTS induces a (strong) bisimulation equivalence
relation called controlled bisimulation on the set of sorted states.

Definition 6.2 (Controlled Bisimulation) Let ST = ((S,A,−→
ST

),Γ, sort)

be a SLTS. A relation R ⊆ S × S is called a strong controlled bisimulation,
c-bisimulation, if

1. for all a ∈ A and s, t ∈ S with sRt:

s
a−→s′ ⇒ ∃t′ : t a−→t′ ∧ s′Rt′ and

t
a−→t′ ⇒ ∃s′ : s a−→s′ ∧ s′Rt′,

2. sort(s) = sort(t).

Two states are c-bisimilar in ST , denoted s∼
ST

t, if there exists a strong c-

bisimulation relation R with sRt. This may be equivalently expressed as
follows:

∼
ST

=
⋃
{R | R is a strong c-bisimulation}

A strong c-bisimulation relation is a strong bisimulation relation which pre-
serves the sorts of states.

Proposition 6.3 Let each Ri(i = 1, 2, 3, · · · ) be a c-bisimulation relation.
Then the following relations are all c-bisimulations:

1. ids

2. Ri
−1

3. R1R2

4. ∪i∈IRi

Proof By similar reasoning to Proposition 2.3 we can show the truth of the
claim.
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Proposition 6.4 Let ST = ((S,A,−→
ST

),Γ, sort)be a SLTS. Then the follow-

ing claims are true:

1. ∼
ST

is the largest c-bisimulation.

2. ∼
ST

is an equivalence relation.

Proof

1. By Definition 6.2 and Proposition 6.3(4), ∼
ST

is a c-bisimulation and

induces any other such.

2. (a) (Reflexivity) For any s, s∼
T
s by Proposition 6.3(1).

(b) (Symmetry) If s∼
ST

t then (s, t) ∈ R for some c-bisimulation R.

Hence (t, s) ∈ R−1, and by Proposition 6.3(2), t∼
T
s.

(c) (Transivity) If s∼
ST

t and t∼
ST

u then (s, t) ∈ R1 and (t, u) ∈ R2

for c-bisimulations R1, R2. So (s, u) ∈ R1R2, and so s∼
ST

u by

Proposition 6.3(3).

✷

Definition and Fact 6.5 (Factorized Sorted LTS) Let ST = ((S,A,−→
ST

),Γ, sort) be a SLTS and ∼
ST

be the bisimilarity relation on S induced by ST.

Then

ST/∼
ST

= ((S/∼
ST

, A, −→
ST/∼

ST

),Γ, ¯sort) with

S/∼
ST

:= {[s] | s ∈ S}, where

[s] = {t ∈ S | s∼
ST

t}

−→
/∼
ST

:= {([s], a, [t]) | (s, a, t) ∈−→
ST
} and

¯sort : S/∼
ST

→ Γsuch that

¯sort([s]) := sort(s)

is called the factorization of ST w. r. t. ∼
ST

. In order to show that the notion of

factorized SLTS is well-defined, we prove that this definition is representative
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independent and ST/∼
ST

is also a SLTS. Since ∼
ST

is a bisimulation relation

which preserves the sorts of states by similar reasoning to 2.5 this definition
is also representative independent. Moreover, with Definition 6.1 in mind,
we can easily see that ST/∼

ST

is a SLTS.

In the following, we define the notion of SLTS-homomorphism which serves
as a building block to give a categorical definition of sorted labelled transition
systems.

Definition 6.6 (SLTS-Homomorphism) Let ST = ((S,A,−→
ST

),Γ, sort)

and ST ′ = ((S ′, A′,−→
ST ′

),Γ, sort′) be two SLTS’s. A mapping f = (fS, fA, fΓ)

f : T → T ′ with

fS : S → S ′

fA : A → A′

fΓ : Γ→ Γ′

is a SLTS-homomorphism if (s, a, t) ∈−→
ST

implies (fS(s), fA(a), fS(t)) ∈−→
ST ′

and the equation

fΓ ◦ sort = sort′ ◦ fS

holds.

Remark 6.7 A SLTS-homomorphism maps the states of one SLTS to the
states of the other one in a way that the transition relation and sorts are
preserved. Obviously, the identity function idST : ST → ST is also a SLTS-
homomorphism.

Proposition 6.8 Let ST = ((S,A,−→
ST

),Γ, sort), ST ′ = ((S ′, A′,−→
ST ′

),Γ, sort′)

and ST ′′ = ((S ′′, A′′,−→
ST ′′

),Γ, sort′′) be three SLTS’s. Then the composition

of SLTS-homomorphisms f = (fS, fA, fΓ) : ST → ST ′ and g = (gS, gA, gΓ) :
ST ′ → ST ′′ defined by

g ◦ f : ST → ST ′′

is also a SLTS-homomorphism.

136



Proof We have to show that the composition of two total transition rela-
tion and sorts preserving functions is also a total function which preserves
the transition relation and the sorts. But it is clear that the composition
of two total functions f : ST → ST ′ and g : ST ′ → ST ′′ is also a to-
tal function g ◦ f from ST to ST ′′. It remains to be shown that g ◦ f
preserves the transition relation and the sorts. Let (s, a, t) ∈−→

ST
, since f

is a SLTS-homomorphism,(fS(s), fA(a), fS(t)) ∈−→
ST ′

and since g is a SLTS-

homomorphism, (gS(fS(s)), gA(fA(a)), gS(fS(t))) ∈−→
ST ′′

, so g ◦ f preserves

the transition relation. Finally, we have to show that the composition of
two SLTS-homomorphisms also preserves the sorts; i. e. sort′′ ◦ (gS ◦ fS) =
(gΓ ◦ fΓ) ◦ sort. But sort′′ ◦ (gS ◦ fS) = (sort′′ ◦ gS) ◦ fS. Since g is a SLTS-
homomorphism;

(sort′′ ◦ gS) ◦ fS = (gΓ ◦ sort′) ◦ fS = (gΓ ◦ (sort′ ◦ fS).

Since f is a SLTS-homomorphism;

gΓ ◦ (sort′ ◦ fS) = gΓ ◦ (fΓ ◦ sort) = (gΓ ◦ fΓ) ◦ sort.

Hence sort′′ ◦ (gS ◦ fS) = (gΓ ◦ fΓ) ◦ sort .

✷

Proposition 6.9 The composition of SLTS-homomorphisms is associative.

Proof We know that a SLTS-homomorphism is just a function which maps
states and labels of SLTS’s to each other in a way that the transition relations
and sorts are preserved. But the set of states, the set of labels, and the set of
sorts are just sets in the sense of the classical set theory and it is well known
that the composition of functions on such sets is associative.

✷

6.1.2 SLTSYS the Category of Sorted LTS’s

We are now in apposition to define sorted labelled transition systems in terms
of categories.

Definition and Fact 6.10 (SLTSYS) The category SLTSYS has sorted
LTS’s as objects and SLTS-homomorphisms as arrows. To see that SLTSYS
is a category, let us restate its definition in the same format as Definition
3.15 and check that the laws hold : is the category of sorted labelled transition
systems:

137



1. An object in SLTSYS is a sorted LTS, ST = ((S,A,−→
ST

),Γ, sort).

2. An arrow f : ST → ST ′ in SLTSYS is a SLTS-homomorphism from
the sorted labelled transition system, ST to the sorted labelled transition
system, ST ′.

3. For each SLTS-homomorphism f with domain ST and codomain ST ′,
dom f = ST, cod f = ST ′, and f ∈ SLTSY S(ST, ST ′).

4. The composition of two SLTS-homomorphisms f : ST → ST ′ and
g : ST ′ → ST ′′ is by Proposition 6.8 the SLTS-homomorphism g ◦ f
from ST to ST ′′ and by Proposition 6.9 associative.

5. For each SLTS ST = ((S,A,−→
ST

),Γ, sort), idST : ST → ST is by Re-

mark 6.7 a SLTS-homomorphism and satisfies the equations of the iden-
tity law.

In the following, we show the universal property of the SLTS-homomor-
phisms.

Theorem 6.11 Let ST = ((S,A,−→
ST

),Γ, sort)be an object in SLTSYS. Let

∼
ST

be the induced c-bisimilarity relation and ST/∼
ST

= ((S/∼
ST

, A, −→
ST/∼

ST

),Γ, sort)

be the factorization of ST w.r.t. ∼
ST

. Then h = (hS, hA, hΓ) : ST → ST/∼
ST

defined by

for all s ∈ S : hS(s) := [s],

for all a ∈ A : hA(a) := a, and

for all α ∈ Γ : hΓ(α) := α

is a SLTS-homomorphism and has the following universal property: Let ST ′

be an object in SLTSYS and f = (fS, fA, fΓ) : ST → ST ′ be a SLTS-
homomorphism such that

for all s, t ∈ S : s∼
ST

t ⇒ fS(s) = fS(t)

then there is a unique f̄ such that the following diagram commutes- that is,
such that f̄ ◦ h = f .

Proof We prove this in the following two steps:
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�f

h

f

ST

ST=
�

ST 0

• Firstly, we show that h is a SLTS-homomorphism. Let (s, a, t) ∈−→
ST

.

But due to the definition of h; (hS(s), hA(a), hS(t)) = ([s], a, [t]) and
due to Definition and Fact 6.5 ([s], a, [t]) ∈−→

/∼
ST

. Now, we prove that h

preserves the sorts:

sort(hS(s)) = sort([s]) by the definition of h

= sort(s) by the definition of sort

= hΓ(sort(s)) by the definition of h

• Secondly, we show that h has the universal property:
Let f̄ = (f̄S, f̄A, f̄Γ) : ST/∼

ST
→ ST ′ be defined as follows:

for all [s] ∈ S/∼
ST

: f̄S([s]) := fS(s),

for all a ∈ A : f̄A(a) := fA(a), and

for all α ∈ Γ : f̄Γ(α) := fΓ(α).

Then we have to prove that f̄ is firstly well-defined, secondly a LTS-
homomorphism, thirdly unique and that the previous diagram com-
mutes.

– Let s ∈ [t]. This means s∼
ST

t which implies fS(s) = fS(t) and

sort(s) = sort(t). But by the definition of f̄ we get f̄S([s]) =
f̄S([t]). Thus, f̄ is well-defined.

– To show that f̄ is a SLTS-homomorphism, we reason as follows:
Let ([s], a, [t]) ∈−→

/∼
ST

. But due to the definition of f̄ we get

(f̄S([s]), f̄A(a), f̄S([t])) = (fS(s), fA(a), fS(t)) = (fS(s), a, fS(t)).
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Since f is a SLTS-homomorphism, (fS(s), a, fS(t)) ∈−→
/∼
ST ′

. Now,

we show that f̄ preserves the sorts:

sort′(f̄S([s])) = sort′(fS(s)) by the definition of f̄

= fΓ(sort(s)) f is a SLTS-homomorphism

= f̄Γ(sort(s)) by the definition of f̄

= f̄Γ(sort([s])) by the definition of sort

– By the definitions of h and f̄ we can easily see that the above
diagram commutes; i .e.

for all s ∈ S : f̄S(hS(s)) = fS(s),

for all a ∈ A : f̄A(hA(a)) = fA(a), and

for all α ∈ Γ : f̄Γ(hΓ(α)) = fΓ(α)

– Finally, we show that f̄ is unique. Let ḡ be another SLTS-homomorphism
making the diagram commute. Then we get

for all s ∈ S : ḡS(hS(s)) = fS(s)

= f̄S(hS(s)),

for all a ∈ A : ḡA(hA(a)) = fA(a)

= f̄A(hA(a)), and

for all α ∈ Γ : ḡΓ(hΓ(α)) = fΓ(α)

= f̄Γ(hΓ(α))

Obviously, h is surjective and with that ḡ = f̄ .

✷

In the following, we give the binary product of the sorted labelled transition
systems in the categorical sense. A product of two sorted labelled transition
systems is the product of their sets of states, the product of their sets of
labels, the product of their transition-relations, and the product of their
sorting functions.

Theorem 6.12 (Binary Products of Sorted LTS) The product of two
sorted labelled transition systems is a sorted labelled transition system in
the category SLTSYS.
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Proof we prove this in three steps:

• Firstly, we define the binary product of two sorted labelled transition
systems and show that this is also a sorted labelled transition system.
Let ST 1 = ((S1, A1,−→

1
),Γ, sort1) and ST 2 = ((S2, A2,−→

2
),Γ, sort2)

be two objects in the SLTSYS. Then the product of ST1 and ST2 is

ST 1 × ST 2= ((S1 × S2, A1 × A2,−→
1×2

), (Γ× Γ), (sort1 × sort2))

where (S1 × S2, A1 × A2,−→
1×2

)is the binary product of two LTS’s ac-

cording to Proposition 2.14 and sort1 × sort2 is a the sorting function
such that for all s1 ∈ S1, s2 ∈ S2:

sort1 × sort2((s1, s2)) = (sort1(s1), sort2(s2))

equipped with two projection functions defined as follows:

π̂1 = (π̂1S, π̂1A, π̂1Γ) : ST1 × ST2 → ST1 such that

π̂1S((s1, s2)) = s1,

π̂1A((a1, a2)) = a1, and

π̂1Γ((α1, α2)) = α1

and π̂2 = (π̂2S, π̂2A, π̂2Γ) is defined in the similar way.

With Definition 6.1 in mind, it is not hard to see that ST1 × ST2 is a
sorted labelled transition system.

• Secondly, we prove that the projection functions are SLTS-homomorphisms.
By Definition 6.6 we show that the projection functions are transi-
tion relation and sort preserving. Let ((s1, s2), (a1, a2), (t1, t2)) ∈−→

1×2
.

By the definition of π̂1, we get (π̂1S((s1, s2)), π̂1A((a1, a2)), π̂1S((t1, t2))
= (s1, a1, t1) and due to the definition of −→

1×2
in Proposition 2.14 that

(s1, a1, t1) ∈−→
1
. It remains to be proved that π̂1 is sort preserving.

sort1(π̂1S(s1, s2)) = sort1(s1) by the definition of π̂1

= π̂1Γ(sort1(s1), sort2(s2)) by the definition of π̂1

= π̂1Γ(sort1 × sort2((s1, s2))) by the definition of

sort1 × sort2

By similar reasoning, we show that π̂2 is also a SLTS-homomorphism.
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• Thirdly, we show the universal property of the product; i .e. given
any SLTSYS-object ST 3 = ((S3, A3,−→

3
),Γ, sort3) and pair of arrows

f = (fS, fA, fΓ) : ST3 → ST1 and g = (gS, gA, gΓ) : ST3 → ST2 there is
exactly one mediating arrow

< f, g >= (< fS, gS >,< fA, gA >,< fΓ, gΓ >) : ST3 → ST 1 × ST 2

making the diagram

< f; g >

f

�̂1 �̂2ST 1 ST 1 � ST2 ST 2

ST 3

g

commute– that is, such that π̂1◦ < f, g >= f and π̂2◦ < f, g >= g.
Let < f, g > be defined as follows:

for all s3 ∈ S3 : < fS, gS > (s3) = (fS(s3), gS(s3))

for all a3 ∈ A3 : < fA, gA > (a3) = (fA(a3), gA(a3))

for all α3 ∈ Γ3 : < fΓ, gΓ > (α3) = (fΓ(α3), gΓ(α3))

We proof this in the following steps:

– < f, g > is a SLTS-homomorphism. Let (s3, a3, t3) ∈ −→
3
. Since

f and g are SLTS-homomorphisms; (fS(s3), fA(a3), fS(t3)) ∈−→
1

and (gS(s3), gA(a3), gS(t3)) ∈−→
2

and by the definition of −→
1×2

in

Proposition 2.14 we get ((fS(s3), gS(s3)), (fA(a3), gA(a3)), (fS(t3),
gS(t3))) ∈−→

1×2
. It remains to be shown that < f, g > is sort

preserving.

142



sort1 × sort2(< fS, gS > (s3)) = sort1 × sort2(fS(s3), gS(s3))

by the definition of < f, g >

= (sort1(fS(s3)), sort2(gS(s3)))

by the definition of

sort1 × sort2

Since f and g are SLTS-homomorphisms we have sort1(fS(s3)) =
fΓ(sort3(s3)) and sort2(gS(s3)) = gΓ(sort3(s3)). Thus

(sort1(fS(s3)), sort2(gS(s3))) = (fΓ(sort3(s3)), gΓ(sort3(s3)))

– < f, g > is unique. Let k be another SLTS-homomorphism from
ST3 to ST 1 × ST 2such that the above diagram commutes; i.e.

for all s3 ∈ S3 : π̂1S(kS(s3)) = fS(s3)

for all a3 ∈ A : π̂1A(kA(a3)) = fA(a3)

for all α3 ∈ Γ : π̂1Γ(KΓ(α3)) = fΓ(α3) and

for all s3 ∈ S3 : π̂2S(kS(s3)) = gS(s3)

for all a3 ∈ A : π̂2A(kA(a3)) = gA(a3)

for all α3 ∈ Γ : π̂2Γ(KΓ(α3)) = gΓ(α3)

but since < f, g > also makes the diagram commutes, so

fS(s3) = π̂1S(fS(s3), gS(s3))

= π̂1S◦ < fS, gS > (s3)

fA(a3) = π̂1A(fA(a3), gA(a3))

= π̂1A◦ < fA, gA > (a3)

fΓ(α3) = π̂1Γ(fΓ(α3), gΓ(α3))

= π̂1Γ◦ < fΓ, gΓ > (α3)

and
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gS(s3) = π̂2S(fS(s3), gS(s3))

= π̂2S◦ < fS, gS > (s3)

gA(a3) = π̂2A(fA(a3), gA(a3))

= π̂2A◦ < fA, gA > (a3)

gΓ(α3) = π̂2Γ(fΓ(α3), gΓ(α3))

= π̂2Γ◦ < fΓ, gΓ > (α3)

Considering above equations, we state that for all s3 ∈ S3, for all
a3 ∈ A and for all α3 ∈ Γ:

π̂1S(kS(s3)) = π̂1S◦ < fS, gS > (s3) = fS(s3)
π̂1A(kA(a3)) = π̂1A◦ < fA, gA > (a3) = fA(a3)
π̂1Γ(KΓ(α3)) = π̂1Γ◦ < fΓ, gΓ > (α3) = fΓ(α3)
π̂2S(kS(s3)) = π̂2S◦ < fS, gS > (s3) = gS(s3)
π̂2A(kA(a3)) = π̂2A◦ < fA, gA > (a3) = gA(a3)
π̂2Γ(KΓ(α3)) = π̂2Γ◦ < fΓ, gΓ > (α3) = gΓ(α3)

On one hand we know that two pairs are equal if their com-
ponents are equal; also kS(s3) = (fS(s3), gS(s3)) =< fS, gS >
(s3), kA(a3) = (fA(a3), gA(a3)) =< fA, gA > (a3), and KΓ(α3) =
(fΓ(α3), gΓ(α3)) =< fΓ, gΓ > (α3) and on the other hand we know
that two functions are equal if they supply for every argument the
same value. Therefore, K =< f, g > .

✷

At this stage, we note that we can form products of arbitrary collections of
sorted labelled transition systems, even infinite collections.

Proposition 6.13 (Products of the Family of Sorted LTS) The cate-
gory SLTSYS has (small) products.

Proof We prove this in three steps:

• Firstly, we define the product of the family of sorted labelled transition
systems and show that this is also a sorted labelled transition system.
The product of the family (STi)i∈I = (Si, Ai,−→

i
, (sorti))

i∈I
of sorted

labelled transition systems is∏
i∈I

ST i = (
∏
i∈I

Si,
∏
i∈I

Ai,
∏
i∈I

−→
i

,
∏
i∈I

sorti) where
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(
∏
i∈I Si,

∏
i∈I Ai,

∏
i∈I −→i ) is the product of the family of unsorted

labelled transition system (Si, Ai,−→
i
)
i∈I

defined in Proposition 2.15

and
∏
i∈I sorti :

∏
i∈I Si →

∏
i∈I Γi is the sorting function defined as

∏
i∈I

sorti((si)i∈I) = (sorti(si))i∈I

equipped with the projection functions defined as follows:

π̂j = (π̂jS, π̂jA, π̂jΓ) :
∏
i∈I

STi → STj with

π̂jS((si)i∈I) := sj

π̂jA((ai)i∈I) := aj

π̂jΓ((αi)i∈I) := αj

Now, we have to show that
∏
i∈I ST i = ((

∏
i∈I Si,

∏
i∈I Ai,

∏
i∈I −→i ,∏

i∈I sorti) is also a SLTS. By Definition 6.1, we have to show (
∏
i∈I Si,

∏
i∈I Ai,

∏
i∈I −→i )

is a LTS and
∏
i∈I sorti is a sorting function. But by Proposition 2.15

the first claim is hold and by the definition of
∏
i∈I sorti we can easily

see that it is a function which assigns to a family of states a family of
sorts.

• Secondly, we have to prove that projection functions π̂j are SLTS-ho-
momorphisms. ; i. e. they are transition relation and sort preserving.
Let ((si), (ai), (ti))i∈I ∈

∏
i∈I −→i . But by the definition of π̂j , we get(

π̂jS((si)i∈I), π̂jA((ai)i∈I), π̂jS((ti)i∈I)
)

= (sj, aj , tj) and it follows

from the definition of
∏
i∈I −→i that (sj, aj , tj) ∈ −→

j
. Now, we show

that projection functions are sort preserving.

sortj(π̂jS((si)i∈I)) = sortj(sj) by the definition of π̂j

= π̂jΓ((sortj(sj))i∈I) by the definition of π̂j

= π̂jΓ(
∏
i∈I

sorti((si)i∈I)) by the definition of

∏
i∈I

sorti
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• Thirdly, we show the universal property of the product; i. e. given any
SLTSYS-object ST and a family of arrows (fi : ST → STi)i∈I there is
exactly one mediating arrow

f = (fS, fA, fΓ) : ST →
∏
i∈I

ST i with

fS(s) = (fiS(s))i∈I
fA(a) = (fiA(a))i∈I
fΓ(α) = (fiΓ(α))i∈I

making the diagram commute– that is, such that for all i ∈ I : π̂i ◦

�̂i

(fi)i2I

Q
i2I ST i ST i

ST

fi

(fi)i∈I = fi. By similar reasoning to Theorem 6.12 we show the truth
of this claim.

✷

Proposition 6.14 The category SLTSYS has equalizers.

Proof Let ST 2 = ((S2, A2,−→
2
),Γ, sort2), and ST 3 = ((S3, A3,−→

3
),Γ, sort3)

be SLTSYS-objects and h2 = (h2S , h2A, h2Γ) : ST2 → ST3 and h3 = (h3S, h3A, h3Γ) :
ST2 → ST3 be two parallel SLTS-homomorphisms from ST 2 to ST 3. In order
to prove that h2 and h3 have an equalizer, we reason as follows:
Let

S1 = {s2 ∈ S2 | h2S(s2) = h3S(s2)},
A1 = {a2 ∈ A2 | h2A(a2) = h3A(a2)},
Γ1 = {α1 ∈ Γ | ∃s1 ∈ S1 : α1 = sort2(s1) ∧ h2Γ(α1) = h3Γ(α1)},
−→
1

= {(s1, a1, t1) | s1, t1 ∈ S1, a1 ∈ A1 ∧ (s1, a1, t1) ∈ −→
2
}, and

sort1 : S1 → Γ1 with

∀s1 ∈ S1 : sort1(s1) = sort2|S1
(s1)
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Clearly, ST 1 = ((S1, A1,−→
1
),Γ, sort1) is a SLTS. Now, we will show that

h1 = (h1S , h1A, h1Γ) : ST1 → ST2 with h1S(s1) = s1, h1A(a1) = a1, and
h1Γ(α1) = α1 is the equalizer of h2 and h3; i. e. h2 ◦ h1 = h3 ◦ h1.

h2; h3h1

h4k

ST1

ST4

ST2
ST3

We prove this in three steps:

• h1 is a SLTS-homomorphism. By the definition of h1 it is not hard to
see that it holds.

• h2 ◦ h1 = h3 ◦ h1. This holds by the definition of S1, A1,Γ1, and by the
fact that h1 is the inclusion function.

• We verify the universal property of h1. Let h4 = (h4S , h4A, h4Γ) : ST4 →
ST2 be a SLTS-homomorphism such that h2 ◦ h4 = h3 ◦ h4; i .e. for
every s4 ∈ S4 : h2S(h4S(s4)) = h3S(h4S(s4)) which implies h4S(s4) ∈ S1

and for every a4 ∈ A4 : h2A(h4A(a4)) = h3A(h4A(a4)) which implies
h4A(a4) ∈ A1, and for every α4 ∈ Γ : h2Γ(h4Γ(α4)) = h3Γ(h4Γ(α4)) which
implies h4Γ(α4) ∈ Γ1. Thus we can take kS(s4) = h4S(s4), kA(a4) =
h4A(a4) and k4Γ(α4) = h4Γ(α4) for every s4 ∈ S4, a4 ∈ A4 and α4 ∈ Γ.
It is clear that the choice of k is unique since h1S(s1) = s1, h1A(a1) = a1,
and h1Γ(α1) = α1.

✷

Proposition 6.15 Every diagram D in SLTSYS has a limit.

Proof By Proposition 6.13 we know that every family of objects in SLTSYS
has a product. Furthermore, we know from Proposition 6.14 that every pair
of arrows in SLTSYS has an equalizer. Thus following [52] chapter V and [8]
chapter 2, every diagram D in LTSYS has a limit.

✷

147



6.2 Sorted and Unsorted Labelled Transition Systems

In the sequel, we study the question of how we can encode a sorted labelled
transition system to an unsorted one and vice versa. Before we do that,
we mention a few facts about the relationship between bisimulation and c-
bisimulation relations:

• In general, every c-bisimulation relation is a bisimulation relation but
n
¯
ot vice versa.

• If the sorting function sort : S → Γ is a constant function then every
c-bisimulation relation is a bisimulation relation and vice versa.

• If the sorting function sort : S → Γ is injective then id is the largest
c-bisimulation for every sorted labelled transition system ST ; i. e. id =
∼
ST

.

6.2.1 Encoding of Sorted Labelled Transition Systems

Definition 6.16 (Encoding Map) Let SLTSYS be the category of sorted
and LTSYS be the category of unsorted labelled transition systems. Then
a map En : SLTSY S → LTSY S which takes each SLTSYS-object ST =
((S,A,−→

ST
),Γ, sort) to the LTSYS-object En(ST ) such that

En(ST = ((S,A,−→
ST

),Γ, sort)) := T ext = (Sext, Aext,
ext−→
ST

) with

Sext := S ) {SORT}

the extension of S with the additional state SORT

Aext := A ) Γ

the extension of A with sorts

ext−→
ST

:=−→
ST

∪{(s, sort(s), SORT ) | s ∈ S}

the extension of −→
ST

with the set of new transitions and which maps each

SLTSYS-arrow f = (fS, fA, fΓ) : ST 1 → ST 2 to the LTSYS-arrow En(f) =
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(En(f)S, En(f)A) defined by

En(f)S := fS ) {(SORT, SORT )},
En(f)A := fA ) fΓ

encodes a sorted LTS in an unsorted one.

Proposition 6.17 Let SLTSYS be the category of sorted and LTSYS be the
category of unsorted labelled transition systems. Then the encoding map En :
SLTSY S → LTSY S is a functor.

Proof we prove this claim in two steps:

• We show that if f = (fS, fA, fΓ) : ST1 → ST2 is a SLTS-homomorphism
then En(f) is a LTS-homomorphism; i. e. we have to prove that En(f)
is transition relation preserving. To do so, we consider the following
two cases:

– Let (s1, a1, t1) ∈ ext−→
1

and t1 �= SORT . By the definition of En

we get (s1, a1, t1) ∈ −→
1

. Since f is by the assumption a SLTS-

homomorphism; (fS(s1), fA(a1), fS(t1) ∈ −→
2
. Again by the defi-

nition of En we get (fS(s1), fA(a1), fS(t1)) ∈ ext−→
2
.

– Let (s1, a1, t1) ∈ ext−→
1

and t1 = SORT . By the definition of En

we get a1 = sort1(s1). Again by the definition of En we get
(En(f)S(s1),
En(f)A(a1), En(f)S(SORT )) = (fS(s1), fΓ(a1), SORT ). By the
assumption; f is a SLTS-homomorphism which means that fΓ(sort1(s1)) =
sort2(fS(s1)) and with that

(fS(s1), sort2(fS(s1)), SORT ) ∈ ext−→
2

.

• Now, we prove that En satisfies the functor properties; i. e.

1. En(idST ) = idEn(ST ) . We can easily see that it holds.

2. Let f = (fS, fA, fΓ) : ST1 → ST2 and g = (gS, gA, gΓ) : ST2 →
ST3 be two composed SLTSYS-arrows. Then En(g ◦f) = En(g)◦
En(f). By the definition of En we get

En(g ◦ f) = (En(g ◦ f)S, En(g ◦ f)A).
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Now, we have to show that firstly, for all s1 ∈ S1
ext : En(g ◦ f)S(s1)

= En(g)S◦En(f)S(s1) and secondly, for all a1 ∈ A1
ext : En(g ◦ f)A(a1)

= En(g)A ◦En(f)A(a1). To show the former, we consider the fol-
lowing two steps:

(a) Let s1 = SORT . Then

En(g ◦ f)S(SORT ) = SORT by Definition 6.16

= En(g)S ◦ En(f)S(SORT )

by Definition 6.16

(b) Let s1 �= SORT . Then

En(g ◦ f)S(s1) = (g ◦ f)S(s1) by Definition 6.16

= gS(fS(s1))

= gS(En(f)S(s1)) by Definition 6.16

= En(g)S(En(f)S(s1)) by Definition 6.16

= En(g)S ◦ En(f)S(s1)

and to show the latter, we consider the following two steps:

(c) Let a1 ∈ A1. Then

En(g ◦ f)A(a1) = (g ◦ f)A(a1) by Definition 6.16

= gA(fA(a1))

= gA(En(f)A(a1)) by Definition 6.16

= En(g)A(En(f)A(a1)) by Definition 6.16

= En(g)A ◦ En(f)A(a1)

(d) Let a1 ∈ A1
ext \ A1. Then

En(g ◦ f)A(a1) = (g ◦ f)Γ(a1) by Definition 6.16

= gΓ(fΓ(a1))

= gΓ(En(f)A(a1)) by Definition 6.16

= En(g)A(En(f)A(a1)) by Definition 6.16

= En(g)A ◦ En(f)A(a1)
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Thus En(g ◦ f) = En(g) ◦En(f) and we are done.

✷

Proposition 6.18 The encoding map En : SLTSY S → LTSY S is injec-
tive.

Proof We show the truth of this in the following two steps:

• Let ST, ST ′ be two SLTSYS-objects with En(ST ) = En(ST ′). We
have to show that ST = ST ′. En(((S,A,−→

ST
),Γ, sort)) = (Sext, Aext,

ext−→
ST

) and En(((S ′, A′,−→
ST ′

),Γ, sort′) = (S ′ext, A′ext, ext−→
ST ′

) . By the as-

sumption we get (Sext, Aext,
ext−→
ST

) = (S ′ext, A′ext, ext−→
ST ′

) . This implies

Sext = S ′ext, Aext = A′ext, ext−→
ST

=
ext−→
ST ′

But by Definition 6.16 it follows from Sext = S ′ext that S ∪{SORT} =
S ′ ∪ {SORT} and with that S = S ′. By similar reasoning it follows
from Aext = A′ext that A ∪ {SORT} = A′ ∪ {SORT} and with that

A = A′. We stated in the above that
ext−→
ST

=
ext−→
ST ′

. But by Definition 6.16

we get

ext−→
ST

=−→
ST

∪{(s, α, SORT ) | ∃α ∈ Γ, α = sort(s)}; and
ext−→
ST ′

=−→
ST ′

∪{(s′, α′, SORT ) | ∃α′ ∈ Γ, α′ = sort′(s′)}

and with that −→
ST

=−→
ST ′

. Thus ST = ST ′.

• Let h = (hS, hA, hΓ), h
′ = (h′

S, h
′
A, h

′
Γ) be two SLTSYS-arrows with

En(h) = En(h′). We have to show that h = h′. We know that
En(h) = (En(h)S, En(h)A) and En(h′) = (En(h′)S, En(h′)A). And
by the assumption we get (En(h)S, En(h)A) = (En(h′)S, En(h′)A).
This implies for all s ∈ Sext and a ∈ Aext that En(h)S(s) = En(h′)S(s)
and that En(h)A(a) = En(h′)A(a). But

En(h)S(s) = En(h′)S(s) =

{
SORT if s = SORT

hS(s) = h′
S(s) otherwise
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and this implies hS = h′
S. Besides,

En(h)A(a) = En(h′)A(a) =

{
hA(a) = h′

A(a) if a ∈ A

hΓ(a) = h′
Γ(a) if a ∈ Aext \ A

implies that hA = h′
A and hΓ = h′

Γ. Thus h = h′.

✷

Remark 6.19 It is not hard to see that If we restrict the co-domain of an
injective function to a subset of it the function remains injective.

Let f : A → B be a function. We denote the image of A under the function f
by f [[A]] = {b ∈ B | ∃a ∈ A : b = f(a)}. We shall make use of this notation
for some proof steps in the sequel. The next proposition will show that the
encoding functor En preserves and reflects the bisimilarity relation.

Proposition 6.20 Let ST = ((S,A,−→
ST

),Γ, sort)be a SLTS and En be the

encoding functor. Let En(ST ) = T ext = (Sext, Aext,
ext−→
ST

) be the correspond-

ing unsorted LTS of ST . Then En preserves and reflects the bisimilarity
relation; namely i. e. for all s, t ∈ S:

s∼
ST

t ⇐⇒ s ∼
T ext

t.

Proof ”⇒)” It follows from the assumption s∼
ST

t that there is a c-bisimulation

relation R1 on S such that sR1t and sort(s) = sort(t). We define the rela-
tion R ⊆ Sext × Sext by R = R1 ∪ {(SORT, SORT )} and show that R is a
bisimulation relation: i. e. we have to show that s simulates every transition
from t over a ∈ Aext and vice versa. To do so, we distinguish two cases. First
of all, it follows from sR1t that sRt.

• Since R1 is a c-bisimulation relation we get for all a ∈ Aext \ sort[[S]]:

s
a−→s′ ⇒ ∃t′ : t a−→t′ ∧ s′R1t

′ and

t
a−→t′ ⇒ ∃s′ : s a−→s′ ∧ s′R1t

′

and by the definition of R we get s′Rt′.

• Now, it remains to be proved that for all α ∈ Aext \ A:

s
α−→SORT ⇒ t

α−→SORT ∧ SORT R SORT and

t
α−→SORT ⇒ s

α−→SORT ∧ SORT R SORT
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Let α = sort(s). But it follows from the definition of
ext−→
ST

formulated as

ext−→
ST

= −→
ST

∪ {(s, α, SORT ) | ∃α ∈ Γ : sort(s) = α}

in Definition 6.2 that there is exactly one transition from every state s ∈ S
over the sort of s to the state SORT in T ext. Now, it remains to be shown
that t also simulates such a transition from itself to the state SORT and
vice versa. Since s and t are c-bisimilar; sort(s) = sort(t) = α. But by the

definition of
ext−→
ST

there is exactly one transition from t over α to SORT. But

according to the definition of R SORT R SORT . Thus R is a bisimulation
relation on Sext and with that s ∼

T ext
t.

”⇐)” It follows from the assumption s ∼
T ext

t that there is a bisimulation re-

lation R1 on Sext such that sR1t. But since T ext = En(ST ) we get that

every transition (s, a, t) ∈ ext−→
ST

with a ∈ Aext \ sort[[S]] and t �= SORT is also

a transition in ST, denoted as (s, a, t) ∈ −→
ST

. This says that R1 is also a

bisimulation relation on S. To show that R1 is a c-bisimulation, we have to
prove that for all s, t ∈ S with sR1t :

sort(s) = sort(t).

Again we get by the definition of
ext−→
ST

that there is exactly one transition

from every state s ∈ S over α ∈ Aext \ A which is the sort of s to the state
SORT. Let sort(s) = α. Since R1 is a bisimulation on Sext, t simulates every
transition from s and especially the transition s

α−→SORT and vice versa.
Since such a transition is unique in T ext; sort(s) = sort(t).

✷

The interesting question which now arises is just when is the inverse of en-
coding map En called the decoding map De definable? Clearly, there are
unsorted LTS’s which are not the elements of the image of SLTSYS under
the encoding map En. Let LTSY SD be a category of unsorted LTS’s such
that the collection of its objects is the image of SLTSYS under the encoding
map En; i. e.

obj(LTSY SD) = {T ∈ obj(LTSY S ) | ∃ST ∈ SLTSY S : En(ST ) = T}

and the collection of its arrows is

arrows(LTSY SD) = {LTSY S(T1, T2) | T1, T2 ∈ obj(LTSY S )}.

Consider that there are four cases to choose the two LTSYS-objects T1 and
T2, namely
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1. T1, T2 ∈ obj(LTSY S ) \ obj(LTSY SD),

2. T1, T2 ∈ obj(LTSY SD),

3. T1 ∈ obj(LTSY SD) and T2 ∈ obj(LTSY S ) \ obj(LTSY SD),

4. T1 ∈ obj(LTSY S ) \ obj(LTSY SD) and T2 ∈ obj(LTSY SD).

Assume that a decoding map De : LTSY S → SLTSY S decodes every LTS,
T in a sorted LTS such that

De(T ) =




ST = ((S,A,−→
ST

),Γ, sort) if T ∈ obj(LTSY SD)

STα = ((S,A,−→
T

), {α}, sortα) otherwise

where sortα(s) = α for all s ∈ S. But we face genius difficulties in the
last case if we try to show that De maps every LTS-homomorphism from
T1 to T2 to a SLTS-homomorphism from De(T1) to De(T2). Assume T1 ∈
obj(LTSY S )\obj(LTSY SD) and T2 ∈ obj(LTSY SD) with T1 = ({s1, t1}, {a1}, {(s1, a1, t1)})
and T2 = ({s2, SORT}, {a2, α2}, {(s2, α2, SORT )}). Clearly, there is a
LTS-homomorphism f : T1 → T2 with

fS(s1) = s2

fS(t1) = SORT

fA(a1) = α2.

Due to the above deliberation, we get De(T1) = ST 1 = (({s1, t1}, {a1}, {(s1, a1, t1)}),
Γ, sortα : {s1, t1} → Γ) where sortα(s1) = sortα(t1) = α and De(T2) =
ST 2 = (({s2}, {a2}, ∅),Γ, sort : {s2} → Γ) where sort(s2) = α2. Now, it
is not hard to see that there is no SLTS-homomorphism from ST 1 to ST 2.
To overcome this problem, we confine the domain of De to obj(LTSY SD).
Thus

arrows(LTSY SD) = {LTSY S(T1, T2) | T1, T2 ∈ obj(LTSY SD)}.

Definition 6.21 (Decoding Map) The map De : LTSY SD → SLTSY S
which takes each LTSY SD-object T = (S,A,−→

T
) to the object De(T ) such

that for all T ∈ obj(LTSY SD)

De(T ) := ((S,A,−→
ST

),Γ, sort)
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and which takes each LTSY SD-arrow f = (fS, fA) : T1 → T2 to the
SLTSYS-arrow De(f) = (De(f)S, De(f)A, De(f)Γ) defined by

De(f)S := fS |S1
ext\{SORT}

De(f)A = fA|A1
ext\sort1[[S]]

De(f)Γ = fA|Γ

is called the decoding map.

If we restrict the co-domain of the encoding functor En given by Definition
6.16 to LTSY SD we will state:

Proposition 6.22 Let SLTSYS be the category of sorted LTS’s and LTSY SD
be a subcategory of LTSYS. Then the decoding map De : LTSY SD →
SLTSY S is the inverse functor of En : SLTSY S → LTSY SD.

Proof By Proposition 6.18, and Remark 6.19 the claim is true.

✷

In the following , we prove that the encoding functor En is the left and right
adjoint of the decoding functor De.

Proposition 6.23 Let LTSY SD be a subcategory of unsorted and SLT-
SYS be the category of sorted LTS’s, respectively. furthermore, let En :
SLTSY S → LTSY SD be the encoding functor and De : LTSY SD →
SLTSY S be the decoding functor. Then En is the left adjoint of the functor
De.

Proof Let ST = ((S,A,−→
ST

),Γ, sort)be a SLTSYS-object and let η : ST

→ De ◦ En(ST ) be a map from ST to De ◦ En(ST ). To show the truth of
the claim, we prove in the following two steps that (En(ST ), η) is free over
ST w. r. t. De.

• Let η : ST → De ◦ En(ST ) be defined by
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ηS : S → Sext with

∀s ∈ S : ηS(s) = idS(s),

ηA : A → Aext with

∀a ∈ A : ηA(a) = idA(a), and

ηΓ : Γ→ {α} with
∀γ ∈ Γ : ηΓ(γ) = idΓ(γ)

Then η is a SLTS-homomorphism. Let (s, a, t) ∈−→
ST

. On one hand

we get by the definition of En that the sets of states, labels, and the
transition relation of the labelled transition system ST are subsets of
the sets of states, labels, and the transition relation of En(ST ) and
on the other hand, we get by the definition of the decoding functor
De that the labelled transition system De ◦En(ST ) has the same sets
of states, labels, and the transition relation as the labelled transition
system En(ST ). Moreover, it follows from the definition of η that
(ηS(s), ηA(a), ηS(t)) = (s, a, t). Thus (ηS(s), ηA(a), ηS(t)) ∈ −→

De◦En(ST )
.

It remains to be proved that η preserves the sorts:

sort(ηS(s)) = sort(idS(s)) by the definition of η

= sort(s)

= idΓ(sort(s))

= ηΓ(sort(s)) by the definition of η

• Now, we show that η has the universal property:

Let T ′ be an object in LTSY SD; i. e. T ′ is of the form T ′ = (S ′ext, A′ext, ext−→
ST ′

). That is that there is a sorted labelled transition system ST ′ =
((S ′, A′,−→

ST ′
),Γ, sort′) such that T ′ = En(ST ′). Then for any SLTS-

homomorphism h = (hS, hA, hΓ) : ST → DE(T ′) there is a unique h̄
such that the following diagram commutes- that is, such that De(h̄) ◦
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η = h . Let h̄ = (h̄S, h̄A) : En(ST )→ T ′ be defined as follows:

h̄S : Sext → S ′ext with

∀s ∈ Sext : h̄S(s) =

{
SORT if s = SORT

hS(s) otherwise

h̄A : Aext → A′ext with

∀a ∈ Aext : h̄A(a) =

{
hA(a) if a ∈ A

sort′(hS(s)) if a = sort(s)

Then we have to prove that h̄ is a unique LTS-homomorphism and that
the previous diagram commutes.

– To show that h̄ is a LTS-homomorphism, we consider the following
two cases:

1. Let (s, a, t) ∈ −→
En(ST )

and and t �= SORT . By the definition of

En; (s, a, t) ∈−→
ST

and by the definition h̄; (h̄S(s), h̄A(a), h̄S(t))

= (hS(s), hA(a), hS(t)). Since h is by the assumption a SLTS-
homomorphism we get (hS(s), hA(a), hS(t)) ∈ −→

De(T ′)
. More-

over, it follows from the definition of the decoding functor
De that the set of states, labels, and the transition relation
of the LTS, De(T ′) are subsets of the sets of states, labels,
and the transition relation of En(T ′). since h is a SLTS-
homomorphism we get that every transition from s ∈ S over
a label a ∈ A to any state t ∈ S is reflected in the transi-
tion relation −→

De(T ′)
. But it follows from the definition of En

that the transition relation −→
T ′

contains in addition to these

transitions the transitions of the form (h(s), sort(s), SORT )
and with that we are done. Thus (h̄S(s), h̄A(a), h̄S(t)) =
(hS(s), hA(a), hS(t)) ∈−→

T ′
.

2. Let (s, a, t) ∈ −→
En(ST )

and and t = SORT . Then a = sort(s).

By the definition of h̄ we get (h̄S(s), h̄A(sort(s)), h̄S(t)) =
(hS(s), sort′(hS(s)), SORT ).If follows from the definition of
En that−→

T ′
also contains the elements of the form (s′, sort′(s′), SORT ).

Since h is an SLTS-homomorphism we get

(h̄S(s), h̄A(sort(s)), h̄S(t)) ∈−→
T ′

.
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To show hat the above diagram commutes; i .e.

∀s ∈ S : De(h̄)S(ηS(s)) = hS(s),

∀a ∈ A : De(h̄)A(ηA(a)) = hA(a), and

∀γ ∈ Γ : De(h̄)Γ(ηΓ(γ)) = hΓ(γ)

we reason as follows:

for all s ∈ S : De(h̄)S(ηS(s)) = De(h̄)S(idS(s))

by the definition of η

= De(h̄)S(s)

= h̄S(s) by the definition of De

= hS(s) by the definition of h̄

for all a ∈ A : De(h̄)A(ηA(a)) = De(h̄)A(idA(a))

by the definition of η

= De(h̄)A(a)

= h̄A(a) by the definition of De

= hA(a) by the definition of h̄

for all γ ∈ Γ : De(h̄)Γ(ηΓ(γ)) = De(h̄)Γ(idΓ(γ))

by the definition of η

= De(h̄)Γ(γ)

= h̄Γ(γ) by the definition of De

= hΓ(γ) by the definition of h̄

– By the definition of h̄ we can easily see that the choice of h̄ is
unique.

✷

Proposition 6.24 Let LTSY SD be a subcategory of unsorted and SLT-
SYS be the category of sorted LTS’s, respectively. Let En : SLTSY S →
LTSY SD be the encoding functor and De : LTSY SD → SLTSY S be the
decoding functor. Then En is the right adjoint of the functor De.

Proof Let ST = ((S,A,−→
ST

),Γ, sort)be a SLTSYS-object and let η : ST

→ De ◦ En(ST ) be a map from ST to De ◦ En(ST ). To show the truth
of the claim, we prove in the following that (En(ST ), η) is co-free over ST
w. r. t. De. By similar reasoning to the Proposition 6.23 the claim is verified.
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Definition 6.25 (Transformation Map) Let Tr : LTSY S → SLTSY S
be a map which takes each LTSYS-object T = (S,A,−→

T
) to the SLTSYS-

object Tr((S,A,−→
T

)) = ST α = ((S,A,−→
T

), {α}, sortα) where sortα is the

constant sorting function and which takes each LTSYS-arrow f = (fS, fA) :
T1 → T2 to the SLTSYS-arrow Tr(f) = (Tr(f)S, T r(f)A, T r(f)Γ) defined by

Tr(f)S = fS
Tr(f)A = fA
Tr(f)Γ = idα.

Proposition 6.26 Let LTSYS be the category of unsorted and SLTSYS be
the category of sorted labelled transition systems. Then the map Tr : LTSY S →
SLTSY S is a functor.

Proof We prove this claim in two steps:

• We show that if f = (fS, fA) : T1 → T2 is a LTS-homomorphism then
Tr(f) :
Tr(T1) → Tr(T2) is a SLTS-homomorphism. Due to Definition 6.6
we have to show that Tr(f) preserves the transition relation and the
sorts of states; i. e. idα ◦ sortα = sortα ◦ Tr(f)S. Tr(f) preserves
the transition relation by the definition of Tr(f) and by the fact that
Tr(T1) and Tr(T2) have T1 and T2 as their LTS parts, respectively.
Tr(f) preserves the sorts since for all s ∈ S:

idα ◦ sortα(s) = idα(α)

= α

= sortα(fS(s))

= sortα(Tr(f)S(s)).

• We prove that Tr satisfies the functor properties; i. e.

1. Tr(idT ′) = idTr(T ′). It is not hard to see that it holds.

2. Let f = (fS, fA) : T1 → T2 and g = (gS, gA) : T2 → T3 be two
composed LTSYS-arrows. Then Tr(g ◦ f) = Tr(g) ◦ Tr(f). By
the definition of the map Tr we get

Tr(g ◦ f) = (Tr(g ◦ f)S, T r(g ◦ f)A, T r(g ◦ f)Γ).
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For all s ∈ S we get

Tr(g ◦ f)S(s) = (g ◦ f)S(s) by Definition 6.25

= gS ◦ fS(s)

= gS ◦ Tr(f)S(s) by Definition 6.25

= Tr(g)S ◦ Tr(f)S(s) by Definition 6.25

For all a ∈ A we get

Tr(g ◦ f)A(a) = (g ◦ f)A(a) by Definition 6.25

= gA ◦ fA(a)

= gA ◦ Tr(f)A(a); by Definition 6.25

= Tr(g)A ◦ Tr(f)A(a); by Definition 6.25

For all α ∈ Γ we get

Tr(g ◦ f)Γ(α) = idα(α)by Definition 6.25

= idα ◦ idα(α)

= Tr(g)Γ ◦ Tr(f)Γ(α); by Definition 6.25

Thus Tr(g ◦ f) = Tr(g) ◦ Tr(f) and we are done.

✷

Definition and Fact 6.27 Let LTSYS and SLTSYS be the category of un-
sorted and sorted LTS, respectively. The map V : SLTSY S → LTSY S
which takes each SLTSYS-object ST = ((S,A,−→

ST
),Γ, sort)to a LTSYS-object

T = (S,A,−→
T

) and each SLTSYS-arrow f : ((S1, A1,−→
1
),Γ1, sort1) →

((S2, A2,−→
2
),Γ2, sort2) to a LTSYS-arrow f : (S1, A1,−→

1
)→ (S2, A2,−→

2

) is the forgetful functor.

Proof By the definition of V, it is not hard to see that V is the forgetful
functor.

✷

Proposition 6.28 Let LTSYS and SLTSYS be the category of unsorted and
sorted LTS’s, respectively. Let V : SLTSY S → LTSY S be the forgetful
functor and Tr : LTSY S → SLTSY S be the transformation functor. Then
V is the left adjoint of the functor Tr.
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Proof Let ST be a SLTSYS-object and let η : ST → Tr ◦ V (ST ) be a map
from ST to Tr ◦ V (ST ). To show the truth of the claim, we prove in the
following two steps that (V (ST ), η) is free over ST w. r. t. Tr.

• Let η : ST → Tr ◦ V (ST ) be defined by

ηS : S → S with

∀s ∈ S : ηS(s) = idS(s),

ηA : A → A with

∀a ∈ A : ηA(a) = idA(a), and

ηΓ : Γ→ {α} with
∀γ ∈ Γ : ηΓ(γ) = constα(γ)

where constα : Γ→ {α} is a constant function.

Then η is a SLTS-homomorphism. Let (s, a, t) ∈−→
ST

. On one hand we

get by the definition of V that the labelled transition system V (ST )
has the same sets of states, labels, and the transition relation as ST
and on the other hand, we get by the definition of the transformation
functor Tr that the labelled transition system Tr◦V (ST ) has the same
sets of states, labels, and the transition relation as V (ST ). Moreover,
it follows from the definition of η that (ηS(s), ηA(a), ηS(t)) = (s, a, t).
Thus (ηS(s), ηA(a), ηS(t)) ∈ −→

Tr◦V (ST )
. It remains to be shown that η

preserves the sorts; i. e. for all s ∈ S:

sortα(ηS(s)) = sortα(idS(s)) by the definition of η

= sortα(s)

= α by the definition of sortα

= constα(sort(s)) by the definition of constα

= ηΓ(sort(s)) by the definition of η

• Now, we prove that η has the universal property:
Let T ′ be an object in LTSYS. Then for any SLTS-homomorphism
h = (hS, hA, hΓ) : ST → Tr(T ′) with
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hS : S → S ′,

hA : A → A′,

hΓ : Γ→ {α} with
∀γ ∈ Γ : hΓ(γ) = constα(γ)

where constα : Γ→ {α} is a constant function,

there is a unique h̄ such that the following diagram commutes- that is,
such that Tr(h̄) ◦ η = h . Let h̄ = (h̄S, h̄A) : V (ST ) → T ′ be defined
as follows:

h̄S = hS,

h̄A = hA.

Then we have to prove that h̄ is a unique LTS-homomorphism and that
the previous diagram commutes.

– To show that h̄ is a LTS-homomorphism, we reason as follows:
Let (s, a, t) ∈ −→

V (ST )
. But on one hand we get by the definition of

V that the labelled transition system V (ST ) has the same sets
of states, labels, and the transition relation as ST and on the
other hand, we get by the definition of h̄, (h̄S(s), h̄A(a), h̄S(t)) =
(hS(s), hA(a), hS(t)). Since h is a SLTS-homomorphism,(hS(s),
hA(a), hS(t)) ∈ −→

Tr(T ′)
. Moreover, it follows from the definition of

the transformation functor Tr that the labelled transition system
Tr(T ′) has the same sets of states, labels, and the transition rela-
tion as T ′. Thus (hS(s), hA(a), hS(t)) ∈−→

T ′
.

– To show hat the above diagram commutes; i .e.

∀s ∈ S : Tr(h̄)S(ηS(s)) = hS(s),

∀a ∈ A : Tr(h̄)A(ηA(a)) = hA(a), and

∀γ ∈ Γ : Tr(h̄)Γ(ηΓ(γ)) = hΓ(γ)
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we reason as follows:

for all s ∈ S : Tr(h̄)S(ηS(s)) = Tr(h̄)S(ıS(s))

by the definition of η

= Tr(h̄)S(s)

= h̄S(s) by the definition of Tr

= hS(s) by the definition of h̄

for all a ∈ A : Tr(h̄)A(ηA(a)) = Tr(h̄)A(ıA(a))

by the definition of η

= Tr(h̄)A(a)

= h̄A(a) by the definition of Tr

= hA(a) by the definition of h̄

for all γ ∈ Γ : Tr(h̄)Γ(ηΓ(γ)) = Tr(h̄)Γ(constα(γ))

by the definition of η

= Tr(h̄)Γ(α)

= idα(α) by the definition of Tr

= α

= constα(γ)

= hΓ(γ) by the definition of h

– By the definition of h̄ we can easily see that the choice of h̄ is
unique.

✷

We are now in a position to state that once an ε -model for an unsorted LTS
T in LTSY SD has been defined the ε -model for the associated sorted T is
automatically given.

6.3 Sorting Concept for Dyadic Interaction in order to
Analyze the Deadlock-free Behavior of Processes

In the following, we will study the type disciplines introduced by Honda
[47]. Here types serve as a discriminating tool to characterize the behavioral
properties of processes. Concretely, certain typed processes have deadlock-
free behavior.
Honda considers concurrent computation as a collection of interaction struc-
tures and the types as their mathematical encapsulation; i.e. types denote
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freely composed structure of dyadic interactions. Thus, Honda’s formalism
can be regarded as a typed reconstruction of name passing calculi like [30],
[48], [49], [59], [60]. Furthermore, he presents two systems with explicit and
implicit typing which coincide with each other and in which types form a
simple hierarchy. For our purpose – using types to determine an intensional
equality criterion for processes – only the latter is of our interest. But for rea-
sons of completeness, we will also introduce the explicit typing briefly. Then
we will deal with the implicit typing more closely which is given by a basic
language for dyadic interactions and a type inference system. This approach
allows the reconstruction of the typed process terms from the untyped ones
which is generally an interesting attempt from a practical point of view. Be-
sides, such a construction enlightens the syntactic difference between typed
and untypable terms especially. More precisely, it will be shown that the
type of processes is characterized by a syntactic property for processes called
simplicity. The definition of simplicity property is based on the definition
of the ‘name reference relation in a term’ given by Abramsky [2]. In con-
trast to the notion of strong normalization for simply typed λ-terms which
guarantees that the reduction graph of a strong normalizing λ-term is finite,
simplicity property may not result in a meaningful behavioral characteriza-
tion of processes immediately. However for a subset of terms with a certain
regular condition, simplicity ensures one important property in concurrent
computing, namely the deadlock-free property. To give the certain regular
condition mentioned above, Honda introduces the notion of name complete-
ness and states the fundamental result that the simplicity property for the
name complete process ensures their deadlock-free behavior.
We close this section by defining the operational semantics for untyped and
typed processes, and processes with deadlock-free behavior. It is worth men-
tioning that the most following definitions and facts are from [47], however,
for reasons of readability, we have slightly changed them.

6.3.1 Explicitly Typed System

As we said, Honda considers concurrent computation as the collection of
interaction structures and the types as the mathematical encapsulation of
them; i.e. types denote freely composed structure of dyadic interactions.
Initially, there are types and they are assigned to names. This gives rise to a
universe of names which is essentially Milner’s sorting [62]. Process terms re-
side in this universe and are formed by syntactic constructions corresponding
to the type structures.
The complementary of actions engaged in an interaction is reflected by the
notion of co-types. The co-type of a type δ is denoted as δ̄ and is a kind
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of an interaction partner of the type δ; e.g. the co-type of the type natu-
ral numbers, denoted nat, is nat which interacts with it like the successor

function; e.g. Nnat interacts with succ(x)nat. Assume that AT is the set of
atomic types which at least contains nat, nat, 1. The unique type 1 denotes
a pure form of synchronization in the style of CCS and generates terms. The
co-type of 1 is again 1. The atomic types which are not 1, are called constant
types and are designated by the set {C,C ′, · · · }.

Definition 6.29 (Types) Let T = {δ1, δ2, · · · } be the set of types. Then

1. An atomic type is a type.

2. If δ is a type, then the input type, denoted ↓ δ, and the output type,
denoted, ↑ δ, are types.

3. If δ1 and δ2 are types then δ1; δ2, δ1&δ2, and δ1 ⊕ δ2 are types.

An atomic type expresses a fixed pattern of interaction. The input type
↓ δ denotes the reception and the output type ↑ δ denotes the emission of
a value of the type δ, respectively. The composite type δ1; δ2 denotes the
sequential composition of two types and the composite type δ1&δ2 expresses
a type which offers two alternatives. Furthermore, the composite type δ1⊕δ2
denotes a type which would select the left or the right option of a &-type.
An action can be a composition of several actions. To express the com-
plementary of composite actions the notion of co-type is also extended to
composite types.

Definition 6.30 (Co-Types)

1. C̄ is the co-type of the constant type C.

2. ↓ δ
def
= ↑ δ̄, and ↑ δ

def
= ↓ δ̄.

3. δ1; δ2
def
= δ̄1; δ̄2, δ1&δ2

def
= δ̄1 ⊕ δ̄2, and δ1 ⊕ δ2

def
= δ̄1&δ̄2.

The set of types form a simple hierarchy in the style of Church’s simple hier-
archy of functional types. In functional typing, there is only one entity called
terms whereas here there are in addition to the names two further entities,
actions and process terms. An action denotes an atomic structure of interac-
tion and corresponds to a type while a term denotes a structured collection
of actions an corresponds to a set of types. Actions are formed by names and
terms are made up by actions. The actions provide high-level abstraction
for interaction in concurrent setting in the same way as the λ-abstractions,
arrays, and records provide abstractions for their specific operations in the
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sequential setting. A set of names resides in any type. A total function U
which assigns to every type δ a set of typed names {aδ, bδ, xδ, yδ, · · · } is called
a universe for which the following holds: aδ ∈ U(δ) ⇔ aδ ∈ U(δ̄). Since the
universes are in their structures isomorphic, Honda considers a fixed universe
U and forms actions and terms within it. Assume that there is a set of typed
constant action symbols {c(x̃)C , c′(ỹ)C

′
, · · · } each of which corresponds to a

constant type. Every constant symbol has an arity of the form [δ1, δ2, · · · δn],
with n ≥ 0 denoting the types of the names the constant would carry. Fol-
lowing Honda [47], we define the notions of actions and process terms:

Definition 6.31 (Actions and Process Terms) Let {ν1δ1, ν2δ2 , · · · } denote
the set of typed actions and let {p, q, · · · } denote the set of typed terms.

1. if c is a constant symbol whose type is C and whose arity is [δ1, δ2, · · · δn]
and xi

δi (1 ≤ i ≤ n) is a name then c(x1
δ1 , · · · , xnδn)C is a constant

action.

2. If xδ is a name then (✁xδ)
↑δ

and (✄xδ)
↓δ

are actions.

3. If ν1
δ1 and ν2

δ2 are actions then (ν1
δ1 ; ν2

δ2)
δ1;δ2 and ([ν1

δ1 ]&[ν2
δ2 ])

δ1&δ2

are also actions.

4. If ν1
δ1 is an action and δ2 is a type then inl(ν1

δ1)
δ1⊕δ2 and inr(ν1

δ1)
δ2⊕δ1

are also actions.

5. If p is a term, (.p)1 is an action.

6. If νδ is an action and aδ is a name then aδ : νδ is a prime term and aδ

is its subject.

7. If p and q are terms then (p, q) is also a term. This is a parallel
composition of p and q.

8. If p is a term then |xδ|p is also a term. This is a scope restriction of
xδ in p.

9. Λ is a term. Λ is an inactive term.

10. If p is a term then !p is also a term. This is a replication of p.

The operator |xδ|p binds all free occurrences of xδ and x̄δ̄ in p. The occurrence
of x in ✄x is called effective. If x is effective in ν1

δ1 then it is also effective in
([ν1]&[ν2])

δ1&δ2, ([ν2]&[ν1])
δ2&δ1 , inl(ν1)

δ1⊕δ2 , inr(ν1)
δ2⊕δ1 , and in (ν1; ν2)

δ1;δ2

provided that x is also effective in ν2. But if the occurrence of x is effective
in ν1 then it binds any free occurrence of x in ν2 within ν1; ν2.
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Before giving the definition of a typed name substitution we state the two
following conventions: Firstly, all bound names in any typed expression are
pairwise distinct and disjoint from free names. Secondly, to avoid that a free
name in p becomes bound in pσ we assume that the bound names of p have
been previously α-converted to fresh names, so that bn(p)∩σ(fn(p)) = ∅. A
typed name substitution is a function from typed names to typed names such
that a name of a certain type is mapped to a free name of the same type. We
write [vδ/xδ] for the substitution which maps xδ to vδ. The definition of the

typed substitution starts from xδ[vδ/xδ]
def
= vδ and x̄δ̄[vδ/xδ]

def
= x̄δ̄[v̄δ̄/x̄δ̄]

def
=

v̄δ̄ and is standard for the rest of expressions. Since there are infinitely
many names in each type, we can always find a fresh name for each type.
Therefore, the substitution is well-defined. The sequential composition of two
substitution σ and σ′ is written as σ; σ′ and denotes the result of performing
σ firstly and σ′ secondly. Finally, we write [ṽ/x̃] (where x̃ is a vector of
distinct names) for the substitution which maps the xi-th name in x̃ to the
vi-th name in ṽ, and maps all names not in ṽ to themselves. By the following
proposition, Honda states that the substitution is a well-typed operation.

Proposition 6.32 If p is a term in the universe U then p[vδ/xδ] is also a
term in U . Similarly, if νδ is an action in the universe U then ν[vδ/xδ] is
also an action in U .

6.3.1.1 Reduction System The computing mechanism in Honda’s for-
malism for dyadic interactions is based on the notion of reduction. There are
two sets of reduction rules; one for actions and one for terms. The reduction
rules for actions are only defined for those actions which have complementary
or dual types. Such a reduction rule is denoted by ν1

δ1 ! ν̄ δ̄11 ❀ σ1.σ2.p and
means that when ν1 interacts with ν2 one term and two substitutions are
generated. The underlying idea to generate the substitutions is to make the
receipt of the values effective in actions sequentially composed later.

Definition 6.33 (Reduction Rules for Actions) Assume that for every
pair of constant actions with the dual types c(x̃)C and c′(ỹ)C̄ there is a re-
duction rule of the form:

(const) c(x̃)C ! c′(ỹ)C̄ ❀ σid.σid.p.
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Then the set of reduction rules for actions is defined as follows:

(pass) ✁ vδ !✄x̄δ̄ ❀ σid.[v/x].Λ
(gen) .p1 ! .q1 ❀ σid.σid.(p, q)

(exc)
ν1
δ1 ! ν̄ δ̄11 ❀ σ1.σ2.p

ν̄ δ̄11 ! ν1
δ1 ❀ σ2.σ1.p

(inl)
ν1
δ1 ! ν̄ δ̄11 ❀ σ1.σ2.p1

(ν1
δ1&ν2

δ2)
δ1&δ2 ! inl(ν̄ δ̄11 )

δ̄1⊕δ̄2
❀ σ1.σ2.p1

(inr)
νδ22 ! ν̄ δ̄22 ❀ σ2.σ1.p2

(ν1
δ1&ν2

δ2)
δ1&δ2 ! inr(ν̄ δ̄22 )

δ̄1⊕δ̄2
❀ σ2.σ1.p2

(seq)
νδ11 ! ν̄1

δ̄1 ❀ σ1.σ
′
1.p ν2σ1

δ2 ! ν̄2σ
′
1
δ̄2 ❀ σ2.σ

′
2.q

(ν1
δ1 ; ν2

δ2)
δ1;δ2 ! (ν̄ δ̄11 ; ν̄ δ̄22 )

δ̄1;δ̄2
❀ σ1; σ2.σ

′
1; σ

′
2.(p, q)

Proposition 6.34 Let ν1
δ1 and ν̄1

δ̄1 be two actions. Then there is always a
unique term p and two substitutions σ1 and σ2 such that ν1

δ1!ν̄1
δ̄1 ❀ σ1.σ2.p.

In order to define the reduction system, we make use of the technique offered
by Milner [61] and [62] which is inspired by Berry and Boudol’s Chemical
Abstract Machine [14]. In this technique, axioms for a structural congruence
relation are introduced prior to the reduction system for breaking a rigid, ge-
ometrical vision of concurrency; then reduction rules can easily be presented
in which redexes are indeed subterms.

Definition 6.35 (Structural Congruence) Structural congruence, writ-
ten ≡, is the smallest congruence over the set of terms which satisfies the
following rules:

1. p ≡ q if p is α-convertible to q,

2. abelian monoid laws for , : p, q ≡ q, p p, (q, r) ≡ (p, q), r p,Λ ≡ p,

3. !p ≡ p, !p,

4. |x|p, q ≡ |x|(p, q) if x, x̄ /∈ fn(q).

Reduction rules are provided only for those prime terms which have comple-
mentary subjects and actions with dual types. Following Honda we define:

Definition 6.36 (Reduction Rules for Terms) The one-step reduction re-
lation, denoted →, is the smallest relation over terms which is given by the
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following rules:

(com)
νδ ! ν̄ δ̄ ❀ σ.σ′.p

| w̃ | (ϕ, a : νδ, ā : ν̄ δ̄, ϕ′)→| w̃ | (ϕ, p, ϕ′)
, where

ϕ denotes the sequence of concurrent composition of prime terms and

replications

(struct)
q ≡ p p → p′ p′ ≡ q′

q → q′

Besides, the relation −→- is defined by the unification of
∗→ and ≡; i.e.

−→-:= ∗→ ∪ ≡.

It follows from Proposition 6.32 that

Theorem 6.37 If p is a term in the Universe U and p → p′, then p′ is also
a term in U .

6.3.2 Implicitly Typed System

To study the implicitly typed system, we will firstly present the basic lan-
guage for dyadic interaction of Honda and it’s type inference system. This
system is actually a typed reconstruction of the typed process terms from
the untyped ones which is an interesting approach from a practical point of
view . Besides, such a construction enlightens the syntactic difference be-
tween typable and untypable terms especially. More precisely, the type of
process terms is characterized by a syntactic property called simplicity. The
definition of this property is based on the definition of the ‘name reference
relation in a term’ given by Abramsky in [2]. In contrast to the notion of
strong normalization for simply typed λ-terms guaranteeing the finiteness of
the reduction graph of a strong normalizing λ-term, the simplicity property
for processes may not result in a meaningful behavioral characterization im-
mediately. However for a subset of terms with a certain regular condition,
simplicity ensures the deadlock-free property. To give the certain regular con-
dition mentioned above, Honda introduces the notion of name completeness
and states the fundamental result which says that the simplicity property for
the name complete processes ensures the deadlock-free behavior. Further-
more, we will consider two properties of the type inference system, namely
the subject reduction and the existence of principal typing.

6.3.2.1 Basic Language Let {a, b, c, x, y, z, · · · } be the set of untyped
names. Then {ā, b̄, c̄, x̄, ȳ, z̄, · · · } is the set of co-names for untyped name.
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Let {ν1, ν2, · · · } denote the set of untyped actions and let {p, q, r, · · · } be the
set of untyped terms. Furthermore assume that {c(x̃), c′(ỹ), · · · } denotes the
set of constant symbols. Then the following syntactic rules give the set of
untyped actions and untyped terms:

ν := c(x̃) | ✁x | ✄x | .p | ν1; ν2 | |ν1|&|ν2| | inl(ν) | inr(ν)

p := a : ν | p, q | |x|p |!p | Λ

The notions binding, substitution, α-conversion, and structural congruence
are defined in the same way as for typed terms. The reduction rules for un-
typed actions and untyped terms are the same as for the typed ones with the
exception that we omit all type annotations in the rules. In untyped setting
the reduction is allowed only for those prime terms which have complemen-
tary or dual names and complementary actions. But it is possible to have
an incompatible pair of prime terms which have even complementary names.
This fact gives rise to the definition of run-time error.

Definition 6.38 The term p contains a run-time error, written p ∈ ERR,
if there is a term q such that p −→- q ≡| w̃ | (ϕ, a : ν, ā : ν ′, ϕ′) while there
is no r such that ν ! ν ′ ❀ σ.σ′.r

The term p ≡ (a : 3, ā : ✄xy.q, a : ✁z) has an error. Now, we define the
function Erase which maps typed actions and typed terms to untyped actions
and untyped terms, respectively. Moreover, we state that Erase preserves the
reduction relation.

Definition 6.39 The function Erase which maps every explicitly typed ac-
tion and typed term to an untyped one is defined as follows:

Erase(c(x̃)C) = c(x̃) Erase(aδ) = a Erase(.p1) = .Erase(p)

Erase((✁xδ)
↑δ
) = ✁x Erase((✄xδ)

↓δ
) = ✄x

Erase((ν1
δ1 ; ν2

δ2)
δ1;δ2

) = Erase(ν1
δ1);Erase(ν2

δ2)

Erase(([ν1
δ1 ]&[ν2

δ2 ])
δ1&δ2

) = [Erase(ν1
δ1)]&[Erase(ν2

δ2)]

Erase(inl(ν1
δ1)
δ1⊕δ2

) = inl(Erase(ν1
δ1))

Erase(inr(ν1
δ1)
δ2⊕δ1

) = inr(Erase(ν1
δ1))
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Erase(a : νδ) = a : Erase(νδ) Erase(p, q) = Erase(p), Erase(q)

Erase(| xδ | p) =| x | Erase(p) Erase(!p) =!Erase(p)

Erase(Λ) = Λ

Proposition 6.40 Let p and q be explicitly typed. Then

1. If p → q then Erase(p)→ Erase(q).

2. If Erase(p)→ r then there is some q such that p → q and Erase(q) ≡
r.

It is worth being mentioned that the second claim of the above proposition
does not hold for untyped transitions. Consider the example b : ✄xy.(x̄ :

2, ȳ : succ(z))
b:↓cc−→ (c : 2, c : succ(z)). Here the left-hand side is typable

whereas the right-hand side is not.

6.3.2.2 Type Inference System Following Honda [47], we extent the
syntax of the types given in the previous section with type variables and
define the notion of typing. Then we present the type inference system which
assigns types to the set of terms up to α-equality. Let {ρ, ρ′, · · · } be the
set of type variables. Then there is a set of co-variables {ρ̄, ρ̄′, · · · } with the
property that ¯̄ρ = ρ. The following rule defines the set of type scheme:

α := ρ | C | 1 |↓ α |↑ α | α1;α2 | α1&α2 | α1 ⊕ α2

The assignment of a type α to a name a is written by a : α. A finite set
of such assignments is called typing, denoted by Γ,∆,Θ etc. Intuitively, a
typing is the assignment of types to the names occurring in a term.

Definition 6.41

1. A typing Γ is consistent, written Γ ∈ Con, iff a : α, a : β implies α = β
and a : α, ā : β implies α = β̄.

2. Two typing Γ and ∆ are compatible, written Γ . ∆, if Γ ∩∆ ∈ Con.

3. The normal form of a typing Γ, denoted by |Γ|, is defined as |Γ| = {ā :
ᾱ | a : α} ∪ Γ.
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Now, we are in a position to present the type inference system. But before
doing so, we explain some notations: A typing judgment is of the form
/ p - x1 : α1, x2 : α2, · · · , xn : αn where p is a term, xi are port names, and
αi are type scheme. Intuitively, a typing judgment expresses the structure of a
potential interface of a term for communicating. The judgment / p - Γ says
that the statement p - Γ is derivable and the auxiliary judgment Γ / ν : α
says that the auxiliary statement ν : α is derivable under assumption of the
typing Γ. Γ(x̃) denotes that the names x̃ occurring in Γ are bound and Γ/x̃
denotes the result of the elimination of the bound names (x̃) from the type
expressions of Γ. Finally, N (Γ) denotes the set of names occurring in Γ.

Definition 6.42 (Inference Rules) Let Γ and ∆ be two typing. Then by
the following inference rules types are assigned to actions: for every constant
action c with the arity x̃ there is an inference rule of the form

(const)
Γ / c(x̃) : C

(N (Γ) = x̃)

(ν ↑)
x : α / ✁x :↑ α

(ν1)
/ p - Γ

Γ / .p : 1

(ν ↓)
(x) : α / ✄x :↓ α

(ν;)
Γ / ν1 : α1 ∆ / ν2 : α2

Γ,∆ / ν1; ν2 : α1;α2
(Γ . ∆) (ν⊕l)

Γ / ν : α

Γ / inl(ν) : α⊕ β

(ν&)
Γ(x̃) / ν1 : α1 ∆(x̃) / ν2 : α2

Γ,∆ / [ν1]&[ν2] : α1&α2

(ν⊕r)
Γ / ν : β

Γ / inr(ν) : α⊕ β

and by the following rules types are assigned to terms:

(prime)
Γ(x̃) / ν : α

/ a : ν - a : α,Γ/x̃
({a : α} . Γ/x̃)

(parallel)
/ p1 - Γ / p2 - ∆

/ p1, p2 - Γ,∆
(Γ . ∆)

172



(scope)
/ p - Γ

/ |x|p - Γ/x
(rep)

/ p - Γ

/ !p - Γ

(nil) / Λ - (weak)
/ p - Γ Γ ⊂ ∆ ∈ Con

/ p - ∆

If an arbitrary statement / q - Γ can be inferred by the previous inference
rules we will say that the statement q - Γ is derivable and q is well-typed
under the typing Γ. To clarify this, we give some examples from [47]:

Example 6.43

1. The typing judgment / u : 3 - u : nat can be inferred by the inference
rules given in Definition 6.42 and u is typable.

2. The typing judgment / u : ✄xy, x : succ(y) - u :↓ (↓ nat) ↓ nat can
be inferred by the inference rules given in Definition 6.42 and x and u
are typable.

3. Neither u : 2, u : succ(x)) nor a : ✁ can be inferred by the inference
rules and therefore, u and a are not typable.

6.3.2.3 Syntactic Properties of the Type Inference System In the
sequel, we will firstly consider two syntactic properties of the type inference
system given in the previous section and secondly establish the relationship
between explicitly and implicitly typed terms. The first syntactic property
is called the subject reduction which says that the set of terms p having a
certain type in a typing Γ is closed under the reduction relation. Formally,

Theorem 6.44 (Subject Reduction) Suppose p −→- q. Then / p - Γ
implies / q - Γ.

One immediate consequence of the subject reduction theorem is the following:

Theorem 6.45 If the statement / p - Γ is derivable by the inference rules
then p /∈ Err.

The second syntactic property is called the principal typing. This says that
the typing problem is essentially computed by unification as in the usual
systems for functional types. Let a substitution of α for ρ in Γ be the result
of substituting α for all occurrences of ρ in Γ simultaneously, written Γ[α/ρ].
Then a substitution instance of Γ is the result of applying substitutions zero
or more times to Γ.
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Theorem 6.46 (Principal Typing) Let p be a well-typed term. Then there
is a typing Γ such that / p - Γ where for any other typing ∆ with / p - ∆ ,
∆ is a substitution instance of Γ.

Now, we establish the relationship between explicitly and implicitly typed
terms. Let U be a universe and |U| = {a1 : δ1, a2 : δ2, · · · } be the set of all
assignments of types to names in U . Then it is shown in [47] by induction
on the structure of typed terms and actions that the following holds:

Proposition 6.47 Let p (resp. ν) be a term (resp. an action) in U . Then
/ Erase(p) : δ - Γ (resp. Γ / Erase(νδ) : δ) holds for some Γ ⊂ |U|.

For the correspondence in another direction, Honda shows that if an action or
a term is typable under a typing Γ which contains no type variable then there
is always a corresponding explicitly typed action or typed term. But if the
typing Γ contains type variables then one can choose a suitable substitution
for the type variables say ξ such that Γξ has no more type variables.

Proposition 6.48 Let p be an untyped term. Then if / p - Γ for some typ-
ing Γ then there exists a universe U and a term p′ in U such that Erase(p′) =
p, where Γξ ⊂ |U| for some substitution ξ.

Proposition 6.47 and Proposition 6.48 state together that typable terms co-
incide in both systems.

6.3.2.4 Type and Deadlock-free Behavior of Processes In this sub-
section, we firstly introduce the simplicity property for process terms which
guarantee the type of them. But this property may not result in a meaning-
ful behavioral characterization immediately. However for a subset of process
terms with a certain regular condition, simplicity ensures the deadlock-free
property. To give the certain regular condition mentioned above, we secondly
introduce Honda’s notion of name completeness. Finally, we present the fun-
damental result which says that simplicity property for the name complete
process ensures the deadlock-free behavior of them. Following Honda [47] we
define:

Definition 6.49

1. The subexpression of a term p, denotedSub(p), is the set of those ac-
tions and terms which occur in P. For example, Sub(a : ✄x.Λ) = {a :
✄x.Λ,✄x.Λ,✄x,Λ}. Similarly, the notion of the subexpression of an
action ν is defined.
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2. Two actions ν1 and ν2 are compatible if their structure of interaction
is syntactically the same up to difference in name occurrences (e.g.
ν1 = ✄x and ν2 = ✄y are compatible). The notion is extended to
further composed actions in the standard way.

3. Two actions ν1 and ν2 are co-compatible if they have the complementary
syntactic structures (e.g. ν1 = ✄x and ν2 = ✁y are co-compatible).
Especially, ([ν1]&[ν2]) and inl(ν3) are co-compatible iff ν1 and ν3 are
co-compatible. The notion is extended to further composed actions in
the standard way.

4. x is active in ✄x and ✁x. If x is active in ν1 then it is also active in
ν1; ν2, [ν1]&[ν2], [ν2]&[ν1], inl(ν1), inr(ν1). Furthermore, .p is active
in .p. If .p is active in ν1 then it is also active in ν1; ν2, ν2; ν1, [ν1]&[ν2],
[ν2]&[ν1], inl(ν1), inr(ν1).

The next notion which will be presented, is the co-occurrence of names in a
given term. Let p be a term. Then two names a and b co-occur in p, written
a I

p
b if they are used in the same way in the actions of p. Relatedly, J

p

denote that the co-name of a name co-occurs with another name. Let p be a
term. Then we state:

1. I
p
is an equivalence relation over the set of subexpressions of p together

with those names which occur in p and their co-names. Note that the
co-names do not necessarily occur in p. Also a J

p
b iff ā I

p
b iff a I

p
b̄.

2. If a I
p

b and both a : ν1 and b : ν2 are elements of Sub(p) then ν1 I
p

ν2.

Moreover, if a I
p

b̄ and both a : ν1 and b̄ : ν2 are elements of Sub(p)

then ν1 J
p

ν2.

3. If ✄a I
p

✄b or ✁a I
p

✁b or ✄a J
p

✁b̄ then a I
p

b.

4. If [ν1]&[ν2] I
p
[ν ′

1]&[ν ′
2] or ν1; ν2 I

p
ν ′

1 ν ′
2 then ν1 I

p
ν ′

1 and ν2 I
p

ν ′
2.

Moreover, if inl(ν1) I
p

inl(ν2) or inr(ν1) I
p

inr(ν2) then ν1 I
p

ν2.

Finally, if [ν1]&[ν2] J
p

inl(ν3) or [ν2]&[ν1] J
p

inr(ν3) then ν1 J
p

ν3.

By induction and by the fact that ν1 and ν2 have the same type if they
co-occur in a term, we get the following result for the explicitly typed terms:
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Proposition 6.50 Let p be a term in U . Then aδ1 I
p

bδ2 implies δ1 = δ2

and aδ1 J
p

bδ2 implies δ̄1 = δ2.

But by Proposition 6.47 and Proposition 6.48 we get the corresponding result
for implicitly typed terms. Now, we are in a position to present the safety
property for terms. This is the first important syntactic notion related with
the typing discipline which is the static counterpart to the lack of run-time
error.

Definition 6.51 (Safety Property) A term p is safe if whenever a I
p

b

(resp. a J
p

b) and a : ν1 and b : ν2 are elements of Sub(p) then ν1 and ν2 are

compatible (resp. co-compatible).

The safety property for terms ensures the operational compatibility of names
which possibly interact with each other.By Proposition 6.50 we get the fol-
lowing result:

Corollary 6.52 If p is a term in the universe U then p is safe.

Unfortunately, the notion of safety for terms does not differentiate typeable
terms from untypable ones. For example, the term a : ✁a is safe but not
typable. In order to have a precise characterization of type, Honda presents
the notion of simple terms based on Abramsky’s name reference relation in
a term [2]. This relation is defined in Honda’s work as follows:

Definition 6.53 A name a carries a name b in the term p, written a -
p

b if

the following conditions hold:

1. a : ν ∈ Sub(p) and b is active in ν.

2. If whenever there exists another name a′ such that it also carries b; i.e.
a′ -

p
b then either a I

p
a′ ( a and a′ occur) or a J

p
a′ (co-occur) in p

or If whenever there exists another name b′ such that it is also carried
by a; i.e. a -

p
b′ then either b I

p
b′ (b and b′ occur) or b J

p
b′ (b and b′

co-occur) in p.

Definition 6.54 (Simplicity Property) A term p is simple if p is safe

and there is no name a in p for which a
+
-
p

a holds.
+
-
p

is the transitive

closure of -
p
.
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The simplicity property for terms guarantees the lack of self-reference of
names in a term. By induction on the structure of typed terms, Honda
states :

Lemma 6.55 Let p be a term in the universe U . If aδ1
+
-
p

bδ2 then bδ2 is a

proper subexpression of aδ1.

Since the syntactic structure of a type always forms a finite tree so the
previous lemma implies that the name reference relation can never have a
circular structure. Therefore, the following result states that a typed term is
simple:

Proposition 6.56 Let p be a term in the universe U . Then p is simple.
Equivalently, if / p - Γ for some typing Γ then p is simple.

To prove that the simplicity implies type, Honda analyses the inference pro-
cedure. To do so, he presents a syntactic transformation of the terms by the
relation 1. Let C[] denotes an arbitrary context where C[.Λ] and C[Λ] are
empty contexts. Then the relation 1 is given as follows:

C[.p]1 (C[.Λ], p), where p �≡ Λ

C[|x|p]1 |x|C[p], where p �≡ Λ

C[!p]1 C[p].

By this definition, one can easily see that the relation1 does not change the
type nor the resulting types. Additionally, if p 1 p′ and there exists no term
q such that p′ 1 q then p′ is of the form p′ ≡ |x̃|(a1 : ν1, a2 : ν2, · · ·an : νn)
where any νi with i ∈ (1, · · · , n) does not include an action of the form .p
with p �≡ Λ. Now, the essential reasoning to establish the desired result goes
as follows: Let p′ be a simple term. Consequently, p′ is safe. Now, we arrange
the prime terms in p′ in a way that the sequence (a1 : ν1, a2 : ν2, · · ·an : νn)
has the following property: Firstly, the names of ν1 does not occur in the
prime terms aj : νj with 1 < j ≤ n. Secondly, all names in νi+1 occur in
the preceding terms aj : νj with 2 ≤ j ≥ i and 2 ≤ i such that aj , · · · , ai
co-occur with ai+1. Besides, if ai and ai+k co-occur then all names in the
sequence ai, ai+1, · · · , ai+k co-occur too. To assign a type to a term such
p′, the only significant rule is the parallel rule from the inference system
given in 6.42. Then Honda shows by induction on i and on the structure of
actions that if the term (a1 : ν1, a2 : ν2, · · ·an : νn) is typable then the term
(a1 : ν1, a2 : ν2, · · ·an+1 : νn+1) is typable too. To prove this, we have to
consider the case that an+1 occur as ak with k < n+ 1 and we can calculate
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the type scheme for an+1 by the safety condition and the order relation among
names.

Theorem 6.57 (Characterization of Type) Let Γ be a typing and p be
an untyped term. Then / p - Γ iff p is simple.

In contrast to the notion of strong normalization for simply typed λ-terms
guaranteeing the finiteness of the reduction graph of a strong normalizing
λ-term, the simplicity property for processes may not result in a meaningful
behavioral characterization immediately. However for a subset of terms with
a certain property called name completeness, the simplicity property ensures
the deadlock-free behavior of terms. To define the name complete terms, the
notion of regular terms is firstly presented which is inspired by Lafont’s type
discipline [51].

Definition 6.58 (Regularity Property) Let p be an untyped term. p is
regular if whenever a : ν ∈ Sub(p) and .q is active in ν then q can be written
as q ≡ (b1 : ν1, b2 : ν2, · · · , bn : νn) where either bi or its co-name occurs
active in ν.

The newly generated terms have the communication structure of the prime
terms . By the previous definition, we state:

Proposition 6.59 Let a : ν be regular. Then a carries b, a - b, if b or b̄
occurs in ν.

The previous proposition implies that a : ν is not simple if a or ā occurs in
ν where a : ν is regular.

Definition 6.60 Let p be a regular term. Then p is under uniqueness con-
straint for names if every name occurs exactly one time in p.

Definition 6.61 (Name Completeness) A regular term p is name com-
plete if for any term p′ whenever p −→- p′ then there exists p′′ with p′′ ≡ p′

such that

1. p′′ is under uniqueness constraint for names and

2. for any name a if a occurs in p′′ then its co-name also occurs in p′′.

Informally, the above definition says if p is name complete then the occurrence
of every name in p is compensated by its co-name in any −→--derivate of
p. But if a term is name complete then it should be possible that the term
always reduces itself. If it does not happen although some prime term is
ready to interact, then this may be regarded as a deadlock.
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Definition 6.62 (Deadlock) Let p be a name complete term. Then p is
in deadlock if p −→- p′ for some term p′ and not(p′ →) although p′ has a
prime term as its subexpression.

One simple example of a term in deadlock is a : ✁ā. To show that a name
complete and typable term has never a deadlock, we note firstly that a name
complete term reduces only to a name complete term. Thus it remains to be
shown that if p is a typable, name complete, and not structurally equivalent
to Λ or similar terms which contain no prime terms, then it is always the
case that p →.

Theorem 6.63 (Characterization of Deadlock-Free Behavior) Let Γ
be a typing and p be name complete term such that / p - Γ. Then p is never
in deadlock.

Proof The claim is proved in [47] by contradiction. Assume that p is in
deadlock; i.e. not(p →). Then we can writ by assumption

p ≡ |x̃|(a1 : ν1, a2 : ν2, · · ·an : νn, !q1, !q2, · · · , !qn)

where in the right hand side all names occur exactly once and are compen-
sated with each other and either n 1 1 or m 1 1 with some qi containing a
prime term. By the relation 1 and the assumption that p is regular, p can
be transformed in

p ≡ |ỹ|(a1 : ν1, a2 : ν2, · · · , bn : νn)

Now consider ā1, the co-name of a1. By Proposition 6.59, ā1 can neither occur
in ν1 nor occur as the subject of another prime term which is a subexpression
of an action. Hence it occurs in, say, ν2 and by Proposition 6.59, we get
a2 - a1. Thus the co-name of a2 can not occur in ν1 and as a consequence
it occurs in an action νi with i ≥ 2. We state by similar reasoning that
there is no action in which bn can occur. But this is a contradiction to the
assumption that p is name complete. Therefore, p is not in deadlock.

6.3.3 Operational Semantics

We define the operational semantics for the language describing dyadic inter-
actions in terms of the general notion of labelled transition systems. Thus we
give the LTS’s for untyped process terms, implicitly typed process terms, and
processes with deadlock-free behavior. To do so, a few preliminary definitions
are needed.
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Definition 6.64 Let Act = {τ} ∪L be the set of actions where τ represents
the internal (perfect) actions of terms. L is the set of actions of the form
a : ϑ where ϑ is called an action instantiation and denotes an interaction of
the term with the outside. The set of action instantiations is defined by the
following rule in [47]:

ϑ := ∗ | c(x̃) |↑ x |↓ x | ϑ1;ϑ2 | [ϑ]& | &[ϑ] | inl(ϑ) | inr(ϑ).

The relationship between the action expressions and these instantiations is

given by ν
ϑ
❀ σ.p. This means that ν is instantiated into ϑ and generates the

substitution σ and the term p. Furthermore, Honda [47] gives the complete
set of transition rules for actions as follows: For every pair of constant actions
c and c′ with dual types there is a rule of the form

(const)
c(x̃)! c′(ỹ) ❀ σid.σid.p

c(x̃)! c′(ỹ)
c(x̃).c′(ỹ)

❀ σid.p

(in) (✄x)
↓z
❀ [z/x].Λ (out) (✁x)

↑z
❀ σid.Λ

(gen) .p1
∗
❀ σid.p (seq)

ν1
ϑ1
❀ σ1.p1 ν2σ1

ϑ2
❀ σ2.p2

ν1; ν2
ϑ1;ϑ2
❀ σ1; σ2.(p1; p2)

(with(l))
ν1

ϑ1
❀ σ1.p1

ν1&ν2
[ϑ1]&
❀ σ1.p1

(with(r))
ν2

ϑ2
❀ σ2.p2

ν1&ν2
&[ϑ2]
❀ σ2.p2

(plus(l))
ν
ϑ
❀ σ.p

inl(ν)
inl(ϑ)
❀ σ.p

(plus(r))
ν
ϑ
❀ σ.p

inr(ν)
inr(ϑ)
❀ σ.p

By induction on the rules presented above, we state:

Proposition 6.65 Let ν
ϑ
❀ σ.p. Then p is a term.

Definition 6.66 The labelled transition system T = (P,Act,−→
T

) gives the

operational semantics of the basic language where P is the set of untyped
terms, Act is the set of actions. Then the transition relation −→

T
⊆ P×Act×P

180



whose elements are of the form (p, l, q), written p
l→ q, is defined as follows:

(inter)
ν
ϑ
❀ σ.p

| w̃ | (ϕ, a : ν, ϕ′)
a:(x̃)ϑ−→| w̃ \ x̃ | (ϕ, p, ϕ′)

where

{x̃} ∈ {w̃} ∩ FN(ϑ)

(com)
ν1 ! ν2 ❀ σ1.σ2.p

| w̃ | (ϕ, a : ν1, ā : ν2, ϕ
′) oversetτ→ | w̃ | (ϕ, p, ϕ′)

(struct)
q ≡ p p

l→ p′ p′ ≡ q′

q
l→ q′

Definition 6.67 Let Pty ⊂ P be the set of implicitly typed terms. Then the
labelled transition system Tty = (Pty, Act,−→

ty
) gives the operational seman-

tics of the typed terms where −→
ty

:= −→
T

/Pty×Act×Pty such that

p
l−→
ty

q :⇔ Erase(p)
l−→
T

Erase(q) ∧ p, q ∈ Pty.

Definition 6.68 Let Pnc ⊂ Pty be the set of name complete implicitly typed
terms. Then the labelled transition system Tnc = (Pnc, Act,−→

nc
) gives the op-

erational semantics of the name complete typed terms where −→
nc

:= −→
ty

/Pnc×Act×Pnc

such that

p
l−→
nc

q :⇔ p
l−→
ty

q ∧ p, q ∈ Pnc.

Since ε-structures respects the intensional equality and any sorted LTS can
be transformed into an unsorted LTS where the controlled bisimilar states are
not only preserved but also reflected, following the general definition of the
denotational semantics given in section 4, we can easily define the ε -models
for Tty and Tnc.
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7 Unsolvable λ-Terms and Intensional Equal-

ity

In the sequel, the standard theory of λ-calculus and its term evaluation strat-
egy are presented. By studying this theory, a mismatch between theory and
practice is stated. As a proper solution, Abramsky’s lazy λ-theory λl, a mod-
ified theory of λ-calculus, is justified. In the modified theory the notion of
order of unsolvable λ-terms as a qualitative aspect of unsolvable λ-terms is
defined. This is the core of what need to determine an intensional equality
criterion for λ-terms.
Then quasi-applicative transition systems are presented and their associ-
ated labelled transition systems are defined. Moreover, it is shown that two
elements of a quasi-applicative transition system are applicative bisimilar
iff they are also bisimilar in the corresponding LTS and vice versa. Fi-
nally, λlST , the corresponding sorted labelled transition system for Abram-
sky’s lazy λ-theoryλl and a variant of controlled bisimulation, called λlc-
bisimulation are defined. Besides, it is shown that two λ-terms are equal in
λl iff they are λlc-bisimilar in the corresponding sorted labelled transition.

7.1 The Order of Unsolvable λ-Terms and Intensional
Equality

In view of earlier remarks that it makes sense to stipulate the qualitative
aspects of mathematical objects in order to get an intensionality criterion,
we introduce the work of Abramsky and Ong [3] as an elegant mathemati-
cal example to support this claim. This work deals with the sensible theory
of λ-calculus, also known as the standard theory introduced by Barendregt
[13]. The standard theory is the commonly accepted foundation for lazy
functional programming like Miranda, LML, Lispkit, Orwell, Ponder, and
Tale. In the standard theory the meaning of λ-terms is based on head nor-
mal forms via the notion of Böhm trees and all unsolvable terms (without
head normal form) are identified. In this context, the most interesting ques-
tion is whether the languages mentioned above also evaluate terms to head
normal form? The answer is no. Instead they evaluate to weak head normal
form; i.e., they do not evaluate under abstractions. This fact gives rise to a
fundamental mismatch between theory and practice. Since current practice
is well motivated by efficiency considerations, it makes sense to search for
the reason of the mismatch in the theory and to develop a modified the-
ory which overcomes this problem. The ground for the mismatch between
the theory and practice originates in the fact that the standard theory is
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under-discriminating; i.e. it identifies those terms which are not necessarily
identical. To see this consider the following example from [3]:

Example 7.1 Let Ω ≡ (λx.xx)(λx.xx) be the standard unsolvable term
(without head normal form). Then

λx.Ω = Ω

in the standard theory, since λx.Ω is also unsolvable; but λx.Ω is in weak
head normal form, hence should be distinguished from Ω in the modified
theory.

To avoid such identifications in the modified theory the notion of order of
insolvability is presented in [3]. This notion is the core of what we need
for having an intensional equality for λ-terms. In other words, a qualitative
aspect of insolvability, namely its order, is stipulated to test the equality of
λ-terms more accurately. This results in an intensional equality criterion for
λ-terms.
In [3] a minimal functional programming language called the pure lazy lan-
guage is introduced in order to develop a λ-theory which sidesteps the mis-
match between theory and practice. This language has closed λ-terms as
programs and abstractions as values. The evaluation mechanism is repre-
sented by a binary relation over closed λ-terms simulating a normal order
reduction (NOR) (also called leftmost reduction) strategy which terminates
whenever the reduction reaches a weak head normal form. Then a deeper
relation originally named as applicative bisimulation is presented. This rela-
tion yields information about the behavior of terms under all experiments.
Besides, it induces a weakly sensible λ-theory λl called the Abramsky lazy
λ-theory from the pure lazy language. In [3] a characterization of λl in the
class of weakly sensible λ-theories is given and it is shown that λl is fully
abstract; i.e., it equates those unsolvable terms which have the same order.
Then an axiomatic framework of the theory based on the notion of quasi-
applicative transition systems (q-ats) is stated which forms a bridge both to
the standard theory, and to concurrency and other computational notions.
Finally, the lazy λ-models based on q-ats and the problem of full abstractness
are studied. But we need very little of this here since firstly, we intend to
formulate quasi-applicative transition systems as a labelled transition system
and show that two elements are applicative bisimilar iff they are bisimilar in
the corresponding LTS. Thus we confine ourselves to give only the definition
of q-ats as a general concept of unlabeled transition systems. Secondly, we
intend to formulate λl as a sorted labelled transition systems and show the
main result that the order of insolvability of a λ-term is the sort of the λ-term
considered as a state in the corresponding sorted LTS.
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7.1.1 Pure lazy Language and Abramsky Lazy λ-Theory

Let Λ◦ be the set of closed λ-terms and let M [N/x] be the substitution of N
for x in M , where M,N are expressions and x is a variable. Furthermore, the
notions of free and bound variables are assumed as usual and the expressions
are always taken modulo α-conversion. Besides, substitution is treated as a
total operation in which name clash problem is avoided by suitable renaming
of bound variables. In this subsection the definitions and results are from
[3]:

Definition 7.2 (Pure Lazy Language) The relation M ⇓ N@n (M con-
verges to principal weak head normal form N in n steps) is defined inductively
over Λ◦ as follows:

λx.M ⇓ λx.M@0
(abs)

M ⇓ λx.P@m P [Q/x] ⇓ N@n

MQ ⇓ N@m + n + 1
(βN)

The unlabeled transition system λpl=def(Λ◦,⇓) is called the pure lazy lan-
guage.

Note that in the original work both the pure lazy language and the Abramsky
lazy lambda-theory are named as λl. But it may lead to confusion. Therefore,
we call the pure lazy language here as λpl. The reduction strategy captured
by the above formulation is precisely (NOR) with proviso that all reductions
terminate upon reaching abstractions. The relation ⇓ is essentially the same
as the eval relation in Plotkin’s call-by-name programming language defined
in [74]. The reduction ⇓ defines a partial function from Λ◦ to the class
of principal weak head normal forms (the range of ⇓ is the collection of all
closed abstractions). Also:

M ⇓ def
= ∃N. M ⇓ N M converges

M ⇑ def
= ¬(M ⇓) M diverges.

The relation ⇓ by itself is too shallow to yield information about the behavior
of a term under all experiments. Therefore, the authors define an operational
preorder on λ-terms which is a deeper relation and name it as the applicative
bisimulation based on the relation ⇓. To motivate this relation, the following
observational scenario in [3] is spelt out: Given a closed term M , the only
experiment of depth 1 we can do is to evaluate M and state if it converges
to some abstraction (weak head normal form) λx.M1. If it dose so, we can
continue the experiment to depth 2 by supplying a term N1 as input to
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λx.M1, and so on. Note that what the experimenter can observe at each
stage is only the fact of convergence, not which lies under the abstraction.

Stage 1 of experiment: λx.M1;
environment consumesλ,
produces N1 as input

Stage 2 of experiment: M1[N1/x] ⇓ · · ·
...

It is worth noticing that in keeping with the usual distinction between simula-
tion and bisimulation in the theory of concurrency and for reasons of clarity,
we name the original operational preorder in our work as applicative simu-
lation reserve the term applicative bisimulation for a symmetric applicative
simulation.

Definition 7.3 (Applicative Simulation) We define a sequence of binary

relations <
B
❁
∼k
| k ∈ ω > on Λ◦ as follows:

∀M,N ∈ Λ◦ : M
B
❁
∼0

N

M
B
❁

∼k+1
N

def
= M ⇓ λx.P ⇒

[
N ⇓ λx.Q ∧ ∀R ∈ Λ◦. P [R/x]

B
❁
∼k

Q[R/x]
]

M
B
❁
∼

N
def
= ∀k ∈ ω. M

B
❁
∼k

N.

An applicative simulation relation on Λ◦ is called an applicative bisimulation

relation, denoted by M
B∼N , if it is symmetric; i.e. for all M,N ∈ Λ◦ if

M
B
❁
∼

N then N
B
❁
∼

M .

It is not hard to see that an alternative definition of applicative simulation is
the following: Let MP be an abbreviation for a possibly empty finite sequence
of λ-terms P1, · · · , Pn whose length |MP | is n ≥ 0.

M
B
❁
∼
N ⇐⇒ ∀MP ⊆ Λ◦. M MP ⇓ ⇒ N MP ⇓ .

Now, we are in a position to define the λ-theory λl induced by the applicative
bisimulation from the pure lazy language λpl.

Definition 7.4 (Abramsky’s Lazy λ-Theory λl) We define an equational

theory λl
def
= (Λ◦,4,=) where:

λl / M 4 N
def
= M

B
❁
∼k

N

λl / M = N
def
= M

B∼N.
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Remark 7.5 Note that the equational definition λl / M = N
def
= M

B∼N
says two terms M,N are equal in λl iff they are applicative bisimilar.

We introduce the notion of functionality order of a λ-term which serves as
a building block to yield the notion of the order of insolvability. Intuitively,
the functionality order of a term corresponds to the number of nested λ-
abstractions it has or is convertible to. When we say that a closed term
has the functionality order 0 we mean that it is not β-convertible to an
abstraction. Formally:

Definition 7.6 (Functionality Order)

1. A term M has functionality order 0, denoted M ∈ O0, if

¬[∃N. λβ / M = λx.N ]

2. M has proper functionality order 0, denoted M ∈ PO0, if

M ∈ O0 ∧ ¬[∃ MN. λβ / M = x. MN ]

We say that M is strongly unsolvable if M is of proper functionality
order 0.

3. M has functionality order n ≥ 1, denoted M ∈ On,if n is the largest i
such that

∃N. λβ / M = λx1 · · ·xn.N

4. M has functionality order ∞, denoted M ∈ O∞,if

∀n ∈ ω. M �∈ On

5. M is a functional term, denoted M ∈ F ,if

∃N. λβ / M = λx.N

further,

M ∈ Fn
def
= ∃N. λβ / M = λx1 · · ·xn.N.

Example 7.7

1. x MM ∈ O0,
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2. Ω MM ∈ PO0,

3. (λxy.xx)(λxy.xx) ∈ O∞. As we said, an O∞-term is an infinitely deeply
nested λ-term.

For an elegant operational characterization of PO-terms, we introduce the
notion of one-step lazy reduction given in [3] firstly. By the lazy reduction
we mean those instances of the one-step leftmost reduction that do not occur
under a λ-abstraction.

Definition 7.8 ( Lazy Reduction)

1. The one-step lazy reduction relation > over λ-terms is the least relation
satisfying the following rules:

(λx.M)N > M [N/x]

M > M ′

MN > M ′N

2. An infinite reduction sequence

M0 → M1 → · · ·Mi → Mi+1 → · · ·

is a quasi lazy if

∃{ni | i ∈ ω, ni < ni+1}. ∀i ∈ ω. Mni
→ Mni+1

is a one-step lazy reduction.

When we say that an infinite reduction sequence is quasi lazy, we mean that
there is an infinite strictly increasing subsequence of one-step lazy reductions.

Lemma 7.9 ( Operational Characterization of PO0-Terms) Let M ∈
Λ. Then M ∈ PO0 iff there is an infinite quasi lazy reduction starting from
M . In particular, for M ∈ Λ0,

M ∈ PO0 ⇔ M ⇑ .

Now, we have enough material to introduce the fundamental result, namely
the classification of the unsolvable terms. By this classification we mean the
process of assigning of a number n ≥ 0, called the order of insolvability, to
every unsolvable term M . Through this ordering we will characterize various
λ-theories.
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Proposition 7.10 (Classification of the Unsolvable Terms) M is un-
solvable iff

1. M ∈ O∞ or

2. ∃n ≥ 0. ∃N ∈ PO0. λβ / λx1 · · ·xn.N = M.

Then, n is called the order of insolvability of M . In the case of (1), we say
that M has order of insolvability ∞.

Remark 7.11 By abuse of the language and for consistency with the case
m = 0, an unsolvable term M of order m, M will be called a POm-term,
denoted M ∈ POm; also we decree that PO∞ = 0∞. Hence, we have

{unsolvable trems} =
⋃

n∈ω+1

POn

We said that the theory of sensible λ-calculus presented in [13] identifies all
unsolvable terms and regards them as meaningless. In other words, this the-
ory is under-discriminating; i.e., it identifies too many terms. Besides, we
said that this theory does not match up well with the semantics of most func-
tional programming languages. For this reason, we introduced the weakly
sensible λ-theory λl. Now, we will show that λl identifies only those un-
solvable terms which has the same order of insolvability. To do so, a few
preliminary definitions from [3] are needed.

Definition 7.12 We define for n ∈ ω + 1,

POn
def
= {M = N | M,N ∈ POn},

PO def
= Th

( ⋃
n∈ω+1

POn
)
,

where Th(−) is the closure operation with respect to provability in λβ.

Definition 7.13 Let T be a λ-theory.

1. T is zero sensible if Th(PO0) ⊆ T ; i.e., T equates all the strongly
unsolvable terms.

2. T is finitely sensible if T equates all unsolvable λ-terms of finite orders.

3. T is pre-lazy if PO ⊆ T .
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4. A fully lazy λ-theory T is a pre-lazy λ-theory which equates any un-
solvable terms iff they have the same order; i.e.,

∀m,n ∈ ω + 1. ∀M ∈ POm. ∀N ∈ POn. T / M = N ⇔ m = n.

We are now able to characterize λl.

Lemma 7.14 (Characterization of the λ-Theory λl) λl is a fully lazy
λ-theory; i.e.,

∀m,n ∈ ω + 1. ∀M ∈ POm. ∀N ∈ POn. λl / M = N ⇔ m = n.

The previous lemma verifies the most important claim for us; i. e. it verifies
that λl keeps the unsolvable terms apart and identifies only those terms which
have the same order of insolvability.

7.1.2 Quasi-Applicative Transition Systems

In the sequel, we will introduce quasi-applicative transition systems (q-ats)
and an applicative simulation relation. The following definitions are from [3]:

Definition 7.15 (Quasi-Applicative Transition System) A quasi-applicative
transition system (q-ats) is a structure < A, eval > such that

eval : A ⇀ AA and dom(eval) �= A.

Also:

a ⇓ f
def
= a ∈ dom(eval) ∧ eval(a) = f,

a ⇓ def
= a ∈ dom(eval),

a ⇑ def
= ¬(a ⇓).

A q-ats is pointed if ∃⊥ ∈ A. dom(eval) = A\{⊥} .

Definition 7.16 Let < A, eval > be a q-ats and Rel(A)
def
= P(A×A). Define

F : Rel(A)→ Rel(A) by

F (R)
def
= {(a, b) | a ⇓ f =⇒

[
b ⇓ g ∧ ∀c ∈ A : f(c) R g(c)

]
}.

If R ⊆ F (R) then R ∈ Rel(A) is called an applicative simulation.

We define an operational pre-order
B
❁
∼
as follows:
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Definition 7.17 Let a, b ∈ A and let the function F : Rel(A)→ Rel(A) be

defined as in the previous definition. Then a
B
❁
∼

b holds if there is an applicative

simulation R such that aRb.

As a result of the above definition, we get

B
❁
∼
def
=

⋃
{R ∈ Rel(A) | R ⊆ F (R)}

and hence is the maximal fixpoint of the monotone function F . Since ⇓ is a
partial function, it is easily shown that the closure ordinal of F is less than

ω. Thus,
B
❁
∼

can be described more explicitly and analogously to definition

7.3 as follows:

Definition 7.18

∀a, b ∈ A : a
B
❁
∼0

b
def
= true,

a
B
❁

∼k+1
b

def
= a ⇓ f ⇒ [b ⇓ g ∧ ∀c ∈ A. f(c)

B
❁
∼k

g(c)],

a
B
❁
∼

b
def
= ∀k ∈ ω. a

B
❁
∼k

b.

An applicative simulation relation on A is called an applicative bisimulation

relation, denoted by a
B∼b, if it is symmetric; i.e. for all a, b ∈ A if a

B
❁
∼

b then

b
B
❁
∼

a.

7.2 Ordered Unsolvable λ-Terms and Sorted Labelled
Transition Systems

Up to now, we introduced the concept of sorting for LTS’s and the concept of
order of insolvability of λ-terms as discriminating tools to test the equality of
states and λ-terms more accurately. Considering Abramsky’s lazy λ-theory
λl as a sorted labelled transition system embodies the idea that the order of
insolvability of a λ-term is the sort of the λ-term which is now a state in the
corresponding sorted LTS.
As already mentioned, the λ-theory λl is derived from the pure lazy language,
the unlabeled transition system λpl = (Λ◦,⇓). Since quasi-applicative tran-
sition systems are the general concept of which this is an example, in the rest
of this section we will firstly formulate quasi-applicative transition systems
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as LTS’s and show that two elements of a quasi-applicative transition sys-
tem are applicative bisimilar iff they are bisimilar in the corresponding LTS.
Furthermore, we will define the corresponding sorted labelled transition sys-
tem for the λ-theory λl and a variant of the controlled bisimulation relation,
called λlc-bisimulation. Besides, we will show that two λ-terms are equal in
λl iff they are λlc-bisimilar in the corresponding sorted labelled transition.

Definition 7.19 (The Labelled Transition System qT ) Let < A, eval >
be a q-ats. Then its corresponding labelled transition system is the tripel
qT = (A,A,−→

qT
) consisting of the set A of states, the set A of transition

labels, and the transition relation −→
qT
⊆ A timesA× A defined by

−→
qT

= {(a, c, b) | ∃f ∈ A. a ⇓ f ∧ f(c) = b}.

We shall write a
c−→
qT

b for (a, c, b) ∈−→
qT

.

Definition 7.20 (Bisimulation Relation Induced by q-ats) Let < A, eval >
be a q-ats and qT = (A,A,−→

qT
) be its corresponding LTS. Then a relation

R ⊆ A×A is called a strong bisimulation if for all a, b, c ∈ A with aRb:

a
c−→
qT

a′ ⇒ ∃b′ : b c−→
qT

b′ ∧ a′Rb′ and

b
c−→
qT

b′ ⇒ ∃a′ : a c−→
qT

a′ ∧ a′Rb′.

Two states are bisimular in qT , denoted a ∼
qT

b, if there exists a bisimulation

relation R with aRb.

Proposition 7.21 Let < A, eval > be a q-ats and qT = (A,A,−→
qT

) be

its corresponding LTS. Then a, b ∈ A are applicative bisimilar iff they are
bisimilar in qT ; i. e.

∀a, b ∈ A : a
B∼b ⇔ a∼

qT
b.

Proof Let a, b ∈ A.

”⇒” Suppose a
B∼b. By the definition we get

a
B∼ b ⇔ a

B
❁
∼

b ∧ b
B
❁
∼

b.
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We define a relation R ⊆ A×A by R = {(a, b) | a B∼ b} and show that R is a
bisimulation relation on A. In other words, we show for all c ∈ A if a

c−→
qT

a′

then there exists b′ ∈ A such that b
c−→
qT

b′ with a′Rb′ and vice versa. Since

the proof steps are similar we confine ourselves to verify the claim only in
one direction. It follows from Definition 7.19 a

c−→
qT

a′ ⇔ a ⇓ f ∧ a′ = f(c).

By Definition 7.17 we get

a
B
❁
∼

b
def
= ∀k ∈ ω. a

B
❁
∼k

b

def
= a ⇓ f ⇒

[
b ⇓ g ∧ ∀c ∈ A. f(c)

B
❁

∼k−1
g(c)

]

Take a′ = f(c) and b′ = g(c). Then a′ B
❁

∼k−1
b′. But due to the definition of

R we get a′ R b′. Now, we compare the definition of
B
❁
∼k

with the definition of

−→
qT

and state that b′ is an element of A such that for all c ∈ A : b
c−→
qT

b′

with a′Rb′ and with that R is a bisimulation relation induced by λqT .
”⇐” Suppose a∼

qT
b. Then there exists a bisimulation relation R ⊆ A × A

with aR b. In order to show that a
B∼b we have to verify that a

B
❁
∼

b and b
B
❁
∼

a.

But it follows from a R b that for all c ∈ A :

a
c−→
qT

a′ ⇒ ∃b′ : b c−→
qT

b′ ∧ a′ R b′ and

b
c−→
qT

b′ ⇒ ∃a′ : a c−→
qT

a′ ∧ a′ R b′.

By Definition 7.19 we reformulate the above conditions and get

a ⇓ f ∧ a′ = f(c) ⇒ ∃b′ : b ⇓ g ∧ b′ = g(c) ∧ a′ R b′ and

b ⇓ g ∧ b′ = g(c) ⇒ ∃a′ : a ⇓ f ∧ a′ = f(c) ∧ a′ R b′.

But due to Definition 7.17 these conditions express nothing else than a
B
❁
∼

b

and b
B
❁
∼

a. Thus a
B∼ b.

✷
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Definition 7.22 (The Labelled Transition System λlT ) Given the λ-
theory λl. Then the corresponding labelled transition system to λl is the
tripel λlT = ((Λ◦,Λ◦,−→

λlT
), consisting of the set Λ◦ of states, the set Λ◦ of

transition labels, and the transition relation −→
λlT

⊆ Λ◦ × Λ◦ × Λ◦ defined by

−→
λlT

= {(M,R,N) | ∃P ∈ Λ◦. M ⇓ λx.P ∧N = P [R/x]}.

We shall write M
R−→
λlT

N for (M,R,N) ∈−→
λlT

.

Definition 7.23 (Bisimulation Relation Induced by λlT ) Given the λ-
theory λl and its corresponding LTS λlT = (Λ◦,Λ◦,−→

λlT
). Then a relation

R ⊆ Λ◦ × Λ◦ is called a strong bisimulation if for all M,N, P ∈ Λ◦ with
M R N :

M
P−→
λlT

M ′ ⇒ ∃N ′ : N P−→
λlT

N ′ ∧ M ′ R N ′ and

N
P−→
λlT

N ′ ⇒ ∃M ′ : M P−→
λlT

M ′ ∧ M ′ R N ′.

Two states are bisimular in λlT , denoted M ∼
λlT

N , if there exists a bisimu-

lation relation R with MRN .

Definition 7.24 (The Sorted Labelled Transition System λlST ) Given
the λ-theory λl. Then the corresponding sorted labelled transition system to
λl is the tripel λlST = (λlT,Γ, sort) consisting of the unsorted LTS λlT , Γ
the set of sorts, and the sorting function sort : Λ◦ → Γ defined by

∀M ∈ Λ◦ : sort(M) :=

{
m if M ∈ POm

α otherwise

Definition 7.25 (Controlled Bisimulation Relation Induced by λlST )
Given the λ-theory λl and its corresponding SLTS λlST = (λlT,Γ, sort).
Then a relation R ⊆ Λ◦ × Λ◦ is called a strong controlled bisimulation, λlc-
bisimulation, if for all M,N ∈ Λ◦ with M R N :

1. R is a bisimulation relation and

2. sort(M) = sort(N).

Two states are λlc-bisimilar in λlST , denoted M ∼
λlST

N , if there exists a

controlled bisimulation relation R with MRN .
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In the following theorem, we show the main result which says that two λ-
terms are equal (applicative bisimilar) in λl iff they are bisimilar in the
corresponding SLTS.

Theorem 7.26 Given the λ-theory λl and its corresponding SLTS λlST =
(Λ◦,Λ◦, −→

λlST
). Then two λ-terms M,N are equal in λl iff they are λlc-

bisimilar in λlST ; i. e.

∀M,N ∈ Λ◦ : λl / M = N ⇔ M ∼
λlST

N.

Proof Let M,N ∈ Λ◦.
”⇒” Suppose λl / M = N . It follows from Definition 7.4 that M

B∼N . Then

by the definition of
B∼ we get

M
B∼N ⇔ M

B
❁
∼

N ∧N
B
❁
∼

M.

We define a relation R ⊆ Λ◦ × Λ◦ by R = {(M,N) | M
B∼ N} and show

that R is a c-bisimulation relation on Λ◦. In other words, we show for all

P ∈ Λ◦ if M
P−→
λlST

M ′ then there exists N ′ ∈ Λ◦ such that N
P−→
λlST

N ′ with

M ′RN ′ and vice versa. Since the proof steps are similar we confine ourselves
to verify the claim only in one direction. It follows from Definition 7.22

M
P−→
λlST

M ′ ⇔ M ⇓ λx.M1 ∧M ′ = M1[P/x]. By Definition 7.3 we get

M
B
❁
∼

N
def
= ∀k ∈ ω. M

B
❁
∼k

N

def
= M ⇓ λx.M1 ⇒

[
N ⇓ λx.N1 ∧

∀P ∈ Λ◦. M1[P/x]
B
❁

∼k−1
N1[P/x]

]

Take M ′ = M1[P/x] and N ′ = N1[P/x]. Then M ′ B
❁

∼k−1
N ′. But due to

the definition of R we get M ′ R N ′. Now, we compare the definition of
B
❁
∼k

with the definition of −→
λlST

and state that N ′ is a λ-term such that for all

P ∈ Λ◦ N
P−→
λlST

N ′ with M ′RN ′ and with that R is a bisimulation relation.

To show that R is a controlled bisimulation relation, it remains to prove that
sort(M) = sort(N). For this purpose, we consider two cases:
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1. M,N are two unsolvable terms of order m and n, respectively; i. e.
M ∈ POm and N ∈ POn. By Lemma 7.14 λl is fully lazy; i. e.
λl / M = N iff their orders of insolveability are equal; i. e. m = n.
But by Definition 7.25; sort(M) = m = sort(N) = n. Thus R is a
c-bisimulation relation.

2. M,N are not unsolvable. Thus by Definition 7.24; sort(M) = α =
sort(N) and with that R is a c-bisimulation relation.

”⇐” Suppose M ∼
λlST

N . Then there exists a c-bisimulation relation R ⊆

Λ◦ × Λ◦ with M R N . In order to show that M
B∼N we have to verify that

M
B
❁
∼

N and N
B
❁
∼

M . But it follows from M R N that for all P ∈ Λ◦ :

M
P−→
λlST

M ′ ⇒ ∃N ′ : N P−→
λlST

N ′ ∧ M ′ R N ′ and

N
P−→
λlST

N ′ ⇒ ∃M ′ : M P−→
λlST

M ′ ∧ M ′ R N ′.

By Definition 7.22 we reformulate the above conditions and get

M ⇓ λx.M1 ∧M ′ = M1[P/x] ⇒ ∃N ′ : N ⇓ λx.N1 ∧N ′ = N1[P/x] ∧
M ′ R N ′ and

N ⇓ λx.N1 ∧N ′ = N1[P/x] ⇒ ∃M ′ : M ⇓ λx.M1 ∧M ′ = M1[P/x] ∧
M ′ R N ′.

But due to Definition 7.3 these conditions express nothing else than M
B
❁
∼

N

and N
B
❁
∼

M . Thus M
B∼N and we are done.

✷

Since ε-structures respects the intensional equality and any sorted LTS can
be transformed into an unsorted LTS, following the general definition of the
denotational semantics given in section 4, we can easily define the ε -model
for λlST .
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8 Conclusions

In this thesis we have investigated the question of intensionality equality
criterion and set-theoretic semantics for process calculi. The following are
the major contributions:

• The introduction of a sorting concept for LTS’s which encodes the
intensional aspects of processes.

• The compassion between the existing sorting concepts and our sorting
for process calculi showing that the most existing sorting disciplines
aim at ensuring more reliable programs, making name discipline ex-
plicit, and preserving algebraic laws whereas our sorting aims at dis-
criminating between processes more precisely.

• The definition and analysis of controlled bisimulation as a precise equal-
ity test for processes.

• The verification of the fact that any sorted LTS can be transformed
in an unsorted one. This has an interesting result which says once
an ε -model for an unsorted LTS has been given the model for the
corresponding sorted LTS is automatically defined.

• The justification of using ε-structures as a proper semantic domain for
giving meaning to processes; i.e. it is shown that ε-structures allow
to model processes in a direct way and without any topological con-
structions and respect the intensional equality; i.e. they model sorted
process without any sorting or type concept for the semantic domain
in order to distinguish the intensionally distinct processes.

• The proof of representability of dyadic interaction calculus of Honda
and Abramsky’s lazy λ-theory in sorted LTS’s. This shows whenever
the syntactic properties of processes are considered for discriminating
between processes, we can encode these properties in a sorting and
model the processes in ε-structures.

Related Works
The related works which consider the syntactic properties of a process or its
sort as a tool to distinguish processes are [47] and [85].
Honda shows in [47] that certain syntactic properties of processes like sim-
plicity results in the fact that these are typed. Furthermore, he character-
izes an important behavioral property of processes, namely the deadlock-free
behavior by the type property. This means that the typed processes are
deadlock-free.
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Sangiorgi [85] remarks on the effect of sorting on the equivalence of processes.
He considers the downward-closed property of processes which ensures that
if (S) is among the object sort of Ob (for the definitions of theses notions
see the section 5), then also S is. He takes the processes a(x).P and a(x).Q
into account by assuming that both respect the downward-closed sorting Ob
and that a(x).P ≈ a(x).Q. This means that P{F/x} ≈ Q{F/x} for every
F : x. Besides, he asks what does happen to a(x).P ≈ a(x).Q if the sorting
Ob is extended to a sorting Ob′ ⊃ Ob? This means that the set of candidates
for F increases and with that also the potential capability of discriminating
between P and Q. But since he deals with the extensionality criterion for
process equality , he avoids this potential discriminating possibility and he
thus characterizes the barbed equivalence in terms of normal bisimulation
because the tests required by the latter do not augment when the sorting is
extended.
The early accounts on giving semantics to process calculi using non-well-
founded sets are [4], [82], [83], and [5]. Aczel gives a final semantic for CCS
[5] by showing that within a category of classes over non-well-founded sets
the canonical solution of a domain equation is a final coalgebra. This is the
well-known final coalgebra theorem.
Rutten uses in [82] Aczel’s sets for solving the domain equation X = P(A×
X) in order to give a semantic domain for processes. The semantic is in
this work compositional and is characterized by the fact that it assigns the
same value to bisimilar states. The non-well-founded sets are only used to
model the possibly infinite behavior of processes. Finally, Rutten works on
well-founded sets and shows that the same results can be obtained by the
use of metric spaces.
Rutten and Turi in [83] deal with the coalgebra semantics for LTS’s. This
work is the result of an investigation to determine the common feature of
partial orders, metric spaces, and Aczel’s sets which make them proper for
defining semantic domains for concurrent programming language. Besides,
they repeat the final coalgebra theorem , however in a more transparent way,
and prove for the categories of partial orders and metric spaces. Moreover,
they show that final coalgebras are strongly extensional in the sense that two
elements of a final F -colagebra are equal if and only if they are F -bisimilar.
Aczel [5] describes and characterizes final semantic universe for processes
like CCS and CSP . He states, like Rutten and Turi [83] that there is a
certain kind of mathematical structures which seem to be fundamental for
process calculi. These structures are coalgebras. Furthermore, he gives a
generalization of the final coalgebra theorem by dropping the assumption
that the functor on the category of classes over non-well-founded sets should
preserve weak pullbacks. Moreover, he defines a denotational semantics for
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CCS. This work is closely related to [83].
A further work which follows the coalgebra semantics given in [83] and uses
Rutten’s approach to considering processes as terms, however in the higher-
order process setting, is [12].
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[92] Umbach, C., Termpräzisierung-Kontextuelle Steuerung der Interpreta-
tion durch Apposition und Typisierung. KIT-Report 140, TU Berlin,
1996.

207





Curiculum Vitae

16.09.1961 geboren in Kerman/Iran
Vater: Bagher Pooyan, General
Mutter: Farideh Fakour, Gymnasiallehrerin

1967-1972 Besuch der Grundschule
1972-1975 Besuch der Mittelschule
1975-1979 Besuch der Oberschule
1979-1980 Hochschulstudium der Verfahrenthechnik an der Universität Teheran
1980-1984 Lehrkraft der Alphabetisierung
1984-1985 Besuch der Akademie der Fremdsprachen, Berlin
1985-1986 Besuch des Studienkollegs der Technischen Universität Berlin
SS 1986 Hochschulstudium der Techno- und Wirtschaftsmathematik an der

Technischen Universität Berlin
WS 1986/87 Beginn des Hochschulstudiums der Informatik an der Technischen

Universität Berlin
1986-1987 Programmiererin bei der Hausverwaltung Zunker, Berlin
1987-1988 Programmiererin bei der Softwarefirma IFS, Berlin, und studentische

Hilfskraft am Akademischen Auslandsamt der Technischen Universität
Berlin

1988-1989 Programmiererin bei der Softwarefirma Mikrothaurus, Berlin
1989-1992 Studentische Hilfskraft mit Lehraufgaben am Institut für Software

und Theoretische Informatik
19.09.1992 Diplom Informatikerin
1992 - 1996 Stipendiatin im Graduiertenkolleg Kommunikationsbasierte Systeme
SS 1993 Forschungsaufenthalt am LFCS, Laboratory for Foundations of

Computer Science, University of Edinburgh, Edinburgh
Okt. 1993 Geburt von Julien Pooya
Mai 1994 Besuch des CWI, Centrum voor Wiskunde en Informatica, Amsterdam
Nov. 1996 Umzug nach Frankreich
Nov. 1997 Geburt von Adrien Kiyan
März 1999 Forchungs- und Entwicklungsleiterin bei der Softwarefirma Soft Report,

Paris
Aug. 1999 Abgabe der Dissertation


