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A B S T R A C T

The aim of my thesis is to study the evolution of scroll waves under spatial
confinement both experimentally as well as numerically. Scroll waves repre-
sent three-dimensional (3D) analogs of spiral waves. In the simplest case, the
central axis around which a scroll wave rotates is a straight line. The line is
named the filament of the scroll wave, and each infinitesimal cross-section
represents the core of a spiral wave. Two specific types of scroll waves are
considered: (1) Straight scroll waves whose filaments can also be bent and
(2) scroll rings whose filaments are bent such that the two end points of the
filament attach to form a ring. Depending on the sign of the filament tension,
two modes of time evolution arise in unbounded media: (1) Contraction for
positive filament tension or (2) expansion for negative filament tension.

The experimental studies in my thesis are achieved in thin layers of the pho-
tosensitive Belousov-Zhabotinsky reaction (PBZR). The usage of a continu-
ously stirred tank reactor allows us to maintain the layers at non-equilibrium
conditions. A novel experimental setup is developed that enables the ini-
tiation of any type of scroll wave in a reliable and reproducible manner
through the application of variable spatio-temporal illumination. A numer-
ical reaction-diffusion simulation program is developed, and accompanies
the PBZR experimental results. The program is termed Virtual Lab and is
constructed such that it mimics parameter variation strategies that already
enabled to initiate various types of scroll waves in our experimental labora-
tory.

I will highlight and report on the first successful boundary-mediated sta-
bilization of an expanding scroll ring at a planar no-flux boundary in the
PBZR. This behavior represents a novel type of a 3D autonomous pacemaker
(APM). Numerical simulations in the modified complete Oregonator (MCO)
model confirm the existence of APMs in a broad parameter regime, and pre-
dict existence of “breathing” APMs. A breathing APM is a scroll ring that
exhibits periodical oscillations both in the filament radius R and the z axis
position of the filament plane. More results include: the numerical obser-
vation of travelling deformation waves along straight scroll wave filaments;
the observation of highly writhed filaments in the PBZR and MCO model;
and the formation of modulated scroll ring filaments with distinct geometric
shapes (ellipsis, triangles, and squares) both in the PBZR and MCO model.
Finally, modulated scroll wave filaments are explained to emerge within the
dynamical Kirchhoff theory for elastic ribbons.
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Z U S A M M E N FA S S U N G

Das Thema der vorliegenden Arbeit ist, die Dynamik von scroll waves un-
ter räumlichen Einschränkungen sowohl experimentell als auch anhand von
numerischen Simulationen zu untersuchen. Scroll waves repräsentieren da-
bei das dreidimensionale Analogon zu Spiralwellen. Im einfachsten Fall ist
die zentrale Achse, um die ein scroll wave rotiert, eine Linie. Diese Linie
bezeichnen wir als das Filament der scroll wave, wobei jeder Querschnitt
des Filaments den Kern einer Spirale darstellt. Zwei Arten von scroll waves
werden hier behandelt: (1) Scroll waves, dessen Filamente gerade oder auch
gekrümmt sein können und (2) scroll waves mit ringförmigem Filament. Die
letztere Struktur bezeichnen wir als scroll ring. Abhängig vom Vorzeichen
der Filamentspannung, unterscheiden wir zwei Arten der Zeitentwicklung
für scroll waves: (1) Kontraktion für positive Filamentspannung oder (2) Ex-
pansion bei negativer Filamentspannung.

Die experimentellen Untersuchungen in meiner Arbeit wurden in dünnen
Schichten von photosensitiven Belousov-Zhabotinsky-Medien (PBZM) durch-
geführt. Diese wurden durch die Verwendung von Durchflussreaktoren stän-
dig im Zustand des stationären Nichtgleichgewichts gehalten. Ein neuer
Aufbau wurde entwickelt und erlaubt die verlässliche und wiederholbare
Initiierung von scroll waves durch die Anwendung variabler raum-zeitlicher
Beleuchtung. Zur Interpretation und Vorhersage experimenteller Ergebnisse
wurden auch numerische Simulationen durchgeführt. Dazu wurde ein all-
gemeiner Reaktions-Diffusions-Simulator entwickelt. Das Projekt Virtual Lab
ist so konstruiert, dass es die zahlreichen im Labor vorhandenen Strategien
zur Parametervariation nachahmt.

Es war mir möglich, zum allerersten Mal im Rahmen der PBZM einen expan-
dierenden scroll ring durch Wechselwirkung mit einem Neumann-Rand zu
stabilisieren. Diese stabilen Ringe stellen einen neuen Typus dreidimensiona-
ler autonomer Schrittmacher dar. Numerische Simulationen im Rahmen des
Oregonator-Modells bestätigen die Existenz dieser Schrittmacher, und sagen
darüber hinaus auch die Existenz von “atmenden” Schrittmachern voraus.
Letztere sind scroll ringe, dessen Filamente sowohl im Radius R als auch
in der axialen Position der Filamentebene z bezüglich des stabilisierenden
Randes periodisch oszillieren. Desweiteren zeigen numerische Simulationen
propagierende Krümmungswellen entlang der geraden scroll waves. Weite-
re hervorzuhebende Ergebnisse, die sowohl im Experiment als auch in der
Simulation erhalten wurden, beinhalten das Auftreten von in hohem Maße
gekrümmten Filamenten und die Ausbildung von scroll ring-Filamenten mit
verschieden Geometrien (Ellipse, Dreieck, und Quadrat) . Schließlich war es
möglich, die Entstehung modulierter scroll wave-Filamente im Rahmen der
dynamischen Kirchhoff-Theorie für elastische Bänder zu erklären.
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1
I N T R O D U C T I O N

Ignis Mutat Res
(engl.: Heat transforms matter)

Self-organization is an ubiquitous mechanism that leads itself to the emer-
gence of macroscopic patterns in complex physical, chemical, biological, so-
cial, and economical systems.

The macroscopic patterns which emerge in complex systems under non-
equilibrium conditions, are contrasted from those which arise in classical
thermodynamical systems under equilibrium. The latter are well under-
stood through the “Boltzmann order principle” [1]. This principle assigns
the highest probability to the least ordered state of a thermodynamical sys-
tem, which is the equilibrium state. Isolated and closed systems evolve irre-
versibly into this equilibrium state within time. Therefore, the equilibrium
state of a particular thermodynamic system possesses the character of an
attractor for all possible non-equilibrium states of the corresponding system.
One example for these equilibrium patterns is represented by low tempera-
ture crystallization, which leads to such mesmerizing snow crystal patterns
presented in figure 1.

In contrast, pattern formation in non-equilibrium systems is a visually defi-
ning feature of living systems, a fact exposed by the individual paintings
on the skin of numerous animals (see figure 2). These are Turing patterns,
named after famous British mathematician Alan Turing who first made the
attempt to describe them theoretically by the joint interaction of chemical
reactions and molecular diffusion [2].

In order to affirm the role of energy dissipation for sustaining these non-
equilibrium open systems, Prigogine et. al. denoted them as dissipative
patterns [1, 3, 4, 5, 6]. Theoretical investigation of dissipative patterns led to
a new order principle which, in contrast to the Boltzmann order principle, is

A B C

Figure 1: Three distinct examples (A, B and C by Wellcome Images, licensed under
CC BY 2.0) of snow crystal patterns are shown.

1

https://www.flickr.com/photos/wellcomeimages/15408774503/in/photolist-ptBZPV-rxudRS-qo6Evu-whhrmW-q8XLHv-qqcP5K-BCpgEX
https://www.flickr.com/photos/wellcomeimages/16002630446/in/photolist-ptBZPV-rxudRS-qo6Evu-whhrmW-q8XLHv-qqcP5K-BCpgEX
https://www.flickr.com/photos/wellcomeimages/15842659487/in/photolist-ptBZPV-rxudRS-qo6Evu-whhrmW-q8XLHv-qqcP5K-BCpgEX
https://www.flickr.com/photos/wellcomeimages/
https://creativecommons.org/licenses/by-nc-nd/2.0/


2 introduction

applicable to open systems far from equilibrium. Prigogine and colleagues
named it the “dissipative order principle” and emphasized its importance
for biological systems:

“... the biosphere as a whole is a non-equilibrium system, as it is subject
to the flow of solar energy. In the cellular level, cell membranes or the
various biochemical reaction chains are subject to concentration gradients of
chemical constituents ...” (cited from [1, page 25]).

Lars Onsager bridged both worlds - one described by the Boltzmann order
principle and the other by the Prigogine dissipative order principle - with the
reciprocity relations [7]. These relations, which link forces (e.g. temperature
gradient, concentration gradient, etc.) with fluxes (e.g. diffusional motion,
heat flux, etc.), describe systems in the vicinity of the equilibrium state.

As we get further away from equilibrium, the system achieves a state where
the fluxes resemble nonlinear relations to the forces. In-depth investigations
for far from equilibrium situations have shown that coherent macroscopic
states appear even when the corresponding microscopic state may be charac-
terized by a chaotic turbulent dynamics.

For example in the hydrodynamics, the most prominent example for spon-
taneous self-organization in a non-equilibrium open system might be the
Rayleigh-Bénard convection (see figure 3 for some examples). Within the
scope of the Rayleigh-Bénard convection, microscopic fluctuations are ampli-
fied by the constant influx of energy from the environment, which takes con-
trol over the macroscopic evolution of the system.

A B

C D

Figure 2: Turing patterns on the skin of (A) a panther (by Jean Pierre Turpault li-
censed under CC0 1.0 Universal), (B) a zebra (by Petr Kratochvil licensed under
CC0 1.0 Universal), (C) a giraffe (by Petr Kratochvil licensed under CC0 1.0 Uni-
versal), and (D) the butterfly “Diaethria eluina” (by José Roberto Peruca licensed
under CC BY 2.0).

http://www.publicdomainpictures.net/view-image.php?image=10715&picture=siesta
http://www.publicdomainpictures.net/hledej.php?hleda=Jean+Pierre+Turpault&x=0&y=0
http://creativecommons.org/publicdomain/zero/1.0/
http://www.publicdomainpictures.net/view-image.php?image=8357&picture=zebra-kopf
http://www.publicdomainpictures.net/browse-author.php?a=1
http://creativecommons.org/publicdomain/zero/1.0/
http://www.publicdomainpictures.net/view-image.php?image=47233&picture=giraffe-haut-textur
http://www.publicdomainpictures.net/browse-author.php?a=1
http://creativecommons.org/publicdomain/zero/1.0/
http://creativecommons.org/publicdomain/zero/1.0/
https://www.flickr.com/photos/jose_roberto_peruca/20612694935/
https://www.flickr.com/photos/jose_roberto_peruca
https://creativecommons.org/licenses/by/2.0/
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A B

C

Figure 3: Rayleigh-Bénard convection cells in (A) a pan of oil (reprinted with per-
mission from [8], copyright by John Wiley and Sons), (B) in a mixture of olive oil
and canola oil with aluminum and magnesium fillings by Ilya Lisenker and Terese
Decker (from http://www.colorado.edu/MCEN/flowvis/galleries/2010/Team-3/

FV_popup1-11.htm), and (C) in water with shampoo by Terese Decker and Ilya
Lisenker (from http://www.colorado.edu/MCEN/flowvis/galleries/2010/Team-3/

FV_popup1-10.htm).

The constant influx of energy is achieved through a vertical temperature gra-
dient in a horizontal fluid [9]. The lower interface of the fluid is maintained
at a higher temperature than that of the upper interface (Tlower > Tupper). At
low temperature differences, ∆T = Tlower − Tupper, the heat is transported
through diffusion. Further increasing the value for ∆T drives the system far-
ther away from the linear non-equilibrium regime, until the Rayleigh-Bénard
instability occurs at a critical temperature difference ∆Tcrit. Spontaneously,
convection cells appear at the instability point as the visual indication for
a highly ordered state. This spontaneous self-organizing pattern incorpo-
rates the coherent motion of molecular ensembles, leading to an amplified
heat transport from the bottom to the top of the fluid layer. Increasing the
gradient of temperature even further, may lead to a turbulent state.

Other examples for dissipative pattern formation far from equilibrium in-
volve chemical reaction systems [1, 3]. One important example is given
by the autocatalytic chemical system that was discovered by B. P. Belousov
[10, 11]. In general, the Belousov reaction system can be described as a chem-
ical system in which the oxidative decarboxylation of an organic substrate
is achieved in the presence of a redox catalyst [12]. While dicarboxylic acids
like malonic acids or malic acids serve as organic substrates, redox systems

http://www.colorado.edu/MCEN/flowvis/galleries/2010/Team-3/FV_popup1-11.htm
http://www.colorado.edu/MCEN/flowvis/galleries/2010/Team-3/FV_popup1-11.htm
http://www.colorado.edu/MCEN/flowvis/galleries/2010/Team-3/FV_popup1-10.htm
http://www.colorado.edu/MCEN/flowvis/galleries/2010/Team-3/FV_popup1-10.htm


4 introduction

like cerium, ferroin, and ruthenium are used as catalysts for the reaction.
Some years later, A. M. Zhabotinsky investigated the chemical system by
Belousov within the scope of his Ph.D. thesis [13]. Hence, this autocatalytic
chemical system is denoted as the Belousov-Zhabotinsky (BZ) reaction. In
succession, A. N. Zaikin together with Zhabotinsky was able to examine
propagating wave patterns in thin layers of unstirred BZ solutions [14].

What Zaikin and Zhabotinsky observed in a ferroin-catlyzed BZ reaction
system [14], is shown schematically in figure 4. In panel A, a later stage of
their experiment is illustrated. The background is drawn in red indicating
the catalyst ferroin in its reduced form. We see further that already some
of the propagating circular wave patterns are formed, coming from “lead-
ing centers”, and resembling fronts of oxidized ferroin. Today, these wave
patterns are termed “target patterns”.

At some specified moment of time a spontaneous oscillation of the bulk
medium occurs, shown in panel B. The blue background is indicating fer-
roin in its oxidized form. The period Tb of this bulk oscillation is larger than
the periods of wave propagation originating from the targets. After the ap-
pearance of the bulk oscillation, one observes that the leading front of each
target pattern is vanishing (panel C). Finally, Panels D to F illustrate inter-
action of two chosen target patterns in the course of time. We see that the
target pattern with the lower period T (higher frequency ν) pushes contin-
uously the collision line between the two targets (white dashed line) into the
region of the second target.

Zaikin and Zhabotinsky concluded that eventually one target pattern, namely
the fastest in an ensemble of targets, may win and take the control over the
whole medium. However, waves emitted by the leading centers might break
in the most cases, and a more complex and chaotic state will be attained.

A B C

D E F

Figure 4: A sketch to illustrate phase and trigger waves in the BZ reaction as it was
observed by Zaikin and Zhabotinsky (see [14]). Panels (A) - (C) show a specific time
interval of the experiments resembling evolution of target patterns (blue circular
shaped waves triggered by heterogeneities as leading centers) and the spontaneous
occurrence of the bulk oscillation (blue background in B). Panels (E) - (F) display
the interaction of two chosen target patterns in the course of time.
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Figure 5: A schematic illustration of propagating trigger waves (blue curved seg-
ments) which initially were triggered at a specified point on the boundary of the
medium. The blue arrows indicate the propagation direction of these wave seg-
ments, while the dashed circles are drawn to depict the trigger waves as segments
of closed rings. Finally, the green arrow directs to this specific point on the bound-
ary where the perturbing pacemaker is located.

In summary, they observed a simultaneous appearance of two wave types
in their experiment [15]: phase waves (bulk oscillation) and trigger waves
(triggered by a finite perturbation). The transition from phase to trigger
waves and back again has been studied by Bordyugov and Engel [16].

Theoretical investigations of phase waves were accomplished by Smoes and
Dreitlein [17], Thoenes [18], and by Ortoleva and Ross [19, 20]. Some in-
triguing properties of phase waves are [21]: no existence of an upper bound
limit for their propagation velocity, they can not be blocked by impermeable
barriers [22, 23], and a distinct phase wave front does not exist either.

Trigger waves are contrasted from phase waves by several properties [15].
Particularly, the media in which they arise are not purely oscillatory, while
a finite disturbance is needed to trigger a wave. In contrast to phase waves,
an upper bound limit for the velocity of wave propagation exists for trigger
waves, which is an intrinsic property of the underlying medium. The leading
edge of the waves is a thin interface, independent of the distance between
consecutive wave fronts, and trigger waves are blocked by any barrier to
molecular diffusion [22, 24] or a temporary chemical blockade [25].

Target patterns are intermediates of phase and trigger waves, and they are
related to periodic trains of trigger waves. Their periods are located in a
continuous interval between the period of a trigger wave T0 and the period
of the bulk oscillations Tb, while they arise due to local heterogeneities (e.g.
dust particles in unfiltered BZ media, [26]). After target patterns were ob-
served and described by Zaikin and Zhabotinsky in the BZ reaction, they
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were also specified in various systems of chemical, physical and biological
origin [27, 28, 29, 30].

Since target patterns are circular shaped waves periodically emitted by hete-
rogeneities as leading centers, we may denote the latter as pacemakers and
the emitted waves as trigger waves without the property of a unique propa-
gation velocity. Contrary to defect-induced pacemakers, spontaneous pace-
makers may also emerge due to intrinsic dynamical processes in otherwise
spatially uniform media. Such induced pacemakers are named autonomous
pacemakers [31, 32, 33, 34, 35].

Additionally, one can imagine trigger waves to arise from an inhomogeneity
at the boundary of the medium (see figure 5). Note that generally a spon-
taneous wave nucleation is amplified at the boundaries. The shape of the
emerging wave will be a segment whose two endings always be pinned at
the boundary, thus being influenced by the shape of the boundary. For a
medium which is circular (like illustrated in the schematic figure 5), the cor-
responding waves which arise at the boundaries will be segments of a closed
ring.

Figure 6: Scheme of spiral wave initiation by Winfree [22]. The panels (A) to (D)
show subsequent stages of spiral initiation and evolution from a trigger wave (blue
curves). The blue arrows indicate the direction of propagation for wave segments,
the thick green arrows show the direction of flow which is applied on the medium,
and the white dashed line in panel (A) indicates the border between the region of
the medium where flows are in parallel to the wave front (lower region) and that
region where the flows are in direction of wave propagation (upper region).
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An interesting example of a trigger wave would be a spiral wave. Although
Zhabotinsky already has mentioned spiral waves in the oscillating BZ rea-
gent within the scope of his PhD thesis [13], it was Winfree who primarily
discussed a procedure for spiral wave initiation in the excitable version of
the BZ reaction by the year 1972 [22]. This procedure for initiation of spiral
waves is illustrated in the schematic figure 6. In panel A, a fully evolved
wave segment initiated by a perturbing inhomogeneity at the boundary (see
figure 5) is shown. Now, the idea of Winfree is as follows: Inclination of the
beaker induces flows in the medium, such that in the lower region of the
beaker (below the white dashed line) flows are parallel to the wave segment,
while in the upper region the flows are in direction of the wave propagation
(in the figure indicated by the thick green arrows). Through this procedure
the upper half of the wave segment may be extincted (panel B). Hence, the
remaining half wave evolves into a spiral (panels C and D).

Winfree also emphasized the importance of the BZ reagent as a model sys-
tem for investigation of chemical waves in living organisms (see in [22, and
references therein]). Discovery and investigation of spiral waves, both in
the BZ reagent and several other complex media have since advanced enor-
mously, particularly for pattern formation in embryos, for cellular networks,
neural networks, and the fibrillating heart muscle. A selection is presented
in figure 7.

E F G H

A B C D

Figure 7: Spiral waves (A) of spreading depression in the isolated chicken retina
(reprinted with permission from [36], copyright by John Wiley and Sons), (B) in the
Belousov-Zhabotinsky reaction (reprinted with permission from [37], copyright by
the American Association for the Advancement of Science), (C) in Dictyostelium
discoideum (reprinted with permission from [38], copyright by the Company of
Biologists, Inc.), (D) forming due to the oxidation of carbon monoxide, CO, on
a platinum, Pt (110), surface (reprinted with permission from [27], copyright by
the American Physical Society), (E) in a liquid crystal (reprinted with permission
from [39], copyright by the American Physical Society), (F) in a planar dc driven
semiconductor-gas discharge system (reprinted with permission from [29], copy-
right by the American Physical Society), (G) of calcium, Ca2+, in Xenopus oocytes
(reprinted with permission from [40], copyright by Elsevier), and (H) of precipita-
tion in a reaction of AlCl3 with NaOH (reprinted with permission from [41], copy-
right by the American Chemical Society).
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1.1 the influence of confinement on spiral waves

In 1996, Hartmann et al. investigated the influence of the medium size on
evolution of spiral waves in the NO + CO reaction on a microstructured
Pt (100) surface [42] (see also reference [43]). These studies revealed a strong
influence of the circular no-flux boundary on the frequency of the rotating
waves. The authors reported a substantial growth of the frequency due to
interaction of spiral tips with the boundary. Simulations in the framework
of a reaction-diffusion model reproduced the observations qualitatively.

Later, influence of no-flux boundaries together with interaction of counter-
rotating spiral waves were also investigated in experiments with the photo-
sensitive variant of the BZ reaction [44]. The authors of the latter publication
reported on boundary-induced drift of spirals while the drift was measured
as a function of applied light intensity. Previously obtained experimental re-
sults also revealed boundary-induced spiral drift in the ferroin catalyzed BZ
reaction [45]. Additionally, experiments regarding the interaction between
two spiral waves respectively two scroll waves (bound states) revealed inter-
action distances at the scale of the core diameters [46, 47].

The experimental findings strongly suggest that there is some kind of particle-
like interaction [48] between the spiral core and the no-flux boundaries, and
interactions between two separate spiral cores. Some early work in the
framework of the complex Ginzburg-Landau equation - which describes os-
cillatory media - implied a 1/r decay for the interaction distance [49, 50].
However, other studies in the same model suggested exponential decay [51].
Extensive theoretical and numerical work on the basis of the two-component
FitzHugh-Nagumo model - which describes excitable media - suggested a
super-exponential decay [52].

In 2003, Bär et al. published their numerical bifurcation and stability analy-
sis for spiral waves in the FitzHugh-Nagumo model [53]. By means of this
approach, the authors were able to show significant effects of domain size
on the dynamics of the spiral core. In particular, they found out that rigidly
rotating spirals start to perform meandering motion in small domains. They
denoted this effect as “boundary-induced meandering”. They also observed
suppression of meandering at intermediate sizes of the medium. We may
summarize the approach by Bär et al. in the following way: a spiral wave in
a reaction-diffusion model with simple rotation serves as steady state solu-
tion. Subsequently, the corresponding reaction-diffusion equations in the co-
rotating frame are linearized in the vicinity of the steady state solution. The
linear stability analysis in unbounded media then yields three eigenvalues
with the real parts being practically zero - otherwise known as Goldstone
modes [54, 55, 56]. These include one eigenvalue which stems from rotation
symmetry, and one complex-conjugate pair of eigenvalues originating from
the translational symmetry on the plane. Whilst decreasing the size of the
domain, the real part of the complex-conjugate pair becomes negative due
to repulsive interaction with the no-flux boundary. Further decreasing the
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medium size leads to growth of the real part to become positive, yielding
boundary-induced meandering.

In the last ten to fifteen years, Biktasheva and co-workers achieved much
work on theoretical investigation and numerical calculation of the response
functions [48, 57, 58]. I will provide an extensive summary of the response
functions on the basis of the asymptotic theory of spirals later (in chapter
2). For the time being, it is solely important to emphasize that response
functions are always localized in the core region of spirals while decreas-
ing exponentially outside of the core. Additionally, responses of the spiral
wave to any kind of perturbation are given by convolutions of the perturba-
tion with the response functions in the framework of spiral wave asymptotic
theory. Hence, perturbations far away from the core do not contribute to a
change in spiral wave evolution.
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1.2 scroll waves and scroll rings

Back in 1973, it was Arthur Winfree who described a spiral wave as an
infinitesimal slice through a three-dimensional structure [59]. Winfree called
them scroll waves [60]. Since then, one considers a scroll wave in its simplest
form as a straight continuous stack of spiral waves. A schematic of this
simple three-dimensional pattern is displayed by figure 8, panel A. Here, the
organizing center of the scroll wave is drawn in red. We shall denote this
organizing center as the filament of the scroll wave. Within this thesis, the
filament will be defined as the line containing the instantaneous positions
of each spiral wave. It is not mandatory to consider solely existence of
such simple straight scroll wave filaments, but also a filament structure that
might be curved in some way. The latter is illustrated by panel B of the
figure. Particularly, the normal vectors N (s) are depicted in both cases by
black arrows and parametrized by the arc length s along the filaments to
illustrate the presence and absence of curvature.

Winfree suggested scroll waves as portions of a bigger ring-shaped structure.
In 1974, he discussed initiation and evolution of scroll rings in BZ soaked
millipore filter papers [15, 61]. To capture, what he denoted as the anatomy
of the scroll ring [15], Winfree had to quickly unstack the millipore filters and
insert them into a chemical fixative. This stopped the reactions. Henceforth,
he could investigate the form of the ring in its entirety. Let us now study
the anatomy of a scroll ring with the aid of figure 9. We see three different
views of the scroll ring: The one which Winfree observed via his method, is
shown by panel C of the figure. Each filter that was treated with the fixative
displayed concentric circles of different sizes. Each vertical cross section
through the medium containing the symmetry axis shows a pair of counter-
rotating spirals. This is displayed by panel B. Finally, when we put together
all observations, the three-dimensional structure of a ring-shaped filament
appears, which continuously emits waves of activity in all directions of the
medium (panel A of figure 9).

A B

Figure 8: Schematic for scroll waves. The filament is shown in red, and in blue are
drawn single spiral waves in order to emphasize the scroll wave as a continuous
stack of spirals. The black arrows indicate direction of the normal vectors N (s)
along the arc length s. (A) Straight scroll wave. (B) Curved scroll wave.
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Figure 9: Anatomy of a scroll ring, inspired by a figure in [61]. (A) perspective view
of scroll ring filament (in red) around which in each cross section an involute pair
of spirals rotate. (B) A cross section of the ring in a confined medium containing
not one complete spiral wave length in the height direction. Small arrows indicate
direction of wave propagation. (C) View of one horizontal slice through the scroll
ring showing a series of concentric rings in blue. Once again, direction of wave
propagation is displayed via small arrows. The anticipated location of the filament
is denoted by the red circle. The figure illustrates characteristic parameters such
as the rotation frequency ω of each spiral, the phase of rotation φ, wavelength λ
measuring the distance between subsequent wave fronts, the radius R of the ring
filament, and its axial position z.
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The evolution of the ring filament can be described by its radius R and its
axial position z. The anatomy of the emitted waves can be described by
the wave length λ, frequency of rotation ω, and the phase of rotation φ.
Whereas, the phase and frequency of rotation are correlated with each other,
since ω = ∂t φ. A natural way to parametrize the filaments of scroll waves
and scroll rings, is achieved by the choice of the arc length coordinate s.
Specifically, I illustrated this for the case of the scroll wave filament in figure
8. Given this parametrization, one shall be able to investigate the shape of
the filaments in three-dimensional space by the curvature distribution κ (s)
along the filament, meaning that ∂sκ ̸= 0 points out a curved filament struc-
ture. Analogously, one can examine twist along the filament by introducing
it as the distribution of phase φ (s) along the filament, meaning that ∂s φ ̸= 0
will demonstrate twisted filament structures.

In the years after Winfree’s primary discussion of scroll waves and scroll
rings, further experimental and numerical studies were achieved. Welsh et al.
investigated time evolution of scroll rings in the BZ reaction [62]. Numerical
studies were reported in a reaction diffusion model [63], and in a cellular
automaton model [64]. Meanwhile, Winfree and Strogatz published a series
of four papers in which they proposed the possible observation of scroll
waves with a multitude of geometrical and topological shapes [65, 66, 67, 68]
(see also the nature review article from 1984 [69]), including twisted scroll
waves, multiply knotted scroll rings, etc. This was followed by numerical
and experimental investigations on the contraction of untwisted and twisted
scroll rings [63, 70, 71]. The latter studies revealed a slower contraction of
twisted rings in comparison with the untwisted rings. Additionally, the
corresponding spirals of the twisted ring possess a shorter period compared
to the simple ring spirals, and the ring filament appeared to vertically drift
along the axle of the filament plane.

Scroll ring filaments expanding within time, were observed in numerical
simulations primarily by Panfilov and Rudenko in 1987 [72]. Later, Nanda-
purkar and Winfree reported on the stabilization of intrinsically expanding
scroll rings near a no-flux boundary [73]. In numerical simulations, they
observed that the ring starts to contract as it approaches a nearby no-flux
boundary, and reaches a stable radius which it holds provided that the ring
remains in the vicinity of interaction distance to the boundary. This was the
first hint that interaction with a no-flux boundary might play a big role in the
evolution of scroll waves and scroll rings. Furthermore, Nandapurkar and
Winfree observed also the emergence of “aperiodic or meandering” motion
of the filament near the boundary.

The evolution of untwisted scroll waves were primarily considered by Keener
and Tyson in the BZ reaction [74], while dynamics of twisted and linked
scroll waves were studied numerically by Nandapurkar and Winfree [75]. In
succession, the role of twist in the evolution of scroll waves received much
more interest. For instance, Biktashev derived an equation of motion descri-
bing time-evolution of a scroll wave with non-homogeneous twist in a gene-
ral reaction-diffusion system [76].
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This was followed by a combined numerical and differential geometry app-
roach by Henze et al. in 1990 [77]. The authors reported on the numerical
observation of a twist-induced helical instability for scroll waves. Therein,
twist enters as an order parameter, inducing a spontaneous bifurcation to the
helical state of the filament. They denoted the emergence of this instability
as the “sproing” bifurcation. Keener and Tyson proposed a simple theo-
retical model in order to describe evolution of helical filaments [78]. Their
model grounds on a nonlinear function for the principal normal component
of the filament’s velocity vector, and was reported to account qualitatively
well with numerical observations. Another analytical approach for the study
of helical scroll wave filaments was delivered by Aranson and Mitkov in 1998

[79]. In this work, the authors proposed that an intrinsic three-dimensional
instability of a straight scroll wave leads to the helical state, and persists
even beyond the meander core instability of the spiral waves. Margerit and
Barkley provided a theoretical approach in which they investigated selection
of shape and rotation frequency for twisted scroll waves in reaction-diffusion
systems [80]. Finally, Pertsov and co-workers were able to study evolution
of scroll waves under twist [81], and appearance of the sproing instability
in experiments with the BZ reaction system [82]. They used a vertical tem-
perature gradient in the BZ medium as the experimental control parameter
in these studies. The gradient was applied parallel to the initially straight
scroll wave filament. In succession, the instability emerged above a certain
critical value for the temperature gradient.

Pertsov and colleagues also investigated evolution of scroll rings under the
application of temperature gradients [83, 84], being able to control spatial
orientation and lifetime of scroll rings. Amemiya et al. have used the photo-
sensitive variant of the BZ reaction in order to investigate evolution of scroll
rings under a gradient in the applied light intensity [85]. It was shown that
this leads to contraction and expansion of the ring filaments depending on
the gradient strength and direction.

To consider evolution of straight scroll waves in unbounded media, one has
to mention the profound work by Henry and Hakim [86, 87]. In these publi-
cations, Henry and Hakim report on their thorough linear stability approach
for scroll waves in the framework of the Barkley model [88]. These studies
delivered clear understanding for three important instabilities observed ear-
lier in numerical simulations and experiments. The first instability deals
with the translation bands. The appearing instability in that case is equiva-
lent to the negative line tension instability [89, 90, 91, 92] leading to expan-
sion of the filament, and in the long run to scroll wave turbulence [93, 94].
The second instability type deals with the meander bands, which yields re-
stabilized helical filaments in the nonlinear evolution. Finally, they consid-
ered twist as an instability source, explaining the emergence of the “sproing”
bifurcation as a supercritical Hopf bifurcation (respectively the Andronov-
Hopf bifurcation1, [95]).

1 See also the scholarpedia article on the Adronov-Hopf bifurcation by Prof. Yuri A. Kuznetsov
(http://www.scholarpedia.org/article/Andronov-Hopf_bifurcation).
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With regard to the first two instabilities, negative line tension and three-
dimensional meander, recently experimental evidence was delivered. Bán-
sági Jr. and Steinbock reported on the primary observation of the negative
line tension instability [96], and Luengviriya et al. on the observation of both
instabilities [97], in experiments with a BZ reaction system.

The primary theoretical attempt to describe the time evolution of scroll ring
filaments was delivered by Yakushevich. He could show contraction of scroll
ring filaments within time by basic elasticity considerations in the framework
of the complex Ginzburg-Landau model [98]. Later, Keener derived generic
equations of motion for the radius R (t) and the axial position z (t) of planar
untwisted scroll ring filaments in the framework of an asymptotic theory
for scroll wave filaments [99]. An extension to Keener’s theory of filaments
was provided by Biktashev and colleagues in 1994 [89]. They denoted one
coefficient, which was introduced in Keener’s theory, as the filament tension
α. The latter coefficient was shown to determine whether the ring-shaped
filament contracts (positive filament tension, α > 0) or expands (negative fila-
ment tension, α < 0) in time. Just recently, Dierckx and Verschelde achieved
derivation of much more generic equations of motion for filaments, both for
scroll waves and scroll rings [100]. This approach yields, among other im-
portant results, an equation for the effective tension of the filament adding
more terms to the basic filament tension α.

Another theoretical approach that explains evolution of scroll rings, is based
upon the kinematical theory for spiral waves. The latter kinematical the-
ory was proposed by Brazhnik, Davydov, and Mikhailov in 1986 [101]. De-
tails of the two-dimensional kinematical theory can also be found in review
papers by Mikhailov et al. [102, 103]. The first attempt to extend the two-
dimensional kinematic theory, such that it would describe evolution of scroll
rings, was also achieved by Brazhnik et al. in the late 1980s [104]. This three-
dimensional kinematic theory particularly predicts and explains collapse or
expansion of scroll rings through resonant interactions between individual
waves in the scroll ring pattern [105].

Some more very interesting experimental, numerical, and theoretical work
were achieved in recent years. For instance, control and suppression of scroll
wave (Winfree) turbulence by global periodic forcing [106, 107], and by lo-
cal periodic forcing [108, 109]. Additionally, lifetime enhancement of scroll
rings by space-time fluctuations [110], chemical turbulence and line defects
induced by gradient effects [111], and control of this chemical turbulence
[112] were achieved. Echebarria et al. proposed a non-equilibrium ribbon
model for twisted scroll waves [113], evidence for Burger’s equation in the
untwisting dynamics of twisted scroll rings with positive filament tension
was illustrated by Marts et al. [114], pinning of scroll filaments to different
types of obstacles [115, 116, 117], motion of hairpin-shaped filaments [118],
studies on scroll rings in advective fields [119, 120], and twists of opposite
handedness on a scroll wave [121].
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1.3 purpose and highlights of the thesis

My thesis is a report on the study of scroll waves and scroll rings under
spatial confinement. I worked both experimentally as well as numerically.

Up to now, it was the purpose of this introductory chapter to visualize the
background of these three-dimensional nonlinear wave patterns. It was
shown that such wave patterns emerge in media necessarily being main-
tained at conditions far from thermodynamic equilibrium. The latter waves
are contrasted from linear waves, such as light waves. The linear waves show
such phenomena like interference, while nonlinear waves both in conserva-
tive as well as in dissipative systems do not.

The study of these nonlinear three-dimensional waves like straight scroll
waves, being a continuous stack of spiral waves rotating along a linear axis,
and scroll rings which are considered as continuous ring-shaped arrange-
ment of spiral waves, was conducted in the Belousov-Zhabotinsky reaction
system extensively. However, this was achieved not only in the latter ex-
perimental system, but in other dissipative active media too, certainly also
theoretically, and numerically within a multitude of reaction-diffusion mo-
dels. For that the reader would have a glimpse of this in-depth study being
accomplished with regard to the straight scroll waves and scroll rings in the
last three to four decades, I wrote the previous section.

If the scroll waves and scroll rings have been investigated in such an exten-
sive way, you may pose the question for the reason of yet another study on
these three-dimensional wave patterns. In order to prepare my answer on
this question, I took one step behind and reported first on the most promi-
nent studies being achieved with regard to the influence of confinement on
the evolution of spiral waves (in section 1.1). Since spiral waves are the
building-blocks of scroll waves, the presented significant influence of spatial
confinement on the time-evolution of the former (spiral waves) might give
us an intuition for the influence of spatial confinement on the evolution of
the latter (scroll waves).

Intuition might be a motivation for taking the next steps towards an exten-
sive scientific study. With this in mind, P. Kolski was able to explain pre-
viously obtained experimental results within the photosensitive Belousov-
Zhabotinsky reaction (PBZR), which were unexpected if one is viewing them
from a purely two-dimensional perspective [122]. His numerical investi-
gations depicted the latter observations as three-dimensional phenomena
which arise under spatial confinement. Until that time, the influence of
spatial confinement on the evolution of scroll waves was not studied system-
atically.

This lack of a systematic study in direction of one ore more no-flux bound-
aries on the dynamics of scroll waves was the motivation for my thesis. It is
now my purpose to report on the results which I have obtained during that
systematic study.
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The upcoming part of my thesis will be devoted to a summary of some
theoretical concepts which I consider important for the understanding of
my results. At first, I will explain theoretical approaches for spiral waves
in chapter 2. Afterwards, I will present some important theoretical conside-
rations on the time evolution of scroll waves, scroll rings, and their filaments
in chapter 3.

Part two of my thesis is devoted to the experimental and numerical methods
I used for investigation of scroll waves under confined conditions. The first
chapter presents a novel experimental setup for the study of these three-
dimensional waves in the PBZR under stationary non-equilibrium condi-
tions (see chapter 4). The continuously stirred tank reactor (CSTR), which
allows the maintenance of stationary non-equilibrium conditions, is shown
in figure 10, top panel. Inspired by the experimental setup and its capa-
bilities, we devised a reaction-diffusion simulator which we termed as the
Virtual Lab project. The purpose, design, and capabilities of the Virtual Lab
project will be illustrated and discussed in chapter 5. Spiral waves, straight
scroll waves, and scroll rings can be visualized with the aid of this project
(see panel VLab in figure 10).

Figure 10: The visualized structure of the thesis - part ii: the methods.
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Figure 11: The visualized structure of the thesis - part iii: straight scroll waves under
spatial confinement.

Part three considers straight scroll waves under confinement. The first chap-
ter examines potential influences of confinement on known scroll wave insta-
bilities (chapter 6). Particularly, we will observe travelling pulselike deforma-
tion waves along filaments (see figure 11, left). More complex restabilization
phenomena, observed in the PBZR and compared to numerical simulations,
will be discussed in chapter 7 (see for example the one time snapshot com-
parison between experiment and simulation presented in figure 11, right).

The first chapter of part four in my thesis is devoted to a numerical sur-
vey which will compare evolution of free scroll rings with their confined
counter-parts (see chapter 8). Particularly, we will observe novel types of
autonomous pacemakers (APMs) in three-dimensional media. These are the
stationary and breathing APMs that are illustrated in figure 12 (top left and
top right panels, respectively). The next chapter presents the primary experi-
mental observation of a stationary APM in the PBZR (see chapter 9). The
third chapter of part four reports on the novel experimental observation of
different filament structures in the PBZR, including the square-shaped fila-
ment shown in figure 12, bottom panel. However, triangle-, elipse-, and
much more complex-shaped filaments are observed too, both in the experi-
ment as well as in the numerical simulations (see chapter 10).
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Figure 12: The visualized structure of the thesis - part iv: scroll rings under spatial
confinement.



Part I

T H E O RY





2
T H E O R E T I C A L C O N C E P T S O N S P I R A L WAV E S

2.1 introduction

In this chapter, I will consider exclusively generic reaction-diffusion (RD)
systems under the application of arbitrary perturbations on the plane r =

(x, y) ∈ R2 [56]. This system can be written in the following form:

∂tu = f (u) + D∆u + ϵh (u, r, t) , (1)

with u, f, h ∈ Rm, D ∈ Rm×m, m ≥ 2. Herein, u (r, t) can be viewed as
a column-vector containing concentrations of chemical reagents, and f (u)
as a column-vector containing (nonlinear) reaction rates. The m × m matrix
D is containing the diffusion coefficients and the term ϵh (u, r, t) is a small
perturbation (e.g., ϵ ≪ 1).

While spiral waves have been investigated extensively until today in experi-
ments with the BZ reaction, numerical studies on spiral waves are based
upon RD systems like the one given by equation (1). In the case of ϵ = 0,
system (1) allows the computational study of a huge family of spiral wave
behavior. But, for ϵ ̸= 0 the perturbation term ϵh (u, r, t) may introduce
changes to the rotational frequency and core position of spirals, leading to
drift of the whole spiral pattern in space.

A first attempt to describe drift of spirals in response to any kind of pertur-
bation theoretically, was made by Biktashev and Holden in 1995 (see in [56]).
Later, Zykov and Engel developed a theory to describe feedback-mediated
drift of spiral waves [123]. The asymptotic theory of spiral waves presented
by Biktashev and Holden is “based on the idea of summation of elementary
responses of the spiral wave core position and rotation phase to elementary
perturbations of different modalities and at different times and places” (cited
from [48, p. 1, right column]).

In succession, Biktashev and colleagues introduced and developed the mathe-
matical concept of response functions (RF) [48, 57, 58, 124]. Both experimen-
tal as well numerical investigations pointed out the significant insensitivity
of spiral waves to perturbations that are spatially distant from the core (see
also section 1.1 in the introduction part). Biktashev has been presuming a
fast decay of the RFs with distance from the core already in his thesis [125].
This behavior of spiral waves reflects some kind of wave-particle dualism
[48]. This is the case, since on the one hand spirals are non-localized ob-
jects characterized by rotating waves of activity propagating into the whole
medium, but on the other hand they behave like localized (particle-like) ob-
jects represented by the central core of the spiral wave.

21
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In the next section, I will cover linear stability of unperturbed spiral waves
based upon the system (1) with ϵ = 0. This will lead to formulation of the
Goldstone modes and the response functions for unperturbed spiral waves.
Henceforth, linear stability analysis for spiral waves under generic perturba-
tions (ϵ ̸= 0) will be considered in section 2.3. This approach will help us
derive generic equations of motion for the phase Φ and the position of the
core center R of rigidly rotating spiral waves under the influence of pertur-
bations. In order to illustrate the power of thus derived equations of motion,
some example perturbations will be considered (see in section 2.4). These ex-
amples include time-periodic stimulations, inhomogeneous media, and the
influence of boundaries. The general asymptotic theory for spiral waves un-
der perturbation was primarily elaborated by Biktashev and Holden [56]. In
this publication further details can be found on what I shall discuss more
briefly in sections 2.2 - 2.4. A short summary of numerical methods for com-
putation of RFs will be delivered in section 2.5, the details of which have
been worked out by Biktasheva and colleagues in references [57, 58].

2.2 stability of unperturbed spirals

A solution to system (1) with ϵ = 0 can be given by rigidly rotating spiral
waves, mathematically represented in the form

u (r, t) = U (r, t) = U (ρ, ϑ + ωt) . (2)

Here, ρ = ρ (r) and ϑ = ϑ (r) are polar coordinates in the (x, y)-plane. The
vector function U is 2π-periodic with respect to the angular argument. In a
next step, Biktashev and Holden formulated a stability postulate [56]:
Any solution to (1) at ϵ = 0 with initial conditions sufficiently close to (2)
tends in the limit of t → ∞ to a solution that is an element of the manifold

Uδr,δt (r, t) = U (r − δr, t − δt) , (3)

with arbitrary constant variations in space δr and time δt. The now following
analysis grounds on this stability postulate and treats the behavior of the
solutions to (1) at ϵ = 0 from initial conditions given by

u (r, 0) = U (r, 0) + v0 (r) . (4)

A linear approximation in the small variable v0 is now leading to solutions
of the system (1) represented by

u = U (ρ, ϑ + ωt) + v (r, t) . (5)

This yields a linear evolution equation for the perturbation v (r, t),

∂tv = L · v, (6)

with the linear operator L that is given by

L = D∆v + F [U (ρ, ϑ + ωt)] · v. (7)
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Here, F [U] ≡ ∂uf (u) |u=U depicts the Jacobian matrix containing partial
derivatives of the reaction terms evaluated at the rigidly rotating spiral solu-
tion (2).

Next, the stability analysis for the solution (2) is transformed to the analysis
of the linear system (6) and (7). The linear stability problem is at best per-
formed after a transition to a rotating coordinate system that can be written
in the following form

t → t̃ : t̃ = t,

r → r̃ : ρ̃ (r̃) = ρ (r) , (8)

ϑ̃ (r̃) = ϑ (r) + ωt.

Performing this coordinate transformation, and for convenience omitting the
∼-symbols, yields the linearized equation

∂tv = L · v, (9)

with the linear operator in the rotating coordinate frame,

L = D∆v − ω∂ϑv + F [U] · v. (10)

Since the linear operator L in (10) is independent of time t, it is sufficient
to seek for the spectrum of the operator in order to solve the linear stability
problem. The stability postulate which was defined above demands that the
operator L does not possess any eigenvalue with a positive real part. The
symmetry of the problem then leads to three non-decaying eigenfunctions
and their corresponding eigenvalues (both in the Cartesian as well in the
rotating coordinate frame):

V0 = − 1
ω

∂tU (r, t)

= −∂ϑU (ρ, ϑ) |t=0, λ = 0,

V+1 = −1
2

e−iωt (∂x − i∂y
)

U (r, t)

= −1
2

e−iϑ
(

∂ρ −
i
ρ

∂ϑ

)
U (ρ, ϑ) |t=0, λ = +1, (11)

V−1 = −1
2

e+iωt (∂x + i∂y
)

U (r, t)

= −1
2

e+iϑ
(

∂ρ +
i
ρ

∂ϑ

)
U (ρ, ϑ) |t=0, λ = −1.

These functions are also called the Goldstone modes which are the critical
eigenfunctions of the linearized operator L, that is

L · Vλ = iωλVλ, λ = 0,±1. (12)

Here, we have the rotational Goldstone mode V0 and the two translational
Goldstone modes V±1.
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Analogously, one can formulate the eigenvalue problem for the adjoint linea-
rized operator which is given by

L† = D∆ + ω∂ϑ + F† [U] . (13)

The critical eigenfunctions Wλ with their corresponding critical eigenvalues
λ = 0,±1 which are solving the eigenvalue problem

L† · Wλ = −iωλWλ (14)

are denoted as the “response functions” (RF) of spiral waves [48]. The RFs
yet have to be chosen such that they are bi-orthogonal to the previously
introduced Goldstone modes,(

Wλ, Vµ

)
= δλµ, λ, µ ∈ {0,+1,−1} . (15)

At the moment, these RFs are unknown and will be calculated numerically
later. However, we may write the functional (•, •) in an integral form with
some regular functions Yλ representing the RFs. Thus we get

(Wλ, •) =
∫
⟨Yλ, •⟩d2r. (16)

Here, ⟨•, •⟩ denotes the inner product in Cm, with m ≥ 2. The regular
functions Yλ must obey to an analogous eigenvalue equation like the one
defining the RFs (14),

L† · Yλ = λ∗Yλ. (17)

Contrary to the Goldstone modes, both the RFs Wλ and the regular functions
Yλ representing the RFs are decaying rapidly and are vanishing as ρ → ∞.
The characteristic distance at which these functions decay are denoted as the
sensitivity distance [56]. This characteristic decay of the RFs is reinforced by
the experimental observation [44, 47] that spiral waves, respectively scroll
waves, are only sensitive to such perturbations which are not farther away
from the core than the sensitivity distance. Later, we will see that RFs for
spirals are centered at the spiral wave core.

2.3 stability of perturbed spirals under generic perturba-
tions

In the last section, I introduced the asymptotic theory for spirals in the frame-
work of an RD system (1) with vanishing perturbation term (ϵ = 0), as it was
evolved by Biktashev and Holden (see in [56]). The purpose of the now fol-
lowing section is to derive equations of motion for the phase Φ and position
vector R of the spiral core when the parameter ϵ is not vanishing but small.
The perturbative derivation of these motion equations was once again intro-
duced primarily by Biktashev and Holden in [56].
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Before discussing derivation of such equations of motion, let us prepend
some important notions. In the previous section we became acquainted with
the Goldstone modes of rigidly rotating spiral waves. These are given by
the equations (11), as the critical eigenfunctions of the linearized operator
L. Any solution on the plane (x, y) then shall be generated by the two
translational Goldstone modes V±1, yielding

Vx = V+1eiωt + V−1e−iωt,

Vy = iV+1eiωt − iV−1e−iωt.

Moreover, the linear approximation v (r, t) that was introduced in the slightly
perturbed spiral solution (5) shall be generated by all three Goldstone modes
as follows (at order zero):

v (r, t) = c0V0 (r) + c+1eiωtV+1 (r) + c−1e−iωtV−1 (r) + o (1) . (18)

The above relation holds for t → ∞, and the coefficients c0,±1 have to be
determined as the convolution of the RFs W0,±1 with the initial conditions
v0 = v (r, 0), that is

c0,±1 = (W0,±1, v0) . (19)

Additionally, we have seen that the RFs Wλ (λ = 0,±1) are eigenfunctions
to the adjoint operator L†. Thus:

(Wλ,L · v) = (Wλ, ∂tv) = ∂t (Wλ, v) = λ (Wλ, v) . (20)

Now let us proceed with the perturbed problem (1) with ϵ ̸= 0. Notice
that the regular perturbation technique will not be successful in this case
since the perturbed solutions will be growing infinitely (“secular growth
problem”) [126, 127]1. Hereafter, the singular perturbation technique will be
introduced and will lead to the equations of motion that we seek.

Let us consider the unperturbed spiral core center to be located initially at
the origin of the coordinate frame u (r, 0) = U (r, 0). Hence, taking into
account the linearization at this core position,

u (r, t) = U (r, t) + ϵv (r, t) , (21)

leads in the rotating coordinate frame to the problem

∂tv = L · v + h [U (r) , r, t] . (22)

Therefore, with the aid of the identities (20), we get

∂t (Wλ, v) = λ (Wλ, v) + (Wλ, h) . (23)

We now are able to solve this equation explicitly. Provided that the sets
{Wλ|λ = 0,±1} and {Vλ|λ = 0,±1} constitute bases of the corresponding

1 See also the scholarpedia article on multiple scale analysis by Carson C. Chow
(http://www.scholarpedia.org/article/Multiple_scale_analysis).
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spaces, the general solution to the linear perturbation problem (22) is given
by

v (t) = ∑
λ

Vλeiωλt
∫ t

0
e−iωλτ (Wλ, h (τ)) dτ. (24)

The problem that renders the regular perturbation technique unsuccessful
appears now. As t → ∞, the solution (24) grows infinitely, even if the per-
turbation h remains uniformly bounded in time. We see the secular growth
exemplarily by projecting the above solution into W0, that is

(W0, v (t)) =
∫ t

0
(W0, h (τ)) dτ. (25)

The above projection goes to infinity as time goes to infinity, provided that
(W0, h (τ)) is a non-zero constant.

To solve this issue, let us consider now the singular perturbation technique.
What follows was presented by Biktashev and Holden in [56] and was also
used by them in order to derive equations of motion for scroll wave filaments
[89].

The initial idea is to expand the solutions to the system (1) in the vicinity of
the solution manifold (3) in the following form:

u (r, t) = U
[

r − R (t) , t − Φ (t)
ω

]
+ ϵv (r, t)

= U [ρ (r − R (t)) , ϑ (r − R (t)) + ωt − Φ (t)] + ϵv (r, t) . (26)

In this expansion, the new coordinates R (t) and Φ appear. While R = (X, Y)
gives the momentary center coordinate of the spiral core, Φ denotes the
current rotation phase of the spiral. The approximation vector v is chosen to
be orthogonal to the RFs,

(W0,±1, v) = 0. (27)

In addidition, we will represent the RFs Wλ by regular functions Yλ (λ =

0,±1) as follows

(Wλ, •) =
∫
⟨Yλ [ρ (r − R) , ϑ (r − R) + ωt − Φ] , •⟩d2r. (28)

Equation (28) indicates that the RFs, which were constant in the co-rotating
frame, now become rotating in the original frame. Under the assumption
that the drifting spiral core does not leave the ϵ-vicinity of the manifold (5),
we shall insert (26) into the RD system (1), just keep terms at the order ϵ,
and hence get

ϵ∂tv = ϵ
{
L · v + h

[
U
(

r − R, t − Φ
ω

)
, r, t

]
+ ∂ϑU

(
r − R, t − Φ

ω

)
∂tΦ (t) +

∂xU
(

r − R, t − Φ
ω

)
∂tX (t) + ∂yU

(
r − R, t − Φ

ω

)
∂tY (t)

}
+O

(
ϵ2) .

(29)
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By transforming the above equation to the coordinate frame of reference
associated with the spiral core,

t̃ = t,

ρ (r̃) = ρ (r − R) ,

ϑ (r̃) = ϑ (r − R) + ωt − Φ,

and reminding ourselves to the definitions for the Goldstone modes (11), we
arrive at

ϵ∂t̃v = ϵ
{
L̃ · v + h (U (r̃) , r, t)− ω−1Ṽ0 (r̃) ∂tΦ (t)

−
[
Ṽ+1 (r̃) ei(ωt−Φ) + Ṽ−1 (r̃) e−i(ωt−Φ)

]
∂tX (t)

− i
[
Ṽ+1 (r̃) ei(ωt−Φ) − Ṽ−1 (r̃) e−i(ωt−Φ)

]
∂tY (t)

}
+O

(
ϵ2) . (30)

We approach to the equations of motion for the spiral core position R and
rotation phase Φ, if we multiply both sides of equation (30) with the RFs
W̃0,±1 in the sense of an inner product

(
W̃0,±1, •

)
, apply the conditions (20)

and (27), and use the bi-orthogonality relation of eigenfunctions and adjoint
eigenfunctions:

∂tΦ = ϵω
(
W̃0, h

)
+O

(
ϵ2) ,

∂tX = ϵℜ
{

e−i(ωt−Φ)
(
W̃1, h

)}
+O

(
ϵ2) , (31)

∂tY = ϵℑ
{

e−i(ωt−Φ)
(
W̃1, h

)}
+O

(
ϵ2) .

Here, we have the real and imaginary parts, ℜ {•} and ℑ {•} respectively. A
transformation back to the original coordinate frame and using the integral
expression for the adjoint eigenvectors, given by (28), yields

∂tΦ = ϵ
∫ ⟨

Ỹ0 [ρ (r − R) , ϑ (r − R) + ωt − Φ] , h
⟩

d2r +O
(
ϵ2) ,

∂tX = ϵℜ
{

e−i(ωt−Φ)
∫ ⟨

Ỹ1 [ρ (r − R) , ϑ (r − R) + ωt − Φ] , h
⟩

d2r
}

(32)

+O
(
ϵ2) ,

∂tY = ϵℑ
{

e−i(ωt−Φ)
∫ ⟨

Ỹ1 [ρ (r − R) , ϑ (r − R) + ωt − Φ] , h
⟩

d2r
}

+O
(
ϵ2) ,

These equations of motion under the generic perturbation h (u, r, t) can also
be written as a generic vectorial system of ordinary differential equations as
follows [48, 57, 58]:

∂tΦ = ϵF0 (R, Φ) ,

∂tR = ϵF1 (R, Φ) , (33)
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where the “forces” F0 and F1 = (ℜ {F1} ,ℑ {F1})T can be determined using
the central moving average over the spiral wave rotation period. The lat-
ter procedure yields the formulation of the forces as convolution integrals
of the RFs Wn (ρ, ϑ) in the co-rotating frame of reference with the generic
perturbations h (r, t) [48, 57]:

Fn (R, t) = einΦ
∮ t+π/ω

t−π/ω

ωdτ

2π

∫ ∫
R2

d2r

× e−inωτ
⟨

Wn (ρ (r − R) , ϑ (r − R) + ωτ − Φ) , h(r, τ)
⟩

,

n = 0,±1. (34)

2.4 specific types of perturbations

The asymptotic theory for spirals under generic perturbations shall now be
illustrated by the effect of specific perturbations in time and space. Let us
consider a medium which depends on space and time parametrically, mathe-
matically formulated through

∂tu = f (u, α (t) , β (r)) + D∆u. (35)

In this equation a time-periodic stimulation is given by the function α (t) =
ϵA (Ωt − φ) possessing the property of periodicity, A (φ + 2π) ≡ A (φ). The
spatial inhomogeneity is formalized by the parameter β (r) = ϵB (r). Both
parametric perturbations are assumed to be small, meaning that ϵ ̸= 0 holds
with ϵ ≪ 1.

Let us first treat the simple case of a time-periodic stimulation in a homo-
geneous medium, meaning that we will assume β (r) = 0. In this case our
additive perturbation term in the RD system (1) gets

h (u, r, t) = ∂αf (u, 0) A (Ωt − φ) . (36)

Thus, if we set the current phase difference between the spiral rotation and
stimulation equal to ϕ, we get averaged motion equations

∂tϕ = ω + ϵF0 − Ω +O
(
ϵ2) ,

∂tX = ϵ
⏐⏐⏐F1

⏐⏐⏐ cos ϕ +O
(
ϵ2) ,

∂tY = ϵ
⏐⏐⏐F1

⏐⏐⏐ sin ϕ +O
(
ϵ2) ,

where the parameters Fn with n = 0, 1 are given by

Fn {α} =
∮ ∫ ∮ ⟨

Ỹn (ρ, ξ) , ∂αf [U (ρ, ξ) , 0]
⟩

dξρdρA (η) e−inηdη. (37)

Now, let us proceed further and consider a perturbation approach in which
the time-periodic stimulation is accompanied by a spatial inhomogeneity. In
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this case the parametric perturbation term β (r) is non-zero. Therefore, we
get

h (u, r, t) = ∂αf (u, 0, 0) A (t) + ∂βf (u, 0, 0) B (r) (38)

for the additive perturbation term of the RD system (1). Once this relation
is determined, we are able to calculate the forces acting on the spiral core
via the equations (32). The calculation then leads to a superposition of the
forces in the following form:

Fn {α, β} = Fn {α}+ Fn (β) , n = 0, 1. (39)

While the term for the time-periodic stimulation Fn {α} is defined by equa-
tion (37), the term for perturbation through spatial inhomogeneity Fn {β} is
defined as

Fn {β} =
∮ ∫ ∮ ⟨

Ỹn (ρ, ξ) , ∂αf [U (ρ, ξ) , 0]
⟩

× B [X + ρ cos (ξ − η) , Y + ρ sin (ξ − η)]

× dξρdρA (η) e−inηdη. (40)

The resulting equations of motion then can be formulated as follows (omit-
ting dash signs over R, X, and Y):

∂tϕ = Ω0 (R)− Ω + (∂tR · ∇) arg [F1 {α}] ,

∂tX = Cx (R) + c (R) cos ϕ, (41)

∂tY = Cy (R) + c (R) sin ϕ.

In these equations the term Ω0 (R) is the local resonance frequency,

Ω0 (R) = ωβ (R) + ϵF0 {α} = ω + ϵF0 {α}+ ϵF0 {β} (R) , (42)

where c (R) denotes the resonance-induced drift velocity,

c (R) = ϵ
⏐⏐⏐F1 {α} (R)

⏐⏐⏐, (43)

and Cx and Cy are the velocities for the drift caused by inhomogeneities,

Cx (R) + iCy (R) = ϵF1 {β} (R) . (44)

Last but not least, (∂tR · ∇) arg [F1 {α}] is an “anisotropic” term.

The set of motion equations (41) displays a superposition principle for drift
forces acting on the spiral core [56]. These drift forces can stem from dif-
ferent kinds of sources. Nevertheless, the superposition principle holds its
validity. Furthermore, it has been observed in numerical simulations that
the dynamics of vortices close to the boundaries are analogous to those in
media with inhomogeneities (see in [128]). Since the direction and velocity
of drift for the spiral core and the deviation of its rotation frequency are
determined by the position of the core with respect to boundaries, they can
be described by the same terms Ω0 (R), Cx (R), and Cy (R) in equations (41).
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In the reference [58], the authors considered special perturbations that are
2π/ω-periodic in time. Subsequently, they investigated such different spiral
drift phenomena induced by resonance, electrophoresis, and inhomogeneity.
Moreover, a quantitatively good agreement with numerical simulations in
the framework of both the FitzHugh-Nagumo and the Barkley models was
demonstrated.

In the following section, I will provide a short summary on the numerical
calculation of the RFs as it was illustrated by Biktasheva et al. in several
publications [48, 57, 58].

2.5 numerical computation of response functions

Primarily, I. V. Biktasheva and V. N. Biktashev provided a method to com-
pute RFs for the complex Ginzburg-Landau equation (CGLE) in 2003 (see
[48]). In this paper, they also introduced and discussed for the first time the
“wave-particle duality” which is connected to the behavior of spiral waves in
generic excitable media. Then, a more thorough description of a numerical
computation method for RFs, being valid for a generic class of RD models,
was delivered by them in 2009 [57]. Later, Biktasheva et al. also illustrated
computation of spiral wave drift velocities induced by a variety of perturba-
tions. These drift velocities were determined with the help of numerically
computed RFs in the FitzHugh-Nagumo and the Barkley models.

In this section, I shall provide a short summary of the numerical computa-
tion method for the RFs in generic RD models, as it was proposed in [57].
The interested reader seeking for further details of the procedure is referred
to the literature by Biktasheva and colleagues [48, 57, 58].

Let us now introduce the ingredients needed in order to compute the RFs.
These are:

(1) Spiral wave problem in the co-rotating frame

In the coordinate system that is co-rotating with the initial phase and an-
gular velocity ω of the spiral, the polar angle is given by θ = ϑ + ωt. The
corresponding spiral wave solution in this frame gets time-independent and
satisfies the equation

f (U)− ω∂θU + D∆U = 0. (45)

The unknowns in this equation are the field U (ρ, θ) and the scalar angular
velocity ω.

(2) Eigenvalue problem for the linearized operator

The linear stability spectrum of a steadily rotating spiral is defined by the
eigenvalue equation

L · V = λnV, (46)
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with the linearized operator given by

L = D∆ − ω∂θ + ∂uf (U) . (47)

The eigenvectors solving the problem are the Goldstone modes (GMs)
{Vn, n = 0,±1}, with their corresponding eigenvalues λn = inω. (see equa-
tions (11)).

(3) Eigenvalue problem for the adjoint linearized operator:

Analogously to the previous paragraph, one can formulate an eigenvalue
problem

L† · Wn = µnWn (48)

for the adjoint linearized operator

L† = D∆ + ω∂θ + (∂uf (U))T . (49)

The vectors solving this eigenvalue problem are the response functions (RFs)
{Wn, n = 0,±1} with their corresponding eigenvalues µn = −inω.

The complete system containing the three equations (45), (46), and (48) are
now discretized and numerically solved on the same polar grid

(
ρj, θk

)
=

(j∆k, k∆θ) where 0 < j ≤ Nρ and 0 ≤ k < Nθ plus the center point ρ = 0. The
nonlinear problem (45) is considered on a disk ρ ≤ ρmax, with homogeneous
no-flux boundary conditions, ∂ρU (ρmax, θ) = 0. The linearized problems (46)
and (48) are solved in the same domain with similar boundary conditions,
while the critical eigenvalues and eigenvectors of the discretized operators L
and L† are determined by using a complex shift and Caylay transform. Let
the matrix L be either the discretization of L or L†, then the complex shift
is defined as

A = L + iκI, (50)

and the subsequent Caylay transform as

B =
ηI + A

ξI + A
. (51)

In these two equations, κ, ξ, and η are real-valued parameters and I the
identity matrix. Let us consider λ, α, and β as eigenvalues of L, A, and B,
respectively. Then

α = λ + iκ,

β =
η + α

ξ + α

holds. Then, the selected eigenvalues and eigenvectors of the such con-
structed matrices B are calculated by the Arnoldi method, using ARPACK
[129].
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Figure 13: Solution of the nonlinear problem (45), and the adjoint linearized prob-
lem (48) for calculation of the response functions. Achieved in the Barkley system
for ρmax = 12.8, Nρ = 1280, Nθ = 64 and shown as density plots. Numbers under
the density plots are their amplitudes A: white color in the plots correspond to
the value A and black corresponds to the value −A of the designated field. Upper
row: first components (u); lower row: second components (v). The central areas of
RFs Wn, n = 0, 1, are also shown magnified in the small corner panels. Figure is
reprinted from [58] and licensed under CC BY 3.0.

Now, the Goldstone modes are analytically obtained by numerical differen-
tiation of the numerical spiral wave solution Û, that is

V̆0 = −∂θÛ (ρ, θ) ,

V̆±1 = −1
2

e∓iθ
(

∂ρ ∓
i
ρ

∂θ

)
Û (ρ, θ) ,

with the differentiation implemented using the same discretization schemes
as in the calculations. The response functions Ŵk, calculated by ARPACK,
are normalized with respect to the analytically obtained Goldstone modes
V̆k, such that ⟨

Ŵk, V̆k

⟩
= 1, k = 0,±1

holds. Finally, the Goldstone modes V̂k, computed by ARPACK, are normal-
ized with respect to the normalized response functions, such that⟨

Ŵk, V̂k

⟩
= 1, k = 0,±1

holds.

In summary, the following points are achieved by the above procedure: (1) a
numerical solution for the spiral wave problem (45) together with the angu-
lar velocity ω, (2) analytical determination of the Goldstone modes V̆k,

https://creativecommons.org/licenses/by/3.0/
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(3) numerical determination of normalized Goldstone modes V̂k, and (4)
determination of normalized response functions Ŵk.

Without going too much into detail with the numerical tests performed by
Biktasheva et al., I solely present here one typical result of the numerically
calculated RFs originally published in [57, 58]. Figure 13, taken from [58],
displays spiral wave solutions together with the RFs in a spatial domain
defined by ρmax = 25, Nρ = 1280, and Nθ = 64. The RFs Ŵ are localized in
a small area at the spiral core while tending to zero outside of that region.
These results were achieved for the Barkley model.





3
T H E O R E T I C A L A P P R O A C H E S O N S C R O L L WAV E
F I L A M E N T S

3.1 introduction

Primarily, Yakushevich investigated some basic elastic properties of scroll
wave filaments in excitable media [98]. He did these investigations in the
framework of the complex Ginzburg-Landau equation (CGLE). Under the
assumption that the waves near the filaments behave like vortices (spiral
waves), he showed that the relaxation velocity of the filament will be pro-
portional to the medium diffusion coefficient and to the filament curvature.
Yakushevich’s approach for the case of a scroll ring filament, which is as-
sumed to be relatively large (R ≫ 1) and planar, yields the radial relaxation
velocity

vR =
dR
dt

=
D0

R
. (52)

Since the real part of the complex-valued diffusion coefficient in the CGLE
is positive, D0 > 0, this result implies that the corresponding scroll ring
filament will continuously contract in time. For the complete derivation see
in [98].

In 1988, Keener presented derivation of motion equations for scroll ring
filaments [99]. His derivation is based upon multiscale or averaging methods
valid in the asymptotic limit of small curvature and torsion of corresponding
filaments. As an example, the generic equations of motion by Keener led to
specific evolution equations for the radius R (t) and the axial position z (t)
of planar untwisted scroll ring filaments,

dR
dt

= − α

R
,

dz
dt

=
β

R
. (53)

A summary of Keener’s approach together with the specific form of the
coefficients α and β will be delivered in the next section.

An extension to the asymptotic theory of scroll filaments was provided by
Biktashev and colleagues in 1994 [89]. In this work, the authors proposed
a monotonic change of the total filament length, independently of initial
conditions. Furthermore, they denoted the coefficient α as the filament ten-
sion governing the rate of shrinking (positive filament tension, α > 0) or
expansion (negative filament tension, α < 0) for the filament. A summary of
the approach by Biktashev and co-workers will be delivered in the second
section of this chapter (section 3.3).

35
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Later, H. Henry and V. Hakim delivered a thorough approach on the linear
stability of straight scroll waves in the framework of the Barkley reaction-
diffusion model [86, 87]. In these publications, they considered three types
of instabilities emerging for perturbed straight scroll waves. In case of the
translation bands, the emerging instability is equivalent to the negative line
tension instability [89, 90, 91, 92], which eventually leads to scroll wave tur-
bulence [93, 94]. In case of the meander bands, the scroll waves re-stabilize
and their filaments maintain helical morphologies after the appearance of
the instability. Thirdly, they also considered the twisting of filaments and
have shown that twist-induced instability emerges in the form of a super-
critical bifurcation, which is termed as the “sproing” bifurcation [77]. A
summary of the approach by Henry and Hakim will be provided in section
3.4.

Recently, H. Dierckx and H. Verschelde delivered a much more generic
derivation of motion equations for filaments of scroll waves and scroll rings
[100]. I will not discuss the approach by them in my thesis. The interested
reader is referred to the latter citation.

3.2 approach by keener

Derivation of motion equations for planar scroll ring filaments were achieved
primarily by Keener in the asymptotic limit of small curvature and torsion
[99]. Keener’s approach is based upon behavior of solutions to generic
reaction-diffusion (RD) systems, given by

∂tu (r, t) = D∆u (r, t) + f [u (r, t)] . (54)

In this RD system we have the vector u (r, t) ∈ Rm (e.g. the vector of some
chemical concentrations), the vector of functions f [u (r, t)] ∈ Rm (e. g. non-
linear reaction rates), the m × m diagonal matrix, D ∈ Rm×m, of diffusion
coefficients (e.g. of the corresponding chemical species), while dimension
of the RD system is m ≥ 2. The spatial coordinate system is two- or three-
dimensional, that is r ∈ Rn with n = 2 or n = 3. Hence, the Laplace operator
∆ is defined in two or three spatial dimensions.

This RD system is equivalent to the one which was introduced in the pre-
vious chapter, except for the perturbation term ϵh (u, r, t) (see chapter 2,
specifically equation (1)). Therefore, the linear stability for unperturbed spi-
ral solutions presented in section (2.2) will be helpful for the now following
summary of the approach by Keener.

On our way to the sought filament motion equations, we have to introduce
some assumptions. The first assumption is to consider a three-dimensional
solution of the system (54) as a spiralling scroll wave which is rotating about
an axis represented by a slowly moving curve in three-dimensional space.
Secondly, curvature and torsion of the curve are assumed to be small. This
curve now defines the filament of the scroll wave.
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Let us now consider the filament to be defined by the position vector R (s, t).
Here, we have the parametrization of the filament curve, in space and time,
given by the arc length s and time t, respectively. The curvature of the
filament will be denoted by κ and the torsion by τ. In the following, the
coordinate representation

X = R + pN + qB,

with N being the normal vector and B the bi-normal vector to the curve,
will be taken into account. Parameterizations p and q are characterizing the
plane which is normal to the curve at any given arc length s. Note that
this coordinate representation is orthogonal only in the vicinity of the curve,
but possesses singularities at distances more than one curvature radius away
from the curve X = R.

Now, we take into account the introduced coordinate frame and the Frenet-
Serret equations,

dR
ds

= T,

dT
ds

= κN,

dN
ds

= −κT + τB,

dB
ds

= −τN, (55)

for the position vector R, the tangent vector T, the normal vector N, and
the bi-normal vector B. By all the above assumptions, Keener was able to
express both the gradient operator as well the Laplace operator with respect
to the coordinates s, p, and q. In particular, the gradient operator becomes

∇ · u = Hu · T +
∂u
∂p

· N +
∂u
∂q

· B. (56)

Here, we have the first order differential operator Hu, represented by

Hu =
1

1 − κp

(
∂u
∂s

− τ
∂u
∂θ

)
, (57)

where θ is the angular variable in the polar coordinate frame of the p-q-plane,
p = ρ cos θ, q = ρ sin θ. Consequently, ρ is the radial variable in this frame.
Next, the three-dimensional Laplace operator is expressed by the relation

∆u = H (Hu)− κ

1 − κp
∂u
∂p

+
∂2u
∂p2 +

∂2u
∂q2 , (58)

where the last two terms represent the two-dimensional Laplace operator in
the p-q-plane. In addition, the assumption of slowly moving filament curves
leads to transformation of the time derivative,

∂u
∂t

→ ∂u
∂t

− (T · Hu)
∂X
∂t

−
(

N · ∂u
∂p

+ B · ∂u
∂q

)
∂R
∂t

−
(

B · ∂u
∂θ

)
∂N
∂t

, (59)
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where ∂tX = ∂tR + p∂tN + q∂tB.

Now, we seek approximate solutions of the RD system (54) of the form

u (s, p, q, t) = V (r, θ + ϕ (s, t)− ωt) + u1. (60)

In this approximate solution, the term V (r, θ + ϕ (s, t)− ωt) is a vortex solu-
tion for a p-q-plane that is normal to the filament curve at arc length s, and
u1 represents the approximation. Keener now introduces a small parameter
ϵ. He then considers τ and ∂sϕ of order ϵ, while he regards u1, ∂tX, ∂2

s ϕ,
∂sτ, and κ of order ϵ2. Next, the approximate solution (60) is inserted into
(54). By using the substitutions for the Laplace operator (58), for the time
derivative (59), and keeping only terms of order ϵ and ϵ2, one arives at

L · u1 = F [V, R, T, N, B] , (61)

where the function F is defined as

F [V, R, T, N, B] =
∂

∂s

(
∂ϕ

∂s
− τ

)
D · ∂V

∂θ
+

(
∂ϕ

∂s
− τ

)2

D · ∂2V
∂θ2 − κD · ∂V

∂p

+ T · ∂R
∂t

(
∂ϕ

∂s
− τ

)
∂V
∂θ

+

(
N · ∂R

∂t

)
∂V
∂p

+

(
B · ∂R

∂t

)
∂V
∂q

+

(
B · ∂N

∂t
− ∂ϕ

∂t

)
∂V
∂θ

, (62)

and the linear stability operator L is given by

L ≡ ∂

∂t
− D∆2D − F [U] , (63)

with F [U] = ∂uf (U) and the two-dimensional Laplace operator ∆2D (the last
two terms in equation (58)).

Through the discussion of the asymptotic theory for unperturbed spiral
waves (see section 2.2 on page 22), we found the eigenvectors of the lin-
ear operator (63), the Goldstone modes (GMs). In the case treated here, we
may define the GMs by Vθ = ∂θV, Vp = ∂pV, and Vq = ∂qV. Moreover, we
also discovered the adjoint linearized operator,

L† ≡ ∂

∂t
+ D∆2D + F† [U] , (64)

with their corresponding eigenvectors, the response functions (RFs), which
we shall represent here by Wθ , Wp, and Wq. The GMs and the RFs form
a normalized bi-orthogonal set with respect to the natural product of two
complex functions u, v ∈ Cm (m ∈ N+). This inner product is defined by

(u, v) =
∫ P

0
dt
∫∫∫

dpdqdθ u (p, q, θ, t) · v (p, q, θ, t) , (65)

In this relation, P = 2π/ω is the period of the corresponding spiral and the
dot denotes usual scalar product in Cm. Accordingly, in the case treated here
we have (

Vλ, Wµ

)
= δλµ, λ, µ ∈ {p, q, θ} . (66)
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In order to solve equation (61) for the motion equations of the filament
curve, it is required that the right-hand side of (61), namely the function
F [V, R, T, N, B], be orthogonal to the RFs. The resulting solubility condi-
tions yield equations of motion for the filament curve R (t) and for the rota-
tion phase distribution ϕ (t) along the scroll wave filament:

∂ϕ

∂t
=

∂N
∂t

· B +

(
∂ϕ

∂s
− τ

)
∂R
∂t

· T + a1

(
∂ϕ

∂s
− τ

)2

+ b1

(
∂2ϕ

∂s2 − ∂τ

∂s

)
− c1κ,

∂R
∂t

· N = −a2

(
∂ϕ

∂s
− τ

)2

+ b2κ − c2

(
∂2ϕ

∂s2 − ∂τ

∂s

)
, (67)

∂R
∂t

· B = −a3

(
∂ϕ

∂s
− τ

)2

+ c3κ − c4

(
∂2ϕ

∂s2 − ∂τ

∂s

)
.

The coefficients ai with i ∈ {1, 2, 3}, bj with j ∈ {1, 2}, and ck with k ∈
{1, 2, 3, 4} are given by

a1 =
(
D∂2

θV, Wθ

)
, a2 =

(
D∂2

θV, Wp
)

, a3 =
(
D∂2

θV, Wq
)

,

b1 = (D∂θV, Wθ) , b2 =
(
D∂pV, Wp

)
, c1 =

(
D∂pV, Wθ

)
, (68)

c2 =
(
D∂θV, Wp

)
, c3 =

(
D∂pV, Wq

)
, c4 =

(
D∂θV, Wq

)
,

An additional equation must be considered with respect to the tangential
component of the filament velocity, ∂tR ·T, since equations (67) are expressed
in arc length coordinates. Therefore, the tangential component is required
to satisfy

∂s (∂tR · T) = κ (∂tR · N) ,

in order that flow maintains the arc length coordinate system. When another
coordinate frame is chosen to describe evolution of the filament curve R, this
last relation may be dropped.

For illustrating the power of the motion equations (67), Keener discussed
some example cases. Here, I will not provide these examples completely.
Instead, I will illustrate shortly the two cases for planar scroll rings with
and without twist, while skipping Keener’s considerations on the evolution
of helical scroll waves. The interested reader is referred to Keener’s paper
from 1988 [99].

3.2.1 Untwisted scroll ring

We shall assume that the scroll ring considered here is planar and the twist
∂sϕ is the same at any point of the filament. Hence, torsion of the filament τ

is zero everywhere, and equations (67) are reduced to

∂ϕ

∂t
= −c1κ,

∂R
∂t

· N = b2κ, (69)

∂R
∂t

· B = c3κ.
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Additionally, when we assume that the diffusion matrix is D = d · I for a
constant value of d and I being the identity matrix, then we have b2 = d
and c1 = c3 = 0. Therefore, the above equations are reduced further and
the considering scroll ring filament holds its plane form for all times while
vertically drifting with a velocity proportional to the diffusion coefficient
times the curvature of the filament. This remaining last equation, namely
∂tR ·N = dκ, was also derived by Panfilov et al. in 1986 in the special case of
exactly circular filaments [130]. Keener and Tyson studied this case experi-
mentally in the framework of the BZ reaction [74]. If the two coefficients c1

and c3 are nonzero, then more complex phenomena may arise. For a nonzero
c1, the equations forecast development of twist in the course of time while
for nonzero c3, an initially planar scroll ring will not remain planar. But in
both of these two cases, it is desired that the scroll ring is not exactly circular
initially.

For a scroll ring we may write equations (69) in terms of the radius R (t) and
the height z (t) of the filament,

dR
dt

= −b2

R
,

dz
dt

=
c3

R
, (70)

with the solutions given by

R (t) =
√

R2
o − 2b2t,

z (t) = z0 −
c3R (t)

b2
. (71)

The first of the two equations (70) attributes a physical quality to the coef-
ficient b2. This is getting apparent when we consider the sign of it. If b2 is
positive, then the scroll ring is contracting and has a finite lifetime, the latter
given by T = R2

0/2b2. In contrast, the ring expands in case of negative b2.
Later, Biktashev et al. considered the coefficient b2 as an elastic property of
the scroll wave filament, and denoted it as the filament tension [89].

3.2.2 Twisted scroll ring

The assumptions of uniform initial twist and zero torsion lead to the follow-
ing reduced motion equations for the ring filament:

∂ϕ

∂t
= a1

(
∂ϕ

∂s

)2

,

∂R
∂t

· N = b2κ − a2

(
∂ϕ

∂s

)2

, (72)

∂R
∂t

· B = c3κ − a3

(
∂ϕ

∂s

)2

.
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Analogously to the previous case of untwisted scroll rings, we may consider
equal diffusion coefficients by D = d · I. This leads again to b2 = d and c1 =

c3 = 0, but nevertheless the coefficients a1, a2, and a3 remain. The reduced
motion equations (72) indicate that a planar scroll ring with uniform twist
holds both its planar structure as well its uniform twist with the passing of
time.

Now, under the assumption that the ring filament is exactly circular, one can
consider the total twist as an integer multiple of 2π and write ∂sϕ = j/R.
Hence, we reduce the equations of motion for the filament’s curve R in
normal and bi-normal directions to equations for the radius R and height z.
These and the one for the twist ϕ get

∂R
∂t

=
a2 j
R

− b2

R
,

∂z
∂t

=
c3

R
− a3 j2

R2 , (73)

∂ϕ

∂t
=

a1 j2

R2 − c1

R
.

Both the effective evolutions for the radius as well the height of the scroll
ring are now affected by additional terms, in comparison to the equations
for initially untwisted rings (70). The radius evolution equation indicates the
existence of a stationary scroll ring for positive filament tension coefficient
(b1 > 0) with a stationary radius R1 = a2 j2/b2. The vertical drift of the ring
reverses its direction as the radius passes through the second critical radius
R2 = a3 j2/c3.

3.3 approach by biktashev

In 1994, Biktashev et al. showed that some of the coefficients (68) in Keener’s
filament motion equations (67) will always vanish [89], by using the rotation
symmetry of the unperturbed vortex solution u = U (r, θ − ωt) for a generic
reaction diffusion system (54). Additionally, their approach predicts that the
overall filament length will change monotonically with time, independently
from initial conditions, and just governed by one single coefficient which
is dependent on medium parameters. I will provide a summary of this
approach in this section, and we will see that this coefficient is the filament
tension, meaning that α ≡ b2.

A change to a rotating coordinate frame t → t̃, r → ρ, θ = ξ with

t̃ = t,

ξ = θ − ωt,

ρ = r
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leads to the following rotation-symmetric equations for the linear operators
L and L†:

L̃ · ũ = ∂tũ − ω∂ξũ − ∆̃2Dũ − F [U (ρ, ξ)] · ũ = 0, (74)

L̃† · ṽ = ∂tṽ − ω∂ξ ṽ + ∆̃2Dṽ + F† [U (ρ, ξ)] · ṽ = 0. (75)

Under the consideration of the inner product (ũ (ρ, ξ, t) , ṽ (ρ, ξ, t)) for the
functions ũ, ṽ (65) in the co-rotating frame, together with the eigenfunctions
for the linear operator L (Goldstone modes Vµ with µ ∈ {0,±1}) and the
adjoint operator L† (response functions Wλ with λ ∈ {0,±1}), Biktashev
and colleagues were able to show that the conditions

(Vx, Wx) = 1,(
Vy, Wx

)
= 0,

(Vx, Wθ) = 0,

are fulfilled. In accordance, all inner products in (68) including rotational
eigenfunctions on the one side and shift eigenfunctions on the other side
will also vanish [89]. Hence, we get

a2 = a3 = c1 = c2 = c4 = 0.

With these arguments, the resulting equations of motion for the filament
reduce to

∂ϕ

∂t
=

∂N
∂t

· B +

(
∂ϕ

∂s
− τ

)
∂R
∂t

· T

+ b1

(
∂2ϕ

∂s2 − ∂τ

∂s

)
+ a1

(
∂ϕ

∂s
− τ

)2

,

∂R
∂t

· N = b2κ, (76)

∂R
∂t

· B = c3κ.

In comparison to the motion equations that were derived by Keener (equa-
tions (67)), the reduced equations for the filament curve R are independent
of the rotation phase distribution ϕ in here. One may combine the last two
equations in (76) with the help of the Frenet-Serret equations (55) to get

∂R
∂t

= b2D2
s R + c3

[
DsR ×D2

s R
]

. (77)

In this equation the arc length differentiation operator with respect to a func-
tion f (σ, t) is defined as

Ds f (σ, t) ≡ ∂σ f (σ, t)
|∂σr (σ, t) | , (78)

and the filament curve vector function R (σ, t) is described by the parameter
σ such that points with equal σ move orthogonally to the filament, while
arbitrary in other respects.
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Let us now write down the total length of the filament at each time t:

S (t) =
∫

ds =
∫

|∂σR (σ, t) |dσ, (79)

Here, the integration is achieved over the whole filament. Time derivation of
this function under the assumption that the boundaries of the medium are
smooth and impermeable (assumption that the filament is closed to a ring)
yields

∂S
∂t

= −b2

∫
|D2

s R|2ds = −b2

∫
κ2 (s) ds. (80)

This equation displays time evolution of the filament subject to the coeffi-
cient b2, independent of initial conditions and other coefficients of the equa-
tions (76). If b2 > 0, the filament contracts continuously until it diminishes.
Contrary to this, the total filament length increases in time for b2 < 0. Ac-
cordingly, Biktashev et al. attributed a key role to the coefficient b2 and
denoted it as the filament tension parameter.

3.4 approach by henry and hakim

The purpose of this section is to summarize the linear stability analysis for
straight scroll waves which was achieved by H. Henry and V. Hakim [86, 87].
Henry and Hakim performed their investigations in the framework of the
Barkley model. This model was proposed by D. Barkley in 1991 [88] and can
be written in the following form:

∂u
∂t

= Du∆u +
1
ϵ

f (u, v) , (81)

∂v
∂t

= g (u, v) , (82)

with

f (u, v) = u (1 − u)
(

u − v + b
a

)
, (83)

g (u, v) = u − v. (84)

The model parameters are a, b, ϵ, and solely the first component u diffuses
with a coefficient Du = 1. Henry and Hakim used throughout of their work
a fixed value for ϵ (ϵ = 0.025), while presenting investigation of scroll wave
stability for distinct a-values along the line b = 0.01. This is shown in figure
14.

In the following, I will present their approach in several steps. The first step
is to transform equations (81) and (82) to a co-rotating cylindric coordinate
frame described by r, ϕ = θ − ωt − τωz, z, and t. Here, we have the rota-
tion frequency ω and the imposed twist along the scroll wave filament τω.
Transformation then yields(

∂t + 2τω∂2
ϕz − ∂2

zz

)
u =

(
ω∂ϕ + τ2

ω∂2
ϕϕ + ∆2D

)
u +

1
ϵ

f (u, v) , (85)

∂tv = ω∂ϕv + g (u, v) . (86)
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Figure 14: Schematic bifurcation diagram for spiral waves simulated in the Barkley
model. The bold green line depicts the meander transition line which separates
spirals with rigidly rotating tips from spirals with meandering tip motion. Spirals
retract left of the thick red line [131]. Along the dotted line through b = 0.01
different parameters were chosen by Henry and Hakim to investigate scroll wave
evolution.

Next, one gets the stationary equations by setting solutions of equations (81)
and (82) at each z-slice of the medium equal to those of steadily rotating
spiral waves, meaning that u (r, ϕ, z, t) = u0 (r, ϕ) and v (r, ϕ, z, t) = v0 (r, ϕ)
for the rotation frequency ω = ω1. Hence, we arive at(

∆2D + ω1∂ϕ + τ2
ω∂2

ϕϕ

)
u0 +

1
ϵ

f (u0, v0) = 0, (87)

ω1∂ϕv0 + g (u0, v0) = 0. (88)

These equations are purely two-dimensional due to the translation-invariance
of the corresponding scroll wave in z-direction.

Yet, in order to linearize equations (85) and (86) around the stationary solu-
tions u0 and v0, perturbations of the form

u (r, ϕ) = u0 (r, ϕ) + exp [σ (kz) t − ikzz] u1 (r, ϕ) , (89)

v (r, ϕ) = v0 (r, ϕ) + exp [σ (kz) t − ikzz] v1 (r, ϕ) (90)

are introduced and after insertion in (85) and (86) yield

σ (kz)

(
u1

v1

)
= Lkz

(
u1

v1

)
, (91)

with the linearized operator

Lkz =

(
A B

C D

)
, (92)
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and the abbreviations

A = ∆2D + τ2
ω∂2

ϕϕ + (ω1 + 2ikzτω) ∂ϕ − k2
z +

1
ϵ

∂u f (u0, v0) ,

B =
1
ϵ

∂v f (u0, v0) ,

C = ∂ug (u0, v0) ,

D = ω1∂ϕ + ∂vg (u0, v0) .

In the next step, the eigenvalues corresponding to this linear system are
calculated by usage of an iterative algorithm numerically. The algorithm is
described in reference [132], while the numerical procedure is analogous to
linear stability analysis for spiral waves discussed in [55, 133]. The main
ideas of that procedure are:

1. There exists a subspace spanned by m eigenvectors e1, e2, . . . , em of the
largest real part of Lkz .

2. Projection of Lkz onto this subspace.

3. Diagonalization of Lkz .

Two cases have to be considered corresponding to the spectrum of Lkz : (a)
For the case of zero twist (τω = 0), the linear system (91) and (92) depends
only on k2

z and the spectral bands are linear functions of the wave number
kz. Furthermore, the linear operator Lkz is real-valued, such that the complex
eigenvalues are complex-conjugated pairs. (b) There are no symmetries for
the case of non-vanishing twist (τω ̸= 0). Hence, we have Lkz = L∗

−kz
and

the bands of the complex modes are grouped in pairs of σ1 (kz), σ2 (kz) with
σ2 (kz) = σ∗

1 (−kz).

There are five dominant modes in the two-dimensional case: (1) One rotation
mode with its corresponding eigenvalue σ = 0 following from the rotation-
invariance of equations (85) and (86), (2) two translation modes follow from
the translation-invariance of equations (81) and (82) with purely imaginary
eigenvalues σ = ±iω1, and (3) two complex-conjugated modes with their
corresponding eigenvalues σ = ω1 ± iω2 emerge and are denoted as the
meander modes (real parts of these modes cut the meander instability line
depicted by the green dashed line in figure 14).

First, Henry and Hakim investigated the linear stability of these three modes.
Afterwards, they presented the nonlinear evolution of the corresponding
scroll waves by direct numerical simulations of the model equations (81)
and (82) in three spatial dimensions. Investigations were accomplished for
straight scroll waves with and without twist as initial states. The setups for
the numerical simulations are shown in the schematic figure 15. Vertically
placed scroll waves are drawn in the middle of the boxes. Panel A displays a
scroll with zero twist (τω = 0), while in panel B a scroll with non-zero twist
(τω ̸= 0) is presented.

Henry and Hakim have chosen the simulation boxes to possess either per-
iodic or no-flux boundary conditions at the top and bottom faces, while the
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Figure 15: Schematic for scroll wave initial states investigated by H. Henry and V.
Hakim. (A) Scroll wave with zero twist (τω = 0). (B) Scroll wave with nonzero
twist (τω ̸= 0).

other medium walls were always chosen to be periodic. Simulations were
then performed for different parameter sets of the Barkley model showing
instability of either the translation modes or the meander modes. Spiral
tips were defined as the intersection of two iso-concentration lines u = utip

and v = vtip. Analogously, filaments were detected as intersection of iso-
concentration planes u = utip = 0.5 and v = vtip = 0.75 (0.5a − b). The latter
is the instantaneous filament definition. In the following, I will provide
a summary of the results by Henry and Hakim. I will begin with their
investigation for scroll waves without initially induced twist and conclude
this section with their findings for twist-induced instabilities.

As an example for the translation band instability, the parameter set a = 0.44,
b = 0.01, and ϵ = 0.025 was selected. In this case, Henry and Hakim observe
the instability appearing for kz ̸= 0 while in two spatial dimensions spirals
are stable. The results for the spectrum of the linearized system (91) in this
case is shown by figure 16. Clearly, the maximum of Re (σ) is at kz ≈ 0.5.
Since the instability occurs at very small wave numbers, as soon as kz ̸= 0,
this corresponds to the negative line tension instability (see reference [89]).

Hereafter, Henry and Hakim show that the translation band instability is a
long-wavelength instability which can be explained by drift of spirals in an
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Figure 16: Eigenvalue spectrum for a straight scroll wave with translation band
instability. (a) Real and (b) imaginary part of the growth rate σ (kz) as a function
of the wave number kz for the values of parameters a = 0.44, b = 0.01, and ϵ =
0.025 are displayed. Figure reprinted with permission from [87], copyright by the
American Physical Society.

external field. Let us consider an external field E that leads to a drift of the
spiral core center with the velocity

v = α∥E + α⊥ω1 × E, (93)

with the rotation vector ω1 of the spiral tip around its core. Hakim and
Karma have shown (for weakly excitable media) that a slightly curved scroll
wave acts as an external field [131]. This represents the main reason that a
straight scroll is not stable if α∥ < 0. To be more precise, one can derive an
equation for the translation bands for small kz by perturbation analysis at
first order. The perturbation analysis yields

σ± (kz) = ±iω1 +
(
−α∥ ± iα⊥

)
k2

z +O
(

k4
z

)
. (94)

The nonlinear evolution of the instability was investigated by direct numeri-
cal simulations of equations (81) and (82), for the same parameter set (a =

0.44, b = 0.01, and ϵ = 0.025), and with initial states as shown in figure 15,
panel A. The results of the simulations by Henry and Hakim is presented
in figure 17. In agreement with previous observations by Biktashev et al.
[89], development of the negative line tension instability was observed. The
slightly perturbed straight scroll deforms, the overall length is increasing,
and finally it departs. Initiation and development of the instability necessi-
tates a minimum size of the medium. In particular, for the chosen parame-
ter set, a minimum box height corresponding to wave number kz = 84 was
found. Simulations yield a minimum box height corresponding to kz = 81.
Additionally, Henry and Hakim have shown how the choice of boundary
type for the bottom and top faces of the box will influence the minimum
box height. This critical size was found to be larger by a factor of two for
periodic boundaries than for no-flux boundaries [87].
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Figure 17: Instantaneous filament evolution starting from a slightly perturbed
straight scroll for equally spaced times (t = 25, t = 50, t = 75, and t = 100)
during a simulation in a simulation box of size (128 × 128 × 120) with a space dis-
cretization step dx = 0.2 using periodic boundary conditions. The parameters are
a = 0.44, b = 0.01, and ϵ = 0.025 and correspond to the linear spectrum shown in
figure 16. Figure reprinted with permission from [87], copyright by the American
Physical Society.

Contrary to the case of scroll waves with translation band instability, fila-
ments of scroll waves that possess the meander band instability form re-
stabilized states. These re-stabilized states strongly depend on the choice
of the boundary conditions at the top and bottom faces of the media. For
the choice of periodic boundary conditions on these two faces, simulations
for the parameter a = 0.67 were performed. This was achieved with three
different initial conditions for the fields u (x, y, z) and v (x, y, z):

(1)

u (x, y, z) = u2D (x, y) [1 + α cos (kzz)] ,

v (x, y, z) = u2D (x, y) [1 + α sin (kzz)] ,

where α ∼ 10−2, and u2D, v2D are stationary spirals in two-dimensional
space. Application of this initial state turns the filament into a helix with
small elliptic cross-section and a pitch of 2π/kz. Provided that the wave
number kz is equal to an unstable mode, the helix grows until it reaches a
re-stabilized state with the periodicity equal to kz.

(2)

u (x, y, z) = u2D (x, y) [1 + α cos (kzz)] ,

v (x, y, z) = u2D (x, y) [1 + α cos (kzz)] .

In this case, an instantaneous filament
[
x f (z) , y f (z)

]
with a planar “zig-

zag”-pattern is the consequence. Nonlinear evolution through direct numeri-
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cal simulation then turns the scroll filament again into the re-stabilized helix
with periodicity kz.

(3)

u (x, y, z) = u2D (x, y)

[
1 + α exp

{
− (z − z0)

2

Lc

}]
,

v (x, y, z) = v2D (x, y)

[
1 + β exp

{
− (z − z0)

2

Lc

}]
,

with ∥ (α, β) ∥2 = 0.01 and Lc ∼ (1/10) dx. This choice of initial condi-
tions leads to a competition between various unstable modes, at least up
to four distinct kz. After a transient time, the most unstable mode which
corresponds to the box height is selected. The duration of this transient de-
pends on whether the initial perturbation of the filament is planar (α = β)
or non-planar (α ̸= β). In case of planar perturbation, the zig-zag filament
grows before it transforms to a helix, while the latter emerges directly for
non-planar perturbation.

Henry and Hakim denoted the emergence of the above decribed instability,
in accordance with the work by Aranson and Mitkov (see reference [79]),
as “three-dimensional meander bifurcation”. In order to better quantify this
bifurcation, they also performed two systematic numerical investigations:

(a) Fixing size of simulation box, while varying excitability with the aid of
parameter a, and
(b) Fixing a, while varying height of simulation box, e.g. the wavelength of
initial perturbation.

In both cases, the radius of the instantaneous filament helix R appeared
to be a good measure for the amplitude of the three-dimensional meander
instability. They observed that this measure is proportional to the square
root of the distance to the instability threshold, either R2 ∼ |a − ac| or
R2 ∼ |kz − k± (a) |. Hence, the three-dimensional meander bifurcation is
a supercritical Hopf bifurcation, analogous to the meander bifurcation of
spirals in two-dimensional space.

Additionally, Henry and Hakim investigated behavior of scroll waves in the
meander-instability region for simulation boxes with no-flux boundary con-
ditions on the top and bottom faces. The re-stabilized scroll waves that are
forming in this case, display spiral tip meandering in each x-y-plane. But
contrary to the results of investigations with periodic boundary conditions,
the amplitude of meander is now a function of the height coordinate z and
can be well approximated by

⏐⏐ cos (kzz)
⏐⏐ (see reference [87, in particular Fig.

9]).

Finally, Henry and Hakim also investigated the influence of twist on the
evolution of both the translation bands and the meander bands. The motiva-
tion for the study of twist-induced instabilities stems from several previous
investigations [77, 81, 82, 134]. Furthermore, classical elasticity theory even
proved that initially straight rods or ribbons may be destabilized if twist
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beyond a certain critical threshold is imposed on them [135, 136]. In this
classical sense, the rods which are forming possess helical structures. Henze
et al. observed, as the analog to these classical elastic rods, the formation
of helical scroll waves in numerical simulations of the Oregonator model
with two components, and named this instability as “sproing” bifurcation
for excitable filaments [77].

In order to better characterize the nature of the sproing instability, Henry
and Hakim provided thorough numerical and analytical investigations. In
particular, they have shown numerically that the frequency ω1 for a family
of twisted scroll waves at one parameter point (a = 0.8, b = 0.01, ϵ = 0.025)
behaves quadratically at small twist and almost linearly for large twist (see
[87, Fig. 11]). To show the quadratic behavior at small twists analytically,
they performed first-order perturbation analysis for the equations 87 and 88,
yielding

ω1 = ω1 (τω = 0)− τ2
ω

(
ũϕ, ∂2

ϕϕu0

)
(
ũϕ, ∂ϕu0

)
+
(
ṽϕ, ∂ϕv0

) +O
(

τ4
ω

)
. (95)

Note, that the entities (•, •) denote scalar products between two functions,
one defined on the functional space Cm (with m ∈ N+) and the other on the
corresponding dual space. This can be interpreted in the framework of the
asymptotic theory for spirals (by Biktashev et al., see chapter 2 and reference
[56]). With this in mind, we can identify the rotational Goldstone mode
Vϕ =

(
∂ϕu0, ∂ϕv0

)T and the rotational response function Wϕ =
(
ũϕ, ṽϕ

)T.
Henry and Hakim introduced the latter as one of the left eigenvectors to
the linearized operator L. In view of the asymptotic theory for spirals, the
left eigenvectors to L are simply the eigenvectors to the adjoint linearized
operator L†, thus the response functions. Consequently, we can interpret
the above equation for the rotation frequency of the scroll wave as a twist-
induced perturbation equation for the phase Φ given by

∂tΦ = ω1 = ∂tΦ
⏐⏐
τω=0 −

(
W(1)

ϕ , ∂ϕV(1)
ϕ

)
(
Wϕ, Vϕ

) τ2
ω +O

(
τ4

ω

)
. (96)

Here, V(1)
ϕ = ∂ϕu0 and W(1)

ϕ = ũϕ denote the first components of the rota-
tional Goldstone mode and the rotational response function, respectively.
In this sense, the twist-induced perturbation coefficient (second term of
the above equation) enters as a convolution integral of the perturbation
h = ∂ϕV(1)

ϕ with the first component of the rotational response function

W(1)
ϕ , normalized by the constant convolution integral

(
Wϕ, Vϕ

)
.

Henry and Hakim have shown that the twist also induces instability of the
translation bands for a set of parameters that otherwise are stable. The
instability occurs at a critical value for twist. Hence, the observed instability
of the translation bands corresponds to the “sproing” instability which was
first considerd in reference [77], but was also observed experimentally in the
framework of the Belousov-Zhabotinsky reaction [81, 82]. In recent years,
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theoretical approaches have aimed at a better explanation of the sproing
bifurcation [113, 100]. While the simple case of only one mode becoming
unstable leads to a re-stabilized helical filament, observation of even more
complex filament deformations have been reported by Henry and Hakim
additionally. The latter is described as a consequence of growth for several
unstable modes.
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4
A N O V E L S E T U P F O R E X P E R I M E N T S I N T H E
P H O T O S E N S I T I V E B E L O U S O V- Z H A B O T I N S K Y M E D I U M

4.1 introduction

The first chemical reaction that was showing oscillating chemical reactions in
time, was introduced by B. P. Belousov [10]. Then in 1961, A. M. Zhabotin-
sky began his studies based upon the recipe of Belousov [137]. In 1968,
Zhabotinsky presented his results at a conference with the title “Biological
and Biochemical Oscillators” in Prague. This conference initiated an increas-
ing interest on the chemical reaction system that first was named Zhabotin-
sky reaction, and now the Belousov-Zhabotinsky (BZ) reaction.

In the early 1970s, a first attempt to clarify the underlying chemical mecha-
nism of the BZ reaction was made by Field, Körös and Noyes [138]. The
proposed mechanism, consisting on eleven reaction steps, is termed the FKN
mechanism. Details of the FKN mechanism can also be found in [12, 139].

The catalyst cerium which was used in the original experiments by Belousov
does not show a significant sensitivity to light application. This was shown
by Gáspár et al. in 1983 [140]. The authors report on the investigation of pho-
tosensitivity on cerium-, ferroin-, and ruthenium-catalyzed BZ reaction sys-
tems. A weak effect of the illumination is observed in the ferroin-catalyzed
system. In contrast to that, the catalyst rutheniumbipyridyl

[
Ru (bpy)3

]2+

has been shown to be very useful in the attempt to control wave patterns
in the BZ reaction system [140, 141, 142, 143, 144, 145, 146]. The metalor-
ganic complex

[
Ru (bpy)3

]2+was investigated extensively by Schröder and
Stephenson [147], and possesses an excited state

[
Ru (bpy)3

]2+∗. The ab-
sorption spectrum for

[
Ru (bpy)3

]2+ has its maximum at a wavelength of
λ ≈ 460 nm (see [12]).

The ruthenium-catalyzed BZ reaction system was used to study properties of
two- and three-dimensional wave patterns with respect to the applied illumi-
nation. As one of the first distinguished examples one shall entitle the work
by Kuhnert and colleagues who discussed this system as a memory [142] and
image processing [144] device. The primary attempt to examine variation of
spiral tip meander patterns under the variation of the applied light intensity
was delivered by Braune and Engel [148], followed by a work on the influ-
ence of periodically modulated illumination on the meander patterns [149].
Steinbock et al. further investigated the influence of time-periodic modula-
tion of light on the motion of spiral waves in the photosensitive BZ reaction
(PBZR) [150].

55
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In three-dimensional PBZ media, one shall emphasize the work by Amemiya
et al., who primarily discussed initiation of straight scroll waves and scroll
rings in these media [151], and later examined the influence of light grad-
ients on the life time of scroll rings [85].

4.2 self-completion of three-dimensional waves

In order to study evolution of three-dimensional wave patterns in extended
PBZ media, we have to discuss possibilities for intiation of these wave pat-
terns. Arthur Winfree was the one who primarily seeked for ways to initiate
scroll waves in the classical BZ media in a reproducible manner [60, 15, 61].
Let Winfree speek himself:

“... A variety of newspapers, cigarette papers, filter papers and
toilet tissue offered little improvement. Finally I tried Millipore
filters, composed of chemically inert cellulose esters riddled with
interconnected empty tunnels less than a micron in diameter [...]
The mechanical binding of the fluid in the tiny tunnels prevents
the liquid from moving quickly [...] then the filters are stacked
like pancakes, they adhere closely and conduct waves in three
dimensions...” [61, p. 92, last paragraph].

Figure 18: Winfree’s self-completion method for straight scroll waves.
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Winfree’s solution for the initiation problem of straight scroll waves and
scroll rings is illustrated by the schematic figures 18 and 19. Both figures
shall display his idea to initiate these three-dimensional waves in stacks of
Millipore filters soaked with BZ solutions.

In panel A of figure 18 we see one such stack of filter papers in which already
a plane vertical wave is propagating from right to left. Yet, a second stack
of BZ-soaked filter papers is placed on top of it (panel B). This yields the
self-completion of a straight scroll wave into the new stack (panel C). Panel
D displays N virtual cross-sections in direction of the scroll waves’s central
axis (filament), illustrating the filament as a stack of spiral waves.

Analogously, initiation of a scroll ring is shown in figure 19. Here, Winfree is
initiating a cylindric wave in the lower stack by placing a hot silver wire on
top of the stack. Hence, a half-spherical wave forms at the top, propagates
into the lower medium, and transforms to a cylindric-shaped wave (panel
A). Placing the second stack on top of the first one (panel B) yields the self-
completion of a scroll ring (panel C).

Panfilov and Pertsov in 1984 [63], Agladze et al. in 1989 [152], and Linde
and Engel in 1991 [153] investigated the problem of self-completion for three-
dimensional waves in generic excitable media thoroughly, with a special
emphasis on the BZ reaction system. In particular, Agladze et al. formulated
a “theorem on self-completion of 3D vortices” [152]:

“By self-completion of 3D vortices, the following process is
meant. Assume a 3D medium (1) in which autowaves propa-
gate [...] Let it make contact with a 3D autowaves medium (2)
whose elements are at rest. The following statement can be for-
mulated concerning the wave pattern generated by this ’com-
posite’ medium ((1)+(2)): self-completion results in a 3D vortex
whose filament’s position coincides with that of an autowave at
the boundary surface of the two media at the initial instant of
time” [152, pp. 38-39].

Figure 19: Winfree’s self-completion method for scroll rings.
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Agladze et al. also discussed the idea of self-completion for an arbitrary
two-dimensional pattern to its three-dimensional counter-part. Particularly,
they examined the self-completion of a three-dimensional wave with spiral-
shaped filament. This is achieved by placing the excitable medium (2) on
top of the medium (1), once a fully developed spiral wave has been initiated
in medium (1).

In 1996, Amemiya et al. primarily introduced a novel initiation technique
for scroll waves that is relying on the photosensitivity of the ruthenium-
catalyzed BZ reaction medium [151]. In this work, the authors delivered a
systematic study of the initiation under variation of illumination intensities
and duration of the photoperturbation. Another novel method for initiation
of scroll waves and scroll rings was proposed in the Steinbock group in the
framework of the ferroin-catalyzed BZ medium [116, 118]. This approach
is based upon a gel-solution mixture system, in which the lower part is an
agrose gel layer while the upper part is a BZ solution. Nevertheless, both
parts contain the ferroin catalyst. At the interface of the two layers, a sphe-
rical wave which will propagate equally through both parts can be initiated
by a silver wire. By gently stirring the Petri dish which is containing the
excitable medium, the wave part in the upper solution layer can be inhi-
bited. Hence at the interface a scroll ring filament forms by self-completion.
Recently, Totz et al. reported on life-time enhancement of intrinsically con-
tracting scroll rings that were initiated by this method [154].

Now, a new initiation technique for the PBZR system will be described that
will help us to investigate evolution of scroll waves and scroll rings in thin
layers of excitable media. The experimental investigation in my thesis will
be achieved in continuously stirred tank reactors (CSTR) to allow systema-
tic studies under stationary non-equilibrium conditions. For that, I will in-
troduce the CSTR in the next section.

4.3 the continuously stirred tank reactor (cstr)

Achieving an experiment in a Petri dish containing the BZ medium in-
evitably leads to aging effects in the long run. Hence, depending on the
chosen chemical recipe, the properties of the overall medium continuously
change and characteristica of wave patterns vary in time. In particular, prop-
erties like wave length λ and rotation period T of a spiral wave initiated in
such a medium do not remain constant.

In order to preclude these aging effects as good as possible, it is conven-
ient to use a CSTR in which the active catalyst-loaded gel layer is placed
in a reaction chamber. Then, the reaction chamber can be fed continuously
with BZ solution. A second chamber surrounding the first one can be used
to pump water with constant temperature through the chamber. A four-
chamber CSTR was used in [44].

The experimental results that will be reported on in my thesis, were accom-
plished within a two-chamber CSTR which previously was used in [44, 155,
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Figure 20: The two-chamber CSTR. (A) Actual photo of one CSTR. Schematic illus-
trations of the CSTR (B) in frontal view, and (C) in cross-section.

156, 157, 158, 159, 160]. This CSTR is shown in figure 20, panel A. Schemati-
cally, the CSTR is illustrated by a frontal view in panel B and in cross-section
in panel C. The reaction chamber possesses a volume of 70 ml, and the BZ
solution can be fed continuously through this chamber. The active silica
gel layer, which is loaded with the photosensitive catalyst

[
Ru (bpy)3

]2+, is
placed on a depolished glass plate (diameter of 63 mm [160]). The details
of gel preparation can be found in [44]. Water with constant temperature is
pumped by a thermostat through the cooling chamber to maintain a station-
ary non-equilibrium condition.

4.4 experimental setup

The systematic spectrophotometric study of spiral waves in the BZ medium
was pioneered by S. Müller and colleagues in the mid 1980s [37, 162, 161].
These nice experimental investigations pushed forward the understanding
of spiral waves, in particular in regard to the spiral core dynamics. The
structure of the core is illustrated by figure 21, both for a spiral that is
rigidly rotating around a simple circular-shaped core (panel A), and for a
spiral whose tip traces a “meandering” flower pattern around the central
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core (panel B). These figures resemble nice examples for the power of the
spectrophotometric method which was devised by Müller and collegues.

M. Braune and H. Engel presented spectrophotometric studies of meander-
ing spiral waves in the PBZ medium [148, 149, 163]. Since then the experi-
mental study of spiral waves in the PBZR under various forms of external
perturbations was achieved extensively in the working group of H. Engel
[44, 155, 156, 157, 158, 159, 160].

At that time, the experiments mostly were carried out in thin layers of
silica gels, loaded with the catalyst ruthenium, and under stationary non-
equilibrium conditions maintained by the usage of the CSTR. Thin means
a layer thickness ranging between 0.2 mm up to 0.6 mm. Some experiments
that were carried out in the more thicker silica layers displayed rather pe-
culiar results, which might have given the impression of being phenomena
like reflective collision of wave bands, splitting of waves, or autonomous
pacemakers in two-dimensional media. In 1999, P. Kolski investigated these
results more thoroughly, with the aid of accompanying numerical simula-
tions, and could show that these phenomena are more likely explained by
three-dimensional effects showing up when scroll waves are confined in thin
media [122].

The latter work strongly promoted the idea to study the influence of con-
finement on the evolution of scroll waves in thin layers of PBZ media more
systematically. At the beginning, we decided to carry out these experiments
in the framework of the experimental setup which was assembled as part of
the thesis by J. Schlesner [164]. In this thesis, control of spiral wave dynamics
by space- and time-modulated illumination was considered.

A B C

Figure 21: Spectrophotometric measurement of spiral waves geometric shapes and
their central cores in the BZR. The first two panels, A and B, resemble digital over-
lays of consecutive time images, while panel C is a three-dimensional representation
derived from a measurement like shown in figure 7, B (see on page 7). Panel A was
constructed via additive composition of transmitted light intensities for six digital
images of the propagating spiral wave. The images were measured at intervals of
3 seconds and cover almost one rotation period of the spiral. Panel B was gained
by the same method as was done for the figure in panel A and shows the mean-
dering tip motion. Panel A is reprinted with permission from [37], copyright by
the American Association for the Advancement of Science. Panel B is reprinted
with permission from [161], copyright by the American Chemical Society. Panel C
is reprinted with permission from [162], copyright by Elsevier.
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Figure 22: Schematic illustration of our experimental setup. (1) The projector (Ca-
sio XJ-A 140V), (2) USB CCD monochrome camera (The imaging source Europe,
1/2” Sony CCD), (3) Blue LED (λ ≈ 475 nm) mounted on a cooling element, (4)
black cardboard box to prevent mirroring effects, (5) blue dichroitic filter (Edmund
Optics: NT-30-635; 5 cm square), (6) absorptive neutral density filter (OD 0.5 - 1.2,
5 cm square), (7) beam splitter (Edmund Optics: NT 46-632;30 % reflection, 70 %
transmission), (8) CSTR, (9) condenser lense (12.5 cm diameter), (10) yellow long
pass filter (Edmund Optics: GG-475; 5 cm diameter), (11) diffusing foil, (12) com-
puter with LabView-assisted control of the projector and CCD camera. For detailed
explanations see in text.

Without going too much into detail, the main questions in the development
of this setup were focused on the light sources (both for the observation
and the control light), and how to separate these two light channels. These
questions were successfully answered by a setup in which LEDs (Light emit-
ting diodes) were used for both light sources. As the control light source a
blue HighPower LED (Luminus PhlatLight PT120) was used, while a blue
HighPower LED like Luxeon Rebel or K2 was taken into account as the
observation light source. The issue of the optical channel separation was
solved by polarization. For more details, the reader is referred to the thesis
by J. Schlesner [164].

Unfortunately, experimental investigation of three-dimensional waves could
not be carried out within the framework of the latter setup in a systematic
manner. Although the HighPower LED (Luminus PhlatLight PT120) is the
most powerful blue LED on the market to date, we were not able to initiate
scroll waves in thin PBZ media reliably. The main reason for this drawback
can be traced back to the following: The optical and polarization system
devised to separate the two optical channels yields a significant decrease of
the overall illumination intensity at the gel surface. In addition, the incident
light is attenuated in the active reaction layer exponentially (Lambert-Beer
law).
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In summary, the incident light intensity does not suffice to inhibit wave
propagation in an adequate layer section to allow formation of a three-
dimensional wave such as a straight scroll waves and a scroll ring.

For that reason, we decided to develop a new setup. The main issues to
solve once again involve the decision for appropriate light sources and the
separation of the optical channels. There was no reason to substitute the
observation light source. In contrast, the control light was too weak for our
purpose, as was elaborated above. We had to seek for a light source that
possesses its strongest illumination intensity at the appropriate wave length,
which is at λ ≈ 450 nm for ruthenium.

We found the projector Casio XJ-A 140 V as a good candidate. This projector
possesses 24 Galium-Nitride laser diodes with a nominal output power of
∼ 1 W each. The high intensity peak of these diodes is located at a wave-
length of λ = 445 nm. The projector additionally has a green and a red
channel, the latter was blocked while the former was modified to emit also
blue light. In addition, a lense with a focal distance of 300 mm was mounted
before the front of the projector. This was done in order to project smaller
and simultaneously intenser images at shorter distances. This will allow for
placement of the reactor at a much shorter distance to the projector and yield
a lower loss of intensity at the gel surface. With regard to the separation of
the two light channels, Schlesner already discussed three possibilities in his
thesis [164]: by time, by wavelength, and by polarization. We decided to
achieve a fourth separation method which is illustrated by figure 22.

The central part of the setup is the CSTR (figure 22, item 8), being illumi-
nated by the blue LED (item 3) from right and by the projector (item 1) from
left. The projector light passes through a blue dichroitic filter (item 5) and
through an absorptive neutral density filter (item 6), before it reaches the
beam splitter (item 7). Note that the absorptive neutral density filter solely
is placed on the optical line for the purpose of calibrating the projector and
camera coordinate systems before each experimental run. Otherwise the
overall intensity would be too strong for the calibration procedure.

The beam splitter has a transmission value of 70 % and allows the separation
of the two light channels. The observation light channel, coming from right,
passes through a first diffusing foil (item 11) for homogenization. Then it
passes through a yellow long pass filter (item 10) which will aid the block-
ade of the intense actinic light before the camera. The condenser lense (item
9), also coated with a diffusing foil, images the gel in the CSTR onto the
camera (item 2). Before the camera, the second yellow long pass filter blocks
the projector light while letting the observation light pass, otherwise the
high intensity projector light would overdrive the observation light. A black
cardboard box with a square shaped hole in its front (item 4) prevents ap-
pearance of background mirroring effects by the beam splitter.

During my primary studies of three-dimensional waves on the basis of the
introduced setup, it was found that the illumination was not perfectly ho-
mogeneous. This unsatisfying situation was always leading to unwanted
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twisting of scroll wave filaments. To preclude these unwanted deficiencies,
we discussed passive (optical) and active (software-aided) possibilities for
homogenization of both light channels. The mere optical homogenization of
the observation light by the diffusing foils is sufficient for our purpose. In
contrast, the homogenization of the control light was actively achieved. For
that purpose, we devised a method that is coded into the LabView control
software as an algorithm which can be run before each experiment. This al-
gorithm uses the camera for measuring the outcoming light of the projector
as a N × N matrix, each of its elements assigned with a specific intensity
value. For this procedure, at the position where the CSTR is placed, a flat
square cardboard - coated with fluorescent color - is mounted on a sample
holder. Subsequently, the measured intensity matrix is inverted and multi-
plied with the original intensity matrix.

Figure 23: Schematic illustration of scroll wave initiation in the PBZR showing the
gel layer from top and in cross-section. Blue arrows, whose lengths are proportional
to the corresponding incident light intensity, indicate illumination of the catalyst-
loaded gel disk from below. Red arrows indicate the direction of wave propagation.
Top view shows in dark blue the unexcitable outer ring to prevent undesirable
wave nucleation; light blue: partial wave annihilation; ocher: excitable domain. The
yellow region in the cross-section of panel (A) corresponds to the initially dark
central region with spontaneously emerging phase waves.
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By that, we achieved an homogenization with a maximum intensity variation
of 2 % over one diameter of the gel layer.

4.5 initiation of straight scroll waves and scroll rings

One of the advantages of the PBZ reaction is the elegant initiation of scroll
waves exploiting wave inhibition in response to appropriate light application
[63, 152, 153, 151]. This is illustrated for initiation of a straight scroll wave in
figure 23 and for initiation of a scroll ring in figure 24.

In the following, let us explain the case for the scroll ring in more detail.
At the beginning, the projector provides the illumination pattern shown in
panel A. Between a strongly illuminated (Φ > Φ2) outer ring and very low
light intensity in a small circular central domain (yellow in figure 24 A), the
gel layer is in the excitable regime (Φ1 < Φ < Φ2). The strongly illuminated
outer ring inhibits disturbing wave nucleation at the boundary of the gel
disc. After some time, a phase wave from the dark, oscillatory central region
transforms into a cylindrical trigger wave propagating outwards (figure 24

B). At a certain time moment we illuminate the gel layer (within the outer
ring) uniformly with a light intensity Φ > Φ2 that inhibits wave propaga-
tion and therefore eliminates the lower part of the cylindrical wave front as
shown in figure 24 C. After restoring the intensity back to the level applied
previously (figure 24 B), the medium recovers excitability and the cut cylin-
drical wave curls up at its lower open end forming a circular closed filament
(figure 24 D and E).

Obviously, the radius R of the emerging scroll ring and the distance of its
filament plane from the layer boundaries z can be controlled varying the
beginning of partial wave annihilation, and the intensity and/or the dura-
tion of illumination. Crucial for successful initiation of a planar filament
plane oriented in parallel to the layer boundaries is, among other factors, a
uniform illumination of the gel layer during partial annihilation of the cylin-
drical wave. Otherwise, scroll rings evolve with filament planes inclined
with respect to the gel boundary or the filaments will be twisted.

Table 1: Table of the used BZ recipes in this thesis.

[NaBrO3] [H2SO4] [CH2(COOH)2] [NaBr]

I 9.33 × 10−2 3.07 × 10−1 6.25 × 10−2 6.67 × 10−3

II 2.0 × 10−1 2.8 × 10−1 1.5 × 10−1 6.0 × 10−2

III 5.0 × 10−1 2.8 × 10−1 1.5 × 10−1 6.0 × 10−2

IV 6.0 × 10−1 2.8 × 10−1 1.5 × 10−1 6.0 × 10−2

V 2.0 × 10−1 3.92 × 10−1 1.7 × 10−1 9.0 × 10−2

VI 4.5 × 10−1 3.0 × 10−1 1.9 × 10−1 6.0 × 10−2
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Figure 24: Schematic illustration of scroll ring initiation in the PBZR. Analogous to
figure 18.

Analogously, we are able to initiate straight scroll waves (see figure 23). In
contrast to the initiation of scroll rings, here the excitable region is always
chosen to be a square-shaped area. Additionally, also the oscillatory seed
wave is appearing in a larger square-shaped dark region at the right-handed
exterior of the excitable area. Larger means here compared to the small
circular regime that was chosen for scroll ring initiation.

4.6 used bz recipes

In table 1 the six recipes that were used for the presented experimental re-
sults in this thesis are gathered. The initial and the continuously fed so-
lutions are prepared from stock solutions containing specific molar concen-
trations of sodium bromate [NaBrO3] (Aldrich, 99 %), sulfuric acid [H2SO4]
(Aldrich, 95 % − 98 %), malonic acid [CH2(COOH)2] (Aldrich, 99 %), and
sodium bromide [NaBr] (Fluka, 99 %).





5
T H E V I RT U A L L A B P R O J E C T

5.1 the purpose of the virtual lab project

The prime motivation that led to the development of the Virtual Lab project
was the idea to mimic the abilities of our laboratory, where experiments of
the PBZR are conducted. Primarily, we were focused on the precise spatial
and temporal control of wave patterns by illumination. This puts us into the
position to initiate waves of any particular form, and examine their evolution
under the influence of boundaries, under external control by illumination
that might be constant or periodic in time and space, and so on.

In order to interpret the experimental results, we designed a computational
framework which is able to simulate the evolution of nonlinear waves by ap-
plying different reaction-diffusion models in one to three spatial dimensions,
with multiple boundary conditions, and several external control strategies.
For that purpose we decided to develop our reaction-diffusion simulation
project within the context of an object-oriented language.

Object-orientation is a programming concept which allows development of
projects with high degree of abstraction and reusability. Based upon the
object-oriented philosophy one tries to subdivide the project into an opti-
mal set of single independent units. These can be effectively interconnected.
The process of finding an optimal architecture for a project is a piece of art.
So-called classes represent real world objects within a object-oriented archi-
tecture. These classes define properties (attributes) and actions (methods)
associated with them. One may regard to a class as a blueprint for a specific
object, while the latter is referred to as an instance of the class.

There might be a good example to illustrate this concept. Let us imagine a
car as an object of our everyday world. A car can be defined by a small set
of properties: it has a number of doors, an accelerator pedal, a gear box, a
specific number of tires, a steering wheel, and so on. A class that is defined
in order to describe a car would mean to abstractly name all attributes (e.g.
the color) and actions (e.g. starting the engine) which are common to all
cars. Creating an instance means to provide explicit values for the attributes.
The reusability of frequently used fundamental properties is additionally
ensured, since the wheel must not be reinvented everytime a new car is
constructed.

With the object-oriented philosophy in mind, we proposed an architecture
for our reaction-diffusion simulation project referred to as the Vitual Lab.
There are some object-oriented programming languages (Java, C++, Python,
...).
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Figure 25: Proposed architecture of the VirtualLab project. Details are explained in
the text.

We decided to take the C++ programming language as the platform for de-
veloping the project for two reasons: (1) In contrast to languages like Java
and Python which possess an interpreter level that interpretes the software
code at run-time on the chosen hardware machine, the C++ software code
primarily is compiled. The compiled binary file is directly executed on the
underlying machine. This yields a speed advantage compared to the in-
terpreted languages, in particular for solving systems of partial differential
equations like those in multi-variable reaction-diffusion models in extended
three-dimensional media. (2) Existing visualization software has already
been developed by S. Fruhner within the scope of his doctor thesis [165].
This visualization module is written using the OpenGL library in C++. Its
reuse for the VirtualLab project promised to be beneficial.

The proposed architecture for the VirtualLab project is shown in figure 25.
At the center of this structure chart the subdivision into seven main mod-
ules is illustrated, each of which is represented by its title: model, space,
boundary, data, solver, toolbox, control, and settings. Having defined the in-
terfaces between the main units allows to extend the project by new models
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and functions on the level of a single unit without being obliged to make
changes within the other units.

The MyLibs module depicted at the bottom of the chart encapsulates all ex-
ternal (implemented by others) and internal libraries (implemented by us)
that are frequently used in all modules. The external libraries are the win-
dow management library Fast Light Toolkit (FLTK1) and the GNU Scientific
Library (GSL2).

The main module possesses two input/output interfaces: a terminal-based
(unix command line) interface for compiling and running the project and a
visualization module. In the following subsections, I will provide a short
summary for each of the seven central modules of the project.

The Model Class

The purpose of the model class is to implement a general reaction-diffusion
model, characterized by a number of variables (m ∈ N) and a number of
parameters (p ∈ N). The specific mathematical definition of such a reaction-
diffusion model can be written in the following way (as was introduced by
equation (1) on page 21 and equation (54) on page 36):

∂tu (r, t) = D∆u (r, t) + f [u (r, t) , p] . (97)

In the above system of partial differential equations we have the vector
u (r, t) ∈ Rm (e.g. the vector of some chemical concentrations), the vector
of parameters p ∈ Rp, the vector of (nonlinear) functions f [u (r, t) ; p] ∈ Rm

(e. g. nonlinear reaction rates), the m × m diagonal matrix of diffusion
coefficients D ∈ Rm×m (e.g. of the corresponding chemical species), and
dimension of system m ≥ 2. Furthermore, the spatial coordinate system is
two- or three-dimensional, that is r ∈ Rn with n = 2 or n = 3. Hence, the
Laplace operator ∆ is defined in two or three spatial dimensions.

A specific model can be derived (inherited) from this base parental class.
Currently the implemented models are: the Barkley model, the Bueno-Orovio-
Cherry-Fenton model, the FitzHugh-Nagumo model, the modified Orego-
nator model, the Brusselator model, the van-der-Pol oscillator model, the
Ginzburg-Landau model, the Schlögl model, and the Rovinsky model.

The Space Class

The geometry of the spatial grid used in the simulations is defined in the
space class. Currently a cartesian grid, a radially symmetric grid, and a
spherical coordinate system are supported. The base class for the space
module does not deliver a specific geometry, but abstract index-coordinate

1 http://www.fltk.org/index.php
2 http://www.gnu.org/software/gsl/
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conversion methods which must be implemented by the derived classes.
Furthermore, conversion methods between different coordinate systems (e.g.
cartesian to polar and vice versa) are defined.

The Boundary Conditions Class

The boundary conditions class delivers the functionalities for specification
of multiple boundary conditions in one to three spatial dimensions. In par-
ticular for three spatial dimensions, the boundary conditions for each spatial
direction can be specified separately. The situations in one and two dimen-
sions are just subsets of the three-dimensional space. In the actual version of
the Virtual Lab, three boundary types are implemented: periodic, Dirichlet,
and Neumann (no-flux) boundary conditions.

The Data Class

The data class defines methods for storing and loading state files. The state
of the simulated system at an instance of the simulation time is given by all
values of the reaction-diffusion model variables at each grid point.

At run-time, the data object is created in the form of a one-dimensional array
on the computer RAM (“Read Access Memory”). The length of the array is
given by the product of the number of variables from the model and the
number of grids in the space. This decision for chosing a one-dimensional
array for the data object will speed up calculations when the solver methods
operate on the data object.

Currently, the methods for loading data from files and storing data to files
incorporate a simple dat-file format and the netcdf-file format3. Other file
formats might be implementable in the future.

The Solver Module

The solver module provides efficient solution methods for the used reaction-
diffusion systems of equations. The module is subdivided into two separate
abstract subclasses. The primary subclass deals with the time integration of
the system which is termed the TimeEvolution class. The second submodule
is the DiscretizedLaplacian class which implements variants of the Laplace
operator. Basic time evolution algorithms implemented are the Euler time
stepping and the Runge Kutta time integration methods (detailed explana-
tion delivered in the textbook [166]). Examples for the Laplacian are given
by several finite difference schemes [166]. For example, a scheme that takes
into account only the nearest neighbors (7-points method) and a scheme

3 For further information on the netcdf file format, see for example on the main netcdf project
homepage: http://www.unidata.ucar.edu/software/netcdf/
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which additionally takes into account the next nearest neighbors (19-points
method).

The Analysis Module

The analysis module incorporates tools for the analysis of the propagating
nonlinear waves investigated within the simulation project. Most impor-
tantly, a parametric control scheme is provided within the module. The
parametric control scheme allows control of wave patterns via any arbitrary
parameter of the chosen reaction-diffusion model. As mentioned in the be-
ginning of this chapter, the parametric control within the PBZ reaction is
provided by the applied illumination, which is now provided also within
the Virtual Lab. Additionally, some very essential measuring methods like
the iso-surface calculation, the tip finder algorithm, and analogously the fil-
ament finder algorithm are implemented within the Analysis module.

The Settings Class

The last submodule of the Virtual Lab is the settings module. The functionali-
ties defined in the base settings class enables us to set optional and required
parameters and variables of the other modules before a simulation run. This
is mainly done by the so-called ini-files. The form of the ini-files with some
of the various options is exemplified in listing 1. After each equal sign one
can specify a numerical value or a string. In particular, one can include a
path to a directory after the “path=” line at the beginning of the example ini-
file and the state files will be stored there. The options of each used model,
space type, tool, etc. can be specified under separated sections that start with
the name inside squared brackets, e.g. [CartesianSpace], [ModelOregonator],
etc.

Listing 1: An example ini file.

# Path of the files. Don’t forget the ’/’ at the end.

path=

# Type of the grid/coordinate system

grid=CartesianSpace

# Method of time evolution

method_time_evo=Euler

# Discretized laplacian

method_diff=PointSeven

# Model to use

model=Model_Oregonator

# For selecting a starting pattern
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data_start_pattern=spiral

# How often should the states be saved

auto_save_time=1

# How much steps should be at maximum calculated

max_time=20

# List of all the plugins. Simply uncomment if

# you intend to use a plugin.

{PlugIns}

TipFinder

#FilamentFinder

...

# now the sections in alphabetical order

[BoundaryConditions]

default=NEUMANN_ZERO

#~ left=PERIODIC

#~ right=PERIODIC

#~ back=

#~ front=

#~ up=

#~ down=

[CartesianSpace]

dx=0.3

dy=0.3

dz=0.3

pixels_x=200

pixels_y=200

pixels_z=0

[Model_Oregonator]

one_over_eps=8

one_over_eps_p=720

q=0.002000

f=1.80000

phi=0.002

[TipFinder]

computation_steps=100

t1=0.3

t2=0.3

[TimeEvolution]

dt=0.0005 �
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5.2 exhibition of the virtual lab capabilities

In the previous section, the architecture of the Virtual Lab project was dis-
cussed in detail. In this section, the purpose is to illustrate some of the most
striking abilities of the project. In particular, the reproducible initiation of a
plethora of nonlinear waves in two- and three-dimensional excitable media,
like we are able to achieve in the framework of the PBZ reaction, was the
motivation for the development of the simulation project.

An example for initiation of spiral waves in Virtual Lab that mimics the
initiation in the laboratory is shown in figure 26. The reaction-diffusion
model that served as a basis for this numerical simulation is the modified
complete Oregonator (MCO) model. I will introduce this model in section
7.1 on page 93, particularly represented by the equations (98) therein. In this
model, the corresponding parameter ϕ which is assumed to be proportional
to the applied illumination intensity, serves as the control parameter for
spiral wave initiation.

Figure 26: Initiation of a spiral wave in Virtual Lab. Simulation was achieved in
the framework of the MCO model. MCO variable u (activator) is shown in red and
variable w (inhibitor) in blue. (A) The upper half of the medium is selected (red-
rimmed square area) where the photoinhibitory parameter ϕ is set to a high value
(ϕ = 0.2) leading to the extinction of the upper wave half. (B) After resetting the
upper medium half to the homogeneous value of parameter ϕ, the wave curls at
its open end. (C) The fully developed spiral wave is shown from top and (D) in a
pseudo-three-dimensional view, analogous to the experimental pictures constructed
by Müller et al. with the aid of their spectrophotometric method (see also panel C
of figure 21 on page 60).
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A spiral wave in Virtual Lab is initiated analogous to the experiments con-
ducted within the PBZ reaction. At first, a plane wave is taken as initial
state for the numerical integration of the MCO equations. The initial wave is
placed in the middle of the medium and propagates to the left. Subsequently,
a square area in the upper half of the medium is selected (red-rimmed region
in panel A of figure 26) and the parameter ϕ is set directly for that chosen
area (ϕ = 0.2). This sufficiently high value is assigned for each grid ele-
ment of the chosen area and yields this area to be non-excitable. Hence, the
wave part located in this region will be extincted. After resetting the chosen
area to the homogeneous background ϕ-value, the open end of the remained
wave curls into the upper medium area and forms a spiral wave (panel B). In
panel C this spiral wave is evolved completely. An additional feature of the
Visualization interface is shown in panel D. This pseudo-three-dimensional
visualization of the spiral wave displays the numerical analog of the spec-
trophotometric measurments by Müller and colleagues [37, 162, 161].

In a next step, it is essential to analyze characteristic properties of spiral
waves. One of these characteristic properties is the spiral wave core struc-
ture. We can measure the pattern which is drawn by the spiral tip over the
course of time and visualize it in real-time as shown by panel B of figure
27. Moreover, one can measure the time-evolution for an arbitrary set of
model variables at one grid point (panel A) and space-time plots at a se-
lected line (panel C). The latter two features can be used to determine spiral
wave characteristica like the wavelength λ and rotation period T.

Some more features of the visualization interface include the real-time Fourier
transformation of the spiral tip trajectory data and the subsequent deter-
mination of the spiral wave rotation frequency, the possibility to plot the
phase-space (one model variable v plotted over another variable u for all
grid points), saving and loading of state files, and exporting of the graphs to
pdf- and png-files.

Regarding the parametric control, the implementation of a function parser
also allows the setting of any parameter according to any arbitrary mathe-
matical function in space and time. At the input window where the para-
meter ϕ was set to initiate the spiral wave (see panel A of figure 26), instead
of a numerical value one can just give any function that depends on space
and time, e.g. functions like f (t) = A sin (B · t), f (x, y) = Ax + By + C,
f (z) = A exp (−B · z), etc. In these functions A, B, and C are some arbitrary
constants.

Until now, I discussed the capabilities of the Virtual Lab project, particu-
larly for its visualization interface, based upon the real-time initiation and
analysis of spiral waves. This is due to the fact that real-time computa-
tion is still practicable in two spatial dimensions, but no more feasible in
three-dimensional media. Nevertheless, the Virtual Lab can also be used for
initiation and analysis of three-dimensional waves.

The whole machinery including the usage of the ini-files for the specification
of all simulation parameters is achieved without the real-time visualization.
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Figure 27: Spiral wave analysis in the Virtual Lab project. (A) Time evolution of two
Oregonator variables (u and v) measured at the selected grid point over time and
illustrated in real-time by the lower graph (scaled concentrations of u and v in red
and green, respectively). (B) The spiral wave tip trajectory pattern. (C) The space-
time plot measured in real-time at a selcted line (green line in the upper picture).

However, one can use the visualization interface at a later time for auto-
mated loading and analysis of the stored state files. In particular, these state
files can be visualized from different viewing angles, and the corresponding
pictures can be exported to png-files. The advantage of these features are
illustrated by figure 28 showing one state of a straight scroll wave and a
scroll ring, respectively. In both cases, the MCO model served as the basis
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Figure 28: Visualization of straight scroll waves and scroll rings in the Virtual Lab
project. Panels A, B, E, and F display perspective views with the iso-concentrations
in dark red and orange, respectively. Panels C and D illustrate top views (analogous
to the experimental measurements in our laboratory). The red curves on the top
view pictures depict the corresponding filaments. Panels D and H show a cross-
section through the straight scroll wave and the scroll ring, respectively.

for the numerical simulations. In case of the straight scroll wave, along the
filament the parameter ϕ is varying linearly, such that the appearing inho-
mogeneity yields a twisted filament. The perspective views are displaying
iso-concentration planes for one variable of the MCO model (often for the
variable u). The top view mode is generated by the summation of one model
variable (here the MCO variable v) over the height coordinate z. This shall
mimic the experimental situation where the camera is viewing the top layer
of the gel. All these different viewing modes are achieved with the aid of
the Virtual Lab visualization interface.

In addition, I will achieve quantitative analysis on the filaments of scroll
waves. For that purpose, J. Totz has developed some scripts in Mathematica
which enables us to investigate the time evolution of filaments. In particular,
we can investigate the evolution of the filament for scroll rings by plotting
the radius R of the ring-shaped filament, the axial position of the filament
plane z, and the overall length l of the filament over time.
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Figure 29: Analysis of scroll ring filaments. The space is scaled by the wavelength
λ and the time by the rotation period T of the corresponding spiral wave. (A) Left:
Phase plot showing the time evolution for the axial position of the filament plane
z over the filament radius R. The thick rainbow-colored line denotes the mean
trajectory of the filament’s z-R-evolution, with purple at the beginning and red at
the end of the scroll ring life-time. Right: Evolution of z and R over time. The
oscillations on the black curves are due to the rigid rotation of the spiral waves. The
red and blue curves represent the moving central averages z̄ and R̄, respectively. (B)
Time evolution of the overall filament length. (D) One fixed state of the filament
showing the filament in red and its projections to the walls in blue.

These plots are illustrated for a sample scroll ring in figure 29. The sample
scroll ring was simulated in the framework of the MCO model. Panel A
shows the evolution of z and R in time, while panel B displays the filament
length over time. Additionally, pictures like shown in panel C will be found
frequently throughout the following chapters of my thesis. These pictures
shall illustrate the shape of the filaments in the course of time. Here, the
filament is shown in red while its projections to the walls are drawn in blue.
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N U M E R I C A L S T U D Y O F F I L A M E N T I N S TA B I L I T I E S F O R
S T R A I G H T S C R O L L WAV E S U N D E R C O N F I N E M E N T

6.1 introduction

In section 3.4, I presented a summary of the investigation for scroll waves in
isotropic media by Henry and Hakim [87]. In the latter publication the au-
thors reported on three types of instabilties for straight scroll waves in spa-
tially extended media: translation-band instability, three-dimensional me-
ander instability, and twist-induced sproing instability. These instabilities
arise, even though corresponding spiral waves are stable in two-dimensional
space.

The motivation for the present chapter is to study the influence of confine-
ment on development of filament instabilities. I will examine the question
if boundary-mediated restabilization of these unstable straight scroll waves
can be achieved or not. Recently, Dierckx et al. reported on the suppression
of the translation-band instability (e.g. the negative line-tension instability)
by a vertical confinement of straight scroll wave filaments [167]. Above a
certain critical thickness of the medium the latter filaments starts to buckle.

0.0

0.01

0.02

0.03

0.3 0.4 0.5 0.6 0.7 0.8

a

b

Retracting

Fronts

Meander

transition

Figure 30: Schematic bifurcation diagram for spiral waves in the Barkley model.
The bold green line depicts the meander transition line which separates spirals with
rigidly rotating tips from spirals with meandering tip motion. Spirals retract left of
the thick red line [131]. Along the dotted horizontal line through b = 0.01 four
different parameter points (green circle, red circle, green square, and red square)
are chosen to investigate evolution of straight scroll waves under confinement. The
remaining parameter is ϵ = 0.025.
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a λ [s.u.] T [s.u.] Rotation Indication in figure 30

0.44 19.8 5.5 rigid red square

0.48 16.3 4.6 rigid green square

0.58 11.0 4.0 meander red circle

0.66 11.4 3.6 rigid green circle

Table 2: Table shows results of the wave length and period determination for spiral
waves simulated in the Barkley model for the parameters indicated in figure 30. The
other parameters are fixed to b = 0.01 and ϵ = 0.025. The abbreviation s.u. depicts
the term “simulation unit”.

Our objective was to examine the evolution of straight scroll waves which are
rather horizontally than vertically confined numerically. In accordance with
Henry and Hakim [87], we performed these investigations in the framework
of the Barkley model for the four parameters which are shown in figure 30.

Some preliminary numerical investigations were accomplished for spiral
waves in order to determine wave lengths λ and periods T for the chosen
parameters. The results are presented in table 2. Note that apart from the
parameter a = 0.58, which is supporting meandering spiral waves with out-
ward petals, the other three parameters yield rigidly rotating spiral waves.

We consider two distinct setups for the numerical simulations. Both setups
are sketched in figure 31. In both cases, periodic boundary conditions are
chosen for the right and left walls (in direction of the filament). The upper
and lower faces are no-flux boundaries, while at the two remaining faces
(front and back) either no-flux or periodic boundary conditions are chosen.
Furthermore, the size of the media are scaled in terms of the corresponding
spiral wave length λ.

In the first setup (panel A), the influence of one no-flux boundary is investi-
gated. Here, the scroll wave is initiated at a distance d ≪ λ from the lower
boundary. All other boundaries are always sufficiently far away (> λ) from
the filament, such that their influence on the filament evolution can be ex-
cluded. In terms of the second setup, displayed by panel B of figure 31, the
scroll wave is initiated in the middle between all surrounding boundaries.

In the following two sections, I will present some of the results of numerical
studies which were performed by Dirk Kulawiak within the scope of his
Master thesis [168]. All simulations were achieved using the finite central
difference method for the Laplacian with spatial discretizations dx = dy =

dz = 0.2, and Euler forward stepping for time integration with discretization
dt = 0.005. Diffusion coefficients for the two components in the Barkley
model (see equations (81) - (84), and in the references [88, 87]) were chosen
as Du = 1 and Dv = 0. In all numerical simulations, Gaussian white noise
with zero mean value and variance σ = 0.1 was applied to the unperturbed
scroll wave as a spatio-temporal perturbation of model parameter a, and
only during a short time after the initiation of the scroll wave, in order to
examine the emergence of filament instabilities.
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Figure 31: Two setups for numerical investigation of straight scroll waves under
spatial confinement. The filament is displayed in red. Dimensionality of space
is scaled in terms of spiral wave length λ. Panel A illustrates the first setup in
which the evolution of the filament under the influence of the lower boundary is
investigated. Panel B exposes the second setup in which the influence of media
thickness on filament evolution is examined.

6.2 three-dimensional meander instability

Let us primarily start with the parameter a = 0.66 (green circle in figure 30).
Numerical simulations were achieved first for an initially perturbed filament
in an unbounded medium. This was done, in order to reproduce previously
found results by Henry and Hakim [87]. Afterwards, we examined evolution
of the filament at varying distances from one no-flux boundary. In both cases
- free and confined scroll wave - the filament is restabilized to a helix. Our
studies did not reveal a significant change to the restabilized state due to
interaction with the no-flux boundary for this parameter.

Next, we studied evolution of filaments for the parameter a = 0.58. Henry
and Hakim did not consider this parameter explicitly. Spiral waves meander
with outward petals for this parameter (red circle in figure 30). Numerical
simulations in an unbounded medium of size ∼ 2.4 × 7.3 × 7.3 λ3 revealed a
secondary three-dimensional meander instability.
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Figure 32: Secondary three-dimensional meander instability for parameter a = 0.58.
(A) The mean filament length as a function of time is plotted in blue. Additionally,
arrows are depicted to show location of the snapshots displayed by panels B to
E. The snapshots are taken at (B) 100 T, (C) 200 T, (D) 300 T, and (E) 400 T. The
filaments are shown in red and its projections in blue. Simulations were performed
for the parameter set a = 0.58, b = 0.01, and ϵ = 0.025. Boundary conditions were
chosen as periodic on the left, right, back, and front faces of the medium, while the
upper and lower faces are no-flux boundaries. Medium size is 2.4 × 7.3 × 7.3 λ3.

This instability is qualitatively illustrated by figure 32. The panels in the
figure demonstrate the emergence of the instability by the time evolution
of the overall filament length (panel A) and four time snapshots (panels
B to E). At the beginning, a straight filament is initiated in the center of
the simulation domain. After a perturbation, the instability appears and
is amplified (panels B and C). In comparison to the previously discussed
parameter (a = 0.66), here the filament does not restabilize to a helical shape,
but further destabilizes (panels D and E). Finally, the overall filament length
is grown enormously (panel A) and a breakup into several smaller filaments
is reached (panel E).
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Figure 33: Fourier spectral analysis for a filament in an unbounded medium of size
∼ 2.4× 3.2× 3.2 λ3 elucidating emergence of a secondary meander instability. In all
three panels (A-C) the Fourier spectra for the y- coordinate data are shown (spectra
for the z-coordinate data are analogous). The zeroth frequency mode, correspond-
ing to the natural scroll wave rotation frequency, is dropped from the underlying
spectral data. The inset figures display the filament states at the corresponding time
points: (A) 12 T (B) 22 T, and (C) 225 T. Parameters as in figure 32. Boundary condi-
tions were chosen as periodic on the left, right, back, and front faces of the medium,
while the upper and lower faces are no-flux boundaries.
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In order to analyze the emergence of this secondary meander instability a
bit more quantitatively, we applied a Fast Fourier Transformation (FFT) algo-
rithm on the two spatial coordinates y and z along the filament (displayed by
the projections of the filament on the medium walls, e.g. in figure 32), pro-
viding a power spectrum for each fixed time moment of filament evolution.
Since periodic boundary conditions are set for the walls at both end points of
the filament, only a discrete count of wave numbers can be observed. The re-
sults of the Fourier analysis for one sample simulation are depicted by figure
33. In early stages of filament evolution (panel A), small periodic modula-
tions appear along the filament. The corresponding power spectrum shows
the emergence of a peak at the wave number k1 ≈ 0.46. Note that this helix-
shaped filament with the single wave number is the final restabilized state in
case of parameter a = 0.66. In contrast, modulations are amplified further in
case of a = 0.58, accompanied by the appearance of one more (smaller) peak
at wave number k2 = 0.94 (after 22 T, panel B). In the periods of the filament
evolution following, further destabilization of the filament is accompanied
by the amplification of continuously emerging modes (panel C). It has to be
noted that this secondary instability solely could be observed in sufficiently
large spatial domains (initially all surrounding boundaries more than 2 λ

away from the filament). Moreover, the instability did not occur if no-flux
boundary conditions are set for the walls at which the filament end pints are
attached.

Next, the influence of one planar no-flux boundary on the development of
the secondary meander instability was studied. For that, numerical investi-
gations in setup one (figure 31, A) and different distances from one no-flux
boundary were achieved. Figure 34 displays one example simulation for
a scroll wave which was initiated at ∼ 0.2 λ away from the upper no-flux
boundary. Instead of the secondary meander instability observed in un-
bounded media, the filament now stays at the boundary, drifts along the
boundary, and evolves into a non-stationary helical state.

Figure 34: Suppression of the secondary meander instability in a medium of size
∼ 2.4 × 3.6 × 3.6 λ3. The snapshots are taken at (A) 200 T, (B) 250 T, (C) 300 T,
and (D) 350 T. The filaments are shown in red, and projections of the filaments in
blue. Simulations were accomplished for the parameter set a = 0.58, b = 0.01, and
ϵ = 0.025. Boundary conditions were chosen as periodic on the left, right, front, and
back faces of the medium, while the upper and lower faces are no-flux boundaries.
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Note that the size of the medium in x-direction is the same as in the case
of the unbounded media. Hence, the filament is not restabilized due to a
confinement in its length. In comparison to the helical state emerging for pa-
rameter a = 0.66, the restabilized state in case of a = 0.58 is characterized by
deformation waves which propagate along the filament, while the filament
itself continously drifts in parallel to the stabilizing boundary.

In order to investigate these deformation waves more quantitatively, we per-
formed numerical simulations for scroll wave filaments with smaller initial
lengths as we did above. Our focus was on finding a configuration in which
only one wave peak may propagate along the filament. We found this sit-
uation in a spatial configuration 1.8 × 6.4 × 1.3 λ3. Due to the rather large
length in y-direction, it was possible to study the wave propagating from
the left to the right periodic boundary several times, before the filament it-
self was drifted from front to the back periodic boundary. This behavior is
presented in figure 35, which is illustrating the evolution of the stabilized
filament with the propagating wave along it by four distinct time snapshots.
The shape of the deformation wave is well observable, both on the filament
(shown in red) as well as in the projections onto the lower and back bound-
aries (displayed in blue).

Furthermore, we were able to show that the deformation wave does not
change its form, even after several passes along the filament. The period
of the deformation wave for this spatial configuration was determined as
Twave ≈ 6.5 T, the corresponding propagation velocity as vwave ≈ 0.25 λ

T , and
consequently the modulation wave length as λwave = vwave · Twave ≈ 1.6 λ.
Additionally, we could show that the latter (wave propagation velocity) does
not change over several passes through the filament.

Studies in setup two (figure 31, B) revealed a critical distance dcrit, below
which a scroll wave filament initiated in the center of the medium drifts into

Figure 35: Deformation waves propagating along the secondary meander unstable
filament at the upper no-flux boundary. The snapshots are taken at (A) 60 T, (B)
62 T, (C) 64 T, and (D) 66 T. The filaments are shown in red, and projections of the
filaments in blue. Simulations were accomplished for the parameter set a = 0.58,
b = 0.01, and ϵ = 0.025. The size of the medium was ∼ 1.8× 6.4× 1.3 λ3. Boundary
conditions were chosen as periodic on the left, right, front, and back faces of the
medium, while the upper and lower faces are no-flux boundaries.
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the nearest wall. In the case that both the lower and the upper boundary are
equally far away from the filament, the chirality of the scroll wave with re-
spect to one of the boundaries (clockwise versus counter-clockwise) decides
whether the filament drifts into one or the other boundary. Furthermore,
the value of dcrit depends only slightly on the choice of boundary conditions
for the four walls surrounding the filament. If solely two of these walls
are chosen as no-flux boundaries, then we get dcrit = 3.1 λ. In case of no-
flux boundary conditions for all the surrounding faces, the critical thickness
shifts to dcrit = 3.2 λ. Below the critical thickness, the filament is restabilized.
Above the critical thickness, the secondary meander instability emerges, but
nevertheless the filament might be restabilized due to boundary effects at a
later stage of filament evolution. In the latter case, the ongoing evolution of
the filament depends on whether the whole filament is located near to one
of the no-flux boundaries or partially at all four no-flux boundaries. The
first case yields the previously discussed restabilized filament, while the se-
cond case yields a big helix. In the latter case, the growth of the instability
is delayed leading to a lifetime enhancement of the scroll wave.

6.3 negative line tension instability

In this subsection, I will provide a summary of our numerical investigations
for scroll waves which possess the negative line tension instability. The two
parameters I consider here are those with a = 0.44 and a = 0.48 (green and
red squares in figure 30 on page 81).

Primarily, we performed numerical simulations in unbounded media for
both parameters. As an example case, the emergence of the negative line
tension instability for a = 0.48 is illustrated by figure 36. The scroll wave
was initiated at the center of a medium with size 1.6 × 2.5 × 2.5 λ3. After
a weak perturbation, an instability appears and is rapidly amplified until
a breakup of the filament occurs. This highly turbulent state is known as
scroll wave (Winfree) turbulence [93, 106].

Figure 36: Development of the negative line tension instability. The snapshots are
taken at (A) 8 T, (B) 10 T, (C) 12 T, and (D) 14 T. The filaments are shown in red, and
projections of the filaments in blue. Simulations were achieved for the parameter set
a = 0.48, b = 0.01, and ϵ = 0.025 in a medium of size 1.6 × 2.5 × 2.5 λ3. Boundary
conditions were chosen as periodic on the left and right faces of the medium while
other walls were chosen as no-flux boundaries.
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Numerical simulations for scroll waves at different initial distances to one
boundary for parameter a = 0.44 yields a complete suppression of the ne-
gative line tension instability at an initial distance of ∼ 0.045 λ from the
no-flux boundary. Even after 4500 periods of spiral rotation, the filament is
stabilized at the boundary. In setup two (see figure 31 on page 83, panel
B), stabilization of the scroll wave was achieved for media thickness in the
interval between dcrit,1 = 0.45 λ and dcrit,2 = 0.75 λ. No scroll waves could
be initiated in media thinner than dcrit,1 while scroll waves are unstable in
media thicker than dcrit,2.

In contrast, numerical investigations reveal the negative line tension instabi-
lity to be delayed for a = 0.48, at least up to 500 rotation periods. We found
out that at distances smaller than ∼ 0.15 λ the instability is suppressed. The
closer to the boundary one initiates the filament, the longer the suppression.
Similar to the restabilized state for the meander unstable parameter a = 0.58,
the boundary-stabilized filament drifts along the stabilizing boundary.

Figure 37: Delayed development of negative line tension instability. The snapshots
are taken at (A) 270 T, (B) 320 T, (C) 505 T, and (D) 530 T. The filaments are shown
in red and projections of the filaments in blue. Simulations were accomplished in
a medium of size 1.6 × 1.8 × 1.8 λ3. Boundary conditions are chosen as periodic on
the left, right, front, and back faces of the medium while the upper and lower faces
are no-flux boundaries. Parameters as in figure 36.
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Exemplarily, figure 37 demonstrates eveolution of a scroll wave initiated
at ∼ 0.075 λ below the upper no-flux boundary. Once the scroll wave is
stabilized at the upper boundary, its filament remains nearly straight and
drifts along the wall from the periodic boundary at the back to the one in
front. Only after ∼ 270 T small modulations appear on the filament (panel
A). Henceforth, these modulations are amplified and after ∼ 320 T (panel B),
the twist along the filament exhibits a simple periodicity. This is indicated
by the nearly perfect sinusoidal projections on the back and lower walls of
the medium (once again panel B) and by the circular-shaped projection in
direction of the filament (left wall of the medium in panel B). Hence, the
filament is pushed away from the boundary and the negative line tension
instability takes the lead again (panels C and D).

Figure 38: Fourier spectral analysis to explain delayed development of negative line
tension instability for the parameter a = 0.48. In both panels the power spectra for
the y- coordinate data are shown (spectra for the z-coordinate data are analogous).
The zeroth frequency mode, corresponding to the natural scroll wave rotation fre-
quency, is dropped from the underlying spectral data. The inset figures display the
filament states at the corresponding time points: (A) 282 T and (B) 370 T. Parame-
ters, medium size, and boundary conditions as in figure 37.
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Qualitatively we shall interpret the delayed development of the negative line
tension instability for a = 0.48 as follows: In unbounded media, the evolu-
tion of the filament is dominated by the negative line tension instability. The
latter is suppressed if the filament is located sufficiently near to one no-flux
boundary. We propose that scroll waves also possess instability of the me-
ander bands at this parameter, since it is located at the boundary to the
parameter region with meandering spiral waves (see figure 30 on page 81).
In unbounded media, the meander instability does not play a significant role
in the evolution of the filament, compared to the instability of the translation
bands. Yet, as the latter instability is suppressed by the no-flux boundary, the
meander band instability comes into play. Consequently, some small pertur-
bations along the filament are amplified continuously in the course of time.
This yields a filament that possesses helical shape, being not completely in
the interaction region with the boundary anymore. Hence, the previously
suppressed instability of the translation bands takes over again, and leads
itself to scroll wave turbulence.

The latter interpretation is quantified by a FFT analysis for parameter a =

0.48, results of which are illustrated by figure 38. After 282 periods, small
modulations along the filament are accompanied by the appearance of one
peak at the wave number k1 ≈ 0.7 (Panel A). Later, an additional smaller
peak becomes visible at the wave number k2 ≈ 1.3 (panel B). Finally, the
modulations along the filament are more and more amplified, leading to
occurrence of additional modes in the Fourier spectrum (not shown here).
Hence, the boundary is no more able to suppress the negative line tension
instability and evolution of scroll wave turbulence is the consequence.





7
T H R E E - D I M E N S I O N A L M E A N D E R U N S TA B L E
S T R A I G H T S C R O L L WAV E S I N A C O N F I N E D P B Z
M E D I U M

7.1 introduction

In the previous chapter we investigated evolution of straight scroll waves
under confinement numerically. This was achieved in the framework of the
Barkley model. It could be shown that scroll waves possessing both the
meander as well as the negative line tension instability can be restabilized
due to interaction with at least one no-flux boundary.

In this chapter, it is now my purpose to illustrate evolution of a straight scroll
wave with meander instability in the photosensitive Belousov-Zhabotinsky
(PBZ) medium. The scroll waves in the PBZ medium are initiated as illus-
trated in the experimental methods chapter (see section 4.5, in particular fig-
ure 23 on page 63). For the investigations herein, the recipe IV was used (see
table 1 on page 64). Experiments were conducted at constant background
light intensity of Φ = 0.09 mW/cm2. A spiral wave performs a meandering
tip motion with outward petals under the chosen chemical composition and
the background illumination.

Experimental results are accompanied by numerical simulations within the
modified complete Oregonator (MCO) model [169, 170], a three-variable
reaction-diffusion model which is written in the following form:

∂u
∂t

=
1
ϵu

[
u − u2 + w(q − u)

]
+ Du∇2u,

∂v
∂t

= u − v, (98)

∂w
∂t

=
1

ϵw
[ϕ + f v − w(q + u)] + Dw∇2w.

In this model, the variables u, v, and w are proportional to concentrations of
bromous acid [HBrO2], the oxidized catalyst ruthenium

[
Ru (bpy)3+

3

]
, and

bromide
[
Br−

]
, respectively. Moreover, the MCO is an activator-inhibitor

system, with u being the activator, w the inhibitor, while the catalyst is given
as v. Analogous to the experimental system, the catalyst is immobilized
and does not diffuse. Contrary to that, the activator and inhibitor species
are diffusing with slightly differing coefficients Du = 1 and Dw = 1.12,
respectively. This model is a five-parameter system containing the recipe-
dependent time scales ϵu and ϵw ≪ ϵu, the ratio of the rate constants q, the
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stochiometric parameter f , and the photochemically induced bromide flow
ϕ. The latter is assumed to be proportional to the applied light intensity and
oxygen concentration [169].

The simulated scroll waves are initiated according to the setup shown in
figure 39. Herein, panel A illustrates the situation for a scroll wave in un-
bounded media while panel B shows the setup for confined media. In both
cases, a straight scroll wave with initial filament length of 4 λ is initiated.

A spatially periodic parametric perturbation is introduced along the fila-
ment, which is illustrated schematically by figure 39, panel C. The perturba-
tion is achieved through the Oregonator parameter ϕ, given by the function

ϕ(y) = ϕ0 + 0.009 · H
[

cos
(

6 · π · y
15

)]
. (99)

The perturbation is turned on at time ton = 0 and turned off after one period
of the corresponding spiral wave rotation (toff = 1 T). Herein, ϕ0 is fixed
(ϕ0 = 0.022) and H [· · · ] is the Heaviside step function. The other parameters
are ϵu = 0.07, ϵw = ϵu/90, q = 0.002, and f = 1.16. The period of rotation
T and wave length λ of a spiral wave together with the corresponding tip
trajectory pattern are shown in figure 39, panel D.

Figure 39: Simulation of scroll waves in the MCO model. (A) Setup of unbounded
media. (B) Setup of bounded media. (C) Scheme of the spatially periodic parametric
perturbation. The perturbation is applied with respect to the parameter ϕ of the
Oregonator model. The red line indicates the center line of the filament. (D) Tip
pattern, wave length λ, and rotation period T of the corresponding spiral wave for
the chosen parameters ϕ = 0.022, ϵu = 0.07, ϵw = ϵu/90, q = 0.002, and f = 1.16.
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Figure 40: Scroll waves at one no-flux boundary in the MCO model and in the PBZ
medium. The experimental transmission image sequences, obtained in the PBZR,
are shown on the top panel. Subsequently, top, perspective, and filament view
of a scroll wave calculated numerically in the MCO (top, middle, and bottom of
simulation panel, respectively) are presented. Snapshots of scroll wave evolution
taken at: 50 T, 100 T, 150 T, and 200 T. The red curves on the numerical top view
pictures and the experimental transmission image sequences indicate the filaments.

7.2 results

A qualitative comparison between a scroll wave initiated in the PBZ medium
and a scroll wave in the numerical simulation is shown by figure 40. The
figure illustrates the time evolution of the scroll wave with four distinct time
snapshots. While the experimentally investigated scroll wave is represented
by top-view figures alone, the simulated scroll wave can be examined by
more than one viewing mode. This allows a more detailed investigation
of the scroll wave evolution. In addition to a top-view mode, we have the
perspective view which shows the shape of waves emitted at the filament
and a filament view that illustrates its shape. The top-view snapshots in
figure 40, both in the experiment and in the numerical simulation, show a
qualitative similarity.
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The curve-linear waves that are periodically emitted indicate a highly writhed
filament of the scroll wave. What might be indicated by the experimental
transmission image sequences, can be resolved in case of the numerical sim-
ulations. Here, in particular the filament view shows a highly chaotic and
irregular filament shape evolution. Obviously, a single restabilized filament
state can not be identified by the filament pictures. Instead, the modulations
on the filament dynamically change over time.

Note that the filament dynamics presented here is not caused by the sproing
instability. The latter instability was found by Pertsov and colleagues experi-
mentally [81, 171, 83], who examined the evolution of scroll waves under
parametric gradients (gradient of temperature). In contrast, the irregular
modulation patterns on the filament presented here emerge under fully ho-
mogeneous conditions, apart from the time duration of one rotation period
directly after scroll wave initiation when the spatially modulated parametric
perturbation is turned on.

In the following, I will compare free and confined scroll waves exclusively in
the numerical simulations, since free scroll waves can not be initiated in the
thin layers of PBZR considered in our experimental setup (see chapter 4 on
page 55). Figure 41 shall now exemplify the evolution of the free scroll wave
obtained numerically. In this figure, panel A displays the evolution of the
filament length within time. As we can see, the length of the perturbed fil-
ament grows until it has reached approximately twice its initial length after
approximately 150 rotation periods. Afterwards, the scroll wave recontracts.

Figure 41: Time evolution of a free scroll wave in the MCO model. (A) Overall
filament length plotted over time. (B) Mean variance of the height coordinate z
along the filament over time. Filament snapshots taken after (C) 50 T, (D) 100 T, (E)
125 T, and (F) 150 T. Parameters chosen as in figure 40.
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Panels C to F illustrate the considerable growth of the filament by four dis-
tinct time snapshots. In panel B, the mean variance of the height coordinate
along the filament is shown.

The behavior of the free scroll wave filament presented here is similar to
the case studied in the Barkley model in the previous chapter. The latter
was illustrated by figure 32 on page 84. There the filament length growth
was accompanied by highly irregular modulations along the filament un-
til a breakup occurred. Note that the latter instability emerged only if for
the medium walls in direction of the filament periodic boundary conditions
were selected. In the case described here, all boundary conditions were cho-
sen to be of no-flux type. This might be also the reason why the filament
growth is stopped after 150 T and is turned back to a contraction. The re-
contraction sets in when major parts of the filament reach the vicinity of
surrounding no-flux boundaries. In this sense, the no-flux boundaries sup-
press the secondary meander instability.

In comparison to the free scroll wave, figure 42 shall illustrate the evolution
of filament length (panel A) and mean height variance along the filament
(panel B) over time for a scroll wave under confinement. A clear restabi-
lized state, as presented for some parameters with meander instability in the
framework of the Barkley model, does not exist here. The restabilized states
obtained in the last chapter were characterized by a stationary helix shape or
a dynamical state in which one or more deformation waves propagate along
the filament. Instead, the restabilized filament of the meander unstable scroll
wave presented here, randomly oscillates around a mean overall length of
approximately 4.5 λ. Furthermore, it is not possible to determine shape and
number of propagating deformation waves along the filament. Moreover,
deformation waves appear randomly at any position and time along the fila-
ment and propagate in both directions until two such deformation waves
collide and annihilate.

Figure 42: Time evolution for a confined scroll wave in the MCO model. (A) Over-
all filament length plotted over time. (B) Mean variance of the height coordinate
z along the filament over time. Filament snapshots already shown in figure 40,
bottom. Parameters as in figure 40.





C O N C L U S I O N S

The focus of the latter two chapters was on the study of straight scroll waves
under spatial confinement.

The work presented in chapter 6, is a numerical study in the framework of
the Barkley model. Numerical studies of straight scroll waves under confine-
ment revealed a complete suppression of the negative line tension instability
(more than 4500 rotation periods). In contrast, development of the negative
line tension instability was delayed for one parameter at the border to the
meander regime, at least for 500 rotation periods.

With regard to the meander instability, at one parameter the scroll wave
restabilizes into a helix. Another parameter, which is located within the
outward meander regime, experiences a secondary three-dimensional me-
ander instability in unbounded media. We were able to show that confine-
ment suppresses the secondary meander instability, such that one pulselike
deformation wave with constant shape and velocity propagates along the
restabilized filament for evermore.

My experimental studies in the framework of the PBZ reaction (chapter
7) indicate the emergence of highly writhed filaments. Within time, the
modulations along the filament occur irregularly, deformation waves propa-
gate along the filament, and they annihilate each other upon collision. The
observed filament state is characterized by a noisy evolution of its overall
length.
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A N U M E R I C A L S T U D Y O F S C R O L L R I N G S U N D E R
VA R I AT I O N O F E X C I TA B I L I T Y - U N B O U N D E D N E S S
V E R S U S C O N F I N E M E N T

8.1 introduction

In the present chapter, I will present results of numerically investigated scroll
rings for two distinct parameter sets of the MCO model. I have introduced
the MCO model already in chapter 7. The two parameter sets investigated
herein are characterized by two different values of the time-scale parameter
ϵu: (1) ϵu = 0.125 and (2) ϵu = 0.07. For each ϵu-value, the parameter ϕ will
be specified in an interval ranging from ϕ1 in the oscillatory regime to ϕ2

at the border to the non-excitable regime. The variation step for ϕ will be
∆ϕ = 1 × 10−3 for both parameter sets. The remaining three parameters of
the MCO model are ϵw = ϵu/90, q = 0.002, and f = 1.16.

Before I discuss the numerical investigation for scroll rings, I shall present
the results of spiral wave simulations for each element of the chosen para-
meter sets. These results are gathered in figure 43. As one can see, set (1)
only possesses elements which support rigidly rotating spiral waves, while
a transition from outward meander, over inward meander, to rigid rotation
occurs in set (2). In all cases herein, a spiral wave was simulated by taking
into account a half plane wave as initial condition in a square grid with 500×
500 elements. A forward Euler scheme for time integration and a nineteen
point star discretization for the Laplacian were applied with the time and
space discretizations being dt = 0.0005 and dx = dy = 0.3, respectively.
Each spiral wave was simulated up to 300 rotation periods before the tip
trajectory patterns, wave lengths λ and rotation periods T were measured.
This was performed in such a way, in order to preclude transient effects that
might be present at the beginning. The rotation periods and wave lengths
which were determined for spiral waves will serve as scaling factors of time
and space in the three-dimensional simulations, respectively.

For each element of the two parameter sets given in figure 43, I performed
numerical simulations for scroll rings in unbounded and confined media.
The scroll rings were initialized in a similar manner like in the chemical ex-
periment (see figure 24 on page 65). An outwardly propagating cylindrical
wave front (cylinder axis in z-direction) was exposed to inhibiting illumina-
tion by increasing the parameter ϕ for a certain time interval ∆tini to a value
ϕini ≫ ϕ2 in the complete spatial region from z = a to z = ztop (ϕ2 being the
border to the non-excitable parameter regime and ztop the top boundary of
the medium).
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Figure 43: Tip trajectory patterns, rotation periods T and wave lengths λ for spirals
under variation of photoexcitability parameter ϕ of the MCO. Two parameter sets,
characterized by two different values of time-scale parameter ϵu, are shown. Set (1)
with ϵu = 0.125 and Set (2) with ϵu = 0.07. The other parameters are ϵw = ϵ/90,
q = 0.002, and f = 1.16.
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The filaments’ initial distance z0 from the bottom of the layer and the ini-
tial filament radius R0 can be controlled choosing appropriate values of the
parameters ∆tini and a. This procedure annihilates the wave in the illumi-
nated region and leads to the formation of an untwisted scroll ring with
the filament plane exactly in parallel to the x-y plane, after the medium has
recovered to the ϕ level before inhibition.

The initial position of the emerging ring-shaped filament is shown in fig-
ure 44. In case of the unbounded medium the filament plane is located
in the middle of the medium (panel A), while the confined scroll ring fila-
ment resides at a position 0.2 - 0.3 λ away from the lower no-flux boundary
(panel B). In the former case (free scroll ring), simulations were achieved in
a cuboidal space with 4 × 4 × 2 λ3 and in case of confined scroll rings in a
cuboidal space with 4 × 4 × 1 λ3. In both cases, no-flux boundary condition
was chosen for all medium walls.

Note that the position of the forming scroll ring excludes interaction with
the lateral no-flux boundaries which are at least 2 λ away from the filament.
The instantaneous position of the filament was defined from the crossing of
the two iso-concentration surfaces u f = 0.3 and v f = 0.1 (index f denoting
filament). This definition yields graphs for the filament radius R, for the
axial position z of the filament, and for the filament length l with super-
imposed oscillations. This is due to the rigid, respectively meandering, tip
trajectory patterns of the spiral waves rotating around the filament.

The structure of this chapter is as follows. In the next section, I will dis-
cuss results of simulations in unbounded media for both parameter sets. In
particular, the focus will be on the transition from contracting scroll rings
(positive filament tension, α > 0) to expanding scroll rings (negative fila-
ment tension, α < 0). Afterwards, the effect of one no-flux boundary on the
life time of intrinsically contracting scroll rings will be discussed. Finally, it
will be tested if a no-flux boundary might reverse the expansion of negative
filament tension rings.

Figure 44: Initial placement of scroll ring filaments in numerical simulations which
were achieved (A) in unbounded media, and (B) in confined media.
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8.2 free scroll rings

The asymptotic theory of scroll wave filaments in the form derived by Keener,
Biktashev and others yields a set of two ordinary differential equations
(ODEs) for the time evolution of the radius R and the axial drift along the
symmetry axis z for a free untwisted scroll ring [99, 89] (see also in section
3.2 on page 36):

dR
dt

= − α

R
,

dz
dt

=
β

R
, (100)

Here, the sign of filament tension parameter α determines whether the ring
contracts (α > 0) or expands (α < 0) with time, and the vertical drift co-
efficient β determines the degree and direction for the drift of the whole
filament plane.

Solving the two ODEs yields

R (t) =
√

R2
0 − 2αt,

z (t) = z0 −
β

α
R (t) , (101)

with arbitrary initial conditions R0 and z0.

Figure 45: Time evolution of the overall filament length for contracting and expan-
ding scroll rings in unbounded media. (A) Parameter set (1) with ϕ = 0.008, (B) set
(1) with ϕ = 0.013, (C) set (2) with ϕ = 0.022, and (D) set (2) with ϕ = 0.029.
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Figure 46: Modulations along the filaments of contracting free scroll rings in para-
meter set (2). (A) ϕ = 0.021 after t = 20 T and (B) ϕ = 0.022 after t = 12 T.

A set of four sample simulations illustrating the contraction and the expan-
sion of free scroll rings in both parameter sets is given in figure 45. In this
figure, the time evolution of the overall filament length is shown for each
sample simulation. Panels A and C display contraction while panels B and
D show expansion of the corresponding filaments.

In order to determine the filament tension α and drift coefficient β for each
element of the two chosen parameter sets, the solution equations (101) have
been fitted to the numerical filament data from the corresponding simula-
tions in unbounded media. The latter fitting procedure yields a transition
from positive to negative filament tension at ϕ = 0.012 in parameter set (1)
and at ϕ = 0.026 in set (2). Note that the fitting was only applied to those
parts of the data that are linear in time.

The mean life time for the free scroll rings with positive filament tension
in parameter set (1) is t̄life = 26.0 ± 2.2 T, while for set (2) this is t̄life =

15.2 ± 3.1 T. Hence, the contracting free scroll rings in set (2) possess a
significantly shorter life time compared to the rings in set (1). However,
at some parameters in set (2) filament modulations emerge before the final
collapse of the ring. The two cases in set (2), where modulations of the
filament are visible before collapse, are shown in figure 46. Panel A of this
figure shows the case with ϕ = 0.021 at time t = 20 T and panel B the case
with ϕ = 0.022 at time t = 12 T. In both cases, the filament is square-shaped.

With regard to free scroll rings with negative filament tension, Biktashev was
the first to show that negative filament tension yields a turbulent behavior
after a first phase of expansion. He termed this turbulent behavior as scroll
wave turbulence [93].

The evolution of expanding free scroll rings is exemplified in figure 47, illus-
trating results of numerical simulations obtained in parameter set (1) with
ϕ = 0.014. Four distinct time snapshots during the early life time of the
scroll ring is shown in the figure. Already after 10 rotation periods bumps
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are observable (e.g. in top view mode) along the emitted waves. These
bumps grow (15 T and 20 T) and breakup occurs at 25 T. Note that all four
steps of the destabilization presented in this figure are characterized by very
symmetric emergence of modulations along the ring. One might pose the
assumption that this may be due to the geometry of the space on the one
hand and due to the small distance of the surrounding boundaries on the
other hand.

In order to preclude any possible influence of the surrounding boundaries,
numerical simulations were performed additionally in larger spaces, e.g. in
spaces with dimensionalities 4 × 4 × 4 λ3 and 8 × 8 × 2 λ3. The latter sim-
ulations support the symmetric nature of the instability at the first stages
of the scroll wave turbulence. Only later, after the primary breakup of the
scroll ring filament, the symmetry disappears and the further evolution of
the filaments is more and more characterized by a chaotic and turbulent
state.

To better illustrate all stages of the turbulence, including the more chaotic
later stages, figure 48 is presented. In this figure, the evolution of the fila-
ment itself is illustrated at four time moments. At t = 20 T one can still see
the large bumps that are symmetrically distributed along the ring filament
(panel A). After t = 30 T, the breakup already has been occured (panel B).
Finally, the chaotic late stages are observable (panels C and D).

Figure 47: First stages of an expanding free scroll ring. Two different viewing
modes: Perspective view and top view. The red curves on the top view pictures
depict the filament location. Simulation performed for parameter set (1) with
ϕ = 0.014.
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Figure 48: Development of scroll wave turbulence. (A) 20 T, (B) 30 T, (C) 40 T, and
(D) 50 T. The filament is shown in red and its projections to the walls of the medium
in blue. Simulation performed for parameter set (1) with ϕ = 0.014 and medium
size is ∼ 4 × 4 × 4 λ3.

8.3 motivation for studying confined scroll rings

Now that we have examined the evolution of free scroll rings in the two cho-
sen parameter sets, it is time to discuss the influence of no-flux boundaries
on this evolution. Though scroll rings are non-stationary objects (either they
contract or they expand), it is of great importance to investigate the influence
of confining boundaries on the evolution of scroll rings.

It has to be emphasized that the effect of boundary interaction depends on
the chirality of the scroll ring in relation to the boundary. At best, one can
illustrate this by one cross-section through the ring center, showing two sym-
metric counter-rotating spiral waves. Schematically, this is done by figure 49,
both for a scroll ring with positive and for a scroll ring with negative fila-
ment tension. Certainly, it depends additionally on the chosen parameters in
numerical simulations or the chosen recipe in the BZ reaction whether one
or the other chirality leads to one or the other change of filament evolution.

Herein, I shall distinguish two cases of boundary interaction that were intro-
duced by F. Paul within the scope of his diploma thesis [172].
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Figure 49: Sketch to illustrate cooperative and antagonistic boundary interactions
for scroll rings with positive (α > 0) and negative (α < 0) filament tension.

These two effective changes of the filament dynamics will be denoted coop-
erative and antagonistic, respectively. The cooperative boundary interaction
yields an amplification of the intrinsic filament dynamics: A contracting
scroll ring will collapse faster while an expanding ring will reach the turbu-
lent state earlier. In contrast, the antagonistic interaction might slow down
or even reverse the intrinsic evolution of the scroll ring.

The latter, namely the antagonistic boundary interaction shall benefit us in
seeking stationary scroll rings. This will lead us the way through the now
following sections and chapters. We will discuss the possible adjustments
to the known free scroll ring evolution, once confinement comes into play.
The following section focuses on intrinsically contracting scroll rings. subse-
quently, the next section will report on the modifications that confinement
introduces to the evolution of scroll rings with negative filament tension.

8.4 contracting scroll rings

In this section, I will report on the numerical study of intrinsically contract-
ing scroll rings in the vicinity of one no-flux boundary. The numerical setup
is shown in figure 44, panel B (see on page 105). The rings are initiated such
that they interact in the antagonistic sense with the lower no-flux boundary,
with their filament plane located 0.2 - 0.3 λ above the boundary.

The results of the numerical simulations for parameter set (1) and (2) are
shown in figure 50. As we can see, the life time enhancement in set (2) is ten
times higher than it is the case for the scroll rings in set (1). Additionally,
in both cases a rapid decrease of life time enhancement is observed when
approaching the border to negative filament tension parameter region.
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Figure 50: Life time enhancement for contracting scroll rings at one planar no-flux
boundary, plotted in percent relative to the total life time of the corresponding free
scroll rings regarding the (A) parameter set (1) and (B) parameter set (2).

Directly before this border, the life time enhancement even turns to a life
time shortening (negative values for ∆tlife at ϕ = 0.011 for parameter set (1)
and at ϕ = 0.025 in set (2)).

As an example, figure 51 illustrates the significant life time enhancement in
the case of ϕ = 0.022 in parameter set (2). Panel A shows the time evolu-
tion for the filament radius R (t) and the axial drift z (t) in direction of the
symmetry axis for a scroll ring simulated in an unbounded medium. Analo-
gously, panel B exemplifies R (t) and z (t) for the ring in the confined case.

A substantial increase in the life time of scroll rings with positive filament
tension was already found experimentally in the framework of the BZ re-
action system [154]. The authors report on their experimental results with
acompanying numerical simulations within the scope of the Rovinsky model
[173]. Furthermore, a kinematical model was proposed that takes into ac-
count the interaction of the scroll ring with a no-flux boundary.

Figure 51: Free versus confined scroll rings for parameter set (2) and ϕ = 0.022. (A)
for a free scroll ring, and (B) for the scroll ring at one no-flux boundary. Plotted
are the filament radius R and the axial position z of the filament plane over time.
Additionally, mean radius R̄ and the mean axial position z̄ are plotted in blue and
red, respectively.
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The proposed model, being a superposition of the intrinsic free scroll ring
evolution and the assumed boundary interaction, successfully reproduces
both the experimental as well the numerical results.

In general, one can write down the extended kinematical model by Totz et
al. as follows [154]:

dR
dt

= − α

R
+ c2D

∥ (z) + c2D
⊥ (R) , (102)

dz
dt

=
β

R
+ c2D

⊥ (z)− c2D
∥ (R) . (103)

The first right-hand side terms in the above two equations account for the
well-known intrinsic scroll ring dynamics. The assumed boundary interac-
tion enters through the functions c2D

∥ (x) and c2D
⊥ (x) with x being either z

or R. In particular, the function c2D
∥ (z) might strengthen the intrinsic time

evolution of the filament (cooperative boundary interaction) or weaken it
(antagonistic interaction).

Note that Totz et al. considered the above model with the assumption of
β = 0 since the scroll rings reported by them in the experiments and in the
numerical simulations do not drift vertically. In contrast, the unbounded
scroll rings which were investigated in this chapter possess a non-vanishing
vertical drift coefficient β for both parameter sets, with the vector of their
vertical drift pointing in direction of the antagonistic boundary.

Figure 52: Emergence of filament modulations for parameter set (2) and ϕ = 0.021.
(A) Deviation from a perfect ring. (B) Mean variation of the height coordinate z
along the filament. (C) Filament snapshot after 30 T, (D) after 50 T, and (E) after
70 T.
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In section 8.2 (e.g. figure 46 on page 107) another pecularity for contracting
scroll rings in parameter set (2) was discussed, namely the emergence of
modulations on the filament. The modulations appear shortly before the
collapse of the scroll rings, only for two sample values (ϕ = 0.021 and ϕ =

0.022), and the filaments possess the same square shape (observable on the
x-y-projections).

We can now take the substantial life time enhancement in case of the cor-
responding confined rings as an advantage for a better examination of the
emerging filament modulations. Primarily, scroll rings with different initial
radii were simulated near the lower no-flux boundary for ϕ = 0.021. Simula-
tions were performed in cuboidal spaces with dimensionality ∼ 9× 9× 2 λ3.
Such a big space was chosen, in order to preclude influences by the sur-
rounding no-flux boundaries. The filaments are located at the center of the
medium (with respect to x- and y-coordinates), thus at all times at least 2 λ

away from the surrounding boundaries.

The evolution of the filament modulations in that case is illustrated by figure
52. Panel A shows the degree of deviation from a perfect ring over time. The
latter is calculated through the formula lFila (t) / (2πrFila (t)) where lFila (t)
denotes the filament length and rFila (t) the filament radius at time t. A
perfect ring yields a value of 1. As we can see in this graph, small deviations
emerge after ∼ 20 T, are amplified, and the peaks display a periodic behavior.
After 60 T, the periodicity dissapears and the ring deviation shows a noisy
behavior in the region between the values 1.05 and 1.15. The continuous
change in the filament shape is further supported by the evolution of the
mean variance in the height coordinate z along the filament, shown in panel
B. Finally, panels C to E display the shape of the filament for three distinct
moments in time, namely after 30, 50, and 70 periods of rotation. The latter
show the preservation of the square shape (projections on the x-y-plane).

Analogously, evolution of the filament shapes were studied for the cases
ϕ = 0.022 and ϕ = 0.023. This is illustrated by figure 53, showing snapshots
of the filament in steps of 1 T from 50 T to 53 T. In case of ϕ = 0.022, the
filament shape slightly changes (t = 52 and t = 53) as the filament drifts
slightly away from the lower boundary. The instability mode is doubled
compared to ϕ = 0.021 (eight compared to four). In case of ϕ = 0.023, the
filament shape is no more preserved, but changes continuously in form and
instability mode.
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Figure 53: Filament shape evolution for ϕ = 0.022 and ϕ = 0.023 in parameter set
(2).
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Figure 54: Delayed development of negative filament tension for ϕ = 0.028 in set
(2). (A) Plot of mean filament radius R̄ (t) in blue and the mean axial position of
the filament plane z̄ (t) in red. (B) Plot of the filament length l (t). (C) Snapshot of
the filament after t = 72 T, (D) after t = 74 T, and (E) after t = 100 T.

8.5 expanding scroll rings

In this section, I will discuss the influence of one no-flux boundary on the
evolution of scroll rings which expand over time in unbounded media. Sim-
ulations that were performed in parameter set (2) yield a significantly de-
layed development of the negative line tension instability at a planar no-flux
boundary. Exemplarily, this is illustrated for ϕ = 0.028 in figure 54. One
can see that the mean radius R̄ and the mean axial position z̄ show small pe-
riodic modulations after the boundary-induced stabilization (panel A). This
indicates the presence of the three-dimensional meander instability, though
corresponding spiral waves perform rigid tip motion in 2D.

Apparently, the negative line tension instability is suppressed by the bound-
ary. In contrast, the meander instability, being negligible in comparison to
the stronger negative line tension instability in unbounded media, plays now
a role in the time evolution of the boundary-stabilized scroll ring. The me-
ander instability leads to emergence of modulations on the filament (panel
C). In this case, the filament possesses an oval shape (projection onto the
x-y-plane). At the two elongated sides of the filament which are located
next to the lower boundary, the filament touches the boundary and splits
up (panel D). From this moment on, the further evolution is governed by
the previously suppressed negative line tension instability and yields scroll
wave turbulence.
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Figure 55: Complete stabilization of scroll ring for ϕ = 0.014 in set (1). (A) Mean
filament radius R̄ (t) in blue and the mean axial position of filament plane z̄ (t) in
red. (B) Plot of the filament length l (t). (C) Snapshot of the filament after t = 50 T,
(D) after t = 150 T, and (E) after t = 450 T.

Figure 56: Complete stabilization of scroll ring for ϕ = 0.014 in set (1) illustrated
by two viewing modes: perspective view and top view. The red curves on the top
view pictures depict the filament location.

Complete stabilization of scroll rings at planar no-flux boundaries could be
achieved for several ϕ-values with negative filament tension in set (1). As an
example, the evolution of a boundary-stabilized scroll ring at one planar no-
flux boundary is shown for ϕ = 0.014 in figure 55. In this figure, the mean
filament radius R̄ (t), the mean axial position z̄ (t), and the overall filament
length l (t) are plotted only for the first 140 rotation periods (average values
are calculated over one corresponding rotation period).
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Nevertheless, the scroll ring is stable for more than 450 T without any change
in the shape of the corresponding filament. The preservation of filament
shape is illustrated by the single time snapshots in panels C to E. Addition-
ally one can illustrate the propagating waves that are periodically emitted
from the filament of the corresponding scroll ring. This is done in figure 56

through different viewing modes for distinct time moments.

Compared to the simulations for ϕ = 0.014 in unbounded media, illustrated
by figure 47 ( on page 108) showing the consequence of expansion and scroll
wave turbulence on the shape of the waves, the confined counterpart pre-
sented here is stabilized while preserving both the clean and regular shapes
of the propagating waves as well as the perfectly ring-shaped filament in
time. For the reason of comprehensibility, the evolution up to 150 rotation
periods is shown. Moreover, all important information is already included,
and no significant change in the shape of the propagating waves will be
observable in the remaining 350 periods.

Such boundary-stabilized scroll rings can be seen as a novel type of au-
tonomous pacemakers (APMs) in three-dimensional media. Formation of
these APMs can be understood qualitatively if we again consider the kine-
matical model represented by the equations (102) and (103) ( on page 112).
In order to apply this kinematical model to the numerically observed scroll
ring stabilization, the drift velocity functions were determined numerically
[174]. This was achieved by initiating a spiral wave at different distances
to the boundary within the same parameter set and ϕ-value allowing the
formation of boundary-stabilized scroll rings.

In case of ϕ = 0.014, the latter precedure delivers the following qualitative
result: The absolute value of both drift velocity components are negligible
as long as the distance between spiral core center and the boundary is larger
than approximately 0.3 λ. At a distance in the region between (0.2 − 0.3) λ,
the absolute values significantly increase. Particularly, the parallel compo-
nent attains a maximum absolute value of

⏐⏐c2D
∥
⏐⏐ ≈ 0.03 λ/T. The latter

represents the magnitude of drift in parallel to the boundary. The direction
of that parallel drift has the opposite sign in comparison to the intrinsically
provided filament expansion. Hence, the latter is suppressed and even re-
versed until the ring is stabilized at a mean filament radius R̄ ≈ 0.25 λ and
a mean distance z̄ ≈ 0.16 λ of the filament plane to the lower boundary.

Additionally, a linear stability analysis approach for the extended kinemati-
cal model delivered some more quantitative results [175]. Major suggestions
of this approach are the existence of both stationary as well as limit cycle
solutions in the R-z phase space, while transition from the stationary to the
limit cycle solution occurs in the form of a supercritical Hopf bifurcation.
The stationary solution represents the stationary APM found at ϕ = 0.014.
The limit cycle solution, which is emerging in the linear stability analysis,
indicates another very interesting type of APM. I shall term the latter as a
“breathing” APM.
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Figure 57: Breathing autonomous pacemaker for ϕ = 0.0125 in parameter set (1).
Plot of the mean radius R̄ (in blue) and the mean axial position z̄ (in red).

If observable, a breathing APM will be characterized by periodic oscillations
both in its mean filament radius R̄ (t) as well as in the mean axial position
z̄ (t) of its filament plane. Indeed, I was able to find breathing APMs in
the numerical simulations within the parameter set (1). The stationary APM
goes over to the breathing APM at ϕHopf inbetween 0.0125 and 0.013, if start-
ing from ϕ = 0.014, and continuously lowering the value for ϕ. Hence, the
value for ϕHopf marks the supercritical Hopf bifurcation in the parameter set
(1).

Exemplarily, the mentioned periodic oscillations in both the mean radius as
well as in the mean axial position for ϕ = 0.0125 are shown in figure 57.
Furthermore, in case of ϕ = 0.012, the breathing of the filament during one
corresponding period is illustrated by single filament snapshots in figure 58.
It has to be emphasized that the breathing periods vary strongly in these
two exposed examples, namely TB ≈ 7 T for ϕ = 0.0125 and TB ≈ 17 T for
ϕ = 0.012.

The region of existence for breathing APMs spans all values in the interval
between ϕNLTI = 0.012 and ϕHopf. Note that ϕNLTI marks the transition to
the parameter region where scroll wave filaments possess negative tension,
hence denoted with NLTI.



8.6 numerical tests for observing an apm in the pbzr 119

Figure 58: Breathing APM in parameter set (1) with ϕ = 0.012. Filaments are plotted
in red while its projections to the walls are drawn in blue. The black arrows denote
the direction of motion for the filament. (A) t = 30 T, (B) t = 38 T, (C) t = 43 T, and
(D) t = 47 T.

8.6 numerical tests for observing an apm in the pbzr

In this section, I will discuss some conditions under which one might be
able to observe boundary-mediated formation of three-dimensional APMs
in the PBZR. I have decided to focus on the specific case of ϕ = 0.014 in the
parameter set (1), where a stationary APM forms at one no-flux boundary.
Figures 55 and 56 (see on the pages 116 and 116, respectively) illustrate the
formation and evolution of such a stationary APM very well.

The first to be investigated here is the question for combinations of mini-
mum medium height and intensity of photoinhibition at which stable scroll
rings can form. The latter, namely the intensity of photoinhibition, will be
considered for the primary initiation of scroll rings from outwardly propa-
gating cylindric waves that reach from top to bottom of the media. The
question about the minimum medium height is important here, since layers
of excitable PBZ media taken into account in our lab are very thin. Very
thin here means heights between 0.5 λ to 1 λ (in most chemical recipes and
background illuminations considered in my thesis).
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Figure 59: Numerical results of the investigation for the layer thickness d versus
intensity of photoinhibition ϕe. (A) Initiation of scroll rings under usage of the
Lambert-Beer relation (104) with µ = 0.05. The total medium thickness d is varied
against the illumination intensity parameter ϕe. (B) The legend for panel A.

Scroll rings are initiated in the PBZ medium by illuminating the medium
from above or below. The incident light is attenuated due to absorption
in the medium. Thus, an illumination gradient in z-direction will be the
consequence. This will yield a gradient of the inhibitor Br− concentration in
z-direction. Mathematically the light attenuation can be represented by the
Lambert-Beer relation [151, 85]:

ϕ(z) = ϕe exp (−µz) , (104)

if illumination from below is considered. Parameter µ and the amplitude
variable ϕe can be identified by the absorption coefficient and the quantum
efficiency for the photochemical production of bromide, respectively [151].

Now, I choose µ = 0.05 while systematically varying the total height of the
media d for chosen values of the illumination intensity parameter ϕe. The
high-intensity illumination represented by the Lambert-Beer relation (104)
will be turned on at time tstart = 0 and turned off at time tend = 2.

Results are shown in figure 59. In the complete region below ϕe = 24 · 10−3,
the overall illumination is too weak for initiating stably rotating scroll rings.
This is indicated by grey squares in the figure. For media with height values
below 0.3 λ, the total height is too small to support formation of scroll rings.
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This is because illumination intensity values higher than ϕe = 24 · 10−3 lead
to complete inhibition of waves (indicated by red squares). Red circles rep-
resent formation of rings interacting with one of the walls in the cooperative
sense. Yellow circles denote the rings initiated such that their filament plane
is located in the middle between the two boundaries. Finally, by green cir-
cles the truely boundary-stabilized scroll rings are represented. In the lat-
ter cases, both the layer thickness as well as the illumination intensity are
appropriate for initiating rings in the interaction regime of the stabilizing
boundary.

Under some circumstances, the illumination in experiments with PBZR might
also be non-homogeneous in horizontal direction. Hence, scroll rings may be
initiated such that the initial filament plane is inclined. Now, I will address
this issue by initiating the scroll ring through the following function:

ϕ (x, z) = ϕ0 + ϕe exp (−µz) +
ϕi

L
x, (105)

turned on at time tstart = 0 and turned off at time tend = 0.5. In the above
function, the second term with parameters ϕe and µ is the previously intro-
duced Lambert-Beer relation (104). Yet, it shall be assumed that ϕe = 0.05
and µ = 0.1. The actual inclination of the initial filament plane emerges due
to the last term. Degree and strength of the inclination can be controlled by
parameters ϕi and L.

The simulations for inclined scroll rings are achieved at the upper no-flux
boundary in the antagonistic setting with ϕi = 0.01 and two different values
for parameter L: (1) L = 125 and (2) L = 100. Selected results of the numeri-
cal simulation in the first case (L = 125) are illustrated by figure 60, showing
three time snapshots of the filament. As is observable, the filament plane
aligns parallel to the boundary already after 5 T and the ring is stabilized at
the upper no-flux boundary.

Figure 60: Inclined initiation of a scroll ring at the upper no-flux boundary for ϕ =
0.014 in parameter set (1). (A) t = 1 T, (B) t = 5 T, and (C) t = 100 T. Initiation was
achieved through application of equation (105) with ϕe = 0.05, µ = 0.1, ϕi = 0.01,
and L = 125.
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The last condition to be investigated is the following: How stable is a bounda-
ry-mediated APM, once formed at the no-flux boundary, under the presence
of a permanent gradient of the background illumination in z-direction?

Numerically, this is investigated by taking a very early state (after 2 rota-
tion periods) of the stabilized scroll ring for ϕ = 0.014 as initial state for
each new simulation run. Henceforth, a permanent gradient in the back-
ground illumination is achieved by setting the light parameter ϕ equal to
the Lambert-Beer relation (104) from below and turned on during the whole
simulation time. It is ϕe = ϕ0 = 0.014 and three different absorption para-
meters are considered: (1) µ1 = 0.0033, (2) µ2 = 0.01, and (3) µ3 = 0.25. For
all three gradient strengths, the scroll ring proved to be stable for more than
400 rotation periods of the corresponding spiral wave.
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In general, an autonomous pacemaker (APM) features a particular example
for the more generic class of pacemakers (PMs) in excitable or oscillatory
media. A prominent example for such PMs is represented by target pat-
terns which were among the first patterns observed in the BZ reaction [14],
and are characterized by a source in the center of the pattern periodically
emitting outwardly propagating waves. In addition, target patterns were
also described in a variety of systems in chemistry, physics and biology
[27, 28, 29, 30, 176]. Theoretically, Kuramoto was able to explain formation
of target patterns as a consequence of localized frequency defects [26].

One can differentiate two types of PMs: One type is emerging due to local
heterogeneities in the medium, and another one results from intrinsically
present dynamical processes in otherwise spatially uniform media, thus be-
ing denoted as self-organized. In that sense, the latter type of PMs are
autonomous.

While target patterns by definition refer to two-dimensional media, my focus
herein will be on formation of three-dimensional APMs. As mentioned pre-
viously in section 8.4 ( on page 110), formation of these specific APMs are
due to boundary-mediated stabilization of scroll rings, otherwise expand-
ing in unbounded media. At the end of the last chapter, I have shown nu-
merically that intitiation and observation of such boundary-mediated APMs
shall be achievable in the experiments within the PBZR. Now, I will present
and discuss the first successful experimental observation of a truely three-
dimensional APM and compare it with the APMs previously predicted by
numerical simulations in the framework of the MCO model.

The experiments reported here were conducted within the recipe V (see ta-
ble 1 on page 64). The photosensitive catalytic complex Ruthenium-4,4’-
dimethyl-2,2’-bipyridyl was fixed in a thin (1.0 − 1.5 mm) layer of silica hy-
drogel. Circulating water from a thermostat kept the temperature fixed at
22.0 ± 0.5◦C.

Scroll rings have been initiated through the procedure that is well described
in section 4.5 (e.g. figure 24 on page 65). The evolution of such initiated
scroll rings were studied at constant background illumination in the range
of the interval 0.12 mW/cm2 < Φ < 0.16 mW/cm2 under otherwise fixed
conditions (e.g. the composition of BZ mixture, layer height).

An example for a boundary-stabilized scroll ring is shown in figure 61. This
experiment was performed at constant light intensity Φ = 0.14 mW/cm2. At
the same intensity regime a rigidly rotating spiral wave with a wavelength

123
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Figure 61: Primary experimental observation of a stationary APM in the PBZR. (A)
A transmission image sequence obtained 15 periods of spiral wave rotation after the
initiation of the scroll ring. (B) Spacetime plot obtained along the white vertical line
in panel A. The red lines in panel B indicate the location of the scroll ring filament.
The lower panels display four more transmission image sequences, namely at (C)
t = 40 T, (D) t = 60 T, (E) t = 80 T, and (F) 100 T. The red ring-shaped curves in the
transmission image sequences indicate the location of the filament.

λ ≈ 2.3 mm, a core diameter d ≈ 0.5 mm, and a rotation period T ≈ 60 s
can be observed [177]. These values correspond to very low excitability and
negative filament tension (see for example [91, 92]).

The overall thickness of the gel layer was approximately 1.4 mm ≈ 0.6 λ. As a
consequence, the studied scroll ring was located within interaction distance
to the upper and lower layer boundary and therefore definitely confined.
Because in our experiments the gel layers are placed on top of a glass plate,
the lower boundary can be seen as a no-flux boundary. The diameter of
the gel layer 5 cm ≈ 22 λ was large enough to exclude interaction of the
centrally placed scroll ring with the lateral layer boundaries.

The above described boundary-stabilized scroll ring represents the first ex-
perimental verification of a stable three-dimensional self-organized pace-
maker that Nandapurkar and Winfree predicted already in 1989 by numer-
ical simulations of the FitzHugh-Nagumo equations [73]. Numerical sim-
ulations of the MCO model, being one of the models to describe emerging
nonlinear wave patterns in the PBZ media qualitatively very well, confirmed
the existence of such stable three-dimensional APMs in a wide range of the
chosen parameter set. Formation of these stationary APMs were discussed
in section 8.5 ( on page 115), indicating their existence under application of
the photoinhibitory parameter ϕ out of the interval 0.013 < ϕ < ϕnon-excit.
Herein, ϕnon-excit denotes the transition to the non-excitable regime. Particu-
larly, the case of ϕ = 0.014 was examined and discussed widely in my thesis
(see sections 8.5 and 8.6).
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Simulations within the ϕ-regime that I mentioned in the above paragraph
yield a reversal of the intrinsically present filament expansion. Instead of
the expansion and the emergence of the scroll wave turbulence, the filament
shrinks until it reaches a stable radius. Once the stable radius is reached, the
filament maintains both a stable distance z (t) = const. from the stabilizing
boundary as well as a constant filament radius, R (t) = const.

The latter behavior indicates the presence of a stable fixed point in the R-z-
phase space which now was proven to exist also in the PBZ medium. My
numerical simulations within the parameter set (1) have shown also the ex-
istence of a Hopf bifurcation giving rise to limit cycle oscillations in the
R-z-phase space. The evolution of scroll rings at ϕ-values located in the
limit-cycle regime were presented in section 8.5. I have named that spe-
cific type of self-organized pacemaker as a breathing APM. Illustration of
the breathing APMs were presented in the figures 57 and 58 (on the pages
118 and 119, respectively). So far, the breathing APM was not found in the
PBZR.
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The emergence of modulations along the filaments of scroll waves have been
studied within the scope of my thesis primarily in chapter 6 (see on page 81).
The main cause for such modulations stems from the three-dimensional me-
ander instability being present in a distinct parameter region as was shown
by Henry and Hakim [87].

In succession, our numerical simulations of the Barkley model under confine-
ment have shown novel types of filament states. In the subsequent chapter
(see chapter 7 on page 93), evidence for the existence of meander-unstable
scroll waves in the PBZ reaction was delivered.

The pure numerical study of both contracting as well as the expanding scroll
rings were performed for two distinct parameter sets of the MCO model un-
der variation of the photoexcitability parameter ϕ in chapter 8 ( on page 103).
The advantage of large life-time enhancement for contracting scroll rings at
one no-flux boundary allowed a better examination of the different filament
shapes which emerge: square, triangle, oval, and even more complicated
filament shapes.

In the present chapter, I will deliver experimental evidence for existence of
these filament geometries in the PBZR. Depending on the choice of recipes
and varying background illumination intensities, both the square-shaped
filament as well as more complicated filament morphologies are observed
at conditions that yield qualitatively the same spiral tip patterns as in the
numerical simulations.

Initiation of scroll rings has been achieved in the manner as was described
in section 4.5 (see on page 64). Gel layers containing the photosensitive cata-
lyst Ruthenium-4,4’-dimethyl-2,2’-bipyridy with (5 − 6) cm in diameter and
(1.2 − 1.5) mm in height were used. The chemical conditions maintained by
the used recipes and the constant background illumination intensities yield
gel heights in the region of (0.6 − 0.8) λ, in relation to the corresponding
spiral wave lengths λ. Unless not stated otherwise, the reaction chamber
is maintained at a temperature of 22°C. Numerical simulations in confined
media were performed in the framework of the MCO model (introduced in
section 7.1 on page 93) under conditions described in section 8.1 on page 103.

In order to seek for experimental evidence with regard to the square-shaped
filament, at first I examined spiral wave tip patterns under variation of the
illumination intensity for several BZ recipes. In this survey, some conditions
could be picked out that yield similar spiral tip patterns which we also find
in the ϕ-interval of parameter set (2) possessing the three-dimensional me-
ander instability.
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Figure 62: Experimental verification of a scroll ring with square-shaped filament in
the PBZR (recipe VI with Φ = 0.09 W/cm2), compared to the results of numerical
simulations based on the MCO model (ϕ = 0.021 in parameter set (2)). Top view
mode in case of the experiment and two viewing modes for the numerical simula-
tion (perspective view and top view) are presented. The closed red curves on the
top view images (simulation and experiment) shall indicate the filaments.

Next, I have conducted experiments in which scroll rings were initiated at
the lower no-flux boundary (the glass plate holding the gel layer) in thin
layers of BZ media (0.6 - 0.8 λ in height). Indeed, the emergence of the
square-shaped filament could be observed in several recipes. Exemplarily,
one such experiment is illustrated and compared to the results of numerical
simulations in figure 62. This experiment was achieved with the BZ recipe
IV (see in table 1 on page 64 for the concentration values). The intensity for
the background illumination, being fixed during the complete experimental
run, was Φ = 0.09 mW/cm2. The experimental images are cropped areas
from a bigger (∼ 0.5 cm) gel diameter to better illustrate the results.

The accompanying numerical simulation was performed for ϕ = 0.021 in
parameter set (2) (see figure 43 on page 104). The images are taken from a
numerical simulation which was conducted in a 4 × 4 × 1 λ3 cube. It has to
be emphasized that the arising square-shaped filament is not caused by the
geometry of the underlying simulation cube. Even though the surrounding
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boundaries might be less than 1 λ away from the filament at some moments
in the evolution of the ring, the emerging filament shape is appearing also in
simulations that were achieved in much bigger domains. This was already
shown for a simulation in a cube with the volume 9 × 9 × 2 λ3 (see figure 52

on page 112).

On the transmission image sequences showing the time evolution of the ring
from top, the filament is indicated by closed red curves. As we can see, the
shape of the filament possesses nearly a square geometry in the experimen-
tal case. Compared to the top view mode in the numerical simulation, the
square shape is not perfect. This might be explained by the fact that numer-
ical simulations are performed under completly homogeneous conditions
while in the experiments, despite the very good homogenization of the con-
trol light source, a perfect homogeneous situation can not be maintained in
horizontal direction of the layer. Moreover, illumination is additionally at-
tenuated in the bulk of the reacting layer. Thus, an exponential gradient of
the intensity will always be the case in the experiment. The consequence is
that even very small horizontal gradients will be amplified additionally by
the present vertical gradient. This will serve as a continuous source for twist
along the filament and tend to further destabilize the filament.

Besides the experiments which support the emergence of the square-shaped
filament, some other experimental conditions (e.g. the chosen recipe and
the intensity of the background illumination) yield formation of filaments
with other geometries. This includes an oval-shaped filament, a triangle-
shaped filament, and so on. The filaments with triangle and oval shapes are
presented in figure 63.

Further experimental studies in numerous BZ recipes also confirmed the
existence of more complicated filament shapes. The complexity of the latter
filament structures can not be assigned uniquely to one specific geometry

Figure 63: Examples for triangle- and oval-shaped filaments in the PBZR. (A) Oval-
shaped filament measured in an experiment with recipe I at T = 22°C. (B) Triangle-
shaped filament measured in an experiment with recipe I at T = 25°C . In both
cases the background illumination intensity was Φ = 0.09 mW/cm2.
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(e.g. a square, a triangle, an oval, and so on). Instead, the emerging filament
shape is irregular.

One example case showing formation of more complex filament shapes for
scroll rings in the PBZ medium is illustrated in figure 64. In this figure,
the experimental result, obtained in the BZ recipe VI under the contstant
intensity of illumination Φ = 0.1 mW/cm2, is illustrated by two snapshots
during the life-time of the ring. This experimental finding compares well
with the numerical simulation obtained in the framework of the MCO model
for ϕ = 0.023 in parameter set (2). The numerical findings are depicted by
two snapshots at the same evolution times as in the experimental case. The
projection of the filament into the x-y-plane shows a very good qualitative
agreement with the filament shapes observed in the experiment.

Furthermore, the projections onto the surrounding walls illustrate the highly
complex deviations along the filament. Some of these deviations almost span
the whole height of the medium as can be seen at t = 140 T.

Figure 64: Emergence of an highly modulated ring filament in the PBZR compared
with the filament shapes arising for a numerically simulated scroll ring in the MCO
model. The experiment was achieved in recipe VI with Φ = 0.1 mW/cm2 while the
numerical simulation was performed for ϕ = 0.023 in parameter set (2).



modulated ring filaments in the pbzr 131

As a consequence, the filament might touch one of the boundaries if the
medium is confined, particularly in case of our experiments, where the gel
layers possess heights ranging between 0.6 λ and 0.8 λ. Hence, most of the
experimentally obtained scroll rings (and also scroll waves) tend to depart
after some time at one or even more points along the filament.
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C O N C L U S I O N S

The focus of this part was on the study of scroll rings under spatial confine-
ment.

Numerical simulations of contracting scroll rings at one no-flux boundary
revealed a substantial life time enhancement (section 8.4). In particular, this
is the case for a parameter region supporting meandering spiral waves, with
the life time enhancement reaching up to more than 500 % in relation to the
corresponding free scroll rings. Moreover, the latter confined scroll rings in
the meander regime show filament modulations with distinct geometries. I
reported on the observation of ellipse-shaped, triangle-shaped, and square-
shaped filaments, both in the experiment (chapter 10) as well as in the nu-
merical simulations (section 8.4).

With regard to the scroll rings possessing the negative filament tension, de-
velopment of the scroll wave turbulence was shown to be delayed signifi-
cantly at the boundary, if in addition to the negative line tension instability
also the three-dimensional meander instability is present. In contrast, ex-
panding scroll rings are fully stabilized at the planar no-flux boundary, if
no meander instability is present (section 8.5). These fully stabilized scroll
rings resemble a novel type of stationary autonomous pacemakers (APMs),
characterized by fixed values for both the ring radius R as well as for the ax-
ial position of the filament plane z. Additionally, “breathing” autonomous
pacemakers were observed in numerical simulations. The latter are charac-
terized by perfect sinusoidal oscillations in R and z. The transition from
stationary to breathing APMs was shown to be a supercritical Hopf bifurca-
tion. Experimental evidence for the stationary APM was delivered within
the PBZR (chapter 9), while so far the breathing APM was not found in the
experiment.

133





Part V

D Y N A M I C S O F F I L A M E N T S W I T H I N A
N O N L I N E A R E L A S T I C I T Y T H E O RY





12
D Y N A M I C S O F F I L A M E N T S W I T H I N A N O N L I N E A R
E L A S T I C I T Y T H E O RY

In this chapter, it is my purpose to convince you that a nonlinear theory for
elastic rods developed by A. Goriely and colleagues [178, 179, 180, 181, 182]
is well-suited to predict emergence and dynamics of some filament instabili-
ties that I observed both in the experiment and in numerical simulations.

The nonlinear theory for elastic rods is derived on the basis of the Kirchhoff
model. The latter model links the forces and moments acting on the fila-
ment to the intrinsic stresses (tension, curvature, and twist). As such, the
nonlinear elasticity theory unifies effects that emerge due to not only twist,
but also to the other potential stresses like curvature and tension within
one consistent theory. Moreover, scroll waves as particular representatives
for the class of nonlinear three-dimensional waves can now be described in
their evolution within time on the basis of a theory which also describes
systems of such different kind as for example proteins like the DNA and
bacterial fibers [183, 184, 185, 186, 187, 188]; polymers and liquid crystals
[189, 190]; vortex tubes in hydrodynamics [191]; sun spots and the heating
dynamics in the solar corona [192, 193].

In the next section, I shall first summarize the approach by Goriely and
colleagues. I will focus on the most important basics and results of the
theory, while omitting the rather lengthy derivations. Subsequently, I will
present some of the intriguing predictions for straight and ring filaments and
compare these predictions with the matching results that I have obtained in
the experiments and in numerical simulations.
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12.1 the basic elements of the approach by goriely and col-
leagues

The approach by Goriely and colleagues can be split in two parts, the first of
which is a kinematic description of a filament by a local frame of reference
what they denote as the director basis. The second part is a dynamical
description of filament evolution within the Kirchhoff equations for “thin”
elastic rods in the limit of linear elasticity theory [178]. In the following, I
will adhere mostly to the reference [178].

The kinematical description of the filament within the director basis is shown
in figure 65. The thin red curve shall depict the center line of our filament.
This curve can now be parametrized by the arc length s, such that its position
be given by a function x (s, t), depending on the arc length s and time t. The
director basis as a local orthonormal frame of reference is now constructed
as follows: The tangent vector is given by d3 = ∂sx (s, t). Then, the two
other unit vectors d1 and d2 can be chosen arbitrarily in the plane normal
to d3, with the only condition that {d1 (s, t) , d2 (s, t) , d3 (s, t)} must form a
right-handed orthonormal basis for each value of s and t.

The spatio-temporal evolution along the curve is goverened by the so-called
spin and twist equations:

∂

∂s
di = κ × di, (106)

∂

∂t
di = ω × di, (107)

with i = 1, 2, 3. In these two equations we have the twist vector

κ = κ1d1 + κ2d2 + κ3d3

and the spin vector
ω = ω1d1 + ω2d2 + ω3d3.

Figure 65: Sketch of a filament (in red) that is described by the director basis
{d1 (s, t) , d2 (s, t) , d3 (s, t)}.
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To determine the position of the curve at each moment in time t, we seek
knowledge of κ = κ (s, t) and ω = ω (s, t), since the twist and spin equations
have to be solved to get d3, and the latter shall be integrated once to get
x = x (s, t).

Note that the director frame can be reduced to the Frenet-Serret frame [135],
if we consider d1 being the normal vector and d2 being the bi-normal vector.
But, the director basis is general by construction, and this generality will
show up as the power of the director basis. Particularly, the local choice of
the vectors d1 and d2 along the filament aids us in capturing certain material
properties.

The dynamics of the filament curve is now goverened by the Kirchhoff model
for elastic rods. The validity of the Kirchhoff model is ensured by the con-
dition stating that the length of the filament is much greater than the cross-
sectional radius. Two other conditions that can be taken into account, but
are not mandatory, are: (1) The curve shall be inextensible and (2) the cross-
section shall be circular. A one-dimensional theory can now be derived,
which links the total force F = F (s, t) and moment M = M (s, t) exerted
on the filament with the intrinsic stresses like twisting and bending. This
derivation yields the following scaled Kirchhoff model expressed locally in
terms of the director basis [194, 195]:

F
′′
= d̈3, (108)

M
′
+ d3 × F = d1 × d̈1 + d2 × d̈2, (109)

M = κ1d1 + κ2d2 + Γκ3d3. (110)

Here, the abbreviations ()
′
= ∂s and (̇) = ∂t were introduced. Within this

system of coupled equations, the third equation represents the constitutive
relationship of linear elasticity theory. The parameter

Γ =
1

1 + σ

with the Poisson ratio σ resembles a measure for the ratio between the bend-
ing and twisting coefficients of the rod. In most cases Γ varies in a range
between 2/3 (incompressible) and 1 (hyperelastic).

Provided that a stationary solution of the Kirchhoff model is given, the stabil-
ity of this solution is studied within the framework of a perturbation analysis
that is achieved in terms of the director basis directly. The condition which
must be fulfilled is that at each order of perturbation the approximated local
basis

di = d(0)i + ϵd(1)i + ϵ2d(2)i + · · ·

remains orthonormal. Generally defined, the condition

di · dj = δij +O
(

ϵm+1
)

has to be satisfied at order O (ϵm). By this condition three arbitrary param-
eters arise at each order and allows us to express the perturbed basis with
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respect to the unperturbed basis. The parameters at the order O (ϵm) are{
α
(m)
1 , α

(m)
2 , α

(m)
3

}
and the perturbed basis is expressed as

d(m)
i = α(m) × d(0)i + ∑

j
βijd

(0)
j , i = 1, 2, 3. (111)

Herein, the symmetric tensor β(m) contains entries that only depend on α(k)

with k < m.

Subsequently, all intriguing entities of the theory can be expressed in terms
of the parameters α and the corresponding unperturbed entities. In particu-
lar, the perturbed twist and spin vectors at first order are:

κ = κ(0) +
(

α(0)
)′

+ κ(0) × α(1) +O
(
ϵ2) , (112)

ω = α̇(1) +O
(
ϵ2) . (113)

Analogously, the perturbed force at first order becomes

F = ∑
i

{
f (0)i + ϵ

[
f (1)i +

(
α × f (0)

)
i

]}
d(0)i +O

(
ϵ2) .

Given the stationary filament configuration
(

f (0), κ(0)
)

together with the
introduced perturbation scheme yields the variational equations

LE

(
κ(0), f (0)

)
· µ(1) = 0. (114)

Herein, we have a linear, second-order differential operator LE in s and t
and the six-dimensional vector µ(1) =

{
α(1), f (1)

}
. The explicit form of this

linear system is provided in [182].

12.2 the straight filament

Within this section, I will discuss the implications of the above described
theory for a straight rod under twist. The two unit vectors d1 and d2 now
follow the twist γ. The stationary solution is expressed by

κ(0) = (0, 0, γ) , (115)

f (0) =
(
0, 0, P2) . (116)

The rod is considered to be under tension, meaning that f (0)3 = P2 > 0. The
linear solutions to the variational equations (114) can be expressed as

µ
(1)
j = eσt

(
Axjeins + A∗x∗j e−ins

)
, j = 1, . . . , 6. (117)

Substituting these linear solutions into the variational equations (114) yields
dispersion relations ∆ (σ, n) = 0, from which then the growth rate σ can be
determined. The dispersion relation in this case is:(

γ2 − n2) {[γ2 (Γ − 1)− P2 − n2]2 − γ2 (Γ − 2)2 n2
}
= 0. (118)
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There are two neutral curves as solutions to this dispersion relation: (1) A
trivial solution κ(1) = ω(1) = 0 for the mode n = γ and (2) a parabolic
solution that corresponds to an unstable helix with the following critical
parameters:

nc =
P (2 − Γ)

Γ
, (119)

γc = ±2P
Γ

. (120)

The second solution to the dispersion relation is intriguing, since it states
that the twisted rod transforms to a helix above the critical twist γc. The
calculated shape of the rod is

x =

(
s,−2A

P
sin (sP) ,

2A
P

cos (sP)
)

. (121)

In order to study the nonlinear behavior of the unstable modes, a nonlinear
analysis is conducted (described in detail in the references [180, 182]). To
achieve the analysis, the perturbation parameter is specified as

ϵ2 = γ − γc. (122)

In addition, the stretched time and space scales t1 = ϵt and s1 = ϵs are intro-
duced. Then, the linear solution at order O (ϵ) follows as a superposition of
the neutral modes:

µ(1) = Yξ0 + Xξneins + X∗ξ∗ne−ins. (123)

Here, we have the slowly varying amplitude of the axial twist, Y = Y (s1, t1),
and the unstable helical mode X = X (s1, t1). Furthermore, it is n = nc and

ξ0 = (0, 0, 1, 0, 0, 1) ,

ξn =
(
1, i, 0,−iP2, P2, 0

)
.

Through the application of the multiple scales analysis two amplitude equa-
tions are derived to third order in ϵ. For the details of the derivation see in
[180, 182]. The resulting equations resemble two coupled nonlinear Klein-
Gordon equations for the amplitudes X and Y:(

P2 + 1

P2

)
∂2X
∂t2

1
− ∂2X

∂s2
1
= PΓX

(
1 − 2P

⏐⏐X⏐⏐2 + ∂Y
∂s1

)
, (124)

2
Γ

∂2Y
∂t2

1
− ∂2Y

∂s2
1
= −2P

∂
⏐⏐X⏐⏐2
∂s1

. (125)

We may discuss two interesting special solutions for these equations:
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(1) homogeneous solution : Considering homogeneous twist along
the filament, decouples the twist density Y from the deformation X and
yields the following time evolution equation for the deformation:

∂2X
∂t2

1
=

P3Γ
P2 + 1

X
(

1 − 2P
⏐⏐X⏐⏐2) . (126)

Integration yields the shape of the filament solution as a helix that is de-
scribed by the equation (121) with A = ϵX (ϵt).

The homogeneous case corresponds particularly to the helicoidal filaments
that arise for three-dimensional meander unstable scroll waves. One exam-
ple was already found for one parameter in the Barkley model by Henry and
Hakim (see section 6.2 on page 83).

(2) travelling wave solutions : If one considers z = s1 − ct1, the
amplitude equations are reduced to

∂2X
∂z2 =

P3Γ
P2 (c2 − 1) + c2 X

(
K + 1 +

4Pc2

Γ − 2c2

⏐⏐X⏐⏐2) , (127)

with the constant K chosen such that the derivative of the twist density Y
tends to zero at infinity. From here on, two separate solutions emerge:

If c2 > max
{

Γ
2 , P2

P2+1

}
, a homoclinic orbit occurs:

X (z) = ρ1sech (ρ2z) . (128)

with

K = 0,

ρ2
1
=

2c2 − Γ
2Pc2 ,

ρ2
2 =

P3Γ
P2c2 − P2 + c2 .

The solution (128) corresponds to a pulselike solitary wave propagating with
constant velocity along the filament. This state was found for a straight scroll

Figure 66: Travelling pulselike deformation wave observed in the Barkley model.
The filament shown in red and its projections to the walls in blue.
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wave under spatial confinement in numerical simulations within the Barkley
model. It was shown that these scroll waves experience a secondary meander
instability in unbounded media. The specific case is illustrated by figure 66.

In contrast, for the condition P2

P2+1 > c2 > Γ
2 one gets a heteroclinic function

X (z) = ρ1 tanh (ρ2z) , (129)

with

K =
Γ

Γ − 2c2 ,

ρ2
1
=

1
2P

,

ρ2
2 =

c2P3Γ
(P2c2 − P2 + c2) (Γ − 2c2)

.

This solution describes a frontlike solitary wave and corresponds to the
meander unstable filament observed in the modified complete Oregonator
(MCO) model and in the experiment within the PBZR (see chapter 7 on
page 93). Figure 67 shall illustrate the travelling front along the filament in
case of the numerical simulation within the MCO model.

Figure 67: Travelling frontlike deformation wave in the MCO model. The filament
shown in red and its projections to the walls in blue. The black arrows shall depict
the direction of the propagation for the wave. Numerical simulation was achieved
for ϕ = 0.022 in parameter set (2) of the MCO model (same parameter as in figure
40 on page 95) (A) t = 125 T and (B) t = 132 T.
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Figure 68: Dispersion relation for a ring filament. Graph shows the plot of σ2 as a
function of n for the total twist τ = 30 ≫ τc. Graph reprinted with permission from
[182], copyright by Springer.

12.3 the ring-shaped filament

In an analogous way as illustrated in the previous section, one can study the
evolution of a ring-shaped filament within the nonlinear elasticity approach.
First, the linear stability of a stationary solution is examined. The stationary
solution is chosen to be

κ(0) = (k sin (γs) , k cos (γs) , γ) , (130)

f (0) = (Γγk sin (γs) , Γγk cos (γs) , 0) . (131)

Herein, we have the curvature of the ring filament k = 1
R (R being the radius

of the ring), γ = kτ is the twist density, and τ the total twist.

Without going too much into details of the actual derivations, the approach
is again such that the linear solutions (117) are inserted into the variational
equations (114), but now with the stationary ring setup (130) and (131) as
the unperturbed solution. This yields a dispersion relation that is now much
more complicated (polynomial of degree 6 in the growth rate σ and degree
12 in the unstable mode n) than the one in case of the straight filament.
Hence, I omit to write it down here. Nevertheless, it can be found in the
reference [182].

One sample dispersion relation is plotted in figure 68. Obviously, the unsta-
ble mode n = 4 dominates, a fact that explains why in case of the meander-
unstable free scroll rings within the MCO model, the emerging filament
shape is always observed to be square-shaped (see figure 46).
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Figure 69: Evolution of the mode n = 2. (A) Within the nonlinear elasticity theory
for growing amplitude and for k = 1/16, Γ = 3/4 (reprinted with permission from
[182], copyright by Springer). (B) Obtained snapshot after t = 72 T within the MCO
model for ϕ = 0.028 in parameter set (2).

Moreover, the dispersion relations determine the critical value of twist above
which the stationary ring filament gets unstable, namely as

τ = ±
√

n2 − 1
Γ

. (132)

The primary mode that is getting unstable, is the mode n = 2 for a critical
twist of τc =

√
3/Γ. Once again, a counterpart for the evolution of this mode

was already observed and discussed in my thesis. In figure 69, the evolution
of mode n = 2 (panel A) in the elasticity theory is compared with the evo-
lution of a temporarily stabilized scroll ring at a planar no-flux boundary
(panel B). We discussed the latter as an example for delayed development of
the negative line tension instability. All four stages that are shown in panel
A are also observed for the scroll ring, although solely the last illustrated
stage in panel A is depicted here in case of the scroll ring.
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The evolution of free scroll waves in several types of excitable media have
been studied extensively during the last three to four decades. However, the
evolution of scroll waves under spatial confinement has been studied not
as systematically as it is the case for the free scroll waves. The lack of a
systematic study in this direction was the motivation for my thesis.

The primary task to accomplish at the beginning of my studies was to de-
velop well-suited experimental and numerical methods. The experiments
were conducted in thin layers of excitable and oscillatory photosensitive
Belousov-Zhabotinsky (PBZ) media. In order to maintain these media at
stationary non-equilibrium conditions, a continuously stirred tank reactor
(CSTR) was used. The aim to initiate straight scroll waves and scroll rings
in a reproducible manner, demanded to develop a novel experimental setup.
Me and my colleagues achieved this task.

Inspired by the capabilities maintained in our experimental laboratory, we
developed a general reaction-diffusion (RD) simulation program. This pro-
gram, which is termed Virtual Lab, allows us to study nonlinear waves in
one to three dimensions. The program incorporates different RD models,
boundary conditions, numerical algorithms, and is constructed such that it
mimics parameter variation strategies that already enabled to reproducibly
initiate various types of three-dimensional (3D) waves in our experimental
laboratory.

In part three of my thesis, I reported on the numerical and experimental
study of straight scroll waves under spatial confinement. First, an extensive
numerical survey within the framework of the Barkley RD model was pre-
sented. The latter studies revealed a complete suppression of the negative
line tension instability (more than 4500 rotation periods), and a delayed de-
velopment of the negative line tension instability for one parameter at the
border to the meander regime (up to 500 rotation periods). For the case of
straight scroll waves possessing the 3D meander instability, at one parameter
the scroll wave restabilizes into a helix. Another parameter, which is located
within the outward meander regime, experiences a secondary 3D meander
instability in unbounded media. We were able to show that confinement
suppresses the secondary meander instability, such that one pulselike defor-
mation wave with constant shape and velocity propagates along the restabi-
lized filament. My experimental studies within the PBZ reaction showed the
emergence of highly writhed filaments. Within time, the deviations on the
filament occur irregularly and deformation waves of varying shapes prop-
agate along the filament. The observed filament state is characterized by a
noisy evolution of its overall length.
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In part four, I presented results of my studies regarding scroll rings under
spatial confinement. Primarily, I achieved a thorough numerical study of
scroll rings in the framework of the modified complete Oregonator (MCO)
model. The numerical studies for contracting scroll rings revealed a sub-
stantial life time enhancement due to boundary interaction, more than 500 %
in relation to the corresponding free scroll rings. Additionally, modulated
ring filaments of distinct geometries emerge for scroll rings in the mean-
der regime, for example ellipse-shaped, triangle-shaped, and square-shaped
filaments. The latter filament geometries were also obtained in the experi-
ment. Development of the scroll wave turbulence was shown to be delayed
significantly in case of scroll rings possessing the meander instability in ad-
dition to the negative line tension instability. If the meander instability is
not present, expanding scroll rings are fully stabilized at the planar no-flux
boundary. The fully stabilized scroll rings resemble a novel type of sta-
tionary autonomous pacemakers (APMs) in 3D excitable media. They are
characterized by constant values for both the ring filament radius R and the
z axis position of the filament plane. In addition, I also found “breathing”
APMs in numerical simulations. These breathing APMs show perfect sinu-
soidal oscillations in R and z. The transition from stationary to breathing
APMs within the examined parameter regime was shown to be a supercriti-
cal Hopf bifurcation. As the highlight of my studies on confined scroll rings,
I reported on the first experimental evidence for a stationary APM within
the PBZ reaction.

Finally, a bunch of publications by Goriely and colleagues arrested my atten-
tion [178, 179, 180, 181, 182]. The approach by them resembles a reconside-
ration and extension of the classical elasticity theory for thin rods [135, 136].
This nonlinear elasticity theory is well suited for explaing emergence and
evolution of almost all effects that were reported on with respect to straight
scroll waves and scroll rings in my thesis. Amplitude equations (two cou-
pled nonlinear Klein-Gordon equations) that are derived for straight scroll
wave filaments reproduce the transition to helix-shaped filaments due to a
critical homogeneous twist along the filament, whereas pulses and waves
are shown to propagate along the filament as an effect of non-homogeneous,
time-depending twist. With regard to ring-shaped filaments, the emergence
of different modulation geometries are explained while the theory by Goriely
and colleagues shows the mode n = 4-instability (square-shaped filament)
to dominate.

Albeit, the study of scroll waves has reached a matured state within the
last decades, my thesis might have shown that it is still worth to study the
evolution of these mesmerizing structures under varying spatial, temporal,
and any other conditions. I am convinced that this will be the case also in the
next decades to come. To examine the evolution of scroll waves at planar no-
flux boundaries was my purpose herein. But, planar boundaries can only be
the starting point. In a next step, one can investigate scroll wave evolution at
various types of uneven walls. Just recently, the dynamics of straight scroll
waves at a step was studied analytically [196] and experimentally in the BZ
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reaction [197]. Martens et al. investigated the properties of propagating
fronts in channels with spatially modulated cross-sections [198]. It would be
intriguing to study effects which may arise when a straight scroll wave or
a scroll ring is placed in a 3D version of these channels, particularly for the
propagation of the emitted waves. What would for example happen, if the
chosen modulation of the medium boundaries cause a propagation failure
for the emitted waves, as it was reported by Martens and colleagues in case
of the propagating fronts? Would it cause a “bunching” of waves at the site
where a wave is trapped by a bottleneck? And if so, how would the relapse
effects on the organizing filament look like?

It is needless to pursue in the intention to string together more ideas. Any
good scientific work also yields new questions and traces for novel directions
to investigate. With this in mind, I hope that my thesis provoked enthusi-
asm for the study of scroll waves, and I concede to you the joy of thinking
through own ideas and questions that might be intriguing to investigate.
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