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Zusammenfassung
skip this line
Das XUV Licht, welches mithilfe neuartiger Quellen, wie Freie-Elektro-

nen-Laser und High-Harmonic-Generation (HHG) verfügbar ist, eröffnet die
Möglichkeit der Beobachtung, Initiierung und Kontrolle schnellster intra-mo-
lekularer Prozesse. Bei Einwirkung von XUV-Licht emittieren Atome und
Molekle oftmals Valenz- oder sogar Rumpfelektronen durch Ein- oder Mehrpho-
tonenionization. Die Winkel- und Energieverteilung der frei gewordenen Elek-
tronen kodiert Information über das ursprüngliche Molekül. Die Menge an In-
formationen, die aus dem Photoelektronenspektrum gewonnen werden kann,
ist optimal, wenn das Molekülensemble wird vor der Ionisation ausgerichtet
wurde. Darüber hinaus können die Photoionisationsmatrixelemente im Ruh-
esystem des Moleküls auch verwendet werden, um die Erzeugung von HHG-
Licht zu modellieren, da die Photorekombination, die eine Schlüsselrolle in
der HHG spielt, einfach der Prozess der Photoionisation bei Zeitumkehr ist.

Die theoretische Beschreibung von Photoionisationsexperimenten und die
Analyse der HHG-Strahlung erfordern eine hohe numerische Qualität der Ma-
trixelemente für Photoionisation und Photorekombination im molekularen
Ruhesystem. In dieser Arbeit wird die Photoionisation bzw. Photorekombina-
tion von mehratomigen Molekülen unter Verwendung der ab initio Multichannel-
R-Matrix-Methode untersucht. Zu diesem Zweck haben wir neue Module für
UKRmol (eine spezielle Software, für die Berechnung von Elektronenstreu-
ung an mehratomigen Molekülen) implementiert, welche die Observablen bei
Photoionisation berechnen. Wir prüfen die Qualität der Ergebnisse unser-
er Berechnungen durch den Vergleich mit den verschiedenen Berechnungen
und experimentellen Daten fr CO2, N2, NO2 und He aus der Literatur. Wir
untersuchen Photoionisation von Systemen, in denen Elektronenkorrelation
von Bedeutung ist, z.B. wenn das nach der Photoionisation zurückbleibende
Molekülion in einem angeregten Zustand oder einem sogenannten Satelliten-
zustand verbleibt. Wir berechnen auch die Photoionisation von NO2 für eine
Reihe von Molekülgeometrien, die für die zeitaufgelöste Photoelektronen-
HHG-Spektroskopie relevant ist. Weiterhin untersuchen wir den Effekt eines
schwachen, statischen, elektrischen Feldes auf die Photoionisation von He und
H2. Abschliessend verwenden wir die Matrixelemente für Photorekombina-
tion, die wir mithilfe unserer UKRmol-Module berechnen, um HHG-Spektren
von CO2 und He zu untersuchen.
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Abstract
skip this line
The XUV light obtained from the new free electron lasers and high har-

monic generation (HHG) sources have opened up the possibility of observa-
tion, initiation and control of the fastest intra molecular processes. Upon
exposure to XUV light, atoms and molecules often ejects valence or even
core electrons via single or multiphotoionization. The angular- and energy-
resolved distribution of the ejected electron encodes sensitive information
about the parent molecule. The amount of information that can be extracted
from the photoelectron is optimal if the molecular ensemble is oriented prior
to ionization. In addition, the photoionization in the molecular frame can
be also used to model the emission of HHG light, since photorecombination,
which plays a key role in HHG, is simply the time reversal of photoionization.

The theoretical description of photoionization experiments and the anal-
ysis of HHG light require a high quality calculation of the photoioniza-
tion/photorecombination matrix elements in the molecular frame. In this
thesis we investigate the photoionization/photorecombination of polyatomic
molecules in the molecular frame using the ab initio multichannel R-Matrix
method. To this end, we have implemented new modules in the UKRmol
suite (a specialized software that previously dealt with electron scattering
with polyatomic molecules) to calculate photoionization observables. We
benchmark our codes by comparing our results with several other calculations
and experimental data for CO2, N2, NO2 and He. We investigate photoion-
ization of systems where electronic correlation is important, such as when
the photoionization leaves the residual ion state in an excited or a satellite
states. We also calculate the photoionization of NO2 for a range of molecular
geometries, which is relevant for time-resolved photoelectron/high harmonic
spectroscopy. In addition, we studied the effect of a weak static electric field
on the photoionization of He and H2. Finally, we use the photorecombination
matrix elements obtained with the UKRmol codes for investigating the HHG
spectra of CO2 and He.

8



Parts of this thesis have been published in the following articles:

• D. S. Brambila, A. G. Harvey, Z. Masin, J. Gorfinkiel and O. Smirno-
va. ”The role of multichannel effects in the photoionization of the NO2

molecule: an ab initio R-matrix study”. Jounal of Physics B: Atomic,
Molecular and Optical Physics 48, 245101, 2015.

• D. S. Brambila, A. G. Harvey, Z. Masin, J. Gorfinkiel and O. Smir-
nova. ”NO2 molecular frame photoelectron angular distributions for a
range of geometries using the R-matrix method”. Journal of Physics:
Conference Series 11, 112126, 2015.

• O. Pedatzur, G. Orenstein, V. Serbinenko, H. Soifer, B. D. Bruner, A.
J. Uzan, D. S. Brambila, A. G. Harvey, L. Torlina, F. Morales, O.
Smirnova and N. Dudovich. ”Attosecond Tunelling interferometry”.
Nature Physics, 11, 815819, 2015.

• W. J. Brigg, A. G. Harvey, A. Dzarasova, S. Mohr, D. S. Brambila,
F. Morales, O. Smirnova and J. Tennyson. ”Calculated photoioniza-
tion cross sections using Quantemol-N”. Japanese Journal of Applied
Physics 54, 06GA02, 2015.

• A. G. Harvey, D. S. Brambila, F. Morales and O. Smirnova. ”An R-
matrix approach to electron photon molecule collisions: photoelectron
angular distributions from aligned molecules”. Jounal of Physics B:
Atomic, Molecular and Optical Physics, 47, 215005, 2014.

• A. Rouze, A. G. Harvey, F. Kelkensberg, D. Brambila, W. K. Siu,
G. Gademann, O. Smirnova and M. J. J. Vrakking. ”Imaging the
electronic structure of valence orbitals in the XUV ionization of aligned
molecules”. Journal of Physics B: Atomic, Molecular and Optical Phy-
sics, 47, 124017, 2014.

9



Chapter 1

Introduction

1.1 The time-scale of chemical reactions

Improvements of our ability to measure the duration of events has been a key
factor in the technological progress and economic prosperity since antiquity.
One interesting example is the Egyptian astronomical calendar, which was
entirely based on the motion of stellar bodies and could accurately predict
periodic events such as the seasons of the year, solstices and eclipses. This
enabled the Egyptian farmers to know, within an accuracy of days, the right
time of the year to plant their crops on the shores of the Nile. In fact,
not only the Egyptians, but also the Mayans, Chinese, Byzantine and other
great civilizations have developed their own calendar, mainly for agricultural
needs.

When Galileo first started to investigate the kinematics of bodies in the
seventeenth century, he needed a time-resolution in the order of seconds for
measuring events, such as the free fall of metallic balls from the top of the
leaning tower of Pisa. To this end, he could have used his own heart beats,
which has an approximate resolution from 0.8 to 1.2 seconds.

It was only in the nineteenth century, that mankind developed techniques,
e.g., snapshot photography, chronophotography, and stroboscopy, that al-
lowed measurements with time resolution in the subsecond scale. These new
developments quickly arose the curiosity of physicists and chemists, and one
of the many fundamental questions raised by the scientific community was
the relevant time scales in chemical reactions.

In a chemical reaction, a molecule is brought out of equilibrium by an
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external influence, e.g., excitation via electron scattering or photoionization.
Subsequently, the atoms and electrons of the system are redistributed and
evolve towards the reaction products. The first estimations on the duration
of chemical reactions were done in 1935 by Polanyi and Evans [1], and also
independently by Erying [2]. They derived an explicit expression for the pre-
factor of the following formula proposed by Arrhenius [3], which describes
the change in the reaction rate with temperature

k =
kT

h
K =

kT

h
e−∆Ga/RT (1.1)

where k, R and h are the Boltzmann’s, gas and Planck’s constant respec-
tively, and ∆Ga is the Gibbs energy of activation of the reaction. At room
temperature h/kT ≈ 166 femtoseconds (= 10−15s). Indeed, it was later con-
firmed that most of the chemical reactions occurs in a picosecond time-scale
(10−12s).

Even faster is the vibrational motion of the atoms that dictates the dy-
namics of a chemical reaction. As this motion is governed by the laws of
quantum mechanics, its characteristic time-scales can be estimated by eval-
uating

T = h/∆E, (1.2)

where ∆E is the energy difference between the eigenvalues of the vibrational
Hamiltonian. Since for most of the molecules ∆E ≈ 1meV, the typical time-
scale of vibrational motion is in the range of 10 to 100 femtoseconds.

Beyond the femtosecond regime, we reach the time scale of electronic
motion in a chemical reaction. As further discussed in chapter 7, the dis-
tribution of the electronic cloud plays a key role in chemical reactions, as
it determines the potential that drives the vibrational motion of the atoms.
The energy separation between different electronic states ranges from one to
tens of eV, corresponding then, according to Eq.1.2, to time-scales in the
attosecond regime (atto=10−15). Indeed, the Bohr model for the hydrogen
atom estimates that, measured in atomic units, the translation period of an
electron around a proton is

∆t = 2πn3, (1.3)

where n is the principal quantum number. Thus, for an 1-s orbital, the period
of the electronic motion is about 144 attoseconds, only a small fraction of
the period of a 800nm laser pulse (T = c/800nm ≈ 2.5fs), the experimental
workhorse of most ultrafast experiments on atomic and molecular dynamics.
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So far, we have discussed the time scales of the motion of the atoms and
electrons in a chemical reaction, but we have not yet mentioned how one
could possibly measure these ultrafast events. This is a challenging task,
since even nowadays the fastest electronic switches have a time-response in
the order of nanoseconds, i.e., at least two orders of magnitude slower than
the total duration of a typical chemical reaction.

The breakthrough that revolutionized chronology, allowing the measure-
ment of events beyond the nanoscale, was the rapid advance of laser light
technology, right after the invention of the laser in the late 50s [4]. In 1966
De Maria and co-workers reported the generation of picosecond pulses using
mode-locking techniques [5]. Later on in 1974, Shank and Ippen reported
the generation of femtosecond pulses using dye lasers [6]. In the late 80’s
pulses as short as 8 fs were achieved in Bell Labs [7, 8], the shortest event
produced and controlled by mankind until 2001, when subfemtosecond light
pulses were measured for the first time [9].

What about measuring the attosecond electron dynamics in a chemical
reaction? Fortunately, femtosecond lasers have addressed this issue via a
rather unexpected process. Since the late 70’s, experiments where atoms
and molecules in the gas phase were exposed to an intense IR femtosecond
laser pulse reported the generation of extremely high harmonics (sometimes
hundreds of times the fundamental frequency), which could not be explained
by conventional non-linear optics [10, 11, 12, 13]. A simple Fourier trans-
form shows that the cycle of the radiation emitted by these unusual high
harmonics has the duration of hundreds of attoseconds, paving the way for
the generation of light pulses with the duration of 100’s of attoseconds [9].
Just as the motion of stars enabled the Egyptians to count the seasons of the
year, and the heartbeats of Galileo gave him enough precision to determine
the laws of kinematics, femtosecond laser pulses have proved to be suitable
for directly measuring vibrational motion in chemical reactions, and also,
fortuitously, electron dynamics.

1.2 Femtosecond spectroscopy

Shortly after the first reports on the generation of laser pulses with a dura-
tion in the femtosecond regime, Ahmed Zewail and co-workers pioneered the
application of femtosecond lasers to monitor the vibrational motion in chem-
ical reactions via pump-probe experiments. In a pump-probe experiment, a
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Figure 1.1: Time and space scales ranging from the vibrational to the elec-
tronic motion of for molecules. Taken from [14]

femtosecond laser pulse is split into two different optical paths. The pulse
going through the short optical path is used to pump the molecule from the
initial ground to an excited state at t = 0, creating a wavepacket consist-
ing of a coherent superposition of the energetically accessible electronic and
vibrational eigenstates of the molecule. As the chemical reactions evolves
towards its products, the femtosecond pulse going through the long optical
path probes the subproducts of the reaction via a variety of process (e.g.,
laser induced fluorescence, multiphoton ionization or photoionization), de-
pending on the particular characteristics of the system under investigation.
By varying the time-delay between pump and probe pulses, one can then
monitor the progress of the chemical reaction.

The first demonstration of a femtosecond pump-probe experiment was
performed by Scherer and co-workers [15], who investigated the transient
dynamics of

I-CN → I · · ·CN → I+CN. (1.4)

After exciting the system with a 308nm femtosecond pulse, they probed the
quantity of CN at different times of the reaction via laser induced fluores-
cence.

13



Figure 1.2: Ionic and covalent energy surfaces from NaI (left), and the ex-
perimental measurement of the dissociation of NaI into Na++I− (right) with
time for a femtosecond pump-probe experiment. Adapted from [16]

In a subsequent work, Rose and co-workers [17] analyzed the photochem-
istry of the NaI molecule. In this experiment, the reaction is started by cre-
ating a wavepacket via photoexcitation of NaI from the ground covalent to
the first excited ionic surface, which has a well shape and an avoided crossing
with the covalent surface at a Na-I distance of 6.93Å. The wavepacket then
starts to oscillate on the ionic surface (see Fig.1.2). Whenever the wavepacket
approaches the avoided crossing, part of it migrates to the covalent surface
and evolves towards dissociation. By probing the quantity of NaI molecules
at different time-delays between pump and probe pulse, Rose and co-workers
monitored the rate at which the wavepacket is transferred from the ionic to
the covalent surface.

These two pioneering works on ICN and NaI demonstrated the power
of femtosecond spectroscopy. Since then, pump-probe experiments have be-
come a well established tool applied for studying a wide variety of systems and
processes such as the dynamics of bond breaking [18, 19, 20], isomerization
reactions [21, 22, 23], valence structure isomerization [24, 25], reactive inter-
mediates [26], intramolecular electron transfer and folding reactions [27, 28]
and tautomerization reactions [29], among others (for a more complete list
of applications see [30, 16, 31, 32]). Ahmed Zewail received the 1999 Nobel
prize in chemistry for his pioneering work in femtochemistry.
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1.2.1 Time-resolved photoelectron spectroscopy

The first pump-probe experiments relied either on multiphoton ionization or
laser induced fluorescence as a probe of the wavepacket dynamics [30]. Both
of these techniques, require that the wavelength of the probe pulse is matched
to a given transition of the monitored reaction product. Consequently, in the
early days of femtochemistry experimentalists were restricted to accessing a
limited range of the reaction coordinates.

In this context, J. M. Smith and co-workers proposed to use photoelectron
spectroscopy as a probe of the reaction dynamics [33, 34] (referred from
now on as TRPES: time-resolved photoelectron spectroscopy). There are
important advantages in using such a technique: (i) photoionization is always
an allowed process, thus it can be used to probe a large region of the reaction
coordinates, depending on the frequency-tunability of the probe pulse, (ii)
no prior knowledge on the spectroscopy of the molecule is necessary in the
probing step, (iii) an XUV photoionizing light can be theoretically treated
as a perturbation, in contrast to high intensity multiphoton ionization, and
(iv) measuring the photoelectron angular distribution for the ionization of
valence electrons can give insights on the chemically active electronic orbitals.
Maximum information from photoionization can be obtained by measuring
the photoelectron and photoion in coincidence, allowing in some cases the
evaluation of the photoelectron angular distributions in the molecular frame
(see further details in Chapter 6).

For many years, the advances in the resolution of TRPES experiments
were backed by the development of femtosecond laser light technology. In
1994, Nisoli and co-workers demonstrated that optical parametric amplifica-
tion (OPA) could generate tunable radiation in a wavelength from 1200 to
2600nm [35]. In 1997, Wilhelm and co-workers have successfully generated
tunable radiation from 480 to 750nm using nonlinear OPAs (NOPA) [36].
Both of these techniques can deliver femtosecond pulses ranging from 50 to
100 fs, that are short enough to time resolve most of the TRPES experiments.

1.3 XUV sources

Even though using femtosecond laser light as a probe in TRPES experiments
has revealed in great detail the transient of many chemical reactions (see [34]
for an extensive list of applications), the new broad band free electron laser
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(FEL) and high harmonic generation (HHG) sources deliver radiation that
allow experimentalists to probe chemical reactions via TRPES in the full
reaction coordinates with unprecedented resolution.

The new dedicated FEL facilities can deliver coherent polarized radia-
tion with a bandwidth between 0.1nm to 100nm, and pulse duration below
100fs. This opened up an astonishing number of new opportunities in TR-
PES [37, 38, 39, 40] and other interesting applications, such as: (i) low
wavelength photons can be used for inner shell or core ionization of atoms
and molecules, a process that is commonly followed by Coulomb explosion,
thus allowing direct measurement of the time dependent structural dynamics
of the system [41, 42, 43]; (ii) upon inner or core shell ionization, the outgo-
ing electron can diffract with the atoms of the molecule, providing real time
information on the molecular geometry [44, 45, 46]; (iii) the high photon flux
in FEL can be used for the investigation multiphoton-ionization processes
[47, 48, 49, 50, 51]; (iv) the VUV radiation from FEL is intense enough for
ionizing ultradilute samples, giving insight on the interaction between high
energy photons with cold atoms and molecules [52, 53, 54]; (v) the angstrom
wavelength of the FEL sources can be used for the time-resolved imaging of
large biological molecules via elastic photon scattering together with diffrac-
tive and coherent imaging techniques [55, 56]; and (vi) inner shell ionization
via FEL can be combined with IR pulses that can drive the continuum elec-
tron back to the atomic or molecular target. In this case, recombination with
deep valence shell will result in an emission of attosecond light in the KeV
regime [57, 58].

HHG can also provide a broad band polarized coherent light in the XUV
regime, and under certain conditions can reach pulse durations in the order
of 100s of attoseconds. In contrast to the dedicated multi-billion euros FEL
facilities, HHG is a table-top XUV source, widely available in many labora-
tories. There are several successful applications of high harmonic light as a
pump or a probe in TRPES [59, 60, 61, 62]. Note that the short duration of
the pulses generated by HHG can also give access to attosecond electronic
dynamics as will be shown later in section 1.4.

In the next two sections, we discuss in further details the radiation ob-
tained from free-electron lasers and HHGs ources.
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1.3.1 Free-electron Lasers (FEL)

The history of free electron lasers starts at 1898, when Alfred Lienard pre-
dicted that the transverse acceleration of electrons results in the emission
synchrotron radiation [63]. Only 50 years later when the first cyclotrons fa-
cilities were ready for operation, experimentalists were able to observe for
the first time the emission of an extremely bright incoherent synchrotron
radiation with a large bandwidth, upon transverse acceleration of electrons
towards the relativistic limit using magnetic undulators. Synchrotron radi-
ation was in fact a severe drawback for the first generation of cyclotrons,
since it consumed a huge amount of energy, thus limiting the energy avail-
able for the acceleration of the electrons. In fact, to avoid these energy losses,
since the mid 60’s cyclotron facilities started to accelerate protons instead of
electrons.

Twenty years after the first observation of synchrotron light, scientists
started to explore the unique properties of this radiation for investigating the
electronic structure of atoms, molecules and solids [64]. The first dedicated
synchroton radiation facility, TANTALUS in the University of Winsconsin-
Madison, was ready for operation in 1968 and served the scientific com-
munity for almost 20 years. Since then, over a 100 synchrotron facilities
have been constructed all over the world 1. Despite the great utility of syn-
chrotron light, it was only after 1994 with the 3rd generation of synchrotron
facilities that most of the technical challenges were surpassed and synchro-
ton light became a popular tool for the scientific community [65]. In the
early 2000s, new designs of synchrotron facilities were proposed, promis-
ing the emission of coherent radiation based on the self-amplified sponta-
neous emission (SASE) lasing principle [66]. Moreover, the brilliance (units
of photons/s/mm2/mrad2/0.1%bandwidth) of these new light sources would
surpass the 3rd generation of synchrotron sources by a factor of 109. This
new generation of synchrotron facilities are often simply referred to as free-
electron lasers (FEL).

There are currently three FEL facilities in operation: FLASH in Hamburg
since 2005, LCLS in Stanford since 2009, and SACLA in Harima, Japan since
2012. FLASH delivers radiation from 44nm to 5nm with a peak brilliance
of 1028. The LCLS and SACLA can reach to wavelengths in the Ångstrom
regime, with a peak brilliance of 1033. FEL sources also have a pulse duration
below 100fs, reaching down to 7fs in LCLS, but a repetition rate of only

1complete list at https://en.wikipedia.org/wiki/List of synchrotron radiation facilities
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Figure 1.3: The semiclassical three step model. a) Tunnel ionization, acceler-
ation and recombination in the presence of a strong IR-field. b) Trajectories
of the continuum electron in units of the laser cycle.

120Hz (3rd generation synchrotron have repetition rates of 1MHz). This
issue is addressed by the new european XFEL facility in Hamburg, which is
planned to operate at repetition rates of 27kHz in the sub-angstrom regime
and is scheduled to be opened for the scientific community in 2017.

1.3.2 High Harmonic Generation (HHG)

In the first application of ruby lasers in non-linear optics in 1961, Franken
and co-workers demonstrated the generation of the second harmonics by
sending a high intensity ruby laser light into a quartz crystal [67]. This
effect was later explained by Kleinman as the simultaneous absorption of
two photons with the same fundamental frequency (f0) and a subsequent
de-excitation to the initial ground state, generating then a third photon with
frequency 2f0 [68]. The same principle is valid for the generation of higher
order harmonics, i.e., for the generation of the third harmonics 3 photons
must be absorbed, for the fourth harmonic 4 photons, etc. Note however that
a high laser intensity is needed in order to produce high order harmonics,
since the efficiency of the up-frequency conversion process is suppressed as
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the the number of simultaneously absorbed photons increase [69].
Since the late 1970’s, experimentalists have observed the generation of

double digit harmonics after the exposure of atomic or molecular gases to an
intense femtosecond IR laser field [10, 11, 12, 13]. In addition, the experi-
mental data has shown that the harmonic amplitude decreased for low order
harmonics, but then after a certain frequency ft, becomes nearly constant,
followed by a sharp cut-off at a frequency fc. This unique behavior intrigued
the atomic and molecular physics community, since no one expected the si-
multaneous absorption of so many photons. In fact, the high order harmonics
generated by these experiments would correspond to the absorption of more
photons than necessary for the ionization of the target atom or molecule (for
a 800nm laser light and an atom or molecule with an ionization potential of
15eV, the continuum is reached already by the 10th harmonic), in contrast
to the expectation that after the molecule is ionized, the free electron should
stop absorbing photons [70].

In 1993 P. Corkum proposed the following three-step mechanisms for the
generation of high harmonics [71]: (i) the electron tunnel through the laser
distorted coulomb field, (ii) is driven by the laser field in the continuum,
and (iii) returns and recombines to the parent ion with a maximum kinetic
energy of 3.17Up + Ip, where Ip is the ionization potential and Up = F 2/4ω2

is the ponderomotive energy of the oscillating electron with F and ω being
the electric field strength and frequency of the laser respectively. The three
step model is remarkably simple and is derived from the classical Newtonian
equations of motion. Later on, a full quantum theory developed indepen-
dently by M. Lewenstein et. al. [72] and W. Becker et. al. [73], has shown
that the exact cut-off formula is 3.17Up + 1.32Ip.

We will now consider the HHG process for ionization occurring in the first
quarter of the IR laser cycle shown in Fig.1.3. The classical three step model
predicts that the recombination window starts at t = T/4 (T is the laser
period) and can extend up to several laser cycles. Since electron trajectories
that travel in the continuum for longer than a laser cycle are very poorly
phase matched [71], the strong signal in HHG occurs for recombination times
roughly in the interval T/2 < t < T revealing the subcycle duration of the
HHG process. As the HHG is coherent, the summation of the light emitted
from each of the target atom or molecule adds up constructively to generate
a strong harmonic light (for more details about phase matching see, e.g.,
[69]).

In many of the HHG experiments the driving IR laser pulse has a dura-
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tion of tens of femtoseconds, thus, one observes the formation of a train of
attosecond pulse that is the sum of all attosecond bursts produced at differ-
ent half-cycles of the laser. Experimentalists have pursued the generation of
a single attosecond pulse, which could be used in a new generation of attosec-
ond pump attosecond probe experiments. Even though it was long predicted
that the cycle duration of the high harmonic light should be in the order of
100s of attoseconds, it was only in the early 2000s that techniques such as
RABBITT[74, 75, 76], FROG-CRAB [77, 78, 79], LAPIN[80] and attosec-
ond streaking [81, 82, 83, 84, 85, 86, 87] were developed for characterizing
attosecond pulses. Since then, single attosecond bursts with durations down
to about 60as have been reported [9, 88].

Even though attosecond science has in the past 20 years overwhelm-
ingly advanced, the generation of intense isolated attosecond pulses still re-
mains a great technical challenge. This hinders the possibility of performing
attosecond-pump attosecond-probe experiments, which could reveal in great
detail the attosecond electron dynamics of atoms and molecules [89].

1.4 Attosecond electron dynamics

Attosecond pump attosecond probe experiments are seen as the holy grail
of attosecond science. However, the current single XUV/VUV attosecond
pulse sources still can not produce radiation with the required intensity to
compensate for two important factors that arises in the XUV/VUV region
of the spectra: the heavy losses involved in pump-probe setups, and the
generally low cross sections for single and multiphoton process in this spectral
region. Nevertheless, there are other experimental methods granting access
to the attosecond electron dynamics of atoms and molecules, such as high
harmonic spectroscopy, attosecond streaking and the attoclock.

The HHG process is in fact a genuine pump-probe experiment, where
the ionization initiates the dynamics of the system, which is later probed by
the recombining electron. If all the information regarding the strong field
processes (i.e., ionization, propagation of the electron in the continuum and
recombination) can be disentangled from the observed harmonic light, one
can then gain access to the dynamics of the target atom or molecule with
attosecond resolution. The time-delay between ionization and recombination
can be modified by varying the wavelength of the driving IR pulse. Several
experiments have demonstrated the power of high harmonic spectroscopy to
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investigate different aspects of the attosecond electron dynamics in atoms and
molecules [14]. For example, Itatani and co-workers imaged the ground state
orbital of N2 by measuring the HHG spectrum while rotating the molecule
relative to the polarization of the driving laser field, allowing for tomographic-
like reconstruction of the orbital [90]. Another well known example is the
dynamical minima observed in the high harmonic spectra of CO2, which
varies with the intensity of the driving laser field and can be mapped onto the
hole dynamics of the molecule [91] (see further discussion of this experiment
in chapter 9).

Streaking experiments combine an IR field and an isolated attosecond
pulse. The main idea of this technique is to first photoionize the target
system with an isolated attosecond pulse, and subsequently accelerate the
continuum electron with the IR field. By varying the delay between the
two pulses, one is then able to measure the so called streaking trace, which
maps different times of photoionization to the photoelectron energy. As the
acceleration of the electron depends on the phase of the IR pulse instead
of its envelope, subfemtosecond information on the dynamics of the target
atom or molecule (e.g., time delays in photoemission from different molecular
orbitals and the time scales of strong field ionization [92]) can be extracted
from the streaking trace.

Another interesting application of the streaking principle is the attoclock.
In this case, ionization is via tunneling by a circularly polarized IR field. After
liberation from the target, the ionized electron starts to perform circular
motion driven by the polarization of the IR pulse. After the pulse is over,
the angle at which the the continuum electron reaches the detector can be
mapped onto the time at which the electron was liberated, thus giving the
potential to look inside the ionization process on the sub laser-cycle time-
scale [93, 94, 95, 96].

1.5 Theoretical methods in ionization

The various ionization mechanisms (tunnel, multiphoton or single photon
ionization) resulting from the interaction of an IR or VUV/XUV radiation
with atoms or molecules are classified according to the intensity and wave-
length of the incident radiation [97, 98, 99]. There are different theories and
levels of approximations for treating each of the ionization mechanisms listed.
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Figure 1.4: Principle of streaking: electrons that are ejected at different
initial time, t0, obtain different accelerations from the IR field, thus different
final velocity. Taken from [14].

In this thesis, we investigate ionization via the single photoionization process

hν + Ai → A+
j + e−,

where Ai and A
+
j are the initial and final state of the target atom or molecule

respectively. Single photoionization is the leading mechanism for ionization
of atoms and molecules using low intensity XUV sources, such as HHG light,
and attenuated synchrotron sources. Note that in the XUV regime, the
wavelength of the XUV radiation is still 2 orders of magnitude larger than the
typical interatomic distance in molecules, thus the dipole approximation is
valid. Moreover, ionization via a low intensity XUV field can be described by
time-independent first order perturbation theory. The photoelectron angular
and energy resolved distribution is then found by using the Fermi’s golden
rule[100]

I ∝ |⟨Ψ(−)N
f |d · ϵ̂|ΦN⟩|2 (1.5)

where Ψ
(−)N
f and ΦN are the scattering and neutral bound states respectively.

In contrast to bound state systems that can be solved using well es-
tablished quantum chemistry methods, low photon-energy photoionization
calculations involve the coupling of several target states with a discretized
continuum basis set that represents the continuum electron. Inspired by
quantum chemistry methods, the description of the continuum electron in
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photoionization have for long relied on either Slater basis (for photoioniza-
tion from atoms), or Gaussian basis (for photoionization from molecules)
[101]. However, for intermediate to large distances from the scattering center,
Slater and Gaussian basis functions have little resemblance to the oscillatory
behavior that characterizes the wavefunction of the discretized continuum.
Consequently, a large Gaussian or Slater basis set is necessary, thus increas-
ing the computational demand from such a calculation. Another difficulty in
low energy photoionization calculations is the inclusion of correlation in the
scattering wavefunction. A popular approach is to write the scattering wave-
function as a single Slater determinant[102] and use Density Function theory
(DFT) potentials to simulate the effects of electronic correlation [103, 104]
(see chapter 3). Another possibility is to expand the wavefunction of the
system in a basis including several configuration state functions (see chapter
3), that tends to completeness, so electronic correlation could be included ab
initio to the scattering wavefunction [105, 106]. The last approach is par-
ticularly important for calculating photoionization leaving the ion in high
excited states, a condition where DFT faces many difficulties.

The calculations in this thesis were performed with the UKRmol pack-
age, an implementation of the R-Matrix method for treating the collision of
electrons with atoms and molecules. The necessary adaptations for calculat-
ing photoionization observables from the UKRmol package is a key aspect of
this thesis, which is carefully outlined in chapter 5. The UKRmol package
was built on the SWEDEN quantum chemistry codes, allowing us to use
robust methods such as CI, CASSCF and MCSCF methods for describing
electronic correlation. The continuum basis is given in terms of gaussians
generated with a non-linear orthogonalization procedure [107].

1.6 Outline of the thesis

From chapters 2 to 5 we present the basic concepts and theoretical back-
ground relevant to photoionization of atoms and molecules. In chapter 2 we
discuss the principles of electron-scattering theory, presenting the relevant
observables such as the electron scattering cross sections,the K-,S- and T-
matrices. We also show in this chapter the R-Matrix method for solving
the electron scattering problem with a simple spherical potential. In chap-
ter 3 we briefly overview the quantum chemical methods used to solve the
bound multielectron problem, with an emphasis on the methods explored in
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this thesis (CI, MRCI, MCSCF and static-exchange). In chapter 4 we de-
rive an explicit expression for the photoelectron angular distributions, cross
section and asymmetry parameters. In chapter 5, we present the R-Matrix
method for electron-scattering with atoms and molecules, and the UKRmol
codes. We show in this chapter the basic routines of the UKRmol codes,
as well as the recently developed code for adapting the package to calculate
photoionization.

From chapter 6 to 9 we benchmark and explore the limits of the new codes
for calculating photoionization with the the UKRmol code suite in several as-
pects. In chapter 6 we perform photoionization calculations from the ground
state of N2, CO2 and NO2. We present in this chapter orientation averaged
results for all molecules, as well as the photoelectron angular distribution
for CO2 and the photoionization dipoles for NO2. In chapter 7 we calculate
the photoionization of NO2 from the neutral and first excited state of the
molecule for various geometric configurations of the nuclei. These results are
important for the evaluation of photoelectron/high harmonic spectroscopy of
NO2, and to the best of our knowledge these are the first ab initio calcula-
tion of polyatomic molecules in a geometric grid with electronic correlation
included in both neutral and ionic states. In chapter 8 we calculate the pho-
toionization of H2 and He, and evaluate the effect of a weak external static
field in photoionization. As a benchmark we investigate the effect of the field
on the autoionizing resonances converging to the first excited state of H2

and He. These calculations are relevant for experiments where a short XUV
pulse ionizes the system in the presence of a mid infrared laser field. In chap-
ter 9 we present the high harmonic spectra of CO2. Our results reproduces
with great accuracy the experimental results, and show the importance of
including inter-channel dynamics during the high harmonic generation pro-
cess. Additionally in chapter 9, we show how the short emission window of
the recombination step in HHG smoothes the photorecombination dipoles.
Finally in chapter 10, we present the conclusions and the new opportunities
that could be explored in the future.
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Chapter 2

Basic Scattering theory

Consider the collision of a stable electron beam with a gas phase atomic
or molecular target. The beam is assumed to have a very narrow peaked
velocity, so dispersion effects during the propagation can be neglected. The
gas density is assumed to be low enough that, upon detection, the scattered
electron does not interact with any other atom or molecule. There are two
basic types of collisions: elastic and inelastic. In elastic collisions the kinetic
energy of the electron is conserved. In inelastic collisions part of the kinetic
energy of the incoming electron is converted into internal energy of the target,
possibly opening up the channels for electronic excitation, ionization, and,
in the case of molecular targets, fragmentation etc.

In this chapter, we will discuss the foundations of non-relativistic time-
independent scattering theory. All equations are given in atomic units. In
section 1 we present the basic concepts of scattering for the simple case of
a structureless target represented by a spherically symmetric potential. The
same potential is also used in section 2 for the formulation of the R-Matrix
theory. Multichannel scattering is introduced in section 3 in the context
of electron scattering, and finally in section 4, we briefly discuss resonant
processes in scattering.
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2.1 Single channel scattering theory: short

range potentials

Consider the wavefunction of an electron (ψ), dictated by the non-relativistic
time independent Schrödinger equation[

− ∇2

2
+ V (r)

]
ψ(r) = Eψ(r), (2.1)

where E is the total energy of the system and V is a spherically symmetric
potential, which satisfies the following boundary conditions: V (r) > r−2 at
the origin, and V (r) < r−1 for r → ∞. The latter condition guarantees that
V (r) is a short range potential, thus, in the asymptotic limit the electron is
described by the free Schrödinger equation (see [108] for a rigorous derivation
of this statement).

For an incident electron in the ẑ direction scattered at an angle k̂ = (θ, φ),
ψ can be written at the asymptotic limit as the sum of a plane and a spherical
wave

ψ(r) ≈
r→∞

eikz + f(k̂)
eikr

r
, (2.2)

where |k| =
√
2E is the wavenumber of the scattered electron, and f(k̂)

is the scattering amplitude, which carries all the information regarding the
interaction between the electron and the short range potential.

A particularly useful parameter that can be directly measured in electron
scattering experiments is the electron scattering differential cross section, i.e.,
the electron flux over a solid angle in a distance sufficiently far away from the
scattering center. At such a distance the effect of the short range potential
is negligible, thus the electron can be considered to be asymptotically free.
The differential cross section is related to the scattering amplitude by

dσ

dk̂
= |f(k̂)|2. (2.3)

In atomic units, the differential cross sections has units of Barn (a20) per
sterradian. If Eq.2.3 is integrated over the solid angle, we obtain the total
cross section (σtot).

It is convenient to write ψ in terms of the following partial wave expansion
(i.e., in an angular momentum basis for the scattering electron) [108]

ψ =
∑
l

Bl(k)r
−1ηl(r)Pl(cos θ), (2.4)
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where Pl are Legendre polynomials and Bl(k) are energy dependent coeffi-
cients. Substituting Eq.2.4 in Eq.2.1, we obtain the reduced radial Schrödin-
ger equation [

− d2

dr2
+
l(l + 1)

r2
+ 2V (r)

]
ηl(r) = k2ηl(r), (2.5)

wich satisfies the following boundary conditions

ηl(r) ≈
r→0

nrl+1, (2.6)

ηl(r) ≈
r→∞

N [sl(kr) + tan δl(k)cl(kr)]. (2.7)

δl(k) is the partial wave phase shift (defined up to the addition of an arbitrary
multiple of π) that carries the information regarding the interaction between
the outgoing electron with the short range potential. N is a normalization
constant taken to be 1 in Eq.2.7, and Kl(k) = tan δl(k) is the so called K-
Matrix. sl and cl are solutions of free reduced radial Schrödinger equation
given by

sl(kr) = krjl(kr) ≈
r→∞

sin(kr − lπ/2) (2.8)

cl(kr) = −krnl(kr) ≈
r→∞

cos(kr − lπ/2), (2.9)

where jl and nl are spherical Bessel and Neumann functions respectively.
If, in Eq.2.7, we define N = −2i cos δl(k) exp [iδl(k)], we obtain that

ηl(r) ≈
r→∞

e−i(kr−lπ/2) − Sl(k)e
i(kr−lπ/2), (2.10)

with Sl(k) = exp [2iδl(k)] being the S-Matrix. In the absence of the potential,
it is easy to see from Eq.2.14 that Sl = 1 and ψ(r) = eikz. This reflects
the nature of the S-Matrix that for V (r) ̸= 0, transforms the incident free
electron eikz into an incident+scattered state. It is also convenient to define
the T -Matrix as

Tl(k) =
2iKl(k)

1− iKl(k)
= Sl(k)− 1. (2.11)

Expanding eikz in an angular momentum basis

eikz =
∞∑
l=0

(2l + 1)jl(kr)Pl(cos θ), (2.12)
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and comparing the coefficients of e−ikr from Eq.2.2 and Eq.2.4 using Eq.2.12,
Eq.2.7, Eq.2.8 and Eq.2.9, we find that

Bl(k) =
2l + 1

k
il cos δl(k)e

iδl(k). (2.13)

Substituting Eq.2.13 in Eq.2.4, we obtain that the scattering amplitude and
the partial wave phase shifts are related by

f(k̂) =
1

2ik

∞∑
l=0

(2l + 1)[exp [2iδl(k)]− 1]Pl(cos θ). (2.14)

For short range potentials and low electron energies Eq.2.14 converges quickly,
not requiring the inclusion of a large number of angular momentum. Inte-
grating Eq.2.14 over the solid angles, we find that the total cross section for
such a system is

σtot =
4π

k2

∞∑
l=0

(2l + 1)sin2(δl(k)) (2.15)

2.2 Single channel scattering theory: the Cou-

lomb potential

Consider the Schrödinger equation of an electron interacting with a Coulomb
potential (

− ∇2

2
+
Z1Z2

r

)
ψc(r) = Eψc(r), (2.16)

where Z1 is the electronic charge of the electron and Z2 is the electronic
charge of the scattering center.

The physical acceptable solution of Eq.2.16 for an incident electron in the
ẑ-direction scattered at an angle k̂ = (θ, φ) is given by

ψc(r) = e−
1
2
πβ+ikzΓ(1 + iβ)1F1(−iβ; 1; ikζ), (2.17)

where β = Z/2k, ζ = r − z, Γ is the Gamma function and

1F1(a; b; z) = W1(a; b; z) +W2(a; b; z) (2.18)

where

W1(a; b; z) ≈
|z|→∞

Γ(b)

Γ(a)
(−z)−av(a; a− b+ 1;−z),−π < arg(−z) < π (2.19)
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and

W2(a; b; z) ≈
|z|→∞

Γ(b)

Γ(a)
ezza−bv(1− a; b− a; z),−π < arg(z) < π (2.20)

with

v(α; β; z) ≈
|z|→∞

1 +
αβ

z
+
α(α + 1)β(β + 1)

2!z2
+ ... (2.21)

Substituting the explicit form of 1F1 into Eq.2.17 and considering only the
zeroth order expansion of v, we obtain that

ψc(r) ≈
|z|→∞

e−
1
2
πβ+ikzΓ(1 + iβ)

(
(−ikζ)iβ

Γ(1 + iβ)
+

(ikζ)−iβ−1

Γ(−iβ)
eikζ

)
. (2.22)

Using ab = eb ln a, Eq.2.22 becomes

ψc(r) = eikzΓ(1 + iβ)

(
eiβ ln kζ

Γ(1 + iβ)
+

e−iβ ln kζ

ikζΓ(−iβ)
eikζ

)
(2.23)

= eikz+iβ ln kζ + eikr−iβ ln kζ Γ(1 + iβ)

ikζΓ(−iβ)
. (2.24)

Since ζ = 2rsin2(θ/2) and Γ(1 + iβ)/Γ(−iβ) = iβeln(2σ0), where σ0 =
arg[Γ(1 + iβ)], ψc(r) can be finally written as

ψc(r) =
ζ→∞

eikz+iβln(kζ) +
fc(k̂)

r
eikr−iβln(2kr). (2.25)

with the scattering amplitude for the Coulomb potential given by

fc(k̂) = − β

2ksin2(θ/2)
e2i(σ0−β ln sin θ

2
). (2.26)

Eq.2.25 is analogous to Eq.2.2, except for a logarithm phase factor affect-
ing the free plane and spherical waves. Since this phase factor diverges for
r → ∞, even in the asymptotic limit the electron can not be considered as a
free particle. Moreover, the total cross section for scattering with a Coulomb
potential diverges, since fc → ∞ at θ = 0.

In practical electron-molecule scattering problems, the Coulomb potential
is often accompanied by a short range potential (Vs). This short range poten-
tial accounts for the interaction between the continuum and bound electrons
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of the system and satisfy the boundary conditions already detailed in the
last section. The Schrödinger equation of this system is given by(

− ∇2

2
+ Vs(r) +

Z1Z2

r

)
ψs(r) = Eψs(r). (2.27)

Expanding ψs in an angular momentum basis

ψs =
∑
l

Bl,c(k)r
−1ηl,c(r)Pl(cos θ), (2.28)

and substituting it in Eq.2.27, we obtain the following reduced radial Schrödinger
equation(

− d2

dr2
+
l(l + 1)

r2
+ 2Vs(r) +

2Z1Z2

r
− k2

)
ηl,c(r) = 0, (2.29)

where ηl,c is the radial part of the wavefunction. In analogy to Eq.2.7, the
asymptotic solutions of Eq.2.29 can be written as

ηl,c(r) ≈
r→∞

[Fl(β, kr) + tan δl(k)Gl(β, kr)], (2.30)

where tan δl(k) is the scattering phase due to the short range potential (in the
presence of the Coulomb potential), and Fl and Gl are regular and irregular
solutions of Eq.2.29 given by

Fl(β, kr) = Cl(β)e
ikr(kr)l+1

1 F1(l + 1 + iβ; 2l + 2;−2ikr)

≈
r→∞

sin(kr − lπ

2
− βln(2kr) + σl), (2.31)

Gl(β, kr) = iCl(β)e
ikr(kr)l+1[W1(l + 1 + iβ; 2l + 2;−2ikr)

− W2(l + 1 + iβ; 2l + 2;−2ikr)]

≈
r→∞

cos(kr − lπ

2
− βln(2kr) + σl) (2.32)

with

Cl(β) =
2le−

πβ
2 |Γ(l + 1 + iβ)|
Γ(2l + 2)

, (2.33)

and σl = arg[Γ(l + 1 + iβ)] being the so called Coulomb phase.
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Comparing the coefficients of the ingoing waves from Eq.2.28 and Eq.2.25
at the asymptotic limit, we find that

Bl,c = k−1(2l + 1)il cos δl(k)e
i[σl+δl(k)]. (2.34)

Substituting Eq.2.34 into Eq.2.28 gives

ψs(r) ≈
r→∞

ψc(r) +
∞∑
l=0

(2l + 1)ile2iσl

2kr
[e2iδl(k) − 1]H+

l (β, kr) (2.35)

with

H+
l (β, kr)e

iσl [Fl(β, kr) + iGl(β, kr)] ≈
r→∞

1

i
e−ikr+ilπ/2+β ln 2kr (2.36)

Finally, it is easy to show that Eq.2.34 can be written as

ψs(r) =
r→∞

eikz+iβln(kζ) + (fs(k̂) + fc(k̂))
eikr−iβln(2kr)

r
. (2.37)

where

fs(k̂) =
1

2ik

∞∑
l=0

(2l + 1)e2iσl(e2iδl(k) − 1)Pl(cos (θ)). (2.38)

The differential cross section is then given as the interference between the
Coulomb and short range potential scattering amplitudes

dσ

dk̂
= |fs + fc|2 = f 2

s + f 2
c + 2Re(fsf ∗

c ). (2.39)

2.3 The R-Matrix theory

The R-matrix approach consists in solving the scattering problem by parti-
tioning the configurational space into two or more regions. Different levels of
approximation at each of the regions can be applied to determine the wave-
function of the system. Information on the radial part of the inner region
wavefunction is then transferred to the other regions via the R-Matrix, which
will be derived below in this section. In electron scattering with atoms and
molecules for example, the inner most region (r < ra) contains all the elec-
trons of the system. Solutions to this region employ methods borrowed from
quantum chemistry (see more details about quantum chemistry in chapter

31



3). The outer regions (r > ra) is occupied exclusively by the continuum elec-
tron, with the effect of the bound electrons given in terms of of a multipole
expansion. Different methods are then used for propagating the R-Matrix
from ra to rp, where the R-Matrix is matched to the asymptotic expansion
of the system, and the scattering observables can be extracted.

For simplicity, we consider here the same spherically symmetry potential
defined in section 2.1. We introduce the Dl operator as

Dlηl,i(r) =

[
− d2

dr2
+
l(l + 1)

r2
+ 2V (r)− k2

]
ηl,i(r) = 0, (2.40)

with ηl,i being the radial part of the wavefunction of the system. In the inner
most region (r < ra) of the configurational space it is easy to show that∫ ra

0

(wDlv − vDlw)dr =

∫ ra

0

w
d2v

dr2
dr −

∫ ra

0

v
d2w

dr2
dr =

(
w
dv

dr
− v

dw

dr

)
r=ra

(2.41)
where w and v are two arbitrary square integrable functions confined to
r < ra that are zero at the origin. Eq.2.41 shows that Dl is not Hermitian
in a finite region in space, unless w and v obey the homogeneous boundary
conditions

ra
w(ra)l

dw(ra)l
dr

= b0. (2.42)

A possible way to overcome this problem was introduced by Bloch and con-
sists of rewriting Eq.2.40 as [109]

(Dl − L(ra, b0))ηl(r) = −L(ra, b0)ηl(r), (2.43)

with L(ra, b0) = δ(r − ra)(
d
dr

− b0
r
)r=ra being the Bloch operator. Note that

Dl−L(ra, b0) defined over an L2 basis is always Hermitian, independently of
the boundary conditions imposed at r = ra.

Inverting Eq.2.43, we get the formal solution for Eq.2.41

ηl(r) = −(Dl − L(ra, b0))−1L(ra, b0)ηl(r). (2.44)

Introducing a basis ξj,l,which diagonalizes Dl − L(ra, b0) such that∫ ra

0

ξi,l(r)(Dl − L(ra, b0))ξj,l(r)dr = (E − Ej)δij, (2.45)
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we can write the inverse of Dl − L(ra, b0) in the spectral representation as

− (Dl − L(ra, b0))−1 =
1

2

∑
i

ξi,l(r)ξi,l(r
′)

Ei − E
. (2.46)

Eq.2.43 then becomes

ηl(ra) =
1

2ra

∑
i

ξi,l(ra)ξi,l(ra)

E − Ei

(
ra
dηl(r)

dr
− b0ηl(r)

r

)
r=ra

= Rl(E, ra)

(
ra
dηl(r)

dr
− b0ηl(r)

r

)
r=ra

, (2.47)

where Rl(E, ra) is the so called R-Matrix, and the spectrum of Ei values are
referred as the poles of the R-Matrix. Note that the R-Matrix depends only
parametrically on the energy of the scattering particle, thus, in order to find
the R-Matrix one needs to diagonalize Dl − L(ra, b0) only once for an L2

basis capable of representing the ηl over a certain energy range.
Matching Eq.2.47 to the asymptotic boundary conditions of ηl for the case

of scattering by a short range potential (see Eq.2.7), we find the following
relation between the K and the R-Matrix

Kl(E) =

−sl +Rl(E, ra)

(
kras

′
l(kra)− b0sl(kra)

)
cl −Rl(E, ra)

(
krac′l(kra)− b0cl(kra)

) . (2.48)

In case of electron-ion scattering, sl and cl in Eq.2.48 are replaced by regular
and irregular Coulomb functions (Eq.2.31 and Eq.2.32).

In order to reduce the size of the inner region calculation, so L2 methods
can converge more quickly, it is important to position the R-matrix boundary
as close as possible to the scattering center. The R-Matrix radius could then
be propagated from ra to rp (see [100] for a detailed explanation of several
propagation methods), where the R-Matrix is matched to the asymptotic
solutions of the system.

2.3.1 Approximate R-Matrix methods

In most of the practical scattering problems, the solutions of the system can
only be found numerically. The R-Matrix approach allows us to truncate
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the inner region and discretize the continuum eigensolutions, thus, the radial
solutions of the Schrödinger equation in the inner region can be written in
terms of a L2 basis. By diagonalizing the inner region in such a basis, one
obtains the poles and boundary amplitudes of the inner region solutions,
which are then used to build up an approximate R-matrix.

There are several choices of basis for representing the continuum. The
homogeneous boundary condition method consists of using an orthonormal
basis (η0l,i) defined as the eigenfunctions of[

− d2

dr2
+
l(l + 1)

r2
+ 2V0(r)− k20i

]
η0l,i(r) = 0, for 0 < r ≤ ra (2.49)

and satisfying the boundary conditions

η0l,i(0) = 0, (2.50)

dη0l,i(ra)

dr
=

η0l,i(ra)

ra
b0. (2.51)

The potential V0 needs to be simple enough so that the solutions of Eq.2.49
can be easily evaluated. On the other hand V0 should be as close to V as
possible, so the main features of the system are reproduced by the η0l,i basis.
The radial part of the total wavefunction, for a given l, is then written as

ηnl,j(r) =
n∑

i=1

η0l,ic
n
ij (2.52)

where the cnij coefficients are found by diagonalizing Dl −L(ra, b0) in the ηnl,j
basis, so that∫ ra

0

ηnl,i(r)(Dl − L(ra, b0))ηnl,j(r)dr = (E − En
j )δij. (2.53)

The approximate R-Matrix can then be written as

Rn,hbc
l (E, ra) =

1

2a0

n∑
j=1

[ηnl,j(ra)]
2

En
j − E

. (2.54)

The convergence of Rn,hbc
l (E, ra) → Rl(E, ra) depends on two factors:

(i)on the rapidity of the convergence of ηnl,j(ra) to the actual boundary am-
plitudes and of En

j to the poles of Rl(E, ra), and (ii) on the rapidity of the
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convergence of Rn,hbc
l (E, ra) to Rl(E, ra) as n → ∞. The second factor

is the most critical, since generally only a limited number of poles are in-
cluded in Rn,hbc

l (E, ra). In this case, high lying poles that are not included
in Eq.2.54 are crucial for a fast convergence of Rn

l (E), thus further correc-
tions to Eq.2.54 and possibly to the wavefunction of the system may become
necessary [110, 100].

Another very powerful method to determine the approximate R-Matrix
of a system, is to use a robust linear independent basis set

φl,i(r), i = 1, ..., n, 0 ≤ r ≤ ra, (2.55)

which satisfy arbitrary boundary conditions at ra and approach completeness
as n→ ∞. We define then the following linear combination

ηn,abcl,j (r) =
n∑

i=1

φl,i(r)cij, i = 1, ..., n, 0 ≤ r ≤ ra, (2.56)

where the cij coefficients are found by diagonalizingDl−L(ra, b0) (see Eq.2.45)
and the R-Matrix is given by

Rn,abc
l (E, ra) =

1

2a0

n∑
i=1

[ηn,abcl,i (ra)]
2

En
i − E

. (2.57)

As the φl,i basis tends to completeness, arbitrary boundary condition
methods can generate very precise poles and boundary amplitudes for Eq.2.57.
However, since the basis must be always truncated, high lying R-Matrix poles
are generally not precisely reproduced by arbitrary condition methods. Note
that these high lying poles should still be included in Rn,abc

l , since they pro-
vide a good first approximation of the effects of the actual high lying poles
on Rl.

2.4 Multichannel Scattering

So far we have only considered elastic scattering. However, in a more general
framework part of the electron kinetic energy can be converted into internal
energy of the target opening up the inelastic channels of the process. Let’s
take for example the collision of an electron with a hydrogen atom. We
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assume the three possible outcomes of the collision,

e− +H →

⎧⎪⎨⎪⎩
e− +H (elastic)

e− +H∗ (excitation)

e− + e− + p+ (fragmentation)

with the energy order of the final states being E(H) < E(H∗) < E(e−+p+).
The three different states after the collision are referred to as the out channels.
The states prior to the collision are referred to as the in channels. A given
channel is only open if the kinetic energy of the free electron is larger than the
difference between the energy of the final and initial states of the molecule.
Energetically inaccessible channels are labelled as closed.

The multichannel scattering wavefunctions can be written in terms of a
target state expansion

Ψk(E) = A
∑∫
j

Φj(x1, ...,xN)ηjk(xN+1) (2.58)

where xm are the space-spin coordinates of the mth electron, Φj are the eigen-
functions of the target Hamiltonian, ηj are the continuum orbitals, that obey
the asymptotic conditions of the problem, and A is an antisymmetrization
operator that acts in the spatial and spin coordinates, ensuring that the scat-
tering wavefunction is antisymmetrized. The index j goes over the discrete
and continuum target eigenstates. If the rearrangement channels are open,
the infinite sum in the target state expansion should implicitly account for the
case where one or more target coordinates goes to infinity and the incoming
electron becomes bound, such as in electron-detachment of molecules.

In several computer programs the close coupling expansion employed in
the evaluation of the scattering wavefunction uses continuum orbitals that
are orthogonalized in relation to the target molecular orbitals. In this case,
Eq.2.58 misses the contribution to the scattering wavefunction related to a
non-zero overlap between scattered electron and the target orbitals. There-
fore, it is necessary to redefine the target state expansion as

Ψk(E) = A
∑∫
j

Φj(x1, ...,xN)ηjk(xN+1) +
∑
p

χ(N+1)
p (x1, ...,xN+1), (2.59)

where χ
(N+1)
p are L2 configurations, which account for the case where the

incident electron is trapped by some high excited molecular orbitals.
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Since it is computationally not possible to include an infinite number of
target states in Eq.2.58 or Eq.2.59, usually only the open and weakly closed
channels are used in the target state expansion. The truncation of the target
state expansion is known as the close coupling approximation.

2.4.1 Derivation of the close coupling equations

In this thesis, we are interested in finding the solutions of the multielectronic
Hamiltonian

HN+1 = −
N+1∑
i

∇2
i

2
−

N+1∑
i

Nnuc∑
j

Zj

rij
+

N+1∑
i>j

1

rij
(2.60)

where N+1 is the number of bound and continuum electrons,Nnuc is the
number of nuclei of the molecule, and rij = |ri − rj|. The first summation
accounts for the kinetic energy of the electrons, the second for the electron-
nuclei interaction, and the third for the electron-electron interaction.

We define the channel functions Φ̃Γ
i , by spin coupling the target states

and the continuum electron

Φ̃Γ
i (x1, ...,xN ;σN+1) =

∑
MSi

mi

(SiMSi

1

2
mi|SMS)Φi(x1, ...,xN)χ 1

2
mi
(σN+1),

(2.61)

where (· · · | · · · ) are the Clebsch Gordan coefficients, χ 1
2
mi
(σN+1) is the spin

function of the continuum electron, S,MS is the total spin and spin compo-
nent, Si,MSi

is the spin and spin component of the target states, and Γ are
the conserved quantum numbers.

Applying the multielectron Hamiltonian to Eq.2.59 and projecting it on
the channel functions we can write

⟨r−1
N+1Φ̃

Γ
i (x1, ...,xN ;σN+1)|HN+1 − E|Ψk(E)⟩′ = 0, (2.62)

where the prime indicates that the integral is taken over all electron coordi-
nates except the radial coordinate of the N+1-electro.

Decomposing the multielectron Hamiltonian as

HN+1 = HN −
∇2

N+1

2
− Z

rN+1

+
N∑
i=1

1

riN+1

, (2.63)

37



we have from Eq.2.62 that(
∇2 + 2

Z −N

r
+ k2i

)
Fik(r) = 2

n∑
i′=1

Vii′(r)Fi′k(r)

+2
n∑

i′=1

∫ [
Wii′(r, r

′) +Xii′(r, r
′)

]
Fi′k(r)dr

′, (2.64)

where
k2i = 2(E − Ei) (2.65)

⟨r−1
N+1Φ̃

Γ
i (x1, ...,xN ;σN+1)|HN − E|r−1

N+1Φ̃
Γ
i (x1, ...,xN ;σN+1)⟩ = Ei, (2.66)

and Fi′k is the radial component of ηi′k(rN+1).
The left hand side of the Eq.2.64 as well as the local potential Vii′(r)

arises from the direct term of the close coupling expansion. The local Vii′(r),
the non-local exchange Wii′(r, r

′) and the non-local correlation Xii′(r, r
′) po-

tentials are given respectively by

Vii′(rN+1) = ⟨r−1
N+1Φ̃

Γ
i (x1, ...,xN ;σN+1)|

N∑
k=1

1

rkN+1

−

N

rN+1

|r−1
N+1Φ̃

Γ
i′(x1, ...,xN ;σN+1)⟩′, (2.67)

Wii′(r, r
′) = −N⟨r−1

N+1Φ̃
Γ
i (x1, ...,xN ;σN+1)|

1

rNN+1

|r−1
N+1Φ̃

Γ
i′(x1, ...,xN ;σN+1)⟩′′,

(2.68)

Xii′(rN , rN+1) = −
m∑
i=1

Uip(rN , rN+1)
1

ϵp − E
Ui′p(rN , rN), (2.69)

Uip(rN) = ⟨r−1
N+1Φ̃

Γ
i (x1, ...,xN ;σN+1)|HN+1 − E|χ(N+1)

p ⟩. (2.70)

where the single prime indicates that the integration is performed over all
electronic coordinates except rN+1, and the double prime indicates that the
integral is performed over all electronic coordinates, except rN , rN+1

At the asymptotic limit, the channel function decays quickly. Conse-
quently, since the asymptotic behavior of Xii′(r, r

′) and Wii′(r, r
′) for r →

∞, r′ → ∞ is dominated by the asymptotic behavior of the target states,
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both non local potential vanishes and the close coupling equations simplify
to (

d2

dr2
− li(li + 1)

r2
+ 2

Z −N

r
+ k2i

)
Fij(r) = 2

n∑
i′=1

Vii′(r)Fij(r). (2.71)

An asymptotic form for the Vii′(r) is derived in Appendix A.

2.5 Resonances

Resonances are quasibound states embedded in the continuum. Mathemat-
ically, isolated resonances manifests as a sudden π phase jump of the phase
shift [111], which due to Eq.2.15 results in a sudden change of the total
scattering cross section. Close to the resonance, the phase shift can be de-
composed in a resonant and a non resonant part

δ = δres + δbg. (2.72)

with δbg being nearly constant in the resonant region. The central position
(Er) and width (Γ) of a resonance is related to the phase shift by the Breit-
Wigner formula [112]

δ = − arctan
Γ

2(E − Er)
+ δbg. (2.73)

The abruptness of the π phase jump in δres is determined by the resonance
width Γ.

In the case of scattering with a short range potential, by substituting
Eq.2.73 in Eq.2.15, we find that close to a resonance the total cross section
can be written as

σtot =
4π

k2
(2l + 1)

(ε+ q)2

1 + ε2
sin2(δbg(k)), (2.74)

with q = −cot(δbg(k)), and ε = 2(E − Er)/Γ. The shape of the resonance is
dictated by the non-resonant part of the phase shift, e.g, in the case of s-wave
scattering (l=0) if δbg = 0 the resonance is observed in the scattering cross
section as a peak, on the other hand, if δbg = π/2 the resonance is observed
in the cross section as a valley (see Fig.2.1).
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Figure 2.1: Total phase shift (top) and cross sections (bottom) for s-wave
scattering, Γ = 0.05 and k2r = 2Er = 1. Four different values of δbg are taken:
0 (a), π/4 (b), π/2 (c) and 3π/4 (d). Taken from [100]

In a more intuitive physical picture, resonances can be interpreted as
temporary trapping of the continuum electron in a quasi-bound state of the
system. In collisions of electrons with atoms and frozen nucleii molecules
there are two types of resonances: shape-resonances and core-excited reso-
nances.

Shape resonances, which in general have a large energy width, arises due
to the trapping of the continuum electron in a potential well created by two
competing factors: the centrifugal force from the angular momentum of the
continuum electron, and the attractive polarization potential of the target
atom or molecule [113]. In this case it is clearly not possible to have shape
resonances in the l = 0 partial wave.

Core excited resonances arise from the simultaneous excitation of the
target and the trapping of the incoming electron, forming a Rydberg-like
state. The target is then left in an excited state, referred as parent excited
state. There are then two possibilities: the Rydberg-like state decay to the
parent excited state, if this state is energetically open, forming a core-excited
shape resonance; or the Rydberg-like state decay to a molecular state below
the parent excited state, forming a Feshbach resonance [106].
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Chapter 3

Principles of quantum
chemistry

It is evident from the close coupling expansion presented in the previous
chapter, that in multichannel scattering it is necessary to have a reliable
description of the bound states of the target atom or molecule. Therefore
we will for the moment forget about the scattering process, and dedicate
this chapter for presenting some of the numerical methods used to solve the
bound state problem.

Electrons are much lighter and faster than the atomic nuclei, thus, it is
reasonable to assume that the electronic cloud instantaneously rearranges
after geometrical variations of the nuclei. Therefore the so called Born Op-
penheimer approximation can be used to separate the electronic and nuclear
part of the wavefunction of the molecular Hamiltonian. The electronic Hamil-
tonian is then given by

HN = −
N∑
i

∇2
i

2
−

N∑
i

Nnuc∑
j

Zj

rij
+

N∑
i>j

1

rij
(3.1)

where N is the number of bound and continuum electrons, Nnuc is the number
of atomic nuclei of the molecule, and rij = |ri − rj|. The first summation
accounts for the kinetic energy of the electrons, the second corresponds to the
electron-nuclei interaction, and the third accounts for the electron-electron
interaction. When two or more electronic states belonging to the same point
symmetry group are energetically close to each other, the Born Oppenheimer
approximation fails, as different electronic and nuclear eigenfunctions of the
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molecule becomes non-adiabatically coupled. In Chapter 7 we explore the
spectroscopy of NO2 in situations where the non-adiabatic couplings are non
negligible.

Finding the wavefunction of the electronic Hamiltonian for atoms or
molecules with more than one electron is a formidable task for basically two
reasons: (i) the high dimensionality of the system, and (ii) the singularities
in the Hamiltonian that arises from the electron-electron interaction term.
In this chapter, we present the numerical methods used in this thesis for de-
termining the electronic wavefunction of atoms and molecules. In section 3.1
we briefly discuss some general concepts for the calculation of the electronic
structure of atoms and molecules. In section 3.2, we present the Hartree Fock
method for solving the bound state problem, which neglects electronic corre-
lation, but can still be a good first approximation to the problem. In section
3.3 and 3.4 we present the configuration interaction (CI), the multireference
configuration interaction (MRCI) and the multiconfigurational self consis-
tent field (MCSCF) methods which can in principle solve the bound state
problem with a high degree of accuracy.

3.1 Basic concepts in electronic structure cal-

culations

We express the electronic eigenfunctions of HN as

Ψ(x1, ...,xN) =
∑
i

ciΦ(x1, ...,xN), (3.2)

with x being the spin spatial electronic coordinate. The Φ basis is factorized
in terms of the orthonormalized spin-orbitals (φz) of the atom or molecule

Φ(x1, ...,xN) = (N !)−1/2

⏐⏐⏐⏐φa(x1)φb(x2)...φz(xN)

⏐⏐⏐⏐, (3.3)

where we have introduced the Slater determinant notation [102], which en-
sure that Φ, and consequently Ψ, are always antisymmetric. As the spin-
orbit basis tends to completeness, Eq.3.2 approaches the exact electronic
eigenfunctions of the atom or molecule.

We treat the electron-electron repulsion in an averaged way, i.e., the jth

electron moves in a static field produced by the other N-1 electrons and
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the nuclei. Therefore the eigenfunction of HN can be separated into N
independent Hartree Fock equations for the spin-orbitals [101]

fkφk(xk) =

[
hk +

∑
u

[Ju(xk)−Ku(xk)

]
φk(xk) = ϵkφk(xk). (3.4)

with ϵ being the spin-orbital energies, fk the so called Fock operator and

hk = −∇2
k

2
−

Nnuc∑
j

Zj

rkj
. (3.5)

The summation in Eq.3.4 goes over all the occupied orbitals, and

Ju(xk)φk(xk) =

[ ∫
φ∗
u(xp)r

−1
pk φu(xp)dxp

]
φk(xk), (3.6)

Ku(xk)φk(xk) =

[ ∫
φ∗
u(xp)r

−1
pk φk(xp)dxp

]
φu(xk), (3.7)

are the Coulomb and exchange operators respectively. Note that in order
to compute Eq.3.4, due to the Coulomb and exchange operator, we need
to know beforehand the explicit expression for all other spin-orbitals. For
this reason, we must start with a trial set of spin-orbitals and construct the
Fock operator. After diagonalizing the Fock operator we obtain a new set of
spin-orbitals, which are used once again to construct the Fock operator. The
iterations are performed until the variational wavefunction reaches, within a
convergence criterion, a minimum energy. This iterative process is known as
the self consistent field approach. If the minimum is global, the variational
principle states that the wavefunction obtained should be the best solution
for the basis set used [102].

3.1.1 Spin-orbital basis set

Ideally, one would use a complete basis set for representing the spin-orbitals
exactly. As this is of course computationally not feasible, it is always neces-
sary to truncate the size of the basis set. There are three important factors
that should be taken into account for choosing a basis set: (i) the basis
should be small, so the number of integrals to be evaluated can be reduced,
(ii) the basis functions should reproduce reasonably well the main features of
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the spin-orbitals, and (iii) the mathematical expression of the basis function
should be simple enough so that the 1- and 2-electron integrals can be easily
evaluated.

For a basis, θk(r), consisting of M elements it is possible to compute the
following M spatial wavefunctions

ψa =
M∑
k

cakθk(r). (3.8)

Slater type functions are the most common choice for atomic systems, since
this basis well reproduces the cusp at the atomic nuclei that characterizes
the nuclei-electron repulsion. In this thesis, since we are mostly interested in
molecular systems, we use Gaussian-type orbital basis given by

θijk(rm − rc) = C(xm − xc)
i(ym − yc)

j(zm − zj)
ke−α|rm−rc|2 (3.9)

where α is a positive exponent and C is a normalization coefficient. (xc, yc, zc)
and (xm, ym, zm) are the cartesian coordinates of the centre of the Gaussian
and the mth electron respectively. The type of the orbitals generated by the
gaussian basis set is dictated by the sum of the positive integers i, j, k. S-type
orbitals have i = j = k = 0, p-type orbitals have i+j+k = 1, d-type orbitals
have i+j+k = 2, etc. The power of the Gaussian type orbitals for molecular
system comes from the Gaussian product Theorem, which states that the
product of two Gaussians centered at different atoms can be decomposed in
to a single sum of Gaussians centered at a point in-between the atoms [114].
It is also usual to have a set of contracted Gaussians to better represent the
basis set close to the atomic nuclei, where the Gaussian basis functions have
a bell shape instead of the expected cusp [101]. A list of atomic Gaussian
basis set optimized for representing different atomic and molecular properties
can be found in [115].

3.1.2 The Roothaan equations

Applying the Fock operator to Eq.3.8 we obtain for the spatial wavefunction
ψa

fk

M∑
j=1

cjaθj(rk) = ϵa

M∑
j=1

cjaθj(rk). (3.10)
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Multiplying both sides of the equation above by θ∗i (rk) and integrating over
rk we obtain the Roothaan equation

M∑
j=1

cja

∫
θ∗i (rk)fkθj(rk)drk = ϵi

M∑
j=1

cja

∫
θ∗i (rk)θj(rk)drk. (3.11)

Introducing the overlap matrix, Sij =
∫
θ∗i (rk)θj(rk)drk, and the Fock matrix,

Fij =
∫
θ∗i (rk)fkθj(rk)drk, Eq.3.11 becomes

M∑
j=1

Fijcja = ϵa

M∑
j=1

Sijcja. (3.12)

We can of course generalize Eq.3.12 to all the possible M spatial wavefunction
that can be constructed from the basis set θ. In a matrix form, the set of
equations resulting from such a generalization is written as

Fc = Scϵ. (3.13)

The computation of the c coefficients require the prior knowledge of the Fock
matrix. Consequently, it is necessary to adopt a self consistent procedure to
solve the Roothaan equation, as discussed in section 3.1.

The elements of the Fock matrix are given by

Fij = hij + 2
∑
ulm

c∗luc

∫
θ∗i (r1)θ

∗
l (r2)

1

r12
θm(r2)θj(r1)dr1dr2

−
∑
ulm

c∗lucmu

∫
θ∗i (r1)θ

∗
l (r2)

1

r12
θj(r2)θ

∗
m(r1)dr1dr2. (3.14)

In the equation above hij =
∫
θi(r1)h1θ

∗
j (r1)dr1 are known as one-electron

integrals, since their evaluation requires an integration only over the r1 co-
ordinate. The other two terms in Eq.3.14 depend on the integration over the
r1 and r2 coordinates, thus they are referred to as 2-electron integrals.

Introducing the notation

(ab|cd) =
∫
θ∗a(r1)θ

∗
b (r1)

1

r12
θc(r2)θd(r2)dr1dr2, (3.15)

Eq.3.14 becomes

Fij = hij +
∑
ulm

Plm[(ij|lm)− 1

2
(im|lj)], (3.16)
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where we have defined the density matrix as

Plm = 2
∑
ulm

c∗lucmu. (3.17)

During the SCF procedure, the 1- and 2-electron integrals must be com-
puted only once, as they are not modified at each iteration of a self consistent
field procedure. On the other hand, the density matrix, which depends on
clu and cmu, must be evaluated at each iteration step. The main bottleneck
of evaluating the Roothaan equations is the huge number of 2-electrons in-
tegrals that must be calculated, which scales as M4. Group theory can help
in alleviating the number of integrals that must be computed, since many of
them are identically zero [116].

3.1.3 Configuration state functions

Solving the Roothaan equations, we obtain M spatial wavefunctions, thus
a total of 2M spinorbitals. By distributing N electron among the 2M spin-
orbitals one creates a list of Slater determinants, which scales quickly with
N and M. Configuration state functions (CSF) are symmetry adapted linear
combination of Slater determinants, built in such a way that the quantum
numbers of the electronic wavefunction are conserved. The construction of
the CSFs relies heavily on group theory, in order to decrease the computa-
tional costs of the calculation [116].

3.2 Hartree-Fock method

The Hartree-Fock method consists in representing the electronic wavefunc-
tion of an atomic or molecular system with a single Slater determinant. The
mean field approximation is implied, in the sense that the electronic repul-
sion term in the electronic Hamiltonian is considered only in an average way,
thus, electronic correlation for electrons with different spin is neglected [102].

Even though restrictive, the Hartree-Fock method has two important ad-
vantages:

• Compared to the methods that will be presented in the following sec-
tions, the Hartree-Fock method is computationally cheap.
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• The mean field approximation allow us to simplify the n-electronic
Hamiltonian into an n-independent particle model.

Complications arise for systems with an unpaired electron (open shell).
In this case, the HF approach does not take into consideration the full ex-
change term, resulting in an overestimation of the electronic energy [101]. A
way to improve the HF calculation in this case, is to lift the condition that a
molecular orbital is described by the same spatial orbital for different values
of spin, which is the so called unrestricted Hartree-Fock approach (UHF).
The UHF approach leads to orbital energies lower than the usual HF, but
also yields in optimized wavefunctions that are not eigenvalues of S2, requir-
ing then the use of complicated projection methods to compensate for this
inaccuracy [102].

Another critical point of the HF approximation, is that it clearly fails in
situations where several electronic states, thus several Slater determinants,
are energetically close together such as close to the dissociation limit, or for
highly excited states. Under these conditions, the use of a single Slater deter-
minant for describing the wavefunction is a too strong constraint and more
robust methods are necessary for correctly describing electronic correlation.

3.3 Configuration interaction

Due to the non-separability of the Coulomb interaction in the electronic
Hamiltonian, a more accurate representation of the wavefunction of an atomic
or molecular system requires the use of not only a single Slater determinant,
but a linear combination of them. We introduce then the following expansion
for representing the wavefunction of an electronic state ψs

ψs = Φ0 +
∑
j

C̃j,sΦj +
∑
jk

C̃jk,sΦjk,s + ..., (3.18)

with Φ0 being the Hartree Fock determinant and the subsequent determinants
being built by promoting electrons from occupied spinorbitals in Φ0 to highly
energetic unoccupied spinorbitals. The first summation accounts for the
excitation from a single electron from Φ0, the second for the excitation of
two electrons, etc. For conciseness, we do not show the dependency of the
Configuration state functions (CSFs) on the N+1 spin spatial coordinates.
The spin-orbitals are usually obtained from a previous HF calculation and
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held fixed in a CI procedure. If all possible excitations, within a given spin-
orbital basis, are used in the CI expansion, the calculation is called a full CI.
To simplify the following calculations, we write Eq.3.18 simply as

ψs =
∑
L

CL,sΦL,s. (3.19)

To determine the CLs coefficients it is necessary to solve, through a vari-
ational procedure, the following set of equations

L∑
J=1

HIJCJs = Es

L∑
J=1

SIJCJs, (3.20)

where SIJ =
∫
Φ∗

IΦ
∗
Jdx1...dxN and HIJ =

∫
Φ∗

IHΦ∗
Jdx1...dxN .Eq.3.20 can be

written in the following matrix form, where all electronic states ψs are solved
simultaneously

HC = ESC. (3.21)

The inclusion of several CSFs in the CI expansion makes the calculation
more stable when the energy of different electronic configurations of an atom
or molecule are close together, a situation where the Hartree-Fock approach
struggles.

The bottleneck of the CI method is the diagonalization of the Hamiltonian
matrix, which scales to the cube of the number of CSFs included. Even with
the help of group symmetry, the size of the Hamiltonian matrix still quickly
becomes prohibitively high for large systems, making a full CI calculation
very demanding. Thus, it is customary to truncate the number of excitations
allowed in the CI expansion generating what is called CI with single excitation
(CIS), single and double excitations (CISD) and so on.

3.4 Multiconfigurational and multireference

methods

In contrast to HF, which optimizes only the basis functions, and CI calcu-
lations, which optimizes exclusively the CSF coefficients, the multiconfigu-
rational self consistent field (MCSCF) approach relies on the optimization
of both simultaneously. MCSCF is particularly powerful in situations where
the molecular orbitals from HF calculations are of poor quality, such as close
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to the dissociation limit of molecules, at conical intersections, and avoided
crossings, or for calculations involving highly excited molecular states. Com-
plete active space self consistent field (CASSCF) is a powerful implementa-
tion of MCSCF, in which the orbitals are divided into three sets: an inactive
set consisting of the low energy doubly occupied spin-orbitals, a virtual set
consisting of the high energetic orbitals that are never occupied by any deter-
minant, and an active set, which are the orbitals energetically in between the
inactive and the virtual sets. The CSFs are then constructed by distributing
the active electrons among the active orbitals.

Multireference configuration interaction (MRCI) is very similar to CI cal-
culations, the difference being that the CSFs are not only generated from a
single reference ground state electronic configuration, but also from a cer-
tain number of other determinants. The nomenclature of MRCI calculations
follows the one already outlined for CI, i.e., MRCIS for single excitations
from the reference CSFs, MRCISD for single and double excitations from
the reference CSFs, so on and so forth.

Even though MRCI and MCSCF calculations are capable of generating
high quality representation of the ground and excited state wavefunction of
atomic and molecular systems, both these methods are computationally very
demanding. In MCSCF calculations with a large number of electron one
must carefully choose the active space, or even use restricted schemes such
as the RASSCF (restricted active space self consistent field (SCF), see further
details in [101]) for reducing the dimension of the Hamiltonian of the system.
In MRCI dealing with a large number of electrons, one must carefully choose
the reference determinant and the degrees of excitations allowed, in order to
reduce the computational costs of the calculations.
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Chapter 4

Photoionization of molecules

The recent advances in synchroton sources, and the flexibility afforded by
table top femtosecond lasers in producing XUV pulses via high harmonic
generation (HHG), have established the photoionization process as one of
the most widely used and powerful tools for studying structural and spectral
properties of molecules [117]. In photoionization, the interaction of electro-
magnetic radiation with a given target molecule results in the ejection of one
or more photoelectrons. As in this thesis we investigate only photoionization
initiated by a low intensity XUV/VUV radiation, we restrict our discussion
to the case where a single photoelectron is ejected from the target system.

In the early stages of molecular photoionization experiments it was neither
possible to predict nor to enforce the orientation of molecules. Experimen-
talists were then restricted to investigate structural and spectral properties
of the system only by orientationally averaged photoelectron angular distri-
butions (PAD) [118, 119, 120, 121]. Recently, the substantial improvement
of molecular alignment and orientation techniques [122] allowed experimen-
talists to extend the range of applications of PAD: to image the molecular
geometry[123, 124, 125] and molecular orbitals [126]; as a probe of molecular
chirality [127] and rotational wavepackets [128], etc (see [117] for an extensive
list of applications).

As will be shown below in this chapter, the PAD can be expanded in
terms of spherical harmonics

Iij(k) ∝
∑
LM

ALMYLM(k̂), (4.1)

where k is the photoelectron momentum and the indices in Iij refer to the
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photoionization of a neutral molecule initially in the i state, leaving the resid-
ual cation in a j state. ALM are coefficients that depend on the photoioniza-
tion process and the molecular properties [100]. Generally, Eq.4.1 converges
very fast and only a small number of L and M are necessary to describe the
PAD [117]. Fully determining the ALM coefficients completely characterizes
the photoionization process. In the so called complete experiments, the ALM

coefficients are measured by photoionizing an oriented molecule with differ-
ent schemes of laser polarization [129]. So far, it has only been possible to
perform complete experiments for some simple molecules [130, 131], due to
the limitations of the molecular orientation techniques. Eq.4.1 is also im-
portant in the interpretation of calculations and experiments, since sensitive
molecular properties can be probed by analyzing the interference between
different terms in Eq.4.1 [132, 133].

In the following sections we discuss the theoretical and experimental as-
pects of PAD: in section 1 we derive an explicit expression for Eq.4.1 and de-
fine the relevant observables; in section 2 we briefly present the experimental
aspects of a PAD with particular attention to the alignment and orientation
techniques used to at least partially retrieve the PAD in the molecular frame.

4.1 Differential cross sections and asymme-

try parameters

Consider the ejection of an electron with momentum kf after the interaction

of a polarized XUV light with a neutral molecule in the Φ
(N+1)
i state. There

are two relevant frames of reference in this process: the laboratory (LF)
and the molecular (MF) frames. To connect the molecular frame to the
lab frame, we introduce the Euler angles α, β, γ and the associated Wigner
rotation matrices (see, for example [134]), Dl(α, β, γ), which connects both
frames of reference. In the laboratory frame the z axis is usually defined
as the polarization direction for linearly polarized light, or the direction of
propagation for circularly and elliptically polarized light. If not stated to
the contrary, primed (unprimed) variables indicate laboratory (molecular)
frame.

We will start the derivations in the molecular frame. Using Fermi’s golden
rule and normalizing in relation to the photon flux, the PAD in the molecular
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frame is given by
dσfi
dkf

= 4αω(πa0)
2|dfi|2 (4.2)

where α is the fine structure constant, ω is the photon energy, a0 the Bohr
radius, and dfi is the dipole for a transition from the bound initial state

(Φ
(N+1)
i ) to the 1-e− continuum wavefunction (Ψ

(−)(N+1)
f )

dfi = ⟨Φ(N+1)
i |dµ|Ψ(−)(N+1)

f ⟩. (4.3)

In Eq.4.3 dµ represents the dipole operator in the length gauge, which in a
spherical harmonics basis is written as

dµ =

(
4π

3

)1/2 N+1∑
n=1

∑
mγ

rnD
1∗
µmγ

(α, β, γ)Y1mγ (r̂n), (4.4)

with µ indicating if the light is linearly (µ = 0), right circularly (µ = −1)
or left circularly (µ = 1) polarized, and α, β, γ define the orientation of the
molecule in the lab frame.

If the initial state spin is unpolarized and the final state spins are not
measured, one must average the PAD over the initial and sum over the final
spin components(

dσfi
dkf

)
spin avg.

=
4αω(πa0)

2

2S + 1

∑
MSMSf

mf

|dfi|2. (4.5)

Similarly, if the molecule belongs to a degenerate point group, it may be
necessary to average over the initial state degeneracy and sum over the final
state degeneracy.

We will now concentrate on finding an explicit expression for the scatter-
ing state, which in the asymptotic limit can be written as

Ψ
(−)(N+1)
f (k̂) ≈

r→∞
Ψinc

f (k̂) + Ψing
f (k̂) (4.6)

with Ψinc
f being a Coulomb-modified plane wave incident in direction k̂, and

Ψing
f satisfies ingoing wave boundary conditions at r → ∞ [135].

At the asymptotic limit, exchange can be neglected and Ψinc can be writ-
ten as

Ψinc
f =

[
kf

(2π)3

]1/2
Φ

(N)
f (x1, ...,xN)χ 1

2
mf

(σN+1)ψ
−
f (rN+1), (4.7)
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where Φ
(N)
f are target states, χ 1

2
mf

is the spin function of the scattered elec-

tron, and ψ−
f is the Coulomb wavefunction of the scattered electron in the

fth channel. In a partial wave basis ψ−
f becomes

ψ−
f =

∑
lf

(2lf + 1)ilf
e−iσlf

kfr
Flf (kfr)Plf (cos θ). (4.8)

where the normalization constant, e−iσlf , allows us to write the asymptotic
radial solutions, Flf , in terms of ingoing waves.

Using the spherical harmonics addition theorem

Plf [cos (θ = ΩN+1 − Ωk)] =
4π

2lf + 1

∑
mlf

Ylfmlf
(ΩN+1)Y

∗
lfmlf

(Ωk), (4.9)

we have that

Ψinc
f =

∑
lfmlf

ilfΦ
(N)
f (x1, ...,xN)χ 1

2
mf

(σN+1)e
−iσlf

×Y ∗
lfmlf

(Ωk)Ylfmlf
(ΩN+1)r

−1
N+1η

0
f (kfrN+1), (4.10)

with

η0f (kfr) =
i

(2πkf )1/2
Flf (kfr) ≈

r→∞

i

(2πkf )1/2

[
e−iθf (r) − eiθf (r)

]
, (4.11)

where θf (r) = kfr − lf
2
π − βf ln 2kfr + σlf , with βf = −(Z − N)/kf and

σlf = arg Γ(lf + 1 + iβf ). Spin coupling the target states and continuum
electron while enforcing total spin (S) and spin component (MS) yields

Φ̃SMS
f (r1, ..., rN;σN+1) =

∑
MSf

mf

(SfMSf

1

2
mf |SMS)Φ

(N)
f (r1, ..., rN)χ 1

2
mf

(σN+1)

(4.12)
where (SjMSj

1
2
mj|SMS) are the Clebsch Gordan coefficients. Substituting

Eq.4.12 in Eq.4.10, we finally find that the wavefunction is given by (for a
scattered electron with spin component mf , a target states with spin Sf and
spin component MSf

, and total spin S,MS)

Ψinc
f =

∑
Slfmlf

ilf Φ̃SMS
f (x1, ...,xN ;σN+1)(SfMSf

1

2
mf |SMS)e

−iσlf

× Y ∗
lfmlf

(Ωk)Ylfmlf
(ΩN+1)r

−1
N+1η

0
f (rN+1). (4.13)
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Substituting Eq.4.13 in Eq.4.6 and including the contribution from all pos-
sible in-channels from Ψing

f , we have that

Ψ
(−)(N+1)
f =

∑
Slfmlf

∑
jljmlj

ilf Φ̃SMS
f (x1, ...,xN ;σN+1)(SfMSf

1

2
mf |SMS)e

−iσlf

× Y ∗
lfmlf

(Ωk)Yljmlj
(ΩN+1)r

−1
N+1η

(−)
fj (rN+1), (4.14)

where η
(−)
fj is the radial component of the continuum electron wavefunction

(for simplicity we consider j = jljmlj and f = lfmlf ) satisfying ingoing wave
boundary conditions

η
(−)
fj (r) =

r→∞

{
i

(2πkj)1/2
[eiθj(r)δfj − S†

fje
−iθj(r)], for k ≥ 0

e−θj(r), for k < 0

where θj(r) = kjr− lj
2
π− βj ln 2kjr+ σlj and S

†
jf is the Hermitian conjugate

of the S-Matrix.
For convenience, we define

Ψ
(−)(N+1)
flfmlf

=
∑
jljmlj

ilje−iσljY ∗
ljmlj

(k̂j)Φ̃
SMS
j (r1, ..., rN;σN+1)

× r−1
N+1η

(−)
fj (rN+1)Ylfmlf

(ΩN+1). (4.15)

Substituting now Eq.4.14 and Eq.4.4 in Eq.4.3 we have that

dfi =
∑
lfmlf

∑
mγ

ilf e−iσlf Y ∗
lfmlf

(kf )(SfMsf

1

2
mf |SMs)D

1∗
µmγ

dflfmlf
i,mγ (kf ),

(4.16)
where we defined the partial wave dipoles as

dflfmlf
i,mγ (kf ) =

[
4π

3

]1/2
⟨Ψ(N+1)(−)

flfmlf
(kf )|

N+1∑
n=1

rnY1mγ (r̂n)|ΦN+1
i ⟩, (4.17)

It is useful to define the coupling rules for spherical harmonics

Ylfmlf
(k̂f ) Y ∗

l̃fml̃f

(k̂f ) = (−1)mlf

[
(2lf+1)(2l̃f+1)

4π

]1/2∑
Kl
(2Kl + 1)−1/2

×(lfmlf l̃f −ml̃f
|KlMl)(lf0l̃f0|Kl0)YKlMl

(kf ) (4.18)
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where Ml = mlf −ml̃f
and Kl is given by the angular momentum addition

rules. We also define coupling rules for the Wigner matrices as

D1∗
µmγ

(α, β, γ)D1
µm̃γ

(α, β, γ) = (−1)µ−mγ
∑
Kγ

(1− µ1µ|Kγ0)

×(1−mγ1m̃γ|KγMγ)D
Kγ

0M̃γ
(α, β, γ) (4.19)

where Mγ = m̃γ − mγ and Kγ is found also by the angular momentum
addition rules.

Substituting Eq.4.16 in Eq.4.5 and using Eq.4.18 and Eq.4.19, we obtain
in the molecular frame(

dσfi
dkf

)
spin avg.

= 4π2αa20ω
∑
KlM̃l

∑
lf l̃f

il̃f−lf e
σlf

−σl̃f

[
(2lf + 1)(2l̃f + 1)

4π(2Kl + 1)

]1/2

×
∑

mlf
ml̃f

mγm̃γ

(−1)
µ−mγ+ml̃fdflfmlf

i,mγ (kf )d
∗
f l̃fml̃f

i,m̃γ
(kf )

∑
Kγ

(1−mγ1m̃γ|KlMl)

× (lfmlf l̃f −ml̃f
|KlMl)(1− µ1µ|Kγ0)(lf0l̃f0|Kl0)D

Kγ

0Mγ
(α, β, γ)YKlM̃l

(k̂f ).

(4.20)
Transforming the photoelectrons from molecular to lab frame we finally find
that (

dσfi
dk′

f

)
spin avg.

=
∑
KlM̃l

A′
KlM̃l

YKlM̃l
(k̂′

f ), (4.21)

with the A′
KlM̃l

coefficients given by

AKlM̃l
= 4π2αa20ω

∑
lf l̃f

il̃f−lf e
σlf

−σl̃f

[
(2lf + 1)(2l̃f + 1)

4π

]1/2 ∑
mlf

ml̃f

mγm̃γ

(−1)
µ−mγ+ml̃f

× dflfmlf
i,mγ (kf )d

∗
f l̃fml̃f

i,m̃γ
(kf )

∑
KγK

(2Kl + 1)−1/2(1− µ1µ|Kγ0)

× (1−mγ1m̃γ|KlMl)(KlM̃lKγ0|KM̃l)(lfmlf l̃f −ml̃f
|KlMl)(lf0l̃j0|Kl0)

× (KlMlKγMγ|KM)DK
M̃lM

(α, β, γ). (4.22)
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Averaging the PAD over the molecular orientations, and assuming that
the light field is polarized along the z direction, Eq.4.21 becomes

dσfi
dk′

f

=
∑
K

AKPK(cos θ
′
f ), (4.23)

with the AK coefficients given by

AK = 4π2αa20ω
∑
lf l̃f
jtmα

(2jt + 1)−1il
′
f−lf e

i(σlf
−iσl̃f

)2jt + 1

4π
Dflf jtmαD∗

f l̃f jtmα

× [(2lf + 1)(2l̃f + 1)]1/2(−1)jt × (1010|K0)(lf0l̃f0|K0)

{
1 1 K

lf l̃f jt

}
(4.24)

where in brackets we have the Wigner 6-j symbol, and the dipoles Djl̃jjtmα

are defined in terms of the momentum transfer, jt, introduced by Fano and
Dill [136]

Dflf jtmα =
∑

mγmlf

(−1)mγ (1−mγlfmlf |jtmlf −mγ)dflfmlf
i,mγ (kf ), (4.25)

with mlj − mγ = mα being fixed. Since only terms with K = 0, 2 have a
non-zero contribution to the angular distribution, Eq.4.23 simplifies to(

dσfi
dk′

f

)
spin avg.

=
σfi
4π

(1 + βP2(cos θ
′
f )), (4.26)

where σfi is the partial photoionization cross-section

σfi =

∫
dσfi

dk̂′
f

dk̂′
f (4.27)

and β is the asymmetry parameter (do not confuse this β with βf )

β =
A2

A0

. (4.28)

If the photon field is unpolarized, the same procedure derived above can
be repeated for two linear fields polarized at right angles, yielding the fol-
lowing expression for the orientationally averaged PAD(

dσfi
dk′

f

)
unpol

=
σfi
4π

(
1− 1

2
βP2(cos θ

′
f )

)
. (4.29)
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4.2 Experiments

In addition to the advances in the generation of XUV pulses in synchrotron
facilities and HHG sources, two other developments were important for im-
proving the quality of the information extracted from photoionization exper-
iments. The first was the advance of imaging techniques, which now uses
position sensitive microchannel plate detectors together with electrostatic
optics for improving the acquisition of photoelectrons [137], greatly enhance
the extent and precision of information obtained from photoionization ex-
periments. The second key experimental development was the improvement
of molecular alignment and orientation techniques [122, 138], which have al-
lowed experimentalists in some cases to measure MFPAD and perform com-
plete photoionization experiments for molecules [130, 131, 139].

There are currently three major methods which can either fully or par-
tially recover the PAD in the molecular frame: photoelectron photoion co-
incidence (PEPICO) measurements [140, 141, 142], the adiabatic alignment
and orientation technique [143, 144, 145, 146], and the field free alignment
technique [147, 148, 149, 150]. The adiabatic alignment techniques involve
external fields, which must be weak enough to not dramatically change the
properties of the molecule prior or during the ionization step [122]. In the
field-free alignment technique, an external field is used solely to induce molec-
ular rotations leading to transient field-free alignment. Hence the main con-
cern in this case is the possibility of vibrational excitation prior to ionization.
fields during photo-ionization. On the other hand, PEPICO has the advan-
tage of not requiring any external field prior to ionization, therefore not
perturbing the molecule, and hence the characteristics of the MFPAD. In
the following sections, we briefly discuss each of these three techniques and
describe their advantages and disadvantages.

4.2.1 PEPICO

In this technique, the coincidence measurement of photoions and photoelec-
trons are used for inferring the recoil frame (RF) of the molecule with the help
of the recoil frame approximation, which states that the direction of the frag-
ment coincides with the direction of the breaking bond [151]. For this reason,
PEPICO is only applicable for dissociative photoionization, which is usually
the dominant process for the core ionization of molecules [152]. For linear
molecules, the RFPAD coincides with the MFPAD (Fig.4.1a). For nonlinear
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molecules, if photoionization is followed by only two fragments, there is an
uncertainty on the orientation of the molecule in relation to rotations around
the bond breaking axis (Fig.4.1c). If on the other hand the photoionization
of the nonlinear molecule results in more than two fragments, the emission
angle of the photoelectron is uniquely determined (Fig.4.1d). In addition,
if the lifetime of the residual cation is longer than the rotational period of
the molecule, the molecule rotates during dissociation and both RF and MF
are lost (Fig.4.1b). Even though complete photoionization experiments of
linear molecules using PEPICO have been performed [130, 131, 139], this
technique still faces very challenging technical issues. Firstly, the detection
of more than two fragments at each photoionization event in coincidence
is a formidable technical challenge. Secondly, PEPICO requires less than
one photoionization event per detection cycle making the application of this
technique using the current low repetition rate FEL sources unpractical, (the
X-FEL in Hamburg for example has a maximum repetition rate of 120Hz)
[138].

4.2.2 Adiabatic alignment and orientation

In this technique a long elliptically polarized laser pulse (sometimes as long
as tens of nanoseconds[122]) is used to orient a molecule adiabatically. The
idea of adiabatic alignment and orientation is to align the axis of largest and
second largest polarizability of the molecule with the respective major and
minor axis of the elliptically polarized field. More precise orientation can be
obtained for polar molecules by using a static electric field directed along the
major axis of the laser pulse polarization in order to pre-align the molecule
[143].

An important advantage of this technique in relation PEPICO, is that
it does not require the fragmentation of the molecule after photoionization.
There are however two important caveats: the alignment and orientation
deteriorates for molecules with low polarizability, and external fields affect
both the motion of the photoelectron, and the properties of the molecule if
the fields are too strong[145, 146].

4.2.3 Field free alignment

The field free alignment technique uses a laser pulse with a duration much
smaller than the rotational period of the molecule to impulsively align the
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molecule, creating a rotational wavepacket [147, 148]. After the laser pulse
is over, the rotational wavepacket dephases and rephases, leading to periodic
alignment revivals, generally on a picosecond timescale. As well as having
a short duration, it is important that the pulse is not resonant with the
molecular vibronic levels, and that the field has a moderate intensity in order
to not ionize the molecule. One important advantage of this technique, is that
it is applicable to molecules with a negligible permanent dipole [149, 150].
On the other hand, it is still a challenge to obtain a high degree of alignment
with this technique for non-linear polyatomic molecules, for all axes of the
polarizability tensor[147, 150].
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Chapter 5

Molecular R-Matrix theory and
the UKRmol package

The R-Matrix theory is a general method for investigating the scattering
states of a system, irrespective of the nature of the particles involved in the
process. The basic theory was developed by Wigner and Eisenbud in the
1940s, in the context of nuclear scattering [153, 154, 155]. Subsequently,
the theory was adapted for studying electron scattering from atoms and
molecules [156]. The power of the R-Matrix method lies in the generality of
its basic approach: the partitioning of space into different regions, informed
by the physics of the system, allowing the appropriate level of approximation
and optimal numerical (or analytic) technique to be chosen in each. The usual
division in electron-(photon)-molecule scattering is into an inner, outer and
asymptotic region. The inner region is the most complex to treat, as the full
multielectron nature of the process must be taken into account. In the outer
region the continuum electron is sufficiently far from the bound electrons, so
exchange can be neglected, and interactions with the target are mediated by
a long range multipole potential. In the asymptotic region, the scattering
wavefunction is well represented by an expansion of analytic functions, which
are determined by asymptotic scattering theory.

In this chapter, we discuss the theoretical foundations of the molecular
R-Matrix theory for electron-scattering and the photoionization of molecules.
We also present the implementation of the R-Matrix theory in the UKRmol
code suite. The UKRmol codes are freely available in the CCP collaborative
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programming platform 1 2.
This chapter is organized as follows: in section 5.1.1 we show how the

scattering states are constructed in terms of a close coupling expansion. In
section 5.1 we present the molecular R-Matrix theory and in section 5.2 we
discuss the UKRmol codes used for treating electron-molecule scattering,
as well as the recently developed UKRmol+. In section 5.3 and 5.4 we
detail respectively the theoretical and numerical aspect (in the context of
the UKRmol codes) for the calculation of photoionization with the R-Matrix
method.

5.1 Molecular R-Matrix theory

5.1.1 Scattering states

Within the Born Oppenheimer approximation, which considers that the elec-
trons are much faster than the nuclei, the N + 1 electron Hamiltonian of an
atomic or molecular system is given by

HN+1 = −
N+1∑
i

(
∇2

2
+

nuclei∑
j

ZjZi

rij

)
+

N+1∑
i>j

1

rij

Zj

Rij

, (5.1)

where we have on the right hand side the electron kinetic energy operator,
the electron-nuclear, the electron-electron and the nuclei-nuclei interaction
respectively.

In the inner most region of the R-Matrix (r ≤ ra), the wavefunction of
the system is written as

Ψf (E) =
∑
k

Akf (E)ψ
(N+1)Γ
k , (5.2)

with Akf (E) being energy dependent expansion coefficients, and ψ
(N+1)Γ
f are

given in terms of the close coupling expansion

ψ
(N+1)Γ
k =A

nc∑
i=1

ncont∑
j=1

akijΦ̃
Γ
i (x1, ...,xN ;σN+1)ηij(rN+1)

+
∑
p

bkpχ
(N+1)
p (x1, ...,xN+1), (5.3)

1https://ccpforge.cse.rl.ac.uk/gf/project/ukrmol-in/
2https://ccpforge.cse.rl.ac.uk/gf/project/ukrmol-out/
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where nc is the number of channels, ncont the number of continuum basis
functions used in the expansion and Γ denotes the conserved quantities in
the scattering process. In case of linear molecule for example, the conserved
parameters are

Γ = αSMSΛ, (5.4)

with S and Ms being the total spin and its projection in some preferred
direction, Λ is the total orbital angular momentum of the electron-molecule
projected in the molecular axis and α is any other conserved quantum num-
ber, e.g., the parity of the system if the linear molecule is symmetric with
respect to the center of mass. ηij are the radial part of the continuum orbitals
orthogonalized with respect to the target states, A is the antisymmetrisation
operator, bkp and akij are coefficients normally determined by a variational
procedure.

In the second summation, χ
(N+1)
p are the so called L2 configurations,

which accounts for non-exchange electron correlation, polarization and help
in converging the partial wave expansion by allowing the continuum electron
to enter high angular momentum states close to the nuclei. They are formed
by allowing the scattering electron to occupy target molecular orbitals. The
reason they need to be explicitly added is because the one electron continuum
functions representing the scattering electron is usually orthogonalised to the
target molecular orbitals. Restricting the scattering electron to the contin-
uum orbitals would now neglect an important part of the basis for the space,
which prior to orthogonalisation corresponded to non-zero overlap between
continuum and target.

We define Φ̃Γ
i , the channel functions, by spin coupling the target states

and the continuum electron

Φ̃Γ
i (x1, ...,xN ;σN+1) =

∑
MSi

mi

(SiMSi

1

2
mi|SMS)Φ

(N)Γ
i (x1, ...,xN)χ 1

2
mi
(σN+1),

(5.5)

where (· · · | · · · ) are the Clebsch Gordan coefficients, χ 1
2
mi
(σN+1) is the spin

function of the continuum electron, S,MS are the total spin and spin com-
ponent, Si,MSi

are the spin and spin component of the target states, and Γ
are the conserved quantum numbers.

The close coupling expansion leads to exact results, if and only if, it is
built on a basis that fully spans the Hilbert space of the system. As this
is of course not computationally feasible, we must rely on several degrees of
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approximation to describe the scattering wavefunctions, the most common
being:

• The static exchange (SE) or Hartree Fock (HF) approximation: a single
target state, represented by a single slater determinant is considered in
the close coupling expansion, thus no target correlation is considered,
and the target molecule is not allowed to polarize. Autoionizing res-
onances are of course not described by SE models, since they emerge
from excitations of the target states.

• The static exchange plus polarization (SEP) approximation: only a
single target state, represented by a single Slater determinant is con-
sidered. The number of L2 configurations of the close coupling expan-
sion is considerably increased, by allowing excitations from the ground
molecular configuration to the virtual orbitals, i.e., letting the molecule
polarize in the presence of the incoming electron.

• The close coupling (CC) approximation: target states with open or
weakly closed channels are included in the close coupling expansion
(see chapter 1 for further details on the CC approximation). The L2

configurations include polarization effects in the scattering wavefunc-
tion. In CC approximation of the scattering wavefunction,correlation
is considered in both target and scattering wavefunctions.

5.1.2 Inner region

The power of the molecular R-Matrix theory, comes from partitioning the
configuration space into an inner and outer region. The inner region must
be large enough to contain all bound states of the target system, i.e., only
the continuum orbitals have a non-zero amplitude on the R-Matrix boundary.
Restriction to a finite space allows for discretization of the continuum and the
use of basis set methods borrowed from quantum chemistry. Diagonalizing
the inner region Hamiltonian can be a very demanding process, as the addi-
tion of a set of orbitals to represent the continuum greatly increases the size
of the Hamiltonian, and in contrast to bound state electronic structure calcu-
lations, all (or a large subset) of the eigenvectors are required. Moreover, the
partitioning of the configuration space at r = ra makes HN+1 non-Hermitian,
a difficulty that can be surpassed by introducing the Bloch operator on the
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multielectron Hamiltonian [109] (see further details in Chapter 2)

[HN+1 + LN+1(b0)− E]ΨΓ
f (E) = LN+1(b0)Ψ

Γ
f (E), (5.6)

LN+1(b0) =
1

2

N+1∑
i=1

δ(ri − ra)

[
d

dri
+
b0
ri

]
. (5.7)

where b0 is an arbitrary constant set to zero in the UKRmol package. ΨΓ
f (E)

are the scattering functions defined by Eq.5.2, with the akij and the bkp
determined by diagonalizing the Hermitian operator HN+1 + LN+1.

Rearranging Eq.5.6, we find that the scattering wavefunctions satisfy

|ΨΓ
f (E)⟩ =

LN+1(b0)|ΨΓ
f (E)⟩

HN+1 + LN+1(b0)− E
. (5.8)

Expanding the Green function of (HN+1 + LN+1(b0) − E)−1 in the basis of

ψ
(N+1)
k , since ψ

(N+1)
k are eigenvectors of HN+1 + LN+1(b0), Eq. 5.8 becomes

|ΨΓ
f (E)⟩ =

∑
f

1

Ek − E
|ψ(N+1)Γ

k ⟩⟨ψ(N+1)Γ
k |LN+1(b0)|ΨΓ

f (E)⟩. (5.9)

Projecting Eq. 5.9 on the channel functions Φ̃Γ
i , we find that at the boundary

r = ra the radial part of the scattering electron satisfies

ηfi(ra) =
∑
i′

Rii′(E, ra)

(
ra
dηfi′

dri′
+ b0ηfi′

)⏐⏐⏐⏐
r=ra

, (5.10)

with Rii′(E, ra) being the R-matrix

Rii′(E, ra) =
1

2ra

∑
k

ξik(ra)ξi′k(ra)

Ek − E
, (5.11)

and the boundary amplitudes ξij(ra) are given by

ξik(ra) = ⟨r−1
N+1Φ̃

Γ
i |ψ

(N+1)Γ
k ⟩′

⏐⏐⏐⏐
ra

. (5.12)

The primes in Eq. 5.12 indicate that the integration was taken over all elec-
tronic coordinates, except rN+1. An advantageous consequence of this ap-
proach is that the energy dependent part of the scattering wavefunction at
the boundary is contained exclusively in the R-Matrix (Eq. 5.11). Compu-
tationally, such a property is welcome, since it means that the complicated
multi-electronic inner region need to be solved only once for a set of contin-
uum orbitals spanning a given energy range.

65



5.1.3 Outer and Asymptotic region

Following the assumption that only the continuum electron reaches the R-
Matrix boundary, solving the outer region becomes a simpler problem, since
electronic exchange can be neglected. Moreover, for r > ra only long range
multipole potentials have a non-vanishing amplitude. Thus, in the outer
region the wavefunction is given by the following close coupling equation

Ψk(E) =
∑
i

Φ̃Γ
i (x1, ...,xN ;σN+1)r

−1
N+1S

mi
li
(ΩN+1)Fik(rN+1), (5.13)

where the summation goes over the partial wave channels. ηik is the ra-
dial part of the continuum electron spin coupled to the ionic states, and
Smi
li
(ΩN+1) are real spherical harmonics representing the angular part of the

continuum electron.
Following the derivations in section 2.4.1, we obtain the following Schrö-

dinger equations for the one-electron system[
− d2

dr2
+
li(li + 1)

r2
− 2Z

r
− k2i

]
Fik(r) = 2

∑
i′

Vii′Fi′k(r), (5.14)

⟨r−1
N+1Φ̃

Γ
i |HN |r−1

N+1Φ̃
Γ
i ⟩ = EN

i . (5.15)

It is not unusual that the Vii′ potential decays slowly and is not negligible
at the R-Matrix radius ra. Thus at ra the continuum electron is still not
asymptotically free.

There are several ways of treating this issue. One method, is to numeri-
cally propagate the R-Matrix from ra up to a radius rp where the potential
Vii′ is weak. The propagation is mediated by the one-electron Schrödinger
equation that dictates the wavefunction of the continuum electron in the
outer region. On the other hand, the asymptotic solutions of the system
are back propagated from the asymptotic limit to r = rp via an asymptotic
expansion method [157]. At rp the eigenfunctions of the inner region can be
constructed from the R-Matrix. At the matching radius rp we have that

F(rp) = k−1/2

[
s(krp) + c(krp)N

]
, (5.16)

where sij(krp) and c(krp) are the regular and irregular back propagated
asymptotic solutions of the system, and

N =

(
K
L.

)
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K is the usual K-Matrix and L multiplies the exponentially decaying irregu-
lar asymptotic solutions of the system, i.e., the closed channels. All relevant
observables in electron scattering are extracted from the K-Matrix. On the
other hand, in photoionization the explicit form of the scattering wavefunc-
tion needs to be evaluated and one needs the full N matrix.

Setting b0 to zero, the relation between the R-Matrix and the eigenfunc-
tions F is given by

F = R(E, ra)F
′. (5.17)

Taking the derivative of Eq.5.16 and substituting it in Eq.5.17 we obtain
the following relation between the N and the R-Matrix

R(E, ra) =
s(kra) + s(kra)N

s′(kra) + c′(kra)N
. (5.18)

5.2 The UKRmol package

Calculations with the UKRmol package are divided in three basic stages:
target preparation, inner region calculation and outer region calculation. In
the target preparation, we specify the atomic basis set and degree of com-
plexity (HF, CI or MRCI models) employed in the description of the target
states, which will be later used in the close coupling expansion (Eq.5.3). The
most important output in the target preparation step is the calculation of the
target energies and target properties, which are used in the subsequent outer
region calculation for setting up the multipole potential in Eq.5.14. In the in-
ner region calculation there are two important tasks: (i)the generation of the
continuum orbitals, so we can construct the close coupling expansion used
for representing the scattering states; and (ii) the diagonalization of N+1
electron system, in order to determine the eigenvalues and eigenfunctions of
the inner region. Finally, the outer region calculations gathers the informa-
tion from the target preparation and inner region calculations, constructs the
R-Matrix using the inner region eigenvalues and eigenfunctions, and calcu-
lates the scattering observables at the radius where solutions coming from
the inner region and the asymptotic limit are matched.

Below, we will explain in more detail all of these three steps. The flow
charts in Fig.5.1, Fig.5.2 and Fig.5.3 are used for a better visualization of
how the UKRmol calculations are performed.
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5.2.1 Target preparation

The first step in the calculation is to generate the molecular orbitals. The
molecular geometry and atomic basis set are read by SWMOL3, which calcu-
lates the 1- and 2-electron integrals. Subsequently the integrals are ordered
by the module SWORD. With all integrals in hand, we can proceed to the
generation of the molecular orbitals. In older versions of the codes the user
was restricted to generating the target orbitals with a Hartree Fock method
via the module SWSCF. Currently, one can use the MOLPRO quantum
chemistry package in order to generate molecular orbitals with sophisticated
quantum chemistry methods, such as MCSCF, SA-MCSCF, etc. The mod-
ule MPOUTRD reads the MOLPRO molecular orbitals in to the R-Matrix
codes. SWEDMOS is then used to orthogonalize the molecular orbitals, and
SWTRMO performs the transformations of the 1-2 electron integrals from
the atomic to the molecular basis. The CSF for a set of target states be-
longing to a given irreducible representation and spin are generated from
the specifications of the frozen and active orbitals given by the user with the
module CONGEN. Subsequently, SCATCI reads the CSFs and integral infor-
mation in order to construct and diagonalize the target Hamiltonian for each
irreducible representation and target spin. Finally, DENPROP constructs
the density matrix for all target states specified by the user and calculates
the molecular properties such as the dipole and quadrupole moments, which
are necessary for the evaluation of the multipole potential in the outer region.

5.2.2 Inner region

The generation of a good continuum orbital basis is critical for the inner
region calculations. In the UKRmol codes the continuum is discretized and
a set of continuum orbitals are obtained with the modules NUMCBAS and
GTOBAS [107], which solve Eq.5.14, with a model potential V0, neglecting
the correlation and exchange potentials , and subject to the homogeneous
boundary conditions

ηij(0) = 0 for l ̸= 0, (5.19)

1

ηij(ra)

[
dηij(ra)

dr

]
= 0, (5.20)

where ra is the R-matrix radius. In order to facilitate the evaluation of the
1- and 2- electron integrals, the continuum orbitals are also given in terms
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of gaussian-type functions centered in the molecular center of mass

ηij(rN+1) =
1

rN+1

ncont∑
j=1

cij exp(−αijr
2). (5.21)

Gaussian type orbitals (GTO) struggles to reproduce fast oscillations at large
distances from the target molecule. Currently, this problem is being ad-
dressed by an extension of the UKRmol codes to support B-splines continuum
basis functions.

After the generation of the continuum orbitals, the integrals and their tail
i.e., for the integration limits ra < r <∞, are calculated with SWMOL3 and
GAUSTAIL respectively. Since the inner region is confined by the R-Matrix
sphere, the module SWORD is used to subtract the tail of the integrals from
the output of SWMOL3. Similar to the target preparation step, SWED-
MOS orthogonalizes the orbitals, and discards all continuum orbitals that do
not satisfy a given orthogonalization threshold (usually 10−7 in the UKRmol
codes). SWEDMOS also calculates the boundary amplitude of the orthog-
onal continuum orbitals on the R-Matrix boundary for subsequent use in
the outer region. SWRTO then transforms the integrals from the primitive
GTO to the target+continuum molecular basis. Finally CONGEN is used
again to generate the scattering models that are discussed in detail below,
and SCATCI constructs and diagonalizes the target+continuum Hamiltonian
matrix, obtaining then the inner region eigenvalues and CI vectors.

5.2.3 Outer region

The outer region stage is considerably simpler than the target preparation
and inner region calculation steps. The interface between outer region and
the previous computations is done by the module SWINTERF, which con-
structs the R-Matrix from the boundary amplitudes, the inner region eigen-
values and CI vectors. SWINTERF also reads the target states dipoles and
quadrupoles, and compute the multipole potential necessary for propagat-
ing the R-Matrix in the outer region (see Eq.5.14). RSOLVE performs the
propagation until a radius rp where the multipole potential is negligible,
and matches the numerical R-Matrix with Bessel (Coulomb) functions for
scattering with neutral (ionic) targets, obtaining the K-Matrix, as shown in
Eq.5.16. The eigenphase sums are calculated by the module EIGENP, by
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diagonalizing the K-Matrix

θ =
∑
i

arctan(Kii), (5.22)

where the sum is over the open channels. The resonances which are observed
as a π jump in the eigenphase sum, can be characterized by the module
RESON. Finally the module TMATRX calculates the T-Matrix from the
K-Matrix as shown in Chapter 1, and the module IXSEC outputs the cross
section for each irreducible representation of the scattering states.

There are other modules in the outer region of the UKRmol codes that
have not been used in this thesis. For example the module POLYDCS cal-
culates differential electron scattering cross section. TIMEDEL provides an
alternative analysis of the resonances found in the eigenphase sum, based on
a time delay analysis, and BORNCROSS calculates the Born corrections of
the inelastic scattering.

5.2.4 The UKRmol+ codes

UKRmol+ is a modern version of the UKRmol package, which removes many
of the structural and organizational problems of the old codes. This function-
ality of the new integral codes considerably simplifies the amount of input
that needs to be generated manually. Molecular orbitals, gaussian basis set
and molecular geometry are now read from a Molden format, which can be for
example generate by MOLPRO. In the new UKRmol+, the SWEDEN based
integral modules (SWMOL3,SWEDMOS,SWORD,SWTRMO,GAUSTAIL)
have been replaced with an interface to a new, object-oriented, integral li-
brary. The new module SCATCI INTEGRALS uses the library’s object to
generate, in parallel, all the required molecular integrals and stores them in
the disk. The interface of the UKRmol+ then allows to access these inte-
grals by all programs of the suite. The performance and capabilities of the
new integral codes significantly surpass those of the SWEDEN based codes,
enabling of more complex molecules.[158, 159, 160]
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5.3 Photoionization with the R-Matrix me-

thod

To calculate transition dipoles and photoionization/recombination observ-
ables we need the expansion coefficients for the initial and final states in
the inner region and transition dipoles between the inner region states. In
contrast, only the expansion coefficients in terms of the asymptotic solutions
are required to obtain scattering observables.

Following the derivations in chapter 4, the photoelectron angular distri-
bution is given by

dσfi
dΩ′

k

= 4αω(πa0)
2|⟨Ψ(±)(N+1)Γ

f |d · ê|Φ(N+1)Γ
i ⟩|2, (5.23)

where α is the fine structure constant, ω is the photon energy, a0 the Bohr
radius and ê the polarization of the incident radiation. In analogy to chapter
4 primed and unprimed variables denote laboratory and molecular frame re-
spectively. The explicit expression of the scattering and bound wavefunctions
are respectively written as

Ψ
(±)(N+1)Γ
f =

∑
k

A
(±)
fk ψ

(N+1)Γ
k , (5.24)

Φ
(N+1)
i =

∑
k

Bik′ψ
(N+1)Γ
k′ . (5.25)

Primes indicate laboratory frame quantities, plus or minus in the superscripts
denotes that the wavefunction satisfy outgoing boundary conditions (for pho-
torecombination) and incoming (for photoionization) boundary conditions,
appropriate for photon processes [135]

F± =

√
2

π
F [1∓ iK]−1, (5.26)

where K is the open-open block of the K-Matrix . Substituting Eq.5.24 and
Eq.5.25 in Eq.5.23 we obtain

dσfi
dΩ′

k

∝ |d · ϵ̂|2, (5.27)
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where the laser field is polarized in the ϵ̂ direction and

dfi(kf ) =
∑
kk′

∑
lfmf

i−lf eiσlf Ylfmf
(k̂f )(SfMSf

1
2
msf |SMS)

×A∗
flimfk

(E)⟨ψ(N+1)
k |d|ψ(N+1)

k′ ⟩Bik′ , (5.28)

here σlf = arg Γ(lf + 1 + iηf ) is the Coulomb phase, with ηf = −Z−(N−1)
kf

,

where Z− (N−1) is the residual charge on the the ion. The Clebsch-Gordan
coefficient is due to spin coupling of the continuum electron and the ion. The
partial wave dipole is defined as follows

dflfmf i(E) =
∑
kk′

A∗
flfmfk

(E)⟨ψ(N+1)
k |d|ψ(N+1)

k′ ⟩Bik′ (5.29)

Since the UKRmol codes work in a real spherical harmonics basis, we need
to transform the real calculated dipoles d

(Re)

flfm
′
f i
(E) to the complex spherical

harmonics basis via

dflfmf i(E) =
∑
m′

f

C1†d
(Re)

flfm
′
f i
(E)C li

m′
fmf

, (5.30)

where C
lf
m′

fmf
comes from the following relation between real and spherical

harmonics (written below in the vector form) [161],

Slf = ClfY lf . (5.31)

To connect to the lab frame observables, we introduce Euler angles α, β, γ,
which define the rotation of molecule from the lab frame, and the associated
Wigner rotation matrices (see, for example [134]), Dl(α, β, γ). In the lab
frame eq. 5.29 becomes,

d′
fi(k

′
f ) =

∑
lfm

′
fmf

i−lf eiσlf Ylfm′
f
(k̂

′
f )(SfMSf

1
2
msf |SMS)

Dl
m′

fmf
dflfmf i(E)D

1†, (5.32)

where the primed variables indicate lab frame quantities. Below, we will
detail how to get the expansion coefficients of the scattering states, the bound
states and the dipole between the inner region eigenfunctions for calculating
the photoionization observables.
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5.3.1 Expansion coefficients

Eq. (5.24) allows us to write the radial wavefunction in terms of the expan-
sion coefficients and boundary amplitudes as follows,

F± = wA±, (5.33)

remembering that the R-matrix relates the radial function and its derivative
we can write

wA± =RF ′± (5.34)

=
1

2
w [Ek − E]−1 wTF ′± (5.35)

from which it is easy to see that

A± =
1

2
[Ek − E]−1wTF′± (5.36)

or alternatively

A± =
1

2
[Ek − E]−1wTR−1F±. (5.37)

5.3.2 Bound states and inner region dipoles

Bound states required to describe the initial(/final) state for photoioniza-
tion(/recombination) can be produced in several ways: they can be con-
structed using standard quantum chemistry techniques, with the proviso that
the same set of orbitals must be used as was used for the target calculation;
they can be constructed from the inner region wavefunctions by consider-
ing all channels to be closed, using the outer region module BOUND [162];
lastly, it can be a good approximation to take the lowest energy inner region
wavefunction of the appropriate symmetry to represent the ground state of
the neutral molecule [163].

5.3.3 Calculating the dipoles

All one electron properties can be calculated from the one-electron transition
density matrix,

ρNkl = N

∫
ψ

(N)
k (x1, ..., xN , xN+1)

×ψ(N)
l (x1, ..., xN , xN+1)dx1...dxN , (5.38)
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and constructing it is half the battle. In this section we see how to take
advantage of the structure of the inner region basis to simplify its calculation.
Inserting eq. (5.3) into eq. (5.38) we get

ρNkl = N

∫ ∑
im

∑
jn

akima
′
ljnA[Φ

(N)
i ηm]A[Φ

(N)
j ηn]dx1...dxN

+ N

∫ ∑
im

∑
q

akimb
′
lqA[Φ

(N)
i ηm]χ

(N+1)
q dx1...dxN

+ N

∫ ∑
p

∑
jn

bkpa
′
ljnχ

(N+1)
p )A[Φ

(N)
j ηn]dx1...dxN

+ N

∫ ∑
p

∑
q

bkpb
′
lqχ

(N+1)
p χ(N+1)

q dx1...dxN , (5.39)

which we can write in matrix form as

ρN =
[
a b

] [ϱC−C ϱC−L2

ϱL2−C ϱL2−L2

] [
a′

b′

]
. (5.40)

We look first at the diagonal blocks of the matrix ϱ. The L2 − L2 block has
elements,

ϱL
2−L2

pq = N

∫
χ(N+1)
p χ(N+1)

q dx1...dxN , (5.41)

which have L2 functions for both initial and final state, and can be evaluated
using Slater’s rules. The C− C block,

ϱC−C
imjn = N

∫
A[Φ

(N)
i ηm]A[Φ

(N)
j ηn]dx1...dxN , (5.42)

in which both initial and final states contain continuum orbitals, can be
reduced, using the orthonormality of bound and continuum orbitals, and of
bound states, to

ϱC−C
imjn = δijηmηn + δmnρ

N
ij (5.43)

where ρNij is the transition density matrix for the target molecule.
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Now considering the off diagonal blocks,

ϱC−L2

imq = N

∫
A[Φ

(N)
i ηm]χ

(N+1)
q dx1...dxN

ϱL
2−C

pjn = N

∫
χ(N+1)
p )A[Φ

(N)
j ηn]dx1...dxN , (5.44)

which become

ϱC−L2

imq = ηmD
χ
iq

ϱL
2−C

pjn = Dχ
pjηn, (5.45)

where Dχ
iq =

√
N

∫
Φ

(N)
i χ

(N+1)
q dx1...dxN . To evaluate Dχ

iq we need to first

expand the target states in their CSF basis, Φ
(N)
i =

∑
r cirχ

(N)
r .

Dχ
iq =

√
N

∫ ∑
r

cirχ
(N)
r χ(N+1)

q dx1...dxN

=
∑
r

cirD
χχ
rq , (5.46)

whereDχχ
rq =

√
N

∫
χ
(N)
r χ

(N+1)
q dx1...dxN . This is straightforward to calculate

in principle by checking if the set of target orbitals in χ
(N)
r is a subset of the

orbitals in χ
(N+1)
q . In practice however, due to the manner in which the

contracted basis is initially created, it is simpler to use Slater’s rules on the
integral (N + 1)

∫
χ
(N)
r ηmχ

(N+1)
q dx1...dxN = ηmD

χχ
rq

Transition moments

Once ϱ has been constructed we can construct the moments matrix, M, as
follows,

M =

∫
µϱdx, (5.47)

where µ is the transition moment operator (dipole, quadrapole etc) The final
step in calculating the transition moments between the inner region basis
functions, M, is then simply to multiply in the coefficient matrices.

M =
[
a b

]
M

[
a′

b′

]
. (5.48)
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5.4 Photoionization with the UKRmol pack-

age

In order to adapt the UKRmol codes to calculate photoionization observ-
ables, we have developed the new module CDENPROP for the calculation of
the inner region dipoles. In the outer region we calculate the wavefunction
coefficients using either Eq.5.36 or Eq.5.37 and the partial wave dipoles us-
ing Eq.5.29, which required adaptations to the module RSOLVE. Finally we
developed the new module DIPELM, which uses the partial wave dipoles to
calculate all photoionization observables. Below, we explain the functionality
of the new codes. A detailed explanation of the input for both programs can
be found in the code repository1 2.

5.4.1 CDENPROP

CDENPROP resides primarily in the inner region stage, the red rectangle
in Fig.5.2 shows a schematic of the various inner region codes with the most
important inputs and outputs. The shaded rectangle indicates steps required
to produce inner region dipoles, including the new module CDENPROP that
implements the theory of the preceding section. CDENPROP takes as in-
put, target states and transition dipoles from the target calculation, dipole
integrals between both bound and continuum orbitals restricted to the inner
region, inner regions wavefunctions (the (N + 1) CI vectors in Fig.5.2) and,
optionally, bound states produced by the outer region code BOUND. It out-
puts the inner region dipoles and Dyson orbitals. We note that CDENPROP
is also capable of calculating transition dipoles between the target states.

CDENPROP borrows routines from the existing UKRmol code, DEN-
PROP, for the application of Slater’s rules. Aside from the construction of
the density matrix, there is another key difference between the two codes.
DENPROP constructs the density matrix for each state pair, reducing the
density matrix in symbolic form to a small set of orbitals pairs and cor-
responding coefficients, and then picks up the relevant dipole integrals, a
procedure that is memory efficient but scales like O(n4) with the basis set
size, n, this is ameliorated by the sparseness of the density matrix when each
basis function is a single Slater determinant, and by the fact that, generally,

1https://ccpforge.cse.rl.ac.uk/gf/project/ukrmol-in/
2https://ccpforge.cse.rl.ac.uk/gf/project/ukrmol-out/
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during a target run, only a small subset of the target states are required. Nei-
ther of these conditions hold in the inner region, where the contracted basis
leads to the C− L2 blocks being non-sparse and where dipoles between all
the inner region wavefunctions may be required. The procedure DENPROP
uses rapidly becomes unfeasible as the basis set size increases. The technique
outlined in the previous section picks up the dipole integrals first, and then
multiplies in the state coefficients, giving a scaling of O(n3) and only requir-
ing a single pickup of the dipole integrals, but pays a penalty in increased
memory requirements. We use sparse matrix routines throughout the code
where appropriate. It is important to note that the memory requirements are
of the same order as the Hamiltonian construction and diagonalization code
SCATCI [164] and so memory issues tend to show up, and are addressed, at
this stage, prior to reaching CDENPROP.

5.4.2 DIPELM

The module DIPELM reads the partial wave dipoles from the adapted RSOL-
VE, and creates the angular grid for defining the real spherical harmonics
and the Wigner rotation Matrices. Subsequently, DIPELM performs the
necessary frame transformations and calculates the LFPAD in an angular
grid using Eq.4.21. DIPELM outputs not only oriented observables, but
also orientationally averaged partial photoionization cross section (simply
by averaging Eq.4.21 over different molecular orientations) and asymmetry
parameters (using Eq.4.23).

An extra feature in DIPELM, is the possibility of smoothing the partial
wave dipoles, in order to remove narrow peaked autoionizing resonances.
This makes the comparison of the calculations to experimental data easier, if
the latter does not have enough energy resolution to observe the autoionizing
resonances.
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Chapter 6

Photoionization of molecules in
the equilibrium geometry

In this chapter we calculate the one-photoionization from the ground state of
N2, CO2 and NO2 in their respective equilibrium geometry using the UKRmol
package and the new modules, detailed in Chapter 5, developed by us for this
purpose. There is an extensive list of calculations and experiments investi-
gating the photoionization of these molecules, which allow us to benchmark
the recently developed modules that adapt the UKRmol package to treat
photoionization. The calculations presented here were also applied to several
other physical processes:

• The calculations of N2 were used in the recent work of Medisauskas et.
al. [165], where they demonstrates how the phase of the ionic states
acquired in photoionization affects the dissociative photoionization of
N2;

• In chapter 9 we evaluate the high harmonic spectra of CO2 using pho-
torecombination matrix elements from the calculation on CO2 per-
formed in this chapter. The PAD obtained here are also compared
to the experimental data of Rouzee et. al. [126];

• The photoionization calculation from NO2 in its equilibrium geometry
are extended in chapter 7 to a dense grid of nuclear geometries, which
is relevant for time resolved photoelectron spectroscopy and high har-
monic spectroscopy calculations.

81



The CO2 calculations were performed with the UKRmol package. The N2

and NO2 calculations were performed with the UKRmol+, with the latter
using quadruple precision, allowing us to extend the range of photon energy
up to 90eV.

As detailed in Chapter 5, there are three important steps for calculating
the photoionization of molecules with the UKRmol/UKRmol+ package: the
construction of molecular orbitals that ensure a good description of both
continuum and bound wavefunctions, the construction of target state wave
functions of sufficient quality, and finally the generation of the continuum
orbitals and the continuum states. The procedures adopted in each of these
steps are presented here.

6.1 Photoionization of N2

Nitrogen is a key component of the Earth’s atmosphere and many plas-
mas. There are also several high quality experimental studies available
[166, 167, 168] against which we can compare our results. In the ground
neutral state N2 has an internuclear distance of 2.048Å and a dominant elec-
tronic configuration given by

(1σg, 1σu)
4(2− 3σg)

4(2σu)
2(1πu)

4,

with the (1σg, 1σu) orbitals being the molecular core. The valence space
extends up to the 3σg, 3σu, 1πu, 1πg orbitals. N2 has an ionization potential
of 15.6eV[169], which is relatively high compared to other molecules.

6.1.1 Molecular orbitals and target states

We used a 6−311G∗∗ atomic basis and generated the molecular orbitals with
a SA-CASSCF procedure using MOLPRO [170]. The ground neutral and the
first 28 ionic states were included in the averaging. In the spirit of the Frozen
Hartree Fock approximation, we used a weight of 100 on the neutral state.

The target model (model1) was obtained with a full valence CI calcula-
tion. The calculations were performed in the D2h point symmetry group, the
highest symmetry of the UKRmol codes for linear molecules. In Table 6.1 we
show the vertical excitation energies for the first 2 ionic states. The energy
of the ground ionic state was taken as reference.
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Cationic states
Model/Experiment A2Πu B2Σ+

u

model 1 1.93 3.25
Experiment [171] 1.50 3.17

Table 6.1: Vertical excitation energies (eV) for the first two excited states
of N+

2 . Values are given in relation to the first ionization potential of N2

(15.6eV [169])

6.1.2 Inner and outer region

Since we are primarily interested in photon energies below 40eV, we used a
Gaussian type continuum orbitals generated by the programs GTOBAS and
NUMCBAS [107], spanning an energy range up to 90eV and with l ≤ 4.
The R-Matrix boundary (ra) was set at 10 atomic units from the scattering
center, and we included 250 target states in the close coupling expansion so
we could accurately reproduce the polarization of the system.

At ra the R-Matrix was matched to Coulomb functions. Propagating the
R-Matrix to a larger radius only had an effect on the position and width of
the autoionizing resonances of the molecule, which is beyond the scope of
our calculations (see [172] for an accurate description of many autoionizing
resonances of the N2 molecule for several internuclear distances).

6.1.3 Partial photoionization cross sections and asym-
metry parameters

In Fig.6.1 we show the partial photoionization cross sections and asymmetry
parameters for the residual cation in the X2Σ+

g , A
2Π and B2Σ+

u state. The
first ionization potential was set to 15.6eV [169]. We compare our results
to the experimental data from Plummer et. al. [167], Marr et. al.[166]
and Samson et. al. [168], and the theoretical work of Tashiro1 [163]. We
note that the partial photoionization cross section with the residual cation
in the X2Σ+

g (A2Π) state obtained in our calculations slightly overestimates
(underestimates) the experimental data, especially for photon energies above

1In fact, Tashiro has also used the UKRmol package in his calculations, but his codes
were never shared in the UKRmol repository
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Figure 6.1: Partial photoionization cross sections and asymmetry parameters
for the photoionization of ground state N2 in the equilibrium geometry with
the residual cation left in the X2Σ+

g (first column), A2Πu (second column)
and B2Σ+

u (third column) state. Green lines are the results obtained with our
calculation. Black squares are the calculations of Tashiro [163], red circles
are the experimental results from Plummer et. al. [167], yellow circles are
the experiments of Marr et. al.[166] and the blue crosses are the experiments
of Samson et. al. [168].

30eV. These differences could be either attributed to an inaccurate branching
ratio used in the experiments, or a insufficient description of the channel
coupling in our model in the energy range investigated.

Regarding the asymmetry parameters, we observe excellent agreement
between our results and the experimental data. The asymmetry parameter
for the B2Σ+

u residual state obtained here, reproduce the experimental data
better than the calculations of Tashiro.

In Fig.6.2 we compare our photoionization cross sections for the photoion-
ization leaving the cation in the X2Σ+

g and A2Πu states, with the calculations
using the Quante-mol software (the commercial branch of the UKRmol pack-
age), performed by Brigg et. al. [173]. In Quante-mol, the target models
are simply obtained by a CI procedure using neutral Hartree Fock orbitals
(generated by the SWSCF and SWFJK modules from the UKRmol pack-
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Figure 6.2: Partial photoionization cross sections and asymmetry parameters
for the photoionization of ground state N2 in the equilibrium geometry with
the residual cation left in the X2Σ+

g (left) and A2Π (right) state. Green lines
are the results obtained with our calculation. Blue lines are the results of
Brigg et. al.[173]

age). The difference between the target model employed here and in [173]
justify the shift in the vertical excitation energy seen in Fig.6.2(right). Note
also that in [173] the cross sections were smoothed with a Gaussian filter, in
order to eliminate the autoionizing resonances. Overall, there is good agree-
ment between both calculations, but it is clear that some details of the cross
section are lost in [173] due to the gaussian smoothing and also to the low
quality molecular orbitals used.

6.2 Photoionization of CO2

Over the last decades an extensive list of experimental and theoretical works
have investigated several different aspects of the electron-scattering and pho-
toionization of the CO2 molecule [174, 103, 175, 176, 177, 178, 179, 180, 181].
In the ground state, CO2 is a linear molecule with a C-O bond distance of
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Model frozen orbs. active space CSFs
HF (1-2σg, 1σu)

6 (3-4σg, 2-3σu, 1πu1πg)
15 1

CI-1 (1-2σg, 1σu)
6

(3-4σg, 2-3σu, 1πu1πg)
15

(3-4σg, 2-3σu, 1πu1πg)
14(5σg, 2πu, 4σu)

1

(3-4σg, 2-3σu, 1πu1πg)
13(5σg, 2πu, 4σu)

2

440

CI-2 (1-2σg, 1σu)
6 (3-5σg, 2-3σu, 1-2πu1πg)

15 3692

Table 6.2: CI models used in the calculation of cationic electronic wave-
functions. In the last column, we indicate the maximum number of CSFs
generated per irreducible representation and per spin.

2.19Å, and with a dominant electronic configuration given by

(1-2σg, 1σu)
6(3-4σg)

4(2-3σu)
4(1πu)

4(1πg)
4,

with the (1-2σg, 1σu) being the core orbitals, and the valence space of the
molecule extending up to the 5σg, 4σu, 2πu, 1πg orbitals.

6.2.1 Molecular orbitals and target models

A set of molecular orbitals was constructed from an initial Gaussian basis
set (cc-pVTZ) [182] using a state averaged CASSCF [183, 184] procedure
with the quantum chemistry package MOLPRO [170]. 21 states of the ion
and the ground state of the neutral were included in the averaging. Choice
of orbital set can have a strong influence on shape resonance features; in
the spirit of the frozen core Hartree-Fock approximation, we chose the state
averaging to be predominantly weighted towards the neutral with a small
(10%) component of ionic states to improve the description of the target.

All target models have 6 electrons frozen in the core orbitals (1−2σg, 1σu).
The HF model represents the target states with a single configuration state
function (CSF) and thus does not include electronic correlation in the ion.
The CI-1 model includes single and double excitations into the valence or-
bitals not included in model 1. The CI-2 model consists of the full valence
complete active space minus the 4σu orbital.

Table 6.3 shows the energies of the lowest 4 ionic states. The HF model
gives generally poor agreement with experimental energies. Model 2, is sig-
nificantly better, and model 3 agrees to within 0.2 eV.
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Cationic states
Model/Experiment A2Πu B2Σ+

u C2Σ+
g

HF 4.70 5.33 7.14
CI-1 4.12 4.77 5.97
CI-2 3.97 4.45 5.77

Experiment [177] 3.8 4.3 5.6

Table 6.3: Vertical excitation energies (eV) for the first three CO+
2 states.

6.2.2 Inner and outer region

Continuum orbitals with l ≤ 5 and spanning an energy range from 0 to ap-
proximately 90eV were generated by optimizing a set of GTO to represent
Coulomb functions. 3 virtual orbitals were included in each symmetry to im-
prove the description of inner region polarization. Single channel calculations
were performed using the model 1 description of the ion and multichannel
calculations with models 2 and 3. With model 2 and 3 we included 96 states
in the close coupling expansion. The lowest inner region wavefunction of the
appropriate symmetry was used as the ground state of the neutral.

We matched to Coulomb functions at the R-matrix boundary: for mole-
cules, such as CO2, with no permanent dipole, this approximation works well,
at least at the level of the background cross section and shape resonances,
and offers significant computational saving when there are many channels.
Narrow resonance features however, are sensitive to channel coupling in the
outer region and we would not expect to get good positions and widths
without outer region propagation.

6.2.3 Partial photoionization cross sections

Fig. (6.3) shows orientationally averaged partial cross sections leaving the
ion in the ground and first three excited states. The first feature to note
is the presence of a high number of narrow resonance features in the R-
matrix cross sections, these are autoionizing resonances associated with the
various excitation thresholds included in the models. The single channel
cross sections, with no excitation, are smooth. The experimental results we
compare to here are of insufficient resolution to resolve the resonances, and
the accurate characterization of such resonances, traditionally a strength of
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R-matrix approaches, has been left for future work. In this work we concern
ourselves with the background cross sections and broader shape resonance
features.

The agreement with experiment and previous theory is excellent, with the
CI models (2 and 3) generally in better agreement, up to 45 eV, than model
1. Above 45 eV the CI models display some unphysical pseudoresonances
related to the omission of highly excited states in the close coupling expan-
sion that are implicitly included in the L2 configurations. The HF model
gives slightly worse resonance positions compared to the previous work [103]
(labelled Lucchese: 1 chan in the figures) at a similar level of approximation
performed using the Schwinger variational approach. This difference is pri-
marily due to the choice of orbitals (neutral HF vs state averaged CASSCF
over both neutral and ionic states); our orbital choice includes some degree of
orbital relaxation which tends to shift resonance positions to higher energy.
Another difference is in the choice of gauge, our work uses the length gauge,
as opposed to a mixed gauge approach in the previous theoretical work.

Previous theoretical work found a high, narrow shape resonance in the C
channel at around 42 eV, approximately 5 eV above the IP of the ion, that
was not evident in experimental cross sections. Various attempts to reconcile
theory and experiment were made at the time, including vibrational averag-
ing [175], and the inclusion of channel coupling and initial state correlation
[174, 103], with partial success. It was speculated that the discrepancy was
due to the need for correlation in the ion and many more excited states of
the ion to be included in the channel coupling. Models CI-1 and CI-2 include
both these and give very good agreement to experiment. In Fig (6.4) we see
that the number of ionic channels plays a strong role in suppression of the
resonance. With 64 states included the resonance is somewhat lowered in
amplitude and significantly shifted in position, going to 96 states only has a
small effect on position, but a dramatic effect on resonance height, which we
attribute to loss of flux into highly excited ionic states.

Finally we note that cross sections near to and beyond the IP of the ion
must be treated with some caution; for reliable treatment of the intermedi-
ate energy range (from close to the ionization threshold of the target up to
several times this threshold), it has been found to be important in the ac-
curate calculation of scattering and photoionization observables to account
for highly excited electronic states of the target and the target continuum
that are not included in the standard close-coupling approach. An approach
that has found a great deal of success in atomic photoionization and scat-
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Figure 6.3: Partial photionization cross sections of CO2: Top left, final ion
state X2Πg. Top right, A2Πu. Bottom left, B2Σ+

u . Bottom right, C2Σ+
g .

Experimental results: Samson et al. [178], Gustaffson et al. [179], Siggel et
al. [180], Brion and Tan [181] and Roy et al. [176]. Previous thoeretical
results, Lucchese et al. [103]

tering calculations and is beginning to be applied to the molecular case is
the R-matrix with pseudostates method (RMPS) [185]. As well as a rigor-
ous treatment of the intermediate energy regime, RMPS has the benefit of
converging the polarizability of the ion, which can have a strong effect on
resonance position.

6.2.4 Photoelectron angular distributions

Two common experimental alignment distributions are: aligned with with
the photon polarization and planar delocalized perpendicular (anti-aligned)
to the photon polarization. These arise in the impulsive laser alignment of
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molecules, where a rotational wavepacket is produced that cycles between
alignment, anti-alignment and random alignment [186, 187, 188, 122, 189].
In this section we present photo-electron angular distributions (PAD) for
these two scenarios.

Figures 6.5 and 6.6 show the pz − px emission plane for aligned and anti-
aligned molecules respectively. The lab z−axis is defined by the (linearly
polarized) photon polarization. In both these cases the cylindrical symmetry
of the system is preserved leading to a cylindrically symmetric (around the
z−axis) PAD. We therefore lose no information in looking at a 2D momentum
cut.

We see that both aligned and anti-aligned results have rich angular struc-
ture, one useful method for the interpretation of angular distributions is to
consider the angular momentum of the ejected photo-electron, the angular
pattern in a particular energy region can be dominated by a particular partial
wave, such as when there is a resonance in that partial wave, and interference
between partial waves is a sensitive probe of the photoelectron-ion potential
[117].

The ground state of the neutral has 1Σg symmetry, for the aligned case
the dipole operator has σu symmetry leading to final state symmetry of 1Σu.
This leads to πu, πg, σg and σu symmetry of the continuum in the X, A, B
and C channels respectively. For the anti-aligned case the dipole operator
has πu symmetry leading to final state symmetry of 1Πu. This leads to a σu,
σg, πg and πu, symmetry of the continuum in the X, A, B and C channels
respectively. σ and π continua correspond to partial waves with |m| = 0
and |m| = 1 respectively. l is even or odd (gerade or ungerade) and a
particular partial wave has |m| longitudinal nodes l − |m| latitudinal nodes.
Taking the X channel in the aligned case as an example we can see that it
is dominated by the l = 3 partial wave, with a smaller contribution from
l = 1, between 20 and 30 eV. At higher energies, from 40 eV the l = 5 partial
wave becomes dominant, we note that the maximum significant l value in
the partial wave expansion can be estimated by lmax = Rcp where Rc is a
radius that characterises the size of the molecule and p is the photoelectron
momentum, all in atomic units. By this estimation we would not expect to
see significant contribution of l = 6 below 50 eV in photon energy, or l = 7
below 65 eV.
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Figure 6.5: Aligned photoelectron angular distributions, the emission angle
is defined relative to the lab frame photon polarization (which defines the
lab z-axis), the magnitude has units Mb: Top left, X2Πg. Top right, A2Πu.
Bottom left, B2Σ+

u . Bottom right, C2Σ+
g
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Figure 6.7: Geometry of NO2 in its ground state. The molecule is placed
in the zx plane, thus B1 and B2 irreducible representations are swapped in
relation to the usual ordering found in the literature.

6.3 Photoionization of NO2

NO2 ( Fig.1) is an open shell molecule with the ground state electronic
configuration

(1− 2a1, b1)
6(3a1)

2(2b1)
2(4a1)

2(3b1)
2(1b2)

2(5a1)
2(1a2)

2(4b1)
2(6a1)

1,

where (1−2a1, 1b1) are core orbitals. NO2 has a conical intersection between
the ground 2A1 and the first excited 2B1 states at a bending angle ̸ ONO ≈
107◦, making it a prototype system for investigating non-adiabatic dynamics.
The photodynamics of the NO2 molecule has been extensively explored in the
literature, including time-resolved studies [190]. The first experiments on the
high harmonic spectroscopy of NO2 [191, 192] have revealed an interesting
response in the high harmonic signal related to wave packet dynamics at
conical intersections. This holds the promise to visualize proposed strong
field control schemes of such dynamics [193]. Successful current models [91,
194, 195, 196] of molecular HHG incorporate angle-resolved recombination
dipoles taken from time independent photoionization codes, driving the need
for high quality recombination matrix elements.

6.3.1 Molecular orbitals and target models

The molecular orbitals were generated in MOLPRO[170] with a state av-
eraged complete active space self consisted field (SA-CASSCF) procedure,
using a 6-311G∗∗ atomic GTO basis set [197], and a Hartree Fock calculation
of the NO2 ground state as an initial guess for the molecular orbital coef-
ficients. The state averaging included the 32 lowest energy ionic states and
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Target models Active space CSFs
HF (1− 5a1, 1− 3b1, 1b2)

18(6a1, 4b1, 2b2, 1a2)
4 1

CI-1 (1− 2a1, 1b1)
6 (4− 6a1, 3− 4b1, 1− 2b2, 1a2)

16 250

CI-2
(1− 3a1, 1− 2b1)

10(4− 6a1, 3− 5b1, 1− 2a2, 1b2)
12

(1− 3a1, 1− 2b1)
10(4− 6a1, 3− 5b1, 1− 2a2, 1b2)

11(7a1, 5b1)
1 855

CI-3 (1− 2a1, 1b1)
6 (3− 7a1, 2− 5b1, 1− 2b2, 1a2)

16 28352

Table 6.4: Target models used in the calculation of the molecular orbitals and
cationic electronic wavefunctions respectively. In the last column, we indicate
the maximum number of configuration state functions (CSFs) generated for
a single symmetry.

the ground state of the neutral, the latter having a weight of 30% in order to
generate optimum molecular orbitals for both ionic and the neutral ground
state.

Target wavefunctions were constructed using three different CI and a
Hartree-Fock model. This allowed us to investigate the role of correlation
in photoionization. As one of our future goals is to investigate HHG in the
vicinity of the aforementioned conical intersection, requiring the calculation
to be repeated for many geometries, we endeavored to find a minimal CI
model that gave comparitive results to our converged most sophisiticated
model. CI-3 uses the full valence space of orbitals in the active space, and
leads to very large inner region Hamiltonians. CI-1 uses the same active
space as used in the SA-CASSCF procedure, and in CI-2 we froze four extra
electrons in the two lowest energy valence orbitals, which are energetically
well seperated from the rest, and added single excitations from the CI-1
active space to the orbitals (7a1, 5b1).

6.3.2 Inner and region

In the photoionization calculation, the R-Matrix radius was set to 10 a0; a
set of GTOs optimized to represent Coulomb functions spanning an energy
range up to 90 eV and with l ≤ 6 was used [107] . The radial wave functions
derived from the R-Matrix were matched with Coulomb functions on the R-
Matrix boundary. Propagating in the outer region and matching at a larger
radius confirmed the convergence of the results [201, 106].

Two types of L2 configurations were included in expansion (5.3): (i) those
in which the N-th electron enters the active space; (ii) those in which the
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Cationic states

Model/Experiment (1)3B1 (1)3A2 (1)1A2 (1)1B1 (2)3B1

HF 0.93 0.16 0.48 4.95 4.66
CI-1 1.82 2.34 2.56 3.28 4.86
CI-2 1.80 2.34 2.57 3.41 4.99
CI-3 1.91 2.45 2.81 3.42 5.02

Experiment [198] 1.78 2.37 2.83 3.28
Experiment [199] 1.86 2.49 2.93 3.40
CASPT2 [200] 1.81 2.48 2.92 3.27 4.86

Table 6.5: Vertical excitation energies (in electron volts) for the five lowest
states of NO+

2 and the target models used in this work.

continuum electron occupies one of 16 virtual orbital (chosen in energy order)
(see [106] for more details on L2 functions). The inclusion of a large number
of target states was necessary to converge the close coupling expansion and to
ameliorate unphysical pseudoresonances at higher energies related to target
states left out of the expansion. All calculations were carried out with a total
of 80 target states. To facilitate comparison to experiment, in the HF model
we set the ionization thresholds equal to the experimental values from Baltzer
[199], in the CI models the experimental ground state ionization threshold
was used.

6.3.3 Partial photoionization cross sections and asym-
metry parameters

In the calculations presented in this chapter the initial state is the ground
state of the neutral molecule. We also have removed the sharp and narrow
resonant features from the results obtained with the CI models by smoothing
the partial wave dipoles with a Gaussian of width 1.36 eV for the purpose of
easier comparison between the different models.

In Fig.6.8 we show the partial photoionization cross sections, σfj, for the
six cationic states and for all CI models shown in Table 6.4. Shape reso-
nances are observed for all the studied partial photoionization cross sections:
around 17 eV and 26eV for the (1)1A1 and (1)1B1 cationic state, close to the
ionization potential and at 25eV for the (1)3B1 cation, around 24eV for both
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Figure 6.8: Partial photoionization cross sections for the 6 lowest energetic
cationic states for the HF(black), CI-1(green), CI-2(red) and CI-3(dashed
blue) calculations.
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(1)3A2 and (1)1A2 cationic states, and finally at 20eV for the (2)3B1 state.
There is only a qualitative agreement between the shape resonances obtained
with the HF and the CI models. In general, we observe that the HF models
tend to overestimate the partial photoionization cross sections in relation to
the CI-models, especially in the low energy shape resonance region for the
1A1,

3B1 and 1B1 final cationic states. This can be explained by the loss of
probability flux into the excited states of the target, an effect not included
on a HF level.

We can see that the partial cross section for the (2)3B1 state is much
smaller than the other cross sections. (2)3B1 is a satellite state of 2-hole 1-
particle type and therefore electron correlation is necessarily involved in the
photoionization leaving the residual ion in this state. This explains why the
partial cross section for the (2)3B1 state is much smaller compared to those
of 1-hole type cationic states. The importance of correlation for this partial
cross section is clearly revealed comparing the results obtained on the HF
level (no correlation included) with the results obtained on the CI levels: the
only significant enhancement of the HF cross section comes from the shape
resonance around 20 eV.

In Fig.6.9 we compare the asymmetry parameter from equation (4.26)
obtained here with the experimental data of Baltzer et al. [199] for all cationic
states studied. We observe excellent agreement between all models and the
experimental data, the exception being the HF model for the photoionization
leaving the cation in (2)3B1 state, indicating once again the importance of
correlation/polarization for the accurate description of angular distributions
for this state.

Analyzing Fig.6.8 and Fig.6.9, we conclude that CI-2 is the minimal model
capable of reproducing all features observed with the robust CI-3 model for
the cationic states considered here.

6.3.4 Photoionization dipoles

Finally, we investigate the photoionization dipoles relevant in HHG exper-
iments. Since the ionization with NO2 with a strong infrared field is most
probable in the plane of the molecule (see Supplementary material of Ref.
[191]), we present a 2D cut of the dipole in that plane. Analysis of the an-
gular behavior of the dipoles shows (in a partial wave basis) that since the
azimuthal dependency of the A2 irreducible representation is always propor-
tional to sinmφ with m being odd, the photoionization dipoles for cationic
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states belonging to A2 has nodal planes in zx and zy, thus, moreover, the
(1)1B1 and (2)3B1 have a very high vertical ionization potential indicating
that they play a negligible role in HHG. Consequently, we will consider here
the photoionization dipoles only for the (1)1A1 and (1)3B1 cationic states.

In Fig.6.10 we show the photoionization dipoles, both phase and ampli-
tude, for parallel S∥ and perpendicular S⊥ HHG light obtained:

S∥ = dz(θ,kf ) sin(θ) + dx(θ,kf ) cos(θ), (6.1)

S⊥ = dz(θ,kf ) cos(θ)− dx(θ,kf ) sin(θ), (6.2)

where dy(θ,kf ) and dz(θ,kf ) are the y and z components of the photoioniza-
tion dipoles from equation (1), obtained from the fully converged photoion-
ization calculations. On the horizontal axis of Fig.4 we show the angle θ
between the z-axis (see Fig.1) of the molecular frame and the polarization
direction of the infrared laser field, driving HHG. We note that for both par-
allel and perpendicular light there are amplitude maxima coinciding with the
position of the shape resonances for the A1 (at 17 eV and 25 eV) and B1

(at 15 eV and 27 eV) states. The third column in Fig. 4 shows the relative
phase between the parallel and perpendicular light

∆φ = arg (S∥)− arg (S⊥), (6.3)

which is important for the determination of the polarization state of HHG
light.

Since the angular dependence of strong field ionization (see Supplemen-
tary material of [191]) favours electron ejection at small angles around 0◦ to
40◦ for the state and large angles around 135◦ for the state, the interference of
these two channels in the emitted light could allow one to study the interplay
of the two shape resonances that appear in these two channels at different
angles. The large, but smooth variation of the phase around 35◦ for the
state in the range of photon energies from 15 to 40 eV reflects recombination
delays, associated with the presence of the shape resonance. For this state
one may expect the emission of elliptically polarized light associated with
the presence of the shape resonance around 10◦ and 40◦, leading to strong
signal in both parallel and perpendicular light in the energy region from 10
to 30 eV. The relative phase between the parallel and perpendicular light for
this case varies from 0.5π to 1.5π.
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(a)

(b)

Figure 6.10: Expected properties of HHG light, based on the analysis of
recombination dipoles for the (1)1A1 (a) and the (1)3B1 (b) final cationic
states and ionization from the ground state of the neutral molecule. First
row shows the amplitudes (log scale) and the phase of parallel HHG light, the
second row shows the amplitude (log scale) and the phase of perpendicular
HHG light; the third column shows the relative phase between the two.
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6.4 Discussion

We have shown the new ability of the current UKRmol to perform large
photoionization calculations using a multiconfigurational description of the
bound and scattering wavefunction of the system. We benchmarked the
UKRmol and UKRmol+ codes, by comparing the results obtained here with
several experiments and/or theoretical methods for the photoionization of N2,
CO2 and NO2. Additionally, the UKRmol+ codes allow us to compute the
integrals in quadruple precision, extending the calculations to photon energies
up to 90eV. Analysis of these calculations has allowed us to develop accurate
moderate-sized models that open a number of opportunities in photoelectron
(see chapter 7) and high harmonic spectroscopy (see chapter 9).

We demonstrated that high quality multichannel photoionization calcu-
lations with correlation effects included both in the neutral and the residual
cationic states, are important for describing the photoionization from CO2

and NO2 molecules leaving the residual ion in certain excited state. In the
case of photoionization from CO2, we have shown that for the photoioniza-
tion leaving the ion in the C2Σ+

g state, the amplitude of the shape resonance
≈40eV is heavily overestimated by single channel calculations. Indeed, for
this specific shape resonance, we show that for obtaining a better comparison
between theory and the experiments, as many as 96 states must be included
in the close coupling expansion. In the calculations of photoionization from
the ground state of NO2, we have shown the importance of using multicon-
figurational methods for describing the partial photoionization cross section
and asymmetry parameter in case the residual ion is a satellite state with
respect to the initial molecular state. In this situation, all the contribution to
the emission comes from non-dominant CSFs that are completely neglected
in calculations where the cation is represented by a single Slater determinant.
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Chapter 7

Photoionization of NO2 for a
range of nuclear geometries for
time-resolved photoelectron
spectroscopy

Understanding the photochemical reactions is a challenging task, since usu-
ally a large number of excited molecular states take part in the reaction,
and oftenly several intra-molecular radiationless processes e.g., internal con-
version, isomerization, proton or electron transfer, etc [202, 203, 204], redis-
tribute the charge and vibrational energy of the system. There are currently
many experimental techniques for probing the reaction paths such as laser
induced fluorescence [205] and resonant multiphoton ionization [206, 207],
which are generally restricted to a specific region of the reaction coordi-
nates. On the other hand, time-resolved photoelectron spectroscopy (TR-
PES) stands out from other methods, due to the large amount of informa-
tion imprinted in the photoelectron [34, 123, 124, 125] and its capability of
probing a large region of the reaction coordinates.

In TR-PES an XUV/IR pump laser pulse initiates the reaction, creating a
wavepacket that consists of a coherent superposition of molecular eigenstates
constrained by the bandwidth of the pulse. The wavepacket starts then to
explore the energetically accessible pontential energy surfaces, and is pho-
toionized (or probed) by an XUV/IR femtosecond laser pulse after a certain
time tp, normally ranging from tens of femtoseconds to a few picoseconds.
By varying the delay between pump-probe laser pulses, the photoelectron is

103



Probe pulse @ t=tp

Pump pulse @ t=0

Figure 7.1: Scheme of a pump-probe experiment.

then used for tracking the path followed by the wavepacket along the several
relevant potential energy surfaces.

In this work, we do not calculate the full wavepacket, but concentrate
exclusively on the photoionization step (or probe) in TR-PES. The state of
the art theoretical methods for calculating the photoionization of molecules
relies on a high quality CI-type description of the bound molecular states
[208, 209], but a single Slater determinant description of the residual ionic
states. Therefore, these calculations struggle for computing the probe pho-
toionization step in TR-PES involving highly excited ionic states [102] and
ionic states that go through a conical intersection or an avoided crossing
[210].

We address this limitation here by performing high quality calculations
including correlation effects on both ground and ionic states of molecules us-
ing the multichannel R-Matrix method. The calculations are performed with
the UKRmol+ package, which allow us to explore ab initio descriptions of
several excited states of molecules over a large range of nuclear geometries us-
ing sophisticated quantum chemistry methods (CI, MCSCF, CASSCF, etc).
We also have used the scripts developed by Houfek [211], which simplifies
the inputs of the UKRmol+ and are adapted for easily performing calcula-
tions for a range of nuclear geometries. As a case study, we will investigate
the photoionization of NO2 molecules from the ground ((1)2A′) and the first
excited ((2)2A′) neutral states, with the residual cationic states being (1)1A′

and (1)3A′. We are particularly interested in analyzing the reaction coordi-
nates close to the conical intersection between (1)2A′ and (2)2A′ states, since
in this region electronic correlation is important for both neutral and the
(1)1A′ ionic states [212].

This chapter is organized as follows: in section 7.1 we present the limi-
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tations of the Born Oppenheimer approximation, and define key concepts in
TR-PES such as non-adiabatic couplings, conical intersections and avoided
crossings. In section 7.2, we present the details of the calculations. We also
report in section 7.2 the orientationally averaged results and the PADs for
the photoionization of the NO2 molecule in a range of nuclear geometries.
Finally in section 7.3, we present the conclusions and future work for the
calculations presented in this chapter.

7.1 The Born Oppenheimer approximation

and beyond

The properties of a molecular systems are found by solving the time-inde-
pendent Schrödinger equation

HN(x,R)ΨN(x,R) = EΨN(x,R), (7.1)

where E is the total energy of the system, x = (x1, ...,xN) is the electron
space-spin coordinate, R = (R1, ...,Rn) is the spatial coordinates of the
nuclei, and HN is the molecular Hamiltonian given by

HN(x,R) = Tn(R) +Hel(x,R), (7.2)

with Tn being the nuclear kinetic energy operator. Hel is the electronic
Hamiltonian defined by the eigenvalue equation

Hel(x;R)Φ
(N)
i (x;R) = Eel,i(R)Φ

(N)
i (x;R), (7.3)

where Φ
(N)
i and Eel,i are respectively the electronic wavefunctions and the

adiabatic potential energy surface of the ith electronic state. The semicolon
in the argument indicates that the dependency on the nuclear coordinates is
only parametric.

Expanding the solutions of Eq.7.1 in the basis of the electronic states
Φ

(N)
i

ΨN
k (x;R) =

∑
i

ξi(R)ΦN
i (x;R), (7.4)

with |ξ⟩ being the nuclear wavefunction, we obtain the eigenvalue equation
for ξ

[Tn(R) + Vi −
∑
jα

Γijα]ξi(R) = Eξiξi(R) (7.5)
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where Γijα is the non-adiabatic coupling given by

Γij(R) =
Gij + 2Fij · ∇

2Mα

(7.6)

with Mα being the mass of the nuclei α, Gij = ⟨Φi|∇2
Rα

Φj⟩ and Fij =
⟨Φi|∇RαΦj⟩. Using the Hellmann Feynman theorem [213]

Fij =
⟨Φi(r;R)|∇RαH|Φj(r;R)⟩

Vi − Vj
. (7.7)

Note that when the potential energy surfaces of the ith and jth electronic
states are far from each other the non-adiabatic couplings are negligible. In
this case, different electronic states are completely decoupled from each other
and we can evoke the Born Oppenheimer approximation (or adiabatic ap-
proximation), which states that the wavefunction of the system is dictated
by a single term in the expansion in Eq.7.4. On the other hand, when the
potential energy surfaces of the electronic states are close to each other, the
non-adiabatic coupling are strong, resulting in a coupling of the electronic
states from the neighboring potential energy surfaces. In this situation, the
diagonalization of the molecular Hamiltonian becomes challenging, since the
non-adiabatic couplings actually diverge for electronic states that are degen-
erate. Thus, it is convenient to introduce an unitary transformation that
diabatizes the Hamiltonian, making the non-adiabatic couplings zero or at
least finite.

7.1.1 Conical intersections and avoided crossings

Isolating two coupled potential energy surfaces, one can write the Hamilto-
nian in the diabatic picture in terms of a two-level system

H2 =

[
H11 H12

H21 H22

]
. (7.8)

with the diagonal terms being the diabatic potentials, and the non-diagonal
terms are the non-adiabatic couplings between the two electronic states. One
can go from the diabatic to the adiabatic picture, by diagonalizing H2

S†H2S, (7.9)
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where S is the unitary rotation matrix

S =

[
cosα(R) sinα(R)
− sinα(R) cosα(R)

]
, (7.10)

where

α =
1

2
arctan

(
2H12

H22 −H11

)
(7.11)

The eigenvalues of H2 are then given by

E± =
1

2

[
H11 +H22 ±

√
(H11 −H22)2 + 4H2

12

]
, (7.12)

Note that E+ = E− if the following conditions are satisfied

H11 −H22 = 0, , (7.13)

H12 = 0, . (7.14)

For a molecule with N free degrees of freedom, the conditions in Eq.7.13
and Eq.7.14 are only satisfied in a N free − 2 subspace. Since diatomic
molecules have a single degree of freedom, the conditions in Eq.7.13 and
Eq.7.14 are never satisfied, resulting in the so called non-crossing rule for
diatomic molecules. On the other hand, for molecules with more than two
atoms, there is enough degrees of freedom for satisfying Eq.7.13 and Eq.7.14,
thus the two electronic states can cross, resulting in a so called conical inter-
section.

7.2 Photoelectron spectroscopy with the R-

Matrix method: case study of NO2

NO2 has 3 nuclear vibrational modes: symmetric stretching, where both N -
O bonds vary equally (Fig.7.2a); scissors, which accounts for variations of the
γ = ̸ ONO angle (Fig.7.2b); and asymmetric stretching where the variations
of the N -O bonds vary equally but in opposite direction (Fig.7.2c). Here, we
will fix the symmetric stretching at 1.25Å, and consider a 2D variation of the
reaction coordinates corresponding to the scissors and asymmetric stretching
modes. Consequently, the calculations performed in this chapter are carried
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Figure 7.2: Vibrational modes of the NO2 molecule.

in the Cs point symmetry group. We fix the molecule in the zx plane, thus,
the A1, B1 (A2,B2) irreducible representations in C2v map to A′ (A′′) in Cs.
In Cs the ground electronic configuration of NO2 in the equilibrium geometry
is

(1− 3a′)6(4− 7a′)8(1a′′)2(8a′)2(2a′′)2(9− 10a′)3

with 1 − 3a′ being the core orbitals, and the valence space extending up to
the 11− 12a′ and 1− 3a′′ orbitals. Moreover, the (1)2A′ and (2)2A′ neutral
states form a conical intersection (γ ≈ 107◦ for ra = 0 and rs ≈ 1.25Å),
which has been extensively studied in the literature [212, 190].

7.2.1 Molecular orbitals and target models

The molecular orbitals over the geometric grid are generated by a SA-MCSCF
procedure with the active space consisting of the 6 − 12a′ and 1 − 4a′′ or-
bitals from a set of 6-311G∗∗ atomic basis [197]. We included in the state
averaging two cationic states per symmetry per spin, and the (1)2A′,(2)2A′

neutral states of NO2. Both neutral states had a weight of 30%. An intuitive
behavior of the molecular orbitals was observed in three distinct geometric
arrangements:

• Linear limit: there is a localization of the electronic density in each of
the atoms that favors dissociation of the molecule.

• Small bending angles: there is the formation of an O-O bond, redis-
tributing the electronic density more uniformly along the molecule,
consequently, we observe that the molecular orbitals are spread along
the N − O and O − O bounds, as well as in the center of mass of the
molecule.
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Figure 7.3: Partial photoionization cross sections (top) and asymmetry pa-
rameters (bottom), for photoionization from the (1)2A′ (left) and (2)2A′

(right) neutral states for γ = 85◦ and ra = 0.2Å. The residual ion is in the
(1)1A′ state in (a), and (1)3A′ in (b). Blue, red and green curves correspond
to the calculations using models CI-4, CI-5 and CI-6 respectively.
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Figure 7.4: Partial photoionization cross sections (top) and asymmetry pa-
rameters (bottom), for photoionization from the (1)2A′ (left) and (2)2A′

(right) neutral states for γ = 160◦ and ra = 0Å. The residual ion is in the
(1)1A′ state in (a), and (1)3A′ in (b).Blue, red and green curves correspond
to the calculations using models CI-4, CI-5 and CI-6 respectively.
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• Large asymmetric stretching: there is a larger overlap between the
tight N -O bond, while the more distant oxygen becomes more and
more isolated.

In order to reduce the size of the photoionization calculations, we aimed
to have a minimal target model capable of reproducing all main features
of the potential energy surfaces of the ionic and neutral states. From the
calculations at the equilibrium geometry in chapter 6, we have learned that:

• it is important to add the 2b2 orbital to the active space of the CASSCF
procedure for obtaining a good ionization potential for the first six
cationic states;

• excitations from the two lowest energetic valence orbitals (4, 5a′) do
not play a significant role in the description of the ground and lowest
excited states of the cation;

Motivated by these results and the model CI-2 from the equilibrium ge-
ometry calculation, we defined a reference space consisting of the 6 − 10a′

and 1− 3a′′ orbitals, and tested three different CI models that are shown in
Table 7.1. We note that freezing the first 5a′ orbitals allow us to increase the
active space of the calculation without prohibitively increasing the number
of CSFs being generated.

In Fig.7.5 we show the potential energy curves (PEC) from some of the
NO+

2 states for ra = 0Å (left) and ra = 0.2Å (right), obtained with model
CI-4. In this chapter, we are particularly interested in investigating photoion-
ization of NO2 leaving the ion in the (1)1A′ and (1)3A′ states. In Fig.7.6 we
compare the PEC from the (1)1A′ and (1)3A′ states obtained with model
CI-4 against the calculations of Hirst [214]. A good agreement between both
calculations is observed. The main features of the PEC from the (1)1A′ and
(3)1A′ states are:

• the ground cationic states swaps from the (1)1A′ to the (1)3A′ state for
95◦ ≤ γ ≤ 115◦;

• there is a global minimum close to the linear limit, and a local minimum
at 80◦ for the (1)1A′ ionic state;

• the equilibrium geometry of the (1)3A′ state is found at γ = 118◦, in
good agreement with previous calculations (γ = 120.9◦ in [200])
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Figure 7.5: Potential energy curve for ra = 0 (left) and ra = 0.2Å (right)
from the CI-4 model for the 1A′(black), 3A′(red), 3A′′ (green) and 1A′′ (pink)
irreducible representations.

Target models Active space CSFs

CI-4
(1− 5a′)10 (6− 10a′, 1− 3a′′)11

(1− 5a′)10 (6− 10a′, 1− 3a′′)11(11− 14a′)1
3219

CI-5
(1− 5a′)10 (6− 10a′, 1− 3a′′)11

(1− 5a′)10 (6− 10a′, 1− 3a′′)11(11− 15a′, 4a′′)1
4731

CI-6
(1− 5a′)10 (6− 10a′, 1− 3a′′)11

(1− 5a′)10 (6− 10a′, 1− 3a′′)11(11− 12a′)1

(1− 5a′)10 (6− 10a′, 1− 3a′′)11(11− 12a′)2
5522

Table 7.1: Target models used in the photoionization calculation. In the last
column, we indicate the maximum number of configuration state functions
(CSFs) generated for a single irreducible representation.
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Figure 7.6: Potential energy curve for ra = 0 for the (1)1A′(black) and
(1)3A′(red). Solid lines are the results obtained with CI-4 model, dots are
the calculations of [214]

7.2.2 Inner and outer region

The continuum orbitals were generated for l ≤ 6 and spanned an energy range
up to 90eV, which required the use of quadruple precision in computing the
target and continuum integrals. Convergence for all models with respect to
the number of states included in the close coupling expansion was achieved for
calculations with 80 target states. Under these considerations, the calculation
of a single geometry in the VULCAN cluster at MBI using 5 nodes took from
5 to 6 hours depending on the target CI model considered.

Due to computational limitations, we only performed convergence tests
at the photoionization level for a few critical nuclear geometric configuration
where electronic correlation plays a major rule: at the extremes of the angular
grid (ra = 0Å,γ = 160◦) and (ra = 0.2Å,γ = 80◦), and close to the conical
intersection (ra = 0.2Å,γ = 105◦).

As indicated in Fig.7.3 and Fig.7.4, there is good agreement for the asym-
metry parameter and cross sections for photoionizaton leaving the ion in the
(1)1A′ and (1)3A′ states, for all CI models considered here. Thus we choose
the simplest target model (CI-4) for the photoionization calculations over the
whole geometric grid.

We evaluate the quality of the neutral states calculated with the UKR-
mol+ codes, by plotting their PEC, using model CI-4, in Fig.7.7. We observe
that our calculation successfully reproduces the expected features of the PEC,
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80 100 120 140 160

Figure 7.7: Potential energy curve of the neutral states obtained with model
CI-4, and a grid with ∆γ = 4.5◦.

including the conical intersection, found here at γ ≈ 107.5◦.

7.2.3 Total photoionization cross sections

In Fig.7.8(a) we plot the total cross section for the photoionization from the
(1)2A′ and (2)2A′ neutral states for 80◦ ≤ γ ≤ 160◦ and ra = 0Å,0.1Å and
0.2Å (see details of the plot in the caption). We notice in this plot a clear
signature of the conical intersection, shown as a decrease (increase) of cross
section amplitude for the photoionization from the (1)2A′ ((2)2A′) neutral
state. A better understanding of the mechanisms involved in the variation
of the cross section close to the conical intersection requires the resolution of
the final ionic states after ionization.

In all plots we notice a broad peak with a width of (≈ 5eV ) at approxi-
mately 25 eV for all γ. For both neutral states, the amplitude of this peak
decreases as one approaches γ = 105◦. Additionally, we notice that the peak
bifurcates into two peaks found at ≈ 20eV and ≈ 30eV for γ < 105◦, for the
photoionization from the (1)2A′ state.

Finally, we observe for all bending angles the emergence of a peak for
ra ̸= 0, which is located at ≈ 60eV for ra = 0.4Å. This feature can be more
clearly seen in Fig.7.8(b,c,d) where we plot cuts of the total cross sections
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Figure 7.8: In (a) we show the total cross section (in Megabarns) for pho-
toionization from the (1)2A′(left column) and (2)2A′(right column) neutral
states for 80 ≤ γ ≤ 160o. in logscale. First row corresponds to ra = 0,
the second to ra = 0.1 and the third to 0.2. In b),c),d) we show cuts of
the total cross section for photoionization from the (1)2A′(left column in the
subplot) and (2)2A′(right column in the subplot) neutral states for γ = 160
(b),γ = 115 (c) and γ = 80 (d). Blue, green and red curves correpond
respectively to ra = 0, 0.1 and 0.2Å.
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for the photoionization from the (1)2A′ and (2)2A′ neutral states for several
values of ra and γ.

7.2.4 Partial photoionization cross sections and asym-
metry parameters

(1)1A′ residual ionic state

In Fig.7.9(a) we show the cross sections for the photoionization from both
neutral states leaving the ion in the (1)1A′ state. The most striking feature
is the sudden decrease (increase) of amplitude at γ ≈ 107◦ for the photoion-
ization from the (1)2A′ ((2)2A′) neutral state, the cross sections are roughly
homogeneous for 80◦ ≤ γ ≤ 160◦. We also see in Fig.7.9(a) a resonance at
high photon energies for ra ̸= 0Å for photoionization from both the (1)2A′

and (2)2A′ neutral states, which coincides with the peak at high photon
energies for ra ̸= 0Å found in the total photoionization cross sections.

The behavior of the cross section can be understood by analyzing the
dominant electronic configurations of the ionic and the neutral states. A
satellite state is defined as a 2h-1p electronic configuration from a reference
state. Since there is a difference of two spin-orbitals between the reference
and the satellite state, this transition is forbidden due to the Slater rules for
the dipole operator. Consequently, all signal observed in the cross section
comes from non-dominant electronic configurations of the cation and the
neutral.

Firstly we analyze the leading electronic configuration of the ionic and
neutral states far from the conical intersection between the (1)2A′ and (2)2A′

neutral states.

• The (1)1A′ ionic state has a leading configuration of ...(9a′)0(10a′)2

for γ < 100◦ and ...(9a′)2(10a′)0 for γ > 115◦. The changing of elec-
tronic configuration of the (1)1A′ ionic state at γ ≈ 107◦, is due to the
proximity between the PEC of (1)1A′ and (2)1A′ ionic states shown in
Fig.7.5(top left).

• The (1)2A′ neutral state has a leading configuration of ...(9a′)1(10a′)2

for γ < 100◦ and ...(9a′)2(10a′)1 for γ > 115◦.

• The (2)2A′ neutral state has a leading configuration of ...(9a′)2(10a′)1

for γ < 100◦ and ...(9a′)1(10a′)2 for γ > 115◦.
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(a) (b)

(c) (d)

Figure 7.9: Partial photoionization cross sections (in Mega barns) in logscale
(a,b) and asymmetry parameters (c,d) for 80◦ ≤ γ ≤ 80◦. In each subplot,
the left column (right column) corresponds to the photoionization from the
(1)2A′ ((2)2A′) neutral state. In each subplot, the first row corresponds to
ra = 0, the second to ra = 0.1Å and the third to 0.2Å.
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Far from the conical intersection, the leading electronic configuration of the
(1)1A′ ionic state is always a 1h-1p in relation to the (1)2A′ neutral state.
Consequently, we observe a strong signal in Fig.7.9(a). On the other hand,
the leading electronic configuration of the (1)1A′ ion is a satellite state in
relation to the (2)2A′ neutral. In this case we observe a very low signal,
coming essentially from low order electronic configurations of the (1)1A′ and
(2)2A′ states.

There are two important factors to be noticed for 100◦ ≤ γ ≤ 108◦:

• For γ ≈ 100◦, the (1)1A′ ionic state is described by a strong mix be-
tween the [≈ 0.7]...(9a′)0(10a′)2 and [≈ 0.5]...(9a′)2(10a′)0 electronic
configurations. The neutral states on the other hand are far enough
from the conical intersection, that they can be described by single elec-
tronic configurations.

• For γ ≈ 107◦, i.e., close to the conical intersection, the neutral states
are described by a strong mix between [≈ 0.7]...(9a′)1(10a′)2 and [≈
0.7]...(9a′)2(10a′)1 electronic configuration. On the other hand, the
(1)1A′ ionic state is described by the dominant ...(9a′)2(10a′)0 electronic
configuration.

Consequently, for γ ≈ 107◦ the cross section for photoionization from
both neutral states are very similar, as they are nearly degenerate. All sig-
nal observed comes from the [≈ 0.7]...(9a′)2(10a′)1 → ...(9a′)2(10a′)0 dipole
transition.

Close to γ ≈ 100◦, the dominant electronic configuration of the ion is
a 2h-1p with respect to the neutral. On the other hand the second most
dominant electronic configuration of the ion is a 1h-1p in respect with the
(1)2A′ neutral. Overall, we observe a decrease in the cross section as shown
in Fig.7.9(a). For the photoionization from the (2)2A′ state, the dominant
electronic configuration of the ion is a 1h-1p with respect to the (2)2A′ neu-
tral, resulting in a large amplitude of the photoionization cross section. Note
however that there is still some loss of amplitude, since the second most
dominant electronic configuration of the ion is a 2h-1p with respect to the
(2)2A′ neutral.

In Fig.7.9(c) we plot the asymmetry parameter for the photoionization
from both neutral states leaving the ion in the (1)1A′ state. For photon en-
ergies above 50eV there is almost no signature of the change of electronic
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configurations of the neutral or the ionic states. For photon energies be-
low 50eV we notice that there is a pronounced change of the asymmetry
parameter as γ passes by the conical intersection (see Fig.7.9(c)).

(1)3A′ residual ionic state

For the photoionization from the (1)2A′ and (2)2A′ neutral states and leaving
the cation in the (1)3A′ state (see Fig.7.9(b)), the cross section is approx-
imately homogeneous for (80◦ < γ < 160◦, ra ̸= 0). This can be under-
stood by the same analysis done in the last section: the (1)3A′ state has a
...(9a′)1(10a′)1 leading electronic configuration, thus, a difference of exactly
one spin-orbital in relation to the relevant electronic configuration of both
neutral states for all γ and ra considered here. Consequently, we do not
observe any significant decrease of the cross section in Fig.7.9(b).

The asymmetry parameter for photoionization of both neutral states with
a (1)3A′ residual cation shown in Fig.7.9(c), also exhibit a sudden change of
amplitude when crossing the conical intersection at low photon energies, in
analogy to the photoionization with a (1)1A′ residual cation.

7.2.5 Dyson Orbitals

An analysis of the Dyson orbitals close to the conical intersection sheds light
on the abrupt change of the asymmetry parameter previously observed. In
Fig.7.10 we show the Dyson orbitals for photoionization from the (1)2A′

and (2)2A′ neutral states leaving the ion in the (1)1A′ and (1)3A′ states at
γ = 108◦ and γ = 103◦ (ra = 0Å). Taking the example of the transition with
(1)1A′ final ionic state, we note that the Dyson orbitals for photoionization
from the (1)2A′ and (2)2A′ states are swapped as the system goes through the
conical intersection. This results in an abrupt change of the angular pattern
of the Dyson orbital, as observed in Fig.7.10. Indeed, at the molecular axis
nodal planes becomes maxima and vice versa. Therefore, the abrupt changes
of the asymmetry parameter are related to the abrupt change of the angular
pattern of the Dyson orbitals.

7.2.6 PADs

From Fig.7.13 to Fig.7.20 we show the PADs for parallel and perpendicular
alignment for photoionization from the (1)1A′ and the (2)1A′ neutral state
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Figure 7.10: Dyson orbitals for ra = 0Å for γ = 108◦ (top) and γ = 103◦

(bottom). The initial and final states of the photoionization process for each
column are shown at the top the figure. Note as the system goes through
the conical intersection, the Dyson orbital of the (1)2A′ → (1)1A′ and the
(2)2A′ → (1)1A′ transitions are swapped. The same happen for transitions
with the (1)3A′ final state.

leaving the ion in the (1)1A′ and (1)3A′ states in the vicinity of the conical
intersection. As in the equilibrium photoionization calculations of NO2 pre-
sented, the partial wave channels involved in the photoionization of a laser
polarized in the ŷ axis has only even l and m components, thus yx and yz
are nodal planes.

For ra = 0Å we observe a node along the molecular axis in the PADs for
different values of γ, which is also observed in the plot of the Dyson orbitals.
For example, in the photoionization from the (1)2A′ state leaving the ion in
the (1)1A′ state, in case the dipole is oriented along the molecular axis, this
node occurs whenever γ < 107◦ (Figs.7.13). The origin of this node can be
explained by analyzing the irrep spanned by the continuum electron in the
C2v point symmetry group. For γ > 107◦ the (1)2A′ state maps into the
(1)2A1 and (2)2A1 states for γ > 107◦ and γ < 107◦ respectively. The dipole
operator in the case of parallel alignment spans the A1 irrep. Therefore, the
dipole operator spans the totally symmetric irreducible representation group
A1 only if the final scattering state spans the irrep A1 for γ > 107◦ and B1

for γ < 107◦. Consequently, as in this specific example we are interested
in the term of the scattering state coupled to the (1)1A1 target state, the
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continuum electron spans the A1 irrep for γ > 107◦ and the B1 irrep for
γ < 107◦. As the B1 irrep has a reflection plane along the molecular axis, the
continuum electron has necessarily a node at the molecular axis, as confirmed
in Fig.7.13. The same arguments are valid for explaining the nodal planes
observed in Fig.7.13 to Fig.7.20. In Fig.7.12 we show a complete list of
the irrep relevant from the ground and first excited neutral states, the dipole
operator, scattering states with their respective target and continuum states.

It is also possible to identify the relevant partial wave channels in the
PADs, specially for high photon energies. For a continuum electron spanning
the B1 irrep, the partial waves have any value of l and odd positive defined
magnetic quantum number. For a continuum electron spanning the A1 irrep,
the partial waves have any value of l and m = 0. In Fig.7.11 we plot the
spherical harmonics that spans the B1 irrep for m being odd positive defined,
and l = 6, 5. Taking again as an example the PAD for parallel dipoles for
photoionization from the ground neutral state and leaving the ion in the
(1)1A1 symmetry (ra = 0), we observe that in the PAD corresponding to
a B1 continue there is a local maxima at an emission of angle90◦ at high
energies, which most probably comes from the partial waves with l = 5,
since the partial waves with l = 6 have a node at such an emission angle.
At lower energies there is a strong mixing between different partial waves
and it becomes hard to draw strong conclusions conclusion. However, for a
B1 continue we can clearly see that at photon energies of 30eV the Y11, Y31
and Y33 starts to be important for producing the maxima athe such photon
energies seen in the PAD (Fig.7.13) at an emission angle of 90◦.

7.3 Discussion

We performed NO2 photoionization calculations for a range of geometries,
specially, close to the conical intersection between the (1)2A′ and (2)2A′

neutral states. We looked at partial cross section, asymmetry parameters,
Dyson orbitals and PADs from photoionization leaving the ion in the (1)1A′

and (1)3A′ states. In the case of ra = 0Å, for partial cross section leaving the
ion in the (1)1A′ state we saw a peak in the signal in photoionization from
the (2)2A′ state due to the conical intersection in the neutral and the avoided
crossing between the (1)1A′ and (2)2A′ ionic states at 102◦ ≤ γ ≤ 107◦. Away
from this region the signal was low. This was due to the character of the ionic
state changing from a satellite to a main line state when passing through the
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Figure 7.11: Spherical harmonics for the relevant partial wave channels in
the photoionization of NO2 at the range of geometries considered here.
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Figure 7.12: Irrep, in C2v, from the ground and first excited neutral states
of NO2 (Ψneut), the dipole operator for parallel (left) / perpendicular (right)
alignment and the scattering state Ψ(−). For γ > 107◦ the ground and
first excited neutral states belongs to the A1 and B1 irrep respectively. For
γ < 107◦ the symmetry between both neutral states is swapped. We just
show in the table the products such that ⟨Ψneut|µ|Ψ(−)⟩ ̸= 0, i.e., the direct
product between each of the terms spans the A1 irrep. In brackets we show
the irrep from the target and continuum states which leads to the respective
irrep of the scattering state.

Figure 7.13: PADs parallel to the molecular axis, for photoionization from
the (1)2A′ state leaving the ion in the (1)1A′ state. Each row shows the PAD
for different ra (from top to bottom, ra = 0, 0.1, 0.2Å) Each column shows
the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦)
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Figure 7.14: PADs perpendicular to the molecular axis, for photoionization
from the (1)2A′ state leaving the ion in the (1)1A′ state. Each row shows
the PAD for different ra (from top to bottom, ra = 0, 0.1, 0.2Å) Each column
shows the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦)

Figure 7.15: PADs parallel to the molecular axis, for photoionization from
the (1)2A′ state leaving the ion in the (1)3A′ state. Each row shows the PAD
for different ra (from top to bottom, ra = 0, 0.1, 0.2Å). Each column shows
the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦).
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Figure 7.16: PADs perpendicular to the molecular axis, for photoionization
from the (1)2A′ state leaving the ion in the (1)3A′ state. Each row shows the
PAD for different ra (from top to bottom, ra = 0, 0.1, 0.2Å). Each column
shows the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦).

Figure 7.17: PADs parallel to the molecular axis, for photoionization from
the (2)2A′ state leaving the ion in the (1)1A′ state. Each row shows the PAD
for different ra (from top to bottom, ra = 0, 0.1, 0.2Å). Each column shows
the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦).
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Figure 7.18: PADs perpendicular to the molecular axis, for photoionization
from the (2)2A′ state leaving the ion in the (1)1A′ state. Each row shows the
PAD for different ra (from top to bottom, ra = 0, 0.1, 0.2Å). Each column
shows the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦).

Figure 7.19: PADs parallel to the molecular axis, for photoionization from
the (2)2A′ state leaving the ion in the (1)3A′ state. Each row shows the PAD
for different ra (from top to bottom, ra = 0, 0.1, 0.2Å). Each column shows
the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦).
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Figure 7.20: PADs perpendicular to the molecular axis, for photoionization
from the (2)2A′ state leaving the ion in the (1)3A′ state. Each row shows the
PAD for different ra (from top to bottom, ra = 0, 0.1, 0.2Å). Each column
shows the PAD for different γ (from left to right, γ = 115◦, 108◦, 103◦, 96◦).

conical intersection (γ ≈ 107◦), then back to a satellite state when passing
through the avoided crossing (γ ≈ 102◦). The opposite happens with ioniza-
tion from the (1)2A′ state with a dip showing up at 102◦ ≤ γ ≤ 107◦. For the
photoionization leaving the ion in the (1)3A′ state, the cross section remains
a main line state throughout the range of geometries investigated, resulting
in a relatively homogeneous signal.

The asymmetry parameter for photoionization leaving the ion in the
(1)1A′ and (2)3A′ state shows a sharp change (≈ 0.3) upon passing through
the conical intersection, due to the change in dominant orbital involved in
the ionization (from 9a’ to 10a’). This was later confirmed by the sudden
change of the angular pattern of the Dyson orbitals as one passes through
the the conical intersection.

Inspection of the irrep spanned by the continuum orbitals leads one to
expect a maxima(/nodal plane) at 0◦ in the MFPAD for ionization from the
9a’(10a’) orbitals. Looking at the Dyson orbitals and the MFPADs this is
exactly what we see as we pass through the conial intersection.

As the asymmetric stretch is varied the main change we see is the appere-
ance of a resonance with a constant position across the entire angular range.
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For ra = 0.1Å we see it at ≈50eV in all cross sections. For ra = 0.2Å it has
moved to ≈57eV.

To the best of our knowledge, we presented in this chapter the first pho-
toionization calculations over a large grid of reaction coordinates using robust
CI methods for describing both the neutral and the ionic states. It would
be interesting in the future to investigate the TR-PES for photoionization
leaving the residual ion either in higher excited states, or close to the dis-
sociation limit. Another possibility, is to use photorecombination transition
dipoles (the time reversal of the photoionization transition dipoles) as the
final recombination step in the theoretical description of HHG from NO2 for
applications in high harmonic spectroscopy.
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Chapter 8

R-Matrix with weak static
fields

In this chapter, we present an extension of the UKRmol electron-(photon)-
molecule scattering code suit [106, 215] that allows for the inclusion of a weak
external static electric field. The method presented here could be used to
investigate electron scattering and photoionization of molecules embedded in
a DC field, as it is known that external fields induce important structural
changes on the autoionizing resonances of the system, and also used to un-
derstand the response of atoms and molecules to low-frequency laser fields,
e.g., in the mid-IR regime.

As a first application, we will study the effect of the static field on the
Feshbach resonances converging to the first excited state of H+

2 (1Σ+
u ) and

He+. These resonances follow a Fano profile, and their origin is the tempo-
rary trapping of the system in a a Rydberg like state [102]. Subsequently, due
to electronic correlation, the system autoionizes, i.e., the continuum electron
is ejected and the cation decays to the first excited state of the cation. Par-
ticularly interesting are the characteristics of the autoionizing states under
the influence of a static electric field. In these conditions, effects such as
Stark splitting and rearrangement of the autoionizing states were previously
reported [216, 217].Experimentally the scenario is extremely rich, as at fields
of 85 KeV/cm a high number of new states, and a strong interaction between
them is observed [218, 219, 220, 221]. Recent calculations qualitatively cor-
roborate the experimental findings, but are still far from fully reproducing
the laboratory results [222, 223, 224].

This chapter is organized as follows: in section 1 we discuss how a static
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Figure 8.1: Schematic illustration of the R-Matrix method in a static electric
field. Blue circles are electrons and red are nuclei. The inner, outer and
asymptotic regions are delimited by r < ra, ra < r < rp and r > rp respec-
tively. The static electric field is included in the inner and outer region.

electric field affects the molecular R-Matrix theory already presented in chap-
ter 4, in section 2 we present how the static electric field affects the autoion-
izing resonances converging to the first excited state of H+

2 .

8.1 R-Matrix with static electric field

Under the influence of an external static electric field, the stark Hamiltonian
is given by

HN+1
st = HN+1 + d, (8.1)

d =
N+1∑
n=1

Fs · rn , (8.2)

where Fs stands for the static electric field strength, rn is the radial coordi-
nate of the nth electron, d is the interaction potential HN+1 is the usual
molecular Hamiltonian. It is straightforward to show that the potential
added by the field is Hermitian. Thus, we do not have to adapt the Bloch
operator discussed in Chapter 2. Note that the static electric field consid-
ered in our present calculation has a limited range, i.e., we implement a cut
off sufficiently far away from the scattering center, and use simply the well
known field free asymptotics (Coulomb or Bessel functions) for r ≥ rp.
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8.1.1 Inner region

A non-zero d results in changes to the structure of the Hamiltonian matrix.
In the field free case, the symmetry of the molecular system can be used to
decompose the Hamiltonian matrix into a direct sum over irreducible repre-

sentations, HN+1 =
⨁
Γ

HN+1,Γ. On the other hand the addition of a static

electric field induces couplings between different irreducible representation,
thus breaking the symmetry of the system. For example, suppose a tar-
get belonging to the D2h point group, with scattering wavefunctions in the
Σu,Σg, Πg and Πu irreducible representations. A static electric field in the ẑ
direction couples the Σu and Σg, and the Πu and Πg as shown in the scheme
below⎛⎜⎜⎝
Σg 0 0 0
0 Σu 0 0
0 0 Πg 0
0 0 0 Πu

⎞⎟⎟⎠ F in z−→

⎛⎜⎜⎝
Σg ⟨Σg|d|Σu⟩ 0 0

⟨Σu|d|Σg⟩ Σu 0 0
0 0 Πg ⟨Πg|d|Πu⟩
0 0 ⟨Πu|d|Πg⟩ Πu

⎞⎟⎟⎠ .

The general form of the Hamiltonian, HN+1
st , in the field-free eigenfunc-

tions basis is,

HN+1
st =

∑
jj′ΓΓ′

(
EjΓδjj′δΓΓ′ +

∑
n

⟨ψ(N+1)Γ′

j |d|ψ(N+1)Γ
j′ ⟩

)
, (8.3)

where EjΓ are the jth field-free eigenvalues belonging to the symmetry Γ.

By diagonalizing HN+1
st we obtain the Stark eigenvectors (ψ

(N+1)Γ
st,j ) and

eigenvalues (Est,j). For computational results, it is more convenient to di-
agonalize the Stark shifted Hamiltonian in the field-free eigenfunction basis,
and later on transform the eigenfunctions to the canonical basis by doing

ψ(st,N+1) = ψ(N+1)ψ̃
(st,N+1)

, (8.4)

where ψ(N+1) is simply the field-free eigenfunction matrix.
The Stark scattering wavefunction is then written as

ΨN+1
st,k (E) =

∑
Γf

AΓ
st,kf (E)ψ

(N+1)Γ
f , (8.5)

and the stark shifted R-Matrix is then finally given by

Rst,ii′(E, ra) =
∑
Γ

RΓ
st,ii′(E, ra) (8.6)
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with

RΓ
st,ii′(E, ra) =

1

2ra

∑
j

ξΓst,ij(ra)ξ
Γ
st,i′j(ra)

Est
j − E

. (8.7)

where Est
j being the Stark shifted eigenvalues and ξΓst,ij the Stark shifted

boundary amplitudes

ξΓst,ij(ra) = ⟨r−1
N+1Φ̃

Γ
i |ψ

(N+1)Γ
st,j ⟩′. (8.8)

8.1.2 Outer region

Following the steps of the inner region, we define the close coupling expansion
in the outer region as

ΨN+1
st,k (E) =

∑
Γ

Φ̃Γ
i (x1, ...,xN ;σN+1)r

−1
N+1F

Γ
ik(rN+1), (8.9)

with i labeling the partial wave channels belonging to the symmetry Γ. The
Hamiltonian HN+1

st can be written as

HN+1
st = HN −

∇2
N+1

2
− Z

rN+1

+
N∑
i=1

1

riN+1

+
N+1∑
i=

Fs · ri (8.10)

Applying HN+1
st to Eq. 8.9 and using the properties of the channel functions[

− d

dr2
+
liΓ(liΓ + 1)

r2
− 2Z

r
− k2iΓ

]
F Γ
ik(rN+1) = 2

∑
i′Γ′ V ΓΓ′

ii′ F Γ′

i′k(rN+1)

+2
∑
Γ′i′

⟨Φ̃Γ′

i′ |d|Φ̃Γ
i ⟩F Γ′

i′k(rN+1). (8.11)

Apart from the last dipole term, Eq. 8.11 are the usual reduced radial equa-
tions for the electron scattering problem. The long range potential in this case
includes the couplings between channels belonging to different symmetries.
This potential and the laser field induce a non-diagonal coupling between the
asymptotic channels, raising effects such as the redistribution of resonance
amplitudes and widths.
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8.1.3 Asymptotic region

Clearly in the length gauge, the field has a stronger effect at large distances
from the center of mass of the molecule. However, here we are mainly inter-
ested in autoionizing resonances that are confined in space, there is no need
for using the exact asymptotic solutions of HN+1

st . Thus, we will match the
R-Matrix at rp with the field free asymptotic solutions of the system. This
assumption of course breaks down if the field becomes strong, since reflec-
tions at the outer/asymptotic region boundary would affect the quality of
the characteristics of the autoionizing resonances.

8.2 Resonance Analysis

The autoionizing resonances were analyzed with the program RESON [225],
which fits the resonance peak positions (Eres

i ) and widths (Γres
i ) using the

Breit-Wigner equation

ω(E) =
M∑
i=1

tan−1

[
Γres
i

E − Eres
i

]
+

N∑
i=1

qi(E)
i, (8.12)

where ω is the eigenphasem sum obtained by diagonalizing the K-Matrix of
the system. The second summation accounts for the resonance background.
The quantum defects (µ) can also be extracted by evaluating

Eres
i = −

[
Z

N

]2
+

[
Z − 1

n∗

]2
, (8.13)

n∗ = n− µ, (8.14)

where N = 2, as we are studying the second ionization threshold.

8.3 e−H+
2 scattering in a static electric field.

We first prepared a field-free calculation using a cc-PVTZ basis for the hy-
drogen atoms [226] and a SA-CASSCF producere to obtain the molecular
orbitals using MOLRPO[170]. The internuclear distance between the hydro-
gen atoms was set to 1.4 a0. The cationic states (1)1Σ+

g , (1)
1Σ+

u and (1)1Π+
u

were included in the close coupling expansion. Note that D2h is the highest
symmetry allowed in the UKRmol codes for linear molecules.

133



ν Position (eV) Position (eV) [227] Width(eV) Width(eV) [227]
1Σ+

g

1.600 12.97 12.87 0.940 0.770

2.765 16.48 16.95 0.116 0.107

3.778 17.31 17.81 0.045 0.043

4.782 17.67 18.17 0.022 0.023

5.784 17.86 18.36 0.013 0.014

6.786 17.97 0.007
1Πu

1.924 14.60 14.76 0.446 0.553

2.902 16.65 17.11 0.110 0.084

3.887 17.36 17.86 0.037 0.034

4.884 17.69 18.19 0.018 0.017

5.885 17.87 18.37 0.012 0.010

6.890 17.98 0.009

Table 8.1: Field-free Rydberg series of H∗∗
2 with total symmetries 1Σ+

g and
1Πu. Energies are given in relation to the first excited state threshold of
H+

2 . Terms lying deeper on the Rydberg series are not considered, since they
require a better description of the polarization of the target, and a continuum
with higher angular momentum.

The R-Matrix boundary was placed at 10 a0 from the center of mass
of the molecule. The continuum basis is given in terms of Gaussian type
orbitals spanning an energy range up to 3H and with l ≤ 4. Table 8.1 shows
the Rydberg series converging to the second ionic threshold obtained in the
e + H+

2 calculations. No virtual orbitals were included in the inner region
calculation.

In Table 8.1, we present the autoionizing resonances found in the 2Σ+
g

and 2Πu scattering symmetries, converging to the first excited state of H+
2 .

The agreement between the resonance widths obtained here and reported in
[227] is excellent. The resonance positions found here are consistently 0.5eV
below the ones in [227], and this is due to innacuracies in the calculation of
the cationic states of H+

2 . We included fields up to 6 × 10−5 atomic units
in the same direction of the nuclear axis (see the inset of Fig.8.2). Because
of the high number of angular momentum included in the continuum basis,
we had to propagate the R-Matrix from 10 to 100 a0 in order to eliminate
the dependency of the resonance position with the propagation radius. It is
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Figure 8.2: Stark shifts for the e−H+
2 scattering with a static electric field.

The field is directed along the molecular axis, as shown in the inset of the
figure. On the left we show the field free scattering cross section of the
autoonizing resonances beeing analyzed.

important to highlight that the changes of the resonance position with the
field were minimal from a propagating radius of 50 to 100 a0, thus we can
conclude that the calculations are converged.

Autoionizing resonances found below 17eV are not affected at all by the
fields considered here, since these resonances are confined close to the molec-
ular center of mass, a region where the field effects are negligible. On the
other hand resonances lying close to the ionic threshold are strongly affected
by the field, since they are composed of partial waves with high angular mo-
mentum, i.e., the wavefunction of these Rydberg-like states are diffuse. Thus,
we concentrate on the electron energies of 17.8−18 eV where the resonances
with ν = 5.784, 6.786 in 1Σ+

g and ν = 5.885, 6.890 1 in Πu are found.
In the weak field regime investigated here, we note that the interaction

between neighboring autoionizing resonances is dominant. As the (ν =
5.784)1Σ+

g /(ν = 5.885)1Πu, and the (ν = 6.786)1Σ+
g /(ν = 6.890)1Πu reso-

nance pairs are nearly degenerate, we observe a “splitting” of each resonance
pair induced by the stark effect, which is linear in first order perturbation
theory. For stronger fields, couplings between non-neighbor resonances are
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expected as reported in [217].
We also notice that the field induces a mixing between the irreducible

representations, thus, the series can not be classified as purely Σ+
g and Πu

types, an effect already reported in [228] for the case of photoionization in
the presence of a strong IR field.

8.4 e−He+ scattering and He photoionization

in a static electric field.

8.4.1 Field free calculations.

UKRmol, in common with many quantum chemistry codes, uses a basis of
Gaussian type orbitals (GTO) to construct the target orbitals. This allows
one to import atomic/molecular orbitals generated by other codes. We per-
formed a state averaged CASSCF calculation in Molpro [170] using the cc-
pVQZ basis of neutral helium [229] supplemented with a set of even-tempered
GTO of s and p character (see Table 8.2). The continuum orbitals were also
constructed from a set of GTO, with exponents optimised to well represent
Coulomb functions in the inner region. To avoid over completeness, we found
it necessary to drop the first 2 s-type GTO from the cc-pVQZ basis set. The
use of GTO to describe the continuum puts an upper limit of ∼20 a0 on the
R-matrix boundary position, limiting the number of target states that can be
included in the calculation. We found that a boundary of ra = 17a0 was large
enough to fully contain up to the third excited state of He+. Our calculations
lead to a ground state energy of He of −2.8328H (experimental=−2.8611H
[230]). Table 8.3 shows target state energies for the states included in the
close-coupling expansion. Converged results were observed after propagating
the outer region channels up to 67a0 using a multiprecision LAPACK library
[231].

In Fig. 8.3 we plot the electron scattering cross section (left) and the
total eigenphase sum (right) obtained with our model. The first resonance
observed in Fig. 8.3 at approximately 33 eV marks the beggining of the
Rydberg series converging to the first excited ionic threshold of He. As
the electron energy approachs the threshold (approximately 40.5eV in our
model), an increasing number of resonances emerges. A good description
of resonances deeep in the Rydberg series is a demanding problem even for
simple atom as Helium, as these resonances have an increasing sensitivity to
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Table 8.2: cc-pVQZ and even tempered GTO’s to represent the continuum
basis of the He+ target. The doublets are the normalization and exponential
coefficients respectively for each gaussian.

Basis set
cc-pVQZ even-tempered GTO’s

or
b
it
al
s s (18.0500, 0.035975) (5.0850,0.127782) (0.25,1.00),(0.09,1.00)

(1.6090, 1.00) (0.5636,1.00) (0.10,1.00),(0.0650,1.00)
p (5.9940, 1.00), (1.7450,1.00) (0.28, 1.00), (0.14,1.00)

(0.56, 1.00) (0.10, 1.00), (0.07,1.00)

Table 8.3: Energy (in Hartrees) of the target states of He+ for each of the
principal quantum number (PQN) and angular momentum. The exact ener-
gies of the excited states are known, since He+ is an hydrogenic atom.

PQN l = 0 l = 1 Exact
1 -1.991 -2.000
2 -0.499 -0.498 -0.500
3 -0.200 -0.205 -0.222
4 0.094 0.060 -0.125

the polarizability of the system.
We analyzed the resonances observed in Fig.8.3 using the program RE-

SON [225], which fits the resonance peak positions (Eres
i ) and widths (Γres

i )
using the Breit-Wigner equation for the eigenphase sum ω

ω(E) =
M∑
i=1

tan−1

[
Γres
i

E − Eres
i

]
+

N∑
i=1

qi(E)
i, (8.15)

where ω is the eigenphase sum, and the second summation accounts for the
resonance background. The quantum defects (µ) can also be extracted by
evaluating

Eres
i = −

[
Z

N

]2
+

[
Z − 1

n∗

]
, (8.16)

n∗ = n− µ, (8.17)

where N = 2, as we are studying the second ionization threshold. Table
8.4 summarizes the Rydberg states correctly described by our model. The
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Figure 8.3: Field free e− +He+ scattering cross sections (a) and eigenphase
sum (b) for the S (blue) and P (red) states.

resonance positions agrees very well with other calculations and experiments
[230]. On the other hand, the width of the resonances becomes more inac-
curate for resonances at higher electron energy, since more diffuse Rydberg
states are increasingly more sensitive to a good description of the polariza-
tion of the system. It is important to highlight that the limitations on the
R-matrix radius imposed by the use of GTO’s in the UKRmol codes, is the
main cause for a decreasing accuracy of the description of the high order
resonances in the Rydberg series.

8.4.2 The effect of a static electric field on the Rydberg
series of He∗∗

With a good calculation of field free e− He+ scattering in hand, we add a
static electric field to the system in the z direction. For low amplitude fields,
we did not observe a variation of the autoionizing width and position for
different field cut-offs. At low energies (below 39.8eV), the fields used in this
work (typically 10−4, 10−5a.u.) have a negligible effect on the autoionizing
states shown in Table 8.4. On the other hand, close to the ionic threshold
there is a considerable variation of the scattering cross section due to the
field, as the wavefunction of the autoionizing states becomes increasingly
more diffuse. Thus, we will focus our analysis on the region of 39.8− 40 eV
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Table 8.4: Field-free Rydberg series of He∗∗ . Terms lying deeper on the
Rydberg series are not considered, since they require a better description of
the polarization of the target.

Label Position Position [230] Width Width [230] µ

(1S)2,2a -1.5545 -1.5556 9.676(-3) 9.160(-3) 1.343
2,3a -1.1764 -1.1797 2.689(-3) 2.760(-3) 2.379
2,4a -1.0878 -1.0897 5.744(-4) 5.800(-4) 3.371
2,5a -1.0524 -1.0533 1.478(-4) 4.200(-4) 4.361
(1D)2,2a -1.3947 -1.4033 4.131(-3) 4.820(-3) 1.593
2,3a -1.1338 -1.1382 2.026(-3) 1.400(-3) 2.723
2,4a -1.0712 -1.0733 8.600(-4) 4.740(-4) 3.745
2,5a -1.0440 -1.0454 4.074(-4) 2.380(-4) 4.758
(1P)2,2a -1.3827 -1.3856 2.217(-3) 2.660(-3) 1.618
2,3a -1.1320 -1.1280 1.350(-4) 6.200(-4) 2.751
2,4a -1.0644 -1.0686 1.123(-5) 2.480(-4) 3.779
2,5a -1.0402 -1.0429 3.047(-4) 1.316(-4) 4.979

where the resonances (2, 5a)1P o and (2, 5a)1De are found, and rich dynamics
are observed even for fields as low as F ≈ 10−5a.u..

e− +He+ scattering

Fig.8.4(a) shows the electron scattering cross section for several different
field strengths. The field induces a strong interaction between autoionizing
states coupled by the static electric field [217]. However, for weak fields the
interaction between neighboring autoionizing states is dominant, and we can
partially neglect the interaction between states well separated in energy.

The neighboring (2, 5a)1P o and (2, 5a)1De autoionizing states are shifted
towards lower energies due to the quadratic Stark shift [216]. As shown in
Fig.8.4 (c), the shift of the resonance position obtained with our model is
in good qualitative agreement with the calculation reported at [217]. Quan-
titative agreement is not expected, due to the current limitations of the
UKRmol package to a maximum R-matrix boundary of ≈ 20a0, thus, more
diffuse states necessary for describing the polarization of the system have to
be neglected, since the boundary amplitude of the confined electrons would
be non-negligible at the R-Matrix radius.
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Figure 8.4: e− + He+ scattering (a) and photoionization (b) cross sections
by electron energy for several field strengths (Fs). In (a), (b) and (d) the
blue curve corresponds to Fs = 0 a.u., green to Fs = 0.8 × 10−4 a.u., red
to Fs = 1.4 × 10−4 a.u. and cyan to f = 1.6 × 10−4 a.u. The labels 1
and 2 are placed on the positions of the (2, 5a)1P o and (2, 5a)1De resonances
respectively. In (c) we show the energy displacement of the (2, 5a)1P o (red)
and (2, 5a)1De (black) by field strength. The full lines are our results, dashed
are the results reported at [217]. In (d) we show the resonance splitting for
an increasing field strength.
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In Fig.8.4 (d) we show the dynamics of an autoionizing state lying at
40.494 − 40.497 eV. The autoionizing state splits into two new states, as a
consequence of the break of spherical symmetry induced by the field. This
is an expected effect, since in the presence of the field the total angular
momentum L is no longer a good quantum number and must be replaced by
the projection of L on the field axis M . This implies that each resonance
should split into L + 1 new states as the field strength is increased. In
general, the field has a more notable effect on Rydberg states lying deeper in
the series, i.e., states with high principal quantum numbers. This is as one
would expect as they are more loosely bound and more likely to be found far
from the ion in the region where the external field is dominant. The splitting
was not observed for the autoionizing resonances in Fig. 8.4 (a), because the
autoionizing states (2, 5a)1P o and (2, 5a)1De are still relatively tightly bound
when compared to the resonances shown in Fig. 3(d).

8.4.3 Photoionization of He

In Fig.8.4(b), we show the total photoionization cross section of He. The
most striking effect induced by the field, is the emergence of the resonance
(2, 5a)1M=0D

e with increasing field strength. In the absensce of the field, the
transition ⟨ψ((2, 5a)1M=0D

e)|z|ψg⟩ is forbidden, as the ground wavefunction
of He has a total angular momentum of l = 0. When a field in the ẑ direction
is applied, there is a mixing of the atomic orbitals and the (2, 5a)1M=0D

e,st

state is written as a linear combination of the basis belonging to each of the
coupled orbitals

ψ((2, 5a)1M=0D
e,st) =

∑
j

b̃d,jψ
N+1
d,j +

∑
j

b̃p,jψ
N+1
p,j . (8.18)

In consequence, the photoionization dipole will take the form

⟨ψ((2, 5a)1M=0D
e,st)|z|ψg⟩ =

∑
j

b̃p,j⟨ψN+1
p,j |z|ψg⟩, (8.19)

justifying the observation of the (2, 5a)1M=0D
e resonance. The coupling be-

tween different symmetry species is translated to the couple of resonances,
which result in a redistribution of the resonance parameters as shown in
Fig.8.4.

For stronger fields (≈ 10−3a.u.), we start to observe the limitations of
the approximation of neglecting the static electric field for r ≥ 67a0. As we
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increase the field strength, boundary reflections in the region where we turn
off the field starts to introduce unphysical artifacts.

8.5 Discussion

We have implemented the ability to include an external static electric field
in the UKRmol codes. As a test of the new development, we studied the
effect of a static electric field on the Rydberg series converging to the first
excited state of H+

2 and He+. We observed that the weak fields induces a low
order stark effect that repels the quasi-degenerate auto-ionizing resonance.
We note that the number of autoionizing resonances described by our codes
could be dramatically increased by using a larger R-matrix radius, allowing
us to include more ionic excited states in the inner region. Such a step,
still needs to wait for the further development of the UKRmol+ package.
The photoionization calculations on He shows that the field couples two
irreducible representations of the system.

In the future, it would be interesting to extend the capability of the codes
for dealing with strong static electric fields. This would allow us to investigate
the role of the field in photorecombination in HHG, in adiabatic alignment
techniques, and also tunnel ionization in a quasi-static picture. Note that
for strong fields, approximating the asymptotics to the field free solutions
results in strong reflections in the outer/asymptotic region boundary, thus, a
correct treatment of asymptotic solution is necessary. A very powerful way of
tackling this problem, is to use exterior complex scaling (ECS) [232, 233, 234]
at the outer region of the UKRmol codes. In ECS, the electron spatial
coordinates are multiplied by a phase eiφ. Substituting the scaled spatial
coordinates in the Schrödinger equation, one obtains a dumped wavefunction
that decays to zero in the asymptotic limit, so one never needs to worry about
the correct asymptotics of the system. Ken Taylor and co-workers have
developed in the 90’s a R-Matrix+ECS method for the atomic codes [235].
In their work, they neglect the effect of the field in the inner region and match
the solutions to the field free asymptotic solutions, extracting then the K-
Matrix of the system and the wavefunction coefficients. ECS is then applied
to the outer part of the wavefunction. Even though very clean and powerful,
this method suffers from some limitations. It can not be applied to large
molecules for example, since in this case the R-Matrix boundary is necessarily
set at a large distance from the center of mass, and the field can not be

142



neglected in the inner region. Another possibility, would be to implement
the exact static electric field asymptotics, which are a linear combination
of regular and irregular Airy functions. This last possibility does not suffer
from the limitation of the ECS, but its derivation and implementation are
far more complicated than performing an ECS.
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Chapter 9

Accurate photorecombination
matrix elements for high
harmonic spectroscopy

High harmonic generation is the result of the strong non-linear interaction
of the target atom or molecule with an intense IR laser field. The HHG
process can be factorized into the following three steps[71, 236]: (i) tunnel
ionization of the electron through the target+static laser field potential, (ii)
propagation of the electron in the continuum driven by the IR field, and (iii)
recombination of the continuum electron with the parent ion, resulting in the
generation of an attosecond burst of light.

The works [237, 91, 90] have laid the foundations for high harmonic spec-
troscopy [191, 238, 239], showing how a quantitative analysis of the recom-
bination step allows one to gain access to both spatially- and temporally-
resolved electron-hole dynamics triggered by the ionization step. The key
component of this analysis is the need for accurate photorecombination ma-
trix elements, as we show in this chapter.

This chapter is organized as follows: in section 9.1, we present a full quan-
tum mechanical derivation of the HHG process that provides rigorous quan-
titative support for the 3-step model of HHG. In section 9.2 we theoretically
evaluate the high harmonic spectra of aligned CO2 for imaging the relevant
orbitals of the molecule in the HHG process. The high harmonic spectra
are calculated with two different models, which employ different methods for
the evaluation of the recombination matrix elements: one uses the ab initio
UKRmol package, the other, the Eikonal approximation. Both models share
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the same ionization and propagation matrix elements, which are calculated
using the formulas derived in section 9.1. A comparison of the two theoretical
harmonic spectra with the experiments of Mairesse et al. [240] demonstrates
the importance of employing accurate photorecombination matrix elements
in the HHG calculations. Finally in section 9.3, we investigate the effects of
the short temporal observation window of attosecond emission bursts associ-
ated with macroscopic propagation effects, which select the so called ’short
trajectories’ and supress the contribution of the so-called ”long trajectories”
[14]. on the recombination step of HHG. Analyzing the experimental data
of Pedatzur et al. [241] on the high harmonic spectroscopy in Helium gas,
we show that the short duration of the attosecond pulse filters out sharp
resonances of the recombination matrix elements used to model HHG.

9.1 Theory

Under the influence of an electromagnetic radiation, the dipole response of
an atom or a molecule is

D(t) = ⟨ΨN(r, t)|d̂|ΨN(r, t)⟩, (9.1)

with ΨN(r, t) being eigenfunctions of the following Hamiltonian

HN(t) = Te +Tn −
∑
q

N∑
i

Zq

|Rq − ri|
+

N∑
i̸=j

1

|rj − ri|
−

N∑
i

F(t) · di, (9.2)

where Te and Tn are the electronic and nuclear kinetic operator respectively,
the third term is the electron-nuclei interaction, the fourth is the electron-
electron interaction, and the last is the interaction of the electrons of the
molecule with the laser field.

The Schrödinger equation of 9.2 is given by

i
∂ΨN(r, t)

∂t
= HN(t)ΨN(r, t), (9.3)

ΨN(r, t = t0) = ΨN
n (r), (9.4)

where ΨN
n (r) is the initial state of the molecule, and t0 is the time of ioniza-

tion. The solution from the Schrödinger equation above can be written in an
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intuitive integral form [70]

|ΨN(t)⟩ = −
∫ t

t=t0
dt′UN(t, t′)

×V N
L (t′)UN

0 (t′, t0)|ΨN
n (r)⟩+ UN

0 (t, t0)|ΨN
n (r)⟩, (9.5)

where UN
0 is the field free propagator, which when applied to the eigenfunc-

tions of HN yields

UN
0 (t′, t0)|ΨN

n (r)⟩ = e−iEn(t′−t0)|ΨN
n (r)⟩. (9.6)

UN on the other hand has non-trivial solutions, but can be simplified if
we adopt the following assumptions: (i) there is no correlation between the
continuum electron and the bound wavefunction, so the propagator can be
factorized in a bound (UN) and a continuum (U e) part, and (ii) assume
that sufficiently far away from the molecule the continuum electron is driven
exclusively by the laser field.

Introducing the identity operator

I =

∫
dp

∑
m

A|ΦN−1
n ⊗ pN

t ⟩⟨ΦN−1
n ⊗ pN

t |A (9.7)

the dipole response can be written as

D(t) = −i⟨ΨN
n (r)|d|

∫ t

t0

dt′eiEn(t−t′)

∫
dpUN−1(t, t′)|ΦN−1

n ⟩

×U e(t, t′)|pN
t′ ⟩⟨pN

t′ Φ
N−1
n |V N

L (t′)|ΨN
n (r)⟩+ c.c. (9.8)

Note that the UN−1(t, t′)|ΦN−1
n ⟩ term in Eq.9.8 accounts for the transfer of

population of the ionic states induced by the laser field. We define the time-
dependent transition amplitudes for ionization from an initial ionic state
Φm at time t’, to the Φn state at time t as amn = ⟨ΦN−1

m |UN(t, t′)|ΦN−1
n ⟩.

The explicit form of the amn amplitudes are determined by solving the time
dependent Schrödinger equation

da

dt
= [HN−1

0 +V(t)]a, (9.9)

where HN
0 is the field free Hamiltonian, a is the vector of amn coefficients,

and V = −dmn ·F (t), with −dmn being the dipole coupling between the Φm

and Φn ionic states.
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It is convenient then to decompose the dipole response into

D(t) =
∑
mn

Dmn(t), (9.10)

Dmn(t) = i

∫ t

t0

dt′
∫
dpd∗m(p+ A(t))amn(t, t

′)e−iSn(p,t,t′)F (t′)dn(p+ A(t′))

(9.11)
where

Sn(p, t, t
′) =

1

2

∫ t

t′
[p+ A(τ)]2dτ + Ip,n (9.12)

is the action, with Ip,n being the ionization potential of the ΦN−1
j ionic state.

We also define in Eq.9.11 the ionization and recombination matrix elements
respectively as

dn(p+ A(t)) = ⟨p+ A(t)|d|ΨD
n ⟩, (9.13)

dm(p+ A(t)) = ⟨p+ A(t)⟨ΦN−1
m |d|ΨN

i (r)⟩, (9.14)

where we have introduced the Dyson orbitals ΨD
n = ⟨ΦN−1

n (r)|ΨN
i (r)⟩, which

is the overlap between the wavefunction of the initial neutral state and the
wavefunction of the ionic state. Evaluating the integral over t′ by parts we
obtain∫ t

t0

dt′e−iS(p,t,t′)F(t′)dn(p+ A(t′)) =

∫ t

t0

dt′e−iS(p,t,t′)Υn(p+ A(t′)), (9.15)

Υn(p+ A(t′)) =

[
(p+ A(t′))2

2
+ Ip,n

]
⟨p+ A(t′)|ΨD

n ⟩. (9.16)

Note that Υ is effectively the Fourier transform of the dyson orbitals.
The high harmonic spectra is then finally given by

I(Nω) ∝ (Nω)4|D(Nω)|2, (9.17)

where D(Nω) is the Fourier transform of the dipole response

D(Nω) =

∫
dteiNωtD(t) (9.18)

Eq.9.11 can be written in a rather intuitive form if one uses the sad-
dle point method [70], that allows the factorization of the ionization (aion),
propagation (aprop) and recombination (arec):

Dmn(t) =
∑
j

Dj,mn(t), (9.19)
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with the summation covering each half cycle that contributes to the genera-
tion of the harmonic light, and

Dj,mn(t) = amrec(ps, t)a
mn
prop(ps, t, t

(j)
ion)a

n
ion(ps, t

(j)
ion) (9.20)

with

anion(ps, t
(j)
ion) =

√ 2π

S ′′
t
′(j)
ion ,t

′(j)
ion

e−iS(ps,t
′(j)
ion ,t

(j)
ion)Υn(ps + A(t

(j)
ion)) (9.21)

amn
prop(ps, t, t

(j)
ion) =

[
2π

t− t
(j)
ion

]3/2
e−iS(ps,t,t

′(j)
ion )amn(t, t

(j)
ion) (9.22)

amrec(ps, t) = d∗m(ps + A(t)). (9.23)

t
(j)
ion is the time where ionization starts for each half cycle j, t

′(j)
ion − t

(j)
ion is the

duration of the tunnel ionization, and ps is the momentum of the continuum

electron at t
′(j)
ion . t

(j)
ion, t

′(j)
ion and ps are all obtained from the application of the

saddle point method to Eq.9.11.

9.2 High high harmonic spectroscopy of CO2

The imaging of molecular orbitals via high harmonic generation of aligned
molecules was first theoretically proposed for H+

2 by Lein and co-workers
[242], and later experimentally realized for N2 [90]. By varying the angles
(θ) between the incident IR field and the molecular axis, one could use the
high harmonic spectra to obtain a 3-D image of the dominant target molec-
ular orbitals in the HHG process. Note however that the experiments are
never performed under perfect alignment conditions, thus one typically has
to consider a range of alignment angles ranging from ±20◦.

A series of experiments have pursued this method to visualize the molec-
ular orbitals of CO2 [91, 243, 238, 244, 245]. These experiments found a
characteristic minimum in the HHG spectrum at θ = 0, located between har-
monics 19 and 35, depending on the specific experimental conditions, such as
the intensity of the fundamental laser field driving the HHG process. If the
minimum in the harmonic spectrum was associated with the structure of the
recombination matrix elements, such a large variation of its position (about
20eV) was very surprising. The solution of this puzzle lies in the importance
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of multiple ionization-recombination channels in the HHG spectra. At θ = 0◦

ionization leaving the ion in the ground X2Πg state is suppressed, and it is
necessary to consider also ionization leaving the ion in the B2Σ+

u state (see
Fig.9.1 for a detailed description of the CO+

2 in the equilibrium geometry
considered in our calculation). Smirnova and co-workers have shown that at
θ = 0◦, the low energy part of the harmonic spectrum (from harmonic 17 to
29, depending on the laser intensity) is dominated by the channel opened by
ionization leaving the ion in the X2Πg state [91]. On the other hand, the
high energy part of the spectrum is dominated by the channel opened by
ionization leaving the ion in the B2Σ+

u state. As HHG is a coherent process,
the interference between these channels modulate the harmonic spectrum for
harmonic order from 20 to 30. Indeed, in [91] it was demonstrated that the
minimum observed in the experiments is directly related to the destructive
interference of the HHG channels associated with these two ionic states, and
is directly mapped to a specific time of recombination, where the relative
phase between these channels is ≈ 3π.

Here we present two theoretical calculations of the high harmonic spec-
tra of CO2 for 0 < θ < 50◦. We employ the formalism presented in the
previous section to factorize the HHG process into ionization, propagation
and recombination amplitudes. The two calculations presented here differ
only by the method used in the evaluation of the photorecombination ma-
trix elements: one uses the Eikonal approximation [70], while the other uses
the ab initio UKRmol package. A comparison between the theoretical high
harmonic spectra obtained with both calculations and the experiments of
Levesque et al. [240] demonstrates the importance of using high quality pho-
torecombination matrix elements for modeling the high harmonic spectra of
CO2.

9.2.1 Wavefunctions of CO2 and CO+
2

The first step in our calculations is to determine the wavefunction of the neu-
tral and ionic states involved in the HHG process. A set of molecular orbitals
were constructed from an initial Gaussian basis set (cc-pVTZ) [182] using a
state averaged CASSCF [183, 184] procedure with the quantum chemistry
package MOLPRO [170]. 21 states of the ion and the ground state of the
neutral were included in the averaging. We chose the state averaging to be
predominantly weighted towards the neutral with a small (10%) component
of ionic states to improve the description of the target. The wavefunction
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Figure 9.1: Dyson orbitals for ionization of ground state CO2 leaving the
ion in the ground ( X2Πg), and first three excited states (A2Πu,B

2Σ+
u , and

C2Σ+
g ).

of the neutral and the ionic states were then computed using a CI proce-
dure with 6 electrons frozen in the core orbitals (1-2σg, 1σu) and the other
electrons distributed over the (3-5σg, 2-3σu, 1-2πu, 1πg) valence orbitals.

9.2.2 Ionization

We include in the calculations ionization leaving the ion in the X2Πg, A
2Πu,

B2Σ+
u and C2Σ+

g states of CO+
2 . In Fig.9.1 we show the Dyson orbitals

for each of the ionic states considered, using the neutral and ionic state
wavefunctions computed from the CI procedure detailed in the last section.
As observed in previous experiments and calculations [91, 240], ionization
leaving the ion in the X2Πg state is suppressed along and perpendicular to
the molecular axis. Therefore we expect contributions to the high harmonic
spectra coming from the channels openned by ionization leaving the ion in
the A2Πu state at θ = 90◦, and the B2Σ+

u , C
2Σ+

g states at θ = 0◦. The
ionization amplitude factors are then calculated using Eq.9.21.
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Laser Coupling

Figure 9.2: Direct channels corresponds to the case where the ionic states
at the time of ionization and recombination are the same. Cross channels
corresponds to the case where, due to the laser field, the ionic states are
different at the time of ionization and recombination.

9.2.3 Propagation

In HHG, the strong IR field not only drives the continuum electron, but also
couples different ionic states of CO+

2 . Consequently if ionization leaves the
ion in the state X2Πg, at the time of recombination, the wavefunction of
the residual ion is a linear combination of all coupled states. We evaluate
the population transfer coefficients (amn) by solving the Hamiltonian of the
system, with the laser field included (Eq.9.9). In Fig.9.3 we plot the laser
coupling induced by a field of 1.24×1014W/cm2, (λ = 800nm and θ =30◦) for
the X2Πg X

2Πg, A
2Πu, B

2Σ+
u and C2Σ+

g ionic states. We observe a strong
coupling between the X2Πg-A

2Πu states, and also the B2Σ+
u -C

2Σ+
g states.

We included in the HHG calculations direct (ionization and recombination
occurs with the same residual ion) and cross channels (ionization and recom-
bination occurs with different ions). The propagation amplitude for each of
the channels are then evaluated with Eq.9.22.

9.2.4 Recombination

The scattering wavefunctions are given in terms of a close coupling expansion
that included the 96 lowest energy states of CO+

2 . The ionic states used
in the close coupling expansion were generated with the CI target model
discussed in section 9.2.1. The continuum orbitals used were generated with
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Figure 9.3: Laser coupling induced by a field of 1.24×1014W/cm2, λ = 800nm
and at 30◦ in relation to the molecular axis for ionization leaving the ion in
the X2Πg (top left), A2Πu (top right),B2Σ+

u (bottom left) and C2Σ+
g (bottom

right) states. Time is given in relation to one laser cycle.

a Gaussian basis that spanned energies up to 50eV, and l ≤ 4. The basis set
were optimized for reproducing the wavefunction of the continuum electron
up to a radius of 10 atomic units from the center of mass of the CO2 molecule.
At this radius, the inner region wavefunction was matched to the analytic
asymptotic solutions of the system.

The Eikonal recombination matrix elements were obtained from [246].
These recombination matrix elements are similar to the ones used in [91] and
neglect electronic correlation on the scattering wavefunction of the target.

9.2.5 High harmonic spectra

Using the codes of Smirnova [246], we could put together the ionization,
propagation and recombination matrix elements for each of the direct/cross
channels, and obtain the high harmonic spectra for CO2. The experimental
data have imperfect alignment, which can be modelled by a cos4 θ or cos6 θ
distribution. We averaged the theoretical high harmonic spectra with a cos6 θ
distribution. In Fig.9.4, we show the experimental (first row), and the theo-
retical (second row, using the photorecombination matrix elements obtained
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Figure 9.4: High harmonic spectra measured by Mairesse et. al.(top) [240] for
a field intensity of 2.0×1014W/cm2 (left) 1.8×1014W/cm2 (middle) and 1.3×
1014W/cm2 (right). In the bottom we present the theoretical high harmonic
spectra, which uses the photorecombination matrix elements calculated with
the UKRmol package.
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Figure 9.5: High harmonic spectra measured by Mairesse et. al.(a) for a field
intensity of 1.8 × 1014W/cm2 [240]. In (b) and (c) we show the theoretical
high harmonic spectra. In (b), the photorecombination matrix elements are
calculated with the Eikonal approach, in (c) the photorecombination matrix
elements are calculated with the UKRmol package.
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from the UKRmol package) high harmonic spectra of CO2 for laser intensi-
ties of 2×1014W/cm2 (left), 1.8×1014W/cm2 (middle) and 1.3×1014W/cm2

(right).
All main features observed experimentally are well reproduced by the

calculation that used the recombination matrix elements calculated with the
UKRmol package. On the other hand, the calculations using Eikonal re-
combination matrix elements (Fig.9.5b) exhibit some clear deficiencies: at
harmonic 31 this calculation predicts a dip close to the alignment angle of
0◦, while the experiment shows an island from harmonics 35 to 31; note that
close to the alignment angle of 0◦, Fig.9.5b has a minimum in several low
order harmonics in clear contrast with the experimental data. These results
stress the importance of using high quality recombination matrix elements
in the calculations.

9.3 Observation window in HHG: an example

on He

In [241], Pedatzur et. al. have measured the high harmonic spectra of Helium
with a 2-color field scheme for probing the duration of the tunnel ionization
process. In this experiment, a strong IR pulse induces tunnel ionization of a
bound electron from the atomic target, and drives the free electron back to
the parent ion, leading then to recombination and a subsequent attosecond
burst. The interference between the attosecond burst at consecutive half
cycles results in the emission of exclusively odd harmonics. A perturbative
second harmonic pulse is then used to break the symmetry of the HHG
process: while in a given cycle the tunnel ionization barrier is enhanced,
in the consecutive cycle the barrier is suppressed. Varying the time-delay
(φ) between the two fields, the different tunelling times at consecutive half
cycles can be mapped into the amplitude modulations in the high harmonic
spectra. In [241], Pedatzur et. al. are particularly interested in measuring
complex phase difference (σ) between consecutive half-cycles extracted from
the modulations of the high harmonic spectra. In [241], the measured region
of the high harmonic spectra overlaps with the doubly excited autoionizing
resonances of Helium, which were already discussed in detail in chapter 8.
However, the well known signatures of the autoionizing resonances, which
induces abrupt phase and amplitude changes in the photorecombination of
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Figure 9.6: Complex phase difference (σ) for paths taken by the ionized
electron at two consecutive half cycles, as a function of the delay between
the strong and the perturbative field (φ). In a) and b) we plot the reald and
imaginary parto of σ respectively. In c), we plot the photorecombination cross
sections of Helium. The energy axis of a),b) and c) coincides. Note that not
signatures of the autoionizing resonances from the photorecombination cross
section are observed in σ.

Helium, are not observed in the experimental data (see Fig.9.3). Using the
calculations presented in chapter 8 for He, we investigate here the reason
for the absence of any signature of the autoionizing resonances in the high
harmonic spectra.

9.3.1 Observation window of the high harmonic light

A crucial reason is the time-gating of the XUV emission associated with
the autoionizing resonances. Field-free, these resonances have far longer life-
times then the duration of the XUV emission bursts which make up the
harmonic spectrum. The origin of this temporal gating is the strong driving
laser field, which not only reduces the lifetime of the weakly bound states
by field ionization, but also supresses the contribution of the ’bound’ part
of the auto-ionizing states due to the macroscopic effects of phase matching.
Indeed, long-lived amplitude in the resonance acquires substantial intensity-
dependent-phase, which is mapped onto the phase of the emitted light. Since
the laser intensity is inhomogeneously distributed in the laser focus, large
intensity-dependent phase leads to a spatially inhomogeneous phase-mask,
which, in turn, leads to the strong divergence of the emitted light and sup-
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presses constructive interference of the emission from different molecules in
the forward direction, i.e., phase matching.

What will happen if we introduce a finite observation window into the
emission, i.e. time-gate the emission? The experiment uses 40-fsec IR pulses.
Our numerical simulations of the time-dependent Schrodinger equation show
that high harmonic emission is limited to about 10-15 fsec time window near
the center of the IR pulse. We therefore start with the very conservative
simple analysis, and gate the photorecombination with the time-window of
12 fsec. Mathematically, we perform the convolution of photorecombination
dipoles with the 12 fsec Gaussian window. This leads to the very substantial
broadening of the resonances (compare blue and red curves in Fig.9.7a), vir-
tually eliminating all but one resonance near 61 eV photon energy. However,
such conservative analysis misses a key macroscopic aspect of high harmonic
emission. In the time domain, high harmonic emission corresponds to very
short bursts of XUV light that occur every half period of IR field (see for
example the measurements of S. Haessler et al. [247], where the duration
of such pulses has been measured experimentally for different orientations of
N2 molecule). The typical duration of an emission burst is about 300 asec.
The result is not specific to the N2 molecule, but is general as it has been
shown by Mairesse et al. [248]. Due to phase matching, only the so-called
short trajectories contribute to bright on-axis emission collected in the ex-
periment. Long emission tails associated with long trajectories and multiple
recollisions are strongly filtered out by propagation. This introduces even
shorter observation window into the experiment. With calculations similar
to Figure 2 repeated for 300 asec window, no traces of resonances are left
(see Fig.9.7b).

9.4 Discussion

In this chapter we have applied the photorecombination matrix elements
obtained with the UKRmol package to the investigation of HHG. We first
demonstrated, using HHG from CO2 as an example, the importance of using
accurate photorecombination matrix elements in the HHG model, in order
to accurately reproduce the experimental high harmonic spectra. Later we
showed how the short window of observation of the HHG light results in a
convolution of the recombination matrix elements, thus eliminating a any
signature of the autoionizing resonances in the harmonic spectra. This later
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(a) (b)

Figure 9.7: Photoionization cross section for He atom (blue curve) obtained
by us using the ab-initio R-matrix method shows prominent resonance struc-
ture. Red curve corresponds to finite observation window of 12 fsec (a) and
300 asec (b). Virtually all resonances are eliminated, except for the one near
61 eV photon energy.

results was confirmed in the experiments of Pedatzur et. al. [241] on the
high harmonic interferometry of He. The results presented in this chapter
raises also demonstrates how accurate photorecombination matrix elements
raises the standards of the theoretical description of the HHG process.
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Chapter 10

Conclusions

In this thesis, we have used the multichannel R-Matrix method to calcu-
late single photoionization of polyatomic molecules. The calculations were
performed with the UKRmol package and required the implementation of
the new modules CDENPROP and DIPELM, which extract photoionization
observables from the electron-molecule scattering UKRmol codes.

In chapters 4 and 5 we explained in detail the equation and methods used
in the implementation of CDENPROP and DIPELM. Both modules are now
integrated to the UKRmol+ and Quante-mol-N packages.

We have successfully benchmarked the codes in chapter 6, by comparing
the partial photoionization cross sections, photoelectron angular distribu-
tions, and asymmetry parameters obtained here with several other calcula-
tions and experiments. We have demonstrated that multichannel calculations
that consistently include electronic correlation in both the bound (initial) and
the scattering (final) states are necessary for a high quality description of the
photoionization leaving the ion in certain excited molecular states, such as:
(i) the photoionization from ground CO2 leaving the ion in the C2Σ+

g , and
(ii) photoionization of ground NO2 leaving the ion in the (2)3B1 state. In
case (i) we have shown that static exchange models tend to overestimate the
amplitude of the shape resonances. In case (i), we have also demonstrated
that a better agreement of theory with respect to the experiments can be
obtained by increasing the number of target states included in the close cou-
pling expansion. In case (ii), (2)3B1 is a satellite state in respect to ground
state NO2. Therefore all signal observed in the cross sections comes from low
order electronic configurations that plays a significant contribution in the CI
description of this ionic state.
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In chapter 7 we have explored the capability of the UKRmol+ codes to
calculate the photoionization from the ground and first excited state of NO2

leaving the ion in the (1)1A′ and (1)3A′ states for several nuclear geometries.
These are the first calculations over a large geometry range where electronic
correlation is consistently included not only in the initial bound state, but
also in the final ionic state, allowing us to precisely evaluate the probing
(photoionization) step in TRPES. The photoionization dipoles obtained here
could be in the future coupled to wavepacket propagation codes, in order
to investigate the photoexcitation of NO2 in regions of the reaction coordi-
nates where non-adiabatic couplings either in the neutral or in the final ionic
states becomes non-negligible, thus a CI description of the electronic config-
uration is necessary. Another possibility would be to use the photoionization
dipoles in High Harmonic generation codes, in order to investigate the pho-
toexcitation of NO2 using high harmonic generation as a probing step. We
have shown that observables such as partial photoionization cross sections,
asymmetry parameters and PADs can be used for retrieving the dominant
electronic configurations of the neutral and the ionic states.

In chapter 8 we have explored the effects of a weak static electric field in
photoionization. The module STCFLD and a small adaptation to the propa-
gation step in the outer region of the codes were implemented for the inclusion
of the static field on the UKRmol. STCFLD could be used in the future for
several applications, such as the inclusion of strong static fields to the UKR-
mol package, and also in time-dependent electron-scattering/photoionization
calculations. We tested the codes by evaluating the effect of the field on the
series of autoionizing resonances converging to the first excited states of H+

2

and He+. We show that the static field has a strong effect on the autoion-
izing resonances, inducing a stark shift and eventually a stark splitting of
the resonances. The number of autoionizing resonances investigated could
be increased if extra target states were included to better describe the po-
larization of the target system, a critical factor for near threshold ionization
and electron scattering. In addition to the investigation of the dynamics
of autoionizing resonances, our codes could be used to evaluate the effect
of adiabatic alignment techniques in molecular frame photoelectron angular
distribution experiments. Another interesting future application, would be
also to compute tunnel ionization rates, which would requires static fields
3 orders of magnitude larger than the ones tested in chapter 8. Exterior
complex scaling is a powerful approach, which could be used in the new
developments, in the same fashion as proposed by Ken Taylor [235].
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Finally in chapter 9 we applied our results to high harmonic generation.
We first used the photorecombination matrix elements (time reversal of the
photoionization dipoles) obtained for CO2 at the equilibrium geometry and
coupled it to the codes already previously developed by Smirnova [246] for
generating the high harmonic spectra. An excellent agreement between cal-
culations and experiments is obtained. Later we also analyze the experiments
of Pedatzur et. al. on the high harmonic interferometry of Helium, and con-
cluded that the absence of any signature of the autoionizing resonances in
the harmonic spectra is fully consistent with the short window of observa-
tion of the emitted HHG light. The effect of this time-window is to convolute
the photorecombination matrix elements with a certain spectral window, thus
eliminating narrow autoionizing resonances from the spectra. In addition, we
demonstrated how an accurate calculation of the photorecombination matrix
elements using the R-Matrix methods raises the accuracy standards of the
theoretical description of high harmonic spectroscopy.

In a future work, adaptions to extend the capability of UKRmol+ to
calculate time dependent processes and collisions involving many electrons
in the continuum would allow the investigation of a huge number of different
physical effects such as the Auger effect, sequential ionization, multiphoton
ionization; and it would also make it possible to self consistently calculate
processes such as high harmonic generation (HHG) of polyatomic molecules.
Another interesting branch of development is to extend the codes for using a
B-spline continuum basis set. This would allow the increase of the R-Matrix
box size and consequently enable the calculation of electron scattering and
photoionization of larger polyatomic molecules.
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Appendix A

A.1 Multipole expansion

In this section we derive an explicit expression for the coupling potentials in
Eq.2.71. From the close coupling equations we have that the direct potential
in the asymptotic limit (see Eq. 2.67 and Eq.5.13) is given by

Vii′(r) = ⟨Smi
li
(ΩN+1)Φi|

N∑
p=1

1

rp,N+1

−
Nn∑
k=1

Zk

rk,N+1

|Smi′
li′

(ΩN+1)Φi′⟩′. (A.1)

where Φi is the ith ionic state, Zk is the electronic charge of the kth atom
and the prime indicates that the integration is performed over all electronic
coordinates except rN+1. For convenience, we omit the dependency of the
target states on the electronic coordinates x1, ...,xN .

The Coulomb potential can be decomposed into a basis of Legendre poly-
nomials

1

rii′
=

∞∑
λ=0

rλi
rλ+1
i′

Pλ(cos θ) (A.2)

where cos θ = r̂i · r̂i′ and ri > ri′ . The first and second summation go over
the N bound electrons and the Nn atomic nuclei of the target. Using Eq.A.2
we find that the first summation of Eq.A.1 becomes

⟨Smi
li
(ΩN+1)Φi|

N∑
p=1

1

rp,N+1

|Smi′
li′

(ΩN+1)Φi′⟩ =

∑
λ=0

1

rλ+1

N∑
p=1

⟨Smi
li
(ΩN+1)Φi|Pλ(r̂i · r̂i′)rλp |S

mi′
li′

(ΩN+1)Φi′⟩. (A.3)
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The addition theorem for spherical harmonics allow us to decompose the
Lengendre polynomials into

Pl(r̂i · r̂i′) =
l∑

m=−l

Sm
l (r̂i)S

m
l (r̂i′) (A.4)

Substituting Eq.A.4 in Eq.A.3 and factorizing the integration over the
radial and angular coordinates

⟨Smi
li
(ΩN+1)Φi|

N∑
p=1

1

rp,N+1

|Smi′
li′

(ΩN+1)Φi′⟩ =

∞∑
λ=0

λ∑
m=−λ

4π

2λ+ 1

T λm
ii′

rλ+1
⟨Smi

li
|Sm

λ |Smi′
li′

⟩ (A.5)

with

T λm
ii′ =

N∑
p=1

⟨Φi|Sm
λ |Φi′⟩. (A.6)

Following the same steps that lead to Eq.A.5 for the first summation in
Eq.A.1, the second summation in Eq.A.1 is found to be
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Nn∑
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λ
k (A.7)

Combining Eq.A.5 and Eq.A.7 we have

Vii′(r) =
∞∑
λ=0

αii′λ

rλ+1
(A.8)

where

αii′λ =
λ∑

m=−λ

⟨Smi
li
|Sm

λ |Smi′
li′

⟩ 4π

2λ+ 1

(
T λm
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)
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(A.9)
The term ⟨Smi

li
|Sm

λ |Smi′
li′

⟩, which is simply an integral over three real spherical

harmonics can be computed using the formulas presented in [249].
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Appendix B

B.1 Adaptations to the UKRmol package

For an extensive discussion of the UKRmol codes we refer to [106] and refer-
ences therein. Here we will focus exclusively on the parts of the codes that
needs to be adapted for the inclusion of the static field.

Regarding the inner region, initially we proceed in the usual way and
obtain the field free eigenvectors and eigenvalues with the module SCATCI,
which diagonalizes the N + 1 electron field free Hamiltonian on the close
coupling basis (Eq. 5.3). The new module STCFLD adds a static field of
arbitrary strength to the codes, in the same fashion as described in the last
section. STCFLD builds a super Hamiltonian matrix containing all the sym-
metries affected by the field, using the field free eigenvectors as basis. Con-
sequently, the super-matrix will have the form given in Eq. 8.3, with the
diagonal terms being directly read from SCATCI. The off-diagonal terms are
obtained by first reading the dipoles between the field free scattering wave-
function (calculated by the module CDENPROP), and subsequently multi-
plying them by the static field vector. The super matrix is then diagonalized
with a LAPACK routine and the Stark shifted eigenvectors (Ψ̃st) are then
transformed to the canonical basis.

Concerning the outer region, there are no major modifications, but two
important adaptations: (i) the asymptotic channels of symmetry groups cou-
pled by the field are brought together in the outer region close coupling
expansion; and (ii) the field induced couplings on the asymptotic channels
are included via the module STC-CPL, which simply adds the last term of
Eq. 8.11 to the outer region Hamiltonian.
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B.2 STCFLD organization and input data

The body of the module STCFLD is composed of the following routines:

• READCIP reads the eigenvectors for each of the symmetries involved.

• ADDIAG adds the field free eigenvalues to the super-matrix.

• ADDNDP reads the dipole transition moments calculated by the
module CDENPROP, multiply them by the field strength and finally
place them in their respective positions in the super-matrix.

• QLDIAG is a subroutine taken from SCATCI, which diagonalized
the super-matrix using LAPACK built in functions.

• DGEMM is a LAPACK subroutine used for transforming the eigen-
vectors to the canonical basis.

The input data is given by the namelist DIAG and DIPCPL, which carries
the information regarding the construction of the diagonal and off-diagonal
blocks of super-matrix respectively.

DIAG

• NDGB [2]: Number of symmetries included in the super-matrix.

• DGLU [25]: Logical unit containing the stacked field free eigenvalues
and eigenvectors .

• DICTN [’z’]: direction of the static field (’x,y,z’)

DIPCPL

• TCPL [1]: total number of symmetry pairs coupled by the field.

• ICPL [1,2]: pairs coupled by the static field

• ODLU [24]: logical units containing the transition dipole moments for
each of the pairs given in ICPL.

• LSFIELD [0]: static field strength in atomic units.
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SCATCI (1)

SCATCI (2)

SCATCI (N)

CDENPROP STCFLD

Figure B.1: Chart flow indicating the procedures for obtaining the Stark
scattering wavefunctions.
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[22] Pedersen, S., Bañares, L., and Zewail, A. H. Femtosecond vibrational transitionstate
dynamics in a chemical reaction. The Journal of Chemical Physics, 97(11):8801–
8804, 1992.

[23] Chachisvilis, M. and Zewail, A. H. Femtosecond Dynamics of Pyridine in the Con-
densed Phase: Valence Isomerization by Conical Intersections. The Journal of Phys-
ical Chemistry A, 103(37):7408–7418, 1999.

[24] Katrib, A. et al. Surface electronic structure and isomerization reactions of alkanes
on some transition metal oxides. Surface Science, 377–379:754–758, 1997.

[25] Zhong, D. et al. Femtosecond dynamics of valence-bond isomers of azines: transition
states and conical intersections. Chemical Physics Letters, 298(1–3):129–140, 1998.

[26] Zewail, A. H. Femtochemistry: Recent Progress in Studies of Dynamics and Con-
trol of Reactions and Their Transition States. The Journal of Physical Chemistry,
100(31):12701–12724, 1996.

[27] Leland, B. A. et al. Picosecond fluorescence studies on intramolecular photochemical
electron transfer in porphyrins linked to quinones at two different fixed distances.
The Journal of Physical Chemistry, 89(26):5571–5573, 1985.

[28] Schanze, K. S. et al. Studies of intramolecular electron and energy transfer using
the fac-(diimine)ReI(CO)3 chromophore. Coordination Chemistry Reviews, 122(1–
2):63–89, 1993.

[29] Douhal, A, Kim, S. K., and Zewail, A. H. Femtosecond molecular dynamics of
tautomerization in model base pairs. Nature, 378(6554):260–263, 1995.

168



[30] Zewail, A. H. Femtochemistry: ultrafast dynamics of the chemical bond, volume 1.
World Scientific, 1994.

[31] Zewail, A. H. Femtochemistry: Atomic-scale dynamics of the chemical bond. The
Journal of Physical Chemistry A, 104(24):5660–5694, 2000.

[32] Hannaford, P. Femtosecond laser spectroscopy. Springer Science & Business Media,
2005.

[33] Smith, J. M., Lakshminarayan, C., and Knee, J. L. Picosecond measurements of
vibrational dynamics using pump–probe laser photoelectron spectroscopy. The Jour-
nal of Chemical Physics, 93(6):4475–4476, 1990.

[34] Stolow, A. and Underwood, J. G. Time-resolved photoelectron spectroscopy of nona-
diabatic dynamics in polyatomic molecules. Advances in chemical physics, 139:497,
2008.

[35] Nisoli, M. et al. Highly efficient parametric conversion of femtosecond Ti: sapphire
laser pulses at 1 kHz. Optics letters, 19(23):1973–1975, 1994.

[36] Wilhelm, T, Piel, J, and Riedle, E. Sub-20-fs pulses tunable across the visible
from a blue-pumped single-pass noncollinear parametric converter. Optics letters,
22(19):1494–1496, 1997.

[37] Glownia, J. M. et al. Time-resolved pump-probe experiments at the LCLS. Opt.
Express, 18(17):17620–17630, 2010.

[38] De Ninno, G. et al. Chirped Seeded Free-Electron Lasers: Self-Standing
Light Sources for Two-Color Pump-Probe Experiments. Physical Review Letters,
110:064801, 2013.

[39] Jiang, Y. H. et al. Temporal coherence effects in multiple ionization of N2 via XUV
pump-probe autocorrelation. Physical Review A, 82:041403, 2010.

[40] Allaria E. et al. Two-colour pumpprobe experiments with a twin-pulse-seed extreme
ultraviolet free-electron laser. Nature Communications, 4, 2013.

[41] Arbeiter, M. and Fennel, T. Rare-gas clusters in intense VUV, XUV and soft
x-ray pulses: signatures of the transition from nanoplasma-driven cluster expan-
sion to Coulomb explosion in ion and electron spectra. New Journal of Physics,
13(5):053022, 2011.

[42] Jurek, Z., Oszlanyi, G., and Faigel, G. Imaging atom clusters by hard X-ray free-
electron lasers. EPL (Europhysics Letters), 65(4):491, 2004.

[43] Thomas, H. et al. Explosions of Xenon Clusters in Ultraintense Femtosecond X-Ray
Pulses from the LCLS Free Electron Laser. Physical Review Letters, 108:133401,
2012.

[44] Landers, A. et al. Photoelectron Diffraction Mapping: Molecules Illuminated from
Within. Physical Review Letters, 87:013002, 2001.

169



[45] Boll, R. et al. Femtosecond photoelectron diffraction on laser-aligned molecules: To-
wards time-resolved imaging of molecular structure. Physical Review A, 88:061402,
2013.

[46] Rolles, D. et al. Femtosecond x-ray photoelectron diffraction on gas-phase dibro-
mobenzene molecules. Journal of Physics B: Atomic, Molecular and Optical Physics,
47(12):124035, 2014.

[47] Sorokin, A. A. et al. Multi-photon ionization of molecular nitrogen by femtosecond
soft x-ray FEL pulses. Journal of Physics B: Atomic, Molecular and Optical Physics,
39(14):L299, 2006.

[48] Sato, T. et al. Dissociative two-photon ionization of N2 in extreme ultraviolet by
intense self-amplified spontaneous emission free electron laser light. Applied Physics
Letters, 92(15):–, 2008.

[49] Jiang, Y. H. et al. Few-Photon Multiple Ionization of N2 by Extreme Ultraviolet
Free-Electron Laser Radiation. Physical Review Letters, 102:123002, 2009.

[50] Jiang, Y. H. et al. EUV-photon-induced multiple ionization and fragmentation
dynamics: from atoms to molecules. Journal of Physics B: Atomic, Molecular and
Optical Physics, 42(13):134012, 2009.

[51] Jiang, Y. H. et al. Tracing direct and sequential two-photon double ionization of
D2 in femtosecond extreme-ultraviolet laser pulses. Physical Review A, 81:021401,
2010.

[52] Pedersen, H. B. et al. Crossed Beam Photodissociation Imaging of HeH+ with
Vacuum Ultraviolet Free-Electron Laser Pulses. Physical Review Letters, 98:223202,
2007.

[53] Pedersen, H. B. et al. Neutral and charged photofragment coincidence imaging with
soft x rays on molecular ion beams: Breakup of H3O

+ at 13.5 nm. Physical Review
A, 80:012707, 2009.

[54] Lammich, L. et al. Fragmentation Pathways of H+(H2O)2 after Extreme Ultraviolet
Photoionization. Physical Review Letters, 105:253003, 2010.

[55] Chapman H. N. et al. Femtosecond X-ray protein nanocrystallography. Nature,
470(7332):73–77, 2011.

[56] Neutze, R. et al. Potential for biomolecular imaging with femtosecond X-ray pulses.
Nature, 406(6797):752–757, 2000.

[57] Buth, C. et al. High-order harmonic generation enhanced by XUV light. Optics
letters, 36(17):3530–3532, 2011.

[58] Leeuwenburgh, J. et al. High-Order Harmonic Generation Spectroscopy of
Correlation-Driven Electron Hole Dynamics. Physical Review Letters, 111:123002,
2013.

[59] Bauer, M. et al. Direct observation of surface chemistry using ultrafast soft-X-ray
pulses. Physical Review Letters, 87(2):025501, 2001.

170



[60] Sorensen, S. L. et al. Femtosecond pump–probe photoelectron spectroscopy of
predissociative Rydberg states in acetylene. The Journal of Chemical Physics,
112(18):8038–8042, 2000.

[61] Nugent-Glandorf, L. et al. Ultrafast time-resolved soft x-ray photoelectron spec-
troscopy of dissociating Br2. Physical Review Letters, 87(19):193002, 2001.

[62] Wernet, P. et al. Real-time evolution of the valence electronic structure in a disso-
ciating molecule. Physical Review Letters, 103(1):013001, 2009.
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