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Abstract

In this work, the theoretical outline for a new experimental protocol is presented. This
protocol allows for the direct measurement of coherence-transfer effects (among others;
collectively referred to as nonsecular processes) caused by phonon-interaction. The pro-
tocol relies on multidimensional spectroscopy. Within the density matrix formalism, the
nonlinear optical signal subject to multiple ultrashort laser pulses is derived.
It is shown how certain relaxation channels for densities (secular processes) are pre-

vented by special excitation patterns, which comprises the main idea of the protocol.
By forcing a system into a permanent coherence between different states, secular pro-
cesses will not appear in the spectra. This allows for the direct observation of nonsecular
effects.
The protocol is applied to a model system of a CdSe quantum dot in a ZnS nanorod.

The electronic and phononic structure of the model system is computed. This allows
for explicit calculation of the optical and phonon coupling elements of the quantum
dot. The relaxation dynamics in the quantum dot are derived within a Markovian and
non-Markovian theory.
For the detection of nonsecular processes, a higher order light-matter interaction is uti-

lized, enabling detection between dipole-allowed and dipole-forbidden transitions. The
realization of the necessary pulse sequence demands for a new way of excitation of these
states. The independent excitation of dipole-allowed and dipole-forbidden transitions in
the quantum dot is demonstrated with help of the plasmonic dolmen structure.
The resulting spectra of the detection protocol are simulated and interpreted. Devia-

tions through possible errors are discussed, and their influence on the spectra is shown.
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Zusammenfassung

In der vorliegenden Arbeit wird der theoretische Rahmen für ein experimentelles Pro-
tokoll präsentiert. Dieses Protokoll erlaubt eine direkte Messung von durch Phononen-
wechselwirkung verursachten Kohärenztransfereffekten (unter anderem; kollektiv als nicht-
säkulare Prozesse bezeichnet). Das Protokoll basiert auf multidimensionaler Spektros-
kopie. Im Dichtematrixformalismus wird das durch mehrere ultrakurze Lichtpulse her-
vorgerufene nichtlineare optische Signal hergeleitet.

Es wird gezeigt, wie bestimmte Relaxationskanäle von Dichten (säkulare Prozesse)
durch spezielle Anregungsmuster blockiert werden. Dies ist die Hauptidee des Protokolls.
Indem das System in eine permanente Kohärenz zwischen unterschiedlichen Zuständen
gezwungen wird, erscheinen säkulare Prozesse nicht in den Spektren. Das erlaubt eine
direkte Beobachtung von nichtsäkularen Effekten.
Das Protokoll wird auf ein Modellsystem aus einem CdSe Quantenpunkt und ein ZnS

Nanostab angewendet. Die elektronische und phononische Struktur des Modellsystems
wird berechnet. Daraus werden die optischen und Phononen-Kopplungselemente des
Quantenpunkts ermittelt. Die Relaxationsdynamik im Quantenpunkt wird innerhalb
einer Markovschen und Nichtmarkovschen Theorie hergeleitet.
Für den Nachweis von nichtsäkularen Prozessen wird eine Licht-Materie Wechsel-

wirkung höherer Ordnung verwendet, welche eine Detektion von Dipol-erlaubten und
Dipol-verbotenen Übergängen erlaubt. Die Realisierung der benötigten Pulssequenz
erfordert eine neue Art der Anregung der Zustände. Die unabhängige Anregung von
Dipol-erlaubten und Dipol-verbotenen Übergängen im Quantenpunkt wird anhand einer
plasmonischen Dolmenstruktur demonstriert.
Die resultierenden Spektren des Detektionsprotokolls werden simuliert und interpretiert.

Abweichungen durch mögliche Fehler werden diskutiert, und ihr Einfluß auf die Spektren
gezeigt.
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1. Introduction

Open quantum systems become an increasingly relevant topic in current research. The
large scientific interest is rooted in the fact that virtually all experimental and technical
realizations are open systems [1]. These systems are coupled to an environment with
many degrees of freedom, and, opposed to closed quantum-mechanical systems, con-
stantly exchange energy with it. Consequently, the total energy in the system is not
conserved, leading to new and interesting phenomena like dissipation, decoherence and
memory effects [1].

The exact theoretical description of open quantum systems becomes increasingly com-
plicated with larger environments [1]. However, an exact treatment of the environmental
phase space is not necessary, is one only concerned with the degrees of freedom of the
small system of interest. Thus, many theories and approximations arose.

One of these approximations is the main concern in this thesis: the secular approxi-
mation. The idea of the secular approximation is the separation of fast system dynamics
from dynamics caused by the coupling to the environment [1, 2, 3]. In its range of valid-
ity, the secular approximation leads to a decoupling of the equations of motion (EOM),
and therefore to a reduction of computational effort.

Due to the decoupling, however, it cannot describe a variety of phenomena: It be-
comes unsuitable in the description of coherence-transfer effects, proven to be relevant
in semiconductor systems [4] and biomolecules [5, 6]. Furthermore, it was shown that
applying the secular approximation can also reduce non-Markovianity [7, 8], does not
capture the effects of entanglement dynamics [2, 9] and breaks conservation laws in spe-
cial cases [10]. It was also shown to make false or unphysical predictions in various other
contexts [11, 12, 13, 14, 15]. This is particular of concern due to an often implicit and
indiscriminate application of the secular approximation.

All these effects can only be described by the processes neglected in the secular approx-
imation, which are called nonsecular processes. It is difficult to experimentally test the
validity of the secular approximation, since nonsecular processes are not directly accessi-
ble. Systematic theoretical investigations concerning the validity of this approximation
were also rare [2, 16, 17].

In this thesis, we will present a way of directly measuring nonsecular processes. There-
fore, we provide the theoretical framework for an experimental protocol. The protocol
is formulated in a general fashion and does not make any assumptions about the under-
lying relaxation and excitation mechanisms. Thus it can be applied to a broad range of
systems. The protocol opens the possibility to discriminate between specific nonsecular
processes, measure the underlying coupling strengths in the system; and can eventually
study their importance in comparison with secular processes. Consequently, one can
give direct experimental proof whether a system is in the secular or nonsecular regime.
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1. Introduction

However, the protocol has an important limitation: It is restricted to detection of
nonsecular processes between different excited state manifolds. The excited state mani-
folds have to exhibit disjoint optical selection rules, and have to be excited selectively1.
Examples of selective excitations include dipole-allowed versus quadrupole-allowed tran-
sitions, magnetic versus nonmagnetic transitions [18], spin-selective transitions (through
circular polarization), and heavy-hole versus light-hole transitions [19].

The protocol relies on ultrashort multidimensional coherent spectroscopy [20, 21, 22,
23, 24, 25, 26]. Multiple (femtosecond) light pulses interact with the system. Mea-
suring the signal for different time-delays and subsequent Fourier-transform provides a
two-dimensional spectrum. It gives information about couplings between states [27, 28,
29, 30, 31, 32, 33] and biexciton structure [34, 35] beyond others. To detect nonsecu-
lar relaxation with a multidimensional setup, we propose a particular pulse sequence,
which forces the system into a permanent coherence between different excited state
manifolds. The subsequent measurement filters out secular processes, and only nonsec-
ular processes survive. We will present the protocol with two different measurement
techniques: through heterodyne detection [24, 23, 25] and photoemission electron mi-
croscopy (PEEM) [36, 37, 38].

We will apply this detection protocol for measurement of nonsecular relaxation be-
tween a dipole-allowed and quadrupole-allowed excited-state manifold in a quantum
dot (QD). To accomplish this, we are also going to present a way for selective excita-
tion of dipole-allowed and quadrupole-allowed transitions using nanoplasmonics. Plas-
monics exploits resonances of metallic nanostructures to excite localized surface plas-
mons [39, 40, 41, 42, 43]. They create large electric fields and field gradients [44] around
the metallic nanostructure. The novelty of the plasmonic structure presented here is the
possibility for selective excitation, and the ease of switching between different transitions.

The detection protocol will be tested on a model system. We chose a spherical CdSe
quantum dot embedded in a ZnS nanorod (NR). These materials are well-understood
theoretically and easy to fabricate [45, 46]. However, strong nonsecular processes are
not expected in the system, which makes it a good example to prove the strength of the
protocol.

For ease of discussion, the relaxation in the system will be treated by a simple Marko-
vian theory [47]. However, in more elaborate relaxation theories2, nonsecular processes
are expected to play a more significant role.

The thesis is structured as follows. In ch. 2, we present the fundamentals of open
quantum systems, and derive the equations of motion for the density matrix. Further-
more, we give an introduction into relaxation theories and master equations in various
degrees of approximation. In this chapter, we will also have a detailed look into the secu-
lar approximation. In ch. 3, we will draw the connection to spectroscopy. Therefore, we
will derive the light-matter interaction and nonlinear spectroscopic signals. The basic

1With selective excitation, we describe the ability to address each excited state manifold individually
through an optical transition. Furthermore, there has to be a way of switching between different
optical transitions.

2like partial-ordering prescription (POP) and chronological ordering prescription (COP) [48, 49, 50, 51],
TCL [52, 53, 54], hierarchy equations [55, 56] and other quantum kinetic equations [57, 58]
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principles of 2d-spectroscopy will also be discussed. In ch. 4, we present the detection
protocol and explain its principle. In ch. 5, the model system will be introduced. We
show how to compute all relevant microscopic quantities like the electronic structure, the
light-matter coupling and phonon coupling. We will also present the plasmonic struc-
ture used for selective dipole-allowed and quadrupole-allowed excitation. Eventually, the
relaxation dynamics in the model system are also simulated. In ch. 4, we finally present
the 2d-spectra of the detection protocol applied to the model system. There, we will
discuss features appearing in the spectra, their origin, and possible errors.
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2. Open Quantum Systems

In most practical applications of quantum mechanics, the system of interest is not per-
fectly isolated. The surroundings of the system are called the environment, which has
many degrees of freedom. Through coupling to the environment the system will dissi-
pate energy, its coherent time evolution gets disturbed, and potentially non-Markovian
effects are introduced1.

If we assume the environment to be infinitely large, meaning, it has infinitely many
(continuous) degrees of freedom (DoF), we call it a reservoir. Furthermore, when we
assume that the system is very small, so that the (thermal) equilibrium state of the
reservoir is never changed through interaction with the system, we call it a bath.

In general, a full quantum-mechanical description of the system and its environment
is unfeasible [1] and unnecessary. Typically, one is not interested in the knowledge of
the whole phase space of the environment variables, but rather studies only their effect
on the system variables. For a bath with infinite degrees of freedom, the solution to this
task is almost impossible (with very few counterexamples, like the independent boson
model [59]).

We are interested in the time evolution of the system (described by the system density
matrix ρS) coupled to a bath (with bath density matrix ρB). Studying the total density
matrix ρ, its time dynamics would appear Markovian and can be described by a unitary
time evolution [1]. However, by looking only at a fraction of ρ, many processes remain
unobserved and the time evolution appears non-Markovian and non-unitary [1].

To efficiently describe the system but also capture the effects of the environment, new
approximation schemes had to be developed. The goal of this chapter is the presentation
of fundamental concepts and adapting them to the problem at hand.

Therefore, we will first give an introduction into density matrices and Liouville-spaces
in the next section. This section is meant as a revision of basic knowledge about density
matrices, which can also be read up in standard textbooks [1, 25], and is primarily meant
to familiarize the reader with the notation throughout this thesis.

2.1. Density Matrix

2.1.1. General Properties of Density Matrices

In quantum mechanics of closed systems, it is often sufficient to describe its state by
the vector |ψ(t)⟩, symbolizing a pure state. In open systems, it is generally not clear to
the observer, whether the system is in a pure state or a statistical mixture of states (for

1i.e. the bath has a memory of the systems past and interacts accordingly different
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2. Open Quantum Systems

example a thermal state). The description by state vectors is not sufficient anymore.
A generalization of the state vector, allowing for mixed states, is the density matrix
ρ = |ψ⟩⟨ψ|. We can expand the state vectors in eigenstates |i⟩ of the system Hamiltonian:

ρ =

ij

ρij |i⟩⟨j| , (2.1)

with the transition probability |ρij |2 (i ̸= j) between the states |j⟩ and |i⟩, and the
probability of occupation |ρii|2. Some basic properties of the density matrix include

ρ = ρ†,

ρ ≥ 0,

tr

ρ2

≤ tr {ρ} = 1.

In the last line, equality holds only for pure states. The expectation value of an opera-
tor A is then given by

⟨A⟩ = tr {ρA} = tr {Aρ} , (2.2)

where we used the invariance of the trace under cyclic permutation of operators.

2.1.2. Composite Hilbert Spaces and Partial Traces

We are eventually interested in measurable properties of the system, i.e. expectation
values of system operators. According to eq. (2.2), one has to take the trace over all
system and bath variables. To reduce the amount of information needed for obtaining
the expectation value, it is favorable to separate the Hilbert space H, describing the
total density matrix, into the bath HB and the system HS ; and to trace over both
Hilbert spaces individually. The total Hilbert space is given by the tensor product of
the individual Hilbert spaces H = HS ⊗ HB [1]. Thus, an operator AS acting in HS

can also be written as A = AS ⊗ IB, where both operators only act in their respective
subspace. IB is the identity operator. One can write the expectation value (2.2) as

⟨A⟩ = ⟨AS ⊗ IB⟩ = tr {(AS ⊗ IB)ρ} = trS {ASρS} = ⟨AS⟩S .

In above equation, we introduced the partial trace trX {·} over the Hilbert space HX ,
and the reduced density matrices as ρS = trB {ρ}. In other words, to obtain information
about the system, one only needs to know the reduced density matrix of the system ρS .
The main concern of all theories for open quantum systems is determining ρS .
In the context of partial traces, we would like to introduce two more operators, which

allow for an elegant treatment of the theory. The first one is the projection operator
onto the relevant system,

Pρ(t) = trB {ρ(t)} ⊗ ρB(t0) = ρS(t)⊗ ρB(t0).

The density matrix Pρ is sometimes also called the relevant density matrix, since it
contains the density matrix elements for computing (for us) relevant expectation values.
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2.1. Density Matrix

The density matrix remains in the full Hilbert space H, but the bath density matrix is
projected on a (freely chosen) reference state ρB(t0). In practice, this will be chosen as
the thermal equilibrium state. As the notation by a tensor product already suggests,
correlations between system and bath get lost through this operation. Similarly, we
define the projector onto the irrelevant part, which is simply given by Q = I − P.
The irrelevant part still contains all correlations. The projection operators have the
properties

P2 = P
Q2 = Q
PQ = QP = 0.

We can now express the expectation values in terms of these projection operators. For
an operator AS acting in the relevant space HS , we can write

⟨AS⟩ = tr {ASρ} = trS {trB {ASρ}} = trS {trB {AStrB {ρ} ⊗ ρB}} = tr {ASPρ} .

2.1.3. Liouville Space

The Hilbert space is a vector space spanned by the wavevectors |ψ⟩, which can be
manipulated through linear operators. Having mentioned the inability of describing
open quantum systems with pure states, one would like to treat the density matrix in an
analogous framework. Since the density matrix itself is already an operator, one needs
a construct acting linearly on operators. This brings us to the concept of the Liouville
space [1, 25]. One can find a isomorphic mapping, which assigns the matrix elements of
an operator A in Hilbert space to a vector element |A⟩⟩ in Liouville space. While this
can be easily done for finite and countably infinite Hilbert spaces, this is not trivial for
uncountably infinite Hilbert spaces [60].

Furthermore, one can define linear operators, i.e. matrices, acting on these vectors.
These constructs will be called super-operators or Liouville operators. In other words,
a Liouville operator acts on operators and gives another operator. We already got to
know two Liouville operators from the previous section, the projectors P andQ. Liouville
operators can be written in Hilbert space as a four-dimensional tensor. We will denote
them throughout the thesis by curved letters.

Through the introduction of the Liouville space, the notion of state vectors in Hilbert
space becomes obsolete, since they can be more generally expressed by a density matrix.
Through the mapping between Hilbert and Liouville space, time evolution, interaction
picture and propagators can be analogously defined in Liouville space. For operators in
some eigenspace of the system Hamiltonian, we define their Liouville space equivalent

17



2. Open Quantum Systems

as

|i⟩⟨j| → |ij⟩⟩ = ⟨⟨ji|, (2.3)

A→ |A⟩⟩ =

ij

Aij |ij⟩⟩, (2.4)

A† → ⟨⟨A| =

ij

A∗ij⟨⟨ij|. (2.5)

We still characterize Liouville state vectors by two summation indices to ease the change
between Hilbert and Liouville space. One can also define a scalar product in Liouville
space:

⟨⟨A|B⟩⟩ = tr

A†B


=


ij

A∗ijBij ,

⟨⟨ij|A⟩⟩ = Aij , ⟨⟨A|ij⟩⟩ = A∗ij .

(2.6)

The spectral decomposition of Liouville operators can be written as

A =

ijkl

|ij⟩⟩Aij,kl⟨⟨kl|,

Aij,kl = ⟨⟨ij|A|kl⟩⟩.

In Hilbert space, a Liouville operator on its own has no reasonable definition, therefore
the spectral decomposition has to be written as

A |k⟩⟨l| =

ij

Aij,kl |i⟩⟨j| .

We also like to introduce a special Liouville operator playing an important role in later
chapters: the commutator L := [L, ·] for any operator L. The dot is a placeholder for
other operators. Its matrix element is given by

Lij,kl = ⟨⟨ij|L|kl⟩⟩ = Likδjl − L∗jlδik. (2.7)

The hermitian conjugate of Liouville operators is given by

(L†)ij,kl = L∗kl,ij .

2.1.4. Time-Evolution

The time evolution of the density matrix in the Schrödinger picture is given by the
von-Neumann equation:

∂tρ̂(t) = − i

ℏ
[Ĥ(t), ρ̂(t)] = L̂(t)ρ̂(t).

In analogy to the previous section, we define the commutator of this equation of motion
as the Liouville operator L̂(t) = −i/ℏ[Ĥ(t), ·]. Through this definition, L̂ becomes
antihermitian: L̂† = −L̂.
From this section on, we distinguish between operators in Schrödinger picture (with

hat) and the interaction picture (without hat). The interaction picture will be introduced
in the following.
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2.2. Equations of Motion in Open Quantum Systems

Interaction Picture

A crucial concept with regard to time evolution is the interaction picture. Often, a
problem can be split into a simple system with a well-known analytical solution and an
additional small perturbation.
The corresponding EOM will be transformed into a rotating frame with respect to

the simple system. Given, the transformation is done in the eigenspace of the simple
system, the density matrix gets only an additional phase factor. The advantage of this
approach is a higher numerical stability while solving only the perturbative system.
Since the perturbation is assumed to be small, the energies involved will be small, thus
the solution oscillates slowly in comparison to the full system.
In general, the transformation between two quantum-mechanical pictures goes as fol-

lows. The total Hamiltonian is given by Ĥ = ĤX + ĤY with respective Liouvillian
L̂ = L̂X + L̂Y . The solution to the problem ĤX is given by a unitary time evolution:

∂tρ̂(t) = L̂X ρ̂(t),

ρ̂(t) = ÛX(t, t0)ρ̂(t0),
(2.8)

with the propagator UX(t, t0) in Liouville space. The time t0 is an arbitrary time in the
past, where both pictures coincide. In the rotating frame with respect to ĤX , the time
evolution is now given by

∂tρ(t) = LY (t)ρ(t), (2.9)

with the transformation rules between the hatted and unhatted (transformed) quantities

ρ(t) = U†X(t, t0)ρ̂(t),

LY (t) = U†X(t, t0)L̂Y UX(t, t0).

The Liouville operator UX ≡ ÛX remains unchanged by the transformation. The ex-
pectation value of observables is also unchanged by the transformation into interaction
picture, since

⟨Â⟩ = ⟨⟨Â†|ρ̂(t)⟩⟩ = ⟨⟨UXA
†(t)|UX |ρ(t)⟩⟩ = ⟨⟨A†(t)|

=I  
U†XUX |ρ(t)⟩⟩ = ⟨A⟩.

The unitarity of Liouville operators used in the last equality can be easily proven by
transformation into Hilbert space.

2.2. Equations of Motion in Open Quantum Systems

In the previous section, we clarified basic concepts in context with density matrices and
open quantum systems. Our main goal in this section is the application of perturbative
approximation schemes to the density matrix of a system in contact with a bath. We
start with a Hamiltonian of the following kind:

Ĥ = ĤS,0 + ĤB,0 + Ĥe−L + ĤSB. (2.10)
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2. Open Quantum Systems

In principle, all contributions to Ĥ may be time dependent. The Hamiltonian is par-
titioned as follows. ĤS,0 and Ĥe−L are only acting on system DoF and ĤB,0 only on

bath DoF. We will often abbreviate the unperturbed system by Ĥ0 = ĤS,0 + ĤB,0. The

coupling between system and bath is given by ĤSB. We consider ĤSB and Ĥe−L as
small perturbations. The Liouvillians are equally partitioned:

L̂ = L̂S,0 + L̂B,0 + L̂e−L + L̂SB.

We are only interested in expectation values of the system DoF, so we just need the
time evolution of P ρ̂(t) = ρ̂S(t) ⊗ ρ̂B(t0). We already have the extension to nonlinear
spectroscopy in mind, which leads us to the following course of action. We develop a
perturbative expansion in terms of L̂e−L, later identified by the light-matter interaction.
The perturbation through the system-bath coupling L̂SB shall be treated separately and
will ultimately be included through an abstract Green function. This allows flexibility
in the choice of relaxation theories later on.

By convention, the hatted quantities are formulated in the Schrödinger picture, whereas
unhatted quantities are in the interaction picture with respect to Ĥ0.

2.2.1. Interaction Picture

First, we reformulate the problem in the interaction picture with respect to Ĥ0. The
spectrum of Ĥ0 is assumed to be known. We obtain through eq. (2.8)

ρ̂(t) = Û0(t, t0)ρ(t),

∂tÛ0(t, t0) = (L̂S,0 + L̂B,0)Û0(t, t0) = L̂0Û0(t, t0).
(2.11)

Due to Û0(t0, t0) = I (where I is the identity in Liouville space), the initial state is
ρ̂(t0) = ρ(t0). From eq. (2.9), we obtain the EOM for ρ(t) in interaction picture:

∂tρ(t) = (Le−L(t) + LSB(t))ρ(t). (2.12)

To obtain the solution to eq. (2.11), we first integrate the second equation and use
Û0(t0, t0) = I:

Û0(t, t0) = I +

t
t0

L̂0(t
′)Û0(t

′, t0) dt
′.

Recursive insertion leads to the Dyson equation for the propagator, which can be formally
written as an exponential:

Û0(t, t0) = I +

∞
n=1

t
t0

dt′n

t′n
t0

dt′n−1 . . .

t′2
t0

dt′1 L̂0(t
′
n)L̂0(t

′
n−1) . . . L̂0(t

′
1) =: T←e

 t
t0
L̂0(t′) dt′ .

(2.13)
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2.2. Equations of Motion in Open Quantum Systems

The missing factor 1/n! gets compensated through the chronological time-ordering op-
erator

T←A(t2)B(t1) =


A(t2)B(t1), t2 > t1

B(t1)A(t2), t1 > t2
.

From the antihermiticity of L̂†0 = −L̂0 and eq. (2.13), one can easily see

Û†0(t, t0) = Û0(t0, t). (2.14)

Furthermore, the propagator obeys Û0(t, t1)Û0(t1, t0) = Û0(t, t0).

In the following, we assume Ĥ0 to be time-independent. Eq. (2.13) simplifies to

Û0(t, t0) = Û0(t− t0) = eL̂0 (t−t0).

Since ĤS,0 acts only on the system DoF and ĤB,0 on the bath DoF, we have [ĤS,0, ĤB,0] =
0. Thus, we can also write

Û0(t− t0) = ÛS,0(t− t0)ÛB,0(t− t0),

ÛS,0(t− t0) = eL̂S,0 (t−t0),

ÛB,0(t− t0) = eL̂B,0 (t−t0).

2.2.2. Disentanglement

We already mentioned that it is preferable to separate the EOM of the system-bath cou-
pling, so we can describe this problem separately from the perturbationHe−L. Therefore,
we start with the EOM (2.12) and go into the rotating frame with respect to HSB (we
should not forget, that this EOM is already formulated in the rotating frame with respect
to Ĥ0).

We use this only as a formal trick and just reside briefly in this rotating frame. The
density matrix in this frame is denoted by ρ̃(t). Analogously to the previous section, we
can write

ρ(t) = USB(t, t0)ρ̃(t), (2.15)

∂tUSB(t, t0) = LSB(t)USB(t, t0). (2.16)

We solve the EOM ∂tρ̃(t) = U†SB(t, t0)Le−L(t)USB(t, t0)ρ̃(t) [cf. eq. (2.8)] again formally
through a Dyson series. The result will be right away inserted back into Eq. (2.15):

ρ(t) = USB(t, t0)T←e
 t
t0
USB(t0,t′)Le−L(t

′)USB(t′,t0) dt′ρ(t0), (2.17)

where we used the property U†(t, t0) = U(t0, t) and ρ̃(t0) = ρ(t0). As one can see now,
the two perturbations LSB and Le−L became “disentangled” from each other. This is
an application of the Feynman disentanglement theorem [61]. A perturbative expansion
can now be applied to (2.17) without prior knowledge of USB.
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2. Open Quantum Systems

Furthermore, we obtained an EOM solely for the system-bath coupling through eq. (2.16).
This can be reformulated for an auxiliary density matrix ρSB:

ρSB(t) = USB(t, t
′
0)ρSB(t

′
0), (2.18)

∂tρSB(t) = LSB(t)ρSB(t). (2.19)

It is worth noting that the initial time t′0 is an arbitrary time and should not be confused
with t0. It appears as t

′
n in the time integral of the Dyson series (2.17). Therefore ρSB(t

′
0)

does not represent an uncorrelated (factorized) system-bath state.

2.2.3. Interaction Expansion of Le−L

Our goal is the derivation of a spectroscopic signal of order n in the light-matter in-
teraction Le−L. Therefore, we expand eq. (2.17) in orders of Le−L. We assume that
system and bath are initially uncorrelated, so that the initial system-bath state factor-
izes: Qρ̂(t0) = 0 and Pρ(t0) = P ρ̂(t0) = ρ̂(t0) = ρ̂S(t0)⊗ ρ̂B(t0) [1]. In practice, this is
a reasonable assumption when the system is initially in the ground state. We are only
interested in the time evolution of the relevant part Pρ(t) of the density matrix (2.17):

Pρ(t) = PUSB(t, t0)T←e
 t
t0
USB(t0,t′)Le−L(t

′)(P+Q)USB(t′,t0) dt′Pρ(t0),

where we inserted I = (P +Q). So far we have not made any approximation but rather
made some reasonable assumptions about the system. We write out the Dyson series
again:

Pρ(t) = Pρ(t0) +
∞
n=1

Pρ(n)(t),

with

Pρ(n)(t) =
t

t0

dt′n

t′n
t0

dt′n−1 . . .

t′2
t0

dt′1PUSB(t, t
′
n)(P +Q)Le−L(t

′
n) . . .

× USB(t
′
2, t
′
1)(P +Q)Le−L(t

′
1)USB(t

′
1, t0)Pρ(t0).

We now make the first approximation by forcing the system into the reference bath
state ρB(t0) upon interaction with every Le−L. This implies that excitations in the bath
through the system are reset; and more crucial, all correlations between system and bath
will be neglected during interaction with Le−L. In practice, this is accomplished through
omitting all Q:

Pρ(n)(t) ≈
t

t0

dt′n

t′n
t0

dt′n−1 . . .

t′2
t0

dt′1PUSB(t, t
′
n)PLe−L(t

′
n) . . .

× USB(t
′
2, t
′
1)PLe−L(t

′
1)USB(t

′
1, t0)Pρ(t0). (2.20)
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2.2. Equations of Motion in Open Quantum Systems

This approximation can be circumvented through the introduction of hidden dimen-
sions [62], which complicates the analysis dramatically.
Since Le−L only acts in HS , we can equally write

PLe−L(t
′
n)USB(t

′
n, t
′
n−1)P = PLe−L(t

′
n)PUSB(t

′
n, t
′
n−1)P

in eq. (2.20). Thus, instead solving for USB, we now only have to compute PUSBP. The
EOM for the system-bath coupling (2.18) becomes

PρSB(t) = PUSB(t, t
′
0)PρSB(t′0), (2.21)

∂tρSB(t) = LSB(t)ρSB(t). (2.22)

The omission of system-bath correlations implies for the system-bath coupling dynamics
a factorization of initial conditions at every t′0 ≡ t′n; in other words ρSB(t

′
0) = PρSB(t′0).

2.2.4. System-Bath Interaction

With eq. (2.20), we obtained an expansion in the light-matter interaction, later used
to describe the nth order optical signal for an arbitrary system-bath coupling LSB.
Now, we will derive various approximation schemes for the EOM (2.19), to obtain the
propagator USB.
Similar to the Dyson series, we start by integrating eq. (2.19) and insert the result

right back, thus we obtain an integro-differential equation:

∂tPρSB(t) = PLSB(t)ρSB(t
′
0) +

 t

t′0

dt′ PLSB(t)LSB(t
′)(P +Q)ρSB(t

′). (2.23)

We also projected onto the relevant subspace and inserted the identity I = P + Q in
eq. (2.23).
In virtually all applications, this equation is difficult to solve. On the left hand side

of the equation, we have the relevant density matrix PρSB, whereas on the right hand
side, the full density matrix ρSB, including all correlations, appears. Furthermore, the
density matrix appears with two different time-arguments t and t′.
For a weak coupling between system and bath, the following approximation can be

performed:

Born-Approximation

We assumed that the the system interacts with a bath of infinite degrees of freedom.
The system is small and will not change the state of the bath considerably through
the interaction; thus ρB(t

′) ≈ ρB(t
′
0). This is the idea of the weak-coupling or Born-

approximation of second order2 [1]:

(P +Q)ρSB(t
′) ≈ PρSB(t′) = ρS(t

′)⊗ ρB(t
′
0). (2.24)

2The order of the Born-approximation refers to the power of interactions involved. The iteration scheme
was aborted at the second order of interactions.
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2. Open Quantum Systems

The factorization implies that correlations between system and bath are lost. The bath
state ρB(t

′
0) corresponds to the unperturbed bath state and can be suitably chosen.

Therefore, we can as well choose it as the thermal distribution, which coincides with the
initial state ρB(t0).
We apply the Born approximation (2.24) to eq. (2.23), and approximate the initial

state by a factorized state ρSB(t
′
0) = PρSB(t′0). The resulting master equation is equiv-

alent to the second order Nakajima-Zwanzig equation [63, 64] and gives the solution for
the relevant density matrix PρSB:

∂tPρSB(t) = PLSB(t)PρSB(t′0) +
 t

t′0

dt′ PLSB(t)LSB(t
′)PρSB(t′). (2.25)

By inserting eq. (2.21), into eq. (2.25) and noting that this equation has to hold for
arbitrary initial states ρSB(t

′
0), we see that the Born approximation provides us with

the solution to the propagator PUSBP demanded for the interaction expansion (2.20).
Unfortunately, eq. (2.25) is still an integro-differential equation, where the time inte-

gration over earlier times t′ keeps track of the memory of the system.
To remove the inhomogeneity, we demand that the odd moments of HSB with respect

to the reference bath state vanish [1]. For the first moment, we have

trB {HSB(t1)ρB(t0)} = 0

⇔ PLSB(t1)P = 0.

For nonzero mean of the system-bath Hamiltonian in the reference state, this condition

can always be satisfied by including trB


ĤSB ρ̂B(t0)


in the system Hamiltonian [65].

This is indeed the case for the interaction Hamiltonian we use later on: An odd number
of interactions with HSB will bring the bath density matrix into a nondiagonal state,
which vanishes identically under the trace. Therefore, PLSB(t)PρSB(t′0) = 0.

Markov Approximation

The next approximation to perform is the Markov approximation [1], which holds for
systems, where the bath correlations (on the time scale of τB ≈ 1/kBT ) vanish more
rapidly compared to the system relaxation (with relaxation time τR) [66]:

τB ≪ τR. (2.26)

It is carried out in two steps. To ensure a decay of bath correlations, the bath has to
have a continuous spectrum, i.e. infinitely many DoF; which is the case for our system3.
The decay of correlations over a short period of time is interpreted as a loss of memory in
the system. This is mathematically accomplished through replacing the time argument
PρSB(t′) ≈ PρSB(t). Although the differential equation is time-local now, it does not
necessarily provide Markovian dynamics [1].

3If this would not be the case, not enough relaxation channels might be available and thus revival
effects can occur; but no dissipative behavior.
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2.2. Equations of Motion in Open Quantum Systems

We end up with the so-called Redfield equation [47]:

∂tPρSB(t) =
 t

t′0

dt′ PLSB(t)LSB(t
′)PρSB(t). (2.27)

This equation is equivalent to the second order time-convolutionless (TCL) equation [1].
Even though it looks like a severe approximation in comparison to eq. (2.25), it is said
to be on the same level of approximation [1, 17] and can even outperform the Nakajima-
Zwanzig master equation [17] in the second order Born approximation.

The EOM is still dependent on the initial configuration at time t′0. A completely
Markovian behavior emerges only for a δ-correlated integration kernel in time, where
the system instantaneously “forgets” its initial state ρSB(t

′
0). Thus for a fast decay of

correlations, we can as well take t′0 → −∞, since the remaining integral gives a negligible
contribution. We also perform the substitution s = t− t′, to end up with the textbook
version of the Markovian master equation [1]:

∂tPρSB(t) =
 ∞
0

dsPLSB(t)LSB(t− s)PρSB(t). (2.28)

With this master equation, effects on the order of the bath correlation time τB cannot
be resolved anymore.

Secular Approximation

The Markovian master equation (2.28) is not in a mathematically desirable form, namely
the Lindblad form [1]. This form gives a completely positive map, which ensures posi-
tivity of the density matrix at all times. This is a fundamental property for the density
matrix, thus it should also be reflected by the EOM. To bring the master equation in
Lindblad form, one can carry out the secular approximation [67].

The analysis of the secular approximation, or better stated, terms neglected in the
secular approximation, are the main topic in this thesis. In general, three different kinds
of processes caused by system-bath coupling can be identified, as depicted in fig. 2.1. The
dominant process is commonly known as the relaxation process, which is the conversion
between different excited-state densities, as for example ρii → ρjj in (a). These processes
are also called secular processes.

However, coherences are also affected by the coupling between system and bath. The
conversion between different offdiagonal elements of the density matrix is known as
coherence-transfer, as is depicted in (b) for ρik → ρjk. The third process imaginable
converts coherences into densities and vice versa, for example ρik → ρii in (c). The
processes in (b) and (c) belong to the nonsecular processes, which are generally smaller
than the secular processes and therefore neglected in the secular approximation.

We provide a detailed overview over the different definitions of secular approximations
in the literature. The main motivation of the secular approximation is the separation
between the fast system dynamics, originating from Ĥ0, and the dynamics through the
system-bath coupling ĤSB. Since we are already in the weak-coupling regime, both
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a) b) c)

Figure 2.1.: Example for possible conversion processes through system-bath interaction.
(a) shows secular relaxation, which connects two different densities ρii and
ρjj . (b) depicts a coherence-transfer process between ρik and ρjk. The
straight arrow symbolizes a coherence between different states. (c) shows
the conversion from a coherence ρik into a density ρii. The opposite process
is also possible.

processes happen on different time scales. A natural distinction between both processes
is done in the interaction picture, where this approximation can be most easily displayed.

The idea is the same as in the rotating wave approximation (RWA) [2]: Non-resonant,
fast oscillating terms will have a reduced impact on the dynamics of the system and can
therefore be neglected. However, while the RWA is performed on the Hamiltonian itself,
the secular approximation is applied to the master equation (therefore, it is also called
post-trace RWA [2]). It is less limiting than the RWA, which might neglect counter-
rotating terms adding up to zero in the master equation [2]. The secular approximation
is applicable when the dynamics induced through the system-bath coupling are slower
than the system dynamics themselves. In other words, when the system exhibits weak
damping.

The secular approximation can be carried out independently from the Markov approx-
imation, so it does not make any assumption about the bath correlations4. Therefore,
it is in our context applicable to either eq. (2.27) or (2.28).

We rewrite the master equation in the discrete eigenbasis of the system Hamiltonian Ĥ0

with the total number of states N ,

∂tρij(t) =
N
kl

ei(ωij−ωkl)tRij
kl(t) ρkl(t), (2.29)

for the density matrix elements ρij = tr {|j⟩⟨i| PρSB(t)}. In the interaction picture,
we get an additional phase-factor rotating on the time scale of τS = 1/minωij , where
ωij = ωi − ωj is the energy-difference between the states |i⟩ and |j⟩. The Redfield-

tensor Rij
kl(t) can in principle also carry a slow-varying time dependence.

The regime of validity for the secular approximation can now be expressed as

τS ≪ τR. (2.30)

4Recent studies argue however, that non-Markovian behavior gets reduced through the secular approx-
imation, so that it is only applicable in the regime of Markovian dynamics [16, 17].
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This is however only valid for non-degenerate systems. For degenerate and near-degenerate
systems, the secular approximation has to be modified accordingly. We present all three
kinds of secular approximation in the following:

Non-Degeneracy: We start with the most simple secular approximation, applicable
to non-degenerate systems [1]. Each state in eq. (2.29) is assumed to be non-degenerate,
so it oscillates with a different energy. Terms connecting different states will oscillate
rapidly. The oscillatory behavior of Rij

kl(t) is always slower in this context, since it is
governed only by perturbative energy corrections. As is done in the RWA, we argue that
the oscillating terms have on average a negligible impact on the overall time evolution.
Therefore, the terms with i = j, k = l and terms with i = k, j = l can be neglected.
Consequently, we get the much simpler EOM

∂tρij(t) = (1− δij)R
ij
ij(t) ρij(t) + δij


k

Rii
kk(t) ρkk(t). (2.31)

As can be seen, the coupled system of differential equations (2.29) gets largely decoupled.
The offdiagonal terms can be solved right away:

ρij(t) = ρij(t0)e
 t
t0

Rij
ij(t

′) dt′
.

Figure 2.2a shows the effect of the secular approximation on the density matrix. Before
applying the approximation, basically all elements of the density matrix can be coupled5.
Couplings to coherences involve an oscillating phase factor. Between densities, the phase
factor is 1. Through the secular approximation, all couplings with the oscillating phase
factor are neglected, so that only densities remain coupled and the coherences decouple
completely. The problem got reduced from a coupled system of N2 equations to only N
coupled equations. The nonsecular terms correspond to the arrows connecting coherences
with coherences and coherences with densities.

Degeneracy: For degenerate systems, different states can have the same energy. Be-
tween these states, the exponent in eq. (2.29) does not oscillate. Since these terms
do not average out over time, an appropriate description of the dynamics can only be
achieved when the coupling between these states is also taken into account. The EOM
for degenerate systems is then given by:

∂tρij(t) =

kl

ωij−ωkl=0

Rij
kl(t) ρkl(t). (2.32)

In fig. 2.2b, the red dots indicate a degenerate manifold of states. Couplings involving
degenerate coherences also have a vanishing phase factor, so these contributions do not
get averaged out during the time evolution and the coupling terms between degenerate

5For clarity, only the coupling between neighboring elements on the lower half of the density matrix
are shown.
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secular
appr.

a)
secular
appr.

b)

Figure 2.2.: Visualization of the secular approximation for (a) non-degenerate systems
and (b) degenerate and near-degenerate systems. The dots correspond to
entries of the density matrix. The elements on the diagonal are densities,
and below the diagonal coherences. For simplicity, we only show the lower
half of the density matrix; the upper part is connected through complex
conjugation. In (a), all couplings with coherences (depicted as arrows) in-
volve an oscillating phase factor. In (b), the red dots indicate a degenerate
manifold of states where the phase factor is 1 (degenerate) or close to 1
(near degenerate). In the secular approximation, only terms with a (near-
)vanishing phase factor are retained.

states have a finite contribution to the dynamics. Consequently, the EOM for the man-
ifold of degenerate states cannot be decoupled. Hence, the complexity of the system
of differential equations does not get reduced within this manifold. Only coherences
not belonging to the degenerate manifold can be decoupled and solved right away. The
couplings between densities remain, analogously to the non-degenerate secular approxi-
mation.
The drawbacks of this method are apparent. One one side, the numerical effort may

not get reduced as much as for non-degenerate systems. On the other side, an additional
bookkeeping of the energies of the respective states has to be undertaken.

Near-Degeneracy: Even though the system may not be degenerate, different states
may have energies very close to each other. If the energy-difference between these states
dictates an oscillatory behavior slower than the relaxation dynamics, these terms do
not necessarily average out. Consequently, we keep all couplings in the EOM, where
|ωij − ωkl| ≪ 1/τR, where τR is the relaxation time. Therefore, we get as a modification
to eq. (2.32):

∂tρij(t) =

kl

|ωij−ωkl|≪ 1
τR

ei(ωij−ωkl)tRij
kl(t) ρkl(t). (2.33)

Figure 2.2b analogously holds for this case as well, if one imagines the red dots as a
near-degenerate manifold. The phase factor is oscillating slower than the relaxation
dynamics, so that the contributions also do not average out. The degenerate secular
approximation is a special case of the near-degenerate secular approximation.
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The premise of linear optics is the excitation of a system with weak intensities. The
electronic configuration of the system is almost in equilibrium, so that the polarization
of the system is weak and linear. Through absorption measurements, which probe the
imaginary part of the susceptibility, one can infer basic information about the electronic
structure and dephasing [23].

However, to gain more insight into the system dynamics, as for example coupling
between different states, the system has to be forced into a nonlinear response. For
higher field intensities, the system is brought into a nonequilibrium state; hence its
response cannot be described anymore through a linear polarization, but one rather has
to include higher-order terms in eq. (3.16) [25]. Relevant field intensities became possible
through the technical advancement of laser pulses in the femtosecond regime, which now
nurtures a large field of physics, known as ultrafast coherent spectroscopy [25, 68, 21,
23, 24]. Various techniques emerged, from pump-probe spectroscopy [21] to heterodyne
detection photon-echo spectroscopy [69, 24, 23, 25, 70]. In this thesis, the focus will
lay on two-dimensional photon-echo spectroscopy with heterodyne and photoemission
detection [37, 38, 71, 72, 36].

The goal is the detection of nonsecular processes through a spectroscopy setup. Non-
secular processes are mostly small, so that a unique distinction from secular processes is
difficult in linear spectroscopy. Therefore, one has to rely on a multidimensional spec-
troscopy setup. One reason for the necessity of multidimensional spectroscopy is the fact
(or limitation), that secular processes can only be filtered out between different excited
state manifolds with the developed method. Since these manifolds have to be excited
through different interactions, one needs multiple excitation pulses.

The detection protocol for nonsecular processes will be applied to manifolds excited
through dipole and quadrupole interactions. Therefore, the semiclassical light-matter
interaction for these light-matter couplings will be derived first. Afterwards, the multi-
dimensional signal will be derived from the semiclassical theory. The connection with
the system density matrix will be drawn by analogy.

Throughout the remainder of the thesis, we will use this convention for the Fourier
transform:

f(ω) =

∞
−∞

f(t)eiωtdt, (3.1)

f(t) =
1

2π

∞
−∞

f(ω)e−iωtdω. (3.2)
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3.1. Excursion into Electrodynamics & Semiclassical Field
Interactions

3.1.1. Multipole-Expansion Light-Matter Interaction

Usually, the semiclassical interaction between a nanostructure and light can be suffi-
ciently described by the dipole approximation, where the classical electric field is as-
sumed to be constant across the nanostructure. For our purposes, this is not enough.
Since we are aiming for a detection of nonsecular processes between dipole-allowed and
quadrupole-allowed excited state manifolds, we have to account for the respective contri-
butions in the coupling Hamiltonian. The derivation is normally left out in the literature,
so we will briefly derive the Hamiltonian starting from the minimal coupling Hamilto-
nian, following refs. [73, 74].

We start with the kinetic energy T of a particle of charge q, massm with momentum p̂.
Through an external field, the particle energy gets affected through a scalar potential ϕ
and its momentum through the vector potential A:

T̂ =
1

2m
[p̂− qA(r̂, t)]2 + qϕ(r̂, t).

The new canonical momentum becomes p̂ − qA. We can expand the bracket and only
investigate the part caused by the external field:

Ĥe−L =
q

2m


−p̂ ·A(r̂, t)−A(r̂, t) · p̂+ qA2(r̂, t)


+ qϕ(r̂, t). (3.3)

We should note, that no gauge has been assumed so far, especially not the Coulomb
gauge ∇ · A = 0. The electric and magnetic fields are connected with the potentials
through

E(r̂, t) = −∇ϕ(r̂, t)− ∂tA(r̂, t),

B(r̂, t) = ∇×A(r̂, t).
(3.4)

We perform a Taylor expansion of both fields without loss of generality about r = 0:

E(r̂, t) =

∞
n=0

1

n!
[r̂ · ∇]nE(0, t),

B(r̂, t) =
∞
n=0

1

n!
[r̂ · ∇]nB(0, t),

where we use the notation ∇E(0, t) = ∇E(r, t)|r=0. An expansion about r = R can be
retrieved through substitution r̂ → r̂ −R. Each term in the expansion leads to electric
and magnetic dipole, quadrupole and higher order interactions. Through insertion into
eq. (3.4), it can be shown that the corresponding expansion of the potentials can be
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3.1. Excursion into Electrodynamics & Semiclassical Field Interactions

written as [73, 74]

ϕ(r̂, t) = ϕ0 −
∞
n=0

1

(n+ 1)!
r̂· [r · ∇]nE(0, t),

A(r̂, t) = −
∞
n=0

1

(n+ 2)n!
r̂× [r̂ · ∇]nB(0, t).

This choice of scalar and vector potentials fixes our gauge. For nanostructures small in
comparison with the light wavelength, we can assume that higher-order contributions of
the fields have a negligible impact. Therefore, we truncate the series:

ϕ(r̂, t) ≈ ϕ0 − r̂ ·E(0, t)− 1

2
(r̂ ◦ r̂) : ∇E(0, t),

A(r̂, t) ≈ −1

2
r̂ ×B(0, t).

(3.5)

Here, we introduced the dyadic product (a ◦ b)ij = aibj and the Frobenius product
A : B =


ij AijBij [75]. We insert eqs. (3.5) back into eq. (3.3) and use [ri, pj ] = 0

for i ̸= j, getting

Ĥe−L = qϕ0 − qr̂ ·E(0, t)− q

2
(r̂ ◦ r̂) : ∇E(0, t)− q

2m
(r̂ × p̂) ·B(0, t)

− q2

8m
[r̂ ◦ r̂ − |r̂|2I] : (B(0, t) ◦B(0, t)).

The last terms originates from A2 and gives the diamagnetic interaction. We only
consider interactions of first order in the magnetic field, so it will be neglected in the
following. The term qϕ0 vanishes for neutral systems and will be left out as well in the
following. We define in accordance with the literature the electric dipole and quadrupole
moment operators

µ̂ = qr̂,

Q̂ = Q̂T =
q

2
r̂ ◦ r̂,

and the magnetic dipole moment operator

m̂ =
q

2m
r̂ × p̂.

The response of a material to external electric fields is called polarization; and to mag-
netic fields magnetization. We reflect this by writing the light-matter interaction Hamil-
tonian as

Ĥe−L(t) = −P̂ ·E(0, t)− M̂ ·B(0, t), (3.6)

with the polarization operator P̂ and magnetization operator M̂ :

P̂ = µ̂+∇ · Q̂, (3.7)

M̂ = m̂. (3.8)

As before, the gradient in eq. (3.7) is understood to act on the electric field E, not the
quadrupole operator Q̂.
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3. Spectroscopy

3.1.2. Optical Signal

In the last section we were concerned with incoming external fields and their interaction
with particles. However, there is also the opposite effect, where a polarization built
up in the material causes the emission of electromagnetic radiation. In principle, both
processes happen at the same time and have to be accounted for. We will derive the
coupled equations from a semiclassical point of view. We take the macroscopic Maxwell
equations with free currents Jf = 0 and free charges ρf = 0:

∇×H = ∂tD, (3.9)

∇×E = −∂tB, (3.10)

∇ ·D = 0, (3.11)

∇ ·B = 0, (3.12)

where the displacement field D and the magnetic field H in the material are affected
by the polarization P and magnetization M :

D = ε0E + P ,

H =
1

µ0
B −M .

(3.13)

The vacuum permittivity is given by ε0 = 8.85F/m, and the vacuum permeability by
µ0 = 4π × 10−7H/m. The polarization can be a classical displacement of charges1 or
the expectation value of the polarization operator P = ⟨P̂ ⟩. The same holds for the
magnetization M . We take the curl of eq. (3.10) and the time derivative of eq. (3.9).
Using the definitions of D and H, eqs. (3.13), we can combine all equations and get [25]

∇×∇×E +
1

c2
∂2tE = −µ0(∂2tP +∇× ∂tM), (3.14)

which represents the wave equation for electromagnetic fields interacting with the po-
larization and magnetization of the material. The vacuum speed of light is given by
c = 1/

√
ε0µ0.

As we will later see, we can assume that the magnetization M = ⟨M̂⟩ will have a
minor influence on the formation of the fields, so we neglect it in the following. We
assumed in the last section that the polarization is created in a region much smaller
than the light wavelength. Therefore, the polarization can be seen as originating from
a point on this macroscopic scale and bears no spatial dependence. The EOM for the
polarization is given by

P (t) = ⟨P̂ ⟩ = tr

P̂ ρ̂(t)


= tr {P (t)ρ(t)} ,

∂tρ(t) = [Le−L(t) + LSB(t)]ρ(t).
(3.15)

Equations (3.14) and (3.15) are called the Liouville-Maxwell equations [25]. They give
a set of coupled differential equations for the electric field, which appears in eq. (3.14)
and in Le−L of eq. (3.15). This makes the solution of these equations quite difficult.

1as is often used for description of metals
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3.1. Excursion into Electrodynamics & Semiclassical Field Interactions

We assume in the following that the equations can be decoupled into incoming fields
(interacting through Le−L) and outgoing fields, eq. (3.14) [25], which is justified for large
distances between the quantum-mechanical system and the source of radiation[76]. One
first solves for ρ(t). With this, one can compute the polarization P (t). After obtaining
this, the emitted radiation field E(r, t) is obtained through eq. (3.14).

Interaction Expansion

The electric fields interacting with matter are weak compared to intra-atomic electric
fields. Therefore, an expansion of the polarization in the field interactions is justified:

P (t) = P (0)(t) +
∞
n=1

P (n)(t),

P
(n)
i (t) =

t
t0

dt′n

t′n
t0

dt′n−1 . . .

t′2
t0

dt′1

j1...jn

ε0χ
(n)
ijn...j1

(t′n, . . . , t
′
1)Ejn(0, t

′
n) . . . Ej1(0, t

′
1).

(3.16)

The zeroth order term P (0)(t) is the intrinsic polarization of material, which is zero
in our case. P (1)(t) is the response in linear optics. Higher order contributions are
caused by nonlinear optics. χ(n) is the response function, and its Fourier transform the
electric susceptibility tensor. In principle, the polarization has non-local character due
to delocalized wave functions or many-body effects. However, through the multipole-
expansion in eq. (3.5), it becomes a local quantity. Retardation effects are neglected in
the local response.

We note that tr

P̂ ρ̂(t)


= tr


P̂ P ρ̂(t)


, since the polarization operator solely acts

on the system DoF. By comparing eq. (3.16) with the Dyson series (2.20), we realize
that the nth order polarization is given by

P (n)(t) = tr

P̂ P ρ̂(n)(t)


≡ ⟨⟨P̂ |P ρ̂(n)(t)⟩⟩. (3.17)

3.1.3. PEEM Signal

Typical spectroscopic experiments involve the measurement of the nth order polariza-
tion (3.16). But there are also other means to obtain information about the material,
like fluorescence-measurements [32] and electron ionization [37, 38, 71, 72, 36]. We will
use the photoemission electron microscopy (PEEM) measurement [37, 72, 36, 38, 71] as
an alternative to polarization experiments. It relies on the ionization of electrons within
a certain energy range. The principle of PEEM is shown in fig. 3.1. A strong laser
pulse with the energy εion ionizes the electrons present in the system. The difference
between the ionization energy and the vacuum energy εvac adds to the kinetic energy of
the electrons. Through external electric fields, the electrons are guided to the detector.
The kinetic energy of the electrons helps in drawing inferences about the energy level
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3. Spectroscopy

Figure 3.1: Principle of photoemission electron mi-
croscopy. A strong ionization pulse is di-
rected to the sample with ground state g
and excited states i and j present. The
ionization energy εion is chosen to, so that
the excited states with energy εi and εj can
surpass the vacuum energy εvac, and the
electrons present in these states get ionized.
The excess energy is converted into kinetic
energy of the electrons εkin,i and εkin,j , re-
spectively. By means of the kinetic energy,
the excited state can be differentiated in a
detector.

}Detector

prior to ionization. The energy difference between the vacuum energy and the ionization
energy defines an energy window. For ε∗ = εion − εvac < 0, only excited states with the
minimum energy ε∗ are ionized2.
In the analysis of the PEEM measurement, we will explicitly carry through the pho-

toemission process. This process is proportional to the electron density, which will be
the quantity of interest for us:

ne(t) = tr {nePρ(t)} ,

ne = n̂e =

m

nmm|mm⟩⟩ = n†e,
(3.18)

where nmm is the number of electrons in state |m⟩. Similar to the polarization (3.16), it
can be expanded in field interactions as well and we obtain a nonlinear response for the
electron density:

n(n)e (t) = tr

n̂e P ρ̂(n)(t)


≡ ⟨⟨n̂e|P ρ̂(n)(t)⟩⟩. (3.19)

3.2. Linear Optics

We will now derive the explicit form of the response functions measured in an experiment.
We carry out the calculation in the Liouville space, which proves to be an elegant way
for this matter. Before we derive the nonlinear polarization and PEEM signal, we first
use the most simple example of linear spectroscopy to familiarize the reader with the
notation.

3.2.1. Linear Susceptibility

In linear optics, the fields interacting with the system are weak enough to truncate (3.16)
in first order. We assume a system with P (0) = 0. The linear polarization in first order

2This corresponds to the case depicted in fig. 3.1.

34



3.2. Linear Optics

is given by

P (1)(t) =

t
t0

dt′1 ε0χ
(1)(t, t′1) ·E(0, t′1). (3.20)

The linear response function ε0χ
(1)(t, t′1) is defined as the integrand of the first order

polarization. Its Fourier transform is the electric susceptibility, which is the crucial
quantity for absorption spectroscopy.
We now compute the linear susceptibility in the formalism of the Liouville space.

By comparison with (2.20), we know that the first order polarization is given in the
interaction picture by

P (1)(t) =

t
t0

dt′1⟨⟨P (t)|PUSB(t, t
′
1)Le−L(t

′
1)PUSB(t

′
1, t0)|Pρ(t0)⟩⟩.

We write the light-matter interaction as Le−L(t) = i/ℏP(t)·E(0, t) withP(t) = [P (t), ·],
and neglect the magnetic interaction. The system is initially in the ground state,

|Pρ0(t′1)⟩⟩ := PUSB(t
′
1, t0)|Pρ(t0)⟩⟩ = |gg⟩⟩.

We assume the system-bath interaction ĤSB to be time independent, so that the propa-
gator is only dependent on time-differences. We introduce the relaxation Green function

G(τ ′1) := θ(τ ′1)PUSB(τ
′
1)P,

with τ ′1 = t − t′1. The θ-function preserves causality. We expand the Green function in
the system eigenbasis, and get for the response function

ε0χ
(1)(t, t′1) =

i

ℏ
⟨⟨P (t)| ◦ G(τ ′1)P(t′1)|Pρ0(t′1)⟩⟩

=
i

ℏ

ijkl

⟨⟨P (t)|ij⟩⟩ ◦ Gij,kl(τ
′
1)⟨⟨kl|P(t′1)|gg⟩⟩.

We use the rules for operators and superoperators in Liouville space (2.6) and (2.7), and
obtain

ε0χ
(1)(t, t′1) =

i

ℏ

ijkl

P ji(t) ◦ Gij,kl(τ
′
1)[P kg(t

′
1)δlg − P ∗lg(t

′
1)δkg],

where the interaction picture in the system eigenbasis gives an additional oscillating
factor P ij(t) = P ije

iωijt with ωij = ωi − ωj . The polarization is an hermitian operator,
Pij = P ∗ji, and the relaxation Green function follows the property Gij,kl = G∗ji,lk. We
further make the reasonable assumption that the ground state is not coupled to excited
states, so that we can write the relaxation Green function as Gij,kg = δjgGig,kg. We
eventually get

ε0χ
(1)(t, t′1) =


e1e2


i

ℏ
P ∗e2g ◦ P e1gGe2g,e1g(τ

′
1)e
−iωe1gτ

′
1+i(ωe1g+ωge2 )t + c.c.


. (3.21)
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In conformance with later chapters, we renamed the summation indices to indicate that
only singly-excited states e are involved in the linear process. After transformation into
Schrödinger picture, the susceptibility is given by

ε0χ
(1)(Ω) =

∞
−∞

ε0χ
(1)(τ ′1)e

iΩτ ′1dτ ′1 =

e1e2


i

ℏ
P ∗e2g ◦ P e1gGe2g,e1g(Ω) + c.c.


, (3.22)

with G∗e2g,e1g(Ω) = Gge2,ge1(−Ω).

3.2.2. Linear Polarization

We briefly calculate the linear polarization, where we incorporate the approximations
later used in the nonlinear case. We can directly start from the linear response func-
tion (3.21):

P (1)(t) =

t
t0

dt′1

e1e2


i

ℏ
P ∗e2g ◦ P e1gGe2g,e1g(τ

′
1)e
−iωe1gτ

′
1+i(ωe1g+ωge2 )t + c.c.


·E(0, t′1).

(3.23)
The θ-function introduced in the Green function before gives us the opportunity of
extending the upper integration boundary of P (1) to ∞. The lower boundary is an
arbitrary reference time in the past. For short pulses and a system initially in the
ground state, it can also be extended to t0 → −∞.

Rotating Wave Approximation

We assume that the incoming field is tuned into resonance with the energy of the ex-
cited states. In this case, one can apply the rotating wave approximation (RWA). Non-
resonant terms caused by the interaction will oscillate very fast and a time-averaged
contribution will have a vanishing impact on the signal. For a small bandwidth of the
pulse ∆ω ≪ ω1, one can invoke the slowly varying envelope approximation to separate
the envelope of the pulse from the laser-frequency part [77]3:

E(0, t) =

η=±

Eη
1(0, t− t1)e

−iηω1(t−t1).

Eη
1(0, t − t1) is the envelope of the pulse, centered about t1; and η = ± gives the

summation over the counter-rotating parts (with E− ≡ E∗). An interaction P · E is
only resonant when the energy of the light pulse is ω1 ≈ ηωij (we only consider interband
transitions here), therefore we can write the interaction in interaction picture as

eiωijtP ij ·

η=±

Eη
1(0, t− t1)e

−iηω1(t−t1)

RWA
= eiωijtP ij ·


η=±

θ(ηωij)E
η
1(0, t− t1)e

−iηω1(t−t1).

3For transition energies of typical semiconductor band gaps, the approximation still holds for ultrashort
pulses with a duration of tens of femtoseconds.
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The polarization becomes

P (1)(t) =

∞
−∞

dt′1

e1e2

 i
ℏ
P ∗e2g ◦ P e1g ·E1(0, t

′
1 − t1)Ge2g,e1g(τ

′
1)

× ei(ωe1g−ω1)(t′1−t1)−iωe1gτ
′
1+i(ωe1g+ωge2 )t + c.c.


.

The relaxation dynamics are happening on another time scale as the light pulses. We
can neglect the relaxation dynamics during the pulse and therefore write G(τ ′1) ≈ G(τ1)
with the time delay to the central time of the pulse τ1 = t − t1. We obtain the Fourier
transform of the polarization P (1)(Ω) =


P (1)(τ1)e

iΩτ1dτ1:

P (1)(Ω) =

e1e2

 i
ℏ
P ∗e2g ◦ P e1g ·E1(0, ωe1g − ω1)Ge2g,e1g(Ω− ωe1g)e

iωe1e2 t + c.c.

.

If we would leave out the last approximation, the only difference in the expression would
give a frequency-dependence to the electric field ωe1g → Ω:

P (1)(Ω) =

e1e2

 i
ℏ
P ∗e2g ◦ P e1g ·E1(0,Ω− ω1)Ge2g,e1g(Ω− ωe1g)e

iωe1e2 t + c.c.

.

Bringing the Green function back into Schrödinger picture results in

P (1)(Ω) =

e1e2

 i
ℏ
P ∗e2g ◦ P e1g ·E1(0,Ω− ω1)Ge2g,e1g(Ω) + c.c.


. (3.24)

3.3. Nonlinear Optics

In the following, the general nth-order nonlinear polarization will be derived. Therefore,
Feynman diagrams are introduced to distinguish between different excitation pathways.
They will give an intuitive picture about the contributions to the spectroscopic signal.
Furthermore, two measurement techniques will be presented, the heterodyne detection
and photoemission electron detection.

3.3.1. n-th Order

An ultrafast optical experiment of nth order will be performed with n short light pulses.
Again, we use the slowly-varying-envelope approximation to separate the pulse envelope
from the fast oscillating part:

E(0, t) =

n
k=1


ηk=±

Eηk
k (0, t− tk)e

−iηkωk(t−tk)+iηkϕk ,

Eηk
k (0, t− tk) = Eηk

νk
(0)Ẽηk

k (t− tk).

(3.25)

We take a similar notation to the linear case. As is shown in fig. 3.2, the kth pulse
envelope is given by Eηk

k (0, t − tk) centered about the time tk. Each pulse has the
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frequency ωk and is phase-locked with a defined phaseshift ϕk with respect to the other
pulses. The index ηk = ± again accounts for the complex conjugate. An important
difference to the linear case is the index νk, which we introduced to keep track of the
polarization of the kth pulse.

Furthermore, we approximate the electric field by a separable spatial and temporal
envelope part. For a small bandwidth ∆ωk of the pulse (which we already assumed in
the slowly-varying envelope approximation), the field distribution of the envelope will
not change dramatically in this bandwidth:

Eηk
k (r, t− tk) =


∆ωk

dωEηk
k (r, ω)e−iω(t−tk)

≈ Eηk
k (r, 0)


∆ωk

dω e−iω(t−tk) = Eηk
νk
(r)Ẽηk

k (t− tk).

While this approximation is valid for the whole field distribution only off-resonance, it
can be satisfied for local positions r ≈ r0 also in resonance. The field amplitude will be
carried by Eηk

νk
.

The derivation of the nth order optical signal will proceed analogous to the linear
case. We will derive the 3rd-order heterodyne signal obtained in four-wave-mixing

spectroscopy, and the 4th-order electron density n
(4)
e (t) = ⟨⟨ne(t)|ρ(4)(t)⟩⟩ measured in

PEEM. We start with the four-wave-mixing signal.

3.3.2. Four-Wave-Mixing

First, we will derive the four-wave-mixing signal, which is a χ(3)-process. The time
evolution of the system during a four-wave-mixing experiment is shown in fig. 3.2a. The
system is excited by three coherent pulses, which either bring the system into coherences
or (excited state) densities. After arrival of the third pulse at t3, the polarization of the
system is measured. In the heterodyne measurement setup, the polarization interferes
with a local oscillator pulse Es at the detector, which gives increased sensitivity and
phase-resolved information[69, 24, 23, 25].
It may have not made the impression in the linear case, but the computation in Liou-

ville space proves to be advantageous for higher order spectroscopic signals. Relying on
the knowledge obtained about the framework in sec. 3.2, we can present the computa-
tion of the signal in a systematic and concise way. The third-order contribution to the
polarization of eq. (2.20) is given by

P (3)(t) =

t
t0

dt′3

t′3
t0

dt′2

t′2
t0

dt′1⟨⟨P (t)|PUSB(t, t
′
3)Le−L(t

′
3)PUSB(t

′
3, t
′
2)Le−L(t

′
2)

× PUSB(t
′
2, t
′
1)Le−L(t

′
1)|Pρ0(t′1)⟩⟩. (3.26)

Again, we start with the system initially in the ground state, |Pρ0(t′1)⟩⟩ = |Pρ(t0)⟩⟩ =
|gg⟩⟩, which can be well assumed for a semiconductor system with a band gap in the
eV-range at room temperature.
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a) b)

e

Figure 3.2.: Pulse sequences (red) for (a) heterodyne detection and (b) PEEM detection.
In blue, the response of the system for the photon-echo signal is sketched.
The oscillating signal indicates the formation of a polarization during the
respective time period; and an exponential decay indicates the formation of
a density. In heterodyne detection, the system gets excited through three
ultrashort laser pulses Ek at respective times tk. The resulting third order
polarization P (3) is measured by a local oscillator pulse Es at time ts. In
PEEM, a fourth pulseE4 creates an excited-state density, which is measured
through a strong ionization pulse Eion.

All relevant dynamics happen at times t > t0. Therefore we can as well extend the
lower integration boundary t0 → −∞. To better follow the derivation, it is important to
understand the meaning of the different time variables. All primed quantities t′k denote
integration variables. We will shorten the notation through introduction of delay times
integrated over, τ ′k = t′k+1− t′k. All unprimed quantities tk belong to the central times of
the pulses Ek. Analogously, we define the delay times τk = tk+1−tk between consecutive
pulses, as indicated in fig. 3.2a.

We introduce the Green function G(τ) := θ(τ)PUSB(τ)P for time-independent ĤSB.
The θ-function preserves causality so that we can extend the upper boundary to ∞
as well, without affecting the time-ordering of the interactions. We use the Liouvillian
Le−L(t) = i/ℏP(t) ·E(0, t) with P(t) = [P (t), ·], and expand the Green functions in the
system eigenstates:

P (3)(t) =


i

ℏ

3
∞
−∞

dt′3

∞
−∞

dt′2

∞
−∞

dt′1

i...t

⟨⟨P (t)|ij⟩⟩Gij,kl(τ
′
3)⟨⟨kl|P(t′3) ·E(0, t′3)|mn⟩⟩

× Gmn,op(τ
′
2)⟨⟨op|P(t′2) ·E(0, t′2)|qr⟩⟩Gqr,st(τ

′
1)⟨⟨st|P(t′1) ·E(0, t′1)|gg⟩⟩. (3.27)

Phase-Cycling and Non-Overlapping Pulses

In principle, the signal contains also lower-order contributions, P (2) and P (1), which
might contribute with a stronger signal and therefore conceal the third-order contribu-
tion. Furthermore, after inserting the electric field (3.25), we get from all three light-
matter interactions Le−L with all three pulses additional 33 = 27 terms. In the following,
we show how to reduce the number of interactions and how to get rid of lower-order con-
tributions in the signal.
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Interactions with the three pulses can be of the form:

Eη3
3 (t′3 − t3)E

η1
1 (t′2 − t1)E

η2
2 (t′1 − t2), (3.28a)

Eη3
3 (t′3 − t3)E

η1
1 (t′2 − t1)E

η1
1 (t′1 − t1), (3.28b)

Eη3
3 (t′3 − t3)E

η2
2 (t′2 − t2)E

η1
1 (t′1 − t1). (3.28c)

Term (3.28a) involves a reversed interaction between the pulsesE1 andE2. In term (3.28b),
pulse E1 interacts at two times t′1 and t

′
2. In fact, the only term we like to keep is (3.28c),

where all pulses interact only once with a defined time-ordering.
To reduce the number of interactions, we first assume that the incoming pulses do not

overlap temporally. Through the time-ordered integrals, reverse-ordered interactions
like (3.28a) get canceled out, so we are left with 10 terms.
The remaining 9 unwanted contributions can be filtered out through phase-cycling [78,

79, 80, 81]4. The principle of phase-cycling uses the fact that all pulses in eq. (3.25) have
a defined phase-dependence through

ϕs =
3
k

ηkϕk, (3.29)

with ηk = ±. Contributions with two interactions like (3.28b) have the phase dependence
±ϕ3± 2ϕ1. A lower order polarization, e.g. P (2), gives ±ϕ2±ϕ1. Hence, all these terms
have a different phase dependence than the desired term (3.28c) (which has the phase-
dependence (3.29)). When the experiment is repeated multiple times with a different
set of relative phases ϕk, one can solve a system of linear equations and filter out the
unwanted contributions.
Note, that phase-cycling does not give any information about time-ordering of the

pulses, so non-overlapping pulses are also essential for reducing the number of contribu-
tions.
The signal eventually consists only of the time-ordered third-order polarization (3.28c).

All lower order polarizations are filtered out as well.

Rotating Wave Approximation

Even though we eliminated the contributions from different pulse ordering and lower
orders, we have 23 = 8 remaining contributions from the counter-rotating fields (ηk = ±)
in eq. (3.25). If we excite the system near resonance (ωk ≈ |ωij |), one of these terms is
not energy conserving and highly oscillating. Like in the sec. 3.2, we apply the RWA.
As before, we approximate

eiωijtP ij ·

ηk=±

Eηk
k (t− tk)e

−iηkωk(t−tk)+iηkϕk (3.30)

RWA
= eiωijtP ij ·


ηk=±

θ(ηkωij)E
ηk
k (t− tk)e

−iηkωk(t−tk)+iηkϕk , (3.31)

4or phase-matching [82]
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which essentially neglects terms ei(ωk+ωij)t for ωij > 0 and ei(ωk−ωij)t for ωij < 0.

As before, we also assume that the relaxation dynamics are slow compared to the
pulse dynamics, so we can replace G(τ ′) ≈ G(τ) again, so that relaxation only happens
between the central times of the pulses. We evaluate eq. (3.27) under consideration of
the previous discussion and introduce the short-hand notation

ω′3 = ωkm + ωnl,

ω′2 = ωoq + ωrp,

ω′1 = ωsg + ωgt.

(3.32)

The polarization becomes

P (3)(t) =


i

ℏ

3
∞
−∞

d(t′3 − t3)d(t
′
2 − t2)d(t

′
1 − t1)


i...t


ηk=±

P ji

× Gij,kl(t− t3)e
−i(ω′

3+ω′
2+ω′

1)(t−t3)θ(η3ω
′
3)Pkl,mn ·Eη3

3 (t′3 − t3)e
i(ω′

3−η3ω3)(t′3−t3)

× Gmn,op(τ2)e
−i(ω′

2+ω′
1)τ2θ(η2ω

′
2)Pop,qr ·Eη2

2 (t′2 − t2)e
i(ω′

2−η2ω2)(t′2−t2)

× Gqr,st(τ1)e
−iω′

1τ1θ(η1ω
′
1)Pst,gg ·Eη1

1 (t′1 − t1)e
i(ω′

1−η1ω1)(t′1−t1)

× ei(ωji+ω′
3+ω′

2+ω′
1)t+i(η3ϕ3+η2ϕ2+η1ϕ1).

The electric fields can now be Fourier-transformed right away through

∞
−∞

Eηk
k (t)eiωtdt = Eηk

k (ηkω). (3.33)

Thus, we obtained the third-order polarization generated by the ultrafast spectroscopy
setup.

Heterodyne Detection

In experiments, the intensity of nonlinear signals decreases with increasing order, which
eventually affects signal-to-noise ratio as well. A method for enhancing the signal, as well
as measuring its real and imaginary part separately, is called heterodyne detection [69,
25]. An additional phase-locked pulse, the so-called local-oscillator pulse Es(0, t − ts),
will interfere with the emitted light of the system (see fig. 3.2a). The local-oscillator
pulse has a higher intensity, so that the phase-sensitive interference between both fields
becomes easily resolvable. Mathematically, the signal is given by a convolution between
the polarization and the local oscillator Es:

S(3)(τ3, τ2, τ1) =

∞
−∞

P (3)(t) ·E∗s(0, t− ts)e
iωs(t−ts)d(t− ts). (3.34)
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3. Spectroscopy

As before, we again assume a slow relaxation in comparison with the pulses G(t− t3) ≈
G(τ3), with τ3 = ts− t3. We Fourier-transform in the first and last delay time, τ1 and τ3,
to obtain a two-dimensional spectrum:

S(3)(Ω3, τ2,Ω1) =

∞
−∞

P (3)(t)·E∗s(0, t− ts)e
iωs(t−ts)ei(Ω3τ3+Ω1τ1)d(t− ts) dτ3dτ1

=


i

ℏ

3
i...t


ηk=±

P ji ·E∗s(0, ωij − ωs)

× Gij,kl(Ω3 − ω′3 − ω′2 − ω′1)θ(η3ω
′
3)Pkl,mn ·Eη3

3 (η3ω
′
3 − ω3)

× Gmn,op(τ2)e
−i(ω′

2+ω′
1)τ2θ(η2ω

′
2)Pop,qr ·Eη2

2 (η2ω
′
2 − ω2)

× Gqr,st(Ω1 − ω′1)θ(η1ω
′
1)Pst,gg ·Eη1

1 (η1ω
′
1 − ω1)

× ei(ωji+ω′
3+ω′

2+ω′
1)t+i(η3ϕ3+η2ϕ2+η1ϕ1).

A transformation into Schrödinger picture gives the heterodyne signal

S(3)(Ω3, τ2,Ω1) =


i

ℏ

3
i...t


ηk=±

P ji ·E∗s(0, ωij − ωs)

× Gij,kl(Ω3)θ(η3ω
′
3)Pkl,mn ·Eη3

3 (η3ω
′
3 − ω3)

× Gmn,op(τ2)θ(η2ω
′
2)Pop,qr ·Eη2

2 (η2ω
′
2 − ω2)

× Gqr,st(Ω1)θ(η1ω
′
1)Pst,gg ·Eη1

1 (η1ω
′
1 − ω1)

× ei(η3ϕ3+η2ϕ2+η1ϕ1).

(3.35)

Liouville Pathways

Eventually, we have to evaluate the commutators Pij,kl = [P ikδjl − P ∗jlδik], which give

23 = 8 so-called Liouville pathways:

S(3)(Ω3, τ2,Ω1) =

8
p

S(3)
p (Ω3, τ2,Ω1) (3.36)

After applying the RWA (through the θ-functions), each terms gets a straightforward
interpretation. Pulses interact with one side of the density matrix resonantly, thus
creating coherences or densities. The time evolution of the density matrix can be read like
a “path”. Each pathway can be expressed by a double-sided Feynman diagram [21, 25],
which we are going to explain in the next section.
Through phase-cycling, which already helped us filtering unwanted contributions to

the signal before, we now have the possibility to select certain pathways experimentally.
This can be seen in the following. Through the RWA, each pathway gets a defined phase-
dependence ϕs = η3ϕ3 + η2ϕ2 + η1ϕ1, with ηk = ±. We pick the phase combination of
the so-called photon-echo signal, ϕs = ϕ3 + ϕ2 − ϕ1, and evaluate eq. (3.35). Three
pathways have this phase-combination in the RWA. This phase combination leads to a
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3.3. Nonlinear Optics

formation of coherences during τ1, densities during τ2 and coherences again during τ3,
as is sketched in blue in fig. 3.2a.
The other phase-combinations are referred to in the literature as “anti-photon-echo”

(ϕs = ϕ3 − ϕ2 + ϕ1) and double quantum coherence (ϕs = −ϕ3 + ϕ2 + ϕ1). The phase-
combination ϕs = ϕ3+ϕ2+ϕ1 is in principle also possible, which creates a triply excited
state. In RWA, however, this signal is zero.

Through reasonable assumptions and by choosing a certain phase combination, we
therefore reduced a signal with 23 · 23 · 33 = 1728 terms to only three terms.

In the final expressions, we assume a three-band model, with the ground state g, a
single excited-state manifold e and a double excited state manifold f . The summation-
indices in the pathways will be renamed accordingly.
As a cosmetic detail, we make use of the approximation introduced in eq. (3.25).

We will separate the temporal and spatial part of E(0, t) (where the field amplitude is
kept in the spatial part, and the temporal part is normalized), and define new coupling
elements:

Pmn ·Eηk
k (0, t− tk) ≈ Pmn ·Eηk

νk
(0)Ẽηk

k (t− tk) =: P̃ ηk
νk,mnẼ

ηk
k (t− tk), (3.37)

where the complex conjugate of these quantities is defined as (P̃ ηk
νk,mn)∗ = P̃ ∗,−ηkνk,mn.

The resulting pathways in Schrödinger picture are given in eqs. (3.38) to (3.40).
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S
(3)
I (Ω3, τ2,Ω1) = +


i

ℏ

3 
e1...e4

P̃νs,ge4Ẽ
∗
s (ωe4g − ωs)Ge4g,e3g(Ω3)P̃ν3,e3gẼ3(ωe3g − ω3)Ggg,gg(τ2)P̃

∗
ν2,ge2Ẽ2(ωe2g − ω2)

× Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs , (3.38)

S
(3)
II (Ω3, τ2,Ω1) = +


i

ℏ

3 
e1...e6

P̃νs,ge6Ẽ
∗
s (ωe6g − ωs)Ge6g,e5g(Ω3)P̃

∗
ν3,ge4Ẽ3(ωe4g − ω3)Ge5e4,e3,e2(τ2)P̃ν2,e3gẼ2(ωe3g − ω2)

× Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs , (3.39)

S
(3)
III(Ω3, τ2,Ω1) = −


i

ℏ

3 
e1...e6


f1,f2

P̃νs,e6f2Ẽ
∗
s (ωf2e6−ωs)Gf2e6,f1e5(Ω3)P̃ν3,f1e5Ẽ3(ωf1e5−ω3)Ge5e4,e3,e2(τ2)P̃ν2,e3gẼ2(ωe3g−ω2)

× Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs . (3.40)

I II III

Figure 3.3.: Feynman diagrams to the corresponding pathways (3.38)-(3.40). The explanation for the diagrams is given in
sec. 3.3.2 and fig. 3.4.
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3.3. Nonlinear Optics

Figure 3.4.: Explanation for the construction of Feynman diagrams using the path-

way S
(3)
III , eq. (3.40). Incoming arrows represent absorption and outgoing

arrows stimulated emission with optical matrix elements Pmn. The density
matrix elements involved in an optical interaction are written written right
below and above the interaction at tk. The index em belongs to states of
single excited-state manifolds and fm to states of double excited-state man-
ifolds. In principle, the relaxation Green function connects all singly excited
and doubly excited coherences and densities, respectively. Therefore, one
has to sum over all indices em and fm in one diagram.

Double-Sided Feynman Diagrams

The Liouville pathways in RWA can be conveniently expressed by so-called double-sided
Feynman diagrams. They give a graphical expression for the time evolution of the density
matrix and an interpretation of the processes happening. Comprehending how to read
these diagrams will greatly simplify the discussion of the 2d-spectra. Furthermore, once
one knows the construction of these diagrams, the full expressions for signals of arbitrary
order can be written down right away.

An explanation for the Feynman diagrams is depicted in Fig. 3.4. As each pathway
is read from right to left, the Feynman diagram is read from the bottom to the top;
corresponding to the direction of time. The bra and ket of the density matrix have an
individual time evolution. At each time tk, a light pulse interacts with the system.

The direction of the pulse arrow is determined by the RWA. Arrows pointing to the
right represent the ηk = + field component; and the arrow to the left η = −, respectively.
Incoming arrows represent absorption, whereas outgoing arrows represent stimulated
emission. For the heterodyne signal, it is convention to have the last arrow pointing to
the left5. The last interaction in heterodyne detection is always an emission process.
The phase combination for the example diagram is 0 = −ϕs + ϕ3 + ϕ2 − ϕ1, thus this
diagram belongs to a pathway of the photon-echo signal.

The diagram will always start in the ground state. The transition elements on the
left side are obtained by taking the first index of the final state, and the second index

5Otherwise, the spectrum is complex conjugated at negative frequencies, due to (E
ηk
k (ηkω))

∗ :=
E

−ηk
k (−ηkω) and Gij,kl(ω) = G∗

ji,lk(−ω).
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from the initial state. For interactions with the right side, the transition elements have
to be complex conjugated. The first interaction in fig. 3.4 is an absorption, so the final
state of this interaction is in the excited state manifold, whereas the initial state is the
ground state. The interaction is on the right side. Therefore, we have P ∗e1g.

Between the light-interactions, the time evolution is governed by the relaxation Green
function. We assume that the relaxation process only takes place between interband
states and that no spontaneous emission happens between two pulses (which is a rea-
sonable assumption, since the time scale of spontaneous emission is much larger than
the relaxation time scale). The indices of the Green function connect the final state
of the density matrix (first two indices) with the initial state (last two indices). Since
all states in the excited state manifolds are involved in the relaxation process, the final
state gets assigned different indices than the initial state and we sum over all indices
appearing in the diagram. Here, we have the indices e1 to e6 and f1, f2 for the single-
and double-excited state manifold, respectively.
The frequency arguments of the electric fields involve the transition energies, which

are always chosen to be positive.
Eventually, each pathway gets multiplied by (i/ℏ)n for the order n signal; and by (−1)r,

where r represents the number of interactions with the right side. It keeps track of the
minus signs originating from the commutator. Here, the diagram gets an overall (−1)1 =
−1 sign.
All possible diagrams for one phase combination can be constructed through all possi-

ble arrangements of arrows, considering only allowed transitions (a forbidden transition
is for example the stimulated emission from the ground state). The direction of the
arrows cannot be flipped, and the final arrow is always pointing left and outgoing by
convention.
The diagrams for all three pathways are given in fig. 3.3. The processes are commonly

referred to as ground-state bleaching (GSB) for diagram I, excited-state emission (ESE)
for diagram II, and excited state-absorption (ESA) for diagram III in the literature [22].
We shortened the notation for these diagrams: The states on the bra and ket timelines
only indicate the respective singly or doubly excite-state manifolds e and f . One has to
sum over all initial and final states in these manifolds.

3.3.3. PEEM

Next, we want to compute the signal measured in a fourth order (n = 4) PEEM experi-
ment. The measured quantity is the electron density of ionized electrons within a certain
energy window. The observable is given by eq. (3.19). We assume an undoped system
and restrict ourselves to measurement of single-excited states em and double-excited
states fmn,

ne = n∗e = n̂e =

em

nemem |emem⟩⟩+

fmn

nfmnfmn |fmnfmn⟩⟩. (3.41)

The derivation of the PEEM signal is performed analogously to the four-wave-mixing
signal, though we now have four incoming light pulses interacting with the system. Thus,
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we get 24 = 16 pathways, from which 8 pathways are the complex conjugate of the other
ones.
The pulse sequence for the PEEM signal is shown in fig. 3.2b. In contrast to heterodyne

detection, there are four incoming pulses E1 to E4. Instead of interference of the emitted
radiation with the local oscillator pulse, the system ends up in an excited-state density
after the fourth pulse at time t4. The excited states get ionized through Eion, and the

density of ionized electrons n
(4)
e is measured at a detector.

The approximations during the calculation remain the same, as is the RWA (3.30),
the separation of the relaxation time scale G(τ ′) = G(τ) and the assumption of non-
overlapping pulses. We will also use phase-cycling to remove signals of different orders.
We will not depict the ionization process during the derivation. The fourth order electron
density is then given by

n(4)e (t) =

t
t0

dt′4

t′4
t0

dt′3

t′3
t0

dt′2

t′2
t0

dt′1⟨⟨ne(t)|G(τ ′4)Le−L(t
′
4)G(τ ′3)Le−L(t

′
3)

× G(τ ′2)Le−L(t
′
2)G(τ ′1)Le−L(t

′
1)|Pρ0(t′1)⟩⟩. (3.42)

After the spectral decomposition of the Green function, integration and Fourier trans-
form in the first and third time-delay τ1 and τ3, we obtain in the Schrödinger picture

n(4)e (τ4,Ω3, τ2,Ω1) =


i

ℏ

4
i...x


ηk=±

ei(η4ϕ4+η3ϕ3+η2ϕ2+η1ϕ1)ne,ji

× Gij,kl(τ4)θ(η4ω
′
4)Pkl,mn ·Eη4

4 (η4ω
′
4 − ω4)

× Gmn,op(Ω3)θ(η3ω
′
3)Pop,qr ·Eη3

3 (η3ω
′
3 − ω3)

× Gqr,st(τ2)θ(η2ω
′
2)Pst,uv ·Eη2

2 (η2ω
′
2 − ω2)

× Guv,wx(Ω1)θ(η1ω
′
1)Pwx,gg ·Eη1

1 (η1ω
′
1 − ω1),

(3.43)

with the short-hand notation

ω′4 = ωkm + ωnl,

ω′3 = ωoq + ωrp,

ω′2 = ωsu + ωvt,

ω′2 = ωwg + ωgx.

(3.44)

The expression for the signal look quite similar to the third-order signal (3.35). We get
an additional commutator P due to the fourth field-interaction. As reasoned before,
we can choose the direction of the last interaction, since the each two pathways only
differ by complex conjugation. We evaluate the θ-functions of the RWA and only take
pathways which do not end in the ground state but the excited state densities (with
nemem = 1, nfmnfmn = 2). We can identify a phase combination corresponding to the
photon-echo signal −ϕ4+ϕ3+ϕ2−ϕ1 and get four contributing pathways. The resulting
analytical expressions for the pathways are given in eqs. (3.45)-(3.48).
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n
(4)
e,I (τ4,Ω3, τ2,Ω1) = −


i

ℏ

4 
e1...e7

Ge6e7,e4e5(τ4)P̃
∗
ν4,e5gẼ

∗
4(ωe5g − ω4)Ge4g,e3g(Ω3)P̃ν3,e3gẼ3(ωe3g − ω3)

× Ggg,gg(τ2)P̃ν2,e2gẼ2(ωe2g − ω2)Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs , (3.45)

n
(4)
e,II(τ4,Ω3, τ2,Ω1) = −


i

ℏ

4 
e1...e9

Ge8e9,e6e7(τ4)P̃
∗
ν4,e7gẼ

∗
4(ωe7g − ω4)Ge6g,e5g(Ω3)P̃ν3,e4gẼ3(ωe4g − ω3)

× Ge5e4,e3e2(τ2)P̃ν2,e3gẼ2(ωe3g − ω2)Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs , (3.46)

n
(4)
e,III(τ4,Ω3, τ2,Ω1) = −


i

ℏ

4 
e1...e9


f1,f2

Ge8e9,e7e6(τ4)P̃
∗
ν4,f2e7Ẽ

∗
4(ωf2e7 − ω4)Gf2e6,f1e4(Ω3)P̃ν3,f1e5Ẽ3(ωf1e5 − ω3)

× Ge5e4,e3e2(τ2)P̃ν2,e3gẼ2(ωe3g − ω2)Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs , (3.47)

n
(4)
e,IV (τ4,Ω3, τ2,Ω1) = +2


i

ℏ

4 
e1...e6


f1...f5

Gf4f5,f2f3(τ4)P̃
∗
ν4,f3e6Ẽ

∗
4(ωf3e6 − ω4)Gf2e6,f1e4(Ω3)P̃ν3,f1e5Ẽ3(ωf1e5 − ω3)

× Ge5e4,e3e2(τ2)P̃ν2,e3gẼ2(ωe3g − ω2)Gge2,ge1(Ω1)P̃
∗
ν1,e1gẼ

∗
1(ωe1g − ω1)e

iϕs . (3.48)
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I II

III IV

Figure 3.5.: Feynman diagrams for the pathways (3.45) to (3.48). The ionization process
is not depicted in these diagrams. The ionization energy is assumed to be
lower than the vacuum energy so that only diagrams involving excited states
after t4 participate in the signal.

The pathways can be visualized again as double-sided Feynman diagrams. The con-
struction follows the same rules as explained in sec. 3.3.2. The corresponding diagrams
are given in fig. 3.5.
The similarity between the PEEM signal and the heterodyne signal become apparent

when comparing their Feynman diagrams. Since we focus again on the photon-echo
signal, the direction of the arrows in the diagrams are identical. The difference to the
heterodyne signal (fig. 3.3) is the last interaction at t4, which is in diagrams I (GSB)
and II (ESE) of fig. 3.5 acting on the right side, hence these pathways also get a negative
sign. Diagram III (ESA1) is from the structure identical to the heterodyne diagram III.
We get an additional ESA diagram in PEEM, diagram IV (ESA2). The last interaction
of diagram IV brings the system into a double excited-state manifold. Therefore, the
photoemission measurement will detect twice as much charge density from diagram IV.
In PEEM, diagram IV has the opposite sign to diagrams I-III.
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4. Detection Protocol for Nonsecular
Relaxation

This chapter shall now be devoted to the main topic of this thesis. We will present
the theoretical framework for a detection protocol of nonsecular processes. Nonsecular
processes were already introduced in sec. 2.2.4 as those terms neglected in the secu-
lar approximation. These terms describe coherence-transfer processes and conversions
between densities and coherences.
So far, nonsecular contributions to relaxation were mostly assumed to be small and

neglected in theoretical studies [2]. However, recent studies show that in particular
systems those terms have major impact on the relaxation dynamics and can create long
coherence lifetimes, not explainable through secular theories [5, 83]. It therefore becomes
of invaluable interest to test the theories versus the experiment. It would be favorable to
detect nonsecular processes directly in order to study coherence-transfer dynamics and
involved states. We devised a protocol to detect nonsecular processes between states
of different excited-state manifolds. It can be performed with either the third-order
four-wave-mixing setup or the fourth-order PEEM setup.
The principle of the protocol is shown in fig. 4.1 in a simplified view. We have a

nonse
cular

secular

Detector

Detector

a)

b)

Figure 4.1.: Simplified sketch of the principle of the detection protocol. The system
is brought into a coherence with one excited-state manifold (here |g⟩⟨B|).
a) Nonsecular processes allow conversion into coherences involving the other
manifold, |g⟩⟨A|. The last pulse of the pulse sequence will convert the co-
herence into a density, which produces a measurable output in the detector.
b) Secular processes cannot convert the excited-state coherence. The last
pulse of the pulse sequence therefore does not produce a density but rather
another coherence in the system. This state cannot be detected in the de-
tector, hence secular processes are filtered out of the signal.
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Figure 4.2.: Schematic levelscheme for explaining the detection protocol and the vanish-
ing signal in the secular approximation. There are two single excited-state
manifolds |A⟩ and |B⟩ with disjoint selection rules, indicated by the solid
red and dashed blue arrows. With the protocol, also double excited-state
manifolds |AA⟩ and |BB⟩ can be measured. These manifolds obey the same
optical selection rules as the singly excited states.

system with two (or more) excited state manifolds with an arbitrary number of states in
each manifold. In fig. 4.2, two such manifolds are labeled as A (red) and B (blue).These
manifolds can only be excited through disjoint selection rules (solid red and dashed blue
arrows).

The idea is now the preparation of the system in a coherence (|g⟩⟨B| in fig. 4.1). The
difference between a secular and nonsecular description is the fact that in the secular ap-
proximation only densities couple with each other; and coherences decay. Consequently,
only nonsecular processes are able to convert the coherence into other coherences and
densities, like |g⟩⟨A| (a). By subsequent measurement of densities (here |A⟩⟨A|), we
know that the conversion was solely made possible through nonsecular relaxation. Con-
sequently, secular processes are filtered out of the signal (b).

In the full protocol, also coherences with the double-excited state manifolds |AA⟩ , |BB⟩
and |AB⟩ are participating, which complicates the analysis. However, the underlying
idea of exciting only inter-manifold coherences stays the same.

In a two-dimensional spectrum, excited-state coherences will show up as offdiagonal
peaks. From these peaks, the energies of the participating states can be read off right
away. The peak intensities show the optical coupling strength of the process and the
peak width the coupling strength to the bath.

Examples for manifolds with disjoint selection rules include dipole-allowed vs. dipole-
forbidden transitions, magnetic vs. nonmagnetic transitions [18], spin-up vs. spin-down
excitations, heavy-hole vs. light-hole excitations [19] and more. For all these transitions,
a selective excitation mechanism can be found1.

The protocol relies on the order of interactions with the A and B manifold. The
optimal order of interactions is shown in fig. 4.3, where the red pulses excite the A
manifold, and the blue pulses the B manifold, respectively. The first pulse sequence

1As a reminder, selective excitation means in this context the existence of at least two excite-state
manifolds A and B; where the transitions into A and B have disjoint selection rules, and there has
to be a mechanism for switching between both transitions.
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Figure 4.3.: Optimal pulse sequences of the detection protocol in phase cycling. All
pulses have a defined phaseshift ϕk with respect to the other pulses. In
heterodyne detection, the last pulse at ts is the local oscillator pulse. For
PEEM, the last pulse at t4 brings the system into an excited state density.
The red pulses in pulse sequence (a) lead to an excitation of the A manifold,
and the blue pulses to an excitation of the B manifold. In pulse sequence
(b), the order of the pulses is the opposite of (a).

starts with a transition into the A manifold, followed by two transitions into the B
manifold, and a last transition into A. The second pulse sequence is the reverse situation;
a transition into the B manifold, two transitions into A and a final transition into B
again.

Since the protocol filters out secular processes, it implies that the Feynman diagrams
should give a vanishing signal in the secular approximation. In the following, we will ex-
plain the the effect of the pulse sequence fig. 4.3a in the secular approximation with help
of the Feynman diagrams. For heterodyne four-wave-mixing, the principle of reasoning
is analogous. For a nonradiative B manifold, the pulse sequence fig. 4.3b will not be
applicable in heterodyne detection, since this detection method relies on the interference
of the local oscillator pulse with a radiative manifold of states at time ts. The same
reasoning holds for a nonradiative A manifold in the pulse sequence fig. 4.3a. In fig. 4.4,
all four pathways of the PEEM signal for the first pulse sequence (fig. 4.3a) are depicted.
The labeling of the diagrams indicates the states involved in the secular approximation.

Diagram I The first pulse in fig. 4.4 I creates a coherence |g⟩⟨A|. In the secular
approximation, this coherence does not get converted into other coherences. The second
pulse at t2 would lead to stimulated emission. However, since it probes the B manifold
and only a coherence with the A manifold is present, no emission will take place and the
coherence |g⟩⟨A| will remain. The third pulse induces a transition into the B manifold
for the ket-state, so that the system will be in the coherence |B⟩⟨A|. It is important to
note that no densities are created in the diagram so far; therefore, no secular conversion
processes happen. The fourth pulse at t4 eventually leads to a double excitation in the
A manifold, creating the coherence |B⟩⟨AA|. The subsequent PEEM measurement will
only probe diagonal excited states. The last state is not a diagonal state; therefore, the
signal is zero.

Diagram II As in diagram I, the coherence at t1 in fig. 4.4 II is |g⟩⟨A|. At t2, absorption
through the transition into the B manifold leads to the coherence |B⟩⟨A|. The third pulse
probes bra-states of the B manifold. Since the density matrix is only in a coherence with
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4. Detection Protocol for Nonsecular Relaxation

I II

III IV

Figure 4.4.: Demonstration for a vanishing signal in the secular approximation for the
first pulse sequence, fig. 4.3a in the PEEM measurement. The basic idea
is that only densities are coupled in the secular approximation. The pulse
sequence is chosen to only excite coherences between different excited-state
manifolds, which decay in the secular approximation. To obtain a nonzero
signal upon measurement it is crucial to have a density at t4. The same
argumentation holds for the other pulse sequence, fig. 4.3b, as well as for
the signal in heterodyne detection.

the bra states of the A manifold, the stimulated emission is prohibited and the system
remains in its state. The last interaction at t4 brings the system again in a coherence
with the double-excited states |B⟩⟨AA|. Again, the density matrix is not diagonal and
the measured signal is zero.

Diagram III Until the second pulse, the diagram in fig. 4.4 III is identical to diagram
II. But now, the third pulse at t3 leads to an absorption if the B manifold on the ket side
of the density matrix, bringing the system into the coherence |BB⟩⟨A|. The stimulated
emission of an A ket-state by the fourth pulse is prohibited again, since only a double
excitation of the B manifold is present. Therefore, the system stays in the coherence
|BB⟩⟨A| after t4 and this diagram also leads to a vanishing signal.

Diagram IV The only difference to diagram III in fig. 4.4 IV is the last interaction
at t4. This transition leads to an excitation into the manifold of double-excited A bra-
states. The coherence in the end is |BB⟩⟨AA|, eventually leading to a vanishing signal
for this diagram as well.

In conclusion, all diagrams of the PEEM signal vanish in the secular approximation.
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For the alternative configuration in fig. 4.3b, the A and B manifolds get reversed and
the same argumentation holds.
In the analysis of the PEEM signal, we only allowed diagrams returning into excited

states upon measurement. By increasing the ionization energy, also diagrams returning
into the ground state will contribute to the signal. Studying these diagrams in the secular
approximation reveals, that they vanish as well. However, these additional diagrams do
not provide more information about the system, and only increase the computational
effort, so we left them out and confined ourselves to the detection of diagrams returning
into excited states.
For heterodyne detection, the analysis is analogous. We take the Feynman diagrams

from fig. 3.3 and use the same pulse sequences 4.3 for excitation. To measure the
polarization, the system has to be brought into a diagonal state again through the last
interaction, analogously to the PEEM measurement. The secular processes are again
only able to bring the system into an offdiagonal state and are consequently filtered out
by the measurement process.
In a nonsecular description of the relaxation dynamics, the coherences created during

each interaction tk can be converted into other coherences or densities. Eventually, the
system will end up in a diagonal state upon measurement. The nonsecular processes,
which lead to this diagonal state, will consequently show up in the measured spectra.
In principle, once a coherence is converted into a density through nonsecular processes,

it can relax further using secular relaxation channels. However, a more involved study
of all possible combinations of secular and nonsecular processes reveals that the final
diagonal states can only be formed when solely nonsecular processes occur during the
whole pulse sequence.
In the rest of this thesis, we will apply this detection protocol to a quantum dot

system. There, we will demonstrate the detection of nonsecular relaxation between a
dipole-allowed and dipole-forbidden excited-state manifold. The dipole-forbidden mani-
fold considered here shall be excited through quadrupole excitations.
We will call the dipole-allowed transitions as bright transitions; the single-excited

manifold reached by these transitions is |A⟩ ≡ |eb⟩. The dipole-forbidden transitions
are dark transitions with the respective single-excited manifold |B⟩ ≡ |ed⟩. The double-
excited manifolds can consist of states reached through combinations of bright and dark
transitions; therefore we will call them |fbb⟩ for the bright double-excited manifold,
|fdd⟩ for the dark double-excited manifold, and |fbd⟩ for the manifold reached by mixed
interactions. The bright transitions (sometimes interchangeably used with bright states
or bright state manifolds) will be depicted in red, and dark transitions (or dark state
manifolds) in blue.
To mediate these transitions, we present another novelty in the thesis: the optical

switching between dipole- and quadrupole-excitations through a plasmonic structure.
This part will be discussed thoroughly in sec. 5.3.
However, we would like to anticipate the results of sec. 5.3 at this point, and present

the explicit form of the pulse sequence for the model system. As it will turn out, the
selective excitation of the bright and dark-state manifolds can be controlled through
the polarization νk ∈ {x, y} of the incoming light pulse. For νk = x, bright states are
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4. Detection Protocol for Nonsecular Relaxation

(predominantly) excited in the system, thus P̂ ≈ µ̂. For νk = y, dark states are excited,
so that P̂ ≈ Q̂ · ∇. To reproduce both pulse sequences from fig. 4.3, the corresponding
electric fields read (for the photon-echo signal)

E(0, t) = E∗x(0)Ẽ
∗
4(t− t4) +Ey(0)Ẽ3(t− t3) +Ey(0)Ẽ2(t− t2) +E∗x(0)Ẽ

∗
1(t− t1),

E(0, t) = E∗y(0)Ẽ
∗
4(t− t4) +Ex(0)Ẽ3(t− t3) +Ex(0)Ẽ2(t− t2) +E∗y(0)Ẽ

∗
1(t− t1).

(4.1)

We adapt a short-hand notation for referring to the pulse sequences: By expressing µνkk
as the dipole interaction of the kth pulse for νk ∈ {x, y} polarization; and Qνk

k for the
quadrupole interaction, we can write the pulse sequences fig. 4.3a and b of the protocol
in the compact form:

µx4Q
y
3Q

y
2µ

x
1 ,

Qy
4µ

x
3µ

x
2Q

y
1.

(4.2)

This notation allows us later to refer to the pulse sequences more generally.
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5. Model System

In the last chapter, we presented the general idea of the detection protocol. We justified
its broad applicability for observation of nonsecular processes between different excited
state manifolds. We chose for a detection between dipole-allowed and quadrupole-allowed
manifolds. Now, we apply this protocol to a physical system in order to show its feasi-
bility for realistic parameters.

The electronic system we chose is a spherical CdSe quantum dot, since it is a well-
understood system with readily available parameters and fabrication techniques [45, 46].
We realized during the research that the high symmetry of a spherical system does not
allow for nonsecular relaxation channels between dipole-allowed and quadrupole-allowed
states and thus prevented the observation of these nonsecular processes. Therefore, we
embedded the CdSe QD in a ZnS nanorod. The phononic bath will therefore have
modes of reduced cylindrical symmetry, which allow for nonsecular relaxation between
both manifolds. ZnS is also a well studied semiconductor material and its larger band
gap ensures the confinement of the electronic wave function in the QD.

We should emphasize that the choice of this system was not in favor of observing strong
nonsecular effects. Indeed, the nonsecular processes in this system are quite weak and
have very little contribution to the actual relaxation dynamics. However the proposed
protocol will still be able to filter out the orders of magnitude larger secular signal, and
resolve the nonsecular dynamics.

The excitation of dipole-allowed and quadrupole-allowed transitions is mediated by
a plasmonic structure, called the plasmonic dolmen structure in the literature [84, 85,
86, 41, 87, 88]. Plasmonic structures are known to create strong electric field gradients
needed for quadrupole transitions; in contrast to dipole transitions, which are caused by
constant electric fields.

For the protocol it is vital to achieve a selective excitation of both transitions. This
rules out most plasmonic structures for the protocol. As our study showed, the afore-
mentioned plasmonic dolmen structure allows for field gradients without fields (and vice
versa) in discrete points in space. A nanostructure placed in such a point within the
dolmen structure will either experience dipole transitions or quadrupole transitions. A
convenient switching between these two field-distributions is performed by flipping the
polarization of the incoming light pulse.

Figure 5.1 presents the whole setup; the plasmonic dolmen structure consists of three
metal bars, surrounding the ZnS NR (red) with the CdSe QD (black dot). In this chapter,
we present the microscopic models used for the electronic system of the QD, the phonon
interaction with the cylindrical modes of the NR and the light-matter interaction. In
this context, we also present the plasmonic dolmen structure in detail. Furthermore, we
compute the relaxation Green function for the exciton-phonon interaction. The resulting
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NR

QD

Dolmen

Figure 5.1.: Sketch of the setup for detecting nonsecular processes between bright and
dark states. The system is a spherical CdSe QD (blue) embedded in a
cylindrical ZnS NR (red). For the switching between bright and dark state
excitation, the system is surrounded by a plasmonic dolmen structure.

spectra after application of the protocol will be presented in the next chapter.
The Hamiltonian for the model system is given by

Ĥ = ĤS,0 + ĤB,0 + Ĥe−L(t) + Ĥe−ph, (5.1)

where the unperturbed system is described by Ĥ0 = ĤS,0+ĤB,0. In the next section, we
will derive the electronic levels and wave functions of the unperturbed system. The light-
matter interaction is described by Ĥe−L(t). The general expression was already derived
in eq. (3.6). The explicit coupling elements for this Hamiltonian will be computed in
sec. 5.2.
The system-bath interaction is described by the coupling to phonons through the

Hamiltonian Ĥe−ph ≡ ĤSB. In sec. 5.4 and following, we compute the phonon coupling
strengths and the relaxation dynamics of the density matrix for the model system.
Since the whole chapter will involve expressions in the Schrödinger picture, we omit

the hats above the operators for now.

5.1. Unperturbed QD System

The goal of this section is the derivation of the electronic structure of a CdSe quantum
dot. It is not in our interest to describe the QD as accurately as possible, since we use
the system as a proof-of-concept for the detection protocol. Our main concern is the
description of the system within the right order of magnitude and to obtain reasonable
coupling elements.

5.1.1. Hamiltonian of Noninteracting Particles

In contrast to bulk materials, excited electrons in quantum dots are confined in all
three spatial dimensions. Their momentum ∼ π/L, which can be described by a quasi-
continuum in bulk, becomes discrete with ever shrinking system size L. Consequently,
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5.1. Unperturbed QD System

CdSe ZnS

Figure 5.2.: Sketch of the spherically symmetric confinement potential U(r) for the QD
of radius R. The discrete electron and hole states (gray) in the conduction
and valence band are separated by the band gap εgap. The band-offset Uλ to
ZnS ensures the confinement of the wave functions to the QD. The material
parameters used in the simulation are given in app. B.

the notion of a continuous band structure and a wavevector-dependence becomes mean-
ingless. It is said that QDs are quasi-zero-dimensional systems, where a few discrete
quantum numbers describe the electronic states, similar to the discrete states of an
atom. This discretization happens on system sizes in the nanometer range.

We will describe the QD as a perfectly spherical system of radius R, embedded in a
host material. The electrons in the material will see the atomic lattice as a screened
system with dielectric constant ϵ = 5.5 of CdSe [89]. The host material ZnS will have
the dielectric constant ϵh = 8.3 [90]. We will neglect surface-polarization effects, which
are not important for small dielectric-constant mismatches between the two materials,
and would only complicate our simplified model of the system.

An optical excitation lifts an electron from the valence band to the conduction band,
leaving behind a missing charge from the otherwise neutral background. We treat this
missing charge as a quasiparticle with positive charge in the valence band, a hole. The
attractive Coulomb interaction between both quasiparticles forms a bound electron-hole
pair, an exciton. We take the radius of the model system to be smaller than the exciton
Bohr radius of CdSe, R < aB = 5.2 nm [91], but still much larger than the atomic Bohr
radius. The smaller the QD becomes, the larger the confinement energy of electrons and
holes gets. The effect of Coulomb-interaction gets diminished in comparison. Therefore,
we can treat it as a perturbation to the system of noninteracting particles.

The choice of ZnS was intentional; it has a larger bandgap than CdSe and both form a
type I heterostructure, meaning that electron and hole wave functions are both confined
to the CdSe QD. The resulting confinement potential is sketched in fig. 5.2.

We write the Hamiltonian for electrons and holes as

HS,0 =

e


−ℏ2∆e

2me
+ u(re) + U(re)


+

h


−ℏ2∆h

2mh
+ u(rh) + U(rh)


+ V ({re}, {rh})

(5.2)
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5. Model System

with the lattice-periodic potential u(r) = u(r +Rn) with lattice vector Rn pointing to
unit cell n, the confinement potential U(r) and the Coulomb interaction V ({re}, {rh}).
We performed the effective mass approximation [92]; for bulk electrons and holes suf-
ficiently close to the band-edge, their band-structure can be seen as approximately
parabolic (and isotropic for cubic unit cells [93]). The curvature defines new effective
masses me and mh for electrons and holes, respectively.

Going from the bulk to the QD, we assume that the spectrum can still be described
through the effective masses [92], and only consider low-lying excitations.

The Hamiltonian acts on the wave function ψ({re}, {rh}), containing all electrons and
holes. We will confine ourselves to the discussion of a maximum of two electrons and
two holes present in the system. A pair of electron and hole is called exciton, whereas
the two electron-hole pair state will be called biexciton.

Without Coulomb interaction, V = 0, the system can be solved for all particles
individually, therefore ψ({re}, {rh}) =


eh ψ(re)ψ(rh). In the bulk (U = 0), the

wave function of the individual particles can be written in terms of Bloch functions
ψ(r) ∼ eik·ruσλ(k, r) [92]. The Bloch wave function, determined by the potential u(r),
reflects the geometry of the atomic lattice and is periodic with the crystal unit cell,
uσλ(k, r +Rn) = uσλ(k, r).

In QDs, however, the confinement potential U(r) breaks the translational symmetry.
Therefore the Bloch ansatz is only an approximation: Known as the envelope wave
function approximation [92], the total wave function will be modulated by an envelope
wave function φni,λi

(r):

ψi(r) = φni,λi
(r)uσi

λi
(k ≈ 0, r). (5.3)

Since we only consider excitations close to the band edge, we take k ≈ 0 for the Bloch
function and omit the k argument in the following. The wave function is fully determined
through the energy level ni, the band index λi ∈ {v, c} for valence and conduction band,
and by the total angular momentum projection σi (for the total angular momentum
operator J = L+ s). For conduction band states, σi = ±1/2. In the valence band, we
distinguish between heavy holes, σi = ±3/2, and light holes, σi = ±1/2 [58]. We neglect
the hybridization between light-hole and heavy-hole states [94]. The quantum numbers
will be collected in i = (ni, λi, σi) for state i.

The Hamiltonian can be split into the envelope and Bloch part [92]. The envelope
Hamiltonian is then given by

Henv = − ℏ2∆
2mλi

+ U(r), (5.4)

Determining the Bloch wave function uσλ(r) for different unit-cell geometries is a solid
state problem and will not be discussed here, information can be found in [92] or [94].
For us, it is enough to know the orthonormality relation

UC

uσ∗λ (s)uσ
′

λ′(s)ds = δλλ′δσσ′ . (5.5)
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picture

exciton

picture

a) b) c)

Figure 5.3.: Schematic representation for differences between the a) electron, b) electron-
hole and c) exciton picture. In the electron picture, the valence band is
completely filled with electrons, which represents the ground state. An
optical excitation removes an electron from the valence band in state j and
creates an electron to the conduction band in state i. In the electron-hole
picture, the ground state gets redefined to be empty. An optical excitation
creates an electron in the conduction band through e†i and a hole in the

valence band through h†j . Since an optical excitation always creates two

particles, they can be seen as one new quasiparticle, the exciton e†ih
†
j .

The eigenvalue problem for the envelope wave function becomes

Henvφni,λi
(r) = εi,λi

φni,λi
(r).

We take a finite spherically symmetric confinement potential U(r) = Uλθ(r−R) for the
QD. Uλ is the band offset between CdSe and ZnS for the respective band λ ∈ {v, c}. The
potential well problem, depicted in fig. 5.2 can be solved analytically [95]. We will use
the calculated wave functions in the following to obtain Coulomb, optical and phonon
coupling elements.
The envelope wave function φni,λi

for each band is described by the three quantum
numbers ni = (n, l,m) with n, l ∈ N0, m ∈ {−l, . . . , l}. We neglect lattice distortions
and polarization charge effects at the QD surface.

Electron-Hole-Picture

It is often advantageous to formulate quantum mechanical problems in the framework
of second quantization. In the context of solid state physics, it is known as the electron
picture. The ground state of a semiconductor in the electron picture is given by a filled
valence band, as is shown in fig. 5.3a.
The second quantized operators in electron picture are given by

ψ(r) =

i

ψi(r)ai,

ψ†(r) =

i

ψ∗i (r)a
†
i ,
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with the anticommutation relations

{ai, a†j} = δij ,

{ai, aj} = {a†i , a
†
j} = 0.

(5.6)

The second quantized Hamiltonian is given by the transformation

HS,0 =


dr ψ†(r)⟨HS,0⟩ψ(r). (5.7)

For noninteracting particles, V = 0, the second quantized Hamiltonian is diagonal

HS,0 =

i

εi,λi
(a†iai +

1

2
). (5.8)

If one is only interested in the dynamics of the system, constant energy shifts like the
ground-state energy εi,λi

/2 drop out of the calculation. Therefore, they can as well be
omitted here.

In the electron picture, the ground state is the vacuum state |0⟩. In a semiconductor
system, electrons are already present and filled up to the Fermi level in the valence
band. Typical observables, however, involve electrons excited into the conduction band.
Therefore, one does not have to consider all electrons still residing in the valence band.
For practical purposes, it becomes more convenient to pose the problem in the electron-
hole picture. We define a new ground state of the system

|g⟩ =
Nv
nj


σj

a†nj ,v,σj
|0⟩ ,

representing the full valence band. New creation and annihilation operators, acting on
this new ground state, create through e†i := a†ni,c,σi electrons in the conduction band;

and through h†j := anj ,v,σj holes in the valence band, as is sketched in fig. 5.3b. Holes are
new quasiparticles, acting as if they have an opposite charge [57]. The transformation
in can as well be written as

ψ(r) =

i

ψi(r)ai =

i

ψi(r)ei +

j

ψj(r)h
†
j , (5.9)

where the first and second sum after the last equality run over electron and hole quantum
numbers, respectively. The interaction-free (V = 0) system Hamiltonian becomes

HS,0 =

i

εi,ce
†
iei −


j

εj,vh
†
jhj +


j

εj,v. (5.10)

The last term gives the energy of the full valence band. Since it is a constant energy
shift, it has no impact on the dynamics of the density matrix. It can be eliminated
through a transformation of the Hamiltonian.
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5.1.2. Coulomb-Interaction

The Coulomb interaction between electrons and holes leads to an attractive shift in their
energy. The newly formed quasiparticle is called exciton. When two electron-hole pairs
are excited, their binding energy is further affected. Therefore, it gets the name biexciton
to distinguish it from the exciton. In small QDs, the confinement of electrons and holes
leads to an increased binding energy much larger than the Coulomb interaction [96].
Therefore, we can assume that the Coulomb interaction is a small perturbation to the
energy of noninteracting particles. The Coulomb interaction between two particles with
charges q and q′ is given by

V (r, r′) =
qq′

4πϵ0ϵ


drdr′ ψ†(r)ψ†(r′)

1

|r − r′|
ψ(r′)ψ(r), (5.11)

for the dielectric constant ϵ of the material. By using eq. (5.9), we can write it as:

V =
1

2


ijkl

V ij
kl a
†
ia
†
jakal (5.12)

with the Coulomb matrix elements

V ij
kl =

qq′

4πϵ0ϵ


drdr′ ψ∗i (r)ψ

∗
j (r
′)

1

|r − r′|
ψk(r

′)ψl(r).

The matrix elements posess the symmetry V ij
kl = V ji

lk = V kl∗
ij = V lk∗

ji . We make use of the
Bloch ansatz (5.3), and expand the denominator in r = Rm+s and r′ = Rn+s′ for small
s− s′. Due to the periodicity of the lattice, the integral can be split into a summation
over the vectors Rm pointing to the unit cell m and and an integration over s within
the unit cell (UC). The leading term in the expansion gives the monopole-monopole
interaction:

V ij
kl =

qq′

4πϵ0ϵ


mn

φ∗ni,λi
(Rm)φ∗nj ,λj

(Rn)
1

|Rm −Rn|
φnk,λk

(Rn)φnl,λl
(Rm)

δλiλl
δλjλk

δσiσl
δσjσk

. (5.13)

where we used the orthonormality of the Bloch-functions (5.5). The envelope functions
φni,λi

(Rm) vary only slowly over the unit cell. Therefore, we can turn the summation
over the unit cells into an integral:


m → 1/VUC


dR, with the unit cell volume VUC .

We turn back to eq. (5.12) and transform again into electron-hole picture and bring
the operators into normal order. We assume that the Coulomb terms do not introduce
a significant mixing between different states and only take the diagonal contributions.
Consequently, the eigenfunctions remain the ones from the noninteracting system. We
obtain the Hamiltonian

HS,0 =

i

εi,ce
†
iei−


j

εj,vh
†
jhj−


ij

V ij
ji e
†
ih
†
jhjei+

1

2


ij

V ij
ji e
†
ie
†
jejei+

1

2


ij

V ij
ji h
†
ih
†
jhjhi.
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The constant energy shifts are again omitted. The third term describes the binding
energy through the attractive force between electrons in the conduction band and holes
in the valence band. The last two terms describe the repulsive interaction between
two electrons and two holes, respectively. They will only affect the biexciton binding
energies.

Exciton Picture

We adopt a bra-ket formulation of the problem, which will turn out to be advantageous
for deriving the EOM of the density matrix elements. Since an optical excitation can
only create a pair of electron and hole, an individual treatment of both particles becomes
obsolete. Both can be described as one quasiparticle, the exciton (cp. fig. 5.3c). The
transformation into the exciton picture is given by

|em⟩ := |i, j⟩ = e†ih
†
j |g⟩ , (5.14)

with the multi-index m = (i, j) for an electron in state i and hole in state j.
Analogously, we define a biexciton state as

|fmn⟩ = e†ie
†
jh
†
kh
†
l |g⟩ . (5.15)

It describes two excitons in the states m = (i, k) and n = (j, l), respectively.
We can rewrite the Hamiltonian HS,0 as:

HS,0 =

m

εm |em⟩⟨em|+

mn

εmn |fmn⟩⟨fmn| (5.16)

with the exciton energies
εm = εi,c − εj,v − V ij

ji (5.17)

and the biexciton energies

εmn = εi,c + εj,c − εk,v − εl,v − (V ik
ki + V il

li + V jk
kj + V jl

lj ) + (V ij
ji + V kl

lk ). (5.18)

We condense the notation further, which allows for a compact notation of EOMs and
observables:

HS,0 =

m

εm |m⟩⟨m| . (5.19)

The state m now includes all quantum numbers of all exciton and biexciton states. We
used this notation already in ch. 3 to derive the optical signal.

5.1.3. Electronic Structure for Computation

In the simulation, we will only consider the lowest lying excited states. Furthermore,
the light-hole states are forbidden by optical selection rules, so that we will only discuss
the excitation of heavy-hole states. We will name the states by addressing the quantum
numbers of the envelope wave function, where 1s corresponds to n = 1, l = 0; 1p to
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a) b)

Figure 5.4.: Size-dependence of the electronic energies a) without Coulomb interaction,
and b) including Coulomb interaction for the lowest excitonic states. The
red dots correspond to states of the bright state manifold |eb⟩, and the blue
dots to the dark state manifold |ed⟩. The lines are fits with ε ∼ R−α.

n = 1, l = 1 and so on. The lowest conduction band state is the 1se-state; the 1pe and
2se states can be clearly distinguished energetically by several hundred eV so that they
will not be considered in the simulation. From the valence band states, we take into
account the 1sh and 1ph-states. The 2sh-state and 1dh-states have an energy difference of
more than 70meV. Each state has a spin degeneracy of two. Furthermore, the 1ph-states
have an additional degeneracy of 3 for the px, py and pz orbitals.

The excitonic states consist of one electron-hole pair. An optical excitation can only
create states where the electron and hole-spin are opposite. We have therefore 8 excitonic
states, which are listed in app. A. We label states involving 1sh holes as bright states,
belonging to the excitonic bright state manifold |eb⟩. The states with 1ph holes will
be grouped in the excitonic dark state manifold |ed⟩. The distinction into bright and
dark refers to the optical selection rules for the respective states (bright being optically
active in dipole approximation, and dark optically inactive). The categorization may
seem arbitrary right now, but becomes clear after the discussion in sec. 5.2.

The biexcitonic states can be constructed through all possible combinations of exci-
tonic states. Though, one has to bear in mind that two excited particles cannot stay
in the same state due to the Pauli principle, but have to differ at least by their spin
direction. We obtain a manifold constructed solely from bright excitons, |fbb⟩; and one
containing only dark excitons, |fdd⟩. There is also a third manifold, |fbd⟩, which we
will refer to as mixed states, containing one bright and one dark exciton. All possible
biexcitonic states are listed in app. A as well.

We first analyzed the size dependence of the exciton energies. Therefore, we computed
the electronic wave functions φni,λi

(r) for the potential well problem (fig. 5.2) of different
radius R for noninteracting particles [95]. The energy of the state is obtained through
the Hamiltonian (5.4). With eq. (5.13), we obtain the Coulomb matrix elements of the
wave functions.

The aim is to obtain a near-resonant phonon-interaction between the bright and the
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dark states. The energy of optical phonons in ZnS is about 44meV [97]. In fig. 5.4a, the
excitonic energies for states of the bright exciton manifold |eb⟩ = |1se, 1sh⟩ (red) and the
dark exciton manifold |ed⟩ = |1se, 1ph⟩ (blue) without Coulomb interaction (V = 0) are
shown. The line is a fit to the parameters, which depends on the radius ∼ R−α. The
exponent α is given in the plot. Neglecting the Coulomb attraction would indicate a
resonant phonon interaction either for very small dots of radius R ∼ 1.6 nm or very large
dots of radius R ∼ 7.5 nm. However, the Coulomb interaction does not scale equally
for bright and dark excitons. For a combination of s-like electrons and s-like holes, the
Coulomb attraction is stronger since both states are confined to the center of the QD. In
contrast, p-like hole states are pushed further away from the electron, leading to different
Coulomb shifts. In fig. 5.4b, we included the Coulomb shifts in the excitonic energy. The
results compare sufficiently well with the literature [89, 98]. As it turns out, for a QD
of radius R = 3nm the bright and dark states are resonant with the phonon energies.

5.2. Exciton-Light Interaction

We now derive the microscopic origin for the light-matter interaction in the QD. Usually,
QDs are small compared to the wavelength of the interacting light field. Therefore, one
can apply the dipole approximation [25], where the field is assumed to be spatially
constant across the QD, E(r, t) ≈ E(0, t). When placed close to a plasmonic structure,
this is not necessarily the case anymore. Close to sub-wavelength metallic structures,
high field intensities are generated through surface plasmons [99]. They decay on short
distances outside the metal, leading to non-negligible field gradients [39, 40, 41, 42, 43].
We already derived the spectroscopic signal with higher order electromagnetic effects
in mind, namely electric quadrupole and magnetic dipole interactions. The resulting
light-matter interaction was given in eq. (3.6). We now derive the matrix elements of
this Hamiltonian for the model system. The Hamiltonian in second quantization is given
as

He−L(t) = −

dr ψ†(r) [µ ·E(0, t) +Q : ∇E(0, t) +m ·B(0, t)]ψ(r), (5.20)

where we used the identity (∇ · Q)E = Q : (∇E), with the Frobenius product defined
as [75]:

A : B =

ij

AijBij . (5.21)

We go into the electron-hole picture through eq. (5.9). Terms proportional to e†iej and

h†ihj correspond to intraband transitions. We are only concerned with interband tran-
sitions between the valence and conduction band and choose the energy of the exciting
light field accordingly. Thus we can safely neglect these terms. The remaining contribu-
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tions are

He−L(t) = Hed
e−L(t) +Heq

e−L(t) +Hmd
e−L(t), (5.22)

Hed
e−L(t) = −


ij


dr ψ∗i (r)µ ·E(0, t)ψj(r)e

†
ih
†
j + h.a., (5.23)

Heq
e−L(t) = −


ij


dr ψ∗i (r)Q : ∇E(0, t)ψj(r)e

†
ih
†
j + h.a., (5.24)

Hmd
e−L(t) = −


ij


dr ψ∗i (r)m ·B(0, t)ψj(r)e

†
ih
†
j + h.a. (5.25)

Above contributions to the exciton-light interaction are the electric dipole interactions
Hed

e−L, electric quadrupole interactions H
eq
e−L, and magnetic dipole interactions Hmd

e−L. In
the following, we will discuss each term individually. The magnetic dipole interaction
will turn out to be negligible. Its derivation and an estimation of scales is given in
app. C.

5.2.1. Dipole Interaction

To obtain the matrix elements for the dipole interaction in the model system, we again
use the Bloch ansatz (5.3) and separate the length scales: r = Rn + s (where Rn is
pointing to unit cell n and s varies within the unit cell). We insert the dipole operator
µ = er:

Hed
e−L = −e


ij


n


UC

ds


φ∗ni,c(Rn)u

σi∗
c (s)(Rn+s)φnj ,v(Rn)u

σj
v (s)e†ih

†
j+h.a.


·E(0, t).

The first term ∼ Rn vanishes due to the orthogonality of the Bloch functions (5.5). The
sum over the unit cells will be converted into an integral again. The second term ∼ s
can be abbreviated by introducing the microscopic dipole element

dσm
cv = dσi

cv = dσi∗
vc =

1

VUC


UC

dsuσi∗
c (s) su

σj
v (s)δσiσj , (5.26)

which gives information about the directional character of light absorption depending
on the crystal structure and orientation [100]. VUC is again the volume of the unit cell.
Furthermore, we define the overlap of the envelope wave functions

Sm = Sij = S∗ji =


dRφ∗ni,c(R)φnj ,v(R), (5.27)

where the multi-index m = (i, j) again keeps track of the exciton quantum numbers. We
express the dipole interaction in the exciton picture by using (5.14) and (5.15):

Hed
e−L = −e


m

dσm
cv Sm |em⟩⟨g|+


m̸=n

dσm
cv Sm |fmn⟩⟨en|+ h.a.

 ·E(0, t). (5.28)
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5.2.2. Quadrupole Interaction

The derivation of the quadrupole matrix elements is largely similar to the dipole interac-
tion. Again, we insert the Bloch ansatz and insert the quadrupole operator Q = e/2r◦r.
The term proportional to Rn ◦Rn vanishes due to the orthogonality of Bloch functions.
Furthermore, we have the integral

UC

dsuσi∗
c (s) (s ◦ s)uσj

v (s),

whose diagonal elements are zero since the integrand has odd parity. The offdiagonal
elements are assumed to be small. For the remaining two terms, we introduce the dipole
element of the envelope wave functions

Dm = Dij = D∗ji =


dRφ∗ni,c(R)Rφnj ,v(R). (5.29)

Using the identities

a ◦ b : A = a ·A · b = b ·AT · a = b ◦ a : AT ,

we can collect these terms by introducing the symmetrized tensor of the electric field
gradient

∇SE(0, t) :=
1

2
[∇E(0, t) +∇ET (0, t)]. (5.30)

Again, we transform into the exciton picture through (5.14) and (5.15):

Heq
e−L = −e


m

dσm
cv ◦Dm |em⟩⟨g|+


m̸=n

dσm
cv ◦Dm |fmn⟩⟨en|+h.a.


: ∇SE(0, t). (5.31)

5.2.3. Total Interaction

We split the electric field according to eq. (3.25) into its spatial and temporal part and
define our transition elements as

P̃ ηk
νk,m

= µ̃ηkνk,m + Q̃ηk
νk,m

,

µ̃ηkνk,m(r) = e Smdσm
cv ·Eηk

νk
(r),

Q̃ηk
νk,m

(r) = e (dσm
cv ◦Dm) : ∇SEηk

νk
(r).

(5.32)

One should note that in contrast to the traditional definition, the spatial part of the
light field is absorbed into the transition elements, which therefore become spatially
dependent.

The interpretation of the redefined matrix elements is as follows: Suppose, the QD
will be placed in position r, it will experience the coupling to an electromagnetic field
modulated by Eηk

νk
(r). The spatial dependence is on the scale of the light field, and not
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on the scale of the QD1 The reason for this definition becomes clear in sec. 5.3. It allows
for a simplified discussion of the effects of the plasmonic structure.
The total Hamiltonian becomes

He−L = −


k,ηk=±


m

P̃ ηk
νk,m

Ẽηk
k (t− tk)


|em⟩⟨g|+


n(̸=m)

|fmn⟩⟨en|

+ h.a.|−ηk ,

where we left out the magnetic interaction, which will turn out to be negligible. The
fields do not get complex conjugated, therefore the coupling elements and fields of the
hermitian adjoint term follow the rule (Aηk)∗ = A−ηk,∗.

We introduce the compact notation again, where m and n include all possible states.
For the light-matter interaction, we demand only interband transitions and use as a
convention that state m is a higher excited state than state n:

He−L = −


k,ηk=±


m>n

interband

P̃ ηk
νk,mnẼ

ηk
k (t− tk) |m⟩⟨n|+ h.a.|−ηk . (5.33)

In this notation, we have to specify the intial and final state in the matrix element:

P̃ ηk
νk,mn :=


P̃ ηk
νk,m, |em⟩⟨g|
P̃ ηk
νk,m, |fmn⟩⟨en|

0, otherwise

. (5.34)

5.2.4. Selection rules

Envelope Transition Elements

The detection protocol works between excited state manifolds with disjoint optical se-
lection rules. Therefore, we characterize the selection rules of the dipole and quadrupole
manifold in the following.
Since the microscopic dipole element is the same for all optical interactions, the dis-

tinction between bright and dark states depends on the envelope wave functions. All
states have a defined spherical symmetry. 1s-states are symmetric under inversion, and
therefore have an even parity. 1p-states, however have an odd parity. Excitonic states
of the bright-state manifold are of the form |1se, 1sh⟩ (cf. app. A), therefore the overall
parity of the bright exciton |eb⟩ is even. Dark excitons |ed⟩ = |1se, 1ph⟩ have an overall
odd parity.
When we investigate the transition elements Sm and Dm of the respective transitions,

we see that the integrand of the envelope wave function overlap (5.27) is even for excitons
with even parity (|eb⟩). Consequently, the electric dipole transition is only allowed for
bright excitons |eb⟩.
Due to the additional r-dependence of the integrand, the envelope wave function dipole

element (5.29) requires an exciton with odd parity to be nonvanishing. Therefore this
transitions is only allowed for dark states |ed⟩.
1which is integrated over already, and contained in Sm and Dm
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Figure 5.5.: Levelscheme for the model system. Bright states are colored in red, and
dark states in blue. The simulation includes the lowest excitonic bright state
manifold |eb⟩ and the lowest excitonic dark state manifold |ed⟩, which can be
excited through dipole transitions µebg

and Qedg, respectively. From these,
one can construct the bright biexcitonic manifold |fbb⟩, the dark biexcitonic
manifold |fdd⟩ (the degeneracy within the dark manifold gets lifted through
different biexciton shifts, cf. app. A) and the mixed manifold |fbd⟩. The
involved optical matrix elements are indicated analogous to the excitonic
ones. The small gray dashed arrows indicate possible relaxation channels.

For transitions into the biexcitonic manifold, the discussion is analogous. The nonzero
optical selection rules between the different excited-state manifolds are indicated in
fig. 5.5.

Microscopic Dipole Element

The selection rules of the microscopic dipole element dσm
cv originates from the crystal

structure. We will not go into detail about the specifics of the lattice, but rather take
a simplified view of the selection rules. The dipole element does not change the spin of
the particle.

We neglect strain effects and other effects which might lead to band-mixing of the
hole states. Hence we can focus on the excitation of heavy holes. Therefore, we can
abbreviate σm = + for σi = +1/2, σj = −3/2, and σm = − for σi = −1/2, σj = +3/2.
We take the crystal growth axis to be the y-axis in the coordinate system of fig. 5.6.
The resulting microscopic dipole element becomes d±cv = 1√

2
(1, 0,±i) [100].

5.3. Plasmonic Dolmen

We are already familiar with the types of transitions in our model system, and we know
which states are affected by them. However, it is still unclear how these transitions
can be induced in our system. A quantum dot is far smaller than the wavelength of
light, so the field at the QD can be seen as spatially constant. Therefore, transitions
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Figure 5.6.: Sketch of the plasmonic dolmen structure a) in three dimensions with the
placement and direction of the QD/NR indicated in red at r0. b) top-
view with all relevant dimensions. The coordinate-system is centered in
the middle of the structure. The dimensions of the dolmen structure and
material parameters (corresponding to gold [85]) used in the simulations are
given in app. B.

occur predominantly in the dipole interaction. To increase the probability of quadrupole
transitions, the electric field has to have a considerable variation of the field gradient
across the QD. For this reason, we turned our interest to plasmonic structures. Light
interacting with metal structures with the size of several tens to hundreds of nanometers
will lead to fluctuations of the conduction electrons in these structures. For specific
sizes, the interaction with the metal becomes resonant and a localized surface plasmon
is excited, which is a coherent oscillation of the electron cloud. It leads to a large build-
up of charges at the border of the metal and thus to strong electric fields. The electric
fields fall off rapidly outside the metal, thus also leading to large electric field gradients.

Our goal is the identification of a plasmonic structure which helps us in exciting bright
and dark states through constant electric fields and field gradients, respectively. As was
already explained in ch. 4, a crucial ingredient for the protocol is the selective excitation
of bright and dark states in the QD. In other words, we need a mechanism to excite
bright states but no dark states; and a switching to excitation of dark states without
bright states. Both excitations have to happen at the position of the QD. By looking at
the transition elements (5.32), this implies a vanishing field gradient for the first case,
and a vanishing electric field but a finite field gradient for the second case. The first one
is a trivial task, since exactly this scenario happens for dipole interactions in QDs. The
second situation only happens when the electric field changes sign at the QD.

We analyzed the metallic nanostructure, known as the plasmonic dolmen structure [84,
85, 86, 41, 87, 88]. It was already depicted in fig. 5.1. The dolmen structure consists
of three metal bars, of which two are parallel and one is perpendicular at the top. To
understand the resonance behavior of the dolmen structure, we first analyze the surface
plasmon resonance of two parallel bars.
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Figure 5.7.: Integrated electric field amplitude (over the xy-plane) of a single bar (red),
two parallel bars (blue) and the dolmen structure (green) for different en-
ergies ε of the incoming plane waves. High field amplitudes correspond to
plasmon resonances. The higher amplitudes from the parallel bars and the
dolmen are due to an increased net displacement of charge. The resonance
shift between the different configurations is due to interaction between the
bars.

5.3.1. Parallel Bars

We performed finite element simulations [101] for monochromatic excitations with an
incoming plane wave along the z-direction, E(r, t) = E0eye

i(kez ·r−ωt). The plane-wave
is polarized along the bars, in y-direction. The dimensions of the bars are presented
in app. B. For the simulation, we used gold as the material of the bars, which has the
plasmon frequency ωp and damping γp.

In fig. 5.7 (blue line), we varied the energy ε = ℏω of the incoming wave and integrated
over the field amplitude |E| in the xy-plane around the bars. The peak represents the
plasmon resonance energy. The length of the bars is chosen to give a plasmon resonance
is at ε ≈ 2.0 eV, which is close to the transition energy of the excitons (compare app. A).

We look at the real part of the field distribution caused by the two metal bars at
ε = 1.95 eV, which is shown in fig. 5.8 in the xy-plane for z = 0 (corresponding to a
cut through the middle of the structure). The position of the bars is indicated as black
boxes. The arrows indicate the direction of the electric field in the xy-plane. The color
plot shows the magnitude of the scattered field a) Ex and b) Ey. The field component
Ez is zero in the xy-plane. Since we are near resonance, the electric field gets enhanced
at both ends of the bars. However, of most importance for us is the region between both
bars. In the middle of the structure, for x = 0, the electric field along the x-direction
Ex = 0 (fig. 5.8a). There are two designated points on the x-axis, where the electric field
Ey = 0 as well (marked in fig. 5.8). In these points, the electric field Ex also experiences
a sign change along the x-direction, thus ∂xEx ̸= 0. In other words, these two points at
(x′0,∓y′0) = (0,±39) nm have a vanishing electric field, but a finite electric field gradient.

So far, we analyzed the field distribution only in the xy-plane for z = 0. The height
of the structure is small enough to neglect retardation effects and the field distribution
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a) b)

Figure 5.8.: Field distribution of a) Ex and b) Ey in the xy-plane of the parallel bars for
z = 0. The field component Ez = 0 in this plane. The plane wave coming
along the z direction is polarized along the y-direction and has an energy
of ε = 1.95 eV. The color-scale gives the ratio between electric field and
incoming electric field E0. Two spots can be identified, where the electric
field is zero, but the field gradient is nonzero.

should exhibit a symmetry in z-direction. In fig. 5.9, the electric field a) Ey and b)
Ez is depicted for x = 0. Due to symmetry, the electric field component Ex is zero in
the whole plane. The arrows again show the direction of (Ey, Ez). As can be seen, the
arrows converge and emerge from two points, which are (∓y′0, z′0) = (±39, 0) nm. The
electric field component Ez is zero along the z = 0-axis, as suspected; and has an inverse
symmetry between the positive and negative z-axis. The y-component Ey is symmetric
along the z-axis.

Concluding the analysis; we identified two spots ∓r′0 = (0,±39, 0) nm in the structure,
which exhibit an electric field gradient, but a vanishing electric field. Hence, a QD placed
in these spots would be excited predominantly through quadrupole transitions.

However, we also need a mechanism to excite dipole-transitions in the QD placed at the
same position. Therefore, we take a single bar and place it on top of the parallel bars (see
fig. 5.6). The resulting structure is the plasmonic dolmen structure [84, 85, 86, 41, 87, 88].
The single bar has the same length as the parallel bars, so that its plasmon resonance
occurs at similar energies, as shown in fig. 5.7 (red line).

By changing the polarization of the incoming light to the x-direction, E(r, t) =
E0exe

i(kez ·r−ωt), the structure is no longer in resonance with the light wavelength, and
does barely interact.

5.3.2. Plasmonic Dolmen Structure

The special arrangement of the plasmonic structure will have the following effect. In-
coming light polarized along the x-axis will create a plasmon resonance in the single
bar. The parallel bars will be out of resonance and thus won’t be affected by the in-
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a) b)

Figure 5.9.: Field distribution of a) Ey and b) Ez in the yz-plane of the parallel bars
for x = 0. The field component Ex = 0 in this plane. The polarization and
energy of the incoming plane wave is identical to fig. 5.8.

coming light. Due to the proximity to the parallel bars, the plasmon mode will couple
non-radiatively into the them, exciting a quadrupole mode in the parallel bars.

If the plasmonic dolmen structure is excited by y-polarized light, the field distribution
will resemble the one from two parallel bars. However, there are some crucial differences.
The resonance energy gets a slight shift due to the perturbance through the single bar,
fig. 5.7 (green line).

The field distribution of the Ex and Ey component for the excitation energy ε =
1.95 eV is depicted in fig. 5.10. At a first glance, it looks familiar to fig. 5.8. Both
bars are in resonance with the incoming light. However, they couple into the single
bar, changing the field distribution in this region. The symmetry along the y-axis gets
broken. The field distribution in the lower region is minimally affected, whereas in the
upper region, the point of zero field intensity gets shifted. This shift is strongly dependent
on the excitation energy, so that it is not a suitable spot for quadrupole excitation in the
QD anymore. The lower spot gets only slightly shifted from r′0 to r0 = (0,−38, 0) nm.

The field distribution in yz-plane is very similar to fig. 5.9 and does not give further
information, so that its discussion will be skipped.

We change the polarization of the incoming light to x-polarization. The result-
ing field distribution in the xy-plane is shown in fig. 5.11a and b. At the position
(x0, y0) = (0,−38) nm identified before, an almost homogenous electric field Ex is cre-
ated (fig. 5.11a).

We look at the field component Ex in the yz-plane in fig. 5.11c. The field components
Ey and Ez vanish entirely, which would appear as arrows in the plot. The Ex component
in the yz-plane shows, that it can be taken to be homogeneously distributed around
(y0, z0) = (−38, 0) nm. Therefore, x-polarized light will predominantly excited dipole-
transitions in this point.

In conclusion, we can say that we identified a spot r0 = (0,−38, 0) nm in the plasmonic
dolmen structure, which has for x-polarized incoming light a constant electric field with
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a) b)

Figure 5.10.: Field distribution of a) Ex and b) Ey in the xy-plane of the dolmen structure
for z = 0. Again, the field component Ez = 0 in this plane and the
incoming plane wave is polarized along the y-direction and has an energy
of ε = 1.95 eV. The lower spot of zero electric field shifted from r′0 to r0 =
(0,−38, 0) nm. The upper spot got distorted through symmetry breaking
by the additional single bar. The slim black box in the middle is of no
significance for the reader.

a negligible field gradient. Flipping the polarization direction to y-polarized light, the
same spot has an electric field gradient with a vanishing electric field. As a consequence,
this allows us to dynamically change the selective excitation of dipole-allowed bright
transitions and quadrupole-allowed dark transitions in a QD placed in r0 by flipping the
polarization of the incoming light. This tool will eventually allow us to study nonsecular
relaxation processes between the bright- and dark-state manifold in the QD.

5.3.3. Quantitative Analysis

The previous analysis looked already promising, though the switching process is not ideal.
To help us identifying the efficiency of bright and dark-state excitation, we compute
the actual transition elements, as they were defined in eq. (5.32). They depend on
the shape of the QD through the overlap and dipole element of the envelope wave
functions, Sm and Dm, as well as on the growth direction of the atomic lattice through
the microscopic dipole element dσm

cv . Finally, they depend on the field Eηk
νk
(r0) and field

gradient ∇SEηk
νk
(r0) for the respective polarization directions νk.

The QD crystal is optically inactive for light polarized along its growth direction for
the states considered here. This allows for an additional fine-tuning in the efficiency of
transition by choosing an appropriate growth direction. For a growth direction along
the y-axis, the microscopic dipole element is given by d±cv = 1/

√
2(1, 0,±i) [100].

To quantize the efficiency of excitation of bright versus dark transitions and vice versa,
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a) b)

c)

Figure 5.11.: Field distribution of a) Ex and b) Ey for x-polarized light, in the xy-plane of
the dolmen structure for z = 0. c) Field distribution Ex along the yz-plane
for x = 0. The spot r0, which exhibits a field gradient without electric
field in fig. 5.10, is now only affected by a constant field Ex without field
gradient.

we define the switching quality, with the transition elements from eq. (5.32):

ηx(r) =
max |µ̃x,mn(r)|
max |Q̃x,mn(r)|

,

ηy(r) =
max |Q̃y,mn(r)|
max |µ̃y,mn(r)|

.

(5.35)

The switching quality for x-polarized light ηx(r) gives the maximum ratio between the
probability of dipole transitions versus the probability of quadrupole transitions. The
r-dependence gives the hypothetical position of the QD within the plasmonic structure.
For y-polarization, we want the opposite effect; quadrupole transitions should be en-

hanced in comparison with dipole transitions. Therefore, ηy(r) should be maximized.
The optimal switching point is found when both ratios are as large as possible in this
point. From the former qualitative discussion, we already know that this point is ex-
pected to be at r = r0.
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Figure 5.12.: Switching quality a) ηx and b) ηy in the yz-plane of the dolmen structure
(x = 0) for the microscopic dipole matrix element d+

cv = 1/
√
2(1, 0,+i).

The displayed area is a cut along the black box in fig. 5.11c. The (logarith-
mic) scale of ηx indicates an up to > 600-fold probability of exciting bright
states versus dark states for x-polarized light. For ηy, we have an up to
> 60-fold probability of exciting dark states versus bright states. Effects
due to the finite size of the QD are not included in these plots, which would
lower the switching qualities ηνk .

In fig. 5.12, the switching qualities ηx and ηy in the yz-plane of the dolmen structure
are shown. The plot range corresponds to the x = 0 region between the two parallel bars
of fig. 5.11c. Through the choice d+

cv = 1/
√
2(1, 0,+i) of the microscopic dipole element,

we are able to eliminate the contribution from Ey and a favorable switching becomes
possible along the y-axis for ηy (fig. 5.12b), with switching qualities up to ηy ∼ 60. For
x-polarized light, we have a switching quality of up to ηx ∼ 600 around r0, as is shown
in fig. 5.12a. The regions of good switching qualities ηx and ηy overlap along the y-axis.
So in principle, any point on this axis is a valid placement of the QD to enable a selective
excitation of bright and dark states. For d−

cv, the switching quality would behave similar
to fig. 5.12, with slightly different numerical values for ηνk .
However, these switching qualities do not account for the finite size of the QD. The

case of a finite field gradient with zero field amplitude can at best only hold in a two-
dimensional plane. Thus for the QD, a field gradient will inevitably also create an electric
field within the QD. In this case, one has to take the weighted average over the electric
field across the QD with the wave function. We did not take into account the finite size
of the QD by arguing that the wave function is already strongly localized in the QD and
an averaging process will not alter the result dramatically.

Eventually, the switching quality in r0 amounts to

ηx(r0) = 476,

ηy(r0) = 45.
(5.36)

Magnetic fields do only play a minor role in the dolmen structure. In r0 and along
the y-axis, magnetic field are negligibly small, so they can be omitted in the analysis.

5.4. Exciton-Phonon Interaction

Our goal is the detection of nonsecular relaxation processes, so we have to simulate
the relaxation in our system. In this section, we will discuss the microscopic origin of
relaxation dynamics as the interaction with lattice vibrations.
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The dominant interaction between electrons and the lattice in polar materials is the
Fröhlich coupling [102, 103]. The oscillations of the ions in the crystal leads to a relative
displacement between neighboring ions and a build up of a local polarization. The
created electric field interacts with the electron and hole. The lattice vibration can be
described by a quasiparticle, the optical phonon.
We will focus on the coupling to optical phonons through the Fröhlich interaction,

which have a higher energy and therefore induce transitions between different excited
states. The energy of acoustic phonons is too little to surpass the energy difference, and
their contribution will only manifest as a higher dephasing rate. Consequently, we will
account for pure-dephasing and acoustic phonons with a phenomenological dephasing
rate.
We will derive the exciton-phonon interaction Hamiltonian He−ph, with which we

can eventually compute the relaxation Green function G with an appropriate master
equation. Therefore, we will also shortly revise the approximations we made. Once the
Green function is obtained, we can insert it in eqs. (3.38)-(3.40) and (3.45)-(3.48), and
compute the resulting spectra.

5.4.1. Phononic System

The phononic bath is described through the Hamiltonian

HB,0 =

q

ℏωqb
†
qbq,

where ground state interactions are omitted. The summation runs over all phonon
modes q with energy ℏωq. The bosonic creation and annihilation operators follow the
commutation relations

[bq, b
†
p] = δpq,

[bq, bp] = [b†q, b
†
p] = 0.

5.4.2. Interaction Hamiltonian

The interaction between the electron density and the polarization of the medium is
He−ph = e


dr ρ(r)ϕ(r) for the electric potential ϕ(r) created by all phonon modes.

In second quantization, we expand the potential into its (bosonic) eigenmodes ϕ =
q ϕqb

†
q + ϕ∗qbq, where the multi-index q denotes all quantum numbers of the phonon

eigenmodes. We get

He−ph = e

q


dr ψ†(r)[ϕq(r)b

†
q + ϕ∗q(r)bq]ψ(r).

As was done multiple times before, we transform into the electron hole picture through
eq. (5.9) and use the envelope approximation (5.3) with r = Rn + s. We assume the
dielectric-continuum model [104, 105]; the wavelength of the phonon modes is much
larger than the unit cell of the atomic lattice. Therefore, effects on the size of the unit
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5.4. Exciton-Phonon Interaction

cell average out, the modes “see” only a continuum, and we can replace ϕq(r) ≈ ϕq(Rn).
We get [106]

He−ph = ℏ

ijq


gijq,cb

†
q + gji∗q,c bq


e†iej−ℏ


klq


glkq,vb

†
q + gkl∗q,v bq


h†khl+ℏ


kq


gkkq,vb

†
q + gkk∗q,v bq


,

(5.37)
with the phonon coupling elements

gijq,λi
=
e

ℏ


dRφ∗ni,λi

(R)φnj ,λj
(R)ϕq(R)δλiλj

δσiσj . (5.38)

The last term in the Hamiltonian (5.37) corresponds to ground state fluctuations. They
can get rid of by a ground state renormalization [107, 108]. The constant energy shift
does have no influence on the dynamics and can therefore be left out. The coupling
element (5.38) is diagonal in the band index, meaning that the phonon-coupling leads
only to intraband-transitions.
By transformation into the exciton picture, we can define new coupling elements. For

the excitonic states |em⟩ = |i, k⟩ and |en⟩ = |j, l⟩, we get

gmn
q := gijq,cδkl − glkq,vδij .

The δ-function includes also a diagonal spin index. For two biexcitons, |fmn⟩ = |ij, kl⟩
and |fm′n′⟩ = |i′j′, k′l′⟩, we obtain the coupling element:

gmnm′n′
q : = (gii

′
q,cδjj′ + gjj

′
q,cδii′ − gij

′
q,cδji′ − gji

′
q,cδij′)(δkk′δll′ − δkl′δlk′)

− (gk
′k

q,v δll′ + gl
′l
q,vδkk′ − gk

′l
q,vδlk′ − gl

′k
q,vδkl′)(δii′δjj′ − δij′δji′).

We obtain the Hamiltonian

He−ph = ℏ

mn

(gmn
q b†q + gnm∗q bq) |em⟩⟨en|+ ℏ


mnm′n′

(gmnm′n′
q b†q + gnmn′m′∗

q bq) |fmn⟩⟨fm′n′ | .

As done before, we condense the notation by introducing the generic state |m⟩:

He−ph = ℏ

mn

intraband

(gmn
q b†q + gnm∗q bq) |m⟩⟨n| . (5.39)

5.4.3. Phonon Modes

The next step is the computation of the actual phonon modes. The quantum dot is
surrounded by a nanorod. The NR can be seen as a cylinder, therefore the phononic
eigenmodes will be cylindrical modes. In a cylinder, the eigenmodes can be distinguished
into longitudinal optical (LO), side-surface optical (SSO) and top-surface optical (TSO)

Previously, there was a footnote about a mistake at this very place. Since nobody found the mistake,
no reward was handed out. The mistake and footnote was removed.
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modes [106]. We assume the Einstein approximation for the LO phonon modes, meaning
that they are dispersionless.

The QD is placed in the center of the NR. For sufficient length l of the NR, the QD
will not experience the TSO modes, which reside only on the top and bottom of the NR.
For the parameters of the NR, given in app. B, the TSO-modes have no effect on the
QD.

The sum over the phonon modes can then be written as


q ϕq(r) =


nlm ϕ
LO
nlm(r) +

nm ϕ
SSO
nm (r). The expressions for the longitudinal optical phonon modes are given

by [106]

ϕLOnlm(r) = VlnJ0(χn/Rr) cos(
lπ

2d
z)eimφ, l odd,

ϕLOnlm(r) = VlnJ0(χn/Rr) sin(
lπ

2d
z)eimφ, l even,

with

V 2
ln =

1

2πR2d

ℏωLO

ϵ0(χnR)2(J2
0 (χn) + (lπ/d)2J2

1 (χn))


1

ϵ∞
− 1

ϵ0


and ω2

LO = ϵ0/ϵ∞ω
2
TO. Jm(x) is the m-th order Bessel function, and χn the n-th root of

J0(x).

For the side-surface optical modes, we have [106]

ϕSSOnm (r) = Γn+I0(
nπ

2d
r) cos(

nπ

2d
z)eimφ, n even,

ϕSSOnm (r) = Γn−I0(
nπ

2d
r) sin(

nπ

2d
z)eimφ, n odd,

with

Γ2
n± =

1

πR2

ℏωSSO

ϵ0dκn(I20 (κnR)− I2(κnR)I0(κnR))


1

ϵ(ωSSO)− ϵ0
− 1

ϵ(ωSSO)− ϵ∞


.

The dispersion is given by ω2
SSO =


1 + ϵ0−ϵ∞

ϵ∞−ϵ


ω2
TO, with

ϵ =
Im(κnR)(mKm(κnR)− κnRKm+1(κnR))

Km(κnR)(mIm(κnR) + κnRIm+1(κnR))
.

Furthermore, we have Im(x) and Km(x) as the m-th order modified Bessel function of
the first and second kind, respectively; and κn = nπ/(2d).

The LO modes are characterized by the quantum numbers n, l,m, where n, l ∈ N
and m ∈ {−l, . . . , l}. For SSO modes, the quantum numbers are given by n ∈ N,
m ∈ {−n, . . . , n}. We computed the LO modes for n < 10, l < 10,m and SSO modes for
n < 10,m according to ref. [106]. The material parameters for the computation are given
in app. B. Once obtained, one can insert the modes and wave functions in eq. (5.38) and
compute the exciton-phonon coupling elements, which we use in the simulation.
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5.5. Relaxation Dynamics

5.5. Relaxation Dynamics

We obtained the exciton-phonon coupling Hamiltonian and the involved coupling ele-
ments. Thus, we can now compute the time dynamics of the density matrix for exciton-
phonon coupling. The dynamics are governed by the master equation (2.23). Since this
case is hard to solve, we performed several approximations, resulting in the TCL master
equation (2.27) and the Markovian master equation (2.28). We will evaluate both master
equations and compare the resulting time dynamics.

We will perform the calculation in the interaction picture to later identify the secular
and nonsecular contributions. The bosonic operators in interaction picture are given by
bq(t) = b̂qe

−iωqt, and the Liouville states by |mn(t)⟩⟩ = |mn⟩⟩eiωmnt. Once we obtained
the solution for the density matrix, we get the Green function G(τ) = θ(τ)PUSB(τ)P
through eq. (2.21).

5.5.1. Non-Markovian Dynamics (TCL 2nd Order)

We first evaluate the TCL master equation (2.27). The density matrix elements are
given by

∂tρij(t) = ∂t⟨⟨ij|PρSB(t)⟩⟩ =
t

t′0

dt′⟨⟨ij|PLSB(t)LSB(t
′)|PρSB(t)⟩⟩. (5.40)

with the Liouvillian LSB(t) = −i/ℏ[He−ph(t), ·]. The Green function is obtained by
comparison with the solution ρij(t) =


kl Gij,kl(t − t′0)ρkl(t

′
0). The initial state at t′0

is the state of the system after interaction with a light pulse. In the notation of the
spectroscopic signal (3.26) and (3.42), it corresponds to the times t′k.

As was shown in sec. 2.2.4, the initial state can be written in the Born-approximation
as PρSB(t′0) = ρS(t

′
0)⊗ρB(t0), where ρB(t0) is the reference bath state. We choose ρB(t0)

as the thermal equilibrium state ρB(t0) = 1/Ze−βHB,0 , with β = 1/(kBT ) and the parti-
tion function Z. Since the system-bath correlations are lost after every light-interaction
in the Born approximation, there is no necessity to evaluate the spectroscopic signal
with hidden dimensions [62].

We insert the exciton-phonon interaction Hamiltonian (5.39) into eq. (5.40) and eval-
uate the Liouvillians. Since additional phononic operators b̂q are involved, one has to
pay a bit more attention when evaluating the terms. We obtain

∂tρij(t) = (−i)2
t

t′0

dt′

klmn

[δljδnl⟨Bik(t)Bkm(t′)⟩B ei(ωikt+ωkmt′)

−δljδkm⟨Bnl(t
′)Bik(t)⟩B ei(ωikt+ωnlt

′)

−δikδnl⟨Blj(t)Bkm(t′)⟩B ei(ωljt+ωkmt′)

+δikδkm⟨Bnl(t
′)Blj(t)⟩B ei(ωljt+ωnlt

′)]ρmn(t).

(5.41)
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where we introduced the short-hand notation Bij(t) =


q g
ij
q b
†
q(t) + gji∗q bq(t). The

average over the phononic variables is given by the trace in the bath Hilbert space,
⟨·⟩B = trB {·ρB}, where we have the identity ⟨Bij(t)Bkl(t

′)⟩B = ⟨Blk(t
′)Bji(t)⟩∗B. Since

we are in the regime of weak system-bath coupling, the bath state is always diagonal,
⟨b†qbp⟩B = n(ωq)δqp. The occupation of mode q in thermal equilibrium is given by the
Bose-Einstein distribution n(ωq) = (eβℏωq − 1)−1. Hence, the expectation value over the
bath variables results in two terms:

⟨Bij(t)Bkl(t
′)⟩B =


q

[gijq g
lk∗
q n(ωq)e

iωq(t−t′) + gklq g
ji∗
q (1 + n(ωq))e

−iωq(t−t′)].

For systems with a discrete bath-spectrum, the so-called phonon-bottleneck occurs [109]:
If the energy-difference between the electronic levels is not perfectly in resonance with
the phonon energy, no suitable relaxation channel is available and the system cannot
decay. This happens for small systems with a small number of phonon modes, and at
low temperatures due to small linewidths.

Through the application of the Einstein approximation, all phonon modes have the
same energy. Thus, it is highly unlikely to have this resonance aligned with the energies
in the electronic system for infinitely small linewidths. Our system suffers from a self-
made phonon-bottleneck. We can circumvent this problem by introducing the spectral
density and provide the phonon modes with a phenomenological linewidth. We define
the spectral density as [1]

J ij
kl(ω) = J lk∗

ji (ω) =

q

gijq g
lk∗
q δ(ω − ωq),

thus the summation over discrete modes q is formally turned into an integration of
frequencies ω. If we assign a phenomenological broadening to the phononic modes, the
formerly discrete relaxation channels become a continuum, allowing dissipation. The
levels get Lorentz-broadened with γB = 10meV [103, 110]:

J ij
kl(ω) ≈


q

gijq g
lk∗
q

1

π

γB
(ω − ωq)2 + γ2B

. (5.42)

We evaluate the time-integration in eq. (5.41) and obtain the Redfield equation in the
interaction picture

∂tρij =

kl

eiωiltΓik
kl ρlj + eiωljtΓjk∗

kl ρil − ei(ωik+ωlj)t

Γlj
ik + Γki∗

jl


ρkl, (5.43)

with the time-dependent transition amplitudes:

Γij
kl(t−t

′
0) = i

∞
0

dω


J ij
kl(ω)n(ω)

1− e−i(ωkl−ω)(t−t′0)

ωkl − ω
+ Jkl

ij (ω)(1 + n(ω))
1− e−i(ωkl+ω)(t−t′0)

ωkl + ω


.

(5.44)
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The first term ∼ n(ω) describes the absorption of a phonon with energy ω. The second
term is responsible for spontaneous emission, ∼ 1, and stimulated emission, ∼ n(ω) of
phonons. Since the transition amplitudes Γij

kl(t−t
′
0) are time-dependent, the EOM (5.43)

has to be integrated numerically for each time-step. Therefore, appropriate numerical
methods for integration of differential equations can used, as for example the Runge-
Kutta method.
It should be noted that the TCL master equation does not necessarily preserve positiv-

ity, because it is not in Lindblad form. In other words, the density matrix elements can
become negative, which is unphysical and might lead to increased numerical instability.
The Redfield equation (5.43) can be brought into the more compact form

∂tρij(t) =

kl

ei(ωij−ωkl)tRij
kl(t− t′0) ρkl(t), (5.45)

where we defined the Redfield tensor as

Rij
kl(τ) = δlj


l′

Γil′
l′k(τ) + δik


k′

Γjk′∗
k′l (τ)− Γlj

ik(τ)− Γki∗
jl (τ).

Secular Approximation

We discussed the secular approximation already in sec. 2.2.4. We briefly revise the
essential idea again. The EOM (5.43) has fast oscillating contributions originating from
the system dynamics. Upon integrating the EOM, these contributions average out,
so that their effect on the time dynamics will be small. In similar argumentation to
the RWA (therefore also named post-trace RWA [2]), these terms can be neglected in
the dynamics. In the interaction picture, the pure system dynamics of Ĥ0 are already
separated from the system-bath coupling. They appear through the exponential factors
eiωijt. The EOM (5.43) is thus brought into secular form by taking only terms with a
vanishing exponent.

For non-degenerate states, the coherences get decoupled and only energy-conserving
terms survive:

∂tρij(t) =


k


Γik
ki(t) + Γjk∗

kj (t)

−

Γjj
ii (t) + Γii∗

jj (t)

ρij(t)

− δij

k


Γki
ik(t) + Γki∗

ik (t)

ρkk(t). (5.46)

The terms in the first bracket describe the decay of coherences ρij . The second term ∼
ρkk describes the coupling between different densities, and thus the relaxation dynamics
in the system.

Implementation for Spectroscopic Setup

Since the EOM (5.45) depends explicitly on the initial time t′0, one might come to the
conclusion that the numerical propagation has to be performed for different initial times.
This would prove impractical for application in the spectroscopic setup.
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However, the Redfield tensor is only dependent on time differences τ = t− t′0. There-
fore, the solution also depends only on time differences G(τ). Consequently, the whole
Green function has to be computed only once. The density matrix at time tk+1 in the
spectroscopic setup (3.45)-(3.48), ρ(tk+1), is then given by matrix product in Liouville
space G(τk)ρ(tk).

However, the evaluation of the PEEM signal for the model system still involves ∼ 1011

multiplications for each data point. To create a reasonable two-dimensional spectrum,
one needs about ∼ 103 − 104 data points and the numerical evaluation would prove to
be too demanding.

Hence, we will compute the spectra of the protocol only in the Markov approximation,
where the solution to the master equation can be obtained analytically.

5.5.2. Markovian Dynamics

In principle, the spectroscopic signal can be simulated with the solution to the TCL
master equation (5.43). However, the Green function for the relaxation dynamics can be
obtained analytically in the Markov approximation. With this solution, the final spectra
will be computed in ch. 6. We start from the Markovian master equation (2.28) for the
density matrix elements:

∂tρij(t) = ∂t⟨⟨ij|PρSB(t)⟩⟩ =
∞
0

ds⟨⟨ij|PLSB(t)LSB(t− s)|PρSB(t)⟩⟩.

The derivation is completely analogous to the non-Markovian case, with the only dif-
ference that here t′ → t − s, and the integral boundaries reach from 0 to ∞. There is
no appearance of the initial time t′0 in the Markovian master equation. It is assumed
that the system-bath correlations decay instantaneously, so that the system looses the
information about the initial state after an infinitesimal time. Even though the mem-
ory kernel may decay on time scales much smaller than the relaxation dynamics, this
assumption will prove problematic for times shortly after t′0.

To evaluate the time integral, we introduce a convergence factor η:

∞
0

ds ei(ωkl±ω)se−ηs =
1

i(ωkl ∓ ω) + η

η→0
= π


δ(ωkl ∓ ω) +

i

π
P 1

ωkl ∓ ω


≈ δ(ωkl ∓ ω),

For the limit η → 0, we obtain a an energy-conserving δ-function and a principal-value
integral. The integral gives an energy shift, the Lamb shift [1], which we will omit in
our analysis.

Due to the δ-function from above integral, the phonon-bottleneck problem would be
more severe in the Markov approximation. Therefore, we introduce again the spec-
tral density J ij

kl(ω) and a phenomenological broadening of the phonon linewidth. The
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resulting Redfield equation looks identical to the non-Markovian case (5.45):

∂tρij(t) =

kl

ei(ωij−ωkl)tRij
kl ρkl(t),

Rij
kl = δlj


l′

Γil′
l′k + δik


k′

Γjk′∗
k′l − Γlj

ik − Γki∗
jl ,

(5.47)

though the Redfield tensor is now time independent, with the transition amplitudes

Γij
kl = −π


J ij
kl(ωkl)n(ωkl)θ(ωkl) + Jkl

ij (ωlk)(1 + n(ωlk))θ(ωlk)

. (5.48)

The time-independence of the transition elements allows us to solve the EOM analytically
through diagonalization in Liouville space.

Pure Dephasing

We have only included a detailed description of optical phonon in our theory since they
have enough energy to cause transitions between different manifolds and thus measurable
nonsecular processes. However, acoustic phonons and other processes will also affect the
relaxation through dephasing. We will account for these processes with a phenomeno-
logical pure-dephasing rate between coherences through γpdij ≡ γpdji . For T = 80K, it is

given by ℏγpdeg = ℏγpdfe = 5meV [111] and γpdfg = 2γpdeg for the respective excitonic and
biexcitonic manifolds e and f . Including pure-dephasing, the transition elements get
modified as follows:

Γij
kl = −π


J ij
kl(ωkl)n(ωkl)θ(ωkl)+J

kl
ij (ωlk)(1+n(ωlk))θ(ωlk)


+γpdij δikδjl(1− δij). (5.49)

Secular Approximation

The secular approximation is again performed analogously to the non-Markovian case.
Therefore, the EOM gets the same shape,

∂tρij(t) =


k


Γik
ki + Γjk∗

kj


−

Γjj
ii + Γii∗

jj


ρij(t)− δij


k


Γki
ik + Γki∗

ik


ρkk(t). (5.50)

The only differences are the time-independent transition amplitudes (5.48).

Solution

The Markovian Redfield equation can be solved analytically. We will show the solution
and use it in the discussion of the 2d-spectra for the protocol. We take eq. (5.47) and
transform it back into Schrödinger picture through ρ̂ij = e−iωijtρij . Thus, all coefficient
become time-independent:

∂tρ̂ij(t) =

kl

Rij
kl ρ̂kl(t)− iωij ρ̂ij(t).
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The transformation into Liouville-space maps the equation onto a matrix differential
equation. A possible transformation is given by ρ̂ij → ρ̂Ni+j and Rij

kl → RNi+j,Nk+l,
ωij → ωNi+j,Ni+j , where N is the total number of states. We obtain the matrix-equation

∂tρ̂(t) = (R− iω)ρ̂(t) =: R̂ρ̂(t).

The problem is solved through diagonalization of R̂:

R̂′ = (rmδmn) = U−1R̂U,

⇒ ρ̂(t) = UeR̂
′(t−t′0)U−1ρ̂(t′0),

where U is the matrix spanned by the eigenvectors to the eigenvalues rm. Thus, the
Markovian relaxation Green function in Liouville space is given by

G(t− t′0) = θ(t− t′0)Ue
R̂′(t−t′0)U−1,

Gij,kl(t− t′0) = θ(t− t′0)

mn

Uij,mnU
−1
mn,kle

R̂′
mn(t−t′0),

(5.51)

where the θ-function preserves causality. The second equation is already transformed
back into Hilbert space. We obtain the Fourier-transformed Green function by

Gij,kl(Ω) =


dτ Gij,kl(τ)e

iΩτ = i

mn

Uij,mnU
−1
mn,kl

Ω− iR̂′mn

. (5.52)

5.5.3. Comparison TCL vs. Markovian Dynamics

In this section, we will compare the time dynamics of the Green function for the non-
Markovian (TCL) and Markov master-equations with and without secular approxima-
tion. Even though purely biexcitonic densities and coherences cannot be measured with
the protocol3, we will nevertheless perform the discussion here solely on these states,
because the comparison of the various secular approximations and the nonsecular de-
scription for bright and dark state manifolds can be easier done for biexcitonic states.
One could have done the discussion with excitonic states as well, but as it will turn out
nonsecular processes between different excitonic manifolds are very weak in our system.

With the knowledge obtained in this section, we will be able to classify which factors
affect the 2d-spectra of the protocol, and which do not.

We simulated the relaxation process at T = 300K without pure-dephasing. All dy-
namics are taken in the Schrödinger picture.

In fig. 5.13a, we depicted the relaxation of the mixed-state density ρfbdfbd(t) in dif-
ferent approximations. The most exact treatment of the dynamics is achieved with the
dynamics in TCL (solid green). During the first hundred femtoseconds (shown in the
inset), a delayed start of the relaxation process is visible. This is due to the fact that the

3The coherences created with the protocol are of the form ρef , in contrast to the coherences ρff ′ being
discussed here.
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Figure 5.13.: a) Relaxation dynamics of the biexciton density ρfbdfbd(t) in different ap-
proximations. The most accurate dynamics are represented by the non-
Markovian TCL dynamics with relaxation time τR = 180 fs. The Markov
approximation is a good approximation only to a limited degree. Its relax-
ation time for short times is τR = 124 fs. The dashed lines correspond to
the various secular approximations. The blue line in (b) is the spectral den-
sity for the relaxation process in (a). The orange dots represent biexcitonic
transition energies. From left to right, they correspond to density matrix
elements with the energies ω=0 (degenerate states), ωfddf

′
dd

≈ 8meV (non-
degenerate dark states, cp. app. A), ωfbbfbd ≈ 42meV, ωfbdfdd ≈ 50meV
and ωfbbfdd ≈ 85meV. The spectral density at these points leads to differ-
ent (Markovian) relaxation time scales.

system “remembers” its initial state. In contrast, the Markovian dynamics were derived
under the assumption of δ-shaped system bath-correlations in time, so that the initial
state of the system is instantaneously forgotten. Therefore, the Markovian short-time
dynamics fall off exponentially (solid blue).

Validity of Markov Approximation

Before we start to compare the different kinds of secular approximations for the Marko-
vian and non-Markovian case, we first verify whether the Markov approximation is ac-
tually a valid description of the system. The Markov approximation holds, when the
system-bath correlations vanish rapidly compared to the relaxation process [16, 17]:

τB ≪ τR. (5.53)

The relaxation time is obtained by an exponential fit of the non-Markovian dynamics,
which results in τR ≈ 180 fs.
The bath-correlation is connected to the “flatness” of the spectral density. The

Lorentz-shaped spectral density


k Re Jfbdk
kfbd

(ω) is shown in fig. 5.13b, which describes

the process ∂tρfbdfbd(t) =


k 2ReΓfbdk
kfbd

ρfbdfbd(t). We chose to broaden the formerly
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Figure 5.14.: (a) Decay of the intra-manifold coherence ρfbdf ′
bd
(t) for the initial value

ρfbdf ′
bd
(t′0) = 1 in the Markov approximation. The dashed lines give dif-

ferent secular approximations. As can be seen, the neglect of coherence
transfer between degenerate states (dashed red) gives far worse results than
a description with the (near-)degenerate secular approximation for intra-
manifold processes. (b) Inter-manifold coherence transfer for ρfbbfbd(t) and
initial value ρfbdfbd(t

′
0) = 1. Here, all types of secular approximation break

down.

discrete spectral density in Einstein-approximation by ℏγB = 10meV. The broadening
corresponds to the bath-correlation time τB = 1/γB ≈ 65 fs.

For a constant spectral density, the system behaves perfectly Markovian since τB → 0.
In contrast, a discrete spectral density leads to entirely non-Markovian behavior. Our
system is in an intermediate range, where τB < τR but both differ only by a factor
of 3. This explains the deviation of the time dynamics in Markov approximation in
comparison to the TCL dynamics (green vs. blue line). The asymptotic state of the
TCL dynamics is retained by the Markovian dynamics.

The amplitude A/π of the spectral density describes the strength of the phonon-
coupling, therefore it is also related to the relaxation time. In fig. 5.13b, we marked
the energy differences between different biexcitonic states as orange dots. The spectral
density at these energies gives the coupling in Markov approximation. As can be seen,
the processes between different biexciton manifolds are in resonance. For A = 5meV,
we get the relaxation time τR ≈ 132 fs, which compares well with the relaxation time
τR ≈ 124 fs obtained as an exponential fit for the short-time dynamics of in the Markov
approximation (fig. 5.13a).

The relevant aspect for the protocol is the dynamics of coherences. We are not in an
entirely Markovian regime, however the time dynamics for this system compare suffi-
ciently to justify the use of the Markov approximation for the protocol.

For describing coupling processes between coherences, the secular approximation be-
comes important. We will proceed by discussing its validity in the next section.
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5.5. Relaxation Dynamics

Validity of Secular Approximation

The different versions of the secular approximation were introduced in sec. 2.2.4, namely
for non-degenerate, degenerate and near-degenerate systems. We will compare the re-
spective versions of the approximation for our system, and state whether and how they
will affect the detection protocol. The secular approximation is valid when the time
scale τS of oscillations dictated by the minimum energy-difference between two states is
faster than the relaxation time τR [1]:

τS ≪ τR, (5.54)

with τS = 1/minωij .

In recent debates, it is discussed whether the secular approximation can be applied
independently from the Markov approximation, since both appear to reduce the non-
Markovianity of the system [7, 8, 16, 17]. The authors of ref. [16] therefore propose that
a comparison with the relaxation time τR is not sufficient, but one has to perform a
comparison with the bath correlation time τB to characterize the validity of the secular
approximation:

τS ≪ τB. (5.55)

In this regime, the application of the secular approximation is justified even in the
non-Markovian regime. However, in the opposite regime, τB ≪ τS , one has to retain
nonsecular terms for a proper non-Markovian description of the dynamics.

Our system has degenerate states, meaning that in practice τS → ∞. The smallest
non-degenerate states have τS ≈ 87 fs > τB, which belong to the biexcitonic dark-state
manifold |fdd⟩. This would imply the necessity of a description with the near-degenerate
secular approximation. Inter-manifold energy-differences however give τS < 16 fs < τB.
These transitions are consequently in the secular regime and therefore inter-manifold
nonsecular processes are expected to be small.

Nonsecular processes have only indirect influence on the relaxation-dynamics of den-
sities since relaxation is governed by secular dynamics. But in fig. 5.13a, we can already
see deviations resulting from the secular approximation. The (non-degenerate) secular
approximation of the TCL dynamics (dashed black) compares well with the full dynamics
(solid green) on short times. However, the asymptotic value deviates.

In the Markov approximation, the secular approximation (dashed red) compares well
on short times as well, however, the overall time dynamics do not follow the Marko-
vian dynamics (solid blue). The asymptotic value is the same as for the non-Markovian
secular approximation (dashed black). The good agreement between the secular Marko-
vian and the non-Markovian dynamics (dashed black and solid green) is seen as rather
coincidental.

The secular approximation shows in both cases the same deviation in the long-time
behavior. We can attribute this to the incorrect description of degenerate states. They
do have a measurable impact on the dynamics of densities, as can be seen on the dashed
orange line in fig. 5.13a. It shows the Markovian time dynamics in the degenerate secular
approximation, which follows exceptionally well the Markovian dynamics. Even though
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5. Model System

we have near-degenerate levels in the system, they do not have a measurable impact
here. The dynamics of the near-degenerate secular approximation would coincide with
the dashed orange and solid blue line.

The discrepancy between the non-degenerate and degenerate secular approximation
shows again the importance of applying the correct approximation for the system at
hand, which is rather often disregarded in various studies [14, 112, 113, 114].
To gain more insight into the secular approximation, we are going to look at the

time evolution of coherences in and between manifolds. In fig. 5.14a, we show the
coherence between two degenerate states of the mixed manifold, ρfbdf ′

bd
(t). The system

initially started in this coherence ρfbdf ′
bd
(t′0) as well. In the secular approximation (dashed

red), this coherence decouples from all other coherences and densities in the system.
Consequently, the coherence has an exponentially decaying time-dependence. As can be
seen, and was discussed before, the secular approximation excluding degeneracy is an
inaccurate description.
The Markovian decay of the coherence (solid blue) can be far better reproduced by

taking into account the couplings between coherences and densities of degenerate states
(dashed orange). We argued before that there are also near-degenerate states present in
the system. Taking into account couplings to near-degenerate states (dashed green) as
well gives a minor, but negligible, improvement in the time dynamics.
The finite offset of the final state in the relaxation of densities in the secular approxi-

mation (fig. 5.13a dashed red and black) can eventually be explained by the neglect of
coherence-transfer (fig. 5.14a) and coherence to density transfer processes (not shown)
between degenerate states.
The cases we are eventually interested in, and which can be measured by the de-

tection protocol, are coupling processes between different coherences from different
manifolds. A possible process is the coherence-transfer from a coherence between a
mixed and bright state to the opposite coherence between a bright and mixed state:
ρfbbfbd(t) = Gfbbfbd,fbdfbb(t − t′0)ρfbdfbb(t

′
0). The involved states are neither degenerate

nor near-degenerate, so that these couplings will be neglected in every kind of secular
approximation, as can be seen in fig. 5.14b. Only the nonsecular description (solid blue)
captures these effects.
Precisely these processes can be detected by the protocol. As a consequence for

our protocol, it does not matter which secular approximation is used for description
of intra-manifold processes as long as inter-manifold states are non-degenerate. The
measured signal will vanish for all different kinds of secular approximation, and an
accurate description of intra-manifold processes becomes obsolete. In the next chapter,
we will apply the protocol to the model system.
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6. Demonstration of the Protocol

Eventually, we got all the ingredients to apply the detection protocol to the model
system. Before we discuss the spectra, we give a short revision over all important
aspects of the protocol. Our final goal was the detection of nonsecular processes. In
contrast to energy-conserving secular processes, nonsecular processes describe coherence
transfer processes between offdiagonal elements of the density matrix, as well as between
diagonal and offdiagonal elements. These processes are commonly assumed to be small,
so that they are often neglected in the theoretical description of relaxation dynamics
by the secular approximation. However, there is no direct experimental proof available
for the validity of this approximation. Moreover, coherence transfer processes can play
an important role in the time dynamics of particular systems, as for example biological
molecules [5, 83]. Consequently, the secular approximation leads to an invalid theoretical
description of these systems.

In the usual spectroscopy, the nonsecular processes are overshadowed by secular pro-
cesses, so they can only be measured indirectly. To prove the validity of the secular
approximation and also to gain knowledge about coherence transfer in particular sys-
tems, it is valuable to measure nonsecular processes directly.

We devised a protocol allowing for direct experimental detection of nonsecular pro-
cesses. The protocol, whose mechanics were presented in ch. 4, filters out secular pro-
cesses so that the spectra contain only contributions from nonsecular processes. How-
ever, the protocol is limited to detection of nonsecular processes between densities and
coherences of different excited state manifolds. These manifolds must be chosen to have
disjoint optical selection rules to ensure detection.

The protocol relies on multidimensional spectroscopy. We presented the realization
with a three-pulse heterodyne detection setup and a four-pulse PEEM setup. The in-
coming light pulses are chosen to interact with the different excited-state manifolds in
a particular order. The two possible pulse sequences are shown in fig. 4.3 and eq. (4.1).
With these pulse sequences, the system is forced into a coherence between the two
excited-state manifolds at all times. Since secular processes couple only densities, they
cannot convert coherences into densities during the whole spectroscopic experiment.
This is only possible through nonsecular relaxation. The subsequent measurement pro-
cess brings the density matrix into a diagonal state, so the measured signal only consists
of nonsecular processes, and secular processes are filtered out.

The signal, which is given through the eqs. (3.38)-(3.40) for heterodyne detection, and
through eqs. (3.45)-(3.48) for PEEM, will be Fourier-transformed in τ1 and τ3 to provide
a two-dimensional spectrum. The position of the offdiagonal peaks in this spectrum give
insight into the excited states involved in the nonsecular processes.

The heterodyne and PEEM spectra are closely related. In particular, for a relaxation
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6. Demonstration of the Protocol

time τ4 = 0 in PEEM, we have n
(4)
e,III + n

(4)
e,IV = S

(3)
III , and therefore both signals are

identical up to numerical constants. At t4, the state of the system is diagonal, so that
for τ4 > 0, it would predominantly relax through secular relaxation channels. However,
the pulse sequence fig. 4.3b is not applicable to our system in heterodyne detection,
since the system is in a nonradiative dark-state manifold at time ts. Therefore, we will
continue the discussion of the spectra for PEEM detection with τ4 = 0.

We chose to apply this protocol to detection between dipole-allowed and quadrupole-
allowed excited state manifolds in our model system. The dipole-allowed (bright) tran-
sitions are mediated by constant electric fields in space, whereas the quadrupole-allowed
(dark) transitions need field gradients in space. To excite these transitions separately in
our model system, we had to embed the system in the plasmonic dolmen structure, as
was presented in sec. 5.3.

Flipping the polarization direction of the incoming light lead to a different electric
field distribution around the QD. For x-polarized light, the electric field at the position
of the QD is constant (and nonzero). For y-polarized light, the electric field is changing
from positive field amplitudes to negative ones, thus it has a field gradient at zero
field amplitude. This enables us to excited both excited-state manifolds separately by
changing the polarization direction of the incoming light.

We proceed as follows. First, we discuss the spectrum seen in “conventional” 2d-
spectroscopy. Choosing a pulse sequence µx4µ

x
3µ

x
2µ

x
1 leads to excitation of dipole-allowed

states1. Consequently, only dipole transitions are visible in the spectra. Especially, the
spectra will be governed by secular processes.

We continue by applying the protocol for both pulse sequences (4.1). The discussion
will be divided into ideal excitation and realistic excitation. In the first case, the pro-
tocol filters out all secular processes and the spectra contain only contributions from
nonsecular processes. In the latter one, the signal is simulated including errors caused
by imperfect switching. We will discuss the effect on the spectra and possible ways to
remove these errors.

For simplicity, we assume an excitation through δ-pulses: Ẽηk
k (t− tk) = δ(t− tk).

6.1. Dipole-Allowed Spectrum µx4µ
x
3µ

x
2µ

x
1

We first discuss the spectra without switching. With the plasmonic dolmen structure, we
have the freedom of exciting the system only with x-polarized, and only with y-polarized
beams. The first case would only excite dipole-allowed states, and therefore corresponds
to a spectrum without dolmen structure2.

We excite the system with the pulse sequence µx4µ
x
3µ

x
2µ

x
1 . The signal will be Fourier-

transformed in the delay times τ1 and τ3, giving two frequency axes Ω1 and Ω3. The

1Notation defined in eq. (4.2).
2The system can be excited with arbitrary pulse sequences. An excitation solely with y-polarized pulses
can be used for studying relaxation between dark states. Also pulse sequences for study of relaxation
from dark to bright states are possible. Hence, generalized pulse sequences provide spectroscopic
experiments a much broader flexibility.
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6.1. Dipole-Allowed Spectrum

Figure 6.1.: 2d-spectra
S(3)(Ω3, τ2,Ω1)

 for dipole-allowed excitation, µx4µ
x
3µ

x
2µ

x
1 for

τ2 = 72 fs and T = 300K. In (i), the spectrum in secular approximation is
displayed, whereas in (ii), the full relaxation dynamics including nonsecular
effects are considered. The energies ωij on the axes correspond to the exci-
tation energies of the coherences ρij . The spectra are shown on a log10-scale,
so that the amplitude of peak A is ≈ 1021.

resulting spectrum is shown in fig. 6.1. We also labeled the axes with the energies of
coherences in our system, which simplifies the discussion of the peaks in the spectra.

Peaks on the diagonal of Ω3 = −Ω1 correspond to excitations of densities. Peaks
appearing on the offdiagonal indicate couplings between different coherences. On the
width of the peaks along the Ω1 and Ω3-axis, we can read off the relaxation and dephasing
times of the respective involved states.

Spectrum (i) is computed in the secular approximation, and spectrum (ii) is the full
spectrum including nonsecular terms. Both are computed without pure-dephasing at
a temperature T = 300K. For better visibility of the spectra, we display them on a
log10(x)-scale. Hence, the color scale gives the decadic power of the amplitude. On this
scale, we can visualize small and large features equally well.

In fig. 6.1 (i), we see one peak, which we refer to in the following as peak A. It is
located on the Ω1-axis at ωgeb = −ωebg. On the Ω3-axis, three characteristic energies are
within the linewidth of this peak, namely ωebg, ωfbbeb and ωfbded .

In our system, we only have one (spin-degenerate) bright exciton |eb⟩ and one bright
biexciton |fbb⟩ with about the same energy (see app. A).

Peak A can be easily explained through the Feynman diagrams 3.5. Since all pulses
excite dipole transitions, only bright state coherences and densities will be visible in the
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6. Demonstration of the Protocol

Figure 6.2.: Time evolution of peak A for dipole excitation in PEEM detection. The
full signal and the contributions from the individual pathways I to III are
shown. Diagram III is shown on the negative axis to indicate destructive
interference with the other pathways. Dashed lines give the contributions in
secular approximation. The excitonic pathways I and II are barely affected
by the secular approximation. Pathway III gives an increased signal in
presence of nonsecular processes.

spectra.

At t1, a coherence ρgeb is created, oscillating with the energy ωgeb = −ωebg during τ1.
Hence, peak A appears at Ω1 = −ωebg on the negative Ω1-axis.

Pathways I and II in fig. 3.5 return to a exciton coherence ρebg during τ3, so they will
create a peak at Ω3 = ωebg.

Pathway III and IV create coherences between biexcitons and excitons during τ3. For
t4 = 0, pathway IV is identical to pathway III apart from an opposite sign and twice the
amplitude. Therefore, we can continue the discussion by only considering pathway III
with a negative sign analogous to the case of heterodyne detection. Thus, pathway III
will destructively interfere with pathways I and II. For a delay time τ2 = 0, the coherence
created through the pulse at t3 is ρfbbeb , which also matches with the position of peak
A at Ω3 = ωfbbeb . For increasing τ2, the system can relax from ρebeb to ρeded (through
secular relaxation). Thus, at t3, also a the coherence ρfbded can be created, which is also
visible in peak A.

We identified the coherences to peak A. However, we do not see interference between
the pathways III and I, II in the secular spectrum, fig. 6.1 (i), but they are visible in
the the full spectrum including nonsecular processes, fig. 6.1 (ii). This suggests, that
nonsecular processes have a measurable effect in the system. In an experiment, only
spectrum (ii) can be measured, so it becomes difficult to attribute the interference to
nonsecular processes.

We analyze the discrepancy between the full and the secular spectrum by means of
the τ2-dependence of peak A. In fig. 6.2, the contributions from the individual pathways
I to III to peak A are shown. Dashed lines represent the time evolution in the secular
approximation. The time evolution of pathway III (purple) are shown on the negative
axis to indicate the destructive interference with pathways I (green) and II (orange).
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6.1. Dipole-Allowed Spectrum

Figure 6.3.: 2d spectra of the detection protocol (i) for the ideal pulse sequence
µx4Q

y
3Q

y
2µ

x
1 and (ii) for the realistic pulse sequence P x

4 P
y
3 P

y
2 P

x
1 at τ2 = 72 fs

and T = 300K. The peaks A and B in (i) originate solely from nonsecular
processes, whereas in (ii) additional peaks due to unwanted secular processes
appear. The peaks due to secular processes are several orders of magnitude
smaller than the nonsecular peaks.

The sum over all pathways for the full dynamics is shown in blue, and in the secular
approximation in dashed red.

The signal from pathway I is τ2-independent, since the pathway returns into the ground
state during this delay time. pathway II and III show an exponential decay to the steady
state.

As can be seen, the pathways I and II are barely affected by the secular approximation,
which leads to the conclusion that excitonic nonsecular processes are very weak in the
system.

However, the biexcitonic pathway III (purple) shows a difference by a factor four
between the secular (dashed) and full signal (solid), suggesting that nonsecular processes
are important between biexciton states. The increased signal from pathway III through
nonsecular processes explains the interference in the spectrum 6.1 (ii) compared to (i).

One can conclude, that nonsecular processes are present in the system. But only with
the dipole spectrum it is hard to infer information about these processes, since they can
only be measured indirectly. To obtain quantitative results about nonsecular processes,
we now apply the detection protocol to the model system.
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6. Demonstration of the Protocol

Figure 6.4.: Same as fig. 6.3 for τ2 = 94 fs. Through comparison to fig. 6.3, a quantum
beating behavior is visible in the region about Ω3 ≈ 2 eV.

6.2. Ideal Excitation

The spectra for dipole-excitation showed only indirect evidence for nonsecular processes.
Experimentally, there would be no means available of distinguishing these processes from
a different, potentially secular process.

To uniquely identify nonsecular processes, they have to be measured directly. In this
section, we will apply the detection protocol for the two optimal pulse sequences (4.2).
The corresponding electric fields were given in eqs. (4.1). The field-distribution caused
by the plasmonic dolmen structure at the position of the QD is not ideal. Already the
notion of a field gradient without field would only hold in a discrete point, but not across
the whole QD. Therefore, the separate excitation of both excited state manifolds will not
be ideal and an excitation of dark states will always lead to an inevitable probability of
exciting bright states as well (and vice versa). The ratio between bright and dark-state
excitations was captured by the switching quality ηνk for the dolmen structure (5.36).

Due to this non-ideal excitation, excited state densities can be formed, which open up
secular relaxation channels. Consequently, peaks originating from secular processes will
appear in the 2d-spectra. The suppression of these secular processes can be achieved
through higher switching qualities.

The error through these secular processes will be explained in sec. 6.3. But first, we
assume to have an ideal excitation in the system. We assume a switching quality of
ηx = ηy = ∞, opposed to the finite values obtained in the simulation of the plasmonic
dolmen structure, eq. (5.36). Hence we have Q̃x,mn = µ̃y,mn = 0, so that the transition
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6.2. Ideal Excitation

I
a) b)

II & III

Figure 6.5.: Segement of the Feynman diagrams for PEEM detection as explanation for
the peaks at Ω1 = ωgeb in figs. 6.3 and 6.4. The first pulse at t1 excites a
bright-state coherence. Due to weak excitonic nonsecular conversion pro-
cesses, this coherence will predominantly decay. Fourier transform of the
first delay time τ1 will thus give a peak at ωgeb .

element for x-polarized light is given by a pure dipole coupling P̃x,mn = µ̃x,mn, and for
y-polarized light by a pure quadrupole coupling P̃y,mn = Q̃y,mn.

For ideal excitation, the protocol works as described in ch. 4. The creation of a
nondiagonal state between the two excited-state manifolds prevents secular relaxation.
Therefore, the spectrum in secular approximation is identically zero for ideal excitation.
Peaks appearing in the spectra solely originate from nonsecular processes.

6.2.1. Pulse Sequence µx
4Q

y
3Q

y
2µ

x
1

The ideal spectra for the pulse sequence µx4Q
y
3Q

y
2µ

x
1 (cf. fig. 4.3a) are shown in fig. 6.3 (i)

for τ2 = 72 fs and in fig. 6.4 (i) for τ2 = 94 fs, respectively. Again, the spectra are taken
at T = 300K without pure-dephasing.

III III

...

...

= 0

b)a)

Figure 6.6.: Explanation for peak B on the Ω3-axis with help of a segment of the Feynman
diagram III for PEEM detection. In a), we assume that the coherence ρfddeb
exists shortly before t4. The pulse at t4 only probes bright states on the
left side of the diagram. Since only a dark biexcitonic state is present, the
state does not get affected by the pulse and the final state of the diagram is
not diagonal. Therefore, this diagram would give no signal. Consequently
to observe peak B, the coherence ρfddeb has to be present at the beginning
of the relaxation process, b). The dots symbolize nonsecular conversion
processes into a (yet) unknown state.
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III
c)b)

III

...

...

...

...

II

...

...

a)

Figure 6.7.: Explanation for peak A on the Ω3-axis with help of the segments of Feynman
diagrams II and III. Peak A consists of the coherences ρfbbeb , ρfbded and ρebg.
The coherences ρebg and ρfbded can be explained by the process ρebed ↔ ρedeb
in a) diagram II and b) diagram III, respectively. c) The contribution from
ρfbbeb can be attributed to the process ρfddeb ↔ ρfbbeb .

Additional to peak A, which was already visible in the dipole-allowed spectrum,
fig. 6.1, another feature B appears in the spectra. The peak amplitude of these spectra is
∼ 1017, which is four orders of magnitude smaller than the signal from the dipole-allowed
spectrum, fig. 6.1.

In the following, we will explain how to identify the particular nonsecular processes
only through knowledge of the spectra and the involved Feynman diagrams.

Both peaks are located at the excitation energy of the bright state ωgeb on the Ω1-axis.
An absence of peaks at Ω1 = ωged suggests that no conversion of the form ρgeb ↔ ρged
happens. Fig. 6.5 shows the corresponding segment of the Feynman diagrams.

We recognize in fig. 6.3 (i) signatures from interference between pathways at ωedg and
around ωebg, which vanish for a different delay time, fig. 6.4 (i). The period of oscillation
is 94.6 fs, which corresponds to the energy ωebed = 43.7meV. Therefore, this quantum
beating behavior can be attributed to the coherence-transfer process ρebed ↔ ρedeb .

The peaks A and B on the Ω3-axis can be explained by the following.

Peak B The location of peak B on the Ω3-axis corresponds to the coherence ρfddeb
as indicated in fig. 6.3 (i). Since it is a biexcitonic coherence, it has to originate from
pathway III. This peak can either correspond to the initial state at t3 or the final state
at t4.

If we assume, this coherence exists at t4, the pulse probing bright states at t4 would
not lead to stimulated emission, as indicated in fig. 6.6a. The final state of the diagram
at t4 would not be diagonal, and the signal for this pathway would vanish.

Therefore, the only explanation for this peak is the creation through the pulse at
time t3 without prior relaxation during the times τ1 and τ2. It relaxes through nonsecular
processes and creates a diagonal state at t4 (shown in fig. 6.6b).
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6.2. Ideal Excitation

Figure 6.8.: 2d spectra of the detection protocol (i) for the ideal pulse sequence
Qy

4µ
x
3µ

x
2Q

y
1 and (ii) for the realistic pulse sequence P y

4 P
x
3 P

x
2 P

y
1 at τ2 = 72 fs

and T = 300K. Two new peaks C and D appear in (i), corresponding to
different nonsecular processes than the ones analyzed before. In (ii), peak
A from fig. 6.1 becomes visible as well. Note, that the segment of the Ω3

axis is different to figs. 6.3 and 6.4.

Peak A Peak A in figs. 6.3 and 6.4 is located at the energy of the biexciton-exciton
coherences ρfbbeb , ρfbded and the exciton-ground state coherence ρebg. At τ2 = 72 fs, the
peak shows destructive interference, which again can only happen through interference
between the biexciton coherences of pathway III and the exciton coherence of pathways
I and II.

Two contributions to this peak can be explained through the quantum beating process
ρebed ↔ ρedeb , which we identified before. The excitonic coherence ρebg during τ3 is
created by this process in pathway II as is demonstrated in fig. 6.7a. The biexcitonic
coherence ρfbded can also be created by this process in pathway III, shown in fig. 6.7b.

The last contribution to peak A originates from the nonsecular conversion process
ρfddeb ↔ ρfbbeb during τ3, as is shown in fig. 6.7c. The final state ρfbbeb at t4 leads to
stimulated emission into a diagonal state, and thus a measurable signal.
Since all states involved in the formation of peak A are below the linewidth, one cannot

make any statements about prevalence of individual processes.
Summarizing the discussion, we have identified the following nonsecular processes:

ρedeb ↔ ρebed ,

ρfddeb ↔ ρfbbeb .
(6.1)
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Figure 6.9.: Same as fig. 6.8 for τ2 = 94 fs. The quantum beating is less pronounced than
in fig. 6.4.

6.2.2. Pulse Sequence Qy
4µ

x
3µ

x
2Q

y
1

We can perform an analogous analysis to the previous section for the second pulse
sequence Qy

4µ
x
3µ

x
2Q

y
1 (fig. 4.3b). The spectra obtained for ideal excitation are presented

in fig. 6.8 (i) and 6.9 (i) for the respective delay times τ2 = 72 fs and τ2 = 94 fs. The
reader should be aware that we adjusted the plot range along the Ω3-axis in comparison
to fig. 6.3.

Again, two peaks, C and D, are visible in the spectra. Their amplitude is slightly
reduced in comparison to the spectra from the other pulse sequence.

The position of both peaks on the Ω1-axis have a similar explanation as before. The
first pulse creates a dark-state coherence ρged , which decays during the first delay time τ1,
but does not gets converted into a bright state coherence.

By comparing both delay times, figs. 6.8 and 6.9, one sees that the quantum beating
process ρebed ↔ ρedeb during τ2 is less pronounced than for the first pulse sequence.
However, since we still observe the same system, this process has to be present here as
well.

Peak D Peak D is located at the energy of the coherence ρfbbed on the Ω3-axis. Since
it is a biexcitonic coherence, it has to be created by pathway III again. Similar to peak B
in the previous discussion, the prohibited stimulated emission at t4 leads to a vanishing
signal, as is shown in fig. 6.10a. Therefore, we can again assign this peak to the coherence
created at t3 without relaxation during τ1 and τ2 (fig. 6.10b).
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III III

...

...

= 0

b)a)

Figure 6.10.: Explanation for peak D on the Ω3-axis. The same reasoning as for peak B
(fig. 6.6) applies here as well. Since the pulse sequence here is the opposite
to the one discussed in sec. 6.2.1, one only has to exchange b for d.

Peak C Peak C can be created by the coherences ρedg, ρfdded and ρfbdeb , since all these
energies are within the peak linewidth. The argumentation follows the same line as for
the first pulse sequence. Since here, the excited manifolds are reversed, the participating
exciton and biexciton states are reversed as well. In fig. 6.11, the processes forming
peak C are shown.

The conversion process ρebed ↔ ρedeb gives rise to the contributions ρedg and ρfbdeb
in peak C, seen in figs. 6.11a and b. The last contribution is caused by ρfbbed ↔ ρfdded
(fig. 6.11c).

Through the discussion of this pulse sequence, we obtained knowledge about two other
nonsecular conversion processes (not counting the excitonic process, which we already
identified before):

ρebed ↔ ρedeb ,

ρfbbed ↔ ρfdded .
(6.2)

As a summary of this discussion; we showed how to read the 2d spectra in order to
infer the nonsecular processes in the system. Of course, the actual occurrence of these
nonsecular processes was verified by means of the corresponding Green functions.

IIIIII

...

...

...

...

II

...

...

c)b)a)

Figure 6.11.: Explanation for peak C on the Ω3-axis. The explanation for the processes
is analogous peak A in fig. 6.7. The pulse sequence here is the opposite to
the one discussed in sec. 6.2.1, so one only has to exchange b for d.
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6. Demonstration of the Protocol

II II

...

...

b)a)

Figure 6.12.: Example for realistic excitation. a) corresponds to diagram II from the
detection protocol in PEEM detection. b) is an additional pathway with
dipole excitation at t2. In a), secular relaxation during τ2 is prohibited,
since the system is in an excited state coherence. In b) the system is in
a density ρebeb and can therefore relax through secular relaxation channels
into ρeded (visualized by the dots). This diagram occurs with the amplitude
1/ηy.

6.3. Realistic Excitation

Through the discussion of the last section, we gained insight into the nonsecular processes
actually occurring in the model system. However, under experimental conditions, the
weak signal can be disturbed by additional secular processes.

The additional secular processes originate from non-ideal switching caused by µ̃y,mn ̸=
0 and Q̃x,mn ̸= 0. We assigned to the excitation-process of the dolmen structure a
switching quality (5.36). This number ηνk expressed the suppression of exciting the
unwanted excited-state manifold through either polarization direction νk ∈ {x, y}. For
this number approaching 1, the likelihood of exciting dipole- and quadrupole-transitions
with one pulse becomes equal.

As an example, we take the first pulse sequence and allow a non-ideal excitation for
the second pulse:

µx4Q
y
3(Q

y
2 + µy2)µ

x
1 = µx4Q

y
3Q

y
2µ

x
1 + µx4Q

y
3µ

y
2µ

x
1 .

We discuss its effect exemplarily on pathway II, fig. 6.12. The first term in the pulse
sequence corresponds to the detection protocol, fig. 6.12a. The second term, however,
contributes with another pathway, fig. 6.12b.

Since the first and second pulse excite bright states, a diagonal state during τ2 is
formed in fig. 6.12b, and consequently secular relaxation can happen (indicated by the
dots). This pulse sequence occurs with the probability 1/ηy and participating processes
would appear as peaks in the spectra with a reduced amplitude of 1/ηy.

Inspired by this example, we can generalize the pulse sequence of the protocol in the
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6.3. Realistic Excitation

Table 6.1.: Contributions from pathways due to non-ideal excitation. The first line shows
the pulse sequence from the protocol. The numerical values for the suppres-
sion factor 1/η of the secular pathways is also given. Note that only the first
four contributions lead to secular relaxation during τ2. The last three are
constant in τ2. We did not list contributions, which only give a nonsecular
signal, since they have a negligible amplitude.
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case of realistic excitation to
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x
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x
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x
2 P

y
1 ,

(6.3)

with P νk
k = µνkk +Qνk

k .
One of the terms in this pulse sequence gives the ideal spectrum, discussed in the

last section. All other terms are unwanted perturbations. However, not all perturbative
secular terms give a signal. A thorough investigation of all possible combinations reveals
that some of them do not end up in a diagonal state and thus give no signal (to which
also the pulse sequence from the example belongs).
The contributing processes are summarized in tab. 6.1 with their relative amplitude

1/η compared to the nonsecular signal. Comparing both columns reveals that the secular
contributions are identical for both pulse sequences; only the order of interactions is dif-
ferent. Consequently, the error through secular contributions is for both pulse sequences
identical.
Of course, when measuring the spectrum experimentally, these additional pulse se-

quences are also subject to nonsecular processes. From the comparison of the ampli-
tudes of the ideal excitation, we know that the nonsecular spectra are on a ∼ 104 times
smaller scale than secular processes (for dipole excitation). Hence, nonsecular contribu-
tions from the perturbative pulse sequences, tab. 6.1, will affect the overall spectrum by
10−4/η and are therefore safely negligible.
Furthermore, we can say that the first process in tab. 6.1 gives the largest contribution

to the error. We already discussed this process in sec. 6.1, which gives rise to peak A
in the spectra. The spectrum in secular approximation is shown in fig. 6.13 (i) for the
delay-time τ2 = 72 fs, which coincides for both pulse sequences. In agreement with the
previous discussion, peak A indeed gives the largest contribution to the error. The other
peaks, being much smaller in amplitude, originate from the other processes in tab. 6.1.

For the first pulse sequence, the full spectra for real excitation are shown in figs. 6.3 (ii)
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6. Demonstration of the Protocol

Figure 6.13.: 2d spectrum for realistic excitation in secular approximation (i) without
pure dephasing at T = 300K and (ii) including pure dephasing at T = 80K
and τ2 = 72 fs. The secular spectra is identical for both pulse sequences
P x
4 P

y
3 P

y
2 P

x
1 and P y

4 P
x
3 P

x
2 P

y
1 . Through pure dephasing, the spectrum gets

broadened and the amplitude gets decreased.

and 6.4 (ii) for τ2 = 72 fs and τ2 = 94 fs, respectively. For the second pulse sequence,
we present the spectra in figs. 6.8 (ii) and 6.9 (ii) for the same delay times τ2. These
spectra can be directly compared with the ideal spectra in fig. (i). One can see that the
nonsecular processes can still be clearly distinguished from the secular contributions,
even though the spectra become disturbed.

In a real measurement, one might be able to confuse these peaks with weaker nonsec-
ular processes. To eliminate this notion, we examine the delay-time-dependent behavior
of the signal. The τ2-dependence of the main peaks is shown in fig. 6.14, where peak A
and B correspond to the peaks in the first pulse sequence. Peak C and D are taken from
the second pulse sequence.

As was analyzed before, the peaks in these spectra oscillate with the energy difference
of the excited states, ωebed during τ2. In contrast, the secular signal (dashed red) only
contains the relaxation of diagonal elements, therefore it decays exponentially to a steady
state, as was the case in fig. 6.2. In comparison with fig. 6.2, the amplitude of the secular
signal of peak A is reduced by a factor ≈ 104.

All nonsecular peaks can be clearly distinguished from the secular signal in amplitude.
Furthermore, a delay-time resolved measurement gives an oscillation of the nonsecular
signal around the secular contribution. Thus, exponentially decaying or constant con-
tributions to the spectra correspond to the secular processes originating from non-ideal
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6.3. Realistic Excitation

a) b)

Figure 6.14.: a) τ2-dependent behavior of the peaks A and B of fig. 6.3 (ii) and peaks
C and D of fig. 6.8 (ii) versus peak A in secular approximation. One can
see a significant decrease of the peak amplitude of peak A in the secular
approximation in comparison to fig. 6.1 b) Long time behavior of peak A
with and without secular approximation.

excitation.
The decay-time of coherences should be in most cases much smaller than the decay

of densities. Consequently, the nonsecular contributions should vanish for long delay
times, and the remaining signal has to come from the secular contribution. In fig. 6.14b,
we examined the behavior for large delay-times of peak A. The oscillating nonsecular
signal decays and leaves a constant contribution. The secular signal gives a slow decay
to equilibrium.
The offset between both signals for long times has the same reason as the offset in

fig. 6.2: The dipole-allowed pulse sequence is also subject to nonsecular processes, which
leads to increased conversion of coherences and thus stronger interference between the
pathways.
As a consequence of this discussion, remaining secular contributions can be identified

as non-oscillating peaks in the τ2-resolved spectrum. Alternatively, the secular contri-
butions also show up in the limit of long τ2-times.

The unique property of the error through secular processes being identical for both
pulse sequences can further be used to identify these processes and remove them from
the spectra.

6.3.1. Pure-Dephasing

At last, we are going to include pure-dephasing processes in the relaxation process.
Fast dephasing processes will lead to a fast decay of coherences. This may pose a
problem, since the signal relies entirely on conversion between coherences. Therefore,
the measurement has to be performed on time scales, where the dephasing process is
still resolvable. Dephasing-processes are sensitive to temperature. Therefore, we will
simulate the spectra at a lower temperature of T = 80K. Again, we can distinguish
between the secular and full spectrum for excitation with both pulse sequences.
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6. Demonstration of the Protocol

Figure 6.15.: 2d spectra including pure dephasing at T = 80K and τ2 = 72 fs. The
pulse sequences are (i) P x

4 P
y
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y
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x
1 and (ii) P y

4 P
x
3 P

x
2 P

y
1 . In contrast to

the spectra without pure dephasing, the error through secular processes is
barely recognizable anymore in these spectra, so that the peaks A to D due
to nonsecular processes can be cleary identified.

The secular spectrum is shown in fig. 6.13 (ii). It is again identical for both pulse
sequences. The resulting full spectra for realistic excitation are shown in figs. 6.15 (i)
and (ii) for the first and second pulse sequence, respectively. The previous discussion in
this section entirely holds for the spectrum with pure-dephasing as well. The dephasing
will lead to an increased linewidth and a weaker signal. Apart from this, the peaks A
to D remained, and the amplitude ratio between the full and the secular spectrum is
about the same as in the previous discussion. The contributions from secular processes
become even less pronounced in the full spectra.
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7. Conclusion

In this thesis, we presented a new measurement technique for the detection of nonsecular
relaxation processes between different excited-state manifolds. This detection protocol
relies on two-dimensional coherent spectroscopy and a selective excitation scheme. In
order to obtain the 2d spectrum from the protocol, we first derived the general nonlinear
spectroscopic signal for photoemission electron microscopy and heterodyne photon-echo
detection. In this signal, we also accounted for higher-order light-matter interaction.

We showed how to derive the non-Markovian and Markovian master equation for the
time dynamics of the system-bath coupling.

Then, we introduced the detection protocol, which allows for detection of nonsecular
processes between (at least) two excited-state manifolds with disjoint optical selection
rules. Two optimal pulse sequences were identified, which allow for observation of dif-
ferent nonsecular processes. By means of double-sided Feynman diagrams, we showed
how secular processes are filtered out by these pulse sequences.

Eventually, we applied this protocol to a model system in order to demonstrate its
feasibility. The model system was chosen to be a spherical CdSe quantum dot in a
ZnS nanorod. We computed the wave functions of the energetically lowest exciton and
biexciton states in the quantum dot. We decided to demonstrate the protocol on a
detection between a bright-state and dark-state manifold. Therefore, we computed the
optical matrix elements for dipole and quadrupole interactions. We proposed a new
way of dynamical optical switching between bright and dark-state excitation through
a plasmonic dolmen structure, which has possible applications beyond the detection
protocol presented here.

To simulate the relaxation dynamics, we computed the optical phonons of a cylinder
and used these to get the exciton-phonon coupling matrix elements. With these, we were
able to simulate the non-Markovian and Markovian relaxation dynamics in the quan-
tum dot. Furthermore, we applied the non-degenerate, degenerate and near-degenerate
secular approximation to our system and discussed their applicability. We concluded,
that a Markovian description of the dynamics will be suffice for the demonstration of
the protocol; and that the choice of secular approximation does not affect the detection
of inter-manifold nonsecular processes. Furthermore, we observed that the relaxation
dynamics in the system are well approximated by the degenerate secular approximation,
so that nonsecular processes are quite small. Nevertheless, a detection of this weak signal
proves only the strength of the detection protocol.

Eventually, we simulated the 2d spectra obtained through the detection protocol with
and without application of the secular approximation. We distinguished between ideal
and realistic excitation. In the ideal case, the secular spectrum vanishes identically.
Therefore, all features in the spectra originated from nonsecular processes detected by
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7. Conclusion

the protocol. We presented how to identify the individual nonsecular processes in the 2d
spectra for both pulse sequences. Furthermore, we discussed the observation of quantum
beats.

We then showed, how the spectra change through introduction of realistic excitation.
Therefore, we used the switching quality of the dolmen structure to simulate an exper-
imental environment. We discussed the formation of peaks from secular processes in
these spectra. We argued that the error through these secular processes can be filtered
out of the final spectra due to their non-oscillatory behavior, and due to the fact that
the error is identical for both pulse sequences.
Eventually, we also included pure-dephasing in our system, and demonstrated that the

features from nonsecular processes are still present in the system. A comparison with
a purely dipole-allowed 2d spectrum showed that nonsecular processes are not directly
accessible by conventional 2d spectroscopy.
This protocol was derived under the premise of detection between arbitrary excited-

state manifolds. In this thesis, we only applied it to bright and dark-state manifolds.
Thus, a natural extension of this analysis would be the application to e.g. magnetic
interactions, spin-selective excitations, and heavy- versus light-hole excitations; which
considerably broadens its range of applications. Also, an experimental application of this
protocol to systems with long-living coherence-transfer effects would provide detailed
insight into these phenomena.
The ability of exciting arbitrary excited-state manifolds selectively in conjunction

with two-dimensional spectroscopy opens up even more possibilities. Different choices
of pulse sequences allow for example for observation of dark-state relaxation. We did
not present this extension of the protocol in this thesis. Further details about this topic
were published in ref. [33].
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A. Electronic States

Table A.1.: Electronic states considered in the simulation. We only consider heavy-
hole states in the simulation with total angular momentum 1, since these
states have a nonzero optical selection rule. The arrows correspond to ↑
≡ σi = +1/2 and ↓≡ σi = −1/2 for electrons; and ↑≡ σj = +3/2 and
↓≡ σj = −3/2 for heavy holes.

Manifold State Energy [eV]

|eb⟩ |eb,1⟩ = |1se ↑, 1sh ↓⟩ 1.96013
|eb,2⟩ = |1se ↓, 1sh ↑⟩

|ed⟩ |ed,1⟩ = |1se ↑, 1px,h ↓⟩ 2.00384
|ed,2⟩ = |1se ↓, 1px,h ↑⟩
|ed,3⟩ = |1se ↑, 1py,h ↓⟩
|ed,4⟩ = |1se ↓, 1py,h ↑⟩
|ed,5⟩ = |1se ↑, 1pz,h ↓⟩
|ed,6⟩ = |1se ↓, 1pz,h ↑⟩

|fbb⟩ |fbb,1⟩ = |1se ↑, 1sh ↓⟩ |1se ↓, 1sh ↑⟩ 3.92103
|fbd⟩ |fbd,1⟩ = |1se ↑, 1sh ↓⟩ |1se ↓, 1px,h ↑⟩ 3.96342

|fbd,2⟩ = |1se ↓, 1sh ↑⟩ |1se ↑, 1px,h ↓⟩
|fbd,3⟩ = |1se ↑, 1sh ↓⟩ |1se ↓, 1py,h ↑⟩
|fbd,4⟩ = |1se ↓, 1sh ↑⟩ |1se ↑, 1py,h ↓⟩
|fbd,5⟩ = |1se ↑, 1sh ↓⟩ |1se ↓, 1pz,h ↑⟩
|fbd,6⟩ = |1se ↓, 1sh ↑⟩ |1se ↑, 1pz,h ↓⟩

|fdd⟩ |fdd,1⟩ = |1se ↑, 1px,h ↓⟩ |1se ↓, 1px,h ↑⟩ 4.01337
|fdd,2⟩ = |1se ↓, 1py,h ↑⟩ |1se ↑, 1py,h ↓⟩
|fdd,3⟩ = |1se ↓, 1pz,h ↑⟩ |1se ↑, 1pz,h ↓⟩
|fdd,4⟩ = |1se ↑, 1px,h ↓⟩ |1se ↓, 1py,h ↑⟩ 4.00579
|fdd,5⟩ = |1se ↓, 1px,h ↑⟩ |1se ↑, 1py,h ↓⟩
|fdd,6⟩ = |1se ↑, 1px,h ↓⟩ |1se ↓, 1pz,h ↑⟩
|fdd,7⟩ = |1se ↓, 1px,h ↑⟩ |1se ↑, 1pz,h ↓⟩
|fdd,8⟩ = |1se ↑, 1py,h ↓⟩ |1se ↓, 1pz,h ↑⟩
|fdd,9⟩ = |1se ↓, 1py,h ↑⟩ |1se ↑, 1pz,h ↓⟩
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B. Material Parameters

Table B.1.: Computational parameters for CdSe, ZnS and the plasmonic dolmen struc-
ture. The excitonic wavefunctions in the CdSe QD of radius R were com-
puted with help of the effective masses of electrons m∗e and holes m∗h, band
gap εgap, valence and conduction band offset Vv and Vc and dielectric con-
stant ϵ. For the exciton-phonon interaction using the expressions from [106],
the effective masses m∗e and m∗h of ZnS, the dielectric constant ϵ0 and ϵ∞,
energy of transverse optical phonons ωTO, lattice constants a and c were
used. R and d are radius and length of the NR. For the dolmen structure,
we assumed a plasmon frequency ωp and plasmon damping γp of gold. The
dimensions of the dolmen structure correspond to fig. 5.6. The parameters
are taken from refs. 1[115], 2[116], 3[90], 4[97], 5[85], 6[89].

CdSe

m∗e = 0.12me
1

m∗h = −0.9me
1

ϵ = 5.56

εgap = 1.75 eV1

Uv = −0.6 eV3

Uc = 1.39 eV3

R = 3.0 nm

ZnS

m∗e = 0.27me
1

m∗h = −1.4me
1

ϵ0 = 8.32

ϵ∞ = 5.22

ωTO = 34meV4

a = 0.38 nm1

c = 0.62 nm1

R = 4.0 nm
d = 20nm

Dolmen

L = 90nm
l = 90nm
W = 20nm
w = 20nm
h = 20nm
g = 5nm

ωp = 9.02 eV5

γp = 0.009ωp
5
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C. Magnetic Dipole Interaction

We insert the magnetic dipole operator m̂ = e
2m r̂×p̂ and use the identity − iℏ

m p̂ = [Ĥ0, r̂].
We go into the electron-hole picture through eq. (5.9), where we again only consider
interband transitions. The interaction Hamiltonian can then be written as

Ĥmd
e−L = − ie

2ℏ

ij

[⟨ψi| r̂ × [Ĥ0, r̂] |ψj⟩ e†ih
†
j + h.a.] ·B(0, t). (C.1)

When evaluating the commutator, we note that the second term gives ⟨ψi| r×r |ψj⟩ εj,v,
which is zero due to the cross-product. The first term can be evaluated by inserting a
complete set of states, gving us

Ĥmd
e−L = − ie

2ℏ

ijkλk

[εk,λk
⟨ψi| r̂ |ψk⟩ × ⟨ψk| r̂ |ψj⟩ e†ih

†
j + h.a.] ·B(0, t). (C.2)

The remaining matrix elements can now be computed again within the envelope approx-
imation by expanding r = Rn + s: Since |ψi⟩ is a conduction band state and |ψj⟩ a
valence band state, we obtain the matrix elements

dR


dsφ∗i,c(R)uσi,∗

c (s)(R+ s)φk,λk
(R)uσk

v (s) = Sikdcvδλkv +Dikδλkc, (C.3)
dR


dsφ∗k,λk

(R)uσk,∗
λ (s)(R+ s)φj,v(R)u

σj
v (s) = Skjdcvδλkc +Dkjδλkv (C.4)

and the Hamiltonian becomes

Ĥmd
e−L = − ie

2ℏ

ijk

[(εk,cSkjDik × dcv − εk,vSikDkj × dcv)e
†
ih
†
j + h.a.] ·B(0, t). (C.5)

The magnetic interaction thus involves a virtual state either in the valence or conduction
band. We define the magnetic dipole transition matrix element including the virtual
processes as

mm = mij =
ie

2ℏ

k

(εk,cSkjDik × dcv − εk,vSikDkj × dcv), (C.6)

with the excitonic index m = (i, j). Using (5.14) and (5.15), we can transform the
interaction Hamiltonian into the exciton picture:

Ĥmd
e−L = −


m

mm |em⟩⟨g|+

m̸=n

mm |fmn⟩⟨en|+ h.a.

 ·B(0, t). (C.7)
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C. Magnetic Dipole Interaction

C.1. Estimation of Optical Interaction Strength and
Justification for Neglect of Magnetic Interactions

It is generally said, that the electric quadrupole and magnetic dipole interaction are
within the same order of magnitude, and about α = 1/137-times smaller than the electric
dipole interaction [117]. However, this only holds for optical transitions in atoms with
plane wave excitation. Our QD system with radius R = 3nm is roughly 60-times larger
than an atom, and the field distribution is fundamentally different than plane waves. We
will therefore distinguish between x and y-polarized interaction in the dolmen structure
for the estimates. The electric and magnetic field distributions are given by

Ĥed
e−L = −er̂ ·E,

Ĥeq
e−L = −e

2
(r̂ ◦ r̂) : ∇E,

Ĥmd
e−L = − ie

2ℏ
r̂ × [Ĥ0, r̂] ·B.

For x-polarized light, the field distribution is constant across the QD, so that we can
as well assume plane wave excitation. We approximate:

|r̂| ≈ R,

|Ĥ0| ≈ εgap,

|∇E| ≈ |k||E| = εgap
ℏc

|E|,

|B| ≈ 1

c
|E|,

Figure C.1.: Field distribution c|B(r)| for plane wave excitation of y-polarized light with
ε = 1.95 eV. Variations from plane-wave excitation are only visible around
the parallel bars, but not along the y-axis and in r0. Therefore, magnetic
interactions in r0 will also be negligible for y-polarized light.
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C.1. Estimation of Optical Interaction Strength and Justification for Neglect of Magnetic Interactions

and we obtain

|Heq
e−L/H

ed
e−L| = |Hmd

e−L/H
ed
e−L| ≈

εgapR

2ℏc
= 1/66.

Thus, the electric quadrupole and magnetic dipole interaction are about 66-times smaller
than the electric dipole interaction for x-polarized light.
For y-polarized light, we argued in sec. 5.3, the contribution from a constant electric

field is negligible in comparison to the field gradient. The importance of magnetic contri-
butions cannot be estimated ad-hoc. Figure C.1 however shows that the magnetic field
behaves like plane wave excitation along the y-axis (the ratio c|B|/|E| = 1). Therefore,
the estimate from above still holds, but the electric field contribution is much smaller
than the field gradient distribution, therefore:

|Hmd
e−L/H

ed
e−L| ≈ 1/66 ≪ |Heq

e−L/H
ed
e−L|.
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gegeben hat, in seiner Arbeitsgruppe zu promovieren. Ich danke Marten Richter für die
Betreuung. Ein großer Dank gebührt auch Kristina Ludwig, denn ohne Sekretärin kann
bekanntermaßen keine Arbeitsgruppe funktionieren.
Ich danke recht herzlich dem SPP 1391 dafür, dass es mich mit der besondersten Frau

meines Lebens bekanntgemacht hat. Ich habe vorher immer gewusst, dass mir etwas
gefehlt hat, aber Dan-Nha hat mir erst gezeigt, was es war. Und wenn man Glücklichsein
auf eine Weise definieren kann, dann wohl am besten durch unser Zusammensein.
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