
Theory of Optical and Dissipative Processes in
Quantum Dots:

Intraband Spectroscopy and Photon Correlations

Vorgelegt von Physikerin Master of Science

Sandra Cecilia Kuhn

geboren in Berlin

Fakultät II � Mathematik und Naturwissenschaften

der Technischen Universität Berlin

zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften

� Dr. rer. nat. �

genehmigte Dissertation

Promotionsausschuss

Vorsitzende: Prof. Dr. rer. nat.Michael Lehmann, TU Berlin

1.Gutachter: Prof. Dr. rer. nat. Andreas Knorr, TU Berlin

2.Gutachter: Prof. Dr. rer. nat. Thomas Renger, JKU Linz

3.Gutachter: Dr. rer. nat.Marten Richter, TU Berlin

Tag der wissenschaftlichen Aussprache: 26. Februar 2016

Berlin, 2016

D 83





To Jessica





Abstract

This thesis comprises a theoretical analysis of optical and dissipative processes in
quantum dot systems.
Exploiting optical transitions between bound quantum dot states and unbound con-
tinuum states of the surrounding host medium, an all-optical approach is presented,
which o�ers a direct access to the spatial shape of the quantum dot wave functions.
In particular, the electron and hole wave functions can be extracted separately from
measured bound to continuum intraband absorption spectra.
To investigate Coulomb induced e�ects on bound to continuum intraband transitions, a
theoretical analysis based on a density matrix formalism is presented. To deal with the
various continuum states and thus, with the high number of relevant Coulomb coupling
elements, a Poisson Green's function method is developed for an e�cient numerical
calculation of the Coulomb coupling constants. In general, this numerical method
is applicable to a variety of physical problems, since it does not presuppose speci�c
symmetries of the Coulomb potential or the wave functions. Coulomb in�uenced bound
to continuum intraband absorption spectra are calculated for several initial occupations
of the quantum dot such as trions, biexcitons or excitons, resulting in characteristic
spectral signatures. Particularly, a splitting of the absorption spectrum indicates the
formation of bound to continuum excitons consisting of a localized carrier inside the
quantum dot and a delocalized carrier of the continuum. The spatial extension of these
bound excitonic states can increase up to 100 nm, which is very large in comparison to
the spatial extension of the quantum dot of 10 nm. These large extensions provide the
basis for a new electronic coupling between distant quantum dots.
To study the coupled electron-phonon interactions, which a�ect intraband transitions
between bound quantum dot states, a non-perturbative equation of motion approach is
presented. First results indicate the formation of polaron states. The derived equations
pave the way for a variety of further studies, e.g., by varying the coupling elements, the
temperature, the intensity of the pump pulse or the time delay between pump and probe
pulse.
Furthermore, this thesis includes a theoretical study of photon-photon correlation
functions of photons emitted in two non-equivalent spatial directions with di�erent
light-matter couplings. Based on numerical results of the correlation functions, a single
quantum dot-micropillar device is proposed acting as quantum light source with a single
photon emission in the strong coupling direction and a two photon emission in the
weak coupling direction. Spatially crossed correlation functions including both spatial
directions indicate the temporally ordered emission of two photons within a de�ned time
interval. Based on this, a construction of a heralded single photon source is proposed.
In particular, to describe electrically pumped quantum dot systems, a hybrid density
matrix approach is presented, which combines conventional correlation expansions with
an exact diagonalization scheme. The approach uses a projection operator technique
to describe hybrid systems such as quantum dots embedded in a bulk. In the limit
of an equilibrated continuum, the resulting hybrid density matrix equations reproduce
well known results. However, the hybrid approach is capable of treating the continuum
dynamically and to go beyond the Markov approximation typically used in Lindblad
formalism. The method is applicable to a variety of systems as well as interaction
mechanisms, such as electron-phonon interactions.
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Zusammenfassung

Diese Arbeit beinhaltet eine theoretische Analyse optischer und dissipativer Prozesse in
Quantenpunktsystemen.
Unter Ausnutzung optischer Übergänge zwischen gebundenen Quantenpunktzuständen
und ungebundenen Kontinuumszuständen wird eine Methode entwickelt, die direkten
Zugang zur räumlichen Form der Quantenpunktwellenfunktion bietet. Insbesondere
können die Elektron- und Lochwellenfunktionen separat aus einem gemessenen Intra-
bandabsoptionsspektrum rekonstruiert werden.
Um Coulomb induzierte E�ekte auf Intrabandübergänge zwischen gebundenen und
ungebundenen Zuständen zu untersuchen, wird eine auf dem Dichtematrixformalismus
basierende Theorie vorgestellt. Dabei wird zur Bewältigung der zahlreichen für die Wech-
selwirkung relevanten Kontinuumszustände und somit Coulomb-Kopplungselemente eine
numerische Methode entwickelt, welche eine e�ziente Berechnung mittels Greenschen
Funktionen erlaubt. Diese numerische Methode ist allgemein anwendbar auf eine
Vielzahl physikalischer Probleme, da sie keine spezi�schen Symmetrien des Coulomb-
Potentials oder der Wellenfunktionen voraussetzt. Für mehrere Anfangsbesetzungen des
Quantenpunktes, wie Trionen, Exzitonen oder Biexzitonen, werden Coulomb beein�usste
Absorptionsspekten berechnet. Eine Aufspaltung der Absorptionspeaks weist auf exzito-
nische Zustände hin, die aus einem Ladungsträger des Quantenpunkts und aus einem des
Kontinuums bestehen. Deren groÿe Ausdehnung (bis zu 100 nm) kann verwendet werden,
um eine Kopplung zwischen räumlich getrennten Quantenpunkten zu erzielen.
Um den Ein�uss von Elektron-Phonon-Wechselwirkungen auf Intrabandübergange zwi-
schen gebundenen Quantenpunktzuständen zu untersuchen, werden ohne Verwendung
störungstheoretischer Ansätze Bewegungsgleichungen hergeleitet. Erste Ergebnisse wei-
sen auf eine Ausbildung von Polaronzuständen hin. Die hergeleiteten Gleichungen
ermöglichen eine Vielzahl weiterer Untersuchungen, z.B. durch Variation der Kopplungs-
elemente, Temperatur, Intensität des Pumppulses oder Verzögerungszeit zwischen Pump-
und Testpuls.
Desweiteren beinhaltet diese Arbeit eine theoretische Untersuchung der Photon-Photon-
Korrelationsfunktionen von Photonen, die in zwei unterschiedliche Raumrichtungen mit
verschiedenen Licht-Materie Wechselwirkungen emittiert werden. Basierend auf den
numerischen Ergebnissen der Korrelationsfunktionen wird ein Quantenpunkt-Micropillar
Bauelement als Lichtquelle vorgeschlagen, die einzelne Photonen in die stark und
zwei Photonen in die schwach gekoppelte Raumrichtung emittiert. Räumlich gemischte
Korrelationsfunktionen, bei denen beide Raumrichtungen involviert sind, zeigen eine
zeitlich geordnete Emission zweier Photonen innerhalb eines de�nierten Zeitbereiches.
Basierend auf diesen Ergebnissen wird eine Konstruktion einer heralded single photon

source vorgeschlagen.
Insbesondere zur Beschreibung elektrisch gepumpter Quantenpunktsysteme wird ein
Hybrid-Dichtematrixansatz vorgestellt, der konventionelle Korrelationsentwicklungen mit
exakten Diagonalisierungsverfahren kombiniert. In der Methode werden Projektions-
operatoren verwendet, um Hybrid-Systeme wie Quantenpunkte in Bulkmaterialien zu
beschreiben. Im Grenzfall eines Kontinuums im Gleichgewicht reproduzieren die Hybrid-
Dichtematrixgleichungen bekannte Ergebnisse. Der Hybrid-Ansatz bietet eine dynami-
sche Beschreibung des Kontinuums jenseits der Markov-Näherung, die typischerweise
im Lindblad-Formalismus verwendet wird, und ist anwendbar auf viele Systeme und
Wechselwirkungen wie die Elektron-Phonon-Kopplung.
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1
Introduction

1.1 Structure of the thesis

The complete thesis is organized in �ve parts. The �rst part (this chapter) represents
the prologue of this work, including a brief introduction into the general context.
The second part contains the theoretical concepts relevant for the following chapters.
Here, the theoretical fundamentals are discussed in Chapter 2. In Chapter 3 a Poisson
Green's function is presented for an e�cient numerical calculation of Coulomb coupling
elements.
The third part includes the theoretical analysis of intraband spectroscopy of quantum dot
systems. Here, Chapter 4 summarizes some general aspects of the intraband spectroscopy
of quantum dots embedded in a bulk material. Based on this, in Chapter 5 an all-
optical approach is developed to reconstruct the quantum dot ground state wave function
from bound to continuum intraband absorption spectra. Excitonic e�ects caused by
Coulomb interactions between carriers of the quantum dot and carriers of the continuum
are studied in Chapter 6. The in�uence of electron-phonon interactions on intraband
transitions inside quantum dots are investigated in Chapter 7.
Incoherently driven quantum dot systems are in the focus of the fourth part of this
work. In Chapter 8 the cavity assisted emission of single, paired and heralded photons
from a quantum dot micropillar system is studied. A hybrid density matrix approach is
presented in Chapter 9 to describe many-body systems such as quantum dots embedded
in a bulk material.
The main results of the thesis are summarized in the epilogue in Chapter 10.

1.2 Motivation

Quantum dots are structures whose diameter is on the order of nanometers and thus,
of the De-Broglie wave length of the charge carriers. Since this results in a con�nement
of the electrons in all three spatial dimensions, the energy levels of quantum dots are
discrete and the density of states has the shape of delta-functions. Therefore, the optical
spectra of quantum dots show an atom-like structure. Due to their unique optical and
electrical properties, quantum dots have attracted much attention, starting from the

3



Motivation Chapter 1. Introduction

fabrication of quantum dots to its use as high quality optoelectronic devices. Usually,
quantum dots are realized using semiconductor materials. Semiconductor quantum dots
provide the basis for a variety of applications such as single photon emitters [BO05], light-
emitting diodes [QLS+12] and quantum dot laser [Vah03, POL+10, SDM+12]. Typically,
quantum dot systems are surrounded by an environment interacting with the system.
Resulting from the crystal growth process, self-organized quantum dots are embedded in
two- or three-dimensional host materials and thus, in a continuum of electronic states.
Moreover, the localized electrons of the quantum dot interact with the nuclear vibrations,
the phonons, of the semiconductor. Accordingly, the quantum dot system can interact
with a continuum of electronic states, with a continuum of phonon modes, but also
with a photon mode continuum. Within this thesis, optical and dissipative processes are
theoretically analyzed, occurring in quantum dot systems, e.g., quantum dots embedded
in a host material or quantum dots placed in the center of a micropillar cavity, which is
of interest for possible applications in the �eld of quantum optics, quantum information
and nano optoelectronic devices.

4
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Theoretical concepts





2
Fundamentals

This chapter brie�y summarizes the theoretical fundamentals used throughout this thesis.
The electronic wave functions in e�ective mass and envelope function approximation are
brie�y introduced in Section 2.1. Subsequently, the fundamentals of the density operator
formalism are discussed in Section 2.2, since this type of technique is applied several
times throughout this work for di�erent physical problems. In Section 2.3, the hierarchy
problem is illustrated, which often occurs for equations calculated via the Heisenberg
equation of motion technique. Also methods to close the hierarchy are brie�y discussed.
The last Section 2.4 contains a short introduction of the Markov approximation.

2.1 Electronic wave functions

The knowledge of electronic wave functions is crucial for the determination of the coupling
elements such as the dipole moment or Coulomb coupling elements. Throughout this
work, the single particle electron wave functions ϕ(r) are described in e�ective mass and
envelope function approximation [HK09, YC10, Bas81, Bur99], where the wave function
of an electron in the energy level i in the valence or conduction band λ ∈ {v, c} and with
the spin σ ∈ {↑, ↓} is expressed as product of the envelope wave function ξλ,i(r) and the
lattice periodic Bloch function uλ,i,σ,k(r)∗:

ϕλ,i,σ(r) = ξλ,i(r)uλ,i,σ,k(r). (2.1)

The envelope wave function ξλ,i(r) solves the single particle Schrödinger equation
including the potential V (r), e.g., the con�nement potential of the quantum dot:

− ℏ2

2mλ
∆r + V (r)


ξλ,i(r) = ϵλ,iξλ,i(r), (2.2)

where ϵλ,i denotes the eigenenergy of the wave function ξλ,i(r) and mλ the e�ective mass
of charge carriers in the conduction or valence band, respectively. The envelope wave

∗In the case of con�ned quantum dot wave functions, the Bloch function are given by uλ,i,σ,k≈0(r) with
k ≈ 0.

7



Density operator formalism Chapter 2. Fundamentals

functions ξλ,i(r) are normalized satisfying the condition

drξ∗λ,i(r)ξλ′,i′(r) = δλ,λ′δi,i′ .

Within this work, envelope wave functions (for details see Section 5.2.1) are used for
the calculation of interaction coupling elements such as the dipole matrix elements or
Coulomb coupling elements.

2.2 Density operator formalism

The temporal evolution of a quantum mechanical system in the state |Ψ(t)⟩ is described
by the Schrödinger equation:

iℏ∂t|Ψ(t)⟩ = H(t)|Ψ(t)⟩, (2.3)

where the vector |Ψ(t)⟩ at the time t represents an element of a Hilbert space∗, which
includes vectors describing all possible system con�gurations. Pure states are completely
characterized by the vector |Ψ(t)⟩, which is typically called wave function. The
expectation value of an arbitrary operatorA (observable) is given by ⟨A⟩ = ⟨Ψ(t)|A|Ψ(t)⟩.
However, the observation of a pure system is generally very di�cult to realize in
experimental setups. Typically, an ensemble of multiple systems contributes or a
measurement is performed including various times. Consequently, a description via pure
states is not suitable but the introduction of mixed states accounting for a statistical
uncertainty is necessary. Here, pi with


i pi = 1 and pi > 0 denotes the probability to

�nd the system in the state |Ψi(t)⟩ resulting in the following de�nition of the density
operator ρ(t):

ρ(t) ≡

i

pi|Ψi(t)⟩⟨Ψi(t)|. (2.4)

The expectation value of an arbitrary observable A for mixed states reads:

⟨A⟩ =

i

pi⟨Ψi(t)|A|Ψi(t)⟩ = tr (Aρ(t)) , (2.5)

where tr (O) denotes the trace of the operator O de�ned by the sum of all diagonal
elements tr (O) =


n⟨n|O|n⟩ with an arbitrary basis set {|n⟩}. Obviously, the trace

does not depend on the speci�c basis set. Due to the orthogonality of the wave functions
⟨Ψi(t)|Ψi(t)⟩) = 1, the trace of the density operator is one: tr (ρ(t)) = 1. The density
matrix elements of the density operator ρ(t) have the general form:

ρnn′ =

i

pi⟨n|Ψi(t)⟩⟨Ψi(t)|n′⟩. (2.6)

The diagonal elements ρnn of the hermitian density operator represent the occupation
of the state n and the non-diagonal contributions ρnn′ with n ̸= n′ describe the
transition amplitudes (coherences) between the state n and n′. Thus, the density operator

∗The Hilbert space de�nes a real or complex vector space with a scalar product ⟨ · | · ⟩.
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completely describes the system.
The temporal evolution of the density operator results from the Schrödinger equation:

iℏ∂tρ =

j

pj (iℏ∂t|Ψj⟩) ⟨Ψj | −

j

pj |Ψj⟩ (iℏ∂t⟨ψj |) (2.7)

=

j

pj(H|Ψj⟩)⟨Ψj | −

j

pj |Ψj⟩(H⟨ψj |)

= Hρ− ρH.

This means, that the dynamics of the density matrix is determined by the Liouville-von-
Neumann equation:

iℏ∂tρ = [H, ρ]−. (2.8)

Introducing a Liouvillian L, the Liouville-von-Neumann equation can be reformulated:

∂tρ = L(t)ρ with L(t)ρ ≡ − i

ℏ
[H, ρ]−. (2.9)

The Liouvillian L is called superoperator, since it acts on operators (not on vectors)
of the Hilbert space, such as the density operator ρ. Consequently, the Liouville
space is introduced as the space in which the density operators represent the vectors
and the superoperators the operators. The Liouville-von-Neumann equation describes
the temporal evolution of the density operator in the Liouville space representing the
analogon to the Schrödinger equation in the Hilbert space. Analog to the time propagator
de�ned in the Hilbert space, a Liouville time propagator U(t, t0) is introduced by:

ρ(t) = U(t, t0)ρ(t0), (2.10)

which directly results in the Liouville equation:

∂tU(t, t0) = L(t)U(t, t0), (2.11)

with the initial condition U(t0, t0) = 1.
In particular, for the treatment of open quantum systems with a system embedded in
a reservoir, the density matrix approach is a powerful tool. To calculate the system
observable ⟨OS⟩ = tr(OSρ) is it very helpful to use a reduced system density matrix ρS,
in which the reservoir degrees of freedom are traced out:

⟨OS⟩ = tr(OSρ) = trRtrS(OSρSρR) = trS(OSρS). (2.12)

This approach is used in various techniques for calculating the temporal evolution of
small systems embedded in an environment.

2.3 Heisenberg equation of motion and correlation

expansion

Techniques based on density matrix theory, as introduced in the last section, are capable
of treating systems, which are embedded in an equilibrated environment. However, if
the system includes many-particle interactions, e.g., resulting in strongly varying particle
densities, an equilibrium description is unsuitable and other approaches have to be found.

9
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For instance, correlation expansion schemes provide such a method. In this section the
fundamentals of the correlation expansion are brie�y introduced. In contrast to the
Schrödinger picture, in which the time information is given by the system state |Ψ(t)⟩,
the Heisenberg picture is de�ned by time-dependent operators describing the dynamics
of the system. Comparable to the Schrödinger Equation (2.3) determining the temporal
evolution of the system state |Ψ(t)⟩ in the Schrödinger picture, the dynamics of the
operator O is described by the Heisenberg equation of motion in the Heisenberg picture:

∂tO =
i

ℏ
[H,O]−. (2.13)

This way, di�erential equations for all relevant operators, typically given by the
experimentally accessible system observables, can be derived using the Heisenberg
equation of motion. Starting for example with a single particle observable (e.g. for
an electron), the corresponding expectation value has the form ⟨O⟩ = ⟨a†a⟩ with the
fermionic creation (annihilation) operator a† (a). Depending on the interaction processes
occurring in the system, this one-particle quantity couples to contributions of di�erent
order in the equations of motion. In the case, that the Hamiltonian H in Equation (2.13)
only includes one-particle interactions, such as the interaction of an electron with
a semi-classical light �eld, ⟨a†a⟩ only couples to other one-particle contributions via
Equation (2.13), cf. the left hand side of Figure 2.1. Accordingly, the resulting set of
di�erential equations is closed. However, if the Hamiltonian H contains interaction

Figure 2.1 | Coupling scheme of the single-particle Heisenberg equations of motions ∂t⟨a†a⟩
for one-particle and many-particle interaction illustrating the hierarchy problem occurring for
many-particle interactions.

processes including many particles, such as the Coulomb interaction, a coupling of the
one-particle quantity ⟨a†a⟩ to two-particle contributions ⟨a†a†aa⟩ occurs in the equation
of motion, as schematically illustrated in the center of Figure 2.1. To complete the set
of di�erential equations, the equation of motion of ⟨a†a†aa⟩ must be calculated, too.
The corresponding equation clearly shows, that always contributions of higher order
enter into the dynamics and thus, the set of di�erential equations does not close. This
typical problem is called hierarchy problem.∗ To solve the hierarchy problem, a well
established method is the factorization of the many-particle quantities in a particular
order. For fermions, the common approach is given by the Hartree-Fock factorization
[BF04, FS90a]:

⟨a†1a
†
2a3a4⟩ = ⟨a†1a4⟩⟨a

†
2a3⟩ − ⟨a†1a3⟩⟨a

†
2a4⟩, (2.14)

∗The only limitation of the hierarchy of equations of motion is given by the total particle number of
the system, which is typically huge, e�ectively resulting in an in�nite equation hierarchy.

10
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approximating the many-particle quantities by single-particle quantities. On this
expansion level, the two-particle correlations de�ned by:

⟨a†1a
†
2a3a4⟩

c = ⟨a†1a
†
2a3a4⟩ − ⟨a†1a4⟩⟨a

†
2a3⟩+ ⟨a†1a3⟩⟨a

†
2a4⟩ (2.15)

are neglected.∗ The next higher factorization level, compared to the Hartree-Fock
rule (2.14), is the inclusion of the two-particle correlations ⟨a†1a

†
2a3a4⟩c. In general, the

factorization can be accomplished in an arbitrary order depending on the considered
physical problem.
Beside pure electronic interactions such as the Coulomb coupling, also interaction
processes between electrons and photons or phonons (in general between fermions and
bosons) can occur, resulting in a coupling of ⟨a†a⟩ to assisted terms such as ⟨b†a†a⟩ and
thus, to an in�nite hierarchy of assisted equations. Additional factorization rules are
necessary, which are in the simplest case given by:

⟨b(†)a†a⟩ ≈ ⟨b(†)⟩⟨a†a⟩, (2.16)

de�ning the correlations ⟨b(†)a†a⟩c = ⟨b(†)a†a⟩ − ⟨b(†)⟩⟨a†a⟩. Often, phonons are treated
as a bath, in which vanishing expectation values of the coherent phonons ⟨b(†)⟩ = 0 are
assumed. Therefore, in many cases the factorization is applied in the next higher order,
corresponding to a second order Born approximation, e.g., resulting in:

⟨b†ba†a⟩ ≈ ⟨b†b⟩⟨a†a⟩. (2.17)

2.4 Markov approximation

To derive the equation of motion of an observable A via the Heisenberg equation of
motion technique, the commutator [H,A]− needs to be determined. Often, the Hamilton
operator H = H0+HWW can be split up into a free contribution H0 with [H0, A]− = ϵA
and into a contribution HWW describing the interaction processes. Then, the resulting
equation of motion reads:

∂t⟨A⟩(t) =
i

ℏ
ϵ⟨A⟩(t)− γ⟨A⟩(t) + i

ℏ
⟨[HWW, A]⟩(t), (2.18)

where a phenomenological dephasing γ is introduced, e.g., accounting for a decay
induced by phonons [BLS+01, MKKM+13]. In the following we use the de�nition
B(t) = [HWW, A](t) for a compact notation. Using a rotating frame† to express both
operators

⟨A⟩(t) = ˜⟨A⟩(t) e
i
ℏ ϵ̃t and ⟨B⟩(t) = ˜⟨B⟩(t) e

i
ℏ ϵ̃t, (2.19)

the fast oscillation e
i
ℏ ϵ̃t can be separated from the slowly varying envelopes ˜⟨A⟩(t) and

˜⟨B⟩(t). It is assumed that the frequencies of the fast oscillations do not di�er strongly
and we can use the same rotating frame. The corresponding di�erential equation for the
slowly varying envelope ˜⟨A⟩(t) reads:

∂t ˜⟨A⟩(t) = i

ℏ
(ϵ− ϵ̃) ˜⟨A⟩(t)− γÃ(t) +

i

ℏ
˜⟨B⟩(t). (2.20)

∗The correlation ⟨a†1a
†
2a3a4⟩c between two particles represents those contributions, which can not be

approximated by one-particle quantities.
†The rotating frame is selected so that the dynamics of ˜⟨B⟩(t) is slow.
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Formally, an integration of Equation (2.20) directly gives:

˜⟨A⟩(t) = i

ℏ

 t

−∞
˜⟨B⟩(t′) e(

i
ℏ∆ϵ−γ)(t−t′)dt′, (2.21)

with ˜⟨A⟩(−∞) = 0 and ∆ϵ = ϵ− ϵ̃. Substituting s = t− t′ in Equation (2.21) yields

˜⟨A⟩(t) = i

ℏ

 ∞

0

˜⟨B⟩(t− s) e(
i
ℏ∆ϵ−γ)sds. (2.22)

If the temporal evolution of ˜⟨B⟩(t−s) is slow in comparison to the oscillations of e(
i
ℏ∆ϵ)s,

it is reasonable to neglect the memory kernel of the integral, i.e. to assume ˜⟨B⟩(t− s) ≈
˜⟨B⟩(t), and to take ˜⟨B⟩(t) out of the integration:

˜⟨A⟩(t) = i

ℏ
˜⟨B⟩(t)

 ∞

0
e(

i
ℏ∆ϵ−γ)sds. (2.23)

This treatment neglects all quantum mechanical memory e�ects and is called Markov
approximation. The analytical evaluation of the Heitler-zeta function ζ(ϵ) reads

ζ(ϵ) =

 ∞

0
eϵs ds = lim

γ→0

1

iϵ+ γ
= πδ(ϵ)− iP


1

ϵ


. (2.24)

Often, the principle value P( · ) of the Cauchy integral is neglected assuming that
its contribution can be included by a renormalization of the single particle energies.
Applying the Markov approximation, only those contributions are taken into account
which ful�ll the energy conservation.
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3
Poisson Green's function method for the

calculation of Coulomb matrix elements

The microscopic analysis of Coulomb interactions allows insight into the underlying
physical mechanisms of many physical processes such as scattering of charge carriers
[NIBS97, NGL+05] or the formation of collective particle states, e.g., excitons, biexitons
or trions [RKW+05, FPB02]. The Coulomb coupling is a many-particle interaction,
which plays an essential role in a variety of systems such as atomic structures
[DFSS88], molecule systems [KNK98, SSF96], bulk semiconductors [NGL+05, CSP03],
nanostructures such as quantum dots [WMD+98] or quantum wells [NIBS97], graphene
[HJV08] or coupled nanotubes [GPGGM10, MR09].
For the calculation of the Coulomb coupling, the Coulomb Hamilton operator in second
quantization is often used:

HC =
1

2


1234

V1234a
†
1a

†
2a3a4, (3.1)

where 1, 2, 3 and 4 are multi-indices including all quantum number states such as the band
index λ = c, v or the spin con�guration σ =↑, ↓. The creation (annihilation) operators for
the electrons in state i are denoted by a†i (ai). The Coulomb coupling strength is given
by the Coulomb coupling elements V1234 of a generalized Coulomb interaction potential
G(r, r′):

V1234 = q2


d3r


d3r′ϕ∗1(r)ϕ
∗
2(r

′)G(r, r′)ϕ3(r
′)ϕ4(r) , (3.2)

where q is the electron charge and ϕi(r) the electron wave function of the state i. The
determination of the Coulomb coupling elements plays a signi�cant role, e.g., in electronic
structure calculations [SSF96], for the dynamics of quantum systems [KR14, BSG+07]
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Chapter 3. Poisson Green’s function method

and for e�cient density matrix calculations based on many-body correlation expansion
[SMJ+99, HKK03a]. Typically in Equation (3.2) the Coulomb potential

G(r, r′) =
1

4πϵ0ϵr

1

|r− r′|
, (3.3)

for a spatially homogenous system is used. Here, ϵ0 denotes the vacuum and ϵr the relative
permittivity. The calculation of a Coulomb matrix element de�ned by Equation (3.2)
requires the solution of a six-dimensional space integral, which is often performed
numerically. Depending on the size and complexity of the investigated system, the
computation of the Coulomb coupling elements de�ned by Equation (3.2) can signi�cantly
limit the quantum mechanical calculations.
Equation (3.2) only has to be calculated a few times, if in the investigated system a
small number of electronic levels is relevant for the Coulomb interaction. For these cases,
optimizing the numerical calculation is not that important. For this, one prominent
example is the Coulomb induced formation of excitons in quantum dots, which is
well studied in quantum dynamical calculations of interband transitions in quantum
dots [GPGGM10]. The relevance of e�cient numerical approaches to calculate the
Coulomb coupling increases for larger or more complex systems, e.g., showing asymmetric
geometry, since these systems require the calculation of a high number of Coulomb
coupling elements and thus, the six-dimensional integrals Equation (3.2) have to be
performed multiple times. As an example, the calculation of Coulomb interactions
between carriers inside the quantum dot and carriers of the surrounding host material
represent such a demanding task. The Coulomb interaction with a continuum of states
in�uences scattering [SGFJ12] and dephasing processes [FB06]. Also, the formation
of collective states consisting of quantum dot and continuum carriers, such as bound-
continuum excitons, biexcitons or trions, which are discussed in Chapter 6, is based on
the Coulomb interaction involving a high number of continuum states.
Additionally, there are other examples requiring multiple calculations of Coulomb
coupling elements: The Coulomb interaction between carriers, which are localized in
spatially separated systems such as coupled quantum dots, depends on the distance
between the interacting carriers. Therefore, a variation of the distance, as occurs for
example for quantum dots in a solvent, also results in the need to calculate many Coulomb
elements. For these systems a straightforward calculation of the Coulomb coupling
elements requires an enormous numerical e�ort and is therefore not feasible. Accordingly,
suitable approaches to treat such kind of complex problems are highly desirable. In the
following, standard methods for the calculation of Coulomb coupling elements are brie�y
discussed before a proposal of a Poisson Green's function method is presented in detail.
If radial symmetry can be assumed, the spatial integrals in Equation (3.2) can be
simpli�ed using spherical coordinates. A corresponding transformation of the Coulomb
potential G(r, r′) can be accomplished using an expression via Legendre polynomials
[KMM13, NLB+05], cf. Section 6.3. A successful application of spherical coordinates in
calculations of Coulomb interaction is presented in Reference [ZZM12] for a molecular
complex in�uenced by an adjunct metal nano-particle and in Section 6.3 for bound to
continuum Coulomb coupling elements.
For quantum dot systems, several analytical approaches exploit speci�c symmetries of the
quantum dot con�nement potential and of the electron wave functions to facilitate the
evaluation of the Coulomb coupling and to calculate the quantum dynamics of quantum
dot systems.
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For completeness, we also have to mention one important and already well established
numerical method to accomplish computational speedup in the calculation of two-particle
Coulomb interactions: An approach typically used for an e�cient numerical calculation
of Coulomb coupling elements is the solution of Equation (3.2) in the Fourier domain by
transforming the electron wave functions into Fourier space. Via Fourier transformation
the integrals occurring in Equation (3.2) can be separated under the assumption of a free
space Coulomb potential given in Equation (3.3) for a homogeneous medium.
The main objective of this chapter is to present an e�cient approach to numerically
calculate Coulomb coupling elements in real space. This approach is based on a
representation via a Green's function for the solution of a generalized Poisson equation
[ZKR16]. The Poisson Green's function method is not restricted to speci�c symmetry
conditions, which must be met by the permittivity or the system geometries. Also
screening e�ects are naturally included in the method by introducing a spatially
dependent permittivity ϵ(r).
The chapter is organized as follows: First, the general approach is presented in Section 3.1.
Subsequently, screening e�ects are brie�y discussed in Section 3.2. In Section 3.3 a Taylor
expansion leads to the di�erent types of Coulomb interactions, in particular, to the
monopole-monopole Coulomb coupling elements used in Chapter 6.

3.1 General method

By introducing a generalized scalar potential Φ23(r), the six-dimensional integral in
Equation (3.2) can be separated into two three-dimensional integrals:

V1234 = q


d3rϕ∗1(r)Φ23(r)ϕ4(r) , (3.4)

and

Φ23(r) = q


d3r′ϕ∗2(r

′)G(r, r′)ϕ3(r
′) , (3.5)

in which the Green's function G(r, r′) enters including properties of the geometry. To
express the solution of Equation (3.5), the generalized Coulomb Green's function G(r, r′)
is used, which is de�ned by:

∇r ·

ϵ(r)∇rG(r, r

′)

= − 1

ϵ0
δ(r− r′) . (3.6)

Equation (3.6) describes the case of a dielectric medium, which is represented by a
spatially dependent dielectric function ϵ(r). The de�nition of a generalized charge density
ϱ23(r) = qϕ∗2(r)ϕ3(r) through the electron wave functions ϕ∗2(r) and ϕ3(r) allows for a
compact notation of the generalized scalar potential Φ23(r):

Φ23(r) =


d3r′G(r, r′)ϱ23(r

′) . (3.7)

In general, the electron wave functions ϕ1,2,3,4(r) and thus, the charge density ϱ23(r)
as well as the scalar potential Φ23(r) may be complex. Therefore, they are no directly
measurable observables but mathematical quantities, which are intended for the Poisson
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Screening effects Chapter 3. Poisson Green’s function method

Green's function method for the numerical calculation of Coulomb coupling elements.
The scalar potential Φ23(r) solves a generalized Poisson equation:

∇r · (ϵ(r)∇rΦ23(r)) = −ϱ23(r)
ϵ0

, (3.8)

where the charge density ϱ23(r) acts as inhomogeneity. For generality, Equation (3.8)
includes a spatially dependent dielectric function ϵ(r) applying in materials with spatially
varying permittivities, e.g., relevant for quantum dots in a solvent. To investigate such
dielectric e�ects, the di�erential Equation (3.8) needs to be solved using appropriate ϵ(r)-
functions or boundary conditions for Φ23(r). This means, the Poisson Green's function
method is, in contrast to methods operating in the Fourier space, not restricted to systems
with a homogenous dielectric constant ϵr. Furthermore, the Poisson Equation (3.8) can be
solved without assuming an explicit form of the Green's function. This way, the method
avoids problems caused by singularities of the Green's function usually increasing the
numerical e�ort.
Instead of the six-dimensional integral in Equation (3.2), a three-dimensional integral
in Equation (3.4) and the Poisson Equation (3.8) must be solved in the Poisson Green's
function method, cf. Figure 3.1. Very fast and highly optimized solvers, e.g., based
on �nite-di�erence or �nite elements methods, allows for an e�cient calculation of
Equation (3.8).

Figure 3.1 | Scheme of the Poisson Green's function method: Instead of the six-dimensional
Coulomb integral (red cloud) a three-dimensional integral and a Poisson equation must be
solved (blue cloud).

3.2 Screening e�ects

In many cases, screening e�ects modifying the Coulomb potential must be taken into
account [NGJ04, SI05, HSE03]. Therefore, it would be useful to �nd a way to include
modi�cations of the Coulomb potential due to screening e�ects into the formalism of
the Poisson Green's function method. If a homogenous medium with constant dielectric
function ϵr is assumed, the Poisson equation reads:

∆rΦ23(r) = −ϱ23(r)
ϵ0ϵr

, (3.9)
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with the Laplace operator ∆r. A Yukawa-like screening [KIMZ03] can be included into
the Poisson equation for homogenous media via a constant screening factor α:


∆r − α2


Φ23(r) = −ϱ23(r)

ϵrϵ0
. (3.10)

With respect to the screening factor α, also the de�nition of the Green's function
Equation (3.6) is slightly modi�ed:

∆r − α2

Gα(r, r

′) = − 1

ϵrϵ0
δ(r− r′) . (3.11)

Equation (3.11) is solved by the Yukawa potential Gα(r, r
′) =


e−α|r−r′|


/ (4π|r− r′|)

representing the screened potential for the free space. The Yukawa potential with
the Fourier transform Gα(k) = 1/


k2 + α2


constitutes a typical form to implement

screening in semiconductors [KIMZ03].
To calculate screened Coulomb coupling elements in real space, the Poisson Green's func-
tion method can be applied straightforwardly using Equation (3.10) and Equation (3.11)
instead of Equation (3.8) and Equation (3.6).

3.3 Taylor expansion of the Green's function

The general de�nition of the Coulomb coupling elements given in Equation (3.2) includes
the electronic wave functions Φ1,2,3,4(r) of the quantum states 1, 2, 3 and 4. Typically,
these wave functions are described in e�ective mass and envelope function approximation
[HK09, YC10]. These approximations allow for an expression of the wave functions via a
product of an envelope wave function ξλ,i(r) and a lattice periodic Bloch function uλ,i,σ(r)
of the state i in the band λ = c, v with the spin σ =↑, ↓, cf. Section 2.1. Using the ansatz
Φ1(r) = ξλ1,i1(r)uλ1,i1,σ1(r) in Equation (3.2), a Taylor series of the Green's function
G(r, r′) with respect to the unit cell separates the Coulomb processes into di�erent orders,
such as monopole-monopole and dipole-dipole Coulomb interaction.
Before the Taylor expansion can be applied, we rewrite the r- and r′-integrals in the
general expression of the Coulomb coupling elements de�ned in Equation (3.2) into sums
of integrals over the unit cells (UCs):

V1234 =
q2

4πϵ0ϵr

UC
α,β


UCα

d3rα


UCβ

d3r′β ξ∗λ1,i1(rα)ξ
∗
λ2,i2(r

′
β)G(rα, r

′
β)ξλ3,i3(r

′
β)ξλ4,i4(rα)

×u∗λ1,i1,σ1
(rα)u

∗
λ2,i2,σ2

(r′β)uλ3,i3,σ3(r
′
β)uλ4,i4,σ4(rα). (3.12)

As illustrated in Figure 3.2, the vector rα (r′β) can be separated into a lattice vector Rα

(R′
β) of the α-th unit cell and a small variation s (s′) within the unit cell: rα = Rα + s

(R′
β = R′

β + s′).
The envelope wave function ξi(r) is assumed to be constant on the scale of a unit cell:
ξ(Rα + s) ≈ ξ(Rα). Furthermore, the invariance of the Bloch functions ui,σ(r) under
a lattice translation is used: ui,σ(Rα + s) = ui,σ(s). Additionally, the orthonormality
condition of the Bloch wave functions over a unit cell volume is applied:

1

VUC


UC

d3su∗λ1,i1,σ1
(s)uλ4,i4,σ4

(s) = δλ1,λ4δσ1,σ4 . (3.13)
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Taylor expansion of the Green’s function Chapter 3. Poisson Green’s function method

To proceed, a three-dimensional Taylor series of the Green's function G(rα, r′β) in both
spatial arguments around the center of each elementary cell is expanded. For simplicity

Figure 3.2 | Scheme of the dipole approximation of the quantum dot vector rα on the unit
cells: The quantum dot is devided into unit cells with the unit cell volume VUC. The spatial
vector rα describing the position inside the quantum dot can be separated into a lattice vector
Rα of the α-th unit cell and a small variation s within the unit cell: rα = Rα + s.

and with regard to the use in Section 6.3, only the zeroth order of the Taylor expansion
is considered here:

G(rα, r
′
β) ≈ G(Rα,R

′
β) + . . . . (3.14)

The zeroth order of the Taylor expansion represents the monopole-monopole Coulomb
interaction. However, a much more general approach is possible. In Reference [ZKR16]
a Taylor expansion of the Green's function is presented up to the �rst order constituting
the dipole-dipole coupling without assuming a speci�c form. In principle, also terms of
higher order can be included in an analog way.
Since it is the most popular approach (and used in Section 6.3), the Taylor expansion for
the free space Coulomb potential de�ned in Equation (3.3) is also given here:

1

|rα − r′β|
≈ 1

|Rα −R′
β|

+ . . . . (3.15)

Using the Equations (3.13) and (3.14), �nally, the Coulomb elements of the monopole-
monopole interaction V m

1234 read:

V m
1234 =q

2


d3r


d3r′ξ∗λ1,i1(r)ξ

∗
λ2,i2(r

′)G(r, r′)ξλ3,i3(r
′)ξλ4,i4(r)δλ1,λ4δσ1,σ4δλ2,λ3δσ2,σ3 ,

(3.16)

in which the selection rules of the band index λ and the spin con�guration σ are ensured
through the Kronecker deltas.
For the Poisson Green's function method these assumptions result in:

∇r · (ϵ(r)∇rΦ
m
23(r)) =− q

ξ∗2(r)ξ3(r)

ϵ0
, (3.17)
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and

V m
1234 =q


d3rξ∗1(r)Φ

m
23(r)ξ4(r)δλ1,λ4δσ1,σ4δλ2,λ3δσ2,σ3 . (3.18)

The calculation of the Coulomb coupling elements is reduced to the solution of a single
three-dimensional integral by using the solution Φm

23(r). Since in the following chapters
only monopole-monopole Coulomb interactions are considered, the m-index is omitted.
Typically, the Coulomb potential is given by the Green's function de�ned in Equa-
tion (3.3) assuming point charges in a homogeneous medium [FZ97, NLB+05]. In Sec-
tion 6.3, results for Coulomb interactions between carriers localized in the quantum dot
and carriers of the surrounding continuum are presented, to demonstrate the applicability
of the Poisson Green's function method to the important case of Equation (3.3). However,
not only quantum dots embedded in a continuum are Coulomb in�uenced model systems,
in which the Poisson Green's function method can be applied. A variety of many-body
systems exists, in which a �nite number of localized discrete states is coupled via Coulomb
interaction to a continuum of states representing the embedding system. Examples are
impurities in a bulk medium [LH85] or other nanostuctures such as quantum wells [GB83]
or wires [DNDA07] and molecular systems [KSC+05, DMK13].

3.4 Conclusion

In conclusion, a Poisson Green's function method was presented in this chapter, which
aims to numerically calculate Coulomb coupling elements e�ciently. The numerical
method is based on the solution of a generalized Poisson equation by a formulation
via a Green's function. Thereby, the number of integrals is reduced, which need to be
solved for the two-particle Coulomb interaction.
Since the Poisson Green's function method does not presuppose speci�c symmetries of
the Coulomb potential or the wave functions, the numerical method is applicable to a
variety of physical problems. The in�uence of a medium can be included without much
e�ort via a spatially inhomogeneous dielectric function.

19





Part III

Intraband spectroscopy of quantum dot

systems





4
General analysis

Interband transitions between conduction and valence band states in semiconductor
quantum dots are well studied, in particular, their signatures in optical spectra. As an
example, the in�uence of Coulomb interactions on interband transitions in quantum dots
induces the formation of collective states in quantum dots, such as excitons, biexcitons or
trions [RKW+05, KR14, FPB02]. Additionally, analytical models considering interband
transitions in quantum dots have been analyzed in detail and are well understood: The
Jaynes-Cummings Model describes the interaction between a two-level quantum dot
system and a single photon mode and has an analytical solution under Rotating Wave
Approximation (RWA). Using the Independent Boson Model (IBM) a two-level quantum
dot system interacting with a phonon bath can be investigated. Here, electron-photon
and electron-phonon interactions a�ect the interband transitions in the quantum dot
model resulting in characteristic signatures in the absorption spectra.
In contrast, the following Chapters 5 to 7 focus on intraband transitions (also called
intersubband transitions) and their spectral signatures, which are induced by di�erent
interaction mechanisms such as Coulomb (cf. Chapter 6) or electron-phonon interaction
(cf. Chapter 7). The investigated intraband transitions can either act between bound
quantum dot levels (discussed in Chapter 7) or between bound quantum dot and unbound
continuum states (subject of Chapter 5 and 6). In the present chapter, general aspects
of intraband spectroscopy in quantum dot systems are discussed.
The intraband absorption occurs in the midinfrared spectral range. In general, the
absorption strength for the intraband transitions is weak in comparison to interband
transitions in quantum dots. However, it has been shown that the intraband absorption
of InAs/GaAs quantum dot systems can indeed be measured by photo induced absorption
spectroscopy, e.g., in Reference [SBGTM98, SBJ+97] and using two-color photoexcitation
spectroscopy in, e.g., in Reference [HMK13].
The chapter is organized as follows: First, a general level scheme of the quantum dot
system is introduced in Section 4.1. Subsequently, a pump-probe setup is presented as
an example to test the intraband transitions in quantum dot systems. In Section 4.3 the
dipole moment is speci�ed into interband and intraband dipole matrix elements. Finally,
an analytical expression for the intraband optical absorption is derived in Section 4.4.
The main results presented in this chapter are published in Reference [KKR+14].
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4.1 General quantum dot model system

For the analysis of intraband transitions in quantum dot systems a model system
is needed to describe the quantum dot and its environment. In this work, a self-
organized InAs quantum dot, which is embedded in a GaAs bulk material, is used
as general model system. Self-organized InAs/GaAs quantum dots can be fabricated
by Stranski-Krastanow [TKZ+00, LSG+96] and Volmer-Weber [TKZ+00] growth, e.g.,
using molecular beam epitaxy [JXX+00] and metalorganic chemical vapor deposition
[SRG+01]. In the Stranski-Krastanow growth mode a two-dimensional wetting layer is
formed. As opposed to this, in the Volmer-Weber growth mode the quantum dot is
directly embedded in a bulk without a wetting layer, cf. Figure 4.1a. For simplicity,
a Volmer-Weber grown quantum dot is assumed in the Chapters 4 to 7, since it allows
us to consider a radial symmetric quantum dot-bulk system. However, the popular
Stranski-Krastanow grown quantum dots can also be described with slight modi�cations
of the theoretical approaches. Accordingly, qualitatively similar results are expected for
Stranski-Krastanow grown quantum dot-systems including a wetting layer.
In Figure 4.1b the general level scheme of the quantum dot model is illustrated. Properties
of the speci�c quantum dot model systems used in the Chapters 5 to 7 are discussed in
detail in the corresponding chapters.
For the conduction c and valence band v, continuum states and bound states localized
in the quantum dot exist. We use discrete states i to model the quantum dot and quasi-
continuous bulk states k in the conduction band and in the valence band, respectively.
The spin index is included in the indices i and k. The calculations in the following

Figure 4.1 | (a) Scheme of Volmer-Weber grown quantum dots, where the quantum dots
are directly embedded in a bulk material without a wetting layer. (b) Level scheme of the
quantum dot-continuum model: The bulk states have a crystal momentum k. i represents the
quantum dot levels. The band gap between conduction and valence band states is denoted by
Ei1i1

cv . As an example, the sub-band gap energy Ei1i2
cc (Ei1i2

vv ) between the discrete quantum
dot levels i1 and i2 within the conduction (valence) band is depicted. The energy di�erence
between the quantum dot ground state i1 and the lowest (highest) energy bulk state in the
conduction (valence) band is ∆Ei1

c (∆Ei1
v ). [KKR+14]
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chapters are performed in the electron-hole representation, which is characterized by a
ground state without any occupied electron or hole densities.∗ Often, electrons and holes
can be treated similarly in the equations. Therefore, it is useful to introduce a carrier
index µ ∈ {e, h} for a compact notation. Accordingly, for the band index λµ follows:
λe = c and λh = v. Note, i and k for conduction and valence band states are disjoint
index sets for the electrons and holes, respectively.
The single particle energies ϵλµ,i(k) for electrons and holes in the quantum dot and in the
continuum states de�ne the free carrier Hamiltonian H0:

H0 =

i,µ

ϵλµ,i µ
†
iµi +


k,µ

ϵλµ,k µ
†
kµk, (4.1)

where ϵλµ,i(k) is the single particle energy with the band index λµ ∈ {c, v} including

Coulomb renormalization and µ†i(k) (µi(k)) is the creation (annihilation) operator for the
carrier µ ∈ {e, h} of the ith bound quantum dot state or the continuum state with wave
vector k, respectively.
In the following chapters several characteristic energy di�erences occur. For a better
overview, the most relevant energy di�erences are brie�y summarized in Figure 4.1b:
There is the band gap energy of the quantum dot de�ned by Ei1i1

cv = ϵc,i1 −ϵv,i1 as well as
the sub-band gap for electrons Ei2i1

cc = ϵc,i2−ϵc,i1 and holes Ei1i2
vv = ϵv,i1−ϵv,i2 between the

discrete quantum dot levels i1 and i2 within one band λµ ∈ {c, v}. InAs/GaAs quantum
dots typically have a band gap energy Ei1i1

cv of around 1.2 eV [HGV+99] and a sub-band
gap energy Ei2i1

cc of around 50 meV [ZGC+09, HGV+99]. The energy di�erence between
the bound quantum dot state with lowest (highest) energy in the conduction (valence)
band and the lowest (highest) bulk state in the conduction (valence) band ∆Ei1

c (∆Ei1
v )

determines the spectral range of interest for electron (hole) intraband transitions between
bound quantum dot states and unbound continuum states, cf. Figure 4.1b. Typical values
of ∆Ei1

c are between 50 meV and 300 meV [MZ07, SCK01, MHM+97, WWZ00].

4.2 Pump-probe setup

The subject of the following chapters is the study of intraband transitions in quantum
dot systems. To start, possible quantum dot optical transitions are brie�y summarized
in Figure 4.2a. There are interband transitions e†ih

†
i′ between bound quantum dot valence

and conduction band states i and i′. In general, also interband transitions e†kh
†
k′ between

unbound bulk valence and conduction band states k and k′ are possible (not shown
in Figure 4.2a). Additionally, intraband transitions of electrons e†i2ei1 and holes h†i2hi1
between bound quantum dot states i within one band as well as e†kei and h

†
khi between

continuous bulk states k and bound quantum dot states i can occur.
The analysis of optical intraband spectra exploit optical transitions within one band
(conduction band or valence band). Therefore, the only important prerequisites are an
occupied bound quantum dot state in the conduction (valence) band and the ability to
optically test the intraband transitions [KKR+14]. Corresponding experimental setups
are realized in di�erent forms, e.g., pulsed pump-probe experiments [QDP+03, DBB+00,

∗As opposed to this, in the pure electron representation the electron densities of the valence band
states are fully occupied in the system ground state. The transformation relation between the pure
electronic operators a(†) and the operators for electrons e(†) and holes h(†) read: e†k,σ = a†c,k,σ,

ek,σ = ac,k,σ, h
†
−k,−σ = av,k,σ and h−k,−σ = a†v,k,σ with the wave vector k and the spin σ.
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DTW+07, GBDT+08] or continuous wave spectroscopy [FHH+90]. Also single beam
experiments for doped quantum dots are possible [EFF+07].
Here, the proposed experimental scheme to investigate intraband transitions in the
quantum dot-continuum system is a nonlinear two step process, cf. Figure 4.2: First,
a high intensity pump pulse resonantly excites the con�ned interband electron-hole
transition, red solid line in Figure 4.2a and 4.2b. The pump pulse creates �nite electron
and hole populations in the con�ned quantum dot conduction and valence band ground
states c, i1 and v, i1. In a second step, after a delay time ∆t, a weak probe pulse tests
the intraband transitions provided by the pump created electron and hole populations,
cf. green and blue dashed lines in Figure 4.2a. Since the quantum dot has a small

Figure 4.2 | Pump-probe excitation scheme: (a) Possible optical transitions in the quantum
dot-continuum system. Three types of transitions are depicted: The interband transition
inside the quantum dot, described by e†ih

†
i′ , the transitions between the dot levels and the

bulk states e†kei and h†khi and intraband transitions between quantum dot levels such as

e†i2ei1 and h†i2hi1 . (b) Pump and probe pulse exciting the quantum dot with a time delay ∆t.
(c) After the system is excited by a pump pulse the probe pulse tests the intraband transition
to determine an intraband absorption spectrum. [KKR+14]

spacial extension compared to the optical wavelength of the external light �eld E(t), the
interaction between the carrier µ and the external light �eld E(t) of the pump and probe
pulse can be treated using the dipole approximation [HK09], resulting in∗:

HL = −


µ,µ′,s,s′

dµµ′

ss′ ·E(t)µ†sµs′ + h.a., (4.2)

in which the dipole moment dµµ′

ss′ is given by:

dµµ′

ss′ = q


drϕ∗µ,s(r)rϕµ′,s′(r), (4.3)

∗Throughout this work the semi-classical electron-light interaction is treated in r ·E(t)-coupling.
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where q denotes the electron charge, µ ∈ {e, h} the carrier index and s ∈ {i,k} a multi-
index de�ning the state (quantum dot states i or continuum states k). ϕµ,s(r) is the
wave function of the carrier µ in the state s.
Separating the di�erent types of transition as depicted in Figure 4.2a, the interaction of
the carries with the external light �eld E(t) = E(t)eξ (polarization direction eξ) reads:

HL = −

i,i′

dehii′E(t)e
†
ih

†
i′ −


k,k′

dehkk′E(t)e†kh
†
k′ −


i,k,µ

dµµik E(t)µ
†
iµk−


i,j,µ

dµµij E(t)µ
†
iµj +h.a..

(4.4)
The �rst two terms of the right hand side of Equation (4.4) contains quantum dot
interband transitions. The third contribution represents quantum dot-bulk intraband
transitions. Finally, the last term describes intraband transitions between two bound
states inside the quantum dot conduction (valence) band. dehij , d

µµ
ik and dµµij (µ ∈ {e, h})

are the interband and intraband dipole matrix elements respectively in eξ-direction.

4.3 Dipole matrix elements

The calculation of the dipole matrix elements is similar to the approach applied in
Section 3.3 for the derivation of the Coulomb coupling elements: As presented in detail
in Section 3.3, the r-integral is expressed by a sum of integrals over single unit cells and
the wave functions ϕµ,s(r) are treated in the envelope wave function approximation, cf.
Section 2.1. Using a scale separation of the vector r into a lattice vector and a small
variation within the cell, the dipole moment describing intraband transitions results in:

dµµ
ss′ = q


drξ∗µ,s(r)rξµ,s′(r), (4.5)

where ξµ,s(r) is the envelope wave function of the carrier µ ∈ {e, h} and the state s. In
contrast, the interband dipole moment for transitions between the valence and conduction
band is given by:

deh
ss′ =


drξ∗e,s(r)ξh,s′(r)

1

VUC


UC

dsue,s(s)qsuh,s′(s), (4.6)

with the lattice periodic Bloch functions uµ,s(s) of a carrier µ in the state s.

4.4 Optical intraband absorption

The response of a system under excitation with a weak electromagnetic �eld can be
investigated via optical absorption spectra. The spectral intraband absorption α(ω) of
the light pulse E(ω) is determined via the macroscopic intraband polarization Pintra(ω) =
Pintra(ω)eξ [HK09]:

α(ω) =
ω

ncϵ0
Im


Pintra(ω)

E(ω)


. (4.7)

Here, n is the constant background refractive index around the relevant transition
frequencies, ϵ0 the vacuum permittivity and c the speed of light in vacuum. Interband
transitions start at higher energies and are separated from the intraband spectrum.
Hence, they are neglected in the calculation of the intraband spectrum. For �rst insights,
the pump pulse induced coherences are assumed to be already dephased at the time,
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where the probe pulse Eprobe(t) arrives. If the probe pulse Eprobe(t) tests intraband
transitions between di�erent levels of a single quantum dot (cf. Chapter 7), the induced
intraband polarization Pqd-qd

intra (t) reads:

Pqd-qd
intra (t) =


i,j,µ

dµµij ⟨µ
†
iµj⟩(t) + c.c.. (4.8)

In contrast, if intraband transition between quantum dot and continuum states are
probed (cf. Chapter 5 and 6), Eprobe(t) induces the intraband polarization Pqd-cont

intra (t):

Pqd-cont
intra (t) = NQD


i,k,µ

dµµik ⟨µ
†
iµk⟩(t) + c.c., (4.9)

where NQD denotes the quantum dot volume density. Since the following analytical
expressions for intraband transitions inside the quantum dot and between quantum dot
and continuum states are formally similar, the equations are only derived for bound-
continuum intraband transitions to demonstrate the concept. However, all results of this
section also hold for intraband transitions within the quantum dot by changing the k-
index of the continuum into a j-index describing quantum dot states.
For the calculation of the intraband absorption, knowledge of the polarization dynamics
is necessary, cf. Equation (4.7). Using the Heisenberg equation of motion

∂t⟨µ†iµk⟩ =
i

ℏ
⟨[H,µ†iµk]⟩, (4.10)

as introduced in Section 2.3, the temporal evolution of the transition amplitudes ⟨µ†iµk⟩ is
calculated. The total Hamiltonian H = H0+HL contains the free electronic contribution
H0 de�ned by Equation (4.1) as well as the interaction of electrons with the external
light �eld HL depicted in Equation (4.4). The in�uence of Coulomb interactions on
bound to continuum intraband transitions is discussed in Chapter 6. Furthermore,
in Chapter 7 bound-bound intraband transitions induced by electron-phonon couplings
are investigated. Accordingly, the total Hamiltonian H is extended to additional
contributions in the corresponding chapters. For �rst analytical insights, the Coulomb
coupling as well as the in�uence of electron-phonon interactions is omitted in this chapter.
As a result the equation of motion for the microscopic polarization pµµik ≡ ⟨µ†iµk⟩ reads
[KKR+14]:

∂tp
µµ
ik (t) =

i

ℏ
(ϵλµ,i − ϵλµ,k)p

µµ
ik (t)− γpµµik (t) +

i

ℏ
dµµki E(t)(f

µ,i(t)− fµ,k(t)), (4.11)

introducing a phenomenological dephasing γ, e.g., accounting for a decay induced by
phonons [BLS+01, MKKM+13]. In Equation (4.11) the carrier densities fµ,i(k) of carrier
type µ ∈ {e, h} in the band λµ ∈ {c, v} and state i(k) are de�ned by fµ,i(k) = ⟨µ†i(k)µi(k)⟩.
To solve the equation of motion of the polarization pµµik (t) the fast oscillation is removed
due to the transformation:

pµµik (t) = p̃µµik (t) e
i
ℏ(ϵλµ,i−ϵλµ,k)t. (4.12)
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To proceed, the Heisenberg equation of motion (4.11) is formally integrated for the slowly
envelope of the intraband polarization p̃µµik (t):

p̃µµik (t)− p̃µµik (t0) =
i

ℏ

 t

t0

e
i
ℏ(ϵλµ,i−ϵλµ,k+iℏγ)(t−t′)dµµki E(t

′)(fµ,i(t′)− fµ,k(t′))dt′, (4.13)

with vanishing coherences at t0 → −∞, p̃µµik (t0 → −∞) = 0 follows. The light �eld E(t)
in Equation (4.13) is expressed by the Fourier transformed light �eld E(ω). Subsequently,
the time-integral is solved via Markov approximation assuming constant carrier densities∗

fµ,i(k) after the pump pulse is arrived, cf. Section 2.4:

p̃µµik (t) =
i

2π
(fµ,i − fµ,k)

 ∞

−∞
dµµki E(ω)

e−
i
ℏ (ϵλµ,i−ϵλµ,k+ℏω+iℏγ)t

−i(ϵλµ,i − ϵλµ,k + ℏω + iℏγ)
dω. (4.14)

Next, we transform the slowly envelope of the microscopic intraband polarization p̃µµik (t)
into pµµik (t) and subsequently into Fourier space resulting in an additional time integral.
An evaluation of this time integral gives a delta function regarding the frequency ω. The
evaluation of the frequency integral �nally leads to [KKR+14]:

pµµik (ω) = −
dµµki E(ω)

(ϵλµ,i − ϵλµ,k + ℏω + iℏγ)
(fµ,i − fµ,k). (4.15)

Without electrically injected carriers there is no electron (hole) distribution in the bulk
conduction (valence) band: fe,k = 0 and fh,k = 0. Furthermore, in the case of a resonant
pump pulse exciting the quantum dot interband transition between the ground states of
valence and conduction band (red arrow in Figure 4.2), higher quantum dot states can
be assumed to be unoccupied.
Inserting Equation (4.15) in Equation (4.9) the intraband transitions, which are induced
by the probe pulse, can be separated into the electron quantum dot-continuum and hole
quantum dot-continuum transitions [KKR+14]:

Pqd-cont
intra (ω) = NQD


i

Pe
i (ω)f

e,i +

j

Ph
j (ω)f

h,j

 , (4.16)

where:

Pµ
i (ω) ≡ −


k

|dµµik |
2E(ω)

(∆ϵ
λµ

ik + ℏω + iℏγ)
, (4.17)

with the quantum dot-bulk energy di�erences of the conduction band ∆ϵcik ≡ ϵc,i − ϵc,k
and of the valence band∆ϵvik ≡ ϵv,k−ϵv,i. fe,i = ⟨e†iei⟩ and fh,i = ⟨h†ihi⟩ denote the pump
pulse induced electron and hole occupations. The Equations (4.16) and (4.17) show, that
the contributions from hole and electron intraband transitions, occur independently and
do not depend on the other carrier system. This is in strong contrast to interband
transitions in the quantum dot depending on the sum of hole fh,i

′
and electron density

∗In contrast to polarizations e.g. pµµik (t) = p̃µµ
ik (t) e

i
ℏ (ϵλµ,i−ϵλµ,k)t, carrier densities such as fµ,i(k) do

not have a fast oscillating contribution but decay due to radiative dephasing. In comparison to the
time scale of the polarization oscillations, which is de�ned by the transition energy, the radiative
decay occurs on a much larger time scale.
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fe,i. Therefore, the intraband absorption spectrum α(ω) = αe(ω) + αh(ω) can be split
up into an electron αe(ω) and a hole contribution αh(ω) with

αµ(ω) = NQD


i

αi
µ(ω)f

µ,i (4.18)

and [KKR+14]

αi
µ(ω) ≡

ω

ncϵ0
Im


Pµ
i (ω)

E(ω)


. (4.19)

The relations of the intraband spectrum hold for electron and hole transitions (µ ∈
{e, h}), respectively. The contributions can be calculated independently and added at
the end. Depending on the carrier system (electron, hole), Equation (4.19) results in
contributions at di�erent energies. Thus, the spectral range of the electronic conduction
band transitions in the intraband absorption spectrum is usually well separated from the
hole continuum band transitions.∗ Since intraband transitions between bound states of
the quantum dot are relatively sharp, they are easy to distinguish from the absorption
continuum. Altogether, it can be assumed that the electronic contribution αi

c(ω) is
directly available from experiments. Therefore, in Chapters 5 to 7 the results are only
shown for the electron contribution to demonstrate the concept. The behavior for the
hole intraband transitions gives qualitatively similar results.

∗If the electron and hole signals are not energetically separated from each other or several quantum dot
states are relevant, overlapping in the spectrum, other mechanism to isolate a speci�c contribution
needs to be found. A brief proposal to separate electron and hole contributions of bound to continuum
intraband absorption spectra is illustrated in the AppendixA.1.
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5
Reconstruction of quantum dot ground

state wave functions

Semiconductor quantum dots are one of the most extensively studied nanostructures,
due to their unique optical and electrical properties. They provide the basis for a variety
of applications such as quantum dot lasers [Vah03], light-emitting diodes [QLS+12],
single photon emitters [BO05, BSL+09] and solar cells [Noz02]. These applications
are made possible by an improvement of the crystal growth, e.g., the molecular beam
epitaxy [JXX+00] or the metalorganic chemical vapor deposition [SRG+01]. Using
these methods, self-organized InAs/GaAs quantum dots can be fabricated by Stranski-
Krastanow [TKZ+00, LSG+96] or Volmer-Weber [TKZ+00] growth. The resulting
quantum dots di�er in their sizes and shapes. Since high quality devices, such as sources
for non-classical light [RPMV+03], require precise information about the structural
properties of the quantum dots [RCT+12], corresponding investigative techniques are
of great necessity.
In this respect, electron microscopes or scanning tunneling microscopes are used to
gather information about the growth, the self-assembling and the structural properties of
quantum dots, especially about the quantum dot shape and size [WC09, FH08, Spe09].
However, these techniques do not o�er a direct access to the shape of the electron and
hole wave function. In the References [WDK+97, WSH+02, FSV+04, CPC+11] interband
photoluminescence spectroscopy is used to obtain a parametrized exciton wave function.
However, in all these references a speci�c model for the quantum dot potential is assumed.
Due to the de�ned quantum dot con�nement potential, also the shape of the wave
function is already implicitly assumed. Thus, the quantum dot wave functions are not
directly determined by experimental measurements.
In this chapter, an all-optical approach is proposed, which o�ers a direct access to the
spatial shape of the quantum dot wave functions [KKR+14]. In particular, the electron
and hole wave functions can be extracted separately. The presented reconstruction
method exploits optical transitions between the bound quantum dot states (localized
inside the quantum dot) and unbound continuum states (located in the surrounding host
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medium).∗ More precisely, a relation between the Fourier transform of the quantum dot
ground state wave function and the optical intraband absorption spectrum is derived,
which enables access to information about the spatial shape of the quantum dot wave
function encoded in the optical spectra [KKR+14].
To illustrate the proposed all-optical scheme for determining the quantum dot wave
function, an epitaxially grown InAs quantum dot embedded in GaAs bulk material
(e.g. Volmer-Weber growth mode) is used as a model system as presented in Section 4.1
[TKZ+00]. However, the presented method is also applicable to other systems beside
quantum dots in a bulk material. In general, the ground state wave functions can be
determined as long as optical transitions of this wave function to a continuum of free
carriers can be excited. With slight modi�cations, the theoretical results presented in this
chapter can be used to describe other structures of di�erent materials such as impurities
in bulk [LH85] or other lower dimensional nanostructures, e.g. quantum wells [GB83]
and wires [DNDA07]. Also quantum dots in quantum wires [AS01] or molecule systems
[KSC+05] represent suitable systems.
This chapter is organized as follows: In Section 5.1 we derive the reconstruction
formula o�ering a direct access to the quantum dot ground state wave function. The
derivation is based on a the assumption of plane waves as continuum wave functions.
The validity of the reconstruction formula beyond the plane wave approximation is
investigated in Section 5.2. The main results presented in this chapter are published
in Reference [KKR+14].

5.1 Derivation of the reconstruction formula

To illustrate how the information about the spatial extension of the quantum dot wave
functions can be extracted from intraband absorption spectra, more analytical insight into
the Equations (4.16) to (4.19) of Section 4.4 is given in this section: As introduced in the
last chapter, the imaginary part of Pµ

i (ω) is required for the calculation of the intraband
absorption αi

µ(ω) through Equation (4.19). Therefore, the intraband polarization Pµ
i (ω)

given in Equation (4.17) is separated into its real and imaginary part. The imaginary
part of Equation (4.17) reads:

Im [Pµ
i (ω)] =


k

|dµµik |
2E(ω) ℏγ

(∆ϵ
λµ

ik + ℏω)2 + (ℏγ)2
. (5.1)

Since the continuum modes k are quasi-continuous, the k-sum in Equation (5.1) is
transformed into a three-dimensional k-integral to obtain the absorption de�ned by
Equation (4.19). For quantum dot intraband transitions, typical values of the dephasing
ℏγ are in the order of a few meV [Paz02], which is very small compared to the transition
energies (order of eV). Therefore, we assume γ → 0, which results in a Dirac delta
function entering in the absorption [KKR+14]:

αi
µ(ω) =

Vbω

8π2ncϵ0


dk |dµµik |

2δ(∆ϵ
λµ

ik + ℏω), (5.2)

∗The investigation of bound-continuum transitions is similar to angle-resolved photoemission
spectroscopy measurements of atomic systems [DHS03], in which transitions between bound and
continuum states are used to observe the distribution of the electrons in the reciprocal space.
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with the Dirac delta function δ(∆ϵ
λµ

ik + ℏω) and the bulk volume Vb. The intraband
absorption αi

µ(ω) in Equation (5.2) is determined by the squared intraband dipole

moment |dµµik |
2 and the density of states at ∆ϵλµ

ik + ℏω. The intraband dipole moment

dµµik = q


ξ∗µ,i(r) rξ ξµ,k(r)dr, (5.3)

is de�ned by the envelope wave functions ξµ,i(k)(r) of the quantum dot state i or of the
continuum state k. The rξ denotes the vector r in polarization direction eξ of the probe
pulse: rξ = eξ · r and q is the electron charge.
For a �rst insight, plane waves ξµ,k(r) =

1√
Vb
eik · r are used in Equation (5.3) as continuum

wave functions (improved calculations for more realistic continuum wave functions are
given in Section 5.2). Then the intraband dipole moment reads [KKR+14]:

dµµik =
q√
Vb


ξ∗µ,i(r) rξ e

ik · rdr = − iq√
Vb

∂

∂kξ
ξ∗µ,i(k), (5.4)

where, ξ∗µ,i(r) (ξ∗µ,i(k)) is the quantum dot ground state wave function in real (Fourier)

space, rξ = eξ · r, ∂
∂kξ

= eξ · ∇k and q is the electron charge.

We conclude from Equation (5.4) that applying a plane wave approximation, the
intraband dipole moment dµµik is directly connected to the derivative of the quantum

dot ground state wave function ξ∗µ,i(k) in the k-domain. Therefore, the intraband
dipole moment dµµik entering in the intraband absorption αi

µ(ω) [Equation (5.2)] provides
information about the spatial shape of the quantum dot ground state wave function. This
o�ers the possibility of extracting the quantum dot ground state wave function from the
intraband absorption spectrum Equation (5.2) [KKR+14].
In the following calculations, the system is assumed to be radial symmetric. Therefore,
it is su�cient to reduce the calculation of the absorption to one direction eξ. However,
measurements of varying polarization directions of the probe pulse can also give
information about the azimuthal symmetry of the quantum dot, because on the right
hand side of Equation (5.4) the polarization direction enters. A broken azimuthal
symmetry should be visible in a polarization diagram of the absorption.
If the medium is assumed to be isotropic, the Nabla-operator ∇k in spherical coordinates
simpli�es to ∇k

ξ∗µ,i(k) = ∂
∂k
ξ∗µ,i(k)ek with the spherical basis vector ek.

A transformation of the three-dimensional wave vector k in Equation (5.2) into spherical
coordinates and a substitution of the intraband dipole moment dµµik using Equation (5.4)
leads for the absorption spectrum to:

αi
µ(ω) =

q2ω

6πncϵ0


dk k2

 ∂∂k ξ∗µ,i(k)
2 δ(∆ϵλµ

ik + ℏω). (5.5)

It remains to perform the k-integral occurring in Equation (5.5). Therefore, we rewrite

the delta-function δ(∆ϵ
λµ

ik + ℏω) depending on the energy E(k) ≡ ∆ϵ
λµ

ik + ℏω into a
delta-function with k-arguments using the relation δ(E(k)) = 1

|E′(k0)|δ(k − k0) with the
zero k0 of E(k). Previously, the band structure ϵc,k of the conduction band continuum
states must be speci�ed because it enters into the delta function in Equation (5.5). In
accordance with the plane wave approximation, the band structure of the quantum

33



Derivation of the reconstruction formula Chapter 5. Reconstruction

dot surrounding bulk material is assumed to be parabolic. The band structure of the
conduction band∗ continuum states, illustrated in Figure 5.1, is given by:

Figure 5.1 | Parabolic band
structure of the continuum con-
duction band

ϵc,k =
ℏ2k2

2me
+∆Ei1

c + ϵc,i1 , (5.6)

where me denotes the e�ective electron mass. If a
parabolic band structure such as Equation (5.6) is as-
sumed, the delta-function δ(∆ϵλik+ℏω) in Equation (5.5)
can be expressed by δ(∆ϵλik +ℏω) = me

ℏ2
1
k0
δ(k− k0) with

k0(ω) =


2me(ℏω−∆Ei

λ)

ℏ2 for the intraband absorption
resulting in:

αi
µ(ω) =

q2ωmµ

6πncϵ0ℏ2

∞
0

dk k2
 ∂∂k ξ∗µ,i(k)

2 1

k0
δ(k − k0).

(5.7)
Finally, the result for the intraband absorption spectrum
αi
µ(ω) is derived evaluating the delta-function to solve

the k-integral:

αi
µ(ω) = Bω


ℏω −∆Ei

λ

 ∂∂k ξµ,i(k)|k=k0

2Θ(ℏω −∆Ei
λ), (5.8)

where Θ(ℏω − ∆Ei
λ) represents the Heaviside function. For a compact notation, the

prefactor B is de�ned by B =
q2m

3
2
µ

3
√
2πℏ3ncϵ0

. The intraband absorption is determined by a

typical square root dependence on the energy detuning with respect to the gap ∆Ei
λ and

the gradient of ξµ,i(k) at k0(ω). Using the de�nition α̃i
µ(ω) =

αi
µ(ω)

ω , it can be concluded:

α̃i
µ(k0) = B

k0ℏ√
2m

 ∂∂k0 ξµ,i(k0)
2 , (5.9)

which can be transformed into:
α̃i
µ(k0)

√
2m

Bk0ℏ

 1
2

=

 ∂∂k0 ξµ,i(k0)
 . (5.10)

For �rst insights, the analysis is restricted to intraband transitions from the bound
quantum dot ground state i = i1. Typically, the quantum dot ground state wave functionξµ,i1(k0) decreases monotonically in the positive k-domain. Assuming a monotonic
behavior of the quantum dot wave function ξµ,i(k0) in Equation 5.10 one can write
[KKR+14]:

reconstruction formula

(2me)
1
4

√
Bℏ

k0
0


α̃i1
µ (k

′
0)

k′0

 1
2

dk0 = ±
ξµ,i1(k0)− ξµ,i1(0) . (5.11)

∗Accordingly, the band structure of the valence band continuum states reads: ϵv,k = − ℏ2k2

2mh
−∆Ei1

v +ϵv,i1
with the e�ective hole mass mh.
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Chapter 5. Reconstruction Validity check of the reconstruction formula

Equation (5.11) constitutes the main result of this section, since it can be used to obtain
the quantum dot wave function. It o�ers the possibility to reconstruct the quantum
dot ground state wave function ξµ,i1 from a measured intraband spectrum. Since the
spectral contribution of the electron bound-continuum transitions is well separated from
the hole-continuum transitions and transitions between bound states result in relatively
sharp spectral lines, it can be assumed that the electronic contribution αi1

c (ω) is directly
available from experiments. Measuring α̃i1

µ (ω) (or α
i1
µ (ω) respectively) and calculating

the left hand side of Equation (5.11) provides the Fourier transform of the quantum dot
ground state wave function ξµ,i1(k0). The width of ξµ,i1(k0) gives direct access to the
spatial quantum dot shape via a simple Fourier transformation [KKR+14].
Experiments based on photo induced absorption spectroscopy [SBGTM98, SBJ+97] or
two-color photoexcitation spectroscopy [HMK13] have shown that bound to continuum
intraband absorption in InAs/GaAs quantum dots can be measured, although it is weak
compared to the absorption strength of interband transitions.
The assumption of a monotonic behavior is typically valid for quantum dot ground states
i = i1. In contrast, for higher quantum dot states the monotony condition is often not
ful�lled. Due to the absolute value in Equation (5.10), the information about the sign of
the gradient of the wave function ξµ,i1(k0) is lost. This results in the restriction that an
non-monotonic behavior of the wave function can not be reproduced. However, also for
non-monotonic wave functions the important information about the spatial extension of
the wave function is still available by the reconstruction formula Equation (5.11), since
the spatial extension does not depend on the sign of the gradient.
In pure bulk materials the continuum wave functions are typically modeled by plane
waves. Here, the plane wave approximation, used for the derivation of the reconstruction
formula Equation (5.11), neglects the dependence of the bulk continuum wave functions
on the quantum dot con�nement potential. However, the presence of the quantum dot
con�nement potential can modify the continuum wave functions requiring a description
beyond the plane wave approximation. Therefore, one important point needs to
be checked: Since Equation (5.5) is derived using plane waves, the validity of the
reconstruction formula Equation (5.11) for correct unbound states of a quantum dot-
continuum system needs to be investigated. In addition to the plane wave approximation,
also the assumption of the parabolic band structure in Equation (5.6) is checked in the
following Section 5.2.

5.2 Validity check of the reconstruction formula

In this section, the validity of the reconstruction formula Equation (5.11) is veri�ed for
realistic continuum wave functions beyond the plane wave approximation. In Figure 5.2
an overview of the validity check of the reconstruction formula is illustrated. Assuming
a radial con�nement potential V (r) of the quantum dot, the radial Schrödinger equation
is numerically solved. This results in a consistent set of radial wave functions, containing
radial quantum dot wave functions Ri

l(r) as well as continuum wave functions Rk
l (r)

beyond the plane wave approximation. In addition to the wave functions, the radial
Schrödinger equation determines the quantum dot and continuum eigenenergies de�ning
the band structure ϵc,k. The wave functions as well as the band structure of the continuum
conduction band are discussed in detail in Section 5.2.1. Using the radial wave functions
Ri1

0 (r) and Rk
1(r) the bound to continuum intraband dipole moment deeik de�ned by

Equation (5.3) is calculated in Section 5.2.2.
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Figure 5.2 | Scheme to give an overview of the validity check of the reconstruction formula:
The radial Schrödinger equation (RSE) is solved assuming a quantum dot-con�nement
potential V (r). This approach results in a consistent set of radial wave functions, consisting of
quantum dot Ri1

0 (r) as well as continuum wave functions Rk
1(r). In addition, the eigenenergies

de�ning the band structure ϵc,k are determined. The bound to continuum intraband dipole
moment deei1k is calculated using the radial wave functions. The knowledge of the intraband
dipole moment deei1k and the band structure ϵc,k o�ers the possibility of determining an

intraband absorption spectrum αi1
e (ω) beyond the plane wave approximation. This spectrum

can be used as an input for the reconstruction formula, which was derived using plane waves,
to reconstruct the quantum dot ground state wave function. Finally, a comparison of the
original and reconstructed quantum dot ground state wave function shows the validity of the
reconstruction formula beyond plane waves.

The knowledge of the dipole moment deeik and the band structure ϵc,k o�ers the possibility
of determining an intraband absorption spectrum beyond the plane wave approximation.
In Section 5.2.3, results of intraband absorption spectra for di�erent extensions of the
quantum dot con�nement potential are presented. These numerically exact spectra can
be used as an input for the reconstruction formula, which was derived using plane waves
for the continuum wave functions, to reconstruct the quantum dot ground state wave
function.
Finally, a comparison of the original and the reconstructed quantum dot ground state
wave functions allows for an estimation of the validity of the reconstruction formula
beyond the plane wave approximation. If the continuum wave functions are exactly
given by plane waves, also the reconstructed quantum dot ground state wave function
is exact. The deviation between original and reconstructed wave function can be used
to estimate the error, which is caused by the use of plane waves in the derivation of
the reconstruction formula instead of wave functions containing the in�uence of the
quantum dot con�nement potential. The comparison of the original and reconstructed
wave function will be the subject of Section 5.2.4.
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Chapter 5. Reconstruction Validity check of the reconstruction formula

5.2.1 Wave functions

To prove the validity of the reconstruction formula, realistic continuum wave functions
are needed, which consider the in�uence of the con�nement potential of the quantum dot.
A complete set of eigenenergies ϵ and envelope wave functions ξ(r) (for the quantum dot
and the continuum states) can be derived solving the Schrödiger equation [− ℏ2

2mµ
∆r +

V (r)]ξ(r) = ϵξ(r).∗ In return, a suitable quantum dot con�nement potential V (r) is
assumed, cf. Section 2.1. The solutions include bound wave functions of the quantum
dot as well as unbound continuum wave functions. Note, the free solutions for V (r) = 0 of
the Schrödiger equation are given by plane waves ξ(r) = 1√

Vb
eik · r with the eigenenergies

ϵ(k) = ℏ2k2
2mµ

.
For simplicity, a radial symmetric quantum dot con�nement potential V (r) is assumed
(describing e.g., quantum dots grown by Volmer-Weber growth mode). For a rotational
symmetric quantum dot con�nement potential it is useful to perform the calculations
in spherical coordinates. Therefore, the variables are separated using the ansatz ξ(r) =
Y m
l (θ, ϕ)Rl(r) for the envelope part of the wave function consisting of the radial part
Rl(r) and spherical harmonics Y m

l (θ, ϕ). Here, l denotes the angular momentum and m
the magnetic quantum number. An additional transformation of the Laplace operator
∆r into spherical coordinates leads to the radial Schrödinger equation [CTDL77]:

− ℏ2

2mµ


d2

dr2
+

2

r

d

dr
− l(l + 1)

r2


+ V (r)


Rl(r) = ϵ Rl(r). (5.12)

In spherical coordinates the free solutions solving the radial Schrödinger Equation (5.12)
for V (r) = 0 can be determined if we set ρ = kr, resulting in:

d2

dρ2
+

2

ρ

d

dρ
+


1 +

l(l + 1)

ρ2


Rl(ρ) = 0, (5.13)

which is the spherical Bessel equation of order l. Equation (5.13) is solved by two
linearly independent solutions, which di�er in their behavior at the origin r = 0.
While the spherical Bessel functions jl(ρ) reach �nite values at r = 0, the spherical
Neumann function nl(ρ) of order l has a singularity for r → 0. For r → ∞ both
solutions approximate a value of zero. Since it can be assumed, that the in�uence of the
quantum dot con�nement potential decreases for high distances from the quantum dot
V (r → ∞) = 0, the Dirichlet boundary condition Rl(r → ∞) = 0 is also used to solve
the radial Schrödinger equation given in Equation (5.12) for non-vanishing potentials
V (r) ̸= 0.
The objective of this section is the determination of the bound quantum dot ground state
wave function and of the unbound continuum wave functions to calculate the intraband
dipole moment de�ned via Equation (5.3) and �nally, the intraband absorption spectrum
given by Equation (5.2). In general, the intraband dipole moment between two states s1
and s2 in radial symmetry reads:

ds1s2 = q

2π
0

π
0

Y m∗
s1,l (θ, ϕ)Y

m′
s2,l′(θ, ϕ)er sin(θ)dϕdθ

∞
0

Rs1∗
l (r)Rs2

l′ (r)r
3dr, (5.14)

∗Here, mµ denotes the e�ective mass for electrons me and holes mh, respectively.
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where er is the basis vector in spherical coordinates. Obviously, Equation (5.14) satis�es
the selection rule ∆l = 1 for the angular momenta l and l′. Since the angular
momentum number of the quantum dot ground state is l = 0, only continuum states
with l = 1 contribute. For this reason, the radial Schrödinger equation is calculated
for Ri1

0 (r) to determine the quantum dot ground state wave function and for Rk
1(r)

to calculate the wave functions of the continuum state k. Therefore, Equation (5.12)
is numerically solved using the �nite-element method (FEM) solver COMSOL [Com].
Several con�nement potentials such as constant potentials, rectangular potential wells or
harmonic potentials are numerically studied to compare the results with the analytical
solutions as benchmarks to test the numerics. For these con�nement potentials well-
known results are successfully reproduced. Finally, the inverse hyperbolic secant
potential, cf. Figure 5.3:

V (r) = − V0

cosh2( ra)
, (5.15)

is used for the validity check of the reconstruction formula, since it describes the quantum
dot con�nement potential more realistic than constant potentials, rectangular potential
wells or harmonic potentials. The potential V (r) is characterized by V0 denoting the
height [BSH08, FRL+12] and a describing the extension of the quantum dot con�nement
potential.
As one can see in Equation (5.11), the recon-

Figure 5.3 | Hyperbolic secant-
shaped quantum dot con�nement
potential V (r) = − V0

cosh2( r
a
)

with

height V0 and extension a [KKR+14].

struction method does not require knowledge of
the potential. The assumption, that the con-
�nement potential V (r) has the form given in
Equation (5.15), is only relevant for the validity
check of the reconstruction formula.
To �nd suitable values for the potential param-
eters a and V0, spherical quantum dots with
typical parameters such as ∆Ei1

c ≈ 200 meV for
the conduction intraband transition [WWZ00] are
assumed. Furthermore, the e�ective mass of GaAs
is used to describe the InAs/GaAs quantum dot.
This approach is suitable, since the e�ective mass
of the InAs dots are a�ected by the surrounding
GaAs due to the strong strain and con�nement
conditions [SBGTM98, WMS+98].∗ As a result, we get a consistent set of bound
and unbound radial wave functions Rl(r), for which we have to ensure, that they are
normalized to the whole bulk volume† using the normalization condition in spherical
coordinates:

1 =


|ϕ(r, θ, ϕ)|2r2drdΩ =

∞
0

|Rl(r)|2r2dr


|Y m
l (θ, ϕ)|2dΩ =

∞
0

|Rl(r)|2r2dr. (5.16)

The resulting set of radial wave functions is illustrated in Figure 5.4 for a con�nement
potential of the quantum dot conduction band with a height of V0 = 0.35 eV and an

∗The e�ective mass in units of m∗
0 is m∗

e = 0.065, m∗
hh = 0.5 and m∗

lh = 0.076.
†Obviously, only a �nite bulk volume can be considered numerically. The typical spatial range, in
which the radial wave functions are numerically calculated, is ∆r = 600 nm. A further increase of
this range does not change the results, securing that convergence is reached.
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Figure 5.4 | Numerically calculated radial wave functions for a hyperbolic secant-shaped
quantum dot con�nement potential V (r) with the height V0 = 0.35 eV and the extension
a = 6.7 nm: The radial quantum dot ground state wave function Ri1

0 (r) shows the typical
monotonic s-shape characterized by its spatial extension. The continuum wave functions
Rk

1(r) are strongly modi�ed due to the in�uence of the quantum dot con�nement potential
for energies close to the quantum dot con�nement potential such as ϵc,k0 and ϵc,k1 . For
increasing continuum energy ϵc,k the radial continuum wave functions Rk

1(r) resemble the
free solutions de�ned by analytical spherical Bessel functions j1(kr).

extension of a = 6.7 nm. The radial quantum dot ground state wave function Ri1
0 (r)

has an energy eigenvalue ϵc,i1 , which lies within the con�nement V (r) as illustrated in
Figure 5.4. The corresponding bound wave function shows a monotonic s-shape, typical
for ground state wave functions in quantum dots. The ground state wave function Ri1

0 (r)
is mainly characterized by its spatial extension. For a direct comparison with literature
[MZ04, MHM+97] the spatial extension is described by the localization lengths r0 (given
by the full width at half maximum of the quantum dot bound ground state wave function
FWHM =

√
2 ln 2 r0). Typical values of the localization length r0 of self-assembled

quantum dots are between r0 = 3− 6 nm [MZ04, MHM+97].
The unbound continuum bulk wave functions Rk

1(r), which result from the numerical
calculations, have discrete energy eigenvalues due to the �nite bulk volume. For low
continuum energies such as ϵc,k0 and ϵc,k1 the continuum wave functions are strongly
modi�ed due to the in�uence of the quantum dot con�nement potential, cf. Figure 5.4.
For increasing continuum energy ϵc,k the radial continuum wave functions Rk

1(r) resemble
the free solutions of Equation (5.12) with V (r) = 0. In radial symmetry, these free
solutions are de�ned by spherical Bessel functions. Exemplary, the free solution Rk4,free

1 =
2k24
π j1(k4r) is depicted in Figure 5.4 (for an energy ϵc,k4 deep in the continuum).

In contrast, for the three-dimensional Schrödinger equation, cf. Equation (2.2), the free
solutions are represented by plane waves. Plane waves and free spherical waves are
eigenfunctions in two distinct bases of eigenstates of the free problem with V (r) = 0.
Obviously, one basis can be expanded into the other basis.‡ Therefore, in analogy to the

‡For example, the plane waves can be expressed as a linear super-position of free spherical waves.

39



Validity check of the reconstruction formula Chapter 5. Reconstruction

plane waves, the reconstruction formula reproduce the exact quantum dot ground state
wave function, if we assume free spherical waves as continuum wave functions.
After the comparison between free spherical waves and numerically exact continuum
wave functions in Figure 5.4, additionally, deviations between numerical and analytical
(free) eigenenergies have to be investigated, in particular, the band structure ϵc,k of the
continuum. The band structure of the continuum states in the conduction band ϵc,k
is depicted in Figure 5.5 for the numerical solutions Rk

1(r) including the quantum dot
con�nement potential, cf. Equation (5.15). The parabolic �t shows a good agreement

Figure 5.5 | The numerically
calculated band structure of the
conduction band continuum states
ϵc,k (black dots) are in good
agreement to the parabolic �t (red
solid line). Thus, the numerical
results reproduce the parabolic band
structure assumed in the derivation
of the reconstruction formula.

with the data. In the derivation of the reconstruction formula, a parabolic band structure
is assumed as de�ned in Equation (5.6), which is con�rmed for realistic continuum wave
functions. Using the parabolic dispersion Equation (5.6) the corresponding approximate
k-values are calculated from the eigenenergies ϵc,k.

5.2.2 Intraband dipole moment

Using the results of the quantum dot ground state and continuum state wave functions, cf.
Figure 5.4, the electron intraband dipole moment deei1k is calculated using Equation (5.14).
The dipole moment is required for determining the intraband absorption spectrum via

Figure 5.6 | Intraband dipole moment deei1k for
electron bound to continuum transitions. The
intraband dipole moment starts at the energy of the
continuum state k0, which is the energetically closest
to the quantum dot. For increasing continuum
energy ϵc,k the dipole moment reaches a maximum
and then decreases, since the radial quantum dot
ground state wave function Ri1

0 (r) also decreases,
cf. inset.

Equation (5.2). The result for the electron intraband dipole moment deei1k is depicted in
Figure 5.6. The intraband dipole moment starts at the energy of the continuum state
k0, which is the energetically closest to the quantum dot. For increasing continuum
energy ϵc,k the dipole moment reaches a maximum and then decreases. Since the
radial quantum dot ground state wave function Ri1

0 (r) decreases over r, cf. inset of
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Figure 5.6, the corresponding Fourier transformation of the quantum dot ground state
wave function ξc,i1(k) in the k-space also decreases, and thus, the dipole moment de�ned
by Equation (5.4). Via Equation (5.5) the intraband absorption spectrum is directly
calculated from the intraband dipole moment.

5.2.3 Intraband absorption spectrum

To investigate how the intraband absorption spectra depend on the spatial extension
of the quantum dot, wave functions for a con�nement potential with a constant height
V0 = 0.35 eV and di�erent extensions a are calculated. As examples, the resulting
quantum dot ground state wave functions are depicted in Figure 5.7b for three extensions
a of the quantum dot potential V (r). Using the numerically correct bound quantum dot
ground state and unbound bulk wave functions, the intraband absorption spectra are
calculated beyond the plane wave approximation. The results are depicted in Figure 5.7c
again for three spatial extensions a. Since the intraband dipole moment, cf. Figure 5.6,
directly enters into the intraband absorption spectrum, their shapes are very similar.
According to the dipole moment, each absorption starts at the quantum dot-continuum

Figure 5.7 | (a) Model con�nement potentials of the quantum dot conduction band with
V0 = 0.35 eV and di�erent spatial extensions a = 5 nm, a = 6.7 nm and a = 10 nm,
(cf. Equation (5.15)). (b) Electron quantum dot ground state wave function for the model
potentials in (a). (c) Corresponding intraband absorption spectra, calculated beyond the
plane wave approximation using realistic continuum wave functions and the quantum dot
ground state wave functions depicted in (b). [KKR+14]

energy di�erence ∆Ei1
c (cf. Θ-function in Equation (5.8)), which depends on the spatial

extension a of the quantum dot con�nement potential. In analogy to the intraband dipole
moment, the spectrum shows a maximum over frequency, too. Again, the reason for the
existence of the spectral maximum is the decreasing quantum dot wave function ξµ,i1(k)
with increasing k, cf. Equation (5.4). Figure 5.7 shows that the variation of quantum
dot parameters, i.e. the spatial extension of the quantum dot con�nement potential
determined by a (cf. Equation (5.15) and Figure 5.7a), modi�es the quantum dot ground
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state wave function (cf. Figure 5.7b), and thus, the intraband absorption spectra (cf.
Figure 5.7c).

5.2.4 Comparison of original and reconstructed wave function

In this section, the original quantum dot ground state wave functions calculated
in Section 5.2.1 are compared with the wave function, which are reconstructed from
intraband absorption spectra calculated in Section 5.2.3 using the reconstruction formula
Equation (5.11).

Figure 5.8 | Comparison of the original (a) and the reconstructed quantum dot electron
ground state wave function (b) for di�erent spatial extensions a of the quantum dot
con�nement potential V (r): (a) The original quantum dot electron ground state wave
functions are the solutions of the Schrödinger equation assuming a radial symmetric quantum
dot con�nement potential V (r). (b) The reconstructed quantum dot electron ground state
wave functions are extracted from intraband absorption spectra in Figure 5.7c calculated
beyond the plane wave approximation. The inset on the right hand side of (a) gives a direct
comparison of the original and the reconstructed quantum dot electron ground state wave
function for a = 10 nm. The reconstructed one is shifted by a constant to higher r-values.
The full width at half maximum of Ri1

0 (r) gives the localization lengths rrec0 and rorig0 , which
are plotted against each other in the inset of (b). Apart from an o�set of 1.1 nm the quantum
dot wave functions can be extracted with good quality from the intraband absorption spectra.
[KKR+14]
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Chapter 5. Reconstruction Conclusion

For spectra calculated using free continuum wave functions with a vanishing con�nement
potential V (r) = 0, original and reconstructed quantum dot ground state wave function
would exactly have the same shape. However, for spectra determined considering the
in�uence of the quantum dot con�nement potential (V (r) ̸= 0), di�erences between
original and reconstructed wave function may occur.
Since the presented spectra in Figure 5.7c are calculated using realistic wave functions
of Section 5.2.1, these spectra are used to check, whether Equation (5.2) is suitable for
determining the quantum dot ground state wave function ξµ,i1(r) from measured bound-
continuum intraband absorption spectra. Therefore, these numerically exact spectra
are used as an input of the reconstruction formula Equation (5.11) to reconstruct the
corresponding quantum dot ground state wave functions. Thus, the calculated spectra
αi1
µ represent a measured spectrum in the reconstruction formula. Later, the aim is to

use instead of the calculated spectra independently measured spectra.
A Fourier transform of the extracted electron ground state wave function, calculated
with Equation (5.11) from αi1

c , generates the corresponding wave functions Ri1
0 (r) in the

spatial domain. Since we already know the shape of the quantum dot ground state
wave function, we can compare it to the result of the reconstruction, see Figure 5.8.
The investigation of deviations between original and reconstructed wave function, as
illustrated in Figure 5.8, provides an estimation of the error, which is caused by the use
of plane waves in the derivation of the reconstruction formula instead of wave functions
considering the in�uence of the quantum dot con�nement potential.
The behavior of the reconstructed wave function with increasing spatial extension a is
very similar to the original quantum dot ground state wave function (cf. Figure 5.8a
and 5.8b). In comparison to the original, the reconstructed wave functions are shifted
by a constant to higher r-values, shown in the inset of Figure 5.8a. This shift is caused
by the imperfection of the plane waves approximation used in the derivation of the
reconstruction formula. Apart from the constant shift, the electron quantum dot ground
state wave functions can be extracted with good quality from the spectra. To show
the power of the approach for obtaining the quantum dot-extension and wave function,
the localization length of the reconstructed bound wave function rrec0 is determined and
compared to the original rorig0 , cf. inset Figure 5.8b. The linear �t has a gradient of one
and an o�set of 1.1 nm. Accordingly, the spatial extension of the wave function can
be determined within this error range of 1.1 nm. In particular, the reconstructed wave
functions can be used to clarify spatial extensions of quantum dot wave functions relative
to each other in all-optical measurements.
Summarizing up, we can conclude that the validity check was successful and the
reconstruction formula can be used to determine the quantum dot ground state wave
function from measured bound-continuum intraband absorption spectra.
It is important to notice that the assumption of the quantum dot con�nement potential,
the calculation of the wave functions, the intraband dipole moment and the corresponding
intraband absorption is only necessary to verify the validity of the reconstruction formula
beyond plane waves. It is not required for the derivation or the use of the reconstruction
formula given in Equation (5.11).

5.3 Conclusion

The results of this chapter have shown, that the spectrally resolved absorption of a probe
pulse testing bound to continuum intraband transitions contains information about the
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spatial shape of the quantum dot ground state wave function [KKR+14].
Based on this, a reconstruction method [Equation (5.11)] was developed to extract
information about the spatial shape of the quantum dot wave functions from measured
bound to continuum intraband absorption spectra. Experimental realizations to test
the intraband transitions come in di�erent forms, e.g., pulsed pump-probe experiments
[QDP+03, DBB+00, DTW+07] or continuous wave spectroscopy [FHH+90]. Also single
beam experiments for doped quantum dots are possible. The only important prerequisites
are an occupied bound conduction (valence) band ground state and the ability to optically
probe bound to continuum transitions. In this chapter a two pulse pump-probe setup
was used as presented in Section 4.2. All results, however, were obtained in frequency
domain and apply equally to continuous wave excitation.
The proposed study is not limited to a speci�c quantum dot system and o�ers a wide
range of applications. It is generally applicable to other nanostructures embedded in a
host providing continuum wave functions as �nal states for an absorption process, such
as quantum dots embedded in quantum wires [AS01] or molecule systems [KSC+05], e.g.,
quantum dot superstructures [NSI06]. Also impurities in a bulk medium [LH85] or other
nanostuctures such as quantum wells [GB83] or wires [DNDA07] may be investigated,
too.
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intraband spectroscopy

The in�uence of Coulomb interactions on interband transitions inside the quantum dot
has been analyzed in detail, e.g., in the References [SGB99, Yof01] or by pump-probe
experiments [HDM+11] and are well understood [SKG+13, LJC07, CKC13, GBDT+08,
RGGJ10].
In this chapter, Coulomb e�ects on intraband transitions of carriers between bound
(spatially con�ned) quantum dot and unbound continuum states of the embedding
material are theoretically studied [KR14]. Coulomb e�ects on intraband transitions play
an important role in a variety of experiments, due to their relevance for the dephasing
properties [FB06] of the quantum dot states as well as for bound to continuum intraband
spectroscopy [LLHS00].
Experimentally, bound to continuum intraband transitions in self-assembled InAs/GaAs
quantum dots were studied [HMK13] to realize high quality optical devices operating at
infrared wavelengths such as intermediate band solar cells [MAS+06], infrared emitters
[WRL+09] and photodetectors [BLNK10, KBL04]. In particular, bound to continuum
intraband absorption in InAs/GaAs self-assembled quantum dots has been observed in
two-color photo excitation spectroscopy [HMK13, KMH12] and photo induced absorption
spectroscopy [SBGTM98].
Following the pump-probe excitation scheme presented in Section 4.2, the quantum dot
is initially populated by an electron and a hole in the two bound states of the quantum
dot, as depicted in Figure 6.1a and Figure 6.1c. This way, the resonant pump pulse
excites a quantum dot exciton X, subsequently allowing an intraband transition into the
continuum. After the bound to continuum intraband transition, the hole is still inside
the quantum dot while the electron is in the continuum. The objective of this chapter
is the theoretical analysis of Coulomb interactions between carriers in the continuum (in
Figure 6.1a the electron) and carriers in the quantum dot (in Figure 6.1a the hole). In
particular, we aim for answering the question, if there is a Coulomb induced formation of
an excitonic state consisting of one quantum dot carrier and one continuum carrier,
similar to the well known formation of an exciton inside quantum dots. For this,
the in�uence of Coulomb interactions on intraband absorption spectra is investigated,
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particularly regarding the occurrence of spectral signatures indicating the existence of
such bound to continuum excitons. The red arrow in Figure 6.1a marks the bound to
continuum Coulomb interaction between a hole in the valence band quantum dot state
and an electron in a conduction band continuum state.
In Chapter 4 and 5 as well as in the References [KKR+14, LMM+13] calculations of the
absorption coe�cient for bound to continuum intraband transitions excluding Coulomb
interactions were presented.
This chapter is organized as follows: First, the nomenclature of the quantum dot-
continuum system states is introduced and possible initial preparations of the quantum
dot are discussed in Section 6.1. In contrast to free carrier theories [Dum61], a theory
based on the density matrix formalism [KWH+10] is presented in Section 6.2 to calculate
bound to continuum intraband absorption spectra including Coulomb interaction and
thus, excitonic e�ects. An equation of motion for those density matrix elements is
derived, which describe the bound to continuum intraband transitions. In Section 6.3
the Coulomb coupling elements for the numerical solution of the polarization dynamics
are calculated. Since a high number of Coulomb coupling elements must be determined
to reach numerical convergence, the Poisson Green's function method for an e�cient
numerical calculation is applied, cf. Chapter 3 for the general method. Using the coupling
elements, results of the temporal evolution of the intraband polarization are presented
in Section 6.4. For further insights, intraband absorption spectra are discussed in detail
in Section 6.5. Several con�gurations of the initial occupation of the quantum dot are
studied such as positively and negatively charged trions T+ and T−, biexcitons BX
or excitons X (cf. Figure 6.1b to 6.1g). Each initial con�guration of the quantum dot
results in characteristic spectral signatures. In particular, the results of Section 6.5.2
show signatures indicating the formation of an exciton consisting of a localized carrier
inside the quantum dot and a delocalized carrier of the continuum. The main results
presented in this chapter are published in Reference [KR14].

6.1 Initial occupations of the quantum dot

To model the quantum dot-continuum system, a self-organized InAs quantum dot
embedded in a GaAs bulk material is used. Here, a Volmer-Weber grown quantum dot
is assumed. As consequence, the quantum dot is directly embedded in a bulk material
without a wetting layer, as discussed in detail in Section 4.1 and depicted in Figure 6.1.
Even if all calculations are presented for a quantum dot-continuum system, the proposed
study is also applicable to other materials (or other nanostructures embedded in a
continuum).
The discrete states i in the conduction and valence band of the quantum dot are
assumed to be spin-degenerate. In contrast to the previous chapters, the spin index
of the states is listed explicitly in this chapter due to its relevance for the Coulomb
interaction. Accordingly, the continuum bulk states are characterized by the index k
and a spin-index σ. For simplicity, we select quantum dots with one bound state i in
each band. For the following analysis, the ground state of the quantum dot-continuum
system without any electron or hole occupations is denoted by |ϕ0⟩. The subject of this
chapter is a theoretical analysis of Coulomb induced e�ects on bound to continuum
intraband transitions. In particular, the in�uence of Coulomb interactions between
bound quantum dot and continuum carriers (bulk or wetting layer) on optical intraband
absorption spectra is discussed. For a measurement of a bound to continuum intraband
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Figure 6.1 | (a) Level scheme of the quantum dot continuum model: The bulk states have
a crystal momentum k and a spin σ. i represents the spin-degenerate quantum dot states.
The energy di�erence between the quantum dot state i and the lowest (highest) energy bulk
state in the conduction (valence) band is ∆Ei

c (∆E
i
v). The intraband transitions between the

dot levels and the bulk states e†k,σei,σ and h†k,σhi,σ are tested by a probe pulse. The electron
in the continuum and the localized hole in the quantum dot couple via Coulomb interaction
V k′iik

eh . The box on the right hand side of the �gure illustrates possible initial occupations
|nei,↑, nei,↓, nhi,↑, nhi,↓⟩ of the quantum dot: (b) doped with one electron e−, (c) one exciton X,

(d) doped with two electrons 2e−, (e) biexciton BX (f), negatively charged trion T− and
(g) positively charged trion T+. In addition to the depicted cases, other spin-con�gurations
are possible. [KR14, RGGJ10]

absorption spectrum, occupied bound conduction (valence) band states and the ability to
optically probe bound-continuum transitions are necessary. Therefore, before the system
is optically tested with respect to intraband absorption, at least one electron (hole) must
be prepared in a bound state of the quantum dot.
In general, several initial con�gurations of the quantum dot can be investigated: As
already described, the quantum dot can be initially prepared by a resonant pump
pulse with a quantum dot exciton X, consisting of an electron in the bound state
of the quantum dot conduction band and a hole in the quantum dot valence band
state, cf. Figure 6.1c. Beside an initial quantum dot exciton X, also other initial
con�gurations of the quantum dot are possible such as doped single electron states,
biexcitons and positively or negatively charged trions, cf. Figures 6.1b to 6.1g.
These initial quantum dot occupations may be prepared di�erently, e.g., by a pump
pulse [QDP+03, DBB+00, DTW+07, GBDT+08], by doped quantum dots or using a
combination of both.
In general, the initial occupations |c⟩, which are probed afterwards by the test pulse, can
be constructed by

|c⟩ := |nei,↑, nei,↓, nhi,↑, nhi,↓⟩ := (h†i,↓)
nh
i,↓(h†i,↑)

nh
i,↑(e†i,↓)

ne
i,↓(e†i,↑)

ne
i,↑ |Φ0⟩, (6.1)
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from the ground state |Φ0⟩ of the system with no electron or hole carriers. Here e†i(k),σ
(ei(k),σ) are the creation (annihilation) operators for electrons and h†i(k),σ (hi(k),σ) for
holes of the quantum dot state i (or for the kth continuum state) with spin σ, respectively.
|nei,↑, nei,↓, nhi,↑, nhi,↓⟩ are Fock states describing the occupation of electrons and holes in the

quantum dot with the occupation numbers ne(h)i,σ = 0, 1 for electrons (e) and holes (h) in

the quantum dot state i with spin σ. ne(h)i,σ = 1 means occupied and ne(h)i,σ = 0 unoccupied.
For example, the biexitonic state BX is represented by the Fock state |1, 1, 1, 1⟩ or the
single electron state e− with spin up by |1, 0, 0, 0⟩, as illustrated in Figure 6.1.

6.2 Intraband transitions in density matrix formalism

After the quantum dot is initially occupied, e.g., by a pump pulse or in the case of a doped
quantum dot, the probe pulse tests the quantum dot-continuum system. The intraband
electron transitions e†k,σei,σ (hole transitions h†k,σhi,σ) occur between the quantum dot
ground state i and the continuum states k of the bulk conduction band (valence band),
cf. blue dashed lines in Figure 6.1. Due to the intraband transitions, the system is
changed from the initial state |c⟩ into an excited state with wave vector k and spin
σ. In the density matrix formalism the expectation value of these intraband transitions
are described by the density matrix elements ⟨c|ρ|kσ⟩, where ρ denotes the statistical
operator. The fundamentals of the density matrix formalism are brie�y discussed in
Section 2.2. Considering the excitonic shifts, the spectral range of interest for intraband
transitions is given by the energy di�erence between the bound quantum dot state i
and the lowest (highest) continuum state in the conduction (valence) band ∆Ei

c (∆E
i
v),

cf. Figure 6.1. Interband transitions between bound valence and conduction band states
start at higher energies. Therefore, they are energetically separated from the intraband
spectrum and can be neglected in its calculation.
As shown in Section 4.4, it is possible to split up the intraband absorption spectrum
α(ω) into an electron contribution αe(ω) and a hole contribution αh(ω). All of the
following results are qualitatively similar for αe(ω) and αh(ω) and both contributions
are usually well separated in the spectrum. In this chapter, only results for the electron
intraband absorption αe(ω) are presented, which can be calculated via the macroscopic
electron intraband polarization Pe

intra using Equation (4.7). The macroscopic electron
polarization Pe

intra(t) expressed by the density matrix elements of the statistical operator
reads [KR14]:

Pe
intra(t) = NQD


k,σ

deeki⟨c|ρ|kσ⟩(t) + c.c., (6.2)

where NQD denotes the quantum dot volume density. In analogy to Section 4.3, dµµki
are the intraband dipole matrix elements respectively in polarization direction eξ of
the probe pulse E(t) = E(t)eξ and with carrier index µ ∈ {e, h}. The intraband
dipole matrix elements dµµki are de�ned in Section 4.3 in Equation (4.5). Equation (6.2)
corresponds to the electron contribution of Equation (4.9) using the density matrix
formalism to express the bound to continuum intraband transitions. The macroscopic
polarization Equation (6.2) is determined by the density matrix elements of the statistical
operator ⟨c|ρ|kσ⟩. Accordingly, to calculate the intraband absorption αe(ω), the temporal
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evolution of the density matrix elements ⟨c|ρ|kσ⟩ is necessary, which is derived via the
Liouville-von Neumann equation (cf. Section 2.2):

∂t⟨c|ρ|kσ⟩ = − i

ℏ
⟨c|[H, ρ]|kσ⟩, (6.3)

using the full Hamilton operator H, which is discussed in the next section.

6.2.1 Hamiltonian

The full Hamiltonian H = H0+HL+HC consists of the free particle Hamiltonian H0, the
interaction of the electrons with the external light �eld HL and the Coulomb Hamiltonian
HC.
The free Hamiltonian H0 contains the undisturbed single particle energies for electrons
and holes in the quantum dot and in the continuum states:

H0 =

σ


ϵc,ie

†
i,σei,σ + ϵv,ih

†
i,σhi,σ


+

k,σ


ϵc,ke

†
k,σekσ + ϵv,kh

†
k,σhk,σ


, (6.4)

where ϵλ,i(k),σ is the single particle energy of the bound quantum dot state i and the
unbound continuum states k with the spin σ and the band index λ ∈ {c, v}. The spin-up
and spin-down quantum dot states of the same band are assumed to be energetically
degenerate ϵλ,i(k),↑ = ϵλ,i(k),↓ = ϵλ,i(k). This assumption is reasonable, since the �ne
structure splitting caused by the spin-orbit coupling is typically weak in comparison to
the homogeneous line width [SSR+05]. The intraband interaction of the carriers with
the external light �eld E(t) = E(t)eξ in polarization direction eξ and in the dipole
approximation is given by:

HL = −

k,σ


deeikE(t)e

†
i,σek,σ + dhhik E(t)h

†
i,σhk,σ


+ h.a.. (6.5)

The �rst term in Equation (6.5) denotes the electron bound-continuum intraband
transition and the second contribution of HL describes the hole transitions, respectively.
So far, the contributions H0 and HL of the full Hamiltonian H are identical to the
treatment in Chapter 5 except the explicit notation of the spin-index σ.
As �nal contribution to the full Hamiltonian H the Coulomb interaction HC is added,
which reads in the electron-hole representation [HDM+11, KR14]:

HC =
1

2


s,σ1,σ2


V s1s2s3s4

e e e†s1,σ1
e†s2,σ2

es3,σ2es4,σ1 + V s1s2s3s4
h h h†s1,σ1

h†s2,σ2
hs3,σ2hs4,σ1

− 2 V s1s2s3s4
e h e†s1,σ1

h†s2,σ2
hs3,σ2es4,σ1


, (6.6)

where s1, s2, s3 and s4 are multi-indices of the energy levels of the system, consisting of
index i for bound quantum dot states or k for continuum states. σ1,2 denotes the spin.
Since processes induced by the Auger Coulomb elements (e.g. s1 = i, s2 = i, s3 = i and
s4 = k) are non-energy conserving or create intraband polarizations at di�erent energies
than intraband bound continuum transitions in the absorption spectrum, they are not
included in the following calculations. In contrast to the Coulomb processes studied in
this chapter, in Chapter 9 carrier capture induced by Auger-type Coulomb processes is
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investigated.
Using the Bloch wave approach for the single-particle wave functions in analogy to
Chapter 3, the monopole-monopole Coulomb coupling elements V s1s2s3s4

µ1µ2 in zero order
Taylor expansion of the Coulomb potential G(r, r′) = (4πϵ0ϵr|r− r′|)−1 read:

V s1s2s3s4
µ1µ2 = q2

 
ξ∗µ1,s1(r)ξ

∗
µ2,s2(r

′)G(r, r′)ξµ2,s3(r
′)ξµ1,s4(r)drdr

′. (6.7)

Here, ξµ,s(r) denotes the envelope wave functions of carrier µ in state s, q the elementary
charge, ϵ0 the vacuum and ϵr = 12.53 the relative permittivity of GaAs [KAK02]. Since
the quantum dot wave function is localized, screening is probably not as important as for
continuum excitons and therefore, it is only taken into account by ϵr. Screening e�ects
are brie�y and more generally discussed in Section 3.2.

6.2.2 Equation of motion

Inserting the full Hamiltonian H de�ned by the Equations (6.4) to (6.6) in the Liouville-
von Neumann equation given in Equation (6.3), the dynamics of the density matrix
elements ⟨c|ρ|k ↑⟩ is calculated in Equation (6.8), which is only valid for linear optics
[KR14]:

∂t⟨c|ρ|k ↑⟩ = 1

iℏ

 
ϵc,i n

e
i,↑ − ϵc,k (1− nek,↑)− iγ


⟨c|ρ|k ↑⟩

+


V iiii

ee n
e
i,↑ n

e
i,↓ −


σ

V iiii
he n

e
i,↑ n

h
i,σ


⟨c|ρ|k ↑⟩

+ deeikE(t) nei,↑ (1− nek,↑)⟨c|ρ|c⟩

+


k′,σ

V k′iik
eh nhi,σ −


k′

V k′iik
ee nei,↓

 (1− nek,↑)⟨c|ρ|k′ ↑⟩

−

k′

V k′iki
ee nei,↑(1− nek,↑)⟨c|ρ|k′ ↓⟩


, (6.8)

where a phenomenological dephasing [RR02] γ is introduced.∗ In the derivation of
Equation (6.8), the following assumptions are used: In Equation (6.8) the coupling of
the electron bound to continuum intraband transitions ⟨c|ρe†k,σei,σ|c⟩ = ⟨c|ρ|kσ⟩ to the

hole transitions ⟨c|ρh†k,σhi,σ|c⟩ is neglected, due to the di�erent energies of the bound
to continuum intraband transitions for electrons and holes. The objective of the theory
presented in this chapter is the calculation of linear absorption spectra. Therefore, higher
order contributions to the electrical �eld are not included in Equation (6.8). Without
electrically injected carriers, there is no electron (hole) occupation in the bulk conduction
(valence) band: nek,σ = 0.
The �rst line in Equation (6.8) results from the free Hamiltonian H0, cf. Equation (6.4).
In the second line, Coulomb interactions among (di�erent) electrons and between
electrons and holes inside the quantum dot enter, resulting in Coulomb induced shifts
V iiii

ee and V iiii
he . The third line describes the interaction with the external probe �eld HL,

cf. Equation (6.5), which tests the bound to continuum intraband transition. The initial
con�guration of the quantum dot enters in ⟨c|ρ|c⟩. Here, well de�ned initial con�gurations
∗The calculation of ⟨c|ρ|k ↓⟩ is analogous.
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of the quantum dot are investigated as depicted in Figure 6.1b to 6.1g. However, also
superpositions of several initial con�gurations are generally possible.
The last two lines of Equation (6.8) are the most interesting contributions: Here, Coulomb
interactions between carriers inside the quantum dot and inside the continuum enter.
The numerical solution of Equation (6.8) requires the knowledge of the intraband dipole
moment deeik as well as the Coulomb coupling elements V s1s2s3s4

µ1µ2 .
The calculation of the intraband dipole moment is already discussed in detail in
Chapter 5, particularly in Section 5.2.2. It remains to determine the Coulomb coupling
elements occurring in Equation (6.8).

6.3 Bound to continuum Coulomb coupling elements

To calculate the Coulomb coupling elements, the wave functions of the quantum dot and
of the continuum are needed, cf. Equation (6.7), similar to Chapter 5, where the wave
functions are required to calculate the intraband dipole moment de�ned in Equation (4.5).
In analogy to the approach applied in Chapter 5, spherical quantum dots are assumed
and the ansatz ξµ,s(r) = Y m

l (ϑ, φ)Rµ,s
l (r) is used for the envelope part of the wave

functions. The radial Schrödinger equation given in Equation (5.12) can be numerically
solved for Rl(r) using a �nite element method (FEM) solver [Com] and assuming a
quantum dot con�nement potential analogous to Section 5.2.1: the inverse hyperbolic
secant potential V (r) = − V0

cosh2( r
a
)
with height V0 and extension a. Several con�nement

potential parameters a and V0 are studied with qualitatively similar results. As example
only the results for shallow quantum dots with one bound state in the conduction band
are presented in this chapter. For these quantum dots the following parameters are
chosen for V0 and a:∗ The potential height for the conduction (valence) band is assumed
to be V c

0 = 0.2 eV (V v
0 = 0.025 eV) and the extension of the con�nement potential is

a = 5 nm, cf. Figure 6.2. These parameters de�ne a quantum dot con�nement potential
resulting in a quantum dot electron ground state wave function with a localization length
of r0 = 3.7 nm [KR14].
Typical values of the localization length r0

Figure 6.2 | Radial symmetric con�nement
potential V (r) to model the quantum dot
with ∆Ei

c = 50 meV. The corresponding
electron ground state wave function Ri

0(r)
of the quantum dot has a localization length
of r0 = 3.7 nm [KR14].

of self-assembled quantum dots are between
3 nm and 6 nm [MZ07, SCK01, MHM+97,
MZ04]. The localized electron state is
separated from the continuum of delocal-
ized states by [MZ07, SCK01, MHM+97]
∆Ei

c = 50 meV. Large quantum dots with
deep quantum dot con�nement potentials
can be treated in an analogous way. For
deeper quantum dots additional quantum
dot levels occur. Thus, in addition to the
intraband transitions between bound and
continuum states, also intraband transitions
between di�erent quantum dot levels take
place, resulting in additional sharp absorp-
tion peaks. However, these narrow peaks
can be easily separated from the rest of the
spectrum.
Using the radial quantum dot and continuum wave functions, the intraband dipole
∗Typical parameters for the e�ective masses of GaAs in units of the free electron mass m0 are assumed
such as m∗

e = 0.065 for electrons and m∗
hh = 0.5 for heavy holes.
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moment can be identically calculated to Section 5.2.2. The Coulomb interactions between
a carrier located in the quantum dot and a carrier in the continuum involves various
continuum states. Accordingly, a high number of Coulomb coupling elements is required
to reach numerical convergence of the solution of Equation (6.8). In order to accomplish
this challenging task, an e�cient method to calculate the Coulomb coupling elements is
necessary. In Chapter 3 a Green's function Poisson method is presented for an e�cient
numerical calculation of Coulomb coupling elements.
In this section the general Poisson Green's function is applied to the explicit example of
bound-continuum Coulomb coupling elements. Figure 6.3 illustrates the parallels between

Figure 6.3 | Scheme of the Poisson Green's function method for increased computational
e�ciency in the numerical calculation of Coulomb coupling elements. On the left hand side
the general approach is depicted without specifying the Green's function: In the Green's
function formalism a generalized Poisson equation is formulated as a basis to calculate the
generalized scalar potential Φ23(r). Therefore, the number of integrals is reduced from a six-
dimensional to a three-dimensional integral. On the right hand side the method is applied to
the case of radial symmetry. In particular, a speci�c form of the Green's function is assumed
and all calculations are performed in spherical coordinates. This results in a drastic reduction
of complexity to the solution of an one-dimensional integral.

the general Poisson Green's function approach and the application to the radial symmetry
assumed for the calculation of the bound-continuum Coulomb coupling elements. In
addition to the wave functions, also the Green's function G(r, r′) = (4πϵ0ϵr|r − r′|)−1,
which is introduced in Chapter 3 in Equation (3.3), is expanded in spherical coordinates
using Legendre polynomials:

G(r, r′) =

lm

1

ϵ0ϵr
Y m∗
l (ϑ, φ)Y m

l (ϑ′, φ′)gl(r, r
′) , (6.9)
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where the spherical harmonics Y m
l (ϑ, φ) are included and the radial contribution of the

Green's function with angular momentum number l reads:

gl(r, r
′) =

1

2l + 1


rl

r′l+1
Θ(r′ − r) +

r′l

rl+1
Θ(r − r′)


. (6.10)

Here, Θ(r − r′) denotes the Heaviside step function. In this section, we focus on the

Figure 6.4 | Di�erent Coulomb interaction processes relevant for the calculation of electron
bound to continuum intraband absorption spectra: (a) electron-hole inner quantum dot
Coulomb coupling V iiii

he (b) electron-electron inner quantum dot Coulomb coupling V iiii
ee

(c) electron-hole bound-continuum Coulomb coupling V k′iik
eh (d) electron-electron bound-

continuum Coulomb coupling V k′iik
ee .

discussion of the Coulomb coupling between a carrier inside the quantum dot and a carrier
in the continuum, cf. Figure 6.4c and 6.4d. In this case a high number of Coulomb matrix
elements has to be calculated due to the variety of continuum levels. Here, the advantage
of the Poisson Green's function method is signi�cant. However, all inner quantum
dot Coulomb interactions between carriers located inside the quantum dot, depicted
in Figure 6.4a and 6.4b, are also calculated in an analogous way. Both, inner quantum
dot and bound-continuum Coulomb couplings, relevant for the dynamics of the electron
density matrix elements through Equation (6.8), are illustrated in Figure 6.4 for electron-
electron and electron-hole interactions, respectively. In all Coulomb interaction processes
entering in Equation (6.8) (depicted in Figure 6.4) at least one of the interacting particles
are located inside the quantum dot. Accordingly, at least two of the four wave functions
entering in the calculation of the monopole-monopole Coulomb coupling elements de�ned
in Equation (6.7) are given by bound quantum dot wave functions. Without loss of
generality, ξµ,s2(r) = ξµ,i(r) and ξµ,s3(r) = ξµ,i(r) are assumed to be bound quantum
dot wave functions. The corresponding ground state envelope wave function in spherical
coordinates has an angular momentum of l = 0: ξµ,i(r) = Y 0

0 (ϑ, φ)R
µ,i
0 (r).∗ Following

the Poisson Green's function approach, presented in Section 3.1 for a general Green's
function, the radial generalized charge density ϱs2s3(r) = qϕ∗s2(r)ϕs3(r) results in:

ϱµii(r) =
q

4π
Rµ,i∗

0 (r)Rµ,i
0 (r). (6.11)

∗Only the continuum (or excited quantum dot) wave functions with l = 1 are contributing, since the
selection rule ∆l = 1 holds for intraband transitions, cf. Section 4.3, in particular Equation (4.5).
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Consequently, also the generalized scalar potential Φs2s3(r) = q

dr′ϕ∗s2(r

′)G(r, r′)ϕs3(r
′)

is transformed into spherical coordinates using the Equations (6.9) and (6.11):

Φµ
ii(r, ϑ, φ) =

q

4πϵ0ϵr


lm

Y m∗
l (ϑ, φ)

 
Y m
l (ϑ′, φ′) sinϑ′dϑ′dφ′ (6.12)

×

Rµ,i∗

0 (r′)Rµ,i
0 gl(r, r

′)r′2dr′.

The evaluation of the angular integral �nally leads to the following expression of the
generalized scalar potential Φs2s3(r):

Φµ
ii(r) =

q

4πϵ0ϵr


Rµ,i∗

0 (r′)Rµ,i
0 g0(r, r

′)r′2dr′δl,0, (6.13)

which represents the equivalent to Equation (3.7) in the general Poisson Green's function
method of Chapter 3 using spherical coordinates in radial symmetry. Further following
the approach of the Poisson Green's function method, the radial di�erential equation

r2
∂

∂r2
+ 2r

∂

∂r
− l(l + 1)


gl(r, r

′) = −δ(r − r′). (6.14)

is solved by the radial contribution of the Green's function gl(r, r′). In analogy to the
generalized Poisson equation given in Equation (3.8) for the scalar potential Φs2s3(r), the
di�erential equation of the radial potential Φµ

ii(r) follows from Equation (6.14):
∂

∂r2
+

2

r

∂

∂r


Φµ
ii(r) = −qR

µ,i∗
0 (r)Rµ,i

0 (r)

4πϵ0ϵr
. (6.15)

To proceed, the Coulomb coupling elements are expressed by the radial potential Φµ
ii(r)

similar to Equation (3.4). For the Coulomb coupling element this results in:

V s1iis4
µ1µ2

=q

 
Y m1∗
l1

(ϑ, φ)Y m4
l4

(ϑ, φ) sinϑdϑdφ

×

Rµ1,s1∗

l1
(r)Φµ2

ii (r)R
µ1,s4
l4

(r)r2drδλ1,λ4δσ1,σ4 . (6.16)

The angle-integral in Equation (6.16) can be evaluated directly:

V s1iis4
µ1µ2

=q


Rµ1,s1∗

l1
(r)Φµ2

ii (r)R
µ1,s4
l4

(r)r2drδm1,m4δl1,l4δλ1,λ4δσ1,σ4 . (6.17)

For the inner quantum dot Coulomb interactions, the radial wave functions Rµ1,s1∗
l1

(r)
and Rµ1,s4

l4
(r) in Equation (6.17) denote quantum dot ground state wave functions, while

for the Coulomb coupling between the quantum dot and the surrounding continuum,
Rµ1,s1∗

l1
(r) and Rµ1,s4

l4
(r) are continuum wave functions with a quasi continuous k-index.∗

The radial wave functions, the di�erential equation for Φµ
ii(r) given in Equation (6.15)

and the r-integral in Equation (6.17) are calculated using a �nite element method solver.
The resulting electron-electron inner quantum dot Coulomb coupling element has a value

∗The unbound continuum bulk wave functions, resulting from the numerical calculations on a �nite bulk
volume, have discrete energy eigenvalues ϵλµ,k. With increasing bulk volume, the discretization of k
gets �ner. It must be ensured, that the k-discretization is �ne enough to reach numerical convergence.
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of V iiii
ee = 21.3 meV. For the electron-hole inner quantum dot Coulomb coupling element

the calculation results in V iiii
he = 21.6 meV. As an example for bound to continuum

Coulomb coupling elements, the results of the electron-hole Coulomb coupling V kiik′
eh are

depicted in Figure 6.5. The Coulomb interaction starts at the energy ϵc,k0 of the lowest
energy continuum state with wave vector k0. The diagonal with ϵc,k = ϵc,k′ shows the
most relevant contributions with a strong peak at ϵc,k0 (highest overlap of the continuum
wave function for k = k′ due to the conservation of momentum), cf. Figure 5.4.
Only the continuum levels, which are close to the energetic minimum of the continuum
states, are occupied and the coupling to the resonances of the quantum dot decreases,
cf. the intraband dipole moment presented in Figure 5.6 in Chapter 5. Therefore, the
number of Coulomb coupling elements entering in the numerical calculations is �nite.
However, still a high number of Coulomb coupling elements must be calculated to reach
numerical convergence.

Figure 6.5 | Coulomb coupling element V kiik′
eh between a hole localized in the quantum

dot valence band state i and an electron in the conduction band continuum. The Coulomb
interaction starts at the lowest energy ϵc,k0 of the continuum state with wave vector k0.
The diagonal with ϵc,k = ϵc,k′ shows the most relevant contributions with a strong peak at
ϵc,k0 (highest overlap of the continuum wave function for k = k′ due to the conservation of
momentum). Since the coupling elements need to be calculated for various continuum states
to reach numerical convergence, the advantage of the Poisson Green's function method is
signi�cant.

6.4 Polarization dynamics

After calculating the coupling elements, the intraband polarization dynamics determined
by Equation (6.8) is numerically solved. The results are depicted in Figure 6.6 for two
di�erent initial con�gurations |c⟩ of the quantum dot: In Figure 6.6a the polarization
dynamics for the single electron e−-con�guration |c⟩ = |1, 0, 0, 0⟩ is shown, while
Figure 6.6b presents results for the quantum dot exciton X-case resulting from the initial
quantum dot con�guration |c⟩ = |1, 0, 0, 1⟩.
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Both temporal evolutions show a distinct behavior: Since the Coulomb interaction is a
two-particle interaction, it in�uences the polarization dynamics only, if more than one
carrier is present in the initial con�guration. Consequently, for the case, where the
quantum dot is initially prepared by a single electron e− (Figure 6.6a), the polarization
dynamics is not in�uenced by Coulomb induced e�ects. The Coulomb free polarization
for the single electron e−-case shows a decay by pure dephasing. In contrast to the
e−-dynamics, the polarization dynamics for the exciton con�guration X is modi�ed due
to the Coulomb interaction resulting in a beating and a slower decay. To get further
insight into this Coulomb induced signatures the corresponding absorption spectra are
calculated in the next section using the solution of Equation (6.8) in (6.2).

Figure 6.6 | (a) Coulomb free polarization for the single electron e− initial con�guration
of the quantum dot showing a decay by pure dephasing. (b) The dynamics for a quantum
dot initially prepared by an exciton X is modi�ed due to Coulomb interaction resulting in a
beating.

6.5 Excitonic e�ects in intraband spectra

In Figure 6.7 intraband absorption spectra are shown for several initial con�gurations
|c⟩, which are prepared before the test pulse arrives. The corresponding con�gurations
are depicted on the right hand side of Figure 6.7 in matching colors. For the case where
the quantum dot is initially prepared by a single electron e− (red curve in Figure 6.7)
the intraband absorption spectrum is not in�uenced by Coulomb induced e�ects. The
corresponding spectrum is shown as e− in Figure 6.7 and provides the Coulomb free
reference. All other initial con�gurations lead to Coulomb induced e�ects [KR14]. To
classify these e�ects, the spectra are compared to the Coulomb free spectrum. Here, the
bound to continuum intraband absorption starts at the energy di�erence ∆Ei

c = 50 meV
of the single particle energies between the quantum dot conduction band ground state
and the energetically closest continuum state. The shape of the absorption peaks is
determined by the shape of ground state wave function of the quantum dot conduction
band state [KKR+14]: The spectrum reaches a maximum and then decreases, since the
quantum dot wave function also decreases. The Coulomb free single electron e−-spectrum
is discussed in detail in Chapter 5 in particular in Section 5.2.3.
If more than one carrier is present in the system, Coulomb processes occur between the
carriers. The Coulomb interaction results in di�erent spectral signatures, depending
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Figure 6.7 | Intraband absorption spectra for several initial occupations |c⟩ of the quantum
dot. The quantum dot is initially occupied by e−: single electron (Coulomb free), X: exciton,
2e−: two electrons, BX: biexciton, T−: negatively charged trion and T+: positively charged
trion. The spectra are shifted and show signatures (splitting) of a bound to continuum exciton
due to Coulomb interaction [KR14].

on the initial occupations of the quantum dot (before the probe pulse tests the
intraband transitions). On the right hand side of Figure 6.7 the investigated initial
con�gurations are depicted. Three signi�cant Coulomb induced e�ects are present in the
intraband absorption spectra [KR14]: (i) Energetic shifts of the spectrum are discussed in
Section 6.5.1. (ii) The formation of a bound exciton∗ composed of a hole in the quantum
dot and an electron in the continuum is investigated in Section 6.5.2. (iii) Changes in the
line width of the absorption continuum are considered in Section 6.5.3.

6.5.1 Coulomb induced shifts

In comparison to the single electron spectrum e−, which is not in�uenced by Coulomb
components, all other spectra show Coulomb induced shifts. The attractive Coulomb
interaction between bound electrons and holes inside the quantum dot forms an

∗In fact, it is only a bound to continuum exciton, if initially an exciton is present. For the trion or
biexciton cases, we should call it bound to continuum trions or biexcitons, respectively. However, to
keep the language simple, they are all called excitons in the following text.
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exciton with a binding energy of V iiii
he = 21.6 meV, which is in good agreement with

Reference [SGB99]. This leads to a spectral shift to higher energies for the bound
to continuum transition, since in addition to the energy di�erence ∆Ei

c (between the
quantum dot state and the energetically closest continuum state) also the binding energy
of the quantum dot exciton is required for the bound to continuum transition. This
spectral shift to higher energies is clearly visible in the exciton spectrum X in Figure 6.7.
In addition, these shifts are also present for all initial con�gurations with an occupied
hole state. Vice versa, the repulsive Coulomb interaction between bound electrons inside
the quantum dot V iiii

ee = 21.3 meV causes in a shift to lower energies, e.g., visible in the
two electron spectrum 2e− in Figure 6.7. In comparison to the Coulomb free spectrum
e− all other spectra are shifted by V iiii

ee or V iiii
he (or combinations of both shifts) [KR14].

6.5.2 Bound-continuum exciton

The following sections discuss the formation of a bound exciton between a hole in the
quantum dot and an electron in the continuum: The relevant Coulomb couplings, which
lead to the formation of bound-continuum excitons, are the attractive electron-hole
interactions between a hole in the quantum dot and an electron in the continuum V k′iik

eh .

6.5.2.1 Spectral splitting

The formed bound excitons are visible in the spectra by a splitting at the continuum edge
(see the exciton X, positively charged trion T+ and biexciton BX spectra in Figure 6.7).
The peaks near or below the conduction band edge are the resonances of the lowest
energy bound state of the bound to continuum exciton.
The occurrence of absorption peaks, which

Figure 6.8 | Variation of the strength of the
Coulomb coupling element V k′iik

eh , which is
responsible for the formation of bound to
continuum excitons: The strength of the
splitting increases with increasing electron-
hole bound to continuum Coulomb coupling
element V k′iik

eh .

are splitted from the absorption continuum,
is a typical spectral signature of excitonic
states also known for excitons formed in
bulk semiconductors [Bas02]. A variation of
the coupling strength V k′iik

eh clearly shows,
that the splitting is caused by the Coulomb
coupling constant V k′iik

eh as depicted in Fig-
ure 6.8. The attractive Coulomb interaction
between the bound hole and the continuum
electron causes a binding of the continuum
electron to the quantum dot. In Figure 6.7
the spectra for excitonX, biexciton BX and
positively charges trion T+ show various
splitting strengths. The strongest splitting
exists in the spectrum of the positively
charged trion T+, because there are two
holes and no additional electron in the
quantum dot. Hence, this con�guration
increases the in�uence of the attractive ex-
citon forming Coulomb processes [KR14].
The next section shows that the binding of the continuum electron acts on a larger spatial
scale compared to a bound electron inside the quantum dot, which spatial extension is
determined by the small spatial scale of the con�nement potential.
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6.5.2.2 Bound-continuum exciton wave function

To further investigate the relevant properties such as the localization of the bound to
continuum excitons, the system is excited with spectrally narrow pulses in the theoretical
simulation. The excitation using spectrally narrow pulses has the aim to selectively excite
the di�erent exciton states in order to gain information about the localization of the
bound-continuum exciton [KR14]. Accordingly, it is assumed that only one bound to

Figure 6.9 | The spectrally narrow probe pulse selectively excites one exciton state ke. The
energy of the pulse denoted by ℏωL is resonant to the energy di�erence ϵc,ke − ϵc,i. The
arrow in the spectrum illustrates the spectral position of the probe pulse.

continuum intraband exciton with ke is mainly excited due to the resonant excitation, as
illustrated in Figure 6.9. The derivation of the bound to continuum exciton wave function
starts with the assumption that it is valid to reduce the sum over all k-values to only
one contribution with ke:

k

ξ∗c (r)⟨c|ρ|kσ⟩(t)ξkσ(r) = ξ∗c (r)⟨c|ρ|ke⟩(t)ξke(r). (6.18)

Here, ξ∗c (r) is the envelope wave function of the initial quantum dot state c and ξkσ(r)
of the continuum state k. Other excitons, e.g., the higher energy delocalized excitons,
may also be partly excited, but the in�uence of these contributions is small. Therefore,
this approach should extract the essential properties of the state anyway.
The exciton wave function ξke(r, t) in Equation (6.18) is analyzed at the time t0.∗ A
division of Equation (6.18) by ξ∗c (r) results in

†:

ξke(r, t0) ∝

kσ

⟨c|ρ|kσ⟩(t0)ξk(r). (6.19)

∗It is assumed that the excitation pulse is already decreased at this time.
†The simple factor ⟨c|ρ|keσ⟩(t0) can be included in the proportionality factor (the phase does not
matter) of the exciton wave function ξke(r, t0).
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Assuming as initial occupation of the quantum dot an exciton with spin up ⟨c| =
⟨1, 0, 0, 1|, the bound to continuum exciton envelope wave function ξke(r, t0) at the time
t0 can be approximated by:

ξke↑(r, t0) =

k

⟨1, 0, 0, 1|ρ|k ↑⟩(t0)ξk↑(r). (6.20)

Assuming ξke(r, t0) = Y 0
1 (ϑ, φ)R

ex(r, t0) the radial contribution of the bound to
continuum exciton wave function reads:

Rex(r, t0) =

k

⟨1, 0, 0, 1|ρ|k ↑⟩(t0)Rk
bulk(r). (6.21)

To get information about the localization of the particle, the probability |Rex(r, t0)|2r2
is depicted in Figure 6.10 for several excitation energies. The investigated pulse energies
are depicted by arrows in Figure 6.10b. In Figure 6.10c and Figure 6.10d the results are

Figure 6.10 | (a) Intraband bound to continuum absorption spectra: Coulomb free (red)
and Coulomb coupled (blue), which is shifted and shows signatures (splitting) of a bound
to continuum exciton due to Coulomb interaction. (b) to (d) Exciton probability for
several optical excitation energies. The arrows in (a) describe the excitation energy of the
spectrally narrow pulses. (c) Radial occupation probability |Rex(r, t0)|2r2 for excitation pulse
1 identifying a bound excitonic state. ∆QD denotes the extension of the quantum dot (gray
cloud) [KR14].
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compared for the con�guration with a single electron e−, not in�uenced by Coulomb
processes, and for the initial con�guration with one exciton X a�ected by the basic
Coulomb contribution, that forms bound to continuum excitons.
For excitation frequency 1 (slightly below the continuum edge) and 2 (a little above
the continuum edge) the Coulomb coupling leads to a formation of a bound state for
the quantum dot initially occupied by an exciton X. (See for example the plots of the
spatial electron probability in Figure 6.10a and Figure 6.10c for excitations position 1
and 2.) Here, the electron is located inside the quantum dot and in the vicinity of the
quantum dot: The localized electron stays within distances between 0 nm and 15 nm for
excitation at frequency 1 and between 0 nm and 100 nm for excitation at frequency 2.
Comparing these values to the size of the quantum dot ∆QD = 10 nm we recognize, that
the electron is extended in a much larger area around the quantum dot, especially for
the energetically higher states. If the excitation occurs at higher energies, the electronic
wave function is delocalized over the entire area. Therefore, these states are unbound
and free (cf. excitation position 3 and 4 in Figure 6.10c).
Without the in�uence of Coulomb interaction in the case of a single electron e−, the
state is not really bound to the quantum dot compared to the Coulomb bound states in
Figure 6.10c for excitation at position 1 and 2. Here, the excitation at the peak 5 results
in a state, which has more probability to be located at the quantum dot compared to the
outside (free particle), but it is still delocalized over the whole space (cf. Figure 6.10d).
The higher the excitation energy is, the more is the electron equally delocalized over the
entire space (cf. Figure 6.10d for excitation at position 6, 7 and 8) [KR14].
Finally, in the next section the Coulomb induced changes in the line width of the
absorption continuum are discussed.

6.5.3 Line width of the absorption continuum

In general, carriers of the continuum are less localized at the quantum dot for higher
eigenenergies of the single particle states, cf. Figure 6.10b. Thus, the Coulomb e�ects
between bound and continuum carriers are smaller for continuum states with higher
energies. The Coulomb interaction between the bound and continuum carriers creates
energy shifts and causes the formation of excitons. For both mechanisms the e�ect
depends on the di�erent involved continuum states. This leads to a redistribution of
the oscillator strength in the spectrum, which is visible in the spectrum by means of a
changed line width of the absorption.
The Coulomb interaction of the continuum electron with a bound hole (electron) is
attractive (repulsive) causing a redistribution of the oscillator strength to lower (higher)
continuum energies, which leads to a decreased (increased) broadening. Accordingly,
compared to the Coulomb free single electron spectrum e− in Figure 6.7, the absorption
continuum is broadened (narrowed) for additional negative (positive) bound carriers.
Additional negative carriers and thus, an increased broadening can be found, e.g., for
the initial con�gurations of two electrons 2e− and for a negatively charged trion T−.
The decrease in broadening, compared to the case with one electron present, is found
for con�gurations with additional positive carriers such as the initial occupation of an
exciton X or of a positively charged trion T+. The increase of the line width is mainly
recognizable in the two electron spectrum 2e− in Figure 6.7. The most prominent example
for a decrease in line width is visible in the positive trion case (cf. Figure 6.7).
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6.6 Conclusion and outlook

In summary, a theoretical analysis based on density matrix formalism was presented to
investigate Coulomb induced e�ects on bound to continuum intraband transitions. In
particular, bound to continuum intraband absorption spectra were discussed including
Coulomb interaction between quantum dot and continuum carriers (bulk or wetting
layer). To deal with the various continuum states and thus, with the high number of
relevant Coulomb coupling elements, the Poisson Green's function method presented
in Chapter 3 was successfully applied to e�ciently calculate the Coulomb coupling
constants. Several con�gurations of the initial occupations of the quantum dot were
studied, resulting in characteristic spectral signatures. Particularly, a splitting of the
absorption spectrum indicates the formation of bound to continuum excitons consisting
of a localized carrier inside the quantum dot and a delocalized carrier of the continuum.
To get information about the localization of these bound to continuum excitons, the
corresponding wave functions were calculated and the radial occupation probability was
investigated. The results verify the formation of Coulomb induced bound states. The
extensions of these bound excitonic states can increase up to 100 nm, which is very large
in comparison to the spatial extension of the quantum dot of 10 nm. Since it is possible
to grow several quantum dots in the spatial range of 100 nm, these large extensions of
the exciton wave function o�er the possibility to realize an overlap of the exciton wave
functions of distant quantum dots. This opens a way to study a new electronic coupling
between di�erent quantum dots, e.g., allowing an exchange of carriers. Beside quantum
dot based structures, also molecules embedded in a continuum represent a promising
system, in which these large extensions of the bound-continuum excitons provide new
coupling mechanisms between the molecules.

6.7 Reconstruction including Coulomb interaction

In Chapter 5 a reconstruction method is developed requiring measured bound-continuum
intraband absorption spectra as an input. In the derivation of the reconstruction formula
Coulomb in�uences are not considered. However, the results of this chapter show, that
for shallow quantum dots and speci�c initial quantum dot con�gurations the intraband
spectra are strongly modi�ed by Coulomb signatures. This raises the question of where
the limitations of the reconstruction method are. In this section the scope is brie�y
discussed, in which the reconstruction method still could be used despite strong Coulomb
in�uences. Relevant for the reconstruction method is the decrease of the absorption
continuum, since it contains the information about the spatial shape of the quantum
dot wave function. The intraband spectra of quantum dots with one doped electron
(e−-spectrum) are not in�uenced by Coulomb induced e�ects. Obviously, here, the
reconstruction is possible as discussed in Section 5. However, the use of doped quantum
dots represents a strong limitation of suitable applications. Therefore, it is desirable to
�nd pump-probe excitation schemes allowing a reconstruction despite strong in�uences
of Coulomb interactions.
Figure 6.11 shows the comparison of the intraband absorption spectrum not a�ected by
Coulomb e�ects (e−-spectrum) and the Coulomb in�uenced spectrum with quantum dot
exciton preparation (X-spectrum) considering deep quantum dot with the parameters
used in Chapter 5. The decrease of the absorption continuum is very similar for both
initial occupations of the quantum dot and do not strongly depend on the in�uence of
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Figure 6.11 | Evaluation of the appli-
cability of the reconstruction method
considering Coulomb interaction for
deep quantum dots: comparison of
the intraband absorption spectrum
not a�ected by Coulomb e�ects (e−-
spectrum) and the Coulomb in�uenced
spectrum with quantum dot exciton
preparation (X-spectrum) considering
deep quantum dot with the parameters
used in Chapter 5. The decrease of the
absorption continuum is very similar for
both initial occupations of the quantum
dot and do not strongly depend on the
in�uence of Coulomb interactions.

Coulomb interactions. Accordingly, we can expect that for deep quantum dots the pump-
probe excitation scheme is still applicable as experimental setup to measure the bound
to continuum intraband absorption spectrum required to use the reconstruction formula.
Assuming shallow quantum dots like it is done in this chapter, the results show for the
exciton occupation X of the quantum dot a pronounced splitting and thus, a strong
modi�cation of the absorption continuum, cf. blue dashed curve in Figure 6.7. Here, a
reconstruction of the quantum dot wave function seems to be very di�cult. In particular,
since the peak intensity of the absorption continuum is very weak. However, a biexciton
preparation BX of the quantum dot, which is also realizable by a pump pulse, results in
a pronounced and only slightly modi�ed absorption continuum, cf. purple dashed-dotted
curve in Figure 6.7. Due to that, the initial occupation with a biexciton provides an
alternative to investigate shallow quantum dots with strongly modi�ed exciton spectra.
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7
Multi-phonon processes in intraband

spectroscopy

In the previous two Chapters 5 and 6, the main focus lay on bound-continuum intraband
transitions between bound quantum dot and unbound continuum states. In contrast,
bound-bound intraband transitions between di�erent bound quantum dot states within
one band are discussed in this chapter. As a model system for our analysis of bound to
bound intraband transitions, a self-organized InAs/GaAs quantum dot is used with two
valence band levels v1 and v2 and two conduction band levels c1 and c2. The quantum
dot is embedded in a phonon bath representing the environment acting on the system,
illustrated in Figure 7.1. The energy of the quantum dot state s ∈ {v1, v2, c1, c2} is
denoted by ℏωs.
The proposed experimental scheme to investigate (multi-)phonon signatures in intraband
absorption spectra is a two step pump-probe setup as introduced in Section 4.2, cf.
Figure 7.1: Initially, the quantum dot is prepared by a pump pulse, which excites the
interband electron-hole transition e†1h

†
1 (dashed line in Figure 7.1). The pump pulse

creates an electron (hole) population in the conduction band state c1 (valence band
state v1) of the quantum dot. Subsequently, a probe pulse in the terahertz-range tests
the intraband transition e†1e2 between the discrete energy levels c1 and c2 inside the
conduction band (dotted line in Figure 7.1). Since intraband transitions between the
bound quantum dot states and the unbound states of the surrounding host material as
investigated in Chapter 5 and 6 are not excited in this pump-probe excitation scheme,
they are neglected in the following calculations.
In agreement to Chapter 5 and 6, only results for the electron intraband transitions are
presented in this chapter. Therefore, the electronic structure model relevant for the
electron intraband transitions is reduced to a three level system with the energies ℏωv1 ,
ℏωc1 and ℏωc2 . Mainly, two energy di�erences enter into the system dynamics: The band
gap between conduction and valence band ground state E11

cv = ℏωc1 −ℏωv1 as well as the
sub-band gap between the discrete energy levels c1 and c2 inside the conduction band
E21

cc = ℏωc2 −ℏωc1 . Typically, for self-organized InAs/GaAs quantum dots the interband
gap energy E11

cv has a value around 1.3 eV [RHS+03, HGV+99] and the intraband sub-
gap energy E21

cc values between 40 and 60 meV [ZGC+09, HGV+99].
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Figure 7.1 | Model system: Scheme
of a semiconductor quantum dot with
two valence band level v1 and v2 and
two conduction band levels c1 and c2
embedded in a phonon bath (orange
cloud) representing the environment
acting on the system. The quantum
dot is initially prepared by a pump
pulse creating electron (hole) popula-
tion in the conduction band state c1
(valence band state v1) via interband

transitions e†1h
†
1. Subsequently, pump

pulse induced intraband transitions e†1e2
occur between the sub-levels of the
conduction band c1 and c2.

Since the Einstein coe�cient [GM03] for the spontaneous emission of photons scales
with ω3, the Einstein factor for intraband transitions is very small (around �ve orders
of magnitude smaller than the factor for interband transitions). Typical values of the
intraband dipole moment dee12 are in the order of 2 enm∗, which is comparable with
interband dipole moments deh11 [MR09, HKTK97, ELS+00]. Therefore, the relaxation of
electrons via spontaneous emission of photons is ine�cient for intraband transitions, due
to the small intraband energy splitting (E21

cc ≈ 50 meV).
In contrast, the interaction with longitudinal optical (LO) phonons is more probable,
since the intraband sub-band gap energy around 50 meV is comparable with the energy
of longitudinal optical phonons in GaAs, which typically has a value of 36.4 meV
[HGV+99]. In the case of interband transition, the in�uence of non-diagonal electon-
phonon couplings is very small and can be neglected, since the interband transition
energy and the phonon energy are strongly o�-resonant. The diagonal electron-phonon
interaction in quantum dot interband transitions is extensively studied in literature,
e.g., in References [SDW+11, SZC00, KWH+10, KCRK11] and is well understood.
Unlike interband transitions in quantum dots, the investigation of intraband transitions
requires the consideration of both, diagonal and non-diagonal electron-phonon couplings
[SNGJ05]. In this chapter a full quantized theory is presented to study the in�uence of
multi-phonon processes on intraband transitions. This is of particular importance, e.g.,
for the understanding of dephasing and relaxation processes in quantum dots a�ecting the
e�ciency of semiconductor optoelectronic devices or for the realization of single photon
detectors operating in the terahertz-range.
A �rst numerical evaluation of non-perturbative equations of motion indicate the
formation of polaron states. Furthermore, the derived equations pave the way for a
variety of further studies, e.g., by varying the coupling elements, the temperature or
the intensity of the pump pulse. The in�uence of a detuning can be investigated by
changing the resonance conduction between the intraband transition energy and the
energy of the longitudinal optical phonons. Moreover, the approach gives direct access
to phonon correlations of an arbitrary phonon order, e.g., to the total phonon number

∗To approximate the magnitude of the intraband dipole moment dee12, it is calculated assuming the wave
functions of the three-dimensional harmonic oscillator.
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of the quantum dot system. To gain deeper insight into the formation of the polaronic
state, a series of intraband spectra with varying time delay between pump and probe
pulse can be calculated re�ecting the temporal evolution of the polaronic state.
Equations of motion for a simpli�ed model system considering only two conduction band
states were derived as part of my Master's Thesis and published in Reference [KSR+12],
without including the quantum dot valence band state or a dynamical description of the
pump and probe excitation pulses as done in this chapter.
This chapter is organized as follows: After introducing in Section 7.1 the relevant
interaction mechanisms to describe phonon e�ects on intraband dynamics, the theoretical
concepts used for the derivation of the equations of motion are discussed in Section 7.2.
As an example of the resulting phonon-assisted equations of motion, in Section 7.3 the
equation for the intraband polarization is presented.

7.1 Hamiltonian

The relevant interaction processes determining the intraband dynamic de�ne the total
Hamiltonian H, which is used to calculate the dynamics of the microscopic intraband
polarization ⟨e†1e2⟩ via Heisenberg equation of motion, cf. Section 2.3, and subsequently
the corresponding intraband absorption spectrum.
In addition to the electron-phonon coupling inside the quantum dot and the electron-
light interaction with the pump and probe pulse, the system is coupled to an additional
heat bath representing the environment acting on the system. In- and out-scattering of
phonons between quantum dot system and environment are described via a phonon-
phonon interaction between longitudinal optical phonons of the quantum dot and
phonons of the surrounding bath with a de�ned temperature.
Altogether, the total Hamiltonian H = H0 +Hel-pn +Hclass +Hbath consists of the free
carrier kinetics H0, the diagonal and non-diagonal electron-phonon interaction Hel-pn, a
semi-classical electron-light coupling Hclass to the external light �eld of the pump and
probe pulse and a phonon-phonon coupling to the surrounding phonon bath Hbath. The
pure electron, hole and phonon contribution H0 contains the eigenenergies ℏωi:

H0 =

i=1,2

ℏωcie
†
iei + ℏωv1h

†
1h1 + ℏ


q

ωLOb
†
qbq + ℏ


ξ

ωξd
†
ξdξ, (7.1)

where ei (e
†
i ) denotes the fermionic annihilation (creation) operator for the electron and hi

(h†i ) the operators for the holes in the quantum dot state i. Coulomb renormalizations of
the electronic quantum dot states are included in ℏωci and ℏωvi . The bosonic annihilation
(creation) operators for longitudinal optical phonons in the mode q with the phonon

energy ℏωq are described by b(†)q . The longitudinal optical phonons are assumed to have
a constant dispersion with ℏωq = ℏωLO (Einstein-model) [TM12]. The phonon operators
dξ (d

†
ξ) describe a phonon in the mode ξ of the surrounding bath with the energy ℏωξ.

Since the longitudinal optical phonon energy ℏωLO = 36.4 meV is almost resonant to
the sub-bandgap E21

cc ≈ 50 meV, the most relevant interaction to describe the intraband
dynamics is the coupling of electrons to longitudinal optical phonons.∗ The interaction

∗The interaction with acoustical phonons is included via a phenomenological pure dephasing γ.
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between electrons and diagonal and non-diagonal coupled longitudinal optical phonons
is given by:

Hel-pn =e†1e2

q


gc2c1q bq + gc2c1∗q b†q


(7.2)

+ e†1e1

q

gc1c1q bq + e†2e2

q

gc2c2q bq − h†1h1

q

gv1v1q bq + h.a.,

where electrons and optical phonons interact via the Fröhlich-coupling element [KAK02,
MR09]

gss
′

q = −i

e2ℏωLO
2V ϵ0ϵ′

 1
2


dr ξ∗s (r) e
iq · rξs′(r), (7.3)

consisting of diagonal contributions with s = s′ as well as non-diagonal couplings with
s ̸= s′. In Equation (7.3) the elementary charge is denoted by e, the volume is described

by V and ϵ′ =


1
ϵ∞

− 1
ϵs

−1
includes the high frequency ϵ∞ and the stationary dielectric

constant ϵs. ξs(r) is the electron envelope wave function of the quantum dot state s. For
simplicity, spin dependencies are neglected, since electron-phonon interactions typically
conserve the spin [SZC00].
In general, the non-diagonal coupling of quantum dot states is considered in the
context of electron-photon interaction. In this chapter, phonons instead of photons are
treated including non-diagonal coupling elements. For the non-diagonal electron-photon
coupling often a Rotating Wave Approximation (RWA) is applied, neglecting non-energy
conserving processes such as the excitation of an electron under an absorption of a photon
(e†1h

†
1c

†). The rotating wave approximation is valid for a weak coupling strength satisfying
the condition coupling strength

photon energy << 1 (and small detunings) [YZL+12, CRL+10]. The
validity of the rotating wave approximation is not assured for non-diagonal electron-
phonon interaction, since the sub-band gap around 50 meV is small and typical electron-
phonon coupling elements are in the order of few meV [ZWG+04]. For this reason, all
contributions of Equation (7.2) are taken into account in the following calculations.
The quantum dot interacts also with the classical pump and probe �eld E(t). Therefore,
a semi-classical electron-light interaction is included for the interaction with the pump
pulse:

Hpump
class = deh11Epump(t)e

†
1h

†
1 + h.a., (7.4)

and for the interaction with the probe pulse∗:

Hprobe
class = dee21Eprobe(t)e

†
2e1 + h.a., (7.5)

with the intraband dipole moment dee21 and the interband dipole moment deh11. E(t) =
Ẽ(t) exp(−iωLt) describes the classical �eld, where Ẽ(t) denotes the slowly varying time
dependent amplitude and ωL the light frequency. The quantum dot system not only
loses phonons to the environment due to the out-scattering, at �nite temperatures also
in-scattering of phonons from the surrounding material is possible. Therefore, it is useful
to describe the thermalization process between quantum dot system and environment not
by simple phonon loss rates but by a coupling of the quantum dot longitudinal optical
phonon modes to a bosonic bath with a de�ned temperature. The in�uence of the heat

∗In the Equations (7.4) and (7.5) a rotating wave approximation is applied.
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bath is considered by incorporating a phonon-phonon interaction Hbath between phonons
of the quantum dot and phonons of the surrounding bath in the total Hamiltonian H:

Hbath =

ξ,q

Aq
ξb

†
qdξ +


ξ,q

(Aq
ξ)

∗bqd
†
ξ, (7.6)

where (Aq
ξ)

(∗) is the phonon-phonon coupling constant.

7.2 Phonon operator transformation and induction approach

To calculate the spectrally resolved absorption of a probe pulse testing the intraband
transitions between the quantum dot states c1 and c2, the dynamics of the microscopic
intraband polarization is necessary. The intraband polarization ⟨e†1e2⟩ is determined
using the total Hamiltonian H de�ned by the Equations (7.1) to (7.6) in the Heisenberg
equation of motion, cf. Section 4.4. For �rst insights regarding the hierarchy of phonon
coupled quantities, we consider only the contributions of the equation of motion resulting
from the diagonal and non-diagonal electron-phonon coupling:

−iℏ∂t⟨e†1e2⟩|Hel-pn
=

q


⟨e†2e2g

c2c1
q bq⟩ − ⟨e†1e1g

c2c1
q bq⟩+ ⟨e†2e2g

c1c2
q b†q⟩ − ⟨e†1e1g

c1c2
q b†q⟩

− ⟨e†1e2g
c2c2
q bq⟩ − ⟨e†1e2g

c2c2∗
q b†q⟩+ ⟨e†1e2g

c1c1
q bq⟩+ ⟨e†1e2g

c1c1∗
q b†q⟩


. (7.7)

The related equation of motion shows, that the intraband polarization e†1e2 couples to

phonon-assisted conduction band densities ⟨e†ieig
cicj
q b

(†)
q ⟩, caused by the non-diagonal

electron-phonon coupling g
cicj
q with i, j ∈ {1, 2} and i ̸= j. In addition, it is evident,

that a coupling to phonon-assisted polarization terms occur due to the diagonal coupling
elements gciciq . To complete the set of equations of motion, it is necessary to �nd
equations for phonon assisted quantities, too. The related equations clearly show, that
the quantities are correlated to phonon-assisted quantities of higher order. This behavior
shows, that there is always a coupling to higher order terms and the occurring system of
di�erential equations is not closed. This typical problem is called the hierarchy problem,
cf. Section 2.3. Due to the strong coupling between electrons and phonons inside the
quantum dot, correlation expansion schemes, as brie�y discussed in Section 2.3, are not
suitable. Instead, the hierarchy problem is solved using a non-perturbative equation
of motion approach for the coupled electron-phonon interaction, which is based on a
transformation of the phonon modes in e�ective modes and a mathematical induction
approach.
Since all bosonic modes q couple to the electronic quantum dot levels, a straightforward
calculation of the phonon-assisted quantities, such as ⟨e†2e2gc2c1q b†q⟩ in Equation (7.7),
requires an enormous numerical e�ort and is therefore not feasible. In Reference [SZC00]
an approach is developed to treat such kind of problems by transforming the phonon
operators b(†)q into a new set of bosonic operators with the objective that after the
transformation only a limited number of bosonic modes couples to the electrons.
In particular, if N fermionic level states of the quantum dot are considered, only
N(N + 1)/2 of the transformed phonon modes couple to the electrons∗, which reduces

∗Accordingly, the two e�ectively phonon coupled electronic levels c1 and c2 in the quantum dot model
system considered in this work result in three non trivial transformed bosonic modes.
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the numerical e�ort enormously. The main idea of the phonon operator transformation
is the introduction of a linear combination of the phonon operators b(†)q . Following the

approach presented in Reference [SZC00], the boson operators b(†)q are transformed into
only three phonon modes relevant for relaxation by introducing the operators

b
(†)
d1

≡

q

gc1,e�(*)q b(†)q and b
(†)
d2

≡

q

gc2,e�(*)q b(†)q (7.8)

for the modes e�ectively coupled to diagonal and

b
(†)
t ≡


q

g21(∗)q b(†)q (7.9)

for the non-diagonal electronic contributions. The e�ective diagonal coupling elements
gci,e�q are de�ned by gci,e�q ≡ (gciciq − gv1v1q ) with i ∈ {1, 2}. In the sense to consistently
transform also the phonon operators in Hbath, for the phonon-phonon coupling constant
Aq

ξ the following linear combination is used:

Aq
ξ = αξg

c2,c1∗
q + α′

ξg
c1,eff∗
q + α′′

ξg
c2,eff∗
q . (7.10)

The fermionic observables describing the quantum dot system are the electron and hole
densities ⟨µ†sµs⟩ with µ = e, h of the quantum dot state s, the intraband polarization
⟨e†1e2⟩ between the conduction band states c1 and c2 and the interband polarizations
⟨e†1h

†
1⟩ and ⟨e†2h

†
1⟩ between the conduction band states c1 or c2 and the valence band

state v1. In general, the fermionic operators can couple to the three transformed phonon
operators b(†)d1

, b(†)d2
and b(†)t in an arbitrary phonon order l, m and n (l′, m′ and n′):

Bl,m,n
l′,m′,n′ ≡ (b†t)

l(b†d1)
m(b†d2)

n(bt)
l′(bd1)

m′
(bd2)

n′
, (7.11)

de�ning phonon-assisted quantities XBl,m,n
l′,m′,n′ with X one of the fermionic observables.

To determine equations for XBl,m,n
l′,m′,n′ , we need the commutator entering in the

Heisenberg equation of motion, cf. Section 2.3. The commutator can be calculated via a
decomposition in a fermionic and a bosonic contribution:

[e†iejbq, B
l,m,n
l′,m′,n′ ] = e†iejX[bq, B

l,m,n
l′,m′,n′ ] + [e†iej , X]Bl,m,n

l′,m′,n′bq. (7.12)

The bosonic contribution is calculated using the induction formula [bq, (b
†
q)n] = n(b†q)n−1

[CRCK10, KCR+11]. Note, that the induction formula hold for the non-transformed

phonon operators b(†)q .

7.3 Equation of motion

Using Equation (7.12) and the induction approach to calculate the commutator in
the Heisenberg equation of motion, a general set of equations is derived given in
AppendixA.2. As an example, the equation of motion for the phonon assisted
intraband polarization e†1e2B

l,m,n
l′,m′,n′ is discussed in this section. For a better overview,
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the contributions resulting from the di�erent parts of the Hamiltonian are discussed
individually. We start with the terms caused by the free Hamiltonian H0:

−iℏ ∂t⟨e†1e2B
l,m,n
l′,m′,n′⟩|H0 =[iγ + (l − l′ +m−m′ + n− n′)ELO − E21

cc ] ⟨e
†
1e2B

l,m,n
l′,m′,n′⟩,

(7.13)

where a phenomenological pure dephasing γ is introduced to consider damping, e.g.,
induced by longitudinal acoustical (LA) phonon interaction. To proceed, the in�uence
of the electron-phonon coupling Hel-pn is discussed:

−iℏ ∂t⟨e†1e2B
l,m,n
l′,m′,n′⟩|Hel-pn

= lGt⟨e†2e2B
l−1,m,n
l′,m′,n′ ⟩ − l′Gt⟨e†1e1B

l,m,n
l′−1,m′,n′⟩ (7.14)

+mG11
d ⟨e†1e2B

l,m−1,n
l′,m′,n′ ⟩ −m′G21

d ⟨e†1e2B
l,m,n
l′,m′−1,n′⟩

+ nG12
d ⟨e†1e2B

l,m,n−1
l′,m′,n′ ⟩ − n′G22

d ⟨e†1e2B
l,m,n
l′,m′,n′−1⟩

+ ⟨e†2e2B
l+1,m,n
l′,m′,n′ ⟩ − ⟨e†1e1B

l+1,m,n
l′,m′,n′ ⟩+ ⟨e†2e2B

l,m,n
l′+1,m′,n′⟩

− ⟨e†1e1B
l,m,n
l′+1,m′,n′⟩+ ⟨e†1e2B

l,m,n
l′,m′+1,n′⟩+ ⟨e†1e2B

l,m+1,n
l′,m′,n′ ⟩

− ⟨e†1e2B
l,m,n
l′,m′,n′+1⟩ − ⟨e†1e2B

l,m,n+1
l′,m′,n′ ⟩.

where the de�nitions Gt ≡


q |gc2c1q |2 and Gij
d ≡


q(g

ci,eff∗
q g

cj ,eff
q ) are introduced for a

compact notation. Source terms of the microscopic polarization dynamics are generated
by spontaneous and induced phonon emission as well as phonon absorption. Additionally,
a modulation due to LO-phonon-assisted higher order polarization contributions occur.
The interaction with the classical pump and probe light �elds generates the following
contributions:

−iℏ ∂t⟨e†1e2B
l,m,n
l′,m′,n′⟩|Hclass

=dhe11E∗
pump(t) ⟨e2h1B

l,m,n
l′,m′,n′⟩ (7.15)

dee21Eprobe(t) (⟨e
†
2e2B

l,m,n
l′,m′,n′⟩ − ⟨e†1e1B

l,m,n
l′,m′,n′⟩).

Finally, the phonon-phonon interaction leads to additional contributions in the equation
of motion:

−iℏ ∂t⟨e†1e2B
l,m,n
l′,m′,n′⟩|Hbath

=

ξ


lα∗

ξGt⟨d†ξe
†
1e2B

l−1,m,n
l′,m′,n′ ⟩ − l′αξGt⟨dξe†1e2B

l,m,n
l′−1,m′,n′⟩

+m(α′∗
ξ G11

d + α′′∗
ξ G12

d )⟨d†ξe
†
1e2B

l,m−1,n
l′,m′,n′ ⟩ (7.16)

−m′(α′∗
ξ G11

d + α′′∗
ξ G21

d )⟨dξe†1e2B
l,m,n
l′,m′−1,n′⟩

+ n(α′∗
ξ G21

d + α′′∗
ξ G22

d )⟨d†ξe
†
1e2B

l,m,n−1
l′,m′,n′ ⟩

− n′(α′∗
ξ G12

d + α′′∗
ξ G22

d )⟨dξe†1e2B
l,m,n
l′,m′,n′−1⟩


.

Obviously, bath-phonon-assisted contributions such as ⟨d†ξe
†
1e2B

l−1,m,n
l′,m′,n′ ⟩ occur in the

hierarchy of equation of motion. To close the hierarchy of phonon bath assisted quantities,
the interaction to the thermal reservoir is assumed to be weak, so that it is valid to apply a
second order Born approximation regarding the bath phonons. More precisely, equations
for the bath-assisted quantities ⟨d(†)ξ XBl,m,n

l′,m′,n′⟩ are derived (not explicitly shown here),

in which the factorization ⟨d(†)ξ d
(†)
ξ′ ⟩⟨XB

l,m,n
l′,m′,n′⟩ is applied and the bath assumption with
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⟨d†ξdξ′⟩ = δξ,ξ′⟨d†ξdξ⟩ and ⟨dξdξ′⟩ = ⟨d†ξd
†
ξ′⟩ = 0 is used to close the bath-phonon hierarchy.

Finally, ⟨d†ξdξ⟩ = nξ(T ) is expressed by the Bose distribution

nξ(T ) =


e

ℏωξ
kBT − 1

−1

(7.17)

at a de�ned temperature T of the bath.
However, the resulting set of equations for ⟨XBl,m,n

l′,m′,n′⟩, illustrated on the example of

⟨e†1e2B
l,m,n
l′,m′,n′⟩ in Equation (7.14) to (7.16), is not closed in terms of l, l′, m, m′,n and n′.

To solve the set of equations numerically, it is necessary to break up the coupling in a
particular phonon order. This is valid, if convergence is reached.

7.4 First numerical results

The numerical computation of the set of di�erential equations requires knowledge about
the electron-phonon coupling constants gss

′
q de�ned in Equation (7.3). To calculate

approximate values, a spherical quantum dot with parabolic con�nement potential and
the wave functions of the three-dimensional harmonic oscillator∗ are assumed, resulting
in a non-diagonal coupling strength of Gt = 20 (meV)2 and an e�ective diagonal coupling
constants of G12

d = 13 (meV)2, G11
d = 28 (meV)2 and G22

d = 16 (meV)2. The magnitude of
the resulting electron-phonon coupling elements is comparable to values from literature
[ZWG+04]. In addition to the electron-phonon coupling elements, a pure dephasing of
γ = 0.4 meV is assumed to calculate the system dynamics and the intraband absorption
spectrum.
To observe strong coupling e�ects, the sub-band gap energy E12

cc and the energy of
the longitudinal optical phonons ℏωLO are assumed to be in resonance E12

cc = ℏωLO =
36.4 meV. For �rst insights, the temperature of the phonon bath is set to T = 4 K.
Figure 7.2a illustrates the proposed pump-probe scheme to detect intraband absorption
spectra: First, a semi-classical pump pulse resonantly excites the electron density ⟨e†1e1⟩
in the quantum dot conduction band state c1 and induces the interband polarization
⟨e†1h

†
1⟩ at the time t0 = 5 ps. After a well-de�ned time delay ∆t (here ∆t = 35 ps) the

probe pulse arrives at t0 +∆t to test the intraband transitions ⟨e†2e1⟩.
In Figure 7.2a the dynamics of the imaginary part of the intraband polarization ⟨e†1e2⟩(t)
is depicted for a large delay time ∆t = 35 ps. Thus, the pump pulse induced coherences
are already dephased at the time, where the probe pulse Eprobe(t) arrives. Strong
coupling between electrons and phonons and thus, a formation of polarons is indicated
by the temporal beating of the intraband polarization. The corresponding intraband
spectrum, depicted in Figure 7.2b, shows spectral signatures resulting from diagonal and
non-diagonal electron-phonon coupling matrix elements:
The coupling matrix elements, which are non-diagonal in the state index, result in a
hybridization of the discrete quantum dot levels visible in the spectrum by a splitting
of the absorption peak around E12

cc . This characteristic spectral signature is well known
in quantum optics for the coupling between a quantum dot and a single photon mode
(instead of the phonon mode considered here). For weak damping, the magnitude of the
splitting is determined by the non-diagonal electron-phonon coupling strength Gt and has

∗For the conduction band wave functions a localization lengths of ac = 3 nm is used and for the valence
band wave function we assume a localization length of av = 6 nm.

72



Chapter 7. Electron-phonon processes First numerical results

Figure 7.2 | (a) Dynamics of the conduction band density ⟨e†1e1⟩(t) (left axes) and the

imaginary part of the interband polarization ⟨e†1h
†
1⟩(t) (left axes) induced by the pump pulse

Epump(t) (right axes). After a time delay of ∆t = 35 ps the probe pulse Eprobe(t) (right axes)
tests the intraband polarization ⟨e†1e2⟩(t) (right axes). (b) Intraband absorption spectrum for
diagonal and non-diagonal electron-phonon interactions showing a splitting of the main peak
around E12

cc and a splitted Stokes peak separated by the phonon energy ℏωLO = 36.4 meV
from the splitted main peak. The Stokes peak also re�ects the hybridization of the quantum
dot states by a splitting.

a value of roughly 2
√
Gt ≈ 9 meV for the used parameter set. The peak intensities of

the splitted peaks are slightly asymmetric, due to the in�uence of the diagonal electron-
phonon coupling.
The diagonal coupling contributions cause a series of satellite peaks in the absorption
spectrum spaced by the energy ELO = ℏωLO = 36.4 meV of the longitudinal optical
phonons. Responsible for the appearance of the satellite peaks are phonon absorption
and emission processes: The absorption of phonons leads on the lower energy side
of the main peak to the occurrence of anti-Stokes peaks (not shown in Figure 7.2b),
whose intensities depend strongly on the temperature (and the diagonal electron-phonon
coupling strength). The emission of phonons is re�ected by Stokes peaks occurring on the
higher energy side of the main peak, shown in Figure 7.2b for the energetically closest
Stokes peaks around E12

cc + ELO. With increasing diagonal electron-phonon coupling
strength the intensity of the satellite peaks also increases.† The interplay of both,
diagonal and non-diagonal, electron-phonon couplings leads to a series of satellite peaks
each showing a splitting [SNGJ05].‡

The spectral signatures, splitting, satellite peaks and polaron shift, are known from
literature [SNGJ05], especially, if only diagonal or only non-diagonal coupling matrix
elements are considered. The non-perturbative equation of motion approach, derived in
Section 7.2 and 7.3 via mathematical induction, successfully reproduces these results for
exclusively diagonal or non-diagonal electron-phonon coupling elements as well as for the
presence of both interaction mechanisms. By setting the appropriate coupling elements
in Equations (A.4) to (A.9) to zero, the results reproduce benchmark models, such as the

†The whole spectrum is shifted by a small polaron shift, whose magnitude is regulated by the diagonal
electron-phonon coupling.

‡The results presented in Figure 7.2 do not depend on the speci�c strength of the phonon-phonon
coupling to the external phonon bath.
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well studied Independent Boson Model (IBM) for the diagonal electron-phonon coupling
and the established Jaynes-Cummings Model (JCM) typically used to describe the non-
diagonal electron-photon coupling [KSR+12].

7.5 Conclusion and Outlook

In conclusion, a non-perturbative equation of motion approach was presented, to study
the coupled electron-phonon interaction a�ecting intraband transitions between bound
quantum dot states. First numerical results reproduce results known from literature
indicating the formation of polaron states. In particular, an intraband absorption
spectrum was presented re�ecting phonon induced signatures resulting from diagonal
and non-diagonal electron-phonon coupling elements. The interplay of both interaction
mechanisms leads to a series of satellite peaks each showing a splitting.
Moreover, the derived equations pave the way for a variety of further studies, e.g., by
varying the coupling elements, the temperature or the intensity of the pump pulse.
Also the in�uence of a detuning, e.g., between the phonon energy and the intraband
transition energy can be studied. Furthermore, the approach gives direct access to
phonon correlations of an arbitrary phonon order, e.g., to the total phonon number
of the quantum dot system. To gain deeper insight into the formation of the polaronic
state, a series of intraband spectra with varying time delay between pump and probe
pulse can be calculated re�ecting the temporal evolution of the polaronic state.
For the presented results, the typical material parameters of self-organized InAs/GaAs
quantum dots are chosen. However, the applicability of the presented approach is not
restricted to a speci�c quantum dot system. Similar phonon induced absorption patterns
are expected to also occur for other material systems such as GaN quantum dots.
Thus, the derived equations o�er the possibility to gain deep insight into phonon induced
interaction processes on intraband transitions.
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8
Cavity assisted emission of single, paired

and heralded photons

Quantum dot-micropillar structures are a promising model system, both, from a
fundamental point of view for the study of cavity quantum electrodynamics (CQED)
[ASK+13, KRM+10, GRK+10, PGR+07, CMD+10, LHA+13], e.g., for the interaction
between a single quantum emitter and a cavity, but also regarding the performance
of quantum dot based optoelectronic devices. Quantum dots in a micropillar cavity
play a signi�cant role in a variety of applications. Especially, they represent promising
candidates for quantum information devices such as non-classical light sources. In
particular, high-quality single photon sources or sources of entangled photon pairs are
on great demand.
For instance, quantum light sources exhibiting single photon emission are used in
quantum metrology [ZIF+10], quantum information [GT07, OFV09] and the study
of fundamental quantum mechanics [BDG+09]. However, also two-photon sources,
particularly sources of entangled photon pairs, are of interest for a variety of research
areas such as quantum teleportation [BBC+93, BPM+97, BBDM+98], quantum infor-
mation processing protocols [ZG00], quantum cryptography [Eke91, JSW+00, NPW+00]
or imaging [PSSS95]. Polarization entangled photon pairs have been successfully
generated via the biexciton-exciton cascade decay in semiconductor quantum dots
[ALP+06, KMW+95, HSB+07, Mac08, MFLS09, PH11]. The emitted photons are
called time-bin entangled photons, if the emission of the two photons occurs during
a restricted time interval (time bin). Time-bin entangled photon pairs have been
realized based on quantum dot devices utilizing the biexciton-exciton cascade, e.g., in
Reference [JPK+14, SP05]. Additionally, a successful generation of time-bin entangled
photons has been reported in Reference [MdRT+04] by experiments based on parametric
down conversion [CLR+14].
Heralded single photon sources (HSPSs) represent an important type of application of
two entangled photons. Heralded single photon sources are characterized by the property
that the detection of one photon, which is called the heralding photon, can announce the
existence of a second photon, which represents the heralded �nal photon. Heralded
single photon sources o�er signi�cant advantages in comparison to conventional single
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quantum emitter sources generating the single photons, e.g., by single atoms [KHR02],
ions [KLH+04], molecules [LM00] or quantum dots [MKB+00]. As an example, in
heralded single photon sources the in�uence of background photons can often be reduced
[BDG+12, RCC+14, WCX+08]. Several experimental realizations of heralded single
photon sources have already been presented, e.g., using parametric down conversion
[BRHS10].
In Reference [MHH+15] a quantum dot-micropillar device was recently presented, in
which the detection and excitation can occur in two non-equivalent spatial directions.
Therefore, this device provides the possibility of comprehensive studies of cavity quantum
electrodynamics, particularly of the spatially dependent emission statistics. In Section 8.1
the used model system is discussed, to describe such a quantum dot-micropillar device
for theoretical studies. All of the following results are demonstrated on the example
of a quantum-dot-micropillar device. However, the presented theory is also generally
applicable to other systems as long as these systems exhibit bound photon modes in one
spatial direction and the possibility of an out-coupling of excitation to a mode continuum
in two spatial directions. For systems matching these prerequisites such as quantum dots
in photonic crystals [PvDAS+04] or emitter embedded inside metamaterials [NCJ13],
qualitatively similar results as for quantum dot-micropillar devices are expected.
The photon-photon correlation function g(2)(τ) is the central observable to characterize
the emission statistics and to verify the quantum nature of the system. The con�guration
developed in Reference [MHH+15] o�ers the possibility to investigate photon-photon
correlations between photons, which are emitted from the same emitter (here the
quantum dot) but into di�erent non-equivalent spatial directions. In particular,
both directions exhibit di�erent light-matter couplings allowing a comparison of the
correlations between weakly and strongly coupled modes as discussed in Section 8.2.
In Section 8.2 and 8.3, a theory based on the density matrix formalism is derived to
determine the photon-photon correlation function g(2)(τ) characterizing the emission
process in the di�erent spatial directions.
Our numerical results of the second order correlation function presented in Section 8.4
show, that for certain parameter regimes the emission in the axial strong coupling
direction is dominated by single photon processes causing an anti-bunching. At the
same time, the photon statistics in the lateral weak coupling direction shows bunching
indicating a two-photon emission. Based on these results, a proposal for a single quantum
light device is presented exhibiting a single photon source in one spatial direction (here
axial) and a two-photon source in the other direction (here lateral).
Furthermore, a heralded single photon source is proposed utilizing both spatial emission
direction for a temporally ordered generation of photons. In particular, two photons (�rst
lateral and second axial emitted) are generated within a well de�ned time-bin [KKRR15].

8.1 Quantum dot micropillar model

Typically, quantum dot-micropillar systems consists of a single quantum dot emitter,
which is embedded in a cavity, cf. Figure 8.1a. Here, a micropillar structure is used as
a model system, which particularly allows the out-coupling of photons into two spatial
directions as experimentally developed in Reference [MHH+15]. The two non-equivalent
spatial directions are hereinafter referred to as (i) axial and (ii) lateral direction. The
axial direction (i) is de�ned by the spatial axis through the two distributed Bragg
re�ectors (DBRs) and corresponds to the vertical direction in Figure 8.1a. The lateral
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Figure 8.1 | (a) Scheme of a single quantum dot in a micropillar cavity: The quantum dot
is placed in the center of two distributed Bragg re�ectors (DBRs) resulting in a formation of
two energy degenerated axial cavity modes (blue cloud). The axial direction is de�ned by the
vertical axis through the two distributed Bragg re�ectors (DBRs). Horizontally, the lateral
direction is introduced perpendicular to the pillar in direct contact to the quantum dot. This
con�guration allows an excitation and detection in the axial and lateral spatial directions.

The quantum dot directly couples to the lateral mode continuum {d(†)k,lat} in lateral direction
due to the weak photon con�nement. Since the cavity has a �nite out-coupling e�ciency,

the axial cavity modes {b(†)m } couple through the Bragg re�ector to an axial mode continuum

{d(†)k,ax}. (b) Level scheme of the four-level structure modeling the quantum dot: The four
electronic states of the quantum dot are the ground state |g⟩, two spin-degenerated exciton
states |e ↑⟩ and |e ↓⟩ and a biexcitonic state |f⟩. EB denotes the biexciton binding energy.
Due to the coupling between quantum dot excitons and axial cavity photons, a transformation
of photons of the axial cavity modes into quantum dot excitons (and vice versa) can occur.
Lindblad contributions such as incoherent pumping Peσg and Pfeσ and radiative decay γeσg
and γfeσ are illustrated by the vertical arrows.

direction (ii) is introduced perpendicular to the pillar in direct contact to the quantum
dot and corresponds to the horizontal direction in Figure 8.1a. Two distributed Bragg
re�ectors [KRM+10, KJHK99] realize the photon con�nement in axial direction, typically
forming a fundamental cavity mode in axial direction, which is two-fold energy degenerate
regarding the polarization [BBR+15, GWLJ07, BUM+04]. Accordingly, the two axial
cavity modes m = 1, 2 are assumed to have roughly the same energy ℏω1 = ℏω2.
Due to the �nite re�ectivity of the distributed Bragg re�ectors, the micropillar cavity has
a �nite out-coupling e�ciency securing the emission of axial photons in axial direction
from the micropillar device. Therefore, the axial cavity modes couple through the Bragg
re�ector to an axial photon mode continuum as schematically illustrated in Figure 8.1a
by the horizontal arrow. Since the photon con�nement in lateral direction is weak, the
emission of the quantum dot directly couples to a photon continuum in lateral direction,
depicted in Figure 8.1a as the vertical arrow. Accordingly, the quantum dot-micropillar
structure depicted in Figure 8.1a enables an excitation and detection of photons in two
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spatial directions: in axial direction through the distributed Bragg re�ectors as well as
in lateral direction perpendicular to the pillar in direct contact to the quantum dot.
The quantum dot is modeled by a four-level structure as schematically illustrated in
Fig. 8.1b. As already done in Chapter 6 and 9, exciton states are used for a compact
notation of the many-particle states of the quantum dot. The electronic ground state
of the quantum dot emitter is denoted by |g⟩ with no electron or hole carriers in the
conduction or valence bands of the quantum dot. From the ground state |g⟩, the two
bright exciton states can be constructed by |eσ⟩ = e†c,σh

†
v,σ|g⟩, where µ†c/v,σ (µc/v,σ) is the

creation (annihilation) operator for the carrier µ = e, h in the quantum dot conduction
band state c or valence band state v with spin σ =↑, ↓. Analog, a bound biexciton state
is de�ned by |f⟩ = e†c,↑h

†
v,↑e

†
c,↓h

†
v,↓|g⟩, in which the carriers of both excitons are present,

cf. Figure 8.1b.
Photon number states |nm⟩ are constructed via boson operators b†m (bm), denoting the
creation (annihilation) operator of a photon in the axial cavity mode m = 1, 2. Thus,
|n1, n2⟩ describes the state of both axial cavity modes, in which n1,2 photons are occupied
in the axial cavity mode m = 1, 2, respectively. From this, the complete system state
|s, n1, n2⟩ is introduced, describing the axial cavity modes as well as the quantum dot.
|s, n1, n2⟩ contains the electronic many-particle state s ∈ {g, e↑, e↓, f} of the quantum
dot and the photon number states of both axial cavity modes 1 and 2. The axial cavity
modes b(†)m and the coupled electronic states of the quantum dot |g⟩,|e ↑⟩,|e ↓⟩,|f⟩ are
embedded in an environment, which is represented by the photon mode continua in axial
and lateral direction (boson operators d(†)k,ax and d(†)k,lat), Figure 8.1a.

8.2 Second order correlation function

As discussed in the previous section, the emission of photons can occur in two di�erent
spatial directions from the quantum dot-micropillar structure depicted in Figure 8.1a.
The photons can either be emitted in axial direction through the distributed Bragg
re�ectors or in lateral direction directly from the quantum dot perpendicular to the
pillar axis. A central objective of this chapter is the characterization of the emission

Figure 8.2 | Scheme of a
Handbury-Brown and Twiss
setup for photon correlation
measurements consisting of a
light source, a beam splitter,
two phonon detectors and a
correlator.

statistics of the quantum dot-micropillar structure in dependence of the spatial emission
direction. Therefore, the observable of interest is the two-time second order correlation
function g(2)x−x′(t, τ) [CKR09]:

g
(2)
x−x′(t, τ) =

⟨: Ix(t)Ix′(t+ τ) :⟩
⟨Ix(t)⟩⟨Ix′(t+ τ)⟩

, (8.1)
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where x (x′) is the emission direction of the intensity Ix(t) = E
(−)
x E

(+)
x (Ix′(t) =

E
(−)
x′ E

(+)
x′ ). The second order correlation function g

(2)
x−x′(τ) gives the probability of

detecting one photon in direction x and one photon in direction x′ with the delay time τ ,
normalized by the probability to detect both photons uncorrelated (for a random photon
source).
Photon correlation measurements in one direction are typically performed in a Hanbury-
Brown and Twiss experiment [HT56], which is schematically illustrated in Fig. 8.2. The
components of this experimental setup are a light source, a beam splitter, two photon
detectors and a correlator. The �rst detector measures the photon intensity I(t) at the
time t and the second detector I(t+ τ) at the time t+ τ with the time delay τ .
In the following second order correlation functions describing the steady state (reached
for large times t) are considered. Then, the result of the second order correlation function

g
(2)
x−x′(t, τ) do not depend on t but on the time delay τ :

g
(2)
x−x′(τ) =

⟨: Ix(t)Ix′(t+ τ) :⟩
⟨Ix(t)⟩⟨Ix′(t)⟩

. (8.2)

Here, we distinguish between two spatial directions, in which photons can be emitted:
(i) axial and (ii) lateral direction. Hereinafter, the abbreviation ax denotes the axial
and lat the lateral direction, i.e. for a compact notation x, x′ ∈ {ax, lat}. Equation (8.2)
de�nes photon-photon correlations between photons, which are emitted from the same
emitter (here the quantum dot) either into the same spatial direction x = x′ or into
di�erent, non-equivalent spatial directions x ̸= x′. In the following, both types of
correlation functions are studied theoretically: unidirectional axial and lateral correlation
functions g(2)ax-ax(τ) and g

(2)
lat-lat(τ) with x = x′ as well as crossdirectional lateral and axial

correlations g(2)lat-ax(τ) and g
(2)
ax-lat(τ) with x ̸= x′.

In general, the second order correlation

Figure 8.3 | Sketch of the photon streams
for anti-bunched, coherent and bunched
light.

function allows us to discriminate between
the di�erent photon statistics:
An emission of bunched photons is re�ected
by g(2)(0) > 1 indicating an emission of
two or more photons simultaneously. In
contrast, g(2)(0) < 1 indicates anti-bunched
single photon emission, while g(2)(0) = 1
represents the coherent limit. The pho-
ton streams regarding the di�erent photon
statistics are visualized in Figure 8.3. The
correlation functions g(2)x−x(τ) represent the
conventional photon-photon correlation in-
cluding only a single direction x with the typical interpretation of anti-bunched and
bunched photons emitted in the direction x.
The correlation functions g(2)x−x′(τ) with x ̸= x′ o�ers the possibility to get additional
information about the correlation between photons, which are emitted into two di�erent,
non-equivalent directions. Here, the interpretation of g(2)x−x′(τ) refers to the emission time
τ , however, not to photons at the same spatial position.
In the following, the focus of this section lies on the explicit calculation of Equation (8.2):
To start, the intensity Ix(t) in Equation (8.2), which is measured in experiments such as
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Hanbury-Brown Twiss experiments [HT56] as depicted in Figure 8.2, is expressed using
�eld operators:

E(−)
x =


k

Ek,xd†k,x, (8.3)

where dk,x (d†k,x) denotes the external photon �eld annihilation (creation) operators and
Ek,x the coe�cients of the external photon continua (x = ax, lat) with the corresponding
mode index k. In dependence to the spatial direction x, the coupled quantum dot-cavity
system interacts di�erently with the external �eld modes d†k,ax(t) and d

†
k,lat(t):

(i) The photon-photon coupling between the photons of the outside space d†k,ax and the

axial cavity photons b†m occurs through the axial cavity boundary [Car99]:

HSR
ax =


k,m

(κk,mb
†
mdk,ax + κ∗k,md

†
k,axbm), (8.4)

where b†m (bm) denotes the creation (annihilation) operator of a photon in the axial cavity
mode m = 1, 2. Note, in the following, the axial photon-photon coupling strength κk,m
in Equation (8.4) is assumed to be equal for both axial cavity modes Ck,ax ≡ κk,1 = κk,2
[BBR+15, GWLJ07, BUM+04].
(ii) In contrast to the photon emission in axial direction, the photon emission in lateral
direction occurs without an out-coupling through external mirrors, due to the assumed
weak optical con�nement. Consequently, the quantum dot excitons directly couple to
the photon continuum in lateral direction:

HSR
lat =


σ,k

Ek,lat ·dgeσd
†
k,lat|g⟩⟨eσ|+


σ,k

Ek,lat ·deσfd
†
k,lat|eσ⟩⟨f |+ h.a., (8.5)

where dgeσ = ⟨g|d|eσ⟩ is the exciton and deσf = ⟨eσ|d|f⟩ the biexciton dipole matrix
element of the dipole operator d. For simplicity, we assume for all optical transitions of
the four-level system identical values of the dipole matrix element. Thus, also the lateral
coupling strength Ck,lat ≡ Ek,lat ·dgeσ ≈ Ek,lat ·deσf is constant for the di�erent quantum
dot transitions.
The interaction between the excitons of the quantum dot and the light �eld E(t) =

m Emb†m + h.a. of the axial cavity modes within the dipole and rotating wave
approximation is given by:

HS
el-ph =


σ,m

Em ·dgeσb
†
m|g⟩⟨eσ|+


σ,m

Em ·deσfb
†
m|eσ⟩⟨f |+ h.a., (8.6)

where the exciton-photon coupling is determined by Mm
geσ ≡ Em ·dgeσ and Mm

eσf
≡

Em ·deσf . For simplicity, it is assumed that the two axial cavity modes m = 1, 2 are both
resonant with the interband transition between ground and exciton state ℏω1 = ℏω2 =
ℏωe − ℏωg. Optical intraband transitions between quantum dot and continuum states
of the surrounding bulk or wetting layer as they are discussed in the Chapters 4 to 6 as
well as in References [KKR+14, KR14] are strongly o�-resonant. Consequently, they are
neglected here and not included in Equation (8.6).
The free electronic and photon Hamiltonian H0 = HS

0 +HR
0 with

HS
0 =


s

ℏωs|s⟩⟨s|+

m

ℏωmb
†
mbm (8.7)
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and
HR

0 =

k

ℏωk,xd
†
k,xdk,x (8.8)

consists of contributions of all electronic states s ∈ {g, e↑, e↓, f} of the quantum dot, the
axial eigenmodes m of the cavity and the photon continuum modes k in the direction
x = ax, lat. The eigenenergy of the quantum dot many particle state s is denoted by
ℏωs, of the axial cavity mode m by ℏωm and of the photon continuum modes k in x-
direction by ℏωk,x. The eigenenergies ℏωs of the quantum dot state s include Coulomb
renormalizations, e.g., the Coulomb interactions between the two excitons |e↑⟩ and |e↓⟩
forming the biexciton. In particular, the biexciton binding energy EB and the �ne
structure splitting of the exciton states enter in the eigenenergies ℏωs.
Using the total Hamiltonian H:

H = HS
0 +HR

0 +HSR
ax +HSR

lat +HS
el-ph, (8.9)

de�ned by the Equations (8.4) to (8.8), the Heisenberg equations of motion (cf. Sec. 2.3)
of the outside �eld modes d†k,x(t) are determined:

∂td
†
k,x(t) = iωkd

†
k,x(t)−

i

ℏ
Ck,xµx(t), (8.10)

where Ck,x denote the coupling constant and µx(t) the source �eld expression in the
direction x = ax, lat.
(i) The source of photons µax(t) emitted in axial direction (x = ax) are the photon
operators of the cavity modes b†m:

µax ≡

m

b†m, Ck,ax ≡ κk,1 ≈ κk,2. (8.11)

(ii) In lateral direction, the source of the photons µlat(t), which are emitted in the lateral
continuum (x = lat), are given by the excitonic dipoles |eσ⟩⟨g| and |f⟩⟨eσ| of the quantum
dot [Car99]:

µlat ≡

σ

(|eσ⟩⟨g|+ |f⟩⟨eσ|), Ck,lat ≡ Ek ·dgeσ ≈ Ek ·deσf . (8.12)

Using a rotating frame µx(t) = µ̃x(t) eiωµx t, the fast oscillation eiωµx t of the source
expression µx(t) is separated from the slowly varying envelope µ̃x(t). To proceed,
Equation (8.10) is formally solved for the slowly varying envelope d̃†k,x(t) of the outside

�eld modes d†k,x(t):

d̃†k,x(t) = d̃†k,x(t0)−
i

ℏ
Ck,x

 t

t0

dt′µ̃x(t
′) ei(ωk−ωµx )(t−t′), (8.13)

with t0 → −∞ assuming d̃†k,x(t0 → −∞) = 0. The source of the emitted photon in either
axial or lateral direction x is represented by µx(t). Since the source quantity µx(t) in
Equation (8.13) enters into the measured intensity Ix(t), it determines the outcome of
Equation (8.2) [Car99, KK11, Lou00].
For the axial emission direction, the correlation function of the axial cavity mode photon
operators b†m enter into the expression of Equation (8.13) of the �eld operators d†k,x via
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Equation (8.11) and thus, into the outside �eld E(−)
x via Equation (8.3).

In contrast, for the lateral emission direction, Equation (8.2) can be expressed using the
source �eld expression µlat de�ned in Equation (8.12), which shows that solely observables
of the quantum dot system determine the results of Equation (8.2).
Inserting Equation (8.13) into Equation (8.3) of the observed �eld, leads to:

E(−)
x (t) = − i

ℏ

k

Ek,xCk,x eiωµx t

 t

t0

dt′µ̃x(t
′) ei(ωk−ωµx )(t−t′). (8.14)

Starting from Equation (8.14), the next step is the evaluation of the time-integral and the
summation over the wave number k of the photon continua. Assuming quasi-continuous
modes k, the sum over k is converted into an integral. Now a Markovian treatment is
applied (cf. Section 2.4), as done in References [Car99, KK11, Lou00] showing that the

outside �eld E(−)
x is directly proportional to the source expression µx(t):

E(−)
x (t) ∝ µx(t). (8.15)

Finally, the observed intensity Ix(t) = E
(−)
x (t)E

(+)
x (t) in Equation (8.2) can be replaced

using Equation (8.15), resulting in the following expression of the unidirectional as well
of the cross directional axial and lateral correlation function

g
(2)
x−x′(τ) =

⟨µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)⟩
⟨µx(t)µ†x(t)⟩⟨µx′(t)µ†x′(t)⟩

, (8.16)

where the photon sources µx and µx′ with x, x′ ∈ {ax, lat} are either given by
the expressions Equation (8.11) or Equation (8.12). The constant prefactors, e.g., the
constant coupling elements Ck,x, are omitted in Equation (8.15), since they do not alter
the Equation (8.16) of the second order correlation function.
In general, the expectation value ⟨A⟩ of an arbitrary operator A is calculated by tracing
over the density operator ρ via ⟨A⟩ = tr(Aρ) as introduced in Section 2.2. To compute
the expectation values in Equation (8.16), a reduced system density operator ϱ is used,
in which the photon reservoir degrees of freedom are traced out, cf. Section 2.2. The
reduced system density operator ϱ describes the quantum dot and the axial cavity modes
via its matrix elements ϱ

n1,n2,s
n′
1,n

′
2,s

′ ≡ ⟨n1, n2, s|ϱ|s′, n′1, n′2⟩ with the quantum dot states
s, s′ ∈ {g, e↑, e↓, f} and the photon numbers nm and n′m of the axial cavity modes m.
The calculations starting from Equation (8.10) and resulting in Equation (8.16) are
formulated in the Heisenberg picture, where the temporal evolution of the system is
described by the operator of the observables. The following calculations are performed
using density operator formalism in the Schrödinger picture. Instead of time-dependent
operators in the Heisenberg picture, the time-dependent density matrix ϱ(t) determines
the time dependence of the expectation value in the Schrödinger picture.
The two-time correlation function given in Equation (8.16) is computed using the
quantum regression theorem [HPS07, TT08]. Here, the main idea is the introduction
of a τ -dependent operator ξx(t+ τ):

ξx(t+ τ) ≡ U(t+ τ, t)

µ†xϱ0(t)µx


, (8.17)

via a Liouville-space propagator U(t + τ, t). As brie�y introduced in Section 2.2 the
propagator U(t+τ, t) is de�ned by the Liouvillian L through ∂t U(t+τ, t) = L U(t+τ, t).
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In turn, the Liouville-von-Neumann equation determines the Liouvillian L. Therefore,
the central objective of the Section 8.3 is the de�nition of a Liouville-von-Neumann
equation, which describes the quantum dot and the axial cavity modes in the environment
of the photon mode continua, and the calculation of corresponding density matrix
equations.
In Equation (8.17), ϱ0(t) denotes the initial value of the system density matrix at
τ = 0 and determines the initial condition ξx(t) of the statistical operator de�ned in
Equation (8.17):

ξx(t) = µ†xϱ0(t)µx. (8.18)

Inserting Equation (8.17) into Equation (8.16), the two-time correlation function results
in:

g
(2)
x−x′(τ) =

trS(µ
†
x′ξx(t+ τ)µx′)

trS(µ
†
xϱ0(t)µx)trS(µ

†
x′ϱ0(t)µx′)

, (8.19)

which can be evaluated for all combinations of both spatial directions x, x′ = ax, lat.
A detailed derivation of Equation (8.19) resulting from Equation (8.16) is given in the
AppendixA.3. The solution of Equation (8.19) requires the calculation of expectation
values trS(µ

†
xXµx) based on di�erent operators X. For a compact notation a

general operator X ∈ {ξax(t + τ), ξlat(t + τ), ϱ0(t)} is introduced with X
n1,n2,s
n′
1,n

′
2,s

′ ≡
⟨n1, n2, s|X|s′, n′1, n′2⟩.
(i) Assuming the axial direction µx = µax =


m b

†
m in trS(µ

†
xXµx) leads to:

trS(µ
†
axXµax) =


n1,n2,s


(n1 + 1) Xn1+1,n2,s

n1+1,n2,s
+
√
n1 + 1

√
n2 + 1 Xn1+1,n2,s

n1,n2+1,s (8.20)

+ (n2 + 1) Xn1,n2+1,s
n1,n2+1,s +

√
n2 + 1

√
n1 + 1 Xn1,n2+1,s

n1+1,n2,s


.

In axial direction, those contributions enter, which include at least one photon creation
and annihilation operator of the axial cavity modes m.
(ii) In contrast, assuming the lateral direction µx = µlat =


σ(|eσ⟩⟨g| + |f⟩⟨eσ|) in

trS(µ
†
xXµx) gives:

trS(µ
†
latXµlat) =


σ,n1,n2


σ′

X
n1,n2,eσ
n1,n2,eσ′ +Xn1,n2,f

n1,n2,f


. (8.21)

Since in lateral direction the emission is directly caused by the quantum dot excitons,
Equation (8.21) is also in�uenced by contributions of the density matrix with zero axial
cavity photon number (in contrast to Equation (8.20)).

The calculation of the second order correlation function g
(2)
x−x′(τ) de�ned by Equa-

tion (8.19) via Equation (8.20) and Equation (8.21) requires knowledge of the temporal
evolution of ξx(t + τ). Using the Liouville-von-Neumann equation, the dynamics is
computed from the system Hamiltonian in the next section.

8.3 Density matrix equations

The quantum dot-cavity system is embedded in a reservoir of photon mode continua
representing an open quantum system as schematically depicted in Figure 8.4. In
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Section 8.2 the di�erent interaction Hamilton operators of the quantum dot-cavity system
and the reservoir of photon mode continua are introduced: The coupling between the
many-particle states of the quantum dot and the axial cavity modes HS is given in
Equation (8.6). The interactions between quantum dot-cavity system and external mode
continua HSR, described by Equation (8.4) and Equation (8.5), cause a decay of the axial
cavity photons and excitonic decoherence.

Both interactions HS and HSR are treated

Figure 8.4 | Sketch of the open quantum
dot-cavity system embedded in a reservoir
of photon mode continua.

di�erently in the following analysis: The sys-
tem interaction is considered by a fully dy-
namical description using Equation (8.6) in the
Louville-von-Neumann equation of the reduced
system density operator ϱ describing the quan-
tum dot-cavity system, see below. Emis-
sion processes into the lateral and the axial
mode continuum are included via a Markovian
treatment of the system-reservoir interaction
between quantum dot-cavity system and the
photon mode reservoir using a Lindblad de-
scription, cf. Section 2.2. The Markovian
treatment of the system-reservoir coupling is
reasonable, since the photon emission process
occurs on a time scale of nanoseconds. In
contrast, the time scale characterizing the re-
laxation of the reservoir into its equilibrium state is typically on the order of picoseconds.
The Liouville-von-Neumann equation together with the dissipative Liouvillian Ld

describes the full system dynamics:

∂

∂t
ϱ = − i

ℏ
[HS, ϱ] + Ldϱ ≡ Lϱ, (8.22)

where the total system Hamiltonian HS = HS,0 + HS,el-ph is de�ned by Equation (8.7)
and Equation (8.6). The steady state solution ∂tϱ0 = Lϱ0 = 0 obtains the initial value
of the density matrix ϱ0 at τ = 0. The total Lindblad dissipator Ld (super-operator) is
given by [GJC15, BP02]:

Ldρ =

i

γi(LiϱL
†
i −

1

2
(ϱL†

iLi + L†
iLiϱ)), (8.23)

where γi denotes the rates of the di�erent Lindblad contributions. In the following all
contributions of the Lindblad dissipator Ld are brie�y listed: The out-coupling of the
axial cavity modes m to the mode continuum in axial direction causes photon losses of
the modes. Photon decay rates γm of the axial cavity mode m are taken into account via
inserting Lm = bm in Equation (8.23). Similarly, radiative decays of the quantum dot
excitons and biexcitons to the lateral photon mode continuum are included using L†

eσg =

|eσ⟩⟨g| and L†
feσ

= |f⟩⟨eσ|. The corresponding decay rates γeσg and γfeσ determine
the exciton and the biexciton life times and are schematically illustrated in Figure 8.1b.
Additionally, a pure dephasing γpure is included via Lpure = (|e⟩⟨e| − |g⟩⟨g|) accounting
pure dephasing mechanisms, e.g., induced by acoustical phonons [BLS+01, KAK02].
In contrast to the coherent excitation of quantum dots using a pump-probe excitation
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scheme as presented in Section 4.2 and applied in the Chapters 5 to 7, quantum dots in a
mircopillar-cavity are often not coherently driven by optical pulses near the quantum dot
resonance. Rather, the in-scattering of carriers into the quantum dot typically occurs in
experiments via electrical or optical pumping of continuum states of the surrounding host
material. Therefore, the population of the quantum dot is modeled within the Lindblad
approach by introducing of an incoherent pumping of the quantum dot excitons via
L†
Peσg

= |g⟩⟨eσ| and of the quantum dot biexitons via L†
Pfeσ

= |eσ⟩⟨f |. The corresponding
pump rates are denoted by Peσg and Pfeσ to better separate them from the decay rates
γ. For the purpose of illustration, the pump rates are depicted in Figure 8.1b.
Inserting Equations (8.7) and (8.6) into Equation (8.23), a set of equations of motion for
the density matrix elements ϱ

n1,n2,s
n′
1,n

′
2,s

′ can be obtained, given in the AppendixA.4. As an

example, the equation of motion of ϱ
n1,n2,eσ
n′
1,n

′
2,eσ′ reads:

∂tϱ
n1,n2,eσ
n′
1,n

′
2,eσ′ =


−
γeσg + γeσ′g

2
−
Pfeσ + Pfeσ′

2


ϱ
n1,n2,eσ
n′
1,n

′
2,eσ′ (8.24)

+ γfeσ ϱ
n1,n2,f
n′
1,n

′
2,f

δσ,σ′ + Peσg ϱ
n1,n2,g
n′
1,n

′
2,g

δσ,σ′

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ϱ
n1,n2,eσ
n′
1,n

′
2,eσ′

+ γm
√
nm + 1


n′m + 1 ϱ

eσ
eσ′(m, 1, 1)

+
i

ℏ
Em ·dgeσ′


n′m + 1 ϱeσg (m, 0, 1)−

i

ℏ
Em ·deσf

√
nm ϱ f

eσ′(m,−1, 0)

− i

ℏ
E∗
m ·deσg

√
nm + 1 ϱ

g
eσ′(m, 1, 0) +

i

ℏ
E∗
m ·dfeσ′


n′m ϱ

eσ
f (m, 0,−1)


,

where the de�nitions ϱ s
s′(1, k, j) ≡ ϱ

n1+k,n2,s
n′
1+j,n′

2,s
′ and ϱ s

s′(2, k, j) ≡ ϱ
n1,n2+k,s
n′
1,n

′
2+j,s′ are introduced

aiming for a compact notation. However, ϱ s
s′(m, k, j) with m ∈ {1, 2} still depends

on the photon numbers n1, n2, n′1 and n′2, given by ϱ
n1,n2,s
n′
1,n

′
2,s

′ on the left hand side of
Equation (8.24).
Radiative decay of the excitons leads to a damping of ϱ

n1,n2,eσ
n′
1,n

′
2,eσ′ through γeσg. Further-

more, ϱ
n1,n2,eσ
n′
1,n

′
2,eσ′ is driven by γfeσ due to radiative decay of the biexciton.

A generation (reduction) of the excitonic densities is induced via the pump rate Peσg

(Pfeσ) into the excitonic (biexcitonic) states. A decay of the photon occupation into
the axial photon continuum is taken into account by the cavity loss γm. Exciton-photon
interactions between axial cavity photons and quantum dot excitons induce both, the
creation of excitons under absorption of axial cavity photons as well as inverse processes.
The resulting set of equations of motion (A.20) to (A.25) is closed regarding the hierarchy
of the excitonic system. To close the hierarchy of the photon modes, the equations
are calculated up to a maximal cavity photon number n with respect to numerical
convergence.∗

Equation (8.24) shows the typical form of an equation of motion resulting from a
treatment via Lindblad terms. The Lindblad formalism is well studied in a variety of
applications and similar equations to Equation (8.24) have been already derived, e.g., in
Reference [TCRK13, CCH+13].
The Lindblad approach allows an investigation of the substantial qualitative behavior
and insight into the underlying physical mechanisms [CCH+13]. However, e.g., non-
Markovian e�ects can not be described via the Lindblad formalism.

∗Here, the relevant order for the used set of parameters is n = 3.
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(i) The initial condition of the statistical operator ξax(t) = µ†axϱ0(t)µax in axial direction
is given by:

ξ
n1,n2,s
n′
1,n

′
2,s

′
ax

(t) =
√
n1 + 1


n′1 + 1ϱ

n1+1,n2,s
n′
1+1,n′

2,s
′

0
+
√
n1 + 1


n′2 + 1ϱ

n1+1,n2,s
n′
1,n

′
2+1,s′

0
(8.25)

+
√
n2 + 1


n′2 + 1ϱ

n1,n2+1,s
n′
1,n

′
2+1,s′

0
+
√
n2 + 1


n′1 + 1ϱ

n1,n2+1,s
n′
1+1,n′

2,s
′

0
.

(ii) The initial conditions of the statistical operator ξlat(t) = µ†latϱ0(t)µlat in lateral
direction read:

ξ
n1,n2,g
n′
1,n

′
2,g

lat
(t) =


σ,σ′

ϱ
n1,n2,eσ
n′
1,n

′
2,eσ′
0

, ξ
n1,n2,eσ
n′
1,n

′
2,g

lat
(t) =


σ′

ϱ
n1,n2,f
n′
1,n

′
2,eσ′
0

, ξ
n1,n2,e
n′
1,n

′
2,eσ′
lat

(t) = ϱ
n1,n2,f
n′
1,n

′
2,f

0
,

ξ
n1,n2,f
n′
1,n

′
2,f

lat
(t) = ξ

n1,n2,f
n′
1,n

′
2,eσ

lat
(t) = ξ

n1,n2,f
n′
1,n

′
2,g

lat
(t) = 0. (8.26)

8.4 Numerical results

For the calculation of the ξx(t+τ)-dynamics the complete set of equations of motion given
in the AppendixA.4 by Equation (A.20) to (A.25) is numerically solved. To obtain the
initial value of the density operator ϱ0 at τ = 0, the steady state solution ∂tϱ0 = Lϱ0 = 0
is calculated.
For the numerical evaluation, a self-organized InAs/GaAs quantum dot is used as a model
system. However, also other systems such as GaN quantum dots provide possible model
systems. Before material parameters, such as radiative decays, cavity losses and pure
dephasing are discussed, the energy of the quantum dot many-particle states is chosen
with respect to typical InAs/GaAs quantum dots. The quantum dot ground state energy
ℏωg is set to zero. In general, the energy of the bright exciton states ℏωeσ slightly depends
on the spin con�guration σ due to the �ne-structure splitting caused by the spin-orbit
coupling. Since the �ne-structure splitting is typically in the order of µeV and thus weak
in comparison to the homogeneous line width of a fewmeV [SSR+05], it is neglected in the
further analysis assuming ℏωe↑ = ℏωe↓ ≡ ℏωe. Typically, the energy of the single exciton
in InAs/GaAs quantum dots has a value around ℏωe = 1.3 eV [RHS+03, HGV+99]. The
energy of the biexciton ℏωf = 2ℏωe+EB depends on the biexciton binding energy, which
is set to a typical value of EB = 5 meV [RHS+03, SME+06, UBM+05] in the following
calculations.
For the radiative decays it is in the following assumed that γeσg has roughly the same
value as γfeσ , both set to γrad = 0.003 ps−1 [RGTK15]. Then, the exciton lifetime is
determined by γrad and the biexciton lifetime by 2γrad. The cavity losses are determined
by the photon lifetime γm = 0.2 ps−1 [PGR+07] of photons in the cavity mode m.
The pure dephasing generally contains contributions representing the zero phonon line
(phonon life time contributions are typically in the order of µeV) as well as the phonon
sidebands due to phonon scattering processes (typically in the order of a few meV)
[BLS+01]. In the following, ℏγpure = 0.33 meV (γ−1

pure = 2 ps) is used as an e�ective pure
dephasing caused by the interaction with phonons [BLS+01, MKKM+13].
The pumping rates as well as the strength of the exciton-phonon couplings are varied in
the next subsections.
The discussion of the numerical results in the following subsections is organized as follows:
In Section 8.4.1 the conditions are discussed, under which the biexciton cascade generates
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bunching. To understand the fundamentals of the emission processes in both spatial
directions, unidirectional axial-axial and lateral-lateral second order correlation functions
g
(2)
ax-ax(τ) and g

(2)
lat-lat(τ) are studied in Section 8.4.2. Subsequently, axial and lateral cross-

directional correlation functions g(2)lat-ax(τ) and g
(2)
ax-lat(τ) are investigated in Section 8.4.3.

In particular, a heralded single photon source (HSPS) is proposed based on the results of

g
(2)
ax-lat(τ). Superpositions of photons emitted in lateral and axial direction are discussed in
Section 8.4.4, to simulate real conditions in experiments such as the in�uence of scattered
light or the presence of non-ideal detector angles.

8.4.1 General discussion: biexciton cascade

Before the emission statistics are separately discussed for g(2)ax-ax(τ), g
(2)
lat-lat(τ), g

(2)
ax-lat(τ)

and g(2)lat-ax(τ), e�ects are considered occurring independently from the spatial direction.
Utilizing the biexciton cascade decay in semiconductor quantum dots, two photons can
be generated simultaneously, which provides bunching with g(2)(τ = 0) > 1. As an

example, the axial-axial second order correlation function g(2)ax-ax(τ = 0) shows bunching,
assuming a constant exciton-photon coupling of Mm

e↑g
=Mm

e↓g
=Mm

fe↑
=Mm

fe↓
= 50 µeV

Figure 8.5 | Axial-axial second order correlation function g
(2)
ax-ax(τ) illustrating the bunching

originating from the biexciton cascade and its suppression: Assuming a constant exciton-
photon coupling of Mm

e↑g
= Mm

e↓g
= Mm

fe↑
= Mm

fe↓
= 50 µeV and a pumping rate of

Pe↑g = Pe↓g = Pfe↑ = Pfe↓ = 10−4 /ps the correlation functions shows bunching. If spin
selective pumping is assumed with Pe↑g = 10−4 /ps and Pe↓g = Pfe↑ = Pfe↓ = 10−7 /ps,

the biexciton state is almost completely unoccupied and g
(2)
ax-ax(τ) shows anti-bunching. Also

spin-dependent exciton-photon coupling constants such as Mm
e↓g

= 0.5 µeV can prevent the
bunching e�ect. The inset illustrates a scheme of the biexciton cascade.

89



Numerical results Chapter 8. Cavity and direct photon emission

and a pumping rate of Pe↑g = Pe↓g = Pfe↑ = Pfe↓ = 10−4 /ps (in addition to the
parameters discussed in the last section), cf. Figure 8.5 blue solid curve. The biexciton
cascade, which is schematically illustrated in the inset of Figure 8.5, can be suppressed
due to several reasons:
Obviously, with decreasing occupation of the biexciton state also the bunching e�ect
disappears. Therefore, if spin selective pumping is assumed with Pe↑g = 10−4 /ps and
Pe↓g = Pfe↑ = Pfe↓ = 10−7 /ps, the biexciton state is almost completely unoccupied and

g
(2)
ax-ax(τ) shows anti-bunching as depicted in Figure 8.5 as green dashed-dotted curve.
However, even if the biexciton is occupied, spin-dependent exciton-photon coupling
constants can prevent the bunching. The second order correlation function g

(2)
ax-ax(τ),

depicted in Figure 8.5 as purple dashed curve, shows anti-bunching at τ = 0, since
the weak exciton-photon coupling Mm

e↓g
= 0.5 µeV of the e↓-state makes the biexciton

emission very unlikely.
The axial-axial second order correlation function g

(2)
ax-ax(τ) represents the conventional

observable considered to study the emission statistics of quantum dot-micropillar cavities.
The e�ects illustrated in Figure 8.5 are well known from literature [RGGJ10, BUM+04]

and are demonstrated here on the example of g(2)ax-ax(τ) to better compare it with the

results known from literature. However, the qualitative behavior of g(2)lat-lat(τ) for the
emission in lateral direction is similar. In the further analysis, it is assumed that the
both spin con�gurations (polarizations) of the excitons couple equally to both axial
cavity modes m = 1, 2. Accordingly, all electron-photon coupling elements entering
in the equation of motion such as Mm

geσ and Mm
eσf

, are approximately set to an
identical value M . Furthermore, the pump rates are equally set to a constant value
of Peσg = Pfeσ ≡ P = 10−4 /ps for all transitions of the four-level system.

8.4.2 Unidirectional axial and lateral correlation

8.4.2.1 Axial-axial correlation

To gain �rst insights, in this section the emission process in axial direction is investigated.
In Figure 8.6a the unidirectional second order correlation in axial direction g(2)ax-ax(τ) is
plotted for varying exciton-photon coupling strengthsM = Em ·dgeσ = Em ·deσf between
M = 10 µeV and M = 50 µeV [PGR+07, MHH+15, KRM+10, GRK+10]. A variation
of the exciton-photon coupling strength causes a change of the qualitative behavior of
the correlation function: A coupling constant of M = 10 µeV results in an axial-axial
correlation function smaller than one, particularly reaching values near zero at τ = 0, cf.
Figure 8.6a. This anti-bunching behavior means that the probability for an emission of
a single photon, particularly at τ = 0, is much higher than the emission of two photons.
For increasing delay times the emission of a second photon becomes more likely and the
second order correlation reaches for high delay times τ → ∞ the limit of one. Increasing
the exciton-photon coupling strength drastically alters the photon statistics. Speci�cally,
the pronounced anti-bunching decreases and a bunching e�ect occurs as depicted in
Figure 8.6a. In particular for M = 50 µeV, the second order correlation function reaches
values larger than one at τ = 0, indicating that the simultaneous emission of multiple
photons is more probable than the emission of a single photon. Additionally to the
change in the qualitative behavior of the photon statistics, the results of the axial-
axial correlation depicted in Figure 8.6a show a decreasing correlation time for increasing
interaction strength M . The correlation time is de�ned by the characteristic time, in
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which g(2)(τ) is decayed to the coherent limit of g(2) = 1, and corresponds to the time
scale of the exciton-photon coupling M .
The dependence of g(2)ax-ax(τ) on the exciton-photon coupling strengthM has been already
discussed in literature, e.g., [CCH+13] for GaN quantum dots. The observed behavior
can be explained by understanding the photon emission process in axial direction:
As shown in Equation (8.11) the axial cavity modes are the source of the emission
intensity. For the photon emission the excitation energy is transferred through the modes
of the axial cavity photons. Due to this, the e�ciency of the axial emission is signi�cantly
in�uenced by resonance conditions between the discrete energies of the axial cavity
modes, the biexciton-exciton and the exciton-ground state transition. The quantities,
which play the central role in the resonance conditions, are the pure dephasing γpure
in�uencing the homogenous line width, the binding energy of the biexciton EB and the
exciton-photon couplingM because of the optical Stark e�ect [UML+04, MFLS09], which
result in the vacuum Rabi-splitting ∆ER = 2


(M2 − ℏ(γm − γrad)2/16) [PGR+07].

How these parameters interplay, determines if the system is in a resonant (bunching) or a
non-resonant (anti-bunching) regime. The transition between non-resonant and resonant
regime is demonstrated in Figure 8.6 for varying exciton-photon coupling strength M , a
constant pure dephasing γpure = 0.33 meV and biexcitonic binding energy EB = 5 meV.
In principle, the presented results do not depend on the speci�c values of the biexcitonic
binding energy and the pure dephasing. The characteristic value of the exciton-photon
coupling strength M , at which the transition between non-resonant (anti-bunching) and
resonant (bunching) occurs, changes only quantitatively with varying values of γpure and
EB. Particularly, the axial cavity modes are in resonance with the biexciton-exciton
and the exciton-ground state transition for a high exciton-photon coupling constant M
and increasing pure dephasing γpure compared to the biexcitonic binding energy EB.

The results of g(2)ax-ax(τ) in Figure 8.6a exhibit that with increasing M bunching occurs
arising from the decay of the quantum dot biexciton cascade. Note, bunching e�ects can

Figure 8.6 | Unidirectional second order correlation functions for varying exciton-photon

coupling strengths M = 10 µeV − 50 µeV: (a) In g
(2)
ax-ax(τ) the pronounced anti-bunching

decreases and a bunching e�ect occurs with increasing the exciton-photon coupling strength

M . (b) g
(2)
lat-lat(τ) shows bunching for all coupling constants. The higher the exciton-

photon coupling strength M the more pronounced is the bunching strength. Inset: Direct
comparison of both unidirectional second order correlation functions for a electron-photon

coupling strength of 10 µeV: g
(2)
ax-ax(τ) shows anti-bunching and g

(2)
lat-lat(τ) bunching.
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also be reached via high a pumping strengths of the biexciton state. At low exciton-
photon couplings (or as well as low pure dephasings) relative to the binding energy of
the biexciton, the resonance condition is no longer ful�lled. The mismatch between the
biexcton-exciton state and the axial cavity modes of the emitted light �eld reduces the
spectral overlap. Therefore, in comparison to the resonant regime, the biexciton cascade
is suppressed [CCH+13, UBM+05] and the probability for the emission of a single photon
is higher than the simultaneous emission of two photons. Accordingly, the second order
correlation shows anti-bunching instead of bunching behavior.

8.4.2.2 Lateral-lateral correlation

The unidirectional second order correlation function g(2)lat-lat(τ) in lateral direction shows
bunching for all coupling constants betweenM = 10 µeV andM = 50 µeV as depicted in
Figure 8.6b. The bunching occurs, since in lateral direction a broad continuum of lateral
photon modes exists, in contrast to the discrete photon modes in axial direction. Thus,
various modes are o�ered for the photon emission in lateral direction. Following from
this, the photon emission is not sensitive to the energy of the quantum dot transition,
providing an e�ective contribution of both, excitonic and biexcitonic transitions. Hence,
bunching originates from the biexciton cascade as long as the biexciton state is populated,
otherwise anti-bunching occurs. Note, the two photon emission arising from the biexciton
cascade decay can be suppressed due to spin-selective pumping rates of exciton-photon
coupling constants, preferring one speci�c spin con�guration of the exciton while retaining
the opposite spin con�guration, see Section 8.4.1.
The strength of the bunching depends on the relative value of the exciton-photon
coupling M between the quantum dot excitons and the axial cavity photons, compared
to other system parameters such as the pure dephasing and the biexciton binding energy.
Figure 8.6b shows that the strength of the bunching, determined by the value of g(2)lat-lat(0),
signi�cantly increases withM , which can be explained as follows: The emission in lateral
direction directly originates from the excitons of the quantum dot, cf. Equation (8.12).
The stronger the exciton-photon coupling M the faster is the transformation of photons
of the axial cavity modes into excitons of the quantum dot and vice versa. The axial
cavity modes represent a photon storage generating quantum dot excitons and thus, an
emission in lateral direction.

8.4.2.3 Summary for the unidirectional photon statistics

As shown in Section 8.4.2.1, the emission in axial direction is strongly in�uenced by the
speci�c energies and the detuning, since the photons are emitted through the axial cavity
modes. The emission in lateral direction is, in contrast to the photon emission in axial
direction, not a�ected by energy shifts, since the out-coupling of photons directly occurs
to the lateral photon mode continuum. Therefore, systems, in particular featuring a
non-vanishing biexcitonic binding energy (here: EB = 5 meV), a moderate exciton-
photon coupling (here: M = 10 µeV) and pure dephasing (here: γpure = 0.33 meV),
indicate quite distinct photons statistics in axial and lateral direction. More precisely,
the second order correlation function shows an anti-bunching behavior in axial direction
and a bunching behavior in lateral direction, depicted in the inset of Figure 8.6. A
switching of the photon statistics between two- and one-photon processes is made possible
by observing the photon correlation in the di�erent spatial directions. This o�ers the
possibility to create a single device, which acts as a two-photon source in the weak
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coupling direction (lateral) and as a single photon source in the strong coupling direction
(axial).

8.4.3 Axial and lateral cross correlations

Beside photon-photon correlation functions such as g(2)ax-ax(τ) and g
(2)
lat-lat(τ), which only

involve photons emitted in a single spatial direction as investigated in the last section,
also cross correlation function such as g(2)lat-ax(τ) and g

(2)
ax-lat(τ), which are spatially mixed,

can be studied. The correlation function g
(2)
ax-lat(τ) (g(2)lat-ax(τ)) describes the emission

of a �rst photon in axial (lateral) direction at the time τ = 0 and a second photon
in lateral (axial) direction, while τ characterizes the time delay between both photon

emission processes. For a vanishing delay time τ = 0, both correlations g(2)lat-ax(0) and

Figure 8.7 | Spatially mixed cross correlation

functions g
(2)
lat-ax(τ) and g

(2)
ax-lat(τ) for a system fea-

turing an exciton-photon coupling strength of M =

10 µeV: The correlation function g
(2)
ax-lat(τ) indicates

anti-bunching. Whereas, the correlations g
(2)
lat-ax(τ)

reaches a maximum at τmax with g
(2)
lat-ax(τmax) = 2.7

and the temporal width ∆τ = 0.14 ns.

g
(2)
ax-lat(0) describe the simultaneous emission of one photon in axial and one photon in

lateral direction. Accordingly, their initial values g(2)ax-lat(0) = g
(2)
lat-ax(0) are identical, see

Figure 8.7. However, the correlations g(2)ax-lat(τ) and g
(2)
lat-ax(τ) indicate a quite distinct

behavior for non-vanishing delay time τ ̸= 0. This is clearly shown in Figure 8.7, in
which both correlation functions (g(2)lat-ax(τ) and g

(2)
ax-lat(τ)) are depicted for a system

with an exciton-photon coupling strength of M = 10 µeV: The lateral-axial correlation
function g(2)lat-ax(τ) shows a maximum at the delay time τmax.
This means that the photon emission in lateral direction is most

Figure 8.8 | Scheme
to illustrate the de-
layed emission in axial
direction.

probable at τmax, under the condition of a previous photon
emission in axial direction at τ = 0. For the example plotted
in Figure 8.7, the correlation g

(2)
lat-ax(τ) reaches a maximal value

of g(2)lat-ax(τmax) = 2.7 at τmax = 21.5 ps. To characterize
the temporal width of the maximum, ∆τ is de�ned as the
characteristic time range, in which g(2)lat-ax(τ) is decayed to half the

di�erence of its maximal value g(2)lat-ax(τmax) to the uncorrelated
value with g(2) = 1. Thus, ∆τ represents a measure of the time
interval (time bin) between the �rst emitted photon in lateral
direction and the following emission of the axial photon. Sources
of time-bin entangled photon pairs are characterized by the
property, that the photon pairs are generated at two well-de�ned times [SP05, MdRT+04].

Therefore, the emission of correlated photons as indicated by g(2)lat-ax(τ) could be used as
light source for the preparation of time-bin entangled photon pairs.
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In contrast to the lateral-axial correlation g(2)lat-ax(τ), the axial-lateral correlation function

g
(2)
ax-lat(τ) has values smaller than one for all delay times τ , shown in Figure 8.7. This
means, that the probability of detecting an emission of a photon in lateral direction after
an emission in axial direction is low.
The behavior of the spatially mixed cross correlation functions g(2)ax-lat(τ) and g

(2)
lat-ax(τ) can

be understood following the explanations presented in Section 8.4.2 for the unidirectional
correlation function: To conclude, for a generation of an axial photon the energy of
a quantum dot exciton is transformed into a cavity photon. The lateral photon is
directly driven by the quantum dot excitons. For an emission in axial direction the
quantum dot excitons need to be transferred into photons of the axial cavity modes.
This transformation process needs a �nite time leading to a delayed emission in axial
direction in comparison to the emission in lateral direction, which directly occurs from
the quantum dot. The scheme in Figure 8.8 illustrates this delayed axial emission. As
a result, g(2)lat-ax(τ) (�rst lateral and second axial) shows a maximum while g(2)ax-lat(τ)
(�rst axial and second lateral) results in anti-bunching as shown in Figure 8.7. The
out-coupling e�ciency in both spatial direction is signi�cantly in�uenced by the photon
lifetime γm and the radiative decay γrad.∗

The characteristic behavior of g(2)lat-ax(τ) indicating a photon pair emission provides the
basis to create a time-bin heralded single photon source, which is the subject of the next
section.

8.4.3.1 Application: Heralded Single Photon Source

In Figure 8.9 a proposal for a heralded single photon source is schematically illustrated,
which is based on a quantum dot-micropillar cavity system: The observation of a
photon emitted in the lateral direction heralds a second photon, which is emitted in
axial direction after a delay time τmax. The delay time τmax is determined by the
temporal position of the maximal value g

(2)
lat-ax(τmax) of the lateral-axial correlation

function. The axial emitted photon represents the �nal photon of the heralded single
photon source. Thus, both photons are generated at two well de�ned times as required
for a heralded single photon source [SP05, MdRT+04]. For an increase of the exciton-
photon coupling strengthM , the characteristic quantities, which describes the correlation
g
(2)
lat-ax(τ) between the lateral and the axial emitted photons, vary as plotted in Figure 8.9b:

The strength of the maximum g
(2)
lat-ax(τmax), depicted as dashed line in Figure 8.9b,

signi�cantly increases with the coupling M . Thus, the probability increases that a
lateral emitted photon at time τ = 0 is followed by an emission of the heralded
photon in axial direction at the time τmax. The corresponding delay time τmax to
the maximum g

(2)
lat-ax(τmax) is plotted dashed-dotted and the temporal width ∆τ of

the correlation g
(2)
lat-ax(τ) as solid line in Figure 8.9b. Both, τmax and ∆τ , decrease for

increasing coupling strength M determining the time interval, in which the emission of
the heralded photon occurs. This allows the conclusion that the quality of the heralded
single photon source increases for higher exciton-photon couplings, due to the increase of
the probability of detecting an heralded photon in axial direction and since the accuracy
of the determination of the emission time rises.
However, it remains to further investigate the proposed setup, to decide if it is applicable
as a heralded single photon source, since g(2)lat-ax(τ) does not indicate, whether the axial

∗Changing these parameters leads to a switching of the behavior for axial and lateral direction.
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Figure 8.9 | (a) Scheme of the proposed heralded single photon source (b) Characteristic

quantities describing the correlation g
(2)
lat-ax(τ) between lateral and the axial emitted photons:

The strength of the maximum g
(2)
lat-ax(τmax), depicted as dashed line, signi�cantly increases

with the coupling M . The corresponding delay time τmax plotted dashed-dotted and the

temporal width ∆τ of the correlation g
(2)
lat-ax(τ) as solid line decrease with M .

(�nal) photons are emitted as bunched or as single photons (presumed for a heralded
single photon source). Typically, the quality of a heralded single photon source is
experimentally veri�ed by measuring the strength of the anti-bunching of the �nal photon.
Theoretically, an estimation of the capability of the proposal is accomplished by the third
order correlation function g(3)lat-ax-ax(τ

′):

g
(3)
lat-ax-ax(τ

′) =
⟨: Ilat(t)Iax(t+ τmax)Iax(t+ τmax + τ ′) :⟩

⟨: Ilat(t)Iax(t+ τmax) :⟩⟨Iax(t)⟩
. (8.27)

The analysis of g(3)lat-ax-ax(τ
′) o�ers the possibility to get information about the correlation

between an lateral photon emitted at the time t (τ = 0) and two axial photons emitted at
the time t+τmax and t+τmax+τ

′, cf. Figure 8.10b. Accordingly, τ ′ is the time di�erence
between the two photons emitted in axial direction. Following from this, g(3)lat-ax-ax(τ

′)
shows, whether the axial photons occur as bunched or single photons. The third order
correlation function de�ned in Equation (8.27) is analogously calculated to the second
order correlation function given in Equation (8.2). The result is plotted in Figure 8.10,
assuming an exciton-photon coupling strength of M = 30 µeV. For all delay times τ ′,
the third order correlation function has values smaller one, i.e., g(3)lat-ax-ax(τ

′) ≤ 1 verifying
the single photon character of the heralded photons. Especially, during the time interval
up to the correlation time τ ′c, which is de�ned by the condition g(3)lat-ax-ax(τ

′
c) = 0.5, the

subsequent emission of a second axial photon is very unlikely. For the example given in
Figure 8.10, the correlation time is τ ′c = 27 ps. Up to this time the heralded photons
in axial direction occur as single photons. An increase of the exciton-photon coupling
strengthM results in a decrease of τ ′c (similar to τmax and∆τ of g(2)lat-ax(τ)).

∗ Summarizing

∗Note, for an experimental realization of the proposed setup, the detectors must be suitable to resolve
the time scale of τ ′c.
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Figure 8.10 | (a) Sketch of the investigated emission process relevant for g
(3)
lat-ax-ax(τ

′) and
the corresponding emission times: 1. lateral photon emitted at the time t (τ = 0), 2. and
3. two axial photons emitted at the time t + τmax and t + τmax + τ ′. The time di�erence
between the two photons emitted in axial direction is τ ′. (b) Third order correlation function

g
(3)
lat-ax-ax(τ

′) verifying the single photon character of the heralded photons emitted in axial
direction. Especially, during the time interval up to the correlation time τ ′c = 27 ps, which is

de�ned by the condition g
(3)
lat-ax-ax(τ

′
c) = 0.5, the subsequent emission of a second axial photon

is very unlikely.

up, for the used realistic parameters a heralded single photon source can be realized based
on the presented emission scheme including cavity assisted and direct photon emission.

8.4.4 Superposition of axial and lateral correlation function

In experimental measurements of second order correlation functions such as g(2)ax-ax(τ) and

g
(2)
lat-lat(τ) it is a demanding task to only detect the emission of a single and well de�ned
spatial direction, due to the scattered light, which may additionally arrive from the other
direction at the detector. Therefore, a superposition of photons emitted in the axial as
well as lateral direction is generally observed in experiments. A pure detection of one
emission direction requires a carefully preparation of the experimental setup, eliminating
the scattered light by, e.g., using apertures.
However, additionally to the unintentional mixing at the detector, due to the scattering
of axial and lateral emitted photons, a controlled superposition can be achieved by an
adjustment of the detector angle δ as visualized in Figure 8.11. To describe these cases, a
superposition of axial and lateral emitted photon source expressions µmix = αµlat+βµax
must be considered in Equation (8.16) instead of the pure axial and lateral contributions
µax and µlat. Inserting µmix into Equation (8.16) of the second order correlation function,

g
(2)
mix-mix(τ) contains expectation values of the following form:

trS(µ
†
mixXµmix) =|α|2 trS(µ

†
latXµlat) + |β|2 trS(µ

†
axXµax) (8.28)

+ αβ∗ trS(µ
†
axXµlat) + α∗β trS(µ

†
latXµax),
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Figure 8.11 | Superposition of photons emitted in the axial as well as lateral direction
observed in correlation measurements: (a) A controlled superposition can be achieved by

an adjustment of the detector angle δ. (b) g
(2)
mix-mix(τ) for di�erent coe�cients α and β

for an exciton-photon coupling strength of 10 µeV. Varying the coe�cients α and β, all
superpositions between axial and lateral direction can be generated, while α = 1 and β = 0
(α = 0 and β = 1) consistently gives the unidirectional lateral-lateral (axial-axial) correlation
function.

where in comparison to the pure expectation values given in Equation (8.20) and
Equation (8.21), additional terms enter. Beside the pure contributions trS(µ

†
axXµax)

and trS(µ
†
latXµlat) given by Equation (8.20) and (8.21), axial-lateral mixed contributions

such as trS(µ
†
axXµlat) and trS(µ

†
latXµax) a�ect the correlation trS(µ

†
mixXµmix), which are

determined by:

⟨n1, n2, g|µ†axXµlat|s, n′1, n′2⟩ =

σ


n′1 + 1X

n1,n2,eσ
n′
1+1,n′

2,s
+

n′2 + 1X

n1,n2,eσ
n′
1,n

′
2+1,s


, (8.29)

⟨n1, n2, eσ|µ†axXµlat|s, n′1, n′2⟩ =

n′1 + 1X

n1,n2,f
n′
1+1,n′

2,s
+

n′2 + 1X

n1,n2,f
n′
1,n

′
2+1,s, (8.30)

⟨n1, n2, f |µ†axXµlat|s, n′1, n′2⟩ =0. (8.31)

In the derivation of the correlation function g
(2)
x−x′(τ) the constant prefactors of the

expectation values trS(µ
†
xXµx′) are irrelevant for the results of g(2)x−x′(τ) and, therefore,

they are neglected in its calculation. Completely di�erent is the case for g(2)mix-mix(τ),
in which the constant prefactors α and β in Equation (8.28) play a signi�cant role for
determining interference e�ects between both directions (axial and lateral). For this
reason, they are not omitted in the following analysis.
Varying the coe�cients α and β, all superpositions between the axial and lateral direction
can be expressed, while α = 1 and β = 0 (α = 0 and β = 1) consistently gives
the unidirectional lateral-lateral (axial-axial) correlation function. Mixed correlation

functions g(2)mix-mix(τ) are plotted in Figure 8.11 for the same parameter set used in the
inset of Figure 8.6 and di�erent con�gurations of α and β. With increasing α and
decreasing β the mixed correlation function g(2)mix-mix(τ) shows a transition from g

(2)
ax-ax(τ)

to g(2)lat-lat(τ). For low delay times τ the correlation g
(2)
mix-mix(τ) with α ̸= 0 and β ̸= 0
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quickly increases followed by an approximation to the coherent limit on a shorter time
scale. In agreement to g(2)ax-lat(τ) plotted in Figure 8.7, also the mixed correlation function

g
(2)
mix-mix(τ) forms a maximum for increasing α.

The pure axial-axial correlation g
(2)
ax-ax(τ) shows anti-bunching. However, for a lateral

coe�cient α = 0.1, accounting for in�uences of scattering, and an axial contribution
of β = 0.9, the anti-bunching disappears. This means that already small contributions
of scattered photons are su�cient to change the photon statistics, e.g., to prevent the
anti-bunching. This has to be taken into account for preparing the experimental setup
and for developing new devices. If the detection of the photon emission in only one exact
direction with a de�ned detector angle is desirable, the elimination of the scattered light
must be ensured. Otherwise, almost any behavior of the correlation function in between
the pure axial and lateral direction could be observed.

8.5 Conclusion

A theoretical analysis of photon-photon correlation functions was presented to treat the
emission process in two non-equivalent spatial directions (axial and lateral) exhibiting
di�erent light-matter couplings. Unidirectional as well as cross directional correlation
functions were studied. A single quantum dot-micropillar device was proposed acting as
quantum light source with a single photon emission in one spatial direction (axial) and a
two photon emission in another direction (lateral). The corresponding photon statistics
in both directions are veri�ed by the unidirectional second order correlation functions
g
(2)
ax-ax(τ) and g

(2)
lat-lat(τ). Based on the results of the spatially crossed correlation function

g
(2)
lat-ax(τ), which indicates the emission of two photons during a de�ned time interval,
a construction of a heralded single photon source was proposed. The concept of this
heralded single photon source was illustrated on the example of a quantum dot embedded
in a micropillar cavity. However, a much more general statement can be made: all
systems providing both, strongly and weakly coupled photon modes, may be suitable to
construct the proposed light sources, in particular a heralded single photon source. These
prerequisites can also be met, e.g., by quantum dots in photonic crystals [PvDAS+04] or
by emitters embedded inside metamaterials [NCJ13].
Finally, superpositions of axial and lateral correlation functions were investigated to
brie�y discuss the mixing of axial an lateral emitted photons, e.g., caused by the
scattering of light or an adjustment of the detector angles.

8.6 Outlook: Unconventional biexciton cascade

As discussed in Section 8.4.1, the conventional biexciton (BXcon) radiatively decays into
a bright exciton (Xbright) state, which subsequently decays into the ground state of the
quantum dot. This cascade BXcon → Xbright → empty represents the conventional
biexciton cascade decay. Recent results presented in Reference [HCS+14] indicate the
existence of unconventional biexciton states in GaN/AlN quantum dots. In general,
the biexciton consists of two electrons and two holes. For the conventional biexciton
both electron-hole pairs have a paired spin, resulting in a total biexciton spin of s = 0.
The quantum dots studied in Reference [HCS+14] show strong con�ned electrons but
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Figure 8.12 | Unconventional biexciton cascade decay via dark exciton states including
phonon mediated spin �ip processes: (a) Quantum dot level scheme including beside
the conventional biexciton state BXcon and bright exciton states Xbright additional hybrid
biexciton BXhybrid and dark exciton states Xdark. (b) Second order correlation function
g(2)(τ) including a spin �ip rate γeσ ,eσ′ = 0.007 ps−1 to investigate the decay of the biexciton
cascade via dark excitons.

weakly con�ned holes∗ allowing the formation of so-called hybrid-biexcitons. These
unconventional complexes have a total spin of s = ±3, since they consist of two
electrons with anti-parallel spins and two holes with parallel spins. In particular, the
results presented in Reference [HCS+14] show that the unconventional hybrid-biexcitons
exhibiting parallel hole spins are energetically more favorable than the conventional
biexcitons with anti-parallel spins.
The existence of the hybrid-biexcitons opens a way to study new decay channels of
the biexciton cascade, cf. Figure 8.12a. Temperature-dependent photo luminescence
spectra and second order correlation measurements [HCS+14] indicate a phonon assisted
cascade via dark† exciton states. More precisely, the hybrid-biexciton decays into a
dark exciton, which is transformed into a bright exciton via a phonon-mediated spin �ip
process: BXhybrid → Xdark → Xbright → empty.
To investigate these unconventional decay channels using the equations derived in this
chapter, the additional quantum dot states can be easily implemented. Then, instead of
one biexciton state, the quantum dot has three biexciton states and beside the two bright
excitons, two dark excitons are added, cf. Figure 8.12a. For �rst insights, the spin �ip
processes are included via an additional Lindblad contribution such as Leσ ,eσ′ = |eσ⟩⟨eσ′ |
with the spin �ip rate γeσ ,eσ′ between the bright and the dark exciton states.‡ In
Figure 8.12b the calculated second order correlation function§ g(2)(τ) for a GaN/AlN
quantum dot is shown with a spin �ip rate γeσ ,eσ′ = 0.007 ps−1 between the bright and
the dark exciton states.
A microscopic analysis of the temperature dependent spin �ip processes via interactions

∗The large e�ective mass of the holes reduce the e�ective Bohr-radius, preventing the formation of
orbitals for the holes.

†Dark excitons with parallel spins do not couple to the light �eld.
‡In general, also spin �ip processes between the unconventional and conventional biexciton states can
occur.

§In the context of this chapter it is the axial-axial second order correlation function g
(2)
ax-ax(τ).
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with phonons beyond simple spin �ip rates would provide deeper insight into this
interesting quasi-particles and their in�uence on the biexciton cascade.
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9
Hybrid density matrix approach for

many-body systems

A variety of many body systems exists, which consist of a subsystem with localized,
discrete states and a subsystem with quasi continuous states as depicted in Figure 9.1.
One important example is given by semiconductor quantum dots coupled to the
embedding bulk, quantum well or wetting layer carrier reservoir.
Beside self-organized quantum dots, other sys-

Figure 9.1 | Scheme of a hybrid
system, consisting of a subsystem with
localized, discrete states coupled to
a subsystem with quasi continuous
states.

tems such as impurities in a bulk or other lower
dimensional structures such as quantum wells
[HKO+11, DFM10, KSB09] and wires [CHM92],
or molecule systems [KSC+05, VKR+14, DMK13,
PZMM15, WRK+08] form such a hybrid system.
In all these examples a �nite number of discrete,
localized states is interacting with a continuum of
delocalized states as schematically illustrated in
Figure 9.1.
The subsystems are often coupled via Coulomb
interaction. For instance, Coulomb interactions
between bound carriers of a quantum dot and carriers of the surrounding host material
are discussed in Chapter 6. However, also other coupling mechanisms are possible such as
electron-phonon interactions as studied in the References [SDW+11, DWE+12, RKGA14].
In the Chapters 4 to 7, an optical pump-probe excitation scheme is used, where the
quantum dot is coherently driven by optical pulses near the quantum dot resonance.
In these cases, only a small number of interacting electron and hole carriers in both
subsystems needs to be considered. However, in a variety of applications the quantum
dot device is incoherently driven via pumping of the surrounding continuum exciting
many carriers. In the case of electrical pumping, Coulomb interactions and electron-
phonon interactions induce scattering processes between the two subsystems.
In this chapter, a factorization scheme is constructed to describe the coupling and
scattering dynamics between the subsystems of the hybrid many-body system, especially
of electrically pumped quantum dot devices [KR15]. To illustrate the concept of the
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theoretical scheme, the example of a quantum dot embedded in a carrier reservoir is
chosen, due to the fundamental role of such quantum dot systems in various applications,
such as single photon emitters [MVA12, BSL+09], conventional laser diodes, microcavity
lasers [UAR+11, AUR+09] or e�cient non-classical light sources [FFE+08].
In semiconductor quantum dot devices, the in-scattering of carriers into the quantum
dot (such as electrons and holes) typically occurs from delocalized continuum states
of a carrier reservoir as schematically illustrated in Figure 9.2a. Therefore, carrier
scattering processes into discrete quantum dot states are relevant in a variety of
applications such as intermediate band solar cells [MAS+06], infrared emitters [WRL+09]
and photodetectors [BLNK10, KBL04]. They have been investigated extensively by
experiments [HMK13, KMH12, LKM+10, KSG+09], for instance, via two-color pump-
probe spectroscopy [HMK13, KMH12] (cf. Section 4.2) as well as in theoretical studies
[RGGJ10, SGFJ12, SKG+13, LFW14, FGJ+13, NGJ04].
Both systems (in our example carrier reservoir and localized, discrete quantum dot states)
constitute many-body systems of di�erent types and must be described by di�erent
approximations [KR15]: The reservoirs exhibit a high density of (occupied) continuous
states, especially in the case of electrical pumping. Here, �uctuations in comparison
to the average occupation number are of minor importance and typically, conventional
cluster correlation expansions are used proving an accurate description of the physical
e�ects [FGJ+13, MKK12]. The fundamental idea of conventional correlation expansion
schemes is brie�y discussed in Section 2.3. In contrast to the reservoir, localized few
particle con�gurations in the quantum dot, such as excitons, trions and biexcitons,
exhibit strong �uctuations with respect to the mean occupation numbers. Therefore,
it is necessary to describe the discrete states inside the quantum dots without using
correlation or cluster expansion, but with con�gurations such as the ground state, single,
bi- or more exciton and trion states etc. describing the di�erent con�gurations of the
quantum dot [RGGJ10, SGFJ12, SKG+13].
The aim of the approach presented in this chapter is treating both systems by di�erent
approximations, while also including the coupling, which describes the (correlated)
electron transfer from the reservoir to the quantum dot. For such a con�guration, the
continuum is typically treated as a bath in the Lindblad approach [FGJ+13, SGFJ12,
SKG+13, LFW14, RGGJ10], cf. Chapter 8. Especially, Jahnke et al. published some
interesting results of carrier scattering processes in quantum dots beyond the Boltzmann
equation using the Lindblad formalism [SGFJ12]. However, the treatments so far are
restricted to the Markovian treatment using the Lindblad formalism and to a description
of the carrier reservoir as a bath.
In this chapter, a theoretical scheme is presented, which combines the advantages of
both approaches, correlation expansions (cf. Section 2.3) and a description via excitonic
states (cf. Section 6.1), into a single consistent expansion scheme: Therefore, the
quantum dot con�gurations are solved by an exact diagonalization scheme, similar
to the method used in References [FGJ+13, SGFJ12, SKG+13, RGGJ10]. This way,
correlations (e.g. Coulomb induced) in the localized quantum dot states are treated non-
perturbatively. However, extending the treatment of these references, the correlations of
the continuum reservoir states are treated without using the bath approximation in the
Lindblad formalism, but in a mean �eld approach using single particle occupations as
�rst order for a cluster based description of the continuum correlations [RCSK09]. This
way, the approach is capable of treating the continuum dynamically and to go beyond
the Markovian approximation. Especially for a population of the reservoir via external
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electrical contacts, the presented hybrid density matrix approach provides a method to
determine its dynamics in response to modulations of the applied current. For example,
this is important for applications in single photon regimes. The resulting equations
are derived using a projection operator technique and can be solved in di�erent orders
of approximation for the reservoir-quantum dot coupling. The results are compared
with literature, considering the limit of a Markovian treatment of the Coulomb coupling
in second order Born approximation for the quantum dot-reservoir scattering. The
equations give similar results for the limit of treating the continuum as a bath as it
is done in the Lindblad approach applied in the References [SGFJ12, SKG+13, NGJ04].
The method is applicable for various systems and for di�erent interaction processes such
as Coulomb coupling or electron-phonon interaction, e.g. inducing spin-�ip processes.
For simplicity, the example, used here to demonstrate the factorization scheme, focuses
only on Coulomb interaction.
This chapter, whose main results are published in Reference [KR15], is organized as
follows: Section 9.1 introduces the level scheme of the quantum dot-continuum system
and the many-particle states describing the complete system state. The corresponding
projector operator de�nes local quantum dot operators, which can be used to represent
all possible localized few-particle con�gurations of the quantum dot, cf. Section 9.2. In
Section 9.3 the contributions of the Coulomb interaction Hamiltonian are identi�ed, which
describe the quantum dot in- and out-scattering of carriers. Subsequently, the Coulomb
Hamiltonian is reformulated with respect to the carrier capture processes using the local
quantum dot operators. Excitonic states are introduced in Section 9.4 to describe the
discrete quantum dot states.
The central results of this chapter are presented in Section 9.5, in which factorization
rules are used to derive a closed set of non-Markovian equations of motion for the
system observables of the quantum dot and of the continuum. To better compare the
resulting equations with well known results from literature and to gain �rst insights
into the physical meaning of the di�erent contributions entering in the dynamics, the
Markovian limit of the hybrid density matrix equations is discussed in Section 9.5.3.
Before a conclusion closes this chapter, the derived equations are generally discussed
in Section 9.6 including concepts for a numerical solution of the hybrid density matrix
equations. An explicit numerical evaluation is not accomplished in the scope of this work.
The main results presented in this chapter are published in Reference [KR15].

9.1 Level scheme and many-particle states

To demonstrate the principle of the factorization method, the example of a quantum dot
embedded in a continuum is used as a model system, cf. Chapter 4 and Figure 9.2. The
quantum dot-continuum system is described by Ne discrete spin-degenerated quantum
dot states x in the conduction and Nh quantum dot states y in the valence band as well
as quasi-continuous states ν modeling the host material, e.g., a wetting layer or bulk
material. The complete system state can be described by fermionic many-particle Fock
states |nIeIh ,ν⟩, which consists of a set of quantum dot states nIeIh with Ie electrons
and Ih holes and continuum states ν. The many-particle Fock state of the quantum dot

|nIeIh⟩ = |ne1, . . . , neNe
, nh1 , . . . , n

h
Nh

⟩ = e†x1
. . . e†xIe

h†y1 . . . h
†
yIh

|ϕ0⟩ (9.1)
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Figure 9.2 | (a) Level scheme of the quantum dot-continuum system. (b) Several
con�gurations of the electron and hole occupations in the quantum dot system. Here, the
diagonal elements of the quantum dot density matrix ρIeIhii are presented. However, the
developed theoretical scheme of the hybrid density matrix approach is also applicable to
non-diagonal contributions. [KR15]

can be constructed from the system ground state |ϕ0⟩, in which no electron or hole carriers
are present. Here, e†x and ex (h†y and hy) denote the creation and annihilation operators
for electrons (holes) of the quantum dot state x (y). The occupation number for electrons

(holes) in the quantum dot state x (y) is given by ne(h)x(y) = 0, 1. Accordingly, the quantum

dot is populated with ne1 + . . . + neNe
= Ie electrons and nh1 + . . . + nhNh

= Ih holes in
the state |nIeIh⟩. An identical description via Fock states holds for the continuum, e.g.
representing a wetting layer or bulk material. Equation (9.1) represents the generalization
of the many-particle Fock states de�ned in Section 6.1 to arbitrary population numbers
of electrons and holes. As examples, in Figure 9.2b several quantum dot con�gurations
are depicted.

9.2 Projection operator formalism

The projection operator P IeIh projecting into the many-particle states |nIeIh ,ν⟩ is de�ned
via [KR15]:

P IeIh =


nIeIh
,ν

|nIeIh ,ν⟩⟨nIeIh ,ν|, (9.2)

with an electron population of Ie and a hole population of Ih. The projection operator
P IeIh satis�es several conditions: (i) For di�erent numbers of electrons Ie or holes Ih
populated in the quantum dot, the projectors de�ned in Equation (9.2) are orthogonal:
P IeIhP I′eI

′
h = P IeIhδIeIh,I′eI′h . (ii) Furthermore, the projection operator is idempotent

P IeIhP IeIh = P IeIh and (iii) satis�es the closure relation


Ie,Ih
P IeIh = 1.

Using the projection operator formalism, the description of the quantum dot con�gura-
tions can be formulated via a local quantum dot operator LIeIh†

i , which is de�ned by
[KR15]:

LIeIh†
i ≡ P IeIhe†x1

. . . e†xIe
h†y1 . . . h

†
yIh
P 00, (9.3)
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with the multi-index i := {x1 . . . xIe , y1 . . . yIh} and P 00 = |ϕ0⟩⟨ϕ0|. The local quantum
dot operators LIeIh†

i represent the analogue to bra-ket states in the isolated quantum dot
systems. The introduction of the local quantum dot creation (annihilation) operators
LIeIh†
i (LIeIh

i ) provides the possibility to express all localized few-particle con�gurations
in the quantum dot, such as excitons, trions and biexcitons, in a compact notation.

9.3 Quantum dot in- and out-scattering

The capture dynamics within the quantum dot-continuum system is assumed to be
dominated by Coulomb scattering. This assumption is especially reasonable for high
carrier densities of the continuum [LNS+06]. The in�uence of electron-phonon processes
is neglected for the example of Coulomb induced carrier capture processes, which is
used in this chapter to demonstrate the factorization scheme. Even if all following
calculations are presented on the example of Coulomb coupling, the developed method
is also applicable for electron-phonon scattering.
The temporal evolution of the Coulomb coupled quantum dot-continuum system can be
calculated by Heisenberg equations of motion from the Hamiltonian H, as introduced in
Section 2.3.
Since an investigation of Coulomb induced carrier capture processes is intended in this
chapter, the total Hamiltonian H = H0 +HC consists of the single-particle contribution
H0 and the Coulomb interaction HC . The single-particle contribution H0 reads:

H0 =

n,µ

ϵ
λµ
n µ†nµn +


ν,µ

ϵ
λµ
ν µ†νµν , (9.4)

where ϵλµ

n(ν) is the single-particle energy of the bound quantum dot states n (corresponding
to x for electrons and to y for holes) and of the unbound continuum states ν with the
band index λµ ∈ {c, v}. To gain a compact notation, the carrier index µ ∈ {e, h} is used.
In electron hole picture the Coulomb interaction is given by

HC =
1

2


s,µ1,µ2

V s1s2s3s4
µ1µ2 µ1

†
s1µ2

†
s2µ2s3µ1s4 , (9.5)

using the envelope approximation for the single-particle wave functions as presented
in Section 2.1 and in agreement with Section 6.2.1. In Equation (9.5) the multi-indices
s1, s2, s3, s4 denote the energy levels of the system including the spin con�guration σ.
The system level s can either describe a bound quantum dot state represented by the
index n or a continuum state ν. The Coulomb coupling elements V s1s2s3s4

µ1µ2 of the Coulomb
potential G(r, r′) read:

V s1s2s3s4
µ1µ2 =qµ1qµ2

 
ϕ∗µ1,s1(r)ϕ

∗
µ2,s2(r

′)G(r, r′)ϕµ2,s3(r
′)ϕµ1,s4(r)drdr

′δσ1,σ4δσ2,σ3 ,

(9.6)

where ϕµ,s(r) denote the wave functions and σ the spin.
The quantum dot in- and out-scattering results from Auger-type processes between the
localized quantum dot- and continuous reservoir states. There are two di�erent types of
Coulomb induced scattering processes, which are both illustrated in Figure 9.3 [KR15]:
The capture of one carrier into a quantum dot state and carrier relaxation (a) within

105



Quantum dot in- and out-scattering Chapter 9. Hybrid density matrix approach

Figure 9.3 | Coulomb induced electron and hole capture via Auger-processes between bound
quantum dot state and continuous states of the carrier reservoir: The capture of one carrier
into a quantum dot state and carrier relaxation (a) within the reservoir (in the following
called reservoir assisted) or (b) within the quantum dot (in the following called quantum dot
assisted). [KR15]

the reservoir (in the following called reservoir assisted) or (b) within the quantum dot
(in the following called quantum dot assisted). Both, reservoir and quantum dot assisted
processes secure that the energy conservation is balanced for the entire scattering process
[LNS+06, NGJ04, MAB+06].
The Coulomb Hamiltonian HAuger

C reduced to Auger-type processes reads:

HAuger
C =


µ1,µ2


n1ν1ν2ν3

V n1ν1ν2ν3
µ1 µ2 µ1

†
n1
µ2

†
ν1µ2ν2µ1ν3 (a) (9.7)

+

µ1,µ2


ν1n1n2n3

V ν1n1n2n3
µ1 µ2 µ1

†
ν1µ2

†
n1
µ2n2

µ1n3
+ h.a., (b)

where the �rst term (a) describes reservoir assisted and the second term (b) quantum
dot assisted scattering processes, cf. Figure 9.3. The Coulomb Hamiltonian HAuger

C can

be expressed in terms of the local quantum dot operator LIeIh(†)
i , inserting the identity

1 =

IeIh

P IeIh =

IeIh


i

LIeIh†
i LIeIh

i . (9.8)
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into Equation (9.7). The transformation of the Coulomb Hamiltonian HAuger
C , using the

local quantum dot operators LIeIh(†)
i , is illustrated on the example of the electron-electron

scattering including carrier relaxation within the reservoir:

V n1ν1ν2ν3
e e e†n1

e†ν1eν2eν3 =

IeIh


i

V n1ν1ν2ν3
e e e†n1

e†ν1L
IeIh†
i LIeIh

i eν2eν3 . (9.9)

To include the quantum dot creation and annihilation operators µ(†)n (in Equation (9.9)
e†n1) in the local quantum dot operators LIeIh

i and LIeIh†
i , commutation rules of the

projection operator P Ie+1Ih are used, which have the following form:

enP
Ie+1Ih = P IeIhen, enP

00 = 0 = P 00e†n, e(†)ν P IeIh = P IeIhe(†)ν . (9.10)

Applying these commutator rules, Equation (9.9) directly results in:

V n1ν1ν2ν3
e e e†n1

e†ν1eν2eν3 =

IeIh


i

V n1ν1ν2ν3
e e (−1)Ie+IhLIe+1Ih†

i,n1
e†ν1eν2eν3L

IeIh
i , (9.11)

where LIe+1Ih†
i,n1

contains an additional electron creation operator e†n1 marked by the

index n1 in LIe+1Ih†
i,n1

. Accordingly, the total number of electrons is Ie + 1. Similar to

Equation (9.11), all contributions of the Coulomb Hamiltonian HAuger
C are transformed

to include all quantum dot operators µ(†)n in the local quantum dot operators LIeIh(†)
i .

9.4 Exciton energy eigenstates

Due to the discrete nature of the quantum dot states, Coulomb correlations inside
quantum dots can be very strong. In contrast to continua with a high number of
states and high electron occupations, quantum dots have only a few discrete states,
which are energetically well separated. Consequently, the quantum dot is populated by
a small number of carriers. Varying con�gurations of the carriers inside the quantum
dot lead to signi�cant di�erences of the Coulomb interaction and distinct energies of
the discrete con�gurations. Therefore, it is useful to describe the discrete quantum dot
states by excitonic states, which can be diagonalized with respect to the internal Coulomb
interaction HQD = HQD

0 +HQD
C [KR15]:

(HQD
0 +HQD

C )XIeIh†
j = EIeIh

j XIeIh†
j , (9.12)

where the local states inside the quantum dot are transformed into new eigenstates

XIeIh†
j =


i

cIeIh∗ij LIeIh†
i , (9.13)

so that they are eigenstates of the quantum dot contribution with the eigenenergies EIeIh
j

and the expansion coe�cients cIeIh∗ij . Similar to the local quantum dot operators LIeIh†
i
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the Coulomb coupling elements V n1ν1ν2ν3
µ1µ2 are rede�ned into e�ective coupling elements Ṽ

with respect to the expansion coe�cients for (a) continuum assisted scattering [KR15]:

Ṽ
ν1ν2ν3
ij,µ1µ2
IeIh

=

a


n1

cIeIh∗a,j V n1ν1ν2ν3
µ1µ2 cIe+1Ih

i,an1
, (9.14)

and (b) quantum dot assisted scattering:

Ṽ
ν1

ij,µ1µ2
IeIh

=

a


n1,n2,n3

cIeIh∗a,j V n1n2n3ν1
µ1µ2 cIe+1Ih

i,an1n2/n3
, (9.15)

where the notation cIe+1Ih
i,an1n2/n3

means that two electrons in the states n1 and n2 are added
and an electron in the state n3 is reduced.

9.5 Hybrid density matrix equation

The central objective of this section is the derivation of hybrid density matrix equations of
the relevant observables describing the quantum dot-continuum system. First of all, these
observables are de�ned and corresponding equations of motion are derived in Section 9.5.1
using the formalism introduced in Sections 9.1 to 9.4. The equations of motion clearly
show that quantities of increasing number of fermionic continuum operators enter into the
dynamics and thus, the set of equation of motion does not close. In order to �nd a method
closing the hierarchy of equations, factorization rules are derived in Section 9.5.2 for
two particle continuum quantities as well as for assisted expectation values consisting of
continuum and quantum dot contributions. This factorization scheme is applied resulting
in a closed set of equations of motion. Finally, to compare the equations with results
well known from literature, the Markovian limit of the hybrid density matrix equations
is considered in Section 9.5.3.

9.5.1 Observables

The electron and hole occupations fµν = ⟨µ†νµν⟩ in the �rst order of the continuum
state ν (polarizations pµν1,ν2 = ⟨µ†ν1µν2⟩) are the central observables to characterize the
continuum system. The quantum dot system is described by the reduced quantum dot
density matrix [KR15]

ρ
IeIh,I

′
eI

′
h

ij = ⟨P IeIhXIeIh†
i X

I′eI
′
h

j P I′eI
′
h⟩, (9.16)

in which i and j denote the quantum dot con�gurations, Ie the electron and Ih the hole
population number, P IeIh the projection operator and XIeIh†

i the creation operator of the
quantum dot energy eigenstates. Note that for the quantum dot states, the diagonalized
many body con�gurations enter, which is of particular importance for high (biexciton)
binding energies found in nitride quantum dots [KHI+04, OHR+12].
Thus, the observables of central interest to describe the complete quantum dot-continuum
system are the continuum occupations fµν = ⟨µ†νµν⟩ as well as the reduced quantum dot

density matrix ρ
IeIh,I

′
eI

′
h

ij . With respect to the Auger processes given in Equation (9.7),

the temporal evolution of the reduced quantum dot density matrix ρ
IeIh,I

′
eI

′
h

ij and the
continuum occupations fµν are calculated via the Heisenberg equation of motion approach,
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Figure 9.4 | Scheme of the hybrid density matrix approach: The temporal evolution of the
system observables ρIeIhi and feν describes the occupation probability of the quantum dot

(ρIeIhi ) and of the continuum (feν ). They are determined by assisted quantities ⟨X†AX⟩
consisting of quantum dot contribution such as XIeIh†

i and continuum contributions such

as e†ν , cf. green and blue boxes. The assisted expectation values, which are marked by the
blue boxes, are factorized in the second order of equation of motion to solve the hierarchy
problem. Here, the diagonal elements of the quantum dot density matrix and of the reservoir
are presented. However, the hybrid density matrix approach can be also applied to non-
diagonal elements. For the purpose of illustration, only equations are depicted describing the
electron-electron scattering processes including carrier relaxation within the quantum dot,
shown in Figure 9.3b on the left hand side. For all other electron and hole capture processes,
in particular containing reservoir relaxation, the principle of the scheme is the same. (The
hole continuum can be described identically to the electron continuum.) [KR15]

see, e.g., Reference [HKRBS05] and Section 2.3. The equation of motion of the reduced

density matrix of the quantum dot ρ
IeIh,I

′
eI

′
h

ij beyond the Markov approximation reads
[KR15]:

∂tρ
IeIh
i = −2ξe

ℏ
Im


(9.17)
j,ν1


Ṽ

ν1
ij,ee
IeIh

+ Ṽ
ν1

ij,eh
IeIh

∗
⟨XIeIh†

i e†ν1X
Ie+1Ih
j ⟩ −


Ṽ

ν1
ji,eh

Ie−1Ih
+ Ṽ

ν1
ji,ee

Ie−1Ih

∗
⟨XIe−1Ih†

j e†ν1X
IeIh
i ⟩

+

ν2,ν3


Ṽ

ν3ν2ν1
ij,ee
IeIh

∗
⟨XIeIh†

i e†ν1e
†
ν2eν3X

Ie+1Ih
j ⟩ − Ṽ

ν3ν2ν1
ji,ee

Ie−1Ih

∗
⟨XIe−1Ih†

j e†ν1e
†
ν2eν3X

IeIh
i ⟩

+ Ṽ
ν1ν3ν2
ij,eh
IeIh

∗
⟨XIeIh†

i e†ν1h
†
ν2hν3X

Ie+1Ih
j ⟩ − Ṽ

ν1ν3ν2
ji,eh

Ie−1Ih

∗
⟨XIe−1Ih†

j e†ν1h
†
ν2hν3X

IeIh
i ⟩


+ e↔ h,
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where e ↔ h means, that all listed contributions enter again with exchanged carrier
indices e and h. The de�nitions ξe = (−1)Ie+Ih and ξh = (−1)Ih are introduced for
a compact notation. The average population of the state ν in the reservoir as a new
dynamical variable is given by [KR15]:

∂tf
e
ν = −2

ℏ
Im
 
Ie,Ih,i,j


ξeṼ

ν
ji,ee

Ie+1Ih

∗
⟨XIe+1Ih†

i e†νX
Ie+2Ih
j ⟩ (9.18)

+ ξeṼ
ν

ji,eh
IeIh+1

∗
⟨XIeIh+1†

i e†νX
Ie+1Ih+1
j ⟩

+

ν1,ν2


ξe


Ṽ

ν2νν1
ji,ee
IeIh

− Ṽ
ν2ν1ν
ji,ee
IeIh

∗
⟨XIeIh†

i e†νe
†
ν1eν2X

Ie+1Ih
j ⟩

+ ξeṼ
νν2ν1
ji,ee
IeIh

∗
⟨XIeIh†

i e†ν1e
†
ν2eνX

Ie+1Ih
j ⟩

− ξeṼ
ν2ν1ν
ji,eh
IeIh

∗
⟨XIeIh†

i e†νh
†
ν1hν2X

Ie+1Ih
j ⟩

− ξhṼ
νν1ν2
ji,he
IeIh

∗
⟨XIeIh†

i e†ν1h
†
ν2eνX

IeIh+1
j ⟩

+ ξhṼ
ν2νν1
ji,he
IeIh

∗
⟨XIeIh†

i e†νh
†
ν1eν2X

IeIh+1
j ⟩


.

The hole continuum can be described in an identical way compared to the electron
continuum. Quantum dot as well as continuum assisted electron-electron, hole-hole,
electron-hole, and hole-electron scattering occur in Equation (9.17) and Equation (9.18),
cf. Figure 9.3.
The hierarchy of equations of motion is illustrated in Figure 9.4 on the example of
quantum dot assisted electron-electron scattering. The dynamics of the quantum dot

density matrix ρ
IeIh,I

′
eI

′
h

ij determined by Equation (9.17) and the continuum densities
fµν given in Equation (9.18) (polarizations pµν1,ν2) couples to assisted expectation values
consisting of quantum dot and continuum contributions such as ⟨XIeIh†

i e†ν1X
Ie+1Ih
j ⟩, cf.

green box in Figure 9.4 and Equation (9.23). The temporal evolution of these quantities
depends on assisted expectation values of higher order, cf. blue box in Figure 9.4.
Quantities of always increasing number of continuum fermionic operators occur during
the derivation of the hierarchy and the set of equation of motion does not close, cf.
discussion of the hierarchy problem in Section 2.3 and, e.g., in Reference [HKK03b].
Factorization rules provide a method to close the set of equation of motions.

9.5.2 Factorization scheme

To derive a suitable factorization scheme, we assume that single particle observables are
su�cient to describe the continuum. (Note, similar schemes can be derived for closing
the scheme at two particle correlations such as ⟨e†ν1e

†
ν2eν3eν4⟩c, cf. Equation (9.21) in

the continuum.) In contrast to the description of the continuum, all occupied states
inside the quantum dot have to be considered. This is equivalent to a treatment of the
continuum in the Hartree-Fock level and for the quantum dot beyond the correlation
expansion level.

110



Chapter 9. Hybrid density matrix approach Hybrid density matrix equation

With respect to these two assumptions, the following factorized form of the statistical
operator ρ(t) = ρQD(t)ρct(t) is assumed consisting of a continuum contribution ρct(t)
[KR15]:

ρct(t) =
1

Zct
exp


−

ν,η

(αee
ν,η(t)e

†
νeη + αhh

ν+K,η+K(t)hν+Kh
†
η+K) (9.19)

+ αeh
ν+K,η(t)e

†
ν+Kh

†
η + αhe

ν,η+K(t)hνeη+K)

,

and a contribution of the quantum dot ρQD(t):

ρQD(t) =
1

ZQD
exp


−


i,j,Ie,Ih,I′e,I

′
h

β
IeIh,I

′
eI

′
h

i,j (t)XIeIh†
i X

I′eI
′
h

j


, (9.20)

with the corresponding partition functions ZQD and Zct, the total number of continuum

statesK and the Lagrange parameters αµ1,µ2
ν,η (t) and β

IeIh,I
′
eI

′
h

i,j (t). The statistical operator
de�ned by the Equations (9.19) and (9.20) can be used as a basis for the factorization
rules as done in Reference [FS90b].
The derivation of the factorization rules is not very complicated but extensive. Therefore,
we directly proceed using the results here, whereas a detailed calculation is given in the
AppendixA.5. The continuum expectation values factorize identical to the Hartree-Fock-
factorization, cf. Section 2.3. For two particle continuum quantities the factorization rule
reads [KR15]:

⟨µ†ν1µ
†
ν2µν3µν4⟩ = ⟨µ†ν1µν4⟩⟨µ

†
ν2µν3⟩ − ⟨µ†ν1µν3⟩⟨µ

†
ν2µν4⟩+ ⟨µ†ν1µ

†
ν2µν3µν4⟩

c, (9.21)

with the correlations ⟨µ†ν1µ
†
ν2µν3µν4⟩c. For assisted expectation values ⟨A†AX†X⟩,

consisting of continuum contributions A†A and quantum dot contributions X†X, the
resulting factorization rule is given by:

⟨A†AX†X⟩ = ⟨A†A⟩⟨X†X⟩+ ⟨A†AX†X⟩c. (9.22)

where ⟨A†AX†X⟩c denotes correlations, too. As a �rst approximation, the correlations
⟨µ†ν1µ

†
ν2µν3µν4⟩c and ⟨A†AX†X⟩c are neglected (second order Born level).∗ However, in

analogy to the conventional correlation expansion [HKK03b, RSK+05], the theoretical
factorization approach can be expanded to these correlations as well.
In principle, the factorization scheme corresponds to a treatment in second-order Born
approximation [BFWK05]. The factorization rules given in Equation (9.21) and (9.22)
are the key element of the hybrid density matrix approach, to treat the reservoir as a
dynamical variable and not as a bath in thermodynamic equilibrium via Lindblad terms.†

The factorization rule Equation (9.22) is restricted to expectation values featuring the
same number of creation and annihilation operators of the continuum. Conceivably,
other statistical operators than ρ(t) = ρQD(t)ρct(t), de�ned by Equation (9.19) and
Equation (9.20), result in deviating factorization rules [KR15]. In particular, it is an

∗The presented treatment is beyond the Hartree-Fock level, due to the exact factorization in the
quantum dot system.

†In the description of the electron-phonon interaction similar approaches are typically used: The
in�uence of phonons can be approximated via Lindblad terms or considered using a dynamical
description, e.g., in second order Born approximation.

111



Hybrid density matrix equation Chapter 9. Hybrid density matrix approach

open question, whether factorization rules can be found, which can be already used
for lower order assisted expectation values such as ⟨X†A†X⟩ (where A† is a continuum
operator) similar to the Fock term in Hartree-Fock theory [BF04].
The objective now is to close the hierarchy of the equations of motion using the
factorization rules given in Equation (9.21) and (9.22). First, the factorization rule Equa-

tion (9.22) is applied to the mixed expectation values such as ⟨XIeIh†
i e†ν1e

†
ν2eν3eν4X

I′eI
′
h†

j ⟩
(cf. Figure 9.4 blue box) in the equations of motion (9.23) to (9.25) to separate

quantum dot ⟨XIeIh†
i X

I′eI
′
h†

j ⟩ and continuum contributions ⟨e†ν1e
†
ν2eν3eν4⟩. Subsequently,

the continuum quantities such as ⟨e†ν1e
†
ν2eν3eν4⟩ are factorized via Hartree-Fock, i.e. using

Equation (9.21).
For simplicity and because they are often discussed in literature in master equations,
only the diagonal elements of the quantum dot density matrix ρIeIh,IeIhii ≡ ρIeIhi and of
the reservoir fµν are presented in this chapter. This means, that fast decaying coherences

such as ⟨e†ν1h
†
ν2⟩, p

µ
ν1,ν2 and ρ

IeIh,I
′
eI

′
h

ij are neglected in the set of equations of motion.
However, the developed theoretical scheme o�ers the possibility for deriving equations of
non-diagonal contributions such as coherences as well. These equations are structurally
very similar to the equations presented in this chapter.
Finally, the factorization rules (9.21) and (9.22) result in a closed set of equations
of motion, containing equations of assisted quantities such as ⟨X†

i e
†
νXj⟩ and system

observables such as ρIeIhi . The system observables ρIeIhi and fµν couple to the non-
Markovian equations of mixed expectation values. Carrier capture processes including
carrier relaxation within the quantum dot are represented by [KR15]

− iℏ∂t⟨XIeIh†
i e†νX

Ie+1Ih
j ⟩ = (EIeIh

i − EIe+1Ih
j + ϵcν)⟨X

IeIh†
i e†νX

Ie+1Ih
j ⟩ (9.23)

+ ξe


Ṽ

ν
ji,ee
IeIh

+ Ṽ
ν

ji,eh
IeIh

+

ν1


Ṽ

ν1ν1ν
ji,ee
IeIh

− Ṽ
ν1νν1
ji,ee
IeIh


feν1


Γ

ν
ij,e

Ie+1;Ih
+ ξe


ν1

Ṽ
ν1ν1ν
ji,eh
IeIh

feν Γ
ν1
ij,h

Ie+1;Ih
,

where the compact de�nition Γ
ν1

ij,µ1
Ie+1;Ih

= (1−fµ1
ν1 )ρ

Ie+1Ih
j −fµ1

ν1 ρ
IeIh
i is introduced, in which

the �rst contribution represents the quantum dot out- and the second the quantum dot
in-scattering. In the corresponding hole quantity the carrier index e is simply changed
into h. Additionally, scattering processes enter, which contain carrier relaxation within
the reservoir enter, such as electron-electron scattering [KR15]:

− iℏ∂t⟨XIeIh†
i e†ν1e

†
ν2eν3X

Ie+1Ih
j ⟩ = (9.24)

(EIeIh
i − EIe+1Ih

j + ϵcν1 + ϵcν2 − ϵcν3)⟨X
IeIh†
i e†ν1e

†
ν2eν3X

Ie+1Ih
j ⟩

+ ξe


Ṽ

ν3ν2ν1
ji,ee
IeIh

− Ṽ
ν3ν1ν2
ji,ee
IeIh

 
feν3(1− feν2)(1− feν1)ρ

Ie+1Ih
j − (1− feν3)f

e
ν2f

e
ν1ρ

IeIh
i


− ξeδν1,ν3f

e
ν1


ν4


Ṽ

ν4ν4ν2
ji,ee
IeIh

− Ṽ
ν4ν2ν4
ji,ee
IeIh


feν4 +


ν4

Ṽ
ν4ν4ν2
ji,eh
IeIh

fhν4 − Ṽ
ν2
ji,ee
IeIh

− Ṽ
ν2

ji,eh
IeIh


Γ

ν2
ij,e

Ie+1;Ih

+ ξeδν2,ν3f
e
ν2


ν4


Ṽ

ν4ν4ν1
ji,ee
IeIh

− Ṽ
ν4ν1ν4
ji,ee
IeIh


feν4 +


ν4

Ṽ
ν4ν4ν1
ji,eh
IeIh

fhν4 − Ṽ
ν1
ji,ee
IeIh

− Ṽ
ν1

ji,eh
IeIh


Γ

ν1
ij,ee

Ie+1;Ih
,
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or electron-hole scattering:

− iℏ∂t⟨XIeIh†
i e†ν1h

†
ν2eν3X

IeIh+1
j ⟩ = (9.25)

(EIeIh
i − EIeIh+1

j + ϵcν1 + ϵvν2 − ϵcν3)⟨X
IeIh†
i e†ν1h

†
ν2eν3X

IeIh+1
j ⟩

− ξhṼ
ν1ν3ν2
ji,eh
IeIh


feν3(1− fhν2)(1− feν1)ρ

IeIh+1
j − (1− feν3)f

h
ν2f

e
ν1ρ

IeIh
i


− ξhδν1,ν3f

e
ν1


ν4


Ṽ

ν4ν4ν2
ji,hh
IeIh

− Ṽ
ν4ν2ν4
ji,hh
IeIh


fhν4 +


ν4

Ṽ
ν4ν4ν2
ji,eh
IeIh

feν4 − Ṽ
ν2

ji,hh
IeIh

− Ṽ
ν2

ji,eh
IeIh


Γ

ν2
ij,h

Ie+1;Ih
.

Again, the carrier index must be changed to describe the inverse process regarding
electrons and holes. The terms including a delta function δνi,νj represent additional non-
Markovian contributions. These contributions only occur, if the continuum indices of the
creation and the annihilation electron operator set on the left hand side of Equation (9.24)
or rather (9.25) are identical. In the Markovian limit these terms do not enter in the
dynamics due to the energy conservation. However, they could play a role in higher
order Markovian treatments, resulting in Coulomb induced dynamical damping or energy
renormalization.
The complete non-Markovian set of equations is presented by the Equations (9.17)
and (9.18) as well as Equations (9.23) to (9.25). The derived hybrid density matrix
equations [KR15] resemble a mixture of density matrix contributions for the occupation
probability of quantum dot con�gurations ρIeIhi and features of the average populations
in the reservoir fµν , including their Pauli-blocking, which typically occur in Boltzmann
equations.

9.5.3 Markovian limit

To better compare the resulting equations with well known results from the literature
and to gain �rst insights into the physical meaning of the di�erent contributions entering
in the dynamics, the Equations (9.23) to (9.25) of the assisted quantities are solved via
a Markovian treatment. Subsequently, their solutions are used in Equation (9.17) and
(9.18). Following from this, the Equation (9.17) of the reduced density matrix of the
quantum dot, which represents the relevant part for describing the dynamics of the
emission process, results in [KR15]:

∂tρ
IeIh
i =

2π

ℏ2

j,ν1


T

ν1
ij,ee

Ie+1;Ih
− T

ν1
ji,ee
Ie;Ih

+ T
ν1

ij,eh
Ie+1;Ih

− T
ν1

ji,eh
Ie;Ih

+

ν2,ν3


S

ν1ν2ν3
ij,ee

Ie+1;Ih
− S

ν1ν2ν3
ji,ee
Ie;Ih

+ S
ν1ν2ν3
ij,eh

Ie+1;Ih
− S

ν1ν2ν3
ji,eh
Ie;Ih


+ e↔ h, (9.26)

where e ↔ h means, that all listed contributions enter again with exchanged carrier

indices e and h. The de�nitions of the Coulomb scattering contributions S
ν1ν2ν3
ij,µ1µ2

Ie(+1);Ih[+1]

and T
ν1

ij,µ1µ2
Ie+1;Ih

is given in Equation (9.28) and (9.29), respectively. The full strength of the
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hybrid approach is the accessibility of the average populations in the reservoir fµν as a
new dynamical variable∗ [KR15]:

∂tf
e
ν =

2π

ℏ2


Ie,Ih,i,j


T

ν
ij,ee

Ie+2;Ih
+ T

ν
ij,eh

Ie+1;Ih+1

+

ν1,ν2


S

νν1ν2
ij,ee

Ie+1;Ih
− S

ν2ν1ν
ij,ee

Ie+1;Ih
+ S

νν1ν2
ij,eh

Ie+1;Ih
− S

ν2ν1ν
ij,he

Ie;Ih+1
+ S

ν1νν2
ij,he

Ie;Ih+1


. (9.27)

The temporal evolution of the hole occupation is similar to Equation (9.27) for the
electron occupation, just the carrier index e is changed into h. According to Figure 9.3,
the Coulomb scattering can be distinguished in carrier capture processes including carrier
relaxation (a) within the reservoir [KR15]:

S
ν1ν2ν3
ij,µ1µ2

Ie(+1);Ih[+1]
=|Ṽ

ν3ν2ν1
ji,µ1µ2
IeIh

|2δ(EIeIh
i − E

Ie(+1)Ih[+1]
j + ϵµ1

ν1 + ϵµ2
ν2 − ϵµ2

ν3 ) (9.28)
fµ2
ν3 (1− fµ2

ν2 )(1− fµ1
ν1 )ρ

Ie(+1)Ih[+1]
j − (1− fµ2

ν3 )f
µ2
ν2 f

µ1
ν1 ρ

IeIh
i


,

or (b) within the quantum dot:

T
ν1

ij,µ1µ2
Ie+1;Ih

=|Ṽ
ν1

ji,µ1µ2
IeIh

|2δ(EIeIh
i − EIe+1Ih

j + ϵµ1
ν1 )

(1− fµ1

ν1 )ρ
Ie+1Ih
j − fµ1

ν1 ρ
IeIh
i


. (9.29)

In principle, both Coulomb scatterings depend on similar contributions: The squared

e�ective Coulomb coupling element |Ṽ
ν3ν2ν1
ji,µ1µ2
IeIh

|2 or |Ṽ
ν1

ji,µ1µ2
IeIh

|2, the energy conserving delta

function δ containing the continuum energies ϵµν and the eigenenergies EIeIh
i of the

quantum dot, typical Boltzmann-type structures such as fν3(1−f
µ2
ν2 )(1−f

µ1
ν1 ) and density

matrix contributions for the occupation probability of quantum dot con�gurations, e.g.,
ρIeIhi .
Usually, reservoir assisted scattering described by Equation (9.28) constitutes the
dominant contribution, since the energy conservation during the scattering process can
be achieved much easier in the continuum in Equation (9.28) than in the quantum dot in
Equation (9.29) due to the discrete and well separated quantum dot states, cf. Figure 9.3.
In the case of phonon assisted processes, an additional energy channel is available to
achieve the energy conservation for quantum dot assisted scattering.
The �rst (second) term in Equation (9.28) and (9.29) describes quantum dot out- (in-)
scattering, including the Pauli blocking of the �nal reservoir occupations after scattering,
e.g., (1 − fµ1

ν1 ) [RRK08, RRRK07]. Scattering contributions in Boltzmann equations
for electrons in a continuum typically have the form f1f2(1 − f3)(1 − f4). Beside
the Boltzmann-like treatment of carrier scattering processes in continuum systems, the
scattering in systems with discrete levels, such as molecules, atoms or quantum dots, can
be described via density matrix equations including expressions of the form Γj→i ρ

Ie+1Ih
j −

Γi→j ρ
IeIh
i . In contrast to pure Boltzmann and pure density matrix equations, in

the approach developed here a hybrid form enters like fµ2
ν3 (1 − fµ2

ν2 )(1 − fµ1
ν1 )ρ

Ie+1Ih
j

(cf. Equation (9.28) �rst term), showing the full strength of the hybrid density matrix
approach. The scattering processes change the occupation probability of the quantum

∗The di�erence of Coulomb coupling elements Ṽ ν2ν1ν
ji,ee − Ṽ ν2νν1

ji,ee occurring in Equation (9.27), e.g., in

S
νν1ν2
ij,ee

Ie+1;Ih
is rede�ned to Ṽ ν2ν1ν

ji,ee for a compact de�nition of S
ν1ν2ν3
ij,µ1µ2
Ie;Ih

.
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dot con�guration ρIeIhi into the quantum dot con�guration ρIe+1Ih
j executing at the same

time a Pauli blocking process in the continuum.
For the case of electron-electron (or hole-hole) scattering including carrier relaxation
within the reservoir, the carriers in the reservoir are indistinguishable particles. This
results in interference e�ects similar to double slit experiments [RM10]. In the equations
of motion those interference e�ects are indicated by di�erences of Coulomb coupling

elements such as Ṽ
ν3ν2ν1
ji,ee
IeIh

− Ṽ
ν3ν1ν2
ji,ee
IeIh

. For the con�guration inside the quantum dot,

interference e�ects are already included during the diagonalization [KR15].

9.6 General discussion

For the hybrid density matrix equations a well known limit can be observed, if a quasi-
equilibrium in the reservoir is assumed: In this case, the equation of motion for the
quantum dot density matrix resembles the typical Lindblad form [SGFJ12, NGJ04] of
the quantum dot reduced density matrix, cf. Equations (9.26) and (9.27). However, the
hybrid density matrix approach [KR15] provides to dynamically treat the continuum via
Equation (9.27) and to go beyond the Markovian treatment of the Lindblad coupling, cf.
Section 9.5.2. This is of particular importance for the description of the dynamics of the
time modulated reservoir in electrically pumped quantum dot devices.
In addition, to discuss the potential as well as the intrinsic limits of non-classical
light emission from quantum dot devices, the sequence of electrical generation, the
time evolution and subsequent radiative decay from di�erent excited many particle
con�gurations in quantum dot devices has to be investigated. The presented method
is capable of describing e�ects such as generation, propagation and radiative decay of
the many body con�gurations.
Although an explicit numerical evaluation of the hybrid density matrix equations is
not accomplished in the scope of this work, concepts for a numerical solution are
at least brie�y discussed: The presented hybrid density matrix approach results in a
nonlinear, closed set of di�erential equations, Equation (9.17) to (9.25). In general, such
di�erential equations can be numerically solved using Runge-Kutta or other time solving
methods. The most demanding aspect in the numerical implementation of the hybrid
density matrix equations is the sum over a su�cient number of continuum carrier states
for achieving numerical convergence. Obviously, the solution of the hybrid equations
requires knowledge of the coupling elements (in the quantum dot example the Coulomb
coupling elements). For energetically higher continuum levels, the coupling to the systems
with discrete resonances decreases at some point, cf. Section 5.2.2. Furthermore, the
continuum carrier occupations are only signi�cantly �lled near the continuum minimum
(band edge). Both points can be used to achieve numerical convergence, including only
a �nite number of continuum states in numerical simulations.
In this chapter, the example of a quantum dot-continuum system is used as a model
system to demonstrate the hybrid density matrix approach. To ensure consistency,
this speci�c example is brie�y discussed with respect to numerical feasibility: Here,
the calculation of the Coulomb coupling elements is quite challenging, due to the
high number of integrals involved in the two particle interaction. In particular, these
integrals must be calculated various times for all relevant continuum states. However,
the Poisson Green's function approach presented in Chapter 3 provides a method to
e�ciently calculate Coulomb coupling elements, which is already applied in Chapter 6
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with great success. As an overall estimation, the numerical e�ort to solve the set of
hybrid equations should be manageable similar to Chapter 6. Handling the numerical
e�ort, interesting results of the switch-on dynamics of the wetting layer and quantum
dot populations are already obtained in Reference [LNM11] in Markov approximation.
The main di�erence of the hybrid density matrix equations [KR15] to the equations used
in Reference [LNM11] is, that the hybrid equations are capable of including the in�uence
of electron-hole complexes such as excitons, trions or biexcitons etc. systematically
considering all their inner quantum dot correlations inside the quantum dot. The
corresponding numerical e�ort is in a similar order as in Reference [LNM11], which
did not include complexes. In particular, the inclusion of complexes such as biexcitons
[SGFJ12, SKG+13] is important in nitrides, since interesting bright and dark biexciton
con�gurations are expected [HCS+14], cf. Section 8.6.
In standard correlation expansion, as applied in Reference [LNM11], no systematic way
exists to include only the inner quantum dot complexes. Using pure correlation expansion
(cf. Section 2.3), their implementation would result in a much higher numerical e�ort than
in the hybrid density matrix approach. Additionally, in a non-Markovian evaluation, the
time dependence of scattering channels from continuum to discrete states is an expected
feature, i.e. the complexes such as excitons or biexcitons in quantum dots, as it was, e.g.,
seen in bound systems [FLLZ97, BFWK05].

9.7 Conclusion

In conclusion, a hybrid density matrix approach was presented, which combines
conventional correlation expansion schemes with an exact diagonalization scheme using
a projection operator technique to describe hybrid systems (e.g. quantum dot-
reservoir) [KR15]. In the limit of an equilibrated reservoir, the resulting hybrid density
matrix equations reproduce well known results. However, they o�er a non-Markovian
description, because the in�uence of the reservoir is not restricted to a treatment via
Lindblad terms.
Beside Coulomb coupling, further interactions can be included such as non-Markovian,
non-perturbative electron-phonon interactions [LNS+06, GCV+12], e.g., via a self-
consistent Born approximation. In particular, this can be applied to discuss the zero
phonon line broadening or electron-phonon induced spin-�ips, which is expected to be
relevant for nitride quantum dots because of their enhanced electron-phonon coupling
strength.
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10
Conclusion

In conclusion, this thesis comprises a theoretical study of di�erent fundamental
interaction mechanisms describing optical and dissipative processes in quantum dot
systems.

The treatment of physical problems involving a continuum of states generally requires the
determination of various coupling elements, due to the high number of continuum states.
In particular the calculation of the Coulomb coupling elements is a demanding task, since
a six-dimensional integral needs to be evaluated for each continuum state relevant for
the considered interaction process. Therefore, a straightforward calculation results in an
enormous numerical e�ort and is therefore not feasible. To aim an e�cient numerical
calculation of the Coulomb coupling elements, a Poisson Green's function method was
developed. The numerical method is based on the solution of a generalized Poisson
equation by a formulation via a Green's function. Thereby, the number of integrals
is reduced, which need to be solved for the two-particle Coulomb interaction. Since the
Poisson Green's function method does not presuppose speci�c symmetries of the Coulomb
potential or the wave functions of the particles, the numerical method is applicable to a
variety of physical problems. In particular, the in�uence of a medium can be included
without much e�ort via a spatially inhomogeneous dielectric function.

Within this thesis the intraband spectroscopy of quantum dot systems was investigated
under several physical aspects particularly including intraband transitions between bound
quantum dot states (localized inside the quantum dot) and unbound continuum states
(located in the surrounding host medium). Experiments, which are capable of testing
the intraband transitions can be realized, e.g., using pulsed pump-probe experiments.
Analytical calculations have shown, that the spectrally resolved absorption of a probe
pulse testing bound to continuum intraband transitions contains information about the
spatial shape of the quantum dot wave functions. Based on this, a reconstruction method
was developed to extract information about the spatial shape of the quantum dot wave
functions from measured bound to continuum intraband absorption spectra. Even if all
results were presented for a quantum dot embedded in a bulk material, the approach
is applicable to other systems as well, such as impurities in a bulk medium or molecule
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systems. The only important prerequisites are an occupied bound conduction (valence)
band ground state and the ability to optically probe bound to continuum transitions.

To investigate Coulomb induced e�ects on bound to continuum intraband transitions,
a theoretical analysis based on density matrix formalism was presented. In particular,
bound to continuum intraband absorption spectra were discussed including Coulomb
interaction between quantum dot and continuum carriers (bulk or wetting layer). To deal
with the various continuum states and thus, with the high number of relevant Coulomb
coupling elements, the Poisson Green's function method was successfully applied to
e�ciently calculate the Coulomb coupling constants. Several con�gurations of the
initial occupations of the quantum dot were studied, resulting in characteristic spectral
signatures. Particularly, a splitting of the absorption spectrum indicates the formation
of bound to continuum excitons consisting of a localized carrier inside the quantum dot
and a delocalized carrier of the continuum. To get information about the localization of
these bound to continuum excitons, the corresponding wave functions were calculated and
the radial occupation probability was investigated. The results verify the formation of
Coulomb induced bound states. The extensions of these bound excitonic states increase
up to 100 nm, which is very large in comparison to the spatial extension of the quantum
dot of 10 nm. Since it is possible to grow several quantum dots in the spatial range of
100 nm, these large extensions of the exciton wave functions o�er the possibility to realize
an overlap of the exciton wave functions of distant quantum dots. This opens a way to
study a new electronic coupling between di�erent quantum dots. Beside quantum dot
based structures, also molecules embedded in a continuum represent a promising system,
in which these large extensions of the bound-continuum excitons provide new coupling
mechanisms between the molecules.

Furthermore, a non-perturbative equation of motion approach was presented, to study
the coupled electron-phonon interaction a�ecting intraband transitions between bound
quantum dot states. First numerical results indicate the formation of polaron states.
The derived equations pave the way for a variety of further studies, e.g., by varying the
coupling elements, the temperature or the intensity of the pump pulse. Furthermore, the
approach gives direct access to phonon correlations of an arbitrary phonon order, e.g.,
to the total phonon number of the quantum dot system. To gain deeper insight into the
formation of the polaronic state, a series of intraband spectra with varying time delay
between pump and probe pulse can be calculated re�ecting the temporal evolution of the
polaronic state.

To realize high quality devices such as sources for non-classical light, quantum dot
systems are often embedded in a cavity. Recently developed quantum dot-micropillar
cavity devices allow the investigation of photon-photon correlation functions of photons
emitted in two non-equivalent spatial directions with di�erent light-matter couplings.
Unidirectional as well as cross directional correlation functions were theoretically
analyzed to understand the emission process into the weak and into the strong coupling
direction, respectively. Based on the results of the unidirectional correlation functions
a single quantum dot-micropillar device was proposed acting as quantum light source
with a single photon emission in the strong coupling direction and a two photon emission
in the weak coupling direction. The results of the spatially crossed correlation function
including both spatial directions indicate the temporally ordered emission of two photons
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within a de�ned time interval. Based on this, a construction of a heralded single photon
source was proposed. The concept of this heralded single photon source was illustrated
on the example of a quantum dot embedded in a micropillar cavity. However, a much
more general statement can be made: All systems providing both, strongly and weakly
coupled photon modes, and the accessibility of a photon out-coupling in both directions
may be suitable to construct the proposed light sources, in particular a heralded single
photon source.

Semiconductor quantum dots coupled to an embedding bulk, quantum well or wetting
layer carrier reservoir represent an important example of a hybrid system, which consist
of a subsystem with localized, discrete states and a subsystem with quasi continuous
states. In particular for electrically pumped devices, quantum dot and carrier reservoir
require a description involving di�erent approximations, since they constitute many-
body systems with di�erent properties. On this account, a hybrid density matrix
approach was developed as a factorization scheme to describe interactions between those
hybrid many-body systems. The used projection operator technique is a combination of
conventional correlation expansions and an exact diagonalization scheme. Considering
the limit of a reservoir which is in an equilibrium state, the resulting hybrid density matrix
equations reproduce well known results. However, the approach allows a description of
the reservoir in�uence beyond the Makov approximation typically applied in a treatment
using Lindblad terms. In particular, the continuum is considered dynamically. The
concept of the hybrid density matrix approach is illustrated on the example of Coulomb
scatterings between a quantum dot and surrounding bulk medium. However, the
approach is also applicable to other systems and beside the Coulomb coupling further
interactions mechanisms can be included such as electron-phonon interactions.
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Appendix

A.1 Signal separation

Neglecting the light hole contribution of the bound to continuum intraband absorption
spectrum, a measured spectrum is given by the sum of the electron contribution and the
contribution resulting from heavy hole (hh) transitions:

α(ω) =

i

αi
e(ω)f

e,i +

j

αj
hh(ω)f

hh,j . (A.1)

If the electron and hole signals are not energetically separated from each other or several
quantum dot states are relevant, overlapping in the spectrum, we have to �nd other
mechanism to isolate a speci�c contribution. To illustrate one appropriate possibility,a
model system with two valence and two conduction band levels i = 1, 2 is considered.
The dynamics of the electron and hole densities are determined according to the principle
of detailed balance with di�erent transition rates Γµ

12 and Γµ
21 with µ ∈ {e, hh} for

electrons and holes. Using a Laplace-Transformation fµ,i(ω′) =
∞
0 fµ,i(t)e−ω′tdt, we

get α(ω, ω′) consisting of signals for ω′ = 0 and ω′ ∝ Γµ
21. The di�erent transition rates

of electrons and holes result in di�erent spectral positions ω′, shown in FigureA.1c. This
way, the electron and hole contributions can be separated into α1

e(ω)f
e,1+α2

ef
e,2(ω) and

α1
hh(ω)f

hh,1 + α2
hh(ω)f

hh,2. To further separate these signals two pump probe spectra
needs to be measured, illustrated in FigureA.1a and A.1b: One pumping the ground
exciton and one with an additional intersublevel excitation, using terahertz radiation.
The resulting spectra are given by α1

e(ω)f
e,1+α1

hh(ω)f
hh,1 and α2

e(ω)f
e,2+α1

hh(ω)f
hh,1.

Using linear algebra this allows us to determine a speci�c contribution of the spectrum,
e.g.:

2α1
ef

e,1 = (α1
ef

e,1 + α1
hhf

hh,1)− (α2
ef

e,2 + α1
hhf

hh,1) + (α1
ef

e,1 + α2
ef

e,2). (A.2)

The investigation of the other bound state can be performed analogously.
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Figure A.1 | Proposal to separate electron and hole contributions of bound to continuum
intraband absorption spectra: (a) Pump probe experiment pumping the ground exciton
to determine α1

e(ω)f
e,1 + α1

hh(ω)f
hh,1. (b) Pump probe experiment using two pump

pulses, �rst pumping the ground exciton and second the intraband transition between the
conduction band states c1 and c2. This way the measured intraband spectrum has the form
α2
e(ω)f

e,2 + α1
hh(ω)f

hh,1. (c) Laplace transformed spectrum α(ω, ω′) to separate electron

and hole contributions into


i α
i
e(ω)f

e,i and


j α
j
h(ω)f

hh,j .

A.2 Phonon assisted equations of motion

In this section the equations of motion for the phonon-assisted quantities Xµs,l,m,n
µ′
s′ ,l

′,m′,n′ =

µ†sµ′s′B
l,m,n
l′,m′,n′ are presented for all possible fermionic observables µ†sµ′s′ describing the

quantum dot system, such as the electron and hole densities ⟨µ†sµs⟩ with µ = e, h of the
quantum dot state s. Since those contributions in the equations of motion which result
from the interaction with the surrounding phonon bath are similar for each fermionic
observable X, the function b(X) is de�ned for a compact notation by

b(X) ≡

ξ


lα∗

ξGt⟨d†ξXB
l−1,m,n
l′,m′,n′ ⟩ − l′αξGt⟨dξXBl,m,n

l′−1,m′,n′⟩ (A.3)

+m(α′∗
ξ G11

d + α′′∗
ξ G12

d )⟨d†ξXB
l,m−1,n
l′,m′,n′ ⟩

−m′(α′∗
ξ G11

d + α′′∗
ξ G21

d )⟨dξXBl,m,n
l′,m′−1,n′⟩

+ n(α′∗
ξ G21

d + α′′∗
ξ G22

d )⟨d†ξXB
l,m,n−1
l′,m′,n′ ⟩

− n′(α′∗
ξ G12

d + α′′∗
ξ G22

d )⟨dξXBl,m,n
l′,m′,n′−1⟩


.

Furthermore, the de�nitions Gt ≡


q |gc2c1q |2 and Gij
d ≡


q(g

ci,eff∗
q g

cj ,eff
q ) are

introduced describing the electron-phonon coupling strength. The equation of motion
for the phonon-assisted hole density in the valence band state v1 reads:

−iℏ ∂t⟨h†1h1B
l,m,n
l′,m′,n′⟩ = (l − l′ +m−m′ + n− n′)ELO⟨h†1h1B

l,m,n
l′,m′,n′⟩ (A.4)

+ b(h†1h1) + deh11Epump(t)⟨e†1h
†
1B

l,m,n
l′,m′,n′⟩ − deh∗11 E∗

pump(t)⟨e1h1B
l,m,n
l′,m′,n′⟩.
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The equation of motion for the phonon-assisted electron density in the conduction band
state c1 is given by:

−iℏ ∂t⟨e†1e1B
l,m,n
l′,m′,n′⟩ =(l − l′ +m−m′ + n− n′)ELO⟨e†1e1B

l,m,n
l′,m′,n′⟩ (A.5)

+ lGt⟨e†2e1B
l−1,m,n
l′,m′,n′ ⟩ − l′Gt⟨e†1e2B

l,m,n
l′−1,m′,n′⟩

+mG11
d ⟨e†1e1B

l,m−1,n
l′,m′,n′ ⟩ −m′G11

d ⟨e†1e1B
l,m,n
l′,m′−1,n′⟩

+ nG12
d ⟨e†1e1B

l,m,n−1
l′,m′,n′ ⟩ − n′G12

d ⟨e†1e1B
l,m,n
l′,m′,n′−1⟩

+ ⟨e†2e1B
l,m,n
l′+1,m′,n′⟩ − ⟨e†1e2B

l+1,m,n
l′,m′,n′ ⟩

+ ⟨e†2e1B
l+1,m,n
l′,m′,n′ ⟩ − ⟨e†1e2B

l,m,n
l′+1,m′,n′⟩+ b(e†1e1)

+ dee21Eprobe(t)⟨e
†
2e1B

l,m,n
l′,m′,n′⟩ − dee∗21 E∗

probe(t)⟨e
†
1e2B

l,m,n
l′,m′,n′⟩

+ deh11Epump(t)⟨e1h1Bl,m,n
l′,m′,n′⟩ − deh∗11 E∗

pump(t)⟨e
†
1h

†
1B

l,m,n
l′,m′,n′⟩.

The equation of motion for the phonon-assisted electron density of the conduction band
state c2 is:

−iℏ ∂t⟨Xe2,l,m,n
e2,l′,m′,n′⟩ =(l − l′ +m−m′ + n− n′)ELO⟨e†2e2B

l,m,n
l′,m′,n′⟩ (A.6)

+ lGt⟨e†1e2B
l−1,m,n
l′,m′,n′ ⟩ − l′Gt⟨e†2e1B

l,m,n
l′−1,m′,n′⟩ − ⟨e†2e1B

l+1,m,n
l′,m′,n′ ⟩

+ ⟨e†1e2B
l,m,n
l′+1,m′,n′⟩+ ⟨e†1e2B

l+1,m,n
l′,m′,n′ ⟩ − ⟨e†2e1B

l,m,n
l′+1,m′,n′⟩

+ nG22
d ⟨e†2e2B

l,m,n−1
l′,m′,n′ ⟩ − n′G22

d ⟨e†2e2B
l,m,n
l′,m′,n′−1⟩

+mG12
d ⟨e†2e2B

l,m−1,n
l′,m′,n′ ⟩ −m′G12

d ⟨e†2e2B
l,m,n
l′,m′−1,n′⟩+ b(e†2e2)

− dee21Eprobe(t)⟨e
†
2e1B

l,m,n
l′,m′,n′⟩+ dee∗21 E∗

probe(t)⟨e
†
1e2B

l,m,n
l′,m′,n′⟩.

The equation of motion for the phonon-assisted intraband polarization between the
conduction band states c1 and c2 has the form:

−iℏ ∂t⟨e†1e2B
l,m,n
l′,m′,n′⟩ =(iγ + (l − l′ +m−m′ + n− n′)ELO + E12

cc )⟨e
†
1e2B

l,m,n
l′,m′,n′⟩ (A.7)

+ ⟨e†2e2B
l+1,m,n
l′,m′,n′ ⟩ − ⟨e†1e1B

l+1,m,n
l′,m′,n′ ⟩ − l′Gt⟨e†1e1B

l,m,n
l′−1,m′,n′⟩

+ lGt⟨e†2e2B
l−1,m,n
l′,m′,n′ ⟩+ ⟨e†2e2B

l,m,n
l′+1,m′,n′⟩ − ⟨e†1e1B

l,m,n
l′+1,m′,n′⟩

+mG11
d ⟨e†1e2B

l,m−1,n
l′,m′,n′ ⟩ − n′G22

d ⟨e†1e2B
l,m,n
l′,m′,n′−1⟩+ nG12

d ⟨e†1e2B
l,m,n−1
l′,m′,n′ ⟩

−m′G12
d ⟨e†1e2B

l,m,n
l′,m′−1,n′⟩+ ⟨e†1e2B

l,m,n
l′,m′+1,n′⟩ − ⟨e†1e2B

l,m,n
l′,m′,n′+1⟩

− ⟨e†1e2B
l,m,n+1
l′,m′,n′ ⟩+ b(e†1e2) + deh∗11 E∗

pump(t)⟨e2h1B
l,m,n
l′,m′,n′⟩

+ dee21Eprobe(t)

⟨e†2e2B

l,m,n
l′,m′,n′⟩ − ⟨e†1e1B

l,m,n
l′,m′,n′⟩


.
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The equation of motion for the phonon-assisted interband polarization between the
conduction band state c1 and the valence band state v1 reads:

−iℏ ∂t⟨e†1h
†
1B

l,m,n
l′,m′,n′⟩ =(iγ + (l − l′ +m−m′ + n− n′)ELO + E11

cv )⟨e
†
1h

†
1B

l,m,n
l′,m′,n′⟩

+ lGt⟨e†2h
†
1B

l−1,m,n
l′,m′,n′ ⟩+ ⟨e†2h

†
1B

l,m,n
l′+1,m′,n′⟩+ ⟨e†2h

†
1B

l+1,m,n
l′,m′,n′ ⟩

+mG11
d ⟨e†1h

†
1B

l,m−1,n
l′,m′,n′ ⟩+ nG12

d ⟨e†1h
†
1B

l,m,n−1
l′,m′,n′ ⟩+ ⟨e†2h

†
1B

l,m,n
l′,m′+1,n′⟩

+ ⟨e†2h
†
1B

l,m+1,n
l′,m′,n′ ⟩+ b(e†1h

†
1) + dee21Eprobe(t)⟨e

†
2h

†
1B

l,m,n
l′,m′,n′⟩

+ deh∗11 E∗
pump(t)


⟨h†1h1B

l,m,n
l′,m′,n′⟩ − ⟨e†1e1B

l,m,n
l′,m′,n′⟩


. (A.8)

The equation of motion for the phonon-assisted interband polarization between the
conduction band state c2 and the valence band state v1 is given by:

−iℏ ∂t⟨e†2h
†
1B

l,m,n
l′,m′,n′⟩ =(iγ + (l − l′ +m−m′ + n− n′)ELO + E11

cv ++E12
cc )⟨e

†
2h

†
1B

l,m,n
l′,m′,n′⟩

+ lGt⟨e†1h
†
1B

l−1,m,n
l′,m′,n′ ⟩+ ⟨e†1h

†
1B

l,m,n
l′+1,m′,n′⟩+ ⟨e†1h

†
1B

l+1,m,n
l′,m′,n′ ⟩

+ nG22
d ⟨e†2h

†
1B

l,m,n−1
l′,m′,n′ ⟩+mG12

d ⟨e†2h
†
1B

l,m−1,n
l′,m′,n′ ⟩+ ⟨e†2h

†
1B

l,m,n
l′,m′,n′+1⟩

+ ⟨e†2h
†
1B

l,m,n+1
l′,m′,n′ ⟩+ b(e†2h

†
1)− deh∗11 E∗

pump(t)⟨e
†
2e1B

l,m,n
l′,m′,n′⟩

+ dee∗21 E∗
probe(t)⟨e

†
1h

†
1B

l,m,n
l′,m′,n′⟩. (A.9)

Also for the pure bosonic contribution ⟨Bl,m,n
l′,m′,n′⟩, e.g., relevant to determine the total

phonon number, an equation of motion is derived, which reads:

−iℏ ∂t⟨Bl,m,n
l′,m′,n′⟩ =(l − l′ +m−m′ + n− n′)ELO⟨Bl,m,n

l′,m′,n′⟩+ b() (A.10)

+ lGt⟨e†2e1B
l−1,m,n
l′,m′,n′ ⟩ − l′Gt⟨e†1e2B

l,m,n
l′−1,m′,n′⟩

+ lGt⟨e†1e2B
l−1,m,n
l′,m′,n′ ⟩ − l′Gt⟨e†2e1B

l,m,n
l′−1,m′,n′⟩

+mG11
d ⟨e†1e1B

l,m−1,n
l′,m′,n′ ⟩ −m′G11

d ⟨e†1e1B
l,m,n
l′,m′−1,n′⟩

+ nG22
d ⟨e†2e2B

l,m,n−1
l′,m′,n′ ⟩ − n′G22

d ⟨e†2e2B
l,m,n
l′,m′,n′−1⟩

+mG12
d ⟨e†1e1B

l,m−1,n
l′,m′,n′ ⟩ −m′G12

d ⟨e†1e1B
l,m,n
l′,m′−1,n′⟩

+ nG12
d ⟨e†2e2B

l,m,n−1
l′,m′,n′ ⟩ − n′G12

d ⟨e†2e2B
l,m,n
l′,m′,n′−1⟩.

iv
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A.3 Calculation of two-time expectation values via the

quantum regression theorem

This section comprises a brief presentation of the quantum regression theorem applied to
compute the two-time correlation function g(2)x−x′(τ) using the density matrix formalism.
The considerations of Section 8.2 lead to the following expression of the second order
correlation function:

g
(2)
x−x′(τ) =

⟨µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)⟩
⟨µx(t)µ†x(t)⟩⟨µx′(t)µ†x′(t)⟩

, (A.11)

whose calculation involves the following two time expectation value:

⟨µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)⟩ = tr(µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)ρ), (A.12)

with the statistical operator ρ. Since the trace is invariant under cyclic permutation, we
can write:

⟨µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)⟩ = tr(µx′(t+ τ)µ†x′(t+ τ)µ†x(t)ρµx(t)). (A.13)

The time-dependent operators µ(†)x′ (t+τ) are expressed by U(t+τ, t)µx′(t+τ)U †(t+τ, t),
using the propagator U(t+ τ, t). Then, Equation (A.13) yields:

⟨µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)⟩ (A.14)

= tr(U(t+ τ, t)µx′(t)U †(t+ τ, t)U(t+ τ, t)µ†x′(t)U
†(t+ τ, t)µ†x(t)ρµx(t)).

Using the relation U †(t+ τ, t)U(t+ τ, t) = 1, this directly leads to

⟨µx(t)µx′(t+τ)µ†x′(t+τ)µ
†
x(t)⟩ = tr(µ†x′(t)U

†(t+τ, t)µ†x(t)ρµx(t)U(t+τ, t)µx′(t)). (A.15)

An introduction of the de�nition

ξx(t+ τ) ≡ U †(t+ τ, t)µ†x(t)ϱµx(t)U(t+ τ, t) (A.16)

leads to the expression

⟨µx(t)µx′(t+ τ)µ†x′(t+ τ)µ†x(t)⟩ = tr(µ†x′(t)ξx(t+ τ)µx′(t)). (A.17)

The derivation of Equation (A.17) from Equation (A.11) is formulated in the Heisenberg
picture, in which the information about the time evolution of the system is determined
by the operators (here e.g. ξx(t+ τ)).
In the Schrödinger picture a description via a time-dependent density matrix ρ(t) can
be used to express the time dependence of the expectation values. A Liouville-space
propagator U(t+ τ, t) is de�ned by the Liouvillian L through ∂tU(t+ τ, t) = LU(t+ τ, t)
(cf. Section 2.2), analogous to the propagator U(t + τ, t) in the Heisenberg picture. In
the density matrix formalism of the Liouville space, Equation (A.16) then reads:

ξx(t+ τ) ≡ U(t+ τ, t)

µ†xϱ0(t)µx


. (A.18)

v
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The expectation value, which enters into the second order correlation function g(2)x−x′(τ)
via Equation (A.11) �nally reads:

⟨µx(t)µx′(t+ τ)µ†x′(t)µ
†
x(t)⟩ = trS(µ

†
x′ξx(t+ τ)µx′). (A.19)

A.4 Equations of motion for cavity assisted photon emission

Within this section a complete set of density matrix equations is presented, used in
Chapter 8 to numerically calculate the second and third order correlation functions. The
equation of motion describing the ground sate occupation is given by:

∂tρ
n1,n2,g
n′
1,n

′
2,g

=−

σ

Peσgρ
n1,n2,g
n′
1,n

′
2,g

+

σ

γeσg ρ
n1,n2,eσ
n′
1,n

′
2,eσ

(A.20)

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ρ
n1,n2,g
n′
1,n

′
2,g

+ γm
√
nm + 1


n′m + 1 ρgg(m, 1, 1)

− i

ℏ

σ

Em ·dgeσ

√
nm ρeσg (m,−1, 0)

+
i

ℏ

σ

E∗
m ·deσg


n′m ρ g

eσ(m, 0,−1)

,

in which the compact notations ρ s
s′(1, k, j) ≡ ρ

n1+k,n2,s
n′
1+j,n′

2,s
′ and ρ s

s′(2, k, j) ≡ ρ
n1,n2+k,s
n′
1,n

′
2+j,s′ are

introduced for a compact notation. The expression ρ s
s′(m, k, j) still depends on the photon

numbers n1, n2, n′1 and n
′
2, which are determined by the left hand side of Equation (A.20).

The equation of motion for the exciton occupations reads:

∂tρ
n1,n2,eσ
n′
1,n

′
2,g

=

− i(ωeσ − ωg)−

γeσg
2

−

σ′

Peσ′g

2
−
Pfeσ

2
− γpure


ρ
n1,n2,eσ
n′
1,n

′
2,g

(A.21)

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ρ
n1,n2,eσ
n′
1,n

′
2,g

+ γm
√
nm + 1


n′m + 1 ρeσg (m, 1, 1)

− i

ℏ
Em ·deσf

√
n1 ρ

f
g(m,−1, 0)

− i

ℏ
E∗
m ·deσg

√
n1 + 1 ρgg(m, 1, 0)

+
i

ℏ

σ′

E∗
m ·deσ′g


n′1 ρ

eσ
eσ′(m, 0,−1)


.
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The equation of motion for the ground-exciton state coherence is:

∂tρ
n1,n2,eσ
n′
1,n

′
2,eσ′ =


−
γeσg + γeσ′g

2
−
Pfeσ + Pfeσ′

2


ρ
n1,n2,eσ
n′
1,n

′
2,eσ′ (A.22)

+ γfeσ ρ
n1,n2,f
n′
1,n

′
2,f

δσ,σ′ + Peσg ρ
n1,n2,g
n′
1,n

′
2,g

δσ,σ′

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ρ
n1,n2,eσ
n′
1,n

′
2,eσ′

+ γm
√
nm + 1


n′m + 1 ρ

eσ
eσ′(m, 1, 1)

+
i

ℏ
Em ·dgeσ′


n′m + 1 ρeσg (m, 0, 1)

− i

ℏ
Em ·deσf

√
nm ρ f

eσ′(m,−1, 0)

− i

ℏ
E∗
m ·deσg

√
nm + 1 ρ

g
eσ′(m, 1, 0)

+
i

ℏ
E∗
m ·dfeσ′


n′m ρ

eσ
f (m, 0,−1)


.

The equation of motion representing the exciton-biexciton state coherence yields:

∂tρ
n1,n2,eσ
n′
1,n

′
2,f

=

− γpure − i(ωe − ωf )−

γeσg
2

−

σ′

γfeσ′

2
−
Pfeσ

2


ρ
n1,n2,eσ
n′
1,n

′
2,f

(A.23)

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ρ
n1,n2,eσ
n′
1,n

′
2,f

+ γm
√
nm + 1


n′m + 1ρ

eσ
f (m, 1, 1)

− i

ℏ
Em ·deσf

√
nmρ

f ′

f (m,−1, 0)

+
i

ℏ

σ′

Em ·deσ′f


n′m + 1ρeσ′

eσ (m, 0, 1)

− i

ℏ
E∗
m ·deσg

√
nm + 1ρ

g
f(m, 1, 0)


.

The equation of motion for the ground-biexciton state coherence is given by:

∂tρ
n1,n2,f
n′
1,n

′
2,g

=

− γpure − i(ωf − ωg)−


σ

Peσg

2
−

σ

γfeσ
2


ρ
n1,n2,f
n′
1,n

′
2,g

(A.24)

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ρ
n1,n2,f
n′
1,n

′
2,g

+ γm
√
nm + 1


n′m + 1ρfg(m, 1, 1)

+
i

ℏ

σ

E∗
m ·deσg


n′mρ

f
eσ(m, 0,−1)

− i

ℏ

σ

E∗
m ·dfeσ

√
nm + 1ρeσg (m, 1, 0)


.
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The equation of motion determining the biexciton sate occupation is:

∂tρ
n1,n2,f
n′
1,n

′
2,f

=−

σ

γfeσρ
n1,n2,f
n′
1,n

′
2,f

+

σ

Peσfρ
n1,n2,eσ
n′
1,n

′
2,eσ

(A.25)

+


m=1,2


− iωm(nm − n′m)− γm

2
(nm + n′m)


ρ
n1,n2,f
n′
1,n

′
2,f

+ γm
√
nm + 1


n′m + 1ρff(m, 1, 1)

− i

ℏ

σ

E∗
m ·dfeσ

√
nm + 1ρ

eσ
f (m, 1, 0)

+
i

ℏ

σ

Em ·deσf


n′m + 1ρ f

eσ(m, 0, 1)

.

A.5 Derivation of the factorization rules

This section includes the derivation of the factorization rules used in Section 9.5.2. The
assumed statistical operator ρ(t) = ρQD(t)ρct(t) consists of a continuum contribution
ρct(t):

ρct(t) =
1

Zct
exp


−

ν,η

(αee
ν,η(t)e

†
νeη + αhh

ν+K,η+K(t)hν+Kh
†
η+K) (A.26)

+ αeh
ν+K,η(t)e

†
ν+Kh

†
η + αhe

ν,η+K(t)hνeη+K)

,

and a contribution of the quantum dot ρQD(t):

ρQD(t) =
1

ZQD
exp


−


i,j,Ie,Ih,I′e,I

′
h

β
IeIh,I

′
eI

′
h

i,j (t)XIeIh†
i X

I′eI
′
h

j


, (A.27)

with the corresponding partition functions ZQD and Zct, the total number of continuum

states K and the Lagrange parameters αµ1,µ2
ν,η (t) and β

IeIh,I
′
eI

′
h

i,j (t). To keep the notation
simple, the indices µ = e, h and Iµ are omitted in the following calculations. Using
unitary matrices Φ and Ψ the Lagrange parameters can be diagonalized:

Φαν,ηΦ
∗ = α̃ν,η with the diagonal matrix α̃ν,η = δν,η α̃ν,η = α̃ν , (A.28)

and

Ψβi,jΨ
∗ = β̃i,j with the diagonal matrix β̃i,j = δi,j β̃i,j = β̃i. (A.29)

We introduce a continuum operator u(†)ξ , which is de�ned via a transformation of the

electron and hole operators e(†)νe and h(†)νh :

u†ξ =

νe

ϕ∗νeξe
†
νe +


νh

ϕ∗νhξhνh , uλ =

νe

ϕλνeeνe +

νh

ϕλνhh
†
νh
, (A.30)
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where νe and νh are disjunctive indix-ranges for the electron states or for the hole
states, respectively. In analogy to Equation (A.30), new quantum dot operators B(†)

k

are introduced via a transformation of the quantum dot operators XIeIh(†)
i :

B†
k =


i

ψ∗
ikX

IeIh†
i , Bl =


j

ψljX
IeIh
j . (A.31)

Inserting the inverse operator transformation∗ of Equation (A.30) and Equation (A.31)
into the equation of the statistical operator ρct (Equation 9.19) results in:

ρct =
1

Zct
exp(−


ηγ


λµ

ϕηλαλµϕ
∗
µγ u

†
ηuγ) =

1

Zct
exp(−


η

α̃η u
†
ηuη). (A.32)

Analog, ρQD (Equation 9.20) can be expressed by:

ρQD =
1

ZQD
exp(−


k

β̃k B
†
kBk). (A.33)

To start the derivation of the factorization rule for continuum expectation values such as
⟨e†νe1e

†
νe2
eνe3eνe4 ⟩, a relation for the continuum expectation value ⟨e†λeµ⟩ is determined:

⟨e†λeµ⟩ = tr(e†λeµρqdρct) = trct(e
†
λeµρct). (A.34)

For the evaluation of the trace, a basis {ν} of the continuum is chosen, so that the

eigenvalue equation u†αuα|ν⟩ = mα|ν⟩ is satis�ed for the transformed operators u(†)α .
Since uα and u†β satisfy the fermionic commutation relations [u†α, uβ]+ = δαβ , even the
transformed operators have the properties of creation and annihilation operators. Thus,
the eigenvalues mα of u†αuα are given by mα = 0 or mα = 1. For Equation (A.34) this
results in

⟨e†λeµ⟩ =
1

Zct


ν

⟨ν|e†λeµ exp(−

η

α̃ηu
†
ηuη)|ν⟩

=
1

Zct


ν


ξρ

ϕξλϕ
∗
µρ exp(−


η

α̃ηmη)⟨ν|u†ξuρ|ν⟩. (A.35)

Due to the orthogonality of the basis {|ν⟩} only the case ξ = ρ gives a matrix element
⟨ν|u†ξuρ|ν⟩ unequal zero. Therefore, Equation (A.35) yields:

⟨e†λeµ⟩ =
1

Zct


ν


ξρ

ϕξλϕ
∗
µρ exp(−


η

α̃ηmη)δξρmξ

=
1

Zct


ν


ξ

ϕξλϕ
∗
µξmξ


η

exp(−α̃ηmη). (A.36)

Following the derivation of Equation (A.36), it can be shown that similar equations
hold for hole one-particle continuum expectation values ⟨h†h⟩ as well as for quantum
dot contributions of the form ⟨X†X⟩. For further analytical insights, the sum over

∗The inverse transformations are given by:
e†νe =


α ϕανeu

†
α, h

†
νh =


β ϕ

∗
νhβuβ and LKeKh†

i =


k ψkiB
†
k.
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ν is evaluated


ν →
1

m1=0

1
m2=0 . . . as well as the partition function Zct =

ν


η exp(−α̃ηmη), for the one-particle expectation value �nally resulting in:

⟨e†λeµ⟩ =

ξ

ϕξ,λϕ
∗
µ,ξ

e−α̃ξ

1 + e−α̃ξ
. (A.37)

As a next step, the two-particle continuum quantities ⟨e†νe1e
†
νe2
eνe3eνe4 ⟩ are expressed by

one-particle quantities given in Equation (A.37):

⟨e†νe1e
†
νe2
eνe3eνe4 ⟩ =

1

Zct


ν

exp(−

η

α̃ηmη)⟨ν|e†νe1e
†
νe2
eνe3eνe4 |ν⟩

=
1

Zct


ν

exp(−
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Inserting the expression for the one-particle expectation value given in Equation (A.37)
into Equation (A.38) of the two-particle quantity, leads to the following factorization rule:

⟨e†νe1e
†
νe2
eνe3eνe4 ⟩ = ⟨e†νe1eνe4 ⟩⟨e

†
νe2
eνe3 ⟩ − ⟨e†νe1eνe3 ⟩⟨e

†
νe2
eνe4 ⟩. (A.39)

This result shows that the continuum expectation values factorize identical to the
Hartree-Fock-factorization, cf. Section 2.3. Even if the derivation of this factorization
rule is only shown for electron expectation values, the relation is also applicable to hole
quantities.

x



Appendix A. Appendix Derivation of the factorization rules

Beside the continuum expectation values also assisted expectation values ⟨A†AX†X⟩,
consisting of continuum contributions A†A and quantum dot contributions X†X, exist.
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Using Equation (A.35) and its analog expression for the quantum dot contribution, we
�nally get the following factorization rule for assisted expectation values:

⟨A†
λAµX

†
kXl⟩ = ⟨A†

λAµ⟩⟨X†
kXl⟩. (A.41)

This result shows that assisted expectation values factorize into its quantum dot and
continuum contributions.
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