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Abstract

In this work several aspects of the highly non-perturbative, nonlinear response of
atoms and molecules to intense laser fields are investigated. One of the most intriguing
phenomena is the theoretically long predicted but experimentally difficult to “catch” sta-
bilization of atoms against ionization in strong laser fields, i.e., the formation of a new
system “atom plus super-atomic field” that supports stable electronic states. Strong but
indirect evidence of the existence of those stable states has been provided recently in
experiments with Helium [1,2].

Using ab-initio calculations for the potassium atom, it is shown how the electronic
structure of the stable “laser-dressed” atom can be unambiguously identified and directly
imaged in angle-resolved photoelectron spectra that can be obtained with standard modern
experimental techniques.

The strong restructuring of the “laser-dressed” electronic states should have implica-
tions for all aspects of nonlinear propagation of intense laser fields in atomic or molecular
media, including the Kerr effect, which plays a central role in laser filamentation. Using
numerical simulations, it is shown that the Kerr response of an atom can be strongly
affected by the formation of the new stable states under typical laser filamentation condi-
tions. The modifications are sensitive to the shape of the laser pulse and become especially
visible when the propagating laser pulse has a sharp front.

Next, the effects of the laser-induced reshaping of electronic states in molecules, in
particular, in the vicinity of conical intersections (CIs) are considered. Using a two-
dimensional model of the NO2 molecule, it is shown that the non-adiabatic electronic
relaxation of the molecule at the CI can be controlled on the sub-laser-cycle time scale by
using a well-timed, nearly single-cycle, phase-stable laser pulse with a carrier oscillation
period that matches the time scale of the electronic relaxation at the CI. It is found that
the laser-induced modifications of the coupled electron-nuclear dynamics imparted on the
sub-laser-cycle time scale manifest during the much longer nuclear dynamics that follow
on the many tens of femtosecond time scale, long after the control pulse is gone.

Coupled electron-nuclear dynamics can be imaged using high harmonic (HH) gener-
ation spectroscopy. Using a new approach to analyze the HH signal by resolving the HH
spectrum in the molecular vibrational channels, it is shown that the localization of the
electron on one of the two protons of the strongly laser-driven, dissociating H+

2 molecular
ion is reflected in the appearance of even harmonics in the HH spectrum, indicating the
breaking of the spatial symmetry in the system.

[1] U. Eichmann et al., Nature 461, 1261 (2009).
[2] S. Eilzer, U. Eichmann, J. Phys. B: At. Mol. Opt. Phys. 47, 204014 (2014).
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Zusammenfassung

In dieser Arbeit sind mehrere Aspekte der in hohem Maße nicht-störungstechnischen,
nichtlinearen Reaktion von Atomen und Molekülen auf intensive Laserfelder untersucht.
Eines der faszinierendsten Phänomene ist die seit langem theoretisch vorhergesagte, aber
experimentell schwer nachweisbare Stabilisierung von Atomen gegen Ionisierung in starken
Laserfeldern, d.h. die Bildung eines neuen Systems “Atom plus superatomares Feld” mit
stabilen elektronischen Zuständen. Ein starker aber indirekter Nachweis der Existenz
dieser stabilen Zustände wurde kürzlich in Experimenten mit Helium erbracht [1,2].

Mit ab-initio Berechnungen für das Kaliumatom ist gezeigt, wie die elektronische
Struktur des stabilen “laser-bekleideten” Atoms eindeutig identifiziert und in winkelaufge-
lösten Photoelektronenspektren, die mittels üblichen modernen experimentellen Methoden
gemessen werden können, direkt abgebildet werden kann.

Die starke Umstrukturierung der “laser-bekleideten” elektronischen Zustände sollte
Auswirkungen auf alle Aspekte der nichtlinearen Ausbreitung von intensiven Laserfeldern
in atomaren und molekularen Medien haben, einschließlich des Kerr-Effekts, der eine zen-
trale Rolle in der Laserfilamentierung spielt. Mit numerischen Berechnungen ist gezeigt,
dass die Kerr-Reaktion eines Atoms durch die Bildung der neuen stabilen Zustände unter
typischen Laserfilamentierungs-Bedingungen stark beeinflusst werden kann. Die Modi-
fikationen sind empfindlich gegenüber der Form des Laserpulses und werden vor allem
sichtbar, wenn der sich ausbreitende Laserpuls eine steile Frontseite besitzt.

Desweiteren sind die Auswirkungen von laser-induzierten Umformungen der elektron-
ischen Zustände in Molekülen, insbesondere in der Nähe von kegelförmigen Schnittpunkten
(KS) der elektronischen Potentialflächen, behandelt. Mit Hilfe eines zweidimensionalen
Modells des NO2 Moleküls ist gezeigt, dass die nicht-adiabatische, elektronische Abregung
des Moleküls an dem KS durch die Nutzung eines zeitlich gut abgestimmten, phasensta-
bilen, nahezu single-cycle Laserpuls mit einer Trägerschwingungsperiode die der Zeitskala
der elektronischen Abregung am KS entspricht, auf einer Zeitskala unterhalb einer ganzen
Laserschwingung kontrolliert werden kann. Es wird festgestellt, dass die innerhalb weniger
als einer Laserschwingung hervorgerufenen Modifikationen der gekoppelten Elektronen-
und Kernbewegung sich während der folgenden, viel längeren Kernbewegung auf einer
Zeitskala von mehreren zehn Femtosekunden, lange nachdem der Kontrollpuls vorbei ist,
offenbaren.

Gekoppelte Elektronen- und Kernbewegungen können mit Hilfe der Hohe-Harmonische
(HH) Spektroskopie abgebildet werden. Mit einer neuen Methode zur Analyse des HH-
Signals, die auf der Identifikation der zum HH-Spektrum beitragenden molekularen Schwin-
gungskanäle basiert, ist gezeigt, dass die Lokalisierung des Elektrons an einem der beiden
Protonen des stark laser-getriebenen, dissoziierenden H+

2 Molekülions in dem Auftreten
von geradzahligen Harmonischen im HH-Spektrum reflektiert ist. Das Auftreten der ger-
adzahligen Harmonischen weist auf den räumlichen Symmetriebruch im System hin.

[1] U. Eichmann et al., Nature 461, 1261 (2009).
[2] S. Eilzer, U. Eichmann, J. Phys. B: At. Mol. Opt. Phys. 47, 204014 (2014).
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Introduction and Thesis Outline

Today, laser pulses with electric fields comparable to or higher than the electrostatic
forces binding valence electrons in atoms, or atoms in molecules, have become a routine
tool. A great variety of routine ultrafast experiments that use femtosecond laser pulses
operate with light intensities in the range of I ∼ 1013 −1014 W/cm2, which deliver electric
fields of several Volts per Ångström. Such fields exceed the binding electrostatic field for ex-
cited electronic states of virtually all atoms. Once the light intensity exceeds 1014 W/cm2,
the same becomes true for ground electronic states of many atoms and molecules.

Naturally, the response of atoms and molecules to such fields is non-perturbative and
highly nonlinear. Driven by an intense oscillating electric field, electrons respond not just
to the envelope of the laser pulse, but to the carrier oscillations of the electromagnetic
wave. A brief overview of the basic phenomenology of this response, and the standard
mathematical tools used for its description, are given in the first Chapter.

Crucially, the new electronic states that form in the strong laser field, the resulting
electronic response of atoms, and the coupled electronic-nuclear response in molecules, all
incorporate the instantaneous electric field of the light wave as their intrinsic feature. One
would expect that when such intense fields are applied to atoms, they would always lead
to fast ionization. However, recent experiments [1–4] with Helium atoms exposed to fields
with intensities approaching 1016 W/cm2 have unambiguously shown that a substantial
fraction of the atoms remains stable during the pulse. They have provided the first in-
direct evidence of the formation of the so-called Kramers-Henneberger atom [5, 6] – an
inseparable hybrid of the original field-free atom and the intense light field.

The first part of the thesis focuses on the unusual, even exotic, aspects of this elec-
tronic response. It starts with the theoretical background for the emergence of the new
states in a light-dressed atom. The states look as if they have originated in a diatomic
molecule. It is shown how one can directly image these new states using photoelectron

1



Introduction and Thesis Outline

spectroscopy using standard experimental tools already available in most experimental
laboratories that study strong-field response.

Next, we address the role which the new electronic states of the strongly driven atom
can play during the propagation of intense light pulses in atomic gases. We show that the
formation of the Kramers-Henneberger atom can lead to dramatic modifications of the
Kerr effect – the fundamental nonlinear optical response that plays a crucial role during
the propagation of intense laser light in gases. The modifications are sensitive to the
shape of the laser pulse and become especially visible when the propagating laser pulse
has a sharp front and a relatively flat top. Our study has motivated new experiments,
now underway in Geneva [7]. The preliminary experimental results demonstrate the same
qualitative physics as we have predicted based on our theoretical analysis.

The possibility to use nearly instantaneous electronic response to strong laser fields to
control the nuclear motion in photo-excited molecules is studied next. We show how one
can strongly modify the electronic potential energy surfaces that form the landscape for
the nuclear motion on the sub-laser-cycle time-scale, and that this sub-cycle modification
of the potential landscape can affect the nuclear dynamics. Importantly, the consequences
of this sub-cycle, sub-femtosecond modification of the potential landscape can be seen long
after the control pulse is gone, on the tens of femtosecond time scale characteristic of the
nuclear motion in molecules.

The flow of electron charge inside a molecule is at the heart of chemical dynamics.
There are many tools that allow one to track this motion with high temporal resolution,
such as the well-established pump-probe photoelectron spectroscopy [8]. However, there
are also new tools that are now becoming available, and we use one of them in this
thesis: the high harmonic generation spectroscopy. It has now been well-established that
high harmonic spectroscopy is very sensitive to both electronic and nuclear dynamics [9–
22], and carries the potential to combine sub-femtosecond temporal with Ångström-scale
spatial resolution.

The demonstration of the sensitivity is the focus of Chapter 7, where we have used
the example of high harmonic generation in the hydrogen molecular ion to follow the
dissociation of H+

2 into a proton and a neutral hydrogen atom. It is clear that during such
process the single electron in the molecule has to localize on one of the two protons. The
question we address is: can we follow this process in time, and can we identify the onset
of this process with spatial and temporal resolution, using high harmonic emission?

2



Introduction and Thesis Outline

Initially, when the electron is fully delocalized between the two protons, the harmonic
spectrum consists of odd harmonics only, as expected in centrally-symmetric systems.
However, the electron localization breaks the symmetry of electronic motion inside the
molecule and leads to the appearance of even harmonics. In Chapter 7 we describe a new
approach for analyzing the harmonic spectra and use this analysis to link the onset of
electron localization with the harmonic signal.

The work presented in this thesis has been described in four papers, of which three
have been published and the fourth is accepted for publication:

• Imaging the Kramers–Henneberger atom,
F. Morales, M. Richter, S. Patchkovskii and O. Smirnova,
Proceedings of the National Academy of Sciences 108, 16906 (2011).

• The role of the Kramers–Henneberger atom in the higher-order Kerr effect,
M. Richter, S. Patchkovskii, F. Morales, O. Smirnova and M. Ivanov,
New Journal of Physics 15, 083012 (2013).

• Sub-laser-cycle control of coupled electron-nuclear dynamics at a conical intersection,
M. Richter, F. Bouakline, J. González-Vázquez, L. Martínez-Fernández, I. Corral, S.
Patchkovskii, F. Morales, M. Ivanov, F. Martín and O. Smirnova,
New Journal of Physics 17, 113023 (2015).

• High harmonic spectroscopy of electron localization in the hydrogen molecular ion,
F. Morales, P. Rivière, M. Richter, A. Gubaydullin, M. Ivanov, O. Smirnova and F.
Martín,
Journal of Physics B: Atomic, Molecular and Optical Physics 47, 204015 (2014).

In addition to these publications, I have also been involved in the work presented in
the following papers (not described in the thesis):

• Time reconstruction of harmonic emission in molecules near the ionization threshold,
P. Rivière, F. Morales, M. Richter, L. Medisauskas, O. Smirnova and F. Martín,
Journal of Physics B: Atomic, Molecular and Optical Physics 47, 241001 (2014).

• Control and identification of strong field dissociative channels in CO+
2 via molecular

alignment,
M. Oppermann, S. J. Weber, F. Morales, M. Richter, S. Patchkovskii, A. Csehi, Á.

3



Introduction and Thesis Outline

Vibók, M. Ivanov, O. Smirnova and J. P. Marangos,
Journal of Physics B: Atomic, Molecular and Optical Physics 47, 124025 (2014).

The thesis is structured as follows:

In the first Chapter, I provide an overview of the basic phenomenology of strong-field
laser-atom interaction and a brief outline of some key theoretical concepts routinely used
in strong-field physics.

The second Chapter provides a detailed theoretical introduction into the physics of
the Kramers-Henneberger atom.

The original work on imaging the Kramers-Henneberger atom using photoelectron
spectroscopy is presented in Chapter 3. Photoelectron spectroscopy is usually used in the
perturbative regime. We show how the KH approach allows one to develop a perturbative-
like photoelectron spectroscopy in the strong-field regime.

The implications of the KH states for the propagation of intense laser pulses in non-
linear media is described in Chapter 4.

So far we have only focused on the purely electronic response to strong fields. The
role of the coupling between electronic and nuclear motion is discussed in the remainder
of the thesis.

I first introduce in Chapter 5 the necessary theoretical background dealing with both
the effects of the laser field on molecules and the coupled electron-nuclear dynamics at
conical intersections. Additionally a detailed technical overview of theoretical methods
required to simulate coupled electron-nuclear dynamics in polyatomic molecules is given
in the Appendix. In particular, Appendix III contains a detailed description of the con-
struction of the kinetic energy operator in reduced dimensionality. This is essential for
developing computationally efficient schemes when many degrees of freedom are involved.
Appendix IV contains a detailed description of the discrete variable representation of the
relevant Hamiltonian including the kinetic energy operator. We have used this grid method
combined with a split-operator method to perform the numerical simulations described in
Chapter 6, where the interplay between the laser field and the dynamics at a conical
intersection is considered.

Chapter 7 focuses on imaging coupled electron-nuclear dynamics using high harmonic
spectroscopy. The necessary theoretical background on high harmonic spectroscopy is
introduced in the same Chapter.

4



Introduction and Thesis Outline

Chapter 8 contains conclusions and an outlook.
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1. Theoretical Background: Nonlinear
Electronic Response to Strong Laser
Fields

What is a strong laser field? Strictly speaking, there is no single, well-defined laser
intensity which sets the boundary between the strong and the weak field regimes. However,
a field can be classified as strong when the laser-matter interaction can no longer be treated
within the conventional framework of perturbation theory in the laser field. In this sense,
the laser light used in traditional spectroscopy experiments could usually be considered
as a small perturbation on the atomic systems. In contrast, today laser intensities up to
1020 W/cm2 can be generated. These superintense light fields are considerably stronger
than the atomic field, which binds the electrons in the atom, and can therefore no longer
be treated by means of perturbation theory.

Generally speaking, strong field physics studies those laser-atom interactions for which
the underlying processes are of highly nonlinear nature. In this thesis, we focus on laser
fields in which such highly nonlinear effects dominate the electronic response. For elec-
tronic states with binding energies on the order of 10 eV, this happens already at laser
intensities around 1013−1014 W/cm2, for the laser wavelengths in the near-infrared and/or
visible range. Below I give a brief overview of several fascinating phenomena that occur
in such laser fields, to the extent that they form the theoretical landscape for the topics
of this thesis.

7
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1.1. Strong-field electronic response: Basic phenomenology

1.1.1. Single to multiphoton ionization

For over a century, it has been known that an atom can be photoionized by absorbing
a single photon from radiation whose frequency matches or exceeds the ionization energy
of the atom [23, 24]. This reaction, called single photon photoionization, can be
represented by

A(i) + ω −→ A+(f) + e−(Ekin) with Ekin = ω − Ip, (1.1.1)

where A(i) is an atom in state i and A+(f) is the residual ion in state f . The process
is illustrated schematically in Fig. 1.1(a), which shows a photon of energy ω incident on
a target atom A resting in an eigenstate |i⟩. After absorbing a photon of energy ω , a
photoelectron is emitted with the kinetic energy Ekin defined in (1.1.1).

Figure 1.1.: Schematic illustration of (a) single photon ionization, (b) three-photon ion-
ization (MPI).

Photoionization can be further generalized by considering a process in which a bound
electron absorbs multiple photons of the external em laser field in order to leave the
atom. In this way, an atom can also be ionized by photons whose energy is smaller than
the atomic ionization potential, ω < Ip. This phenomenon is known as multiphoton
ionization (MPI). The atom-photon reaction is now represented by

A(i) + nω −→ A+(f) + e−(Ekin) with Ekin = nω − Ip, (1.1.2)

8
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where n is the minimum number of photons needed for ionization, see Fig. 1.1(b).

The first theoretical paper on multiphoton processes has been written by M. Göppert-
Mayer more than 80 years ago [25]. Her theoretical predictions of two-photon transitions
could not be investigated at that time, as the probability of a two-photon transition is
usually much smaller than that of a one-photon transition, and such processes require a
much higher photon flux, i.e. a much higher light intensity than was available at the time.
Indeed, after the development of an intense light source in the radio frequency domain
two decades later in 1950, Hughes and Grabner could observe many-photon transitions
between Zeeman sublevels of an atomic state [26]. However, the study of multiphoton
absorption at optical frequencies only became possible when intense laser sources were
developed. The advent of first lasers in the early 1960s has enabled physicists to study
not only multiphoton transitions between bound states but also bound-free multiphoton
transitions, i.e. MPI of atoms, with the first experimental observation by Voronov and
Delone [27, 28].

In the following years, important results were obtained by several experimental groups,
in particular at the atomic physics laboratory in Saclay, France, where the dependence
of the ionization rates on the laser intensity was studied. For relatively low intensities
(< 1013 W/cm2), MPI can be described by lowest order perturbation theory (LOPT)
applied to a bound-free transition. Since the absorption of n photons corresponds to
processes of order n, i.e. to the nth order of perturbation theory, high-order perturbation
theory is inevitably necessary.

For single photon ionization the atomic response is a linear function of the weak
intensity radiation. In contrast, LOPT predicts for the n-photon ionization process an
ionization rate wn proportional to the nth power of the laser photon flux Φ,

wn = σnΦ
n, (1.1.3)

where σn denotes the generalized n-photon ionization cross section. Since Φ equals the
intensity divided by the photon energy, Φ = I/ω, the ionization rate wn is proportional to
the nth power of the laser intensity

wn ∝ In. (1.1.4)

According to this power law dependence, a linear function with slope ∂ lgwn/∂ lg I = n
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can be expected to appear in a log-log plot showing the measured ion yield as a function
of intensity. As the nonlinear order n increases, its efficiency is expected to drop: in
the perturbation theory, the laser intensity I (more rigorously, the strength of laser-atom
interaction) is a small parameter. Thus, observation of higher-order ionization processes
requires higher intensities [29, 30].

Results of some of the first experiments [31] that pushed the order of the observed
multiphoton processes well into double digits are shown in Fig. 1.2. In these experiments,
performed in the atomic physics laboratory in Saclay, France, atomic helium was exposed
to Nd:YAG laser fields in the intensity range of 1014−1015 W/cm2 [31]. Figure 1.2 displays

Figure 1.2: (a) A log-log plot of the variation in the
number of helium ions formed as a func-
tion of the laser intensity I. The ver-
tical broken line indicates the saturation
intensity Is. (b) Schematic representa-
tion of a 22-photon and 68-photon process,
which were originally assumed to lead to
the He+ and He2+ ions, respectively. Re-
produced figure with permission from [31]
Copyright (1983) by IOP Publishing. All
rights reserved.

the measured yield of singly and doubly ionized helium as a function of the laser intensity
I in a log-log plot. At that time, the experimental results were interpreted as 22-photon
and 68-photon processes leading respectively to the He+ and He2+ ions (see Fig. 1.2).

Nowadays, after the “re-discovery” of Keldysh’s classic paper [32], it is well-known
that in such experimental conditions, ℏω = 1.165 eV, I ∼ 1014 − 1015 W/cm2, and IHe

p =
24.59 eV, the results cannot be explained within the perturbative approach and have to
be interpreted very differently. The experiments [31] should be viewed as perhaps the first
experiments where strong-field ionization in the so-called “optical tunneling” regime was
realized.

The experiments by A. L’Huillier et al. [31], together with another set of experi-
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ments performed slightly earlier in the same group [33], have pioneered another important
research topic in strong-field physics: multiple strong-field ionization of many-electron
atoms, i.e. the removal of several electrons and the production of multiply charged ions.
In particular, in the 1982 experiment [33], singly, doubly, triply and quadruply charged
krypton ions were formed by a 50 ps laser pulse at 1064 nm in the 1013 − 1014 W/cm2

intensity range.

Fig. 1.2 shows, in addition to the intensity dependence of the He+ yield, the cor-
responding result for doubly ionized helium He2+. This experiment and later works on
multiple MPI revealed a new phenomenon, the non-sequential ionization (NSI), i.e.
the simultaneous ionization of two or more electrons [31, 34, 35]. While single ionization
of atoms or molecules can be described within the single-active-electron (SAE) model1,
in the case of multiple ionization and laser intensities below the saturation value Is, the
SAE approximation gives ionization rates much smaller than experimentally observed [31].
This finding initiated the development of new theoretical methods, which will be described
below in Section 1.1.4.

1.1.2. Above-threshold ionization

Today we understand that the 1982-1983 experiments of A. L’Huillier et al. [31] at
the atomic physics laboratory in Saclay, France, have been performed well into the strong-
field, non-perturbative laser-atom interaction regime. However, notable deviations from
the predictions of the lowest order perturbation theory have been observed already a few
years earlier, in the same laboratory.

Until the late 1970s virtually all MPI data were total cross section data. However, in
1979, the Saclay laboratory opened a new domain of experimental studies by beginning a
series of experiments that not only observed electrons instead of ions, but also measured the
energy resolution of the ionized electrons. By that time, the common picture of MPI said
that the electron would move away from the ion as soon as it has absorbed the minimum
number of photons to be freed from the atomic potential. This can be understood as a
simple multiphoton extrapolation of the Einstein picture of the photoelectric effect. In

1In the SAE approximation the effects of all electrons but one are absorbed into an effective binding
potential.
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this picture the kinetic energy Ekin of the ejected electron is expected to be

Ekin = nω − Ip, (1.1.5)

where Ip is the ionization potential and n is the minimum number of photons required
for ionization. However, a crucial breakthrough was made when those experiments were
performed, in which the energy-resolved photoelectrons were detected. In this way Agostini
et al. discovered in 1979 a second, higher-energy peak in the electron energy spectrum in
the 6-photon ionization of Xe atoms [36]. The peak appeared at a distance of about one
photon energy from the other peak, see Fig. 1.3. Obviously this second peak signifies that

Figure 1.3: First reported photoelectron spec-
tra showing ATI. Xe photoelectron
energy spectra for two photon ener-
gies: triangles, ℏω = 1.17 eV, I = 4·
1013 W/cm2; circles, ℏω = 2.34 eV,
I = 8 · 1012 W/cm2. The latter
shows a second peak, where the en-
ergy difference between both peaks
equals the photon energy of the in-
cident laser field. Reprinted fig-
ure with permission from [36] Copy-
right (1979) by the American Phys-
ical Society.

electrons must have absorbed a larger number of photons than required for escaping from
the atomic binding potential. This phenomenon was called above threshold ionization
(ATI).

Within a short time additional results were produced by the group in the Saclay
laboratory and by the van der Wiel group in Amsterdam [37]. Electron spectra were
obtained with more than a single extra peak, even as many as 10 or 12 peaks, all spaced
by the photon energy. This phenomenon constitutes one of the key features of the ATI
process, namely, the appearance of several peaks in the ATI spectrum, separated by the
photon energy ω, and located at the energies

Es = (n+ s)ω − Ip. (1.1.6)

The integer n denotes the minimum number of photons needed to exceed the ionization
potential Ip, and s = 0, 1, 2, ... is the number of excess photons (or “above threshold pho-
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tons”) absorbed by the electron. The relation (1.1.6) has been confirmed experimentally
in Ref. [38] and is illustrated schematically in Fig. 1.4.

Figure 1.4: A schematic of the ATI process for
xenon irradiated by intense 1064 nm
light. Photoelectron energy spectrum
shows many ATI peaks, where the peaks
are labeled by Ss where s is the num-
ber of “above threshold photons” (see
text), i.e. the S0 peak corresponds to
nominal 11-photon ionization in xenon
(recall Fig. 1.3). The energy scale is the
kinetic energy of the free electron. Only
absorption from the P3/2 core is indi-
cated. At 1064 nm the widths of the
peaks preclude separate identification of
the P3/2 and P1/2 ionization channels,
though. Reprinted figure with permis-
sion from [38] Copyright (1986) by the
American Physical Society.

The ATI observation was surprising not only with regard to the established Einstein
picture mentioned above, but also due to the well-known fact that an electron, which is
free, cannot absorb photons from a laser field. This is based on the condition imposed by
the law of the conservation of momentum2. Hence extra peaks indicate that the liberated
electrons absorb photons while still interacting with their parent ion, so that the parent
ion provides the necessary momentum transfer.

How can one estimate the typical number of photons that can be absorbed while the
electron is leaving the vicinity of the parent ion? One of the key aspects of the electron
motion in the laser field is its quiver, or ponderomotive, energy due to oscillations imposed
by the laser field. If the charged particle emerges adiabatically from a region in which an
em field is present into a field-free region, this ponderomotive energy is converted into a
kinetic energy. This is why the ponderomotive energy Up is thus commonly called the
ponderomotive potential. It can be derived3 from the classical equation of motion of a
free electron located in a variable, monochromatic, linearly polarized (in direction ê) laser

2A formal derivation of this can be found in Ref. [30] on p. 335.
3A formal derivation of this expression can be found in [39].
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field with electric field strength F0 and angular frequency ω,

r̈(t) = −E(t) = −F0êcos(ωt), (1.1.7)

and reads in atomic units

Up = 1
2⟨ṙ2⟩ = ⟨E2⟩

2ω2 = I

4ω2 = F 2
0

4ω2 , (1.1.8)

where the angle bracket indicates the time average over a period.

For an electron located in the laser focus of a Nd:YAG laser with intensity I =
3.5 ·1013 W/cm2 and frequency ω = 1.17 eV/ℏ, the ponderomotive potential is found to be
Up ≈ 3.67 eV. This is about three times as large as the photon energy, Z = Up/ω ≃ 3.14.
As the electron quivers, its instantaneous kinetic energy oscillates between 0 and 2Up.
Thus, an oscillating electron exchanges quite a few photons with the laser field. Interacting
with the ionic core, it can convert this oscillatory energy into translational energy. The
parameter Z, introduced by H. Reiss, is one of the key parameters that characterize the
departure from the lowest order perturbation theory, especially in the ATI context, which
becomes strong when Z > 1.

A typical example of an ATI photoelectron energy spectrum, measured in Amsterdam
by the group of M. J. van der Wiel, is shown in Fig. 1.5. The group repeated the 1.17

Figure 1.5: ATI data showing peak suppression. Photo-
electron spectra from xenon using a 1064 nm
laser with intensities given by the expression
I = F · 1012 W/cm2, where F is the photon
energy given in the figure (mJ). The verti-
cal scales are normalized. In the spectrum
at 0.004 Pa, the background has been sub-
tracted. Reprinted figure with permission
from [40] Copyright (1983) by the American
Physical Society.

eV Saclay experiments on Xe atoms by means of the fundamental of a Nd:YAG laser.
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In addition, a new high resolution time-of-flight electron spectrometer with an acceptance
solid angle of virtually 2π was employed. Besides, the group applied laser intensities higher
than those in the Saclay experiment, estimated to lie in the range 1 · 1013 W/cm2 − 3 ·
1013 W/cm2. In all spectra a large number of higher-energy ATI peaks has appeared.

Importantly, another remarkable feature of the ATI process was found. As it can
be seen in Fig. 1.5, the positions of the peaks are independent of intensity, but as the
intensity increases, the lowest order peak is reduced in magnitude and vanishes for the
highest intensity shown. The tendency of low-order peaks to become relatively insignificant
is called peak suppression. What is the reason for this phenomenon?

Since highly excited Rydberg levels are weakly bound, the ionic core almost does
not restrain the free oscillation of the Rydberg electron. Thus, the Rydberg electron also
acquires an energy shift due to its quiver motion: the induced shift of these states is
essentially given by the ponderomotive energy (cf. Section 1.2.3). In comparison, deeply
bound states have a much smaller polarizability, the shift of their energies by the laser
field is much smaller.

As the Rydberg and continuum states shift upwards relative to the deeply bound
states, the ionization potential increases approximately by Up:

Ip(I) ≃ Ip + Up(I). (1.1.9)

In case this increase is such that kω < Ip + Up, then ionization by k = (n + s) photons
is energetically forbidden, i.e. the channels for k-photon absorption are closed and the
corresponding peaks in the ATI photoelectron spectrum are suppressed. This effect is
known as channel closing. In a smoothly varying pulse, the channels may not be closed
for the whole duration of the pulse, so that the corresponding peak in the photoelectron
spectrum will not completely vanish.

In spite of the clarity of this picture, one question still remains. If there is an intensity-
dependent shift in the ionization threshold of the atom, why are the positions of the
ATI peaks shown in Fig. 1.5 intensity-independent? Indeed, according to Eqs. (1.1.6)
and (1.1.9), the kinetic energy of photoelectrons is given by Es = (n + s)ω − Ip(I) and
thus an intensity-dependent shift of the ATI peaks should be expected to observe.

The answer to this question was given, in particular, in Refs. [41, 42], both experi-
mentally and theoretically. For relatively long pulses (in the picosecond range), the pho-
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toelectron escapes from the focal volume while the laser is still on, so that it experiences
a force ∇Up due to the laser inhomogeneity. The electron quiver motion is then converted
into radial motion, increasing its kinetic energy by Up, and hence exactly canceling the
decrease in energy caused by the (Stark shifted) increase in the ionization potential. As a
result the photoelectron energies are still given by Eq. (1.1.6).

In contrast, for short (sub-picosecond) laser pulses, the laser field turns off before
the photoelectron can escape from the focal volume. In this case the electron loses all its
quiver energy while not having been accelerated by the force resulting from the gradient of
intensity. Therefore the conversion of the quiver energy into kinetic energy is only partial
or negligible, and the electron reaches the detector with an energy noticeably less than
the energy it would have gained in a long pulse. In this case the observed photoelectron
energies are given by the values

Ẽs = (n+ s)ω − (Ip + Up(I)). (1.1.10)

relative to the shifted ionization potential. Photoelectrons originating from different re-
gions of the focal volume are thus emitted at different intensities with different energies.
As shown in Fig. 1.6, these effects were observed in Ref. [41] by changing the laser pulse
length with all other conditions remaining the same.

Figure 1.6: Photoelectron energy spectra
from Xe at 1064 nm for differ-
ent laser intensities and pulse
durations showing a red shift
of the ATI peaks for decreas-
ing laser pulse length. (a) Ref-
erence spectrum, I = 2.2 ·
1012 W/cm2; (b) and (c) I =
7.5 · 1012 W/cm2. Reprinted fig-
ure with permission from [41]
Copyright (1987) by the Ameri-
can Physical Society.

Before concluding this Section, we summarize the key parameters that describe the
transition to the strong-field ionization regime. The first is the Reiss parameter Z = Up/ω,
which characterizes the emergence of efficient ATI (for Z > 1). The second natural
parameter is the ratio of the ponderomotive energy to the electron binding energy, Up/Ip.
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We shall see below that for deeply bound electronic states this parameter plays a very
important role in characterizing the dynamics of the electron escape from the binding
potential well.

Finally, it is also important to keep in mind the size of the characteristic excursion by
the oscillating electron. Equation (1.1.7) yields the amplitude of the electron oscillations
in the laser field, α0:

α0 = 2
ω

√
Up =

√
I

ω2 = F0
ω2 . (1.1.11)

For an electron located in the laser focus of a Nd:YAG laser with intensity I = 3.5 ·
1013 W/cm2 and frequency ω = 1.17 eV, α0 ≈ 0.89 nm. This is already a substantial
displacement of the electron compared to the typical dimension of the atomic ground
state ∼ 0.1 nm. It is clear that the possibility of large-amplitude electron oscillations
around its parent ion should have important consequences for the strong-field electronic
response, and we will see these consequences below.

1.1.3. Tunnel and over the barrier ionization

Tunnel vs multiphoton ionization and the Keldysh parameter. The physics and the
characteristic parameters that determine the transition from the perturbative to the non-
perturbative, strong-field ionization regime have been discussed in the seminal paper of
L.V. Keldysh [32], published in 1965, long before the experimental discovery of ATI and
efficient absorption of several tens of laser photons. One of the key results of this paper is
the concept of tunnel ionization in laser fields, often referred to as the “optical tunneling”.
This concept extends the well-known ideas of tunnel ionization in static electric fields to
the domain of optical laser fields.

The results of L. V. Keldysh can be summarized as follows. At relatively low laser
intensities, ionization proceeds via the conventional MPI process, see Fig. 1.7(a). However,
if the frequency of the laser field ω is sufficiently small, then the characteristic response
time of the electron bound in the ground atomic state 1/Ip can be very short compared to
the time ∆t ∼ 1/ω it takes the instantaneous electric field of the laser pulse to change from
maximum to zero. The bound electron sees the laser field as slowly varying, “quasi-static”.
In this case, it is very convenient to think about the instantaneous potential created by
the superposition of the electron interaction potential V (r) with the ionic core and with
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(a) At relatively low laser fields, multi-
photon ionization dominates. From left
to right: 4-photon ionization; 4+1 above-
threshold ionization; 4+2 above-threshold
ionization.

(b) As the intensity increases, the atomic
potential becomes distorted and tunnel
ionization is possible. ion; as is bla bla
as is bla bla This concept extends the
well-known ideas of tunnel ionization in
static electric fields to the domain of.

(c) At even higher intensities, the barrier
becomes suppressed to such an extent
that the bound electron is free to escape
from the atomic potential (over-the-
barrier ionization or barrier suppression
ionization).

Figure 1.7.: Schematic diagram of three different ionization mechanisms.
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the instantaneous electric field VL(t) = r · E(t). If the laser electric field is strong enough,
it is able to perturb the binding potential V (r) to such an extent that the electron can
tunnel through the potential barrier formed by the superposition of V (r) and VL(t). This
process is called tunnel ionization (TI) and is illustrated schematically in Fig. 1.7(b).

Since tunneling in Fig. 1.7(b) occurs in alternating em fields, the electron should be
able to tunnel fast enough before the laser field changes its sign and closes the “path”
through the suppressed barrier. Hence, tunneling should happen on a time scale shorter
than the inverse laser frequency. Thus, low frequency fields and high intensities (i.e. thin
barriers) are best suited for the tunneling process. MPI, on the other hand, is more likely
for higher energy photons, i.e. higher laser frequencies, since according to perturbation
theory the absorption of fewer photons is more likely. Thus, the two processes should
occur in different regions of the frequency spectrum and laser intensity.

A quantitative measure of the likeliness of one or the other mechanism has been
derived by L. V. Keldysh [32]. He has derived a general analytical expression describing
strong-field ionization, see the next Section for a summary of his theoretical analysis. Based
on the analysis of his general expression, he introduced the adiabaticity parameter, now
known as the Keldysh parameter,

γ =
√

Ip
2Up

= ω

F0

√
2Ip. (1.1.12)

Recalling the question posed above, whether or not the electron is able to tunnel
through the periodically created potential barrier, the Keldysh parameter obtains the
following descriptive meaning [32],[43]: For the binding potential Ip and a short range
potential, the velocity of the electron when traveling through a triangular barrier created
by a static field F0 is given by v(t) = −F0t+ v0, where v0 =

√
2Ip is the velocity when en-

tering the classically forbidden region under the barrier. Hence, for v(t) = 0 the tunneling
time τt reads:

τt = v0
F0

=
√

2Ip
F0

, (1.1.13)

which leads to the conclusion that

ωτt = ω
√

2Ip
F0

=
√

Ip
2Up

= γ. (1.1.14)
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The Keldysh parameter therefore describes the ratio of the tunneling time to the optical
period of the laser field and the tunneling condition γ ≪ 1 can be understood as ωτt ≪ 1,
meaning that the barrier can be treated as static while the electron moves through it.

However, it should be noted that this does not preclude tunneling in case γ > 1.
In Ref. [43], it is demonstrated that the two ionization channels TI and MPI do not
exclude each other and, in fact, should be viewed as two complementary descriptions of
the ionization process, one (TI) in the time-domain and another (MPI) in the frequency
domain. As is often the case, different descriptions (languages) are best suited for different
parameter regimes and/or different limiting cases.

The physical picture of the ionization dynamics in the intermediate region γ ∼ 1 is
also discussed in Ref. [43], where this regime was dubbed “non-adiabatic tunneling”.

Turning back to Fig. 1.7, it is clear that as the field strength continues to increase,
the tunneling barrier can even be pushed below the energy of the ground state. Then the
electron should be able to escape from the atom above the barrier. This regime is known
as over-the-barrier ionization (OTBI) (also above-barrier ionization (ABI) or
barrier suppression ionization (BSI)), see Fig. 1.7(c). Equating the height of the
potential barrier to the electron ground state energy −Ip along the direction of the electric
field, one obtains the following expression for the barrier suppression strength of the electric
field: FBSF = I2

p/(4Q). This expression assumes that the core potential is −Q/r. For
the ground state of the hydrogen atom, this field corresponds to the laser intensity of
IBSF ≈ 1.4 · 1014 W/cm2.

Having discussed the qualitative physics describing the escape of the electron from the
atomic binding potential, it is natural to ask the question about its further fate. Does the
electron leave the parent ion behind after tunneling? Does the atom immediately ionize in
the over-the-barrier regime, when the electron is nearly free and the laser field can easily
drive it far away from the atom?

The answer is no. The formation of bound states of a nearly free electron in the
over-the-barrier regime, the possibility to observe these states and the ways they can
manifest in the macroscopic response of atomic gases to intense laser fields are the subject
of Chapters 2-4 of this thesis.

However, fascinating new phenomena occur already at lower intensities, both in the
tunneling γ ≪ 1 and non-adiabatic tunneling γ ∼ 1 regimes. These are described below,
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starting with a series of surprising experimental observations and moving on to the un-
derlying physical picture. The extension of this physical picture to the over-the-barrier
regime is the intuitive basis for the formation of the bound atomic states in very intense
laser fields.

1.1.4. The recollision picture

The three step model. As was already noted at the end of Section 1.1.1, experiments
performed in Saclay in 1983 demonstrated strongly enhanced production of doubly charged
ions compared to the simple model of sequential ionization, in which the laser field removes
an electron from an atom to create a singly charged ion and then removes another electron
from the singly charged atomic ion to create a doubly charged ion, and so on. The 1983
results have been re-discovered a decade later, when a new series of experiment on double
ionization of atoms, now with femtosecond laser pulses, has been performed [34, 44, 45],
culminating in the measurements by B. Walker et al. [35] of double ionization of Helium
over an unprecedented dynamic range of nearly 12 orders of magnitude.

The B. Walker et al. measurements [35] where compared with highly accurate theoret-
ical predictions obtained by solving the time-dependent Schrödinger equation numerically
exactly, but using the single-active-electron (SAE) approximation for each ioniza-
tion step of atomic Helium. The SAE calculation failed to predict the yield of the doubly
charged He ions, even though there is only one electron in He+. At the same time, the
SAE calculation performed extremely well for the first ionization step, when two electrons
are available.

The SAE approximation is a common numerical approach for studying the time-
dependent response of multi-electronic atoms to superintense laser fields, which assumes
that all electrons except one are “frozen” in their orbitals. Hence, the entire atomic
response is determined by the interaction between this single (outermost) electron and the
laser field. Naturally, in this approach the multiple ionization process is always stepwise
(sequential stripping mechanism). For noble gas atoms in strong low-frequency laser
fields, the SAE model reproduces the experimental results very accurately [46]. Thus,
electron-electron correlations are generally assumed to be negligible for the first ionization
step, at least for noble gas atoms in low-frequency (near-IR and visible) fields. In the case
of double ionization of Helium, however, the numerical SAE calculations in [35] showed
good agreement only for very high intensities (I > 2 · 1015 W/cm2). Thus, the sequential
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character of double ionization could only be concluded for this intensity range. In contrast,
at lower intensities, the measured double ionization yield exceeded that predicted by the
sequential SAE model by up to six orders of magnitude, see Fig. 1.8.

Figure 1.8: Non-sequential double ionization
of He. Measured He+ and He2+

ion yields for linearly polarized,
100 fs, 780 nm light. Calcula-
tions are shown as solid (SAE)
and dashed (AC-tunneling) lines.
The measured intensities are mul-
tiplied by 1.15. The solid curve
on the right is the calculated se-
quential He2+ yield. Reprinted
figure with permission from [35]
Copyright (1994) by the American
Physical Society.

The doubly charged ion yield increases rapidly with increasing intensity, with an
appearance intensity significantly lower than that predicted by the SAE model. Subse-
quently, the slope of the curve decreases until the curve merges with the SAE prediction
at higher intensity. This “detour” of the double ionization yield is commonly referred to
as a “shoulder” or “knee”.

Two different ionization scenarios were proposed to explain these results. D. N. Fit-
tinghoff et al. suggested the so-called shake-off mechanism [34], where one electron
is removed from the atom by the laser field in a way that the remaining electron expe-
riences a rapidly changing potential, to which it cannot readjust adiabatically and thus
becomes “shaken off” into the continuum. This mechanism is well-known and established
in one-photon ionization in high-frequency fields, where the electron is liberated with high
energy and leaves the core quickly, much faster than the response time of the remain-
ing electron(s). Naturally, this mechanism seems counter-intuitive in the low-frequency
regime, but it was argued that the high intensity of the laser field may be responsible for
quickly accelerating the liberated electron away from the core.

The second mechanism, known as recollision model, was proposed by P. B. Corkum [47].
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It is based on electron-electron inelastic re-scattering4. This mechanism is the logical con-
sequence of the classical picture. Indeed, from the classical perspective, once an electron
is liberated by the laser field e.g. via tunnel ionization, it should begin to oscillate in this
field. The characteristic oscillation amplitude α0 = F0/ω

2 is very large, α0 ≫ 1 Å. As
the electron is driven by the oscillating field, during its large-amplitude oscillations it can
revisit the parent ion as if the usual electron-ion scattering was taking place. The kinetic
energy supplied by the laser field scales with Up ∝ F 2

0 /ω
2, and the electron can use this

energy to excite or ionize the inner electron by collision.

This recollision induced ionization is one possible outcome of the so-called three step
model developed by P. B. Corkum [47], K. C. Kulander et al. [48], K. J. Schafer et al. [49],
and M. Lewenstein et al. [50, 51].

In its simple form, the first step of the three-step model describes electron tunneling
through the potential barrier created by the laser field, at some phase φ of the instanta-
neous electric field. This mostly happens near the peaks of the instantaneous electric field,
where the oscillating tunneling barrier is the thinnest and tunneling is most likely. During
the second step, the electron motion is treated classically, assuming that the electron only
feels the laser electric field and that its initial velocity after tunneling at the phase φ is
equal to zero. Initially, this field drives the electron away from the parent ion. However,
when the laser field reverses its sign, the electron is driven back and can re-encounter
the ion. This re-encounter forms the third step, during which another electron can be
liberated during the electron-parent ion collision.

The three-step model predicts that if the electron-parent ion re-scattering were re-
sponsible for non-sequential double ionization (NSDI), then NSDI should be most
likely in linearly polarized laser fields. Indeed, for elliptically polarized fields the Newton
equations for the electron motion in the laser field show that the minor component of the
laser field acts as a lateral wind that blows the recolliding electron away from the target.
Indeed, when the electron is liberated near the peak of the major component of the electric
field, it inevitably acquires a strong drift in the direction of the minor field component. As
a result of this lateral drift, the classical electron trajectories miss the parent ion, reducing
the chance of recollision. Consistent with this prediction, experiments have demonstrated
that in elliptically polarized light the NSDI rate is greatly reduced [52].

Then again, the chance of recollision appears to be small even for linearly polarized
4As the electron returns to its parent ion, the act of scattering is called “re-scattering”.
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laser fields: Upon tunneling, the electronic wave packet starts to spread quickly in the
direction perpendicular to the electric field. As a consequence, the collision cross section
is small compared to the size of the returning wave packet, leading to a reduced probability
of the electron to recollide with the ionic core while oscillating in the field.

This major argument against the standard recollision scenario has been rebutted
in [53] by pointing out the crucial role of the Coulomb attraction between the oscillat-
ing electron and the core. This attraction suppresses the spreading of the electronic
wavepacket and leads to spatially well-confined dynamics of the nearly free electron, fo-
cusing the oscillating wavepacket that passes the attractive ionic core multiple times back
onto the core. This effect was termed Coulomb focusing [53]. The Coulomb focusing in
strong laser fields is a beautiful manifestation of how the concerted action of the strong
laser field and the ionic core can lead to the formation of the unusual laser-dressed states
of the electron. The extreme limit of such action, the formation of long-lived bound states
in strong fields, is the focus of the next Chapter 2 in this thesis.

A new type of experiments in which a pre-cooled supersonic gas jet was used along with
the technique termed cold target recoil ion momentum spectroscopy (COLTRIMS)
[54, 55] brought new insight into the NSDI process by reporting the correlated emission
of electrons [56, 57]. The results present the distribution of the electrons’ momentum
components measured along the polarization of the laser pulse and show that electrons
predominantly escape with equal momenta, see left panel in Fig. 1.9 [58]. That fact was
visible in the recoil-ion momentum distribution for doubly charged ions as a “double hump”
structure, see right panel in Fig. 1.9 [57]. This observation plus the afore-mentioned “knee
structure”, became key features for testing and justifying the different theoretical models
of NSDI. The data presented in [56, 57] have led to the conclusion that mechanisms based
on instantaneous release of two (or more) electrons (such as the shake-off mechanism)
can be ruled out as a dominant contribution to NSDI in strong fields.

The correctness of the re-scattering model was quantitatively confirmed by G. L.
Yudin and M. Y. Ivanov [59] and V. R. Bhardwaj et al. [60]. These papers showed that all
aspects of the kinematics of the re-scattering model, including the probability of recollision-
based ionization, are in quantitative agreement with the experimental observations, even
when the laser field is too weak to provide the returning electron with energy sufficient
for direct collisional ionization of the second electron. In this case, recollision leads to
excitation of the ion which is then converted to ionization by the laser field.
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Figure 1.9.: Left panel: Momentum correlation of the two emitted electrons in double non-
sequential ionization of an Ar atom for a 220 fs, 800 nm laser pulse at peak
intensity 3.8 · 1014 W/cm2. Axes correspond to momentum component of the
electrons along the laser polarization, respectively. Adapted by permission
from Macmillan Publishers Ltd: Nature [58], copyright (2000);
Right panel: Distribution of He2+ ion momenta in the direction of the polar-
ization integrated over the two momentum components perpendicular to the
polarization. The peak intensities are 2.9 · 1014 W/cm2 (a), 3.8 · 1014 W/cm2

(b), and 6.6 · 1014 W/cm2 (c). Reprinted figure with permission from [57]
Copyright (2000) by the American Physical Society.
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The three step model and high-order harmonic generation (HHG). When the liberated
electron revisits the parent ion, it can do more than knock a second electron out. It can
also get recaptured by the ion and recombine with it, returning to the atomic ground state
and emitting the energy gained from the laser field as a photon. Electron recombination
with the parent ion then leads to the generation of light at higher order multiples of the
carrier frequency of the driving laser field. This process is referred to as high-order
harmonic generation (HHG) and the three steps leading to HHG are schematically
illustrated in Fig. 1.10. The fact that the active electron starts and ends in the same
quantum state ensures that the phase of the emitted light is firmly locked to the phase
of the driving laser field, allowing the harmonic light emitted by different atoms in the
medium to add constructively, i.e., “phase match” in the language of nonlinear optics.

Figure 1.10.: Three step (optical tunneling, acceleration, recombination) model illustrating
high-order harmonic generation.

One of the first experiments showing high-order harmonics was performed in 1987 by
A. McPherson et al. at the University of Illinois using a KrF laser at 248 nm with ∼300 fs
pulse duration and intensities of about 1015 W/cm2 [61]. They reported on the generation
of up to the 17th harmonic in a neon vapor, which corresponds to 12 “above threshold”
photons. The 33rd harmonic in argon was observed in 1988 at Saclay by M. Ferray et
al. using a 30 ps pulse and the longer wavelength 1064 nm from a Nd:YAG laser at an
intensity of 3 · 1013 W/cm2 [62].

Figure 1.11 shows a representative spectrum, exhibiting the typical characteristics
observable in HHG spectra: The harmonic intensity distribution shows a rapid decrease
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Figure 1.11.: Typical high-order harmonic generation spectrum, including a rapid decrease
over the first few harmonics, followed by a plateau of approximately constant
intensity, and then a cutoff corresponding to an abrupt decrease of harmonic
intensity.

over the first few harmonics, followed by a plateau of approximately constant intensity,
and then a cutoff corresponding to an abrupt decrease of harmonic intensity.

The harmonic angular frequencies Ω are only emitted at odd multiples of the driving
(also called fundamental) angular frequency ω,

Ω = qω, q = 3, 5, ... . (1.1.15)

The reason for this is exactly the same as in conventional nonlinear optics – the inversion
symmetry of the atom, see analysis in Refs. [63, 64]. Naturally, the inversion symmetry
of the problem is broken when a superposition of the fundamental driving laser field
and its second harmonic are used, leading to HHG spectra containing both odd and even
harmonics. Interestingly, even a relatively weak second harmonic field is sufficient to make
even harmonics as strong as odd, see [65].

In the original work presented in Section 7.2 we will show that it is also possible
to generate rather efficient emission of even-order harmonics in a centrally symmetric
medium. In this case, the emergence of the even harmonics is a signature of the coupled
electron-nuclear dynamics in the hydrogen molecular ion H+

2 , reflecting field-induced elec-
tron localization initiated by the strong laser field that breaks the spatial symmetry in the
system.

27



CHAPTER 1. THEORETICAL BACKGROUND: NONLINEAR ELECTRONIC RESPONSE TO STRONG
LASER FIELDS

The existence of the plateau can only be explained by using non-perturbative analysis.
First, detailed numerical studies of HHG based on the direct solution of the time-dependent
Schrödinger equation have shown that the cutoff energy Ec of the harmonic spectrum is
given approximately by the relation

Ec ≈ Ip + 3Up. (1.1.16)

By using the semi-classical recollision model it is readily shown that the maximum drift
velocity of a classical electron colliding with the parent ion corresponds to a kinetic energy
of about 3.17 Up. Taking then the first step of the three step model into account, the
ionization of the electron by TI, the electron’s binding energy Ip must be added to its
maximum kinetic energy gained in the second step (acceleration in the external field) in
order to obtain the highest energy that can be radiated in the moment of recombination.
Altogether, it shows that the cutoff energy obtained with the TDSE calculations can be
reproduced excellently by applying the three step model.

Nowadays, HHG spectra can cover an extraordinarily broad spectral range, from
visible light to soft X-rays. Thus, HHG provides an exceptionally useful table-top light
source of bright, coherent radiation [66–68]. Today, HHG is also the method of choice for
generating extremely short pulses, with durations measured in attoseconds [69–76].

Subfemtosecond light pulses are obtained by superposing several (many) high har-
monics of an intense laser pulse. Indeed, if the harmonics are all emitted simultaneously
(i.e. were phase locked), superposing an increasing number of them should result in shorter
pulses. The discrete nature of the harmonic spectrum would then imply that not a single
pulse but a train of attosecond pulses, separated by half the laser period, is produced. The
duration of each pulse in the train would decrease as the number of combined harmonics
increases.

The first experimental demonstration of attosecond pulses was performed in 2001
with the measurement of a train of 250 as pulses, corresponding to the superposition of
five consecutive harmonics [77]. In 2003 the study was extended by measuring the relative
phases of the high harmonics over a broad spectral range [78]. It was found that high
harmonics were not synchronized on an attosecond time scale, and that their time of
emission (within the optical cycle) increased linearly with their order. That is, the lowest
harmonics are emitted before the highest ones. The resulting attosecond pulses were thus
found to be longer than in the case of perfect phase lock.
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The temporal drift in the emission times for individual harmonics, referred to as the
harmonic chirp, is a direct signature of the dynamics of the continuum electron responsible
for the generation process [79]. This chirp sets the upper limit to the pulse duration
achievable by just increasing the spectral range.

The synchronization can be improved by controlling the underlying ultrafast electron
dynamics, i.e. the electron trajectories within the emission process, to provide pulses as
short as 130 as in duration [78].

Current “world record” for the shortest pulse produced stands at about 67 as [80].
The research on ultrashort attosecond pulses is incited by the concept of using such pulses
as a camera with an ultrafast shutter to resolve ultrafast electron processes in matter.
With this new source of ultrashort light pulses it is possible to take ”snapshots“ of the
movements of molecules, atoms inside molecules, and even electrons inside atoms [9], see
also the reviews [81–83]. In Chapter 7, we will discuss the basic concepts of high harmonic
spectroscopy (HHS) and present original results on how HHG can be used to monitor
strongly coupled electron-nuclear dynamics.

1.2. Strong-field electronic response: Basic theoretical concepts

1.2.1. Gauges and gauge transformations

The time-dependent Schrödinger equation. The starting point for describing the be-
havior of a single electron bound in an atom5 by an attractive potential V (r) and inter-
acting with an external classical (non-quantized) electromagnetic (em) field, is the non-
relativistic, time-dependent Schrödinger equation (TDSE) in the fixed-nucleus (or infinite
nuclear mass) approximation6:

i∂tψ(r, t) = H(r, t)ψ(r, t). (1.2.1)

The corresponding minimal coupling Hamiltonian H reads

H(r, t) = 1
2 [p+A(r, t)]2 − ϕ(r, t) + V (r), (1.2.2)

5For the sake of simplicity, from now on always the hydrogen atom is considered, unless otherwise stated.
6Atomic units with ℏ = me = e = 4πϵ0 = 1 are used throughout (see Appendix I).
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where p denotes the operator of the electron momentum. A and ϕ are the vector and
scalar potential, respectively, from which the actually measurable values electric field E
and magnetic field B can be derived. They are interlinked as follows:

E(r, t) = −∇ϕ(r, t) − ∂tA(r, t), B(r, t) = ∇ ×A(r, t). (1.2.3)

Gauge transformations. The em potentials are not completely defined by (1.2.3), since
the fields, E and B, are invariant under the (classical) gauge transformation

A → A′ = A+ ∇χ, ϕ → ϕ′ = ϕ− ∂tχ, (1.2.4)

E ′ = E, B′ = B, (1.2.5)

where χ is any real, differentiable function of r and t.

A gauge transformation is a particular case of a unitary transformation. Thus, all
measurable quantities (such as expectation values or transition probabilities) calculated
in different gauges must remain the same. The Schrödinger equation (1.2.1) remains
unchanged under the gauge transformation (1.2.4), as long as the wave function is trans-
formed according to the rule

ψ′ = e−iχψ. (1.2.6)

The freedom implied by the gauge invariance allows one to impose the following
condition on the vector potential A:

∇ ·A = 0. (1.2.7)

When A satisfies this gauge fixing condition, it is said to be using the Coulomb gauge (also
known as transverse gauge).

Moreover, the scalar potential can be set to zero, ϕ ≡ 0, leading to the so-called
radiation gauge. Thus, the vector potential A fulfills the wave equation:

−□A = ∇2A− 1
c2
∂2A

∂t2
= 0. (1.2.8)

For example, in a monochromatic field linearly polarized along the e-axis, the vector
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potential is

A(r, t) = A0 ê sin(ωt− k · r), A0 = −F0
ω
, (1.2.9)

where F0 is the peak electric field strength, ω denotes the angular frequency and k =
2π/λ · n̂ defines the wave vector pointing towards the propagation direction n̂ ⊥ ê.

The dipole approximation. In general, the wavelength λ is substantially larger than the
typical size of the atomic wave function. Therefore, the quantity kr = (2π/λ)|r| is very
small and the spatial dependence of A can be dropped. This yields the so-called dipole
approximation. As a result, the vector potential becomes:

A(t) = A0 ê sin(ωt), A0 = −F0
ω
. (1.2.10)

In the dipole approximation the vector potential A and the electric field E only depend
on time t, the magnetic field B vanishes, and

E(t) = −dA(t)
dt

. (1.2.11)

Returning to Eq. (1.2.2) and using the facts that H must be Hermitian and in the
position representation p is the operator −i∇, the Hamiltonian can be written in the
form

H(r, t) = H0 − i

2(∇ ·A(r, t) +A(r, t) · ∇) + 1
2A

2(r, t) − ϕ(r, t), (1.2.12)

where H0 = p2/2 + V (r) is the time-independent Hamiltonian of the atom in the absence
of the em field.

Velocity gauge. Applying both the Coulomb gauge fixing condition (1.2.7) combined with
ϕ ≡ 0 (radiation gauge) and the dipole approximation, the TDSE (1.2.1) then reduces to

i∂tψ(r, t) = H(r, t)ψ(r, t) =
(
H0 + Hint(t)

)
ψ(r, t)

=
(

H0 − iA(t) · ∇ + 1
2A

2(t)
)
ψ(r, t)

=
(

H0 +A(t) · p+ 1
2A

2(t)
)
ψ(r, t), (1.2.13)
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where the fact is used that in the Coulomb gauge

∇ · (Aψ) = A · (∇ψ) + (∇ ·A)ψ = A · (∇ψ). (1.2.14)

This form of the TDSE is often referred to as the “velocity gauge”, but a more appropriate
term is the “Coulomb gauge in the dipole approximation”, see below.

Within the dipole approximation the term in A2 in Eq. (1.2.13) can be eliminated by
performing the phase-factor transformation

ψ(r, t) = exp
[
− i

2

∫ t

0
dt′A2(t′)

]
ψv(r, t). (1.2.15)

This gives for ψv(r, t) the new time-dependent Schrödinger equation

i∂tψv(r, t) = [H0 +A(t) · p]ψv(r, t). (1.2.16)

This gauge is known as the velocity gauge (or as p ·A - gauge), since the new interaction
term,

Hint
v = A(t) · p = −iA(t) · ∇, (1.2.17)

couples the vector potentialA to the velocity operator p (corresponds to p/me in SI units).
When labeling gauges, it is important to distinguish the p · A form of the Hamiltonian
from the form that also includes the A2 term.

Length gauge. By applying the gauge transformation defined by

χ(r, t) = −A(t) · r, (1.2.18)

to Eq. (1.2.13), another form of the TDSE in the dipole approximation is obtained:

i∂tψl(r, t) =
(
H0 + E(t) · r

)
ψl(r, t). (1.2.19)
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Here it was used that according to Eqs. (1.2.4),(1.2.6) and (1.2.11) the transformed quan-
tities are of the form:

A′(r, t) = 0, (1.2.20)

ϕ′(r, t) = ∂tA(t) · r = −E(t) · r, (1.2.21)

ψ′(r, t) = eiA(t)·rψ(r, t) =: ψl(r, t). (1.2.22)

This gauge is known as the length gauge (or as E · r - gauge), since the new interaction
term,

Hint
l = E(t) · r, (1.2.23)

couples the electric field E to the position operator r.

1.2.2. The strong field approximation

We now briefly summarize the formal theoretical treatment of strong-field ionization
that enables one to describe both tunneling and multiphoton physical pictures on an equal
footing.

Ref. [32] was the first to show that the general expression for the ionization rate
coincides with that describing static tunnelling in the limit γ ≪ 1 and with the standard
MPI expression in case γ ≫ 1, where γ2 = Ip/2Up .

The Keldysh approach uses what is now generally referred to as the strong-field
approximation (SFA). Its main assumption is that in the continuum the electron only
feels the strong laser field and does not feel the presence of the binding potential. Different
theoretical descriptions based on this physical approximations have also been developed
by Faisal [84] and Reiss [85], forming collectively the KFR theory.

The derivation of the SFA ionization amplitude can be done as follows [86]: For a
fixed nucleus and in the SAE approximation, where the effects of all electrons but one are
absorbed into an effective binding potential, the complete Hamiltonian in the presence of
an external em field is:

Hx(t) = H0 + Hint
x (t). (1.2.24)
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Here

H0 = p2

2 + V (r) with p = −i∇, (1.2.25)

describes the gauge-invariant, time-independent Hamiltonian of the atom in the absence
of the em field, p denotes the electron momentum operator, V is the binding potential.

Next, Hint
x (t) describes the interaction with the laser field. This interaction is taken in

the dipole approximation, which ignores the spatial dependence of the laser field, so that
E(t) = −dA(t)/dt, with the field vector potential A. The index x in Hint

x (t) specifies the
gauge, i.e. x = l indicates the length gauge and x = v designates the Coulomb (velocity)
gauge, see Section above.

The electron-field interaction Hamiltonian is

Hint
x (t) =

⎧⎪⎨⎪⎩
E(t) · r (x = l),

A(t) · p+ 1
2A

2(t) (x = v).
(1.2.26)

Before proceeding further it should be noted that if the Schrödinger equation is solved
exactly, all observables are the same in both gauges. However, the strong-field approxi-
mation leads to mathematical results that are not gauge-invariant: the details of the final
expressions are different in the Coulomb (velocity) gauge and the length gauge. Neverthe-
less, they make the problem analytically tractable and allow one to gain excellent insight
into the underlying physics. We also note that the term “Strong Field Approximation”
has been introduced by H. Reiss, who has applied it exclusively to the analysis done in the
Coulomb gauge, including both terms A · p and A2 in the Hamiltonian. However, in the
current literature the term SFA is typically used whenever the physical approximation of
neglecting the electron-core interaction in the continuum is made.

Finally, we will also need the Hamiltonian describing a free electron in the presence
of the laser field, which reads

HFx(t) = p2

2 + Hint
x (t). (1.2.27)

The time-evolution operator of the total Hamiltonian (1.2.24) satisfies the Dyson equa-
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tion

Ux(t, t′) = U0(t, t′) − i

∫ t

t′
dτ Ux(t, τ)Hint

x (τ)U0(τ, t′), (1.2.28)

where U0(t, t′) denotes the time-evolution operator for an electron interacting with the
nucleus so that its corresponding Hamiltonian is given by Eq.(1.2.25).

The exact and gauge-invariant matrix element for ionization from an initially bound
state |ψ0(t)⟩ = |0⟩exp(iIpt) with ionization potential Ip to a final continuum state |ψp(t)⟩,
which are both defined by H0, is given by

Mp = lim
t→∞,t′→−∞

⟨ψp(t)|Ux(t, t′)|ψ0(t′)⟩, (1.2.29)

where it is assumed that the laser field is turned off in the limits t′ → −∞ and t → ∞.
For finite pulses, t′ and t should correspond to the beginning and the end of the pulse.

Substituting the integral equation for Ux(t, t′) (1.2.28) into Eq. (1.2.29), the following
ionization matrix element is obtained:

Mp = lim
t→∞,t′→−∞

[
⟨ψp(t)|ψ0(t)⟩ − i

∫ t

t′
dτ ⟨ψp(t)|Ux(t, τ)Hint

x (τ)|ψ0(τ)⟩
]
. (1.2.30)

Due to the orthogonality of the final continuum state and the initial state, the first term
vanishes and the matrix element becomes

Mp = −i lim
t→∞,t′→−∞

∫ t

t′
dτ⟨ψp(t)|Ux(t, τ)Hint

x (τ)|ψ0(τ)⟩, (1.2.31)

which is still exact.

In addition, another integral equation for Ux(t, t′) is given, written as an expansion
in terms of the binding potential V :

Ux(t, t′) = UV(t, t′) − i

∫ t

t′
dτ UV(t, τ)V Ux(τ, t′). (1.2.32)

In this case, the term UV(t, t′) is the time-evolution operator for a free electron in an
external field so that its corresponding Hamiltonian is given by Eq. (1.2.27). It is commonly
referred to as the Volkov propagator.

In order to obtain the analytically tractable transition amplitude, we now assume
that after ionization the electron does not feel the potential of the parent ion. Then the
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exact final state at time τ , given by ⟨ψp(t)|Ux(t, τ), is replaced by the so-called Volkov
state ⟨ψ(V )

px (τ)|, for which the interaction with the binding potential V is neglected but the
interaction with the laser field is fully accounted for.

That can be done by substituting the first order term of Ux(t, t′) from Eq. (1.2.32)
into Eq. (1.2.31) so that Ux is replaced by UV. This yields the gauge-dependent SFA
amplitude for direct ionization,

Mp = −i lim
t→∞,t′→−∞

∫ t

t′
dτ ⟨ψ(V )

px (τ)|Hint
x (τ)|ψ0(τ)⟩. (1.2.33)

The gauge-dependent Volkov wave function has the form

⟨r|ψ(V )
px (t)⟩ = (2π)− 3

2 exp
(

− i

2

∫ t

dτ [p+A(τ)]2
)⎧⎨⎩ ei[p+A(t)]·r (x = l),

eip·r (x = v).
(1.2.34)

The physics behind this equation is clear. For t < τ , the electron is governed by the
Hamiltonian H0 (1.2.25) that describes only the interaction between the electron and the
nucleus. At time τ , the electron is promoted to the continuum and its time evolution
follows the Hamiltonian HFx (1.2.27). This approximation certainly requires the laser
intensity to be high enough, so that the laser field rapidly moves the electron from the
vicinity of the binding potential and thus suppresses the interaction with V . The pertur-
bation of the atom by the field that causes its ionization is represented by the operator
Hint

x . The KFR theory performs best for short-range potentials, such as those correspond-
ing to negative ions, where the interaction of the continuum electron with the core is less
important. However, the qualitative predictions describing the underlying kinematics of
the process are valid even for long-range potentials with the Coulomb tail.

Recalling the purpose of deriving the ionization amplitude, namely, to demonstrate the
“separation character” of the Keldysh parameter γ, the interaction Hamiltonian (1.2.26)
(either in the length or the Coulomb (velocity) gauge) has to be inserted in Eq. (1.2.33).
The calculation of the integral over time by the saddle-point method yields the following
ionization rate expression for a linearly polarized em field (Eq. (16) in [32]):

w ∼ exp(−2Ip
ω

[
(1 + 1

2γ2 ) sinh−1(γ) −
√

1 + γ2

2γ

]
). (1.2.35)
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Eq. (1.2.35) is correct to within a pre-exponential factor. Taking now into account that

γ << 1 −→ sinh−1(γ) ∼ γ,

γ >> 1 −→ sinh−1(γ) ∼ ln(2γ), (1.2.36)

it follows that

γ << 1 −→ w ∼ exp
(

−2(2Ip) 3
2

3F0

)
,

γ >> 1 −→ w ∼ exp
(

−Ip
ω

ln(2γ)
)

= 2γ− Ip
ω ∝ F

Ip
ω

0 . (1.2.37)

Hence, the ionization rates in the limiting cases of the adiabaticity parameter γ indeed
show the same behavior7 as the ionization rates for TI (γ ≪ 1) and MPI (γ ≫ 1),
respectively.

Although the adiabaticity parameter arose from the description of nonlinear ionization
from a short-range potential well, it was then shown that the same physics is applicable to
the case of a hydrogen atom. Quantitatively accurate expressions for strong field ionization
of atoms in low-frequency fields have been derived by V. S. Popov and co-workers [87–
90]. These results are referred to as the Perelomov-Popov-Terent’ev (PPT) theory.
They have first solved the problem of ionization of an atomic level bound by a short-range
force, for linearly, circularly and elliptically polarized em fields. Then, they have used the
semiclassical approximation to extend their results for the ionization rates to the case of
the Coulomb potential and not too high frequencies, see e.g. the recent reviews [91, 92].

The simplified version of the PPT theory, broadly used for calculating the ionization
rate in the tunnelling limit of γ < 1 is the so-called Ammosov-Delone-Krainov (ADK)
model [93]. Ammosov, Delone and Krainov used the ionization rate of a hydrogen-like
atom in a static electric field given by the PPT theory, substituting the static field F0

with the oscillating field F0 cos(ωt), and generalized the expression to the case of complex
atoms or atomic ions by replacing the principle quantum number for the hydrogen atom
with the effective principle quantum number, which includes the quantum defect.

Before concluding this Section, we also note recent improvements of the PPT the-
ory developed by S. Popruzhenko and D. Bauer [94, 95], which yield good quantitative

7Exponential accuracy is often sufficient since all the dependences are determined essentially by the
exponential function.
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results, especially for the ionization rates [96]. Finally, a successful, self-consistent and
rigorous development of the analytical description of strong-field ionization, without ad-
hoc assumptions and with excellent quantitative results applicable in a broad range of
parameters, has recently been achieved by O. Smirnova and co-workers [97–102], known
as the Analytical R-Matrix (ARM) theory.

1.2.3. The Floquet analysis

AC Stark effect. The shift of atomic levels in a static electric field is known as the DC
Stark shift. The shift in an oscillating em field is referred to as the AC Stark shift or the
dynamic Stark shift.

There are two key differences between these Stark shifts. First, in contrast to static
fields, the shift of the energy level in a monochromatic laser field of frequency ω is ac-
companied by the appearance of a whole “ladder” of states. The new states are separated
from the initial, shifted state by an integer number of photon energies ℏω of the incident
radiation field. The origin of this ladder and its mathematical description is discussed
below.

Second, interaction with laser light allows one to apply much stronger electric fields.
The typical maximum strength of a DC electric field achievable in a laboratory is about
105 V/cm, many orders of magnitude smaller than the laser electric field amplitude
∼ 109 V/cm (cf. Eq. (I.3)). Hence in a DC electric field, the Stark shift always constitutes
a small correction to the initial energy value and can always be calculated employing the
usual perturbation theory. This is no longer possible in the laser field.

The Floquet theorem. The dynamic Stark shift is commonly treated by means of the
dressed atom model, which is widely used to describe interaction of atoms and molecules
with monochromatic laser radiation. The dressed atom is a new quantum system “atom
plus field”. This system supports the new light-dressed states, which describe the physical
picture arising as a mathematical consequence from the Floquet theorem, the physical
picture itself is referred to as the Floquet picture.

The Floquet theorem is a general result for linear, homogeneous differential equations
with periodic coefficients [103, 104]. Applied to the TDSE for a quantum system placed
in an external monochromatic field, it states the following.
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First, a solution of the TDSE can be written as

Ψ(r, t) = e−iϵtΦ(r, t), (1.2.38)

where Φ has the same time-periodicity as the Hamiltonian describing the “atom plus field”
system, i.e. Φ(r, t) = Φ(r, t+ 2π/ω). The periodic function Φ is called a quasienergy state
or a Floquet state, and ϵ is referred to as the quasienergy of the Floquet state.

Second, these Floquet solutions, or Floquet states, form a complete and orthogonal
basis set, just like the states of the field-free quantum system. The number of the Floquet
states and the corresponding quasienergies equals the number of the unperturbed states
and energy levels of the quantum system.

Third, since the wavefunctions for the Floquet states are time-periodic, they can be
expanded in the Fourier series,

Ψ(r, t) = e−iϵt
∞∑

k=−∞
φ(r)e−ikωt =

∞∑
k=−∞

φ(r)e−i(ϵ+kω)t. (1.2.39)

Thus, the wave function can be seen as a superposition of a number of stationary states
with energies ϵ+ kω. The spectrum of values of ϵ+ kω is called the spectrum of quasihar-
monics or the Floquet spectrum of the newly formed laser-dressed system.

As is described in the book by Delone and Krainov [105], these predictions are fully
supported by experiments. For arbitrary values of the field frequency ω and the field
strength F0, the perturbation of an isolated atomic bound state does indeed lead to the
formation of a “ladder” of quasienergy states with energies ϵn(F0) ± kω.

In the particular case when the laser frequency ω exceeds the binding energy of the
state, and the laser field is sufficiently weak, just one step (k = 0) of the Floquet ladder
is mostly populated. All higher steps lie in the continuum and correspond to ionization.
The shift of the atomic level ϵ(F0) − ϵ(0) in this case is equal to the quiver energy of the
free electron in the same laser field:

δϵn(F0) = F 2
0

4ω2 = Up. (1.2.40)

When the atom is dressed by laser radiation in the IR or visible part of the spectrum,
the ponderomotive AC Stark shift applies to the Rydberg states while the shift of the
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ground state is negative. The magnitude of the latter is much smaller than the pondero-
motive potential, since well bound electrons are much less polarizable than those which
are nearly free. Thus, the ionization potential of a dressed atom is higher than the ion-
ization potential of the unperturbed atom, leading to the channel closing effect described
earlier.
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2. Theoretical Background: Stable
Electronic States in Strong Laser Fields

The previous Chapter provided a brief overview of the basic phenomena induced in
atoms by intense laser fields, and the basic theoretical concepts that are used to describe
these basic phenomena. Now we are in a position to turn our attention to unusual and
counter-intuitive aspects of the strong field electronic response, which constitute the focus
of the original work described in this and next Chapters of the thesis.

Common intuition would suggest that strong laser fields should always cause fast ion-
ization of atomic systems, and that the higher the laser intensity, the faster the ionization.
However, this intuition is not always correct. Under certain circumstances the opposite
effect can occur, namely stabilization of atoms with respect to ionization.

Stabilization means that the ionization probability does not increase with increasing
the laser intensity, but instead saturates below unity in a window of intensities, or even
decreases.

There are two basic mechanisms that can be responsible for this unexpected atomic
response: interference stabilization and adiabatic stabilization, the latter is also referred
to as the Kramers-Henneberger stabilization. Below we give a brief overview of interfer-
ence stabilization and then move to the detailed analysis of the Kramers-Henneberger
mechanism, which is the focus of the original results obtained in this thesis.

2.1. Interference stabilization

In a series of papers, Fedorov, Movsesian and Ivanov [106–110] report on interfer-
ence phenomena in photoionization from or through atomic Rydberg levels, which can
occur under conditions that produce their coherent population. The key result is that,
for sufficiently strong laser fields, one can no longer consider photoionization of individual
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Rydberg states. For example, in case of selective excitation of a single Rydberg level En0 ,
its one-photon ionization can no longer be described using the standard Fermi’s golden
rule (FGR). Correct analysis requires one to include re-population (secondary popula-
tion) of adjacent Rydberg levels En via Raman-type, field-induced transitions through
common continuum states, see Fig. 2.1. Now, ionization includes interference of the tran-

Figure 2.1: Energy level scheme showing Raman-type tran-
sitions (En0 → E (> 0) → En (̸= En0)).

sitions from coherently re-populated Rydberg levels to this common continuum. These
transitions interfere destructively, suppressing ionization as compared to an isolated state.
Photoionization is inhibited and stabilization of the atom occurs.

In the publications mentioned above, it is pointed out that the physics of interference
stabilization of Rydberg atoms can be analytically described using simple models, thanks
to the following characteristic features of Rydberg atoms:

• At high level of excitation, the energy spectrum of Rydberg levels is almost equidis-
tant:

En ≈ En0 + n− n0
n3

0
, (2.1.1)

where n denotes the principal quantum number, n0 indicates the central, initially
occupied Rydberg level, n, n0 ≫ 1. The spacing between the neighboring levels
n3

0 determines a characteristic time scale for the dynamics of coherently populated
states, which corresponds to the classical Kepler period

tK = 2π
En0+1 − En0

= 2πn3
0. (2.1.2)

• The transition matrix elements of the dipole interaction VL(t) = r · E(t) = −d · E(t)
with the laser field E(t) of amplitude F0 and frequency ω can be expressed via the
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parameter V ,

V = βF0ω
−5/3, dnn′ ≃ V

(nn′)3/2 , dnE ≃ V

n3/2 , dEE′ ≃ V, (2.1.3)

where β ∼ 10−1. The field is weak or strong if V ≪ 1 or V > 1 respectively. In
these two cases, the magnitude of the non-resonant atom-field interaction, which is
given by

Γi ≃ V 2

n3
0
, (2.1.4)

is small or large in comparison with the spacing between neighboring Rydberg levels.

The analytical models developed in Refs. [106–110] also ignored continuum-continuum
transitions and the coupling between different l-sub-manifolds of the Rydberg states.

Under those assumptions, the long-time photoelectron spectrum W (E)|t→∞ is given
by [108]:

W (E)|t→∞ = |VEn0 |2

(E − En0 − ω)2
[
1 + π2

(∑
n

|VnE |2
(E−En−ω)2

)2
] . (2.1.5)

In the weak-field limit V ≪ 1, for an initially populated state En0 , the spectrum
consists of a single line with the width ∝ V 2/n3

0, as expected from FGR. In the limit of
a strong field, V > 1, the curve W (E) exhibits a multipeak structure, with the peaks
located near the energies equal to ω plus half the width of the sum of the energies of any
adjacent Rydberg level:

Epeak = E(n) + ω = 1
2(En + En+1) + ω. (2.1.6)

Recalling the Floquet states and the dressed atom concept, it is apparent that the E(n)’s
can be understood as eigenenergies of the dressed atom. Their widths are

Γi = 2
π3V 2n3

0
, (2.1.7)

and thus much smaller than n−3
0 in the limit V ≫ 1. That is, the peaks are narrow in

comparison to the space between them, the width tending to zero for V → ∞, meaning
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slow decay and suppressed ionization probability W (t)

W (t) = 1 − e(−Γit), (2.1.8)

where Γi is given by Eq. (2.1.7). The time of ionization is ti ≃ 1/Γi ≃ (π3V 2n3
0)/2. This

relation demonstrates that the stronger the field, the longer the ionization time, with the
threshold for the effect F0 > ω5/3.

These results were confirmed in the independent numerical study of Parker and
Stroud [111], who analyzed ionization of excited hydrogen by an intense (1014 W/cm2),
short (7 fs) laser pulse. They have observed incomplete ionization of the atom even for
these very intense fields: some of the population was trapped in the initially prepared ex-
cited state. In order to study the physics behind this effect, they have considered a model
containing three bound states (|g0⟩, |g1⟩, |g2⟩), all of them having the same parity as the
initial state. Furthermore, they assumed that all states were equally spaced in energy and
modeled the continuum as a manifold of equally spaced states, each coupled with the same
transition dipole to the bound states. The model is very similar to that of Fedorov and
co-workers, and their conclusions were essentially the same.

The three curves shown in the plot on the lhs of Fig. 2.2 represent the time evolution
of the population of the initial state |g0⟩ during the pulse. The applied pulse peaks in

(a) The curves are labeled by the number of
bound states |g⟩ present in the numerical inte-
gration. The intensity of the laser pulse I0 and
all other parameters are constant for the three
curves.

(b) The solid curve shows the evolution of |g0⟩
with the same intensity I0 used in the left panel.
The dotted and dashed curve show the evolution
of |g0⟩ at intensity 2I0 and 10I0, respectively.

Figure 2.2.: Population in initial state |g0⟩ during the laser pulse. Reprinted figures with
permission from [111] Copyright (1990) by the American Physical Society.
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intensity at t = 0 and has three optical periods per FWHM. The labels 1, 2, 3 of the
curves indicate the number of bound states included in the calculations, e.g. curve 1
corresponds to the time evolution of |g0⟩ in the case |g0⟩ is the only bound state. The
behavior of this curve closely resembles the exponential decay known by FGR. Curve 2
illustrates the numerical results in case the bound state |g1⟩ is present as well. It can be
clearly seen that more population remains in the bound state |g0⟩ than predicted by FGR.
In the last case, when all three bound states are included in the laser-atom interaction,
the atom is even more stabilized with respect to ionization demonstrated by the fact that
even more population is trapped in |g0⟩. The plot on the rhs of Fig. 2.2 shows three curves
according to three different pulse intensities used in the calculations. In each of the cases
all three bound states are included. The solid line represents the evolution of |g0⟩ at the
same intensity I0, which was used for the data on the lhs in Fig. 2.2, whereas, the dotted
and dashed lines show |g0⟩’s evolution at intensities 2I0 and 10I0. It can be inferred from
Fig. 2.2 that the higher the intensity, the (slightly) larger the population remaining in the
initial state |g0⟩ at the end of the pulse.

As mentioned above, Parker and Stroud have investigated the physics behind the effect
revealed by the numerical results. This has been done by simplifying their model in such a
way that analytical solutions could be obtained. They made the following assumptions:

• The pulse envelope is varying smoothly in time.

• The ionization continuum is flat, i.e. the bound-free transition matrix element is
independent of the continuum energy E.

• The ionization continuum has infinite width.

Furthermore they have employed the rotating wave approximation (RWA). The infinite set
of unbound states E was eliminated from the set of equations leading to a finite number of
equations, which contain only the variables of the unbound states |g⟩. In Fig. 2.3 the results
obtained analytically are compared with the numerical results. The comparison exhibits
good agreement, with the quantitative differences due to the RWA involved [111].

In summary, Ref. [111] has arrived to the same conclusions as [108]: population trap-
ping during the excitation of adjacent Rydberg states through stimulated Raman transi-
tions. The analytical results show that the population returns to the bound states with
just the right phase so that the further transitions to the continuum interfere destruc-
tively. The formed superposition state has a reduced ionization cross section compared to
the FGR predictions for the initial state.
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(a) The solid curve shows the numerical results.
The dashed curve shows the predictions of the
theory in the RWA. The pulse intensity is I0
and all three bound states are included in the
calculations.

(b) The conditions are identical to those of the
left panel, except that the number of bound
states present is varied from 1 to 3 as in the left
panel of Fig. 2.2.

Figure 2.3.: Comparison of the population in the initial state |g0⟩ during the laser pulse
obtained by numerical integration of Schrödinger’s equation and analytical
calculations containing the RWA. Reprinted figures with permission from [111]
Copyright (1990) by the American Physical Society.

In addition, in Ref. [110] it is suggested that ionization suppression can also be caused
by strong interaction of the initial (e.g. ground) state with Rydberg states. It is pointed
out that stabilization even occurs in case the bound-free transitions are weak and the pulse
duration is long. However, the results presented in Ref. [110] clearly show that the Raman-
type coupling via continuum has to be taken into account, otherwise the stabilization effect
would completely disappear. The difference to the stabilization mechanism outlined above
is that in this case the reconstruction of the Rydberg spectrum is due to strong resonance
interaction with a lower lying isolated discrete state, rather than due to interaction with
the continuum. In other words, the interaction with the ground state leads to the so-called
effective field broadening [112] of Rydberg states, which compensates for the detuning of
Raman-type coupling via the continuum.

Finally, it should be noted that the concept of interference stabilization in atoms has
been extended to interference stabilization in molecules [113]. In Ref. [113] it has been
shown that interference stabilization might be a sufficiently general phenomenon, which
occurs not only in photoionization of Rydberg atoms but also in photodissociation of
molecules. In the latter case, the mechanism of stabilization of a molecule at its vibrational
levels is related to strong field Raman-type transitions between bound (vibrational) levels
of the molecule.
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2.2. The Kramers-Henneberger atom

An atom exposed to a radiation field experiences distortion, in addition to ionization
via absorption of one or several photons. The distortion starts gradually with increasing
field intensity and can reach considerable dimensions, causing a highly non-perturbative
atomic response. For a hydrogen atom in its ground state, this new kind of behavior can
be expected for fields approaching the “atomic unit” of intensity I0 = 3.51 · 1016 W/cm2

(cf. Eq. I.7), when the amplitude of the oscillating electric field equals the electrostatic
field created by the proton on the first Bohr orbit.

In fact, highly non-perturbative effects start much earlier. As described in Sec-
tion 1.1.3, when the laser field is sufficiently strong, it can lower the top of the potential
barrier created by the superposition of the binding and laser potentials below the energy
of the ground state. For the hydrogen atom, the required intensity is two orders of magni-
tude lower than I0. Once the electron in its ground state becomes essentially unbound, the
amplitude of the free electron oscillations α0 = F0/ω

2, and its comparison with the size of
the atomic state, become very important for describing the underlying physics. Clearly,
non-perturbative approaches for solving the Schrödinger equation of atoms in intense laser
fields are needed.

One such approach, originally developed for sufficiently high laser frequencies, was
presented almost 3 decades ago by Gavrila and Kaminski [114, 115] following the original
ideas of W. Henneberger [5]. Initially it was applied to scattering and ionization processes
of one-electron systems. The case of potential scattering was treated first [116, 117],
followed by the analysis of the structure of atomic hydrogen in linearly [118, 119] and
circularly polarized laser fields [120].

The proposed formalism was called high-frequency Floquet theory (HFFT) and is dis-
cussed below. It was able to predict several new phenomena, including the dichotomy of
the atomic wavefunction [119, 121] which in the laser field begins to look like the state
of a diatomic molecule, and adiabatic stabilization [122] of these states against ionization
(for an overview see Ref. [123]).

Subsequently, the HFFT of laser-atom interactions, developed for the case of one-
electron atoms, was extended to cover the study of two-electron atoms under similar
conditions [124, 125]. For some time it was assumed that this method is exclusively related
to the high-frequency regime. However, it was then recognized [126–128] that dichotomy
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and atomic stabilization can also occur for arbitrarily low laser frequencies, provided that
the laser field strength is sufficiently high (high-intensity Floquet theory) [129, 130], in the
barrier suppression regime.

We now move to the non-perturbative method developed for the description of intense
laser-atom interaction in the high-frequency or high-intensity regime.

2.2.1. The Kramers-Henneberger method

Basic idea. The starting point of the high-frequency or high-intensity Floquet theory is
the crucial concept derived by Kramers [131] (see also Pauli and Fierz [132]) in the general
context of quantum electrodynamics, and, independently, by Henneberger for laser-atom
interactions in his classic paper [5]. This concept - today known as Kramers-Henneberger
(KH) concept - is one of the most efficient methods for describing theoretically the dy-
namics of atomic systems influenced by super-atomic fields.

The KH method is based on spatial translation to a new frame (the KH frame),
associated with the motion of a free electron driven by an external laser field. One benefit
of this method is the clarity of the KH picture: An atomic electron bound by the attractive
potential of the ion and, additionally, exposed to an oscillating, linearly polarized laser
field starts an oscillatory motion caused by this external field. Since the incident field
is sufficiently intense to suppress the atomic binding potential (barrier suppression field
(BSF)), the atomic electron can quickly leave the atom and become almost free.

The effect of the laser field is now dominant, and the interaction with the ionic core
is weak. In the oscillating reference frame, it is the atomic potential that oscillates. The
time-averaged part of this oscillating potential is called the KH potential and describes the
time-averaged weak interaction of the oscillating electron with the ionic core. The most
probable positions of the “oscillating” ion are the turning points of the oscillatory motion,
where the instantaneous velocity is zero. Consequently, the period-averaged potential of
the laser-dressed atom - the KH potential - develops a double-well structure, with the
two wells separated by 2α0 = 2F0/ω

2, as if the laser field has turned the atom into a
homonuclear diatomic molecule with the internuclear distance 2α0. This new potential,
while distinctly different from the original atomic potential, is able to support infinitely
many bound states of the newly formed KH atom.
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Thus, by moving into the KH frame, a basis of new states characterizing the laser-
dressed atom is obtained. These states exist during the time the laser pulse acts on the
atomic system. The benefit of this new basis set lies in the fact that, for sufficiently strong
(or high-frequency) laser fields it describes most of the laser-atom interaction and the rest
can be included by means of the new perturbation theory.

The Kramers-Henneberger transformation. We now move to the formal description of
the Kramers-Henneberger transformation and the high-intensity Floquet theory.

In the dipole approximation, the laser atom interaction in the velocity gauge is de-
scribed by the following equation:

i∂tψ(r, t) = H(r, t)ψ(r, t) =
(

H0 +A(t) · p+ 1
2A

2(t)
)
ψ(r, t), (2.2.1)

and the term in A2 in Eq. (2.2.1) is eliminated by the transformation

ψ(r, t) = exp
[
− i

2

∫ t

0
dt′A2(t′)

]
ψv(r, t), (2.2.2)

leading to the TDSE for ψv(r, t):

i∂tψv(r, t) = (H0 +A(t) · p)ψv(r, t). (2.2.3)

We now move to the reference frame that follows the quiver motion of a classical
free electron driven by the external AC laser field. The electron coordinate rKH in this
reference frame is defined relative to the new position of the origin, α(t):

rKH := r −α(t), α̈(t) = −E(t) = dA(t)/dt = −F0êcos(ωt). (2.2.4)

Here we took into account that in the dipole approximation E(t) = −dA(t)/dt.

To move into this KH reference frame, we need to apply the unitary transformation
UKH such that

ψKH(rKH, t) := UKHψv(rKH, t) = ψv(rKH +α, t) = ψv(r, t). (2.2.5)

Since the momentum operator is the generator of space-translation transformations, UKH
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reads

UKH = exp [iα · pKH] = exp
[
i

∫ t

0
dt′A(t′) · pKH

]
, (2.2.6)

where pKH denotes the momentum operator in the KH system: pKH = −i∇KH.

We now transform the Schrödinger equation (2.2.3) and thus the Hamiltonian as well.
For this, the following formula, obtained by using Eq. (2.2.5) combined with Eq. (2.2.6),
is required:

i∂tψv(r, t) = i∂t

(
e−iα·pKHψKH(rKH, t)

)
= i

(
e−iα·pKH∂t − iα̇ · pKHe

−iα·pKH
)
ψKH(rKH, t)

= i
(
e−iα·pKH∂t −A(t) · ∇KHe

−iα·pKH
)
ψKH(rKH, t). (2.2.7)

Substituting (2.2.7) into the TDSE in velocity gauge (2.2.3),

i∂tψv(r, t) =
[1

2p
2
r + V (r) − iA(t) · ∇r

]
ψv(r, t), (2.2.8)

then yields

i∂tψKH(rKH, t) =
[1

2p
2
r + V (r) − iA(t) · ∇r + iA(t) · ∇KH

]
ψKH(rKH, t)

=
[1

2p
2
KH + V (rKH +α(t))

]
ψKH(rKH, t), (2.2.9)

where in the last step ∇r = ∇KH is used, see (2.2.4).

In summary, the following formulas for describing the KH frame of reference (in dipole
approximation) are obtained:

i∂tψKH(rKH, t) = HKH(rKH, t)ψKH(rKH, t), (2.2.10)

HKH(rKH, t) = 1
2p

2
KH + V (rKH +α(t)), (2.2.11)

ϕ = 0, (2.2.12)

A(t) = α̇(t) = −F0ê

∫
dt cos(ωt). (2.2.13)

In this reference frame the coordinates in the potential V are shifted by a quantity equal
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to the classical displacement of a free electron from its center of oscillations in a radiation
field E(t):

α(t) =
∫ t

0
dt′A(t′) = F0

ω2 ê cos(ωt). (2.2.14)

That is, the potential V oscillates with the quiver amplitude α0 = F0/ω
2 and the angular

frequency ω around the point of origin, where F0 and ω are the electric field strength
and frequency, respectively. Thus the interaction between atom and super-atomic field is
now incorporated via α(t) into the potential V , which becomes time-dependent due to the
time-dependent shift in the argument.

The Fourier analysis and the Kramers-Henneberger potential. As the oscillating po-
tential is periodic with period T = 2π/ω, it can be conveniently expanded in a discrete
Fourier series

V (rKH +α(t)) =
+∞∑

n=−∞
Vn(rKH;α0ê)e−inωt, (2.2.15)

where

Vn(rKH;α0ê) = 1
T

∫ T

0
dt V (rKH + α0ê cos(ωt))einωt (2.2.16)

is the nth harmonic of the Fourier expansion. The approach of substituting Eq. (2.2.15)
in the TDSE in the KH frame (2.2.9), but then neglecting all Fourier harmonics except
for the zeroth mode (n = 0),

i∂tψKH(rKH, t) =
(1

2p
2 + V0(rKH;α0ê)

)
ψKH(rKH, t), (2.2.17)

is known as the Kramers Henneberger approximation.

In this approximation, the initial time-dependent problem of an atomic electron driven
by a time-varying wave field is reduced to solving the stationary problem in a time-
independent effective potential V0. This dressed potential V0 is the time-average over
one period T of the oscillating potential V (rKH +α(t)),

V0(rKH;α0ê) = 1
T

∫ T

0
dt V (rKH + α0ê cos(ωt)). (2.2.18)
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It is also called the Kramers Henneberger potential.

The crucial point is that the new potential provides a system of time-independent and
therefore stable states, causing the phenomenon of atomic stabilization associated with the
formation of the KH atom. For such analysis to be useful, the remaining Fourier terms
Vn(rKH;α0e) for n ̸= 0 should be small, so that they can be treated as perturbations:

δV (rKH;α0ê; t) = V (rKH +α(t)) − V0(rKH;α0ê). (2.2.19)

In summary, the idea of KH stabilization is based on the separation of the time-dependent
parts of the potential from the time-averaged part. As long as such separation is justified by
the parameters of the interaction, the bound eigenstates of the effective time-independent
Hamiltonian, called the KH states, are stable by definition.

The Floquet analysis in the Kramers-Henneberger frame. As indicated in the previous
Section, Gavrila and co-workers suggested a method for solving the Schrödinger equation
in the KH frame [114]. This procedure is as follows: By inserting Eq. (2.2.14) into
Eq. (2.2.9) a differential equation with periodic coefficients is obtained, which can be
treated according to the Floquet method [104] (see Section 1.2.3). This approach implies
that a quasi-periodic solution of the form

ψKH(rKH, t) = e−iϵtΦ(rKH, t) = e−iϵt
+∞∑

n=−∞
Φn(rKH)e−inωt (2.2.20)

=
+∞∑

n=−∞
Φn(rKH)e−i(ϵ+nω)t (2.2.21)

is sought, where the (complex) parameter ϵ is called the quasienergy, and the periodic
function Φ is the corresponding quasienergy state or the Floquet state. These states
constitute a complete basis set, and all possible values of ϵ form the spectrum (Floquet
spectrum) of the laser-dressed system.

Strictly speaking, the quasienergy spectrum is continuous. However, to study bound
states and ionization processes, boundary conditions are imposed, which lead to discrete
complex quasienergies: ϵ = ε− (i/2)Γ, where Γ is the ionization rate, which describes the
decay into the continuum and thus is inversely proportional to the lifetime. Formally, this
is done by eliminating the continuum part of the Hilbert space. Since Φ is periodic in time,
it is possible to expand the wave function into a Fourier series as is done in Eq. (2.2.20).
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Each Floquet component Φn corresponds to the absorption of n photons as can be seen in
Eq. (2.2.21), where the energy ϵ has been raised by nω.

Substitution of Eqs. (2.2.15) and (2.2.21) into the TDSE in the KH frame (2.2.9)
results in a system of coupled differential equations in coordinate space for the Floquet
components Φn(rKH), containing the quasienergy parameter ϵ:

(
p2

2 + V0(rKH;α0ê) − (ϵ+ nω)
)
Φn = −

+∞∑
m=−∞

m ̸=n

Vn−m(rKH;α0ê)Φm, (2.2.22)

where

Vn−m(rKH;α0ê) = 1
T

∫ T

0
dt V (rKH + α0ê cos(ωt))ei(n−m)ωt. (2.2.23)

An iterative method of solution was devised in Refs. [114, 123], proceeding essentially in
inverse powers of ω. To zeroth order in the iteration procedure, i.e. in the high-frequency
limit, the set of coupled equations reduces to a single one for the zeroth Floquet component
Φ

(0)
0 , (

p2

2 + V0(rKH;α0ê)
)
Φ0 = ϵ(0)Φ

(0)
0 , (2.2.24)

where ϵ(ν) and Φ(ν)
0 denote the approximations of order ν to ϵ and Φ0, and ψKH(rKH, t) ∼=

Φ
(0)
0 (rKH)exp(−iϵ(0)t).

Equation (2.2.24) was also obtained earlier by Henneberger [5], Gersten and Mit-
tleman [133], and Lima and Miranda [134] using other approaches. The result can be
easily understood: Since in the high-frequency limit the oscillations of the potential are
extremely fast, the electron is only able to perceive the period-averaged potential V0, but
not higher harmonics of the potential.

In general the quasienergies ϵ are complex, however, Eq. (2.2.24) has real eigenvalues,
demonstrating that in the high-frequency limit the atom is stable against multiphoton
ionization. The frequency condition, known as Gavrila-Kaminski condition, under which
this should hold, was stated as ω ≫ |Em

0(α0)|, where Em
0(α0) is the lowest eigenvalue having

the same magnetic quantum number m as the initial state of the atom in the field.

Ionization processes are described in the second order of the iteration, leading to
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the imaginary part of ϵ. The expressions for the n-photon ionization rates in terms of
the solution of Eq. (2.2.24) can be derived in this order of iteration. They correspond
to the Fermi’s Golden Rule-type expressions for the bound-free transitions caused by the
n-th Fourier component of the interaction potential. The dominant contribution in the
high-frequency limit comes from the one-photon absorption due to V1.

2.2.2. Validity of the Kramers-Henneberger approximation

Undeniably, it is necessary to discuss the applicability limits of the KH analysis, which
assumes that the role of the potentials Vn (n ̸= 0) is small.

Usually, the applicability of the KH approximation is associated with the afore-
mentioned Gavrila-Kaminski condition |EKH

0 |/ω ≪ 1 (Ref. [114]), or the condition in-
dicated by Gersten and Mittleman |E0|/ω ≪ 1 (Ref. [133]), where EKH

0 and E0 are the
bound state energies in the KH potential and in the initial atomic potential, respectively.
In 1990 Pont, Walet and Gavrila suggested that the high-frequency theory may also be
reinterpreted as a high-intensity theory based on the fact that the ionization potential of
the ground state in the KH potential decreases with increasing intensity [121]. However,
the analysis in [126] showed that this assertion is generally incorrect, as |EKH

0 | formally
tends to zero for ω → 0, for any fixed laser intensity including weak fields.

The issue was resolved in Ref. [128], which demonstrated the formal analogy between
the KH method and the Bogolyubov method of averages [135–137]. The validity of the
latter is established by the Bogolyubov theorem. Using this analogy, it was shown that
the KH approximation is valid in two limits. The first is the usual high-frequency limit.
The second is the high-intensity limit F0 ≫ Ip/a0 ∼ 4FBSF, combined with the additional
limitation F 2

0 /ω
3 ≫ 1. This conclusion was confirmed by comparing with the result of

numerical experiments in Ref. [127]. The physical meaning of this result is clear: For
low-frequency laser fields, the KH approximation is valid for laser intensities at which the
atomic electron becomes virtually free.

Further detailed ab-initio theoretical studies of the emergence of the KH states in
the near-IR regime have been recently performed in Refs. [138, 139], corroborating the
analytical prediction [128, 140].
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2.2.3. The KH atom potential and states

The dressed Coulomb potential. Here we derive the KH potential for the specific case of
a hydrogen atom, henceforth referred to as the dressed Coulomb potential. The derivation
is similar to that of [141] for the smoothed one-dimensional Coulomb potential VC,a(z) =
−1/

√
a2 + z2, where a is the smoothing parameter which eliminates the z−1 singularity at

the origin.

It will be shown that for the three-dimensional Coulomb potential, written in cylin-
drical coordinates (ρ, φ, z) as VC(r) = −1/|r| = −1/

√
ρ2 + z2, the KH potential in

Eq. (2.2.18) can be evaluated exactly in terms of complete elliptic integrals.

The resulting potential can be regarded as the electrostatic potential created by a
linear, inhomogeneous distribution of charges extending from −α0ê to +α0ê along the
direction ê of the oscillations orientation, which in the following is set along the z-axis (ê :=
êz).

We begin by inserting the dressed Coulomb potential

VC(r) = −1
|r|

= −1√
ρ2 + z2

→ VC(rKH + α0êz cos(ωt)) = −1
|rKH + α0êz cos(ωt)| = −1√

ρ2
KH + (zKH + α0 cos(ωt))2

(2.2.25)

into Eq. (2.2.18), the KH potential can then be written as

V0,C = − 2
T

∫ T
2

0

dt√
ρ2 + (z + α0 cos(ωt))2 . (2.2.26)

Here and in what follows the subindex “KH” is omitted.

Applying the substitution

s := z + α0 cos(ωt)

ds

dt
= −ωα0 sin(ωt) → dt = −ds

ωα0 sin(ωt) (2.2.27)
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combined with

α0 sin(ωt) =
√
α2

0[1 − cos2(ωt)] =
√

[α0 + α0 cos(ωt)][α0 − α0 cos(ωt)]

=
√

[z + α0 cos(ωt)] − [z − α0]
√

[z + α0] − [z + α0 cos(ωt)]

=
√
s− r1

√
r2 − s, (2.2.28)

where r1 = z − α0 and r2 = z + α0, then leads to

V0,C = − 2
2π
ω

∫ z−α0

z+α0

−ds
ω
√
ρ2 + s2√

s− r1
√
r2 − s

= − 1
π

∫ r2

r1

ds√
ρ2 + s2√

s− r1
√
r2 − s

. (2.2.29)

This equation can also be expressed in terms of roots of a quartic,

V0,C = − 1
π

∫ r2

r1

ds√
s+ iρ

√
s− iρ

√
s− r1

√
r2 − s

, (2.2.30)

where the integral can be evaluated using the relation [142]:

I =
∫ γ

a

dn
√
n− c

√
n− c

√
n− a

√
b− n

= gF(θ, k) . (2.2.31)

F denotes the incomplete elliptic integral of the first kind; a, b are real; c, c are complex;
b ≥ γ > a, which is satisfied since in this case b = γ = r2, and where

g = 1√
AB

,

θ = arccos
[(b− γ)B − (γ − a)A

(b− γ)B + (γ − a)A

]
,

k2 = (b− a)2 − (A−B)2

4AB ,

A2 = (b− c+ c

2 )2 − (c− c)2

4 , B2 = (a− c+ c

2 )2 − (c− c)2

4 . (2.2.32)

56



2.2. THE KRAMERS-HENNEBERGER ATOM

Altogether, the value of the integral (2.2.30) is found to be

V0,C = − 1
π
gF(θ, k) (2.2.33)

with

g = 1√
ρ2 + r2

2

√
ρ2 + r2

1

= 1√
|r+||r−|

,

θ = π,

k2 = 1
2

⎛⎝ ρ2 + r1r2√
ρ2 + r2

2

√
ρ2 + r2

1

⎞⎠ = 1
2

(
1 − r+ · r−

|r+||r−|

)

= 1
2 (1 − r̂+ · r̂−) , (2.2.34)

where r± = r ± α0êz = ρêρ + (z ± α0)êz. In addition, the relations [143]

F(mπ ± θ, k) = 2mK(k) ± F(θ, k) and F(0, k) = 0 (2.2.35)

yield that F(π, k) = 2K(k), where K is the complete elliptic integral of the first kind.

In summary, the dressed Coulomb potential can be expressed as

V0,C(rKH, α0êz) = − 2
π

1√
|r+||r−|

K

⎛⎝√1 − r̂+ · r̂−
2

⎞⎠ . (2.2.36)

Compared to the pure Coulomb potential, the dressed Coulomb potential is distorted
along the laser polarization axis. As the oscillation amplitude α0 increases starting from
0, the unperturbed V0,C elongates gradually along the êz-direction and develops a double-
well structure. It has two r−1/2 - singularities at the end points of the charge distribution
±α0êz, and a logarithmic singularity along the segment between them due to the behavior
of K(x) for x → 1. All of them are weaker than the original Coulomb singularity. The
potential wells are located around the end points of the line of singularities, i.e. at ±α0êz.
The distance between the two wells depends on α0 = F0/ω

2 and hence on the peak intensity
and frequency of the laser field. This can be clearly seen in Fig. 2.4, where the dressed
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Coulomb potential is shown for different values of α0. Moreover it can be seen that the
characteristic depth of the potential decreases with increasing α0.

-15
-12

-9
-6

-3
 0

 3
 6

 9
 12

 15

-15-12-9-6-3 0 3 6 9 12 15

-45

-40

-35

-30

-25

-20

-15

-10

-5

 0

V0 [a.u.]

ρ [a.u.]

z [a.u.]

V0 [a.u.]

-45

-40

-35

-30

-25

-20

-15

-10

-5

 0

(a) α0 = 0 a.u.

-15
-12

-9
-6

-3
 0

 3
 6

 9
 12

 15

-15-12-9-6-3 0 3 6 9 12 15

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

V0 [a.u.]

ρ [a.u.]

z [a.u.]

V0 [a.u.]

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

(b) α0 = 3 a.u.

-15
-12

-9
-6

-3
 0

 3
 6

 9
 12

 15

-15-12-9-6-3 0 3 6 9 12 15

-7

-6

-5

-4

-3

-2

-1

 0

V0 [a.u.]

ρ [a.u.]

z [a.u.]

V0 [a.u.]

-7

-6

-5

-4

-3

-2

-1

 0

(c) α0 = 6 a.u.

-15
-12

-9
-6

-3
 0

 3
 6

 9
 12

 15

-15-12-9-6-3 0 3 6 9 12 15

-5.5
-5

-4.5
-4

-3.5
-3

-2.5
-2

-1.5
-1

-0.5
 0

V0 [a.u.]

ρ [a.u.]

z [a.u.]

V0 [a.u.]

-5.5
-5
-4.5
-4
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
 0

(d) α0 = 9 a.u.

Figure 2.4.: Evolution of the dressed Coulomb potential (2.2.36) for increasing α0 = F0/ω
2.

α0 = 0 corresponds to the case of the unperturbed atom. As α0 increases V0,C
elongates gradually along the laser polarization direction êz and develops a
double-well structure, where the wells are located at ±α0êz.

Since the original pure Coulomb potential VC(r) is spherically symmetric, V0,C has
axial symmetry around the z-axis (assuming a linear polarized laser field along êz). Fur-
thermore, V0,C is an even function with respect to the origin. Thus, only the projection
of the angular momentum on the z-axis (associated magnetic quantum number m) and
the parity (quantum number P; g or u) remain good quantum numbers, i.e. they are
conserved quantities. In fact, the eigenvalues of the problem (2.2.17) including (2.2.36)
depend on |m|, rather than on m, which implies a twofold degeneracy for m ̸= 0. Due to
this symmetry a classification scheme for the corresponding KH states, similar to that for
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diatomic molecules was suggested in Ref. [121].

Taken together, the KH potential in the Coulomb case can be envisaged as the elec-
trostatic potential generated by a line of charge extending from −α0êz to +α0êz with an
inhomogeneous charge density, located mostly at the turning (end) points.

States of the KH atom. To study the behavior of the system of time-independent states
supported by the dressed Coulomb potential as a function of α0, the time-independent
Schrödinger equation (

−1
2∇2 + V0,C(rKH, α0êz)

)
ψ = Eψ (2.2.37)

was solved numerically for various values of α0.

For this purpose, a three-dimensional code was developed, in which all points of the po-
tential and the wave functions were represented on a Cartesian grid. The derivative in the
Schrödinger equation was calculated using a 7-point stencil Finite Difference method. The
box sizes ([−30 a.u. : 30 a.u.] in the case of the energy calculation and [−100 a.u. : 100 a.u.]
for the wave function plotting) and grid point density (240 points on each coordinate) used
for the calculations resulted in a big tridiagonal matrix representation of the Hamiltonian.
In order to perform efficiently these computations, a parallel implementation of this code
was required. Therefore the implementation was done by using PETSc [144] for the matrix
and vector operations and SLEPc [145] for the matrix diagonalization. The α0-dependent
behavior of the computed eigenstates and eigenenergies will be discussed below.

The evolution of the position probability density |ψ|2 for the ground state of atomic
hydrogen in the KH frame is shown in Fig. 2.5. It is apparent that with increasing α0, the
wave function becomes stretched along the direction of the laser polarization (êz) follow-
ing the elongation of the line of charges generating the dressed Coulomb potential V0,C.
However, as α0 converges to 20 a.u. a saddle emerges, and for α0 = 30 a.u. two pronounced
maxima are formed around the end points ±α0êz of the line of charges. Beginning with
α0 ≈ 50 a.u., a distinct splitting into a clear two-peaked or dichotomous distribution sets
in, which is complete for α0 ≈ 70 a.u.. This dichotomy, besides adiabatic stabilization, is
another striking feature associated with the KH atom, see [119].

The dependence of the KH eigenenergies on α0 is shown in Fig. 2.6. As already
mentioned above, the symmetry of the problem is identical to that of homonuclear diatomic
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(b) α0 = 10 a.u.
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(c) α0 = 20 a.u.
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Figure 2.5.: Evolution of the position probability density |ψ|2 for the ground state of atomic
hydrogen in the KH frame of reference for increasing α0 = F0/ω

2.
With increasing α0 the probability density becomes stretched along the di-
rection of the laser polarization êz. When α0 converges to 20 a.u. a saddle
emerges, and for α0 = 30 a.u. two pronounced maxima are formed around
±α0êz. Beginning with α0 ≈ 50 a.u. a distinct splitting into a clear two-
peaked distribution sets in, which is known as dichotomy, see [119].
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(a) First two eigenenergies of the σg manifold of
the KH states of the dressed Coulomb potential as
a function of α0.

(b) First two eigenenergies of the σg manifold of
the KH states of the dressed Coulomb potential as
a function of α0.

Figure 2.6.: Evolution of the first two eigenenergies of the σg and σu manifolds of the KH
states of the dressed Coulomb potential as a function of α0. KH eigenenergies
calculated by Pont et al. [121] are shown as well. Reprinted table content with
permission from [121] Copyright (1990) by the American Physical Society.

molecules and thus the corresponding type of classification was adopted in Ref. [121] for the
KH states of the dressed Coulomb potential. States with |m| = 0, 1, 2, ... are designated
by σ, π, δ, ..., respectively, and even or odd (gerade or ungerade) parity P is denoted by g
or u.

In order to distinguish a particular state within a manifold with given |m| and P, it is
labeled by the quantum numbers (n, l) of the unperturbed state to which it is continuously
connected in the field-free limit α0 = 0. For example, the ground state, which evolves
from the 1s state of the unperturbed atom, becomes a σg state (m = 0, even parity) and is
denoted by (1s)σg. Following this scheme, the energies of the (1s)σg and the (2s)σg state
as well as of the (2p)σu and the (3p)σu state are plotted in Fig. 2.6 as a function of α0.

By obtaining not only the KH eigenenergies for various values of α0 but also the wave
functions, the KH eigenenergies can be assigned for each α0 value used in the calculations
by considering the symmetry of the corresponding wave functions. Fig. 2.6 also indicates
the KH eigenenergies calculated by Pont et al. [121], showing an excellent agreement
between their and our results.

The EKH(α0) curves, which belong to the same manifold, form a “correlation diagram”
connecting the eigenvalues of the unperturbed atom (α0 = 0) to their counterparts of the
stretched atom (large α0). Considering that α0 = F0/ω

2 constitutes the input parameter
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of the numerical calculations, the laser frequency ω can be assumed to be fixed at some
convenient value. The correlation curves EKH(α0) represent thereby the dependence of
the eigenenergies only on the field strength F0 (or intensity I1/2), as this varies from zero
towards high values. As is depicted in Fig. 2.6, the general feature of the correlation curves
is their global tendency to increase to zero at large α0 values.

It is also noticeable that in some cases this increase is monotonic [e.g. (1s)σg], but in
others local extrema emerge in between [e.g. (2s)σg, (2p)σu]. The respective comparison
of the two curves arranged in the same plot shows a much sharper decrease of the binding
energy for the lower states. It is rather rapid for the ground state (1s)σg, whose binding
energy drops at α0 = 20 to about 1

6 of its value at α0 = 0 (|EKH
0 (0)| = |E0| = 0.5 a.u.).

However for the excited states, which start at α0 = 0 with an already small value of the
binding energy, the decrease is much slower and takes place over larger α0 values, see also
Ref. [121].

2.2.4. Experimental indication of the Kramers-Henneberger atom

Detection of accelerated neutral atoms surviving very intense laser fields. Although
the concept of the KH atom has stimulated a lot of research about 2-3 decades ago,
until very recently it has only existed in the realm of theory. The lack of convincing
experimental evidence has caused a gradual abatement of the theoretical activity in this
research field. However, in October 2009, experimental results, presented in a Nature
publication entitled Acceleration of neutral atoms in strong short-pulse laser fields [1],
provided circumstantial evidence of this stable atomic configuration. The publication
reports on unprecedented acceleration of neutral atoms subjected to superstrong IR laser
fields at a rate of ∼ 1015 m/s2. In the course of this, the experiment demonstrates, albeit
indirectly, the existence of stable atoms in superstrong IR fields.

Ref. [1] observed deflection of neutral Helium atoms after the interaction with a fo-
cused laser beam. The astonishing experimental result shown in Fig. 2.7 was obtained by
sending an effusive beam of He atoms through a focused laser beam with a peak intensity
of I0 ≃ 7 · 1015 W/cm2. Subsequently, the distribution of the excited neutral He atoms
was measured by a detector.

In case that no momentum was transferred to the atoms, a slightly enlarged projected
image of the (laser-intensity-dependent) distribution of excited atoms in the laser beam
would be expected. That is, a distribution that extends along the laser beam direction
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Figure 2.7.: Deflection of neutral He atoms after interaction with a focused laser beam. a,
Distribution of excited He* atoms on the detector (color scale, in number of
atoms). The laser beam direction is indicated by the arrow. b, Cut through
the atom distribution along the laser beam axis (z axis) at rD = 0 mm (black
curve) and full projection on z axis (dashed red curve) and intensity along
the z axis in units of the laser peak intensity I0 = 6.9 · 1015 Wcm−2 (blue
curve). c, Cuts through the distribution at z = 0 mm (red curve) and z =
−2.7 mm (black curve). The black curve shows the velocity distribution of
excited neutral atoms at a position unaffected by the ponderomotive force,
showing essentially the “natural” velocity spread, while the red curve shows
the velocity gain through the ponderomotive force. Reprinted by permission
from Macmillan Publishers Ltd.: Nature [1], copyright 2009.
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typically within the Rayleigh length [146], but with a very narrow radial distribution of the
order of the size of the laser beam waist. Surprisingly, however, the measurement result
in Fig. 2.7 depicts a strikingly large radial distribution of excited atoms with a strong
maximum in the laser focal plane, which must arise from a deflecting radial force during
the laser pulse. In order to interpret this observation, the target pressure was increased
by more than a factor of 30. While doing so, the radial deflection remained unchanged, so
that many-particle effects based on atom density or space charge could be excluded as an
origin of the observations. In addition, it was pointed out that the radial distribution was
unaltered whether the linear polarization of the laser beam was parallel or perpendicular
to the atomic beam. This response indicated that the intensity-dependent force should
come from the ponderomotive force acting on charged particles [147], with the magnitude
of the acceleration being commensurate only with the ponderomotive force acting on the
electrons, which then pull the ionic core out of the laser focus.

The later experiments [2–4] unambiguously demonstrated that the excited neutral
atoms have not been formed at the end of the laser pulse but indeed existed throughout
the whole pulse duration, surviving very high laser intensities. In particular, Refs. [2, 4]
reported on two-pulse experiments, where the first intense pulse created accelerated neutral
atoms and the second pulse increased that acceleration. Measurements of excited state
populations demonstrated that at least 10-15% of ground state atoms have been left in
the Rydberg states. The distribution was peaked at a characteristic principal quantum
number n ∼ 10, moving to higher n at higher intensities.

Frustrated tunneling and the Kramers-Henneberger atom. The physical mechanism of
excitation observed in [1–4, 148] has been associated with the so-called frustrated tunnel-
ing [149]. In this mechanism, the interaction with the laser field induces electron tunneling
out of the potential well, but does not lead to ionization. Instead, the liberated electron
oscillates around the ionic core and stays in its vicinity, kept by the average attraction
to the ion. Clearly, this interpretation is linked to the picture of stable KH states: the
dominance of the laser field, the very slow drift of the center of oscillations, and the sup-
pression of ionization, i.e. the bound character of the slow drifting motion, due to the
residual attraction to the core.

The link between frustrated tunneling and the KH-type dynamics is visible already
from the classical picture, see Fig. 2.8. In this Figure, an electron is launched by placing
it on the opposite side of the tunneling barrier, thus simulating tunneling. The trajectory
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Figure 2.8: Long-term trapping of an electron
into a Rydberg orbit after tunnel-
ing. Reprinted figure with permis-
sion from [59] Copyright (2001) by
the American Physical Society.

shows that instead of becoming free, the electron goes into a Rydberg orbit, with the slow
motion around the origin superimposed on fast oscillations with the laser frequency. The
KH picture eliminates the fast oscillations and captures the underlying slow drift.

The indirect experimental demonstration [1–4] of the existence of the KH atom pro-
vides a great incentive to develop new theoretical methods, which allow the direct experi-
mental proof of this stable configuration by means of a typical modern-day experimental
setup. With this in mind, we will now develop a scheme for the direct visualization of
the exotic electronic structure of the KH atom. It will be unambiguously shown that the
KH atom is not only a physically relevant object in strong IR fields, but also that its
electronic structure can be unambiguously identified in the angle-resolved photoelectron
spectra obtained with standard femtosecond lasers and velocity map imaging techniques.

Mathematical supplement: The ponderomotive force. To introduce the origin of ac-
celeration, we begin with the Schrödinger equation[
− ℏ2

2m1
∇2
r1 − ℏ2

2m2
∇2
r2 + V (|r1 − r2|) + E(t, r1) · r1 − E(t, r2) · r2 − E

]
Ψ(r1, r2) = 0,

(2.2.38)

where the kinetic energy −(ℏ2/2mi)∇2
i and the interaction with the field E is written separately

for the electron (m1, r1) and the ion (m2, r2), V denotes the interaction potential between
the electron and the ion, and E is the total energy of the system. Next, the center-of-mass
coordinate R = (m1r1 + m2r2)/M and the relative coordinate r = r1 −r2 can be introduced
together with the total mass M = m1 + m2 and the reduced mass µ = m1m2/M, leading to
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the new Schrödinger equation[
− ℏ2

2M∇2
R − ℏ2

2µ∇2
r + V (r) + E(t,R) · r − E

]
Ψ(r,R) = 0. (2.2.39)

For this it was used that the mass of the ion is much greater than the electron’s mass, m2 ≫ m1,
so that r1 ≈ R+ r and r2 ≈ R. Moreover a dipole-like approximation is applied to the field
E, in particular, it is assumed that

E(t, r1) ∼ E(t,R), E(t, r2) ∼ E(t,R), (2.2.40)

meaning that both electron and ion are bound and experience the same field E, which depends
on the center-of-mass coordinate of the atom.

The approach8 Ψ(r,R) = φe(r,R)ψCM(R) then allows to separate the relative motion
from the center-of-mass motion:[

− ℏ2

2µ∇2
r + V (r) + E(t,R) · r − Ee(R)

]
φe(r,R) = 0 (2.2.41)[

− ℏ2

2M∇2
R − (E − Ee(R))

]
ψCM(R) = 0, (2.2.42)

where E − Ee = ECM. The electron energy Ee(R) = −EKH(R) + Up(R) is parametrically
dependent on the center-of-mass coordinate R, just like in the Born-Oppenheimer approxima-
tion, where it depends on the positions of the nuclei. Varying R in small steps and repeatedly
solving the Schrödinger equation of relative motion (2.2.41), Ee is obtained as a function of
R. This function of the electron energy Ee(R) enters the Schrödinger equation (2.2.42) and
thus provides a potential energy surface for the center-of-mass motion, similar to the potential
energy surface in the Born-Oppenheimer approximation, which determines the nuclear motion
in the molecule.

Hence, the center-of-mass accelerates by surfing on the Ee(R) surface, causing the large
radial distribution of the excited neutral atoms. The decisive factor in this process is, that the
electron remains bound during the interaction with the laser pulse in the spirit of the KH picture.
In case the electron and the ion would not interact, i.e. V (|r1 − r2|) = 0, Eq. (2.2.38) would
decompose into two decoupled equations. One equation describes the interaction between the

8 The approach is analog to that in the Born-Oppenheimer approximation for molecular physics in which the
electron motion is separated from the nuclear motion (see beginning of Chapter 5). In this case r stands
for all electronic coordinates and R for all nuclear coordinates.
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electron and the laser field and the other equation describes the interaction between the ion
and the laser field, both independently.
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3. Imaging the Kramers-Henneberger Atom
Using Photoelectron Spectroscopy

3.1. Introduction: Selection of the target

The Kramers-Henneberger atom is formed in the so-called super-atomic, or barrier-
suppression laser field. In this regime the binding atomic potential is suppressed by the
interaction with the electric field to such an extent that the atomic bound states of interest
are located above the potential barrier, see Fig. 3.1. The required field strength FBSF is

Figure 3.1: Schematic illustration of the
barrier suppression regime:
Coulomb potential (black),
external electric (barrier
suppression) field (blue),
distorted Coulomb potential
(red), top of the suppressed
potential barrier V (zE) (ma-
roon) and atomic bound state
(green).

estimated by finding the top of the suppressed potential barrier, V (zE), see Fig. 3.1, and
equating it to the energy of the bound state. Treating the problem in one dimension, and
using a static external electric field, the resulting potential is

V (z) = − Q

|z|
− F0z , (3.1.1)

where Q and F0 are the effective charge and the electric field strength of the laser light
respectively. The saddle point located at zE, is found by setting dV (z)/dz = 0 and solving
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for zE:

dV (z)
dz

= Q

z2 − F0

Q

z2
E

− F0 = 0 ⇒ zE =
√
Q

F0

V (zE) = − Q√
Q
F0

− F0

√
Q

F0
= −2

√
QF0 . (3.1.2)

For the ground state we require that the maximum of the suppressed potential barrier is
below the negative ionization potential, −Ip, which gives:

VBSF(zE) = −2
√
QFBSF < −Ip ⇒ FBSF >

I2
p

4Q . (3.1.3)

Since the condition for the field strength depends on the ionization potential Ip,
alkali metal atoms constitute an ideal target for which this limit is easily experimentally
accessible. In Fig. 3.2 the first ionization energy is plotted against the atomic number. The

Figure 3.2: First ionization energy
plotted as a function of
the atomic number.

valence electrons in alkali metals are much weaker bound than in noble gases, so that the
required intensity to enter the barrier suppression regime is much lower in their case than
in the case of the hydrogen atom. In Table 3.1, the field strength and the corresponding
intensity, IBSF, are given for both the hydrogen (H) and the potassium (K) atom. The
ionization potential of the H atom is more than three times larger than that of the K
atom, yielding a two orders of magnitude higher barrier suppression intensity IBSF. The
required laser field intensity for the K atom (IBSF ≈ 1012 W/cm2) is moderate and can
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be routinely achieved, so that this atom can be easily probed even at intensities several
orders of magnitude higher. The ease of experimental access to the BSF regime motivated
us to use the potassium atom for our studies.

Atom Ip [a.u.] Ip [eV] FBSF [a.u.] FBSF [V/m] IBSF [a.u.] IBSF [W/cm2]

H 0.50 13.6 0.0625 3.2 · 1010 0.0039 1.4 · 1014

K 0.16 4.34 0.0064 3.3 · 109 0.00004 1.5 · 1012

Table 3.1.: Barrier suppression regime for the hydrogen and potassium atom. Ionization
potential Ip, characteristic electric field strength FBSF (see text), and corre-
sponding intensity IBSF for the hydrogen and potassium atom.

3.2. Electronic structure of the potassium atom

Potassium is an alkali metal, with one valence electron in the outermost shell and
eighteen inner shell electrons, cf. Fig. 3.3.

Figure 3.3: Electronic configuration of the
potassium atom.

Fig. 3.4 depicts the energy level scheme of the K atom. The binding potential of
the ground state 4s is 0.15 a.u. (4.34 eV). Furthermore, Fig. 3.4 also shows the energy
gap ∆E between the state 4s and the first excited state 4p of about 0.05 a.u. (1.36 eV),
which is in resonance with a typical laser frequency of about 800 nm. Thus, in the case
the K atom is exposed to an 800 nm laser field, the characteristic behavior of a two-
level system, e.g. the Autler-Townes (AT) effect [150] and strong excitation to the 4p
state can both be expected. The AT splitting of the dressed atomic states is the specific
case of the AC Stark effect, for the case of resonant excitation of a two-level system (En,
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Em) by an oscillating electric field with frequency ω. In the case of exact resonance,
i.e. |En − Em| = ωnm = ω, the two AT splitting components are equally intense. With
increasing detuning between angular frequency of the field and transition frequency of the
two states, ∆ = ωnm −ω ̸= 0, the frequency of the population oscillation increases and its
amplitude decreases. As a consequence, the AT doublet becomes asymmetric. For very
high detuning, only one AT component virtually remains. The energies of the two AT
splitting components,

E1,2 = En + Em − ω

2 ± 1
2

√
|Ω|2 + (∆)2, (3.2.1)

depend on the energies En and Em of the coupled states, the field frequency ω, the detuning
∆ and the Rabi frequency Ω = dn,mF0, which is defined by the transition dipole moment
dn,m of the states n and m and the field strength F0. As follows from Eq. (3.2.1), the
two components are separated by Ω for the case of resonance ∆ = 0. Due to the linear
dependence of the Rabi frequency on the field strength F0, the splitting of the AT doublet
increases linearly with increasing field strength.

Figure 3.4.: Energy level scheme of the potassium atom indicating the energy gap
∆E = 0.05 a.u. (1.36 eV) between the state (4s) and the first excited state
(4p), which is in resonance with the typical laser wavelength of about 800 nm.
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3.3. Simulating the potassium atom

3.3.1. Photoelectron spectroscopy in strong laser fields

The method of photoelectron spectroscopy (PHELSP) requires the information on the
binding energy of the electron in the atom and the number of photons that were absorbed
to ionize it. If this information is known, the photoelectron signal (the kinetic energy
of the ejected electron is visible as a spectral line in the photoelectron spectrum) can be
related to the corresponding atomic level from which the electron was emitted via the
energy conservation law

Ephoto
k,n = Ek + nω, (3.3.1)

where Ek is the electron binding energy and n denotes the number of absorbed photons
leading to ionization.

Since the binding energies of atomic electrons are characteristic of the respective atom,
and nowadays well-known and easily accessible in extensive databases (e.g. in [151]), the
photoelectron spectra obtained in the weak-field regime can be used, for example, for the
analysis of the chemical composition of a sample.

However, the traditional PHELSP concept becomes unsuitable when the atom is ion-
ized by a super-atomic field. In this case, the bound and continuum states are significantly
broadened and shifted so that the level structure of the atom is no longer comparable to
that of the field-free atom. Moreover, in strong fields of short pulses different multipho-
ton pathways can lead to the same final energy, and in the intense low frequency field
regime different multiphoton peaks often merge and the photoelectron spectrum becomes
nearly continuous [152]. Taking all these things together, the identification of spectral
lines obtained in super-atomic field experiments appears to be greatly challenging.

The key result of our work is the demonstration of how the conventional spectroscopic
approach may be recovered with the onset of the KH regime. In Section 2.2.1 it was shown
that the oscillating potential in the KH frame V (rKH +α(t)) can be expanded in a discrete
Fourier series, see Eq. (2.2.15). The time-independent part of this potential can thus always
be separated from the time-dependent parts,

V (rKH +α(t)) = V0(rKH) +
+∞∑
n=1

Vn(rKH;α0ê)cos(nωt), (3.3.2)
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where

Vn(rKH;α0ê) = 1
2π

∫ 2π

0
dφ V (rKH + α0cos(φ)ê) cos(nφ). (3.3.3)

Equation (3.3.2) does not imply that the bound states of the KH potential V0(rKH) are
physically relevant, since the harmonics Vn cannot always be omitted. However, when the
harmonics of the oscillating potential become small, the levels of the KH atom and their
spatial structure should be faithfully reproduced in the photoelectron spectra.

Hence, our fundamental idea is that the standard PHELSP approach (3.3.1) might be
recovered in the KH regime, since it can provide a perturbative framework for super-atomic
field ionization.

On the one hand, the time-independent part of the potential of the laser dressed atom
(the KH atom) supports bound states with well-defined binding energies (determined by
V0). On the other hand, the harmonics of the oscillating potential Vn act like a perturbative
field causing the ionization of the KH atom. Therefore both Ek and the number of absorbed
photons n are again fixed and known, just like for weak fields.

However, the KH states become physically relevant only when just a few harmonics
Vn make an appreciable contribution to the oscillating potential V (rKH + α(t)). If all
harmonics Vn are strong, none of them can be neglected and the separation in Eq. (3.3.2)
is neither relevant nor beneficial since converged results will not be achieved unless all
harmonics are considered.

For that reason we are interested in exploring the experimental conditions under which
the KH states become indeed physically relevant and can thus be directly visualized. In
particular it can be investigated, if the KH states become pertinent only after the onset
of stabilization, i.e. Vn ≈ 0, n > 0, or if stabilization is not required.

To see if signatures of the KH atom can be recorded in strong field PHELSP experi-
ments, the following procedure is applied. The idea is to obtain energy- and angle-resolved
photoelectron spectra of the potassium atom not only by means of the full time-dependent
Schrödinger equation (TDSE) in the laboratory frame,

i∂tψ(r, t) = H(r, t)ψ(r, t) =
[
−1

2∇2 + Ueff(r) + E(t) · r
]
ψ(r, t), (3.3.4)
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but also by the TDSE in the KH frame,

i∂tψKH(rKH, t) = HKH(rKH, t)ψKH(rKH, t)

=
[
−1

2∇2 + V (rKH + α(t)êz)
]
ψKH(rKH, t)

=
[
−1

2∇2 + V0(rKH) +
+∞∑
n=1

Vn(rKH;α0êz)cos(nωt)
]
ψKH(rKH, t),

(3.3.5)

both for the same laser parameters. The key differences between the two equations are
that (i) in the KH frame only a few harmonics Vn will be used and (ii) the calculations
start with the KH atom already prepared in one of its stationary states.

The photoelectron spectra obtained by the full TDSE calculations can be used as a
reference for the KH spectra. The spectral lines visible in the KH spectra are explicitly
relying on the existence of the KH atom and are uniquely linked to its bound states. Since
angle-resolved photoelectron spectra are studied, these spectral lines can be unambiguously
identified by considering not only the number of absorbed photons and the energies of both
the final continuum state and the initial bound state, but also their respective symmetries.
By comparing the KH spectra with the full TDSE spectra, it can then be verified if the
electronic structure of the KH atom can be directly visualized in PHELSP experiments
and thus if this atom is a relevant object in strong fields.

However, it should be noted that the existence of the KH atom might be completely
hidden from experimental observation. Since the emergence of the KH atom is expected
at high field strength, significant ionization may already occur before the onset of the KH
regime. The photoelectron signals resulting from these ionization events could prevent the
observation of the KH atom by concealing its signatures in the spectrum.

3.3.2. Numerical procedure

To study the formation of the KH atom for a strongly driven potassium atom, we
used a fully numerical approach. The method is based on direct numerical solution of
the three-dimensional TDSE in the laboratory frame, see Eq. (3.3.4). The TDSE (3.3.4)
describes a non-relativistic, spinless system, i.e. spin-orbit couplings were neglected in the
simulation.
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The simulations used the SAE approximation. In the SAE model all electrons except
for the outermost are “frozen” in their orbitals and hence the entire atomic response is
determined by the interaction of the laser field with this single electron bound in an
effective potential representing the frozen core. This approach is especially convenient for
alkaline atoms as their core electrons are significantly more strongly bound compared to
the single valence electron.

Due to the presence of the inner electrons, the outermost electron does not feel the
pure potential created by the nucleus, but a screened effective potential. Therefore, we
have represented the core of the potassium atom using the effective potential

Ueff(r) = −1
r

(
1 − 7.89749e−0.484234r + 5.7408e−0.418037r

)
. (3.3.6)

The parameters of Ueff are adjusted such that the experimental average energies of the 4s,
5s, 6s, 4p, 5p, 3d, 4d, 4f , and 5g multiplets are reproduced with a residual root-mean-
square (RMS) error of 0.07 eV.

This potential also yields adequate transition dipole matrix elements, for example,
the transition dipole matrix element corresponding to the ground state 4s and the first
excited state 4p amounts to |⟨4s|z|4pz⟩| = 3.01 a.u. while its value obtained in experiment
is 2.91 a.u. [153, 154].

The three-dimensional stationary and time-dependent solutions of the one-electron
Schrödinger equation are computed in cylindrical coordinates (ρ, φ, z) [155].

The Hamiltonian operator in the TDSE (3.3.4) in the laboratory frame has the fol-
lowing form in cylindrical coordinates:

H(r, t) = −1
2

(
1
ρ

∂

∂ρ
(ρ ∂
∂ρ

) + 1
ρ2

∂2

∂φ2 + ∂2

∂z2

)

−1
r

(
1 − 7.89749e−0.484234r + 5.7408e−0.418037r

)
+ zF0 cos(ωt), (3.3.7)

with r =
√
ρ2 + z2.

The total wave function representing the system in the axially symmetric potential
can be written as:

ψ(ρ, z, φ, t) = χ∗(ρ, z, t) eimφ, (3.3.8)
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where m represents the projection of the total angular momentum on the axis of symmetry,
i.e. on the z-axis.

Since the operator Lz = −i(∂/∂φ) commutes with the Hamiltonian of the axially
symmetric system, m is a constant of motion. This way, the three-dimensional problem
can be reduced to a two-dimensional one, and the TDSE becomes

i∂t χ
∗(ρ, z, t) = H∗(ρ, z, t)χ∗(ρ, z, t). (3.3.9)

The Hamiltonian can be further simplified by the transformation

χ∗(ρ, z, t) = 1√
2πρ χ(ρ, z, t), (3.3.10)

which removes the first derivative with respect to ρ. The corresponding new TDSE reads:

i∂t χ(ρ, z, t) = H̃(ρ, z, t)χ(ρ, z, t)

=
[

− 1
2

(
∂2

∂ρ2 + ∂2

∂z2

)
+ 2m2 − 1

8ρ2

+ Ueff(ρ, z) + zF0 cos(ωt)
]
χ(ρ, z, t). (3.3.11)

The derivatives in the Laplacian have been modeled using a 3-point stencil Laplacian,
adapted to cylindrical coordinates. In particular, the discretization of each derivative point
for the ρ coordinate is chosen using symmetric steps of ± δ

2 , so that in the χ(ρ, z) basis the
associated coefficients read:

χ(ρ(n− 1), z) : ρ(n− 1) + ρ(n)
2δ2
√
ρ(n− 1) ∗ ρ(n)

,

χ(ρ(n), z) : − 2
δ2 ,

χ(ρ(n+ 1), z) : ρ(n+ 1) + ρ(n)
2δ2
√
ρ(n+ 1) ∗ ρ(n)

,

(3.3.12)

where δ is the grid spacing. These formulas are valid for all points with ρ > 2δ. When
choosing the first grid point at ρ = 1

2 , the case of n = 1 requires special care. Using a
quadratic expansion of the wave function around ρ = 0, the weights can be approximated
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by:

χ(ρ(n− 1), z) : 0 ,

χ(ρ(n), z) : − 2
δ2 ,

χ(ρ(n+ 1), z) :

√
4
3

δ2 .

(3.3.13)

In order to obtain the stationary solutions, e.g. the ground state of the system
which will be used as the starting wave function in the TDSE, the iterative Lanczos-
Davidson method was used [156, 157]. This method is devised to obtain the most signifi-
cant eigenvalues and eigenvectors of a Hermitian matrix, using an extension of the Power
method [158].

The time-dependent solutions are obtained by applying a real-space leap-frog [155,
159, 160] propagation scheme with a time step of 0.002 a.u. on a grid extending to 700 a.u.
from the origin. In this method, the wavefunction at the moment t+ ∆t is obtained from
the wavefunction at the moment t as follows:

χ(ρ, z, t+ ∆t) = χ(ρ, z, t− ∆t) − 2idtH̃(ρ, z, t)χ(ρ, z, t) (3.3.14)

In all cases, a uniform grid spacing of 1 a.u. was used. This grid density is sufficient to
represent both the stationary and time-dependent solutions for the valence-only effective
potential and the laser field parameters used.

For example, the KH state energies for α0 = 0 (see Fig. 3.5 below) agree with numer-
ically exact results to within 0.01 eV RMS error.

A reflection-free absorbing boundary [161] was used at the simulation volume edges
starting at ±635 a.u. for the simulations of the photoelectron spectra.

We have calculated the survival probability Wsurv defined as the total population of
the bound states after the end of the laser pulse. For this simulation the smooth absorbing
boundary starts at ± 70 a.u. from the core. Due to the absorbing boundaries, the norm of
the wave function is not conserved: the continuum part of the wave function is absorbed.
We calculate the survival probability as the total norm of the time-dependent solution of
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the Schrödinger equation within a 100 a.u. simulation volume, 13 cycles past the end of
the pulse, when the changes in its norm become negligible.

The photoelectron spectra are evaluated with a Fourier-Bessel transformation of the
final real-space wave functions outside the inner region after a waiting time of about
34 fs after the pulse turn-off. The part of the wavefunction inside the inner region was
eliminated by a real- space mask function,

fmask(r) = 1/
(

1 + e
r0−r

d

)
, (3.3.15)

with r0 = 100 a.u. and d = 7 a.u. This procedure has been tested using the calculations of
the photoelectron spectra for the hydrogen atom, where the continuum states are known
exactly and thus the spectrum can be obtained by projecting the wavefunction after the
end of the laser pulse on the exact continuum states.

PHELSP in the Kramers-Henneberger frame. For calculating the photoelectron spectra
in the KH frame (3.3.5), first the eigenenergies and eigenstates of the KH potassium atom
were found, i.e. of the potential V0. Figure 3.5 shows the eigenenergies of the ground
and the first nine excited states of the KH potassium atom plotted as a function of the
oscillation amplitude α0. As can also be seen in Fig. 2.6 for the case of the KH hydrogen
atom, the ground state shift in the KH potential is always positive. This contrasts with
the negative Stark shift of the ground state of an atom in a low frequency field. Also other
effects such as the AT splitting of resonantly driven bound states cannot be described
by the KH potential V0 alone. However there are also arguments in favor of the KH
atom formation in sufficiently strong low frequency fields, which were already discussed in
Section 2.2.2.

In order to obtain the KH photoelectron spectra, next, the TDSE (3.3.5) was solved
starting with the KH potassium atom already prepared in one of its eigenstates and in-
cluding just a few harmonics Vn in the calculations (further details below). As indicated
in the energy level scheme in Fig. 3.4, the ground state 4s and the first excited state 4p are
in resonance for an 800 nm field. Therefore, a significant population of the 4p state can be
expected already before the onset of the KH regime. For this reason, photoelectron spectra
resulting from ionization of the KH atom initially prepared in the KH states 4s and 4p
were obtained. For increasing intensity, more and more KH states will be involved in the
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Figure 3.5.: The first ten eigenenergies of the Kramers-Henneberger (KH) potassium atom
as a function of the amplitude of oscillations α0. Reprinted figure from [162].

ionization dynamics so that the corresponding photoelectron spectra must be considered
as well.

The KH potential and its harmonics were evaluated numerically, using 1000th order
Gauss-Legendre quadrature.

3.4. Results: Ionization suppression and photoelectron spectra

Survival probability. Figure 3.6 shows the total survival probability Wsurv at the end of
the pulse obtained by solving the full TDSE (3.3.4) as a function of the field strength
F0, for an 800 nm, (6-13-6) cycles flat-top laser pulse. The time-evolution of this pulse is
illustrated in Fig. 3.7. The pulse was smoothly turned on in six laser cycles to reach its
peak intensity, which remained constant for the next thirteen cycles, followed by a smooth
six cycles turn-off. The time-envelope f(t) of the pulse is given by:

f(t) =

⎧⎪⎪⎨⎪⎪⎩
cos2(πt/2ti), −ti ≤ t < 0

1, 0 ≤ t < tf

cos2(π(t− tf )/2ti), tf ≤ t ≤ tf + ti .

(3.4.1)
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Figure 3.6.: Total survival probability Wsurv at the end of the pulse as a function of the
field strength F0, obtained by solving the full TDSE (3.3.4) for the 800 nm,
(6-13-6) cycles flat-top laser pulse shown in Fig. 3.7. Red arrows indicate the
intensities, for which the photoelectron spectra presented below are calculated.
Reprinted figure from [162].

The total duration of the flat-top pulse amounts to approximately 67 fs.

From the TDSE results it can be concluded that beyond Is = 2 · 1013 W/cm2 the
ionization probability (1 −Wsurv) does not increase with the intensity, and thus the stabi-
lization regime is reached.

In order to investigate the role of stabilization in finding traces of the KH atom in the
photoelectron spectra, two intensities were chosen for the further analysis, see red arrows
in Fig. 3.6.

The first one, I = 1.4 · 1013 W/cm2 < Is, is lower than the intensity required for
stabilization, while the second one, I = 5.6 · 1013 W/cm2 > Is, lies in the “stabilization
plateau”. For both these cases photoelectron spectra of the potassium atom and the KH
potassium atom were calculated and will be discussed in the following.

Photoelectron spectra. In panel a of Fig. 3.8, the low energy part (E < 3.4 eV) of the
potassium photoelectron spectrum for the 800 nm, (6-13-6) cycles flat-top laser pulse (see
Fig. 3.7) is depicted. The peak intensity of the pulse, I = 1.4 · 1013 W/cm2, is one order
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Figure 3.7.: Flat-top pulse F0f(t) cos(ωt) consisting of a 13 cycles flat-top part (from t0 to
tf ) and 6 cycles for both the turn-on part (from −ti to t0) and turn-off part
(from tf to tf + ti) with F0 = 0.01 a.u., ω = 0.0566 a.u. and f(t) defined as
in Eq. (3.4.1).
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Figure 3.8.: Direct visualization of the KH atom in the photoelectron spectrum. pz and pρ are
electron momenta along and perpendicular to the laser field, correspondingly. The
photoelectron spectra correspond to a section of the three dimensional photoelectron
momentum distribution with the out-of-plane momentum being zero. (a) Angle-
and energy-resolved photoelectron spectrum for potassium atom interacting with an
800 nm, 1.4 · 1013 W/cm2, (6-13-6) cycles flat-top laser pulse. (b) Photoelectron
spectrum resulting from ionization of the KH potassium atom, initially prepared in
the KH state 4s and probed by the harmonics V1-V5. The laser parameters are
λ=800 nm, intensity 1.4 · 1013 W/cm2. (c) Same as panel (b), but for the KH atom
initially prepared in the KH state 4p. (d) Comparison of ab-initio photoelectron
spectrum (black) and spectrum resulting from the ionization of the KH atom initially
prepared in the states 4s (red) and 4p (blue) for electrons ejected along the laser field.
The most prominent lines are assigned based on the symmetries of KH bound states
and number of absorbed photons (e.g. two-photon absorption from the initial 4p KH
state gives rise to the spectral line observed near |p| = 0.2 a.u.). Reprinted figure
from [162].
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of magnitude higher than IBSF for potassium. Although the distinct spectral lines (rings)
are clearly visible in the angle-resolved spectrum, these lines cannot be directly associated
with the potassium bound states by analyzing the symmetry of both the final continuum
state and the initial bound state, their respective energies and the number of absorbed
photons.

To check the idea that the KH states could be relevant for this spectrum, the TDSE
in the KH frame (3.3.5) was solved for the same laser parameters (λ = 800 nm, I =
1.4 · 1013 W/cm2), starting with the KH atom already prepared in its eigenstates 4s
(Fig. 3.8b) and 4p (Fig. 3.8c). In both cases, the KH atom was probed by the harmonics
V1 − V5.

As can be expected for an intensity lower than the intensity corresponding to the onset
of the stabilization regime (I < Is), the first harmonic V1 is quite significant. It leads
to “multiphoton processes”, including “wave-mixing” between V1 and other harmonics.
However, even in this case, all the spectral lines in the Figs. 3.8b, c can be linked to the
KH bound states with a well-defined number of photons absorbed.

The essential argument in assigning the various lines is the symmetry of the initial
bound and the final continuum states, which is only accessible via angle-resolved spectra.
In Fig. 3.8d, which displays cuts along the laser polarization direction of all three spectra,
the most prominent lines in the KH spectra are assigned.

For example, a two-photon absorption from the initial 4p KH state gives rise to the
spectral line observed near |p| = 0.2 a.u.. In addition, Fig. 3.8d allows a more detailed
comparison of the full TDSE spectrum with the approximate KH spectra. It reveals
remarkable agreement between them; almost all lines in the potassium spectrum have their
counterparts in the photoelectron spectra of the KH potassium atom. This demonstrates
that the implementation of the first five KH harmonics into the calculations is already
sufficient to reproduce most of the signals visible in the low energy ab-initio spectrum by
the spectral lines of the KH atom. Since the signals in the KH spectra are exclusively
related to the ionization of the KH atom and thus mirror its specific electronic structure,
it can be concluded that at I = 1.4 · 1013 W/cm2 the KH atom is already formed and can
be directly seen in the photoelectron spectrum.

By obtaining the potassium spectrum as well as KH potassium spectra for a pulse
with higher peak intensity, next, it can be studied if the KH atom can also be imaged in
the stabilization regime. Its visualization might be prevented due to the low ionization
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probability after the onset of stabilization. As a consequence, the photoelectron spectrum
could be dominated by the ionization events occurring at lower intensities during the pulse
turn-on when the KH atom is not formed yet.

Figure 3.9a shows the potassium photoelectron spectrum for the 800 nm, (6-13-6)-
cycles flat-top pulse, this time, with peak intensity I = 5.6 · 1013 W/cm2 > Is. The KH
spectra presented in the panels b, c, d and e of Fig. 3.9 correspond to the ionization of
the KH atom initially prepared in the KH states 4s, 4p, 3d and 5s. For their calculation,
only the KH harmonics V1 and V2 were included.

In conventional strong field ionization the maximum in the photoelectron spectrum
shifts generally to lower energies as the ionization threshold increases by the ponderomotive
energy Up = F 2

0 /4ω2 (about 3.4 eV for the current conditions). An opposite effect occurs
for the KH atom, where the ionization threshold decreases so that the photoelectron
peaks shift to higher energies at higher intensities (see Fig. 3.5). Both trends can be seen
in Fig. 3.9a: The low energy part of the spectrum, i.e. the region with electron momenta
|p| < 0.14 a.u., is dominated by the signal coming from the relatively low laser intensities,
where the KH atom is not formed yet. The extent of this region is given by the ionization
threshold of the KH atom, which depends on the laser field parameters.

For the current laser parameters, F0 = 0.04 a.u. and ω = 0.0566 a.u. so that α0 =
12.5 a.u., all KH harmonics are small and can be treated perturbatively. Hence, the radius
of the region can be determined by considering the first open ionization channels of the
KH atom leading to photoelectrons with minimum kinetic energy. From Fig. 3.5 it follows
that for α0 = 12.5 a.u. the first open ionization channel of the initial 4s state corresponds
to a two-photon transition, leading to photoelectrons with momentum |p| = 0.18 a.u..

For the initial 4p and 5s states, the first open channel is also a two-photon ionization
corresponding to |p| = 0.25 a.u. and |p| = 0.32 a.u. respectively. The initial 3d state can
already get ionized by a single photon, where the corresponding photoelectrons possess a
momentum of |p| = 0.14 a.u.. The ionization of all other KH states by any number of
absorbed photons will lead to higher photoelectron momenta. Therefore no photoelectrons
with |p| < 0.14 a.u. are expected in the perturbative KH picture.
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pz and pρ are electron momenta along and per-
pendicular to the laser field, correspondingly.
The photoelectron spectra correspond to a sec-
tion of the three dimensional photoelectron
momentum distribution with the out-of-plane
momentum being zero. (a) Angle- and energy-
resolved photoelectron spectrum for potassium
in an 800 nm, 5.6 · 1013 W/cm2, (6-13-6) cy-
cles flat-top laser pulse. The photoelectron im-
ages of the KH states are marked in the spec-
trum. (b) The photoelectron spectrum result-
ing from ionization of the KH atom initially
prepared in the KH state 4s, probed by the
harmonics V1 and V2 only. (c) Same as (b)
but for the KH atom initially prepared in the
KH state 4p. (d) Same as (b) but for the KH
atom initially prepared in the KH state 3d.
(e) Same as (b) but for the KH atom initially
prepared in the KH state 5s.

Figure 3.9.: Photoelectron spectroscopy of the KH potassium atom in a super-atomic laser
field. Reprinted figure from [162].
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Indeed, simulations show that beyond the low energy part of the spectrum, the char-
acteristics of the KH spectra are well reproduced by the ab-initio spectrum as is indicated
in Fig. 3.9.

One of the most striking new features corresponding to the high intensity regime is
the appearance of a strong photoelectron signal at 90◦ (see Fig. 3.9b). This signal results
from one-photon ionization of the 4f and 6p KH states, which are populated due to bound-
bound transitions between different KH states induced by the KH harmonics V1 and V2.
The calculations reveal that one-photon ionization from the 6pKH state leads to the g-wave
in the continuum. This surprising result indicates strong modification of the KH states at
these intensities as the KH atom is stretched along the polarization direction of the laser
field (see Fig. 2.4 for the case of the dressed Coulomb potential). The modification causes
an admixture of high angular momentum components to the KH bound states and thus
changes the angular distributions of the photoelectrons for the same number of photons
absorbed during bound-continuum transitions from the KH states. This means that, for
example, the 6p KH state can get an admixture of f angular momentum components
allowing the g-symmetry of the continuum wave and therefore making the observation of
the 90◦ signal possible.

3.5. Conclusions and outlook

For atoms in ground states, the super-atomic field strength is most easily reached for
alkaline atoms. Thus, one can experimentally probe, for example, the potassium atom at
intensities several orders of magnitude higher than the corresponding barrier suppression
intensity IBSF ∼ 1012 W/cm2.

We have performed our analysis of the emergence of the KH atom by studying the
response of the potassium atom to an 800 nm field. The frequency of this field is closely
tuned to the transition frequency of its initially populated ground state 4s and its first
excited state 4p. Although not shown in this thesis9, in the low-intensity regime, the potas-
sium atom shows the typical behavior of a two-level system. For I = 3.5 · 1010 W/cm2, we
could identify the Autler-Townes splitting corresponding to the Rabi oscillations between
the 4s and 4p states. For a higher intensity (I = 3.5 · 1012 W/cm2), the wave function
acquires contributions from several Floquet ladders (Floquet states accompanied by their

9The low-intensity study has been described in my diploma thesis.
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harmonics). As expected, in the high intensity-regime (I = 3.5 · 1013 W/cm2) the char-
acteristics of the potassium atom turn into those of a many-level system: the higher the
field intensity, the more atomic states are involved in the laser-atom interaction.

We have started our investigation by simulating the probability of the potassium atom
to survive the interaction with super-atomic fields. For this purpose, the total population
of the bound potassium states at the end of the laser pulse was obtained. We have identified
the onset of stabilization, which occurs at I = 2 · 1013 W/cm2 for the selected wavelength.
After the onset of stabilization, the potassium atom is always left in a multitude of different
states, and its survival probability is around 18% in the high-intensity regime.

Motivated by the confirmation that the K atom can survive super-atomic fields, the
next aim has been to gauge the relevance of the KH atom in strong IR fields. For this, a
scheme has been developed that allows one to prove directly the existence of the KH potas-
sium atom by means of angle-resolved photoelectron spectra. Angular-resolved photoelec-
tron spectra have been calculated for two different values of intensity: one before the onset
of stabilization (I = 1.4 · 1013 W/cm2) and the second one beyond (I = 5.6 · 1013 W/cm2).
The comparison between the photoelectron spectra obtained with the solution of the TDSE
in the laboratory frame and of the TDSE in the KH frame, initially prepared in some partic-
ular eigenstates of the KH potassium atom, shows an excellent agreement. It is noteworthy
that this even applies to the results obtained for the intensity value at which stabilization
does not occur. We have been able to reproduce almost all spectral lines visible in the
full TDSE potassium spectrum by means of the lines appearing in the approximate KH
spectra, just by combining the photoelectron spectra of a few initial KH states. Further-
more, all the spectral lines in the KH spectra can be unambiguously identified. The KH
regime allows one to recover the standard spectroscopic approach of applying the energy
and angular conservation laws to the analysis of the photoelectron spectra. To this end
we have obtained angle-resolved photoelectron spectra so that we can assign the spectral
lines by considering not only the number of absorbed photons and the energies of both
the final continuum and the initial bound state, but also their respective symmetries.

With this analysis we have shown that the KH states are indeed physically relevant
and can be directly visualized not only in the stabilization regime but even before its
onset. They appear in the photoelectron spectra when the laser field exceeds the barrier
suppression field and the oscillation amplitude α0 is larger than the characteristic size of
the system. These two conditions are easily satisfied for alkaline atoms in their ground
states and for all atoms and small molecules in excited states.
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In summary it can be said that the idea of simulating the potassium atom in the
laboratory frame and, additionally, in the KH frame is a valuable approach as it allows one
to “kill two birds with one stone”. On the one hand, the comparison of the photoelectron
spectra demonstrates that the KH atom does not only exist in theory but that its existence
is also experimentally verifiable. On the other hand, this method opens up the possibility
for using the KH atom not exclusively as a theoretical tool but also as a tool for “reading”
photoelectron spectra recorded in super-atomic field experiments.

The newly developed procedure for strong field PHELSP, based on the simulation
of the KH atom, can be used for systematically unraveling effects occurring in the BSF
regime. Here are some interesting opportunities:

• The survival probability of the potassium atom can be studied for different laser
parameters, i.e., field frequency ω and field strength F0, and for different time-
envelopes of the laser pulse, f(t). Particularly, the temporal shape of the laser pulse
plays a crucial role for the formation of the KH atom as the efficiency of populating
the KH bound states strongly depends on it. For this reason, a detailed study on
the optimal temporal structure of the laser pulse is interesting. In this way, the
ideal experimental conditions enabling the formation and direct observation of the
KH atom can be determined. The next step would then consist in finding ways of
controlling and manipulating the formation as well as the features of the KH atom
by means of modern-day laser techniques.

• One could consider a pump-probe scenario. The pump pulse can be used to prepare
an initial wave packet for optimal probing the KH states. Such optimal preparation
of the initial wavepacket with a shaped pump pulse will aim at transforming the
prepared wavepacket in a well defined KH state by the probe pulse, leading to a very
characteristic photoelectron spectrum correlated, for example, to a single KH state.

• The simulation code can be used to investigate other similar atomic systems such as
the alkali atom lithium. Its first ionization energy of 5.39 eV is only slightly larger
compared to the potassium atom, so that the minimum required intensity to access
the BSF regime of about IBSF = 3.4 ·1012 W/cm2 can not only be achieved, but also
easily exceeded in experiments. Indeed, a recently published paper [163] reports on
photoelectron energy spectra, momentum, and angular distributions for the strong
field single ionization of lithium. The atom was probed by 30 fs laser pulses with a
central wavelength of 785 nm at peak intensities between 1011 and 1014 W/cm2. In
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this publication [163], the experimental data was compared to the predictions of the
numerical solutions of the TDSE within two independent approaches, using different
target potentials and methods for time propagation. It was pointed out that apart
from an overall qualitative agreement between experiment and theory, significant
deviations remain in details. Since the KH picture was not employed within the
analysis, I think it would be interesting to check whether the experimental results
can be explained in terms of the KH lithium atom.

Furthermore, the formation of the KH states has important implications for many
strong field phenomena. It modifies the famous recollision paradigm [47], complement-
ing the picture of electron escape upon recollision by the possibility of populating stable
closed orbits, with multiple “recollisions” leading to bound electron motion. Thus, the
importance of “long” trajectories and multiple returns in the characteristic features of the
photoelectron spectra associated with the so-called “channel closing” [164–166] can also
be the manifestation of the KH bound states.

Bound KH states should also play an important role during laser pulse filamentation
in the air. Although the ionization potential of small molecules in the air is higher than
that of the potassium atom considered here, even moderate laser fields with intensities
∼ 1013 W/cm2 suppress the potential barrier for all excited states of these molecules and
can thus lead to the formation of stable KH states.

Recently it has been suggested [167] that, contrary to common intuition, laser fil-
amentation does not necessarily require strong ionization and plasma formation. The
presence of bound KH states may explain this result. Even when the laser frequency is
much less than the ground state ionization potential, the electron response in the KH
states produced by strong laser fields is mostly determined by the linear susceptibility of
the free electron, χ = −1/ω2, providing the desired defocusing for the filament beam, yet
the electron is bound and thus the plasma is not formed.

The efficiency of populating the KH bound states strongly depends on the temporal
structure of the filament field. This structure is very complex, the field is strongly chirped
and may have very steep rise, favorable for the efficient population of the KH states.

The stability of atoms in the filament field will also strongly depend on the duration
of the driving laser pulses. While it seems possible that the exotic physics of the KH atom
is important for laser filamentation in the air, specific analysis is required to identify its
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exact role in this phenomenon. The first steps in this direction are described in the next
Chapter.
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4. Imaging the Kramers-Henneberger States
in Laser Filaments

As noted in the previous Chapter, the electronic response of the KH states, and the
reconstruction of the atomic spectrum in general, may have implications for all aspects of
nonlinear electronic response to intense laser fields. Here we shall discuss the connection
between strong-field ionization, saturation of the Kerr response, and the formation of
the Kramers-Henneberger (KH) atom and long-living excitations in intense infrared (IR)
external fields.

4.1. The optical Kerr effect and laser filamentation

In weak fields, the propagation of an incident laser field at frequency ω through a
medium is determined by its linear susceptibility and linear refractive index n0(ω). As the
intensity I of the incident laser field grows, the electronic states in the medium change:
the field induces the dipole moments and AC Stark shifts of the individual quantum states.
As a result, the medium’s susceptibility at the frequency of the incident field changes, and
so does the refractive index, n = n(ω, I).

In the usual perturbation theory with respect to the incident laser field, the nonlin-
ear atomic response at the fundamental frequency arises in the third order. The relevant
nonlinear processes correspond to the stimulated absorption of two incident photons and
the stimulated emission of one incident photon, resulting in the third-order nonlinear con-
tribution d(3) to the induced linear dipole moment d(1) ∝ χ(1)F0e

−iωt with the desired
time-dependence e−iωt: d(3) ∝ χ(3)|F0|2 ·F0e

−iωt. This leads to the linear intensity depen-
dence of the refractive index,

n(ω, I) = n0(ω) + n2I = n0(ω) + n̄2|F0|2, (4.1.1)
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which is known as the optical Kerr effect.

The Kerr effect is one of the most important aspects of nonlinear response in any
medium, be it atomic or molecular gas, liquid, or bulk solid. It leads to a plethora of very
important nonlinear effects such as self-phase modulation, self-focusing, supercontinuum
generation, formation of solitons, and laser filamentation, see e.g. [168, 169].

Of particular importance for this Chapter is self-focusing and laser filamentation. Self-
focusing results from the interplay between the Kerr effect and the transverse intensity
profile of a laser beam, I(ρ). The intensity is highest in the center of the laser beam ρ = 0,
gradually decreasing in radial direction ρ towards the beam periphery. As a result, for
positive n2 (typical for IR fields), the refractive index also depends on the radial coordinate,
n(ρ) = n0 + n2I(ρ), reaching its highest value in the beam center. Thus, nonlinear light-
medium interaction turns it into a focusing lens. The interplay of self-focusing and light
divergence is the key physics underlying laser filamentation, which is the ability of a laser
pulse to guide itself in a nonlinear medium.

Laser filaments are defined as light structures propagating in optical media over many
Rayleigh lengths without diffraction. They are generally considered to stem from a bal-
ance between Kerr self-focusing, on the one hand, and light defocusing on the other hand.
Defocusing is due to such effects as diffraction and strong-field ionization. The latter
creates free electrons with negative polarizability, −1/ω2, leading to their negative con-
tribution to the refractive index. Since strong-field ionization is highly nonlinear, most of
the free electrons are created in the center of the laser beam, leading to a larger negative
contribution to the refractive index in the center. This turns the focusing Kerr lens into
a defocusing plasma lens. While the detailed nature of the filamentation process is highly
complex, see e.g. [169–183], the balance of self-focusing due to the optical Kerr effect and
plasma-induced defocusing plays a key role in all filamentation scenarios.

Higher order Kerr effects? This well-established picture, in particular the role of the
plasma in pulse defocusing, has recently become a subject of major debate, starting with
the experiments [184–188]. Loriot et al. [184] have made indirect experimental estimations
of the higher-order intensity dependence of the electronic Kerr effect (HOKE), n(I) =
n0 + n2I + (HOKE), in Ar, N2, O2 and air. They have reported drastic changes in n(I)
at high intensities, resulting not only in the saturation of the electronic Kerr effect, but
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even in a crossover from the self-focusing to the defocusing regime without ionization,
supporting the possibility of ionization-free filamentation [185, 186].

From the general perspective, the linear Kerr effect is the result of the third-order
perturbation theory. Thus, it is natural to expect that, with increasing laser intensity,
at some point this linear dependence should break down, leading to the higher-order
Kerr effect (HOKE). Nevertheless, the assumption of the linear Kerr response has been
very successful in describing experimental results on laser filamentation, and the assertion
made in [184–188] has led to an extremely hot debate. The conclusions from Ref. [184–
186] for HOKE have been strongly opposed in Refs. [187–191]. Direct measurements of
nonlinearities in Ar and N2 reported in [189] did not reveal saturation or sign reversal
of the electronic Kerr effect, up to laser intensities where ionization is expected to occur.
Theoretical studies [138, 192–199] further added to the controversy, as described in more
detail below.

4.2. The KH atom and the high-intensity Kerr effect

Our results in the previous Chapter have motivated us to look at the possible role
of the KH atom in laser filamentation. Indeed, the electrons trapped in the stable KH
states behave almost like free electrons, providing the desired defocusing without ion-
ization. In general, one should not be surprised to find that the major laser-induced
restructuring of the atomic spectrum and of the corresponding wave functions should have
a non-perturbative effect on the polarizability of the new states.

Our conclusion, that for standard pulses with a smooth pulse envelope HOKE arises
very close to the onset of substantial multiphoton ionization, is in general agreement with
other theoretical results. The key advances of our work are as follows:

• Direct identification of the signatures of the KH atom in the high-intensity Kerr
effect,

• Design of a clear method to identify these signatures while the laser pulse is still on,
and

• Demonstration that the KH regime does not have to apply to all atomic states.

It is generally assumed that for the KH picture to hold, all atomic states must enter
the KH regime. Here, we analyze the situation where all excited atomic states are in the
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regime of F ≫ FBSF while the ground state is still well bound and has not yet entered the
KH regime. Importantly, this condition is fulfilled for all excited states of noble gas atoms
already at laser intensities I ∼ 1013 W/cm2.

We show that even when the ground state of the atom is well bound, the excited
states entering the KH regime show clear signatures in the system’s response. While
ionization does indeed play a very important role in the reversal of the linear Kerr effect
with increasing intensity in standard experimental conditions (see e.g. [187, 189, 195, 200–
203] for experimental evidence), the “bound states of a free electron” are equally, if not even
more, important for the onset of this behavior, corroborating recent ab-initio results of P.
Béjot et al. [197]. Thus, our results show that the suggestions made in [184–186, 197, 204–
206] are not entirely without merit.

For standard laser pulses, separating the contribution of ionization from other possible
mechanisms leading to the saturation of the Kerr effect is very challenging. In particular,
the importance of Rydberg states in the Kerr response has been extensively discussed in
ab-initio simulations by E. Volkova et al. [193, 194], concluding that while such states are
important, the numerical evidence does not prompt the revision of the existing filamenta-
tion paradigm. Similar conclusion is reached by C. Köhler et al. [196], using the method
for analysis proposed by M. Nurhuda et al. [192]. This method separates the induced
dipole into bound-bound, bound-continuum, and continuum-continuum contributions by
projecting the exact time-dependent wave function on the field-free states and associating
the first two with (instantaneous) polarization of the ground state while the third is as-
sociated with ionization. However, using the field-free states in the presence of an intense
laser field is not adequate, especially for identifying the role of the KH states which, while
bound, are dominated by the free electron motion. Interestingly, M. Nurhuda et al. have
reached a somewhat different conclusion using the same approach, especially regarding
the ground state polarization via continuum states (compare Fig. 2d of [192] with Fig. 2c
of [196]). The complexity in the analysis of the contribution of the nearly free states is
confirmed by results of Kano et al. [207], who find that bound states alone can provide
saturation of the Kerr response.

Here we show that shaped laser pulses offer additional opportunities for addressing
this difficult question: they emphasize the role of the restructured spectrum of the dressed
atom compared to the field-free system and allow us to identify the origin of resonance
structures appearing in the Kerr response (also found but not discussed by e.g. Köhler et
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al. [196] and Kano et al. [207]). We show that these resonances are associated with the
KH states.

The “bound states of a free electron” are relevant for the Kerr response in two com-
plementary ways. Firstly, as already mentioned, their polarizability is largely the same as
that of the genuinely free electrons. Thus, once these states get populated, their response
to the propagating light pulse will be very similar to that of a plasma. Trapping of clas-
sical trajectories launched at the exit from the tunneling barrier, simulating ionization,
has been documented and discussed in [59]. It has now been analyzed in detail, both
experimentally and theoretically in [149, 208–211], and is called frustrated tunneling (see
Section 2.2.4). The bound nature of these trapped states can show up after the end of
the laser pulse, possibly in the anisotropic response of the excited medium to the delayed
probe pulse as recently shown in [198] using full ab-initio treatment of the problem and
solving coupled Schrödinger and Maxwell equations.

Secondly, the laser-induced restructuring of the excited states should also have im-
plications for the instantaneous response of the ground state, i.e. the non-resonant po-
larization associated with virtual (rather than real) excitations. Consider the standard
perturbative expression describing the linear response of a ground-state atom to a weak
laser field, linearly polarized along the z-axis:

α(ω) =
∑
n,±

|zgn|2

En − (Eg ± ω) . (4.2.1)

Here ω is the light frequency, Eg denotes the energy of the initial ground state |g⟩, En is
the energy of the intermediate virtual state |n⟩, and zng = ⟨n|z|g⟩ is the corresponding
transition matrix element. Assuming for a second that a similar expression applies to
the dressed atom, except that the energies En(F ) and the matrix elements zng(F ) are
those of the dressed states (F indicates the strength of the applied electric field), the
restructuring of the spectrum should alter the susceptibility. One obvious effect is the
growth of the resonance denominators due to the ponderomotive shift Up of the excited
states, En → En(F ) ∼ (En + Up), where Up = F 2/(4ω2). Clearly, if the substitutions
En → En(F ) and zng → zng(F ) were legitimate under certain conditions, one would
expect the atomic susceptibility to decrease with increasing intensity.

Below we discuss the generalization of Eq. (4.2.1) and show that such substitutions
are indeed justified in a field with frequency ω ≪ (En −Eg). For noble gases with a large
gap between the ground and the excited states this corresponds to IR frequencies. Then

97



CHAPTER 4. IMAGING THE KRAMERS-HENNEBERGER STATES IN LASER FILAMENTS

we discuss numerical simulations for the hydrogen atom, both in 1D and 3D, and show
how the field-dressed states influence the response of a single atom.

4.3. Preliminary analytical analysis

Due to the large gap between the ground and the excited states in noble gas atoms, or
in air molecules, it is useful to break the full Hilbert space of the field-free system into two
subspaces, one containing the lone ground state |g⟩, another all other states |n⟩, excited
bound and continuum. Writing the wave function as

|Ψ(t)⟩ = ag(t)e−iEgt|g⟩ + |Ψ(2)(t)⟩, (4.3.1)

where ag(t) is the ground state amplitude and Ψ(2)(t) belongs to the second subspace, we
find the exact formal expression for Ψ(2)(t) [212]:

|Ψ(2)(t)⟩ = −i
∫ t

−∞
dt′ U22(t, t′)VL(t′)|g⟩ag(t′)e−iEgt′

. (4.3.2)

Here VL(t) = r · F (t) describes the interaction with the linearly polarized laser field
F (t) = F (t)cos(ωt)ez (ez denotes the unit vector along the z-axis), which couples the two
subspaces. U22 is the exact propagator in the second subspace, which includes fully the
interaction with the laser field that couples the field-free states of this subspace.

For time-periodic Hamiltonians, we can introduce the exact Floquet states,

|Φk(t)⟩ = e
−i
∫ t

−∞ Ek(τ)dτ |ϕk(t)⟩, (4.3.3)

in the second subspace, where both the energy Ek(t) and the wave function ϕk(t) are
periodic functions of time with period Tω = 2π/ω. These states form a complete basis
set in the second subspace, and hence the decomposition of identity ∑k |Φk⟩⟨Φk| can be
inserted into (4.3.2) between U22 and VL:

|Ψ(2)(t)⟩ =
∑

k

|ϕk(t)⟩ak(t)

ak(t) = −i
∫ t

−∞
dt′ e−i

∫ t

t′ Ek(τ)dτF (t′)⟨ϕk(t′)|z|g⟩ag(t′)e−iEgt′
. (4.3.4)
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Using (4.3.1), one can see that the dipole induced by the laser field contains two compo-
nents:

Dz(t) = ⟨Ψ(t)|dz|Ψ(t)⟩

= −
[
a∗

g(t)eiEgt⟨g|z|Ψ(2)(t)⟩ + c.c.
]

− ⟨Ψ(2)(t)|z|Ψ(2)(t)⟩

= [D12(t) + c.c.] +D22(t). (4.3.5)

In the strong-field limit, keeping in mind that F (t′) is a slow function of time compared
to the t′-dependent phases, the amplitudes ak(t) are given by integrals of fast-oscillating
functions, see (4.3.4). Such integrals always have two types of contributions. The first
main contribution comes from the saddle points inside the integration contour and signify
real transitions from the ground state into the excited and continuum states, which, in
turn, contribute to the induced dipole. Deviations from the usual linear Kerr effect due
to real ionization and real excitation are associated with these transitions.

The second contribution to the integral in (4.3.4) comes from the end point of the
integral, t′ = t, and is equally standard. This contribution is derived using integration
by parts and assuming that the laser field F cos(ωt) is slow compared to the oscillations
of the exponents. Writing out explicitly the ground-state Stark shift in the low-frequency
field as

ag(t) = bg(t) exp(−i
∫ t

ti

∆E(S)
g (τ)dτ) (4.3.6)

we find for the second contribution

a
(inst)
k (t) = ag(t)e−iEgtF (t) zkg(t)

Ek(t) − Eg(t) , (4.3.7)

where Eg(t) = Eg + ∆E(S)
g (t) and zkg(t) = ⟨ϕk(t)|z|g⟩. This contribution describes virtual

transitions from the ground state to the excited states, i.e. the instantaneous polariza-
tion of the ground state driven by the low-frequency field. At the intensities of interest,
a

(inst)
k ≪ 1 since (F · zkg) ≪ (Ek − Eg). Substituting this expression into (4.3.5) for the

leading term D12(t), we obtain the contribution to the ground-state atom response from
the instantaneous polarization following the driving laser field:

D
(inst)
12 (t) + c.c. ≃ 2|ag(t)|2F (t)

∑
k

|zgk(t)|2
Ek(t) − Eg(t) . (4.3.8)
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There are several obvious restrictions on the applicability of this expression. First,
it is only valid in the low-frequency field, when the photon energy is small compared to
the energy gap between the ground and the excited states. Second, the virtual amplitudes
ak must be small, i.e. (1 − |ag(t)|2) ≪ 1, otherwise the D22(t) term becomes equally
important.

Expression (4.3.8) is remarkably similar to the lowest-order perturbation theory result,
except that the field-free states and their energies are replaced by the dressed Floquet
states and the associated energies Ek(t).

Knowing the structure of the states ϕk(t) and the energies Ek(t), one can analyze
the field-dependence of the instantaneous response. In particular, one can apply the first-
order perturbation theory to the field-free states ϕk, Ek to find corrections introduced by
the field. In this approximation, one immediately obtains the standard Kerr effect, i.e.
α = α0 + κF 2. As the application of the first-order perturbation theory to the excited
states becomes insufficient, one should not be surprised to see deviations from the linear
intensity dependence. From this perspective, the recent experimental results for near-IR
laser fields [190] showing that this does not happen until close to the onset of ionization,
are counter-intuitive. We will return to this point later, when discussing our numerical
results.

Consider now non-perturbative IR fields with intensities in the range of 1013 W/cm2,
and noble gases such as Ne, Ar or Kr. The ground state, with Ip ∼ 14 eV or even larger,
remains strongly bound at these intensities, and its Stark shift ∆E(S)

g is negative. All
excited states are, however, deeply in the barrier suppression regime. The dressed states
associated with them are the quasi-bound KH states [5, 138, 213]. In the so-called KH
reference frame, which oscillates with the free electron r = rKH + (F/ω2) cos(ωt)ez, they
are well approximated [139, 162] by stationary eigenstates ϕ(KH)

k (rKH) of the laser-cycle
averaged binding potential,

V
(KH)

0 (rKH) = 1
2π

∫ 2π

0
dϕ V (rKH + a0 cos(ϕ)ez). (4.3.9)

where a0 = F/ω2 is the quiver amplitude of the free electron10. For a0 ≫ 1 the potential
acquires the characteristic double-well structure, with the two wells separated by 2a0,
becoming shallower as a0 increases, cf. Fig. 2.4 in Section 2.2.3. As a consequence the
10In contrast to the previous Chapters, here the quiver amplitude is denoted by a0 (instead of α0) in order

to avoid confusion with the polarizability α.
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spectrum changes. Transforming back to the laboratory frame, the states ϕ(KH)
k (rKH) (i)

begin to oscillate and (ii) acquire the associated phase,

Φk(r, t) = e
−iE

(KH)
k

t− i
2

∫ t

−∞A2(τ)dτ
ϕ

(KH)
k (r − a(t)), (4.3.10)

where A(t) = −(F/ω) sin(ωt)ez and a(t) = a0cos(ϕ)ez. Thus, the instantaneous contri-
bution to the induced dipole reads

D(inst,KH)(t) ∼ D
(inst,KH)
12 (t) + c.c.

≃ 2|ag(t)|2F (t)
∑

k

|zgk(t)|2

E
(KH)
k +A2(t)/2 − Eg(t)

. (4.3.11)

The ponderomotive term A2(t)/2 is large and positive. Consequently, the denominator
grows. Simultaneously, the ϕ(KH)

k become progressively more delocalized with increasing
a0, leading to the reduction of the transition matrix elements. Hence, it is reasonable to
expect that the instantaneous response decreases with intensity as the excited states enter
the KH regime, i.e. for laser field strengths F ≫ FBS. For states with binding energies of
a few eV this implies intensities I ≥ 1013W/cm2.

4.4. Numerical simulations

To gauge the importance of light-induced restructuring of the atom for its nonlinear
response, we have calculated the full nonlinear response of a 1D model hydrogenic system
and the real 3D hydrogen atom by solving the TDSE numerically on a grid. We have
computed the induced dipole d(t) and its Fourier transform at the fundamental driving
frequency dω for a broad range of peak laser field strengths F0 and frequencies ω ranging
from UV to mid-IR. In all 1D and 3D simulations a reflection-free absorbing boundary [161]
is used.

Simulation method. To calculate the nonlinear response of a 1D model hydrogenic sys-
tem, we have solved the following TDSE:

i
∂

∂t
ψ(z, t) = H(z, t)ψ(z, t) =

[
T + VSC(z) + VL(z, t) + VCAP(z)

]
ψ(z, t)

=
(

−1
2
∂2

∂z2 − 1√
z2 + s2

+ z · E(t) + VCAP(z)
)
ψ(z, t), (4.4.1)
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with the kinetic energy operator T = −(1/2)(∂2/∂z2) and the soft-core potential VSC =
−(1/

√
z2 + s2), where s = 1.4142. The ground state energy of the field-free system is

Eg = −0.5 a.u.. The laser-atom interaction is described by VL = z ·E(t) = z ·F0f(t)cos(ωt)
and VCAP denotes the complex absorbing potential which is used at the boundaries of the
simulation volume and defined in Ref. [161].

We have applied the Crank-Nicolson scheme for the propagation of Eq. (4.4.1), which
is a finite difference method based on the trapezoidal rule. According to this rule, the
TDSE can be approximated by:

i
ψ

tj+1
zn − ψ

tj
zn

∆t ≈ 1
2
[
H(tj+1, ψ

tj+1
zn ) + H(tj , ψ

tj
zn)
]
, (4.4.2)

where ψtj
zn = ψ(n∆z, j∆t).

The second derivative in the kinetic energy operator, T , is approximated by central
finite difference with a fourth-order accuracy:

T ψ(z)|z=zn = −1
2
∂2

∂z2 ψ(z)|z=zn

≈ − 1
2(∆z)2

(
− 1

12ψzn−2 + 4
3ψzn−1 − 5

2ψzn + 4
3ψzn+1 − 1

12ψzn+2

)
. (4.4.3)

Using expressions (4.4.3) and (4.4.2), the TDSE (4.4.1) becomes:

i
ψ

tj+1
zn − ψ

tj
zn

∆t ≈ 1
2

[
− 1

2(∆z)2

(
− 1

12ψ
tj+1
zn−2 + 4

3ψ
tj+1
zn−1 − 5

2ψ
tj+1
zn + 4

3ψ
tj+1
zn+1 − 1

12ψ
tj+1
zn+2

)

− 1√
z2

n + s2 ψ
tj+1
zn + zn · E(tj+1)ψtj+1

zn + VCAP(zn)ψtj+1
zn

− 1
2(∆z)2

(
− 1

12ψ
tj
zn−2 + 4

3ψ
tj
zn−1 − 5

2ψ
tj
zn + 4

3ψ
tj
zn+1 − 1

12ψ
tj
zn+2

)

− 1√
z2

n + s2 ψ
tj
zn + zn · E(tj)ψtj

zn + VCAP(zn)ψtj
zn

]
. (4.4.4)

By rearranging all tj+1-terms to the lhs of Eq. (4.4.4) and all tj-terms to the rhs, and
sorting the spatial grid point contributions, the system of equations can be re-written into
the following matrix form:

(
I + iHtj+1

)
ψtj+1 =

(
I − iHtj

)
ψtj , (4.4.5)
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where I is the unit matrix, ψtj = (ψtj
z0 , ψ

tj
z1 , ..., ψ

tj
zN )T and

Htj =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w
tj

0 −4u
3

u
12 0 ...

−4u
3 w

tj

1 −4u
3

. . . . . .
u
12 −4u

3 w
tj

2
. . . . . .

0 . . . . . . . . . . . .
... . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.4.6)

is a penta-diagonal matrix with the main-diagonal entries

w
tj

k = 5u
2 − v√

z2
k + s2

+ v · zk · E(tj) + v · VCAP(zk) , (4.4.7)

where u = ∆t/4(∆z)2 and v = ∆t/2.

In order to obtain the wave function at the next time step, t + ∆t, one has to solve
the system of linear equations (4.4.5). We have started the propagation using the ground
state of the 1D hydrogenic system, which is obtained by the numerical diagonalization of
the field-free Hamiltonian H0 = T + VSC(z).

The induced dipole d(t) is computed every time step solving the integral:

d(t) =
∫
dz ψ∗(z, t) z ψ(z, t), (4.4.8)

The response is calculated for different grid sizes ranging from z ∈ [−100, 100] a.u.
to z ∈ [−1000, 1000] a.u., with a time-step of ∆t = 0.125 a.u., and a grid step-size of
∆z = 0.05 a.u..

For the 3D calculations, we have applied the same simulation method as for the
simulation of the potassium atom exposed to a laser field described in Section 3.3, with
the only difference that the effective potential term Ueff in the TDSE (3.3.11) has been
replaced by the Coulomb potential (in cylindrical coordinates),

VC(ρ, z) = − 1√
ρ2 + z2 . (4.4.9)

We have performed 3D simulations for different sizes of the simulation volume (see
below for details). For all 3D calculations a spatial resolution of 0.2 a.u. and a time-step
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of ∆t = 0.005 a.u. has been used.

Strategy of the analysis. Numerical analysis of the importance and the relative con-
tribution of the KH states is challenging for two conceptual reasons. First, there is a
well-known difficulty of unambiguously distinguishing bound vs continuum states when
the laser pulse is still present. Second, it is also difficult to separate virtual from real exci-
tations while the field is turned on, and such analysis is even sensitive to the gauge [197].
Moreover, given the very large negative polarizability of both continuum and KH states,
even small transfer of real population to these states (at the few 10−3 level) will dominate
the negative contribution to the Kerr response for IR laser frequencies.

The strategy we have adopted to deal with these challenges is as follows. For each set
of laser parameters, we have performed our calculations for different sizes of the simulation
volume. For small volumes, all or most of the free electrons are absorbed, suppressing their
contribution (the plasma response) to dω. For very large simulation volumes, all continuum
electrons are retained in the calculation until the end of the laser pulse. Thus, following
the dependence (or independence) of the response on the size of the simulation volume,
we can quantify the contribution of the free electrons.

Moreover, changing the size of the simulation volume also allows us to gauge the role
of the KH states. Indeed, for high laser intensities their size is ∼ ±2a0, where a0 = F/ω2 is
the electron oscillation amplitude. As soon as the size of the simulation volume, including
the width of the absorbing potential (33 a.u. in our case) becomes less than ±2a0, the KH
states will be effectively destroyed and their contribution to dω suppressed. This turns the
system into an analogue of a short-range potential with a sole bound (ground) state left.
The short-range system has been analyzed by M. Kolesik and collaborators [188, 214],
showing that in this case the linear Kerr effect persists until ionization. Our calculations
shown in Fig. 4.1(c) are fully in line with their results for small box sizes.

Importantly, the laser pulse envelope will have significant effect on the relative role,
existence, and stability of the KH states. Indeed, the formation of stable “bound states
of the free electron”” requires that the intensity of the laser field remains constant during
many laser cycles. In the case of short bell-shaped laser pulses the positions of these
states, and their lifetime, change from cycle to cycle, making their identification much
more difficult and smearing distinct features that they might produce in the nonlinear
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response. Moreover, the KH states suffer fast decay during the transition between the
perturbative and the KH regime.

Therefore, our analysis was done for two different laser pulse shapes: (i) a short 8-
cycle pulse with a smooth bell-shaped envelope ((4-0-4)-pulse) and (ii) a long flat-top pulse
that turns on in 4 cycles until the peak intensity is reached, which then remains constant
during the next 40 cycles until the pulse smoothly turns off in 4 cycles ((4-40-4)-pulse).
In both cases the leading edge and the trailing edge of the two pulses are described by
a sin2-envelope. The flat-top pulse is favorable for the existence, stability, and efficient
population of the KH states.

4.5. Results and discussion

In Fig. 4.1 we present the intensity-dependent response of the hydrogen atom, both
1D and 3D, for two selected frequencies and the short (4-0-4)-pulse. In all calculations the
applied electric field has linear polarization along the z axis. We plot the real part of the
nonlinear contribution to the frequency-dependent polarizability, calculated as ∆αω(F ) =
dω(F )/F0 − limF0→0 dω(F )/F0, where ω is the central frequency of the driving field and
F0 is the peak value of the electric field.

Panels (a) and (c) show the results for a 0.9µm and a 1.8µm laser pulse acting on the
model 1D system described above. The response is calculated by solving the TDSE for
different grid sizes ranging from z ∈ [−100, 100] a.u. to z ∈ [−1000, 1000] a.u., with a time-
step of ∆t = 0.125 a.u., and a grid step-size of ∆z = 0.05 a.u.. The orange lines in the insets
of Fig. 4.1 are the extrapolations of the linear response at small intensities towards higher
intensities. For λ ≃ 0.9µm, the polarizability increases linearly until I ≃ 2.4 ·1013 W/cm2.
Beyond this intensity the Kerr response first saturates and subsequently reverses its sign.

First, we note that saturation starts just before the results begin to depend on the
simulation volume. Thus, it is not yet dominated by the free electrons.

Second, there is a very peculiar dependence on the volume size beyond I = 2.9 ·
1013 W/cm2. For grid sizes above ±200 a.u., there is no size-dependence of the response.
Thus, all electrons responsible for the saturation of the Kerr response are within the
±(200 − 33) a.u.= ±167 a.u. distance from the origin.
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Figure 4.1.: Dependence of the Kerr response on the size of the simulation grid for the
short (4-0-4)-pulse. Plotted is the real part of the nonlinear contribution to
the polarizability (with the low-field limit subtracted) as a function of intensity
for (a) the 1D hydrogenic system and a central frequency of the driving pulse
of ω = 0.050 a.u., (b) the 3D hydrogen atom and a central frequency of the
driving pulse of ω = 0.050 a.u., (c) same as (a), but for ω = 0.025 a.u.,
(d) same as (b), but for ω = 0.025 a.u.. 1D results are shown for different
grid sizes ranging from z ∈ [−100, 100] a.u. to z ∈ [−1000, 1000] a.u.. 3D
results are computed in cylindrical coordinates for the simulation volume 0
with radius ρ ∈ [0, 100] a.u. and z ∈ [−100, 100] a.u., simulation volume 1
with radius ρ ∈ [0, 100] a.u. and z ∈ [−200, 200] a.u., simulation volume 2
with radius ρ ∈ [0, 100] a.u. and z ∈ [−400, 400] a.u., and simulation volume
3 with radius ρ ∈ [0, 200] a.u. and z ∈ [−800, 800] a.u.. The horizontal black
solid line indicates Re[∆αω] = 0. The insets show a zoom of the intensity
regions, in which the Kerr response saturates. The solid orange lines are
the extrapolations of the linear response at small intensities towards higher
intensities. Reprinted from [215].
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Third, comparing with the results for the smallest simulation volume ±100 a.u., we
see that about half of them are much closer, within ±(100 − 33) a.u.= ±67 a.u. for the
intensity range shown in the inset. They are either trapped into Rydberg states or have a
positive energy below 0.5 eV (our absorbing potential absorbs virtually all electrons above
this energy).

The physics becomes much clearer for the mid-IR wavelength of 1.8 µm. Here we can
see a clear dependence of the saturation effect on the grid size.

First, let us consider all grids larger than ±200 a.u.. The saturation occurs universally
at the same intensity and starts just before the onset of the grid-size dependence. For
higher intensities, the clear dependence on the grid size demonstrates the contribution of
free electrons.

Now let us turn our attention to the dramatic change for the ±(100 − 33) a.u.=
±67 a.u. grid: the linear dependence of the Kerr response is perfectly restored. To
interpret this result, we note that the size of the KH states is 2a0 ≈ 90 a.u. at the
intensity I = 2.7 · 1013 W/cm2. Thus, in this regime the saturation and the reversal of the
Kerr effect are dominated by the response of the KH states, which are not supported by
the ±100 a.u. grid.

Panels 4.1(b) and (d) show similar calculations for the 3D hydrogen atom. A spatial
resolution of 0.2 a.u. and a time-step of ∆t = 0.005 a.u. is used. For λ ≃ 0.9µm, the
Kerr response is saturated around I = 4.3 · 1013 W/cm2, however, the results do not
depend on the size of the simulation volume. Virtually all states that contribute to the
atom’s response are confined within the smallest simulation volume (ρmax = 100 a.u.,
−100 a.u.< z < 100 a.u.).

At I = 5.6 · 1013 W/cm2 the Kerr effect is reversed and the polarizability shows a
dependence on the simulation volume meaning that the free electrons contribute. However,
the overall decrease relative to the linear Kerr response is noticeably larger than the
variation between the bigger simulation volumes, suggesting that the physics is similar to
that in the 1D case: substantial contribution of the Rydberg states.

Also for λ ≃ 1.8µm, the 3D simulations are in line with the 1D results. For the small-
est simulation volume, the KH states are absorbed by the absorbing boundary, preventing
the saturation and reversal of the Kerr response at higher intensities. For the larger sim-
ulation volumes, the Kerr effect is saturated at the same intensity I = 4.3 · 1013 W/cm2

as for λ ≃ 0.9µm. However, the grid size dependence is more pronounced: the deviation
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from the linear response is twice as big for the largest simulation volume compared to that
of volume 1 and that of volume 2, for which the response is virtually the same. The grid
size dependence demonstrates bi-modal distribution of electrons: at this intensity half of
the contributing electrons are located within the volume 1 with |z| < 200 a.u. while the
rest are outside volume 2, i.e. at |z| > 400 a.u..

How does the Kerr response change for the longer (4-40-4)-pulse? Good convergence
of the results in 3D requires very large simulation volumes, with |zmax| = 1600 a.u. and
ρmax = 400 a.u., making reliable computations for long laser pulses prohibitively expensive.
Figure 4.2 shows our results for the 1D hydrogenic system and several values of the laser
wavelength. A spatial resolution of 0.1 a.u. and a time-step of ∆t = 0.125 a.u. is used.

Figure 4.2.: Kerr response for the long (4-40-4)-pulse. Plotted is the real part of the non-
linear contribution to the polarizability (with the low-field limit subtracted)
as a function of intensity for the 1D hydrogenic system and a central fre-
quency of the driving pulse of (a) ω = 0.0675 a.u., (b) ω = 0.090 a.u. (red),
ω = 0.055 a.u. (blue), and ω = 0.025 a.u. (green). The insets show the low-
intensity regions. The horizontal black dashed line indicates Re[∆αω] = 0.
The vertical orange dashed lines in (a) indicate the intensity values for which
the Floquet spectra shown in Fig. 4.3(c) are computed. Reprinted from [215].

First of all, we note that there are clear resonances in the response at the driving
frequency, especially well pronounced for shorter laser wavelengths (λ ≃ 0.5µm and λ ≃
0.7µm), where they are accompanied by a dramatic drop in the Kerr response due to
population transfer into excited states with large negative polarizability.

Complementary calculations monitoring ionization (not depicted here) show that
these resonances are accompanied by very little ionization and that the population stays
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bound after the end of the laser pulse. For λ ≃ 0.8µm, the drop in the Kerr response due to
a multiphoton resonance just precedes the onset of ionization. For longer wavelengths, the
onset of ionization is essentially frequency-independent, with ionization probability reach-
ing 0.5% around I = 3.2·1013 W/cm2. Importantly, for the longest wavelengths, resonances
persist in the tunneling regime of the Keldysh parameter γ2 = Ip/2Up = 2Ipω

2/F 2 < 1
and even well in the barrier suppression regime for all excited states.

What is the origin of these resonance structures? We stress that we are looking at the
response at the fundamental frequency, ω, with the ground state well separated from the
rest of the spectrum. Let us focus on the prominent resonance for λ ≃ 0.7µm, centered at
the intensity I = 2.39 · 1013 W/cm2. Figure 4.3(a) shows the intensity-dependent energy
structure of the 1D hydrogenic system. The dashed lines represent the energies of its
excited states shifted by Up. The Stark shift of the ground state of only ∼ −0.08 eV at
3 · 1013 W/cm2 is negligible.

First thing to note is the six-photon Freeman resonance [216] between the ground
state |g⟩ and the second excited state |2⟩ at I = 2.39 · 1013 W/cm2. Figure 4.3(c) shows
the Floquet analysis of the energy-amplitude structure of the populated field-dressed states
for I = 2.39 ·1013 W/cm2, as well as for a lower intensity, I = 1.56 ·1013 W/cm2, and for a
higher intensity, I = 2.64 · 1013 W/cm2, both outside the resonance region, cf. Fig. 4.2(a).
The Floquet analysis was carried out as described in [139]. Surprisingly, the six-photon
peak is negligible. However, the three-photon peak and the four-photon peak are distinct
for I = 2.39 ·1013 W/cm2 and drop considerably for I = 2.64 ·1013 W/cm2. The solid lines
in Fig. 4.3(a) show the intensity-dependent energies of the excited states of the associated
KH atom. In the KH picture no six-photon Freeman resonance occurs, explaining why
the six-photon peak is negligible.

However, the transition energies between the third and the second excited KH state,
E|KH3⟩ −E|KH2⟩, and between the second and the first excited KH state, E|KH2⟩ −E|KH1⟩,
become nearly resonant with the λ ≃ 0.7µm laser field, see Fig. 4.3(b). Hence, for I =
2.39 · 1013 W/cm2, these excited KH states are strongly coupled by the field, potentially
forming a Floquet ladder which can be felt by the ground state.

To check this idea we have considered a subsystem consisting of the seven lowest
excited KH states, Ψ(KH)

sub = ∑7
i=1 a

(KH)
i (t)ψ(KH)

i , which are coupled by the first and second
harmonic of the KH potential, see (4.3.9). Starting from the first excited KH state, we
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Figure 4.3.: Analysis of the origin of the resonance in the response for λ ≃ 0.7µm at
I = 2.39 · 1013 W/cm2, see Fig. 4.2(a). (a) Energy structure of the 1D hydro-
genic system versus intensity. Dashed lines represent the energies of its excited
states shifted by Up. The solid black line represents the ground state energy,
which is assumed to remain constant for all intensities. The six-photon Free-
man resonance between the ground state and the second excited state at I =
2.39 · 1013 W/cm2 is indicated. Non-black solid lines represent the energies of
the excited states of the associated KH atom. (b) Transition energies between
the third and the second excited KH state, E|KH3⟩ −E|KH2⟩, and between the
second and the first excited KH state, E|KH2⟩ − E|KH1⟩, versus intensity. The
horizontal orange line denotes the one-photon energy of the λ ≃ 0.7µm laser
field. The vertical orange line indicates I = 2.39·1013 W/cm2. (c) Quasienergy
spectra for I = 1.56 · 1013 W/cm2 (green solid line), I = 2.39 · 1013 W/cm2

(red dashed line), and I = 2.64 · 1013 W/cm2 (blue dashed line). The energies
corresponding to a n-photon (n = 1, . . . , 7) transition starting from the unper-
turbed ground state are indicated. (d) and (e) show the partial quasienergy
spectra calculated for a subsystem consisting of the seven lowest excited KH
states for I = 1.56 · 1013 W/cm2 and I = 2.39 · 1013 W/cm2, respectively. The
orange dashed lines indicate the energies corresponding to the three-photon
and the four-photon transition starting from the unperturbed ground state.
Reprinted from [215].
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have solved the (truncated) TDSE in the KH frame,

i∂tΨ(KH)
sub =

[
−1

2∇2 +
2∑

n=0
Vn(zKH)cos(nωt)

]
Ψ(KH)

sub ,

Vn(zKH) = 1
2π

∫ 2π

0
V (zKH + a0cos(ϕ))cos(nϕ) dϕ,

where V is the binding potential, thereby obtaining the time-dependent partial amplitudes
a

(KH)
i (t) and their Fourier transforms a(KH)

i (ω).

Panels (d) and (e) show the partial quasienergy spectra |a(KH)
i (ℏω)|2 for I = 1.56 ·

1013 W/cm2 and I = 2.39 · 1013 W/cm2, respectively. The energies corresponding to the
three-photon transition and to the four-photon transition starting from the unperturbed
ground state are indicated. For I = 1.56 · 1013 W/cm2 no resonance is present. For
I = 2.39 · 1013 W/cm2 two quasienergy peaks appear at the three-photon and four-photon
resonance, consistent with the full calculation. We note that the relative amplitudes of
the quasienergy peaks are not reliable due to the limited number of states included in the
calculation, especially due to the absence of the ground state. Thus, our analysis suggests
an interplay of quasi-static tunneling from the ground state, trapping of the tunneled
population in the KH states, and the modifications of the “instantaneous” response of the
dressed ground state associated with the establishment of the KH regime for the excited
states (which requires several laser cycle with constant intensity).

4.6. Conclusions and outlook

We have shown that our numerical analysis supports our analytical prediction that
the restructuring of a “laser-dressed” atom, in particular the formation of KH states, does
play an important role in the nonlinear Kerr effect, even for mid-IR wavelengths. This is
an unusual regime since the KH atom is only formed for the excited states but not for the
ground state, which remains only weakly perturbed.

The significance of the KH states for the Kerr response is strongly pulse-shape depen-
dent. For the short bell-shaped pulse our numerical results indicate that the saturation
of the Kerr response happens just before ionization sets in. The higher-order Kerr effect
appears to be real, but it is important only in a very narrow intensity window. As soon as
ionization occurs, the free electrons start to dominate. The deviations from the standard
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model are much more prominent for the flat-top pulse, for which our calculations reveal
clear resonances in the response at the driving frequency. Our Floquet analysis suggests
that these resonances can be explained by population transfer into excited KH states.

While clear observation of these effects in laser filamentation is challenging and re-
quires the use of shaped laser pulses, their signatures could be visible due to the presence
of resonance structures in the Kerr response, possibly leading to unusual self-focusing and
propagation dynamics. From the perspective of attosecond and intense-field physics, find-
ing such signatures outside the traditional setup employing high-resolution photoelectron
spectroscopy, velocity map imaging, and COLTRIMS, would be extremely exciting.
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5. Theoretical Background: Fundamentals
of Nonadiabatic Molecular Dynamics

5.1. The Born-Oppenheimer approximation

In atoms, the position of the electronic energy states is determined by the interaction
of the electrons with each other and with the nucleus. The same is true for molecules.
However, in contrast to atoms, in molecules the nuclei can occupy different positions,
changing the interaction with the electrons and the electron energies. The dependence
of the electron energies on the position of the nuclei leads to the concept of potential
energy curves and surfaces, formally introduced with the help of the Born-Oppenheimer
approximation. This approximation is briefly described below.

Molecular Hamiltonian and the Born-Oppenheimer approximation. To describe the
dynamics of a molecule one usually starts from a Hamiltonian that describes the system
composed of two subsystems, the electronic (He) and the nuclear part (Hn),

H = He +Hn (5.1.1)

= Te + Vee + Tn + Vnn + Ven , (5.1.2)

where Ven describes the interaction between the two subsystems. Here Te and Tn denote
the electronic and the nuclear kinetic energy operators (KEO),

Te = −
Ne∑
i=1

1
2∇2

ri
, Tn = −

Nn∑
A=1

1
2MA

∇2
RA

, (5.1.3)
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Vee and Vnn describe the electron-electron and the nucleus-nucleus Coulomb repulsion,

Vee =
Ne∑
i=1

Ne∑
j>i

1
|ri − rj |

, Vnn =
Nn∑

A=1

Nn∑
B>A

QAQB

|RA −RB|
, (5.1.4)

and Ven describes the Coulomb attraction between the electrons and nuclei,

Ven = −
Nn∑

A=1

Ne∑
i=1

QA

|RA − ri|
. (5.1.5)

where Ne and Nn is the number of electrons and nuclei of the molecule, respectively.
RA = (XA, YA, ZA)T is the coordinate vector of the nucleus A, QA its charge and MA its
mass. ri = (xi, yi, zi)T denotes the coordinate vector of the electron i.

The Laplace operator acting on the electron i and the nucleus A reads

∇2
ri

= ∂2

∂x2
i

+ ∂2

∂y2
i

+ ∂2

∂z2
i

, ∇2
RA

= ∂2

∂X2
A

+ ∂2

∂Y 2
A

+ ∂2

∂Z2
A

. (5.1.6)

Note that the partitioning of H (in Eqs. (5.1.1) and (5.1.2)) is not unique. Typically,
the nuclear Hamiltonian, Hn, includes only the nuclear kinetic energy term, Tn, while the
electronic Hamiltonian, He, contains the potential energy term of the nuclei, Vnn, and the
interaction term, Ven, in addition to the electronic kinetic and potential energy term, Te

and Vee, respectively.

In principle, both subsystems, the electrons and the nuclei, can be treated on an equal
footing. However, there is a small parameter present in the Hamiltonian,

λ =
(
me
M

)1/4
,

which consists of the ratio of the electron mass me and some average nuclear mass
M >> me. The “1/4” exponent was introduced for convenience in the perturbation theory
performed by Born and Oppenheimer in their classic paper [217]. In this seminal publi-
cation [217], they have proposed what these days is known as the Born-Oppenheimer
approximation (BOA) and what is an indispensable approach, e.g. in quantum chem-
istry, until today. Since M >> me, the motion of the electrons occurs on a much faster
time scale (attosecond time scale) than that of the nuclei (femtosecond time scale). There-
fore, in good approximation, it is assumed that the electrons adapt instantly to a change
in the nuclear configuration and thus the electronic motion and the nuclear motion are
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uncoupled.

This approximation allows one to write the total molecular wave function, Ψ(r,R),
as the product of a nuclear wave function, χn(R), and an electronic wave function,
φe(r;R),

Ψmol(r,R) = χn(R)φe(r;R) , (5.1.7)

where r = {r1, ..., rNe} stands for all electronic coordinates and R = {R1, ...,RNn} for all
nuclear coordinates. The electronic wave function φe depends only parametrically on the
nuclear coordinates R, which is indicated by the semicolon. The electrons are assumed to
move in the field of clamped nuclei.

The key step of the BO approximation is to state that since the dependence on R is
parametric, the first and second derivative of the electronic wave function with respect to
the nuclear coordinates are set to zero:

∇R φe(r;R) != 0 and ∇2
R φe(r;R) != 0. (5.1.8)

It is said that the BOA is a so-called adiabatic approximation, as it neglects the cou-
pling between electronic states caused by the nuclear motion – the so-called non-adiabatic
transitions which will be described in a separate Section.

Using the product ansatz (5.1.7) together with the approximation (5.1.8), the molec-
ular Schrödinger equation,

H Ψmol(r,R) = H χn(R) φe(r;R)

=
(
Te + Vee(r) + Tn + Vnn(R) + Ven(r,R)

)
χn(R) φe(r;R)

= Emol χn(R) φe(r;R), (5.1.9)

is separated into the electronic Schrödinger equation,

He φe(r;R) =
(
Te + Vee(r) + Vnn(R) + Ven(R)

)
φe(r;R)

= Ee(R)φe(r;R), (5.1.10)

and the nuclear Schrödinger equation,

(
Hn +He

)
χn(R) = (Tn + Ee(R)) χn(R)

= Emol χn(R). (5.1.11)

115



CHAPTER 5. THEORETICAL BACKGROUND: FUNDAMENTALS OF NONADIABATIC MOLECULAR
DYNAMICS

Assuming clamped nuclei, one first solves the electronic Schrödinger equation for a specific
configuration R̄ of the nuclei:

He φe(r; R̄) = Ee(R̄)φe(r; R̄). (5.1.12)

where Ee is the electronic energy corresponding to the adiabatic electronic eigenstate
φe. To solve the clamped nuclei eigenvalue equation, various methods have been devel-
oped [218, 219]. By repeating this calculation for a number of different configurations, one
obtains the so-called electronic potential energy surface (PES), Ee(R), or, in the case of
only one nuclear degree of freedom, the so-called electronic potential energy curve (PEC),
Ee(R), corresponding to the electronic state φe.

Next, the nuclear Schrödinger equation is solved to describe the nuclear motion. Now,
the PES plays the role of an effective potential in which the nuclei move. Accordingly,
Emol = Ee + Evib + Erot is the total energy of the molecule, consisting of the sum of the
electronic, Ee, the vibrational, Evib, and the rotational energy, Erot.

The two latter energies, Evib and Erot, are the result of the relative (vibrations) and
the collective (rotations) motion of the atomic nuclei, respectively. Both contributions
increase the molecular energy by a usually small amount compared to the electronic en-
ergy. In particular, ∆Ee,i,i+1 >> ∆Evib,νi,νi+1 >> ∆Erot,ηνi ,ηνi +1, where ∆Ee,i,i+1 is the
energy gap between the two neighboring electronic states φe,i and φe,i+1, and ∆Evib,νi,νi+1

(∆Erot,ηνi ,ηνi +1) is the energy difference between two neighboring vibrational (rotational)
states corresponding to the same electronic (vibrational) state of the molecule, see Fig. 5.1.

Figure 5.1: Schematic illustration of
the rovibrational energy
level structure of two elec-
tronic states of a diatomic
molecule.
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Molecular rotations typically lead to spectra in the microwave and millimeter-wave
spectral regions, while vibrations are measured both by infrared and Raman spectroscopy.
Electronic excitations are typically studied using visible and ultraviolet spectroscopy as
well as fluorescence spectroscopy.

The BOA is valid for isolated electronic states, for which ∆Ee should be ∼ 100×∆Evib

or more. In case two or more electronic states become energetically close, they start to
be coupled by nuclear motion. This can lead to radiationless transitions that change
the electronic character of the molecule without the absorption or emission of photons.
Instead, the electronic excess energy is converted into nuclear motion. These so-called
non-adiabatic transitions are ubiquitous in the photochemistry of organic molecules and
play an essential role in biological systems, where there is a large number of energetically
close-lying electronic states and many nuclear degrees of freedom. A formal description of
non-adiabatic dynamics beyond the BOA will be presented in Section 5.4.

5.2. Light-dressed molecular potentials: The Floquet view

In Chapter 1, the concept of a dressed atom with the field-dressed Floquet states was
introduced. This concept is naturally extended to molecules, leading to the field-dressed
potential energy surfaces (PESs) or potential energy curves (PECs) [220]. The field-dressed
energy surfaces result from applying the Born Oppenheimer approximation to the dressed
molecular Hamiltonian. The quasienergies of the Floquet states are obtained for each
molecular geometry and form the dressed PES, in direct analogy with the usual PES.

The Floquet approach allows one to obtain a simple and physically clear picture to
describe and interpret photo-induced molecular processes, such as photodissociation. It
is most useful for moderate intensities, typically around 1013 W/cm2 and below, and
for higher light frequencies corresponding to the visible and UV spectral region (i.e. for
wavelengths λ ≲ 1µm). Under these conditions, one typically deals with few-photon
resonant or near-resonant processes, and only a few field-free PESs are involved in the
essential interaction with the external field.

Once the light field is included, each of the original PESs is accompanied by a series
of parallel PESs, which are separated by the photon energy (the field-induced Floquet
spectrum or quasiharmonics). The light-induced couplings between the electronic states
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lead to light-induced avoided crossings and/or light-induced conical intersections (LICI)
between the dressed PESs [221–230].

If, however, the driving frequency is low and more states are involved in the laser-
molecule interaction due to high intensities, the Floquet spectrum becomes dense and
complicated. Not only does this hamper the physical clarity of the Floquet approach, but
it also has important effect on computations, since many states need to be included into
the calculations.

Also, the Floquet concept is based on the periodicity of the laser field (laser period is
T = 2π/ω), which is imposed onto the system’s wave function and thus gives rise to the
quasiharmonics. Consequently, the Floquet approach is not well-suited for short, few-cycle
pulses.

5.2.1. Example of the Floquet approach: Dissociation of H+
2

The simplest molecular ion H+
2 is a low-dimensional one-electron system. It consti-

tutes an ideal prototype system for studying fundamental laser-molecule interactions that
are not based on electron-electron correlation effects.

It is also the molecule for which fundamental molecular multiphoton processes, includ-
ing bond-softening, bond-hardening and above-threshold dissociation, have been
first experimentally observed [231–234] and theoretically described [235–241]. For reviews
see Refs. [220, 242, 243].

Fig. 5.2(a) shows the PECs corresponding to the ground state of the molecular ion,
1sσg, which is bonding, and to its first excited state, 2pσu, which is antibonding. In
the presence of a dressing laser field, these states give rise to the dressed energy curves.
The PECs corresponding to the one-photon, two-photon and three-photon dressed states,
1sσg +mω for m = {−2,+2} and 2pσu + nω for n = {−3,−1, 1}, are shown for the laser
wavelength λ = 800 nm. These so-called diabatic states are obtained by omitting the
laser coupling between the states.

For instance, at the internuclear distance R ≈ 5.2 a.u., the two PECs corresponding
to the states 1sσg and 2pσu − 1ω possess a one-photon crossing for the chosen laser wave-
length. Here the transition energy between the field-free electronic terms is in one-photon
resonance. At R ≈ 3.4 a.u., the 1sσg and the 2pσu − 3ω PECs form a higher-order, three-
photon crossing, where the two states are in three-photon resonance with the field. Due
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Figure 5.2.: Energy structure of H+
2 exposed to a laser field in the Floquet picture. (a)

Potential energy curves of the 1sσg (red) and 2pσu (blue) state of H+
2 and

some field-dressed energy curves. (b) Field-dressed diabatic (solid lines) and
adiabatic states (dashed lines). The adiabatic states are the eigenvalues ob-
tained by diagonalization of Eq. (5.2.1) for F0 = 0.0106 a.u. (dashed green
lines), F0 = 0.0388 a.u. (dashed magenta lines), F0 = 0.0754 a.u. (dashed
cyan lines). The boxes labeled with “1ω X” and “3ω X” mark regions where
the states are in one-photon and three-photon resonance with the field, respec-
tively. At those regions the diabatic curves cross, while the adiabatic curves
form avoided crossing, where the size of the energy gap depends on F0 and
the order of the crossing.
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to the different parity of the 1sσg and 2pσu states, there are no even-numbered crossings,
such as two-photon crossings. The laser coupling between all considered dressed states is
included in the off-diagonal terms of the Floquet-Hamiltonian.

For example, in the region of one-photon resonance, and in the rotating wave approx-
imation, the approximate electronic Floquet Hamiltonian is

He,RWA(R) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

E1(R) + 2ω 1
2 V12(R) 0 0 0 0

1
2 V12(R) E2(R) + ω 1

2 V12(R) 0 0 0
0 1

2 V12(R) E1(R) 1
2 V12(R) 0 0

0 0 1
2 V12(R) E2(R) − ω 1

2 V12(R) 0
0 0 0 1

2 V12(R) E1(R) − 2ω 1
2 V12(R)

0 0 0 0 1
2 V12(R) E2(R) − 3ω

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(5.2.1)

where E1(R) and E2(R) are the field-free PECs corresponding to the ground state, 1sσg,
and the first excited state, 2pσu. V12(R) = −d12(R)F0 is the laser-induced coupling
proportional to the transition dipole matrix element d12(R) between the two field-free
electronic states, and the field strength amplitude F0.

The effect of the laser coupling on the energy structure of the molecule can be analyzed
by diagonalization of the Floquet Hamiltonian (5.2.1). The eigenvalues thereby obtained
are the so-called adiabatic states, the corresponding PECs are shown in Fig. 5.2(b) as
dashed lines, calculated for three different values of the field strength F0. At the points
where the diabatic curves cross, the adiabatic curves repel each other, forming avoided
crossings. Naturally, the diabatic PECs are strongly distorted by the laser couplings in
those regions where the states are in resonance with the field, i.e. at those geometries
where they cross, e.g. E2(R) − ω ≈ E1(R). The size of the energy gap at the avoided
crossing depends on the field strength and on the order of the crossing.

Experimental demonstration of the Floquet PECs. The concept of PECs is very clear
and convincing from the theoretical viewpoint. A pioneering experimental demonstration,
however, is relatively recent, achieved by D. Schumacher, P. Bucksbaum, and co-workers
in 1990 [231, 232]. They have presented experimental results obtained by irradiating H2

gas with 70-100 ps long, 5 − 10 · 1013 W/cm2 intense, 532 nm laser pulses [231, 232].

The laser field ionizes the H2 molecule and thus H+
2 molecular ions are formed. Differ-

ent vibrational states of the H+
2 molecule are populated during the ionization step, leading
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to different subsequent dissociation pathways for H+
2 . They were identified by measuring

the kinetic energy of the H+ ion fragments with a time-of-flight (TOF) spectrometer.

It was found that the energy distribution of the protons consists of a sequence of
peaks that are separated by approximately half of the photon energy (ω/2). As the second
dissociation fragment, the neutral H atom, takes the other half of the photon energy, the
experiment demonstrates that H+

2 dissociates to the 1ω, 2ω and 3ω limit. In analogy to
the term above-threshold ionization, the phenomenon that the molecule absorbs several
photons in excess of the minimum required for dissociation is called above-threshold
dissociation [231, 232, 236, 238]. By means of diabatic and adiabatic curves as those
shown in Fig. 5.2(b), but adapted to the corresponding experimental parameters F0 and ω,
the different multiphoton dissociation pathways could be identified, explaining the peaks
corresponding to the net absorption of one, two and three photons.

For instance, for increasing laser field strength, the one-photon gap between the 1sσg

and 2pσu − 1ω PECs (in Fig. 5.2(b) at R ≈ 5.2 a.u.) grows, resulting in a reduced
dissociation barrier below the gap. In this case, population in vibrationally excited states
located above the suppressed barrier can move adiabatically from the 1sσg state to the
2pσu − 1ω state and thus escape the binding potential. In addition, also vibrational states
that are located below the suppressed barrier acquire an increasing probability to tunnel
through the suppressed barrier.

Light-induced suppression of the potential barrier to dissociation, which reduces the
strength of the molecule’s chemical bond, is referred to as bond-softening [231, 232].

The adiabatic passage of the vibrational wavepacket through the one-photon gap is
associated with the net absorption of one photon, causing the H+ kinetic energy peak at
ω/2 energy. Importantly, the strong deformation of the PECs, which allows the vibra-
tional wave packet to reach the one-photon resonance point, is due to the interaction of
the molecule with an intense laser field involving many photons. Moreover, the adiabatic
passage through the one-photon gap itself, just like the Rabi oscillation in one-photon
atomic resonance, also involves many photon exchanges back and forth between the ma-
terial quantum system and the field.

Note that, when the one-photon gap is created, a new potential well is formed by the
upper adiabatic PEC above the gap. This new energy curve is bound and supports bound
states. In this well, the population of vibrationally excited states above the one-photon
gap can get trapped as the wave packet passes the avoided crossing diabatically. This kind
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of phenomenon has been predicted in 1992 [239, 240] and is referred to as vibrational
trapping by bond-hardening. It has been experimentally confirmed by L. J. Frasinski et
al. in 1999 [233]. Beautiful and detailed measurements of the effect have been performed
by D. Pavičić et al. in the T. Hänsch group [244].

When the laser pulse turns off, the one-photon gap regresses and the electronic struc-
ture of the molecule reverts back to the field-free states. In case the trapped population
goes back to its initial bound state, 1sσg, the photodissociation process has been suppressed
by bond-hardening, causing molecular stabilization in strong fields [239–241]. Alter-
natively, instead of returning into its initial bound state, a part of the wave packet can
stay on the repulsive 2pσu − 1ω curve and thus dissociates to the 1ω limit.

In case the field strength does not decrease upon the vibrational trapping, but rather
increases further, the minimum of the upper adiabatic state bends more and more up-
wards, until the wave packet ultimately dissociates to the 0ω limit, corresponding to a
net absorption and emission of zero photons. Accordingly, this process is referred to as
zero-photon dissociation [234, 239, 245].

The three-photon gap between the 1sσg and the 2pσu − 3ω PEC has been shown
to play a role, too, in the photodissociation of H+

2 in intense high-frequency fields. For
sufficiently high field strengths, the three-photon gap (in Fig. 5.2(b) at R ≈ 3.4 a.u.)
opens. Then the initially bound wave packet can pass the avoided crossing adiabatically,
following the repulsive 2pσu − 3ω PEC. As this process corresponds to the net absorption
of three photons, the molecule can dissociate to the 3ω limit, causing the H+ kinetic energy
peak at 3ω/2.

Alternatively, while moving on the 2pσu − 3ω PEC towards larger internuclear dis-
tances, the wave packet encounters the strongly avoided one-photon crossing between the
states 2pσu − 3ω and 1sσg − 2ω (in Fig. 5.2(b) at R ≈ 5.2 a.u.). Passing this crossing
adiabatically, i.e., following the 1sσg − 2ω diabatic curve, the molecule emits one photon,
such that the molecule dissociates to the 2ω limit, causing the H+ kinetic energy peak
at ω. The probability that the wave packet passes the crossing points diabatically or
adiabatically can be estimated by the Landau-Zener formula [246–249], which relates
the probability with the size of the gap between the adiabatic states, the relative diabatic
potential slopes at the crossing, and the velocity of the wavepacket passing through the
crossing region.
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5.3. Light-dressed molecular potentials: The sub-cycle view

The Floquet approach is an efficient tool to describe the various dissociation pathways
of H+

2 observed in experiments using moderately intense laser fields with frequencies in the
visible or UV. However, in the high intensity and/or longer wavelength limits, such as the
interaction with near-IR or mid-IR radiation at laser intensities approaching 1014W/cm2,
this approach becomes less efficient and insightful. One has to deal with the vastly in-
creased number of Floquet states that are involved in the laser-molecule interaction and
the large amount of their associated Floquet ladder steps (quasiharmonics separated by
one photon energy).

However, in the case of IR fields the laser frequency is small and the temporal changes
of the electric field are slow compared to the natural time scale of the electronic response
(the period of a 10 µm laser field is T ≈ 33 fs). In the long wavelength limit, the time
scale of the field oscillations can become similar or even small compared to that of the
nuclear motion, particularly for heavy nuclei.

Once the electrons have time to adjust to the instantaneous electric field and thus to
follow the oscillations of the field, one can think of a major simplification in the treatment
of the laser-molecule interaction: the response of the molecular system can be described
within the so-called quasistatic approximation [247–258].

As the name suggests, the key idea of this approximation is that the molecule experi-
ences the laser field as almost static. On this basis, the molecule’s response can be modeled
by the use of laser-induced PESs that are calculated at each instant of time while the laser
field is acting on the system [247–258], treating the dependence of the laser electric field
on time as a parameter.

The new laser-induced, quasistatic PECs or PESs are obtained by diagonalizing
the electronic Hamiltonian including the laser-molecule interaction term, He(r;R) +
V (r, t;R), where He is a diagonal matrix with the field-free electronic energies Ee,i(R) in
its entries with i designating the electronic state. The laser-molecule interaction is given
by V ij(r, t;R) = −dij(r;R) · E(t) with dij being the dipole moment between the elec-
tronic states i and j (note that dii ̸= 0 corresponds to a non-vanishing permanent dipole
moment of state i) and E denoting the electric field.

As a result, the sub-cycle Born-Oppenheimer surfaces Eqs
e,i(R, ϕ) are obtained, which

depend parametrically not only on the nuclear coordinates R, but also on the phase of
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the electric field ϕ = ωt. These quasistatic states, or adiabatic states, move in the field
following its slow oscillations. The distortions of the PESs affect the nuclear dynamics,
which now take place on time-varying adiabatic surfaces and are determined by the non-
adiabatic transitions between them. As long as the non-adiabatic transitions between
the quasistatic (sub-cycle) PESs, caused by the temporal dependence of the energies, are
included in the mathematical description, no approximations are made. In this sense, the
sub-cycle electronic surfaces represent the convenient basis for calculations, better suited
for interpreting the results.

Importantly, for strong fields, the induced surface oscillations are substantial, result-
ing in significant modifications of the nuclear motion, especially for light nuclei such as
hydrogen.

5.3.1. Above-threshold dissociation in the long wavelength limit

Let us see how this sub-cycle picture of the molecular motion is applied to the case of
above-threshold dissociation of H+

2 [255]. Let E1(R) and E2(R) be the field-free PECs cor-
responding to the ground state, 1sσg, and the first excited state, 2pσu, respectively. Both
states are strongly coupled by the transition moment d12(R), which can be approximated
by d12 ≈ eR/2.

The quasistatic PECs, Eqs
1,2(R, t) can be calculated by diagonalizing the following

laser-dressed electronic Hamiltonian,

He(R) + V (R, t) =

⎛⎝ E1(R) V12(R, t)
V12(R, t) E2(R)

⎞⎠ , (5.3.1)

where the time t is treated as a parameter. This yields the following eigenvalues:

Eqs
1,2(R, t) = E1(R) + E2(R)

2 ∓

√
(∆E12(R))2

4 + V 2
12(R, t) . (5.3.2)

Here ∆E12(R) = E2(R) − E1(R) is the energy difference between the two field-free
states and V12(R, t) = −d12(R) · E(t) describes the interaction with the laser field E(t) =
F0f(t)cos(ωt). Figure 5.3 shows the field-free states and some laser-induced quasistatic
states for different values of the peak field strength F0 and f(t)cos(ωt) = 1. The plot
shows that the field-free states are strongly distorted by the field.

124



5.3. LIGHT-DRESSED MOLECULAR POTENTIALS: THE SUB-CYCLE VIEW

Figure 5.3.: Quasistatic potential energy curves Eqs
1,2(R) (see Eq. (5.3.2)) of the ground

(1sσg) and the excited (2pσu) state of H+
2 without field (red and blue, re-

spectively) and with an external field of strength F0 = 0.0053 a.u. (green),
F0 = 0.0169 a.u. (magenta) and F0 = 0.0377 a.u. (cyan).

What is the physical picture of multiphoton dissociation and above-threshold absorp-
tion in this limit? The electron’s motion is dominated by the strong field. Following the
field’s oscillations instantaneously, the electron is alternately driven towards one nucleus or
the other, depending on the sign of the field. As a consequence, the molecule is polarized
by the laser field (along the field’s polarization direction), where the sign of the molecule’s
polarization changes with the sign of the external field.

During this adiabatic response to the field, the molecule remains on the lower light-
induced quasistatic PEC, which is gradually suppressed for increasing field strength. Due
to this suppression, the nuclear wave packet moves towards larger internuclear distances
and can start dissociation. Moving on the lower PEC, the dissociating nuclei continue
to gain energy from the field, corresponding to above-threshold dissociation. What limits
this growth?

We recall that the sub-cycle, quasistatic potential surfaces assume that the electron
is able to follow the oscillations of the laser field. As the field changes its direction, the
electron is expected to move from one nucleus to another. However, when the nuclear wave
packet has reached sufficiently large internuclear distance R, so that the nuclei are well-
separated from each other, the electron can no longer follow adiabatically the oscillations
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of the field and becomes localized on one of the nuclei. At this point, the adiabatic picture
breaks down.

Returning to the picture which uses the quasistatic PECs, when the electron can no
longer respond adiabatically to the field, it undertakes efficient non-adiabatic transitions
between the light-induced states, spending the same amount of time on both potential
curves. These non-adiabatic transitions occur when the two PECs are closest to each
other. For H+

2 , this means they occur at the zeros of the oscillating field, where the
quasistatic states coincide with their field-free counterparts.

On the lower, dissociative curve, the nuclei are accelerated and gain energy from the
field. On the upper, bound curve, the nuclei are decelerated and return the energy to the
field. Energy gain stops. This picture reflects the fact that the neutral hydrogen atom, H,
does not absorb energy from the field. The oscillatory dynamics back and forth between
the two PECs describes the quiver motion of the proton H+ in the oscillating field, similar
to the free electron. However, this quiver energy goes away as the laser pulse is turned
off.

Thus, electron localization stops energy absorption by the dissociating molecule and
limits the vibrational energy gained above the dissociation threshold to that gained before
electron localization. Depending on how far the nuclear wave packet has propagated on the
lower quasistatic PEC until the onset of electron localization, the dissociating fragments
have accumulated a certain energy from the field, the so-called above-threshold dissociation
energy.

When exactly does the electron localization occur? The answer to this question can
be well illustrated in terms of the double well potential, which is created by the two nuclei
and binds the electron in the molecule. Figure 5.4 shows the potential experienced by a
valence electron of a generic diatomic ion in the absence and presence of a constant electric
field F0 parallel to the internuclear axis,

V (z, ) = − 1√
(z − (R/2))2 + a2 − 1√

(z + (R/2))2 + a2 − zF0 , (5.3.3)

for different values of the internuclear distance R and a = 1.7 a.u.. As long as the internal
potential barrier between the two wells is small enough, the electron can adjust adiabat-
ically to the field and the molecular ion remains symmetrically charged. For increasing
internuclear distance, the internal barrier becomes higher and wider, until the electronic
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Figure 5.4: Schematic illustration of the potential ex-
perienced by a valence electron of a generic
diatomic ion without external field (black
dashed lines) and in the presence of a con-
stant electric field (red solid lines) (see
Eq. (5.3.3)) for an internuclear separation
of 4 a.u. (a), 12 a.u. (b) and 20 a.u. (c). The
blue lines show −zF0 with F0 = 0.02 a.u..
Adapted from Ref. [259].

wave packet can no longer tunnel through it effectively. At this point the electron local-
izes on one of the nuclei and the molecule dissociates into H+H+. Mathematically, this
happens when the transition energy between the two field-free PECs of H+

2 is no longer
large compared to the laser frequency, with the strength of the laser field also playing its
role in the probability of the non-adiabatic transition.

5.3.2. Measurements of electron localization

We have seen that electron localization plays a crucial role in arresting above-threshold
dissociation. The natural question is: which of the two protons in the dissociating H+

2 will
the electron localize on? Can this coupling between the electronic and the nuclear motion
be controlled?

Measurement and control of electron localization with few-cycle pulses. Electron
localization reflects the sub-laser-cycle response to the laser field. Thus, it is intrinsically
sensitive to the carrier oscillations of the laser field. In a few-cycle laser pulse, with only
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a few oscillations of the electromagnetic field, the exact phase of these oscillations relative
to the pulse envelope will determine the fate of the electron.

Direct measurements of electron localization and its dependence on the carrier-envelope
phase (CEP, the phase of the carrier relative to the envelope) have been first performed
by M. F. Kling et al. [260]. In this experiment, a few-cycle IR laser pulse ionized D2 and
induced dissociation of D+

2 . Protons were detected along the direction of the laser field
polarization, focusing on the total number of protons going in the opposite directions.
Changing the CEP, the authors of [260] were able to control which of the two protons
the electron would localize on. Stimulated by this work, similar experiments have been
performed [261, 262], corroborating the results of [260] and refining the CEP control of
electron localization.

These experiments have later been extended by ionizing H2 with an attosecond XUV
pulse in the presence of the IR field [263]. In this case, electron localization was controlled
by controlling the phase of the IR oscillations at which the ionizing XUV pulse arrived.
A similar approach was taken in Ref. [264], where control was achieved by the combined
action of an attosecond pulse train and a many-cycle IR pulse. Similar schemes based on
the use of two-color laser pulses to observe electron localization have also been reported
in [265, 266].

In the recent experiment by J. Wu et al. [267], a multi-cycle, monochromatic, circu-
larly polarized laser pulse has been used to study electron localization. In this work [267],
the combination of angular streaking and coincidence detection of electrons and ions
(COLTRIMS) was employed to phase- and energy-resolve the electron localization dy-
namics.

Highly efficient ionization triggered by electron localization. The experimental corner-
stone for the discovery that electron localization plays an important role in the strong-field
ionization dynamics of molecular ions [253, 254, 268–271], leading to qualitative differences
compared to strong-field ionization of atoms, was the Coulomb Explosion Imaging
(CEI).

For sufficiently high laser intensity, I ∼ 1014 W/cm2 and higher (depending on the
molecule), molecules can be multiply ionized, generating highly charged molecular ions.
The Coulomb repulsion between the residual constituent ions leads to fast dissociation
of the molecular ions, producing fragments with considerable kinetic energies. Using the
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Coulomb law for the repulsion of positively charged fragments, the measured kinetic ener-
gies can be used to reconstruct the positions of the nuclei at the moment when ultrafast,
multiple ionization has led to their Coulomb explosion [249, 272–277].

For H2 the only Coulomb explosion channel is H++H++2e−. However, in [278]
charged states as high as I13+

2 have been observed experimentally by exposing molecu-
lar iodine to a 33 fs laser pulse with a maximum intensity of 1.1 · 1015 W/cm2 (using a
Ti:sapphire laser system). To date, this process has been studied for a variety of diatomic
molecules (see [279] and references therein), but also for some polyatomic molecules such
as D2O, SO2 [280], CO2 [281], C2D2+

2 [282] and, most recently, for complexer systems such
as CHBrClF (bromochlorofluoromethane) and CHBrCl2 (bromodichloromethane) [283].

In a series of Coulomb explosion experiments [272, 279, 284–287] involving a variety of
molecules, it was found that the atomic fragments following dissociative ionization possess
kinetic energies that are a constant fraction of the Coulomb repulsion energy that the
molecular ions would experience at the equilibrium internuclear distance Re of the neutral
molecule, i.e., Eexp/ECE,e = cm, where ECE,e[eV]= 14.4 q1q2/Re[Å] and cm < 1.

Interestingly, the energies correspond to Coulomb explosions occurring at a critical
internuclear distance Rcr, which exceeds the equilibrium internuclear distance Re of the
respective molecule by approximately two to three times. Moreover, the kinetic energy
releases (KERs) were found to be essentially independent of the duration of the ionizing
laser pulse (for sufficiently long pulses) and the charge state of the molecular ion [279].

At first glance these findings are quite surprising. One would expect that while the
molecule gets photo-excited to a higher charge state, it will pass several lower ionization
stages. As the intermediate ionic states are repulsive, the internuclear distance would
increase continuously during this process. This means that for longer pulses with slower
rise times the molecule would stretch to larger internuclear separations before it reaches
a high charge state. Thus the integrated KER should depend on the pulse length and the
charge state.

The reason for the experimental observations is enhanced ionization at a certain
range of internuclear distances, which is larger than Re [253, 254, 268–271, 285]. As was
first suggested in [285], the double-well structure of the potential of diatomic molecules
plays an essential role. Adopting the optical tunneling perspective of strong-field ionization
of atoms (see Fig. 1.7(b)), K. Codling et al. proposed [285, 287] the following simple,
quasistatic field ionization model for diatomic molecules. Let us recall Fig. 5.4, which
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shows the double-well potential seen by a valence electron of a diatomic ion in the presence
of a constant electric field parallel to the internuclear axis, for several values of R. For
smaller internuclear distances (Fig. 5.4(a)), the electron can move unhindered between the
ions. As the ions move apart (Fig. 5.4(b),(c)), the inner potential barrier increases, thus
hampering the electron oscillations. The electron localizes on one or the other atomic ion.
In response to the laser field, the potential energy of the “uphill” electron increases, whereas
that of the “downhill” electron decreases. Then a new kind of “molecular” tunneling can
occur. The “uphill” electron tunnels through the narrow internal barrier directly to the
continuum. This picture suggests that there is an optimum internuclear separation for
which ionization is enhanced, since further separation of the nuclei leads to an increased
inner barrier, inhibiting tunneling.

The corresponding classical Thomas-Fermi calculations [287, 288] of molecular ioniza-
tion predicted, however, only modest ionization enhancement as a function of the internu-
clear separation. As the calculations were performed in the adiabatic limit, the electronic
wave function adjusts to the potential changes during the laser cycle.

In [253, 254, 268–271], it has been pointed out that the non-adiabatic localization of
the electronic wave function in the rising, “uphill” potential well is the crucial element to
open the new ionization channel through the inner barrier. Then substantial population is
left in the rising well during the laser half-cycle, leading to enhanced ionization at critical
internuclear distances Rc.

In contrast to atoms, molecules posses the so-called charge-transfer states [289], where
the electronic charge density is primarily localized on one of the nuclei. Their important
role in the dissociation dynamics of diatomic molecular ions in intense infrared laser fields
has been pointed out in [250, 286]. In the case of homonuclear diatomic ions like H+

2 ,
a so-called charge-transfer transition couples the symmetric ground electronic state
(1sσg), for which the electron probability density is highest between the two nuclei, to the
asymmetric excited electronic state (1sσu), for which the electron probability density is
close to the nuclei. In the special case of asymptotically degenerate states, such transitions
are called charge-resonance transitions, leading to charge resonance enhanced
ionization (CREI) [254].

CREI can be understood in terms of charge resonance states that are strongly coupled
by the laser field at large internuclear distances. At such distances, the energy gap between
the two charge resonance states approaches the photon energy. The laser-induced coherent
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superposition of the opposite parity states gives rise to electron localization, leading to
enhanced ionization.

5.4. Fundamentals of nonadiabatic molecular dynamics

So far, we have focused on coupled electron-nuclear dynamics where the coupling of
the electronic and nuclear degrees of freedom was provided by the laser field. However,
there is another coupling mechanism which plays a crucial role in nature: the coupling of
electronic states caused by the nuclear motion. Physically, this means that the electronic
state of the molecule may change as the nuclei move. Mathematically, this means that
the BO approximation, which assumes that the electrons adiabatically follow the slow
nuclear motion, is not valid. The transitions between different adiabatic electronic states
are referred to as non-adiabatic transitions.

The physical mechanism behind the non-adiabatic transitions is somewhat similar
to the non-adiabatic transitions between the quasistatic (sub-cycle) PESs we have just
discussed. They are induced by the change of the electronic transition energies, either as
a function of time (in case of the laser field) or as a result of the nuclear motion. The
mathematical description of this process is given below.

The basic equations of the BOA (5.1.10, 5.1.11) assume that the nuclear motion does
not affect the electronic properties of the molecule, expressed formally by the approxima-
tion in Eq. (5.1.8). Let us now remove this approximation.

Let φe,k be the k-th component of the complete, orthonormal set ({φe,i}) of eigenstates
of the electronic Hamiltonian, obtained for clamped nuclei, and Ee,k the corresponding
electronic energy eigenvalue:

He φe,k(r;R) = Ee,k(R)φe,k(r;R), (5.4.1)

⟨φe,k(r;R)|φe,j(r;R)⟩r = δkj ,
∑

i

|φe,i⟩⟨φe,i| = I, (5.4.2)

where I is the identity operator. The total molecular wave function can be expanded in
the basis of these eigenstates:

Ψmol(r,R, t) =
∑

i

χn,i(R, t)φe,i(r;R). (5.4.3)
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The expansion coefficients, χn,i, are time-dependent functions of the nuclear coordinates
and thus carry time-dependent information about the nuclei position associated with a
given electronic state that is labeled by i. The magnitude of χn,i quantifies the fraction
of the total state of the system with electronic state i character. Assuming that (some
relevant11) electronic eigenstates have been computed, along with their eigenenergies, the
dynamics of the molecular system can be calculated by means of the time-dependent
molecular Schrödinger equation:

i
∂

∂t
Ψmol(r,R, t) = H Ψmol(r,R, t)

=
(
He + Tn

) ∑
i

χn,i(R, t)φe,i(r;R)

=
∑

i

Nn∑
A=1

(
Ee,i(R) − 1

2MA
∇2
RA

)
χn,i(R, t)φe,i(r;R)

=
∑

i

Ee,i(R) χn,i(R, t)φe,i(r;R)

−
∑
i,A

1
2MA

[(
∇2
RA

χn,i(R, t)
)
φe,i(r;R)

+
(
∇2
RA

φe,i(r;R)
)
χn,i(R, t)

+2
(
∇RA

φe,i(r;R)
)

·
(
∇RA

χn,i(R, t)
)]
,

(5.4.4)

where Eq. (5.4.1) has been used for the third equality. The inner product of the molecu-
lar Schrödinger equation (5.4.4) with the eigenfunction (φe,k(r;R))∗ yields, in accordance
with the properties specified in Eqs. (5.4.2), the following coupled equations for the ex-
pansion coefficients:

i
∂

∂t

∑
i

χn,i(R, t)δki =
∑
i,A

(
Ee,iδki + Tnδki − 1

2MA
Gki

− 1
MA

Fki · ∇RA

)
χn,i(R, t). (5.4.5)

11For a full description of the molecular system, in principle, all electronic states must be considered,
meaning an infinite number of states, including continuum states. For all practical purposes, a truncated
basis is sufficient.
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This expression can be further simplified to

i
∂

∂t
χn,k(R, t) =

[
Tn + Ee,k(R)

]
χn,k(R, t)

−
∑
i,A

1
2MA

[
2Fki · ∇RA

+Gki

]
χn,i(R, t)

=
[
Tn + Ee,k(R)

]
χn,k(R, t) −

∑
i

Λki χn,i(R, t), (5.4.6)

where
Fki = ⟨φe,k(r;R)|∇RA

φe,i(r;R)⟩ (5.4.7)

and
Gki = ⟨φe,k(r;R)|∇2

RA
φe,i(r;R)⟩ (5.4.8)

are the so-called non-adiabatic coupling terms which describe the dynamical interaction
between the electronic and nuclear motion, and thus couples them. In particular, Fki is
referred to as the derivative coupling vector, while the number Gki is the scalar cou-
pling, which is also referred to as the kinetic coupling. The non-relativistic Schrödinger
equation (5.4.6) can be written in matrix notation,

i
∂

∂t
χn(R, t) =

[
TnI + V (R) − Λ

]
χn(R, t), (5.4.9)

where I is the unit matrix, V a diagonal matrix of the PESs Ee defined by Eq. (5.4.1),
χn the vector of nuclear wave functions with components on the various PESs, and Λ is
the matrix of non-adiabatic coupling operators with the following elements:

Λki =
∑
A

1
2MA

(
2Fki · ∇RA

+Gki

)
. (5.4.10)

Equation (5.4.6) constitutes the fundamental equation that describes the non-adiabatic
dynamics of a molecular system. It can be readily seen that with the use of the approxi-
mation (5.1.8), the system of coupled equations (5.4.6) simplifies considerably:

i
∂

∂t
χn(R) =

[
Tn + Ee(R)

]
χn(R). (5.4.11)

In this case, the electronic states are not coupled by the motion of the nuclei and a system
prepared in a given electronic eigenstate, φe, remains in that same electronic state (in
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the absence of an external field). That is the formal justification for the BOA, in which
a single-product state (see Eq. (5.1.7)), instead of the multiconfiguration ansatz (5.4.3)
consisting of the sum of electronic states, is used to describe the molecular system (see
previous paragraph).

Another adiabatic approach is the so-called Born-Huang approximation [290].
The idea is to assume that the total molecular wave function can be described by a
single-product state (5.1.7), where the electronic wave function is real-valued. No further
approximations are made with respect to the non-adiabatic coupling terms themselves. In
this case Eq. (5.4.6) simplifies to:

i
∂

∂t
χn(R, t) =

[
Tn + Ee(R) − Λ

]
χn(R, t)

=
[
Tn + Ee(R) −

∑
A

1
2MA

G
]
χn(R, t), (5.4.12)

with
Λ =

∑
A

1
2MA

G =
∑
A

1
2MA

⟨φe(r;R)|∇2
RA

φe(r;R)⟩. (5.4.13)

In Eq. (5.4.12), the electronic state φe is decoupled from the other adiabatic states,
just as in the BOA (5.4.11), but diagonal non-adiabatic coupling terms12 (G) are in-
cluded. Since the matrix F , formed by the derivative coupling vector terms Fki =
⟨φe,k(r;R)|∇R|φe,i(r;R)⟩, is anti-Hermitian, its diagonal elements Fkk are zero for real-
valued electronic wave functions. In the Born-Huang approximation, the nuclei still move
on isolated PESs, but the surfaces now include a small correction compared to the Born-
Oppenheimer surfaces.

The non-adiabatic coupling terms are, however, not always negligible, in which case
the adiabatic approximation (5.1.7) is no longer valid and neither Eq. (5.4.11) nor Eq. (5.4.12)
provide a sufficient description of the molecular dynamics. First, from Eq. (5.4.6), it is
clear that the importance of the non-adiabatic coupling operator, Λ, is increased for small
masses MA, which is in accordance with the BOA, where the separability of the electronic
and nuclear motion is based on the large difference of the electronic and nuclear masses.
Second, as was indicated in the previous paragraph, non-adiabatic dynamics becomes im-
portant when differences in electronic energy become small. This rests on the dependence
of the non-adiabatic coupling operator on the derivative coupling vector F . This can

12Note that the diagonal elements of the non-adiabatic coupling matrices F and G do not couple different
electronic states, and thus do not break the adiabaticity of the system. Nevertheless, these elements
are referred to as diagonal non-adiabatic terms.
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be formally shown by applying the gradient operator to the time-independent electronic
Schrödinger equation (5.4.1) and projection of the resulting expression onto the electronic
wave function ⟨φe,j |:

⟨φe,j |∇RHe|φe,k⟩ = ⟨φe,j |∇REe,k|φe,k⟩

⇒ ⟨φe,j |(∇RHe)|φe,k⟩ + ⟨φe,j |He|∇R φe,k⟩ = (∇REe,k)δjk + Ee,k⟨φe,j |∇R φe,k⟩

⇒ ⟨φe,j |(∇RHe)|φe,k⟩ + Ee,j⟨φe,j |∇R φe,k⟩ = Ee,k⟨φe,j |∇R φe,k⟩

⇒ Fjk = ⟨φe,j |∇R φe,k⟩ = ⟨φe,j |(∇RHe)|φe,k⟩
Ee,k − Ee,j

. (5.4.14)

Equation (5.4.14) shows that the non-adiabatic coupling operator (5.4.10) does not only
depend inversely on the mass, but also on the energy gap between surfaces. As the
electronic states become energetically closer, the coupling increases, outweighing the mass
factor and inducing coupling between the nuclear motion on different surfaces. In the
PES picture, a nuclear wave packet that is initially evolving on a single electronic surface
can spread to another surface while passing a region where the surfaces approach each
other, making a non-adiabatic transition or radiationless transition. In the limit of
two degenerate surfaces, the coupling becomes infinite, which is the case at the so-called
conical intersections discussed below.

For non-negligible non-adiabatic coupling, the full Eq. (5.4.4) must be considered
for describing the molecular dynamics. The solution of Eq. (5.4.4) entails, however, the
treatment of the singularity of the derivative coupling vector at degeneracy regions. This
computational difficulty is often addressed by choosing another representation for the
electronic Hamiltonian, introducing different electronic states than the adiabatic electronic
states defined by Eq. (5.4.1).

5.4.1. Diabatic representation

Molecular quantum dynamics calculations involving wave packet dynamics on en-
ergetically close PESs, in particular on intersecting PESs, are often performed using an
approximate representation of the adiabatic electronic states, which is referred to as quasi-
diabatic representation or, in short, diabatic representation. The diabatic elec-
tronic states are obtained by a unitary transformation U of the adiabatic electronic wave
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functions [291]:
φd

e = U(R)φe. (5.4.15)

As the total molecular wave function is expanded in the basis of eigenstates of the elec-
tronic Hamiltonian, the off-diagonal elements ⟨φe,j |He|φe,k⟩ are zero. The couplings be-
tween different electronic states, which are singular at configurations where the states are
degenerate, are described by the off-diagonal elements of the nuclear kinetic energy matrix,
see Eq. (5.4.4). Therefore, the transformation U is chosen in such a manner that applied
to the full molecular Schrödinger equation, the nuclear kinetic energy matrix becomes
diagonal, thus eliminating the numerically unfavorable derivative couplings [291].

Applying the transformation to the Hamiltonian in Eq. (5.4.9) yields:

U†
[
Tn I + V (R) − Λ

]
U = U†

[
−
∑
A

1
2MA

∇2
RA

I
]
U + U†

[
V (R)

]
U

− U†
[∑

A

1
2MA

(
2F · ∇RA

+G
)]

U

= −
∑
A

1
2MA

U†
[ (

∇2
RA

U
)

+ 2 (∇RA
U) · ∇RA

+ U∇2
RA

I
]

+ V d(R) −
∑
A

1
2MA

U†
[
2F · (∇RA

U) + 2F U · ∇RA
+G U

]
= −

∑
A

1
2MA

∇2
RA

I + V d(R)

−
∑
A

1
2MA

U†
[ (

∇2
RA

U
)

+ 2F · (∇RA
U) +G U

]
−
∑
A

1
2MA

U†
[
2 (∇RA

U) · ∇RA
+ 2F U · ∇RA

]
, (5.4.16)

where V d = U† V (R) U is the diabatic potential energy operator.

Besides being unitary, U has not been restricted yet. In order to nullify the coefficients
of the first derivative, U can be chosen such as to solve the following set of differential
equations involving the derivative couplings (cf. last square bracket in Eq. (5.4.16)):

(∇R U) + F U = 0. (5.4.17)

If U satisfies condition (5.4.17) and {φe,i} is a complete, orthonormal basis, then the first
square bracket in Eq. (5.4.16) vanishes as well. This is readily shown by taking the first
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derivative of Eq. (5.4.17),

∇2
R U + (∇R · F ) U + F · (∇R U) = 0, (5.4.18)

and using the relationship,

(∇R · F ) = G− F · F , (5.4.19)

which is valid if {φe,i} is a complete, orthonormal basis. Substituting Eq. (5.4.19) into
Eq. (5.4.18) gives:

∇2
R U +G U − F · F U + F · (∇R U) = 0. (5.4.20)

Furthermore, applying F to Eq. (5.4.17) gives

F · (∇R U) + F · F U = 0, (5.4.21)

which substituted into Eq. (5.4.20) finally yields:

∇2
R U +G U + 2F · (∇R U) = 0, (5.4.22)

confirming the above statement.

Hence, the so-called adiabatic-to-diabatic transformation (ADT) yields the fol-
lowing, simple, diabatic time-dependent Schrödinger equation:

i
∂

∂t
χd

n(R, t) =
[

−
∑
A

1
2MA

∇2
RA

I + V d(R)
]
χd

n(R, t), (5.4.23)

including a diagonal kinetic energy operator, the diabatic potential energy operator V d

and the diabatic nuclear wave functions χd
n. The non-adiabatic derivative coupling terms

have been eliminated, as desired.

Importantly, the removal of the off-diagonal kinetic energy matrix elements, Λki,
introduces new on-diagonal and off-diagonal potential energy elements, V d

ki. The diagonal
elements of the new potential energy matrix, V d

kk, represent the so-called diabatic PESs,
while the off-diagonal elements, V d

ki for k ̸= i, are the so-called potential couplings.
These latter are responsible for the coupling of the diabatic electronic states. Usually,
they are smooth functions of the nuclear coordinates R. Thus, the original objective to
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avoid the treatment of the singularity of the derivative couplings at degeneracy regions
has been achieved.

Moreover, the computationally demanding, nonlocal vectorial couplings, Fki are re-
placed by local, potential-like, scalar quantities, V d

ki, which are convenient to handle in
quantum-dynamical treatment. When using the diabatic representation for quantum wave
packet dynamics simulations, the difficulty has been shifted to the task of finding the trans-
formation matrix U .

An important issue that has gained much attention in the literature is whether a
strictly diabatic electronic basis, for which all components of the non-adiabatic coupling
vanish, exists [292–299]. In the so-called crude adiabatic picture [300] an electronic ba-
sis set is used that is independent of the nuclear coordinates and which corresponds
to the complete set of adiabatic functions at one fixed nuclear configuration R0. Ob-
viously, this is a trivial way of satisfying Fki = ⟨φd

e,k(r;R)|∇R φd
e,i(r;R)⟩ ≡ 0 and

Gki = ⟨φd
e,k(r;R)|∇2

R φd
e,i(r;R)⟩ ≡ 0. For practical purposes this basis is not useful,

though, as a large number of states must be considered to represent the electronic states
away from R0.

Apart from this R-independent basis, no strictly diabatic basis satisfying Eq. (5.4.17)
can be formed, except for one-dimensional problems [295], such as diatomic molecules.
In this case, Eq. (5.4.17) is integrated along the single coordinate to uniquely define the
ADT transformation matrix U . In all other cases with more than one degree of freedom,
only approximate quasi-diabatic bases can be obtained. However, it should be noted that
despite being approximate, in practice, those bases are essential for numerical simulations
and have already proved their usefulness in many successful quantum-dynamics calcula-
tions that are intractable in adiabatic representations. For convenience, throughout the
literature, including this work, the quasi-diabatic states are usually referred to as diabatic
states.

For the construction of diabatic states, a number of schemes based on different ap-
proaches have been developed, see [291, 297, 301–304] and references therein. To sum-
marize in short, one may distinguish between two general classes of diabatization ap-
proaches [302].

In the “dynamical approach”, the aim is to find the ADT, which minimizes directly
the non-adiabatic coupling terms to the greatest extent possible [292, 295, 298, 299].
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The second, so-called “structural” approach relies on the configurational smoothness
of diabatic states and is based on electronic structure criteria. Non-adiabatic couplings
are important in regions, in which the electronic configuration of adiabatic states changes
abruptly with R. In turn, diabatic states are defined as states whose electronic structure
keep their essential character over the entire range of nuclear coordinates [305, 306]. The
advantage of the latter approach is that the evaluation of the derivative coupling vector is
not required since the diabatic states are constructed directly from the adiabatic states.

One possible procedure is to follow some physical property of the adiabatic wave
function, e.g., the dipole moment [306–308], quadrupole moment, or transition dipole
moment [307, 309, 310] through the crossing to obtain states that change smoothly with
R. Another method is to enforce the smoothness of the wave function itself, such as
the variational procedure proposed by Hendeković, where the diabatic basis is found by
maximizing the sum of squares of natural spin orbital occupation numbers [311].

In the effective Hamiltonian approach developed by Spiegelmann, Malrieu and co-
workers [312–314] diabatization is performed in the framework of quasi-degenerate per-
turbation theory (QDPT) as implemented in the CIPSI (Configuration Interaction by
Pertubation with multiconfigurational zeroth-order wave function Selected by Iterative
process) algorithm.

Cederbaum and co-workers [297, 315–317] employ a block diagonalization of the elec-
tronic Hamiltonian to produce optimal quasi-diabatic states. This approach has been
further developed by Domcke et al. [318, 319], providing a convenient calculation scheme
using the CASSCF (complete active space self-consistent field) method. Considering the
condition of configurational smoothness of the diabatic states, this diabatization scheme
is very intuitive. Its concept is to maximize the overlap of the wave function with wave
functions at nearby nuclear geometries [320]. In [318, 319] the maximum-overlap criterion
is employed on the orbital level. Starting from some suitable reference geometry, where,
preferably, adiabatic and diabatic states are identical, the diabatic orbitals at a neigh-
boring geometry are determined by maximizing the overlap with the diabatic reference
orbitals.

The orbital-based quasi-diabatization method has been generalized by Simah et al. [321]
and is implemented in MOLPRO 2009. The diabatic electronic states used in the quan-
tum wave packet dynamics calculations presented in this work and described in the next
Chapter were constructed using this procedure, employing MOLPRO.
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In many diabatization procedures the configurational smoothness is attained by pro-
jecting the electronic wave function onto suitable prototype or reference states with dia-
batic character [302, 322]. In this context, Atchity and Ruedenberg introduced the concept
of maximizing the configurational uniformity [323, 324] for deriving diabatic states from
adiabatic states, using the CI (configuration interaction) coefficients of the electronic wave
functions of the adiabatic states. Another simple diabatization scheme is based on the idea
of removing only the singular part of the non-adiabatic coupling elements, constructing
“regularized” diabatic states [301].

5.4.2. Fundamentals of conical intersections

Conical intersections. Conical intersections [303, 325–332] between two electronic states
are formed at those molecular geometries, where the two states are degenerate, i.e., their
corresponding PESs intersect.

As discussed above, the derivative coupling is infinite at the intersections since the
energy gap between the electronic states is zero, see Eq. (5.4.14). Hence, in such regions
the coupling between electronic and nuclear motion is strong and non-adiabatic electronic
transitions take place, accompanied by non-adiabatic phenomena such as the geometric
phase effect (GP effect) (see below) or internal conversion (also called radiation-
less decay).

The radiationless electronic de-excitation of molecular systems constitutes a funda-
mental process in the photochemistry of excited polyatomic molecules. The internal con-
version of the electronic excess energy into nuclear motion at CIs is not only highly efficient,
but also ultrafast (occurs on the femtosecond time scale), which explains the vital impor-
tance of CIs for the photophysics and photochemistry of biologically relevant molecules.

Compared to ground state molecules, excited molecules have a much higher reac-
tivity. Since some post-excitement reactions may lead to alteration, suppression or even
destruction of the function of the biomolecule, efficient and rapid relaxation is crucial for
maintaining the molecule’s functions in nature. Thus, if one believes in nature’s smart
ways to preserve life, it should come as no surprise that CIs play a significant role in the
photostability of DNA and RNA bases with respect to ultraviolet irradiation [333–335]
(see also in [336]).
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In contrast to what was believed until the 1990s, nowadays, not only the ubiquitous
presence in polyatomic molecules but also the great relevance of CIs is recognized [303,
329, 330, 337]. As a result of ongoing complimentary theoretical and experimental work it
was possible to show that CI dynamics plays a central role in a variety of physicochemical
processes. This has been demonstrated for an increasing number of specific examples,
see reviews [303, 329–331, 336–339], including various photodissociation [340–343] and
photoisomerization processes [344–350] (see also review [351]). For instance, the ultrafast
photoisomerization process via a CI of retinal in rhodopsin, which is important for the
first step in vision, has been shown [352–358].

Using the real, two-state potential energy matrix in the diabatic representation,

V d(R) =

⎛⎝V d
11(R) V d

12(R)
V d

12(R) V d
22(R)

⎞⎠ , (5.4.24)

one can readily find the requirements for the existence of a CI between two electronic
states. The adiabatic PESs are the eigenvalues of the diabatic potential energy matrix
V d:

Ee,1,2(R) = 1
2
(
V d

11 + V d
22

)
± 1

2

√(
V d

11 − V d
22
)2 + 4(V d

12)2. (5.4.25)

The two adiabatic electronic states are degenerate if the square-root term vanishes, which
means that the following two conditions must be satisfied [359–361]:

(i) V d
11(R) = V d

22(R) (5.4.26)

(ii) V d
12(R) = 0 . (5.4.27)

A CI is formed at those nuclear configurationsR, where (i) the two diabatic PESs intersect
and, at the same time, (ii) the diabatic potential coupling vanishes.

Already in 1929, these degeneracy conditions were discussed by von Neumann and
Wigner in their seminal paper [359]. In this work a quantitative formulation of the theorem
recognized earlier by Hund [362] was given and which is well-known as the noncrossing
rule [359–361]. It states that in case of diatomic molecules, which have only one nuclear
degree of freedom (internuclear distance R), the PECs corresponding to two electronic
states of the same symmetry cannot cross. Only if the states belong to different irreducible
representations of the symmetry group of the Hamiltonian, the PEC can cross, since one
of the conditions (Eq. (5.4.27)) is then automatically satisfied for all R.
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Polyatomic molecules have many nuclear degrees of freedom, allowing for degenera-
cies between same-symmetry electronic states. In particular, the simultaneous solution of
Eqs. (5.4.26) and (5.4.27) can be achieved by varying two independent components of the
N int = 3N − 6 internal degrees of freedom of the molecule (N is the number of atoms
in the molecule). As a consequence, in accordance with the noncrossing rule, CIs are not
isolated points in the N int-dimensional nuclear coordinate space, but rather are contin-
uously connected, forming hypersurfaces of dimension N int-2. The (N int-2)-dimensional
subspace is termed intersection space [363] or CI seam. The space orthogonal to the
seam space is referred to as the branching space [363] or the g − h space [325] (see
paragraph Topography of conical intersections below). In the two dimensional branching
space, the CI is a single point denoted by RCI .

Until the 1990s the importance (in terms of occurrence) of CIs of two states of the
same symmetry was doubted. In addition, in the 1970s, a controversy [364–370] arose
concerning the noncrossing rule, questioning altogether the possibility of intersections
between two same-symmetry electronic states of polyatomic molecules. However in the
publication [367] from 1975, Longuet-Higgins confirms the existence of CI between such
states, summarizing his findings in the abstract in no uncertain terms: “[...] It is further
shown that this condition is satisfied by certain unsymmetrical triatomic systems, thereby
disposing of a recent claim that the non-crossing rule for diatomic molecules applies also
to polyatomic molecules.”

Classification of conical intersections. Symmetry plays an important role in the classi-
fication of CIs [371]. CIs can be imposed by symmetry in molecules that exhibit a high
degree of symmetry. In this case the electronic states forming the CI are symmetrically
degenerate, e.g., belong to an E or T representation, which are doubly and triply degen-
erate representations, respectively. These so-called symmetry-required CIs are often
associated with the Jahn-Teller effect [372]. Since their existence is determined by
symmetry, such CIs are easier to locate and to study than non-symmetry-required CIs.

Since both conditions (5.4.26) and (5.4.27) can also be met without any symmetry
requirements, “accidental” CIs can also be formed. In the spirit of the noncrossing rule,
accidental CIs are usually divided into two groups [371]. Symmetry-allowed accidental
CIs involve electronic states of distinct spatial symmetry.

In this work, the 2A1/
2B2 CI between the ground and the lowest excited state of
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NO2 is studied. Within the Cs symmetry point group, the two states belong to the
same irreducible representation A′ (12A′ and 22A′). However, for C2v geometries, both
A′ states are associated with two states having A1 and B2 symmetry, which are coupled
by a symmetry-allowed accidental CI. For symmetry-allowed accidental CI, Eq. (5.4.27)
is satisfied by symmetry, but Eq. (5.4.26) by chance. In the NO2 example, restriction to
C2v geometries ensures that the potential coupling between the two diabatic states 2A1

and 2B2 vanishes. On the other hand, the diabatic states are not degenerate for all C2v

geometries of the molecule.

Same-symmetry accidental CIs are present between states of same symmetry. In
this case, symmetry plays no role and both conditions (5.4.26) and (5.4.27) are fulfilled by
chance. This circumstance makes the anticipation and locating of such CIs difficult, and
probably gave rise to the afore-mentioned debate on their existence.

Three electronic states can present CIs as well. The conditions (noncrossing rule) for
a three-state CI are found analogously to those for a two-state CI, but considering the
respective 3×3 (instead of 2×2) diabatic potential energy matrix. In case of a real matrix,
five constraints are necessary, so that the three diagonal matrix elements are equal and
the off-diagonal matrix elements zero. Three-state CIs thus exhibit a seam space of (N int-
5)-dimensions and cannot be present in polyatomic molecules with less than N int = 5
internal degrees of freedom. In the context of the Jahn-Teller effect, symmetry-required
three-state CI have been investigated early [370, 373]. Recently accidental three-state CI
have become subject of increasing interest [370, 374–382], promoted by the development
of algorithms to locate them [374].

Topography of conical intersections. The topography of CIs can be described using
perturbation theory [303, 331, 363]. For that, the elements of the diabatic potential energy
matrix (5.4.24) are expanded in a Taylor series around the CI point RCI :

V d
mn(R) = V d(0)

mn (RCI) + V d(1)
mn (RCI) · ∆R+ ... , (5.4.28)

where ∆R denotes the displacement vector relative to RCI , ∆R = R−RCI .

It is convenient to express the matrix in the crude adiabatic basis, that is, at the point
RCI the diabatic basis is taken to be equal to the adiabatic basis. Then the zero-order
matrix is diagonal:

V d(0) = V (RCI). (5.4.29)
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The first-order expansion coefficients can be expressed in the adiabatic basis at RCI as:

V d(1)
mn = ⟨φe,m|(∇RHe)|φe,n⟩|RCI

=: hmn(RCI), (5.4.30)

where the off-diagonal terms are associated with the derivative couplings, see relation (5.4.14),
and the on-diagonal terms are the adiabatic forces.

In the first-order approximation, the diabatic Hamiltonian for two-state intersections
is then reduced to the form:

V d(R) ≈

⎛⎝Ee,i(RCI) 0
0 Ee,j(RCI)

⎞⎠+

⎛⎝hii(RCI) · ∆R hij(RCI) · ∆R
hij(RCI) · ∆R hjj(RCI) · ∆R

⎞⎠ , (5.4.31)

which can be re-written into the following form [303, 331, 360, 361, 363]:

V d(R) ≈ (Ee,j(RCI) + sij(RCI) · ∆R)

⎛⎝1 0
0 1

⎞⎠+

⎛⎝−gij(RCI) · ∆R hij(RCI) · ∆R
hij(RCI) · ∆R gij(RCI) · ∆R

⎞⎠ .
(5.4.32)

Here

sij = (hii + hjj)/2 and gij = (hjj − hii)/2 , (5.4.33)

where gij is the gradient difference vector.

Within this approximation, the energy eigenvalues are:

E± = Ee,j(RCI) + sij · ∆R±
√

(gij · ∆R)2 + (hij · ∆R)2. (5.4.34)

Equation (5.4.34) reveals the local topography of the intersecting PESs in the vicinity of
RCI . Plotting E± along the directions of gij and hij yields a double cone with a common
apex point at the point of degeneracy, see Fig. 5.5. .

Small displacements along the gij and hij vectors lift the degeneracy linearly with
respect to the distance to the intersection point (∆R). If either gij or hij vanishes, the
intersection is not a conical intersection.

The two-dimensional space spanned by the two vectors is referred to as the g − h

space [325] or the branching space [363]. Motion in the (N int − 2)-dimensional space
orthogonal to the branching space does not change the energy gap between the PESs, and
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Figure 5.5.: Different types of conical intersections (CIs). A symmetric, peaked CI (a); an
asymmetric, peaked CI (b); an intermediate CI (c); and a sloped CI (d).

thus does not lift the degeneracy. It is referred to as the intersection space [363] or CI
seam.

For a more specific description of the CI topography, intersection adapted coordinates
are introduced. For that gij and hij are chosen such that they are orthogonal, which is
always possible at an RCI [383]. Then the new set of coordinates comprises the unit
vectors x̂1 and x̂2, which are parallel to the gradient difference vector and the derivative
coupling vector,

x̂1 = gij/∥gij∥ and x̂2 = hij/∥hij∥, (5.4.35)

respectively, and the (N int − 2) mutually orthogonal vectors that span the intersection
space. Finally, s1 and s2 are the projections onto the branching plane:

s1 = sij · x̂1 and s2 = sij · x̂2 . (5.4.36)

With these parameters, the topography of CIs can be further characterized [326, 363].
∥gij∥ and ∥hij∥ give the slopes of the cone in the two directions x̂1 and x̂2, while s1 and
s2 determine the tilt of the cone.

145



CHAPTER 5. THEORETICAL BACKGROUND: FUNDAMENTALS OF NONADIABATIC MOLECULAR
DYNAMICS

In particular, for s1 = s2 = 0 a peaked intersection results, where the upper (lower)
PESs increases (decreases) in all directions from the intersection, see Fig. 5.5(a). In this
case the intersection point is the lowest energy point on the upper surface. If one or both
of the parameters s1 and s2 is nonzero, then a sloped intersection is present, so that the
upper surface has a minimum below the intersection point, see Fig. 5.5(d). Furthermore,
one can distinguish between symmetric (Fig. 5.5(a)) and asymmetric (Fig. 5.5(b)) cones,
depending on whether the slopes ∥gij∥ and ∥hij∥ are equal or not.

The topography of the PESs in the vicinity of a CI plays a significant role in the
coupled electron-nuclear dynamics. The motion of a nuclear wave packet on a (an isolated)
PES is determined by the shape of the PES. Depending on the path along which an evolving
nuclear wave packet approaches a CI, or just a coupling region, the subsequent evolution
of the nuclear wave packet can be very different, causing, e.g., significant differences in the
final branching ratios of the outcome of photochemical reactions.

Importantly, the topography of the PESs in the coupling region can be modified from
outside, e.g., via the nonresonant dynamic Stark effect (NRDSE) [247–258] by applying
intense IR laser fields, where the photons are not in resonance with an electronic transition
in the molecule.

Since the coupled electron-nuclear dynamics is particularly sensitive to changes of
the topography of the PESs close to the coupling region, such control schemes provide a
sensitive and efficient tool for controlling wave packet dynamics at CIs. Originally, it has
been demonstrated, both experimentally and theoretically, that this effect can be used
to control the photodissociation branching ratio at the avoided crossing present in the
IBr molecule [384–387]. The pulse-dependent modifications of the PECs induced by the
NRDSE manipulate the wave packet velocity at the crossing, which, in turn, affects the
electronic transition between the PESs [247–249].

To date, the NRDSE scheme has been successfully employed in various other sys-
tems [262, 388–396], including polyatomic molecules, to control different molecular pro-
cesses at avoided crossings or mediated by CIs.

Recently it has been shown that the NRDSE can modify the topography of the S1

and S2 PESs in pyrazine, which is a benchmark system for non-adiabatic dynamics at
CIs and subject of numerous diverse control studies, using a four-dimensional [397] and a
full 24-dimensional [398] model. Here, the interaction with the laser pulse shifts away the
CI from the Franck-Condon region, where a new minimum is created, localized on the S2
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PES. As a consequence, the wave packet is trapped on the S2 PES, where it stays for a
much longer period than the natural S2 lifetime.

Locating conical intersections. Extensive effort has been spent in order to develop ef-
ficient methods for locating CIs. To date, several methods based on different approaches
have been implemented [399–407].

As discussed above, CIs are not isolated points in the nuclear coordinate space, but
hypersurfaces of dimension N int-2. CI optimization algorithms usually search for ener-
getically important points on the crossing seam, e.g., for the minimum energy point. A
common approach [399, 400, 402, 404–406] is based on a perturbative description of the
vicinity of the CI and, hence, on the ability to calculate the gradient difference vector, gij ,
and the non-adiababtic coupling vector, hij .

For the evaluation of these two vectors, analytic gradient techniques have been devel-
oped [400, 408–413]. Then, in order to determine the CI point RCI , the search algorithm
is based on the compliance of two particular conditions with respect to gij and hij .

However, to find a unique solution for RCI , further requirements need to be fulfilled,
which can be either or both geometric constraints and energy minimization. A frequently
used technique employs the Lagrange-Newton type method, where the constraints are
introduced by the Lagrangian multipliers [399–401, 403, 405–407]. This method has been
extended to locate three-state CIs as well [374].

Alternatively, a projected gradient technique has been developed [402, 404] that ap-
plies the constraints with a fixed multiplier and projected gradients to simplify implemen-
tation. In this method, the calculation of the second derivatives of the energy, which is
required for the determination of the Lagrange multipliers, is avoided. In the projected
gradient technique, the minimum energy point of the CI is defined by the conditions that
both (i) the energy difference between the intersecting surfaces in the (g − h)-plane and
(ii) the projection of the gradient of the upper state energy onto the intersection space
(⊥ (g − h)-plane) are zero.

More recently, a penalty function method has been developed [414] for locating local
minima on the CI seam, denoted as minimal energy conical intersections (MECIs), which
avoids the computationally difficult evaluation of the non-adiabatic coupling vectors.
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Another approach is to use the so-called geometric phase effect (see below) to
demonstrate the existence of a CI point within a small loop in the nuclear configuration
space. This effect is a useful tool for identifying CIs as it is characteristic of CIs and not
present for avoided crossings or surface intersections of a different type, such as glancing
intersections (Renner-Teller intersections).

Geometric phase effect. In the beginning of the 1960s, Longuet-Higgins and co-workers [300,
361, 367] discovered an intriguing and unexpected feature in molecular physics related to
the adiabatic electronic eigenstates, φe(r;R), of the electronic Hamiltonian (5.1.12). It
concerns the dependence of the adiababtic electronic wave function on the nuclear coordi-
nates R. They showed that the real-valued, adiabatic electronic wave function acquires a
π phase (or changes sign) when traversing along a closed loop in nuclear coordinate space
that encloses a point of degeneracy (a CI).

As was pointed out in [361], this property of the eigenfunctions can be readily seen
by re-writing the expression for the real, electronic Hamiltonian in the neighborhood of a
CI (5.4.32) by means of corresponding polar coordinates, ρ and γ, so that:

V d(R) ≈

⎛⎝ρ cos γ ρ sin γ
ρ sin γ −ρ cos γ

⎞⎠ . (5.4.37)

The eigenvalues are ±ρ, and the associated eigenvectors are

φe,+ =

⎛⎝cos γ/2
sin γ/2

⎞⎠ φe,− =

⎛⎝− sin γ/2
cos γ/2

⎞⎠ . (5.4.38)

According to expressions (5.4.38), the adiabatic electronic wave function undergoes a sign
change when encircling the locus of degeneracy in a closed loop, that is, when γ → γ+ 2π
then φe(γ + 2π) = −φe(γ).

Since the initial and the final point in the configuration space are the same, the
adiabatic electronic eigenstate is double-valued. As a consequence, the adiababtic nuclear
wave function, χn, has to acquire an additional π phase as well, so that the total molecular
wave function, Ψ, is single-valued.

In 1979, this finding was confirmed in a numerical calculation [415]. In the same
year, Mead and Truhlar [416, 417] analyzed this topological phase, also called Longuet-
Higgins phase, in more detail. They showed that the associated multiple valuedness of
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the adiabatic electronic wave function can be eliminated by multiplying the electronic wave
function by an R-dependent complex phase factor, exp(iα(R)), however, at the expense
of introducing a vector potential term into the Hamiltonian of the nuclear Schrödinger
equation. They pointed out that the resulting nuclear Schrödinger equation is similar to
that of a charged particle moving in the presence of a magnetic solenoid. Thus, there is a
deep analogy between the Longuet-Higgins phase and the Aharonov-Bohm effect [418].

According to the Aharonov-Bohm effect, charged particles traveling along two differ-
ent paths around a solenoid, say on opposite sides, but with the same start and end point,
acquire a phase difference determined by the magnetic flux through the area between the
paths. When the parts of the wave packet following the different paths merge together
behind the solenoid, they interfere. The phase difference can then be observed as a shift of
the interference fringes, depending on the magnetic flux. Later Mead proposed [296] the
name “molecular Ahoronv-Bohm effect” for the Longuet-Higgins phase phenomenon.

In 1984, the topological phase effect attracted widespread attention owing to Berry’s
influential paper [419]. He showed [419] that the molecular Ahoronv-Bohm effect is a
special case of the more general geometric phase or Berry phase. Berry considered a
quantum state evolving adiabatically in time under a slowly-varying, parameter-dependent
Hamiltonian. He found that any quantum system undergoing a cyclic adiabatic time
evolution in some parameter space acquires a geometric phase factor in addition to the
standard dynamical phase factor, exp (−i

∫
Ee(t) dt).

Thus, the geometric phase is a generic feature for systems that comprise fast dynamics
(e.g. electron motion) and which are driven by comparatively slowly changing, external
fields (such as those supplied by the moving nuclei).

In the case of the molecular Berry phase, the parametric dependence of the Hamilto-
nian is the result of the Born-Oppenheimer approximation (BOA). Therefore the question
whether the geometric phase effect (the R-dependent double valuedness of the adiababtic
electronic wave function) only occurs within the BOA, or indeed remains as a “true feature
of nature” of the full molecular wave function, is still under debate [420].

In the review [296] by Mead, the theory and relevance of the geometric phase effect
for molecular systems is summarized. The geometric phase has consequences on molecular
spectra [421, 422] as well as molecular scattering [423–429] and photodissociation [342, 430]
processes, see also the feature article [431].
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Particularly pertinent to the analysis of the results obtained within this thesis work is
an aspect of the geometric phase discussed in 1995 by Schön and Köppel [432, 433]. They
studied theoretically the effect of the geometric phase on the coupled electron-nuclear wave
packet dynamics in the vicinity of a CI, using a prototype (Jahn-Teller) CI model. They
discussed the phenomenon, which they termed destructive self-interference, where the wave
packet changes its symmetry after passing through the CI region, e.g., a symmetric wave
packet develops a node behind the CI.

In a simple picture this phenomenon can be explained following the concept of the
Aharonov-Bohm effect. When approaching the CI region, the nuclear wave packet splits
into two parts, which traverse the CI on opposite sides, thereby acquiring different phase
shifts. However, in contrast to the Aharonov-Bohm effect where the phase shift depends
on the magnetic flux through the area between the paths, here, the adiabatic nuclear wave
function acquires a “fixed” topological phase of π when realizing a closed loop around the
CI. This means that the two parts traversing the CI in the same direction but on opposite
sides must acquire a phase shift of +π/2 and −π/2, respectively. Hence, when both parts
merge together behind the CI, they interfere destructively, developing the node.

Applying this simple picture, it is also clear that total destructive self-interference
(emergence of a node) can only occur as long as the wave packet approaches the CI region
“symmetrically”. Then the two parts encircling the CI on opposite sides are equal. These
observations will be used later in Chapter 6 to demonstrate sub-laser-cycle control of
coupled electron-nuclear dynamics at a CI.

Furthermore, it should be noted that the combined effects of vibronic coupling and
spin-orbit coupling lead to geometric phases which can vary smoothly between the case of
uncoupled PESs (vanishing geometric phase) and the limiting case for conically intersecting
surfaces (geometric phase equals π) [434].

In order to further study the self-interference effect, Althorpe and co-workers [428,
435, 436] have developed a topological approach to unwind the nuclear wave function
encircling the CI. It uses the topological concept of homotopy, which refers to the number
of times that the Feynman paths that contribute to the wave function wind around the CI.
By separation of the wave function into even- and odd-looping parts, it has been revealed
that these components essentially ignore each other, and describe completely different,
decoupled dynamics. The geometric phase effect solely changes the sign of the relative
phase of these two components. Thus, the recombination and interference of these two
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parts govern the extent to which dynamical observables are affected by the geometric
phase.

As indicated above, since the appearance of the geometric phase in molecular systems
is a clear fingerprint of the presence of a true CI (it is not present for avoided crossings or
intersections of different type, e.g., Renner-Teller (glancing) intersections), it serves as a
tool to prove the existence of CIs [363, 437]. For that the line integral method [298] can
be used to calculate the geometric phase value ϕGP.

It has been shown that the line integral of the derivative coupling vector, F , along a
closed contour Γ in the nuclear configuration space (in the vicinity of a CI) yields

ϕGP =
∮

Γ
F · ds = π

⎧⎪⎨⎪⎩2n+ 1, if Γ encircles odd number of CIs

2n, if Γ encircles even number of CIs,
(5.4.39)

where ds is a differential vector along the path Γ. By reducing the size of the loop Γ,
Eq. (5.4.39) can also be used to locate a point of a CI [363, 437].

Finally, two things should be emphasized. First, it should be noted that the subtle
aspect of the geometric phase effect is that it emerges when a closed loop around the CI
becomes energetically accessible. The nuclear wave packet never needs to move on the
second PESs (upper cone) for that surface to affect the dynamics.

Second, although the adiababtic and diabatic representations are linked by a unitary
transformation, and therefore should yield the same nuclear observables, in the presence of
a CI they differ in one important aspect concerning the geometric phase. While this phase
is implicitly taken into account within the diabatic representation, in the adiabatic picture
it needs to be incorporated explicitly to describe the nuclear dynamics correctly. This can
be done either by imposing boundary conditions on the adiabatic nuclear wave function so
that the vibrational basis is similarly double-valued and thus compensates the additional
phase factor in the adiababtic electronic wave function. Alternatively, the afore-mentioned
phase factor exp(iα(R)), which changes sign along the closed loop enclosing the CI, must
be applied to the adiabatic electronic wave function.

Treatment of non-adiabatic dynamics at conical intersections. The continuous de-
velopment of sophisticated experimental imaging and controlling techniques to study CI
dynamics enhances the demand for theoretical treatment of non-adiabatic dynamics.
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Nuclear dynamics is described by the motion of the nuclear wave packet on the PESs.
The evolution of the nuclear wave packet is governed by the non-relativistic time-dependent
Schrödinger equation (5.4.9) introduced above.

Assuming that the nuclear wave function is known at a certain time, t0, the evolution
of the wave function is determined by

χn(t) = To e−i
∫ t

t0
H(t′)dt′

χn(t0), (5.4.40)

with
H(t) = TnI + V − Λ + VL(t), (5.4.41)

where To is the time-ordering operator, Tn the nuclear kinetic energy operator (KEO), I
the unit matrix, V the potential energy matrix, Λ the non-adiabatic coupling matrix, and
VL the matrix that describes the coupling of the states by time-dependent, external fields.
In the following the only external field considered is a laser field, therefore the subscript
“L” is chosen.

The role CIs play in molecular dynamics is inherently dynamical. The passage through
a CI region depends sensitively on the previous time evolution of the system. Furthermore,
the strong non-adiabatic couplings in the CI region strongly affect the ensuing molecular
dynamics. This is shown in this thesis, in the Chapter which presents original results on
controlling the coupled NO2 dynamics at a CI. In particular the interplay between non-
adiabatic and laser-induced couplings can determine the future dynamics of the molecule,
thus controlling different molecular processes on a time-scale much longer than the passage
time through the conical intersection.

Modeling coupled electron-nuclear dynamics at CIs. To date, due to computational
limitations, an exact treatment of the dynamics of polyatomic molecules (with or without
the presence of CIs) is out of reach. However, based on certain approximations, a variety of
methods have been developed to simulate molecular dynamics in the vicinity of CIs [438].

These methods can be divided into two main classes depending on whether the nuclei
are treated quantum mechanically or classically. In the fully quantum approach, the
nuclear wave packet is propagated, so that all quantum effects, such as interference between
different parts of the wave packet, are taken into account. In the classical approach,
the nuclear wave packet is simulated by an ensemble of particles that follow classical
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trajectories. Consequently, quantum effects in the nuclear motion are not included. In
addition, there are semi-classical methods, in which some missing quantum effects are
incorporated into the classical simulations. Below a brief summary of a few common
methods is given.

Full quantum dynamical methods [439–443] are based on the direct solution of the
time-dependent Schrödinger equation (5.4.40). For this the diabatic representation (see
Eq. (5.4.23)) is generally used to avoid the singularity of the derivative coupling vector.

A standard approach to solve this equation is to first choose a suitable basis in which
the Hamiltonian and the wave function can be expressed. Suitable primitive basis functions
are those which, for example, reflect the symmetry or satisfy the boundary conditions of
the problem. Also, the primitive basis functions are mostly chosen from an orthogonal
basis, such as orthogonal polynomials, as it simplifies the calculations greatly.

For instance, harmonic oscillator functions based on Hermite polynomials should be
the basis functions of choice when the system is described by a harmonic oscillator poten-
tial. Associated Legendre functions are eigenfunctions of the angular momentum operator
and thus commonly used to describe angular degrees of freedom, such as the bending of a
molecule.

Employing such primitive bases, a discrete variable representation (DVR) [444–
448] basis can be constructed. These are orthonormal functions that approximate delta-
functions on points in space. The wave function is then represented on a set of grid points.
The same approach is also known as pseudo-spectral method [449].

A big advantage of the DVR mehod is that the potential energy operator is diagonal
in this basis, where the diagonal elements are simply given by the potential energy values
at the respective grid points. The matrix elements of the kinetic energy operator (KEO)
are evaluated analytically in the polynomial basis before transforming to the DVR basis.

The Fourier method [439, 450, 451] is a special case of an orthogonal collocation
representation, where plane waves are chosen as the primitve basis functions. In this case
the matrix elements of the KEO do not need to be built, but the powerful Fast Fourier
Transform (FFT) algorithm can be used.

A general strategy for grid-based methods is to calculate each operator locally, since
a local representation is the most efficient way to implement a numerical scheme. The po-
tential energy operator is already local in coordinate space. For Cartesian coordinates, the
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KEO becomes local in momentum space, where its application is a simple multiplication
of the wave function by the kinetic energy discrete spectrum. Thus, within the Fourier
method, the action of the KEO on the wave function is simply evaluated by transforming
the wave function to momentum space by a forward FFT, multiplying the transform by the
kinetic energy discrete spectrum, and subsequent back transformation to coordinate space
by performing an inverse FFT. This strategy has also been extended to representations of
the KEO in curvilinear coordinates, such as spherical coordinates, where the radial part
of the Laplacian becomes a local operator by using a Bessel transform.

The second step is to propagate the wave function according to Eq. (5.4.40). For
this different propagation schemes (see the reviews [440, 442]) have been devised, such
as the second-order differencing scheme, the split-operator method [452, 453],
the Chebyshev method [454], or the short-time iterative Lanczos scheme [455].
Another method is the Crank-Nicolson finite-difference scheme [456], which has
been outlined above in Section 4.4, using the example of solving the TDSE for a 1D model
hydrogenic system in a laser field.

The non-adiabatic wave packet dynamics studied in this thesis are calculated by means
of the the split-operator method combined with the DVR method, see Appendix IV.

Two aspects make these grid-based methods attractive. They are relatively simple to
implement and the results are easy to visualize owing to the representation of the nuclear
wave function on a space grid. By plotting snapshots of the wave function as a function of
the nuclear coordinates for different instants of time, a good insight into the time evolution
of the molecular system can be gained.

For instance, in this way the geometric phase effect, in particular the destructive self-
interference of the nuclear wave packet when it passes through a CI region, can be displayed
clearly. By plotting the nuclear probability density as a function of CI specific coordinates
(the so-called tuning and coupling modes, which will be defined below in the context of
the linear vibronic coupling model) and for two different instants of time, before and after
the CI passage, the formation of the node becomes apparent, as we will see in Chapter 6.
In this thesis work, the visualization of the time-dependent nuclear probability density is
used to show how the combined action of a CI and a nearly single-cycle control pulse can
lead to a CEP-dependent reshaping of the nuclear wave packet in the laser-modified CI
region.
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The major difficulty associated with the fully quantum mechanical approaches is
the unfavorable exponential scaling with the number of degrees of freedom. Often a
direct product basis is used, which is composed of all possible combinations of the one-
dimensional primitive basis functions. Therefore such methods are only applicable to small
systems with, say, no more than 6 degrees of freedom. For larger systems, such propaga-
tion methods can still be useful, provided that the system can be described appropriately
by means of a reduced-dimensionality model.

To circumvent the exponential scaling problem, further approximations are required.
Different approximations have been developed, which either maintain the fully quantum
mechanical picture, or introduce a semiclassical description. In the time-dependent Hartree
(TDH) method (also called time-dependent self-consistent field (TDSCF) method) [457],
the ansatz for the wave function is a Hartree product of one-dimensional functions known
as single-particle functions. A variational method is used to derive a set of coupled one-
dimensional equations of motion for the wave packet. This way the computational effort
is significantly reduced, however, at the expense that the correlation between the degrees
of freedom is not correctly treated.

To tackle the issue of missing correlation, different schemes have been developed,
such as a multi-configurational (MC-TDSCF) approach, where the wave function is ap-
proximated by a number of Hartree products. A particularly efficient and flexible variant
of the MC-TDSCF approach is the multi-configurational time-dependent Hartree
(MCTDH) method [447, 458–461], introduced in 1990 by H.-D. Meyer, U. Manthe and
L. S. Cederbaum [462].

The advantage of the MCTDH scheme is that it facilitates multistate, multimode
vibronic dynamics simulations [460]. This is important as non-adiabatic dynamics are
inherently multidimensional, often with several vibrational modes strongly coupled to the
electronic degree of freedom. The MCTDH method has revealed its remarkable potential
in several studies on a number of vibronically coupled system, such as pyrazine [463–466],
allene [467] or butatriene [468]. In these calculations all internal degrees of freedom of
the system were accounted for, that is 24, 15, and 18 modes were included, respectively,
coupled to two electronic states.

There has also been work on nonadiabatic processes in radical cations of polyacenes.
In the case of the benzene radical cation [469], five coupled states and 13 nuclear degrees
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of freedom were included, while 29 relevant vibrations were simulated simultaneously on
three coupled electronic states in a case study on the naphtalene radical cation [470].

In several studies the MCTDH propagation technique has been combined with the
so-called multimode vibronic coupling model (VCM) [471–474], introduced by L. S.
Cederbaum, W. Domcke, H. Köppel and coworkers. The MCTDH algorithm is in general
only efficient if the Hamiltonian is given in product form. The kinetic energy operator
usually is in this form, but not necessarily the potential energy operator. Thus, if the
potential does not have the required product structure it is necessary to fit it to such
a form. An algorithm to achieve such a fit optimally has been developed [475, 476].
Importantly, the VCM Hamiltonian is already in the required form, thus its application
allows to use the MCTDH method in its full efficiency.

The model has been used to great effect, especially in modelling photoelectron spectra
of butatriene [468, 471], benzene [477], pyrazine [464], ethylene [473], allene [467] and small
heterocycles [478]. In fact, using this model, the first converged numerical calculations of
time-dependent quantum dynamics at CIs (other than Jahn-Teller intersections) have been
performed [471–474], demonstrating the importance of CIs in non-Jahn-Teller molecules.

The VCM Hamiltonian is constructed using a similar expansion of the diabatic poten-
tial energy matrix as described above in Eq. (5.4.28). However, instead of expanding the
diabatic potential around a CI point, the expansion point is now chosen to be the ground
state equilibrium geometry (that is, the Franck-Condon geometry). Then dynamics can
be simulated with good simultaneous description of the ground and the excited states.
Naturally, this model is especially suitable for systems in which the CI is close to the
Franck-Condon geometry.

The diabatic VCM Hamiltonian reads [472, 473]:

Hd(Q) = Hd(0)(Q) + Vd(0)(Q0) + Vd(1)(Q0) + ... , (5.4.42)

where, in the standard VCM, the zero-order Hamiltonian is given by the ground state
Hamiltonian in the harmonic approximation,

Hd(0) =
∑

i

ωi

2

(
− ∂2

∂Q2
i

+Q2
i

)
δmn. (5.4.43)

The vibrational motions of the ground state are treated as unperturbed harmonic oscilla-
tors. The ωi denote the ground state vibrational frequencies, while the Qi are the corre-
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sponding dimensionless, mass-frequency-scaled ground state normal mode coordinates.

Other terms on the rhs of Eq. (5.4.42) then add the effects of electronic excitation
and vibronic coupling as a Taylor expansion around the point Q0, which is the zero point
of the normal modes. In particular, the second term on the rhs of Eq. (5.4.42) represents
the vertical adiabatic electronic energies at the Franck-Condon geometry. For this, the
electronic states are described using a diabatic basis {φd

e,j}, which coincides with the
adiabatic basis at Q0:

Vd(0)(Q0) = ⟨φd
e,m(Q0)|He|φd

e,n(Q0)⟩ != ⟨φe,m(Q0)|He|φe,n(Q0)⟩ = Ee,mδmn, (5.4.44)

The next term, Vd(1), describes the linear coupling terms:

(
Vd(1)(Q0)

)
mn

=
∑

i

⟨φd
e,m(Q0)|∂He

∂Qi
|φd

e,n(Q0)⟩ Qi, (5.4.45)

The diagonal elements are the forces, the off-diagonal elements describe the non-adiabatic
coupling at Q0.

In the simplest case of two coupled states, the VCM Hamiltonian expanded to first
order takes the form:

Hd(Q) =
∑

i

ωi

2

(
− ∂2

∂Q2
i

+Q2
i

)
I +

⎛⎝Ee,1 0
0 Ee,2

⎞⎠
+
∑
i∈Gt

⎛⎝κ(1)
i 0
0 κ

(2)
i

⎞⎠Qi +
∑

i∈Gc

⎛⎝ 0 λi

λi 0

⎞⎠Qi. (5.4.46)

The on-diagonal coupling constants, κ(j)
i , are called intrastate coupling constants, and

the normal modes with non-vanishing linear intrastate coupling constants, Qi for i ∈ Gt,
are referred to as tuning modes [473, 474].

The off-diagonal coupling constants, λi, are the interstate coupling constants,
and the corresponding normal modes, Qi for i ∈ Gc, are referred to as (linear interstate)
coupling modes.

A key aspect of the VCM is to use the circumstance that many of the coupling
constants vanish on grounds of symmetry. This is indicated in Eq. (5.4.46) by specifying
the relevant sets of modes by Gt and Gc. Note that although Eq. (5.4.46) corresponds
to the case of two coupled states, the relevant set of modes Gt and Gc can be defined
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analogously for a general case including j states. Symmetry can thus be used to further
simplify the model, and to gain a descriptive picture of the problem.

As was pointed out in Ref. [471], there is a simple selection rule for the non-vanishing
constants. Let Γm (Γn) be the irreducible representation of the wave function φd

e,m (φd
e,n),

Γi be the irreducible representation of the normal coordinate Qi and ΓA the totally sym-
metric irreducible representation, determined by the point group of the system. Then the
non-vanishing intrastate coupling constants are those for which the relation

Gt : Γm × Γm × Γi ⊃ ΓA → Gt : Γi ⊃ ΓA (5.4.47)

is fulfilled. The expression behind the right arrow is obtained by using the fact that
the product of any irreproducible representation with itself always yields the totally sym-
metric representation. The intrastate couplings constants are thus non-zero only if the
corresponding vibrational mode transforms according to the totally symmetric represen-
tation.

Analogously, Gc is the set of modes for which the interstate coupling is non-vanishing
and thus the relation

Gc : Γm × Γn × Γi ⊃ ΓA (5.4.48)

is fulfilled. Consequently, if the two states m and n have different symmetries, only modes
that transform according to a particular non-totally-symmetric irreproducible representa-
tion appear in the off-diagonal elements. In particular, the coupling mode must have the
same symmetry properties as the product of the representations of the two states.

In Ref. [473] a comprehensive description is given as to how the expansion coefficients
in the coupling matrices affect the shape of the PESs and the coupling strength between
them, using the example of the two lowest electronic states of the ethylene cation.

Upon building the problem-specific VCM Hamiltonian, the problem is to determine
all the relevant parameters in the VCM potential matrices. These can be calculated by
evaluating the derivatives of the PESs at Q0, or by choosing the parameters so that the
model optimally fits the calculated surfaces. VCHam [479] is a set of programs that has
been developed to derive a realistic VCM Hamiltonian from a given data set of (ab initio)
energy points of two (or more) PESs at given molecular geometries.

The computation of the parameters is performed by a least-square fit algorithm.
It uses expansion in normal modes, comprising terms up to the bilinear and quadratic
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order. Often, only a first-order expansion of the diabatic Hamiltonian is already sufficient
to reproduce certain experimental results, at least qualitatively. In some cases, however,
second-order terms have been included, e.g., for the pyrazine molecule [464], the butatriene
cation [468], or the allene cation [467].

Another efficient, time-dependent method for wave packet propagation on multiple,
nonadiabatically coupled electronic states is the multiple spawning method developed
by Martínez and coworkers [480, 481] and its direct dynamics variant known as ab initio
multiple spawning (AIMS) method [482, 483].

In the so-called direct dynamics approaches [484], the PESs and their derivatives
are calculated on-the-fly where and when it is required, i.e., at the particular (few) nuclear
geometries that are needed for the dynamics to proceed at the given time, using quantum
chemistry methods. Clearly, this on-the-fly concept has the major advantage that the
calculation and/or possible fitting of global PESs is avoided.

The calculation of global PESs is not only a very time-consuming task, but it cannot
be done accurately for systems with many nuclear degrees of freedom (typically more than
six) as the number of possible configurations that would have to be sampled becomes too
big.

AIMS uses quantum mechanical wave packets that are described by a superposition
of Gaussian basis functions. The basis functions are associated with complex coefficients
whose time evolution is determined by the nuclear Schrödinger equation. The centers of
the basis functions move along classical trajectories. Quantum effects, especially the non-
adiabatic effects on coupled surfaces, are approximately taken into account by monitoring
the magnitude of the non-adiabatic coupling for each nuclear basis function and employing
an adaptive basis set expansion technique (“spawning”).

Assuming the calculation begins with population on a single surface, when a basis
function traverses a non-adiabatic region, the solution of the nuclear Schrödinger equation
is stopped and new basis functions are spawned (created) on the other surface. The basic
idea of the spawning method is to control the growth of the adapting basis set.

The basis functions that are used are of the same frozen Gaussian form that was
originally introduced by Heller [485] in the context of frozen Gaussian approximation
(FGA) dynamics.
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Likewise, the variational multi-configuration Gaussian (vMCG) wave packet
method [486, 487], which is a particular case of G-MCTDH [488, 489] (MCTDH with
Gaussian expansion functions), uses time-dependent Gaussian functions as the basis set.
In this method, however, they do not follow classical trajectories, but are variationally
coupled so as to provide an optimal solution of the Schrödinger equation. Similar to
the multiple spawning method, vMCG is a quantum dynamical method that is suitable
for direct on-the-fly dynamics due to the use of the localized (frozen-width) Gaussian
basis functions. Both the AIMS method [490] and the Direct Dynamics vMCG (DD-
vMCG) algorithm [486, 487] have been successfully applied to study non-adiabatic
photodynamics in a number of complex systems, see also [491] and references therein.

In semi-classical (or mixed quantum-classical) dynamics, a phase space en-
semble (swarm) of classical trajectories is used to simulate the evolution of the density
distribution of a localized wave function. The nuclear dynamics is described statistically by
calculating many trajectories, using classical equations of motion. Although such propaga-
tion methods are based on classical trajectories, quantum effects are incorporated. While
they are able to qualitatively describe the features of non-adiabatic molecular systems,
they suffer, however, from slow convergence and occasionally fail severely [484].

Already in 1975, Heller [492] introduced a semi-classical dynamics approach, where
the classical action on Gaussian wave packets was used to describe molecular dynamics.
Since then, various semi-classical methods have been developed that account for non-
adiabatic dynamics, such as the popular trajectory surface hopping method [332, 493–
495] or the Ehrenfest (or mean-field) method [457, 496], for an overview of both
see also [497, 498]. A widely used trajectory surface hopping algorithm is the “fewest
switches” algorithm pioneered by Tully [499].

Since trajectory-based propagation methods require only local information on the
PESs and their gradients, they are particularly suitable for direct dynamics schemes. For
tests on the ability of semi-classical methods to accurately reproduce quantum mechanical
predictions of non-adiabatic events see for example Refs. [438, 484, 500–503]. In contrast
to quantum mechanical dynamics calculations, semiclassical dynamics calculations are
typically performed in the adiabatic representation.
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5.5. Laser control of quantum dynamics at conical intersections

Not only monitoring, but also controlling molecular processes has always been one
of the main goals in physics, chemistry and biology, as it opens the possibility for their
guided manipulation. In particular, the advances in laser technology open up a steadily
widening range of opportunities for coherent quantum control of molecular dynamics.

Already in the late 1980s, quantum control strategies have been suggested, includ-
ing the coherent phase-control technique by P. Brumer and M. Shapiro [504, 505],
the pump-dump time delay control technique by D. J. Tannor, S. A. Rice and R.
Kosloff [506, 507], and the technique proposed by K. Bergmann and co-workers [508–510],
which has become known as stimulated Raman adiabatic passage (STIRAP).

Since these seminal works, impressive achievements in controlling molecular processes
have been reported, exploring all kinds of different laser field parameters, such as inten-
sity, frequency, pulse duration, etc. In particular, the method termed optimal control
theory (OCT) has extended the one-parameter control schemes by employing feedback
learning algorithms to generate complex laser pulses that are shaped in both the time
and frequency domain and which are designed to optimize a desired outcome of a given
molecular reaction [511–515]. This adaptive-control scheme has now been applied to a
variety of molecules to govern specified chemical processes [516–519].

Coupled electron-nuclear dynamics at CIs, and in particular their control with a laser
field, is a rich and active field of research. In the following, a brief overview of different
laser control schemes that have been developed to manipulate non-adiabatic dynamics at
avoided crossings and CIs is given.

Especially for the complex photodynamics in larger molecules, which are complicated
by the numerous non-adiabatic couplings between the various electronic states, OCT has
been demonstrated [520, 521] to be an effective tool to guide the temporal evolution
of a molecular system via a CI towards a desired target state (chemical product) by
means of the feedback-optimized, shaped laser pulses. This control strategy is particularly
convenient for the manipulation of large system dynamics, where the calculation of the
multiple coupled, multidimensional PESs becomes very challenging.

Extensive theoretical studies using OCT have been performed by R. de Vivie-Riedle
and co-workers, e.g., demonstrating control of the cis-trans photoisomerization via a CI in
the Na-H2 collision complex [522] and in 1,3-cyclohexadiene [349]. By means of a shaped
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control pulse it was possible to steer a localized wave packet towards the CI and thus
to initiate and control the non-adiabatic population transfer between different electronic
states.

A similar strategy has been proposed by V. Bonačić-Koutecký and co-workers [523],
employing specifically tailored pump and dump pulses, which allow one to drive the isomer-
ization process in the Na3F2 cluster to a particular isomer by suppressing the radiationless
transition through the CI.

W. Domcke and co-workers have examined various control strategies for systems in
which the wave packet dynamics are determined by the non-adiabatic effects at CIs [524–
526]. By performing optimal control simulations of the cis-trans photoisomerization of
retinal in rhodopsin and of the branching ratio of the photodissociation products of phenol,
they have examined the relationship between the control pulse and the shapes of the PESs
around the CI [524], as well as the importance of the geometric phase effect [296, 325, 367,
369, 419] on the outcome [525].

Especially the S2 → S1 internal conversion process in pyrazine, which is a benchmark
system for non-adiabatic dynamics at a CI (see e.g. [347, 464, 527, 528] and references
therein), has been subject to numerous diverse control studies [529–532]. Using pyrazine
as an example, M. Sukharev and T. Seidemann have proposed [533, 534] a general approach
for suppressing radiationless transitions, combining OCT with the concept of electronically
localized eigenstates of strongly vibronically coupled systems, to populate a stable super-
position state. They have shown that the formation of such a stationary state allows
the suppression of the radiationless decay for extended time periods on the nanosecond
time scale. P. S. Christopher et al. have discussed the possibility of extensive control
in pyrazine [466, 535] based on the concept of overlapping resonances [536–538] to
either maximize or minimize the population that undergoes the radiationless transition.

Another route for controlling wave packet dynamics at CIs or avoided crossings is
based on the observation that the dynamics is especially sensitive to changes in the to-
pography of the PESs (or PECs) close to the coupling region.

One efficient control approach, based on light-induced modifications of the PESs
via the non-resonant dynamic Stark effect (NRDSE), has already been described
above. Since molecular dynamics is particularly sensitive to changes of the topography
of the PESs close to the coupling region, modification of this region using non-resonant
light-molecule interaction modifies the wavepacket dynamics [247–258, 384–387]. Here,
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the coupled electron-nuclear wave packet dynamics take place on time-dependent Born-
Oppenheimer surfaces, which are described in the quasistatic approximation and thus are
determined by the instantaneous field.

The NRDSE scheme has also been employed to control the spin-orbit coupling in
the Rb2 molecule [388], the photodissociation of ICl− [391, 392], as well as to manipulate
the torsional motion of (4-methylcyclohexylidene) fluoromethane (using a one-dimensional
model) [393]. The control pulse shifts the potential crossing away from the Franck-Condon
region, so that the population gets trapped on time scales long enough to induce the desired
torsion. Similar to this control scenario, M. Sala et al. and M. Saab et al. have recently
shown [397] that the NRDSE can modify the topography of the PESs in pyrazine, using
a four-dimensional and a full 24-dimensional model, respectively. Here, the CI is shifted
away from the Franck-Condon region, where a new minimum is created, localized on the
S2 PES. As a consequence the wave packet is trapped on the S2 PES, where it stays for a
much longer period than the natural S2 lifetime. In 2012, G. W. Richings and G. A. Worth
have found that the NRDSE allows modest control in ammonia [394], here however, the
control was caused not by alteration of the position or nature of the CI, but by modification
of the predissociation dynamics.

As relatively long, many-cycle pulses have been used in the majority of the laser
control studies, the influence of the CEP of the pulse on the nuclear wave packet dynamics
at a CI has not been subject of particular interest until recent work presented in [539].
In [539], M. Kling et al. have studied the influence of a few-cycle MIR control pulse on the
population dynamics mediated by a CI. The control pulse acts on the molecule just before
the (field-free) internal conversion process at the CI takes place. Changing the CEP of
the control pulse changes the phase of the wave packet approaching the coupling region.
The interplay between this phase and that imprinted by the non-adiabatic coupling now
defines the path through the CI and thus the final branching ratio.

In the present work, we analyze how a nearly single-cycle IR pulse affects the nuclear
wave packet while it propagates through the CI region. Under the influence of the strong
field the PESs are re-shaped. As a consequence, following the oscillations of the field, the
intersection point moves in the nuclear coordinate space and “slices” through the passing
nuclear wave packet, thereby sculpting it in coordinate and momentum space and changing
both the immediate branching ratio at the CI and the further, longer term evolution.
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6. Sub-Laser-Cycle Control of Coupled
Electron-Nuclear Dynamics at a Conical
Intersection: A Case Study on a
Two-Dimensional NO2 Model

In this Chapter we present original work exploring new opportunities for controlling
multidimensional coupled electron-nuclear dynamics, offered by the advent of nearly single-
cycle, phase-stable, mid-infrared (MIR) laser pulses.

6.1. Concept of the control scheme

The key idea of the specific control scheme discussed here is to match the time scale
of the laser field oscillations of the control pulse to the characteristic time scale of the
wave packet passage through a CI. The instantaneous laser field changes the shapes of
the intersecting PESs as the wave packet moves through the CI region. As a consequence,
following the oscillations of the field, the intersection point moves in the nuclear coordinate
space and “slices” through the passing nuclear wave packet, thereby modifying it in the
coordinate and momentum space.

This leads to two consequences. First, the laser pulse changes the wave packet transfer
through the CI, and thus the branching ratio, in a way that is sensitive to the CEP of the
control pulse.

Second, further wave packet passages through the CI, long after the end of the laser
pulse, retain the memory of the control pulse. Both the shapes of the nuclear wave packets
on each PES and the relative phase between them control the field-free dynamics on the
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many tens of femtosecond time scale. Thus the electronic coherence imparted on the
sub-laser-cycle time scale manifests during much longer nuclear dynamics that follow.

To illustrate the idea of control via a laser-driven, “sculpting” intersection, we consider
an example of the NO2 molecule within a two-dimensional (2D) approximation. In this
molecule, the transit through the 12A1/12B2 CI is very fast, taking only about τCI ∼ 6
fs.

Already in 2010, Y. Arasaki and K. Takatsuka have reported on the effect of a control
pulse on the wave packet dynamics at the 12A1/12B2 CI in NO2 [540, 541]. They have
studied the modifications of the PESs induced by a half-cycle, long-wavelength infrared
laser pulse with a wavelength of λ = 12.4 µm, corresponding to a laser period of Tl ≈
41.4 fs. In this case, the intersection is shifted away in the nuclear coordinate space from
its field-free position for the entire time interval, τCI, in which the wave packet passes
through the (field-free) coupling region. Therefore the wave packet largely “misses” the
non-adiabatic coupling region while propagating on the excited adiabatic state, resulting
in a suppression of the radiationless decay in NO2.

In the present work, we use a control field with a much shorter wavelength of λ =
1600 nm. Importantly, the period of this field (Tl ≈ 5.3 fs) approximately matches the
CI transit time τCI. Using the laser pulse centered at λ = 1600 nm and with a FWHM
(full width at half maximum) duration of 6 fs (∼ τCI), we strongly modify the wave packet
dynamics over the subsequent few tens of femtoseconds by re-shaping the nuclear wave
packet during its CI passage. The wave packet dynamics is noticeably different when
the CEP of the control pulse is changed by π/4, corresponding to a control on the sub-
femtosecond time scale.

We note that similar CEP control scenarios, using few-cycle (up to single-cycle) MIR
pulses with cycle durations comparable to the time scale of the nuclear dynamics, have been
previously implemented for the diatomic molecules NaI [390], LiF [395, 396] and D2 [262].
In these one-dimensional problems (one nuclear degree of freedom) avoided crossings are
present instead of CIs. The laser-induced motion of the avoided crossing point is parallel
to the propagation direction of the nuclear wave packet. In contrast, in this work we
have the situation that the intersection point moves mainly perpendicular relative to the
nuclear wave packet motion, resulting in very different transition dynamics.

NO2 has three vibrational modes: the symmetric stretch, the asymmetric stretch and
the bending mode. For the current control study it is sufficient to describe the motion
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of the molecule in reduced dimensionality and freeze the symmetric stretch vibrational
motion. The other two vibrational modes are necessary to describe the non-adiabatic
dynamics in the vicinity of the CI. In the following Section, we give a brief outline of our
electronic structure calculations of the two lowest, CI-coupled states of the 2D model NO2

molecule used in this work.

To describe the dynamics of the 2D model NO2, an appropriate KEO has to be
determined. The construction of the specific, reduced-dimensionality KEO follows the
general recipe given in [542, 543], and is presented in detail in Appendix III.

To perform numerical simulations of the system’s coupled electron-nuclear dynam-
ics, a discrete variable representation (DVR) of the relevant Hamiltonian, including the
KEO, has been used. Appendix IV contains a detailed description of the DVR of the
Hamiltonian.

Finally, having all the ingredients in place, we have studied the field-free as well
as the laser-modified coupled electron-nuclear dynamics in the vicinity of the CI. The
results of our simulations are presented in Section 6.3, together with a discussion of the
laser-induced, CEP-dependent population and wave packet dynamics and an analysis of
the mechanism behind the proposed laser control scheme. The Chapter closes with our
Conclusions and Outlook.

6.2. Simulating the two-dimensional NO2 model

6.2.1. Electronic structure calculations

Nitrogen dioxide is a widely studied molecule for which ultrafast (on the femtosecond
time scale) electronic relaxation due to nonadiabatic transitions at a CI has been observed
both theoretically and experimentally [18, 20, 21, 544–557]. Already in the mid-1970s,
the CI between the states 12A1 and 12B2 has been reported [558–561], and since then
examined in great detail by several groups. Extensive static quantum chemical calculations
of the NO2 PESs, using a broad spectrum of theoretical approaches, covering single- and
multiconfigurational schemes and dynamically correlated and uncorrelated methods are
available in the literature [548–550, 554, 562–585]. These calculations serve as a basis for
the dynamical simulations and have ultimately guided the interpretation of the complex
spectroscopical features of NO2, for an overview see for example [557].
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NO2 is a triatomic (N = 3) molecule and thus has three internal degrees of freedom
(N int = 3N − 6), see Appendix II. As is indicated in Fig. 6.1, the bond angle enclosed

Figure 6.1: Schematic illustration of the internal coordinates
of the NO2 molecule. The molecule is placed in
the x-y plane, where the x-axis coincides with
the bisector of the bending angle θ.

by the two N-O bonds (∠(O-N-O)) is represented by the bending coordinate θ, while the
two N-O bond lengths are represented by r1 and r2. For nuclear configurations with equal
bond lengths, r1 = r2, the molecule has C2v point group symmetry, otherwise, for r1 ̸= r2,
it is Cs symmetric. In C2v symmetry, the ground electronic state has 2A1 symmetry and
the first excited electronic state has 2B2 symmetry. In Cs symmetry, the 2A1 and 2B2

states transform as the 2A′ irreducible representation, giving rise to a pair of 2A′ states.

The topological landscape of the ground state PES, disregarding dissociation or peroxy
isomerization regions, is characterized by a global minimum occurring in C2v symmetry
at an N-O equilibrium distance of Re = 1.154 Å − 1.23 Å and at an O-N-O bond angle
of θ = 132.7◦ − 137.5◦ (the experimental values are Re = 1.193 Å − 1.197 Å and θ =
133.2◦ −134.2◦ [586–591]). The 12A1 ground state is predicted to intersect with the upper
electronic state 12B2 0.96 eV − 1.48 eV above the global minimum at Re,CI = 1.242 Å −
1.311 Å and θCI = 106.6◦ − 114◦, leading to a 12A1/12B2 CI (the experimental values
are Re,CI = 1.246 Å, θCI = 103.1◦, and Te,CI = 1.21 eV [592]), corresponding to the
energetic minimum of the CI seam. The CI is located in the vicinity of the minimum of
the 12B2 PES (Re = 1.212 Å − 1.373 Å and θ = 101.0◦ − 102.8◦; expt.: Re = 1.244 Å
and θ = 102.6◦ [593]). A substantial energy barrier separates the 12B2 minimum from a
crossing with the 12A1 state, almost at the linear geometry [549]. Also at linearity, and
high above the 12B2 minimum, the 12B1 state is calculated to be degenerate with the
electronic ground state 12A1 [549, 594, 595]. The number of interstate crossings increases
with the excitation energy, increasing the complexity of the high-lying excited PESs.

This work focuses on studying the effect of a control laser pulse on the wave packet
dynamics at a CI, rather than on a global description of the dynamics of NO2. We therefore
use a reduced-dimensionality model for the NO2 PESs, comprising the two coordinates
essential for the description of the internal conversion funnel [304]. These coordinates,
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which define the branching space of the CI, are the gradient difference and derivative
coupling vectors (cf. Section 5.4.2). In case of NO2, they correspond to the bending
and the asymmetric stretch modes, θ and ra, respectively. The third internal degree of
freedom, the symmetric stretch coordinate, is constrained to its value at the MR-CISD
(multireference configuration interaction with all single and double excitations) geometry
of the conical intersection (details below).

Figure 6.2 illustrates the three different vibrational modes. In the present study, the

Figure 6.2.: Schematic illustration of the three vibrational modes of the NO2 molecule:
symmetric stretch rs, bending θ, and asymmetric stretch ra.

symmetric stretch coordinate is defined as half of the sum of the two N-O bond lengths,
rs = 1

2(r1 + r2), while the asymmetric stretch coordinate is given by half of the difference
of the two N-O distances, ra = 1

2(r1 − r2).

Another reason for choosing the reduced-dimensionality model is the numerical cost of
the 3D calculations, given that a large number of simulations for different laser parameters
is required to fully analyze the physics underlying the discussed control scenario.

A multiconfigurational ansatz was used for the description of the degeneracy regions
and excited state PESs. The initial reference wave functions were computed using the
CASSCF method and the 6-311G* basis set. The calculations were carried out in Cs sym-
metry and state-averaged over the lowest two roots. The CASSCF active space consisted
of 11 electrons in 9 orbitals, correlating to the atomic 2p orbitals.

The electronic energies are optimized using the MR-CISD approach, with CASSCF
as the reference, employing the Columbus Quantum Chemistry package [596–601]. Core
(1s) orbitals are not correlated.

Table 6.1 summarizes the calculated stationary points and interstate crossing of the
2D PESs. The MR-CISD minima and conical intersection geometries are very close to
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the experimental structures obtained in [586–593] and also in close coincide with previous
MR-CID results [548, 549, 568, 577].

RNO θ 12A1 Energy 12B2 Energy
(Å) (degrees) (eV)/(Hartree) (eV)/(Hartree)

12A1 Minimum 1.203 133.7 0.00/0.000 3.25/0.119
12B2 Minimum 1.265 101.8 1.86/0.068 1.20/0.044
12A1/12B2 CI 1.259 107.3 1.25/0.046 1.25/0.046

Table 6.1.: Minimum and CI optimized geometries and energies of the 12A1 and 12B2
states at these points of the PESs relative to the 12A1 ground state minimum.
Reprinted from [602].

The adiabatic potential energies and dipole moments were calculated on a product
grid along the bending angle θ (80◦ to 180◦, step size ∆θ = 1◦) and the asymmetric stretch
coordinate ra (−0.6 a.u. to +0.6 a.u., step size ∆ra = 0.02 a.u.). The symmetric stretch
coordinate is fixed at r̃s = 1.259 Å, i.e., at its value at the CI geometry. Figure 6.3 shows
one-dimensional cuts of the calculated potentials.

The quantum dynamical wave packet calculations are performed using the quasi-
diabatic representation. As discussed in Section 5.4.1, the use of diabatic PESs avoids the
treatment of the divergent kinetic energy couplings at the CI geometry, as the coupling is no
longer described by the kinetic energy matrix elements, but rather as a potential coupling
- a smooth function of the two nuclear coordinates θ and ra. The quasi-diabatic elec-
tronic states are constructed by means of the quasidiabatization procedure implemented
in MOLPRO 2009 [603, 604]. It relies on the minimization of the derivative couplings
by maximizing the overlap between pairs of orbitals at two geometries, the current and a
reference, using a unitary transformation matrix.

The solid lines in Fig. 6.3(A) depict the diabatization result for the system constrained
to C2v symmetry (ra = 0 a.u.). As expected, the adiabatic and diabatic curves are
superimposed, since the potential coupling vanishes in C2v symmetry. For bending angles
larger than that corresponding to the CI geometry (θ > 107.3◦), the ground adiabatic state,
12A′, coincides with the 12A1 state, while the excited adiabatic state, 22A′, coincides with
the 12B2 state. For θ < 107.3◦ the situation is reversed.

In comparison, Fig. 6.3(B) depicts the adiabatic and diabatic curves for ra ̸= 0 a.u..
The adiabatic and diabatic curves are no longer entirely superimposed. In the vicinity of
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Figure 6.3.: One-dimensional cuts of the adiabatic potential energy curves (PECs), corre-
sponding to the states 12A′ (asterisks) and 22A′ (squares), and of the diabatic
PECs, corresponding to the states 12A1 (black solid line) and 12B2 (blue solid
line) for C2v symmetry. (A) and (B): Cuts along the bending angle θ at
ra = 0 a.u. (C2v symmetry) (A), and at ra = 0.4 a.u. (B). (C) and (D): Cuts
along the asymmetric stretch coordinate ra (the curves are symmetric with
respect to ra = 0) passing through the minimum of the 12A′ state (C) and
the CI geometry (D). Reprinted from [602].
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the CI point, where the adiabatic states avoid each other, the diabatic curves cross.

Panels 6.3(C),(D) represent PECs along the asymmetric stretch coordinate. The
curves pass through the minimum of the 12A1 state (C) and the CI geometry (D). In
Fig. 6.3(C), the states are well separated and the adiabatic and diabatic curves coincide.
In Fig. 6.3(D), the two curves are slightly different even away from the C2v symmetry.

Finally, Fig. 6.4 shows the 2D diabatic PESs and the potential coupling surface.
The solid black line in the panels 6.4(A-C) indicates nuclear geometries at which the two
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Figure 6.4.: Two-dimensional diabatic potentials: (A) ground diabatic potential energy
surface V d

1 , (B) excited diabatic potential energy surface V d
2 , (C) potential

coupling surface V d
12. The solid black line indicates the nuclear geometries at

which the two diabatic PESs cross. The red cross indicates the CI geometry.
Reprinted from [602].

diabatic surfaces intersect. The CI (marked by the red cross) is located at the point of
the intersection between the two diabatic PESs, where the potential coupling vanishes
(ra = 0 a.u. and θ ∼ 107◦).
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6.2.2. Wave packet dynamics calculations

The total wave function describing the system, Ψ(r,R), is expanded in the basis of
the two coupled diabatic electronic states, φd

e,1(r;R) and φd
e,2(r;R),

Ψ(r,R, t) = χd
n,1(R, t)φd

e,1(r;R) + χd
n,2(R, t)φd

e,2(r;R) . (6.2.1)

Here χd
n,i (i = 1, 2) is the vibrational wave function associated with state i, r stands for all

electronic coordinates, and R designates nuclear coordinates, i.e., the asymmetric stretch
coordinate ra and the bending angle θ.

We solve the following system of coupled equations:

iℏ
∂

∂t

⎛⎜⎝ χd
n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠ =
[
T d + V d + V d

L (t)
]⎛⎜⎝ χd

n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠

=

⎡⎢⎣
⎛⎜⎝ T d(R, ∂

∂R) 0

0 T d(R, ∂
∂R)

⎞⎟⎠+

⎛⎜⎝ V d
1 (R) V d

12(R)

V d
12(R) V d

2 (R)

⎞⎟⎠

−

⎛⎜⎝ dd
1(R) dd

12(R)

dd
12(R) dd

2(R)

⎞⎟⎠ · E(t)

⎤⎥⎦
⎛⎜⎝ χd

n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠ , (6.2.2)

where T d denotes the KEO (see below). V d
1 (V d

2 ) and dd
1 (dd

2) are the diabatic PES and
the diabatic permanent dipole moment of state 1 (2), respectively. V d

12 and dd
12 describe

the potential coupling and the diabatic transition dipole moment between the two diabatic
electronic states φ1 and φ2, respectively. E(t) = E0f(t) cos(ωt+ϕCEP)ey defines the laser
pulse, where E0 is the peak electric field strength, f(t) is the Gaussian pulse envelope, ω
the field frequency, and ϕCEP controls the carrier-envelope phase of the pulse.

The molecule is placed in the x-y plane, where the x-axis coincides with the bisector
of the bending angle θ, see Fig. 6.1. At this orientation, for symmetry reasons, only the y
component of the transition dipole moment is non-zero for C2v configurations (ra = 0 a.u.),
which is why we have chosen the field to be linearly polarized in this direction. However, to
quantify the effect of molecular orientation on the efficiency of the proposed control scheme,
we have repeated the simulations for a series of different laser polarization directions within
the x-y plane. The complementary calculations show that already a moderate molecular
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alignment distribution of cos2α ≈ 0.5 is sufficient to observe the effect of the control pulse
(see below).

The reduced 2D vibrational KEO, expressed in terms of the asymmetric stretch co-
ordinate ra and the bending angle θ, reads (cf. Eq. (III.41) in Appendix III):

T d = − ℏ2

4µ
∂2

∂ra2 + ℏ2

4mN
cos θ ∂2

∂ra2

− ℏ2

2
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Here µ = mNmO/(mN +mO) with mN and mO denoting the mass of the nitrogen and oxy-
gen atoms, respectively. A detailed description of the construction of this specific, reduced-
dimensionality KEO is presented in Appendix III. A general recipe for the construction of
a molecular kinetic energy operator in curvilinear coordinates, including molecular systems
subject to constraints, is extensively described in [542, 543, 605].

We employ the direct product DVR method for solving the time-dependent Schrödinger
equation (6.2.2). For the asymmetric stretch coordinate ra we use the Colbert-Miller sine
DVR [446], while for the bending angle θ, we utilize a Gauss-Legendre DVR. A detailed
description of how the 2D vibrational KEO (6.2.3) is expressed in DVR form is given in
Appendix IV. We use Nra = 41 points for the ra–grid, which ranges from −0.57 a.u. to
+0.57 a.u., and Nθ = 90 points for the θ–grid, ranging from 61◦ to 179◦.

The time-dependent coupled equations (6.2.2) are then propagated using the split-
operator method [606], where we have split the evolution operator into a term including
the kinetic energy operator (T d), and another term including both the potential energy
operator and the laser-molecule interaction operator (V d + V d

L ). We use a time step of
∆t =0.024 fs for the propagation.

At each time step, we also calculate the adiabatic ground and excited nuclear wave
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functions, χad
n,g and χad

n,e, from the diabatic nuclear wave functions:

⎛⎜⎝ χad
n,g(R, t)

χad
n,e(R, t)

⎞⎟⎠ = M

⎛⎜⎝ χd
n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠ , (6.2.4)

where matrix M diagonalizes the diabatic potential energy matrix:

M

⎛⎜⎝ V d
1 (R) V d

12(R)

V d
12(R) V d

2 (R)

⎞⎟⎠M−1 =

⎛⎜⎝ V ad
g (R) 0

0 V ad
e (R)

⎞⎟⎠ . (6.2.5)

6.3. Results: Population dynamics and wave packet dynamics

Population dynamics. We initialize the coupled electron-nuclear wave packet dynamics
at t = 0 fs by placing the lowest vibrational state of the electronic ground state on the upper
adiabatic surface, equivalent to an instantaneous, complete Franck-Condon excitation of
the molecular system, see Fig. 6.5(a).

Figure 6.5(b) shows the ensuing time evolution of the population of the two adia-
batic states, Pi(t) = |χad

n,i(t)|2 with i = {g, e}. The nuclear wave packet immediately
starts to propagate towards smaller bending angles on the upper adiabatic surface. After
approximately 6 fs it starts to encounter the CI region for the first time.

While passing the coupling region, we can observe a strong non-adiabatic transition
into the ground adiabatic state, leading to an increase of the electronic ground state
population in the time interval from 6 fs to 12 fs, see Fig. 6.5(b).

The part of the nuclear wave packet that did not hop on the lower adiabatic surface
during the CI passage, but remained on the upper one, reaches its turning point first,
where it reflects, and then propagates back towards the coupling region. The ensuing
non-adiabatic transition during this second CI passage leads to the second increase of the
population of the ground adiabatic state between 15.5 fs and 21.5 fs.

The nuclear wave packet evolving on the lower adiabatic surface, re-encounters the
CI region later at t ∼ 25 fs. During this CI passage, a substantial part of the nuclear wave
packet is transferred back into the excited adiabatic state, leading to the significant drop
of the ground state population.
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Figure 6.5.: (a)-(c) Field-free population dynamics. (a) Sketch of initialization of field-
free dynamics. Cuts of the potential energy surfaces along the bending angle
θ at ra = 0 a.u. of the ground (blue solid line) and excited adiabatic state
(red solid line), and of the diabatic state 1 (cyan dots) and 2 (magenta dots).
At t = 0 fs, the lowest vibrational state (solid line) of the electronic ground
state is placed on the upper adiabatic surface as indicated by the arrow. (b)
Population evolution of the ground (blue) and excited adiabatic state (red).
(c) Population evolution of diabatic state 1 (cyan) and 2 (magenta). The
vertical orange lines in (b,c) highlight the start and end time of the first CI
passage. (d) Comparison between our 2D results and the 3D results presented
in Fig. 2 of [556] (Reprinted with permission from [556]. Copyright [2010], AIP
Publishing LLC.) for the diabatic population evolution upon excitation with a
Gaussian pump pulse centered at t = 0 fs and a FWHM of 8 fs. As different ab
initio potential energy surfaces are used in both works, we have adjusted the
pump pulse wavelength to λ=513 nm, compared to λ=400 nm used in [556],
to transfer the same amplitude to the excited state. The subsequent field-free
population evolution exhibits nearly the same characteristic time scale in both
cases. Reprinted from [602].
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Figure 6.5(b) shows that the strong non-adiabatic transitions, which are accompanied
by substantial population transfers between the two coupled states, occur with a period
of approximately 18 fs.

The strong non-adiabatic transitions observed here, reflect the diabatic-like behavior
of the field-free dynamics of NO2. Figure 6.5(c) shows the time evolution of the population
of the two diabatic electronic states, Pj(t) = |χd

n,j(t)|2 with j = {1, 2}. The smooth
time-dependence of the diabatic population illustrates the diabatic-like dynamics: Upon
excitation, the nuclear wave packet mainly oscillates on the excited diabatic surface, V d

2 ,
with moderate population transfer between the two diabatic states, due to their moderate
coupling (cf. Fig. 6.4(c)).

As we use a reduced-dimensionality (2D) model of NO2, it is worthwhile to compare
the dynamics described here with that obtained for a full three dimensional treatment of
the problem. For that we have performed calculations similar to those presented by A.
Arasaki et al. in Fig. 2 in [556], obtaining the population evolution of the two diabatic
states upon the interaction with a pump pulse. The results are shown in Fig. 6.5(d). Since
we employ different ab initio potential energy surfaces for the two electronic states, we have
adjusted the pump pulse parameters (frequency and intensity) so that the same amplitude
is transferred to the excited state by the pump. We find that the qualitative behavior of
the subsequent field-free population evolution, including the first two passages through
the CI, is in very good agreement. In particular, the population dynamics obtained by us,
on the one hand, and A. Arasaki et al. [556], on the other hand, exhibit nearly the same
characteristic time scales.

As already mentioned above, the characteristic time, τCI, that it takes the nuclear
wave packet to pass through the coupling region, is only τCI ≈ 6 fs. This is indicated by
the vertical orange lines in the panels 6.5(b,c), highlighting the start and the end time
of the first CI passage. The time scale of the oscillations of a field with a wavelength of
1600 nm, corresponding to a period of Tl ≈ 5.3 fs, is thus comparable to this transit time
τCI.

Hence, we use a 1600 nm control pulse with a FWHM of 6 fs and a peak intensity of
5.6 · 1013 W/cm2, see Fig. 6.6(a). Importantly, we apply the ultrashort laser pulse in the
same time interval, in which the nuclear wave packet passes through the CI region for the
first time (t ∼ 6 fs - 12 fs), as indicated by the vertical orange lines in Fig. 6.6(a).
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Figure 6.6.: Field-modified population dynamics. (a) Control pulse with wavelength
λ =1600 nm, peak intensity I0 = 5.6 · 1013 W/cm2, FWHM 6 fs. (b) Popula-
tion evolution of ground (blue) and excited adiabatic state (red) without pulse
(dashed lines) and with the pulse shown in panel (a) (solid lines). The popu-
lation dynamics are significantly modified by the laser pulse. (c) Same control
pulses as in (a), but with different carrier-envelope phases ϕCEP: ϕCEP = 0
(red), ϕCEP = π/4 (black), ϕCEP = π/2 (green). (d) Population evolution
of excited adiabatic state without pulse (red dashed line) and with the pulse
shown in panel (c) with ϕCEP = 0 (red solid line), ϕCEP = π/4 (black solid
line), ϕCEP = π/2 (green solid line), respectively. The population dynamics
are CEP dependent. The vertical orange lines in (a,b,d) highlight the start
and end time of the first (field-free) CI passage. Reprinted from [602].
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Panel 6.6(b) shows the laser-modified time evolution of the adiabatic population of
the two states. We notice two things: (i) the first population transfer at the CI is strongly
modified by the laser pulse, and (ii) the second and subsequent population transfers at
the CI are largely suppressed, even though the pulse is off at t ∼ 18 fs.

The results shown in Fig. 6.6(b) correspond to calculations using a pulse with a CEP
of ϕCEP = 0. In panel 6.6(d), we present the evolution of the laser-modified population of
the excited adiabatic state obtained with the same pulse, but different CEP: ϕCEP = π/4
(black curve), and ϕCEP = π/2 (green curve), see panel 6.6(c). Our results show that the
dynamics at the CI are sensitive to the CEP of the pulse, revealing the potential of its
sub-cycle, and thus sub-femtosecond control.

Before analyzing the mechanism behind the control, let us consider the effect of molec-
ular orientation on the described control effect.

We have repeated the simulations for a series of different laser polarization directions
within the x − y plane, in each case for the two CEPs ϕCEP = 0 and ϕCEP = π/2
of the control pulse. In all calculations, we have used the same laser parameters (peak
electric field strength, frequency, pulse envelope) as before, except for the laser polarization
direction. The results are summarized in Fig. 6.7.

Figure 6.7.: Field-modified population dynamics for different molecular orientations. Pop-
ulation evolution of the excited adiabatic state with the control pulse shown
in Fig. 6.6 with ϕCEP = 0 (red, magenta dashed) and ϕCEP = π/2 (green,
blue dashed). The red and green (dashed magenta and dashed blue) curves
correspond to an angle between the polarization direction of the laser field and
the x axis of the molecule-fixed frame (see Fig. 6.1) of (a) ϕl = 90◦ (ϕl = 70◦)
and (b) ϕl = 90◦ (ϕl = 45◦).
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ϕl indicates the angle between the polarization direction of the laser field and the x axis
of the molecule-fixed frame (see Fig. 6.1). In Fig. 6.6, we have shown the results obtained
for ϕl = 90◦, i.e. for a field that is linearly polarized along the y axis. Figure 6.7(a) shows
that for ϕl = 70◦, i.e. if the molecule is rotated by 20◦, the results are virtually the same
as for ϕl = 90◦. Even for ϕl = 45◦ the effect of the control pulse is very significant, see
Fig. 6.7(b).

The results in Fig. 6.7 thus demonstrate that a molecular alignment of cos2(45◦)=0.5
is already sufficient to observe the effect of the control pulse, that is, a CEP-dependent
laser-modified population evolution. Such alignment is naturally obtained already by the
one-photon pump.

The reason for the moderate alignment requirements lies in the symmetry properties
of the laser-molecule coupling. For symmetry reasons, both the x and z component of the
transition dipole are zero for C2v configurations (ra = 0 a.u.) of the molecule, and small in
the vicinity of ra = 0 a.u.. Only the y component of the transition dipole is non-zero for C2v

configurations. The proposed control scheme suggests to irradiate the molecule while the
vibrational wave packet passes through the CI, which occurs for C2v configuration. Hence,
only the y component of the control field contributes to the laser coupling. Molecules
with different orientations with respect to the laser polarization direction will be affected
similarly by the control pulse, but the strength of the effect depends on the projection
of the electric field vector on the y axis of the respective molecule-fixed frame. However,
the excitation pulse will produce a fairly aligned distribution, increasing the impact of the
control pulse.

Another important aspect for the experimental feasibility of the proposed control
method concerns the initial excitation of the system.

It should be noted that for the specific control scheme discussed here, it is preferable
to excite the system by a short, sudden kick, generating a coherent, well-localized initial
wave packet on the upper state. This way the CEP-dependent coherence imparted by the
subsequent control pulse manifests during much longer dynamics that follow. Thus, an
ultrashort excitation pulse is desirable.

For the sake of clarity, we initialize the wave packet dynamics by means of a ficti-
tious delta excitation. However, thanks to the continuous effort dedicated to the genera-
tion of ever-shorter light pulses, nowadays, single-cycle and even sub-cycle pulses can be
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generated for a wide range of central carrier frequencies using different state-of-the-art
techniques [607–610], such as waveform synthesizers.

We have repeated our calculations for a single-cycle pump pulse, resonant with the
12A1 to 12B2 transition at the 12A1 equilibrium geometry and a peak intensity of 2.6 ·
1013 W/cm2 (for such a short pump, excitation is still a nearly linear function of intensity),
with virtually identical results, see Fig. 6.8. In case of substantially longer excitation

Figure 6.8.: Comparison of field-modified population dynamics upon delta excitation and
ultrashort pump pulse excitation. (a) Same control pulse as in Fig. 6.6(c)
with a CEP of ϕCEP = 0 (red), ϕCEP = π/2 (green). The cyan line shows
the resonant excitation pulse with a peak intensity of I0 = 2.6 · 1013 W/cm2,
and a full width at half maximum (FWHM) of 2 fs. (b) Comparison of the
population evolution of the excited adiabatic state upon delta excitation (red
and green) and pump pulse excitation (magenta and blue). The red and
magenta curve correspond to calculations including the control pulse with
ϕCEP = 0, the green and blue curve to the control pulse with ϕCEP = π/2. For
proper comparison with the delta-kick excitation limit, the results obtained
with the finite pump pulse have been rescaled to an excitation probability of
100%, which was assumed in the case of instantaneous excitation.

pulses, additional effects induced by the overlap of the pump and control pulse need to be
considered.

The significant modification of the population dynamics by the control pulse indicates
strong laser-induced changes of the PESs and their couplings. To gain a better insight into
the process responsible for this CEP-dependent molecular response, it is useful to study
the laser-induced modifications of the nuclear wave packet, as can be seen below.
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Wave packet dynamics. Figure 6.9 shows the evolution of the nuclear probability density,
in the absence of the control field, integrated over the bending angle θ, i.e., as a function
of the asymmetric stretch coordinate ra and time t. Panel (a) corresponds to the upper

Figure 6.9.: Field-free nuclear probability density evolution on the upper (a) and lower
adiabatic surface (b) integrated over the bending angle θ as a function of
the asymmetric stretch coordinate ra. The vertical orange lines highlight the
start and end time of the first CI passage. The horizontal red line indicates
ra = 0 a.u.. Reprinted from [602].

adiabatic surface, and panel (b) to the lower adiabatic surface.

Let us start with panel (a): At t=0 fs, the initial probability density is that of the
lowest vibrational state of the electronic ground state, in accordance with the chosen
initial conditions. Panel (a) shows that, while propagating along the reaction coordinate
θ towards the CI, the wave packet spreads just a little along the asymmetric stretch
coordinate ra.

At t ∼ 6 fs, the nuclear wave packet has reached the CI region and the first non-
adiabatic transition takes place, apparent by the emergence of the substantial nuclear
probability density on the lower adiabatic surface, see panel (b). Note that the part of
the nuclear wave packet that remains on the upper surface develops a node at ra = 0 a.u.
after passing the CI13; a signature of destructive self-interference of the wave packet due
to the geometric phase effect [296, 325, 367, 369, 419] (see Section 5.4.2).

At t ∼15 fs, the part of the wave packet still evolving on the upper surface after the
13Note that the plotted probability density is integrated with respect to the bending angle θ, so that the

instant of time at which the node becomes apparent in the figure is not identical to the instant of time
when the leading edge of the wave packet encounters the CI, but rather when the entire part of the
wave packet remaining on the upper surface has passed the coupling region.
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first CI passage, reaches its turning point. There it gets compressed, explaining the increase
of the probability density. Shortly after that, the nuclear wave packet re-encounters the
CI, resulting in the further increase of the ground state population around t ∼18.5 fs, cf.
Fig. 6.5(b). After this second CI passage, the population of the excited state is only ∼ 5%,
and, consequently, panel (a) shows virtually no nuclear probability density from t ∼20 fs
to t ∼25 fs.

Let us turn to panel (b): At t ∼17 fs, the part of the nuclear wave packet, which prop-
agates on the lower surface, reaches its turning point, clearly evident from the substantial
increase of the nuclear probability density around ra = 0 a.u.. Then, 8 fs later (t ∼25 fs),
the wave packet reaches the CI, where we can observe another strong non-adiabatic tran-
sition, this time into the excited adiabatic state. Again, we can see the formation of a
node due to the geometric phase effect in that part of the wave packet, which remains on
the same surface when passing the CI region, here, on the lower adiabatic surface.

How do these wave packet dynamics change in the presence of the control pulse?
Figure 6.10 shows the evolution of the nuclear probability density corresponding to the
excited adiabatic state with and without the control pulse included in the calculations,
and for the different CEP values of the pulse shown in Fig. 6.6(c).

Let us first focus on the time interval from t =0 fs to t =20 fs, when the pulse is
acting on the molecule. We note that the CI dynamics have dramatically changed under
the influence of the pulse and that the nodal structure, which is apparent in the field-free
case (panel (a)), does not emerge (independently of the CEP). As the formation of the
node is a consequence of the geometric phase effect at the CI [296, 325, 367, 369, 419],
the absence of the nodal structure can be understood in terms of a considerable change
of the CI region caused by the control pulse: The strong laser field changes the shapes of
the PESs, in particular in the coupling region, in a way similar to the observations that
have been made in prior studies.

In order to visualize the reshaping of the PESs, we have calculated the laser-induced
quasistatic PESs by diagonalizing the time-dependent matrix Qd(t) = V d + V d

L (t), com-
posed of the diabatic potential energy matrix V d and the time-dependent laser coupling
matrix V d

L (see Section 6.2.2). The laser-induced quasistatic PESs, V QS
i (t) with i = {g,e},

are the eigenvalues of Qd calculated for each instant of time. We find that using such
instantaneous basis and the instantaneous transformation of the PES landscape allows for
an intuitive and clear interpretation of our results.
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Figure 6.10.: Nuclear probability density evolution on the excited adiabatic state without
pulse (a), and with pulse (cf. Fig. 6.6(c)) with CEP ϕCEP = 0 (b), ϕCEP =
π/4 (c), and ϕCEP = π/2 (d), respectively, integrated over the bending angle
θ as a function of the asymmetric stretch coordinate ra. The vertical orange
lines highlight the start and end time of the first CI passage. The horizontal
red line highlights ra = 0 a.u.. Reprinted from [602].
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Let us first consider the case, in which the CEP of the control pulse is ϕCEP = 0.
Figure 6.11 shows cuts of the laser-induced, quasistatic PESs, V QS

i with i = {g, e}, along
the coupling coordinate ra for different values of the bending angle θ and for different
instants of time during the pulse (cf. Fig. 6.6(c)): (i) just before the turn-on of the pulse
at t = 0 fs (panel (a)), (ii) when the field strength reaches its first positive maximum
at t ∼ 7 fs (panel (b)), and (iii) when the field strength reaches its negative maximum
(equivalent to its peak value) at t ∼ 9.4 fs (panel (c)). It is important to note that the
cuts were taken at those values of the bending angle θ, at which the laser-modified PESs
touch.

Panel (a) corresponds to the case when the laser pulse is off. Therefore the position
of the intersection is identical to that of the CI in the field-free case, i.e., at ra = 0 a.u.
and θ ∼ 107◦. At t ∼ 7 fs, when the electric field strength is E ∼ +0.025 a.u., the position
of the intersection has changed to ra ∼ +0.27 a.u. and θ ∼ 110◦. At t ∼ 9.4 fs, the
electric field strength is E ∼ −0.04 a.u. and the position of the intersection has moved to
ra ∼ −0.39 a.u. and θ ∼ 112◦.

The red dots in panel 6.11(d) indicate the entire trajectory that the intersection
position follows while the laser pulse is acting on the system, as a function of the nuclear
coordinates ra and θ. Following the field’s oscillations, the position of the intersection
“swings” between positive and negative values of the asymmetric stretch coordinate ra,
depending on the sign of the electric field. The larger the absolute value of the field
strength, the greater the displacement of the intersection with respect to ra = 0. The
same applies to the shift of the intersection geometry with respect to the bending angle θ,
however, the shift occurs only towards larger angles compared to the field-free CI geometry,
θCI ∼ 107◦.

The position of the moving intersection is determined by the elements of both the
diabatic potential energy matrix V d and the laser coupling matrix V d

L (t), and, in partic-
ular, their symmetry properties with respect to the nuclear coordinates. All these matrix
elements are either symmetric or antisymmetric with respect to the coupling mode ra. In
this study, we found that the transition dipole moment (in y direction) makes the most
significant contribution to the change of the topological landscape of the coupling region.

Based on the behavior of the intersection trajectory corresponding to the pulse with
ϕCEP = 0 (panel (d)) and the circumstance that the transition dipole moment is sym-
metric with respect to ra = 0 a.u., we can easily predict the behavior of the trajectories
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Figure 6.11.: Laser-modified coupling region. (a-c) Cuts of laser-induced, quasistatic po-
tential energy surfaces (PESs) along the coupling coordinate ra for different
bending angles θ and instants of time during the pulse (cf. Fig. 6.6(c)): (a)
θ ∼ 107◦ and t = 0 fs, (b) θ ∼ 110◦ and t ∼ 7 fs, and (c) θ ∼ 112◦ and
t ∼ 9.4 fs. The cuts are taken at those angles θ, at which the laser-modified
PESs touch. (d) The red dots on the PES of the (field-free) excited adiabatic
state indicate the trajectory of the intersection position during the control
pulse as a function of the nuclear coordinates ra and θ. Reprinted from [602].
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caused by the pulses with different CEP. For a CEP of ϕCEP = π, the sign of the electric
field is inverted. In this case, the trajectory will be mirror-symmetric with respect to
ra = 0 a.u. to the ϕCEP = 0 trajectory. For a CEP of ϕCEP = π/2, where the absolute
value of the maximum and minimum of the field strength is equal (see Fig. 6.6(c)), the
entire trajectory is symmetric with respect to ra = 0 a.u.. We stress that this analysis is
based on the negligible contribution of the permanent dipole moments of the two states,
which are antisymmetric with respect to the coupling mode ra.

Let us now return to the interpretation of the nuclear probability densities shown in
Fig. 6.10. The initial nuclear wave packet has even symmetry with respect to ra = 0 a.u.,
which is retained until it reaches the CI region for the first time.

In the field-free case, the CI is located at ra = 0 a.u., which means that the part
of the nuclear wave packet that passes the CI region on “one side” of the CI (ra > 0) is
equal to that propagating on “the other side” of the CI (ra < 0). In accordance with the
geometric phase effect, the two parts that propagate along the different paths acquire a
phase shift of +π/2 and −π/2, respectively. Hence, behind the CI, at ra = 0 a.u. they
interfere destructively and the wave packet acquires a node.

However, in the presence of the laser pulse, the CI region is subject to significant
laser-induced reshaping while the nuclear wave packet is passing it. As a result, the
wave packet does not experience the static CI at ra = 0 a.u. while (mainly) propagating
along ra = 0 a.u. towards smaller bending angles θ. But, instead, the intersection,
which is moving primarily perpendicular to the wave packet (between ra ∼ −0.3 a.u. and
ra ∼ +0.4 a.u. around θ ∼ 110◦, see Fig. 6.11(d)), “cuts sideways” into it, sculpting it in
the coordinate and momentum space. To illustrate this dynamic process, we have included
a movie in the supplementary material of Ref. [602], presenting the nuclear wave packet
dynamics on the upper surface, as well as the trajectory of the moving intersection.

Since the intersection trajectory varies with the CEP, the wave packet passage through
the CI region is sensitive to the CEP of the control pulse, explaining the differences
apparent in the panels 6.10(b–d) for the time interval from t ∼ 6 fs to t ∼ 12 fs. The
different evolution of the nuclear probability densities illustrates clearly how the “moving
intersection” sculpts the nuclear wave packet differently, depending on the pulse’s CEP.

Let us turn our attention to the ensuing nuclear probability density evolution from
t = 20 fs to t =65 fs, long after the end of the laser pulse. We can see that the subsequent
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evolution of the nuclear wave packet, including further (field-free) passages through the CI,
retains the memory of the control pulse and its CEP. Both the shapes of the nuclear wave
packets at each PES and the relative phase between them, determined by the interaction
with the ultrashort pulse during the first CI passage, control the field-free dynamics on
the many tens of femtosecond time scale.

Figure 6.10 illustrates how the laser-controlled re-shaping of the nuclear wave packet
during the first CI passage breaks the symmetry of the wave packet with respect to the
coupling mode ra. The “rocking” time-dependent laser-dressed quasistatic PESs, see
panels 6.11(a–c), drive the nuclear wave packet, which in the field-free case propagates
symmetrically to ra = 0 a.u., on an oscillatory trajectory around ra = 0 a.u.. In other
words, the modification of the coupling region is accompanied by momentum “kicks” from
the control pulse perpendicular to the main propagation direction of the wave packet.
As a result, no nodal structure emerges in the nuclear probability densities shown in
panels 6.10(b,c,d) for t > 25 fs. In fact, for t > 18 fs the field-free static CI is present,
however, following its oscillatory trajectory, the nuclear wave packet no longer approaches
the CI region “symmetrically”.

In the limiting case of laser fields with periods much longer compared to the CI
passage time of the nuclear wave packet, investigated by A. Arasaki et al. in [540, 541],
the intersection can be “moved away” from its field-free position for the entire (ultrashort)
passage time. In this situation the wave packet can “miss” the coupling region almost
fully, depending on the strength of the field.

6.4. Conclusions and outlook

Using the example of the NO2 molecule (in restricted dimensionality), we have ana-
lyzed the possibility of sub-laser-cycle control of nuclear motion through the CI.

We have found that adjusting the cycle of the control laser pulse to the characteristic
transit time through the CI leads to a dramatic modification of the wave packet dynamics,
sensitive to the CEP of the control pulse. First, the motion of the CI induced by the
control pulse sculpts the wave packets on both potential energy surfaces and controls
the branching ratio on the sub-cycle time scale. Second, the modifications of the wave
packets on the coupled potential energy surfaces, and in particular the altered electronic
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coherence between them, affect the further motion through the CI long after the control
pulse is over.

A similar re-shaping of the wave packet at the CI region can also be achieved by
using a pulse with another near- or mid-infrared laser wavelength (such as an 800 nm
pulse), however, a well-controlled laser-induced re-shaping requires the application of a
control pulse with a period that is comparable to the characteristic time of the CI passage
of the nuclear wave packet. In this case, the sub-laser-cycle control of the introduced
modifications is maximized.

We have found that a modest molecular alignment distribution of cos2(α) ≈ 0.5 is
sufficient for showing the described control effects. Such moderate alignment distribution
is expected to be generated by the excitation pulse.

The changes in the wave packet dynamics stimulated by the control pulse can be
monitored by means of femtosecond time-resolved photoelectron spectroscopy [611], an
established experimental technique for measuring excited state dynamics in polyatomic
molecules, including ultrafast non-adiabatic processes [8]. The photoelectron angular dis-
tributions measured with standard femtosecond laser pulses and velocity map imaging
techniques can be compared with theoretical predictions obtained with extended wave
packet dynamics simulations including the interaction with the ionizing probe pulse and
geometry- and energy-dependent photoionization matrix elements.

High harmonic spectroscopy constitutes another sensitive measuring technique, where
the wave packet dynamics is encoded in the high-harmonic radiation emitted at different
time delays upon excitation [612]. The basic concepts of HHS will be reviewed in the next
Chapter 7, before we show how HHS can be used to monitor the coupled, non-adiabatic
electron-nuclear dynamics in the laser-driven molecular ion H+

2 .

Both methods, and their more sophisticated counterparts such as femtosecond time-
resolved photoelectron-photoion coincidence imaging, have already been used in the past to
study both experimentally and theoretically the wave packet dynamics at the 12A1/12B2

CI of NO2, see e.g. [18, 20, 21, 541, 550–553, 556].

In this work, we have considered a reduced-dimensionality model. How would the
full 3D nature of the dynamics affect the proposed control mechanism? In 2D, the CI
is a single point, while in 3D it is a 1D seam of C2v geometry. According to Mahapatra
et al. (see Fig. 1(a) in [548]), the CI seam depends weakly on the symmetric stretch
coordinate, i.e., for varying rs, it varies little with respect to the bending angle θ. Thus,
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for all relevant symmetric stretch components, the CI seam will be reached by the wave
packet synchronously. As the laser-controlled CI slices through the wave packet mainly
along the asymmetric stretch coordinate, it should happen virtually simultaneously for all
relevant rs. In general, as long as such synchronization is much better than 0.5 of the laser
cycle, the proposed control mechanism should remain unaffected.
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7. High Harmonic Spectroscopy of Coupled
Electron-Nuclear Dynamics

This Chapter presents original results on how a highly nonlinear process, high har-
monic generation (HHG), can be used to monitor strongly coupled, highly non-adiabatic
electron-nuclear dynamics. In the following Section, the basic concepts of high harmonic
spectroscopy (HHS) are briefly reviewed. Next, we use HHS to monitor electron localiza-
tion during strong-field induced dissociation of H+

2 .

7.1. Fundamentals of high harmonic spectroscopy

In conventional pump-probe spectroscopy, the pump pulse is used to initiate dynamics
of interest, while a probe pulse is used to monitor these dynamics. The time resolution
of pump-probe approaches typically follows from the duration of the pump and probe
pulses.

However, highly nonlinear processes offer the possibility of performing measurements
with time resolutions far better than the pulse duration. Nonlinear processes are sensitive
to the instantaneous value of the laser electric field. As a result, it is the laser oscillation
that acts as a temporal ruler. The application of this general principle is high harmonic
spectroscopy [79, 612, 613].

The first step in this approach is the transition of a bound electron to the continuum.
Once the electron is free, it can gain energy from the laser field within a fraction of the laser
cycle [47, 49, 614, 615]. When the oscillating electron returns to the parent ion, it probes
the ionic system [79, 612, 613], which also evolves between the moment of ionization and
the moment of electron return. Therefore, the time delay between ionization and return
acts as a pump-probe delay. Clearly, the delay is determined by the carrier oscillation of
the light field, as it is this field that controls the electron motion. Thus, to control the
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pump-probe delay, one can change the duration of the laser cycle, i.e. tune the wavelength
of the driving laser field [613, 616].

However, the time grid in the pump-probe delay is much finer: the energy of the
returning electron is linked to the time it spent oscillating in the continuum between
ionization and return, see Fig. 7.1 which shows the electron energy as a function of the
return time. Thus, electron-ion re-encounters (recollisions) at different energies of the

Figure 7.1: Time-energy mapping in high
harmonic generation, based on
the simplified three-step model of
P. Corkum [47]. The figure shows
the energy of the returning elec-
tron as a function of its return
time. Electron energy is mea-
sured in units of Up, the cycle-
averaged electron quiver energy
in the laser field. 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95
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returning electron take “snapshots” of the electron-ion pair at different times. The length
of the driving laser pulse is not important: it does not matter during which of the many
laser cycles the ionization occurs, since the dynamics under study only starts after the
ionization step.

During the electron-parent ion recollision, the electron can scatter from the parent
ion, or recombine with the hole left in the ion and emit light, converting the energy it has
gained from the field into an attosecond burst of coherent radiation [47, 49, 50, 78, 617–
620].

Scattering results in electron diffraction, so that the angle-resolved electron spectra
encode the structure of the parent ion (atom or molecule) [616, 621–624], with a time
resolution better than a single laser cycle. The coherent nature of the recolliding electron
wavepacket also allows one to record time-resolved holographic patterns [622, 625–629],
which result from the interference of electron “trajectories” that scatter off the parent ion
(the “object” beam) and trajectories that “miss” the ion ( the “reference” beam).

Radiative recombination leads to HHG. In long laser pulses, the ionization-recombination
sequence repeats every laser half-cycle (as long as depletion of the molecule or atom by
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ionization is negligible). Thus, attosecond radiation bursts happen twice per laser cycle,
giving rise to an emission spectrum consisting of odd harmonics of the driving laser field.

Analysis of the properties of the emitted coherent radiation is known as HHS [9–
22]. The temporal resolution of HHS comes from the time-energy mapping shown in
Fig. 7.1 [78, 79, 612, 619, 620]. Different frequencies of the emitted light correspond to
different energies of the recombining electron, see Fig. 7.1. Thus, different harmonics take
the snapshot of the recombining system at different times.

Looking at Fig. 7.1, one realizes that even within a single laser cycle between ioniza-
tion and recombination there are two moments of time when the returning electron has
the same energy and, thus, the same harmonic photon can be emitted. The corresponding
recombination events are associated with the so-called “short” and “long” trajectories,
distinguished by the amount of time the electron spends in the continuum between ion-
ization and recombination. The ability to clearly separate these two contributions is one
of the very important aspects of HHS. It relies on the macroscopic aspect of HHG: the
constructive addition of the tiny fields emitted by each individual molecule into a strong
macroscopic signal observed at the output of the macroscopic nonlinear medium. This
constructive addition is the manifestation of “phase matching”, the crucial aspect of many
nonlinear optical phenomena [630].

Just like in many nonlinear optical techniques, phase matching is a powerful control
tool in HHS, which can be tuned by controlling the experimental geometry. Phase match-
ing allows one to spatially separate the contributions of the short and long trajectories
in the far field [618, 619]. As a result, one can choose to look at the signal coming only
from, e.g., short trajectories, ensuring straightforward temporal mapping. Space-resolved
analysis of the far-field signal gives the possibility to investigate not only the long and
short trajectories separately, but also their interference [631, 632].

The potential of HHS to encode attosecond dynamics of the nuclei was first pointed out
by M. Lein [633] and demonstrated by S. Baker et al. [79]. The proposed method [79, 612,
633] dubbed “PACER” (Probing Attosecond dynamics using Chirp Encoded Recollisions)
was the first to take explicit advantage of the attosecond time-frequency mapping (Fig. 7.1)
for time-resolved studies. It was applied [79] to resolving early-stage nuclear dynamics in
H2 and CH4 molecules triggered by ionization, following the theoretical proposal by M.
Lein [633]. The method exploits the fact that electron-ion recombination should return
the whole system back to its initial (neutral ground) state. For a molecule, this means
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not only the same electronic, but also the same ro-vibrational state. Thus, if ionization
triggers nuclear motion, the efficiency of the harmonic signal will change with changing
overlap of the nuclear wavepacket in the ion with that in the neutral [612, 633–635]. On
the few-femtosecond time-scale, the relevant nuclear motion is mostly that of protons,
see [633] for a more detailed analysis.

HHS can also been used as the probe step in a more conventional pump-probe femto-
chemistry type setup. A short pump pulse induces nuclear motion by electronically ex-
citing the neutral molecule and the changes in the high-harmonic response of the sys-
tem [16, 18, 614, 636, 637] are the probe. Compared to conventional pump-probe photo-
electron spectroscopy, this approach offers no benefits in time resolution but must face the
full complexity of the highly nonlinear response. The potential benefit of this approach
is the additional information that can be extracted by fully characterizing the harmonic
field. Indeed, one can reconstruct not only the amplitude but also the phase of the har-
monic response in the photo-excited electronic state [16]. In conventional photoelectron
spectroscopy such phase information is not accessed.

As regards the spectroscopy of ultrafast electron dynamics, the potential of HHS to
track the motion of bound electronic wavepackets was first pointed out theoretically by V.
Averbukh [638], and independently in [639]. The first clear experimental and theoretical
demonstration of using high harmonic spectra to reconstruct hole dynamics was reported
in [9], demonstrating how multiple electronic ionic states contribute to the overall harmonic
spectrum, and how their contributions can be decoded. To this day, a large body of
experimental and theoretical work has been performed, exploring the use of HHG to track
contributions of multiple electronic states in the molecular ion [9, 11, 14, 18, 624, 640–647]
and refining the ways to extract both the hole dynamics and the spatial structure of the
molecular orbitals participating in the generation process [15, 648, 649]. The possibility to
use the harmonic polarization as means to track the hole dynamics was also studied [10,
14], and the phase of the generated harmonic light was used to identify the ionic states
contributing to HHG and to track the hole dynamics in [15].

Any pump-probe-type approach aiming at attosecond resolution must control and
characterize the pump-probe delay with attosecond precision. In HHS, this means attosec-
ond characterization of both the ionization and recollision times. Reference [65] described
first attempts to characterize the recombination process as it happens. Reference [65] used
a weak additional field at the frequency 2ω, phase-locked to the fundamental ω-field, to
probe the electron motion by perturbing it in a controlled way. Caveats of the original
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approach have been analyzed in [650, 651], showing that one cannot ignore perturbation
of the ionization process by the 2ω field in the original setup [65]. A modification of
the method, which allows one to independently characterize both the ionization and the
recombination step, has now been demonstrated in [19, 652]. In Ref. [19], the 2ω field
was polarized orthogonally to the fundamental, minimizing perturbation of the ionization
process. The core thrust of multidimensional HHS [19, 65, 653, 654] is to use the increased
dimensionality of the measurement, i.e., the dependence of the high harmonic signal on
the controlled time-delay between different carrier oscillations in the multi-color field, to
gain additional information on the electron-hole dynamics.

Tomographic imaging of the electron-hole recombination process was proposed in
Ref. [655], with the tomographic principle realized by aligning the molecule and rotat-
ing the molecular axis relative to the laser polarization. Together with the theoretical
predictions in Ref. [621], the tomographic idea has stimulated a lot of interest in using
high harmonics as a tool to obtain quantitative information about photo-recombination
(or photo-ionization) cross sections [13, 620, 648, 649, 656–661]. Still, imaging static
electronic structures is unlikely to be the direction where HHS can bring significant new
insights. It is the domain of electron-hole dynamics where HHS can tell us something
we did not expect. Such unexpected results include electronic excitations during tunnel
ionization [9, 11, 14, 15, 637, 641, 662]. Tunneling is exponentially sensitive to the ioniza-
tion potential. Thus, ionization from deeper lying molecular orbitals typically carries an
exponential penalty. However, recent theoretical analysis suggests that this penalty can
be avoided if the electron tunneling from the highest orbital excites the ion just before
exiting the classically forbidden region [98, 663]. This can change the initial shape and
position of the hole left in the molecule, as experimentally reported in [14]. Interestingly,
the classical analogue of this quantum effect, termed “pre-collision”, has been suggested
as the mechanism responsible for the surprisingly high and strongly correlated yield of two
electrons in the attoclock experiments on double ionization [664].

Ionization of inner-valence or core electrons by an XUV photon can trigger a range
of hole dynamics, from the Auger-type decay to the trapping of the secondary (Auger)
electron in bound states of the ionic potential [665, 666]. Such trapping corresponds to
non-exponential decay of the created hole into the bound two-hole-one-particle (2h1p)
configurations, with the possibility of a periodic revival of the original single-hole (1h)
configuration [665, 666]. This motion can be monitored by combining modestly intense
mid-IR drivers with the XUV pulse tuned close to the ionization threshold for the hole
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of interest [665]. The mid-IR driver is used to bring the photoelectron back to the ion,
enabling high harmonic emission. The hole created by the XUV pump has time to evolve
between ionization and recombination. Monitoring the harmonic intensity allows one to
monitor how the 1h state prepared by the XUV pulse decays into 2h1p configurations [665].
If the hole has already decayed into the 2h1p configuration by the time the photoelectron
returns to the ion, its recombination can no longer bring the system back to its initial
(neutral ground) state, suppressing harmonic emission.

7.2. High harmonic spectroscopy of electron localization during
molecular dissociation

In this Section we present original work [667] on the application of HHS to image the
ultrafast coupled electronic and nuclear dynamics in the hydrogen molecular ion H+

2 .

Interaction of a laser pulse with a centrally symmetric medium, such as an isotropic
gas of atoms or homonuclear molecules, leads to the generation of harmonic emission which
contains exclusively odd harmonics of the incident field. This result is the consequence of
both the central symmetry of the medium and the temporal symmetry of the oscillating
electric field, E(t+π/ωL) = −E(t), where ωL is the laser frequency. In the case of oriented
heteronuclear molecules, the spatial symmetry no longer holds and both odd and even
harmonics become allowed.

Here we show that even-order harmonic generation can also be observed for sufficiently
long IR laser pulses in homonuclear molecules. The appearance of even harmonics is
a signature of the coupled electron-nuclear dynamics and reflects field-induced electron
localization initiated by the strong laser field, which breaks the spatial symmetry in the
system.

We have performed a systematic study of this phenomenon, calculating the high
harmonic (HH) spectra of H+

2 , and its isotopes D+
2 and T+

2 , exposed to an 800 nm laser
field for different laser pulse durations.

Our findings suggest that the analysis of even harmonics generated by pulses of dif-
ferent durations might provide information on correlated electron-nuclear dynamics and
charge migration also in more complex un-oriented molecular ensembles.
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7.2.1. Generation of even-order harmonics

As mentioned above, the temporal periodicity of the HHG process leads to a corre-
sponding periodicity in the HH spectra. In isotropic atomic gases irradiated by monochro-
matic (or nearly monochromatic) fields with half-wave symmetry, E(t + π/ωL) = −E(t),
the electron dynamics launched during successive laser half-cycles is identical, up to the
mirror reflection in the direction of electron propagation. The induced polarization in the
medium obeys the same mirror reflection symmetry, d(t+ π/ωL) = −d(t). Thus, the HH
radiation emitted in two consecutive laser half-cycles, i.e., every half of the laser period
T/2 = π/ωL, is generated by electrons recolliding with the parent ion from opposite di-
rections, yielding spectral components with the same amplitude but opposite signs. The
even-order harmonics interfere destructively and vanish, while the odd-order harmonics
interfere constructively, thus leading to a harmonic spectrum in which lines are spaced by
2ωL [63, 64]. This “selection rule” holds as long as the symmetry of both the target and
the driving field is unimpaired.

Even-order harmonics are naturally generated if the inversion symmetry of the target
is broken along the laser polarization direction. For instance, HH spectra generated on
solid surfaces exhibit odd and even harmonics due to the absence of inversion symmetry
at the surface [668–671]. Also oriented heteronuclear (polar) diatomic molecules generate
even harmonics due to the lack of inversion symmetry in the system [672–674].

Both odd and even harmonics are also generated when the T/2 temporal symmetry
of the process is broken. Such symmetry breaking occurs for very short or for strongly
chirped pulses, or in the presence of substantial ionization depletion of the initial state on
the laser half-cycle time-scale, for a more detailed discussion see e.g. [675, 676].

The temporal symmetry of the driving field can also be broken by using a two-color
field, composed of the fundamental and the second harmonic [65, 677–681]. Alterna-
tively, one can combine the driving laser field with static electric [682, 683] or magnetic
fields [684].

Here we show that it is also possible to generate rather efficient even-order har-
monic emission from homonuclear diatomic molecules, interacting with relatively long,
monochromatic laser pulses. We study conditions under which this is possible and iden-
tify the physics of the underlying process. Our analysis reveals that electron localiza-
tion [259, 685], which is induced by the interplay of the electronic and nuclear motion
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driven by the laser field [255], also leads to the generation of even harmonics, reflecting
the asymmetric charge distribution associated with electron localization.

In Section 5.3.2, we have outlined different experimental schemes [260–267] that were
successfully applied to induce and observe electron localization in homonuclear molecules.
In all these works [260–267], electron localization was observed by recording the atomic
ions (and eventually the electrons) resulting from dissociative ionization.

Our study shows that HHS is another powerful tool to image the symmetry breaking
associated with laser-induced electron localization, assisted by bond-softening.

7.2.2. Numerical simulations

We have performed correlated electron-nuclear dynamics simulations for the molecular
ions H+

2 , D+
2 , and T+

2 in the presence of an intense infrared laser field. For this we have
solved numerically the time-dependent Schrödinger equation (TDSE) on a two-dimensional
grid (z,R), where z is the electronic coordinate, parallel to the linear polarization axis of
the field, and R is the internuclear distance [686].

The TDSE can be written in the following form:

i
∂

∂t
ψ(z,R, t) = [He(z,R) + Tn(R) + VL(z, t)]ψ(z,R, t), (7.2.1)

where Tn(R) designates the nuclear kinetic energy operator and VL(z, t) = zE(t) is the
laser potential expressed in the length gauge. He = Te +Ven +1/R indicates the electronic
Hamiltonian of the ion, where Te is the electron kinetic energy operator, and Ven is a
standard soft-core potential that describes the electron-nucleus interaction, and avoids the
Coulomb singularity, see [687, 688]. For more details about the method see [686, 689].

All calculations presented in this work have been performed using simulation boxes
with |z| < 150 a.u. for the electronic coordinate, and R < 20 a.u. for the nuclear
coordinate, with a uniform grid spacing of ∆z = 0.1 a.u. and ∆R = 0.05 a.u..

In order to avoid reflections at the box boundaries, we have employed a complex
absorbing potential at the edges of the simulation box.

The time propagation was performed using the Crank-Nicolson split-operator method,
using a time step of 0.02 a.u..
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For the laser field we have used a sin2 envelope, a wavelength of λ = 800 nm and an
intensity of I = 3 · 1014 W/cm2.

To obtain the HH spectra, we have calculated the time-dependent dipole at each time
step:

d̈(t) =
∫
dR

∫
dz ψ∗(z,R, t) O(z) ψ(z,R, t) = ⟨ψ(z,R, t)|O(z)|ψ(z,R, t)⟩z,R . (7.2.2)

Here O = ∂zV (z,R, t) + E(t) is the dipole operator in acceleration form, and the inte-
gration is performed over both coordinates, the electronic (z) and the nuclear (R). The
harmonic spectra, |d̈(ω)|2, are obtained from the square of the Fourier transform of the
time-dependent dipole d̈(t).

For interpretation purposes, we have applied the closure relation in order to decompose
the total dipole, as previously described in [690], using the complete set of vibrational
states, χv(R), of the electronic ground state 1sσg of H+

2 . Equation (7.2.2) then becomes:

d̈(t) =
∑

v

∫
dz ⟨ψ(z,R, t)|χv(R)⟩R ⟨χv(R)|O(z)|ψ(z,R, t)⟩R

=
∑

v

d̈v(t) . (7.2.3)

Equation (7.2.3) also implies that d̈(ω) = ∑
v d̈v(ω). Each individual term

⏐⏐⏐d̈v(ω)
⏐⏐⏐2 repre-

sents the harmonic spectrum associated to a specific vibrational channel v. Since we have
used a complete basis set, the total harmonic spectrum results from the coherent sum of
the vibrationally resolved spectra,

|d̈(ω)|2 =
⏐⏐⏐⏐⏐∑

v

d̈v(ω)
⏐⏐⏐⏐⏐
2

. (7.2.4)

7.2.3. Results and discussion

In Fig. 7.2, we present the total HH spectra calculated for the three isotopic model
systems, H+

2 , D+
2 and T+

2 , and for three different pulse durations.

Panel (a) shows the results for the three molecules obtained with a five-cycle laser
pulse. The three spectra exhibit several interesting features. Firstly, we notice two well-
localized minima in the HH signal near and below the ionization threshold (around har-
monic H19). One minimum is located at the same harmonic H3 for all isotopes, while
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Figure 7.2.: Total harmonic spectra for H+
2 , D+

2 and T+
2 calculated for three different

durations of a laser pulse with a sin2 envelope, a wavelength of λ = 800 nm,
and an intensity of I = 3 · 1014 W/cm2. The solid vertical lines indicate the
ionization threshold and the cutoff energy. Red curves are the results for H+

2 ,
green for D+

2 and black for T+
2 . Panel (a) shows results for a pulse duration of

5 cycles, panel (b) for a pulse duration of 10 cycles, and panel (c) for a pulse
duration of 14 cycles. Panel (d) shows a zoom of the results depicted in panel
(c) in the range from harmonic 15 to harmonic 35. Reprinted from [667].
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the other minimum appears between H13 and H19, depending on the generating molecule.
As described in [690], these minima are the result of the destructive interference between
different low-lying vibrational channels involved in the HHG process.

Secondly, in the cutoff region, we can see that the HH signal is higher for the heavier
isotopes. This effect has been explained earlier [633]: in this region, the vibrational auto-
correlation function deviates less from unity for heavier isotopes due to the slower nuclear
motion.

Panel (b) of Fig. 7.2 shows the total HH spectra obtained with a ten-cycle laser pulse.
Apart from the two effects just mentioned above, we find a new, remarkable feature: the
appearance of even-order harmonic peaks for the H+

2 model system, especially pronounced
between H14 and H30. The same even harmonics are generated by the D+

2 ion, however,
with much lower intensity. For T+

2 , the even harmonics are absent. Taking into account
that the only difference between the calculations shown in panels (a) and (b) is the pulse
duration, one can conclude that the symmetry breaking necessary for the generation of
even harmonics must be necessarily associated with the target system rather than with
the driving field. Moreover, the effect appears to be isotope dependent.

Panels (c) and (d) show the total HH spectra of H+
2 and T+

2 calculated for a longer,
fourteen-cycle laser pulse. For H+

2 , we note that the even-order harmonics are even more
pronounced than in the previous case. In the spectrum of T+

2 , however, we find no notice-
able signal at even harmonic orders.

To uncover the underlying mechanism responsible for the production of the even
harmonics, we have decomposed the total HH spectra as described in Eq. (7.2.3).

Panel (a) of Fig. 7.3 shows the vibrational states and a few lowest dissociative states
χv(R) associated to the electronic ground state of H+

2 . We have used these states to calcu-
late vibrationally resolved HH spectra as described at the end of the previous Section.

It is important to emphasize that our basis of vibrational states is complete within
the box used to perform the calculations. In this box, the dissociative states (i.e., the vi-
brational continuum states) are discretized. Therefore, the actual dissociative vibrational
wave functions that are obtained by diagonalizing the time-independent Schrödinger equa-
tion vanish at the box boundaries and the continuum spectrum is replaced by a discrete
one. However, within the box boundaries, the discretized wave functions are nearly iden-
tical to the standing-wave continuum ones (at the same energy) up to a global renormal-
ization factor, see e.g. [691]. This global renormalization factor is not needed when one
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Figure 7.3.: Panel (a) shows the vibrational states (blue) and a few lowest dissociative
states (red) of the ground electronic state of H+

2 . Panel (b): The black line
shows the total high harmonic spectrum for H+

2 and a pulse duration of 10
cycles (same as red curve in Fig. 7.2, panel (b)). The blue and red curves
are the vibrationally resolved HH spectra as described in the text. The color
of the curve indicates the state (shown in panel (a)) used for the calculation.
For the curves, the same color convention is used as in panel (a): red for
dissociative and blue for bound vibrational states. Reprinted from [667].
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is interested in obtaining a global property, like a total ionization yield or the HH signal,
since integration over the continuum part of the spectrum can be accurately evaluated by
replacing the integral by a sum over the discrete states resulting from the diagonalization
of the Hamiltonian in the box [691].

The vibrationally resolved spectra are depicted in panel (b) of Fig. 7.3. One can see
that the largest contribution to the odd harmonic peaks comes from the lowest vibra-
tional channels. In contrast, the even-order harmonics are build up by the contribution of
higher-lying vibrational states, even dissociative ones, suggesting that these harmonics are
created at internuclear distances significantly larger than the equilibrium distance. This
is possible because, as described in [686], the IR field creates a vibrational wave packet in
the 1sσg state that evolves to larger internuclear distances before the electron is efficiently
ejected. As a consequence, when the ejected electron comes back, it can recombine with
a vibrationally excited H+

2 molecule. When the nuclear wave packet reaches R ≈ 3.4 a.u.
and R ≈ 5.2 a.u., the energy difference between the 1sσg and 2pσu states becomes resonant
with absorption of three and one IR photons, respectively. As the probability of absorp-
tion is large due to the high intensity of the IR field, a coherent superposition of the 1sσg

and 2pσu states is created, leading to electron localization, which breaks the symmetry of
the electron density and produces the emission of even harmonics. Thus, the key point to
enhance the intensity of even harmonics is to allow the nuclei to move far enough, so that
the region where electron localization takes place is reached more efficiently. This can be
achieved, e.g., by further increasing the pulse duration, as shown in Fig. 7.2 for the case
of H+

2 .

The notion of electron localization as responsible for even-order harmonic generation
is supported by the pulse length dependence of our results. Figure 7.4 shows the values of
the nuclear probability density,

Pnuclear(R, t) =
∫
dz|Ψ(z,R, t)|2 ,

for H+
2 (upper row) and T+

2 (lower row), for the three different pulse durations used in
Fig. 7.2. The dashed vertical lines at R ≈ 3.4 a.u. and R ≈ 5.2 a.u. indicate the
internuclear distances at which the two states 1sσg and 2pσu are resonantly coupled by
the field via three-photon and one-photon absorption, respectively. This is the region
where field-induced electron localization should be important.

Panels (a) and (d) show the evolution of the nuclear probability density for the five-
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Figure 7.4.: Plots of the nuclear probability density Pnuclear(R, t) for three different pulse
durations: 5 cycles (panels (a), (d)), 10 cycles (panels (b), (e)), and 14 cycles
(panels (c), (f)). Upper row (panels (a), (b), (c)) shows results for H+

2 , lower
row (panels (d), (e), (f)) for T+

2 . The dashed green lines indicate where the
1sσg and the 2pσu curves are strongly coupled via a three-photon resonance (R
= 3.4 a.u.) and a one-photon resonance (R=5.2 a.u.). Reprinted from [667].

cycle pulse. This is the pulse for which no even-order harmonic signal was found for any of
the isotopes. One can see that the nuclear probability density is very small in the region
where field-induced electron localization is expected to be important. Although, for H+

2

(panel a), some probability density can still be seen at larger internuclear separation, this
is only significant at the trailing edge of the laser pulse, i.e., where the IR cycles are so
weak that only little HH emission is possible. Therefore, for the five-cycle pulse, one can
discard a significant effect of field-induced electron localization.

In contrast, for the longer pulses with ten (panel (b)) and fourteen optical cycles
(panel (c)), we find a much higher nuclear probability density at R > 3 a.u. for H+

2 .
Moreover, the population at the larger internuclear distances starts to emerge at relatively
early cycles (compared to the total number of cycles), where the intensity is still sufficiently
high for HHG. This also explains the increase of the even-order harmonic yield in H+

2 when
one moves from the 10-cycle to the 14-cycle pulse, since more cycles can contribute to the
signal in the latter case.

For T+
2 and the longer pulses (panels (e) and (f)), we also find an increase in the

population at large R compared to that found for the shortest pulse (panel (d)), but this
increase is very small because tritium nuclei are three times heavier than protons and
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thus take longer to reach the region where field-induced electron localization should be
important. In fact, the evolution of the probability density is similar to that found in H+

2

for the shortest pulse: population beyond R = 3 a.u. is only observed at the trailing edge
of the pulse. Consequently, the contribution of even-order harmonics to the HH spectrum
of T+

2 is negligible.

For D+
2 (results not shown), the situation is intermediate, which explains the appear-

ance of a very small even-order harmonic signal for the 10-cycle pulse.

7.2.4. Conclusions and outlook

In conclusion, our results show that by using one-color half-wave symmetric IR pulses,
routinely produced in modern experimental set-ups, it is possible to generate even-order
harmonics from H+

2 and D+
2 . This is an interesting observation since both the molecules

and the laser field apparently comply with the “symmetry selection rule” for only-odd-
harmonic generation. We find that this spectral feature does not only depend on the
isotopic species, but also on the pulse duration.

Resolving the total HH spectra on different vibrational channels reveals that the
higher-lying vibrational states are responsible for the peaks observed for even harmonic
orders. This points to field-induced electron localization following nuclear wave packet
motion as the symmetry breaking mechanism responsible for the emission of even har-
monics.

This picture is supported by an analysis of the time evolution of the nuclear proba-
bility density as a function of internuclear distance: The longer the pulse, the farther the
nuclei can move and, therefore, the more likely the nuclei reach the region of internuclear
distances where field-induced electron localization is important.

For the larger pulse durations considered in this work (14 cycles), no even-order
harmonics appear in the spectra of the heaviest isotope T+

2 , since the nuclear motion is
slowest. However, for long enough pulses (e.g., 20 cycles), even-order harmonics are also
present for this heavier isotope.

Although these predictions are based on a low dimensionality model, we can expect
that they remain essentially valid in full dimensionality. Indeed, in the three-dimensional
case, the long trajectories followed by the ionized electron on its round trip from and to
the nuclei remain nearly parallel to the internuclear axis due to the high intensity of the
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IR driving field. These trajectories are responsible for the appearance of above threshold
harmonics, which are mostly responsible for the appearance of even orders. For harmonics
below the threshold, the situation might be different, since harmonic emission results
from laser-induced non-resonant polarization of the electronic cloud and polarizability is a
property that is sensitive to the volume of this cloud, which cannot be properly described
in low dimensionality.

While the specific details of electron localization dynamics are sensitive to the CEP
of the laser pulse, the appearance of even harmonics only requires that some degree of
electron localization is present. Where exactly the electron localizes is unimportant. Even
if the laser pulse is not CEP-stable, the effect will still be present, as long as the electron
charge distribution is asymmetric for some CEP values.

The work presented in this Chapter shows how HHG and, in particular, the ap-
pearance of even-order harmonics, can be used to probe ultrafast, laser-induced correlated
electron-nuclear dynamics in homonuclear diatomic molecules and, in general, in molecules
with inversion symmetry. It also suggests that HHG might eventually be used to study
laser-induced charge transfer in symmetric molecules, where the sub-femtosecond response
of the electronic charge affects femtosecond time-scale chemical dynamics [692–694].
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8. Conclusions and Outlook

This thesis is focused on imaging and controlling electronic and nuclear dynamics in
strong laser field. I have presented several aspects of this broad direction in strong field
science.

Strong laser fields modify the electronic structure of a quantum system significantly.
To achieve a full understanding of strong-field phenomena and to unlock the full potential
of using intense laser pulses, one needs to consider the effects of the laser field on the
system.

One of the most intriguing aspects of highly non-perturbative laser-atom and laser-
molecule interaction is the emergence of the so-called Kramers-Henneberger (KH) states,
which are stable electronic states of the laser-dressed system.

Their existence has been theoretically predicted about 30 years ago, and a lot of the-
oretical work has been dedicated to describing their lifetimes and spatial structure. Now,
with strong but indirect experimental evidence of their existence finally in place [1–4], we
can start to focus on the both visualizing these states in the experiment and understanding
the implications of their existence for a variety of strong-field phenomena.

In the first part of my thesis, I have shown that an experiment to image and thereby
to demonstrate directly the existence of the “well-hidden” KH atom is feasible using stan-
dard experimental techniques available in a variety of modern laboratories. Crucially, we
have suggested a scheme that allows one to apply the ideas of standard photoelectron
spectroscopy in the strong field regime and developed the theoretical tools for the analysis
of the corresponding photoelectron spectra.

One of the possible directions for future work could be the study of a potential link
between the KH states and the so-called low-energy structures (LES) in the photoelectron
spectrum [695, 696]. These LES are very prominent peaks which can carry about half of
the total photoelectron signal. They are located at very low electron energies. There is a
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classical interpretation of LES which is based on trajectories that bring the electron back
to the relative vicinity of the core, possibly several times, following the electron oscillations
in the laser field. This “soft” scattering of the electron can lead to bunching of electron
trajectories in the phase space. This picture has many similarities with the concept of
the KH atom, where, classically, the core potential plays an equally important role in
“trapping” the electron trajectories, compensating their drift. Thus, it seems plausible
that the KH states and the LES are the “slightly” negative and “slightly” positive energy
twins of each other. The recent discovery of the so-called “zero-energy” structures (ZES),
which are in fact Rydberg states populated after tunneling, suggests that the KH states
have, in fact, been re-discovered again under a new name. Nevertheless, proving the formal
equivalence of the KH states and the ZES remains to be done.

The existence of the KH states has at least two important implications outside strong-
field atomic physics. First, they should occur not only in atoms but also in molecules.
This means that the potential energy surfaces that control photochemical dynamics can
be significantly restructured, opening new avenues for controlling coupled electronic and
nuclear dynamics in laser fields. This aspect of the KH states has not been addressed so
far theoretically, and represents a very interesting avenue for future research. Importantly,
there are as yet unpublished indirect experimental indications that the KH states do exist
in polyatomic molecules, with the specific example of CO2 studied by U. Eichmann and
colleagues [697].

Second, strong restructuring of electronic states should have implications for all as-
pects of nonlinear propagation of intense laser fields in atomic or molecular media. In
Chapter 4, I have addressed this problem using the example of such fundamental nonlin-
ear optical phenomenon as the Kerr effect. The Kerr effect plays a central role in laser
filamentation – the ability of an intense laser pulse to guide itself over many Rayleigh
lengths in a self-induced “waveguide”. I have shown how the Kerr response of an atom
can be affected by the formation of the KH states under typical laser filamentation condi-
tions.

Importantly, in these conditions only excited atomic states satisfy the criteria for the
formation of the KH atom, while the ground state does not. Previously, it has been tacitly
assumed that the KH atom can emerge only when the KH conditions are satisfied for all
electronic states. I have shown that this is not required, and that KH states of the excited
atom do form even before the ground state is severely distorted. Thus, from the purely
theoretical standpoint, I have introduced a new regime of the KH atom. This opens a new
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perspective to study further the influence of strongly dressed excited electronic states in
intense laser fields.

From the perspective of attosecond and strong field physics it would be extremely
exciting to find signatures of something that was pursued for 30 years in a seemingly
unrelated phenomenon such as laser filamentation.

Since the publication of our work described in Chapters 3 and 4, an experimental
group in Geneve, Switzerland led by J.-P. Wolf has started to perform filamentation ex-
periments looking for the effects described in this thesis. The experimental approach
consists of measuring absorption lines inside a filament, as a function of the initial pulse
duration, intensity, and shape. The crucial aspect of the experiment is to shape the laser
pulse in such a way that it has a sharp rise followed by a “flat” top in the part of the
medium where filamentation takes place. Such a pulse offers optimal conditions for ob-
serving the effects that we have predicted. The experimentally measured spectra show
several distinct absorption lines, which emerge when the rising edge of the laser pulse is
sufficiently sharp. Interestingly, it can be observed how these absorption lines turn into
emission lines with increasing laser intensity, indicating gain. The lines reflect the tran-
sitions between electronic levels that change and shift under the presence of the strong
laser field. Comparison with numerical simulations could reveal the reconstruction of the
atomic spectrum inside the filament. We are currently working on this.

The next part of the thesis concerns the effect of laser-controlled electron dynamics
on the nuclear motion. When it comes to molecules, the picture becomes even more
complicated, as the electronic structure depends now also on the nuclear configuration.
But the same general perspective remains valid: A molecule under a strong laser field
will see its electronic structure modified by the interaction with the laser field. We have
performed our analysis by looking at laser intensities that are not in the KH regime.
Nevertheless, the laser field has a significant effect on the electronic structure.

In Chapter 6, I have described a novel scheme to control coupled electron-nuclear
dynamics at a conical intersection on the sub-laser-cycle time scale, offered by the advent
of nearly single-cycle, phase-stable, mid-infrared laser pulses. The laser pulse modifies
the conical intersection, which is the key player in coupled electron-nuclear dynamics in
polyatomic molecules. This coupled dynamics leads to non-adiabatic electronic transitions,
which play a fundamental role in the understanding of photochemical processes in excited
polyatomic molecules. The key idea of the control scheme is to match the time scale

209



CHAPTER 8. CONCLUSIONS AND OUTLOOK

of the laser field oscillations to the characteristic time scale of the wave packet transit
through the conical intersection. The instantaneous laser field changes the shape and
position of the conical intersection as the wave packet passes through. As the conical
intersection moves in the laser field, it “slices” through the wave packet, sculpting it in the
coordinate and momentum space in a way that is sensitive to the carrier-envelope phase
of the control pulse. We find that the electronic coherence imparted on the sub-laser-
cycle time scale manifests during much longer nuclear dynamics that follow on the many
tens of femtosecond time scale. Thus, this work shows how sub-femtosecond electronic
coherence between coupled potential energy surfaces controls the vibrational motion on a
much longer, tens of femtoseconds, time scale.

The results of this work are pertinent not only for the quantum control research, but
also for all experiments, which employ intense, infrared laser fields to monitor coupled
electron-nuclear dynamics in polyatomic molecules. It should also appeal to researchers
working in quantum control, attosecond physics and strong-field dynamic imaging.

One opportunity for future research in this direction, is to see how high harmonic
spectroscopy can be used to monitor the coupled electron-nuclear motion at conical in-
tersections. It has now been well-established that high harmonic spectroscopy is very
sensitive to both electronic and nuclear dynamics [9–22]. Thus it appears natural that the
control of the electronic coherence should manifest in intensities, phases or polarizations
of the harmonic light. In particular, harmonic spectra are very sensitive to the symmetry
of electronic motion inside the molecule.

The demonstration of this sensitivity is the focus of Chapter 7. In this Chapter, I
have used the example of the impact of electron localization on high harmonic generation
in H+

2 . The electron localization breaks the symmetry of electronic motion inside the
molecule and leads to the appearance of even harmonics. We have used a new approach to
analyze the high harmonic signal by resolving the high harmonic generation in vibrational
channels. We were able to unambiguously identify that the even harmonic signal comes
from those vibrational states where electron localization is present.

Extending our studies of the laser-controlled conical intersection in NO2 and electron
localization in H+

2 , as a next step it would be very interesting to apply high harmonic
spectroscopy to NO2 driven by few-cycle, mid-infrared laser fields.
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Appendix

I. Atomic units

Atomic units (a.u.) form a system of natural units which is especially convenient for
atomic physics calculations. As the dimensionless fine-structure constant is always given
by

α = e2

4πϵ0ℏc
≈ 1

137 (in SI units)
[
α = e2

ℏc
(in Gaussian units)

]
, (I.1)

where ϵ0 denotes the vacuum permittivity, it is not possible to set simultaneously the
elementary charge e, the reduced Planck constant ℏ and the speed of light in vacuum
c equal to one. For example in the Lorentz-Heaviside units, which are often used in
relativistic quantum field theories, c = ℏ = ϵ0 = 1, and the electron charge is therefore
eHL =

√
4πα.

In non-relativistic quantum mechanics, considered in this work, c is not the natural
unit of velocity, but e is certainly a natural unit of electric charge and thus in atomic units
e = ℏ = me = 4πϵ0 = 1, where me is the mass of the electron. Since the mean speed of the
electron in the ground state of the hydrogen atom is only 1/137th of the speed of light, it
is appropriate that c = 1/α ≃ 137 is a big value in atomic units.

Atomic units greatly simplify the appearance of common expressions in atomic physics
such as the kinetic energy of an electron or the electrostatic Coulomb potential between
the electron and the nucleus:

− ℏ2

2me
∇2 → −1

2∇2 − Ze2

4πϵ0r
→ −Z

r
. (I.2)

In strong field physics it is convenient to compare the electric field strength of an
external field with the electric field experienced by an electron in Bohr radius distance
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from the hydrogen nucleus, which, by definition, is set to one atomic unit:

Fa = e

4πϵ0a2
0

≈ 5.14 · 109 V
cm = 1 a.u. (of electric field strength). (I.3)

The intensity of the laser light is a measure of the energy flux, averaged over the period of
the wave. It can be derived by multiplying the energy density (that is, the energy per unit
volume) by the velocity at which the energy is moving. The energy density of a harmonic,
monochromatic plane wave in vacuum is given by

ρ = 1
2

(
ϵ0|E|2 + 1

µ0
|B|2

)
= ϵ0F

2
0 sin2(ωt− k · r), (I.4)

where E and B denote the electric and magnetic field, respectively, µ0 is the vacuum
permeability, F0 and ω specify the electric field strength and angular frequency of the
wave field, and k defines the wave vector pointing towards its propagation direction. The
average of the square of the sine function over a period T = 2π/ω is given by the factor
1/2, and thus the averaged energy density reads

⟨ρ⟩ = ϵ0
2 F

2
0 . (I.5)

Since the velocity of electromagnetic (em) waves in free space equals the speed of light, c,
the intensity can be written as

I = ⟨ρ⟩ c = ϵ0c

2 F 2
0 . (I.6)

The atomic unit of intensity, Ia, is that period-averaged energy flux that corresponds to
F0 = Fa = 1 a.u., so that

Ia = ϵ0c

2 F 2
a ≈ 3.51 · 1016 W

cm2 = 1 a.u. (of intensity). (I.7)

The interaction between an em field with intensity Ia and an electron on the ground Bohr
orbit is then equal to the Coulomb attraction between the electron and the nucleus.

Atomic units with e = ℏ = me = 4πϵ0 = 1 are used throughout this thesis, unless
otherwise stated.
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II. INTERNAL COORDINATES

II. Internal coordinates

The potential energy of a molecule depends on the relative position of all its atoms. In-
ternal coordinates constitute a natural set of coordinates to describe this dependence [698].
In general, 3N (generalized) coordinates are needed to describe the structure and dynamics
of an N -atomic molecule. Six of these 3N coordinates describe the system’s translational
and rotational motion and thus identify the position of the molecule as a whole with
respect to the laboratory frame (LF), see Fig. II.1.

Figure II.1.: Schematic representation of a three-atomic molecule ABC in three frames
of references: the laboratory frame (LF), the space-fixed frame (SF) and
the molecule-fixed frame (MF). The vector XCM describes the position of
the molecule’s center of mass in the LF. The three Euler angles, α, β, γ,
determine the orientation of the MF with respect to the SF.

Usually, three Cartesian coordinates, XCM, YCM, ZCM, are used to describe the po-
sition of the molecule’s center of mass (CM) in a space-fixed frame (SF), while the three
Euler angles, α, β, γ, determine the orientation of the moving, so-called molecule-fixed
frame (MF) with respect to the SF. The MF is chosen in such a way that its origin co-
incides with the center of mass of the molecule and its axes are linked to the molecule’s
geometry. The remaining N int = 3N − 6 internal coordinates, q = {q1, q2, ..., qn}, deter-
mine the configuration of the molecule, and are unaffected by its translational or rotational
motion.

Figure II.1 shows two examples of internal coordinates:

• the bond stretch coordinate r1 (or r2), which indicates the bond length between two
atoms (here between atom A and atom B (or between atom B and atom C)), and
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• the bending coordinate θ, which describes the angle between two bonds attached to
the same atom (here the enclosed angle ∠(ABC)).
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COORDINATES

III. Reduced-dimensionality Hamiltonian for a triatomic
molecule in internal coordinates

In this Appendix, the construction procedure of the vibrational kinetic energy oper-
ator (KEO) of a triatomic molecule in reduced dimensionality is presented. The general
recipe to construct any molecular kinetic energy operator in curvilinear coordinates, also
for molecular systems subject to constraints, is extensively described in [542, 543].

Here, a triatomic molecule with bent geometry is considered, for which the symmetric
stretch motion is suppressed. The only two vibrations carried out by the molecule are
the asymmetric stretch motion and the bending motion. See Fig. 6.2 for a schematic
illustration of of the three vibrational modes. Even though this particular constraint
is treated, it will be clear from the outline of the construction procedure how another
vibrational mode can be frozen, or more than one simultaneously. Clearly, the imposed
constraint in movement leads to a reduction of the number of necessary internal coordinates
and, hence, to a reduction of the dimensionality of the problem.

If the wave function is normalized such that∫
ψ∗(r1, r2, θ)ψ(r1, r2, θ) dr1 dr2 sinθ dθ = 1, (III.1)

the full-dimensional (3D), vibrational (Carter-Handy) KEO of a triatomic molecule ex-
pressed in terms of the two bond lengths, r1 and r2, and the enclosed angle, θ, reads [699]

TCH(r1, r2, θ) = − ℏ2

2µ1

∂2

∂r12 − ℏ2

2µ2

∂2

∂r22

− ℏ2

2

(
1

µ1r2
1

+ 1
µ2r2

2
− 2 cosθ

mBr1r2

)(
∂2

∂2
θ

+ cotθ ∂

∂θ

)

− ℏ2

mB

1
r1r2

(
sinθ ∂

∂θ
+ cosθ

)
− ℏ2

mB
cosθ ∂2

∂r1∂r2

+ ℏ2

mB

(
1
r1

∂

∂r2
+ 1
r2

∂

∂r1

)(
sinθ ∂

∂θ
+ cosθ

)
, (III.2)

where µ1 = mAmB/mAB, µ2 = mBmC/mBC with mXY = mX + mY, and mA, mB and mC

denote the masses of the three atoms, respectively, see Fig. II.1.

To suppress the symmetric stretch motion of the molecular system, it is convenient
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to change to a more suitable set of generalized coordinates (which is associated with the
three vibrational modes shown in Fig. 6.2):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

q1 = r1

q2 = r2

q3 = θ

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ →

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Q1 = rs = 1

2 (r1 + r2)

Q2 = ra = 1
2 (r1 − r2)

Q3 = θ

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (III.3)

Using the new coordinates {rs, ra, θ}, the constraint can be easily imposed onto the
system, by fixing rs at a certain constant value r̃s, so that rs ≡ r̃s. At this point, one might
suspect that the construction of the new constrained KEO is as simple as (i) applying the
coordinate transformation {r1, r2, θ} → {rs, ra, θ} to the full-dimensional (3D), vibrational
Carter-Handy KEO (III.2), and then (ii) discarding in the resulting expression all terms
involving derivatives with respect to rs, and substituting the variable rs with the constant
value r̃s.

Applying this procedure, the following vibrational KEO is obtained:

TCH(ra, θ) = − ℏ2

8µ1
∂2

ra − ℏ2

8µ2
∂2

ra + ℏ2

4mB
cosθ ∂2

ra

− ℏ2

2

(
1

µ1 (r̃s + ra)2 + 1
µ2 (r̃s − ra)2 − 2 cosθ

mB(r̃2
s − r2

a)

)(
∂2

θ + cotθ ∂θ

)

+ ℏ2

mB

ra
r̃2

s − r2
a
∂ra(sinθ ∂θ + cosθ)

− ℏ2

mB

1
r̃2

s − r2
a

(sinθ ∂θ + cosθ) (III.4)

= − ℏ2

8µ1
∂2

ra − ℏ2

8µ2
∂2

ra + ℏ2

4mB
cosθ ∂2

ra

− ℏ2

2

(
1

µ1 (r̃s + ra)2 + 1
µ2 (r̃s − ra)2

)(
∂2

θ + cotθ ∂θ

)

+ ℏ2

2mB

1
r̃2

s − r2
a

[
cosθ

(
∂2

θ + cotθ ∂θ

)
+
(
∂2

θ + cotθ ∂θ

)
cosθ

]
+ ℏ2

2mB

[
ra

r̃2
s − r2

a
∂ra + ∂ra

ra
r̃2

s − r2
a

]
(sinθ ∂θ + cosθ)

− ℏ2

2mB

r2
a + r̃2

s
(r2

a − r̃2
s )2 (sinθ ∂θ + cosθ) , (III.5)
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Here and in the remaining Appendix Section, the short forms ∂i = (∂/∂qi) and ∂2
ij =

(∂2/∂qi∂qj) are used to denote the first and second derivatives with respect to the gener-
alized coordinates.

From Eq. (III.4) to Eq. (III.5), the KEO has been re-written into a more “symmetric”
form, using the relations:

f(θ)
(
∂2

θ + cotθ ∂θ

)
= 1

2
[
f(θ)

(
∂2

θ + cotθ ∂θ

)
+
(
∂2

θ + cotθ ∂θ

)
f(θ)

]
− 1

2
(
∂2

θf(θ)
)

− 1
2 cotθ

(
∂θf(θ)

)
−
(
∂θf(θ)

)
∂θ (III.6)

⇒ cosθ
(
∂2

θ + cotθ ∂θ

)
= 1

2
[
cosθ

(
∂2

θ + cotθ ∂θ

)
+
(
∂2

θ + cotθ ∂θ

)
cosθ

]
+ (sinθ ∂θ + cosθ) (III.7)

and

f(ra) ∂ra = 1
2
[
f(ra) ∂ra + ∂ra f(ra)

]
− 1

2
(
∂raf(ra)

)
(III.8)

⇒ ra
r̃2

s − r2
a
∂ra = 1

2

[
ra

r̃2
s − r2

a
∂ra + ∂ra

ra
r̃2

s − r2
a

]
− 1

2
r2

a + r̃2
s

(r2
a − r̃2

s )2 . (III.9)

The “symmetrized” form of the KEO allows immediate conclusions on the hermiticity of
the operator. The last term, which is highlighted in red, is non-Hermitian, in particular,
it is skew-Hermitian. As a consequence, this KEO is not appropriate to describe the dy-
namics of the 2D model system. Clearly, the appearance of the non-Hermitian term is not
related to the choice of normalization of the wave function. A change of normalization can
only introduce different pseudopotential (or extrapotential) terms, i.e., terms associated
with the KEO that only depend on the relevant variables, but do not include derivatives.
Thus, starting with an expression for the vibrational KEO, which corresponds to another
normalization definition than (III.1), would yield a non-Hermitian KEO as well.

Since the admittedly “naive” approach above does not yield the required operator, it
seems advisable to start from scratch and carry out a more rigorous construction. The
vibrational KEO of an N -atomic molecular system can be expressed in terms of N int =
3N − 6 = n internal coordinates, q, and their derivatives, ∂q, in the following way [542,
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543]:

TJ̃(q, ∂q) = −ℏ2

2

[∑
i,j

((
Σij(q)∂2

ij

)
+ Σij(q)

(
∂j lnJ̃(q)

)
∂i + (∂jΣij(q))∂i

)]
. (III.10)

The vibrational KEO expression (III.10) is correct for the case that the wave function
satisfies the normalization, ∫

ψ∗ψ dτJ̃ = 1 , (III.11)

with the Euclidean volume element (without the components of the center of mass and
rotation)

dτJ̃ = J̃(q) dq1...dqn . (III.12)

The vibrational KEO associated with another normalization than the Euclidean, denoted
by ρ̃ ( ̸= J̃), is given by [542]

Tρ̃(q, ∂q) =
(
ρ̃(q)
J̃(q)

)−1/2

T (q, ∂q)
(
ρ̃(q)
J̃(q)

)1/2

= TJ̃=ρ̃(q, ∂q) + v(q)

= −ℏ2

2

[∑
i,j

(Σij(q)∂2
ij) +

∑
i,j

(
Σij(q)(∂j lnρ̃)∂i + (∂jΣij(q))∂i

)]
+ v(q), (III.13)

where the pseudopotential, introduced by the change of normalization, is given by

v(q) = −ℏ2

16

n∑
i,j=1

Σij

(
∂iρ̃

ρ̃

∂j ρ̃

ρ̃
− ∂iJ̃

J̃

∂j J̃

J̃

)

− ℏ2

8

n∑
i,j=1

[(
∂iΣij

)(∂j J̃

J̃
− ∂j ρ̃

ρ̃

)
+ Σij

(
∂2

i,j J̃

J̃
−
∂2

i,j ρ̃

ρ̃

)]
. (III.14)

The elements of the Σ matrix that appear in the expression for the vibrational KEO,
are defined by the (n+ 3)-square matrix [542, 543]

G = g−1 =

⎛⎝ Σn×n ΓT
n×3

Γ3×n Υ3×3

⎞⎠ , where g =

⎛⎝ S CT

C I

⎞⎠ . (III.15)
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S designates the internal deformation matrix. Its elements are given by

Sij =
∑

k

mk

[
∂xMF

k (q)
∂qi

∂xMF
k (q)
∂qj

+ ∂yMF
k (q)
∂qi

∂yMF
k (q)
∂qj

+ ∂zMF
k (q)
∂qi

∂zMF
k (q)
∂qj

]
. (III.16)

Here, xMF
k , yMF

k , and zMF
k are the q-dependent Cartesian coordinates of the position vector

rMF
k , which indicates to the location of the kth atom of the molecule with respect to the

molecule-fixed frame (MF), that is, the position of the kth atom relative to the molecule’s
center of mass. As is indicated in Fig. II.1, the position vectors rMF

k define together
with the three center of mass coordinates, XCM = (XCM, YCM, ZCM), and the three Euler
angles, α, β, γ, the positions of the atoms in the laboratory frame (LF):

⎛⎜⎜⎜⎜⎝
xLF

k

yLF
k

zLF
k

⎞⎟⎟⎟⎟⎠ = XCM + Φ(α, β, γ)

⎛⎜⎜⎜⎜⎝
xMF

k (q)

yMF
k (q)

zMF
k (q)

⎞⎟⎟⎟⎟⎠ , (III.17)

where

Φ =

⎛⎜⎜⎜⎜⎝
cosα cosβ cosγ − sinβ sinγ −cosα cosβ sinγ − sinβ cosγ sinα cosβ

cosα sinβ cosγ − cosβ sinγ −cosα sinβ sinγ − cosβ cosγ sinα sinβ

−sinα cosγ −sinα cosγ cosα

⎞⎟⎟⎟⎟⎠ , (III.18)

denotes the (Euler) rotation matrix [698].
The Coriolis matrix C links the internal deformation with the rotational motion of the
molecule. Its elements are given by

Cxi =
∑

k

mk

(
yMF

k (q)∂z
MF
k (q)
∂qi

− zMF
k (q)∂y

MF
k (q)
∂qi

)
, (III.19)

Cyi =
∑

k

mk

(
zMF

k (q)∂x
MF
k (q)
∂qi

− xMF
k (q)∂z

MF
k (q)
∂qi

)
, (III.20)

Czi =
∑

k

mk

(
xMF

k (q)∂y
MF
k (q)
∂qi

− yMF
k (q)∂x

MF
k (q)
∂qi

)
. (III.21)
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Finally, the elements of the tensor of inertia I are given by

Ixx =
∑

k

mk

[ (
yMF

k

)2 +
(
zMF

k

)2 ]
, (III.22)

Iyy =
∑

k

mk

[ (
xMF

k

)2 +
(
zMF

k

)2 ]
, (III.23)

Izz =
∑

k

mk

[ (
xMF

k

)2 +
(
yMF

k

)2 ]
, (III.24)

Ixy = −
∑

k

mk

[
xMF

k yMF
k

]
, (III.25)

Ixz = −
∑

k

mk

[
xMF

k zMF
k

]
, (III.26)

Iyz = −
∑

k

mk

[
yMF

k zMF
k

]
. (III.27)

The standard procedure to define the q-dependent position vectors,

rk = rk (q1, ..., qn) for k = 1, ..., N , (III.28)

is at the heart of building the so-called Z-matrix representation in chemistry, which
can be used as geometry input file for computational chemistry programs. It works as
follows:

1. Place the first atom at the origin of the coordinate system.

2. Place the second atom at a distance equal to the bond length to the first atom on
the z axis14.

3. The third atom can be linked either to the first or the second atom by using the
respective bond distance between the two atoms and the resulting enclosed bond
angle.

4. The fourth and all other atoms are placed with respect to those neighboring atoms,
whose positions have been defined previously, using a bond length, bond angle and
a dihedral angle15.

The aim in this Appendix is to build the vibrational KEO for a triatomic molecule,
where the positions of the three atoms are expressed in terms of the coordinates rs =
14The assignment of the second atom along the z axis from the first atom gave the Z-matrix its name.
15Dihedral angles are the angles between an atom and the plane created by three other atoms.
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1
2 (q1 + q2) = 1

2 (r1 + r2), ra = 1
2 (q1 − q2) = 1

2 (r1 − r2) and θ = q3. Applying the above
procedure yields in this case:

rB =

⎛⎜⎜⎝
0
0
0

⎞⎟⎟⎠ , rA =

⎛⎜⎜⎝
0
0

rs + ra

⎞⎟⎟⎠ , rC =

⎛⎜⎜⎝
(rs − ra) sinθ

0
(rs − ra) cosθ

⎞⎟⎟⎠ . (III.29)

The molecule’s center of mass is given by

rCM = mA · rA + mB · rB + mC · rC
M

= 1
M

⎛⎜⎜⎝
mC (rs − ra) sinθ

0
mA (rs + ra) + mC (rs − ra) cosθ

⎞⎟⎟⎠ , (III.30)

where M = mA + mB + mC is the total mass of the molecule. With this, the positions of
the atoms relative to the center of mass of the molecule (and thus relative to the MF),
rMF

k = rk − rCM, are readily found:

rMF
B =

⎛⎜⎜⎜⎜⎝
xMF

B

yMF
B

zMF
B

⎞⎟⎟⎟⎟⎠ = −rCM , (III.31)

rMF
A =

⎛⎜⎜⎜⎜⎝
xMF

A

yMF
A

zMF
A

⎞⎟⎟⎟⎟⎠ = 1
M

⎛⎜⎜⎝
−mC (rs − ra) sinθ

0
mBC (rs + ra) − mC (rs − ra) cosθ,

⎞⎟⎟⎠ , (III.32)

rMF
C =

⎛⎜⎜⎜⎜⎝
xMF

C

yMF
C

zMF
C

⎞⎟⎟⎟⎟⎠ = 1
M

⎛⎜⎜⎝
mAB (rs − ra) sinθ

0
−mA (rs + ra) + mAB (rs − ra) cosθ

⎞⎟⎟⎠ . (III.33)

Inserting the elements of rMF
k into Eqs. (III.16), (III.19)-(III.27), plugging the results
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into the g-matrix according to Eq. (III.15), and inversion of g, yields the matrix

G =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
4

( 1
µ1

+
1

µ2
+

2cosθ
mB

) 1
4

( 1
µ1

−
1

µ2

)
rssinθ

mB (r2
a − r2

s )

1
4

( 1
µ1

−
1

µ2

) 1
4

( 1
µ1

+
1

µ2
−

2cosθ
mB

)
rasinθ

mB (r2
a − r2

s )

rssinθ

mB (r2
a − r2

s )
rasinθ

mB (r2
a − r2

s )
1

µ1 (rs + ra)2 +
1

µ2 (rs − ra)2 −
2cosθ

mB(r2
s − r2

a)

0 0 0
sinθ

2mB(ra + rs)
−

sinθ

2mB(ra + rs)
cosθ

mB(r2
s − r2

a)
−

1
µ1(ra + rs)2

0 0 0

0
sinθ

2mB(ra + rs)
0

0 −
sinθ

2mB(ra + rs)
0

0
cosθ

mB(r2
s − r2

a)
−

1
µ1(ra + rs)2 0

1
µ1(ra + rs)2 0

cotθ
µ1(ra + rs)2 −

cscθ

mB(r2
s − r2

a)

0
1

µ1(ra + rs)2 0

cotθ
µ1(ra + rs)2 −

cscθ

mB(r2
s − r2

a)
0

(cotθ)2

µ1(ra + rs)2 +
(cscθ)2

µ2(rs − ra)2 −
2cosθ(cscθ)2

mB(r2
s − r2

a)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(III.34)

As was pointed out above, the elements of the submatrix Σ,

Σ(rs, ra, θ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rs ra θ

rs
1
4

( 1
µ1

+
1

µ2
+

2cosθ
mB

) 1
4

( 1
µ1

−
1

µ2

)
rssinθ

mB (r2
a − r2

s )

ra
1
4

( 1
µ1

−
1

µ2

) 1
4

( 1
µ1

+
1

µ2
−

2cosθ
mB

)
rasinθ

mB (r2
a − r2

s )

θ
rssinθ

mB (r2
a − r2

s )
rasinθ

mB (r2
a − r2

s )
1

µ1 (rs + ra)2 +
1

µ2 (rs − ra)2 −
2cosθ

mB(r2
s − r2

a)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(III.35)

are required to construct the KEO. By applying the substitutions rs → rs = 1
2 (r1 + r2)

and ra → ra = 1
2 (r1 − r2), Σ (III.35) transforms into Σ(rs, ra, θ) → Σ′(r1, r2, θ). Note

that using Σ′ together with expression (III.13) and ρ̃ = sinθ yields the 3D, vibrational
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Carter-Handy KEO in Eq. (III.2). Up to here the construction of the vibrational KEO of
a triatomic molecule is general.

At this point, the constraint rs
!= constant can be imposed by (i) removing the row

and column corresponding to the coordinate rs (see the labeling of the columns and rows
in Eq. (III.35)) and (ii) substituting rs with the fixed value r̃s in the remaining matrix
elements:

Σ̃(ra, θ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ra θ

ra
1
4

( 1
µ1

+ 1
µ2

− 2cosθ
mB

)
rasinθ

mB (r2
a − r̃2

s )

θ
rasinθ

mB (r2
a − r̃2

s )
1

µ1 (r̃s + ra)2 + 1
µ2 (r̃s − ra)2 − 2cosθ

mB(r̃2
s − r2

a)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(III.36)

The volume element, i.e., the normalization of the wave function, depends now only
on the two remaining coordinates and is chosen to be:

dτρ̃
!= ρ̃(Q) dQ2 dQ3 = sinθ dra dθ . (III.37)

The choice ρ̃ = sinθ is associated with the choice of basis functions used for the DVR, which
is employed to propagate the nuclear Schrödinger equation including the constructed 2D
vibrational KEO, see Appendix IV for details.

Substituting the elements of Σ̃ (III.36) and the derivatives

∂ lnρ̃
∂ra

= 0 , ∂ lnρ̃
∂θ

= cotθ ,

∂ Σ̃11

∂ra
= 0, ∂ Σ̃12

∂θ
= racosθ

mB (r2
a − r̃2

s ) ,
∂ Σ̃21

∂ra
= −

(
r2

a + r̃2
s
)

sinθ
mB (r2

a − r̃2
s )2 ,

∂ Σ̃22

∂θ
= − 2sinθ

mB (r2
a − r̃2

s ) ,

into Eq. (III.13), yields the following expression for the reduced-dimensionality (2D) vi-
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brational KEO for a triatomic molecule with frozen symmetric stretch motion:

T̃ (ra, θ, ∂ra , ∂θ) = −ℏ2

2

[
1
4

( 1
µ1

+ 1
µ2

− 2cosθ
mB

)
∂2

ra + 2rasinθ
mB (r2

a − r̃2
s ) ∂ra∂θ

+
(

1
µ1 (r̃s + ra)2 + 1

µ2 (r̃s − ra)2 − 2cosθ
mB(r̃2

s − r2
a)

)
∂2

θ

+ racosθ
mB (r2

a − r̃2
s ) ∂ra +

(
1

µ1 (r̃s + ra)2 + 1
µ2 (r̃s − ra)2

− 2cosθ
mB(r̃2

s − r2
a)

)
cotθ ∂θ + racosθ

mB (r2
a − r̃2

s ) ∂ra

−
(
r2

a + r̃2
s
)

sinθ
mB (r2

a − r̃2
s )2 ∂θ + 2sinθ

mB(r̃2
s − r2

a) ∂θ

]
+ v(ra, θ) (III.38)

= − ℏ2

8µ1
∂2

ra − ℏ2

8µ2
∂2

ra + ℏ2

4mB
cosθ ∂2

ra

− ℏ2

2

(
1

µ1 (r̃s + ra)2 + 1
µ2 (r̃s − ra)2 − 2cosθ

mB(r̃2
s − r2

a)

)(
∂2

θ + cotθ ∂θ

)

− ℏ2

mB

ra
r2

a − r̃2
s
∂ra(sinθ ∂θ + cosθ)

+ ℏ2

2mB

r2
a + r̃2

s
(r2

a − r̃2
s )2 sinθ ∂θ − ℏ2

mB

1
r̃2

s − r2
a

sinθ ∂θ + v(ra, θ) (III.39)

T̃ (ra, θ, ∂ra , ∂θ) = − ℏ2

8µ1
∂2

ra − ℏ2

8µ2
∂2

ra + ℏ2

4mB
cosθ ∂2

ra

− ℏ2

2

(
1

µ1 (r̃s + ra)2 + 1
µ2 (r̃s − ra)2

)(
∂2

θ + cotθ ∂θ

)

+ ℏ2

2mB

1
r̃2

s − r2
a

[
cosθ

(
∂2

θ + cotθ ∂θ

)
+
(
∂2

θ + cotθ ∂θ

)
cosθ

]

+ ℏ2

2mB

[
ra

r̃2
s − r2

a
∂ra + ∂ra

ra
r̃2

s − r2
a

]
(sinθ ∂θ + cosθ)

− ℏ2

2mB

r2
a + r̃2

s
(r2

a − r̃2
s )2 cosθ + ℏ2

mB

1
r̃2

s − r2
a

cosθ + v(ra, θ) (III.40)
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As was done before in Eq. (III.5), in the last step, the operator has been re-written into a
‘symmetric’ form, using Eqs. (III.7) and (III.9).

Compared to the initially constructed KEO (III.5), in (III.40) the non-Hermitian
term is gone. Instead, this procedure yields the two pseudopotentials in the last line of
Eq. (III.40) (besides v(ra, θ)). The first line corresponds to the radial part of the KEO.
The second line corresponds to the angular part of the KEO with the moments of inertia
in the denominator. The third line shows additional angular KEO terms including cosθ-
terms. The fourth line includes the mixed derivative terms of the KEO.
The last line shows the extrapotential terms that result from the “symmetrization” of the
KEO, and the extrapotential term (v) resulting from the non-Euclidean normalization of
the wave function.

The 2D vibrational KEO of the specific example of the NO2 molecule is thus given
by:

T̃ (ra, θ, ∂ra , ∂θ) = − ℏ2

4µ ∂2
ra + ℏ2

4mN
cosθ ∂2

ra

− ℏ2

2µ

(
1

(r̃s + ra)2 + 1
(r̃s − ra)2

)(
∂2

θ + cotθ ∂θ

)

+ ℏ2

2mN

1
r̃2

s − r2
a

[
cosθ

(
∂2

θ + cotθ ∂θ

)
+
(
∂2

θ + cotθ ∂θ

)
cosθ

]

+ ℏ2

2mN

[
ra

r̃2
s − r2

a
∂ra + ∂ra

ra
r̃2

s − r2
a

]
(sinθ ∂θ + cosθ)

− ℏ2

2mN

r2
a + r̃2

s
(r2

a − r̃2
s )2 cosθ + ℏ2

mN

1
r̃2

s − r2
a

cosθ + v(ra, θ), (III.41)

where µ = mOmN
mO+mN

with mN and mO being the masses of the nitrogen and oxygen atom,
respectively.
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IV. Discrete variable representation (DVR) of the
two-dimensional NO2 Hamiltonian

Having determined a suitable 2D vibrational KEO (see Eq. (III.41)) and 2D PESs
V d

i (ra, θ) (i = 1, 2) of the diabatic ground and excited state of the reduced-dimensionality
NO2 model with frozen symmetric stretch motion (see Fig. 6.4), the associated system of
coupled equations determining the time evolution of the diabatic nuclear wave functions
χd

n,i,

iℏ
∂

∂t

⎛⎜⎝ χd
n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠ =
[
T̃ + V d + V d

L (t)
]⎛⎜⎝ χd

n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠

=

⎡⎢⎣
⎛⎜⎝ T̃ (R, ∂

∂R) 0

0 T̃ (R, ∂
∂R)

⎞⎟⎠+

⎛⎜⎝ V d
1 (R) V d

12(R)

V d
12(R) V d

2 (R)

⎞⎟⎠

−

⎛⎜⎝ dd
1(R) dd

12(R)

dd
12(R) dd

2(R)

⎞⎟⎠ · E(t)

⎤⎥⎦
⎛⎜⎝ χd

n,1(R, t)

χd
n,2(R, t)

⎞⎟⎠ , (IV.1)

can be solved. Here T̃ denotes the 2D KEO given in Eq. (III.41). V d
1 (V d

2 ) and dd
1 (dd

2) are
the diabatic PES and the diabatic permanent dipole moment of state 1 (2), respectively.
V d

12 and dd
12 describe the potential coupling and the diabatic transition dipole moment

between the two diabatic electronic states φ1 and φ2, respectively. The matrix dd · E(t)
describes the interaction between the molecule and the laser field E(t).

In the remainder of this Appendix, all quantities correspond to the diabatic represen-
tation and the indicating superscript “d” is omitted.

IV.I. Finite basis-set representation and DVR

To solve the system of coupled equations (IV.1), the matrix elements of the Hamilto-
nian are represented (approximately) in some finite matrix representation. In particular,
in the present work, a direct product discrete variable representation (DVR) [444–448] of
the Hamiltonian is employed.
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The DVR is a basis consisting of N discrete points16, which is related by a unitary
transformation to a set of N L2 basis functions that constitute the finite basis-set rep-
resentation (FBR). In the following, the construction of the DVR Hamiltonian, DVRH,
will be outlined briefly. A good general introduction to DVR methods is given in [448].
Additionally, in Appendix B of reference [447] an excellent overview of the basics of DVR
methods can be found, including DVR properties and several important examples (also
those pertinent to this study).

To build the DVR Hamiltonian, first, appropriate basis functions (orthonormal poly-
nomials) are chosen for the ra and θ degrees of freedom, which are denoted by ηp = ηp(ra)
and ϑl = ϑl(θ), respectively. Both basis sets are truncated to a finite number of mem-
bers, {ηp}Nra

p=1 with Nra < ∞ and {ϑl}Nθ
l=1 with Nθ < ∞. Using this finite basis set, an

approximate representation of the Hamiltonian is obtained:

(
FBRH

)p′l′

pl
= ⟨ηra

p ϑ
θ
l |H| ηra

p′ ϑ
θ
l′⟩ , (IV.2)

where FBR stands for “finite basis-set representation”.

The Hamiltonian can be written as a sum of terms,

H =
∑

s

hs(ra, θ), (IV.3)

where each term has the form

hs(ra, θ) = fs(ra) gs(θ). (IV.4)

The factors fs and gs may include not only functions with respect to the appropriate
variable but also derivatives with respect to it. In the FBR, the elements of the hs-terms
are

(
FBRhs

)p′l′

pl
= ⟨ηra

p |fs(ra)|ηra
p′ ⟩⟨ϑθ

l |gs(θ)|ϑθ
l′⟩ (IV.5)

=
(

FBRfs

)
pp′

(
FBRgs

)
ll′
. (IV.6)

Next, for each of the two degrees of freedom the unitary matrix UQi , which relates
the basis function representation (FBR) to the discrete representation (DVR), is deter-
16The number of grid points is denoted by N , which should not be mistaken with the number of atoms,

which is also denoted by N elsewhere in this thesis.
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mined. This can be done by diagonalizing some (real, invertible) function of the coordinate
operator, zj(Qi) =: Q̃i, expressed in the FBR17:

Xra =
(
U ra

)†
Q̃raU ra , Xθ =

(
U θ
)†
Q̃θU θ, (IV.7)

with
(Q̃ra)pp′ = ⟨ηra

p | z1(ra) | ηra
p′ ⟩ = ⟨ηra

p | r̃a | ηra
p′ ⟩,

(Q̃θ)ll′ = ⟨ϑθ
l | z2(θ) | ϑθ

l′⟩ = ⟨ϑθ
l | θ̃ | ϑθ

l′⟩.
(IV.8)

Here, UQi is the eigenvector matrix and XQi denotes the diagonal matrix of eigenvalues
x̃Qi

γ , i.e. (XQi)γγ′ = x̃Qi
γ δγγ′ . Since the position operator matrix Q̃Qi is Hermitian, the

corresponding eigenvector matrix UQi is unitary and the eigenvalues x̃Qi
γ are real.

As the last step, the eigenvector matrices are used to unitarily transform the FBR
Hamiltonian into the direct product DVR Hamiltonian,

DVRH = U †
(

FBRH
)
U , (IV.9)

where the full transformation matrix is given by

U = U raU θ (IV.10)

with elements
Uαβ

pl = U ra
pαU

θ
lβ. (IV.11)

The elements of the DVR Hamiltonian read:

(
DVRH

)α′β′

αβ
=
∑
pp′

ll′

(U θ
βl)∗⟨ϑθ

l |(U ra
αp)∗⟨ηra

p | H |ηra
p′ ⟩U ra

p′α′ |ϑθ
l′⟩U θ

l′β′ . (IV.12)

At this point, the DVR functions, Υγ(Qi), are introduced for each degree of freedom, so
that:

|Υ ra
α ⟩ =

∑
p

|ηra
p ⟩U ra

pα, |Υ θ
β ⟩ =

∑
l

|ϑrθ
l ⟩U θ

lβ . (IV.13)

17Throughout the thesis, the superscript † is used to denote the conjugate transpose of a matrix, the
superscript ∗ to denote the matrix with complex conjugate entries, and the superscript T to denote the
transpose of a matrix: (U†)ij = (U∗T )ij = (U∗)ji.
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Then the elements of the DVR Hamiltonian take the simple form

(
DVRH

)α′β′

αβ
= ⟨Υ ra

α Υ θ
β | H | Υ ra

α′ Υ
θ
β′⟩ , (IV.14)

and the matrix elements of each summand of the Hamiltonian can be expressed as:

(
DVRhs

)α′β′

αβ
= ⟨Υ ra

α | fs(ra) | Υ ra
α′ ⟩⟨Υ θ

β | gs(θ) | Υ θ
β′⟩ (IV.15)

=
(

DVRfs

)
αα′

(
DVRgs

)
ββ′

. (IV.16)

The matrix DVRfs is of dimension (Nra×Nra) and the matrix DVRgs of dimension (Nθ×Nθ).
Altogether, the DVR Hamiltonian is the result of the sum of the s Kronecker products,

DVRH =
∑

s

(
DVRfs ⊗ DVRgs

)
, (IV.17)

and thus of dimension (NraNθ ×NraNθ).

The DVR functions defined in (IV.13) are orthonormal,

⟨Υ ra
α |Υ ra

α′ ⟩ = δαα′ , (IV.18)

⟨Υ θ
β |Υ θ

β′ ⟩ = δββ′ , (IV.19)

and diagonalize (by construction!) the (functions of) position operators,

⟨Υ ra
α | r̃a |Υ ra

α′ ⟩ = x̃ra
α δαα′ ,

⟨Υ θ
β | θ̃ |Υ θ

β′ ⟩ = x̃θ
βδββ′ .

(IV.20)

From the last equations it follows that

Q̃i|ΥQi
γ ⟩ = x̃Qi

γ |ΥQi
γ ⟩ + |ξQi

γ ⟩, (IV.21)

where the term |ξQi
γ ⟩ is orthogonal to the respective basis and thus a result of the basis’

finiteness. For vanishing |ξQi
γ ⟩, the DVR function Υγ(Qi) would be proportional to the

Dirac delta-function δ(Q̃i−x̃Qi
γ ). As a result, the DVR functions Υγ(Qi) act like δ-functions

within the space spanned by the finite basis set.

The key motivation for applying this method is based on the DVR property in (IV.20).
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The potential energy operator18 V̂1 can be considered as a real function V1 of the position
operators r̂a, θ̂. The operator is part of the sum introduced in Eq. (IV.3),

H =
∑

s

hs(ra, θ) =
∑

s

[
hkin

s (ra, θ) + hpot
s (ra, θ)

]
, (IV.22)

where

∑
s

hkin
s (ra, θ) =

∑
s

fkin
s (ra)gkin

s (θ) = T̃ (ra, θ, ∂ra , ∂θ), (IV.23)

∑
s

hpot
s (ra, θ) =

∑
s

fpot
s (ra)gpot

s (θ) = Vi(ra, θ). (IV.24)

It is assumed that the functions fpot
s (ra) and gpot

s (θ) can be expressed as a convergent
power series in the appropriate variable.

Using the matrix representations of the position operators in the FBR (IV.8) and their
eigendecompositions (IV.7), the potential matrix elements in the FBR can be written as:

(
FBRhpot

s

)p′l′

pl
= ⟨ηra

p |fpot
s (ra)|ηra

p′ ⟩⟨ϑθ
l |gpot

s (θ)|ϑθ
l′⟩

= f̃pot
s

(
(Q̃ra)pp′

)
g̃pot

s

(
(Q̃θ)ll′

)
=

∑
α,α′

β,β′

f̃pot
s

(
U ra

pαX
ra
αα′(U ra

α′p′)∗
)
g̃pot

s

(
U θ

lβX
θ
ββ′(U θ

β′l′)∗
)

=
∑
α,α′

β,β′

U ra
pα f̃

pot
s (x̃ra

α )δαα′ (U ra
α′p′)∗ ×

× U θ
lβ g̃

pot
s (x̃θ

β)δββ′ (U θ
β′l′)∗, (IV.25)

where the relations

fpot
s (ra)=fpot

s (z−1
1 (z1(ra)) =: f̃pot

s (z1(ra)) = f̃pot
s (r̃a), (IV.26)

gpot
s (θ)=gpot

s (z−1
2 (z2(θ))) =: g̃pot

s (z2(θ)) = g̃pot
s (θ̃) (IV.27)

18The hat-symbol to denote operators is mostly omitted in this thesis.
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have been used. Applying the FBR → DVR transformation (IV.9) then yields:

(
DVRhpot

s

)α′β′

αβ
= ⟨Υ ra

α | fpot
s (ra) | Υ ra

α′ ⟩⟨Υ θ
β | gpot

s (θ) | Υ θ
β′⟩

=
∑
pp′

ll′

(U ra
αp)∗⟨ηra

p |fpot
s (ra)|ηra

p′ ⟩U ra
p′α′(U θ

βl)∗⟨ϑθ
l |gpot

s (θ)|ϑθ
l′⟩U θ

l′β′

=
∑
pp′

ll′

f̃pot
s

(
(U ra

αp)∗U ra
pαX

ra
δδ′(U ra

α′p′)∗U ra
p′α′

)
×

× g̃pot
s

(
(U θ

βl)∗U θ
lβX

θ
µµ′(U θ

β′l′)∗U θ
l′β′

)
= f̃pot

s

(
x̃ra

α

)
δαα′ g̃pot

s

(
x̃θ

β

)
δββ′

= fpot
s

(
xra

α

)
δαα′ gpot

s

(
xθ

β

)
δββ′ , (IV.28)

where xra
α = z−1

1 (x̃ra
α ) and xθ

β = z−1
2 (x̃θ

β). For the last but one equality, it has been used
that UQi is a unitary matrix and thus

(
UQi

)†
UQi = I, where I is the unit matrix.

The property that the potential energy operator is diagonal in the DVR basis, where
the diagonal elements are simply given by the potential energy values at the respective
DVR grid points, {xra

α , x
θ
β}, makes the DVR method so attractive. The approach of

diagonalizing the position operator to evaluate the matrix elements of (unusual) potential
functions has been already introduced in 1965 by D. O. Harris et al. [700]. Based on
this work [700], A. S. Dickinson and P. R. Certain [701] provided the formal basis for the
technique, and proved that the discrete points of the DVR are in fact the points of the
Gaussian quadrature defined by the corresponding FBR.

Comparing the FBR expression (IV.25) of the potential energy operator with the
quadrature formula,

(
quad,poth

)p′l′

pl
=

∑
α,β

wra
α

(
ηra

p (xra
α )
)∗

f̃pot(xra
α ) ηra

p′ (xra
α ) ×

× wθ
β

(
ϑθ

l (xθ
β)
)∗

g̃pot(xθ
β) ϑθ

l′(xθ
β), (IV.29)

shows that

√
wra

α = (U ra
αp′)∗/ηra

p′ (xra
α ) and

√
wθ

β = (U θ
βl′)∗/ϑθ

l′(xθ
β), (IV.30)

where wQi
γ are the weights of the quadrature. The relations (IV.30) imply that the two
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ratios on the right-hand sides are independent of p′ and l′, respectively. This does not
have to be generally true. However, if the FBR matrix of the position operator, Q̃Qi ,
is tridiagonal, then the FBR expression of the potential energy operator is equivalent to
a Gaussian quadrature [700, 701]. That is, if Q̃ra and Q̃θ are tridiagonal, then the two
ratios on the right-hand sides are independent of p′ and l′, the relations (IV.30) hold, and
the potential matrix in the DVR, DVRhpot

s , is diagonal on the Gaussian quadrature points
constituting that DVR.

That is the reason for introducing the functions zj(Qi) in Eqs. (IV.8). If the position
operator itself does not lead to a tridiagonal representation, it is beneficial to employ a
real, invertible function of it, zj(Qi), whose FBR matrix is tridiagonal. The DVR grid
points are then given by xQi

γ = z−1
j (x̃Qi

γ ). If the DVR is based on such an FBR, it is
referred to as a proper DVR [447].

The properties of proper DVRs have been presented in several papers (see e.g. [444,
447]), here only the discrete δ-property will be pointed out:

Υγ(xQi
λ ) =

(√
wQi

γ

)−1
δγλ, (IV.31)

and, assuming that the wave function Ψ lies entirely in the basis set (no orthogonal com-
ponents),

⟨Υ ra
α Υ θ

β | Ψ⟩ =
√
wra

α wθ
β Ψ(xra

α , x
θ
β). (IV.32)

The last relation shows the effect of the FBR → DVR transformation. The wave function
Ψ is no longer represented by its overlaps with the basis functions, but rather by its values
on the DVR grid points {xra

α , x
θ
β}:

Ψ(ra, θ) → DV RΨ =
(√

wra
1 w

θ
1 Ψ(xra

1 , x
θ
1),
√
wra

1 w
θ
2 Ψ(xra

1 , x
θ
2), ...

...,
√
wra

1 w
θ
Nθ

Ψ(xra
1 , x

θ
Nθ

),
√
wra

2 w
θ
1 Ψ(xra

2 , x
θ
1),√

wra
2 w

θ
2 Ψ(xra

2 , x
θ
2), ...,

√
wra

Nra
wθ

Nθ
Ψ(xra

Nra
, xθ

Nθ
)
)T

. (IV.33)

A (proper) DVR can be alternatively derived from a Gaussian quadrature directly,
without diagonalization of the position operator. This approach was taken by J. C. Light
and co-workers [444, 445, 702–705], who also coined the abbreviations FBR and DVR, see
also [706] and references therein.
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As was shown above, to evaluate the potential energy operator on the DVR grid, the
matrix elements of the position operator in the FBR are required. To express the KEO in
DVR form, the matrix elements of the first and second derivatives,

(
FBRD(1),ra

)
pp′

= ⟨ηra
p | ∂/∂ra | ηra

p′ ⟩,
(

FBRD(2),ra
)

pp′
= ⟨ηra

p | ∂2/∂r2
a | ηra

p′ ⟩, (IV.34)(
FBRD(1),θ

)
ll′

= ⟨ϑθ
l | ∂/∂θ | ϑθ

l′⟩,
(

FBRD(2),θ
)

ll′
= ⟨ϑθ

l | ∂2/∂θ2 | ϑθ
l′⟩, (IV.35)

are evaluated analytically in the polynomial basis before transforming to the DVR basis.

IV.II. DVR of the asymmetric stretch motion

For the ra degree of freedom, the so-called sine DVR (also referred to as sinc DVR
or Chebyshev DVR) is employed. This type of DVR has been discussed by D. T. Colbert
and W. H. Miller [446], introducing a simple and universal DVR, which is widely applied.
It uses the particle-in-a-box eigenfunctions

ηp(ra) =

⎧⎪⎨⎪⎩
√

2
L

sin
(
p π (ra − ra,0)

L

)
, for ra,0 ≤ ra ≤ ra,Nra +1

0, else
(IV.36)

as basis functions. The box boundaries are ra,0 and ra,Nra +1, and the length of the box is
given by L = ra,Nra +1 − ra,0. For this example, we indeed find that the matrix representa-
tion of the position operator ra is not tridiagonal. However, a tridiagonal form is obtained
for the transformed variable

z1(ra) = cos
(
π(ra − ra,0)

L

)
. (IV.37)

The position operator matrix in FBR then reads

(Q̃ra)pp′ = ⟨ηra
p | z1(ra) | ηra

p′ ⟩ = 1
2(δp,p′+1 + δp,p′−1). (IV.38)

This matrix can be readily diagonalized analytically, obtaining the eigenvectors,

U ra
pα =

√
2

Nra + 1 sin
(

pαπ

Nra + 1

)
, (IV.39)
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and eigenvalues,
x̃ra

α = cos
(

απ

Nra + 1

)
. (IV.40)

Thus, the DVR grid points are given by

xra
α = L

π
arccos(x̃ra

α ) + ra,0 = αL

Nra + 1 + ra,0 = α · ∆ra + ra,0. (IV.41)

The grid is spaced equidistantly with a spacing of ∆ra = L/(Nra + 1). Note that the
grid ranges from xra

1 to xra
Nra

, since the wave function ηp vanishes at the two boundaries
ra = xra

0 = ra,0 and ra = xra
Nra +1 = L + ra,0 (by construction). The weights are constant

along the evenly spaced grid and given by

√
wra

α = (U ra
αp)∗/ηra

p (xra
α ) =

√
L/(Nra + 1) =

√
∆ra. (IV.42)

The elements of the first and second derivative matrices read:

(
FBRD(1),ra

)
pp′

= ⟨ηra
p | d/dra | ηra

p′ ⟩ =

⎧⎪⎨⎪⎩
mod(p− p′, 2) 4pp′

L(p2 − p′2) , for p ̸= p′

0, for p = p′
(IV.43)

(
FBRD(2),ra

)
pp′

= ⟨ηra
p | d2/dr2

a | ηra
p′ ⟩ =

⎧⎪⎨⎪⎩
0, for p ̸= p′,

−
(
pπ

L

)2
, for p = p′

(IV.44)

where mod(p− p′, 2) is zero if (p− p′) is even and one otherwise. Finally, the eigenvector
matrix (IV.39) is used to transform the FBR matrices of the derivative operators into
DVR form:

(
DVRD(1),ra

)
αα′

=
∑
p,p′

(U ra
αp)∗FBRD

(1),ra
pp′ U ra

p′α′

=
∑
p,p′

p ̸=p′

(U ra
αp)∗

[
mod(p− p′, 2) 4pp′

L(p2 − p′2)

]
U ra

p′α′ , (IV.45)
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(
DVRD(2),ra

)
αα′

=
∑
p,p′

(U ra
αp)∗FBRD

(2),ra
pp′ U ra

p′α′

= −
(

π

∆ra

)2

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
3 + 1

6(Nra +1)2 − 1
2(Nra +1)2 sin(απ/(Nra +1)) , for α = α′,

2(−1)α−α′

(Nra +1)2
sin(απ/(Nra +1))sin(α′π/(Nra +1))[

cos(απ/(Nra +1))−cos(α′π/(Nra +1))
]2 , for α ̸= α′

(IV.46)

The transformation of the first derivative matrix (IV.45) needs to be done numerically,
while that of the second derivative (IV.46) is known analytically.

IV.III. DVR of the bending motion

A Gauss-Legendre DVR is employed for the bending angle θ. This type of DVR is
particularly suitable for angular degrees of freedom, as the associated Legendre functions
are eigenfunctions of the angular momentum operator:

L̂2 = −ℏ2
(

1
sinθ

∂

∂θ
sinθ ∂

∂θ
+ m2

sin2θ

)
, (IV.47)

where the magnetic quantum number m is treated as fixed parameter.

The L̂2-operator is also present in the reduced-dimensionality, vibrational KEO (III.41)
(for m = 0) pertinent to the 2D NO2 model considered in this work. Thus we have chosen
to use the L2-normalized Legendre polynomials,

ϑl(θ) =
√

2l + 1
2 Pl(cosθ) =: P̃l(cosθ), (IV.48)

as basis functions with l = 0, ..., Nθ − 1.

To obtain the matrix elements of the position operator in this basis, Bonnet’s recursion
formula for Legendre polynomials is used:

(l + 1)Pl+1(z) = (2l + 1)zPl(z) − lPl−1(z) (IV.49)

⇒ zPl(z) = l + 1
2l + 1Pl+1(z) + l

2l + 1Pl−1(z), (IV.50)
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where z := cosθ. With Pl(z) =
√

2/(2l + 1)P̃l(z) (see Eq. (IV.48)) follows:

zP̃l(z) =
√

2l + 1
2

(
l + 1
2l + 1

√
2

2(l + 1) + 1 P̃l+1(z) + l

2l + 1

√
2

2(l − 1) + 1 P̃l−1(z)
)

= cl+1P̃l+1(z) + clP̃l−1(z), (IV.51)

where

cl =

√
l2

4l2 − 1 . (IV.52)

Since the polynomials P̃l are orthonormal, the matrix representation of the transformed
variable, z2(θ) = cosθ = z, follows directly from Eq. (IV.51):

(Q̃θ)ll′ = ⟨ϑθ
l | z2(θ) | ϑθ

l′⟩ = ⟨P̃l | z | P̃l′⟩ = ⟨P̃l | cl+1 | P̃l′+1⟩ + ⟨P̃l | cl | P̃l′−1⟩

= cl′+1δl,l′+1 + cl′δl,l′−1. (IV.53)

The matrix Q̃θ is tridiagonal as desired.

Next the eigenvalues x̃θ
β and the corresponding eigenvectors U θ

lβ are obtained by nu-
merical diagonalization of Q̃θ. The DVR grid points are then given by

xθ
β = arccos(x̃θ

β) (IV.54)

and the DVR weights by √
wθ

β = U0β. (IV.55)

Note that here, in contrast to the construction of the sine DVR before, the phases
of the eigenvectors of the position operator require special attention. Since the position
operator matrix is diagonalized numerically, the phases of the eigenvectors, and thus the
signs of the column vectors of U θ, are arbitrary. Hence, the phases of the eigenvectors
need to be fixed “by hand” in such a way that the corresponding weights are positive, i.e.,
the sign of the column vector needs to be inverted when (wθ

β)1/2 is negative.

Next the FBR of the following first derivative operator,

∂

∂θ
sinθ = sinθ ∂

∂θ
+ cosθ, (IV.56)

236



IV. DISCRETE VARIABLE REPRESENTATION (DVR) OF THE TWO-DIMENSIONAL NO2
HAMILTONIAN

is determined. Applying the variable transformation,

z = cosθ, 1 − z2 = (sinθ)2, (IV.57)

∂

∂θ
= ∂z

∂θ

∂

∂z
= −sinθ ∂

∂z
= −

√
1 − z2 ∂

∂z
, (IV.58)

the operator becomes

∂

∂θ
sinθ = sinθ ∂

∂θ
+ cosθ →

√
1 − z2(−(

√
1 − z2)) ∂

∂z
+ z = (z2 − 1) ∂

∂z
+ z. (IV.59)

The recursion formula,

(z2 − 1) ∂
∂z
Pl(z) = lzPl(z) − lPl−1(z), (IV.60)

is then used together with Eqs. (IV.49) and (IV.51) to obtain the following expression for
the first derivative operator:[

(z2 − 1) ∂
∂z

+ z

]
P̃l(z) = (l + 1)cl+1P̃l+1(z) − lclP̃l−1(z). (IV.61)

The elements of the first derivative FBR matrix thus read:

(
FBRD(1),θ

)
ll′

= ⟨P̃l | (z2 − 1) ∂
∂z

+ z | P̃l′⟩

= ⟨P̃l | (l′ + 1)cl′+1 | P̃l′+1⟩ − ⟨P̃l | l′cl′ | P̃l′−1⟩

= (l′ + 1)cl′+1δl,l′+1 − l′cl′δl,l′−1. (IV.62)

Subsequently the first derivative matrix is transformed into DVR form:

(
DVRD(1),θ

)
ββ′

=
∑
l,l′

(U θ
βl)∗FBRD

(1),θ
ll′ U θ

l′β′ . (IV.63)

Next, the FBR and DVR of the angular momentum operator,

L̂2 = −ℏ2 1
sinθ

∂

∂θ
sinθ ∂

∂θ
(IV.64)

= −ℏ2
(
∂2

∂θ2 + cotθ ∂

∂θ

)
, (IV.65)

is determined. Using the same variable transformation as above (Eq. (IV.57)), the angular
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momentum operator reads,

L̂2 = −ℏ2 ∂

∂z

[(
1 − z2

) ∂

∂z

]
. (IV.66)

The elements of the FBR matrix follow directly from Legendre’s differential equation,

∂

∂z

[(
1 − z2

) ∂

∂z
P̃l(z)

]
= −l(l + 1)P̃l(z), (IV.67)

and read:

(
FBRD(2),θ

)
ll′

= ⟨P̃l | − ℏ2 ∂

∂z

[(
1 − z2

) ∂

∂z

]
| P̃l′⟩

= ⟨P̃l | ℏ2 l′(l′ + 1) | P̃l′⟩

= ℏ2 l′(l′ + 1)δl,l′ . (IV.68)

Subsequently the second derivative matrix is transformed into DVR form:

(
DVRD(2),θ

)
ββ′

=
∑
l,l′

(U θ
βl)∗FBRD

(2),θ
ll′ U θ

l′β′ . (IV.69)

As a last step, we take advantage of the direct product DVR approach, which allows
to optimize the grid of each degree of freedom separately and in a straightforward manner.
Considering the specific properties of the computed 2D diabatic PESs, we can reduce the
size of the problem effectively by adapting the θ DVR grid. Both states have a substantial
energy barrier at smaller bending angles (θ < 60◦). For this reason, we truncate the DVR
grid for the bending coordinate in such a way that it ranges from 60◦ to 180◦, that is, the
first point of the new truncated grid corresponds to a bending angle of ≈ 60◦ instead of
≈ 0◦. In other words, all grid points at which the potential energy is greater than some
cutoff energy are discarded. By performing the truncation it is implicitly assumed that
the nuclear probability density is virtually zero in the discarded region. This method of
reducing the dimensionality of the DVR Hamiltonian has become a common technique,
see [448]. The irregular spacing between the grid points depends on the initial choice of
the number of basis functions (Nθ −1) and is unaffected by the truncation. As the number
of grid points is reduced, the original transformation matrix U θ

lβ needs to be truncated
accordingly. This is done by removing the columns of the matrix (eigenvectors) that
correspond to the omitted DVR grid points (eigenvalues).
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IV. DISCRETE VARIABLE REPRESENTATION (DVR) OF THE TWO-DIMENSIONAL NO2
HAMILTONIAN

IV.IV. DVR of the reduced-dimensionality kinetic energy operator

Using the DVR expressions for the two degrees of freedom, ra and θ, the 2D vibrational
KEO (III.41),

T̃ (ra, θ, ∂ra , ∂θ) =
∑

s

hkin
s (ra, θ) =

∑
s

fkin
s (ra)gkin

s (θ),

takes the following DVR form:

(
DVRT

)ββ′

αα′
=

∑
s

⟨Υ ra
α | ⟨Υ θ

β | hkin
s (ra, θ) | Υ ra

α′ ⟩ | Υ θ
β′⟩

=
∑

s

⟨Υ ra
α | fkin

s (ra) | Υ ra
α′ ⟩⟨Υ θ

β | gkin
s (θ) | Υ θ

β′⟩.

The terms are:

(
DVRhkin

1

)ββ′

αα′
= − ℏ2

4µ ⟨Υ ra
α | ∂2

ra | Υ ra
α′ ⟩ ⟨Υ θ

β | 1 | Υ θ
β′⟩

= − ℏ2

4µ
(

DVRD(2),ra
)

αα′
δββ′ , (IV.70)

(
DVRhkin

2

)ββ′

αα′
= ℏ2

4mN
⟨Υ ra

α | ∂2
ra | Υ ra

α′ ⟩ ⟨Υ θ
β | cosθ | Υ θ

β′⟩

= ℏ2

4mN

(
DVRD(2),ra

)
αα′

cosxθ
β δββ′ , (IV.71)

(
DVRhkin

3

)ββ′

αα′
= − ℏ2

2µ ⟨Υ ra
α | 1

(r̃s + ra)2 | Υ ra
α′ ⟩ ⟨Υ θ

β |
(
∂2

θ + cotθ ∂θ

)
| Υ θ

β′⟩

= 1
2µ ⟨Υ ra

α | 1
(r̃s + ra)2 | Υ ra

α′ ⟩ ⟨Υ θ
β | L̂2 | Υ θ

β′⟩

= 1
2µ

1
(r̃s + xra

α )2 δαα′

(
DVRD(2),θ

)
ββ′

, (IV.72)

(
DVRhkin

4

)ββ′

αα′
= − ℏ2

2µ ⟨Υ ra
α | 1

(r̃s − ra)2 | Υ ra
α′ ⟩ ⟨Υ θ

β |
(
∂2

θ + cotθ ∂θ

)
| Υ θ

β′⟩

= 1
2µ

1
(r̃s − xra

α )2 δαα′

(
DVRD(2),θ

)
ββ′

, (IV.73)
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(
DVRhkin

5

)ββ′

αα′
= ℏ2

2mN
⟨Υ ra

α | 1
r̃2

s − r2
a

| Υ ra
α′ ⟩ ⟨Υ θ

β | cosθ
(
∂2

θ + cotθ ∂θ

)
| Υ θ

β′⟩

= − 1
2mN

⟨Υ ra
α | 1

r̃2
s − r2

a
| Υ ra

α′ ⟩ ⟨Υ θ
β | cosθ L̂2 | Υ θ

β′⟩

= − 1
2mN

1
r̃2

s − (xra
α )2 δαα′ cosxθ

β

(
DVRD(2),θ

)
ββ′

, (IV.74)

(
DVRhkin

6

)ββ′

αα′
= ℏ2

2mN
⟨Υ ra

α | 1
r̃2

s − r2
a

| Υ ra
α′ ⟩ ⟨Υ θ

β |
(
∂2

θ + cotθ ∂θ

)
cosθ | Υ θ

β′⟩

= − 1
2mN

⟨Υ ra
α | 1

r̃2
s − r2

a
| Υ ra

α′ ⟩ ⟨Υ θ
β | L̂2cosθ | Υ θ

β′⟩

= − 1
2mN

1
r̃2

s − (xra
α )2 δαα′

(
DVRD(2),θ

)
ββ′

cosxθ
β′ , (IV.75)

(
DVRhkin

7

)ββ′

αα′
= ℏ2

2mN
⟨Υ ra

α | ra
r̃2

s − r2
a
∂ra | Υ ra

α′ ⟩ ⟨Υ θ
β | (sinθ ∂θ + cosθ) | Υ θ

β′⟩

= ℏ2

2mN

xra
α

r̃2
s − (xra

α )2

(
DVRD(1),ra

)
αα′

(
DVRD(1),θ

)
ββ′

, (IV.76)

(
DVRhkin

8

)ββ′

αα′
= ℏ2

2mN
⟨Υ ra

α | ∂ra
ra

r̃2
s − r2

a
| Υ ra

α′ ⟩ ⟨Υ θ
β | (sinθ ∂θ + cosθ) | Υ θ

β′⟩

= ℏ2

2mN

(
DVRD(1),ra

)
αα′

xra
α′

r̃2
s − (xra

α′)2

(
DVRD(1),θ

)
ββ′

, (IV.77)

(
DVRhkin

9

)ββ′

αα′
= − ℏ2

2mN
⟨Υ ra

α | r2
a + r̃2

s
(r2

a − r̃2
s )2 | Υ ra

α′ ⟩ ⟨Υ θ
β | cosθ | Υ θ

β′⟩

= − ℏ2

2mN

(xra
α )2 + r̃2

s
((xra

α )2 − r̃2
s )2 δαα′ cosxθ

β δββ′ , (IV.78)

(
DVRhkin

10

)ββ′

αα′
= + ℏ2

mN
⟨Υ ra

α | 1
r̃2

s − r2
a

| Υ ra
α′ ⟩ ⟨Υ θ

β | cosθ | Υ θ
β′⟩

= + ℏ2

mN

1
r̃2

s − (xra
α )2 δαα′ cosxθ

β δββ′ , (IV.79)

(
DVRhkin

11

)ββ′

αα′
= + ℏ2

mN
⟨Υ ra

α ⟨Υ θ
β | v(ra, θ) | Υ ra

α′ ⟩ | Υ θ
β′⟩ (IV.80)

From the two pairs of Eqs. (IV.74), (IV.75) and (IV.76), (IV.77) it becomes apparent that
the rewriting of the KEO into the more “symmetric” form ensures the symmetric structure
of the DVR matrix of the Hamiltonian, as it should be for a Hermitian operator.
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