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Kurzfassung

Die vorliegende Arbeit behandelt das Strömungssphänomen der Rotierenden Instabilität (RI),
welches sowohl in axialen als auch radialen Turbomaschinen auftritt. In axialen Verdichtern
geschieht dies zum Beispiel in der Nähe der Stabilitätsgrenze, wo ohne das Auftreten der RI
üblicherweise hohe Wirkungsgrade des Gesamtverdichtersystems erzielt werden. Die Aus-
wirkungen der RI sind erhöhte Lärmemissionen, ein Einbruch des Wirkungsgrads und starke
Druckschwankungen, welche eine charakteristische Struktur aufweisen. Die Druckschwankun-
gen können unter ungünstigen Umständen Schaufelschwingungen anregen und gegebenen-
falls so zu mechanischem Versagen einzelner Schaufeln führen. Um das Auftreten der RI
zu vermeiden und so höhere Wirkungsgrade des Verdichtersystems zu ermöglichen, ist eine
genaue Kenntnis des Phänomens erforderlich. In der Literatur existieren eine Vielzahl von
Beschreibungen der Eigenschaften der RI und unterschiedliche Erklärungsansätze.

Um das Strömungsphänomen der RI besser zu verstehen, wird der Strömungszustand in
einem Axialverdichterstatorgitter bei auftretender RI mit einer numerischen Strömungssimu-
lation nachgebildet, um anschließend die berechneten Daten hinsichtlich der Eigenschaften
der RI auszuwerten. Hierzu wird eine Grobstruktursimulation eingesetzt, die es erlaubt den
maßgeblichen Teil der turbulenten Schwankungsbewegungen in der Strömung aufzulösen.
Zusätzlich wird ein numerisches Schema verwendet, welches neben der Berechnung der strö-
mungsmechanischen Schwankungen auch die Ausbreitung von akustischen Druckschwan-
kungen abbildet. Zudem wird der volle Umfang des Verdichterstatorgitters in der Simula-
tion modelliert, um die charakteristische Umfangsstruktur der RI störungsfrei abzubilden. In
einem zweiten Schritt werden die Erkenntnisse aus der Strömungssimulation auf eine Modell-
konfiguration übertragen. In dem abgeleiteten Modell wird die Dynamik der Geschwindig-
keitsschwankungen im Bereich des Quellgebiets der charakteristischen Druckschwankungen
bei auftretender RI nachgebildet, wobei diese sich frei aus der gegebenen Konfiguration ent-
wickeln. Dabei wird auf Methoden der Potentialtheorie zurückgegriffen.

Nach einer kurzen Einführung in die theoretischen Grundlagen der Axialverdichtersysteme
und darin auftretenden Strömungsphänomene werden die Grundlagen der numerischen Strö-
mungssimulation dargestellt. Die Beschreibung der Einzelheiten der Anwendung der Simula-
tionsmethodik auf die Strömung durch das stehende Verdichterringgitter wird gefolgt von
einer Validierung des Auftretens der RI anhand von Messdaten. Eine anschließender de-
tailierte Auswertung der Strömungsdaten erlaubt die Formulierung einer Hypothese zum
Entstehungsmechanimsus der charakteristischen Druckschwankungen der RI. Die identifizier-
te Strömungskonfiguration wird in einem Modell aus potentialtheoretischen Fundamental-
lösungen nachgebildet. Aus der zeitlichen Integration der Strömungszustände im Modell
entwickelt sich eine der RI sehr ähnliche Dynamik. Die dadurch erzeugten Druck- und Ge-
schwindigkeitsschwankungen erfüllen alle Kriterien, die im ersten Teil herangezogen wurden,
um die RI anhand von Mess- und den berechneten Simulationsdaten zu detektieren. Auf diese
Weise kann die dem Modell zugrundeliegende Hypothese zum Entstehungsmechanismus der
charakteristischen Druckschwankungen der RI bestätigt werden und liefert einen weiteren
Baustein zum Verständnis des komplexen Strömungsphänomens der Rotierenden Instabilität.
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Abstract

This work addresses the phenomenon of rotating instability (RI), which is known to occur
in turbomachines of axial and radial types. In axial compressors, RI typically occurs in the
vicinity of the stability line. Without occurrence of RI, high efficiencies would be achieved
there. The emergence of RI is accompanied by an increase in acoustic emissions, a decrease
in efficiency and high amplitude pressure fluctuations, which feature a characteristic structure.
Under unfavorable conditions these pressure fluctuations may cause blade vibrations and lead
to mechanical failure due to high cycle fatigue. In order to prevent inception of RI and thus
to utilise the high efficiencies of the compressor system, detailed knowledge of the flow phe-
nomenon is necessary. A large number of descriptions and interpretations of RI characteristics
are found in literature.

In order to support understanding of the particular phenomenon, the flow within an annu-
lar compressor cascade featuring the RI is modelled by computational fluid dynamics (CFD).
Subsequently, data from the CFD is analysed with respect to known characteristics of RI. In
this regard, a large-scale turbulence resolving simulation is employed to model the most rel-
evant turbulent fluctuations within the flow. Additionally, a numerical scheme is employed,
allowing the accurate prediction of both fluid dynamic and acoustic fluctuations. Further, the
full annulus of the compressor stator cascade is modelled in CFD to ensure unaffected repro-
duction of the characteristic circumferential structure of the RI phenomenon. In a second step,
findings from the CFD are transferred to a model configuration. The model derived simu-
lates the velocity fluctuations within the source region related to RI, whereas the dynamics
develop freely from a given initial configuration. The model basically employs potential the-
ory methodologies.

After a brief introduction to theoretical aspects of axial compressor systems and flow phenom-
ena occurring therein the fundamentals of CFD are described. Details of application of CFD to
the flow through the annular compressor cascade are followed by validation of RI occurrence
within the flow simulation. A hypothesis on the originating mechanism of the characteristic
pressure fluctuations of RI is then formulated based on detailed analyses of simulation data.
The identified flow configuration is modelled by fundamental solutions from potential the-
ory. From the temporal integration of the modelled flow states a fluid flow dynamic develops,
which is very similar to that related to RI. Pressure and velocity fluctuations calculated by
the model fulfil all criteria typically applied to measured or simulated data in order to detect
occurrence of RI. In this way, the hypothesis on the causing mechanism of pressure fluctua-
tions characteristic to RI is proved and thus provides another keystone for understanding the
complex flow phenomenon of rotating instability.
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Nomenclature

Nomenclature

The symbols employed in this work are defined below. Symbols not included here or used
in another context are defined in the text, as they occur. Throughout this thesis, brackets and
parentheses are used in mathematical expressions to imply different meanings. Brackets are
employed to structure mathematical expressions and parentheses indicate the argument of
a function, e.g. f (x). The meanings of other punctuation marks are defined below under
the heading “Operators”. The dimensions of the variables are given in the second column
of the nomenclature lists, while variables serving as place holder for arbitrary quantities are
indicated without dimension ([-]).

Latin symbols

a [m/s] Speed of sound a =
√

κ R T

a, b [s] Complex frequency coefficients, e.g. a( fi)

Ch [1] Chen parameter (cf. Equation 3.1
d [m] Diameter
DF [1] Diffusion factor according to Lieblein et al. [96] (cf. Equation 2.2)
f , fi [Hz] Frequency
F [N] Vane force component
h [m] Channel height coordinate h = r − rhub

H [m] Vane/channel height
 [1] Complex unit defined by  =

√
−1

l0 [m] Reference length
lc [m] Chord length
m [1] Azimuthal mode order
Ma [1] Mach number
N [1] Integer number
n [m] Surface normal vector
n [1] Integer number
p [N/m2] Pressure (without subscript: Static pressure)
q [1/s2] Acoustic source term (cf. Equation 4.33)
Q [kg/s3] Subgrid-scale heat flux (cf. Equation ??)
r [m] Radius
R [J/kg K] Ideal gas constant of a specific gas
Ra,b [-] Cross correlation function (cf. Equation 5.11)
Re [1] Reynolds number
s [1] Skewness (third statistical moment, cf. Equation 5.4)
Sa,b [s] Complex cross-spectral or auto-spectral density
Sφ [-] Source term of a generic variable φ (cf. Equation 6.1)
t [s] Time
T [K] Temperature (without subscript: Static temperature)
Tij [kg/s2] Lighthill stress tensor (cf. Equation 4.32)
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Nomenclature

Tu [1] Turbulence intensity Tu =
√

u′
iu

′
i/3/|u|

u [m/s] Velocity (vectorial notation)
v [m/s] Velocity in the relative frame of reference (vectorial notation)
W [m2/s] Complex flow potential (potential theory, cf. Equation 4.18)
W [1] Size of a work package (parallelisation, cf. Equation 9.14)
whann [1] Hann window function (cf. Equation 5.6)
y+ [1] Non-dimensional wall distance

Greek symbols

β [◦] Circumferential flow angle
Γ [m2/s] Potential point vortex core strength (cf. Equation 4.21)
Γφ [-] Diffusion coefficient of a generic variable (cf. Equation 6.1)
γ [◦] Vane stagger angle
γ2

a,b [1] Spectral coherence of the complex frequency coefficients a and b

∆ [-] Variable difference prefix
δ [1] Outlet pressure damping factor
ε [J/kg s] Turbulent dissipation rate
ǫ [-] Perturbation amplitude limit (cf. Equation 4.31)
ζV [1] Total pressure loss coefficient (cf. Equation 8.3)
η [m] Kolmogorov length scale
ηis [1] Isentropic compressor efficiency (cf. Equation 2.1)
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1 Introduction

In the past decades air traffic has grown tremendously. With it, the emissions of greenhouse
gases, nitrogen oxides, and noise have increased. In order to gear the European aerospace
industry towards future competitiveness and to face the challenges of reducing air traffic emis-
sions, the ACARE Vision 2020 and the Flightpath 2050 programmes were launched. In other
industries, such as power generation and process industry, sustainability considerations also
lead to the necessity of reducing emissions, size, and power consumption.

Therefore, both sectors of industry are targeting higher efficiencies of turbomachinery engines.
According to Grieb [55], higher efficiencies are mostly achieved by higher thermal efficiencies of
the compressor system, requiring higher pressure ratios. These lead to higher loading of each
compressor stage, which provokes the risk of compressor instability phenomena occurrence.
Large safety margins to the stability limit have to be maintained during the development and
operation of datum turbomachinery compressors, which prevents the use of high compressor
efficiencies close to the stability line.

Thus, in order to approach the compressors highly efficient operating conditions safely, de-
tailed knowledge of the compressor instability phenomena is of great importance.

Furthermore, BLISK technology is increasingly being employed to design lightweight com-
pressor rotors, even for the front stages of multi-stage compressor systems. Due to the disk-
like structural design, these engine components are very sensitive to vibration excitation by
pressure fluctuations arranged in azimuthal mode shape. Thus, it is crucially important to
avoid the inception of instability phenomena, that feature the aforementioned excitation mech-
anisms, during operation.

According to Baumgartner et al. [7], one of the flow instability phenomena occurring in axial
compressors is the rotating instability (RI), first investigated in detail by Kameier [81]. This
phenomenon is known to occur prior to rotating stall at high loadings and is responsible for a
large amount of the broadband clearance noise emitted from the compressor. During the past
20 years, many investigations have focused on the RI phenomenon and several explanation
hypotheses have been proposed to describe the distinct mechanism of the RI. A multitude of
investigations approached the phenomenon using one or two research disciplines. Thus, in
2010 the four divisions of a compound research group located at the campus of the Technische
Universität Berlin kicked off their project to survey the RI phenomenon occurring in a high-
speed annular compressor cascade. The multidisciplinary researcher group features experts
in turbomachinery aerodynamics, unsteady optical flow measurement techniques, aeroacous-
tic measurement methods, and computational fluid dynamic and modelling analyses. The
research programme has been funded by the German Research Foundation. The present work
was carried out within this favourable setting.
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1 Introduction

1.1 Objectives of this work

As noted above, many researchers have focussed on the phenomenon of rotating instability
within the past 20 years, but still no unique conception of the distinct mechanism exists in
the community. In order to promote understanding of the special compressor instability phe-
nomenon, some key tasks need to be successfully undertaken. These can be described by the
following keywords:

• Doubtless identification and repeatable occurrence of the RI

• Clarification of the distinct mechanism of the RI

• Identification of parameters influencing the inception of RI

Following from these leads, the objectives of this work are to perform an adequate numerical
simulation reproducing the RI phenomenon within the reference configuration of the research
group, to identify and prove the mechanism which is characteristic of the phenomenon, and
to provide hints for parameters which are decisive for the inception of the phenomenon.

1.2 Structure of this work

Geared to the objectives and paradigms of this study, the work is structured as follows.

In the first part, the fundamentals of axial turbomachine compressors are elucidated. Besides
compressor basics, special attention is paid to the compressor instability phenomena, espe-
cially the rotating instability. Subsequently, the datum annular compressor cascade configura-
tion is described.

The second part focuses on fundamentals on which ensuing investigations and findings are
based. Besides the fluid dynamic principles, the signal analysis methods employed are ex-
plained.

At the beginning of the third part, the basic principles of the flow simulation methodology
employed are illustrated, consecutively. The description of the employed setup of the flow
simulation and extensive analyses of the respective results are completed by a résumé present-
ing the hypothesis of the mechanisms of the RI.

In order to prove the hypothesis, in the fourth part of this work the methodology of a mod-
elling approach of the supposed RI mechanism is presented. The results discussed support
the findings of the three-dimensional unsteady flow simulation. Finally, the extracted findings
on the inception and the mechanism of the RI phenomenon are summarised in a synthesised
model conception.
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2 Turbomachinery compressors

The following section is intended to motivate the necessity and virtue of compressors in ther-
mal engines. Furthermore, attention is focused on the operation and effects occurring in off-
design conditions, which are relevant for the inception of the rotating instability phenomenon.

2.1 Compressors in the thermodynamic cycle

The idealised thermodynamic base of turbomachines is the Joule or Brayton cycle, whose ideal
form is depicted in Figure 2.1. This specific thermodynamic cycle describes a sequence of
three changes of state of the working medium. The cycle consists of an isentropic compression
(1 → 2), an isobaric heat supply (2 → 3), and an isentropic expansion (3 → 4) of the working
medium. The Joule or Brayton cycle depicted is referred to as ideal, since during compression
(1 → 2) and expansion (3 → 4) any losses are neglected. These can be identified from the h-s-
diagram, since both changes of state are noted as isentropic, i.e. the entropy is not increased
during these changes of state (s = const.). Under the assumption of isobaric heating and
constant mass flow rate, the volume flow rate has to increase during this change of state (1 →
2). Assuming a constant flow cross section, the increase of axial velocity follows and results in
an increase of enthalpy of the working mass flow.

Air is usually used as working medium, since large mass flow rates of air can easily be supplied
from the atmosphere. Additionally, the oxygen contained in the air serves as the oxidant in the
chemical reaction of the fuel combustion.
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Figure 2.1: Schematic drawing of the ideal Joule or Brayton cycle in the p-v- and the h-s-diagram, re-
spectively.
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2 Turbomachinery compressors

In turbomachinery implementations of the Joule or Brayton cycle, the idea is to realise all se-
quences of the cycle, whilst the working medium is flowing through the turbomachine. With
large cross sections and mass flow rates of such machines, immense power outputs are pos-
sible. For instance the mass flow rate of the SGT5-8000H gas turbine from Siemens AG is
820 kg/s, resulting in a power output of 375 MW [42].

To be able to compress the working medium efficiently, standard compressor stages consist of
two rows, a rotor blade row and a stator vane row. The rotor is the mechanical element, which
feeds power to the fluid and thus increases the enthalpy and kinetic energy of the working
medium. The power of the rotor is determined by its rotating speed and torque with respect
to the rotational axis. The component of the rotational velocity, which is added to the working
medium, lowers the theoretical transfered power added by a rotor, since the kinetic energy
of the swirling flow component is not desired in terms of static pressure rise. The diffusor
shape of axial compressor bladings and the corresponding velocity triangles are depicted in
Figure 2.2. Furthermore, the illustration shows the typical geometry of modern turbo-engines,
which is characterised by wide-chord rotor blades and highly turning stator vanes (cf. Grieb

[55]). Additionally, the rotor blade pitch is larger than that of the stator vanes.

StatorRotor

u1

v1
−Ω · r

Ω · r

u2

v2

u3

x

θ

Figure 2.2: Schematic drawing of the velocity components in a radial plane in the inflow and outflow
of a compressor rotor blade and a stator vane row.

When describing the kinematics of axial turbomachinery flows, the transformation between
absolute and rotor relative frame of reference is a helpful instrument. In Figure 2.2, the flow
directions upstream and downstream of a schematic axial compressor are illustrated. To trans-
form the incoming flow u1 into the rotor relative frame of reference, the relative blade velocity
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2.2 Compressor performance

Ω × r has to be subtracted to yield the relative inflow to the rotor v1. Conversely, downstream
of the rotor the rotor relative velocity has to be added to the relative outflow velocity v2 to
obtain the inflow velocity u2 of the compressor stator.

2.2 Compressor performance

The performance of a compressor system can be interpreted in several ways, such as the ther-
modynamic efficiency, ability to change operating conditions, or even robustness in terms of
supplying a certain output pressure level. Some of these aspects can be read from diagrams of
pressure ratio plotted against mass flow rate for several rotation speeds of the compressor sys-
tem. Such a diagram is called a compressor characteristic and can be drawn for single-stage
or multi-stage compressor systems. Figure 2.3 shows a schematic compressor characteristic,
featuring important curves in the plot. These are in detail the speed lines, which indicate
the pressure ratio over mass flow rate for a constant rotation speed of the compressor rotors.
In practice, these lines are measured by running the compressor at a constant rotation speed
whilst increasing the outlet static pressure of the last stage of the compressor system, e.g. by
closing a throttle. Each speed line has a maximum pressure ratio, which is connected to pres-
sure ratio maxima of other speed lines by the compressor system surge line. The surge line
is defined for the complete compressor system, since it marks the instability of the compres-
sor system named “surge”. The surge process is described in Section 2.3. The flow instability
of single stages is called “stall”, which occurs for different operating conditions in different
stages of the compressor system. For low mass flow rates and rotation speeds the first stages
run into stall conditions, whereas for high mass flow rates and rotation speeds the last stages
usually operate earlier in stall conditions, as can bee seen from the schematic characteristics of
a multi-stage compressor system depicted in Figure 2.3.

The performance of a compressor system is a generic term, which relates criteria to operating
points to assess specific objectives to investigate the status quo or the impact of modifications.
Thus, nearly any criteria are imaginable to define a specific performance criterion for a specific
purpose.

The thermodynamic aspect of the compressor system, the isentropic efficiency ηis, is a param-
eter for measuring the compressor performance. According to Bräunling [19], the isentropic
efficiency of a compressor is defined by Equation 2.1, whereas the subscripts 1 and 2 denote
the states upstream and downstream of the compressor blade row, respectively. However, the
increase of enthalpy described by the denominator of Equation 2.1 is only given for compressor
rotors.

ηis =

[
pt,2
pt,1

] κ−1
κ − 1

Tt,2
Tt,1

− 1
(2.1)

Thus, compressor stators have to be assessed by other performance figures, which apply not
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2 Turbomachinery compressors

Mass flow rate

P
re

ss
u

re
 r

at
io

Speed line

Compressor system
surge line

Stall line
1st stage

Stall line
last stage

Working line

ηopt

Figure 2.3: Schematical drawing of a multi-stage speed-control compressor characteristic (reproduced
and adapted from Bräunling [19] and Mailach [105]).

only for rotors. The diffusion factor DF, as a parameter describing the loading of compressor
rows, has been defined by Lieblein et al. [96]. The definition is provided by Equation 2.2 accord-
ing to Bräunling [19]. Lieblein et al. investigated typical compressor bladings and based their
diffusion factor on typical pressure distributions. The diffusion factor includes the effect of
streamwise pressure gradients on the boundary layer and correlates the velocity deflection by
the bladings to critical flow conditions, where the boundary layer on the suction side is close
to separation. Since the criterion is based on data and solutions of two-dimensional flows in
compressor rows, the basic validity of the diffusion factor appears to hold only for the midspan
region of compressor bladings, where the flow can be regarded as two-dimensional. However,
Wennerstrom [189] notices the remarkable agreement of the performance with the diffusion
factor even for conditions that do not conform to the requirements of quasi-two dimensional
subsonic flow.

DF = 1 − |u2|
|u1|

+
Π

lc
· ∆uθ

2 |u1|
(2.2)

Further figures characterising the aerodynamic performance of compressor stators are given
within the actual section presenting the analysis of the time-averaged performance of the an-
nular compressor cascade (cf. Section 8.2.1).
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2.3 Compressor instabilities

2.3 Compressor instabilities

As described in Section 2.1, compressors are thermodynamic elements which increase the in-
ner energy of a working medium. This implies a higher potential energy of the medium down-
stream of the compressor. Thus, during operation the compressor has to provide the power
to maintain the energy increase from inlet to outlet of the compressor and the flow into the
desired direction. In the event that the compressor performance collapses, the flow is expected
to reverse, potentially damage the compressor internals. Summing up, compressors are prone
to instabilities leading to reverse flow and potential damage to components.

Thus, especially for compressors operating close to the borders of the specific compressor per-
formance map, it is important to understand the potentially occurring instability phenomena
in order to estimate their impact on the structure and the operating behaviour. In his review
[54], Greitzer describes two major instability phenomena in axial compressors, namely rotating
stall (RS) and surge. Both of them induce highly unsteady flow structures within the compres-
sor. According to Greitzer, the RS phenomenon has a more local nature and occurs within a
small number of compressor rows, whereas surge is a global compressor system instability,
since it affects the whole engine including surrounding plena or components. The frequencies
excited by RS lie within a frequency band from 50 to 100 Hz, whereas the mass flow rate oscil-
lates with roughly 3 to 10 Hz when surge occurs. The amplitudes of mass flow rate oscillations
are small in the case of RS inception, compared with mass flow rate of the overall compressor
system. In the case of surge inception, the mass flow rate oscillations are of the order of magni-
tude of half of the system mass flow, whereat reverse flow might occur within the compressor
system.

As has been mentioned, RS is a compressor flow instability phenomenon, which has only lo-
cal impact on the flow. Hence, according to Grieb [55], RS phenomena are devided into part
span rotating stall (PS-RS) and full span rotating stall (FS-RS). Usually PS-RS appears with sev-
eral circumferentially distributed stall cells, which extend over only parts of the blade height,
whereas FS-RS manifests itself in one circumferentially spreading large stall cell extending
over the the full blade height. Grieb gives approximate values for the propagation speeds of
both RS types, where the PS-RS is nearly locked to single blades, since the propagation speed
is about 40 to 80 % of the rotor speed. The propagation speed of FS-RS cell is much lower at
20 to 40 % of the rotor speed. The local nature of PS-RS is reflected in the axial extension of the
stall cells, whereas FS-RS cells often extend over multiple compressor rows.

To summarise, RS phenomena in axial compressors are directly linked to the flow around
the compressor blades. The size and radial extent of the stall cells determine whether it is a
part-span or full-span RS. Generally, RS phenomena are to be classified as critical, since the
compressor performance is dramatically reduced and the compressor runs the risk of slipping
into surge.

Baumgartner et al. [7] classified the previously described instability phenomena as the ultimate
state, in which a compressor with unsteady increased loading tends to operate. During the
evolution into these states, other states dominated by instability phenomena might be passed
through. Thus, emissions of weak instability mechanisms might be employed to indicate un-
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2 Turbomachinery compressors

steady operating conditions.

2.4 The rotating instability

In this section, the subject of this investigation is to elucidated by a literature review covering
a variety of aspects. Specially, the phenomenon investigated is known within the turboma-
chinery community by the name rotating instability (RI). The RI is observed to occur in both
compressor and turbine blade rows. Furthermore, the RI phenomenon is investigated in the
outlet of radial compressor rotors e.g. by Ljevar et al. [98, 99], Raitor & Neise [138], and Kowshik

et al. [91] under highly loaded conditions. As in centrifugal compressor wheels, it appears
in axial compressors under operating conditions with large incidences, i.e. under conditions
of highly loaded blades. The first comprehensive investigation of the phenomenon and its
characteristic acoustic emissions was performed by Kameier [81], who established the term “ro-
tating instability”. The pertinence of the RI phenomenon for compressors is emphasised by
the papers of Baumgartner et al. [7] and Hofmann et al. [68]. Recent publications by Courtiade &

Ottavy [28] hypothesise the occurrence of RI within the last rotor of a multi-stage high pressure
compressor, in which RI seemed to act as an excitation mechanism to axial resonances with the
particular compressor. According to Gerschütz et al. [49], RI is reported to occur even in venti-
lation operation of low-pressure turbines where the tip regions of the blades exhibit a negative
power output and thus operate as compressor blades.

As mentioned before, the term “Rotating Instability” has been used since the works of Kameier

[81], although the particular term has been disputed in the past. Specifically, N. Cumpsty of
Rolls-Royce plc Derby mentions that in his opinion the term is misleading with regard to the
properties of the RI phenomenon (cf. Cumpsty [29]). In his understanding, a flow instability
deserves being named as such if global instability of the flow state occurs, such as surge. But,
as will be pointed out in Section 4.2.4, more diverse definitions of instabilities regarding flows
than simply stable or unstable exist. With respect to the occurrence of RI, the more detailed
nature of the character of the RI is foreshadowed, as it is a locally convective instability with
a focus on one passage. However, the circumferential coupling of the flow within annular
geometries leads to an absolutely unstable behaviour with respect to the whole blade or vane
row.

In his PhD thesis, Kameier performs a detailed investigation of the clearance noise of a low-
speed axial-flow fan for several operating points and geometric variations, such as a variation
of the tip clearance gap size and the setup of a shrouded rotor configuration to eliminate the
clearance flow at fixed blade geometry. Furthermore, through his findings Kameier defined the
criteria to detect the inception of RI from spectral patterns of wall-pressure fluctuations on the
casing and the blades. In particular, these are side-by-side peaks in cross spectral densities
(CSD) of two circumferentially displaced sensors below the BPF, increased coherences of the
signals of both sensors, and a linear phase shift in the frequency band, where the peaks occur.
Sample results of a spectral correlation analysis of casing wall-pressure fluctuations of a rotor
configuration are depicted in Figure 2.4. Based on the shape of the CSD results, the character-
istic RI structure is often referred to as “comb-structure”. The frequencies at which the peaks
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2.4 The rotating instability

occur are closely connected to the rotor tip speed, i.e. the relative circumferential velocity to
the blades. This has been shown by Kameier [81] by Strouhal-scaling of the RI frequencies.
Moreover, Kameier discovered that the phenomenon of RI occurred when a casing boundary
layer separation in the rotor blade plane was present.

From the peaks in the results of the correlation analysis, which is described in detail in Sec-
tion 5.3, Kameier argued the frequency difference ∆ f between the peaks to be constant for all
peaks. Furthermore, an azimuthal mode order m is assigned to each peak of the comb-structure
(cf. Figure 2.4. Together with the linear course of the phase shift in the RI frequency band,
Kameier concluded that the causing wave pattern rotated with constant propagation speed in
circumferential direction without dispersion. Such cross-correlation spectra have been pre-
sented by Bendat & Piersol [9] for recordings of a time-shifted signal by two sensors with indi-
vidual superimposed noise.
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Figure 2.4: Schematic illustration of the spectral characteristics of the rotating instability from spectral
correlation methods of wall-pressure fluctuations at the casing according to Kameier [81] or
Ulbricht [180].

The phenomenon of RI turned out to be more relevant for turbomachinery applications when
Baumgartner et al. [7] and Hofmann et al. [68] reported observating RI to occurring in the first
stage of the high-pressure compressors of the BR710 and BR715 aero-engines of BMW Rolls-
Royce GmbH. In both engines, the rotors of the front stages of the high-pressure compressor
were highly loaded and responded with unsteady operational behaviour, i.e. the occurrence of
RI at the casing. Specifically, the phenomenon of RI caused non-synchronous blade vibration
(NSV), which threatened the blades by high cycle fatigue failure and overall critical operational
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2 Turbomachinery compressors

behaviour of the whole engine. According to Kielb et al. [84], such problems require a costly and
extensive redesign of the engine. Furthermore, the RI is supposed to cause issues like blade
flutter and tonal acoustic emissions of a higher level than the clearance noise. Finally, use of
RI is discussed as an indicator for pre-stall conditions, which is emphasised e.g. by findings
of Courtiade & Ottavy [28]. These aspects of RI potentially endanger the safe and efficient
operation of modern axial compressors and thus deserve detailed consideration during the
design phase.

Reports on the occurrence of RI in rotor and stator configurations can be found in the literature.
Especially the works of Saathoff et al. [147, 148] and Schrapp et al. [156–159] showed the occur-
rence of RI in a compressor rotor and a linear compressor cascade with the geometry of the
rotor at the casing. The relevance of the RI phenomenon for both axial compressor blade row
types was revealed by this. Essentially, the difference between rotor and stator configurations
is the location of the radial clearance, the relative motion of the blades, and the radial distribu-
tion of the blade loading. In detail, resulting from the motion of the particular blades and the
circumferential flow upstream and downstream of the blade rows, rotor blade and stator vane
rows differ in their radial static pressure distribution, as will be discussed later. However, Par-

dowitz et al. [131] showed that findings concerning the properties of the RI within an annular
high-speed compressor cascade (cf. Pardowitz et al. [132]) are similar to recent results of the
rotor configuration of Kameier [81].

A vast number of papers and theses have been published on the RI phenomenon since the
findings of Kameier [81]. Most of them presumed the dynamics of the clearance vortex cause the
characteristic endwall pressure fluctuations. In all configurations reported on in the literature,
RI has been observed to appear at the casing endwall in rotors which exhibit a radial gap at the
casing, but at the hub endwall in stator vane rows, which feature radial clearances at the hub.
Thus, the presence of a radial clearance was presumed to be precondition to the inception of
RI until the paper of Beselt et al. [11].

In the past, the phenomenon of RI has been related to the three different aspects of turboma-
chinery systems named above. These are noise emissions, structural vibration and pre-stall
indication. Specifically, RI is associated with structural vibration in terms of non-synchronous
vibration (NSV). Against this background, various literature contributions have analysed and
proposed the causing mechanism of RI. In the following, some of these contributions are sum-
marised briefly in the context of the aforementioned three aspects.

“Whistling clearance vortex”

Early investigations on turbomachinery components reported the clearance flow as a source
of noise that has a broadband characteristic. According to Marcinowski [109], an increase of
clearance size results in an increased level of broadband noise generated. As is known for
turbomachinery blade rows, the clearance size affects the performance, but not only for the
worse. It is reported e.g. by Inoue et al. [76], Storer & Cumpsty [173], and Gbadebo et al. [47]
that a clearance in a rotor configuration can enlarge the compressor’s operating range, whilst
slightly worsening the compressor performance. This behaviour is due to the clearance flow
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2.4 The rotating instability

that suppresses the formation and growth of the passage vortex at the endwall, where the
clearance is located. In detail, the clearance flow moves the passage vortex away from the
blades’ suction side and thus reduces the tendency of suction side corner separation induced
by the passage vortex. For the particular annular compressor cascade investigated, this be-
haviour has been shown by Beselt et al. [13]. An optimum tip clearance size can be found
for specific configurations, that provides the desired characteristics enhancement. A similar
investigation by Mugridge & Morfey [121] revealed an optimum clearance size in terms of the
acoustic emissions for axial-flow fans operating at low speeds.

Particularly, the occurrence of RI in fan and compressor rotors is typically accompanied by the
reception of an increased noise level and a “whistling tone”. According to Neise [124], who
gives a summary of noise generating mechanisms in turbomachines categorised by monopole,
dipole, and quadrupole sound sources (refer to Section 4.4 for further explanation), such tonal
noise components are mostly originated by unsteady blade forces. These unsteady forces act-
ing on the blade surfaces have several possible origins, especially in turbomachinery geome-
tries. These particular mechanisms exciting unsteady blade forces are rotor-stator interactions
including shock-stator interactions in transonic stages, inflow turbulence, inflow distortions,
and turbulent separations on the blades.

Rotor-stator interactions are usually the most relevant unsteady blade surface forces, since
the passing of rotor blades through the potential field of the stator vanes located upstream
and downstream induces very regular dipole sound sources on the rotor blades. The sound
generated by this particular interaction is typical for all turbomachines, since it is perceivable
as the clear tone synthesised by the blade passing frequency (BPF) and its higher harmonics.
Furthermore, the tonal noise components are evaluated as severe in terms of noise impact on
the environment and vibration of components of structures.

During the investigations on clearance noise in an axial-flow fan, Kameier [81] found the clear-
ance flow to be connected to perceivable whistling tones in spectral bands of the broadband
clearance noise occurring at low flow rates prior to clear stall phenomena. In addition, the
excited frequencies did not meet the frequencies typically connected with RS (see Section 2.3).

Likewise, Fukano & Jang [45] investigated the velocity fluctuations in the region of the tip clear-
ance vortex of a low-speed axial-flow fan for several rotor speeds and two different clearance
sizes. They found characteristic velocity fluctuations of the clearance flow next to the cas-
ing in the rotor relative frame of reference. The frequency of the fluctuations turned out to
scale linearly with the rotor-tip velocity. Furthermore, it was observed that the velocity fluc-
tuations were originated by the clearance flow and convected across the blade passage. For
off-design conditions, these fluctuations even interacted with the pressure side of the adjacent
blade. Thus, Fukano & Jang supposed that these fluctuations developed to a substantial source
of tonal noise for larger rotor tip velocities, like in modern aircraft engine fans.

Comparably, Drolet et al. [31] presented a study on the connection of NSV and the clearance
flow in an axial flow fan. They proposed a conception of the NSV exciting mechanism driven
by the clearance flow impinging as a jet on the adjacent blade. Their numerical study using a
steady state CFD method revealed the clearance size to be the most relevant parameter deter-
mining the propagation velocity of the NSV mechanism, whereas the total temperature of the
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2 Turbomachinery compressors

inlet flow also had an impact on the propagation velocity. This can be explained by a change
of the Mach number influencing the acoustic feedback from the jet impingement on the blade
pressure side. This proposed mechanism of the interaction of clearance flow and the adjacent
blade pressure side is in accordance with that described by Fukano & Jang [45] as a potential
mechanism exciting the tonal components of the clearance noise.

Already in the early investigations by Kameier [81], it was observed for a low-speed axial flow
fan that the inception of RI is accompanied by a casing boundary layer separation shortly
upstream of the fan blades’ leading edges. Many other researchers confirmed this finding for
various configurations, whereas the endwall separation occured at the casing for compressor
rotor configurations and on the hub for stators. A possible explanation of this has been given
by the discussion of the radial load distribution of rotor blades and stator vanes depicted in
Figure 11.1.

Furthermore, Kameier assessed the interaction of the casing boundary layer with the fan blades
by a visual measurement technique at a reduced shaft speed and thus a lower Reynolds num-
ber (Re = 130 000). For low mass flow rates, Kameier observed periodically shedd vortical
structures from the casing boundary layer. Following the findings of Longhouse [100], Kameier

and subsequent researchers interpreted this vortex shedding as the interaction of the clearance
vortices with the blades, resulting in the specific noise emissions of the RI.

Based on this assumption, Mailach [104] and Mailach et al. [106] proposed an alternating inter-
action of the tip clearance vortices resulting in alternating loading of the passages. This con-
ception was encouraged by the dominant azimuthal mode order of half of the blades observed.
However, the velocity fluctuation measurements were limited to the passage region and did
not allow observations in the region upstream of the compressor blades. Later, Mailach et al.

[107, 108] reported on detailed phase-averaged velocity measurements of the passage flow in
the low-speed four-stage axial compressor. The measurements of the clearance vortex region,
i.e. close to the blade tip, supported the alternating character of the flow field at off-design
conditions with high loading. Due to the situation in a multi-stage compressor test rig, the
excitation of the unsteady flow field has been dominated by the stator-rotor interaction and
could not be distinguished from self-excited flow phenomena, as e.g. Kameier had observed.

The investigations and interpretations of Mailach and co-authors seem to refer to the same
mechanism as observed by Schrapp et al. [157] and Fukano & Jang [45], which is the bursting
of the clearance vortex in a spiral-type pattern. The latter has been supposed by Inoue [75] to
be the origin of RI. The work of Schrapp [156] focussed mainly on the spiral-type breakdown
of the clearance vortex, which is distinguished from the bubble-type vortex breakdown. Both
vortex breakdown modi are described and visualised by Leibovich [93]. For an axial flow fan
and a linear compressor cascade of an equivalent tip geometry, Schrapp et al. [156, 158] found
a correlation of the characteristic broadband excitation related to the RI and the angular fre-
quency of the clearance vortex. From this, they argued that the breakdown location fluctuated
along the vortex rotational axis and thus an alternating loading of the blade passage, which
agrees with the findings of Mailach and co-workers. An alternative explanation of the insta-
bility related to the clearance vortex has been given by Bae et al. [4], who brought forward
arguments of vortex dynamics in the clearance region as source of the instability phenomenon.
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2.4 The rotating instability

Further publications by Hoying et al. [72], Weidenfeller & Lawerenz [187], März et al. [122], Vo et

al. [185], Yamada et al. [193], Nishioka et al. [125], Beselt et al. [15] reveal the clearance vortex
“spilling forward” across the leading edge of the adjacent downstream blade. Especially, Vo et

al. explain this phenomenon by considerations of clearance flow momentum spilling towards
the main flow and thus establishing a reverse flow region in the vicinity of the endwall.

Findings from the research group at the Technische Universität Berlin provided a new factum
on rotating instability, since Beselt et al. [11] found that the RI occurs within a high-speed an-
nular compressor cascade even without radial clearance. Thus, all prior theories considering
the clearance vortex as source of the rotating instability have been refuted, or at least declared
as incomplete. Based on the coinced observation of the circumferentially spreading endwall
boundary layer separation upstream of the vanes’ leading edges, Pardowitz et al. [130–132] fo-
cussed on the shear layer forming the hub separation. In these papers, Pardowitz et al. analysed
the time-resolved evolution of amplitude and phase of the dominant azimuthal mode and ap-
plied a triggered phase average to data from a pressure transducer array and high-speed PIV
measurements.

Similarly, van Rennings et al. [182] showed the occurrence of the characteristic spectral signa-
ture of the RI from a simplified model of the hub endwall boundary layer separation. The
broached modelling approach, its implementation and results will be discussed in Chapter 9.

However, as it is unknown whether the vortex dynamics causing the typically observed spec-
tral characteristics of wall-pressure fluctuations may be triggered by shed vorticity or the po-
tential pressure field originating from passing blades located upstream.

In the following, further investigations concerning the occurrence of the RI phenomenon with
respect to structural vibration and acoustic resonances are cited briefly.

Flow induced vibration

Baumgartner et al. [7] categorised several phenomena which are observed to cause flow in-
duced vibration in turbomachinery blades. In the list of phenomena, Baumgartner et al. name
firstly forced vibration, which is caused by the rotor-stator blade interaction and is inevitable
in axial turbomachines. Secondly, self-excited vibrations are named by Baumgartner et al., for
which they distinguish between acoustic resonances (AR), rotating instability, and blade flutter.
Kielb et al. [84] observed NSV in a high-speed compressor rig. The phenomenon could be distin-
guished against blade flutter or forced-response. In corresponding numerical flow simulations
of the rotor blade row small spots of increased entropy travelled across the blades’ passage up-
stream of the blades’ leading edges at the casing. Generally, the term “non-synchronous” with
regard to the operation of turbomachinery components refers to the vibration with frequen-
cies, which are not harmonics of the fundamental frequencies in turbomachinery rotors, i.e.
the BPFs of the various rotors.

Concerning NSV, Hofmann et al. [68] reported such phenomena on the BR710 and BR715 high-
pressure compressor and Haukap et al. [62] and Haukap [61] investigated NSV on a generic
low-speed axial fan configuration by means of numerical and experimental methods.
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2 Turbomachinery compressors

Acoustic resonance

Closely connected with clearance noise and rotating instability, the phenomenon of acoustic
resonance, which appears when broadband noise-generating secondary flow mechanisms in
turbomachinery blade rows excite propagable acoustic modes is discussed in the literature.
Such resonance phenomena depend on the geometric and thermodynamic conditions of the
particular flow configuration and its excitation mechanism. The theoretical conditions for
acoustic resonance will be discussed in Section 4.4. Hellmich & Seume [65] and Hellmich [64]
investigated AR in a four-stage high-pressure compressor and gave a set of characteristics to
AR which complement the afore mentioned properties of AR. According to Hellmich & Seume,
AR occurs in annular channels of real machines and test rigs. Further, it is characterised by
non-synchronous pressure fluctuations at discrete frequencies. The spatial structure of the
associated pressure fluctuations feature a helical structure. Finally, a vortex shedding mecha-
nism is assumed as excitation of the resonance phenomenon. Following up the conclusions of
Hellmich & Seume, Courtiade & Ottavy [28] identified similar spectral characteristics close to the
surge limit of a high pressure compressor. In both papers, acoustic resonance conditions were
met, enabling acoustic waves to propagate within the annular channel of both test rigs. In this
regard Baumgartner et al. notice that AR do not depend on shaft speeds of the compressor sys-
tem, but only on the geometry and the Mach number of the swirl flow. Thus, the phenomenon
of AR in axial compressor systems can be distinguished from RI by the non-dependence on
the shaft speed.

Causing parameter

A selection of a great number of literature contributions to date concerning the occurrence and
detailed description of RI have been enumerated. Among these, several present theories about
the distinct mechanism of the RI phenomenon. The present thesis especially aims to provide
further understanding of the phenomenon in question. However, a parameter determining the
inception of RI in axial compressor blade rows remains undefined. An approach describing of
influencing conditions based on findings and hypotheses from the investigations is presented
in the final chapter of this thesis.
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3 The annular compressor cascade

The annular compressor cascade in which the rotating instability is investigated is presented
in the following section. The test rig geometry, its design objectives, and main features are
described in order to elucidate its characteristics which lead to the specific configuration of the
numerical flow simulation presented in Chapter 7.

3.1 Cascade test rig qualification

According to Ulbricht [180], the concept of investigations in non-rotating annular compressor
cascades arises from the simplification and parameter reduction from fully complex turbo-
machines to simple boundary layer investigations. This abstraction process starts with the
investigation of isolated stages of a complete turbomachine with full complexity, followed by
the focussing on only one blade row. Such setups allow determination of stage or blade row
specific behaviour without the complexity of the full turbomachinery component, e.g. the
overall compressor system. Such configurations feature all relevant flow phenomena, such
as endwall and blade boundary layers, blade flutter, secondary flow structures, and rotating
flow phenomena. Even the relative endwall motion can be neglected with respect to the Chen
parameter Ch given by Equation 3.1 (cf. Chen [23] and Chen et al. [24]).

Ch =
τ

lc

√
Re ≤ 2.3 (3.1)

By neglecting the curvature of the annular geometry, linear cascades are objects of survey. Such
mostly academic configurations are well suited for investigating e.g. secondary flow structures
in detail. Although periodic inflow conditions have to be ensured, the neglected periodicity
of the genuine annular geometry excludes the investigation of some of the aforementioned
phenomena that require the rotational degree of freedom or an annular resonance condition.
Further reduction leads to boundary layer investigations with or without streamwise pressure
distribution. The advantage of the annular compressor cascade is the absence of rotating parts,
which reduces the necessary effort of transmitting measurement signals from the rotating to
the non-rotating frame of reference. Furthermore, a test rig without moving parts is much safer
to operate. Saathoff [147] examined clearance endwall flow structures in a linear cascade and
a rotor of an equivalent geometry in the tip region and found remarkable agreement between
both configurations for results of endwall oil flow visualisations and performance measure-
ments. Both configurations had a tip clearance of 3 % of the chord length. Because of the
conclusions drawn by Saathoff [147], Schrapp [156] and Schrapp et al. [159] from the comparison
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3 The annular compressor cascade

of stator and rotor configuration results, the transfer of findings from the annular compressor
cascade to rotor configurations appears to be feasible. This finding implies that the rotation is
not negligible, but less important regarding the inception of RI.

Furthermore, the considerations of radial loading of compressor rotor blades and stator vanes
presented in Section 2.4 support the conception of loading-induced occurrence of the RI.

3.2 Test rig design

The basis of the investigations on rotating instabilities in the compressor stator cascade is the
annular test rig being operated at the laboratory of the Chair for Aero-engines of the Institute
of Aeronautics and Astronautics of the Technische Universität Berlin. The whole test rig was
designed and constructed during a research project aiming to investigate unsteady compressor
flow phenomena in a non-rotating frame of reference. The design, qualification, and validation
has been described by Ulbricht & Hourmouziadis [181] and Ulbricht [180]. The compressor vane
shape has been specially designed to produce boundary layer separations on endwalls and
vane surfaces even for small deviations from the design inflow conditions whilst keeping the
Mach, Reynolds and geometric similarity to common axial compressors. In order to keep to
fundamental research, the vanes design has been kept two-dimensional. In other words, the
vanes are not twisted, leaned, or swept. In detail, the vanes are designed as an extrusion of the
two-dimensional airfoil shape in the direction of the stagger pivot axis (cf. Figure 3.2). The an-
nular channel geometry and the vane passage geometry have been defined with respect to the
available air supply to ensure flow conditions which are similar to typical axial compressors
in aero engines. The full set of geometric parameters is given in Table 3.1.

VIGV C T

Figure 3.1: Sketch of the annular compressor cascade test rig with indicated vane shapes and flow direc-
tions of each row. The vane rows are arranged in the sequence of variable inlet guide vanes
(VIGV), compressor cascade (C), and aerodynamic throttle (T). Courtesy of C. Beselt and D.
Peitsch [12].
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3.2 Test rig design

Parameter Symbol Value Dimension

Hub diameter dhub 0.172 m

Casing diameter dcas 0.24 m

Hub-to-tip ratio dhub/dcas 0.717 1

Number of vanes nV 20 1

Chord length lc 0.034 m

Channel height H 0.034 m

Aspect ratio H/lc 1 1

Pitch (midspan) Π 0.032 m

Pitch to chord ratio (midspan) Π/lc 0.95 1

Hub clearance size τ 0.001 m

Relative hub clearance size τ/lc 0.02941 1

Camber angle ψ1 − ψ2 30.0 ◦

Stagger angle γC 25.0 ◦

Table 3.1: Geometrical parameters of the annular compressor cascade reference configuration.

The annular compressor cascade is operated in the aforementioned test rig, which consists of
three separate vane rows. The sectional representation of the test rig is depicted in Figure 3.1,
which is kindly provided by C. Beselt (cf. Beselt et al. [12]). None of the vane rows is rotating.
The variable inlet guide vanes (VIGV) are located upstream of the compressor cascade. The
stagger angle of the VIGV is modifiable, enabling adjustment of the loading of the downstream
compressor vanes. Hence the VIGVs also exhibit a hub clearance gap, which varies with the
stagger angle of vanes. The exact VIGV shape is presented by Ulbricht [180]. The axial distance
between the pivot axes of the VIGV and the compressor cascade is 0.2 m, which corresponds
to 5.9 chord lengths. The mass flow rate is scheduled by the operational settings of the radial
compressors of the air supply. The aerodynamic conditions are then varied by adjusting the
throttle located at the exit of the test rig. To fix a specific operating point, the settings of the
air supply and the throttle have to be tuned accordingly. Downstream of the VIGV several
circumferentially displaced pressure taps are employed to measure the mean static pressure
at the hub and determine the nominal Mach number of the inflow of the compressor cascade
using the total pressure in the settling chamber. The number of 20 vanes is identical in each
vane row. Typically, the effect of “clocking” of two adjacent vane rows in the same frame of
reference plays a major role, if both numbers of vanes are equal. In the case of the annular
compressor cascade test rig, the large distance between both vane rows ensures a flattening of
the VIGV wakes.

The compressor stator vane shape with the major geometric characteristics at midspan is de-
picted in Figure 3.2. Values for geometric figures are given in Table 3.1. Figure 3.3 represents
the solid surfaces of the compressor cascade configuration annotated with the major dimen-
sions and the coordinate system employed. The origin of the coordinate system is placed in
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3 The annular compressor cascade

the plane of the pivot axes of the compressor vanes.

ψ1

ψ2

γC

Π

lc
x

θr

Pivot axis

Figure 3.2: Compressor stator vane geometry at midspan (r = 0.103 m).

As given in Table 3.1, the compressor stator vanes feature a hub clearance with a relative size
of ≈ 3 % of the vanes chord length, which can be regarded as a large clearance. Thus, the
clearance flow is expected to have a strong impact on the compressor performance.

3.3 Flow conditions

As has been mentioned before, the design objective of the compressor vanes has been a sen-
sitive response with the tendency to produce unsteady flow separation. Thus, the resulting
vane shape is similar to a controlled diffusion airfoil (CDA), however it was not produced
by inverse design but iteratively manually designed. The Reynolds number range aimed at
during the development process implies the presence of long laminar running lengths of the
vane surface boundary layers. The rapidly diverging flow channel triggers a laminar separa-
tion bubble (LSB) on the vane suction side under design conditions. Not only the vane shape
is similar to CDAs, but also the front loading of the vanes is typically associated with CDAs.
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Figure 3.3: View of the solid surfaces considered for the computational domain, annotated with geo-
metric dimensions of the compressor stator test rig. Further data given in Table 3.1.

According to the design constraints given by Ulbricht & Hourmouziadis [181] and Ulbricht [180],
the inflow Mach number is Ma = 0.4 and the Reynolds number is Re = 300 000 with respect
to the vane chord length lc. The boundary layer phenomenon of laminar separation bubble
is caused by the separation of a laminar boundary layer under the influence of an adverse
pressure gradient, followed by the formation of vortical structures from the shear layer of the
separated boundary layer. Subsequently, the vortical structures collapse to smaller structures
and finally to turbulence, which regenerates the momentum in the resulting reattaching turbu-
lent boundary layer (cf. Roberts & Yaras [143]). LSB typically occur downstream of the suction
peak, where the pressure gradient is adverse to the flow direction. Hecklau et al. [63] for exam-
ple investigated an LSB within a low-speed linear compressor cascade by means of high-speed
particle image velocimetry, and Steger et al. [171] showed that hybrid RANS-LES turbulence
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3 The annular compressor cascade

modelling methodologies have the ability to actually reproduce LSB in compressor cascade
flows. With increasing incidence, the suction peak moves towards the vanes’ leading edge,
followed by the LSB. An investigation of secondary flow structures for varying inflow angles
for the particular axial compressor stator has been carried out by Beselt et al. [15]. In this, the
absence of LSB on the vane suction side under flow conditions of large incidence angles was
identified.

3.4 Acoustic conditions

Since the phenomenon of RI has been the subject of various investigations with respect to
its characteristic acoustic emissions, the acoustic properties of the test rig are to be discussed
in the following section. Acoustics in turbomachinery are governed by the duct geometries,
typically annular channels or ducts with acoustically hard walls. These boundary conditions
force solutions of the homogeneous wave equation characterising the propagation of acoustic
pressure fluctuations. These solutions of the homogeneous wave equation are referred to as
modes. Typically, turbomachinery geometries are either ducts with varying outer radius of
the casing rcas = f (x) or annular channels, where outer and inner radii vary with the axial
coordinate. A characteristic of the solution of the wave equation in such geometries is that
solutions are dependent on axial, radial, and azimuthal wave numbers, which are connected
by analytical relations. These spatial solutions of the wave equation are referred to as modes
in acoustics, which represent kinds of “resonance conditions” of the geometry. If a mode is
able to propagate within a given geometry, its temporal modulation has to be above a critical
“cut-on” frequency. The derivation of the relevant acoustic modes and their cut-on conditions
is comparatively easy whilst neglecting axial or circumferential flow (cf. e.g. Ehrenfried [33]).
Taking into account axial flow and successively considering simplified rotational flow models,
such as solid body rotating, leads to more complex definitions of the cut-on conditions of the
acoustic modes. Further increasing the complexity of the flow models considered leads to def-
initions of acoustic mode shapes that can be determined by means of numerical methods only.
Kousen [89, 90] pursued such an approach by considering axial and circumferential velocity
flow profiles depending on the radial coordinate only.

For the particular test rig, Pardowitz et al. [129] investigated the axial, azimuthal, and radial
resonance conditions. They found the axial plane waves as the most relevant resonance in the
frequency band of the rotating instability within the test rig.
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4 Physical fundamentals

The following chapter is dedicated to the physical fundamentals of fluid dynamics. As Hirsch

[67] states, when preparing to simulate fluid flow dynamics, it must first be decided how to
model the flow on several levels. This choice depends on the effects, forming the subject of the
intended investigation. Thus, the level of modelling is addressed in this chapter.

4.1 Governing equations of fluid dynamics

The dynamics of fluids can be described by mathematical equations, for which two different
formulation notations are used, the integral and the differential formulation. Both formula-
tions are worth noting, since each of them has its own advantages helping to explain or un-
derstand certain problems or properties of the fundamental equations. Since the discipline of
fluid dynamics is a part of the more general continuum mechanics, mathematical techniques
and notations have been adopted from classic mechanics, for example the tensor notation us-
ing subscript indices, i.e. the Einstein notation.

Moreover, it is necessary to define the properties of a fluid, which have to be adhered to by
mathematical equations representing the dynamics of the fluid. In the following paragraphs
the definitions and presumptions for the mathematical description of the dynamics of a com-
pressible Newtonian fluid are summarised.

4.1.1 Continuum hypothesis

In fluid dynamics, a classic way of describing the macroscopic behaviour of a fluid is the use of
partial differential equations (PDE). A prerequisite for their mathematical validity is the con-
tinuous differentiability in all dimensions. The constraints leading to this are summarised by
the continuum hypothesis. According to Schade & Kunz [152], a fluid has to fulfill the following
three conditions to comply with the continuum hypothesis:

1. The fluid can be considered to consist of massless particles without spatial dimension. A
spatial location x can be assigned to each of the particles P at any time instance t.

P = P(x, t) (4.1)

2. The properties of the particles constitute the spatially and temporally varying fluid prop-
erties. Thus, all field variables φ are specified by properties of these particles:

φ = φ(P(x, t)) = φ(x, t) (4.2)
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3. The spatial and temporal distribution of fluid properties shall be continuous. In the case
of compressible fluids, this is fulfilled for fluid properties such as e.g. enthalpy, momen-
tum, or mass. Fluid properties like the static pressure p or static temperature T do not
adhere to the continuity principle in the case of shocks in transonic or supersonic flows.
Especially static quantities exhibit discontinuities across shocks, where the thermody-
namic state varies within length scales of the order of molecular mean free path of the
fluid.

Fluids which adhere to these constraints may be regarded as a continuous medium. In this
case, continuous equations are able to describe the macroscopic fluid behaviour. Hirsch [67]
mentions, that a certain density is required to fulfill the above listed constraints. This descrip-
tion of a set of molecules as a continuum already constitutes a mathematical model.

4.1.2 Newtonian Fluid

The assumption of a Newtonian fluid implies a proportionality of the shear stress tensor τij

within the fluid to the velocity gradient tensor ∂ui/∂xj, as stated by Equation 4.3 according to
Durst [32].

τij = −µ

[
∂uj

∂xi
+

∂ui

∂xj

]
+

2
3

δijµ
∂uk

∂xk
(4.3)

The essence of Equation 4.3 is the linear relation of the internal body forces, i.e. the stress
tensor τij, to the rate of strain of the velocity field. To emphasise specific characteristics of the
stress tensor, it is usually written as a sum of a trace-free symmetrical part and normal stresses.
All parts are linearly related to the dynamic viscosity of the fluid µ.

From a fluid dynamicist’s view, this relation is responsible for all viscous effects observed in
flows. Therefore, the relation is in practice employed to determine the viscosity of a fluid by a
viscometer.

4.1.3 Thermodynamic equation of state

Another element in the set of equations describing the variation of states of a fluid is the ther-
modynamic equation of state. It relates the pressure to the density and temperature of an ideal
gas and is given by Equation 4.4, where the constant R is specific for the particular gas. For
dry air, the value of the ideal gas constant is nearly R = 287 J/kgK.

p = ρ R T (4.4)

The specific gas constant can be calculated from the universal or molar gas constant and the
molar mass of an ideal gas. Of course, this relation holds only for ideal gases.
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4.1 Governing equations of fluid dynamics

4.1.4 Navier-Stokes equations

The Navier-Stokes equations are a set of equations written in a form to conserve mass, mo-
mentum, and energy. There are mainly two different ways of writing the equations, in integral
or in differential form. Both formulations have their advantages in illustrating certain proper-
ties, for instance the integral form of the conservative equations is literally the implementation
instruction for Finite Volume-based numerical methods. The Navier-Stokes equations in inte-
gral form specify the temporal variation of a conserved quantity within a control volume as
the integral of fluxes across the bounding surface of the specific control volume. A further
description of the finite volume method is given in Section 6.1. Equation 6.1 in Section 6.3
illustrates the aforementioned integral form of a generic transport equation.

According to Batchelor [5], the unsteady compressible Navier-Stokes equations omitting vol-
ume forces can be written in the following differential form.

∂ρ

∂t
+

∂ρui

∂xi
= 0 (4.5)

∂ρui

∂t
+

∂ρuiuj

∂xj
= − ∂p

∂xi
+

∂τij

∂xj
(4.6)

∂ρh

∂t
+

∂ρhuj

∂xj
=

∂p

∂t
+ ui

∂p

∂xi
+

∂

∂xi

[
λT

∂T

∂xi

]
+ χij (4.7)

In the latter equations τij denotes the stress tensor given by Equation 4.3, h the thermal energy,
λT the thermal conductivity coefficient, and χij the viscous dissipation tensor, which is given
by Equation 4.8. The thermal energy is defined as h = cpT, whereas cp is the specific heat at
constant pressure, according to Erlebacher et al. [36].

χij = µ

[
∂ui

∂xj
+

∂uj

∂xi

]
∂ui

∂xj
− 2

3
µ

[
∂uk

∂xk

]2

(4.8)

The advantage of the above form of the Navier-Stokes equations is the immediate visibility of
the character of each term of the equations, such as for example gradients.

4.1.5 Potential flow

Since the theory and fundamental solutions of the potential flow are employed later, in this
section an attempt is made to derive the very simple potential flow equations from the fully
compressible Navier-Stokes equations, whilst giving the assumptions or simplifications lead-
ing to each intermediate step.

As is implied in the brief introduction to this section, the potential flow equations are de-
rived from the fully compressible Navier-Stokes equations using several assumptions and
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constraints. To start with, the Navier-Stokes equations given by Equations 4.5, 4.6, and 4.7
are considered. Firstly, the incompressiblity of the fluid is assumed, which can be stated by
Equation 4.9.

∂ρ

∂t
= 0 (4.9)

From this it follows that the conservation law of energy is decoupled from the conservation
laws of mass and momentum, since the internal energy is merely determined by the kinetic
and the potential energy of the fluid, i.e. the flow velocity and the static pressure respectively.

∂ui

∂xi
= 0 (4.10)

∂ui

∂t
+ uj

∂ui

∂xj
= − 1

ρ

∂p

∂xi
+

1
ρ

∂τij

∂xj
+ gi (4.11)

Subsequently, all viscous terms and volume forces are neglected, which reduces the momen-
tum conservation law to Equation 4.12.

∂ui

∂t
+ uj

∂ui

∂xj
= − 1

ρ

∂p

∂xi
(4.12)

Thereafter, the incompressible inviscid momentum conservation law can be rewritten applying
the mathematical rotation operator, which leads to Equation 4.13 according to Durst [32].

∂ωi

∂t
+ uj

∂ωi

∂xj
= 0 (4.13)

In the above equation the pressure field is lacking, since the pressure field is solely considered
as gradient ∂p/∂xi field, whose rotation is equal to zero. This leads to the fact that the velocity
field can be calculated from the vorticity distribution (Equation 4.13) without knowledge of
the pressure field. Finally, only plane, two-dimensional flows are considered, which reduces
the relevant components of the vorticity vector to one remaining out-of-plane component, i.e.
ωz in case of a flow in the x-y-plane.

ωz =
1
2

[
∂uy

∂x
− ∂ux

∂y

]
!
= 0 (4.14)

⇒ ∂uy

∂x
=

∂ux

∂y
(4.15)

It follows from Equation 4.14, that for irrotational flow fields, except singularities, a velocity
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potential Φ(x, t) exists that has to fulfil Equation 4.16.

ui(xj, t) =
∂Φ(xj, t)

∂xi
(4.16)

Combining Equations 4.15 and 4.16, it can be concluded that the velocity potential has to fulfill
the Laplace equation (Equation 4.17).

∂2Φ(x, t)

∂x2
i

= 0 (4.17)

If the above prerequisites are fulfilled, a solution of Equations 4.16 and 4.17 exists and is given
by a complex potential W, that is the sum of the velocity potential Φ and the stream function
Ψ:

W(x, t) = Φ(x, t) +  Ψ(x, t) (4.18)

It has to be emphasised that in the derivation up to this point, no steadiness of the flow has
been hypothesised. Thus, for unsteady incompressible inviscid two-dimensional flows, a ve-
locity potential exists that fulfils the potential flow assumptions.

According to Durst, there exists a set of fundamental solutions of Equations 4.16 and 4.17 which
conform to the potential flow fundamentals. Since later only three types of fundamental solu-
tions are employed, these are exclusively presented here. The equations describing the poten-
tial flow solutions are written according to Schade & Kunz [152]. A brief description is given for
each solution type and the reader is referred to the book by Schade & Kunz for further details.

Uniform mean flow

According to Schade & Kunz, the basic fundamental solution of the potential flow equations
is the homogeneous plain mean flow described by two velocity components, as is written in
Equation 4.19.

uhom =


u

v


 (4.19)

This potential flow solution seems to be trivial, but since potential flow solutions may be su-
perposed to retrieve more complex solutions, it turns out to be very useful to compose desired
flow configurations. It can easily be imagined that a homogeneous plain mean flow fulfils the
requirement of an irrotational flow.

Point source/sink

Furthermore, Schade & Kunz give the equation for a basic fundamental potential flow solution,
which is the point source. The velocity field of the point source is characterised exclusively by
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radial velocity components. It has to be noted that this fundamental solution changes from a
source to a sink with the algebraic sign of the source strength Λ. Thus, throughout this work
the term potential source/sink is referred to as potential source.

The radial velocity component ur at the point xp induced by a potential source located at xc

having a source strength Λ is given by Equation 4.20.

ur(xp) =
Λ

2 π
· xp − xc

|xp − xc|2
(4.20)

It can be seen from the latter equation, that the flux across a circular curve around the centre
of the potential point source is constant for all radii r > 0. The point source solution is usually
employed in potential theory based calculation procedures to model the presence of bodies
in flow fields. Even in aeroacoustics, point sources are used to model e.g. a vibrating sphere,
which is presented by Ehrenfried [33].

Point vortex

Finally, the last noteworthy fundamental potential flow solution is the point vortex, whose cir-
cumferential velocity distribution is given by Equation 4.21. Its velocity field is characterised
by velocities pointing everywhere into the mathematical positive tangential direction with re-
spect to the radius vector to the vortex centre, assuming a positive vortex core strength Γ.
Furthermore, the circulation on concentric curves around the vortex centre is constant for all
radii (see Schade & Kunz [152]). Thus, the circumferential velocity component tends to infinity
with the radius approaching zero.

The circumferential velocity component uθ at the point xp induced by a potential vortex lo-
cated at xc having a vortex core strength of Γ is given by Equation 4.21. In the latter equation
the orthogonal vector, rotated 90 degrees into the mathematical positive direction with respect
to the original vector, is denoted by the operand (.)⊥.

uθ(xp) = − Γ

2 π
· (xp − xc)⊥
|xp − xc|2

(4.21)

As for the potential point source (see Equation 4.20), the circulation calculated by integration
of the velocities on a circular curve around the point vortex centre is constant for all radii r > 0.

Unsteady Bernoulli equation

The above itemised potential flow solutions have been written in terms of the velocity distri-
bution. If it is desired to determine the static pressure from a given unsteady potential flow
velocity distribution, an equation that links the three quantities velocity potential Φ, velocity
u, and static pressure p is needed. According to Schade & Kunz [152], the unsteady Bernoulli
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equation satisfies this need and is given by Equation 4.22.

∂Φ

∂t
+

|u|2
2

+
p

ρ
= 0 (4.22)

Merely the temporal derivative of the velocity potential within the previous equation repre-
sents the difference to the standard Bernoulli equation.

Finally, the potential flow physics and their related equations can be assessed in humorously
terms. Since a huge effort has been made to derive the very simple equations of potential
flows, which describe fluid flows only under limited conditions, Feynman named the chapter
on potential flow theory of his lecture series on physics [40]: “The flow of dry water”.

4.2 Properties of turbulent flows

In the following section the physical properties of the phenomenon of turbulence are discussed,
as briefly as possible and as extensively as necessary. The turbulence phenomenon is present in
most engineering flow applications. The occurrence of the turbulence phenomenon discrimi-
nates two possible states, such as laminar and turbulent flow. Laminar flow is characterised by
the absence of turbulence. In engineering applications the turbulence phenomenon is account-
able for increased drag, potential and kinetic energy losses, vibration and noise phenomena,
increased mixing, and momentum transport crosswise to the mean flow.

The first person to investigate the inception and transition process from laminar to turbulent
flow was Reynolds [139]. Therefore, the characteristic factor which is fundamental to the oc-
currence and development of turbulence is named “Reynolds number”. The definition of this
number is given by Equation 4.23. Essentially, the Reynolds number can be understood as the
ratio between inertia and viscous forces.

Re =
u ρ l

µ
(4.23)

As the main outcome of Reynolds’ investigations, it can be regarded that a turbulent flow
only develops above a critical Reynolds number. Below such critical conditions, a flow may
exhibit unsteady fluctuations though it may not be turbulent. A good example is the unsteady
vortex shedding from a circular cylinder at a Reynolds number of Re = 100, which can be
characterised as periodic laminar fluctuations according to Zdrakovich [195].

For more detailed information on turbulence as will be mentioned in the following, the reader
should refer to extensive discussions e.g. by Pope [136], Fiedler et al. [41], or Frederich [43].
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4.2.1 Turbulent energy cascade

According to Fiedler et al. [41], turbulence may be described by the following quotation (corre-
spondingly translated from German):

“Turbulence can be imagined as a time-invariant mean flow superimposed by stochasti-

cal random fluctuations in space and time arranged in rotational motion and of a wide

range of scales.”

This idea of a turbulent flow field can be expressed by the following equations:

φ(x, t) = φ(x) + φ′(x, t) (4.24)

= {φ}(x, t) + φ′(x, t) (4.25)

The decomposition of flow variables into a time-averaged mean value and an unsteady fluctu-
ation part was proposed by Reynolds. That is why this method of description is referred to as
“Reynolds decomposition”. However, the decomposition does not contain any information on
the properties of the fluctuations. Therefore further processing steps are necessary to retrieve
lacking information on e.g. the wave number spectrum of the fluctuations. Further approaches
introduce an additional component φ̌(x, t) containing the unsteady ensemble-averaged fluctu-
ations (cf. Equation 4.25).

The properties of turbulence in engineering applications are described in the textbook by Pope

[136]. Particularly, the assumptions constituting the closure of the theory of turbulence are
given. The most important assumption is the concept of the turbulent energy cascade pro-
posed by Richardson [141]. This concept implies spatial or temporal scales of the unsteady
turbulent fluctuations to be distinguished by their function with respect to the removal, trans-
port, or destruction of kinetic energy of the flow field. Each of the scales can be interpreted as
vortices or areas of coherent rotational motion of fluid. Thereby, the kinetic energy is removed
from the main flow by the production of large vortical structures, which are generated from
velocity gradients in the flow field. The energy removed, in the form of kinetic energy, is dis-
tributed to smaller scales - i.e. smaller vortices - by a process referred to as “vortex stretching
mechanism”. The latter can be imagined as the splitting of a large vortex into at least two
new smaller vortices sharing the kinetic energy contained. Ultimately, the scale of the smallest
vortices is in the range of the mean free path length of the molecules, where turbulent kinetic
energy is transformed in thermal energy by viscous effects.

To complete the preceding descriptions of the turbulent energy cascade, the definition of the
overall kinetic energy contained in the energy cascade is given. Particularly, the overall turbu-
lent kinetic energy k in a turbulent unsteady flow regime is defined by Equation 4.26.

k(xi) =
1
T

∫

T

1
2

u′
i
2
(xi , t)dt =

1
2

u′
iu

′
i (4.26)

Corresponding to the concept of the turbulent energy cascade, the overall turbulent kinetic
energy is distributed across a wide range of scales. From measurements and numerical sim-
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ulations the distribution of turbulent kinetic energy for isotropic homogeneous turbulence is
known, see e.g. Pope [136], where the shape of the aforementioned distribution has been mod-
elled. The model spectrum of isotropic homogeneous turbulence is given by Equation 6.3 in
Section 6.9, where it has been employed to determine the required mesh-cell size to adequately
resolve the turbulent flow within the annular compressor cascade.

4.2.2 Scales of turbulent motion

Based on the concept of the turbulent energy cascade by Richardson, Kolmogorov [88] improved
the theoretical model of the scales of turbulent fluctuations. According to Kolmogorov, the full
range of scales of turbulent fluctuations can be separated into three main regions: the large,
energy-containing range, the inertial subrange, and the dissipation range. There are properties
specific to each range, which have been described by Kolmogorov. Most of them are valid under
the assumption of a sufficiently high Reynolds number. Kolmogorov found, that the ratio of the
characteristic figures of the largest and the smallest scales are linked by the exponent of the
Reynolds number (see Equation 4.27 according to Pope [136]).

η/l0 ∼ Re−3/4 uη/u0 ∼ Re−1/4 tη/t0 ∼ Re−1/2 (4.27)

Furthermore, Kolmogorov found the scales of turbulent motion in the inertial subrange and the
dissipation range to be similar for different flow topologies. Particularly, the turbulent fluctua-
tions in these ranges are statistically isotropic and determined by the turbulent kinetic energy
dissipation rate ε. On the other hand, the largest scales are anisotropic and determined by the
scales of the flow regime. Consequently, Kolmogorov formulated hypotheses, which describe
the determining figures for the different ranges of the turbulent scales. For example, these
properties are employed during the design of turbulence modelling methods, as described in
Section 6.8.

4.2.3 Analysis of turbulence states

As has been mentioned before, the analysis of turbulence as a scientific discipline was ini-
tialised by the findings of Reynolds, e.g. the Reynolds decomposition of flow fields (cf. Equa-
tion 4.25). According to Pope [136], the largest impact on the time-averaged turbulent mean
flow have the Reynolds stresses u′

iu
′
j. The Reynolds stresses are arranged in the Reynolds

stress tensor (RST), for which specific properties can be formulated. According to the des-
ignation as stress tensor, fundamental properties of stress tensors also hold for the RST. The
symmetry of the RST follows from the symmetry of the particular stresses u′

iu
′
j = u′

ju
′
i . Fur-

thermore, the trace of the RST is determined by the normal stresses and constitutes twice the
turbulent kinetic energy (cf. Equation 4.26). Like every stress tensor, the RST may be decom-
posed into rotatory and deviatoric parts. Additionally, with regard to the characterisation of
turbulent states in the spectrum of turbulent fluctuations, the anisotropy of the RST is assessed
in turbulence research. This is done by calculating the anisotropic part aij of the RST given by
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Equation 4.28. Therein, the isotropic stresses 2/3 k δij are subtracted from the RST. The nor-
malised anisotropy tensor bij is then employed to investigate the state of turbulence at a given
location in the flow field.

aij = u′
iu

′
j −

2
3

k δij bij =
aij

2k
(4.28)

According to Pope [136], for the characterisation of turbulence it is convenient to calculate two
of the invariants of the normalised anisotropy tensor bij, namely η and ξ, instead of look-
ing at all six independent components of the tensor. This methodology goes back to Lumley

[101], which is why the resulting representation is typically referred to as “Lumley triangle”,
although it is not a regular triangle (cf. Figure 4.1). Thereby, all realisable states of the Reynolds
stress anisotropy are mapped into the triangle. The edges and corners of the triangle are char-
acterised by specific states of turbulent fluctuations, such as isotropic, two-component axisym-
metric, or one-component turbulence. For further details the reader is referred to Lumley [101]
or the textbook by Pope [136]. Here, the two invariants are calculated from the eigenvalues λi

of the normalised anisotropy tensor bij after Pope using the Equations 4.29. It has to be noted
that in this context the variables ξ and η are used as the coordinates of the Reynolds stress
tensor anisotropy invariants.

η2 =
1
3

[
λ2

1 + λ1 λ2 + λ2
2

]
ξ3 = − 1

2
λ1 λ2 [λ1 + λ2] (4.29)

4.2.4 Flow instabilities

The flow phenomenon of turbulence and its properties have been discussed above, but not the
transition process into turbulence. The latter is closely linked to stability theory, since mostly
critical conditions are caused by instabilities in the flow regime. However, the inception of flow
instabilities does not necessarily imply the transition to turbulence. Moreover, the transition to
turbulence may rather be characterised by the intermittent occurrence of stable and unstable
flow conditions at a specific location in the flow. Therefore, the process from stable laminar
flow to turbulence is described by Fiedler et al. [41] with the intermediate state of inception of
flow instability to the final development of fully turbulent flow.

With respect to the development of turbulent flows and the inception of the rotating instabil-
ity in particular, the term “flow instability” is discussed in the following. According to Oertel

& Delfs [127], the idea of stability can be expressed without focussing on a specific flow con-
figuration. Furthermore, the stability analysis considers a general flow configuration, based
on the assumption that any flow can be described by the steady flow U0 and superimposed
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Figure 4.1: Drawing of the Lumley triangle reproduced after Pope [136], mapping the invariants η and
ξ of the normalised anisotropy tensor into the region enclosed by the dashed lines. States
of turbulence falling into the upper right-hand edge are characterised by one-component
dominant fluctuations (1C). The upper edge denotes a two-component turbulence (2C) with
a distinct orientation. Two-component axisymmetric fluctuations are mapped to the left-
hand corner (2C, axi) and the lower corner indicates isotropic turbulence without a specific
orientation (iso).

fluctuations U′ defining the unsteady flow field (cf. Equation 4.30).

U0(x) = [u0(x), ρ0(x), T0(x)]

U(x, t) = [u(x, t), ρ(x, t), T(x, t)] (4.30)

U′(x, t) := U(x, t)− U0(x)

The latter form of describing flow fields is similar to the cited above Reynolds decomposition
in Section 4.2.1. Following the argumentation of Oertel & Delfs, the stability of the flow field U

is determined by the limitation of an appropriate norm of the fluctuations ‖U′‖, which fulfils
the following inequality relation:

‖U′(x, t)‖ < ǫ ∀t ≥ 0 (4.31)

If the norm of the fluctuations is below a certain limit ǫ for all times, the considered flow field
U0 can be regarded as stable. Oertel & Delfs argue that the objective is mostly to determine,
whether a flow is asymptotically stable, which requires limt→∞‖U′‖ = 0. In this regard, the
definition of stability given by Equation 4.31 seems practical. However, for applications where
an initial disturbance excites fluctuations, which grow to a certain level, a sufficient limit ǫ may
exist. But here, the amplification of the flow disturbance towards the statistically converged
amplitude may be of interest and is not covered by this definition.

Further, Oertel & Delfs give examples of two different propagation modi of flow instabilities.
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One is the “absolute flow instability”, which leads the flow to an unsteady state, where fluc-
tuations are continuously present. A good example of this instability type is the wake down-
stream of a two-dimensional bluff body, which is mostly characterised by regular vortex shed-
ding. Here, the velocity fluctuations being developed within the shear layer feed back to the
separation point upstream of the shear layer. Thus, this self-exciting mechanism produces per-
manently new fluctuations. The second instability type mentioned is named “convective flow
instability”. The latter is characterised by fluctuations that are excited at some point within
the flow regime, which is perceptive for disturbances of a specific scale. Subsequently, the
growing fluctuations are convected with the mean flow and do not feed back disturbances to
the flow region, being perceptive for fluctuations. A prominent example of such instabilities
are the Tollmien-Schlichting waves in a laminar boundary layer (e.g. cf. Schlichting & Gersten

[154]), which cause the boundary layer to develop into turbulence. Oertel & Delfs name flows
absolutely unstable, if regions, that are absolutely unstable, exist in the flow regime. Otherwise
flows are denoted as locally convectively unstable. A similar differentiation has been made by
Menter et al. [112] with respect to the unproblematic simulation of turbulent flows using turbu-
lence resolving methods. There, Menter et al. stress the fact that some of the so-called hybrid
methods depend on the switch from pure turbulence modelling into the turbulence resolving
mode. Depending on the specific method, the switching relies on initial disturbances. In ab-
solutely unstable flows, the necessary disturbances are recycled within the flow regime and
allow the simulation method to stay in the turbulence resolving mode. In locally convectively
unstable flows, the disturbances which trigger the method to switch into turbulence resolving
mode run the risk of being convected away from the region where the turbulent flow features
are to be resolved. Thus, the method would fall back to pure turbulence modelling mode,
which is not wanted.

The intermittent character of such convective flow instabilities is known from the boundary
layer transition from laminar to turbulent. There, particular regions in the flow are percep-
tive to a specific scale of disturbances. These disturbances are amplified and simultaneously
convected downstream, where they in turn induce fluctuations which develop into turbulence.
Since each amplified disturbance is typically clustered in a finite wave packet, recorded signals
at a location downstream of the disturbance excitation feature an intermittent character.

In the textbook of Oertel & Delfs [127], methods for calculation of flow stability are presented.
The reported methods are based on the derivation and solution of the disturbance transport
equations, which are typically solved using the parabolised stability equations (cf. e.g. Broad-

hurst & Sherwin [20] or Morzyński & Thiele [120]). The result of the numerical global stabil-
ity analysis is a set of eigenvalues with their corresponding spatial eigenvectors, i.e. eigen-
modes. The eigenvalues contain information on frequency and amplification rate. Since the
parabolised stability equations are based on the time-averaged flow field, the global stability
analysis allows the prediction of dominant flow dynamics from very rudimentary flow infor-
mation.

The aforementioned properties of flow instabilities must be considered with respect to the in-
vestigated phenomenon of rotating instability. The flow within an annular compressor row
may exhibit both types of flow instabilities, since locally the flow within a single passage may
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be characterised as locally convectively unstable. Under certain conditions the fluctuations
emerging from the passage flow are convected to other circumferentially downstream posi-
tioned passages, where the flow is again affected to develop locally unstable flow conditions.
Thus, the fluid system of the overall flow within an annular compressor row turns out to be
absolutely unstable due to the circumferential coupling. Consequently, with respect to turbu-
lence resolving flow simulations, the simulation of rotating instability is not expected to be
problematic.

4.3 Properties and dynamics of vortices

The turbulence flow phenomenon is characterised by spatio-temporal fluctuations of all flow
variables on a wide range of scales, as has been described in Section 4.2. In this regard, the
spatial scales can be imagined as spatial dimensions of regions of coherent rotational move-
ment within the flow turbulent flow regime. Naturally, an observer of a turbulent flow field
would call these regions of coherent rotational movement “vortices”, although it is difficult to
define the concept of a vortex objectively. Haller [58] especially noted this task as challenging.
For example, in potential theory a fundamental solution is the point vortex (cf. Equation 4.21).
The velocity field of the latter is characterised by a singularity in the centre of the vortex, which
does not conform to observations. In viscous flows, infinite velocity magnitudes do not occur.
Nonetheless, the point vortex solution of the potential flow equations deserves to be men-
tioned, since it provides a simple tool for the mathematical description of flows and it has
been employed in various investigations employing potential theory to model basic fluid dy-
namic mechanisms (cf. Sarpkaya [151]). Others followed a more phenomenological approach,
as e.g. Sarpkaya, whose statement relating to the identification of a vortex has been reported
by Ehrenfried [34]:

“If you think you’re seeing a vortex, then this is a vortex! [. . . ]”

Vortical coherent structures are a fundamental phenomenon occuring in a variety of flow con-
figurations, no matter whether they are laminar and/or turbulent. Nonetheless, vortical struc-
tures are closely connected to turbulence, as has been described by Richardson’s turbulent
energy cascade (cf. Section 4.2.1). There, the concept of a vortex is employed as an image for
turbulent fluctuations, which stems from the observation of turbulent flows. For this purpose,
the mathematical definition of a vortical structure is not required.

Phenomenologically, a coherent vortical structure can be defined as a flow region, moving in a
coherent rotational manner around a common centre. A lot of research effort has been devoted
to the theory and application of vortices in fluid dynamics. According to Saffman [149], the first
person to shape the idea of vortices was Helmholtz [66]. Later, Kelvin worked intensively on
the flow phenomena related to vortices. Still, the understanding of vortices is important when
working on engineering problems, such as the trailing vortices in aircraft wakes and their inter-
action. The dynamics of multiple vortices is characterised by strong non-linearity, since each
vortex induces a velocity at each location in its vicinity and thus forces other vortices to move
as a particle in the coherent rotational movement around the vortex core. The induction of

37



4 Physical fundamentals

velocities at a point in the vicinity of the vortex is described by the law of Biot & Savart and
has been investigated by Maxwell [110] by means of magnetic fields around electric currents
in conductors. This analogy of electrodynamics and fluid dynamics has also been employed
by Hornung & Perry [70] to visualise vortex systems in three-dimensional separated flows. Fig-
ure 4.2 shows the mentioned velocity induction by vortex filaments or point vortices, in three
and two dimensions respectively. It is apparent that for an ideal vortex, the induced velocity
field circles the centre of the vortex. However, the magnitude of the induced velocity depends
on the flow type. For example, in potential flows, the velocity magnitude is proportional to the
inverse distance to the centre (cf. Equation 4.21), which results in a singularity in the vortex
core. Another definition of an ideal vortex is given by the Lamb-Oseen vortex (cf. Lamb [92]),
which represents a solution of the two-dimensional incompressible Navier-Stokes equations
(according to Saffman [149]).

uind

uind

r

r

dΓ

η

ϕ

ξ

η

ϕ
ξ

Figure 4.2: Schematic illustration of induced velocity uind by a vortex filament dΓ. Here, the variables
ξ, η, and ϕ denote the base vectors of the local coordinate system of the vortex filament dΓ.

As pointed out by Haller [58], the difficulty arises when coherent vortical structures have to be
defined from three-dimensional unsteady flow fields by means of mathematical expressions.
Several methods exist to determine the rotational nature of flow fields, such as the vorticity
vector ω = ∇× u, the Q-criterion by Hunt et al. [74], or the λ2-criterion by Jeong & Hussain

[80], to name only a few. All the above criteria employ the velocity gradient tensor, which may
exhibit strong fluctuations when being estimated from measured or numerically simulated
velocity fields. A vortex detection method for two-dimensional flow fields employing the
convolution of the velocity field and a test vortex named “vortlet” has been proposed and
analysed by van Rennings et al. [183]. Some of these vortex criteria will later be employed
during the analysis of the flow fields from the numerical simulations.
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4.4 Aeroacoustic sound propagation and origin

In the past, engineers were more and more challenged by limiting the disadvantageous emis-
sions of in-service and future products. Especially in air traffic, ground transportation sys-
tems, and turbomachinery, acoustic emissions are considered during the certification process
for emissions rated. Thus, it is necessary to know about the source mechanisms and the propa-
gation of aeroacoustic sound to be able to develop designs to reduce the acoustic impact of the
specific product on its environment. In the following, some theoretical aspects of aeroacoustic
sound in terms of its propagation and its production are presented. Typically, in aeroacous-
tics the of acoustic source and propagation regions are separated. This is referred to as zonal
approach (cf. e.g. Richter [142]).

4.4.1 Sound propagation

According to Howe [71], Lighthill [97] brought forward the modern understanding of aeroa-
coustic sound. In this regard, he reformulated the fundamental conservative equations of fluid
mechanics (in particular the conservation of mass and momentum, Equations 4.5 and 4.6) to
an inhomogeneous wave equation describing the propagation of density fluctuations on the
left-hand side and the sources on the right-hand side of the Lighthill acoustic analogy accom-
panied by the Lighthill stress tensor (cf. Equation 4.32). However, Lighthill’s acoustic analogy
is formulated for a medium in rest or in a Galilean coordinate system. Following from that,
any disturbance differing from the acoustic fluctuations within the Galilean coordinate system
is represented by sources on the right-hand side of Equation 4.32.

∂2ρ′

∂t2 − a2
∞

∂2ρ′

∂x2
i

=
∂2Tij

∂xi∂xj
whereas Tij = ρuiuj − τij + δij

[
p′ − a2

∞ρ′
]

(4.32)

As has been indicated before, the propagation of acoustic pressure fluctuations conforms to
a linear wave equation defined by a partial differential equation of second order in space
and time (cf. Equation 4.32). In its basic form, the Lighthill acoustic analogy is derived un-
der the preconditions of an ideal medium without convection being considered (Möhring et

al. [118]). All non-linear effects are included in the non-linearity of the Lighthill stress ten-
sor. However, in situations where the medium is not at rest, not only is the production of
acoustic pressure fluctuations represented by the Lighthill stress tensor, but further the correct
aeroacoustic pressure fluctuation propagation appears within the source terms of Lighthill’s
acoustic analogy (Ehrenfried et al. [35]). To overcome these limitations to acoustic media at rest,
Möhring [116, 117] formulated an acoustic analogy for moving acoustic media, which is termed
“Möhring’s acoustic analogy” (cf. Ehrenfried et al.).

In ducts or annular channels with pure uniform axial flow or very simple rotational flow mod-
els, the solutions of the governing equation can be derived analytically. For the derivation
procedure of the analytical duct or annular channel modes, see Ehrenfried [33]. As has been
mentioned in Section 3.4, the analytical derivation of acoustic mode shapes in ducts or annular

39



4 Physical fundamentals

channels becomes more complex when considering a mean flow of a significant Mach num-
ber magnitude. In this case, acoustic mode shapes and their respective eigenvalues have to
be determined by means of numerical methods. Depending on the conditions of axial and
circumferential Mach number and hub-to-tip ratio, the acoustic modes are being propagated
quasi without losses or damped in space. In acoustics this condition is termed “cut-on” or
“cut-off”, respectively. The latter information is incorporated in the correspondent eigenvalue
of the acoustic mode. For example Kousen [89, 90] presented a numerical methodology to de-
termine acoustic mode shapes considering mean radially varying axial flow and swirl velocity
profiles.

4.4.2 Sound sources

In the Lighthill equation, the acoustic sound sources are incorporated in the Lighthill stress
tensor, although it has been pointed out in the previous section that in regimes where the
medium is not at rest, other effects are also accounted for by sound sources in the sense of
Lighthill. However, the source terms in Lighthill’s acoustic analogy are well suited to illustrate
and assess the source mechanisms in aeroacoustic problems. According to Ehrenfried [33], in
turbulent flow fields the Reynolds stresses u′

iu
′
j dominate the Lighthill stress tensor. Especially

the interaction of vortices has been observed to contribute a large amount to the production of
acoustic pressure fluctuations. These properties apply exactly for quasi-incompressible flows
where Ma ≪ 1. From the definition of the Lighthill stress tensor, the term playing the major
role in producing acoustic pressure fluctuations can be identified as the divergence of the Lamb
vector, which is given by the source term q defined by Equation 4.33 according to Powell [137].

q ∼ div (ω × u) (4.33)

According to the latter equation, sound is generated where the vorticity vector ω is perpen-
dicular to the local velocity vector u and at least one of them is fluctuating (cf. Möhring [118]).
Furthermore, vortices are thereby characterised as the potential source of noise. That is why,
the nature of vortices or coherent vortical structures is elucidated with special effort in Sec-
tion 4.3.
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5.1 Statistical moments

Besides spectral analysis methods, the classic standard methods are employed to determine
statistical moments. As for the previous section, the reader is referred to the books by Bendat

& Piersol [9, 10] for further details.

To demonstrate the following formulae, time has been chosen as abscissa dimension without
intending to restrict the mean value calculation to this dimension. The calculation of mean
values in other dimensions is also valid, e.g. the spatial mean value in one coordinate direction.

5.1.1 Mean value

The average value φ of a time-dependent variable φ(t) is calculated in continuous form

φ =
1
T

T∫

0

φ(t)dt (5.1)

and in discrete form for an equally sampled variable

φ =
1
N

N

∑
i=1

φ(ti) (5.2)

in the above equations. Ideally, the number of samples tends to infinity N → ∞, such that the
mean values of all quantities determining the system converge.

With the interest in the mean values of quantities describing the unsteady behaviour of a sys-
tem, e.g. a flow problem, within finite time the problem that arises is when to start and stop
recording samples of the quantities to obtain a reliable estimate of the actual mean value for
an infinite number of samples. Since computation time has been rare in the past and will be
within the near future, time-accurate numerical simulations are limited in simulated time and
each computed sample can be regarded as precious. To obtain the best possible estimates of
statistical moments from numerical simulations, the aim is to gain as many samples as possi-
ble from an affordable number of time-steps. Therefore, it is particularly important to identify
initial transients in the temporal evolution of numerical simulations in order to discard as few
samples as possible and retrieve as many samples as possible to obtain a good estimate of the
mean value. This issue has been adressed and worked on e.g. by Mockett et al. [115], who
developed a method to identify the initial transient from turbulent flow data and estimate the
confidence interval of the estimated average value.
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5.1.2 Standard deviation

The standard deviation σ of a time-dependent signal φ(t) is calculated employing the mean
value φ using the following equation:

σ =

√√√√ 1
N

N

∑
i=1

[
φ(ti)− φ

]2 (5.3)

5.1.3 Skewness

The skewness of a set of samples of a time-dependent signal φ(t) describes the deviation of
the appearance of value levels from the Gaussian distribution (cf. e.g. Bendat & Piersol [10]). If
more values exist with very low peaks, the skewness of the signal is negative. In the opposite
case, the skewness of the signal is positive.

The rule for calculation of the skewness s of a set of samples φ(ti) is given by the following
equation:

s =

1
N

N

∑
i=1

[
φ(ti)− φ

]3

σ3 (5.4)

In the latter equation, the statistical moment of third order is normalised by the third power of
the standard deviation of the set of samples.

5.2 Averaging

Statistical analysis methods as presented in the previous sections are partly dependent on av-
eraging of single data sets to yield reliable results. Typically, such averaging operations are
performed to get rid of artefacts originated by input flawed by stochastical fluctuations to
analysis methods. Of course, the sets of data being averaged are necessarily of the same topol-
ogy. This implies that the essential features are expected to occur in each of the sets. However,
the sets do not have to be from different time instances but can also be from different locations,
if the geometry is symmetric.

Since a symmetry of the flow solution is expected for each vane of the compressor stator row
and as the time data base from the numerical simulation is small compared with measurement
time data bases, a temporal averaging operation is replaced by spatial averaging where ap-
propriate. Furthermore, the temporal average is additionally averaged spatially in order to
improve the confidence of the average estimate obtained.
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5.3 Spectral analysis

The object of investigation, i.e. the Rotating Instability, is characterised by certain spectral pat-
terns in flow quantity fluctuations, as described in Section 2.4. Thus, to identify the occurrence
of RI from time-resolved data produced by a numerical simulation, the data has to be trans-
formed from the time domain into the frequency domain. According to Bendat & Piersol [10], a
standard numerical method to perform this transformation called Fast Fourier Transform (FFT)
exists. The FFT is a very fast and numerically efficient algorithm that evaluates the amplitudes
of Fourier coefficients of frequencies, which are multiples of the fundamental frequency F, i.e.
the inverse of the sample length T. Unfortunately, for numerical simulations the sample length
are rather short, compared with experimental measurements. Thus, the frequency resolution
achieved is low, due to the short sampling time.

In the following chapter, the signal processing methods applied to one-dimensional quantities
are briefly introduced and validated, if necessary. For further details, the reader is referred to
Bendat & Piersol [10].

5.3.1 Discrete direct Fourier transformation

To overcome the problem of limited frequency resolution emerging from the standard proce-
dure of the FFT, the general definition of a finite-range Fourier transform (see Equation 5.5) is
assumed. Using this definition, a signal of finite length φ(t) is transformed into the frequency
domain for discrete frequencies fi . The result of this operation is a complex frequency coeffi-
cient a( fi) for each discrete frequency, which contains information about amplitude and phase.
Thus, the described method is referred to as direct discrete Fourier transform (DDFT).

a( fi) =
2
T

T∫

0

φ(t) e 2π fi t dt (5.5)

Using this direct frequency evaluation method, a generic test signal has been evaluated to
determine the spectral response of the method. The signal consists of a sine with a frequency
of 100 Hz and an amplitude of 1, a cosine with a frequency of 33 Hz and an amplitude of 0.5
superimposed with random white noise. The length of the signal is 1 s and it is sampled at
a frequency of 100 kHz. The signal is plotted in Figure 5.1 showing the whole signal on the
left-hand side and an enlarged view on the right-hand side of the figure.

The spectral properties of the generic signal have been analysed using the above described
method for a frequency band of f ∈ [0, 200]Hz and the standard FFT. The results are depicted
in Figure 5.2 showing the obtained magnitude, cosine, and sine contents of the generic signal.

It can be seen from the plots that not only the amplitudes of the frequencies contained in the
generic signal are captured by the discrete direct Fourier transform, but the phase is also well
carved out. The resolution in the frequency domain is equal for both transformation methods,
DDFT and FFT. However, the results of the FFT show some fluctuations in the orthogonal
component for each peak in the spectrum.
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Figure 5.1: Plot of the generic signal that has been analysed by the DDFT.
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Figure 5.2: Spectra of a generic signal consisting of a sine wave of with a frequency of 100 Hz and an am-
plitude of 1 superimposed with a cosine wave with a frequency of 33 Hz and an amplitude
of 0.5. Additionally, zero-mean white random noise is superimposed to the signal.

Summing up, the DDFT method employed to calculate the spectral components of a signal is
similar to an FFT using the extension of the signal by zero padding to increase the spectral
resolution. According to e.g. León et al. [94], this is accompanied by the so called “leakage
effect”, which can be reduced by appropriate windowing prior to the spectral analysis. A
method named “antileakage Fourier transform” proposed by Xu et al. [191] aiming to reduce
the leakage effect has been tested and resulted in quantitatively same results. In the following
section the applied window function and its spectral characteristics are depicted.
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5.3.2 Hann window

For signals from random or highly non-linear processes, it is a common procedure to use win-
dowed frequency analysis techniques. These feature the subdivision of the signal into chunks
with a certain overlap, which are analysed in terms of their spectral content. After obtaining
the spectral information from each chunk, all spectral information is averaged to retrieve av-
eraged spectral information about the signal under investigation. Usually, each window is
multiplied by a windowing function, which is multiplied by the original signal chunk as a
weighting distribution after subtracting the mean value of the signal chunk.

The often employed windowing function called “Hann window” has been proposed by von
Hann, according to Blackman & Tukey [16]. The weighting function whann for a window length
T is given by Equation 5.6 and is depicted in the left-hand plot of Figure 5.3.

whann(t) =
1
2

[
1 − cos

(
2 π [t − T/2]

T

)]
(5.6)

It can be seen from the window function that the weighting of the signal chunk by multiplying
with the window function equals the division by the factor two, since the integral of the win-
dowing function has the value 1/2. Thus, the frequency coefficients from the discrete direct
Fourier transform have to be corrected by the factor 2. In the right-hand plot of Figure 5.3
the frequency response of the Hann window to pure sine and cosine signals with varying fre-
quency and unity amplitude is plotted against the frequency ratio, which is defined by the
ratio of the frequency signal and the inverse of the window/chunk length. The frequency re-
sponse reveals the desired effect of reducing signal amplitudes for frequency ratios below one.
Furthermore, the amplitudes reduction effect for frequency ratios below one has nearly the
same magnitude for sine and cosine components. However, for frequency ratios within the
range from 1 to 2, small deviations from the undisturbed frequency response can be observed.
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Figure 5.3: Weighting factor and characteristics of the Hann window function whann.
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5.3.3 Auto-spectral and cross-spectral densities

Spectral density function are employed to describe the correlation between two associated
signals. According to Bendat & Piersol [10], there are at least two ways to determine the auto-
spectral or cross-spectral density function of two signals. If the Fourier transforms a( fi) and
b( fi) of the signals are available, the auto-spectral and cross-spectral densities can be written as
products of their complex frequency coefficients as stated by the left-hand side and right-hand
side of Equation 5.7, respectively.

Sa,a( fi) = a( fi) · a∗( fi) Sa,b( fi) = a( fi) · b∗( fi) (5.7)

In the latter equations, the complex and conjugate complex frequency coefficients are denoted
as followed:

z = x + y and z∗ = x − y

Particularly, the cross-spectral density function allows information about correlation of spec-
tral components and their phase relation to be retrieved.

5.3.4 Phase shift

As mentioned above, the complex coefficients of the cross-spectral density function Sa,b( fi)

contain information about amplitude and phase. The latter can be calculated from each fre-
quency coefficient as stated by Equation 5.8.

ϕa,b( fi) = arctan
(
Im (Sa,b( fi))

Re (Sa,b( fi))

)
(5.8)

In the investigation of correlated signals, information about phase shift of certain spectral prop-
erties supports the interpretation of data and allows the determination of propagation direc-
tions and velocities, related to the particular spectral band.

5.3.5 Coherence

To determine the similarity of spectral contents in two associated signals, according to Bendat

& Piersol [10] and Kameier [81] the coherence function can be calculated from the auto-spectral
and cross-spectral density functions using Equation 5.9.

γ2
a,b( fi) =

|Sa,b( fi)|2
Sa,a( fi) · Sb,b( fi)

(5.9)

46



5.3 Spectral analysis

The following inequality relation applies for the coherence function.

0 ≤ γ2
a,b( fi) ≤ 1 (5.10)

It has to be mentioned that for the complex auto-spectral and cross-spectral density function,
obtained through a frequency analysis without windowing, the coherence function is equal to
one for all frequencies. This fact does not contradict the inequality stated by Equation 5.10, but
does not allow to further information to be gained. Thus, to retrieve additional information
from the operation of calculating the coherence function, a windowed frequency analysis com-
bined with an averaging procedure must be applied to the original signals. The averaging of
the spectral components is indicated in Equation 5.9 by the (.) operator.

5.3.6 Cross-correlation function

The cross-correlation function Ra,b of two time-dependent signals a(t) and b(t) is calculated
from Equation 5.11 according to Bendat & Piersol [10].

Ra,b(∆t) =
1
T

T/2∫

−T/2

a(t) b(t + ∆t)dt (5.11)

The cross-correlation function can be understood as the correlation coefficient Ra,b(∆t) of the
two correlated signals a(t) and b(t) depending on the time-shift ∆t between the signals. Thus,
if the two signals are identical but shifted in time, the maximum of the cross-correlation func-
tion is obtained for the time shift ∆t.

5.3.7 Sound pressure level

According to Ehrenfried [33], for the assessment of pressure fluctuations with respect to aeroa-
coustic problems, the pressure fluctuation amplitude is converted into the scale of the sound
pressure level (SPL), whose dimension is decibel (dB). The conversion rule from pressure fluc-
tuation amplitudes measured in Pascal to sound pressure levels is given by Equation 5.13.

SPL = 20.0 log10

(
p′

pref

)
(5.12)

= 20.0 log10

(
a( fi)√
2 pref

)
(5.13)

= 20.0 log10

(
Sa,b( fi)

2 pref

)
(5.14)
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Typically, the reference pressure pref = 2.0 · 10−5 Pa is employed (cf. Ehrenfried [33]). In the
case of spectral amplitudes a( fi), the effective value of the corresponding spectral amplitude
a( fi)/

√
2 is used to calculate the corresponding sound pressure level.

5.4 Modal analysis

The coherence function, as described above, pictures the coherent spectral contents in two
associated signals. Further, a set of signals from different spatial locations can be related by
spatial waves and their spectral pattern. This technique is called mode matching and is derived
from the acoustic view of pressure fluctuations. In linear acoustics, a solution of the linearised
Euler equations can be obtained from a separation approach, where the solution is written as
a product of spatial distributions called modes, which are modulated in time by a harmonic
signal. This procedure is very helpful when analysing spatially bounded solutions of PDEs,
such as the acoustic pressure fluctuations in turbomachinery ducts.

In turbomachinery aeroacoustics most of the acoustic intensity is emitted by coherent fluctu-
ations of discrete frequencies, whereas the duct or annular channel modes describe the eigen-
modes of acoustic pressure fluctuations in bounded regimes. Depending on the geometric
shape of the duct, respective Bessel- and Neumann-functions describe the radial shape of the
acoustic waves. However, these fundamental shape functions only apply for rudimentary
mean flow configurations or even without mean flow. Within this work, azimuthal modes are
merely analysed by means of instantaneous circumferential pressure distributions as given by
Equation 5.15.

Fundamentally, any instantaneous circumferential pressure fluctuation distribution p′(θ, t) may
be decomposed into an infinite number of azimuthal modes with complex mode amplitudes
Am(t), as given by Equation 5.15 for a fixed radial coordinate (r = const).

p′(θ, t) =
∞

∑
m=0

Am(t) e m θ (5.15)

Thus, if pressure fluctuations are sampled synchronously with equidistant spacing in circum-
ferential direction at a constant axial position, at each time instance a complex azimuthal mode
amplitude Am(t) can be determined.

Further mode analysis techniques employed within this work are reported by Holste [69]. Al-
though Holste stresses that these techniques should only be applied to data sets in which tur-
bulent pressure fluctuations are negligible compared with the acoustic pressure fluctuations,
the application of the mode analysis techniques revealed typical characteristics of the rotating
instability pressure fluctuations.

p′(θ, t) =
∞

∑
m=−∞

∞

∑
i=1

Am(ωi) e m ∆θe− ωi t (5.16)
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The latter modal analysis technique has been employed to data from measurements of the
rotating instability by Pardowitz et al. [130]. The authors were able to successfully assign each
peak in the comb structure of the characteristic fluctuations to an azimuthal mode.
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Flow simulation

51





6 Simulation of the rotating instability

6.1 Fundamentals of numerical fluid dynamics

In the previous Chapter 4, the physical fundamentals of fluid dynamics were elaborated in rea-
sonable depth for the specific application of RI within the annular compressor cascade. The ba-
sic equations describing the macroscopic fluid motion were introduced in Section 4.1, whereas
this already implies the outcome of a top-down description of fluid dynamics. By contrast, e.g.
the lattice Boltzmann equations of statistical molecular motion (see e.g. Chen & Doolen [25])
represent the bottom-up faction of fluid dynamic models. Thus, Hirsch [67] calls the Navier-
Stokes equations a “flow model”, employment of which has to be decided prior to the choice
of methods for solving these equations using numerical methods. According to Hirsch, this
choice has to be made carefully, considering the physical effects one wishes to assess within
the planned investigation.

Numerical discretisation techniques

Once the governing equations forming the flow model are chosen, a way to numerically ap-
proximate and solve these has to be chosen. Regarding the Navier-Stokes equations in dif-
ferential form, the finite differences method (FDM) appears to be the best choice. With this
method it is straightforward to replace each term in the governing equations with a difference
quotient based on a Taylor series expansion in space or time. Using this approach, theoretically
approximations of single terms of the governing equations of arbitrarily high order can be de-
rived. However, approximations of higher orders require the numerical stencil to be increased,
which usually leads to tremendous effort in implementing this into a working program code.
An alternative method to the mesh-based FDM exists, the interpolation point-based method of
smoothed particle hydrodynamics (SPH), where the terms of the differential form of the gov-
erning equations are interpolated at the locations of a set of particles, representing the fluid. A
review of this method for simulating fluid flow is given by Monaghan [119].
However, the most severe problem of these methods is that the fundamental nature of the gov-
erning equations is not addressed by any of them on the lowest level of approximation. Thus,
it cannot be proven that a finite difference method based discretisation converges to a conser-
vative approximation when increasing the numerical discretisation. The latter can be achieved
by the finite volume method (FVM), even on very coarse approximation meshes.
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6 Simulation of the rotating instability

Motivation of decision for finite volume method

As described in Chapter 4.1, the inherent nature of the governing equations is the conservation
of quantities, e.g. as mass or momentum. Therefore, a numerical methodology is employed,
which embodies the conservation of quantities on the lowest level of approximation deriva-
tion. The finite volume method fulfils this prerequisite, since it implements the balance of
fluxes across the boundaries of control volumes. These control volumes constitute the finite
element, which is used to discretise the flow domain to be simulated. Each control volume
has neighbouring elements, whose fluxes across the shared boundaries account for the bal-
ance inside the particular elements. The consistent calculation of fluxes across those shared
boundaries on each side of the boundary is a necessity of the FVM.

6.2 Numerical methodology

All three-dimensional numerical simulations constitutional to this work were performed us-
ing the in-house code ELAN of the Chair for Computational Fluid Dynamics of the Institute of
Fluid Dynamics and Engineering Acoustics of the Technische Universität Berlin. The acronym
ELAN stands for the name elliptic analysis of the Navier-Stokes equations. The code repre-
sents an implementation of the finite volume approximation of the Navier-Stokes equations
intended to serve as a tool for academic and applied research purposes. Xue [192] was the first
to report on the development of the ELAN-code and its application to fluid flow problems. In
the following years, many researchers contributed to the code and extended its capabilities for
modern methods of advanced turbulence modelling, higher accuracy numerical methods, and
the applicability to unsteady computations of aeroacoustic phenomena. The development has
been documented in the works of Grunert [56], Rung [144], Schmidt [155], Lübcke [102], Schatz

[153], Yan [194], Bunge [21], and Mockett [113].

The development objectives of the flow solver have been: inherent conservative character of
the approximation method, simple discretisation in terms of implementation and mesh gen-
eration effort, flexibility for complex geometries, numerical stability and efficiency, easier im-
plementation of additional transport equations, application of state-of-the-art methods of tur-
bulence treatment, and capability of massive parallel execution. In the following sections, the
aspects of the code listed above are elucidated.

For further details beyond the following descriptions, the reader referred to the textbooks of
Wesseling [190], Hirsch [67], and Ferziger & Perić [39]. In addition, the lecture notes by Baumann

et al. [6] give extensive details of the derivation, implementation, and the guiding theme of the
FVM in principle and particularly for unsteady convection-diffusion problems.

6.3 Generic transport equations

Generally, the computational method implements the approximation of the mathematical equa-
tions and solution of the resulting non-linear equation system. Since the structure of each of
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6.4 Finite volume approximation

the equations is very similar with regard to the Navier-Stokes equations (cf. Equations 4.5 to
4.7), a common approach is to represent each of the individual transport equations by a generic
transport equation. Essentially, each equation can be obtained by replacing the generic flow
quantity φ by the particular flow quantity and its respective fluid properties, such as e.g. the
diffusion coefficient Γφ.

∂

∂t

∫

V
ρφ dV

︸ ︷︷ ︸
temporal variation

+
∫

S
ρφu · n dS

︸ ︷︷ ︸
convective fluxes

−
∫

S
Γφ∇φ · n dS

︸ ︷︷ ︸
diffusive fluxes

=
∫

V
Sφ dV

︸ ︷︷ ︸
source term

(6.1)

According to e.g. Günther [57], Equation 6.1 represents the temporal variation of the generic
variable φ within the control volume V as the balance of convective and diffusive fluxes across
the boundary surface S of the control volume and the source distribution Sφ within the con-
trol volume. The latter equation can be derived from the differential form of the transport
equations by integration over a given control volume V .

The numerical method is based on such generic transport equations for flow quantities, which
adhere to the implied character of the PDE.

6.4 Finite volume approximation

The previously employed integral form of the transport equation is a sound illustration for the
idea of the FVM, since all terms appearing within the equation are represented by terms of the
discretisation. Essentially, the FVM approximation of fluid dynamic equations allows one to
compute the temporal evolution of the flow quantity described by the specific equation as a
result of the balance of fluxes across the boundaries of the control volume and the production
or destruction of the flow quantity within the control volume. Basically, the application of FVM
for fluid dynamic problems tends to result in a computational method that reproduces the
conservative character of the conservation laws of fluid mechanics and to produce physically
reasonable results [6] when adhering to the guideline principles. These strive for numerical
conditions where the commonly applied methods for solving non-linear problems by iterative
methods converge efficiently (cf. e.g. Saad [146]). Historically, the FVM was introduced for
application in computational fluid dynamics by McDonald [111] and MacCormack & Paullay

[103].

For FVM discretisation of the volume of the domain of interest, the latter is decomposed into
small finite control volumes. Within the flow regime, each of the control volumes is adjacent
to other control volumes, sharing connecting volume boundaries. At each of the common
boundaries between adjacent control volumes, the fluxes of the flow quantity are calculated
consistently, depending on the quantity values within both control volumes. This consensus
is the realisation of a single flux, being accounted for at a single common boundary. At con-
trol volume boundaries, which are not shared by other control volumes, reasonable boundary
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values or conditions have to be applied. By obeying this mantra of the FVM, the overall con-
servation of the flow quantity is ensured, no matter how coarse the discretisation of the flow
domain is.
Furthermore, the general conception of the discretisation technique brings with it the potential
to define arbitrary complex control volumes. Examples of simple control volume shapes are
depicted in Figure 6.1.

a) b) c)

Figure 6.1: Possible shapes of control volumes adequate for FVM discretisation: a) hexahedron, b)
prism, c) pyramid.

The advantage of hexahedral-shaped control volumes is the ability to organise them in a vir-
tual stack, where the structured addressing of each control volume and its neighbouring con-
trol volumes by cartesian indices is possible without further information. This arrangement
further allows organisation of the memory for storing field variables optimally, by respecting
the peculiarities of programming languages. At the boundaries of such blocks, boundary con-
ditions or connections to other blocks may be located.
To enable the discretisation of complex geometries, the blocks and hexahedra have to be fit-
ted to the geometry under investigation. These meshes are named “body-fitted” and feature
curve-linear mesh lines, constituting the edges of the aligned hexahedra.

As noted by the generic transport equation (Equation 6.1), some terms have to be evaluated
within the control volume and others depend on the fluxes across the boundaries of the control
volume. Fortunately, for each of the terms it can be assessed individually, whether it has to be
evaluated at some location or to be approximated. In the literature e.g. by Ferziger & Pericć [39],
the distinction of terms is performed as in Equation 6.1, i.e. temporal variation, convective
fluxes, diffusive fluxes, and the source terms can be treated separately.

Temporal variation

To solve the unsteady transport equation for the approximation of the temporal variation a
simple, three-stage, backward Taylor-series approximation is employed. It uses information
of the two past time-steps t − ∆t and t − 2∆t and is described in detail by Xue [192]. The val-
ues evaluated for computation of the discrete temporal gradient are those stored at the centres
of the control volumes, which are assumed to represent the spatially-averaged quantity value
within the control volume. The quantity value of the current time-step is calculated implicitly.
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Thus, the numerical stability is not determined by the time-step size, as demanded for explicit
time integration schemes. In this regard, the Courant-number together with the CFL criterion
by Courant, Friedrichs & Lewy [27] is referred to.
Without going into details of the calculation procedure of the linear equation system coeffi-
cients, it has to be pointed out that a decreasing time-step size improves the numerical stability
of the resulting linear equation system, compared with a steady state fluid flow model.

Convective fluxes

The convective fluxes are the most critical terms, regarding the trade-off between numerical
stability and accuracy. The task appears to be simple, finding a consistent calculation rule to
calculate the convective flux at a common control volume boundary depending on the velocity
values at the adjacent control volume centres. But instead, many authors proposed new con-
cepts and further developed concepts to handle the challenge of determining the convective
flux at a common boundary face between two control volumes. Thus, many textbooks devote
a huge amount of space to discretisation of the convective terms, called convection scheme.

The employed code ELAN uses more than three different convection schemes, implemented on
the basis of the method of deferred correction (cf. e.g. Ferziger & Perić [39]). Basically, the con-
vective terms are implicitly approximated by a numerically stable upwind differencing scheme
(UDS), whereas the residual terms for other convection schemes are included in explicit form
by the source term. Further, the central differencing scheme (CDS) is implemented as well as
the blending between UDS and CDS, named flux-blending. Finally, a so-called total variation
diminishing scheme (TVD) is implemented, which limits the over-shoot of the calculated flux
at common boundary faces, but maintains a higher order of accuracy than e.g. UDS.

As can be assessed analytically, UDS schemes are of first order of accuracy in space. According
to Rung et al. [145], this results in a diffusive character of the scheme, however the numerical
stability is enhanced. The same applies for the at most third order accurate upwind based TVD
scheme implemented in ELAN (cf. Xue [192] or Günther [57]), whereas the numerical diffusion
is reduced due to the higher-order error term. Finally, the error term of the standard CDS is of
second order of accuracy, which results in dispersive behaviour (cf. Rung et al. [145]). However,
the reduced diffusive character results in numerical stability problems, causing alternating
fluctuations to appear on coarse approximation, i.e. large control volumes.

According to Harten [60], TVD schemes suppress unphysical fluctuations potentially emerging
from coarse mesh resolutions by limiting the fluxes to realisable values. Here, the local order
of accuracy of the numerical discretisation is decreased. Details of the implementation in the
ELAN-code can be found in Xue [192] and Schatz [153].

Diffusive fluxes

As can be seen from Equation 6.1, the diffusive fluxes are characterised by fluxes of the gradient
of φ across the control volume boundaries. As the gradient is a vector, it is decomposed into
normal and in-plane components, which are treated different in the numerical flow solver.
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The normal component is discretised implicitly by means of a central approximation of second
order, whereas the in-plane components are treated explicitly. For details the reader is asked
to refer to the PhD thesis of Xue [192].

Source terms

Lastly, the source terms depending on the quantity value are approximated as linear relation,
again to improve the numerical stability and thereby to ensure physical and realistic results of
the iterative solution process of the resulting linear equation system. A more precise motiva-
tion and examples are given by Baumann et al. [6].

6.5 Mesh arrangement

The discretisation of the conservative equations are based on finite control volumes, as de-
scribed above. The employed numerical flow solver ELAN uses block-structured meshes con-
sisting of hexahedra only. As described in Section 6.4, such hexahedral-based block-structured
meshes feature the addressing of mesh entities such as control volume centres or mesh vertices
by cartesian indices. Furthermore, the resulting structure of the coefficient matrix supports the
use of specially optimised iterative procedures to efficiently obtain approximate solutions of
the linear equations system. Though the iterative methods are fast in convergence, a numeri-
cally exact solution is unwanted, since the governing equations are non-linear and it is more
reasonable to update the coefficient matrix with a certain amount of under-relaxation than to
iterate to a minimal residuum. As mentioned above, the numerical discretisation is made up
from control volumes, each being defined by eight vertices representing the edges, from there
stemming six cell faces, and one cell centroid. The flow variables are stored cell-centred, which
is of second order of accuracy according to Ferziger & Perić [39].

6.6 Pressure-velocity coupling

In this section an issue arising from low-speed or incompressible flow computations is ad-
dressed. More precisely, during the solution process of numerical simulations of weakly or
incompressible flows the determination of the pressure field, corresponding to a given veloc-
ity field, involves some problem. Furthermore, assuming the pressure field has been calculated
in some way, it might exhibit alternating fluctuations, named “chequerboard” pressure field
according to Knacke [86]. These issues will be discussed in the following section.

Pressure determination

Assuming a low-speed or incompressible flow, the density variation is negligible and thus the
determination of the corresponding pressure field becomes problematic. For such cases, the
Navier-Stokes equations reduce to the continuity and the momentum balances and velocities
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may be calculated from the latter. However, the corresponding pressure field can not be deter-
mined by some distinct equation, since the static pressure as flow quantity merely appears in
three of the four equations and there only as a gradient term. Thus, there is too little informa-
tion to fix the pressure field from the conservative equations.
To overcome this problem, Patankar & Spalding [134] proposed an iterative algorithm to calcu-
late corrections to the current pressure field in order to fulfil the mass conservation law. The
particular implementation takes into account the temporal variation of the density and is there-
fore well suited for unsteady simulations of weakly compressible flows. Further details of the
pressure correction algorithm implementation in ELAN are given by Xue [192]. Another pres-
sure correction algorithm named PISO (pressure implicit with splitting of operators) has been
developed by Issa [78]. Generally, both methods belong to the projection methods, as reported
by Wesseling [190].

Coupling

The discretised momentum conservation laws employ the discretised pressure at the control
volume boundary faces. Since, the pressure is not calculated or stored at the control volume
faces, the pressure gradient has to be interpolated and stored at the specific location. This is
done using the Green-Gauß theorem, where the face values are obtained using the CDS based
on the cell-centred pressure data. A generalised formulation of the Rhie & Chow interpolation
[140] for unsteady compressible flows is employed to calculate the mass-fluxes across the cell
boundaries from which the pressure corrections are calculated. Here, Rhie & Chow interpo-
lation prevents the pressure field from decoupling from the velocity distribution by adding
artificial mass sources.

Especially for aeroacoustic simulations of flow-induced noise, which typically feature very
small numerical time-step sizes to resolve the propagation of acoustic pressure fluctuations,
the original formulation of the Rhie & Chow interpolation has been modified. A comparison of
interpolation variants and their effects on the numerical solution is given by Knacke [86].

6.7 Solution algorithm

As described in Section 4.1.4, the Navier-Stokes equations given by Equation 4.5 to 4.7 are a set
of non-linear coupled partial differential equations. Ferziger & Perić [39] explain with regard
to this challenge, that essentially two approaches exist to deal with the non-linearity and the
coupling of the PDEs. The simultaneous solution of all equations and variables, known as cou-
pled solution, is enumerated first by Ferziger & Perić. Secondly, the sequential or segregated
solution is named.
According to the textbook, simultaneous solution methods are generalised algorithms of single
equation system solvers. Essentially, all discretised equations of all variables are put together
in one single linear equation system. A prerequisite for these methods is the existence of a fully
compressible flow, so that the density variation allows calculation of the pressure from the fun-
damental conservation laws. Since such methods are mostly based on explicit time-stepping

59



6 Simulation of the rotating instability

techniques, sufficiently small steps in time or pseudo-time are calculated to ensure the coupled
solution of the discretised non-linear equations. To overcome the issue of time-step size limi-
tation due to the CFL criterion, dual time-stepping techniques have been proposed. The latter
imply the convergence to a steady state flow solution in an additionally introduced pseudo-
time at each physical time-step. Important contributions in this regard are e.g. by Beam &

Warming [8], Turkel [176], Jameson [79], and Weiss et al. [188]. For reviews on preconditioning
techniques for CFD, refer to Turkel [177, 178]. Prominent examples of such modern compress-
ible flow computational methods employing simultaneous solution approaches are e.g. the
DLR TAU-code (Schwamborn et al. [161]) and the elsA-code by the ONERA (Cambier & Veuil-

lot [22]). The simultaneous solution methods are being developed with regard to high-speed
transonic flows, for which they work very efficiently. This is due to the strong dependency of
density variation to pressure variation linked by the equation of state (Equation 4.1.3).
As mentioned above, the alternative method is called the segregated or sequential solution
of the discretised PDEs. This approach features the sequential discretisation and solution of
each conservation law separately. Since during the solution process the flow quantity values
change and thus affect the coefficients of the other discretised equations, according to Ferziger

& Perić [39], under-relaxation of each equation system has to be applied. The decoupling of the
equations is prevented by a sufficient number of outer iterations, i.e. the successive solution
of all equations until convergence of the whole set of PDEs. For transient computations this is
done for each time-step. Once convergence of all equations has been achieved for the current
time-step, the next step is calculated. Typically, methods that feature the segregated solution
approach are based on pressure correction algorithms such as the previously mentioned SIM-
PLE algorithm by Patankar & Spalding [134]. However, the segregated solution approach also
applies to density based solvers.

The numerical method ELAN employed within this work uses the segregated solution ap-
proach based on a pressure correction method. For three-dimensional compressible simula-
tions the equations are calculated in the following sequence:

1. Momentum balance u

2. Momentum balance v

3. Momentum balance w

4. Pressure correction

5. Energy balance

6. Turbulence model equations

As described above, in the case of an unsteady numerical flow simulation, the solution se-
quence is looped until overall convergence is achieved for the current time-step. In Ferziger &

Perić [39], the loops are called outer iterations, whereas the inner iterations are performed to
approximate the solution of a single linear equation system representing a discretised conser-
vative PDE. The inner iterations are spent in the three-dimensional upgraded version of the
“strongly implicit procedure” by Stone [172]. Essentially, the solution algorithm is based on
an incomplete lower-upper decomposition for sparse linear equation systems. Details of the
modifications of the solver core are given by Xue [192], and a far more detailed description of

60



6.8 Modeling of turbulent content

the solution procedure is given by Mockett et al. [114].

Summarising remarks

The numerical flow solver ELAN is a member of the former low-speed computational methods
developed for incompressible flow applications. Thus, it features the sequential solution ap-
proach, which is very efficient for incompressible or weakly compressible flows. According to
Wesseling [190], these extended low-speed methods are superior to methods for compressible
flows employing preconditioning techniques for low-speed flow regimes.

6.8 Modeling of turbulent content

As has been depicted in Section 4.2, most flow regimes of engineering interest are characterised
by turbulence. If the properties of such turbulent fluctuations are important to the subject
under investigation, the numerical calculation procedure inevitably has to be able to represent
the properties of turbulence at a necessary and affordable level of description. A motivation
for this decision is given by Hirsch [67]. According to Pope [136], the decision for the turbulence
modelling method has to be taken with respect to the level of description, its completeness, the
computational costs and applicability, and its accuracy. In the following, a brief overview of
the spectrum of turbulence modelling methodologies is given, whilst reviewing each method
with respect to the criteria mentioned by Pope.

The fundamentals of modelling the turbulent content in flows have been a subject of research
for decades and the complexity of models has increased during this process, whilst the mod-
elling errors have been reduced. Generally, there are three major ways to tackle the issue of
turbulent fluctuations:

Direct Numerical Simulation

Firstly, the most simple but most expensive approach is to resolve all scales of turbulent fluctu-
ations by numerical discretisation. Therefore, no assumptions are made and no preconditions
have to be adhered to, despite the required resolution of the flow problem in all dimensions,
i.e. in space and time. This method is known as Direct Numerical Simulation (DNS). If the
requirement of adequate resolution of the flow problem is fulfilled, the solution from a DNS
can be regarded as a sufficiently approximated, possible realisation of a turbulent flow within
the given boundary conditions. Nonetheless, with DNS the challenge of simulating turbulent
flows is shifted from the methodology to computer resources, since the bandwidth of scales
of turbulent fluctuations spreads immensely with increasing Reynolds number, as outlined in
Section 4.2. According to Frederich [43], the required number of mesh points for the spatial dis-
cretisation is proportional to Re3/4. This results in a computational effort that is proportional
to Re11/4, when considering a likewise increased number of time-steps. Thus, today the lim-
iting figure for DNS is the Reynolds number because of the tremendous computational effort
for simulations of engineering-relevant flow problems.
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6 Simulation of the rotating instability

Large Eddy Simulation

Consequently, other approaches to modelling the turbulent content in flows have been devel-
oped, as cited above. These feature empirical presumptions describing particular properties of
turbulence. According to Fiedler et al. [41], the amount of empirical input required during the
derivation of such methods determines the accuracy of the resulting numerical representation
of turbulence. More precisely, the more simplifying presumptions are fundamental to certain
methods, the less accurate the results are in terms of reproducing the properties of turbulent
flows.

Two very basal approaches are based on a decompositions of the flow field variables and subse-
quent filtering of the resulting PDEs. The first of the approaches mentioned is the Large-Eddy
Simulation (LES), which is based on the spatially filtered Navier-Stokes equations. For the ex-
plicit derivation of these equations the reader is referred to Appendix A. Roughly, the filtered
Navier-Stokes equations are derived from the Navier-Stokes equations by restating a spatio-
temporal distribution of a quantity by a decomposition into filtered and subgrid-scale part as
depicted in Equation 6.2.

φ(x, t) = φ̂(x, t)︸ ︷︷ ︸
filtered distribution

+ φ̇(x, t)︸ ︷︷ ︸
subgrid-scales

(6.2)

The idea of LES is to utilise the property of small-scale turbulent fluctuations, which are re-
garded as isotropic and homogeneous (cf. Section 4.2). According to the concept of the tur-
bulent energy cascade, the function of these scales is to dissipate the turbulent kinetic energy
to heat and supply a proper momentum sink to the momentum balance equations. Due to
the isotropy and homogeneity, this can be modelled by very ordinary terms, which are known
as subgrid-scale models in LES. Thus, the scales of turbulent fluctuations are divided into re-
solved and modelled types, corresponding to a cut-off in the spectrum of fluctuations, resolved
by the numerical simulation. The effect of the subgrid-model is to supply the correct amount
of momentum dissipation by adding a numerical subgrid viscosity. Typically, the aim of an
LES is to resolve the bulk of turbulent kinetic energy in a turbulent flow regime by the dis-
cretised governing equations. As will be shown in Section 6.9, most of the turbulent kinetic
energy is contained in the large scale fluctuations. Hence, the advantage of LES is the compar-
atively low resolution of large scale fluctuations required compared with full DNS-adequate
discretisation. However, the issue of huge computational effort arises in terms of high resolu-
tions when LES is chosen to simulate turbulent boundary layers. This is determined by the
near-wall turbulence, where the large scale turbulent fluctuations are of the order of the wall
distance. Thus, a sufficiently resolved LES of a turbulent boundary layer tends to require DNS-
like resolutions. The first person to employ the LES method to atmospheric turbulent flows
in meteorology was Smagorinsky [163]. One of the subgrid-scale models previously mentioned
goes back to Smagorinsky and models the subgrid-scale stresses as linear proportional to the
strain-rate of the filtered flow field. Thus, this subgrid-scale model can be regarded as a linear
eddy-viscosity model for the subgrid-scale stresses.

For further details concerning LES the textbook of Fröhlich [44] is recommended.
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Reynolds-averaged Navier-Stokes

Finally, the least expensive method of modelling turbulent flows is based on the Reynolds-
averaged Navier-Stokes (RANS) equations. Like the filtered Navier-Stokes equations, the
RANS equations are derived using the Reynolds decomposition (cf. Section 4.2.1) to restate
the spatio-temporal distribution of a quantity. The explicit derivation procedure is described
in Appendix B. Briefly the derivation is summarised as follows. The Reynolds decomposi-
tion (cf. Equation 4.24) of all flow quantities into time-independent mean value and time-
dependent fluctuations is inserted into the Navier-Stokes equations, which are subsequently
time-averaged. Here, the Reynolds stresses remain as additional second-order terms of veloc-
ity fluctuations due to the non-linearity of the convection (cf. Frederich [43]). The fundamental
equations do not provide ample information to obtain the Reynolds-stresses. This issue is
referred to as the RANS closure problem.

To overcome the closure problem, popular approaches are made in order to model each of the
Reynolds stress components from mean flow quantities. The most common approach is to
represent the Reynolds stress tensor analogous to the shear tensor of the mean velocity field,
which was proposed by Boussinesq [18]. These approaches are typically classified as “eddy-
viscosity models”. For a detailed and comprehensive treatise on RANS turbulence models, the
PhD thesis of Rung [144] is recommended.

The overall advantage of RANS simulations is the obtainment of time- or ensemble-averaged
flow features from the RANS or URANS equations, respectively. In many applications only
information on the averaged flow behaviour is desired, especially in the field of engineering. In
particular, the RANS simulation methodology does not depend on the Reynolds number, since
no turbulent fluctuations have to be resolved because the macroscopic effect of turbulence is
represented by the modelled Reynolds stresses.

Using this methodology, comparably few computational resources are required to simulate a
wide range of flow problems characterised by turbulence. Thus, RANS simulation are widely
applied in the field of engineering and highly sophisticated turbulence models exist. Common
to most of the more advanced turbulence models is the good prediction of the development of
turbulent boundary layers. Where free shear layers occur, and boundary layers under strong
influence of streamwise pressure gradients or the exact decay of turbulence are to be predicted,
RANS methods reach their limits. A good comparison and demonstration of the prediction
performance of standard linear and non-linear eddy-viscosity and Reynolds stress models is
presented by Apsley & Leschziner [3]. Although the linear eddy-viscosity models have theoreti-
cal deficiencies due to the assumptions and simplifications made during their derivation, their
overall performance is astonishing even for special applications (cf. e.g. Gmelin et al. [53]).

Detached-Eddy simulation

The turbulence modelling methods based on the filtered and the Reynolds-averaged Navier-
Stokes equations have been introduced briefly above. Common to both methods is the struc-
ture of the derived forms of the Navier-Stokes equations. In both forms, the filtered Navier-
Stokes equations as well as the Reynolds-averaged Navier-Stokes equations, additional terms
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discribing the effect of turbulence arise from the derivation procedure. In both cases these
terms appear as stresses. As described above, these new terms have to be modelled and typ-
ically very similar approaches are applied for LES and RANS simulations, even though other
approaches exist.

Furthermore, the advantages and deficiencies of LES and RANS simulation methodologies
have been pointed out in the previous paragraphs. To combine the advantages and elimi-
nate the drawbacks, Spalart et al. [168] came up with the idea of combining both previously
mentioned turbulence modelling methodologies. Conceptually, URANS turbulence modelling
methods are to be applied in attached boundary layers, where their performance is best and
LES would require too many resources to resolve the bulk of turbulent kinetic energy. In
separated flow regions, where RANS methods inevitably produce inaccurate results and LES
is able to efficiently reproduce the large scale anisotropic fluctuations, the turbulent fluctua-
tions are to be resolved by the filtered Navier-Stokes equations and the background turbulence
model provides as much turbulent viscosity as is required to model the turbulent dissipation
of momentum. In the original variant of 1997, this functionality is realised by the standard
Spalart-Allmaras linear eddy-viscosity turbulence model [166] whose turbulent viscosity is re-
duced in regions distal to walls and with sufficient mesh resolution leading to an LES-like
behaviour. This methodology is referred to as Detached-Eddy Simulation (DES). During the
years the early conceptual appeal of the DES method has been superseded by special issues
closely related to the methodology. The first occurs on too fine meshes in the vicinity of walls
leading to unphysical boundary layer separation due to drastically reduced turbulent viscos-
ity referred to as “grid-induced separation” (GIS) and the related “modelled stress depletion”
(MSD). Furthermore, unrealistically delayed development into turbulence within separated
boundary layers has been experienced, which is known as the “grey area problem”. To resolve
or reduce the impact of the problems mentioned above the so-called Delayed Detached-Eddy
Simulation (DDES) has been proposed by Spalart et al. [167]. As desired, the artificial phenom-
ena related to GIS and the grey area problem have been eliminated or at least reduced by the
DDES. Subsequently, the “Improved Delayed Detached-Eddy Simulation” (IDDES) method-
ology has been proposed by Travin et al. [175] upgrading the DDES by wall-modelled LES
capabilities. For further details and an extensive assessment of DES capabilities, the PhD the-
sis of Mockett [113] is recommended.

In the present work, the DDES methodology [167] based on the standard Spalart-Allmaras
linear eddy-viscosity turbulence model [166] is employed. Due to the special configuration of
circumferential excitation of turbulent fluctuations, the grey area problem is not expected to
affect the correct functionality of the turbulence modelling approach for the worse within the
simulated flow regime.

6.9 Numerical discretisation

The numerical method to solve the approximated Navier-Stokes equations, which was de-
scribed in Section 6.2, is based on a cell-centred finite volume discretisation. The finite volume
discretisation technique implies fragmentation of the flow domain of interest into a sufficient
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number of control volumes. The connecting lines between the control volume centres consti-
tute the numerical mesh, on which the discretised governing equations are solved.

With implicit filtering of the Navier-Stokes equations and the required resolution of a signifi-
cant part of the turbulent kinetic energy within the flow, the problem of determining the mesh
cell size arises. Since the hybrid RANS-LES methods are younger than, for example, DNS or
LES approaches, few guidelines exist to determine the required mesh cell size. Spalart, one
of the developers of the DES methodology, recommended resolving the largest vortices in the
flow domain by at least 32 mesh points [165]. Another way to face the problem of estimating
a sufficient mesh cell size is to employ the spectrum of isotropic turbulence (see Equation 6.3),
which is given by Pope [136]. The shapes of the spectra of three Reynolds numbers of different
orders of magnitude are depicted in Figure 6.2. Here, the variable κ is used as wavenumber to
be consistent with literature.

10-12

10-11

10-10

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

100 101 102 103 104 105 106

R� ��3

�� ��5

�� 	
7

κ

E
(κ
)

∼ κ−5/3

Figure 6.2: Model spectra of isotropic turbulence according to Pope [136] for three Reynolds numbers of
different orders of magnitude.

E(κ) = C ε2/3 κ−5/3 fl(κ l0) fη(κ η)

fl(κ l0) =

[
κ l0√

(κ l0)2 + Cl

]5/3+p0

(6.3)

fη(κ η) = exp
(
−β

[[
[κ η]4 + C4

η

]1/4
− Cη

])

The constants within the Equations 6.3 of the model spectrum of isotropic turbulence at large
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Reynolds numbers are given by Pope [136] as follows:

C = 1.5 Cl = 6.78 p0 = 2 β = 5.2 Cη = 0.4 (6.4)

It has to be noted that the constants symbols have not been renamed for consistency with the
naming convention of this work in order to maintain the original formulations by Pope. Thus,
the symbols constituting the model equations have to be regarded as adopted from an external
naming convention. The turbulent kinetic energy as a function of wavenumber E(κ) is then
proportional to the model constant C and the value of the dissipation rate of turbulent kinetic
energy ε. The integral of the turbulent kinetic energy per wavelength integrated over all wave
numbers κ is defined as the turbulent kinetic energy k, which is the most relevant parameter
in statistical description of turbulence. It is a temporal-averaged parameter of the turbulent
velocity fluctuations as a function of space, as is described by Equation 4.26 in Section 4.2.1.
Thus, the integral turbulent kinetic energy represented by the model spectrum is scaled by
the values of the model constant C and the turbulent kinetic energy dissipation rate ε. If one
desires to determine a specific fraction of the integral turbulent kinetic energy, it follows from
this that both values of the model constant and the turbulent kinetic energy dissipation rate can
be neglected, i.e. their value can be assumed to be one, when the model spectrum is employed
to determine the estimated wavelength to be resolved by the numerical discretisation.

Furthermore, the cell size estimation methodology employed is based on the proportionality
between Reynolds number Re and the Kolmogorov scales (cf. Kolmogorov [88] or Pope [136]).
To determine the Reynolds number dominating the turbulence within the flow regime, the
scales of the largest vortices, the inlet velocity magnitude, and the fluid molecular viscosity
are used. Subsequently, the Kolmogorov scales are calculated using the relations described in
Section 4.2.2. Here, a mesh cell size of 5 · 10−4 m has been estimated from the global flow and
turbulence parameters using the model spectrum of isotropic homogeneous turbulence and
has been respected during the mesh generation process.
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estimation method to the Reynolds number
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In the following section, the setup of the numerical flow simulation is comprehensively de-
scribed. As presented in Section 3.2, the subject of investigation is the axial compressor stator
vane row with hub clearance. A first depiction of the computational domain is given by Fig-
ure 3.3.

The resulting numerical mesh and final setup for the unsteady turbulence-resolving simula-
tions are described by van Rennings et al. [184]. There, the validation of the correct application
of the DDES methodology for a slightly different operating point is presented. Furthermore,
the investigation showed that in computational domains representing a reduced geometric
model of the full annulus, specific azimuthal modes have been damped during the flow com-
putation. Thus, within this work the flow is simulated within the full annular geometric do-
main.

7.1 Numerical mesh

In this section, the methodology of mesh generation and details of the actual mesh are pre-
sented. The numerical discretisation of turbomachinery geometries typically proceeds by dis-
cretising the meridional flow channel via a mesh in axial and radial directions. Further on, the
flow channel between the vanes in the axial and circumferential direction is discretised for sev-
eral vane heights by the so-called blade-to-blade mesh (B2B). In this procedure, several vane
heights are considered in order to represent potential three-dimensional vane shapes, such as
variable airfoil shapes, lean, sweep, or twist (cf. Grieb [55]). Subsequently, the various radial
stations are used as a basis for interpolation of the intermediate radial mesh layers in order to
generate the full three-dimensional mesh.

Particular effort has to be devoted to ensure that the mesh quality at the periodic boundary
conditions and within the radial clearance is adequate to minimise potential numerical errors.
Typically, matching periodical boundaries pose the problem of combining the requirements of
high grid qualities at solid surfaces and within the vane passages and at periodic boundaries.
Therefore, special block topologies have to be considered, or simple topologies using inter-
polation procedures at non-matching block interfaces are used to satisfy the opposing mesh
quality requirements. The actual mesh has been created using the topology template-based
mesh generator G3DMesh of the German Aerospace Centre (DLR, cf. Weber [186]).

The basic mesh output of G3DMesh has been modified in order to meet special requirements
for LES-based simulation methods according to Garbaruk et al. [46]. Garbaruk et al. presented
the numerical mesh and respective results of LES and DES of the flow through a linear cascade
with clearance at one endwall. There, the typical radial mesh refinement of the clearance tip
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has been faded out with increasing distance from the vane surface. Thus, in the vane passage
a nearly uniform mesh has been created. A slice of the resulting mesh in a vane’s passage
is depicted in Figure 7.3. The mesh obtained is optimal for simulation methodologies, where
mesh cell sizes are evaluated to switch between simulation modes. This is due to the isotropy
of the mesh cell dimensions and the resulting mesh cell size determination does not depend
on a spatial direction. Furthermore, this helps to reduce the number of mesh cells with large
aspect ratios, which are to be avoided in terms of numerical stability.

In order to ensure the periodicity of the geometry represented by the numerical mesh, the
mesh has been created for a single vane passage and duplicated afterwards to yield the full an-
nulus of the compressor stator vane row. As depicted in Figure 3.3, the computational domain
extends in an axial direction from approximately 2.5 lc upstream of the vanes’ leading edges
to 3.0 lc downstream of the vanes’ trailing edges. The inlet plane position has been chosen at
exactly half the distance between the pivot axis planes of VIGV and annular cascade in order
to minimise downstream and upstream interferences of the vanes rows on the inlet boundary
of the compressor cascade domain.

The resulting numerical mesh is described in the following. The overall mesh cell number
is about 8.9 million, whereas 63 % of the mesh cells are concentrated in the vicinity of the
compressor stator vanes. The annular channel height is discretised with 151 and the vane
chord with 161 cell vertices. The hub clearance is resolved by 31 cell vertices in radial direction.

Figure 7.1 shows the discretisation of the solid surfaces with respect to the underlying three-
dimensional geometry. In the latter figure only every fourth mesh vertex line is shown. The
applied constant mesh cell size stretching in axial direction away from the vane is visible at
hub and casing, upstream and downstream of the vanes, respectively.

7.2 Boundary conditions of the flow simulation

Wall boundary conditions

As has been depicted in Figure 3.3, the hub and shroud endwalls and the vanes have been
taken into account in the flow simulation as adiabatic, hydraulically smooth walls. All solid
surfaces have been resolved by the wall normal mesh down to a non-dimensional wall-distance
of y+ ≤ 1.

Inlet conditions

In turbomachinery applications of computational fluid mechanics, the inlet conditions define
the aerodynamic loading. Typically, these conditions are defined as radial profiles, since the
transfer from rotating blades to non-rotating vane rows acts as a circumferential-average on
the time-averaged effective conditions at the respective downstream row. Thus, the particular
inlet conditions of the flow simulation have been described as radial profiles in order to employ
generalised inflow conditions and avoid possible clocking effects from special circumferential
relative positions of the VIGV and compressor vanes.
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Figure 7.1: Visualisation of the surface mesh on hub and casing endwalls and the vanes’ surfaces of one
vane passage with respect to the solid surfaces geometry. Every fourth cell vertex line is
shown.

The inlet conditions have been obtained from a numerical simulation of the VIGV under con-
ditions known from the experimental setup, which are listed in Table 7.1. The domain consid-
ered for the simulation of the VIGV extended from the end of the displacer at the head of the
centre body of the test rig to downstream of the compressor cascade domain inlet, such that
the flow conditions downstream of the VIGV were extracted without being influenced by the
outlet boundary. The inflow to the VIGV has been assumed as axial with a block profile at
inlet. As described in Section 3.2, the static pressure at the hub downstream of the VIGV has
been measured by averaging over several circumferentially displaced pressure taps. These
were located 1.8 lc downstream of the VIGVs’ trailing edges. The flow conditions obtained at
the inlet position of the compressor cascade domain have been mass flow weight-averaged in
circumferential direction to yield the radial profiles of the flow quantities. The resulting radial
profiles of the inlet quantities are depicted in Figure 7.4.

In the unsteady flow simulation the inlet conditions have been specified as the inflow direction
according to the flow direction determined from the velocity profiles presented in Figure 7.4(a).
The velocity magnitude has been determined from the radial total pressure distribution and
the static pressure estimated by the SIMPLE algorithm according to the total pressure bound-
ary condition specified by Ferziger & Perić [39]. Additionally, the total temperature profile has
been fixed. The turbulent kinetic energy k and the turbulent dissipation rate ε determining the
state of the inflow turbulence have been prescribed as well. Due to the minor fluctuations in
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Figure 7.2: Surface mesh of the vane suction side. The direction of view is perpendicular to the vane
chord. Every other cell vertex line is displayed. The view has been mirrored horizontally for
convenience.

the inflow velocities the turbulent quantities did not have to be specified in terms of a vary-
ing velocity magnitude and respective adjustment of the turbulent kinetic energy to fix the
turbulence intensity at the inlet.

By fixing the total pressure at inlet, acoustic pressure fluctuations have been propagated with
few reflections across the inlet boundary without specifying an artificial non-reflecting bound-
ary condition as e.g. proposed by Giles [50, 51].

Outlet conditions

At the outlet of the computational domain, a convective outflow condition has been applied
for the transport equations, which is also proposed by Ferziger & Perić. In addition to axial

Variable Symbol Value Dimension

Total pressure at inlet pt,in 107989.58 Pa

Total temperature at inlet Tt,in 290.2 K

Turbulence intensity at inlet Tuin 1.2 %

Turbulent viscosity ratio at inlet µt/µ 2.0 1

Static pressure at hub downstream ps,hub 97607.98 Pa

Stagger angle of VIGVs γVIGV 47.5 ◦

Table 7.1: Conditions of the RANS flow simulation of the VIGV to determine the inflow conditions for
the flow simulation of the compressor cascade vane row.
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Figure 7.3: Mesh slice across a vane passage showing the variation of the radial cell vertex distribution
depending on the distance to the vane surface. The view is from the rear towards the main
flow direction. Every other cell vertex line is displayed.

stretching of the mesh cell size of approximately 1.15 aiming to smoothly rectify the fluid
dynamic fluctuations and to damp acoustic pressure waves, a sponge layer (cf. Israeli & Orszag

[77]) has been positioned between the downstream evaluation plane of the experiment and
the outlet position. The maximum damping magnitude has been estimated in order to damp
acoustic pressure waves passing through the sponge layer to 1 % of their respective amplitude
at the beginning of the sponge layer. The spatial distribution of the damping factor with respect
to the vanes and outlet boundary condition is depicted in Figure 7.5 as colour contour and line
graph.

In order to fix the operating point of the annular compressor cascade, the averaged static pres-
sure at outlet has been damped towards the desired value according to Equation 7.1, where a
δ of 10−6 has been chosen.

pt+∆t
out = [1 − δ] · pt

out + δ · pout,set (7.1)

The pressure boundary condition designed in this way allows plane pressure waves to pass
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across the outlet boundary whilst keeping the desired operating point of the compressor stator.

7.3 Analysis instruments

In order to reduce mandatory output of three-dimensional flow field data during the unsteady
numerical simulation, several analysis instruments have been predefined and implemented in
the flow solver. Here, abstract data sets are available online during the flow simulation. In the
following, the basic output objects employed are described briefly.

Integral flow quantities

Basic information on the state of the flow simulation has been monitored using integral flow
quantities such as the inlet and outlet mass flow rate, averaged pressures, velocities, and Mach
numbers.

Integral forces

In order to post-process the forces acting on predefined surfaces, a surface integration routine
for arbitrary sets of physical boundary conditions has been implemented. Using this methodol-
ogy, the time-resolved integral forces acting on the vanes’ surfaces have been analysed during
the flow simulation.

Point probes

To compare the numerical simulation results to the measurements, point probes are a com-
mon tool to generate time-dependent output data from fixed locations. This tool has been
employed extensively within the performed flow simulation. Since for the point probes only
minimal storage resources are necessary, a huge number of point probes was defined prior to
the flow simulation based on findings from the experimental investigations and preliminary
flow simulations. For each point probe, at each time step the full set of computed variables is
saved to a separate respective file.

The sets of point probes employed are listed in Table 7.2 and their positions in the three-
dimensional computational domain are depicted in Figure 7.6.

Unlike the others, the point probe set “LE Hub” is not specified next to solid walls but con-
stitutes an array of probes extending from the hub surface in radial direction almost to the
midspan channel height, i.e. to a radial coordinate of r = 0.1 m. The point probes are arranged
in 9 columns per passage consisting of 8 probes with a radial spacing of 2 mm. The probe
columns are aligned with the leading edges of the compressor stator vanes, whereas every
ninth column is positioned 5 mm in 45 ◦ direction upstream of the leading edges.
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Probe set Axial position [m] ∆xLE/TE [m] ∆xLE/TE/lc

Casing 1 −0.084 −0.0699 −2.0568

Casing 2 −0.062 −0.0479 −1.4097

Casing 3 0.057 0.0403 1.1866

Casing 4 0.079 0.0623 1.8337

Hub 1 −0.0542 −0.0401 −1.1803

Hub 2 −0.0262 −0.0121 −0.3568

Hub 3 −0.0472 −0.0331 −0.9745

Hub 4 −0.0192 −0.0051 −0.1509

Hub 5 0.0212 0.0045 0.1337

Hub 6 0.0492 0.0325 0.9572

LE Hub −0.0176 −0.0035 −0.1040

Table 7.2: Probe specifications with axial position in absolute and relative coordinates, with respect to
the vanes LE or TE. Negative axial positions are located upstream of the LE and positive axial
positions are located downstream of the TE. The specific monitoring point sets are depicted
in Figure 7.6.

Surface pressures

For particular regions of the solid surfaces, the time-resolved surface pressure is of interest.
Thus, for a reduced sampling rate the time-resolved static pressure has been stored to be able
to post-process the unsteady pressure fields with respect to the characteristic pressure fluctua-
tions caused by the RI.

Volume data

For a limited number of time-steps and focused on the region where the RI is expected to
appear, a minimal set of flow variables of the three-dimensional flow field have been stored.
Using these, other flow field variables can be computed afterwards including gradients calcu-
lated with the same methodology as is performed in the flow solver.
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Figure 7.4: Radial profiles of the inlet conditions of the unsteady flow simulation.
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8 Analysis of simulation results

In this section the results of the flow simulation using the methodology described in Chapter 6
and the setup illustrated in Chapter 7 are presented. Firstly, the course of the unsteady flow
simulation is discussed with respect to the fixing of the operating conditions of the annular
compressor cascade. Thereafter, the occurrence of rotating instability in the numerical simu-
lation will be assessed to ensure the trustworthiness of the detailed investigation results with
respect to the mechanism of the RI. Furthermore, the highly resolved turbulent flow field is
analysed with respect to existing theories of the RI mechanism. The spatial region where the
characteristic pressure fluctuations are originated will be localised. Visualisation of the pres-
sure fluctuations leads to an analysis technique, revealing the spatial structure of the pressure
fluctuations. The link between pressure and velocity fluctuations is constructed and analyses
of the turbulent fluctuations foreshadow the structures which cause the determining pressure
fluctuations. A subsequent analysis of the flow features using the methods applied to the pres-
sure fluctuations supports the argumentation accompanying the course of the results analysis.
Finally, a hypothesis regarding the causing mechanism of the characteristic spectral properties
of the RI is derived.

8.1 Course of the flow simulation

Since the governing equations of unsteady fluid mechanics are a set of partial differential
equations (cf. Equation 4.5 to 4.7), boundary and initial conditions have to be specified for
a time-accurate solution of the approximated equations. Typically, a precursor RANS simula-
tion provides a suitable initial solution for such unsteady simulations. During the course of
the time-resolving flow simulation, the unsteady flow structures develop due to flow instabil-
ities and drive the simulated flow to a tuned-in, random stationary process, such as Bendat &

Piersol [9, 10] refer to. The tuning into the random stationary process is typically referred to as
“initial transient”, e.g. by Mockett [113] and Mockett et al. [115]. For several analysis purposes
the time-averaged flow quantities are of great interest, as mentioned above in Section 5.2. In
order to save storage resources, the time-averaging procedure is typically performed as online
averaging during the flow simulation, i.e. at each time instance t the time-average φ(N) of a
flow quantity φ(t) is computed according to the following Equation 8.1, taking into account
the last N samples.

φ(N) =
1
N

[
[N − 1] φ(N − 1) + φ(t)

]
(8.1)

Since, the averaging is performed during the unsteady flow simulation and the samples are
not stored for post-processing, it is crucially important to determine the time instance when
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to start the averaging. Unfortunately, this decision usually remains with the engineer, who
monitors the flow simulation. After performing the simulation, there are tools to determine the
time period of the initial transient from output data of the flow simulation, as aforementioned
above.

In this particular case, the average of the flow simulation started at the time instance t = 0.02 s,
which corresponds to time-step number 20 000. The starting time instance was validated after
the flow simulation using the tool MEANCALC by Knacke et al. [87]. The data base for temporal
averaging of the flow field ranges from the aforementioned start instance up to the end of
the flow simulation at the time instance t = 0.095808 s. This corresponds to more than 175
axial convective time units, as is depicted at the upper x-axis of Figure 8.1. The measure of
convective time units tCU is the duration of the passage of the main flow from leading to
trailing edges of the compressor cascade vanes.

tCU =
lc · cos (γC)

ux,in
=

0.034 m · cos (25 ◦)
71.19 m/s

= 4.3284 · 10−4 s (8.2)

As a criterion for the fixation of the operating point, the mass flow rate at the inlet and outlet of
the computational domain is depicted versus physical time in Figure 8.1. Although absolute
fluctuations of the mass flow rate at inflow and outflow are visible, the relative maximum
magnitudes of these fluctuations are below ±0.2 % of the time-averaged mean mass flow rates
at inflow and outflow of the computational domain.
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Figure 8.1: Temporal evolution of inflow and outflow mass flow rates of the full annulus time accurate
flow simulation.

Judging from the unsteady mass flow rates at the inlet and outlet of the flow domain, the
conclusion can be drawn that the operating point has been fixed for the time period of the
flow simulation. Thus, the unsteady fluctuations of any variable determined from the flow
simulation can be referred to as random stationary data, in the sense of Bendat & Piersol [10].
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8.2 Validation of rotating instability occurrence

Prior to the detailed analysis of the calculated flow data, the occurrence of rotating instabil-
ity in the flow simulation is to be validated. In this regard, time-averaged flow properties
determined from the numerical flow simulation are compared with equivalent data from mea-
surements. Further, the characteristic pressure fluctuations are evaluated at points on the hub
upstream of the vanes’ leading edges. Additionally, the spatial structure of the RI characteris-
tics are analysed and compared with measurements.

8.2.1 Inflow and outflow conditions

In order to ensure the validity of the flow simulation results, the time-averaged aerodynamic
conditions and the performance are calculated. Typically, these parameters are analysed by
calculating the circumferential mass flow-weighted average at a constant radius for an axial
position upstream and downstream of the vanes’ leading and trailing edges, respectively. This
averaging methodology makes it possible to assess the inflow and outflow conditions to blade
rows within different frames of reference. In particular, a stator located downstream of a rotor
faces circumferentially homogenised inflow conditions in time-average, that only depend on
the radial position. The latter averaging methodology has been proposed e.g. by Pianko &

Wazelt [135] for non-uniform internal flows. Possible interaction effects related to the relative
position of the upstream located vane row and the row subject to investigation are commonly
referred to as “clocking”, which has been described in Sections 3.2 and 7.2.

In the experimental setup, the inflow and outflow conditions are measured using a five-hole
probe, which has been traversed over one passage at 1.5 lc upstream (x = −0.065 m) and 0.7 lc
downstream (x = 0.04 m) of the vanes’ leading and trailing edges, respectively. The latter axial
stations are depicted in Figure 7.5 by ticks at the particular positions. The particular radial
profiles in Figure 8.2 are denoted “inflow” and “outflow”. In the latter figure, the inflow and
outflow conditions are given as functions of the relative channel height determined from the
time-averaged flow field of the numerical simulation. The data from the numerical simulation
is complemented by measured data from the test rig. The measurements were performed by
C. Beselt of the Chair for Aeroengines of the Institute of Aeronautics and Astronautics of the
Technische Universität Berlin and parts of the data have been published by Beselt et al. [14].

Figure 8.2(a) shows the radial Mach number distribution at the axial inflow and outflow condi-
tions obtained by circumferential mass flow-weighted average as described above. As can be
seen, the required Mach number of Ma = 0.4 is matched within the range of 0.2 ≤ h/H ≤ 0.6.
Except for h/H = 0.3, the Mach number of the inflow is slightly higher in the numerical sim-
ulation than in the experiment. However, especially at the hub (h/H = 0.1) the inflow Mach
number in the experiment is clearly lower than within the numerical simulation. The radial
Mach number distribution of the outflow conditions shows stronger deceleration at the hub
than at the casing.

The mass flow-weight averaged circumferential flow angle distribution β at the inflow and
outflow stations are depicted in Figure 8.2(b). The satisfactory accordance of the circumferen-
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tial inflow angle from the numerical simulation with the measured values is identified for the
range of 0.4 ≤ h/H ≤ 1. As can be seen from the exact agreement at midspan, the conditions
in the test rig and the numerical simulation have been phased with respect to the conditions
at midspan. In the lower 20 % of the channel height, the influence of the clearance vortex
originated by the VIGVs is responsible for the discrepancies of the circumferential inflow an-
gle. The outflow angle is matched perfectly for the upper 40 % of the channel height, which is
hardly affected by the strong secondary flow structures in the hub vicinity. Especially for the
aforementioned secondary flow structures, namely the clearance flow and the hub clearance
vortex, the comparison of the measured and simulated outflow angle reveals differences of
about 5 ◦. It appears as if the clearance vortex in the experiment is developed slightly larger.
Roughly, the differences are presumably caused by the slightly lesser loading of the vanes in
the hub vicinity within the numerical simulation. Thus, the driving pressure gradient between
vane suction side and pressure side is smaller, resulting in a smaller formation of the clearance
vortex.

The static pressure distribution upstream and downstream of the compressor vanes obtained
from the time-averaged flow field of the numerical flow simulation is depicted in Figure 8.2(c).
The radial pressure gradient upstream of the compressor stator vanes is due to the balance of
the swirling inflow and pressure forces. Downstream of the vanes, the static pressure at the
hub and at the casing are hardly the same. Nearly the full swirl is converted into a rise of the
static pressure. The slight curvature of the static pressure distribution towards lower pressures
is presumably due to the strong secondary flow features, generating low pressures within the
core of vortical structures such as the clearance vortex. However, the static pressure over the
full channel height rises from inflow to outflow. All these findings also apply for the measured
static pressure distributions from the test rig. To summarise, the stator vanes may be classified
as hub-loaded.

The total pressure distributions upstream and downstream of the annular compressor cascade
support the finding of strong secondary flow structures located in the lower half of the channel
being responsible for huge total pressure losses. The latter are assessed by several performance
parameters, such as the total pressure loss coefficient ζV , the static pressure rise coefficient
∆p/q, the flow deflection ∆β, and the diffusion factor DF. The latter performance figure is
defined by Equation 2.2 and the others are specified according to Equation 8.3.

ζV =
pt,1 − pt,2

pt,1 − p1
∆p/q =

p2 − p1

pt,1 − p1
∆β = β1 − β2 (8.3)

Figure 8.3 shows the aforementioned performance coefficient distributions determined from
the time-averaged flow field of the numerical simulation by circumferential mass flow weighted
average. The total pressure loss coefficient as well as the static pressure rise coefficient are plot-
ted in two versions, i.e. firstly calculated using the values at the respective channel height
upstream and downstream of the vanes referred to as “reference r”, and secondly calculated
using reference values of the undisturbed flow at midspan referred to as “reference max”. This
is done in order to provide values of the total pressure loss and the static pressure rise coeffi-
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8.2 Validation of rotating instability occurrence

cient which do not exhibit negative losses or static pressure rise coefficients above 1. However,
the “ref. max” calculation results of the total pressure losses do not take into account the losses,
entering the inlet plane. This is because only the maximum total and dynamic pressures are
considered within the calculation formulae referred to with “ref. max”. The impact of this
issue of reference value for the determination of performance figures is peculiar for the total
pressure loss coefficient, yielding a difference of roughly 20 % in total pressure losses (cf. Fig-
ure 8.3(a)). The negative losses calculated using the “ref. r” formulae are due to momentum
transferred from the mean flow towards the endwall boundary layers by the three-dimensional
secondary flow structures within the passage. The total pressure increases within the endwall
boundary layers with respect to the same radial position on the upstream evaluation station.
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Figure 8.2: Circumferentially mass flow-weight averaged distributions of flow quantities at the inflow
and outflow of the compressor stator vanes. Lines and symbols depict data from the numer-
ical simulation and the experimental measurement, respectively. Pressure data is plotted
with two x-axes, where the upper one refers to the experimental data and the lower one to
the numerical data. Experimental data courtesy of C. Beselt and D. Peitsch [13].
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Figure 8.3: Circumferentially mass flow-weighted averaged distributions of aerodynamic performance
parameter. The results obtained from the numerical simulation are depicted as lines, while
the measured data is depicted by symbols. Experimental data courtesy of C. Beselt and D.
Peitsch [13].
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8.2.2 Time-averaged hub endwall flow pattern

In the following section, the secondary flow features within the vane passage from the numer-
ical simulation are to be validated against the conditions within the test rig. Many researchers
working on rotating instabilities showed the importance of the hub endwall flow patterns for
the inception of RI within compressor stators, such as e.g. Saathoff & Stark [148] and Beselt et al.

[13, 15]. In rotors, the casing endwall flow patterns have been found to be deterministic for the
inception of RI e.g. by Kameier [81] and März et al. [122]. Thus, the occurrence of RI within the
flow simulation is to be validated by means of the comparison of the hub endwall secondary
flow patterns obtained from oil-flow visualisation representing the time-averaged streaklines
and time-averaged wall-streamlines from the numerical simulation. Furthermore, the distri-
bution of statistical moments of the pressure fluctuations on the hub endwall are compared
with measurements. Beselt et al. [14] showed in their paper, that within the particular annular
compressor cascade the inception of RI can be identified by spatial signatures in distributions
of higher statistical moments of hub endwall pressure fluctuations.

The wall-streamlines have been obtained from the time-averaged velocity distribution in the
wall-adjacent cell centres, for which the non-dimensional wall normal distance is below y+ = 1.
Additionally to the time-average the time-averaged velocity distribution has been averaged
for all 20 vanes, in order to improve the reliability of the mean values. The oil-flow visualisa-
tions have been produced by C. Beselt of the Chair for Aeroengines of the Institute of Aero-
nautics and Astronautics of the Technische Universität Berlin within the test rig described in
Section 3.2.

In Figure 8.4, the time-averaged wall-streamlines from the numerical simulation are compared
with the oil-flow visualisations from the test rig for two operating points with slightly different
inflow conditions. The oil-flow visualisation depicted in Figure 8.4(a) stems from an operating
point with slightly lower loading, i.e. the inflow angle has been β1 = 55.9 ◦ at midspan. In
Figure 8.4(c), the hub endwall flow patterns of an operating point with an inflow angle at
midspan of β1 = 56.3 ◦ is presented. In Figure 8.4(b), the time-averaged streamlines on the
hub endwall obtained from the numerical simulation are depicted. As is common for fluid
dynamics, the flow is from left to right.

The comparison of the secondary flow structures next to the hub endwall from the numerical
simulation and the oil-flow visualisations from the experiment reveal the generally similar
structure of the secondary flow features within the vanes passage. At a closer look, features
from the flow field obtained from the numerical flow simulation are found to be like features
from both oil-flow visualisations, whereas the specific feature does not equal the respective
other oil-flow visualisation.

Firstly, the secondary flow structures within the vanes passage is examined in detail. The main
features present in all illustrations within the passage are the clearance flow and the footprint
of the passage vortex. The first emerges from the clearance between vane tip and hub. The
second is formed next to the pressure side of the vane. Two pronounced lines are visible within
the passage, both formed between clearance flow and passage vortex. These are the attachment
line next to the vane pressure side, where the main flow is being diverted to the hub by the
vane pressure side and subsequently splits up into clearance flow and passage vortex at the
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particular attachment line. The shape of the separation line next to the vane pressure side of the
numerical simulation result compares best with that found within the oil-flow visualisation of
the inflow angle β1 = 55.9 ◦ at midspan (Figure 8.4(a)). Further, a separation line segregates the
clearance flow from the passage vortex and is formed by converging streamlines on the hub.
At this line, both secondary flow structures, i.e. the clearance flow and the passage vortex,
separate from the hub endwall surface. That is why in the oil-flow visualisations there are
little colour particles left in this oblong region (cf. Figure 8.4(a) and 8.4(c)). Furthermore, the
structure of the secondary flow features is compared by means of characteristic points, such as
saddle (SP) or focus points (FP). From the comparison of these characteristic points within the
vane passage from Figures 8.4(a) to 8.4(c), the best agreement of the numerical flow simulation
conditions with the operating point of the flow angle of β1 = 56.3 ◦ at midspan is found.

However, the examination of the secondary flow structures at the passage entry next to the
hub endwall reveals a different outcome. The hub endwall-streamlines from the numerical
simulation exhibit the continuation of the separation line next to the vanes’ pressure sides in
upstream direction, turning towards the vanes’ suction side across the passage. It appears as
if it originates next to the vanes suction side at an axial position of x ≈ −0.01 m. This line
separates the incoming endwall flow from the passage flow, i.e. the passage vortex forming.
That is different to what is observed for the operating point with an inflow angle of β1 = 56.3 ◦

at midspan, depicted in the lower illustration of Figure 8.4. The latter oil-flow visualisation
strongly exhibits the phenomenon that is referred to as “spilling forward” or “spill-forward”
in literature (cf. e.g. Hoying et al. [72]). This interaction of secondary flow structures across the
leading edges of various passages has been observed by März et al. [122] for a low-speed axial
flow fan and by Beselt et al. [15] for the particular annular compressor cascade. Nonetheless,
Hoying et al. present the path of the clearance vortex within the passage for a variation of the
flow coefficient of the rotor under investigation and show trajectories of an operating point
with highly loaded vanes that are very similar to the shape of the separation line, mentioned
above.

Thus, the overall agreement is found from the oil-flow visualisations representing the time-
averaged streaklines compared with the time-averaged wall-streamlines from the numerical
simulation. Differences from the secondary flow structures next to the hub endwall are found
for the passage entry, compared with the operating point with similar inflow conditions at
midspan.
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Figure 8.4: Comparison of the hub endwall secondary flow structures from the experiment and the
numerical simulation. Oil-flow images courtesy of C. Beselt and D. Peitsch [15].
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8.2.3 Correlation analysis of pressure fluctuations

As described in Section 2.4, the inception of rotating instability is identified by particular
characteristics of spectral cross-correlation analyses of signals of circumferentially displaced
sensors. These spectral characteristics are the comb-structure in the amplitudes of the cross-
spectral density, the increased coherence within the frequency range of the comb-structure,
and a linear phase shift between the sensors with the mentioned frequency range. The prop-
agation velocity of the RI has been calculated by Ulbricht [180] and Kameier [81], either from
the difference frequencies between the peaks of the comb-structure or from the gradient of the
linear phase shift, respectively. Furthermore, Kameier, Haukap [61], and Pardowitz et al. [130]
showed the feasible Strouhal-normalisation of the spectral characteristics of the RI. Thereby,
Kameier and Haukap used the rotor speed as reference for the normalisation. Additionally, Par-

dowitz et al. employed different azimuthal mode decomposition techniques and were able to
confirm the findings of Kameier, that each peak in the comb structure is due to an azimuthal
mode being dominant at this frequency.

In order to validate the occurrence of RI within the numerical flow simulation, the afore men-
tioned spectral properties are evaluated and compared with those determined from measure-
ments at the operating point with an inflow angle of β1 = 56.3 ◦ at midspan. The amplitudes
of the cross-spectral density distribution, the spectral coherence, and the phase shift of the sig-
nals of two circumferentially displaced probes/sensors with an offset of 18 ◦ are depicted in
Figure 8.5 for pressure fluctuations obtained from numerical simulations and measurements.

The spectral cross-correlation analysis shows the characteristic comb-structure in the cross-
spectral densities and the coherence for the experimental data clearly. The spectra from the
data of the numerical simulations is less clear in the peculiarity of the characteristic spectral
signature. Especially the peaks of the cross-spectral density and the coherence do not match for
original experimental data. Thus, the propagation velocities of the pressure fluctuations have
been calculated from the gradient of the phase shift within the frequency band of 200 ≤ f ≤
400 Hz for both data sets. The propagation velocities determined are given by Equation 8.4.

uθ,RI,CFD = −42.41 m/s uθ,RI,Exp = −31.75 m/s (8.4)

Using the propagation velocities, the experimental data has been scaled and plotted in Fig-
ure 8.5. Now, the experimentally and numerically obtained spectral characteristics show bet-
ter but not satisfactory agreement. This is possibly due to the short time-period of simulated
physical time, which corresponds to 5.95 revolutions of the phenomenon propagating with
the velocity uθ,RI,CFD next to the hub in circumferential direction. Due to the short simulated
time-period, the effect of leakage (cf. Section 5.3) may play a less negligible role, although
windowed frequency analyses have been employed.
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Figure 8.5: Spectral correlation analysis of pressure fluctuations at monitoring points a and b upstream
of the leading edges of the compressor stator vanes at the hub. The circumferential displace-
ment between the sensors is 18 ◦ , i.e. one vane pitch. Experimental data courtesy of C. Beselt
and D. Peitsch [14].

Final assessment of validation

Time-averaged flow conditions determined from the numerical flow simulation have been
compared with measurements and showed sufficient agreement of the time-averaged aero-
dynamic performance. Furthermore, the time-averaged streamlines from the numerical simu-
lation have been compared with oil-flow visualisations from the experiment representing the
time-averaged streaklines. The aerodynamic investigations in the research cooperation group
were performed by the project partners C. Beselt and professor D. Peitsch of the Chair for Aero-
engines of the Institute for Aeronautics and Astronautics of the Technische Universität Berlin.
The outcome of the comparison of the time-averaged aerodynamic conditions is the generally
sufficient agreement between numerical simulation and the reference represented by the exper-
imental data. However, the detailed assessment of each comparison revealed the conditions of
the flow simulation to be either comparable to an operating point without RI signatures or to
an operating point with clear occurrence of the RI.

Thus, the simulated flow conditions within the annular compressor cascade are assumed to
represent the sensitive point of the precise onset of rotating instability.
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8.3 Phenomenological description of the rotating instability

In the following section, several investigations are performed which show the occurrence of
RI and classify the phenomenon observed with respect to explanation theories from literature.
Firstly, the unsteady vane forces are analysed with respect to the possible excitation of struc-
tural eigenmodes by the rotating instability. A correlation analysis revealing the mean propa-
gation velocities at the hub is followed by an extensive azimuthal mode analysis of pressure
fluctuations on the hub. Finally, the unsteady mass flow rates and averaged static pressures
at inlet and outlet of each passage are analysed to check the development of the RI within the
particular annular compressor cascade against the findings of Mailach [104] and Mailach et al.

[106]. This section is followed by a couple of detailed investigations into the mechanism of RI.

8.3.1 Analysis of vane forces

Often, the phenomenon of RI is named in context with blade fluctuations and non-synchronous
vibration such as e.g. by Baumgartner et al. [7], Hofmann et al. [68], Kielb et al. [84], and Haukap

[61]. As described in Section 2.2, especially for low mass flow rates and low rotational speeds
the front stages of multi-stage compressors are highly loaded. The blades of these stages ex-
hibit large heights and therefore have low frequencies of the structural eigenmodes. Under
these conditions, RIs have been observed to occur and are able the excite the structural eigen-
modes of the blades due to the pressure fluctuations with the characteristic spectral properties
mentioned. The aerodynamic forces acting on the blades’ surfaces have been recorded sepa-
rately and are analysed within the following section.

The unsteady forces in axial, radial, and circumferential direction have been analysed by means
of statistical methods, whereas the axial and radial forces are evaluated directly and the cir-
cumferential forces are calculated from the torque related to the midspan radius (r = 0.103 m).
The forces have been obtained from the numerical simulation by integrating the pressure and
viscous forces acting on the surface of the vanes including the hub clearance tip. The time-
averaged forces of all vanes and the respective averaged statistics are listed in Table 8.1.

F(t) [N] σ (F(t)) [N] ν (F(t))

Fx -4.5767 0.13697 0.07912

Fr 4.1093 0.02153 -0.17641

Fθ -6.4253 0.23718 0.03308

Table 8.1: Statistics of vane forces.

The order of magnitude of the vane forces, which is unexpectedly small for a high-speed com-
pressor stator, is striking. However, recalling the geometric dimensions of the vanes, the or-
der of magnitude of the vanes’ forces seems reasonable, since e.g. the size of the axial and
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8 Analysis of simulation results

circumferential projections of the vane’s surface are only 4.869 · 10−4 m2 and 1.019 · 10−3 m2,
respectively. Considering only the pressure acting on the vanes’ surfaces, this results in pres-
sure differences of roughly −9400 Pa and −6307 Pa each in axial and circumferential direction.
The similar statistical evaluation as for the averaged vane forces was performed for each vane
in order to assess the circumferential uniformity of the averaged quantities. For each vane the
axial, radial, and circumferential force statistics are depicted in Figures 8.6(a), 8.6(b), and 8.6(c),
respectively. The variations from the mean value have been normalised by the mean value of
each force component given in Table 8.1 according to Equation 8.5 in order to evaluate the
uniformity of the averaged flow properties. It has to be noted that in the latter equation two
different averaging dimensions are incorporated, such as the time-average of a force compo-
nent indicated by the averaged force F and additionally the average of all 20 averaged force
components represented by F. For the assessment of the standard deviation of the forces, the
same normalisation procedure has been applied, but the averaging operation was replaced by
the standard deviation estimation.

∆F
+
=

F − F

F
(8.5)
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Figure 8.6: Statistics of the vane force component fluctuations of all vanes.
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8 Analysis of simulation results

As can be seen from the values of the normalised variation from the mean vane forces ∆F
+

,
for all vane force components the circumferential variation of the averaged normalised vane
forces is below 1 %. The second row of each forces statistics plot shows the normalised varia-
tion of the standard deviation of each vane force component. For all vane force components
the normalised variation of the standard deviation of the vane forces is below 20 %. Further-
more, the skewness of the vane force fluctuations (cf. Section 5.1.3) of each vane is plotted
in the bottom row of each figure. For all force components, small variations from the mean
statistics are observed for all vanes for the first and second statistical moment. However, the
standard deviation shows larger variations for single vanes than the time-average. Only small
deviations in skewness for all vanes and all force component fluctuations are found. The fluc-
tuations of all vane forces are thus assumed to be of Gaussian type, since the skewness values
are all close to zero, especially the most important axial and circumferential components.

In order to assess the risk of excited vane vibrations, spectral and modal analyses are per-
formed for each of the vane force components. The first analysis focuses on the averaged
spectra of the vane force component fluctuations, whereas the spectral amplitudes have been
averaged for all 20 vanes and finally weighted by the mean amplitude of the vane force compo-
nents, respectively. The resulting normalised spectra of the vane force component fluctuations
are depicted in Figure 8.7.
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Figure 8.7: Averaged spectra of the normalised vane force component fluctuations.

Firstly, the overall normalised magnitudes of the fluctuations are low for the radial force com-
ponent, which is due to the small size of the vane surface projection in radial direction and the
small standard deviation of the radial vane force. The normalised spectral amplitudes of the
residual vane force components F+

x and F+
θ are virtually the same. This correlates well with

the low standard deviation of the radial force fluctuations depicted in Table 8.1. In the spectra
of the axial and circumferential vane force fluctuations, side-by-side peaks in are visible with
a local maximum at f = 383 Hz, which appears at a slightly lower frequency compared with
the frequency of the peak found in the spectra of pressure fluctuations on the hub shown in
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8.3 Phenomenological description of the rotating instability

Figure 8.5. Moreover, large amplitude fluctuations are visible within a frequency band below
100 Hz. A further more detailed spectral correlation analysis of the vane force fluctuations did
not reveal the characteristic signature of the RI, especially the phase shift analysis leading to
the propagation direction and velocity information for the characteristic fluctuations of the RI.
Thus, an azimuthal mode analysis was performed using the spectral correlation information
of all possible vane-pair permutations, as given by Equation 5.16. The result is a spectrum for
each azimuthal mode from −mmax to mmax. Finally, the azimuthal mode amplitudes have been
weighted by the averaged standard deviation of the respective vane force component which
corresponds to the signal-to-noise ratio of the fluctuations arranged in azimuthal modes.
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(c) Circumferential force fluctuations

Figure 8.8: Modal spectra of vane force component fluctuations.

At a first glance, the signal-to-noise ratio seems to be better for the axial and radial force fluctu-
ations, since these exhibit the larger amplitudes of the azimuthal modes although the circum-
ferential vane force fluctuations exhibit higher standard deviation values than the two other
force component fluctuations. As can be seen from the azimuthal mode spectra depicted in
Figure 8.8, there are distinct peaks in the modal spectra of the vane force component fluctu-
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8 Analysis of simulation results

ations. Furthermore, the azimuthal mode spectra of the axial and circumferential vane force
fluctuations are strongly akin. Both exhibit peaks for the azimuthal mode orders m = 3 at
263 Hz and m = 5 at 390 Hz. From the azimuthal mode spectra, the large amplitudes at fre-
quencies around 100 Hz are dominated by a variety of azimuthal modes, whereas the mode
orders m = −10, −7, 3, and 10 seem to contribute most to the large amplitudes. The radial
vane force fluctuations exhibit the strongest peak for the already previously found azimuthal
mode m = 3 at 263 Hz. The second major peak is found for the mode m = 4 at 185 Hz.

Thus, the azimuthal mode analysis revealed the arrangement of vane force fluctuations in
azimuthal modes capable of exciting vane vibration. From the same level of the averaged
spectra of the vane force fluctuations and the similarity of the azimuthal mode spectra of the
axial and circumferential vane force fluctuations, a strong correlation of the respective force
components is presumed.

8.3.2 Correlation analysis

As described in Section 2.4 and shown in Section 8.2.3, the rotating instability is characterised
by the occurrence of pressure fluctuations propagating in a circumferential direction having
a specific modal signature. From spectral correlation analyses, the propagation velocity was
determined by Kameier [81] from the gradient of the phase shift in the frequency band where
the RI occurs and by Ulbricht [180] from the frequency difference between the peaks in the
comb-structure of the RI (cf. e.g. Figure 8.5).

In the following, the fluctuations of static pressure and velocities in axial, radial, and circum-
ferential direction are evaluated at the hub endwall upstream of the vanes’ leading edges (LE
Hub, cf. Table 7.2). The velocities are obtained next to the no-slip wall in the linear region
of the boundary layer profile (y+ < 10). For each fluctuation quantity the maximum of the
cross-correlation function Ra,b has been determined with reference to a fixed probe location
next to the leading edge of the first vane. The respective time shift is also recorded in order to
calculate a propagation velocity from the given circumferential displacement of the respective
probes and the evaluated time shift. The results of this correlation analysis are depicted in
Figure 8.9.

The upper graph of Figure 8.9 shows the maximum of the cross correlation function of the
reference signal and the signal of a circumferentially displaced probe. The cross-correlation
function has been evaluated for the fluctuations of the static pressure p′ and the three velocity
fluctuation next to the wall, i.e. u′

x , u′
r , and u′

θ . In the lower graph, the respective time shift ∆t

of the correlation maximum is depicted.

From the first plot, the geometric structure imposed by the vanes’ surfaces can be identified.
The major difference in magnitude and cross-correlation function maxima is described by the
dissimilarity of pressure and velocity fluctuations. Especially the velocity fluctuations are af-
fected. The circumferential correlation of the pressure fluctuations is also affected, but not
as significantly as it is for the velocities. The cross-correlation of the velocity fluctuations ex-
hibits the highest values for the next downstream probe. Thus, the dominant character of the
propagation is presumed to be convective. With an offset of multiples of the passage width,
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Figure 8.9: Circumferential correlation of pressure and velocity fluctuations at the hub upstream of the
vanes’ leading edges (LE Hub cf. Table 7.2).

the cross-correlation function of the velocities exhibit local maxima. Hence, the generally akin
character of the velocity fluctuations in same relative positions of the probes with respect to
the passage is supposed. From the calculated time shift between the fluctuation signals de-
picted in the lower part of Figure 8.9, the linear variation of time shift in the vicinity of the
reference probe can be seen. This linear variation makes it possible to calculate the propa-
gation velocity for the fluctuations of the static pressure and the velocity components. The
resulting propagation velocities are basically of the same order of magnitude, as can be as-
sumed from the nearly same gradient of the time shift. The propagation speed of the velocity
fluctuations has been calculated as uθ,u′x = −45.677 m/s and of the pressure fluctuations as
uθ,p′ = −43.966 m/s, whereas the variation of the time shift has been taken into account for
the circumferential range of ∆θ ± 20 ◦. From the time-averaged velocity profiles, the distance
to the wall is determined where the respective circumferential propagation velocities are met,
which is at a distance of roughly 1 mm above the hub endwall.

From the correlation analysis of fluctuation quantities next to the hub 3.5 mm upstream of the
vanes’ leading edges, a propagation velocity of the fluctuations has been determined which
corresponds to approximately half of the maximum swirl flow velocity.

8.3.3 Modal analysis

In this section, the pressure fluctuations at the hub are analysed by means of a time-resolved
modal analysis (cf. Equation 5.15), and the azimuthal mode analysis revealing spectral infor-
mation for each azimuthal mode (cf. Equation 5.16). Pardowitz et al. [130] showed the advan-
tage of azimuthal mode decomposition for the actual annular compressor cascade compared
with spectral correlation techniques.
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8 Analysis of simulation results

As carried out by Pardowitz et al., the unsteady circumferential pressure fluctuation distribu-
tion p′(θ, t) is decomposed into azimuthal mode amplitudes Am(t) for each time instance
t. Here, the time-dependent magnitude can be observed for azimuthal mode orders up to
mmax = N/2 − 1 where N defines the number of circumferential probes. From the numerical
simulation, the probe array next to the hub of the probe set “LE Hub” has been analysed up
to an azimuthal mode order of mmax = 40, taking into account the circumferential pressure
fluctuations determined at 180 probes equidistantly distributed along the circumference. As
shown in Table 7.2, the probes are located 0.1 lc upstream of the vanes’ leading edges.

Figure 8.10 shows the result of the time-resolved modal analysis for a time interval of approx-
imately 100 convective time units of the main flow. From the graph, the comparatively high
average amplitudes of the azimuthal modes is visible. Furthermore, a band of maximum am-
plitudes is recognisable for mode orders around m = 5 and, with decreasing amplitudes, for
increasing mode orders. Likewise, the azimuthal modes with very small mode orders exhibit
small amplitudes, compared with the maximum amplitudes of around 160 dB. From identical
analyses of acoustic measurements in the annular compressor cascade test rig (cf. Section 3.2)
Pardowitz et al. found the independent occurrence of azimuthal modes of arbitrary order using
a microphone array of 28 microphones wall-flush mounted in the hub. Thus, azimuthal mode
orders up to 14 have been resolved using this setup.
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Figure 8.10: Time-resolved azimuthal mode amplitudes Am(t) of the pressure fluctuations on the hub
endwall 0.1 lc upstream of the vanes’ leading edges.

In order to identify dominant azimuthal modes, the time-resolved mode amplitudes have been
time-averaged. The result is depicted in Figure 8.11. The first anticipation of the dominant
azimuthal mode order m = 4 stemming from the time-resolved mode amplitudes is confirmed
by the time-averaged mode amplitudes.

Furthermore, the independence of the occurrence of arbitrary modes cannot be confirmed. As
can be seen from the time-resolved and time-averaged mode amplitudes, the dominant mode
m = 4 occurs coincidently with the modes m = 16, m = 24 and m = 36. This can be observed
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Figure 8.11: Time-averaged mode amplitudes Am of the pressure fluctuations on the hub 0.1 lc upstream
of the vanes’ leading edges.

in detail around time-instances t ≈ 0.052, 0.079, 0.0875 s and from the local maxima of the
time-averaged mode amplitudes. These modes accompanying the azimuthal mode m = 4
are originated by the interaction of the azimuthal mode with the vanes. The scattering of a
source mode msource into interaction modes minter is determined by the relation described by
Equation 8.6 according to Tyler & Sofrin [179], whereas nB denotes the number of vanes and i

is any natural number.

minter = msource ± i nB (8.6)

Yet, for a single axial position the dominance of the azimuthal mode m = 4 has been identi-
fied from time-resolved and time-averaged modal analysis techniques. Furthermore, for the
particular azimuthal mode of order m = 4 a spatio-temporal analysis is performed in order
to identify source locations of the specific pressure fluctuations. Therefore, the time-resolved
azimuthal mode analysis was performed for wall pressure fluctuations on the hub for several
axial station ranging from one chord length upstream of the vanes’ leading edges to one chord
length downstream of the vanes’ trailing edges. The result of the spatio-temporal resolved az-
imuthal mode amplitude Am=4(x, t) is depicted in Figure 8.12. Additionally, the axial positions
of the leading and trailing edges is indicated by dashed lines, respectively.

At a first glance, the mean level of the amplitudes of the azimuthal mode m = 4 is high, espe-
cially in the downstream part of the analysed region. For each axial station, only few temporal
instances are visible where the amplitudes are low, i.e. around 80 dB. Furthermore, two ax-
ial regions can be distinguished by their visual patterns. In particular, the leading edge axial
station appears to be the threshold. Upstream of the leading edge, mode amplitudes are prop-
agated into the upstream direction. The pattern seems to be more ordered. Downstream of the
leading edge station, the mode amplitudes Am=4(x, t) exhibit a less ordered structure and the
propagation direction is into the main flow direction. Additionally, two different propagation
velocities are notable, i.e. upstream of the leading edges the pressure fluctuations containing
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Figure 8.12: Space-time-resolved azimuthal mode amplitudes Am=4(x, t) of the pressure fluctuations
on the hub endwall.

the azimuthal mode m = 4 are propagated with a high velocity towards the main flow. Con-
versely, the pressure fluctuations downstream of the leading edges are propagated with a low
velocity with the main flow. Thus, the propagation of pressure fluctuations upstream of the
leading edges towards the main flow is assumed to be characterised by acoustics, whereas the
slowly propagating pressure fluctuations downstream of the leading edges characterised by
convective transport and due to turbulent hydrodynamic fluctuations originated in the region
of the strong secondary flow structures within the vane passages. Presumably, the sources of
the acoustic emissions are located next to the leading edges, which is not evident yet.
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Figure 8.13: Time-averaged spatially resolved mode amplitudes Am(x, t) of the pressure fluctuations
on the hub.

Following to the spatio-temporally resolved analysis, the azimuthal mode amplitudes have
been time-averaged in order to identify dominant azimuthal modes for each axial station con-
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8.3 Phenomenological description of the rotating instability

sidered here. The resulting time-averaged azimuthal mode amplitudes Am(x, t) are depicted
in Figure 8.13. The previous observation of pressure fluctuations being acoustically propa-
gated upstream is substantiated. From Figure 8.13 the selective spatial propagation of modes
with low azimuthal mode order towards the main flow (negative axial direction) can be ob-
served. Although the full spectrum of azimuthal modes is present at the leading edges and
only a few are dominant, most of the higher azimuthal modes are decaying in the upstream
direction. Furthermore, the broadband nature of the secondary flow fluctuations is visible in
the region downstream of the leading edges (right-hand side with respect to the leading edge
indication line). Additionally, upstream of the vanes’ leading edges two azimuthal modes can
be identified, which are propagated far upstream. These are the mode m = 4 already noticed
and its first harmonic m = 8, both of which are present at one chord length upstream of the
vanes’ leading edges with a significant amplitude in the time-average results.

As presumed before and as has been reported in literature for this particular and other annu-
lar cascade configurations exhibiting RI signatures, the source region of the characteristic RI
pressure fluctuations is located closely upstream of the vanes’ leading edges at the hub. Thus,
the cross-spectral matrix-based azimuthal mode decomposition method according to Equa-
tion 5.16 is employed to decompose the pressure fluctuation field on the hub 0.15 lc upstream
of the vanes’ leading edges. This position is identical to where the measurements of Pardowitz

et al. [130] were performed, although here a different operating point is analysed. In particular,
due to the short physical time being simulated, the azimuthal mode spectra have been calcu-
lated using each probe as a reference and the resulting mode amplitudes have been averaged
in order to minimise artefacts from the analysis. The result is a spectrum for each azimuthal
mode with mode orders ranging from −mmax to mmax.

As can be seen from the modal spectra depicted in Figure 8.14, at a first glance, starting from
the azimuthal mode m = 0 at a frequency of 0 Hz, peaks of high amplitudes are arranged in
ascending order with increasing mode order. This arrangement is visible as a stripe of dark
gray, which ends at the mode order m = 12 at 1000 Hz. These peaks are the characteristic
signature of the RI, each of which is assigned to a single azimuthal mode. Kameier [81] found
already for a low-speed axial fan that each of the peaks in the comb-structure is caused by a
respective azimuthal mode. Pardowitz et al. [130] confirmed this finding for the particular high-
speed axial compressor stator. The previously mentioned interaction modes are also visible as
parallel stripes of high amplitudes, each with a distance of plus or minus multiples of the
number of vanes, as given by Equation 8.6. The highest amplitude is located at approximately
400 Hz excited by the azimuthal mode m = 4, which confirms the finding of the dominant
azimuthal mode as previously determined from the time-resolved azimuthal mode analysis
and the time-averaged mode analysis.

Finally, from the modal analyses of the pressure fluctuations on the hub, the characteristic
signature of the RI has been identified. Furthermore, the presumable source location of the
characteristic pressure fluctuations has been located at the hub closely upstream of the vanes’
leading edges, whereas as detailed spatial analysis revealed the two different propagation
directions and respective velocities.
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Figure 8.14: Azimuthal mode spectra of pressure fluctuations at the hub 0.15 lc upstream of the vanes’
leading edges.
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8.3 Phenomenological description of the rotating instability

8.3.4 Passage inlet-outlet fluctuations

As was pointed out in the introduction to the RI phenomenon in Section 2.4, several expla-
nation approaches for the characteristic pressure fluctuations have been given by various re-
searchers. Among these, the observations of Mailach [104] and Mailach et al. [106] lead to the
assumption of periodic fluctuations of the clearance vortex in a four-stage low-speed axial
compressor causing a periodic blockage of the passages and resulting in alternating loading
of the vanes. It is assumed that the main flow from one passage is diverted into the adjacent
passage in the circumferential downstream direction, causing the latter to be discharged. In
the investigation of the four-stage low-speed axial compressor supporting this hypothesis the
dominant azimuthal mode order of roughly half of the number of rotor blades (mdom = 28)
was found, where the rotor exhibiting the RI signature was equipped with 63 blades.

In order to analyse the unsteady passage flow with respect to the hypothesis by Mailach and
Mailach et al., the unsteady mass flow rates and the area-averaged static pressures at the inlet
and outlet of each passage were determined from the numerical flow simulation. The resulting
mean standard deviations of the mass flow rate and averaged static pressure fluctuations at
inlet and outlet of the passages are given in Table 8.2.

Standard deviation σ σ/(.) [%]

Inlet mass flow rate 1.0384 10−3 kg/s 1.15045

Outlet mass flow rate 1.1816 10−3 kg/s 1.31546

Inlet static pressure 143.6337 Pa 0.15171

Outlet static pressure 252.7696 Pa 0.26224

Table 8.2: Mean values of standard deviation and standard deviation normalised by the mean value of
passage fluctuation quantities.

Several facts can be read from the assessment of the values, such as the increasing fluctuation
level from inlet to outlet of the passages. Furthermore, the increase in relative fluctuation level
is larger for the static pressure fluctuations (72.9 %) then for the mass flow rate fluctuations
(14.3 %), whereas the area-averaged outlet static pressure rises by about 1.8 % from inlet to
outlet of the passages. This is due to the strong hydrodynamic pressure fluctuations present at
the outlet averaging plane. Furthermore, the time-resolved fluctuations of the mass flow rates
and averaged static pressures are analysed by means of azimuthal mode analyses, as described
in Section 8.3.3. According to the Nyquist criterion (cf. e.g. Bendat & Piersol [10]), with the
number of 20 passages maximum azimuthal mode orders up to mmax = 10 are analysed. The
resulting azimuthal mode spectra of the passage inlet and outlet quantities are depicted in
Figure 8.15.

The analysis of the azimuthal mode spectra reveals only a few dominant frequency peaks
caused by azimuthal modes, which were identified already in Section 8.3.3 as dominating the
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(b) Mass flow rate fluctuations at passage outlet
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(c) Area-averaged static pressure fluctuations at
passage inlet
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(d) Area-averaged static pressure fluctuations at
passage outlet

Figure 8.15: Standard deviation-weighted mode spectra of passage mass flow rate fluctuations and area-
averaged static pressures at inlet and outlet of the vanes’ passages.

characteristic fluctuations for the investigated operating point. Firstly, the comparison of the
azimuthal mode spectra of inlet and outlet mass flow rate fluctuations shows the parity of the
latter. Secondly, dominant azimuthal modes and respective frequencies are m = 4 at 160 Hz
and m = 5 at 403 Hz. The same mode-frequency pairs occur in the azimuthal mode spectra
of the fluctuations of the area-averaged pressure only at the passage inlet. At the outlet, the
weighted azimuthal mode amplitudes are significantly lower than at the inlet, which is due to
the strongly increased fluctuation level at the passage outlet. However, the large amplitudes
of the azimuthal mode m = 4 and m = 5 vanished. In place of the azimuthal modes m = 4
and 5, the modes m = 1 and m = 2 at 343 Hz and 209 Hz appear, respectively. Thus, from the
azimuthal mode spectral analysis the dominant azimuthal modes related to the phenomenon
of rotating instability are located in the leading edge region. The comparison of the azimuthal
mode analysis of the unsteady passage mass flow rate fluctuations and the vane force compo-
nent fluctuations presented in Section 8.3.1 shows the correlation of the unsteady vane forces
and the passage mass flow rate fluctuations. Both quantities exhibit significant peaks of the
azimuthal mode m = 5 at f ≈ 400 Hz.
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8.3 Phenomenological description of the rotating instability

In order to clearly identify a propagation direction of pressure fluctuations from the source
region located in the leading edge plane, a cross spectral analysis of the fluctuations of the
area-averaged pressure at the passage inlets and outlets is performed. Here, the cross-spectral
and auto-spectral densities are calculated from the spectral decomposition of the fluctuations
at the inlet and outlet of the single passages. Subsequently, the cross-spectral densities of
all passages are averaged and the coherence as well as the phase shift between the inlet and
outlet fluctuations of the static pressure are calculated. The resulting spectra are depicted in
Figure 8.16.
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Figure 8.16: Spectral analysis of fluctuations of the area-averaged static pressure at the inlet and outlet
of passages.

The assessment of the spectral correlation analysis of fluctuations of the area-averaged static
pressure at the respective inlets and outlets of the passages confirm the previously found spec-
tral contents caused by azimuthal modes related to the rotating instability phenomenon. How-
ever, the characteristic comb-structure of the rotating instability is not clearly visible in the
cross spectral density from the fluctuations of the averaged passage inlet and outlet pressures.
However, given the findings from the azimuthal mode analysis, the superposition of spectral
contents related to the RI at the passage inlet and turbulent fluctuations at the passage outlet by
the cross spectral analysis is assumed. Thus, the characteristic fluctuations of the RI with high
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8 Analysis of simulation results

signal-to-noise ratios are drowned in the broadband turbulent fluctuations at the passage exit.
However, particular spectral contents exhibit increased coherences of up to 0.5. For these spec-
tral contents, scilicet of f = 210 Hz and 445 Hz, the phase shift is constant at ϕin,out ≈ −90 ◦,
as for the other frequencies within the band where the RI occurs. An auxiliary analysis of two
generic signals revealed the propagation relation defined by this phase shift, which is from
inlet to outlet.

Summarising the investigation of the structure of unsteady passage inlet and outlet fluctua-
tions, the effect of particular azimuthal modes on the fluctuations of the mass flow rates into
the passages has been found for the configuration investigated, as reported by Mailach [104]
and Mailach et al. [106]. Furthermore, a relation of the vane force fluctuations and the pas-
sage mass flow rate fluctuations is presumed from the correlating amplitudes of the azimuthal
mode m = 5. However, with regard to the localisation of the source region of the characteristic
RI pressure fluctuations, the most important finding is the fact that the pressure fluctuations
are mostly propagated from the inlet of the passages to the outlet. Thus, it is concluded that
the source region of the RI signature is located close to the leading edge on the hub.

8.4 Detailed analysis of flow features

In the previous Sections 8.2 and 8.3, the occurrence of rotating instability in the numerical
simulation performed was validated and its characteristics assessed on a phenomenologically
descriptive level. The effects of RI on vane forces, passage mass flow rates, and pressure fluc-
tuations on the hub have been investigated. From these results, the region of origin of the
characteristic pressure fluctuations related to the RI was located on the hub upstream of the
vanes’ leading edges. Hence, in the following a detailed analysis of the flow quantities in
this region is to be performed. Firstly, a visual investigation of the pressure fluctuations is
presented, pushing towards an analysis technique revealing a possible interpretation of the
spatial structure of the fluctuations. Subsequently, the respective velocity fluctuations are as-
sessed in terms of an analysis of the anisotropy of the fluctuations. Finally, the correlation
of flow structures to pressure fluctuations is presented. All of the findings presented in the
following sections lead to a hypothesis of the mechanism of the RI.

8.4.1 Space-time analysis

This section focuses on the spatial structure of the pressure fluctuations on the hub upstream
of the vanes’ leading edges, where the region of origin of the characteristic RI pressure fluctua-
tions is located. In order to visually evaluate the pressure fluctuations rotating next to the hub
upstream of the vanes’ leading edges, a space-time analysis was performed. This was done by
plotting the static pressure fluctuations for the full circumference at a single axial position on
the hub for a specific time interval.

Figure 8.17 shows the aforementioned space-time analysis of the pressure fluctuations on the
hub 0.1 lc upstream of the vanes’ leading edges. Essential features are visible in the plot of the
circumferentially and temporally resolved pressure fluctuations : strong pressure fluctuations
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8.4 Detailed analysis of flow features

are being propagated in a negative circumferential direction by the swirl of the main flow.
These become manifest in continuous paths of almost linear shape. Upon closer examination,
it becomes evident that weaker pressure fluctuations are propagated against the swirl flow
direction with an obviously higher velocity, but lesser amplitudes. Since the latter pressure
fluctuations propagate against the swirl flow direction, the propagation has to be of acoustic
type. Thus, these pressure fluctuations are characterised as acoustic pressure fluctuations. The
other propagation mechanism is then characterised as being of convective nature.
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Figure 8.17: Space-time plot of pressure fluctuations on the hub upstream of the vanes’ leading edges.
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Figure 8.18: Space-time plot of pressure fluctuations on the hub upstream of the vanes’ leading edges
from the experiment. Data courtesy of B. Pardowitz, U. Tapken and L. Enghardt (DLR)
[130].

The pressure fluctuations measured at the hub 0.15 lc upstream of the vanes’ leading edges
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8 Analysis of simulation results

by Pardowitz et al. [130] using an array of 28 wall-flush mounted microphones and operating
the cascade in slightly different conditions exhibiting the RI signature show analogous results.
The measurements were performed by B. Pardowitz of the Institute of Propulsion Technology
of the German Aerospace Center (DLR). From the visual comparison, the propagation velocity
of the acoustic pressure fluctuations is equal to that of the numerical flow simulation. How-
ever, the convectively propagated pressure fluctuations are slower for this particular operating
point than in the numerical simulation. Furthermore, from the numerical simulation and the
experiment, the intermittency of the convective pressure fluctuations is observed by identify-
ing particular pressure fluctuation structures being generated, propagated for a certain time,
and finally dissolved. This characteristic is observed for both numerical simulation and exper-
imental measurement.

Yet the two different propagation mechanisms characterised by different propagation veloci-
ties have been identified qualitatively. Firstly, the velocities are quantified using read values
of circumferential distance per time interval from the plot of the pressure fluctuations in Fig-
ure 8.17. Using this method, a convective propagation velocity of uθ,conv = −44.816 m/s and
an acoustic propagation velocity of uθ,acou = 218.57 m/s have been determined. Additionally,
a two-dimensional auto-correlation analysis is applied to the pressure fluctuations depicted
in Figure 8.17 in order to quantify the values of the propagation velocities. The normalised
auto-correlation coefficient distribution of the latter spatio-temporal pressure fluctuations is
depicted in Figure 8.19.
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Figure 8.19: Normalised space-time auto-correlation coefficient distribution of pressure fluctuations on
the hub upstream of the vanes’ leading edges.

From the normalised auto-correlation coefficient distribution, the two major propagation ve-
locities are visible as main correlation directions. These are indicated by two arrows denoted
with the respective propagation type. The assessment of these velocities yields the values of
uθ,acou = 220.58 m/s and uθ,conv = −45.54 m/s for the acoustic and convective propagation
velocities, respectively. From the correlation analysis of the pressure and velocity fluctuations
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8.4 Detailed analysis of flow features

on the hub upstream of the vanes’ leading edges performed in Section 8.3.2, very similar prop-
agation velocities of uθ,u′x = −45.977 m/s and uθ,p′ = −43.966 m/s have been obtained.

Apparently, there are pressure fluctuations at the hub upstream of the vanes’ leading edges
that are uniformly propagated with two different velocities, each. These rather constant ve-
locities constitute two different rotating frames of reference, distinguished by their respective
rotational velocity. In order to examine the nature of the pressure fluctuation structures ob-
served in the spatio-temporal representation in Figure 8.17, the pressure fluctuations have
been transferred into the rotating frames of reference of the convective and acoustic propa-
gation processes, respectively.

ê

ëê

ìíê

îïê

ðñê

êòêó êòêóó êòêñ êòêñó êòêï êòêïó êòêí êòêíó êòêë êòêëó

ôòó ó óòó ñ ñòó ï ïòó

θ

õ °
]

ö ÷øù

t/trev

-1500

-1000

-500

ú

ûúú

üúúú

üûúú

ý
þ
ÿp
�
�

Figure 8.20: Space-time plot of pressure fluctuations on the hub upstream of the vanes’ leading edges
in the rotating frame of reference of the convective propagation process.
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Figure 8.21: Space-time plot of pressure fluctuations on the hub upstream of the vanes’ leading edges
in the rotating frame of reference of the acoustic propagation process.
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In Figures 8.20 and 8.21 the pressure fluctuations on the hub 0.1 lc upstream of the vanes’ lead-
ing edges are depicted in the rotating frames of reference of the convective and acoustic pro-
cesses, respectively. On the lower x-axis, the physical time is indicated, whereas on the upper
axis the time is normalised by the revolution time of the respective frame of reference. For
the pressure fluctuation of convective character, large amplitudes caused by hydrodynamic
flow features are expected, compared with those of acoustic character. This is confirmed when
inspecting the pressure fluctuations in the different frames of reference, i.e. Figures 8.20 and
8.21. In the convective frame of reference clear structures are apparent which are virtually each
positioned at a fixed circumferential location. For the spatial structure of the pressure fluctu-
ations in the acoustic frame of reference, this is not as obvious as for the convective frame
of reference. However, a light shadow of a spatial pressure fluctuation structure is visible in
the frame of reference rotating with the speed of the acoustic propagation. Furthermore, the
previously observed intermittency of the single pressure fluctuation events is distinct. The pre-
viously described life cycle of such pressure fluctuation events can be observed very clearly for
the convected hydrodynamic pressure fluctuations, and also but not as clearly for the acoustic
pressure fluctuations.

In order to carve out the anticipated spatial structure of the pressure fluctuations in the respec-
tive relative frames of reference, for each frame of reference a time average of the pressure
fluctuations is calculated. The resulting time-averaged spatial pressure distributions are de-
picted in the left-hand part of Figures 8.22 and 8.23, for the convective and acoustic frames of
reference respectively.
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Figure 8.22: Circumferential pressure fluctuations on the hub in the relative frame of reference of the
convective propagation velocity.

As can be seen from the plots of the time-averaged spatial pressure distributions, referred to
as spatial waveform in the following, an irregular waveform is obtained for the convectively
propagated pressure fluctuations. Although the spatial waveform exhibits three major peaks,
the azimuthal mode analysis of this waveform attests a dominant azimuthal mode of the or-
der m = 5, as depicted in the upper plot of the right-hand part of Figure 8.22. More clearly,
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Figure 8.23: Circumferential pressure fluctuations on the hub in the relative frame of reference of the
acoustic propagation velocity.

the waveform of the acoustically propagated pressure fluctuations is determined, as can be
seen from the almost clear spatial mode of the order m = 3 depicted in the left-hand part of
Figure 8.23. Here, the azimuthal mode decomposition of the spatial waveform confirms the
self-evident dominant azimuthal mode. Neither for the convective nor for the acoustic frame
of reference does the phase angle of the complex azimuthal mode amplitudes depicted in the
lower plot on the right-hand side of the Figures 8.22 and 8.23 reveal any clear additional infor-
mation on the arrangement of the azimuthal modes.

The methodology of calculating a time-averaged spatial waveform of the pressure fluctuations
in a rotating frame of reference is subsequently used to scan for steady waveforms in other
frames of reference that are not as self-evident as those already investigated. Thus, a velocity
range from −450 m/s to 450 m/s is analysed by the aforementioned methodology. In order
to assess the clearness of the time-averaged spatial waveform, the standard deviation of the
spatial waveform is determined for each propagation velocity. The result of this velocity scan is
depicted in Figure 8.24 accompanied by the azimuthal mode amplitudes of the time-averaged
spatial waveform.

The analysis of the result of the scanning procedure depicted in Figure 8.24 reveals two dom-
inant propagation velocities, which have been approximately determined before from other
analyses. These are the convective propagation velocity of uθ,conv,1 = −44.4 m/s and the
acoustic propagation velocity of uθ,acou = 237.05 m/s. Additionally, a less obvious second con-
vective propagation velocity of uθ,conv,2 = −21.4 m/s is identified. The spatial waveform and
the modal structure of the pressure fluctuations in the latter frame of reference are depicted in
Figure 8.25.

As can be identified from the figure, in the frame of reference rotating with −21.40 m/s at the
hub the azimuthal mode m = 4 dominates the time-averaged waveform.

To summarise, the pressure fluctuations on the hub upstream of the vanes’ leading edges have
been analysed by means of a time-average in a rotating frame of reference. This methodology
revealed the dominance of particular azimuthal modes in specific frames of reference. As a
result, the superposition of azimuthal modes of pressure fluctuations rotating with different
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Figure 8.24: Standard deviation σ and azimuthal mode amplitudes of the time-averaged circumferential
waveform depending on the rotational speed of the relative frame of reference.
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Figure 8.25: Circumferential pressure fluctuations on the hub in the relative frame of reference of the
propagation velocity uθ,conv,2 = −21.40 m/s.

speeds is presumed to cause the characteristic spectral signature of the pressure fluctuations
related to the RI.

8.4.2 Velocity fluctuation analysis

In the previous sections, the time-averaged spatial wave form of the pressure fluctuations was
investigated. In this section, the velocity fluctuations in the region of the vane passage entry
are analysed. Beselt et al. [11] showed by high-speed Particle Image Velocimetry (HS-PIV) in
a hub-tangential plane at the passage centre, that even the velocity fluctuations in axial and
circumferential direction exhibit the characteristic side-by-side peaks in the power spectral
density distribution as observed from the pressure fluctuations. The comparison of the spectral
components’ magnitudes of the velocity fluctuations revealed the dominance of the velocity
fluctuations in the axial direction, which were larger than those in the circumferential direction.
Since it the investigation employed a two-component PIV system, statements could only be
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made concerning these two velocity components.

From the turbulence-resolving numerical simulation performed, all components of the velocity
fluctuations are available at the probe locations for all time instances, and for lower sampling
rates also in the flow volume surrounding the compressor vane row. The probes were located
0.1 lc upstream of the compressor vanes’ leading edges (LE Hub, cf. Table 7.2 and Figure 7.6).
The velocity fluctuations have been transformed into a cylindrical coordinate system for fur-
ther post-processing.

As first analysis, the normalised Reynolds stress anisotropy bij was evaluated according to
Equation 4.28 for each of the probe locations. Subsequently, the invariants of the resulting ten-
sor were calculated according to Equation 4.29 and averaged in circumferential direction for
each of the nine positions relative to the vane passage, such that a resulting averaged evolu-
tion of the fluctuation anisotropy across a vane passage could be plotted accompanied by the
Lumley triangle (cf. Figure 4.1). The latter is depicted in Figure 8.26 for a distance of 2 mm
from the hub endwall, for which the fluctuation amplitudes have been found to exhibit the
largest amplitudes for the particular compressor vane row by Sorge et al. [164]. The aim of this
examination was to characterise the state of the velocity fluctuations to gain information on
whether they obey a major axis or direction.

Figure 8.26 shows on the left-hand side the probe locations relative to a passage at a distance
of 2 mm from the hub endwall, which corresponds to a relative channel height of h/H = 5.9 %.
The right-hand part of Figure 8.26 depicts the corresponding invariants of the normalised
Reynolds stress anisotropy tensor for the nine probe locations indicated on the left-hand side.
The invariants are mapped in the streamwise sequence starting at the position a located up-
stream of the leading edge of the compressor vane across the vane passage towards location
b.

As can be seen from the right-hand part of Figure 8.26, most of the invariants of the nor-
malised Reynolds stress anisotropy tensor are mapped next to the border of the Lumley tri-
angle, which characterises turbulent states dominated by fluctuations in two directions with a
major direction. Starting from location a, the first invariant is close to the border characteris-
ing two-dimensional fluctuations. This location is closest to the leading edge of the vanes and
thus imprints the geometrical boundary condition on the velocity fluctuations most strongly.
Further, it is notable, that the fluctuations at the subsequent downstream location can be re-
garded as more three-dimensional than at all other locations. At this location, the upstream
two-dimensional velocity fluctuations are propagated away from the geometric boundary con-
dition of the vane surface and are thus free to develop towards three-dimensional isotropic
motion. This is supported by the time-averaged wall-streamlines on the hub depicted in Fig-
ure 8.4(b). Further downstream in circumferential direction, the fluctuation motion reestab-
lishes next to the two-dimensional turbulence state, which is due to the dominating incoming
flow from the axial direction. Thus, it is concluded that the origin of the two-dimensional
motion of the velocity fluctuations is concluded to be located axially upstream of the probe
locations. Continuing further in circumferentially streamwise direction towards probe b, the
state of the velocity fluctuations firstly tends to be fully anisotropic with the fluctuations being
dominated by one velocity component. Finally, at location b the anisotropy is similar to that
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Figure 8.26: Characterisation of turbulence anisotropy according to the invariant theory by Lumley [101]
at 2 mm above the hub endwall (h/H = 5.9 %) upstream of the vanes’ leading edges (1C:
One component turbulence, 2C: Two component turbulence, iso: Isotropic turbulence).

next to the leading edge. This previously described evolution of different anisotropy states
across a vane passage is due to the location of the probes at the same axial position, whereas
the axial position of the separation line varies across a vane passage, as can be seen from Fig-
ure 8.4. Summarising this investigation, it can be stated that in a distance of 2 mm from the
hub 0.1 lc upstream of the vanes’ leading edges, the velocity fluctuations are characterised by
two-dimensional motion.

Since the previous assessment of velocity fluctuations revealed the dominance of motion in a
specific plane, in the following the plane within which the fluctuations are dominant ought to
be identified. For this purpose, a spectral correlation analysis of the velocity fluctuations at
each probe location was performed. In Figure 8.27, the resulting magnitude of the averaged
cross spectral densities of the velocity fluctuation components and the respective phase shift
are depicted for the frequency range where the RI occurs. The three possible correlations of
two velocity fluctuation components u′

xu′
r , u′

xu′
θ , and u′

ru′
θ represent the correlated motion in

the circumferential, radial, and axial planes, respectively.

As can be seen from the averaged magnitudes of the cross spectral densities of the velocity
fluctuations depicted in the upper part of Figure 8.27, all correlations of the fluctuations u′

iu
′
j

exhibit the characteristic side-by-side peaks in the spectra as is common for the occurrence of
the RI. Furthermore, for nearly all frequencies in the analysed frequency band the correlated
fluctuations in axial and circumferential direction are larger than those in the axial or circum-
ferential planes. Thus, it can be concluded, that the dominant velocity fluctuations are aligned
in the radial plane, which is perpendicular to the radius vector. In the lower part of Figure 8.27,
the respective phase shift of the fluctuations in the respective planes are plotted versus the fre-
quencies of the fluctuations. The nearly fixed phase shift of the velocity fluctuations in the
three different planes is obvious from these graphs. For the frequency band, where the charac-
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Figure 8.27: Averaged cross spectral densities and phase shift of the velocity fluctuations upstream of
the vanes’ leading edges.

teristic spectral RI patterns are observed, the phase shifts between the velocity fluctuations are
given by the approximate values given by Equation 8.7.

ϕu′x u′r ≈ 180 ◦ ϕu′x u′θ
≈ −90 ◦ ϕu′r u′θ

≈ 90 ◦ (8.7)

Since the velocity fluctuations in the radial and axial planes are obviously correlated in the
frequency range where the RI occurs because of the fixed phase shift between the respective
two fluctuation signals, it can be concluded that these fluctuations are originated by vortices,
which travel in circumferential direction upstream of the vanes’ leading edges.

8.4.3 Correlation of pressure fluctuations to flow features

From the previously reported investigation of the velocity fluctuations, correlated velocity fluc-
tuations in the frequency band where the RI occurs near the hub endwall upstream of the vanes’
leading edges were found. Thus, in the following section the instantaneous pressure fluctua-
tions will be connected to velocity fluctuations and even to sound-emitting vortical structures.
As a criterion for the correlated vortical motion, the radial vorticity of the velocity fluctuations
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ωr is evaluated besides the circumferential pressure fluctuation distribution.

In order to identify the characteristic events from the instantaneous circumferential distribu-
tion of pressure fluctuations and the radial vorticity component of velocity fluctuations, the
latter variables have been plotted for three different time instances with a constant time shift
between them. The first instance has been chosen from the space-time analysis depicted in Fig-
ure 8.17, with respect to an event of strong pressure fluctuations located at a circumferential
position of θ = 150 ◦. There, a strong peak of negative radial vorticity is accompanied by a
strong pressure rise in the circumferential positive direction. To indicate this more clearly, the
circumferential gradient of the pressure fluctuations ∂p′/∂θ has been calculated using the az-
imuthal mode decomposition of the instantaneous pressure fluctuation distribution according
to Equation 8.8.

∂p′(θ, t)

∂θ
=

∞

∑
m=0

 m Am(t) emθ (8.8)

As can be seen from the comparison of unsteady flow features indicated by the radial vorticity
component ωr and the pressure fluctuation distribution p′, the presumably vortical structure
induces a strong pressure rise in the circumferential direction. The latter is indicated more
clearly by the distribution of the circumferential pressure fluctuation gradient. A closer ex-
amination, reveals the aforementioned dominant event at θ = 150 ◦ and two more, smaller
structures located at θ = 60 ◦ and θ = −135 ◦. These structures are synchronously convected
with the swirl flow in a negative circumferential direction. Additionally, the amplitudes of the
fluctuations increase from the first to the second and decrease from the second to the third
time instance. This event can be identified as “burst” of the time-resolved azimuthal mode am-
plitude Am=4 from Figure 8.10. By this comparison, the vortical structures with major radial
orientation can be linked to the pressure fluctuation distribution. Since the propagation speed
of the vortical structures is obviously of the order of convective motion, the hydrodynamic
pressure fluctuations caused are simultaneously convected.

Subsequently, the instantaneous distribution of circumferential gradient of the pressure fluctu-
ations is depicted in Figure 8.29 together with the divergence of the Lamb vector for the same
time instances as before.

For these snapshots depicted in Figure 8.29, a strong correlation of peaks of the circumferential
gradient of the pressure fluctuations with negative peaks of the divergence of the Lamb vector
can be identified.

Thus, regarding the pressure fluctuation gradient and the vortex sound source term, the ad-
vantage is that using a circumferential sensor array of pressure sensors, the distribution of
the circumferential gradient of the pressure fluctuations can be obtained, which is closely con-
nected to the unsteady correlated velocity fluctuations and even the sound sources.
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Figure 8.28: Feature-based correlation of pressure fluctuations and flow structures 0.1 lc upstream of the
vanes’ leading edges at a relative channel height of h/H = 5.9 %.
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Figure 8.29: Feature-based correlation of the circumferential pressure fluctuation gradient and acoustic
sound sources 0.1 lc upstream of the vanes’ leading edges at a relative channel height of
h/H = 5.9 %.
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8.5 Résumé of the flow simulation results

In Section 8.2, the occurrence of the rotating instability within the flow simulation performed is
validated against results from experimental measurements and flow visualisation techniques.
According to literature, this is doubtless identified by the circumferentially spreading hub end-
wall boundary layer separation. Although slight differences have been found, the characteris-
tic signature of the RI has been observed within the results of the numerical calculation. For
the inception of RI within the particular annular compressor cascade, the flow conditions and
especially the vane loading next to the hub have been found to determine the inception of RI
in the hub endwall vicinity, whereas the operating point was assessed to represent the edge of
onset of the RI.

A subsequent phenomenological assessment of the effects of the RI showed overall accordance
with the state of knowledge from literature. Moreover, the examination of the circumferential
structure of the characteristic pressure fluctuations revealed the presence of wave packets trav-
elling in circumferential direction at different speeds. This structure has not been found in
literature for the occurrence of the RI. A detailed analysis of the velocity fluctuations related
to the pressure fluctuations supported the conception of coherent vortical structures travelling
in circumferential direction in the vicinity of the vanes’ leading edges next to the hub. An ex-
emplary correlation of pressure fluctuations to the dominant radial vorticity component and
acoustic source terms encouraged the idea of the presumed causing mechanism of the charac-
teristic spectral signature of the RI. Additionally, acoustic pressure waves were excited by the
vorticity waves and travelled in circumferential direction toward the swirl flow.

Thus, with respect to the causing mechanism of the pressure fluctuations being characteristic
of the RI, the following hypothesis is formulated:

“The characteristic pressure fluctuations of the RI are caused by vorticity wave packets

originating from or forming the circumferential shear layer upstream of the vanes’

leading edges!”
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9 Modelling of the rotating instability

In order to improve understanding of problems or to prove a concept, simplification and re-
duction to necessary elements are often used. This procedure leads to model conceptions and
is an important step in proving scientific findings. Ideally, such models not only imitate the
core aspects of the investigated subject, but are also able to predict values depending on char-
acteristic parameters of the modelled configuration with desired and affordable accuracy.

According to Stachowiak [170], a model has three key features. Firstly, a model is always an
image or effigy of an object. Secondly, a model generally does not cover all features of the re-
spective original. Thus, it is usually a reduction or simplification, as mentioned earlier. Finally,
as described by Stachowiak, models are not generally assigned to their originals. Furthermore,
they merely fulfill their purpose in a limited framework, for which they have been derived or
developed. This is generally true for most models that are present in the field of engineering
sciences.

In the introduction to their textbook, Ortlieb et al. [128] report that Hertz already defined cri-
teria to which models should adhere. These are legitimacy, validity, appropriateness, and sim-
plicity. Each of these criteria addresses different levels of description, such as the mathematical
and logical validity of the model formulation.

Since mathematical proof of the resolvability of the fundamental equations of fluid dynam-
ics, namely the Navier-Stokes equations, is still lacking [17], in the history of fluid dynamics
simplified models have helped to understand flow phenomena. For example Hardin [59] and
Sen [162] developed two-dimensional vortex-based models to predict flap side edge noise. In
the two papers, the development and oscillations of the flap side edge vortex and the induced
surface pressure fluctuations was modelled. The agreement of the vortex size and position
with wind tunnel measurements has been remarkably good, considering the simplicity of the
modelling approach. Similarly, Sarpkaya [150] modelled the wake of an inclined flat plate via
discrete vortices and likewise obtained good agreement of the frequencies of the vortex shed-
ding in the wake. Later, comprehensive articles on computational methods employing vor-
tices were written by Leonard [95] and Sarpkaya [151]. The surprising ability of inviscid discrete
vortex-based approaches to reproduce complex viscous flow phenomena can be regarded as
the outcome of these articles. In the work of Spieweg [169], a similar line vortex method was
employed to simulate the three-dimensional vortex dynamics in inclined shear layers. In view
of the simplicity of these methods, Pastoor [133] employed a vortex-based flow model to inves-
tigate the active flow control of the flow over a backward-facing step, using several controlling
approaches in his work.

For simple geometries like a backward-facing step in the work of Pastoor or a flap side edge of
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9 Modelling of the rotating instability

rectangular shape in the works of Möhring [123], Hardin [59], Sen [162], the method of confor-
mal mapping has been employed. This technique reduces the computational effort to ensure
the impenetrability of the surface of the solid geometry. As Pastoor mentions in the outlook
of his thesis, in the case of more complex geometries, the application of conformal mapping
techniques remains too complex. The author refers to the technique of modelling the solid
surface by substitute sources, which is described e.g. by Ehrenfried [33]. This approach is very
similar to that essential to the panel methods in exterior incompressible aerodynamics. A well-
known application for calculation of airfoil characteristics is XFOIL by Drela [30]. Furthermore,
at each time instance the substitute source distribution is obtained, which can be employed to
calculate the acoustic sound emissions using the Kirchhoff -surface integral approach [85].

Even in aeroacoustics, potential-flow-based methods have been applied in several investiga-
tions. Glegg & Devenport presented a calculation method for broadband noise radiated from
airfoils in turbulent flow using an unsteady calculation method [52]. They refer to Gennaretti

et al., who presented a panel-method-based calculation methodology for aerodynamics and
aeroacoustics of rotors [48].

In the works of Kameier [81] and Kameier & Neise [83], which are often referred to when in-
troducing the RI phenomenon, the authors present an intuitive approach to modelling the
acoustic emissions of the RI, from an acoustical aspect. From the comb-like spectral pattern
of the casing wall, vane surface and far field pressure fluctuations, they presumed the charac-
teristic sources to be like a circumferentially rotating sound source in an annular channel of a
turbomachine. Here, an observer in the non-rotating frame of reference is able to perceive the
frequency of the sound source accompanied by several other side-by-side peaks next to the
centre frequency, which are due to the Doppler shift of the sound source movement, relative
to the observer. This model conception of the rotating sound source is sketched in Figure 9.1.
From the sketch it can be seen that the model of the RI sound source mentioned is an unsteady
circumferential pressure distribution, whose shape evolves in time and travels in space. This
conception is supported by the linear phase spectra in the frequency band where the RI peaks
occur. The linear relation of several frequencies makes it possible to conclude a constant rota-
tion speed of all azimuthal modes associated with these frequencies. The authors proved their
model by sound spectra from an experiment, where they mounted a speaker onto a rotatable
disk in a duct and measured the emitted sound signals in the duct, in the acoustic near-field,
and on the rotating disk. For such configurations and propagation scenarios, Kameier [81] pro-
vides a formula to describe the observed frequencies in a fixed frame of reference emitted from
the rotating sound source. The formula is written in Equation 9.1.

ωF = ωsource + α Ωsource (9.1)

In this equation, ωF denotes the observed centre frequency of the RI comb-structure in the fixed
frame of reference, ωsource is the pulsation frequency of the rotating source, α is the azimuthal
mode order, and Ωsource specifies the rotation frequency of the source. Kameier argues that
if the phase shift between two correlated sensor signals is linear for a frequency band, these
frequencies propagate with the same constant velocity in circumferential direction.
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Figure 9.1: Schematic drawing of the model conception of the circumferential and temporal pressure
fluctuations in an annular duct cross section associated with the RI according to Baumgartner
et al. [7].

In 1995, Baumgartner et al. [7] presented a model conception of the RI source mechanism, which
can be distinguished from the mechanism of RS. Later, the proof by Kameier & Neise using the
speaker on a rotating disk was published. This approach tried to explain the origin and char-
acteristics of the spectral patterns, related to the RI. For a rotational speed of n = 4/s and an
excitation frequency of fexc = 390 Hz, the characteristic comb-structures could be observed in
the acoustic near-field spectra, although the excitation frequency was chosen below the cut-on
frequency of the first azimuthal duct mode. Thus, in the far-field the characteristic frequencies
excited by the speaker were reduced to a broadband increase of frequency amplitudes, due to
the exponential damping of the acoustic mode structure.

Because of the importance for confirming research results, the core mechanism of the RI is mod-
elled by a very simple flow modelling approach. It has to be explicitly pointed out that in this
section the word “model” is used in two different contexts. Firstly, the fundamental equations
of fluid dynamics, which are derived from the full Navier-Stokes equations in Section 4.1.5 are
referred to as the flow model. Secondly, the model conception of the RI mechanism and its
implementation is referred to as the RI model.

9.1 Potential theory-based model

Although the instability phenomenon RI is often associated with its acoustic properties, the
model algorithm is based on a potential theory-based approach. This is sufficient, since the
Mach number of the sound-emitting flow phenomenon is low, i.e. approximately Ma = 0.1.
According to Chu & Kovásznay [26], this holds true for very low Mach numbers, as is the case
for this modelling attempt. Furthermore, it is presumed, that the acoustically emitted pressure
fluctuations do not feed back to their originating fluid dynamic process.

Furthermore, it is assumed, that the characteristic frequency patterns of wall pressure fluctu-
ations are produced by unsteady vortex dynamics, which can be modelled according to the
vortex theorems by Helmholtz [66]. This includes the conservation of vorticity in time, the in-
finite extension of vortex filaments in three-dimensional space, and the movement of vortices
with the flow. These theorems are usually incorporated in potential flows, which are solutions
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of the Laplace equation (see Equation 4.17).

9.1.1 Concept

For the given problem of understanding the originating mechanism of the characteristic spec-
tral properties of the RI acoustic emissions and near-field fluctuations, a model able to predict
as many of the characteristic properties as possible is to be designed. From other investigations
reported in the literature, it is known that very simple approaches based on potential theory
are astonishingly often able to reproduce the core mechanism of various fluid flow problems.
Examples of such successful models are reported e.g. by Sarpkaya [150], Hardin [59], Gennaretti

et al. [48], Sen [162], Pastoor [133], and Glegg & Devenport [52].

For the present problem, the reduction of a three-dimensional fluid flow to plane fluid dynam-
ics is targeted. Since many publications on RI link the specific characteristics to the motion or
fluid dynamic behaviour of the clearance vortex of typical compressor configurations, mod-
elling of the supposed mechanism seems reasonable.

The basic idea of the intended model is to implement a procedure that makes it possible to cal-
culate the temporal evolution of a fluid dynamic system using potential flow theory methods.
Particularly the RI mechanism is expected to develop from a problem-specific configuration of
initial conditions, since the term “rotating instability” already suggests the tendency to tune
into a state of statistically steady behaviour from arbitrary initial conditions in the vicinity of
the unstable state.

9.1.2 Algorithm

As is intended by the model concept, an acoustic emission-originating fluid flow mechanism
is to be modelled. In this regard, potential flow solutions are preferably to be employed, since
they feature simplicity and are able to represent fluid flow accurately. According to the con-
cept described above, the basic intention of the model is to be capable of reproducing the
essential mechanism of the RI by two-dimensional fluid flow dynamics to obtain the character-
istic spectral patterns. As stated before, the approximation of the correct fluid flow behaviour
is achieved by employing fundamental solutions of the potential flow equations, which are
briefly explained in Section 4.1.5. The calculation and employment of such fluid dynamics fun-
damentals requires a sequence of operations to determine the correct resulting flow behaviour.
The algorithm employed is described by Sarpkaya [150] and Leonard [95]. It is characterised
by the calculation of the correct surface source distribution to maintain the impenetrability of
all solid surfaces. The resulting velocity field is employed to integrate the new positions of
free-floating potential flow solutions in time, such as e.g. potential vortices.

The particular algorithm used to model such fluid dynamics is based on the following steps:

1. Based on the positions of all potential flow fundamental solutions, the instantaneous
surface source distribution is determined in order to maintain the impenetrability of the
solid surfaces. The variation in time of the surface source distribution is caused by the
variation in time of the free-floating potential flow solutions, i.e. the potential vortices.
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2. The resulting induced velocities at the centres of the potential flow solutions floating
with the fluid are calculated by the superposition principle.

3. Instantaneous pressures are calculated at specified monitoring points.

4. The new positions of the floating potential flow solutions are integrated, using a suitable
numerical scheme.

This sequence of calculation steps is repeated until the desired number of time-steps is reached.
In the following sections, the specific numerics of each part of the above algorithm are eluci-
dated.

9.1.3 Numerics

In the following section, the employed numerics of the RI model are presented. A brief
overview of the RI model fundamentals, implementation, and results is given by van Rennings

et al. [182].

Rigid surface approximation

As is common in panel-method-based computational procedures or boundary element meth-
ods (BEM), rigid surfaces of bodies are approximated by panels and corresponding potential
sources, as is schematically depicted in Figure 9.2. This methodology features the calculation
of the correct source strength distribution Λ of all potential flow sources in such way, that the
superposition of all induced normal velocities on each panel is zero. The induced panel nor-
mal velocity is determined by a given number of averaged normal induced velocities across
each panel. To determine the correct source strength distribution, a linear equation system can
be formulated resulting in a matrix M, where the coefficient Mij represents the influence of the
j th potential source on the averaged normal flux on the i th panel. The averaged normal flux
is calculated by taking the averaged normal velocity on the panel multiplied by the size of the
panel.

The influence of potential flow entities other than surface sources on the induced normal ve-
locities on the panels is accounted for within the right-hand side R of the resulting equation
system (see Equation 9.2).

∑
j

MijΛj = Ri (9.2)

Since the temporal variation of the surface source distribution only depends on the variation
of the right-hand side in time, it is suitable to invert the matrix M directly. This is done using
the open source numerical linear algebra library LAPACK by Anderson et al. [2], that provides a
large number of optimised implementations of linear algebra operations on matrices and vec-
tors. The inverse matrix M−1 is multiplied by the right-hand side R in each time-step of the
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panels
sources

flow domain

solid body

Figure 9.2: Example of an arbitrary body modelled by panels and potential sources.

model calculation to retrieve the surface source distribution Λ, which provides the impenetra-
bility of the rigid surface model. Since the geometry does not change, the matrix coefficients
are constant in time and the expensive direct inversion of the matrix becomes profitable.

In detail, the rigid surface and its properties are represented, if for each panel Pi the induced
normal panel flux ui,ind ∗ ni is zero, i.e. Equation 9.3 is fulfilled.

ui,ind ∗ ni =

[
sources

∑
j

uij,ind +
vortices

∑
k

uik,ind + uhom

]
∗ ni

!
= 0 (9.3)

In the latter equation, the velocities induced by vortices being convected within the flow do-
main vary in time. This is due to the variation of the locations of the vortex centres. As is
depicted in Figure 9.2, the positions of the surface sources do not exhibit any temporal varia-
tion, such that Equation 9.3 can be rewritten as follows:

sources

∑
j

uij,ind ∗ ni = −
[

vortices

∑
k

uik,ind + uhom

]
∗ ni (9.4)

The normal flux induced on panel Pi by the jth source located at xsj is calculated as a sum of
the subpanel normal fluxes uil,ind given by Equation 9.5. The velocity induced at a specific
location by a potential source has been introduced by Equation 4.20. Figure 9.3 shows the com-
parison of two alternative ways of determining the induced normal flux at a particular panel
from the induced velocities. Typically the induced panel normal fluxes are calculated from
the induced velocity at the panel centres, as is schematically depicted in Figure 9.3(a). This
approach is very simple in terms of computational cost and implementation effort. However,
it exhibits inaccuracies for large panels or sources which are located very close to panels. This
is due to the occurring large gradients of the induced velocity across the panel, which are not
represented by the singular evaluation location at the centre of the panel. Therefore, the in-
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duced panel normal flux is calculated from the averaged induced velocity across the panel, as
is specified by Equation 9.5 and is depicted in Figure 9.3(b).

sj

Pi

ni

xP ,i − xs,j

uij,ind

(a) panel normal flux from centre
velocity

sj

xP ,il

uijl,ind

uij,ind
uij,ind

(b) averaged panel normal flux

Figure 9.3: Comparison of the panel normal flux evaluation methods using either (a) the induced veloc-
ity at the panel centre uij,ind or (b) the averaged induced panel velocity uij,ind according to
Equation 9.5.

uij,ind ∗ ni = Λj

[
1
N

N

∑
l=1

1
2 π

xP ,il − xs,j

|xP ,il − xs,j|2

]
∗ ni (9.5)

Within the latter equation, the bracketed sum is the fundamental fraction of the matrix coeffi-
cient Mij, representing the averaged normal flux portion induced by the jth source on the ith

panel. As can be seen from the comparison of the calculated induced panel velocities in Fig-
ure 9.3(b) in the case of strong gradients of the induced panel velocities across the panel, the
integral panel normal flux differs from the panel flux calculated from the induced velocity at
the panel centre. Thus, the integral panel normal flux improves the impenetrable character of
the solid surface, where potential flow entities are close to the particular panel.

The right-hand side of Equation 9.4 incorporates the influence of the potential vortices and
the homogeneous mean flow on each panel. Similar to the averaging procedure performed
to determine the normal flux induced by the potential sources, the influence of the potential
vortices is accounted for by the right-hand side of the equation system and is calculated as
given by Equation 9.6.

uik,ind = Γk

[
1
N

N

∑
l=1

1
2 π

(xP ,il − xv,k)⊥
|xP ,il − xv,k |

]
(9.6)
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The calculation of an integral panel normal flux has been chosen instead of using the single
induced velocity at the panel centre, as is common for panel methods. This procedure is mo-
tivated by increased quality of the solid surface approximation using the distributed point
source approach. As will be described in the following section, this is modified to account for
the periodicity of the solid geometry representation.

Modelling of domain curvature and periodicity

The attempt to model the RI mechanism aims to reproduce the properties of the characteristic
acoustic emissions employing a simplified flow configuration. As has been described in Sec-
tion 9.1.1, the flow dynamics are reduced to two-dimensional vortex dynamics in a plane of
constant radius of the original three-dimensional annular channel including the stator vanes.
In the two-dimensional plane, the ring topology of the ring channel is modelled by the repe-
tition of the flow domain beyond its periodical boundaries. This is a standard procedure in
CFD for periodical flow problems. The reduction of full three-dimensional fluid flow dynam-
ics in the annular channel geometry to a plane of constant radius and axial extent implies the
transformation of coordinates as given by Equation 9.7. In the model notation, the axial and
circumferential position are described by the vector x, whereas the resulting defined position
is equivalent to the axial position and the circumferential angle defined by the vector r.

x =


 x

r sin(θ)


 r =


x

y
r


 (9.7)

In Figure 9.4, the principle of modelling the periodical annular domain is depicted. However,
using a potential flow approach results in issues related to the continuous and unbounded
solutions of the potential flow equations. In particular, the repetition of the flow domain and
its potential flow solutions is trivial, but not if theoretically infinite numbers of repetitions
are necessary to reproduce the periodicity exactly. Specifically, the domain periodicity is ac-
counted for by a repetition of the calculation procedures of the matrix coefficients, related
to the solid surface approximation, and the determination of the induced velocities at arbi-
trary locations within the flow domain. As is depicted in Figure 9.4, the position vector of
any location-dependent potential flow solution is sequently shifted by a finite number of rep-
etitions nshift in both directions of the circumferential dimension. Hence, induced velocities
uind(x, xe) induced at a location x by a potential flow entity e are determined by a sum of all
repetitions, as given by Equation 9.8.

uind(x, xe) =
nshift

∑
ishift=−nshift

uind(x, xe + ishift xshift) (9.8)

In order to reproduce the above-mentioned periodicity and the natural three-dimensionality of
the annular fluid flow dynamics, a finite number of repetitions is employed. This is motivated
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Figure 9.4: Illustration of domain periodicity modelling approach implemented in the potential theory-
based model.

by the indirectivity of the potential sources, which results in the theoretical infinite extent
of the influence of potential point sources. The influence of the potential vortices and their
orientation in radial direction is accounted for by a scalar product of the radial vector to the
location where a velocity is induced and the vortex axis. To account for the curvature of the
hub endwall in the annular channel geometry, the influence of the potential vortices is limited
to a horizon of −π/2 ≤ θ∗ ≤ π/2 in circumferential direction from the centre of the potential
vortex.

Calculation of acoustic pressure fluctuations

In the literature on RI, the specific acoustic emissions are well analysed and described. The
characteristic spectral patterns resulting from the acoustic emissions are reported in Section 2.4.
Since especially the acoustic emissions and their characteristics are of interest for the evalua-
tion of the modelling approach, the acoustic pressure fluctuations p̂(xmon, t) are calculated at
monitoring points xmon. For the calculation of the acoustic pressure fluctuations, the temporal
evolution of the surface source distribution Λ(t) is employed. Using the BEM approach, the
acoustic pressure fluctuations are calculated according to Ehrenfried [34] using Equation 9.9.

p̂(xmon, t) = −ρ0
∂

∂t

[
sources

∑
i

Λi(t)
xmon − xs

|xmon − xs|2

]

= −ρ0

[
sources

∑
i

∂Λi(t)

∂t

xmon − xs

|xmon − xs|2

]
(9.9)

The above equation results from the unsteady Bernoulli equation (cf. Equation 4.22) as a su-
perposition of the unsteady velocity potentials of all surface sources, whilst omitting the super-
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Figure 9.5: Schematic illustration of the vortex induction horizon used to model the domain curvature.

posed induced velocity at the monitor location. It can be interpreted as the sum of the temporal
derivatives of the velocity potentials at the monitoring point location.

In the model algorithm, the temporal derivative is approximated using a second order back-
ward finite differences formula employing the current and the two past time steps. For further
details of such FD formulae see e.g. Ferziger & Perić [39].

Time integration scheme

The basic idea of the RI model is to reproduce the vortex dynamics, that are expected to be the
core mechanism of the RI leading to the characteristic acoustic emissions. Thus, the vortex dy-
namics are dependent on the numerical time integration scheme, which is responsible for the
calculation of the updated location of the point vortices, which move by the induced velocity
at their centres. The evaluation of induced velocities at the vortex centres is the most expensive
operation in terms of computational cost within the model algorithm, since all point vortices
and point sources account for the induced velocity at each vortex centre. Thus, the operation of
determining the induced velocities is a quadratic problem (cf. Nocedal & Wright [126]). There-
fore, use of single step explicit time integration schemes to minimise the number of times this
quadratic problem is solved is desired. Furthermore, a sufficient time step size is required to
produce accurate results in terms of the non-linear interaction of the multiple point vortices.
The importance of the properties of the numerical time integration scheme is expected to play
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9.1 Potential theory-based model

a minor role. Sarpkaya reported this aspect [150] and even Leonard wrote that against intuition,
diffusive time integration schemes in combination with few point vortices often lead to best re-
sults [95]. In this regard, Sarpkaya proposed employing either one of two very simple explicit
time integration schemes using at most information of two past time-steps t − ∆t and t (see
Equations 9.11 and 9.12) to estimate the next value for t + ∆t.

x(t + ∆t) = x(t) + ∆t u(t) (9.10)

x(t + ∆t) = x(t − ∆t) + 2 ∆t u(t) (9.11)

x(t + ∆t) =
1
2
[x(t − 2∆t)− x(t − ∆t)] +

3
2

∆t u(t) (9.12)

The first time integration scheme mentioned by Sarpkaya is essentially a central-difference
scheme (CDS), which is known to produce results of second order of accuracy and to have
a low diffusion (see e.g. Wesseling [190], Hirsch [67], or Ferziger & Perić [39]). A more simplis-
tic approach is to use Equation 9.10 as a method to determine the new locations of the point
vortices, which is known as Euler method and is of first order of accuracy. The third scheme
is given by Equation 9.12, which can be obtained by taking the average of the first two time
schemes, following the idea of flux blending.

In the following, the results of the comparison of the numerical time integration schemes are
presented and discussed in terms of accuracy and robustness. Therefore, two sample time
integration problems are considered. Each of the problems is chosen with regard to a known
analytical solution. First, the differential equation given by Equation 9.13 is integrated in time
using a coarse time-step width of ∆t = 10−3 s. The analytical solution is the exponential
function, which is compared with the numerically integrated approximations of the solution.

1
A

∂φ(t)

∂t
= φ(t) with φ(t = 0) = 1 (9.13)

Figure 9.6 shows the comparison of the analytical solution of the differential equation given
by Equation 9.13 with the approximations of the solution by the three different numerical
schemes. It can be seen from the plot of the approximated solution that the overall trend
is matched by all schemes. However, for all schemes, the error compared with the analytical
solution grows in time. As is expected from the order of accuracy of the numerical schemes, the
Euler scheme, which is of first order of accuracy, produces the largest errors in approximating
the solution of the linear differential equation. Logically consistent, the CDS approximates the
exact solution better. From the relative error plot in Figure 9.6, it can be seen that the mixed
scheme is even able to compensate possible initial errors and reduces the approximation error
with time progressing.

Secondly, a test case is considered that is closer to the temporal integration of vortex centre
locations in time. The velocity field of a potential vortex located at the origin of the two-
dimensional coordinate system is used. Its circulation Γ is calculated, so that the velocity
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Figure 9.6: Comparison of time integration schemes using a linear PDE.

magnitude is unity in the distance of r = 1. The trace of a particle whose initial location is
x(t = 0) = [1, 0] is calculated. The initial velocity is given by the implied potential vortex ve-
locity field. The three different numerical schemes described above are employed to calculate
the evolution of the particle location in time. The velocity of the potential vortex at the initial
radius has been chosen to be of the same order of magnitude as the velocities are expected to
be in the later application. The time-step size has been selected to be large, compared with the
time-step size employed afterwards, in order to test the robustness of the numerical scheme.
This resulted in the number of 63 time integration points per revolution of the calculated par-
ticle trace.

Figure 9.7 shows the traces of the particle calculated using the three different numerical schemes.
In Figure 9.8 the relative errors in amplitude of distance to the vortex centre r and phase with
regard to the x-axis are depicted.

Since for this test case the CDS reproduces the exact solution, it turns out to be superior to both
other schemes in terms of accuracy. This is based on the circumstance that Equation 9.11 fulfills
the exact solution of the integrated particle trace. The Euler scheme shows very dissipative
behaviour, since it is not capable of following the analytical circular path. The approximated
solution by the mixed scheme lies in between both other solutions.

Judging from the assessment of approximation results from both test cases, the mixed scheme
was selected for implementation in the potential theory-based model due to its overall good
characteristics.

Parallelisation of the calculation procedure

The computations described in the above sections based on potential theory fundamentals
constitute a quadratic problem, as described in the textbook of Nocedal & Wright [126]. More
precisely, this implies the increase of computational cost by a factor of four, whilst the degree
of freedom of the problem is doubled. As is common for numerical computations employing
large numbers of degrees of freedom, the work to be done is distributed over a number of pro-
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Figure 9.8: Relative amplitude and phase error introduced by the different numerical schemes for the
integration of a circular path in the velocity field of a potential vortex.

cessors. As parallelisation paradigm, the distributed memory approach is implemented using
the communication standard MPI (Message Passing Interface) [174]. The possibility of using
a huge number of processors distributed over several computing nodes ensures an increase
in computational speed. However, with increasing problem size the memory requirements
increase. Thus, the final problem size is determined by the memory provided by each of the
computing nodes. This is due to the necessity for information about the entirety of potential
flow solutions to calculate the result for a single point in the flow domain. Nevertheless, the
work load can be distributed across a collective of computing units, i.e. processors.

The idea of sharing the work load is to distributed chunks of loop indices over the entirety
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9 Modelling of the rotating instability

of the computing units. The described work load is represented by the summing operations
required to obtain e.g. integral fluxes at a given panel of the approximated solid surface. Af-
ter the distributed parts of the total result of a computing task are available, the results are
collected and distributed across all computing units.

To determine the indices for which the calculation has to be performed, each processor em-
ploys simple formulae (cf. Equations 9.14). With regard to work load sharing, the distribution
task is characterised by the number of the entire work operations N, the overall number of
processing units nCPU, and the number of a singular processor iCPU.

W =
N − mod (N, nCPU)

nCPU

istart = [iCPU − 1] W + min ([iCPU − 1] , mod (N, nCPU)) + 1 (9.14)

iend = iCPU W + min (iCPU, mod (N, nCPU))

The work packages of each computation unit are calculated using the above equations, which
are designed trying to balance the work load in all cases of combinations of task size and num-
ber of overall processors. This is ensured by calculating the basic work package size W and
distributing mod (N, nCPU) possible residual computations over the first processors. Although
in the case of residual tasks some processors have a higher work load by one additional com-
putation, the described methodology aims to distribute the work over a number of processors
whilst trying to avoid an increase of communicational overhead.

9.2 Model flow configuration

The outcome of the flow simulations of the RI shown in Chapter 8 leads to the hypothesis that
vortical structures occurring near the hub endwall being convected in circumferential direc-
tion are the main causing mechanism of the characteristic pressure fluctuations of the RI and
form the time-averaged hub endwall boundary layer separation. The schematic time-averaged
flow configuration near the hub endwall present in the case of the RI occurrence is depicted
in Figure 9.9(a). Therein, the incoming hub endwall boundary layer is deflected into the cir-
cumferential direction as it is convected towards the compressor cascades’ front. Near the
leading edge, the axial velocity profile has a zero gradient in wall normal direction. Thus, the
axial component of the three-dimensional hub endwall boundary layer shows the criterion of
a boundary layer separation. Albeit a separation does not occur, since the time-averaged flow
is attached and has only a circumferential velocity component. Moreover, a three-dimensional
shear layer is formed, whose time-averaged foot line is located on the hub upstream of the
vanes’ leading edges. Nonetheless, due to the reversed axial flow component downstream of
the time-averaged quasi separation line, no mass flow enters the passage near the hub. This
situation representing the hypothesised causing mechanism of the characteristic RI pressure
fluctuations and vortex dynamics is depicted in Figure 9.9(a).
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Figure 9.9: Schematic drawing of the specific flow configuration close to the hub endwall in the case of
occurring RI and model configuration derived to represent the hypothesised causing mech-
anism of the RI.

In Figure 9.9(b) the derived flow configuration for the RI model is depicted. Therein, the
time-averaged shear layer is represented by a number of discrete point vortices arranged in a
straight line upstream of the vanes’ leading edges. The solid surfaces of the vanes are repre-
sented by control panels and respective point sources, as described in Section 9.1.3. Although
downstream of the shear layer the velocity magnitude equals zero in the initial state, the pas-
sages have been terminated by control panels ensuring the desired non-through flow condi-
tion. Since any shear layer is unstable, both real and theoretical, the discretised shear layer is
expected to develop into separate coherent vortical structures, each travelling in circumferen-
tial direction with the mean flow of the shear layer.

The single-stream shear layer (λ = 1) defined by this is inherently convectively unstable judg-
ing from the shear layer parameter given by Spieweg [169] (cf. Equation 9.15).

λ =
u1 − u2

u1 + u2
(9.15)

According to Huerre & Monkewitz [73], shear layers are convectively unstable for shear layer
parameters below λ = 1.315. This implies that any disturbance is transported away from its
location of origin as described in Section 4.2.4.

In the RI model, point probes are included in order to determine pressure and velocity fluc-
tuations at the specific locations. By way of example, single point probes are depicted in Fig-
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9 Modelling of the rotating instability

ure 9.9(b) upstream of the vanes’ leading edges.

The model aims to reproduce the unsteady dynamics of the vortical structures emerging from
the circumferential shear layer. Thus, starting from the flow configuration of the initial state
depicted in Figure 9.9(b) the temporal evolution of the posed flow problem is calculated.

9.3 Numerical model configuration

As described above, the temporal evolution of the flow configuration representing the hypoth-
esised RI mechanism is integrated in time numerically. The discretisation employed and other
numerical model parameters are to be specified in the following. As is depicted in the concep-
tual sketch of the model flow configuration in Figure 9.9(b), the vanes’ surface geometry has
been modelled by a simplified arc of the same leading edge metal angle and chord length as the
original vanes’ geometry. Specific details of the discretisation and other numerical parameters
are given in Table 9.1.

Parameter Symbol Value Dimension

Number of vanes nB 20 1

Number of repetitions nrep 1 1

Vane chord length lc 0.034 m

Vane pitch Π 18.0 ◦

Reference radius rref 0.087 m

Leading edge metal angle ψ1 45.0 ◦

Vane thickness d/lc 3.5 %

Solid geometry discretisation ∆s/lc 0.7 %

Number of panel averaging points nP ,avg 5 1

Circumferential velocity uθ −90.0 m/s

Number of vortices per passage nvorts/nB 100 1

Time-step width ∆t 1 10−6 s

Simulated time-period T 0.4 s

Point vortex circulation Γ −3.915 10−3 m2/s

Table 9.1: Geometric and numeric parameters of the RI model computation performed.

According to the desired model flow configuration, the magnitude of the homogeneous trans-
lational flow is half of the set circumferential velocity. Subsequently, the circulation of the point
vortices was calculated using the assumption of the axial step of the circumferential velocity
of half of the magnitude of the set circumferential velocity depicted in Figure 9.10, due to the
circumferentially spreading discretised shear layer.

138



9.3 Numerical model configuration

x

θ
xxshear layer

−uθ

−uθ,Γ − uθ,hom

−uθ,hom

0

S

rref ∆θ

−
u

θ,
Γ
−

u
θ,

h
om

−
u

θ,
h

om

Figure 9.10: Schematic illustration of the calculation procedure of the circulation of each point vortex,
constituting the circumferential shear layer. For convenience, the vanes’ geometry has been
omitted.

In this, the circulation of a point vortex is defined as the integral of the induced velocity along
an arbitrary closed curve S around the particular point vortex, as illustrated in the left-hand
part of Figure 9.10 and specified by Equation 9.16.

Γ =
∮

S
u ∗ dS (9.16)

Using a clever definition of the curve path S as depicted in Figure 9.10, the circulation is
determined by the upstream circumferential velocity uθ,Γ + uθ,hom and the spacing of the point
vortices rref ∆θ constituting the circumferential shear layer.

The parameters used for configuring the model computation have been chosen to approximate
the posed problem sufficiently with respect to the configuration of the annular compressor
cascade, but no relations amongst the parameters have been applied to determine single pa-
rameters. The circumferential velocity magnitude has been chosen from the findings of the
flow simulation data analysis, revealing a major convective propagation velocity of roughly
−45 m/s. Thus, using the design of the model configuration, a circumferential velocity up-
stream of the shear layer of −90 m/s is expected to result in a velocity of the homogeneous
translational flow of −45 m/s. However, the introduction of little numerical dissipation to the
inviscid model is expected to influence the vortex dynamics, though a very small time-step size
has been chosen in order to reduce the numerical dissipation as best affordable. Nonetheless,
a figure to normalise the numerical and fluid dynamic parameters of the model is presumed
to provide comprehensive understanding of the results produced by the model.

As described in Section 9.1, during the program sequence the matrix representing the influence
of the point sources on the solid surface control panels is firstly calculated and subsequently
inverted. The previously described algorithm is employed to integrate the path of each point

139



9 Modelling of the rotating instability

vortex in time consecutively. Here, at each time instance the induced velocity at each point vor-
tex centre is obtained by superposition of all fundamental potential flow solutions considered.
Secondly, from the temporal evolution of each point source, the pressure fluctuations at the
monitoring points are evaluated. These two sets of information are stored, in order to analyse
the vortex dynamics in the modelled shear layer upstream of the vanes’ leading edges. In the
further sections, the vortex dynamics and resulting pressure fluctuations are assessed using
the analysis methods previously applied to the data from the numerical simulation.
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10 Rotating instability model results

In the following section the results from the vortex dynamics calculation are presented and
analysed. The parameters employed for the model, both of fluid dynamic and numerical, have
been presented in Section 9.3.

10.1 Velocity field

From the model computation of the flow configuration described, sequences of the instanta-
neous positions of the point vortices are depicted for several episodes of the temporal evolu-
tion of the vortex dynamic system. As introduced above, the full annulus of the axial compres-
sor stator has been modelled, though only a detail including 8 modelled vanes is depicted in
Figures 10.1 and 10.2. In Figure 10.1, the initial evolution of the discretised shear layer starting
at the beginning of the model calculation is depicted for time differences of ∆t = 0.2 ms in
the first row and subsequently ∆t = 0.5 ms in the second row. The evolution of the flow is
visualised by vectors at the centres of the point vortices indicating the induced velocity at the
respective vortex centres. Furthermore, the vectors are colour-coded by the magnitude of the
induced velocity.

In Figure 10.1, the initial temporal evolution of the discretised shear layer is depicted. The cir-
cumferential flow upstream of the initial shear layer is from bottom to top. As can be seen, the
transition from the initial state to the first snapshot at t = 0.20 ms exhibits first small pertur-
bations of the modelled shear layer. These are characterised by small-scale agglomeration of
groups of point vortices. Especially in the initial state, the point sources representing the solid
surface do not respond by source strength distributions, since downstream of the shear layer
the circumferential velocity is not present. By developing clusters of point vortices, the flow
stagnation downstream of the shear layer is disturbed and the point sources start to respond
by first fluctuations of the respective source strengths. Subsequently, the clouds of agglomer-
ated point vortices gather more vortices and thus grow in their geometric scale. This is also
reported for plane shear layers e.g. by Spieweg [169]. Likewise, Sarpkaya [150] exploited the
agglomeration of point vortices in order to merge the vorticity contained in a vortex cloud into
one vortex replacing the vortex cloud and thereby reduce the number of necessary computa-
tions per time-step. According to Spieweg, the growth rate of the vortex clouds is proportional
to time and the shear layer parameter λ (cf. Equation 9.15). However, the dissipation of vor-
ticity as is observed from e.g. wakes is not incorporated in this modelling approach, since all
vorticity is conserved. This is an exact representation of Helmholtz’s vorticity conservation law
[66].

The growing vortex clouds can be regarded as coherent vortical structures of accumulated
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vorticity, which behave like viscous vortices. The tendency to agglomerate and form larger
structures is expected to depend on the number of discrete vortices and thereby the reduced
circulation of each point vortex. Whilst the vortex clouds are growing in diameter, they extend
towards the leading edges of the modelled vanes. The interaction of the vortices with the solid
geometry is also dominated by vortex dynamics, since the point sources act as a mirror to the
vortex and thus influence its motion. For example, at the second vane at t = 2.00 ms a vortex
is split at the leading edge of the respective vane. The part of the vortex that is diverted into
the passage moves in positive axial direction next to the vanes’ pressure side. This is due to
the self-induced vortex dynamics of the actual vortex and its mirrored image produced by the
solid surface.

The large coherent structures are characterised by large circumferential velocities at the up-
stream hemicycle and low or even zero velocities at the downstream hemicycle.

In Figure 10.2, ten snapshots of the tuned-in state of vortex dynamics are depicted as before
for the initial transient of the model computation.
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Figure 10.1: Positions and respective induced velocities of the point vortex centres for several time-
steps of the initial transient process. The time delay between the snapshots depicted in the
upper row is ∆t = 0.2 ms, whereas the snapshots in the lower row feature a time delay of
∆t = 0.5 ms. A detail of the full modelled domain consisting of 20 vanes is shown.
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Figure 10.2: Positions and respective induced velocities of the point vortex centres for several time-steps
of the tuned-in random stationary process. The sequent snapshots feature a constant time
delay of ∆t = 0.2 ms. A detail of the full modelled domain consisting of 20 vanes is shown.
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After the random stationary process has become established, the coherent structures do not
appear to grow further. Moreover, different shapes of structures are observed. In particular,
compact vortex clouds are identified e.g. next to the leading edge of the modelled vane at the
position 2 at t = 6.80 ms. This structure seems to maintain its shape and travels in circum-
ferential direction at a certain constant speed. Another type of structure is observed within
the circumferential range from vane position 0 to −3 at the first snapshot t = 6.80 ms of the
aforementioned sequence. As implied, the shape of the structure is characterised as band type
with an axial and circumferential extent, whereas the band appears stretched in circumferen-
tial direction. Since these two segregated structures are identifieable, the general feasibility of
separating single spatial structures is noted.

Following from the distinct circumferential structure of the point vortex dynamic system, a
wavy structure of the axial velocity fluctuations into and out of the modelled vane passages is
observed between the coherent structures. This vortex induced motion is akin to that obtained
by Pardowitz et al. [132] for the particular annular compressor cascade.

The velocity fluctuations from the numerical flow simulation upstream of the vanes’ leading
edges in a distance of 2 mm from the hub endwall were analysed in Section 8.4.2. Here, the
dominance of the velocity fluctuations in the axial-circumferential plane has been observed. A
nearly constant phase shift of ϕu′x u′θ

= −90 ◦ between the cross-correlated velocity fluctuations
has been found (cf. Figure 8.27). Hence, the calculated velocity fluctuations at the monitor-
ing points obtained from the model calculation have been cross-correlated and the respective
results are depicted in Figure 10.3.

The comparison of the amplitudes of the spectral cross-correlation of the velocity fluctuations
depicted in Figure 10.3 shows structures that can be interpreted as the characteristic comb-
structure caused by the RI. However, amplitudes of the velocity fluctuations are much higher
than those obtained from the flow simulation. Several facts may be considered as possible
reasons for this. As a major cause, the induced velocity fluctuations from the potential theory-
based model are characterised by peaks of high amplitudes, since the fundamental solutions
of the potential flow equations exhibit singularities at their respective centres. Thus, the closer
a point vortex passes along a monitoring point, the higher the velocity fluctuation peak will
be. In this case, the amplitude of the velocity fluctuation is only limited by the range of the nu-
merically possible value. In order to avoid such physically unrealistic values, the introduction
of vortex models differing from the point vortex with singularity is conceivable. Generally,
the discrete character of the flow modeling approach employed for the RI model potentially
causes such high amplitude peaks. Furthermore, no viscosity is present within the modelled
flow field, so that high amplitudes are not being damped.

The comparison of the phase shifts between the velocity fluctuations obtained from the RI
model shows the same results as have been found for the fluctuations from the numerical flow
simulation (cf. Figure 8.27). For the full frequency range where the characteristic RI signatures
occur, the phase shift of the velocity component fluctuations is ϕu′x u′θ

= −90 ◦, exactly has been
found from the numerical flow simulation. Until now, only the velocity fluctuations evaluated
at the monitoring points have been analysed.
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Figure 10.3: Averaged cross-spectral densities and phase shift of the velocity fluctuations u′
x , u′

θ up-
stream of the vanes’ leading edges obtained from the model computation.

10.2 Pressure signals

In Section 2.4 the characteristic signature of the rotating instability was defined based on spec-
tral cross-correlations of circumferentially displaced sensors. Subsequently, the spectral cross-
correlation analysis has been applied to data from the numerical simulation. The comparison
of spectral characteristics from the flow simulation and measurements made it possible to
validate the occurrence of RI within the computed flow field (cf. Section 8.2.3). Hence, analo-
gous spectral cross-correlation analysis methods are to be applied to the pressure fluctuation
data from the RI model. Further, the previously employed azimuthal mode decomposition
technique is employed to determine the azimuthal mode spectra, as it was the case with the
pressure fluctuations from the three-dimensional flow simulation (cf. Section 8.3.3). The differ-
ence between the pressure fluctuations obtained from the numerical flow simulation and the
RI model computation is the theoretically purely acoustic nature of the pressure fluctuations
obtained from the latter calculation procedure. The pressure fluctuations evaluated at the
monitoring points are calculated according to Ehrenfried [34] using the BEM approach given by
Equation 9.9. Thus, the pressure fluctuations obtained from the model are purely caused by
unsteady surface forces excited by potential theory based flow features. That is why the sound
pressure level is calculated according to Equation 10.1 instead of using the standard formula
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Figure 10.4: Sample cross spectral density, coherence, and phase shift predicted by the RI model. The
sensors are located in front of the modelled vanes’ leading edges with a circumferential
offset of 18◦ , whereas 20 vanes have been taken into account for the model setup.

given in Section 5.3.7.

SPL = 10.0 log10

(
Sa,b( fi)

2 pref

)
(10.1)

10.2.1 Spectral correlation analysis

As mentioned in the preceding introduction to the RI model results section, the acoustic pres-
sure fluctuations evaluated at monitoring points 0.01 m upstream of the modelled vanes’ lead-
ing edges are analysed using the spectral cross-correlation methodology. As is standard for
the identification of rotating instability, the cross-spectral density, the coherence, and the phase
shift of the signals from two circumferentially displaced monitoring points with an offset of
one vane pitch is calculated. The results are depicted in Figure 10.4.

At first glance, the cross-spectral density exhibits the characteristic peaks in the frequency
band, where typically the RI occurs for the particular annular compressor cascade configu-
ration. (cf. Figure 8.5). Four peaks are clearly visible at frequencies of f ≈ 90, 172, 263, and
350 Hz. Two other peaks preceding the sequence of peak frequencies with f ≈ 445 and 515 Hz
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10 Rotating instability model results

are less obvious. The previously stated peak frequencies are all fully coherent, as observed
from the coherence distribution. The phase shift between the signals is depicted in the lower
plot of Figure 10.4 and shows the characteristic linear relation allowing the calculation of the
propagation velocity of the RI according to Kameier [81]. The propagation velocity in circum-
ferential direction is obtained with uθ,RI = −45.47 m/s. This is the velocity of the background
translational mean flow set by the fluid dynamic configuration of the RI model.

10.2.2 Modal analysis

The spectral characteristics of the modelled fluid dynamic system are in accordance with the
signature of the RI, as reported in literature and as has been found for the results of the numer-
ical flow simulation. Furthermore, the special structure of the RI comb-structure in terms of
azimuthal modes is assessed. The same analysis methods have been applied to the pressure
fluctuations obtained from the model computation as were previously applied to the pressure
fluctuations from the numerical flow simulation. The resulting azimuthal mode spectra are
depicted in Figure 10.5.

As a characteristic of the RI, the ordering of the frequency peaks with ascending order of the
causing azimuthal mode was found from the flow computation. This ordering resulted in an
alignment of the peaks in a straight line passing through the origin of the azimuthal mode spec-
tral map. Due to the higher circumferential resolution of the pressure fluctuations, azimuthal
modes up to the order m = 40 have been evaluated, revealing the presence of the respective
interaction modes according to Tyler & Sofrin [179].

As can be seen from the azimuthal mode spectra evaluated from the pressure fluctuations
obtained from the RI model, a similar structure of the azimuthal mode spectra is obtained
compared with the results from the flow simulation incorporating the interaction modes as
well (cf. Figure 8.14).

As has been shown by Kameier [81] and Pardowitz et al. [130], and the comparison of the spec-
tral cross-correlation analysis of measured and calculated pressure fluctuations presented in
Figure 8.5, the Strouhal-scaling is applicable to the spectral characteristics of the RI.

10.3 Résumé of the RI model results

To summarise the results obtained from the RI modelling approach, the succesful implemen-
tation and application of a potential theory-based model for the flow configuration presumed
to cause the characteristic RI signature has been reported. The distinct features related to the
occurrence of the rotating instability in an annular compressor cascade have been solely due
to the vortex dynamics of the circumferential shear layer upstream of the vanes’ leading edges.
The causing vortex dynamics developed freely from the posed dynamic system representing
the flow configuration when RI occurs. The spectral cross-correlation characteristics of the ve-
locity fluctuations obtained are in accordance with those of the numerical flow simulation. Fur-
thermore, the resulting pressure fluctuations obtained from an acoustic representation of the
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Figure 10.5: Azimuthal mode spectra of pressure fluctuations upstream of the leading edges of the mod-
elled vanes’ geometry.

solid surface showed astonishing structural agreement with the results obtained from the nu-
merical flow simulation and characteristics observed from experiments. Even the interaction
modes observed within the flow computation data are incorporated in the potential theory-
based model. As found by the correlation of pressure fluctuations with flow features from the
numerical flow simulation, the movement of the potential point vortices can be regarded as
circumferentially travelling vorticity waves.
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11 Synthesised model conception

The results from the turbulence-resolving numerical simulations and the potential theory-
based model revealed that the characteristic spectral signature of the rotating instability is
generated by spatial pressure wave packets rotating at averaged constant speeds. To sum-
marise, the characteristic spectral signature of the RI is presumably caused by azimuthal vor-
ticity waves propagating in circumferential direction at a fraction of the rotational speed within
rotors and less than the maximum swirl flow velocity in stators, correspondingly. Due to the
geometrical condition of the circumferential periodicity, any occurring circumferential pres-
sure fluctuation or vorticity distribution can be represented by a series of azimuthal modes.
Thus, any arbitrary circumferential distribution propagating in circumferential direction will
cause the characteristic spectral patterns defining the RI to occur. Intermittent inception at
arbitrary circumferential locations or fluctuations in the propagation velocity of characteris-
tic features would cause the comb-structure to exhibit broadened peaks, as is observed in all
known literature investigating the RI. Sometimes, the peaks of the spectral comb-structure are
sharpened by excessive time-averaging of short-time spectral analyses. Kameier [82] reported
spending hours of measuring and time-averaging in order to obtain clear and smooth spectra,
e.g. presented in Kameier [81] and Kameier & Neise [83]. Here, the statistically most occurring
propagation velocities determine the peak frequencies and fluctuations of the propagation ve-
locities are omitted by the averaging procedure.

In the assumption of the simultaneous occurrence of a circumferential wave pattern propagat-
ing in circumferential direction, the excited frequencies are merely determined by the propa-
gation velocity, as stated by Equation 11.1.

f (m, Ω) = Ω m =
uθ

2π r
m (11.1)

This equation implies that the difference between the peaks of the comb-structure is constant,
which is controversially discussed in different publications. In Table 11.1, peak frequencies
excited by azimuthal modes spinning at different velocities are listed. Especially the frequen-
cies excited by the azimuthal modes spinning at a circumferential velocity of uθ = −44.40 m/s
agree with those determined from the experiment depicted in Figure 8.5. Thus, based on the
propagation velocity, the positions of the peaks in the spectra are presumed to by excited by
single azimuthal modes spinning synchronously as one wave packet.

Yet the question of which parameter determines the dominance of a specific azimuthal mode
remains unanswered. As a first hint, Beselt et al. [11] presented a variation of the clearance size
of the particular annular compressor cascade. Resulting from this investigation, the decreasing
order of the dominant azimuthal mode with increased incidence has been observed. Beselt et
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11 Synthesised model conception

Mode order Propagation velocity at the hub [m/s]

m −44.40 −21.40 237.05

1 82.17 39.60 438.69

2 164.34 79.21 877.39

3 246.51 118.81 1316.08

4 328.67 158.41 1754.78

5 410.84 198.02 2193.47

6 493.01 237.62 2632.16

7 575.18 277.23 3070.86

8 657.35 316.83 3509.55

9 739.52 356.43 3948.25

10 821.68 396.04 4386.94

11 903.85 435.64 4825.63

12 986.02 475.24 5264.33

13 1068.19 514.85 5703.02

14 1150.36 554.45 6141.72

15 1232.53 594.06 6580.41

16 1314.69 633.66 7019.10

17 1396.86 673.26 7457.80

18 1479.03 712.87 7896.49

19 1561.20 752.47 8335.18

20 1643.37 792.07 8773.88

Table 11.1: Frequencies excited by azimuthal modes spinning at different speeds at the hub. All fre-
quencies in Hz.

al. [13] reported for the variation of clearance size and incidence an increase in the axial extent
of the circumferentially spreading hub boundary layer separation with increasing inflow an-
gle. Thus, it is concluded that the dominant mode wavelength is determined by the size of the
coherent structures present in the circumferential shear layer of the endwall boundary layer
separation. The widening of the peaks in the spectra observed from the experimental investi-
gations is then presumed to be caused by fluctuations in the propagation speed of the vortical
structures. This is easily conceivable, since the non-linearity of the vorticity wave propagation
is obvious.

An explanation approach for the frequencies excited by the RI and the dominance of particular
azimuthal modes has been presented. However, parameters influencing the inception of RI
have not been presented yet. The impact of the clearance flow on the inception of RI has been
identified from the observation of the occurrence of RI even without clearance by Beselt et al.

[11], though the clearance flow has not been a necessary precondition for the appearance of
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the RI. Moreover, the clearance flow has been observed to provoke the inception of the RI,
due to the momentum of the clearance flow being directed towards the incoming hub endwall
boundary layer. A similar consideration has been proposed by Vo et al. [185]. Furthermore, a
study by Schulz [160] employing volume forces to separately model the effects of a stator vane
row on the flow revealed the axial pressure gradient to be most important in causing the RI to
occur.

The axial pressure gradient across a blade or vane row, i.e. the loading, has been identified as
a most relevant provoking parameter. The flow via an axial compressor stage is to be assessed
individually for both of the rows. Figure 11.1 shows an exemplary compressor stage to picture
the difference in radial loading of rotor and stator vane rows. Within this examination, the
inflow and outflow conditions of all rows are assumed to be optimal.

Rotor Stator
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∆pcas
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p2
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Axial main flow

Figure 11.1: Schematic radial pressure distribution upstream and downstream of each row of an axial
compressor stage.

Firstly, an axial compressor rotor is considered, as is depicted in Figure 11.1. Ideally, the in-
flow of the rotor does not exhibit any swirling flow component. Thus, the radial distribution
of static pressure is uniform, as sketched in the left-hand schematic radial pressure distribu-
tion. Downstream of the compressor rotor blades, the flow features swirl in the direction of
rotation of the rotor. As a result, the static pressure distribution compensates the centrifugal
forces acting on the swirling fluid as is schematically shown in the middle radial pressure dis-
tribution. Thus, the static pressure on the hub has to be lower then on the casing, although
the mean static pressure p2 increases over the rotor blade row. Conversely, the axial gradient
of the static pressure across the compressor rotor blade row at the casing is larger than at the
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11 Synthesised model conception

hub. Hence, irrespective of the blading, the aerodynamic loading of compressor rotor blades
at the casing is higher than at the hub. Furthermore, the stator is designed to increase the static
pressure whilst eliminating the swirling flow component. Ideally, the outflow of the stator is
purely axial, which results again in a radially uniform static pressure distribution, as depicted
in the right-hand radial pressure distribution of Figure 11.1. Thus, compressor stator vanes
exhibit higher loading at the hub than at the casing.

The previous consideration of radial load distribution of compressor rows revealed rotor and
stator specific locations, where the axial static pressure rise is a potential source of instability
phenomena. In fact, the pressure rise analysis supports the findings in the literature and de-
termines that the RI occurs at the casing in axial compressor rotors and on the hub in stators.
Nonetheless, there have been no theoretical criteria to predict the inception of RI in compres-
sors yet.

To summarise, from literature and the findings of the present work the phenomenon of ro-
tating instability is presumed to be characterised by an endwall boundary layer separation
generating waves of radial vorticity travelling in circumferential direction. Here, the excited
frequencies are determined by the circumferential propagation speed and the dominance of
single azimuthal mode orders is determined by the averaged scale of the coherent vortical
structures. The inception of the boundary layer separation is expected to be determined by a
balance of the axial momentum of the incoming endwall boundary layer and the axial pressure
gradient due to the blading. In the case of clearance, the axial momentum of the clearance flow
adds up to the impact of the axial pressure gradient.
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12 Summary and outlook

Within the present work, the phenomenon of rotating instability mainly known as compressor
instability has been investigated in an annular compressor cascade by means of a turbulence-
resolving numerical flow simulation. From the analysis of results, a hypothesis of the RI mech-
anism has been developed and subsequently proved by means of a vortex dynamics model
representing the flow configuration when RI occurs.

Initially, the fundamentals of compressors in axial turbomachines are introduced, followed by
the discussion of compressor instability phenomena including the RI. Subsequently, the annu-
lar compressor cascade test rig being operated at the Chair for Aeroengines of the Institute of
Aeronautics and Astronautics of the Technische Universität Berlin is elucidated. After the fluid
dynamic and analysis fundamentals have been delineated, the methodology of the turbulence
resolving flow simulation is depicted. The results of the numerical flow computation are firstly
validated for the occurrence of the RI. Subsequently, the effects of the flow phenomenon are
discussed by means of various datasets and methodologies. Resulting from the findings of the
time-consuming three-dimensional flow simulation of the full annular compressor cascade, a
hypothesis of the distinct mechanism of the RI has been formulated. Particularly, within the
numerical flow simulation, the propagation of vorticity waves in the region where the char-
acteristic RI signatures are originated has been observed. In particular, the statistical analysis
within a rotating frame of reference revealed the circumferential propagation of wave packets
as source of the characteristic pressure fluctuations.

Based on this hypothesis, a simplified model of the flow configuration has been implemented
and applied. The resulting dynamics of the posed system showed astonishing agreement
with the observations of the far more complex configuration within the test rig or the three-
dimensional flow simulation. Thus, the hypothesis of the RI mechanism has been proved by
modelling the fluid dynamics supposed to cause the characteristic spectral signature of the RI.

Resulting from the observations on the secondary flow phenomenon, an explanation approach
for the characteristic spectral signature has been formulated.

Essential findings

• The rotating instability has been reproduced by the numerical flow simulation using the
DDES methodology on a specially designed mesh. The occurrence of RI has been vali-
dated against measurement data and flow visualisations. In accordance with literature,
the region of origin of the characteristic pressure fluctuations has been located on the
hub endwall closely upstream of the vanes’ leading edges.
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• The characteristic modal signature of the RI has been observed within data of the pres-
sure fluctuations on the hub upstream of the vanes’ leading edges, in fluctuations of the
vane force components, in fluctuations of the passage inlet and outlet averaged quanti-
ties, and in velocity fluctuations upstream of the vanes’ leading edges. Due to the higher
circumferential resolution, even the interaction modes of the pressure fluctuations have
been obtained.

• A detailed spatio-temporal analysis of the pressure fluctuations within the RI source
region revealed the coexistence of different wave packets travelling in circumferential
direction at different speeds. Among these wave packets, acoustic pressure waves were
propagated towards the swirl flow.

• The pressure wave packets were caused by vorticity waves, where the radial vorticity
components dominated the flow dynamics within the RI source region. The correlation
of the circumferential pressure fluctuation gradient with the radial vorticity peaks and
the acoustic sound sources has been demonstrated. From this finding, the identification
of vorticity peaks from simultaneous circumferential pressure measurements is possible
using the time-resolved azimuthal mode decomposition.

• The derived hypothesis has been proved using a simplified flow model approach mod-
elling the acoustic emissions of the solid surface dipoles. The results from the model
exhibited all characteristic spectral properties typically employed to determine the oc-
currence of RI. Even the interaction modes presumed to exist within the test rig have
been reproduced from the dynamics of the posed flow configuration. Since a pressure-
induced endwall boundary layer separation is identified as cause of the RI, the term
“rotating instability” is affirmed against complaints from the compressor instability com-
munity.

• An explanation approach for the parameters influencing the inception of RI has been
presented. In particular, the axial pressure gradient is expected to play a major role in
the inception process of the RI.

Outlook

In the continuation of the research project, the hypothesis formulated within this work is to be
substantiated by basic experiments and numerical simulations of these configurations. This
targets the conceptual reproduction of the RI within a generic configuration. Substantial find-
ings from these experiments are expected to provide necessary experiences for modelling the
RI process. Finally, the research efforts of the research group strive for a prediction model
for the inception and the characteristic spectral signatures of the RI. Knowing the inception
mechanism of RI would make it possible to reduce the stall margin by utilising the RI as an
indicator for critical flow conditions within present and future turbomachinery compressors
by monitoring respective inception criteria.
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A Filtered Navier-Stokes equations

The Large Eddy Simulation equations (LES equations) are derived from the Navier-Stokes
equations employing a filtering operator. Hence, the resulting set of equations is called the
filtered Navier-Stokes equations (cf. Equations A.3 to A.5). The filtering operation can be
written as the application of a filtering kernel G to the instantaneous spatial distribution φ(x, t)

as depicted in Equation A.1.

φ̂(x, t) = G (φ(x, t)) (A.1)

Here, the instantaneous spatial distribution can be decomposed into filtered and subgrid-
structure parts (cf. Equation 6.2). For compressible flows, it has been proposed by Favré [37, 38]
that a density-weighted filtered distribution of the flow quantities be calculated, as given by
Equation A.2. This filtering procedure is motivated by a respective decomposition of the flow
field variable distribution.

φ̃ =
ρ̂φ

ρ̂
φ (x, t) = φ̃ (x, t) + φ̀ (x, t) (A.2)

According to Erlebacher et al. [36], inserting the decomposition of the flow field variable distri-
butions (cf. Equation 6.2) into the Navier-Stokes equations and applying the filter operation
yields the filtered Navier-Stokes equations, omitting volume forces.

∂ρ̂

∂t
+

∂ρ̂ũi

∂xi
= 0 (A.3)

∂ρ̂ũi

∂t
+

∂ρ̂ũi ũj

∂xj
= − ∂ p̂

∂xi
+

∂τ̂ij

∂xj
+

∂τ
sgs
ij

∂xj
(A.4)

∂ρ̂h̃

∂t
+

∂ρ̂h̃ũj

∂xj
=

∂ p̂

∂t
+

̂
ui

∂p

∂xi
+

∂

∂xi

̂
λT

∂T

∂xi
+ χ̂ij −

∂Q̂k

∂xk
(A.5)

Here the subgrid-scale tensor τ
sgs
ij is given by Equation A.6, the respective equation of state by

Equation A.7, and the subgrid-scale heat termes by Equation A.8.
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τ
sgs
ij = −ρ̂

[
˜̃ui ũj − ũi ũj + ˜̀ui ũj + ˜̃ui ùj + ˜̀ui ùj

]
(A.6)

p̂ = ρ̂ R T̃ (A.7)

Q̂k = cp ρ̂
[˜̃uk T̃ − ũk T̃ + ˜̀uk T̃ + ˜̃uk T̀ + ˜̀uk T̀

]
(A.8)

As in the RANS closure problem (cf. Section 6.8), the resulting subgrid-scale stress tensor τ
sgs
ij

cannot be obtained from the filtered flow field. Thus, modeling approaches have to be made
in order to model the tensor. A comprehensive disquisition on LES and respective models is
given by Fröhlich [44].
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B Reynolds-averaged Navier-Stokes equations

Similar to the derivation of the filtered Navier-Stokes equations (cf. Equations A.3 to A.5), the
Reynolds-averaged Navier-Stokes equations are based on the Reynolds decomposition of the
flow variables into time-independent mean-value and temporal fluctuation according to Equa-
tion 4.24. If unsteady flows are considered, the unsteady Reynolds decomposition given by
Equation 4.25 has to be employed. Here, the flow field is decomposed into the known fluc-
tuations, whereas the mean flow field variable distribution is replaced by {φ}(x, t) describing
the ensemble-averaged fluctuations. As for the derivation procedure of the filtered Navier-
Stokes equations, the unsteady Reynolds decomposition is inserted into the Navier-Stokes
equations, replacing each variable by its respective decomposition. Similarly, a Favré-average
is applied. Subsequently, the latter equations are Favré-ensemble-averaged, yielding the un-
steady Reynolds-averaged Navier-Stokes (URANS) equations. In the following, the Favré-
ensemble-averaged flow quantities are denoted by 〈φ〉, the ensemble-averaged part by {φ},
and the fluctuation part by φ′′.

〈φ〉 = {ρφ}
{ρ} φ(x, t) = 〈φ〉(x, t) + φ′′(x, t) (B.1)

Then, according to Adumitroaie et al. [1], the URANS equations are given by Equations B.2 to
B.4.

∂{ρ}
∂t

+
∂{ρ}〈ui〉

∂xi
= 0 (B.2)
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+
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(B.4)

As in Equations A.6 to A.8, the turbulent stresses < ρu′′
i u′′

j > and heat terms {Q}k have to be
modelled, since the quantities cannot be retrieved from the flow field variables. This lemma
is typically referred to as “RANS closure problem”. For a brief overview of RANS turbulence
models tackling the challenge of constituting the turbulent stresses, refer to Chapter 6.8.
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