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Abstract

In this thesis we discuss and extend the theory of shearlet systems. These systems were
introduced in [LLKW05, GKL06] and have found a multitude of applications in signal-
and image processing and related fields since then.

The results of this thesis are split into two different but connected parts. In the first
part we present a construction of a novel shearlet system on a bounded domain. This
system can be used to construct adaptive discretizations of partial differential equations.
The second aspect of this thesis is to analyze the shearlet transform and its ability to
detect and classify edges in images.

To employ shearlet systems for the discretization of partial differential equations, as in
the works [CDD01, Ste03, DFR07], a number of properties must be fulfilled by the shearlet
system. Among others, one necessity is that the shearlet system constitutes a frame for
L2(Ω), where Ω ⊂ R2 is a bounded domain. Furthermore, the system needs to be able to
characterize Sobolev spaces in a suitable way. This requirement is, for example, fulfilled
if the system constitutes a so-called Gelfand frame. We show that a novel construction,
termed boundary shearlet system, satisfies all those requirements. We prove the Gelfand
frame property partly analytically and partly numerically. Additionally, we show that
boundary shearlet systems can characterize Sobolev norms by weighted ℓ2-norms. Lastly,
we also demonstrate that boundary shearlet systems yield almost optimal approximation
rates for functions which are smooth except for a curvilinear singularity.

Along the way we find new improved approximation rates by shearlets on L2(R2) for
functions whose first- or higher-order derivatives are cartoon-like functions. Furthermore,
we will see from numerical experiments that boundary shearlet systems are, indeed,
capable and very well suited for the discretization of elliptic partial differential equations
and they lead to adaptive algorithms admitting optimal convergence rates.

In the second part of this thesis we study the analysis of singularities by the shearlet
transform. We describe the asymptotic behavior of the shearlet transform and provide
a possibility to make a classification of different types of singularities based on that
behavior. This procedure is based on the works [GL09], [GLL09], and [GL12], where a
similar classification method was proposed for a band-limited shearlet generator. We
extend these results for compactly supported shearlet systems in this thesis. Moreover,
we observe that in many cases the use of compactly supported shearlets systems leads to
improved results.

These improvements include the existence of uniform estimates for the asymptotic
behavior of the shearlet transform. Furthermore, we obtain stronger separation of the
decay rates of the shearlet transform, leading to clearer classification of different types
of singularities. In addition, we accurately describe the influence of the curvature of a
singularity curve on the asymptotic behavior of the shearlet transform.
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Zusammenfassung
Die vorliegende Arbeit untersucht und erweitert die Theorie der Shearletsysteme. Diese
Systeme, eingeführt in [LLKW05, GKL06], wurden seit ihrer Einführung in einer Vielzahl
von Anwendungen in der Signal- und Bildverarbeitung und weiteren verwandten Gebieten
eingesetzt

Die Resultate dieser Arbeit lassen sich zwei Bereichen zuordnen. Der erste Bereich
beschäftigt sich mit der Konstruktion eines neuartigen Shearletsystems auf einem be-
schränkten Gebiet, das zur Lösung partieller Differentialgleichungen verwendet werden
kann. Der zweite Bereich untersucht das Verhalten der Shearlettransformation und die
Möglichkeit damit Kanten eines Bildes zu erkennen und zu klassifizieren.

Um Shearletsysteme für die Diskretisierung von partiellen Differentialgleichungen im
Sinne der Arbeiten [CDD01, Ste03, DFR07] verwenden zu können, müssen eine Reihe von
Bedingungen erfüllt sein. Unter anderem ist es notwendig, dass, wenn ein beschränktes
Gebiet Ω ⊂ R2 gegeben ist, die Systeme in der Lage sind, Frames für L2(Ω) zu bilden und
Sobolevräume auf Ω in einer geeigneten Form zu beschreiben. Diese Eigenschaft ist erfüllt,
wenn das zugrunde liegende System einen sogenannten Gelfandframe bildet. Wir werden
zeigen, dass eine neue Konstruktion eines Shearletsystems auf einem beschränkten Gebiet,
welche wir boundary Shearletsystem nennen werden, alle oben genannten Eigenschaften
erfüllt. Die Gelfandframeeigenschaft weisen wir teils analytisch und teils numerisch nach.
Darüber hinaus werden wir auch beweisen, dass boundary Shearletsysteme, Sobolevräume
anhand ihrer Analysiskoeffizienten beschreiben. Des Weiteren wird gezeigt, dass boundary
Shearletsysteme optimale Approximationsraten für Funktionen, die abgesehen von einer
kurvenförmigen Singularität glatt sind, aufweisen.

Auf dem Weg zu diesen Resultaten beweisen wir neue, verbesserte Approximati-
onsraten durch Shearlets auf L2(R2) für Funktionen, deren Ableitungen kurvenförmige
Singularitäten aufweisen. Außerdem werden wir anhand einer numerischen Analyse se-
hen, dass boundary Shearletsysteme in der Tat geeignet sind, um elliptische partielle
Differentialgleichungen mittels adaptiver numerischer Algorithmen zu lösen, sodass die
numerischen Prozeduren optimale Konvergenzraten aufweisen.

Im zweiten Teil dieser Arbeit beschäftigen wir uns mit der Analyse von Singularitäten
anhand der Shearlettransformation. Dieser Teil der Arbeit beschreibt das asymptotische
Verhalten der Shearlettransformation und die Möglichkeit, anhand dieses Verhaltens
eine Klassifizierung von Kurvensingularitäten vorzunehmen. Diese Analyse basiert auf
den Arbeiten [GL09], [GLL09], und [GL12]. Dort wurde die Klassifizierung anhand eines
bandbeschränkten Shearlets vorgenommen. Die Resultate dieser Arbeiten werden für
Shearlets mit kompaktem Träger erweitert. Die neuen Resultate belegen, dass in vielen
Fällen eine Analyse mithilfe von Shearlets mit kompaktem Träger bessere Ergebnisse
liefert als die klassischen Resultate.

Die Verbesserungen beinhalten den Nachweis gleichmäßiger Abfallraten der Shear-
lettransformation, eine bessere Unterscheidbarkeit der Abfallraten unterschiedlich zu
klassifizierender Singularitätskurven, sowie eine genaue Beschreibung des Einflusses der
Krümmung einer Singularitätskurve auf das asymptotische Verhalten der Shearlettrans-
formation.
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Chapter 1

Introduction

In this thesis we will study shearlet systems as a tool for discretization and analysis in
numerical applications. The focus will be on two aspects of these systems. First, we will
study the applicability of shearlet systems for the discretization and adaptive solution of
partial differential equations. Secondly, we will analyze how shearlet systems can detect
and classify geometrical structures in functions. Both topics are closely interrelated and
we will observe multiple instances of mutual benefit.

Shearlet systems are a special case of so-called representation systems, which provide
the following form of discretization. Assume that we are given a Hilbert space H - usually
a function space - then a representation system (ϕn)n∈N ⊂ H allows to represent a function
f ∈ H as a sum

f =
∑
n∈N

cn(f)ϕn. (1.1)

In this way, we replace the not necessarily discrete object f with a sequence cn(f),
thereby discretizing it. The reasons for such a discretization are not only to make
problems applicable for numerical algorithms, but also to analyze functions or to apply a
classification. These are precisely the applications that we will study in the context of
the shearlet transform.

The contribution of this thesis will be motivated in the upcoming sections. These
sections are kept on a very general level while the subsequent introductory chapters ,
Chapter 2 and Chapter 3, will give more thorough introductions to the specific contents.

In Section 1.1 we will describe what we expect from a good discretization. It will turn
out that shearlet systems perfectly suit our requirements. In this thesis we provide the
theoretical foundation for fast approximation of functions that appear frequently in PDE
applications by shearlets. Section 1.3 stresses the necessity to introduce a new shearlet
system on bounded domains which is one of the main contributions made in this work.
Furthermore, we will argue in Section 1.2 that this system can be employed to discretize
partial differential equations. This discretization and in particular the numerical solution
of PDEs by shearlets will make for another cornerstone of this thesis.

One question of particular importance for the design of optimal adaptive solvers for
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the numerical solution of PDEs is how the shearlet discretization interacts with prominent
structures of the solution, such as discontinuities. This can be studied by examining the
notion of the shearlet transform. While the construction of adaptive solvers is one of the
motives for this study, the analysis of singularities via the shearlet transform is certainly
also of interest. In Section 1.4 we will expand on the question of classification and the
correct identification of singularities. The description of the analysis and classification
properties of singularities by compactly supported shearlets is the final main contribution
of this thesis.

1.1 Effective discretizations

Discretization is usually a necessary first step before numerical or further analytical
methods can be applied. In addition, since it determines the effectiveness of the numerical
algorithm, discretization should also be made with great caution.

Figure 1.1: Photographs of human-made objects
usually exhibit jumps in color value along curves.

In fact, for many applications there
are suitable and unsuitable discretiza-
tions and we will see examples of this
in the sequel. In Chapter 2 we will
describe different discretizations based
on representation systems. Among
those are the complex exponentials
known from the Fourier transform, as
well as wavelets and shearlets. For a
deeper introduction of these systems
the reader needs to exercise patience
until Chapter 2, since we only give an
overview at this point.

It is a well known fact that the
Fourier transform is subject to an un-
certainty principle, [FS97]. Essentially,
this states that a function cannot be
well localized in spatial and in frequency domain. Thus, we can conclude that using
few complex exponentials it is impossible to approximate functions with strong spatial
localization well. Another related problem of a discretization with complex exponen-
tials is demonstrated by the Gibbs phenomenon, [Gib98]. In this case functions exhibit
artifacts in the neighborhood of discontinuities after truncation of their Fourier series.
Hence, we see that in these scenarios complex exponentials are an unsuitable system for
discretization.

A remedy for this problem is provided by wavelets. This function system is formed by
dilating and translating a generator function. We will give a thorough introduction into
the theory of wavelets in Section 2.2. Due to the dilation involved in the construction of a
wavelet system there exist wavelet functions on multiple scales, ranging from spatially very
local to very stretched out functions. This is usually termed a multilevel structure. Due to
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this multilevel structure wavelet systems can encompass fine spatial details corresponding
to high frequencies, and coarse components corresponding to low frequencies, even if only
few wavelet functions are used. Hence, they overcome the limitations that we faced when
using Fourier series.

Of course wavelet systems also have their deficiencies. For instance, as we will see
in more detail in Section 2.4, wavelet systems admit sub-optimal approximation rates
for a large class of functions. In particular, such unsatisfactory approximation rates
appear for functions which contain curvilinear discontinuities. Furthermore, it turns out
that curvilinear structures are ubiquitous in natural images, for instance, when multiple
objects are present and overlap each other or in many human-made objects. Figure 1.1
shows an example, which highlights the aforementioned properties of natural images. In
any case, it was soon observed that the weakness of wavelet systems is grounded in its
lack of directional sensitivity.

Starting with this insight, directional systems were introduced. These systems are
based on an anisotropic way of dilating the elements of the representation systems paired
with a procedure to change their orientation. Among these systems were ridgelets [Can98]
and curvelets, [CD00, CD04]. The former yields optimal approximation rates for functions
with linear singularities in terms of best N -term approximations, the latter provides
optimal approximation rates for a class of functions with curvilinear singularities, so-
called cartoon-like functions, also in terms of best N -term approximations. In these cases,
wavelets achieve suboptimal approximation results. More detail on these representation
systems will be presented in Subsection 2.4.1. Yet another system, and the one we
will focus on in this thesis, is that of shearlets, which was originally introduced in
[LLKW05, GKL06]. We will thoroughly introduce this system in Section 2.4 and also
explain what its advantages are over the curvelet system, as soon as we know its specific
construction. We would like to mention at this point that all the directional systems
mentioned in this paragraph are elements of the class of so-called α-molecules, [GKKS13].

For the shearlet discretization one can show that it yields optimal approximation rates
in terms of best N -term approximations for cartoon-like functions in the same way that
curvelets do. We will describe these approximation properties in Section 2.4 and even
provide an extension to analyze more general functions. In particular, we will observe
that shearlets yield superior approximation rates to wavelets also for functions which
have a cartoon-like derivative. We anticipate the application discussed in the next section
when we say that such functions occur in the discretization of PDEs. The results we just
described have been published in:

Philipp Petersen, Shearlet approximation of functions with discontinuous derivatives,
J. Approx. Theory, in Press.

So far we have assessed the quality of a discretization merely by approximation prop-
erties. Of course there are additional desirable properties that should be considered.
Good discretizations retain some properties of the continuous functions, which allow for
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classification. One of the most important instances of such a characterization appears
when studying the smoothness of functions.

It is a well known fact that smoothness properties of a function are related to decay
properties of its Fourier transform. Similar results have been established for wavelets.
We will discuss a characterization of Sobolev spaces by wavelets in Section 2.3, which
shows that membership in a Sobolev space can be characterized by certain summability
properties of the wavelet coefficients, i.e., the cn(f) of (1.1). Also more refined notions
of smoothness in the scale of Besov regularity can be described by wavelet coefficients.
We will see such a description of Besov regularity in Subsection 3.2.1. In addition, we
mention classification in terms of Hölder smoothness, which will not be a topic in this
thesis. The interested reader is referred to [Mal08].

Of course we are equally interested in such classification with shearlet systems. In
Subsection 2.4.1.3 we recall some known results, which demonstrate how to analyze
smoothness spaces by shearlet systems. On top of that, we will provide the to our
knowledge first precise classification of Sobolev spaces by shearlet systems in Theorem
2.4.8. We will also extend these results to a new shearlet construction and characterize
Sobolev smoothness from the shearlet discretization on bounded domains.

1.2 Discretizations of partial differential equations

The selection of the correct discretization method is a very prominent problem in the field
of numerical approximation of partial differential equations. A standard approach with
tremendous variations on the theme is the Finite Element Method, see e.g. [SF73]. We
cite from the report of a recent meeting in Oberwolfach on the Topic "New Discretization
Methods for the Numerical Approximation of PDEs" in 2015, [DKSS15]:

"Contemplating scientific challenges that have arisen in recent years, it is
possible to identify problem classes for which the performance of existing
numerical techniques (and finite element methods in particular) is not entirely
satisfactory. These include PDEs whose solutions develop singularities along
lower-dimensional manifolds."

From this quote we infer that, especially in the cases where the solution exhibits singu-
larities, the problem of finding new discretizations other than finite elements is not only
very relevant but also highly topical. This problem has received a lot of attention as we
will see in more detail later in the manuscript, particularly in Chapter 3. For the time
being we recite another quote from [DKSS15]:

"Recently, several original and conceptionally novel ideas have been proposed
whose potentials and scope of applicability are still being investigated. Among
those are (adaptive) numerical schemes based on anisotropic ansatz functions,
mixed dictionaries/frames or tensor wavelets."

We will show that the shearlet systems we use in this thesis perfectly match these ideas.
The adaptivity comes from a new paradigm of adaptive solutions of differential equations
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which was introduced in [CDD01] and further developed in [Ste03] and [DFR07] and will
be recalled in Chapter 3. The anisotropy is supplied by the shearlet frame, which we will
combine with a wavelet basis to yield a mixed dictionary.

We will give a thorough introduction into adaptive methods in Chapter 3. Furthermore,
we will give an overview about problem cases, in which the solutions develop singularities
along lower dimensional manifolds in Section 3.3. In these cases the shearlet discretization
yields superior approximation rates over a wavelet or finite element discretization. Such
problem cases include elliptic PDEs with cartoon-like right-hand sides such that the
solution of the PDE has cartoon-like derivatives, transport equations where curvilinear
singularities can occur in the solution, and the simulation of fracture evolutions in which
a fracture is modeled as a jump of a function. We will give numerical examples of such
adaptive schemes in Section 4.3.

1.3 Restrictions to bounded domains

In many interesting applications, for instance, discretization of PDEs as mentioned in the
previous section or discretization of images, the data under consideration is defined on a
bounded domain.

Shearlet systems are constructed from a single generator function by taking translations,
dilations, and shearings of this function. This beautifully simple construction, however,
permits a straightforward definition of such a system on a bounded domain. This problem
is of course shared by all systems that are based on translations of a single generating
function, as, for instance, wavelets.

Indeed, the transition from the real line or plane towards a bounded domain was a
challenging problem already for wavelet systems. For an overview on different attempts
we refer to [CDV93] and the references in Subsection 2.3.3. We would like to mention
one particular approach at this point, which is also provided in [CDV93]. In that work
special boundary-adapted elements of the wavelet system are used close to the boundary
in such a way that one obtains a system on a bounded domain, which still has all desirable
features of its global counterpart.

Unfortunately, the construction of the boundary-adapted system crucially depends on
the multiresolution structure of wavelet bases, and shearlet systems do not possess such
a structure. In fact, due to the different orientation of shearlet elements, the boundary
adaptation would have to be different for each different angle of intersection between the
shearlet elements and the boundary if one tried to follow the path of wavelet constructions.

Clearly, a different path has to be taken. One of the main contributions made
by this thesis and the paper [GKMP15] is the introduction of a shearlet system on a
bounded domain, which is based on a hybrid construction, mixing a shearlet system with
a boundary-adapted wavelet bases. The results that will be discussed have been published
in:
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Philipp Grohs, Gitta Kutyniok, Jackie Ma, Philipp Petersen, Anisotropic Multiscale
Systems on Bounded Domains, arXiv:1510.04538v1, (2015).

On a bounded domain several properties are of interest. In particular, the approximation
properties of shearlets should certainly be maintained when passing to bounded domains.
Also, in order to have stable numerical algorithms, it is important that the system remains
a frame. Furthermore, in view of PDE applications it is necessary that these systems are
able to describe or analyze the smoothness of underlying functions. In particular, these
systems shall be Gelfand frames, a property that will be explained in detail in Section 2.1.
In addition, it must be possible to handle boundary data in order to discretize function
spaces that are relevant for PDE applications. We will see that all of these requirements
can be fulfilled with the system that will be introduced in this thesis and in [GKMP15].
Let us mention that while staying close to the results of [GKMP15], we will provide
slightly more general results by allowing general biorthogonal wavelet bases instead of
orthogonal bases in this thesis. We will introduce the necessary wavelet and shearlet
constructions in Sections 2.2 and 2.4. We will then give a hybrid construction on bounded
domains in Section 2.5. The properties that were promised above are verified in Section
4.2.

1.4 Understanding the geometry

At the very heart of the shearlet discretization lies the fact that shearlets, compared with
non-directional dictionaries, treat curvilinear singularities particularly well. One should
be curious to fully understand and describe this behavior. In particular, considering the
discretizations of PDEs described above and the possible adaptive numerical schemes
associated to these discretizations, strong refinement is usually expected at positions
associated with singularities. To obtain efficient adaptive procedures it is crucial to have a
good understanding of the behavior of shearlet coefficients associated with such curvilinear
singularities.

However, the analysis of singularities is interesting in its own right. When studying
how the shearlet transform behaves at different locations of a function, one realizes that
large coefficients correspond to singularities, for instance, jump discontinuities of the
function. By means of this procedure it is possible to detect singularities. Edge detection
was identified as one of the core problems in imaging science in [CS05]. In particular,
extracting information about the jumps in a 2D image can provide information on shapes
of objects and also on the 3D spatial order, [NMS93].

Returning to the framework of the shearlet transform we would like to mention that
in [KL09] for a special shearlet system it was shown that shearlets are able to detect
the wavefront set of a distribution in 2D. This was later extended in [Gro11a] to more
general shearlet systems. We will discuss these results in more detail in Subsection 2.4.2.2.
Additionally, we will provide an extension to 3D in this work in Subsection 5.2.1. These
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results do not only provide the basis for the detection of singularities. They also allow to
infer information about the orientation of these singularities, which is only made possible
by the directionality of the system.

The next step following the detection of singularities is to classify them. In [GL09],
[GLL09], and [GL12], a characteristic function of bounded domains D with piecewise
smooth boundary ∂D is used as an image model. In this way, the characteristic function
χD admits a jump singularity along the boundary, ∂D, of D. This model is considered
in 2D and in 3D. The authors of [GL09], [GLL09], and [GL12] prove that the shearlet
transformation of χD reveals complete information about the location of ∂D, its normal
direction, and those points, where ∂D is not smooth.

Along these lines we will present similar analysis and classification results. Our
results on the classification and analysis, which will be presented in Chapter 5, have been
published in [KP15]:

Gitta Kutyniok, Philipp Petersen, Classification of Edges Using Compactly Supported
Shearlets, Appl. Comput. Harmon. Anal., in Press.

In that chapter we will extend the results of [GL09], [GLL09], and [GL12], which were given
for band-limited generators, to compactly supported shearlet elements. The extension is
needed, first of all, since compactly supported shearlets are necessary in the construction
of shearlets on bounded domains, as described in the previous sections. Second of all,
it is needed since compactly supported shearlets yield additional localization, which
will provide an improvement for the classification method. We will achieve multiple
improvements using compactly supported elements, which we will describe now. However,
it is clear that at this point we have to stay quite vague since the necessary terminology
and notions have not yet been introduced in detail. We will observe that the results
of [GL09], [GLL09], and [GL12] can be improved to the effect that we can distinguish
between more different geometrical structures and we achieve uniformity in the estimates
in the sense of (5.1) in Theorem 5.1.9 and Theorem 5.2.7. In 3D we will additionally
increase the class of functions that may be analyzed on the basis of this method, Theorem
5.2.7, compared to the results in [GL12]. Furthermore, we can study additional geometric
properties of the singularities, in particular, the curvature. We will describe the connection
between the curvature and the behavior of the shearlet transform in Section 5.3. Finally,
we will also show that the results for compactly supported shearlets are optimal, Theorem
5.4.3 and Theorem 5.4.4, in a way that will be specified in that subsection.

1.5 Organization of the thesis

The remainder of this thesis is structured into an introductory part, which contains
Chapters 2 and 3, and a part describing the novel results. The second part consists of
Chapters 4 and 5.
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More specifically, Chapter 2 introduces representation systems and in particular frames,
wavelets, and shearlets. In that chapter we also provide all necessary properties of these
systems that will be crucial later on. In addition to the presentation of the classical
material, Chapter 2 already contains two novelties: the construction of a shearlet system
on a bounded domain in Section 2.5 and the characterization of Sobolev spaces with
Theorem 2.4.8.

Chapter 3 discusses a particular application of representation systems to solve partial
differential equations. This approach provides the motivation for the new results in the
subsequent chapters and the necessary theoretical background.

In Chapter 4 we point out results for shearlet systems under the common theme of
applicability for the adaptive frame methods from Chapter 3, even though the results
of Chapter 4 are also of importance in their own right and have applications in many
additional areas of research. In particular, we describe the approximation rates of shearlet
systems for functions with cartoon-like derivatives in Section 4.1, we analyze the properties
of boundary shearlet systems in Section 4.2 and we numerically explore the feasibility of
this system with respect to the solution of PDEs in Section 4.3. In Chapter 4 we work
with discrete shearlet systems.

In Chapter 5 the continuous shearlet transform is analyzed. We examine the behavior
of the shearlet transform and its interaction with singularities in 2D and 3D in Sections 5.1
and 5.2.2 respectively. In Section 5.3 we analyze the correlation of the shearlet transform
with the curvature of a singularity before we examine the uniqueness of the decay rates
in Section 5.4.

We will conclude the thesis and identify future challenges in Chapter 6. Some technical
proofs which would otherwise interrupt the readability are postponed to Appendix A. A
list and references to definitions of frequently used notation are provided in Appendix B.
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Chapter 2

Representation systems

The main idea of using a representation system, to be defined below, is to store, ana-
lyze, and manipulate data. Broadly speaking, representation means that we have the
possibility to transform the data into a potentially more accessible structure and are able
to reconstruct the data from this structure. More precisely, we can make the following
definition: For a Banach space B with dual B′ a representation system consists of a
dictionary Φ = (φλ)λ∈Λ ⊂ B′ and a linear analysis operator TΦ : B → KΛ, where KΛ

denotes the set of all maps from Λ → K and

TΦ(f) := (λ ↦→ (φλ(f))λ∈Λ). (2.1)

We further assume that TΦ is injective. If B = H is a Hilbert space we avoid the
explicit notion of the Riesz map and say that (φλ)λ∈Λ ⊂ H is a representation system
if (⟨·, φλ⟩)λ∈Λ ⊂ H′ is a representation system. Next, we provide some examples of well
known representation systems:

Example 2.0.1 (Orthonormal Basis). Let B = H be a separable Hilbert space. Then,
there exists an orthonormal basis (φn)n∈N ⊂ H ∼= H′ and we have that

TΦ(f) = (⟨f, φn⟩H)n∈N ∈ ℓ2.

Furthermore, the Parseval identity holds:

f =
∑
n∈N

⟨f, φn⟩H φn, for all f ∈ H. (2.2)

Hence (φn)n∈N is a representation system.

Example 2.0.2 (Riesz Basis). Let B = H be a separable Hilbert space. A representation
system (φn)n∈N ⊂ H, such that for 0 < A,B <∞ and for every (cn)n∈N ∈ ℓ2 we have

A∥c∥2ℓ2 ≤ ∥
∑
n∈N

cnφn∥2H ≤ B∥c∥2ℓ2 , (2.3)

is called a Riesz basis.
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Example 2.0.3 (Fourier transform). Let n ∈ N and B = L1(Rn), Λ = Rn, we define

TΦ(f) : = f̂ , where f̂(ξ) :=

∫
Rn

f(x)e−2πixξdx, for ξ ∈ Rn.

With

φλ : B → C, φλ(g) :=

∫
R
g(x)e−2πixλdx

we have that φλ ∈ B′. This analysis operator is known as the Fourier transform. If
f, f̂ ∈ L1(Rn), there exists an inverse Fourier transform, see for instance [Rud73]. In
particular, this shows that the Fourier transform is injective on all of L1(Rn). It is well
known that the Fourier transform extends to a transform on L2(Rn) for which we will use
the same notation as on L1(Rn). Additionally, one has the Parseval identity

⟨f, g⟩L2(Rn) = ⟨f̂ , ĝ⟩L2(Rn), for all f, g ∈ L2(Rn).

In the sequel we are often interested in comparing different representation systems.
One particular way of assessing some quality to a representation system is by analyzing
its approximation properties. By good approximation properties we mean that we want to
achieve a good representation of a given function with as few elements of a representation
system as possible. For a normed space X , and an arbitrary dictionary (φλ)λ∈Λ ⊂ X the
quality of such a representation or approximation is often measured by considering the
best N -term approximation error :

σN (u) := inf
Λ⊂N,|Λ|=N,
ũN=

∑
λ∈Λ

cλφλ

∥u− ũN∥2X , for u ∈ X . (2.4)

If for some class of functions Θ ⊆ X one has σN (u) = O(g(N)) for N → ∞ for all u ∈ Θ
and some function g, we will call g a best N -term approximation rate for Θ.

The upcoming sections are devoted to the introduction of some specific representation
systems of which we will make use in the following chapters. In addition to a short
introduction to these representation systems we also recall all the necessary mathematical
tools associated with them, which are required in the Chapters 4 and 5.

We start by introducing frames (Section 2.1) and then continue by recalling wavelets
(Sections 2.2), wavelets on bounded domains (Section 2.3), and shearlets (Section 2.4).
We conclude the section by introducing new systems, which are shearlets on bounded
domains in Section 2.5.

2.1 Frames

Frames are representation systems (φλ)λ∈Λ = Φ, where the analysis operator TΦ is
bounded from above and below as a map from H into ℓ2(Λ), i.e., there exist constants
0 < A ≤ B <∞ such that

A∥f∥2H ≤
∑
λ∈Λ

|⟨f, φλ⟩H|2 ≤ B∥f∥2H, for all f ∈ H. (2.5)
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If only the second inequality of (2.5) holds the system is called a Bessel sequence. The
constants A,B are called frame bounds and we call the frame tight if A = B is possible. If,
furthermore, A = B = 1 is possible, then the frame is called a Parseval frame. Historically
these systems were introduced in [DS52] to study expansions of functions in L2([0, 1])
by complex exponentials φn(·) = e2πiλn· and λn ̸∈ N. We recall some basic facts about
frames from [Chr03]. First of all, the adjoint of the analysis operator is given by

T ∗
Φ : ℓ2(Λ) → H, T ∗

Φ(c) =
∑
λ∈Λ

cλφλ.

T ∗
Φ is called synthesis operator. Furthermore, one defines the frame operator S by

S(f) := T ∗
ΦTΦ(f) =

∑
λ∈Λ

⟨f, φλ⟩φλ, for all f ∈ H.

The frame operator is a boundedly invertible and selfadjoint operator due to the frame
property (2.5). The canonical dual frame of (φλ)λ∈Λ defined as (φdλ)λ∈Λ, where φdλ =
S−1φλ, constitutes a frame as well. With the canonical dual frame we obtain the
reconstruction formula

f =
∑
λ∈Λ

⟨f, φdλ⟩H φλ =
∑
λ∈Λ

⟨f, φλ⟩Hφdλ.

If the frame is a Parseval frame, the frame operator is the identity and the canonical dual
coincides with the frame, and we observe that this implies that the frame satisfies the
Parseval identity (2.2), which is the reason for the name "Parseval frame".

Every Riesz basis satisfying (2.3) is a frame with frame bounds A,B, [Chr03].

2.1.1 Gelfand frames

A special case of frames is represented by so-called Gelfand frames, which play an
important role in the discretization and adaptive solution of partial differential equations.
Assume we have a Gelfand triple (B,H,B′) and an associated Gelfand triple of sequence
spaces (Bd, ℓ2, B′

d). Then a Gelfand frame is a frame Φ = (φλ)λ∈Λ for H such that φλ ∈ B
with canonical dual frame Φd = (φdλ)λ∈Λ and

(i) T ∗
Φ is bounded as an operator from Bd to B.

(ii) TΦd is bounded as an operator from B to Bd.

We will see examples of Gelfand frames in Section 2.3 for the most relevant case in practice,
where the Gelfand triple is given by (Hs(Ω), L2(Ω), H

−s(Ω)). Another example will be
provided in Section 2.5. For the system of Section 2.5 we proof Property (i) analytically,
and Property (ii) numerically.
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2.1.2 Continuous frames

As a last variation on the theme we want to address continuous frames, where the index
set Λ is not discrete. Continuous frames were introduced in [AAG93] in slightly more
generality than we will need. In [FR05] the following definition was given: Let Λ be
a locally compact Hausdorff space equipped with some positive Radon measure on σ
with supp σ = Λ, then a representation system Φ = (φλ)λ∈Λ ⊂ H is a continuous frame
if TΦ is bounded from above and below as a map from H → L2(Λ, σ).

If H = L2(Rn), n ∈ N, then one can define the frame operator S : L2(Rn) → L2(Rn)
by Sf :=

∫
Λ ⟨f, ψλ⟩ψλdσ(λ). It follows by the considerations in [FR05] that S is bounded,

positive, and invertible. In fact (ψdλ)λ∈Λ := (S−1ψλ)λ∈Λ is again a continuous frame, the
so-called canonical dual frame. Furthermore, if (ψλ)λ∈Λ is a tight frame with constant C,
then S = 1/C · Id, where Id denotes the identity map on H. Finally, one can derive the
reconstruction formula

f =

∫
Λ
⟨f, ψλ⟩ψdλdσ(λ), for all f ∈ L2(Rn).

2.2 Wavelets

The theory of wavelets is enormous; hence, this introduction will be nowhere near
exhaustive but will focus exclusively on the parts of wavelet theory which we will need in
the sequel. In particular, we will only talk about discrete wavelet bases and not discuss
redundant wavelet frames or continuous wavelet transforms.

The term wavelet describes a small wave, which roughly means a function that has
good time- and frequency localization properties. A wavelet system is constructed as
follows: Let ω1 ∈ L2(R), then the corresponding wavelet system is defined as the set of
all translated and dyadically rescaled versions of ω1, i.e.,

{ω1
j,m := 2j/2ω1(2j(· −m)) : j ∈ Z,m ∈ 2−jZ}. (2.6)

Remark 2.2.1. In some references a different notation than (2.6) is used, i.e., ω1
j,m :=

2j/2ω1(2j · −m) with m ∈ Z. This is convenient on the one hand, since m can be chosen
from the integers. On the other hand the parameter m in (2.6) corresponds directly to the
position of the wavelet, which better suits the applications we have in mind in this thesis.

The first construction of such sort is due to Haar, [Haa10], albeit not yet using
the name wavelet, where ω1 is chosen as ω1 = χ[1/2,1] − χ[0,1/2]. Here χD denotes the
characteristic function of a set D. In fact with this construction the wavelet system
constitutes an orthonormal basis on L2(R). The name wavelet has been coined later, in
[Mor83] and [MAFG82]. The corresponding analysis operator, called wavelet transform,
has been studied first in [GMP85].

In order to construct additional wavelets systems that yield orthonormal bases for
L2(R) the method of multiresolution analysis (MRA) was introduced in [Mal89] and
[Mey89]. An MRA is a sequence of closed subspaces (Vj)j∈Z of L2(R) such that:
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1. Vj ⊆ Vj+1 for all j ∈ Z.

2.
⋂
j∈Z Vj = {0} and

⋃
j∈Z Vj = L2(R).

3. f ∈ Vj if and only if f(2·) ∈ Vj+1.

4. There exists a ϕ1 ∈ V0 such that {ϕ1(· −m), m ∈ Z} is an orthonormal basis for
V0.

The function ϕ1 of (4) is called scaling function. The spaces Vj are customarily called
scaling spaces and the spaces Wj := Vj+1 ⊖ Vj are called wavelet spaces. A direct
consequence of this construction and the 2. property of an MRA is that

⨁
j∈ZWj is

dense in L2(R). Using Property 3 of the MRA we conclude that if one finds a function
ω1 ∈ W0 such that {ω0,m : m ∈ Z} is an orthonormal basis for W0, then the wavelet
system corresponding to ω1 is an orthonormal basis of L2(R).

Given an MRA with scaling function ϕ1 one can construct the wavelet function
by the following procedure: First of all, a low-pass filter m0, which is periodic with
m0(ξ) = m0(ξ − 1) for all ξ ∈ R such that

ϕ̂1(2ξ) = m0(ξ)ϕ̂1(ξ), for all ξ ∈ R, (2.7)

is defined. A wavelet ω1 ∈ L2(R) such that the associated wavelet system constitutes
an orthonormal basis for L2(R) can then be constructed by applying the high pass filter
m1 := e2πiξm0(·+ 1/2):

ω̂1(2ξ) = m1(ξ)ϕ̂1(ξ), for all ξ ∈ R. (2.8)

For N ∈ N, we say that a wavelet ω1 has N vanishing moments if∫
R

ω1(x)xl−1dx = 0,

for all l ∈ N and l ≤ N . A breakthrough in wavelet theory is marked by the introduction
of compactly supported wavelets which can be constructed to have any prescribed number
of vanishing moments. Such wavelets were first constructed in [Dau88], see also [Dau92].

In this thesis we are interested in wavelets in higher dimensions and defined on
arbitrary domains. We will review some of the constructions in the following section.

2.3 Wavelets on bounded domains

As we have seen in the last section, wavelet bases were introduced on R first. Additionally,
there have been extensions to Rn using tensor product based constructions, which we will
also discuss in Subsection 2.3.1.2. However, in view of applications in image processing or
numerical analysis it seems reasonable to ask for a variant on a bounded domain. Clearly,
the construction using translates of a single generator cannot be used anymore; hence,
the systems need to be adapted. Multiple constructions for wavelets on bounded domains
are known, but in this thesis we will only consider approaches that satisfy the following
desiderata:
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1. Bounded domain: The domain of interest, Ω, should be bounded. This can be
[0, 1]2 or even an arbitrary two dimensional submanifold of Rn.

2. Representation system: The wavelet system on a bounded domain Ω should yield
a representation system for L2(Ω). This can be an orthonormal basis, a Riesz basis or
a frame.

3. Function spaces and boundary conditions: In view of PDE applications one
is interested in a characterization of function spaces X that incorporate boundary
conditions by wavelet systems in the sense that if (ωµ)µ∈M is a wavelet system on a
bounded domain then

∥f∥X ∼ ∥ ⟨f, ωµ⟩ ∥w,2, for all f ∈ X ,

for some weight w. For example, X = H1
0 (Ω) is a popular function space that requires

homogeneous Dirichlet boundary data.

4. Approximation properties: The systems should provide good approximation prop-
erties for different relevant classes of functions.

For the characterization of function spaces and the approximation rates the number of
vanishing moments of the wavelets will play an important role. We say that a function f
on a bounded domain Ω has N ∈ N vanishing moments if∫

Ω
f(x)p(x)dx = 0,

for all polynomials p on Ω of order less than N .
In the following subsections we will address the desiderata above. In Subsection

2.3.1.1 we will describe constructions of wavelet bases on [0, 1]2 and give an overview
about some of their properties. In Subsection 2.3.2 we discuss the case of arbitrary
domains and describe how the construction of wavelet bases on [0, 1]2 can be lifted to
more general domains, while keeping the desired properties. In Subsection 2.3.3 we
introduce biorthogonal wavelet bases and discuss how these characterize smoothness
spaces in Subsection 2.3.4. Finally, in Subsection 2.3.5, we will give the definition of
the wavelet bases that are used in this thesis; these systems will fulfill all the desiderata
mentioned above.

2.3.1 Wavelet bases on [0, 1]2

In this section we aim to present some constructions of wavelet bases on [0, 1]2 as well as
recall some of their properties. We shall proceed as follows: We will first briefly recall a
construction of a wavelet basis on the interval [0, 1] in Subsection 2.3.1.1. Following this,
we will demonstrate how to extend this construction to the unit cube by taking tensor
products in Subsection 2.3.1.2.
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2.3.1.1 Construction of orthogonal wavelet bases on [0, 1]

There are multiple approaches on how to construct a wavelet basis on [0, 1], which were
discussed in [CDV93]. What all of these approaches have in common is that they start
from a wavelet system defined on the real line and adapt the elements to construct a
basis for L2([0, 1]). We will only discuss one of the methods, which is the one proposed
in [CDV93]. This method has the advantage that the resulting elements of the wavelet
system on a bounded domain can be constructed such that they admit any desired number
of vanishing moments. The basic idea is to start from a wavelet system defined over the
real line and then divide the system into elements that are interior, i.e., their supports are
contained in [0, 1], and exterior elements. The interior elements will remain unchanged,
while the exterior elements have to be adapted to the new situation. In particular, one
starts with an MRA (Vj)j∈Z on L2(R) with associated wavelet spaces (Wj)j∈Z and a
compactly supported scaling function ϕ1. Let supp ϕ1 = [0, L] and assume that the
corresponding wavelet ψ1 has N ∈ N vanishing moments. This assumption means that
locally the ϕ1j,m can represent all polynomials up to order N , i.e.,

xq =
∑

m∈2−jZ

⟨(·)q, ϕ1j,m(x)⟩ϕ1j,m(x), for all x ∈ R, q ≤ N.

The conditions mentioned above are sometimes referred to as Fix-Strang conditions. They
guarantee vanishing moments of the wavelets on L2(R), but they are still meaningful on
bounded domains. Hence, we aim to construct an MRA on [0, 1] such that these conditions
are still fulfilled. We define for j ∈ Z the scaling spaces V [0,1]

j by taking the interior
scaling functions, i.e., those ϕ1j,m such that supp ϕ1j,m ⊂ (0, 1), in combination with some
boundary-adapted elements such that the Fix-Strang conditions are still fulfilled. This
yields a basis for V [0,1]

J0
of the form

{ϕ[0,1]J0,m
,m ∈ 2−J0Z ∩ [0, 1)} :={ϕleft

J0,2−J0q
: q = 1, . . . , N}

∪ {ϕ1J0,2−J0m : 1 ≤ m < 2j − L}

∪ {ϕright
J0,2−J0q

: q = 1, . . . , N},

where ϕleft
J0,2−J0q

and ϕright
J0,2−J0q

are the boundary-adapted scaling functions. In [CDV93]
the construction is made by starting with an MRA with scaling function ϕ1, which is
chosen of minimal support size for N vanishing moments, i.e., L = 2N − 1. By results in
[Coh00], [CDV93] it holds that

V
[0,1]
j ⊂ V

[0,1]
j+1 , for all j ∈ Z.

A corresponding wavelet basis for W [0,1]
j = V

[0,1]
j+1 ⊖V [0,1]

j can be constructed by combining
the wavelets ω1

j,m, which are supported in (0, 1), with boundary-adapted wavelets, which

result from projecting the boundary-adapted scaling functions in V [0,1]
j+1 onto W [0,1]

j , and
applying an orthonormalization.
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We denote the resulting functions by ω[0,1]
j,m , where j ∈ Z,m ∈ 2−jZ ∩ [0, 1). We have

the following theorem:

Theorem 2.3.1 ([CDV93]). Let 2J0 ≥ 2N , then

{ω[0,1]
j,m : j ≥ J0,m ∈ 2−jZ ∩ [0, 1)} ∪ {ϕ[0,1]J0,m

,m ∈ 2−J0Z ∩ [0, 1)}

yields an orthonormal basis for L2([0, 1]).

The approaches above allow to incorporate boundary conditions by omitting some
generating functions in the construction of the V [0,1]

j . For instance, to obtain homogeneous
Dirichlet boundary conditions, one can omit ϕleftj,1 and ϕrightj,1 for all j ∈ Z, which are the
only boundary elements not vanishing at 0 and 1. This idea was proposed in [CDV93]
and further developed in [MP98].

2.3.1.2 Construction of orthogonal wavelet bases on [0, 1]2

To obtain constructions in higher dimensions, say for L2([0, 1]
2), a standard approach is

to take tensor products of the constructions on [0, 1]. Assume we have an orthonormal
wavelet basis on L2([0, 1]) given by

{ω[0,1]
j,m : j ≥ J0,m ∈ 2−jZ ∩ [0, 1)} ∪ {ϕ[0,1]J0,m

,m ∈ 2−J0Z ∩ [0, 1)}.

We define for j ≥ J0, m = (m1,m2) ∈ 2−jZ2 ∩ [0, 1)2

ωj,m,0 : = ϕ
[0,1]
j,m1

⊗ ϕ
[0,1]
j,m2

, ωj,m,1 := ω
[0,1]
j,m1

⊗ ϕ
[0,1]
j,m2

ωj,m,2 : = ω
[0,1]
j,m1

⊗ ω
[0,1]
j,m2

, ωj,m,3 := ϕ
[0,1]
j,m1

⊗ ω
[0,1]
j,m2

.

The system W is now defined by

W := {ωj,m,υ : (j,m, υ ∈ ∆)}

with

∆ :={(J0,m, 0) : m = (m1,m2) ∈ 2−jZ2, 0 ≤ m1,m2 ≤ 1, }
∪ {(j,m, υ) : j ≥ 0,m = (m1,m2) ∈ 2−jZ2, 0 ≤ m1,m2 ≤ 1, υ = 1, 2, 3}.

It can be shown that the system W forms an orthonormal basis for L2([0, 1]
2).

2.3.2 Arbitrary domains

For more complicated domains than [0, 1]2 there are two prominent approaches: First of
all, assume that the domain is a manifold Ω, that is the union of non-overlapping smooth
images Ωi = κi([0, 1]

2) for some smooth function κi : [0, 1]2 → Ω. In this case one can still
construct wavelet bases on Ω as images of wavelet bases on [0, 1]2. In order to maintain
smoothness and vanishing moment properties of the resulting basis the elements of the
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system need to be properly stitched along the common faces of Ωi,Ωj if such a common
face exists.

Approaches along these lines, which differ in the way they match the elements along
the interfaces, have been pioneered in [DS99a] under the name composite wavelet basis
and [CTU99] under the name wavelet element method. Further developments with special
emphasis on the smoothness and vanishing moment properties of the resulting elements
where made in [DS98], [DS99b], [HS06].

If one is not necessarily interested in a basis, but a frame on L2(Ω) is sufficient,
constructions where the smooth images Ωi = κi([0, 1]

2) may overlap can be used. This
has been introduced in [Ste03] and further developed in [DFR07]. A construction of
wavelet bases on an arbitrary domain, not relying on smooth charts, has been proposed
in [CDD00].

2.3.3 Biorthogonal wavelet bases on Ω

For some applications the requirement that the wavelet system constitutes an orthonormal
basis is too strong. The framework of a Riesz basis, as in Example 2.0.2, allows for a bit
more flexibility. This leads to so-called biorthogonal wavelet bases introduced in [CDF92].
We present a definition that is in line with the definitions in [DS98, DKU99] tailored to
our needs. Let Ω ⊂ R2 be a bounded open domain.

Definition 2.3.2. A pair of systems W and Wd is called pair of biorthogonal wavelet
bases for L2(Ω) if for some J0 ∈ Z:

W = {ωJ0,m,0 : m ∈ KJ0} ∪ {ωj,m,υ : j ≥ J0,m ∈ Kj , υ = 1, 2, 3},
Wd = {ωdJ0,m,0 : m ∈ KJ0} ∪ {ωdj,m,υ : j ≥ J0,m ∈ Kj , υ = 1, 2, 3},

where ωj,m,υ ∈ L2(Ω), Kj ⊂ Ω, |Kj | ∼ 22j, and W,Wd are Riesz bases. Further let

∆ := {(J0,m, 0) : m ∈ Kj} ∪ {(j,m, υ) : j ≥ 0,m ∈ Kj , υ = 1, 2, 3}

and we have the biorthogonality relations

⟨ωj,m,υ, ωdj′,m′,υ′⟩ = δj,j′δm,m′δυ,υ′ , for all (j,m, υ), (j′,m′, υ′) ∈ ∆.

The index sets Kj require some additional attention. Contrary to the situation for
orthogonal wavelet bases the parameter m is not required to stem from a lattice 2−jZ2,
but can be chosen more flexibly.

Example 2.3.3. Clearly, the construction of Subsection 2.3.1.2 of W gives rise to a pair
of biorthogonal wavelet bases by putting Wd = W. Further constructions can be found
in [DS98, DKU99, CTU99, Bit06, Pri06]. For example, a construction of a biorthogonal
multiresolution analysis on Ω such that the resulting wavelets have N ∈ N vanishing
moments and compactly supported primal and dual functions was given in [DKU99].
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2.3.4 Smoothness characterization by wavelet bases

Biorthogonal wavelet bases fulfill a set of highly desirable properties. Most importantly
they are able to characterize Sobolev spaces by weighted ℓ2 norms as we will recall in this
subsection. It should be mentioned that all theorems brought up in this subsection have
a global analogue in the sense that they also hold for wavelet bases for L2(R2). However,
since we are exclusively interested in wavelets on bounded domains in this thesis, we
refrain from stating the most general theorems but restrict to the most relevant setting.

For a pair of biorthogonal wavelet bases W,Wd for L2(R2) we make the following
definitions for J ∈ Z:

VJ : = span {ωj,m,v ∈ W : (j,m, v) ∈ ∆, j ≤ J}
VdJ : = span {ωdj,m,v ∈ Wd : (j,m, v) ∈ ∆, j ≤ J}.

Furthermore, we define the projections onto these spaces by

QJ(f) : =
∑

(j,m,v)∈∆,j≤J

⟨f, ωj,m,v⟩ωdj,m,v, for f ∈ L2(Ω)

QdJ(f) : =
∑

(j,m,v)∈∆,j≤J

⟨f, ωdj,m,v⟩ωj,m,v, for f ∈ L2(Ω).

The following theorem now links the approximation and smoothness properties of the
subspaces VJ with a characterization of Sobolev spaces. We must point out that this
theorem holds in more generality, but we will only state it for the projections QJ defined
above.

Theorem 2.3.4 ([Dah97]). Let (Vj)j≥J0 obey the following estimates

inf
v∈Vj

∥f − v∥L2(Ω) ≲ 2−sj∥f∥Hs(Ω), for all f ∈ Hs(Ω), 0 ≤ s ≤ mV , (2.9)

and

∥vj∥Hs(Ω) ≲ 2sj∥vj∥L2(Ω), for all vj ∈ Vj , 0 ≤ s < γV , (2.10)

and assume analogous estimates for (Vdj )j≥J0, where 0 < γ := min{γV ,mV} and 0 <

γd := min{γVd ,mVd}. Then we have the norm equivalence

∥f∥2Hs(Ω) ∼
∞∑
j=J0

22sj∥(Qj −Qj−1)f∥2L2(Ω), (2.11)

for all f ∈ Hs(Ω), s ∈ (−γd, γ).

Clearly from the definition of Qj one can infer the following corollary.

Corollary 2.3.5 ([Dah97]). Under the assumptions of Theorem 2.3.4 we have that

∥f∥2Hs(Ω) ∼
∑

(j,m,υ)∈∆

22sj |⟨f, ωdj,m,υ⟩|2, for all f ∈ Hs(Ω), s ∈ (−γd, γ). (2.12)

18



The estimates (2.9) and (2.10) are called Jackson- and Bernstein type estimates
respectively. These describe the approximation properties of the underlying wavelet
system and have to be verified for each construction individually. In particular, they
hold under mild assumptions in the case of orthogonal wavelet bases and in various
constructions of biorthogonal wavelet bases, especially those in [DS98, DKU99, Pri06].

Theorem 2.3.4 links linear approximation properties, i.e., approximation by the spaces
Vj , with smoothness of a function. Another way to describe smoothness of functions
is by analyzing its non-linear approximation rates with respect to biorthogonal wavelet
bases, i.e., by measuring the error which results by approximating a given function by
only N ∈ N wavelet elements and examining how this error decreases with increasing N .
In Subsection 3.2.1 we will expand on this theme. It will turn out that this distinction is
central to the idea of using adaptive methods.

In addition to the characterization of regularity in the scale of Sobolev spaces it
should be mentioned for completeness that the behavior of the wavelet transform is also
interconnected with the Lipschitz or Hölder regularity of a function, which was described
in [Mal08, Jaf91].

2.3.5 Admissible wavelet bases

The system necessary for the construction of shearlets on bounded domains in Section
2.5 is one that obeys fairly general properties, which we will state next. In the following
Br(p) denotes the ball of radius r > 0 around p ∈ R2. For a bounded and open domain
Ω ⊂ R2 we consider a Riesz basis W of L2(Ω) such that

(W1) W and its dual basis Wd constitute a pair of biorthogonal wavelet bases for L2(Ω).

(W2) For (j,m, ν) ∈ ∆ such that ∂Ω ∩ supp ωj,m,υ = ∅, we have that for some α, β ≥ 0

|ω̂dj,m,υ(ξ)| ≤ 2−j
min{1, |2−jξi|α}∏2
l=1max{1, |2−jξl|β}

,

for at least one i ∈ {1, 2} and all ξ ∈ R2. Here the Fourier transform is to be
understood on L2(R2) after extension by 0 on R2.

(W3) The wavelet system W characterizes Hs(Ω), i.e., for all 0 ≤ s′ ≤ s we have that

∥f∥2Hs(Ω) ∼
∑

(j,m,υ)∈∆

22js|⟨f, ωj,m,υ⟩|2, for all f ∈ Hs(Ω).

(W4) The elements of W,Wd are spatially localized in the sense that there exists a
constant q(1)w with

supp ωj,m,υ ⊂ B
2−jq

(1)
w
(m) and supp ωdj,m,υ ⊂ B

2−jq
(1)
w
(m), for all (j,m, ν) ∈ ∆.

Furthermore, the elements should be well separated, i.e., there exists q(2)w > 0 such
that

|m−m′| ≥ 2−jq(2)w , for all j ≥ J0 and m,m′ ∈ Kj .
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If W is an orthonormal basis of Subsection 2.3.1.2 with wavelet elements that have
sufficient smoothness and vanishing moments, then W obeys all properties above. We
introduce the following definition:

Definition 2.3.6. A wavelet system W that admits the properties (W1), (W2), (W3), and
(W4) from above is called (s, α, β)-admissible boundary wavelet system. If the parameters
(s, α, β) do not play any role, we simply write admissible boundary wavelet system.

2.4 Shearlets

The motivation behind the introduction of shearlet systems is based on a serious defect of
multivariate wavelet systems. Wavelets can be shown to behave optimally for functions
of a certain Besov regularity in the sense that they provide optimal encoders, [CDDD01].
However, in many applications the data exhibits discontinuities along lower dimensional
manifolds. The regularity of such structures is not adequately described by Besov
regularity, [KL11]. In fact, it can be shown that for certain classes of natural images, which
will be discussed in detail in Subsection 2.4.1.2, wavelets do not perform optimally in terms
of best N -term approximation rates. It turns out that one of the inferior approximation
properties of wavelets for functions with discontinuities along lower dimensional manifolds
is caused by the isotropic scaling in the construction of the wavelet elements, [CD00, CD04].
A remedy is to consider systems constructed by anisotropically scaling a generating
function. More specifically parabolic scaling is employed leading to functions whose
essential supports satisfy the parabolic scaling law :

width ∼ length2. (2.13)

Such a construction, paired with a possibility to rotate the elements of the systems was first
introduced in [CD00, CD04] under the name curvelets. Curvelets are the direct predecessor
of shearlets, whose construction we will now examine in detail. Shearlets were introduced
in [GKL06, GL07]. These systems can be seen as parts of a more general concept of
wavelets with composite dilations which were studied in [GLL+04, GLL+06a, GLL+06b].

Let n = 2, 3, then a shearlet system is constructed by applying different operators to
a generator function ψ ∈ L2(Rn) to obtain elements of the form

ψa,s,p(x) := | detMa,s|
n−1
2 ψ(Ma,s(x− p)), for x ∈ Rn (2.14)

where a, s, p ∈ Λ with Λ being some parameter set, which we will specify in more detail
later, and Ma,s ∈ GL(n,R). In [GKL06], Ma,s was chosen as a composition of a parabolic
scaling and a shearing matrix Aa and Ss respectively, such that, for n = 2,

Ma,s = SsAa, where Ss =
(
1 s
0 1

)
, Aa =

(
a 0

0 a
1
2

)
(2.15)

and a = 2j , j ∈ N, s ∈ Z. Also, p was chosen such that p ∈ M−1
a,sZ2. The shearing

matrix is then responsible for the name "shearlet systems". Since the index set in the

20



construction above is discrete, these systems are called discrete shearlet systems. Discrete
shearlet systems excel when used to approximate images, where they can yield close to
optimal approximation rates. Additionally, they can be used to discretize continuous
functions since these systems yield frames in many instances. We would like to emphasize
that the construction of the already mentioned curvelets differs from that of shearlets
insofar that for curvelets the shearing procedure is replaced by a rotation. The reason we
choose to work with shearings instead of rotations is that an application of the shearing
matrix keeps the integer lattice invariant, thus eliminating the necessity to interpolate
when working with discrete data. Discrete shearlet systems will be discussed in detail in
the upcoming Subsection 2.4.1.

In [KL09], an approach with a continuous parameter set has been introduced, i.e.,
for n = 2, a ∈ (0,∞), s ∈ R, p ∈ R2 and Ma,s = A−1

a S−1
s with Aa and Ss as in (2.15)

is considered. A similar construction can be made for n = 3. In order to have good
properties of the continuous transforms one restricts to generating functions which are
admissible. We make the following definition:

Definition 2.4.1 ([DKST09],[DKM+08]). For n = 2, 3 a function ψ ∈ L2(Rn) such that

Cψ :=

⎧⎪⎪⎨⎪⎪⎩
∫
R

∫
R+

|ψ̂(ξ1,ξ2)|2
|ξ1|2 dξ1dξ2, if n = 2,∫

R

∫
R

∫
R+

|ψ̂(ξ1,ξ2,ξ3)|2
|ξ1|3 dξ1dξ2dξ3, if n = 3,

(2.16)

and Cψ <∞ is called admissible shearlet, or short shearlet.

Using such a continuous shearlet, the continuous shearlet transform can be introduced
for functions f ∈ L2(Rn) as the map

f ↦→ SHψf(a, s, p) := ⟨f, ψa,s,p⟩ , for (a, s, p) ∈ Λ. (2.17)

From this transform information about the function f can be deduced. In particular,
information about the microlocal analytical properties of f or discontinuity curves can be
extracted. We will expand on this topic in Subsection 2.4.2.2 and Chapter 5.

The continuous shearlet transform results from the action of a locally compact group
on L2(Rn). This group is typically called the shearlet group and has been introduced in
[DKM+08]. For n = 2 one defines the shearlet group S as R+ × R× R2 with the group
operation

(a, s, p)
(
a′, s′, p′

)
=
(
aa′, s+ a

1
2 s′, p+ SsAap

′
)
.

The left invariant Haar measure µS of S is given by

µS =
1

a3
dsdp.

This approach allows to define the shearlet transform as a so-called unitary representation
of the shearlet group. This allows to use techniques from representation theory. We will
see an example of this idea in Subsection 2.4.1.3.

We will discuss two different shearlet constructions, a discrete and a continuous, in
the following subsections.
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2.4.1 Discrete cone-adapted shearlet systems

As already explained in the beginning of this section the discrete shearlet system in R2 is
constructed using the matrices (2.15) to obtain elements of the form

ψj,k,m(x) := 2
3
4
jψ(SkA2jx−m), for x ∈ R2, (2.18)

where j ∈ Z, k ∈ Z and m ∈ Z2. Let us assume for illustrative purposes that ψ has
compact support such that supp ψ = [−r, r]2 for some r > 0. We can compute that

supp ψj,0,m = [−2−j(r +m1), 2
−j(r +m1)]× [−2−

j
2 (r +m2), 2

− j
2 (r +m2)]. (2.19)

Figure 2.1: Support of shearlet elements associated to different scales j as in Equation
2.19.

We observe from (2.19) that the support of ψj,0,m gets very short along the x1-direction
in contrast to the x2-direction, satisfying the parabolic scaling law (2.13). This leads to
very elongated shapes at higher scales. We depict this behavior in Figure 2.1.

By changing the shearing parameter k, we can additionally vary the orientation of
the support. However, sampling the shearing variable k from Z has the disadvantage that
for high values of k the functions ψj,k,m become highly stretched out. Furthermore, there
does not exist any shearlet which is aligned with the horizontal axis, i.e., such that its
support is short along the x2- and relatively long along the x1-axis. Thus, the different
directions are treated highly discriminatively.

To overcome this problem, a cone-adapted shearlet system was introduced in [GKL06],
where a special band-limited generator ψ ∈ L2(R2) was used.

We will state a more general version for arbitrary generators from [KL11]:

Definition 2.4.2 ([KL11, GKL06]). Let ϕ, ψ ∈ L2(R2), c = [c1, c2]
T ∈ R2 with c1, c2 > 0.

Then the cone-adapted shearlet system is defined by

SH(ϕ, ψ, ψ̃, c) = Φ(ϕ, c1) ∪Ψ(ψ, c) ∪ Ψ̃(ψ̃, c),

where

Φ(ϕ, c1) :=
{
ψ0,0,m,0 = ϕ(· − c1m) : m ∈ Z2

}
,

Ψ(ψ, c) :=
{
ψj,k,m,1 = 2

3j
4 ψ(SkAj · −Mcm) : j ∈ N0, |k| ≤ 2⌈

j
2⌉,m ∈ Z2

}
,

Ψ̃(ψ̃, c) :=
{
ψj,k,m,−1 = 2

3j
4 ψ̃(STk Ãj · −Mc̃m) : j ∈ N0, |k| ≤ 2⌈

j
2⌉,m ∈ Z2

}
,
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with ψ̃(x1, x2) = ψ(x2, x1), Mc := diag(c1, c2), Mc̃ = diag(c2, c1), Ãj = diag(2j/2, 2j).

The name "cone-adapted shearlet systems" is due to its adaptation to the conic regions

C :=

{
ξ ∈ R2 : |ξ1| ≥ 1,

⏐⏐⏐⏐ξ2ξ1
⏐⏐⏐⏐ ≤ 1

}
, and Cν :=

{
ξ ∈ R2 : |ξ2| ≥ 1,

⏐⏐⏐⏐ξ1ξ2
⏐⏐⏐⏐ ≤ 1

}
.

Indeed, we observe that the essential supports of the elements of Ψ(ψ, c) lie within C and
the essential support of the elements of Ψ̃(ψ̃, c) is associated with Cν .

For cone-adapted shearlet systems we will employ the index set

Λ := {(j, k,m, ι) : |ι|j ≥ j ≥ 0, |k| ≤ |ι|2
j
2 ,m ∈ Z2, ι = {1, 0,−1}}. (2.20)

A shearlet is called separable if ψ(x1, x2) = ψ1(x1)ϕ
1(x2) for two functions ψ1, ϕ1 ∈ L2(R).

In Subsections 2.4.1.1, 2.4.1.2 and Section 4.1 we will focus on two important properties of
discrete shearlet systems: their ability to form frames and the fact that they can provide
almost optimal approximations of images with anisotropic structures.

2.4.1.1 Frame property

We have seen in Section 2.1 that a system with the frame property allows for stable
analysis and reconstruction procedures. In view of applications in numerical analysis and
image processing it is therefore natural to consider the question whether cone-adapted
discrete shearlet systems constitute frames. This question was first answered in the
affirmative in [GLL+06b] for certain band-limited generators, which even yield Parseval
frames.

In [KKL12] it was shown that also compactly supported shearlet systems that yield
frames can be constructed. We state a formulation from [Lim10]:

Theorem 2.4.3 ([Lim10]). Let γ + 4 > α > γ > 4 and for (x1, x2) ∈ R2 let

ϕ(x1, x2) := ϕ1(x1)ϕ
1(x2), ψ(x1, x2) := ψ1(x1)ϕ

1(x2), ψ̃(x1, x2) := ψ(x2, x1).

Further, assume that for almost every ξ ∈ R

|ψ̂1(ξ)| ≤ K1
|ξ|α

(1 + |ξ|2)γ/2

and

|ϕ̂1(ξ)| ≤ K2
1

(1 + |ξ|2)γ/2
,

for some K1,K2 > 0. If

ess inf
|ξ|≤1/2

|ϕ̂1(ξ)|2 > 0 (2.21)
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and

ess inf
β/2≤|ξ|≤β

|ψ̂1(ξ)| > 0 for some 0 < β ≤ 1, (2.22)

then there exists a sampling parameter c0 > 0 such that for c1 = c2 ≤ c0 and c = (c1, c2)
the system SH(ϕ, ψ, ψ̃, c) forms a frame for L2(R2).

Theorem 2.4.3 establishes the frame property for shearlet systems. Another question
is whether shearlet systems can also constitute Riesz bases, which in particular requires all
shearlet elements to be linearly independent. While this question remains unanswered to
date it was nonetheless established in [MP15] that under certain conditions the elements
of a shearlet system are in fact linearly independent.

The assumptions of Theorem 2.4.3 are not very restrictive. One feasible construction
can be made by choosing ϕ1 to be a compactly supported Daubechies MRA scaling
function and ψ1 to be a wavelet with sufficient decay and vanishing moments. According
to [Dau92], the Fourier transform of ϕ1 obeys the scaling equation (2.7) with the low pass
filter

m0(ξ) =

(
1 + e−iπξ

2

)N (N−1∑
s=0

(
N − 1 + s

s

)
sin2s

(
πξ

2

))
,

for some N ∈ N. Iteratively applying the scaling equation (2.7) yields that the scaling
functions are given as

ϕ̂1(ξ) :=
∞∏
j=1

m0

(
ξ

2j

)
.

From this observation we can directly deduce that m0(ξ) cannot vanish on (−1, 1). Due
to the compact support, we have that ϕ̂1 is continuous. Furthermore, we know that
ϕ̂1(0) = 1. Combining these observations we obtain that there exists L ∈ N such that
|ϕ̂1
(
ξ/2L

)
| > 0 for all ξ ∈ (−2, 2). Invoking the scaling equation yields

ϕ̂1(ξ) = ϕ̂1
(
ξ

2L

) L∏
s=1

m0

(
ξ

2s

)
̸= 0, for all ξ ∈ (−2, 2).

We conclude, that (2.21) holds.
Note that any wavelet ψ1 obeys ψ̂(0) = 0, see [Dau92]. Since in our case ψ1 is

compactly supported, we know that the Fourier transform is analytic and hence, 0 is an
isolated root of ψ̂1. Consequently, β such that (2.22) is satisfied can always be found.

If one is not necessarily interested in the frame property, but the upper frame bound
is sufficient, then the following theorem can be used.

Theorem 2.4.4 ([KKL12]). Let ϕ, ψ ∈ L2(R2) be such that

|ϕ̂(ξ1, ξ2)| ≤ C1min{1, |ξ1|−β}min{1, |ξ2|−β}
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and

|ψ̂(ξ1, ξ2)| ≤ C2min{1, |ξ1|α}min{1, |ξ1|−β}min{1, |ξ2|−β},
for some constants C1, C2 > 0, α > β > 3 and almost every (ξ1, ξ2) ∈ R2. Further,
let ψ̃(x1, x2) = ψ(x2, x1) for all x ∈ R2. Then, there exists B > 0 such that for any
c = (c1, c2) ∈ R+ × R+ the cone-adapted shearlet system SH(φ, ψ, ψ̃, c) forms a Bessel
sequence for L2(R2) with Bessel bound B/| det(Mc)|.

A more general approach has been taken in [DKST09], [DST11]. In these works it
was demonstrated that the continuous shearlet transform, to be introduced in Subsection
2.4.2, can be sampled at discrete points to yield frames.

2.4.1.2 Approximation of cartoon-like functions

The driving motivation behind discrete shearlet systems is to construct a non-adaptive
system that yields almost optimal approximation properties of functions that exhibit
discontinuities across smooth curves. Such functions appear very frequently in natural
images, where an object is separated from the background by an abrupt change in color.
Naturally, for a proper mathematical analysis of such functions one needs to introduce
a suitable model. Such a model class was introduced in [CD04] and has its roots in
[Don01, Don99]. It is known under the name of cartoon-like functions. We state the
definition of [KLL12]:

Definition 2.4.5 ([KLL12]). For fixed ν > 0, the class E2(ν,R2) of cartoon-like functions
is the set of functions f ∈ L2(R

2) where

f = f1 + f2χD,

with D ⊂ (0, 1)2 with ∂D ∈ C2 with curvature bounded by ν and fi ∈ C2(R2), with supp fi ⊂
(0, 1)2 and ‖fi‖C2 <∞ for i = 1, 2.

For a cartoon-like function f we call ∂D the discontinuity curve of f . A typical

Figure 2.2: Cartoon-like function in E2(ν,R2) with f1 = 0.

cartoon-like function is depicted in Figure 2.2. Having agreed on such a model we face
the problem of effectively dealing with data of this form.
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It turns out that for cartoon-like functions f , the best N -term approximation rate for
arbitrary dictionaries is bounded from below due to the following theorem:

Theorem 2.4.6 ([Don01]). For an arbitrary representation system (φi)i∈I ⊆ L2(R2) we
have that there exists f ∈ E2(R2) such that

σN (f) ≳ N
−2 as N → ∞,

provided that only polynomial depth search is used to compute the approximation. The
condition on the polynomial depth search means that the i-th term in the expansion can be
chosen in accordance with a selection rule σ(i, f) which obeys σ(i, f) ≤ π(i) for a fixed
polynomial π(i).

The restriction to polynomial depth search removes pathological examples like (φi)i∈I =
L2(R2) which would yield an approximation rate of O(1). Theorem 2.4.6 now raises the
question whether we can find dictionaries that achieve the approximation rate of O(N−2)
for N → ∞. In [Don99] wedgelet systems were introduced, which can almost achieve
the optimal rate but are build on a triangulation of the domain that is adapted to the
function to be approximated. In contrast to that, the construction of a shearlet system is
not tied to the underlying data. Nonetheless, it is still possible to achieve almost optimal
approximation rates. This has first been shown in [GL07] for a shearlet system with a
band-limited generator. We cite here a theorem for compactly supported generators since
this will be the situation we work with in most of the thesis:

Theorem 2.4.7 ([KL11]). Let ϕ, ψ, ψ̃ ∈ L2(R2) be compactly supported and assume that
the cone-adapted shearlet system (ψλ)λ∈Λ forms a frame for L2(R2). Furthermore, assume
that for all ξ = [ξ1, ξ2]

T ∈ R2 the function ψ satisfies

|ψ̂(ξ)| ≤ Cmin{1, |ξ1|δ}min{1, |ξ1|−γ}min{1, |ξ2|−γ},⏐⏐⏐⏐ ∂∂ξ2 ψ̂(ξ)
⏐⏐⏐⏐ ≤ |h(ξ1)|

(
1 +

|ξ2|
|ξ1|

)−γ
,

where δ > 6, γ ≥ 3, h ∈ L1(R) and C is a constant. Then for ν > 0 and f ∈ E2(ν,R2)

∥f −
∑
λ∈EN

⟨f, ψλ⟩ψdλ∥2L2(R2) ≲ N
−2 log(N)3, (2.23)

where EN ⊂ Λ contains the indices of the N largest coefficients |⟨u, ψλ⟩| and ψdλ is the
canonical dual frame element of ψλ.

The approximation rate (2.23) has been called (almost) optimally sparse approximation
rate in [KL11]. This (almost) optimal approximation property has been used in multiple
applications such as in image processing for denoising, inpainting, and image separation,
[KLR15, KKZ14, KL12a, GK14a]. Additionally, the sparse approximation can be used as a
prior to regularize ill-posed inverse problems, as for instance, in [KMP15, BLZ+15, HS13].
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2.4.1.3 Characterization of smoothness spaces

An important property that shearlets share with many other representation systems is that
the shearlet transformation can characterize certain smoothness properties of functions in
the following sense. Assume that (φn)n∈N is a frame for L2(R2), which in this section
will be either a cone-adapted shearlet system (ψj,k,m,ι)(j,k,m,ι)∈Λ or a shearlet system that
results from discretizing the continuous shearlet transform of Subsection 2.4.2.1. Further,
let X be a function space describing smoothness - for instance, a Sobolev or Besov space
- such that the scalar product or at least some dual pairing with the frame elements is
defined for all f ∈ X . In addition, let Y be a sequence space such that we have

∥f∥X ∼ ∥(⟨f, φn⟩)n∈N∥Y , for all f ∈ X . (2.24)

We have already seen in Subsection 2.3.4 that such a characterization is possible if
the frame is a wavelet basis, X is a Sobolev space, and Y a weighted ℓ2 space. The
crucial property of the wavelet transform in this context is that there is a clear connection
between the frequency localization of the wavelet elements and the scale parameter. This
allows to allocate different frequency bands to scales. Certainly, the same relationship
can be found when considering cone-adapted shearlets. This connection can be made
precise with the notion of decomposition spaces introduced in [FG85, Fei87]. These spaces
are defined by introducing a suitable covering of the frequency plane by a partition of
unity (γi)i∈N, which admits some additional conditions; see [LMN13] for the details. For
p ∈ (0,∞) and a sequence space Y ; one defines the norm of the decomposition space
D((γi)i∈N, Lp(R2), Y ) by

∥f∥D((γi)i∈N,Lp(R2),Y ) := ∥(∥F−1(γiF(f))∥Lp(R2))i∈N∥Y .

Expanding on this framework and using a decomposition (γi)i∈I associated to the tiling
of the frequency plane by shearlet systems, so-called shearlet smoothness spaces were
introduced in [LMN13]. These spaces are defined for some q ∈ (0,∞) and s ∈ R and the
weight

w(n) = 2sn, for all n ∈ N,

by

Sβp,q = D((γi)i∈I), Lp(R2), ℓw,q). (2.25)

A definition of ℓw,q is given in the notation section in the appendix. It was shown in
[LMN13] that the shearlet smoothness spaces can be characterized in the sense of (2.24)
via the norm equivalence

∥f∥
Sβ
p,q

∼

⎛⎜⎜⎝ ∑
ι=−1,0,1

∑
j≥0

|k|≤2j

2jq(β+3(1/2−1/p))(
∑
m∈Z2

|⟨f, ψj,k,m,ι⟩|p)q/p

⎞⎟⎟⎠
1/q

for all f ∈ Sβp,q,
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where (ψj,k,m,ι)(j,k,m,ι)∈Λ is chosen as a special band-limited shearlet Parseval frame, the
so-called classical shearlet; see [KL09] and Example 2.4.16.

Furthermore, the shearlet smoothness spaces can be embedded into classical smooth-
ness spaces, [LMN13, Prop. 4.3.]: Let 0 < p ≤ ∞ and 0 < q <∞ and β ∈ R, then

Bβ+1/q
p,q (R2) ↪→ Sβp,q(R2) ↪→ Bβ−s

p,q (R2),

for s = max(1, 1/p)−min(1, 1/q), where Bβ
p,q denotes a Besov space; see Appendix B for a

definition. A different approach, not using the theory of decompositions spaces but instead
relying on the underlying group structure of the shearlet transform, builds on the general
coorbit space theory derived by Feichtinger and Gröchenig in [FG88, FG89a, FG89b].

Defining the shearlet system as a unitary representation of the shearlet group, one can
define so-called shearlet coorbit spaces. The definition of these spaces is quite technical;
hence, we only state it informally. The shearlet coorbit space SCp,r is defined as the space
of functions f : R2 → R for which

∥f∥SCp,r :=

(∫
S
|a−rSHψ(f)(a, s, p)|pdµS

) 1
p

<∞. (2.26)

To make this definition rigorous one would need to specify a space X ⊃ SCp,r such that the
shearlet transform is well defined. The details can be found in [DKST09, DST11, DHST15].
It can be shown that one can discretize the continuous transform in a proper way such that
for r ∈ R and p ≥ 1 it is possible to obtain (2.24) with X = SCp.r and a suitable sequence
space Y = ℓw,p with a suitable weight w, [DKST09]. Let us now consider the relationship
of the spaces SCp,r with classical smoothness spaces. Using the transformation theorem,
it is clear that

∥ψa,s,t∥SCp,r = ∥ψa,s′,t∥SCp,r , for all s, s′ ∈ R.

Furthermore, if s tends to infinity, the elements get sheared more and more and hence
become very thin and very elongated. Consequently, their norm in any reasonable isotropic
smoothness space will explode. Hence, we can be sure that ∥ · ∥SCp,r is not equivalent
to any Besov- or Sobolev space norm. However, it has been shown in [DST11] that for
a cone-adapted analogue of the coorbit spaces, where the shearing variable is bounded,
embeddings into Besov spaces exist.

Another important concept when dealing with the characterization of smoothness
spaces by shearlet systems is provided by the notion of parabolic molecules, introduced
in [GK14c]. A system of parabolic molecules is a set of functions indexed by a scale,
orientation and location parameter, such that each element is localized in frequency in an
area corresponding to the direction and scale parameter and localized in time in an area
close to the location parameter. The notion of parabolic molecules encompasses multiple
directional systems. Among those are shearlets and curvelets. The central idea behind
this concept is that the time-frequency localization is the decisive property to prove
optimal approximation rates and also to characterize smoothness spaces. In particular,
assume we have a parabolic molecule (γµ)µ∈M , where µ = (sµ, θµ, xµ) describes the scale,
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orientation, and position and M ⊂ N× [0, 2π)× R2 is some discrete index set. Further
define for all j ≥ 0

Mj := {µ ∈M : sµ = j}.

In addition, we define for β > 1

∥f∥
Gβ

p,q((γµ)µ∈M )
:=

⎛⎜⎝∑
j∈N

⎛⎜⎝2βj

⎛⎝∑
µ∈Mj

|⟨f, γµ⟩|p
⎞⎠1/p

⎞⎟⎠
q⎞⎟⎠

1/q

. (2.27)

If (γµ)µ∈M constitutes a frame for L2(R2), then ∥ · ∥
Gβ

p,q((γµ)µ∈M )
is a norm and we obtain

a function space Gβp,q((γµ)µ∈M ) by taking all f ∈ L2(R2) such that ∥f∥
Gβ

p,q((γµ)µ∈M )
<∞.

It has been shown in [GK14c] that for many parabolic molecules the associated spaces
Gβp,q((γµ)µ∈M ) coincide. In particular, assume that (γµ)µ∈M , (γ̃µ)µ∈M̃ are two systems of
parabolic molecules of sufficiently high order, which both constitute frames, and their
duals are also parabolic molecules of sufficiently high order. Under this assumption and
another technical assumption on the parametrizations, which we do not state here and
instead refer to [GK14c], it holds that

∥f∥
Gβ

p,q((γµ)µ∈M )
∼ ∥f∥

Gβ
p,q((γ̃µ)µ∈M̃ )

, for all f ∈ Gβp,q((γµ)µ∈M ).

It should be mentioned that there are multiple generalizations of parabolic molecules
that encompass even more systems like wavelets and ridgelets, [GK14b, GKKS13, GKKS15].

At this point it is still unclear how the spaces Gβp,q((γµ)µ∈M ) compare to classical
smoothness spaces like Besov or Sobolev spaces. The case that is of most importance
to us is when (γµ)µ∈M is a shearlet frame and p, q = 2. In particular, we will use a
characterization of Sobolev spaces by cone-adapted shearlet systems in the sense that for
some s ∈ N we have

∥f∥2Hs(R2) ∼
∑

(j,k,m,ι)∈Λ

22js| ⟨f, ψj,k,m,ι⟩ |2, for all f ∈ Hs(R2).

Unfortunately, such a characterization particularly for compactly supported shearlets,
is not provided by the approaches discussed above even though they are closely related.
Nonetheless, we can prove the following theorem.

Theorem 2.4.8. Let s ∈ N, and ϕ, ψ ∈ L2(R2) such that for all ξ ∈ R2

|ϕ̂(ξ)| ≲ min{1, |ξ1|−β}min{1, |ξ2|−β},

|ψ̂(ξ)| ≲ min{1, |ξ1|α}min{1, |ξ1|−β}min{1, |ξ2|−β}, (2.28)

with β > 4 and α > β + s and let ψ̃(x1, x2) := ψ(x2, x1) for all x ∈ R2. Further define

ρ : R2 → R, ρ(ξ) := (1 + |ξ1|2)
1
2 (1 + |ξ2|2)

1
2

29



and

θ̂(ξ) := ρ(ξ)−sψ̂(ξ),
ˆ̃
θ(ξ) := ρ(ξ)−s

ˆ̃
ψ(ξ), µ̂(ξ) := ρ(ξ)−sφ̂(ξ), (2.29)

for all ξ ∈ R2. Assume that there exists c̃ > 0 such that SH(µ, θ, θ̃, (c1, c2)) forms a frame
for L2(R2) for all c1, c2 ≤ c̃ with lower frame bound bounded from below by a constant
independent from c1, c2. Then there exists c̄ such that for all c ≤ c̄ we have that the system
(ψj,k,m,ι)(j,k,m,ι)∈Λ = SH(µ, θ, θ̃, (c, c)) satisfies

∥f∥Hs(R2) ∼ ||(2js⟨f, ψj,k,m,ι⟩)(j,k,m,ι)∈Λ||ℓ2(Λ), for all f ∈ Hs(R2). (2.30)

Proof. The proof will be given in Lemma 2.4.10 for the lower and Lemma 2.4.9 for the
upper frame bound.

If ϕ, ψ, ψ̃ are separable, then so are the auxiliary functions µ, θ, θ̃ of Theorem 2.4.8.
Therefore, we can find conditions that guarantee the frame property of SH(µ, θ, θ̃, c)
by consulting Theorem 2.4.3. The following lemmata prove the upper and lower frame
bounds in (2.30). The first lemma shows under which conditions an upper bound for the
characterization by analysis coefficients can be expected.

Lemma 2.4.9. Let s ∈ N, q > 0, c ∈ (R+)2 and ϕ, ψ, ψ̃ ∈ L2(R2). Further, let β > 3
and α > β + s and we assume that we have for all ξ ∈ R2 that

|ϕ̂(ξ)| ≤ qmin{1, |ξ1|−β}min{1, |ξ2|−β}
|ψ̂(ξ)| ≤ qmin{1, |ξ1|α}min{1, |ξ1|−β}min{1, |ξ2|−β} (2.31)

| ˆ̃ψ(ξ)| ≤ qmin{1, |ξ2|α}min{1, |ξ1|−β}min{1, |ξ2|−β}.

Then, there exist a constant C > 0 independent from q, ϕ, ψ, ψ̃, c such that SH(ϕ, ψ, ψ̃, c)
satisfies(2js⟨f, ψj,k,m,ι⟩L2(R2)

)
(j,k,m,ι)∈Λ


ℓ2(Λ)

≤ Cq√
| det(Mc)|

∥f∥Hs(R2), for all f ∈ Hs(R2).

Proof. The proof is postponed to the Appendix, Subsection A.1.1.

The second lemma shows the existence of a lower bound in (2.30).

Lemma 2.4.10. Let s ∈ N and let ϕ, ψ, ψ̃ ∈ L2(R2) satisfy the assumptions of Theorem
2.4.8. Then there exists c̄ > 0 such that for all c ≤ c̄ the system (ψj,k,m,ι)(j,k,m,ι)∈Λ =

SH(µ, θ, θ̃, (c, c)) satisfies

∥f∥Hs(R2) ≲ ∥(2js⟨f, ψj,k,m,ι⟩)(j,k,m,ι)∈Λ∥ℓ2(Λ), for all f ∈ Hs(R2). (2.32)

Proof. The proof is postponed to the Appendix, Subsection A.1.2.
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2.4.1.4 Admissible shearlet systems

This section provides an analogue of Definition 2.3.6 for discrete shearlet systems. Admis-
sible shearlet systems should have all the important properties described in the previous
subsections. We recall a list of these desired properties:

(S1) The functions ϕ, ψ, ψ̃ ∈ L2(R2) are compactly supported functions and the corre-
sponding shearlet system SH(ϕ, ψ, ψ̃, c) of Definition 2.4.2 constitutes a frame.

(S2) It holds for some α, β > 0

|ψ̂(ξ1, ξ2)| ≲
min{1, |ξ1|α}

max{1, |ξ1|β}max{1, |ξ2|β}
and

|ˆ̃ψ(ξ1, ξ2)| ≲ min{1, |ξ2|α}
max{1, |ξ1|β}max{1, |ξ2|β}

for all (ξ1, ξ2) ∈ R2.

(S3) The shearlet system characterizes Sobolev spaces up to order s ∈ N, i.e., there exist
As, Bs such that for all s′ ≤ s we have that

As∥f∥2Hs′ (R2)
≤

∑
(j,k,m,ι)∈Λ

22js
′ | ⟨f, ψj,k,m,ι⟩ |2 ≤ Bs∥f∥2Hs′ (R2)

, for all f ∈ Hs′(R2).

(S4) The elements of the shearlet system are local in the sense that there exists qs > 0
such that

supp ψj,k,0,ι ⊂ B2−j/2qs
(0), for all (j, k, 0, ι) ∈ Λ.

Definition 2.4.11. A shearlet system that admits the properties (S1), (S2), (S3) and
(S4) from above is called (s, α, β)-admissible shearlet system. If the parameters (s, α, β)
do not play any role, we simply write admissible shearlet system.

Remark 2.4.1. Property (S4) is not a restriction since the elements of the shearlet
system have compact support. In fact, this is simply a measure for the support of ψ, ψ̃
and ϕ, which will simplify the notation in the sequel.

2.4.2 Continuous shearlet systems

In this subsection we further analyze the continuous shearlet transform, which was
introduced at the beginning of this section. In particular, we will provide a cone-adapted
version of the continuous shearlet transform in 2D in Subsection 2.4.2.1 and a 3D analogue
termed pyramid-adapted shearlet transform in Subsection 2.4.2.4.

In contrast to the discrete setting, the focus in the continuous realm is not on
approximation properties, but instead the behavior of the transform will be studied. We
will observe that it is possible to extract much information from the behavior of the
continuous shearlet transform of a function f ∈ L2(Rn), n = 2, 3 including the position
and orientation of discontinuities of f . The majority of this overview has been published
in [KP15].
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2.4.2.1 2D cone-adapted construction

The basis for our subsequent analysis of singularities is the continuous shearlet transform
of (2.17). Similar to the discrete setting the simplicity of this transform comes at the
cost of a non-uniform treatment of different directions since letting s ∈ R vary over the
whole real line results in highly elongated shearlet elements. To handle singularities with
different orientations equally we modify the above construction of the continuous shearlet
transform (2.17) to obtain cone-adapted shearlet systems like in the discrete setting also
in the continuous case. Such a construction was first made for band-limited generators
in [KL09]. We will present a construction of a continuous cone-adapted shearlet system
with general generators that was first given in [Gro11a]. We start by defining the middle
square and two conic regions in Fourier domain by

D := [−1, 1]2, Cu,v :=
{
ξ ∈ R2 : |ξ1| ≥ u,

⏐⏐⏐⏐ξ2ξ1
⏐⏐⏐⏐ ≤ v

}
, and (2.33)

Cνu,v :=
{
ξ ∈ R2 : |ξ2| ≥ u,

⏐⏐⏐⏐ξ1ξ2
⏐⏐⏐⏐ ≤ v

}
.

For D ⊂ R2 we use the notation L2(D)∨ := {f ∈ L2(R2) : supp f̂ ⊂ D}. We denote by
PD the projection from L2(R2) onto L2(D)∨, and analogously for Cu,v, Cνu,v.

To obtain shearlet frames for these subsets of L2(R2) we require certain properties of
the generator ψ in terms of directional vanishing moments and decay in the frequency
domain.

Definition 2.4.12 ([Gro11b]). A function ψ ∈ L2(R2) possesses M ∈ N directional
vanishing moments in x1-direction if∫

R2

|ψ̂(ξ)|2

|ξ1|2M
dξ <∞.

For Li ≥ 0 we say that a function f ∈ L2(R2) has Fourier decay of order Li in the i− th
variable if |f̂(ξ)| ≲ |ξi|−Li.

Next, we recall the following theorems due to [Gro11a] concerning the frame property
of shearlet systems for functions restricted onto the cones:

Theorem 2.4.13 ([Gro11a]). Let ψ ∈ L2(R2) be a continuous shearlet with M > 1
directional vanishing moments in x1-direction, Fourier decay of order L2 > 1/2 in the
second coordinate, and Fourier decay of order L1 > 0 in the first variable. Then there exist
Γ,Ξ ≥ 0 such that the family (PCu,vψa,s,p)a∈(0,Γ],s∈[−Ξ,Ξ],p∈R2 constitutes a continuous
frame for L2(Cu,v)

∨.

In order to combine frames on each of the cones to one frame on all of L2(R2) one
can define the cone-adapted continuous shearlet system.
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Definition 2.4.14 ([Gro11b]). Let ϕ ∈ L2(R2) be any function with

A ≤ |ϕ̂(ξ)| ≤ B, for all ξ ∈ [−1, 1]2.

Further let ψ ∈ L2(R2) be a continuous shearlet and ψ̃(x1, x2) = ψ(x2, x1) and we define

ϕp := ϕ(· − p),

ψa,s,p,1 := ψa,s,p, and

ψa,s,p,−1 := ψ̃(Ã−1
a S̃−1

s (·)− p),

where

S̃s =

(
1 0
s 1

)
and Ãa =

(
a

1
2 0
0 a

)
. (2.34)

The system

(ϕp)p∈R2 , (ψa,s,p,1)a∈(0,Γ],s∈[−Ξ,Ξ],p∈R2 , (ψa,s,p,−1)a∈(0,Γ],s∈[−Ξ,Ξ],p∈R2 ,

is called continuous cone-adapted shearlet system. For ι = −1, 1 and (a, s, p) ∈ (0,Γ]×
[−Ξ,Ξ]× R2 one defines the continuous cone-adapted shearlet transform of f ∈ L2(R2)
by

(a, s, p, ι) ↦→ SHψ(a, s, p, ι)(f) := ⟨f, ψa,s,p,ι⟩. (2.35)

The following theorem provides the sufficient conditions for a frame-like property of
the continuous cone-adapted shearlet system:

Theorem 2.4.15 ([Gro11a]). Let ψ ∈ L2(R2) be an admissible shearlet such that
(PC1,1ψa,s,p)a∈(0,Γ],s∈[−Ξ,Ξ],p∈R2 is a continuous frame for L2(C1,1)

∨ with frame constants
A,B and let ϕ ∈ L2(R2) be any function with

A ≤ |ϕ̂(ξ)| ≤ B, for all ξ ∈ [−1, 1]2.

Then, with the notation of Definition 2.4.14, we have

A∥f∥22 ≤
∫
R2

| ⟨PDf, ϕp⟩ |2dp

+

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

|⟨PCf, ψa,s,p,1⟩|2a−3dadsdp

+

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

|⟨PCνf, ψa,s,p,−1⟩|2a−3dadsdp ≤ B∥f∥22,
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for all f ∈ L2(R2). In every point of continuity x of f , we have the reproducing formula:

f(x) =

∫
R2

⟨PDf, ϕp⟩TpPDϕ̃dp

+

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

⟨PCf, ψa,s,p,1⟩PCψda,s,p,1a−3dadsdp

+

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

⟨PCνf, ψa,s,p,−1⟩PCνψda,s,p,−1a
−3dadsdp, (2.36)

where ϕ̃ is any function with (ϕ̃(ξ))∨ = ϕ̂(ξ)−1 for all ξ ∈ [−1, 1]2, ψda,s,p,1 represent the
dual frame elements on the cones and Tp is the translation operator g ↦→ Tpg := g(· − p).

Example 2.4.16. One example of a shearlet that gives rise to the reproducing formula
(2.36) with Γ = 1,Ξ = 2, ψda,s,p,ι = ψa,s,p,ι for ι = −1, 1, and a suitable low pass filter ϕ
is the so-called classical shearlet, [KL09]. We construct the generator ψ of the classical
shearlet by

ψ̂(ξ) = ψ̂(ξ1, ξ2) = ψ̂1(ξ1)ψ̂2

(
ξ2
ξ1

)
, for ξ ∈ R2, ξ2 ̸= 0,

where ψ1, ψ2 ∈ L2(R) obey the following conditions:

(i) ψ1 obeys the Calderón condition∫ ∞

0
|ψ̂1(aξ1)|2

da

a
= 1, for a.e. ξ1 ∈ R,

and ψ̂1 ∈ C∞
0 (R) with supp ψ̂1 ⊂ [−2, 12 ] ∪ [12 , 2];

(ii) ∥ψ2∥L2 = 1 and ψ̂2 ∈ C∞
0 (R) with supp ψ̂1 ⊂ [−1, 1] and ψ2 > 0 on (−1, 1).

In addition to Theorem 2.4.15, even tight continuous shearlet frames for L2(Cu,v)
∨

and L2(C
ν
u,v)

∨ can be produced by choosing the low pass filter ϕ in a suitable way. The
following result provides sufficient conditions for such a construction:

Theorem 2.4.17 ([Gro11a]). Let Ξ > v, u ≥ 0, and θ ∈ L2(R2) such that ψ =
(∂M/∂xM1 )θ ∈ L2(R2) and ψ has M vanishing moments in x1-direction, Fourier de-
cay of order L1 in the first variable, and θ has Fourier decay of order L2 in the second
variable such that

2M − 1

2
> L2 > M >

1

2
.
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Then there exists some ϕ ∈ L2(R2) such that |ϕ̂(ξ)|2 = O(|ξ|−2min(L1,L2−M)) for |ξ| → ∞,
and for all f ∈ L2(Cu,v)

∨, we have the representation

f =
1

Cψ

∫
R2

⟨f, Tpϕ⟩TpPCu,vϕdp

+
1

Cψ

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

⟨f, ψa,s,p,1⟩PCu,vψa,s,p,1a
−3dadsdp.

The results above show that for every shearlet generator with a sufficient amount of
vanishing moments and frequency decay we can always find a suitable window function
to obtain a tight continuous frame.

2.4.2.2 Characterization of the wavefront set

Another important feature of continuous shearlet systems is that they are able to charac-
terize the so-called wavefront set. Intuitively the wavefront set of a function f : R2 → R
describes those position and direction pairs (x, λ) ∈ R2 × R such that f is not smooth at
the point x in direction λ. We will give a more rigorous definition below. This concept
plays a major role in the studies of propagation of singularities in PDEs, [Hö83], [Sog93],
which will also be very relevant in later applications in this work.

Characterization of the wavefront set of a function by means of a transform first
appeared in [BI75] and [CF78] by utilizing the so-called wave packet transform. The
first result that analyzes this property in the context of the shearlet transform can be
found in [KL09], where a band-limited shearlet transform is considered. In contrast to
the situation of band-limited shearlets, compactly supported shearlets will not necessarily
decay rapidly in frequency domain. Consequently, they do not need to be infinitely often
differentiable. While the continuous shearlet transform with band-limited shearlets is able
to detect points where the function is not C∞, it is intuitively clear that with compactly
supported shearlets we will only be able to detect non-differentiability up to a certain
level, which should depend on the number of vanishing moments and the differentiability
of the underlying shearlet.

Because of these considerations, we will first introduce the notion of a k-regular point
now:

Definition 2.4.18 ([Gro11a]). For a distribution u, a point x ∈ R2 is called k-regular
point of u if there exists a neighborhood Ux of x and some ϕ ∈ C∞

0 (Ux) such that ϕ(x) ̸= 0
and ϕu ∈ Ck0 (R2). We call the complement of the set of k-regular points k-singular
support.

We next define a special version of this notion, which incorporates directionality:

Definition 2.4.19 ([Gro11a]). For a distribution u, a point (x, λ) ∈ R2×R is a k-regular
directed point for u if there exist neighborhoods Ux, Vλ and a function ϕ ∈ C∞

0 (R2) with
ϕ = 1 on Ux such that for all 0 < N ≤ k there exists CN satisfying

|(̂uϕ)(η)| ≤ CN (1 + |η|)−N ,
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for all η = (η1, η2) ∈ R2 with η1/η2 ∈ Vλ. We call the complement of the set of k-regular
directed points the k-wavefront set.

For k = ∞, these definitions coincide with the classical definitions of regular points,
singular support, etc.; see, for instance, [KL09]. In [Gro11a] the following direct theorem
has been established.

Theorem 2.4.20 ([Gro11a]). Let L,M,N, P ∈ N and assume that f ∈ L2(R2) and that
(p0, s0) is an N -regular directed point of f . Let ψ ∈ HL(R2) such that ψ̂ ∈ L1(R2) is a
shearlet with M vanishing moments, which satisfies a decay estimate of the form

ψ(x) = O((1 + |x|)−P ), for |x| → ∞.

Then there exists a neighborhood U(p0) of p0 and V (s0) of s0 such that for any 1/2 <
α < 1, p ∈ U(p0) and s ∈ V (s0) we have the decay estimate

SHψf(a, s, p, 1) = O(a−
3
4
+P

2 + a(1−α)M + a−
3
4
+αN + a(α−

1
2
)L), for a→ 0.

2.4.2.3 Construction of detector shearlets

In the upcoming results concerning detection and classification of singularities in Sections
5.1 and 5.2 we will make certain assumptions on the generators of the shearlet systems.
In order to guarantee that we are not making a trivial statement we will provide a
construction of a class of shearlet generators ψ, which fulfill all conditions we will require.
Since this subsection’s only purpose is to justify the upcoming assumptions, it can be
omitted on a first reading.

We begin our construction by describing a class of wavelets ψ1 ∈ L2(R), which satisfy
a certain no-partial-vanishing moment condition of the form∫

(−∞,0]
ψ1(x1)dx1 ̸= 0,

∫
(−∞,0]

ψ1(x1)x
2
1dx1 ̸= 0,

∫
(−∞,0]

ψ1(x1)x
3
1dx1 ̸= 0. (2.37)

Interestingly, it will turn out that every compactly supported wavelet can be shifted in
such a way that the shifted version fulfills the conditions (2.37).

Theorem 2.4.21. Let ψ1 ∈ L2(R) be a continuous compactly supported wavelet. Then
there exists a t ∈ R such that

ψ1
t = ψ1(· − t)

obeys (2.37).

Proof. We will require the functions given by

U0 : R ∋ t ↦→
∫
(−∞,0]

ψ1
t (x1)dx1, U1 : R ∋ t ↦→

∫
(−∞,0]

ψ1
t (x1)x1dx1,

U2 : R ∋ t ↦→
∫
(−∞,0]

ψ1
t (x1)x

2
1dx1, U3 : R ∋ t ↦→

∫
(−∞,0]

ψ1
t (x1)x

3
1dx1.
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We first observe that

∂

∂t
U2(t) =

∂

∂t

∫
(−∞,0]

ψ1
t (x1)x

2
1dx1

=
∂

∂t

∫
(−∞,−t]

ψ1(x1)(x1 + t)2dx1

= 2

∫
(−∞,−t]

ψ1(x1)(x1 + t)dx1 = 2U1(t).

Using similar arguments we can prove that also (∂/∂t)U3 = 3U2 and (∂/∂t)U1 = (1+ t)U0.
Since ψ1 ̸= 0, the value U0(t) cannot be 0 for all t. Furthermore, U0 is compactly
supported. Since U0 is continuous, there exists an open subset of R on which U0 ̸= 0.
From the above argument of the Ui being related by taking derivatives, the existence of a
t ∈ R such that U2(t), U3(t) ̸= 0 follows.

Remark 2.4.2. In fact, there exists an abundance of compactly supported wavelets with
an arbitrary amount of vanishing moments. The most prominent construction of compactly
supported wavelets, which also have the minimal support size for their number of vanishing
moments, can be found in [Dau92]. This shows that the conditions in (2.37) can easily be
achieved.

A second property, which we desire from a generator ψ ∈ L2(R), is that given a
bounded set K ⊂ R there exists c > 0 such that for all κ ∈ K we have∫

Zκ

ψ(x)dx > c,

where

Zκ =
{
(x1, x2) ∈ supp ψ : x1 ≤ κx22

}
. (2.38)

It is clear that this condition can never be fulfilled should the set K be unbounded.
However, for bounded sets K we can prove the following result:

Theorem 2.4.22. Let ψ1 be a continuous wavelet with
∫
R+ ψ

1(x)dx > C1 for a positive
constant C1. Further, let K ⊂ [−ν, ν] for some ν ≥ 0. Then there exists r > 0 such that
for every continuous function ϕ1 with supp ϕ1 ⊂ [−r, r] and

∫
R ϕ

1(x)dx > C2 the shearlet
ψ(x1, x2) = ψ1(x1)ϕ

1(x2) obeys∫
Zκ

ψ(x)dx ≥ C1C2

2
, for all κ ∈ K.

Proof. We observe that, since
∫
R+ ψ

1(x)dx > C1, there exist ϵ1, ϵ2 > 0 such that∫
(−∞,−ϵ1]

ψ1(x)dx >
C1

2
and

∫
(−∞,ϵ2]

ψ1(x)dx >
C1

2
.
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Now let r ≤ min(
√

ϵ1
ν ,
√

ϵ2
ν ), and let ϕ1 be any continuous function with supp ϕ1 ⊂ [−r, r].

Then∫
Zκ

ψ(x)dx =

∫
Zκ

ψ1(x1)ϕ
1(x2)dx =

∫
[−r,r]

ϕ1(x2)

∫
(−∞,κx22]

ψ1(x1)dx1dx2. (2.39)

Since κx22 ⊆ [−νr2, νr2] ⊆ [−ϵ1, ϵ2], we obtain that∫
[−r,r]

ϕ1(x2)

∫
(−∞,κx22]

ψ1(x1)dx1dx2 ≥
∫
[−r,r]

ϕ1(x2)
C1

2
dx2 ≥

C1C2

2
,

which proves the result.

This leads to the following definition of a particular class of shearlets, which satisfy
the sufficient conditions of Propositions 5.1.4, 5.1.5, 5.1.6 and 5.1.7 as well as of Theorem
5.1.9 for detection or classification of points on curvilinear discontinuities. This property
also coins their name.

Definition 2.4.23. Let ϕ1 ∈ C2(R) such that ϕ1(0) = 0, ϕ1
′
(0) ̸= 0,

∫
R ϕ

1(x)dx > C1

and supp ϕ1 ⊂ [−r, r] for some r > 0, and let ψ1 be a wavelet which obeys (2.37). Then
ψ such that ψ(x1, x2) := ψ1(x1)⊗ ϕ1(x2) is called a detector shearlet.

From our analysis in this subsection it is evident that there exist infinitely many
detector shearlets.

2.4.2.4 3D pyramid-adapted construction

Certainly, the most natural extension of the continuous two-dimensional cone-adapted
shearlet systems introduced in the preceding subsection is that of considering a higher
dimension. As is customary, we restrict ourselves to the three-dimensional case and
stipulate that higher dimensions can be handled similarly. Fortunately, the classification
by means of classical shearlets has been completely described by K. Guo and D. Labate
in [GL12]. For a construction of a 3D classical shearlet one should also consider the work
[GL12]. The construction is similar to the two-dimensional classical shearlet of Example
2.4.16. Nonetheless, classical shearlet systems always consist of band-limited shearlets.
Since we aim to use compactly supported shearlets, we need to introduce a suitable
three-dimensional continuous shearlet transform associated with compactly supported
shearlets.

We follow [GL12] with the definition of a pyramid-adapted shearlet transform, while
employing the more general notation of [Gro11a], which was also used in the 2D case. We
introduce the pyramids for u, v, w > 0 by

P1
u,v,w :=

{
(ξ1, ξ2, ξ3) ∈ R3 : |ξ1| ≥ u, |ξ2

ξ1
| ≤ v and |ξ3

ξ1
| ≤ w

}
,

P2
u,v,w :=

{
(ξ1, ξ2, ξ3) ∈ R3 : |ξ1| ≥ u, |ξ2

ξ1
| > v and |ξ3

ξ1
| ≤ w

}
, (2.40)

P3
u,v,w :=

{
(ξ1, ξ2, ξ3) ∈ R3 : |ξ1| ≥ u, |ξ2

ξ1
| ≤ v and |ξ3

ξ1
| > w

}
.
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With s = (s1, s2) ∈ R2 and a ∈ (0,∞) we will use the matrices

M (1)
a,s :=

⎛⎜⎝ a a
1
2 s1 a

1
2 s2

0 a
1
2 0

0 0 a
1
2

⎞⎟⎠ , M (2)
a,s :=

⎛⎜⎝ a
1
2 0 0

a a
1
2 s1 a

1
2 s2

0 0 a
1
2

⎞⎟⎠ , (2.41)

and M (3)
a,s :=

⎛⎜⎝ a
1
2 0 0

0 a
1
2 0

a a
1
2 s1 a

1
2 s2

⎞⎟⎠ .

In the same way as for the 2D case we aim to define continuous shearlet systems
corresponding to the pyramids (2.40). We start by rewriting the notion of admissibility
in the 3D case of Definition 2.4.1 as follows:

Lemma 2.4.24. Let ψ ∈ L2(R3) be an admissible shearlet. Then

Cψ =

∫
R2

∫
R+

|ψ̂((M (1)
a,s )

T ξ)|2a−2dads.

Proof. For any ξ ∈ R3 with ξ1 ̸= 0, we set w(a, s) = (M
(1)
a,s )T (ξ) to obtain∫

R

∫
R

∫
R+

|ψ̂(ξ)|2

|ξ1|3
dξ1dξ2dξ3 =

∫
R2

∫
R+

|ψ̂((M (1)
a,s )T (ξ))|2

|((M (1)
a,s )T (ξ))1|3

|det(Jw)|dads, (2.42)

where Jw denotes the Jacobian of w. A simple computation shows

(M (1)
a,s )

T (ξ)) =

⎛⎜⎝ aξ1

a
1
2 s1ξ1 + a

1
2 ξ2

a
1
2 s2ξ1 + a

1
2 ξ3

⎞⎟⎠ and

Jw =

⎛⎜⎝ ξ1 0 0
1
2a

− 1
2 (s1ξ1 + ξ2) a

1
2 ξ1 0

1
2a

− 1
2 (s2ξ1 + ξ3) 0 a

1
2 ξ1

⎞⎟⎠ .

Therefore, (2.42) equals∫
R2

∫
R+

|ψ̂((M (1)
a,s )T (ξ))|2

|aξ1|3
|aξ31 |dads =

∫
R2

∫
R+

|ψ̂((M (1)
a,s )

T (ξ))|2|a|−2dads,

which proves the claim.

For an admissible shearlet we define for ι = 1, 2, 3

ψa,s,p,ι := a−1ψι((M (ι)
a,s)

−1(x− p)),
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where

ψι = ψ ◦Rι−1 with R =

⎛⎝ 0 1 0
0 0 1
1 0 0

⎞⎠ .

This leads to the desired definition of continuous shearlet systems with uniform
directionality.

Definition 2.4.25. For Γ,Ξ > 0 and an admissible shearlet ψ ∈ L2(R3) the 3D pyramid-
adapted continuous shearlet system is defined as

Ψ1 ∪Ψ2 ∪Ψ3, where Ψι := (PPι
u,v,w

ψιa,s,p)a∈(0,Γ],s∈[−Ξ,Ξ]2,p∈R3 .

For ι = 1, 2, 3 and (a, s, p) ∈ (0,Γ]× [−Ξ,Ξ]2 × R3 one defines the continuous pyramid-
adapted shearlet transform of f ∈ L2(R3) by

(a, s, p, ι) ↦→ SHψ(a, s, p, ι)(f) := ⟨f, ψa,s,p,ι⟩. (2.43)

We now aim to find conditions under which these systems form continuous frames
for L2(P

d
u,v,w). As the corresponding measure one chooses the left Haar measure of the

3D shearlet group, which is 1/a4dadsdp. In the sequel we will only focus on the system
Ψ := Ψ1 since all the results for the full system follow easily from this case. We also
denote Pu,v,w := P1

u,v,w and Ma,s :=M
(1)
a,s and SHψ(a, s, p)(f) := SHψ(a, s, p, 1)(f).

Our first result provides necessary and sufficient conditions for the considered shearlet
systems to constitute a continuous frame. We would like to mention that the corresponding
2D result is [Gro11a, Lemma 4.2].

Lemma 2.4.26. The frame operator associated with the system Ψ is a Fourier multiplier
with the function

∆u,v,w(ψ)(ξ) := χPu,v,w(ξ)

∫
a∈(0,Γ)

∫
∥s∥∞≤Ξ

⏐⏐⏐ψ̂(aξ1, a 1
2 (ξ2 + s1ξ1), a

1
2 (ξ3 + s2ξ1))

⏐⏐⏐2 a−2dads,

χPu,v,w denoting the characteristic function of Pu,v,w. In particular, Ψ is a frame for
L2(Pu,v,w)∨ if and only if there exist constants 0 < A ≤ B <∞, such that

A ≤ ∆u,v,w(ψ)(ξ) ≤ B, for all ξ ∈ Pu,v,w.

Proof. This can be proved using a similar method as in [Gro11a, Lemma 4.2].

Next we aim for suitable window functions that allow for tight frames of general
shearlet systems. The corresponding two dimensional result is [Gro11a, Lemma 4.7]. The
2D result of [Gro11a] uses weaker assumptions, which could be carried over directly. In
the sequel we will, however, only need this weaker result:
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Lemma 2.4.27. Let ψ ∈ L2(R3) be an admissible shearlet, Ξ,Γ > 0 and 0 < u, v, w < Ξ.
Let ϕ ∈ L2(R3) be such that

∆u,v,w(ψ)(ξ) + |ϕ̂(ξ)|2 = CψχPu,v,w(ξ), for all ξ ∈ R3.

Assume that for a constant C > 0

|ψ̂(ξ)| ≤ C
|ξ1|M

(1 + |ξ1|2)
L1
2 (1 + |ξ2|2)

L2
2 (1 + |ξ3|2)

L3
2

, for all ξ = (ξ1, ξ2, ξ3) ∈ R3,

and

2M − 3

2
> L1, L2, L3 > M > 1.

Then

|ϕ̂(ξ)|2 = O(|ξ|−2min(M,L3−M+ 1
2
,L2−M+ 1

2
)), for |ξ| → ∞. (2.44)

Proof. The proof is postponed to Subsection A.1.0.1.

With Lemma 2.4.27 established we obtain the following reproducing formula for
functions in L2(Pu,v,w)∨.

Theorem 2.4.28. Let ψ ∈ L2(R3) be an admissible shearlet that satisfies the assumptions
of Lemma 2.4.27, and let Γ,Ξ > 0. Then for all 0 < u, v, w < Ξ there exists a function
ϕ ∈ L2(R3) with frequency decay given by (2.44) such that the continuous shearlet system

(PPu,v,wψa,s,p)a∈(0,Γ],s∈[−Ξ,Ξ]2,p∈R3 ∪ ((PPu,v,wϕ)(· − p))p∈R3 (2.45)

constitutes a tight frame for L2(Pu,v,w)∨ with frame constants CΨ. In particular, we have
the representation

f =
1

Cψ

∫
R3

⟨f, Tpϕ⟩ (PPu,v,wϕ)(· − p)dp

+
1

Cψ

∫
R3

∫
s∈[−Ξ,Ξ]2

∫
a∈(0,Γ]

SHψf(a, s, p)PPu,v,wψa,s,p(x)a
−4dadsdp.

Proof. By Lemma 2.4.26, the frame operator of the system (2.45) is given as a Fourier
multiplier with

∆u,v,w(ψ) + |ϕ̂|2,

which, by Lemma 2.4.27, equals CψPPu,v,w . Therefore, the frame operator is a multiple of
the identity on the space L2(Pu,v,w)∨ and thus, the frame is tight.

This finishes our considerations on a reproducing formula for compactly supported
continuous shearlets. The reproducing formula in the special case when ψ is a classical
shearlet has also been given in [GL11, Proposition 2.1].
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2.5 Shearlets on bounded domains

In this section we will provide a new construction of a discrete shearlet system on a
bounded domain Ω ⊂ R2. We aim to have a system defined on Ω that has properties
very similar to the shearlet system on R2. In particular, we ask for the following list of
desiderata:

1. The system should constitute a frame for L2(Ω).

2. Almost optimal approximation rates for functions that are smooth except for
discontinuities along smooth curves should be provided.

3. A characterization of Sobolev spaces that incorporate boundary conditions on Ω
shall be possible.

In order to construct a system of such sort, some challenges need to be overcome first.
We identify them in the next subsection. In the subsequent subsection we present our
new construction satisfying all desiderata above.

2.5.1 Challenges

Of the desiderata at the beginning of this section, the most challenging to satisfy is
the third. The reason for this is the fact that characterization of smoothness is tightly
connected to the number of vanishing moments and the smoothness properties of the
elements of the shearlet system. We have discussed this connection in Subsection 2.4.1.3
and it is particularly visible in Theorem 2.4.8.

We have seen in the construction of wavelet systems on bounded domains in Section
2.3 that in order to obtain wavelet elements with vanishing moments the elements need
to be adjusted close to the boundary. That construction, however, depends crucially
on the multiresolution structure and the fact that vanishing moments of the wavelets
are guaranteed as soon as the scaling functions are able to represent polynomials up to
some order. Shearlet systems do not admit such a multiresolution structure and thus, we
cannot make a construction of shearlet systems on bounded domains based on similar
arguments.

We face a related problem when we analyze how to incorporate boundary conditions.
In the wavelet case it was observed in Section 2.3 that only few wavelet elements do
not vanish at the boundary of the domain Ω. In fact, in the 1D case only two scaling
functions on each scale are non-zero at the end-points of the interval [0, 1]. Dirichlet
boundary conditions can now be controlled by just analyzing these two functions. Again
the multiresolution property plays a crucial role, which disallows a similar approach with
a shearlet-based construction.

Nonetheless, let us assume for the sake of argument that one can propose a suitable
boundary adaptation for the shearlet system, which provides shearlet elements with a
sufficient amount of vanishing moments and high smoothness close to the boundary of
Ω. In that case one needs to bear in mind that it is of high importance to be able to
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describe the interaction between the boundary adapted elements and discontinuity curves.
This is especially relevant since in many interesting applications we expect discontinuities
starting and ending at the boundary of the domain. Such a behavior of discontinuities
can certainly be expected for images but also in PDE applications with discontinuous
boundary conditions. We see that providing optimal approximation rates for functions
that are smooth except for discontinuities along smooth curves marks another challenge,
which becomes especially demanding in combination with the other desired properties.

2.5.2 Previous work

The first construction of shearlet systems on bounded domains can be found in [KL12b].
The main motivator for that method is image processing, where images are usually only
defined on a bounded square shaped domain. The construction of these systems is done
by orthogonally projecting a shearlet system on L2(R2) onto L2(Ω). This crude approach
certainly cannot retain the smoothness properties and the number of vanishing moments
of the elements intersecting the boundary. While it can be shown that this does not
corrupt the approximation properties for cartoon-like functions, it renders this approach
unfit for a characterization of smoothness spaces on bounded domains. This means that
the projection approach can work very well in image processing but cannot be used in
applications to solve or discretize partial differential equations.

Additionally, we mention a recent approach to construct Petrov-Galerkin methods,
which are inspired by shearlet systems and which yield anisotropic discretizations on
bounded domains, [DKL+16]. This approach adaptively constructs trial and test spaces
constructed from highly anisotropic elements. These spaces are constructed adaptively
and are not build from an underlying frame. Hence, this approach differs significantly
from the construction of a shearlet system on a bounded domain. Nonetheless, it yields
anisotropic discretizations on bounded domains and it can even be shown to yield optimal
best N -term approximation rates for cartoon-like functions.

2.5.3 Novel construction

To construct a system satisfying all the desiderata of the beginning of this section the
novel idea we follow is to consider a hybrid frame made from discrete shearlet systems and
wavelets on bounded domains. In particular, the construction is based on the admissible
wavelet and shearlet systems of Definitions 2.3.6 and 2.4.11. Naturally, we use the wavelet
system elements near the boundary, where their faithful handling of the boundary is
beneficial and we use shearlet elements in the interior, where they provide their almost
optimal approximation properties.

This construction was published in [GKMP15], where the construction was limited
to orthonormal wavelet bases. In this thesis we state the definition based on admissible
wavelet systems which do not necessarily need to be orthogonal. Let qs > 0 be such
that supp ψj,k,0,ι ⊆ B2−j/2qs/2

(0) for all (j, k,m, ι) ∈ Λ. For τ > 0 and t ∈ R we denote
by Γτ,t the part of Ω that has distance less than qs2

−τt from ∂Ω, i.e., Γτ,t := {x ∈ Ω :
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Boundary
Wavelets

Transition Shearlets

Figure 2.3: Combination of a shearlet and wavelet system to form a hybrid frame on a
rectangular domain.

d(x, ∂Ω) < qs2
−τt}. Now we state the definition of the boundary shearlet system on Ω,

which is also depicted in Figure 2.3:

Definition 2.5.1. Let SH(ϕ, ψ, ψ̃, c) = (ψj,k,m,ι)(j,k,m,ι)∈Λ be an admissible shearlet
system, let τ > 0 and t > 0. Further, let W be an admissible boundary wavelet system,
and set

Wτ,t : = {ωj,m,υ ∈ W : (j,m, υ) ∈ ∆τ,t},

where

∆τ,t : = {(j,m, υ) ∈ ∆ : B
2−jq

(1)
w
(m) ∩ Γτ(j−t) ̸= ∅}.

Further, let
Λ0 := {(j, k,m, ι) ∈ Λ : supp ψj,k,m,ι ⊆ Ω}.

Then, the boundary shearlet system with offsets t and τ is defined as

BSHτ,t(ϕ, ψ, ψ̃, c) := {ψj,k,m,ι : (j, k,m, ι) ∈ Λ0} ∪Wτ,t.

In Section 4.2 we will prove that this shearlet system can indeed constitute a frame for
L2(Ω), provide almost optimal approximation rates for cartoon-like functions on Ω, and
even characterize Sobolev spaces. Since the boundary is handled by wavelets, methods
that where developed for boundary wavelet systems to stipulate boundary conditions
can be used. We will also see that this system can be used to solve partial differential
equations in Section 4.3.

44



Chapter 3

Adaptive numerical solution of
elliptic PDEs

The goal of this chapter is to provide a method for the adaptive solution of operator
equations of the form

Lu = f, (3.1)

where we assume that L is an isomorphism between H and H′ and H is a Hilbert space,
u ∈ H, f ∈ H′. Furthermore, we assume that a such that

a(v, w) := ⟨Lv,w⟩H′,H, for all v ∈ H′, w ∈ H, (3.2)

is a symmetric bilinear form on H, where ⟨·, ·⟩H′,H is the dual pairing of H′,H. We further
assume the ellipticity condition a(v, v) ∼ ∥v∥2H for all v ∈ H.

A common approach to solve (3.1) is to introduce a discretization of the problem
and then solve a system of linear equations. One method that can by now be considered
standard was instigated in [CDD01] and uses wavelet bases to make the discretization.
Such a discretization leads to provably convergent adaptive numerical algorithms, which
admit optimal computational complexity in a sense that we will describe more thoroughly
later in this chapter. We will discuss selected aspects of this approach, but since the field
is already very developed we cannot do the field justice in this short chapter. For detailed
overviews we refer to [Coh00, Ste09, Urb09].

A very important development is marked by the extension of the discretization
procedure from wavelet bases towards wavelet frames, [Ste03], and later arbitrary frames,
[DFR07, Raa07, DRW+07]. We would like to mention that adaptive discretizations were
first made with finite element methods, [BM87], [BR78], but we will not discuss these
methods here and focus on frames only.

Our motivation to study general frame discretizations is that we want to employ
shearlet frames to leverage on their almost optimal approximation rates. Towards this
goal we will use this chapter to introduce the necessary theoretical background. In the
next sections we will discuss a general approach to discretize and solve operator equations
of the form (3.2) by provably optimal adaptive algorithms.
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In particular, we will describe the procedure of discretizing and transforming (3.1)
to a well conditioned discrete problem by using frames in Section 3.1. We will describe
how to construct provably convergent adaptive solvers in Section 3.2. In Section 3.3 we
describe problem cases in which it is beneficial to use shearlet frames in these numerical
algorithms. Furthermore, we identify some challenges that arise for shearlet frames.

3.1 Operator equations and frame discretizations

The goal of a discretization of (3.1) is to transform the operator into an infinite matrix in
such a way that it is more accessible and easier solvable than the original problem. In
the following two subsections we demonstrate how such a discretization leading to well
conditioned discrete problems is obtained using frames. In Subsection 3.1.1 we describe
a method based on wavelet bases and in Subsection 3.1.2 we provide an extension to
arbitrary frames.

3.1.1 Discretization by bases and preconditioning

Let us first make some standard assumptions to introduce a wavelet discretization of
(3.1): Let s ∈ N and H = Hs

0(Ω), H′ = H−s(Ω). Furthermore, assume that we have a
pair of biorthogonal wavelet bases W,Wd such that (2.12) holds with γd, γ ≥ s, i.e.,

∥f∥2H ∼
∑

(j,m,υ)∈∆

22sj |⟨f, ωdj,m,υ⟩|2, for all f ∈ H (3.3)

∥f ′∥2H′ ∼
∑

(j,m,υ)∈∆

2−2sj |⟨f ′, ωdj,m,υ⟩|2, for all f ′ ∈ H′.

Using the biorthogonal wavelet bases with the characterizations above, we can transform
(3.1) into a well conditioned problem by invoking a generalized Petrov-Galerkin scheme
and diagonal preconditioning of the resulting Galerkin matrix. The procedure is the
following. By testing with ωdj,m,υ ∈ Wd and representing the solution with respect to W
by

u =
∑

(j,m,υ)∈∆

uj,m,υωj,m,υ,

we obtain a problem equivalent to (3.1), which is∑
(j,m,υ)∈∆

uj,m,υa(ωj,m,υ, ω
d
j′,m′,υ′) = ⟨f, ωdj′,m′,υ′⟩, for all (j′,m′υ′) ∈ ∆.

Denoting the infinite matrix (a(ωλ, ω
d
µ))µ,λ∈∆ by L, the equation can be rewritten in a

compressed notation as

L((uλ)λ∈∆) = (⟨f, ωdµ⟩)µ∈∆.
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We observe that by invoking (3.3) and the ellipticity of a, we obtain that L is an operator
from ℓs,2(∆) to ℓ−s,2(∆), which is bounded from above and below, where

ℓr,2 := {(cj,m,υ)(j,m,υ)∈∆ : ∥.∥ℓr,2 := ∥(2jrcj,m,υ)(j,m,υ)∈∆∥ℓ2 <∞}.

For r ∈ R the operator

Dr : ℓr,2(∆) → ℓ2(∆) (3.4)

(cj,m,υ)(j,m,υ)∈∆ ↦→ 2jr(cj,m,υ)(j,m,υ)∈∆

is an isomorphism. Consequently, the operator D−sLD−s : ℓ2 → ℓ2 is bounded from
above and below, and due to the symmetry of a it is also selfadjoint. In particular,
we have introduced a discretization and diagonal preconditioning that transforms the
ill-conditioned problem (3.1) into a well conditioned problem

D−sLD−s(uλ)λ∈∆ = D−s(⟨f, ωdµ⟩)µ∈∆.

This setup has been employed in various instances, e.g. in [BCR91, Bey92, Jaf92, DKU96].
Also the survey article [Dah97] should be mentioned which gives a complete overview
about the approaches briefly mentioned above.

3.1.2 Generalizations

The setup described in the previous subsection admits a very practical generalization. In
fact, in many applications one can replace the requirement that the underlying system
should be a wavelet basis by requiring it to only be a frame such that characterizations of
the type of (3.3) hold. The right framework for this is given by Gelfand frames as defined
in Section 2.1. This approach was introduced in [DFR07].

We assume that we have a Gelfand triple (H, H,H′), an associated Gelfand triple
of sequence spaces (Bd, ℓ2, B

′
d), and a corresponding Gelfand frame Φ ⊂ H. We further

assume to have isomorphisms DB : Bd → ℓ2, D∗
B : ℓ2 → B′

d, which play the part of the
generalization of (3.4). Using the analysis operator TΦ and the synthesis operator T ∗

Φ of
the Gelfand frame, we can discretize operator equations of the form (3.1) by

TΦLT
∗
Φc = TΦf.

Due to the definition of a Gelfand frame, TΦLT ∗
Φ is an operator from Bd to B∗

d . Invoking
the isomorphisms DB,D∗

B we can transform the equation above into

Gc = (D∗
B)

−1TΦf, (3.5)

where

G := (D∗
B)

−1TΦLT
∗
ΦD−1

B , (3.6)

is bounded from ℓ2 → ℓ2 and boundedly invertible on its range and it is also selfadjoint,
[DFR07, Ste03].

We will discuss a way to solve the operator equation (3.5) in Section 3.2. Before we
end this section we shall also mention a slightly different method of discretization that
was introduced in [Ste03]. Here a frame for H instead of a Gelfand frame is employed to
discretize (3.1).
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3.2 Adaptive solution of the discretized problem

In this section we want to analyze methods to solve infinite dimensional discrete problems
of the form of (3.5). Evidently, we cannot directly solve the infinite dimensional problem
(3.5) numerically since we can only make computations in finite dimensions. We will
proceed by rewriting the problem of (3.5) as a damped Richardson iteration of the form

c(n+1) = c(n) + α((D∗
B)

−1TΦf − Gc(n)), c(0) := 0,

for some α > 0 in Subsection 3.2.2. The iterations will be made using only finite
dimensional operations and finitely supported vectors c(n). Furthermore, the support of
the vectors we use in the iteration will be gradually and adaptively increased such that
in the end we obtain a convergence of the c(n) to a solution c of the infinite dimensional
problem (3.5). The details are explained in Subsection 3.2.3, where the adaptive algorithm
is given by Algorithm 1 called SOLVE. We will provide a convergence and complexity
analysis of SOLVE in Subsection 3.2.4.

There is a close connection between the effectivity of adaptive methods and the rate
of approximation by N -term approximations of the solution of the PDE by elements of
the frame. We will analyze this connection in the next subsection.

3.2.1 Adaptivity and best N-term approximations

Clearly, we cannot use all frame elements of a Gelfand frame for the discretization of
(3.1) but only a finite amount. Consequently, the question arises how to choose a finite
dimensional subset of the frame system that still approximates the right-hand side f and
the solution u well. There are essentially two ways to proceed. One can employ linear
approximations, which means that one restricts the computations to a discretization using
only the first N ∈ N frame elements of the underlying Gelfand frame. Alternatively, one
may choose to take non-linear approximations where one utilizes those N frame elements
which best approximate the solution u or the right-hand side f . Naturally, in the second
approach it is a priori not clear which elements to choose especially since u is unknown.
A way to find the correct frame elements will be discussed in Subsection 3.2.3. Let us
describe the two procedures, linear and non-linear approximation, in more detail and
more generality now:

Let (X , ∥.∥X ) be a normed linear space and (ψn)n∈N ⊂ X . Then we define the two
spaces

EN : = span {φn : 1 ≤ n ≤ N}, (3.7)

ΣN : =
⋃

|M |≤N

span {φµ : µ ∈M}.

We call EN the space of linear approximation and ΣN the space of non-linear approximation.
We can quantify the approximation properties of these spaces. The approximation quality
in terms of ΣN can be described by the error of the best N -term approximation, which
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was already introduced in (2.4) and is repeated here for convenience. For f ∈ X one has
that

σN (f) = inf
fN∈ΣN

∥f − fN∥2X . (3.8)

Analogously we define the linear approximation rate for f ∈ X by

eN (f) = inf
fN∈EN

∥f − fN∥2X . (3.9)

If we return to the special case of wavelet frames on L2(Ω), we can associate different
smoothness properties of f ∈ L2(Ω) to the linear and best N -term approximation rates
it admits with respect to the wavelet frame. In particular, for a wide range of wavelet
frames, described for instance in [Coh00, DJP92, DL92], the following characterization
holds:

Theorem 3.2.1 ([DDD97]). For s > 0 and a function f ∈ L2(Ω) the following are
equivalent

i) f ∈ Hs(Ω),

ii)
∑∞

n=1[n
sen(f)

1/2]2 1
n is finite.

For r > s ≥ 0, f ∈ L2(Ω) and q−1 = s/2 + 1/2 the following are equivalent

i) f ∈ Bs
q,q(Ω),

ii)
∑∞

n=1[n
s/2σn(f)

1/2]r 1n is finite.

Note that in the case of wavelet frames on bounded domains the dimension of EN is
of the order of N2 which explains why the sums in the two different cases of Theorem
3.2.1 admit a different form. We infer from Theorem 3.2.1 that the approximation quality
in terms of linear approximation can be characterized by the Sobolev regularity of the
underlying function and vice versa. Furthermore, the approximation quality in terms of
best N -term approximation is connected with the Besov regularity.

Finally, it turns out that there exist partial differential equations whose solutions
admit drastically higher regularity in a Besov scale than in a Sobolev scale; see, for
instance, the survey in [DDD97]. In these instances it is therefore highly beneficial to
employ a discretization based on finding the best N -term approximation of the solution
of an operator equation (3.1), as opposed to just taking a linear approximation.

In the next section we will describe an algorithm which addresses this task by adaptively
solving operator equations of the form of (3.1). The algorithm is adaptive in the sense
that the approximation space is constructed during the algorithm depending on the data.
This is done by choosing the correct frame elements for the discretization iteratively and
data dependent.
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3.2.2 A Richardson iteration

We now turn to the problem of solving (3.5). In fact, it is possible to solve (3.5) by a
damped Richardson iteration as the following theorem shows:

Theorem 3.2.2 ([Ste03, DFR07]). Let H be a Hilbert space and let L : H → H′ satisfy
the ellipticity condition (3.2). Further assume we have a Gelfand frame that satisfies the
assumptions of Subsection 3.1.2 such that G is as in (3.6). Then the solution of (3.1) can
be computed as

u = T ∗
ΦD−1

B Qc

with c given by

Qc =

(
α

∞∑
n=0

(I − αG)n
)
(D∗

B)
−1TΦf, (3.10)

with 0 < α < 2/∥G∥ℓ2→ℓ2. Here Q : ℓ2 ↦→ ran (G) is the orthogonal projection
onto ran (G).

The solution c of (3.10) can be calculated by a damped Richardson iteration, i.e., by
setting b = (D∗

B)
−1TΦf and

c(n+1) = c(n) + α(b− Gc(n)), c(0) := 0, (3.11)

we have that c(n) will converge in ℓ2 to Qc provided 0 < α < 2/∥G∥ℓ2→ℓ2 . This reformula-
tion as a damped Richardson iteration was proposed in [CDD01] for wavelet bases, in
[Ste03] for frames, and in [DFR07] for Gelfand frames. There are also other possibilities to
reformulate the problem as, for instance, in [DRW+07], where a steepest descent scheme
was proposed.

3.2.3 Numerical realization

So far we were successful in transforming an operator equation into a discrete, well-posed,
infinite dimensional problem, whose solution can be approximated by an iterative scheme.
Still, the iteration (3.11) contains infinite sequences and hence, cannot be implemented
on a computer. Thus, it is necessary to replace every operation in the iteration by a finite
dimensional approximation. To achieve this task one assumes to have three numerical
routines available, which are discussed in detail in [CDD01], [Ste03], [Raa07]. We only
describe them briefly.

RHS[ϵ,b] → bϵ : For a given b ∈ ℓ2, an approximation bϵ ∈ ℓ2 with finite support is
returned such that ∥b− bϵ∥ℓ2 ≤ ϵ. An implementation of this is of course based on
the a priori known smoothness properties of the right-hand side f and the resulting
decay properties of its frame expansion.
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APPLY[ϵ,G, c] → cϵ : Given a finitely supported c ∈ ℓ2, a finitely supported cϵ is
returned such that ∥Gc− cϵ∥ℓ2 ≤ ϵ. The implementation of this approximate matrix
vector multiplication is crucially dependent on the properties of G. In particular, it
is desirable that G exhibits strong off-diagonal decay. In this event, one may only
use those entries of G for the computation that correspond to the support of c and
whose modulus exceeds a certain threshold.

COARSE[ϵ,v] → vϵ : Given a finitely supported v ∈ ℓ2, a vϵ with less than N non-zero
coefficients such that ∥v − vϵ∥ℓ2 ≤ ϵ is returned.

With these methods at hand one can replace the iteration (3.11) with an iteration using
only finite dimensional operations by using the following algorithm, [CDD01]:

SOLVE[ϵ,G,b] → cϵ :
Data: Accuracy ϵ > 0, Operator G, right-hand side b
Result: Finitely supported vector cϵ
Let α > 0, ρ = ∥I − αG ran (G)∥, let θ < 1/3, and K ∈ N such that 3ρK < θ, i = 0,
v(0) = 0, ϵ0 :=

(A|ran(A))
−1

ℓ2→ℓ2

∥f∥.
while ϵi > ϵ do

i := i+ 1;
ϵi := 3ρKϵi−1/θ;
b(i) = RHS[ θϵi6αK , b];
v(i,0) := vi−1;
for j = 1, . . . ,K do

v(i,j) := v(i,j−1) − α(APPLY[ θϵi6αK ,G, v
(i,j−1)]− b(i));

end
v(i) := COARSE[(1− θ)ϵi, v

(i,K)];
end
cϵ = v(i);

Algorithm 1: SOLVE[ϵ,G,b] → cϵ

We will discuss the effectivity of the algorithm SOLVE to solve operator equations
in the next subsection, where it will turn out that its performance is in many instances
optimal in terms of approximation rates and computational complexity.

3.2.4 Convergence and complexity analysis

Naturally the first question concerning the algorithms SOLVE from the previous sub-
section is whether its output is close and eventually converges to a vector c such that
u = T ∗

ΦD
−1
B Qc solves (3.1). Of course also the speed of convergence is important as well

as the computational complexity of this algorithm. Concerning the convergence of the
solutions of SOLVE one can show, [DFR07, Ste03], that in the situation of Theorem
3.2.2

∥Q(c− v(i))∥ℓ2 ≤ ϵi, for i ≥ 0.
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As a consequence, one has

∥u− T ∗
ΦD−1

B cϵ∥H ≤ ϵ∥T ∗
Φ∥Bd→H. (3.12)

We observe that the solution of SOLVE converges to a solution of the discretized problem
(3.10). Next, one needs to establish how quickly this convergence occurs. We first describe
the best conceivable convergence rate, which shall serve as a benchmark for further
considerations.

Given that SOLVE computes a finitely supported output cϵ, with N non-zero entries
say, it is clear that it would be optimal if D−1

B cϵ was the coefficient vector of a best N -term
approximation of the solution u. This would imply that the optimal rate of convergence
of the T ∗

ΦD
−1
B cϵ in terms of # supp cϵ is given by the best N -term approximation rate of

u with respect to the frame Φ. We will see that under certain assumptions at least the
asymptotic rate of approximation of the best N -term approximation can be achieved by
SOLVE.

The first assumption that is required in order to guarantee optimal convergence results
is compressibility of the operator G, which means that G is well approximated by a sparse
operator.

Definition 3.2.3 ([CDD01, Ste03]). For s∗ > 0 a bounded operator G : ℓ2 → ℓ2 is called
s∗-compressible if for each j ∈ N there exist constants αj and Cj and an infinite matrix
Gj having at most αj2j non-zero entries in each column such that

∥G−Gj∥ℓ2→ℓ2 ≤ Cj ,

(αj)j∈N is summable, and for any s < s∗, (Cj2sj)j∈N is summable.

We shall also make use of the weak ℓp spaces, which, for 0 < p <∞ are defined by

ℓwp := {(cj)j∈N : sup
n≥1

n1/pc∗n <∞}, (3.13)

where (c∗n)n∈N is a rearrangement of (cj)j∈N such that |c∗n| ≥ |c∗n+1| for all n ≥ 1.
Now in the case that the underlying frame is a wavelet basis, G is s∗-compressible

with p = (1/2 + s∗)−1, and (3.5) has a unique solution c ∈ ℓwp , it was shown in [CDD01]
that there is an implementation of RHS, COARSE, APPLY such that the solution of
SOLVE cϵ obeys

# supp cϵ ≲ ϵ−1/s∥f∥1/sℓwp
.

Moreover, the cϵ can be computed with C∥c∥−1
ℓwp
ϵ−1/s arithmetic operations. In other

words: If the error of approximating c by a vector with only N non-zero elements decays
as N−s and G is s∗-compressible, then in order to achieve an accuracy of ϵ = N−s only
O(N) arithmetic operations are needed to compute cϵ which has O(N) non-zero entries.
In particular, the optimal convergence rate of the best N -term approximation is realized
by the algorithm at least asymptotically.
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In the general frame case one needs to take care of one additional detail. While in the
exact iteration (3.11) it is clear that c(n) will always lie in ran (G), it is possible that in the
non-exact iteration of SOLVE the iterands v(n) obtain a component in ran (G)⊥ = ker(G).
Due to the nature of the Richardson iteration, these will not be damped out by further
iterations and may accumulate. On the one hand, since ker(G) = ker(T ∗

ΦD
−1
B ), this has

no effect on the estimate (3.12). On the other hand, this circumstance does interfere
with the complexity analysis. Since we do not discuss the complexity analysis in detail,
we cannot illuminate this point further and refer to [Ste03], [DFR07]. In any case it is
possible to circumvent this problem and also obtain optimal convergence rates in the
frame case under an additional assumption on the projection operator Q as we formulate
in the following theorem:

Theorem 3.2.4 ([DFR07]). Assume that for some s∗ > 0, G is s∗-compressible and that
for some s ∈ (0, s∗) and p := (1/2 + s)−1, (3.5) has a solution c ∈ ℓwp . Moreover, assume
that g := (D∗

B)
−1TΦf is s∗-optimal in the sense that for a suitable routine RHS for each

s ∈ (0, s∗) and ϵ > 0 with gϵ = RHS[ϵ, g] the following is valid:

i) # supp gϵ ≲ ϵ−1/s∥g∥1/sℓwp
,

ii) the number of arithmetic operations to compute gϵ is bounded by ϵ−1/s∥g∥1/sℓwp
up to a

multiplicative constant.

In addition, assume that there exists an s̃ ∈ (s, s∗) such that with p̃ := (1/2 + s̃)−1 the
projection Q onto ran G is bounded on ℓwp̃ . Then, if the parameter K in SOLVE is large
enough, we obtain for all ϵ > 0, cϵ = SOLVE[ϵ,G, g]

i) # supp cϵ ≲ ϵ−1/s∥c∥1/sℓwp

ii) The number of arithmetic operations necessary to compute cϵ is bounded by ϵ−1/s∥c∥1/sℓwp
up to a multiplicative constant.

Theorem 3.2.4 and the routine SOLVE provide a method to discretize and then
solve operator equations with an accuracy that is of the asymptotic order of the best
N -term approximation while only using O(N) arithmetic operations. In fact, the quality
of this procedure still relies solely on the best N -term approximation rate that the frame
provides for the solution u of (3.1). With this in mind it seems reasonable to examine
other Gelfand frames than wavelets. We will discuss the application of shearlet frames,
which provide better N -term approximation rates than wavelets, in the next section.

With such a powerful method as that of Algorithm 1 at hand it is quite natural
to ask for extensions to more involved problems than elliptic operator equations. In
fact, it was shown in [CDD02] in the context of discretizations by wavelet bases how the
ellipticity condition can be significantly weakened. Furthermore, comparable methods
can be employed to solve saddle point problems, [DDU02], such that one also obtains
optimal convergence rates in terms of N -term approximation as in Theorem 3.2.4. In
addition, there are also strategies if the operator in (3.1) is non-linear. This was studied
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first in [CDD03] in the context of wavelet bases and then later extended also for Gelfand
frames in [CCF08] and [DFP+09].

3.3 Shearlet frames for the discretization

We observed in Theorem 3.2.4 that it is possible to construct an algorithm that solves
elliptic PDEs very efficiently. In fact, the approximation rate is determined exclusively by
the approximation rate with respect to the best N -term approximation of the solution of
the operator equation with respect to the underlying frame. However, as we have seen
already there are instances, which we will also describe below, where wavelet systems do
not provide the optimal approximation rate for the underlying functions. One instance
where the wavelet approximation is suboptimal is when the underlying function admits
anisotropic features such as jumps along smooth curves. This has been discussed in
detail in Subsection 2.4.1, where we observed in Theorem 2.4.7 that shearlets admit faster
approximation rates than wavelets when functions admit jumps along smooth curves. We
will observe in Section 4.1 in Theorems 4.1.3 and 4.1.5 that the same statement holds if
only the derivatives of the functions admit jumps along smooth curves.

Of course we need to ask ourselves what kind of differential equations give rise to
solutions that have such a behavior. In the following subsection we will give an overview of
problem classes where the solutions of the underlying PDEs exhibit anisotropic structures.

3.3.1 Anisotropic structures in solutions of PDEs

Solutions of PDEs may exhibit anisotropic structures, i.e., singularities along curvilinear
structures in various cases. For instance, assume we have the situation of (3.1) with
an elliptic differential operator and a piece-wise smooth right-hand side that exhibits a
singularity along a smooth curve. In this case, by the ellipticity property of the differential
operator the wavefront set, defined in Subsection 2.4.2.2, of the right-hand side equals
that of the solution, [Trè80]. This means the solution u will have the same singularity
curve as the right-hand side and be smooth away from that curve.

Another more specific instance of solutions of PDEs with anisotropic features appears
in the simulation of fracture processes. The physical phenomenon that is modeled
here is that a material subject to some force will deform itself smoothly until at some
point without any intermediate phase a fracture occurs. A mathematical model of this
phenomenon called brittle fracture was proposed by Francfort and Marigo in [FM98].
They model the evolution of a fracture by finding a displacement function u on a bounded
domain Ω ⊂ R2 that minimizes the following functional for all times t ∈ [0, T ]

u(t) ∈ argmin
ũ∈SBV (Ω)
u|ΩD

=g(t)ΩD

J (ũ) := argmin
ũ∈SBV (Ω)
u|ΩD

=g(t)ΩD

∫
Ω\Sũ

|∇ũ|2dx+ κH1(Sũ), (3.14)

where ΩD ⊂ Ω is the domain where the force g is applied, κ > 0 is an elasticity constant,
H1 is the one-dimensional Hausdorff measure and Su is the jump set of u and u is in the
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special bounded variation space SBV (Ω). We omit giving precise definitions of SBV (Ω)
or Su since they do not play any important role from now on. A detailed discussion of
the functional can be found in [BOS11]. However, since the minimization depends on
unknown functions and sets, it is convenient to replace the minimization problem by a
more tractable one. In fact, one may introduce the Ambrosio-Tortorelli functional [AT90],
which Γ-converges to the functional (3.14). For 0 < η ≪ ϵ≪ 1 we define

Jϵ(u, v) =
∫
Ω
(v2 + η)|∇u|2dx+ κ

∫
Ω
[
1

4ϵ
(1− v)2 + ϵ|∇v|2]dx. (3.15)

Minimizing (3.15) over u, v ∈ H1(Ω) yields an approximate solution for the displacement
u and the almost zero set of v resembles the crack path. In particular, we can observe
that for decreasing ϵ, the penalty on the gradient of v becomes less important; hence, the
almost zero set of v becomes increasingly localized, which results in a large gradient of
u only along this small set. The minimizer of (3.15) can now be found by alternating
minimization in v and u as described in [BOS11, AFMP15b, AFMP15a], where each of
the separate minimization steps can be made by solving an elliptic operator equation.
Since u and v admit high gradients along the crack path, they have strongly anisotropic
behavior. Comparisons between anisotropic finite element methods with isotropic finite
elements in [AFMP15b, AFMP15a] have shown that anisotropic meshes yield superior
results. Because shearlets are the anisotropic analogue to wavelets, it is conceivable that
similar observations will be made in the frame case.

Another PDE that admits anisotropic structures in the form of jumps along lines is
the radiative transport equation. For s⃗ ∈ R2 the radiative transport equation is given by

Au(x) := s⃗ · ∇u(x) + κ(x, s⃗)u(x) = f(x), x ∈ R2, (3.16)

where f ∈ L2(R2) is a source term, κ(x, s⃗) ≥ κ0 > 0 is an absorption coefficient, and we
search for solutions u ∈ H s⃗ := {u ∈ L2(R2) : s⃗ ·∇u ∈ L2(R2)}, [Mod03]. Briefly summing
up some observations in [GO15] and [EGO14], we can say that the solutions of (3.16) can
examine discontinuities along straight lines orthogonal to s⃗ and the solution is smoothed
in the direction of s⃗. Furthermore, the operator A∗A : H s⃗ → H s⃗′ satisfies the ellipticity
condition and hence,

A∗Au = A∗f

can be solved by employing adaptive frame methods. In fact, in [GO15] and [EGO14] it
was shown how to find optimal solvers based on a ridgelet discretization. Certainly, as
long as the discontinuities of the solution u develop along straight lines there is nothing
to gain by using shearlets over ridgelets. Furthermore, it was shown in [Gro12] that while
ridgelets give rise to characterizations of the H s⃗ norm curvelets are not capable of such a
characterization. Hence, it is very likely that the same challenges arise for shearlets.

However, it is the case that if we do not only look at transport along straight lines
but replace the constant vector s⃗ by a vector field, curved singularities will be present in
the solution u. This - in particular the following situation - was analyzed in [DKL+16].
Let Ω ⊂ R2 be a bounded domain and let b⃗ be a velocity field on Ω, which is continuously
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differentiable. Let n⃗(x) denote the unit outward normal of ∂Ω at x ∈ ∂Ω. Further let c
be a reaction term given by a continuous function. The first order transport equation is
defined by

b⃗ · ∇u+ cu = f, on Ω, u = g on ∂Ω−,

where ∂Ω± := {x ∈ ∂Ω : ±b⃗(x) · n⃗(x) > 0} denotes the inflow, outflow boundary,
respectively and f ∈ L2(Ω). In [DKL+16] the following instances of the problem have
been described which lead to curvilinear discontinuities of the solution u:

• If the right-hand side f exhibits a jump along a smooth curve and the boundary
conditions are zero, then u exhibits a jump of first order derivatives in directions not
parallel to b⃗. If the discontinuity of f is parallel to b⃗, then the solution u exhibits a
jump discontinuity.

• If f is smooth and the boundary data is piecewise smooth with a jump discontinuity,
then the solution will exhibit a jump singularity starting from the boundary.

• If f exhibits discontinuities and the boundary data is discontinuous, both effects
described above will superimpose.

In all three cases cartoon-like functions or functions with cartoon-like derivatives yield a
good model for the solutions u. Hence, we can expect that in all problem cases discussed
in this subsection a discretization by adaptive frame methods based on shearlet systems
will be superior to a discretization by wavelet systems.

3.3.2 Shearlet frame specific challenges

Considering the differential equations of the previous section it is expected that frame
methods will play a crucial role for their discretization. However, the shearlet systems
introduced in Section 2.4 are defined on L2(R2). In PDE applications, especially those
described in the previous subsection, it is often important to be able to work on a bounded
domain and stipulate some boundary conditions. This is impossible for the standard
shearlet systems and hitherto no suitable construction was given in the literature that
can be used for this task. This was the motivation for the construction of the boundary
shearlet system in Section 2.5 and we will show that this system preserves all desired
properties of the shearlet system on R2 in Section 4.2.

Furthermore, as we described in Subsection 3.2.4 in order to construct the numerical
method SOLVE with the shearlet frame on a bounded domain, one needs to examine
whether the resulting discretized differential operator G is compressible, as in Definition
3.2.3, as well as whether the projection onto ran (G) obeys certain mapping properties.

In order to analyze these properties, we will provide an implementation of SOLVE
for the Poisson problem with a boundary shearlet system in Section 4.3. We will see that
the algorithm achieves exactly the predicted optimal approximation rates.
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Chapter 4

Shearlets and the numerical solution
of PDEs

In this chapter we will apply the machinery from the previous chapters to solve PDEs
using shearlet systems. We will focus on three aspects in particular. First of all, as
we observed in Subsection 3.2.4, the performance of the adaptive algorithm SOLVE of
Chapter 3 depends crucially on the best N -term approximation rate when approximating
the solution of the PDE with respect to the underlying frame. In Section 4.1 we will show
that shearlets yield approximation rates superior to wavelets also for a class of functions
more general than cartoon-like functions. Such functions appear more frequently in PDE
applications than functions with discontinuities.

As we already pointed out before, in order to solve PDEs it is important to handle
data defined on a bounded domain. For this purpose we introduced shearlet systems on
bounded domains in Section 2.5. Of course we need to study whether the properties of
the shearlet system on L2(R2) including good approximation rates, the frame property,
and the characterization of Sobolev spaces will be preserved when we move to a shearlet
system on a bounded domain. We will answer this question in the affirmative in Section
4.2

Finally, one should be curious whether the SOLVE algorithm based on shearlets on
bounded domains performs in practice as predicted by the theory. We will test this in
Section 4.3 numerically. In fact, in all our test cases the observed approximation rates
coincide with the predicted rates.

4.1 Approximation of functions with cartoon-like derivatives

As we have seen in Section 2.4, shearlets yield almost optimally sparse approximations of
cartoon-like functions. However, in many applications the functions to be approximated
are not discontinuous. Most importantly, this problem can appear, when discretizing
partial differential equations as in Chapter 3, because the solutions of elliptic PDEs
are usually smoother than the right-hand sides. Nonetheless, these functions might
exhibit anisotropic phenomena. For example the solutions of elliptic differential equations
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Figure 4.1: (A): Characteristic function χB of a ball B; (B): Solution of the Poisson
problem −∆u = χB with Dirichlet boundary conditions; (C): Second derivative of u in
horizontal direction; (D): Second derivative of u in vertical direction

with discontinuous or cartoon-like source terms will be smooth but with discontinuous
derivatives. Such an instance is depicted in Figure 4.1, where one can clearly observe that
in this example the solution of a Poisson equation with a cartoon-like right-hand side is a
function with cartoon-like second derivatives.

The remainder of this section with the exception of Corollary 4.1.7 has been published
in [Pet16].

4.1.1 Approximation rates for the standard cartoon model

In this section we analyze the approximation rates of functions that have a derivative
which is cartoon-like.

Definition 4.1.1. Let l ∈ N and v > 0, the set of functions with cartoon-like l-th order
derivatives is defined as

E l,2(v) :=
{
u ∈ H l(R2) : Dαu = uα and uα ∈ E2(v,R2), for all |α| = l

}
.

Note that for a cartoon-like function f = f1+χDf2 it is possible that D = ∅ or f2 = 0;
thus, not all l-th derivatives of a function u ∈ E l,2(v) need to have discontinuities. We will
show that the best N -term approximation rate for E l,2(v) by wavelet systems is bounded
from below by g(N) = N−(l+1)/2 and that there exists a best N -term approximation rate
by shearlets of the order of g(N) = N−(l+2)/2.

We stated in Theorem 3.2.1 that many wavelet systems on a domain or on R2 admit
a characterization of Besov spaces Bs

p,p by non-linear approximation rates in the sense
that for r > s ≥ 0 and 1/q = s/2 + 1/2 one has

∞∑
n=1

[ns/2σn(u)
1/2]r

1

n
<∞ ⇔ u ∈ Bs

q,q. (4.1)

Using (4.1) we can now find an upper bound for the approximation rate of wavelets for
functions in E l,2(v).
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Theorem 4.1.2. Let u ∈ H l(R2) such that, for some |α| = l, we have

Dαu(x) = χD(x), for all x ∈ D0,

where D is a bounded open subset of R2 with smooth boundary curve and D0 is an open
subset of R2 such that ∂D∩D0 ≠ ∅. Let (ωj,m)(j,m)∈∆ be a wavelet system such that (4.1)
holds. Then, for all ϵ > 0, we have that σN (u) ̸∈ O(N−(l+1)−ϵ).

Proof. By a straightforward computation, using the definition of Besov spaces, (B.6),
we obtain that for a function h such that h = χD on D0 we have that h ̸∈ B1

q,q for any
0 < q < ∞. Hence, u ̸∈ Bl+1

q,q for any 0 < q < ∞. If σN (u) ≲ N−l+1−ϵ for N → ∞ for
some ϵ < 0 it would follow with s = l+ 1, 1/q = (s+ 1)/2 applied to (4.1) that u ∈ Bl+1

q,q ,
which is a contradiction.

Now let us prove that shearlet systems obtain a higher approximation rate than
wavelets for functions in E l,2(v).

Theorem 4.1.3. Let l ≥ 0, and 0 < v <∞, and u ∈ E l,2(v). Further, let SH(ϕ, ψ, ψ̃, c) =
(ψλ)λ∈Λ be a shearlet system with shearlet generator ψ = (∂l/∂x1)θ, where θ ∈ L2(R2).
Further, assume that θ has compact support, is a separable shearlet and

(i) |θ̂(ξ)| ≲ min(1, |ξ1|τ )min(1, |ξ1|−ν)min(1, |ξ2|−ν) as well as

(ii) |(∂/∂ξ2)θ̂(ξ)| ≤ |h(ξ1)(1 + (ξ2/ξ1))
−ν |,

where τ > 5, ν ≥ 4, h ∈ L1(R). Further assume that (ψλ)λ∈Λ forms a frame for L2(R2).
Then ∑

n≥N
c(u)∗n ≲ N

−(l+2) log(N)3, (4.2)

where c(u)∗ denotes a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ. Fur-
thermore,

∥u−
∑
λ∈EN

⟨u, ψλ⟩ψdλ∥2L2(R2) ≲ N
−(l+2) log(N)3, (4.3)

where EN ⊂ Λ contains the indices of the N largest coefficients |⟨u, ψλ⟩| and ψdλ is the
canonical dual frame element of ψλ. The log term in (4.2) and (4.3) can be dropped if
l ≥ 1.

Proof. For l = 0 the result is provided by Theorem 2.4.7. In the sequel we assume that
l ≥ 1.

Let γ1 be the discontinuity curve of u1 := (∂l/∂x1)u and γ−1 be the discontinuity
curve of u−1 = (∂l/∂x2)u. We denote for t ∈ γi the outer normal at t of γi by ni(t),
i = 1,−1.

Next, we decompose our index set Λ. First of all, we denote all indices (j, k,m, ι) ∈ Λ
such that ι = 0 by Λ0. By the compact support of u and ψ we have that #{λ ∈
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Λ1 Λ2,a Λ2,b

Figure 4.2: Typical shearlet elements corresponding to the index sets Λ1, Λ2,a, and Λ2,b.

Λ0 : ⟨u, ψj,k,m,ι⟩ ̸= 0} < ∞. We denote by Λ1 ⊂ Λ the indices (j, k,m, ι) ∈ Λ \ Λ0 such
that supp ψj,k,m,ι∩

⋃
ι={−1,1} γι = ∅. In other words, Λ1 contains the indices corresponding

to shearlet elements that do not intersect the discontinuity curve γι. Moreover, we denote
by Λ2,a the indices such that the shearlet elements are almost aligned with the discontinuity
curve. In particular, Λ2 := Λ\(Λ0∪Λ1), such that for (j, 2j/2s,m, ι) ∈ Λ there exists some
t ∈ supp ψj,2j/2s,m,ι ∩ γι such that we have sι ∈ (tan ρ0 − 3 · 2−j/2, tan ρ0 + 3 · 2−j/2) and
nι(t) = ±(cos ρ0, sin ρ0) for some ρ0 ∈ (−π/2, π/2). Additionally, there are non-aligned
shearlet elements that touch the discontinuity curve; we will call these indices Λ2,b. We
have Λ2,b = Λ \ (Λ0 ∪ Λ1 ∪ Λ2,a). Examples of shearlet elements corresponding to Λ1,
Λ2,a, and Λ2,b are depicted in Figure 4.2.

Now let us observe the sizes of the index sets for fixed scale j ≥ 0, which we denote
by Λ1

j ,Λ
2,a
j , and Λ2,b

j . We have that #{(j, k,m, ι) ∈ Λ1
j : ⟨u, ψj,k,m,ι⟩ ≠ 0} ≲ 22j . Observe

that due to their bounded curvature γ1 and γ−1 have finite length. Hence, we observe
that

|Λ2,a
j | ≲ 2

j
2 , |Λ2,b

j | ≲ 2
3
2
j .

Part 1: (j, k,m, ι) ∈ Λ0:
There are only finitely many non-zero indices in Λ0, i.e., we certainly have∑

n≥N
c(u)∗n ≲ N

−(l+2),

where c(u)∗ denotes a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ0 .
Part 2: (j, k,m, ι) ∈ Λ1

In this case the scalar products ⟨u, ψj,k,m,ι⟩ decay as if the function was in C l+2. In
other words, by invoking Proposition 2.1 of [KL11] (which was only stated for l = 0, but
the extension to l ≥ 1 follows with the same proof) this means that∑

n≥N
c(u)∗n ≲ N

−(l+2), (4.4)

where c(u)∗ denotes a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ1 .
Part 3: (j, k,m, ι) ∈ Λ2
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Using partial integration and the compact support of θ, one obtains

|⟨u, ψj,k,m,ι⟩| ≲ 2−lj |⟨uι, θj,k,m,ι⟩|. (4.5)

Invoking Proposition 2.2. in [KL11] in combination with (4.5) yields that for
(j, k,m, ι) ∈ Λ2,a we have

|⟨u, ψj,k,m,ι⟩| ≲ 2−( 9
4
+l)j

and for (j, k,m, ι) ∈ Λ2,b we have

|⟨u, ψj,k,m,ι⟩| ≲ 2−( 3
4
+l)j .

Using p = 2/(l + 3) and the sizes of Λ2,a
j and Λ2,b

j we can compute that∑
(j,k,m,ι)∈Λ2

|⟨u, ψj,k,m,ι⟩|p =
∑

(j,k,m,ι)∈Λ2,a

|⟨u, ψj,k,m,ι⟩|p +
∑

(j,k,m,ι)∈Λ2,b

|⟨u, ψj,k,m,ι⟩|p

≲
∑
j∈N

2
3
2
j2−p(

9
4
+l)j +

∑
j∈N

2
j
2 2−p(

3
4
+l)j <∞. (4.6)

Stechkin’s lemma - see e.g. [DeV98] - states that

(
∑
n≥N

|dn|2)
1
2 ≲ N−s (4.7)

if (dn)n∈N is a monotonically decreasing sequence such that (dn)n∈N ∈ ℓp for s = 1/p−1/2.
Using Stechkin’s lemma, we obtain that

∑
n≥N c(u)

∗
n ≲ N−(l+2), where c(u)∗ denotes

a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ2 . Using the estimates from
Part 1,2, and 3 and invoking the dual frame characterization (2.5) yields

∥u−
∑
λ∈EN

⟨u, ψλ⟩ψdλ∥2L2(R2) ≲
∑
n≥N

c(u)∗n ≲ N
−(l+2),

where c(u)∗n denotes a non-increasing rearrangement of (|⟨u, ψλ⟩|2)λ∈Λ.

We give a numerical example to illustrate Theorem 4.1.3. In Figure 4.3 we depict the
shearlet coefficients of a function that has a cartoon-like derivative in x2-direction. By
(4.6) these coefficients should decay as O(N−2) for N → ∞. In fact, the actual decay
matches the predicted decay of O(N−2) for N → ∞ very closely. The experiments were
made with a subsampled version of the shearlet decomposition algorithm of ShearLab,
[KLR15].

4.1.2 A different cartoon model

We saw in the proof of Theorem 4.1.3 that the main bottleneck for the decay of the
shearlet coefficients is (4.4). The estimate (4.4) depends only on the the regularity of
the functions f1, f2 of the cartoon-like function f = f1 + χDf2. We can examine what

61



50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

500

50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

500

103 104 105 106
10-7

10-6

10-5

10-4

10-3

10-2

10-1

n

(c
(u

)∗ n
)1

/
2

Figure 4.3: Left: Function u with cartoon-like derivatives. Middle: Cartoon-like first
derivative of u in vertical direction. Right: Plot on a logarithmic scale of the predicted
decay of O(n−2) for n→ ∞ due to (4.6) (dashed red line) and actual decay of (c(u)∗n)1/2

(solid blue line).

happens when we assume more regularity and we expect, that under such an assumption
better overall approximation rates can be achieved. To keep technicalities at a minimum,
we only consider the case where f1, f2 ∈ C∞, but other cases, e.g., f1, f2 ∈ C l for some
l > 2 can be studied similarly. We study the following cartoon model:

Definition 4.1.4. Let 1 ≤ l ∈ N. We define

E l,∞(v) :=
{
u ∈ H l(R2) : Dαu = uα and uα ∈ E∞(v), for all |α| = l

}
, (4.8)

where

E∞(v) := {f ∈ L2(R2) : f = f1 + χDf2, where f1, f2 ∈ C∞, supp f1, f2 ⊂ (0, 1)2

and D ⊂ (0, 1)2 with ∂D ∈ C∞ and ∂D has curvature bounded by v}.

Obviously E l,∞(v) ⊂ E l,2(v). From Theorem 4.1.2 we know that the best N -term
approximation rate of wavelets for this class of functions is bounded from below by
N−(l+1)/2.

We can now state the approximation rate of shearlet systems for the class E l,∞(v). In
the proof we will make use of Lemma 4.1.6 which is given subsequent to the following
theorem.

Theorem 4.1.5. Let l ≥ 1, and 0 < v < ∞, and u ∈ E l,∞(v) and let SH(ϕ, ψ, ψ̃, c) =
(ψλ)λ∈Λ be a shearlet system with shearlet generator ψ = (∂l/∂x1)θ such that with L ∈ N,
L > l + 23/4, θ ∈ CL(R2) has compact support, is separable and

(i) |θ̂(ξ)| ≲ min(1, |ξ1|τ )min(1, |ξ1|−ν)min(1, |ξ2|−ν) and

(ii) | ∂∂ξ2 θ̂(ξ)| ≤ |h(ξ1)(1 + ξ2
ξ1
)−ν |,
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where τ > 5, ν ≥ 4, h ∈ L1(R). Assume that θ has M ≥ 2L vanishing moments in
x1-direction. Further, assume that (ψλ)λ∈Λ forms a frame for L2(R2). Then for every
ϵ > 0 ∑

n≥N
c(u)∗n ≲ N

−2(l+ 7
4
−ϵ),

where c(u)∗n denotes a non-increasing rearrangement of (|⟨u, ψλ⟩|2)λ∈Λ. Furthermore,

∥u−
∑
λ∈EN

⟨u, ψλ⟩ψdλ∥2L2(R2) ≲ N
−2m− 7

2
+ϵ, (4.9)

where EN ⊂ Λ contains the indices of the N largest coefficients of (|⟨u, ψλ⟩|)λ∈Λ and ψdλ
is the canonical dual frame element of ψλ.

Before we can proof Theorem 4.1.5 we need to properly describe the following improved
estimate for shearlet elements that intersect a discontinuity curve of a cartoon-like function
non-tangentially. This estimate uses techniques which are inspired from the analysis of
the decay rates of the continuous shearlet transform in Chapter 5. The corresponding
estimate in that chapter is Proposition 5.1.8.

Lemma 4.1.6. Let ψ = ψ1 ⊗ ϕ1 be a separable shearlet, where ψ1, ϕ1 ∈ CL(R2)∩L2(R2)
are compactly supported and ψ1 has M ∈ N vanishing moments. Let u = f1 + χDf2
with f1, f2 ∈ CP (R2) and D ⊂ (0, 1)2 with γ = ∂D ∈ CR and γ has bounded curvature.
Further, let R ≥ L and L+ P ≤M .

Let (j, k,m, ι) ∈ Λ such that there exists t ∈ supp ψj,k,m,ι ∩ ∂D such that the normal
n⃗(t) of γ at t obeys n⃗(t) = ±(cos ρ0, sin ρ0) for some ρ0 ∈ [−π/2, π/2] and
d[−π/2,π/2](arctan((2

−j/2k)ι), ρ0) ≥ β > 0. Then we have

| ⟨ψj,k,m,ι, u⟩ | ≤ Cu(2
−(P+1) j

2 + 2−(L+1) j
2 ),

where Cu may depend on u but not on (j, k,m, ι).

Proof. Assume w.l.o.g. that m = 0, k = 0, and ι = 1. For general |k| ≤ 2j/2 one can
apply a transformation to revert back to k = 0. The proof for the case ι = −1 is identical
to ι = 1. Since k = 0, ι = 1, we have that ρ0 ̸∈ (−β, β); hence, locally in a neighborhood
of t = (t1, t2) there exists E : R → R such that γ is given by x1 ↦→ (x1+ t1, E(x1)+ t2). E
is bounded in a neighborhood of t independent from the chosen t since its slope is bounded
due to the constraint on ρ0. Furthermore, E is R-times continuously differentiable. Now
we can apply the transformation theorem to the above equation to obtain

⟨ψj,0,0,1, u⟩ =
∫
R2

ψj,0,0,1(x1, x2 − E(x1))u(x1, x2 − E(x1))dx.

The discontinuity curve of u is locally given by x1 ↦→ (x1 + t1, t2) and hence, u(x1, x2 −
E(x1)) is CP for fixed x2. We can also assume that for some c > 0 we have supp ψj,0,0,1 ⊂
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A−1
j ([−c, c]2). Thus, we can replace (x1, x2) ↦→ u(x1, x2 − E(x1)) by a P -th order Taylor

approximation U to obtain

|
∫
A−1

j ([−c,c]2)
ψj,0,0,1(x1, x2 − E(x1))u(x1, x2 − E(x1))dx

−
∫
A−1

j ([−c,c]2)
ψj,0,0,1(x1, x2 − E(x1))U(x1, x2)dx|

≲ 2−(P+1) j
2 .

Now we decompose ψj,0,0,1(x1, x2 − E(x1)) = 2j/2ψ1(2jx1)2
j
4ϕ1(2

j
2 (x2 − E(x1))). Let

H(·, x2) be a L-th order Taylor approximation of x1 ↦→ ϕ1(2
j
2 (x2 − E(x1))), then∫

A−1
j ([−c,c]2)

2
j
2ψ1(2jx1)2

j
4ϕ1(2

j
2 (x2 − E(x1)))U(x1, x2)dx

=

∫
A−1

j ([−c,c]2)
2

j
2ψ1(2jx1)2

j
4H(x1, x2)U(x1, x2)dx+O(2−(L+1) j

2 ).

By construction HU is a polynomial of order L+ P . Since ψ1 has M ≥ L+ P vanishing
moments we have that∫

R2

2
j
2ψ1(2jx1)2

j
4H(x1, x2)U(x1, x2)dx = 0

if L+ P ≤M . We obtain that

| ⟨ψj,0,0,1, u⟩ | ≲ 2−(P+1) j
2 + 2−(L+1) j

2 .

Proof of Theorem 4.1.5. We use the same notation as in the proof of Theorem 4.1.3 for
the functions uι = (∂l/∂xι)u and the discontinuity curves γι, ι = −1, 1 and the outer
normal nι(t) of γι at t for ι = 1,−1.

We start by decomposing our index set Λ. The sets Λ0, Λ1, and Λ2 are defined exactly
as in the proof of Theorem 4.1.3. We do, however, decompose Λ2 differently, into Λ2,a,Λ2,b

and Λ2,c, to be defined below. We denote by Λ2,a the indices in Λ2 := Λ\(Λ0∪Λ1) such that
for (j, 2j/2s,m, ι) ∈ Λ there exists some t ∈ supp ψj,2j/2s,m,ι ∩ γι such that we have sι ∈
(tan ρ0−3·2−j/2, tan ρ0+3·2−j/2) and nι(t) = ±(cos ρ0, sin ρ0) for some ρ0 ∈ (−π/2, π/2).
Additionally, there are non-aligned shearlet elements, where the angle between the shearlet
and the discontinuity curve is less than π/4 and that touch the discontinuity curve; we
will call these indices Λ2,b. More precisely, these are indices (j, 2j/2s,m, ι) ∈ Λ that are
not in Λ0 ∪ Λ1 ∪ Λ2,a and for which there exists some t ∈ supp ψj,2j/2s,m,ι ∩ γι such
that we have that d[−π/2,π/2](arctan(sι), ρ0) < π/4 and nι(t) = ±(cos ρ0, sin ρ0) for some
ρ0 ∈ (−π/2, π/2). Lastly, there are indices, such that the angle between the curve and
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the shearlet is larger than π/4, i.e., (j, 2j/2s,m, ι) ∈ Λ \ (Λ0 ∪ Λ1 ∪ Λ2,a ∪ Λ2,b) such that
d[−π,π](arctan(s

ι), ρ0) ≥ π/4. We will call these indices Λ2,c.
For j ∈ Z we denote by Λ1

j ,Λ
2,a
j ,Λ2,b

j , and Λ2,c
j the indices of the respective index

set, with scale equal to j. We have that #{(j, k,m, ι) ∈ Λ1
j : ⟨u, ψj,k,m,ι⟩ ≠ 0} ≲ 22j .

Furthermore,
|Λ2,a
j | ≲ 2

j
2 , |Λ2,b

j | ≲ 2j , |Λ2,c
j | ≲ 2

3
2
j .

Again we consider three different parts:
Part 1: (j, k,m, ι) ∈ Λ0:

Since |Λ0| <∞, we certainly have∑
n≥N

c(u)∗n ≲ N
−2(l+ 7

4
),

where c(u)∗ denotes a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ0 .
Part 2: (j, k,m, ι) ∈ Λ1:

Using (4.5) we obtain that

|⟨u, ψj,k,m,ι⟩| ≲ 2−lj |⟨uι, θj,k,m,ι⟩|. (4.10)

Since uι ∈ C∞ and the function θ has M > l + 9/2 vanishing moments in x1-direction,
and supp θj,k,m,ι is of length 2−j in the direction indicated by ι, we can estimate

|⟨u, ψj,k,m,ι⟩| ≲ 2−2(l+ 9
4
)j .

Let ϵ > 0 and p = (l + 9/4− ϵ)−1. From the cardinality of Λ1
j we have that

∑
(j,k,m,ι)∈Λ1

|⟨u, ψj,k,m,ι⟩|p ≤
∑
j∈N

22j2
−2j

(l+9
4 )

(l+9
4−ϵ) <∞.

Using Stechkin’s lemma, (4.7), we obtain that
∑

n≥N c(u)
∗
n ≲ N

−2(l+7/4−ϵ), where c(u)∗

denotes a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ1 .
Part 3: (j, k,m, ι) ∈ Λ2:

As already established in the proof of Theorem 4.1.3, we have

|⟨u, ψj,k,m,ι⟩| ≲ 2−( 9
4
+l)j , for all (j, k,m, ι) ∈ Λ2,a

and
|⟨u, ψj,k,m,ι⟩| ≲ 2−( 3

4
+l)j , for all (j, k,m, ι) ∈ Λ2,b.

We continue with the coefficients of Λ2,c. First of all, we invoke (4.5) and obtain

|⟨u, ψj,k,m,ι⟩| ≲ 2−lj |⟨uι, θj,k,m,ι⟩|.

Next, we want to estimate ⟨uι, θj,k,m,ι⟩ using Lemma 4.1.6. Since uι ∈ E∞(v) we have
that

uι = f1 + χDf2, with f1, f2 ∈ CP
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for P = ⌈l+ 23/4⌉ and ∂D ∈ C∞. Furthermore, θ ∈ CL has M ≥ 2L vanishing moments
and L ≥ ⌈l + 23/4⌉. Hence, we can apply Lemma 4.1.6 to obtain that

|⟨uι, θj,k,m,ι⟩| ≲ 2−(l+ 23
4
+1) j

2 .

Consequently,

|⟨u, ψj,k,m,ι⟩| ≲ 2−lj2−(l+ 27
4
) j
2 = 2−

3
2
(l+ 9

4
)j .

Invoking the sizes of Λ2,a
j ,Λ2,b

j , and Λ2,c
j we can compute that∑

(j,k,m,ι)∈Λ2

|⟨u, ψj,k,m,ι⟩|p ≤
∑

(j,k,m,ι)∈Λ2,a

|⟨u, ψj,k,m,ι⟩|p

+
∑

(j,k,m,ι)∈Λ2,b

|⟨u, ψj,k,m,ι⟩|p +
∑

(j,k,m,ι)∈Λ2,c

|⟨u, ψj,k,m,ι⟩|p

≲
∑
j∈N

2j2−p(
9
4
+l)j

+
∑
j∈N

2
j
2 2−p(

3
4
+l)j +

∑
j∈N

2
3j
2 2−

3
2
p(l+ 9

4
)j <∞. (4.11)

Another application of Stechkin’s lemma yields that
∑

n≥N c(u)
∗
n ≲ N

−2(l+7/4−ϵ), where
c(u)∗ denotes a non-increasing rearrangement of (|⟨u, ψj,k,m,ι⟩|2)(j,k,m,ι)∈Λ2 . Combining
the estimates from Part 1, 2, and 3 with the dual frame characterization (2.5) yields that

∥u−
∑
λ∈EN

⟨u, ψλ⟩ψdλ∥2L2(R2) ≲
∑
n≥N

c(u)∗n ≲ N
−2(l+ 7

4
−ϵ),

where c(u)∗n denotes a non-increasing rearrangement of (|⟨u, ψλ⟩|2)λ∈Λ.

In Theorems 4.1.3 and 4.1.5 we have the restriction that u is cartoon-like or has
cartoon-like derivatives. This implies that supp u ⊂ (0, 1)2. However, sometimes it is
necessary to analyze functions that are supported on a larger set. We have the following
corollary.

Corollary 4.1.7. Let c ∈ R2, and ϕ, ψ, ψ̃ ∈ L2(R2) be compactly supported. Further, let
(ψλ)λ∈Λ = SH(ϕ, ψ, ψ̃, c) be a shearlet system. Assume U ⊂ U ′ ⊂ L2(R2) is such that for
all u ∈ U there exists a δ > 0 such that u(· − t) ∈ U ′ for all t ∈ Bδ(0) and that supp u is
compact. Further, assume that for a function g : R → R we have that for all u ∈ U ′∑

n≥N
c(u)∗n ≲ g(N), (4.12)

where c(u)∗n denotes a non-increasing rearrangement of (|⟨u, ψλ⟩|2)λ∈Λ. Let K ⊂ R2 be a
compact set and let ũ ∈ L2(R2) satisfy supp ũ ∈ K. If for all x ∈ K there exists a ux ∈ U
such that ux(· − tx) = ũ on B3/8(x) for some tx ∈ R2, then we have that∑

n≥N
c(ũ)∗n ≲ g(N).
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Remark 4.1.1. If we set U ′ = E l,2(v) or E l,∞(v), and for some δ > 0 we set U = {u ∈
U ′ : dist( supp u, ∂[0, 1]2) > δ}. Then, if g is the approximation rate of Theorem 4.1.3
or Theorem 4.1.5 we can conclude from Corollary 4.1.7 that the approximation rates of
Theorems 4.1.3 and 4.1.5 also hold for functions which have compact support and locally
look like shifted cartoon-like functions or shifted functions with cartoon-like derivatives.

Proof of Corollary 4.1.7. As a first step we assume that ũ(·−t̃) ∈ U for some t̃ ∈ R2. Then
by assumption there exists a δ > 0 such that ũ(· − t) ∈ U ′ for all t ∈ Bδ(t̃). Consequently,
there exists a scale J ≥ 0 as well as t1, t2, t3, t4 ∈ R2 such that ũ(· − tq) ∈ U ′ for
q = {1, 2, 3, 4} and

SkAjt
1 ∈McZ2 and STk Ãjt

2 ∈Mc̃Z2 for all even j ≥ J, (4.13)

SkAjt
3 ∈McZ2 and STk Ãjt

4 ∈Mc̃Z2 for all odd j ≥ J.

(4.14)

We have that ∑
n≥N/3

θψn (ũ) ≲
∑

n≥N/6

θψ,lown (ũ) +
∑

n≥N/6

θψ,highn (ũ), (4.15)

where (θψ,lown (ũ))n∈N is a non-increasing rearrangement of (| ⟨ũ, ψj,k,m,ι⟩ |2)(j,k,m,ι)∈Λ,j≤J .
Since #{(j, k,m, ι) ∈ Λ : ⟨ũ, ψj,k,m,ι⟩ ̸= 0 and j ≤ J} <∞, we have that∑

n≥N/3

θψn (ũ) ≲
∑

n≥N/6

θψ,highn (ũ).

Now we denote:

Λ1 : = {(j, k,m, ι) ∈ Λ, such that j even, ι = 1},
Λ2 : = {(j, k,m, ι) ∈ Λ, such that j even, ι = −1},
Λ3 : = {(j, k,m, ι) ∈ Λ, such that j odd, ι = −1},
Λ4 : = {(j, k,m, ι) ∈ Λ, such that j odd, ι = 1}.

Further we denote by (θψ,qn (ũ))n∈N a non-increasing rearrangement of (| ⟨ũ, ψj,k,m,ι⟩ |2)(j,k,m,ι)∈Λq

for q = {1, 2, 3, 4}. Then we obtain that∑
n≥N/6

θψ,highn (ũ) ≤
∑

n≥N/24

θψ,1n (ũ) +
∑

n≥N/24

θψ,2n (ũ)

+
∑

n≥N/24

θψ,3n (ũ) +
∑

n≥N/24

θψ,4n (ũ).

Because of (4.13), we have that the shearlet systems associated with the index sets Λq
are invariant under translations of their elements by tq for q = {1, 2, 3, 4}. Hence,∑

n≥N/6

θψ,highn (ũ) ≤
∑

n≥N/24

θψ,1n (ũ(· − t1)) +
∑

n≥N/24

θψ,2n (ũ(· − t2))

+
∑

n≥N/24

θψ,3n (ũ(· − t3)) +
∑

n≥N/24

θψ,4n (ũ(· − t4)).
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Since ũ(· − tq) ∈ U ′, by construction we can apply (4.12) to obtain∑
n≥N/24

θψ,qn (ũ(· − tq)) ≲ g(N), for all q = {1, 2, 3, 4}.

Consequently, we have that for all ũ ∈ L2(R2) such that ũ(· − t̃) ∈ U for some t̃ ∈ R2:∑
n≥N

c(ũ)∗n ≲ g(N), (4.16)

Now we drop the assumption that ũ(· − t̃) ∈ U and only assume that supp ũ ⊂ K for a
compact set K and that for all x ∈ K there exists a ux ∈ U such that ux(· − tx) = ũ
on B3/8(x) for some tx ∈ R2. By an argument similar to that of (4.15) we can assume
that all ψj,k,m,ι corresponding to θψn for n ≥ N/3 satisfy, diam( supp ψj,k,m,ι) ≤ 1/8 since
there are only finitely many ψj,k,m,ι with supp ψj,k,m,ι ∩K ̸= ∅ that do not satisfy this
assumption.

Additionally, we have that K ⊂
⋃L
r=1B1/4(xr) for some number L ∈ N and xr ∈ K

for r = 1, . . . , L. We can estimate

∑
n≥N/3

θψn (ũ) ≤
L∑
r=1

∑
n≥N/(3L)

θψ,rn (ũ),

where θψ,rn denotes a non-increasing rearrangement of (| ⟨ũ, ψj,k,m,ι⟩ |2)(j,k,m,ι)∈Λr
, where

Λr := {(j, k,m, ι) ∈ Λ, supp ψj,k,m,ι ⊂ B3/8(xr)}. Moreover, for each 1 ≤ r ≤ L we can
find a function ur ∈ U such that ur(· − txr) = ũ on B3/8(xr) for some txr ∈ R2. We
obtain that

L∑
r=1

∑
n≥N/(3L)

θψ,rn (ũ) ≤ L sup
1≤r≤L

∑
n≥N/(3L)

θψ,rn (ur(· − txr)) ≤ L sup
1≤r≤L

∑
n≥N/(3L)

θψn (u
r(· − txr)).

Since ur ∈ U invoking (4.16) yields that

L sup
1≤r≤L

∑
n≥N/(3L)

θψn (u
r(· − txr)) ≲ g(N).

This estimate completes the proof.

4.2 Shearlet systems on bounded domains

In this section we provide the fundamental theorems for the boundary shearlet system of
Definition 2.5.1. We will show that the shearlet system on a bounded domain maintains all
properties of the shearlet system on R2. In particular, it was mentioned in Subsection 2.4.1
that discrete shearlet systems can constitute a frame for L2(R2). We will demonstrate
in Subsection 4.2.1 that the same is possible on a bounded domain Ω ⊂ R2, i.e., that

68



the boundary shearlet system yields a frame for L2(Ω). Additionally, we will also prove
that boundary shearlet systems can characterize certain Sobolev spaces defined on Ω in
Subsection 4.2.2.

One of the most important properties of a shearlet system is its approximation rate
for cartoon-like functions. We will show in Subsection 4.2.3 that the approximation rates
of shearlets on R2 also hold on bounded domains for an even larger class than cartoon-like
functions, i.e., functions which can have singularities starting and ending at the boundary
of Ω.

The central property that allows to fuse the wavelet and shearlet systems together to
yield a good hybrid system is a certain cross-localization property. This will be discussed
in Subsection 4.2.0.1.

We will conclude this section with some numerical examples that underline some of the
theoretical results. Subsections 4.2.0.1, 4.2.4 were published in [GKMP15]. Subsections
4.2.1, 4.2.2, 4.2.3 were published in [GKMP15] only for orthonormal wavelet bases and
are given here for the more general case of biorthogonal wavelet bases.

4.2.0.1 Cross-localization of wavelet and shearlet systems

When fusing the wavelet and shearlet systems together as in Definition 2.5.1 it is essential
to control the overlap between both of them. On the one hand, there needs to be enough
overlap to still guarantee the frame property. On the other hand, there should not be too
much overlap to not obtain an overly redundant system since a too high redundancy could
affect the optimal approximation rates negatively. This subsection sets the foundation to
find an answer to the question of how much overlap is necessary. In fact, we will see that
in some sense the angle between the space spanned by the interior wavelets and the space
spanned by the shearlets that are not fully contained in Ω is the crucial property.

We will elaborate this property in Proposition 4.2.2. First of all, we can estimate
all shearlet elements corresponding to a certain scale by some frequency envelope as the
following lemma shows:

Lemma 4.2.1. Let ψ ∈ L2(R2) be such that there exists C > 0 with

|ψ̂(ξ1, ξ2)| ≤ C
min{1, |ξ1|α}

max{1, |ξ1|β}max{1, |ξ2|β}
, for a.e. (ξ1, ξ2) ∈ R2,

where β/2 > α > 1. Then, for ι = −1, 1,∑
|k|≤2j/2

|(ψj,k,m,ι)∧(ξ1, ξ2)| ≤ 2−3/4jC ′ 1

max{1, |2−jξ1|β/2}
1

max{1, |2−jξ2|β/2}
,

for a.e. (ξ1, ξ2) ∈ R2 and a constant C ′.

Proof. We only present the proof for the case ι = −1. The other case can be shown
analogously. We first develop simple estimates in two different cases. If, on the one hand,
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|ξ1| ≥ |ξ2|/2, then we have

max{1, |ξ1|β}max{1, |ξ2|β} ≥ max{1, |ξ1|
β
2 }max{1, |ξ1|

β
2 } (4.17)

≥ 2−
β
2 max{1, |ξ1|

β
2 }max{1, |ξ2|

β
2 }.

If, on the other hand, |ξ1| ≤ |ξ2|/2, then

max{1, |k2−jξ1 + 2−j/2ξ2|β} ≥ max{1, (|2−j/2ξ2| − |k2−jξ1|)β}
≥ max{1, (|2−j/2ξ2| − |2−j/2ξ1|)β}
≥ max{1, (|2−j/2ξ2/2|)β}
≥ 2−βmax{1, (|2−j/2ξ2|)β}, (4.18)

where we have used that |k2−j/2| ≤ 1 in the second inequality. Using the estimates (4.17)
and (4.18), the claim follows by the following computation. First, we notice that

∑
|k|≤2j/2

min{1, |2−jξ1|α}
max{1, |k2−jξ1 + 2−j/2ξ2|β}

≤ sup
(ξ1,ξ2)∈R2

∑
k∈Z

min{1, |ξ1|α}
max{1, |kξ1 + ξ2|β}

< C ′,

for some constant C ′. For |ξ1| ≥ |ξ2|/2, we conclude that

∑
|k|≤2j/2

|(ψj,k,m,ι)∧(ξ1, ξ2)|

≤ C2−3/4j 1

max{1, |2−jξ1|β}
sup

(ξ1,ξ2)∈R2

∑
|k|≤2j/2

min{1, |2−jξ1|α}
max{1, |k2−jξ1 + 2−j/2ξ2|β}

≤ C ′′2−3/4j 1

max{1, |2−jξ1|β}

≤ C ′′2−3/4j 1

max{1, |2−jξ1|β/2}max{1, |2−jξ2|β/2}
,

where we used (4.17) in the last estimate. For 0 < |ξ1| ≤ |ξ2|/2, we derive by employing

70



(4.18) that∑
|k|≤2j/2

|(ψj,k,m,ι)∧(ξ1, ξ2)|

≤ C2−3/4j 1

max{1, |2−jξ1|β}
∑

|k|≤2j/2

|2−jξ1|α

max{1, |k2−jξ1 + 2−j/2ξ2|β}

≤ C ′2−3/4j 1

max{1, |2−jξ1|β}
∑

|k|≤2j/2

|2−jξ1|α

max{1, |2−j/2ξ2|β}

≤ C ′2−3/4j 1

max{1, |2−jξ1|β}
|2−j/2ξ1|α

max{1, |2−j/2ξ2|β}

≤ C ′′2−3/4j 1

max{1, |2−jξ1|β}
|2−j/2ξ2|α

max{1, |2−j/2ξ2|β}

≤ C ′′2−3/4j 1

max{1, |2−jξ1|β}
1

max{1, |2−j/2ξ2|β−α}
.

The lemma is proven.

The following proposition was shown in [GKMP15] for the case of orthonormal wavelet
bases. Here we state its generalization to the case of biorthogonal wavelet bases. The proof
is essentially the same as in [GKMP15] with the obvious adaptations for the biorthogonal
wavelet case. We denote in the sequel Λc0 := Λ \Λ0 and ∆c

τ,t = ∆ \∆τ,t. Furthermore, we
write

⟨f, g⟩L2(Ω) = ⟨f|Ω, g|Ω⟩L2(Ω)

for all functions f, g ∈ L2(R2) and thus, eliminating the explicit statement of projections
in the upcoming arguments. The following estimate differs from the one in [GKMP15]
insofar as in order to use it in the context of biorthogonal wavelet Riesz bases an estimate
for a sum over the dual wavelet elements instead of the primal elements is described.

Proposition 4.2.2. Let α > 1, β > α+1, τ > 0 and ϵ > 0 such that ((1−ϵ)/τ−2)α > 5/2.
Further, assume that W is a (0, α, β)-admissible boundary wavelet system on Ω and
SH(ϕ, ψ, ψ̃, c) is a (0, 0, β′)-admissible shearlet system with β′ − α > 1. Then there exists
a constant C (dependent on ϕ1, ϕ, ψ, ψ̃, c, τ, ϵ) such that for all t > 0:∑

(js,k,ms,ι)∈Λc
0

∑
(jw,mw)∈∆c

τ,t

|⟨ωdjw,mw,υ, ψjs,k,ms,ι⟩L2(Ω)|2 ≤ C · 2−2(1−ϵ)αt.

Proof. For (js, k,ms, ι) ∈ Λc0 we have supp ψjs,k,ms,ι ̸⊂ Ω and supp ψjs,k,ms,ι has at most
a diameter of qs2−js/2. Second, we notice that dist( supp ωdjw,mw,υ

, ∂Ω) ≥ qs2
τ(t−jw)

for all (jw,mw, υ) ∈ ∆c
τ,t. We have for all (js, k,ms, ι) ∈ Λc0, (jw,mw, υ) ∈ ∆c

τ,t and
2−js/2 < 2τ(t−jw) that supp ωdjw,mw,υ

∩ supp ψ(js,k,ms,ι) = ∅. Hence, we can always
assume that jw > 1/(2τ)js + t.
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For a fixed index (jw,mw, υ) we can easily observe that for fixed js, k, ι we have

#{m : (js, k,m, ι) ∈ Λ and supp ψjs,k,m,ι ∩ ωjw,mw,υ} ≤ c,

for some c > 0 independent from jw,mw, js and k.
We now assume w.l.o.g. that υ = 1. For υ = 2, 3 the following computations can be

made in a similar manner with ξ1 and ξ2 interchanged. Also note that for υ = 0 we have
⟨ωdJ0,m′,0, ψj,k,m,ι⟩L2(Ω) = 0.

Invoking (W4) we have that the total number of wavelet translates for a fixed level jw
is of order 22jw . Thus, using the previous observations and Parseval’s identity, we obtain∑

(jw,m′)∈∆c
τ,t

∑
(js,k,m,ι)∈Λc

0

|⟨ωdjw,m′,1, ψjs,k,m,ι⟩L2(Ω)|2

≲
∞∑

jw=0

(2τ)(jw−t)∑
js=0

∑
|k|≤2js/2

22jw max
ms,mw

|⟨ω̂djw,m,1, ˆψjs,k,ms,ι⟩L2(R2)|2, (4.19)

where the Fourier transform is understood after extension by 0 to R2. Exploiting next the
frequency decay of the corresponding shearlet atoms and applying Lemma 4.2.1, using
(W2) of the admissible wavelet system as well as applying the substitution ξ ↦→ 2jsξ yields

(2τ)(jw−t)∑
js=0

∑
|k|≤2js/2

22jw max
mw,ms

|⟨ ˆωdjw,mw,1
, ˆψjs,k,ms,ι⟩L2(R2)|2

≲
(2τ)(jw−t)∑

js=0

2−3/2js

(∫
R2

min{1, |2−jwξ1|α}
max{1, |2−jwξ1|β}max{1, |2−jwξ2|β}

· 1

max{1, |2−jsξ1|β′}max{1, |2−jsξ2|β′}
dξ

)2

≲
(2τ)(jw−t)∑

js=0

25/2js
(∫

R2

min{1, |2js−jwξ1|α}
max{1, |2js−jwξ1|β}max{1, |2js−jwξ2|β}

· 1

max{1, |ξ1|β′}max{1, |ξ2|β′}
dξ

)2

.

≲
∞∑
js=0

25/2js
(∫

R2

min{1, |2js−jwξ1|α}
max{1, |ξ1|β′}max{1, |ξ2|β′}

dξ

)2

≲
∞∑
js=0

25/2js+2α(js−jw)

(∫
R2

|ξ1|α

max{1, |ξ1|β′}max{1, |ξ2|β′}
dξ

)2

.

Since β′ − α > 1, we obtain that the integral above is finite and hence, we obtain

(2τ)(jw−t)∑
js=0

∑
|k|≤2js/2

22jw max
mw,ms

|⟨ ˆωdjw,mw,1
, ˆψjs,k,ms,ι⟩L2(R2)|2
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≲
(2τ)(jw−t)∑

js=0

25/2js+2α(js−jw). (4.20)

We rewrite the last sum above as

(2τ)(jw−t)∑
js=0

25/2js+2α(js−jw) = 2−2αϵjw

(2τ)(jw−t)∑
js=0

25/2js+2α(js−(1−ϵ)jw). (4.21)

Since jw > 1/(2τ)js + t, we can now estimate

∞∑
js=0

25/2js+2α(js−(1−ϵ)jw) ≲ 2−2α(1−ϵ)t
∞∑
js

25/2js+2α(js−(1−ϵ)(1/(2τ)js).

Since α((1− ϵ)/τ − 2) > 5/2 by assumption, the latter sum is finite. This leads to the
estimate

∞∑
js=0

25/2js+2α(js−(1−ϵ)jw) ≲ 2−2α(1−ϵ)t. (4.22)

Now, (4.22), in combination with (4.21) and (4.20), implies together with (4.19) that

∑
(js,k,m,ι)∈Λc

0

∑
(jw,m′,υ)∈∆c

τ,t

|⟨ωdjw,m′,υ, ψjs,k,m,ι⟩L2(Ω)|2 ≲
∞∑

jw=0

2−2αϵjw2−2α(1−ϵ)t ≲ 2−2α(1−ϵ)t.

The proof is complete.

4.2.1 Frame property

We will see that the combination of an admissible boundary wavelet system and an
admissible shearlet system into a boundary shearlet system yields a frame. We denote
for a given function f ∈ L2(Ω) the projections onto the space spanned by the interior
wavelets and onto the space spanned by the wavelets close to the boundary by

f (int) : =
∑

(j,m,υ)∈∆c
τ,t

⟨f, ωj,m,υ⟩ωdj,m,υ

f (bd) : =
∑

(j,m,υ)∈∆τ,t

⟨f, ωj,m,υ⟩ωdj,m,υ.

The following theorem appeared for orthonormal wavelet bases in [GKMP15]. To state it
for biorthogonal Riesz bases the definitions of f (int), f (bd) had to be adapted and instead
of the orthonormal basis property we use the Riesz basis property and biorthogonality
relations. Hence, the explicit notion of the Riesz bounds c1, c2 appears.
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Theorem 4.2.3. Let W be a (0, α, β)-admissible wavelet system, let SH(ϕ, ψ, ψ̃, c) be a
(0, 0, β′) - admissible shearlet system and let α, β, β′, τ and ϵ be as in Proposition 4.2.2.
Let t > 0 be such that

A′ :=

(
A− Cc22

c1
2−2(1−ϵ)αt+1

)
c1
2B

> 0,

where A and B are the frame bounds of SH(ϕ, ψ, ψ̃, c) and C the constant from Propo-
sition 4.2.2 and c1, c2 are the Riesz bounds of W. Then the boundary shearlet system
BSHτ,t(ϕ, ψ, ψ̃, c) yields a frame for L2(Ω). Furthermore, a lower and an upper frame
bound are given by A′ and B + c2 respectively.

Proof. To simplify the notation we write

⟨f, g⟩L2(Ω) = ⟨f|Ω, g|Ω⟩L2(Ω)

for all functions f, g ∈ L2(R2) to eliminate the explicit statement of projections.
By the frame property of the full shearlet system, we obtain that for every f ∈ L2(Ω)

we have that

A∥f∥2L2(Ω) ≤
∑

(j,k,m,ι)∈Λ

|⟨f, ψj,k,m,ι⟩L2(Ω)|2,

where A is the lower frame bound of the shearlet frame. Furthermore,

A∥f∥2L2(Ω) ≤
∑

(j,k,m,ι)∈Λ0

|⟨f, ψj,k,m,ι⟩L2(Ω)|2

+ 2
∑

(j,k,m,ι)∈Λc
0

|⟨f (int), ψj,k,m,ι⟩L2(Ω)|2

+ 2
∑

(j,k,m,ι)∈Λc
0

|⟨f (bd), ψj,k,m,ι⟩L2(Ω)|2. (4.23)

Employing the Parseval identity and then the Cauchy-Schwarz inequality implies that∑
(j,k,m,ι)∈Λc

0

|⟨f (int), ψj,k,m,ι⟩L2(Ω)|2

=
∑

(j,k,m,ι)∈Λc
0

|
∑

(j′,m′,υ)∈∆c
τ,t

⟨f (int), ωj′,m′,υ⟩⟨ωdj′,m′,υ, ψj,k,m,ι⟩L2(Ω)|2

≤
∑

(j,k,m,ι)∈Λc
0

⎛⎝ ∑
(j′,m′,υ)∈∆c

τ,t

|⟨f (int), ωj′,m′,υ⟩|2
∑

(j′,m′,υ)∈∆c
τ,t

|⟨ωdj′,m′,υ, ψj,k,m,ι⟩L2(Ω)|2
⎞⎠

≤ c2∥f (int)∥2L2(Ω)

∑
(j,k,m,ι)∈Λc

0

∑
(j′,m′,υ)∈∆c

τ,t

|⟨ωdj′,m′,υ, ψj,k,m,ι⟩L2(Ω)|2, (4.24)
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where in the second line we used that

ψj,k,m,ι =
∑

(j′,m′,υ)∈∆

⟨ωdj′,m′,υ, ψj,k,m,ι⟩ωj′,m′,υ

as well as the biorthogonality condition. Invoking the Riesz basis property of W we know
that ∥f (int)∥2, ∥f (bd)∥2 ≤ (c2/c1)∥f∥2, where c1, c2 are the Riesz constants. Proposition
4.2.2 applied to (4.24) yields that there exists an offset t ∈ N such that∑

(j,k,m,ι)∈Λc
0

|⟨f (int), ψj,k,m,ι⟩L2(Ω)|2 ≤ c22/c1∥f∥2C2−2(1−ϵ)αt,

where C > 0 is the constant of Proposition 4.2.2. Applying this estimate to (4.23) yields

(A− c22/c1C2
−2(1−ϵ)αt)∥f∥2L2(Ω)

≤
∑

(j,k,m,ι)∈Λ0

|⟨f, ψj,k,m,ι⟩L2(Ω)|2 + 2
∑

(j,k,m,ι)∈Λc
0

|⟨f (bd), ψj,k,m,ι⟩L2(Ω)|2.

Additionally, we have that∑
(j,k,m,ι)∈Λc

0

|⟨f (bd), ψj,k,m,ι⟩L2(Ω)|2 ≤ B∥f (bd)∥2L2(Ω) ≤
B

c1

∑
(j,m,υ)∈∆τ,t

|⟨f, ωj,m,ν⟩|2,

where B is the upper frame bound of the shearlet frame. Combining all the estimates
yields a lower frame bound of (A− c22/c1C2−2(1−ϵ)αt+1)c1/(2B) for the boundary shearlet
system. Applying the frame inequality for the shearlet frame and Riesz inequality for the
wavelet system yields an upper frame bound of B + c2.

4.2.2 Characterization of Hs(Ω)

The characterization of Sobolev spaces Hs(Ω) can be made by employing the properties
(W3), (S3) of the admissible wavelet and shearlet systems used in the construction of the
boundary shearlet system. In fact, we will use a splitting argument similar to that in
Theorem 4.2.3, while using the cross-localization of the wavelet and shearlet systems of
Proposition 4.2.2.

In Theorem 2.4.8 we observed how one can construct a shearlet system on R2 that yields
a characterization of Hs(R2). We now use the results on R2 to obtain a characterization
of Hs(Ω) by the analysis coefficients with respect to a shearlet system on Ω. At the end
of this section we briefly remark on a characterization of Hs(Ω) by dual frame coefficients
with a bit more elaborate discussion in Subsection 4.2.4.3.

To extend the results from R2 to bounded domains we make use of an extension
operator from Hs(Ω) to Hs(R2). In order for such an operator to exist we need to
stipulate some further conditions on the domain Ω, specifically that it should have a
minimally smooth boundary :
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Definition 4.2.4. [Ste70] Let Ω ⊂ R2. We say that ∂Ω is minimally smooth if there
exists ϵ > 0, N,M ∈ N and a sequence (Un)n∈N of open sets, such that

(i) If x ∈ ∂Ω, then Bϵ(x) ⊂ Un for some n ∈ N;

(ii) No point of R2 is contained in more than N of the U ′
ns.

(iii) For each n ∈ N there exists a domain Ωn ⊂ R2 and γn : R → R such that

|γn(x)− γn(x
′)| ≤M |x− x′|, for all x, x′ ∈ R

and Ωn = {(x, y) ∈ R2 : y > γn(x)}. Additionally, it holds that

Un ∩ Ω = Un ∩ Ωn.

For instance, any open convex set has a boundary that is minimally smooth. The
same holds for any polygonal shaped domain without slits. We will make use of the
following theorem.

Theorem 4.2.5. [Ste70] Let Ω be a domain whose boundary is minimally smooth. Then
there exists a linear operator Ẽ : Hs(Ω) → Hs(R2) such that Ẽ(f)|Ω = f for all f ∈ Hs(Ω)

and ∥Ẽ∥Hs(Ω)→Hs(R2) ≤ M̃ext for some M̃ext > 0.

Now we are in a position to provide a theorem for the characterization of Hs(Ω)
by boundary shearlet systems. The following theorem has a corresponding theorem in
[GKMP15] in the case of orthogonal wavelet bases. For the biorthogonal wavelet bases
we need an additional property, which is given in (4.25), essentially describing that the
extension of functions within the span of the ’interior wavelets’ by zero does not increase
the Sobolev norm greatly. This is, for instance, fulfilled if the interior elements, i.e., ωj,m,υ
such that (j,m, υ) ∈ ∆c

τ,t, are also elements of a wavelet Riesz basis on L2(R2) which
characterizes Sobolev spaces. In particular, this is the case for the standard construction
in Subsection 2.3.1.2.

Theorem 4.2.6. Let Ω ⊂ R2 be an open and bounded domain such that ∂Ω is minimally
smooth. Further, assume that α, β, α′, β′, τ, ϵ obey the assumptions of Proposition 4.2.2.
Let further s ∈ N, SH(ϕ, ψ, ψ̃, c) be an (s, α′, β′)-admissible shearlet system, and W be
an (s, α, β)-admissible boundary wavelet system. Further, assume that

∥f (int)∥Hs(Ω) ∼ ∥f̃ (int)∥Hs(R2), for all f ∈ Hs(Ω), (4.25)

where f̃ (int) denotes the trivial extension by 0 of f (int) to R2. Then there exists some
T > 0 such that for any t ≥ T the boundary shearlet system (φn)n∈N := BSHτ,t(ϕ, ψ, ψ̃, c)
obeys

∥f∥2Hs(Ω) ∼
∑
n∈N

22jns| ⟨f, φn⟩ |2, for all f ∈ Hs(Ω). (4.26)
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Proof. We start by proving the upper bound in (4.26). First, by the admissibility
assumption on the shearlet system there exist constants 0 < As ≤ Bs <∞ such that

As∥f∥2Hs(R2) ≤
∑

(j,k,m,ι)∈Λ

22js| ⟨f, ψj,k,m,ι⟩L2(R2) |
2 ≤ Bs∥f∥2Hs(R2), for all f ∈ Hs(R2).

Moreover, for some 0 < Cs ≤ Ds <∞ the wavelet system W obeys

Cs∥f∥2Hs(Ω) ≤
∑

(j,m,υ)∈∆

22js| ⟨f, ωj,m,υ⟩L2(Ω) |
2 ≤ Ds∥f∥2Hs(Ω), for all f ∈ Hs(Ω).

To simplify the notation we write as in earlier proofs

⟨f, g⟩L2(Ω) = ⟨f|Ω, g|Ω⟩L2(Ω)

for all functions f, g ∈ L2(R2) to eliminate the explicit statement of projections.
One main step will be to extend results from Hs(R2) to Hs(Ω). For this we recall

Theorem 4.2.5, which yields that, since Ω has a minimally smooth boundary, there exists
a bounded linear extension operator Ẽ : Hs(Ω) → Hs(R2) such that Ẽ(f)|Ω = f for all
f ∈ Hs(Ω) and ∥Ẽ∥Hs(Ω)→Hs(R2) ≤ M̃ext for some M̃ext > 0.

Based on this, we define the following modified extension operator

E : Hs(Ω) → Hs(R2), f ↦→

{
Ẽ(f (bd)) + f (int) on Ω,

Ẽ(f (bd)) on R2 \ Ω.
(4.27)

We first notice that E(f)|Ω = f . To obtain well-definedness of E we next prove the
boundedness of E. The boundedness of the operator now follows by first invoking the
triangle inequality and (4.25) to obtain

∥E(f)∥Hs(R2) ≲ ∥E(f (bd))∥Hs(R2) + ∥f (int)∥Hs(Ω), for all f ∈ Hs(Ω).

Next, we employ the boundedness of Ẽ in the second inequality and obtain

∥E(f)∥Hs(R2) ≲ ∥f (bd)∥Hs(Ω) + ∥f (int)∥Hs(Ω) ≲ ∥f∥Hs(Ω), for all f ∈ Hs(Ω).

We have that ∥E∥Hs(Ω)→Hs(R2) ≤ Mext for some Mext > 0. Setting (φn)n∈N :=

BSHτ,t(ϕ, ψ, ψ̃, c) we estimate∑
n∈N

22js| ⟨f, φn⟩L2(Ω) |
2

=
∑

(j,k,m,ι)∈Λ0

22js| ⟨f, ψj,k,m,ι⟩L2(Ω) |
2 +

∑
(j,m,υ)∈∆τ,t

22js| ⟨f, ωj,m,υ⟩L2(Ω) |
2

=
∑

(j,k,m,ι)∈Λ0

22js| ⟨E(f), ψj,k,m,ι⟩L2(R2) |
2 +

∑
(j,m,υ)∈∆τ,t

22js| ⟨f, ωj,m,υ⟩L2(Ω) |
2

≤ Bs∥f∥2Hs(R2) +Ds∥E(f)∥2Hs(Ω) ≤ (Bs +M2
extDs)∥f∥2Hs(Ω),
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which shows the existence of an upper bound.
Now we turn to the lower bound in (4.26). Due to the characterization of Sobolev

spaces by the wavelet systems, we have that ∥f∥Hs(Ω) ∼ ∥f (int)∥Hs(Ω) + ∥f (bd)∥Hs(Ω) for
all f ∈ Hs(Ω).

Using the operator E(f), we obtain that for every f ∈ Hs(Ω) we have

As∥f∥2Hs(Ω) ≤ As∥E(f)∥2Hs(R2)

≤
∑

(j,k,m,ι)∈Λ

22js|⟨E(f), ψj,k,m,ι⟩L2(R2)|2

=
∑

(j,k,m,ι)∈Λ0

22js| ⟨f, ψj,k,m,ι⟩L2(Ω) |
2 +

∑
(j,k,m,ι)∈Λc

0

22js|⟨E(f), ψj,k,m,ι⟩L2(R2)|2

≤
∑

(j,k,m,ι)∈Λ0

22js| ⟨f, ψj,k,m,ι⟩L2(Ω) |
2

+ 2

( ∑
(j,k,m,ι)∈Λc

0

22js|⟨E(f)− E(f (bd)), ψj,k,m,ι⟩L2(R2)|2

+
∑

(j,k,m,ι)∈Λc
0

22js|⟨E(f (bd)), ψj,k,m,ι⟩L2(R2)|2
)

=
∑

(j,k,m,ι)∈Λ0

22js| ⟨f, ψj,k,m,ι⟩L2(Ω) |
2 + 2 (I + II) . (4.28)

We next estimate I and II, starting with II. By using hypothesis (S3) we immediately
obtain the required estimate

II ≤ Bs∥E(f (bd))∥2Hs(R2) ≤M2
extBs∥f (bd)∥2Hs(Ω) ≤

M2
extBs

Cs

∑
(j,m,υ)∈∆τ,t

22js| ⟨f, ωj,m,υ⟩L2(Ω) |
2.

The existence of a positive lower bound follows by subtracting 2I on both sides of the
inequality (4.28), provided that we can show

I < As/2∥f∥2Hs(Ω). (4.29)

The lower bound in (4.26) is then given by

(As − 2I)Cs/(2M2
extBs).

Since by construction E(f)− E(f (bd)) = E(f − f (bd)) = E(f (int)), we can compute

I =
∑

(j,k,m,ι)∈Λc
0

22js
⏐⏐⏐⏐⟨E(f)− E(f (bd)), ψj,k,m,ι

⟩
L2(R2)

⏐⏐⏐⏐2

=
∑

(j,k,m,ι)∈Λc
0

22js
⏐⏐⏐⏐⟨E(f (int)), ψj,k,m,ι

⟩
L2(R2)

⏐⏐⏐⏐2
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=
∑

(j,k,m,ι)∈Λc
0

22js

⏐⏐⏐⏐⏐⏐
∑

(j′,m′,υ)∈∆c
τ,t

⟨
f (int), ωj′,m′,υ

⟩
L2(Ω)

⟨
ωdj′,m′,υ, ψj,k,m,ι

⟩
L2(Ω)

⏐⏐⏐⏐⏐⏐
2

=
∑

(j,k,m,ι)∈Λc
0

⏐⏐⏐⏐⏐⏐
∑

(j′,m′,υ)∈∆c
τ,t

2j
′s
⟨
f (int), ωj′,m′,υ

⟩
L2(Ω)

2(j−j
′)s
⟨
ωdj′,m′,υ, ψj,k,m,ι

⟩
L2(Ω)

⏐⏐⏐⏐⏐⏐
2

.

Applying the Cauchy-Schwarz inequality then yields

I ≤
∑

(j,k,m,ι)∈Λc
0

⎛⎝ ∑
(j′,m′,υ)∈∆c

τ,t

22sj
′
⏐⏐⏐⏐⟨E(f (int)), ωj′,m′,υ

⟩
L2(R2)

⏐⏐⏐⏐2
⎞⎠ ·

·

⎛⎝ ∑
(j′,m′,υ)∈∆c

τ,t

22(j−j
′)s

⏐⏐⏐⏐⟨ωdj′,m′,υ, ψj,k,m,ι

⟩
L2(Ω)

⏐⏐⏐⏐2
⎞⎠

≤Ds∥E(f (int))∥2Hs(R2)

∑
(j,k,m,ι)∈Λc

0

∑
(j′,m′,υ)∈∆c

τ,t

22(j−j
′)s

⏐⏐⏐⏐⟨ωdj′,m′,υ, ψj,k,m,ι

⟩
L2(Ω)

⏐⏐⏐⏐2 .
(4.30)

The first term in (4.30) can be estimated using

∥E(f (int))∥2Hs(R2) ≤M2
ext∥f (int)∥2Hs(Ω) ≤M2

ext

Ds

Cs
∥f∥2Hs(Ω). (4.31)

Then notice that, by the construction of the boundary shearlet system, for (j′,m′, υ) ∈ ∆c
τ,t

and (j, k,m, ι) ∈ Λc0 the inner products
⟨
ωdj′,m′,υ, ψj,k,m,ι

⟩
equal 0 for all j′ < j. Thus,

we can assume 22(j−j
′)s ≤ 1. By Proposition 4.2.2 there exists a sufficiently large offset t

such that∑
(j,k,m,ι)∈Λc

0

∑
(j′,m′,υ)∈∆c

τ,t

22(j−j
′)s

⏐⏐⏐⏐⟨ωdj′,m′,υ, ψj,k,m,ι

⟩
L2(Ω)

⏐⏐⏐⏐2 < AsCs
2D2

sM
2
ext

. (4.32)

Applying (4.31) and (4.32) to (4.30) proves (4.29), thereby completing the proof.

Theorem 4.2.6 provides a characterization of Hs(Ω) by analysis coefficients. Addition-
ally, one should be curious whether such a characterization is equally possible by synthesis
coefficients. However, to obtain such a result one needs to study the dual shearlet frame,
which is not available in our setting.

A concrete construction of the dual frame is not even available for the standard shearlet
systems on L2(R2) from Section 2.4 with the exception of the band-limited Parseval frame
of Example 2.4.16. The only known construction of compactly supported shearlet frames
with computable dual can be found in [KW14]. However, the shearlet systems of [KW14]
have a different structure than a standard shearlet system and they are, in particular,
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highly redundant. It is not clear whether it would be possible to obtain characterizations
of Sobolev spaces with the primal frame of the system of [KW14]. We conclude that
presenting a theoretical analysis of a characterization by dual frame coefficients is beyond
the scope of this work. Nonetheless, we include a numerical analysis of this property in
Subsection 4.2.4.3.

4.2.3 Approximation of cartoon-like functions

It was discussed in Subsection 2.4.1 that shearlet systems on R2 yield optimally sparse
approximations of cartoon-like functions. To obtain a similar result for the boundary
shearlet systems we first need to specify a definition of cartoon-like functions on bounded
domains. We make the following definition:

Definition 4.2.7. Let ν > 0, and Ω ⊂ R2 be a bounded and open domain, D ⊂ R2, with
∂D ∈ C2 with curvature bounded by ν and fi ∈ C2(R2), ‖fi‖C2 < ∞ for i = 1, 2. If
#(∂D ∩ ∂Ω) ≤ M for some M ∈ N and ∂Ω and ∂D only intersect transversely, then
(f1+χDf2)|Ω is a cartoon-like function on Ω. We denote the set of cartoon-like functions
on Ω by E2(ν,Ω).
Remark 4.2.1. In contrast to the definition of cartoon-like functions on R2, Definition
2.4.5, we do not assume supp f1, f2 ⊂ (0, 1)2 in Definition 4.2.7. We will see that since Ω
is bounded such an assumption is not necessary to obtain optimal approximation properties
in Theorem 4.2.8.

A cartoon-like function on [0, 1]2 is depicted in Figure 4.4. In particular, these are
restrictions of cartoon-like functions, whose boundary curve only intersects the boundary
of Ω finitely often and transversely.

Figure 4.4: C2 functions away from disjoint C2 discontinuity curves that touch the
boundary of Ω only finitely many times.

Naturally, we can make the following extension to functions that have derivatives,
which are cartoon-like functions on Ω. Let l ∈ N and v > 0, then

E l,2(v,Ω) :=
{
u ∈ H l(Ω) : Dαu = uα and uα ∈ E2(v,Ω), for all |α| = l

}
. (4.33)
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To estimate the error of the bestN -term approximation we use the following well known
approach: If (φn)n∈N is a boundary shearlet system that yields a frame and (θn(f))n∈N is
a non-increasing rearrangement of (| ⟨φn, f⟩ |2)n∈N, then by the frame inequality

∥f − fN∥2ℓ2 ≲
∑
n≥N

θn(f),

for any N ∈ N. Hence, to obtain the optimal best N -term approximation rate of Theorem
4.1.3 we need to estimate∑

n≥N
θn(f) ≲ N

−(m+2) log(N)3 as N → ∞.

To proceed we need to first assemble some results for the approximation rates of wavelets
and shearlets. We will invoke the optimal approximation rate of shearlets on R2, which is
guaranteed by Theorem 2.4.7. For l ∈ N an (l, α, β)-admissible boundary wavelet system
W = (ωj,m,υ)j,m,υ∈∆ admits

∥f∥2Hl(Ω) ∼
∑

(j,m,υ)∈∆

22jl| ⟨f, ωj,m,υ⟩ |2. (4.34)

Theorem 39.2 of [Coh00] implies that for an (l+2, 0, 0) admissible wavelet system and f ∈
H l+2(Ω) compactly supported and (θ̃ωn(f))n∈N denoting a non-increasing rearrangement
of (| ⟨f, ωj,m,υ⟩ |2)(j,m,υ)∈∆ we have∑

n≥N
θ̃ωn(f) ≲ N

−(l+2). (4.35)

Combining these results we will obtain the following theorem for the approximation rate
of cartoon-like functions on bounded domains.

Theorem 4.2.8. Let l ∈ N, Ω ⊂ R2 with ∂Ω being of finite length. Further, let ϕ, ψ, ψ̃
fulfill the assumptions of Theorem 4.1.3 and let W be an (l + 2, 0, 0)-admissible boundary
wavelet system. If l ≤ 2, assume that the wavelets of W have l vanishing moments. Finally,
let τ > 0, t ∈ N be such that the boundary shearlet system (φn)n∈N := BSHτ,t(ϕ, ψ, ψ̃, c)
forms a frame. If l = 0, we additionally assume that τ > 1/3. Then for all f ∈ E l,2(ν,Ω)
we have

∥f − fN∥2L2(Ω) ≲ N
−(l+2) log(N)3, for N → ∞, (4.36)

where fN is obtained by
fN =

∑
n∈EN

⟨f, φn⟩φdn,

where EN contains the N largest coefficients ⟨f, φn⟩ in modulus and (φdn)n∈N is the dual
frame of (φn)n∈N. The log factor in (4.36) can be dropped if l ≥ 1.
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Proof. Let f ∈ E l,2(ν,Ω) then

∥f − f∗N∥2ℓ2 ≤
∑
n≥N

θn(f) ≤
∑
n≥ 2N

3

θωn(f) +
∑
n≥N

3

θψn (f), (4.37)

where (θωn(f))n∈N is a non-increasing rearrangement of (| ⟨f, φn⟩ |2)φn∈Wτ,t , and (θψn (f))n∈N
is a non-increasing rearrangement of (| ⟨f, ψj,k,m,ι⟩ |2)(j,k,m,ι)∈Λ0

.
We begin by estimating the second sum in (4.37). Since supp ψj,k,m,ι ⊂ Ω for all

(j, k,m, ι) ∈ Λ0 we can replace f by a function f̃ ∈ H l(R2) such that f = f̃ on Ω
and supp f̃ ⊂ K for a compact set K ⊃ Ω. Furthermore, f̃ can be chosen such that
Dαf̃ = f̃α for all |α| = l and for each f̃α there exists Dα ⊂ R2, with ∂Dα ∈ C2 with
curvature bounded by ν > 0 and f̃αi ∈ C2(R2) and ∥f̃αi ∥C2 < ∞ for i = 1, 2 such that
f̃α = f̃α1 + χDα f̃

α
2 .

Clearly f̃ satisfies the assumptions of Corollary 4.1.7 with U ′ = E l,2(ṽ) for some ṽ > 0
and U = {u ∈ U ′ : dist( supp u, ∂[0, 1]2) > δ} for some δ > 0.

Hence, we obtain by Theorem 4.1.3 and Corollary 4.1.7 that∑
n≥N/3

θψn (f) ≲ N
−(l+2) log(N)3,

where the log factor can be omitted if l > 0.
We continue to estimate the first term of (4.37). This sum corresponds to the wavelet

part and can be split into two parts again. We denote by θωn(f)(s) the part of (θωn(f))n∈N
such that θωn(f) = | ⟨φn, f⟩ |2 and supp φn intersects with a singularity curve of a l-th
order derivative of f . Additionally, we label the remaining elements by θωn(f)

(ns) for
n ∈ N.

We obtain that ∑
n≥ 2N

3

θωn(f) ≤
∑
n≥N

3

θωn(f)
(s) +

∑
n≥N

3

θωn(f)
(ns).

By (4.35) we can estimate
∑

n≥N/3 θ
ω
n(f)

(s) ≲ N−(l+2) for N → ∞.
Finally, we need to estimate the wavelets corresponding to the non-smooth part of

f . Since the boundary curve of D intersects ∂Ω only finitely often we obtain for a small
enough resolution that due property (W4) of the admissible wavelet system W only
∼ 2(1−τ)j wavelets intersect the boundary of D.

Furthermore, if l = 0 due to the boundedness of f we have that | ⟨ωj,m,υ, f⟩ |2 ≲ 2−2j .
Additionally, if l = 1, 2 invoking a l-th order Taylor approximation of f in combination
with the vanishing moments property of the admissible wavelet system yields that

| ⟨ωj,m,υ, f⟩ |2 ≲ (2−lj2−j)2 = 2−2(l+1)j .

Finally, if l ≥ 3, we obtain from (4.34) that | ⟨ωj,m,υ, f⟩ |2 ≲ 2−2jl. We obtain with
p = 1/(l + 3) that if l = 0 and τ > 1/3∑

n

(θωn(f)
(ns))p ≲

∑
j∈N

2(1−τ)j(2−2j)p <∞.
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If l ≤ 2 and τ > 0, we have∑
n

(θωn(f)
(ns))p ≲

∑
j∈N

2(1−τ)j(2−2(l+1)j)p <∞.

Lastly, if l ≥ 2, we have that∑
n

(θωn(f)
(ns))p ≲

∑
j∈N

2(1−τ)j(2−2jl)p <∞.

Consequently, (θωn(f)(ns))n∈N ∈ ℓp and by the Stechkin Lemma, (4.7), we obtain that∑
n≥N

θωn(f)
(sn) ≤ N−(2+l), for N → ∞.

The proof is complete.

Remark 4.2.2. It is certainly not initially clear that for l = 0 the approximation rate of
Theorem 4.2.8 is also close to the optimal rate O(N−2) for the new definition of cartoon-
like functions. It is though easy to see that if Ω ⊃ (0, 1)2 a best N -term approximation
rate faster than N−2 would violate the optimality result of Theorem 2.4.6 for functions
in E2(ν). Indeed, since each system on Ω can be extended by 0 to yield a system on R2

and since all functions in E2(ν) restricted to Ω are elements of E2(ν,Ω) we have that the
extended system would imply a faster than optimal approximation rate for functions in
E2(ν), which is a contradiction to Theorem 2.4.6.

Remark 4.2.3. The case where l ≥ 1 in Theorem 4.2.8 shows that the construction of
shearlets on bounded domains is also from an approximation point of view superior to
a construction resulting from orthogonal projection or periodizing the shearlet elements.
This can be observed by the following argument: Let f be a smooth function on a bounded
domain Ω, possibly with cartoon-like derivative, which does not vanish at the boundary. In
this case extending f by zero to all of R2 yields a function f̃ with a discontinuity. If one
uses a shearlet system resulting from restriction of the elements to Ω one observes that

⟨f, ψj,k,m,ι|Ω⟩L2(Ω) = ⟨f̃ , ψj,k,m,ι⟩L2(R2).

Hence, the shearlet coefficients of f behave as if one would analyze a discontinuous
function. A similar argument can be made if some periodization is applied to construct a
shearlet system on Ω. Theorem 4.2.8 shows that this is not the case if one has the proper
boundary adaptation of a boundary shearlet system.

4.2.4 Numerical examples

We now numerically analyze some of the properties of boundary shearlet systems. Since
estimates for frame bounds as derived in Theorem 4.2.3 are typically far from being tight,
we numerically compute the frame bounds in Subsection 4.2.4.1. In Subsections 4.2.4.2
and 4.2.4.3 we then analyze the localization properties of the Gramian and the Gelfand
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frame property, which are features of boundary shearlet systems whose theoretical analysis
is at the moment not possible due to the inaccessibility of the dual frame.

For all numerical experiments we choose a digitized version Ω of the domain Ω = [0, 1]2

as an n × n pixel image. We will specify the number n at the relevant points later.
Our implementation of boundary shearlet systems then uses the MATLAB toolboxes
WaveLab from http://statweb.stanford.edu/~wavelab/ and ShearLab from http://
www.shearlab.org for the implementation of the analysis and synthesis operator of
boundary shearlet systems. In WaveLab and ShearLab, the wavelet and shearlet elements
are not normalized. Since this is crucial for the setting of bounded domains, we normalize
all these functions. For later use, let TΦw and TΦs denote the implementation of the
analysis operators of the wavelet and shearlet systems after normalization.

The definition of boundary shearlet systems requires a hybrid system consisting of a
subset of the wavelet system and a subset of the shearlet system. Concerning the wavelet
elements, we only choose those which are close to the boundary. Depending on the offset
of the boundary shearlet system we construct a mask, Mw, for the wavelet system that
restricts the analysis operator to a subset of the full wavelet system. In the sequel we
will always choose τ = 1/3 and only vary the offset t. Similarly, we need to subsample
the shearlet system provided by ShearLab. In fact, ShearLab provides a non-subsampled
shearlet transform, i.e., it computes the shearlet coefficients using the full system{

ψj,k,(SkAjm),ι : j ≤ J, ι ∈ {−1, 0, 1}, |k| ≤ |ι|2⌊j/2⌋, m ∈ cZ2,
}
.

On the other hand, the theory requires us to restrict to the shearlet system{
ψj,k,m,ι : j ≤ J, ι ∈ {−1, 0, 1}, |k| ≤ |ι|2⌊j/2⌋, m ∈ cZ2,

}
.

Furthermore, we exclude shearlets from our system that intersect the boundary of Ω. We
incorporate all of these requirements in a mask Ms.

The analysis operator of the combined system is now given by

TΦ :=

(
MwTΦw

MsTΦs

)
. (4.38)

Using these operators, we derive an implementation of the synthesis operator of boundary
shearlet systems by using

T∗
Φ = MwT

∗
Φw

+MsT
∗
Φs
. (4.39)

The implementation of the frame operator is given by

S := T∗
Φw

MwTΦw +T∗
Φs

MsTΦs . (4.40)

To apply the inverse frame operator S−1 we use MATLAB’s build-in conjugate gradients
method, pcg.
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4.2.4.1 Frame properties

We now compute the frame bounds of a boundary shearlet system for various offsets of
the wavelet part. We pick an 256× 256 pixel domain as a digitization of Ω. The wavelet
and shearlet systems are computed using 3 scales. Since the optimal frame bounds A
and B are the extremal points of the spectrum of the frame operator of the system, we
numerically compute them for this boundary shearlet system by computing the smallest
and largest eigenvalues of S. For this task we used MATLAB’s build-in method eigs. In
Figure 4.5 we depict the quotient B/A for varying offset.
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Figure 4.5: Quotient of the frame bounds for varying offset. One observes that for high
offset the quotient becomes stable and that it explodes for decreasing offset.

We observe that for larger offset the ratio of the frame bounds is somehow not too far
from 1, which provides us with reasonably good condition numbers for the computation of
S−1. In fact, the values of these quotients are comparable with those of the full shearlet
system used in ShearLab, [KLR15]. As expected the frame property breaks down when
the offset becomes too small. This is in accordance with Theorem 4.2.3.

4.2.4.2 Localization of the Gramian

Using the analysis operator as defined in (4.38), the Gramian of the boundary shearlet
system is given by

G := TΦT
∗
Φ.

The linear operators TΦ and T∗
Φ are implemented using the Spot Toolbox, which is

available at http://www.cs.ubc.ca/labs/scl/spot/index.html. The matrix represen-
tation of the Gramian is shown in Figure 4.6. It is clearly visible that the Gramian of the
boundary shearlet system has diagonal structure.
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The figures were produced for a 256× 256 digitization of Ω, 4 scales in the boundary
shearlet system with number of directions being [1 1 2 2].
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Figure 4.6: Gramian of the boundary shearlet system. The part zoomed region is
shown with changed contrast for better visualization of the different sparsity patterns of
shear-shear, shear-wave and wave-wave.

4.2.4.3 Gelfand property

As we already mentioned in the introduction, the Gelfand frame property is of particular
interest for the solvability of elliptic PDEs. Thus, we now aim to check whether for a
fixed s > 0 the boundary shearlet system (φn)n∈N := BSHt,1/3(ϕ, ψ, ψ̃, c) yields a Gelfand
frame for the Gelfand triple (Hs(Ω), L2(Ω), H

−s(Ω)). Recall that this means that for
(φdn)n∈N denoting the canonical dual of (φn)n∈N we require∑

n∈N
cnφn


2

Hs(Ω)

≲
(2jnscn)n∈N2ℓ2 , for all c ∈ ℓ2 (GFA1)

and (2jns⟨f, φdn)⟩n∈N2
ℓ2
≲ ∥f∥2Hs(Ω), for all f ∈ Hs(Ω). (GFA2)

Intuitively, a Gelfand frame seeks to describe the mapping properties of the synthesis
operator.
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In fact, the property (GFA1) can be easily proven for a boundary shearlet system
(φn)n∈N satisfying (4.26). Equation (4.26) implies that

∑
(j,k,m,ι)∈Λ

cj,k,m,ιψj,k,m,ι


Hs(Ω)

≲


⎛⎝⟨

∑
(j,k,m,ι)∈Λ

cj,k,m,ιψj,k,m,ι, ψj′,k′,m′,ι′⟩

⎞⎠
(j′,k′,m′,ι′)∈Λ


ℓ2,w(Λ)

.

Defining (Gc)j′,k′,m′,ι′ :=
∑

(j,k,m,ι)∈Λ cj,k,m,ι⟨ψj,k,m,ι, ψj′,k′,m′,ι′⟩ we get

∥Gc∥ℓ2,w(Λ) ≤ ∥G∥ℓ2,w(Λ)→ℓ2,w(Λ)∥c∥ℓ2,w(Λ),

and ∥G∥ℓ2,w(Λ)→ℓ2,w(Λ) is bounded if G has sufficient localization by [Gro13, Sec. 3.2].
This yields 

∑
(j,k,m,ι)∈Λ

cj,k,m,ιψj,k,m,ι


2

Hs(Ω)

≲
(2jscj,k,m,ι)(j,k,m,ι)∈Λ2ℓ2(Λ) ,

which is (GFA1). As already discussed at the end of Subsection 4.2.2, a theoretical
analysis of property (GFA2) is to date out of reach due to the non-availability of a
concrete construction of a dual shearlet system. Therefore, we now numerically analyze
and, in fact, show that the constructed boundary shearlet systems also satisfy property
(GFA2).

We first require a numerically computable discretization of property (GFA2). For
this, notice that employing the characterization of Hs(Ω) by a wavelet orthonormal basis
(guaranteed for instance by Theorem 2.3.4) and an appropriate weight in the sense that

∥TΦwc∥2Hs(Ω) ∼ ∥c∥2ℓ2,w ,

we can obtain the following property, which is equivalent to (GFA2):

∥⟨TΦwc, φ
d
n⟩∥2ℓ2,w ≲ ∥c∥2ℓ2,w , for all c ∈ ℓ2,w. (4.41)

This property, however, involves the dual frame, whose analysis is – as just mentioned –
intractable. To derive a discrete analogue of (4.41) we first let

W : ℓ2,w → ℓ2, (xk)k ↦→ (wk · xk)k

be the canonical isometry. Furthermore, since φdn = S−1φn, it follows that

⟨TΦwc, φ
d
n⟩ = ⟨S−1TΦwc, φn⟩.
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Using the canonical discretization of W as a diagonal matrix, we obtain two matrices W
and Ww adapted to the indexing of the boundary shearlet system and the full wavelet
system respectively. The discrete analogue of (4.41) now takes the form

‖WTΦ(S
−1TΦwc)‖2 � ‖Wwc‖2, for all c ∈ Rn2

.

In order to examine this bound and check its validity for our boundary shearlet system in
the discrete setting we estimate

max
‖c‖
2=1

‖WTΦS
−1TΦwW

−1
w c‖2�2

by computing the square-root of the largest eigenvalue of

W−1
w TΦwS

−1T∗
ΦW

2TΦS
−1TΦwW

−1
w . (4.42)

In Figure 4.7 we depict the square-root of the largest eigenvalue of the operator (4.42)
with different weights W,Ww and different offset for n = 512. The precise values can be
found in Table 4.1. In this numerical experiment the weights are chosen as 2js, where j
describes the scale of the frame element both of wavelet and shearlet, and s is a parameter
that takes values between 0 and 1.5. The shearlet and wavelet systems were constructed
with 5 scales.

2
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0Offset t Sobolev parameter s

Figure 4.7: Largest singular value of WTΦS
−1TΦwW

−1
w with varying weights W,Ww

and varying offset.

In Figure 4.7 as well as Table 4.1 one can observe that,although the largest eigenvalues
of (4.42) increase with growing Sobolev parameter, they do so remarkably slow. Thus,
we conclude that our experiments demonstrate the proper mapping properties of the dual
frame.
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Offset s = 0 s = 0.5 s= 1 s= 1.5
6.59 3.43 3.43 3.43 5.67
5.52 3.54 3.55 5.55 5.98
4.11 3.57 3.57 4.04 6.57
3.18 3.57 3.58 4.29 7.66
1.99 3.58 3.58 4.30 8.06
1.25 5.74 5.74 5.74 8.10

Table 4.1: Largest eigenvalues of (4.42) for varying offset and Sobolev parameter s.

4.3 Numerical solution of elliptic PDEs

The main motivation for the construction of the shearlet system on a bounded domain
of Section 2.5 is to have a system that can be used in an adaptive frame method for
the solution of PDEs as described in Section 3.1. In this section we will numerically
demonstrate that these methods work with the boundary shearlet system. Towards this
goal, we implement a variant of SOLVE, i.e., Algorithm 1.

In Subsection 4.2.4 we already used an implementation of a boundary shearlet system.
The code is based on the toolboxes ShearLab [KLR15] and WaveLab. However, the
analysis and synthesis operators in ShearLab are based on convolution to simultaneously
compute all scalarproducts of a function f with all possible translates of a shearlet ψj,k,0,ι.
Hence, one does not benefit from the point of view of computational complexity from
computing the shearlet transform at sparse subsets of the translation parameter set. This
means for a proper implementation of the routines RHS, APPLY and COARSE a
different shearlet toolbox would be necessary.

Due to these considerations we are convinced that an implementation of the routines
RHS, APPLY and COARSE in their standard form is beyond the scope of this thesis.
To still obtain numerical experiments we replace the routines by computations based on
a full discretization paired with thresholding steps. This leads to an algorithm which we
call SimulatedSOLVE. This method certainly does not have the optimal computational
complexity of the standard SOLVE. Nonetheless, we can still analyze the convergence
rates that a proper implementation of SOLVE will eventually have. In fact, we will see
in this section that the convergence rates obtained by SimulatedSOLVE match the
theoretically predicted ones very closely.

4.3.1 SimulatedSOLVE

We use a wavelet system whose elements vanish at the boundary to incorporate Dirichlet
boundary conditions as explained in Subsection 2.3.1.1. With this wavelet system and
the shearlet transform of ShearLab we construct – in the same manner as in (4.38) and
(4.39) – the analysis and synthesis operators called TΦ and T∗

Φ respectively.
Next, we specify how RHS, APPLY and COARSE will be adapted in our case.
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We employ the hard thresholding operator. For λ ≥ 0 we define

Threshλ : RN → RN ,

Threshλ(b)i =
{
bi, if |bi| ≥ λ
0, if |bi| < λ,

, for 1 = 1, . . . , N (4.43)

The simulated versions of RHS, APPLY and COARSE are now given by a com-
putation in full discretization combined with a thresholding step.

SimulatedRHS[ϵ,b] → bϵ : Given a vector b we find the largest thresholding parameter
λ > 0 such that ∥b− Threshλ(b)∥ℓ2 ≤ ϵ. Then bϵ = Threshλ(b) is returned.

SimulatedAPPLY[G, c] → cϵ : We first compute Gc exactly in full discretization. Then
the largest thresholding parameter λ > 0 is found such that ∥Gc−Threshλ(Gc)∥ℓ2 ≤
ϵ. Finally cϵ = Threshλ(Gc) is returned.

SimulatedCOARSE[ϵ,v] → vϵ : Given a vector v we find the largest thresholding
parameter λ > 0 such that ∥v − Threshλ(v)∥ℓ2 ≤ ϵ. Then vϵ = Threshλ(v) is
returned.

Using the routines SimulatedRHS, SimulatedAPPLY and SimulatedCOARSE
we can now describe a simulated variant of SOLVE by replacing every routine by its
simulated version.

SimulatedSOLVE[ϵ,G,b] → cϵ :
Data: Accuracy ϵ > 0, Operator G, right-hand side b
Result: Finitely supported vector cϵ
Let α > 0, ρ = ∥I − αG ran (G)∥, let θ < 1/3, and K ∈ N such that 3ρK < θ,
ϵ0 :=

(A|ran(A))
−1

ℓ2→ℓ2

∥f∥.
while ϵi > ϵ do

i := i+ 1;
ϵi := 3ρKϵi−1/θ;
b(i) = SimulatedRHS[ θϵi6αK , b];
v(i,0) := vi−1;
for j = 1, . . . ,K do

v(i,j) := v(i,j−1) − α(SimulatedAPPLY[G, v(i,j−1)]− b(i));
end
v(i) := SimulatedCOARSE[(1− θ)ϵi, v

(i,K)];
end
cϵ = v(i);

Algorithm 2: SimulatedSOLVE[ϵ,G,b] → cϵ. Simulated version of the Algorithm
1. The main routines RHS, APPLY and COARSE are replaced by thresholding
procedures.
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4.3.2 Examples

We aim to analyze the approximation rates provided by SimulatedSOLVE and hence
by SOLVE based on the boundary shearlet system. In particular, we analyze two Poisson
problems

−
(
∂2

∂x21
+

∂2

∂x22

)
ui = fi, (4.44)

on a bounded domain [0, 1]2 with homogeneous Dirichlet boundary data and right-hand
sides fi for i = 1, 2. We model the functions as matrices in MATLAB. The Laplace
operator

(
(∂2/∂x21) + (∂2/∂x22)

)
can be applied by invoking MATLAB’s method del2.

We will examine two cases. In the first case the solution u1 of the problem (4.44) will
admit a large gradient along a circle. The solution is depicted in Figure 4.8 on the left
side. The second example is similar but now has as a solution u2 the function on the
right of Figure 4.8. This function is such that its derivatives are cartoon-like functions.
Theorem 3.2.4 states that the approximation rate of the solutions of SOLVE are of
the order of the best N -term approximation error of the solution ui with respect to the
underlying frame, where N is the number of non-zero coefficients of cϵ. Furthermore,
according to Theorem 4.2.8 the rates of the error of the best N -term approximation
for the functions in Figure 4.8 are O(N−2) and O(N−3). In Figure 4.9 we examine
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Figure 4.8: Solutions to the Poisson problems. Left: A function u1 with a jump along a
circle; Right: A function u2 whose derivatives have a jump along a circle. The derivative
is depicted in the center of Figure 4.3.

whether we can observe this behavior with SimulatedSOLVE. It turns out that the
theoretical approximation rates are also achieved in the numerical examples. In addition
to observing the decay of the errors of the solutions of SimulatedSOLVE, we can also
visually examine how well the adaptive method works by observing which elements are
chosen during SimulatedSOLVE as support of the vector v(i). Indeed, in the case where
the data is given by f1, we see in Figure 4.10 that the method chooses significantly more
shearlets in the periphery of the jump set of u1 and gradually includes more elements in
other areas when the accuracy increases.
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Figure 4.9: Decay rate of the error, solid blue curve, of the reconstructions from v(i) from
SimulatedSOLVE for the Poisson problem with right-hand side f1 on the left, and f2
on the right. The predicted decay rates of N−2 and N−3 are given by the dotted red
curve and fit the actual approximation error rates well.

The same observation can be made in the second experiment, i.e., when reconstructing
u2. Again most shearlet elements, that were chosen by the algorithm, are located next to
the singularity curve, in this case the jump set of the derivatives of u2. This behavior
is depicted in Figure 4.11. First of all, the observed estimates are always equal to the
asymptotic rates guaranteed by Theorem 4.2.8. Furthermore, the discretization found
from applying SimulatedSOLVE is nicely adapted to the geometry of the problem.

Of course, it is desirable to eventually provide an algorithm that is fully adaptive
instead of simulating all adaptivity. To do so, the routines RHS, APPLY and COARSE
need to be implemented for the boundary shearlet system and the corresponding differential
operator. As we observed from the supports of the v(i) in Figure 4.10 and Figure 4.11
many shearlet elements are necessary along important geometrical features of the solution,
in this case, the jump set or the jump set of the derivative of the solution u. Consequently,
there seems to be a necessity to properly analyze the behavior of the shearlet transform
at such distinguished points. This consideration leads to the second part of this thesis,
which considers how the shearlet transformation behaves at different points of functions.
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Figure 4.10: Top: Reconstructions of the solution of (4.44) with right-hand side f1. Each step corresponds to the reconstruction
from one v(i) in the routine SimulatedSOLVE. The colormap is that of the left image in Figure 4.8; Middle: Error of
the reconstructions, when compared with u1. Bottom: Support the shearlet part of v(i), i.e., those position vectors that
correspond to non-zero shearlet coefficients. The numerical value at each point represents the number of non-zero shearlet
coefficients at the corresponding position.

93



50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

Figure 4.11: Top: Reconstructions of the solution of (4.44) with right-hand side f2. Each step corresponds to the reconstruction
from one v(i) in the routine SimulatedSOLVE. The colormap is that of the right image in Figure 4.8; Middle: Error of
the reconstructions, when compared with u2. Bottom: Support the shearlet part of v(i), i.e., those position vectors that
correspond to non-zero shearlet coefficients. The numerical value at each point represents the number of non-zero shearlet
coefficients at the corresponding position.
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Chapter 5

Classification of singularities

In this chapter we are interested in a classification of singularities based on information
provided by the shearlet transform. As we have already seen in our considerations on
shearlets and the wavefront set in Subsection 2.4.2.2, information about the singularities
of a function is indeed contained in the behavior of the shearlet transform of that function.

In the upcoming chapter we will proceed in a way that goes beyond the resolution of
the wavefront set by analyzing singularities with particular emphasis on their geometrical
properties. We will analyze a model situation that is due to Guo and Labate and has been
studied in a series of papers, [GL09], [GLL09], [GHL14] and [GL12]. These works examine
the following scenario: As a model function the characteristic function of a bounded
domain D, which has a piecewise smooth boundary ∂D, is chosen. The boundary of D
represents the curvilinear singularity of the image χD.

It is shown that we can infer ∂D, the orientation of the singularity, as well as points
in which ∂D is not given as a smooth curve, from the continuous shearlet transform. In
particular, the decay of the shearlet transform with generator ψ of the image χD at the
position p with orientation s and for decreasing scale a is given by SHψ(a, s, p)(χD) =
O(g(a)) for a → 0 for some function g. The decay of g allows for the classification
mentioned above.

In [GL09], [GLL09], and [GL12] this method was applied with a classical shearlet
system of Example 2.4.16, with certain additional assumptions. These results led to
multiple achievements in edge detection and feature extraction, for instance in [LLN+14],
[SEO11], [YLEK09], [KRK+15]. We also want to mention a recent extension of the setup
to not necessarily piecewise constant functions, but to possibly piecewise smooth functions
[GL15].

Unfortunately, in view of the considerations in previous chapters, the shearlet systems
used in the classical work are band-limited and cannot be used in our construction of
shearlets on bounded domains, Definition 2.5.1, where we need compactly supported
shearlets. Furthermore, it is certainly conceivable, that the additional spatial localization
of compactly supported shearlets over band-limited shearlets might lead to improved
classification results. After all, jump singularities are a very local concept.

These considerations clearly provoke the question of what happens if one replaces
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band-limited with stronger localized shearlets and in particular compactly supported
shearlets. Thus, we will analyze classification of singularities by compactly supported
shearlets.

It turns out that some results of the current theory by Guo and Labate in [GL09],
[GLL09], and [GL12] can be improved with this new approach. The first issue, which
can be resolved with compactly supported shearlets in 2D, is that the decay rates of the
shearlet transform, which are used to classify singularities in [GL09, GLL09], are not
uniform. In particular, we will recall in Theorem 5.1.2 (2) that a point p ∈ R2 corresponds
to a singularity if

lim
a→0+

a−3/4|SHψχD(a, s, p)| > 0,

for some parameter s. However, it is possible that the limit above may be arbitrarily
close to 0. Furthermore, SHψχD(a, s, p) might only show its asymptotic behavior for
very small a. In practice this does not theoretically justify a detection of singularities
from an analysis of the shearlet transform in a preasymptotic regime. Still, we want
to mention that such an analysis seems to perform well in applications, [YLEK09]. In
contrast to this observation, when analyzing the decay rates with compactly supported
shearlets, we observe that we can achieve uniform estimates on the decay rates of the 2D
shearlet transform. This means that there are constants 0 < c1 ≤ c2 <∞ such that for
all a ∈ (0, 1)

c1a
3/4 ≤ |SHψχD(a, s, p)| ≤ c2a

3/4 (5.1)

for all points p and orientations s corresponding to the orientation of singularities, in a
sense which we will describe ahead.

In addition to an analysis of points and orientations of singularities the authors
of [GL09], [GLL09] showed that it is also possible to single out distinct points, which
correspond to non-smooth parts of the singularity curve. These points fall into two
different categories called corner points of the first or second type.

In the framework of band-limited shearlets it is possible, though, that these points
yield the same decay rates and hence, they cannot be classified properly. With compactly
supported shearlets we can distinguish between these two types of corner points in the
sense that they are associated to different decay rates.

We face a similar scenario when analyzing singularities of higher dimensional functions.
In particular, there is again a classification result using the shearlet transform with
band-limited shearlets, [GL12] and we will be able to improve some of the results from
introducing a similar approach with 3D compactly supported shearlets.

For instance, the results of [GL12] allow for a distinction between smooth parts, singu-
larities which form two-dimensional surfaces, and singularities that form one-dimensional
curves, within the singularity surfaces. The theory does, however, not allow point-like
singularities, which can occur if two singularity curves intersect. If D was a 3-polytope,
then χD would admit all these types of singularities including corners. Nonetheless, χD
cannot be analyzed based on the results in [GL12].

Due to the high localization of compactly supported shearlet systems, we will be able
to overcome this problem and cover classes of domains D which have zero-dimensional
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singularities. In certain cases we will also be able to quantify the decay of the shearlet
transform associated with such points. Moreover, we can further improve on the results of
[GL12] by establishing uniform estimates for the decay rates of the 3D shearlet transform
with compactly supported shearlets.

In 2D and in 3D the analysis of the decay of the shearlet transform also provides
information on the geometry of the manifold ∂D by indicating where ∂D is not smooth.
In addition, we also analyze another geometric property of ∂D, namely the curvature.

We will find that the behavior of the shearlet transform allows for a classification of 2D
jump discontinuities. In fact, the shearlet transform SHψ(a, s, p)(χD) decays as O(a3/4)
for a → 0 if p is a point in the singularity and the shearlet is aligned with the tangent
space of the singularity curve at point p, as we will see in Section 5.1. In this case, the
curvature is the only factor that determines the value of lima→0 a

−3/4SHψ(a, s, p)(χD).
In three dimensions the findings are similar, leading to a characterization of the curvature
in terms of the 2D and 3D shearlet transform.

To have a high chance of correct classification in practice, it is desirable to have decay
rates that are as distinct as possible. This leads to the question, whether it is possible
to design a shearlet system which has different decay rates for points associated with
singularities than the systems we study. To improve edge detection it is desirable to have
the rates associated to edges to be as slow as possible. On the contrary, from the point of
view of approximation it is desirable to have fast decay rates of the shearlet transform
also at the positions associated to edges. With regard to these considerations we will
show that, as long as we search for uniform decay estimates, the decay rate of our system
for points on a singularity, which are not corner points, is the only rate that is achievable.
Consequently, this decay rate can be considered optimal in the regime of shearlets and
compactly supported shearlets achieve it since they provide uniform decay rates.

Similar results putting in relation the decay rates of different shearlets but also more
general continuous parabolic molecules have been presented in [GK15].

To integrate the results of this chapter into the context of this thesis we mention that
while the analysis in this chapter concerns a shearlet transform on R2, all the results are
applicable for the boundary shearlet system of Definition 2.5.1. This is the case since the
classification results use only the asymptotic behavior of the shearlet transform and, due
to the compact support of the shearlet generators, for every interior point p of a bounded
domain Ω there exists a scale J such that all shearlets located at the point p associated
to a finer scale than J will be fully contained in Ω and hence, these shearlet elements are
contained in the boundary shearlet system.

We will discuss the 2D classification results in Section 5.1, with a summary of the
results in Theorem 5.1.9. Subsequently, we describe the situation in 3D in Section 5.2
with the main theorem being Theorem 5.2.7. In Section 5.3 we analyze the behavior of
the shearlet transform at the points of ∂D with respect to the curvature of ∂D. Finally,
the uniqueness of the decay rates is analyzed in Section 5.4.

With the exception of Proposition 5.1.8 and a change of notation to fit the rest of the
thesis the remainder of this chapter was published in [KP15].
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5.1 Classification of singularities in 2D

In this section we will describe and classify different points of a function by the shearlet
transform introduced in Subsection 2.4.2.1.

Given D ⊂ R2 with a smooth boundary except for finitely many ’corner points’, it has
been established in [GL09] and [GLL09] that ∂D and the corner points can be classified by
the asymptotic behavior of the shearlet transform. The authors of [GL09, GLL09] consider
the continuous shearlet transform with respect to a classical shearlet as in Example 2.4.16.
In this section we will not only show that the results extend to compactly supported
shearlets, but even more that in this situation we can give uniform estimates.

We will start by briefly recalling the notation from [GL09]. Let α : (0, L) → ∂D be
a parametrization of ∂D with respect to arc-length. We will furthermore assume that
α(l) is semi-continuous for every l ≥ 0, which means that for every t0 ∈ (0, L) there exist
left and right limits of α(l)(t) at t0. We further denote by n(t−), n(t+) the outer normal
directions of ∂D at α(t). Should n(t−) and n(t+) coincide, we will omit the + and −
sign.

For the curvature at α(t0) we write κ(t−0 ), κ(t
+
0 ) for the left and right limits and κ(t0)

should κ(t−0 ) and κ(t+0 ) coincide. We say that a shearing parameter s corresponds to a
direction n, provided that s = tan θ0 and n = ±(cos θ0, sin θ0) for some θ0 ∈ [0, 2π].

We also require the notion of different types of corner points, which the shearlet
transform will be shown to be able to classify.

Definition 5.1.1 ([GL09]). A point p = α(t0) is called a corner point of ∂D, if either
α′(t+0 ) ̸= ±α′(t−0 ) or α′(t+0 ) = ±α′(t−0 ) but κ′(t+0 ) ̸= ±κ′(t−0 ). In the first case, we call p
a corner point of the first type and in the other case a corner point of the second type.
If α is infinitely often differentiable at p, then we call p a regular point of ∂D.

The following result holds for the continuous shearlet transform associated with a
classical shearlet.

Theorem 5.1.2 ([GL09]). Let D ⊂ R2 with smooth boundary ∂D except for finitely many
corner points.

(i) Let p be a regular point of ∂D.

(1) If s = s0 does not correspond to the normal direction of ∂D at p, then

lim
a→0+

a−NSHψχD(a, s0, p) = 0, for all N > 0.

(2) If s = s0 corresponds to the normal direction of ∂D at p, then

0 < lim
a→0+

a−
3
4 |SHψχD(a, s0, p)| <∞.

(ii) Let p ∈ ∂D be a corner point.
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(1) If p is a corner point of the first type and s = s0 does not correspond to any of
the normal directions of ∂D at p, then

lim
a→0+

a−
9
4 |SHψχD(a, s0, p)| <∞.

(2) If p is a corner point of the second type and s = s0 does not correspond to any
of the normal directions of ∂D at p, then

0 < lim
a→0+

a−
9
4 |SHψχD(a, s0, p)| <∞.

(3) If s = s0 corresponds to the normal direction of ∂D at p, then

0 < lim
a→0+

a−
3
4 |SHψχD(a, s0, p)| <∞.

We will now analyze the detection of different types of regularity for points on the
discontinuity curve. In fact, as mentioned before, for compactly supported shearlets we
even derive uniform estimates in the decay rates. We will deal with the different types in a
series of propositions, and present those in a uniform form – therefore with the conditions
on the shearlet generator being presented slightly more restrictive – in Theorem 5.1.9.

We start with the detection of curve-like discontinuities, which corresponds to item
(i)(2) of Theorem 5.1.2. In the sequel we consider the following mildly restricted set of
compact sets in R2, which is necessary to have a chance for uniform estimates at all.
Notice though that the conditions are typically always fulfilled.

Definition 5.1.3. For ρ > 0 the set of all sets D ⊂ R2 with piecewise smooth boundary
with corner points {pi : i ∈ I} and arc-length parametrization α such that

(1) ∥α(3)(t)∥ ≤ ρ for all t ∈ (0, L), t ̸∈ α−1({pi : i ∈ I}),

(2) ∥α(3)(t±)∥ ≤ ρ for all t ∈ α−1({pi : i ∈ I}),

will in the sequel be denoted by Sρ.

We now make the following observation which shows that the decay rates in the case
of compactly supported shearlets only depend on the curvature and the third derivative
of α. Apart from this, they are independent from the set D ∈ Sρ.

Proposition 5.1.4. Let δ > 0 and ρ > 0, and let ψ be a bounded compactly supported
shearlet. Then there exists Cδ,ρ,ψ such that for all D ∈ Sρ, f = χD, and p = α(t0) such
that ∥p− pi∥ ≥ δ for all i ∈ I, we have for all a ∈ (0, 1]

a
3
4

∫
Z
ψ(x)dx− Cδ,ρa

5
4 ≤ ⟨f, ψa,s,p⟩ ≤ a

3
4

∫
Z
ψ(x)dx+ Cδ,ρa

5
4 , for s ∈ Ba(s̃).

where s̃ corresponds to the normal direction of ∂D at p, and, with ρ(s) := cos(arctan(s)),

Z :=

{
(x1, x2) ∈ supp ψ : x1 ≤

1

2ρ(s)2
(α′′

1(t0)− sα′′
2(t0))x

2
2

}
.
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Proof. Letting f = χD, we will start by restricting our attention to the order of convergence
of

⟨f, ψa,0,0⟩ , for a→ 0. (5.2)

In this case ∂D contains (0, 0) and the normal vector n on ∂D obeys n2/n1 ≤ a. Notice
that, since ∥n∥ = 1, this immediately implies 1 ≥ n21 ≥ 1/(1 + a2), n22 ≤ 1/(1 + 1/a2).
Furthermore, we can assume supp ψa,0,0 ⊂ [−δ, δ]2. After we examined the asymptotic
behavior of (5.2) we will obtain the general case by considering f̃ := f ◦ Ss.

With an application of the transformation theorem, (5.2) can be written as

a
3
4 ⟨f(Aa·), ψ⟩ = a

3
4

⟨
χA−1

a D, ψ
⟩
.

Since the boundary of D is given by α = [α1, α2]
T with α(t0) = (0, 0) and (∂α/∂x1)(t0) =

n2, (∂α/∂x2)(t0) = n1, and n1 > 0, the inverse function theorem yields that on a
neighborhood of 0 the inverse α−1

2 of the second component function of α does exist.
Therefore, A−1

a D ∩ supp ψ is given by

A−1
a D ∩ supp ψ =

{
(x1, x2) ∈ supp ψ : ax1 ≤ α1(α

−1
2 (a

1
2x2))

}
.

As we showed, the boundary curve as a function of x2 is given by

x2 ↦→ α1(α
−1
2 (x2)).

Now, we compute the second order Taylor approximation of the boundary curve and use
the fact that (α−1

2 )′(0) = 1/n1 to obtain

α1(α
−1
2 (x2)) = α1(α

−1
2 (0)) +

∂α1(α
−1
2 )

∂x2
(0)x2 +

1

2

∂2α1(α
−1
2 )

∂x22
(0)x22 +O(x32)

=
1

n1
α′
1(t0)x2 +

1

2

1

n21
α′′
1(t0)x

2
2 +

1

2

n2
n31
α′′
2(t0)x

2
2 +O(x32)

=
n2
n1
x2 +

1

2n21
α′′
1(t0)x

2
2 +

n2
n1

1

2n21
α′′
2(t0)x

2
2 +O(x32), (5.3)

where the constant in O(x32) is bounded by ρ. Now let us introduce the set

Z :=

{
(x1, x2) ∈ supp ψ : x1 ≤

1

2
α′′
1(t0)x

2
2

}
.

The L1 norm of χZ − χA−1
a D∩ supp ψ can be estimated by the area under the function

x2 ↦→
⏐⏐⏐⏐1aα1(α

−1
2 (a

1
2x2))−

1

2
α′′
1(t0)(x2)

2

⏐⏐⏐⏐ . (5.4)
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By the previously computed Taylor approximation (5.3) the right-hand side of (5.4) is
bounded by

a
1
2 |x2|+

⏐⏐⏐⏐ 1

2n21
α′′
1(t0)x

2
2 −

1

2
α′′
1(t0)x

2
2

⏐⏐⏐⏐+ ⏐⏐⏐⏐a 1

2n21
α′′
2(t0)x

2
2

⏐⏐⏐⏐+ ρ(a
1
2x32).

Since |x2| is bounded by a constant depending on the support size of ψ there exists Cρ,ψ
such that the term above can be estimated by

Cρ,ψ

(⏐⏐⏐⏐ 1

2n21
− 1

2

⏐⏐⏐⏐+ a
1
2 +

a

2n21

)
≤ Cρ,ψ

(
1− n21
2n21

+ a
1
2 + a

)
≤ Cρ,ψ(a

2 + a+ a
1
2 ), for a→ 0.

For all a satisfying that supp ψa,0,0 ⊂ [−δ, δ]2, this implies

a
3
4

[∫
Z
ψ(x)dx− Cρ,ψ(a

2 + a+ a
1
2 )

]
≤⟨f, ψa,0,0⟩ ≤ a

3
4

[∫
Z
ψ(x)dx+ Cρ,ψ(a+ a

1
2 )

]
.

(5.5)

For general a, with a possibly different constant Cδ,ρ,ψ > 0, we obtain

a
3
4

∫
Z
ψ(x)dx− Cδ,ρ,ψ(a

5
4 ) ≤⟨f, ψa,0,0⟩ ≤ a

3
4

∫
Z
ψ(x)dx+ Cδ,ρ,ψ(a

5
4 ). (5.6)

The shearing parameter 0 corresponds to the normal direction ±(1, 0). However, we
showed that the order of convergence (5.6) holds also for a small perturbation of the
normal direction. Now assuming |s̃| ≤ a, the corresponding normal directions obeys
|n2/n1| ≤ a, since, by definition,⏐⏐⏐⏐n2n1

⏐⏐⏐⏐ = ⏐⏐⏐⏐ sin θ0cos θ0

⏐⏐⏐⏐ = |tan θ0| = |s̃| ≤ a.

Therefore, (5.6) holds for ⟨f, ψa,s,0⟩ with s ∈ Ba(0) for a→ 0.
To examine the general situation, we consider ⟨f, ψa,s,p⟩, where p ∈ ∂D and the normal

direction at p corresponds to s. After the transformation

f → (T−pf) ◦ Ss = χS−1
s (D−p) =: f̃ ,

we have ⟨f, ψa,s,p⟩ =
⟨
f̃ , ψa,0,0

⟩
and it turns out that the boundary curve of S−1

s (D − p)

is in fact given by the parametrization

t ↦→ S−1
s (α(t)− p).

To repeat the argumentation from before observe that(
d

dt
(S−1
s (α(·)− p))(0)

)
2

= α′
2(0) = cos(arctan(s)) = ρ(s).
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Applying the machinery from before then yields that

a
3
4

∫
Z
ψ(x)dx− Cδ,ρ,ψ(a

5
4 ) ≤ ⟨f, ψa,s,0⟩ ≤ a

3
4

∫
Z
ψ(x)dx+ Cδ,ρ,ψ(a

5
4 ),

with

Z :=

{
(x1, x2) ∈ supp ψ : x1 ≤

1

2ρ(s)2
(α′′

1(t0)− sα′′
2(t0))x

2
2

}
.

The proof is complete.

The detector shearlet from Subsection 2.4.2.3 has the property that
∫
Z ψ(x)dx never

vanishes and thus, a uniform lower bound can be achieved. Furthermore, information
about the curvature of the boundary curve is contained in the set Z. We will pick up on
the topic of extracting the curvature from the decay in Section 5.3.

The next structure under investigation are the corner points. We start with corner
points and shearing directions not aligned with any normal direction.

Proposition 5.1.5. Let D ⊂ R2 with a smooth boundary except for finitely many corner
points, let f = χD, and let ψ be a bounded compactly supported shearlet. Then, for a
corner point α(t0) = p ∈ ∂D of the first type and s that does not correspond to a normal
direction of ∂D at p or to a tangent direction, we have

| ⟨f, ψa,s,p⟩ | = O(a
5
4 ), for a→ 0.

If furthermore ψ = ψ1⊗ϕ1 with a wavelet ψ1 ∈ L2(R) and a function ϕ1 ∈ C2(R)∩L2(R)
such that either

ϕ1(0) = 0 or
∫
(−∞,0)

ψ1(x1)x1dx1 = 0

as well as ∫
(−∞,0)

ψ1(x1)x
2
1dx1 ̸= 0, and (ϕ1)′(0) ̸= 0,

then

lim
a→0+

a−
5
4 | ⟨f, ψa,s,p⟩ | > 0.

Proof. First, we examine the behavior of

⟨f, ψa,0,0⟩ , for a→ 0.

For the general case, the exact same argument can be made for f̃ = f ◦ Ss, and we leave
those details to the interested reader.
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Now assume α(0) = 0. Since α′
1(0

+), α′
1(0

−) ̸= 0, by the inverse function theorem the
following functions exist: g+ := α2|t≥0 ◦ α−1

1 and g− := α2|t≤0 ◦ α−1
1 . If (g+)′(0) ≤ 0 <

(g−)′(0), we define the following sets, which describe f locally:

T :=
{
(x1, x2) ∈ supp ψ, : x1 ≤ 0, g−(x1) ≤ x2 ≤ g+(x1)

}
,

T̃ :=
{
(x1, x2) ∈ supp ψ : x1 ≤ 0, (g−)′(0)x1 ≤ x2 ≤ (g+)′(0)x1

}
.

Notice that different constellations of (g+)′(0) and (g−)′(0) can occur. But first of all it
is clear that (g−)′(0) < (g+)′(0) ≤ 0 can be written as a difference of sets of the form of
T . Second, {

(x1, x2) ∈ supp ψ : x1 ≥ 0, g−(x1) ≤ x2 ≤ g+(x1)
}
,

will be dealt with the same as T . Lastly, we can revert any constellations of (g+)′(0) and
(g−)′(0) back to these sets by taking unions as well as complements of these sets, thereby
using ⟨χT , ψa,0,0⟩ =

⟨
χ supp ψ\T , ψa,0,0

⟩
if a ≤ 1.

Now we observe the following approximation:χA−1
a T − χA−1

a T̃


L1(R2)

= O(a
3
2 ), for a→ 0.

This estimate yields that

⟨f, ψa,0,0⟩ = a
3
4

⟨
χA−1

a T̃ , ψ
⟩
+O(a

9
4 ), for a→ 0. (5.7)

It should be noted that the constant in the a9/4 term is not uniform, since it depends on
the second derivative of g. Let r ≥ 0 be such that, supp ψ ⊂ [−r, r]2, then, employing
the transformation theorem, the behavior of (5.7) as a→ 0 is given by

⟨f, ψa,0,0⟩ = a
3
4

∫
△((0,0),(−r,−(g−)′(0)a

1
2 r),(−r,−(g+)′(0)a

1
2 r))

ψ(x)dx+O(a
9
4 ), for a→ 0,

(5.8)

where △(a, b, c) denotes the triangle with edge points a, b, c.
Since the area of △((0, 0), (−r,−(g−)′(0)

√
ar), (−r,−(g+)′(0)

√
ar)) is of order O(

√
a),

we obtain
| ⟨f, ψa,0,0⟩ | = O(a

5
4 ), for a→ 0

since ψ is bounded.
A lower bound on (5.8) depends strongly on the choice of ψ. If ψ(x1, x2) =

ψ1(x1)ϕ
1(x2) with a wavelet ψ1 and a function ϕ1 with (ϕ1)′(0) ̸= 0 and ϕ1(0) = 0

or ∫
(−r,0)

ψ1(x1)x1dx1 = 0,
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then, by a Taylor expansion of ϕ1 at 0 and integration along x2, (5.8) can be written as

a
3
4

∫
△((0,0),(−r,−(g−)′(0)a

1
2 r),(−r,−(g+)′(0)a

1
2 r))

ψ(x1, x2)dx+O(a
9
4 )

=a
5
4

∫
(−r,0)

ψ1(x1)((g
+)′(0)2 − (g−)′(0)2)ϕ1

′
(0)

1

2
x21dx1 +O(a

7
4 ), for a→ 0.

The proposition is proved.

Next we analyze the behavior of the shearlet transform when the shearing variable
corresponds to a normal direction at a corner point.

Proposition 5.1.6. Let D ⊂ R2 with a smooth boundary except for finitely many corner
points, and let f = χD. Further, let ψ be a bounded compactly supported shearlet, let
α(t0) = p ∈ ∂D a corner point of the first type, and let s̃ correspond to a normal direction
n(t±0 ) of ∂D at p. Then we have

lim
a→0

a3/4
⟨
f, ψa,s(a),p

⟩
∈
{∫

Zup

ψ(x)dx,

∫
Zdown

ψ(x)dx

}
, if s(a) ∈ Ba(s̃),

where, with Z as in Proposition 5.1.4,

Zup := Z ∩ {x : x2 ≥ 0} and Zdown := Z ∩ {x : x2 < 0}.

Proof. We first observe that we can write χD = χD1 ± χD2 such that ∂D1 and ∂D2 both
have a corner point of the first type at p, while both normals of ∂D1 are perpendicular,
and one corresponds to the s and none of the normals at ∂D2 corresponds to s. By
Proposition 5.1.5 we obtain that | ⟨χD2 , ψa,s,p⟩ | = O(a5/4) for a → 0. With the same
methods as in Proposition 5.1.4 we derive the limit of a3/4 ⟨χD1 , ψa,s,p⟩.

Finally, we examine the decay at corner points of the second type.

Proposition 5.1.7. Let D ⊂ R2 with a smooth boundary except for finitely many corner
points, and let f = χD. Further, let ψ(x1, x2) = ψ1(x1)ϕ

1(x2) with a compactly supported
bounded wavelet ψ1 and a compactly supported function ϕ1 ∈ C2(R) ∩ L2(R) satisfying
ϕ1

′
(0) ̸= 0. Then, for a corner point of the second type p ∈ ∂D and s that does not

correspond to a normal direction or to a tangent direction of ∂D at p, we have

| ⟨f, ψa,s,p⟩ | = O(a
7
4 ), for a→ 0.

If furthermore ψ1 has three vanishing moments and∫
(−∞,0)

ψ1(x1)x
3
1dx1 ̸= 0,

then

lim
a→0+

a−
7
4 | ⟨f, ψa,s,p⟩ | > 0.
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Proof. We first restrict ourselves to the case s = 0 and p = 0 and, as always, we observe
that the general situation follows by using f̃ := f ◦ Ss. Since α is differentiable at 0
and its normal does not equal ±(1, 0), it is locally given as the graph of a function
g : [−ϵ, ϵ] → [−ϵ, ϵ] such that for a small enough

⟨f, ψa,0,0⟩ =
∫
x2≥g(x1)

ψa,0,0dx.

Assuming w.l.o.g. that g′(0) > 0, we can split the integral and obtain, by invoking a
Taylor series of g, that∫

x2≥g(x1)
ψa,0,0(x)dx

=

∫
x2≤0

x2≥g′(0)x1+ 1
2
(g−)′′(0)x21

ψa,0,0(x)dx+

∫
x2≥0

x2≥g′(0)x1+ 1
2
(g+)′′(0)x21

ψa,0,0(x)dx+O(a3),

where (g−) denotes the part of g for x1 ≤ 0 and (g+) corresponds to the positive x1.
Furthermore, by the assumption on α, we have (g−)′′(0) ̸= ±(g+)′′(0). Next we use that
ψ integrates to 0 along x1 to obtain∫

x2≥g(x1)
ψa,0,0(x)dx

=

∫
0≥x2≥g′(0)x1+ 1

2
(g−)′′(0)x21

ψa,0,0(x)dx+

∫
0≤x2≤g′(0)x1+ 1

2
(g+)′′(0)x21

ψa,0,0(x)dx+O(a3).

(5.9)

We continue with the first term of (5.9).∫
0≥x2≥g′(0)x1+ 1

2
(g−)′′(0)x21

ψa,0,0(x)dx = a
3
4

∫
0≥x2≥g′(0)a

1
2 x1+

1
2
(g−)′′(0)a

3
2 x21

ψ1(x1)ϕ
1(x2)dx.

Since for a small enough x2 approaches zero, we can employ a Taylor expansion of ϕ1 at
0 to obtain that the term above equals

a
3
4

∫
0≥x2≥g′(0)a

1
2 x1+

1
2
(g−)′′(0)a

3
2 x21

ψ1(x1)((ϕ
1(0) + (ϕ1)′(0)x2 +

1

2
(ϕ1)′′(ζ)x22)dx,

for some small ζ. Integrating along x2 yields

a
3
4

∫
x1≤0

ψ1(x1)(ϕ
1)(0)g′(0)a

1
2x1dx1 (5.10)

+ a
3
4

∫
x1≤0

ψ1(x1)
1

2
(ϕ1)′(0)

(
g′(0)a

1
2x1 +

1

2
(g−)′′(0)a

3
2x21

)2

dx1 +O(a
9
4 ).
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If we apply the same method to the second term of (5.9), we see that we obtain the
expression above with x1 ≤ 0 replaced by x1 ≥ 0. Using that ψ has vanishing moments
we see that the term (5.10) will cancel with its counterpart from the computation of the
second term of (5.9). We continue with the second term of (5.10), which equals

a
3
4

∫
x1≤0

ψ1(x1)(ϕ
1)′(0)g′(0)(g−)′′(0)a2x31dx

+a
3
4

∫
x1≤0

ψ1(x1)(ϕ
1)′(0)g′(0)2ax21dx+O(a

9
4 ). (5.11)

With the same procedure we obtain that the second term of (5.9) equals:

a
3
4

∫
x1≥0

ψ1(x1)(ϕ
1)′(0)g′(0)(g+)′′(0)a2x31dx

+ a
3
4

∫
x1≤0

ψ1(x1)(ϕ
1)′(0)g′(0)2ax21dx+O(a

9
4 ). (5.12)

If we employ, after adding the terms (5.11) and (5.12), that ψ1 has 3 vanishing moments
and (g−)′′(0) ̸= ±(g+)′′(0) as well as the fact that g′(0) ̸= 0 since s does not correspond
to a tangent direction, the result follows.

Proposition 5.1.4 yields an upper bound and also a uniform lower bound for the
asymptotic behavior if the integral

|
∫
Z
ψ(x)dx|

is bounded from below uniformly for all regular points. While being necessary and
sufficient, this might not be the most convenient condition, but, for instance, all detector
shearlets fulfill this condition.

Finally, we want to address item (i)(1) of Theorem 5.1.2 for compactly supported
shearlets. In fact, the faster decay along regular points, whose normal direction does
not correspond to the shearing direction, is associated with the frequency decay and the
number of vanishing moments of the shearlet. Indeed, Theorem 2.4.20 shows under which
conditions we have the desired convergence for points not being contained in the wavefront
set. By [KL09, Thm. 5.1], the wavefront set is exactly the set of (p, s) ∈ R2 × R such
that the classical shearlet transform corresponding to (p, s) decays rapidly. By Theorem
5.1.2, these are exactly the points we are interested in.

The argument above yields fast decay of the shearlet transform with compactly
supported shearlets at points (p, s) such that p ∈ ∂D and s does not correspond to the
normal direction. While this is sufficient for our tasks, the result leverages on the results
of band-limited shearlets and hence, ultimately on arguments concerning the Fourier
transform. Except for this last one, all arguments for the classification of singularities by
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compactly supported shearlets used purely spatial arguments, which fits the high spatial
localization of the compactly supported shearlets, and we wish to demonstrate that such
an argument can also be made in this case.

A purely spatial argument, not relying on Theorem 5.1.2, which provides decay of
the shearlet transform depending on the number of vanishing moments and the level of
smoothness, can be given under the additional assumption that the generator is separable.
This proposition is the continuous analogue of Lemma 4.1.6.

Proposition 5.1.8. Let D ⊂ R2 and ∂D ∈ C∞, let ψ = ψ1 ⊗ ϕ1, where ψ1, ϕ1 ∈ L2(R)
have compact support and ψ1 is bounded and has M ∈ N vanishing moments and ϕ1 ∈ CL

with L > M . If p ∈ ∂D and s does not correspond to the normal to ∂D in p, then

|SHψ(χD)(a, s, p)| = O(a
M+1

2 ), for a→ 0.

Proof. Under the assumptions of this proposition we have by invoking the transformation
theorem that

⟨χD, ψa,s,p⟩ = ⟨χD̃, ψa,0,(0,0)⟩,

where (0, 0) ∈ ∂D̃ and 0 does not correspond to the normal at ∂D̃ in (0, 0). Hence, we
obtain that in a neighborhood of (0, 0) the singularity curve ∂D can be described as the
graph of g1 : R → R, where g1 is invertible on a neighborhood of 0. We can rewrite

⟨χD, ψa,0,(0,0)⟩ = ±
∫
x2≤g−1

1 (x1)
ψa,0,(0,0)dx.

We apply the transformation x2 ↦→ x2 − g−1
1 (x1) to obtain

⟨χD̃, ψa,0,(0,0)⟩ = ±
∫
x2≤0

a−
3
4ψ1(a−1x1)ϕ

1(a−
1
2 (x2 − g−1

1 (x1)))dx.

Since ψ1 and ϕ1 have compact support, we can find c > 0 such that supp ψa,0,(0,0) ⊂
Aa[−c, c]2. Hence,

⟨χD̃, ψa,0,(0,0)⟩ =
∫

x2≤0
x∈Aa([−c,c]2)

a−
3
4ψ1(a−1x1)ϕ

1(a−
1
2 (x2 − g−1

1 (x1)))dx. (5.13)

Computing Taylor approximations of ϕ1 ∈ CL and g−1
1 we can find for 0 ≤ n ≤ M

bounded functions cn : [−a1/2c, a1/2c] → R such that

ϕ1(a−
1
2 (x2 − g−1

1 (x1))) =
∑

0≤n≤M
cn(x2)(a

− 1
2x1)

n +O(a
M+1

2 ), for all x2 ∈ [−a1/2c, a1/2c].

(5.14)
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Invoking the representation (5.14) in (5.13) we obtain from the vanishing moments
property of ψ1 that all monomials of order less than M get canceled and (5.13) can be
estimated like

|⟨χD̃, ψa,0,(0,0)⟩| ≲
∫

x∈Aa([−c,c]2)

a−
3
4a

M+1
2 dx ≲ a

M+1
2 .

The proof is complete.

With Propositions 5.1.4, 5.1.5, 5.1.6, 5.1.7, and Theorem 2.4.20 we can now state a
theorem similar to Theorem 5.1.2 with the improvements of a uniform lower bound in
the convergence of the shearlet coefficients of regular points associated with the normal
direction and the extraction of the curvature. Furthermore, concerning uniform bounds,
this is the best one can hope for, since almost no useful shearlet can have a different
uniform lower and upper asymptotic bound on the decay of the shearlet coefficients as we
will see in Theorem 5.4.3. In this sense the presented decay estimates are optimal.

The following theorem combines all the propositions from this subsection and states
them in a unified way, wherefore in some instances the conditions on the shearlet generator
are slightly more restrictive than in the separate statements in the propositions. In the
following theorem HL(R2) denotes the space of L times weakly differentiable L2(R2) with
all derivatives in L2(R2). The assertions of the following Theorem are illustrated in Figure
5.1

Theorem 5.1.9. Let D ∈ Sρ for ρ > 0. Let ψ ∈ HL(R2) be a bounded compactly
supported shearlet with M vanishing moments such that there exists an α ∈ (1/2, 1) with
(1− α)M ≥ 7/4 and (α− 1/2)L ≥ 7/4.

(i) Let α(t0) = p ∈ ∂D be a regular point.

(1) If s does not correspond to the normal direction of ∂D at p, then SHψχD(a, s, p)
decays as

|SHψχD(a, s, p)| = O(a(1−α)M + a(α−
1
2
)L), for a→ 0, for all α ∈ (1/2, 1) .

(5.15)

(2) If δ > 0, ∥p− pi∥ > δ for all corner points pi, and s̃ corresponds to the normal
direction of ∂D at p, then there exists a constant Cδ such that for all a ∈ (0, 1]

a
3
4

∫
Z
ψ(x)dx− Cδa

5
4 ≤ ⟨f, ψa,s,p⟩ ≤ a

3
4

∫
Z
ψ(x)dx+ Cδa

5
4 , for s ∈ Ba(s̃),

where

Z =

{
(x1, x2) ∈ supp ψ : x1 ≤

1

2ρ(s)2
(α′′

1(t0)− sα′′
2(t0))x

2
2

}
.

(ii) Let p ∈ ∂D be a corner point.
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(1) If p ∈ ∂D is a corner point of the first type and s̃ corresponds to a normal
direction of ∂D at p, then if s(a) ∈ Ba(s̃)

lim
a→0

a
3
4
⟨
f, ψa,s(a),p

⟩
∈
{∫

Zup

ψ(x)dx,

∫
Zdown

ψ(x)dx

}
,

where

Zup = Z ∩ {x : x2 ≥ 0}, Zdown = Z ∩ {x : x2 < 0}.

(2) If p ∈ ∂D is a corner point of the first type and s does not correspond to a
normal direction of ∂D at p, then

| ⟨f, ψa,s,p⟩ | = O(a
5
4 ), for a→ 0.

If furthermore ψ = ψ1 ⊗ ϕ1 for a wavelet ψ1 ∈ L2(R) and ψ ∈ C2(R2)∩L2(R2)
and ϕ1(0) = 0, ϕ1′(0) ̸= 0, and∫

(−∞,0)
ψ1(x1)x

2
1dx1 ̸= 0,

then

lim
a→0+

a−
5
4 | ⟨f, ψa,s,p⟩ | > 0.

(3) If ψ(x1, x2) fulfills the assumptions of Proposition 5.1.7, then for a corner point
of the second type p ∈ ∂D and s that does not correspond to a normal direction
of ∂D at p, we have

| ⟨f, ψa,s,p⟩ | = O(a
7
4 ), for a→ 0.

If furthermore ∫
(−∞,0)

ψ1(x1)x
3
1dx1 ̸= 0, and ϕ1′′(0) ̸= 0,

then

lim
a→0+

a−
7
4 | ⟨f, ψa,s,p⟩ | > 0.

Proof. The assertions (i)(2) and (ii) are simply Propositions 5.1.4, 5.1.5, 5.1.6, and 5.1.7.
Now we want to address the assertion (i)(1). By Theorem 5.1.2 the points described in
item (i)(1) admit rapid decay, provided that the shearlet transform associated with a
classical shearlet is considered. Going through the proof of Theorem 5.1.2 one can observe
that there exists neighborhoods of s and p such that the decay estimates hold even on
this neighborhood with uniform constants. Hence, by Theorem 5.1 of [KL09] they are
contained in the complement of the wavefront set, which by Theorem 2.4.20 yields the
decay of (5.15).
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Regular Point:

p

|SHψf(a, s, p)| = O(a(1−α)M + a(α−1/2)L) for
a→ 0

Aligned:

p

c1a
3
4 ≤ |SHψf(a, s, p)| ≤ c2a

3
4 for a→ 0

First Order Corner Point:

p

0 < lim
a↓0

a−
5
4 |SHψf(a, s, p)| <∞ for a→ 0

Second Order Corner Point:

p

0 < lim
a↓0

a−
7
4 |SHψf(a, s, p)| <∞ for a→ 0

Figure 5.1: Different decay rates of Theorem 5.1.9. The constants c1, c2 are chosen
according to Theorem 5.1.9 (2).

5.2 Detection and classification in 3D

We now turn to the 3D situation. In this section, we will give a characterization of
singularities of a function f by the 3D shearlet transform introduced in Subsection 2.4.2.4.
In 3D a version of [Gro11a, Thm. 5.5] to resolve the wavefront set by the continuous
shearlet transform is not yet available. Since such a result is necessary in some arguments
in our characterization result in 3D, we first analyze the wavefront set in the 3D case.

5.2.1 Resolution of the wavefront set

We first have to prove an extension of [Gro11a, Thm. 5.5], deriving a characterization of
the complement of a three-dimensional wavefront set as those points and directions which
correspond to rapid decay of the shearlet transform. We wish to mention that this result
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is also interesting in its own right. In fact, in the sequel we will not use the statement of
Theorem 5.2.4 in its full generality but only in a more specialized situation as discussed
in Remark 5.2.1.

We start with three localization results, all of which correspond to results in [Gro11a]
for 2D. The proofs of those lemmata are postponed to Section A.2.

Lemma 5.2.1. Let λ ∈ R2 and let f ∈ L2(R3) be a function such that, for an open
neighborhood Vλ ⊂ R2 of λ,

|f̂(η)| = O((1 + |η|)−N ), for |η| → ∞,

for all η such that (η2/η1, η3/η1) ∈ Vλ. Let Φ be a smooth function. Then there exists an
open neighborhood V ′

λ ⊂ R2 of λ such that

|(Φf)∧(η)| = O((1 + |η|)−N ), for |η| → ∞,

for all η such that (η2/η1, η3/η1) ∈ V ′
λ and |η| → ∞.

This lemma gives rise to the following characterization of N -regular directed points.

Lemma 5.2.2. A point (p0, s0) is an N -regular directed point of g ∈ L2(R3) if and only
if (p0, s0) is an N -regular directed point of PPu,v,wg provided that |s(1)0 | < v, |s(2)0 | < w for
s0 = (s

(1)
0 , s

(2)
0 ).

The final localization result will later be employed to show that only the shearlet
coefficients in a neighborhood of p0 are relevant.

Lemma 5.2.3. Let f ∈ L2(R3), and let Φ be a smooth bump function supported in a
neighborhood V (p0) of a point p0 ∈ R3. Furthermore, let δ > 0, let U(p0) be another
neighborhood of p0 such that V (p0) +Bδ(0) ⊂ U(p0), and set for an admissible shearlet
ψ ∈ L2(R3)

g :=

∫
p∈U(p0)c,s∈[−Ξ,Ξ],a∈(0,Γ]

⟨f, ψa,s,p⟩Φψa,s,pa−4dadsdp. (5.16)

Then, for all u, v, w ∈ (0,∞), we have

|ĝ(ξ)| = O(|ξ|−N ), for |ξ| → ∞, ξ ∈ Pu,v,w,

provided that, for j = 0, . . . , N with Pj/2 > j + 4,

|
(

∂

∂x1

)j
ψ(x)| = O(|x|−Pj ), for |x| → ∞. (5.17)

With these localization lemmata, we can finally state and prove the result for classifi-
cation of three-dimensional wavefront sets.
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Theorem 5.2.4. Let 0 < u, v, w < ∞ and f ∈ L2(Pu,v,w)∨ ∩ L1(R3). Assume that
there exists a neighborhood U(p0) of p0 ∈ R3 and some ϵ > 0 such that, for all (s, p) ∈
Bϵ(s0)× U(p0),

|SHψf(a, s, p)| = O(aN ), as a→ 0,

with N ≥ 3 and the implied constants being uniform over (s, p) ∈ Bϵ(s0) × U(p0). If
ψ ∈ L2(R3) is such that there exists a constant C > 0 with

|ψ̂(ξ)| ≤ C
min(1, |ξ1|)M

(1 + |ξ1|2)
L
2 (1 + |ξ2|2)

L
2 (1 + |ξ3|2)

L
2

, for all ξ ∈ R3,

with M = N/2 + 4, L = N + 6, then (p0, s0) is an (N − 2)/2- regular directed point of f
for all N .

Proof. Let ϕ be chosen according to Lemma 2.4.27, and choose Γ,Ξ > 0 such that the
system (

PPu,v+κ,w+κψa,s,p
)
a∈(0,Γ],s∈[−Ξ,Ξ],p∈R3 ∪ (TpPPu,v+κ,w+κϕ)p∈R3

constitutes a tight frame for L2(Pu,v+κ,wκ)∨, where v+κ > |(s0)1|+ϵ and w+κ > |(s0)2|+ϵ.
We then define

g :=

∫
p∈R3,s∈[Ξ,Ξ]2,a∈(0,Γ]

⟨f, ψa,s,p⟩ψa,s,pa−4dadsdp.

It will turn out that in order to prove that (p0, s0) is a regular point of f it suffices to
prove that (p0, s0) is a regular point of g. This can be seen by Theorem 2.4.28, which
yields

f =
1

Cψ
PPu,v+κ,w+κ

⎛⎝∫
R3

⟨f, Tpϕ⟩Tpϕdp+ g

⎞⎠ .

Now Lemma 5.2.2 implies that (p0, s0) in an N -regular point of f , provided that it is an
N -regular point of

∫
R3

⟨f, Tpϕ⟩Tpϕdp+ g.

We start by showing that (p0, s0) is an N -regular directed point of
∫
R3

⟨f, Tpϕ⟩Tpϕdp.

First,

F

⎛⎝∫
R3

⟨f, Tpϕ⟩Tpϕdp

⎞⎠ = F
(⟨
f, T(·)ϕ

⟩
∗ ϕ
)
= F ((f ∗ ϕ) ∗ ϕ) = f̂(ξ)(ϕ̂)2.

By Lemma 2.4.27, |ϕ̂(ξ)| decays like

|ϕ̂(ξ)|2 = O(|ξ|−2min(M,L−M+ 1
2
,L−M+ 1

2
)), for |ξ| → ∞.
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Furthermore, f ∈ L1(R3) and consequently f̂(ξ) is bounded. Because of these considera-
tions the term |f̂(ξ)ϕ̂(ξ)2| decays of order

O(|ξ|−2min(M,L−M+ 1
2
)), for |ξ| → ∞.

Second, we need to analyze the decay of |ĝ(ξ)| for ξ = (ξ1, ξ2, ξ3) and (ξ2/ξ1, ξ3/ξ1) ∈
Bϵ/2(s0) and |ξ| → ∞. With Lemma 5.2.3 and a smooth cutoff function ζ supported in a
set V such that V +Bδ ⊂ U(p0) for some δ > 0 we can restrict our attention to

g̃ :=

(∫
p∈U(p0),s∈[Ξ,Ξ]2,a∈(0,1]

⟨f, ψa,s,p⟩ ζψa,s,pa−4dadsdp

)
.

We now split ˆ̃g into 3 terms as follows:

ˆ̃g =

(∫
p∈U(p0),s∈[Ξ,Ξ]2,a2∈( 1

|ξ| ,1)
⟨f, ψa,s,p⟩ ζ̂ ∗ ψ̂a,s,0e2πipa−4dadsdp

)

+

(∫
p∈U(p0),s∈Bϵ(s0),a2∈(0, 1

|ξ| ]
⟨f, ψa,s,p⟩ ζ̂ ∗ ψ̂a,s,0e2πipa−4dadsdp

)

+

(∫
p∈U(p0),s∈[−Ξ,Ξ]2\Bϵ(s0),a2∈(0, 1

|ξ| ]
⟨f, ψa,s,p⟩ ζ̂ ∗ ψ̂a,s,0e2πipa−4dadsdp

)
= T1 + T2 + T3.

We begin by estimating T1(ξ). By the Fourier decay of ψ we obtain for each ξ ∈ R3

|ψ̂a,s,p(ξ)| ≤
C

(1 + a2ξ21)
L
2 (1 + a(s1ξ1 + ξ2)2)

L
2 (1 + a(s2ξ1 + ξ3)2)

L
2

≤ Ca−L|ξ1|−L.

Due to our choice of a this can be estimated by |ξ1|−L/2 and if (ξ2/ξ1, ξ3/ξ1) ∈ Bϵ/2(s0)

this is bounded by C ′|ξ|−L/2. Furthermore,

ζ̂ ∗ ψ̂a,s,0(ξ) =
∫
|y|≥|ξ|/2

ζ̂(y)ψ̂a,s,0(y − ξ)dy +

∫
|y|<|ξ|/2

ζ̂(y)ψ̂a,s,0(y − ξ)dy. (5.18)

By the smoothness of ζ the first term of (5.18) decays rapidly and the second decays as
O(|ξ|−L/2) for |ξ| → ∞. Hence, we can estimate T1(ξ) by

|T1(ξ)| ≤ C|ξ|−
N−2

2 .

We continue with term T2. By the assumptions in the decay of SHψf(a, s, p) on Bϵ(s0)×
U(p0), we obtain the following estimate

|T2(ξ)| ≲
∫

p∈U(p0),s∈Bϵ(s0),a2∈(0, 1
|ξ| ]

aN |ζ̂ ∗ ψ̂a,s,0|a−4dadsdp

≲
∫

a2∈(0, 1
|ξ| ]

aN−3da ≲

(
1

|ξ|

)N−2
2

= (|ξ|)−
N−2

2 .
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Finally, the term T3 is estimated by

|T3| ≲
∫
p∈U(p0),s∈[−Ξ,Ξ]2\Bϵ(s0),a2∈(0, 1

|ξ| ]
|ζ̂ ∗ ψ̂a,s,0|a−4dadsdp.

Now we need to estimate
(
|ζ̂| ∗ |ψ̂a,s,0|

)
(ξ) for all ξ satisfying (ξ2/ξ1, ξ3/ξ1) ∈ Bϵ/2(s0).

One main ingredient will be the decay properties of ψ̂a,s,0 and ζ̂. We start by observing
that (

|ζ̂| ∗ |ψ̂a,s,0|
)
(ξ) =

∫
y∈R3

|ζ̂(y)||ψ̂a,s,0(ξ − y)|dy. (5.19)

We split the integral (5.19) into the part T3,1, where |y| ≤ ϵ/4|ξ1|/(1 + Ξ), and the part
T3,2, where |y| > ϵ/4|ξ1|/(1 + Ξ). In the first case, since (ξ2/ξ1, ξ3/ξ1) ∈ Bϵ/2(s0) and
s ̸∈ Bϵ(s0), we know that there exists si, i = 1, 2 such that |(siξ1 + ξi+1)| ≥ |ϵ/2ξ1|.
Furthermore,

|y1 + siyi+1| ≤ (1 + Ξ)|y|

and hence,

|y1 + siyi − ξ1 + siξi| ≤
ϵ

4
|ξ1|.

Therefore we have

|T3,1(ξ)| ≲
|aξ1|M

(1 + a( ϵ4ξ1)
2)

L
2

≤ aM−L
2 |ξ1|M−L.

Since M ≥ 4, the term T3,2 can be estimated by

|T3,2(ξ)| ≲
∫

|y|> ϵ
4

|ξ1|
1+Ξ

|ζ̂(y)||aξ1|4dy ≲ a4
∫

|y|> ϵ
4

|ξ1|
1+Ξ

|ζ̂(y)||ξ1|4dy. (5.20)

Furthermore, for ξ with (ξ2/ξ1, ξ3/ξ1) ∈ Bϵ/2(s0),

|ξ| ∼ |ξ1|,

which implies that – due to the decay of |ζ̂(ξ)| – for |ξ| → ∞ the term (5.20) can be
neglected. Hence, (5.19) is of the order of

O(aM−L
2 |ξ|M−L), for a→ 0.

We finish this proof by inserting this estimate in T3, arriving at

|T3(ξ)| ≲
∫

a2∈(0, 1
|ξ| ]

(aM−L
2
−3|ξ|M−L)da ≲ (|ξ|−

M−2
2

+L
4 |ξ|M−L) ≲ |ξ|

M−2
2

− 3
4
L ≤ |ξ|−

N
2
− 9

2 .

The proof is complete.
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Remark 5.2.1. We wish to mention that in the sequel, we will only use Theorem 5.2.4
in the situation of ψ being a classical shearlet, see [GL11] for the construction of a 3D
classical shearlet. Due to the band-limitedness of classical shearlets, the assumptions of
Theorem 5.2.4 are then fulfilled for every M,L ∈ N.

The preceding remark implies that we can state the following corollary of Theorem
5.2.4, which is what we will in fact require.

Corollary 5.2.5. Let 0 < u, v, w < ∞, let f ∈ L2(Pu,v,w) ∩ L1(R3), and let ψ be a
classical shearlet. Assume that for all N ∈ N there exists a neighborhood U(p0) of p0 ∈ R3

and some ϵ > 0 such that for all (s, p) ∈ Bϵ(s0)× U(p0)

|SHψf(a, s, p)| = O(aN ), as a→ 0,

with the implied constants uniform over s and p. Then (p0, s0) is a regular directed point
of f .

5.2.2 Classification of edges

Before we describe the situation for edge classification with the shearlet system introduced
in Subsection 2.4.2.4, we would like to recall the classification result for classical shearlets
from [GL12], both for comparison purposes and for using it in one argument of the proof
of our main classification result Theorem 5.2.7(vi).

To this end, we start by recalling the definition of a piecewise smooth manifold from
[GL12]: Let D be a subset of R3 such that ∂D is a 2-dimensional manifold, then we say
that ∂D is piecewise smooth if:

(1) ∂D is a C∞ manifold except for possibly finitely many C3 curves on ∂D, which we
call separating curves;

(2) at each point of ∂D, except for finitely many corner points {pi : i ∈ I}, the curve has
exactly two outer normal vectors which are not collinear.

(3) at each corner point (pi) of ∂D the curve has more than two outer normal vectors
which are mutually not collinear and D is locally convex.

Moreover, we say that a normal vector n corresponds to a shearing variable s, if
n = (cos θ sin η, sin θ sin η, cos η) and s = (tan θ, cot η sec θ) for η, θ ∈ [0, π].

Now we can state the main theorem for the classical shearlet.

Theorem 5.2.6 ([GL12]). Let D be a bounded region in R3 and denote its boundary
by ∂D. Assume that ∂D is a piecewise smooth 2-dimensional manifold, which does not
contain any corner points. Let γj , j = 1, 2, . . . ,m be the separating curves of ∂D. Then
the following statements hold.

(i) If p ̸∈ ∂D, then

lim
a→0+

a−NSHψχD(a, s1, s2, p) = 0, for all N > 0.
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(ii) If p ∈ ∂D \
⋃m
j=1 γj and (s1, s2) does not correspond to the normal direction of ∂D

at p, then

lim
a→0+

a−NSHψχD(a, s1, s2, p) = 0, for all N > 0.

(iii) If p ∈ ∂D \
⋃m
j=1 γj and (s1, s2) corresponds to the normal direction of ∂D at p or

p ∈
⋃m
j=1 γj and (s1, s2) corresponds to one of the two normal directions of ∂D at

p, then

lim
a→0+

a−1SHψχD(a, s1, s2, p) ̸= 0.

(iv) If p ∈
⋃m
j=1 γj and (s1, s2) does not correspond to the normal directions of ∂D at p,

then there exists Cδ,ρ such that

|SHψχD(a, s1, s2, p)| ≤ Ca
3
2 .

We now turn to our statement for compactly supported shearlets, and ask the reader
to compare it to the just described result for classical (band-limited) shearlets. We though
first require some notation. In the sequel we will write x(i,j) for the 2D vector containing
the i-th and j-th entry of the 3D vector x. Furthermore, note that for p ∈ ∂D \

⋃m
j=1 γj

there exists a local arc-length parametrization of ∂D at p, i.e.,

α : R2 ⊃ Bϵ(0) → U ⊂ ∂D, α(0) = p,

such that the Jacobian at 0 is given by

Jα(0) =

⎛⎝ − sin θ − cos η
cos θ 0
0 sin η

⎞⎠ , with s = (tan θ, cot η sec θ). (5.21)

We now fix this parametrization. Since the Jacobian only depends on s, we can define
P(s) := J−1

α(x2,x3)
(0).

For compactly supported shearlets we then achieve the following decay rates for
different types of singularities, which allow precise classification.

Theorem 5.2.7. Let D be a bounded region in R3 and denote its boundary by ∂D.
Assume that ∂D is a piecewise smooth 2-dimensional manifold. Let γj , j = 1, 2, . . . ,m be
the separating curves of ∂D and {pi : i ∈ I} be its corner points. Moreover, let f = χD,
and let ψ be a compactly supported continuous shearlet. Then the following statements
hold.

(i) If p ∈ ∂D with dist(p, γj) > δ > 0 for all j = 1, . . . ,m, if (s1, s2) corresponds to an
outer normal direction of ∂D at p, and if α is a local arc-length parametrization
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(A)

(B)

(C) (D)

(E)

Figure 5.2: Different decay rates of Theorem 5.2.7. The shearlets are depicted as blue
ellipsoids, f is chosen to be the characteristic function of a pyramid: (A): Shearlet
aligned with the 2D discontinuity: | 〈f, ψa,s,p〉 | ∼ a. (B): Shearlet on separating curve,
not corresponding to surface normals: 〈f, ψa,s,p〉 � a3/2. (C): Shearlet located at a 1D
singularity: | 〈f, ψa,s,p〉 | � a2. (D): Shearlet not located within object: | 〈f, ψa,s,p〉 | �
aN for all N ∈ N. (E): Shearlet not corresponding to surface normal: fast decay
depending on vanishing moments and smoothness of ψ.

with α(t0) = p obeying (5.21) such that
∑

|β|=3 |Dβα(p)| ≤ ρ, then there exists Cρ,δ

such that for all a ∈ (0, 1]

a

∫
Z
ψ(x)dx− Cρ,δa

3
2 ≤ 〈f, ψa,s,p〉 ≤ a

∫
Z
ψ(x)dx+ Cρ,δa

3
2 ,

where

Z =

{
(x1, x2, x3) ∈ supp ψ : x1 ≤ 1

2
(P(s)x(2,3))

TH(S−1
s α)1

(t0)(P(s)x(2,3))

}
,

with Hα1 being the Hessian Matrix of α(x1).

(ii) If p ∈ ⋃m
j=1 γj \ {pi : i ∈ I}, if γj(t0) = p, and if (s1, s2) corresponds to one of the

normal directions of ∂D at p, then

lim
a→0

a−1 〈f, ψa,s,p〉 ∈
{∫

Zup

ψ(x)dx,

∫
Zdown

ψ(x)dx

}
,

where

Zup = Z ∩ {x : (γ′j(t0))3x2 ≤ (γ′j(t0))2x3} and

Zdown = Z ∩ {x : (γ′j(t0))3x2 ≥ (γ′j(t0))2x3}.

(iii) If p ∈ ⋃m
j=1 γj \ {pi : i ∈ I} and if (s1, s2) does not correspond to any of the normal

directions of ∂D at p, then

| 〈f, ψa,s,p〉 | = O(a
3
2 ), for a→ 0.
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(iv) If p ∈ {pi : i ∈ I} and if (s1, s2) corresponds to a direction n such that there
exist ϵ, λ > 0 satisfying that for every ϵ′ < ϵ we have p − ϵ′n ∈ D, and for all
0 ̸= ξ ∈ D ∩ (p+ [−ϵ, ϵ]3) we have ⟨ξ/∥ξ∥, n⟩ ≤ λ < 0, then

| ⟨f, ψa,s,p⟩ | = O(a2), for a→ 0.

(v) If p ̸∈ ∂D, then | ⟨f, ψa,s,p⟩ | decays rapidly as a→ 0.

(vi) If p ∈ ∂D \
⋃m
j=1 γj, and if ψ ∈ HR(R3) with M moments in x1-direction, then, for

1/2 < β < 1, we have

| ⟨f, ψa,s,p⟩ | = O(a(1−β)M + a(β−
1
2
)R), for a→ 0.

Proof. We start with (i) and p ∈ ∂D \
⋃m
j=1 γj . It comes as no surprise that the general

strategy will be similar to the 2D case and thus, we start by restricting ourselves to
analyzing

⟨f, ψa,0,0⟩ . (5.22)

Now we pick a local arc-length parametrization α of the manifold at 0 such that α(0) = 0
and α obeys (5.21). Due to the fact that the normal corresponding to s = 0 is n =
±(1, 0, 0), we obtain with (5.21)

Jα(x2,x3)
(0) = Id.

Hence, α(x2,x3) is locally invertible. By the preceding considerations we can write the set
D ∩ [−ϵ, ϵ]3 for δ > ϵ > 0 as

{x ∈ [−ϵ, ϵ]3 : x1 ≤ α(x1)(α
−1
(x2,x3)

(x2, x3))} or

{x ∈ [−ϵ, ϵ]3 : x1 ≥ α(x1)(α
−1
(x2,x3)

(x2, x3))},

where α(x1) and α(x2,x3) denote restrictions of α to the respective variables. We will now
restrict ourselves to the examination of the first possibility since the second will follow
analogously.

For sufficiently small a, A−1
a D ∩ supp ψ will have the form

{x ∈ supp ψ : ax1 ≤ α(x1)(α
−1
(x2,x3)

(a
1
2x2, a

1
2x3))}.

We now aim to find a suitable approximation for this set, which is independent from a.
For this, as a suitable candidate we choose

Z :=

{
(x1, x2, x3) ∈ supp ψ : x1 ≤

1

2
xT(2,3)Hα1(0)x(2,3),

}
,

where Hα1 denotes the Hessian matrix of α(x1). Notice that the difference

∥χA−1
a D∩ supp ψ − χZ∥L1(R3) (5.23)
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is bounded by the integral∫
Q
|1
a
α(x1)(α

−1
(x2,x3)

(a
1
2x2, a

1
2x3))−

1

2
xT(2,3)Hα1(0)x(2,3)|dx2dx3, (5.24)

where Q is the projection of supp ψ onto the x2−x3 -plane. The next step is to calculate
the Taylor series of α(x1)(α

−1
(x2,x3)

(
√
ax2,

√
ax3)) at (0, 0) to obtain

α(x1)(α
−1
(x2,x3)

(a
1
2x2, a

1
2x3)) =

1

2

1

a
(a

1
2x2, a

1
2x3)

THα1(0)(a
1
2x2, a

1
2x3) + ρa

1
2

=
1

2
(x2, x3)

THα1(0)(x2, x3) + ρa
1
2 .

Therefore the integral (5.24) and consequently the estimate (5.23) are bounded by ρ
√
a

for a small enough. Finally,

⟨f, ψa,0,0⟩ = a ⟨f ◦Aa, ψ⟩ = a
⟨
χA−1

a D, ψ
⟩
.

Hence,

a ⟨χZ , ψ⟩ − ρ(a
3
2 ) ≤ a ⟨χZ , ψ⟩ − a∥χA−1

a D∩ supp ψ − χZ∥L1(R3)∥ψ∥∞

≤ ⟨f, ψa,0,0⟩ ≤ a ⟨χZ , ψ⟩+ ρ(a
3
2 ),

which yields the result for the simplification (5.22).
For general s we revert to the case (5.22) by setting f̃ = f ◦ Ss to obtain

⟨f, ψa,s,0⟩ =
⟨
f̃ , ψa,0,0

⟩
.

If α is a local parametrization of ∂D, a parametrization of ∂
(
S−1
s D

)
is certainly given by

α(s) : t ↦→ S−1
s (α)(t).

Since the shearing matrix acts only on the first coordinate, the determinant of the Jacobian
of α(s)

(x2,x3)
equals the one of α(x2,x3). By repeating the previous arguments we obtain

a ⟨χZ , ψ⟩ − Cδ,ρa
3
2 ≤ ⟨f, ψa,0,0⟩ ≤ a ⟨χZ , ψ⟩+ Cδ,ρa

3
2

with Z =
{
(x1, x2, x3) ∈ supp ψ : x1 ≤ 1/2(P(s)x(2,3))

TH(S−1
s α)1

(0)P(s)x(2,3),
}

.
(ii). Let n1, n2 be the two normal directions of D at p, and let n1 be the normal

direction s corresponds to. Assume p ∈ γ1, p = γ1(t), and let γ1 be parametrized
by arc-length. Then we can locally write χD = χD1 ± χD2 , where ∂D1, ∂D2 both are
piecewise smooth manifolds which share a separating curve γ̃ that locally coincides with
γ1. Furthermore, we can assume that the normals at D1 are n1 and n3, where n3 ⊥ n1.
Consequently, the normals on D2 at p are n2 and n3. As a first observation,

⟨χD, ψa,s,p⟩ = ⟨χD1 , ψa,s,p⟩ ± ⟨χD2 , ψa,s,p⟩ .
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By (iii), which will be proved below, the second term decays as a3/2. Hence, to show (ii)
it suffices to analyze

lim
a→0

a−1 ⟨χD1 , ψa,s,p⟩ .

We proceed as before by first assuming p = 0 and s = 0, which yields n1 = (1, 0, 0). In
this situation we obtain

lim
a→0

a−1 ⟨χD1 , ψa,0,0⟩ = lim
a→0

⟨
χA−1

a D1
, ψ
⟩
.

Let now γ
(2,3)
1 be the orthogonal projection of γ1 onto the (x2, x3)-plane, and supp ψ(2,3)

the orthogonal projection of supp ψ onto the (x2, x3)-plane. If γ′1(0)2 ̸= 0, then there
exists ϵ > 0 small enough such that γ(2,3)1 is locally given as the graph of a C3 function

g : [−ϵ, ϵ] → supp ψ(2,3) : {(x2, g(x2)), x2 ∈ [−ϵ, ϵ]} ⊂ γ
(2,3)
1 ,

such that g′(0) = γ′1(0)3/γ
′
1(0)2. If γ′1(0)2 = 0, then – due to the fact that γ′1(0)1 = 0,

we obtain that γ′1(0)3 = 1 since we parametrized by arc-length. We can now proceed
similarly by defining

g : [−ϵ, ϵ] → supp ψ(2,3) : {(g(x3), x3), x3 ∈ [−ϵ, ϵ]} ⊂ γ
(2,3)
1 .

Assume first γ′1(0)2 ̸= 0. Now we see that the curve A−1
a γ

(2,3)
1 splits supp ψ(2,3) into two

components, namely:

( supp ψ)up = {x ∈ supp ψ(2,3) : a
1
2x3 ≥ g(a

1
2x2)},

( supp ψ)down = {x ∈ supp ψ(2,3) : a
1
2x3 ≤ g(a

1
2x2)}.

Using the same arguments as for the part (i) yields that A−1
a D1 ∩ supp ψ is given by

either

{x ∈ ( supp ψ)up : ax1 ≤ α(x1)(α
−1
(x2,x3)

(a
1
2x2, a

1
2x3))} or (5.25)

{x ∈ ( supp ψ)down : ax1 ≤ α(x1)(α
−1
(x2,x3)

(a
1
2x2, a

1
2x3))}. (5.26)

Next we need to define suitable approximations of the sets above. We use

D̃up
1 = {x ∈ supp ψ : γ′1(t)2x3 ≥ γ′1(t)3x2, x1 ≤

1

2
xT(2,3)Hα1(0)x(2,3)},

D̃down
1 = {x ∈ supp ψ : γ′1(t)2x3 ≤ γ′1(t)3x2, x1 ≤

1

2
xT(2,3)Hα1(0)x(2,3)}.

We will only analyze the case that A−1
a D1 ∩ supp ψ is given by (5.25) since case (5.26)

follows analogously. Notice that we need to show that ∥χD1∩ supp ψ − χD̃up
1
∥L1(R3) decays

for a→ 0. We proceed in two steps. First, we show that ∥χD̃up
1

− χD̆up
1
∥ → 0 for a→ 0,

where
D̆up

1 = {x ∈ ( supp ψ)up : x1 ≤
1

2
xT(2,3)Hα1(0)x(2,3)}.
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By computing a Taylor approximation of g we see that the measure of the difference
of these sets decays as requested of order O(

√
a). Second, to estimate the difference

∥χD1∩ supp ψ − χD̆up
1
∥L1(R3) we use the same argument as for (5.23) in part (i) of this

proof to obtain decay of order O(
√
a) for a→ 0.

We now deal with the case γ′1(0)2 = 0. In this situation, we have

( supp ψ)up = {x ∈ supp ψ(2,3) : a
1
2x2 ≤ g(a

1
2x3)},

( supp ψ)down = {x ∈ supp ψ(2,3) : a
1
2x2 ≥ g(a

1
2x3)},

and with similar arguments as before, it follows that ∥χD̃up
1

− χD̆up
1
∥ = O(

√
a) for a→ 0.

Again, the decay of ∥χD̆up
1

−χD1∩ supp ψ∥L1(R3) for a→ 0 is the same as that of (5.23)
in part (i), which yields the claim.

ad iii.) Again we first restrict ourselves to the case of p = (0, 0, 0) and s = (0, 0).
Furthermore, by a rotation in the (x2, x3)-plane by some rotation operator Rλ, it suffices
to compute ⟨

f̃ ◦Rλ, ψa,0,0 ◦Rλ
⟩
.

Now we can pick Rλ such that the tangent vector T0(γi) of γi at 0 lies in the (x1, x2)-plane.
Since ∂D is a manifold, we have local parametrizations

α+, α− : [0, 1)× (−1, 1) → ∂D

with α±({0} × (−1, 1)) ⊂ γi.
After the notation is now fixed, we now make two assumptions, and later show that

they in fact hold without loss of generality. We start stating the assumption A1:

α−([0, 1)× (−1, 1)) ⊂ (x1, x2)-plane. (A1)

Let n be the normal vector corresponding to the parametrization α+ at 0. Since n =
(n1, n2, n3) ̸= (1, 0, 0), we have that n2 ̸= 0 or n3 ̸= 0. Based on this we make the next
assumption A2:

n3 > 0. (A2)

A2 now implies that α+
(x1,x2)

is invertible on its image and we can define the map

g+ : R2 → R, x ↦→
{
α+((α+

x1,x2)
−1(x)) if x ∈ ran α+

(x1,x2)
,

0 else.

From this construction it follows that locally D can be described as the area under the
graph of g+. To be more precise, there exists ϵ > 0 such that

D ∩ [−ϵ, ϵ]3 =
{
(x1, x2, x3) = x ∈ [−ϵ, ϵ]3 : 0 ≤ x3 ≤ g+(x1, x2)

}
.
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To introduce a linear approximation of D ∩ [−ϵ, ϵ]3, we define

Dg+ : R2 → R, x ↦→
{

∇α+((α+
x1,x2)

−1(0)x if x ∈ ran α+
(x1,x2)

,

0 else,
(5.27)

and approximate by

D := {x : 0 ≤ x3 ≤ Dg+(x1, x2)}.

By the Taylor approximation, for r satisfying that supp ψ ⊆ [−r, r]3, it follows that

∥χAaD∩[−r,r]3 − χAaD∩[−r,r]3∥L1(R3) = O(a
1
2 ), for a→ 0.

This yields that⟨
f̃ , ψa,0,0

⟩
= a

⟨
χAaD∩[−r,r]3 , ψa,0,0

⟩
= a

⟨
χAaD∩[−r,r]3 , ψa,0,0

⟩
+O(a

3
2 ), for a→ 0.

To estimate ⟨χAaD∩[−r,r]3 , ψa,0,0⟩, since

AaD =
{
x : 0 ≤ a

1
2x3 ≤ Dg+(ax1, a

1
2x2)

}
=
{
x : 0 ≤ x3 ≤ Dg+(a

1
2x1, x2)

}
,

we have to consider∫
AaD∩[−r,r]3

ψ(x)dx =

∫
[−r,r]

∫
[−r,r]

∫
x3≤Dg+(a

1
2 x1,x2)

ψ(x1, x2, x3)dx1dx2dx3. (5.28)

By the definition of a shearlet,
∫
ψ(x1, x2, x3)dx1 = 0 for all x2, x3 ∈ R, and hence,∫

[−r,r]

∫
[−r,r]

∫
x3≤Dg+(0,x2)

ψ(x1, x2, x3)dx1dx2dx3 = 0.

Thus, (5.28) equals∫
[−r,r]

∫
[−r,r]

(∫
x3≤Dg+(a

1
2 x1,x2)

ψ(x1, x2, x3)dx3 −
∫
x3≤Dg+(0,x2)

ψ(x1, x2, x3)dx3

)
dx2dx1

=

∫
[−r,r]

∫
[−r,r]

⎛⎜⎜⎝ ∫
Dg+(0,x2)≤x3≤Dg+(a

1
2 x1,x2)

ψ(x1, x2, x3)dx3

−
∫

Dg+(0,x2)≥x3≥Dg+(a
1
2 x1,x2)

ψ(x1, x2, x3)dx3

⎞⎟⎟⎠ dx2dx1 = O(a
1
2 ), for a→ 0.

This shows that under the assumptions A1 and A2, the required estimate holds. It
remains to prove that we might in fact assume A1 and A2 without loss of generality. We
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start with A2 and observe that when n3 < 0 we can make the following argument, which
is similar to that before. By the same construction as before we obtain a function g+

such that

D ∩ [−ϵ, ϵ]3 =
{
(x1, x2, x3) = x ∈ [−ϵ, ϵ]3 : x3 ≥ g+(x1, x2)

}
.

Since
∫

[−r,r]3
ψ = 0, we have

⟨χD, ψa,0,0⟩ = ⟨χDv , ψa,0,0⟩

with Dv =
{
x ∈ R3 : 0 ≤ x3 ≤ g+(x1, x2)

}
and thus, we can proceed as before. Should

n3 = 0, then n2 ̸= 0, and the situation is as before with x3 replaced by x2.
Finally, we want to address the assumption A1. For the general case we split D into

D(up) = D ∩ R2 × R+ and D(down) = D ∩ R2 × R− to obtain

⟨χD, ψa,0,0⟩ = ⟨χD(up) , ψa,0,0⟩+ ⟨χD(down) , ψa,0,0⟩ .

Notice that for D(up) as well as D(down) there exist parametrizations, α+, α− obeying A1.
(iv). We assume that pi = 0. Furthermore, let us assume that we have 3 outer normals

at pi, which are not collinear and do not equal (1, 0, 0). A general number of normals
follows from this special case by cutting D in a neighborhood of pi into disjoint domains
with 3 outer normal directions.

Let us now denote the normal directions by n(a),n(b) and n(c). Since na1,nb1,nc1 ̸= 1 we
can apply a rotation in the (x2, x3)-plane such that na3, nb3, nc3 ≠ 0. By cutting D along
the (x1, x2)-plane, we can assume that n(c) = (0, 0,−1) and n(a)3 > 0, n

(b)
3 > 0.

By the same argumentation we used in part (iii), it follows that ∂D is locally given
by the functions g(a) and g(b) with

D ∩ [−ϵ, ϵ]3 =
{
x ∈ [−ϵ, ϵ]3 : 0 ≤ x3 ≤ max{g(a)(x1, x2) + g(b)(x1, x2)}

}
.

Furthermore, for all ξ ∈ D ∩ [−ϵ, ϵ]3 we have that ϵ ≤ ξ1 < λ∥ξ∥. Thus, for ξ ∈
AaD ∩ [−ϵ, ϵ]3

aξ1 < λ
√
a2ξ21 + aξ22 + aξ23 ,

which yields

a
1
2 ξ1 < λ

√
ξ22 + ξ23 .

Therefore, the volume of AaD ∩ [−ϵ, ϵ]3 decays as O(
√
a) for a→ 0.

We can now approximate AaD ∩ [−ϵ, ϵ]3 by{
x ∈ [−ϵ, ϵ]3 : 0 ≤ a

1
2x3 ≤ max{Dg(a)(ax1, a

1
2x2) +Dg(b)(ax1, a

1
2x2)}

}
,
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where Dg(a) and Dg(b) are defined as in (5.27). By the Taylor approximation, the
pointwise error is O(

√
a). Since the support size decays as O(

√
a), we obtain an L1 norm

approximation error of O(a) for a→ 0. Also,{
x ∈ [−ϵ, ϵ]3 : 0 ≤ a

1
2x3 ≤ max{Dg(a)(ax1, a

1
2x2) +Dg(b)(ax1, a

1
2x2)}

}
is locally a pyramid of height

√
a; hence, its volume decays as O(a) for a→ 0. Concluding,

we obtain that

| ⟨f, ψa,s,pi⟩ | = O(a2), for a→ 0.

(v). This is obvious.
(vi). First, observe that the Fourier transformation of ψa,s,p is given by

ψ̂a,s,p(ξ) = ae2πi⟨p,ξ⟩ψ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2)).

We now pick 1/2 < β < 1. Applying Plancherels formula yields for a smooth cutoff
function ζ such that ζ = 1 on a neighborhood of p for a small enough, that

| ⟨f, ψa,s,p⟩ | = | ⟨ζf, ψa,s,p⟩ |

= |
⟨
ζ̂f , ψ̂a,s,p

⟩
|

≤ a|
∫
R3

ζ̂f(ξ)ψ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2))dξ|

= a|
∫
|ξ1|≤a−β

ζ̂f(ξ)ψ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2))dξ|

+ a|
∫
|ξ1|≥a−β

ζ̂f(ξ)ψ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2))dξ|

= I1 + I2.

Since ψ has M vanishing moments in x1-direction, it follows that there exists θ ∈ L2(R2)
such that ψ̂ = ξM1 θ̂. We now estimate the term I1 by

I1 ≤ a

∫
|ξ1|≤aβ

|ζ̂f(ξ)ψ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2))|dξ

= a

∫
|ξ1|≤aβ

aM |ξ1|M |ζ̂f(ξ)θ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2))|dξ

≤ aM(1−β)+1

∫
|ξ1|≤aβ

ζ̂f(ξ)θ̂(aξ1, a
1
2 (ξ2 − s1ξ1), a

1
2 (ξ3 − s2ξ2))|dξ

≤ aM(1−β)∥ζ̂f∥ℓ2∥θ̂a,s,p∥ℓ2 = aM(1−β)∥ζf∥ℓ2∥θ∥ℓ2 . (5.29)

Now for the term I2, we have to use the form of f = χD. We want to use the property
that for an appropriate choice of ζ for every N there exists C such that

|ζ̂f(ξ1, ξ2, ξ3)| ≤ C(1 + |ξ|)−N , for
ξ2
ξ1

∈ (s1 − ϵ, s1 + ϵ),
ξ3
ξ1

∈ (s2 − ϵ, s2 + ϵ). (5.30)
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This follows if (p, s) is not in the wavefront set of f . We know by Theorem 5.2.6 that
for a function f̃ = χZ that equals f on a neighborhood of p and has no corner points,
the classical shearlet transform decays rapidly in a direction corresponding to s and by
Corollary 5.2.5 we infer that (p, s) is neither an element of the wavefront set of f̃ nor f .
Therefore we can assume (5.30) and continue to estimate

I2 = a−1|
∫
|ξ1|≥a−β

ζ̂f(
ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)ψ̂(ξ)dξ|

≤ a−1|
∫
|ξ1|≥a−β

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)||ψ̂(ξ)|dξ. (5.31)

Observe that with η1 = ξ1
a , η2 = s1

a ξ1 +
1

a
1
2
ξ2, η3 = s2

a ξ1 +
1

a
1
2
ξ3, we have

η2
η1

∈ (s1 − aβ−
1
2 ξ2, s1 + aβ−

1
2 ξ2),

η3
η1

∈ (s2 − aβ−
1
2 ξ3, s2 + aβ−

1
2 ξ3).

Thus, we can infer from (5.30) that

|ζ̂f
(
ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)

)
| ≤ C(1 + |ξ1|)−N ,

for s in a neighborhood V (s0) of s0, |ξ1|/a > a−β and |ξ2|, |ξ3| < ϵ′a1/2−β for some ϵ′ < ϵ.
We can split the integral (5.31) into two parts∫

|ξ1|≥a−β ,

|ξ2|,|ξ3|<ϵ′a
1
2−β

+

∫
|ξ1|≥a−β ,

|ξ2|≥ϵ′a
1
2−β or

|ξ3|≥ϵ′a
1
2−β

a−1|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)ψ̂(ξ)|dξ. (5.32)

Obviously, the first term is bounded by

CaβN−1∥ψ∥. (5.33)

For the second term of (5.32), we use the differentiability of ψ. We begin by splitting it as

a−1

∫
|ξ1|≥a−β ,|ξ2|≥ϵ′a

1
2−β ,|ξ3|≤ϵ′a

1
2−β

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)ψ̂(ξ)|dξ

+ a−1

∫
|ξ1|≥a−β ,|ξ2|≤ϵ′a

1
2−β ,|ξ3|≥ϵ′a

1
2−β

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)ψ̂(ξ)|dξ

+ a−1

∫
|ξ1|≥a−β ,|ξ2|≥ϵ′a

1
2−β ,|ξ3|≥ϵ′a

1
2−β

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)ψ̂(ξ)|dξ.

We will only estimate the first of these terms since it will be quite obvious that the other 2
follow by similar means. We know that (∂R/∂(x2)

R)ψ ∈ L2(R3),(∂R/∂(x3)R)ψ ∈ L2(R3)
and therefore we can estimate:

a−1

∫
|ξ1|≥a−β ,|ξ2|≥ϵ′a

1
2−β ,

|ξ3|≤ϵ′a
1
2−β

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)ψ̂(ξ)|dξ
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≤ a−1

∫
|ξ1|≥a−β ,|ξ2|≥ϵ′a

1
2−β ,

|ξ3|≤ϵ′a
1
2−β

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)x
−R
2 F(

∂R

∂xR2
ψ)(ξ)|dξ

≤ (ϵ′)−Ra−1+(β− 1
2
)R

∫
R2

|ζ̂f(ξ1
a
,
s1
a
ξ1 +

1

a
1
2

ξ2,
s2
a
ξ1 +

1

a
1
2

ξ3)||F(
∂R

∂xR2
ψ)(ξ)|dξ

≤ (ϵ′)−Ra(β−
1
2
)R∥ζf∥ℓ2∥

∂R

∂xR2
ψ∥ℓ2 . (5.34)

Since N in (5.33) is arbitrary, we can choose it large enough such that the estimates
(5.34), (5.33), and (5.29) combine to a decay of order

O(a(β−
1
2
)R + aM(1−β)), for a→ 0,

which yields the desired result.

5.3 Curvature

One additional feature of the shearlet transform, which was already discussed in the 2D
case, is its ability to detect geometrical features of the underlying manifold from the decay
of shearlet transform in form of detecting the curvature. Indeed, Proposition 5.1.4 and
Theorem 5.1.9 showed that the limit of

a−
3
4 ⟨f, ψa,s,p⟩

encodes the curvature as

lim
a→0

a−
3
4 ⟨f, ψa,s,p⟩ =

∫
Z
ψ(x)dx,

where

Z =

{
(x1, x2) ∈ supp ψ : x1 ≤

1

2ρ(s)2
(α′′

1(t0)− sα′′
2(t0))x

2
2

}
.

Thus, if ψ is such that β ↦→
∫
Zβ
ψ is injective, where

Zβ := {(x1, x2) ∈ supp ψ : x1 ≤ βx22},

then the value α′′
1(t0)− sα′′

2(t0) can be deduced. For instance, if ψ1(0) ̸= 0, (2.39) shows
that this injectivity can be achieved if the maximal curvature is small enough. Since
α′(t0) can be deduced from the normal direction and we have that ⟨α′′(t0), α

′(t0)⟩ = 0
is known, we can solve for α′′(t0). This means that we are theoretically able to directly
compute the curvature of a manifold from the decay of the 2D shearlet coefficients.

However, we cannot reproduce these results with the plate-like 3D shearlet system.
The reason for this problem is that plate-like shearlet systems treat the two dimensions of
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the manifold equally. Hence, the behavior of the manifold in an isotropic patch determines
the limiting value of

a−1 ⟨f, ψa,s,p⟩ →
∫
Z
ψ(x)dx,

as opposed to the curvature along one line. We can overcome this problem by introducing
needle-like shearlets with an additional direction parameter. For this we define the matrix

Ma,s,β := A−1
a RβS

−1
s =

⎛⎝ a−1 −a−1s1 −a−1s2
0 a−1 cosβ −a−1 sinβ

0 a−
1
2 sinβ a−

1
2 cosβ

⎞⎠ , where

Aa :=

⎛⎝ a 0 0
0 a 0

0 0 a−
1
2

⎞⎠ , Rβ :=

⎛⎝ 1 0 0
0 cosβ − sinβ
0 sinβ cosβ

⎞⎠ , Ss :=

⎛⎝ 1 s1 s2
0 1 0
0 0 1

⎞⎠ ,

with a and s = (s1, s2) being scale and shear parameter respectively, and β ∈ [0, 2π) now
being a rotation parameter, and let the associated shearlets be given by

ψa,s,p,β := a−
5
4ψ(Ma,s,β(· − p)).

This construction will ensure that the decay of this new shearlet system at a point p ∈ ∂D
depends only on the curvature of ∂D in a direction depending on β, if s is corresponding
to the normal direction at p. Defining now ϱ as

ϱ(s) =
√

(cos θ sinβ)2 + (sin η cosβ)2, s = (tan θ, cot η sec θ),

we obtain the following result.

Theorem 5.3.1. Let D be a bounded region in R3 and denote its boundary by ∂D.
Assume that ∂D is a piecewise smooth 2-dimensional manifold. Let γj , j = 1, 2, . . . ,m be
the separating curves of ∂D. Moreover, let f = χD, and let ψ be a compactly supported
continuous shearlet. If p ∈ ∂D \ {γi | i = 1, 2, . . . ,m}, if (s1, s2) corresponds to the outer
normal direction of ∂D at p, and if α is a local arc-length parametrization with α(t0) = p
and Jacobian at t0 given as (5.21), then

⟨f, ψa,s,p,β⟩ = a
5
4

∫
Zβ

ψ(x)dx+O(a
7
4 ), for a→ 0,

where with v = (cos θ sinβ, sin η cosβ) and

Zβ =

{
(x1, x2, x3) ∈ supp ψ : x1 ≤

1

2ϱ(s)2

(
S−1
s

(
∂2α

∂v2

))
1

(t0)x
2
3

}
. (5.35)

Proof. We start analyzing the special case

⟨f, ψa,0,0,β⟩ .
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First, observe that there exists a local arc-length parametrization α of the manifold at 0
such that α(0) = 0 and Jα(0) obeys (5.21). Since the normal corresponding to s = (0, 0)
is n = ±(1, 0, 0), we obtain that for α restricted to the (x2, x3)−plane, which we denote
as α(x2,x3), we have

Jα(x2,x3)
(0) = Id.

Hence, by the inverse function theorem, α(x2,x3) is locally invertible and Jα−1
(x2,x3)

(0) = Id.

Thus, we can choose ϵ > 0 small enough such that the set D ∩ [−ϵ, ϵ]3 can be written as

{x ∈ [−ϵ, ϵ]3 : x1 ≤ α(x1)(α
−1
(x2,x3)

(x2, x3))} or

{x ∈ [−ϵ, ϵ]3 : x1 ≥ α(x1)(α
−1
(x2,x3)

(x2, x3))}.

We continue with the first possibility, since the second will follow analogously. For
sufficiently small a, A−1

a RβD ∩ supp ψ either have the form

{x ∈ supp ψ : ax1 ≤ α(x1)(α
−1
(x2,x3)

(RTβAa(x2, x3)))}

or

{x ∈ supp ψ : ax1 ≥ α(x1)(α
−1
(x2,x3)

(RTβAa(x2, x3)))}.

We continue with the first of the two possibilities above and observe that the other one
follows analogously. As a suitable approximation for this set, we define the set

Zβ :=

{
(x1, x2, x3) ∈ supp ψ : x1 ≤

1

2

(
∂2α

∂v2

)
1

(0)x23,

where v = (cos θ sinβ, sin η cosβ)

}
.

The difference

∥χA−1
a RβD∩ supp ψ − χZβ

∥L1(R3)

is given by the integral∫
Q
|1
a
α(x1)(α

−1
(x2,x3)

((RTβAa(x2, x3))))−
1

2

(
∂2α

∂v2

)
1

(0)x23|dx2dx3, (5.36)

whereQ is a square with sidelength such that there exists an interval I with supp ψ ⊂ I×Q
and v = (cos θ sinβ, sin η cosβ).

We now calculate the Taylor expansion of α(x1)(α
−1
(x2,x3)

(RTβAa(x2, x3)) at (0, 0) to
obtain

α(x1)(α
−1
(x2,x3)

(RTβAa(x2, x3))) =
1

2
(Aa(x2, x3)

THα̃((Aa(x2, x3))) + h.o.t.

=
1

2
a(0, x3)

THα̃(0, x3) +O(a
3
2 )

=
a

2

∂2α̃

∂x23
(0)x23 +O(a

3
2 ), for a→ 0,
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where α̃ := α(x1) ◦ α
−1
(x2,x3)

◦RTβ . Now define

γ : x3 ↦→ α−1
(x2,x3)

◦RTβ (0, x3).

By the chain rule and (5.21) we obtain that γ′(0) =
√
(cos θ sinβ)2 + (sin η cosβ)2 and γ

is a curve in ∂D with direction (cos θ sinβ, sin η cosβ). Furthermore (1, 0, 0) is a normal
on γ at 0. By the Theorem of Meusnier [dC76], this yields that

∂2α̃

∂x23
(0) =

∂2α

∂v2
(0) for v = (cos θ sinβ, sin η cosβ).

If s ̸= 0, we revert to f ◦ Ss as in earlier results and we have to rescale by 1/ϱ(s)2.

5.4 Uniqueness of decay rates for classification

We will now show that in fact the lower and upper bounds of Theorem 5.1.9 in 2D and
Theorem 5.2.7 in 3D are the only possible uniform bounds for all shearlets, which satisfy
a certain moment condition. For this let us start with the 2D case.

5.4.1 Uniqueness in 2D

Assume that the shearlet ψ ∈ L2(R2) satisfies the extended moment condition

|(ψ̂)(k)(ξ)| ≲ |ξ1|M

⟨ξ1⟩L1 ⟨ξ2⟩L2
, for all ξ ∈ R2, k ≤ K, (5.37)

where we denote ⟨ξ⟩ := (1 + |ξ|2)1/2.
For such shearlets, we can derive the following result, which describes the interplay

between ψ and a classical shearlet ψ̃ (as defined in Example 2.4.16). The proof is contained
in Subsection A.3.1.

Lemma 5.4.1. Let ψ satisfy (5.37) with L1/2 ≥ M ≥ K, and L2 ≥ K, and let ψ̃ be a
classical shearlet. Then with δp = p̃− p and δs = s̃− s have

|
⟨
ψã,s̃,p̃, ψ̃a,s,p

⟩
|

≲
min

(⏐⏐a
ã

⏐⏐M+ 3
4 ,
⏐⏐ ã
a

⏐⏐M− 3
4

)
(1 + max(a, ã)−1|δs|2)K (1 + max(a, ã)−1|δp|2 +max(a, ã)−2|(δp)1|2))K

.

Notice that the estimate in Lemma 5.4.1 is a continuous version of the cross-Gramian
of two parabolic molecules described in [GK14c].

For the proof of the next theorem, we require the following lemma which can be easily
derived from Lemma 5.4.1 by computing the integral of the estimate over a ball and its
complement.
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Lemma 5.4.2. Let ϵ > 0 and s0 ∈ R, p0 ∈ R2, then

|
∫

Bϵ(s0,p0)

(1 + max(a, ã)−1|s− s0|2)−K ·

·
(
1 + max(a, ã)−1∥p− p0∥2 +max(a, ã)−2|p1 − (p0)1|

2
)−K

dsdp|
≲max(a, ã)2

and

|
∫

Bϵ(s0,p0)c

(1 + max(a, ã)−1|s− s0|2)−K ·

·
(
1 + max(a, ã)−1∥p− p0∥2 +max(a, ã)−2|p1 − (p0)1|

2
)−K

dsdp|
≲min(max(a, ã), 1)K .

The following result now makes precise what we mean by optimality of our decay
estimates at regular points.

Theorem 5.4.3. Let ψ ∈ L1(R2) ∩ L2(R2) be a shearlet satisfying (5.37), with L1/2 ≥
M ≥ K > 2 + 3/4, and L2/2 ≥ K, let D be a bounded domain with piecewise smooth
boundary, and let f = χD. If, for a regular point p0 ∈ ∂D with normal direction
corresponding to s0, there exist c1, ϵ > 0, and ω ∈ R such that, for all (s, p) ∈ Bϵ(s0, p0),

| ⟨f, ψa,s,p⟩ | ≤ c1a
ω for a→ 0,

then it follows that ω ≤ 3/4. If there exist c2 and g2 : [0, 1] → [0, 1] such that, for
(s, p) ∈ R× R2,

| ⟨f, ψa,s,p⟩ | ≥ c2g2(a) for a→ 0,

then we necessarily have g2(a) ≲ a3/4.

Proof. We will use Theorem 5.1.2 for classical shearlets to prove this result. For this, let
ψ̃ denote a classical shearlet. We will then show that for ϵ > 0 such that K − ϵ ≥ 2+ 3/4,
we have that

|⟨f, ψa,s,p⟩| ≤ Caω, for all (p, s) ∈ Bϵ(p0, s0)

=⇒ |⟨f, ψ̃a0,s0,p0⟩| ≤ C2a
ω
0 +O(a

K
2
0 ) +O(aK−2−ϵ

0 ), for a→ 0. (5.38)

Given that K − 2ϵ > 3/4 this implies faster decay of the transform associated with ψ̃
than the one allowed by Theorem 5.1.2, which cannot hold. Thus, (5.38) yields the first
part of the result.

To prove (5.38) we assume a normal associated with the first cone C1,1 and a shearing
parameter s0 such that |s0| < 1−ϵ. Notice that this is not a restriction, since the left-hand

130



side of (5.38) holding with |s0| = 1 implies that it also holds for some s′0 such that for
some ϵ′ > 0 we have |s′0| < 1 − ϵ′. The situation of the other cone follows analogously.
We then have 0 < u, v such that supp ψ̃a0,s0,p0 ⊂ Cu,v =: C.

We first apply the reproducing formula of Theorem 2.4.17. By Theorem 2.4.17, there
exists a window function ϕ with ϕ̂(ξ) ∈ O(|ξ|−(K−1/2−ϵ)) such that, for some Ξ,Γ > 0,
we can write⟨

f, ψ̃a0,s0,p0

⟩
=
⟨
PCf, ψ̃a0,s0,p0

⟩
=

1

Cψ
|

⟨
PCf,

∫
p∈R2

⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
TpPCϕdp

+

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

SHψψ̃a0,s0,p0(a, s, p)PCψa,s,pa
−3dadsdp

⟩
|

=
1

Cψ
|

⟨
f,

∫
p∈R2

⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
TpPCϕdp

⟩

+

∫
p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

SHψψ̃a0,s0,p0(a, s, p) ⟨PCf, ψa,s,p⟩ a−3dadsdp|. (5.39)

The first part of (5.39) can be estimated as follows:⟨
f,

∫
p∈R2

⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
TpPCϕdp

⟩

≤ sup
p

|
⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
|
∫
D

∫
R2

|f(x)||PCϕ(x− p)|dpdx

≤ sup
p

|
⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
| · ∥χD∥ℓ2 · ∥|χD| ∗ |PCϕ|∥ℓ2

≤ sup
p

|
⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
| · ∥χD∥ℓ2 · ∥χD∥L1(R2) · ∥PCϕ∥ℓ2

≲ sup
p

|
⟨
ψ̃a0,s0,p0 , Tpϕ

⟩
|, (5.40)

since f = χD has finite ∥.∥L1(R2) norm. By the frequency decay of ϕ and the band-
limitedness of ψ, the term in (5.40) behaves as O(aK−2−ϵ

0 ) for a0 → 0.
Thus, it now remains to estimate∫

p∈R2

∫
s∈[−Ξ,Ξ]

∫
a∈(0,Γ]

SHψψ̃a0,s0,p0(a, s, p) ⟨PCf, ψa,s,p⟩ a−3dadsdp. (5.41)
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We split the integral (5.41) as

∫
(0,Γ]

∫
Bϵ(s0,p0)

⟨PCf, ψa,s,p⟩
⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3

+

∫
(0,Γ]

∫
Bϵ(s0,p0)c

⟨PCf, ψa,s,p⟩
⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3

=I1 + I2.

The first term I1 can be controlled by

I1 ≤
∫

(0,Γ]

∫
Bϵ(s0,p0)

⟨f, ψa,s,p⟩
⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3

−
∫

(0,Γ]

∫
Bϵ(s0,p0)

⟨PD∪Cνf, ψa,s,p⟩
⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3
. (5.42)

Now we will use the frequency decay of ψ (5.37) to see that ⟨PD∪Cνf, ψa,s,p⟩ decays as
O(aK/2) for a→ 0. Indeed we have that

⟨PD∪Cνf, ψa,s,p⟩ ≤ ∥f∥ℓ2∥PDψa,s,p + PCνψa,s,p∥ ≤ ∥f∥ℓ2

⎛⎜⎝ ∫
R2\C

|ψ̂a,s,p(ξ)|2dξ

⎞⎟⎠
1
2

.

Next, we apply the moment condition to obtain

∫
R2\C

|ψ̂a,s,p(ξ)|2dξ ≤ a
3
2

∫
|ξ1|<1

min(1, |aξ1|)2M

⟨aξ1⟩2L1

⟨
a

1
2 (ξ2 − sξ1)

⟩2L2
dξ

+ a
3
2

∫
|ξ1|≥1,| ξ1

ξ2
|>1

min(1, |aξ1|)2M

⟨aξ1⟩2L1

⟨
a

1
2 (ξ2 − sξ1)

⟩2L2
dξ

= I1,1 + I1,2.
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We use that |ξ1| ≤ 1 to estimate I1,1 by a2K . We continue with the term I1,2 to obtain

I1,2 ≤ a
3
2

∫
|ξ1|≥1

∫
|ξ2|>|ξ1|

min(1, |aξ1|)2M

⟨aξ1⟩2L1

⟨
a

1
2 (ξ2 − sξ1)

⟩2L2
dξ2dξ1

≤ a
3
2

∫
|ξ1|≥1

|aξ1|2K

⟨aξ1⟩2L1

∫
|ξ2|>|ξ1|

1⟨
a

1
2 (ξ2 − sξ1)

⟩2K+3
dξ2dξ1

≤ a
3
2

∫
|ξ1|≥1

|aξ1|2K
∫

|r|>1

1

(a
1
2 |s− r||ξ1|)2K+3

|ξ1|drdξ1

≤ a
3
2

∫
|ξ1|≥1

|a|K− 3
2

1

|ξ1|2

∫
|r|>1

1

(|s− r|)2K+3
drdξ1.

Since s is strictly smaller than 1 the integral exists and we obtain that ⟨PD∪Cνf, ψa,s,p⟩
decays as O(aK/2) for a→ 0 uniformly for (s, p) ∈ Bϵ(s0, p0). Now, since ⟨PD∪Cνf, ψa,s,p⟩
decays as O(aK/2) for a→ 0, (5.42) can be estimated by

c1|
∫

(0,Γ]

∫
Bϵ(s0,p0)

aω
⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3
|

+C|
∫

(0,Γ]

∫
Bϵ(s0,p0)

a
K
2

⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3
|. (5.43)

The following argumentation, which we will only show for the first term of (5.43) yields
an upper bound of O(aω0 + aK−2−ϵ

0 + a
K/2
0 ) as a0 → 0 for (5.43).

We start by invoking Lemma 5.4.1 to obtain

|
∫

(0,Γ]

∫
Bϵ(s0,p0)

⟨f, ψa,s,p⟩
⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3
|

≲
∫

(0,Γ]

aωmin

(
a

a0
,
a0
a

)M
max(a, a0)

2da

a3
. (5.44)
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We continue with (5.44) and obtain that∫
(0,Γ]

aωmin

(
a

a0
,
a0
a

)M
max(a, a0)

2da

a3

≲ a20

∫
[0,a0)

aωmin

(
a

a0
,
a0
a

)M da

a3
+

∫
[a0,Γ)

aωmin

(
a

a0
,
a0
a

)M da

|a|

≤ a20

∫
[0,a0]

aω
(
a

a0

)M da

a3
+

∫
[a0,Γ)

aω
(a0
a

)M da

|a|

≲ a2−M0 aω0

∫
[0,a0)

aM−3da+

∫
[a0,Γ)

aω
(a0
a

)M da

|a|

≤ aω0 + aM0

∫
[a0,Γ)

da

aM+1−ω ≲ a
ω
0 + aM0

(
aω−M0 − Γω−M

)
≲ aω0 +O(aM0 ), for a0 → 0.

This finishes the estimation of the first term of I1
Therefore, we have to deal with the term I2. Let a0 ≤ 1, then, by Lemma 5.4.2,∫

(0,Γ]

∫
Bϵ(s0,p0)

c

⟨PCf, ψa,s,p⟩min

(
a

a0
,
a0
a

)M ⟨
ψ̃a0,s0,p0 , ψa,s,p

⟩
dpds

da

a3

≤ Cϵ

∫
(0,Γ]

min

(
a

a0
,
a0
a

)M
min(max(a, a0)

K , 1)
da

a3

≤ Cϵ

∫
(0,Γ]

min

(
a

a0
,
a0
a

)M
min(max(a, a0)

K , 1)
da

a3

≤ Cϵ

⎛⎜⎝ ∫
[0,a0)

(
a

a0

)M
aM0

da

a3
+

∫
[a0,1]

(a0
a

)M
aK

da

a3

⎞⎟⎠ = O(aK−2
0 ), for a0 → 0.

This yields that

|
⟨
f, ψ̃a,s0,p0

⟩
| ≤ O(aω) +O(aK−2−ϵ

0 ) +O(a
K
2
0 ), for a0 → 0,

which cannot hold if ω > 3/4 due to Theorem 5.1.2. The first part of the theorem is
proved.

The second part of the theorem follows directly from

| ⟨f, ψa,s,p⟩ | = a
3
4 | ⟨f(AaSs(·+ p)), ψ⟩ | ≤ a

3
4 ∥ψ∥L1(R2),

since ∥f∥∞ = 1.
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5.4.2 Uniqueness in 3D

Similar to the 2D case we aim to examine whether it is possible to obtain different (better)
uniform bounds for the detection of edges in Theorem 5.2.7. Not surprisingly, it turns
out that the rates for the regular points are – similar to the 2D case formally stated
in Theorem 5.4.3 – the only possible uniform rates. The reasoning behind this follows
the same approach as in 2D, meaning that assuming a faster or slower decay we would
contradict Theorem 5.2.6.

We will make use of the following extended moment condition, which the reader might
want to compare with (5.37):

|(ψ̂)(k)(ξ)| ≲ min(1, |ξ1|M )

⟨ξ1⟩L1⟨ξ2⟩L2⟨ξ1⟩L3
, for all ξ ∈ R3, k ≤ K. (5.45)

This allows to formulate the following result describing the uniqueness of the decay rates.

Theorem 5.4.4. Let ψ ∈ L1(R3) ∩ L2(R3) be a shearlet satisfying (5.45), with L1/3 ≥
M ≥ K > 4, L2, L3 ≥ 2K, let D be a bounded domain with piecewise smooth boundary,
and let f = χD. If, for a regular point p0 with normal direction corresponding to s0, there
exist c1, ϵ > 0, and ω ∈ R such that, for all (s, p) ∈ Bϵ(s0, p0),

| ⟨f, ψa,s,p⟩ | ≤ c1a
ω for a→ 0,

then it follows that ω ≤ 1. If there exist c2 and g2 : [0, 1] → [0, 1] such that, for
(s, p) ∈ R2 × R3,

| ⟨f, ψa,s,p⟩ | ≥ c2g2(a) for a→ 0,

then we necessarily have g2(a) ≲ a.

We will omit a proof, since it follows the arguments of the proof of Theorem 5.4.3
very closely with the obvious changes due to the higher dimension. In particular, the
reproducing formula from Theorem 2.4.28 has now to be applied.
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Chapter 6

Conclusion and outlook

In this chapter we take the opportunity to reflect on the results of this thesis and to put
them into perspective to the goal of designing an effective discretization method for the
numerical solution of partial differential equations that was outlined in the introduction,
Chapter 1.

We have chosen shearlet systems for the discretization of functions, which exhibit
anisotropic phenomena such as singularities along smooth curves. In Section 1.1 of the
introduction we identified the essential issues for an effective discretization to be good
approximation properties and the possibility of classification of smoothness. Additionally,
especially with respect to applications for the discretization of partial differential equations,
we observed in Section 1.3 that it is crucial to have a construction on a bounded domain.

While classic results guarantee optimal approximation rates by shearlets for the class
of cartoon-like functions, these functions are not suitable as a model for solutions of
elliptic PDEs, where, due to the ellipticity property, the solutions are not discontinuous.
This observation stimulated the analysis of approximation rates of functions whose
first or higher-order derivatives are cartoon-like in Section 4.1. We obtained faster
approximation rates with shearlet systems than with wavelet systems or finite elements.
Such generalized cartoon-like functions do appear as solutions of partial differential
equations and consequently these results ultimately guarantee the effectivity of shearlet
systems for the discretization of partial differential equations.

Additionally, we presented a novel construction of shearlets on bounded domains
which satisfies a number of suitable desiderata such as constituting a frame and having
the same approximation rates as its global counterpart in Section 2.5.

Furthermore, we gave the first proof of characterization of Sobolev spaces by directional
representation systems on R2 in Subsection 2.4.1.3. In addition to the relevance of this
theorem for general shearlet systems, we extended these results in Chapter 4 to obtain
characterizations of Sobolev spaces on bounded domains. This is another property that is
crucial for the design of adaptive solvers of PDEs. Boundary shearlets represent the only
construction of shearlet systems on bounded domains that admits this property.

We observed that the shearlet system on a bounded domain can be used in an adaptive
frame method for the solution of PDEs, which we analyzed numerically. We found that
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the algorithm based on boundary shearlet systems yields optimal convergence rates.
In addition, we analyzed the behavior of the shearlet transform and its capability

of detecting and analyzing singularities. With regard to the applications for PDEs
we are interested in understanding the behavior of the shearlet transform directly at
the important features of the function, i.e., the singularities. This behavior has been
extensively described in Chapter 5.

These results accumulate to form a very clear picture of a system that is capable of
introducing highly effective discretizations into the numerical solution of partial differential
equations. In Section 1.2 of the introduction of this thesis the construction of an effective
discretization for partial differential equations whose solutions exhibit singularities along
lower dimensional manifolds was identified as a central and highly topical problem in
the numerical treatment of PDEs. We can certainly conclude that the boundary shearlet
provides a powerful discretization and an adequate answer to this problem.

Despite all this praise one has to realistically identify some open questions and
challenges, which will be given ahead.

Before we address these challenges we want to discuss the classification results in
this thesis also from a different point of view. In fact, in addition to their relevance
for the numerical treatment of PDEs these results are interesting and important by
themselves. In particular, the results of Chapter 5 set the foundation for edge detection
and analysis by compactly supported shearlets. These are the first results in this direction
for compactly supported shearlets and they improve in some cases the standard results
from the literature. Furthermore, the dependence of the decay rates on the curvature
has been analyzed in Section 5.3 in a novel way. We expect that these results can play
an important role in the design of edge detection algorithms and that the results and
techniques from the analysis of the compactly supported shearlet systems can also be
employed to further improve the analysis with band-limited shearlet systems.

Returning to the issue of numerical treatment of PDEs we finally describe some of the
challenges that arise in connection with the construction of a shearlet based numerical
scheme for the solution of PDEs. Certainly, a proper implementation of the Algorithm 1,
SOLVE, is desired. Towards this goal some challenges have to be overcome. The routines
RHS, APPLY, and COARSE defined in Subsection 3.2.3, should be implemented for
the shearlet system. The ability to compute finite sections of the stiffness matrix with
appropriate computational effort is of particular importance. Furthermore, as mentioned
in Section 3.3, in order to guarantee optimality of convergence rates and computational
complexity which was described in Subsection 3.2.4 the stiffness matrix has to satisfy
certain mapping properties. To this end, its compressibility should be analyzed, possibly
by properly analyzing the decay of shearlet coefficients and leveraging on results of
Chapter 5. Finally, such an algorithm needs to be tested for the PDE problems described
in Subsection 3.3.1.

In this work we strongly emphasized the applications in numerical solutions of PDEs.
Nonetheless, shearlet systems have hitherto played a much bigger role in the area of
image processing. Also in this area the problem of proper boundary adaptation plays a
major role. For instance, the shearlet toolbox ShearLab, [KLR15], computes a shearlet
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transform of an image by using periodized elements without boundary adaptation. As we
discussed in Remark 4.2.3 there are scenarios, where this periodized construction leads to
significantly worse approximation rates than a properly boundary-adapted construction.
Since our construction can improve many existing procedures in image processing, where
a non boundary-adapted system was used beforehand, we expect to see boundary shearlet
systems appearing in new image processing applications in the future.
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Appendix A

Appendix

A.1 Lemmata from Section 2.4

The proof of Lemma 2.4.27 is also included in the publication [KP15]. The proof of
Lemma 2.4.9 was published in [GKMP15].

A.1.0.1 Proof of Lemma 2.4.27

If we apply the hypothesis on ϕ and the admissibility condition of ψ then we obtain with
Lemma 2.4.24

|ϕ̂(ξ)|2

= χPu,v,w(ξ)

⎛⎜⎝ ∫
a∈R+

∫
∥s∥∞≥Ξ

|ψ̂(MT
a,sξ)|2a−2dsda+

∫
a≥Γ

∫
∥s∥∞≤Ξ

|ψ̂(MT
a,sξ)|2a−2dsda

⎞⎟⎠
= I1(ξ) + I2(ξ).

Using the Fourier decay of ψ in the first variable, I2(ξ) can be estimated by

I2(ξ) ≤ C(2Ξ)2
∫
a≥Γ

|aξ1|−2Ma−2da = O(|ξ1|−2M ) = O(|ξ|−2M ), for |ξ| → ∞,

where the last equality holds, since we only need to consider ξ ∈ Pu,v,w. Next we split up
the first integral I1(ξ) into the following two terms

I1(ξ) =

∫
a≤1

∫
∥s∥∞≥Ξ

|ψ̂(MT
a,sξ)|2a−2dsda+

∫
1≤a

∫
∥s∥∞≥Ξ

|ψ̂(MT
a,sξ)|2a−2dsda

=I1,1(ξ) + I1,2(ξ).

We continue with the first term I1,1(ξ) to derive an estimate for ξ ∈ Pu,v,w. The
fact that we only consider ξ ∈ Pu,v,w implies that we can write ξ = (ξ1, r1ξ1, r2ξ1) with
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|r1| ≤ v, and |r2| ≤ w. Then

I1,1(ξ)

≤
∫

a≤1,|s1|≥Ξ

∫
R

|ψ̂(aξ1, a
1
2 (r1ξ1 + s1ξ1), a

1
2 (r2ξ1 + s2ξ1))|2a−2ds2ds1

da

a2
(A.1)

+

∫
a≤1,|s2|≥Ξ,

|s1|≤Ξ

∫
R

|ψ̂(aξ1, a
1
2 (r1ξ1 + s1ξ1), a

1
2 (r2ξ1 + s2ξ1))|2a−2ds2ds1

da

a2
.

In the two terms above, |si + ri| > c for at least one i = 1, 2. We continue with (A.1),
where |s1 + r1| is bounded from below. We can estimate (A.1) by

C

∫
a≤1,|s1|≥Ξ

|aξ1|2M
⏐⏐1 + a2|ξ1|2

⏐⏐−L1
⏐⏐1 + a|ξ1|2|r1 + s1|2

⏐⏐−L2 ·

·
∫
R

⏐⏐1 + a|ξ1|2|r2 + s2|2
⏐⏐−L3 ds2ds1

da

a2
.

Calculating the integral over s2 after using the transformation s2 ↦→ s2/(
√
a|ξ1|) yields

≤ C ′
∫

a≤1,|s1|≥Ξ

|aξ1|2M (a
1
2 |r1 + s1||ξ1|)−2L2(a

1
2 |ξ1|)−1ds1

da

a2

= C|ξ|−2|L2−M+ 1
2
|

∫
a≤1,|s1|≥Ξ

|a|2M−L2− 1
2 (|r1 + s1|)−2L2ds1da,

which is in O(|ξ|−2|L2−M+1/2|) for |ξ| → ∞ by the assumptions on Li and M . If we apply
the same method to (A.1), we obtain a bound of O(|ξ|−2|L3−M+1/2|) for |ξ| → ∞.

We finish the proof by examining I1,2(ξ). Then we obtain with a similar estimate as
above that

I1,2(ξ) ≤ C ′
∫

1≤a,|s1|≥Ξ

(a|r1 + s1|2|ξ1|2)−L2(a
1
2 |ξ1|)−1ds1

da

a2

+ C ′
∫

1≤a,|s2|≥Ξ

(a|r2 + s2|2|ξ1|2)−L2(a
1
2 |ξ1|)−1ds2

da

a2

= O(|ξ1|−2L2−1), for |ξ1| → ∞.

If we combine all estimates we obtain the result.

A.1.1 Proof of Lemma 2.4.9

Since ψ obeys (2.31) and has α > β + s vanishing moments, there exists some function
θ ∈ L2(R2) such that

ψ =
∂s

∂x1
θ
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with θ obeying (2.31) for all α > β > 3. Then, Theorem 2.4.4 implies that SH(ϕ/q, θ/q, θ̃/q, c)
is a Bessel sequence for L2(R2) with Bessel bound B. Consequently, SH(ϕ, θ, θ̃, c) is a
Bessel sequence with Bessel bound Bq2.

Now let f ∈ Hs(R2), and let Λ(i) := {(j, k,m, ι) ∈ Λ : ι = i} for i = −1, 0, 1. Then,
invoking the Plancherel identity, we have

∥(2js⟨f, ψj,k,m,ι⟩L2(R2))(j,k,m,ι)∈Λ∥2ℓ2(Λ)
= ∥(⟨f̂ , 2jsψ̂j,k,m,ι⟩L2(R2))(j,k,m,ι)∈Λ∥2ℓ2(Λ)
= ∥(⟨f̂ , 2jsψ̂j,k,m,−1⟩L2(R2))(j,k,m,ι)∈Λ(−1)∥2ℓ2(Λ(−1))

+ ∥(⟨f̂ , ψ̂j,k,m,0⟩L2(R2))(j,k,m,ι)∈Λ(0)∥2ℓ2(Λ(0))

+ ∥(⟨f̂ , 2jsψ̂j,k,m,1⟩L2(R2))(j,k,m,ι)∈Λ(1)∥2ℓ2(Λ(1))
.

The relations 2jsψ̂j,k,m,1(ξ) = ξs1θ̂j,k,m(ξ) and 2jsψ̂j,k,m,−1(ξ) = ξs2
ˆ̃
θj,k,m(ξ) now lead to

∥(2js⟨f, ψj,k,m,ι⟩L2(R2))(j,k,m,ι)∈Λ∥2ℓ2(Λ)

= ∥(⟨ξs1f̂ ,
ˆ̃
θj,k,m⟩L2(R2))(j,k,m,−1)∈Λ∥2ℓ2(Λ(−1))

+ ∥(⟨f̂ , ψ̂j,k,m,0⟩L2(R2))(j,k,m,0)∈Λ(0)∥2ℓ2(Λ(0))

+ ∥(⟨ξs2f̂ , θ̂j,k,m(ξ)⟩L2(R2))(j,k,m,1)∈Λ(1)∥2ℓ2(Λ(1))
.

Further, we have that ∥ξsi f̂∥2 ≤ ∥f∥Hs(R2) for i = 1, 2. Noting that for ι = 0 the
functions ψj,k,m,0 are not affected by weights and thus can directly be bounded by
B/| detMc|∥f∥2L2(R2) ≤ B/| detMc|∥f∥2Hs(R2) due to the frame property. Using the
simple fact that subsets of Bessel sequences are again Bessel sequences with the same
Bessel bound, we can conclude that

∥(2js⟨f, ψj,k,m,ι⟩L2(R2)))(j,k,m,ι)∈Λ∥2ℓ2(Λ) ≤ 3q2B/| detMc|∥f∥2Hs(R2).

A.1.2 Proof of Lemma 2.4.10

We define the following parameter sets to simplify the notation needed throughout the
proof:

Λ
′
:= {(j, k,m) : j, k ∈ N, |k| ≤ 2

j
2 ,m ∈ Z2},

Λ
′′
:= {(j, k) : j, k ∈ N, |k| ≤ 2

j
2 }.

First of all we have that

∥f∥Hs(R2) ∼ ∥(1 + | · |2)
s
2 f̂∥2, for all f ∈ Hs(R2),

and furthermore, since SH(µ, θ, θ̃, (c, c)) is a frame for L2(R2), we can deduce

∥f∥2Hs(R2) ≲||(1 + | · |2)
s
2 f̂ ||22

≲||(⟨(1 + | · |2)
s
2 f̂ , θ̂j,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ) := I. (A.2)
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The implicit constants in the estimate (A.2) can be chosen independent from c. We
continue with the following definition:

µ̂c := χ[− 1
2c
, 1
2c

]2 µ̂, θ̂c := χ[− 1
2c
, 1
2c

]2 θ̂,
ˆ̃
θc := χ[− 1

2c
, 1
2c

]2
ˆ̃
θ.

We write (θcj,k,m,ι)(j,k,m,ι)∈Λ for the resulting system. Next, we obtain that∑
(j,k,m,ι)∈Λ

|⟨(1 + | · |2)
s
2 f̂ , θ̂j,k,m,ι⟩L2(R2)|2

≤
∑

(j,k,m,ι)∈Λ

|⟨(1 + | · |2)
s
2 f̂ , θ̂cj,k,m,ι⟩L2(R2)|2

+
∑

(j,k,m,ι)∈Λ

|⟨(1 + | · |2)
s
2 f̂ , (θ̂j,k,m,ι − θ̂cj,k,m,ι)⟩L2(R2)|2. (A.3)

Since β > 4, there exists ϵ > 0 such that β − 1− ϵ/2 > 3 and since

min{1, |ξ1|α}min{1, |ξ1|−β}min{1, |ξ2|−β}
≤min{1, |ξ1|α}min{1, |ξ1|−β+1+ ϵ

2 }min{1, |ξ2|−β+1+ ϵ
2 }(max{1, |ξ1|, |ξ2|})−1− ϵ

2 ,

we have that (θ̂j,k,m,ι − θ̂cj,k,m,ι)(j,k,m,ι)∈Λ satisfies the assumptions of Lemma 2.4.9 with
s = 0 and q = c1+

ϵ
2 for some ϵ > 0. Hence, the second term of (A.3) can be estimated by

q2

|detMc|
∥(1 + | · |2)

s
2 f̂∥2L2(R2) ≲

c2+ϵ

|detMc|
∥f∥2Hs(R2).

Since detMc = c2 we obtain for c small enough that

I ≲ ||(⟨(1 + |ξ|2)
s
2 f̂ , θ̂cj,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ) = II. (A.4)

We rewrite the the term II by

II =||(⟨(1 + |ξ|2)
s
2 f̂ , θ̂cj,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ)

=
∑

(j,k,m)∈Λ′

2
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)(1 + |ξ|2)
s
2F(θc(SkAj · −Mcm))(ξ)dξ

⏐⏐⏐⏐2

+
∑

(j,k,m)∈Λ′

2
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)(1 + |ξ|2)
s
2F(θ̃c(STk Ãj · −Mc̃m))(ξ)dξ

⏐⏐⏐⏐2

+
∑
m∈Z2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)(1 + |ξ|2)
s
2F(µc(· − cm))(ξ)dξ

⏐⏐⏐⏐2
=

∑
(j,k,m)∈Λ′

2−
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)(1 + |ξ|2)
s
2 θ̂c(S−T

k A−1
j ξ)e2πi⟨McS

−T
k A−1

j ξ,m⟩dξ

⏐⏐⏐⏐2
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+
∑

(j,k,m)∈Λ′

2−
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)(1 + |ξ|2)
s
2
ˆ̃
θc(S−1

k Ã−1
j ξ)e2πi⟨Mc̃S

−1
k Ã−1

j ξ,m⟩dξ

⏐⏐⏐⏐2

+
∑
m∈Z2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)(1 + |ξ|2)
s
2 µ̂c(ξ)e2πi⟨cξ,m⟩dξ

⏐⏐⏐⏐2.
Now, we apply a change of variables for the first term ξ ⇝ AjS

T
kM

−1
c ξ, for the second

term ξ ⇝ ÃjSkM
−1
c ξ, and for the third term ξ ⇝ ξ/c. We have that det(AjSTkM

−1
c ) =

23j/2/det(Mc) and det(ÃjSkM−1
c̃ ) = 23j/2/det(Mc̃).

II =
∑

(j,k,m)∈Λ′

2
3j
2

|det(Mc)|2

⏐⏐⏐⏐ ∫
[− 1

2
, 1
2
]2
f̂(AjS

T
kM

−1
c ξ)(1 + |AjSTkM−1

c ξ|2)
s
2 θ̂c(M−1

c ξ)e2πi⟨ξ,m⟩dξ

⏐⏐⏐⏐2

+
∑

(j,k,m)∈Λ′

2
3j
2

|det(Mc)|2

⏐⏐⏐⏐ ∫
[− 1

2
, 1
2
]2
f̂(ÃjSkM

−1
c̃ ξ)(1 + |ÃjSkM−1

c̃ ξ|2)
s
2
ˆ̃
θc(M−1

c̃ ξ)e2πi⟨ξ,m⟩dξ

⏐⏐⏐⏐2

+
∑
m∈Z2

1

c2

⏐⏐⏐⏐ ∫
[− 1

2
, 1
2
]2
f̂

(
ξ

c

)(
1 +

⏐⏐⏐⏐ξc
⏐⏐⏐⏐2
) s

2

µ̂c
(
ξ

c

)
e2πi⟨ξ,m⟩dξ

⏐⏐⏐⏐2.
Now we can apply the Parseval identity to obtain

II =
∑

(j,k)∈Λ′′

2
3j
2

|det(Mc)|2
f̂(AjSTkM−1

c ·)(1 + |AjSTkM−1
c · |2)

s
2 θ̂c(M−1

c ·)
2
2

+
∑

(j,k)∈Λ′′

2
3j
2

|det(Mc)|2

f̂(ÃjSkM−1
c̃ ·)(1 + |ÃjSkM−1

c̃ · |2)
s
2
ˆ̃
θc(M−1

c̃ ·)
⏐⏐⏐⏐2

2

+
1

c2

(1 + ⏐⏐⏐ ·c ⏐⏐⏐2) s
2 f̂
( ·
c

)
µ̂c
( ·
c

)2
2

.

We apply a transformation of ξ ⇝ Mcξ, ξ ⇝ Mc̃ξ, and ξ ⇝ cξ, at adequate places to
obtain

II =
∑

(j,k)∈Λ′′

2
3j
2

f̂(AjSTk ·)(1 + |AjSTk ξ|2)
s
2 θ̂c(·)

2
2

(A.5)

+
∑

(j,k)∈Λ′′

2
3j
2

f̂(ÃjSk·)(1 + |ÃjSkξ|2)
s
2
ˆ̃
θc(·)

2
2
+
(1 + |ξ|2)

s
2 f̂ · µ̂c

2
2
.

A simple computation yields that for all ξ ∈ R2

(1 + |AjSTk ξ|2)
s
2 ≤ 2s2js(1 + |ξ|2)

s
2 , and (1 + |ÃjSkξ|2)

s
2 ≤ 2s2js(1 + |ξ|2)

s
2 . (A.6)

An application of (A.6) to (A.5) allows us to estimate

II ≲
∑

(j,k)∈Λ′′

2
3j
2

f̂(AjSTk ·)2js(1 + |ξ|2)
s
2 θ̂c(·)

2
2
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+
∑

(j,k)∈Λ′′

2
3j
2

f̂(ÃjSk·)2js(1 + |ξ|2)
s
2
ˆ̃
θc(·)

2
2
+
(1 + |ξ|2)

s
2 f̂ µ̂c

2
2
.

We invoke the notation of (2.29) and define

φ̂c := χ[− 1
2c
, 1
2c

]2φ
c, ψ̂c := χ[− 1

2c
, 1
2c

]2ψ̂,
ˆ̃
ψc := χ[− 1

2c
, 1
2c

]2
ˆ̃
ψ.

The resulting system will be denoted by (ψcj,k,m,ι)(j,k,m,ι)∈Λ. Using that (1+|ξ|2)s/2ρ(ξ)−s ≤
1 we obtain that

II ≲
∑

(j,k)∈Λ′′

2
3j
2

f̂(AjSTk ·)2jsψ̂c(·)2
2
+

∑
(j,k)∈Λ′′

2
3j
2

f̂(ÃjSk·)2js ˆ̃ψc(·)2
2
+
f̂ · φ̂c

2
2

=: III. (A.7)

From this point on, we essentially repeat all steps that led to (A.5) in reverse. We first
apply the transformations ξ ⇝M−1

c ξ, ξ ⇝M−1
c̃ ξ, and ξ ⇝ ξ/c, at the adequate places

and end up with

III =
∑

(j,k)∈Λ′′

2
3j
2

|det(Mc)|2
f̂(AjSTkM−1

c ·)2jsψ̂c(M−1
c ·)

2
2

+
∑

(j,k)∈Λ′′

2
3j
2

|det(Mc)|2
f̂(ÃjSkM−1

c̃ ·)2js ˆ̃ψc(M−1
c̃ ·)

2
2

+
1

c2

f̂ (1

c
·
)
φ̂c
(
1

c
·
)2

2

.

Invoking Plancherel’s identity yields

III =
∑

(j,k,m)∈Λ′

2
3j
2

|det(Mc)|2

⏐⏐⏐⏐ ∫
[− 1

2
, 1
2
]2
f̂(AjS

T
kM

−1
c ξ)2jsψ̂c(M−1

c ξ)e2πi⟨ξ,m⟩dξ

⏐⏐⏐⏐2

+
∑

(j,k,m)∈Λ′

2
3j
2

|det(Mc)|2

⏐⏐⏐⏐ ∫
[− 1

2
, 1
2
]2
f̂(ÃjSkM

−1
c̃ ξ)2js

ˆ̃
ψc(M−1

c̃ ξ)e2πi⟨ξ,m⟩dξ

⏐⏐⏐⏐2

+
∑
m∈Z2

1

c2

⏐⏐⏐⏐ ∫
[− 1

2
, 1
2
]2
f̂

(
ξ

c

)
φ̂c
(
ξ

c

)
e2πi⟨ξ,m⟩dξ

⏐⏐⏐⏐2.
After a couple of appropriate changes of variables we obtain

III =
∑

(j,k,m)∈Λ′

2−
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)2jsψ̂c(ST−kA
−1
j ξ)e2πi⟨ξ,A

−1
j S−1

k Mcm⟩dξ

⏐⏐⏐⏐2

+
∑

(j,k,m)∈Λ′

2−
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)2js
ˆ̃
ψc(S−kÃ

−1
j ξ)e2πi⟨ξ,Ã

−1
j S−T

k Mc̃m⟩dξ

⏐⏐⏐⏐2
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+
∑
m∈Z2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)φ̂c(ξ)e2πi⟨ξ,cm⟩dξ

⏐⏐⏐⏐2
=

∑
(j,k,m)∈Λ′

2
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)2js
1

|det(SkAj)|
ψ̂c((SkAj)−T ξ)e

2πi⟨(SkAj)
−T ξ,Mcm⟩dξ

⏐⏐⏐⏐2

+
∑

(j,k,m)∈Λ′

2
3j
2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)2js
1

|det(STk Ãj)|
ˆ̃
ψc((STk Ãj)

−T ξ)e2πi⟨(S
T
k Ãj)

−T ξ,Mc̃m⟩dξ

⏐⏐⏐⏐2

+
∑
m∈Z2

⏐⏐⏐⏐ ∫
R2

f̂(ξ)φ̂c(ξ)e2πi⟨ξ,cm⟩dξ

⏐⏐⏐⏐2
= ||(2js⟨f̂ , ψ̂cj,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ). (A.8)

Combining (A.4), (A.2) with (A.7) and (A.8) yields

∥f∥Hs(R2) ≲ ∥(2js⟨f, ψcj,k,m,ι⟩)(j,k,m,ι)∈Λ∥ℓ2(Λ), for all f ∈ Hs(R2). (A.9)

Furthermore, we observe that

||(2js⟨f̂ , ψ̂cj,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ) (A.10)

≤ ||(2js⟨f̂ , ψ̂j,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ) + ||(2js⟨f̂ , ψ̂j,k,m,ι − ψ̂cj,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ).

Invoking Lemma 2.4.9 and the argument we used to estimate (A.3) shows that

||(2js⟨f̂ , ψ̂j,k,m,ι − ψ̂cj,k,m,ι⟩)(j,k,m,ι)∈Λ||2ℓ2(Λ) ≲ c
ϵ∥f∥2Hs(R2), for all f ∈ Hs(R2),

which together with (A.10) applied to (A.9) yields the result for sufficiently small c.

A.2 Lemmata from Section 5.2

The proofs of this subsection are also included in the publication [KP15].

A.2.1 Proof of Lemma 5.2.1

Pick 1 > δ > 0 and an open neighborhood V ′
λ of λ such that V ′

λ +Bδ(0) ⊂ Vλ. Let q be a
vector such that (q2/q1, q3/q1) ∈ V ′

λ. Then, for t ∈ R, we have

(Φf)∧(tq) = Φ̂ ∗ f̂(tq). (A.11)

We now split the right-hand side of (A.11) into∫
|ξ|<δt

f̂(tq − ξ)Φ̂(ξ)dξ +

∫
|ξ|≥δt

f̂(tq − ξ)Φ̂(ξ)dξ.

By the choice of V ′
λ, the first term decays with the requested rate as |t| → ∞ and by the

smoothness of Φ the second term decays rapidly for t→ ∞. The claim is proved.
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A.2.2 Proof of Lemma 5.2.2

We start with the assumption that (p0, s0) is an N - regular directed point of g. Then, by
definition of a regular directed point, there exists a smooth cutoff function Φ1 supported
around p0 such that

(Φ1g)
∧(ξ) = O(|ξ|−N ), for all

(
ξ2
ξ1
,
ξ3
ξ1

)
∈ Bδ1(s0), (A.12)

for some δ1 > 0. Since |s(1)0 | < v, |s(2)0 | < w, we have

(P(Pu,v,w)cg)
∧(ξ) = 0, for all

(
ξ2
ξ1
,
ξ3
ξ1

)
∈ Bδ2(s0). (A.13)

Now we have to argue that

(Φ1PPu,v,wg)
∧(ξ) = O(|ξ|−N ), for all

(
ξ2
ξ1
,
ξ3
ξ1

)
∈ Bδ3(s0). (A.14)

Since Φ1PPu,v,wg = Φ1g−Φ1P(Pu,v,w)cg, (A.12) and (A.13) imply (A.14) by Lemma 5.2.1.
For the converse in the assertion of Lemma 5.2.2, we consider

g = PPu,v,wg + P(Pu,v,w)cg.

There exists a smooth cutoff function Φ such that ΦPPu,v,wg has the desired decay. By
Lemma 5.2.1, also ΦP(Pu,v,w)cg admits the desired decay, and hence also (Φg)∧ does. This
yields the claim.

A.2.3 Proof of Lemma 5.2.3

We recall that the Radon transform of g is given by

Rg(u, s) :=
∫
R
g(u− sx, x)dx =

∫
R
g(u1 − s1x, u− s2x, x)dx, for u ∈ R, s ∈ R2.

A simple calculation shows, that

(Rg(·, s))∧(ξ) = ĝ(ξ, s1ξ, s2ξ),

which is sometimes called Projection Slice Theorem. This result implies that in order to
prove our claim, it suffices to show that, for fixed s, the estimate

Î(ξ) := (Rg(·, s))∧(ξ) = O(|ξ|−N ), for |ξ| → ∞

holds. But this follows by the properties of the Fourier transform, if (∂/∂Nu)I(u) ∈ L1(R)
can be proved. Since Φ is compactly supported, (5.16) yields that g is compactly supported.
Therefore we obtain that I and hence (∂/∂Nu)I(u) are compactly supported. Thus, we
reduced the task to prove that (∂/∂Nu)I(u) stays bounded.
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For this, we first obtain that

∂

∂Nu
I(u)

=
∂

∂Nu

∫
R

∫
p∈U(p0)c,s∈[−Ξ,Ξ],

a∈(0,Γ]

⟨
f, ψ̃a,s,p

⟩
Φ(u− sx, x)ψa,s,p(u− sx, x)a−4dadsdpdx.

A change of the order of integration and an application of the product rule yield that this
equals

N∑
j=0

(
N
j

) ∫
p∈U(p0)c,s∈[−Ξ,Ξ],a∈(0,Γ]

⟨
f, ψ̃a,s,p

⟩
·

·
∫
R

(
∂

∂u

)N−j
Φ(u− sx, x)

(
∂

∂u

)j
ψa,s,p(u− sx, x)a−4dxdadsdp.

We write θj :=
(

∂
∂x1

)j
ψ to obtain that the j−th term in the above equals∫

p∈U(p0)c,s∈[−Ξ,Ξ],
a∈(0,Γ]

⟨
f, ψ̃a,s,p

⟩
a−j−4·

·
∫
R

(
∂

∂u

)N−j
Φ(u− sx, x)

(
∂

∂u

)j
θja,s,p(u− sx, x)dxdadsdp. (A.15)

Invoking (5.17) yields that⏐⏐θja,s,p(x)⏐⏐ = O
(
aPj/2−1|x− p|−Pj

)
.

Since Φ is only supported in a small neighborhood V (p0) of p0, we obtain⏐⏐⏐⏐⏐
(

∂

∂x1

)N−j
Φ(x)θja,s,p(x)

⏐⏐⏐⏐⏐ = O

((
∂

∂x1

)N−j
Φ(x)aPj/2−1|p− p0|−Pj

)
.

Since p ∈ U(p0)
c, it follows, by inserting the above equation into (A.15) and employing

(5.17), that the integral exists. This ultimately yields the claim.

A.3 Lemmata from Section 5.4

A.3.1 Proof of Lemma 5.4.1

First, notice that after applying a suitable transformation it certainly suffices to show the
result for ⟨

ψã,δs,δp, ψ̃a,0,0

⟩
,
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where δs = s̃− s, and δp = p̃− p.
For this, we introduce the differential operator

L = I −max(a, ã)−1∆ξ −max(a, ã)−2 d

dξ1
.

In the sequel, we will apply L only to compactly supported functions, and hence we can
assume L to be symmetric. Also observe that

L−k (exp ⟨−2πξ · δp⟩)

=
(
1 + max(a, ã)−1∥δp∥2 +max(a, ã))−2|(δp)1|2

)−k exp ⟨−2πξ · δp⟩ .

Using that

supp ˆ̃ψã,0,0 ⊂ {(ξ1, ξ2) : ξ1 ∈ [−2

ã
,− 1

2ã

]
∪
[
2

ã
,
1

2ã

]
,

⏐⏐⏐⏐ξ2ξ1
⏐⏐⏐⏐ ≤ √

ã

}
,

we now obtain⟨
ψ̂a,δs,δp,

ˆ̃
ψa,0,0

⟩
≤ |ãa|

3
4

∫
R2

ψ̂(aξ1, a
1
2 (δsξ1 + ξ2))

ˆ̃
ψ(aξ1, a

− 1
2 (
ξ2
ξ1
))e−2πiξ·δpdξ

= |ãa|
3
4

∫
R2

LK
(
ψ̂(aξ1, a

1
2 (δsξ1 + ξ2))

ˆ̃
ψ(aξ1, a

− 1
2 (
ξ2
ξ1
))

)
L−K

(
e−2πiξ·δp

)
dξ

= |ãa|
3
4

∫
R2

LK
(
ψ̂(aξ1, a

1
2 (δsξ1 + ξ2))

ˆ̃
ψ(aξ1, a

− 1
2 (
ξ2
ξ1
))

)
·
(
1 + max(a, ã)−1|δp|2 +max(a, ã)−2|(δp)1|2

)−K exp ⟨−2πξ · δp⟩ dξ.

We next observe that, since ψ̂ ˆ̃ψ obeys (5.37), it follows that

LK
(
ψ̂
ˆ̃
ψ

)
≲

|ξ1|M

⟨ξ1⟩L1 ⟨ξ2⟩L2
and supp LK

(
ψ̂
ˆ̃
ψ

)
⊆ supp ˆ̃ψa,0,0.

Hence, we obtain

|
⟨
ψ̂a,δs,δp,

ˆ̃
ψa,0,0

⟩
|

≲ |ãa|
3
4

∫
supp ˆ̃

ψã,0,0

|aξ1|M

⟨aξ1⟩L1

⟨
a

1
2 (δsξ1 + ξ2)

⟩L2
·

(
1 + max(a, ã)−1|δp|2 +max(a, ã)−2|(δp)1|2

)−K
dξ.

We now use that, for ξ ∈ supp ˆ̃ψã,0,0, we have |aξ1| ≤ 2a/ã. This allows us to estimate

|ãa|
3
4

∫
supp ˆ̃

ψã,0,0

|aξ1|M

⟨aξ1⟩L1

⟨
a

1
2 (δsξ1 + ξ2)

⟩L2
·
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(
1 + max(a, ã)−1|δp|2) + max(a, ã)−2|(δp)1|2

)−K
dξ

≤ 2|ãa|
3
4

⏐⏐⏐a
ã

⏐⏐⏐M ∫
supp ˆ̃

ψã,0,0

1

⟨aξ1⟩L1−M ⟨a 1
2ã

⟩M ⟨
a

1
2 (δsξ1 + ξ2)

⟩L2

·
(
1 + max(a, ã)−1|δp|2) + max(a, ã)−2|(δp)1|2

)−K
dξ

≲ |ãa|
3
4 min

(⏐⏐⏐a
ã

⏐⏐⏐ , ⏐⏐⏐⏐ ãa
⏐⏐⏐⏐)M ∫

[ 1
2ã
, 2
ã
]

∫
|ξ2|≤ã

1
2 |ξ1|

1

⟨aξ1⟩L1−M
⟨
a

1
2 (δsξ1 + ξ2)

⟩L2

·
(
1 + max(a, ã)−1|δp|2 +max(a, ã)−2|(δp)1|2)

)−K
dξ. (A.16)

We now aim to estimate ⟨aξ1⟩L1−M ⟨a1/2(δsξ1 + ξ2)
⟩L2 . Since ξ ∈ supp ˆ̃ψã,0,0 implies

|ξ2| ≤ ã1/2|ξ1| ≤ 2/ã1/2, we conclude⟨
a

1
2 (δsξ1)

⟩2
= (1 + |a

1
2 (δsξ1)|2)

= (1 + |a
1
2 (δsξ1 + ξ2 − ξ2)|2)

≤ 2(1 + a|δsξ1 + ξ2|2 + a|ξ2|2)
≤ 2(1 + a|δsξ1 + ξ2|2(1 + a|ξ2|2)

= 2
⟨
a

1
2 (δsξ1 + ξ2)

⟩2 ⟨
a

1
2 ξ2

⟩2
≲
⟨
a

1
2 (δsξ1 + ξ2)

⟩2⟨√a

ã

⟩2

.

If ã ≤ a, the last term can be estimated by⟨
a

1
2 (δsξ1 + ξ2)

⟩2⟨√a

ã

⟩2

≲
⟨
a

1
2 (δsξ1 + ξ2)

⟩2
⟨aξ1⟩2 . (A.17)

If ã ≥ a, then ⟨
√
a/ã⟩2 is bounded by 2, and hence we can also obtain (A.17). Combining

the above estimates then yields that⟨
a

1
2 (δsξ1)

⟩
≲
⟨
a

1
2 (δsξ1 + ξ2)

⟩2
⟨aξ1⟩2 .

Since L1 −M ≥ K, we finally obtain that

1

⟨aξ1⟩L1−M
⟨
a

1
2 (δsξ1 + ξ2)

⟩L2
≲

1⟨
a

1
2 (δsξ1)

⟩K . (A.18)

Furthermore, we can estimate the following integral by∫
[ 1
2ã
, 2
ã
]

∫
|ξ2|≤ã

1
2 |ξ1|

1⟨
a

1
2 (δsξ1)

⟩K (1 + max(a, ã)−1|δp|2) + max(a, ã)−2|(δp)1|2
)−K

dξ
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≲ ã−
3
2

1⟨
max(a, ã)−

1
2 (δs)

⟩K (1 + max(a, ã)−1|δp|2 +max(a, ã)−2|(δp)1|2
)−K

. (A.19)

Ultimately, by combining the estimates (A.16), (A.18), (A.19) we obtain⟨
ψã,δs,δp, ψ̃a,0,0

⟩
≲

min
(⏐⏐a

ã

⏐⏐M+ 3
4
⏐⏐ ã
a

⏐⏐M− 3
4

)
(1 + max(a, ã)−1|δs|2)K (1 + max(a, ã)−1|δp|2 +max(a, ã)−2|(δp)1|2)K

.
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Appendix B

Notation

We will present a list of the notation used in this thesis in Subsection B.2. Beforehand we
will recall some standard notation, that was not defined in the main body of this thesis
in Subsection B.1.

B.1 Standard notation

For Z = N,Z or R and f, g : Z → Z we write f = O(g(x)) for x→ z ∈ Z ∪ {±∞} if

lim sup
x→z

⏐⏐⏐⏐f(x)g(x)

⏐⏐⏐⏐ <∞. (B.1)

Let (Ω, µ) be a measure space, p ≥ 1, then we denote by Lp(Ω, µ) the space of Lebesgue
measurable functions f such that

∥f∥pLp(Ω,µ)
:=

∫
Ω
|f |pdµ <∞. (B.2)

If Ω ⊆ Rn for some n ∈ N and µ is the standard Lebesgue measure, we simply write
Lp(Ω). We define the space ℓp as the space of sequences (cn)n∈N such that

∥c∥pℓp :=
∑
n∈N

|cn|p <∞. (B.3)

Given a weight w : N → R+, then ℓw,p is the space of sequences (cn)n∈N: (w(n)(cn))n∈N ∈
ℓp. We define the supremum norm ∥ · ∥∞ for a Lebesgue measurable function f by

∥f∥∞ := inf{C ≥ 0 : |f(x)| ≤ C, for almost every x ∈ Ω}. (B.4)

For sequences (cm)m∈N we analogously define

∥(cm)m∈N∥∞ := inf{C ≥ 0 : |cm| ≤ C, for all m ∈ N},

163



and we use the same definition if c is only a vector of finite length. For f ∈ L1(Rn),
g ∈ Lp(Rn), we define the convolution of f and g by f ∗ g, where

(f ∗ g)(x) :=
∫
Rn

f(y)g(x− y)dy, for almost every x ∈ Rn. (B.5)

For k ∈ N, 1 ≤ p <∞ we denote by W k
p (Rn) the space of functions with k weak derivatives

in Lp(Rn). For h > 0 and f ∈ L2(Rn) we define Dhf = f(x+ h)− f(x). For s = k + r,
where k ∈ N and 0 < r ≤ 1 and 1 ≤ p, q <∞ the Besov space Bs

p,q(Rn) is defined by

Bs
p,q(Rn) : = {f ∈W k

p (Rn) : ∥f∥Bs
p,q(Rn) <∞}, (B.6)

∥f∥Bs
p,q(Rn) : = ∥f∥Wk

p (Rn) +
∑
|β|=k

(∫
Rn

∥D2
hDβf∥qLp(Rn)

|h|n+qr
dh

) 1
q

.

For s ∈ N, n ∈ N and Ω ⊆ Rn we define the Sobolev spaces Hs(Ω) by

Hs(Rn) : = {f ∈ L2(Rn) : ∥f∥Hs(Ω) <∞}, where (B.7)

∥f∥Hs(Ω) : =
∑

0≤|α|≤s

∥Dαf∥L2(Ω).

An equivalent norm to ∥ · ∥Hs(Rn) is given via the Fourier transform by ∥(1+ |ξ|2)
s
2 · ∥L2(Ω).

A Banach space B, a Hilbert space H, and the dual B′ of B such that

B ↪→ H ↪→ B′, (B.8)

where the embeddings are dense, form a Gelfand triple, denoted by (B,H,B′). For a
normed space X, ∥ · ∥X , the ball of radius ϵ > 0 with center p ∈ X is defined as

Bϵ(p) := {x ∈ X : ∥x− p∥X < ϵ}. (B.9)

The characteristic function of a set D ⊂ X is defined as

χD(x) =

{
1 if x ∈ D
0 if x ̸∈ D.

(B.10)

B.2 List of symbols

A list of symbols used in this thesis is given below. The symbols are grouped into seven
categories, which are:

1. Spaces;

2. Notation related to the construction of wavelet and shearlet systems;

3. Operators;
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4. Symbols used to describe approximation properties or sets related to approximation
theory;

5. Numerical routines;

6. Symbols used in the analysis of geometrical properties of singularities;

7. Miscellaneous.

Within these categories the symbols are ordered alphabetically.

Symbol Explanation Defined in

Spaces

B Banach space . . . . . . . . . . . . . . . . . . . . .

B′ Dual Banach space . . . . . . . . . . . . . . . . .

(B,H,B′) Gelfand triple . . . . . . . . . . . . . . . . . . . . (B.8)

(Bd, ℓ2, B
′
d) Gelfand triple of sequence spaces for Gelfand

frame construction . . . . . . . . . . . . . . . . . Subsection 3.1.2

Bs
p,q(R2) Besov space . . . . . . . . . . . . . . . . . . . . . . (B.6)

C l(Ω) Space of l ∈ N ∪ {∞} times continuously differen-
tiable functions on a domain Ω ⊆ Rn . . . . . .

C l0(Rn) Space of C l(Rn) functions vanishing at infinity

Gβp,q Smoothness spaces associated to parabolic
molecules . . . . . . . . . . . . . . . . . . . . . . . (2.27)

H Hilbert space . . . . . . . . . . . . . . . . . . . . .

Hs(Ω) Sobolev space of order s ∈ R . . . . . . . . . . . (B.7)

H s⃗(R2) Directional Sobolev space . . . . . . . . . . . . . (3.16)

Lp(Ω) Lebesgue function space of p-integrable functions (B.2)

L2(D)∨ Functions in L2 whose Fourier transform is sup-
ported in D . . . . . . . . . . . . . . . . . . . . . . Subsection 2.4.2.1

ℓp Lebesgue sequence space of p–summable se-
quences . . . . . . . . . . . . . . . . . . . . . . . . (B.3)

ℓwp Weak Lebesgue sequence space . . . . . . . . . . (3.13)

ℓw,p Weighted Lebesgue sequence space of p–summable
sequences with weight w . . . . . . . . . . . . . . (B.3)

Sβp,q Shearlet smoothness space . . . . . . . . . . . . (2.25)

SCp,r Shearlet coorbit space . . . . . . . . . . . . . . . (2.26)
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X A generic function space . . . . . . . . . . . . . .

Wavelet and shearlet systems

Aa Parabolic scaling matrix . . . . . . . . . . . . . . (2.15)

BSHτ,t Boundary shearlet system . . . . . . . . . . . . . Definition 2.5.1

Cψ Admissibility constant of a shearlet . . . . . . . (2.16)

Cu,v, Cνu,v Horizontal and vertical cone . . . . . . . . . . . (2.33)

D Centered square for the cone-adapted shearlet
construction . . . . . . . . . . . . . . . . . . . . . (2.33)

∆τ,t Index set of the wavelets in a boundary shearlet
system . . . . . . . . . . . . . . . . . . . . . . . . . Definition 2.5.1

Γτ,t Strip around the boundary of a domain Ω . . . Definition 2.5.1

Λ Index set of a cone-adapted shearlet system . . (2.20)

Λ0 Index set of the shearlets in a boundary shearlet
system . . . . . . . . . . . . . . . . . . . . . . . . . Definition 2.5.1

m0 Low pass filter associated with a multiresolution
analysis . . . . . . . . . . . . . . . . . . . . . . . . (2.7)

m1 High pass filter associated with a multiresolution
analysis . . . . . . . . . . . . . . . . . . . . . . . . (2.8)

Ma,s Scale-shear matrix for the 3D shearlet transform (2.41)

Mc Matrix describing the sampling density for a 2D
cone-adapted shearlet system . . . . . . . . . . . Definition 2.4.2

Pu,v,w Pyramid in frequency space for 3D pyramid-
adapted shearlet systems . . . . . . . . . . . . . (2.40)

qs Parameter describing the support size of the shear-
let elements . . . . . . . . . . . . . . . . . . . . . . Definition 2.4.11

q
(1)
w Parameter describing the spacial localization of

an admissible wavelet system . . . . . . . . . . . Definition 2.3.6

q
(2)
w Parameter describing the spacial separation of an

admissible wavelet system . . . . . . . . . . . . . Definition 2.3.6

Ss Shearing matrix . . . . . . . . . . . . . . . . . . . (2.15)

SH(ϕ, ψ, ψ̃, c) Cone-adapted shearlet system . . . . . . . . . . Definition 2.4.2

(Vj)j∈Z A multiresolution analysis . . . . . . . . . . . . . Section 2.2
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(V
[0,1]
j )j∈Z A multiresolution analysis on [0, 1] . . . . . . . Section 2.2

(Wj)j∈Z Wavelet spaces associated with an MRA . . . . Section 2.2

(W
[0,1]
j )j∈Z Wavelet spaces associated with an MRA on [0, 1] Section 2.2

W Boundary adapted wavelet system . . . . . . . Subsection 2.3.5

Wτ,t Wavelets in a boundary shearlet system . . . . Definition 2.5.1

Wd Dual boundary wavelet system . . . . . . . . . . Subsection 2.3.5

ϕ
[0,1]
j,m Scaling function on [0, 1] . . . . . . . . . . . . . . Section 2.3

ψa,s,p,ι Element of a shearlet system . . . . . . . . . . . Section 2.4

ωj,m,υ Element of a 2D wavelet system on a bounded
domain . . . . . . . . . . . . . . . . . . . . . . . . Section 2.3

ω
[0,1]
j,m Wavelet on [0, 1] . . . . . . . . . . . . . . . . . . . Section 2.3

Operators

∇f Gradient of f . . . . . . . . . . . . . . . . . . . .

∂
∂xi
f Partial derivative of f in xi-direction. . . . . .

Dαf Higher order partial derivative in directions α,
where α is a multiindex. . . . . . . . . . . . . . .

DB Isomorphism between Bd and ℓ2 . . . . . . . . . Subsection 3.1.2

Ẽ Extension operator: Hs(Ω) → Hs(R2) . . . . . (4.27)

E Modified extension operator: Hs(Ω) → Hs(R2) (4.27)

F The Fourier transform . . . . . . . . . . . . . . . Example 2.0.3

f̂ Fourier transform of f , i.e., f̂ = Ff . . . . . . . Example 2.0.3

G Discretized operator of an elliptic operator equa-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.6)

SHψ(f) Continuous cone-adapted shearlet transform of f Definition 2.35, 2.43

TΦ Analysis operator of a representation system . (2.1)

Threshλ Hard thresholding operator . . . . . . . . . . . . (4.43)

Approximation theory

E2(v,R2) Set of cartoon-like functions, with discontinuity
curves which have curvature bounded by v . . Definition 2.4.5

E l,2(v,R2) Set of functions with cartoon-like l-th order deriva-
tives . . . . . . . . . . . . . . . . . . . . . . . . . . (4.33)
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E l,∞(v,R2) Functions with piecewise C∞, l-th order deriva-
tives which may have C∞ singularity curves with
curvature bounded by v. . . . . . . . . . . . . . (4.8)

EN Space of linear approximation . . . . . . . . . . (3.7)

eN Error of the best linear approximation . . . . . (3.9)

EN Indices of the N largest shearlet coefficients . . Theorem 2.4.7

f = O(g) The Landau symbol O(g) describes an asymptotic
upper bound for f given by g. . . . . . . . . . . (B.1)

σN (u) Best N -term approximation error of u . . . . . (2.4), (3.8)

ΣN Space of non-linear approximation . . . . . . . (3.7)

Numerical routines

APPLY Routine used in an adaptive algorithm to solve
elliptic PDEs . . . . . . . . . . . . . . . . . . . . . Subsection 3.2.3

COARSE Routine used in an adaptive algorithm to solve
elliptic PDEs . . . . . . . . . . . . . . . . . . . . . Subsection 3.2.3

RHS Routine used in an adaptive algorithm to solve
elliptic PDEs . . . . . . . . . . . . . . . . . . . . . Subsection 3.2.3

S Frame Operator of the implementation of the
boundary shearlet system . . . . . . . . . . . . . Algorithm 4.40

SOLVE Adaptive algorithm to solve elliptic PDEs . . . Algorithm 1

TΦ Analysis operator of the implementation of the
boundary shearlet system . . . . . . . . . . . . . Algorithm 4.38

T∗
Φ Synthesis operator of the implementation of the

boundary shearlet system . . . . . . . . . . . . . Algorithm 4.39

Geometry

α(t) Arc-length parametrization of ∂D. . . . . . . . Sections 5.1 and 5.2

n(t−), n(t+) Outer normals at point α(t) of ∂D. . . . . . . . Section 5.1 and 5.2

n(t−), n(t+) Curvature at point α(t) of ∂D. . . . . . . . . . Section 5.1

Sρ Domains with piecewise smooth boundary and
curvature bounded by ρ. . . . . . . . . . . . . . Definition 5.1.3

Zκ Auxiliary set for edge analysis . . . . . . . . . . (2.38), (5.35)

Miscellaneous
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#D Cardinality of D . . . . . . . . . . . . . . . . . . .

∥ · ∥X Norm on the space X . . . . . . . . . . . . . . .

∥ · ∥∞ Supremum norm . . . . . . . . . . . . . . . . . . . (B.4)

∥ · ∥X ↦→Y Operator norm of an operator mapping from X
to Y . . . . . . . . . . . . . . . . . . . . . . . . . . (B.4)

⟨·, ·⟩ Scalar product of either ℓ2 or L2 . . . . . . . . .

⟨·, ·⟩H Scalar product of a Hilbert space H . . . . . .

⟨x⟩ Japanese bracket, ⟨x⟩ = (1 + |x|2)
1
2 . . . . . .

f ∗ g Convolution of f with g . . . . . . . . . . . . . . (B.5)

Bϵ(p) Ball of radius ϵ with center p . . . . . . . . . . . (B.9)

C Field of complex numbers . . . . . . . . . . . . .

K A field, either R or C . . . . . . . . . . . . . . . .

R Field of real numbers . . . . . . . . . . . . . . . .

R+ Positive real numbers . . . . . . . . . . . . . . . .

f|D Restriction of a function f to a set D . . . . .

supp f Support of f , i.e., {x : f(x) ̸= 0} . . . . . . . .

Z Integer lattice . . . . . . . . . . . . . . . . . . . .

χD Characteristic function of a set D . . . . . . . . (B.10)
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