
T H E I M PA C T O F S U B S T R AT E C U RVAT U R E O N T H E
S E L F - A S S E M B LY O F L I Q U I D C RY S TA L S

vorgelegt von
Master of Science (M. Sc.)

Sergej Püschel-Schlotthauer

geb. in Uralsk (Kasachstan)

von der Fakultät II – Mathematik und Naturwissenschaften
der Technischen Universität Berlin

zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften
– Dr.-rer.-nat. –

genehmigte dissertation

promotionsausschuss:
vorsitzender: Prof. Dr. Martin Oestreich
gutachter: Prof. Dr. Martin Schoen
gutachter: Prof. Dr. Keith E. Gubbins

tag der wissenschaftlichen aussprache: 21. Juli 2017

berlin 2017





For my girls





D A N K S A G U N G

An dieser Stelle möchte ich mich herzlich bei Prof. Dr. Martin Schoen für die Mög-
lichkeit bedanken in seinem Arbeitskreis zu promovieren. Das Anfertigen der vor-
liegenden Arbeit wäre ohne seine hervorragende Betreuung undenkbar gewesen.
Insbesondere das freie und selbständige Arbeiten sowie zahlreiche sehr produkti-
ve Diskussionen mit Ihm bereiteten mir viel Freude und trugen stets zur qualitativen
Verbesserung meiner Arbeit bei. Ich möchte mich ebenfalls beim zweiten Gutachter
Prof. Dr. Keith E. Gubbins für das Anfertigen des Gutachtens bedanken.

Ich bin dankbar für die finanzielle Unterstützung durch die Deutsche Forschungs-
gemeinschaft über das Internationale Graduiertenkolleg (IRTG) 1524, die es mir un-
ter Anderem einen sechsmonatigen Auslandsaufenthalt an der North Carolina State
University (NCSU) ermöglichte. Für die angenehme Zeit an der NCSU möchte ich
Prof. Dr. Carol K. Hall danken, die mich in Ihrem Arbeitskreis aufnahm und betreute.
Ihre sehr interessanten Fragen brachten mich stets dazu meine Arbeit aus diversen
Blickwinkeln zu betrachten.

Ich danke Dr. Marco Mazza und Dr. Michael Melle für das Korrekturlesen von
Teilen dieser Arbeit und für die fruchtbare Zusammenarbeit. Dem gesamten Arbeits-
kreis Schoen, nämlich Dr. Tillmann Stieger, Robert Skutnik, Stefanie Wandrei, und
Elsa Perrin, sowie Heidi Grauel und Nadine Rechenberg, danke ich für die schö-
ne Zeit und angenehme Atmosphäre. Dabei gilt ein besonderer Dank Dr. Tillmann
Stieger für die Unterstützung, anregende Diskussionen und eine tolle Zeit innerhalb
sowie außerhalb des Arbeitskreises. Ebenso möchte ich mich bei Dr. Rohan Patil und
Yeongun Ko bedanken, die durch Ihre offene und freundliche Art meinen Auslands-
aufenthalt auch außerhalb des Universitätslebens außerordentlich machten.

Ein riesiger Dank geht an meine Frau Stefanie für die unglaubliche Unterstützung,
sowie meine Töchter Julika und Elise, die für mich stets eine Motivation waren die-
se Arbeit fertig zu stellen. Als letztes danke ich meinen Eltern für Ihre jahrelange
Unterstützung.

v





A B S T R A C T

The interplay of anisotropic molecular interactions, nonlinearities of the orientational
field, and long-range orientational correlations make the physics of liquid crystals
both challenging and fascinating. Liquid crystals are known for their dual nature,
i.e. a high degree of the orientational order combined with a certain degree of flui-
dity. The liquid-crystalline order can be enhanced, perturbed, or destroyed in the
presence of external fields (i.e., magnetic, electric field), thermodynamic conditions
(i.e., temperature, pressure gradient), or surfaces forces (i.e., colloidal particles, con-
finement). In this thesis, we investigate the impact of the surface curvature on the
liquid-crystalline order.

In the simplest liquid-crystalline state, i.e., the nematic state, elongated liquid cry-
stal molecules align their long axes with a global direction n0. The presence of a sp-
herical colloid gives rise to perturbations of the nematic phase. The global orientation
along n0 is not compatible everywhere with the specific colloidal surface anchoring.
Hence, because of competing alignments enforced by surface anchoring conditions
and along n0 topological defects arise in the vicinity of the colloidal surface. These
perturbations are the origin for effective anisotropic interactions driving colloidal self-
assembly in a directed manner. More specifically, every molecular deviation from n0

causes a response force which reorients the molecule along n0. However, local devia-
tions from n0 may be stabilized by the colloidal surface such that the elastic energy is
stored in the deformation of the director field n(r). If two or more colloids approach
each other the stored elastic energy is released in a way that minimizes the stored
energy. In order to study colloidal self-assembly we perform Monte Carlo simulati-
ons of a pair of colloids dispersed in a nematic host phase. We compute the director
field n(r) for different colloidal configurations and derive a molecular interpretation
of the well known Landau-de Gennes free energy in order to analyze n(r) and ex-
tract an effective pair potential. Furthermore, we test the coarse-grained potential
by performing implicit-solvent simulations for low and high colloidal densities and
compare the results with experimental findings.

Apparently, the effective interactions are mediated by the host phase. Hence, re-
placement of the nematic phase by a more complex liquid-crystalline phase would
eventually lead to different effective inter-colloidal interactions and self-assembled
structures. Recent experiments confirm this. Especially, colloidal inclusions in chiral
phases have been studied in-depth and reveal fascinating aspects of colloidal self-
assembly. On the other hand, non-chiral phases, e.g. the smectic A phase, have been
considered as host fluid as well. Obviously, the perturbation of the liquid-crystalline
order is key for understanding the self-assembly mechanism. Therefore, we develop
a novel and simple model that exhibits a realistic phase behavior, dynamics, and elas-
ticity. We perform Monte Carlo simulations and study perturbations of the host fluid
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across the nematic-smectic A phase transition. In order to match perturbations obser-
ved in computer simulations and experiments, we vary the anchoring strength at the
colloidal surface. Thereby, we observe the formation of an onion structure which has
been observed, for example, in shear-strain experiments. However, to the best of our
knowledge, the onion structure has never been reported for colloidal systems or has
ever been seen in computer simulations so far.

Finally, we turn to a discussion of the order of liquid crystals that are confined
within a mesoscopic channel. We consider a chiral model liquid crystal that exhibits
a blue phase II in the bulk. Blue phases have attracted scientific attention because of
their unique orientational structure, fast response time to external stimuli, and the
capability to form regular networks of line defects. Because topological defects of the
liquid-crystalline order attract molecules and colloids, blue phases are used as tem-
plates for regular polymer networks. Consequently, the manipulation of blue phases
is of crucial importance for the design of polymer networks. In order to manipulate
the liquid-crystalline order by confining a chiral liquid-crystal model to a mesoscopic
channel. Performing Monte Carlo simulations in the grand canonical ensemble we
determine the local order and n(r) to obtain a deeper insight into the structure of
the defects. These defect structures depend on the shape, size, and anchoring con-
ditions of the channel. Moreover, some of the defect structures presented here have
been observed in experiments and have found independent configurations within
the framework of a continuum theory.
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Z U S A M M E N FA S S U N G

Aufgrund von anisotropen Wechselwirkungen, nicht linearen Orientierungsfeldern
und langreichweitigen Korrelationen ist die Physik der Flüssigkristalle anspruchsvoll
und faszinierend. Flüssigkristalle bilden ein hohes Maß an Orientierungsordnung
aus und erhalten dabei die Viskosität einer Flüssigkeit. Aufgrund dieser dualen Na-
tur sind Flüssigkristalle von hohem Interesse. Flüssigkristalline Ordnung kann ver-
stärkt, gestört oder vernichtet werden, wenn der Flüssigkristall externen Feldern (z.B.
elektrische oder magnetische) ausgesetzt ist, Änderung von thermodynamischen Be-
dingungen (z.B. Druck- oder Temperaturänderung) eintreten oder er sich in Gegen-
wart von Oberflächen (z.B. Kolloide oder begrenzende Wände) befindet. In der vor-
liegenden Arbeit untersuchen wir den Einfluss der Oberflächenkrümmung auf die
flüssigkristalline Ordnung.

Die einfachste thermodynamische Phase, die Flüssigkristalle bilden können, ist die
nematische Phase. In ihr richten sich die länglichen Moleküle entlang eines globalen
Direktors n0 aus. In Gegenwart von kolloidalen Teilchen wird diese globale Ordnung
gestört. Die spezifische Oberflächenverankerung der Flüssigkristallmeloküle auf dem
Kolloid ist mit der globalen Ordnung entlang n0 nicht überall kompatibel. Aufgrund
dieser widersprüchlichen Ausrichtungen der Flüssigkristallmoleküle entstehen loka-
le Defekte in der unmittelbaren Umgebung des Kolloids. Solch eine lokale Störun-
gen des Direktorfeldes ist der Ursprung für effektive Wechselwirkungen zwischen
kolloidalen Teilchen, welche sich durch diese Wechselwirkung zu hoch symmetri-
schen kolloidalen Kristallen aggregieren können. Die Selbstaggregation kolloidaler
Teilchen in einer nematischen Phase lässt sich folgendermaßen erklären. Jegliche Ab-
weichung der molekularen Orientierung von n0 ruft elastische Kräfte hervor, welche
das Teilchen wieder entlang n0 orientieren. In Gegenwart eines Kolloids kann diese
Abweichung der molekularen Orientierung von n0 durch Oberflächenverankerung
kompensiert und stabilisiert werden. Damit bleibt eine gewisse Menge elastischer
Energie als Deformation des lokalen Direktorfeldes n(r) gespeichert. Diese Energie
wird teilweise freigesetzt, wenn sich zwei Kolloide annähern. In der vorliegenden
Arbeit studieren wir die Selbstaggregation von zwei Kolloiden dispergiert in einer
nematischen Phase, in der wir die Direktorfelder n(r) mithilfe von Monte Carlo Si-
mulationen berechnen. Wir entwickeln eine molekulare Interpretation der bekannten
Landau-de Gennes Theorie und nutzen diese um die freie Energie aus den Defor-
mationen von n(r) zu extrahieren. Dieser Ansatz zur Berechnung eines effektiven
Paarpotentials zwischen einem Kolloidpaar wird anschließend durch eine Simulati-
on getestet, in der die Freiheitsgrade des Trägerfluids also der nematischen Phase
aus den Wechselwirkungen ausintegriert wurden.

Die effektive Wechselwirkung zwischen zwei Kolloiden werden damit durch die
Eigenschaften flüssigkristalliner Phasen bestimmt. Dies legt nahe, dass das Ersetzen
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der nematischen Phase durch eine komplexere flüssigkristalline Phase zum neuen
effektiven Wechselwirkungspotential and schließlich zu neuen kolloidalen Kristallen
führen wird. Dies wird durch den aktuellen Forschungsstand belegt. Insbesondere
rückten kolloidale Dispersionen in chiralen Phasen in den Fokus der Forschung. Aber
auch achirale, smektische Phasen werden als Trägerfluid berücksichtigt. Der Schlüs-
sel zum Verständnis der Selbstaggregation liegt in der Störung, welche von einzel-
nen Kolloiden ausgeht. Zur Aufklärung dieser führen wir Monte Carlo Simulation
von einzelnen Kolloiden dispergiert in einer smektisch-A Phase durch. Wir modellie-
ren die smektisch-A Phase mittels eines neuen Wechselwirkungspotentials, mithilfe
dessen realistisches Phasenverhalten, Dynamik und Elastizität simuliert wird. Um
experimentelle Befunde zu reproduzieren, untersuchen wir den Einfluss der Oberflä-
chenverankerung auf die Defekte in der smektisch-A Phase. Neben der Reprodukti-
on von experimentell beobachteten Defekten, prognostizieren wir die Existenz eines
sogenannten Zwiebeldefektes. Solche Defekte sind von Scherexperimenten bekannt.
Jedoch wurden sie bisher weder im Zusammenhang mit Kolloiden noch im Rahmen
von Computersimulationen diskutiert.

Zum Schluss wenden wir uns chiralen Flüssigkristallen zu, welche durch einen me-
soskopischen Kanal eingeschränkt sind. Unter den gewählten thermodynamischen
Bedingungen bildet unser chirales Modell eine blaue Phase II aus. Blaue Phasen
ziehen wegen ihrer exotischen und einzigartigen Orientierungsstruktur, ihrer schnel-
len Reaktionszeit auf externe Stimuli und ihrer Eigenschaft komplexe und reguläre
Netzwerke aus Defektlinien zu formen die Aufmerksamkeit der Forscher auf sich.
Solche Netzwerke aus Defektlinien werden als Template für Polymernetzwerke ein-
gesetzt, da Defekte flüssigkristalliner Phasen dafür bekannt sind, Kolloide und Na-
nopartikel aber auch kleine Moleküle (z.B. Monomere) anzuziehen. Insbesondere
die Manipulation der Netzwerkarchitektur ist von großer Bedeutung für das Design
neuer Materialien. In der vorliegenden Arbeit führen wir großkanonische Monte Car-
lo Simulationen von chiralen Flüssigkristallen durch. Diese werden durch Substrate
in zwei Dimensionen begrenzt, sodass ein Kanal von unterschiedlichen Geometrien
simuliert werden kann. Durch das Berechnen der lokalen Ordnung und des Direk-
torfeldes erhalten wir Einblick in die Defektstruktur, welche von der Kanalgröße,
Kanalform und der Oberflächenverankerung anhängig ist. Die von uns beobachteten
Defektstrukturen wurden teilweise schon in früheren Experimenten und im Rahmen
einer Kontinuums Theorie beobachtet.
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Part I

I N T R O D U C T I O N





1
L I Q U I D C RY S TA L S

Liquid crystals represent a class of complex soft matter systems that was discovered
more than a hundred years ago.1,2 However, it took more than half a century to
unravel their potential. After the development of the first liquid crystal display (LCD)
in the late 1960’s3,4 liquid crystals became part of everyday life. An LCD is based
on the simple fact that the direction of polarized light traveling through a sample
of the liquid crystal may be controlled by an electric field applied to this sample.
The transmission/absorption of polarized light which is created behind the LCD is
controlled by the strength of the applied electric field.3,4 Thus, the fascinating and
active field of liquid crystals inspires scientists and engineers to this day. The easy
response to electric and magnetic fields, surface forces, and the dual nature of liquid
crystals provide as both ordered and disordered media innumerable applications.
Beside the LCDs, liquid crystals are used nowadays as nonelectrical temperature
sensors, in high-resolution display technology, electronic paper, optical computation,
three-dimensional lasers, fibers with unique mechanical, optical, and/or electrical
properties, and even in paintings.5

Liquid crystals are composed of organic molecules of anisotropic (i.e., prolate,
oblate, or more complex) shape (see Fig. 1.1). Here, we explicitly focus on the dis-
cussion of prolate molecules. Because of this shape anisotropy, they are capable of
forming ordered phases where the symmetry of their state is spontaneously broken.
In the conventional high-temperature isotropic state orientational and positional cor-
relations between liquid crystal molecules are short-ranged. As the temperature is
decreased the liquid-crystal molecules form the nematic phase which is characteri-
zed by a long-range uniaxial orientational correlation, whereas the positional correla-
tion remains short-ranged. Finally, as the temperature is decreased further, the meso-
gens may form smectic phases where long-range, one-dimensional positional order
is exhibited in addition to the orientational nematic order.6 If chiral liquid crystals
are considered, then, instead of the nematic state, one or more twisted (e.g., choles-
teric or blue) phases occur where the left-right symmetry of the system is broken.
Hence, liquid crystals combine optical properties of crystals with a certain amount
of fluidity.

The focus of recent research is shifted to the perturbation of the liquid crystalline
order. For example, perturbations arising in the vicinity of dispersed colloidal par-
ticles cause inter-colloidal elastic forces that lead to directed colloidal self-assembly
into quasi-crystalline structures.9,10 These colloidal quasi-crystals are sensitive to ex-
ternal stimuli such as thermodynamic, electric, and magnetic fields.11 Thus, liquid
crystals provide a convenient route for a bottom-up synthesis of photonic crystals
where their optical properties may be controlled by external fields.12 Another exam-
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Figure 1.1. Chemical structures of liquid crystal molecules: (a) 4-Cyano-4’-pen-
tylbiphenyl (5CB), (b) 4-Cyano-4’-(2R/S-methylbutyl)-biphenyl (15CB), and (c) p-
Azoxyanisole (PAA) represent the class of prolate liquid crystals including (b) as the
chiral derivative of (a). The class of oblate liquid crystal molecules is illustrated by
(d) Hexa-n-alkoxytriphenylen and (e) Hexakis-((4-octylphenyl)-ethynyl)-benzene.7

(f) 1”,7”-bis(4-Cyanobiphenyl-4’-yl)heptane is a banana-shaped liquid crystal mole-
cule.8

ple for the perturbation of liquid-crystalline order is visible when the liquid crystal
is confined to certain geometries. For suitable choices of confinement (e.g., channel
geometry), regions of undefined orientational order (i.e., defects) arise. These defects
are known for attracting molecules and colloids,13–16 a property which is used in mi-
crofluidics to transport colloidal particles.17 Furthermore, monomers self-assembling
at these defects may be polymerized by UV light. Particularly, blue phases are inte-
resting in this context. Because of their inherent network of defect lines, blue phases
are used as templates to achieve complex polymer networks.13,14 In both examples,
liquid-crystalline order at curved surfaces (i.e., of a colloid or channel) has a crucial
impact on the order/disorder of liquid crystals.

In order to investigate the impact of curved surfaces on the liquid-crystalline order,
we introduce relevant liquid-crystalline phases and basic concepts of confined liquid
crystals as well as colloidal inclusions in liquid-crystalline host phases in the present
chapter. We recall some basic concepts of statistical mechanics in Chapter 2, introduce
our model system in Chapter 3, and a continuum approach related to the problems
studied in this work in Chapter 4. Results presented in Chapter 5-7 are summarized
and discussed in Chapter 8.

1.1 liquid-crystalline phases

As already explained, liquid crystal molecules (mesogens) are capable of forming
ordered phases. In general, these are classified as achiral and chiral phases. We be-
gin with a discussion of achiral liquid crystals. Here, the simplest ordered state is
the nematic one. In the nematic phase, the correlation of the mesogens’ centers of
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(a)

ϑi

n0̂
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Figure 1.2. Schematic illustration of the (a) nematic and (b) smectic A phase. Double
arrows indicate the head-tail symmetry of the mesogens which is also reflected in n0.

mass is short-ranged as in the isotropic phase. However, the mesogens align their
longer axes such that a global preferred direction exists described by the vector n0

to referred to the global director (see Fig. 1.2). Hence, the liquid crystal exhibits a
long range orientational correlation.6 Notice, because of the head-tail symmetry of
the mesogens, the global director n0 is equivalent to −n0. The quantification of the
molecular alignment along n0 is determined by a nematic order parameter originally
introduced by Maier and Saupe18,19

S =
1
N

N

∑
i=1

1
2

3 cos2 ϑi − 1


(1.1)

where ϑi is the angle between the molecular axis of the mesogen i and n0 [see
Fig. 1.2(a)]. Hence, S = 0 in the isotropic phase and S = 1 in the perfectly alig-
ned nematic phase. As stated by Maier and Saupe18,19 the nematic phase is observed
for S ≥ 0.4292 which is slightly higher than the value S = 1/3 predicted by the phe-
nomenological Landau-de Gennes theory.6 Clearly, experimentally such a unique
value of S does not exist. However, it has been demonstrated for the homologous
series of 4-cyano-4’-(n-alkyl)biphenyls that the nematic phase is exists over the range
0.33 ≤ S ≤ 0.45.20

If the temperature is lowered, the mesogens may undergo a nematic-smectic A
phase transition. In the smectic A phase the mesogens exhibit layered structures
such that this phase is characterized by long-range positional in addition to long-
range orientational order. The layers occur in a direction parallel to n0. The fluid-like,
short-ranged positional order remains inside the layers (i.e., in directions perpendi-
cular to n0). Because the nematic and smectic A phase have the same orientational
symmetry, S is not suitable to distinguish between these two phases (see Fig. 1.2). The
quantification of the layered character of a smectic A phase is given by the smectic
order parameter

Λ =
1
N

 N

∑
j=1

exp


2πi(rj · n0)

d

 (1.2)

which is the leading coefficient of the Fourier transform of the local density.21 Here,
rj is the position of the mesogen j and d is the layer separation distance which is in
the order of the length of a mesogen.
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Considering chiral mesogens, it is helpful to clarify the difference between chi-
ral and achiral liquid crystals. Because of the delocalized π-electrons of the achiral
mesogens illustrated in Fig. 1.1(a) and (c), the π-π stacking promotes the side-side
arrangement of the elongated molecules. In chiral liquid crystals [see Fig. 1.1(b)], this
side-side interaction is sterically hindered by chiral head and/or tail groups. In fact,
the molecules form a tilt angle between their molecular axes where the handedness
as well as the magnitude of this angle is controlled by the chiral nature of the liquid
crystal molecules. For this reason, chiral liquid crystals are known for forming twis-
ted phases. In the cholesteric phase, which is the simplest chiral phase, the global
director becomes local and rotates in a helical fashion along one arbitrary direction.
Because properties of the cholesteric phase are invariant with respect to any rotation
of the Cartesian axes we may assume without any loss of generality that the di-
rection along which the cholesteric helix evolves is parallel to the y-direction. Hence,
the cholesteric helix described by the local director

n(y) = 
cos(q0y + γ0), 0, sin(q0y + γ0)

T
(1.3)

is characterized via the wave number q0 = 2π/p where p is the pitch of the choleste-
ric helix, and γ0 is the phase shift (T denotes the transpose of a vector). Because the
cholesteric helix evolves along the y-direction, n(y) is always parallel to the x-z plane
[see Fig. 1.3(a)] where the particular orientation of n(y) depends on y.6 Moreover,
because of this constant in-plane orientation a cholesteric phase can be thought as a
sequence of two-dimensional nematic planes where the in-plane director varies along
the direction perpendicular to the plane.

It is immediately clear that the preferred tilted configuration of a pair of chiral
mesogens is not realized inside the x-z plane where all the molecules align parallel.
Hence, one could expect to find more twisted phases formed by chiral molecules.
In fact, Reinitzer1 observed the reflection of blue light within a small temperature
range when a sample of cholesterol benzoate was cooled down from the clear (iso-
tropic) phase to a cloudy (cholesteric) phase. About a century later, Armitage and
Price22 measured discontinuous density changes as a function of temperature for dif-
ferent cholesterol derivatives and confirmed thereby the existence of at least one blue
phase. Exactly 100 years after Reinitzer’s observation, Thoen23 studied the isotropic-
cholesteric phase transition performing high-resolution heat-capacity measurements
and observed a series of phase transition between the isotropic and the choleste-
ric phase within a temperature range of less than 1 K. This was the proof for the
existence of three blue phases predicted by Yang and Crooker24 from optical me-
asurements one year before. Moreover, Yang and Crooker24 studied liquid crystal
mixtures of chiral/achiral components and observed the formation of blue phases
only for systems of high chirality (i.e., high mole fraction of the chiral component)
within a narrow temperature range of few Kelvin. Up to date new materials have
been synthesized25,26 and different techniques have been developed13 to stabilize
blue phases over a much broader temperature range, including room temperature,
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Figure 1.3. Schematic illustration of a (a) single twist helix, (b) double twist helix/-
cylinder, (c) orthogonal arrangement of three double twist cylinders, (d) topological
defect, (e) face-centered cubic and (f) simple cubic arrangement of the double twist
cylinders in a unit cell leading to the characteristic disclination lines in (g) and (h),
respectively.

and provide thereby the practical applicability such as for fast light modulators or
three-dimensional blue-phase lasers.27

Using thermal22,23 or optical24 techniques the presence of three different blue pha-
ses could be established. However, their molecular structure was still unclear. Theo-
retical studies based on Landau theory28–32 or lattice models33–37 predicted a cubic
symmetry of the orientational order in blue phases. The lattice constant of the unit
cell corresponds to the cholesteric pitch which is typical of the order of visible light.
Hence, Bragg scattering of visible light is a useful experimental technique to identify
the symmetry. Instead of reviewing a series of experiments which were performed
to identify the structure of blue phases we refer the interested reader to the review
by Crooker.38

Experimentally, three blue phases with different symmetries have been found, i.e.,
face-centered cubic and simple cubic symmetry as well as an amorphous structure.
Finally, the interplay between theory and experiment reveal that the molecular struc-
ture of blue phases. It can be explained by considering so-called double-twist cylinders
as substructures of each blue phase.

Inside a double-twist cylinder, the molecules rotate in a helical fashion around a
reference molecule in two directions instead of one as for the cholesteric helix. Hence,
all molecules are tilted with respect to their neighbors [see Fig. 1.3(b)]. The spatial
variation of the local director is given in cylindrical coordinates by

n(ϱ) = − sin(q0ϱ)eφ + cos(q0ϱ)ez (1.4)
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where ϱ is the radius of the cylinder and eφ and ez are basis vectors referring to the
cylindrical coordinates φ and z, respectively. As illustrated in Fig. 1.3(b) the reference
mesogen located at ϱ = 0 is pointing in the z-direction. However, the mesogens’
orientation rotates as one increases ϱ [see also Eqn. (1.4)].

Because a double-twist cylinder cannot fill the entire space, a set of three cylinders
orthogonal to each other is found in blue phases [see Fig. 1.3(c)]. However, this spatial
arrangement of double-twist cylinders gives rise to the formation of singularities (i.e.,
defects) of the local director field n(r) [see Fig. 1.3(c) and (d)].6,39 If more than three
double-twist cylinders are considered these point defects connect to a set and form
defect lines, so-called disclination lines. These disclination lines extend over the entire
volume forming a regular network. The periodicity of this disclination network gives
rise to Bragg scattering. According to the specific stacking of double-twist cylinders,
the disclination line-network changes. For example, in blue phase I the double-twist
cylinders are stacked in a face-centered cubic fashion [see Fig. 1.3(e)] which gives rise
to the formation of straight disclination lines that never intersect [see Fig. 1.3(g)]. In
blue phase II, the tetrahedral conjunction of disclination lines [see Fig. 1.3(h)] is cau-
sed by a simple cubic stacking of the double twist cylinders [see Fig. 1.3(f)]. Finally,
for the blue phase III it is assumed that the stacking of the double-twist cylinders is
amorphous such that no regular network of disclination lines is formed.6,39 However,
less is known about blue phase III compared with either blue phase I or II.

1.2 liquid crystals under confinement

Blue phases introduce one of the basic concepts in liquid crystal physics, i.e., the
concept of topological defects and disclination lines. As already mentioned, defects
are singularities of the local director field n(r). They are caused by the orientational
frustration of the molecules which arise because of competing forces affecting the
molecular orientation. These forces may arise because of the presence of two or more
nematic domains with different directors which results in beautiful nematic textures
(see Fig. 3.14 of Ref. 39), differently arranged double twist cylinders, external fields
such as electric and magnetic fields, but also through surface forces. In fact, the
interaction between liquid crystals and surfaces is of crucial importance. For example,
planar, parallel aligned plates are used in the LCD to control the nematic order inside
the LCD cell.

The key concept is the induction of liquid crystalline order locally in the vici-
nity of a surface. In ordered liquid crystals the order is caused by the long-range
orientational correlation between molecules. Thus, locally induced order by a sur-
face evolves through the entire system. In the vicinity of a surface, the alignment
of the mesogens may or may not be controlled by the surface. If the mesogens are
free to align, they form an angle between their longer axes and the surface. Faetti
and Palleschi40 investigated this angular dependence for the homologous series of 4-
cyano-4’-(n-alkyl)biphenyl liquid crystals and concluded that with increasing aspect
ratio the molecules align homeotropically (i.e perpendicularly) whereas molecules
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of smaller aspect ratio tend to align planar (i.e., parallel) to the surface. However,
neither perfect homeotropic nor planar alignment was observed. In order to control
the molecular orientation in the vicinity of a surface, plenty of chemical and mecha-
nical techniques have been developed.41 Thus, surface anchoring is used to control,
create, enhance, destroy, or manipulate liquid-crystalline order.

In particular, curved surfaces have fascinated researcher for decades.42 In order
to study the effect of curvature on liquid-crystalline order, a nematic liquid crystal
is confined to a cylindrical capillary.42 The symmetry of the cylindrical capillary is
compatible with the global nematic director only for one specialized case, i.e., when
the cylindrical axis is parallel to n0. Except for this special case, a uniform alignment
of mesogens cannot be achieved and topological defects occur. For homeotropic sur-
face anchoring, four different structures are observed [see Fig. 1.4(a)-(d)].42–44 The
stability of these defects depends on the size of the capillary, anchoring strength,
and the elastic moduli of the liquid crystal. For small diameters of the capillary
a radial-planar director field is observed. Here, the terminology planar refers to the
two-dimensional nature of the local director. However, if the diameter of the capillary
is increased then the radial-planar configuration becomes unstable and undergoes a
transition to the preferred planar-polar configuration [see Fig. 1.4(b)]. For weaker
surface anchoring the formation of escaped-radial configurations with and without
defects is observed [see Fig. 1.4(c) and (d)] where the terminology escape refers to
the directors escape to the third dimension.21 If the anchoring is planar-circular, then
similar defect structures arise [see Fig. 1.4(e) and (g)].42,43 However, the configuration
of the local director is different if the surface anchoring is planar-circular instead of
homeotropic. Finally, planar-directional surface anchoring may be used to enhance
nematic order [see Fig. 1.4(h)]. Because optical, electrical, and mechanical properties
depend on the specific director field, quantities such as surface anchoring, ancho-
ring strength, and the diameter of the capillary are utilized in order to tune these
properties.

This example of nematic liquid crystals confined to a cylindrical geometry de-
monstrates the complexity and the broad variety of topologies which may occur. Of
course, replacing the cylindrical capillary by more complex channels and/or introdu-
cing heterogeneous surface anchoring results in much more complex director fields
and defects.17 However, these defects are either point defects or straight disclina-
tion lines aligned parallel to the capillary’s axis. In order to create more complex
networks made of disclination lines, one needs to replace the nematic liquid crystal
by a liquid-crystalline phase with a more complex symmetry, e.g., blue phases. Fu-
kuda and Žumer45,46 reported recently a host of novel defect structures which arise
if a blue phase is placed between two plates. One of the central goals of this work
is to investigate the influence of surface anchoring, channel size, and shape on the
formation of defect structures in a blue phase confined to a mesoscopic channel.
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(a) (c) (e) (g)

(b) (d) (f) (h)

Figure 1.4. Configurations of the local director field which arise in a nematic liquid
crystal confined to cylindrical capillary that anchors the mesogens in a homeotro-
pic (a)-(d), circular planar (e)-(g), or directional planar (h) fashion: (a) planar-radial,
(b) planar-polar, (c) escaped-radial, (d) escaped-radial with point defects, (e) planar-
circular, (f) circular-bipolar, (g) escaped-twisted, and (h) directional-planar configu-
ration.42–44 Director-field lines indicate the orientation of the mesogens and red dots
mark topological defects. In (g), dotted director-field lines indicate a perpendicular
alignment to the paper plane whereas dashed director-field lines indicate a certain
angle closed between the local director and the paper plane.

1.3 liquid-crystalline dispersion

Liquid-crystal interactions with curved surfaces play a crucial role in the process
of colloidal self-assembly in liquid-crystalline host phases. This very active field of
complex soft matter fascinates the scientific community for the last two decades.9

Colloids suspended in a nematic phase perturb the overall order locally in the vicinity
of their surfaces such that defects arise.47 These perturbations cause long-range inter-
colloidal forces driving the colloidal self-assembly in a directed manner.47 In fact,
depending on the specific anchoring scenario colloids self-assemble in straight chains
parallel to n0,10,48 in zig-zag chains perpendicular to n0,48,49 or into chains tilted with
respect to n0.10,50 Clearly, in order to study the self-assembly mechanism one needs
to understand how the nematic order is perturbed by colloids with different surface
anchoring.

The specific director field configuration which arises due to the presence of a sp-
herical colloid depends on the nature of the colloidal surface anchoring.10 In fact, for
a homogeneous surface anchoring, the global preferred orientation cannot be reali-
zed all across the colloidal surface. Hence, topological defects arise if the direction
of the surface anchoring is locally perpendicular to n0. For example, colloids which
anchor the mesogens in a locally planar fashion cause the formation of two point
defects at the colloidal surface located at the north and south pole characterized vian0 · s = ±1 (s is the surface normal), respectively. The director-field configuration
of such a point defect is termed Boojum defect, thus the colloid is know as Boojum
colloid [see Fig. 1.5(a)].10 However, if the locally planar surface anchoring is replaced
by weakly homeotropic anchoring then the formation of a ring defect is observed.
This as surface-ring termed disclination loop is located at the colloidal surface and
surrounds it around the equator (n0 · s = 0) [see Fig. 1.5(b)]. It can be rationalized
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(a) (b) (c) (d)

Figure 1.5. Director-field configuration of a nematic liquid crystal in the vicinity of
spherical a colloid with (a) strong planar, (b) weak homeotropic, and (c)-(d) strong
homeotropic surface anchoring.10 Topological defects and disclination lines are illus-
trated by red dots and red lines, respectively. We emphasize that although (b) and
(c) seem to have similar director-field topologies, their defects differ in topological
charges (i.e., q = − 1

4 and q = − 1
2 , respectively) and physical nature (i.e., surface and

bulk defect, respectively).

by searching for the maximum competition between n0 and the surface anchoring
which is located at the equator in case of the considered homeotropic surface ancho-
ring. With increasing anchoring strength the ring defect is pushed away from the
colloidal surface and a disclination loop encircles the colloidal particle around its
equator [see Fig. 1.5(c)]. Thus, these colloids are termed Saturn ring colloids.10 We
emphasize that although the defect topology of the surface-ring and Saturn ring col-
loids are similar, their nature differs. The disclination loop around the Saturn ring
colloid is classified as a “bulk” defect and arises because of two competing forces
acting on liquid crystal molecules in the bulk. On the other hand, defects observed at
the surface of the colloid, for example, the Boojum or surface-ring colloids indicate
orientational frustration of the molecular alignment at a surface. In order to study
such perturbations experimentally, colloidal inclusions are placed between two glass
plates. Depending on the colloidal size, anchoring strength, but also the separation
distance of the glass plates a second configuration of the director field may be obser-
ved for strong homeotropic anchoring, i.e., the hedgehog defect [see Fig. 1.5(d)].10,49

To understand the colloidal self-assembly in a liquid-crystalline host phase it is
important to realize that every local deviation of the mesogens’ orientations from n0

stores elastic energy of the nematic field which is stabilized by the colloidal particle. If
two or more colloids are sufficiently close together this elastic energy may be released
partially. Clearly, in the equilibrium configuration the colloids release the maximum
amount of stored energy whereas other configurations are energetically unfavorable.
This gives rise to effective interactions between a pair of colloids mediated by the per-
turbation of the overall order. In order to study and quantify the effective interactions
we use the Landau-de Gennes free energy approach. In fact, the Landau-de Gennes
free energy is a phenomenological and continuum description of liquid-crystalline
phases. More specifically, it is used successfully as a free energy functional which is
minimized numerically to obtain the director field and local nematic order parame-
ter in the vicinity of colloids.48,49 Because the Landau-de Gennes theory lacks any
molecular foundation a quantitative comparison with molecule-based simulations
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turns out to be difficult. In this work we derive a molecule-based expression of the
Landau-de Gennes free energy. In order to test our expression we perform Monte
Carlo simulations to investigate and analyze the local perturbations which arise in
the vicinity of a pair of Boojum colloids. Boojum colloids have been studied in expe-
riments10,50 and within the framework of Landau-de Gennes calculations.51 Hence,
Boojum colloids are a useful example to validate our molecular approach.

The effective inter-colloidal interactions are mediated by the liquid-crystalline host
phase. Hence, the replacement of the nematic host phase (e.g., by a cholesteric phase)
causes other effective interactions which eventually lead to novel structures.52–55 As
already explained and for the sake of simplicity and efficiency the Landau-de Gen-
nes theory is usually the method of choice to study such phenomena. However, it
is not possible to describe all liquid crystalline phases within the framework of the
Landau-de Gennes theory. The validity of the theory is limited to phases of homo-
geneous density. However, recent studies of Zuhail et al.56–58 on colloidal inclusions
in smectic A phases reveal interesting features. Because of the additional degree of
order (i.e., positional long-range order in one dimension) of the smectic A phase in
contrast to the nematic phase, the separation distance and also the angle between
the colloids’ distance vector and n0 are different in the smectic A phase. In order
to study the orientational but also positional perturbations caused by a spherical
colloidal particle in a smectic A phase we develop a novel model potential. Despite
the small aspect ratio (i.e., ≈ 2) our model is capable of forming the nematic and
smectic A phase for a suitable choices of thermodynamic conditions and reproduce
dynamic and elastic properties adequately. We perform Monte Carlo simulations to
study the perturbations caused by a colloid across the nematic-smectic A phase tran-
sition.

1.4 goal of this thesis

In this work, we focus on the impact of curved surfaces on liquid-crystalline order.
Liquid crystal molecules may align on the concave (e.g., inside a cylindrical capillary)
and the convex side (e.g., at the spherical colloid) of a curved surface. In order to
investigate both cases, we perform Monte Carlo simulations of colloidal dispersions
in a liquid-crystalline host phase and of liquid crystals confined to a mesoscopic
capillary.

The first part of this work is based on an earlier article59 where a model system is
introduced to investigate the perturbations of the liquid-crystalline order in the vici-
nity of a single colloid immersed in a nematic host phase. Subsequently, we extend
the model system by including a second colloid to study the effective interactions
which arise if the colloids approach each other. In order to quantify perturbations
of liquid-crystalline order and derive an effective pair potential, we develop a novel
method where we link the microscopic to the well known macroscopic/phenomeno-
logical treatment of the problem (see Chapter 5).
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In the second part of this thesis, we replace the nematic phase by the smectic A
phase modeled by a novel potential. The additional degree of order (i.e., the posi-
tional long-range order in one direction) is perturbed by the colloids as well. We
compute local quantities such as density, order parameter, and director in the vici-
nity of a single colloid across the nematic-smectic A phase transition in order to get
a deeper understanding of the problem. Because our model potential is sufficiently
realistic we can compare our results with recently performed experiments57,58 (see
Chapter 6).

Finally, in the third part of this thesis, we investigate the impact of mesoscopic
channels on liquid-crystalline order. In order to do this, we vary the size, shape, and
surface anchoring of the channel and study the local director field of the chiral liquid
crystal. This is motivated by recent studies of Fukuda and Žumer.45,46 These authors
demonstrated the broad variety of novel defect structures exhibited by chiral blue
phases confined to a slit pore. For a blue phase confined to a mesoscopic channel, we
observe a whole “zoo” of novel defect structures (see Chapter 7).
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2
S TAT I S T I C A L P H Y S I C S

Everyday phenomena such as the melting of ice, boiling water, mixing and decompo-
sition of multicomponent liquids, or the propagation of heat are well understood and
adequately described within the framework of thermodynamics. Thermodynamics is
one of the five pillars of modern physics (others are classical mechanics, electrody-
namics, the theory of relativity, and quantum mechanics). Based on fundamental
postulates, the so-called laws of thermodynamics, it describes macroscopic systems
via few macroscopic variables such as temperature, density, pressure, etc. The hal-
lmark of thermodynamics is generality, first in the sense that it can be applied to
all types of macroscopic systems, and second in the sense that numerical values for
observables are not predictable within the theory. Instead, thermodynamics establish
relations between apparently unrelated properties. The numerical determination of
any observable requires a numerical input which can be obtained experimentally.

Because a big part of thermodynamics was developed in the 19th century, it con-
tains no information about the composition of matter and treats it as a macroscopic
and continuous object. This point of view changed in the second half of 19th cen-
tury after the beginning and confirmation of atomistic theories. The main idea of
these theories is that the continuous composition of matter and energy is an illusion.
Instead of that, on a length scale of 10−7 cm the matter consists of a huge number of
discrete particles, i.e., atoms.‡

The description of such a system involves dynamics of an N-body system. The
evolution in time of each of the N particles is determined by quantum mechanical
or classical equations of motions. In principle, the description of phenomena on a
macroscopic and microscopic level is equivalent. However, the formalism of the laws
derived for these two levels is so different that the relation between corresponding
macroscopic and microscopic quantities is not obvious. The bridge between these
different formalism is provided by statistical physics.

The state of a piece of matter is determined in terms of positions and momenta (as
well as orientations and corresponding angular momenta in the case of anisotropic
molecules). However, because of the enormous number of atoms/molecules (approx-
imately 1023) this description is on the one hand too detailed and on the other hand
cannot be accomplished. Even if a supercomputer could determine and record posi-
tions and momenta of N particles as a function of time, the initial conditions are still
unknown.

Fortunately, the knowledge of specific initial conditions is not necessarily required.
A macroscopic experiment that is repeated many times reproduces the results per-

‡ After the discovery of a tunnel effect microscope in 1980s, last doubts about the existence of atoms
have been lifted. This technique allows not only the observation of atoms at a surface but also their
manipulation. In fact, it was demonstrated that individual atoms can be picked up and displaced.60
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fectly with respect to a certain measuring inaccuracy. Although the initial conditions
of each experiment are equal on the macroscopic level they differ microscopically. In
fact, an enormous number of molecular configurations exists that correspond to ma-
croscopic constraints at the beginning of the experiment. The experimental evidence
shows that on the macroscopic level the system is insensitive to different microscopic
initial conditions.

Hence, the idea is that all different microscopic configurations compatible with
macroscopic constraints are realized with a certain probability. Mathematically, this
can be realized by attaching a weighting to every microscopic state which we shall
specify below. Thus, any mechanical macroscopic observable is understood as its cor-
responding microscopic quantity averaged over all microscopic states and weighted
properly.

Finally, we arrive at a point where a many-body system can be described statisti-
cally in terms of distributions of microscopic states and their probabilities in order
to determine macroscopic properties of that system. In this chapter, we focus on the
formalism of statistical physic and introduce basic concepts, ensemble theory, and
the Monte Carlo simulation used as a numerical method to solve multidimensional
integrals.

2.1 basic concepts

The goal of this work is a description of systems composed of N liquid-crystal mo-
lecules (i.e., mesogens) within in the framework of statistical physics. As introduced
in Chapter 1, mesogens are particles of uniaxial (i.e., linear) symmetry. Hence, we
consider two rotational and three translational degrees of freedom. The microscopic
state of the system is defined by the set of generalized coordinates rN = {r1, ..., rN},
corresponding momenta pN = {p1, ..., pN}, Euler angles ωN = {ω1, ..., ωN} des-
cribing orientations of the mesogens [ωi = (φi, θi) for uniaxial particles], and an-
gular momenta pN

ω = {pω1 , ..., pωN} conjugate to ωN . Hence, the phase vectors rN ,
pN , ωN , and pN

ω span a 10N-dimensional phase space where every point given by
π ≡ {rN , pN , ωN , pN

ω} corresponds to one microscopic state.61

Clearly, the system changes its microscopic state with time. Hence, the evolution of
the system in time is described by the phase space trajectory which is defined as the
set of microscopic states π(t) ≡ {rN(t), pN(t), ωN(t), pN

ω(t)} the system assumes at
time t. In fact, using Hamilton’s equations of motion it is possible to compute every
future microscopic state for given initial conditions π(0) and a given Hamiltonian
H = H(π(t)) which describes the total energy of the system. If every microsco-
pic state is uniquely defined by π(t) then every observable A may be written as
a function of the phase-space trajectory A = A(π(t), t). However, because of the
time dependence and the huge number of particles an exact computation of A is
not practicable. On the other hand, the determination of an exact solution is not ne-
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cessary. Because properties measured in experiments are represented by averaged
values we focus on the description of time averages

⟨A⟩t = lim
τ→∞

1
τ

 τ

0
dtA(π(t), t) (2.1)

that are denoted by “⟨·⟩t”. In the limit of an infinite measuring time τ the dependence
on initial conditions of ⟨A⟩t vanishes. This is a fundamental postulate of statistical
physics and is known as ergodic hypothesis. The ergodic hypothesis implies that
every microscopic state of a system is realized over time.61

We divide the phase space into infinitesimal volume elements dπ ≡ {drN , dpN ,
dωN , dpN

ω}. Let ϱt(π, τ) be the unnormalized distribution function, then

ϱt(π, τ)dπ (2.2)

represents the number of states the system assumes in the volume element dπ

around a point π at time τ.61 However, as τ increases, the number of states increases
increases as well such that ϱt diverges for infinite observation time τ. Hence, it is
convenient to introduce

ϱt(π, τ) =
ϱt(π, τ)
dπϱt(π, τ)

(2.3)

which is normalized according to

1 =


dπϱt(π, τ) (2.4)

and can be interpreted as the probability to locate the system in the interval [0, τ] in
the volume element dπ around the point π. For the determination of an averaged
quantity, it is irrelevant when a certain value was assumed, such that we may write

⟨A⟩t =


dπϱt(π, τ)A(π) (2.5)

where A is not an implicit function of time anymore.61 In molecular dynamics simu-
lations, where the equations of motions are integrated numerically for a sufficiently
long observation time, Eqn. (2.5) provides a route to determine ⟨A⟩t.62

An alternative way to compute averages without knowledge of the initial conditi-
ons is based on the concept of statistical ensembles. A statistical ensemble is a set of
imaginary copies of a system. Each of these copies is subject to the same macroscopic
conditions, i.e., temperature, pressure, etc. and represents one microscopic state of
the system. The ergodic hypothesis says that a system realizes all of the microsco-
pic states for a sufficiently long time such that an ensemble contains the entire time
evolution of the system. Hence, we may replace the time average by the ensemble
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(a) (b)
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NVT NVT NVT

NVT NVT NVT
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Figure 2.1. Scheme of (a) closed system at thermal equilibrium with a heat reservoir
(see text) and (b) canonical ensemble of the closed system presented in (a). Isolating
and heat conducting walls are marked by gray shapes and black lines, respectively.

average, ⟨A⟩t = ⟨A⟩. We introduce the distribution function ϱe and the probability
density

ϱe(π, t) =
1
Qϱe(π, t) (2.6)

for an ensemble in a similar way as for their time analogs [see Eqn. (2.2) and Eqn. (2.3)].
Here,

Q =


dπϱe(π, t) (2.7)

is the normalization factor representing the number of the imaginary copies of the
system.61 The ensemble average denoted by “⟨·⟩” of an observable A is then given
by

⟨A⟩ =


dπϱe(π, t)A(π). (2.8)

We emphasize the equivalence of Eqn. (2.5) and Eqn. (2.8) which is explained by
the ergodic hypothesis.61 Furthermore, we focus in this work on equilibrium states
where dA/dt = 0 such that the probability density loses its explicit time dependence,
thus, ϱe(π, t) → ϱe(π).

2.2 canonical ensemble

As shown in the previous section the probability density ϱe(π) is of vital importance
in determining the ensemble average of an observable A. In this section we focus on
the description of ϱ(π) as well as other quantities relevant for the determination of
⟨A⟩e. In fact, instead of giving a detailed derivation of ϱ(π) we outline important
steps of that derivation and refer the interested reader to text books.61,63–65

We consider a system where the number of mesogens N and its volume V is fixed.
The system is closed in the thermodynamic sense such that heat transfer is possible
across the heat conducting walls whereas any mass transport or volume change are
impossible. Furthermore, we place the system to a heat bath [see Fig. 2.1(a)]. Hence,
at equilibrium the system assumes the temperature T of the heat reservoir whose
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size is supposed to be much larger than that of subsystem. Moreover, the heat bath
is insulated against its surroundings such that its energy E is fixed.

The macroscopic state of the subsystem is determined by N, V, and T. Microsco-
pically, an overwhelmingly large number of states {π} exists such that each of these
states is compatible with macroscopic constraints. In order to consider all possi-
ble microscopic states {π} we follow a gedankenexperiment originally introduced by
Gibbs.64

We consider a huge number of Q − 1 identical and virtual copies of our subsy-
stem such that the original subsystem is surrounded by its copies [see Fig. 2.1(b)].
Moreover, all subsystems (i.e., the original and its copies) are in thermal contact and
exchange heat among themselves. Hence, at equilibrium all subsystems have the
same macroscopic state, i.e., fixed N, V, and T. Together the set of Q subsystems and
the heat reservoir form the so-called canonical- or NVT-ensemble (other ensembles
are specified by a different set of thermodynamic variables and are introduced in
Sec. 2.4 and Sec. 2.5).

Although the entire ensemble is specified as one macroscopic state, its microscopic
composition is not uniform. At equilibrium and for a given N, V, and T, the ensem-
ble is distributed according to microscopic states {π} the subsystems assume. At
any instant, the point π of the phase space, that is occupied by one of the N-body
subsystems, makes this particular system distinct and distinguishable from the ot-
hers. Clearly, on the macroscopic scale we can not distinguish between states πi and
πj. We discriminate the subsystems on their energetic level given by the Hamiltonian
H(π) such that it is conceivable that one or more subsystems are characterized by
the same energy. Hence, a distribution function ϱNVT(π) exists denoting the occupa-
tion number of systems at the energetic level. Any specific distribution ϱNVT(π) can
be realized in63,64

w(ϱNVT) =
Q!

∏π ϱ(π)!
(2.9)

different ways where ϱ(π) ∝ H(π). Furthermore, the distribution function ϱNVT(π)

is subjected to

Q =


dπ ϱNVT(π) (2.10)

and

E =


dπ H(π)ϱ(π) (2.11)

accounting for a constant number of ensemble members Q and constant total energy
of the ensemble E .

Because of the last constraint, we may understand the entire canonical ensem-
ble consisting of Q independent systems as an isolated system. Consequently, ap-
plying the principle of equal a priori probability we expect that all possible distributi-
ons {ϱNVT(π)} are realized with equal probability. However, it can be demonstra-
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ted61,63–65 that at equilibrium and for an arbitrary large Q (in fact, Q can be made
infinite in our gedankenexperiment) a distribution ϱ⋆NVT(π)‡ exists such that w(ϱ⋆NVT)

overwhelms other values of {w(ϱNVT)}ϱNVT ̸=ϱ⋆NVT
.

This particular, so-called most probable, distribution ϱ⋆NVT(π) maximizes the en-
tropy.61,63 Hence, the determination of ϱ⋆NVT(π) requires a method that maximizes a
function with many variables and two constraints, namely Q = const. and E = const.
This can be achieved by the method of Lagrange undefined multipliers. The determi-
nation of these multipliers is eventually obtained by the normalization of the distribu-
tion function and from the comparison with the phenomenological thermodynamics,
more precisely, the entropy.61,63 In order to link microscopic (i.e., statistical) and ma-
croscopic description of thermodynamics one needs to apply one of the fundamental
postulates of statistical physics by Gibbs. It says that an ensemble average of any
microscopic observable corresponds to its macroscopic observable.63

Finally, one obtains the most probable distribution61,66

ϱ⋆NVT(π) ∝ exp[−βBH(π)]. (2.12)

and the probability density61,66

ϱNVT(π) =
exp [−βBH(π)]

1/h5N N!


dπ exp [−βBH(π)]

=
exp [−βBH(π)]

QNVT
(2.13)

of the NVT-ensemble for N identical and undistinguishable mesogens of uniaxial
symmetry. Here h is Plank’s constant introduced to keep the denominator dimensi-
onless, βB = 1/kBT, and kB is the Boltzmann constant.61 The factor 1/N! takes into
account the mesogens’ indistinguishability and the exponent 5N the 5 degrees of free-
dom (three translational and two rotational) of N uniaxial mesogens. The canonical
partition function QNVT [see Eqn. (2.13)] contains the entire information of a system
and is therefore the key quantity in statistical physics. If the partition function is
known, the computation of the probability density and finally the ensemble average
is straightforward.

The Hamiltonian [see Eqn. (2.13)] for a uniaxial mesogen is given by

H(π) =
N

∑
i=1

p2
i

2m
+

N

∑
i=1

∑
α=x,y

L2
i,α

2I
+ U(rN , ωN), (2.14)

where the terms on the right-hand side describe translational and rotational kinetic
and configurational contributions, respectively. Here, m is the mesogens’ mass, I the
scalar moment of inertia, and Li,α is the component of the angular momentum refer-
ring to the body-fixed axis α of the particle i. For particles with isotropic shape (i.e.,
spheres) momenta pi are independent of pj (for all i ̸= j) and of rN such that the

‡ Here, a star is introduced to mark the most probable distribution and should not be confused with the
notation used later for chirality.



2.2 canonical ensemble 23

division of the Hamiltonian immediately results in the factorization of the partition
function QNVT into a kinetic contribution and the configurational integral. However,
as discussed by Gray and Gubbins66 because LN = LN(ωN , pN

ω ) a similar factori-
zation of QNVT is achieved after the transformation pN

ω → LN . Hence, we cast the
partition function as

QNVT =
1

h5N N!


drNdpNdωN |J(N)|dLN exp


−βBH(rN , pN , ωN ,LN)


(2.15)

where |J(N)| is the magnitude of the Jacobian of this transformation. Because of the
independence of Li on pωj , for all i ̸= j, J(N) = J1 J2...JN with

Ji =
∂(pφi pθi)

∂(LxiLyi)
= sin θi. (2.16)

Furthermore, we substitute

dui = sin θidθidφi (2.17)

where

ui = (sin θi cos φi, sin θi sin φi, cos θi)
T (2.18)

is a unit vector specifying the orientation of the mesogen i. Thus, we factorize the
partition function as

QNVT = QtransQrotQ′
config (2.19)

where the translational contribution

Qtrans =
1

λ3N (2.20)

and the rotational contribution

Qrot =
1

λ2N


I
m

N

(2.21)

are obtained analytically. Here, λ =


h2/2πmkBT is the thermal de Broglie wave
length. The configurational contribution is given by

Q′
config =

1
N!2N


drNduN exp


−βBU(rN , ωN)


=

1
N!2N Qconfig (2.22)

where Qconfig is the configurational integral and the factor 2N corrects the double
counting of equivalent orientations ui and −ui caused by the head-tail symmetry of
the mesogens.67 Hence, the canonical partition function is given by66

QNVT =
1

2N N!λ5N


I
m

N

Qconfig (2.23)
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and the ensemble average of A is obtained via

⟨A⟩ = 1
QNVT


drNduN exp


−βBU(rN , uN)


A(rN , uN). (2.24)

2.3 monte carlo method

The integration over the configurational space Ω ≡ {rN , uN} of a multidimensional
integral such as the one presented in Eqn. (2.24) is accomplishable only for few ex-
ceptional cases, e.g., for an ideal gas or two-dimensional Ising magnet.68 Therefore,
we have to solve this integral numerically. Conventional numerical methods such as
Simpson’s rule or trapezoidal integration become inefficient as the dimension of the
integral increases. This is because the number of points at which the integrand has
to be evaluated is equal wD where w is the number of increments and D denotes the
dimension of the integral (i.e., D = 5N).69 Hence, the inefficiency of conventional
methods can be demonstrated by a simple calculation. Let us consider a system com-
posed of 100 particles. Taking w = 5, one would is confronted with the evaluation of
the integrand at approximately 3.1 × 10349 points.

Moreover, the generation of Ω according to a regular grid is not advisable. It can
be demonstrated that because of the high dimension of the configurational space an
overwhelmingly large number of generated points are located at the surface of the
configurational space.70,71 Hence, the sampling of the hyperspace is inadequate.

To tackle this problem different techniques such as polynomial based integration
or Monte Carlo (MC) method have been developed.72 Here we focus on evaluating
multidimensional integrals via the MC method, more precisely, the MC importance
sampling algorithm introduced by Metropolis et al.73

2.3.1 Monte Carlo simulation

Because the MC method is a numerical technique we discretize the multidimensional
configurational integral in Eqn. (2.24) according to

⟨A⟩ = lim
M→∞

M

∑
m=1

A(Ωm)ϱNVT(Ωm) (2.25)

where M is the number of configurations Ωm = {rN
m1

, ωN
m2
} and subscripts m1 and

m2 indicate that rN and ωN are independent of each other. Hence, the idea behind
the MC technique is to generate a set of configurations Ω = {Ωm} and estimate the
ensemble average according to Eqn. (2.25).

Because a regular generation of Ω is inefficient, we focus on randomly generated
configurations. This guarantees the sampling of the configurational space without
any bias. In principle, one would generate a sufficient large number M of configura-
tions Ωm, compute A(Ωm), and average it according to its probability ϱNVT(Ωm) in
order to evaluate ⟨A⟩.
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This naive MC approach, however, has two problems. First, because of the infinite
number of states, the system may assume, the configurational space is too large to
be sampled completely. Additionally, most of these states are not representative and
can be neglected because of a vanishing probability ϱNVT(Ωm). Hence, M has to be
huge to sample a representative set of states. Second and the most serious problem
concern the application of Eqn. (2.25). It requires the knowledge of ϱNVT(Ωm) which
is not given a priori. More specifically, ϱNVT(Ωm) depends on the partitions function
QNVT which involves a configurational integration as illustrated in Eqn. (2.36). Hence,
because QNVT is unknown, ϱNVT(Ωm) remains undetermined.

Alternatively, one could try to generate a set of representative configurations ac-
cording to their probability ϱNVT(Ωm). This would allow us to replace Eqn. (2.25) by
an arithmetic average according to62,69–71

⟨A⟩ = lim
M→∞

1
M

M

∑
m=1

A(Ω′
m) (2.26)

where a prime was added to Ωm to remind the reader that configurations Ω′ = {Ω′
m}

were generated according to their probability. Of course, practically M cannot be
infinite and therefore, we assume M is large enough.

The careful reader may now wonder about the advantage of the importance sam-
pling method over the naive one presented in Eqn. (2.26) and Eqn. (2.25), respectively.
On the one hand, the method of importance sampling allows the computation of ⟨A⟩
as an arithmetic average. On the other hand, for the generation of neighboring con-
figurations Ω′

m and Ω′
m+1 absolute probabilities ϱNVT(Ω

′
m) and ϱNVT(Ω

′
m+1), which

are required for the naive MC but remain undetermined, are irrelevant in the im-
portance sampling MC. As we shall demonstrate in the following section, relative
probabilities are used to generate a new configuration Ω′

m+1 from the old one Ω′
m.

This is a direct consequence of the principle of detailed balance which we discuss in the
following section.70 Hence, in order to compute ⟨A⟩ from Eqn. (2.26) we focus on
the generation of a chain of representative configurations Ω′.

2.3.2 Importance sampling

Importance sampling is a technique which has its roots in statistics and describes
the generation of representative states. Here, the term “representative state” refers
to states of high probability ϱNVT(Ω

′
m). More generally, importance sampling can

be used to generate states distributed differently. In the MC simulation a Markov
process realized by the Metropololis algorithm73 generates a set of representative
states according to the Boltzmann distribution. Hence, one generates a Markov chain
Ω′ = {Ω′

m}, for m = 1, 2, ..., M such that every new state is generated from the state
before. The probability to create a new state depends on the energy difference of
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these two states. The time evolution (referring to MC time τMC) of the Markov chain
is given by the Chapman-Kolmogoroff master equation71

∂ϱNVT(Ωn, τMC)

∂τMC
= − ∑

n ̸=m
[ϱNVT(Ωn, τMC)Wnm − ϱNVT(Ωm, τMC)Wmn] (2.27)

where Wnm is transition probability for state n → m. Because at equilibrium

∂ϱNVT(Ωn, τMC)

∂τMC
= 0, (2.28)

the condition of detailed balance

ϱNVT(Ωn, τMC)Wnm = ϱNVT(Ωm, τMC)Wmn (2.29)

is satisfied. According to Eqn. (2.13) the probability to observe the system in state n
at time τMC is given by

ϱNVT(Ωn, τMC) =
exp[−βBU(Ωn)]

QNVT
(2.30)

where QNVT is the canonical partition function. In principle, the partition function is
unknown and the computation of ϱNVT(Ωn, τMC) is impossible. To avoid the deter-
mination of QNVT, one considers the relative transition probability

ϱ(Ωn, τMC)ϱ(Ωm, τMC)
= exp[−βB∆U(Ω)] (2.31)

to generate new states based on the energy difference ∆U(Ω) = U(Ωn) − U(Ωm).
In general, the acceptance criterion for the creation of a new state has no limitation,
however, the transition probability

Wnm =

 1, if ∆U(Ω) ≤ 0

exp[−βB∆U(Ω)], if ∆U(Ω) > 0
(2.32)

originally suggested my Metropolis et al.73 is reasonable because every state of lower
configurational energy is accepted. Furthermore, instead of an immediate rejection
of the high energy state, the transition probability is given by the Boltzmann factor.
Hence, also energetically unfavorable states are accepted to avoid a permanent stay
in a local energy minimum.

2.3.3 Algorithm

The distribution of states in the canonical ensemble is given by the probability den-
sity ϱNVT [see Eqn. (2.30)]. After generating the initial conditions randomly or in a
controlled manner (e.g., begin out of an ideal crystal), the sampling of the states can
be achieved by following the simulation protocol:
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1. Select a mesogen randomly or sequentially and calculate the energy of the state
U(Ωm).

2. Decide with equal probability whether to translate or to rotate the selected
mesogen.

3. The translation of the selected mesogen is realized via

r(n) = r(m) + δr


κ1 − 0.5

κ2 − 0.5

κ3 − 0.5

 (2.33)

where κi denotes three independent random numbers in the interval 0 ≤ κ ≤ 1,
and δr is the maximum displacement. The rotation by an angle γ = δγ(2κ − 1)
about one of the Cartesian axis α = x, y, z where the specific axis is chosen
randomly with equal probability is given by

u(n) = Rα(γ)u(m). (2.34)

Here, Rα is the rotation matrix and δγ is the maximum angle of rotation. Notice
that the optimal values of δr and δγ are unknown a priori. Are these parameters
too small, one considers very small changes of the configuration affected by
translations or rotations of the mesogens, thus, the majority of the moves get
accepted. However, in this case the only a small part of the phase space could
be sampled in a reasonable time. If δr and δγ are too large, then it is more likely
that the translation and rotation of the mesogens cause an overlap such that the
most of the trial moves get rejected based on the energy criterion in Eqn. (2.32).
Hence, for both cases the system would stuck in the configurational space. In
fact, in order to sample the configurational space adequately one has to adjust
the values for δr and δγ during the simulation and keep the acceptance ratio
between 40 and 60%.62,69 We emphasize that the choice of these acceptance
ratios is somewhat arbitrary, however, based on the experience it turned out
that keeping them between 40 and 60% provide an adequate sampling of the
configuartional space within a reasonable time.

4. The trial move of displacing or rotating a mesogen is accepted with a probabi-
lity [see Eqn. (2.32)]

acc = min


1, exp{−βB[U(Ωn)− U(Ωm)]}


(2.35)

If the trial move is rejected the old configuration Ωm is kept as initial confi-
guration for the new trial move. In early 1950’s, especially this step confused
Kirkwood after his meeting with Rosenbluth, a co-author of Ref. 73 by Metropo-
lis et al. In the correspondence between Kirkwood and Wood,74 Kirkwood was
convinced that the MC method introduced by Metropolis et al.73 was wrong.
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(a) (b)

Figure 2.2. Scheme of (a) NPT and (b) µVT ensemble where the mesogens are repre-
sented by full dots and the ideal particles by circles.

Instead of that he suggested to repeat this step until the algorithm succeed to
create a new configuration which gets accepted by the energy criterion. Ho-
wever, by comparing analytic results with Metropolis MC simulations of one-
dimensional hard spheres (i.e., hard rods) Rosenbluth and Wood have shown
independently from each other that Kirkwood’s statement was wrong. Later,
Kirkwood accepted this procedure.74

As already explained, this scheme and in particular the acceptance rule, satisfy the
detailed balance condition because the generation of a new configuration is inde-
pendent of the actual configuration the transition probabilities Wnm and Wmn are
equal.

2.4 isothermal-isobaric ensemble

In the previous section, we introduced a method providing the computation of ma-
croscopic quantities as ensemble averages ⟨A⟩. Therefore, configurations represen-
ting a microscopic state are generated within the framework of importance sampling
MC method and every microscopic property An associated with the n-th member
of the ensemble is sampled for averaging. Each of these configurations is generated
in the canonical ensemble at fixed temperature, volume, and number of mesogens.
However, because most experiments are carried out at constant pressure rather than
constant volume, a direct comparison between simulations in the canonical ensemble
and experiments frequently turns out to be difficult. Hence, it is not surprising that
the isothermal-isobaric ensemble is widely used for MC simulations. It provides the op-
portunity of computing ensemble averages at constant pressure P, constant number
of particles N, and constant temperature T and therefore enables a direct comparison
between simulation and experiment. The advantage over the canonical ensemble is
the prevention of phase separations in the isothermal-isobaric or NPT ensemble. In
this section we focus on the derivation of the isothermal-isobaric partition function
and the probability density following Frenkel and Smit.69

We consider a system composed of N mesogens in a cubic box with side length
L. The coordinates ri of the ith mesogen are scalable relative to L via ri = Lsi where
si represents the rescaled coordinates. We place the center of this box at the origin
of Cartesian coordinate system such that −0.5 ≤ sαi ≤ 0.5 where si = (sxi , syi , szi)

T
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and α = x, y, z. Furthermore, by substituting V = L3 we may rewrite the canonical
partition function as

QNVT =
VN

2N N!λ5N


I
m

N 
dsNduN exp


−βBU(sN , L, uN)


. (2.36)

Notice, that U is still a function of the real coordinates ri = Lsi, i = 1, ..., N. We
consider a reference system which is surrounded by a much bigger system of an ideal
gas. Thus, the total volume Vtot and the total number of particles Ntot are constant.
The volume of the ideal gas is given by Vid = Vtot − V and the particle number by
Nid = Ntot − N [see Fig. 2.2(a)]. The partition function of the total system is a product
of both subsystems and may be written as

Qtot =
VNVNid

id
2N N!Nid!λ2Nλ3Ntot


I
m

N 
dsNid


dsNduN exp


−βBU(sN , L, uN)


(2.37)

where the integration over sNid results in 1. Now we consider that the reference
system is able to vary its side lengths L and therefore the volume V. We may expect
V to fluctuate around a value which minimizes the thermodynamic potential. The
probability to find a N-mesogen system at volume V is given by‡

ϱtot(V) =
VN(Vtot − V)Nid


dsNduN exp


−βBU(sN , L, uN)

 Vtot
0 dV ′V ′N(Vtot − V ′)Nid


dsNduN exp [−βBU(sN , L′, uN)]

. (2.38)

Assuming an infinite extent of the ideal system such that Ntot, Vtot → ∞ and
Nid/Vtot = ρ. Thus, the volume fluctuation of the subsystem has no impact on the
pressure of the ideal gas. Furthermore, by using V/Vtot → 0 and the equation of state
ρ = βBP of an ideal gas we obtain (by expanding exp(V/Vtot) in a Taylor series)69

VNid
id = (Vtot − V)Nid = VNid

tot


1 − V

Vtot

Nid

(2.39)

≃ VNid
tot exp


− Nid

Vtot
V

= VNid

tot exp(−βBPV)

which we use to rewrite Qtot in the partition function

QNPT =
βBP

2N N!λ5N


I
m

N 
dVVN exp(−βBPV)


dsNduN exp


−βBU(sN , L, uN)


(2.40)

‡ The justification of this step is hard because of the lack of natural “metric” for the volume integration.
Compared with degeneracy of energy levels or number of mesogens the volume cannot be counted.
For a detailed discussion of that problem we refer the interested reader to the book by Frenkel and
Smit69 and further reading listed there.
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of the NPT ensemble where we included the factor βBP to keep the QNPT dimen-
sionless.69 Hence, the probability to find N mesogens in a particular configuration
specified by sN and uN in a volume V is given by

ϱNPT =
VN exp(−βBPV)


dsNduN exp[−βBU(sN , L, uN)] Vtot

0 dV ′V ′N exp(−βBPV)


dsNduN exp[−βBU(sN , L, uN)]
. (2.41)

This is the starting point for the constant pressure MC simulation where ϱNPT ∝
exp{−βBU(sN , uN , V)− βBPV + N ln(V)}.

In an MC simulation, the volume change of a system can be implemented in the
same way as the translation and rotation of mesogens. Typically, after N attempts to
displace or rotate the mesogens the algorithm attemts to change the volume V to

V ′ = V + δV(κ − 0.5) = L3[1 + δ3
L(κ − 0.5)] (2.42)

where δV and δL denote the maximum change of the volume and the side length L of
the cubic simulation box, respectively, and κ is again a random number in the interval
of 0 ≤ κ ≤ 1. As discussed for translational and rotational trial moves (see Sec. 2.3)
δL has to be adjusted within the simulation run such that the acceptance ratio for the
volume change is between 40 and 70% in order to guarantee an accurate sampling of
the phase space. The acceptance criterion for the trial to change the volume

acc = min


1, exp{−βB[U(sN , uN , V ′)−U(sN , uN , V)]− βBP(V ′−V)+ N ln(V ′/V)}


(2.43)

was originally introduced by McDonald75 and Vorontsov-Veljaminov et al.76 indepen-
dent from each other.

2.5 grand canonical ensemble

The ensembles we have considered so far are characterized by a constant number of
particles. However, sometimes one is interested in the average number of particles as
a function of the external field. For example, one could ask for the amount of adsor-
bed particles at a surface which is in contact with a gaseous bulk phase as a function
of pressure or temperature. In fact, there are many examples of experimental sys-
tems under confinement (i.e., slit pores, channels, etc.) which are in contact with a
bulk phase such that an exchange of particles between the confined and the bulk
phase is allowed. From thermodynamics, it is known that at equilibrium the chemi-
cal potential of both, the confined and the bulk phase, is equal. Hence, by fixing the
chemical potential one automatically permit the variation of the number of particles
in the system. This is described in the grand canonical ensemble where the exchange
of particles between the system and its environment is possible. On account of con-
stant chemical potential, the number of particles fluctuates around a value which
minimizes the grand canonical potential. In addition to the chemical potential µ, the
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volume V, and the temperature T are kept constant in the so called µVT ensemble.
We introduce the grand canonical partition function by following Frenkel and Smit.69

As for QNPT we consider a reference system which is surrounded by an ideal gas
system of infinite extent. The total partition function is again given by Eqn. (2.36).
Instead of volume fluctuation we consider the transport of particles from the volume
V to the volume Vid and/or reversed [see Fig. 2.2(b)]. Moreover, we assume that par-
ticles in both volumes are identical, however, the interactions of the particles located
in Vid are switched off. Such a particle transfer causes the change of the potential
energy from U(sN , L, uN) to U(sN±1, L, uN±1). Because each of these transfers is in-
dependent we may write the partition function of the grand canonical ensemble as a
sum over all possible transfers. Furthermore, using Ntot, Vtot → ∞, Nid/Vtot = ρ, and
the chemical potential µ = β−1

B ln(ρλ3) of an ideal gas we obtain

QµVT =
∞

∑
N=0

VN exp(βBµN)

2N N!λ5N


I
m

N 
dsNduN exp


−βBU(sN , L, uN)


. (2.44)

as the grand canonical partition function.69

The grand canonical MC simulation consists of two steps in order to sample
states given by the probability density ϱµVT ∝ exp{−βB[U(Ω) − Nµ] − ln(N!) −
N ln(2mλ5/VI)}. The first step is the conventional canonical step where the N meso-
gens are displaced or rotated (see Sec. 2.3). Subsequently, the fluctuation of the num-
ber of mesogens is realized by N attempts of creation or destruction of mesogens.
For each attempt it is decided with equal probability whether to destroy a random
mesogen or to create a new mesogen at a randomly chosen position and with a rand-
omly chosen orientation. The acceptance creatia of the creation and destruction trial
are given by

acc = min


1,
VI

2mλ5(N + 1)
exp{βB[µ − U(sN+1, uN+1) + U(sN , uN)]}


(2.45)

and

acc = min


1,
2mλ5N

VI
exp{−βB[µ + U(sN−1, uN−1)− U(sN , uN)]}


, (2.46)

respectively.
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M O D E L

In the previous chapter, we introduced a method to describe macroscopic quantities
as an ensemble average of microscopic quantities associated with a certain configura-
tion. Moreover, we introduced a numerical method to generate these configurations
in order to compute the ensemble average. In both, the description of ensemble avera-
ges as well as generation of configurations, the configurational energy U(rN , uN) is
of vital importance and depends strongly on the specific system considered.

In the present work, we consider two different systems. The first system is com-
posed of up between two colloidal particles surrounded by N non-chiral mesogens,
and confined between two planar, structureless substrates. Hence, the total potential
energy may be cast as

U(rN , uN) = Umm(rN , uN) + Ums(zN , uN) + Umc(rN , uN) (3.1)

where Umm, Ums, and Umc are configurational potential energies corresponding to
the mesogen-mesogen (mm), mesogen-substrate (ms), and mesogen-colloid (mc) in-
teractions, respectively, and zN = {z1, ..., zN} is the set of the z-components of the
positions of mesogens given by rN . Notice that because the colloidal motion takes
place on a much larger time scale than the motion of the mesogens, we consider col-
loidal particles that are fixed in space. Hence, terms accounting for colloid-colloid or
colloid-substrate interactions vanish.

The second system is composed of N chiral mesogens confined to a mesoscopic
channel. Hence, in the absence of colloidal particles (i.e., for Umc = 0) the total
configurational energy is given by

U(rN , uN) = U⋆
mm + Umch(rN , uN). (3.2)

where U⋆
mm and Umch are configurational potential energies corresponding to the

chiral mesogen-mesogen (mm) and mesogen-channel (mch) interactions, respectively.
Here, the star indicates the chiral nature of the interactions.

3.1 non-chiral mesogen-mesogen interactions

Considering pairwise additive mesogen-mesogen interactions, Umm can be written
as

Umm(rN , ωN) =
N−1

∑
i=1

N

∑
j>i

umm(rij, ωi, ωj) (3.3)

33
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where rij = ri − rj is the distance vector connecting the centers of mass of mesogens
i and j. For convenience we express the orientations of mesogens via Euler angles
ωi and ωj [see Eqn. (2.18)] in a space-fixed frame of reference. Following Giura and
Schoen77 we split the pair potential umm into an isotropic and anisotropic contribu-
tion according to

umm(rij, ωi, ωj) = uiso(rij) + uanis(rij, ωi, ωj) (3.4)

where rij = |rij| is the distance between two mesogens i and j.
For the description of isotropic interactions, we take the well known 12-6 Lennard-

Jones potential

uiso(rij) = uLJ
iso(rij) = 4ϵmm


σ

rij

12

−


σ

rij

6

≡ uLJ

rep + uLJ
att, (3.5)

where uLJ
rep and uLJ

att correspond to the repulsive and attractive Lennard-Jones contri-
butions, respectively. Here, σ is the diameter of a spherical reference particle and ϵmm

is the depth of the attractive well.
The anisotropic interactions

uanis(rij, ωi, ωj) =
∞

∑
li=0

∞

∑
lj=0

∞

∑
l=0

ϕli lj l(rij)Φli lj l(ωi, ωj, ω) (3.6)

are expanded in terms of rotational invariants

Φli lj l =
li

∑
mi=−li

lj

∑
mj=−lj

l

∑
m=−l

C(li, lj, l; mi, mj, m)Ylimi(ωi)Yljmj(ωj)Y∗
lm(ω) (3.7)

where {ϕli lj l} is the set of expansion coefficients, C is a Clebsch-Gordan coefficient,
and Ylm is a spherical harmonic (the asterisk denotes the complex conjugate). Here,
ω denotes the Euler angles related to the orientation of the distance vector specified
by rij = rij/rij [see Eqn. (2.18)].66,77

On account of symmetry considerations the expansion in Eqn. (3.6) may be re-
stricted. In fact, in the absence of chirality, the interacting potential is invariant if
mesogen i and j are exchanged.66 This corresponds to the transformation ω → −ω.
Due to the parity relation of spherical harmonics

Ylm(ω) = (−1)lYlm(−ω) (3.8)

the anisotropic contribution uanis is unaffected by exchanging mesogen i and j only
for even l and l = 0.66,77 Furthermore, because of the assumed head-tail symmetry
of the mesogens, uanis is invariant to the exchange of ωi and/or ωj by −ωi and/or
−ωj. Hence, the parity relation implies that li and lj must be either even or zero as
well.77
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In addition to the symmetry considerations, one may also make use of the vanis-
hing nature of the Clebsch-Gordon coefficients if the triangular inequality66

|li − lj| ≤ l ≤ li + lj (3.9)

is not satisfied to restrict the expansion in Eqn. (3.6). However, despite the restricti-
ons due to the symmetry and the selection rule for the Clebsch-Gordon coefficients
the number of spherical invariants that has to be considered increases rapidly with
increasing li, lj, and l. Therefore, we truncate the expansion in Eqn. (3.6) after the
first leading terms, i.e., for li, lj ≤ 2.77 Hence, on account of Eqn. (3.9) six rotational
invariants remain, namely Φ000, Φ220, Φ202, Φ022, Φ222, and Φ224.

The computation of the isotropic term Φ000 is straightforward. Because of li = lj =

l = 0 and thus mi = mj = m = 0 the triple sums in Eqn. (3.6) and Eqn. (3.7) vanish
and we obtain Φ000 = (4π)−3/2 by applying Y00 = (4π)−1/2. The determination of ro-
tational invariants of higher order is algebraically straightforward, but tedious, and
has been reported many times before.77–80 After substituting the angular representa-
tion of the orientations ωi, ωj, and ω by unit vectors ui, uj, and rij [see Eqn. (2.18)],
respectively, we obtain

Φ220 ∝P2(ui · uj) (3.10)

Φ202 ∝P2(ui · rij) (3.11)

Φ022 ∝P2(uj · rij) (3.12)

where P2(x) = 1
2 (3x2 − 1) is again the second Lagrange polynomial. To reduce the

complexity of the potential we assume that Φ220, Φ202, and Φ022 are sufficient to
describe the liquid-crystalline behavior adequately. Therefore, we neglect Φ222 and
Φ224.

Finally, one needs to determine the set of expansion coefficients {ϕli lj l}. Following
the discussion of Giura and Schoen77 we focus on dispersion interactions because the
mesogens are uncharged and nonpolar, such that ϕli lj l ∝ r−6

ij irrespective of li, lj, and

l. As demonstrated by Gray and Gubbins66 ϕ000 = uLJ
att where ϵmm depends on the

static polarizability along and perpendicular to the principle axis of the mesogens.
In a similar fashion, constants of proportionality of expressions shown in Eqn. (3.10)-
(3.12) are proportional to various combinations of static polarizabilities. We combine
these constants into two dimensionless parameters ε1 ≡ ε220 and ε2 ≡ ε202 = ε022 such
that ϵmmε1 and ϵmmε2 represent the strength of interactions associated with these
polarizabilities. The determination of polarizabilities is of no concern in this work.
Instead of that, we refer the intrested reader to the book by Gray and Gubbins.66

Hence, we finally obtain

uanis(rij, ui, uj) = uLJ
att(rij)Ψ(rij, ui, uj), (3.13)
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where

Ψ(rij, ui, uj) = ε1P2(ui · uj) + ε2[P2(ui · rij) + P2(uj · rij)] (3.14)

is the anisotropy function.
In Eqn. (3.14), the term proportional to ε1 corresponds to the simplest liquid-

crystalline interaction introduced by Maier and Saupe.18,19 Terms proportional to ε2

are corrections to the Maier-Saupe interactions. They describe the anisotropic shape
of the mesogens, i.e., oblate and prolate ellipsoids of revolution for ε2 > 0 and ε2 < 0,
respectively [see Fig. 3.1(a) and (b)].80 Hence, the parameter ε2 can be understood as
the ellipsoidal eccentricity of the mesogens shape. By substituting Eqn. (3.5) and
Eqn. (3.13) in Eqn. (3.4) one obtains the full potential

uLJ
mm(rij, ui, uj) = 4ϵmm


σ

rij

12

−


σ

rij

6 
1 + Ψ(rij, ui, uj)


(3.15)

which has been proposed by Hess and Su80 for the first time.
The impact of Ψ on the interaction potential is shown in Fig. 3.1. For oblate meso-

gens [i.e., 2ε1 = ε2 = 0.4, see also Fig. 3.1(a)] we observe strong attractive interactions
if the mesogens are in the end-end configuration (ui · uj = ui · rij = uj · rij = ±1) in
contrast to the side-side configuration (ui · uj = ±1 and ui ·rij = uj ·rij = 0). The lon-
gitudinal and transversal extension of the shape of the mesogens may be determined
by the zeros of umm for a pair of mesogens in the end-end and side-side configura-
tion, respectively. Hence, the ratio of these zeros may be understood as the aspect
ratio which is approximately 0.86 for the oblate mesogens as illustrated in Fig. 3.1(a).

In this work, however, we focus on prolate mesogens, ε2 < 0. The interaction
potential for a pair of prolate (i.e., 2ε1 = −ε2 = 0.4) mesogens of an aspect ratio
approximately 1.26 is illustrated in Fig. 3.1(b). We emphasize that in our model the
side-side configuration is favored by prolate mesogens in contrast to the end-end
configuration. This is in perfect agreement with real liquid-crystal molecules where
the π-π stacking is responsible for a parallel alignment of two molecules.

However, to reveal the full picture of the anisotropic interactions it is necessary to
analyze the anisotropy function Ψ(ui, uj,rij). By fixing one of the three orientations
(i.e., ui, uj,rij) in space, Ψ can be evaluated as a function of two angles with respect
to the fixed direction. Therefore, we fix rij = σ and ui = (1, 0, 0)T and introduce the
angles φ = arccos(u1 ·r12) and θ = arccos(u1 · u2). As illustrated by the plot of Ψ(φ, θ)

in Fig. 3.1(c) we identify four different configurations for a pair of mesogens where
the side-side configuration is the most favorable. Moreover, evaluating the potential
energy umm we find umm(ss) < umm(X) < umm(T) < umm(ee) where ss, X, T, and ee
refer to side-side, cross, T, and end-end configurations, resepctively [see Fig. 3.1(c)].

In particular, for 2ε1 = −ε2 = 0.4 it has been shown that the mesogens undergo an
isotropic-nematic phase transition which is weakly first order similar to experimen-
tal observations.6,81 Furthermore, results obtained from MC simulations of colloidal
inclusions in a nematic host phase are in perfect agreement with those obtained
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Figure 3.1. Contour plots of umm(r12, u1, u2) for a pair of mesogens located in the x-y
plane such that r12 = (x12, y12, 0)T. Both mesogens have the orientation u1 = u2 =

(1, 0, 0)T. The color code indicates the value of umm and the black lines are contour
lines. (a) Contour plot for oblate mesogen as obtained for uLJ

mm [see Eqn. (3.15)] and
2ε1 = ε2 = 0.4. (b) Same as (a) but for prolate mesogens, with 2ε1 = −ε2 = 0.4. (c)
Same as (b) but as function of φ = arccos(u1 ·r12) and θ = arccos(u1 · u2) at constant
distance r12 = σ such that uLJ

mm(r12, u1, u2) = −4ϵmmΨ(φ, θ) [see Eqn. (3.13)]. Car-
toons on the right side visualize the spatial orientation of a pair of mesogens relative
to each other. The cross (X), T- (T), end-end (ee), and side-side (ss) configurations are
formed for {φ = 2k+1

2 π, θ = 2k+1
2 π}, {φ = kπ, θ = 2k+1

2 π}, {φ = 2k+1
2 π, θ = kπ}, and

{φ = kπ, θ = kπ}, respectively (k ∈ Z). (d) Contour plot is obtained for uY
mm [see

Eqn. (3.19)] and 2ε1 = −ε2 = 4.0.

experimentally.59 The model potential also reproduces non-equilibrium properties
adequately.82 Thus, we conclude that this potential captures the essential properties
of the nematic phase. However, because of the rather small aspect ratio this model
potential is not capable of forming a smectic phase.

In order to model the smectic A phase, we replace the isotropic contribution to
umm by a Yukawa-like potential

uiso(rij) =uY
iso(rij) = ϵmm


amm


σ

rij

10

− bmm
exp(−ηmmrij)

rij


≡uY

rep(rij) + uY
att(rij) (3.16)
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where uY
att and uY

rep correspond to the attractive and repulsive contributions of the
Yukawa-like potential, respectively. Here, ηmm is the inverse Debye screening length
which we take as ηmm = 3.0/σ throughout this work. Parameters

amm =
1 + σηmm

10(9 − σηmm)
(3.17)

and

bmm =
σ exp(σηmm)

9 − σηmm
(3.18)

are introduced to guarantee that the minimum of uY
iso is always located at rmin = σ

and uY
iso(rmin) = −0.1ϵmm irrespective of ηmm. Hence, the mesogens interact via

uY
mm(rij, ui, uj) = ϵmm


amm


σ

rij

10

− bmm
exp(−ηmmrij)

rij


1 + Ψ(rij, ui, uj)


. (3.19)

At this point, it is noteworthy that some attention has to be paid to the choice
of ηmm. For ηmm → 0 the attractive part of uY

mm [see Eqn. (3.16)] becomes a Cou-
lomb potential. Because of its long-range nature one needs special techniques such
as Ewald summation method to handle such long range interactions in computer
simulations.62,69 On the other hand, for large ηmm a repulsive barrier arise in uY

mm

[see Eqn. (3.16)].
By considering rather weak isotropic interactions [i.e., uY

iso(rmin) = ϵmm/10] of
short-ranged nature (i.e., ηmm = 3.0/σ) and at the same time increasing the aniso-
tropic contributions (i.e., 2ε1 = −ε2 = 4.0) one obtains the equipotential plot pre-
sented in Fig. 3.1(d). As one immediately realizes, in this version of uY

mm the pair
of mesogens repel each other if they are in the end-end configuration. As we shall
demonstrate below (see Chapter 6) mesogens interacting via uY

mm capture essential
properties of a realistic liquid-crystal regarding their phase behavior, structure, dyn-
amics, and elasticity. In fact, they are capable of forming the isotropic, nematic, and
smectic A phases for a suitable choice of thermodynamic conditions.

3.2 mesogen-substrate interactions

A nematic phase is characterized by the global director n0 which indicates the over-
all preferred molecular orientation. However, the prediction of n0 in the nematic
bulk phase or in the smectic bulk phase is impossible a priori. In fact, there is an
infinite number of orientations n0 may take on, resulting from a continuous sym-
metry breaking. In experiments, the liquid crystal is confined between planar sub-
strates which can be chemically prepared to align the liquid crystal molecules in a
degenerate planar fashion to the substrates surface, for example. Additionally, the
substrates are mechanically prepared to align the liquid crystal molecules in a uni-
directional fashion.56–58 Despite the short-range nature of the interaction potential
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between liquid-crystal molecules, the orientational correlation is long-ranged. Hence,
this local alignment at surfaces induce a global unidirectional alignment. In fact,
many other ways to control the surface anchoring have been known for years.41

In order to control n0 we confine our system between two planar, structureless
substrates in the z-direction. Notice that we choose the substrates separation distance
sz sufficiently large, such that any colloid-substrate interactions are negligible. Hence,
the configurational contribution of the mesogen-substrate interactions in Eqn. (3.1)
can be written as

Ums(zN , uN) =
2

∑
k=1

N

∑
i=1

u[k]
ms(zi, ui) (3.20)

where zi is the position of mesogen i along the z-direction, and

u[k]
ms(zi, ui) = ϵms


2
5


σ

∆zi

10

−


σ

∆zi

4

gx(ui)


(3.21)

is the interaction potential. Here, ϵms = 5ϵmm is the depth of the attractive well and
∆zi = zi ± 0.5sz is the distance between the mesogen and the lower (k = 1) or upper
(k = 2) substrate located at −0.5sz and +0.5sz, respectively.

In Eqn. (3.21), gx is the anchoring function which we introduce to control the local
orientation of the mesogens at the substrates. Depending on the orientation of the
mesogens attractive mesogen-substrate interactions in ums are switched on or off con-
tinuously. Mesogens with an undesired orientation are energetically discriminated,
such that 0 ≤ gx ≤ 1. In fact, gx is the mathematical device to mimic experimental
surface anchoring. We choose

gx(ui) = (ui · ex)
2, (3.22)

where ex is a unit vector pointing in the x-direction. From Eqn. (3.22) one realizes im-
mediately that every orientation of the mesogens that is not parallel (or anti parallel)
to ex reduces the attractive contribution to ums.

3.3 mesogen-colloid interactions

Finally, we include into our system up to two spherical colloids of radius r0 loca-
ted in the x-y plane equidistantly from the substrates. Considering pairwise additive
interactions, the contribution of the mesogen-colloid interactions to the total configu-
rational energy in Eqn. (3.1) is given by

Umc(rN , uN) =
Nc

∑
i=1

N

∑
j=1

umc(rij, uj) (3.23)
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Table 3.1. Model parameters used to realize specific defect topologies near a spherical
colloid immersed in a liquid crystalline host phase.59,82,84

Defect topology Anchoring ηmc ϵmc

Boojum planar 1.0 3.5
Saturn ring homeotropic 0.5 1.0

where Nc = 1 or 2 is the number of colloidal particles and rij is the distance vector
between the centers of mass of colloid i and mesogen j. Following earlier works59,83,84

we cast the pair potential as

umc(rij) = ϵmc


amc


σ

rij − r0

10

− bmc
exp[−ηmc(rij − r0)]

rij − r0
gc(rij, uj)


, (3.24)

where rij − r0 denotes the distance between mesogen j and the surface of colloidal
particle i. Parameters ϵmc, ηmc,

amc =
1 + σηmc

9 − σηmc
, (3.25)

and

bmc =
10σ exp(σηmc)

9 − σηmc
(3.26)

have the same meaning as amm and bmm that are already introduced for uY
iso in

Eqn. (3.16). However, their value may differ from those in Eqn. (3.16).
Again, gc is the anchoring function which controls the desired orientation of the

mesogens at the colloidal surface. Experimentally, colloidal particles and even nano
particles may be functionalized to anchor liquid crystal molecules either in a planar
or homeotropic fashion.56–58,85 To mimic this we choose

gc(rij, uj) = g∥(rij, uj) = (1 − |uj · rij|)2 (3.27)

for planar alignment59,84 of the mesogens at the colloidal surface and

gc(rij, uj) = g⊥(rij, uj) = (uj · rij)
2 (3.28)

for homeotropic alignment.59,82 Depending on the desired anchoring scenario dif-
ferent sets of model parameters are used to realize various defect topologies (see
Tab. 3.1 and Fig. 1.5).

3.4 chiral mesogen-mesogen interactions

We now turn to a description of the second system [see Eqn. (3.2)], that is a chiral
system confined to a mesoscopic channel. Chiral mesogen-mesogen interactions are
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obtained in the same manner as the interactions of non-chiral mesogens in Sec. 3.1.
In fact, Eqn. (3.3)-Eqn. (3.7) remain the same. However, due to chirality the parity
relation [see Eqn. (3.8)] is not satisfied for the transformation ω → −ω. This gives
rise to two additional spherical invariants, i.e., Φ221 and Φ223, where we again neglect
terms of higher order. Hence, we cast the chiral pair potential as

u⋆
mm(rij, ui, uj) = 4ϵmm


σ

rij

12

−


σ

rij

6

{1 + Ψ⋆(rij, ui, uj)}


, (3.29)

where

Ψ⋆(rij, ui, uj) = Ψ(rij, ui, uj) + ε3[(ui × uj) · rij](ui · uj) (3.30)

is the chiral anisotropy function and Ψ is the non-chiral one [see Eqn. (3.14)]. The
term proportional to ε3 corresponds to Φ221 and has been introduced by Memmer et
al.86 to study the impact of chirality on Gay-Berne mesogens. Notice that the potential
remains invariant under the exchange of ui and/or uj with −ui and/or −uj, and
maintains therefore the mesogens head-tail symmetry despite their chirality.

In Eqn. (3.30), ε3 is the chirality coupling parameter quantifying the chiral contribu-
tion to u⋆

mm. The impact of Ψ⋆ on the the pair potential is illustrated by the contour
plots in Fig. 3.2. As illustrated by the plot of u⋆

mm in Fig. 3.2(a) the potential is no
longer invariant to the transformation rij → rji. This is a direct consequence of the
broken left-right symmetry introduced via Φ221.

However, the plot presented in Fig. 3.2(a) visualizes one specific configuration
between two mesogens as well as its distance-dependence corresponding to that con-
figuration. In Fig. 3.2(b), we plot Ψ⋆(φ, θ) to illustrate the impact of chirality [see
also Fig. 3.1(c)]. We notice that except for a parallel alignment (i.e., ui = ±uj) the left-
right symmetry of u⋆

mm is broken for every other configuration ui and uj may assume.
This is because (ui × uj) = (0, 0, 0)T for a parallel alignment and thus, Ψ⋆ = Ψ [see
Eqn. (3.30)].

By comparison of Ψ with Ψ⋆, plotted in Fig. 3.1(c) and Fig. 3.2(b), respectively,
one first realizes that the minima of umm and u⋆

mm are found for φ = ± 2k+1
2 π but

for different θ [see Eqn. (3.15) and Eqn. (3.29), respectively] which is rationalized
as following. Starting in the side-side (ss) configuration (i.e., {φss = 2k+1

2 π, θss =

kπ}, k ∈ Z) the minima of u⋆
mm are found at θmin = θss + δθ and θmin = θss −

δθ for negative and positive values of φ, respectively. Here, δθ represents the shift
of the minima of u⋆

mm with respect to umm caused by the chirality. Consequently,
δθ = 0 in the absence of chirality. The asymmetric shift of the minima of u⋆

mm is a
direct consequence of the broken left-right symmetry. The sign of the handedness is
controlled by the sign of the chirality coupling parameter ε3 whereas its magnitude
controls the power of chirality.

As demonstrated elsewhere,84,87,88 mesogens interacting via u⋆
mm are capable of

forming a cholesteric phase for low values of |ε3| but also blue phases I-III for higher
values of |ε3| and a suitable choice of thermodynamic conditions. The formation of
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Figure 3.2. (a) Contour plot of u⋆
mm(r12, u1, u2) for a pair of chiral mesogens lo-

cated in the x-y plane such that r12 = (x12, y12, 0)T with u1 = (1, 0, 0)T andu2 = (cos θ, 0, sin θ)T where θ = π/4. The color bar indicates the value of u⋆
mm which

is obtained for ε3 = 0.50. (b) Same as Fig. 3.2(c) but for u⋆
mm.

chiral phases in our model system is in good qualitative agreement with experiments
of Yang and Crooks24 who report the formation of the cholesteric phase for low twist
(i.e., large pitch) systems and the formation of blue phases for high twist (i.e., short
pitch) systems. In fact, the magnitude of the chirality coupling parameter controls
the tilt angle between two mesogens and therefore the pitch p via the simple relation
p ∝ 1/|ε3|.6 From a macroscopic point of view, chiral phases are characterized by
the pitch. Because the pitch is an intrinsic property of our model it depends on
thermodynamic conditions such that it is not possible to derive its value from the
potential. As discussed by Melle et al.87 a determination of the pitch can be performed
in a specific setup (see Chapter 7 where we discuss this setup in detail).

3.5 mesogen-channel interactions

To study the impact of two-dimensional confinement on the order in a chiral liquid
crystal we place the chiral mesogens in a mesoscopic channel. The axis of the channel
is parallel to the x-axis such that the cross section of the channel is in the y-z plane.
The channel is supposed to be of infinite extent in x-direction which is realized by
applying periodic boundary conditions across the y-z plane located at x = ±sx/2. In
y- and z-directions the mesogens are confined by the walls of the channel.

A mesogen interacts with different portions of the channel according to its location
in the y-z plane. In order to model this we divide our system in three different zones
(see Fig. 3.3) in which

1. the interaction with both top/bottom and left/right straight parts of the channel

2. the interaction with either top/bottom or left/right straight parts of the channel

3. the interaction with the curved corner of the channel
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Figure 3.3. Schematic illustration of the channel’s cross section in the y-z plane where
the coordinate system has been chosen such that −sα/2 ≤ α ≤ sα/2 (α = y, z). For
symmetry reasons only the upper right quadrant is shown. Generally, a mesogen
located at ri (red arrow) interacts with different portions of a channel. In order to
model these interaction we divide the system in three zones I-III separated by dashed
lines (see text). Furthermore, R is the radius of the corners arc in zone III such that
the shortest distance between a mesogen located in zone III and the channels surface
is given by ∆di = R − |di|.

are considered. Hence, we cast the configurational contribution of the mesogen-
channel interactions to the total configurational energy [see Eqn. (3.2)] as

Umch(rN , uN) =
N

∑
i=1

[umch(∆yi, ri, ui)Θ(ζi,y) + umch(∆zi, ri, ui)Θ(ζi,z)

+ umch(∆di, ri, ui)Θ(−ζi,y)Θ(−ζi,z)] (3.31)

where Θ is the Heaviside step function, ζi,α ≡ |αi| − sα/2 + R, ∆αi = αi − sgn(α)sα/2
(α = x, y) is the mesogen-channel separation distance in α-direction,

sgn(x) =


−1, x < 1

0, x = 0

+1, x > 1

(3.32)

is the signum function, and R is the radius of the channels curved corner (see Fig. 3.3).
Furthermore, we use 2R ≥ min(sy, sz) such that the channel becomes a cylinder for
2R = sy = sz, and rectangular in shape in the y-z plane for R = 0. In Eqn. (3.31),
∆di = R − |di| is the shortest distance between a mesogen located in zone III and the
channels arc and di = ri − t (see Fig. 3.3). In Eqn. (3.31), the interaction potential

umch(δi, ri, ui) = ϵmch


2
5


σ

δi

10

−


σ

δi

4

g(ri, ui)


(3.33)

between a mesogen and the wall of the channel is introduced similarly to Eqn. (3.21).
Here, δi = ∆yi, ∆zi, ∆di is the distance between the mesogen’s center of mass and a
portion of the channel in y- or z-direction, or of the channels corner, respectively, and
ϵmch = 2ϵmm is the potential depth. Notice that the potential depth of the channel
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Figure 3.4. Contour plots of umch for (a)-(c) sy = sz = 10σ and (d)-(f) 2sy = sz = 20σ,
g(r, u) = 1, and (a),(d) R/sy = 0, (b),(e) R/sy = 0.25, and (c),(f) R/sy = 0.5. The
attached color bar indicates the local value of umch.

is smaller than the potential depth of the flat substrates introduced in Sec. 3.3 [see
Eqn. (3.21)], i.e., ϵmw/ϵmch = 5/2. We reduce the strength of the interaction to pre-
vent the confined liquid crystal from freezing in the corners where the attraction is
strongest.

Hence, the variation of the shape of the channel via R, sy, or sz provides the investi-
gation six different geometry types of the channel (see Fig. 3.4). Furthermore, we also
investigate the impact of the surface anchoring. More specifically, we introduce three
different anchoring scenarios, namely homeotropic, circular and directional planar
anchoring. We use

g(ri, ui) = g⊥(ri, ui) = [ui · s(ri)]
2 (3.34)

to mimic local homeotropic surface anchoring. Here, s(ri) is the local surface normal.
The circular planar anchoring is realized via

g(ri, ui) = g∥(ri, ui) = [1 − |ui · s(ri)|]2[(ui · ey)
2 + (ui · ez)

2] (3.35)

where the second term on the far right-hand side of the equation controls the align-
ment parallel to the surface and the second term controls the mesogens’ alignment
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perpendicular to the channels axis, i.e., ex. Hence, the circular parallel alignment for-
ces the mesogens’ orientation to be parallel to the channel’s wall as well as in the
y-z plane. The other case of planar anchoring is the directional anchoring which is
realized via

g(ri, ui) = g|(ri, ui) = [1 − |ui · s(ri)|]2(ui · ex)
2. (3.36)

For this case, the second term on the right-hand side of Eqn. (3.36) controls the
alignment of the mesogens along the channels axis ex in addition to the parallel
alignment to the surface which is described by the first term on the right-hand side of
Eqn. (3.36) in the same manner as for the circular planar anchoring [see Eqn. (3.35)].





4
C O N T I N U U M T H E O RY

Based on the principles of statistical physics we introduced a general method to com-
pute observable properties of many-particle systems (see Chapter 2). Furthermore,
we focus on the description of specific model systems of liquid crystals (see Chap-
ter 3). Because the field of liquid crystals is very active and of recent interest, many
experimental data are available that are described and analyzed within the frame-
work of a Landau-type continuum theory.

Originally, Landau theory65,89 was developed to describe second order phase tran-
sitions by expanding the free energy in a Taylor series in terms of a suitable order
parameter. Later, Ginzburg and Landau65 modified the free energy expansion by a
term describing the divergence of the order parameter. Thus, Landau’s theory is ba-
sed on three essential steps: (i) find a suitable order parameter, (ii) expand the free
energy, and (iii) find the minima of the free energy.

Later, de Gennes90 utilized Ginzburg and Landau’s theory. He introduced an or-
der parameter (see Sec. 4.1, below) and expand the free energy in terms of this or-
der parameter (see Sec. 4.2, below) in order to describe the isotropic-nematic phase
transition which is of weak first order.6 Nowadays, the so-called Landau-de Gennes
theory succeeds in describing various problems in the field of liquid crystals such as
confinement effects, colloidal dispersions, electric/magnetic fields, etc.45,46,48,91–93

The essential quantity of the Landau-de Gennes theory is the free energy which
is expanded in a Taylor series in terms of a suitable order parameter. Expansion
coefficients of that free energy are observable in experiments.6,90 Hence, these phe-
nomenological coefficients are the link between experimental and theoretical obser-
vations. As already mentioned, most of the results on liquid crystals are explained
and analyzed within the framework of Landau-de Gennes theory, i.e., in terms of few
phenomenological constants. Consequently, a quantitative comparison between our
results obtained from MC simulations and those obtained experimentally or from
Landau-de Gennes theory can be achieved by the calculation of these constants for
our model system.

4.1 order parameter

We begin the presentation of the Landau-de Gennes theory by introducing the tensor
order parameter

Qαβ =
1
2

S


3n(0)
α n(0)

β − δαβ


+ ξ


n(1)

α n(1)
β − n(2)

α n(2)
β


(4.1)
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contains all the symmetries required to describe the isotropic-nematic phase transi-
tion.39 In Eqn. (4.1), S is the Mayer-Saupe nematic order parameter [see Eqn. (1.1)],
ξ is the biaxiality order parameter, δαβ is the Kronecker delta (α, β = x, y, z), and n(k)

α

are components of the set of basis vectors nk (k = 0, 1, 2) of the Cartesian coordinate
system, respectively, where n0 represents the global director. Because Q is invariant
with respect to any rotation of the Cartesian axes we can assume without any loss of
generality that the global director points in the z-direction [i.e., n0 = (0, 0, 1)T] such
that the tensor order parameter is simplified to

Q =


− 1

2 S − ξ 0 0

0 − 1
2 S + ξ 0

0 0 S

 . (4.2)

Hence, Q is a real, symmetric, and traceless second-rank tensor.
The molecular interpretation of Q was given by Eppenga and Frekel94 via

Qαβ =
1
N


N

∑
i=1

1
2
(3ui,αui,β − δαβ)


, (4.3)

where ui,α is the α-component of the orientation ui of i-th mesogen. We compute S, ξ,
and nk by solving the eigenvalue equation

Q · nk = sknk, (k = 0, 1, 2) (4.4)

where s0 ≥ s1 ≥ s2 are eigenvalues associated with the eigenvectors nk. Following Ep-
penga and Frenkel,94 we take the largest eigenvalue as the nematic order parameter
S = s0 and the corresponding eigenvector as the global director n0. The eigenvalues
s1 = ξ − S/2 and s2 = −ξ − S/2 associated with eigenvectors n1 and n2, respectively,
are used to compute the biaxiality order parameter [see Eqn. (4.2)] via

ξ =
s1 − s2

2
. (4.5)

4.2 landau-de gennes free energy

After choosing a proper order parameter we follow de Gennes6,90 and expand the
free-energy density in terms of Qαβ according to

f (T) = f0+
1
2

A(T)QαβQβα −
1
3

B(T)QαβQβγQγα +
1
4

C(T)(QαβQβα)
2

+
1
2

L1(∂γQαβ)(∂γQβα) +
1
2

L2(∂αQγα)(∂βQγβ) (4.6)

where Einstein’s summation convention is used. Here, f0 is the free-energy density
of the isotropic phase, A, B, and C are phenomenological expansion coefficients, and
L1 and L2 are elastic constants referring to characteristic modes (∂α = ∂/∂α where
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α = x, y, z). We emphasize that in general f depends on any thermodynamic variable
(e.g., temperature, pressure, density) driving the phase transition.

At this point some comments on the expansion coefficient are necessary. Because Q
is traceless the linear term in Qαβ vanishes in the expansion of the free-energy density.
The expansion coefficient A(T) is positive in the isotropic phase, it vanishes at the
temperature T∗ which indicates the limit of the metastability of the isotropic state,
and it is negative in the nematic phase. The simplest way to realize these conditions is
a linear combination in temperature, a(T − T∗) where a is a temperature independent
material constant.

Surprisingly, we notice the presence of a cubic term in the expansion of the free-
energy density [see Eqn. (4.6)] which is forbidden in Landau’s theory for ferromag-
nets. Ferromagnetic states characterized by the magnetization order parameter |M|
and −|M| are equivalent such that the transformation of |M| → −|M| is allowed
without changing the free energy of the system. Consequently, because the cubic
term is odd in |M| it has to vanish in Landau’s free energy expansion, i.e., B = 0.
The nematic state, however, is not invariant under the transformation Qαβ → −Qαβ

(or S → −S), hence, B ̸= 0. Because of the non-vanishing cubic term in Qαβ the
isotropic-nematic phase transition is discontinuous according to Landau’s theory in
good agreement with experimental observations.6,39 However, it is noteworthy that
discontinuities which have been observed experimentally in density, heat capacity,
etc. are small.6,39 This is also reflected by the small value of B which has been mea-
sured experimentally for many real liquid crystals. Thus, B can be understood as a
measure of the strength of the phase transition, i.e., B ̸= 0 and B = 0 for a first and
second order phase transition, respectively.39 For further considerations one typically
assumes, B and C to be constant and independent of temperature or other thermo-
dynamic quantities. This assumption is made on the one hand to simplify the theory,
on the other hand because neither a microscopic nor a macroscopic knowledge of
B or C exists. In Sec. 4.3 we demonstrate that both B and C depend linearly on the
temperature. However, because Landau-de Gennes theory is valid for temperatures
in the vicinity of the isotropic-nematic phase transition, the assumption of constant
B and C holds in that region.

Now we are in a position to determine the isotropic-nematic phase transition tem-
perature. Therefore, we take the expression of the free-energy density in Eqn. (4.2)
but for a uniaxial (i.e., ξ = 0) and uniformly aligned (i.e., ∂αQβγ = 0) nematic phase
and rewrite it according to

∆ f (T) =
3
4

a(T − T∗)S2 − 1
4

BS3 +
9
16

CS4 (4.7)

where ∆ f (T) = f (T)− f0. At the phase transition temperature TIN the isotropic and
the nematic phases coexist such that the condition of two equivalent free energy
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Figure 4.1. Plots of ∆ f [see Eqn. (4.7)] in arbitrary units as a function of the nematic
order parameter for T > TIN ( ), T = TIN ( ), TIN > T > T∗ ( ), T = T∗ ( ),
and T < T∗ ( ). Plots are generated for a = 0.00552, B = 0.0724, C = 0.05013, and
T∗ = 318.3.39

densities ∆ f (S = 0) = ∆ f (S ̸= 0) = 0 and the stability condition ∂∆ f /∂S = 0 have
to be satisfied. We obtain

TIN = T∗ +
B2

27aC
(4.8)

by satisfying the above conditions analytically. Moreover, this simple theory predicts
a universal value of the order parameter at the isotropic-nematic phase transition,
i.e., S(T = TIN) = 1/3 which is valid for our systems as we shall demonstrate later.
The plot of the free-energy density as a function of the nematic order parameter (see
Fig. 4.1) illustrates its dependence on temperature.

Hence, we place emphasis on the determination of the expansion coefficients. In
principle, it is possible to measure the free energy in computer simulation because
the probability to observe a certain value of S is given by

P(S) = P0 exp[−βF(S)]. (4.9)

which can be sampled for different configurations as a histogram. In principle, the
evaluation of the constants A, B, and C is then obtained by fitting a polynomial to
lnP(S). However, as discussed by Eppenga and Frenkel94 for a system of discotic
particles and later verified by Greschek and Schoen81 for the model potential used
also in this thesis, the determination of B and C is almost impossible with sufficient
statistical accuracy from P(S).

More recently, Gupta and Ilg95 used the thermodynamic integration to measure
the free energy of the isotropic state of Gay-Berne mesogens at different temperatures
and extrapolated the free energy into the nematic phase in order to determine B and
C. Again, this procedure turned out to be inaccurate for our model.
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4.3 determination of the landau-de gennes parameters

For the determination of Landau-de Gennes parameters, we follow previous work
on classical density functional theory for anisotropic particles by Range and Klapp96

and later Giura and Schoen77 and cast the free energy density as

f = fhs + fid + ∆ fex,iso + ∆ fex,anis (4.10)

where terms on the right-hand side denote the free energy densities of a hard-sphere
(hs) reference system, ideal gas (id), and the excess (ex) free-energy density split
according to its isotropic (iso) and an anisotropic (anis) contributions, respectively.
Similarly one may separate the ideal gas contribution

fid = kBTρ


ln


ρλ5m

I


− 1


  

fid,iso

+ kBTρ
 +1

−1
dx Pθ(x) ln[2Pθ(x)]  

fid,anis

(4.11)

into an isotropic and anisotropic part. Again, λ is the thermal de Broglie wavelength,
the exponent 5 accounts for three translational and two rotational degrees of freedom,
m is the mass of the mesogens, I denotes the moment of inertia (see Sec. 2.2), Pθ(x)
is the orientation distribution function and x ≡ cos θ where θ is the azimuthal angle
between n0 and ez.

Finally, we are in a position to define the free energy difference between the aniso-
tropic and isotropic phase as

∆ f ≡ f − fhs − fid,iso − ∆ fex,iso = fid,anis + ∆ fex,anis (4.12)

=kBTρ
 +1

−1
dx Pθ(x) ln[2Pθ(x)] + ρ2 ∑

l=2
even

a2
l ul

(4.13)

where {al} is a set of order parameters associated with the set of anisotropic contribu-
tions {ul} to the mesogen-mesogen interactions. In Eqn. (4.12), fid,anis represents the
loss of orientational entropy the mesogens suffer upon entering the nematic phase.

As one eventually has realized both the free-energy density in Eqn. (4.13) and the
Landau-de Gennes free-energy density in Eqn. (4.7) describe the energy difference
with respect to the isotropic phase. Thus, the idea is to transform Eqn. (4.13) into
Eqn. (4.7) in order to determine the expansion coefficients A, B, and C.

The orientation distribution function Pθ(x) [see Eqn. (4.13)] is normalized accor-
ding to

 +1

−1
dx Pθ(x) = 1 (4.14)
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and depends only on θ because the uniaxiality of the nematic phase. We expand the
orientation distribution function in terms of Legendre polynomials via

Pθ(x) =
1
2
+

∞

∑
l=2
even

2l + 1
l

al Pl(x) ≡ 1
2
+ P ′

θ(x) (4.15)

such that Pθ(x) = 1/2 in the isotropic phase. Notice that in principle one would per-
form this expansion in terms of spherical harmonics. However, because the nematic
phase is uniaxial, the orientational distribution is specified by the azimuthal angle
solely such that we may expand Pθ(x) in terms of Legendre polynomials.

We substitute Eqn. (4.15) into fid,anis [see Eqn. (4.13)] and expand the integrand in
a Taylor series according to

1
2
+ x


ln (1 + 2x) = x + x2 − 2

3
x3 +

2
3

x4 ∓O(x5) (4.16)

such that +1

−1
dx


1
2
+ Pθ(x)


ln [1 + 2Pθ(x)] =

 +1

−1
dx


P ′

θ(x) + [P ′
θ(x)]2 − 2

3
[P ′

θ(x)]3

+
2
3
[P ′

θ(x)]4 +O(P ′5
θ )


≃2

5
a2

2 −
8

105
a3

2 +
4
35

a4
2 (4.17)

where we truncated the Taylor series after the term of 4th order and we also focused
only on l = 2 in Eqn. (4.15). Because a2 is associated with P2(θ) =

1
2 (3 cos2 θ − 1) and

because θ is the angle between longer axes of the mesogens and n0, a2 is identified
as the nematic order parameter S [see Eqn. (1.1)]. Hence, substituting Eqn. (4.17) into
Eqn. (4.13) results in

∆ f =
2kBρ

5  
3
4 a

T − 5
2

ρTu2  
T∗

 S2 − 8kBTρ

105  
1
4 B

S3 +
4kBTρ

35  
9
16 C

S4 (4.18)

where the expansion coefficients from the Landau-de Gennes free energy may easily
be obtained. The determination of T∗ via u2 within the framework of classical den-
sity functional theory is inaccurate.77 This is because in the present version density
functional theory the pair correlation function is not available and needs to be esti-
mated. For the mean-field approach of the density functional theory one neglects all
correlation. This approach is exact for ideal gases. In order to improve the mean-field
approach one expands the correlation function in terms of density and truncate the
expansion after the leading term.63,77 This so-called modified-mean-field approach
is exact in the limit of vanishing densities. However, for densities considered in this
work this approach is inaccurate because packing effect are neglected.
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However, the determination of T∗ via u2 within the framework of density functi-
onal theory is not necessary. Using Eqn. (4.8) it is possible to compute T∗ if the
exact phase transition temperature TIN is known. As we shall discuss later, finite-
size scaling theory is very convenient and accurate to measure the phase transition
temperature. Hence, we obtain a simple approach for the free energy of our system.

4.4 frank free energy

In previous sections, we considered a liquid crystal where the averaged molecular
orientation is homogeneous in space. Consequently, we neglect the contribution of
the spatial variation of the director given by

fel =
1
2

L1(∂γQαβ)(∂γQβα) +
1
2

L2(∂αQγα)(∂βQγβ) (4.19)

which is termed elastic or distortion free energy. However, under confinement, in
presence of colloidal particle, and/or external fields the local director n(r) may be
deformed locally as illustrated in Fig. 4.2. In fact, a simple setup composed of two
planar parallel substrates with antithetic surface anchoring causes a smooth variation
of the local director n(r). The variation of n(r) occurs to fit the antithetic alignment
directly at the substrates. Because of the rather slow spatial variation of n(r) the
local nematic order parameter remains constant. Hence, the change of the free energy
between an unperturbed and a perturbed system is not captured by Eqn. (4.7) such
that a discussion of the elastic free energy fel is required.

To study fel of a nematic liquid crystal we consider perturbations of the local di-
rector n(r) = n0 + δn on a scale larger than the molecular one. The perturbation
appears perpendicular to n0 such that n0 · δn = 0 whereas |n(r)| = 1 is constant.
Notice thats perturbations along n0 would enhance the nematic order rather than
perturb it. Experimentally, a perpendicular perturbation of a nematic phase can be
realized by confining the liquid crystal between two parallel and planar substrates
with the same surface anchoring. In such a setup the nematic order is slightly enhan-
ced by the anchoring of the substrates which control the molecular orientation. In
the literature one finds the term para-nematic to indicate this enhanced nematic or-
der.6 In fact, the surface anchoring induces a uniform alignment of the liquid crystal
molecules. The uniformly aligned system can be perturbed by applying an external
field, for instance an electric field E, perpendicular to n0. In general, liquid crystal
molecules are sensitive to electric and magnetic fields and align with this field.6,39

Hence, liquid crystal molecules try to fit both, the orientation parallel to E and the
one parallel to the surface anchoring. We consider a rather weak electric field such
that the orientation at the substrates is controlled by the surface anchoring and the
orientation between the substrates is controlled by E. Thus, the molecules vary their
orientation continuously to fit these competing conditions.

The application of an electric field perpendicular to n0 can be realized in three
diverse ways in order to deform n(r) differently. These three basic deformations of a
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Figure 4.2. Schematic presentation of three basic deformations types: (a) splay, (b)
twist, and (c) bend deformation of the nematic director field n(r).
nematic liquid crystal are splay, twist, and bend distortions of the director field (see
Fig.Fig. 4.2). Hence, a linear combination of the spatial variations of two modes δnx

and δny [see Fig. 4.2(d)-(f)] can be used to describe the elastic deformation via

fel =
1
2

K1

∂xnx + ∂yny

2
+

1
2

K2

∂ynx − ∂xny

2
+

1
2

K3

∂znx − ∂zny

2, (4.20)

where we still assume, that n0 is pointing in the z-direction. A coordinate-independent
version is given by

fel =
1
2

K1

∇ · n(r)2

+
1
2

K2
n(r) · ∇ × n(r)2

+
1
2

K3
n(r)×∇× n(r)2 (4.21)

and was originally derived by Frank.97 Here, K1, K2, and K3 are material constants
referring to splay, twist, and bend deformations, respectively. More specifically, be-
cause Ki has the dimension of a force it corresponds to the response force which
arises if the local orientation of the molecules deviates from n0. We emphasize that in
principle the full description of the elastic deformations contains also mixed terms,
i.e., bend-splay and bend-twist as well as terms to describe helical twists of chiral
phases.97 However, for the sake of simplicity we focus on basic deformations only.

Notice also that de Gennes’ tensorial version given in Eqn. (4.19) is equivalent
to the description given by Frank in Eqn. (4.21). For example, one may follow the
very detailed and straightforward transformation given in Appendix A of Ref. 98 to
obtain

fel =
1

27S2 (K3 − K1 + 3K2)(∂γQαβ)(∂γQβα) +
2

9S2 (K1 − K2)(∂αQγα)(∂βQγβ) (4.22)

as a link between Eqn. (4.19) and Eqn. (4.21). Using Eqn. (4.1) leads to Frank’s vec-
tor representation of the free energy. Hence, the Landau-de Gennes expansion in
Eqn. (4.6) is the general theory including Frank’s theory as a special case.
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4.5 determination of frank’s constants

The measurement of the elastic Frank constants may be achieved in computer simula-
tions as pointed out by Allen and Frenkel.99,100 In an unperturbed bulk liquid crystal,
the local director fluctuates because of the thermal energy stored in the system. Be-
cause these fluctuations are rather small it is convenient to analyze them in Fourier
space. For the sake of convenience, we present the derivation of one of these three
constants, namely K1. The free energy [see Eqn. (4.20)] for a pure splay deformation
reduces to

Fsplay =
1
2

K1


dr


∂xnx + ∂yny

2. (4.23)

The Fourier transform (indicated by the tilde) of the components of the local directorn(r) is given by

nα(k) =


dr nα(r) exp(−ik · r) (4.24)

where k is the wave vector and α = x, y, z. Consequently, the inverse transformation
is obtained via

nα(r) =
1

(2π)3


dk nα(k) exp(ik · r) (4.25)

which we substitute in Eqn. (4.23) leading to

Fsplay =
1

2(2π)6 K1


dr dk dk′ − nx(k)k1nx(k′)k′1 + 2nx(k)k1ny(k′)k2

− ny(k)k2ny(k′)k′2


exp

i(k + k′) · r


. (4.26)

This expression for Fsplay can be easily simplified by the application of the well known
relations101,102


dr exp


i(k + k′) · r


= (2π)3δ(k + k′) (4.27)

where δ is the Dirac-δ distribution and
dk′ f (k′)δ(k + k′) = f (−k) (4.28)

such that

Fsplay =
1

2(2π)3 K1


dk

nx(k)nx(−k)k2
1 + 2nx(k)k1ny(k)k2 + ny(k)ny(−k)k2

2

. (4.29)

Furthermore, using nα(−k) = n∗
α(k) and nα(k)n∗

α(k) = |nα(k)|2, and replacing the
integral by a sum over wave vectors we cast the final result as

Fsplay =
1

2V
K1 ∑

k


|nx(k)|k1 + |ny(k)|k2


. (4.30)
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In the same manner, we obtain

Ftwist =
1

2V
K2 ∑

k


|nx(k)|k2 − |ny(k)|k1


(4.31)

and

Fbend =
1

2V
K3 ∑

k


|nx(k)|2 − |ny(k)|2


k3 (4.32)

for the free energy of the twist and bend deformations, respectively. Now we define
a coordinate system 1,2,3 where the global director is pointing in z-direction and the
wave vector is chosen to be in the 1-3 plane, such that k = (k1, 0, k3)T. Furthermore,
we take the unit vector e1 to be parallel to the plane spanned by k and n0. Hence, e2

is perpendicular to that plane. Furthermore, k = k1e1 + k3n0 is used to rewrite and
summarize Eqn. (4.30), Eqn. (4.31), and Eqn. (4.32) to obtain

Fel =
1

2V ∑
k

2

∑
α=1

|nα(k)|2(K3k2
3 + Kαk2

1). (4.33)

It is helpful to remember that nα(k) is the Fourier transform of the components
of n(r) which describes local fluctuations of the director field. The fluctuations of
the director field occur on account of molecular rotation. Because all three rotational
degrees of freedom are decoupled we use the equipartition theorem to compute them
separately as ensemble averages via


|n1(k)|2


=

VkBT
K3k2

3 + K1k2
1

(4.34)


|n2(k)|2


=

VkBT
K3k2

3 + K2k2
1

(4.35)

by analogy with Allen and Frenkel99,100 who used the tensorial version for their
derivation. In order to rewrite expressions presented in Eqn. (4.34) and Eqn. (4.35) by
their tensorial analogs we remember that n0 points in the z-direction and that δn is
perpendicular to n0 such that the local director corresponds to n(r) = (δn1, δn2, 1)T.
Substituting n(r) in Eqn. (4.1) results in Q13(r) = 3

2 Sδn1 and Q23(r) = 3
2 Sδn2 where

the computation of δn1 and δn2 is performed in Fourier space via Eqn. (4.34) and
Eqn. (4.35). Using this proportionality one can immediately rewrite Eqn. (4.34) and
Eqn. (4.35) to obtain


| Q13(k)|2


=

9
4

S2VkBT
K3k2

3 + K1k2
1

, (4.36)
| Q23(k)|2


=

9
4

S2VkBT
K3k2

3 + K2k2
1

, (4.37)

where

Qαβ(k) =


dr Qαβ(r) exp(−ik · r) (4.38)
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is the Fourier transform of the instantaneous local alignment tensor

Qαβ(r) =
1
ρ

N

∑
i=1

1
2
(3ui,αui,β − δαβ)δ(r − ri) (4.39)

which is defined in a similar manner as its global analog in Eqn. (4.3).
To extract Frank’s constants from computer simulation we use the linearity of the

rewritten Eqn. (4.36) and Eqn. (4.37)

E13(k1, k3) ≡
9
4

S2VkBT
| Q13(k)|2

 k1,k3→0
= K3k2

3 + K1k2
1 (4.40)

E23(k1, k3) ≡
9
4

S2VkBT
| Q23(k)|2

 k1,k3→0
= K3k2

3 + K2k2
1 (4.41)

in k2
1 and k2

3 in the limit of low k which is valid because of long wavelength fluctuati-
ons of the local director. Notice that because E13, E23 → 0 as |k1|, |k3| → 0 the values
E13(0, 0) = 0 and E23(0, 0) = 0 should be set manually. Frank’s constants may be
obtained from the slope of a linear fit to Eqn. (4.40) and Eqn. (4.41).

At this point, one eventually wonders why this continuum theoretical approach
works in computer simulations at the molecular level. Elastic properties manifest
themselves in computer simulations through fluctuations of the local director over
a length scale larger than molecular correlation lengths which are typical of the mo-
lecular order. Allen et al.103 demonstrated for different parameters of the Gay-Berne
model potential that E13 and E23 are linear in k2

1 and k2
3 for k2σ2 < 2 which corre-

sponds approximately to 5σ. In fact, it has been reported repeatedly from computer
simulations that the region of linearity is satisfied for length scales of about an order
of magnitude larger than the molecular one.82,99,100,103,104 As we shall demonstrate
below (see Fig. 6.5) this is also valid for the model system used in this work.

4.6 topological defects

So far we have discussed the free-energy change of an unperturbed liquid crystal
across the isotropic-nematic phase transition as well as the free energy change which
arises because of a smooth and continuous variation of the local director n(r) caused
by an external field. However, as already discussed in previous sections (see Sec. 1.2
and Sec. 1.3) the spatial variation of n(r) may be large on a molecular scale and even
discontinuous (see Fig. 4.3). More specifically, discontinuities and singularities of n(r)
termed topological defects may arise, for instance, due to the presence of competing
external fields.

Topological defects are key entities in the physics of liquid crystals. In fact, as
explained in Sec. 1.3 topological defects around a spherical colloid in the nematic
phase drive colloidal self-assembly. More specifically, the colloidal surface may be
treated to anchor the liquid crystal molecules in different ways. Consequently, the
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(a) (b) (c) (d)

Figure 4.3. Director field configurations (black lines) in the vicinity of topological
defects (red dots) of topological charge (a) +1, (b) −1, (c) − 1

2 , and (d) + 1
2 formed

in the nematic phase.6 In (a), blue double arrows visualize the variation of the local
director along of an arbitrary closed path (blue circle) encircling the defect.21

nematic phase is perturbed in different ways and forms different topological defects
(see Fig. 1.5). This gives rise to different and rather complex anisotropic colloidal in-
teractions.10,50,92 Furthermore, topological defects, especially line defects, are used to
attract small particles and transport them.17 They may also be employed for the cre-
ation of complex polymer networks.13 Even in cosmology, liquid-crystalline defects
are used as a model system to study cosmological defects.105

Hence, understanding the physics of topological defects is of crucial importance.
However, conventional experimental setups (i.e., microscopy techniques) do not pro-
vide any deeper insight. Therefore, theoretical approaches such as Frank’s theory on
the deformation of the local director97 or Landau-de Gennes theory90 were develo-
ped to understand topological defects. Later, model potentials (e.g., Gay-Bern poten-
tial) have been used to study defects in molecular simulation.106 Recently, Wang et
al.15,16 studied the self-assembly of lyotropic molecules in the core of a topological
defect and revealed the nature of topological defects experimentally.

On a molecular scale, topological defects are exhibited between two (or more) com-
peting forces trying to align the liquid crystal molecules in a different fashion. These
forces are mediated by electric/magnetic fields, surface forces of confinements or
colloids, as well as by a liquid-crystalline host phase (i.e., elastic forces discussed
in Sec. 4.4). At a point, more precisely, within a region of a certain extent, where
magnitudes of two forces are equal but in competition, the molecular orientation is
undefined and molecules rotate freely.

Using Eqn. (4.3) to investigate the averaged nematic order at a topological defect,
one satisfies himself that the nematic order parameter S decreases in the vicinity of
a defect, before eventually vanishes at the defect core. This reflects the orientational
frustration of the molecules within a defect. Because of a vanishing S no local director
can be found. For this reason topological defects are associated with singularities of
the director field n(r).

However, the notation as a singularity is somewhat misleading in this context. One
immediately realizes from Eqn. (4.2) that for S = 0 the eigenvalues s1 = ξ and
s2 = −ξ are finite and non-zero. More specifically, the biaxialty order parameter ξ

increases as S declines in order to preserve the properties of Q in the nematic phase
(i.e., symmetric, traceless, real, and non-zero). We emphasize that for S = ξ = 0, Q is
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given by a zero matrix and describes an isotropic phases. However, because the liquid
crystal is not “melted” locally at the defect, ξ has to raise such that the biaxial nature
of a topological defect manifests as we shall demonstrate later.6,39,107 Hence, despite
S = 0 the local director is uniquely defined by n(r) = n1(r)× n2(r) where again n1

and n2 are eigenvectors associated with s1 and s2, respectively [see Eqn. (4.4)].
As illustrated in Fig. 4.3 various director fields may include defects that are charac-

terized via their topological charge in the same fashion as defects of vector fields.21

In order to determine the topological charge, we consider an arbitrary and closed
surface Σ encircling the defect. The magnitude and the sign of the charge correspond
to the number of rotations which n(r) undergoes along this surface and the direction
of the rotation, respectively [see Fig. 4.3(a)].21 Hence, following Trebin108 the topolo-
gical charge is given by

q =
1

8π


dΣα ϵαβγn ·


∂βn × ∂γn (4.42)

where ϵαβγ is the Levi-Civita totally asymmetric tensor (α, β, γ = x, y, z). Notice that
because of the head-tail symmetry of the director field, half-integer charges are pos-
sible unlike the case of vector fields where topological charges are given by integers
solely. Moreover, positively and negatively charged defects are topologically equi-
valent and can be transformed into one another via a continuous rotation of n(r).
Again, this is a consequence of the head-tail symmetry.21,109 However, we emphasize
that despite topological equivalence the free energies of positively and negatively
charged defects may vary.

Furthermore, defects may be classified as point, line, or surface defects.39 Point de-
fects are known as hedgehog defects for obvious reasons, see Fig. 4.3(a)-(b) where di-
rector field configurations for the radial (q = +1) and hyperbolic hedgehog (q = −1)
defect are illustrated, respectively. Line defects, also referred to as disclinations, have
usually a half-integer charge [see Fig. 4.3(c)-(d)]. However, for a suitable choice of
confinement (e.g., capillary or droplet, see also Fig. 1.4) a disclination line of inte-
ger charge may also be found. Surface defects are located at surfaces, for example
on colloids or inside of droplets and are known as Boojums110 [see Boojum colloid
in Fig. 1.5(a)]. Because of the excluded volume of the surface, the defects may be
thought as truncated hedgehog defects or disclinations.

The study of topological defects is in principle not possible within the framework
of Frank’s theory of elastic deformations of n(r) [see Eqn. (4.21)] because it does not
provide a correct quantitative description for rapid variations of n(r). However, an
approximation of the core energy may be obtained analytically.

For example, the radial-hedgehog is given by a director field n(r) = (x, y, z)T/r
(r =


x2 + y2 + z2) [see Fig. 4.3(a)]. Evaluating this director field within the frame-
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work of Frank’s theory one immediately realizes that twist and bend contributions
to fel [see Eqn. (4.21)] vanish because

∇× n(r) =


∂ynz − ∂zny

∂znx − ∂xnz

∂xny − ∂ynx

 =


− 1

r3 (yz − zy)

− 1
r3 (zx − xz)

− 1
r3 (xy − yx)

 = 0 (4.43)

where we used ∂αnβ = −(αnβ)/r2. Hence, fel diverges with r−2 at the defect core
because

fel =
1
2

K1


∇ · n(r)2

=
1
2

K1


∂

∂x
x
r
+

∂

∂y
y
r
+

∂

∂z
z
r

2

=
2K1

r2 (4.44)

where ∂αnα = (n2
β + n2

γ)/r (α, β, γ = x, y, z). However, the core energy is constant.
Hence, integrating the free-energy density in a sphere of radius Rcore, which includes
the defect in the origin (r = 0), results in

Fradial =
 2π

0

 π

0

 Rcore

0
drdφdθ r2 sin θ

2K1

r2 = 8πK1Rcore. (4.45)

Following this scheme one may compute the core energies of the other point defects
as well.39,109 Notice that if surface defects are considered the volume integration is
limited to the volume which is occupied by the liquid crystal. In the case of disclina-
tions, the integration in cylindrical coordinates yields an energy per unit length.

Hence, it is possible to describe the deformation outside the defects via Eqn. (4.21)
and separately approximate the energy of the defects in order to obtain a full theo-
retical description of the nematic order. However, this method is rather inconvenient
as an analysis of simulation data because the location of the defect core, its nature
and size are not necessarily known.

For this reason, a different model has been developed to describe topological de-
fects. It is based on the biaxial symmetry of topological defects.107,111 In fact, the
uniaxial treatment of the defect core assumes an isotropic core because of the drop
of the nematic order parameter S. However, considering a model that allows for or-
der of biaxial symmetry one immediately realizes from Eqn. (4.2) that the biaxiality
order parameter ξ has to rise as S drops in order to preserve a non-vanishing and
traceless Qαβ. Hence, the formation of true singularities is prevented. In this appro-
ach the computation of the free energy via Eqn. (4.19) is very convenient because it
requires solely knowledge of the local alignment tensor Qαβ(r) [see Eqn. (4.39)].

In computer simulations Qαβ(r) can be computed as an ensemble average and
therefore utilized to quantify the elastic deformation of the nematic liquid crystal
irrespective of defects. However, as we shall demonstrate later (see Chapter 5) using
the biaxial model for the computation of the free energy involves technical problems.
Hence, regardless of the obvious advantage of the biaxial approach over the uniaxial
one, approximations made above for the uniaxial case are valid and can be used if
the biaxial approach fails for some reason.
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5
C O L L O I D A L S E L F - A S S E M B LY I N A N E M AT I C H O S T P H A S E

We begin the presentation of the results by considering a system composed of a
spherical colloid dispersed in a nematic host fluid. Depending on the anchoring
scenario different defect topologies arise (see Sec. 1.3). In our previous work,59 we
have investigated defects of the local director field caused by a spherical colloid.
More specifically, for planar surface anchoring, we observe the formation of two
Boojum defects located at the surface of the north and south pole of the colloid [see
Fig. 5.1(a)]. However, if the surface anchoring is homeotropic, a Saturn ring defect
appears around the colloid’s equator [see Fig. 5.1(b)]. The results for both anchoring
conditions are in perfect agreement with experimental observations.10 We emphasize
that irrespective of the surface anchoring, the local director field is perturbed in the
vicinity of the colloidal surface. Hence, elastic forces, which would in principle arise
to reorient the mesogens along n0, are balanced by the colloidal surface anchoring
such that the elastic energy is stored in local perturbations of n(r).

If a pair of colloids is sufficiently close together they exhibit effective anisotro-
pic interactions. More specifically, depending on the colloidal configuration (i.e., the
distance between the colloidal centers of mass as well as the angle between the dis-
tance vector and n0) the amount of local perturbation may increase or decrease and
mediate thereby effective repulsive and attractive interactions, respectively.9,10,50,92

Apparently, the colloidal configuration at equilibrium corresponds to the maximum
release of stored elastic energy. It was shown experimentally50 that a pair of Boojum
colloids (i.e., colloids with planar surface anchoring) forms an angle tilted by 30◦

with respect to n0. This was recently confirmed by Eskandari et al.51 by minimizing
the Landau-de Gennes free energy functional FLdG[Q] =


V dV f [Q] [see Eqn. (4.6)]

around a pair of Boojum colloids. However, a consistent way to extract information
from microscopic, molecular scale up to meso- and macroscopic scale is still missing.

In this section, we bridge the gap between the microscopic and macroscopic treat-
ment of the colloidal self-assembly in a nematic host phase. In fact, we perform ex-
tensive MC simulations to compute local director fields as ensemble averages around
a pair of colloids that anchor the mesogens in a planar fashion locally. We take a mi-
croscopic version of the well known Landau-de Gennes free energy to analyze Q(r)
which was derived in Chapter 4. The evaluation of the tensor field configurations
results in a free energy landscape which we use as a coarse-grained potential in a
two-dimensional MC simulation to investigate the colloidal structure of several col-
loids. Finally, we compare the free energy landscape as well as colloidal structures
with experimental10,50 and theoretical51 works.

63
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Figure 5.1. Plots of the local nematic order parameter S(r) (see attached color bar)
and the local director which is indicated by the dashes. Data are obtained for a col-
loidal particle that anchors the mesogens in a planar (a) and homeotropic (c) fashion.
Plots in (b) and (d) are three-dimensional illustrations of defect topologies for col-
loids presented in (a) and (c), respectively. The black sphere represents the colloidal
particle whereas red dots marks regions where the local nematic order is decreased,
i.e., S(r) ≤ SIN. Data are obtained in the same fashion as introduced in Ref. 59.

5.1 technical details

Results presented here are based on MC simulations carried out in a specialized isot-
hermal-isobaric ensemble. As discussed elsewhere,59 the thermodynamic state is then
given by the number of mesogens N, temperature T, substrates separation distance
sz, the ratio sx/sy (sα is the length of the cubic simulation cell in α-direction) and the
tangential pressure P∥ = (Pxx + Pyy)/2 where Pαβ are components of the pressure
tensor

P = ρkBTI + Pmm + Pmc + Pmsez ⊗ ez. (5.1)

The first term on the right-hand side of this expression is the ideal gas contribution,

Pmm =


1
V

N−1

∑
i=1

N

∑
j>i

rij ⊗ Fmm
ij


(5.2)

accounts for mesogen-mesogen interactions,

Pmc =


1
V

N

∑
i=1

Nc

∑
k=1

ri ⊗ Fmc
ik


(5.3)

for mesogen-colloid interactions, and

Pms =


1
V

2

∑
k=1

N

∑
i=1

F[k]
z,i


zi ±

sz

2


(5.4)

for mesogen-substrate interactions acting only in the z-direction because the solid
substrates are assumed to be perfectly smooth on a molecular length scale [see
Eqn. (3.21)].70 Here, Fmm

ij and Fmc
ik are forces acting between mesogens i and j and

mesogen i and a colloidal particle k, respectively, and F[k]
z,i is the force acting between
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mesogen i and substrate k in the z-direction. According to earlier work,112 we com-
pute the forces via Fmm

ij = −∇umm, Fmc
ik = −∇umc, and F[k]

z,i = −∂u[k]
ms/∂zi where

∇ ≡ ∂/∂rij. Note that the isotropy of the pressure tensor is satisfied in the bulk
phase only, as discussed by Diestler et al.113 Furthermore, non-diagonal components
of P vanish because our system is not exposed to any shear strain.

For a given set of thermodynamic variables, we generate the configurational dis-
tribution in a 5N-dimensional space. This space is spanned by 3N Cartesian coordi-
nates describing the position of N centers of mass and 2N Euler angles specifying
the orientation of N mesogens of uniaxial symmetry. The distribution function is
proportional to exp{−βB[U(rN , uN) + P∥Asz − Nβ−1

B ln(A)]}59,113 where A = sxsy is
the area of the substrates. The generation of these distributions is achieved numeri-
cally by applying a conventional Metropolis algorithm62,73 adapted to the specialized
isothermal-isobaric ensemble. The algorithm consists of two steps. Initially, one of
the N mesogens is selected sequentially and then it is decided randomly with equal
probability whether to displace the mesogen or to rotate it around one of the three
Cartesian axis. The axis is picked randomly with equal probability. After all of the N
mesogens are either displaced or rotated the algorithm attempts to change the side
lengths of the box. Note that the side length sz, denoting the substrates separation
distance, is kept constant. The series of N attempts to displace/rotate a mesogen and
one attempt to change the volume of the system represents one MC step.

For the sake of convenience quantities presented below are given in dimensionless
so-called reduced units.62 For example, length is given in units of σ and energy in
units of ϵmm. Other quantities may be expressed as a combination of σ and ϵmm. For
instance, pressure, temperature, and density are given in units of ϵmm/σ3, ϵmm/kB,
and σ−3, respectively.

We follow our previous work59 and adopt a model system which reproduces essen-
tial properties of colloidal inclusions adequately. However, instead of a single colloid,
we include a pair of colloids fixed in the x-y plane at z = 0, i.e., equidistantly between
two substrates located at ±sz/2 where sz = 24 is the distance between them. Inspired
by the experimental setup we introduce the substrates to fix n0 in space. We model
the mesogen-mesogen, mesogen-substrate, and mesogen-colloid via Umm, Ums, and
Umc, respectively (see Chapter 3).

Results presented in this chapter are obtained for a thermodynamic state which
is characterized by N = 2.4 × 104, T = 0.95, and P∥ = 1.80 which corresponds to
ρ = 0.92. At these conditions, the host phase is deep in the nematic state indicated
by a bulk order parameter S ≃ 0.7. The results are based on the following simulation
protocol. Typically, we equilibrate our system for 1.5× 105 MC steps and compute the
ensemble averages during the next 106 MC steps. The computation of local quantities
is realized by dividing the simulation cell into a three-dimensional grid. To guarantee
a statistically significant representation of the local ensemble averages we make sure
that every volume element has at least 103 entries. To save computer time and because
of the fast decay of uLJ

mm [see Eqn. (3.15)] and umc [see Eqn. (3.24)] we introduce cut-off
radii and truncate these potentials at rcut

mm = 3.0 and rcut
mc = r0 + 5.0 = 8.0 (r0 = 3.0),
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Figure 5.2. Plot of the nematic order parameter S as a function of temperature T (�).
Data are shown for N = 1000 mesogens. The IN phase transition occurs at TIN and
is obtained from an analysis of the second-order cumulant (see text). The full line
represents a spline fitted to the discrete data points and intended to guide the eye.
Also shown is SIN = 1

3 at TIN predicted by LdG theory (•) (see text).

respectively. Furthermore, we apply a combination of a linked-cell technique and
a conventional Verlet neighbor-list technique62 to track the nearest neighbors of all
particles. This implies that each of the N mesogens interact only with its nearest
neighbors located in a sphere of the radius rN = 3.5 around the reference mesogen.

5.2 nematic bulk phase

We begin the discussion by presenting of bulk properties of the host fluid which are
obtained in the absence of colloidal particles as well as walls. For chosen thermodyn-
amic conditions the host fluid is deep in the nematic phase as illustrated by the plot
of S as a function of temperature in Fig. 5.2. In principle, the isotropic-nematic phase
transition is weakly discontinuous. However, because of the relatively small system
size the phase transition appears rounded and continuous. Another well-known fi-
nite size effect is illustrated by a non-vanishing value of S in the isotropic phase,
i.e., for T > TIN. This is rationalized by the formation of molecular-size domains
which exhibit a preferred orientation because of the form of the interaction potential
uLJ

mm [see Eqn. (3.15)]. In the isotropic phase these domains are not correlated. Ho-
wever, their number is finite such that the average of S over the domains yields a
non-vanishing value of S. We emphasize, the finite size of the system affects S in the
isotropic phases as well as in the vicinity of the isotropic-nematic phase transition
whereas S is unaffected by the system size deep in the nematic phase as discussed
by Greschek and Schoen81 and later by Giura and Schoen77 for the a model system
used for this work. Because for chosen thermodynamic condition the fluid is deep
in the nematic phase system size effects are not expected for the bulk phase. In the
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Figure 5.3. Plots of second-order cumulants g2 as functions of temperature T for
N = 500 (•), N = 1000 (•), and N = 5000 (•).

vicinity of the colloidal surface we observe the formation of topological defects indi-
cated by a drastic decrease of the local order parameter S(r) upon a non-vanishing
value as for the isotropic phase. However, the size and shape of these defects are de-
termined by the colloidal surface anchoring. Moreover, as we shall demonstrate later
the biaxiality in this regions rises as the nematic order drops which is not the case
in the isotropic phase.81 Hence, we conclude that essential properties of topological
defects are reproduced by our model adequately and should not be confused with
the finite-size effect in the isotropic phase.

Our model system captures another interesting feature. The value of S(T = TIN) ≡
SIN = 1/3 predicted by the Landau-de Gennes theory (see Sec. 4.2) agrees with our
MC data remarkably well where we obtain SIN ≃ 0.36 from finite-size scaling the-
ory (see below). A similar value is also found in the Maier-Saupe theory.18,19 In both
mean-field approaches the estimated value of SIN is universal in that it neither de-
pends on temperature nor density. However, recent calculations (i.e., classical density
functional theory) reveal an explicit temperature dependence of SIN.77

In order to localize the exact phase transition temperature TIN (and therefore SIN)
we introduce finite-size scaling theory where we explicitly use the fact that in compu-
ter simulations one is always confronted with systems of finite size. The key quantity
of finite-size scaling theory are cumulants. Here, we focus on the second-order cu-
mulant defined as

g2 =
⟨S2⟩
⟨S⟩2 (5.5)

where

⟨Sn⟩ =
 1

0
dS′ S′nP(S′) (5.6)
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Figure 5.4. Plots of ∆ f0 as a function of S for T > TIN ( ), T = TIN ( ), TIN > T >

T∗ ( ), and T = T∗ ( ).

is the n-th moment of the order parameter distribution function P(S).77,81 As discus-
sed elsewhere,114,115 g2 is different for different system sizes. However, at the phase
transition g2 turns out to be independent of system size such that cumulants for dif-
ferent system sizes intersect a unique point. As illustrated in Fig. 5.3, g2 is almost
independent of system size deep in the isotropic phase. As one approaches TIN from
above g2 passes (for large systems) through a small maximum and decreases rapidly
with decreasing temperature. Moreover, all of the three curves passes through a com-
mon intersection at TIN ≃ 1.02 (see Fig. 5.3).

Having knowledge of the exact phase transition temperature we estimate T∗ ≃ 0.99
from Eqn. (4.8). Moreover for our model system we obtain T∗/TIN ≃ 0.97‡ which is in
good agreement with experimental systems, e.g., for MBBA T∗/TIN ≃ 0.90.116 Hence,
we conclude that our model provides a realistic description of the nematic host phase.
In fact, taking the expressions a = 8ρ/15, B = 32Tρ/105, and C = 64Tρ/315 [see
(Eqn. (4.18))] together with T∗ ≃ 0.99 and ρ = 0.92 we cast the Landau-de Gennes
free energy density (with respect to the isotropic phase) of the bulk fluid as

∆ f0 =
2
5

ρ (T − T∗) S2 − 8
105

TρS3 +
4
35

TρS4. (5.7)

Plots of ∆ f0 as a function of S illustrate the stability of the isotropic and nematic
phases at various temperatures (see Fig. 5.4). More specifically, at T > TIN, ∆ f0 has
a single minimum at S = 0 indicating the stability of the isotropic phase. At T =

TIN the coexistence of the nematic and isotropic phases is illustrated by the double
minimum at S = 0 and S = 1/3. As long as the temperature is in the range of
TIN > T > T∗ the isotropic state is metastable. Finally, T = T∗ marks the limit of the
stability of the isotropic phase such that only the nematic state is stable for T < T∗.

‡ Notice that in Ref. 84 T∗/TIN ≃ 0.746 and is slightly different from the value given above. This is
simply a mistake in Ref. 84.
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Figure 5.5. (a) Director field n(r (dashes) and local nematic order parameter S(r) (see
attached color bar) projected onto the x-y plane. The gray semicircle marks the upper
hemisphere of a colloidal particle with part of a Boojum defect topology centered on
its north pole. (b) Three-dimensional plot of the variation of n(r) = (x, y,−z)T for
a hyperbolic hedgehog defect topology. (c) Variation of S(r) (left ordinate, �), the
contribution of the Frank free energy fel(r) [right ordinate, �, see Eqn. (4.21)], and
the local biaxiality order parameter ξ(r) (left ordinate, •) as functions of x − r0 and
z = 0 cutting through the defect core. Notice that the data plotted have been averaged
over a strip of width δy = 1.2 centered on y = 0 to get a reasonably smooth variation
of all three quantities shown. The vertical solid line marks the radius Rcore of the
circular defect core. Red marks have been added to all three parts of the figure to
assist the reader in relating them.

5.3 core region

We consider now a single colloid immersed in a nematic host phase. Plots of the
local nematic order parameter S(r) and the local director n(r) [see Fig. 5.5(a)] reveal
the formation of a topological defect which is indicated by a rapid decrease of S(r).
As expected and already discussed for colloids with planar surface anchoring we ob-
serve two Boojum defects at the north and south pole of the colloid. More specifically,
the sharp decline of S(r) defines the shape of the defect visibly.

As already mentioned in Chapter 4 the energetic contribution of the defect core
to the free energy ∆ f is somewhat special and has to be treated separately. In the
core of the defect the structure of n(r) is similar to the hyperbolic hedgehog defect
given by n(r) = (x, y,−z)T [see Fig. 5.5(a) and (b)]. Moreover, outside of the defect
core the variation of S(r) is rather small such that ∇S(r) ≈ 0. Hence, the spatial
variation of n(r) takes place on a larger length scale than the molecular scale. Con-
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sequently, the elastic deformation of n(r) can be described by the Frank free energy
[see Eqn. (4.21)] which vanishes sufficiently far away from the colloidal surface [see
Fig. 5.5(c)]. However, as illustrated in Fig. 5.5(c), S(r) suddenly declines as one appro-
aches the colloidal surface. Additionally, the Frank free energy passes trough a sharp
maximum inside the defect core. The drop of S(r) indicates a large variation of n(r)
on a molecular scale such that the Frank free energy does not provide a quantitative
description of the free energy anymore.

To account for the energetic contribution of the defect core we follow Lubensky et
al.109 who derived analytic expressions for the core energy considering analytic ex-
pressions for the director field, e.g., the hyperbolic hedgehog presented in Fig. 5.5(b).
Because Boojum defects are surface defects we have to take into account the excluded
volume of the colloid. In order to do that we integrate the director field over a he-
misphere of the volume 2

3 πR3
core and obtain the free energy density of the defect core

fcore = K/R2
core where Rcore is the radius of the defect core and K = K1 = K2 = K3. In

this so-called one-constant approximation it is assumed that all three deformations
(i.e., splay, twist, and bend) contribute equally to fel. In fact, as discussed elsewhere82

this approximation is well satisfied for our model liquid crystal, such that K = 1.66.
We determine Rcore by cutting through the center of the defect core [i.e., along the
x-direction for y = z = 0, see Fig. 5.5(c)] and taking Rcore as that distance from the
colloidal surface at which S(r) drops below SIN for the very first time. For Rcore ≃ 1.8
we obtain fcore ≈ 1

2 kBT. This is in good agreement with the free energy values obtai-
ned from density functional theory.117

As we shall demonstrate later, defects of a pair of colloids at sufficient small dis-
tance interact and form thereby more complex defect topologies. We assume a con-
stant free energy density fcore to approximate the defect core contribution to the free
energy. Thus, we neglect the defect topology, particularly, the director field configu-
ration inside the core. The assumption of a constant free-energy density inside the
defect core is justified because fcore is of the same order of magnitude for different
defect topologies.109,117 Hence, the free energy of the defect core is given by

Fcore = fcore


Vcore

dr = fcoreVcore (5.8)

where Vcore = {r|S(r) ≤ SIN} is the volume of the defect core. In practice, we deter-
mine Vcore by dividing our system into a three-dimensional grid such that each cubic
element of side length of 0.2 is used to sample and average local properties [e.g., S(r),n(r), Q(r), etc.] of the system. The volume of the cubes where S(r) ≤ SIN is equal to
Vcore. Furthermore, we compute the total local free-energy density

∆ f (r) = ∆ fbulk(r) + fel(r) + fcore (5.9)

where

∆ fbulk(r) =
2
5

ρ (T − T∗) S2(r)− 8
105

TρS3(r) +
4
35

TρS4(r) (5.10)
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accounts for the decrease of the local nematic order and

fel(r) =
1
2

K1

∇ · n(r)2

+
1
2

K2
n(r) · ∇ × n(r)2

+
1
2

K3
n(r)×∇× n(r)2

=
1
2

K


∇ · n(r)2
+


∇× n(r)2


(5.11)

for the elastic deformation of n(r) in the one constant approximation. We obtain
the free energy ∆F after the integration of ∆ f (r) along x-, y-, and z-direction using
trapezoidal rule.

5.4 the effective interaction potential

Based on considerations presented in Sec. 5.2 and Sec. 5.3 we focus on the descrip-
tion of the effective interactions between a pair of Boojum colloids mediated by the
nematic host phase. At sufficient small distances (r12 = |r12|) between the colloidal
centers of mass, the defects interact with each other. In Fig. 5.6(a)-(c) we illustrate
defect topologies for some representative colloidal configurations. More specifically,
for θ = 0◦ (cos θ = n0 ·r12) we observe a torus between the colloids. As θ increases the
toroidal defect structure undergoes a transition and two isolated points are exhibited
at the surfaces, e.g., for θ = 30◦. Finally, for θ = 90◦ we observe the formation of two
line defects of finite length connecting the colloidal poles.

Plots presented in Fig. 5.6(d)-(f) and Fig. 5.6(g)-(i) are projections of n(r), S(r), and
ξ(r) onto the x-y plane for same colloidal configuration as given in Fig. 5.6(a)-(c).
Using these plots we notice that n(r) = n0 at sufficient large distances form the
colloidal surface. However, in the vicinity of the colloidal surface n(r) deviates fromn0. Moreover, as expected from previous theoretical considerations we observe an
increase of the local biaxiality order parameter ξ(r) [see Eqn. (4.1)] as the nematic
order parameter declines. Using the highest value of ξ(r) we can locate the center
of the defect. A careful analysis of ξ(r) reveals that all of the defects presented in
Fig. 5.6 are surface defects. However, at sufficient small separations cores of these
defects which are defined by S(r) ≤ SIN may overlap and form complex structures
presented in Fig. 5.6(a)-(c).

The presence of biaxiality provides an alternative route for computing fel namely
by means of Q(r). As introduced in Chapter 4 one would differentiate Q(r) via
Eqn. (4.19) in order to determine fel. Because the core of the defect is biaxial and not
isotropic the tensor field Q(r) is free of singularities. Hence, fel would also provide
a correct description inside the defect core. Thus, the treatment of the defect core
separately becomes redundant. Unfortunately, in practice we found, that our data are
too noisy (especially inside the defect core) to follow this route. Moreover, because
of the large spatial variation of n(r) inside the defect core we would need a much
finer discretization of our system. However, this would increase the number of MC
cycles which are needed to sample statistically significant averages of local quantities.
A further substantial increase of the number of MC cycles is therefore impossible
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Figure 5.6. (a)-(c) show plots of the three-dimensional defect topologies of a pair of
colloids (gray spheres) immersed in a nematic host fluid for various angles θ between
the center-of-mass distance vector r12 and the far-field nematic director n0 given in
the plots. Defect regions are colored in red subject to the condition S(r) ≤ 1

3 . Plots (d)-
(f) show the corresponding local director field (dashes) and the local nematic order
parameter (see attached color bar) projected onto the x-y plane where gray circles are
similar two-dimensional projections of the colloids. Plots of the local biaxiality order
parameter are shown in (g)-(i). In all cases n0 · ex = 1.

presently for practical reasons. Hence, the ansatz presented in Sec. 5.3 is the best
possible approximation we can use. We emphasize that data presented in Fig. 5.5(c)
appear to be rather smooth because we averaged them over a certain region.

As illustrated by the plots in Fig. 5.6, S(r), n(r), and Vcore vary with θ. Therefore,
it seems intuitive to introduce the free energy difference as

∆F =


dr ∆ fbulk(r) + fel(r) + fcore (5.12)
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Figure 5.7. The effective free energy ∆Feff in units of the change in free energy associ-
ated with an isolated Boojum colloid ∆FB. Vertical dashed lines mark minima in the
curves plotted; the limiting value θ ≈ 49◦ is also indicated (see text); r12 = 7.2 (•),
r12 = 8.0 (�).

where it turns out that all three contributions are of the same order of magnitude.
Instead of analyzing the free energy difference with respect to the unperturbed ne-
matic phase we turn in the discussion of the effective free energy difference

∆Feff = ∆F − 2∆FB (5.13)

between a pair of Boojum colloids at sufficient small distance and two isolated
Boojum colloids. Here, ∆FB is the free energy associated with the perturbation of
the nematic phase due to the presence of an isolated Boojum colloid.

Plots of ∆Feff as functions of θ reveals some interesting aspects (see Fig. 5.7). First,
∆Feff is either positive or negative with respect to θ indicating storage and release of
free energy, respectively. The change in free energy with respect to two isolated col-
loids drives the colloidal self-assembly. Hence, any increase and decrease of ∆Feff can
be understood as repulsive and attractive interactions mediated by perturbations of
the nematic host phase. Second, the minimum of ∆Feff shifts to larger θmin as the dis-
tance r12 is increased which agrees perfectly with experimental50 and theoretical51,118

observations. Moreover, as discussed elsewhere118 θmin increases monotonically up
to a limit. One finds this limit by considering a pair of isolated Boojum colloids. The
spatial variation of n(r) is similar to that of an electric field between two interacting
quadrupoles. The angle dependence of the associated electrostatic energy is then
given by

U ∝ 9 − 90 cos2 θ + 105 cos4 θ (5.14)

where θmin = 49◦ follows without further ado. For the smallest distance, θmin ≃ 30◦

in perfect agreement with experiment and theory.10,50,51
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Figure 5.8. Contour plot of ∆Feff/∆FB (see attached color bar) as a function of rT
12 =

(x12, y12, 0)T. Curves plotted in Fig. 5.7 correspond to r12 = 7.2 ( ) and to r12 = 8.0
( ), respectively.

Moreover, from Fig. 5.7 we also notice a distance dependence of ∆Feff. In fact, for
the larger separation ∆Feff is shifted upwards and indicates the presence of a larger re-
pulsive regions. We investigate the distance dependence of ∆Feff further and present
a detailed illustration of the free-energy landscape where ∆Feff is plotted as a function
of the polar vector r12 (see Fig. 5.8). Here, we find the global minimum of ∆Feff at
r12 = 7.2 and θ ≃ 30◦, again in perfect agreement with theory and experiment.10,50,51

Data shown in Fig. 5.8 correspond to an effective coarse-grained potential where the
interactions of the colloids and the nematic host phase are implicit. Hence, we are
now in the position to perform simulations with several colloidal particles to check
the validity of our assumptions.

For reasons of convenience we mimic the pseudo-two-dimensional experimental
setup and perform two-dimensional coarse-grained MC simulations where the in-
teractions between colloids and host phase are implied in ∆Feff. We generate repre-
sentative set of colloidal configurations in the canonical ensemble by employing a
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Figure 5.9. “Snapshots” from canonical-ensemble MC simulations of colloidal disks
immersed in a nematic host phase taken into account implicitly via the effective
interaction potential ∆Feff shown in Fig. 5.8. (a) φ = 0.065, (b) φ = 0.234 (sx = sy = 50
and n0 · ex = 1). The direction of the far-field director n0 is indicated in the figure.
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conventional Metropolis algorithm73 such that the probability density is proportio-
nal to exp(−∆Feff/∆FB). The pairwise interactions are treated as follows. We store
∆Feff on a two-dimensional grid with a spacing of 0.2 and interpolate ∆Feff in a bi-
linear fashion between the four nearest nodes if the distance vector between two
colloidal centers of mass does not point directly on one of this nodes.

In Fig. 5.9, we illustrate characteristic “snapshots” of colloidal structures at thermo-
dynamic equilibrium. We display those for different packing fractions φ = Ncπr2

0/sxsy

where sα is the dimension of the simulation cell in α-direction (α = x, y). For small
packing fractions the colloids form straight chains which are tilted with respect to n0

[see Fig. 5.9(a)]. The angle which is enclosed between the chain and n0 is approxima-
tely 30◦. For large packing fractions we observe the formation of a more extended
colloidal network [see Fig. 5.9(b)]. Both illustrations in Fig. 5.9 reveal a remarkable
resemblance of colloidal structures with experimental systems shown in 1(b) and (c)
of the work by Smalyukh et al.50





6
T H E I M PA C T O F C O L L O I D A L A N C H O R I N G O N T H E S M E C T I C
A P H A S E

In the previous chapter, we showed that spherical colloids exhibit anisotropic inte-
ractions if they are dispersed in an ordered phase, such as the nematic phase. The
origin of these effective interactions is found in local perturbations of the nematic or-
der parameter and director field. We quantify these perturbations in order to extract
an effective potential. Moreover, by using this effective potential in coarse-grained
simulations we reproduce typical colloidal structures observed in experiments thus
validating our treatment.

Hence, the mismatch of the orientational symmetry of the nematic phase and the
colloidal anchoring conditions gives rise to perturbations of the director field that
drive the colloidal self-assembly. Replacing the nematic host phase by a phase exhi-
biting an orientational symmetry different from the nematic one gives rise for other
perturbations and defects which consequently affects the colloidal self-assembly. For
example, colloids dispersed in a cholesteric phase (i.e., the chiral counterpart of the
nematic phase) exhibit ring and line disclinations encircling the colloid in a twisted
fashion.52–54,119 As reported by Jampani et al.55 these colloids exhibit very complex
quadrupole-like interactions where the assumption of pairwise additivity is not sa-
tisfied anymore.

In all of these phases (i.e., nematic, cholesteric, and blue phases) positional order is
short-ranged like in an isotropic fluid. However, recent experimental works56–58 con-
sider liquid crystalline phases with the one-dimensional positional order in addition
to the orientational order, i.e., the smectic A phase. More specifically, it is shown that
colloidal self-assemblies undergo a discontinuous and reversible transition as the ne-
matic host fluid passes the nematic-smectic A phase transition. In order to study
this phenomenon we derive a novel potential uY

mm [see Eqn. (3.19)] which exhibits
realistic phase behavior, elasticity and dynamics as we shall demonstrate later. Inte-
ractions between the mesogens and a colloid of radius r0 = 6 as well as mesogens
and substrates separated by sz = 38 are modeled in the same fashion as described in
Chapter 5, namely via umc [see Eqn. (3.13)] and ums [see Eqn. (3.21)], respectively. We
investigate the impact of colloidal surface anchoring on the perturbations of the li-
quid crystalline phases across the nematic-smectic A phase transition. Therefore, we
follow considerations introduced in Chapter 5 and Ref. 59 and compute ensemble
averages in the isothermal-isobaric ensemble for fixed 4 × 104 ≤ N ≤ 7 × 104 and
P∥ = 1.0 while studying the temperature dependence in the range of 0.7 ≤ T ≤ 0.9.

77
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Figure 6.1. Plots of S (�) and Λ (•) as functions of temperature T for N = 5000.
(•) marks SIN = 1

3 at the isotropic-nematic phase transition (see text). Lines are fits
intended to guide the eye.

6.1 bulk properties

As in the previous chapter, we begin the presentation of our results with a discus-
sion of bulk properties of the host fluid. We characterize the phases via the nematic
S and the smectic A order parameter Λ [see Eqn. (1.2)]. The temperature dependence
of S and Λ across the isotropic-nematic and nematic-smectic A phase transition is
illustrated in Fig. 6.1. At high temperature both S and Λ are small indicating a ther-
modynamically stable isotropic phase. Because of the finite size of the system neither
S nor Λ vanish completely in the isotropic phase. Finite-size effects of this sort have
been discussed in depth in the previous chapter (see Sec. 5.2) as far S is considered.
Similar finite size effects observed for Λ are rationalized as following. Λ is a measure
of density oscillation with a wave length d (i.e., layer separation). Hence, Λ increases
if the location of the centers of mass of the mesogens are arranged periodically alongn0. However, also in phases without any positional long-range order (e.g., isotropic
and nematic) configurations consisting of a few particles can be found where the
centers of mass of the particles are separated by a particular but nonuniform d. In
a system of infinite extent all possible values for d are realized equally such that all
spurious effects of periodicity averages out. In a system of finite extent this gives rise
for a small but non vanishing value of Λ.

As the temperature is decreased, we observe the isotropic-nematic phase transi-
tion indicated by a sudden increase of the nematic order parameter whereas the
smectic A order parameter remains unchanged and relatively small. The nematic-
smectic A phase transition occurs as the temperature is lowered further. The for-
mation of smectic layers is illustrated by an increase of Λ (see Fig. 6.1). Again, we
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Figure 6.2. Plots of g(1)2 − 1 as a function of temperature T and for various system
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at the intersection of the curves marks the temperature TIN ≃ 0.87 at the isotropic-
nematic phase transition. Inset is an enlargement in the vicinity of TIN and lines are
fits intended to guide the eye.

determine TIN via finite-size scaling theory. Therefore, we follow the considerations
introduced in Sec. 5.2 and compute the second order cumulant

g(1)2 =
⟨s2

1⟩
⟨s1⟩2 (6.1)

where s1 = − 1
2 S + ξ is the middle eigenvalue of Q [see Eqn. (4.4)]. Notice, the usage

of the middle eigenvalue of Q as opposed to the largest one as discussed in Sec. 5.2 is
also suitable to locate TIN as demonstrated by Greschek and Schoen.81 These authors
also confirmed scaling laws

⟨Sn⟩ ∝ N−n/2, n > 0 (6.2)

⟨s1⟩ ∝ N−1 (6.3)

⟨sn
1⟩ ∝ N−n/2, n ≥ 2 (6.4)

in the isotropic phase. Hence, g2 = ⟨S2⟩/⟨S⟩2 [see Eqn. (5.5)] is independent of
system size and g(0)2 ∝ N deep in the isotropic phase. Both expectations are confirmed
by Fig. 5.4 and Fig. 6.1.

In addition to the different scaling behavior, g2 exhibits a maximum in the isotropic
close to TIN. This behavior of g2 makes the determination of TIN difficult (see Fig. 5.3).
On the other hand, g(1)2 does not exhibit any local extrema as illustrated in Fig. 6.1.
Hence, practically it turned out to be more accurate to determine TIN via g(1)2 rather
than g2. Plots of g(1)2 − 1 as a function of temperature for different system sizes reveal
a common intersection of the curves at TIN ≃ 0.87 (see Fig. 6.2). Moreover, SIN ≃ 0.35
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in our system and therefore it is in perfect agreement with the predicted value of
SIN = 1

3 by the Landau-de Gennes theory (see Sec. 4.2).
Finite-size effects concerning the isotropic-nematic phase transition are found for

500 ≤ N ≤ 5000. As illustrated in Fig. 6.1, for a system composed of 5000 mesogens
the system is large enough such that the isotropic-nematic phase transition appears
almost discontinuous indicating the disappearance of finite-size effects. Unfortuna-
tely, a similar analysis cannot be performed for the nematic-smectic A phase transi-
tion. Because the smectic A order parameter Λ quantifies the periodicity of smectic
layers one needs to analyze its dependence on the number of this layers that are com-
posed of a host of mesogens. Hence, to study finite-size effects of Λ a much larger
range of N has to be considered than for the isotropic-nematic phase transition. Ho-
wever, the consideration of such huge systems increase the CPU time and is simply
not practical presently. Therefore we locate the nematic-smectic A phase transition
by determining the point of inflection of Λ(T). From this approach of Λ (see Fig. 6.1)
we obtain TNSmA ≃ 0.78.

After characterizing structural properties of our model we turn into a discussion
of its dynamics. Therefore, we investigate self-diffusion along and perpendicular to
the longer axes of the mesogens. We define r∥i ≡ (ri · ui)ui and r⊥i ≡ ri − r∥i and
introduce the mean-square displacement

∆r2
∥,⊥(t) =

1
N

N

∑
i=1


r∥,⊥

i (t + t0)− r∥,⊥
i (t0)

2


t0

(6.5)

where ⟨· · · ⟩t0 indicates an average over a set of different initial times {t0} due to sta-
tionary of the self-diffusion process.120 Hence, we introduce the anisotropic diffusion
coefficients

D∥ = lim
t→∞

∆r2
∥(t)

2t
(6.6)

and

D⊥ = lim
t→∞

∆r2
⊥(t)
4t

(6.7)

as a quantitative measure for the self-diffusion parallel and perpendicular to the me-
sogens’ axes, respectively, at thermodynamic equilibrium. Data for ∆r2

∥,⊥(t) and D∥,⊥
presented here are obtained from molecular dynamic simulation in the isothermal-
isobaric ensemble as described elsewhere.104

Irrespective of the nature of the phase, ∆r2
⊥ exhibit two different regimes [see

Fig. 6.3(a)]. At short time scales all three phases exhibit ballistic motion, such that
∆r2

⊥ ∝ t2. Ballistic motion arises as long as molecular interactions do not matter such
that the motion of the mesogens is dominated by the free volume. Consequently, ∆r2

⊥
can be represented by a master curve for all three phases and for t < 0.1. The time in-
terval of the ballistic motion depends on the density and kinetic energy. Hence, in the
range 0.1 ≤ t ≤ 1.0 molecular interactions become important and the motion of the
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Figure 6.3. (a) Double-logarithmic plots of the mean square displacements ∆r2
∥(t) as

functions of time t. (b) as (a), but for ∆r2
⊥(t). In both parts of the figure (�) T = 0.90

(isotropic), (•) T = 0.84 (nematic), (N) T = 0.70 (smectic A) (see also Fig. 6.1). ( )
and ( ) indicate slopes proportional to t and tµ (µ = 0.45), respectively. Data are
obtained from molecular dynamics simulations in an isobaric-isothermal ensemble
(see Ref. 104 for more details).

mesogens changes from ballistic to diffusive such that ∆r2
⊥ ∝ t for t → ∞. We identify

ballistic and diffusive regimes of ∆r2
∥ for short and long time scales, respectively [see

Fig. 6.3(b)]. Moreover, curves of ∆r2
∥ and ∆r2

⊥ are similar for the isotropic and nematic
phase. However, in the smectic A phase the ballistic motion changes to subdiffusive
motion where ∆r2

∥ ∝ tµ (µ < 1) before becoming diffusive at long time scales. The
subdiffusive regime at intermediate times reflects the one-dimensional positional or-
dering. In fact, diffusion along the global director, i.e., the diffusion from one layer to
another is inhibited because of close and regular packing of layers. However, because
the structure within the layer remains fluidic, diffusive behavior sets in but for longer
times compared with the nematic or isotropic phase.

Because all mean-square displacements exhibit diffusive behavior at sufficiently
long times (see Fig. 6.3), we compute D∥ and D⊥ via Eqn. (6.6) and Eqn. (6.7), re-
spectively. Plots presented in Fig. 6.4(a) illustrate that D∥,⊥ decrease monotonically
as the temperature is lowered. In the isotropic phase D∥ ≈ D⊥ which makes sense
because no spatial direction is distinguished. However, as one enters the nematic
phase one sees from Fig. 6.4(b) that diffusional isotropy is abrogated. More specifi-
cally, diffusion along the mesogens’ axes is larger than perpendicular to it such that
D∥ > D⊥ as also found in experiments.121 As one approaches the nematic-smectic A
phase transition D∥ ≈ D⊥ [see Fig. 6.4(b)] because the diffusion along the meso-
gens’ axes is inhibited. This effect is more pronounced deep in the smectic A phase
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Figure 6.4. (a) Semi-logarithmic plots of diffusion coefficients D∥ (�) and D⊥ (•)
as functions of temperature T. (b) Plots of the ratio D∥/D⊥ (H) as a function of T.
Vertical lines ( ) and ( ) mark the isotropic-nematic and nematic-smectic A phase
transitions, respectively (see Fig. 6.1).

at lower temperature, such that D∥ < D⊥ which is again in good agreement with
experimental observation.121

In summary, as the temperature is lowered the density increases and the diffusion
becomes small. At low temperature, smectic layers are robust such that the diffusion
between the layers almost vanishes. However, diffusion perpendicular to the longer
axes of the mesogens remains relatively large reflecting the fluidic structure within
the layers. We emphasize that Fig. 6.1 and Fig. 6.4 are fully consistent with each
other and reflect the complete picture of the phase behavior. In comparison with
the corresponding isotropic-nematic phase transition, the nematic-smectic A phase
transition appears rounded (see Fig. 6.1) indicating the formation of smectic layers
the vicinity of the phase transition. However, these layers are neither planar in shape
nor are they regularly stacked. Because of the finite size of the system the formation
of these irregular layers does not average out and results in a non-vanishing value
of Λ as already discussed before. In the thermodynamic limit, this effect vanishes.
Therefore, the transition from D∥ > D⊥ to D∥ < D⊥ appears right before the nematic-
smectic A phase transition whereas in experiments this transition occurs right after
that transition.

Before closing the presentation of bulk properties, we finally investigate elastic
properties of our model. We follow earlier considerations given in Sec. 4.5 where we
introduce a method to compute the Frank elastic constants directly in molecular si-
mulations. Data of E12 and E23 computed via Eqn. (4.40) and Eqn. (4.41), respectively,
exhibit the expected linear behavior in terms of k2

1 and k2
2 for sufficient small wave

numbers (see Sec. 4.5). However, as the temperature decreases towards the nematic-



6.1 bulk properties 83

0

1

2

3

4

E
1

3
(k

1
)

(a)

0

1

2

3

4

E
2

3
(k

1
)

(b)

0

1

2

3

4

0.00 0.25 0.50 0.75 1.00 1.25 1.50

E
1

3
(k

3
)

k
2

(c)

Figure 6.5. Plots of (a) E13 (k1), (b) E23 (k1), and (c) E13 (k3) as functions of the wave-
numbers k2

1 or k2
3 and for temperatures T = 0.86 (�), T = 0.84 (•), T = 0.82 (N), and

T = 0.80 (H), all of which are above the nematic-smectic A phase transition. Lines
represent linear fits to the discrete simulation data.

smectic A phase transition the data presented in Fig. 6.5 become scattered. This is
because fluctuations of the Fourier components Qαβ ∝ nα,β decrease as the tempera-
ture is lowered.

From the slopes which we obtain from linear fits to the data presented in Fig. 6.5
we determine the elastic constants K1, K2, and K3 and plot them as a function of tem-
perature in Fig. 6.6(a). The so-called one-constant approximation, frequently used
in theory and numerical calculations, is well satisfied for T ≥ 0.82. Below this
temperature, the elasticity becomes anisotropic reflected by different values of all
three constants. More specifically, the elastic constant K1 associated with the splay
deformation increases monotonically and remains finite all the way down to the
nematic-smectic A transition. On the other hand, K2 and K3 associated with twist
and bend deformation, respectively, diverge as the temperature is decreased towards
the nematic-smectic A phase transition. Furthermore, we observe a positive elastic
anisotropy, i.e., ∆K = K3 − K1 > 0 which increases with decreasing temperature. In
fact, this is in good qualitative agreement with a real liquid crystal, e.g., 4’-n-octyloxy-
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Figure 6.6. (a) Plots of the Frank elastic constants K1 (�), K2 (•), and K3 (N) as
functions of temperature T. (b) Same as in (a), here ( ) and ( ) are fits of K(T) =
a(T − TNSmA)

ν to the twist and bend elastic constants, respectively (see text).

4-cyanobiphenyl (8CB). For 8CB the elastic anisotropy (K3/K1 = 8)20 is higher than
in our model (K3/K1 = 2) at the nematic-smectic A phase transition. This can be
rationalized by different aspect ratios of the mesogens in the experimental and in the
model system. Compared with the model (aspect ratio of 2.2) the 8CB molecule is
more elongated and has an aspect ratio of approximately 4.6.122 Hence, bend defor-
mation of the 8CB liquid crystal is energetically more expensive than in our model
which is reflected by the higher K3 and thus by a higher elastic anisotropy.

Moreover, the temperature dependence of the twist and bend elastic constants
follows an exponential law, i.e., K2, K3 ∝ (T − TNSmA)

−ν as predicted by de Gennes123

theoretically and confirmed in three independent experiments.124–126 The exponent
ν describing the critical behavior of the elastic constants is 1

2 at mean-field level
whereas 0.66 is observed for experimental systems. Fitting the power law to our data
[see figure Fig. 6.6(b)], we obtain ν = 0.55 which is in between the mean-field value
and that found experimentally. The anomaly of K2 and K3 in the nematic phase is
rationalized by the formation of cybotactic clusters. Cybotactic clusters reported by
de Vries127 are smectic droplets arising in the vicinity of the nematic-smectic A phase
transition because of fluctuations in local density.123 The qualitative dependence of
the Frank elastic constants on temperature as well as their critical behavior lends
additional credibility to our model system.
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Figure 6.7. Plots of (a)-(c) local nematic order parameter S(r) and (d)-(f) local density
in the x-z plane, respectively (see attached color bars). The local director field is
represented by dashes and the colloid by the gray circle. As indicated by the arrow
above, the data in each column are obtained for the nematic phase at T = 0.86, in the
nematic phase right before the nematic-smectic A phase transition at T = 0.80, and
in the smectic A phase at T = 0.74, respectively.

6.2 colloid with homeotropic anchoring

We now consider a system composed of a spherical colloid that is dispersed in a
liquid-crystalline phase. Furthermore, we begin by focusing on a colloid with locally
homeotropic surface anchoring. In comparison with previous works59,106,128 and in
perfect agreement with experiments,10,58 we observe the formation of two regions
where the nematic order is perturbed in the vicinity of the colloid’s equator in the
x-z plane [see Fig. 6.7(a)]. The formation of these defects can be rationalized as fol-
lows. At the colloidal surface the mesogens align homeotropically which is, however,
not compatible with the global director n0 everywhere. As one moves away from the
surface the impact of the colloidal surface anchoring decreases such that at a certain
distance the influence of surface anchoring and that of n0 are equal. If both quanti-
ties compete with each other a topological defect arises because of the orientational
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Figure 6.8. Enlargements of Fig. 6.7(c) and (f).

frustration of the mesogens. For a colloid with homeotropic surface anchoring the
maximum mismatch between the mesogens’ orientation at the colloidal surface andn0 is at the colloid’s equator. Because of rotational symmetry, this orientational frus-
tration arises around the colloid and therefore gives rise to a ring defect encircling
the colloid which is consequently termed “Saturn ring”.10

As the temperature is lowered nematic order increases. Hence, the perturbation ofn(r) through the competing surface anchoring is energetically limited. This results
in a contraction of the defect [see Fig. 6.7(b)]. In fact, not only the size of the ring
defect but also its thickness decreases as the temperature is lowered which is in
good agreement with experimental observations.58 Furthermore, it has been shown
in the experiments that a wider ring defect is transformed into a smaller one in
the vicinity of the nematic-smectic A phase transition and finally disappears deep
in the smectic A phase.58 In our model, however, such a transformation is missing
because of a stable monolayer of the mesogens at the colloidal surface. As discussed
by Andrienko et al.106 (in the same context) strong surface anchoring in addition
to the mesogen-mesogen interactions in the favored side-side configuration stabilize
the monolayer. This is illustrated by oscillations of the local density in the vicinity of
the colloidal surface which is typical for a liquid-substrate interface [see Fig. 6.7(d)
and (e)]. Furthermore, as expected the density is nearly homogeneous in the nematic
phase sufficiently far from the colloidal surface [see Fig. 6.7(d) and (e)].

In the smectic A phase the ring defect does not vanish as predicted by experi-
ments.58 Instead, we observe a triangular shape of the defect [see Fig. 6.7(c) and
Fig. 6.8(a)] corresponding to a low-density region [see Fig. 6.7(f) and Fig. 6.8(b)]
around the colloid’s equator. In these regions orientation of the mesogens is domina-
ted neither by the strong surface anchoring nor by the orientation inside a smectic
layer. Moreover, because of the relatively low density, the mesogens rotate more or
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Figure 6.9. Semi-logarithmic plots of the relative anchoring strength Wr0/K as a
function of temperature (in the range TNSmA ≃ 0.78 ≤ T ≤ TIN ≃ 0.87) for colloidal
particles that anchor the mesogens in a planar (a) or homeotropic (b) fashion. Data
in (a) are obtained for ηmc = 2.5 (�), ηmc = 0.5 (•), and ηmc = 0.05 (N) and in (b) for
ηmc = 5.0 (�), ηmc = 1.0 (•), and ηmc = 0.1 (N).

less freely which causes the formation of a topological defect. This is only possible if
surface anchoring is strong enough to compete with n0 and the bending of the layer.

We quantify this competition via the relative anchoring strength Wr0/K where
W = −⟨Umc⟩/4πr2

0 the average mesogen-colloid potential energy per surface area of
the colloid and K = (K1 + K2 + K3)/3 is a measure of the capability of the director
field to be deformed. Strong and weak anchoring is characterized by the inequalities
Wr0/K ≫ 1 and Wr0/K ≪ 1, respectively. This implies that three possible parame-
ters exists that permit to tune the anchoring strength, namely W, r0, and K. Because
K is a model-specific material constant, its variation is not possible unless one wants
to change the model potential. For example, one change K by using either the conven-
tional Gay-Berne potential129 for ellipsoids of revolutions or the Kihara potential for
spherocylinders130. Furthermore, the elastic anisotropy may be controlled via the as-
pect ratio of the mesogens because the bend elastic constant increases for increasing
aspect ratios. The second useful parameter to manipulate the strength of surface an-
choring is the colloidal radius r0. However, we emphasize that computer simulations
with larger colloids automatically impose a larger number of mesogens which are
needed to guarantee that the host phase is unaffected by the colloid at the periodic
boundaries of the simulation cell. To perform the simulations in a reasonable time
we fix r0 = 6 such that N ≤ 7 × 104. Finally, as discussed elsewhere,128 the variation
of the inverse Debye screening length ηmc is a suitable tool to tune the anchoring
strength [see Eqn. (3.24)].
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Figure 6.10. As Fig. 6.7 but for ηmc = 5.0.

As shown in Fig. 6.9(a) the anchoring strength decays monotonically as the tem-
perature is lowered. At the nematic-smectic A phase transition (i.e., T = 0.78) the
anchoring strength is neither strong nor weak [see Fig. 6.9(a)]. However, it is strong
enough so that the surface of the colloid is able to impose its desired orientation and
the smectic layers can form as clearly illustrated by the plot of ρ(r) in Fig. 6.8(b). If
one slightly reduces the anchoring strength (i.e., by setting ηmc = 5.0 and thereby
reduces the range of umc [see Eqn. (3.24)], surface anchoring is still strong in the
nematic phase. Thus, topological defects arising in the vicinity of the colloid in the
nematic phase [see Fig. 6.10(a)-(b)] and also the local density profiles [see Fig. 6.10(d)-
(e)] are similar to those obtained for a colloid with stronger surface anchoring (see
Fig. 6.7). However, in the case of weaker surface anchoring the colloid cannot bend
the smectic layers around its equator [see Fig. 6.10(f)] and therefore no low-density
region occurs. Consequently, the smectic layers remain almost equidistant in the vi-
cinity of the colloid as assumed by Zuhail et al.58 For this reason the orientational
frustration of the mesogens vanishes and no topological defect forms. Indeed, as il-
lustrated by the plot of the local nematic order parameter [see Fig. 6.10(c)], local order
is nearly homogeneous (apart from its wavy structure due to the layers) and almost
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Figure 6.11. As Fig. 6.7 but for ηmc = 0.05.

unperturbed at the equator of the colloid. This is in perfect qualitative agreement
with experiments.58

Finally, we turn to a discussion of very strong surface anchoring. In order to realize
that, we increase the range of umc by setting ηmc = 0.05. This has a crucial impact on
the size of the ring defect. As discussed elsewhere128 the length of the ring defect is
proportional to η−1

mc such that a much larger ring defect is stabilized by very strong
surface anchoring (i.e., as ηmc decreases) even in the vicinity of the nematic-smectic A
phase transition [see Fig. 6.11(a)-(b)]. On the other hand, ρ(r) remains almost unaf-
fected by the increased anchoring strength as illustrated in Fig. 6.11(d)-(e). However,
in the smectic A phase the increase of the anchoring strength has a crucial impact on
the local nematic order parameter as well as on the local density. As clearly depicted
by the plot of S(r) in Fig. 6.11(c), a non-vanishing defect remains in the smectic A
phase which indicates a non-uniform layer spacing as discussed earlier in this section.
However, now the defect is located at a much larger distance compared with, for in-
stance, the situation depicted in Fig. 6.7(c). This is rationalized in terms of multiple
layers formed around the colloid and stabilized by the surface anchoring over a large
distance [see Fig. 6.11(f)]. This structure of concentric layers is known as onion struc-
ture in lyotropic liquid crystals and occurs if the lyotropic lamellar phase (an analog



90 the impact of colloidal anchoring on the smectic a phase

T 0.86 0.80 0.74

-10

-5

0

5

10

x
(a) (b)

0.0

0.2

0.4

0.6

0.8
(c)

-10 -5 0 5 10
z

-10

-5

0

5

10

x

(d)

-10 -5 0 5 10
z

(e)

-10 -5 0 5 10
z

0.0

0.5

1.0

1.5

2.0(f)

Figure 6.12. As Fig. 6.7 but for a colloid that anchors the mesogens in a planar
fashion.

of a smectic phase) is exposed to a shear flow above a critical shear rate.131,132 Onion
structures formed by thermotropic liquid crystals (e.g., 8CB) have been observed in
micro-channels.133 However, to the best of our knowledge the onion structure has
never been reported for colloidal inclusions or observed in computer simulations
before.

6.3 colloid with planar anchoring

We now consider a colloid that anchors the mesogens in a locally planar fashion.
Again, in perfect agreement with earlier works59,84 and experiments,10,57 we observe
the formation of two Boojum defects in the nematic phase. This is indicated by a
substantial decrease of S(r) at the north (ri · ex = 1) and south pole (ri · ex = −1)
of the colloid [see Fig. 6.12(a)]. The formation of these defects is explained by the
competition between planar surface anchoring and the global director n0.59

As the temperature is lowered the defect region contracts because of the incre-
asing global nematic order [see Fig. 6.12(b)]. Plots of the local density reveal that
ρ(r) is approximately constant sufficiently far away from the colloidal surface [see
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Figure 6.13. Schematic representation of bending of smectic layers caused by a spher-
ical colloid with (a) strong and (b) weak planar surface anchoring. Red lines in (a)
illustrate the discontinuous change of the smectic layer normal, so-called focal lines.

Fig. 6.12(d)-(e)]. After the fluid passes the nematic-smectic A phase transition (i.e.,
for T < 0.78), the size of the defects remains constant [see Fig. 6.12(c)] which is, ho-
wever, in disagreement with experimental results.57 From experiments, it is known
that micro-spheres (i.e., colloidal particles of µm size) with strong planar surface an-
choring and suspended in an 8CB liquid crystal exhibit an elongated defect line, the
so-called focal line, parallel to n0 at the poles of the colloid when approaching the
nematic-smectic A phase transition [see Fig. 1(a)-(c) of Ref. 57]. This is ascribed to
the relatively large elastic anisotropy of 8CB, i.e., K3 = 8K1 at T & TNSmA. Because of
this large elastic anisotropy, bend (and twist) deformations become energetically un-
stable and vanish at the phase transition. Hence, to satisfy the desired orientation at
the colloidal surface and inside the smectic layers while keeping the layer separation
constant, the layers have to bend. This bending is described by the stable splay defor-
mation of n(r). Consequently, the focal line indicated by a low local order parameter
arises [see Fig. 6.13(a)].

To clarify the discrepancy between the experimental observations57 and the re-
sults presented here it is necessary to understand that there are two effects driving
the formation of focal lines. These are, on the one hand strong surface anchoring
responsible for the deformation of the smectic layers and layer compression, on the
other hand, which is necessary to maintain an equal spacing between the layers ever-
ywhere. Because bend deformations are impossible to realize without varying the
separation of the layers, their compression is reflected by a divergence of K3 at the
nematic-smectic A phase transition. In other words, the bend deformation is energe-
tically inhibited in order to preserve equidistant layering. Hence, the bending of the
smectic A layers is described by the splay deformation of n(r) only.6,21 In the vici-
nity of the colloidal particle the layers are bent strongly. To preserve the equidistant
character of the smectic layers it is necessary to induce their deformation on a large
length scale which finally results in the formation of a focal line [see Fig. 6.13(a)].

This formation depends crucially on the anchoring strength. As illustrated in
Fig. 6.9(b), the anchoring strength decreases monotonically as the temperature is lo-
wered and remains strong at the nematic-smectic A phase transition. Consequently,
we assume the strong surface anchoring assumption to be valid in the smectic phase.
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On the other hand, the compressibility of the smectic layers is rather weak in our
model because of the repulsive nature of the mesogens in the end-end configuration.

As illustrated by the plot of ρ(r) in Fig. 6.12(f) the smectic layers are bent strongly
in the vicinity of the colloidal surface. However, it is not only the layers, which are
destroyed by the colloidal particle that are affected. On account of the strong surface
anchoring a few layers near the north and south pole which would not be interrup-
ted by the mere presence of the colloid are, in fact, bent towards the colloidal surface
such that they are “ripped apart” [see Fig. 6.12(f)]. To obtain a focal line, layers at
sufficiently larger distances from the colloidal surface have to follow the strong defor-
mation of the “ripped” layer to preserve equidistance. However, as shown by the plot
of ρ(r) in Fig. 6.12(f) and by the sketch in Fig. 6.13(b) this is not the case in our mo-
del. Instead, we observe slightly bent layers above and below the colloid towards the
colloidal surface. Moreover, on account of this, the equidistant nature of the smectic
layers is perturbed at the north and south pole of the colloid. This then gives rise
to the formation of a low-density region where the local density corresponds to the
density of a nematic phase at higher temperatures. Hence, we observe the formation
of two point-like defects.

To increase layer compression we decrease the temperature to T = 0.7, close to the
liquid-solid phase transition. Quenching the system affects the strength of surface
anchoring as well. Hence, we observe a small shrinkage of the defect size at the poles
of the colloid [see Fig. 6.14(a)] in accord with the decrease in the region of lowered
density as shown in Fig. 6.14(b). However, the surface anchoring is not strong enough
to bend layers at larger distances. As clearly illustrated by the plots of the local biaxial
order parameter ζ(r) (see Fig. 6.12), which we use to locate the core of a topological
defect, the defect remains at the colloidal surface.

As discussed in the previous section we may tune the strength of the anchoring
function by a variation of the inverse screening length ηmc [see Eqn. (3.24)]. However,
because εmc is much larger for planar as compare to homeotropic anchoring (see
Tab. 3.1) the range of the interaction cannot be varied as strongly in the latter case. If
η−1

mc is too large one observes layering already in the nematic phase. Of course, this
increases the computational cost of the simulations considerably. To obtain results in
a reasonable time we choose ηmc = 0.1 as the minimum value. We emphasize that a
further decrease of ηmc may also lead to the formation of a crystal-like layer around
the colloid even in the nematic phase.

By setting ηmc = 0.1 we increase the strength of surface anchoring [see Fig. 6.9(b)].
As clearly depicted by the plot of S(r) and confirmed by the plot of ζ(r) in Fig. 6.14(d)
and (f), the defects are not point-like anymore as in Fig. 6.14(a) and (c). In fact, these
defects are spread over a larger region. However, even if these defects look similar to
focal lines observed in experiments, their origin is different. Focal lines arise because
of the discontinuous change of the orientations of the mesogens inside the equidis-
tantly packed layers.57,134 In our model system, however, defects are formed because
of extended low-density regions [see Fig. 6.14(e)]. Additionally, in the vicinity of the
defects the layers are not equidistant because of the strong bending of smectic lay-
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Figure 6.14. Plots of S(r), ρ(r), and ζ(r) are presented in the upper, middle, and,
lower panel, respectively. Data are obtained for T = 0.7 and for (a)-(c) ηmc = 1.0,
(d)-(f) ηmc = 0.5, and (g)-(h) ηmc = 5.0.

ers. We assume that colloidal size, more specifically, the curvature of the surface is
essential for the bending of smectic layers and thus the formation of focal lines. Ho-
wever, any further increase of the colloidal size is presently impossible for practical
reasons. As already discussed, any enhancement of colloidal size implies a much
larger number of mesogens which automatically raises the equilibration time. Hence,
an efficient simulation cannot be performed in reasonable time because of this much
larger equilibration time and also because of the larger number of interactions to be
computed during each MC cycle.

Finally, we turn to a discussion of the impact of a colloid with weak planar surface
anchoring [see Fig. 6.9(b)] on smectic A layers. Therefore, we decrease the range of
umc by setting ηmc = 5.0. Deep in the smectic A phase, topological defects vanish at
north and south pole of the colloid in favor of very high nematic order (i.e., S ≃ 0.8).
However, nematic order is not uniform as illustrated by the plot of S(r) in Fig. 6.14(g).
At γ+ = 30◦ and γ− = 150◦ [cos γ± = ±n0 · s, where s denotes the surface normal
of the colloidal surface] we observe the formation of two weak surface rings. This is
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confirmed by the plots of ζ(r) which clearly verify the presence of surface defects.
Additionally, a slight deviation from the equidistant layer spacing is observed in the
same regions. Obviously, surface anchoring is not strong enough to overcome the
strong nematic order and to flip the director by 90◦ as it would be the case at the
north or south pole [see plots of n(r) in Fig. 6.14(c), (f), and (i)]. Hence, the effective
orientation of the mesogens at the north and south pole is homeotropic to the colloi-
dal surface and thereby in contrast with the intrinsic planar surface anchoring. At the
equator, however, surface anchoring is in good agreement with n0 and the mesogens
orient their longer axes parallel to the surface. Hence, a transition from effective home-
otropic to intrinsic planar alignment has to occur between these antithetic anchoring
conditions. At the transition point on the colloidal surface (i.e., at γ+ or γ−) both the
effective homeotropic and intrinsic planar anchoring are of the same magnitude and
cause orientational frustration which is ultimately responsible for the formation of a
defect. This is analogous to the formation of a ring defect around a Janus colloid (i.e.,
a colloidal particle that anchors the mesogens in a antithetic fashion at different por-
tions of its surface) which occurs due to the transition from planar to homeotropic
anchoring.59,135 We emphasize that to the best of our knowledge neither a colloidal
particle with weak planar surface anchoring nor colloids with two ring defects have
been reported so far.



7
C H I R A L L I Q U I D C RY S TA L S C O N F I N E D T O M E S O S C O P I C
C H A N N E L S

In Chapter 5 we demonstrated that the self-assembly of two colloidal particles inclu-
ded in a nematic liquid crystal is driven by orientational perturbations and defects
of the host phase. Such perturbations and defects arise because the symmetry of the
colloid and the nematic phase is incompatible. In Chapter 6 we showed that the na-
ture of the defect topology is controlled by the surface anchoring which describes the
preferred orientation of the mesogens at the liquid-solid interface.

In Chapter 5 and Chapter 6 we focused on the liquid-crystalline order in the vici-
nity of convex interfaces. However, concave interfaces have been considered as well
to perturb the order of a liquid crystal.39,42 For example, concave interfaces can be
realized inside of liquid-crystalline droplets that are spontaneously formed as an
apolar liquid crystal is placed in a polar solvent (i.e., water or aqueous polymer so-
lution).39 In this context not only the nematic phase136 has been studied but also
various smectic,137 cholesteric,138 as well as various blue phases.139 Thus, a broad
variety of topological defect structures and fascinating optical properties have been
reported for such systems.

However, not only spherical interfaces are used to manipulate liquid-crystalline
order. Crawford et al.140 investigated the impact of cylindrical capillaries on a nema-
tic phase experimentally and within the framework of Frank’s elasticity theory (see
Sec. 4.4). These authors reported that the director field of a liquid crystal depends
on the surface curvature, anchoring conditions but also on the elastic properties of
the liquid crystal (see Fig. 1.4). Based on Frank’s elasticity theory Burylov43 derived
a phase diagram illustrating different director fields formed in a cylindrical capillary
as a function of Frank’s elastic constants, surface anchoring energy, and cylindrical
radius.

Typically, the diameter of the capillary is of few microns. However, recently nano-
channels have been considered to study the liquid-crystalline order of achiral141 and
chiral142 liquid crystals. The consideration of nanochannels, however, involves some
difficulties. (i) In fact, a porous material consisting of an array of parallel channels
can be synthesized for different channel sizes with high precision.141,142 However, it
is impossible to obtain data for a single channel. All quantities measured experimen-
tally represent an average over the entire array of channels. (ii) Even if it is possible to
synthesize or to measure a single channel, the local structure would remain unclear
because of the insufficient optical resolution.143 (iii) Continuum approaches such as
Frank’s elasticity theory or Landau-de Gennes theory fail on the nanometer scale.6

Fortunately, none of these problems are relevant for computer simulations. Hence,
we perform MC simulations and study the impact of curved surfaces of a mesoscopic

95
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channel (e.g., nanochannel) on the liquid-crystalline structure. However, instead of
an achiral (i.e., nematic or smectic A) phase, we focus on chiral blue phases.

By considering chiral blue phases one is immediately confronted with periodic net-
works formed by defect lines on a supramolecular length scale.6,39 These defect lines
attract small molecules, macromolecules as well as colloidal particles.13,15,16,144 This
property provides a very convenient route for the bottom-up synthesis of regular net-
works where the blue phase serves as a template. In fact, monomers self-assembled
at defect lines of a blue phase can be polymerized by UV light in order to obtain a
polymer network which remains stable even after the liquid crystal is removed.13,14

Hence, manipulation and control of defect topologies in a chiral liquid crystal are
key concepts for designing of new materials.

Chiral liquid crystals can be manipulated in the same way as their non-chiral
counterparts. In fact, the thermodynamic state of chiral liquid crystals is determi-
ned by thermodynamic conditions23 (i.e., temperature, pressure, density), electric
and/or magnetic fields,145 the presence of non-chiral liquid crystals,24 colloidal par-
ticles,144 polymer matrices,14 microfluidic flow146,147 as well as confinements.45,46

Recent works by Fukuda and Žumer45,46 reveal the broad variety of novel defect
structures which arise if a blue phase is confined to a slit pore. Previous experimen-
tal,148,149 as well as theoretical studies,150,151 illustrate confinement-induced effects
on chiral phases in a mesoscopic channel. However, due to the complexity of blue
phases, a systematic analysis cannot be achieved experimentally. Hence, to the best
of our knowledge, a systematic study of the problem is lacking. To close this gap we
investigate the impact of the shape of the channel as well its surface anchoring on
the defect structure of a chiral liquid-crystal model where the mesogens interact via
u⋆

mm [see Eqn. (3.29)]. As introduced in Sec. 3.5 the mesogen-channel interactions are
modeled via umch [see Eqn. (3.33)] where the shape of the channel is determined by
the radius R of the channel’s corner and the ratio sy/sz (see Fig. 3.4).

7.1 technical details

Results presented in this section are based on MC simulations carried out in the
grand canonical and canonical ensembles. In both ensembles, the volume is kept
constant by fixing the dimensions sx, sy, and sz of the cuboid simulation cell in the
x-, y-, and z-directions, respectively. However, because blue phases exhibit periodic
structures one has to guarantee that dimensions of the simulation cell correspond to
the multiple of the unit cell of a blue phase, similar as for crystals.

In principle, the formation of supramolecular and periodic structures poses a pro-
blem in computer simulations where periodic boundary conditions are applied to
reduce surface effects. Let eα (α = x, y, z) be a unit vector parallel to the direction in
which the helical rotation evolves. Because of the head-tail symmetry of the meso-
gens, the helix can evolve along eα perfectly if 2sα/p = k (k ∈ N). For non-integer
values of k the helix is exposed to spurious tension and its free energy increase as
demonstrated by Fukuda and Žumer.46
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The characteristic length describing the periodicity in a chiral liquid crystal is the
pitch p. Because the pitch is an inherent property of the model it depends on the
thermodynamic conditions and cannot be extracted from the interaction potential.
For the model system employed here Melle et al.87 measured the pitch as a function
of the chirality coupling constant |ε3| at fixed T = 0.95 and P = 1.81 which corre-
sponds to ρ ≃ 0.92. We emphasize that ρ ≃ 0.92 is valid for |ε3| = 0.25 whereas
the density increases/decreases for higher/lower values of |ε3| due to the stronger/-
weaker mesogen-mesogen interactions, respectively. As we shall demonstrate later
we use the data collected by Melle et al.87 to determine an empirical expression for
p(|ε3|).

Hence, we are now in a position to determine the dimensions of the simulation
cell and the number of mesogens N which the simulation cell should accommodate
for any given |ε3|. It has been shown that this model is capable of forming a cho-
lesteric phase and blue phases I-III for |ε3| < 0.10, |ε3| = 0.10, |ε3| = 0.25, and
|ε3| = 0.90, respectively.87,88 In the following we focus on blue phase II. Therefore,
we take |ε3| = 0.25 and consequently p = 23.8 throughout this chapter. For the given
N = Vρ where V = sxsysz (sα = p, α = x, y, z), T and P we perform a MC simulation
in the isothermal-isobaric ensemble of a bulk fluid (i.e., in the absence of any walls
or channels). We determine the chemical potential ⟨µ⟩NPT ≃ −11.88 via an adjusted
version of Widom’s test particle method. In this version volume fluctuations are inclu-
ded in the Boltzmann factor of the test particle’s configurational potential energy.152

Moreover, the average side length ⟨sα⟩NPT (α = x, y, z) agrees with p within few per-
cent. To test the validity of ⟨µ⟩NPT obtained from isothermal-isobaric simulation we
perform a MC simulation in the grand canonical simulation with fixed µ, T, and V
with sx = sy = sz = p to obtain the mean density and pressure which agree within
few percent with the input values of the isothermal-isobaric MC simulation. Based
on the acceptance ratio for creation/destruction of a mesogen, which always excee-
ded 5 × 10−4, results of the grand canonical simulations are reliable and the two sets
of simulations are consistent mutually.

Finally, having knowledge of µ, T, and p we are in a position to design a system
composed of a mesoscopic channel which is in thermodynamic contact with a reser-
voir of mesogens. Therefore, we adjust the linear dimensions of the simulation cell sy

and sz such that 2sα/p = k (α = y, z and k = 1, 2, 3) and sz ≥ sy. Interactions between
a mesogen and the wall of the channel are modeled via umch [see Eqn. (3.33)] con-
sisting of an attractive and repulsive contribution. Because the repulsive part wins
over the attractive one for δi . 0.86, the mesogens can not stay directly at the wall
(i.e., δi = 0) where δi denotes the minimum separation between the wall and the
mesogen i. Instead of that, it is more likely to find a mesogen at the minimum of
umch (i.e., δi = 1). This gives rise to excluded volume at the wall. On account of this
excluded volume, we add a value of 2 to sy and sz to guarantee that a helix of pitch
p may evolve parallel to ey and/or ez without any spurious stress. Furthermore, we
take 2sx/p = k (k ∈ N), where k is chosen to limit the number of mesogens to the
range 1.0 × 104 ≤ N ≤ 1.5 × 104 and therefore the CPU time needed. Channels con-
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sidered here are supposed to be infinitely long in the x-direction. This is realized by
applying periodic boundary conditions across the y-z plane at ±sx/2. The volume of
the channel is then given by

V = 4sx

 sysz

4
+ R2

π

4
− 1


(7.1)

(see Fig. 3.3 and Fig. 3.4).
For a given µ and T we study the impact of the channel’s surface anchoring as

well as its shape on the local order of a blue phase II in the grand canonical ensem-
ble. Therefore, we equilibrate the system for 2 × 104 grand canonical MC steps and
monitor the fluctuation of the mean number of mesogens for another 1.0 × 105 steps.
Each MC step in the grand canonical ensemble consists of two essential steps allow
one to generate a Markov chain of configurations numerically. In the first event each
of the N mesogens presently in the system is selected sequentially. Then it is decided
randomly with equal probability whether to displace the center of mass of this me-
sogen or to rotate it around one of the three Cartesian axis where the specific axis is
picked randomly with equal probability. Subsequently, based on the energy criterion
[see Eqn. (2.32)] it is decided whether to accept or to reject this trial.

In the second step, it is decided with equal probability whether to destroy a rand-
omly chosen mesogen of the system or to create a new mesogen at a randomly
chosen position with random orientation. Again, an energy criterion [see Eqn. (2.45)
and Eqn. (2.46)] is applied to decide whether the creation/destruction trial is accep-
ted or rejected. The second step is repeated N′ times where N′ is the number of
mesogens presently in the system at the beginning of the second step. Hence, one
MC step in the grand canonical ensemble consists N + N′ attempts to generate a
new configuration. In the canonical ensemble, one MC step consists of N attempts to
displace/rotate a mesogen.

After the grand canonical simulation is accomplished, we take the mean number
of mesogens as input for a corresponding MC simulation in the canonical ensemble
where we compute the ensemble average of Q(r) within of 5.0 × 105 MC steps. We
switch the ensembles from grand canonical to canonical to avoid the computational
demanding step of creation/destruction of a mesogen and save CPU time.

7.2 bulk blue phase ii

As in the chapters before, we begin the presentation of results by discussing pro-
perties of the bulk. For ε3 ̸= 0 the left-right symmetry of the interaction potential
u⋆

mm [see Eqn. (3.29)] is broken, thus, u⋆
mm becomes chiral. Phases formed by chiral

mesogens are dominated by spatial helical rotation of the mesogens such as in the
cholesteric or various blue phases. Hence, this helical structures are characterized
by the local director n(r), the local nematic order parameter S(r), and the pitch p
describing the periodicity of the helical structure.
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Figure 7.1. Plot of the pitch p as a function of the chiral coupling constant |ε3| (•)
obtained in MC simulations87 together with a fit of p = a/|ε3| + b ( ) (see text)
where a ≃ 4.41 and b ≃ 6.20 have been obtained from a least squares fit to the
simulation data.

As discussed in the previous section, the size of the simulation box is crucial for
periodic structures. It should be large enough to accommodate at least a unit cell of
the periodic structure which is not necessarily described by p/2. In fact, the unit cell
of a blue phase II corresponds to a cube with a side length of p/2. The unit cell of a
blue phase I, however, is represented by a cube with a side length of p. If dimensions
of the simulation box do not match the size the unit cell then the direction along
which the helical structure evolves changes to an a priori unknown direction in order
to prevent its spurious tension and is no longer orthogonal to any of the faces of the
cuboid simulation cell. In other words, a convenient choice of the side lengths of the
simulation box simplifies the analysis of the problem.

In order to determine the pitch, we use data obtained by Melle et al.87 for the pitch
as a function of the chirality coupling constant |ε3| at T = 0.95 and P = 1.80 (see
Fig. 7.1). For |ε3| → 0 the mesogens exhibit a nematic phase where p → ∞. For
|ε3| ̸= 0, however, chiral phases are exhibited and the pitch declines to a threshold
value for increasing |ε3|. Having knowledge of the function p(|ε3|) one could adjust
the pitch of the system. Similarly, in experimental systems the pitch is adjusted by
doping a non-chiral, nematic liquid crystal with a chiral component.24

It has been demonstrated many times that p ∝ c−1 where chirality of the system
is determined by the concentration c of the chiral component.148,153,154 Later it was
shown by Wilson and Earl155 that c is proportional to the change of the free energy
due to the change of the effective interactions between the components of the binary
mixture. In such mixtures, the concentration of the chiral component controls the
amount of chirality the system possess. In our one-component system, the chirality
is distributed equally over all mesogens and its amount is given by |ε3|. Hence, we
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(a) (b) (c)

Figure 7.2. “Snapshots” of a configuration generated for (a) |ε3| = 0.10 (p = 50.4)
and (b) |ε3| = 0.25 (p = 23.8, see Fig. 7.1). The aspect ratio of mesogens is greatly en-
larged to enhance the visibility. The mesogens are colored in blue/red if their longer
axes are perpendicular/parallel to the paper plane; other colors refer to orientations
intermediate to a perfect parallel or perpendicular alignment. (c) Isolated double-
twist cylinder [see Fig. 1.3(b)] configuration generated in a MC simulations where
the mesogens are confined to a cylindrical capillary with suitable anchoring conditi-
ons. Data for (a) and (c) are taken from Ref. 88.

anticipate for our one-component system p ∝ |ε3|−1. This expectation is confirmed
by Fig. 7.1 where an analytic expression is fitted to data collected from Ref. 87.

Based on these considerations, we chose the lengths of our simulation box to be
equal to p. Hence, we anticipate the evolution of helical structures orthogonal to
the faces of the cuboid simulation box. This expectation is confirmed by “snapshots”
illustrated in Fig. 7.2(a) and (b) for a blue phase I and II, respectively. Although we
focus here on blue phase II, it might be interesting to compare the results to those
obtained for blue phase I, which was observed by Skutnik88 for the very first time in
computer simulations for |ε3| = 0.10. In both blue phases we observe the formation of
double-twist cylinders as their substructure. As illustrated in Fig. 7.2(c), an isolated
double-twist cylinder can be observed if a blue phase is confined to a cylindrical
capillary of diameter p/2 and for a suitable choice of anchoring conditions (see Ref.
88).

However, in bulk, these double-twist cylinders can arrange spatially in different
ways. More specifically, in blue phase I the double-twist cylinders are arranged in
a face-centered cubic fashion whereas the simple cubic arrangement indicates the
presence of blue phase II [see Fig. 7.2(a) and (b) and cf. Fig. 1.3(e) and (f)]. We emp-
hasize that the formation of blue phases I and II at low and high chirality, respectively,
are fully consistent with experimental observations.24 Moreover, as demonstrated by
Melle et al.87 this model system forms a blue phase III for very large |ε3| where the
arrangement of the double-twist cylinders is amorphous.

The high symmetry of blue phase II [see Fig. 7.2(b)] can be analyzed more quanti-
tatively in terms of n(r) and S(r). As illustrated in Fig. 7.3(a)-(c), the component ofn(rβ) which is parallel to the line of vision rβ = r · eβ (β = x, y, z) always vanishes
whereas the other two reveal a regular sinusoidal variation. Here, the overbar deno-
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Figure 7.3. Plots of components of the nematic director nα(rβ) and the local nematic
order parameter S(rβ) ( ) as functions of specific lines of vision rβ = r · eβ where
α = x ( ), α = y ( ), and α = z ( ); (a) β = z, (b) β = y, and (c) β = x.

tes an average taken over the plane perpendicular to eβ. The shift of the sinusoidal
curves is approximately π/2 and indicates a helical rotation of the local director in
all three spatial directions as it is expected for blue phase II. Because blue phase I
consists of double-twist cylinders as well, one observes a similar spatial rotation ofn(r).88 Despite this high degree of symmetry the in-plane nematic order parame-
ter S(rβ) remains small. This is consistent with “snapshots” shown in Fig. 7.2(a)-(b)
where it is illustrated that no uniform order is exhibited in the plane which conse-
quently results in a vanishing S(rβ).

Also characteristic for blue phases are their inherent networks of disclinations. As
discussed in Sec. 1.1 different spatial arrangements of double-twist cylinders give
rise to unequal networks (see Fig. 1.3). As already discussed in previous sections,
the computation of defect structures from computer simulation is straightforward.
Therefore, we define a disclination line as

ℓ ≡ {r = (x, y, z)T|S(r) ≤ δS} (7.2)

where δS = 0.20 is an arbitrary threshold value for S(r) adjusted to maximize the
visibility of ℓ. Moreover, because of rather complex defect structures of blue phases
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Figure 7.4. (a) Color cube to illustrate the spatial variation of color where eR · ex =eB · ey = eG · ez = 1 where eR, eB and eG are unit vectors defining the axes used for
the color cubes. Characteristic disclination lines ℓ are shown for (b) blue phase I and
(c) blue phase II. Again, data for (b) are taken from Ref. 88.
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Figure 7.5. Plots of the nematic correlation function gN
2 (r∥) defined in Eqn. (7.3)

where ε3 = 0.00 ( ) and |ε3| = 0.25 ( ). The horizontal line ( ) corresponds
to S2. The inset is an enlargement of the plot for |ε3| = 0.25 where we also show
the function a exp(−r∥/ζ) ( ) fitted to the simulation data and taking a and the
nematic correlation length ζ as fit parameters (see text).

we develop a color code [see Fig. 7.4(a)] where a different color is assigned according
to the specific point on ℓ. Plots of ℓ for blue phases I and II in Fig. 7.4(a) and (b),
respectively, show different defect structures. In blue phase I, ℓ forms a network of
straight lines which never intersect whereas a tetrahedrally linked network of ℓ is
found in blue phase II. Both observations are in perfect agreement with previous
numerical calculations.144

Finally, to demonstrate that these structures are truly supramolecular and do not
occur due to any artificial effects we introduce the nematic correlation function

gN
2 (r∥) ≡


1

N(r∥)

N

∑
i=1

N

∑
j=1,j ̸=i

P2(ui · uj)δ(r∥ − r∥ij)


(7.3)

where P2 is again the second Legendre polynomial, r∥ij = |r∥i − r∥j |, r∥i = (ri · ui)ui,
and N(r∥) is the number of particles located in a cylindrical shell of radius 0.5 and
height of ∆r∥ = 0.05. In a blue phase the mesogens are ordered locally but disorde-
red globally. Hence, one anticipates this local nematic order to decay monotonically
between two ordered regions.

In the limit of vanishing chirality and under the present thermodynamic conditi-
ons, the mesogen exhibit a nematic phase which is characterized by a global nematic
order parameter S = 0.62. For a nematic phase it is therefore expected from Eqn. (7.3)
that limr∥→∞ gN

2 (r∥) = S2. For both cases (i.e., chiral and non-chiral), the expectations
are confirmed by the plots of gN

2 (see Fig. 7.5).
Moreover, both curves in Fig. 7.5 reveal weak oscillations for 1.0 ≤ r∥ ≤ 5.0 re-

flecting spatial correlations superimposed to the orientational ones. As these spatial
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Figure 7.6. (Upper panels) Variation of components of the local director field nα(x)
along the x-axis of a mesoscopic channel for R/sy = 0.50; α = x ( ), α = y ( ),
and α = z ( ). Also shown is the local nematic order parameter S(x) ( ). Dots,
colored the same way as the above lines, indicate the actual position along the line of
vision. (Lower panels) Plots of n(r′) (dashes) for given x in the upper panel. Values
of S(r′) correspond to the attached color bar.

correlations vanish, one may assume an exponential decay of gN
2 − S2 proportional to

exp(−r∥/ζ) where ζ is the nematic correlation length. For the nematic phase ζ is infi-
nite whereas for the blue phase II the nematic short range correlations are indicated
by ζ ≃ 2.70. Taking ζ as a characteristic length scale of our model we immedia-
tely conclude that structures shown in Fig. 7.2 and Fig. 7.4 are truly supramolecular
compared with the range of the nematic correlation.

7.3 confinement effects

After validating that our bulk fluid exhibit a blue phase II at given thermodynamic
conditions and for |ε3| = 0.25, we focus on blue phase II and confine it to a mesosco-
pic channel. We refer the interested reader to Ref. 88 where the author investigate a
blue phase I confined to a mesoscopic channel under the same conditions as discus-
sed in the following. Throughout the present chapter we fix the line of vision alongex and analyze n(x) and S(x). Furthermore, we discuss the local director field n(r′)
and local order S(r′) for a cross section in the y-z plane at a given x = x′. Here, r′ is
a two-dimensional vector. Finally, we analyze ℓ in the same fashion as in Fig. 7.4.

7.3.1 Homeotropic anchoring conditions
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small cylindrical channel. We begin the presentation of our results by
considering homeotropic anchoring conditions at the walls of our channel. The shape
of this channel is controlled by sy, sz and R. For sy/p = sz/p = 0.5 and R/sy = 0.5
the cross section of the channel is circular and the channel is cylindrical. Plots of
components of n(x) reveal its helical rotation along ex (see upper panels of Fig. 7.6).
This is because ny(x) and nz(x) can be represented by sine functions shifted by π/2
with respect to each other whereas nx(x) ≃ 0.

The plot of S(x) reveal a relatively large nematic order parameter of S(x) ≃ 0.5 in
each plane orthogonal to ex (see upper panels of Fig. 7.6). Moreover, this relatively
high degree of order indicate a uniform in-plane direction and eliminate thereby
a possible rotation of n(r) along other directions. From the helical rotation of n(x)
along a single axis and the constant, non-vanishing value for S(x) we conclude that
the phase which has formed in the mesoscopic channel is quasi-cholesteric. Here, the
term “quasi-cholesteric” is chosen to remind the reader that the cholesteric phase is
formed because of the confinement whereas a blue phase would be formed in bulk.

The uniform in-plane orientation of n(x) is not compatible with the homeotropic
anchoring conditions everywhere at the wall of the channel. As illustrated in the
lower panel of Fig. 7.6, n(r′) is almost uniform at the center of the channel. However,
in the vicinity of the wall two extreme cases are observed. If the surface anchoring
agrees with n(r′) the local nematic order is enhanced whereas the competition of
these quantities causes the formation of a topological defect which is indicated by
the relatively abrupt drop of S(r′) (see lower panel of Fig. 7.6). In the vicinity of the
topological defect n(r′) is bent strongly and relaxes as one moves towards the center
of the channel.

These director field configurations have been reported for an achiral liquid cry-
stal in the nematic phase where the in-plane orientation n(x) is constant along the
x-direction.42,43 However, for chiral liquid crystals n(x) rotates in a helical fashion al-
ong the cylindrical symmetry axis as observed experimentally148 and confirmed later
within the framework of a continuum theory of elastic director-field deformations151

(see upper panels of Fig. 7.6). Therefore, regions of enhanced or decreased nematic
order follow the helical rotation of n(x) along the x-direction. Hence, disclination
lines ℓ which are visualized as regions of low S(r) exhibit a double helix evolving
along the x-directions as illustrated in Fig. 7.7(a). In particular, this disclination-line
topology has been already reported experimentally by Cladis et al.148 and within the
framework of a continuum-theory by Besić and Žumer.151

small cuboid channel. Now we consider a channel with a rectangular cross-
section by setting R/sy = 0.0 while maintaining sy/p = sz/p = 0.5. Plots of n(x) and
S(x) in the upper panels of Fig. 7.8 reveal a helical rotation of the in-plane (i.e., in the
y-z plane) director along the channel’s axis and a relatively high nematic in-plane
order of S(x) ≃ 0.5. Hence, in agreement with the local structure discussed for a
small cylindrical channel in Fig. 7.6, we conclude that the mesogens form a quasi-
cholesteric phase in the present case as well. Lower panels of Fig. 7.8 illustrate the
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Figure 7.7. Three-dimensional representation of disclination lines ℓ. To enhance the
visibility the lines have been colored according to the color cube shown in Fig. 7.4(a).
The mesoscopic channels have been cut open so that one can look inside. Note that
this does not eliminate part of from the plot. Data are obtained for (a) small cylindri-
cal channel where R/sy = 0.5 and sy/p = sz/p = 0.5, and (b) small cuboid channel
where R/sy = 0.0 and sy/p = sz/p = 0.5.
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Figure 7.8. As Fig. 7.6, but for a 7.3.1 characterized via sy/p = sz/p = 0.5 and
R/sy = 0.00.

local director n(r′) and the local nematic order parameter S(r′) at different positions
x along the line of vision and thus demonstrate the helical rotation of n(x).

More specifically, we observe three different states of the in-plane orientation. First,n(x) is approximately parallel to ey and thus in perfect agreement with homeotropic
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anchoring at the top and bottom wall along the y-axis [see Fig. 7.8(a)]. However, at
the left and right wall separated in the z-direction surface anchoring is in competition
with n(x). Therefore, defect lines are formed parallel to ey at the left and right wall.

Second, as one travels along the channel’s symmetry axis, n(x) rotates and defects
shown in Fig. 7.8(a) vanish. Instead of that the director field is bent toward the walls
to match the local homeotropic anchoring conditions [see Fig. 7.8(b)]. This is valid as
long as the in-plane orientation is not in direct competition with the local orientation
at the surface of the channel which is imposed by the top/bottom or left/right part
of the channel separated in y- and z-direction, respectively.

However, in the corners of the channel, we notice relatively small regions where
S(r′) is decreased with respect to S(x). These defects arise due to competing surface
anchoring at the top/bottom and left/right walls. At small distances between two
walls orthogonal to each other (i.e., in the corners) the mesogens cannot fulfill such a
strong bending to fit both anchoring conditions and thus, this molecular frustration
results in the formation of a defect.

As one travels further along the channel’s symmetry axis one finally reaches the
third state which is very similar to the first one shown in Fig. 7.8(a). However, as
displayed in Fig. 7.8(c) now the in-plane orientation points along the z-direction.
Therefore, we observe the formation of defect lines at the top and bottom walls.
Because of the helical nature of n(x) these vertical and horizontal defect lines occur
periodically along the x-axis separated by a distance of p/4. Moreover, these periodic
defects are linked through four defect lines in the corners of the channel along the
x-direction. This results in the defect structure shown in Fig. 7.7(b).

large cylindrical channel. As displayed in Fig. 7.9, if one increases the
diameter of the cylindrical channel (i.e., for sy/p = sz/p = 1.0 and R/sy = 0.5) the
local structure changes dramatically from the one discussed for a small cylindrical
channel in Fig. 7.6 and Fig. 7.7(a). Again, the spatial rotation of n(x) along the line
of vision indicates a helical structure (see upper panel of Fig. 7.9). However, the
relatively small value of S(x) ≃ 0.2 indicates that no uniform in-plane orientation
is exhibited. Indeed, plots of n(r′) and S(r′) in the lower panels of Fig. 7.9 reveal
the presence of four double-twist cylinders partially or fully accommodated. For the
convenience of the reader and to improve the visualization of Fig. 7.9, we present
a sketch in Fig. 7.10(a) where all four double-twist cylinders are illustrated by blue
circles.

More specifically, in Fig. 7.9 we observe three regions of decreased nematic order
along the curved wall. Each of these defects corresponds to a center of a double-
twist cylinder partially located in the channel [see Fig. 7.10(a)]. At the center of each
double-twist cylinder, the orientation of the mesogens is parallel to ex and thus per-
pendicular to the favored orientation at the wall of the channel. Because of this mis-
match three topological defect occur along the wall of the channel.

A fourth, fully accommodated double-twist cylinder is located in the center of the
channel. Because there is no external perturbation the mesogens rotate out of the y-z
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Figure 7.9. As Fig. 7.6, but for a large cylindrical channel characterized by sy/p =

sz/p = 1.00 and R/sy = 0.5.

(a) (b) (c)

Figure 7.10. (a)-(c) Schematic representations of the liquid-crystalline order shown
in Fig. 7.9(b), Fig. 7.12(a), and Fig. 7.13(a), respectively. Gray shapes in (a) and (c)
represent the wall of the channel. Double-twist cylinders are encircled by a blue line
to increase the visualization, red dots mark topological defect, and the local director
is illustrated by black dashes and lines. Here, the contraction of the dashes indicates
the rotation of the local director out of the paper plane whereas black dots mark a
perpendicularly aligned director with respect to the paper plane.

plane and align along the x-direction indicated by a black dot in the corresponding
sketch in Fig. 7.10(a). Thus, the director “escapes” into the third dimension to avoid
the formation of an ordinary defect at y = z = 0.0. Instead, an umbilic defect is
formed at the same position. Such umbilic defects have a topological charge although
the director field is continuous at the core, whereas ordinary defects (see Sec. 4.6)
are discontinuous at their core.156 They are well known in the field of chiral liquid
crystals.

Furthermore, we observe three regions, where the local orientation is not uniformly
defined, indicated by S(r′) ≤ 0.2, between two of the partially accommodated double-
twist cylinders and the central one. Those are illustrated by red dots in Fig. 7.10(a)
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Figure 7.11. As Fig. 7.7, but for (a) large cylindrical channel (R/sy = 0.50, sy/p =

sz/p = 1.00), (b) large cuboid channel (R/sy = 0.00, sy/p = sz/p = 1.00), and (c)
irregular cuboid channel with rounded corners (R/sy = 0.50, sy/p = 0.75, sz/p =

1.00).

located not directly at the walls but in the vicinity of the central double-twist cylin-
der. These six regions of lower nematic order follow the rotation of n(x) and rotate
counter-clockwise along the x-direction. The defect structure of six disclination lines
entangling each other in a helical fashion is illustrated by the plot of ℓ in Fig. 7.11(a).

large cuboid channel. Now we consider a cuboid channel of the same size as
a large cylindrical channel by keeping sy/p = sz/p = 1.0 and setting R/sy = 0.0. In
principle, it possible to accommodate four double-twist cylinders next to each other
as shown for the bulk (see Fig. 7.2). Plots of n(x) in the upper panels of Fig. 7.12

reveal the helical rotation of the local director along the line of vision as discussed
for the bulk in Fig. 7.3.

However, as displayed by upper panels of Fig. 7.12, under confinement the local
in-plane order S(x) ≃ 0.4 is higher than in the bulk. This relatively high degree
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Figure 7.12. As Fig. 7.8, but for a large cuboid channel characterized via R/sy = 0.00
and sz/p = sy/p = 1.00.

of nematic, in-plane order indicates a more or less pronounced in-plane orientation
which is lacking in the bulk. In fact, as illustrated by the plots of n(r′) and S(r′)
in Fig. 7.12, a single double-twist cylinder is located at the center of the channel.
Again, at y = z = 0.0 the local director escapes into the third dimension to avoid
the formation of an ordinary defect in favor of an umbilic defect. Again, to simplify
Fig. 7.12 we present sketch where the double-twist cylinder is encircled by a blue
line [see Fig. 7.10(b)].

Outside the double-twist cylinder, the local director is parallel to the y-z plane
and rotates along the x-direction. To define the scope of the double-twist cylinder
we present director field in different colors in Fig. 7.10(b), i.e., black if the director
belongs to the double-twist cylinder and green otherwise. This in-plane orientation
outside the double-twist cylinder (i.e., parallel to the y-z plane) is consistent with the
quasi-cholesetric phase discussed for the small cuboid channel in Fig. 7.8. Therefore,
in the vicinity of the channel walls, we observe the same periodic defect structure
along the channel’s axis as presented in Fig. 7.7(b).

However, in the present case, the in-plane orientation is not homogeneous. The pre-
sence of the double-twist helix gives rise to additional defects that are marked by red
dots in Fig. 7.10(b). At the circumference of the double-twist cylinder, all mesogens
align parallel with the y-z plane in a circular fashion around its symmetry axis that is
marked by a black dot in Fig. 7.10(b). This orientation inside the double-twist cylin-
der is not everywhere compatible with the homogeneous in-plane orientation formed
outside the double-twist cylinder and gives rise to topologcial defect. Because out-
side of the double-twist cylinder n(x) rotates, these defects follow the rotation and
entangle the double-twist cylinder in a helical fashion. Hence, combining the defect
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Figure 7.13. As Fig. 7.6, but for an irregular cuboid channel with rounded corners
characterized via sy/p = 0.75, sz/p = 1.00, and R/sy = 0.50.

structure in the vicinity of the walls, which has been explained for the small cuboid
channel in Fig. 7.6 and Fig. 7.7(b), and the two disclination lines winding along the
center of the channel we obtain the full picture of ℓ [see Fig. 7.11(b)].

irregular cuboid channel with rounded corners. So far we conside-
red channels characterized by cross-sections of equal size in the y- and z-directions.
Plots in Fig. 7.13 illustrate the structure of a liquid crystal confined to a mesoscopic
channel of a cross-section given by sy/p = 0.75, sz/p = 1.0, and R/sy = 0.5. Be-
cause the ratio sy/sz ̸= 1 the periodic rotation of the in-plane orientation cannot be
described in terms of simple trigonometric functions. Despite similar geometry, the
nematic in-plane order S(x) ≃ 0.35 is higher in the irregular cuboid channel with
rounded corners than in the large cylindrical channel discussed in Fig. 7.9. However,
as plots of n(r′) and S(r′) in the lower panels of Fig. 7.13 reveal, the orientational
order is similar in both channels.

As discussed for the structure, which is exhibited within the large cylindrical chan-
nel and illustrated in Fig. 7.9 and Fig. 7.10(a), three defects occur in the vicinity of
the walls. The origin of these defects is the same as discussed for the large cylindrical
channel. In fact, as indicated by red dots in Fig. 7.10(c), defects arise because meso-
gens attempt to match surface anchoring conditions (i.e., parallel to the y-z plane)
as well as the orientation at the center of the double-twist cylinder (i.e., orthogonal
to the y-z plane). These defect regions rotate in an anti-clockwise fashion along the
channel’s axis.

Because the irregular cuboid channel with rounded corners is smaller in the y-
direction than the large cylindrical channel (i.e., sy/p = 0.75 and sy = 1.00, re-
spectively), a fourth double-twist cylinder cannot be accommodated in the present
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Figure 7.14. (a) as the small cylindrical channel and (b)-(c) as the large cylindrical
channel presented in Fig. 7.6 and Fig. 7.9, respectively, but for locally circular planar
anchoring of mesogens at the walls of the mesoscopic channel.

case. Hence, we do not observe three additional disclination lines inside the chan-
nel. Instead and because of orientational frustration of mesogens situated between
the three double-twist cylinders, we observe a single disclination line located in the
center of the channel. This is indicated by the central red dot in Fig. 7.10(c). Hence,
the defect structure consists of a straight disclination line parallel to the x-direction
which is entangled by three additional disclination lines rotating in a helical fashion
[see Fig. 7.11(c)].

7.3.2 Circular planar anchoring conditions

Now we consider the case of locally monostable circular planar surface anchoring
for which the mesogens in the vicinity of the channel walls are anchored parallel. As
one realizes from Eqn. (3.35), any other in a local fashion alignment is energetically
less favorable. Compared with the case of homeotropic surface anchoring one could
expect that defect structures for locally circular planar anchoring are less spectacu-
lar. This is an immediate consequence of the compatibility of the surface anchoring
and the molecular orientation at the circumference of a double-twist cylinder [see
Fig. 1.3(b)].

small cylindrical channel. For example, in Fig. 7.14(a) we consider a cy-
lindrical channel of a diameter equal to half a pitch (i.e., for sy/p = sz/p = 0.5 and
R/sy = 0.5) where because of the circular, planar anchoring conditions the mesogens
orientations are parallel to the y-z plane. As one moves from the wall towards the
center of the channel, n(r′) rotates out of the y-z plane, which is indicated by the
contraction of the dashes representing n(r′), and become finally orthogonal to it at
the center of the channel. Hence, an unperturbed double-twist helix can evolve, indi-
cated by the absence of any defects [see Fig. 7.14(a)]. Because there is no discrepancy
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(a) (b)

Figure 7.15. Schematic representation of the large cylindrical channel shown in
Fig. 7.14(b) and (c). Blue and black dashes and dots represent the local director where
the contraction reflects their rotation out of the paper plane such that the dots mark
an orthogonal alignment to the paper plane. Topological defects are marked by red
dots. (a) illustrates two different ways how a helical twist can match the anchoring
conditions at the walls (see text) whereas (b) explains the defect structure shown in
Fig. 7.14(c).

between the orientation of the mesogens and the local anchoring conditions at the
walls, the double-twist cylinder is stabilized by the presence of the walls rather than
perturbed. From another point of view this can be explained by the symmetries of
the channel and the double-twist cylinder that are in perfect agreement.

large cylindrical channel. As one doubles the radius of the cylindrical
channel by setting sy/p = sz/p = 1.0 and R/sy = 0.5, more than one double-twist
cylinder can be accommodated. Moreover, as indicated by plots of n(r′) and S(r′) in
Fig. 7.14(b) and (c) the local orientation is not defined everywhere and topological
defects arise which can be rationalized as follows.

Let us assume we follow the spatial variation of n(r′) at fixed x along the y-
direction that is presented in blue in Fig. 7.15(a). At the walls (i.e., at y = ±0.5sy)
the orientation of the mesogens is controlled by the surface anchoring such that n(r′)
is parallel to the y-z plane. In particular, n(r′) points along the z-axis. As one moves
along the y-direction n(r′) rotates out of the y-z plane indicated by the contraction
of the dashes in Fig. 7.15(a), is parallel to ex at a distance of p/4 from the wall, and
eventually parallel to ez at the center of the channel (i.e., at distance of half a pitch).

If we repeat this Gedankenexperiment but now follow the spatial rotation of n(r′)
along the z-axis [i.e., black colored dashes in Fig. 7.15(a)] we obtain n(r′) which
is now aligned with the y-direction at the center of the channel. Apparently, two
competing orientations cannot be realized locally. Therefore, one of these orientations
wins over the other one [see Fig. 7.15(b)] and causes the formation of two defect
regions [indicated by red dots in Fig. 7.15(b)] because of the orientational mismatch
with the other orientation [see Fig. 7.14(b) and (c)].

Furthermore, both orientations rotate along the channels axis. Hence, the defects
follow this in-plane rotation and form two disclination lines entangling each other in
a helical fashion along the line of vision [see Fig. 7.16(a)]. A similar defect structure
has been presented for the small cylindrical channel with homeotropic anchoring
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Figure 7.16. As Fig. 7.7, but for local planar anchoring of mesogens at the wall of a
mesoscopic channel. (a) sy/p = sz/p = 1.00, R/sy = 0.50, (b) sy/p = 0.50, sz/p =

1.00, R/sy = 0.25, (c) sy/p = 1.00, sz/p = 1.25, R/sy = 0.50.

conditions in Fig.Fig. 7.7(a) where ℓ is located in the vicinity of the walls. In the
present case, however, ℓ has removed further apart from the wall.

flat cuboid channel with rounded corners. Now we turn to a discus-
sion of a flat channel (i.e., sy/sz ≤ 0.5) whose shape is characterized by sy/p = 0.5,
sz/p = 1.0, and R/sy = 0.25. Under these geometrical conditions two double-twist
helices can be accommodated next to each other. Plots of n(r′) and S(r′) in Fig. 7.17 il-
lustrate that the centers of the double-twist cylinders are located at z/p = ±0.25 and
y = 0. Because of the channel size and shape as well as under the chosen anchoring
conditions we observe no defects at the channel walls. However, at z = 0 the orienta-
tion of the mesogens competes with the anchoring at the the top and bottom wall of
the channel. Because of this mismatch two defects are observed evolving parallel to
the line of vision as demonstrated by the plot of ℓ in Fig. 7.16(b).
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Figure 7.17. As Fig. 7.14, but for a flat cuboid channel with rounded corners charac-
terized via sy/p = 0.50, sz/p = 1.00, and R/sy = 0.25.

irregular cuboid channel with rounded corners. The last case consi-
dered in this section is a channel characterized by an asymmetric extent of its shape
in y- and z-directions realized by setting sy/p = 1.0, sz/p = 1.25, and R/sy = 0.5.
As shown in Fig. 7.18 the mesoscopic channel is large enough to accommodate three
triangularly arranged double-twist cylinders. Consistent with ℓ, discussed for the
irregular cuboid channel with rounded corners but homeotropic anchoring condi-
tions in Fig. 7.13, we observe the formation of a topological defect between three
double-twist cylinders at the center of the channel. As illustrated by the plot of ℓ in
Fig. 7.16(c) this disclination line remains parallel with the channel axis throughout.

Furthermore, we notice three regions where S(r′) is reduced. These regions arise
because of competing orientations within two double-twist helices and the orienta-
tion at the channel wall. Hence, the defect structure shown in Fig. 7.16(c) consists
of a straight disclination line parallel to ex wrapped by three additional disclination
lines.

Notice that defect structures presented for an irregular cuboid channel with roun-
ded corners with both homeotropic and circular planar anchoring conditions [see
Fig. 7.11(c) and Fig. 7.16(c), respectively] have the same defect topology. They con-
sist of a straight disclination line wrapped by three additional lines. However, in the
present case (i.e., for circular planar surface anchoring) the three outer disclination
lines are further removed from the channel walls whereas for homeotropic surface
anchoring they are located in the vicinity of the walls.

We also emphasize that in the present case defects arise at the circumference of
the double-twist cylinders whereas in the case of homeotropic anchoring conditions
this occurs in the center of the double-twist cylinders. Finally, we note that the same
structure has been observed in Fig. 10(a) of Ref. 151 but in a cylindrical channel.
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Figure 7.18. As Fig. 7.14, but for an irregular cuboid channel with rounded corners
characterized via sy/p = 1.00, sz/p = 1.25, and R/sy = 0.50.

7.3.3 Directional planar anchoring conditions

Finally, we consider unidirectional surface anchoring where the mesogens align with
the channel axis [i.e., ex according to Eqn. (3.36)]. We begin the presentation with a
defect structure which has been discussed for irregular cuboid channels with roun-
ded corners with homeotropic and circular planar anchoring conditions displayed in
Fig. 7.11(c) and Fig. 7.16(c), respectively.

small cylindrical channel. We consider a cylindrical channel characteri-
zed by sy/p = sz/p = 0.75 and R/sy = 0.5 and observe a single disclination line
surrounded by three additional lines which form a triple helix along the symmetry
axis of the channel [see Fig. 7.19(a)]. In the present case, the outer disclination lines
are located at the channel walls [Fig. 7.19(a)], as found for homeotropic surface an-
choring in Fig. 7.11(c). This is in contrast to circular planar anchoring conditions in
Fig. 7.16(c) where these disclination lines are detached from the channel walls. It is
also noteworthy that in the case of the directional planar surface anchoring this par-
ticular defect structure occurs only if the size of the channel in the y- and z-direction
is equal (i.e., for cylindrical channels).

flat channels. Defect structures presented so far were disclination lines which
evolve along the channel’s axis either in a straight or helical fashion. However, as
shown in Fig. 7.19(b) and (c) we also observe the formation of ring-like defects if
the geometry of the channel is chosen to be flat (i.e., sy/sz ≤ 0.5). This is realized
by setting sy/p = 0.25 or sy/p = 0.5 whereas sz/p = 1.25 and R/sy = 0.5. In the
flatter channel (i.e., for sy/p = 0.25) disclination loops intertwine but do not intersect
whereas in the wider channel (i.e., for sy/p = 0.5) these loops are connected at
certain tetrahedrally coordinated points at which pairs of discliantion loops merge
[see Fig. 7.19(b) and (c), respectively].
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Figure 7.19. As Fig. 7.14, but for local directional anchoring of mesogens at the wall
of a mesoscopic channel for a wall curvature of R/sy = 0.5. (a) sy/p = sz/p = 0.75,
(b) sy/p = 0.25, sz/p = 1.25, (c) sy/p = 0.5, sz/p = 1.25.

A detailed view of ℓ presented in Fig. 7.19(b) is shown in Fig. 7.20 where the
local director, as well as the local nematic order parameter, is plotted to illustrate
the circumstances leading to the formation of disclination loops. We observe the
formation of a regular array of double-twist helices in the x-z plane at y = 0. As
discussed earlier, among four double-twist cylinders the nematic order is perturbed
and topological defects arise at y = z = 0.0 along the channels axis. Furthermore, at
y = 0 and z/p = ±0.5 the orientational mismatch between two of the double-twist
cylinders and the surface anchoring yields the formation of additional defects. These
defect regions inside the x-z plane are very regular because of the well-ordered array
of double-twist cylinders evolving along the y-direction until they reach the walls.
Hence, disclination rings are bent with respect to the x-z plane at y = 0.
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Figure 7.20. As Fig. 7.19(b), but for the local director field (dashes) and the local
nematic order parameter. In addition, disclination rings are shown that are colored
in gray if they lie above the x-z plane at y = 0 and are colored in blue otherwise.
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C O N C L U S I O N S A N D O U T L O O K

The subject of this work is the impact of curved surfaces on the liquid-crystalline or-
der. In order to investigate this, we consider two different systems. The first system
is composed of one or two colloidal particles that are dispersed in a liquid-crystalline
carrier fluid. The second system consists of a mesoscopic channel which contains a
chiral liquid crystal. Except for one special case [see Fig. 7.14(a)] the symmetry of col-
loids as well as of channels is not compatible with the symmetry of liquid-crystalline
phases. Hence, perturbations arise and give rise for interesting phenomena such as
the colloidal self-assembly or the broad variety of defect topologies found within the
mesoscopic channel.

In order to investigate these phenomena, we perform Monte Carlo simulations
carried out for a model liquid crystal. Because of the simplicity of the model potential
(i.e., the isotropic core and small aspect ratio), it is possible to simulate systems
consisting of up to 70 × 103 particles in a reasonable time. Large system sizes are
necessary to investigate perturbations that arise due to the presence of a colloidal
particle or to study periodic perturbations that arise inherently in blue phases on a
length scale one or two orders of magnitude larger than the molecular one.

Furthermore, the computation of macroscopic quantities such as the tensor order
parameter Q, Landau-de Gennes expansion coefficients A, B, and C, Frank’s elastic
constants K1, K2, and K3, or the surface energy W brings us in a position to compare
our results with experimental findings as well as theoretical results based on a con-
tinuum approach. We emphasize that up to date and to the best of our knowledge
there is no other molecule based description of A, B, and C than that introduced by
us in Sec. 4.3.

8.1 colloidal dispersion

We begin by summarizing results that we obtained for colloidal particles dispersed
in a liquid-crystalline host phase. More specifically, in Chapter 5 we investigate the
self-assembly of a pair of colloids dispersed in a nematic host phase. We design our
simulation cell by analogy with experimental setups. In fact, our system consists of
two colloidal particles surrounded by N mesogens forming a nematic phase.

Inspired by the experimental setup we confine our system by two planar and struc-
tureless substrates to fix the global director n0 in space. The colloids are placed in
the x-y plane equidistantly between the substrates. The separation of the substrates
is chosen to be sufficiently large to avoid direct substrate effects on the structure of
liquid crystalline order in the vicinity of the colloidal surface. Furthermore, we as-
sume that on account of their size colloidal motion takes place on larger time scale.
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Consequently, we fix the centers of mass of colloids in space. We vary only their re-
lative arrangement in space (i.e., distance and the angle formed between n0 and the
distance vector) in individual simulations.

It was also demonstrated experimentally first by Poulin and Weitz10 and later by
Smalyukh et al.50 and Zuhail et al.57 that Boojum colloids (i.e., colloids with planar
surface anchoring) self-assemble into chains tilted by an angle of 30◦ with respect ton0. These authors mentioned that effective inter-colloidal interactions are mediated
by perturbations of the liquid-crystalline phase. Thus, this particular angle of 30◦

arise due to minimizing the perturbations of the nematic host phase. This assumption
is confirmed by Eskandari et al.51 within the framework of Landau-de Gennes theory.

The comparison of our results with those obtained experimentally50,57 and theore-
tically51 is carried out by linking the phenomenological Landau-de Gennes theory to
our molecule-based approach (see Chapter 4 and Chapter 5). Therefore, we first deter-
mine the phenomenological Landau-de Gennes expansion coefficients as follows. As
an ansatz, we take a free energy which was obtained within the framework of classical
density functional theory77 and consists of two contributions, i.e., the orientational
and anisotropic potential contribution. Expanding the orientational contribution of
the free energy density as Taylor series immediately results in a similar form as the
Landau-de Gennes free energy density. The anisotropic potential contribution drives
the isotropic-nematic phase transition temperature which is, however, not captured
adequately by the classical density functional theory. This is because an exact analytic
expression for the pair correlation function is lacking and conventional approaches
are valid for ideal systems or systems of low densities. The phase transition tempe-
rature may be determined by applying finite-size scaling theory with a high degree
of accuracy. This theory utilizes that fact that in computer simulations one is always
confronted with systems of finite size. This system-size dependence is then used to
locate the exact phase transition temperature (see Sec. 5.2 and Sec. 6.1).

Then, one only needs to determine the elastic constants to be in a position to calcu-
late the Landau-de Gennes free energy from our MC data. Fortunately, the measure-
ment of these constants in computer simulations is well known and was introduced
by Allen and Frenkel.99,100 In their approach one considers fluctuations of the Fourier
components Q(k) of Q(r) (see Sec. 4.5). In the limit of |k| → 0 a linear relation exists
which is used to determine all elastic constants (see Fig. 6.5).

Finally, we divide our system into a three-dimensional grid and compute the
Landau-de Gennes free energy density [see Eqn. (4.6)] for different colloidal configu-
rations. Therefore, for each spatial arrangement of the colloids, the local alignment
tensor is computed as an ensemble average. Using the molecule based version of
Landau-de Gennes expansion coefficients A, B, and C as well as Frank’s elastic con-
stants K1, K2, and K3 we perform a volume integration of the free energy density in
order to calculate the free energy associated with a specific colloidal configuration.
This method allows us to quantify the perturbations of a nematic phase.

We mimic the experimental setup and consider10,50,57 a pair of colloids with planar
anchoring conditions included in a nematic host phase that is confined between two
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planar substrates. In a previous work,59 we have demonstrated that a single colloid
that anchors the mesogens in a planar fashion causes the formation of two Boojum
defects in perfect agreement with experimental results.9,10 Hence, the model system
is sufficiently realistic for our purpose.

We perform extensive MC simulations for various colloidal configurations and
compute the Landau-de Gennes free energy associated with those configurations
in order to obtain a free energy landscape (see Fig. 5.8). Using this landscape we
immediately identify a global minimum of the free energy at 30◦ as predicted by ex-
perimental results10,50,57 and numerical calculations.51 Moreover, assuming pairwise
additive interactions we use the free energy as a coarse-grained potential between
a pair of colloids to investigate the colloidal self-assembly of multiple colloids per-
forming implicit solvent simulations. Again, the results for high and low colloidal
densities are in perfect agreement with experimental studies.50

Apparently, colloidal self-assembly is driven by local perturbations of the global
nematic order which arise because of the mismatch between the orientation media-
ted by the colloidal surface anchoring and n0. Hence, by the replacement of Boojum
colloids through Saturn ring colloids (i.e., colloids with homeotropic anchoring con-
ditions) the perturbation of the nematic phase changes (see Fig. 5.1). Consequently,
one expects that the colloidal self-assembly varies as well. In fact, Saturn ring colloids
self-assemble into “zig-zag” chains perpendicular to n0 as demonstrated experimen-
tally.10,92

However, not only the colloidal surface anchoring but also elastic properties of
the liquid crystal affects the self-assembly. Eskandari et al.51 demonstrated that for a
certain choice of elastic constants (i.e., K1 = 1

2 K2 = K3) Boojum colloids align parallel
with n0 instead of forming chain tilted with respect to n0. Because elastic properties
are material specific one can either replace the liquid crystal or liquid crystalline-
phase in order to vary the elasticity and eventually change the self-assembly.

Recent experiments by Zuhail et al.56–58 reveal that the replacement of the nematic
by a smectic A phase has a crucial impact on the self-assembly. More specifically, the
angle of 30◦ which is found for Boojum colloids decreases to 20◦ if the liquid cry-
stal undergoes a nematic-smectic A phase transition. Hence, self-assembled colloidal
quasi-crystals may be controlled by external stimuli such as thermodynamic conditi-
ons (e.g., temperature or pressure gradient) or electric/magnetic field that drive the
phase transition.

In order to study the impact of temperature on colloidal inclusion in a smectic A
phase and especially on perturbations caused by colloids with different anchoring
conditions, we develop a novel potential to model the liquid-crystalline host phase.
A careful study of equilibrium and non-equilibrium properties of that model reveals
its realistic phase behavior, dynamics, and elasticity (see Sec. 6.1).

In fact, as the system is quenched the model exhibits an isotropic, nematic, and
smectic A phase (see Fig. 6.1). The diffusion of the mesogens becomes anisotropic as
the system is in the nematic or smectic A phase. In the nematic phase, the diffusion
along the mesogens longer axes D∥ is enhanced with respect to the diffusion perpen-
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dicular to the mesogens axes D⊥. In the smectic A phase, however, D∥ is smaller than
D⊥ because of the one-dimensional solid-like structure of the smectic A phase (see
Fig. 6.4). Diffusion in the nematic as well as smectic A phase is in perfect agreement
with experimental systems.121 Elastic properties of our model are expressed in terms
of three elastic constants (i.e., K1, K2, and K3) referring to three characteristic defor-
mations of a nematic liquid crystal, i.e., splay, twist, and bend, respectively. As for
experimental systems (e.g., 8CB) we observe the divergence of two elastic constants
(i.e., for K2 and K3) as the system approaches the nematic-smectic A phase transition
(see Fig. 6.6).

After validating our carrier fluid is realistic enough, we include a colloidal particle
in our system. Clearly, before investigating effective interactions based on nonlinear
perturbations of the smectic A phase caused by a pair of colloids one needs to under-
stand perturbations caused by a single colloid. Thus, we include a single colloidal
particle at the origin of the simulation box, fix it in space, and confine it between two
substrates as discussed before.

For a colloid that anchors the mesogens in a locally homeotropic fashion the well
known Saturn ring defect arises if the mesogens are in the nematic phase. As the
temperature is lowered the mesogens pass the nematic-smectic A phase transition
and the ring defect shrinks but remains stable in the smectic A phase. On account
of the strong surface anchoring, smectic layers are bent and a small region of lower
density occur. In these regions, the orientation of the mesogens is undefined and
results in the formation of a defect. This observation, however, is in contradiction
with experimental observations where the ring defect vanishes.58

To clarify the discrepancy between experiment and our results we decrease the
anchoring strength by modifying the range of the mesogen-colloid potential [see
Eqn. (3.19)]. The weaker surface anchoring is still strong in the nematic phase such
that a Saturn ring defect is formed around the colloid. However, in the smectic A
phase surface anchoring is too weak to bend the smectic layers. Consequently, the
equidistant character of the layers is unperturbed and the formation of a ring defect
is inhibited as predicted by experiments.58

For a very strong homeotropic surface anchoring, we observe multiple concentric
layers around the colloidal particle. This onion structure is known for sheared lyotro-
pic liquid crystals and has recently been observed for the 8CB liquid crystal confined
to a microscopic channel.133 However, to the best of our knowledge, this is the first
time that an onion structure is reported in the vicinity of a colloidal particle.

Considering a colloid with locally planar surface anchoring two point-like Boojum
defects occur at the north and south pole of a colloid immersed in the nematic phase.
As the temperature is decreased below the nematic-smectic A phase transition the
limitation of our model becomes apparent. Because of the strong planar surface an-
choring, the colloid perturbs layers which are not directly penetrated by it. However,
to observe focal lines, which have been reported in experiments,57 the layers located
at much larger distances from the colloid have to follow the bending of the smectic
layers in the vicinity of the colloid to preserve the equidistant layering. In our model,
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however, the mesogens repel each other weakly if they are in the end-end configura-
tion [see Fig. 3.1(d)] such that the preservation of equidistance is not strictly deman-
ded by the interacting potential. For this reason, the equidistance is abrogated at the
north and south pole and a low-density regime arises where, due to the orientational
frustration of the mesogens, two Boojum defects arise.

The formation of equidistant layers in our system occurs because of the thermodyn-
amic conditions. In order to improve the formation of equidistant layers we decrease
the temperature, and additionally, we increase the anchoring strength by increasing
the mesogen-colloid interaction range. In fact, we observe an elongation of the de-
fect region as predicted from experiments.57 However, the origin of the defects is
different in our model. In experiments, a focal line is observed due to a discontinu-
ous variation of the layer normal which automatically induces a mismatch between
orientations of the mesogens located inside of this layer. Because of the equidistant
stacking of the layers, this orientational mismatch is extended over a large distance.
In our model, however, we observe an elongated low-density region without any
positional or orientational order.

If surface anchoring is weakly planar, the colloid is not able to perturb the strong
orientational order at the north and south pole. Hence, at the poles, the mesogens
are perpendicularly oriented with respect to the colloidal surface. Because at the
equator of the colloid surface anchoring is in good agreement with n0, the mesogens
align with their longer axes parallel to the surface. This gives rise to the formation
of topological defects when the effective homeotropic surface anchoring changes to
an intrinsically planar surface anchoring. The transition of the anchoring condition is
analogous to that at the surface of a Janus colloid immersed in a nematic host phase
where a surface ring is formed around the colloid.59,135 We observe the formation
of two ring defects located at γ+ = 30◦ and γ− = 150◦ because of the transition
from effective homeotropic to intrisically planar and back to effective homeotropic if
one goes from the north pole via the equator to the south pole.

After a discussion of perturbations caused by single colloids in a smectic A phase
one consequently would turn in a discussion of effective interactions that arise bet-
ween a pair of colloid. However, for reasons of time we limit ourselves to an outlook
and a discussion of problems related to the extraction of effective interactions from
perturbations of the smectic A phase. In principle, this could be evaluated by the
method introduced in Chapter 5 for a pair of Boojum colloids dispersed in a nematic
carrier fluid. However, for a smectic phase, this method has some problems.

1. Because of the larger colloidal size considered for the smectic A phase, the
number of mesogens N is much larger, i.e. 50-70 × 103 and 16-20 × 103 for a
single colloid included in a semctic A and nematic phase, respectively. Conse-
quently, computation time increases drastically as one considers larger systems.
To save computer time one may use massive parallelized molecular dynamics
simulations on GPUs.82
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2. The contribution of the elastic deformation of the director field [see Eqn. (4.22)]
has to be complemented by an additional term describing the layer compres-
sion.21 This term contains a new elastic constant which lacks a molecular inter-
pretation.

3. The last and most serious problem concerns the free energy expansion at ne-
matic-smectic A phase transition that is performed in the same fashion as for
isotropic-nematic one [see Eqn. (4.6)]. Following de Gennes157 one may cast the
free energy of the smectic A phase as

f ′ = f N
0 + A′(T)Λ2 + C′(T)Λ4 (8.1)

where A′ and C′ are expansion coefficient (B′ = 0 because the nematic-smec-
tic A phase transition is assumed to be continuous), Λ is the smectic A order pa-
rameter [see Eqn. (1.2)], and f N

0 is the free energy of the nematic phase. Beside
the unknown coefficients A′ and C′, f N

0 is the actual problem. All information
about the orientational (i.e., nematic) order are given by f N

0 and could, in prin-
ciple, be approximated by the Landau-de Gennes free energy [see Eqn. (4.6)].
However, Eqn. (4.6) is solely valid in vicinity of the isotropic-nematic phase
transition (see Sec. 4.2). Hence, f N

0 remains undetermined.

Alternatively, one could determine the potential of mean force in order to investi-
gate colloidal interactions. The potential of mean force is a measure of the effective
difference in free energy between two different states as a function of several degrees
of freedom, for instance, positions of the colloids. Using the potential of mean force
within the framework of Monte Carlo simulations Kim et al.158,159 demonstrated the
effectiveness of this method applied to systems consisting of a nematic phase that ac-
commodates either two Saturn ring colloids or a single Saturn colloid in the vicinity
of a substrate.

8.2 mesoscopic channels

Finally, we turn to a discussion of defect structures exhibited in chiral blue phases
confined to mesoscopic channels. Blue phases exhibit an inherent network of dis-
clination lines. Because of the periodic and well-defined networks, blue phases are
used as templates for colloidal and molecular self-assembly. The mechanism of this
self-assembly is based on the attractive interactions between disclination lines with
molecules and colloids.

Hence, the manipulation of defect networks is of crucial importance. This can be
achieved, for instance, if the liquid crystal is confined to a channel. In Chapter 7,
we discuss the impact of the channel’s shape, size, and surface anchoring on the
formation of defect structures. For blue phase II, we report defect structures which
have been observed experimentally and theoretically within the framework of a con-
tinuum theory.37,144 Moreover, we report a host of novel defects. More specifically,
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we observe the formation of helical ensembles of multiple disclinations, complex
networks, and ring disclinations.

Recent experimental studies142 of chiral liquid crystals confined to nanochannels
confirmed some defect topologies presented here. Unfortunately, on a length scale of
10nm, the experimental data are rather scarce if at all available. Hence, the method
reported in this thesis may be used to analyze liquid-crystalline order locally. Compa-
rison between experiments and computer simulations may be obtained via globally
defined quantities. For example, measurements of optical retardation (i.e., the diffe-
rence in time which light needs to travel in a direction along and perpendicular to
the molecular axis) can be measured with a simple experimental setup. Optical retar-
dation is proportional to the nematic order parameter141,142 which can be extracted
from computer simulations. Hence, it is possible to link both computer simulation
and experiments via the nematic order parameter in order to reveal local structures
exhibited in a nanochannel.

Furthermore, our restriction to blue phase II may be lifted as demonstrated by
Skutnik88 who focused on blue phase I. Using the model system discussed in this
thesis (see Chapter 7), Skutnik observed the formation of a blue phase I in the bulk
for the first time in a computer simulation. Moreover, with this, he showed that the
model potential used also in Chapter 7 is capable of forming all chiral phases. He
also studied the formation of defects which arise due to the presence of mesoscopic
channel. Furthermore, recent studies139,160–162 of chiral phases confined to spherical
geometries, i.e., droplets of bubbles reveal the broad interest in such systems. Again,
because of the lack of molecular models, the model system discussed here is predes-
tinated for further studies.
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